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Abstract

PARAMETER ESTIMATION AND RESTRICTION OF 
RANGE SELECTIVITY ASSUMPTIONS:

MODELLING THE MISSING DATA
by

Mary Lou McGanney 

Adviser: Professor Alan L. Gross

In test validation studies, the psychometrician must 
often work with variables on which there are missing data. 
In a typical case one has full data on a predictor 
variable, but only partial data on a criterion variable 
for the subgroup of selected persons. The missing data can 
be assumed to be missing 1) at random with respect to all 
of the variables, or 2) as a function of the full data or 
predictor variable, or 3) as a function of the missing 
data variable. The third of these is referred to as the 
nonignorable case, while the others are referred to as 
ignorable cases.

iv.



It has been shown that one can obtain maximum 
likelihood estimates of the parameters underlying the 
predictor and criterion variables in a straightforward way 
if the data are missing according to certain simple 
patterns and if the missing data processes are ignorable. 
Where the missing data patterns are not simple, the 
likelihood function becomes complex and maximization is 
not straightforward. Where the data are missing as a 
function of a missing data variable, the missing data 
process itself must be modelled and included in the 
likelihood function. In both cases, an iterative 
maximization procedure must be used to maximize the 
likelihood function.

In order to investigate the importance of the missing 
data assumptions and to explore the use of estimation 
procedures for the nonstraightforward cases, this work 
analyzed a single real data set with three variables (with 
missing data on two) under three different sets of missing 
data assumptions or models: two ignorable models and one 
nonlgnorable. The methodology for obtaining maximum 
likelihood estimates in the nonstraightforward cases is 
presented. In addition, for each missing data assumption,



maximum likelihood parameter estimates are reported and a 
discussion of the problems encountered in using the 
methodology is included.

As a result of intractable computational difficulties, 
marginal rather than simultaneous maximum likelihood 
parameter estimates were obtained in the nonignorable 
case. Contrary to expectations, the estimates under each 
set of assumptions were approximately the same, strongly 
suggesting that the missing data were missing at random.
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CHAPTER I 

INTRODUCTION

The psychometrician is often interested in the 
relationship among two or more variables on which there is 
incomplete information or missing data. A situation 
involving missing data occurs when, for example, an 
educational institution chooses, on the basis of one or 
more selection variables, to admit a group of individuals 
from a total applicant group. These variables could 
include an index of past achievement, a score on an 
admissions test, performance at an interview and other 
distinguishing personal information. While usually there 
is information on each selection variable for all 
applicants, only the smaller group enters the institution 
and obtains a grade point average. As a consequence, there 
are missing data, i.e., no grade point averages, for those
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who did not enter. The researcher might be interested in 
the relationship between an entrance examination such as 
the Graduate Record Examination on which there are scores 
for all applicants and first year graduate school 
performance of those admitted. In general, the researcher 
is called upon to evaluate a variable as a selection 
variable, i.e., a variable on the basis of which 
individuals are chosen or rejected by an institution.

In the simple, though unlikely, situation where all 
applicants are chosen and all enter a program, there are 
no missing data. The data in such a case would be as in 
Figure l.

Figure 1. Two variables with no selection.
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where x is the predictor and z the outcome variable. In 
this case, investigation of the relationship between 
predictor and outcome variables would be accomplished by 
calculating the correlations among the variables and/or by 
calculating the least squares prediction equation. In most 
admissions situations, however, a selection process 
operates which results in missing data values. In this 
more likely case, i.e., where selection occurs, the data 
would be as in Figure 2.

X
X
X
•

•

X

z
z
z
•

•

•

z
X *

X
X •

• •

• •

• ■

X

Figure 2. Two variables with selection on one.
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If the researcher is interested in the relationships 
among the variables in the selected group only and does 
not wish to generalize beyond it, then a product moment 
correlation or least squares prediction equation using the 
selected group's data pairs again adequately describes the 
relationship. More typically, however, the questions of 
interest concern the usefulness of the predictor variable 
as a tool in making admissions decisions in the future and 
the researcher is therefore interested in the 
relationships among the variables in the population of all 
possible applicants. In this case the nature of the 
sampling or selection process must be considered.

Generally, where data are missing, restriction of 
range is said to occur and as a consequence, a reduction 
in the estimated variance of the variable for which there 
are missing data can be expected. If one simply analyzed 
those cases having both x and z data, and based one's 
population parameter estimates on the resulting sample 
statistics, a negatively biased estimate of the 
correlation coefficient will typically be obtained. 
Traditionally the approach to correcting for this effect



5

has been through the use of a formula derived by Pearson 
(1903) and later studied by Lawley (1943):

r X7
Rxz“ _______________________________  (U2

2 sxs p 4-
t rxz + (-” 2 ) (l-°-^xz) ]

s xt

where Rxz is the corrected correlation coefficient
between two variables, x and z, where the full range of

2scores exists for x but not for z; is a sample
estimate of the variance of the unrestricted x population;
2sxs is an estimate of the variance of the x variable for 

the selected (restricted) population, i.e., those for whom 
there are z scores; and r is the correlation between the 
paired x and z scores where these exist.

Where there are three variables of interest, data 
may be missing on more than one. If the data are missing 
as in Figure 3, the restriction of range problem may be 
addressed through the use of another correction formula 
(Lord & Novick, 1968):
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R yz ~

2 
sxt+ (“ 2 -1.0) r
sxs

xy rxz
(2)

2 2
xt ? ? 4-{[1.0+( —2 -1.0)][1.0+( -2 -1.0)r£z ]} *
xs sxs

x y z
x y z
x y z

• • *

x_____________ y_____________z
x ? ?
x ? ?

• • •
X ? ?

Figure 3. Three variables with a single 
pattern of selection.

These formulas are based on two underlying 
assumptions: 1) a distribution assumption and 2) a 
selection assumption. The first assumes that the 
regression of the missing data variable(s) on the full 
data variable is linear and homoscedastic. The second
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assumes that the process which results in the missing data 
is ignorable (Rubin, 1976) . In the two variable case (x 
and z) , a selection process is ignorable if, given x, 
there is no probabilistic relationship between the 
likelihood of being selected and the outcome variable, z. 
This occurs when selection is based solely on the x 
variable, or, if based on other variables too, these are 
not related to the outcome variable, given knowledge of x. 
The selection process is non-ignorable when, given x, 
there is a probabilistic relationship between the 
likelihood of being selected and the outcome variable, z. 
It is simple to show that if a non-ignorable selection 
process is assumed to be ignorable, biased estimates of 
the strength of the xz relationship will result (Maddala, 
1983). In the real world, the ignorable selection 
process is likely to be the exception.

In the ignorable case where the full and partial 
data variables are arranged hierarchically as in Figure 
4, maximum likelihood estimates of the parameters can be 
obtained in the following straightforward way:

a) regress the y scores on x,
b) regress the z scores on x and y.
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X y z
X y z
X y z
• •

• •

* •

X yX yX
•

y
•

•

X
•

yX ?
X •?•
• •
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«
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Figure 4. Three variables with two patterns of 
selection, hierarchically arranged.

For the purpose of discussing and describing the 
selection process, it is convenient to define a new binary 
indicator variable, m, standing for whether (m=l) or not 
(m=0) a subject has a score on the outcome variable. More 
specifically, the case where m=l would indicate a subject 
for whom there is an x score (predictor variable) who is 
selected and subsequently observed on z (outcome
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variable); m»0 would indicate a subject for whom there is 
an x score, who is not selected and therefore does not 
have a z score. Using this definition of m, an ignorable 
selection process can be described as follows:

P(m=l I x,z) = P(m=l | x)

i.e., given x, there is no probabilistic relationship 
between the likelihood of being in the program and the z
scores. The non-ignorable process can be written:

P(m=l | x,z) ft p(m=l | x)

i.e., given x, there is a probabilistic relationship
between the likelihood of being in the program and the z
scores.

Most relevant work regarding the problem of 
restriction of range has investigated bias in the 
correction formula (1) when the distribution and selection 
process assumptions have been violated. The effect of 
violating the distribution assumption of linearity and 
homoscedasticity has been considered by Lord and Novick 
(1968), Greener and Osburn (1979, 1980), and Novick and 
Thayer (1969). Their findings indicate that the corrected
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correlation estimates using the standard formula are 
better (less biased) than uncorrected estimates under a 
variety of simulated violations of these assumptions. 
Exceptions to this occur when sample sizes are small and 
when the selection or restriction is extreme.

The selection process and the effect of 
inappropriately ignoring it has been studied by Forsyth 
(1971), Gross and Fleishman (1983), Linn (1968), Linn, 
Harnish and Dunbar (1981) and Rubin (1976). Whereas 
violations of the distribution assumptions do not 
seriously affect the estimates obtained using the 
traditional correction formula, its use when there are 
violations of the selection process assumption can lead to 
seriously biased estimates of the size of relationships 
among variables. Since the traditional procedure using 
the correction formula for estimating the underlying 
relationships among the variable where there are missing 
data gives unbiased estimates only when the selection 
process is ignorable and since this is rarely the case, it 
would be desirable to use a method of parameter estimation 
which is not based on the ignorable selection process 
assumption.



11

One can consider maximum likelihood approaches to 
the problem— approaches which do not require an ignorable 
selection process and which allows the researcher to take 
the non-ignorable selection process into account. In order 
to use these approaches, two different probability models 
must be introduced.

First, the probability density for each individual's 
scores on the selection and criterion variables must be 
formulated. In the case, for example, where there are two 
selection variables, x and y, and a single outcome or 
criterion variable, z, the form of this probability 
density, Pfxj, yj, 25) for i=l.. .N applicants, must be 
provided. Second, the selection process (or processes) 
must be modelled. This takes the form of a conditional 
probability distribution describing the probability that 
individuals were selected given the data: P(m=l |x,y,z). 
The researcher could argue that the missing data are 
missing as a monotonic function of the variables of 
interest, i.e., the higher the scores, the more likely 
they are to be present. Or, instead, it could be argued 
that a non-monotonic relationship exists as would be the 
case where scores from the low and high ends of the
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distribution are less likely to be seen than those from 
the middle range. Whatever the case, a mathematical 
statement describing the conditional probability of 
selection given the data must be provided. With these 
models of how the variables are related to one another and 
with the data, the maximum likelihood estimation 
procedures then provide estimates of the underlying 
parameters.

Work in applying the maximum likelihood approaches 
has been done in econometrics (see Maddala,1983) but has 
not been widely applied to psychometrics. Also remaining 
to be investigated are actual applications of the maximum 
likelihood techniques to real and complex data sets. The 
problems which are likely to be encountered when applying 
the methods to real data sets can be viewed as of two 
kinds. In the first place, real situations can be 
expected to pose modelling difficulties. A real situation 
might be expected to involve more than one predictor 
variable, raising the possibility that data are missing on 
more than one variable. As a consequence, there are more 
probabilistic relationships which must be modelled and 
employed, and the manageability of such techniques must be



13

explored. In the same vein, the use of simplifying
1

assumptions in formulating the problem may be recommended 
by the researcher and the use and justification of such 
assumptions must be investigated.

The second kind of problem concerns the actual 
functioning of the maximum likelihood estimation 
procedure. To begin with, where the function to be 
evaluated is a non-linear function of the parameters, one 
must typically employ an iterative method of estimation, 
and therefore the appropriateness of the chosen starting 
values must be assured. Furthermore, the researcher must 
consider whether or not special difficulties are posed for 
maximization by complicated functions with many 
parameters to be estimated.

It is the purpose of this paper to address these 
issues through the analysis of a real data set consisting 
of scores on three psychometric variables: a graduate 
school admissions examination (GRE), undergraduate grade 
point average (UGPA), and graduate school grade point 
average (GGPA), for those students who applied for 
admission to graduate study at a unit of the City 
University of New York. All subjects have UGPA. Since the
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GRE is not required, only some applicants submit these 
scores and therefore there will be missing data on this 
variable as well as on the GGPA. Thus, two selection 
processes will be taking place and two binary indicator 
variables, my and mz, will be created.

The data set can be represented as in Figure 5:

UGGPA(x) GRE(y) GGPA(Z)
X y ?

I x y ? my=l, mz=0
• • •

• • •

_______ x______________ y_____________ ?_____
x y z

II x y z my=l, mz=l

_______x______________ y_____________ z_____
x ? z

III x ? z mv=0, m„=l

X ? z
X •?  •?

IV x ? ? my=0, mz=0

Figure 5. Representation of data set.



15

where if an individual submits GRE scores (y) , m ^ O
if not; m ^ l  if the individual enters the program and 
therefore has a graduate grade point average; m z=0 if not. 
The question marks are located where data are missing. The 
Roman numerals refer to groups distinguishable by their 
patterns of data and missing data.

Several questions would be asked by the 
psychometrician concerning these data: 1) how well does 
undergraduate grade point average, x, predict graduate 
school performance, z? 2) how well does performance on the 
Graduate Record Exam, y, predict z? and 3) is prediction 
of z improved by using both predictors, x and y, together? 
Answers to these questions require estimation of nine

X - iunderlying parameters, i.e., M*, ,/3,y„, Ayix,
/3,11J(, qj » ^ynx' easily can be transformed to get
the following set of parameters: , <T*, , /ly,

Generally stated, our objective will be to apply the 
maximum likelihood approach to estimating the underlying 
parameters of this data set with its patterns of missing
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values. For this purpose, we will develop the likelihood 
functions for our data in the most general case and then 
modify the functions to conform to three sets of 
assumptions concerning the nature of the selection 
processes. Using the functions adapted for our 
assumptions, we will do three analyses of the data. First 
we will assume that there are two ignorable selection 
processes and that the missing GRE scores and graduate 
GPAs are missing independent of the undergraduate GPA. 
Second, we will assume that there are two ignorable 
selection processes but that the missing data are missing 
as a function of undergraduate GPA. Third, we will assume 
that in addition to both selection processes being 
dependent on undergraduate GPA, one of the selection 
processes is non-ignorable. More specifically, we will 
argue and assume the following: (a) that the selection 
process involving GRE scores (my) is ignorable, (b) that 
the selection process involving graduate GPA (mz) is non- 
ignorable, and (c) that the best description of this 
latter selection process is that it is an increasing 
monotonic function of x and z.
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CHAPTER 2 

LITERATURE REVIEW

The general problem which we are investigating is 
one of estimating the relationships among a set of 
variables when complete data are not observed. Such a case 
typically arises, for example, in test validations studies 
where often there are complete data on a predictor 
variable, x, but incomplete data on a criterion variable, 
y, due to loss of subjects (Lord & Novick, 1968). The 
process through which subjects are lost is known as the 
selection process.

The data for the case where there is a single 
predictor variable, x, and a single criterion variable, y, 
(case A) are represented schematically in Figure 6.
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x y ®
x y 1
x y 1
• * •

• • •

• • •

x_________ y_________ 1_
x ? 0
x ? 0

• • •

x ? 0

Figure 6. Case A.

where x is the predictor variable, y the criterion 
variable, and m is a binary indicator variable 
representing the selection process and standing for 
whether (m=l) or not (m=0) a subject has a score on the 
criterion variable, y. This case arises when, for example, 
a graduate school department wishes to evaluate the 
Graduate Record Examination (GRE) as a predictor of 
graduate school achievement. There are GRE scores for all 
applicants, N, but achievement scores only for those (ns) 
accepted and enrolled students; typically n B< N.

Another pattern of data (case B) arises when there
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is a single predictor variable, x, and two criterion 
variables, y and z, both of which have the same pattern of 
missing data. Case B is represented in Figure 7. In case

x y z m
x y z 1
x y z 1

• • • •x_________ y_________ z_________ 1
x ? ? o'
x ? ? o
• » * »
• • * •
• « • •

x ? ? 0

Figure 7. Case B.

B, a single selection process is responsible for the 
missing data on both y and z. Such a case would arise, for 
example, when a school wishes to evaluate the GRE as a 
predictor and has two criteria of interest, e.g., overall 
grade point average (GPA) and GPA for area of 
concentration.
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While the data patterns described in cases A and B 
have typically been discussed in the psychometric 
literature (see for example, Lord & Novick, 1968), more 
complex patterns frequently emerge from real life 
situations. The data for the variables in our study are 
schematically represented by Figure 8.

x y z my mz
x y ? l o
x y ? 1 0

x_________ y_________?_________ l_________o_
"x ? z 0 l"
x ? z 0 1

x
X y z 1 1
X y z 1 1
• ■ * * •

• * * • •

• • • • •

X y z 1 1
X ? ? 0 0
X ? ? 0 0
• • • • •

• • • • •

• • * • •

X ? ? 0 0

Figure 8. Schematic representation of 
study's data set.
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There are two predictor variables, x and y, and a single 
criterion variable, z; in addition, there are two 
selection process indicator variables, my and mz . The my 
variable refers to the selection process resulting in data 
missing on the y variable and the m„ variable refers to aIs
second selection process resulting in data missing on the 
z variable. The problem is to estimate the parameters 
relating the x, y, and z variables.

One general approach to parameter estimation where 
there are missing data uses the method of maximum 
likelihood estimation. The maximum likelihood parameter 
estimates are defined to be those which are most probable, 
given the data, and, in large samples, have several 
desirable statistical properties (Hogg & Craig,1970).

In order to obtain the maximum likelihood estimates 
of the underlying parameters, one must specify the joint 
likelihood of the sample data. The likelihood, L, of the 
data consists of the joint probability density for the 
observed scores for each of N subjects. In general, we can 
denote the scores for subject i on p variables as vii ,
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v2i '•••*vpi • In addition, we can denote the presence or 
absence of a score on a variable, Vp , by a score of 1 or 0 
on an indicator variable, Wp.

N
l= n  p(vii ,v2 1  vpl ,% 1  v | e ,  4) <3>

A subject who has a m score of 1 will have a score on Vpt1?
Where m^ equals 0, however, there will be a corresponding 
gap in the likelihood function due to data being missing 
on Vp . The parameters underlying the distribution of the 
variables, v-| ,V2 ,... ,vp, are denoted by Q  . The 
parameters underlying the selection process, i.e., the 
conditional distribution of the m variable(s) given the v 
variables, are denoted by (J> . The likelihood function is
a function of both Q  and (|) , i.e., L=f( 9, $> , and is
therefore mathematically maximized with regard to the 
parameters in Q  and <1> . Following the practice of Rubin
(1976), we assume the parameters in 0  and to be
distinct.

It is convenient and equivalent to work with the 
logarithm of the likelihood function:
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N
in L = £ l n  p(v1± #v2i ,... ,vpi ,m1± ,m2i ,.. . ,mpij Q  ,$) (4)

Of further convenience is a separation of the log 
likelihood function into two parts: 1) the probability
distribution of the variables, i=l,2,...,N,
j=l,2,...,p, and 2) the probability xnodel(s) for the 
selection processes, i.e., the probability models for the 
m variables, given the v variables. The likelihood 
function (3) then is as follows:

N
^  [P<vu ,v2...... vpi|0)] X

[P(m1i ,m2 i ,... /inp-J© 4'v1i'v2i' * • * 'vpi> ̂ 

and the log likelihood function (4) becomes:

N
In L= £  In p(v-| i »v2i ' • * •, vpil 9 ) +

N

X^ln P(>«ii  V ^ ' VU  v21-vpi)

In general, the estimates of the 0  parameters

(5)

(6)
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depend 1) upon the assumptions concerning the distribution 
forms of the v variables, and 2) upon the probability 
models for the selection process of the m variables. The 
nature of the assumptions can be explored for a variety of 
missing data situations.

Case 1 Ignorable selection process: p(m=l|x ,y)=p(m=l)

Suppose the case where there are paired x y data for 
ni subjects and only x data for n2 subjects. This 
situation is portrayed in Figure 6. For this case, let it 
be assumed that the missing y data are missing completely 
at random: p(m=l[x,y) = p(m=l). Not only is the selection 
process ignorable since the process is independent of the 
criterion variable, y, but it is also independent of the 
predictor variable, x. Further suppose that the x and y 
scores are from a bivariate normal distribution. This case 
might arise if a school wished to compare two achievement 
tests, one given to all students and the other given only 
to a random sample of students from the school.

Let us separate the likelihood function into two 
components, and , where gives the likelihood 
function for group 1 (n̂  subjects having both x and y
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scores) and where L2 gives the likelihood for group 2 (n2 
subjects having x scores only) are as follows: 

n 1
l T = J"Tp(xil ̂  )P(yj.l 0  ,xi)p(mi=l|©/ x ^ y ^

(7)
n 1

= r W J  ©  JpCyJ©, xi)p(mi=l| $)

n2
L2 =iTTp(x;L} 0  )P(mi=Q)<̂ , x±)

(8)n2
=rrP(xi|©)p(mi=o)(>) 
i=l ~

The logarithm of the likelihood function, In L, is then 
In L = In L.j + In L2 , where

n 1 n 1
In L = Z  m  p(x | ©)p(y | x ,©) + 3” ln p(m =l| $  ) (9)

1 i=l 1 ~ 1 1  i=l 1
n2 n2

In L » X  ln P(x l ̂  ) + In p(m. =oj <J> ) . ^ i=l 1 “ i=l 1
(10)

It should be noted that ©  and <£ appear in separate 
terms. In this case it is possible to express the
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likelihood function as the sum of two functions:
L =f(0, ^ ) =f(@)+ f((P) since the parameters underlying 
the x y distribution, i.e., those in S  , and the 
parameters underlying the selection process, i.e., those 
in , appear as separate factors. Thus, given that 0  and 
are distinct parameters, there is no need to jointly 
maximize f( 9  $ ). In addition, since n̂  can be 
considered to be a random sample from the population of 
interest, one could ignore group 2 and estimate ©  by 
maximizing the likelihood function for group 1 given the 
group's x and y data; i.e., one maximizes

n 1
L(0)= ^  ln P(xi|0)p(yi| x ±l 0  ) (ii)

Assuming x and y to be bivariate normal, the maximum 
likelihood estimates would be as follows:

•j =mean of the n ̂ x scores
2X1 ^variance of the n̂  x

scores
qy =least squares regression

constant for predicting y 
from x, computed from the 
x y data of the n̂  
subjects

A
= X

A X
as S

A
/3.y = b



(12)
=least squares regression 
coefficient for predicting 
y from x, computed from 
the x y data of the ni 
subjects
=the residual variance 
computed from the x y data 
of the n| subjects

The population correlation, , is a simple
function of the parameters contained in 0  :

/3ly - bly

A. z. _ 2 
^J|x Se

The maximum likelihood estimate of is simply
obtained by replacing the parameters in (13) by their 
maximum likelihood estimates:
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where rx^ is the product moment correlation between x
and y computed in the n̂  subjects.

Of course it would be better to use all of the 
information, i.e., the x scores in group 2 as well as the 
x and y scores in group 1, and therefore preferable to 
maximize the likelihood function:

In L(0)= X  In p(Xj|e )p(y± | â, & ) + £  In p(x-j0 ) 
i=l i=l

(15)

Again, it should be noted that Q  and (J> are in separate 
additive factors and that, for the purpose of estimating

n

n i+n2

©  , <j> can be ignored. The maximum likelihood estimates
of the Q  parameters would be as in (12) except

A *  » xt =mean of the n̂  + scores

=variance of the n-j + n  ̂
scores.
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The population correlation would be again as in 
(13). In this case, however, replacing the parameters in 
(13) by their maximum likelihood estimates gives the 
following:

where rXy is the product moment correlation between x and
2y computed for group 1; s . is the variance of x computed

2 X1for group 1, and sxt is the variance of x computed for 
all x subjects. In other words, estimates of the x y 
relationship are made using the x y data from group 1 and 
estimates of the parameters of the x distribution are made 
using the x scores of all subjects.

blySxt

(16)
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The second equality in (16) is easily recognizable 
as the widely used correction formula (1) for estimating 
the x y correlation when data are missing on y (Lord & 
Novick, 1968). The maximum likelihood estimate for 
given by (16) was originally derived by Cohen (1955). It 
should be noted that in the case described here where data
are missing completely at random, i.e., independently of

2 2 both x and y, both sx1 and sxt are consistent
estimates of £7/ . Thus in cases where the sample sizes n̂

2 2and n1 + n2 are not "large", the ratio ŝ 1 /s^ will 
typically be close to 1.0. In this case, the estimates for 
given by (14) and (16) will be similar.

Case 2 Ignorable selection process; p(m=l|x,y)=p(m=l | x)

Now suppose the case where again, from a bivariate 
normal distribution, there are paired xy data for nj 
subjects, and only x data for n2 subjects (as in Figure 
6). Assume here, however, that the missing y data are 
missing as a function of x; p(m=l|x,y) =* p(m=l[x) 
p(m=l). Such a situation occurs, for example, when a cut 
off score on a qualifying examination, x, is used to
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determine selection and there are no other variables 
influencing the process. The selection process is 
independent of y but not of x. Thus the selection process 
is ignorable as defined earlier. Generally stated, 
selection has been made only on the basis of a score on 
the x variable, or, if there are other variables on the 
basis of which the selection is made, they are not 
probabilistically related to y. The log likelihoods for 
group 1 having n-| subjects and for group 2 having n2 
subjects are as follows:

n 1 n 1
In L, = 7L In ptxjQjpfy-Jx-^ ©) + £  In p(it̂  =l| xi# 4> )

i=l i=l

n2
In LP = ZL In p(x, I ©) 

^ i=l "

(17)
n-

+ Z. In p(mi=0 I x±, 4> )i=l 1 ~

Again, as in case 1, ©  and appear in separate 
terms and it is possible to express the likelihood 
function as the sum of two functions: L( ©, $  )= f1 ( f ) +
fgfCj)). Given that ©  and (J) are distinct parameters,
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there is no need to jointly maximize f ( &  , ).V "
The maximum likelihood estimates of the 

parameters would be as follows:

/Hj, = Xj. =mean of the n^+ n^ x scores

2U^ = sxt =variance of the n. + x
scores

(18)
( \  = bQ„ =least squares regression

constant for predicting y 
from x, computed from the 
x y data of the n-| subjects

A

(3,y = b, =least squares regression
 ̂ coefficient for predicting

y from x, computed from 
the x y data of the n, 
subj ects

A-** 2VT = s0 =the residual variance
y computed from the x y data

of the n̂  subjects.

The maximum likelihood estimate of Q %y is identical to
(16). Again, this would be found as follows. Since, by 
definition, the population parameter is:
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p = (q ,1) 1*
*y (AvCrS <■ <ry*,)''

then an estimate of the parameter is:

<?,, = ? 
<b?y4t + 4  )

xy

2
Crxy

In the earlier case where p(m|x) = p(m), consistent
Jestimates of the population parameters and <-/* could

be based on group 1 only or on the total N x scores. In
this case, where the y scores are missing as a function of
the x scores, the selected group will not provide a random

asample of the x scores. If one bases one's estimates of
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A*-and \Tf on the selected group only, the estimates will beA
biased as will the population correlation, Q y  In order to

A 2.obtain unbiased estimates of Atxand O'# , one must use x 
data from the total N. The other estimates would be based 
on the data from group 1.

It is this case (case 2) which psychometricians have 
most frequently examined when investigating the 
restriction of range problem. The correction formula (1) 
was derived to correct for restriction of range when there 
are full data on one variable and partial data on a second 
(Pearson, 1903). This formula, and the adaptation of it 
(2), are based on two underlying assumptions: 1) that the 
regression of y on x is linear and homoscedastic 
(distribution assumption) and 2) that the process which 
results in the missing data is ignorable. The robustness 
of the formulas has been widely investigated when these 
assumptions are violated.

Studies in which violations of the distribution 
assumptions have been examined indicate that the estimates 
obtained using the correction formula are less biased than 
uncorrected estimates (Greener & Osburn, 1979, 1980; Gross 
& Kagen, 1983; Novick & Thayer, 1969). Exceptions to this
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finding occur when sample sizes are small or selection is 
extreme i.e., more than 20% of the observations are 
missing. Studies involving violations of the selection 
process assumption suggest that the correction formula 
will typically provide estimates that are seriously biased 
(Gross & Fleishman, 1983; Linn, 1968; Linn, Harnish & 
Dunbar, 1981).

Case 2 Non-lgnorable selection process; p (m=l[x ,y) £

p(m=H xj.

Now let us suppose that the selection process is 
non-ignorable, i.e., that, given x, there remains a 
probabilistic relationship between being in the selected 
group (m=l) and the y variable. This occurs, for example, 
when selection into the group has been made on the basis 
of several predictor variables, x^, x2 ,...,Xp but only x̂
is observed. The other or additional variables x2 , x̂ >

*
,...,x can be referred to as 9^ven xi • there is

■itno probabilistic relationship between y and , the
selection process is ignorable. However, if given x , y is

*related to x. , then the selection process is notĉl
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ignorable.
In the ignorable case, the maximum likelihood 

estimates for the parameters underlying the Xj y
distribution are given in (12) or (19). However, when

*there is a probabilistic relationship between y and 
given x^, the regression weights, b^^ and b^y will be 
biased estimates of and (3,yand will lead to biased 
estimates of C*y (Madalla, 1983). More specifically, 
where p(m | x ,y )=p(m | x ),

E(y|x,m=l) = (30 + (3, x ; (19)

but when p(m | x y ) ^ p(m { x ),

E(y|x,m=l) = Ao + (3.x, + (3^ (x) (20)

where f(x) is a function of x^. In the econometric
literature, the error of ignoring x when estimating the
relationship between x and y is referred to as 
specification error (see Heckman, 1979).

In the non-ignorable case, the likelihoods for group 
1 with n subjects having both x and y scores and for 
group 2 with n2 subjects having x scores only are as 
follows:
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n l

L = T“I p (xlJ &) p (y±/ ̂  0  ) P {n»x=l | Xi/Yi/^ ) i=l "
(21)

n2
L = r T  p(xi|©)yp(mL=o|ici ,y± , ^ Jpfyil^L,©)

1 u«T*

The log likelihood functions for each group are: 
n1 ni

In L-- 7L In pfxje) + £ l n  p (ŷ l at, , 0) +1 i=l ^ i=l ii i -
n 1
2* ln pO^ =1)^  , y ± )

(22)
ng iv,

ln b = T.ln P(Xj_|0) + £  m  p(m =o|x, ̂  ©  )i_i j- - i=1 x -l- -

The complete log likelihood function is:
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V n2
ln L = ll In p(xj| © )  + 1=1

(23)
ni

X ^ ln P(yiI xi ,P)p(mi=l|xi ,yi , ̂ )) +

n~
Z  In p(m. =o|x. , Q , <J)) 1=1 1 1 1 -

It should be noted that In this case where it is assumed 
that the selection process is not independent of the y , 
variable, ©  and (f) appear in the same term and cannot be 
treated as separate factors. In order to estimate the 
parameters underlying the x y relationship, it therefore 
is necessary to jointly maximize 0  and (J) . When the
selection process was ignorable and 0  and <j) were in 
separate additive factors, the maximum likelihood 
estimates for ©  could be obtained by maximizing (11). In 
this case, where 0  and ^ are not separable, it is 
necessary to provide a mathematical description of the x, 
y, and m joint distribution: p(x, y, m |© (|>) or 
equivalently, p(x| ©)p(y|* 0)p(m|x,y, (f> ). This requires



39

the addition of a model for p(m|x,y, (f>), i.e., the 
selection process.

Madalla (1983), in reviewing work in econometrics, 
discusses different non-ignorable selection situations and 
the models which have been proposed to mathematically 
describe the selection processes. One non-ignorable 
selection process occurs when x scores are available for a 
sample, N, but y scores are available only if the y score 
is above (or only if it is below) a certain y score, the 
cut off score or c, where c is a known constant. This is 
shown in Figure 9. Such a situation could occur in 
education, for example, where detailed family income 
information is often available only if family income is 
below a certain level, but scholastic aptitude information 
is available for all students. The psychometrician may 
wish to consider the relationship between aptitude and 
family income in the general population.
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X Zx y group I
x y
• •

• •

• *

x y
 c
x ? group II
x ?
• •
• •

• •
X ?

Figure 9. Missing data where there is a 
cutoff point y c .

It can be seen in Figure 10 that the x y data for 
group one is systematically different from the x y data 
set that would have been observed for all subjects if 
there were no missing data. It is further evident that, as
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y observed data, 
i.e., group I

Figure 10. Distortion of x y data plot as
a result of non-ignorable selection.

a consequence, the true regression line for the population 
and the estimated regression line calculated on the basis 
of the observed x y pairs can be significantly different. 
This contrast is illustrated in Figure 11.
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y true regression line 
estimated regression line

c

___________________  x

Figure 11. Illustration of likely differences in 
regression line in the case of non- 
ignorable selection.

The model for this non-ignorable selection process 
is as follows:

p(m=l|x,y) = 1  if y>c

= 0 otherwise

The Tobit model (Tobin, 1958) describes this process in 
the special case when c is equal to zero:

p(m=l|x,y) = p(y>0 |x,y).

The likelihood functions for group I with paired x,



y data and m=l, and for group II with x data only and m=0, 
are as follows:

n 1■<r <24)In L p ^ l n  p f x j  © ) p ( y i |x1 ©)p(xn1=llxi ,y1 ,^) ;

since for group I, pCni^l) x^y.^, (J>)=1, 

n l
= £ l n  p(x | 0 )p(y.|x ©) .i=l 1 i-

n2
In L2= 2Tlnyp(xif^)p(y1 |xi©)p(mi=o|xi,yi, $  ) dy

l-i y  

n2
T  (25)= 21 In p(xi|0 ) +
i=l

n 52 co
ilnyp(yi/Ki,©)p(in;L=o/xifyi, dy;
-CO

since for group II, p(m=0) is 0.0 for y scores greater 
than c,
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The complete likelihood function is:

n i+ n2 ni (26)
In L = X" In p{x I 0) + 2Tlnp(y)x. , ©  ) + 

i = l  i *“ i=i i -
n2
Z  In p(y<c/xi;©,<t>) .
i=l

It should be noted that 0  and <$> cannot be separated 
into additive factors and so must be maximized jointly. In 
this case, where simultaneous maximization must be done, 
iterative methods are necessary for the calculation of 
maximum likelihood estimates. Details of the estimation 
procedure can be found in Maddala (pp. 151-160, 1983).

Another non-ignorable selection process is 
frequently encountered when there is no observable cut off 
score on either the x or y variable. In this case, it is 
useful to think of the selection process as dependent on 
an unobservable, underlying random variable, u, whose 
distribution is a function of x and y, and on which there 
is a threshold value, Uc, marking selection into the 
sample. The u variable can be viewed as a composite of all
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predictor variables, xi , X2 ,...Xp which could include 
previous achievement, qualifying examinations, one or more 
admissions interviews, an assessment of motivation, 
ability to pay, other schools applied to, et.al. Some of 
these variables may not be observed and/or may not be 
easily quantified but are nevertheless relevant to the 
selection process. The observed x variable, whose 
predictive validity one investigates, typically is but one 
member of the entire set of selection variables which 
comprise the u variable. Given x, the probability of 
selection is the probability that all of the remaining x 
variables fall in some interval. For example, suppose u = 
w-|X-]+ W2 X2 + w^xj where x̂  is the observed predictor 
variable and and xj, are unobserved selection variables. 
Individuals are selected if u>uc. Given xi, individuals 
are selected if (W2 X2 + w^x^) > (uc-w-|Xi). If x̂  and x^ are 
related to y, given x^, it follows that the probability of 
selection, given x^, will depend on y and the selection 
process is non-ignorable. If this is the case, biased 
parameter estimates of the x y relationship will again 
result if one simply regresses y on x in the selected 
group.
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In order to model this selection process and use It In a 
description of the data, i.e., in the likelihood function, 
we must give mathematical form to our assumptions about 
the distribution of u given x and y. It is often 
reasonable to assume that higher scores on the predictor 
variable, x, are associated with higher scores on y and 
that, after controlling for x, higher "scores" on u are 
associated with higher scores on the criterion variable, 
y. This selection process results in a selected group with 
individuals who have obtained the higher scores on x and 
who, given x, are likely to obtain higher scores on y than 
would have have been obtained by those who were not 
selected. It should be recalled that since there are no y 
scores for those excluded, this assumption again cannot be 
directly confirmed.

A convenient probability model for this type of 
selection process, assuming that the distribution of u 
given x and y is normal, is the probit model {Heckman, 
1976; Madalla, 1983):
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ci0 + c*,x + <^y

P(u| x,y) (27)

where <|) is the unit normal density:

P(ujx,y) = N( ch.+ <*, x + ofzy, l) .

It can be seen that the probability of selection is 
described as a monotonic function of both x and y.

The likelihood function for group 1 with paired x y 
data and m=l and for group 2 with x data only and m=0 are 
as follows:

In £ l n  PfxjGjpfyJ x±©  )p (1 1 ^ = 1 ,y± , <£)
(28)

n n
= I^ln p(x±|0) + X-^ln p(yi|x±0)p(mi=l|xi ,y;L , $ )
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n-

ln L2as.̂'1ln $>

n- n-
= X i1n P(xj0) + iZI lny,p(yi| 3j,&)P(n^-o) , y ± ,(£)dy

The full log likelihood, L=L^ + , is:

+n^ n̂

ln L =i^. ln P(Xj- ^ ) + ^ ! ln p(yilâ .'®,p^ =1l^L ,yi '$> 

n2
+ £  ln

i=l
y

Again, it should be noted that 0  and ^  cannot be 
separated into additive factors, and must therefore be 
maximized jointly. The maximum likelihood estimates can be 
worked out for all parameters in the model. Details of the 
procedure can be found in Maddala (1983).

One way of using this model of the selection process 
was developed by Heckman (1976). Using the probit model, 
Heckman developed a two stage technique for estimating the

/pfYjJ ̂ 0  )p(mL=o| Xj_ , y ± ,<p )dy
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parameters of the full regression model (20). With the two 
stage technique, it is possible to obtain a set of 
consistent parameter estimates which closely approximate 
the maximum likelihood estimates (Heckman, 1976; Muthen 
and Joreskog, 1983). Olson and Becker (1983) recognized 
the importance of the non-ignorable selection process to 
fields outside econometrics, and recommended in particular 
that the techniques of the two stage analysis be applied 
to the field of personnel psychology.

The probit model provides a mathematical description 
of one selection process, one which often conforms to our 
assumptions about how the process is working. It should be 
pointed out, however, that other processes are possible.
It might be argued, for example, that the selected group 
tended to have individuals with middle range x and y 
scores and that the individuals with either low or high 
scores were not chosen or were self-selected out. It is 
clear that such an assumption about the selection process, 
i.e., about p(m =l|x ,y , <J>) , would require a different 
probability model.

It can be said in summary that the work in 
econometrics has clearly demonstrated the necessity of
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modelling the missing data in the case of the non- 
ignorable selection process. It has also advanced the 
techniques of probability modelling and maximum likelihood 
estimation. The cases used to illustrate non-ignorable 
selection have involved a single predictor, a single 
criterion, and a single indicator variable. The analysis 
of a real data set is expected to illuminate the 
complexities inherent in the approach. Analysis of complex 
psychometric data using maximum likelihood methods should 
provide a useful methodological demonstration of the 
approach in general, as well as an opportunity to explore 
the application of work done primarily in econometrics to 
the field of psychometrics.
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CHAPTER 3 

METHODS

The psychometrician frequently encounters complex 
data sets with several variables and with data missing on 
one or more of these variables. The data set which we 
will use conforms to this description. Using binary 
variables to indicate selection process, we can represent 
the data as in Figure 12.

This data set, obtained from a graduate unit of the 
City University of New York, consists of scores on two 
predictor variables, undergraduate grade point average 
(available for all applicants) and Graduate Record 
Examination (not mandatory and so not available for all 
applicants), one criterion variable, graduate grade point 
average (available only for those who enter), and two 
indicator variables which correspond to whether (m=l) or
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not (m=0) the GRE and the GGPA is available (m-y and mz 
respectively). Of the 363 who applied, 214 entered for 
graduate study and obtained a graduate grade point average 
(groups II and III). Those in groups I and IV did not 
enter, some because they were not admitted, some because 
they chose to go elsewhere.
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UGGPA(X) "V GRE(y) mz GGPA(z)
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•
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•
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•
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•

•
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■
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■

X
•
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•
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III X 0 * 1 z

X 0 ? 1 z
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•

■

•

•

•

•

•

•

•

•

X
•

0
*

?
•

1
■

z
IV X 0 ? 0 ?
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■

■

*

■

•

•

•

•

•

•

•

X
t

0
•

0
*

•

0
••?

N=3 63

Figure 12. Schematic representation of grouped
data with number of subjects per group.

Our objective is to estimate the relationships 
among the variables in order to answer three questions. 1) 
How well does undergraduate GPA predict graduate school
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performance? The parameter of interest is . 2) How
well does the GRE predict graduate GPA? The parameter of 
interest is 3) Is prediction improved by using both
undergraduate GPA and GRE or could the GRE be ignored? The 
parameter of interest is equivalent to (j Xy - . As
we have shown, when there are missing data, answers to 
these questions are not necessarily straightforward and 
depend on what selection process is assumed to have led to 
the data being missing. We can expect different estimates 
depending on the selection process assumption.

We will answer the three prediction questions 
concerning , and using the maximum
likehihood approach and will obtain maximum likelihood 
estimates of the population parameters under three sets of 
assumptions concerning the selection processes. In the 
first analysis, we will assume that both of the selection 
processes are independent of the x y z data; in the 
second, that the selection processes are related to x but 
not related to y or z, given x; and in the third, that 
only one of the processes is ignorable. The other process 
we will assume to be non-ignorable, i.e., dependent on a 
variable with missing data. The differences in the
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r e s u l t i n g  s e t s  o f  p a r a m e t e r  e s t i m a t e s  w i l l  i l l u s t r a t e  t h e  

i m p o r t a n c e  o f  t h e  s e l e c t i o n  p r o c e s s  a s s u m p t i o n s .

T h e  c o m p l e t e  l i k e l i h o o d  f o r  o u r  d a ta,

L = ( x , y , z , m y ,mz| e, <Py, ), w h e r e  ©  c o n t a i n s  t h e
~ * * r>

p a r a m e t e r s  u n d e r l y i n g  t h e  x  y  z d i s t r i b u t i o n  ( At* O *  , {5
x * ^  a

°vik i &*> ^ ) a n d  a n d  4>a c o n t a i n  t h e  p a r a m e t e r s

u n d e r l y i n g  t h e  f i r s t  a n d  s e c o n d  s e l e c t i o n  p r o c e s s e s ,  c a n

c o n v e n i e n t l y  b e  w r i t t e n  as t h e  s u m  o f  t h e  l o g  l i k e l i h o o d s  

f o r  e a c h  g r o u p :  L=L^ +I2+ L j + I ^ . I n  t h e  g e n e r a l  cas e ,  t h e y  

a r e  a s  f o l l o w s :

n 1
I n  L , =  Z l n  p f x ^ y J  &) + 

i= l  "

n 1
2  ,y± ,z± ,<Py <fe)P(zi | >Y± ' © )

B

n2 ”2 
ln L2=i? ‘1ln P(xLyizil^)+ 21 ln
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n3 (3°)
In L ^ X l n  pfx^zj & ) +

; i=l ~

n3
71 lnyp(niŷ O;xnzjl/xi,yi,zi,̂ Y <̂ ,)P(y± | \ ' z±> &  )
1-1 y

n.
ln L,= 7  in p(x.|©) + 

h i=l 1 “

%

Zi ^  ^ P(yi'Zil Xi' ? )
t  y

where n refers to the number of subjects in the group 
indicated by the n-subscript.

Analysis 1 Ignorable Selection Process

In our first analysis, we assume that both selection 
processes are ignorable, i.e., independent of y and z, 
given x:

p(myit̂ |x, y, z) =p(my,mi).

In this analysis, we assume that the data are missing at
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random and not as a function of x, y, or z. In addition 
we assume that x, y, and z are from a trivariate normal 
distribution.

Under the assumptions of this analysis, the log 
liklihood functions can be written as follows:

factors and can therefore be maximized separately. The 
likelihood, L, can be maximized without regard to the 
selection processes. Given the added assumption that group

(31)

ln L/ = Z . ln i»i P < *  ,zj ©  ) + Z  m  p(«yj=o,T^j=i|4>v 4>,)i=l p.

It can be seen that in this case, ©  and the selection 
process parameters, 4?y and , are in different additive
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II is a random sample from a trivariate normal x y z 
distribution, maximization of the likelihood for group II 
alone will give maximum likelihood estimation of the 
parameters underlying the entire data set and information 
from groups I, III, and IV can be discarded. We recognize 
this to be equivalent to a regression analysis based only 
on those subjects who have x, y, and z scores. Such a 
regression analysis is frequently encountered in 
situations where there are missing data, but the 
assumptions noted above are rarely made explicit. If we 
are justified in making these assumptions, the parameters 
can be estimated as follows:

A =mean of the x scores

=variance of the x 
scores

*
A>y“ b0y =least squares regression 

constant for predicting y
from x, computed from the x 
y data of the n2 subjects

A

1̂ v - b 1y =least squares regression 
coefficient for predicting 
y from x, computed from the 
x y data of the subjects
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(32)

0 ^ = s =the residual varianceVi y y|x

A

A

computed from the x y data 
of the subjects

/ 3  = b =the least squares
*£ (-)z regression constant for

predicting z from x, 
computed from the n_ 
sub j ects

/3( = b-|Z =the least squares
* regression coefficient for

predicting z from x, 
computed form the x z data 
of the n2 subjects

2C7” = s “the residual variance
£ z|x computed from the x z data

of the n£ subjects

A* 2CT “ s - =the residual variance
computed from the x y z 
data of the n ^ subjects.

Again, by replacing the parameters in (13) with these 
maximum likelihood estimates, we obtain estimates of the 
population parameters of interest,

Analysis 2 Ignorable Selection Process

Our second analysis is based on the assumption that
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both selection processes are ignorable, i.e., independent 
of y and z, given x, but are both dependent on x:

P(my,mz.|x,y,z) = p(my,mz |x).

In this analysis, we assume that the data are missing as a 
function of UGPA (x), but independently of GRE (y) score 
and GGPA (z). This would be the case for m , for example,y
if those with low UGPA tended to feel that they needed a 
supplementary score to submit with their application and 
were therefore more likely than those with higher UGPA to 
take the examination. For , it might be the case if the 
admissions committee tended to accept those with high 
undergraduate grades and if, in addition, those who were 
accepted tended to enter (rather than go elsewhere). In 
addition, we make the same distribution assumption as in 
the first analysis, i.e., that x, y, and z are from a 
trivariate normal distribution.

The likelihood functions in this case can
conveniently be arranged as follows:
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*1 ”|
L,= Z  In p(xJ ©  ) + Z  In p(y± | j o , ©) +
1 i=l ± i=l '

n 1

n2 n2
L2- Z m  p < ^ f§ >  + Z  In Pfy-̂ ZjJ Xj_ , Q )  +i=l i=l

n2

n- n̂

Z^ln P(JVrl»"tfl|xL<frv4>.>
(33)

L^= Z  In pfxj©) + ln P(z^| \  ,© ) +

n3

n4
1̂  = Z  ln P(x,| ©) + Z  In p(m =0,m =0 |x <$v 4>*)h i=i 1 is=i y1 1 - -

In this case, as in analysis 1, Q  and the selection 
process parameters are in separate additive functions and
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need not be jointly maximized. The likelihood, L, can be 
maximized without regard to the selection process. Unlike 
analysis 1, however, the x scores for group 2 cannot be 
assumed to represent a random sample from the x 
distribution. As a consequence, in order to estimate the 
parameters underlying the x y z distribution, one must 
maximize the entire function (L = L-|+ L£+ L^+ L^, 
excluding the terms with my and mz), necessitating the 
use of all of the data from each of the groups. In one 
sense, the analysis could be considered straightforward 
since the selection processes are assumed to be dependent 
on a full data variable and ignorable. If the data were 
in a pattern as shown in Figures 2 - 4 ,  maximum likelihood 
estimates of the parameters could be obtained by 
correcting for restriction of range with the appropriate 
correction formula. However, in this case, the pattern of 
missing data is more complex and for this reason maximum 
likelihood estimation is not straightforward.
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Analysis 3 Non-ignorable Selection Process

In our third analysis, it is the selection processes 
(my it̂ ) which must be given mathematical form. We must 
model, and find ways to mathematically state, our 
assumptions concerning these processes. In order to do 
this, we can be guided to some extent by the data, but 
where there are missing data, we must give form to our 
subjective beliefs about how the data are missing, i.e., 
about how the selection processes have worked.

The complete likelihood function for this data set is 
given by (30). The term in the likelihood function for the 
selection processes can be conveniently rewritten as 
follows:

p(ity,n̂ . x,y,z) = p(my|x,y,z)p(mz|my/x,y,z) .

First we consider p(my(x,y,z), i.e., the probability of 
submitting or not submitting GRE scores as it is a 
function of 1) UGPA (x), 2) a potential or actual score on 
the GRE (y), and 3) a potential or actual GGPA (z). Since 
the GRE is optional, only about 30% of all applicants in 
our sample submitted scores, with total scores ranging 
from a low of 510 to a high of 1440. The mean was 890.3
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with a variance of 378.7. For the 363 applicants, the 
probability of taking the exam differed at levels of x. 
Based on this, and with our belief that these applicants 
are representative of applicants in general, we will 
assume that the my selection process is dependent on x. We 
hypothesize, however, that my is independent of y and z, 
That is, those who did not take the exam would have had 
the same distributions of y and z scores as those who did 
take the exam. It is not evident to us what factors led 
some to take the exam and others to not take it, but we 
see no evidence that the factors are dependent on y or z, 
after controlling for x. We assume, then, that p(myJx,y,z) 
= p(my|x) .

Next we consider p(m Im ,x,y,z). It should be 
recalled that m z=l signifies that an individual entered 
the graduate program and received a graduate grade point 
average; where it means either that the individual
was not accepted or that (s)he was accepted but chose not 
to enter. First we regard the relationship between my and 
m„ . In our data, there was no relationship found between

LA

m y and m z after controlling for level of x. This agrees 
with our belief that the probability of being in the



65

graduate program had nothing to do with whether or not the 
GRE was submitted. Neither the admissions committee's 
decision nor the accepted student's entry decision is 
likely to have been based on whether or not the GRE was 
taken. Therefore we will assume that pfm^Jm^Xjy,z)
= p(mz[x,y,z) .

Still considering the conditional probability of mz, 
we next look at the relationship between mz and GRE scores 
(y). One can ask the question, given knowledge of 
individuals' x and z scores, would knowledge of their y 
scores (actual or potential) be likely to improve our 
prediction of whether or not they are in the graduate 
program? It is our understanding that at present the GRE 
score is not considered in the admissions decision. In 
addition, it seems unlikely that a GRE score alone, i.e., 
after controlling for undergraduate GPA, would influence 
an accepted student's decision to enter or not. Therefore 
we assume that p(mz|x,y,z) = p(mz|x,z).

Finally we consider p(mz|x,z). We believe that a 
relationship exists between the probability of being in 
the graduate program and the undergraduate GPA (x) and 
that this probability is an increasing function of x. Our
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data support this conclusion, as does our information that 
the UGPA is the major variable considered by the 
admissions committee. We also believe there is likely to 
be a relationship between the probability of being in the 
graduate program and graduate GPA (z) after controlling 
for x. Of those accepted, approximately 30% decide not to 
enter. We think it likely that this decision is a function 
of variables which are related to how well the student is 
likely to perform in graduate school (z). We will assume 
that the GGPA (z) of those who enter are likely to be 
higher than the potential GGPA of those who are accepted 
but do not enter, i.e., that the probability of being in 
the program is a monotonically increasing function of z, 
given x.

A summary of the selection model assumptions is as 
follows:

P(my,10̂ jxyz) = p(ny|x )p(m^ | xz) .

As in the earlier two analyses, we will assume that x, y, 
and z are from a trivariate normal distribution.

The likelihood functions for the third analysis 
are as follows:



n 1 n 1 n 1
pfxj©) +î ln p(yi|xi€) +1̂ 'ln p ^ f 1 !*! >$-)

ni
+ Z  lnyp(zi|xi,yi ,^)p(n^=o|xL dz

i = l a "* ”2

II2 II2
Z l n  P t ^ l © )  + X l n p ( y 1 , z L| x , , © )  +

1=1 i=l 1 T-l T. -
(35)

n2

+ ^  l n  P ^ f 1! 3̂  ^  + ^ •1ln  P ^ z f 1! 3!  ,zi  ,<l i )

n3 ^  n3
Z l n  p f x j © )  + 2lln p(z | x , © ) +  Z  In p(n1 =o| x ,<fy) 
i=l i®*! i=l 1 —

"5
+ 2  In P(m =l|x. ,z. , 4l i=l zi / 1 1 7?

n, n.
k k

Z  In p ( x . | O ) + Z  In p(m ^=o|x , <t>y)
i=l 1 i=l yi 1

n*f
+ Z  lnypfzJXj^, ©  )p(mzFO|xi ,zi , d z  

2

In this case, it will be noted that ©  and <£m are



68

under the integral together and not in separate additive

be maximized jointly. In order to do this, we must model 
the selection process, i.e., provide a mathematical 
description of the probability of being in the graduate

Our assumption concerning the second selection 
process was that the probability of selection is an 
increasing monotonic function of x and z. One can view the 
process which results in subjects being in the institution 
and being observed on z as being a function of x and 
additional unmeasured variables. If we assume that these 
additional variables are monotonically related to z, the 
probability of selection will be a monotonic function of x 
and z. We can use the probit model to mathematically 
describe this selection process for the likelihood 
function:

factors. As a consequence, the parameters i n ©  and 4^ must

program, given z and x: p(mz|x, z,<^) .

Ofo + 0f,x + 0f4z

(35)
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From the three analyses, we will have obtained three 
sets of parameter estimates which we expect to vary 
depending on which selection process assumption is 
employed. Using these sets of estimates, we will see how 
the assumptions lead to different conclusions concerning 
the relationships among the variables in our data. The 
model for the third analysis is the most general, and the 
models of the first and second analyses are nested within 
it, , i.e., are special cases of the more general model. 
Because the models are nested in this way, we will be able 
to use the chi square goodness of fit test to compare the 
fits of the models. It is expected that the results will 
show the importance of taking into account the selection 
process when one validates psychological measures for 
which complete data are not available.
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CHAPTER 4 

RESULTS

The means and standard deviations of the variables 
by group can be found in Table 1. The correlation matrices 
by group are shown in Tables 2 - 4 .  The raw data are 
included in Appendix A.
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Table 1 
Descriptive Statisics 

of data by group

Group n

Statistic

X sX y sy z sz

I 55 2 .89 .463 895.6 20.22 - -
II 60 2.87 .483 885.5 18.90 3.33 .425

III 154 2.89 .450 - - 3.27 .467
IV 94 2.78 .479 - - - -

Table 2
Correlation matrix: 

Group I

x y

X 1.00 0.48
y 1.00



72

Table 3
Correlation matrix: 

Group II

X y z

X 1.00 0.31 0.42
y 1.00 0.29
z 1.00

Table 4
Correlation matrix: 

Group III

x z

X 1.00 0.36
Z 1.00
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Analysis 1

In the first analysis, it was assumed that the 
selection processes which resulted in missing data were 
independent of the x, y, and z variables; that is, data 
were assumed to be missing at random. The probabilistic 
model which describes the randomly missing data was 
expressed as follows:

p(my,mz | x,y,z) « p(my ,mz ) 

where m is the binary variable standing for whether or
v

not a GRE score (y) was submitted by an applying student 
and m„ is the binary variable standing for whether or notZi
a graduate grade point average (z) was available for the 
student. The log likelihood function for all of the data 
in this case is given in (31).

Under the assumption of randomly missing data, 
maximum likelihood estimates of the parameters underlying 
the trivariate normal x y z distribution can be obtained 
simply by analyzing the data from the subgroup which has 
complete information on all students, i.e., group II where 
n=60.

The parameter estimates for the analysis 1 are in the



first column of Table 5. The estimates of the first six 
parameters ( , /3.yi>(. ft.y,* > , /£.*,„ >
were obtained by regressing y on x, and z on x, in the 
selected group. Using variances and covariances computed 
on this group, the conditional covariance (CT̂ .̂ ) was 
calculated as:

s yz“ b 1 y s x <36)

Estimates of population correlation coefficients were 
obtained as follows:
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Table 5 *
Parameter Estimates Obtained as a Function 

of Selection Process Assumptions

__________Analysis_________________
1 2  3

Parameter

A 1.81 (0.17) 1.79 (0.12) 1.89
5.42 (1.43) 4.17 (0.96) 5.30

JL
1.19 (0.49) 1.63 (0.33) 1.25

O'*.*A 0.39 (0.04) 0.45 (0.02) 0.42 (0.04)

A 2.27 (0.31) 2.06 (0.19) 2.15 (0.44)
On, nt 0.37 (0.11) 0.42 (0.07) 0.38 (0.09)
G*.yw
£I a.xA

0.13 
0.42

0.18
0.40

(0.10) 0.16
0.39

A
’ 0.29 0.34 0.30

P's.ny 0.45 0.45 0.43
Note: estimated asymptotic standard errors 

are shown in parentheses.

A
The estimate for the multiple correlation, jcy , is



The undergraduate grade point average (x), accounting 
for slightly over .176 ((^ = -42 ) of the variance in the 
graduate grade point average (z), had better predictive 
validity than the Graduate Record Examination (y) which

A ̂
accounted for slightly over .084 ( *29 ) of the GGPA
variance. Using both predictors resulted in a squared 
multiple correlation of .203, an increase in predictive 
power over x alone of 0.03. This increment is not 
statistically significant at the .05 level.

Analysis 2

In the second analysis, it was assumed that both 
selection processes were dependent on the undergraduate 
GPA (x), but independent of the missing data variables, y 
and z. The probabilistic model describing this selection 
process is:

p(my,mz| x,y,z) = p(my,mz | x)
The log likelihood function for all of the data in this
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case is given in (33). In this case, where the data are 
assumed to be missing in a nonrandom fashion, i.e., as a 
function of x, it is necessary to maximize the entire 
likelihood function, excluding the terms with my and mz, 
in order to obtain maximum likelihood estimates of the 
parameters underlying the x y z distribution.

In order to obtain these maximum likelihood 
estimates, a FORTRAN program was written to maximize the 
log likelihood function as a function of the seven 
parameters of interest (<jyi> A y;/,4 y/)( , A*,x A * ,? ,^>1*) ,
given the entire data set. The subprogram ZXMIN from 
the IHSL Library (1984) was used to obtain parameter 
estimates. For the parameter starting values required by 
the iterative procedure, consistent parameter estimates 
were obtained from regressions using segments of the data. 
Data from Groups I and II were combined to produce a 
segment containing all subjects with both x and y scores. 
The statistics obtained from regressing y on x in this 
group, toy , b^y , Sy/x were used as starting values for 
the parameters, (3*y()f, *̂ y/»e * Data from Groups II and
III were combined to produce a segment containing all 
subjects with both x and z scores. The statistics obtained
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from regressing z on x in this segment, , b|Z ' %  |x '
were used as starting values for the parameters, /3arly /3JWX 
Oil* . In order to obtain a starting value for C7^e))C , 

group II was used to obtain estimates of s^y , SyZ , and 
s x z ' sx was obtained using x data from all subjects? the 
starting value statistic ( S y z j x ) was calculated as

V i *  = V  - “ V - -  <->®X

The parameter estimates under the second model can be 
found in the second column of Table 5. The estimates are 
substantially the same as those obtained in analysis 1.

Third Analysis
The third analysis was undertaken to study the effect 

of a selection process which is probabilistically related 
to the variable on which there are missing data, i.e., the 
non-ignorable selection process. Our initial examination 
of the data led us to model the selection process as 
follows:

p(my,mz ) x,y,z) = p(my|x )p(mz | x,z) .

Given x, my is independent of y and z. In addition, given
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x, m is independent of m and y, but dependent on z. The
“  V

second selection process was assumed to be a monotonically 
increasing function of x and z. The probit model was 
chosen to mathematically describe this selection process:

of0 + <rt,X + C7l4Z

p(mz|x,z) -  j  <P (40)
'CD

where is the unit normal probability density.
We can view the selection process in terms of the 

following structural model:

z = 0 n  + f i x  + e
(41)

z i = v q  + v-|X + e^

where, given x, z is normal with mean equal to ((3af+ (̂ *x) 
and standard deviation, and ẑ  is normal with mean 
equal to vgfvix and standard d e v i a t i o n , e q u a l  to one; 
z and z-j are jointly normal with correlation The
latent variable, z1 , is not directly observable; it is 
only possible to observe whether or not a score on ẑ is 
greater than a cutoff score, c, i.e., z-j > c. The event 
Zj> c is denoted as %*=!. The observed variable, z, is
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observed if and only if Zy> c.
If we consider the conditional distribution of 

given z and x, we can express the probability that m =1 as 
a function of z and x. In this case the model is expressed 
in terms of a new set of parameters, , °<t ,

In order to obtain maximum likelihood estimates (MLE) 
of the parameters of the model, G9(„

a F0RTRAN program was written to 
maximize the log likelihood function given by (34). 
Consistent starting values for the parameters were 
investigated in the following way.

First, given the proposed model, it is 
straightforward to show

+ °<,x  +  <*r2

p(mzf=l| x,z) = p (z i>c | x,z) $

- CP
(42)

The s are simply reparameterized versions of the v^,

p(y|x,z,my=mz=l) = p(y|x,z)

Thus, one can use the xyz data in group II to estimate the



81

parameters of the conditional distribution of y given x

obtained simply by regressing y on x and z in group II. It 
should be noted that although these are the parameters 
underlying the conditional distribution of y, given x and 
z, transformation of these parameters into the parameters 
of interest, i.e., those underlying the distribution of y, 
given x, can be easily obtained using estimates of the 
parameters underlying the distribution of z, given x.

Second, one can estimate the selection model 
parameters, , ©(,, o^, and the parameters for the 
distribution of z, given x, 5̂iy • This procedure
is based on Heckman's (1976) two stage estimation 
procedure. The steps can be outlined as follows:

(a) Using the data on all four groups, perform a probit 
analysis predicting m z from x, i.e., estimate

and z, i.e., 0 , /3ly. 0 qr•7iH > 'Vu» > These estimates are

*_ ft*t\ V (43)

(44)
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(b) For each subject in groups II and III, compute the 
variable

* f(VQ + V-|X) ---------------------------- (45)
F(v0 + v-| x)

where f= the unit normal probability density,
F= the unit normal distribution function.

*
(c) Regress z on x q , x^, and x in groups II and III.

(d) Using the results given in steps a-c, one obtains 
consistent estimates of °t© , , /3*llx /9,gw }

(e) The estimates obtained in (d) can in turn be used 
as starting values for calculating MLE of the 
parameters «f0 , J C£|jf. In this analysis, 
one considers a likelihood function consisting of two 
types of terms. For subjects in groups II and III, we 
have p(z,mz=l}x). For subjects in groups I and IV, we 
have p(mz=o|x).

Steps a-e were performed using the LIMDEP 
program (Greene, 1984). Unfortunately, we could not
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compute the starting values described in step (e) since 
the program would not converge. This was in part due to 
the unreasonable regression parameter estimates obtained 
in step (d) : (30fc)|t= 13.80,0,^ = -.841, (^|y= -12.30. Attempts 
to use the two stage estimates from (d) and other starting 
values in the full maximum likelihood procedure also 
failed because of lack of convergence.

This inability to obtain reasonable starting values 
using the proposed selection model led us to investigate 
other models. A model of the following form was 
considered:

p(my,mz | x,y,z) = p(my J x)p(mz / x,my ,rayx,z). (46)

This model adds to the original selection process 
assumption the restriction that is dependent on my. as 
well as on x and z. In terms of the. structural model 
representation, the latent selection variable, Z] , is now 
defined as follows:

Z1 =vo + v ix + + v3 Iiy x + ei * (47)

This model states that the relationship of the z selection 
process to x varies as a function of whether or not y is



84

observed (m =1). This notion is supported by the data.J
Table 6 shows the probability of selection on z as a 
function of x separately for the m =1 and m =0 groups. Ity y
can be seen that p(m =1 | x) tends to increase when m =0. 
When m =1, no such simple pattern is revealed.O'

Table 6

Probability of Selection on z 
At Levels of my and x: P(mz=l|x,my)

my- 1
x inter­

vals
2.00 to 

2.39
2.40 to 

2.78
2.79 to 

3.17
3.18 to 

3.56
3.57 to 

3.96
N 14 39 32 18 12

P .50 .59 .42 .54 .50
my= 0

x inter­
vals

2.00 to 
2.38

2.39 to 
2.76

2.77 to 
3.15

3.16 to 
3 .53

3.54 to 
3.92

N 40 73 69 45 21

P .46 .63 .68 .46 .79
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Using this more complex model (47), steps a-e 
(described above) were performed. First, the probit model 
in step (a),

V0 + v,x + v2 jy+

P(it^=l|x,my) =p(z1>c } x,my ) = j  <P (48)
-CD

was estimated. Using the Heckman procedure (steps b-d), 
estimates for v i, i=0,1,2,3, ; A*,*, OJiy »
were obtained. These were used as starting values for the 
maximum likelihood procedure in step (e).

The maximum likelihood estimates obtained for the v̂  
and parameters of the selection model are given in
Table 7. It can be seen that when my=l, the slope 
coefficient for x is close to zero (.294 + (-.335) = 
.041). When my=0, however, the coefficient (.294) is 
different from zero at the .09 significance level. It 
should be noted that the estimated correlation between z 
and z-j , is negligible and



86

Table 7
Maximum Likelihood Estimates of 
Selection Model Parameters in the 

Non-ignorable Case

Parameter Estimate
Significance

Level
v 0 -.525 (.513) .30
V 1 .294 (.178) .09

v 2 .689 (.891) .44

v3 -.335 (.306) .27
.160 (.886) .85

Note:standard errors are shown in parentheses.

insignificant. This result suggests that the missing data 
process for z is ignorable. The estimates for the

A Aparameters underlying the z distribution, given x, 0
A

( T  , and those underlying y, given x, can be found in 
the third column of Table 5.

An examination of Table 5 shows that the parameter 
estimates of the third analysis are essentially the same 
as those of the first and second analyses. This result is 
consistent with the fact that . is negligible, and the 
original assumption that the missing data process for y is
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ignorable. In general, the undergraduate grade point 
average (x) was a better predictor of graduate grade point 
average (z) than the Graduate Record Examination (y), and 
no significant improvement in prediction is gained by 
using both x and y.
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CHAPTER 5 

DISCUSSION

It was our purpose to consider the importance of the 
selection process in the estimation of the relationships 
among psychometric variables when there are missing data. 
In our data set, there were three psychometric variables, 
i.e., undergraduate grade point average (x), Graduate 
Record Examination score (y), and graduate grade point 
average (z) , with missing data on y and z, and two 
selection processes. These processes were represented by 
two indicator variables my and mz . Using the single data 
set, we did three analyses, and in each case, modelled a 
different relationship between the selection process 
variables and the observed variables, x,y,z, i.e., 
p ( n » y  ,mz |x,y,z). Each analysis and model was done under a 
different set of assumptions concerning the nature of the
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selection processes.
Under each set of assumptions, we estimated the 

parameters underlying the x y z trivariate normal 
distribution. In this way, we were able to compare the 
resulting estimates and the conclusions based on the 
estimates which psychometricians would be led to make.
We expected that each analysis would lead to different 
answers to the questions: how well does undergraduate 
grade point average predict graduate school performance? 
how well does the Graduate Record Examination predict 
graduate school performance? and how much improvement is 
gained in predictive power when both are used?

In the first analysis, we modelled the selection 
process under the assumption of randomly missing data, 
i.e., that the y and z data were missing at random with 
respect to x, y, and z: p(my,mz | x,y,z)=p(my,mz) . This 
assumption is the common though usually tacit assumption 
of analyses which use only data from subjects with 
complete data and discard the rest.

In the second analysis, we modelled the selection 
processes under the assumption that the data were missing 
on y and z as a function of x: p(my,mz j x,y,z) =
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p(my,m2.|x). This analysis, done using all of the data and 
an iterative maximum likelihood estimation procedure, is 
in the spirit of analyses which employ restriction of 
range correction formulas. This model of the selection 
processes describes the case where x scores alone are used 
in the selection decision, or, if there are other 
variables, they are not related to y and z, given x.

In the third analysis, we considered the case where a 
selection process may be probabilistically related to the 
missing data variables, i.e., it may be a non-ignorable 
case. We began by considering a model which assumed that m 
was an ignorable selection process dependent only on x and 
that m was a non-ignorable process dependent on x and z. 
Because we could not obtain good starting values for this 
model and therefore could not get maximum likelihood 
parameter estimates, we turned to a more complex model.

We again modelled the m y selection process under the 
assumption that the probability of having a y score is 
related to x but not related to y and z : P(niy| x,y,z,mz) = 
p(m } x). Next, we considered a more complex model for the

v

m_ selection process. It was observed that the 
probabilistic relationship between x and ir̂ differed as a
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function of my . When my =0, the probability that mz =1 
was an increasing monotonic function of x. When my =1, a 
different relationship existed. Thus we added to the 
model the restriction that mz was probabilistically 
related to my .

In order to explain why the my variable should have 
an effect on the relationship between mz and x, we 
consider what distinguishes those who do submit GRE scores 
from those who do not. It is likely to be the case that 
those who do submit GRE scores are applying to other, 
additional schools which require GRE scores of all 
applicants. For these subjects, even if the institution 
under study accepts them on the basis of their x scores,f

there will be some tendency to go elsewhere. In this 
group, the probability that they are in the graduate 
school, p(mz =l), will not be a simple increasing function 
of x. On the other hand, those who do not submit a GRE 
score are not as likely to be applying to other schools, 
and if accepted will tend to enroll. Since the school 
selects students on the basis of x, the probability that 
m z =1 for this group will be a monotonic increasing 
function of x.
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If we take the vQ, v ^ f v^ estimates from Table 7, 
the prediction equation for the latent selection variable, 
ẑ  , can be evaluated. For those who submit the GRE 
scores, it is as follows:

Z1 = -.525 + .294X +.689*1 - .335x*l
= .164 - .041x.

The coefficient for x is close to zero. For those who do 
not submit the GRE scores, it is:

z - -.525 + .294x + .689*0 - .335x*0
= -.525 + .294X.

Here it can be seen that x does have predictive power.
The most striking outcome of the three analyses is 

the similarity of the sets of resulting parameter 
estimates as shown in Table 5. Based on the estimated ̂ A A
population correlations, ^  , the
psychometricians' conclusions concerning predictive 
validity would be the same, regardless of the different 
assumptions of each analysis.

It will be recalled that the methods of the first 
analysis lead to consistent estimates of the correlation 
coefficients when 1) the distribution assumption is
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satisfied, 2) the selection assumption of ignorablility is 
satisfied, and 3) the range restrictions do not result in 
significantly different estimates of the variance of the 
full data predictor variable. The second analysis was less 
restrictive than the first in that unbiased estimates of 
the correlation coefficients would be obtained even if 
violations of the restriction of range assumption were 
present. The third analysis was the least restrictive, 
allowing violation of the restriction of range assumption 
and allowing for what we considered to be a more realistic 
model of one of the selection processes. It can be seen 
(Table 5) that the most restrictive analysis results in 
essentially the same parameter estimates as do the more 
complex analyses, and on the grounds of parsimony, this 
model must be considered the best of the three. As a 
consequence, we are led to conclude that the selection 
assumption and the restriction of range assumption are not 
violated in this data set. (Since all three analyses make 
the same distribution assumption, the merit of this 
assumption cannot be weighed here.)

With regard to restriction of range assumption, we
2see that the variance of x in the restricted group, s^ ,
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2and in the total group, st , were essentially the same:
2 2sr = .23, Sj. = .22. Even though x and are related 

when m =1, no such relationship exists for the total
V

group. Therefore, the selected group where my=l* mz =1 can 
be viewed as a random sample from the population with 
regard to x. Using all of the x scores and applying the 
restriction of range correction formulas (1) and (2) would 
result in the same parameter estimates as those obtained 
using only the selected group.

With regard to the selection process assumption, it 
would appear that the missing data are the result of some 
selection process or processes independent of the x, y, or 
z variables. There are many factors related to whether or 
not an individual is in the graduate school. These include 
motivation, past performance, occupation, ability, and, 
inevitably, other unmeasureable factors of varying 
importance. Contrary to our expectations, in the case of 
this data set, they apparently have together resulted in 
an ignorable, random selection process. The data behave as 
if they are missing at random with regard to y and z, as 
well as x.

This conclusion in regard to the mz selection
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process is further supported by considering the estimated 
correlation between the latent selection variable, Z] ,

A
and z, as shown in Table 7; is not significantly
different from zero. The mz selection process is 
ignorable, i.e., not related to z.

In short, where we expected three different sets of 
parameter estimates from the three analyses, we obtained 
three very similar sets. Since selection was not 
significantly related to the undergraduate grade point 
average, there were no significant differences between 
Analyses 1 and 2. Since selection was not significantly 
related to the missing data variables, there were no 
significant differences between Analysis 3 and the other 
analyses. Contrary to our expectations, the sample with 
data on all three variables behaves as a random sample 
from the xyz distribution.

We have seen that disregard of the operation of the 
selection processes in this data set would not have led to 
biased parameter estimates or misguided conclusions about 
predictive validity. Nevertheless, it would rarely be safe 
to assume that the selection processes are irrelevant in a 
missing data situation, and ways must be found to take
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them into account. Selection process modelling combined 
with maximum likelihood estimation procedures still seems 
to be a potentially useful tool, but difficulties with the 
approach must be pointed out.

Most data analysis procedures may be relied on to 
produce results which can then be judged in terms of the 
assumptions of the analysis. The selection process 
modelling approach, however, will in some cases simply not 
function; the iterative estimation procedure will not 
reach convergence. This may be the result of one or more 
of the following general problems: poor starting values, 
incorrect modelling, a too small sample ev̂ ze, too many 
parameters to be estimated, and matters of a variable's 
limited range and colinearity. When the procedure does not 
work, it is difficult to determine the cause of the 
failure and to proceed with correction. The availability 
of the LIMDEP program enabled us to conclude our work with 
a modified approach. Had it not been available, reaching a 
conclusion (if possible) would have been time consuming 
and costly in terms of computer expense.

While the problems of this maximum likelihood 
estimation procedure and of selection process modelling
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have proved complex, the approach can nevertheless be 
useful in the analysis of real data sets with missing 
data. It would be useful to conduct further studies 
concerning characteristics of data sets which produce 
difficulties in the maximum likelihood estimation 
procedure.



Appendix A

Data Set



X y 2 ^
2.72 980 0 1
3.66 850 0 1
2.31 900 0 1
3.23 1100 0 1
3.62 1300 0 1
2.89 710 0 1
2.31 940 0 1
2.25 950 0 1
3.72 780 0 1
2.85 1160 0 1
3.75 1070 0 1
2.33 650 0 1
2.22 510 0 1
2.84 900 0 1
3.08 770 0 1
3.05 850 0 1
2.84 790 0 1
2.87 1040 0 1
2.00 550 0 1
2.74 1080 0 1
3.53 1110 0 1
2.84 600 0 1
3.48 1000 0 1
3.01 1020 0 1
2.47 990 0 1
2.42 940 0 1
3.75 1270 0 1
2.73 970 0 1
2.00 540 0 1
3.18 830 0 1
2. 59 920 0 1
2.51 540 0 1
3.17 800 0 1
2.68 690 0 1
2.83 870 0 1
3.00 1360 0 1
3.01 1050 0 1
3.17 620 0 1
2.82 850 0 1
3.26 1080 0 1
2.50 1110 0 1
2.47 570 0 1
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2.60
3.04
2.95
3.34
2.40
2.43 
2.82
3.41
3.34 
3.80 
2.77 
3.15
2.41
3.27
2.20
2.62
3.71
3.62
2.44
2.83 
2.47
2.14
2.70
2.98
2.99 
2.33
2.84 
2.60 
2.68
3.0 
3.06
2.44 
3.24
2.95 
3.75
3.15
3.00
3.00 
3 .89 
2.50
2.96
3.45
2.70

0 1
0 1
0 1
0 1
0 1
0 1
0 1
0 1
0 1
0 1
0 1
0 1
0 1

2.94 1 0
3.11 1 0
3.40 1 0
3.71 1 0
3.60 1 03.60 1 0
3.21 1 0
2.70 1 0
1.80 1 0
3.08 1 0
2.78 1 0
3.74 1 0
3.15 1 0
3.30 1 0
3.20 1 0
3.32 1 0
3.00 1 0
3.15 1 0
2.80 1 0
3.37 1 0
4.00 1 0
3.46 1 0
2.80 1 0
3.66 1 0
3.70 1 0
4.00 1 0
3.35 1 0
3.82 1 0
3.60 1 0
1.42 1 0

740
870
950
760
850
610
1140
1130
1020
960
890
990
740
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2.12
3.18
2.63
2.07 
2.10
2.05
2.70
3.07 
2.30
2.95 
2.14 
2.44 
2.21
2.64 
2.61 
2.88 
2.92
2.75
2.71
2.72
2.75
3.49 
3.90 
3.23 
2.36
2.75
3.75
2.87
3.87 
3.55 
2.33
2.50
2.95
2.76 
2.29 
2.48 
2.41 
3.21
2.76
3.06 
2.58 
3.52
3.65
2.66

46 1 0
73 1 0
56 1 0
92 1 0
90 1 0
75 1 0
50 1 0
33 1 0
30 1 0
50 1 0
56 1 0
91 1 0
00 1 0
01 1 0
46 1 0
35 1 0
46 1 0
82 1 0
52 1 0
12 1 0
10 1 0
70 1 0
87 1 0
61 1 0
82 1 0
98 1 0
65 1 0
82 1 0
78 1 0
76 1 0
21 1 0
74 1 0
34 1 0
73 1 0
37 1 0
35 1 0
20 1 0
15 1 0
95 1 0
51 1 0
97 1 0
00 1 0
50 1 0
00 1 0

3
2
2
2
2
2
2
3
3
3
2
2
3
3
2
2
3
2
3
3
3
3
3
3
2
2
2
3
3
3
3
3
3
3
3
2
3
3
2
3
3
4
3
3
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2.45 
2.61 
2.23
2.95
3.77
2.09 
2.68
3.54
3.10
3.63
2.98 
2.36
2.46 
2.60
2.77 
2.85 
2.97 
2.42
2.95 
3.40 
3.00 
2.80 
3.15
2.95 
3.32 
2.90 
2.94
3.63 
3.92 
3.07 
3.58 
2.57
2.54
2.64 
3.72
2.63 
2.80 
3.13 
2.89 
2.49 
2.80
3.63
2.99 
3.39

96 1 0
63 1 0
90 1 0
07 1 0
40 1 0
03 1 0
90 1 0
45 1 0
88 1 0
53 1 0
97 1 0
26 1 0
94 1 0
18 1 0
18 1 0
78 1 0
00 1 0
00 1 0
00 1 0
44 1 0
25 1 0
41 1 0
78 1 0
31 1 0
28 1 0
92 1 0
30 1 0
24 1 0
92 1 0
52 1 0
56 1 0
99 1 0
34 1 0
66 1 0
86 1 0
00 1 0
65 1 0
34 1 0
15 1 0
35 1 0
98 1 0
59 1 0
20 1 0
32 1 0

2
3
2
3
3
3
3
3
3
3
2
3
2
3
3
3
3
3
3
3
3
3
3
3
3
3
2
3
3
3
3
2
3
3
3
4
3
3
3
3
2
3
2
3
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2.61 3.48 1 0
2.89 3.31 1 0
2.40 3.02 1 0
2.67 3.50 1 0
3.43 1.50 1 0
3.38 3.30 1 0
3.36 3.34 1 0
2.90 3.82 1 0
2.16 3.11 1 0
2.96 3.84 1 0
2.60 3.13 1 0
2.90 3.68 1 0
2.40 3.58 1 0
2.83 3.67 1 0
3.02 3.38 1 0
2.26 2.74 1 0
3.00 3.82 1 0
3.16 3.72 1 0
2.42 3.71 1 0
2.47 2.98 1 0
2.58 3.61 1 0
3.23 3.34 1 0
2.86 2.75 1 0
3.01 3.27 1 0
2.47 2.66 1 0
2.98 3.07 1 0
3.29 3.58 1 0
2.43 2.80 1 0
3.37 3.95 1 0
3.23 3.5 1 0
2.62 3.28 1 0
3.04 3.55 1 0
2.99 3.55 1 0
3.86 3.70 1 0
2.80 3.47 1 0
3.21 3.72 1 0
2.66 840 3.30 1
2.75 630 2.80 1
3.96 960 3.96 1
3.63 850 3.74 1
2.97 740 2.24 1
2.50 710 3.30 1
3.26 630 3.05 1



104

3.19 820 3.74 1
2.25 860 3.37 1
2.76 1080 3.67 1
3.00 980 3.85 1
3.12 810 3.07 1
3.44 1140 3.00 1
3.61 1290 3.84 1
2.50 700 2.65 1
3 .52 940 3.70 1
2.50 850 3.67 1
3.05 670 2.64 1
3.43 1060 3.77 1
2.72 730 3.53 1
2.45 740 3.20 1
2.52 910 3.78 1
2.80 1060 3.61 1
2.46 730 3.56 1
2.97 780 3.30 1
3.38 890 3.37 1
2.56 1140 2.76 1
2.50 930 3.54 1
2.67 990 3.20 1
2.40 1000 3.15 1
3.31 990 2.66 1
2.49 1000 2.76 1
3.00 730 3.64 1
3.84 930 3.82 1
2.04 1000 2.00 1
2.59 1080 3.96 1
2.42 980 3.26 1
3.50 1440 4.00 1
2.90 820 3.11 1
2.50 990 3.52 1
2.52 860 3.23 1
2.33 580 3.33 1
2.36 720 2.8 1
3.85 930 3.45 1
2.65 700 3.32 1
3.55 950 3.76 1
2.52 700 3.06 1
2.55 650 3.0 1
2.39 740 3.22 1
2.23 800 2.95 1
3.12 720 3.50 1
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