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ABSTRACT

Divisible Groups in the K-theory Completion of SU(n)
by

Peter L. Gregory

Advisor: Robert Thompson

I use the results of Bendersky and Thompson for the E(1)-based Ey -
term of S2"+1, K E3'S?+1 and the results of Bendersky and Davis concern-
ing the wvj-periodic groups of SU(n) to compute the F(1)-based FEa-term
for X = SU(n) for all primes p. This computation is performed using the
Bendersky Thompson spectral sequence for SU(n). For spaces like SU(n)
this spectral sequence converges to homotopy groups of the K-theory com-
pletion of SU(n), denoted m,.SU (n). Of particular interest is the existence
of infinitely many divisible groups in the homotopy groups of the K-theory
completion of SU which offers an example of how E-completion does not

commute with direct limits.
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Introduction

The main goal of this paper is to present new information regarding the ho-
motopy groups of the K-theory completion of the simple compact Lie group
SU(n) localized at odd-primes. In order to obtain information about the
homotopy of a space, it is a standard practice to use an unstable Adams
spectral sequence. An unstable Adams spectral sequence is a sequence of
functors which take as input the homology of a space, X ,and under certain
conditions, to be discussed below, converges to the homotopy groups of a
space. In the current situation, the spectral sequence converges to the ho-
motopy groups of a closely related space, the K-theory completion of the
space, which will be defined below. The main result of this paper is the
calculation of the Es-term of the Bendersky-Thompson spectral sequence for
SU(n), denoted X E3*(SU(n)) which converges to a K-theory completion of
SU(n), denoted SU (n). Most notable are the divisible groups that appear
for 3 < t < n, due to the presence of divisible groups in X EQS’t(SQmH) as
shown in [7].

In order to perform the calculation, one must consider the results of Ben-

dersky [11], and Davis [17] who compute the odd-primary v;-periodic ho-
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motopy groups of SU(n), denoted vy ‘7o, (SU(n)). These groups have been
studied extensively, and are known quite well for k sufficiently large and n
within a certain range. In [17] the groups vy 'm;(SU(n)) which correspond
to the PP Ey* 1 (SU(n)) are determined to be cyclic of order p»*™ where
the number e, (k,n) will be defined below. The groups v; 'ma,_1SU(n) corre-
sponding to the 2-line of the unstable Novikov Es-term are shown to be the
same order, but not necessarily cyclic. [20] gives some criteria for determining
the structure of these 2-line groups for n < p*>—p+1. Although these groups
only exist for k sufficiently large, and the groups on the 2-line are known only
partially, they can be reduced mod-p and used to determine the existence of
finite cyclic summands in X E5*(SU(n)) for s = 2, t < 2n — 1,where t is the

dimension of the sphere in the fibration

SU(n —1) — SU(n) — S**!

The fibration above induces a long exact sequence in ¥ Fy-terms. It is this
same long exact sequence and theorem 1.4 of [17] (which relies on [11]), and
theorem 5.2 of [7] that allows the computation of the remainder of the Es-
term.

Since the tool of choice for the calculation is an unstable Adams spec-
tral sequence based on a generalized homology theory associated to a ring
spectrum F, it is necessary to review the definition, relevent properties, and

convergence criteria of such sequences. I will quickly specialize to the main
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example of [5], namely the unstable Adams spectral sequence based on BP
theory (UANSS). This topic, and the calculation of the one-line of the 8% E,-
term for an odd sphere (theorem 9.12[5]) will occupy the bulk of chapter 2
and 3. Chapter 3 will also address the genralization of the UANSS to non-
connective generalized homology theories, in particular to the theory F(1),
a summand of p-local complex K-theory, the Bendersky Thompson spectral
sequence, BTSS. While many aspects of the construction in [5] carry over
to the non-connective case, the generalization is not entirely straightforward.
The proof of the convergence of the UANSS does not hold for non-connective
theories, so the issue of convergence of the BTSS must be addressed. T will
then summarize the results presented in [7] in order to use their calculation
of the ¥ Ey-term for an odd sphere (theorem 3.1 in [7]). Chapter 4 gives
a summary of the relevant results for the v-periodic homotopy groups of
SU(n) from [17] and [11] which will be used in this same chapter to compute
K By-term of SU(n) localized at odd primes which gives the homotopy groups

of the K-theory completion of SU(n).



Chapter 1

Main Results

The following gives a description of the unstable E(1)-based Es-term for

SU(n) where p is an odd prime.

Theorem 1 For each3<n,t—s>1,0<m <n, andrzp’rzzn;}

the Es-term of the E(1)-BKSS for X = SU(n) for an odd prime p is given

by
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E3'(SU(n))

o

if s > 4,
Q/Z ) ifs=3,t—s=2m— 2,

Q/Zp ®Q)Zp @ G(Z)p)) ifs=2,t—5=2m—1,

G(Z/per(rm)) ifs=2t—s=2r—1,k>0
Z [per () ifs=1,t—s=2rk>0
Zp) ifs=0,t—s=2m+1,

0 otherwise

\

where G(Z/p') is a finite cyclic group of order p/ if vl_17T2(m,1),1SU(n) is
non-cyclic and 0 otherwise. G(Z/p®™™) is a finite group, possibly non-
cyclic, of order e,(r,n). The G(Z/p’) on the 2-line is known only for certain

n such that n < p*> —p+ 1.
ep(r,n) = min{v,(a(r,j)) :n <j <r}

and }
a(r,j) = J (—1)" (J>z

i
i=0
The details of the proof of this theorem can be found in chapter 4, but the

general strategy is easy enough to summarize here. We begin by considering
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the long exact sequence in the E(1)-based Es-term of the Bousfield-Kan
spectral sequence, denoted X E5'(X), for an odd prime p induced by the

fiber sequence

SU(n —1) — SU(n) — S**!

and proceed by induction on n. The first cases to consider, SU(3) and SU (4),
are completely (or almost completely) given by theorem 3.1 in [7]. Beginning

already with SU(4), however, the boundary homomorphism

K
Kpytsn=t 47 gyt sU(n — 1),

is not obvious, so it becomes necessary to compute the mod-p reduced
K Fy-terms. Doing this allows us to exploit the feature given in theorem 5.2

of [7] that

KBy (SU(n): Z[p) = vy PP By (SU(n); Z/p)

which by the proof of theorem 1.4 of [17] makes the results of [8] and
[17] relevant. In short, it is in reducing the vi-periodic homotopy groups of
SU(n) given in theorem 1.4 from [17] and corollary 1.10 [20] and comparing
them to the mod-p F(1)-based Ea-term that gives the above result and leads

to the following two corollaries.

Corollary 2 Fort—s<2n—1, KENMSU(n) = 0.
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Corollary 3
K5 (i SU ) # i 5 (SU ),

which 1s to say K-theory completion does not commute with direct limits.

Although there is nothing to indicate why completion based on a non-
connective theory should commute with direct limits,it is interesting to see a
specific example of this failure to commute. It is suspected that this property
of the K-theory completion (the failure to commute with direct limits) is the
result of K-theory being a non-connective theory, and as such gives rise to

homotopy groups that are not finitely generated.



Chapter 2

Stable Beginnings

Since the main result here is the Es-term of an unstable Adams spectral se-
quence it is both desirable and appropriate to begin with a brief exposition
of the construction and properties of the specific spectral sequence used. For
completeness sake, this will be preceded by a discussion of relevent predeces-
sors based on [15], [5],and [7] which will lead naturally to a comparsion (and
contrasting) of the target and the convergence of these sequences. Unless
otherwise stated, a space will be a pointed Hausdorff topological space. For
a space X, XX denotes the reduced suspension of X, while 2X denotes the
loopspace of X. The homotopy category of pointed topological spaces will
be denoted Ho. Other convenient and/or standard notation will be given

over the course of the paper.
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2.1 Preliminaries

In [16] A.K. Boufield and D.M. Kan constructed an unstable Adams spectral
sequence (UASS) for ordinary homology. This construction was expanded by
M. Bendersky, E.Curtis and H. Miller in [5] to construct an UASS for a gen-
eralized homology theory. This in turn was generalized further to a spectral
sequence for the non-connective theory E(1). It is this final spectral sequence
that will occupy the discussion in chapter 3. For now, Brown’s representabil-
ity theorem says that each generalized homology theory can be given by a
spectrum and vice verse. A common starting point for a presentation of the

spectral sequences mentioned above is the notion of spectra.

Definition 4 A spectrum E is a sequence of spaces { E,} together with maps
en 2 UE, — E, ;1. The adjoints of these maps are g, : E,, — QF, 1. If the

€n s are weak homotopy equivalences, then E is said to be an S-spectrum.

An example of a spectrum is the suspension spectrum of a space X. This
is defined by E,, = ¥"X with the obvious structure map, and denoted ¥*°X.
If X =59 then XX is called the sphere spectrum and denoted by S.

If we let F,, = lim OFE, ., then any spectrum E is homotopy equivalent
to an {2-spectrum % which is the collection of spaces {F,} with structure
maps from the direct system. Notice that ¥*° is a functor from the category
of topological spaces to the category of spectra, and its adjoint, 2*° is, of

course, a functor that takes spectra to spaces. We will see this functor again.

Certain spectra are endowed with more stucture than just €.



CHAPTER 2. STABLE BEGINNINGS 10

Definition 5 A ring spectrum E is a spectrum with a multiplication
m:ENE— FE

and a unit

n:S—FE

such that the following associativity and unitary diagrams commute up to

homotopy

mAE

EAn nA\E
ENENE —E EANS —— EAE ~— SAE
TN

ENE E E
Such a thing, an E, an m and a n taken together in a more general setting

will be known as a triple. For X a spectrum, and F a ring spectrum, the

unit n of E induces a natural transformation

Nnx =NAX:SAX=~=X — FEANX.

Let X; denote the fibre of n,. More generally let X; be the fibre of the
map 7yx,. Lhis gives rise to a tower of fibrations over the spectrum X which

is constructed in the next section.

Definition 6 A module spectrum F over a ring spectrum E is a spectrum
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together with a map p : EANF — F such that the following diagrams commute

mAid id id
ENENF —— EANF  pag M pap M o F

A

Ja F

idAp

EANF

2.2 The Stable Adams Spectral Sequence
based on a Generalized Homology The-
ory

We note that if E is a ring spectrum, then for any spectrum X, we have the

following commutative diagram

EAX 2 PAEAX

\

ENX

mATl

Furthermore, there is a map

X=Xo~S°AX >EAX
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Let X7 denote the fiber of this map, and in general let X;,; denote the
fiber of the map

then for X a spectrum and E a ring spectrum we have

Nx2

ENX,

(2.2.1)

nx1

ENXy

Y

Xo=X =2+ EAX

Applying m.(—) to the above gives a sequence of long exact sequences
which in turn gives a stable Adams spectral sequence for which the E;-term
is given by

B =m_ (X, AN E)

with differentials
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. s,t s+rt+r—1
d,: B — E?

A ring spectrum E determines a cohomology theory E™(X) = [X, E,].

This in turn gives a multiplicative homology theory E,(X) = lim m,,,4(X A
k

Ey) with coefficients in the ring FE,, where E, is defined to be m,(FE), and

ﬂ-’l”(E) = h_{n 7Tn+r(En) [2]

Remark 7 This is fine since E, is functorial in X, but we will need E, to
be functorial in a functor of X. In order for this to be the case, we assume
E is an associative, commutative ring spectrum, flat as an E, module, i.e.

We assume E.E = m.(E A E) is free as a left E.-module.

Applying F.(—) to 2.2.1 we obtain a sequence of short exact sequences

E.X —— E (X AE) — E.(SX))

EXX, — E, (23X, AE) — E,(3%X))

Splicing together these short exact sequences gives a resolution of F,(X) (by
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cofree F,E comodules)

0— EJ(X) = EL(XoANE) = E(EX1ANE) — ...

We can apply Hompg, g(F., —) to the above resolution and conclude that

Ey' = Eatp, p(E,, E.(X))

More concisely, let A =7, (F)=FE,=FE " and ' = E,E =7,(FE A E)

Theorem 8 Let A=n.(F)=FE,=E*, andl =E,E=n.(ENE). If E
satisfies Remark 7, the Es-term of the Adams spectral sequence based on E

s given by

Ey' = Extr(A, E.(X))

We can consider I' = F,E as a sort of coalgebra:

I'=EE~n(EAE)
- m(ENENE)
=~ r.(EAE)A(EAE))
> 1. (EAE) ®r.(p) m(ENE)
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Before, however, we allow ourselves to think of I' as a Hopf algebra,
we must admit, the world being so various, that it is possible that the left
FE.-module stucture of I' is not necessarily the same as the right module

structure.

Definition 9 Let E be an Q2-spectrum satisfying the hypotheses of Remark
7, and let A and T be as above. The pair (A,T") is a Hopf algebroid if there
are two unit maps, a left and a right, denoted np,ngr : A — ' and there
1s a counit € : I' — I, a diagnol map ¢ : I' — ' @4 ', and a canonical
antiautomorphism ¢ : I' — ' satisfying various properties. Further details

can be found in [38].

2.3 Convergence and other Considerations

We take a moment to comment on the convergence of the above spectral
sequence, introduce a computational tool, and define some general notions
motivated by an example that will assist in these and subsequent applica-

tions.

Definition 10 The E-localization of a space X with respect to a spectrum
E is a space Xg with a localization map lg : X — Xg which induces an
1somorphism in E-homology and is terminal among such maps, that is if
there exists another f : X — Y which induces an ismorphism in E-homology,

then there is a unique g : Y — Xpg such that gf = lg.
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Definition 11 A spectrum E = E, s said to be connective if there is an

integer N such that m,(E) = 0 for all k < N.

Theorem 12 If X s a connective spectrum, and E is a connective ring
spectrum such that moE is a solid ring, that is E® E = E, then if toE = Q,
Zpy, or Z[p, then the spectral sequence defined above converges to m.(Xg),

(X)), or m(Xuzyp), respectively.

The significance of the connective assumption will become clear when we
discuss unstable theories in the next chapter.

To facilitate computations now and later, let A = E,, I' = E,FE,, then
"(M)=T®s..04 @4 M
is the (stable) cobar resolution with differential given by

d([vi |2 |- [vsla) =[1 [ | ... [ vsla

+ Y W [ 1] ] a
j=1
+ (=D | | s | d]a

where

Y(7) =Y v @7 and ¢(a) =Y ' @d,
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that is we have a chain complex known as the (stable) cobar complex,
0— E. % B.E®p, E. — E.E®p, E.E®p, B, — ...
and we see that

d(a) = 1la —a|l =nr —nr.

From the above construction we have

Ext' = P(E.E)/d(a)

where P(E,F) is the polynomial algebra over E,FE, and we apply this to

two specific examples.

2.4 Examples

Example 13 For the stable Adams spectral sequence (ASS), let E = HZ/p
be the FEilenberg-Mac Lane spectrum, and A, = FE.E be the dual of the
Steenrod algebra. Then for a spectrum X the spectral sequence converges

to m.(Xuzp) and it is shown in [28] that

o for the prime p = 2, A, = P(e,¢€,...), where |e,| = 2" — 1 with

n

coproduct A(e,) = S0 €2, @ ¢; where ¢g = 1.

o forp > 2, A, = Pley,e9,...) @ N(79,71,...) where

€] = 2(p" — 1)

and |1,| = 2p™ — 1 with coproduct A(e,) = Z?:o eﬁii ® €; Alm,) =
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Yoo Gf:_i QT+ 1, ®1.
Using the cobar complex, we see that Ext = P(A,) since ng —nr, =0

We counter the above example with one in which ng —n; # 0.

Example 14 For the stable Adams-Novikov spectral sequence (ANSS), let
E = BP which is a p-local ring spectrum satisfying the hypothesis of 12 then
A, = BP,, I' = BP,BP. In [39] it is shown that BP, = Zp)[vi,vs, ...]
where |v,| = 2(p™ — 1) and BP,BP = BP,[ty,1s,...] where |t,| = 2(p" —
1). There is a coproduct A : BP,BP — BP,BP ®pp, BP.BP which is a
longer story, and unlike the previous example there exist two distinct unit
maps, nrg and ng. This means that Ext = P(BP.BP)/(ng — n1)(BP.).
Nevertheless, BP is a connective theory and the spectral sequence converges
to m (Xpp) ~ m(X)®@ Zp). With 8 in mind it would be very helpful to know
Exti*(A, M) = Ey'(M). The following calculation [42] gives this object:

Let M be a I'-comodule, I' = BP,BP, A = BP,. We have the cobar
complex

0 MEm " Po, M —-Te Loy M— ..

and the short exact sequence

0— BP, % BP, - BP,/p — 0
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Applying Ext to this short exact sequence gives the “Bockstein” long exact

sequence
0 — Ext"BP, — Ext®BP, — Ext°(BP./p) > Ext'BP, — ...

An element in BP,/p (Ext°(BP,/p)) is of the form v‘fpi as is an element

in BP,, except not mod p.

Let I, = (p,v1, V2, ..., Un_1) then we obtain the following formulas due to

[33] and [36]

e ng(v,) = v, mod I,,. In particular,
nr(v1) = v1 modp = vy + pty
o nr(v,) = v, + vn_lt’fnfl — Pty mod I,,_o for n > 2. In particular,
nr(v2) = vy + vit] — Vit
o Gu1(vy) = (v1) " (r(vy) — n(vy)) mod I—y. Forn =1,
d(vy) = (1/p)(nr(vy) — nu(vy)

With these formulas we compute Ext“*"'9(BP,) as in [42]:
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In

0— BP, % BP, - BP,/p — 0

take o in BP,/p, then a = m/p* where m = vk in BP,. We pull-back

m/p’ to BP, and apply d from
0— MM Po, M T T @4 M — ...

We now have d(m/p®) which we pull-back to BP,, so we have d(v})/p,

and so we see from 1/

3(vf) = (1/p)(na(vf) — ne(vr)
= (1/p)d(vy)/p'

= d(v})/p™!

Let k = sp' and agpip, = d(v})/p™ then for any 1 <n <i+1

Qgpifn = d(VF)/p" € Ext"?'(BP,), where ¢ = 2(p — 1)

and it follows that the one-line of the Es-term of the stable ANSS for BP,

15 given by
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E;’Spiq(BP*) = Z/pi*.

A stable non-connective theory and the main example of this paper is the

following

Example 15 Let E = E(1) the summand of p-local complex periodic K -
theory, and X = S**1 then E(1). = Zyv1,v7 '], where |vi] = ¢ =2(p—1)
as in the previous example. For k € Z, let v(k) be the exponent in the highest
power of p that divides k, that is k = ap’® such that p 1 a.

Using calculations from [31] it is shown that the Ey-term of the E(1)-based

stable Adams spectral sequence for the sphere spectrum is given by

Ey' = Extjét(1)*E(1)(E(1)*a E(1).)

such that

0 if s > 3,

Q/Z ifs=2,t—s= -2,
E5(S) = 4 Z/prEH ifs=1,t—s5=qk—1,
Zp) ifs=0,t—s=0,

0 otherwise.




Chapter 3

The Unstable Condition

In order to define a similar but unstable spectral sequence where X is a
space rather than a spectrum, we follow [15] as in [5] to construct an unsta-
ble Adams spectral sequence (UASS). Since our main example is E(1) we
proceed in great enough generality to cover at least this special case. How-
ever, the F(1)-based Bousfield Kan spectral sequence (BTSS) has a great
deal in common with BP-based Bousfield-Kan spectral sequence (UNSS)
constructed in [5]. In what follows we exploit these similarities as much as
possible, while at the same time, address the important differences between
these two Bousfield-Kan spectral sequences. The most significant difference
between BTSS and UNSS is that the latter is in general based on a connec-
tive spectrum while the former is based on a non-connective spectrum. This
difference has serious implications when it comes to the convergence of these

spectral sequences. Convergence will be addressed in section 3.2. We assume

22
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that E is a homotopy-associative ring spectrum and begin by considering the

functor 2°° mentioned above, so that we may enter an unstable setting.

3.1 The Bousfield-Kan Spectral Sequence

Definition 16 For a space X, and a ring spectrum, E, let E(X) denote the

0™ space in the Q-spectrum associated to the spectrum E N X®°X

B(X) = Q®(EAT®(X)) (3.1.1)

Thus E(X) is a functor from Ho to Ho, and for i > 0, E;(X) =~
mi(F (X)), where E,(X) denotes reduced E-homology. Notice how this par-
allels E;(X) ~ m(E N X), the analogous statement for the stable Adams
spectral sequence, where F is a ring spectrum, but X is a spectrum not a
space. Statements and constructions made above in the stable case can now
be made in the unstable construction. Specifically, the unitary property of

the ring spectrum E, n: S — FE gives an Hurewicz map
nx X = SoAE L S(X) L B(X)
which is so called because it induces a map

Nxs : T(X) — E(X).
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Furthermore, there is a pairing F; A E; — E;1; induced by the multipli-

cation of the ring spectrum £, and this induces a map

QZ(EZ VAN Qj(Ej VAN X)) — Qi+j(Ri+j VAN X)

which upon passing to the limit gives a natural transformation in Ho

jix : B(E(X)) — E(X)

Definition 17 A triple (G, u,n) on a category C consists of a functor G :
C — C and natural transformations p: G* — G and n : I — G such that the

following diagrams commute

G G?’] G2 - 77G G G3 ﬂ, G2
RN ZE
G G2 L, G

It is clear that our functor E is the functor of a triple (E, u,n) on the
homotopy category of spaces Ho.

The first derived functor of X is defined to be the fibre of the Hurewicz
map, and is denoted D;(X). more precisely, D;(X) is defined to be the
pull-back of the path-space fibration over E(X) via the Hurewicz map. This

begins a tower very similar to (2.2.1).
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Dy(X)
(3.1.2)
X —1+ B(X)

This is continued with D;(X) defined to be the pull-back of the path-space

fibration over D;(E(X)) via D;n giving a tower of fibrations

Dan

Dy(X) —— Dy(E(X))

(3.1.3)

The spectral sequence associated to this tower of fibrations is the Unsta-
ble Adams Spectral Sequence (UASS) based on E-homology known as the
Bousfield-Kan spectral sequence (BKSS).

Definition 18 The homotopy exact couple of the tower (3.1.3),

) D*77X )

= D (X) = 1D (X) — m.D.(E(X)) = mD(X) — ...

is called the homotopy spectral sequence of X with coefficients in E (UASS),
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with

el m—sDs(E(X)), fort>s>0
=

0, otherwise

3.2 Convergence

3.2.1 Connective

In the stable case, we mentioned that the connectivity of the spectrum E will
play an impotant role the convergence of Bousfield Kan spectral sequences.
We illustrate this in the following. In [5], Bendersky, Curtis, and Miller
construct a BKSS based on E for which the spectrum E is required to be
unital, connective, and admit a Thom map, 7 : £ — H where H is the
integral Eilenberg-Mac Lane spectrum, H = H,, with H, = K(Z,n), and 7
preserves the unit map, that is if n : S — FE is the unit map of E, then 77 is
the unit map of H. For any E satisfying these conditions, or any sufficiently
‘nice’ ring spectrum and any simply connected space X, [5] shows that this
spectral sequence converges to either the homotopy groups of X or to the
homotopy groups of the unstable the E-localization of X, Xp, as defined in
[13]. The primary example of [5] was the calculation of the Es-term of the
BKSS based on BP (UNSS), for which it is shown that for a fixed prime
p and a simply connected space X the UNSS converges to the homotopy

groups of X localized at p.
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3.2.2 Non-connective

The main example and main result of this paper is the Es-term of a BKSS
based on a non-connective £, E(1). For non-connective FE, X is close, but
not exactly the right target of the spectral sequence. It turns out that the
right target is a more general space called the E-completion of X, denoted
E(X). This space is constructed in [16] as the inverse limit of a tower under

X. Specifically, suppose we have a tower under X:

X

Fy =, X,
We can apply 7.(—) to the tower to get a homotopy spectral sequence
with EY ' = m,_ F,. If X is the homotopy inverse limit of this tower then we

have

Proposition 19 [16] Given a tower as above, where X = holim X,, and
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1 > 1. Suppose that

: 1 ps,s+1 I 1 rs,s+i+1
lim " E>"" =0 = lim " £}
r r

for all s > 0. Then {E,} converges completely to m; X .

Definition 20 A spectral sequence is said to have a horizontal vanishing line

if there exists an N and r such that E$' =0 for all s > N

Remark 21 If a spectral sequence has a horizontal vanishing line, then

Proposition19 holds.

The problem we are left with, however, is that our spectral sequence
(BKSS), at the moment, comes from a tower over X while our convergence
criterion holds for X, the homotopy inverse limit of a tower under X.

We need to remedy this situation. First, we assume we are given a tower
under X and see that every tower under X gives a tower over X as follows.

As before, let
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FQ"XQ

F14>X1

Y

Fy —— X

be our tower under X, and define X*™! to be the homotopy fiber of the

map X — X, and D?® = F}, then we have the tower over X

X :'XO 'DO

Splicing together these two towers



CHAPTER 3. THE UNSTABLE CONDITION 30

XS+1 4>X3 %FS:DS

Xsfl — Xsfl

*

we can see that the two towers give the same spectral sequence. In this
construction we are given a tower under X which determines a tower over X.
Thus a tower over X comes, almost for free, from a tower under X. What
we really would like, since our situation calls for it, is to be given a tower
over X and have that be enough to determine a tower under X. In other
words, we would like to know when a tower over X comes from an associated
tower under X. While this is possible in the the stable situation in which
fibrations and cofibrations are essentially the same, in an unstable setting a
tower over X, at best, comes from an associated tower under .X.

In [16] Bousfield and Kan show that for their UASS in which £ = HR,
ordinary homology with coefficients in a ring R, [15] shows that a tower
over X comes from a tower under F (X), the E-completion of X. However,
their tower relies on a cosimplicial space E(X) associated to the functor
E(X). Furthermore their F(X) is represented by a functor on the category

of topological spaces, not on Ho. In order to use these results of [15] we must
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proceed cosimplicially and make sure that our E(X) is a cosimplicial object
in the category of topological spaces. Once the issue of convergence is settled

we will also use the following notions to describe the Fs-term of the BKSS.

Definition 22 e A cosimplicial object X over a category C'is a collection
of objects X; € C such that for each n > 0 there are co-face and co-

degeneracy maps

d: X, = Xpi1

and

s Xpa — X,

for which 0 < i < n satisfying the following cosimplicial identities

dd = d'd, 1< 7,
sdh = d's’ 1, 1< 7,
= 1d, t=73,5+1,
=d s, 1>+ 1,
slst =51l 1> 7.

o A cosimplicial space X is a cosimplicial object over the category of

spaces.

Example 23 The cosimplicial standard simplex, A consists of the standard

n-simplez A[n] in each dimesion n with the usual coface and codegeneracy
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maps.

Remark 24 Any triple (G, u,n) on the category of topological spaces in-

duces a functor from the category of spaces, denoted C, to the category of

cosimplicial objects over C as follows.

Using 7, for an object C' in C, we define the map

d' = GinG": G"(C) — G™, 0 < i < n.

while p allows us to define
s'=G'uG" G"(C) — GMTHC), 0 <P <.

We let G(C),, = G""(C), and obtain a G-resolution of C:

d()
é
d° sY
— —
cct & oo Lo (3.2.1)
dt st
— —
d2
H

Applying these general definitions to 3.1.1 gives a functor E of a triple

from the homotopy category of spaces to the category of cosimplicial objects

over the homotopy category of spaces.

This is a problem, however, since in order to apply the methods of [15]
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we need 3.1.1 to be a functor on the category of spaces not just on the
homotopy category of spaces. [21] develops the notion of the category of S-
modules, Mg which is a category of spectra which possess a smash product
that has associativity, commutativity, and unitary diagrams which commute
“on the nose” rather than just up to homotopy. The category Mg has a
subcategory of S-algebra that consists of those spectra which not only have
a strict smash product, but also have a ring spectrum multiplication, with
strictly commuting unitary, and associativity diagrams.

In particular, it has been shown that the spectra MU, BP, and FE(1) can

be represented as S-algebras.

Proposition 25 If E' can be represented by an S-algebra, then E(X) is the

functor of a triple on the category of topological spaces.

Definition 26 Let X be a cosimplicial space then the total space Tot, EX
of X is the function space Hom(A,X).

As in [15], we can let APl denote the s-skeleton of A, and let Tot,(X) =

Hom(AF! X), then we see that
Tot. o EX = holim Tot,EX

where holim Tot,EX can be seen as the homotopy inverse limit of a tower of

—

fibrations consisiting of the individual Tot,EX, i.e. we have a tower under

holim Tot , EX .
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Definition 27 Let (E,pu,n) be a triple on the category of spaces, the E-

completion of a space X is given by
E(X) =Tot EX

From the above we have

Theorem 28 [7] If E is an S-algebra, i.e. E is the functor of a triple on
the category of spaces, and X is a simply connected space, then the spectral
sequence induced by the tower over X is equivalent to the spectral sequence

induced by the tower under E(X).

In summary, for a spectral sequence based on a non-connective spectrum

E, like E(1), we have the following.

o A spectral sequence based on non-connective E converges if the spectral

sequence has a vanishing-line.
e If such a spectral sequence converges, then it converges to E (X).

We can now apply these facts to our main example.

The E(1)-based BKSS for SU(n) has a horizontal vanishing line, and
so the E(1)-based spectral sequence for SU(n) converges to the homotopy
groups of & SU (n), the K-theory completion of SU(n), and these homotopy
groups, in positive dimensions, are given by the Es-term.

The above is clear from the the X E)-term presented in chapter 1.
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3.3 A Cosimplicial Description of the E>-term

In order to make the calculations of [7] possible, we now move on to describe
the FE>-term of both types of Bousfield-Kan spectral sequences, connective
and non-connective, to facilitate calculations. This F>-term has a few char-
acterizations and also depends, of course, on the spectrum F.

In this section we review the construction given in [5] of the Bousfield-
Kan spectral sequence based on a genralized homology theory F. As above,
denote the Hopf algebroid (E., E.E) as (A,T'). In order for this spectral
sequence to be useful in general, i.e. in the non-connective case, we make
the following assumptions about the ring spectrum E which is represented

by the Q2 spectrum FEj.

Hypothesis 3.3.1 (i) E is a homotopy associative, homotopy commuta-

tive CW ring spectrum with unit.
(i1) For each k >0, E.(Ey) is a free A-module.

(i1i) Let PE,(Ey) denote the primitives in the coalgebra E.(Ey) and o, de-
note homology suspension. Then PE,(Ey) is free as an A-module and

following composition is injective.

PE*(Ek> — E*<Ek) G—*> F

In the previous section we defined the notion of a cosimplicial object over

a category, and saw that the existence of a triple gave rise to a cosimplicial
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object and an Suppose we are given a cosimplicial object X over a category
C, we can apply a functor 7' : C — A from where A is an abelian category to
the above resolution where A is an abelian category. In this way we obtain
the so-called G-derived functors of T. The category we have in mind for A
is the that of abelian groups, with m,(—) the functor. Regardless, as long as
we have a cosimplicial object, say X, over an abelian category we get a chain
complex, chX by defining chX"=X" and § = > (—1)'d" : chX™ — chX" ™!

so the right G-derived functors of T" applied to the object C are given by

LT(C) = H'(chT(G)C)

Remark 29 ForT = m.(—) andC = Ho, H'(chT (G)C) = H'(chm.(GC)) =

1. GC and is called the cohomotopy of the cosimplicial group ©.GC'. [15]

Theorem 30 [15] Let X be a topological space then E3'(X) = n°m, B(X)

3.4 Cotriples, Coalgebras, and the category
M(G)
The triple of our main example is the adjoint of a cotriple.

Definition 31 A cotriple on a category C is a functor G : C — C and natural
transformations 6 : G — G? and € : G — I such that the following diagrams

commute
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G‘GE G2 EG'GG?)‘&GQ

N

G G2<67G

)

Definition 32 Given a cotriple G, we define a G-coalgebra as an object C' in

C together with a map ¢ : C — GC making the following diagrams commute

c- Y. a0 GC~"— GC

Let C(G) denote the category of G-coalgebras, the category whose objects

¢ Gy P

¢ ac

C

are (G-coalgebras, and whose morphims are maps of G-coalgebras as follows:
A map f: C — D is a map of G-coalgebras if the following diagram

commutes

c—' +p
P P
Gf
ac - ap

Suppose we have an object C' in C, and a functor of a cotriple GG, then
G(C) is naturally a G-coalgebra with ¢ = §. Thus we can consider G to be
a functor from the category C to category C(G) of G-coalgebras. This makes
the forgetful functor from C(G) to C' left adjoint to the functor G, that is

for X € C(G) and Y € C
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Home(X,Y) = Homeg)(X,GY)

We stated above that our triple is the adjoint of a cotriple, we are now in
a position to show this is indeed the case. As noted above, a cotriple (G, 9, €)

determines a G-coalgebra, say (F,v). Let

p=_G(): GHF)— G(F)

and

n=1v:F — G(F)

then (G,G(e), ) is a triple on the category C(G).

We have established enough of the general underpinnings of the theory
to move onto our specific examples: The BP-based unstable Adams spectral
sequence from [5] and the F(1)-based UASS as in [7].

We begin by recalling a construction from [5]. Let E be an 2 CW ring
spectrum that satisfies 3.3.1 (i) and (ii), and let M be the category of graded
free A = E,-modules. We note here that there are further conditions placed
on E in [5] than those listed in 3.3.1. We will address these omissions below.
For now, let F' be a spectrum such that for an M € M, 7, (F) = M. We

define a functor G from M to M by
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As in [5], G is the functor of a cotriple on M, and so G is the functor of a
triple on M(G), the category of G-coalgebras over M. Since G is the functor

of a triple on M(G), for M € M(G) there is a cosimplicial G-resolution of

M asin 3.2.1
dO
—%
do sY
— —
10,70 - e 10V B (3.4.1)
dt st
— “—
d2
—

Let Aft] = E.S" € M(G) and just like before we can apply an appropriate
abelian group-valued Hom functor, Hom ) (Ex(S"), —) in this case, to the
above resolution to get a chain complex. Taking the homology of the chain
complex gives the G-derived functors of Hom ) (A[t], M) which we denote

Extpe) (Alt], M).
Theorem 33 [7] theorem 6.17 [5] If X is a CW -complex such that E.X €
M and E satisfies at least (i) and (ii) of 3.5.1, then

E3'(X) = Exty

e (Alll BExX), fort—s>0

In order to perform calculations we need to move from the category M(G)

to an abelian category.

Suppose G(M) € M(G) then we have the composition
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ML G(M) = G (M) = G(M) @p, G(M) <25 M @p, M

which allows us to consider G(M) as a coalgebra over E, = A. Let P(M)
be the module of primitives with respect to this coalgebra structure. Then
P is a functor from M(G) to the category of A-modules. By 3.3.1 (iii) it
follows that

PGM)—-GM)—-T®s M

is injective, and so PG(M) is a free A-module. Thus

Lemma 34 (/5],lemma 7.5) U = PG is a functor of a cotriple on M and a

subcotriple of the cotriple determined by G.

U can be extended to a functor of a cotriple over the category A of all

graded A modules. Let M € A and let

Fli>F0—>M—>O

be a resolution such that F}; and F, are free modules then we define

U(M) = coker(U(d) : U(Fy) — U(Fp)).
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Thus U is an exact functor on A. Let A(U) denote the category of U-

coalgebras. Since U is exact, A(U) is an abelian category.

Definition 35 A(U) is the category of U-coalgebras called the category of

unstable I'-comodules.

Let M € A(U) then we have a cosimplicial resolution U(M) to which we

can apply Hom aw)(A[t], —) and obtain the chain complex denoted in [7] as
C*' (M) = Hom 4 (Alt], (U(M))%)
which is the unstable cobar complex for M.
Adjointness gives

Homwy(Alt], U*(M)) ~ Hom 4(A[t], M)

which in turn shows that

Ot (M) = U*(M),.

[5] then shows that there is a diagram of functors

P Hom 4ty (Alt],—)
_

M@ LA Ab

for which Ab is the category of abelian groups, and as such an abelian
category, as is A(U) as previously noted. For such a diagram, and since

U(M) is injective in A(U), there is a composite functor spectral sequence
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In order to use this spectral sequence, we need to compute the derived
functors of the primitives P, R;PM. This calculation requires a further
restriction on £ that holds in the connective setting of [5], but fails to be the
case for spectra like E(1) in [7]. In [5], the cofree cocommutative coalgebra
functor is denoted S, and it is assumed that for each k € ZT, E,(Ex) =
SP(E.(Ey)). This imples that the G-derived functors of P are the same
as the S-derived functors of P. In particular, if F,(X) is indeed cofree as
a coalgebra, which is the case when M = M(2n + 1) = E,(S**1), then

&PM = 0 for s > 0 and the composite functor spectral sequences collapses

giving

EsY(E.X) = Extaw)(Alt], PM),

Specifically, the FEy-term for the sphere X = S$?"*! is given by the homol-
ogy of the unstable cobar complex.

For non-connective spectra, the conclusion that the F>-term is the ho-
mology of the unstable cobar complex is slightly more difficult to come by.
In this setting there is no clear notion of cofree F,-coalgebras, so we need
another way to show that the Fo-term of the E(1)-based unstable Adams is

the homology of the unstable cobar complex.
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We begin by fixing a prime p. Let E = BP, let (A,T') be the Hopf
algebroid as in chapter 2 where A = BP, = Z,)[v1, 2, ...], where the v; are
the Hazelwinkel generators, I' = A,[hq, ha, ...|, where h; = ¢(t;), and ¢ is the
canonical antiautomorphism of I'. Recall that |v;| = |h;| = 2(p* — 1) and that

there are two unit maps ng,n, : A — .

Definition 36 [26] Let E, be the homology theory associated to the p-local

spectrum E. FE, is said to be Landweber exact if

From this, it follows that

E*(E> = E* ®BP* BP*(BP)BP*E*

Example 37 Let E = E(1). The spectrum E(1) is obtained from BP by

killing off v;, for i > 1 and inverting v, on the right and on the left giving

A= E(l)* = Z(p) [Ul, Ufl]

and

I = E(1),E(1) = E(1) * ®pp, BP.(BP)pp, E(1),

The Hopf ring E.(E,) was computed in [24].
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Proposition 38 [2/] Let E, represent a p-local Landweber exact multiplica-
tive homology theory. If the coefficients E, are concentrated in even dimen-

sions and a a free R-module of countable rank for some subring of @), then

E.(E,) = E, ®pp, BP.(BP.) ®pp, 3P+ BP.[E™]. (3.4.2)

where F,[G*] denotes the sub-Hopf ring of Fi.(G.) obtained by applying F\ to

elements in m,G = G~ *.
Clearly Proposition 38 applies to E(1).

Proposition 39 [7/
Let I = (iy,is,...) be a sequence of mon-negative integers. Let h! denote

i1 1.19
W

(1) If M is a free left A-module, then U(M) is the A-span of

{h@m|2(i +ig+..) <|m|} cT ®4 M.

(11) Suppose M is an unstable I'-comodule, free as an A-module, with coac-

tion ¥ : M — U(M). Then the unstable cobar complex is the chain
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complex C**(M) = U*(M), with differential given by
d(fya [z o [ yslm) =[1 [y | | ys)m
Y Wl [ 1) | L ylm
j=1
LGS M N 7 I A g [
where 33 € T, () = S, ® 7 and b(m) = S’ @ "

Theorem 40 [7] Let E be a Landweber exact ring spectrum satisfying 3.3.1.
Let M = M(2n1+1,2n0+41,...,2n,+1) be a free A-module on a sequence of
odd dimensional generators {Ton,+1,...,%Ton,+1}. Let X be an H-space such

that E.(X) = Alzon,+1, - - -, Ton,41] the free commutative algebra. Then
Extiv ) (Alt]; Ex (X)) = Extlyq) (Aft], M).

We now have enough to compute using either the B P-based BKSS or the
E(1)-based BKSS.



Chapter 4

Divisible groups in the X5U (n)

4.1 A Calculation in the BP-based BKSS

The primary method for computing the Es-term of a BKSS for a given space
X is to begin with an element in the stable cobar complex, and try to desus-
pend this element as much as possible. This method is exemplified in the
following computation of the unstable 1-line of the BP-based UASS, pre-
sented first in [5], again in [7], and again here as it is the foundation for
subsequent calculations of BKSS FEs-terms.

We begin with the stable setup from chapter 1. Let M be a free BP,-
comodule, I' = BP,BP, and A = BP,. Then we have the stable cobar

complex

0—>MET@Q M —>T®40M — ...

46
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with

d=nr—1L

Based on considerations from the previous chapter and since M is free

there is an injection

UM)—-T®s M
and a factorization

M- Teo,M

U(M)

Where U(M) has a basis of monomials h’/ @ vIm, where h/ € T, m € M,
and so v'm € M such that (I,J) are allowable with respect to the dimen-
sion of M as described in [5]. However, instead of writing down a specific
basis Bendersky showed it is equivalent to describe U (M) as in the previous

chapter, that is

U(M) = A span of{h’ @ m|21(J) < |m|}

In other words, (I, J) is allowable if and only if 2(J) < |m|

For example, let M = A[2n + 1] with generator ts, 1. Then
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U(M) = BP,(5>"") = U(A]2n + 1))

Here hY ® to,41 € U(M) with I(J) = n and |m| = 2n+ 1, and so (I, J) is

allowable.

Theorem 41

PRI = vk mod Fy (5?71

Proof. We proceed by induction on J. We will actually just present

J = 1,2 which suffice to give the idea for the general calculation.
Lemma 42 ph|™ = v h? mod Ei(S?"+1)

Proof. Since v;h? lives on the (2n + 1)-sphere and A} must live on
52743 this lemma says that ph}tt € S?"3. Let j > n. We need to show

that v,h? @ ¢ — phi™ @1 € E1(S*1). We have
W@ e By(S™)

Let j = n+ 1. Then we have hf ® v; € FEi(S*"!). Also recall that
hY @ vy € I' ®4 M. This means that vy is in M and M is a left A-module.

However, we can view vy € M as a right A-module by applying ng to v:

hY @ vie = nr(v1)h] ® ¢



CHAPTER 4. DIVISIBLE GROUPS IN THE Kgl\](]\/) 49

Recall ng(vy) = v1 — phy, so

h? X vt = (Ul — phl)h? )
= (nh} —phit) @

=uhl ®@—phiT @

Thus

ph?—H = ’Ulh711 - h? ® V1
and this gives the result m

Lemma 43

p* R = TR modE, (S*"Y)

Proof. Using previous lemma, let n = n + 1, multiply by p, and the
result follows. m

Theorem 44 [5] In filtration s = 1, in positive stems, the element of order
p" in the stable gk — 1 stem desuspends to S, but not to S*~1, that is if

n < v(k)+ 1 then d(v¥)/p* = —v¥™"h? mod E1(S*1).

Proof. Recall from chapter 2 that i/, is represented in the cobar
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complex as d(v:"")/p". Let k = sp’

AR/ = = [elol) = vl
= ]% [nR(vl) — Ul]
= ]% [(vl — phl)k — v’f]
= Z% [(vl — phy)F — vf]
- Z(_mj (’;) vy p
=S5t

This last class is in E}*(S?"t1) and not in E,™*(S5?*1).

The previous theorem gives the finite groups on the 1-line of the F(1)-

based Fs-term for S*"*!. The entire Fa-term is computed in [7] and given
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by

Theorem 45 For eachn > 1,t—s > 1, the Ey-term of the E(1)-BKSS for

X = §?t s given by

E;,t(san-‘rl) —
(

0

Q/Z(p)

Q/Zp) ® Q) Zp)

7 Jpmin((&)+1.n)
Z /pmin(v )+ Ln k(1)
Z Jprin@()+1n)

Z Jprin(v )+ Lnk(p—1))
Z(p)

0

\

if s >4,

ifs=3,t—s=2n—2,
ifs=2,t—s=2n—1,
ifs=2,t—s=2n+qk—1, k>0,
ifs=2,t—s=2n+qk—1, k<0,
ifs=1,t—s=2n+qk, k>0,
ifs=1,t—s=2n+qk, k<0,
ifs=0,t—s=2n-+1,

otherwise.

the divisible groups in the negative stems are also determined using co-

bar calculations, but their determination requires the use of the method of

numerical polynomials.
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4.2 v-Periodic Homotopy

The computation of the F(1)-based Es-term for SU(n) relies on Theorem
45 and results of Davis and Bendersky concerning the v;-periodic homotopy
groups of SU(n). In this section we present the definition and properties of
vi-periodic homotopy groups as given in [17]. The standard way for succinctly
capturing the essence of these groups is to say that the v;-periodic groups of
a space X are the periodic version of the part of the actual homotopy of X
that is seen by periodic K-theory.

v; ', (SU(n)) and more generally vy 'm,(X) are defined in stages. We
begin as in [18] by letting M™(k) denote the Moore space S™1 U e". We
have in mind k& = p®. The mod p® homotopy group m,(X; Z/p°) is the set of
homotopy classes of maps [M"(p¢), X]. We let A denote the Adams map as
defined in [1],

e—1

A M7 (p%) — M™(p°)

which induces an isomorphism in K-theory. We note that such a map
exists for n > 2e + 3 [18]. This fact will need to be addressed in the main
calculation of this paper, since we will need to use wvi-periodic homotopy
groups to say something about the Eay-term of the BTSS for SU(n) for n <
2e+ 3 in the cases of interest. The maps A are used to define a direct system,

and we have

U1_17Ti(X; Z/pe) — hm [Mi—i—N(peflq(pe),X]
N
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Furthermore, any two such maps are shown to be homotopic after finitely
many suspensions, and so the group does not depend on the choice of A.
We next need a map from M"(p*™') to M™(p¢). There is a canonical map
p: M™(p“™) — M™(p°) which has degree p on the top cell and degree 1 on
the bottom cell. In [22] it is shown that if A : M™ 7 '4(p¢) — M™(p¢) and
A" MR (petty — MM(pet!) induce isomorphisms in K-theory, then there

exists a k such that p makes the following diagram commute:

NrtE@ea) (pe+1) P yrtka) ()

/

A’k AkD

M) e M)

This means that after sufficiently many iterations of the Adams map there
will be morphisms, p* between the individual direct systems defined above
for the v;'m,(X; Z/p®) and upon passing to direct limits we obtain a direct

system( of direct systems).

VT (X, Z ) (pEY) —— o (X, Z/p%) -

this leads to the following definition of v;-periodic homotopy groups
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Definition 46 [18/[19] For any space X and any integer i,
vp (X)) = limoy g (X5 Z/p°)

Lemma 47 If a map X — Y induces an isomorphism in v; 'm.(—; Z/p),

then it induces an isomophism in vy 'T.(—;p).

Theorem 1.4 from [17] states

Theorem 48 If k > n, then vy 'mor(SU(n)) is cyclic of order p»*™ and

v 'mor_1(SU(n)) is an abelian group of the same order, but not always cyclic.

Since knowing whether or not vy 'my_1(SU(n)) is cyclic is important
in the following calculation we state the following due to [20] which is the
corrollary of a result that gives a tractable way of computing the order of

the groups in Theorem 48 and the stucture of the groups vy 'may,_1(SU(n)).

Theorem 49 Let k be defined by 1 <k <p—1 and k =k modp—1. Then
v o1 (SU(n)) is

(i) cyclic if n < (k+1)p

(ii) the direct sum of two cyclic summands if (k+1)p <n <p*—p+1.
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4.3 SU(n)

Here we present the proof of the main results stated in chapter 1. Before
the calculation can begin we need to establish the fact analogous to that for

BP in [8] that the fiber sequence

SU(n) — SU(n + 1) — 2"+

induces a long exact sequence in F(1)-based Es-terms. Let PE,(SU(n)) =
M (n) be the submodule of primitives. Then M(n) is a free A-module on
odd dimiensional generators z3, x5, ..., To,_1. As mentioned above, F(1) is a

Landweber exact ring spectrum and so by 40

KESY(SU(n)) = Ext aw)(Alt], M (n))

Thus the groups Ext ) (A[t], M(n)) are the homology of the unstable
cobar complex. As in the BP-case [8], sparseness gives that E3'(SU(n)) = 0
for all even t. Now apply E, to the above fiber sequence and take primitives

to obtain a short exact sequence in E;-terms

0—Mmn)—-Mn+1)— A2n+1] =0

this induces a long-exact sequence in Fxt groups which gives a long exact

sequence in Fr-terms
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.= ESN(SU(n)) — ESYSUMm+ 1)) — ESY(S2 ) 2

where 0 has bi-degree (1,0) and t—s gives homotopy dimension as opposed
to stem dimension.

In order to exploit the results of Bendersky, Davis and Yang, we need to
establish a relationship among the BP-based BKSS, the F(1)-based BKSS,
and vi-periodic homotopy groups.

This relationship is given by the following theorem, theorem 5.2 from [7]
which states that the mod-p F,-term of the E(1)-based BKSS, X E3*(—; Z/p)

is the same as the mod-p vy '-periodic BP-based BKSS, v; ' P E3*(—; Z/p)
Theorem 50 Exty.(BP,,v;'M/pM) = Exty, (E(1)., M /pM) where
e (A,T) = (BP., BP,BP)

['=Ker(e:T'— A)

o Ur(M) is the A-span of {h!f @ 4m| 2(iy +is--+) < |m|} CT @4 M

Ur(M) =Up(M)N (T ®4 M)

[ J
S
U

I

(E(1)., E(1),®@al' ®4 E(1),)

<
|

@
g
<
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o Usx(M) is the B span of

(! @pm|2(iy +iy---) < |m|} C X @ M
=B, @4 M

o Us(M)=Us(M)N (X @5 M)

At the prime p = 3, the X Ey-terms for SU(3), SU(4), and SU(5) are
calculated according to the method outlined in chapter 1. While SU(3) will
provide the basis for our induction for any p, it is rather unilluminating as
to what exactly is going on, and so we present X ES*'SU(4), and X E3'SU(5)

to indicate the complications that will exist in the inductive assumption.

Theorem 51 Suppose p is an odd prime, where 0 < m < 3, then fort—s >0
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E3'(SU(3)) =
0 if s =4,
Q/Z ) ifs=3,t—s=2m— 2,
QIZpy®Q/Zy ifs=2t—s5=2m—1,
G(Z[pe(m) if s=2,1r>3,
Z [per(rm) ifs=1,r >3,
Z(p) ifs=0,t—s=2m+1,
\0 otherwise

Proof.

The finite groups on the 1-, and 2-lines for k£ > 0 follow from [8] and [17].

The k < 0 groups of the Fy-term of SU(2) ~ S3 at the prime 3 can, for the
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sake of concreteness, be represented by the diagram

The vertical axis represents s filtration, and the horizontal axis represents
homotopy degree ¢ —s. Let o denote a single /Z(3), o ® o denotes Q/Z3) ®
Q/Z3), and e represents a finite abelian group, a Z/3 in this case.

A similar diagram is used to represent E3(S°) at the prime p = 3:
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The fibre sequence
SU2) ~ S* — SU(3) — S°

induces the spectral sequence described by the diagram below for p = 3. This

is easily generalized for any odd prime resulting in a sparser diagram.

(o) \ N

The groups that could support a differential correspond to the groups in
the E-term of S®, while the groups potentially being hit by a differential
correspond to groups in the Ep-term of SU(2) ~ 53 However, since no
non-trivial differentials are possible the result follows. m

The Es-terms for SU(4), SU(5), and SU(6) are given below in order to
highlight the strategy employed to compute the Es-term of SU(n). SU(4) is
the first case in which finite groups in the negative stems of the & Es-term of

an odd sphere appear in the long exact sequence of X E,-terms induced by
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the fiber sequence SU(n — 1) — SU(n) — S?"~1.

Theorem 52 Suppose p is an odd prime, and 0 < m < 4, then fort—s >0

andr >3

B3(SU(4)) =

0 if s >4,

Q/Zp) ifs=3,t—s=2m— 2,
QIZpy®Q/Zyy ifs=2t—s=2m—1,

G(Z/pertrm) ifs=2,t—s=2r—1,

Z [per(rm) ifs=1,t—s=2r,
Z(p) ifs:O,t—s:2m+1,
0 otherwise

\

where G(Z/p?) is an abelian group of order p™.

ep(r,n) = min{y,(a(r,j)) :n <j<r}

and

as defined in [17].

Proof. The groups corresponding to k > 0 follow by theorem 3.1 [7] and
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the five lemma.

Using the Es-term of SU(3) (at the prime p = 3 for illustrative purposes),

4
(o) °
2 oo oo . .
0 Z(3) Z(3)
0 2 4 6 8 10

the Es-term for ST at p = 3 from [7],

and the long exact sequence in Fs-terms induced by the fibre sequence,
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SU(3) — SU(4) — ST, summarized for p = 3 in the following diagram.

4
N\
(02\ o \
9 o%o 0@ o o P o. . .
0 Z(3) Z(3) 3)
0 2 4 6 8 10

We now consider two possibilities for the X Ey-term for SU(4) which cor-
respond to the two possibilities for dy : Ey*(ST) — E3™(SU(3)), the bound-

ary homomorphism in the long exact sequence of Es-terms.

(i) If dy = 0, then E,'(SU(4)) = Z/3 with Ey*(SU(4)) = 2Q/Z ) for
t=3,7.

(ii) If dy # 0, then E,*(SU(4)) = 0 with Ey'(SU(4)) = 2Q/Z) for t =
3,7.

Suppose Ey"(SU(4)) = Z/3 with Ey"(SU(4)) = Z3). Then

EYT(SU4):Z/3) = Z/3 & Z/3.
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If, on the other hand, By (SU(4)) = 0 with Ey"(SU(4)) = Z). Then
EYT(SU(4); Z/3) = Z/3.

Both of these situations are algebraically consistent. We need some extra
information in order to tell which is actually the case. We look to the -
periodic homotopy groups of SU(n). By the proof of theorem 1.4 in [17] and
1),

vy Moy SU (n) = v BPEFHRLSU (n)

and

vy Ty —1SU (n) & vy PP EZPRHLSU ()

Ideally we would like to compute v; 'ma(3SU(4) to get at KEyT(SU(4)).
We cannot, however, compute this group directly using [17] since theorem
1.4 only holds for £k > n. To satisfy this condition we instead compute
vy "5 SU (4) since mod-3 the two groups are isomorphic. In fact,

Ul—lBPE2l,2k+1(SU(n); Z/3) = Ul—lBPE21,2k+qi+l(SU(n); Z/?))

for ¢ =2(p — 1) and ¢ € Z which by theorem 5.2 [7] 40

U;1BPE§,2k+1<SU(n); 7/3) K E§’2k+1(SU(n)5 Z/3).
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The relevant mod-3 v;-periodic homotopy groups of SU(4) are
(i) oy 'ma)SU(4) =P7 By (SU(4): Z/3) = Z/3
(i) BPEYM(SU4):Z/3) = Z/3 @ Z/3
(iii) BPEX'(SU(4); Z/3) = Z/3

Thus
Kp)"(SU4)) =0

For K E37(SU(4)) where there are two divisible groups and a finite group

depicted in 4.3, we have the exact sequence

0— Z/3 —xx —27Z/3° =0

There are two possibilites for **, either
KE2TSU4) = Z/3 @ 22/3%

or

KE>TSU4) =27/3% = Z/3% @ Z/3°

However, since vy 'mo(5)(SU(4)) = Z/3 @ Z/3 mod-3, it follows that there
is an extension and X E37SU(4) = 2Z/3%, and clearly K ES"SU(4) = Z/3%.
Extending using periodicity of the mod-3 vi-periodic homotopy groups

and 40 gives
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KEY(SU(4); Z/3) = Z/3
KBy (SU4);Z/3) = Z/3 @ Z/3
KEy*(SU4); 2/3) = 2/3

and this implies

KEY(SU4)) = Z)
KE*(SU4)) =0
KE23(SU(4)) = 22/3%

]

SU(5) is the first case in which, for p = 3, the order of the v;-periodic
homotopy group that corresponds to the 1-line of the B¥ Ey-term for SU(5)
is greater than 3. Specifically, the order of U;IWQ(G)SU(5) is 32. This means
that the group on the 2-line could be non-cyclic. Applying corollary 1.10
from [20] to this situation, however, shows the group to be cyclic. It follows

that the X E3'SU(5) is given by

Theorem 53 Suppose p is an odd prime, and 0 < m < 5, then fort—s > 0,
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9
anerp,r2§

Ey'(SU(5)) =

0 if s =4,

Q/Z ) ifs=3,t—s=2m— 2,
QIZpy®Q/Zy ifs=2t—s5=2m—1,

G (Z/per()) if s=2,t—s=2r—1,

Z [ pee(r5) ifs=1,t—s=2r,
Z(p) ifs=0,t—s=2m+1,
0 otherwise

\

We now come to the first case in which we have a non-cyclic vi-periodic

homotopy group. Using theorem 1.4 of [17], the order of the groups

U1_17T2(7),1'SU(6)

for i = 0,1 is 3% and by corollary 1.10 of [20] we know that vy 'ma(r)—1.SU(6)

is non-cyclic, specifically

vy a1 SU(6) = Z/3 & Z/3.

It follows that
vt BPEYSU(6) = Z/32
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and

ot BPEZYSU6)) = Z/3 @ Z/3.

Reducing mod-3 gives

vt BPESY(SU(6); Z/3) = Z/3

vt BPEY(SU(6): Z/3) = 32/3

ot BPEZY(SU(6); Z2/3) = 22/3
Applying theorem 5.2 [7] and periodicity, we have

KEY®(SU(6); 2/3) = Z/3
KEY(SU(6); Z/3) = 37/3
KE2%(SU(6): Z/3) = 2Z/3

and

NEy(SU(6); 2/3) =" Ey"T(SU(6); Z/3)

where g =4 and i € Z.
The following diagrams represent the long exact sequence in integal X Fs-
terms induced by the usual fiber sequence in the dimensions of interest. We

use these in conjuction with the above mod-3 groups to determine the integral
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Es-term where any finite summand in ¢t — s < 2(n — 1) + 1 is known only

mod-p. Working from “left to right” in homotopy dimension, ¢t — s, consider

the following diagram.

4
(o) o
2 2Q opo
‘ ~
e
0 Z(3)
0 2

By 4.3 and assuming X E°S3 = Q /Z ), it follows that
KEy”(SU(6)) = Zgs)
KR A(SU6)) =0
KE23(SU(6)) = 22/3> & Z/3

KES3(SU(6)) = Z/3™

and the following diagrams
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4
O’_\ (@)
9 22 o®o
b ~
N
0 Z3) Z(3)
4 6
4
O
2 20
0 Z3) Z3)
8 10

indicate the same is true for X E5*SU(6) for t = 7,11.

The specific examples above suggest the general argument which proceeds
by induction on n, and which begins, and is trivially true, for SU(3). We
assume the result 1 holds for SU(n).

In order to determine X E5*SU(n+ 1), as in our examples, we look to the
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known v;-periodic homotopy group of SU(n 4 1) in the minimum periodic
k=mn+p—1for kin vy 7o (SU(n + 1)) for i = —1,0,1. As long as n is
less than p? — p+1 we can “compute” whether this homotopy group is cyclic
or not. Once cyclicity is determined it can be extended mod-p to lower and
higher dimensions by periodicity. The mod-p condition means that we can
detect if the group is cyclic or a direct sum of two cyclic summands, but due
to extensions we can no longer be sure of the order of the group. We use the
vi-periodic homotopy which is isomorphic to the F,-term of the vy * periodic
unstable Novikov spectral sequence. Reducing mod-p gives the isomorphism
between the mod-p v; *-periodic B¥ Ey-term and the mod-p X Ey-term from
theorem 5.2 of [7]. Finally we reconcile the mod-p version with the possible
maps and differentials in the long exact sequence of Fs-tems induced by the

fiber sequence

SU(n) — SU(n + 1) — 2"+

to determine the integral & Ey-term for SU(n + 1).
There are four cases, or more pecisely there are two cases, and then two
cases within those two cases.

First, suppose that for 0 <t —s <2n+1ie. for0<t—sand k<0
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;

0 for s > 3
Z[p*  fors=3
Kps? ™ 15U (n) = < 2Z/p>  for s =2
Zp) for s =0

0 otherwise

\

and suppose that vy 17r2(n+p,1),15’ U(n + 1) is cyclic, specifically, suppose

0 for s > 2
Z/p*  for s =2
UIIBPE§,2TL+Q+1SU<INI + 1) —
Z/p¢ fors=1

0 otherwise

where e = ¢e,(k,n) as defined above.

Then

0 for s > 2

. Z/p  fors=2
“EF(SU(n+1); Z/p)

2Z/p for s =1

Z/p  fors=0

\

Using the long-exact sequence in integral Es-terms, in conjunction with

mod-p reduced Ey-term we determine X E5*SU (n+1) under these conditions.
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From the long exact sequence in integral Fs-terms induced by the fiber se-
quence SU(n) — SU(n+1) — S**1 we have the diagram representing the

situation at t —s =2n +1

4
O
2 20
0 Zp) Zp)
2n — 2 2n

In order for the mod-p X Ey-term to be as above 4.3 the differential

dO . Eg,2n+152n+1 N E%’anSU(n)

must be non-zero, to give

Ey*" M SU(n +1) =0,

If this were not the case, that is if this differential were zero, then the
group on the 1-line of integral K-theory Fs-term would be a finite cyclic
of some order, and reducing mod-p would give a non-cyclic group with two

cyclic summands on the 0-line of the mod-p X Ey-term for SU(n + 1) which
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is not the case.

There are no differentials
dl . E21,2n+152n+1 N ES,ZTL—HSU(H)
or
dy : E22HIGHL  ERPHLGU (),

It follows that in the long exact sequence above we have the short exact

sequence

0— Z/p* L E2PSUn +1) — 2Q/Z) — 0.

Evidently, the map f must be an extension in order for the mod-p reduc-

tion to be consistent.
Thus,
EF*SU(n + 1) = 2Q/ 7,

and

EPSUn +1) = Q/Z,).

Proceeding from “right to left”, we have the diagram for k£ < 0
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4
O‘_\ @)
2 20’ oo
\. ~
“e
0 Z(p) Z(p)

2n+qk —2 2n+qk

From this we see that

1,2n+14-qk 2,2n+1+qk
dl . EZ, n+1+q S2n+1 N E2, n+1+q SU(TL)

must be injective, and it follows that

Ey* e (n 4 1) = 0.

If this map were not as indicated, then it would have a non-zero kernel
giving a finite cyclic group of some order on the 1-line. Reducing mod-p
would give a Z/p @ Z/p on the mod-p 0-line which is not possible. Similarly

the differential

2,2n+1+qk 2,2n+1+qk
dg . EQ, n+1+q S2n+1 N EQ’ n+1+q SU(n)
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must be injective, or else we would have a 2Q/Z,y ® Z/p on the 2-line

leading to a 3Z/p on the mod-p 1-line which is not the case. Thus,

ST (n -+ 1) = 20/ 24

and

E3*MIHESU(n + 1) = Q/Z.
On the other hand, if we suppose again that
for0<t—s<2n+1lie forO<t—sand k<0

.
0 for s > 3

Z[p>® fors=3
Kpy# 15U (n) = 2Z/p> for s =2
Zp) for s =0

0 otherwise

\

and instead that vflﬁg(nﬂo,l),lSU(n + 1) is non-cyclic, that is
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0 for s > 2
Zlp*® Z/p¢  for s =2
Z/p° fors=1

0 otherwise

where a + ¢ = e and e is as defined above.
Reducing this mod-p

(

0 for s > 2

2Z/p for s=2
“EyN(SU(n+1);Z/p) =

3Z/p fors=1

Z/P fors=0

\

We now reexamine the differentials and maps in this case.

In our present situation

dO . Eg,Qn—HSQn—i—l N E;,Qn—i-lSU(n)
again must be non-zero, giving E,*" "' SU(n 4 1) = 0. However, here we
must have
Ey*ISU(n+1) = Z/p* & 2Q/Zy,

which means that in the short exact sequence
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0 Z/p o Zlp 5 2/p @2Q/Zy) — 2Q/Zy — 0

the map f takes one cyclic summand into a Q/Z, and is zero on the
other cyclic summand.

In this degree and subsequent, we leave for future investigation the de-
termination of which cyclic summand is included into which divisible group.

For t = 2n + 1, d; is trivial, as is dy. Thus,

B3P SUn+ 1) = Q/Zy,

as this is what is required for the Es-term to be consistent with the mod-p
reduction.

Now suppose that for 0 <t —s<2n+1lie for0<t—sand k<0

.
0 for s > 3

Z[p> for s =3
KE5’2n+qk+ISU(n) — QZ/pOO D Z/p* for s = 2

Z(p) for s = 0

0 otherwise
\

and that vl_IWQ(ner,l),lSU(n + 1) is cyclic.

Then as above the mod-p reduction of the vi-periodic UNSS is
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0 for s > 2

. Z/p  fors=2
“E(SU(n+1):Z/p) =

2Z/p fors=1

Z/P fors=0

\

For t —s = 2n+1, the differential, dj is the same as in the case considered

above where vy 17r2(n+p_1)_15’ U(n+ 1) was assumed to be cyclic. Specifically,

dO . Eg,Qn—HSQn—i—l N E;,Qn—i-lSU(n)

must be non-zero and “kill” the cyclic group Ey*"*'SU(n). The differ-

ential d; must be trivial. Thus,

Ey*" N (SU(n+ 1)) = Zg

and

Ey*" N (SU(+1)) =0

However, since we are assuming that

KBy (SU(n) = 2Q/Zy) @ Z/p*

it follows that X E3*"*1(SU(n)) is non-cyclic with two cyclic summands,
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say Z/p' @ Z/p’. This means that in order for the v; and F(1) mod-p Es-

terms to be isomorphic, the map f in the short exact sequence

must be injective on both summands, and give

Ey*" N (SU(n +1)) = 2Q/ 2

Fort — s =2n+ 1+ gk and k < 0, we can see that the differential dj is

trivial, leaving the exact sequence
0 — Zgp) — EY (ST (n 4 1)) — 0

which means

EYPMIHN(SU(n+ 1)) = Zy).

In order for theorem 5.2 of [7] to hold, the differentials

dy : By st = Z/pt — Ey*"ISU(n) = 2Q/Z ) @ Z/p*
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must be non-zero and injective. In fact, d; must be such that it maps the
Z/p' on the 1-line onto the Z/p’ summand on the 2-line which implies that
1 = j. If either differential failed to satisfy the properties mentioned, there
would be an “extra” Z/p* on the 1-line and/or an extra summand on the
2-line that would cause the mod-p vB? Es-term and the mod-p X Es-term to

be non-isomorphic. Thus,

By R (ST (n + 1)) = 0.

By (SU(n + 1)) = 2Q/ Zy).

and

EY*MTIHN(SU(n+ 1)) = Q/Z).

Finally we assume

.
0 for s > 3

Z/p> for s =3
Ky 18U (n) = S oz/p> @ Z/p*  for s =2
Zn) for s=0

0 otherwise

and
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0 for s > 2
Zlp*® Z/p¢  for s =2
o BPESTIISU (R 4+ 1) =

Z | p° for s =1

0 otherwise

where a +c=e
Theorem 1.5 and corollary 1.10 of [20] imply that if we suppose that we

have non-cyclic groups in vy B E5*" 1 SU(n 4 1) then these groups are of

the form Z/p' @ Z/p’. This means, as above,

¢

0 for s > 2

. 2Z/p for s =2
“ESN(SU(n+1); Z/p)

3Z/p fors=1

Z/p  fors=0

\

Again, as in the above cases, a Z/p on the mod-p 0-line means that for

t—s=2n+qk+1 for k <0, there is a Z(,) on the integral 0-line and that
the 1-line is 0.

In order for the v1-UNSS and E(1) mod-p E»-terms to be isomorphic, we

must have

E22,2n+1+qk(SU(n +1)) =2Q/Zy) ® Z/p",
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and

E3*MIHN(SU(n+ 1)) = Q/Zy).

Proposition 54

—

m.(SU) s=0
“E(5U) =

0 otherwise

Proof. This follows from theorem 5.2 in [7] and theorem 3.1 in [8]. m

This proposition and theorem 1 gives

Corollary 55

By (lim SU (n) # lim * B3 (SU (n))

4.4 Concluding Remarks

There are obvious questions that remain to be investigated upon completion
of this paper. First, it is expected that a computation in the cobar complex
would lead to information regarding the order of the cyclic groups that appear
as summands of the two divisible groups on the two-line. However, this extra

information will still be limited by what is known for v;-periodic homotopy.
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It would also be interesting to look into how, if at all, knowledge of the ¥ E,-
term,the divisible groups (and summands of divisible groups, in particular)
could give information about the structure of the cyclic summands in the
vi-periodic homotopy groups of SU(n). Beyond SU(n), it seems reasonable
to pursue the divisible groups present in the K-theory completion of other
spherically resolved spaces, in particular the remaining simple compact Lie
groups and some exceptional Lie groups, a program that could parallel, but
rely very much on the program completed by Davis and Bendersky for v-

periodic homotopy groups.
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