
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films 

the text directly from the original or copy submitted. Thus, some thesis and 

dissertation copies are in typewriter face, while others may be from any type of 

computer printer.

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistinct print, colored or poor quality illustrations 

and photographs, print bleedthrough, substandard margins, and improper 

alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript 

and there are missing pages, these will be noted. Also, if unauthorized 

copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and continuing 

from left to right in equal sections with small overlaps.

ProQuest Information and Learning 
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA 

800-521-0600

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Inversion of Displacement Operators

and Structured Matrices

by

Xinmao Wang

A dissertation submitted to the Graduate Faculty in 
Mathematics in partial fulfillment of the requirements 

for the degree of Doctor of Philosophy,
The City University of New York

2003

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 3083717

UMI
UMI Microform 3083717 

Copyright 2003 by ProQuest Information and Learning Company. 
All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company 
300 North Zeeb Road 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



This manuscript has been read and accepted for the Graduate Faculty in 

Mathematics in satisfaction of the dissertation requirement for the degree of 

Doctor of Philosophy.

i j  /<? ! o  $
Date' Chair of Examining Committee

Date Executive Officer

Professor Michael Anshel

Professor Alexei Miasnikov

Professor Victor Pan
Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Acknowledgments

First, I would like to thank my adviser, Professor Victor Pan, for his consis­

tent source of encouragement and support of all kinds. He was also generous 

with his suggestions and comments.

Secondly, it was a pleasure and honor to have Professor Michael Anshel 

and Professor Alexei Miasnikov serving in the Committee. I have appreciated 

their helpful comments and advice.

Moreover, I wish to thank Professors G. Baumslag, J. Dodziuk, E. Feld­

man, M. Fitting, S. Kaplan, R. Kossak, R. Kulkarni, R. Landsman, J. Pach, 

B. Randol, A. Rocha, J. Rosen, A. Vasquez and all other members of the 

Mathematics Program of Graduate School of CUNY.

Finally, the most of all, I owe tremendous debt of gratitude to all my 

family, my parents, my sister, my wife and my son, for their unconditional 

love, understanding and support.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Contents

1 Introduction 1

2 Definitions and Preliminaries 8

2.1 Displacement O perators.........................................................  13

2.2 Operations with Structured M a trices ..................................... 15

3 Inversion of Displacement Operators 18

3.1 Bilinear Expressions for Fundamental Structured Matrices . . 21

3.2 Bilinear Expressions for Confluent Type M a trices .................... 31

3.3 Three Im plications.....................................................................39

4 Norms of the Inverse Displacement Operators 43

4.1 General Results.......................................................................... 45

4.2 Some Examples.......................................................................... 48

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.3 Decreasing the Norm \\L *11....................................................  53

5 Numerical Inversion of Structured Matrices 55

5.1 SVD Truncation........................................................................  57

5.2 Least Squares Truncation .......................................................... 58

5.3 Initial Approximation...................................................................59

6 Inversion of Integer Toeplitz-like Matrices 65

6.1 The MBA A lgorithm ...................................................................66

6.2 p-adic L i f t in g ..............................................................................68

6.3 The Largest Invariant Factor....................................................... 69

7 Rational Number Reconstruction 73

7.1 Extended Euclidean Algorithm ................................................. 76

7.2 EE A for Modified I n p u t .............................................................79

7.3 Rational Number Reconstruction.............................................. 85

Bibliography 86

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1

Chapter 1 

Introduction

Structured matrices are omnipresent in computations for communication, 

sciences, and engineering (see extensive bibliography in [KS95], [KS99], and 

[P01]). Table 1.1 displays the four most popular classes of structured matri­

ces. They are generalized to various other highly important matrix structures 

in the displacement rank approach, which originated from the seminal paper 

[KKM79]. We will next follow [P01] to outline this approach, which treats 

various matrix structures in a unified way, based on their association with 

the displacement operators and then focus on its most fundamental stage of 

the inversion of the displacement operators.

When a displacement operator L is applied to an n x n associated struc-
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Toeplitz matrices (£*_,•)"- i0
^  tQ t —\  '  '  '  U - 7 l \

\tn-
t -1 
*0 )
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h o  h \  ' ' •  ^

h i  h 2 hn

\ h n - i  h n • • •  h 2n - 2 f

Vandermonde matrices (tj)?j20 

/ l  to
1 ti

1 tn- i

tn~ i\to
j.n-1

Cauchy matrices 
/ i * V  ’ V

+ 7 1 -1  
7 1 - l /

so-to 1
S i-to

SO-lu-11
S \ - t n- \

'Sn—1~̂0 Sn— 1 —In— 1'

Table 1.1: four classes of structured matrices 

tured matrix M , the image L(M), called the displacement of M, has small 

rank r, called the displacement rank of M. Therefore, the n2 entries of the 

displacement L(M ) can be represented via fewer (say 2rn) parameters. Such 

a compressed representation of L(M ) can be extended to the matrix M  by 

inverting the displacement operator. This enables performing computations 

with the matrices M  in terms of their displacement generators (G , H ) by 

using much smaller computer memory and much less CPU time than with 

the general matrices as long as

a) the ranks of the displacements are kept small and

b) the desired output (e.g., the solution of a linear system of equations)

is easilv recovered at the end.
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Mj M2 =  L2- 1(A2)

COMPRESS DECOMPRESS

A ! = L i (Mi)
OPERATE

A 2

Table 1.2: flowchart for the displacement approach

The COMPRESS stage consists in choosing a short displacement gen­

erator for the input matrix M  (e.g., [P92], [P93] by computing the SVD 

of its displacement L(M ) =  UZ2VT =  GHT, G =  UT,, H  =  VE). Sim­

ple rules for operating with displacement generators at the OPERATE stage 

can be found, e.g., in Chapter 2 and [P01]. These expressions and algorithms 

are stated for symbolic displacement, where the operator L  and matrix class 

M  are not specified. Thus the rules and algorithms are unified over var­

ious classes of structured matrices. Application of these rules to various 

computations with structured matrices (such as the computation of short 

displacement generators for the inverses or for the bases of the null spaces) 

yielded effective algorithms, which also unified over various classes of struc­

tured matrices and are superfast, that is, run in 0 (n\ogdn) time for d < 3, 

versus the orders of n3 time in Gaussian elimination and n2 time in vari­

ous fast algorithms. Furthermore, in [P90] the displacement transformation
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was proposed as a means for extending any successful algorithm available for 

one class of structured matrices to other classes, and sample transformations 

among the four classes of matrices of Hankel, Toeplitz, Vandermonde, and 

Cauchy types were displayed. This approach was pushed forward extensively, 

yielding effective practical algorithms [H95], [GK095], [K096], [G98], [G99]. 

On the other hand, the DECOMPRESS stage never had a systematic treat­

ment it deserves, and the entire approach hinged on a few ad hoc formulas 

scattered in [KKM79], [AG91], [G094] and [BP94]. Particularly valuable 

were the important applications using rectangular structured matrices and 

singular displacement operators. Insufficient development of the DECOM­

PRESS stage was, of course, a serious impediment for the users (who can be 

easily lost in the rapidly expanding area of the displacement rank methods) 

but also for the algorithm designers.

In Chapter 3, we specify bilinear expressions of structured matrices via 

their displacements covering the most popular classes of structured matrices. 

We treat the general case of rectangular matrices M  and possibly singu­

lar operators L whose inversion 011 the orthogonal complement of their null 

spaces we extended by using the first or the last row and/or column of M  

(see Examples 3.6, 3.9, 3.11, 3.13, and 3.18). All this should serve as a
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so far missing foundation for the DECOMPRESS stage of the displacement 

rank approach. Because of the high importance of the approach, our work 

should inevitably have substantial practical impact on the computations with 

structured matrices.

In Chapter 4, we extend our work to estimating the norm ||£_1|| of the 

inverse displacement operator, which is a critical numerical parameter for 

structured matrices. For example, whenever the solution of a linear system 

M x =  b is recovered from the displacement L (M ~ l ) computed numerically, 

the output errors are proportional to ||L-1||. In another example, a struc­

tured matrix is inverted by Newton’s iteration, and the COMPRESS stage is 

recursively applied in each iterative step [P92], [P01]. The convergence rate 

of the process and even the convergence itself critically depend on the resid­

ual norm r, =  \\I — X iM || where X4 is an approximation to M ~ l , and is not 

computed explicitly but is represented by its compressed displacement. Then 

again, the residual norm is proportional to |jL-1j|, so the convergence is 

faster where HZr1!! is smaller. Some upper estimates for the norm ||T_1|| for 

the most used displacement operators L have been obtained in [P92], [P93], 

[PRWOO], [PRW01], [PKRCa]. In this chapter we use distinct techniques to 

obtain tighter upper and lower estimates.
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In Chapter 5, we use Newton’s iteration to compute numerically the in­

verse of a structured matrix because of the strong numerical stability, local 

quadratic convergence, and convenience for parallel implementation. Each 

iteration can be performed in O(nlogn) flops. Since each iteration increases 

the displacement rank, we have to preserve the matrix structure. We propose 

two methods to control the growth of displacement rank. The convergence of 

the iteration strongly depends on the choice of good initial approximations, 

which we can compute by combining the preconditioned conjugate gradient 

method and the homotopy method.

In Chapter 6, we exploit the structure of Toeplitz-like matrices and use 

the current fastest MBA algorithm [M74], [M80], [BA80] to compute the 

inverse of a integer Toeplitz-like matrix M  modulo a prime p. Then we use 

p-adic lifting to compute the inverse modulo a prime power q large enough. 

Finally we compute the largest Smith factor of M  probabilistically by using 

rational number reconstruction.

In Chapter 7, we accelerate the known algorithms for computing a se­

lected entry of the extended Euclidean algorithm for integers. The accelera­

tion is from quadratic to nearly linear time, matching the known complexity 

bound for integer GCD, which our algorithm computes as a special case.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



As a consequence, we accelerate the rational number reconstruction and the 

computation of the largest Smith factor of M .
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Chapter 2 

Definitions and Preliminaries

Let us start with some definitions and simple basic results (cf. [P01] on a 

more detailed and systematic exposition). We will assume computation in 

an arbitrary field F, which in particular will cover computations in the fields 

of complex, real, or rational numbers (<C, R, or Q).

• M e  I™*71 denotes an m x n matrix with the entries in the field F.

•  M T, v T are the transposes of a matrix M  and a vector v, respectively. 

M H is the Hermitian (conjugate) transpose of M. M ~T is the transpose 

of M -1, that is, M ~T =  (M ~ l )T =  (M T)~l . M ~ H is the Hermitian 

transpose of M ~l .
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• t _1 =  ( i - V i a  where t  =  (ij)i<*<fc e Ffcxl.

• (M i , . . . ,  M n) is the 1 x n block matrix with the blocks M i , . . . ,  M n.

•  D (y) =  diag(v) =   ̂ j  is the n x n diagonal matrix where v  = 

(v i)k k „ . (Here and hereafter, blank space in matrix representation is 

assumed to be filled with the zeros.)

•  e* is the i-th coordinate vector, having its i-th coordinate 1 and all 

other coordinates 0, so that ei =  (1,0,.. . , 0)r .

•  1 =  (1 l ) r -

• I  =  I n =   ̂ j  =  (e i, . . . ,  e„) denotes the n x n identity matrix.

• 0„ denotes the n x n null matrix.

•  J =  Jn =   ̂ ^ =  (en, .. . ,  ei) denotes the n x n  reflection matrix.

•  Z j =  ^ in i f  j  =  (e2 , . . . ,  e„, /e i )  is the n x n  unit f-c ircu lant matrix. 

Z  =  Zq is the n x n  unit lower triangular Toeplitz matrix.

For a vector v  = {vu .. . ,  vm)r , write Z r min(v) =  (z ij) i< i< m,
1 <j<n

vM + l if  i > j ,

if  j  -  i -  1 =  km + 1, 0 < I < m -  1, k > 0.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Zf,m,n(v) is the m x n /-circulant matrix with the first column v.
m

Z/(v) = E  = Zf,m,„(v). Z(r) = Z„(v).
i=1

• Vm,n (x )  = ( ^ ' l - 1 )i<j<TO is the m  x n Vandermonde matrix defined by
1 < 7 < 7 1

its second column vector x  = ( .  V ( x )  =  K n ,m (x ).

• For natural numbers m, n, an m x m matrix P , and an m-dimensional 

column vector v, the m x n Krylov matrix

K m,n{P, v) =  (v, P v , .. . ,  Pn_1v).

•  un is a primitive n-th root of 1 (that is, w" =  1, ^  1, Vs =

1,2,..., n -  1); e.g., un =  e27r'/ r ^ n in the complex number field C.

• wn =  is the vector of all n-th roots of 1.

•  Qn = i < i < n the n x n  matrix of the discrete Fourier
l< j< n

transform (DFT).

•  The discrete Fourier transform of a vector v  of dimension n is the 

vector D F T (v ) =  Qnv.

•  [.r] and |_:r:j denote two integers closest to a real x such that |x'J < < 

\x]. {.t} =  x — |_:cj.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

• m | n means that integer m divides integer n ,m \n  means the opposite.

•  gcd(rn, n) and lcm(m, n) are the greatest common divisor and the least 

common multiple of two positive integers m and n, respectively.

• m mod n is defined to be m — n|_m/nj for m, n G Z, and n  > 0.

• For any real matrix A =  \A\ =  maxy (ajjj.

•  For any matrix A, let Oi(A) be its i-th largest singular value if  i < 

rank(A), and let ct;(j4) =  0 if i  >  rank(^4).

• For any n x n  nonsingular matrix A, k (A) =  a i(A )/a n(A) is the con­

dition number of A.

•  For any n x n  matrix 4̂, let Spectrum(yl) =  . . . ,  An(A)} be the 

set of all the eigenvalues of A (we repeat m times any eigenvalue having 

algebraic multiplicity m).

The following simple results can be easily verified.

Theorem 2.1. J2 = /,  Jv =  (wn+i-t)i<t<n> JD (v )J  =  D (Jv), fo r any 

vector v =  {vi)i<i<n.

Theorem 2.2. For the n x n  matrix Ze and any scalar e, we have Z'f — el, 

Z j  =  JZ eJ. For e ^ O , we have Z~{ =  Z ^ e.
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Theorem 2.3. The Krylov matrix K mtTl(P ,v) turns into

a) the rn x n f-circulant matrix Z fm<n(y ) when P =  Z j,

b) JZ s^ n{Jv) when P  =  Z j,

c) the product D (\)V m>n{P  1) of the diagonal matrix D { \ )  and the Van- 

dermonde matrix Vm>n(P \)  when P is a diagonal matrix; D (v) =  I m 

when v =  1.

Theorem 2.4. [CPW74]. For the n x n  matrix Ze and any scalar e ^  0, let

V = V(t), V '  = ln t - ') r , D = D{t), t = ((j)1<i<„
n —

and let t i , . . . , t n be all the n-th roots of e. Then we have Ze =  V~l DV. 

Furthermore, given any n-th root t of e, we may choose ti =  1, and then

V =  Qn diag ( f - 1) D  =  tw n,

where each entry of the matrix Qn is the complex conjugate of the respective 

entry of the matrix Cln.

Theorem 2.5. 0 { n logn) flops are sufficient to multiply by a vector the 

matrices V and V~] of Theorem 2.3 as well as the n x n Vandermonde 

matrix V'((t +  s l ) _1)/ fo r any scalar s and fo r the vector t  of the n-th roots 

of e (as in Theorem 2.4).
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Proof. Let v =  {yfji, u = (uk)k- Then K(u)v is the vector of the values of a 

polynomial v(x) =  X)i<i<n vixt~1 at the nodes x =  uk, for k =  1,. .. , n. For 

the node vectors u = t and u = t -1, the evaluation of a polynomial of degree 

n — 1 is reduced to generalized (scaled) discrete Fourier transform, which 

uses 0(n \ogn) flops [P01]. The transition to the node vector t + s i is by 

the Taylor’s shift of variable, which uses O(nlogn) flops too (cf., e.g., [P01]). 

Further transition to the node vector (t + s i) -1 is by the reversion of the 

coefficients of the polynomial v(x) (that is, the transition to the polynomial 

xnv ( l/x ) ) . Finally, the multiplication by a vector requires as many flops for 

a nonsingular matrix as for its transpose [PSD70]. □

2,1 Displacement Operators

The modern study of structured matrices relies on their association with 

displacement linear operators of Sylvester type, L =  V^s ,

V a,b{m ) =  A M -  M B , (2.1)

and Stein type, L =  & a,b ,

(2 .2 )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where A, B are two fixed operator matrices. The image L (M ) is called the 

L-displacement of a matrix M  or just its displacement. Suppose we have

min(m, n)). Then M  is called a structured matrix with L-generator (G ,H ) 

of length I. Hereafter, we confine our study to structured m x n matrices M  

with L-generators (G , H ) of length I, for L  =  V a,b or L =  A a,b -

The operators of these two types can be transformed easily into each 

other if  the matrices A  and/or B  are nonsingular.

Theorem 2.6. V a,b =  i f  the matrix A is nonsingular, and V a,b =

i f  the matrix B  is nonsingular.

For any matrix M  =  (mi, m2, ...), we may represent it by a vector

G =  (g i , . . . ,g /), H  =  (h i , . . . ,h i ) ,  and I is “small” (I =  0(1) or I <

/  m i \  
-rt —

Then the displacement linear operations can be written as

(2.4)

(2.5)

where ® is the Kronecker product.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Definition 2.7. A linear operator L is nonsingular if  the matrix equation 

L (M ) = 0 implies that M  =  0.

Theorem 2.8. Va,b is nonsingular i f  and only i f  A;(A) ^ Aj(B ) fo r 

all pairs of eigenvalues (X i(A ),X j(B )); Aa,b is nonsingular i f  and only i f  

Xi(A)Xj(B) /  1 fo r all pairs (A,(A), Aj(B )).

Proof. V a,b is nonsingular if and only if the matrix I  ® A -  B T <g> I  is 

nonsingular; A a ,b is nonsingular if and only if  the matrix I  -  B T <g> A is 

nonsingular. Note that

Spectrum(7 <g> A -  B T ® I )  =  {Aj(A) -  Aj(B ) \ for all i , j } ,  

Spectrum(/ -  B T <g> A) =  {1 -  Xi{A)Xj{B) | for all i, j } .  □

Corollary 2.9. I f  the operator Va,b is nonsingular, then at least one of the 

operator ma,trices A and B  is nonsingular.

The above corollary guarantees any nonsingular Sylvester type operator 

can be transformed into a nonsingular Stein type operator, but not vice versa.

2.2 Operations with Structured Matrices

The next simple results relate the basic operations with matrices to opera­

tions with their displacements (cf. [P01]).
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Theorem 2.10. For two structured matrices M, N  of the same type, any 

scalars a, (3, we have

V AtB{aM  +  0N) =  a V A,B(M ) +  (3Va,b (N),

A  AtB(aM  +  PN) =  a A .4 ,b ( M )  +  0 A a,b {N).

Theorem 2.11 (Chain Rule). For two structured matrices M, N  of com­

patible type, we have

V a ,c ( M N )  =  M V BiC(N ) +  V AyB(M )N ,

V AtC(M N ) =  A M A b ,c (N) -  A a<b (M )NC ,

A a,c (M N ) =  M A b,c (N ) -  S7a,b (M )N C ,

A a>c (M N ) =  A M V BtC{N) +  A  a,b {M )N .

Theorem 2.12. For any nonsingular structured matrix M , we have

V b,4(M -| ) =  - M - 1V a b (M )M -1, 

ratik( A7"1)) =  rank(Aa,s(M )).

Theorem 2.13. For any structured matrix M , we have

V a,b(M T) =  - V b' M m )T’

A a M M t ) =  A b t ,a t ( M ) t .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Theorem 2.14. For any structured matrix M , nonsingular matrices P and 

Q, write A =  PAP~ l . B =  Q~l BQ, M  =  PM Q, then we have

V Ai6(lil)  =  PVa,b(M)Q,

a l 6 (M ) =  p i\a ,b(m )Q -

Summary. The linear combination, product, inversion, transpose, Smith 

transformation of structured matrices (of compatible type) is again a struc­

tured matrix (maybe of different type).
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Chapter 3 

Inversion of Displacement 

Operators

First, let us give some general results. Obviously M  can be get from (2.4),

(2.5),

A? =  ( /  ® A -  B T ® I ) - 'V a,b ( u ), (3.1)

i i l  =  ( / - B t ®.4)- ‘ A, (3.2)

But. this is not our “COMPRESS — > OPERATE — > DECOMPRESS”

displacement approach. The next simple theorem is fundamental for our 

task of obtaining explicit expressions for a matrix M  via its displacement.
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Theorem 3.1. [G092], [W93], [PRWOO], [PRW01]. For a structured matrix 

M  associated with Stein type operator A a,b , and for all natural numbers k, 

we have

Theorem 3.1 and Corollary 3.2 enable simple expressions of a matrix M  

via its displacement A ^ ^ M ) ,  provided that Ak =  c l  and/or B k =  c l  for a 

scalar c. We will next specify such expressions via the generators of M.

Theorem 3.3. For an m x n structured matrix M  of equation (2.3) and 

L =  A ,\,B} we have

Similarly, for structured matrix associated with Sylvester type operator, 

by combining Corollary 2.9, Theorems 2.6 and 3.1, we obtain the next result.

Corollary 3.4. For structured matrix M  associated with Sylvester type op­

M  =  AkM B k +

C orollary 3.2.

(3.3)
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erator V a,b , and fo r all natural number k, tue have

k—1

M  =  A~kM B k +  i f  A is nonsingular,
i=o 
fc-i

M  =  A kM B ~ k — ^ ^ A ^ a jb [M )B ~1~1 i f  B  is nonsingular. 
i=o

Theorem 3.5. For an m x n structured matrix M  of equation (2.3) and

L =  V a ,b , we have

M  =
A - k- 'M B k +  A - l ' t K m,k( A - \ g j )K n,k(BT,h j )T i f  det(A) ?  0 , 

j - 1

A *M B - * - 1 -  £  K mJt{At gi )K nj c(B -T,h i )TB - 1 i f  det(B) /  0 .
3=1

(3.4)

Throughout this chapter, let A, B, and M  be three matrices over a field F 

having sizes m x m ,  n x n ,  and m x n, respectively; and let the displacement

L (M )  =  G H t =  ,
1 <j<l

G = (gi, • • • ,gi) =  {9ij)l<i<m, H  =  (hi, . . . ,h/) =  {hiyj)\<i<n-
1 <j<l \<j<l
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3.1 Bilinear Expressions for Fundamental 

Structured Matrices

In this section, we will give expressions of a structured matrix M  via its 

displacements L (M ) where L  =  A a,b and L =  V  a,b for some commonly 

used operator matrices A and B,

A, B  e {Ze, Z j,  D(v) | for all scalars e and vectors v}.

Example 3.6. L = A ^#, A — Ze} B  =  Zj. Such operators L are of 

Stein type customarily associated with Hankel-like matrices [KKM79], [P90], 

[BP94]. Note that Am =  elm, B n =  f l n. We will start with the two special 

cases where e =  0  and/or /  =  0 , then will supply the expressions in the cases 

where eBm ^  I  or f A n ^  I  (for m — n, this means that e f  ^  1), and finally 

will cover all choices of e and / .

1 . e =  0 .

\fjrn,j fjl,j J \  :

\  / ^ l j  ^2,j ‘ ' ‘ hn,j ^
h'2,j ' ' 4 hn.j f h \ j

'■ fh \ ,3  . f h 2,J
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2. /  = 0.

M  = K m,niZe, gj)^n,n(^T, h j)T = ^e,m,n(gj)^(-/hj)7'J
•7=1 j= l

( 9l,j e9m,j e9m-l,j • ' *\ f i j j  fi2j

92,j  9l,j e9m-\,j= E
i= i

•/

 ̂h\ j  h,2j • •  • hnJ \
h^,j * ^

\hn,j

n,j

\9m,j 9m-l,j

3. I f  the operator is nonsingular, and then both matrices / „  -  eZ: 

and I m -  fZg are nonsingular.

M  =  Y t Km,m(Ze,Sj)Kn,m(ZTn hj )T(In -  eZf)
j - 1 

I
=  ^ 2e(gj )Z / ,„,m(J h J)’ ’ j ( / „  -  e Z j r 1

j= l

- 1

= E
i= i

,j e9m,j e92,j^

92,j  9i,j :

: : ‘ • e9m,j
\9m,j 9m—I,j ' ' ' 9\,j /

hn,j \(h \ , j  h,2j 
h“2,j • • • hnj  f h \ j

: fh \ , j  f h 2,j

\  : : )

{In 6,

and also

/

M  =  ( /,„  -  / 2 , ” ) - 1 ^  A-t„ ,„ (Z « ,g ,)A :n,„ (Z j ,,h j )1

J=1

I
=  ( / » -  f z i r 1 y ,

3 = 1

1
69m,j 69m-1

I

E .92, j 9 l,j 69m,j
i rf
j= i

\ 9m,j 9m -1, j

i h , j  Ii2j
h‘2.j * * * h*ji in,]

y ln,j f h \ j
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hn,j ^
fh\ , j

f h n,j J



4. I f  the operator Aze,zf is singular, then we cannot recover M  solely from 

its displacement. We need extra information about the matrix M. We 

start with the two matrix equations

A 2 i2 ,(A/) =  A 2 „ 2 ; (M) +  ( C) M Z ,  =  G H t +  e e ie lM Z j,

A 2 „ 2 (M) =  A 2 „ 2 ,(M ) +  ZeM  = G Hr  +  /Z .M e.eJ,

and deduce that

M  =  ' * r K rritm(Z,gj )K ntm( Z j , h j )T +  eKm̂m(Z, e i)K n<m( Z j , Z j M Tem)
j = i 

i

=  '5 2 Z (Sj)Zf,n,m{Jhj)T j  +  eZf,n,m{JZjMTem)TJ
3=1

= E
j'= i

9 i j
92,j  9 i , j

+ e

7 m,j 9m-1,j

(Mm>2 • • • M m,n
^m,3 • ' • f M m,i /

f M m> 2 IMm,3

\ ■

\  (h \, j  ^2,j ' ‘ ‘ hn,j ^
• • • hnj  f h \ j

'■ f h i,j f h 2j

: /
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and

M  = J ^ K m,a(Ze,gj ) K , lH(ZT,hJ)T +  f K m,n(Z „Z e M e l )K n,n(Z T, e „ f
J = 1 

I

j - 1 

I

= £
j=i

f  9l,j e9m,j e9m-l,j ' ’ ' \  / / l i j  /l2,j •••

92,} 9l,j e9m-l,j h2,j K j

+  f

\9m,j 9m-\,j ’ ' ' ’ ’ \ ^ nd

( 6M m<i \ eMm_2,i • • ^

M ,1 cMm-1,1
J,

7\ M m- 1,1 Afm_2)i 

where (M j^ K K n  = Afeo is the first column of the matrix M  and 

(Mm,j)i<j<n =  en~\M  is its last row.

Remark 3.7. In Example 3.6 case 3, we involve the matrices 

(Im - f Z : r '  = Ve- ‘ diag(r 4 7-j  

( L - e Z p r ^ V f ' d  i a g f r ^ )  Vf,
V1 /  \<i<n

where Ve =  (sj ! ) kk™ , Vj =  ( i j ’ l)i<i<n are Vandermonde matrices,
l<j<m

s i , . . . ,  sm are all the m-th roots of e, and t x, . . . , t n are all the n-th roots

l< K m

Of / .
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Example 3.8. L =  AZe 7r , L  = Azj,Zp and L =  Az^ z j-  Such operators

of Stein type are customarily associated with Toeplitz-like and Hankel-like

matrices. By Theorem 2.2, we have

A z „z ,(M J )  =  A z„ zj ( M ) J  =  G ( J H f ,

A =  ltZz I,z ,(M )  =  (JG )H T,

A z„z ,{J M J )  =  J A z l z j (M )J  =  (JG )(JH )t .

The latter equations reduce the problem to the case of the operators AZe,zs 

of Example 3.6.

Example 3.9. L  =  Vze,zr  Such operators of Sylvester type are associated 

with Toeplitz-like matrices.

1. I f  e 7  ̂0, then by Theorems 2 .2  and 2.6, we have

A zj „ 2 j (V ) =  z;r/eV z„ Z l(M ) =  (Zf/ tG )HT.

Likewise, if  /  ^  0 we have

^ . z r J M )  =  - V z „ z , ( M )% II =  G (Z t/ ,H )T.

The latter equations immediately reduce the problem to the case of the 

Stein type operators A ZT Zj and A Zc Zt of Example 3.8.
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2. If e =  f  =  0, then we rely on the equation

A zr Z(M) =  M - Z t M Z  = ZTV ZyZ( M ) + ( 0̂  x) M =  (ZTG)HT+emeJnM,

and deduce that 

i
M  =  ' £ , K m„ ( Z T,Z Tgi )K„,m(ZT,h i )T +  J K m„ { Z T,M Tem)T

3 =1
I

~ J V  Z {JZ Tgj)ZQfn,m{Jhj)TJ  +  JZo^m(J M Tem)TJ.
3=1

Example 3.10. Similarly to Example 3.9, we express Hankel-like and 

Toeplitz-like matrices M  associated with the Sylvester type operators L  =  

V Ze,zJ, L =  V zr,Zf, and L =  V zr yZT.

Example 3.11. L  =  A^g, A =  D(v), B  =  Zj. Such operators L  of Stein 

type are associated with the matrix structure of Vandermonde type.

1. I f  the operator Ao(v)lZf is nonsingular, then the matrix I m — fD ( v ) n 

is nonsingular,

i
M  =  ( /„  -  /D ( v )” ) - 1 £ K „„ (D W ,g j )K n,n (Z / .h j f

3 =  1

= diag
1 -  fv? ,■1 J ui /  l<i<m Y , D w ™ w z / W r j

Sm j  — \

/ l Vi • (  K j k2,j hn,j ^
9i,j \ 1 v2 • ■ v2n- ' i,j fh \, j

cVIVI

551i—l

l 1 Vm ’ Vn~̂  ium / \hn,j f l h d .fhn,j)
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2. To relax the non-singularity assumption, observe that

A DW,z(M) =  A d,v,,Z/(M )+ /H (v )M  ! ) =  G H T+ fD (v )M e tel

Therefore,

M  = ^ i f „ in(C(v),g; ) jf„ ,„ (2 T,hJ)T +  fD ( v ) K m^ D ( v ) , M e l ) K „ J Z T, e ^
•7 = 1 

I

= E £’(Si)V'’»."(y)2(‘/hi)T'/ + /f(v)£>(Me,)K»,„(v)J
j=l

= E D<&)
3=1

A  Vi 
1 U2

yj*"^
„ n - l

,,n - l

'hi n2,j ' ' '  "'n,j
^2,j • • • hn,j

+  JD (M e l )

1 • • • V" 7

^ 1  U i  • • •

1 t>2

\^7lj

,.n—1

71— 1V1 Vm • • • 7

J.

Example 3.12. L = A d(v)jZt , L  =  A Ze>D(v), and L = A zt<D(v). Such 

operators of Stein type cover matrix structures of Vandermonde type, distinct 

from the ones covered by the operator A D(v),zr  By Theorems 2.2 and 2.13, 

we have

A =  A d m ,zj (M )J  =  G (JH )t ,

± d w „ ( M t J) = (& z„ dM (M ))t J  = H ( J G f ,
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The latter equations reduce the problem to the case of the operators of Ex­

ample 3.11.

Example 3.13. L = V d[v),Zj- Such operators of Sylvester type cover ma­

trices with Vandermonde type structure.

1 . I f  D(v)  is nonsingular, then by Theorem 2.6 we have

A 0 (v, - .a „ (M )  =  D (v ) - ‘V d(v,iZ, (M )  =  (D(v ) - 'G )H t ,

and the problem is reduced to the case of the Stein type operator 

&D{v),zf of Example 3.11.

Likewise, if  /  ^  0 , we deduce that

=  - V d w ,z, (M )Z ti i i = G ( Z w H)t >

and the problem is reduced to the case of the Stein type operator 

A D(v),zj ° f  Example 3.12.

2. I f  /  =  0, then we combine Theorem 3.3 with the equation

A d m ,z t ( M )  =  M - D { \ ) M Z t  =  M - { V d[^ z {M )+ M Z )Z t  =  - G (ZH )T+ M e ie[ ,
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and deduce that

i
M = - ' £ K ln,n(D(v),gj )K,l,.(Z,Zhj )T +  Km,n(D(v),Me ,)

3=1
I

= - Y , D ( Si)Vm,„(-v)Z(JZhi )TJ + D(Mei)Vm,n{v).
3 =  1

Example 3.14. L  =  V D(v)tZj ,  L =  V Ze,D(v), and L  =  V zr tD(v). Such 

operators of Sylvester type are associated with structured matrices of Van- 

dermonde type.

By Theorems 2.2 and 2.13, we have

V o m ,z,(MJ) = VD(v),zr (M)J = G(JH)T,

VD = - ( V z„d m (M))t J =  -H(JG)t ,

Vd(.),z.(Mt ) = - (V zt c w (M))r = - H G t .

The latter equations reduce the problem to the case of the operator V d(\),z} 

of Example 3.13.

Example 3.15. L  =  V a,b, A =  D (s), B =  D (t). Such operators L of 

Sylvester type are associated with Cauchy-like matrices M. Comparing the 

(z,j)-th entries of the matrices on both sides of equation (2 .1 ), we obtain 

that
i

siM itj  — M i j t j  = !Ji,khj,ki 
k =  i
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that is,

any value, if Sj =  tj.

Example 3.16. L  =  A a,b , A =  D {s), B  = D ( t). Such operators are of 

the same type as in Example 3.15. Comparing the (z, ,?)-th entries of the 

matrices on both sides of equation (3.2), we obtain that

Remark 3.17. In [P01], the solution of the tangential Nevanlinna-Pick prob­

lems was reduced to computations with matrices associated with the operator 

V Z T _Zf for a pair of scalars e and / ,  e ^  / .  (Such matrices are called skew- 

Hankel-like in [P01].) The reduction relies on a variant of transformation 

techniques of [P90]. The inversion formulas of Example 3.8 are immedi­

ately extended to this case. (More generally, all presented expressions for 

the inversion of the operators Va,b and A a,b can be immediately extended 

to operators V aA,bB and AaA,bB for any pair of nonzero scalars a and b.)

that is,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



31

Such an extension enables application of the divide-and-conquer algorithms 

of [OP98], [P99], [POO], and [P01] to achieve the solution of the important ra­

tional interpolation problems by using 0 ( N  log2 N) field operations (N  being 

the input size) versus 0(iV log3 N) of [OP98] and order of N 2 in all preceding 

works. The new acceleration relies on our algebraic techniques but results in 

numerically stable transformation algorithms [P01].

3.2 Bilinear Expressions for Confluent Type 

Matrices

In this section, let us consider operators L  =  V  a ,b  where 4̂ = AI m +  Ze, 

B =  p,In +  Zf. These operators cover the confluent matrices involved in 

the confluent tangential Nevanlinna-Pick problem of rational interpolation 

[BGR90], [G094a], [OS99], [OSOO], [P01]. We observe immediately that 

Va,b =  V (a-p)im+ze,z} =  Vze,(M_A)/B+zr  We will consider separately several 

cases depending on the values e, / ,  and A — fi.
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Case 1. e =  f  =  0.

Assume that A ^  (i. Otherwise see Example 3.9 part 2 . From the equation 

V a,b (M) =  ((A -  n)Jm +  Z )M  -  M Z  =  G H t , 

we deduce that

n - 1

M  = £ ( ( A  -  ii)Im + Z)-i~'GHTZ‘
j = 0

n—1 m—1 / . 1 s

=  ) (A “  V)~j ~l ~iZ iG HTZj
j = 0 i=0  '  * /

+  j) !  ^  _

=  j ]  ATmm(Z, gt )e»(A -  h*)T
fc=l

I
= Z(gt)0„(A -  p)Z( Jht)7'j,

fc=l

where 0 o(.s) =  ( (fef ) i<i<m is an m x n matrix. 0 o(.s) =
l< j< n

H  =  ( ^ ) ; < ‘<™is an m *  n  — 1<j <n

Hankel matrix.

Case 2. e ^  0, /  = 0.

Subcase 2.1. (f.i -  A) 171 /  e. Write Vr =  E(t), from the equation

V/i,s(M) = ((A -  ix)Im + Ze)M  -  M Z  =
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we deduce that

1L—1
M  =  £ ( ( A  -  p )Im + Ze) - i~ 'G H TZi

3=0  

n—1

=  E  V ~' “  M m  +  D Y i ~1VG H TZi
3=0

I

=  E +  0 ) ' X , »(((•* -  M m  +  D ) - \ V g k)K v (ZT, h t f
Jfc=l

= £  K-1 diag(Kgfc) ((j ^ ) > )  1<Km ^n,n(^, hk)T 
k=  1

I /  m \

=  E  r _1 E ^ r- ‘ (< 5 = ^ )0 ,
fc=l \  r= l /  1 <i<n

I /  m \

=  E  E  f - M T ' v - 1 (<j ^ - y )  l<i<m k „ ( z t , h„ f
k=  1 \ r = l  /  l< i< "

I

^ ' £ K m.m(Z„gt )V - 1 ( ( j P ^ ' L  i<mK n,„(ZTM ) T
k - 1 1<J<«

I
=  ^#m,m(Ze,gfc)0 l(A -  /i)K n!n(ZT,hjfc)r  

fc=l 
I

=  ' £ z e(gt m \ - n ) z ( J h „ ) TJ,
k= 1

where ©1(5 ) =  V’ - 1  ( ( ^ ■ )J) 1<Km is an v?z x n matrix, t  =  (<*)i<*<m and
l<j<n

t i , t m are all the m-th roots of e. ©i(s) = ^V/ ( t -1)TV'm,n( ( t+ s l)_1)D (t+
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Subcase 2 .2 . (fj, -  A)m = e, operator L is singular. Rely on the equation 

((A -  i i ) Im +  Z )M  -  M Z  =  V a,b {M) +  { Z -  Ze)M  =  GHT -  ee,e^M

we deduce that

M  =  gfc)9o(A -  n )K n,n{Z , hjt) -  e0o(A -  ix)Kn,n{Z  , M Tem)T
k - 1 

i
=  ' £ z ( g k)Q0( \ - fi )Z (J h k)TJ  -  e0o(A -  / j )Z (J M Tem)TJ.

k=i

Case 3. e =  0, /  ^  0.

Subcase 3.1. (A -  /i)n ^  f .  Write V  =  ^ ( t) , from the equation 

V a,b {M) =  Z M  -  M ((n  -  X)In +  Zf ) =  G H t ,

we obtain that

7 7 1 -1

M = - J 2  Z ‘G H '% ,  -  X)In + Z , ) - 1- 1
i - 0

7/i— 1
= -  Y ,  P G l F V - ' i i n  -  A) In + D Y ^ V

i—0 

/

=  ~ Y ,  -  A)/„ + D )~ \V ~ Th kf ( ( l l  -  X)I„ +  D)~ l V
k = \

=  !<.-<„ d ia g (h rv -‘ )V
*=i i<;<"
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=  - E  J W Z . & )  & ) K „ ( Z J tM ) t
k=1 l<J<n

I

=  Y  K m,m{Z > gfc)©2 (/i -  A)A'nt„(Z i/ / , hjfc)T
fc=l
I

= ^ 2 ( g t)02(^-A)21//(ht)7',
Jfe=l

where 0 2 (s) =  - £  ( (^ r ) * ')  1<i<TO V is an m x n matrix, t  =  (ii)i<i<„, and
3 1 <j<n

are all the n-th roots of / .  0 2 (s) =  - £-D(t +  s l)_1Kn,n((t +  

al ) - !)r V(t).

Subcase 3.2. (A -  fj,)n =  / ,  operator L  is singular. Rely on the equation 

((A -  f i ) Im +  Z )M  -  M Z  =  V a,b {M) +  M (Z f  -  Z) =  G H T +  eM e^J,

we deduce that

i
M  K mim ( Z ,  g t ) 0 o ( A  — f j ) K ntn( Z T , hfc)7 +  f K m<m( Z ,  M e i ) 0 o ( A  — p ) J

fc=i
i

=  £ z ( g t m * - r i z ( J h ) TJ +  / ^ ( M e , ) 0 o(A -  n)J.
k=  1
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Case 4. e f  ^ 0.

Subcase 4.1. Operator L  is nonsingular. Then both matrices I  -  /((A  -  

/ i) /m + Z e) n and I  -  e((fjL -  A) In +  Z / ) m are nonsingular. We have

m -1

M  =  -  A ) / „  +  Z f ) m +  £  Z ; i ~ l G H T ( ( fx -  A ) / „  +  Z 5 ) {

i - 0 
n - 1

M =  / ( ( A  -  +  Ze)nM -  £ ( ( A  -  fi)Im + ZeyG H TZJ‘- \
j = 0

Therefore,

M  =  ( E  f  -  A)/„ +  Z,) ' )  (/„ -  e((M -  A)/„  +  Z , r r l

( m- 1 n-1 y.v \

E Z r ' G H T  E (‘ W - (/„ - e ( ( n  -  A)/„ + Z,)™)-1
i=0 j = 0 '■*'  }

= [E  E  (' 11) ̂  -  y H Z e- ‘ G H T Z } - ‘ )  (/„ -  e((/i -  A ) / „  + 2;)”)-'

=  ( E  k ^ ( z ; \  Z ^ e ^ t i  -  A )K„,„(Zf, ht f )  (/„  -  e((M -  A)/n +  Z ,)” ) - 1,

=  ^E J Z 1/e(JZ; 'g t )e,(»  -  A )Z / , „ , „ ( J h t )7’ j j  ( / „  -  e ((p  -  A ) /„  +  Z jT ) - ' .

where 6 3 (5 ) =  ( J 1<Km is an m x m lower triangular matrix.
1~ < f< i

0 3 (s) =  diag ((i -  l)!)i<j<m ((fz^r) Ki<ra diag ((jTTjl) • Similarly, wei<E<i ' '
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obtain that

M  =  - ( / m -  / ( ( A  -  p ) I m +  Z e) n ) ~ l  ( ] T ( ( A  -  p ) I m +  Z e) j G H T Z J j ~ l

\ j =o
( n - i  ]

J
= -(/»- /«A - m)/«+z,)t‘ (EE (j) <A - ̂ -‘ziGirzjt-'

= - ( I m -  /((A -  Ii)lm + Ze)»)-' Ê E ( j  I J) <A -  ^ - ‘Z '- 'G H T zj*

=  (Jm -  f i t  A -  / i) /m  +  Z e) " ) “ l (E ̂ m .n (Z t ! g t )© l (A  -  fJ.)K,hn(Zi/f,  Z i//h fc )
\ k = l

= (/„ -  /((A -  n)Im + Z,)")-1 (Ez.(gt)0<(A -  rtZiz/fZi/zhi)) ,
u=l /

where 0 4 (s) =  -  f ^ y r ^ y r j  x<i<- is an n x n upper triangular matrix.
1 < j < n

e 4W = -  diag (jpL) ( j g i )  1£i£j. diag (O’ -  l)!),a <„.
  1 < j < n

Subcase 4.2. Operator L  is singular. For any 4-tuple (A, p, e, / ) ,  we apply 

the equations

(AIm +  Ze)M  -  M (pln +  Z) =  V .4,b ( M ) +  M (Z f - Z )  =  G H r  +  f M e ^ l ,  

where Z n = 0, and

(AI m +  Z )M  -  M (p ln +  Z j)  =  V.4 ,b {M) +  { Z -  Ze)M  =  G H T -  e e ^ M ,
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where Z m =  0, and deduce that 

i
M  =  K mm{Ze, g fc) 0 i ( A  -  i i )K n,n{ZT, h*)7, + f K m,m{Ze, M e J Q i iA -  p)J

k= 1 
I

= ' £ i z ^ t ) e i ^ - i ^ ) z ( J h t )Tj  + j z , ( M e 1) e l ( \ - i i ) j
k= 1

/

M  =  g fc)02( / i  -  A )/<7l)n( Z 1/ ; , h fc)T  -  e 0 2( / /  -  \ ) K n<n{Zjl f , M Tem)
k=  1 

I
= ^ Z ( g t)e2(/i-A )Z 1//(ht)7' -  ee2( i i -X )Z 1/l(JMTem)TJ.

k= 1

Remark 3.18. Assume that e f  ^  0 and write ye = (s7-1) i< K m , V/ =
l< j< m

i<i<n, are all the m-th roots of e, and are all the
i  < j<n

n-th roots of / ,  so that the Vandermonde matrices Ve and V/ are nonsingular. 

Now, based on Theorem 2.4, we obtain the following equations:

(/„ - M X  -  m K +z , ) - " ) - '  = v;-1 diag i<j<m V c,

(/„ -  e((„ -  A) /„  +  Z, ) - ” ) - 1 = l y 1 diag 1<K I1 V,.

Remark 3.19. By Theorem 2.2, we have

=  V „ „ +Zti,.,„+2T (M )J  =  G(JH)T, 

Va;„1+20,1/j,+z/ (J M ) =  J V „ „ +Z, , „ , +Z((M ) =  (.7G ) / /7', 

VA,,„+a„,./.+z ,( ./M .7) =  .7V a, . +zj i(1,„+zt ( M ).7 =
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Based on the latter equations, we extend our results to obtain the ex­

pressions for structured matrices M  via their displacements defined by the 

Sylvester type operators L =  V x i m + Z e i l l l n + Z T ,  L =  V A/m+Z7>/u+2/, and

^  =  Im+Z?,nln+ Z j-

3.3 Three Implications

1. The known algorithms enable superfast multiplication of the basic 

structured matrices by vectors in nearly linear time. Our bilinear ex­

pressions of structured matrices via their generators enable immediate 

extension of these algorithms to multiply structured matrices of various 

much more general classes by vectors in nearly linear time. In particu­

lar, for m =  n, the expressions of Examples 3.6, 3.8-3.10 enables us to 

perform multiplication-by-vector of the matrices M  of these examples 

to O(lnlogn) flops. Similarly, we yield the cost bound of 0 ( ln  log2 n) 

flops for multiplication by vector of the matrices of Examples 3.11-3.16.

2. For a structured matrix M  associated with a Sylvester type operator 

L =  suppose we know the Jordan blocks of the operator matrices
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n x n Matrix M
Number of 
parameters

Number of flops for 
computation of M v

General n2 2 ri11 — n
Toeplitz-like 2 In 0 (ln log n)
Hankel-like 2 In 0 (ln logn)

Vandermonde-like 2 In 0 (ln log2 n)
Cauchy-like 2 In 0 {ln log2 n)

Confluent type 2 In 0 (ln log2 n)

Table 3.1: Parameter and flop count for matrix representation and its mul­

tiplication by a vector

A and B, 

A =  PAP  1 = diag(Ai(A)/mj 4- Z)\<i<p, 

B =  Q l BQ =  diag(Aj(B)/nj. +  Z)\<j<q.

By Theorem 2.14, we can recover M  =  P M Q  first by §{M) =  

P V /tig(M)Q, and then get M  =  P~xM Q~l . Already for P  =  / m, Q = 

I n, this covers the more general class of confluent matrices associated 

with the tangential confluent Nevanlinna-Pick problem [BGR90]. We 

recover the matrix M  from its displacement L(M ) =  G H T by applying 

the following steps:

(a) Write A, =  Ai (A ) Im + Z, i =  1 ,... ,p; Bj =  Aj { B ) I1l} + Z , j  =
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(b) Represent the matrix M  as a p x q block matrix with blocks M ij  

of size raj x ny, represent the matrix PG  as a p x 1 block matrix 

with blocks Gi of size m* x /; represent the matrix H TQ as a 1 xq  

block matrix with blocks H j  of size I x rij.

(c) Replace the matrix equation V a,b (M) =  GHT by the set of block 

equations

V AuBj(MiJ ) =  GiH f  

for all pairs i =  1 , . . .  ,p; j  =  1 , . . . ,  q.

(d) Recover the blocks M jj from their displacement generators 

(Gi, H j)  as in Section 3.2.

(e) Finally, compute the matrix M  =  P~l (M ij) i< i<pQ~l .

3. For a structured matrix M  associated with a Stein type operator L = 

A AtB. Similar to the above, we have

= GiHj

for all pairs ( i , j ) ,  i =  1 ,... ,p; j  =  1 ,... ,q. After recover the blocks 

M itj, we finally get M.

Next, let us give bilinear expressions for an m x n  matrices M  associated

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



42

with operator L =  Axim+z^ in+z. Suppose L{M )  =  GHT =  £  gfch£.
fc=i

(a) I f  A = 0, then

m  = J2  PG iF in in  + zy
i - 0
771—1 71 — 1 /

=  E E L > ‘ ' W z i
i= 0  j= 0  

m - l n-1

i
=  2  h t ) 5

k = l
I

=  Y ,  Z(gt)@3(n )Z (Jhk)TJ.

m - l

k = l

(b) I f  A #  0, let R =  ) ; | j | „  =  diag ( 5 ^ ) ^

( r i l i )  i< « m  diag((m -  i) I( -A H ) , then
1 <J<m V / l< j< m

(A/m + Z ) _1 =  i?(A_1/ m + Z)R~l

and
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Chapter 4 

Norms of the Inverse 

Displacement Operators

Norm is a critical numerical parameter for structured matrices, especially 

for our displacement rank approach. For example, when we recover the 

matrix M  from its displacement L(M ), the output error is proportional to 

the norm ||T_ I||. I f  our displacement operator L  is so bad that HT-1!! is 

tremendously large, then the results are unacceptable. Therefore to choose a 

good operator is to our interests. There are many different norms for vector, 

matrices, operators. We use the following definitions and notations.

D efin ition  4.1. Norms of vectors, operators and matrices.
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• For a vector x = (x'i), we define its norm (Euclidean norm) by
1/2

Ml = lCM'2

• For a linear operator L  on vector space V, we define its norm by

Ih i  =  sup- ] j - j r -xev ||x||

• Viewing a matrix A =  (oy) as the vector ~/l, we define its Frobenius 

norm to be
1/2

1 1 1 1  . I V 1 I _ i2 \

> J
Alternatively, we may view the matrix as a linear operator La : x  i-» Ax

(  \ 1/2 

= r t  = (Ei°«i2J •

(or Ra : x h-> xTA) and define its norm to be

=  l l ^ l l  =  l l^ l l -

• Given a linear operator L on the matrix space, we may restrict L  on 

the matrices having rank of at most r  and define

\ \ L W r =  SUP
rank(/l)<r ll^ ll

Here are some simple results.

Theorem 4.2. For r  >  1 and a linear operator L on the matrix space, we 

have

||^ ||r- l < <7-1^11,.
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Theorem 4.3. For any matrix A, ||j4|| =  a\{A), ||A||/? = 

Therefore,

||i4||F/\/ra n k (A ) <  ||i4|| <  p | | F.

45

1/2

Furthermore, when A is a square matrix,

\\A\\ > max |Aj(j4)|
i

Example 4.4. For n x n  unit /-circulant matrix Zf,

\ f \ kjn, if  72 | A;,
\ \ z kf \\

|y|Lfc/nJ max(l, |/|), ifn ffc .

4.1 General Results

In this section, we estimate the operator norm ||L_1|| for the Sylvester type 

operators L =  V a ,b and Stein type operators L = on the space of 

m x n matrices, with the general operator matrices .4 and B.

Theorem 4.5.

max|Ai(^4) -  Aj(S)| 1 < H V /J r  < y/r\\(I ® A -  BT 0 1) ^l,
hj

m a x |l-A i(A )A j(B )|-1 < ||A^tlB||r < s/r\\{I -  BT ® A)~l \\.
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Proof. (1) Given any i , j ,  let g and h be the eigenvectors of A and B  respec­

tively, such that

Ag =  A,(.4)g, B r  h  =  A ,(B )h .

Let M  =  g h  , we have

V a,b (M)  =  (Aj(4) -  Xj(B))M,

A a b (M) =  (1 -  M A iA j fB V M .

Then we have the lower bounds.

(2) Write V =  V a,b (M),  A  = A a,b {M). Combining Theorem 4.3 and 

equations (2.4), (2.5), we have

im i  ^  m

I M <  W  < v/rank(A) || ( I  -  BT ® A ) - ' !  .
M l “ ||A||f / v « ( A )  -  V ' ’ N

Now we have the upper bounds. □

Theorem 4.5 involves the computation of ||(/ ® A -  B T ® 7)_1|| and 

||(/ -  B 1 ® .4)—111, which are usually unavailable. However, if we know the 

entries of ( I ® A - B T <8>I)~l and ( I - B T ^ A ) ~ 1, we may apply the following 

theorem to estimate ||(7 <g> A -  B T ® 7)“ l || and ||(7 -  B T ® 4 )_1||.
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Theorem 4.6. [GL96]. For any m ,x n  matrix X  =  (xi j)i<i<m, we have
1 < 7 < 7 1

| y '  - l 2  -  -
K j < n  1 v  1 I  \  l < i < m

i =  1 /  \  -  “  j= l

Our next upper bounds of ||L_1|| rely on the bilinear expressions for the 

structured matrices M  via their L-generators and the transformation between 

displacement operators.

Theorem 4.7. For any natural number r, we have

l l^ - i .B l i r /P I I  <  H V ^ IIr  < || a -1 II • ||A~ l1)B||r i f  A is nonsingular, 

I I ^ B - i l l r /P I I  < l l v ^ l l r  < ||B-1|| • I IA ^ - J lr  i f  B  is nonsingular.

Proof. Corollary of Theorem 2.6. □

Theorem 4.8. For nonsingular matrices P  and Q, write A =  PAP~ l , B  =  

Q~XBQ, then we have

< i ia ^ ii, < K(P)K(Q )iiA j;s iir .

Proof. Corollary of Theorem 2.14. □
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Theorem 4.9. For operators A a,b ° f  Corollary 3.2, we have

k - l

11^,‘bII < E IW I • WB V  -  i f  A* =  a l ,
Z=1

11̂,all < E IK7 - • P‘ll i f #  = W-
i=l

4.2 Some Examples

In this section, we will apply the results of Section 4.1 to those opera­

tors we discussed in Section 3.2. Explicitly, we only estimate ||L_1|| where 

L  =  A Ze,zf , L =  V Zt,zf , L  =  Aze,o(v), L =  V  Ze,D{v), and L =  Ad(u),d(v), 

L =  V d(u),d(v)' All our proofs and estimates, however, are invariant to in­

terchanging the operator matrices ,4 and B  and to the transposition any 

of A and B , so the same estimates are immediately extended to the oper­

ators A Z T f Z j , V ZT)2/, A ZejZj ,  Vze,Zjl A z r j T ,  V ZT)ZT, A Z T,D (v) ,  V zt iJD(v), 

Ao(v),ze, V D(v),ze, A d (v ),z ? ,  V d(v],zt, respectively.

Example 4.10. Write e =  max(l, |e|), f  =  max(l, |/|), t  =  lcm(m, n). By 

Example 4.4 and Theorem 4.9, we have

llAi.U/H<h ^.,,EML*JI/IL*J («)\ l ~ e m f n \ k=Q

ir* t . z ,ii s  r <~ i E  h  1 w 1i f■1 <4-2>
\e'" ~ / " I  k=Q
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Remark 4.11. Suppose m =  n, then lcm(m, n) =  n. By Theorems 4.5, we 

have

nef
1 -  | e / | ^ 2„ f  < I I A ^ H  < ^ e /r  

e |" - | / l"W S »  < l|V5*,Z /|f <

Comparing the lower and upper bounds as n -» oo, we obtain

|1 -  e /l  V '/X T .'»  |./| i ! e f # 0 ’lim
n—>00 nef

lim -----
™  nef

1 -  \ef\nU2n

\e ~ f \
\e~f I

if  ef  = 0,

if  ef  #  0,

\e\n -  \f\nU)2n

e fy /x2+ In2 |e//|

0 if e / =  0,

where In denotes the natural logarithm. That is, our estimates (4.1), (4.2) 

are asymptotically tight as n —> oo provided e f  ^  0 and ef  ^  1 (for A ze,zf ) 

or e tL- f  (for V Ze,Z/).

In the case ef  =  0, say /  =  0. Let A = A ze,z{M) = 1 1T, then

M  =

( \  e 

1 1

\1 • • •

• • e

1 1/

e\ (1 ••• 1 1\

: 1 

1 •••

\1 /
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Write e =  x +  y \ f - i  where x, y are real numbers. Since || A|| =  n and

in +  — — (e -  1)
2

>-||1tM||2 = -V
n " n

1̂=1

/  n‘l n3 n2\  2 ( n 4 n3\  n4

> S  + o ( A

we have U A ^ H i > cn for some constant c > 0. Similarly, we have

l l V i J j i  > cn for another constant c > 0. This leads to much tighter

bounds than applying Theorem 4.5 for A =  Ze, B  =  Z0.

In both cases, we have

llV ie,Z/lll =  n (n) for a11 ef  ±  4> (4-3)

W&zlzfh =  n (n) for a11 e #  /• (4.4)

Example 4.12.

m— 1
I t"

llAze1,D(v)H - i  £  m ,a x I r i f  l« (4-5)
fc=0 J
m-1

llV z !,n (v )ll< e ^ mf x li5 f l-  (4-6)
Jt=0

Remark 4.13. Suppose |uj| $ (1 -  e, 1 + e) for a constant e > 0 and for all
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j .  I f  e ^  0 then

m —1

TO-> 00 ]
k=0 
m-1

lim V m a x l ^ r l  < -m a x ( l,4r).n-»no 1 e ui e em->oo *—* ?
fc=0

I f  e = 0, let A =  A z,D(v){M) =  e ie j, then

M  =

(  0 
0

0 1 0
0 Vj 0

o \
0

0 • • • 0 vn—\

Write v =  maxj |uj|, since ||A|| =  1, we have

Compare the lower and upper bounds as m -» oo, we have

lim ■
m-> oo

i>2m- l
i>2- l

um - l 1 —  1 I w—11
v - l

Similarly, we have

u 2m _  j um -  1
u \

where u =  maxj |uj| l . That is, our estimates (4.5), (4.6) are asymptotically 

tight as m —> oo provided that {Vj} are not clustered around 1.
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Example 4.14.

<
r m inij |1 -  UiVj[

sfr<
m iny \Ui -  Vj |

(4.7)

(4.8)

Remark 4.15. By Theorem 4.5. ^  . |t _ ^  ■

i|V-ju))D(v)lli -  — :-------- j 1- This is within yfr from the upper bounds
’ m i n j j  |U j Vj |

of Example 4.14. That is, our estimates are tight for “small” r, which is 

the most interesting case where we study structured matrices with “small” 

displacement rank.

By combining Theorems 2.4 and 4.8, we transform the operators A ^  , 

V ^ ,  and A - 1)D(V), V l \ D(v) into operators A-Ju) D(v), V~D\u)Mv) and then 

extend the bounds of Example 4.14 to the former operators.

Corollary 4.16. Suppose ef /  0, e» and f *  are any m-th and n-th roots 

of e and f ,  respectively. Write e — max(|e|, j^), /  =  max(|/|, j^). then

II .  — 1 it /— . m - l  - n - 1  i . i . — 1

W&ZcZfWr < s/re /  » max
hj

1 -  emu tmf nuj3ri

Nr-? —1 II r~ - m •" 1 r n ~ ̂
\ \Vz' ,Zf\ \r  <  v r e  m /  » max

hj
emuil — f n ujjMm •> n

-1

-1

||AzeiD(v)||r < s/rem™ max 1 -  

||VzeiD(v)||r < s/re
m - 1

"> max
Uj

a

(4.9)

(4.10)

(4.11)

(4.12)
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4.3 Decreasing the Norm \\L~1\

Typically, in the DECOMPRESS stage of the displacement rank approach, 

the numerical problems generally diminish where ||L-1|| is smaller. In par­

ticular, this factor is critical for rapid convergence of Newton’s iteration with 

recursive compression applied to invert a structured matrix [P92], [PRWOO], 

[P01], [PRW01], [PKRCa]. It is, therefore, desired to decrease ||L-1||. This 

is usually possible based on the displacement transformation approach pro­

posed in [P90]. According to this approach, given a successful algorithm or 

method of study for a specific class of structured matrices, one may extend 

these method or algorithm to other classes of structured matrices via appro­

priate transformation of the associated displacement operators. At the end 

of the preceding section, we applied this approach to extend our estimates of 

Example 4.14 from Cauchy-like to Toeplitz/Hankel-like and Vandermonde- 

like matrices. Let us demonstrate how this works by another example. Sup­

pose we seek the solution of a nonsingular linear system M x = b where the 

Cauchy-like input matrix M  is associated with an operator Lq — V o(s),D(t) 

and the norm ||Lq l || is too large. Let us solve the problem by using the 

displacement transformation method. Choose a vector r =  for a

scalar a such that ||L-1|| is small for L =  V /^ r ^ t ) .  According to Example
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4.14, this is the case if the component sets of the vectors r  and t  are well iso­

lated from each other. Solve the linear system C (r,s)M x =  C( t ,  s)b whose 

coefficient matrix is associated with the operator L =  V D(r),D(t) and is typi­

cally not worse conditioned than M.  Due to the transition from L0 to L , the 

critical stage of the solution can be dramatically simplified (for instance, if 

the solution is by using Newton’s iteration). The above recipe can be imme­

diately extended to the case of Toeplitz-like, Hankel-like, Vandermonde-like, 

and other structured matrices M  based on their well-known simple trans­

formations into Cauchy-like matrices (see Theorems 2.4 and 4.8 and [P90], 

[P91]).
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Chapter 5 

Numerical Inversion of 

Structured Matrices

Computing the inverse of a structured matrix is among the most important 

practical computational problems. It is essentially equivalent to solving lin­

ear systems. The classical algorithms compute the inversion of a general n x n  

matrix in 0 {n A) flops by using Gaussian elimination. The two “superfast" 

algorithms proposed by Brent et al. [BGY80] and by Morf [M74], [M80] and 

Bitmead/Anderson [BA80] solve the Toeplitz linear system of n equations in 

0 (n  log2 n) flops. We refer to the two algorithms as the BGY and MBA al­

gorithms, respectively. The BGY algorithm applies only to Toeplitz/Hankel
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linear systems, whereas the MBA algorithm covers also the more general 

class of Toeplitz/Hankel-like linear systems [KS99], [P01].

In this chapter, we discuss an algorithm of different type. We use New­

ton’s iteration to compute the inverse of a structured matrix. This iterative 

method has been long and well known [S33], [B-I66], [B-IC66], [SS74], [PS91]. 

It is very attractive because of the strong numerical stability, local quadratic 

convergence, and convenience for parallel implementation. However, the ap­

plications in the case of general matrices (especially for general matrices of 

large size) was limited because each iteration step involves two expensive 

operations of matrix multiplication. This problem disappears when the ma­

trices are structured, but another problem arises. One has to preserve the 

matrix structure (i.e., reduce the displacement rank) during the iteration. 

Here is our algorithm.

A lgo rithm  5.1 (New ton’s Ite ra tion  for Structured M atrices).

Inpu t: An n x n  structured matrix M  with V^B-generator (G, H)  of length 

r, an initial approximation X 0 to M ~ l with V/^-generator (Go, Ho) of length 

r.

O utput: A V/^-generator of M ~ l .
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Com putation: For % =  0 ,1 ,2 ,..., k, compute

Yi =  2Xi -  X iM X i ,

V S)/t(A V i) =  Truncate{V BA y i))

until { X i }  converges and output AV

In the next, we give two methods for the subroutine Truncate.

5.1 SVD Truncation

Our first method is to minimize

l|v M p r i+i) -  v M (y,)ll

for rank VBj/i(Arj+1) = r. From [P01, Theorem 6.1.3], we know that 

Vzj.^ATh) = U diag[ai,. . . ,  ar, 0 ,. .. ,  0]Vr

where

V/viO 'i) =  Udmg[ax, .. . ,ai ]V

is the SVD. Since
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we have

l|V B,j(V j+,) -  V b^ A T 1)!! < 2||Vb^(15) -  V b,b (M - ‘ )||.

Therefore,

l|Ai+1 -  M - ‘ || < 2||Vs,b II • l |V ^ | |  • IIFj -  A T ‘ ||

||/ -  MA'j+1|| < 2«(A'/)||Vb,/1|| • IIVbIb II • ||/ -  M l)||

< 2k (M )||V b,.4N • IIVSJJ • 11/ -  A/A,l|2.

That is, the iteration has quadratic convergence if

||/ -  MAoll < (4k (M )||V j m II ■ I IV ^ U ) ’ 1. (5.1)

5.2 Least Squares Truncation

Recall that

M V  b ,a { M ~ 1) M  +  V a,b {M)  =  0.

Our second method is to minimize

\ \ M V b,a {X m ) M  +  V a,b {M)\ \

for VB,/i(Ari+i) =  G f i l H j , where (G{,Hi) is a Vs^-generator of Y}. This 

least squares problem has a solution

Q =  - ( M G i)+GH T(Hj 'M) + ,
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where ( )+ is the generalized inverse. Therefore,

| |M V Bi.4(.Yi+1)M  +  V , llB (M )|| <  | |M V B„ 1(Fj )M  +  V J iB (M )|| 

l|VB,,,(A'j+i) -  V b,z ( M - ‘ )|| <  « (M)2\\VbaK )  -  V B,a(M -')ll

11*+. -  JIT11| < K(M )2||VB,a|| • ||Vi,'„|| • K  -  M -'H  

11/ -  M AVrll < «(M )3||Va,.,|| • H V i^ l l ' 11/ -  MY'\\

< /t(M)3||Vs ,4 || ■ ||V;|J| • ||/ -  M Xtf .

That is, the iteration has quadratic convergence if

| | / - M X „ | |  < (2/t(M)3||VM |M |V B; „ | | ) '1. (5.2)

Remark 5.2. V j5,/i(Xi+1) is independent of the choice of full rank displace­

ment generator ((?;, Hi). Va^ATt-i) depends only on the linear vector space 

spanned by the column vectors of G, and Hi.

5.3 Initial Approximation

Our two methods of above need very close initial approximations Ar0 (see

(5.1) and (5.2)). We use the well-known Hestenes-Stiefel conjugate gradient 

method [HS52], [R71] to compute the generators of M ~ l , i.e., to solve the 

linear systems M x  — g, and M Tx  =  hi, i =  1,2,. . . , r .  The conjugate
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gradient method can be outlined as follows.

Algorithm 5.3 (Conjugate Gradient).

Input: Matrix M,  vectors b, x0, scalar e > 0.

Output: vector x* such that ||b -  Mxk\\ < c-

Computation: Let po = 0. For i — 0 ,1 ,..., k, compute

r j = b -  Mxi

Remark 5.5. For n x n structured matrix M, each iteration step can be

until ||r*|| < c.

Theorem 5.4. [GL96, Theorem 10.2.6]

performed in 0(nlogrfn) flops. If k (M)  is small (say, k (M) < 4), then the

iteration finishes in k =  0(| loge|) steps.
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Remark 5.6. For positive definite matrix M,  the iterations of Algorithm 

5.3 can be replaced by

r i =  b  -  M X i  

n -  ,  4. „
Pi+' -  "  +  M Pi 

x i+ != +

Then we have

For ill-conditioned matrix M,  we cannot use the conjugate gradient algo­

rithm directly because of the long iteration steps. However, we may overcome 

this difficulty by using homotopy method.

•  First, we assume M  is a Toeplitz-like matrix. For structured matrix 

M  of other classes, we may reduce the problem to solving Toeplitz-like 

linear system of equations.

•  Next, we assume M  is positive definite because M ~ l =  ( M HM )~ l M H 

and M h M  is a positive definite Toeplitz-like matrix.

•  Finally, we assume o\{M)  and on{M)  (the largest and smallest singular 

values of M)  are available.
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Let M0 = I ,  Mi  =  (1 -  a,i)I +  OiM, Qi =  M~_\Mi for i  =  1 ,2 ,... ,m, 

where 0 < di < ... < am =  1 are parameters that we compute from o\ (M) 

and an( M ) such that 2 < n(Qi) < 3 for all i. Note that all M,-’ s and 

Qi s are positive definite and k {Qi ) =  «(Mj)//c(Mi_i), so m =  0(log/c(M)). 

The following preconditioned conjugate gradient method computes M ~ xb, 

provided that is already computed. It is essentially the same as to 

compute Q i l (M~}l b) by using the conjugate gradient method.

Remark 5.7. When cr1(M) and an(M)  are not avaliable, we still can com­

pute ai1 s from an upper bound o of cr^M), because

, x 1 ~ &i (1 — ®i+l) d" flj+lOr
H Q i )  <  Z--------------------------------------------7Z------------------- r - -------------------------- •

1 (1 QfiJ ~h

Algorithm 5.8 (Preconditioned Conjugate Gradient).

Inp u t: Matrices M, N  «  M ~ l , vectors b, xo, scalar e > 0.

O utput: vector x*; such that ||b -  M x *|| < e.
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Computation: Let p0 =  0. For i  =  0 ,1 ,..., k, compute

r * =  b -  Mxj

I I ^ H
Pi+1 =  AT I ,  +  7T -— L pi

\ m
p?+1iVMp<+1'

  >ir , II * II ^
■̂ i+1 — Xj H 7p Ar n f_ Pi+1

until ||r*|| < e.

Algorithm 5.7 outputs the generators of a Toeplitz-like matrix N{ M:  

such that rank VB,/i(-/Vj) =  r* =  rank V b ,a {M{) and

- l

W M iV sA N iW i  +  V „,B\Mi

Before the last homotopic step, we need to keep NiMi+\ well-conditioned, 

say, n(NiMi+i) < 4 for all i = 1,2,.. . ,m  -  1. Then it suffices to have 

||7 -  NiMi\\ < y because

l - W l - N M W

Furthermore, because

NMW  < IIM.II • ||JVi -  M;r - i

< IIM.II ■ liv;i,|| ■ IIAC‘112' W W n A m f i  + V.4,B(A/i)l|,
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it suffices to choose

f < ( 1 4 IIM II. ||M -'||2. ||V i^H N/n l|V /,,B(A/i ) ll)  ' ■

In the last homotopic step, the output AT0 = Nm should satisfy condition

(5.1) or (5.2). Then it suffices to choose

£ < (&K( M ?  ■ ||M -'|| • ||VB, J  • ',

or

£ < (4k(M)1 ■ HM-'I! • UV^II • ||V^||yr||V^lB(M)|A ‘ .

respectively.

Remark 5.9. Suppose ||M|| =  n ° ^ \  then it takes

o(n  lognlog«;(M)(logn + log/c(M))j 

flops to compute Ar0 satisfying (5.1) or (5.2).
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Chapter 6 

Inversion of Integer 

Toeplitz-like Matrices

In this chapter, we combines the current fastest MBA algorithm and p-adic 

lifting algorithms for the exact inversion of an n x n integer Toeplitz-like 

matrix M.  The algorithm can be outlined as follows.

Algorithm 6.1.

1. Compute M ~ l mod p for a random prime p, det(M) ^  0 mod p.

2. Compute M ~ l mod q for a q =  pm for a sufficiently large m.

3. Compute sn =  sn(M), the largest invariant factor of M.
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4. Output the displacement generator of M  l .

In the first step, we compute M _1 modp by first applying the MBA 

algorithm for computing the balanced complete recursive triangular factor­

ization of M  and M ~ l . If det(M) = 0 mod p, the process will stop and return 

FAILURE. Then we may try another random prime p until SUCCESS. In 

the second step, we use p-adic lifting to compute M ~ l mod q for q =  pm 

large enough (see (6.4) in Section 6.3). Then we recover ^  =  u fM _1Vj from 

u fM _lV jm od <7 for random integer vectors Uj,Vj, i  =  1 ,2 ,..., k. In this 

case, lcm(5i,^2,.. ■, k) =  sn(M) with high probability. Finally, we output

the displacement generator (s_MzlG} sj£p L) o fM -i_

6.1 The MBA Algorithm

Let M  be partitioned as a 2 x 2 block matrix,

where M\  has size [ | ]  x Let r  =  rank(AZizT(M)), we have

rank(Az ^ i iV h ) )  < r, rank(A2 ,zr(M2)) ^  r  +  1,

rank(Az,zT{M?,)) <  r  + 1, rank(A2 .M S ) )  < r.
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Suppose Mi is nonsingular, then

M -S - 'M jM f1 S' 1 )  (6'1)

where S =  M A-  M^M^ 1 M2 is the Schur complement of M x. Therefore, when 

M  has generic rank profile we may compute M -1 recursively by computing 

M f1 and S'-1 first.

Denote by Fq(n) the bit cost of computing M -1 mod q, then we have

Fg{n) =  2Fq(n/2) + 0 { r 2vq{n /2)),

where vq{n) is the bit cost of multiplying modulo q a Toeplitz matrix by a 

vector. Thus, Fp(n) =  0 ( r 2vp(n) logn).

Remark 6.2.

I 'q (n )  =0{n{n \ogq))  (6.2)

where n(d) is the bit cost of multiplying two integers modulo 2d, and [SS71]

ix{d) =  0{(d\ogd) loglogd). (6.3)

Remark 6.3. In the case M  does not has generic rank profile, we may 

precondition M  by multiplying two Toeplitz matrices X , Y  on both sides 

such that X M Y  has generic rank profile. See [P01, Section 5.6] for details.
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6.2 p-adic Lifting

Suppose we have already computed M -1 modp by recursively using (6.1). 

A =  Z0, B  =  Z x, a A^g-generator of M  modp of length r  and a A g^- 

generator of M ~ l mod p of length I =  0 ( r )  are available.

Algorithm 6.4 (Newton’s Lifting).

Input: X 0 =  M -1 mod p.

Output: Xk =  M ~ l mod q, q =  p2\

Computation: For i  =  1 ,2 ,..., k, compute

Yi =  2AVi -  X i - i M X i - i  mod / ,

Vg A X i )  =  - Y & A,B{M)Yi m o d / .

Complexity: In each iteration steps, the bit cost is 0 ( r 2p{n2% logp)) ops. 

The total bit cost is 0 ( r2/x(n logg)) ops.

Algorithm 6.5 (Hensel’s Lifting).

Input: A'0 =  M ~ l mod p, v0 G Znxl such that ||v0|| < n||M||.
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Output: M  Vo mod q, q =  pk.

Computation: For i =  1,2, . . . , k  -  I, compute

Uj =  X 0Vi mod p,

V<+I =  (Vi -  Mui)/p.

Finally, output the formal sum u0 + Uip + ... + u^-ip*-1.

Complexity: In each iteration steps, the bit cost is 0(rp(n\og(n2p\\M\\))) 

ops. The total bit cost is 0(rkp(n\og(n2p\\M\\))) ops.

6.3 The Largest Invariant Factor

The known best algorithm for computing sn is the algorithm Largest In­

variant Factor in [EGVOO]. It is based on the approach proposed in [P87, 

Appendix], [P88], [ABM99]. The approach reduces the problem to solving 

linear systems M x = v for random vectors v and to subsequent randomized 

recovery of sn as the least common denominator of all components of x. 

But unlike [EGVOO], we recover sn(M) from the denominators of a scalar 

u7 x = u r M ~ lv  for a random vector u. This saves us the factor of roughly n 

in the estimated bit cost of the recovery. The acceleration relies on a simple
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trick of obtaining the LCM as the denominator of a random linear combi­

nation of reciprocals already used in [P92], [BP94], [CFGH99], and [MSa] 

although in a different context.

D efin ition  6.6. The greatest common divisor (GCD) d = dk{M) of all 

k x k minors (subdeterminants) of a matrix M  G Znxn is called the A;-th 

determinant divisor of M, for k =  1 , . . . , n .  We write s0 =  dQ =  1 and 

define the A:-th Smith invariant factor of M  as Sk =  Sk{M) =  dk/dk-i for 

k =  1,.. .  ,n.

It is well known that for a given matrix M  G Znx” there exist two matrices 

P  g Znxn and Q e Znxn such that | det(P)| =  | det(Q) | =  1 and

(Si \
M  =  P Q.

\  Sn)
Therefore, if  M  G Znxn is nonsingular then snM ~ ] G Znx” too. Due to this, 

reconstruction of M ~ l from M ~ l mod q as well as M ~ lv  from M ~ xv  mod q 

(for larger q) is trivial if  sn =  sn(M)  is available. It is also well know that 

(see Chapter 2 for the definition of \M\)

sn < |d e t(M ) |< (v ^ |M |)n.

Let u, and v* be n-dimensional random integer vectors with entries in­

dependently uniformly chosen from {-A ', 1 — K , . . . ,  K  — 1}, u j M _l v, =  ^
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where Si > 0 and gcd(?p, Si) =  1, for i = 1,2,3,....

Remark 6.7. (pi,5i) can be reconstructed from u m o d  q for

gcd(<7, sn) =  1 and q >  2K ‘2nn+2\M \2n (6.4)

at the bit cost 0(/j.(\ogq) log log q). Here q can be a prime, prime power, or 

product of primes. See Chapter 7 for the choice of q.

Definition 6.8. ordp(n) is the largest integer k such that pk | n.

Theorem 6.9. For any prime p and any i, we have

Probability{ordp(5j) = ordp(sn)} > (1 -  ^ \ — \?■

Proof. First we observe that 5{ | sn. Then, by [ABM99, Theorem 2], we have

Probability{snM -1v, =  0 mod p) <

In addition, for given w* /  0 mod p. we have

Probability{u^ Wj = 0 mod p} < ^  .

Therefore,

Probability {ordp(6,) = ord p(sn)}

> Probability ^  0 mod p}

= Probability{uf,snA/_lVj ^  0 mod p} > (1 -  f ) ) 2- D
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Corollary 6.10. I f  K  > max(231,2 -5 6  log2 sn) then

Probability{lcm(^1, ^2)^3,^) =  sn} >

Proof.

P ro b a b ility f lc m ^ ,^ ,^ ,^ )  7  ̂sn}

<  ^  Probability{ordp((5j) 7  ̂ordp(sn), Vi =  1,2,3,4}
prime p|s„

s E (i-d-^rfi)2}4 = E
prime p|sn prime p|s„

<1+ E (K¥i)4< I+  E (?+?)4
odd prime p|s„ odd prime p|sn

+ S  + 3/̂ ) + ®  + 3K + f )
odd prime p|sn 

+  ( w  +  d M  l o § 3  Sn +  H  +  f ) J  <
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Chapter 7 

Rational Number 

Reconstruction

A customary approach in computer algebra is to perform computations with 

rational numbers modulo a large integer q (a prime, prime power, or prod­

uct of several selected primes) and then to reconstruct the rational output 

from its value modulo q [GG99]. In particular, the modular rational number 

reconstruction is the final stage of the solution of a nonsinguiar linear system 

of n equations by means ofp-adic lifting [MC79], [D82], [P02] (see [GG99], 

[S86], [UP83], [Z93], for other important applications).

Problem 7.1. Compute a pair of integers (r],5) from three positive integers
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m, n, k such that

\ r ) \< k < m ,  1 < 8 < m /k , ij =  n8 mod m. (7.1)

There always exists a solution to Problem 7.1. There are at most two 

solutions such that gcd(?7, £) =  1, and at most one of them satisfies |r/| < k /2 

[GG99, Theorem 5.26]. To ensure correct reconstruction of coprimed ij and 8 

with some upper bounds, say, \rj\ < M  and 8 < N, we may choose m > 2M N  

and gcd(m, rj) =  gcd(m, (5) =  1. Then rj and 8 can be uniquely recovered from 

n =  r)/8 mod m by solving the following problem.

Problem 7.2. Compute a pair of integers (rj, 5) from four positive integers 

M, N, m, n, rn >  2M N , such that

gcd(r],5) =  l, \r ) \< M , 1 < 8 < N, rj =  n8 mod m. (7.2)

The common approach to the solution of the problems of rational number 

reconstruction is by applying the extended Euclidean algorithm to in and n. 

Hereafter, we refer to this algorithm as the EE A, and we seek faster solu­

tion algorithms based on accelerating the EEA. The algorithm produces a 

sequence of triples ( r j , S j , t j ) ,  j  =  1 ,..., I (notation used in [GG99]). In our 

case, we need only the triples Sj-\, fj_ i) and (r j,S j,t j)  for a specially
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selected j .  Extension from computing these triples to the solution to Prob­

lems 7.1 and 7.2 is shown in full detail in [GG99, Theorem 5.26]. We show 

an alternative approach, which is more directly related to our modification 

of the EEA. Our goal is the acceleration of the EEA and consequently the 

solution of Problems 7.1 and 7.2. The known algorithms compute the desired 

pair of the EEA triples and thus solve Problems 7.1 and 7.2 by using 0(d?) 

bit operations, where d =  |_log2m\, m >  n. We speed up the computation 

by the factor of almost d\ that is, we decrease the above bit cost bound to 

the level

p(d) =  0(fi(d) logd). (7.3)

A similar acceleration is known for the Euclidean algorithm applied to poly­

nomials [M73], [AHU74], [BGY80], but in the integer case a well known 

additional difficulty is due to the carries. Among the known methods, only 

the Knuth-Schonhage algorithm [S71] has settled the problem for integers 

but only in the special case in which j  — I and the triple (r/, sy, t{) terminates 

the Euclidean algorithm, that is, where r* is the GCD.

In the next sections, we overcome the difficulty and come out with a 

desired algorithm, which solves the GCD problem as a special case. Our 

construction relies on computing a matrix sequence { Q i ,  i = 0 ,1 ,...}, which

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



76

represents the quotients and cofactors computed in the EEA rather than on 

computing just the remainder sequence { r^  i =  0 ,1 ,...}. This enables a 

simpler control over the growth of the magnitude of the entries of the Qi 

than we would have had over the decrease of the r;.

7.1 Extended Euclidean Algorithm

Algorithm 7.3 (Euclidean Algorithm).

Input: A pair of natural numbers (m, n), m > n .

Output: gcd(m,n).

Computation: Write r0 =  m, rq = n. Compute

r i + 1 =  rj_i mod 

for z =  1 ,2 ,...,/ until r;+i =  0. Output n.

For i  =  1 ,2 ,...,/, let
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where

The sequence {n }|_0 is called the remainder sequence, and the sequence

(EEA) outputs both sequences {r j} [=0 and

For a given pair (m, n) and the sequence {Q i } ,  we can immediately com­

pute the sequence { r j  because

for all i  =  1 ,2 ,..../.

Our main task is to solve the following problem.

Problem 7.4 (Selected O utput o f the EEA). 

Inpu t: Integers m, n, h such that m > n > 1, h > 0. 

O utput: The unique Qt such that |(^| < 2h < |Ql+i|.

{Qi)i=o is called the matrix sequence. The extended Euclidean algorithm

det(Pj) =  -1 , det(Qi) =  (-1 )1, (7.4)

(7.5)
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In the remaining part of this section we state some simple auxiliary prop­

erties of the remainders r, and the matrices Qi.

Theorem 7.5. r* > r i+l > 0, r* > r i+i +  r i+2 fo r i  =  0 , 1 , 1 .

Theorem 7.6.

(i) bi =  di =  Cj_x fo r i =  l , 2, . . . , l .

(ii)  di =  di-iqi +  di- 2 > di_i, a  =  Ci-iqt +  Ci- 2 > Cj_! f o r i  =  2 ,3 ,...,

(in) d{ - 2 =  Q-i mod aj_i, q _2  =  Cj mod Cj_i /or i = 3 ,4 ,..., I.

(iv) d0 > c0, ai > ci, Oj > q fo r i  =  2 ,3 ,..., /.

Corollary 7.7. Q i-i con be computed from Qi by Theorem 7.6 (i), (in). 

C oro llary 7.8.

(i) \Qi\ =  di fo r i =  0 ,1 ,... ,1.

(ii) \Qi\ > \Q i-il +  \Q i-2\ f o r i  =  2 ,3 ,. . . , l.

Corollary 7.9. m/2 < < rn fo r i =  0 ,1 ...., I.

Remark 7.10. Note an equivalent customary representation of the EEA’s 

output by the sequences { r j ,  {s,-}, {U} (with the notation in [GG99]), where 

si =  ( - 1)%, U =  ( -1  ) * -%
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7.2 EEA for Modified Input

To accelerate the solution of Problem 7.4, we apply the divide-and-conquer 

techniques. Roughly, the idea is to solve Problem 7.4 in two steps. In each 

step, Problem 7.4 is solved for h replaced by [h /2J, and the output of the 

first step is used as the input of the second step. We are going to show that

(i) this leads to the same desired output, and

(ii) the computational cost of the reduction to the pair of half-size problems 

is small.

A basic observation is that the matrix sequence {Q i} depends only on 

the quotient m/n .  That is, for another input values m*  and n*  such that 

m*/n* =  m /n ,  the Euclidean algorithm computes the same matrices Q* =  Qi 

for all i. A relatively small perturbation of the quotient m /n should not affect 

the first several terms of the sequence {Qi} ,  using which is enough to solve 

the problem for smaller h. That is, we may replace m and n by smaller 

integers m* and n*  provided that m*/n* &  m/n.  For the input values m* 

and n*,  we denote by {r*} the remainder sequence and by {Q*} the matrix 

sequence. Next, we specify some bounds on the allowed perturbations of 

m /n  for which Qi  = Q* and then state our main theorem.
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Theorem 7.11. Suppose m* =  |m/AJ and n* =  |n/A j fo r a positive integer 

A. For any given integer i, i f

r i+2 — \Q*+i\ or r i+2>A|Q i+1|

then Qi =  Q*.

Proof, (i) Suppose r *+2 > \Q*i+ l\. Write (“j)  = Q*~l (™) for j  =  0 ,1 ,..., i+1. 

Then we have

f uj + i \  _  1 \  ( uj \
vj+1J -q *+ lj .Vi3,

Therefore, uJ+1 =  Vj for j  =  0 ,1 ,. . . , i. Furthermore, extending (7.5) to 

(m *,n*), we obtain that

(■ SK 'frl

By (7.5) we also know that, in each row of Q y 1, one of the entries is non­

negative, and another is non-positive, and their absolute values are bounded 

by \Q}-\ \ in the first row and by \Q*\ in the second row. Therefore, we have

> (rt+i ~ l<2]l)A

and

% -  > (<■; -  io;-,da -  + ie;i)A > (r*+2 -  i«;+,da.
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So, by assumption, Uj > Vj > 0 for j  =  1 ,2 ,...,* . Now we have u0 =  m, 

U\ =  n, Uj+i =  Uj- 1  mod Uj for j  =  1 ,2 ,..., i. So uj =  r j  and Qj — Q* for 

j  =  0, 1, . . . , *.

(ii) Suppose r i+2 > A|Qi+1|. Write (*j) =  Q j1 (™‘ ) for j  =  0,1, . . . ,*  +  1. 

Then we have

( ^ + A  = ( °  1
\V j+ i)  V  -Q i+ iJ  \V j)  '

Therefore, Xj+i =  yj for j  =  0 ,1 ,..., i. Furthermore, by (7.5), we extend the

above expression for x j and yj as follows:

Now, similarly to in part (i), we deduce that yj > r j+ iA_1 - \Qj\  and X j - y j  > 

(■TjA"1 -  \Qj- \ \ )  -  (rj+iA-1 +  \Qj\) > (rj+2A-1 -  |Qj+i|). So, by assumption, 

x j > yj > 0 for j  =  1 ,2 ,...,*. Now we have Xq = m*, x\ =  n*, Xj+\ = 

X j - 1 mod Xj for j  =  1 ,2 ,...,*. So Xj =  r* and Qj =  Q* for j  =  0 ,1 ,...,* .

□

Corollary 7.12. Suppose m* =  [m /AJ, n* =  [rt/AJ fo r u positive integer A. 

For any given integer i, i f

™ *>2|Q*+2H Q *h I r n ,> 2X\Qi+2\- \Q i+ l\,

then Qi =  Q*.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



82

Proof. Combine the assumed bound on m* and m with the first inequality 

of Corollary 7.9 extended also to * and arrive at the bounds on r *+2

and r ,;+ 2 in Theorem 7.11. □

Theorem 7.13. Suppose m* =  [m /X\, n* =  [n/X\ fo r a positive integer X, 

and I (  is a given positive integer such that m* > 2K 2. If\Q *\ < K  < \Q*i+i\, 

then Qj  =  Qj fo r all j  < i  —2 and \Qj\ <  K  < \Qj+i\ fo r some j  such that 

i ~  2 < j  < i + 2.

Proof By Corollary 7.12, we have Qj =  Qj for j  < i  -  2. If |Qi+31 > K , 

then we are done. Otherwise, we have m >  Am* >  2AK 2 > 2A|Qi+3|2. By 

applying Corollary 7.12 again, we obtain Qi+1 = Q*+1, Qi =  Q i. □

Theorem 7.13 leads to the following algorithm.

Algorithm 7.14 (Selected Output of the EEA).

Input: A triple of integers (m, n, h) such that m > n >  0, h > 0.

Output: The unique matrix Qk such that \Qk\ < 2h < |Qfe+i|-

Computation: Let d =  [logmj.
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1. When h < \_d/2\ -  1, let A = 2d~2h~l , m* =  [m/AJ, and n* =  [?z/Aj; 

then 22/l+1 < m* < m/2. We first apply the algorithm to the input 

(m*,n*,h) and have the output Q}. Theorem 7.13 for K  =  2h implies 

that 2 = Q*i_o and \Qk\ <  2h < |Qjt+i| for some i  -  2 < k < i +  2. 

We may compute Qi- 2 =  Qt- 2 h'om Q\ (cf- Corollary 7.7) and then 

find Qk in a few Euclidean steps.

2. When |d/2j < h <  d — 1, we first apply the algorithm to find 

\Qi\ < 2^ /2-l < \Qi+i\. Next we apply the algorithm again for the input 

(j’i , fj+ i, [h /2\)  and have the output Qj. Now we have Qi+j =  QiQj, 

\Qi+j\ < 2h+l, and |Qi+j+2 | > Then \Qk\ < 2h <  |Qfc+i| for some 

i  +  j -  2 < k < i  +  j +  2, and we may find Qk in a few Euclidean steps.

3. When h > d, we first apply the algorithm to find |Qi| < 2d~l < |<3i+i|- 

Then |Qfc| < 2 h < |Qfe+i| for some i < k <  i +  4, and we may find Qk 

in a few Euclidean steps.

Theorem 7.15. Let f{d ,h ) be the bit cost of performing Algorithm 7.14 fo r 

the input (m,n, h), where d =  [logmj. Then we have

f(d , h) =  0 (f.i(d) log h)
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Prooj. By inspection of the algorithm, we have

m  h) =

f ( 2h +  l,h )  +  0 (n{d)) if h <  Lgj -  1,

if  LfJ < h < d  -  1,

f(d , d -  1) +  0 (/j,(d)) if  h > d .  

Let us write F(h) =  f(2 h  +  1, h). Then

F (h )= 2 F ( [h /2 \)  +  0 ( fi(2h)),

and we obtain that

F(h) =  0(ii(2h)\ogh).

By recursively combining this bound with the above expressions for f  (d, A),

we obtain

i+Liog/ij

i= 1

Remark 7.16.

(i) We may easily extend Algorithm 7.14 to compute the matrix Qi (at 

the bit cost 0(p(d) loglog/f)), such that |Qi| < K  < |Q i+i| for any 

real K  > 1, not just for I \  — 2h.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



85

(ii) We may also easily extend Algorithm 7.14 to find the remainder rt- (at 

the bit cost 0(/j,(d) loglog(m/A')), such that r\ > K  > r i+x for any real 

1 < K  <  m. By choosing K  =  1, we compute r* =  gcd(m,n).

7.3 Rational Number Reconstruction

Let us next extend Algorithm 7.14 to solve Problems 7.1 and 7.2. Note that 

(cf. (7.5))

(A ? ) £ ) ■

Therefore,

(—l)b-j+i =  naj mod m for all i.

Solution o f Problem  7.2. Let i  be such that Oj < m /k  < ai+ l. Since 

a,i < m /k  and r,;+i < ^  < k, we obtain a solution ((-l)V ,-+i, a,/). □

Solution o f Problem  7.2. Let i be such that Oj <  N  < a.i+\. I f  ri+i < M, 

then (ti ,5) =  ( ( - l ) * r i+1, af). Otherwise, ri+x > M  and i]/5 ^  (-1  )fri+ l/ai. 

Therefore,

(V, <*) =  ((—l ) z-1(n ~ t r i+1), f lj- i +  ta/)
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for some t € R. Note that a*_i +  to* 6 Z, =  Cj_i +  ic,- € Z. and 

gcd(aj,c2) = 1, so t G Z. Therefore, (r/, £) is defined by the unique integer t 

such that i \  -  t r i+1 < M  and flj_i + ta,i < N. □

Corollary 7.17. Problems 7.1 and 7.2 can be solved by using 

0(d(logd)2loglogd) bit operations.
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