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Abstract

A Unified Approach to Structured Matrix Inversion and an Extension to Fast Solution to

Trummer’s Problem

by

Stephen V. Providence

Advisor: Professor Victor Y. Pan

We extend to any input, the Greengard and Rokhlin multipole algorithm for solution to
Trummer’s problem or the problem of multiplying a Cauchy matrix by a vector. We use
matrix transformation equations (cf. [PACLS,a]) to transformm Trummer’s problem into
one or more special Trummer’s problems, where we choose one of the input vectors. Our
choice of input vector bypasses the weakness in the mulitipole algorithm of having some
difficult inputs and along with transformation via matrix equations, allows us to exploit
the speed of the FFT and inverse the FFT. We present a superfast divide-and-conquer
algorithm to invert strongly nonsingular, nonsingular, and singular structured matrices of
the basic classes. Operators of displacement and scaling which produce generator matrices,
together with discrete cosine or disrete sine transforms (cf. [GKO95]), transform structured
matrices into Cauchy-like matrices. When applicable, symmetrization is used to ensure
strong nonsingularity. Randomization may transform a given input structured matrix into
one of generic rank profile (GRP). A strongly nonsingular Cauchy-like matrix or a Cauchy-
like matrix with GRP may be inputs to our superfast divide-and-conquer algorithm. We

use short matrix generator blocks as input to our algorithm.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Contents

1 Motivation and Preliminaries

1.1 Imtroduction . . . . . . . . . . . . . i i it i i e e e e e e
1.2 Structured Matrices . . . . .. . .. . .. ... e
121 BasicClasses . . . . ... .. ... . e,
1.22 Matrix Multipliers . . . . .. ... ... ... ... ... ... ..
1.2.3 Displacement Structure, Toeplitz and Toeplitz-like Matrices . . . . .
1.2.4 Chebyshev-Vandermonde and Chebyshev-Vandermonde-like matrices
1.2.5 Alternative Displacement Operators for Chebyshev-Vandermonde-like
MAatriCes . . . . - . ¢ i i e et e e e e e e e e e e e e e e ..
1.2.6 Discrete Cosine and Discrete Sine Transforms matrices . . . . . . . .
1.2.7 Chebyshev-Vandermonde matrix Reduction to a Cauchy-like matrix
1.2.8 Structured Matrices and Their Generators . . . . . . . ... ... ..

1.3 Correlation of Polynomial Computations to Computations with Structured

2 Trummer’s Problem

iv

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

14

19

21

24

26

36



21 TheProblemStated . ... ... .. .. ... ... ...,

2.1.1 Some Subjects Related to Trummer’s Problem . . ... .. ... ..

2.1.2 Trummer’s Problem, Known Algorithms . . . . . . ... .. ... ..
2.2 Trummer’s Problem: Fast Unstable Solution . . . . . ... ... .. .....
2.3 Fast and Numerically Stable Approximate Solution, Its Limitations . . . . .
2.4 New Transformations of a Cauchy Matrix and Trummer’s Problem . . . . .
2.5 Some Algorithmic Aspects . . . . . . . .. ... ... ... ..

3 Divide-and-Conquer Algorithm

3.1 Basic Facts and a Cauchy-like Linear Solver . . . . . . .. ... .. .....
3.2 Recursive Factorization . . . .. .. ... ... ... ...,
32.1 The Case of a Strongly Nonsingular General Matrix . ... ... ..
3.2.2 The Case of a Strongly Nonsingular Cauchy-like Matrix . . ... ..

4 Ensuring Strong Nonsingularity

4.1 Strong Nonsingularity by Preconditioning . . . . . . .. ... ... ... ..
4.2 Fast Cauchy-like Computations - Singular Case . . . . . . ... .. ... ..
4.3 Solving Singular Toeplitz-like Linear Systems . . . . .. ... ... .....

5 Unified Algorithm for Computations with Structured Matrices
5.1 Some Major Classes of Structured Matrices . . ... ... ..........
5.2 Operations with Matrices Represented by Their Short (K, L)-generators . .

5.3 Divide-and-Conquer Algorithm for Structured Matrices . .. ... ... ..

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

37

37

39

41

43

46

46

49

49

58

61

67

72

72

74



5.4 Transformations Among Structured Matrices and Acceleration of Vandermonde-
like and Cauchy-like Computations . . .. ... ... ... ... .......

5.5 Transformations of a General Matrix X into a Matrix with Generic Rank
Profile and an Extended Randomized Algorithm .. ... ... ... ....

5.6 Randomization for a Structured Input Matrix X .. ... ... ... ....

5.7 Simplified Expressions for the Generators of Schur Complements . . . . . .

Bibliography

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



List of Tables

1.1 Definition of the Basic Classes of Structured Matrices . . .. ... ... .. 7

1.2 Toeplitz/Hankel-like Matrices and Their Basic Matrix Pairs . . . . . . . . . 32

1.3 Vandermonde-like Matrices and Their Basic MatrixPairs . ... . ... .. 32

1.4 Cauchy-like Matrices and Their Basic MatrixPairs . . . . . . ... . .. .. 32
vii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1

Motivation and Preliminaries

1.1 Introduction

Structured matrices are omnipresent in computatiou for sciences, engineering and commu-
nication. Particularly important are Toeplitz, Hankel, Vandermonde and Cauchy matrices
and matrices having related structure. We first study the basic operation of multiplication
of a Cauchy matrix by a vector, called Trummer’s problem, having important applications
to solutions to integral equations, particle simulations, and conformal mapping, among oth-
ers. We propose a matrix transformation that enables us to extend the application of the
celebrated Fast Multipole algorithm (proposed by Greengard and Rokhlin) to the general
input class of Cauchy matrices. Moreover, our techniques enables an extension to this ef-
fective algorithm to yield a fast and numerically stable solution of the classical problems of
multipoint polynomial evaluation and multipoint polynomial interpolation.

Our second topic is recursive factorization of structured matrices which enables us to
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2

compute the rank and the determinant of the input matrix, as well as its inverse (if the
matrix is nonsingular) and a basis for its null space. This approach was previously developed
for Toeplitz and Toeplitz-like matrices yielding nearly optimal (nearly linear time and space)
computations. We first extend such a divide and conquer approach to the case of Cauchy-
like input. Then we propose a unified approach covering all the four fundamental classes of
structured matrices. We propose some special techniques to handle singularity by means of
randomization, and we follow the ideas of [P90], (P2000] to improve the resulting algorithms
further by using transformations among various classes of structured matrices.

The n x n dense structured matrices are defined by O(n) parameters, and their structure
enables dramatic acceleration of computations with such matrices. For example, an n x n

Toeplitz matrix T = [t;—;] can be multiplied by a vector over any field of constants by using
Trm,(n) = O((n log n)loglogn) (1.1)

arithmetic operations [BP94] versus 2n2—n for general n x n matrices (hereafter, we refer to
arithmetic operations as ops). Furthermore, the well-known divide-and-conquer algorithm
of [M74], [M80], [BA8O] (hereafter, we refer to it as the MBA algorithm) rapidly computes
the recursive triangular factorization of T, as well as T—!, det T, and the solution £ =T~

to a linear system T'Z = b. The algorithm uses

Trr(n) = O(Tum, (n) log n) = O((n log?n)loglogn)

ops over a wider class of Toeplitz-like matrices, having structure of Toeplitz type defined
by associated displacemnent operators [KKM]. The algorithm is called superfast because

it runs in almost linear time versus both cubic time of Gaussian elimination and quadratic
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3

time of some other known fast algorithms such as Levinson’s and Trench’s [GL]. In [BP93],
[PZ,a], [PACPS98], [OP98], the MBA algorithm was extended to other structured matri-
ces, in particular, to Toeplitz-like + Hankel-like matrices [BP93] and to Cauchy-like and
Vandermonde-like matrices [PZ,a], [PACPS98], [OP98], [P2000]. The reader is referred
to [BP94], [KS99], [PACLS,a], [OP98], [0S99] and to the bibliography therein on various
applications of structured matrices. In many cases, in particular in application to signal pro-
cessing, Padé approximation and sparse multivariate polynomial interpolation, one needs to
solve singular Toeplitz-like, Vandermonde-like or Cauchy-like linear systems of equations.
Kaltofen in [K95] extended the MBA approach to the solution of a singular Toeplitz-like
linear system of equations. We will do the same thing in the Cauchy-like case and will also

ameliorate slightly the algorithm of [K95] in the Toeplitz-like case. Our algorithms use

Tying(n) = O(Tnm,(n) logn) (1.2)

ops in the Toeplitz-like case (as in [K95]) and

Cuing(n) = O(Cit, (n) log ) (1.3)

ops in the Cauchy-like case. Here,

Cu, (n) = O((nlog? n) loglogn) (1.4)

is the number of ops sufficient to solve Trummer’s problem of multiplication of an n x n

Cauchy matrix by a vector over any field of constants F (cf. [BP94], p. 130; [Ger87],
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4
[PACPS98]). If F supports FFT, then the factor loglogn in (1.1) and (1.4) can be removed.
Our algorithms sample 4n random parameters from a fixed finite set S of cardinality |S| in
the Cauchy-like case. In Toeplitz-like case, they sample 2n — 2 parameters (versus order of
nlogn in [K95]). Our algorithms may fail with a probability at most 2p(p + 1)/|S| where
p is the rank of the input matrix (versus 4np/|S| in [K95]), otherwise they produce correct
output. Besides being linear solvers, our algorithms (like one of [K95]) can be immediately
applied to compute (at the same asymptotic computational cost) the rank of a given matrix
and a basis for its null-space and to verify the correctness of the output in all cases.

Trummer’s problem, besides being the main basic block of our algorithms for Cauchy-
like computations, is highly important in its own right; its solution having several scientific
and engineering applications. This motivated our work on its numerical solution. Currently
the best is the Multipole Algorithm by Greengard and Rokhlin. It has some difficulties for
certain input classes. Our contribution is a novel method of the extension of the algorithm
to any input (see chapter 2).

Our study of Toeplitz-like and Cauchy-like computations and, in particular, our asymp-
totic complexity estimates (1.1), (1.2) and (1.3), (1.4) can be easily extended to the study
of Hankel-like and Vandermonde-like computations, respectively. The bound (1.3) is sup-
ported directly by our algorithms in the Cauchy-like and Vandermonde-like cases, but in

both cases it can be improved to the bound

Tuing(n) + O(Vi, (n)) = O((nlog? n) loglogn) (1.5)

(assuming that an n x n Vandermonde matrix can be multiplied by a vector in Vjy, (n)
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ops), by means of some general techniques proposed in [P90] for the transformation (at the
cost O(Vaz,(n))) of various computational problems for Cauchy-like and Vandermonde-like
matrices to the same problems for Toeplitz/Hankel-like matrices. (In fact, [P90] defined
such transformations among all the cited classes of structured matrices in all directions.)
The difference by a logarithmic factor may be not decisive in practice, because of the role
of other potential criteria (such as numerical stability and the decrease of the overhead
constants hidden in the above "O" notation), so we show all estimates (1.1)-(1.5) and not
just (1.1), (1.2), (1.5). Furthermore, we comment on further practical improvement in
Remark 3.2.1.

On various applications of Cauchy-like algorithms, see bibliography in [OP98], [PACLS,a]
and note that by using the cited transition to Toeplitz/Hankel computations we may save
a logarithmic factor in the complexity estimates versus ones of [OP98]. More dramatic im-
provement of the known record complexity estimates was resulted from the application of
our algorithms to the list decoding of Reed-Solomon and algebraic-geometric codes [0S99],
[SW98], [Sud7]. The bottleneck of the list decoding is the computation of a nonzero vector
from the null space of a singular I x m Vandermonde-like matrix where I + m = O(n), n
being the input size of the decoding problem. Application of our algorithms enables imme-
diate decrease of the record complexity of these computations by order of magnitude - from
at best quadratic order of n2 [0S99], [SW98|, [Su97] to almost linear order of n (up to a
polylogarithmic factor).

We organize this thesis as follows. In chapter 1, we recall some definitions and auxiliary

facts. In chapter 2, we recall Trummer’s problem and its solution by the multipole algorithm,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6
and then extend the algorithm to a more general class of inputs. In chapter 3, we recall the
MBA algorithm and the results of [PZ,a], [PACPS98], [OP98] on its Cauchy-like extension.
In chapter 4, section 1 we apply randomization to extend the latter results to the case of a
nonsingular but not strongly nonsingular input matrix. In chapter 4, sections 2 and 3, we
cover the extension of Cauchy-like and Toeplitz-like solvers to the singular case. In chapter
5, we extend our algorithms to the Hankel-like and Vandermonde-like cases (cf. [P2000]),

effectively covering the four basic classes of structured matrix.

1.2 Structured Matrices

1.2.1 Basic Classes

Definition 1.2.1 We define Toeplitz, Hankel, Vandermonde, Chebyshev-Vandermonde
and Cauchy matrices T = (t;;), H = (hi3), V(&) = (vij), Vp(Z) C(E. 1) = (cij), re-
spectively, where tip1j41 = tij, hiprj-1 = hij, vij = Zl, cij = :ii—tj’ F=(s), t=(t),

Z = (z;), 8; #1tj, for alli and j for which the above values are defined.

to t-1 - tpyr he -+ hn2 hp
tgp to - A S
T = y H =
: t hn—2
i thy - I to hn1 hn -+ hon-2
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Table 1.1: Definition of the Basic Classes of Structured Matrices

Toeplitz-like [KKM] F=2 A=2Z_,
Toeplitz-plus-Hankel-like F =Yoo A=Yu

[HJIR], [GK], [SLAK]

Cauchy-like [HR] F =diag(cy,-.-,cn) A = diag(dy,...,dn)
Vandermonde-like [HR] F =diag(1/z1,...,1/zn) | A=2;

Chebyshev-Vandermonde-like [KO]j

F = diag(1/z1,.-..1/za) | A=2-T 03 (-1~ (2™

&

To

1 x2
V@) = woom

>
1 zwy 5,y

Vp(%) =

, CGE 1=

Po(zo)  Pi(zo)

Po(z1) Py(zy)

.
-

.

.o

Po(xzn-1) Pi(zn-1) ---

) § 1 1
8o —to so—1t; sg—tn—1
1 1 .. 1
#) —¢to L3 %t 31 s —tn—1
1 1 1
Sn—1—to fn—1~21 fn_1—tn_12
- Pu_1(zo)
P, _1(z1)
P, _1(zn-1) |

O(n) parameters fully represent an n x n structured matrix.
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1.2.2 Matrix Multipliers

We write

In, particular Zj is the lower shift matrix.

Zs(@) = )_wZp=
=0

Yo

U

v2

Un-2

VUn-—1

fon_g
vo
v

v

VUn—-2

’ Y7.6

fun2

f Un-1

f Un-2

Yo

v

Un-1
-

0 --- 0
1 .t
- 0
. 01
0 1 &
--e fu2 fus
fu2
.. .. f'vn—2
: - f'vn—l
v2 v Vo
f'vn—l 1
Vo
v
- 'Un-z .
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Also, we define the diagonal matrix Dz = diag(X) for a vector £ = (zo, z1,. .-, Zn-1):

.zo 0 --- .- 0 W
0 z; - :
Dz =
: .. 0
] 0 .-« --- @ T |

1.2.3 Displacement Structure, Toeplitz and Toeplitz-like Matrices

We will next recall the fundamental concept of dislacement structure of matrices and some
basic facts for their study. (cf. [KKM], [CKL-A87], [GO9%4], [BP94], [GKO95], [P2000]) Let
matrices F', A € C"*" be given. Let R € C™**" be a matrix satisfying ihe Sylvester type
equation

ViFa(B)=F-R—R-A=G-B, (2.1)
with given rectangular matrices G € C***, B € C**", where number a is small in com-
parison with n. The pair of matrices in (2.1) is referred to as a {F, A}-generator of R of
length a and the smallest possible length a among all {F, A}-generators of R is called an
{F, A}-displacement rank of R. The concept of displacement structure was introduced
in (KKM] using the linear operator V(5 zr)(:) : C**" — C™*", which transforms each

matrix R to its displacement(in Stein format),
V(zo,2r}(R) =R—2o-R-Z§ (2:2)
where the superscript (-)T denotes transposition of a matrix. The number

a = rankVz, ;r(R) =rank(R—Zo - R- z¥) (2.3)
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is referred to as the {Zo, ZT }-displacement rank of R. Definitions based on (2.1) and (2.2)

are closely related to each other. In particular we have

Theorem 1.2.1 Under the definition of the displacement rank based on (2.1) with
F =2, A= Z_; as well as under the definition based on (2.8), the displacement

rank of a Toeplitz matriz for Toeplitz matrix R does not exceed 2.

Proof: Given a Toeplitz matrix T = [ti—jhsi.jgn:

( to t—1 t-ap --- - t_p \
ty to t—1 - :
to ty . el Tl :
T =
. . Lt
- - t—l
\tn-l SRR > S 3 1 to }

and lower shift circulant matrices Z;, Z_;, defined in section (1.2.2),

(0 0 0 - 0 1) (00 0 o 0 -1
1 0 0 " 0 10 0 " 0
o 1 . -t 0 1 -
Z1= ,Z—1= v
SRS 0 Do el el el
: - .0 . .0
\ o 0o 1 0/ \ 0 o 1 o)
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the Sylvester matrix equation V(z, z (T)=21-T-T -2, =

(0 o o0 --- 0 1\ ( to t—y to --- .- t_n+1\
1 0 o0 - 0 ti1 to t-; - :
0 1 . e el ta tp - . o
I P 1 SR P P S
: .. 00 : . A
\0 --- -~ 0 1 0) \tn-1 SEEIENETTINS © S 71 to J

[to t-1 tz - cs tpgr) (0 00 .o 0 —1Y

ty to t-1 - : 1 0 o - 0
to ty oo .. el : 0 1
oo el el el t_a O )

- t_y

\tn_]_ R~ T 5 1 to / Ko cee +-e 0 1 0)
reduces to V{Zx.z-x}(T)=

(t'u—l th—2z - - 4 to \ [t-1 t-2 - oo town —to \
to toa o s tgg2 tonpn to t_y -+ - tong2 b
tn-3 tn-a - -0t t_2 tn-a tu_qg -+ - toy  —tlu2

\tn_z taz -+ -+ to ¢y J ktn-z tag -0 - to  —tn1/
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0

0

o/

0 -

-

(k1 —t—nt1)

\  ©

with the {Z;, Z_; }-displacement generator.

((tn—-l —t_1) (tn2—t_2) ---

(t1 —t_ns1)

()

t—rr + 1)

-

(t—z + tn—-Z)

\ (ta+tn) }

oo

(tons1 +t1)

-
~

(t2+tn-2)

-1+ tn—l)}
(0"

0

0

\1/

12

For the Stein type matrix equation, V{zo.zg'}(T) =T — Zy-T - Z¥, we obtain a similar

expansion

V(20,251(T) =

( to t_1
t, O
tn_2 0
\ tn—i 0

t—n+2

0

t_ns1 \

0
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SAVANAYEAY
t 0 0 t1
- |+
th—2 0 0 t_n42
\tar) N0/ No/ \topia/

with the {Zg, Z }-displacement Stein type generator. This proves that under both defini-
tions, the displacement rank of any Toeplitz matrix does not exceed 2. a
In fact, Theorem 1.2.1 holds true even for any choice of both Sylvester type operator

Viz..z;}. e # f and Stein type operator V[thf-x}, f#e fF#0.

a
V=Y am-b5 (Gm,bm €C"), (2.4)

m=1

since any matrix V of rank at most a can be nonuniquely represented as a sum of a products
of vectors, (with small a). We will refer to any matrix having displacement rank o as a
Toeplitz-like ma'trix (the designations of Toeplitz type matrix and close to Toeplitz matrix
are also in use.) For the operator V7 zr}(-) of (2.2), it is shown in [KKM] that any matrix
R € C™**" is uniquely determined by its displacement, and that equality (2.4) holds if and
only if

R=Y L(em)- L(bm), 2.5)

m=1

where L(a) denotes a lower triangular Toeplitz matrix whose first column is a. The two
basic properties of displacement rank are that it is preserved by the operations of inversion

and Schur complementation.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



14

1.2.4 Chebyshev-Vandermonde and Chebyshev-Vandermonde-like matri-

ces

Next we will study Chebyshev-Vandermonde and Chebyshev-Vandermonde-like matrices

by following [KO]. Chebyshev polynomials of the first kind To(Z), T1(Z), - . ., Th-1(Z) and

of the second kind Up(Z),Ui(Z),...,U.—1(Z) are the basis for the following Chebyshev-

Vandermonde matrices

VI (%) =

W(Z) =

( To(zo)  Ti(zo)

To(z1) Ti(z1)

\To(zn-1) Ti(Tn-1)
( Uo(zo)  Ui(zo)

Uo(z1) Ui(z)

\ Us(n-1) Ui(zn-1)

Tn—-l (Z'o) \

Tn-1(z1)

Tn-1(zn-1)/
Un—l(zO) \

Upn—1(z1)

Upn—1(Zn-1) /

; (2.1)

It was shown in [GO2] and [FHR93| that if 29, Zy, - . - , Zn—1 are n distinct points, then V1 (Z)

and Vy(Z) are invertible and

Vr(Z) ™! = Do - H(d) - Do - Vr(Z)" - diag(d),

Vo (Z)™! = H(&) - Do - Vy(£)T - diag(d),

Vr(£)™ =2 Do - H(@) - Do - Vu(Z)T - diag(d),

Vu()™' =2- H(@) - Do - Vr(2)" - diag(d),
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where H(f) stand for the Hankel matrix

(fo £ o faz far)
N 0

H(f) = foz - | PSS
faz fa :
\fact O o -0 0

Dg = diag(%,l,...,l) and a,c,d,e € C" are arbitrary vectors. Using the concept of
displacement structure, we can generalize the above matrices to Chebyshev-Vandermonde-

like matrices.

For Chebyshev-Vandermonde-like matrices, we extend the definition of basic classes of

structured matrices where we choose

(31

Ly,a=2-3 (-1t (zH* (2.6)
i=1

1
ZTn-1

. 1 1
F = d"ag(—z;s ;l'r‘ .
Here Chebyshev-Vandermonde matrices R are transformed by the displacement operator
Viray(R)=F-R—R-A=G-BT (2.7)

to the new class of Chebyshev-Vandermonde-like matrices.

Allow Vr(Z) and Vy(Z) to be Chebyshev-Vandermonde matrices as in (2.1), where

Zj,Z9,...,Tn are nonzero. From the following recurence relations
To(2) = 1,Ty(3) = 2, Ta(®) = 22 - To1(Z) — Tna(3), (28)
Uo(Z) = 1,U1(Z) = z,Un(Z) = 22 - Un—1(Z) — Un—2(2), (29)
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it becomes obvious that Chebyshev-Vandermonde matrices possess displacement structure

with respect to the displacement operator

ViFa(R)=F-R—R- A, (2.10)
where
1 1 1
F = D, =diag(—, —,...,
5 ag(zo Zy %—1)
and
(O 2 0 -2 0 \
0 0 2 0o -2
e e e L pi
A=W = =2-3 (-1 (27,
: e el e, 9 i=1
0
2
\ 0 0/

where, as before, Zg is the lower shift circulant matrix.

Lemma 1.2.1 Let V(p, () : C**" — C"*" be the displacement operator given by

(2.9) and Do = diag(3,1,...,1). Then the Chebyshev-Vandermonde matrices satisfy
1
(=)

-1 0 1 0 -1---), (2.11)

| Mg
(=4

Vo, V@ -Do)=|  |-(
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L

V{DL'W}(VU(i)'DO)z . (1t 6 -1 01 0 -1---). (2.12)

\ )

Tp-1

Proof. Substituting in the last equality in (2.8), the same expression isolating T, ()

and proceeding similarly, we obtain the equalities

Z-1

~To(@) —2 3 (1) T s (Z) =
k=0

Ut

(=1

z

(n=2,4,6,...),

n—1

. |

éTn(:i:') -2 22 (=1)*Tpy—ok(®) — (-1)*F =0(n=1,3,5,...).
k=0

These two equalities are equivalent to (2.11). Formula (2.12) is similarly deduced
from recurrence relations (2.9). a

By analogy with (2.11) and (2.12) we shall refer to a matrix R of the
V(D%'W}(R) =G-HT,G,B e C™™*

with small a as a Chebyshev-Vandermonde-like matrix. The matrices {G, B} are called a
{D 1, W }-generator of R, and the smallest number o of columns over all possible generators
is called a {D 1 W}-dislplacement rank of R. The following theorem demonstrates that
any square matrix can be recovered from its {D 1 W }-generator. U(@) denotes an upper

triangular Toeplitz matrix with first row a € C.

Theorem 1.2.2 Let Vip, w}(-)C"*" — C™"*" stand for the displacement operator in

(2.10), and let Gm = [Gmile_; € CY*, fim = [hmil_, € C**Y(m =1,...,n). Then the
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unique solution R of the equation

(91\
»
Vio,wy=D1-R—R-W=| |-(h1 hy --- ha) (2.13)
\ g/
i3 given by
R=Y diag(@n) - V(&) - Do - U(dm), (2.14)
m=1

where Dy = diag(%, 1,---,1) and

!
Cm = [zm. : gk,m]1<k<ny dm = [2h-k.m + 4 Z hk—2a.m]
- s=1 1<k<n
The matriz R also can be represented as
e 4
R= Y diag(én) - V(&) - U(@m), (2.15)

m=1
where am = [@kmlr.; With aim = him, a2m = hem and akm = him + he—2,m for

(k=3,4,...,n).

Proof. Since the spectra of mairices Dy and W tn (2.10) have no intersection,

there is a unique matriz, satisfying (2.18). Let R be given by (2.1}). Since D,

LU

and diag (¢, ) obviously commute, and W and U (i,,,) commute, being upper triangular

Toeplitz matrices, we can write V(p w}(R) =

Zai diag(cm) - Vip é,W}(VT(i) - D)) - U(dm) =

m=1
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[+ 4
z djag(gl,mzli g92,.mT2, - .- 7gﬂ,mzn) -

i=1

\ L/

Tn-1
"t 0 -1 01 "') ’U(dl.m)dz,mv--'vdn,m) =
(gl.m\ {.‘71 \

gzvm gz — bnd -
(him ham o hmm)=| (B B2 e R,

-~
0=

a
i=1

\gn,m) \.{]’n)

and (2.14) follows. Formula (2.15) can be verified similarly. a

1.2.5 Alternative Displacement Operators for Chebyshev-Vandermonde-

like matrices

We seek alternate displacement operators for Chebyshev-Vandermonde matrices so that
we can reduce them to Cauchy-like matrices. Vandermonde-like matrices are a subclass of
Chebyshev-Vandermonde-like matrices. Recall that Chebyshev-Vandermonde-like matrices,

as described in the previous section 1.2.4 via the displacement operator of the form
ViFay(R)=F-R—-R-A (2.16)

where

=
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are diagonal and upper triangular matrices, respectively (see (2.10)). Here we use

(7 1 0 0)
1 0 1
F =2D; = diag(2z0,2%1,.--,2%n-1), A=Y,5=]0 1 . . 0}, (217)
: 0 1
\0 - 0 1 &)
A=Y,s=Z0+Z; +1%8 + 6818,
or
(2.18)

F = 2Dz = diag(2z0, 221, ..., 22n_1), A=2Z; + 27

where Z; stands for the lower-shift circulant matrix

(0 0 1)
1 0 0
Ze=\1|0 1
\ 0 0 1 0)

Lemma 1.2.2 Let Vop_y, s}(-) : C™X™ — C™*" be the displacement operator given

by (2.16), (2.17), and Vi2D:.2: +z;r}(') : C™X® o C™*" pe the displacement operator

gitven by (2.16), (2.18). Then Chebyshev-Vandermonde matrices satisfy
T..(zo) - 5Tn_1(.‘!«'0)

Zo — 7Y
Ty -y Ta(z1) — 8Tn—1(z1)
Viebey, s} (Vr(3) = (L 0 --- 0)+ . -(0 0 1),
Tn-1—7 Tn(zn-l) - 6Tn—l(zn—l) (2.19)
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— Un(zo) — 8Un—1(z0)
— Un(z1) — 8Un—-1(z1)
v{'-'DzY-._s}(VU(f))= . (L 0 --- 0)+ . -(0 --- 0 1), (220)
-y Un(zn-—l) - 6Un-1(zn—l)
zo — Tn-1(z0) Ta(zo) —1
) — Tn-l(zl) Tn(cl) -1
V200,242 (V@) = : o or| T |0 0,
Zn-1 — Tn—1(Zn-1) Te(za-1)—1
(2.21)
—Un-1(zo) Un(zo) -1
—U.._l(z:l) U,,(::l) -1
Vaby.z,4 2y (V@) = : (o o] (0 - 0 1) @)
“Un-l(zn—l) Un(zn—l) -1

Proof. From the recurrence relations (2.8) and (2.9) it immediately follows that only the
entries in the first and last columns of the matrices on the left hand sides of (2.19)-(2.22)

may differ from zero. Calculating these entries, one obtains the assertions of the lemma. O

1.2.6 Discrete Cosine and Discrete Sine Transforms matrices

The following shows that matrices Y, s where 7,6 € {—1,1} or v+ = § = 0, can be diagonal-

ized by Fast Trigonometric Transform matrices.

Lemma 1.2.3 [KO] Let Y. 5 be defined as in (2.17). Then
Yiu=C -Dc-CT,Yoo=8-Ds-8S, (2.23)

where

C= [\/;2;—(%":03 (2k - 1)2;‘0 — Uy, == =gu=1),

1<k.j<n’
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ts the (normalized) Discrete Cosine Transform-II matriz,

S= [ k]1r
”+1 1<k j<n

tg the (normalized) Discrete Sine Transform-I matriz, and

(n— )))

De = ding(2, 2co8(5), 2cos( ), .., 2cas( 10T
2

. T
Ds = dxag(2, ZCOS(;'::-_I)’ 2 C(B(—n—_l:—l

Jo- s 2cos(="00).

The next theorem show how to recover any matrix from its {2Djz, Yoo }-generator.

Theorem 1.2.3 [KO] Let V{3p_yy)(-) : C**™ — C™™" denote the displacement oper-

. Yoo

ator tn (2.16), (2.17), and assume that

27
Z0,Z1,- - -, Zn-1[ ){cos ( ) (_-(-T) (m)} 0. (2:24)
Then the unique solution R of the equation
(91
92 L ~
Vop:yol(B)=]| |-(h1 ha - ha), (2.25)

5./
with Tows §m = [gmklz_,; € C'**, and columns hm = [hmklf_, € C**!, is given by
a
R=Y" diag(Gm) - V(%) S - D(dn) - S, (2.26)
m=1

where, as in (2.28), S stand for the DST-1 matriz,

i " Vi wme

i 4 k = b
Tnzmimey % = Gin(am my Im=t

& =]
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and where Gpm = [wmil?,_, € C'** are determined from

(1) (Eﬁ

h3

- -

§

\ &, / \iZ

Proof. In view of the assumption in (2.24), the spectra of the matrices 2Dz and Yoo

have no intersection (see Lemma 1.2.3). Therefore there is a unique solution R of
(2.25). Let R be given by (2.26). Note that since the points of the second set in
(2.24) are zeros of Un(Z), therefore Uy(zy,) # 0(i =0,1,...,n—1) and R is well-defined
by (2.26). Also, 2Dz and D(E,) commute, and that Yoo and S - D(d;) - S commute,

since they are diagonizable matrices. Therefore, using (2.21) with ¥ =0, we have

Vianavo}(B) = 3 ding(@n) - Vian, oo} V(@) - 8 - D(d) - § =

m=0
{Un(zl)\
a Un(z2) -
=) diag@Gn)-|  |-(0 --- 0 1)-S-D(dm)-S=
k=0 :
kUn(z,,)}
(gl.m\ (51\

a g2.m 52 - - -
Z ’(h]..m h2,m "t hn,m)= ) (hl h2 s hn)y
m=1 .

\gn,m) \_&‘n}
and (2.25) follows. a
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1.2.7 Chebyshev-Vandermonde matrix Reduction to a Cauchy-like ma-

trix

As observed in [HR], a Cauchy matrix C(Z,%) = [-1--] satisfies the equation

(1)

1
V(0:.0;HC(E 7)) = Dueee -CE R - CEH)-=| |- (1 1 -+ 1),

\1/

where Dz = diag(zo,z1,..-,Zn-1) and Dy = diag(yo,¥1,--.,Yn—1) then Cauchy-like ma-

trices were introduced in [HR] as matrices with low {Dgz, Dy}-displacemnet rank. In this
section we show that Chebyshev-Vandermonde-like matrices become Cauchy-like matrices

after multiplication by Discrete Transform matrices. (cf. [H95], [GKO95]).

Theorem 1.2.4 Let R be a Chebyshev- Vandermonde-like matriz. Then the following
statements hold.

(i)Let R be given by {2Dz,Y11}-generator {G, B}:

Vp:yi}(R) =2Dz-R—R-Y11 =G-BT G,BeC™ (2.27)
Then R - C is a Cauchy-like matriz:

V(20:,pc}(R- C)=2Dz-(R-C)~(R-C)-Dc =G- BT, (2.28)
where C and D¢ are as in Lemmas 1.2.8 and

-

B=cT.B. (2.29)
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(ii) Let R be given by {2Dgz, Yoo }-generator:

V(2D: Yoo} (B) =2Dz- R—R-Yoo =G - BT G,BeC*®
Then R-S ts a Cauchy-like matriz:

Vi20:0s}(R-S) =2Dz-(R-S)—(R-S)-Ds =G- BT, (2.30)
where S and D¢ are as in Lemmas 1.2.8 and
B=ST.B.
(iii) Let R be given by {2Dz, Z1 + ZT }-generator:

Vip.z+2r}(R) =2Dz-R—R-(Z1+ Z{) =G-BT G,BeC™
Then R- F* is a Cauchy-like matriz:
V(20;,Dc} (R F*) =2Dz-(R- F*) = (R-F*)-Dc = G- B, (2.31)

where F = Vlﬁ[exp M (k- 1)G - 1)), <k j<n Stands for the (normalized) Discrete Fourier

matriz, and D¢ = diag(2,2cos(Z), 2 cos(%), ..., 2cos(£—'i';71)3)) and
B=F-B.

Proof. Recall that the matrix Y33 is diagonized by the DCT-II matrix: Y;; = C-Dc- CcT,
see Lemma 1.2.3. Substituting the latter expression into (2.27) and then multiplying it by
C from the right, we get (2.28). Formula (2.30) is deduced from Lemma 1.2.3 by similar

arguments. Formula (2.29) follows from the knwon identities

Zy=F"-DF,Zf =F*-D}-F,
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where F is the (normalized) DFT matrix and D; = diag(1,exp (£%)),...,exp (Z)(n - 1).
o
Formulas (2.30) and (2.31) suggest two efficient algorithms for solving linear systems with
Chebyshev-Vandermonde matrices via transformation into Cauchy-like matrices, by exploit-

ing the FST and the FFT, respectively.

1.2.8 Structured Matrices and Their Generators

Definition 1.2.2 T = (tij)?;io € F*** {3 g Toeplitz matrix if ti41j41 = tij,%J
0,...n—2. H=(h; w-—O) € F™*" i3 a Hankel matrix if hiy1 -1 = hij, i=0,...,n —2;
j=1,...,n=1. V() = (t-’)m_o € F™*" js a Vandermonde matrix, and C(8,t) =
(s;_i'tj):;:o € F™*" js a Cauchy matrix, for any pair of vectors § = (8;) g, t = (t_,)""1

where s; # t; for every pair (i,j). (Many authors use the name "Vandermonde

matriz” for VI(t).)

Definition 1.2.3 € € F**¢ {3 the i-th coordinate vector having 1 as its i-th coordinate
and 0 as all its other coordinates. 0 is the null vector of appropriate dimension.

= (&)p_,._, is the reflection matriz, JT = (v)i_,,_, for any vector & = ). Dy
or D(¥) = diag(vo,...,¥n-1) = (Vi€;) n—1 ¢ FrX" 3 the diagonal matrix with diegonal

entries vg, ..., Vnp-1. T = (V) _0 , fort = (vi)'-;'ol and an integer k.

Definition 1.2.4 Z5 = (&, ...,&n—1, f&) € F**" (for a scalar f ) is the unit f-circulant
matrix, called the unit circulant if f = 1. (Z47 = (fup—1,%,-..,Vn-2) for v= (v,)"" .)
Zs (%) = 3 g w2t t is an f-circulant matrix. Z1(9) €s a circulant matrix, and Zo(?) s a

lower triangular Toeplitz matrix. (cf. gection 1.2.2)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



27

Remark 1.2.1 To show more options in choosing the operators associated with struc-
tured matrices, we allow any f when we define the matrices Zy and Zy(v). In, our
presentation, tn this thesis, however, we could have always stayed with the triangular
Toeplitz case f =0 or with f =1 (the ctrculant case) and later on (in (2.33) and in
Remark 1.2.3 and 5.4.1, and Proposition 5.4.3) e = —1 for the matrices C.(7¥) (the

skew circulant case).

Fact 1.2.1 J2 =1, Z} =0, Zf/f Jfor f #0, JZ¢J = Z}‘ for any f . JD(@)JD(J%) for

any v.
Fact 1.2.2 TJ and JT are Hankel matrices ¢f T ts a Toeplitz matriz, and vice versa,

HJ and JH are Toeplitz matrices if H is a Hankel matriz.

Next, we will show some generalizations of the classes of the structured matrices of
Definition 3.2.1 in the form of (scaled or shifted) bilinear or trilinear combinations X of the
structured matrices of Definition 1.2.2 and diagonal matrices. Equivalently, such matrices

are the solutions to Sylvester’s basic matrix equation:
XK+ LX =GHT (2.32)

Here K, L € F**" and G, H € F™*{ are fixed matrices, and £ is small relative to n. We
will write T(G, H), V(t, G, H) (with some subscripts) and C(s, t, G, H) for matrices whose

structure generalizes one of T, V(t) and C(&, t), respectively.

Definition 1.2.5 Given two scalars e and f, ef # 1, two vectors 5, t € F**! with

s; #£t; for all pairs (i,§), and a pair of n x £ matrices G = (¢:)y, H= (h:)i, € Fnx¢,
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we writte

V4
Ty = T)(G. H) = (FZ(Tye) + =27 3. 2@ ZE Ra) 2Ty, for £ #0,  (239)
A k=1
£
Ty = To(G, H) = Zo(To) + Y_ Zo(§ic) Z5 (Zohi), (2.34)

k=1

14
Vi G, H) = D((F - ff*) ™) 3" D@ V(@ 27 (he),  fti! #4:,i=0,...,n—1, (235)
k=1

£
C(5%,G, H) = Y D(@)C(7 1) D(hy). (2.36)
k=1

The matriz pair (G, H) is called a (K, L)-generator (or just a generator) of length
¢ for a matriz X where K = —L = Z5 for X =Ty and for any scalar f; K = —ZF,
L = D~(f) for X = V4({,G,H), and K = —D(%), L = D(3) for X = C(&,t,G,H). For
a fired (K,L), the minimum £ in all (K, L)-generators of X is called the (K, L)-rank
or a generator rank of X and ts denoted by ri 1 (X). The operator X — XK +LX s

called a basic operator for X, and the pair (K, L) is called a basic matriz pair for X.

The latter definition is motivated by the following results, defining matrix structure in terms
of the associated linear operators of scaling and displacement (shift) (cf. Remark 1.2.5 at

the end of this section).

Theorem 1.2.5 A matriz X satisfies Sylvester’s matriz equation (2.32) if (G,H) is
a (K, L)-generator of X for the triples X, K, L defined above, that ts, if

a) TyZs — Z§Ty = GHT under (2.83), (2.34),

b) (JTy)Zs — ZF(JTy) = (JG)HT, (T31)Z] — Zg(TyJ) = GHTJ, under (2.33),

(2.34),
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¢) DY Vy(E, G, H) — Vy(£,G, H) ZF = GHT under (2.35), and
d) D(8)C(5,t,G, H) — C(&,t,G, H)D(t) = GHT under (2.36).

Furthermore, ti,1(X) = rank (XK + LX) in all these cases.

Proof. Parts a), c), d) of Theorem 1.2.5 easily follow from Theorems 1.1, 2.1 and 3.1 of
[GO94] (cf. also [GO92]) and Theorem 2.11.3a) of [BP94]. Part b) follows from part a) and
Fact 1.2.1. o

We immediately obtain short (K, L)-generators for the matrices T', H, V(f) and C(5, t)
of Definition 1.2.2, and for all scalars f we deduce that rz, _z,(T) < 2,1, ,.-z}'(JT) <2,
rz}r'_zf(TJ) <2 Tz p §(V(#) < 1 and 7_pg5.p(C(E 1)) < 1. By generalizing f
these observations, we will say that for all scalars f the matrices Ty of (2.33), (2.34) are
Toeplitz-like, JT; and TyJ are Hankel-like, Vy(£,G, H) of (2.35) are Vandermonde-like,
and C(5,t, G, H) of (2.36) are Cauchy-like if ¢ is small relatively to n, say if £ is bounded

by a small fixed constant.

Remark 1.2.2 [BP94], [GOY94]. The solution to Sylvester’s matriz equation (2.32)
is unique for a fired generator (G,H) and each basic pair (K,L) specified above.
In the Vandermonde-like and Cauchy-like cases of (2.85), (2.86), there exists such
a (unique) solution for any fixed pair of matrices G, H € F**". In the Toeplitz/
Hankel-like case of (2.83), (2.84), there exists a (unique) solution if and only if
it Zf@k)zll_f(’-ik)r =0 for f #0 or Tb_, ZF (@) = Th—1 Z;(Jhe)Ge = O for f =0.

Thus, one may take the dual point of view, that is, define the classes of structured

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



30

matrices by equation (2.32) and then apply Theorem 1.2.5 as a recovery theorem,

defining some explicit expression for the solution matrix X satisfying this equation.

Structured matrices X of (2.33)-(2.36) can be completely represented by the 2¢n entries
of their (K, L)-generators (G, H), rather than by their own n? entries (in the Toeplitz/
Hankel-like case, we need in addition the n entries of the first or last column or row of the
matrix). Such a compressed representation of a matrix is not unique. Moreover, £ may

exceed Tk,,(X), but this can be repaired by using our generator compression techniques:

Fact 1.2.3 Let X stand for Ty, Vy(t,G,H) or C(3,t,G,H) of (2.33)-(2.36). Let a
(K, L)-generator (G,H) of a length £ for a matrizx X and the (K,L)-rank of X,
r = ri,(X), be given as an input, together with f and Tyé,, f and t, or § and t,
respectively. Then it is sufficient to use O(¢?n) ops in order to compute a (K, L)-

generator of length r for X.
Proof. See Proposition A.6 of [P92] or Problem 2.2.1ib of [BP94]. a

Remark 1.2.3 Theorem 1.2.5 can be used as a springboard for the definition of the
same or closely related classes of structured matrices based on the Sylvester equation
(2.82) with distinct basic pairs (K, L). For instance, the matrices Zy — Z., have rank
1 for e # f, and this immediately tmplies close correlation between the classes of
{Ts(G, H)} and {T.,(G,H)} of Toeplitz-like matrices as well as between {Vs(f,G, H)}
and {V.,(t,G, H)} for distinct e and f, for a fized ¢, and for varying G, H € F**¢
Parts a) and b) of Theorem 1.2.5 can be immediately extended to define a (ZX,—Zy)-

generatof' Jor Ty; a (2., —Z}' )-generator for JTy, and a (ZT,—Z;)-generator for TyJ.
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Further variations of the matrix equation (2.32) can be obtained by the transposition

of the matrices on both its sides, by its multiplication by a scalar, e.g. by —1, and/or (cf.
[GKO95]) by its pre- and post-multiplications by some selected matrices. In this way, we

obtain from (2.32) that

XTLT + KTXT = HGT, (2:37)
XK +LX =GHT, (2.38)

where X = UXW, K = WKW, L = ULU-, G = UG, H = HTW, and U and W is
any fixed pair of nonsingular matrices. (Observe that the spectra of the matrices K and L

are preserved in the transition to K and L.) In particular, for U = W = J, we obtain
(JXJ)JIKJ) + (JLI)(JXJT) = JGHT J. (2.39)

We may also combine (2.37) and (2.38) together.

In all these variations, the representations (2.33)-(2.36) of a matrix X are immediately
extended to the matrices XT, X and X7, in particular, we tmmediately represent com-
pactly the matrices UTyW, UVy(t,G, H)W, UV} (t,G,H)W, UC(5,t,G,H)W for any
fized patr of nonsingular matrices U and W.

Tables 2-4 summarize some particular, classes of structured matrices together with the
associated basic matrix pairs (K, L), which we obtained based on Theorem 1.2.5, equations
(2.37) and (2.39) and Fact 1.2.2. Some other variations of K, L of (2.32) and the respective

extensions of Theorem 1.2.5 can be found in [BP94], pp. 187-188, [KO9%6], [KO97], [KS99].

Definition 1.2.8 The basic matriz pairs (K, L) and (L,K) are called dual and if, in

addition, K = —L, then self-dual.
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Table 1.2: Toeplitz/Hankel-like Matrices and Their Basic Matrix Pairs

Table 1.3: Vandermonde-like Matrices and Their Basic Matrix Pairs

X| Ty | TF | ITy | Tpd
K| z; | -2ZF| 27 | 2F
L|-z| 2F | -ZF | -z

X | V4(t.G,H) | VF(,G,H)J | JVy(t,G,H)J | JVF(t,G,H)J
—Z§ D~L(t) ~Zy D~1(Jt)
L | D7) -Z D—1(Jt) -ZF

Table 1.4: Cauchy-like Matrices and Their Basic Matrix Pairs

X | C(36,H) | C(.EG,H)
K| -D@ D(3)
L| D@ ,10)
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Remark 1.2.4 All basic matrixz pairs (K, L) appear in Tables 2-4 together with their
dual pairs (L, K) (up to scaling by —1). The basic matriz pairs (K, L) of Table 2 are

self-dual.

Remark 1.2.5 For K = —L = Zy and K = —-L = Z}', the basic operator X —
XK +LX maps the matriz X to the difference between the two displacements (shifts)
of X (into two directions orthogonal to each other). rtx,(X), the rank of such a
difference, ts commonly called the displacement rank of X. The nomenclature is
due to the seminal pioneering paper) [KKM], where the Toeplitz type structure was
first formally introduced (based on the Stein type equations X + LXM = GHT with

K =-MT =ZF and K = -MT = Z,).

1.3 Correlation of Polynomial Computations to Computa-

tions with Structured Matrices

The entries of the matrices are related to each other via some operators of displacement
and/or scaling (e.g. t;; for a Toeplitz matrix T = (t;;) and h;; for a Hankel matrix
H = (h;;) are invariant in their displacement along the diagonal or antidiagonal directions,
respectively). All entries of such an n x n structured matrix can be expressed via a few
parameters (from n to 2n, versus n? for a general n x n matrix). Such matrices can be
multiplied by vectors fast as this task reduces to some basic operations with polynomials.

For instance, polynomial product

(Z u;a:‘)(z vjzj )= z wiz*,
i ; k
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Toeplitz-by-vector product T% = w, and Hankel-by-vector product Hv = W can immediately
be made equivalent by matching properly the entries of the matrices T, H and the vector

Z = (u;) (see [BP94], pp. 132-133). Likewise the product

V(@p=7v (3-1)

represents the vector ¥ = (v;) of the values of the polynomial p(z) = 3}_; piZ’ on a node set
{z:}. Consequently, the known fast algorithms for the relevant operations with polynomials
also apply to the associated matrix operations and vice/versa. In particular (cf. (BP94j),
O(nlogn) ops suffice for polynomial and Toeplitz(Hankel)-by-vector multiplication, and
O(nlog? n) ops suffice for multipoint polynomial evaluation (p.e.) as well as for the equiv-
alent operations with the matrix V(Z) and the vectors § and ¥ of (3.1), assuming the input
size O(n) in all cases. Here and hereafter, “ops” stand for “arithmetic operations”, “p.e.”
for interpolation and multipoint polynomial evaluation and “p.t.” for polynomial interpo-
lation. An important special case of (3.1), £ = 1 = (wi)2} is the vector of the n-th roots
of 1, w, = exp(2rv/—1/n), w® = 1. In this case, we write F = V(&@)//n, and p.e. turns
into discrete Fourier transform, takes O(n logn) ops (due to FFT), and allows numerically
stable implementation, in sharp contrast with the case of general V(Z). The numerical
stability requirement is practically crucial and motivated the design of fast approzimation
algorithms for the p.e. and p.i. [PLST93], [PZHY97], which rely on expressing V(Z) of

(3.1) via Cauchy matrices, e.g. as follows:
1, ARl s o s _
V(2) = —-disg(l - ] )ia C(Z, w)diag(w:) 2o F. (3-2)

Here for any vector § € C™ and hereafter diag(h;)2 4 = D(h) for h = (h;)?7} denotes
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the n x n diagonal matrix with diagonal entries hg, ..., An—1. (3.2) reduces the operations
of (3.1) with V(Z) to ones with C(Z, @), which brings us to Trummer’s problem (that is, the
problem of multiplication of an n xn Cauchy matrix by a vector), our next topic. Its solution
by Multipole Algorithm leads to p.e. and p.i. algorithms based on (3.2), which are both
fast in terms of ops used and (according to experimental tests of [PZHY97]) numerically
stable even on the inputs where the known O(nlog? n) algorithms fail numerically, due to
roundoff errors. Reducing p.e. and p.i. to Trummer’s problem for C(Z, ), we have the
power of choosing i = cw, for the vector @ of roots of 1 defined above and for any scalar

¢ # 0; furthermore, we may vary vector Z, that is, we may linearly map Z into

g=aZ+be, €=Q)1, (3.3)

where we may choose any scalars a # 0 and b. With such a choice of §, (3.2) reduces p.e.
and p.i. to FFT and the solution of Trummer’s problem. Furthermore, we have substantial
control over the input vectors £ and i of such a Trummer’s problem, which will enable us
to facilitate a solution.

The resulting improvement of p.e. and p.i. is but one of several known examples where
transformations among various classes of structured matrices facilitate substantially the
design of efficient algorithms. (The idea and first major examples of using such transfor-

mations for the algorithm design are due to [P90] (cf. also [BP94], [GK095])).
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Chapter 2

Trummer’s Problem

2.1 The Problem Stated

Trummer’s problem is the problem of multiplication of an n x n Cauchy matrix by a vector.

2.1.1 Some Subjects Related to Trummer’s Problem

e p.e. and p.i.

o integral equations of potential theory (solution to the Laplace equation) (cf. [Rok85])
e conformal mappings (cf. [T86})

e Riemann Zeta function (cf. [OS88])

e particle simulations using Multipole algorithm (cf. [GR87])

36
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2.1.2 Trummer’s Problem, Known Algorithms

e O(n?) arithmetic operations (ops); straightforward method

n—1 n—1

C@E )y = (Z

s—t
=0

e O(nlog? n) ops; Gerasoulis (1987)(cf. [Ger87] and [GGS]),
reduces Trummer’s problem to polynomial multiplication, p.e. and p.i.

Difficultly: numerical instability due to relying on fast p.e. and p.i.

2.2 Trummer’s Problem: Fast Unstable Solution

The solution of Trummer’s problem is required in many areas of scientific and engineering
computing (see bibliography in [BP94], p.260; [PACLS,a]). The straightforward algorithm

solves Trummer’s problem in O(n2) ops. Let us next show O(nlog? n) algorithms.

Definition 2.2.1 We repeat the definitions for clarity, H(t) = (hi;)? .J—-O’ hij; = tiy;
fori+ji<n—1,h;=0fori+j=>n W1 WTand W-T denote the tnverse, the

transpose, and the transpose of the inverse of a matriz (or vector) W, respectively.

Definition 2.2.2 p(z) = [[}55(z — t;), P{z) = X1 c‘,-o L(z—t;)-

Definition 2.2.3 D(3,t) = diag(py(s:))2y = diag(IT7=0 (s: — ).
D/(F) = ding(pie))id = ding QT35 (: — )35
Theorem 2.2.1 [FHR93|(cf. also [Ger87]) Let 8; #t;, 4,7 =0,1,...,n—1. Then

C(5.1) = D@EH'VEHEVET, (2.1)
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C(5,%) = D(3,5)"'V@EV(E) ' D'(B). (2:2)

Proof: Use the following inversion formulae:

CEd " =-D,-CEd) -D., (2.3)
V(@' = H(3) - Va(d" - D7, (24)

Let & d, § be arbitrary vectors of length n, D, D), D, be arbitrary diagonal matrices of
size n x n and P be the coefficient vector for some given polynomial.
If C(¢,d)Z = §, let

Va(@)F = D17, and V(d)p = D22
which implies
DYV (dF =¥, and 5= Va(d)  Dai.
By combining the two latter expressions with C(Z, J)i:’ =g, we get

DVa(@Va(d) D2 =C(Ed),

which proves (2.2) for é=5and d=¢% o

Substitute (2.4) into the previous result to get
D 'Va(@H(3)Vn(T D™D = C(5,d),

which implies
DI'VL@HGWVA(@T =C(Ed)

and this proves (2.1) for é=Fand d=1¢ o
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Theorem 2.2.1 reduces Trummer’s problem essentially to the evaluation of the coeffi-

cients of py(z) and then the values of p(s:) and p(t;) followed by multiplication of struc-

tured matrices V(3), VT (t), H(t) and V(£)~! by vectors. Both of (2.1) and (2.2) lead to

O(nlog? n) algorithms [Ger87]. As numerically unstable, however, they are nonpractical for

numerical computations for larger n.

2.3 Fast and Numerically Stable Approximate Solution, Its

Limitations

Presently the algorithm of choice for practical solution of Trummer’s problem is the cele-

brated Multipole Algorithm, which belongs to the class of hierarchical methods (for bibli-

ography see [PACLS,a], [BP94], pp. 261-262). The algorithm approximates the solution in

O(n) ops in terms of n, and works efficiently for a large class of inputs but also has some

"difficult" inputs. The basis for the algorithm is the following expansions.

1
81 tj

=— Z(ta/"t)k =- Z(sl/tJ)k

%i ko
Proof of basis for Multipole algorithm.

Consider an infinite geometric series and the corresponding partial sum:

oo

1
E ar“"1= E ar™! ____a( ) forfr| <1
n=1 -

We take the limit of the partial sum as n — oo.

al—7)" _ a ar" a
n— l—r 1—71T n—ol_r 1-r
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If we equate our Cauchy matrix C(5, f) with the geometric series expansion, we get
1 wo (s 5 a 1 t;

o = wherea = — and r = —=.
8; —t; (1__1) (s:) 1— 1—-r 8; 8i

This implies that

t ‘n—l

gar z

Similarly, we have

Z( )"’1 if ftifsil<1

E( 2y if s/t < 1

“‘tJ Jn__l tj

a

The prefix of the former (latter) geometric series (3.1) up to the term (t;/s;)* (resp.(s;/
t;))* for a fixed moderately large x already approximates .—‘%t; well if, say, |t;/8:] <
1/2 (resp. |si/tj| < 1/2 ). Substitute such a prefix into the expressions C(5,{)7 =
(Z;‘:ol s_,fE 72 and obtain their approximations, say, by —Z;-‘;&(vj /ti) 5 _o(si/t;)k =
T i-0 Aist, where Ar = — 37} v;/t;*!. For n x n matrix C(3,%), the computation of
such approximations for all i requires O(nx) ops and is stable numerically. The approxi-
mation errors are small already for moderate « if one of the dual ratios [t;/s;| and [s;/t;]|
is small. "Difficult” inputs have these dual ratios close to 1 for some i, j. In such irregular
cases, some tedious hierarchical techniques give partial remedy. We, however, will treat the
irregularity by general regularization techniques of transformation of the input (Cauchy)

matrix.
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2.4 New Transformations of a Cauchy Matrix and Trum-

mer’s Problem

To extend the domain of inputs where the Fast Multipole Algorithm can be applied, to
include any Cauchy matrix C(&,f) we will reduce Trummer’s problem for C(, t) to ones for
C(5,q) and/or C(§,t) where ¢ is a vector of our choice. We will rely on the next theorem

(cf. also Remark 2.5.2).

Theorem 2.4.1 [PACLS,a]. For a triple of n-dimensional vectors § = (g:)*>, 5 =
(sj);.‘;ol, t= (tk)’,:;(l,, where q; # 8, 8; # tx, tx # q; for i,j,k=0,...,n—1, we have the

following matriz equations:

C(5,1) = D(3,)) "' V(8)V(9) ' D(J,?)C(G, 1), (4.1)
C(5,8) = D(3,8)"'D(5,9)C(#,§)D'(3) ' D(7,))C(F b), (4.2)
C(3,?) = C(5,9)D(§, 5)V (D)~ TV@ D 5, (4.3)
C(3,1) = —C(5,9)D(§, ) D'(9)"'C (. D) D(t, P D(E. 5) " (4-4)

Proof of equation (4.1): From (2.1) we take the inverse to get

C(®,0)t = V@) TH@E) "V (b)1D(b,1) for §=b.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Substitute this inverse Cauchy matrix equation and (2.1) into
C(5,1) = C@E DCk, D) 'Ck,. 1)
to obtain
C(5,1) = D(3,0)'V@EHEVETVE) THE V) DG.5) T CG: 1)
which reduces to
C@#1) = DEHIVEV@ D@ ) IC@G D) forb=4

This proves (4.1)

Proof of equation (4.2): From (2.2) we get
C(3,b) = D(3,5) "V (&V(B) D' (b) for £ = b.
Isolate Vandermonde matrices to get
V@V = DEHCEHD'E)
Substitute the Vandermonde pair into (4.1) to get
C@.1) = D357 D(E,9CE DD (@) ' D@ HC@E, ) for b=7.

This proves (4.2)

Proof of equation (4.3): Since C(3,t) = —C(t, 5)7, rewrite (4.1) as

—C(5,%) = C(£, 3T = (D@EH'VEV(@ D@ 5)CE 5)7,
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rewrite as
~C(5,1) = C(§, DG, V(P TVET(D(£,5)" and substitute C(5, ) = —C(3.3)",
rewrite again as

—C(3,1) = -C(3.)TD(@ V(@) TVET (D5,
and finally
C(5,9) = C(7. 8" D(@. 5V (@) TV (DE 3~
This proves (4.3) o

Proof of equation (4.4): Rewrite (2.2) by isolating the Vandermonde pair as before to
get

VEVE) ™ = DEHCEHD'(B)
rewrite to obtain
v(E)TVET = D'(B) CEBTDGEB),
and substitute this last matrix equation and C(t,5)T = —C(b, f) into (4.3) to get
C(5.8) = —C@ HD(G ) D'@'CEHTD(E HD(E 5~

This proves (4.4) a

2.5 Some Algorithmic Aspects

The expressions (4.2) and (4.4) for C(&,f) are Vandermonde-free and Hankel-free, but they

enable us to transform the basis vectors 3 and  for C(#, ) into the two pairs of basis vectors
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§, ¢ and g,  for any choice of the vector §= (%), 45 # 8i, @ #tk, 3,5,k =0,...,n—1. The

associated Trummer’s problem is reduced to

a) the evaluation of the diagonal matrices D'(§)~!, D(f,§) and/or

D(f,§)", for (f,3) denoting (5,%), (@5, (5.d), (@), (£, ) and/or (%, ),

b) recursive multiplication of these matrices and the matrices C(J; £) and C(#, ) by vectors.

Let us next specify parts a) and b) in the next two paragraphs. To compute the ma-
trices D’(§), D(f,d) and D(f,§) ! for given . g), we first compute the coefficients of the
polynomial pz(z) = [[}=5 (z —g;) and then pz(f;), and p;(g:), at the points i =0,...,n—1.
We compute the coefficients by the fan-in method, that is, we pairwise multiply at first
the linear factors z — g; and then, recursively, the computed products (cf. [BP94], p. 25).
The computation is numerically stable and uses O(n log?n) ops. Multipoint polynomial
evaluation in O(nlog®n) ops ([BP94], p. 26) is not stable numerically but the fast and
numerically stable approximation techniques of [R88], [P95], [PLST93], [PZHY97] can be
used instead. We simplify greatly the evaluation of the matrices D(f,d, D(f,§)~! and
D'(§), where f = § or § = § if we may choose any vector § = (g:)%=y - For instance, let us

fill this vector with the scaled n-th roots of 1, so that
¢=auw;, i=0,1,...,n—1, (5.1)

for a scalar a and w,, = exp(2mv—=1/n). Then pH(z) = [I1g (z — aw;) = z" — @™, P{z) =
nz™"1, and the matrices D(f, §) andD(§) can be immediately evaluated in O(nlogn) flops.

Furthermore, any polynomial p(z) of degree n can be evaluated at the scaled n-th roots
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of 1 in O(nlogn) ops, by means of FFT. The multiplication of C(q;£) or C(5,q) by a
vector is Trummer’s problem, its solution can be simplified under an appropriate choice
of the vector ¢. In particular, even if we restrict § by (5.1), the scaling parameter a still
controls fast convergence of the power series of the Multipole Algorithm. The above study
can be extended to the expressions (4.1) and (4.3) for C(5,t). Each of them involves two
Vandermonde matrices, but one of these matrices in each expression is defined by a vector
g of our choice, and this enables us to yield simplification. In particular, for two given
vectors @ = ()24 and § = (g:)25 , the vector 7 = V(q)~'i is the coefficient vector of
the polynomial v(z) that takes on the values u; at the points gk, £ =0,...,n — 1. For ¢
being a scaled n-th roots of 1, as in (5.1), the computation of ¥ takes O(nlogn) ops due to
the inverse FFT. Similar comments apply to the multiplication of the matrix V(§)~T by a

vector. Effective parallelization is immediate at all steps of the computation.

Remark 2.5.1 Trummer’s problem frequently artses for Cauchy degenerate matri-

ces C(8) = (¢ij), ¢i =0, cij = :;17’- Jor all pairs of distinct i and j. We have

Cc@3) = ’*—1 2 C(5,5+ ewle) + O(eh) as € = 0, where €= (1);-"_:(}, &= (8:),¢ is a scalar
parameter. Indeed, 2313 ‘l__.:_ewg ,'_,’ pINaPD Py o(‘;:"‘;)l .‘_, (1+0O(e*)) because

Stowd=0forg=1,...,n—1.

Remark 2.5.2 A distinct transformation of Trummer’s problem may rely on substi-

tution of (3.2) into (2.1) or (2.2). Here again, we may use map (3.3).
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Chapter 3

Divide-and-Conquer Algorithm

3.1 Basic Facts and a Cauchy-like Linear Solver

The transformations among the listed classes of structured matrices as a general means of
improving the known algorithms for computations with such matrices were first proposed
in [P90]. Along this line, the known practical Toeplitz and Toeplitz-like linear solvers were
improved substantially in [GKO95] by reduction to Cauchy-like solvers, which enhanced
the importance of the latter ones. A known explicit formula for the inverse of a Cauchy
matrix (cf. e.g. [BP9%4], p.131) produces a good Cauchy solver but this is not enough
in the application to Toeplitz linear solvers. We will follow [PZ,a] and [OP98] to show a
distinct Cauchy-like linear solver, which extends the well known divide-and-conquer MBA
algorithm, proposed in [M74], [M80], (BA80] as a Toeplitz-like linear solver. Every recursive
divide-and-conquer step of the algorithm reduces to Trummer’s problem, which relates this

algorithm to the previous sections. We will start with definitions and basic facts [GO94a],

46
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[H95], [PZ,a], [OP98].

Definition 3.1.1 [BP94], [C841], [GO94a], [H95]. For a field F and for vectors
7= (), t=(t), ¢ #tj, i, =0,---,n—1, a matriz A € F**" is a Cauchy matriz

):;_lo A s a Cauchy-like matriz if

(denoted by C(q,t)) if A=(

qt_t]
Fipa.o@(4) = D(@A — AD(#) = GHT, (1.1)

G, H € F**", and r = O(1). (Clearly, r =1 for C(q,t).) The pair of matrices (G, HT)
of (1.1) s a [D(q), D(t)]-generator (or a scaling generator) of length r for A and is
denoted by 8.9..(A). The minimum r allowing representation (1.1) is equal to rank

(Fip@)),0@)(A)) and is called the [D(§), D(t)]-rank (or the scaling rank) of A.

Lemma 3.1.1 Let A, §, §, G = [§1,.--.8/] = @ )i, H = [h1,.... K] = 57); be

as in Definition 8.1.1, such that (1.1) holds. Then

T . n—l1

A= z:dmg(gm)ccq,i)dxag(m =) (1.2)

- tJ i,7=0

where C({,1) is a Cauchy matriz, and vice versa, (1.2) implies (1.1).

Proof: (cf. [GO94]). The uniqueness of the equation follows from the fact that the numbers

s;, tj are pairwise different (see e.g. [LT], p-411). Let matrix A be as given above. Then

Fding(@iag@}(4) = z_:l diag(m) * Faiag(@)dine@}(C(d D)) - divg(hm) =

(1)
r 1 r
Y diag(@m)-| |-(1 1 --- 1)-diag(hm) =Y Gm- ki, =G-H'.
m=1 : m=1

\1/
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a

-1

—- - 7
It follows from (1.2) that (1.1) is satisfied by matrices A of the form (l;:_i!%)i\j=0’ where

%; and v; are r-dimensional vectors for 4,5 =0, 1,...,n—1. A Cauchy matrix C(q,t) and a
Loewner matrix (T—Z

)n-l
9i—t 4 5=0

have [D(§), D(f)]-ranks 1 and 2, respectively.

are two important special cases of Cauchy-like matrices; they

Lemma 3.1.2 (¢f. [BP94], [Ger87]). Given an n x n Cauchy matric A and an n-
dimensional vector ¥, the product A% can be computed in Cp,(n) ops (cf. (1.4)). If
A is an n x n Cauchy-like matriz given with an s.9..(A), then the product Av can be

computed in (3n + Cu, (n))r ops.

Lemma 3.1.3 §; € F**1, j =1,2,3, where the vectors §1 and g3 share no components.
Let A; € F™*7, F[D@)_D(,;;“)](A,-) = G;HYF, G;, H; € F**"i i =1,2. Then the matriz
A = AjA; is a Cauchy-like matriz with Fipg) p@)(4) = GHY, G = [G1,A:1G)),
H =[ATH,,H,], G, H € F**", r = ry +12. Furthermore, O(r1r2Cpm,(n)) ops suffice to

compute G and H.

Lemma 3-1.4 [H95]- Let F'[D(E),D(E)](A) = GHT, G = [g'l, e ,g.r] e anr, H = [’-;.1, Tecy i]:r] e
F®XT.  Then F[D(,-)'D@](A'l) = ~UVT, where the matrices U = [y, %], V =

[61,---,,] satisfy AU =G, VTA=HT.
Corollary 3.1.1 Under assumptions of Lemma 3.1.4, rank F[D(ﬂ.D(q)](A—l) <r.

Lemma 3.1.5 Let an n xn Cauchy-like matriz A satisfy (1.1) and let By, j be its kxd

submatriz formed by its rows 1y,...,4 and columns ji,...,j4.
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Then Br.y has a [D(qr), D(t1)]-generator of a length at most r,

where I = [i1,-.. 4], J=[j1,---,74],

D(‘if) =d-iag(qin---sqik)7 D(ET) =diaG(tJ'l""'tjd)'

Lemma 3.1.6 The matrices A+ B and A — B have [D(§), D()]-rank at most r +r; if A

and B have [D(q), D(t)]- ranks r and r;, respectively.

Lemma 3.1.7 (c¢f. [C841]). An n x n Cauchy matrix C(g,t) is nonsingular if and only
if all the 2n components of the vectors § and t are distinct. Every square submatrix of a

nonsingular Cauchy matrix is nonsingular.

Fact 3.1.1 (c¢f. Proposition A.6 of [P92b] or [BP94], Problem 2.2.11b). Given an
s.9.;(A) = (G, H) and the scaling rank r of A, r < ¥ < n, one can compute an s.g..(A) by

using O(#2n) ops.

3.2 Recursive Factorization

3.2.1 The Case of a Strongly Nonsingular General Matrix

Definition 3.2.1 We write I = I, € F™*™ for the m x m identity matriz, 0 for a
null matriz of appropriate size, WT and W# for the transpose and the Hermitian

transpose of a matrixz or a vector W, respectively.

Definition 3.2.2 W) € F**k i3 the k x k leading principal (northwestern) submatriz

of an m x n matriz W, k=1,...,min(m,n). A matriz W of rank p has generic rank
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profile if its k x k leading principal submatrices W& are nonsingular for k =1,...,p.

A matriz is strongly nonsingular if its both nonsingular and has generic rank profile.

I o X1 O I Xi'Xie
XXt I o S o I

I —-XitXi Xgt o I o
Xl= , (2.2)
o I o S —XuXgt I

where X is an n x n strongly nonsingular matrix,
( X X
X2 Xa2
By expanding (2.2), we obtain
. (Xﬁ1 + X' X128 X1 X —Xﬁlxus—l)
Xt =

X = ) , S = X22 — X1 X1 Xa2, (2-3)

(2-4)
—-S~1 X X7 st

X11 is a k x k matrix, and S = S(X;1, X) is called the Schur complement of X1; in X.
(2.1) represents block Gauss-Jordan elimination applied to the 2 x 2 block matrix X of
(2.3). If the matrix X is strongly nonsingular, then the matrix S of (2.3) can be obtained

in n — k steps of Gaussian elimination.

Proposition 3.2.1 (/BP94], Ezxercise 4 of ch. 2, page 212): If X is strongly nonsin-

gular, so are X11 and S.

Proposition 3.2.2 (cf. [BP94], Proposition 2.2.3). Let X be an n x n strongly non-
singular matriz and let S be defined by (2.8). Let X1 be a leading principal submatrix
of S and let S; denote the Schur complement of X; in S. Then S~! and ST 1 form

the respective southeastern blocks of X~1.
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Proposition 3.2.3 If (2.1) holds, then det X = (det Xy1)det S.

Proposition 3.2.4 [BP94], [GL]. Suppose that the Schur complements S = S(X*), X)
and Sy = S(SM, S) are defined, that is, the matrices X*) and S® are nonsingular.

Then S; = S(X*+h) X).

Due to Propostion 3.2.4, we may extend factorization (2.1) from X to X;; and S and then
recursively continue such a descending process until we arrive at 1 x 1 matrices (compare
[St69], [M74], [M80], [BA80] [AHU]). In actual computation, we apply lifting process that
begins with the inversion of the 1 x 1 matrix X(!). Then we compute and invert its 1 x 1
Schur complement S in the 2 x 2 matrix X (this defines the factorization of X(*) and
of its inverse), compute the inverse of X(?) and its 2 x 2 Schur complement S; in the 4 x 4
matrix X®, and so on. In other words, we recursively proceed bottom up, that is, we
invert 1 x 1 matrices and, other than that use only matrix multiplications and subtractions
to compute all matrices specified in the recursive descending process, until we finally arrive
at X1, The algorithm emulates Gaussian elimination steps except that it combines their
scalar multiplications and subtractions into similar operations with matrix blocks. The
entire computation will be called the CRF (or complete recursive factorization) of X.
In the balanced CRFs, X, of (2.1) is a |}] x |3 ] submatrix of X, and similar balancing

is maintained in all subsequent recursive steps. The balanced CRF has depth at most

d = [logy n].

Algorithm 3.2.1 Recursive triangular factortzation and tnversion.

Input: a strongly nonsingular n x n matriz X.
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Output: balanced CRF of X, including the matriz X~1.
Computations:

1. Apply Algorithm 8.2.1 to the matriz X1, (replacing X as its input)
to compute the balanced CRF of Xi; (including X;*).

2. Compute the Schur complement S = X3 — lex;llxu.

3. Apply Algorithm 3.2.1 to the matriz S (replacing X as its input)
to compute the balanced CRF of S (including S71).

4. Compute X~ from (2.2).

As a by-product, Algorithm 3.2.1 may immediately compute the vector § = X -1} of the
solution to a linear system Xy = bfora given vector b. If we also seek det X, then it suffices
to add the request for computing det X1, det S, and det X (see Lemma 3.2.3) at stages 1,
3, and 4, respectively.

It is well known [St69], [BP94], p.99, that the complexity of these computations (in

terms of the number of ops involved) satisfies

h
Rf(n) =0(3_ 2*M(n/2)), (2.5)
=1

where w.lo.g. we assume n = 2" for an integer h, and M(n) is the complexity of n x n
matrix multiplication. Theoretically, for general matrices, M (n) = O(n?), for 2.8 < 8 < 3,

and we deduce from (2.5) that
RF(n) = O(M(n)) if M(n) > n'*4,d <0, (2.6)

RF(n) = O(M(n)logn) if M(n) =O(nlogn), 2.7
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for a constant c.

Now, let X have generic rank profile. In this case we apply generalized Algorithm
3.2.1, which includes a counter for the number of the inversions of 1 x 1 matrices involved
(that is, for the number of divisions). If division by 0 occurs, the computations stop, and
at this point, we have p = rank X in the counter and a CRF of X (#) available, which
immediately gives us (X®) .

Let us also show a simple extension (see e.g. [BP94], p. 110). Recall (2.1) with

X = X(p) and write

I, —X3'Xi 0
F=( ),N=F( ) 29)
o I, I,
Then
Xu O
XF=( ) 29)
Xz O

the columns of N (which are the last n — p columns of the matrix F’) form a basis for the
null space of X, and the substitution i = F'Z reduces the solution of a linear system X = b
(or the determination of its inconsistency) to the case of the system (XF)z = b, for which

the problem is simple because we have (2.9) and already know X;7'.

Definition 3.2.3 A full output set of generalized Algorithm 3.2.1 consists of the set
of the matrices of a CRF of a largest nonsingular submatriz of X, complemented by
the rank p of X, a basis for the null space of X, a solution i to the linear system
X =2>5 for a given vector b (or the determination of its inconsistency), and if p =n,
then also by X! and det X. Without the CRF (but including a largest nonsingular

submatriz), this is a partial output set.
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The next extension of (2.6), (2.7) to the computation of a full output set is immediately

verified:

Theorem 3.2.1 For an n x n matrix X having generic rank profile, generulized Al-

gorithm 3.2.1 computes its full output set at the cost bounded according to (2.6),

(2.7).

One may extend the bound (2.6) of Theorem 3.2.1 to an arbitrary matrix X by using
pivoting [IMHS82], which only adds O(n?) comparison and some permutations of matrix
rows and columns, so that the overall cost bound is still dominated by O(M(n)) under
(2.6).

For a nonsingular real or complex matrix X, one may apply symmetrization instead of
pivoting in order to compute (within the cost bounds (2.6), (2.7)) the balanced CRFs of
the strongly nonsingular matrices X#X and/or XX# (at the price of possible squaring
the condition number of X), and then obtain X! as XHX)'XH or as XH(xxH)™?
and (det X)? = det(X¥ X) = det(XX¥). Symmetrization has no effect over the fields of

positive characteristic as well as in the case of a singular input matrix X.

3.2.2 The Case of a Strongly Nonsingular Cauchy-like Matrix

Suppose that we are given a Cauchy-like input matrix X. Then, applying Algorithm 3.2.1,
we will achieve a dramatic decrease of computer time and memory space involved by oper-
ating with the short generators of the matrices involved rather than with all their entries.

Hereafter, we will assume for simplicity that n = 2¢ is an integer power of 2. We write
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L] - 1

7=@)5 IV =(@), 7@ =(a)ig T=)1, W=, P =)

We will start with some auxiliary results.

Lemma 3.2.1 [GO94], [OP98]. Let X be a Cauchy-like matrix of Lemma 3.1.1,
partitioned into blocks according to (2.8). Let (Go,Hp), (Go, Hy), (G1, Ho), (G1,H,)
and (Gs, Hs) denote the five induced scaling generators of the blocks X131, X12, X2,
X2 of X and of the Schur complement S of (2.8), respectively. Then Gs = G; —

X021 X5;'Go, HEY = HY — HY X' X12.

Lemma 3.2.2 Let X be an n x n strongly nonsingular Cauchy-like matriz with
‘F[D(if),D(i)](X) = GHT, for n x r matrices G, H. Let X, Xj;, Xi2, Xo1, X292, and S

satisfy (2.8). Then

rankFipg, paX ) <7 renkFipe ), pe oy(Xn) < (2.10)
rankF[D@. @), DFE (:))](S) <, (2.11)

rankFipi; @), p @S~ <, (2.12)

rankFipz wy, pe @y(X2) <1, rankFip; @)y, p oy(X21) <. (2.13)

Proof. Deduce (2.11) and (2.13) from Lemmas 3.1.5 and 3.2.1. Apply Corollary 3.1.1,

obtain (2.10) and (2.12).

Fact 3.2.1 (cf. Proposition A.6 of [P92b], [P93a]). Given an 8.9..-(X) = (G,H) and
the scaling rankr of X, r <" < n, one can compute an 8.9..(X) dby using O((r*)?n)

ops.
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Now we are ready to present the computational complexity estimates.

Theorem 3.2.2 Let X denote an n x n strongly nonsingular Cauchy-like matriz with
its F-generator of a length r for the operator F = Fip@a.0@)- Then the respective
F-generators of all the matrices encountered in the balanced CRF of X (including
an 8.9.-(X~1)) and det X can be computed in O(r*T(n)logn) = O(nr2log>n) ops (for

T(n) of Lemma 3.1.2) and can be stored by using O(nrlog n) words of storage space.

Proof.[BP94], [P2000], [PZ,a], [PACPS98], [PACPZ99] Let us apply the fast version of
Algorithm 3.2.1 to the matrix X of Theorem 3.2.2, that is, instead of slower computations
with matrices, let us perform faster computations with their short scaling generators. Let
#-(n)ops be involved in computing the balanced CRF of X (including the computation of
an 8.9.r(X~!)). Furthermore, let o.(n) ops be used for computing an s.g..(S) from given
8.9..(X11), 8.9-r(X12), 8.9.-(—X>21), and 8.9.,(X22) (cf. Lemma 3.2.1, and let x,(n) ops be

required for computing an 8.g.,(X!) from given 8.9..(X;}), 8.9.-(X12), 8.9.-(X21), and

3.9--(S71) (cf. (2.2)). This is summarized below.
Input 8.9--(X) s‘g.,.(Xﬁl), 3-g~r(X12)s 3-g~r(xﬁ1)v 8.9.r(X12),

8.9-r(—X21), 8.9.-(X22) | 5.9-+(X21),5.9.(S)

Output { CRF of X | s.9..(S) s.g.-(X™1)

ops ¢-(n) or(n) pr(n)
Let ¢.(k), o-(k), and (k) denote the similar estimates a strongly nonsingular k£ x k input

matrix W given with an s.9..(W). Then from Algorithm 3.2.1,

$+(n) < 26¢(3) +0r(n) + ur(n). (2.14)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



57

Now we apply (2.2), Lemmas 3.1.3, 3.1.5, 3.2.1, and 3.2.2 and deduce that

or(n) = OG?T(n)), pn(n) = O T(n)). (2.15)
Substitute (2.15) into (2.14), recursively extend (2.14), and deduce that
ér(n) = O(*T(n)),

which gives us the arithmetic time bound of Theorem 3.2.2. The storage space bound follows
similarly when we inspect Algorithm 3.2.1 applied to the matrix A and apply Lemma 3.1.3,

Lemma 3.1.5, Proposition 3.2.1, Lemma 3.2.1 and Lemma 3.2.2.

Remark 3.2.1 In [PACPS98], [OP98], Lemma 3.2.1, was extended to the case of
Hankel-like matrices H associated with operators ZH — HZT, Z being a shift matriz.

This enabled practical improvement of the MBA Hankel/Toeplitz linear solver.
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Chapter 4

Ensuring Strong Nonsingularity

4.1 Strong Nonsingularity by Preconditioning

To extend our algorithm to any nonsingular matrix A, we will seek a strongly nonsingular
matrix X, such that the matrix AX is strongly nonsingular. Then we may apply our
machinery to the matrices X and AX or XA, compute (AX)™! = X~ 147! or (XA)™! =
A~1X-1 det (AX) = det (X A), and det X, and then A~! = X(AX)! = (XA)"1X and
det A =det (AX)/det X. If A is singular, the same algorithm will involve a division by 0
and thus will show us that det A = 0. In [PZ,a] the algorithm is extended to computing
rank A and solving consistent singular Cauchy-like linear systems.

Computing with reals we may set X = AT, AT denoting the transpose of A. Indeed,
the matrix XA = AT A is positive definite and consequently strongly nonsingular provided
that A is nonsingular. Moreover, in this case the condition numbers of Xj1, S of (2.3), and

all similar matrices of the CRF do not exceed the condition number of the input matrix

58
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(cf. [BP94], Fact 2.1.4 and page 237). As a by-product, we immediately arrive at a least-
squares (normal equations) solution (ATA)~1ATb to a Cauchy-like linear system AZ = b
for a Cauchy-like m x n rectangular matrix A having full rank n, n < m. For the operators
Fip@.o@) 2nd Fip(s).p(s) associated with the matrices W = ATA and U = AAT, respec-
tively, the assumption g; # t; of Definition 3.1.1 is not extended, but we will operate with W
represented as the product C~1(§, )Y, where Y = C(§, )W and C~1(q,£) are Cauchy-like
matrices, and similarly for U. For a nonsingular real or complex matrix A, the matrices
AT A and AAT are strongly nomsingular. By applying Algo-rithm 3.2.1 to these matrices,
we may extend Theorem 3.2.2 to any nonsingular matrix A [PZ,a], [PACPS98]. For compu-
tations in finite fields such a symmetrization does not work, but we will next yield similar
results over any field F by using random parameters always sampled from a fixed finite set
S (in F or in its extension) independently of each other and under the uniform probability
distribution on S. We will keep using definitions of sections 2 and will rely on the following

lemma.

Lemma 4.1.1 [DL78] (c¢f. also [Z79], [S80]). Let p(Z) = p(z1,Z2,...,Zm) be a non-
zero m-variate polynomial of a total degree d. Let S be a finite set of cardinality |S| in
the domain of the definition of p(Z), let the random values z*,- - -, z;,, be sampled from
S, that is, chosen from S independently of each other under the uniform probability

distribution on S, and let £* = (z},z3,-- -, z},).- Then probability (p(Z*) = 0) < d/|S]|.

Theorem 4.1.1 Let A be an n x n nonsingular matrir satisfying equation (1.2). Let
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X be a matriz satisfying X = YC(q, §), where

Y =Y D@)CEDDRL) (1.1)
m=1

C(,3) = (3;—1‘—1_ ?io is a fized nonsingular Cauchy matriz, § € F*!, t € F""l,.
5€ F**1 7 and t are as in Lemma 3.1.4, q; # 8;, s; # t; for alli and j, g}, € F**,
Rt € F*™1 m=1,.--,r, and the 2nr components of the 2r latter vectors are random
values from a fized finite set S. Then AX has F-rank -at most 2r+1 and, with a

probability at least 1 —n(n + 1)/|S|, s a strongly nonsingular matriz.

Proof First consider matrix ¥ of (1.1), where the random vectors g, and k:, are replaced
by generic vectors whose components are indeterminates. Recall that the Fip g p(gy-rank of
Al is at most r, due to Lemma 3.1.4. Therefore, there exists an assignment of values to the
components of the vectors g}, i-i,’m for which we have AY = I, and then the matrix AX =
C(q, 8) is strongly nonsingular (cf. Lemma 3.1.7). On the other hand, the determinants
of the k x k leading principal submatrices (AX); of AX are polynomials of degrees at
most 2k in the coordinates of g7, h,. Since AX = C(§,3) for a particular assignment,
these polynomials are not identically O if the components are indeterminates. Therefore, by
Lemma 4.1.1, we obtain probability(det(AX )z #0,k =1,---,n) = [Ii—; LI—SLI" > 1_—%?_1_1

a

Corollary 4.1.1 . Let an n x n nonsingular Cauchy-like matriz A be given with its
F-generator of length r for the operator F' = F[D@, p@)- Then an Fip@),p(s)-9generator

of length at most r for A~! can be computed by means of a randomized algorithm
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using 2nr random parameters (sampled from the set S) and O(nr?log®n) ops and

failing with a probability at most "'I‘—(—ST-H.

Proof: Let us define X as above. By Theorem 4.1.1, the Cauchy-like matrix AX is strongly
nonsingular with a probability at least 1 —n(n+1)/|S|, and then, by Theorem 3.2.2, we may
compute the matrices (AX)~! and A~! = X(AX)™! by using a total of O(Cxy,(n)r?logn)
ops. Due to Lemma 4.1.1, we also obtain the desired bounds on the number of random
parameters used and on the failure probabilities. Finally, we will decrease the length of the

computed F-generator of A~! by applying Fact 3.1.1.

Corollary 4.1.2 [PACPZ99], [P2000], [PZ,a]. det A and p=rank A can be computed
by using 2nr random parameters and O(Cyy, (n)r2logn) ops for a matriz A of (1.1),
(1.2). If C(t,q) is a nonsingular Cauchy matriz, then (by Lemmas 3.1.7 and 4.1.1)
the matriz X is strongly nonsingular, with a probability at least 1 — n(n + 1)/[S],
and (by Theorem 8.2.2) det (AX), det X, and det A = 9%“(?—1 can be computed
at the randomized cost O(Cpg,(n)r?logn). Furthermore, with a probability at least
plp+1)/IS|, p x p ts the mazrimum size of a nonsingular leading principal submatriz

of AX for the matrizx X of Theorem 4.1.1. Such a size is computed as a by-product

of application of Algorithm 3.2.1 to AX.

4.2 Fast Cauchy-like Computations - Singular Case

Studying the solution of a singular Cauchy-like linear system, we will use the next result

and definition.
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Lemma 4.2.1 [K95]. Let A be an n X n matriz of rank p with entries from a fired
field F and suppose that the p x p leading principal submatriz A, s nonsingular.

Then for a vector §j with coordinates from the field F the vector

A,
0

is a solution to AZ = b,where the vector b consists of the first p coordinates of b+ Ay,

and 0 denotes the null vector of dimension n — p.

Definition 4.2.1 Let A; be the i xi leading principal submatrix of A, where1 <i < n.

We say that A has generic rank profile if A; is nonsingular for all j, 1 < j < rank(A).

The next theorem extends the known results from the Toeplitz-like (cf. [BP94], p. 206,
or [KS91]) to the Cauchy-like case and can be an alternative to Theorem 4.1.1 where the

input matrix is nonsingular (see Remark 4.2.1).

Theorem 4.2.1 [P2000]. For an n x n Cauchy-like matriz A of rank p represented by
an 8.9..(A) and satisfying (3.1.1) and (3.1.2) consider the matriz product A= LAM,
where L and M are also Cauchy-like matrices with scaling generators of length 1.

Asgsume the following relations:

Fip@, p@(L) =YZ",Fip@, pe(M)=XWT,
YT = (ylv"'vyﬂ»] € Fnizr= [zlx"'yzn.] € Fn,

XT=[$1,"'a ]eF",WT=[w1,--',wn] eF~,

. . ~1 . R -1
L= (y,+1z,+1 )" M= (""_ i+1Wi+1 )"

8i—¢i ";j=0 ti—P;i ‘ij=o
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where the entries of the matrices Y,Z,X,W are random samples from a fized finite
subset S of the field F and where S does not contain 0. Let s;,q;,pr be all pairwise
distinct for 1,5,k =0,---,n—1. Then

(1) L and M are strongly nonsingular matrices and
(2) A has generic rank profile with a probability at most 1 — ?%%Fa
Proof: Part (1) follows from (1.2) and Lemma 3.1.7 since S dc;a not contain 0. Let us
prove part (2). For an n x n matrix D, denote by Dy ; the determinant of the submatrix
of D formed by removing from D all rows not contained in the set I and all columns not
contained in the set J. First, let Y, Z, X, and W be generic matrices. For I = [1,2,---,1],
J = [§1, 72, -, 7i], K = [k1,k2,+--,ki}, + = 1,2,---,p, we have from the Cauchy-Binet
formula that
Arr=), JZ L1 ATk MK.1-
Let us prove that
Arr#0 fori=1,2, ---, p. (2.1)
Observe that, for a fixed pair of J = [j1, j2,---,Ji] and K = [ky, k2, - - -, ki], the determinant
Lr, 5 has the unique term
ayry2: - YiZji " "2

where a # 0 is a constant. Likewise, M ; has the unique term
by, - T, wy- - Wi,

where b # 0 is a constant. Therefore, Ay s # O provided that there exists a pair J, K such

that A_Lk # 0. This is true for all i < p, since A has rank p, and we arrive at (2.1).

\
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Now, we observe that A is a polynomial of degree at most 4i in the variables ym, zm,
ZTm, Wm, M = 1,...,n. Under the random choice of their values, we apply Lemma 4.1.1
and obtain that probability(A;r # 0,i = 1,---,p) > [12.,(1 — 4i/|S]) > 1 — 2p(p + 1)/IS|.

This proves part (2) of Theorem 4.2.1. a

Remark 4.2.1 If the tnput Cauchy-like matriz s nonsingular, we may apply Theo-
rem 4.2.1, as an alternative to Theorem 4.1.1. Application o;f Theorem 4.2.1, rather
than Theorem 4.1.1, requires by factor 2/r fewer random parameters (4n versus 2nr)
and involves scaling generators of roughly half length (r + 2 versus 2r +1), at the

small price of doubling the probability of errors (2n(n + 1)/|S| versus n(n +1)/|S|).

To prove Theorem 4.2.1, we devised a simple algorithm that, for an n x n Cauchy-like
matrix A of rank p given with an s.g.,(A), computes a random pair s.9.1(L) and 8.g.,(M),
where L and M are n x n matrices such that, with a probability at least 1 — 2p(p +1)/|S|,
the matrix A = LAM has generic rank profile. Furthermore, based on Lemma 3.1.3, we
computed 8.g.,4+2(A) by using O(r2Cay,(n)) ops (cf. (1.4)). Now, we assume that we have
been already given s.g.1(L), 8.9.1(M), and s.g..42(A) for a pair of nonsingular matrices L
and M and an n x n matrix A = LAM having generic rank profile and propose the following

algorithm, using O(r2Cyy, (n) logn) ops (cf. (1.3)).

Algorithm 4.2.1 (¢f. [PZ,a], [PACPS98]) Computation of the largest nonsingular
leading principal inverse.

n—1

Input: vectors q.= (qi):':-ol’ i.= (tj)j=0 ' qi ¢ tj1 'ivj =0,1,---,n— 1, and
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Gis "+ Gr+2, 1;1, ceey i;r+2 such that the next matrix has generic rank profile:

r+2

A=Y D@m)C@ DD (Fm)-
m=1

Output: An integer p < n and vectors @y, -, &5, U1,---,Ts, Gm,Om € F**1,

m=1,2,---,7, ¥ <7 +2, such that p = rank(A) and

A4, = " D(@)CE D).
m=1

B C

1. Represent A as A = ( ), cf. (3.3), where k = [3], and the k x k submatrix

B of A is singular if and only 1fEk >Jp ( since A has generic rank profile ). Apply Algorithm
4.2.1 recursively to the input matrix B replacing A. (Note that we are given an s.9..(B).)
If p > k, the output of this stage is the desired output of the algorithm. Otherwise, the
matrix B is nonsingular, and then w;e obtain s.g..(B™}).

2. Apply Algorithm 3.2.1 to compute an 8.9.-(S) for the matrix S=J —E B 'C.

3. Apply the algorithm recursively to the Cauchy-like input matrix S, replacing A.
Output p = rank(A) = k + rank(S).

4. By using the definitions and the results of section 2, compute an s.g.zr.“(z;l) (see
further comments below ).

5. Apply Fact 3.1.1, to compute and output 3.g.,.+2(z;1).

D R
G, DT e Fkx(o—k) R ¢ Fle—kx(e—k)_ Write $ = R — D B 'G. Note that at the preceding

B G
Let us specify stage 4. Consider the p x p leading principal submatrix, A, = ( ) ,

stages we have computed 8.9.r+2(G), 8.9-r42(D), 8.9.r42(B "), 8.9.042(DB 1), 8.9.042(B @),
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and 8.g.r4+2(S~1) (cf. Theorem 3.2.2). Represent Zp-l as follows:

By B2
— -1
Ap = Y 'Y
By S
—_—

where By, = -B 'GS ', By =-5 DB}, B;1 =B '~ By,D B~ (cf. (24). Dueto
Lemma 3.1.5 and Corollary 3.1.1, the matrices By 1, By 2, By 1, and S~! have scaling rank
at most r+2, and we may apply Algorithm 3.2.1 and the results of chapter 3 to compute the
respective short scaling generators of these matrices. Let us specify the operators defining

these generators. Write

§M = (g:)ed, @ = (q)ol, TV = ()52, TP = (t:)2,
g £

FO = and £© = .
7 ¢)) r@

Now obtain that

. pEwy o \_ _ __ (bE o
FD £00)), D(5(® (Xp- )= ( ) Ap- "Ap- (
[DE), DE) o D@ o DE®)

(F[D(t‘ @), o (Br1)  Fipg ), pg @y (B12) )

Fipg ), oz on(B21)  Fipg ), p an(S™)
which gives us an 3.g.2,.+4(z;1) .
To solve a singular Cauchy-like linear system AZ = b, first compute a vector i that
satisfies LAM{ = Lb and then recover the vector £ = M7 that satisfies AZ = b. Since L and
M are nonsingular, rank (A4) = rank (LAM). As a by-product, the algorithm computes rank

(A), which equals rank (A) with a probability at least 1 —2p(p+1)/|S|, by Theorem 4.2.1.
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By using a standard technique (see e.g. [BP94], p.110), the algorithm can be immediately

extended (at additional cost O(rCyy, (n))) to the computation of a basis for the null space
of A.

Finally, we observe that, by using O(rChg,(n)) ops, we may verify whether AZ = b,

that is, the overall cost bound for the algorithm covers the cost of the verification of its

correctness; furthermore, similar property holds for the rank and null space. computation

by this approach.

4.3 Solving Singular Toeplitz-like Linear Systems

We will next follow and slightly improve the known best randomized algorithm of [K95] for
the solution of a singular Toeplitz-like linear system. (We will use fewer ops and random

parameters due to the incorporation of Lemma 4.3.4 below, which is a result from [P92b].)

Definition 4.3.1 (cf. e.g. [BP94], Definition 11.1 ). For an n x n matriz T, define

the two displacements,
F.(T)=T-2TTZ, F.(T)=T-2TZT, (3.1)

where Z = (z;j), ts a down shift n x n matriz, z;j =0 unlessi=j+1, zjjn =1. If

for a fized field F and for F = F, or F = F_, we have
F(T)=G*H*T; G*,H* € F**", (3.2)

then the pair of matrices (G*, H*) is called an F-generator or a displacement generator

of T of length v and will be denoted by d.g.(T). The minimum r allowing the above
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representation (3.2) is called the F-rank (or displacement rank) of T. T s called a

Toeplitz-like matriz if r = O(1).
Lemma 4.3.1 [BAS80]. For any n x n matric A,
rank (F_.(A)) — 2 < rank (F4+(A)) < rank (F_(A)) +2.

Furthermore, given a d.9..(T) under F = F; ( resp. F = F_ ), it suffices to use
O(rTrv(n)) ops (for Tau(n) of (2.1)) in order to compute a d.g.r42(T) under F = F__

(resp. F=Fy ).

Lemma 4.3.2 [KKM]. Let F_,F,,T,G*,H*, and r be as in (3.1) and (3.2). Then

F(T) =G (H") =X gt (h))T o

T =3 LF@L(E) for F=F-, T =Y L@G)L*(E) for F=Fy,
=1

i=1
where G* = [§},---,G7], H* = [E{,---J-l.,'.], and L(?) is a lower triangular Toeplitz

matriz with the first column v.

Lemma 4.3.3 (c¢f. e.g. [BP94], Corollary 12.1). Let T} and T> be two Toeplitz-
like matrices, given with their F-generators of lengths r, and r3, respectively, for
F=F, or F=F_. Then an F-generator of length at most r1 +r2+ 1 for the matriz
TiT> can be computed at the cost of performing O((ry + r2)*Tm,(n)) ops (cf. (1.1)).
Furthermore, a d.9..(UTL) for a given d.g..(T) and a given pair of lower triangular
Toeplitz matrices L and UT can be computed at the cost 2r’Tyg (n), provided that

F=F_.
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Lemma 4.3.4 (cf. Proposition A.6 of [P92b] or [BP94], Problem 2.2.11b). Given an
d.g.+(A) = (G, H) and the displacement rank r of A, r < ¥ < n, one can compute a
d.g.r(A) by using O(*2n) ops.
Lemma 4.3.5 [KKM)]. Let T be a nonsingular Toeplitz-like matriz. Then we have

rank (Fy(T~')) =rank (F_(T)).

Lemma 4.3.6 (cf. [M80], [BA80], [BP94]). Let T be an n x n strongly nonsingular

Toeplitz-like matriz such that

B C
T=< ) S=J-EB™C,
E J

B is a k x k matriz, and S is the (n — k) x (n — k) Schur complement of B in T (cf.
(2.3)). Let r = rank(F4(T)). Then
rank (F_(S™')) = rank (F4(S)) <,
rank (F_(B™')) = rank (F4(B)) <,
rank (F(S™!)) =rank (F_(S)) <r+2,
rank (F(B™!)) =rank (F_(B)) <r+2.

Proof. The lemma follows from Proposition 3.2.2, Lemma 4.3.1, and Lemma 4.3.5 O
Theorem 4.3.1 [K95]. For an n x n Toeplitz-like matrix T of rank p, represented
by d.g..(T) satisfying (3.1) and (3.2), let T = UTL, where UT and L are two unit
lower triangular Toeplitz matrices whose 2n —2 entries are randomly sampled from a

subset S of a fized field containing the entries of T. Then the matriz T has generic

rank profile with a probability at least 1 — p(p+1)/|8S|.
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Due to Lemma 4.3.3, we may compute d.g.-(T°) at the cost of performing at most
2r2Ts, (n) ops.

Now, given a d.g..(T’) for a matrix T € F**" having generic rank profile, the following

algorithm extends one of [K95] and supports (2.2).

Algorithm 4.3.1 (c¢f. [PZ,a]) Computing the largest nonsingular leading principal

tnverse.

Input: a field F and vectors g,,--- ,5,,7:1, ceey 1:1:,. from F»*1 sych that the matrix T =
T 1 LT(_Z?})L(E) has generic rank profile.

Output: An integer p < n and vectors 51,—-',5,,, 51,---,5,, i, Tm € F**1m =

1,2,---,r, such that p = rank(T) and T;* = 37,1 L(tim) LT (Fm).

B C

1. Represent T as T' = ( ) , as in (2.3), for k = [5],where the k x k submatrix

B of T is singular if and only i}t?k .>I p (since T has generic rank profile). Apply Algorithm
4.3.1 recursively to the input matrix B replacing T. (Note that the first k components of
the given vectors g; and ’.-;1 define a d.g..(B).) If p > k, the output of this stage is the
desired output of the algorithm. Otherwise, the matrix B is nonsingular, and then obtain
ad.g.42(B 1) for F=F_ and ad.g..(B~!) for F = F;.

2. Apply Lemma 4.3.3 for F = F, to compute a d.g..(S) for § =J — E B~1C.

3. Apply the algorithm recursively to the Toeplitz-like input matrix S, replacing T.
Output p = rank(T") = k + rank(S).

4. By using Definition 4.3.1 and Lemmas 4.3.1-4.3.6, compute s.g.,(f’p’l) for FF = F,.

Let us specify stage 4. Consider the p x p leading principal submatrix, T-',, = (? C_;) .
G, DT € Ckx(e—k) R € Clp—¥)1x(e—k)_ Write § = R — D B~1G. Note that at the p?eceging
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stages we have computed d.g.-(G) and d.g.-(D) for F = F_, d.g..(B™1), d.g.2r41(—B~1G),

d.g.2r+1(—DB™1), and d.g..(8~1) for F = Fx. We obtain the following block representation:

_ My, M
I, = )
Mz‘]_ g—

where My = —B~1G §-!, My; = -§~1D B!, My, = B~' — M1 2D B~!. By applying

Lemmas 4.3.1-4.3.6, we compute d.g.,.(f‘;,' 1) for F = F4.

As in the Cauchy-like case of chapter 4, section 2, algorithm 4.3.1 outputs rank (A) as
a by-product and has immediate extension to the computation of a basis for the null space

of A.
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Chapter 5

Unified Algorithm for
Computations with Structured

Matrices

5.1 Some Major Classes of Structured Matrices

Hankel matrices and Hankel-like matrices of displacement rank r are obtained from
Toeplitz matrices and Toeplitz-like matrices of displacement rank r, respectively, by their
pre-multiplication (as well as by their post-multiplication) by the reflection matriz J, hav-
ing ones on its antidiagonal and zero entries elsewhere. (Note that J2 is the identity matrix.)
Toeplitz and Toeplitz-like matrix computations and, in particular, all results of chapter 4,
section 3 are immediately extended to Hankel and Hankel-like matrix computations, e.g.

H™! = T—1J, rank (H) = rank (T), and the null spaces of H and T are the same where

72
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T = JH. 1t is also straightforward to extend Algorithm 4.3.1 to Hankel and Hankel-like
computations directly; moreover (as noted in [PACPS98]), Remark 3.2.1 also applies di-
rectly to the Hankel-like Schur complements and Hankel-like extensions of Algorithms 3.2.1,
4.2.1 and 4.3.1 but not to Toeplitz-like Schur complements and Algorithm 4.3.1.

A= (=] )?}jo is an n x n Vandermonde matriz (denoted by V(Z)). Vandermonde-like
structure can be defined in terms of the operator A — D—1(f)A — AZ7, for a fixed vector
t (or in terms of some similar linear operators [BP94], [GO9%4a]): For a field F and for a

vector £ = (t;), t; # 0, i = 1,...,n— 1, we call a matrix A € F**" a Vandermonde-like

matrix if

DY ()A - AZT = GHT; G,H € F™*", (1.1)

r = O(1). (Cleatly, r = 1 for V(£).) Then the pair of matrices (G, HY) is a (D~(%), Z27)-

generator (or scaling/displacement generator) of length r for A, and we have

A=D® ¥ D)V OLF ()
m=1

for §m, i defined as in Lemma 3.1.1 and for L(¥) defined as in Lemma 4.3.2. The minimum
r in all such representations of A is called the (D~1(t), ZT)-rank of A.

Our study of Cauchy-like matrices in sections 2-5 and, in particular, Theorems 3.2.2,
4.1.1, 4.2.1, Corollaries 4.1.1, 4.1.2, Remark 3.2.1, Algorithm 4.2.1 and the complexity
bound (2.3) can be easily extended to the Vandermonde-like case. On the other hand, the
latter bound can be improved to (2.5) for all cited computations with both Cauchy-like and

Vandermonde-like input matrices. This is achieved by means of general transformations
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proposed in [P90], which at the cost Vs, (n) reduce such Cauchy-like and Vandermonde-
like computations to ones with Toeplitz-like (or, alternatively, Hankel-like) matrices. In
particular, for a matrix A of (1.1), the matrix A = VT (£ 1)A (where {~! = (¢;!)) has
F_-rank r (cf. [BP94], Proposition 2.12 on p. 193) and shares with the above matrix A
its rank and null space (because VZ(t~!) is a nonsingular matrix). The rank and the null
space of A can be computed based on Algorithm 4.3.1 at the randomized cost bounded by
(2.5). The transition from A to A costs O(Vag,(n)))- On the other hand, s.g..(AF~1) is

immediately recovered from (1.1) , where F is the n x n matrix of discrete Fourier transform

[H95].

5.2 Operations with Matrices Represented by Their Short

(K, L)-generators

Our next goal is to accelerate the computations with structured matrices (versus ones with
general matrices) by relying on compact representation of these matrices via their (K, L)-

generators and on the following well-known estimates (cf. [P2000]).

Theorem 5.2.1 Let us write Zs,(n), To(n), Hy(n), Vi(n), VI(n) and Z,(n) to de-
note the numbers of ops required to multiply (over a field F) an n x n f-circulant,
Toeplitz, Hankel, Vandermonde, transposed Vandermonde, and Cauchy matrices, re-
spectively, by a vector. Then we have Zsy(n) = O((nlogn)loglogn), T,,(n) = Hy(n) =
O((nlogn)loglogn), Vo(n) = VI (n) = O((nlog? n) loglogn), Z,(n) = O((nlog?n)loglogn).

The factor loglogn can be removed if F supports discrete Fourter transforms at the
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order of n points.

Proof. VI (n) = V,(n) by Tellegen’s theorem (see [PSD70]). For other estimates, see e.g.

[BP94], [GO94]. a

Corollary 5.2.1 For three given scalars e, f , and (1 —ef)"! two matrices G, H €
F**¢  and three vectors §, t, and t — ft**1, let the matrices Ty, Tp, Vy(t,G,H) and
Z(s,t,G,H) be represented in the form (2.33)-(2.39). Then such matrices can be
multiplied by a vector by using at most LZ.,(n) + (€ + 1)Zfu(n) + (€ +2)n+ 1, (2L +

1)Zoy + nd, (Zfu(n) + Vu(n) + 2n)¢, and Z,(n)t + (3¢ — 1)n ops, respectively.

The next simple results (cf. [P2000]) show that the linear combinations, products and
inverses of matrices as well as the matrix blocks inherit the matrix structure of the input.
In the next section, we will specify and exemplify the applications of these results to the

design of superfast algorithms for computations with structured matrices.

Proposition 5.2.1 (a generator of a linear combination). Let XK + LX =G XH};,

Hx

YK + LY = GyHf. Then (X +aY)K + L(X +aY) = (Gx,aGy) for a scalar
HY

a.

The next result defines a generator of the matrix product and will enable transformations

among various classes of structured matrices.

Proposition 5.2.2 (¢f. [P90]). Let ~-XW + MX = GxHY, YU + WY = Gy — HF.
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Then
HLY
(XY)U + M(XY) = (Gx,XGy)
HY
Proof (XYY + M(XY)=X(YU +WY) + (- XW + MX)Y. a

For convenience, we summarize in Table 5 the correlation among the basic matrix pairs

(K, L) for the matrices X, Y, and XY of Proposition 5.2.2.

Proposition 5.2.3 (generators of blocks). Let n = 2m be even. Let us write

Ky K L Ly Xu Xi zim U
[{: ( 9L= ,X: ’Zf= (m) ’
K71 Koz Lay  Lj; X1 X2 U Z;

Gt H; Dl(ﬁ) 0
)
G2 H> 0 D»(%)

where K;j, Lij, Xij, and Di(7), for i,j = 1,2, as well as Zg"') and U are m xm

matrices, from F™*™: G; and H;, for i = 1,2, are m x £ matrices, from F™*{; U =

é(om)(é(,;"_zl T is a rank 1 matriz; e'f,m), é(,,?ll, are unit coordinate vectors, from F™*¢.

Let (2.37) hold. Then Xijf{jj + EiiXij = G{HJT + R;;, 4,7 =1,2, where
a)

Ry = (f X11 — X12)U + fU(X21 — X11),

Ry2 = f(X12 — X11)U + fU(X22 — X12),

Ry = (fX21 — X22)U + U(X1;1 — fX21),

Ra2 = f(X22 — X21)U + U(X12 — fX22),
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if X =Ty, K=2;, L =25, Rjj=Kjj + fU = ~Li = —Lg + fU = Z§™ + fU,

b)

Ry = f(X12 — X11)UT, Ryp = (X11 — fX12)UT,

Rz = f( X2z — Xa1)UT, Ryp = (X21 — fX2)UT,

if X = V;(£,G,H), K = -2F, L = D\(}), K3 = K;; ~ fUT = —(25™ + fU)T,
Ly = Li; = Dy(t),

c)
Ry =Ry =Ry = Rp2 =0
if X =C(5,t,G,H), K =—-D(t), L =D(3), K;; = Kj; = —Dj;(t), Li = L = Di(3)-

Proposition 5.2.4 (a generator of the inverse). Let XK + LX = GxH¥ and let

det X #20 in F. Then

X 'L+ KX '=(X"'Gx)(HEX™)
Proof. Pre- and post-multiply the matrix equation XK + LX = GxH% by X~1. a
(Note that the basic matrix pair (K, L) for X is mapped into the dual one for X -1)

5.3 Divide-and-Conquer Algorithm for Structured Matrices

Suppose that the input matrix X of generalized Algorithm 3.2.1 is given with its short

(K, L)-geﬁera.tor for (K, L) from Tables 2-4. The associated descending process defines the
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basic matrix pairs for all matrices involved in the CRF. This stage relies on Proposition
5.2.3 for submatrices, Proposition 5.2.4 for the matrix inversions, and Propositions 5.2.1
and 5.2.2 for matrix additions/subtractions and multiplications. To define the basic matrix
pair for a Schur complement (cf. (2.3)), we could have applied Propositions 5.2.1, 5.2.2,
and 5.2.4, but it is even simpler to compute the basic matrix pairs successively for X!
(based on Proposition 5.2.4), its southeastern block S—! (based on Propositions 3.2.2 and
5.2.3), and finally, S (by applying Proposition 5.2.4). Similarly, we proceed for other Schur
complements involved. Together with the basic matrix pairs (K, L), the descending process
defines the (K, L) ranks for all matrices of the CRF. (Here and hereafter, we slightly abuse
the notation by writing the same letters K, L for the basic matrix pairs of all matrices of

the CRF.)

Proposition 5.3.1 If the input matrix X of generalized Algorithm 3.2.1 is given with
its (K, L)-generator from Tables 2-j, then in the associated descending process the
computed basic matrix pairs (K,L) for all matrices of the resulting CRF stay in

Tables 2-4.

Proof is by recursive application of Propositions 3.2.2, 3.2.4, 5.2.1-5.2.4. a

In the lifting process of generalized Algorithm 3.2.1, we compute the O((m; + m){)
entries of a short (K|, L)-generator (of length £) for every m x m; matrix Y of the CRF (for
K, L defined in the descending process and for £ = 7k 1,(Y)) and, in the Toeplitz/Hankel-
like case, also the m or m; entries of the first (or last) column or row of Y, respectively,

so that the output fully defines the matrix by (2.33)-(2.38). The computation relies on
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equations (2.1)-(2.4), Propositions 5.2.1-5.2.3, Corollary 5.2.1, and Fact 1.2.3 (applied to
every matrix Y computed with its (K, L)-generator of length £ where £ > rx 1 (Y)). Such
a lifting process will be called compressed computation of Y. Similarly, we operate with
short generators when we represent the matrices F' and N of (2.8), e.g. implicitly by a
short generator of the matrix —X ;' X;>. Summarizing and taking into account the bound
O(r) of Proposition 5.3.1, we obtain the following estimates (cf. (2.7) where c is defined by

(2.33)-(2.36), Theorem 1.2.5 and Corollary 5.2.1).

Theorem 5.3.1 (cf. [P2000]). Let an n x n input matriz X of generalized Algorithm
3.2.1 have generic rank profile and have (K, L)-rank v for (K,L) of Theorem 1.2.5.
Let X be given with its (K, L)-generator of length £, r < £ < n. Let Zs,(n), Ty(n),
Vy(n) and Z,(n) be defined as tn Corollary 5.2.1. Then the compressed computation

of a full output set of this algorithm requires O(nf) words of memory and
Fi.r(n) =0(*n+ M, K'z,(n.)r2 logn) (3.1)

ops where
M, k,L(n) = Z5(n) (3-2)

Jor K=—-L=2Zf and K = Z}‘, L =-Z;, for any scalar f,
M, k,1(n) = Vy(n) + Zfu(n) (3-3)
for K =-2T, [ = D7}(t) for any scalar f,
M, k,L(n) = Z,(n), (3.4)

for K = —D(), L = D(3)-
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Remark 5.3.1 Generalized Algorithm 3.2.1 amounts to recursive application of Propo-
sitions 5.2.1-5.2.8, Corollary 5.2.1 and Fact 1.2.8. As soon as the latter results are
extended to the matriz structure definied by a fired basic pair (K, L), the algorithm,
Theorem 5.8.1 and Corollary 5.4.1 of the next section can be extended. In particu-
lar, based on equations (2.87), (2.89), one may tmmediately extend the estimates of
Theorem 5.3.1 and Corollary 5.4.1 to the case of all basic matriz pairs (K,L) from
Tables 2-4. We also have an itmmediate extension to the case of the basic matrix
pairs (Zo + Z¥, —Zo — 2% ) and (Zo — Z§, ZT — Zg). Both of these pairs define the

class of Toeplitz-like + Hankel-like matrices (see [BP93], [BP94], pp.185-188).

5.4 Transformations Among Structured Matrices and Accel-
eration of Vandermonde-like and Cauchy-like Computa-
tions

For the Vandermonde-like and Cauchy-like input matrices X, we may further improve the
asymptotic cost estimates of (3.1), (3.3), (3.4) to yield the Toeplitz/Hankel-like level of
(3.1), (3.2) by applying Proposition 5.2.2 and Table 5 (cf. [P90]).

Indeed, let Y = Vj(,G,H) (cf. (2.35)) and write U = —Z7, W = DI(f), X =
-VI{#), M = Z;, YU + WY = GyHY; Gy, Hy € F**£. Then we have MX — XW =
~VI@ED () - Z;VT(t) =&t - f i"‘l)TY, and application of Proposition 5.2.2 yields
~(XY)ZT + Z{(XY) = (XY)U + M(XY) = (XGy)HE + &(({F* - f-1)7Y), that is,

we obtain a (—ZF, Zy)-generator of length £ + 1 for the matrix —V{ (f)Y. By (2.35) and
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Corollary 5.2.1, this computation requires multiplication of X = —V7(t) by Gy, and of the
vector (! — fi’“l)T by Y, that is, (VI (n) + 2n — 1)¢ = O((¢nlog? n) loglogn) ops (not
counting O(n logn) ops for the computation of the vector t—! — ft*~!).

Similarly, we compute a (Z}’ » —Z)-generator of length £ + 2 for the matrix
VT(5-1)YV(i~!) provided that a matrix Y = C(5,t,G, H) of (2.36) is given with its
(—D(t), D(3))-generator of length €. The computation uses (VI (n) + Vi(n) + O(n))¢ =
O(nflog® n) loglogn) ops. By Theorem 5.2.1, we may compute a full output set of gener-
alized Algorithm 3.2.1 applied to the respective Hankel-like input matrices,

X = -VI{)V}(E G, H) or X =VT(571)C(5,1,G, H)V(f"'), at the cost bounded according
to (3.1), (3.2). Then we may obtain easily the partial output sets (cf. Definition 3.2.2) of
the same algorithm for the matrices Vj(, G, H) and C(5,t, G, H) at the cost dominated by

(3.1), (3.2). More precisely, we obtain

Corollary 5.4.1 Under the assumptions of Theorem 5.3.1, generalized Algorithm
3.2.1 applied to compressed computation of a partial output set of the matrizx X re-
quires O(nt) words of memory and V,(n)+ Fxk,.(n) ops, for Fi,.(n) bounded by (3.1),

(3.2), that is, Fi 1(n) = O(n€? + (nr?log?n)loglogn) over any field of constants.

The above transformations among various classes of structured matrices use Vander-
monde multipliers, as this was proposed in [P90]. In the special case where 5 and/or £
are the (scaled) vectors of roots of 1, the Vandermonde multipliers turn into the matrices
of (scaled) Fourier transforms (Fourier multipliers). In this special case the transfor-

mations are simplified [H95], [GKO95]. In particular, next, we will simplify the above
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maps to Toeplitz/Hankel-like matrices for some important subclasses of the input classes
of Vandermonde-like and Cauchy-like matrices in the case where the field F supports the

n-point FFT. We will use the following definition and auxiliary results.

Definition 5.4.1 Write € = (¢°); 4, f = ()., provided that g" =e, h" = f; & =
(wi)?;ol where w ts a primitive n-th root of 1, w" =1, w* #1 fors=1,...,n - 1;

Q = (w9 ):,;10- (Q denotes the matriz of the n-point discrete Fourier transform, DFT.

In the complex field C, we may choose w = exp(2nv/—1/n), and we have QHQ =1.)
Proposition 5.4.1 (c¢f. [CPW74]). Let f #0, h™ = f. Then
Zs = U D(qw)Uy (4.1)

where

Uy = QD(f). (4.2)
Proposition 5.4.2 Let Jt = hw, f =h" #0, X = JV;(t,G,H)J,
XZ; - D Y Jt)X = GxH% (4.3)
(cf. Table 3). Then we have (cf. Theorem 1.2.5a) that TfZ; — ZsTy = GHT,
G =U;'Gx, H = Hx, Ty = Uf X, (4-4)
for U of (4.2).

Proof. Pre-multiply (4.3) by U}’l and substitute equations (4.1), (4.2) and (4.4). a
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Proposition 5.4.3 (c¢f. [P90], [H95], [GKO95]). Let § = gis, t = hifl, e = g™ # 0,

f=h"#0,Y =C(5,t,G,H). Define U,., and Uy by (4.2). Let
YD() - D(3)Y = Gy, Hy (4.5)
(cf. Table 4). Then we have (cf. Theorem 1.2.5a) that TZ. — Z;T = GHT,
G =U;'Gy,HT = H{U.,T =U;'YU.. (4.6)

Proof. Pre-multiply (4.5) by Uf'l , post-multiply by U,., and substitute equations (4.1),

(4.2), (4.6), and U, = Q2D(€), which is a variation of (4.2). a

Remark 5.4.1 The equation TZ. — Z;T = GHT defines a (2., —Zy)-generator (G, H)
for T. Equivalently, we have TZ; — Z;T = GHT where G = (G,Te®), H = (H,(f —
e)e* 1). By Theorem 1.2.5a) for T, G, H replacing Ty, G, H, respectively, we con-
clude that (G,H) is a (Zy,—Zy)-generator for T, whose length increases at most
by 1 versus the (Z, — Z5) generator (G,H). Proposition 5.4.3 enables us to avoid
even such a minor increase of the length. Indeed, by Theorem 1.2.5d, we express
Y = C(5,t,G,H) by applying (2.36) and then to obtain a (Z.,Zj)-generator of the

same length £ for the matriz T, by applying (4-6).

By extending Propositions 5.4.2 and 5.4.3, we may transform the (K, L)-generators of all
the Vandermonde- like and Cauchy-like matrices associated with basic matrix pairs (K, L)
of Tables 3 and 4 (at the cost of 1 or 2 diagonal scalings and performing 1 or 2 DFTS) into
generators of the same length for Toeplitz/Hankel-like matrices provided that K and L are

of the form +Zy, :{:Z}' and/or £D(gw) for two scalars, g and f = g" # 0. The first (or
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last) column or row of every resulting matrix can be also computed easily. (All the above
computations are further simplified slightly in the case where ¢ = f = 1, D(f-) = I, and

Uy =Q.)

Remark 5.4.2 One may post-multiply (4.3) by U}‘l (¢f. (4-2)) and then substitute
(4.1) to map the Vandermonde-like matrix X of (4.3) into the Cauchy-like matriz
XUF?! satisfying the matriz equation (XU;*)D(gw) — D (JE)(XU; ') = Gx (HRUFY)-
Simzilarly, we may map every matriz pair of Table 8 into one of Table 4 and also
any Toeplitz/Hankel-like matrix into a closely related matriz from either of Tables 3
and 4. [GKO95] uses such maps to improve Toeplitz-like matriz computations with

ptvoting.

5.5 Transformations of a General Matrix X into a Matrix
with Generic Rank Profile and an Extended Randomized

Algorithm

To relax the generic rank profile assumption for the input, we may apply our computations
with pivoting, but pivoting generally destroys matrix structure. As an exception, we may
preserve Cauchy-like structure in Gaussian but not block Gaussian elimination, with pivot-
ing, that is, where we eliminate the variables one by one, rather than by blocks, but in this
case the best resulting algorithms involve order of n? ops [GKO95].

On the other hand, for nonsingular real or complex matrices X, symmetrization ensures

strong noﬁsingularity and preserves all the structures of Tables 2-4. (Exception is the
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Cauchy-like complex case where symmetrization generally destroys the structure. In the

real Cauchy-like case, one should use implicit representation of X7 X or XX7 by the pair

of generators of XT and X in order to satisfy the assumption of Definition 1.2.2 that s; # t;
for all 4.)

Next, we will apply randomization to transform (over any field F) a general (unstructued

or structured and possibly singular) matrix X into one having generic rank profile. We will

use the following result.

We also have

Theorem 5.5.1 (cf. [M82], [C841]). An n x n Cauchy matriz C(,t) is nonsingular
if and only if all the 2n components of the vectors 5 and t are distinct. Every square

submatric of nonsingular Cauchy matriz is nonsingular.

Next, for a given matrix X, we will define some pairs of random structured matrices

(preconditioners) A and B to yield generic rank profile for the matrix
X = AXB. (5.1)

Our next result generalizes one of [KS91] for triangular Toeplitz preconditioners Az, B,

(cf. also unstructured preconditioners used in the pioneering paper [BGH82|).

Theorem 5.5.2 (¢f. [P2000]). Let us be given a matrix X € F**", and sic vectors

1

- -

, @ 8, U, § = (y;), £ = (z;) € F**1, where each of the two pairs of vectors p, §

)

nd @, U i3 filled with 2n distinct scalars, yo = zp = 1, and yj, zj are tndeterminates

for j > 0. Let T = (1)2) = X% &. Then the matriz X of (5.1) has generic rank
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Proﬁle if (Av B) = (AG’Bﬂ)t (asﬂ) € {(1, 1)’(2’2), (1,2),(2, 1)} where A; = C(i’.,é:i.,g),

By, = C(#&,7,%,1), A2 = ZJ(§), B2 = Zo(3)-
Proof.See proof of Theorem 4.2.1. a

Corollary 5.5.1 Under the assumptions of Theorem 5.5.2, let the values of the 2n—2
variables, y; and z;, j=1,...,n—1, be randomly sampled from a fized finite set S of
cardinality |bfS|. Then the matrix X = AXB of rank p has generic rank profile with

a probability at least 1 — (p+ 1)p/|S|.

Proof. det X isa polynomial in the variables y1, z1, - . ., Yn—1, 2n—1, of a total degree at most
2k for k < p it does not vanish ident.ically in these variables by Theorem 5.5.2. By Lemma
4.1.1, it may vanish with a probability at most 2k/|S| under the random sampling of the
variables. Therefore, the probability that neither of det X(*) vanishes under the random
sampling is at least J[f_,(1 — 2k/|S]) > 1 —- (p+1)/|S|. a

Corollary 5.5.1 can be combined with generalized Algorithm 3.2.1 as follows.

Algorithm 5.5.1 Randomized computation of a partial output set for a general ma-
triz.

Input: a field F, a pair (a,8), a, B € {1,2} an n xn matriz X € F**", and a vector
b e Fr<l,

Output: a partial output set of generalized Algorithm 3.2.1 applied to X.

Computations:

1. Fiz a finite set S of non-zero elements of F (cf. Remark 5.5.3 at the end of

the éection) or its extension and randomly sample from S the 2n — 2 elements
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¥i,zi,i =1,...,n — 1, defining two matrices, A = A, and B = Bg, of Theorem

5.5.2.
2. Compute the matriz X = AXB.

3. Apply-generalized Algorithm 3.2.1 to the matriz X, which in particular outputs

p rank X.

4. Compute the matrices F and N of (2.8) for X replaced by X. Verify whether
the matriz XN (formed by the n — p last colunms of the matrix XF) is a null
matriz. If "not", output FAILURE, which indicates that the randomization

failed to tnsure the generic rank profile property for X.

5. Otherwise compute the matrizx BN whose columns form a basis for the null

space of X.

6. If the linear system X = Ab has no solution 1, then also the system X§ = b
has no solution §. In this case output INCONSISTENT. Otherwise compute a

solution @ to the former system and then a solution §j = Bw to the latter one.

7. If p=n, compute X! = BX~1A and det X = (det X)/((det A) det B).

Correctness of Algorithm 5.5.1 is easily verified based on (2.8), (2.9) and (5.1).
The computational cost (in the case of a general matrix X) is clearly dominated by the
cost of the application of generalized Algorithm 3.2.1 (we ignore the cost of generation of

random parameters).
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Remark 5.5.1 One may re-apply Algorithm 5.5.1 in the case if FAILURE ts output.

In v applications, the probability of outputing FAILURE v times is at most ((p+1)p/

1S1)~

Remark 5.5.2 To increase |S|, one may need to extend F if F contains only a few
elements. Operating in the extension Fz]/q(z) for an trreducible polynomial q(z) of
degree d increases the cardinality of F by factor 22 at the price of increasing the time

cost of our computations by, factor O(dlogd).

Remark 5.5.3 The restriction that the set S should not contain 0 is needed to tnsure
nonsingularity of the matrices A and B except for the case where A = Az, B = Bs.

In the latter case we may let S contain 0.

Remark 5.5.4 Instead of A> and B>, we may choose A3 = Z}'(g‘), B3 = Z¢(Z), for
an indeterminate f. Then, clearly, Theorem 5.5.2 is extended. If the value f is
randomly sampled from the set S, the proof of Corollary 5.5.1 is also extended,
except that the degree of det X (as a polynomial in f,y1,21,-.-,Yn—1,2Zn—1) s doubled,
and so is the failure probability. Such a minor deficiency can be weighted wversus
the minor acceleration (by roughly factor 2) of the complexity of the computations
with triangular Toeplitz matrices A; = ZX(§), B2 = 2§ (Z) in the transition to the

f-circulant matrices Az = Z§(§), Bs = Z§(2) for f #0.

Remark 5.5.5 The results of this section rely on using Cauchy-like multipliers A,, Bj,

and Toeplitz multipliers A2, Bz, A3, B;. Vandermonde multipliers of section 6 could
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be also used, but then we would have dealt with polynomials of degree as high as

(p +1)pn/2, with the resulting increase by factor n of the failure probability bound.

5.6 Randomization for a Structured Input Matrix X

Let us next show appropriate choices of the matrices A and B of (5.1) that preserve the
structure of some sample matrices from Tables 2-4. (The extension to all other matrices of
these tables is straightforward.)

a) For X =Ty, X = JTy, and X = TyJ (cf. (2.33), (2.34)) and also for X =Ty + JT,
we may choose A = Az, B = B; or A = A3, B = B3 (cf. Remark 5.5.4), thus preserving
the Toeplitz/Hankel-like structure of X in the transition to X (cf. Proposition 5.2.2 and
Tables 2 and 5).

b) For X = C(5,t,G, H) (cf. (2.36) and Tables 4 and 5), we choose A = A;, B = By,
§=75, @i =t and arrive at X = C(f)’,'z'i,é,fl) where we may choose any pair (7, ¥).

¢) For X = V{(t,G, H) (cf. (2.35) and Tables 3 and 5), we choose A = A;, B = B, with

Z = —t! and arrive at the matrix X = VF(-571, G, H), for G, H defined by Proposition
5.2.2, where we may choose any vector —!. Likewise, for X = Vj(t,G, H), we choose
A = A;, B= B, with §=t"! and arrive at the matrix X = V;(—%, G, H), for G, H defined
by Proposition 5.2.2 where we may choose any vector 7.

Clearly, in all cases a)-c) above, the matrix X belongs to the same class of structured
matrices of Tables 2-4 as X does. We also deduce from Proposition 5.2.2 that the length

of the generator for X increases by at most 2 in the above sample transitions to X It

follows immediately that the estimates of Theorem 5.3.1 and Corollary 5.4.1 apply to the
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randomized computational cost of performing Algorithm 5.5.1 too.

Moreover, in the case of Vandermonde-like and Cauchy-like computations over the fields
F that support FFT at n = 2" points for an integer h, we may achieve the cost level (3.1),
(3.2) in the cases b) and c) above as a by-product of randomization, by choosing p = gw
and ¥ = hw for any nonzero scalars g and hk such that the vectors g and ki have 2n
distinct components and by applying Propositions 5.4.2 and 5.4.3 to the matrix X and to the
matrices of smaller size involved in the computations by generalized Algorithm 3.2.1 applied
to X. (By Propositions 5.2.1-5.2.4, the structure allowing application of Propositions 5.4.2

and 5.4.3 is preserved for the latter matrices of smaller size.)

5.7 Simplified Expressions for the Generators of Schur Com-

plements

The computations of short generators of Schur complements in the generalized Algorithm
3.2.1 can be a little simplified based on the next result (cf. [P2000]), which generalizes one

of [GO94a], [OP98] (where it was assumed that K2; = L1z =0).

Proposition 5.7.1 Under the assumptions of Proposition 5.2.3, let X1;, be a non-
singular matriz. Then the Schur complement S of X11, tn X satisfies the following

matriz equations:

SKax + LS = (G2 — X1 X[1'G1)(HF — HY X{7! X12) + R,

R = SKnXﬁlXu + XnXﬁlleS. (7.1)
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Proof. Recall Proposition 3.2.2 and the definitions of Proposition 5.2.3 and also write
Xu X
rore (2 7)

X, S1
Deduce from Proposition 5.2.4 that KX + XL = XGHTX. Deduce from the latter
equation that K2oS~ ! +S Lo + K21 X 12+ X21L12 = (X21G1 +S71Gy)(HF X 12+ HEF S71)
and consequently SKo2 +L22S = (SX2:G +G2)(HF X128 +H2T )~SK2:X12S—SX21L12S.
Substitute the expressions from (2.4) for X12S and SX5;, and obtain Proposition 5.7.1. O
By (7.1), we have rank R < rank K5; + rank Li2. The expressions of Proposition
5.7.1 for a (K, L)-generator of S are the simplest where K33 = Lj2 = 0, which implies
that R = 0 (cf. (7.1)). This is the case where K = —LT = ZT; K = -Z¥, L = D~\(t),
and K = —D(t), L = D(3), which correspond to the Hankel-like, Vandermonde-like and
Cauchy-like structures, respectively. In the Hankel-like case, this implies dealing with Z}'
for f =0, that is, we must operate with triangular Toeplitz matrices, which means a minor
slowdown (roughly by factor 2, [BP94], pp. 133-135) versus the same operations with f-
circulant matrices involved in the case where f # 0. The cost of such a slowdown can be

weighted versus the decrease of the cost of handling non-null matrices R of (7.1) when we

shift from f #0 to f =0.
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