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Abstract

A  Unified Approach to  Structured Matrix Inversion and an Extension to Fast Solution to

Trummer’s Problem

by

Stephen V. Providence

Advisor: Professor Victor Y. Pan

We extend to any input, the Greengard and Rokhlin multipole algorithm for solution to 

Trummer’s problem or the problem of multiplying a Cauchy m atrix by a  vector. We use 

matrix transformation equations (cf. [PACLS,a]) to transform Trummer’s problem into 

one or more special Trummer’s problems, where we choose one of the input vectors. Our 

choice of input vector bypasses the weakness in the multipole algorithm of having some 

difficult inputs and along with transformation via matrix equations, allows us to exploit 

the speed of the F F T  and inverse the FFT. We present a  superfast divide-and-conquer 

algorithm to invert strongly nonsingular, nonsingular, and singular structured matrices of 

the basic classes. Operators of displacement and scaling which produce generator matrices, 

together with discrete cosine or disrete sine transforms (cf. [GK095]), transform structured 

matrices into Cauchy-like matrices. When applicable, symmetrization is used to ensure 

strong nonsingularity. Randomization may transform a given input structured matrix into 

one of generic rank profile (GRP). A strongly nonsingular Cauchy-like matrix or a  Cauchy- 

like matrix with GRP may be inputs to our superfast divide-and-conquer algorithm. We 

use short matrix generator blocks as input to our algorithm.
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Chapter 1

Motivation and Preliminaries

1.1 Introduction

Structured matrices are omnipresent in computation for sciences, engineering and commu­

nication. Particularly important are Toeplitz, Hankel, Vandermonde and Cauchy matrices 

and matrices having related structure. We first study the basic operation of multiplication 

of a Cauchy m atrix by a  vector, called Trummer’s problem, having im portant applications 

to solutions to integral equations, particle simulations, and conformal mapping, among oth­

ers. We propose a  matrix transformation that enables us to extend the application of the 

celebrated Fast Multipole algorithm (proposed by Greengard and Rokhlin) to the general 

input class of Cauchy matrices. Moreover, our techniques enables an extension to this ef­

fective algorithm to yield a  fast and numerically stable solution of the classical problems of 

multipoint polynomial evaluation and multipoint polynomial interpolation.

Our second topic is recursive factorization of structured matrices which enables us to

1
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compute the rank and the determinant of the input matrix, as well as its inverse (if the 

matrix is nonsingular) and a basis for its null space. This approach was previously developed 

for Toeplitz and Toeplitz-like matrices yielding nearly optimal (nearly linear time and space) 

computations. We first extend such a  divide and conquer approach to the case of Cauchy- 

like input. Then we propose a unified approach covering all the four fundamental classes of 

structured matrices. We propose some special techniques to  handle singularity by means of 

randomization, and we follow the ideas of [P90], [P2000] to improve the resulting algorithms 

further by using transformations among various classes of structured matrices.

The n x n  dense structured matrices are defined by 0 (n )  parameters, and their structure 

enables dram atic acceleration of computations with such matrices. For example, an n x n  

Toeplitz m atrix T  =  [ti-j] can be multiplied by a  vector over any field of constants by using

TMv(n) = 0 ( (n  log n)loglogn) (1.1)

arithmetic operations [BP94] versus 2n2—n for general n x n  matrices (hereafter, we refer to 

arithmetic operations as ops). Furthermore, the well-known divide-and-conquer algorithm 

of [M74], [M80], [BA80] (hereafter, we refer to it  as the M BA algorithm) rapidly computes 

the recursive triangular factorization of T, as well as T -1 , detT , and the solution x  = T ~ lb 

to a  linear system T x  =  b. The algorithm uses

T r f (j i ) = 0 (T Mv(n) log n) = 0 ( ( n  log2  n) log log n)

ops over a wider class of Toeplitz-like matrices, having structure of Toeplitz type defined 

by associated displacem ent operators [KKM]. The algorithm is called superfast because 

it runs in almost linear time versus both cubic time of Gaussian elimination and quadratic
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time of some other known fast algorithms such as Levinson’s and Trench’s [GL], In  [BP93], 

[PZ,a], (PACPS98), [OP98], the MBA algorithm was extended to other structured matri­

ces, in particular, to Toeplitz-like +  Hankel-like matrices [BP93] and to Cauchy-like and 

Vandermonde-like matrices [PZ,a], [PACPS98], [OP98], [P2000]. The reader is referred 

to [BP94], [KS99], [PACLS,a], [OP98], [OS99] and to  the bibliography therein o n  various 

applications of structured matrices. In  many cases, in particular in application to  signal pro­

cessing, Pade approximation and sparse multivariate polynomial interpolation, one needs to 

solve singular Toeplitz-like, Vandermonde-like or Cauchy-like linear systems of equations.

Kaltofen in [K95] extended the MBA approach to the solution of a  singular Toeplitz-like 

linear system of equations. We will do the same thing in the Cauchy-like case and  will also 

ameliorate slightly the algorithm of [K95] in the Toeplitz-like case. Our algorithms use

Tsing(n) =  0 (T Mv(n) logn) (1.2)

ops in the Toeplitz-like case (as in [K95]) and

C « n S(n )  =  0 (C Mv(n) logn) (1.3)

ops in the Cauchy-like case. Here,

C \fv(n) =  0 ( (n  log2  n) log logn) (1.4)

is the number of ops sufficient to  solve T ru m m er’s problem  of multiplication o f an  n  x n

Cauchy matrix by a  vector over any field of constants F  (cf. [BP94], p. 130; [Ger87j,
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[PACPS98]). If F  supports FFT, then the factor loglogn in (1.1) and (1.4) can be removed. 

Our algorithms sample 4n random parameters from a  fixed finite set S  of cardinality |S | in 

the Cauchy-like case. In  Toeplitz-like case, they sample 2n — 2 parameters (versus order of 

n lo g n  in [K95]). Our algorithms may fail with a probability at most 2p(p +  1 )/|S [ where 

p  is the rank of the input matrix (versus Anp/\S\ in [K95]), otherwise they produce correct 

output. Besides being linear solvers, our algorithms (like one of [K95]) can be immediately 

applied to compute (at the same asymptotic computational cost) the rank of a  given m atrix 

and a  basis for its null-space and to verify the correctness of the output in all cases.

Trummer’s problem, besides being the main basic block of our algorithms for Cauchy- 

like computations, is highly important in its own right; its solution having several scientific 

and engineering applications. This motivated our work on its numerical solution. Currently 

the best is the  Multipole Algorithm by Greengard and Rokhlin. I t has some difficulties for 

certain input classes. Our contribution is a  novel method of the extension of the algorithm 

to any input (see chapter 2 ).

Our study of Toeplitz-like and Cauchy-like computations and, in particular, our asymp­

totic complexity estimates (1.1), (1.2) and (1.3), (1.4) can be easily extended to the study 

of Hankel-like and Vandermonde-like computations, respectively. The bound (1.3) is sup­

ported directly by our algorithms in the Cauchy-like and Vandermonde-like cases, but in 

both cases it  can be improved to the bound

T ,ing(n) +  0(V Mv(n)) =  0 ( (n  log2  n) loglogn) (1.5)

(assuming th a t an n x n  Vandermonde m atrix can be multiplied by a  vector in F]ifD(n)
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ops), by means of some general techniques proposed in [P90] for the transformation (at the 

cost 0{V\rv(n))) of various computational problems for Cauchy-like and Vandermonde-like 

matrices to the same problems for Toeplitz/Hankel-like matrices. (In fact, [P90] defined 

such transformations among all the cited classes of structured matrices in all directions.) 

The difference by a  logarithmic factor may be not decisive in practice, because of the role 

of other potential criteria (such as numerical stability and the decrease of the overhead 

constants hidden in the above "O" notation), so we show all estimates (1.1)-(1.5) and not 

just (1-1), (1-2), (1-5). Furthermore, we comment on further practical improvement in 

Remark 3.2.1.

On various applications of Cauchy-like algorithms, see bibliography in [OP98], [PACLS,a] 

and note that by using the cited transition to Toeplitz/Hankel computations we may save 

a logarithmic factor in the  complexity estimates versus ones of [OP98]. More dram atic im­

provement of the known record complexity estimates was resulted from the application of 

our algorithms to the list decoding of Reed-Solomon and algebraic-geometric codes [OS99], 

[SW98], [Su97]. The bottleneck of the list decoding is the computation of a nonzero vector 

from the null space of a  singular I x m Vandermonde-like matrix where I + m  =  0 (n ), n  

being the input size of the decoding problem. Application of our algorithms enables imme­

diate decrease of the record complexity of these computations by order of magnitude - from 

at best quadratic order of n 2  [OS99], [SW98], [Su97] to  almost linear order of n  (up to a 

poly logarithmic factor).

We organize this thesis as follows. In chapter 1 , we recall some definitions and auxiliary 

facts. In chapter 2, we recall Trummer’s problem and its solution by the multipole algorithm,
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and then extend the algorithm to  a  more general class of inputs. In chapter 3, we recall th e  

MBA algorithm and the results of [PZ,a], [PACPS98], [OP98] on its Cauchy-like extension. 

In chapter 4, section 1 we apply randomization to extend the latter results to the case o f a  

nonsingular but not strongly nonsingular input matrix. In chapter 4, sections 2 and 3, we 

cover the extension of Cauchy-like and Toeplitz-like solvers to the singular case. In chapter 

5, we extend our algorithms to the Hankel-like and Vandermonde-like cases (cf. [P2000]), 

effectively covering the four basic classes of structured matrix.

1.2 Structured Matrices

1.2.1 Basic Classes

D efin ition  1.2.1 W e define Toeplitz, Hankel, Vandermonde, Chebyshev- Vanderm onde

and Cauchy m atrices T  =  ( k j ) , H  =  (h jj) , V(x) =  (y ij) , Vp(x) C(s, t) =  (c tj) , re­

spectively, where k+ ij+ i  =  k ,j, hi+i j - i  =  h ij ,  vid =  x?, a j  = s =  (st), f  =  (U),

x  =  (xi), Si 7  ̂tj ,  fo r  all i  and j  fo r  which the above values are defined.

to i_ l  - • • t —n+l ho •' • hn-2 h n -1

ti t0 : ■ * * hn—i hji
, =

: * * - £_i hn—2 :

£n—1 • - • t l  to h n -1 hn • • • h2n-2
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Table 1.1: Definition of the Basic Classes of Structured Matrices
Toeplitz-like [KKMj F = Z i A  =  Z-y

Toeplitz-plus-Hankel-Iike 

[HJR], [GK], [SLAK]

F = Y o o

.... 
1

£II

Cauchy-like [HR] F  =  d ia g (c i,—  ,Cn) A  = diag(di , . . .  ,dn)

Vandermonde-like [HR] F  =  d i a e ( l / x i , . . . .  l / x n) A  =  Z i

Chebyshev-Vanderm onde-like [KO] F  =  d ia g (L /x i,. . . ,  l / x „ )

V ( x )  =

1 x 0 I-2 . . . 3-"-1 1 1 1Xg x0 1*0— *o-ti

1 Xl x f _n-l 1 1 1- - -  x t
, C ( I ,  t )  =

3I« * I—tl*-I

1 Xk_X o Tl-1 l 1 1' ' '  n—1 »n-l —to * • - 1  —tl *»l-i — tl* — 1

V P {x)  =

Po(Xo) Pl(x0)

PoCxi) Pl(Xl)

P«-l(x&)

Pn-^X i)

Po(Xn-l) Pl(xn_j) Pn—l(.&n—l)

0 (n )  parameters fully represent an n  x n structured m atrix.
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1.2.2 Matrix Multipliers

We write

Z ,=

0  0  

1  0  

0  1

0  1 0

In, particular Zq is the lower shift matrix.

7 1 0 

1 0  1  

0  1

0

0  1

0  1 5

z / p )  =  E  v‘z i  =
t= 0

Z f  • v =

Vo f v n - 1 f v n - 2  •••

v\ v0 /w„_l fV-n—2

V2 Vi

: V2

V n - 2

V n - 1  V n - 2

0 0 ••• 0 /

1  0    0

0 1 ' - .  :

* » • >• • • •

0  - 0  1 0

vo

vi

V n - l

f v 2 f v  i 

f v 2

fV -n —2

fVn—l

V2 Vi VO

f V n - 1

VO

Vl

V n - 2
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Also, we define the diagonal matrix =  diag(x) for a  vector x  =  (®o, x i , . . - ,  xn- i) :

x q  0   0

0  x i  :

Ds = \ \

: 0

0   0__ xn_i

1.2.3 Displacement Structure, Toeplitz and Toeplitz-like Matrices

We will next recall the fundamental concept of dislacement structure of matrices and some 

basic facts for their study, (cf. [KKM], [CKL-A87], [G0941, [BP94], [GK095], [P2 0 0 0 ]) Let 

matrices F, A  €  CnXn be given. Let R  €  C nXn be a  m atrix satisfying the Sylvester type 

equation

V {Fjl}(R ) = F  R - R  A  =  G B , (2.1)

w ith  given rectangu lar matrices G €  CnX“ , B  G CaXTl, where number a  is small in com­

parison with n. The pair of matrices in (2.1) is referred to as a  {.F, A}-generator of R  of

length a  and the smallest possible length a  among all {F, A}-generators of A is called an 

{F, A}-displacement rank  of R. The concept of displacem ent structure  was introduced 

in [KKM] using the linear operator V{Zo,z£}( ) '• C nXn —+ C "xn, which transforms each 

matrix R  to its displacement (in  S tein  form at),

V(Zo,2?}(R) = R - Z 0 R Z £  (2.2)

where the superscript (-)r  denotes transposition of a  matrix. The number

a  =  rankV^^rj (.ft) = rank(iZ — Z q ■ R -  Z q ) (2.3)
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is referred to a s  t h e  { Z q , Zj'l-displaceinent rank o f R- Definitions based on (2.1) and (2.2) 

are closely related to  each other. In particular we have

T h e o rem  1.2.1 Under the definition o f  the displacem ent rank based on  (2.1) w ith  

F  =  Zy, A  =  Z — i as well as under the defin ition  based on (2.3), the displacem ent 

rank o f a Toeplitz m atrix fo r  Toeplitz m a trix  R  does n o t exceed 2.

P roof: Given a  Toeplitz matrix T  =  [ti_j]1<t-J-<rl,

/  to t —1 t —2

T  =

t - n- i \

to t - 1

t - 2

t - 1

\ t n - 1 .........................  t 2  t l  t o  /

and lower shift circulant matrices Z\, Z_i, defined in section (1.2.2),

/ 0

1

Zi =

0

0

0

0

0  1 \  

0

0  1

VO

/ 0  0  0

1  0

,2-1 =

0 1 0 /

0  1

Vo

0 - 1 \  

0

0 

0 

0 /
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the Sylvester m atrix equation. V ^ li^_1 j(T ) — Z \ T  — T  • Z - \  — 

/ 0  0  0  ••• 0  1 \  / t 0  t_ i  t _ 2

1  0

0  1

\ 0  • 

(  to 

ti 

t2

0

t—1 t_2 

to t_  i

tl

V t„_ i
reduces to =

/ tn - l  tn - 2  ............

to 1 ..............

trt—3 r̂*.—4

Vtn- 2  tn- 3

t - 1

to

0

0

0 /

to t_ i

t 2

V tn _ i

t—n+ 1  ^

t2  t l

t—2  

t-1  

to /

/ o

1

0

0

1

Vo

to \

t —n+2 t _ n+ i

t-2

t - l  /

/  t-1  t_ 2

to t_ i

t2

0

tn -3  tn_4

Vt„_2 tTl—3

t —n+ 1  ̂

t-2  

t-1  

to /

0

0  

0  

0  /

t —n+1 to ^

t —n+2 —t l

t_ l  — t n -2 

to t n—I /

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12

(  (t»»-l ~  t - \ )  (tn-2 — t - 2)

0 0

(tl — t-n+l) 

0

V
0

0

0

0

0

0

0

f i p n - l

(tn-2 — t—2 )

VO/

(tl t_n+1)

to

(t—n+1 + ti)

(t-2 +  t n - 2 )

V(t_i + tn_!) /

with the {Zi,Z_i}-displacement generator.

For the Stein type matrix equation, V^Zo ^ j .(T )  = T  — Z q ■ T  

expansion
f  t o  t _ 1

tx 0

v {Zo.^}(T ) “

t—n+ 2  

0

tn-2 0

V.tn—1 0

0

0

2to \

(t—n+1 + tl)

(t-2 4- tn-2 )

(t_ i + t n - l ) /

( 0 \ T
0

0

V I/

■ 2 g*. we obtain a  similar

t—n+ 1  ^

0

0

0 /
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/  2  \ / ! \ 1 / i \ (  2

t l 0 0 t - 1

:
•

: + ;
•

;

t n - 2 0 0 t—n+ 2

\ t n - l ) \ o )
with the {Zq, Zq }-displacement Stein type generator. This proves that under bo th  defini­

tions, the displacement rank of any Toeplitz m atrix does not exceed 2. O

In fact, Theorem 1.2.1 holds true even for any choice of both Sylvester type operator 

V (Zc,zf }, e ¥z f  and Stein type operator V { 2 /  #  e, /  #  °-

V = £ o m . 6 £  ( a m ,6 m G C " ) ,  (2 .4 )
m= 1

since any matrix V  of rank a t most a  can be nonuniquely represented as a  sum o f a  products 

of vectors, (with small at). We will refer to any m atrix having displacement rank  a  as a  

Toeplitz-like m atrix (the designations of Toeplitz type  m atrix and close to Toeplitz  m atrix 

are also in use.) For the  operator V^Zq ZT}(-) of (2.2), it is shown in [KKM] th a t any m atrix 

€  Cnxn is uniquely determined by its displacement, and that equality (2.4) holds if and 

only if

R = ^ L ( a m) L ( b m)T, (2.5)
m=l

where L(a) denotes a  lower triangular Toeplitz m atrix whose first column is a .  The two 

basic properties of displacement rank are th a t it is preserved by the operations of inversion 

and Schur complementation.
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1.2.4 Chebyshev-Vandermonde and Chebyshev-Vandermonde-like matri­

ces

Next we will study Chebyshev-Vandermonde and  Chebyshev-Vandermonde-like matrices 

by following (KO]. Chebyshev polynomials of the  first kind Tq{x ),T i (x ), . . .  ,Tn- i ( x )  and 

of the second kind Uq(x ) , U ± U n- i ( x)  are the basis for the following Chebyshev- 

Vandermonde matrices

(  T0(x0) T\{xq) T„_i(xo) \

Tq(x i ) T i(x \)  -*• Tn_i(ari)
VT (x) =

Vu(x) =

\T o ( ln - l)  T l(z „ - l)  

(  U o ( x q )  U i ( x 0 )

Uo(xt) U f a )

(2 .1)

Tn—l(Xn—l) )  

Un-i(xo) \  

Un-  i(xi)

\U o(Xn-i) Ui(xn—i ) ••• Un- i ( x n- l)  )
It was shown in [G02] and [FHR93] that if xo, x i , . . . ,  Xn—i are n  distinct points, then Vp(x)

and Vu(x) are invertible and

V r ix ) -1 =  Do • H(d) • Do • VT (x)1 • diag(c), (2 .2)

V u ix )-1 =  H(e) • D0  • V u(x)r  • diag(c),

Vr ( £ ) _ 1  =  2 • D0  • H{a) • Do • Vu(£)T  • diag(c),

V u ix ) -1 =  2  • H(a) • D0  • Vr (*)r  • diag(c),

(2.3)

(2.4)

(2.5)
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where H( f )  stand for the Hankel matrix

# ( / )  =

(  fo
f l  f n —2 f n —l  ^

f l 0

I
f n —2  . * *  :

f n —2 f n —l  • * -

V  f n —l 0  . . . . . . . . . . . . .  0  )

D0 =  d i a g ( | , l , . . . , l )  and a ,c ,d ,e  €  C " are arbitrary vectors. Using the concept of 

displacement structure, we can generalize the above matrices to Chebyshev-Vandermonde- 

like matrices.

For Chebyshev-Vandermonde-like matrices, we extend the definition of basic classes of 

structured matrices where we choose

1 1 1  [?I
F  =  diag(-±-, - i - ) ,  A  =  2 • £  ( - I f - 1 ■ { Z l f  \

XQ X i  X n - l  “
(2 .6)

Here Chebyshev-Vandermonde matrices R  are transformed by the displacement operator

V{ f^ } ( R ) = F R ~ R ' A  = G B t  (2.7)

to the new class of Chebyshev-Vandermonde-like matrices.

Allow Vt ( x ) and Vu(x) to be Chebyshev-Vandermonde matrices as in (2.1), where 

*i, X2 , ■.., xn are nonzero. From the following recurence relations

T0(x)  =  l,T i(5 ) =  x ,T n(x) =  2x  - Tn_i(*) -  Tn_2 (x), 

U0(x) =  1, U ^x)  =  x, Un(x) =  2 x . Un- i( x )  -  U„_2 (x),

(2.8)

(2.9)
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it becomes obvious that Chebyshev-Vandermonde matrices possess displacement structure 

with respect to the displacement operator

= F  - R  — R -  A , (2.10)

where

F  = D i  =  diag(— , ^—)
* xo aci Xji—i

and

/ 0  2 0 - 2  0

0 0 2 0 - 2

A  = W  =
- 2

0

III
» - l  /  r r T \ 2 i ~ l

=  2 - E ( - l )  ' ( ^ o )

Vo ••• o /
where, as before, Z q is the lower shift circulant matrix.

Lem m a 1.2.1 Let V{D1}(‘) : C nxn —*• C "xn be the displacem ent operator given by
£

(2.9) and Dq =  d iag (|, Then the Chebyshev-Vanderm onde matrices satisfy

^ iD k w } (Y T ^ ) D o )  =

(  -T  \  *o
1_

( § 0 - 1 0 1 0  - I " ) , (2.11)
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_i_

( 1 0 - 1 0 1 0  - I - . - ) .  (2 -1 2 )V{Dl w } ( V u & D 0) =
X *

P ro o f. Substituting in  the. last equality in  (2.8), the sam e expression isolating Tn- 2 (p) 

and proceeding sim ilarly, we obtain the equalities

These two equalities are equivalent to (2.11). Form ula (2.12) is sim ilarly deduced

with small a  as a  Chebyshev-Vandermonde-like m atrix. The matrices (G, B }  are called a 

{£>4 , W }-generator of R , and th e  smallest number ct of columns over all possible generators

is called a  {D  i , W }-dislp lacem ent rank of R. The following theorem demonstrates that
£

any square m atrix can be recovered from its {Z)i, W }-generator. U(a) denotes an upper
S

triangular Toeplitz m atrix with first row a 6  C .

T h eo rem  1.2.2 Let V{D iiiv } (0 ^ nXri —► C "xn sta n d  fo r  the displacement operator in
x

(2.10), and let gm =  \gm,k]t=1 e  C lx“ , ^  €  C “ x l(m =  1........ n). Then the

fc=0

irn(x)-2 £  ( - l ) fcT „-1_ 2 fe(5 ) - ( - l ) a5 1 = 0 (n  =  1 ,3 ,5 ,...) .

from  recurrence relations (2.9). □

By analogy with (2.11) and (2.12) we shall refer to  a  m atrix R  of the

V {Di,M,}(i*) =  G • H r , G , B €
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unique solution R  o f  the  equation

V{£>x ,w} =  • R  — R - W  =

(  9 i \

92

Vjn /

(fcl ^ 2 M

ts given by

R  =  diag(c^) • V^(x) • £ > 0  • U(dm),
m=l

where Dq =  d iag ( |, 1, • • •, 1) an d

C m  =  [ ® m  ' !7 J fc ,m ]i< fc < n j =  [ 2 / l f c ,m  "f" 4  ^  1 ^ f c —2 « ,m ]

T/ie m atrix  R  also can be represented as

R =  £  diag(c^) - % (* ) • Ui&Tn),
m=l

KfcCn

(2.13)

(2.14)

(2.15)

where Om =  [afct m ] ^ _ 1 tw£/l ai,m =  a 2 ,m =  /*2 ,m ond ak,m =  hfc,m +  hk-2,m fo r

(fc =  3 ,4 , . . . ,n ) .

P roo f. Since the spectra o f  matrices D i and W  in  (2.10) have no intersection,
£

there is a unique m atrix , satisfying (2.13). Let R  be given by (2.14). Since D± 

and diag(cm) obviously com m ute, and W  and U(dm)  com m ute, being upper triangular 

Toeplitz matrices, we can w rite  V{£>Atiy |(R ) =

£  diag(cm) • V {Dk W}(VT (x) ■ Do)) • U(dm) =
m=l *
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r=l

j_
* 1

V ^ - r /
•••(§  0 - 1 0 1

 ̂Jl,m ^ f g i  >

a 92, m 92

£ • ( &l,m ) =
Z=1

\  9n,m ) < 9 n J

X„_l

) - ^ l

( / t l  /l2 fen),

and  (2.14) follows. Form ula (2.15) can he verified sim ilarly. □

1.2.5 Alternative Displacement Operators for Chebyshev-Vandermonde- 

like matrices

We seek alternate displacement operators for Chebyshev-Vandermonde matrices so that 

we can reduce them to  Cauchy-like matrices. Vandermonde-like matrices are a subclass of 

Chebyshev-Vandermonde-like matrices. Recall that Chebyshev-Vandermonde-like matrices, 

as described in the previous section 1.2.4 via the displacement operator of the form

V [F'A}{ R ) = F - R - R A (2.16)

where

F  = D i , A  = W
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are diagonal and upper triangular matrices, respectively (see (2.10)). Here we use

1  0  • • • 0 ^

F  =  2D£ = diag(2zo, 2 x i , . . . ,  2xn- i ) ,  A  =  Y yj =

1 0  1  

0  1 0

0  1

^  0  • • * 0  1 8 J

A  =  Y j36 =  Zq -f- Zq +7ebe^ +  8Sn^ ie ^_ 1

(2.17)

or

F  = 2D£ =  diag(2xo,2xu 2xn^ l ), A  = Zy +  Z f

where Z^ stands for the lower-shift circulant matrix

/  0    0  1 >

Z* =

1  0

0  1

(2.18)

^ 0  0  1  0 j

L em m a 1.2.2 Let «}(') : C nxn —► C nxn be the displacement operator given

by (2.16), (2.17), and  V {2 d_,^1 +^T}(') : C TlXTl —*• C nXTl be the displacement operator

given by (2.16), (2.18). T hen  Chebyshev-Vandermonde matrices satisfy 

f  xo — 7  \  /  Tn{xo) ~ 6Tn-i(xo) \

V{2£»irv ,.s}(Vr(x)) =
x i  - 7

\ X n - X  - 7 /

( 1  0 0 ) +

\ T n{x„_i) — 6Tn- l (x n- l )  J

( 0 0  1 ),

(2 .1 9 )
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v {2 £>*v.T-s }(*■?/(*)) = (I  0 0 } +

(  U n .(xo ) ~  6 U n —l ( x o )  \  

U n ( x  1) -  M/n-iC*!)

( 0

21

0 I ) ,  (2.20)

V-T-/ V U n ( x n - i )  -  /

/  x a —T „ _ i(x 0) \  /  TnOco) — L \

v {2D*,z1+z?'}(vr(£)) =
*1 — 7n-l(* l)

vXrx—I — 7 it-l(ln -x ) /

( 1  0 0 ) +
r n(xi) - 1

\T«(x»-t) -  1 /

( 0

(  —Un—l(xo) >

-t/~ -i(* 0

( Un(x0) 1 \  

tf»(xi) -  1
V{2O„ z1+z7->0M£)) — - ( L 0 ... 0) +

W n ^ - O - l /

- ( 0

o L),

(2-21)

0  1 ) (2 .2 2 )

P ro o f. Prom the recurrence relations (2.8) and (2.9) it immediately follows that only the 

entries in the first and last columns of the matrices on the left hand sides of (2.19)-(2.22) 

may differ from zero. Calculating these entries, one obtains the assertions of the lemma. □

1.2.6 Discrete Cosine and Discrete Sine Transforms matrices

The following shows th a t matrices Yyts where 7 ,6  €  {—1,1} or 7  =  6 =  0, can be diagonal- 

ized by Fast Trigonometric Transform matrices.

L em m a 1.2 .3  [KO] L e t Y ^s be defined as in (2.17). T hen

Yu  =  C D c C t ,Yoo =  S D s S ,  (2.23)

where

= [■ /!< *
(2Jb — 1) ■ (y — l)n \, , 1 . .

COS---------- 2 n ----------  i<fcj<n*(«  =  =  • ■' ■■ =  =  ’ •
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is the (normalized) Discrete Cosine T ransform -II m atrix,

V n + 1  n  4-1 l<fel<kj<n

is the (normalized) Discrete Sine T ransform -I m atrix, and

D c  =  diag(2 , 2 c o s (- ) ,2 cos(— ) , . . . ,  2  cos(—— — )), n n  n

D s  =  diag(2 , 2 cos(—7 t ) » 2 c o s ( - ^ - ) ,  . . .  , 2 c o s ( - ^ - ) ) .
Tl -J~ X H T  1 71 “t" 1

The next theorem show how to recover any m atrix  from its {2Dg, Voo}-generator.

T h e o re m  1.2.3 [KO] Let V j2 D£,yoo}(’) : C nxn —*■ C nxn denote the displacem ent oper­

ator in  (2.16), (2.17), and assume that

2tc
x 0, x i , . . . ,  zn -i n { CM( ^ r r ) ’cos( ^ r 7 ) ’ • * • =  01 ' n +  i  n  +  i  n-t-1

(2.24)

Then the unique solution R  o f the equation

( 9 i \

V [2D£ ,Yoo} ( R )  =

92

\ 9 n /

(h i  h2 • • • hn) , (2.25)

with rows gm =  [Sm,fc]fc=1 G C lx“ , and colum ns Rm =  [km,fc]*= i  G C£rxl, is given by

R  =  £  diag(c^) • Vv (x) • S  • D (< U  • 5 , (2.26)
m=l

where, as in  (2.23), S  stand fo r  the D S T - I  matrix,

! n - H

ck — Irr J ' I - /- mn \ Jm=l>UnXm m=l Sm^^+I7r̂
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and where u m =  €  C lx“  are determ ined from

fhT>

q2
=  s  -

w J \ h l )

P ro o f. In  view  o f  the assum ption in  (2.24), the spectra o f  the matrices 2Dg and Yoo 

have no intersection (see Lem m a 1.2.3). Therefore there is a unique solution R  o f  

(2.25). Let R  be given by (2.26). Note that since the points o f the second set in  

(2.24) are zeros ofU n(x), therefore 0(* =  0 ,1 , . . . ,  n —1) and R  is well-defined

by (2.26). Also, 2 D* and  D (c^) commute, and that Yoo and S  • D(dk) • S commute, 

since they are diagonizable matrices. Therefore, using (2.21) with 7  =  0, we have

V [2d £,Yoo}(R )  =  E  < K a g ( 5 » )  • V { 2 D f > y o o } ( V c ; ( a O )  • S  • D ( d ^ )  - 5  =
m=0

=  E  diae ( ^ )
Jt=0

f  Un(xy) \  

Un{x2)

\.Un(xn) )

( 0 0  1  ) - S D { d m) S  =

 ̂9 l,m  ^ ( 9 i \

a 92,m 92

E ’ (  hi'tn h 2 m̂  • • • h-n,m ) —
m = l * '•

\9 n ,m  ) 9 ti )

( hi  h2 On) ,

and (2.25) follows.
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1.2.7 Chebyshev-Vandermonde m atrix Reduction to a Cauchy-like ma­

trix

As observed in [HR], a  Cauchy m atrix C (x ,y )  =  satisfies the equation

f l \

( 1  1  ••• 1 ) ,

V l  /
where Dg =  diag(xo, x i , . . . ,  2 ^1- 1 ) and D g  =  diag(yo, y i , . . . ,  yn- i )  then Cauchy-like ma­

trices were introduced in [HR] as matrices w ith low {D£, £>jjr}-displacemnet rank. In this 

section we show th a t Chebyshev-Vandermonde-like matrices become Cauchy-like matrices 

after multiplication by Discrete Transform matrices, (cf. [H95], [GK095]).

T h e o rem  1.2.4 L et R  be a Chebyshev-Vanderm onde-like m atrix. Then  the fo llow ing  

statem ents hold.

(i)L et R  be given by {2D g,Yu}-generator  {G ,B }:

V {2 Df,yiI,(fi) =  2D* • R  -  R  • Yu  =  G  • B T G ,B  G CnXa (2.27)

Then R  - C is a Cauchy-like m atrix:

V { 2  d£,dc }(R C ) = 2 D£ ( R C ) - ( R C ) D c = G-  B t , (2.28)

where C  and D c  ore as in  Lem m as 1.2.3 and

B  =  C T  - B . (2.29)
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(ii) L et R  be given by {2D^, Yoo}-generator:

V {2 ^ .roo}(« ) = 2 D £ R - R - Y o0 = G - B t  G ,B  G C nx“

Then R  - S  is a Cauchy-like m atrix:

v {2 d£,ds }(R  S ) = 2  D£ ( R S ) - ( R S ) D s  = G-  B t  , (2.30)

where S  and D c  are as in  Lem m as 1.2.3 and

B  =  S T * B .

(iii) Let R  be given by {2D%, Z \  4- Z ^ }  -generator:

V {2 o £,z1+^ } ( ^ )  = 2D£ R - R . { Z l +  Z l )  = G - B t  G ,B e  C “x“

T hen  R  ■ F* is  a Cauchy-like m atrix:

V { 2  d£,Dc}(r  * F *) =  2D* • (« •  F ‘) ~ ( R F m) D c  = G.  B"T , (2.31)

where F  =  ^ [ e x p  ^ p (k  — l)(y — l)]1<fcj-<n stands fo r  the (normalized) D iscrete Fourier 

m atrix, and D c  =  diag(2 , 2 cos(^), 2 c o s ( ^ ) , . . . ,  2 c o s ( ^ j ^ ) )  and

B  = F  • B .

P ro o f. Recall tha t the m atrix Y u  is diagonized by the DCT-II matrix: Yu =  C  • D c  • C T , 

see Lemma 1.2.3. Substituting the latter expression into (2.27) and then multiplying it by 

C  from the right, we get (2.28). Formula (2.30) is deduced from Lemma 1.2.3 by similar 

arguments. Formula (2.29) follows from the knwon identities

Z 1 =  F * D 1F ,Z ?  = F * D l F ,
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where F  is the (normalized) DFT matrix and D \ =  diag(l, exp (^jp)), - - -, exp (~*p)(n — 1)- 

□

Formulas (2.30) and (2.31) suggest two efficient algorithms for solving linear systems with 

Chebyshev-Vandermonde matrices via transformation into Cauchy-like matrices, by exploit­

ing the FST and the FFT, respectively.

1 .2 . 8  S t r u c tu r e d  M a tr ic e s  a n d  T h e i r  G e n e r a to r s

D efin ition  1.2.2 T  =  G F nxn is a Toeplitz matrix i f  ti+ ij+ i =  =

0 , . . .  n  — 2. H  = (h £ jlo) G F nxn is a Hankel m atrix i f  h i+ ij- i  =  h*j, i  =  0 , . . . ,  n  — 2; 

j  = 1, . . . , n  — 1. V(t) =  ( t - ) ” ^ 0  G F riXn is a Vandermonde matrix, and  C (s,t) =  

(a ^Y-)n~1Q € F nXTl is  a Cauchy matrix, fo r  any pair o f  vectors s  =  («i)i=o , t  =  (tj)”_(J 

where Si ^  tj  fo r  every pair ( i , j ) .  (M any authors use the nam e "Vandermonde 

m a trix” fo r  V T (t).)

D efin ition  1.2.3 e €  F nx* is the i-th  coordinate vector having 1 as its  i- th  coordinate 

and 0  as all its o ther coordinates. 0  is the nu ll vector o f appropriate dimension. 

J  =  (ei) ^ _ n _ 1  is the reflection matrix, J v  =  (vi) ? =Tt_ 1 fo r  any vector v  =  ( u i ) ^ 1. D-s 

or D(v) =  diag(i>o,. . . ,  u„_i) — (viei) ^ 1 G F nXn is the  diagonal matrix with diagonal 

entries no,. . . ,  nn_ i . n* =  (u ^ )^ 1, fo r  v  =  (w*)^o ant^ an integer k.

D efin ition  1 .2 . 4  Z j  =  (e j,. . . ,  e^ -i, /eb) €  F nxn (for a scalar f  )  is the  unit /-circulant 

matrix, called the  unit circulant i f  f  =  1. (Z jv  =  ( fv n- i ,v o , . . .  ,v n- 2 ) fo r  v  =  (v»)t=o.^ 

Zf(v) =  $32^0 ViZy is  an  /-circulant matrix. Z\(v) is a circulant matrix, and Zq(u) is a 

lower triangular Toeplitz matrix, (cf. section 1.2.2)
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R e m a rk  1.2.1 To show more options in  choosing the operators associated w ith s tru c­

tured m atrices, we allow any f  when we define the matrices Z f  and Z /(y ) . In , our  

presentation, in  this thesis, however, we could have always stayed with the triangular  

Toeplitz case f  =  0 or with /  =  1 (the circulant case) and later on (in  (2 .33) a nd  in  

Rem ark 1 .2 .3  and 5-4-1, and Proposition 5.4-3) e  =  —1  fo r  the m atrices Cc(v) (the 

skew circulant case).

F act 1 .2 . 1  J 2 = I , Zq =  0, Z ( ff  fo r  /  #  0, J Z / J  =  Z j  fo r  any f  . JD (v )J D (Jv )  fo r  

any v.

F ac t 1.2.2 T J  and J T  are Hankel m atrices i f  T  is a Toeplitz m atrix, and  vice versa, 

H J  and J H  are Toeplitz matrices i f  H  is a H ankel matrix.

Next, we will show some generalizations of the classes of the structured matrices of 

Definition 3.2.1 in the form of (scaled or shifted) bilinear or trilinear combinations X  o f  the 

structured matrices of Definition 1.2.2 and diagonal matrices. Equivalently, such matrices 

are the solutions to Sylvester’s basic matrix equation:

X K  L X  — G H t  (2.32)

Here K , L  €  F nXTl and G, H  €  F nx/ are fixed matrices, and I  is small relative to  n . We 

will write T(G, H ), V (t, G, H) (with some subscripts) and C(s, t, G, H ) for matrices whose 

structure generalizes one of T, V(t)  and C (S ,i), respectively.

D efin itio n  1.2.5 Given two scalars e an d  f ,  e f  ^  1 , two vectors 5, t  €  F nx/ with
m m _

Si tj fo r  all pairs (i , j ), and a pair o f  n x .1  m atrices G =  (&)*_!, H  =  ( h i ) ^  €  F nx ,
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we write

T , =  T/(G , H ) = UZ,(T,So) +  £  Z/(& )Zj(S*))^//, f a r  f  +  0, (2.33)
A e /  Jfe=l

£
To =  T0 (G, H ) = Zo{T0eo) +  £  Z0(gk)Z £  (.Z0hk), (2.34)

fc=i
£

V>(t; G ,H )  =  £ > ((f-  / t 1̂ 1) " 1) £  D(gk)V ( t)Z j(h k), f t? +1 *  fc, * =  0 , . . . ,  n  -  1, (2.35)

C(s, t ,G ,H )  =  Y l  D(gk)C(s, ?)D{hk). (2.36)
fc=i

T/ie m a tr ix  pair  (G, H) is called a (K , L)-generator (or ju s t a generator) o f  length  

£ fo r  a m a tr ix  X  where K  =  — L  = Z f  fo r  X  = T j  and fo r  any scalar f ;  K  =  ~ Z j ,  

L  =  D - ^ t )  fo r  X  =  V f(t,G ,H ), and K  =  -JD(£), Ir =  £>(s) /o r  X  =  C (s ,t ,G ,H ) . For 

a fixed  (K ,L ), the m in im um  I  in  all (K , L)-generators o f  X  is called the (K , L )-rank  

or a generator rank o f  X  and is  denoted by r j c ^ X ) .  The operator X  —* X K  +  L X  is 

called a basic operator fo r  X ,  and the pair {K ,L ) is called a basic m a tr ix  p a ir  fo r  X .

The latter definition is motivated by the following results, defining m atrix structure in terms 

of the associated linear operators of scaling and displacement (shift) (cf. Remark 1.2.5 at 

the end of this section).

T h e o re m  1 .2 .5  A  m atrix X  satisfies Sy lvester’s m a trix  equation (2.32) i f  (G, H ) is 

a (K , L )-genera tor o f  X  fo r  the triples X ,  K , L  defined above, tha t is, i f

a) T fZ f  -  Z f T f  =  GHT under (2.33), (2.34),

b) ( J T f) Z f  -  Z j ( J T f ) =  (JG )tf r , (Tf J ) Z j  -  Z f (Tf J) =  G H T J ,  under (2.33), 

(2.34),
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c) D ~ l (/)Vf (t, G, H ) -  Vf (t, G, H ) Z j  =  G H T under (2.S5), and

d) D (s)C (s, t,G , H ) -  C(s, t, G, H )D (t) =  G H T under (2.36).

Furtherm ore, r x j , ( X )  =  rank ( X K  4- L X )  in  all these cases.

P ro o f. Parts a), c), d) of Theorem 1.2.5 easily follow from Theorems 1.1, 2.1 and 3.1 of 

[G094] (cf. also [G092]) and Theorem 2.11.3a) of [BP94]. Part b) follows from part a) and 

Fact 1.2.1. □

We immediately obtain short (K , L)-generators for the matrices T , H , V(t) and C(s, t) 

of Definition 1.2.2, and for all scalars /  we deduce tha t r z f ,- z f (T) < 2, TZ f _z j ( J T )  <  2, 

rz J , - z f (T J ) < 2. <  1  and < 1 . By generalizing /

these observations, we will say that for all scalars /  the matrices T j of (2.33), (2.34) are 

Toeplitz-like, J T f  and T fJ  are Hankel-like, V /(t, G, H ) of (2.35) are Vandermonde-like, 

and C(s, t, G, H ) of (2.36) are Cauchy-like if I  is small relatively to n, say if I  is bounded 

by a small fixed constant.

R e m a rk  1 .2 . 2  [BP94], [G094]. The solution to  Sylvester’s m atrix equation (2.32) 

is unique fo r  a fixed generator (G ,H ) and each basic pair (K ,L ) specified above. 

In  the Vanderm onde-like and Cauchy-like cases o f  (2.35), (2.36), there exists such  

a (unique) so lu tion  fo r  any fixed pair o f  m atrices G, H  € F rt5Cr. In  the T oep litz/ 

Hankel-like case o f  (2.33), (2.34), there exists a (unique) solution i f  and only i f  

E L i  Z f (gk)Z l / f (hk)T =  0 f o r f j L 0 o r  Z j  (gk)hk =  E l=i Zf (Jhk)gk =  0 fo r  f  =  0.

Thus, one m a y  take the dual point o f  view, tha t is, define the classes o f  structured
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m atrices by equation (2.32) and then apply Theorem 1.2.5 as a recovery theorem, 

defining som e explicit expression fo r  the solution m atrix  X  satisfying this equation.

Structured matrices X  of (2.33)-(2.36) can be completely represented by the 2in  entries 

of their (K , L)-generators (G ,H ), rather than by their own n2 entries (in the Toeplitz/ 

Hankel-like case, we need in addition the n  entries of the first or last column or row o f the 

matrix). Such a  compressed representation o f a  matrix is not unique. Moreover, I  may 

exceed rx ,L (AT), but this can be repaired by using our generator compression techniques:

F act 1.2.3 L et X  s tand  fo r  T f, Vf(jt,G ,H ) o r  C {s ,t,G ,H ) o f (2.33)-(2.36). L e t a 

(K, L) -generator (G ,H ) o f a length I  fo r  a m atrix X  and the (K ,L)-rank o f  X ,  

r  = rK,L,{X), he given as an input, together w ith f  and T/Sq, f  and t, or s and  t, 

respectively. Then  i t  is sufficient to use 0 ( l 2n) ops in  order to compute a (K ,L )- 

generator o f length r  fo r  X .

P roof. See Proposition A . 6  of [P92] or Problem 2.2.11b of [BP94]. □

R e m a rk  1.2.3 Theorem 1.2.5 can be used as a springboard fo r  the definition o f  the  

sam e or closely related classes o f structured m atrices based on the Sylvester equation  

(2.32) with d istinct basic pairs (K ,L ). For instance, the matrices Z f  — Ze, have rank  

1  fo r  e 5£ f ,  and th is immediately im plies close correlation between the classes o f  

{T/(G , H )} and  {Te,(G ,H )} o f Toeplitz-like m atrices as well as between {Vf{t, G, H )}  

and {Ve, (t, G, H )}  fo r  distinct e and f ,  fo r  a fixed I, and fo r  varying G, H  €  F nx* 

Parts a) and b) o f  Theorem 1.2.5 can be im m ediately extended to define a (Zff, —Z /)~  

generator fo r  T f, a (Ze, —Z j  )-generator fo r  J T f, and a (Z f ,  -Z f)-g en era to r fo r  T /J .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



31

Further variations o f the matrix equation (2.32) can be obtained by the transposition 

of the matrices on both  its sides, by its multiplication by a  scalar, e.g. by —1 , and /o r (cf. 

[GK095]) by its pre- and post-multiplications by some selected matrices. In this way, we 

obtain from (2.32) tha t

X t Lt  +  K t X t  =  H G t , (2.37)

X K  + L X  =  G H t , (2.38)

where X  = U X W , K  =  W ~ lK W , L  =  U LU - 1, G =  UG, H  =  H TW , and U  and W  is 

any fixed pair of nonsingular matrices. (Observe th a t the spectra of the matrices K  and L  

are preserved in the transition to K  and L.) In particular, for U = W  =  J ,  we obtain

(J X J ) (J K J )  +  ( J L J ) ( J X J )  =  JG H t J. (2.39)

We may also combine (2.37) and (2.38) together.

In all these variations, the representations (2.33)-(2.36) of a  matrix X  are immediately

extended to the matrices X T , X  and X T , in  particular, we immediately represent com­

pactly the m atrices U T /W , UVf ( t,G ,H )W , U V f  (t, G ,H )W , U C (s ,t,G ,H )W  fo r  any  

fixed pair o f nonsingular matrices U and  W .

Tables 2-4 summarize some particular, classes of structured matrices together with the 

associated basic m atrix pairs (K , L), which we obtained based on Theorem 1.2.5, equations 

(2.37) and (2.39) and Fact 1.2.2. Some other variations of K , L  of (2.32) and the respective 

extensions of Theorem 1.2.5 can be found in [BP94], pp. 187-188, [K096], (K097], [KS99J.

D efinition 1.2.6 T he basic m atrix pairs (K , L) and  (L ,K ) are called dual and if, in  

addition, K  = —L, then  self-dual.
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Table 1.2: Toeplitz/Hankel-like Matrices and Their Basic Matrix Pairs

X Tf n J T f T f J

K Zf - Z J Z f z j

L - Z f z j - Z J - Z f

Table 1.3: Vandermonde-like Matrices and Their Basic Matrix Pairs

X V f(t, G, H ) V j  (t, G, H )J J V f( t ,G ,H )J J V j{ t ,G ,H )J

K - z j D -H t) - Z f

L D -K ?) - Z f D -l(J F ) -Z J

Table 1.4: Cauchy-like Matrices and Their Basic Matrix Pairs

X C (s ,t,G ,H ) C (s, t , G, H )

K —D (t)

L D(S) - D ®
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R em ark  1 .2 .4  A ll basic m a tr ix  pairs  (K ,L ) appear in  Tables 2-4 together w ith the ir  

dual pairs (L ,K ) (up to scaling by —1). The basic m a trix  pairs (K ,L ) o f Table 2  are 

self-dual.

R em ark  1.2.5 For K  =  —L  — Z f  and K  =  —L  =  Z j , the basic operator X  —* 

X K + L X  m aps the m a tr ix  X  to  the difference between the two displacements (sh ifts)  

o f X  (in to  tw o directions orthogonal to eack other). t k , l { X ) ,  the rank o f such a 

difference, is  com m only called the displacement rank o f X .  The nom enclature is 

due to the sem inal pioneering paper) [KKM], where the Toeplitz type structure was 

firs t form ally introduced (based on  the S tein  type equations X  +  L X M  =  GH7  ̂ w ith  

K  =  =  Z l  and K  =  - M 7' =  Z q) .

1.3 Correlation of Polynomial Computations to Computa­

tions with Structured Matrices

The entries o f  the matrices are related to each other via some operators of displacement 

and/or scaling (e.g. U j for a  Toeplitz matrix T  =  (U j) and h ij  for a  Hankel m atrix 

H  =  (h ij)  are invariant in their displacement along the diagonal or antidiagonal directions, 

respectively). All entries of such an n  x n  structured m atrix can be expressed via a  few 

parameters (from n  to 2n, versus n 2  for a  general n  x n  matrix). Such matrices can be 

multiplied by vectors fast as this task reduces to some basic operations with polynomials. 

For instance, polynomial product

«***)(£  vj x^) =  E  ™kxk ,
i  j  k
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Toeplitz-by-vector product T v  =  to, and Hankel-by-vector product H v  =  w  can immediately 

be made equivalent by matching properly the entries of the matrices T , H  and the vector 

u =  (ui) (see [BP94], pp. 132-133). Likewise the product

V(x)p = v  (3.1)

represents the vector v  =  (%) of the values of the polynomial p(x) = Pj&  on a  node set 

{xi}. Consequently, the  known fast algorithms for the relevant operations with polynomials 

also apply to the associated m atrix operations and vice/versa. In particular (cf. [BP94]), 

0 (n  logn) ops suffice for polynomial and Toeplitz(Hankel)-by-vector multiplication, and 

0 (n  log2  n) ops suffice for multipoint polynomial evaluation (p.e.) as well as for the equiv­

alent operations with the m atrix V (x)  and the vectors p  and v  of (3.1), assuming the  input 

size 0(n )  in all cases. Here and hereafter, “ops” stand for “arithmetic operations” , “p .e .” 

for interpolation and multipoint polynomial evaluation and “p .i. ” for polynomial interpo­

lation. An important special case of (3.1), x  =  w  =  (tnj, ) ^ 1 is the vector of the n -th  roots 

of 1 , wn =  exp(2 x >/— 1  /n ) , <  =  1 - In this case, we write F  =  V(w)/ y/n, and p.e. turns 

into discrete Fourier transform, takes 0 ( n logn) op>s (due to  FFT), and allows numerically 

stable implementation, in sharp contrast with the case of general K(x). The numerical 

stability requirement is practically crucial and motivated the design of fast approxim ation  

algorithms for the p.e. and p.i. [PLST93], [PZHY97], which rely on expressing V (x)  of

(3.1) via Cauchy matrices, e.g. as follows:

v (£) =  ^ d i a g ( l  -  x?)£o C ( x , w)ding(w i)££F. (3.2)

Here for any vector y  €  C " and hereafter diag(/ii) ^ , 1 =  D(h) for h =  (h, ) ^ 1 denotes
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the n x n  diagonal m atrix  w ith diagonal entries h o , , fin—i* (3.2) reduces the operations 

of (3.1) with V (x)  to  ones with C{x, w), which brings us to  Trummer’s problem (tha t is, th e  

problem of multiplication of an  n x n  Cauchy matrix by a  vector), our next topic. Its solution 

by Multipole Algorithm leads to p.e. and p.i. algorithms based on (3.2), which are both  

fast in terms of ops used and (according to experimental tests of [PZHY97]) numerically 

stable even on the inputs where the known 0 (n  log2  n) algorithms fail numerically, due to 

roundoff errors. Reducing p.e. and p.i. to Trummer’s problem for C (x,y), we have th e  

power of choosing y  =  cw, for the vector w  of roots of 1  defined above and for any scalar 

c ^ O ;  furthermore, we may vary vector x, that is, we may linearly map x  into

y  =  ax + be, e =  ( l ) ^ 1, (3.3)

where we may choose any scalars a  ^  0 and b. With such a  choice of y, (3.2) reduces p.e. 

and p.i. to FFT  and the solution of Trummer’s problem. Furthermore, we have substantial 

control over the input vectors x  and y  of such a Trummer’s problem, which will enable us 

to facilitate a  solution.

The resulting improvement of p.e. and p.i. is but one o f several known examples where 

transformations among various classes of structured matrices facilitate substantially the 

design of efficient algorithms. (The idea and first m ajor examples of using such transfor­

mations for the algorithm design are due to [P90] (cf. also [BP94], [GK095])).
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Chapter 2

Trummer’s Problem

2.1 The Problem Stated

Trummer’s problem is the problem of multiplication of an. n  x  n  Cauchy m atrix by a  vector.

2.1.1 Some Subjects Related to Trummer’s Problem

•  p.e. and p.i.

•  integral equations of potential theory (solution to the Laplace equation) (cf. [Rok85])

•  conformal mappings (cf. [T8 6 ])

•  Riemann Zeta function (cf. [OS8 8 ])

•  particle simulations using Multipole algorithm (cf. [GR87J)

36
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2.1.2 Trummer’s Problem, Known Algorithms

• 0 (n 2) arithm etic operations (ops); straightforward method

n_1 11 71-1
C(s, i)v = (J 2  ' ■-/■) •

j=oS i~ tj  feo

• 0 (n  log2  n) ops; Gerasoulis (1987)(cf. [Ger87] and [GGS]),

reduces Trummer’s problem to polynomial multiplication, p.e. and p.i. 

Difficultly: numerical instability due to relying on fast p.e. and p.i.

2.2 Trammer’s Problem: Fast Unstable Solution

The solution of Trummer’s problem is required in many areas of scientific and engineering 

computing (see bibliography in [BP94], p.260; [PACLS,a]). The straightforward algorithm 

solves Trummer’s problem in 0 (n 2) ops. Let us next show 0 ( n  log2  n) algorithms.

D efin ition  2.2.1 W e repeat the definitions fo r  clarity, H (t) = (hij)™~lQ, h ij  =  £i+j 

fo r  i  + j  <  n  — 1 ,/iij =  0 fo r  i + j  > n . W ~ l , W T and W ~T denote the inverse, the 

transpose, and the transpose o f  the inverse o f a m atrix (o r  vector) W , respectively.

D efin ition  2.2.2 p £ x) =  n"=o(* ~  *i)» P&x ) =  £ £ o  ITC^o (*  -  h)-
0 * i )

D efin ition  2.2 .3  D (s,t)  =  d iag frjfc ) ) ^ 1 =  diag(n"^j(«i -

D'(t) =  diagCp^ti) ) ^ 1 =  d iag(n” =o (U -  £j))^o -
o**)

T h eo rem  2.2 .1  [FHR93](cf. also [Ger87]) L et Si ^  tj, i , j  =  0 , l , . . . , n — l. Then

C (s,t) = D (s,? )-l V(s)H (i)V(?)T , (2.1)
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C(s, t) =  D (s, ? )-l V (8 )V (d - lD '(d . (2.2)

P roo f: Use the following inversion formulae:

C(c, d) " 1 =  ~Dx • C(c, d)T • D2, (2.3)

^ (c ) " 1 =  f f  (s) - Vn(c)T ■ D~l , (2.4)

Let c, d, s' be arbitrary vectors of length n, D , D \, D2 be arbitrary diagonal matrices of

size n x n  and p  be the coefficient vector for some given polynomial.

If C(c, d)x  =  y, let

Vn(c)p = Dxy, and Vn(<£)p =  D2x

which implies

D l 1Vn(c)p =  y, and p  =  Vn(d) 1 D2x.

By combining the two latter expressions with C(c, d)x  =  y, we get

DZl Vn(c)Vn(dt)~1D 2 =  C(c,d),

which proves (2 .2 ) for c =  s  and d = t  

Substitute (2.4) into the previous result to get

D ^ V n(c)H{s)Vnic)TD - l D  =  C(c,d),

which implies

D ^ V n(a)H(s)Vn {c)T =  C(c,d) 

and this proves (2 .1 ) for c =  s and d =  t
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Theorem 2.2.1 reduces Trummer’s problem essentially to the evaluation of the coeffi­

cients of p fe )  and then the values of p fa i)  and followed by multiplication of struc­

tured matrices K(5), H (t)  and V (t ) ~ 1 by vectors. Both of (2.1) and (2.2) lead to

0 ( n  log2  n) algorithms [Ger87]. As numerically unstable, however, they are nonpractical for 

numerical computations for larger n.

2.3 Fast and Numerically Stable Approximate Solution, Its 

Limitations

Presently the algorithm of choice for practical solution of Trummer’s problem is the cele­

brated Multipole Algorithm, which belongs to  the class of hierarchical m ethods (for bibli­

ography see [PACLS,a], [BP94], pp. 261-262). The algorithm approximates the  solution in 

O(n) ops in terms of n, and works efficiently for a  large class of inputs bu t also has some 

"difficult" inputs. The basis for the algorithm is the following expansions.

(3.1)

P ro o f  of basis for Multipole algorithm.

Consider an infinite geometric series and the  corresponding partial sum:

We take the limit of the partial sum as n  —► oo.

1  — r
a
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If we equate our Cauchy matrix C(«, t) w ith the geometric series expansion, we get

— — - —— —̂  — ———  — ——— where a =  — and r  =  —.( i _ £ ) . ( Si) i _ £ l  1 - r  s.

This implies that

i - _ n—1 1 ^  t .
£  1 =  j :  i f  I 'iM i <  1

♦ • 01 0t 01 f 01n=I n=l 1 1  1 ti= 1  1

Similarly, we have

- h - = ~  Z & - 1 i f  <  i
CJ CJ n=l J

□

The prefix of the former (latter) geometric series (3.1) up to the term (tj/* i)K (resp.(si/ 

t j))K for a  fixed moderately large ic already approximates well if, say, <

1/2 (resp. |s i / t j | <  1/2 ). Substitute such a  prefix into the expressions C (s ,t)v  =  

(£ i= o  “ d obtain their approximations, say, by -Y% =o(vifa )T £ = o (si / tj ) k ~

5 3 fc=o A kSi, where Ak =  — £ £ = 0  vj / t j +l- For n x n .  matrix C (s,t), the computation of 

such approximations for all i  requires 0 (n « )  ops and is stable numerically. The approxi­

mation errors are small already for moderate k if one of the dual ratios |t j /« i | and |s»/tj| 

is small. "Difficult" inputs have these dual ratios close to 1  for some i, j .  In such irregular 

cases, some tedious hierarchical techniques give partial remedy. We, however, will treat the 

irregularity by general regularization techniques of transformation of the input (Cauchy)

matrix.
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2.4 New Transformations of a Cauchy Matrix and Trum- 

mer’s Problem

To extend the domain of inputs where the Fast Multipole Algorithm can be applied, to 

include any Cauchy m atrix C(s, t) we will reduce 'Rummer’s problem for C (s, t)  to  ones for 

C(s,q) and/or C(q, t) where q is a  vector of our choice. We will rely on the next theorem 

(cf. also Remark 2.5.2).

T heorem  2.4.1 [PACLS,a]. For a triple o f  n-dim ensional vectors q =  (qi)i=o> * — 

(si)i= 0 > t  =  (**)*=o> wfiere ^  S j f  S j  ^  tk, tfc ^  fo r  i , ; ,  fc =  0 , . . . ,  n  -  1, me have the 

following m a trix  equations:

C(s, t) =  £>(*, t ) " 1 V & V {q )~ xD{q, t)C (£ t), (4.1)

C (*,t) =  D(s, t)~ lD{s, 9 )C (s, q ) iy ( f i - l D{q, t)C(q, t), (4.2)

C(s, t) =  C(s, q)D{q, s )V (q )-TV (i)TD(t, s ) ~ \  (4.3)

C(s, t) =  -C (s ,  q)D(q, a ) iy (q )- l C(q, t)D{t, q)D(t, s ) ~ \  (4.4)

P ro o f  o f  e q u a tio n  (4 .1): R om  (2.1) we take the inverse to get

C(M - ) - 1  =  V(jfy~TH (t)~ l V(b)~l D(b, t) for s = b.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



42

Substitute this inverse Cauchy m atrix equation and (2.1) into

C{s, t) =  C(s, t)C(b, i)~ lC(b, t)

to obtain

c ( s , t )  =  £)—1C7(5>, t)

which reduces to

C(s, t) =  D(s, ̂ V & V C f l ^ D C q ,  Q-'CCq, t) for b = q.

This proves (4.1) n

P ro o f  o f  e q u a tio n  (4.2): From (2.2) we get

C(s, 6 ) =  D (s, b ) - l V {s)V (b )-lD'{b) for t  = b.

Isolate Vandermonde matrices to get

V(s)V {b)~l =  D (s,b)C (s,b)D '(b)~ \

Substitute the Vandermonde pair into (4.1) to get

C(s, t) =  D(s, f i - 'D ia ,  q)C{a, q)D'(q)~l D(q, t)C(g, t) for b =  q.

This proves (4.2) D

P ro o f  o f  e q u a tio n  (4 .3): Since C (s, t) =  —C (t,s )T , rewrite (4.1) as

-■C{s,t) =  C (f,s)r  =  ( D ( a ,^ - l V ( r ) V ^ - lD (q ,^C (q ,8 ))T ,
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rewrite as

- C ( s , t )  =  C(q, 3jTD (q ,s)V (q )-T V (t)T(D (t, s)~l and substitute C (I,q )  =  -C (q ,s )T, 

rewrite again as 

-C (s , t) =  -C (q , s)TD(q, s)V(q)~TV (t)T (D(t, s ) ~ \

and finally

C(s, t) =  C (£  s)r D(g, s)V{q)~TV ^ T{D{t, S ) '1.

This proves (4.3) D

P ro o f  o f  e q u a tio n  (4.4): Rewrite (2.2) by isolating the Vandermonde pair as before to

get

V (t)V(6 ) _ 1  =  D (t;6 )C(F,6 )£>/(6 )_'1,

rewrite to  obtain

V(6 )~r V (t)r  =  £>/(6 )~1 C(F, b)T D(t, b), 

and substitute this last matrix equation and C(t, b)T =  —C(b, t) into (4.3) to get

C (s,t) =  -C (s ,  q)D(q, s )D \q )~ lC(t, <f)TD(t, q)D (t, s)~K

This proves (4.4) O

2.5 Some Algorithmic Aspects

The expressions (4.2) and (4.4) for C (s, t) are Vandermonde-free and Hankel-free, but they 

enable us to  transform the basis vectors s  and t  for C(s, t) into the two pairs of basis vectors
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a, q and <f, t  for any choice of the vector q =  (qj), qj ^  Si, qj ^  i*, i, j ,  k  =  0 , . . . ,  n — 1. The 

associated Trummer’s problem is reduced to

a) the evaluation of the diagonal matrices ZX(^) x, D( f ,  g) and /o r

D ( f ,g ) ~ \  for ( / ,$ )  denoting (a ,t), (q,t), (a,q), (q,a), (F,g) and /o r (t,S),

b) recursive multiplication of these matrices and the matrices 0 (q , t) and C(a, q) by vectors.

Let us next specify parts a) and b) in the next two paragraphs. To compute the ma­

trices D'(jg), D(f ,g )  and D ( f , g ) ~ 1 for given (f , g ), we first compute the coefficients of the 

polynomial p§(x) =  Ily=o (x  ~ 95) then p§(fi), and pL(j}i), a t the points * =  0 , . . . ,  n  — 1 .

We compute the coefficients by the fan-in method, th a t is, we pairwise multiply a t first 

the linear factors x  — gj and then, recursively, the computed products (cf. [BP94], p. 25). 

The computation is numerically stable and uses 0 (n  log2  n) ops. Multipoint polynomial 

evaluation in 0 ( n log2  n) ops ([BP94], p. 26) is not stable numerically b u t the fast and 

numerically stable approximation techniques of [R8 8 ], [P95], [PLST93], [PZHY97] can be 

used instead. We simplify greatly the evaluation of the matrices D( f ,g ) ,  D( f , g ) ~l and 

D'(g), where f  =  <7 or <7 =  <7 if we may choose any vector q = (q i)^o -  For instance, let us 

fill this vector with the scaled n-th  roots of 1 , so that

qi =  awxn, i  =  0 ,1 , . . . ,  n  — 1, (5.1)

for a  scalar a and wn =  exp(27r>/—1/n). Then Pq{x) =  — awh) =  x n — an, pL(x) =

nxn~v, and the matrices £ )(/, q) andD{q) can be immediately evaluated in 0 ( n logn) flops. 

Furthermore, any polynomial p(x) of degree n  can be evaluated a t  the scaled n-th roots
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of 1  in 0 (n  logn) ops, by means of FFT. The multiplication o f C(q, t)  or C(s,q) by a 

vector is Trummer’s problem, its solution can be simplified under an appropriate choice 

of the vector q. In particular, even if we restrict q by (5.1), the scaling parameter a still 

controls fast convergence of the power series of the Multipole Algorithm. The above study 

can be extended to the expressions (4.1) and (4.3) for C (s ,i). Bach of them involves two 

Vandermonde matrices, but one of these matrices in each expression is defined by a  vector 

q of our choice, and this enables us to yield simplification. In particular, for two given 

vectors u =  (ui)2^o 9 =  (9»)25)1> the vector v — V(g)-1 u is the coefficient vector of

the polynomial v(x) th a t takes on the values u/t a t the points k  =  0 , . . . ,  n  — 1. For 

being a scaled n-th  roots of 1, as in (5.1), the computation of v  takes O (nlogn) ops due to 

the inverse FFT. Similar comments apply to  the multiplication o f the matrix V(q)~T by a 

vector. Effective parallelization is immediate at all steps of the computation.

R em a rk  2.5.1 T rum m er’s problem frequently arises fo r  C auchy degenerate m atri­

ces C(s) — (cij), Cf,i =  0, Cij- =  — f or  all pairs o f d is tin c t i  and j .  We have 

C(s) =  £ 5Zg=o C (^  * +  eu^e) +  0 ( e h) as e —* 0, where e =  ( l ) ” “o , s  =  (si ) ,e  is a scalar 

parameter. Indeed, E jz £  + ° ( eA)) became

Y . U  wn =  0  fo r  g =  1 , . . . ,  n  -  1 .

R e m a rk  2.5.2 A distinct transform ation o f T rum m er’s problem  m ay rely on substi­

tu tion  of (3.2) into (2.1) or  (2.2). Here again, we m ay use  m ap (3.3).
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Chapter 3

Divide-and-Conquer Algorithm

3.1 Basic Facts and a Cauchy-like Linear Solver

The transformations among the listed classes of structured matrices as a  general means of 

improving the known algorithms for computations with such matrices were first proposed 

in [P90]. Along this line, the known practical Toeplitz and Toeplitz-like linear solvers were 

improved substantially in [GK095] by reduction to Cauchy-like solvers, which enhanced 

the importance of the latter ones. A known explicit formula for the inverse of a  Cauchy 

matrix (cf. e.g. [BP94], p.131) produces a  good Cauchy solver but this is not enough 

in the application to Toeplitz linear solvers. We will follow [PZ,a] and [OP98] to  show a  

distinct Cauchy-like linear solver, which extends the well known divide-and-conquer MBA 

algorithm, proposed in [M74], [M80], [BA80] as a  Toeplitz-like linear solver. Every recursive 

divide-and-conquer step of the algorithm reduces to Trummer’s problem, which relates this 

algorithm to the previous sections. We will s ta rt with definitions and basic facts [G094a],

46
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[H95], [PZ,a], [OP98].

D efin itio n  3.1 .1  [BP94], [C8 4 IJ, [G094a], [H95]. For a field  F  and fo r  vectors 

q =  (gi), t  =  (tj) , g* ^  t,-, i , j  =  0, - - - j n  — 1, a m atrix A  €  F " xn is a Cauchy m atrix  

(denoted by C(q, t))  i f  A  =  1 5  a  Cauchy-like m a trix  i f

F|D(a,D a W  =  D(q)A  -  AD (i) =  G H T, (1.1)

G, H  G F Tlxr, and  r  =  0 (1 ). ( Clearly, r  =  1 fo r  C(q, t).) The pair o f  m atrices (G, H r ) 

o f (1 .1) is a [D(g) ,£>(<)]-generator (or a  scaling generator) o f  length r fo r  A  and is 

denoted by s.g.r(A). The m in im u m  r  allowing representation (1.1) is equal to rank 

(■ [̂D(^)),D(t)l(i^)) an<̂  called the [D(q), O(t)]-rank (or the  scaling rank) o f A .

L e m m a  3 .1 .1  Let A, q, t , G =  [g i,. . . ,  gr] =  («ir )2_01, H  = [ h i , . . . ,  hr] =  be

as in  D efin ition  3.1.1, such that (1 .1) holds. Then

A  =  dia6Gfm)0(g, t j d i a g ^ )  =  ( ^  V?-)
ij=0

where C (q,t) is a Cauchy m atrix, and  vice versa, (1.2) im plies (1.1).

(1.2)

P ro o f: (cf. [G094]). The uniqueness of the equation follows from the fact that the numbers 

Si, t j  are pairwise different (see e.g. [LT], p.411). Let matrix A  be as given above. Then

r

•^{diaK(?),di«(!(t)}W ^   ̂ ^)) • diag(/lm)

7 7 1 = 1

\ l j

771=  1

( 1  1  l ) - d ia g  (hm) = ' 2 2 gm h%l = G H 2
m = l
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□
~.T -  n —1

It follows from (1.2) that (1.1) is satisfied by matrices A  of the form ( ^ z ^ ) _ _ 0, where 

ui and vj are r-dimensional vectors for i , j  =  0 , 1 , . . . ,  n — 1. A Cauchy matrix C(q, i) and a 

Loewner m atrix ( ri~!i  )n 1 are two im portant special cases of Cauchy-like matrices; they'  9i-rJ ' i j = 0

have [D(q), D(t)]-ranks 1 and 2, respectively.

L em m a 3.1 .2  (cf. [BP94}, [Ger87]). G iven an n  x  n  Cauchy m atrix  A  and an n- 

dim ensional vector v, the product Av can be computed in  Cmv(ti) ops (cf. (1-4)). I f  

A  is an n  x  n  Cauchy-like m atrix given w ith  an  s.g.r(A), then the product A v can be 

computed in  (3n 4- Cmv(ti))t ops.

L em m a 3 .1 .3  qj G F n x l, j  =  1,2,3, where the vectors qi and  <73 share no  components.

Let Ai G F nxn, -F[D(£).£>(7 i+i)](Ai) =  G i l f f , Gi} Hi G F nXr‘f i  =  1,2. Then the m atrix  

A  = A 1A 2 is a Cauchy-like m atrix  w ith  ^[z>(ft),z?(fi)l(-^) =  G H T, G =  [G i,A iG 2),

H  = [A%H-l,H2], G, H  G F nxr, r  =  r 1 + r 2 - Furthermore, 0 {tiT2Cmv(ji)) ops suffice to 

compute G and H .

L em m a 3 .1 .4  [H95]. L e tF[D^  D^](A ) =  G H T , G =  [ifi, ••• ,gT\ €  F nXr, H  =  [h i,• • • ,hr] G 

F nxr. Then  FjD^ d ^ j(A _1) =  —UVT , where the matrices U — V  =

[t»i, • • •, vr] satisfy  AU  =  G, V TA  =  H T .

C oro lla ry  3 .1 .1  Under assumptions o f L em m a 3.1.4, rank < r.

L em m a 3 .1 .5  Let a n n x n  Cauchy-like m a tr ix  A  satisfy (1.1) and let B j j  be its  k x d  

submatrix fo rm ed  by its  rows *1 , . . . , i* and colum ns j i , . . . ,  jd-
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Then B jtj  has a [D{qi), D (tj)\-generator o f  a  length at m ost r, 

where I  =  [ n , . . . ,  h], J  =  [n , • • - , id],

D(qr) =  diag f a , .  - -, qik), D (tj)  =  d i a g ^ , . . . ,  tjd) .

L em m a 3 .1 .6  The matrices A  +  B  and A  — B  have [D(q), D(t)]-rank a t most r  -f-ri if A 

and B  have [D(g), D(t)]- ranks r  and r i ,  respectively.

Lem m a 3 .1 .7  (cf. [C841])- An n  x n  Cauchy m atrix C(q,t) is nonsingular if and only 

if all the 2n  components of the vectors q and t  are distinct. Every square subm atrix of a  

nonsingular Cauchy matrix is nonsingular.

Fact 3.1.1 (cf. Proposition A . 6  o f  [P92bJ or [BP94], Problem 2 .2 .1 1 b). Given an 

s.g.f(A) = (G, H )  and the scaling rank r  of A , r  < f  < n, one can compute an s.g.r(A) by

using O if^n)  ops.

3.2 Recursive Factorization

3.2 .1  T h e  C a s e  o f  a  S tro n g ly  N o n s in g u la r  G e n e ra l  M a tr ix

D efin ition  3 .2 .1  W e write I  =  Im G F mXm fo r  the m  x m iden tity  m atrix, 0 fo r  a 

null m a trix  o f appropriate size, W T and W H fo r  the transpose and the  H erm itian  

transpose o f  a m a tr ix  or a vector W , respectively.

D efin ition  3 .2 .2  €  F fcx* is the k  x  fc leading principal (northw estern) subm atrix

o f an m  x n  m a tr ix  W , k  =  1 , . . . ,  min(m, n ). A  m atrix  W  o f  rank p has generic rank
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profile i f  its  k  x A: leading principal subm atrices are nonsingular fo r  k  =  1 , . . . ,  p. 

A m atrix  is  strongly nonsingular i f  its  both nonsingular and has generic rank profile.

(2 .1)

where A  is a a  n  x  n  strongly nonsingular matrix,

/  X u  A 1 2  \

By expanding (2.2), we obtain

(2.4)

(2 .2)

(2.3)

A n  is a  k  x k  matrix, and S  = S (X u , X )  is called the Schur complement o f  A n  in X .

(2 .1 ) represents block Gauss-Jordan elimination applied to the 2 x 2  block m atrix X  of

(2.3). If the m atrix X  is strongly nonsingular, then the matrix S  of (2.3) can be obtained 

in. n  — k  steps of Gaussian elimination.

P ro p o s itio n  3.2.1 ([BP94J, Exercise 4 o f ch. 2 , page 2 1 2 ): I f  X  is strongly nonsin­

gular, so are A n  and S .

P ro p o s itio n  3 .2 .2  (cf. [BP94J, Proposition 2 .2 .3). L e t X  be an n  x  n  strongly non­

singular m a tr ix  and let S  be defined by (2.3). L et X \  be a leading principal subm atrix  

o f S  and let S \  denote the Schur com plem ent o f  X \  in  S . Then S ~ l and fo rm  

the respective southeastern blocks o f  A -1 .
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P ro p o sitio n  3 .2 .3  I f  (2 .1) holds, then det X  =  (det X \i)d e t S.

P ro p o sitio n  3 .2 .4  [BP94], [GL]. Suppose that the Schur complements S  = S (X ^k\  X )  

and S i = S(S(h\  S )  are defined, that is, the m atrices X ^  and S ^  are nonsingular. 

Then S i = S { X ^ h\ X ) .

Due to Propostion 3.2.4, we may extend factorization (2.1) from X  to X u  and S  and then 

recursively continue such a  descending process until we arrive at 1  x 1  matrices (compare 

[St69], [M74], [M80], [BA80] [AHU]). In actual computation, we apply lifting process th a t 

begins with the inversion of the l x l  matrix X^1) . Then we compute and invert its 1  x 1  

Schur complement S i  in the 2 x 2  matrix X ®  (this defines the factorization of X ^  and 

of its inverse), compute the inverse of X &  and its 2  x 2 Schur complement S2 in the 4 x 4  

matrix X ^ \  and so on. In other words, we recursively proceed bottom up, th a t is, we 

invert l x l  matrices and, other than that use only matrix multiplications and subtractions 

to compute all matrices specified in the recursive descending process, until we finally arrive 

at X -1 . The algorithm emulates Gaussian elimination steps except that it combines their 

scalar multiplications and subtractions into similar operations with matrix blocks. The 

entire computation will be called the CRF (or complete recursive factorization) of X . 

In the balanced CRFs, X u  of (2 .1 ) is a [§J * LfJ submatrix of X , and similar balancing 

is maintained in all subsequent recursive steps. The balanced CRF has depth a t most

d =  n°g2 ni •

A lgorithm  3 .2 .1  Recursive triangular factorization and inversion.

In p u t: a strongly nonsingular n  x n m atrix X .
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O utput: balanced C R F  o f  X ,  including the m atrix  X -1 .

C om putations:

1 . Apply A lgorithm  3.2.1 to the m atrix  X u  (replacing X  as its inpu t)  

to compute the balanced C R F  o f  X u  (including X ^ ) .

2 . Compute the Schur complement S  =  X 2 2  — X 2 i_X{̂ 1 X i2 -

3. Apply A lgorithm  3.2.1 to the m atrix S  (replacing X  as its  input) 

to compute the balanced C R F  o f S  (including S~ l ) .

4 . Compute X - 1  fro m  (2.2).

As a by-product, Algorithm 3.2.1 may immediately compute the vector y  =  X - 1 6  of the 

solution to a linear system X y  = b for a given vector 6 . If we also seek det X , then it suffices

to add the request for computing det X u , det 5 , and d e tX  (see Lemma 3.2.3) at stages 1 ,

3, and 4, respectively.

It is well known [St69], [BP94], p.99, that the complexity of these computations (in 

terms of the number of ops involved) satisfies

R f(n )  =  0 ( £  2iM (n /2 i)), (2.5)

where w.l.o.g. we assume n  =  2h for an integer h, and Af(n) is the complexity of n  x n  

matrix multiplication. Theoretically, for general matrices, M (n )  =  0(nP), for 2.8 <  0  <  3, 

and we deduce from (2.5) that

R F (n )= 0 (M (n ))  i f  M (n) > n 1+d,d  <  0 , (2 .6 )

R F (n) = 0 (M (n)  logn) i f  M (n) = 0 ( n log0 n), (2.7)
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for a  constant c.

Now, let X  have generic rank profile. In this case we apply generalized Algorithm

3.2 .1 , which includes a  counter for the number of the inversions of 1 x 1 matrices involved 

(that is, for the number of divisions). If division by 0 occurs, the computations stop, and 

a t this point, we have p =  rank X  in the counter and a  CRF of available, which 

immediately gives us ( X ^ )  V

Let us also show a  simple extension (see e.g. [BP94], p. 110). Recall (2.1) with 

X u  =  and write

( I p - X ^ X 12\  /  0 \
F  =  ) ,X  =  F (  (2.8)

VO I n - P )  V  I-n —p  J

Then
/ X u  0 \

X F  =  , (2.9)
V x 21 0 /

the columns of N (which are the  last n  — p columns of the m atrix F ) form a basis for the 

null space of X ,  and the substitution y  =  F z  reduces the solution of a  linear system X y  =  6  

(or the determination of its inconsistency) to the case of th e  system (X F )z  =  6 , for which 

the problem is simple because we have (2.9) and already know X ^ 1.

D efin itio n  3.2.3 A  fu ll ou tp u t se t o f generalized A lgorithm  3.2.1 consists o f  the set 

o f the matrices o f  a C R F  o f  a largest nonsingular su b m a trix  o f X ,  complemented by 

the rank p o f  X , a basis fo r  the  null space o f  X ,  a so lu tion  y to the linear system  

X y  — b fo r  a given vector b (o r  the determ ination o f its  inconsistency), and i f  p =  n, 

then  also by X - 1  and  d e tX . W ithout the C R F  (but including a largest nonsingular 

subm atrix), this is a partial ou tpu t set.
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The next extension of (2.6), (2.7) to  the computation of a  full ou tpu t set is immediately 

verified:

T h eo rem  3.2.1 For an  n  x n  m a tr ix  X  having generic rank profile, generalized A l­

gorithm  3.2.1 computes its  fu ll output set a t the cost bounded according to (2.6),

(2.7).

One may extend the bound (2.6) of Theorem 3.2.1 to  an  arbitrary  m atrix X  by using 

pivoting [EMH82], which only adds 0 ( n 2) comparison and some permutations of matrix 

rows and columns, so th a t the overall cost bound is still dom inated by 0(Af(n)) under 

(2.6).

For a  nonsingular real or complex m atrix X ,  one may apply symmetrization instead of 

pivoting in order to compute (within the cost bounds (2.6), (2.7)) the balanced CRFs of 

the strongly nonsingular matrices X HX  and/or X X H (a t the price of possible squaring 

the condition number of X ) ,  and then obtain X ~ 1 as (X**X) ^ X H or as X ^ { X X H) 1  

and (det X ) 2  =  d e t(X HX )  =  d e t(X X H). Symmetrization has no effect over the fields of 

positive characteristic as well as in the case of a  singular input m atrix  X .

3.2.2 The Case of a Strongly Nonsingular Cauchy-like Matrix

Suppose that we are given a  Cauchy-like input m atrix X .  Then, applying Algorithm 3.2.1, 

we will achieve a  dramatic decrease of computer time and memory space involved by oper­

ating with the short generators of the matrices involved rather than  with all their entries. 

Hereafter, we will assume for simplicity that n  =  2** is an  integer power of 2. We write
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We will start with some auxiliary results.

L em m a 3.2.1 [G094], [OP98]. L e t X  be a Cauchy-like m atrix  o f  Lem m a 3.1.1, 

partitioned into blocks according to (2 .3). Let (Go, Ho), ( G q , H i ) ,  ( G i , H o) ,  (G i,H{) 

and  (G s,H s) denote the five induced scaling generators o f  the blocks X u , X 1 2 , X2 1 , 

X 2 2  o f X  and o f the Schur com plem ent S  o f  (2.3), respectively. Then  G s = G\ —

x 2 1 a t 11 g 0, h ^  = h ( - h J X ^ x 12.

L em m a 3.2.2 Let X  be an n  x  n  strongly nonsingular Cauchy-like m atrix  with

,D(t)](^) =  GBP, / o r  n  x  r  m atrices G, H . Let X ,  X u ,  X 1 2 , X 2 1 , X 2 2 , and S  

satisfy (2.3). Then

r a n k F ^ p ^  D(q)\( ^  *) — r * r a n ^ l D ( f  M ), D(g COjjC- îi1) ^  r > (2-10)

ra n kF ^p ^  (2)j D(f C2))](^) — r > (2 *1 1 )

rankF^D^ ( 2))t D(q &)](^ 1) <  r, (2 -1 2 )

rankF[D(~ (1)) D(f (2))](X i2) <  r, rankF[D{-  {2)) D(t-  (i))1(X 2 i)  <  r. (2.13)

P ro o f. Deduce (2.11) and (2.13) from Lemmas 3.1.5 and 3.2.1. Apply Corollary 3.1.1, 

obtain (2 .1 0 ) and (2 .1 2 ).

F ac t 3.2.1 (cf. Proposition A . 6  o f  [P92bJ, [P93a]). Given an  s.g.T~ (X) =  (G ,H ) and 

the  scaling rank r  o f X ,  r  < r*  < n ,  one can compute an  s.g^-(X) by using 0((r*)2n) 

ops.
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Now we are ready to present the computational complexity estimates.

T h eo rem  3.2.2 Let X  denote a n n x n  strongly nonsingular Cauchy-like m a tr ix  w ith  

its  F-generator o f  a length r  fo r  the  operator F  =  • Then the respective

F-generators o f all the matrices encountered in  the balanced C R F  o f  X  (including  

an s .g ^ (X ~ l))  and det X  can be com puted in  O ^ T l j i )  logn) =  O far2  log3  n) ops (for  

T (n ) o f Lem m a 3.1.2) and can be stored by using 0 (n r  log n) words o f  storage space.

P roof. [BP94], [P2000], [PZ,a], [PACPS98], [PACPZ99] Let us apply the fast version of 

Algorithm 3.2.1 to  the matrix X  of Theorem 3.2.2, that is, instead of slower computations 

with matrices, let us perform faster computations with their short scaling generators. Let 

4>r(n)ops be involved in computing the balanced CRF of X  (including the computation of 

an s.g.r(X ~ 1)). Furthermore, let or(n) ops be used for computing an s.g.r (S) from given 

8 .g.T{X \2), X u ) , and s.g.r (X 22) (cf. Lemma 3.2.1, and let Pr(n) ops be

required for computing an s.^.r (X -1 ) from given s.g^.(X (^), s.g.r(X 1 2 ), s.g.r(X 2i), and 

s.p.r (5 _1) (cf. (2.2)). This is summarized below.

Input s.g.r(X) ® - 5 t ( - ^ i ^ ) i  8 -9 ~t(X 12) ,  

® - f l * r ( — X 21 ) ,  8 .g.r(X 22)

® -Jt(-^u )i ® - S * r ( - ^ 1 2 ) i

s.g.r(X 2i),s .g .r(S)

Output CRF of X s.g.r(S) s .g .r iX -1)

ops 4>r(n) < T r ( n ) d r ip )

Let 4>r(h), crr (fc), and /ir(fc) denote the similar estimates a  strongly nonsingular k  x  k  input 

matrix W  given with an s.g^.(W ). Then from Algorithm 3.2.1,

4>r(n) <  2<^r(~) +  <rr (n) +  pr(n). (2-14)
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Now we apply (2.2), Lemmas 3.1.3, 3.1.5, 3.2.1, and 3.2.2 and deduce th a t

<Tr(n) =  0 ( r 2T (n )), ^ ( n )  =  0 ( r 2 T(n)). (2.15)

Substitute (2.15) into (2.14), recursively extend (2.14), and deduce th a t

M n ) = 0 ( r 2T (n ) ) 1

which gives us the arithmetic time bound of Theorem 3.2.2. The storage space bound follows 

similarly when we inspect Algorithm 3.2.1 applied to  the matrix A  and apply Lemma 3.1.3, 

Lemma 3.1.5, Proposition 3.2.1, Lemma 3.2.1 and Lemma 3.2.2.

R em a rk  3.2 .1  In  [PACPS98], [OP98], Lem m a 8.2.1, was extended to the case o f  

Hankel-like matrices H  associated w ith  operators Z H  — H Z T , Z  being a  sh ift matrix. 

This enabled practical im provem ent o f  the M B A  H ankel/Toeplitz linear solver.
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Chapter 4

Ensuring Strong Nonsingularity

4.1 Strong Nonsingularity by Preconditioning

To extend our algorithm to any nonsingular m atrix A , we will seek a  strongly nonsingular 

matrix X , such that the m atrix A X  is strongly nonsingular. Then we may apply our 

machinery to the matrices X  and A X  or X A ,  compute (AX' ) - 1  =  X —1A - 1  or (X A ) - 1  =  

A- 1X -1 , det (AX) =  det (XA), and det X , and then A- 1  =  X (A X ) - 1  =  (X A )-1 X  and 

det A =  det (AX) /d e t X . If A is singular, the same algorithm will involve a division by 0 

and thus will show us th a t det A =  0. In [PZ,a] the algorithm is extended to computing 

rank A and solving consistent singular Cauchy-like linear systems.

Computing with reals we may set X  =  Ar , Ar  denoting the transpose of A. Indeed, 

the matrix X A  =  A TA  is positive definite and consequently strongly nonsingular provided 

tha t A is nonsingular. Moreover, in this case the condition numbers of X u , S  of (2.3), and 

all similar matrices of the CRF do not exceed the condition number of the input matrix

58
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(cf. [BP94], Fact 2.1.4 and page 237). As a by-product, we immediately arrive a t a  least- 

squares (normal equations) solution (ATA )~ 1ATb to a  Cauchy-like linear system A x  — b 

for a Cauchy-like m x n  rectangular matrix A  having full rank n, n  < m. For the operators 

F[D(q) associated with the matrices W  = ATA  and U  =  A A T , respec­

tively, the assumption g* ^  t j  of Definition 3.1.1 is not extended, but we will operate with W  

represented as the product C _ 1 (q, t)Y ,  where Y  = C(q, t)W  and C - 1 (g, t) are Cauchy-like 

matrices, and similarly for U. For a  nonsingular real or complex matrix A, the matrices 

A TA  and AA T  are strongly nonsingular. By applying Algorithm 3.2.1 to these matrices, 

we may extend Theorem 3.2.2 to any nonsingular matrix A  [PZ,a], [PACPS98]. For compu­

tations in finite fields such a  symmetrization does not work, but we will next yield similar 

results over any field F  by using random parameters always sampled from a fixed finite set 

S (in F  or in its extension) independently of each other and under the uniform probability 

distribution on S. We will keep using definitions of sections 2 and will rely on the following 

lemma.

L em m a 4.1.1 [DL78] (cf. also [Z79], [S80J). Let p(x) =  p (x i,X 2 , . . .  ,Xm) be a non­

zero m -variate polynomial o f a to ta l degree, d. Let S  be a fin ite  se t o f cardinality |S| in  

the dom ain o f the definition o f  p(x), let the random values x *, • • •, x ^  be sampled from  

S, that is, chosen fro m  S independently o f  each other under the  uniform  probability 

distribution on  S, and let x* =  (z j, x \ ,  • • •, zJJJ. Then probability (p(x*) =  0) <  d/|S[.

T h eo rem  4.1.1 Let A  be an n  x n  nonsingular m atrix satisfying equation (1.2). Let
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X  be a m atrix  satisfying X  — Y C (q ,s ) , where

y  =  £  ( i i )
m = l

C (q,s) = (—̂  )”j i 0  is a  fixed  nonsingular Cauchy m atrix, q €  F n x l , F €  F n x l , 

s 6  F nXl,<f and F are  as fn  L em m a 3.1.4, Qi sj ,  8i #  t j  fo r  * and  j ,  g ^  €  F n x l , 

€ F n x l, m =  1 , • - - , r ,  an d  £/ie 2nr components o f  the 2 r la tter  vectors are random  

values from  a fixed fin ite  se t S . Then A X  has F -rank at m ost 2 r+ l and, w ith a 

probability at least 1  — n(n  4 - 1 )/|S |, is a strongly nonsingular m atrix.

P ro o f  First consider matrix Y  o f (1-1), where the random vectors and h ^  are replaced 

by generic vectors whose components are indeterminates. Recall th a t the PjD^ iD^]-ran k  of 

A ~l is at most r , due to Lemma 3.1.4. Therefore, there exists an assignment of values to the 

components of the vectors g ^ , h ^ ,  for which we have A Y  = I , and then the m atrix A X  = 

C(q, s) is strongly n o n s in g u la r  (cf. Lemma 3.1.7). On the other hand, the determinants 

of the k x k leading principal submatrices (AX’)* of A X  are polynomials of degrees at 

most 2 k  in the coordinates of g ^ ,  h ^ .  Since A X  — C{q, s) for a  particular assignment, 

these polynomials are not identically 0 if the components are indeterminates. Therefore, by 

Lemma 4.1.1, we obtain probability(det(AX)* ^  0, k  =  1, • • •, n) >  ]7”—i >  1 ~T) s p ^  •

□

C o ro lla ry  4.1.1 . Let an n  x n  nonsingular Cauchy-like m atrix A  be given with its  

F -generator o f length r  fo r  the operator F  =  F[D(q),D(t)]' Then an FlD(i),D(g)]-9enerator 

o f length at m ost r  fo r  A - 1  can be computed by means of a randomized algorithm
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using 2n r  random param eters (sampled from  the set S)  and  0 (nr2 log3  n) ops and 

failing with a probability a t m ost

P ro o f: Let us define X  as above. By Theorem 4.1.1, the Cauchy-like matrix A X  is strongly 

nonsingular with a  probability a t least 1  —n (n + l)/(S [, and then, by Theorem 3.2.2, we may 

compute the matrices (AX ’) - 1  and A - 1  =  X (A X ) — 1 by using a  total of 0 {C \fv{n)r2 logn.) 

ops. Due to Lemma 4.1.1, we also obtain the desired bounds on the number of random 

parameters used and on the failure probabilities. Finally, we will decrease the length of the 

computed jF-generator o f A - 1  by applying Fact 3.1.1.

C o ro lla ry  4.1.2 [PACPZ99], [P2000], [PZ,a]. det A and p= rank A  can be computed 

by using  2n r random param eters and  ©(CjH^nJr^logn) ops fo r  a m atrix  A  o f  (1.1),

(1.2). I f  C(t,q) is a nonsingular Cauchy matrix, then (by Lem m as 3 .1 .7  and 4-1-1) 

the m atrix  X  is strongly nonsingular, with a probability a t least 1  — n(n  +  1)/|S|, 

and (by Theorem 3 .2 .2)  det (A X ), det X , and  det A =  can be computed

at the randomized cost 0 (C m 0 (p )r2 log n ) . Furthermore, w ith a probability a t least 

p{p-1- 1 )/|S |, p x p is the m axim um  size o f a nonsingular leading principal submatrix 

o f A X  fo r  the m atrix  X  o f  Theorem 4-1.1- Such a size is  computed as a by-product 

o f application o f A lgorithm  3.2.1 to A X .

4.2 Fast Cauchy-like Computations - Singular Case

Studying the solution of a  singular Cauchy-like linear system, we will use the next result 

and definition.
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L em m a 4 .2 .1  [K95}. Let A  be an n  x  n  m atrix o f rank p with entries fro m  a fixed  

field F  and suppose that the p  x p lending principal submatrix A p is nonsingular. 

Then fo r  a vector y with coordinates fro m  the field  F  the vector

and  0  denotes the null vector o f  d im ension  n  — p.

D efin ition  4 .2 .1  Let Ai be the i  x» leading principal submatrix o f A , where 1 <  i  < n.

The next theorem extends the known results from the Toeplitz-like (cf- [BP94], p. 206, 

or [KS91]) to the Cauchy-like case and can be an alternative to Theorem 4.1.1 where the 

input matrix is nonsingular (see Remark 4.2.1).

T h e o rem  4.2.1 [P2000]. For an  n  x  n  Cauchy-like m atrix A  o f rank p  represented by 

an s.g.r(A) and satisfying (3.1.1) a nd  (3.1.2) consider the m atrix product A  =  L A M , 

where L  and M  are also Cauchy-like matrices with scaling generators o f  length 1. 

A ssum e the following relations:

is a solution to  A x  = b, where the vector b ' consists o f  the firs t p coordinates o f b+ A y,

We say that A  has generic rank profile i f  A j  is nonsingular fo r  all j ,  1 <  j  <  rank(i4).

F\p&. d m ( L ) = Y Z t ,F [d ^  D(pl](M) = X W T,

Y T = {y1 , - ^ , y n\ e F n,Z T = [zu --- ,zn] € F n,

X T =  [a*, • • • ,**] €  F ’\W 'r  =  [«»lt • • •, wn] €  F “,

L =  (■Vi+iZj+i ) n~ 1 M  =  ( Xi+lWi +l )n -1  
8i — 9i ij=o — Pi ij=o
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where the entries o f  the m atrices Y, Z, X , W  are random sam ples fro m  a fixed fin ite  

subset S o f the fie ld  F  and where S does no t contain 0. L e t S i,q j,pk be all pairwise 

distinct fo r  i, j , k  =  0, • - •, n  — 1. Then

(1)  L  and M  are strongly nonsingular matrices and

(2) A  has generic rank profile with a probability at m o s t  1 —

P roof: Part (1 ) follows from (1.2) and Lemma 3.1.7 since S does not contain 0. Let us 

prove part (2). For an n  x n  matrix D, denote by D j ĵ  the determinant of the submatrix 

of D formed by removing from D  all rows not contained in the set I  and all columns not 

contained in the set J .  First, let Y, Z, X ,  and W  be generic matrices. For /  =  [1,2, • • •, i], 

J  =  \ j u h ,  • ■ • ,/i]> K  =  [fci, k2, " - , fci], i  =  l ,2, -- - ,p,  we have from the Cauchy-Binet 

formula that

A I,I =  ^ 2 j 5 2 k L i ,j A j,k MKj .

Let us prove that

A i j  ^  0  fo r  i  =  1 , 2 , • • -, p . (2 .1 )

Observe that, for a  fixed pair of J  =  \J u j21 * • * »ii] and K  =  [fci, &2 i • • •»A=̂J, the determinant 

L j j  has the unique term

ayim- • • y i * j r  • - * i i ,  

where a ^ O  is a  constant. Likewise, M jcj has the unique term

bxkl- •-XkiWv-Wi,

where b ^  0 is a  constant. Therefore, A i j  ^  0 provided th a t there exists a  pair J , K  such 

that A j k̂  #  0. This is true for all « <  p, since A  has rank p, and  we arrive a t (2.1).
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Now, we observe th a t A / j  is a  polynomial of degree a t most 4i in th e  variables jym, Zm, 

Xm, wm, m  =  1, . . . , n .  Under the random choice of their values, we apply  Lemma 4.1.1 

and obtain th a t probability(A jj ^  0 ,* =  1 , - • • ,p) > IIfc=i(l — 4 i / |S |)  >  1  — 2 p(p +  1 ) / |S |.  

This proves part (2) of Theorem 4.2.1. □

R e m a rk  4.2.1 I f  the inpu t Cauchy-like m atrix  is nonsingular, we m a y  apply Theo­

rem  as an  alternative to  Theorem 4-1-1- Application o f  Theorem  4-2.1, rather

than Theorem  4-1-1} requires by fa c to r  2 /r  few er random param eters (An versus  2n r)  

and involves scaling generators o f  roughly half length (r +  2  versus 2 r  +  1 ) , a t the 

sm all price o f  doubling the probability o f  errors (2n (n +  1 )/|S[ versus  n (n  +  1)/|S[^.

To prove Theorem 4.2.1, we devised a  simple algorithm that, for an n  x  n  Cauchy-like 

m atrix A  of ra n k  p given with an s.g.r (A), computes a  random pair s .g .\(L )  and s.g .\(M ), 

where L  and M  are n  x n  matrices such that, with a  probability a t least 1 — 2 p(p -F 1 )/|S |, 

the m atrix A  = L A M  has generic rank profile. Furthermore, based on Lemma 3.1.3, we 

computed s.g.r+2 {A) by using O (r2 C,AfB(f0) OP8  (°f- (1-4)). Now, we assume th a t we have 

been already given «.<7-i(L), s.g .\(M ), and s.g.r+2 (.A) for a pair of nonsingular matrices L 

and M  and an n  x n  matrix A  =  L A M  having generic rank profile and propose the following 

algorithm, using 0 ( r 2C \fv(n) logn) ops (cf. (1.3)).

A lg o rith m  4 .2 .1  (cf. [PZ,a], [PACPS98]) Com putation o f  the largest nonsingular 

leading principal inverse.

In p u t:  vectors q =  ( f t)^ ,1, t  =  (tj)”^ .  f t  #  t j ,  *, j  =  0,1, • •, n  — 1, and
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<7i, • • •, gr+2 , hi, * - •, hr+2 such th a t the next m atrix has generic rank profile:

r+ 2

A =  £  D(9m)C(q,i)D(Krn)-
m= 1

O u tp u t:  An integer p < n  and vectors tZi, • * *, S f , «i, • • •, Vf, Um, €  FnXl, 

m =  1 , 2 , • • •, r , r  <  r  +  2 , such th a t p =  rank(A) and

A - 1 =  £  D{um)C(t,q)D(vm).
m=l

- c  ; ) ■

1. Represent A  as A  =  I 1 , cf. (3.3), where k =  and the k  x k  submatrix 

B  of A  is singular if and only if k > p ( since A  has generic rank profile ). Apply Algorithm

4.2.1 recursively to  the input matrix B  replacing A. (Note that we are given an s.g.r (B).) 

If p > k, the output of this stage is the desired output of the algorithm. Otherwise, the 

m atrix B  is nonsingular, and then we obtain s.g.r(B  1).

2. Apply Algorithm 3.2.1 to compute an  s.g^-(S) for the matrix S  =  J  — E  B  1 C.

3. Apply the algorithm recursively to the Cauchy-like input m atrix S , replacing A. 

O utput p — rank(A) =  k  +  rank(S).

4. By using the definitions and the results of section 2, compute an 8 .g-2r+4 (Ap 1) (see

further comments below ).

5. Apply Fact 3.1.1, to compute and output 8 .g^.+2(Ap 1).
B  G '

Let us specify stage 4. Consider the p x p  leading principal submatrix, A p =

G, D T €  F fcxO-*0, R  G F 0>-fc)x(p-fc). Write S  = R - D  R - 1 G. Note th a t a t the preceding 

stages we have computed s.g^+2(G), s.g.r+2 (D), s.ff.r+2 (B _1), 8 .g.r+2(D B  1), s.g.r+2(B  1G),

-  ( B  G \  c» A p I     I ,
\ D  R /
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Ap

66

- r  - 1

■‘ ■ C  £)•
where B ia  =  - B '^ G  S  \  R2.i =  B “ \  B u t =  B  1 - B 1,2D R _ 1  (cf. (2.4). Due to

Lemma 3.1.5 and Corollary 3.1.1, the matrices B i,i, -Bi,2 , £ 2 ,1 , S - 1  have scaling rank

a t most r + 2 ,  and we may apply Algorithm 3.2.1 and the results of chapter 3 to compute the 

respective short scaling generators of these matrices. Let us specify the operators defining 

these generators. Write

9 C1) =  f e ) L 1 ,? (2) = (9 i)£ fc\ r < 1) =  ( u ) U ^  =  (ti)£ o \
q W \  / t W

9-C0) =- n - r - . r v
\ q V j  \ t W j

Now obtain th a t

( D P ' )  °  °  \
FlDCH0)), )  =  I w  ,  I Ap — Ap I  I

V  o /  V  o D(jf2)) )

(F [D (t C D ), D ( « f  C D ) ] ( # l , l )  * [ D ( f C D ) ,  D ig  C « ) ] ( ^ l , 2 )  \

F tD(t w v  d (o c d h ( ^ 2 , i )  F \n (t  c=)v n ro  (2)) i(  1 )  /

which gives us an  8 .g.2r+4,{Ap r) .

To solve a  singular Cauchy-like linear system A x  =  6 , first compute a  vector y  that 

satisfies L A M y  =  Lb and then recover the vector x  — M y  tha t satisfies A x  =  6 . Since L  and 

M  are nonsingular, rank (A) =  rank (LA M ). As  a  by-product, the algorithm computes rank 

(A), which equals rank (A) with a  probability a t least 1  — 2p(p +  1 )/|S |, by Theorem 4.2.1.
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By using a  standard technique (see e.g. [BP94], p.110), the algorithm can be immediately 

extended (at additional cost 0 (rC \fv(n))) to  the  com putation of a  basis for th e  null space 

of A.

Finally, we observe that, by using 0(rC M v(n)) ops, we may verify whether A x  =  6 , 

th a t is, the overall cost bound for the algorithm covers the cost of the verification of its 

correctness; furthermore, similar property holds for th e  rank and null space com putation 

by this approach.

4.3 Solving Singular Toeplitz-like Linear Systems

We will next follow and slightly improve the known best randomized algorithm of [K95] for 

the solution of a  singular Toeplitz-like linear system. (We will use fewer ops and random 

parameters due to the incorporation of Lemma 4.3.4 below, which is a  result from [P92b].)

D efin itio n  4.3.1 (cf. e.g. [BP94J, D efin ition 1 1 . 1  ) .  For an n  x n  m a tr ix  T , define 

the two displacements,

F -(T ) = T -  Z t T Z , F+(T) =  T -  Z T Z t , (3.1)

where Z  — (z ij) , is a down shift n  x n  m atrix , Z ij =  0  unless i  =  j  +  1 , zt,i+ 1  = 1 .  I f

fo r  a fixed field  F  and fo r  F  = F+ or F  =  F - ,  we have

F(T) =  G*H*t ; G*,H* €  F nxr, (3.2)

then  the pair o f  matrices (G *,H *) is called an  F -generator or a  displacement generator 

o f T  o f length r and will be denoted by d.g.r (T ). The m in im u m  r  allowing the above
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representation (3.2) is called the F -rank (o r  displacement rank) o fT .  T  is called a  

Toeplitz-like m a tr ix  i f  r  =  0 (1 ).

Lem m a 4.3.1 [BA80]. For any n  x  n  m atrix  A ,

rank (F_(.A)) — 2  <  rank (F +(A )) < rank (F_(A)) +  2 .

Furthermore, given a d.g.r (T ) under F  = F+ (  resp. F  =  F— ), i t  suffices to  use  

0 (rT u v(n)) ops (forT M v(n) o f (2 .1)) in  order to  com pute a d.g.r+2 (T) under F  =  F -  

(  resp. F  =  F+ ).

Lem m a 4.3 .2  [K K M j. Let F -,F + ,T ,G * ,H * , and r  be as in  (3.1) and (3.2). T hen  

F (T) =  G -(H -)T  =  E L i S ( f t ! ) r  f f

T  = " £  L r (g-)L(h;) fo r  F  = F - ,  T  =  £  L(gr)LT(K;) fo r  F  = F+,
i= l i=l

where G* =  • • • , <£], H * =  [/i*, • • •, /i*], and L(i7) is  a lower triangular Toeplitz

m atrix with the fir s t  colum n v.

Lem m a 4 .3 .3  (cf. e.g. [BP94], Corollary 12.1). Let Ti and Ti be two Toeplitz- 

like matrices, g iven with their  F-generators o f  lengths r i  and T2 , respectively, fo r  

F  =  F+ or F  =  F - .  T hen  an  F-generator o f length a t m o st r i  + T2 + 1  fo r  the m a tr ix  

TiT2 can be com puted a t the cost o f  perform ing  0 ( (r i -F T2 )2Tmv(ji)) ops (cf. (1 .1 ) ) .  

Furthermore, a d.g.r (U TL) fo r  a given d.g.r (T) and a given pair o f lower triangular  

Toeplitz m atrices L  and can be computed a t the cost 2r2T\fv(n), provided that 

F  = F_.
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Lem m a 4 .3 .4  (cf. Proposition A . 6  o f  (P92b] or [BP94], Problem 2.2.11b). G iven an  

d.g^(A) =  (G, H ) and the displacem ent rank r  o f  A , r  < f  < n, one can com pute a 

d.g.r(A) by using 0 ( r 2n) ops.

Lem m a 4.3.5 [KKMJ. Let T  be a nonsingular Toeplitz-like matrix. Then w e have 

rank (F+(T~1)) = ra n k  (F_(T)).

Lem m a 4.3.6 (cf. [M80], [BA80J, [BP94]) . L et T  be an  n  x  n strongly nonsingular  

Toeplitz-like m a trix  such that

( B c \
T  =  I I , S  =  J -  E B ~ l C,

\ E  J f

B  is a k x k m atrix, and S  is the (n  — k) x (n  — k ) Schur complement o f  B  in  T  (cf.

(2 .8 )) . Let r  =  rank(-F+(T)). Then

rank (F—(S ~ 1)) =  rank (F+(S)) < r, 

rank (F _(B -1 )) =  rank (F+(B)) < r, 

rank (F+(S-1 )) =  rank (F_(5)) < r  + 2 , 

rank (F+ (B -1 )) =  rank (F—(B)) < r  +  2.

P roof. The lemma follows from Proposition 3.2.2, Lemma 4.3.1, and Lemma 4.3.5 □

T heorem  4.3 .1  [K95]. For an n  x n  Toeplitz-like m a trix  T  o f rank p, represented  

by d.g.r(T) satisfying (3.1) and (3.2), let T  — U TL, where UT and L  are two u n it 

lower triangular Toeplitz m atrices whose 2n — 2 entries are randomly sampled fro m  a 

subset S o f a fixed fie ld  containing the entries o f  T . Then  the m atrix T  has generic  

rank profile w ith a probability a t least 1 — p(p +  1 ) /|S |.
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Due to Lemma 4.3.3, we may compute d.g.r (T) a t the cost of performing a t most 

2r2TMv(n) ops.

Now, given a  d.g.r (T) for a  matrix T  6  F nXn having generic rank profile, the following 

algorithm extends one of [K95] and supports (2.2).

A lgorithm  4 .3 .1  (cf. [PZ,a]) Computing the largest nonsingular leading principal

inverse.

In p u t: a  field F  and vectors glt ■ • •, gr , h i, • • • ,hr  from F nXl such that the m atrix T  —

i LT(gi)L(hi) has generic rank profile.

O u tp u t: An integer p < n  and vectors tii, • - • , iir, v i U m , v m € F nXl,m =

1 , 2 , ■ • •, r , such th a t p  =  rank(T) and f ~ x =  X^»=i L{um)LT{vm).

-  -  ( *  d \
1 . Represent T  as T  =  I I , as in (2.3), for k  =  f^],where the k  x k  submatrix

\ B  J J
B  of T  is singular if and only if k > p (since T  has generic rank profile). Apply Algorithm

4.3.1 recursively to  the input matrix B  replacing T . (Note th a t the first k  components of 

the given vectors gt and hi define a d.g.r(B).) If p > k, the output of this stage is the 

desired output of the  algorithm. Otherwise, the matrix B  is nonsingular, and then obtain 

a d.g.T+z(B~x) for F  =  F _  and a  d.g.r(B ~1) for F  =  F+.

2 . Apply Lemma 4.3.3 for F  =  F+ to compute a  d.g-r(S) for S  — J  — E  B ~ l C.

3. Apply the algorithm recursively to the Toeplitz-like input m atrix S , replacing T . 

Output p =  rank(T) = k +  rank(S).

4. By using Definition 4.3.1 and Lemmas 4.3.1-4.3.6, compute s .g ^(T ~ l ) for F  =  F+.
( B  G '

Let us specify stage 4. Consider the p x p  leading principal submatrix, Tp =^ T P = (  V
\ D  R )

G, D T € C kx(r-k\  R  €  Write §  =  R - D  B ~ XG. Note th a t a t the preceding
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stages we have computed d.g.r (G) and d.g.r(D) for F  = F - ,  d.g.r(B ~1), d.g.2r+i(—B ~ 1G), 

d.g.2r+i(—D B ~l ), and  d.g.r(§ ~ 1) for F  =  F+. We obtain the foUowing block representation:

where Afl i 2  =  —B ~ XG  S ' 1, Af2,i =  —§ ~ XD B ' 1, Afi.i = B  1 — M i^D  B ~ l . By applying 

Lemmas 4 .3 .1 -4 .3 .6 , we compute d.g.r(T ~ l ) for F  =  F+.

As in the Cauchy-like case of chapter 4, section 2, algorithm 4.3.1 outputs rank (A) as 

a by-product and has immediate extension to the computation of a  basis for the null space 

of A.
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Chapter 5

Unified Algorithm for 

Computations with Structured 

Matrices

5.1 Some Major Classes of Structured Matrices

Hankel m atrices  and Hankel-like m atrices  of displacement rank r  are obtained from 

Toeplitz matrices and Toeplitz-like matrices of displacement rank r , respectively, by their 

pre-multiplication (as well as by their post-multiplication) by the reflection m a tr ix  J , hav­

ing ones on its antidiagonal and zero entries elsewhere. (Note that J 2  is the identity matrix.) 

Toeplitz and Toeplitz-like matrix computations and, in particular, all results of chapter 4, 

section 3 are immediately extended to  Hankel and Hankel-like matrix computations, e.g. 

H ~i =  T ~ 1J , rank (£T) =  rank (T), and the null spaces of H  and T  are the same where

72
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T  =  JH . It is also straightforward to extend Algorithm 4.3.1 to Hankel and Hankel-like 

computations directly; moreover (as noted in [PACPS98]), Remark 3.2.1 also applies di­

rectly to the Hankel-like Schur complements and Hankel-like extensions of Algorithms 3.2.1,

4.2.1 and 4.3.1 but not to Toeplitz-like Schur complements and Algorithm 4.3.1.

A  =  is an  n  x  n  Vandermonde m a trix  (denoted by V(x)). Vandermonde-like

structure can be defined in  terms of the operator A  —* D ~l (t)A  — A Z 1̂ , for a  fixed vector 

t  (or in terms of some similar linear operators (BP94], [G094a]): For a  field F  and for a 

vector t  — (ti), ti  ^  0, i  =  1 , . . . ,  n  — 1, we call a  m atrix A  6  F nxn a Vandermonde-like. 

matrix if

D ~l ( i ) A - A Z T =  GHt ; G ,H g  F nxr, (1.1)

r  =  0(1). (Clearly, r  =  1 for V(t).) Then the pair of matrices (G, f f T) is a  (£>_ 1 (t), Z T)- 

generator (or scaling/displacem ent generator) of length r  for A, and we have

A  =  D(t) £  D(gm)V (i)L T (hm)
m=  1

for gm, hjn defined as in Lemma 3.1.1 and for L(v) defined as in Lemma 4.3.2. The minimum 

r  in all such representations of A is called the (D—1 (t), Zr )-rank of A.

Our study of Cauchy-like matrices in sections 2-5 and, in particular, Theorems 3.2.2,

4.1.1, 4.2.1, Corollaries 4.1.1, 4.1.2, Remark 3.2.1, Algorithm 4.2.1 and the complexity 

bound (2.3) can be easily extended to the Vandermonde-like case. On the other hand, the 

latter bound ran be improved to (2.5) for all cited computations with both Cauchy-like and 

Vandermonde-like input matrices. This is achieved by means of general transformations
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proposed in [P90], which a t the cost V\fB (n) reduce such Cauchy-like and Vandermonde- 

like computations to ones with Toeplitz-like (or, alternatively, Hankel-like) matrices. In 

particular, for a  m atrix A  of (1.1), the matrix A  =  V T (V~1) A  (where t~x =  (tj-1)) has 

jF_-rank r  (cf. [BP94], Proposition 2.12 on p. 193) and shares with the above matrix A  

its rank and null space (because V T (f~l ) is a  nonsingular m atrix). The rank and the null 

space of A  can be computed based on Algorithm 4.3.1 a t the randomized cost bounded by 

(2.5). The transition from A  to  A  costs 0{V f4v^ ) ) .  On the other hand, s.g.r ( A F ~ 1) is 

immediately recovered from (1.1) , where F  is the n  x n  m atrix of discrete Fourier transform 

[H95].

5.2 Operations with Matrices Represented by Their Short 

(K,  L)-generators

Our next goal is to  accelerate the computations with structured matrices (versus ones with 

general matrices) by relying on compact representation of these matrices via their (K , L)- 

generators and on the following well-known estimates (cf. [P2000]).

T h eo rem  5.2.1 L et us w rite Z f tV(n), Tv(n), Hv(n), Vv (n ) ,  V f(n )  and Zv(n) to de­

note the numbers o f  ops required to m ultiply (over a field  F )  an n  x  n  f-c irculant, 

Toeplitz, Hankel, Vandermonde, transposed Vandermonde, and Cauchy matrices, re­

spectively, by a vector. T hen  we have Z f <v(n)  =  0 ((n lo g n )  log logn), T„(n) = Hv(n) =  

0((nlogre)loglogn), Vv(n) = V ? (n )  =  0 ( (n  log2  n) log logn), Z v (n)  = 0 ((n lo g 2 n)loglogn). 

The fac tor  log log n  can be removed i f F  supports discrete Fourier transforms a t the
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order o f n  points.

P ro o f. V j(n )  =  Vv(n) by Tellegen’s theorem, (see [PSD70]). For other estimates, see e.g. 

[BP94], [G094]. □

Corollary 5.2.1 For three given scalars e, f  , a n d  ( 1  — e / ) - 1  two m atrices G, H  €  

F ”x£, and three vectors S, t, and t  — ft?l+l, let th e  m atrices T f, To, V f( t ,G ,H ) and  

Z (s ,t,G ,H ) be represented in  the fo rm  (2 .33)-(2 .39). Then such m atrices can be 

multiplied by a vector by using at m ost lZ e,v(n) -+-(£-+- l )Z /jV(n) +  (I +  2 )n + 1, (21 +  

l )Z 0,v +  n l, (Z ftV(n) +  Vv(n) +  2n)£, and Zv(n )l  +  (31 — l ) n  ops, respectively.

The next simple results (cf. [P2000]) show tha t the  linear combinations, products and 

inverses of matrices as well as the matrix blocks inherit the m atrix structure of the input. 

In the next section, we will specify and exemplify the  applications of these results to  the 

design of superfast algorithms for computations with structured matrices.

Proposition  5.2.1 (a generator o f  a linear com bination). Let X K  + L X  = G xffJc ,
/  \

H x
Y K  + L Y  = Gy H $. T hen  (X  +  a Y )K  + L (X  + a Y ) = ( G x , aGr )

a.

fo r  a scalar

The next result defines a  generator of the m atrix product and will enable transformations 

among various classes of structured matrices.

P ro p o sitio n  5.2.2 (cf. [P90]). Let - X W  +  M X  =  GX H ^ , YU  + W Y  =  GY -  H Y .
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Then

(.X Y )U  +  M {XY)  =  (Gx ,XGyr)

f  \
H $Y

P ro o f  {XY)U  +  M (X Y ) = X ( Y U  +  W Y )  +  {-XXV  +  M X ) Y .  □

For convenience, we summarize in Table 5 the correlation among the basic matrix pairs 

(K , L) for the matrices X ,  Y ,  and X Y  of Proposition 5.2.2.

P ro p o sitio n  5.2 .3  (generators o f  blocks). Let n  =  2m be even. Let us write

' K u  # 1 2  '  / r  r  '  / i r - -  i r - - x , 7 ( m )
#  = ,

. # 2 1  # 2 2

\  ( L n  L l2\  / X u  X u \  / Z , r  f U  \

) ’ \ L 21 l J ) '  VX2i X22 /  ;  I l f  4m)j

( G i \  / # A  / D t {v) 0  \
G =  ,*>(*) =

\ G 2)  \ h 2J \  0 D 2 { v ) J

where K i j , L i j ,  X i j ,  and  £>*(v), fo r  i , j  =  1 , 2 , as well as and U are m  x m

matrices, fro m  F "1*”1; Gi and Hi, fo r  i  =  1,2, are m x I  matrices, from  F mx^; U  =  

(e^ ^ i)7' is a rank  1  m atrix; ^ n\  are u n it coordinate vectors, from  F mX/.

Let ( Z . S 7)  hold. T hen  X i j K j j  L a X i j  =  G i H j  -+- R i j ,  i , j  =  1,2, where

a) 

R n  =  ( / X u  -  X n )U  +  fU { X 2i -  X u ) ,

« i 2  =  / ( X 1 2  -  X n )U + fU ( X 22 -  # 1 2 ) ,

R 2 1  =  ( / X 2 1  -  X 2 2 )U  +  # ( X u  -  / X 2 1 ) ,

R - n  =  / ( X 22 -  X 2 1  )U  +  U (X 1 2  -  / X 2 2 ) ,
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i f  X  = T f , K  =  Zf t  L  =  - Z s , K jj  =  K jj + fU  = - L a  = - L i5 + fU  = z j m) + fU ,

b)

R u  =  f ( X i 2 ~  X l l )UT, R 12 =  (X n  -  f X 12)UT,

R 2 1 =  f ( X 22 -  X 21)ur , R-n =  (X21 -  f X 22)UT,

i f  X  = Vf (t, G ,H ), K  =  - Z f j ,  L  =  D - l (t), i t i i  =  -  fU *  = -(Z<m) +

Ziji =  i j j  =  D i( t) ,

c)

• R u  =  R l2  =  R 21  —  R 2 2  —  0 

i f  X  =  C(s, t ,G ,H ) , K  =  - £ > ( £ ) ,  L  =  D (s), K j5  =  K 5j =  L a  =  La  =  £ > i( s ) .

P ro p o sitio n  5 .2 .4  (a generator o f the inverse). Let X K  +  L X  =  G x H x  an{^ ^  

d e tX  5 ^ 0  in  F . T hen

X ~ l L + K X ~ l =  ( X - lG x K & x X - 1)

P roof. Pre- and post-multiply the matrix equation X K  +  L X  = G \H ^  by X ~ l . □

(Note that the basic m atrix pair (K ,L )  for X  is mapped into the dual one for X -1 .)

5.3 Divide-and-Conquer Algorithm for Structured Matrices

Suppose that the input m atrix X  of generalized Algorithm 3.2.1 is given with its short 

(K, L)-generator for (K , L) from Tables 2-4. The associated descending process defines the
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basic m atrix pairs for all matrices involved in the CRF. This stage relies on Proposition 

5.2.3 for submatrices, Proposition 5.2.4 for the  matrix inversions, and Propositions 5.2.1 

and 5.2.2 for m atrix  additions/subtractions and  multiplications. To define the basic matrix 

pair for a  Schur complement (cf. (2.3)), we could have applied Propositions 5.2.1, 5.2.2, 

and 5.2.4, but it is even simpler to  compute the basic matrix pairs successively for X - 1  

(based on Proposition 5.2.4), its southeastern block S ~ 1 (based on Propositions 3.2.2 and 

5.2.3), and finally, S  (by applying Proposition 5.2.4). Similarly, we proceed for other Schur 

complements involved. Together with the basic matrix pairs (K ,L ), the descending process 

defines the (K , L ) ranks for all matrices of the CRF. (Here and hereafter, we slightly abuse 

the notation by writing the same letters K , L  for the basic matrix pairs of all matrices of 

the CRF.)

P ro p o sitio n  5.3 .1  I f  the  input m atrix  X  o f  generalized Algorithm  3.2.1 is given with  

its {K ,L )-genera tor fro m  Tables 2-4, then in  the associated descending process the 

computed basic m a tr ix  pairs (K ,L ) fo r  all m atrices o f  the resulting C R F  stay in  

Tables 2-4-

P ro o f  is by recursive application of Propositions 3.2.2, 3.2.4, 5.2.1-5.2.4. □

In the lifting process of generalized Algorithm 3.2.1, we compute the 0 ( fm \  +  m)£) 

entries of a  short (AT, £)-generator (of length I)  for every m x m i m atrix Y  of the CRF (for 

K , L  defined in the descending process and for I  — ric,L(X)) and, in the Toeplitz/Hankel- 

like case, also the m  or m i entries of the first (or last) column or row of Y ,  respectively, 

so tha t the ou tput fully defines the matrix by (2.33)-(2.38). The computation relies on
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equations (2.1)-(2.4), Propositions 5.2.1-5.2.3, Corollary 5.2.1, and Fact 1.2.3 (applied to 

every matrix Y  computed with its (K, L)-generator of length t  where I  >  Such

a lifting process will be called compressed computation of Y . Similarly, we operate with 

short generators when we represent the matrices F  and N  of (2.8), e.g. implicitly by a 

short generator of the m atrix  —X ^ X ^ -  Summarizing and taking into account the bound 

0 ( r )  of Proposition 5.3.1, we obtain the following estimates (cf. (2.7) where c is defined by 

(2.33)-(2.36), Theorem 1.2.5 and Corollary 5.2.1).

T h eo rem  5.3.1 (cf. [P2000]). Let an n x n  in p u t m atrix  X  o f generalized A lgorithm

3.2.1 have generic rank profile and have (K ,L )-ra n k  r  fo r  (K ,L ) o f Theorem  1.2.5. 

Let X  be given w ith its  (K , L)-generator o f  length I, r  < I  < n. Let Z f tV(n), Tv(n), 

Vv(n) and Zv(n) be defined as in  Corollary 5.2.1. Then the compressed com putation  

o f a fu ll ou tput se t o f  th is  algorithm requires 0 (n£) words o f  m em ory and

F k , l ( j i )  ~  0 ( l2n + MVtKjL(n)r2 log n) (3.1)

ops where

MV'K,l (p)  =  Zf,v(n) (3.2)

fo r  K  =  — L  =  Z f  and K  =  Z j ,  L  =  —Z f, fo r  any  scalar f ,

Mv,K,L(n) = Vv(n) +  Z f ,v{n) (3.3)

fo r  K  =  —Z j ,  L  =  fo r  any scalar f ,

MVtK,Liji) =  Zv(n), (3.4)

fo r  K  =  - D ( t) ,  L  =  D (s).
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R em ark  5.3.1 Generalized Algorithm  3.2.1 am ounts to  recursive application o f  Propo­

sitions 5.2.1-5.2.3, Corollary 5.2.1 and Fact 1.2.3. A s  soon as the latter results are 

extended to the m a tr ix  structure definied by a fixed  basic pair (K, L), the algorithm, 

Theorem 5.3.1 and Corollary 5.4-1 o f the next section can be extended. In  particu­

lar, based on equations (2.37), (2.39), one m ay im m ediately extend the estim ates o f  

Theorem 5.3.1 and Corollary 5.4-1 to the case o f all basic m atrix pairs (K ,L ) fro m  

Tables 2-4- We also have an immediate extension to the case o f the basic m atrix  

pairs (Zo +  Z £ , —Z0 — Z%)  and ( Z q — Z q , Z q — Z q) .  B oth o f these pairs define the 

class o f Toeplitz-like + Hankel-like matrices (see [BP93], [BP94], pp.185-188).

5.4 Transformations Among Structured Matrices and Accel­

eration of Vandermonde-like and Cauchy-like Computa­

tions

For the Vandermonde-like and Cauchy-like input matrices X ,  we may further improve the 

asymptotic cost estimates of (3.1), (3.3), (3.4) to yield the Toeplitz/Hankel-like level of

(3.1), (3.2) by applying Proposition 5.2.2 and Table 5 (cf. [P90]).

Indeed, let Y  =  V f(t,G ,H )  (cf. (2.35)) and write U  =  —Z j ,  W  =  D ~l (t), X  =  

- V T(t), M  =  Z f , Y U  +  W Y  =  G yH$; Gy ,Hy  £  F n x /. Then we have M X  -  X W  =  

—VT(F)D~l (t) —Z fV T (t) =  eo(F_ 1  — f p - ' f Y ,  and application of Proposition 5.2.2 yields 

- ( X Y ) Z j  +  Zf (X Y )  =  ( X Y )U  +  M ( X Y )  =  (JKGY )H $  +  eb((f_1 -  / t h"1)IV ), that is, 

we obtain a (—Z j ,  Zy)-generator of length I +  1 for the matrix —Vjifi)Y. By (2.35) and
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Corollary 5.2.1, this computation requires multiplication of X  =  —V T(t) by Gy, and of the 

vector ( f - 1  — / t h-1)r  by Y ,  th a t is, (V j'(n ) +  2 n  — 1 ) /  =  (^((fnlog2  n) log logn) ops (not 

counting 0 (n log n) ops for the computation of the vector t ~ 1 — /F 1-1).

Similarly, we compute a  ( Z j ,  — Z /^-generator of length i  + 2  for the matrix 

V r (s ^ 1)Y V (t~ 1) provided th a t a  matrix Y  =  C(s, t, G, H )  of (2.36) is given with its 

(—D (t), D(s))-generator of length t .  The computation uses (V^(n)  -F Vv(n) -F 0(n))£  =  

0(n£  log2  n) log log n) ops. By Theorem 5.2.1, we may compute a full output set of gener­

alized Algorithm 3.2.1 applied to  the respective Hankel-like input matrices,

A' =  —V j G ,  H) or X  = V T (g~l )C(s, t, G, H )V ( t~ l ), a t the cost bounded according 

to (3.1), (3.2). Then we may obtain easily the partial ou tpu t sets (cf. Definition 3.2.2) of 

the same algorithm for the matrices V/(t, G, H) and C{s, t , G, H ) a t the cost dominated by

(3.1), (3.2). More precisely, we obtain

Corollary 5.4.1 Under the  assum ptions o f Theorem  5.3.1, generalized Algorithm

3.2.1 applied to compressed com putation o f a partial ou tput set o f the m atrix X  re­

quires 0(n£) words o f m em o ry  and Vv(n) +  Fk ,l {p)  °Ps> f ar Fk,l (p-) bounded by (3.1),

(3.2), that is, =  0 ( n t 2 +  (nr2  log2 n) loglogn) over any field o f constants.

The above transformations among various classes of structured matrices use Vander­

m onde multipliers, as this was proposed in [P90]. In the special case where s and/or t 

are the (scaled) vectors of roots of 1, the Vandermonde multipliers turn into the matrices 

of (scaled) Fourier transforms (Fourier multipliers). In  this special case the transfor­

mations are simplified [H95], [GK095]. In particular, next, we will simplify the above
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maps to Toeplitz/Hankel-like matrices for some important subclasses of the input classes 

of Vandermonde-like and Cauchy-like matrices in the case where the field F  supports the 

n-point FFT. We will use the  following definition and auxiliary results.

D efin ition  5.4.1 W rite e  =  (gl)™To, f  =  (h1) ” ^ , 1 provided that gn =  e, hn = f ;  w =  

M 'L 'o 1 where u  is  a p r im itive  n -th  root o f  1, u/n =  1, w3 ^  1 fo r  s  =  1 ,. . . , n  — 1;

(Q. denotes the m a tr ix  o f  the n-point discrete Fourier transform, D F T . 

In  the complex field C , w e m a y  choose ui =  exp(27rV—1/n ) , and we have QHSl =  I . )

P ro p o sitio n  5.4.1 (cf. [CPW 74])■ Let f  hn = f .  Then

Zf  =  U f 1D(gw)Uf  (4.1)

where

Uf  = « £ > (/) . (4.2)

P ro p o sitio n  5.4.2 Let J t  =  hw, f  =  hn ^  0, X  =  JV/{t, G, H )J ,

X Z f  -  D ~ \J t ) X  =  Gx R x  (4-3)

(cf. Table 3). Then we have (cf. Theorem  1.2.5a) that T fZ f  — Z fT f  =  GEF,

G =  U f l Gx ,H  = Hx ,T f  = U y1 X ,  (4.4)

fo r  Uf  o f (4.2).

P roof. Pre-multiply (4.3) by U J 1 and substitute equations (4.1), (4.2) and (4.4). □
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P ro p o s itio n  5.4.3 (cf. [P90J, [H95], [GK095]). Let S  =  gw, t  =  hw, e =  gn 0 , 

f  = hn ^ 0 , Y  = C(S, t, G, H ). D efine  Ue, and Uf  by (4.2). Let

Y D (t)  -  D {s)Y  =  Gy , H y  (4.5)

(cf. Table 4). Then we have (cf. Theorem  1.2.5a) that T Z C — Z fT  =  GHT ,

G = U J^G y, H t  =  H$Ue, f  =  U y1YU c. (4.6)

P ro o f. Pre-multiply (4.5) by U j 1 , post-mnltiply by Z7C, and substitute equations (4.1),

(4.2), (4.6), and Uc =  J2D(e), which is a  variation of (4.2). □

R e m a rk  5.4.1 The equation T Z e — Z fT  =  GHT defines a (Zc, —Zf)-generator  (G ,H ) 

fo r  T . Equivalently, we have T Z f  — Z fT  =  GH? where G = { G ,T e ^ ) ,  H  =  ( if , ( /  — 

e)e”_1). B y Theorem 1.2.5a) fo r  T , G, H  replacing T f, G, H , respectively, we con­

clude that (G ,H ) is a (Z f,-Z f) -g e n e r a to r  fo r  T , whose length increases at m ost 

by 1  versus the (Ze — Z f)  generator (G ,H ). Proposition 5-4-3 enables us to avoid  

even such a m inor increase o f  the length. Indeed, by Theorem  1.2.5d, we express 

Y  =  C(js,t,G ,H ) by applying (2 .36) and then to obtain a  (Ze, Zf)-generator o f  the  

sam e length I  fo r  the m a tr ix  T , by applying (4 -6 ).

By extending Propositions 5.4.2 and 5.4.3, we may transform the (K , L)-generators of all 

the Vandermonde- like and Cauchy-like matrices associated with basic m atrix pairs (K , L) 

of Tables 3 and 4 (at the cost of 1 o r 2 diagonal scalings and performing 1  or 2 DFTS) into 

generators of the same length for Toeplitz/Hankel-like matrices provided th a t K  and L  are 

of the form ± £ / ,  an d /o r ±D (gw )  for two scalars, g and /  =  gn #  0. The first (or
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last) column or row of every resulting matrix can be also computed easily. (All the above 

computations are further simplified slightly in the case where g =  /  =  1, D (f)  =  I ,  and 

Uf  =  ft.)

R e m a rk  5.4.2 O ne m ay post-m ultiply (4-3) by U J1 (cf. (4-&)) and then substitute  

(4-1) to map the Vandermonde-like m atrix  X  o f (4-3) into the Cauchy-like m a trix  

XU / 1 satisfying the m atrix  equation ( X U f l )D(gw) — D ~l (J t ) (X U fl ) =  G x^H ^U J1). 

Similarly, we m ay m ap every m a tr ix  pair o f Table 3 into one o f  Table 4 and also 

any Toeplitz/Hankel-like m a tr ix  in to  a closely related m atrix  from  either o f  Tables 3 

and 4 • [G K095] uses such m aps to improve Toeplitz-like m a trix  com putations with  

pivoting.

5.5 Transformations of a General Matrix X  into a Matrix 

with Generic Rank Profile and an Extended Randomized 

Algorithm

To relax the generic rank profile assumption for the input, we may apply our computations 

with pivoting, but pivoting generally destroys matrix structure. As an exception, we may 

preserve Cauchy-like structure in Gaussian but not block Gaussian elimination, with pivot­

ing, that is, where we e l im in a t e  the variables one by one, rather than by blocks, but in this 

case the best resulting algorithms involve order of n2  ops [GK095].

On the other hand, for nonsingular real or complex matrices X , symmetrization ensures 

strong nonsingularity and preserves all the structures of Tables 2-4. (Exception is the
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Cauchy-like complex case where symmetrization generally destroys the  structure. In the 

real Cauchy-like case, one should use implicit representation of X T X  o r X X T  by the pair 

of generators of X T  and X  in order to satisfy the assumption of Definition 1.2.2 that ^  ti 

for all i.)

Next, we will apply randomization to transform (over any field F ) a  general (unstructued 

or structured and possibly singular) m atrix X  into one having generic rank profile. We will 

use the following result.

We also have

T h e o rem  5.5.1 (cf. [M82], [C841])- A n  n  x n Cauchy m a tr ix  C (s ,t)  is nonsingular 

i f  and only i f  all the  2n  components o f  the vectors s and t are d istinc t. Every square 

subm atrix o f  nonsingular Cauchy m atrix  is nonsingular.

Next, for a  given matrix X , we will define some pairs of random  structured matrices 

(preconditioners) A  and B  to yield generic rank profile for the m atrix

X  =  A X B .  (5.1)

Our next result generalizes one of [KS91] for triangular Toeplitz preconditioners A 2 , B 2 

(cf. also unstructured preconditioners used in the pioneering paper [BGH82]).

T h e o rem  5.5.2 (cf. [P2000]). Let us be given a m atrix  X  €  F TlXTl, and six vectors 

p, q, u, v, y  =  (yj), z  =  (zy) E F nXl, where each o f the two pairs o f  vectors p, q 

and u, v  is filled with  2 n d istinct scalars, yo =  zq =  1 , and y j, z j  are indeterm inates  

fo r  j  > 0. Let f  =  (1)£ZJ)1 =  Then the m atrix X  o f  (5 .1 ) has generic rank
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profile i f  (A , B )  =  (Aa ,B 0), (a,/3) G {(1,1), (2,2), (1,2), (2,1)} where A i =  C (p,q ,T ,y), 

B i, = C (u ,v ,z ,  1 ), A 2 = Zo(y), B 2 =  Zo(z).

Proof.See proof of Theorem 4.2.1. E

C o ro lla ry  5.5 .1  Under the assum ptions o f  Theorem 5.5.2, let the values o f  the 2 n —2 

variables, y j and z j,  j  =  1 , . . . ,  n  — 1, be randomly sampled from  a fixed  fin ite  set S of 

cardinality |6 /S [ . Then the m atrix X  =  A X B  o f  rank p has generic rank profile with 

a probability a t least 1 — (p +  l)p /|S [.

P ro o f, det X  is a  polynomial in the variables y i , z i , . . . ,  yn- i ,  Zn-i, o f a to ta l degree a t most 

2k for k < p  it does not vanish identically in these variables by Theorem 5.5.2. By Lemma

4.1.1, it may vanish with a  probability a t  most 2 k f\S \ under the random sampling of the 

variables. Therefore, the probability th a t neither of det X ^  vanishes under the random 

sampling is a t least njfc_i(l — 2 fc/|S|) > 1  — (p-h  1 )/|S |- □

Corollary 5.5.1 can be combined with generalized Algorithm 3.2.1 as follows.

A lg o rith m  5.5 .1  Randomized com putation o f  a partial output set fo r  a general m a­

trix.

I n p u t ;  a fie ld  F , a pair (a, /3), a , (3 €  {1,2} an  n x n m atrix  X  €  F riXn, and a vector 

6  € F n x l.

O u tp u t ;  a  partial output set o f generalized Algorithm 3.2.1 applied to X .  

C o m p u ta tio n s  ;

1 . F ix  a fin ite  set S  o f non-zero elem ents o f  F  (cf. Rem ark 5 .5 .3  a t the end of 

the section) or its extension and random ly sample from  S  the  2n — 2 elements
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y i,z i,i  =  1, . . . ,  n  — 1 , defining two matrices, A  =  Aa and B  =  Bp, o f  Theorem

5.5.2.

2. Compute the m a trix  X  = A X B .

3. Apply-generalized Algorithm  3.2.1 to the m a trix  X ,  which in  particular outputs 

p rank X .

4- Compute the m atrices F  and N  o f (2.8) fo r  X  replaced by X .  Verify whether 

the m atrix X N  (form ed by the n  — p last colunms o f the m atrix  X F )  is a null 

matrix. I f  "n o t", output FAILU RE, which indicates that the random ization  

failed to insure the generic rank profile property fo r  X .

5. Otherwise com pute the m atrix  B N  whose columns fo rm  a basis fo r  the null 

space o f X .

6 . I f  the linear system  XuJ = Ab has no solution w, then also the system  X y  =  b 

has no solution y. In  this case output IN C O N SIST E N T . Otherwise com pute a 

solution w to the fo rm er system  and then a solution y =  Bw to the la tter one.

7. I f  p = n, com pute  X - 1  =  B X ~ lA  and  d e tX  =  (det X )/((det A) det B ).

Correctness of Algorithm 5.5.1 is easily verified based on (2.8), (2.9) and (5.1).

The computational cost (in the case of a  general matrix X )  is clearly dominated by the 

cost of the application of generalized Algorithm 3.2.1 (we ignore the cost of generation of 

random parameters).
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R em ark  5.5.1 One m ay re-apply Algorithm 5.5.1 in  the case i f  F A ILU R E  is output. 

In  u applications, the probability o f outputing F A IL U R E  u tim es is a t m ost ((/>-J-l)p/

isir

R em ark  5.5.2 To increase |S |, one m ay need to  extend  F  i f  F  contains only a few  

elements. Operating in  the extension ¥[x\/q(x) fo r  an  irreducible polynom ial q(x) o f  

degree d increases the cardinality o f F b y  fa c to r  2?  at the price o f increasing th e  tim e  

cost o f our com putations by, factor 0 {dlogd).

R em ark  5.5.3 The restriction that the set S should no t contain  0 is  needed to insure  

nonsingularity o f the matrices A  and B  except fo r  the case where A  =  A 2 , B  =  B 2 . 

In  the latter case we m ay let S contain 0.

R em ark  5.5.4 Instead o f A 2 and B2 , we m ay choose A 3 =  Z j(y ) ,  B 3 = Z f ( z ) ,  fo r  

an indeterm inate f .  Then, clearly, Theorem 5.5.2 is extended. I f  the value, f  is 

randomly sampled fro m  the set S , the proof o f  Corollary 5.5.1 is also extended, 

except that the degree o f  det X  (as a polynomial in  f ,  y \ , z \ , . . . ,  yn- i ,  ̂ n - ij  is doubled, 

and so is the failure probability. Such a m in o r deficiency can be weighted versus  

the m inor acceleration (by roughly factor 2 )  o f  the complexity o f the com putations  

with triangular Toeplitz matrices A 2 =  B 2 — Zq (Z) in the transition to  the

f-circulant matrices A 3 = Z j (y ) ,  B 3 = Z/(z)  fo r  f  0.

R em ark  5.5.5 The results o f this section rely on  using  Cauchy-like multipliers A 1 , B i, 

and  Toeplitz multipliers A 2 , B 2 , A 3 , B 3 . Vandermonde multipliers o f section  6  could
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be also used, but then  we would have dealt with polynom ials o f degree as high as 

(p +  l)p n /2 , with the resulting increase by fa c to r  n  o f  the  failure probability bound.

5.6 Randomization for a Structured Input Matrix X

Let us next show appropriate choices of the matrices A  and B  of (5.1) that preserve the 

structure of some sample matrices from Tables 2-4. (The extension to all other matrices of 

these tables is straightforward.)

a) For X  = Tf , X  =  JT f , and X  = Tf J  (cf. (2.33), (2.34)) and also for X  =  Tf  +  J T e 

we may choose A = A 2 , B  =  B 2 or A  =  ^ 3 , B  = B 3 (cf. Remark 5.5.4), thus preserving 

the Toeplitz/Hankel-like structure of X  in the transition to  X  (cf. Proposition 5.2.2 and 

Tables 2 and 5).

b) For X  = C(s,t ,  G , H ) (cf. (2.36) and Tables 4 and 5), we choose A  = A§, B  =  B i, 

q =  s, u = t  and arrive a t X  =  C(p, v, G, H ) where we may choose any pair (p, v).

c) For X  = V j (F , G, H )  (cf. (2.35) and Tables 3 and 5), we choose A  =  A 2 , B  =  B i,  with 

u =  —F- 1  and arrive a t the m atrix X  =  V^'(—tf-1 , G, H ), for G, H  defined by Proposition

5.2.2, where we may choose any vector tT-1 . Likewise, for X  = Vf( t ,G ,H) ,  we choose 

A  = Ai,  B  = B 2 with q =  t~ l and arrive a t the m atrix X  = Vf(—v, G, H), for G, H  defined 

by Proposition 5.2.2 where we may choose any vector v.

Clearly, in all cases a)-c) above, the matrix X  belongs to the same class of structured 

matrices of Tables 2-4 as X  does. We also deduce from Proposition 5.2.2 that the length 

of the generator for X  increases by a t most 2 in the above sample transitions to  X .  It 

follows immediately th a t the estimates of Theorem 5.3.1 and Corollary 5.4.1 apply to the
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randomized computational cost of performing Algorithm 5.5.1 too.

Moreover, in the case of Vandermonde-like and Cauchy-like computations over the fields 

F  that support FFT  a t  n  =  2h points for an integer h, we may achieve the cost level (3.1),

(3.2) in the cases b) and c) above as a  by-product of randomization, by choosing p  =  gw  

an d  v  =  hw  for any nonzero scalars g and h  such th a t the vectors gw and hw  have 2 n  

d istin ct components and  by applying Propositions 5.4.2 and  5.4.3 to  the matrix X  and to th e  

m atrices of smaller size involved in the computations by generalized Algorithm 3.2.1 applied 

to  X .  (By Propositions 5.2.1-5.2.4, the structure allowing application of Propositions 5.4.2 

an d  5.4.3 is preserved for the la tte r matrices of smaller size.)

5.7 Simplified Expressions for the Generators of Schur Com­

plements

The computations of short generators of Schur complements in the generalized Algorithm

3.2.1 can be a little simplified based on the next result (cf. [P2000]), which generalizes one 

of [G094a], [OP98] (where it was assumed th a t K 21 =  L 12 =  0).

Proposition. 5.7.1 U nder the assum ptions o f  Proposition 5.2.3, let X u , be a n o n ­

singular m atrix. T h en  the Schur complement S  o f  X u ,  in  X  satisfies the follow ing  

m atrix equations:

S K 22 +  L 22S  =  (G2 -  X 21 X fj1 G 1 )(H 2 -  H l x r f x 12) +  R ,

R  =  S K 2 i X t f X n  + X 21 X r f L n S .  (7.1)
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Proof. Recall Proposition 3.2.2 and the definitions o f Proposition 5.2.3 and also write

Deduce Grom Proposition 5.2.4 that K X  +  X L  =  X G fL l X .  Deduce from, the la tter 

equation  that KooS~^ -j-S  =  (•^2 1 ^ 1 ’i"^ ^G2 )(f l^ X i 2 + £ ^ 'S

and consequently S K 2 2 + L 22S  =  (S X 2 iG i+ G 2 )(l?l X & S  +H 2 ) ~  S K 21X 12S —S X 21L 12S.  

S u b stitu te  the expressions from (2.4) for X & S  and S X 2 1 , and obtain Proposition 5.7.1. □ 

B y (7 .1 ), we have rank R  <  rank K 21 +  rank L i 2 - The expressions of Proposition

5.7.1 for a (K, L )-generator of S  are the simplest where K 21 =  £ 1 2  =  0. which implies 

th a t R  =  0 (cf. (7.1)). This is the case where K  =  —L T  =  Zq; K  = —Zq,  L  =  D ~ I(t), 

and K  =  —D(t),  L  =  D(s),  which correspond to the Hankel-like, Vandermonde-like and 

C auchy-like structures, respectively. In the Hankel-like case, this implies dealing with Z j  

for /  =  0, th a t is, we m ust operate with triangular Toeplitz matrices, which means a minor 

slow dow n (roughly by factor 2, [BP94], pp. 133-135) versus the same operations w ith / -  

circulant matrices involved in the case where f  0. The cost of such a slowdown can be 

w eighted  versus the decrease of the cost of handling non-null matrices R  of (7.1) when we 

sh ift from /  7  ̂0  to /  =  0 .
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