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Abstract

THE DETERMINATION OF MULTIPERIOD OPTIMAL DEBT STRUCTURE
FOR THE FIRM AND THE INTERACTION WITH ITS PRODUCTION AND
INVESTMENT DECISIONS

by
Lucy T. Huffman
Adviser: Professcr Stavros B. Thomadakis

This study examines conditions under which an optimal
debt structure is determinable for the firm, and relates the
optimal debt decisions to the production and investment deci-
sions of the firm in its microeconomic setting. The optimal
debt structure is induced by a timing imperfection: there is
a gap between the time at which the equity owners make equity
maximizing decisions and the time at which the repayment on
the debt is made. Since the bondholders cannot legally take
control of the firm, investment opportunities valuable to the
firm as a whole are lost if the equity owners decide not to
produce. Because of the possibility of loss of valuable op-
portunities, the equity owners receive less in proceeds from
the debt flotation. Thus, the optimal debt position is deter-
mined by the equality, at the margin, of the tax benefit and
the loss in market value of the debt repayment promise.

The study relates this optimal position to the microeco-
nomic setting by examining a particular model of the firm's
decision-making process. It is specified to be a quantity

iii



announcer facing a random demand each period with a given mo-
nopoly pmer. The production process is a fixed coefficient
one, and there is no second-hand market for capital. Thus,
the firm makes production decisions on use of capital stock
and investment and use of new capital.

Multiperiod production and investment decisions are
first examined under equity financing, with and without
(neutral) technoclogical progress. It is found that tbe non-
marketability of capital, a barrier to exit from the industry,
induces a barrier to entry. The effect of changing techno-
logy is to increase or decrease this barrier, the direction
depending on the efficiency of the newer technology relative
to the previous technology.

Optimal debt financing decisions are then allowed, and
the optimal production, and investment decisions compared with
those under equity financing. It is found that production out
of previous capital stock is optimally lowered, the degree
depending upon the demand risk and the monopoly power. 1In
contrast, the decision on investment in new capacity is not
lowered in proportion to the production decision. There is,
thus, optimal overinvestment in capacity (or underutilization
of capital stock), again depending on demand risk and monopoly

power.
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The debt position itself, arising from the equality at
the margin of the tax benefit and loss in value of investment
opportunities, depends also on monopoly power and demand risk.
Assuming the same intra- and inter-period risk conponents,
the firm with more monopcly power is found to finance opti-

mally with less debt.
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CHAPTER ONE: INTRODUCTION

A. The Purpose of the Study

This study has as its purpose the examination of the
existence of an optimal debt structure for the firm and the
interaction between this and other decision variables of the

firm. It proposes to investigate the following questions:

(i) What are the specifics of the equity-maximizing
production-investment decisions in a multiperiod
setting for the firm financing with debt?

(ii) These decisions, arising out of the maximization
of equity claims to the net present value of the
firm's operations, are in turn the result of the
firm's microeconomic setting. Thus the debt and
the accompanying production-investment decisions
will depend on relevant parameters of the firm's
product and industry environmment. Given these and
the optimization conditions, how do the debt-fi-
nanced firm's production and investment decisions
differ from those of the all equity-financed firm

in the same environment?

B. The Existence of an Optimal Debt

Under conditions of complete perfect capital markets,
the Modigliani-Miller propositions on the optimality of

total debt financing under taxes are well known to hold



whether or not the debt is risky.l 1In the absence of one or
more of these conditions, the proof of the proposition fails
and an optimal debt structure of less than one hundred per-
cent debt is indicated, since the value of the levered firm
will be lowered from that of the unlevered firm by the cost
of the imperfection.

An avenue of investigation has centered on the costs
of liquidation. There has been much discussion of these
costs (both transactions and loss of asset value to the
levered firm and the indications for an optimal capital
structure in the financial literature.?

A subtle relaxation of the assumptions needed to prove
the MM proposition has been examined by Jensen and Meckling,

and Myers, separately.3 They propose that the presence of

ip. Modigliani and M.H. Miller, "Corporate Income Taxes and
the Cost of Capital: A Correction," American Economic

Review 53 (June 1963): 433-443; R.C. Merton, "On the Pricing
of Contingent Claims and the Modigliani-Miller Theorem,"
Journal of Financial Economics 5 (Nov. 1977): 241-250.

2. Baxter, "Leverage, Risk of Ruin, and the Cost of Capital,"”
The Journal of Finance 22 (Sept. 1977): 395-404; J. Hirsh-
leifer, "Investment Decision Under Uncertainty: Application
of the State-Preference Approach," The Quarterly Journal of
Economics 80 (May 1966): 252-277; A. Kraus and R. Litzen-
berger, "A State-Preference Model of Optimal Financial
Leverage," The Journal of Finance 28 (Sept. 1973): 911-922;
J.H. Scott, Jr., A Theory of Optimal Capital Structure,"

The Bell Journal of Economics 7 (Spring 1976): 33-53.

3Michael Jensen and William Meckling, "Theory of the Firm:
Management Behavior, Agency Costs and Ownership Structure,”
Journal of Financial Economics 3 (Nov. 1976): 305-360;

S.C. Myers, "Determinants of Corporate Borrowing," Journal
of Financial Economics 5 (Nov. 1977): 147-176. See also

D. Galai and R.W. Masulis, "The Option Pricing Model and

the Risk Factor of Stock," Journal of Financial Economics 3
(Jan. 1976): 53-82 for an indication of the interdependence
between investment policy and capital structure.




outstanding debt induces a sub-optimal (to the firm as a whole)
investment strategy by the stockholders who act to maximize
the value of their equity claims to the net present value

of the firm's operation. They maximize the value of their
claims, the difference between the value of the firm (the
sum of the net present value of the investment opportunities
on which they are deciding) and the value of the debt out-
standing when they make their decisions, by making decisions
which reduce the value of the outstanding debt relative to
the value of the firm. Under the assumption oprerfect
information, the purchasers of the debt are aware of the
change in maximization criterion; thus, when the equity
owners first float debt, they receive less in proceeds than
if they were forced to make firm-maximization decisions.
This loss in value is what Jensen and Meckling call the
"agency cost" of debt.

The decisions of the shareholders under outstanding
debt differ from firm maximization decisions in that their
decisions potentially reduce the value of the debt. The only
way this can happen in a perfect capital market setting is
that (1) they increase the possibility of bankruptcy and
(2) there be a loss in value of the firm under bankruptcy.
Myers has examined, in a single period context, equity-
maximizing decisions when there are no bankruptcy costs per
se, no direct liquidation fees or change in value of existing
assets upon liquidation. Instead, the loss arises out 6f a

loss of valuable investment opportunities. The investment



opportunities are lost as a result of a timing gap between
the decision of the shareholders to go into bankruptcy
rather than take on an investment opportunity and the legal
time at which the bondholders take over the firm. Since the
opportunity may be valuable, this equity-maximizing decision
is sub-optimal for the firm as a whole. The cost of this
sub-optimal policy then becomes a cost of bankruptcy, there-
by inducing an optimal debt policy of zero debt unless the
firm is subject to taxes.4 Under taxation, there exists a
trade-off between the tax advantages of debt and the cost of
the sub-optimal decisions resulting in an optimal debt struc-

ture that is neither zero nor total debt.

c. Research Methodology

This study will focus on a particular model of the
firm's decision-making process in its product and industry
setting, to make the optimization calculations less cumber-
some. In addition the product and industry setting will be
parametrized in a simple way in order to clarify the links
between them and the optimization decisions. Thus, the con-
clusions of the research will be based upon a rather simple
model. Wherever possible, any dependence of the conclusions
on the specific form of the model will be pointed out. The

model will, it is hoped, be flexible enough to permit general

1See M.H. Miller, "Debt and Taxes," The Journal of Finance 32
(May 1977): 261~-276 for an optimal debt structure under
differing personal bond and stock income taxes.




conclusions to be drawn regarding the interactions of the
microeconomic parameters of the firm and its production, in-
vestment, and debt decisions.

The firm is specified5 as a quantity announcer, pro-
ducing a single output from a fixed coefficient production
function, with a (constant) degree of monopoly power in the
output market. The price of the output is uncertain over any
single period and the distribution of the next period price
is dependent on the current outcome. The capacity needed
to produce the output is assumed to be non-saleable, once
acquired; this lack of ability to resell capacity at cost
will make future investment and production decisions depen-
dent on previous ones. The firm will be assumed to make its
value-determining decisions and repay outstanding debt ac-
cording to a time sequence which makes the Myers results ap-
plicable.

The firm's production and investment decisions will be
formulated in the following way. Because the firm cannot
resell capacity, it will have previously purchased ¢capacity
on hand as well as having new éapacity available for pur-
chase every time it makes a production and investment deci-
sion. These decisions may thus be characterized by two
variables: production out of previous capacity (or capacity

utilization), and purchase of and production from newly pur-

5See S.B. Thomadakis, "A Model of Market Power Valuation and
the Firm's Returns," The Bell Journal of Economics 7 (Spring
1976): 150-161.




chased capacity (¢~ .ev investment). The debt variables
are formulated as the sequence of promised payments, one
due each future period, as determined by optimization of
current eguity claims. The market value of the debt is

the current value of this sequence. Conclusions can then
be drawn relating the degree of monopoly power to the firm's
capacity utilization and new investment decisions under
equity financing, and to the repayment promises in the case
of (optimal) debt financing. The effect of debt on the
capacity utilization and new investment decisions can be
examined by comparing the decisions under debt to those of

the all equity financed firm.

D. The Relation Between Optimal Decisions and the Firm's

Product Market in the Contex:t of Previous Studies

There is an extensive literature relating optimal de-
cisions, as they are reflected in profits, to monopoly power.®
Many of these studies use variables intended to measure oli-
gopolistic effects not present in the single firm non-equil-
ibrium model of this study. Many, with exceptions to be
noted, do not apparently proceed from a model of the firm

within the industry, other than microeconomic models under

BSee, e.g. W.G. Shepherd, "The Elements of Market Structure,"
The Review of Economics and Statistics 54 (Feb. 1972):
25-37; H. Michael Mann, "Seller Concentration, Barriers to
Entry and Rates of Return in Thirty Industries, 1950 - 1960,"
The Review of Economics and Statistics 48 (Aug. 1966):
296-307; Marshall Hall and Leonard Weiss, "Firm Size and
Profitabilityv," The Review of Economics and Statistics 49
(Aug. 1967): 319-331; Bradley Gale, "Market Share and Rates
of Return," The Review of Economics and Statistics 54
(Nov. 1972): 412-423.




certainty. To this extent comparison of their results with
those of this study are limited.

The effects of risk (in rates of return) have been
examined in the industrial organization literature7 as well
as the more theoretical treatments begun by Leland.® The
studies of Fisher and Hall, Shepherd, Sherman and Tollison,
and Baker use as risk measure the variability of corporate
rates of return (or the equivalent, in the cases of Sherman
and Tollison and Baker, who actually derive a measure of in-
dustry output variability). That of Gale uses the industry
equity-to-assets ratio, arguing that low risk industries
should support higher leverage for firms in that industry.
Hurdle attempts a simultaneous solution, writing leverage
as a function of variability of industry output.

According to the capital asset pricing model (CAPM) of
capital market equilibrium, the correct measure of risk is
the covariance of firm variables (cash flow or value) with
total market values. The covariance measures the non-
diversifiable risk to the investor-shareholder, the only

risk the investor and therefore the firm need consider.

"see, e.g. Shepherd; Gale; R. Sherman and R. Tollison,
"Technology, Profit Risk and Assessments of Market Per-
formance,” The Quarterly Journal of Economics 86 (Aug. 1972)
448-462; S.H. Baker, "Risk Leverage and Profitability: An
Industry Analysis," The Review of Economics and Statistics
55 (Nov. 1973): 503=507; Gloria Hurdle, "Leverage, Pisk,
Market Structure and Profltablllty," The Review of Economics
and Statistics 56 (Nov. 1974): 478-485.

84.E. Leland, "Theory of the Firm Facing Uncertain Demand,"
American Economic Review 62 (Jan. 1972): 278-291.



Thus this study uses this measure, rather than the ones used
by the previously cited studies. It should be noted that
this risk depends on the firm's monopoly power and is thus
not an exogenous measure, as the previous studies have
assumed (with the exception of Hurdle).9 1In addition, this
study makes a distinction between intra- and inter-temporal
risk. These two parts of risk enter differently into firm
investment and debt decisions, thus into valuation. There-
fore, the relationships derived from this study are differ-
ent from those derived out of the foregoing literature.
Production out of current capacity, or capacity utili-
zation, has been examined in the recent literature.l0 1Tt
should be stressed that the production cost assumptions of
this research preclude any direct statements on minimal
average cost production; thus excess capacity is not defined
here in the Chamberlinian-Cassels sense, as use of industry
capacity at below the most efficient, the minimum average
cost, point., It is simply defined as under-utilization (in

an engineering sense) of available means of production.ll

7See M.G. Subrahmanyam and S. Thomadakis, "Systematic Risk
and the Theory of the Firm," Baruch College Working Paper,
1977; S. Thomadakis, "Systematic Risk in a Model of Inter-
temporal Investment and Monopoly Power," Baruch College
Working Paper, 1977.

107he literature focuses on industry- and economy-wide capa-
city utilization. This study, however, is concerned with
the firm as the essential unit. Firm capacity utilization
studies seem to be non-existent, perhaps due to the lack of
data available for empirical measurement on a firm basis.

llgee Gordon C. Winston, "The Theory of Capital Utilization
and Idleness," The Journal of Economic Literature 12
Dec. 1974): 1301-1320 for an extended discussion of these
two quite different meanings.




There is, in the literature, as Winston makes clear, a distinc-
tion between intended and unintended idle capacity. The in-
tended idleness develops out of expectations of cyclical
changes in production in the face of variable period-by-
period demand. The unintended idleness in a single period
is, of course, the result of what Winston aptly calls "pro-
duct-demand-adversity". As this study does not detail a
specific mode of changes in expectations, no planned extra
idle capital develops, since there is no oligopolistic inter-
action nor is there any fixed cost of idle capital. The
capacity utilization decision is, instead, the result of an
optimal decision based on a certainty equivalent valuation
of current demand expectations. Since the firm may add cap-
ital each period, future capacity utilization decisions hinge
on current new investment decisions, a function of certainty
equivalent of future demand expectations. Thus, capacity
utilization is related to inter- and intra-period risk, de-
mand expectations which, of course, incorporate monopoly
power, and technological changes. Changes in capacity utili-
zation, providing the "unintended" idleness, arise out of
changes in demand expectations, the inter-period risk. As
noted before, the presence of debt changes the conclusions
on the utilization of current capacity and new investment,
thus capacity utilization.

In order to link the decisions of one period to those
of the next, it is assumed that the firm cannot resell capa-

city. Thus, if demand expectations are such that it is ad-
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vantageous to produce (demand expectations are such that cer-
tainty equivalent revenue covers operating costs), firms with
capacity will produce while firms without, cannot. Thus, a
barrier to entry will arise out of this capacity itself. The
barrier to entry can be related to monopoly power since the
capacity decision is so related.

There is an extensive literature on the empLoyment of
excess capacity as a barrier to entry. Most of the literature
has linked it to entry barriers by, essentially, arguments
providing the possessor with ability to undercut the entrant
through either economies of scale or pricing behavior (limit
pricing).12 In this study, no such behavior on the part of
the firm is postulated; there is no interaction between the
firm and the rest of the industry. Thus this literature does
not bear directly on the conclusions of the study. The study,
instead, provides an additional explanation of excess capacity
as a barrier to entry.

Of the empirical literature on (industry-wide) capacity
utilization,l3 Bain correlates the utilization directly with
market structure. His observations lead him to the conclu-
sion that chronic excess capacity is (roughly) inversely cor-

related with barriers to entry. Meehan and Scherer examine

T25ce F. M. Scherer, Industrial Market Structure and Economic
Performance (Chicago: Rand McNalley, 1970): A.M. Spence,
"Entry, Capacity, Investment and Oligopolistic Pricing,"
The Bell Journal of Economics 8 (Autumn 1977): 534-544.

13see Frances F. Esposito and Louis Esposito, "Excess Capa-
city and Market Structure," The Review of Economics and
Statistics 56 (May 1974): 188-195.
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capacity adjustment to permanen{ increases in demand and in-
vestment instability, respectively. The recent study of
Esposito and Esposito, using the minimum average cost defini-
tion of excess capacity, finds it correlated to concentration,
except for very high concentrations. Thus they conclude that
partially oligopolistic industries experience more excess
capacity than do tightly oligopolistic ones.

An attempt is made in this study to examine the produc-
tion-investment decisions under technological progress, in
which previous capacity acquired by the firm is less efficient
than that currently available. The conclusions are again re-
lated to the monopoly power and risk parameters. However,
the firm itself does not undertake the production of the in-
novation; thus the conclusion of this research cannot be
directly related to the research and development literature. 14
However, it is relevant to discussions of adoption of process
technology. This literature again relies mostly on certainty
models of firms in oligopolistic settings; thus the results
of this study will supply motivations for (or against) adop-
tion of process innovations in addition to those of the lit-

erature. Fellnerl® and Arrowl® have investigated incentives

ItSee the summary in Markham, "Concentration: A Stimulus or
Retardant to Innovation," in Harvey J. Goldschmid, H. Michael
Mann, and J. Fred Weston, editors, Industrial Concentration:
The New Learning (Boston: Little Brown and Co., 1974).

15gee Scherer, Chapter 8.

l6Kenneth J. Arrow, "Economic Welfare and the Allocation of
Resources for Invention," The Rate and the Direction of
Inventive Activity (National Bureau of Economic Research:
Princeton University Press, 1962).
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for adoption of process innovation in a single period cer-
tainty case for both pure monopolistic and pure competitive
industry, facing the same demand conditions. They conclude
that the incentive to innovate is greater for the competitive
industry as the reduction in cost is the same while the ben-
efits are greater for the competitive industry as a whole.
Demsetz,l7 beginning from a different initial assumption,
finds that the increase in profit is greater for the monopo -
list. Hul8 and Ng!? have pointed out the effect of the initial
assumptions and of using total rather than marginal compari-
sons. Needham2?0 and Scherer?l argue for an oligopolistic
effect; however both consider a product innovation rather
than the cost reducing one treated in this study and treat
profits expected from innovations as reflected in research
and development expenditures.

As this study investigates whether the monopolistic firm
will initially turn to the less efficient vintage or the pur-
chase of the most efficient current vintage (occurring when
demand prospects are encouraging enough to motivate its pur-

chase), conclusions may be drawn on firm tendencies to operate

I7Harold Demsetz, "Information and Efficiency: Another
Viewpoint," Journal of Law and Economics 1 (Apr. 1969):
125-140.

18s.c. Hu, "On the Incentive to Invent: A Clarificatory Note,"
Journal of Law and Economics 5 (Apr. 1973): 198-202.

19Y.K. Ng, "Competition, Monopoly, and the Incentive to
Invent," Australian Economic Papers (June 1971): 330-341

20pouglas Needham, "Market Structure Firms' R&D Behavior,"
The Journal of Industrial Economics 23 (June 1975):
241-255,

2lgee Sscherer, Chapter 8.
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with combinations of less or more efficient vintages. In this
sense, admittedly rather an indirect one, the study has bear-
ing upon the Chamberlinian conclusions on excess capacity in
monopolistic competition. At least, a minimum cost point may
be defined without, however, the concept of minimum efficient
scale (since the minimum cost point will be operation with

the latest technology). Thus this study considers only "half"
of the influences on average cost. In addition the curve so
defined is in no sense a long-run certainty result, but
rather a different realization each period of a stochastic
"cost possibility" curve whose points depend on realized
demand and expectations of future demand that period, since
it is these factors which motivate purchase of efficient tech-
nology that period.

The presence of debt alters, as previously outlined, the
conclusions on investment and production. There seems to have
been little examination of the effects of debt on the firm's
investment and production decisions or of the effects of micro-
economic output market parameters of the firm on its debt de-
cisions.22 Gale has assumed an inverse correlation between
an optimal industry (surrogate for firm) debt to value ratio
and industry risk, violating (in a perfect market sense) the
MM proposition. Hurdle has attempted to demonstrate the Gale

hypothesis using monopoly power and industry return variabil-

<4see, however, Gale; Hurdle; and expecially Timothy G. Sulli-
van, "Market Power, Profitability and Financial Leverage,"
The Journal of Firance 29 (December 1974): 1407-1414.
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ity in a simultaneous equation setting. Again, there is no
theoretically derived basis for the equation system other than
an extension of the Gale conclusions. Recognition is made,
however, of the interaction between the firm's parameters and
its optimal decisions. The nature of this interaction will,
it is hoped, be modelled in this study.

The work of Sullivan, again partial analyses, but speci-
fically documenting an inverse relation between the amount .
of debt carried by the firm and its monopoly power, has moti-
vated this study. Intuitively, there would be a greater re-
luctance of firms possessing monopoly power to risk bank-
ruptcy for the benefits of the tax shield. The greater por-
tion of their value is the availability of unusually profit-
able investment opportunities arising out of their monopolistic
power in their market. But these opportunities may be fore-
gone under conditions of financial stress; thus debt based
on future investment opportunities (rather than assets in
place) stands a greater chance of suffering loss. 'As this is
translated into flotation proceeds, the equity owners suffer
a large "agency cost", a large loss, if there is any risk at
all in these opportunities causing the risk to the debt layered
against them. This would appear to be the intuitive rationale
behind the Sullivan results, and the thecretical framework of

Myers seems to make this intuitive reasoning concrete.
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CHAPTER TWO: VALUATION OF THE FIRM UNDER ALL-EQUITY FINANCING

A.

The Model of the Firm

The General Market Environment

The firm is assumed to operate within the following

market environment:

(1)

(2)

The capital market instantaneously takes into account
new information affecting the value of the firm. It
receives information on the production environment of
the firm at the same time as the firm obtains it, and
receives information on the firm's investment and
financing decisions at the same time that the firm
makes them. This information is assumed to be freely
available to all participants in the capital market
and there are no transactions costs to the partici-
pants. Thus, the capital market efficiently values
the firm. There is, additionally, a riskless asset
yielding a return r constant over time.

It is assumed that information on the production
environment is costless and freely available tc the
firm (and to the industry of which the firm is a
merber). Also, the investment decision process
itself is assumed instantaneous and costless and the
production facilities needed to implement the decisions
are instantaneously available. If information is

assumed to flow in continuously, the above assumptions



(3)
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would lead to a continuous time investment behavior
by the firm and valuation by the market. However,
this continuous process will be approximated by a
"stylized" discrete time behavior; discrete in the
sense that information and investment decisions will
be allowed once each period of time, and stylized in
the sense that in truth these are continuous
processes and the imposition of a particular discrete
time framework should not force conclusions on the
investment and valuation processes alien to their
intrinsic nature. (The reason behind this caveat
will appear when the possibility of long term debt
financing is introcduced).

In the discrete time period framework of the firm's
investment decisions the capital asset pricing model
(CAPM) is assumed to hold in every period. Then the
firm will make its investment decisions as to maximize
its value according to this valuation model. The cash
flows resulting from the investment decisions of the
firm are assumed sufficiently small compared to the
existing market cash flows so as to leave the market
portfolio of investments the same. The validity of
the CAPM as a valuation model is established by a
stationarity of distribution assumption for the risky
assets comprising the market,l by the constancy of

the riskless asset and by further assumptions that the

lsee, however E.F. Fama, "Risk-Adjusted Discount Rates
and Capital Budgeting under Uncertainty," Journal of
Financial Economics 5 (August 1977): 3-24, for a
relaxation of this assumption.
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investors have separable constant absolute risk

averse utilities of wealth and that the distributions
of returns of risky assets are normal in each period.
No distribution assumptions will be made regarding the
cash flow distributions of the firm. Thus, the
valuation of the cash flows of the firm according to
the CAPM is approximate since investors are not assumed
to have quadratic utility functions. Since the cash
flows are "sufficiently" small so as not to affect the
market, the CAPM valuation will be "sufficiently"
close.

To avoid this equivocation, one must assume that
the only uncertainty about future cash flow distribu-
tions from investment opportunities possessed by the
firm lies in the expectation of cash flows. Thus one
may model the expectation at ¥ of cash flows to be re-
ceived at t»t as a random realization of the expecta-

tion att-1:

Pt ~

Ep (%) = Ep-3 (x%¢) + Ep_7 (%4)Ee
where Ep_; (f;) = 0.
The uncertainty about the expectation is then modeled
as the distribution of E;. To keep the market oppor-
tunity set the same each period when one explicitly
recognizes that this firm is part of the set requires
that one assume that

cov (E;, ﬁﬁt)
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is constant for allf where ﬁﬁt is the return on the
market portfolio in ¥ . One thereby assumes that "the
degree of association between the reassessments of a
firm's earnings and the reassessments of the earnings
prospects of all firms" is quite certain.?

(4) Production capacity (capital equipmenf and the
requisite labor) is available at a cost of k per unit;
the price k is constant over time. The number of
units required to produce a unit of output is q;j, indi-
cating the period of purchase, i =1, ..., t. The q;
will be assumed to decrease to account for technologi-
cal progress in the production of more output per unit
of capacity. The operating cost per unit of capacity,
c, will be assumed constant (c net of tax effects).
Thus, there is assumed to be no choice between capital
and labor contributions (i.e., a fixed coefficient
production function), and the lack of distinction
between these two factors forces the assumption in
the next chapter of neutral technological progress.

These costs may be expressed in terms of units
of output, an unambiguous measure of capacity for this
firm. 1If ¢ = operating cost and k = investment cost
per "unit of capacity" and g; "units of capacity" of
vintage i are needed to produce a unit of output, then
the investment cost per unit of output in the current

year t (with equipment of vintage t available for

ZSee Fama, 15
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purchase) is kq,. The operating cost per unit of
output of equipment ¢f vintage i is cq;j. Also, if

the firm has previously purchased F; "units of capacity"
of vintage i¢t, it may produce no more than Fj/qj units
of output from this equipment.

The firm is assumed to be unable to sell any part of
its previously purchased capacity at any time. There
are no storage costs or scrap costs or value asso-
ciated with the capacity. (Transfer of ownership of
the capacity by purchase of all of it, i.e., by change
of ownership of the firm, is permitted by perfect

capital market assumptions).

The Behavior of the Firm

The firm is described by the following behavior:

its demand curve is, on an after-tax basis
Et = gtxt"‘
its revenue function is
Q; = Séxg'“
and the marginal revenue curve may be expressed as
ﬁit = (l-un)apxe™
where 5; is the price of a unit of the firm's product
in period t
Xt is its output quantity in period t
n is an elasticity constant 0 n 1

~ v 3 L
a; is a demand parameter which contains a random
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element and the effect of the outputs of other firms in
the incustry, constrained by the constancy of u, and

u is a parameter, 0 g¢ue 1, describing the firm's
ability to influence its demand curve via its produc-
tion x¢. It may be thought of as indicating the
firm's "degree of monopoly power"” in the sense that,
as u-«»0, the firm has no influence on demand and prices
as a pure competitor, and as u-s1l, it prices as a pure
monopolist. The parameter u is a function of the
firm's market share, the degree to which the products
of each firm in the industry are differentiated, the
market shares of the other firms, and the reaction
functions of the other firms in the industry.
The firm is postulated to be a quantity announcer;
its decision is announced as the beginning of period t
on the basis of expectations of ag formed at that time.
Any variation of realized demand about this expectation
will be absorbed by fluctuation of realized price.
The formation of expectations is as follows: the
distribution of the random demand parameter is

ay = Ea, (1 + e)
where Ea; is the expected value of S; at the beginning
of period t,

€ is a random error with E (8) = C, var (&) =
Se2, cov (g,fﬁt) = Cems E(8), Sg2, cgp constant over
time. (Ym is the cash flow of all assets in the mar-

ket, alsc with constant distribution over time). The



21

random error € thus implies variation of realized
revenue within the period t. In addition, the expecta-
tion Ea; changes over time via the mechanism

~5

Ea_,; = Ea; (1 + 2)

where z is a random term with 1 = z a function of the

. ] - '] . a
outcome and its expectation in perioé t, F Eaf ]
.

F (1 +¢).

The Decisions of the Firm

The firm faces the environment and market structure
described above, except that there is assumed to be no
technological progress: 9 T 9j41 = -+ TG = 1. Thus,
the investment cost of capacity sufficient to produce 1
unit of output is k, and the operating cost is c. Under
the assumption of no technological progress, capacity
purchased in any period is identical and (assuming no
depreciation) adds the same capacity to produce output
in any future period. The firm must balance the costs
of investing in capacity in any period against both revenues
that period and possible future revenues from use of that
capacity in future periods when demand conditions are such
that the purchase of new capacity at that time is not
optimal. The firm is assumed to finance the purchase of
capacity by selling shares. It is able to do so as long
as the value of the firm, equal to the net present value
of its current and future production decisions, is greater

than 0.
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In any period, therefore, the firm optimizes over two
production decision variables: the amount it produces out
of its current capacity and the amount of new capacity to
be added and used for production after its current capa-
city is fully utilized. Denote the total available capacity
at period t by X¢. (The amount of capacity sufficient to
produce output x is also x by the assumption that gy = 1).
Denote the production decision variables by Xio, the amount
of available capacity the firm uses, and X.,, the amount of
new capacity purchased and used in period t. The firm then
maximizes its current value V4 over (xXio, X gp) subject to
the constraint that x¢o ¢ Xt. This is a Kuhn-Tucker maximiza-
tion in each period t, with the dual variable to the
constraint Ltmeasuring the value of having additional current
capacity on hand at t. The firm's net present value at t,
Vir will be determined by a backward induction from a
termination date T, assuming optimal production decisions at

each state.

B. The Value of the Optimal Decisions
1. The Single Period Problem

The Firm with Monopoly Power (us» 0).

The single period or (Tth period) problem is thus:
max VT

(xTo' XTn)
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subject to xp, ¢ Xp or g (Xpg) = Xpo = X7 ¢ O
Xpos Xpn > O

Where Vo = the certainty equivalent, discounted at the
risk-free rate r to the beginning of T, of the revenues to
be received at the end of T, net of the cost of operation,
minus the optimal investment at the beginning of T (all on
an after-tax basis). The revenue

¥p = Br (xpo + Xrn)
and cost = ¢ (Xqpy + X7n)
since total production Xp = x7o + xppn, the amount produced
from each type of capacity. Then

E(¥p) = Edp (xpo + Xrn)1™D = Eagp (xpg + xpp) 170

cov (¥p, ¥m) = Eap (Xpo + xrq) cov (€, ¥Ym)
so that

Eap (xpo + X7n) 1™ (1 - m cep)

CEQ ¥

Eap (xpg + Xpp)1-D L
where L = 1 - mcg,, m being the market price of systematic

risk in T. It is assumed that L is greater than 0.

Investment cost = k xp,. Therefore,

Vo = CEQY¥p = C(Xmg + Xpp) = kXgpp

1l +r
= EapL (Xpg + XTp)1-0 - C(Xpg + Xppn) = KXqn (1)
l +r
The Kuhn-Tucker maximization conditions are: (2)
(1) aVp - &ég(XIQ) ¢ 0
Ve, g
oXpn

(ii) X VT - oq (XIQ) =
To [Si-;o 7\* 9XTro ] °
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XTn éVr = 0
oKrn

(1ii) Ag (Xpo)

(iv) X7os Xpps Ay 2 0

0

where g(xgpg) = Xro = Xnms ag(xgc) =1
T Xro
OVp _ CEQ(MRp) - ¢ _ (l-un)EagpL(Xqpq *+ Xpp) ™R - ¢
aXTo l+r l+r
oVp _ (l-un)EapL(Xmg + Xpp)=l - ¢ _
aXTn l+r

The following cptimal solutions can occur, depending

cn the value of Eam:

Case 1: xp,* = 0, 0<¢ xp e Xp (3)

The firm operates at less than full capacity. Then ]; =0

and
dVp* _ (1-un)EapL(Xmpo* + Xpp*)~0 = ¢ _ Ap* = ¢
QXTO - - l +r
oVp* _ (l-un)EagL(Xmo* + Xpp®)"D - ¢ _ ) ¢ o
§XTn* - 1l +r
Then (l-un)EaqglL (Xpo*)"P = ¢, or
c
xpp* = 0

This solution is the optimal one for 0 < xqo* ¢ Xq, OF

0 ¢ Ea <CXn
T L(1=un)

Denote this limit by Ajp.3

3Th§ case under which there would be no production is that for
which xgo*=xTn*=0- Then o*=0 and oVr* < 0, or (l-un)EagL:
"(Xpo*) " = c < 0. This condition SXpo* cannot be maintained
for positive Eap as Xpo* = 0.
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The firm operates at full capacity but does not add new

capacity. Then Aq* > 0 and

oVr* _ (l-un)EapL(XTo*)~N - ¢ _ (l-un)EapL(Xp)™0 - c = Ap*
oXmo* 1+r - l+r

SVe* - (l-un)EapL(Xmo*)™ = c _ x <. 0
X T+¢ <

or 0< Ap* ¢ k.
This solution is optimal for Eagp such that

0 ¢ (l-un)Ea,L(Xp)~D - ¢

1+r < k

or

Ajp = c(xp)? [c+ k(1 +r))xpn
L(1-un) € Eap ¢ L(1-un)
Denote the upper limit by Ajfp.
Case 3: xqpp* > 0, Xpo* = Xgp

The firm operates at full capacity and purchases

additional capacity Xpp*. Then Ag*>0 and

OVp* _ (l-un)EamL(Kpo* + Xpp*)™P = ¢ =
(1-un)EaqpL(XT + Xpp*) "B = ¢ = An*
l+r
oVp* - (l-un)EBanL(Xp + Xpp*) ™0 - c _ = ¢
aXTn* 1 + r
or

* = X, + Xpn* = [Eaml(l=un)
T T " °In [a‘f'rm?r]

This solution is optimal for xqp,* » 0, or [EamL(l-un)] > Xq, OF

c + k(1l+r)
Eaq such that Eap > Ajpr.

These three solutions may be visualized graphically from

a plot of the certainty equivalent of marginal revenue less
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marginal operating cost, discounted to the beginning of

period T, and marginal investment cost, versus total produc-

tion xp*:
»
CEQ - C
rr
3
T
marginal investment N , t
cost = [0, Xp* ¢ Xp
k * t v P
r Xp® > XT (&7 -
Xy Ry

The optimal solutions for cases 1, 2, and 3 are represented
by intersections ocf curves 1, 2, and 3 respectively, with
the marginal investment cost curve. For all Eap such that

CEQ ﬁﬁm - ¢ intersects between Py and P2, i.e., all Eap such
l+r

that Ajp < Eap < App, the case 2 solution is optimal. The
firm operates at its previously purchased capacity. The
current value of net marginal receipts falls below the mar-
ginal cost k of another unit of capacity. For all curves
intersecting the marginal cost curve to the right of Py, i.e.,
Eap » A2T, the firm purchases additional capacity; the value
Eap is sufficiently large so that the current value of net
marginal receipts exceeds k if the firm operates only at
capacity. For all curves intersecting to the left of P,,
i.e., all Eap ¢ Ajp, the firm operates at less than capacity:;
the excess capacity is useless (since this is the terminal
period) and the firm would sell it if the opportunity for

capacity resale at a price other than 0 were available.
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The value of the firm Vo* in case 1, for which 0 ¢ xpo® ¢

Xps Xpp* = 0, AT* = 0, is, by substitution into (1),

EaTL(X'pn* + x’]"n*)l-n - C(X'Fn* + XTD*)

Vm*
T
l1 +r

r

= Xpo* unEa{LixTO*)-n from the optimization
r

conditions (3)

unEanml (Xma*) 1-N
l+r

where xq* = kpo* + Xpp* = Xpg*.
In case 2, for which xpo* = X, xpp* = 0, Ap* = O,

Vp* = (Xpo* + Xpnp*) EagL(Xpa* + Xpp*) 7R - ¢
l+r

= AT*XT + X unEaqL (Xp) *
l+r from the optimization

conditicns (4)

;"T*XT + unEar{L*(-X'r) 1-n
r

where xm* Xp.
In case 3, for which Xqpo* = Xp, Xpp* > 0, Ap* = k

Vp = (Xpo* + Xpp*) EamL(xmnfl++XTn*)‘n - ¢ - kXpp*
r

Ar* (Xpo* + Xpn*) + (Xpo* + Xrn*) unEapL (Xpo* + Xpn*) 7D
l1 +r

and from the optimization conditions (5),

Ar* Xy + unEa Xm#xy 1-N
"“114 rI l

since Ap* = k in case 3 and xp* = Xp + Xpp*.

Vp*

In general, then, the value of the firm may be expressed

as a function of the variables (Xp, xp*), as
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Vp* = Agp* Xp + unEapL(Xp*)1-n
1l +r (6)

in which Ap* is clearly that of the addition to Vp* of
another unit of previously purchased capacity, the shadow
price of the constraint on use of previously purchased capa-

city Xp is not being fully utilized at optimum (xT*.ng);

kr*

Vp* (Xp, XT*) which is less than k if xp* = Xqp, and
X

Ap* = k if xqp* > Xq so that the shadow price of a unit of
extra capacity equals the external price and new capacity is
purchased at optimum,

In (6) Vp* is divided into a "value of current capacity"”
term Ap* Xp, plus a term which equals 0 if the firm has no
monopoly power. The second term in (6) is the current
capitalized value of the future profits arising explicitly
from the firm's ability to price non-competitively, since it
is the current capitalized value of the difference between
marginal and average net revenue multiplied by production.“
Thus it is the capitalized value of the monopoly rents to be

received at the end of the period. Thus (6) may be re-

expressed as

VT* = lT* XT + MT* (7)
where
Mp* = unEaqL (xT*)l'n,

ier
the capitalized value of future monopcly rents. The first

term in (7) is the current value to the firm of having pre-

viously purchased capacity Xq on hand. 1If the firm does not

¥See Thomadakis.
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use all the capacity (xp* ¢ Xp) sc that additional capacity
is a "free good" and there is no value to having the amount
Xp on hand, this term equals 0. If the firm uses all the
capacity (xq* = Xq) the value is the marginal value of having
an extra unit, Aq*, the shadow price, multiplied by the
capacity. In this case the shadow price of the capacity is
internal, specific to the firm, and is the current capitalized
value of the marginal revenue less cost to be received from
the use of Xp. It is thus dependent on the monopoly power
of the firm, and at u = 0, the shadow price becomes the
current capitalized value of average revenue. If the firm
adds capacity, the shadow price of previous capacity equals
the external price k, and the first term is then kX,, the
value at the external price of the capacity Xp. The first
term may thus also be regarded as a "reproduction" value of
the capacity which the firm did not pay for at T, with the
"reproduction” value being the current capitalized value of
the marginal revenue less cost to be received from the use
of the current capacity. (The value Vgp* is the net present
value. Thus, the reproducticn value can only be that of the
"free" capacity since the value of any newly purchased capa-
city has been subtracted). 1In case 1, this internal value
is 0; in case 2, it is the current capitalized value deter-
mined at Xo* = Xepi in case 3 the internal value equals the
external value k (since the firm did not have to pay k for

each unit of previcusly purchased capacity).
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The Firm without Monopoly Power (u = 0)

It follows from (7) that, even if the firm were to pos-
sess no monopoly power (u = 0), the presence of the current
capacity X yields a net present value to the firm of
Ap* (W = 0) Xq, which is greater than zero as long as the
firm produces at capacity. The optimal behavior of the firm
with u = 0 should more properly be derived from an explicit
examination of that special case.

The case u = 0 implies that the firm has no influence on
demand, that its product is undifferentiated and Xm &< X,
(industry) = the total production of the industry. Thus it
prices as a pure competitor; i.e., price is exogenous to its
production. If price = Py = 8, Flxp(industry)], irrespective
of the firm's production decisions (so that dF/dxq = 0), then

its value is (8)

CEQ Pr(Xves Xrn) = C(XTo 4 XTn)

and the maximization conditions are (9)
“l CEQPr-¢ - _
W[ = - 2] 0
e CEQ&[OC =
xT' [ i+v - k] 0

n
o
L]

S PR
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The the optimal solutions are:

Case 1: 0<xT; < Xp (10)
Then 2¥eo = SE@Br-¢  EarLF [xr(indutryr]-<
+e 1av7
Case 2: Xpne = XT; xTn* =0 . (11)
Then o< Atz CEOPr-C  Ea LF[xelindustry)l-¢
Lo v = 1T ¢k
Case 3: xTo* = Xmp: x‘I‘n*> 0 (12)

Then A = Ea,LF [xr(industeyll-¢
{er

Thus the case 1 optimum applies only at E:aT such that

[
Eap = U"[!r('mdmtryﬂ )

the threshold of application of the case 2 optimum. The firm

adds an unspecified amount of new capacity when

c+ K(ger)
T * LE(xr(industey]

Ea

The optimal production decisions are thus: not to produce for

E c
ar < LFPIx,(industry)]

to produce at capacity for

c ce kQsv)
< La,<¢ -
LEIX S indusbnp] & LF %, (indusiry)]
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and to add capacity for

c+ kliee)
Eap > LF (X, (industryl ]

The value of the firm is

(Ea,LF[x:(tndustey)] - c]x,‘ Kt e”
1+ ¢ i ™

<
0 for Eap< LF{Xctlindustryl] ©OD substitution of (10);

¢ C4 k(fer)
Mp* Xy for TFxindurteyil ¢ E37 ¢ TFixcandurtry?d

on substitution of (1l), with Ap* as specified in case 2; and

Vp* = Ap* (Xp + Xq*) = k Xpp* = Ag* Xp

on substitution of (12), with Ap* as specified in case 3,
Ao* = k. Thus in general, Vp* = Ap* Xqp.

In equilibrium, there will be no production from any
firm until the variable cost of production, ¢, is covered by
the certainty equivalent of marginal revenue. If it is, the
firm produces at capacity until expectations rise to the
point that the certainty equivalent of marginal covers vari-
able cost + the cost of adding new production capacity.
Since demand for the industry depends on price, total indus-
try production will be set so that the variable cost of pro-
duction is covered. Thus each firm will produce at capacity,

and total production will be the sum of capacities if
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¢ ¢ Ca ¢ cr klser)
LF i S oLelE
[Eﬂtm:x‘] [aumms X. ]
c _
If Ea, ¢ LFLS |  then industry production will be
il birme

set below total industry capacity. Since there is no optimal
production specification for any firm unless it is at capacity,
firms will leave the industry randomly as Eaq begins to fall
below this cutoff value. Thus after these exits, some firms
will be producing at capacity (with 0 value) and the others
will not be producing. Thus total production = §““§vg fiems
1f ¢ + KQsv) .

Ea, > LFiz . x.]

il tirms

all firms in the industry will add unspecified amounts of

capacity and produce, so that

_ c+ kitev)
Bar = LF(Xy(industry)

(each firm exactly covers
total costs)

and

xp (industry) > 3 X,
all tirms
If a firm within the industry at T is compared to a firm
with no existing capacity, the industry member is seen from
(13) to have a positive net present value when it produces

optimally in the range
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C c C+ kiger)
trts. xJ Y i w ]
&K firmg | U firms ¥

whereas the firm with no capacity will not produce within this
range as the current value of expected net revenues is less
than investment cost. The firm with no capacity will not
enter and produce until
_C 4+ kliaw)
Ear 2 LP(E %]

au firms

and the entry intc production has a zero net present value,
the usual result under pure competition. Thus there is a bar-
rier to entry of the firm with no capacity within a range of
possible outcomes of the random demand parameter, in the sense
that firms already "in the industry", i.e., possessing capa-
city, achieve a positive net present value by producing in
this range, within which the firm with no capacity, "waiting
to enter", would not produce. This value arises out of the
"free" good, capacity (free in the single period sense that
its origins are not investigated in this section), and is
internal to the firm since the firm is assumed unable to sell
and achieve an external measure of the value. If resale were
permitted, the firm in the industry could exit without the
loss of this value, by selling its capacity to an entering
firm. Conversely, the entering firm would pay the external
value per unit of capacityy‘lT*, and would therefore enter
and produce at 0 net present value, satisfying the usual pure

competition regquirement of no entry barriers. Thus the entry
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barrier is arising out of the inability to resell capacity at
its actual value, the barrier to exit from the industry of the
firm having capacity. And therefore, although every firm in
the industry (having capacity) behaves as a pure competitor

in the pricing sense, the industry does not fulfill the

requirements for perfect competition.

2. The Multiperiod Problem.

Introduction

The optimal decisions (xTo*, xTn*) derived above, and
the consequent value Vq*(Xqm, Xp*), are uncertain in previous
periods due to the interperiod uncertainty about the informa-
tion Eaq needed to make the decisions. Thus, the value of
the firm at any time t« T, the value at t of the current
investment opportunity plus all the future ones, is the cer-
tainty equivalent of sets of decisions, random at t, to be
made as uncertainty is resolved. The uncertainty is resolved
by the expectations formation mechanism

Fapy) = Eag - (1 + 3)
which represents the knowledge available at t, the realization
Ea,, and its implications for future states of nature Eagy;.
Coupled with the information available at t are the previous
capacity decisions xt—jn* which make up the current available
capacity X, at stage t. These stage decisions will also, of
course, be functions of the interperiod or "growth" risk, the

uncertainty as to future states of nature. The objective of
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the multiperiod valuation model is the determination of the
optimal decisions of the firm in t, given the state of nature
and the total capacity at t, hence the relzation between these
decisions and the interperiod uncertainty resolution. The
optimal decision each period is derived from the maximization
of current net present value V, over the two production vari-
ables (X, X¢n) given the previously purchased capacity at t
and the information available at the beginning of t, Ea,.
Because future decisions are uncertain, the multiperiod model
will be built by backward induction assuming the optimal

decisions have been made in future periods.

The Valuation at T-1

At the beginning of T-1, the equity holders of the firm,
including those who contribute the investment cost at that
time, Xqp_jn, OWn a claim to revenues less cost to be received
at the end of T-1l, plus a claim to the end-of-period value at

optimum xT* = xTo* + xTn* of their firm, VT*. As before,

~ ~ ~
Ypo1 = Pry¥ra = Py [Xag ¢ X1o40)
cost = CXp_y

investment cost = k Xpo1n
Then the current value of these two claims is their certainty

equivalents discounted to the beginning of the period. Thus

E&T_‘L(X-r.‘.-tx-r,'"‘ )‘."- < (Xf.“ * Xe.gn ) (14)

A/
lav K¥r.1a
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+* CEQT.1 VT’ m'o x: )
ls7

where Vg*(Xp,Xp*) = Ap* X + Mp*(xg*), with both Ap* and Mp*
random through their dependence on Ean.
E(Vp*) = X E(Ag*) + E(M3*)
cov (V‘;*, Vm) = Xpcov (ir*, vm) + cov(bZT*, Vi)
where Vm = total value of all assets in the market, so that
CEQpyVe* = E(Vg*) - m cov(Vp*, Vm) = Xy CEQn_,Ap*

+CEQT_1B'4~T*
and the state variable Xq = Xq_ * Xqp_3p*.»

Note that the contribution of any "71:* to Vo _yv

CEQt_1‘7t* = Xt [ E(A4®) - m cov (X4%, Vimy)] +E(A®) -meov (Mt‘.\?'\)

xe(E(Ae) . mevOORm) | L F(ME) - m cou( MERm)
Vm et Vs

Express Ag* = E(A,%) (1 + &7 M* = B0 - (1 +&))
so that

CEQe_1Vy = X¢ Epmp ( Xe®)t - m € (\;:::-‘Rm’]

~ (Emy  Rma )
+Et-l(Mt*)[‘- ” Vm;-aﬂn ]

where 81‘,&“ are random components with expectation 0, func-

tionally related to Z, the random component of Ea Then, as

£
?Stapleton and Subrahmanyam do show that the market price of
risk m will change from period to period in a known fashion

as a function of polynomials in the interest rate r; thus m
and therefcre L as well as any other CEQ should carry a time
subscript. This additional notation will be suppressed as it
causes no change in the essential conclusions, merely modify-
ing numerical results. See R. Stapleton and M.G. Subrahmanyam,
"A Multiperiod Equilibrium Asset Pricing Model," New York
University Working Paper, 1975.
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Fama has shown, a correct multiperiod valuation of this firm
using the CAPM requires the assumption that

cov é;t, ﬁﬁt) and cov (& pmy» ﬁht)
be constant over time. The constancy requires that the two
time-varying sources of these random components, new capacity
decisions which change the X, variable and the demand para-
meter é;t' not change their distribution in an unknown way.
The constancy of effect of Ea, has been assumed by letting
Cem be a constant. Thus the uncertainty in Ea; must be of a
market-wide nature to keep its reassessment relative to the
market a constant. The effect of the other will be investi-
gated after the behavior of ;t has been derived.

The problem at T-1 is

max Vep_p

(Xp_1r * T-1p)

subject to xT-lo € Xp.1 Or g(xT_lo) = Xpolg Xpoy ¢

Xp-lo* ¥r-lp’ Ar-1 * 0

The Kuhn-Tucker optimization conditions are (15)
. L 4
(1) Vet _ 5 » SgOxwio
W4t T IxT e ¥
O XT-1n"*
D4 Ve, » O ftxxs )
(11) gy vy ) TN “.“'] e

e M
Xran? L b_%‘_‘.‘t ] s

(11i) Kqq FlxmPd = ©
X‘Y.lo‘, ~6’(-0»‘ ) 11-\' %0

w -
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The partials are:

o§(%rse> L
Oxr-te o
Ny Q- un) Bdv. b (X150 ¥ X7.90) -C
XTes0 dev
Ney | Cun) Ear, LK seaXran) = € Gy A 3C5°1-Nv e, X2
OXT-4a Ler SR Qe O X 1.tn

. - ~ * . 'y -
Since Xp = Xq_; *+ xT-ln' Vp* is a function of xT-ln' thus the
derivative 3 C&Qr., Uy
INT- 9

is not equal to 0. Indeed, by definition of A.*,
4
N | N 7.
O%tgm Xy T
the shadow price of an extra unit of capacity at the beginning

of T. Since this holds for any ﬁET, it follows that

0®Or Ur* | 3ceQr, V¥ I
OXT-an : o Ry : CEQrsdr.

This evaluation of the partial is not obvious from inspection
-
of CEQp_jVp* and will be shown. From the single period

results (6)

l1-n
vor = unEatL(XT*) .
T 1+r or EaT < AlT
S EapL(Xp)1™2 - cXq
T = . for Ajpe< Eape App
l-n
*
= kX + unEapL (Xp*) for Eap» A,
l+r

~ 3
Since the integrand VT*(EET) of the integral form CEQT-IVT* is
continuous over the range of Eap and in particular is continu-

ous at AlT (XT) and AZT (XT), the sum of contributions from the
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derivatives of the limits AlT and AZT to the derivatives of

CEQT_]_V.;* is zero. Thus, the only non-zero term is the inte-
oVp*
_GX.I."" :

the single period problem, xp* is not a function of Xp for

gral of the derivative, CEQp_3 From the solution to

Eaq < Ajrp and EaT S AZT' Thus

dVp*
3 %g = 0 for Eaq < ALT
aVp* (1-un) EapL(Xqp) ™7 -c
BXT = 1+t for AlT < EaT < AZT
by definition of the marginal revenue function
dVp*
BXT = k for Eap > Apmi
i.e., as previously argqued,
aVp*
I = Ap*. Thus,
® X,
CEQm_q Viep* Vo
) - -
T-1"T T
= CEQ = CEQm_1 Am?* (16)
éxT T-1 $ X T-1/*T

This result can also be formally derived from the re-expression
of VTI'* as iT*xT + M‘;*, the sum of the contributions of the
firm's previously purchased capacity and its monopoly power to
its value at T.

Therefore, the optimization conditions in T-1 are, on

substitution of (16) into (15):
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-0
Csoun) €ap LIXTao® 4 Xt2a™) - C " _

- Lx - ‘ x'd ').‘-c h 1 -
h,‘_[u\m)Eh.u. T-10" & » -k’m“_}_._, =0

rT. dov ot

o\
Xtte, XT3, Aty ¥0

As before, the solutions will be derived for the three pos-

sible cases:

Case 1: xT-lo*<XT-l' XT-*ln = 0 (17)
Then )\.;"_1 = 0 and

-
AN gay » (4-und)far.,y L (Xyadt)  -¢ »
Ly}
Cav.al (S-un) n
XT-2" = [ A e ] < Xt-x.
n
This solution holds for Ean_; ¢ cXp-1 . Denote this limit
L(l-un)
by AlT_l.
. s, S =
Case 2: Xp_jo = Xp_3/+ Xp_jp* = 0 (18)
Then Ap_1* > 0 and
=) _ (i-un) ea.'r.; L(x't.a\*-ﬁ A »
O%t.2e® T fap e T4

oVt * . G-un) Eaqal (Xy.d"-¢

———

X*
~k+ CERygy =1 <O

Drr it Sev 14€
%
or 0¢Aq_1* ¢ k - CEQp_y AT
(l-un)Eap_jLXm_1 = =C ¥
This solution holds for 0 ¢ ¢k - CEQT_;LAT
1+r 1+r

Note that the certainty equivalent of ;\.T* involves integration
over the distribution of Eap and the mean of this distribution
is a function of Ean_, via the expectations formation mechan-

ism. Thus, CEQp.1 5"‘1‘* is a function of Eaqp_3 and the upper
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limit AZ'I‘-l of the range for which xT-l* = Xp_j is optimal must

be determined by the upper bound of the inequality in Eap_j:

Cs kl8er) - CEQq., (Ca~,y) AT‘
Eap_y & Xpoy [ L (4~ un) ]

The lower bound is &), .. Since A €k, Popy® Moyt

. = x
Case 3: Xp_3,* Xp_1r Xpo1pn 20 (19)
Then Ap_3* 0 and

eVT-f . -un Y Edya bl (J(T., 4 XT-40T ).“ - 2 »

XX 4y s Axy

News? -un) Bv L (R4 X1-30%) " -C o %

Oxwinr © ':“. : “k + CEQrs %T;_ €0, of

El-r..L(A-lm) Yn
Xv ;"‘ 2 Xr., S ST {u kler) -CEOML".)
LY

Aﬂ.;’ = k- CEQRT.a %QIP .

This solution is optimal for xT-ln* »0, or

c4 k(1er)e CEQr, (Eara) ;\:
Eap_; > Xpop L(3-un)

or EaT-l > AZT—l.

Examination of the limits AlT ’ AZT in (17) and (19)

-1 -1
reveals that, although AlT-l is of the same form as Ajq, the

equation for A, involves the subtraction of a positive
Fy

-1
term on the right hand side of the upper bound inequality.
Thus, the point Eay ;1 = AZT_1 for which the optimal solu-

tion is to add capacity is less than the comparable point a
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period later, EaT = AZT' The reason can be seen by examina-
tion of the criterion for adding capacity Xp_p at T-l. For
EBap_13 AZT-l the shadow price‘AT_l*, the current value of a
marginal unit of previously purchased capacity, is less than
k, the external price of purchasing the marginal unit, by the
factor chT-l-%é;' the current value of the contribution that
the marginal unit purchased now will make in the next period,
when it will increase the capacity Xq available then. 1In
other words, at Eap_1 9% AZT-l' the total current value of net
marginal revenue to be received both this period and next is
greater than or equal to the external price of another unit of
capacity if the firm operates only at %oy =IXT_1. Thus the
firm will add new capacity this period even though the cur-
rent value of net marginal revenue this period is less than
the cost k. The firm derives the extra benefit from the
future optimal operating decisions in T. Note that, if the
firm were certain that it would not operate at capacity in

the future period, then lT = 0 and there would, of course, be

no benefit from next period. If the value Ea were low

T-1
enough so that the majority of the distribution of EaT were
below the lower bound for full use of capacity in T, Ayqr the
current value of use of full capacity CEQq_, iggi_would be
correspondingly small. L

In general, then, the difference between Azt and Azt-l'
the points at which the firm adds capacity in t and in t-1,
lies in the fact that, at t-1l, ‘the firm has one more pericd

left in which to cover the cost of the capacity than it has
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in t. The longer period case will yield more revenue than the
other since each period over which the firm has possession of
the capacity is, in general, expected to add a non-negative
revenue. Thus, there is a "horizon effect" obscuring the
relation between previously purchased capacity and its current
value. This "horizon effect" is the result of the éssumption
that capacity lasts, undeteriorated, until the firm shuts down
at T. This assumption will be removed in a later section, to
see more clearly the origin of the non-negative value of
current capacity.

The value of the firm at T-1, Vp_ ¥ 1is computed by sub-

stitution of the optimal decisions in (17), (18), and (19)
into (14): o
”* By L XK1.4*) - ¢ Xy \h
Case 1: Vp_3j = Yo * (W, et
= wn E&t.l L( xTx}‘.“ ceo x" 4 M"
dar ¢ i CECH;‘-;:;

”
= R »
= EQay DT X, ¢ UR &;larL(xm) + R, :m-. '

since Xp = Xp_, in this case.
. = Ea.. Lx-‘."-c ' ~“
case 2: Vpp+ = EwalWr O, e,V

40
Ueurd Edegll X - € Kea wn € L oey
4ev $ dev

Doty B Koo 08l | i

Asr v ?

since X = Xpoy 10 this case.
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Bleal (Rreg + %raad?® )’ "= € Ry H¥ra )

Case 3: Vq_;* =KXy >+ CGQ,,

Ler 7Y ur
~ n =W
> » un Ea,'\'.gl. (Xt.3 )
= [k' CEQT.‘ "}":' ][x‘-."\ ‘1.»] ¢+ or

N - A Dy e¥ad) | M*
kxwg X (EQ;; Ve + CBQ: Tee

. - x .
since ¥, = Xp _; * X, * in this case. Then
[RY
_ un Ear.yL (Xs-2*) & A_;g_*
Vpoy* = K Xpy + ser + & TR
. . . unE&rlJKHf e
Thus, in general, if Mp_;* is defined to be = 4 oanh‘rl
o
Vpo1* = [7«.,4@0,,, 2 1Reo + MR (20)

in which MT_l* is again, as in T, the current capitalized
value of the profits arising in both future periods from the
firm's ability to price non-competitively, since it is the
current value of the difference between marginal and average
net revenue multiplied by production in both future periods.
The first term in (20) is, as in the formulation at T, the
current shadow price, plus the current value of the future
shadow price, of the capacity Xp_3 multiplied by the capacity.
Note that the future shadow price multiplies current capacity
Xpo1 since an increase in previously purchased capacity Xp_j
will increase Xp and will be of value in the future if the
firm operates at X in T. As in T, the current shadow price

is zero if Xp.1* € Xp_3+ is internally determined in case 2,
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and is the external price k less the future value of current
capacity if the firm adds capacity currently. For the latter
to occur, the total current value of an additional unit of
capacity at T-1 must equal the external purchase pfice k.

~
Again, as in T, this current value AT-l* + CEQqp_3 j%g; is
dependent on the firm's monopoly power u, since a firm with

monopoly power will derive greater value out of an additional

unit of current capacity.

The Valuation at t

This pattern of optimal production and division of the
value of the firm into two parts is repeated as backward
induction continues, since the value V. which the firm maxi-
mizes by its production decisions will always consist of cur-
rent value of net revenue expected at the end of the current
period t plus current value of the claims on future income
6Z+1*. The current optimal value Vi * will thus always con-
sist of a term representing the current value of préviously
purchased capacity X (which will be the sum of current
values of shadow prices of an unit of capacity available in
future periods by an increase in X¢) plus the sum of current
capitalized values of monopoly rents that the firm will
receive in future periods. For example, in T-2, the problem

is:
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-0
MaxVay = Eivzl (X126 ‘:::,) e CIXT-20 4 Xn2m) - K¥ram

(¥1.2s, ¥ren)

T »
+ CEQy.q \!1'.*
Le

This solution is optimal for AlT_2 ¢ Eap_, < AZT-Z .

determined as the upper bound to the inequality -

~ x ~ 11’)
n [c+k(3~r)-tEsz (A7a* + ey, vys ]

Eap_y € Xqp_) LCs-un)

in which the certainty equivalent as of T-2 is a function of
Eaq_, through the specification of the distribution of Eagp_;

(U _~ *
on which both ;\T-l* and CEQmq_3 "?L\'-TFF depend. (AlT-Z‘ AZT-—z

ad
since Ap_; ¢ k - CEQn_, 1'41" .)
r

Case 3: Xp_oo* = Xp_or Xp_p* >0

(4-un) Bav Lxv-2Y - ¢ N
- 3 (-
aie
(un) Eame L Okra®)™* - A L cEQp, M
< k-oon [ TF ¢ Bk ]

»* [ El-r.z LCd-un)

"
X X3 — n
Keiaryee = cetr, (%07 R y?) |
4+

which is optimal for Eay_o% AZT-Z'
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The value of the firm at optimum, V,_,*, may be derived

as before.

~ =%
g * EaveLReR)
Case 1: Vxa¥z CEQr, | M3 4 T8y Av untdvegl Av-2
A G L5E (a0 ]X"‘ * lav

[
»
+ €Oy, My,
4ar

Case 2:  Vr.* . [ A 4 mt-z()‘%}: * cei'é;?’ )] Rpp ¢ T Eh;:l:\‘%”

L ]
4 ij.f_ Mr‘l
ar

o
+ (EQqy N1 MT’

7Y o

Case 3:  \Jo,*. kX, + unEa:.;L(x-r.
+

using substitutions similar to those used to derive Vpa1*-

Thus in general

Vi s [ + 66uy (Mo e d)]Xpps Mad 2D
r Bary*

- unBval(xW)" Yo
where Mp_p* = T . Ry M

As in (20), MT-Z* is the current capitalized value of monopoly
rents over the current and future periods, and zT-Z* +
Rr-1® Y
CEQn_, AT-1 4 CEQ,_,CEQqn_; AT is the current value of
= - 2
1+r (l+x)

a unit of previously purchased capacity to be used currently
and in future periods if the firm operates at capacity in the
current and future periods. Note the deduction for inter-

o
period risk implicit in the form CEQp_oCEQp.j) Ap* representing
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the current value of present capacity two periods hence.
This term would reduce to an intraperiod (single) certainty
equivalent if there were no uncertainty as to the interperiod
change in demand. |

For any period t, therefore, the optimal production

decisions are:
n

cX¢ (22)
L(1-un)

Case 1: E:at < Alt

Meo
" = [EMCL (3-um) ]% ¢ X,

LY P I

Case 2: 'Alt e Ea, <A2t where Azt is the upper bound to the

inequality T4 ~ &
(oF TPE ¥
(garyac - (L ‘)
Eay < X [ k3rd

121 (Ler) i-2
L¢i.un)

(23)

in which the summation

T+ ~
Y Cieid Yol

“ o
s o ° CEQ, Mis + CEQ, CEG 1 Pens

4
d+p
+ (EQ, CEQRu., CERug Ates
(4er)2

b o o

~ X
+ CEQ -+ CEQy iy Acai e m“.c@‘_’xi‘:

(3er)i-s Gar) T-4-3
A = © .
N - (8-un) Bdel (R ¢

ar
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T-t c R A~ *.
and A, <A, since 'At+l$ k - T t+1-l' t+i
t t i=2  (1+r)i-1
Case 3: Eat >A2t (24)

LIPS D §
° * Ba L (4-un) 3/m

*= bl ?_— ]
Xt M' Xiu [ k(hf)u - Ciat-i *

"y Ger) s

;\*u s (4-uwn) E‘AL‘XQ‘Y"‘ c K- 1{ Casi-s i&:i

ior i (Aap)ish

The value of the firm may be written

T4 > »
Ceai- ho'
V£*= {%*& + 3 - i }K*’ Mt* (25)

& (Sar)ied

a)in “
U“a‘tL(xt + CER &:"n

where Mt* =
e Yy

1 ]

unEdel (Xt ) 4 . E‘ Co Cun Ea,muxﬁt)
dar fal -4 u4r>  FY'N

The first term in (25) is the value of current capacity Xt'
evaluated at current values of current and future shadow

prices of an unit of additional capacity which the increase
of an unit of X, would represent in current and future peri-

ods. The second term is the current capitalized value of

future monopoly rents.
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To complete the statement of value for all time periods
for this firm, one should examine the situation at entry, the
beginning of the first period for the firm, so that t = 1,
and X; = 0. 1In this case xlo = 0 and drops out of.the maxi-
mization problem, thus only case 3 applies. The firm enters
when Ea; > A21' where Azl in this case is any value greater

than 0 since X; = 0. The firm produces at that point at which

4] is maximized: i‘f.l = 0, or
oX;
n
x . E&.L(S-un)_ ¥n
X 2 Ky K(ier) e - 'i‘ Crainy S—rui
v (Bar)ist

There is no shadow price /\.1 since no variable is constrained.

The value of the firm at t = 1, Vl*, is

\) * = el.L(‘I.\‘)"”. Cxl,
! er

~ kX 4 B0,V (Xy)
*
dotr

™ [0’““) Ea.L(N")"-C] un E‘. (\“‘\3-'\
- S ————
far Ler

¢+ ~ T=-1 . "l ~
C_‘_‘e?':. [(R\?* Z cw-‘ Aul )xz . Mt']

= (4ac)t
2 g [ G-umd b, Lixren ¢ Tt
X [' Tar : -k 4 2 Cast-a a!oi]
' ¥ 7 (daer)i
N t Rl ~
+ Un Ea' \xti) + (eo._tl:
j’r {0
- unfa.L (x2)%" ~
= aLRB T, e M
i+r Tor

= M*
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as predicted by the general formula (25). Thus, at entry,
the firm's net present value consists only of the current

value of future monopoly rents, since it has no capacity at
entry (by definition of entry period). If the firm has no
monopoly power, it has no net present value if it enters, a

familiar result of pure competition pricing.

The Valuation at t of a Firm without Monopoly Power (u = 0)

At a point in time t 1, using (25)

t ~
VA [M*+§ Caaies Ami ]Xt" M

Yy (s
If uw=0,
T-¢ . g}
Vet [ A& (ueoy ¢ 2 Ctrizadatluse ] Rituse)
irs  Uenl

where Xt(u=0) is the sum of previous investments of the firm

with no monopoly power, and lt:'l (u = 0) are the shadow prices
of the capacity constraipt for this firm. The values of the
shadow prices are derived from backward induction in the spe-
cial case u = 0, beginning with the result (13), Vp (u=20) =

A.T*(u = 0)Xp. In T-1, the optimization problem is

max 080 Fos eI lonpernrand ceon. U7
- L —
(%110, %700y 40° b T L

al
with CEQ P,_, = Ea,_,L F[ X, , (industry)]
subject to < X
J *p-1,€ -1

and the identity Xq = Xq_; + xT-ln
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The optimization conditions are

) [ CaraL Fixy, (iﬂdult\‘y)!-(. R 1?‘5‘] - o

LY o -

Yo au? [ €av.y LF (v tindusteydJ-e | ceo,..x"r‘] e

o

dov e

A (Xv. swh- Xy J=0

”~ ~ ‘ .
since SL8RNS ¢ L€Q Vy z  CEQrq AT as before.
-A L XY ° Xy.-

The sSolutiens are:

Case 1: 0 ¢Xp 4 * € Xp_ .
o

Then Ea,ﬁp[:t,(industwﬂ—c “ AT =0, er

c
[4
L F [X7.s Cindustry) ]

Ear-a =

the threshold of case 2.
Case 2: xT-lo* = Xp_3r xT-ln* =0

Then o EaviLF[%rylindustey]-¢ A
far = ATy,

] =
Aedc ke pde

c
This solution is optimal for L F (x,_, (industry))

¢Ea 4 A
T‘l ZT

where AZT 1 is the upper bound to the inequality

kKldar)ee - CEQ?.(;L’
LF [y, Lindustry)]

Eaﬂ'- 4 <

and CEQp_; X'y depends on Ea__,.

. %* = *
Case 3: xT-lo Xpops xT-ln >0

-1
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Then  Eav.  LE{%X+.s Gy -c X
-4 [1‘:; 3 dUS{T\j)] - x’.? - ke (EOT-S AT
lqav

and xT-ln* is unspecified. Thus, as in the single period case

c

LF {Xp.; (indus try)]’

the firm will elect not to produce unless Eagp_3;9Y

c
: <
I..foT -3 (industry)]

Eap_; < Az'r-l' and will add capacity for Ea,r_l> Az'r-l' assuming

it is able to remain "a member of the industry” if it does not

will produce at capacity within the range

produce for this period. That, it must be able to regain full
use of its completely idle capacity Xp_; at the beginning of
the next decision period T, with no start-up costs. The same
comments apply to industry-wide production in each period t

as were made in the single period case.

The value of the firm at T-1 is, for E _° ’
! ap-1¢ LF[Xp_; (industry)j
V. *
Vm_1* = CEQm_ T since it does not produce.
T-1 T-1 i3t

c
IF[%;_; (industry)] < ®@r-1<¢82p

For

[E"‘-l LfF [X-:., (indue f‘l?\j)] -C :‘ Xt., . c@“ x_'! Yr

Vo™
iar r ¥ o

[7\1-: * CEQ"*}.‘I‘] ) SN

e since X = Xq 4

For Eap_;y Ay v

Via*» [ Ear s LF [%v.y Cindu stry)] 'C] (x
4:r

T3 4 *"-‘ .’ )
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- KXyyn® +  CEGng X: (11.,4%1.3.\")

{0

» - ) *
. since XT xT-l + xT_ln
*® »
In general Vp_;* = [ %} + teq,, :J‘P]XM . (26)

The pattern of this derivation will be repeated for Vepogreeer
Ver sO that a generalization of (25), the single period case,
will apply here. The shadow price xt+l if the firm produces
in t + i will be the certainty equivalent of the price each

period less the cost discounted by (1 + r) for Ea, 5 ¢ A2t+l'
will be zero if it does not produce, and will equal k - the
discounted certainty equivalents of future shadow prices for
Eat+l>‘A2t+i' The limits A2t+i will fall as the calculation

moves backward in time. The lower limits below which the

¢ ©
t+l ~ LF{xX_,; (industxyJ

If this firm now is compared to an entrant, for which

firm will not produce are Ea

Xy =0, a result similar to that of the single period case

emerges. This firm will produce at capacity for the range

c » . [}
Effiﬁ(industerj"Eat"Azt and will have a positive net

T-t-1 c o
present value V. =[1.* + 7 t+i.A¢+i+l]x . The firm for
t i=o0 (L+r)1¥1

which X, = 0 will not enter until E‘.at = Azt; i.e., until the

t
current value of all future receipts from purchasing capacity
equals its cost. Thus there is a barrier to the entry of the
new firm within this range arising out of the barrier to the

exit of the old firm.
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The question arises as to the firm's behavior when the
optimum is not to produce but the firm will then lose all

future access to its current capacity X, if it does not pro-

t
duce. In this case its optimization problem is

E“LF{ Yelindupiry)J - €
law

math-.-[

] (Mo axtn) = KXen
(*t‘oxtﬁ>

vt g
44 to

subject to Xiq ¢ X,

xt+l = xt + Xtn

and D(x,) =io if X, =0

1 if x5 50

since V 41 =0 if the firm has no capacity in t + 1 and wishes

t
to re-enter. The optimization conditions are

€a, LF [ xe Gindupiry)]-c S
! [ : [1:- + Ce%\'f—‘-‘ Say) - h"] =0
Ea L F X% (industry)] - T-"'!c Yesis
Kant [ dar -k + DY) ‘Zw -—-———-—*("“:;::t 0

AW oy le0

. : %*
where S(xto) is the Kronecker & function of Xeoe Thus Xi0

will begin to rise above zero when

Ea LF [x¢ (industey)] -C . ceo U,
Lir eI
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i.e., when Ea, is such that the current value of claims to
Vi4] exceeds the current value of marginal net losses
expected from operations this period. This value of Eat may

be rewritten as the lower bound to the inequality

o %
c- CEQeViae
Ea, ¢ LF (X4 Cindustry) ]

for purposes of comparison with the firm's behavior in the
previous case when it lost nothing be electing not to pro-
duce in the current period. Here the firm will produce, at
a current loss, so long as the value of the current loss
does not exceed the current value of future production in
the industry. Because of the particular situation faced by
this firm--that it will not lose future benefits as long as
it produces anything, no matter how small--it will minimize

its current losses by producing as little as possible. Thus

at

Xpo* will be very small unless Ea. > __C '
LF{x,  (industry))

which point the solution derived previously becomes optimal.
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C. The Influence of Interperiod Risk on the Capacity Decision

The "Horizon" Problem

The assumption on the longevity and non-saleability of
acquired capital yields the result that the "trigger point"
Azt for investing ih new capacity is lower as t moves back-
ward from the horizon T, i.e., that the cost of capital is
falling. The capacity lasts until the horizon, after which
peint it becomes worthless. Thus, the acquisition of a unit
of capacity closer to the horizon will occur at a higher
"trigger peint" or, equivalently, the return to capital re-
guired of that unit will be higher.

This effect would be made negligible for t very far from
the horizon under an assumption that there is little inter-
period uncertainty resolution. Then the extra term which ap-
pears in the Azt expression (23) as compared to A2t+1 will be
negligible and the CEQt of terms known in t+l1l but random as

of t will not be much less than their expected value in t.

k- T e, A
A, =X n[ - et
2t t L tat (Ler)tei
and “m ot .o
xt‘ = (1'““)Ethf -C . k- Z C , A“-‘.‘
tev e b Qe
and at t+1l, substituting into (23)
T-4-4 g Y
A = x, ® " K- Caeiat Ata'ur.
2ag = (Ko mgy N (k-2 m,]

-~

T4-4 *
x*:ﬂ = k- Z C&o'u; A“-“'
4 (far)ies
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The trigger points Azt and A, , approach each other as each
term in the sum becomes small and as CEQ¢ (Ct+i+l) approaches
CEQt+i+l’ i.e., as the amount of uncertainty resolved at t
becomes small. Then, also,')\t* :Xt_',l* and the marginal value
of the additional capacity, thus also the implicit cost per
period of the capital to purchase it, is the same in t and t+l.
Since the cost of capital, or the value of the marginal
unit, is the same in every period (as long as these required
conditions hold), it must follow that the possession at t of
an additional unit of capacity acquired before t cannot confer
value to the firm above that conferred by the acquisition at
t of this unit. This can be seen mathematically by taking the

preceding discussion on trigger points Azt back to t=1, the

entry of the firm. There, the marginal value of new capacity

T-1
X.: K- ;C“" Aieiog

(Ler deed

>0 for Ea, above the trigger point

= 0 for Eaj; £ the trigger point.

Since all trigger points are the same from t=1 onward,
t<<T, all A; are the same; thus the firm which entered at t=1
will add new capacity in any t as soon as it reaches its cap-
acity limit. There will be no range of Ea; such that the firm
will operate at capacity without adding new capacity, no range

for which

~

0¢ Ay ¢ ko . Sdskedr
¢ * Cavi (140 )M0

thus no barrier to entry of new firms.
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The Isolation of Uncertainty Resolution

The effect of uncertainty resolution may be examined most
eésily without extra assumptions on the rate of uncertainty
resolution i.e., if the supposition on the longevity of cap-
ital is changed to one in which the amount of uncertainty to
be resolved obviously changes from one period to the next.

This occurs at the end of its life. Thus, specifically, assume
the capacity lasts two period (with no change in efficiency
during these periods), then becomes unproductive. The cap-
acity available to the firm for production at t,

Le = Xeo1,,
the capacity purchased last period which still cannot be sold.
(Note that the capacity must last at least two periods; other-
wise, the link between this period's decisions and next period's
value is broken in the present case, in which the market envir-
onment is not affected by the firm's production decisions.)

The value-maximizing decisions atT are reached as before,

at éV{'
et L Six - A] e 0

L
Xqn* [ ?i-'-l ]3 o]
)\7* ( Xf..- XT) 0

oV:* (s-un)Easl {(Xre® + x'*‘)-" -c
EP tar

nN.* (4-un) Eaet (xw® RPN} ey K
o Xa® * [¥Xa

and from these conditions, Vp* = .a;XT + Mp*,
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where Y
CX‘[
»
At= o, Ear ¢ L(t-un) .
. (1.un) EarlXs"-c X Les klaori Xy
1ir ' '\'.'Tt-t;n_) <€y ¢ Lis-un)
= k Eas > (cek)IXS
' L(s.um)

X¢ = Xeant

(This solution is, of course, the same as the previous one

period solution (7).)

The T-1 decisions are again derived similarly:

» 501-1* n
LS [ 5?;”1 - At ] = 0

(o]
axy.m’ =

Atg § Xrre? -Rxy) 20

x‘l’ol 2 Av.2n.

Vei | W-wniiBayal (Xeae xwit™-c

s e (27)
n - -
?—,:,'f;. L srumToC L cea,, A2 (21
» Si“c:htl.(xtu"o& )N'-C(*k +X7.50) "
vw.‘ = 2 - 1‘:lu b *AT4n » CEQ‘. g}; -kxv.“\n,
.
for E‘v.; < :(’.‘:“, s A’i‘l‘-t: Kpnts o, x‘l‘-lo*<xtq
)\1'3 =0
VT_.‘ e WN an.; }:xtﬂo’.)‘.n + CEQT.‘ i’& + ﬁfﬂ

b Y o
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For Al _ P E& . & C4 K(ter). CEQT.;I-: o _ .
T-1 v [ Lls-un) ]x"'l = A‘l.'r.s- Ra.gn'=0, "‘H.‘XH
* (3-un) Eay, LRyt -t 3.
Ml s T = ¢ k- CEar., %"—:

2y
VT-l* s 1‘.“ XT.”“ 4 ““E‘7°IL(KT-1I.)
i

~ ~
4 CEQy.q e X;;:i s M,

(since Xp.3 = Xp.p *), or

* = »
V-1 Aveq Raam * M.
For Eap_; » Az-m t RTaa¥ >0, Xvae*= Xy,

S »
A= k- ceQ,, 2

1 e
Vpo1* = [(3-um) Eavs L (Xr2n®+ Xeph )" = ¢ T Xvotn®s Xran®)
id+vr
" ~ son
Az XI..-\‘ <+ 1’ unBay. L (Xe.au® 4 % %)
¥ CEQry T + .._']__U___}*__“; 2w e -k Xaan
= At Xeea® ¢ M7

In general, therefore, Vp_* = 7\.”* Xpoq + MT_l* (28)

Note that there is no term for future use of Xp_q in (28),

A Ry

since capacity Xy Was purchased in T-2 and will not be pro-
ductive two periods hence, by assumption.

Similarly, in period T-2, the problem is

E&-r.; L (X*t.z, 4 Xs.m)‘m o ¢ (Xy.20 * Xv-2n)

max V = -k
T=2 Uv-tn
(%20, X%:20) Qv
> CEQp, VTt
1ev '

The optimization conditions are derived in the same manner and

the result is
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2 »
Vg = Avz Rya ¢ b\vz,

x-r.g : Xygn'

]
Cx-v.;
X'r.t.‘go for E&-\-.z < L-m) s At'r-z

= (4-un) Edv-zLx-r:; -C
i+v

€4 k(gar) - CEQy., )“'?1 A
L(t.un) ] = At

for Arnz< Eayy ¢ Xv{

, Eav2>Azxz.

The process may be similarly carried out for any t.

There exists, thus, a range of values of Ea, for which
firms with existing capacity Xg = Xg-1.* attain net present
values Vy> 0 by operating at capacity, while firms without
existing capacity will not purchase capacity and produce, due
as before to the inability to resell capacity.

The effect of uncertainty resclution lies in the fact
that the "cost of capital" of the previously purchased capa-
city is now lower. Since the capacity has produced through
ocne period of uncertainty, the return over the next period com-
pensates the firm for only one (intra) period uncertainty,
whereas new capacity, being productive for two periods with
the second outcome's depending upon that of the first, must
provide return sufficient to compensate, not only for the intra-
period uncertainty, but also the interperiod uncertainty reso-
lution.

The return over the first period of the capacity's life,

which compensates for inter- and intra-period uncertainty, is
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just the change in the value of future revenues foreseen for
the firm in each period. At t-1, the value of future reve-

nues from the marginal unit is, from (27b),

_ (s-umiBapslxry -c cea,., (s-un)Earl X" -¢

We-1 isr {Lev)t

and equals k if the unit is purchased so that the net present

value is, of course, zero. At t the value of this marginal

unit
-»
MVt - (2 \lﬂ)AE::L %t - C . A* from (27a)
Thus the change -
~ C4-un) Bl X -¢ (-un)Ea L% -¢
AMNy-y € ler - CEQuy (2sv)t

_ (un) B Ll Xy -¢
4w

The cash flow from the marginal unit over t-1 is
~ ~F
CF¢~] = (l-un)a,_;1X¢-170 - c.

Thus, the total return over t-1 on the marginal unit is

o~ ~ - -~ .
CFe-] + AM~Vt-l = (s-un)Eael Xy -C _ 'Et_A{“'““’EMLX;“-CI

Lav (4e0)2
eeof@-uMIEdL Lo g ]
@ar)t ) -\T;.‘

+ [Goun) &Gy Xtr - ]

. (d-un)Bag L Xed -¢
e

IR -
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The expected return is

- [(L- wn) Ede.y Yooy €
Lay
N -
. En [(Mm) Enlxy-¢ ]

Lew

L ~/
Et-l (CFt_l + Mvt“l) ] (r'.‘mcl.h)

~ ) ~ .
+ ™ eovy [(L-uﬂzf:a'.*t = R, ) (29)

V-

= [Qun)Ed lxeg-¢
[ Tor ! ](N MCQ.',

* By [RmEEITE T e cor (6, By ) (30)

if the Fama condition holds. .

‘The first term in (30) is the expected return on intra-
period risk; the second, the interperiod risk from the un-
certainty in Ea;, and the consequent production decision xg*.
Over the second period of its life the marginal unit is sub-
ject only to intraperiod risk; thus its expected return that
period is the (t period equivalent of) the first term in (30).
The return to interperiod uncertainty, the positive future
value, is expected since the firm cannot sell the marginal unit
at k and thereby avoid the uncertainty in future value. It
must therefore be compensated in the form of an expected value
next period = I%? CEQt_l}q:= the value of expected cash flows
during the second period discounted at the return required for
intraperiod risk cash flows. Thus, the purchase of the mar-
ginal unit at cost k signifies that the mafginal unit is ex-
pected to meet exactly its return requirements both periods,
i.e., that the net present value of its investment both periods
is zero. The current value of its investment in the following
period = CEQt_IEEE is an internal value since it is unable to

Y
resell capacity, whereas k, of course, is external; i.e., the
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cost of current capacity usage is implicit in t —~the firm
does not actually commit funds for it-— whereas k is an actual
outflow of funds. Thus, the usage of current capacity has a
non-negative value whereas the usage of a marginal unit of
new capacity has zero net present value. Since (the certainty
equivalent of) this value formed part of the required return
or the previously purchased capacity, the current value is
(the realization of) its "reproduction" cost in t,

The requirement that the value of the marginal unit =
the value of its current t-1 expected cash flow plus the cur-
rent value of its expected cash flows the following period (t)
= the cost of the marginal unit obviously requires that the
sum of the two contributions = k, requiring a certain level of
expectations each period depending on the relative sizes of the
two contributions. Thus the firm will purchase a smaller amount
of capacity than a firm which does not face the extra uncertain-
ty. Note that this extra return to interperiod uncertainty
will be required whenever there is uncertainty as to the fu-
ture value, even in the case where resale is permitted, as
then its resale price would be that uncertain value. The re-
sale price would then appear as extra cash flow and not as an
internal value of capacity as it does here.

Whether the required returns in (30) are actually obtained
each period is, of course, a question of realizations. So far
as the use of t-1 capacity in t is concerned, the marginal
unit is expected to generate the required return in t, the

second term in (30), as soon as demand expectations are such
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that the certainty equivalent of marginal revenue = cost c.
Thus all of current capacity that period will be used as

soon as 31%0, no matter whether or not the marginal unit met
its required return in t-1. Its value at t is the discounted
value of its expected cash flows, and if this value is less
than what was expected in t-1, the firm has simply suffered

a capital loss over t-1 which does not affect its optimal
decision in t, to produce with the marginal unit as long as
it is expected to generate its required return that period.
Whether or not the firm purchases new capacity in t depends,
as it did in t-1, on whether or not the value of cash flows
in t, Ay, plus the current value of cash flows in t+l,

1%. CEQy ™44 . from the marginal unit = the cost k. This
requirement, incorporating the required return to interperiod
uncertainty as in t-1, forces the sum of these two to equal k.
Whether this requirement is met at the same demand expecta-
tion as that which makes X\ 3 0 (the condition for use of pre-
viously purchased capacity) depends on the relative sizes of
the two contributions.

The derivation of the return to interperiod uncertainty,
from (29) to (30) assumed that the Fama conditions on the co-
variance of future value X* and the market Rmy were met,
i.e., that coveoq ( i*'ﬁ;‘) = E¢o ( ;&) cov ( é;., ﬁﬁt ),
so that the only interperiod uncertainty concerns the expected
value and the discount rate for this uncertainty, r + m cov
( 5;‘, ﬁﬁt), is not uncertain at any t. Whether this assump-

tion actually holds for this model is not immediately obvious.
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Two sources of interperiod uncertainty as to future marginal
value i% enter into the model: the uncertainty in the demand
parameter ﬁét and in the state variable X, the latter being
the sum of previously optimal decisions to acquire new capa-
city.

As viewed from t-1, the resolution of uncertainty in
éét follows the mechanism

Ea, = Eag_; (1 + @)
with cov(&, Rmg) = Vmg_; cov (€, ¥Mg) = Vmp_j Cem and Cep
was assumed constant. Thus any function of ﬁét will yield
an expression factorable into an expectation known at t~1
multiplied by 1 + a random term. Any uncertainty in the value
of the marginal unit at t from this term thus satisfies the
Fama condition. This result demonstrates the constancy of the
intraperiod discount rate.

The guestion of whether the decisions on additional new
capacity change the discount rate, thus violating the neces-
sary assumption, will again be answered by examining the t-1
case. In t-1, an optimal decision xT_i: is reached. The mar-

ginal effect of this decision on the contribution of Gt

to Vi_y is [ E4-4 (UM 'l
SCED-1 \I* . O L A« required cale
O %T-an™ @ XTi1a®

where the required rate is determined from equation (2%). But

SCEQL., Vi >
—— X (= (16)
ax".‘. -~ ‘_- ‘ ‘xe b’ .
. Eaq (A &4 (V™ 1

1+ vequired rate = IXtuw®  levequired rale
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i.e., the decision x, ,* does not affect the discount rate
for future value, the required return for interperiod uncer-
tainty. What is happening is that the acquisition of capa-
city causes changes in expected future values (since it re-
duces future costs), but does not affect the process of
taking the certainty equivalent. In essence, it does not
affect the "shape" of the distribution;. that and the result-
ing covariance per unit of expected value depend on the real-
ization Eas.

The only way to remove the capacity effect and retain
the uncertainty resolution in expected demand is to remove
the restriction 6f resale of capacity and specifically to
have the ability to resell it at cost k. The removal of the
resale restriction removes the internal valuation of current
capacity (if there is a pre-specified external price) since
the actual resale may now be treated as a cash flow realiza-
tion, just as are net marginal revenues. The second condition
removes the possibility of any loss of value. The only re-
turn thus required of it is reward for intraperiod uncertainty
(the rental cost r + the uncertainty reward m Cep ). The pur-
chase of a unit of capacity currently can then not add to next
period value nor generate expected rewards above that required
for intraperiod uncertainty resolution. These two assumptions
thus remove the link between this period's investment decision
and next period's value, allowing the firm to "begin again"

each period.® since it is required to reproduce its (one-

See Thomadakis
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period) capacity cost out of current earnings, it generates

a postitive net present value from its ability to earn above
this cost, securing for itself a non-zero value of current
and future investment opportunities. The firm of this paper,
of course, has the same ability; thus the monopoly component
of the firm's value is of the same form. It is in the valua-
tion of the capacity returns that they differ: the non-sale-
ability of the capacity exposes it to interperiod uncertainty,
forcing an internal future value upon it. Thus there are two
components of the current net present value of the firm, its
ability to extract monopoly rents and the (internal) current
value of its present capacity; and both are functions of its

monopoly power (the latter component being internal).
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CHAPTER THREE: THE EFFECT OF TECHNOLOGICAL PROGRESS

A, Introduction

In the previous chapter, the cost structure was such
that the marginal operating (or variable) cost ¢ was
constant for X< Xp and at xg = X became infinite. The
question arises as to whether the results on production and
new capacity decisions retain the same structure or whether
the possession of previously purchased capacity remains an
ex post barrier to entry under a more general cost structure.
Hence, this chapter will focus on the optimal production-
investment decisions under an increasing marginal cost
structure. -

In order to retain a relative simplicity, however,
there will still be no decisions on factor inputs separately;
that is, the assumption of a fixed coefficient production
function will be retained. Accordingly, the increasing
marginal cost will be admitted through the introduction
each period of more efficient production facilities. To
maintain the simplicity of eliminating factor input deci-
sions, the technological change will be neutral. The
firm possessing production facilities of several vintages,
with the most recent being the most efficient, has there-
fore a marginal cost per unit of output which rises each
time it employs a prior vintage to increase production.
This way of introducing differing marginal cost implies,

of course, that the cost curve changes each time the firm
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acquires new capacity, and if the firm does so (which it
will do, given a particular demand expectation), the re-
sulting cost curve is dependent on the current and future
demand expectation that period. Thus it is not an increasing
cost curve in the usual sense, either short-run or long-run.
The benefit of this approach is that the examination of
decisions under an increasing cost curve offered by the
introduction of technological progress leads to conclusions

on purchase of the new process technology.

B. The Optimal Decisions of the Firm

Assume that a new technology is introduced in each
period such that: gqj units of production facility of
period i are necessary to produce a unit of output, where
i=1, ..., t; and the efficiency of the production facility
is improved each period, so that qj >dg3%...»gt. Under the
assumption of no depreciation, these efficiencies remain
constant over time. The demand environment is the same as
described in chapter I.

In any period t, therefore, the firm must now optimize
over t production variables: the amounts of all its pre-
viously purchased@ facilities from each type of technology
Qyr ee-r Qe and the amount of the currently available
facility qg - Since no resale of capital equipment is
permitted, only technology of type q., the current techno-
logy, is available for purchase. Thus, the firm's use of

its previously purchased capital equipment is constrained
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by the amount it purchased of that type of equipment.
Denote the total available stock of production facility i
by F;, 1 =1, ..., t-1. Each type of facility gives the
firm the capacity to produce output X; = Fj/gij; thus the
firm's constraints may be viewed as constraints on capacity
produced from each type of facility, similarly to the
representation in chapter I (in which all previously pur-
chased capacity was identical). The operating cost of

each type of capacity will be different, however, since

the cost to operate a unit of any production facility is
assumed equal to ¢ but the units required per unit of output
increase with earlier vintages. Thus, the operating cost to
produce a unit of output from facility of vintage i is cqj.
The investment cost per unit of output is, similarly, kqgg.
The firm therefore maximizes its value V, over t production
decision variables, the amounts of period t output Xj, from
each vintage of production facility, subject to t-1 con-
straints of the form Xj ¢ Xj, i = 1,..., t-1, with Xegr
the output of the current facility which must be purchased,
unconstrained. The determination of the value at any time
t will be made by a backward induction from the terminal

period, assuming optimal decisions each period.
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The Single Period Problem

At the beginning of the final period T, the firm's

problem is ~ I
ceo¥y - Z ca,X;,
max NPV, = =L 1 - Kq Xp (1)
(X1pr e« 1 Xrp) T+ T

subject to xiT‘xi' i=1,...,T-1 (some of the X; may be zero
if the firm does not have facility of that vintage on hand)
Xipay 0 for all i

~ 1 -Nn
As before, Y. = a. (X, + X + ... + )
A Bl Ak B 2 Xrp)

S _ l-n
so that CEQ YT EaTL (XlT + ... + XTT)

T T
Thus,  Vp = EaglL (leiT)l‘n -cZ gx
1=

i=1] 1 tp
- K
qTxTT
l+r
The Kuhn-Tucker maximization conditions are: (2)
Vi 894,
(1) %7 " Mp 5%- ¢0, i=1 T-1 d is the shadow
ip T 8Xj, £0, i =1,..., an ziT is the shac
price in T of each constraint
3VT
o & 0
OXTT S
i
(2) vy - )y o 'r‘]
XiT[ XiT TaXiT =0I i=l’o-.'T-l
v
Kpg S =0
Xro

(3) =o, i=l'o..,T-l

AiTgiT
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(4) xiT»O' i = l’o..'T »

T -n
since aVp ) (1-un)EaTL(i}=:1xiT) -qu, i=1,....,T-1
aXiT l+x
I (4
\/ n_
Sy =N e, S
beT l+r qT
aqg.
—2 = ll i=l,.-.,T-l
axiT

the optimization conditions are:

T
(lL=un)Ea,L( Z X. ) h-C

Xy *[ R i A*] i 1

T 1+r - iT = 0' l—l'oo-'T-

T
- -n
. [ (1 un)EaTL(z: xi;) -CqT ] .
- K -

XTT i=1l

l+r

A (X2 - X;) = 0, i=l,...,7-1

Because of the assumption on ordering of efficiencies of the
vintages, the certainty equivalent of discounted net marginal

revenue, (1-un)EapL( % Xi;)'n-qu » decreases as i increases.
i=1

1+r
Therefore the firm will elect to use the newest of its pre-
vious vintage facilities first, the T-1 vintage, if it elects
to use any of its previous capacity at all. If it purchases
any of the current technology, XT; »0, so that

T
(1-un)EaTL(}lei;)'n = [k@+n)+c]
i=
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If is uses any, but not all of its T-1 vintage facility,

X * 50, so that

* X T
T-1" T-lg (L-un)Ea,L( T X.*)™ =
un) Eaq izl i OqT-l'

The vintage to which the firm first turns is governed by the

sizes of the right hand sides of these equalities. If

(x(1+r)+c] qq <Cq,

or the end-of-period total cost per unit of output of the
current facility is less than the end-of-period cost per unit
of output of the cheapest of its purchases capacities, then
the beginning-of~period value of purchasing and operating with
the current facility is larger than operating with any of its
previous capacity, no matter what the value EaT. Thus the
firm will not use any previously purchased capacity. If
[k(1+r)+c] ap » Cq,_;+ the firm will use its T-1 vintage
facility, with the optimum xT_l; chosen to maximize Vo If
the two are equal, the firm is indifferent, as then the two
vintages are identical.

If the optimum production is greater than X the firm

T-1'
must choose whether to produce any more, and if so, must

choose whether to produce using its next most efficient vin-
tage, T-2, or purchase the currently available facility. If

T -
it elects to produce xT‘;T then (l-un)EaTL('zaXi;) n=ch 2°
i= -

. * T -n
It if elects to purchase X, then (l-un)EaTL(EEixi;) =[xk (1+x) +Clqq
and its choice is dictated by the same considerations as before:

it will not use vintage T-2 or any previous vintage, if

[K(l+r)+C]qT'chT_2. If the q; are non-random, the order of
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choice of vintages will be known in advance, the inverse of
the order of end-of-period marginal total costs. Assume the
q; to be such that
cq, <[k +1x) + c]-qT ¢ cq -1 (3)
so that the firm will switch at s--will purchase new facility
T after having exhausted its capacity from vintage s.
There are thus s + (s+l) possible solutions: the firm

uses XT_IT< Xp.1i the optimal XT‘IT = Xp_37 the firm uses

* * . ; » _
xT-lT = Xp_ 17 xT-ZT“xT-2' the firm uses Xq_jn = Xp_y

XT';T = XT'Z; and the list continues down to the firm's using

" = R
XST XT -k+1

exhausted all previous capacity, adds XT; » 0. The solution

The final case is that the firm, having

to case 1 is

(1 un)EaTL(XT_lT) CqT-l

=0

l+r

Ea,L(l-un) 1/m
Kpaan = | }

<c X
Cqp.) T-1
cqp_, (X, )P
which is optimal for Eaq < T-1"7-1
L(l1-un)
E L( *)l—n - cq X *
The value of the firm V; = *r xT'lT T-1"T~1lp
l+r
*)1l-n
_ unEaTL(XT_lT)

l+r
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For case 2, X * = X but all other Xi* = 0. Thus
T=1 T-1 T

- -n-
(1=-un) EaTL (xT_l) ch-l

l+r - XT‘*lT »0

- -n
(1-un) Ea L(XT_l) ~Cqn_,
¢0 since X * =0;

l1+r T‘ZT

c(Qp_p=9p_;)

l4r

*

This solution is optimal in the range

n n
Cdp_y Kp_y! ©qp_p (g _y)
L(l-un) <£:aT < L(l-un)
unEa_L( y1-n
The value V }\* 1 + L !
T=1lmg T-l

1+4r

. . * _ *
The case 3 solution is xT-lT = xT-—l' 0< XT-ZT ¢ Xp_ oo Then

*,-n
x _ (1mun)BagLiXp ;+Xp_p ) "-Cdpy
T-lT 1+r > 0

A

* =N
(1-un)BapL(Xp y +Xp o) S92

1+r

so that * o= C(qT"z-qT"l) and
A'r-lT 1+r

R [EaTL(l-un)'ll/n
= i = + =
X total production XT-l XT-ZT o

T-2



79

This solution is optimal f c X n + n
P or €9, _%ro cdp_p (X x'r-z)
———— ¢
L(l-un) EqT<. L(l-un)
The value V;
l-n *
E +X. > -
_ Bapl Ry Xy o) Ty X1 % ¥ 2,
l+r

-n- -n
x'r-l[EaTL(xT-fx'r-z;) i *p-2; [Bagh (X +%p_p8) " -eay_y)

1l+r
+ *)~n + + *) " *
g , GnEapL(Xp ) xT_ZT) Xpy + unBapL(X, . x'r-zT) -2
T']-TXT°1
l+r
l-n
unkEa L(X + X *)
= AL ¥ x4 7 Tl T~2m
T 1Tx'r 1 o
i 3 * = * =
The solution for case 4 is xT-lT Xpey s XT-ZT XT-Z' all
other xi* = 0.
T
(l-un)Ea L(X, _; + Xp_5)7" - cq
_ T -1 -2 T-1
l+r
- + -n -
N . (1 un)EaTL(XT_l XT-Z) ch_2
T-2 > 0
1+x
- -n _
(1 un)E:aTL(xT_1 + XT-Z) ch_3
<0
1+r
C(qT_z - qT 1) C(qT - g )
= » -3 T=-1" *
so that 1+r < AT-lT < 1+r ! AT'ZT ¢ A'T"]-'I‘
This solution is optimal in the range
n
CAp_p(Xpy + Xp o) Cdp-3(Xp_y + Xp_p)"
L(l-un) ¢ Bap< L(1-un)

l-n
unEa, L(X, ; + X,_,)

l+r

- * .
Then Vp* = Aq_jn Xpoy + Aplz ¥pop *
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This pattern continues until the facility of vintage s is

used: here the optimum is X;_ = X; for i = s, s+l1,...,T-1;

T
xi;=er=0fori<s
St -n
Then A (l-un)EaTL (1st1) - eq,_, . »
-lT 141 ?
-l
A* = (l-un)EaTL(lE X;) - cq
T 3 >0
l+r
T-1 T-1 -n
(l-un)EaTL (I x;) “N-cq,_; (1-un) EaqL (Z X4) -Cqrp
and i=g 0 i=s -KqQ¢0
cldg - 9p_y) clap = dpy)  clagy = Gp )
so that »
l+r < A’ T-lgp € Kap * l4r ¢ l+r

This solution is optimal for



l4r
T-1 -1
(L-un)EapL ( T X;) M-cq._y (1-un)Eaqgl (Z X;) =Cqp
and i=g 0 i=s ~kQqm¢0
clag - ap_y) clap - 9py)  clagy = 9py)
so that »
1+4r < A"1‘-1.1. ¢ kap + 1+r ¢ 1+r
This solution is optimal for
T-1 n T-1 n
ca ( T X;) k+r) + <) ap ( z X.)
i=s ¢ i=s 1
L(l-un) Eay < L(1-un)
351 1-n
T-1 unEa,L ( X.)
and Vv, = z Ai*x. + AT i=g 1
i=s T 1+r

For Ea;p above this range, the firm purchases new facility
XT;, since the marginal cost of the new facility is less than
the marginal cost of facilities from any previous vintage. The

optimal conditions then become

e 5 AR SRRt S
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T-1
- *,=n _
o we (1-un) EaL( W.mx *+ Xp) cqp_y (5)
T-lr l+r >0
. -1 -n
« (l-unmEa L( M X, + xe»v - cq_
= i=s
Asy >0
l+r
.H.NH
(1-un)Ea,L( X; + " - cq
and o i=s xq.. T - x
1+r 9y
T-1 EanL(l-un) 1/n
or total production X.* = pA X, + xn.» uM .w
_ T=s T ?C+2+&ae
l-n *
MWH_ANN... *) lQMﬂ - cgq
The firm's value Vp* T . x.u i=s .H.xn.n.
1+r
T-1 unEa L( oy X; + Xp* yton

\ Y -+ i=a

*



Ea,L(1-un) ]1/ n

T-1
or total production X, * = Z X, + X * =
T= 1 T

[k(l+r)+c]q,r
-1 T-1
l-n *
Ea,L( L X. + X.7) -c3¥q. - cq.X
The firm's value Vp* = T j=s * XTT i=g T"Trp i «
l+r qTxTT
T-1 1-n
T-1 unBajL( L X; + Xp*)
= 2z AiTxi + i=s T
1=s 1+

l-n
unEa,rL(XT*) T-1
= Z.l )L;Txim.r* (6
i=

-1
* = %
In general, then, V, ;Ei XlTxi +

l+r
where x,r* = total production
- *xy"n_ : -
A.* ) (1 un)EaTL(XT ) cq, - e+ c,(q,r q;) Fxt e x
i l4r 9y 1+r ip 1
= 0 if not
t.mEa.rL(X.r*)]‘-n
and MT* = .

l+r
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Thus, as in Chapter 2, the value of the firm may be seen as
consisting of two parts: (1) the value of previously pur-
chased capacity, with the value per unit of each vintage
equalling the current value of marginal revenue to be received
from operation at level XT* less cost of operating a unit of
that vintage, and (2) the current value of monopoly rents to
be received at the end of the period.

Note that the shadow prices of each vintage decrease with
increasing efficiency. As long as all of a facility of vin-
tage iy s is being used

. (l-un)EaTL(XT*)'n - cqy
A'i'r - l+r > 0,

an internal price = the certainty equivalent of net marginal
value of an extra unit of that vintage, since the constraint

X: * ¢ X.

ipt ¢ X4 is binding. As soon as the expectation Ea, rises

T
such that xi-lT* > 0,

cla;_y - 9y)
A; * = , on substitution of optimization
i l+r

conditions (4). That is, the value of having an additional

unit of facility i is just the marginal cost difference

_1St

between production with i and the preceding i vintage

actually in use (discounted to the beginning of T), an exter-
nal value. The only internal value will be that of the last,
sth vintage, as long as the firm uses xsT = Xg but does not
add new capacity:
- *)—n _
(1 un)EaTL(XT ) cq,

* =
= 0
AST l+r ?
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1f Eanq is such that the firm adds new capacity, the value of
the last vintage bécomes external, measuring the value of
having an additional unit of facility of vintage s, rather
than being constrained, as it is, to purchase new éapacity:

s c(ap-ag)

(1-un)Ea L(Xp*) ™" - cq .
= qT +

Ag* =
ST 1+r 1+r

on substitution of optimization conditions (5). Thus, any
previous shadow price i¢ s may be written in terms of the

new purchased capacity cost, as

1-un)E X *) ™ o cq. .
Mip* = it i SO SRR R,
it l+r T 1+r

The Multiperiod Problem

The multiperiod valuation yields a pattern also similar
to the single technology case. For period T-1, the firm's

problem is - len T
) EaT_lL(z:z(iT_l) - c2qg;X

max v it ino) o oyg X
- - -l
T-1 l+r T-1 T-1
+ CEQT-lVT (Xl g o e ler_l)
l+x
subject to X, ¢ X, 1i=1,...,T=2 (8)

T-1
and the identity xT-l = XT_1 ; i.e., the amount of
T-1

facility of vintage T-1 available in T is exactly that amount
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purchased in period T-1, and available capacities of all pre-

vious vintages carry over unchanged from period T-l1l to T.

The optimality conditions are: (9)
0 = [XlT l - xi] 1 i = l’o..’T-z
(1-un)E L(Zx )™ - cq,
T’l 1+r T

imo
sy 4T-1 -k
1+4r

+

[(l-un)EaT lL(Zx * )TN = capy

= *
0 xT -lT _1 qT -1

~ %

CEQp_3 Ar -1,1,]
l+r

SCEQ,_ V*  oCEQ. .V.%

%*
—XT—-——— S -1 Ap-l
é -lp_y ® Xp-1 T

the single technology case.

since » analogously to

Thus, the same pattern of ordered usage of facilities of
previous vintages results. However, the effective marginal
total cost of the new vintage is reduced by the marginal

value of its possible use in the next period. Thus, the con-

dition for non-zero X is now
T=-1
T-1
- -n -
(1-un)Eay,_ L(Xp_;*) cqp, . CEQ/\ .
1+r by ¥ 1
(1-un)Ea,,_,L( *)~n
or current value of marginal revenue Ar-1 XT-l
l+r

*

= effective marginal cost k [(1+r) + c]qT_l - CEQn_; iT-l ,
T
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which satisfies cq,_, <[k(l+r)+c] qp_; - cEQAL | ¢fk(14r)+c]ap
T

*
-]_T

since OCI\T_L; ¢k(l + r) “An_y (assuming CEQ iT »0). Thus,
for sufficiently large EaT-l the effective marginal cost of
the current technology may be lowered sufficiently such that
the vintage rank at which the firm switches from use of pre-
viously purchased facility to purchase of new facility will
be higher than Sms the rank at which it switched in T. Con-
versely, for sufficiently low Eaj,_,, there is no reduction
from future use and the marginal cost is close to

k(1 +r) + c] dp_3,2 larger figure than the marginal cost
of new equipment in T since dp-1 > dp- The firm will then
elect to use a vintage older than Sq before switching to the
new facility, if EaT_l is high enough to justify this much
production. The rank s,_, at which the firm will switch is
given, as in T, by the highest vintage rank such that

-~

*
A, _; ¢ (k@@ +x) +cl. qp; - CEQp_; Ap_yp ¢Ssp_py  (11)

Thus, a somewhat different set of solutions will be optimal

for each EaT-l since as Ea changes, the switching vintage

T-1
will change. For a given Ean_,, assume Sp_; (Eaj,_,) is the
switching vintage; the solution is determined by Kuhn-Tucker
optimality conditions, by locating the production point at

which current value of marginal revenue falls below marginal

T=-2
cost. Thus, assume that (l-un)Ea. L (L X.) 2 - cq
for
1+r >0
T-2
some k, s, , k T-1, but (l-un)EaT_lL (¥ xi) n ~cq 3
1=k-1 co.

1+r
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Then X; * = X; for k ¢i¢T-1, X, ® = 0 for ick, if

T-1 ir-1
T=2
(l-un)EaT_lL(iEkxi) - cq 4
141 <0. 1If, however,
T-2
(1-un)Eap_;L(Z X)) - q ¢

1=k
l+xr

20, then 0<Xk_lT 1<Xk-1 and the

optimal amount Xk‘l'r*l is determined by

EaT_lL(l-un)]l/n

Tiz " [
x' + =
j=x ? xk-lT_l cQy .1 for Spoy ¢ k.

If k = sq_;+ so that the firm switches to purchase of new

capacity, this amount is then determined by

1
T-2 Eaq, L(l=-un) /B
* = * - -1
Xp-1* = § Xi*opo1py = [k(1+r) + c] - CEQn X1
i=sn_; a1 T-l)‘T-lT
The shadow prices are, as in the Tth period
- *y "D _ -
o, GrumBag L(Xy %) °q; _ clayy - 9y
)‘IT-l l+r l+r
on substitution of (9)
*
C(qT_l - ql) - CEQAT-].
= kq,_, + I for s,,_;¢icT-1
. * = 0 for i< k.
A'-"-T--l
The value of the firm is
T-2
Ean_  L(Xp *) P -c L qx, * -
"1 -1 i=sp_y * 1T-1 . ceQ V,*

* = - +
Vool Tor Mr-lpy ¥
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0
><

Tt e
T-2 T-Z . ~‘ l—n
1=Sp-1 =sr 1+r l+r
C -~
E *
, B My
1+r
T-2 CEQ ) {* .
or, -in general, V’r—l* = 2 Ai" + J'T] X. + MT 1
T e e B
. l-n ny
) unBap_1L(Xq_1*) CEQ Mnp*
where B 5 T+r T
* . .
and ’\i'r-l =0 if ic¢ sqp_y(Eag_y)

CEQ Ayn = 0 if ic sq



L—BT_l - = L‘BT

l+r 1+r

T-2 CEQ ) {* .
or, in general, Vpn_q* b2 ) A lT]. X: + M _
'’ T 1 i=1 lT'l T;—— 1 M’I‘ 1

; . l~n

; unEaT_lL(XT_l*) CEQ MT*
H * = [
% where MT-l T35 + 1is

and ’\i'r—I =0 if i< sqp_;(Eag_;)

CEQ Ajp = 0 if i< sg

The solution pattern for any t is determined similarly.
Given the realization Ea,, the switching vintage is the first
sy such that the effective marginal cost of purchasing and
using the current vintage t is less than the marginal cost of
using the preceding vintage sy =1. At time t there are T-t
future periods; thus the end-of-period marg;nal cost

[x(1+r) + c']qt of the current vintage is reduced by the
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certainty equivalent at t of the value of this vintage in all
future periods, so that the switching vintage sy (Bag) is

determined by the inequality

5
cqg ¢ [x(+r) + clqy - T Ctri-l Aberi  eq, . (12)
S . t
3=l (14r)j-1

(where Cyyqy = CEQ:CEQ¢41s---CEQpy3). Then, for k3 s, (Eay)

determined by

t~-1 t-1
-n -n _
(l-un)Eat(iZ_kxi_) - cqy (l-un)Eat(iEk-lxi) cdy .1
l+r >0, l+r “

X, * = Xg for kegict, O <xk-1‘t‘xk-1 if k »s¢, and

it

t-1 -n
(l-un)Ba (2 X;)7" - =

Lok >0

l+r

%El [EatL(l-un)]l/n
and X, _+* is determined by X.* = X: + X, _* =

k=l¢ t =t k-1¢ a1

xit* = 0 for ick-1

- e -



(1-un)EBay ( T X,) ™™ - cqy (L-un)Ea, (T %) ™™ - cqp,

i=k — i=k-1 *
b
1+r 0. 1+r “
. » .
xit* = X4 for ksict, O ‘xk-lt‘xk-l if k »s¢, and
t-1 -n
(l-un)Eat(.g X;) - eq,
1=k >0
1+
til {EatL(l-—un) ]l/n
and X, _,* is determined by X.* = X;: + X, % = | ——————
k lt t i=k 1 k 1t ch-l
xit* = 0 for i<k-1
If k = Sy and xtt* >0, Xtt* is determined by solution of
Kuhn-Tucker optimality condition as
t-1 EatL(l-un) n
xtt=Zx_+xt*= —
i=s t T-t c . A‘g .
t [k(1+r)+c]qt - 2 Ct+i-l ATet]
3=l T(1¥n)3-1
Then Ai = (1-un)Ea L(X*) ™™ - cq; for Sp tict

l+xr
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IR
clge-q;) - t+j-lx'ﬁ+j

j=1 (l+4r)j-1
kqy + 14z for s ¢ict (13)

0 for i ¢Sy

t=1 o TSt ocipiog Al
and Vv, * = 2 [Ai + 2 t+)- t"'J]. X; + M., (14)
i-1 t 5.1 (1+4r) 3

Thus, the value of the firm may be represented as the
current value of previously purchased facilities, with the
value per unit of each type depending on its vintage, plus

the value of monopoly rents to be received.

C. Conclusions

The Value of Capacity

The same valuation pattern for the firm's current capa-
city and ability to extract monopoly rents holds under the
assumptions of technology change. The possession of produc-
tion capacity of a particular vintage confers value to the
firm equal to the shadow price of the constraint on the use
of that capacity. The shadow price is zero if the constraint
on the vintage is not binding. It is the certainty equivalent
of net marginal revenue if it is binding. It is equal to the
cost savings of using that vintage relative to the previous
one (or purchase of use of new capacity) if the firm is pro-
ducing at a level requiring use of the previous one or pur-

chase of new capacity. (Note that, of course, the production
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decisions are not the same. As the costs have changed, so
have the decisions.)

The reasoning behind this result is the same as that
outlined in Chapter 2. The possession of capacityvof any
vintage has a value to the firm given as the discounted cer-
tainty equivalent of future net marginal revenues from pro-
duction with it. This value is the future net marginal
revenues discounted at the required rates of return, the
return for waiting plus uncertainty resolution each period.
Since the firm cannot sell the capacity, this value is an
internal one, the price the firm would ask if the vintage
could be sold. The current vintage does not appear in these
"reproduction”" costs, as before, since it is purchased when
its marginal value equals its (external) cost.

Thus, as before, the inability to sell production capa-
city yields an internal value for it. If there is any chance
of using the unit, its value is greater than zero but may be
less than the external reproduction cost k, the value the
unit must have in order for a new firm to enter. Thus, at
demand expectations below those which make the marginal
value of a unit of capacity equal to k, there is a barrier to
entry of new firms, as in Chapter Two.

Note that not every vintage will, in general, contribute
any value to the firm. Examination of equation (l11) suggests
that, as soon as a sufficiently efficient vintage is introduced
such that the marginal cost of purchasing and using it,

[k(1+r) + c]qt, is less than the marginal cost of operating
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the itM vintage (ict), cq;, the ith vintage and all prior ones
will be scrapped. As can be seen from (1ll), this is not the
switching vintage s, if any future value is foreseen for the
tth vintage. But the vintages between i and s, may yet be
used in a future period if demand expectations change from
those implied by (11). At time t, however, these vintages are
not used (their shadow prices are zero). The firm thus has
excess inefficient capacity when it is purchasing new capacity.
As more and more efficient capacity is offered, more of the
previous vintages are scrapped.

What the firm is essentially doing when it selects sy,
the switching vintage, is expanding production along its ris-
ing marginal cost curve until the curve crosses the marginal
cost line of new investment. Line 1 in the diagram illustrates
the rising marginal cost of production capacity on had. Line 2

is the effective marginal cost of new investment in t.

'%tc‘_ 1 x
o - sged gt
I — 95, S{[ku Pl fL ~GoweTh
;  eq,
S
9y
_'_: — + +

|
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If the certainty equivalent of net marginal revenue inter-
sects below the point at which line 1 crosses line 2, the
firm does not purchase new capacity, but uses that much of
its previously purchased capacity. If it intersec£s beyond
the crossing point (the switching vintage), the firm pur-
chases new capacity. If the firm purchases new capacity, it
changes its marginal cost curve for next period. The low
point reflects the most efficient technology and the marginal
cost of new investment will not in general intersect at the
same switching vintage, since the effective cost depends on
the demand expectation that period. Thus, each year the firm
may face a different rising marginal cost curve. Because the
marginal cost rises, the marginal value of each prior vintage
declines. Thus, the barrier to entry may be smaller in this
Chapter (depending on the change in efficiencies qt), then

derived in Chapter Two.

The Influence of Monopoly Power

The size of the barrier to entry in a competitive mar-
ket depends on the industry price less cost, thus on the
demand elasticity of the product. The barrier to entry into
a monopolistic industry would therefore be comparable only
if the demand parameters were the same. Under this assumption,
the positive net present value which the monopolistic firm der-
ives from producing when entry would produce a negative NPV

(even for a firm of similar monopoly power) is the value given
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in (13) for the case x,* = 0. Since the value of previous
capacity and the monopoly rent term depend on u, this advan-
tage of the existing firm over the entrant depends positively
on u. This is, naturally, the same conclusion as in Chapter
Two.

An interesting point of inquiry is whether the monopo-
list will purchase the current technology "sooner" (i.e., at
a lower demand expectation Ea,) than the member of the com-
petitive industry. The switching vintage s, at which the firm
purchases new technology is given in general by equation (11)
and, for the two-period case, by eguation (10). The marginal
investment and operating cost of the new technology is reduced
by the certainty equivalent of future net marginal revenue at
future optimal production decisions. This term depends posi-
tively on u since the chance of future net marginal gain from
using the additional unit is greater in the monopolist case.
Thus, in general the monopolist has a smaller net marginal
cost of investment in the new technology at any given demand
expectation. The decision to invest is made when certainty
equivalent of marginal revenue equals the net marginal invest-
ment cost. Since the marginal cost is lower for the monopo-
list, the equating takes place at a lower expected demand.
Thus it is predicted that the monopolist will invest in new
process technology at a lower demand expectation. This is
due, not to the comparison of current certainty equivalent

marginal revenue versus cost for the monopolist and competitive
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firm, but to a comparison of the future chances of deriving
net benefit from the additional new technology unit.l

It would appear, then, that the monopolistic firm has a
lower cost curve (in the sense of this chapter) since the
monopolist will purchase more efficient technology sooner.
This conclusion is, of course, qualified by the past pur-
chase decisions of the monopolist relative to the competitive

firm. (If the monopolist has purchased fewer amounts of each

vintage, the curve will slope up more steeply.)

lsee Scherer, 365, for the argument which compares only current
marginal revenue to marginal cost, assuming implicitly a long
run equilibrium under certainty.
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CHAPTER FOUR: INTRODUCTION OF OPTIMAL DEBT FINANCING

A. Introduction

The Existence of an Optimal Level

1 2

Jensen and Meckling™ and Myers®, separately, have argued
that an optimal capital structure (containing debt at a level
between 0 and 100%) will be determinable for the firm, even
under perfect capital market conditions, as long as the tax
advantage of debt exists. The equity-maximizing level is

that amount of debt at which the marginal advantage to equity,
due to the tax shield, is equél to their marginal cost. The
cost of debt, the "agency cost" of Jensen and Meckling, arises
out of the decrease in the net present value of the firm (the
sum of net present values of the projects) which takes place
if the project selection is made with prior debt outstanding.
In this case, the selection, made according to the rule of
maximizing shareholder equity, results in a value for the firm
less than that achieved when the selection is made with no
prior debt outstanding. Because this is a perfect market, the
debtholders realize that the selection process will operate in
this manner and will pay no more than the true worth of their
claims to the (lesser) value of the projects to be selected by

the firm's managers. Thus the loss in value of the firm will

be a cost borne by the shareholders.

lgee Jensen and Meckling.

2See Myers.
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The shareholders' selection decisions change because of,
essentially, the nature of the equity claim: their limited
liability which places a lower limit of zero on the net pre-
sent value of their claim, and the fact that the claim is
residual, ranking after the prior debt claim to the returns
on the investment opportunities selected. The equity claims
are thus claims to the net present value of a (European) call
option on the set of investment opportunities with "striking
price" equal to the current repayment requirement of the
prior claim, the outstanding debt. Thus they select invest-
ment opportunities so as to maximize, not the net present
value of the opportunities, but the net present value of their
claim, the net present value of the option they hold on the
set.>

The firm of this research has a restricted set of invest-
ment opportunities available for selection by the owners; spe-
cifically, the current production and capacity decisions.
(That is, if the owners do not elect to produce currently, the
firm leaves the industry: future opportunities are not open to
it. This will be amplified in the next section.) When the
current decisions are made with prior debt outstanding, the
shareholders make their current production-new investment deci-
sions so as to maximize the value of the option they then hold

on the returns from the current decisions and the future

3Jensen and Meckling note that the Black-Scholes-Merton formu-

lation for the value of the option is not applicable in this
case since the underlying value of the assets on which the
option is a claim depends on the striking price of the option,
the amount of prior debt repayment due.
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production-investment decisions. If there is a single repay-
ment due on the prior debt, the owners hold a single option
on the current and future net present value of the production-
investment opportunities. If, however, the prior debt is long
term, with a schedule of repayments due for many periods, then
a prior debt repayment must be made in order to gain access to
returns from any of the future production-investment opportuni-
ties. Then the option they currently own entitles them, if
they exercise it, to the value of the returns from the current
production~investment decision plus the value of the option on
the next period production-investment decisions plus the value
of the tax shields, less the exercise price. This option in
turn, if exercised, entitles them to returns that period +

the option on next period returns, and so on. Thus, the value
of the current equity claims = net present value of the firm
less the value of the debt may be re-expressed as the value of
the current option less its exercise price, since the current
option contains the value of the next period option less its
exercise price, both contingent upon the acceptance of the
current one. Similarly, the net value of the next period
option contains the future ones, etc., out to the termination
time T. The sum of the value obtainable from the exercise of
the option on production-investment decisions plus the (con-
tingent) future ones is the current net present value of the
firm and the current value of the debt is the sum of the cur-

rent exercise price plus the contingent future ones.
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The shareholders make their production~investment deci-
sions so as to maximize the current value of equity, the
value of the current option (which includes the future con-
tingent values) less the current exercise price plus the
value of the future contingent prices. Their decisions maxi-
mize the difference in two ways: by increasing the value of
the underlying opportunities obtainable if the options are
exercised (the value of the firm) and by reducing the value
of the exercise prices which must be paid currently and in
the future to obtain the underlying value (the value of the
outstanding debt). The exercise prices are, of course, the
repayments required each period; they cannot be changed, if
the same prior debt remains outstanding. Thus, the only way
to decrease the current value of the exercise prices of the
future options is to decrease the possibility of exercising
them, i.e., to increase the possibility of ceasing production
(and defaulting on the debt repayment). The owners will there-
fore make production-investment decisions tending to increase
the risk position (a familiar result of the option models) so
long as the value of the debt is decreased more than the
value of the firm. And they will make decisions increasing
return so long as the value of the firm is increased more than
the value of the debt. Since the only way to change the value
of the debt is to decrease the possibility of the receipt of
promised payment, the shareholders will make decisions that
increase total risk of the firm, i.e., bankruptcy risk, and

consequant loss of value. The trade-off is between changing
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the value of the exercise prices and changing the underlying
value of the future production-investment decisions by both
changing their value and changing the chance of reaching them
(since future decisions are contingent upon the fim's exer-
cising its options-producing-in prior periods).

These decisions to increase the possibility of bankruptcy
represent, however, in the end, a loss to the shareholder. At
non-zero debt levels, the value of the firm decreases because
the equity-maximizing decisions they will make with the prior
debt outstanding increase the possibility of bankruptcy, of
non-repayment of the debt. That these decisions do represent
a potential loss to the bondholders arises from the existence
of a timing di%ference between the investment decisions and
the repayment of the debt implicit in the concept of "prior
debt outstanding" at the time the decisions are made. The
shareholders decide not to produce when the value of the pro-
duction-investment opportunities, although possibly positive,
is not sufficient to cover the exercise price, the value of
the debt. If the debt holders could take over the firm at
the time that this investment decision is made, they could
undertake the positive-valued opportunities, and there would
be no loss, no "agency cost". But, if the investment decisions
are made before the time of repyament of the debt, the debt
holders cannot gain control of the firm until the deglaration
of bankruptcy, after the time at which the decision must be
made. Thus the value of the current decision plus its future

effects are lost to the bondholders; they are left holding, as

Myers puts it, "the (empty) bag."
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But the bondholders realize the nature of the decisions
to be made. They realize that their claims will be worth
less as long as the possibility of loss of valuable opportuni-
ties exists. They will, therefore pay the true value of their
claims and the owners will suffer a net loss, the "agency cost",
relative to an all-equity financing position. Thus, for the
shareholders to issue debt, there must be a marginal gain,

4,.and it must

assumed in this paper to be the tax advantage
outweigh the marginal loss until the optimum debt is reached,
when the marginal gain equals the marginal loss. The trade-
off is thus between the loss of valuable investment opportuni-
ties as the possibility of bankruptcy is increased by increas-

ing the repayment promises, and the tax shield gain.

The Enviromment of the Optimal Decisions

The circumstances in which the shareholders make the

optimal production-investment debt decisions are as follows:

(1) The problem of the loss of investment options is, as out-
lined above, one of timing: the owners, in promising
repayment on debt extending over a set number of periods,
select a time period framework. The investment oppor-
tunities may not necessarily occur at exactly those
points in time at which the firm meets payments on its
debt. Indeed, as was suggested at the beginning of

Chapter 2, investment opportunities appear as soon as

4See Jensen and Meckling for other advantages to retaining
full control, which appear to be the result of an imperfect
market situation for the owners.
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new information is received and if information and deci-
sions on opportunities are costless and information
arrives continuously, investment decisions will be imple-
mented continuously throughout the framework of time
periods'set by the debt repayment schedule. Hence, the
caveat of Chapter 2: the stylization of the investment
opportunities' appearance into a discrete time framework
should not duplicate the framework of the debt repayment
schedule, as this would imply a coincidence of occurrences
of debt repayment and investment opportunity appearance
(and hence, no loss of investment options before the debt-
holders become owners if the old owners elect not to oper-
ate the firm), a situation which does not, in fact, exist.
Therefore, a different discrete time framework will be

be adopted. Each period of time will be defined as that
period extending between two adjacent production invest-
ment decisions, as in Chapter 2. The beginning of the

tth period is that point at which the decisions (x..*,
X¢n*) are made, based on the realization a,_; which

yields the information Ea, for the period. The end of

the t™h period is the occurrence of the realization a;
which defines the information Ea,,; for the decisions
(Xe41,*r Xp41,*)s the beginning of the t+15% period.

The debt repayment schedule will be set so as not to
duplicate this decision framework. Thus, the debt repay-

ment due in period t will be defined as due "during"

period t, a finite amount of time after the beginning,
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the decisions (x.,*, x,,*) and before the end, the
realization a; and the decisions (xy41.*, xt+1n*). If
the debt is callable and a reflotation occurs at the
same point within the tth period as the original sched-
uled repayment. Since no new information is obtained
within the tth period (until the end), the new optimal
debt decision can (and will) be made at the same point
in the period as the production-investment decision
(Xeo* Xen*)s i.e., at the beginning. However, the old
debt will not be recalled and the new debt issued until
the point within the tth period at which the original
repayment was scheduled.
Given that there will be a possibility each period of
the owners' making an equity-maximizing decision not to
produce, some assumption must be made as to how much of
the value of the firm reamins to the bondholders when
they do become legal owners. They will of course lose
the current value of the end-of-period net revenue if
the firm does not produce in the current period. Wwhat
remains to be specified is the contribution from the
other components of firm value from Chapter 2:
(i) whether the firm preserves its monopoly power for
future production decisions by the new owners
(ii) whether the current capacity to produce is avail-
able for use in these future period production

decisions.
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Realistically, the preservation of monopoly power
(the constancy of u) seems unlikely under a decision not
to produce for a length of time, while the preservation
of some future use of current capacity, assets already
in place, seems to be reasonable. Thus, realistically,

the bondholders would assume control over a firm whose

value would be given as the current value at u 0 of
the options on future production decisions with current
capacity, the value of the firm if it behaved as a pure
competitor. For the purpose of examining the case when
monopoly power does contribute a large amount tc the
value of the firm, it will be assumed that the total
value of the firm is lost if there is a decision not to
produce. This assumption is also chosen for the result-
ing ease of computation. If the bondholders assume own-
ership of a continuing firm, théir future optimal pro-
duction-investment and financing decisions will differ
from those of the current equity owners because there
will, of course, be no outstanding debt the period after
the debtholders take over. Had the equity owners
retained control, they would have floated new optimal
debt and their future period decisions will be affected
by the value of this debt next period. Thus, even if
there is no change whatever in the market position of
the firm's product, the current value of the future cash
flows must be computed along both possible paths (that
of bankruptcy and of no bankruptcy) open to the firm

each period.
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(3) The tax regulations are such that
(i) there is a constant tax rate T
(ii) the tax shield from the debt is lost if the firm
goes into bankruptcy

(iii)the tax shield is limited by the amount TRVd, ; in
any period t, so that the firm is prevented from
increasing the shield without limit by increasing
the promised payment P,. The rate R will be
assumed sufficiently small so that this limit on
the tax shield will always be applicable. (This
assumption follows the approach of Myers; see his
working paper previously cited.)

(4) The sequence of equity and debt flotations and payments
takes place as follows. At the beginning of each period,
the old shareholders (those of record as of the previous
period) make the debt recall and production-investment
decisions, financed by retained cash flow and sale of
sufficient new equity claims to the future cash flows
from the firm to pay for them. The owners then float
the equity-maximizing amount of debt (if they are free
to do so; i.e., if the call privilege is unlimited),
which is determined by the market's valuation of the
optimal sequence of payments offered. The funds from
this flotation are used to repurchase some, or possibly
all, of the new equity; if the funds are greater than
the new investment, the remainder is distributed to the

old shareholders in the form of dividends or repurchase
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of their shares. The owners are assumed able to float
new equity to finance the optimal decisions at the begin-
ning of each period as long as the value of the firm
(including the optimal new production, investﬁent, and
financing decisions) is greater than the value of the out-
standing debt at this time, the value of the previously
promised sequence of payments. If it is less than the
value of the debt at the beginning of the period, the
equity owners decide not to produce, and when the first
previously promised payment becomes due, in the middle
of the current period, the firm declares legal bankruptcy.
The bankruptcy condition at any t is thus that the
value of the firm at the point in period t when the pay-
ment is due is exactly equal to the payment plus the
value of the outstanding future promises. The value of
the firm equals the current realized cash flow (net)
from the t-1 equity-optimizing production and debt deci-
sions plus the current value of the equity-optimizing
production and new debt debt decisions made at the begin-
ning of period t on the basis of information available
at the end of period t-1, plus the certainty equivalent
of future optimizing decisions.
The optimal debt will be determined in the case that
there are no restrictions on either the payment sequence
or the maturity of the debt issue. That is, the payments
due each period need not be equal and the debt is call-

able, without penalty, at any time a payment is due. In
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this situation, an unrestricted optimum is obtained.
Since the firm is able to revise its outstanding debt

at t, it will do so. New information a,_; on future
demand expectations has been received and the previous
debt repayment sequence is in general no longer optimal.
At the beginning of each period t, then, the firm's
owners make equity-maximizing production decisions
(xto*, xtn*) and payment sequence decisions PEIl, ooy
PtT* (where the superscript t indicates that the payment
P§+i* was promised in t). Note that, since the risk-
free rate of interest r is being held constant, the
revaluation of the optimal payment sequence leading to
calling of old debt and issuing of new debt is influenced
only by revaluation of investment opportunities by the

equity holders. There are no interest rate effects.

The Optimal Single Period Decisions

The Optimization Conditions

As in the previous chapters, the optimal decisions and

resulting value at any period are random in earlier period.

Thus, the optimal decisions and values of the firm, debt and

egquity at t will be calculated by backward induction from T,

assuming optimal decisions at each future point.

At period T-1l, the production decisions x , and

r-lo’ *7-1n

debt promise PT'lT are determined so as to maximize the value

of the equity Veq_,s Which is the T-1 value of the firm, V,_,.,
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minus the T-1 value of the outstanding debt. The outstanding
debt will be that dating from T-2; its T-1 value is denoted
vaT-2r-1, The value of the firm is the value of all the cur-
rent and future cash inflows:

t O
U‘\’-t z &vg (Xv20 A Xr2n) n- ¢ (X1.20 ¢ Xv20 )

+ Edvyl(Xv.e 4 Xr.n)"" _ ¢ (XT.40 ¢ XTan)
44+7

- kx?-m

~
»
*CEQn, ST 4 tRViy, + e TRVAL
®“r

~
where  CEOTs '-;%.!-" is the current value of the optimal
production decision in T, Xp™ (the same as in the all equity
case, since no debt will be floated in T),

TRVd,_, is the tax shield from the debt floated in T-2
to be received this period

3 CEQp._3 TRVAyp.j; is the current value of the tax

e
shield expected next period from the current debt decision
=2
vd . = CE‘QT-Z -2 P
T2 147 [P'r-l. + CEQv.y ‘,',I;'-' ]

-2 y T2
Vdvy = P:.: “QQT-A‘E‘v-a);‘T?
and Vdy, = ce®y., PE!.
dov
The certainty equivalents are taken over those states Ea,z&:
where €a:® is the state at which VT equals the payment to be
met in T, PI4. The values of both tax shields and firm are
zero for states E&,&Ea.,' , the occurrence of bankruptcy.

The maximization problem is then

[ ™2
maxVer, = Vv, - Va Tt (L)
(Kt K10, PP
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subject to

X210t ATt X1ae, Xrin, P 20

and the identity Xp = Xp_3 * Xpo1n

where the bankruptcy state Ea.,. is determined by

the equation

PI e VrlXe™ Eds X, ) = NPVL (X735, X,) 4 TRVdy,y (2)
+8+.8 (X110 Xt-30) = € (X1. 1o 4 X7-20) ,

a.,.> = fen(Ea,"), fon known.

The Kuhn-Tucker optimum is attained at (3)
» 1-2.
(i)[é"'m L S u'l 2
a—x‘_" “. a *‘4. LY %140 = O
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The derivatives are
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The lower limit to the certainty equivalent integrals is
EaTB, a function of the current decisions since it is deter-
mined by the future value of the firm plus realized cash flows.
Thus, derivatives with respect to it will not vanish when

Leibniz' rule is applied. For example,

~ [
._ » e\ 2CEQyw; Jfay »
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o CEQr.,
ata,

CEGy., NPVY

where is defined as follows:

E(NPVL®) - m cov (NPV,¥ U )

[
[ pu® (ean dg (Eapl Eara) -m [[oubuy- coBupilNu-Eti] 4G
130 4

in which g(Ea,|Bag_;) is the density function of Ea,,
G(Eap; Vm | Eap_j) is the joint density function of Eag
and Vm, and both are conditioned on Eap_j 6 The partial

derivative with respect to %y, i

d ouw . O€L o owic.a . Vo~ & (V)] 4C (Ea®
S, GO NP o ST apu e[ (Ea) - mfCla- ] dC (Eal )]
- ata® acwt-l
- -NNT (E r) MNrie 3&&-‘
Comparison of the two expressions defines ‘?—JL} ; it is
3 g
essentially a probability density of EaTB discounted for risk.
Similarly
o 1“ceca,.,m»\;,a‘ & = NPV (£2,%) 3%y, 3Ca * €GQr.a Nt

since 1“..a,1.B is a function of w4 through the realized cash

flow term in the bankruptcy equation. The derivatives

ata® otad
bh-b' Xtan

ment decisions on bankruptcy are determined by implicit dif-

measuring the effect of the production-invest-

ferentiation of the equation determining EaTB:

ist: = ::-'l° \(El' ) .l ((‘ﬂ"\)&m. TN -c] (42)

Xto, Xt-30, 07"
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The effect of the decisions variables (¥a.jo,Xtin) depends on
the sign of —z‘: xl-‘.f?::.)u,pfhls in turn is determined by the be-
havior of the tax shield. As E:a,rB is increased, the increase
in NPV, and realized cash flow is offset by a decrease in the
tax shield due to a lower market value for the promised pay-
ment PT,’.‘. Whether it is offset enough to produce a nega-

tive value for the marginal change in V;. as EaTB is increased
depends on the parameters T,R, the distribution of Ea, and the
promised payment P74, For low P%' the bankruptcy state

EaTB will fall in the left-hand tail of the distribution of

OCEQw.
oL,

thus the first two terms will dominate. As PY}' increases,

Eap, so that will be small for typical distributions;

the third term increasingly offsets the first two until Ii‘.a.rB

is pushed so high that aac?‘: begins to decline. It is at
ar
this latter stage that &NV 8) may be less than zero; how-
g m‘(E‘n Yy

ever, it seems unlikely that the optimal payment would be so

high. One would expect that V,; evaluated at any Eap to rise

if Eap rises.
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The same pattern of non-zero derivatives of EaTB occurs

when the partials are taken with respect to P %'
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(i) Yoyse® ¢ Ry
Ue® (%% €®% X)) = VAT ) = P *

Xx=7!v,4!mu?

Results for the Single Period Case

These equations lead to the following single period re-

sults for the firm financing optimally with debt:

(1) The determination of the production decision 0 ¢ ,2¢ Ry,
is not the same as in the all equity financing case.
The current value of net margihal revenue from produc-
tion out of previous capacity this period is increased
by the marginal contribution of the cash flow from this
production to the certainty of receiving equity claims
to next period's value. The cash flow (or dividend)
realized at the end of this period changes the value of
the equity at the beginning of the next period, thereby
changing the ability of the equity owners to meet bank-
ruptcy. Thus, the optimal ¥%..,»* is set by (5a) so as to

maximize the sum of both contributions to current value:

>\1~: o @-un) Bara L (Xe 4 Xpam )" -¢C

e
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frem (4a),

Note that the second term in (6a), the marginal change in the

certainty of receiving current equity claims has three sources:

(1) the marginal change at Ea,P* in the certainty of
receiving claims to the value of the firm,

= Dwevpatey™] 300w, dEa
v Ca8s 2Ea8% Sxtul™

(ii) the marginal change in the tax shield itself be-
cause of the change in Vd‘r-l* as EaTB* is changed,

% P2 ] LW dEa™
Lo R ) ek W

(This term does not have the appearance of a mar-
ginal quantity evaluated at EaTB*; that it is in-
deed such will become evident on examination of
the T-2 optimization conditions.)

(iii)the marginal change‘}n current equity value because
of the change in the current market value of the

outstanding debt

4 ot OCEG, ot
we T S S

To examine the behavior of At.®, one should investi-

gate the case »\-1:30—- production solely from previous capa-

city x'1‘-1. Then (6a) becomes (b&’)

(3-un) Edyy L Oxpas®)™ ¢ -
1." d -’T;: L 3 1_’0.f [NN',‘ *tRV‘Q?‘§CGQ‘.“R ?‘I:—': - P.!;t]'

.90y 6o M
Okt 2¥vy?




115

and the marginal decrease in certainty of receiving equity
claims becomes an additional cost if positive, benefit if ¢ 0.
At %™ the sum is equated to the certainty equivalent of
marginal revenue. Whether the left-hand side in (6a') is
positive or negative (underproduction®" or "overproduction"
relative to the all equity case) depends on the size of Eas, L
relative to 3+.¢°. If Eaqa, Ll ¢ a,-,_,"‘, Yy will be such
that the left hand side.is positive as is the additional cost,

and vice versa if Eay,L 21" Tor Ea.f.;L>am“

Bu . () -I-
otar So u gn)g;“! (Xyaet)  -C 5o .

? Whae* ' lae

In maximizing the equity value from current production out of
X1 the shareholders have "overproduced" if they know that
the bankruptcy state will be realized (the marginal revenue
at bankruptcy, (1-un) aT-la*(xT-l*)-n is less than marginal
cost c¢) so that the chance of bankruptcy is increased by in-
creasing %m,ot. But they have "underproduced" relative to
all equity financing (the certainty equivalent of marginal
revenue (l-un)Ea. , Li¥s )" is greater than marginal cost c).
Thus, they are "hedging": they underproduce for the expected
state E:a.I._l in order to be closer to, although still greater
than, the optimum production should the realized state be the
bankruptcy state. (The same result appears out of the case
EaT_lL <aT_lB*: they hedge by overproducing for the expected

state Ea so that they will have a cash flow closer to op-

T-1
timum for the bankruptcy state.) The hedging thus increases

NPV until at the margin the cost in increased bankruptcy just

equals the gain. (If EaT_lL is less than aT-lB* an increase
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in production decreases the possibility of bankruptcy; thus
production is continued until the decrease in NPV equals this
gain.) Since one:might expect Eap_,L to be above the reali-
zation aT_lB* which causes bankruptcy next period, one would
generally expect to see "under—usage“ of capacity relative
to all equity firms; production at optimal all equity levels
results in too great a cost in bankruptcy possibility. This
"under-usage" would appear to be more important for firms
with significant monopoly power, as that increases the impor-
tance of the right-hand side of (6a') and hence the hedging
effect.

Note that this method of hedging, producing sub-optimally
relative to all equity financed firms to assure greater cer-
tainty of receiving future value, is a consequence of the
assumption that the firm is a quantity announcer. Given the
uncertainty pattern, the equity owners hedge by means of the
decision variables currently available to them, i.e. produc-
tion decisions. The principle remains, whatever decision
variables the model specifies: current NPV from all equity
decisions will be sub-optimal for the state Eap_; with debt
financing, traded at the margin for cash flow closer to opti-
mum at the (lower) bankruptcy state realization aT_lB*.

(2) The optimality of an investment-production decision
xT_ln*)O also occurs at a different level from the all

equity case. Specifically, the decision to purchase new

capacity is taken when the current value of the net

marginal revenue from production this period, plus the
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current value of possible use in the future, and plus the
changes in the current value of the equity next period
from the marginal unit of new capacity, equals the mar-

ginal cost k. Thus, at Xy *»0 (5b) can be written

n

(A-un) Eav LiXg™) ™ - ¢ . C€Rus At
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The left-hand side of (6b) is the value of current and
future marginal contributions to equity as in the all
equity case, plus the marginal increase in current value
from an increase in certainty of receiving next period
equity claims as discussed under (l). This increase in
the certainty of next period equity claim arises in two

ways:

(i) from the changes in marginal cash flows on hand next
period from the current period production using
- exactly parallel to the _1 * optimization
¥pe1 *r-1,

condition,

C s
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(ii) from the decrease in next period bankruptcy state
caused by the possession next period of the extra
marginal unit of capacity. The possession of a
unit of capacity at any time creates value for the
firm at that time because the cost of use of this
capital is less than that of new capital, as dis-
cussed in the all equity case. Thus, the equity
claims to firm value next period will be greater
for the firm with previously acquired capacity than
for the firm obliged to purchase new capacity for
optimal production (assuming the outcome Ea, to be
such that this level of production is optimal).
Because this capacity can influence the next period
value, it is one of the determinants of the bank-
ruptcy state EaTB*. Therefore, it increases current

equity value by both the certainty equivalent of its

o~
»
future marginal contribution to firm value, CEQ;%hi
and the marginal increase in certainty of receiving

the equity claim to next period value

L INPU TRV  TRESGY, P P12 ] 2P ah."l
1-‘ @n ' —P ]a h' 11‘-1: @

where [a'n.u @ ° _‘u l(Ea. )] Al (B2 82
l'l‘-b,hb,?“'
The question of whether Xpo3 * is greater or less
n
than under all equity financing depends on the sign of
»
g&a&, , Since the third term in (6b) represents an extra

marginal advantage (or loss) if it is positive (or nega-
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. . . o &11 o .
tive) to the equity holders. While SN s J@ ir
"
LX)
always negative, [ 9t 5% 4a % ](n

described in (i), the contribution to future cash flow
from current production, may be positive. 1Indeed, at
levels of EaT_1 such that xT_1#*> 0, one would expect
Xp_1* to be such that (l-un)ap_;B*(x,_,*) "M ¢ c assuming
'aT_lB* is low as in (i). The firm's owners again "hedge"
between the advantage of optimal production at Eap_y and
optimal cash flow at the next period bankruptcy state.
Since X:YEaTB*) is probably not large, again assuming
aT-lB* and therefore EaTB* to be low, one would expect

o
Y11, > 0 in (4b), overall. There is again a

to find
marginal decrease in certainty of receiving equity claims
to next period value as xT;ln is increased. Thus the
effective current cost of a unit of new capacity is k
less the marginal value of future use, but plus the mar-
ginal change in the value of equity due to the change in
the firm's ability to meet next period debt obligation;
at optimum xT_ln*>0 this effective cost is equal to the
current value of marginal revenue. The level of Eap_;
at which xT_ln*>0 becomes optimal is determined by solv-

. . - *
ing the equation at xT-l Xpo1”e

case, the effective marginal cost is also a function of

As in the all equity

EaT—l since the distribution of EaT is conditional on Eaq_q
The owners of the firm financing (optimally) with
debt will thus in general optimally invest in less capa-

city than the all-equity firm (depending on the net re-
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sult of the two contributions) with the amount depending
on the change in effective marginal cost provided by the
change in certainty term. Since the marginal value of
equity claims to future cash flows increases with mono-
poly power, one may expect to find firms with more mono-
poly power "under-invested" relative to firms of equal
monopoly power financing without debt.

It should be noted, however, that both the produc-
tion and addition of capacity decision are determined
simultaneously with the debt decisions. If firms with
monopoly power carry less debt, there may be little prob-
ability that they will find themselves in the low bank-
ruptcy state EaTB* (specifically, the probability term
g_%_; is very small); thus they have little need of
the extra protection afforded by "under-production" and
"under-investment". If firms with relatively less mono-
poly power carry relatively larger amounts of debt, their
tendency to "under-produce" and "under-invest" for pro-
tection will be counterbalanced by the fact that, with
less monopoly power, there is less to protect.

The optimality of P T-1*>0 occurs at

TR e, = WOV + TRV +TR .z_ - 1] LG, ot
Gt CEQy, ‘.,.[ + Tl &Qr.y Ei“—m 3P_':""
That is, the marginal increase in the value of equity

from the increase in the tax shield, which comes about
from the increase in the value of the debt as PTT'l* is

marginally increased, must equal the marginal decrease

(6e)
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in the value of the equity because of the decrease in

the certainty of non-zero equity value in the next period
due to the marginal increase in the obligation PTT'l*.
The decrease in the value of equity due to the change in
the certainty equivalent is of the same form as in the
optimization condition for xT—ln*' but the source is
different; i.e., the partial gé%g: (which is greater
than zero) enters here. The op;imal payment is set so

as to equate these two trade-offs, as in the Myers re-
sult.

As the equity value depends on the monopoly power,
the marginal loss is larger for the firm with the larger
monopoly power. Thus, one would expect to see firms
with larger monopoly power financing with less debt rel-
ative to firms of the same total present value (or value
of total assets) with little monopoly power. They have
"more to lose" because their value comes from future
value which will be lost if bankruptcy occurs. (The
amount of the loss has been assumed so far to be the

total future value of the firm; in the case that the

loss of the investment decision at bankruptcy is not so

'great, a greater level of debt will be optimal.)

From (3) and (2) and, in actuality, from the original
statement of the optimization conditions in equation (1),
. . . . . . ™ T-l

it is implicit that the decisions (xT-lo 'xT-ln*'P T*)
do not maximize the value of the firm:
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except with a particular choice of PTT'Z. To see whe-
ther PTT'z* = 0, i.e., whether the firm optimally issues
one period debt or debt of longer maturity, one must in-

vestigate the two period case, optimization at T-2.

C. The Multiperiod Problem

The Optimization Conditions

At period T-2, the promised payment sequence (P%:f*,PTEZ*)
is determined so as to maximize the value of equity, VeT-z'
which is the value of the firm Vp_o minus the value of out-
standing debt Vd’-;_‘; » and floats Vd,_,* as determined in sec-
tion B. If the optimal payment sequence is one-period,

PTEZ* = 0, and thé firm pays the promised amount é?:. in T-1
and floats Vd,_;* (or ceases production).

In general, the optimal payment sequence is (P%:i*,PTEZ*)

determined along with (xT-zi'xVIn) so as to
)

max Veqy = V1.2 -\a ¥}
- oy X d L ' %
(wbu~114n,931,934)
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CEQOrL 'fip\’__-_v-_t.‘is the current value of the optimal produc-
tion decisig’{s in T-1 and T. The remaining terms containing
TR are the current tax shield and current values of the fu-
ture tax shields. The value of the optimal production de-

cisions in the future, NPVy_;*, may be written
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The effect of the decsions on the bankruptcy state EaT_IB

% ¥-T X

is dependent on, as in section B, the sign of a(wﬁﬂ"‘ ),
@ Eaq. %%
the change in equity value in T-1 as EaT_lB* is changed.

Under the usual conditions, as argued for the same derivative

in T-1, it will be 0.
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Conclusions

These optimality conditions lead to the following conclusions

for production decisions and optimal payment next period in

the presence of a future of more than one period.

(1)

(2)

(3)

The production decision 0<xT_20* £ Xp_, is again differ-
ent from the all equity case: the condition is a one-
period one similar to that of T-1. That is, under usual
conditions (Eap_,> aT_zB), it is optimal to hedge by pro-
ducing less out of current capacity than under all equity
financing as this hedging reduces the chance of bankrupt-
cy relative to the all equity production level.

The optimal production-new investment decision xsqza%

is at a higher Eap., than in the all equity case, as was
the result in T-1l. In this period, however, in order for

the hedging effect to dominate in (9b), the negative term

(1-un) aT—2B("T-2*)_n - ¢ must be greater than the value
»
of future use in both periods, At (Ear %)+ CGQ‘VQ(E“"‘.’)AT:'.',.-
The positive effect of increasing Xpos * on the bankrupt-
n

* EY> Wy
cy state Eap_yB%, T,

is counterbalanced by the
value that the new capacity will possibly have in the
future. Thus, the shareholders are able to increase
Xvy.2,* more than in T-1 without increasing the chance of
next period bankruptcy as much as was the case in T-1.
The optimal next period promise P%:i* is determined, as

in T-1, by the equality at the margin of the gain in tax

shield due to a marginal increase in P§Z3* and the loss
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in current value of equity claims to next period value
due to a decrease in the certainty of receiving them as
P%:%* is marginally increased.

That these conditions (1)-(3) are similar to the
T-1 period conditions is to be expected; the trade-offs
are single period ones (with the exception of the new
capacity decision), equating loss in one period to gain
in the next. The difference (in addition to the new
capacity decision) arises in the determination of the
debt promise of longer than one period.

(4) The optimal promise PTaz* is determined by a trade-off
different from that of ngf*. The equality of increases
and decreases in value of equity claims at the margin in-
cludes the increase in tax shield next period and the
decrease in certainty of receiving equity claims to next
period value, both arising because PTaz* is part of the
package which the purchasers of the debt VdT_z* pay for
and is part of the debt Vdg:%* which must be redeemed

next period if the firm is to continue to produce.

The first difference between (8c) and (8d) arises in the
term reflecting the decrease in certainty of receiving equity
claim to firm value next period. This term contains the mar-
ginal decrease in equity term exactly as in the equation (8c)
for P%:%*, the single period promise. However, it is multi-
plied by Z—‘%: as defined by (9d4), the change in bankruptcy

as a result of a change in PTEZ* and this term is no longer

? (T}
-t

ag;‘$

similar to the term as defined by (9c) appearing in
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the P%:%*-equation, (8¢c). The difference is (aside from the

1/1+r and CEQ,_, factors inherent in the time difference be-

1

tween Pg:i* and PTEZ*) the occurrence of the term CEQq_; (Eap_;B%),

rather than simply CEQT_l as would be expected from the time

difference between the two promises. That is, the payment

PT-zT* affects the bankruptcy state EaT_lB* only through its

pT-z

market value at that state CEQT-l(EaT-IB) T"/1+r. This is,

of course, the result:-of the assumption that the current debt
in T-1 is called in at market value CEQT_l(EaT_l)PTTz*/1+r.
Its advantage to the equity holders is that this component of
the debt payment they must make next period is random, de-
pending on the realization aqp_;. As the realization moves
this component decreases in value, allow-

Ea toward Ea

B
T=1 T-1 '
ing the equity holders more flexibility in meeting debt pay-
ments near bankruptcy and thus retaining their claim on the
future value of their holdings (although this future value,
of course, also shrinks as demand expectations decline). Con-
versely, if EaT_f»»EaT_lB, the market value of the debt rises,
limited by the market value where Prob (EaT_l>EaT_lB) = 1,

PTT2 | Thus there is a downward flexibility inherent in the

I

exercise price of the next period option's equalling the mar-
ket price of the debt. The flexibility offered by the issue
of longer period debt is of value to the equity holders (i.e.,
PT-2,*> 0), but not to the debt holders. Thus the equity
holders pay a fair price for the flexibility when the debt is

floated.
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The second difference arises from the third term in (84d),
the current value of the marginal change in optimal equity de-
cisions in the next period. This term arises because PT'ZT*
constitutes outstanding debt in that period, thus enters into
the objective function, the maximization of equity claims in
that period, and therefore into the decisions (xT_lo*,xT_ln*,
PTEI*) to be made that period. That is, -a marginal change in
PT72* changes, not only the tax shield next period and the
certainty of receiving the equity claims to the optimal deci-
sions to be made next period, but also changes the decisions
themselves, since it changes the value of outstanding debt
next period. The optimal PTEZ* occurs at equality of these
three marginal changes. Thus, the issuance of the random claim
inherent in longer term debt has an advantage in addition to
the flexibility: the equity owners' optimal decisions next
period affect its value since their decisions made on the ba-
sis of the realization ajy_, determine EajB*, thus the market
value of the random claims CEQg_, (Eap_;) PTE91+4x.

The seeming advantage lies in the ability of the equity
owners tO increase the value of their claim at T-1 "at the
expense of" the debt holders at T-1 by making equity maximiz-
ing decisions that decrease the T-1 market value of the future
promised payment PTEZ*, by increasing the possibility of bank-
ruptcy in T. Such decisions are, of course, the "agency cost"
of the T-2 debt flotation, since the debt purchasers realize
the effect of the equity decisions. The third term in (84)

represents the marginal change in these equity optimizing de-
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cisions due to the marginal increase in outstanding debt next
period. Any changes in these decisions induced by the greater
repayment promise is an increase in the agency cost of the
current T-2 debt flotation. Thus the marginal change in value
of current equity due to a change in PT‘ZT* will be negative.
In (8d), then, the marginal increase in tax shield is balanced
by two marginal decreases. Whether the resultant PTEZ* is
greater than P%j%* depends on the parameters and on the current
outcome.

As noted in Myers, if the equity owners expected no net
present value from their claims in T, they would then suffer
no marginal loss (assuming no tax shield loss) as PT§1 was in-
creased; i.e., the MM proposition under taxes would hold. Sim-
ilarly, here, both P§-¢ and PTEZ are undetermined if the ex-
pectation is that there is no net present value to the firm at
T-1 (which implies no net present value in T). Suppose, how-
ever, the expectation is that there is no net present value at
T but there is net present value to the investment opportuni-
ties at T-1 (i.e., that the net present value of equity claims
decreases greatly between T-1 and T due, e.g., to a loss of
monopoly power). Then P%Zi* will be set by the equality of
marginal gains and losses as before (except that the loss is
less). But PT7l* will be indeterminate and the production de-
cisions will be made as if all equity financed since there is
no loss in T. Thus the third marginal change in the PT=2.*
equation (8d), that arising from the change in optimal T-1

decisions, will be absent, since the optimal T-1 decisions are
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affected by PT32 through the loss of equity value in T, and
by hypothesis there is none. However, the PT'zT* component
will retain the flexibility benefit; the equity owners will
pay a decreasing price in T-1 for the value being received
in T=1. 1In this case, due to the absence of the third mar-
ginal loss term, one would expect to see an increase in PTEZ*
relative to the case in which net present value greater than
zero is expected both periods. Suppose, on the contrary, that
there is no net value in the T-1l investment opportunities but
that T investment opportunities have net present value. Then
P%:i* would be set high since the large T net present value is
discounted in the marginal loss to equity at T-1, which sets
the optimal Pf-f*. But, because the large T value will render
the T-1 decisions sensitive to changes in PTEZ*, one would
expect a reduction in PTiz*.

As has been noted above, the debt holders are aware that

part of the value of their claim,

-2

l+r

will be determined by the equity-maximizing decision at T-1

which sets EaTB*. They pay the T-2 equity holders only

T-2 l+r

for this promise, and thence arises the agency cost. CEQT_2

is the certainty equivalent taken over all aT_z(i.e., EaT-l)

in the distribution conditioned on the current outcome Eaqn_o-.
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Since EaTB* is determined as a function of the equity optimiz-
ing decisions in T-1, which are functions of the outcome at
the end of the current period am_o (or EaT_l), the debt hold-
ers have taken the certainty equivalent of the possible mar-

ket values of their claim in T-1 as determined by the equity

. ~ pTa2x .
holders. What they receive, CEQp.y - T , determined by the
l4+x

random outcome Eaqn_, together with the equity maximizing de-

cisions which depend on it, is thus fairly priced.

D. Summary

By financing with debt previously and currently, the cur-
rent (T-2) equity holders have as their equity claim an option
consisting of: an investment opportunity at T-2 plus an op-
tion on the investment opportunities in the futﬁre contingent
on their exercising their current option. The exercise price
of the current option is the current market value of the out-
standing debt. The exercise price of the future T-1 option,

T=24 o~ T=-2%
PT-l + CEQT_1 P*m
l+r

is the market value at T-1 of the debt repayment promises they
are making currently. (They possess the option on the T-1 in-
vestment opportunity rather than the opportunity itself since
they are floating debt with these repayment promises due in T-1l.)
They must pay the T-1 market value of their current promises

to take advantage of the T-1 and the T opportunity. Thus they

pay Pg:i* plus the T-1 value of the future promise PTEZ* for
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the T-1 value of the T-1 investment opportunity (the produc-
tion and financing decisions in T-1), plus the T-1 value of
the option on the T investment opportunity (the production
decision in T). The T option is clearly contingent on exer-
cising both the current option and the option in T-1. The
exercise price of the T option has been set "provisionally"
by setting PT32#%, but will be changed optimally to PTEI* in T-1.
The equity holders in T-2 are able to maximize the value
of the option they hold at T-2 by (1) optimally selecting the
components (P%:%*, PT52*) of the exercise price on the next
period option, and (2) by setting the market value of the ran-

dom component of the current outstanding debt Vdgjg, the price

* *
T-2° ' xT-zn !

P%j%*, PTE2*) decisions. The equity holders are able to deter-

of the current option, through the optimal (x

m;ne optimally the component of the price of the next period
option by their T-1 production-investment-debt decisions and
to re-specify optimally the price of the T option, PTEI*, once
more information as to their value, the realization Eap_j. be-
comes available, in T-1.

If the owners were not able to redeem the debt each period

so that PTEZ* would be the promise to be paid in T, the com-

ponent
-2 kR - -
CEQq_, (Ea,,_,) PTF2™"  (pT32** & PTZ2* above)
1+r

would be the T-1 value of the future exercise price PT§2**

on the option to invest in opportunities available in T. 1In

that case the value of the firm must exceed above exercise price
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for the owners to invest in the opportunity in T-1 and have
available to them the option to invest in the opportunity in
T, for which they will pay PT§2** as exercise price. Essen~
tially, for the option to invest at T-1 plus the acquisition
of the option to invest in T, they must pay P%:%** and hold
"in escrow" the T-1l value of the exercise price PTaz**. This
situation constrains them to pay PT;2** in T for an option
whose value has changed. In the case in which the equity hold-
ers float new debt each period they still pay the above exer=-
cise price for the T-1 opportunity, but will then float new
debt according to their re-evaluation of the future opportu-
nity so as to select a new, equity-maximizing price for it,
PTEI*_

These prices will be determined as long as the options
(the production and investment decisions) have positive net
present value. Thus the long term structure of optimal debt
arises out of the long term structure of net present value for
the firm, coming both from the value of existing capacity and
the ability to charge monopoly rents. As long as there is
such NPV which may be lost at bankruptcy, there is an optimal
capital structure resulting from this agency "cost" of bank-
ruptcy, whose time dimension corresponds exactly with that of
the NPV. If one were to remove both these sources of NPV from
the model (u=0 and current capacity assumed to have no future
value), the NPV of the future options falls to 0. There is
then no negative trade-off to increasing the exercise price

(debt promises) to counter the tax shield advantage; the fu-
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ture promises become indeterminately large, and the MM propo-
sition under taxes holds.

If one were to remove the monopoly power, the firm would
still retain as NPV the value of current capacity (see the
all equity case); thus an optimal debt structure would still
be dterminable, as long as the assumption that the advantage
of this capacity is lost upon bankruptcy still held. If one
were to remove only the capacity assumption, the firm woﬁld
still be left with the ability to charge monopoly rents, thus
positive NPV and thus an optimal debt structure, as long as
the assumption that the advantage of monopoly power is lost
ipon bankruptcy still held.

The debt decision is made simultaneously with the pro-
duction-new investment decisions (xo, xn) in any period. These
interact with the debt decision because they are determinants
of the ability of the equity owners to meet the debt payments.
In fact, the interaction of production-new investment and debt
decisions is the source of hedging behavior. The shareholders
produce less out of available capacity than under all equity
financing in order to have a production level closer to the
optimal one in the case that the realized demand expectation
is near bankruptcy. Similarly, they purchase, and produce less
from, new capacity (relative to the all equity new capacity
decision) since a lower level of production is closer to opti-
mality. This advantage to purchasing less new capacity is
moderated, however, by the advantage to having more new capa-

city in the future if there is sufficient chance that the
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capacity constraint will be binding during the life of the
capacity. Thus, the hedging effect on purchase of new capa-
city is less as one moves away from the terminal period, lead-
ing to the conclusion that debt-financed firms will have,
generally, less production out of available capacity than all
equity ones. The hedging effect is more pronounced if the
firm has monopoly power, as the marginal loss of future oppor-
tunities is greater. Since the value of additional capacity
will be greater also, one would still expect the hedging be-
havior on new capacity decisions to be moderated by the advan-
tage of having capacity on hand. Thus, there should be less
capacity utilization in firms with more monopoly power.
Therefore, in the presence of the ability to finance with
debt, the time gap between equity optimizing production-invest-
ment decisions and the ability of the debt holders to gain con-

trol, and the inability to resell capacity:

(1) there is generally (under the assumptions on expectations
above) "under-production" out of existing capacity, the
amount positively related to monopoly power u.

(2) there is under-investment in capacity, again dependent on
u, but not as much as in (1).

(3) Thus, there is a net under-usage of capacity (relative to
all equity financing) dependent upon the monopoly power u.

(4) There is an optimal debt structure of maturity equal to
the maturity structure of the firm's positive NPV pros-
pects, with the sizes of the promised payments negatively

related to u.
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The assumption that the firm is too small to affect mar-
ket valuation (or makes its decisions as though it is) must
be retained here. The valuation of the firm which leads to
the above conclusions rests on the predictability of the cer-
tainty equivalent process, as shown by Fama. In a market
equilibrium analysis, the market valuation would be affected
by the optimal decisionS'igbthey altered the discount rates,
and the equity owners should take this into account. Under
the all equity financing, the decisions do not alter the dis-
count rates. Under debt financing, however, the decisions
affect the bankruptcy states Ea,B . The timing imperfection
implies that there is a loss of value for Ea, < EatB. (In
particular, the calculations of this research assume a total
loss of value for Ea; < EatB.) Thus, there is a discontinuity
across the bankruptcy state; i.e. "3(—-—3, a%,, a$‘m ® 0.
These decisions at t, random as of an earlier time, thus
affect the discount rate at t and in a random way. The Fama
conditions for the multiperiod CAPM backward induction valua-
tion procedure to be a general equilibrium valuation of the
firm do not hold. Hence, the results obtained hold if
(1) the shareholders' decisions are made under the belief

that the market if not affected by them, and

(2) the market consists of firms which can be valued by the

multiperiod CAPM; i.e., firms for which the discount rates

are non-stochastic.



139

CHAPTER FIVE: CONCLUSIONS

A. The Production and Investment Decisions of the Firm

The optimal production and investment decisions at
time t are functions of current and future demand expec-
tations, of previously purchased capacity, and of the
firm's ability to internalize the profits from these ex-
pectations as a result of its monopoly power. In parti-
cular, the decision to produce at a given level is
governed by maximizing the certainty equivalent of
current net revenue expectations; the optimum is reached
at equality of the certainty equivalent of marginal
revenue and marginal cost of production, subject to the
capacity constraint. The decision to purchase and pro-
duce from new capacity is reached by maximization of the
net present value of current and future revenues, and the
optimum is at the equality of the certainty equivalent of
net marginal value and investment cost. The latter con-
dition may be rephrased as the egquality of certainty
equivalent of current net marginal (from current produc-
tion with the marginal unit) and the effective marginal
investment cost, the cost k less the certainty equivalent
of future marginal net revenues. The unit will generate
future net revenues only when the certainty equivalent at
that time of marginal revenue is equal to marginal cost

at a production level sufficiently large to necessitate
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the use of the unit of capacity under consideration. Thus,
the new capacity decision is a function of both current
demand expectations and current knowledge of future demand
expectations. If these demand expectations are exactly ful-
filled, the capacity will be used. If future demand expec-
tations fall sufficiently below what is currently indicated,
there will be idle capacity; if above, new capacity will be
purchased.

At demand expectations between these two limits ---
that at which the capacity constraint becomes binding (the
shadow price equals the effective marginal cost of a new
unit, the "original" level of demand expectations when the
unit was first purchased), firms with previously purchased
capacity operate at that capacity level. New firms do not
enter, however, since the marginal value to them of the new
capacity does not cover the marginal investment cost until
the upper limit is reached. Thus there exists a barrier to
entry.

There are two sources of this barrier: a different re-
quired rate of return for the new capacity than for the old,
and the inability to resell capacity. Because of the
assumptions on inter- and intra-period risk (that the
covariance with the market is constant for all t) the first
is precluded for capacity of infinite life. For capacity
of a known finite life, it enters at the last period of
life of a unit of previously purchased capacity. Since the

old unit is expected to last only through the current period,
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it thus need yield return only for intra-period risk, while
newly purchased capacity lasting more than one period should
yield a return for inter- as well as intra-temporal risk.
Since this age difference will exist between any previously
purchased capacity and newly available capacity, the effect
of the difference in return expected for the final period

of the lifetime will be present as long as previously pur-
chased capacity is not available for purchase.

The second source, present even if capacity lasts an
indefinitely long time, again arises from the inability to
resell capacity. If demand expectations at the time of pur-~
chase of the capacity are not realized, so that the marginal
unit purchased then does not currently yield its expected
rate, the shadow price of use of that capacity no longer
equals the marginal investment cost of a new unit. Thus
the firm has suffered a capital loss relative to what it
originally expected. However, the certainty equivalent of
marginal revenue using the unit equals or exceeds the margi-
nal operating cost. Thus the firm expects to cover operating
costs of using its previously purchased capacity and it will
therefore maximize its current value by operating at capa-
city. The use of the capacity that period adds net present
value to the firm, (although not as much as was expected
when the firm originally purchased it). Note that the
current certainty equivalent of net marginal current and
future revenue would be the firm's selling price of a unit

of this previously purchased capacity if it could sell it.
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If it could buy it, this would be the price of the additional
unit. Since this marginal value will differ from firm to
firm (depending on their relative abilities to capture
revenues), the selling price of previously purchased capacity
if it were available for sale may be above the purchase price,
the marginal value to the entrant. Thus again, there is a
barrier to entry, arising out of an inability to sell at the
current worth of the previously purchased capacity.

The effect of changing efficiency, essentially, is two-
fold: the reduction of the effective investment cost by
reducing the current and future operating cost relative to
the older capacity and reduction in time of usage of the
newly purchased equipment since more efficient vintages are
predicted for the future. The second effect raises the
effective investment cost. Thus, the barrier to entry,
which exists by virtue of the gap in demand expectations be-
tween that level at which the shadow price of capacity con-
straint rises above zero and that at which it equals the
effective investment cost may be decreased'or increased de-
pending on the relative efficiency of the current technology
and the speed at which the technological changes occur.

There are two relative efficiency levels of note. The
first is the one referred to in the preceding paragraph,
that vintage at which current investment cost and operating
cost of the new capacity is less than the operating cost of
one of the older vintages. At this point, regardless of
future demand expectations, the older vintage (and those

preceding it) will be scrapped. If demand expectations are
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sufficiently large to justify production above capacity (not
including the vintages which have been scrapped), the firm
will purchase the new production facility.

The second is that vintage at which the effective cost
of purchasing and using the new equipment, its operating cost
plus effective investment cost (k reduced by the future
marginal value of using it as seen by current demand expec-
tation), is less than the operating cost of the older vin-
tage. If the level of demand expectations is sufficiently
high to justify more production than is possible from pre-
viously purchased capacity (not including this vintage),
the firm will purchase new capacity rather than use this
vintage, since the effective cost is lower. However, the
idleness of this (and older vintages) depends on current
demand expectations; this vintage may be used in the future
if demand expectations differ. Thus this vintage and all
those up to the one being scrapped constitute idle capacity,
useless currently but not necessarily in the future.

What the vintage efficiency structure models, is,
essentially, an increasing marginal cost curve coming about
through employment of vintages which are more and more ex-
pensive to operate. The increase in marginal cost does not
result from the usual short-run arguments or any assumption
of long-term minimum efficient scale production. Thus, con-
clusions drawn on barriers to entry and capacity utilization
are related to arguments on adoption of process technology
innovations, in which the firm purchases the innovation

(available to any firm at the cost k).
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B. The Interaction with the Debt Decision

If debt financing is allowed, the shareholders will
float an optimal amount of debt greater than zero and less
than the value of the firm. The existence of this debt will
alter their future production and investment decisions, which
will be equity-maximizing rather than firm-optimizing. This
occurs because the owners may make equity-optimizing deci-
sions not to produce (i.e., to declare bankruptcy),
foregoing investment opportunities which the bondholders, if
they had control of the firm, would wish to undertake. Due,
however, to a timing gap between the decision by the share-
holders to forego the opportunity and the legal declaration
of bankruptcy, they cannot gain control until after the
opportunity, with its repercussions for future decisions, is
lost. Thus, there is a "bankruptcy" or "agency" cost to the
shareholders which, together with the tax advantage, induces
an optimal debt structure, at equality of the marginal gain
from the tax shield and loss from the agency cost.

As the current production decisions, out of old and
from newly-purchased capacity, affect the cash flow to the
firm at the end of the period, thus its ability to meet the
stated debt payment next period, they interact with the
current new debt flotation decision. In particular the pro-
duction decisions are made so as to hedge the risk of bank-
ruptcy by "underproduction”, to be in as nearly optimal

position as is possible, given current demand expectations,
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to meet bankruptcy conditions next period. This enables the
shareholders to float more debt thus gaining more tax shield.

Entering into the decision to purchase new capacity,
however, is another factor, the Net Present Value that it
contributes to the firm next period, helping to avoid bank-
ruptcy then. Thus there are two factors working in opposite
directions which determine optimal purchase of new capacity:
current production leading to next period cash flow, and
next period value. To the extent that the second effect
contributes, the equity owners will purchase "excess" capa-
city, so as to float more debt at optimum. The source of
the value of capacity, the barrier to exit from the industry,
thus contributes to the debt capacity of the firm, by,
essentially, "biasing upwards" the equity owners' decision
to produce, rather than not to produce, and thereby lose
valuable opportunities.

These optimal decisions are brought about by the assump-
tion of the model that everything is lost upon bankruptcy:
all future investment opportunities, the ability of current
capacity to produce in the future, and cash flows (if any)
from the current production period just ended. Thus, all of
these components of the value of the firm affect the bank-
ruptcy state; a marginal change in any one of them at
bankruptcy brings about the loss. If any of them were not
lost at bankruptcy, there would be no dependence of the state
upon them as bankruptcy would then initiate, not a loss, but a

change of ownership only. For example, if cash flows from the
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current production period were not assumed lost, then the
bankruptcy state would not depend upon them. In essence,
they would appear "on both sides" of the bankruptcy equation
as they would be owned by the equity for states above bank-
ruptcy and by the bondholders for states below bankruptcy.
Thus the production decisions for the current period would
not be affected. Since they are assumed lost in this model,
the optimal éurrent decisions on production are altered
until, at the margin, the gain in avoiding bankruptcy exactly
equals the loss in optimal NPV decision-making (from the
point of view of the firm as a whole).

A similar result is found for the investment decision.
Since all future value of new capacity is assumed lost upon
bankruptcy, but contributes to the value of the firm above
bankruptcy, purchase of new capacity can change the bank-
ruptcy state. Thus the investment in new capacity is
optimally different from that for the firm financing with
equity. (Note that, since the firm produces currently out
of new capacity, and current production is optimally below
that of a firm financing only with equity, the optimal in-
vestment in new capacity depends on the sum of the strengths
of these two opposite effects, a typical constrained maximum
result). If only the minimum possible loss were assumed upon
bankruptcy ~-- that only the optimal production and new capa-
city decisions of that period would be lost --- then only the
current new capacity investment decision would be affected by

the chance of bankruptcy, in that part of its value, the
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revenues of that period, would be lost. Thus, as long as
capacity lasts more than one period and cannot be resold,
the optimal decision of the firm financing with debt is to
"over-invest" in capacity relative to usage.

The effect of an increase in efficiency is to make the
current technology more valuable relative to the previous
ones for the periods of time over which it is potentially
valuable (i.e., until technology has progressed so much
further that it is obsolete and is scrapped). Thus, pur-
chase of the current technology may contribute more or less
to the value of the firm, and to its ability to meet the
bankruptcy condition (relative to the situation in which
there is no technological change), depending on the increase
in efficiency over the previous technology and the useful
life of the new. If the efficiency of the current techno-
logy is sufficiently great and future increases in efficiency
come sufficiently slowly, then purchase of the current techno-
logy will contribute more, at the margin, to the value of
the firm (than in the case of no technology change). Thus
the firm financing with debt will purchase optimally more
new capacity (relative to the case of no technology change).
Conversely, if the efficiency gains will last over so few
periods (the technology becomes obsolete rapidly) that the
marginal value of the new technology is smaller than the
case of constant efficiency, then the over-investment in

capacity is relatively less.
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c. The Effect of Monopoly Power

At a given demand expectation, the monopolist, of
course, produces less from previous capacity since the
optimum occurs at the equating of marginal revenue and
marginal cost c¢. However, the monopolist can "internalize"
more of the future benefits of investment in new capacity.
That is, thé effective marginal cost of new investment is
less for the firm with more monopoly power. This occurs,
essentially, because this firm is able to realize greater
future rents from the marginal unit of capacity, if it uses
it in the future, than can the firm with lower u. (Note
that the comparison of these two firms takes into account
the difference in future capacity positions. The assump-
tion made in the comparison is that both firms face the same
industry demand conditions but that marginal revenue condi-
tions are modified by monopoly power). This lower marginal
cost is weighed against the lower marginal benefit from
current production to determine new investment. If demand
expectations are such that the first outweighs the second,
the more monopolistic firm will begin positive new invest-
ment at this demand level whereas, for the less monopolistic
firm, the future benefits are still not enough to outweigh
the current marginal loss. Since capacity purchased during
period of high expectations cannot be resold, if the second
factor is significant, the more monopolistic firm would have

lower capacity utilization rates on the average.
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The argument above depends on the current versus future
advantage of the same technology. The internalization of
benefits of a more efficient technology would be greater
for the monopolistic firm, according to the same argument
as above, while the current marginal gain from production
with the new technology would be lower. Again the relative
weights of these two factors determine the optimal decision.
If technological progress were slow enough and the current
gain in efficiency large enough, the monopolistic firm will
invest in the new technology at a lower demand expectation
than will be the firm with less monopoly power.

The barrier to entry arising out of the "bias" toward
production, given the inability to resell capacity, is
proportional to the valuation of production at capacity.
This valuation is the sum of current and future marginal
revenue at capacity multiplied by the (capacity) production
level. At a given production level an industry dominated
by monopolistic firms will thus present a higher barrier to
new entrants since the more monopolistic firms realize
greater future benefits from current capacity. Thus, if
technological progress of sufficient duration is present,
the barrier to entry into this industry will be increased.
Conversely, if the industry capacity becomes obsoclete too
rapidly for the monopolistic firm to realize greater future
benefits, technological progress may lower the barrier to
entry. The assumption of a given capacity level of produc-

tion should be noted, however. There would seem to be
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little logical basis for this convenience, given the different
factors entering into new investment decisions of firms with
different levels of monopoly power. Although it has been
argued that more monopolistic firms may invest in new capacity
at a lower demand expectation, their rate of investment as
demand expectations rise will generally be lower than that of
the less monopolistic firms because of the lower current
marginal benefit of a high production level. Thus it seems
likely than an industry composed of monopolistic firms will
possess less capacity. The size of the barrier to entry
will depend on whether the higher total value of a given
unit of capacity outweighs the smaller amount of capacity.

If the more monopolistic firm finances optimally with
debt, two conflicting effects of the monopoly power are
taken into account to generate the optimal financing posi-
tion. The firm with more monopoly power, having higher
value to future production and investment opportunities,
thus "more to lose" by bankruptcy, will tend to set lower
optimal debt levels (the tax shield gain being the same for
every firm). Conversely, (assuming the same loss structure
upon bankruptcy as before) this firm is able, from its
current production and investment decisions, to realize
greater next period cash flow, value of capacity already
"in place" and value of future opportunities at the time of
possible bankruptcy. Thus the increase in bankruptcy state
resulting from a change in debt payment is less than for a

firm with lower u. 1In general, however, the possible loss
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of all future opportunities upon bankruptcy would outweigh
the current ability to avoid bankruptcy and the firm with

monopoly power would optimally finance with less debt.

D. Further Investigation

The model reaches conclusions regarding thé inter-
relation of debt, capacity utilization, and monopoly power
which are empirically testable, given the risk components.
Thus a primary requisite for testing is the effect on intra-
and inter-period risk measures, the covariances with market
variables at the optimal decision levels. Accordingly, a
first task would be the derivation of the covariances.

Then, an empirical model derived from the relationships
could be formulated and tested, using firm financial and
market structure data.

The assumptions of the model raise two questions imme-
diately. The first concerns the effect of intra- and inter-
period total demand risk in a world in which the CAPM is not
a valid pricing model: is diversification valuable for its
own sake? A more general method of approach than the CAPM
would be the approach of current option theory.

To see the analogy with option theory, assume first
no special restrictions on acquisition or resale of factor
inputs. The equity-financed firm with monopoly power has
as its underlying asset in any period its monopoly power
that period. Cash flows of this asset are obtainable upon

production --- that is, upon exercising its option to
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exploit its ability that period to extract revenues in
excess of costs. Thus, to exercise the option, the firm
must provide the factors of production. The exercise price
of the option that period is then the cost of these factors.
The cash flow of the option if exercised in a given period
is the revenue from production. The levels of output and
the factor inputs will be employed so as to maximize the

net present value, the certainty equivalent of net cash
flow; these optimal levels are determined by the equality

of certainty equivalent of marginal revenue and marginal
factor costs. If the net present value at optimum is below
zero, the option will not be exercised. Thus the value of
the option if exercised is the present value of the cash
flows in the given period at optimum output; the striking
price is the cost of the factor inputs employed at the
optimum levels in the given period. This cost is the sum

of the wage of the optimum labor level and the rental price
of the optimal capital usage (the rental price per unit
being the difference between purchase price and the known
resale price at the end of the period discounted at the risk
free rate). 1In the simplified demand and production model
of this study, the cost per unit of the facilities necessary
to produce one unit of output is simply k (purchase cost)
plus ¢ (operating cost). Thus the cash flow is px*; the
striking price is (c+rk)x* (if the capacity unit can be
resold at k). Since the firm has monopoly power u and faces

an elastic demand curve p = a x~Nh, 0<uel, 0<n<l, the option
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will always be exercised each period. Thus the value of
the firm possessing the monopoly power over more than one
period is the sum of the current value of the options less
the current values of their exercise prices. The values
and exercise prices as of t are random since Ea.,j depends
on the realization at+j-3. In the case that the dependence
of Eat4+ji On ag4i-1 is time independent, one can place a non-
random value on x*, . . and thus determine the current value
of the firm. Otherwise, the future values of the future
options --- the intertemporal component of the value of the
firm --- are dependent on the changes in the "opportunity
set" as presented by the Qt4j-1- Also, since the exercise
prices depend upon the underlying value of the asset (since
they both depend on x*), the familiar option theory conclu-
sion on the relation of value to total risk cannot be drawn
here.

The possession of the "real asset", capacity to produce
for a period, has enabled the firm to exploit its ability to
command revenues in excess of the cost of acquiring and
using the capacity. Thus the certainty equivalent value of
the excess may be considered the value of the possession of
the capacity. This valuation clearly depends upon the
possessor, as it is the result of the monopoly power u.

The cost of acquisition and use above was derived from
a particular assumption on resale. A different resale
price, or a random one, will produce a different "rental
price", or, in the second case, a random one, much like an

unknown wage rate, in the single period case.
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The valuation of multiperiod assets depends upon the
resale assumption. If the resale price falls below the
purchase price of the identical capacity the firm no longer
desires to sell the capacity each period. Even if it does
not use it in the current period (the cost of operation of
- the unit exceeds the certainty equivalent of revenue), it
will not wish to sell the capacity as long as the current
certainty equivalent of future net revenues exceeds the
resale price. The "internal" value of the capacity to the
firm exceeds its "external" value. In this case the firm
will purchase the capacity and possess it, rather than
"renting" it.

What the firm then acquires, for price kx* (less resale),
is a compound option: production in the current period at
operating cost ¢ per unit plus the options to produce in
future period, all with exercise prices cx*.,j. Actually,
the only difference in structure between the owner and the
renter occurs at the initial acquisition and production
time: the initial price, the investment cost, occurs all at
once. The firm must value the real asset as the certainty
equivalent at the time of purchase of the excess cash flows
from exercising the future options, purchasing the asset if
this is greater than kx* less the current certainty equiva-
lent of future resale possibility. (The undertaking of the
purchase on the basis of less knowledge than available in
the future to the renter is, of course, the traditional risk

of ownership). Once the asset is acquired, however, the



decision structure of the owned and rented assets is similar.
The difference lies in the lower exercise price of the options
to produce with the owned asset. Hence firms with owned
assets ("assets in place") and restrictions on resale (the
source of the desire to own assets) have assets of higher
value than firms without, who must pay investment costs as
well as operating costs. The presence of the "asset in
place" does not reduce the number of options the possessor
has; it reduces their exercise prices.

The firm makes current production and investment deci-

sions on two types of options:

(1) whether or not to exercise its option to produce with
its assets in place, incurring an intratemporal risk,

(2) whether or not to exercise its option to purchase (and
produce currently with, in the above development) new
capacity, an inter- as well as intra-temporal risk. |
The second option is a compound one, embodying the
purchase of a "package" of many simple options of the
first type. The value of the firm consists of the
value of the total amount of "simple" options avail-
able because of its current capacity plus the value
of the compound options available each decision

period.

Against this value, the owners of the firm may now
float an optimal amount of debt, as outlined previously. It

has been found that, if the options are to be lost at
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bankruptcy, decisions on their exercise are optimally
altered to avoid bankruptcy. In particular, when the loss
structure is as assumed previously, both types of options
are lost. The optimal decisions are then (1) to decrease
the exercise of the simple (production) option, and (2) to
increase the exercise of the compound (investment) option.
Since the risk structures of the two are different, an
investigation of the difference should lead to the answers
to the questions raised by the interpretation of the equity
position as an option with the debt repayment as striking
price. The value of this option is the sum of the values
of the options embodied in the assets in place plus the
future decisions on compound options, the investment deci-
sions.

Myers has pointed out that combination of two separate
firms, each with its own optimum debt position, into a single
merged firm does not unambiguously lead to diversification
benefits, since the two firms, once merged, no longer are
protected against each other's debt contracts. The equity
optimizing decision would probably be to restructure the
financing of the purchased firm, as the sum of debt
structures of the two separate firms is probably no longer
optimal to the merged firm. Thus the constraint that the
merged firms support a no-longer-optimal debt level would
be removed and the benefits of merger derivable from the
answer to the diversification question.

The second question concerns the presence of oligopolistic

interaction among the firms in a non-competitive industry.
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The assumption that firms retain a constant level of
monopoly power in the face of differing investment, produc-
tion and debt decisions, in a changing demand environment,
seems anachronistic. It would seem of interest to investi-
gate changes in monopoly power and attempts to preserve it
brought about by these decisions. 1In particular, a firm
may be thought of as preserving monopoly power by changing
its investment, production, and débt decisions so as to
forestall entry. It has been theorized that firms with
monopoly power purchase excess capacity in order to be able
to do just that. (Note that the excess capacity decisions
in the model above arise out of the inability to resell it
and from the resulting ability to carry more debt, not from
any such entry-preventing tactics). Such an approach would
offer a way to model possible changes in monopoly power and
the interaction with production, investment, and debt deci-
sions. The question has been raised as to whether the firm
would reserve unused "excess" debt capacity (rather than
finance at a higher, optimal debt level) in order to make
use of it as excess production capacity available to fore-
stall potential entrants. An investigation of attempts to
preserve monopoly power, under the same intra- and inter-.
period uncertainty conditions, would presumably lead to the

answer.
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