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Abstract

AN INVESTIGATION OF TENSILE BEHAVIOR OF CMC’S 

AT ROOM AND ELEVATED TEMPERATURES

by

Shaojin Zhang 

Adviser: Professor Feridun Delale

Tensile behavior has been widely recognized as one o f the most 

important properties for ceramic matrix composites. In this study, the 

tensile failure mechanisms of ceramic matrix composites were investigated 

experimentally and analytically.

First, unidirectional Nicalon/CAS II tensile specimens with fiber 

volume fractions of 30% and 40% were tested at room as well as elevated 

temperatures. All tests exhibited a non-linear stress-strain behavior. Using 

an innovative in-situ testing technique [1], damages to the specimens at 

different temperatures and at different loading levels were identified and 

correlated with the failure behavior of the composites. Matrix crack density 

was introduced and used to characterize the damage behavior of the 

composite. The effects of fiber volume fraction and temperature on the 

failure behavior were also studied. Matrix crack initiation stress showed an 

increase with increasing fiber volume fraction. However, temperature effect 

was found not quite significant within the temperature range tested (from 

room temperature to 700 °C). Specimen size effect was noted and 

discussed.



Then, two analytical models, one using the singular integral 

equation technique and the other using finite element method were 

developed. Both models assume that the composite consists o f equally 

spaced fiber strips in a matrix material and the actual problems were 

simplified as two dimensional. In the singular integral equation model, a 

variety of single row H-shaped crack geometries were used to study the 

singular behavior at the crack tips. In the finite element model, a multiple 

row H-shaped crack geometry was adopted to simulate the non-linear 

stress strain behavior. The stress intensity factors and strain energy release 

rates were calculated for various crack geometries and used to explain the 

failure behavior of the composite. The results from the singular integral 

equation formulation predict that once the matrix cracks are formed, they 

will propagate to the fiber/matrix interface. This behavior conforms with 

the observed behavior. The results from the finite element model compared 

well with the experimental results.



V

ACKNOWLEDGMENTS

I am indebted to my advisor, Professor Feridun Delale for his guidance and 

support. His advice and support are greatly appreciated. I am very grateful to Professor 

Ben Liaw for his helpful instruction on the experimentation. I would like to dedicate this 

work to my father, my wife and my brothers for their encouragement and enduring 

support. This work was partially supported by AFOSR under grant AFOSR-90-0341.



TABLE OF CONTENTS

Abstract................................................................................................................................  iii

Acknowledgments................................................................................................................  v

Table of Contents...................................................................................................................vi

List of Tables........................................................................................................................viii

List of Figures........................................................................................................................ ix

Nomenclature.......................................................................................................................  xii

1. INTRODUCTION.........................................................................................................  1

2. THE EXPERIMENTAL WORK................................................................................... 3

2.1 The Testing Procedure...........................................................................................  3

2.2 Experimental Results.............................................................................................. 6

2.21 Stress-Strain Relations.................................................................................  6

2.2.2 Matrix Crack Density..................................................................................... 9

2.2.3 Effect of Fiber Volume Fraction..................................................................  10

2.2.4 Temperature Effects........................................................................................10

2.2.5 Specimen Size Effects.....................................................................................11

3. THEORETICAL MODELS............................................................................................ 12

3.1 Singular Integral Equations Formulation...............................................................12

3.1.1 Formulation of The Problem......................................................................  13

3.1.1.1 Equilibrium Equations.........................................................................  13

3.1.1.2 Stress-Strain Relations........................................................................  15



vii

3.1.1.3 Strain-Displacement Relations............................................................  15

3.1.2 Boundary and Continuity Conditions...........................................................  16

3.1.3 Normalization of The Singular Integral Equations....................................... 23

3.1.4 Numerical Solutions........................................................................................27

3.1.4.1 Embedded H-Shaped Cracks................................................................ 27

3.1.4.2 Broken Matrix H-Shaped Cracks......................................................... 32

3.1.4.3 Intersecting H-Shaped Cracks.............................................................. 34

3.1.5 Results for Singular Integral Equation Formulation.................................... 37

3.2 Finite Element Analysis..........................................................................................43

3.2.1 Description of the Multiple Row H-shaped Crack Model............................43

3.2.2 Finite Element Results and Discussion.......................................................... 44

4. CONCLUSIONS..................................................................................46

Figures................................................................................................................................... 48

Appendix A............................................................................................................................77

Appendix B............................................................................................................................85

Appendix C............................................................................................................................90

Appendix D......................................................................................................................... 96

Appendix E..........................................................................................................................105

Appendix F..........................................................................................................................I l l

References...........................................................................................................................118

Vita..................................................................................................................................... 122



LIST OF TABLES

vm

Table DescriDtion pane

2.1 - Properties of Nicalon fiber and CAS II matrix 4

3.1 - Comparison of stress intensity factors 38

3.2 - Comparison of strain energy release rates 39

3.3 - Material constants 39

3.4 - Estimated critical strain energy release rates 44



LIST OF FIGURES

Figure Description page

2.1 - Experimental set-up. 48

2.2 - Specimen geometry. 48

2.3 - The actual layout of the test equipment and the tensile/heating substage. 49

2.4 - Tensile test results for Nicalon/CAS II with Vf = 30% at room temperature. 50

2.5 - Tensile test results for Nicalon/CAS II with Vf = 40% at room temperature. 50

2.6 - A typical pattern of matrix crack initiation. 51

2.7 - Micrographs showing the location of the matrix crack initiation and its
development. 52

2.8 - Tensile damage of the Nicalon/CAS II specimen with Vf = 40%. 53

2.9 - Further loading after failure is possible for thin Nicalon/CAS II specimens. 54

2.10 - Brittle behavior of the thick Nicalon/CAS II specimens. 55

2.11 - Long fiber pull-out length for Nicalon/CAS II with V f = 40%. 56

2.12 - Short fiber pull-out length for Nicalon/CAS II with Vf = 30%. 56

2.13 - Typical damage pattern for Nicalon/CAS II specimen. Micrographs taken
at different magnifications: (a) 300x, (b) 800x and (c) 3000x. 57

2.14 - Typical fiber breaking pattern for Nicalon/CAS II specimen. 58

2.15 - Micrographs showing the development of multiple matrix cracks at room
temperature for Nicalon/CAS II specimen with V f = 30%. 59

2.16 - Micrographs showing the development of multiple matrix cracks at room
temperature for Nicalon/CAS II specimen with V f = 40%. 60

2.17 - Matrix crack density versus the tensile stress for Nicalon/CAS II specimens
with V f =3 0% at room temperature. 61

2.18 - Matrix crack density versus the tensile stress for Nicalon/CAS II specimens
with V f =40% at room temperature. 61



X

2.19 - Tensile stress strain curves at high temperatures for Nicalon/CAS II
specimens with Vf = 30%.

2.20 - Tensile stress strain curves at high temperatures for Nicalon/CAS II
specimens with Vf = 40%.

2.21 - Ultimate tensile strength of Nicalon/CAS II with V f = 30% at various
temperatures.

2.22 - Ultimate tensile strength of Nicalon/CAS II with V f = 40% at various
temperatures.

2.23 - Development of matrix cracks at T = 600 °C for a Nicalon/CAS II
specimen with Vf = 30%.

2.24 - Development of matrix cracks at T = 600 °C for a Nicalon/CAS II
specimen with Vf = 40%.

2.25 - Progression of fiber crack opening at T = 400 °C for a Nicalon/CAS II
specimen with V f = 40%.

2.26 - Progression of fiber crack opening at T = 600 °C for a Nicalon/CAS II
specimen with V f = 30%.

2.27 - Ultimate tensile strength for thin and thick specimens with V f = 40% at
various temperatures.

2.28 - Tensile stress strain curves at high temperatures for thin Nicalon/CAS II
specimens with Vf = 40%.

3.1 - Mathematical model for singular integral equation formulation.

3.2 - Intersecting periodic H-shaped cracks.

3.3 - Effect of finite width on the stress intensity factors at a transverse crack tip
under tensile load.

3.4 - Stress intensity factors at the transverse crack tip for different interface
crack lengths (a/W=0.9).

3.5 - Stress intensity factors at the matrix crack tips for different interface crack
lengths.

3.6 - Normalized strain energy release rates at the interface crack tips for
different interface crack lengths.

62

62

63

63

64

65

66

67

68

68

69

69

70

70

71

71



xi

3.7

3.8

3.9

3.10

3.11

3.12

3.13

3.14

- Normalized SIFs at the matrix crack tips for embedded H-shaped cracks 
(ai/H, = 0, a2/H2 = 0.9). 72

- Normalized strain energy release rates at the interface crack tips for 
embedded H-shaped cracks (ai/Hi = 0, a2/H2 = 0.9). 72

- Normalized stress intensity factors at the matrix crack tips for broken
matrix H-shaped cracks. 73

- Normalized strain energy release rates at the upper and lower interface
crack tips for broken matrix H-shaped cracks. 73

- Normalized strain energy release rates at the interface crack tips for 
intersecting H-shaped cracks. 74

- Finite element model. 75

- Comparison of tensile test and fern results for specimens with Vf = 30%
at room temperature. 76

- Comparison of tensile test and fern results for specimens with V f = 40%
at room temperature. 76



NOMENCLATURE

H, - half width of the fiber strip

h 2 - half width of the matrix strip

ai - transverse crack tip in the fiber medium

a2 - transverse crack tip in the matrix medium

bi - inner interface crack tip

b2 - outer interface crack tip

v f - fiber volume fraction

P1.P2 - surface tractions on transverse fiber and matrix cracks

P3.P4 - surface tractions on the interface crack (normal and shear components)

Ex, e ; - elastic moduli in x direction for fiber and matrix materials

Ey,E; - elastic moduli in y direction for fiber and matrix materials

Gxy, ^xy - shear moduli in x-y plane for fiber and matrix materials

Ui, Vi - displacements in x and y directions

xi, y - coordinates for fiber strip

*2 , y - coordinates for matrix strip

pi, p : - material constants for both fiber and matrix strips

<t>i - crack surface displacement derivatives

Vi - complex surface displacement derivatives

Yi, y* - material constants defined in Appendix B

Pi - material constants defined in Appendix B and D



vxy, v ^ , Vyx, - material constants for orthotropic materials

ki(xi,a), Ji(xi,a) - kernels related to the fiber crack 

ki(x2,a), Ji(x2,a) - kernels related to the matrix crack 

ki(y,xi,a), Ji(y,a) - kernels related to the interface crack

Kij - the integrand of kernel

Kijs - the integrand of singular kernel

Kyf - the integrand of bounded kernel

k(ai), k(a2) - the stress intensity factors at the transverse fiber and matrix crack tips

ki, k2 - mode I and mode II stress intensity factors at the interface crack tips

-strain energy release rate
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1. INTRODUCTION

The research on ceramic matrix composite materials have intensified in recent years 

due to some of the appealing features of ceramics, such as great stability and resistance to 

oxidation under hostile (high temperature or corrosive) environments. In comparison to 

their metallic and polymer counterparts, ceramics, being brittle and low in tensile strength 

and fracture toughness, traditionally have had little use in structural applications. 

However, when reinforced with fibers, ceramic matrix composites exhibit an increase in 

fracture toughness and tensile strength at room as well as high temperatures [2-3]. A 

variety of ceramic matrix composite systems have been or are being developed for 

engineering applications ranging from cutting tools to aerospace structures [4-5]. For 

example, one can find studies on the following systems of ceramic matrix composites: 

C/glass [6], C/SiC [7], SiC/glass [8], SiC/LAS glass ceramic [9-14], SiC/BMAS glass- 

ceramic [14], SiC/alumina [15], SiC/mullite [16], SiC/SiC [17].

In the aforementioned studies, experimental results on damage behaviors of ceramic 

matrix composites were obtained by failing the specimens with either tensile or three-point 

bending loading at room or elevated temperatures [10-13]. During the thermomechanical 

testing, the load vs. the displacement (and hence the stress vs. the strain) curves were 

recorded but only the postmortem damage patterns were identified by either a scanning 

electron or an optical microscope. It is well known that the stress-strain relations of most 

ceramic matrix composites under thermomechanical loading usually exhibit nonlinear 

behavior. For such ceramic-matrix composites, the failure mechanisms that cause this 

nonlinear stress-strain relationship is more complex than that of their monolithic 

counterparts. These are due to multiple matrix cracking and sequential fiber breaking as a 

result of weak interfacial bonding between fibers and matrix. The approaches described 

above although provide important data to the overall understanding of the failure 

mechanisms of ceramic matrix composites, they fail to correlate the nonlinear stress-strain 

(and hence the stiffness reduction) behavior with the intermediate damage progression
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events inside the ceramic matrix composite specimen. A good experimental approach 

should provide information on the damage history of the specimen that can be used to 

correlate the nonlinear stress-strain (and hence the stiffness reduction) behavior with the 

intermediate causative damage events that occurred in the ceramic matrix composite 

specimen. Recently, in [18-19], the tensile behavior of a Nicalon/CAS II system was 

studied. Damage patterns were identified and micrographs were taken to capture the 

matrix crack propagation. However, these micrographs were not taken at the same 

location and therefore cannot truly correlate the damage progression with the nonlinear 

stress-strain behavior. And those studies dealt only with room temperature. In this study, 

experiments were conducted inside the chamber of a scanning electron microscope 

equipped with a custom designed tensile/heating substage. This made it possible to directly 

observe and record in situ the progressive tensile damage behavior of the ceramic matrix 

composites from the very first matrix crack to complete fracture of the specimen at any 

location in the gage section. Test results for both room and elevated temperatures were 

obtained. One particular advantage of using SEM is for high temperature testing. Since in 

SEM, unlike in optical microscope, the electronic lens is always kept at least one inch 

away from the heated specimen, images can be obtained at magnifications as high as 

3000x. without damaging the electronic lens during high temperature testing. This makes 

the technique very appealing for high temperature testing.

Based on the failure patterns of the composite as observed during the tests, two 

analytical models have been developed. The thermoelastic properties of the constituents 

(i.e., the matrix and the fibers), the relative strength of the interface between fibers and 

matrix, and the volume fraction and arrangement of the fibers are considered in the 

models. One model utilizes the finite element technique and is based on a periodic 

multiple-row H-shaped crack configuration. The other uses the singular integral equation 

method and is based on a variety of single row H-shaped crack configurations. In both 

models, the real problem is formulated in two dimensional domain.
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2. THE EXPERIMENTAL WORK

The experimental work is vital in this study. It provides important insight and data 

for the understanding o f the failure process of this type of composite material. And it also 

provides the foundation upon which analytical models are based. The technique used in 

this study is believed to be the first developed in the area of experimental mechanics 

research.

2.1 THE TESTING PROCEDURE

Figure 2.1 shows a schematic drawing of the experimental set-up which uses a 

scanning electron microscope equipped with a tensile and heating substage to perform the 

micromechanical tensile testing of a ceramic matrix composite specimen under high 

temperature. In this study, a Hitachi S-2400 scanning electron microscope which is 

equipped with a custom designed E.F. Fullam tensile/heating combined substage is used. 

The specimen is simple “dog-bone” shaped specimen as shown in Figure 2.2. The actual 

experimental set-up and tensile/heating substage are shown in Figure 2.3. The material 

used in this study (Nicalon-fiber/CAS II matrix composite) was obtained from Coming 

Glass Works. Table 2.1 shows the thermomechanical properties of the constituents o f the 

composite. Specimens of both 30% and 40% fiber volume fractions were tested. To study 

the size effect, we varied either the thickness or the width of the specimen for specimens 

with 40% fiber volume fraction. Fibers were unidirectionally aligned with the gage-length 

direction. The tensile specimens were made by first cutting the large rectangular ceramic 

matrix composite panel as supplied by Coming Glass Works into smaller rectangular 

plates using a Leco VC-50 Cari/Cut fine-mesh diamond saw. Then the gage section of the 

specimens was shaped using the same diamond saw with special a holder. The gage 

section of the specimens was grounded to its dimensions using a Dremel motorized hand­

held grinder with silicon carbide and alumina oxide stones.
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Table 2.1 Properties of Nicalon fiber and CAS II matrix

CAS II Matrix Nicalon Fiber

Nominal Composition CaO-Al?Ov2SiO? Si-?CiO

Elastic Modulus Msi(GPa)

25°C 13.8 (95) 28.3 (195)

1000°C 13.5 (93) 22.9(158)

1200°C 11.7(81) 22.5 (155)

Thermal Expansion(106/°C)

5.0 (25°-1000°C) 3.1 (25°C-200°C)

4.0 (25°C-1000°C)

Fracture Toughness KTr(MPa m1/2)

25°C 2.16±0.11

1000°C 1.30±0.17

Fiber/Matrix Interfacial Shear Strength

25°C 15.7±2.0 MPa

To conduct high temperature testing, the bottom surface of the central part o f the 

specimen, was placed in direct contact with the E.F. Fullam heating element (called 

heater) which is a rectangular plate made of ceramic material with fuse wire circuit inside. 

The maximum heated area of the heating element is 0.65"x0.25". It can sustain a 

maximum working temperature o f 1100°C and is equipped with a water-cooled heat sink 

for continuous operation. Temperature is measured by three platinum 30% rhodium- 

platinum 6% rhodium thermocouples and controlled by a stand-alone DC power supply 

with adjustable voltage and current knobs. Since the whole operation is conducted inside 

the chamber of a scanning electron microscope (in this study a Hitachi S-2400) which is 

usually vacuumed at 1.5x1 O'6 Pa or better, no heat-loss will occur due to thermal
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convection. The top surface of the specimen was first polished using fine-grade diamond 

paste containing 15-, 6-, and 1-micron particles until the surface was well finished and the 

fibers and matrix could be seen clearly under a Nikon UM-2 microscope. Then the 

specimen was cleaned using a Bronson ultrasonic cleaner for 10 minutes. Finally the 

bottom surface of the specimen was coated with silver paint to prevent electric charging 

and to achieve better image before it was mounted into the E.F. Fullam tensile substage. 

Because it is very difficult to drill holes in a ceramic composite specimen, the top and 

bottom ends of the specimen were mounted through stainless steel clamps with serrated 

teeth to the crossheads of the E.F. Fullam tensile substage. To help in alignment and 

prevent slippage during testing between the ceramic composite specimen and the serrated 

clamps, cyanoacrylate-based extra-strength epoxy was also applied on the clamp-specimen 

interfaces. The clamped specimen was then mounted onto the tensile substage and was 

left to cure for at least 20 hours to ensure that the epoxy had hardened and was 

completely dry before testing.

Finally, the specimen together with the tensile/heating assembly was placed inside 

the chamber of the Hitachi S-2400 scanning electron microscope which is also equipped 

with a backscatter detector to enhance the image. By using the X-Y staging control of the 

scanning electron microscope, micrographical patterns within the central gage area can be 

observed and recorded. The tensile substage is driven by a variable-speed motor which 

has a maximum speed of 90 rpm. Through a gear mechanism of 100:1 reduction ratio, the 

crosshead speed can be controlled within 0.127 mm/min (or 0.005 in/min). The tensile 

stage can provide a tensile load of up to 455 kgs (1000 lbs). The applied load was 

increased gradually until the specimen failed totally. The damage to the composite as the 

load increased was first observed on the monitor of the SEM. Then a sequence of 

micrographs were taken to get hard copies of various microcracking and damage patterns 

of the specimen at different loading levels. Since the specimen is very thin in thickness 

(ranges from 1.0 mm to 2.0 mm or 0.04" to .08"), it is assumed that failure will occur
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through the thickness. Experimental observation o f the failured specimens did indicate 

that the matrix crack zigzagged through the whole cross section. Thus the recorded 

micrographs of the surface fracture can represent through-the-thickness failure o f the 

specimen. Quality of the image and hence the quality of the micrographs was further 

enhanced by transmitting the image signal to a computer which is equipped with an 

Imaging Technology Advanced Frame Grabber (AFG) digital image analyzer hardware. 

With the help of the installed software, sharper images were obtained through the contrast 

and edge enhancement operations. Also text can be added to the micrographs.

The tensile stage is designed in such a way that when the load increases, the top and 

bottom crossheads move in opposite directions to minimize the shift of the observed site. 

This is achieved by machining the stainless-steel loading columns into worms o f reverse 

directions. Thus searching and refocusing the damaged zone after each load increment are 

easily achieved. The applied loads were recorded by a miniature load cell equipped with a 

digital readout. The relative displacements of the crossheads were measured by a high- 

precision, strain-gage-type extensometer which is also fitted with a digital readout. The 

load-displacement data were recorded and converted into a stress-strain curve. The 

evolution of damage recorded by micrographs were identified with the corresponding 

stress and strain. Finally the ruptured specimens were observed under a Nikon UM-2 

universal measuring microscope for further postmortem examination.

2.2 EXPERIMENTAL RESULTS

2.2.1 Stress-Strain Relations

Typical stress-strain curves for room-temperature, depicting the tensile damage 

behavior of a Nicalon/CAS II composite with 30% and 40% fiber volume fractions are 

shown in Figures 2.4 and 2.5 respectively. As depicted in these two figures, the tensile 

damage behavior of the ceramic matrix composite specimen is characterized by a 

nonlinear curve made up of three sections. The characteristics are the same for all tests
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conducted in this study, even though microscopically these specimens might look quite 

different Upon load application, the relation between stress and strain was linear and its 

slope was equivalent to the stiffness of an intact Nicalon/CAS II specimen (18.15 Msi or 

125 GPa for Vf = 30% and 19.6 Msi or 135 GPa for Vf = 40% ). For specimens with 30% 

fiber volume fraction, the slope changed at about 25 ksi (Point A in Figure 2.4). While for 

40% fiber volume fraction, the slope changed at about 30 ksi (Point A in Figure 2.5). The 

first matrix crack is believed to have started at or slightly below of point A in both Vf = 

30% and 40% cases. This can be further inferred from the relationship between matrix 

crack density and tensile stress as will be discussed later in this section. In most cases, 

matrix cracking initiates either at the edge or at a location where the fiber spacing is 

maximum. Figure 2.6 shows some micrographs taken during testing. The second 

micrograph in Figure 2.6 clearly indicates that matrix crack initiated not from the voids but 

from the location where spacing between two adjacent fibers is the largest. While in Figure 

2.7, matrix cracks initiated from both the edge of a fiber and at location where fiber 

spacing is very large if not the largest. The matrix cracks then propagate perpendicular to 

the fiber direction throughout the whole width of the gage section to form multiple matrix 

cracks. Unlike the monolithic materials where failure is controlled by a critical crack size, 

the failure of the composite goes through a process of damage accumulation. The 

composite is insensitive to voids and can tolerate very large cracks before failure. At point 

B (35 ksi for Vf = 30% and 40 ksi for Vf = 40%), the development of multiple matrix 

cracks reached a saturated stage. Regularly spaced matrix cracks were formed in the 

whole gage section of the specimen. This happened with only a small increment of tensile 

stress (about 10 ksi, as can be seen from point A to point B in both Figures 2.4 and 2.5). 

Further increase of tensile stress creates no or very little additional matrix cracking. Matrix 

crack opening, fiber debonding, breaking and slipping will dominate the rest of the failure 

process. Upon reaching point C ( about 62 ksi for Vf = 30% and 58 ksi for Vf = 40% ), 

one surface of the matrix cracks in the gage area started to open up with crack opening
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displacement far more larger than the rest of the matrix cracks. This then was 

accompanied by massive fiber breaking and pull-out in that surface. And the eventual 

separation of the specimen caused the load to drop substantially. Depending on whether 

the specimen is thin (either in thickness or in width) or thick, there might be a tail in the 

stress-strain curve at the load drop. Thin specimens tend to have a tail at failure as 

indicated in Figure 2.5 where both thin and thick specimens were tested. One explanation 

is that thin specimens are prone to bending during the test. This might be responsible for 

the lower failure strength and a tail at failure for thin specimens. For thick specimens, 

failure is always catastrophic. Figure 2.8 shows the progression of damage for a thin 

specimen. At failure, the specimen (this occurred only for thin specimens) was kept in one 

piece by the fibers. Further loading after failure was possible as shown in Figure 2.9. 

Micrographs in Figure 2.10 however, show the catastrophic failure of a thick specimen. 

Upon reaching the maximum stress value, the specimen fails catastrophically with a very 

big crack opening at the failure surface. Observation on the failure surfaces of the 

specimens with 30% and 40% fiber volume fractions, indicated that there are significant 

differences in both the amount and the length of fiber pull-out between the two specimens. 

For specimens with Vf = 30%, both the amount and the length of fiber pull-out at failure 

surface are less than those with Vf = 40% as can be seen from Figures 2.11 and 2.12. The 

lesser amount of fiber pull-out and the shorter fiber pull-out length is an indication of 

stronger interfacial bonding strength. This explains why the tensile failure strength of V f= 

30% is slighdy higher than that of Vf = 40%. The smoothness of fiber pull-out surface as 

shown in Figures 2.11 and 2.12 is evidence of non-chemical bonding between fibers and 

matrix which generally implies weak interfacial bonding strength. It is also noted that the 

fiber pull-out length and its amount deviated substantially among the same batch of 

specimens, implying that the fiber/matrix interfacial strength may vary for the same batch 

of ceramic matrix composite specimens. This is also reflected by the fluctuation of the 

maximum tensile stresses (Point C) among these tests.
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Figure 2.13 is a set of micrographs showing typical damage patterns o f the specimen 

at different magnifications after the stress reached point B in the stress-strain curve. At 

close-up, one can clearly identify the matrix crack opening, fiber breaking, slipping and 

fiber bridging of the matrix cracks. Also from Figure 2.13, one can observe the typical "H" 

shaped crack pattern formed by intersection of the transverse matrix cracks with interface 

cracks during the failure process. This "H" shaped crack configuration will be used in the 

analytical models discussed later. Besides the easily identified matrix crack patterns, fiber 

breaking also exhibits some patterns as shown in Figure 2.14. In Figure 2.14, one fiber 

breaks at a location away from the matrix cracks first, then a ray of breaking fibers is 

formed along a line slanted away from the line of matrix cracks. Fiber breaking occurred 

mostly after the stress reached point B, i.e. after the multiple matrix cracks have been 

formed.

The stress-strain relations of the Nicalon/CAS II composite at high temperatures 

will be discussed later.

2.2.2 Matrix Crack Density

Matrix crack density, defined as the number of matrix cracks per 1 mm length in 

fiber direction, was used to characterize the failure process of the composite. With the 

help of the scanning electron microscope equipped with a backscatter detector, images 

reflecting the tensile damage pattern of the composite from the first matrix crack to the 

eventual failure of the composite were captured. Figures 2.15 and 2.16 are some 

micrographs showing the development of matrix cracks with increasing stress for Vf = 

30% and Vf = 40% respectively. Based on the number of cracks counted in the frame 

shown in these micrographs and the associated stress level, a matrix crack density versus 

tensile stress curve was constructed as shown in Figures 2.17 and 2.18 for 30% and 40% 

fiber volume fractions respectively. From the matrix crack density curves, it is seen that 

the matrix crack initiation stress is about 25 ksi for Vf = 30% and about 30 ksi for Vf =
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40%. These results happen to coincide with point A on the stress-strain curves as shown 

in both Figures 2.4 and 2.5. As the stress increases, the matrix crack density increases, 

finally reaching a plateau, meaning that further loading does not result in additional matrix 

cracking.

2.2.3 Effect of Fiber Volume Fractions

As can be seen from the stress-strain and matrix crack density curves for 

specimens of both 30% and 40% fiber volume fractions, the fiber volume fraction affects 

the tensile behavior substantially. Matrix crack initiation stress is less for specimens with 

less fiber volume fraction (compare points A in Figures 2.4 and 2.5). This result is in 

agreement with that given in [20-21]. But the tensile failure strength for Vf = 30% is 

higher than that for Vf = 40% (points C in the stress-strain curves). This might be the 

result of a relatively stronger interfacial bonding strength for specimens with Vf = 30%. 

The matrix crack density was found to increase with increasing fiber volume fraction of 

the specimen. This finding also agrees with that reported in [20-21],

2.2.4 Temperature Effect

The same specimens were tested in the SEM at 250 °C, 400 °C, 600 °C and 700 

°C. Figures 2.19 and 2.20 show the stress-strain curves obtained at higher temperatures 

for fiber volume fractions 30% and 40% respectively. Within the temperature range tested 

( room temperature, 250 °C, 400 °C, 600 °C and 700 °C), no significant changes in 

ultimate tensile strength have been observed in the stress-strain curves. Figures 2.21 and

2.22 show the temperature effects on the ultimate tensile failure strength o f the specimens 

for both 30% and 40% fiber volume fractions. There was a slight increase in tensile failure 

strength for Vf = 30% at T = 250 °C . Micrographs showing the final failure surfaces of 

the specimens with Vf = 30% at different temperatures were compared. It was observed 

that both the amount and the length of fiber full-out were the smallest for T = 250 °C. 

This might explain why the tensile strength is maximum at T = 250 °C. For Vf = 40%, this
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increase of tensile strength happened at T = 400 °C. The phenomenon of slight increase of 

tensile strength might be the result of release of thermal residual stress and changing of 

interfacial bonding strength due to temperature. Matrix crack density did not show 

significant changes with temperature. Micrographs in Figure 2.23 show the development 

of matrix cracks for V f = 30% taken at T = 600 °C. And micrographs in Figure 2.24 

show the matrix crack development for Vf = 40% taken at T = 400 °C. Matrix crack 

initiation stress decreased slightly at high temperatures for Vf = 40%. Micrographs in 

Figures 2.25 and 2.26 show the fiber breaking and slipping process at high temperatures. 

Since this composite is basically a glass based material, the stress-strain behavior is 

expected to be quite different when temperature exceeds over 800 °C.

2.2.5 Specimen Size Effect

To study the size effect, specimens of 40% fiber volume fraction with different 

thickness and width combination were used in the tests. It was found that specimens with 

either relatively thin thickness or width (about 0.0625~0.07") tended to have a quite 

different failure pattern than thicker ones (greater than 0.0725" in both thickness and 

width). For thin specimens, first, the tensile strength was quite lower than that of thick 

specimens; second, when the specimen failed, it had a tail in the stress-strain curve 

indicating that it still retained some load carrying capability and the specimen was kept in 

one piece by the fibers. The thick specimens on the other hand always failed 

catastrophically. A comparison of tensile strength between thin and thick specimens 

against temperature is shown in Figure 2.27. The discrepancy between the two cases 

might be the result of bending that might have occurred during the test as explained 

earlier. For thin Nicalon/CAS II specimens with 40% fiber volume fraction, the stress- 

strain curves at high temperatures are shown in Figure 2.28.
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3. THEORETICAL MODELS

As explained earlier, during experiments, it was found that, after the initiation of 

transverse matrix cracks at point A (in both Figures 2.4 and 2.5), with increasing load, 

regularly spaced multiple transverse cracks are formed. When the tensile stress reaches a 

certain value, almost no new transverse cracks are generated until failure. During this 

process transverse matrix crack opening, fiber debonding, breaking and sliding at the 

fiber/matrix interface is believed to dominate the failure process. This typical failure 

feature is best described by a periodic H-crack configuration as shown in Figure 2.13. 

Two models, one using singular integral equation technique, and the other using finite 

element method, are adopted to either explain the failure mechanism or simulate the 

observed tensile behavior o f ceramic matrix composites.

The problem of concern is basically a three dimensional problem because of the 

discrete distribution of the fibers in the matrix. However, if one assumes that the fibers 

are made of composite strips of width 2Hb the problem can be treated in two dimensions.

3.1 SINGULAR INTEGRAL EQUATIONS FORMULATION.

The singular integral equation technique has been proven very powerful in dealing 

with crack problems. Figure 3.1 is a sketch of the proposed mathematical model. It is 

assumed that fibers are equally spaced in the ceramic matrix, and that the 

thermomechanical and fracture properties of the fiber and the matrix are known. The 

model contains cracks perpendicular to as well as on the interface and they are assumed to 

be periodic. By choosing different geometric parameters, one can generate different 

cracked geometries. For example: If  one sets a^O, a^H;, and b,=0 in Figure 3.1, then the 

model reduces to a geometry with periodic intersecting H-shaped cracks as shown in 

Figure 3.2. This configuration closely resembles the actual cracked geometry observed in 

testing.
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3.1.1 Formulation of The Problem

3.1.1.1 Equilibrium Equations

In the formulation, each strip is assumed to be orthotropic. The equilibrium 

equations for orthotropic materials expressed in terms o f displacements are as follow [22]:

<3 1 b >

where p t, p2 and p3 are materials constants for orthotropic material.

Assume that the solutions are of the following form:

u(x,y) = u(')(x,y) + u<2)(x,y) (3,2a)

v(x,y) = v<1>(x,y) + v<2)(x,y) (3.2b)

where
2 f00

u(0(x,y) = -  f(a,x)cosayda (3.3a)7t Jo 

2 <*00

and

2 C
v(1)(x,y) = — g(a,x)sinayda (3.3b)K Jo 

2 f00
u(2)(x ,y)=_  h(a,y)sinaxda (3.4a)7C Jo

2 C°°
v(2)(x,y) = _  I l(a,y)cosaxda (3.4b)K Jo

Here f(a,x), g(a,x), h(a,y) and l(a,y) are shape functions which will be determined

later.

Substituting (3.3ab) and (3.4ab) into (3.lab) respectively, one gets the following 

characteristic equation:

r4 + p4r2 + p52 = 0 (3.5)

where P4 = ^  ' ^ 2 _1 and
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The roots of eqn(3.5) are:

r} = - r3 = wj + iw2 = V(“P4+ P6V2

r2 = - r 4 = w3 +iw4 = V("P4 - P6V2

where P6 = VP42 “ 4Ps2

Then we have:

f(a,x) = A(a)er lax  + B(a)e-rlax  +C(a)er2ax  + D(a)e-r2«x (3 6a)

g(a,x) = P7[A(a)er lax  - B(a)e-rlax]

+ P8[C(a)er2ax  - D(a)e"r2ax] (3.6b)

h(a,y) = E(a)er iay/p5 + F(a)e-r l«y/P5

+ G(a)er2a y/P5 + H(a)e-r2«y/P5 (3.6c)

l(a,y) = p9[E(a)er la y/p5 - F(a)e-r l«y/p5]

+ P io[G(a) er2«y/p5 - H(a)e-r2«y/p5] (3,6d)

Here two types of orthotropic materials will be distinguished according to whether 

the roots of the characteristic equation are real or complex.

Material type I: where both q  and r2 are real numbers(w2=w4=0).

Material type II: where r3 and r2 are all complex numbers.

Applying the symmetry conditions:

u(x,y) = -u(-x,y) (3.7a)

v(x,y) = -v(x,-y) (3.7b)

one gets:

B(a) = -A(a) D(a) = -C(a) (3.8ab)

F(a) = -E(a) H(a) = -G(a) (3. 8cd)

Material type I will be considered because most materials fall into this category. 

Based on the fact that both u and v vanish when y goes to infinity and that the problem is 

symmetric about x axis, we obtain:



4 r°°u(x,y) = — I [A(a)sinh(wiax) + C(a)sinh(w3 ax)]cosayda 
71 Jo

+ -  f°° [E(a)e"lw llay/P5 + G(a)e"lw3la y/P5]sinaxda 
ft Jo

4 r°°v(x,y) = — [P7A(a)cosh(w!ax) + P8C(a)cosh(w3 ax)]sinayda 
7t Jo

o r oo
[P9sign(w1)E(a)e'lw lla y/P5 + Piosign(w3)G (a)e‘lw3la y/P5]cosaxda

ft Jo

3.1.1.2 Stress-Strain Relations

Let A = (L ^ y xl, then we have:n xtSy

° x(x'y ) ''E ^A S x + ^ S Ey

xxy(x>y) = ^xyYxy

3.1.1.3 Strain-Displacement Relations

5u dv , 5v.
8x = S  Ey “ ^ a n d l 'x y - ( ^ + ^ )

Utilizing eqns (3.9ab) and (3.1 labc), eqns (3.10abc) can be reduced to:

rc(I. ^xyvyx)a x(x y ) = f  [yjE(a)e"lw lla y^P5 + y2G(a)e"lw3la y/,P5]acosaxda  
Z iix  Jo

poo
+ [2y3A(a)cosh(w1ax) + 2y4C(a)cosh(w3ax)]acosayda 

Jo

^  - g H y M  = J  [Y5E(a)e_lw lla y/P5 + y6G(a)e"lw3la y/,P5]acosaxda

+ I [2y7A(a)cosh(wiax) + 2ygC(a)cosh(w3ax)]acosayda 
Jo

2G —cxy(x>y)= J  [71 jE(a)e"lw lla y/P5 + y12G (a)e_lw3la y/P5]asinaxda

15

(3.9a)

(3.9b)

(3.10a)

(3.10b)

(3.10c)

.llabc)

(3.12a)

(3.12b)
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f® [2y9A(a)sinh(w1ax) + 2Yi0C(a)sinh(w3ax)]asinayda (3.12c)
Jo

The above expressions are for plane stress problems. They can also be used for 

plane strain problems with the following substitutions:

vy*= V x y = " l ^ y ’

EyA = Ex and ExA = Ey

3.1.2 Boundary and Continuity Conditions

At the interface(x1=H1, x2=-H2)

CTixx(Hi>y)^ 2xx(-H2 ,y) o<y<o° (3 .1 3a)

x ixy(Hi,y)=x2Xy(-H2,y) 0<y<oo (3.13b)

ui(Hj,y)=u2(-H2,y) O ^cbj or b2<y<oo (3.14a)

Vi(H!,y)=v2(-H2,y) 0<y<b, or b2<y<oo (3.14b)

°ixx(Hi>y)=P3(y) bj<y<b2 (3.15a)

xixy(Hi>y)=P4 (y) bj<y<b2 (3.15b)

At y = 0 (cracks normal to the interface)

v^Xj.O^O -H ^ x ^ -a j and a1<x1<Hl (3.16a)

v2(x2,0)=0 -H2<x2<-a2 and a2 <x2<H2 (3.16b)

CTiyy(xi>0)=-Pi(xi) -a!<x,<aj (3.17a)

cy2yy(x2,0)=-p2(x2) -a2<x2<a2 (3.17b)

xixy(xi>0)-0 -H ^ x ^ H j (3.18a)

x2xy(x2^)=0 “H2<x2<H2 (3.18b)

At xj = 0 or X2  = 0

ui(°>y)=0 0<y<oo (3.19a)

u2(0,y)=0 0<y<oo (3.19b)

xixy(0,y)=0 0<y<oo (3.20a)

x2xy(°.y)=0 0<y<cc (3.20b)
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where p x (x t) is the normal traction on fiber crack surfaces perpendicular to the interface 

( - a ^ x ^ a , and y=0), p2(x2) is the normal traction on matrix crack surfaces perpendicular 

to the interface (a^x^a-j and y=0), p3(y) is the normal traction on crack surfaces along 

the interface(x,=H1> b,<y<b2) and p4(y) is the shear traction on crack surfaces along the 

interface (xj=H„ b,<y<b2).

Deflne:W x , ) = « ,

<l>3 (y) = ^[v ,(+H „y) - v2(-H2,y)], (J)4(y) = ^[Ui(+H„y) - u2(-H2,y)] (3.21abcd)

From (3.14ab) and (3.16ab), we get:

^ ( x ^  = 0 ajClxJcHj (3.22a)

(J)2(x2) = 0 a2 <|x2|<H2 (3.22b)

<|>3(y) = 0 0<y<b, and b2<y<oo (3.22c)

ct>4(y) = 0 0<y<bj& and b2<y<oo (3.22d)

The above 16 boundary and continuity conditions are yet to be satisfied. 

Eqns(3.19ab) and (3.20ab) are satisfied identically from eqn(3.9a) and (3.12c) 

Substituting eqns(3.18ab) into (3.12c) we have:

*
E(<x) =  - ^ G ( a ) ,  E * ( a )  =  - K o * ( a )

Then eqns(3.9ab) and (3.12abc) become:

4 f00
u(x,y) = — [A(a)sinh(w1ax) + C(a)sinh(w3 ax)]cosayda 

It J o

+ -  f °  E(a)[e-Iw l lay/Ps - ^ e > 3|ay/p5]sinaxda (3 9a*)
Tt Jo Yi2

4 f00
v(x,y) = — [P7A(a)cosh(w,ax) + P8C(a)cosh(w3ax)]sinayda 

71 J o

f E(a)[P9sign(wi)e_lwlla y/P5-■^1-Lp iosign(w3)e-lw3la y^P5]cosaxda (3.9b*)
7t Jo Yl2

and
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ZE.CL-y.xyv.yx)gx(x,y) = f 00 ^ [ ^ e - K l a y / P j . y H r |w 3 |ay/P5]acosaxda 
ztlx Jo r 12

+ f [2y3 A(a)cosh(w1ax) + 2 y4 C(a)cosh(w3ax)]acosayda (3.12a*)
J o

I ^ y V U y )  ~ f E(a)[y5e"lwila y^P5 - Iw3 la y/Ps] acosaxda
ztly 7 Jo Yi2

f 00+ [2y7 A(a)cosh(w,ax) + 2ygC(a)cosh(w3ax)]acosayda (3.12b*)
Jo

2 G —cxy(x>y)= J E(a)y11[e'lwila y/P5 - e'Iw3 I^P sjas in ax d a

f 00+ [2y9 A(a)sinh(W]ax) + 2y10C(a)sinh(w3ax)]asinayda (3.12c*)
Jo

At y = 0, eqns(3.16ab) give:

v,(x„0)= -§ f E(a)[P9 sign(w!)-^LLP, 0 sign(w3)] cosax, da  a,<x,<H, (3.23a)
71 Jo Yl2

v2 (x2 >0 )= f E*(a)[P9 * s ig n (w ,* )-^ p 1 0*sign(w3 *)]cosax2da a2 <x2 <H2 (3.23b)
Jo Yl2

Then from eqns (3.21ab), we have:

<h(xi)= = |  JQ Y13E(a)asinax , da,

4>2(x2)= \ JQ Y13 *E* (a)asinax2da

Taking the inverse Fourier transform of above expressions:

1 P
E( ° 0 = ~ |  (hO^sinaxjdx, (3.24a)1 f  ' 3. 

Jo

v f.3 a «/o
E * ( a ) = ^ |  <j)2(x2)sinax2dx2 (3.24b)

and substituting eqns(3.24ab) into eqn(3.9b) respectively and applying eqns(3.17ab), we 

get:
fai (b (t) f00

Yi4  + [2y7 A(a)cosh(w1a x 1) + 2y8 C(a)cosh(w3a x 1)]ada
J-a, t “x i Jo
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= _ »(I-V xyvyx)i),(x ,) (3 2 Ja )

y „ * f 2 + f [2y7*A*(a)cosh(w1*ax,) + 2Y8*C*(a)cosh(w3*ax2)]ada
J.&2 t “x 2 Jo

— (3. 25b)

where yj and yj* are given in Appendix B.

Substituting eqns (3.24ab) into eqns(3.15ab), we obtain:

^ 0  ..yxyvyx)p3(y) _ jjm f f '^ ^ s in a td tfy je ’Iw i^y/Ps-y2̂ u e-lw3loty/p5]cosax1da
Jo Yl3 Y12

J *0O
[2y3A(a)cosh(wjaxj) + 2y4C(a)cosh(w3a x 1)]acosayda b,<y<b2 (3.26a)

0

^7?—P4(y) = Hm f [ '^^sinatdtyn [e'lwila y/P5 - e'lw3la y/P5]sinax,da 
xy x,-*H,j0 Jo Y13

f00+ lim [2y9A(a)sinh(w1a x 1) + 2y10C(a)sinh(w3ax,)]asinayda b,<y<b2 (3.26b)
xi~*hi Jo

Applying eqns(A.5ab), eqns(3.26ab) can be further reduced to:

631 M l r H,-t y„ H,-t
2Yi3 (K.lyJ.i+ m  t)2 h W i H y ) l+ m  tJ

1 Ps  ̂ 1 1 p T  +(Hl-t)

J.oo [2y3A(a)cosh(w1a x 1) + 2Y4C(a)cosh(w3ax,)]acosayda
0

= ’t(' 1 ' g Vyx)P3(y) b,<y<b2 (3.26a*)

and
K Jx  M 1

r  IllM lr Pi _ Pi -,dt

1 . ^5
J'OO

[2y9A(a)sinh(w1a x 1)+ 2y10C(a)sinh(w3ax,)]asinayda
0

=  2 G _ p 4 ( y )  b1<y<b2 (3.26b*)
z u xy
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Applying eqns(3.14ab), (3.13ab) and (3.21 abed), one sets:

A(a)sinh(w1aH ,) + C(a)sinh(w3 aH ,)

+ A*(a)sinh(w1*aH2) + C*(a)sinh(w3*aH2) = R j(a) (3.27a)

P7A(a)cosh(w1aH i) + P8C(q)cosh(w3qH 1)

- P7*A*(a)cosh(wj*aH2) - P8*C*(a)cosh(w3*aH2) = R ^a) (3.27b) 

[y3A(a)cosh(w,aH1) + Y4 C(q)cosh(w3qH 1)

-  A,1y3*A*(a)cosh(w,*aH2) - A,1Y4 *C*(a)cosh(w3*aH2)]a = R3(a) (3.27c)

[y9A(a)sinh(w1aH 1) + y10C(a)sinh(w3aH 1)

+ A,2y9* A*(a)sinh(w, *aH2) + Â y10*C*(a)sinh(w3*aH2)]a = R4(a)(3.27d) 

where R,(a), R ^q), R3(a) and R4(a) are given in Appendix A.

Solving eqns(3.27abcd) for A(a),C(a), A*(a) and C*(a), we have:

 ̂ 1 _ R ,(a) R,(a). R,(q) Ra(q)
A(a) “  cosh(ffl,qH,)[ f(q) 8l(a) + f(q) l(a) + f(q) m'(a) + f(q) n' (a)] (3 28a)

N 1 . R,(q) , x R,(q). R4(q) Rd(q)
C(a) = cosh(co3qH 1)[ f(q) + f(q) h2(a) + l ( q )  m2(a) + f(q) n2(a)] (3-28b)

= cosh(co,*qH2)f f(q)^g3(a) + ^ a ) ^ a ) + f(q)^m3̂ a > + f(l)^n3̂ a ^  <3 28c)

.  1_____ r R ,(q) , s R,(q)t , s R3(q) R4(q)
C â )  = cosh(©3*aH2/  f(q) + f(a) h^ a ) + f(q) m^ a ) +  f(a ) (3.28d)

where f(q), gj(q), hj(q), mj(q) and nj(q) (i=l,2,3,4) are given in Appendix C.

Finally, substituting (3.28abcd) into (3.25ab) and (3.26a*b*), we get:

i + j *  K12(xj,t)(j)2(t)dt +

<®b.

I

•b
+

Ki3(xj,t)(J)3(t)dt

2J K14(x„t)<|>4(t)dt = -  ^  2y^E ^X̂ i ( xi) - a ^ x ^ a , (3.29a)

J8 K21(x2,t)(l)1( t ) d t+ ^ j ,a ~  + 7cK22(x2,t)]d)2(t)dt + J  K23(x2,t)(()3(t)dt
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» b 2 ^  ^

+ J K24(X2>t)<J>4(0 dt = -  ^  2y14̂ * yX̂ 2(X2) -a^X jO j (3.29b)

/#] pa2 /»b2
K31(y,t)<|>1(t)dt + K32(y,t)<|>2(t)dt + K33’(y,t)<t)3(t)dt

v-a, W-a, J b ,

J»b2

K34,(y>t)(l>4 (t)dt = ^ - ^ g yxVyx^p3(y) b,<y<b2 (3.29c)

bi X
/•a, #»a2 » b 2

J K41(y,t)<|)1(t)dt + K42(y,t)(j)2(t)dt + K43'(y,t)c|)3(t)dt
v-a, v-a2 J  b,

f b2 j
+ I K44'(y,t)<|)4(t)dt = 2q ~ P4(y) b,<y<b2 (3.29d)

v b ,

where 

Kn (x1,t) = ~ ^ J 0 [k^Xj.aJe^C^i-tJPs/lwjl + k2(x,,a)e_a(^ i-t)P5/lw3l ]da 

K12(xi,t) = ^ £ °  [^(xL aJe-o^-O Ps^W i*! + k4(x1,a)e-a (H2 -t)P5*/ |w3*|]da

1 r®
Ki3(xh0 = “ I  [Ji(xi»a) + J2(xi,ot) ]cosatdaYmvcjo 

1 r®
K 14(x,,t) = -----  [J3(x!,a) + J4(x,,a) jsinatda (3.30abcd)Yi4tcj°

K2i(x2>t) = r ^ £ °  [k5(x2,a )e_a(H rt)P5/|w 1| + k6(x2,a )e-a (H r t)p5/|w3| ]da

K22(x2,t) = - ^ J “  [k7(x2,a)e-a(H 2-t)p5*/|Wl*| + k8(x2,a)e-a(H 2-t)P5*/|w3*| ]da
Yh

K23 (x2»t> = [Js(x2 , a ) + J6(x2>a ) Jcosatda
Yl4

1 c®
K24(x„t) = — r -  [J7(x2,a) + J8(x2,a) ]sinatda (3.31abcd)

7 i a 7t*»0y 14



22

+ lim ” Jo [k9(y,x1,a )e“a CHrt)p5/lw1l + k10(y,x1,a )e 'a (Hrt)Ps/lw3l j^ot 

K32(y,t) = lim “ [ [k11(y,x1,a)e"(X(H2 -t)p5 */lw1*l + k12(y,x1,a )e_a(H2't)P5*/lw3*l ]d a
x , - > H ,  T C ^ O

K3!'<y,t) = Em i f  ]cosatda

K34,(y*t) -  t o  i f  tch(w,,S , >)Ji>(y-“ ) + c i ( w ^ % (y’a) lsinatda (3.32abcd)

IwJv lw,ly

K ,v _ _Zu_r _____________P5_____ 1

2W ^ +<Hr .)*

+ lim ^ f  [k13(y,x1,a )e_a(H rt)P5/lw il+ k14(y,Xj,a)e‘a CHrt)P5/lw3l ](ja
X ,- >Ht T W O

K42(y,t) =  lim [k15(y,x1,a )e 'a (H2-t)P5 */lw1*l + k16(y,x1,a )e '<x(K2‘t)p5*/lw3*l ]d a

K« '<W) = “51. i T  C w . a H l 3" iy 'a) + c h ( w ^ ', ) , » <y'a ) lc° sa ,d a

K“ ’(W) = s i r  tc h ^ S , ) J,'>(y'a) lsinatda (3.33abcd)

The derivation of the terms kj and Jj (i=l to 16) are given in Appendix C.

Note that for t = y the integrals (3.32cd) and (3.33cd) are divergent. These 

divergent parts must be studied and separated by analyzing the asymptotic behavior of 

the integrands. After the asymptotic analysis of the divergent parts in (3.32cd) and 

(3.33cd), eqns(3.29cd) are finally reduced to:

f al j»a2 P h 2

K31(y,t)<|>1(t)dt+ K32(y,t)(()2(t)dt + -̂<t>3(y) + I K33(y,t)<i>3(t)dt
» -a j «l-a2 J  bj
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(t ^  + t+y)(l>4(t)d t+ I K34(y>t)04(t)dt = ■(̂ - ^ J yx'>P3(y) b t<y<b2 (3.29c*)
bj «lbj

£
1 f a2 /®b2
K 4 i(y.t)^i(t)dt + J  K42(y,t)(])2(t)dt - y<|)4(y) +J K43(y,t)<]>3(t)dt

" “2

K44(y,t)<|)4(t)dt = 2 G ^ P 4(y) bi<y< b 2  (3.29d*)
2 k

where p lt p2, p3 and p4 K33(y,t), K34(y,t), K43(y,t) and K44(y,t) are defined in 

Appendix D.

3.1.3 Normalization of The Singular Integral Equations

Using the following variable replacement formulae:

for X! and x2: x ^ a ^ , t=a1s; and x ^ a ^ ,  t=a2 s; -1  < r  < 1, -1  < s < 1

1 1  1 1  
for y: y ^ O v b ^ r + ^ + b ! ) ,  t ^ O v b ^ s + ^ 2 + ^).

then t+y = ̂ (b2-b1)[s+r+b0), b0= ^ ^ ^  - l < r < l ,  —1 < s < 1

Substituting the above into the four singular integral equations, we obtain:

^  l i  + ^ s W  + J-i a2k°2 ̂r ’s^ 2

+ i ^ t k :3<r .s)« < s> ^ + i ^ J ’1k» (r .s)« (s)ds =  - ^ ^ p r ( i )  (3.34a)2 j-i 2 J-, ■" 2yl4E

f ,  a,kS, (r, s)i)“ (s)ds + b £  [ - t - + n a 2k^  (r,s)]<t>“(s)ds

+  ^ r - L  k»  (r>s),|>»< s , d s + £ ,  k » (r’ s)« (s)ds =  (r) (3.34b)
^ y  14 y

£ j aik31 (r, s)]<))° (s)ds+ a2k32 (r, s)]<{)̂  (s)ds+ -^- <|) 3 (r) +~ ~ ~ L k33 (r, s)4>3 (s)ds

" ^ £ (i ^ + T T ^ )« b ) d s + i 27 LjL.k« (r-s )W < s,d s= i^ i l , ; ( r )  (3 J4 c )
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b a - b i  f1

f1. aik4! (r, m  (s)ds + f . a 2 k 42 (r> s)]<t>2 (s)ds+ ^2- f 1 (— + ----- — » 3  (s)dsJ-1 2 n J-1 s - r  s+ r+ b „

£ ik^ ( r , s ) ( t ) ° ( s ) d s - ^ C ( r ) + ^ ^ £ ik;(r,s)(t>:(s)ds = - p - p : ( r )  (3.34d)

here superscript "o" is used to denote the normalized quantities.

For orthotropic materials, the dominant parts of eqns (3.34c) and (3.34d) are 

coupled. It is necessary to decouple these dominant parts before any numerical method is 

applied. Using the technique described in [23], we first let:

♦ - g U f c K A -
'P l 0 0 _fia.il 0 P2 ■" —— 1

2 , B = 2 ,B ' = 2
0 p4 p3 • —— 1 0 P3 . —  1 0

2 . . 2 .2

c =
a i k 31 a 2k 32 Y  _  b 2 b j

i
pr S

“ k °  ’34

1 P £ 
°

a 2k 42 . 2 k °_ 43 k °44 _
, and P =

1—v v»y y* n n 
r32EX

1
2G ■P4

then eqns (3.34c) and (3.34d) are combined to yield:

A<)+4 f '  _ J * _ + f-ceds+ r K $ds= p
T t i ^ s - r  j u ^ s  + r+bn

(3.35)

Multiplying both sides of eqn (3.35) by A'1 gives:

<t» +  4  f  + 4 - f1 ——— ^  + f1 A~1C9ds + f1 A_1K<t>ds = A_1P (3.36)
jcij -1 s - r  r c i^ s + r + b n  J-1 J-1

0 •P2’-1 — 0 • p2" —1—
Let D = A_1B =

i * .
Pl ' D = A_1B = Pl

0 I |P 0
.  P4 L P4

then the eigenvalues \iX2 of D can be determined from:

D - |j.I = 0

which gives: |x2 -H zEl = o n = ± l& £ I = ± —
PiP4 V P1P4  C

(3.37)
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Now let R be a square matrix such that: 

DR = RA

where: A = X ~ l
o

0

-C_1J
, then R =

1
with rjj = — , and rj2 = —

Pi P4

Introducing: <J) = Rt|/, where \j/ = Vs
LV4 J

, then eqn (3.36) is reduced to:

1 ri A\|/ds 1 fi
y +  —  —

jcij -1 s - r  7tiJ-1
1 fi Ayds , 1

s+ r+ bn
+J R_1A_1Ceds

4-J^ R-1A_1K<J)ds = R- 1A-1P

where

R- 1A-1C =
a ^ r . s )  a2 c2 (r,s) 

_a1c3 (r,s) a2 c4 (r,s)_
Pl P4 V^Z 

_ k ^ _ ik |L  
P4 Pl V Tli

X? ik 
Pi

a2e + ^ Mli
P4 V*lz

)

k° ik°a '  42 32zt
P4  Pl ^ 1

i k )

R- 1A_1K R :
k“(r,s) k 2 (r,s) 
k 3 (r,s) k°(r,s)

b2- b i x

k° k°
( ^ - - ^ - ) + i ( .  

Pl P4
M2 3̂4 j Ml k4;

V 'Hi Pi V^z P4

) ( 3̂4 l̂l k4;
P4 Pl %  P4
43 \ / IV34 Ml "-43  ̂ j • Ml ^33  ̂ ^

M 2 Pi

k°
44

P4
^ 2  k43  ̂ . m 2 ^k33  ̂ k ^   ̂ ^k

lli Pi P4 *li Pl P4
^33__k4£^_.^ M 2 k M  ̂ I Tit k 43

Pl P4  V Til Pl P z P 4

and R-1A_1 =
m, im.

-m 3 - m 4
Pi

P2

4
P3

P1P2P4

P1P3P4

1

P4

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

Finally eqns (3.34c) and (3.34d) reduces to:

V3° O ') + - ~ r  Vs (s)— —  —  f. V 4 (s) ■ 65 ■- + f  ajCj (r, s>j)° (s)ds+ J ' a 2c 2 (r, s>t>2  (s)ds 
j a J - 1 s - r  7t J - 1 s+ r+ b „  J_ 1  J l
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+ - 1- J j  k° (r, s)\|/3 (s)ds + bz 2 bl k° (r, s)y° (s)ds

= mi -g '-—- p3 (r)+ im 2 - j — p4 (r) (3.43a)
2EX

¥4(r> ¥ 4 (S)— — — J1 ¥3 (s)— ^ - + f ’ a,c3 (r, s)0°(s)ds + f  a2c4 (r, s»>°(s)ds 
711 s - r  jc J-1 s+ r+ b „  J_1 J-1

+ - 2™-bl- £  k3 (r, s)t|/3 (s)ds + bz 2 bl J  t k° (r, s)\|/4 (s)ds 

= p3( r ) -m 4—| p4(r) (3.43b)
2(j*y

Note that the functions \|/3(r) and \(/4(r) are related through the following 

relations:

¥30(r) = ̂ M>3°(r)-i S > S (r) ]  & ¥ 4°(r) = ̂ [ - i  ^ 30(r)+<t>4°(r)]=-i (3.44ab)
2 V Tl2 2 \T1, Af Tli

If both materials are isotropic, it is found that —  = 1, and the above equations
V "Hi

reduce to:

¥ 3°(r)=  |[<t>3« - i^ (r)]  & ¥ 4°(r) = |[-i«K(r) + <K(r)] = - iy 3°(r) (3.44a*,b*)

Now expressing eqns (3.34ab) also in terms of \|/3(r) and \[/4(r ) , we have:

1 fi 1- 1* [----- + ttajk” (r, s)]<)>° (s)ds + f' a2k°2 (r , s)<j)° (s)ds
7C'-1 s —r  J-1

+  h z h f  [T l ¥ °(s)ds +  T i\j/3(s)]ds =  1~ \ Vyx Pi°(r) (3.34a*)
z 2,y14h y

f , aik 2i (r. s)<l>°(s)ds+ -  f  + 7ta2k^  (r, s)](j)2 (s)ds
*“1 i t s —r

- K 1 1 * *
+ - ^ L j-£ 1 [T2ii/3°(s)ds + T2V3°(s)]ds = P°(r) (3.34b*)

Z 2 Y l 4 y

where T, = k“ +i  J - k i  T . - J s J - i  ]& r u
V V ^1
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T 2  = k a + i  —  K a and T2 = k ° - i  P - k °  (3.45abcd)
V 'Hi V Tli

/

3.1.4 Numerical Solutions

In this section, numerical procedures are outlined for solving the singular integral 

equations for different crack configurations as discussed in the previous section. The goal 

is to determine the stress intensity factor and or the strain energy release rate at the crack 

tip for each crack configuration. Three H-shaped crack configurations are used. These 

are: (a) embedded H-shaped cracks, (b) broken matrix H-shaped cracks and (c) the 

intersecting H-shaped cracks.

3.1.4.1 Embedded H-shaped Cracks

Figure 3.1 shows the embedded H-shaped crack geometry. In this case, the 

normalized singular integral equations take the following form as derived above:

— f , [— + iWik", (r, s )]#  (s)ds + f1 a 2 k °2 (r, s)<(>° (s)ds 
7t ,M s —r

+ ! tT iV 3°(s)ds + T i^ (s )]d s  = (3.46a)
Z 4Yi4Jiy

f1 a,k°, (r, sft" (s)ds+ -  f  [— + 7ta2k£, (r, s)]<}>2 (s)ds j-i s—r
, 1 *  *

+ bI ^ b L [T2 ¥ o(s)ds + T2 X}/”(s)]ds = - I - > V p fr) (3.46b)
114"y

¥a°(r) + f* ¥ a (s)— —  —  J . ^ ( s ) - - ^  + f  a ^ (r ,s» ° (s )d s  + f  a 2 c2 (r,s»>2 (s)ds
in s —r ic s + r+  b0 J_ 1

+ k° (r> s)¥a° (s)ds + bz 2  bl k 2 (r, s)\)/° (s)ds

= m,   ^ Vyx p3 (r)+ im 2 — P4 (r ) (3.46c)
X ay

¥ 4  ( r ) - ^ t [ .  ¥ 4  (s) — —  —  f  ¥ 3  (s)— ^ 7 — + f  a,c3 (r, S>()° (s)ds + f  a 2c4  (r, s» ) 2 (s)ds 
7Ci s —r n  s + r + b n J - 1
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+ bg_ b, £  k„ ̂  s )v „ (s)ds + b2~-bl J^ k° (r, s)\|/° (s)ds
2

^ i m , 1  .Vg ^  p3 ( r ) - tn 4 —^ - p 4 (r) (3.46d)
^ x y

Of the four equations above, only three are independent since y 3 (r) and ^ ( r )  

are related through eqn (3.44b). Thus only the first three will be used.

Equations (3.46a) and (3.46b) are Fredholm equations of first kind. For the 

solution the Lobatto-Chebyshev integration formula is used. Equation (3.46c) is 

Fredholm equation of second kind and thus a Lobatto-Jacobi quadrature rule is used.

Let <|)«(s)=-ffi5L, ((>°(s)= - ^ S)- and \|/3°(s) = ------ ^ — g-
1 2 V3 ( l + s r ( l - s ) fe

here a  = - P3 , P = - 0 1 3 ,

Using the methods described in [24-31], we obtain:

X  + 7ta1K“ (ri,sk)]F1°(sk)+  a ^ K ^ s ^ s , ) }
k=1 7t Sk — Ij 

U   L  N+l       1  y  y

+ ~JLr - L 2  [Ti(ri,syj)Wyj F3°(syj) + T,(ri,syj)W yjF3° (syj)] = — » p f a )  (3.47a)
j=l 7 14 y

X  {a1WkK °(ri,sk)F1°(sk) + r c a ^ ^ s ^ F " ^ ) }
lc=l 7t sk _ r i

L  __ L  W+l _      1 **“ V V
+ [T2(ri,syj)WyjF3°(syj) + T2(ri,syj)W xjF3(syj)] = -  p f o )  (3.47b)

Z j=l Y14 y

^ r X  -  ~ ~ X  s~ ; 7 + b  [a ic i(r i .sk)Fi°(sk) +  a2C2(ri,sk )F 20(sk)]W k
j=i 3d yi j=i yj yi *> k=i

h - h  N+1 ____
+  ^ T ^ X  [T 3(ryi’Syj)W yjF3° (Syj) + T4(ryi,Syj) W yj F 3 (syj)]

^  j=l

= mi 1 2E Wy* P3^ryi) + kn2 ^ - P 4 ( ryi) (3.47c)
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where T3 = k ^ r ^ ) ,  T4 = - i / — k ^ r ^ )  and
V "Hi

Wk = i - 5 -  ( k - l , n )
L n — 1

Wt = - i -  - (k = 2,..n-l)
n —1

sk = cos[ 7!~C~~iP l (k =  l,...n)(n -1 )

" ■ cos[^ ^ ] < i = 1 " " n - , )

2^'N ![r(p + l)rr(a+N + 2) 
yj r(P  + N + 2 )r (a  + P+N  + 3) V W) Kyi }

W 2^'N ![r«x + l)r r (p+N + 2)
w r ( a + N  + 2 ) r (a  + p + N  + 3) V ’ vyj ’

_ 2"»»T(a+N +2)r(P +N +2) 1
8 (N + l)(N + l)!r(a+ P + N + 3)[P “J’>(sIi)]!

The abscissas Syj are the roots of the following equation: 

and the collocation points tyj satisfy the N-th order Jacobi polynomial:

p r + i)( g = o

Wyj and F3(syj) are the complex conjugates of and F3° (sM) respectively.

At the interface, since a  and p are complex numbers, the weights Wyj, the 

abscissas Syj and the collocation points ryj will also be complex. The technique of using 

the complex weights, abscissas and collocation points is not new. One can refer to [31-34] 

for more detail.

Note that generally F30(sxj) ( yj = 1,...N+1) are complex numbers, equation (3.47c) 

actually provides two sets of equations (for real and imaginary parts). Together, equations
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(3.47abc) provide 2(n-l)+2(N) equations. Since there are 2(n)+2(N+l) unknowns in eqns 

(3.47abc), the following additional single valuedness conditions are needed:

<J)°(s)ds = 0, J ] <t>°(s)ds = 0 and J1 \|/°(s)ds = 0 

These in turn provide four additional linear equations:

Z  WkF,”(tk) = 0
k=l

Z WkF2"(tk) - 0
k=l

N+l

2  WjF ; ^ )  = 0  (3.48abcd)
j=i

Note also that here the last expression provides two sets of equations.

Once the values of F,°(tk), F^tfc) (k=l,...n) and F3°(syj)=Re[F3°(s^)] + iIm[F3°(syj)]

(yj = 1,...N+1) are determined, the stress intensity factors can be found as: (see Appendix 

E for the details of derivation):

k ( a , ) - - 2,y“E’ ^ F,-(l), k ( a , ) - f y“ E: ^ F -(l) (3.49ab)
0 - V V V ^) (1 — Vjty Vj^)

J  1 _

P3 2Gxy 

1 1

M b,) - i j — 1 (b,) = l V T C F ^ - I )  (3.49c)
V P 1P 2P 3 2 E x

Mb2) - i j - 6*- (b2) = 4 ^ * 0 )  (3.49d)
V P 1P 2P 3 2ExP 3 2 0 ^

It should be noted that in eqns (3.49cd), k, and k2 have the unit of ab instead of the

b — bconventional aVb and L = — L.
2

If  the materials of both layers are isotropic, it can be shown numerically that the 

coefficients of k, and k2 in eqns (3.49cd) are equal, i.e.:

J  ] _ = I P4 ^xyVyx
P3 2Gxy \p ,p 2p3 2EX
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and eqns (3.49c,d) reduce to

k2(b ,) - ik j(b ,) =2Gxyp3A/ l - ^ L F 3°(-1) (3 .49c*)

k2(b2) - ik,(b2) = (3.49d*)

The strain energy release rate at the interface crack tip can be derived as follows:

—  = k; +  — !— —k j] (3 .50)
Ay , / T t p  2 E„ p, ' 2 G „ P) 11

Again if both layers are made of isotropic materials, the above equation reduces to 

4 ^  ”  f— —  — — —(k f +  k j)  (3 .50*)
Ay 1/ T < r 2 G „ p , ' '

It should be noted that when upper and lower interface cracks meet (that is when 

b,= 0), eqns (3.46a-d) should be modified before proceeding to the numerical solution. 

First the integral limits for interface cracks should be extended from (0, b2) to (-b2, b2). 

Then, using the following relations:

<E(t) = <E(-t) (t):(t) = -<K(-t)

Kj3(xj, t) = Ki3(xj,-t) Kj4(xj, t) = -Kj4(xj,-t) (i = 1,2)

Kj3(y, t) = Kj3(y,-t) and Kj4(y, t) = -Kj4(y,-t) 0 = 3,4)

eqns (3.46abcd) can be reduced to:

1 r> 1-  f . [----- +7ca,k“ (r, s)»? (s)ds + f a2 k,°2 (r, s)<|)° (s)ds
k j -' s - r  J-1

+ T \f 'i  tTiV|/°(s)ds + Tivj7°(s)]ds= 1 p°(r) (3.51a)
z Zy ]4iiy

f  a,k21 (r, s)<j>°(s)ds+ - / . [ —  + ™2k°2(r, s)]<j>°(s)dsj-i tjj- i s _ r

b ,  r1 _  v , . s ; - o   1 - v ^ v

C  f1 ds

* *
+ 4 M .  [T ,vK s)< ls +  T ,v |/;(s)]ds =  - - ^ p " I(r) (3.51b)

z zy 14tiy

+ f1a1c1(r,s>l)?(s)ds + J ' a2c2(r,s>t)“(s)ds 
to s - r  J-1 J-1
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+ \  J-I [k° (r> ̂  (s) + k 2 (r, s)\|/4 (s)]ds

P3( r ) + jm 2 ^ - P 4 ( r ) (3.51c)

< ( r ) - ^ r  f. < (» )—  + f 'a ,c 3(r,s)tt>°(s)ds + J ' a2c4(r,s>t)2 (s)ds 
7Ci •*-' s - r  •'“*

+ - y  J_, ̂  <r’s) ̂  (s) + K  (r, s)\|/° (s)]ds

(3.5 Id)

The numerical procedure and the single valuedness conditions mentioned above

should also be applied to solve eqns (3.51abc). In this case (i.e. when bi = 0), L = b2 

should be used in eqns (3.49cd) and (3.49cd*)

3.1.4.2 Broken Matrix H-shaped Cracks (a2=H2, b^O)

When matrix cracks touch the interface, the kernel F ^ x ^ t) becomes unbounded. 

And the singular behavior at the crack tip changes. Now, redefining (^(s) as:

The determination of the power o f singularity y is shown in Appendix F.

Since y is generally different than 0.5, in the numerical procedures described for 

eqns (3.47a-c), Lobatto-Jacobi quadrature was used for integrals containing <()°(s). The 

rest of the definitions and numerical calculations in eqns (3.47abc) remain the same. The 

modified version takes the following form:
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W  1
£  {a1WkK;,(r1,sk)F1°(sk) + - ^ [ — —  + Jca2K i( r I,sk)]F“(sk)}
k=i n  sk — rs

• *
h  _  h  N+1      n 1 — V* v’

+ [T 2(ri,syj)W yjF3°(syi)  + T 2(ri,syj) W H F 3(syj)] = — y - pf a)  (3.52b)
*- j=l y

L _ \T  » A W . J L ±  T 'f r ^ u  +£  [aici(ryi»sk)F.0(s,k)W'k+ a2C2(ryj,sk)F20(sk)Wk]
j = l Syj Iyi j_J Syj 4 -  Tyj +  D 0 k = l

K — h N+1   —
+ ^ V £ lZ  [T3(ryi,syj)WjaF30(sXj) + T^ryj.SjjJWxj F s ^ ) ]  

z j=i

= m> 1 ^ Vyit p3(ryi) + im2- i - p 4(ryi) (3.52c)
Z i ; i x  • ^ 'J xy

Where: K°lS(rj,sk) and K°,f(rj,s'k) are the singular and finite part of the kernel 

K°,(r; ,sk) respectively (a detailed analysis of the singular behaviors of the kernels is given 

in Appendix D), and

w ; . s '- ' - 'O - O i r o - y ) ] 1^  (k= U l)
k T(n + 2 -2 y )  v u  '

w  „  r : > z i ) ! [ m - j rt f _____ 1_____________  (k =  2 n. n
T(n + 2 -2 y )  [ P ^ 'r)(s'k )]2 ( }

The abscissa s'k are the roots of the following equation:

o - s ; 2)p"? ''‘” ( s ; )= o

and the collocation points rj may be obtained from: 

p„(: ^ - ,)( r ;)= o

The methods of evaluating the weights, abscissa Wk, tk for Lobatto-Chebyshev 

integration rule, Wj, syj for Lobatto-Jacobi integration rule and the collocation points rs 

and ryi will be the same as those described in section 3.1.4.1.

Also the single valuedness conditions become:

t ,  W j.F.-ftJ-O
k=l
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n

Z  Wt F2"(tk) -  0
k=l
N+l

2 (3.53abcd)
j=i

The expressions for stress intensity factors and strain energy release rates given in 

eqn (3.49ab) and (3.50) remain valid for interface crack. But for k(aj), the following 

expression should be used:

For detailed derivation please see Appendix E.

3.1.4.3 Intersecting H-shaped Cracks (a2=H2, b.,=0)

When a, = H, and b, = 0, the transverse matrix cracks intersect with the interface 

crack to form H-shaped cracks as shown in Fig. 3.2. This configuration has been observed 

during the tensile test of the uniaxial ceramic matrix composites. Since the power of 

singularity at the point of intersection is zero, which has been confirmed numerically, <j>°(s) 

will no longer be singular at this crack tip. Also, the kernels Kn , K,3, K14, K31 and K41 

become unbounded. In this case, because b, = 0, the numerical calculations will be based 

on eqns (3.51abc) instead of eqns (3.46abc).

First, the singular parts of the kernels Kn , K13, KI4, K31 and K41 in eqns (3.51abc) 

will be extracted and integrated in closed form. Consequently the modified equations take 

the following form:

( l- v C O s in O ry )1 " ’Q w flw .l/pJ ^ [ K W / p J

|w3|/p 5 , ,  |w3|/p 5
.. . iv T A-mi p. .. . (3.54)

- f .  [— '+7ta1k1°ls(r,s)](J)”(s)ds+ [' a,[k° (r,s)-k° S(r,s)]<j)°(s)ds 
k 1 s - r

+ £  a2 k°2(r,s)<|)°(s)ds + [Tu \|/“(s)ds + T lsxj73(s)]ds
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+ - f \ \  [(T,-TI1)v|/;(s)ds + (T , - T „ )^ (s )]d s  = .V k . pf(r) (3.55a)
Z  ^  14 y

f' a1k°1(r,s)({>°(s)ds + — f  [— + 7ta2k“2(r,s)]<J,°2s)ds 
^ -1  *_| s —r

+ ^ J ' ,  M W d s + T ^ W l d s - i - ^ p S O - )  (3.55b)
i  zy  ,4c,y

V30( r ) + ^ £  ^ O O ^ ;  + £  a1cis(r.s)<J>°(s)ds + £  a,[c,(r,s) - cls(r,s)]<|)°(s)ds 

+ £  a2 c2(r,s)<l)2(s)ds + y £  [k° (r, s ) ^  (s) + k°(r, s)\(/“(s)]ds

= m i"L^ k p 3 (r)+ im 2 i F _P4(r) (355c)x ^ x y

where T „ = k ;) ,  + i p l i c ,
V v Til

and cls(r,s) = [ ^ -  + i ^  G l ]
Pi P4 V ^2

Now defining <j>°(s) = F,°(s), and the definitions for the rest of the displacement

density functions remaining the same as in section 3.1.4.1, we have:

" W ' 1
I  f - r [7 ~ 7  + ’ta,K ;„(ri,Sl)]F1°(Sl) + a ,w ;[ K ^ . s ' , )  - K« .( i- .O K O i)
k=i 7t sk -  r;

|_ N+l _  ___  _

a2WkKr2(r;,sk)F20(sk) } + ^ - 2 :  [ T ^ ^ s ^  F3°(Syj) + T,s(r; .s^W * F30(Sxj)]
1 j=i

K N+l _  _  _______

- f Z  « Ti(ri>syj)-Tis ( r ;a S ^ F ^ S y j)  + [T l(r: ,sxj)-T ls( r : .s ^ W y jF ^ ) }
z j=i

= ^ k p ' (r‘) <3 56a>
^ Y l ^ y

Z  {a,w; K ;^  r ^ F ^ s ' , )  + ^ [ — L -  + naIK ^(ri,sk)]F2»(st )}
k=l 71 S k - T ;

K  N+l    i *  *

+ [T2(ri.s»)w »Fs (s» )+ T jfe% )W „F;(s^)] = - - ^ p ; ( r , )  (3.56b)
z  j=i -dy I4ii
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S l f  + i
711 j=l  Sxi y> j=> yj yi D o k=l

+ E  w kait c i(ryj>s'k) - cls(ryj,sk)F1°(sk)+ £  Wka2c2(ri,sk)F2°(s,,)
k=l k=l

U  N+l   _

+ [IsCryi.SyjJW^Fj0 (Syj) + T^s^W yjFsCSyj)]
1 j=i

=  m . - - - 2V| ' Vyx P 3 (ryi)  +  in i2 ~  P 4( ryi) (3 -56 c)
x xy

where

*  (k = , '" )

w‘ -«trni d > F  ( k ” 2 " ' n - 1)

and the abscissas s'k are the roots of the following equation: 

o - s, 2)pS ( s; ) = o

Wk and s'k are the weights and abscissas of the Lobatto-Legendre integration rule.

The collocation points rj are given by:

UST’M - o

Again, the methods of evaluating the weights and abscissas Wk, tk for Lobatto- 

Chebyshev integration rule; Wj, syj for Lobatto-Jacobi integration rule and the collocation 

points Tj and ryi remain the same as those given in section 3.1.4.1.

The remaining four additional equations take the following form:

F,°(-l) = 0 (3.57a)

F ° ( l )= 0 (3.57b)

J1 <J>°(s)ds = 0 (3.57c)

and J-H1<t)I(s)ds = 4>3(s)ds (3.57d)

The first two equations originate from the requirement that <|)°(s) remains finite at

both crack tips. The third equation is deduced from the single valuedness condition for
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embedded cracks in the fiber if a  ̂is not zero. And the last equation states the condition of

continuity of displacement at the point of intersection.

Eqns (3.57ab) can be directly used in the numerical calculations. Eqn (3.57c) can 

be written as:

This gives the last equation that is needed for the numerical calculations.

The calculation of the stress intensity factors and the strain energy release rate at 

the interface crack remain the same as given in eqns(3.49cd) (with L = b2) and eqns(3.50).

3.1.5 Results for Singular Integral Equation Formulation

It is well known that the interface bonding strength plays a significant role in the 

toughness of brittle ceramic matrix composites. A "weak" bonding strength generally 

improves the toughness of the composite. A direct indication of weak bonding between 

the matrix and the fiber interface is the existence of interface crack or defects due to 

debonding process during loading. From the experiment, it was observed that under tensile 

loading, matrix cracks developed first and then propagated to the interface. Once the 

matrix cracks reached the interface, they didn’t penetrate through the fibers. This means 

the fracture energy of the fiber is larger than the fracture energy along the interface due to 

purposely made weak interface bonding strength during manufacture. Therefore the 

energy will be released along the interface to cause interface debonding or to generate

n

(3.57c*)
k=l

Using the fact that

the real part of above equation can be written as:
n L  N+l

Y  Wt F,°(ti,) =Re(-i— y # WjF3°(syj)) (3.57d*)
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interface cracks. The actual role that the interface plays has drawn a lot of attention in 

both research and manufacturing areas. One can refer to [35,36] for detailed discussions. 

The goal here is to explain or simulate the damage mechanism of the brittle ceramic matrix 

composites by analyzing the interactions between matrix and interface cracks using 

different crack configurations.

Table 3.1 Comparison of stress intensity factors

Materials
k,(b)
c 0b

k2(b)
a 0b

Layer 1 Layer 2 Results from Results from Results from Results from

[38] eqn (3.49d) [38] eqn (3.49d)

Aluminum Epoxy 1.0000 1.0000 -0.1342 -0.13421

Steel Epoxy 1.0000 1.0000 -0.1443 -0.14431

Steel Aluminum 1.0000 1.0000 -0.09158 -0.091576

Nicalon CASH 1.0000 1.0000 -0.071076 -0.071074

To check the correctness of the numerical procedure, some simple crack 

configurations have been studied first. For periodic transverse cracks in the matrix and the 

fibers without interface cracks, the results for stress intensity factors match those found in 

[22,37]; For interface cracks without transverse cracks, if both Hj and H2 are set to be 

very large and the materials of both layers are isotropic, the problem is reduced to an 

interface crack in an infinite domain and the results from [38,39] for stress intensity factors 

at the interface are recovered. Table 3.1 gives the results of stress intensity factors at the 

interface for four different materials combinations. As can be seen from the table, the two 

results compare well with those found in the literature. Also, the strain energy release rates 

at the interface for the above four material combinations were calculated using eqn 

(3.50*). For isotropic materials, the exact expression for the specific strain energy release 

rate at the interface was first given in [40] as follows:
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AE _ n  ( h 1+ k , h 2) ( h 2 + k 2h 1) 2 2

A y  2 h 1h2[(1+k,)h2 + (1+k2M ] ( ' aJ C ‘ >

where p., and p2 are the shear moduli of layer one and layer two respectively, 

k ] 2 = 3 -  4v, 2, and k\ and k2 are the mode I and Mode II stress intensity factors at the 

interface crack tip.

The specific strain energy release rates using both eqn (3.50*) and eqn (3.58) are 

compared in Table 3.2. The error is within 3 percent. Considering the fact that all the 

derivations are based on the orthotropic materials, and the isotropic behavior was 

approximated in the calculation, the results are quite good. Table 3.3 gives the Young's 

moduli and the Poisson’s ratios for the materials used in the calculation.

Table 3.2 Comparison of strain energy release rates

Materials Specific strain energy release rates

Layer 1 Layer 2 Using eqn (3.58) Using eqn (3.50*)

Aluminum Epoxy 0.6246x1 O'5 0.6320xl0"5

Steel Epoxy 0.6035 xlO '5 0.6125xl0"5

Steel Aluminum 0.3765 xlO'6 0.3766xl0-6

Nicalon CAS II 0.3192xl0'6 0.3212xl0~6

Table 3.3 Material constants

Material Young's modulus 

E (lb in. -2)

Poisson's ratio

Aluminum lxlO 7 0.3

Steel 3 x l0 7 0.3

Epoxy 4.5x10s 0.35

Nicalon 28.3xl07 0.28

CAS II 13.2xl07 0.28
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If both transverse and interface cracks exist and both the widths of the periodic 

layers 2Hi and 2H2 are finite, this formulation can also be used to calculate the stress 

intensity factor at a transverse crack tip in an infinite strip o f finite width under uniform far 

field tension. In Figure 3.3, two results for the stress intensity factor at a transverse crack 

tip in an infinite strip made of isotropic material are given. The first one is the classical 

finite element solution which gives the stress intensity factor at the crack tip in terms o f a 

polynomial expression [41]:

^  = [ s e c ( ^ ] 1,2[ l - 0 .0 2 5 ( |; ) 2 + 0,06(“ )4] (3.59)
o v a  2 W W W

The second one is this singular integral equation formulation based on the periodic infinite

strips containing both collinear transverse cracks and interface cracks. The two results

matched quite well. The influence of the interface crack length on the stress intensity

factors at the transverse crack tip is shown in Figure 3.4. The asymptote was obtained

from eqn (3.59) with a/W = 0.9 for an infinite strip.

Next, the effects of the transverse and interface cracks on the tensile damage 

behavior of the ceramic matrix composite are investigated.

(a) Embedded H-shaped Cracks ( a2 < H2, bi = 0 )

This configuration is used to simulate the early stages of tensile damage of brittle 

matrix composites in which both small transverse matrix cracks and interface cracks or 

defects exist. The effects of interface crack length on the stress intensity factors at the 

matrix crack tips are shown in Figure 3.5. If the interface crack length is small (b2/H2 = 

0.001), the stress intensity factor will drop as the matrix crack approaches the interface. 

This is due to the fiber’s constraining effect. However, if there exists a sufficiently large 

interface crack (b2/H2 > 0.5) in ffont of the matrix crack tip, the stress intensity factor at 

the matrix crack tips increases sharply as the matrix crack reaches the interface. The fiber 

constrain effect disappears. It is also noted that if the interface crack is small, as the matrix
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crack approaches the interface, the strain energy release rates at the interface crack tips 

increase rapidly as can be seen from Figure 3.6. This suggests that small interface crack 

tend to extend along the interface as the matrix crack approaches the interface. As a result 

of the interactions between matrix cracks and interface cracks, one can conclude that if 

there is an interface crack whether it is small or large in front of the matrix crack tip, then 

the constraining effects of the fibers will eventually disappear.

To find the effect of interface crack length on the stress intensity factors at both 

matrix and interface crack tips, the matrix crack was fixed (a2/H2=0.9) and interface crack 

was allowed to extend. Figure 3.7 shows the stress intensity factors at the matrix crack 

tips. The strain energy release rates at the interface crack tip for different interface crack 

length are shown in Figure 3.8. A rising stress intensity factor at the matrix crack tip is 

seen as expected. The decrease in the strain energy release rates at the interface crack tip 

as the interface crack advances indicates that the interface crack will eventually stop 

opening.

(b) Broken Matrix H-shaped Cracks (a2 = H2, bi > 0)

In this case the matrix crack touches the interface. But a small interface crack with 

a crack length of d = (b2 - bi) is assumed to be located some distance away from the tip of 

matrix crack. One possible damage to the interface would be that the inner interface crack 

tip propagate toward the matrix crack tip. The variations of the stress intensity factors and 

the strain energy release rates at both the matrix crack and the interface crack tips are 

calculated as the inner interface crack tip approaches the matrix crack tip ( i.e. bi 

approaching zero while b2 remains fixed). Figure 3.9 shows that an increase in stress 

intensity factors at the matrix crack tip occur only when the inner interface crack tip 

approaches the matrix crack tip. Sharp increase of strain energy release rates are also 

found at the inner interface crack tip when the inner interface crack reaches the matrix 

crack tip as can be seen from Figure 3.10. As a result of the sharp changes in stress
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intensity factors at the matrix crack tips and strain energy release rates at the interface 

crack tips, either the interface crack advances first to intersect with the matrix crack and 

leave the fiber intact, or the matrix crack extends first into the fibers and causes fiber 

damage. This depends on the relative strength of the fiber fracture toughness and the 

interface bonding strength.

(c) Intersecting H-shaped Cracks (82 = H2, bi = 0)

When the matrix crack intersects with the interface crack, then intersecting H- 

shaped cracks are formed. Since there is no stress singularity at the point of intersection 

therefore no driving force to allow matrix crack to extend to the fiber, one possible further 

damage to the composite would be along the interface. Figure 3.11 shows strain energy 

release rate at the interface for increasing interface crack length. The strain energy release 

rates drop significantly as the interface crack increase. The sharp decrease in strain energy 

release rate as the interface crack propagate indicates that the progression of interface 

crack will end as soon as the interface crack length reaches a certain value.

In the above numerical calculations, the normal stresses pi on the fiber, P2 on the 

matrix and p3 on the fiber/matrix interface are chosen in such a way so that the following 

two conditions are satisfied:

Pl _ v  P l =  P l - v *  J E l  
e ,  **e x e ;  " e ;

( I t  vxy ^r")H i + ( |2 - v ; | f ) H ,  = 0Ex Ex ^Ey

The first one is to ensure that the far field strain in y direction is constant. And the 

second one makes sure that the strain in x direction is continuous across the interface.
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3.2 FINITE ELEMENT ANALYSIS

The finite element model is used to simulate the nonlinear stress strain behavior of 

the brittle matrix composite. In the previous singular integral equation formulation, only 

single row intersecting H-shaped cracks was considered. In the finite element formulation, 

the multiple row intersecting H-shaped crack configuration as shown in Figure 3.12 is 

used which is closer to the actual damage pattern observed during the tests.

3.2.1 Description of the Multiple-row Intersecting H-shaped Cracks Model

From the experiments, it is observed that, after the appearance of initial transverse 

matrix cracks, the stress-strain behavior starts to become nonlinear. With increase of the 

tensile load (about 10 ksi as can be seen from Figures 2.4 and 2.5), a regularly spaced 

multiple transverse matrix crack pattern is formed. Once this stage is reached, further 

increase of load generates few new matrix cracks until final failure. Therefore, during the 

period from which saturated matrix crack formed to eventual failure, interface debonding, 

matrix crack opening and sequential fiber breaking dominate the failure process. To 

capture the effect of damage accumulation due to interface debonding, a crack 

configuration as shown in Figure 3.12 is used where the interface crack length is allowed 

to increase with increasing load. The popular ABAQUS finite element code is used with 

strain energy release rate as the criterion for the interface crack propagation. First, the 

strain energy was calculated for a certain interface crack length, then the interface crack 

length was allowed to increase by releasing the node at the crack tip and the strain energy 

was again calculated. Thus an estimation of the strain energy release rate G at the interface 

crack tip can be determined using the following expression:

0  = ̂ - ^  (n=0,l,2,....... )
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where Un and Un+1 are the strain energies associated with the two subsequent crack 

lengths, AD is the interface crack increment and t is the thickness of the specimen. If  this 

G value is greater than Gcr (critical strain energy release rate), then the crack is assumed 

to propagate. In practice, the Gcr value at the interface is extremely difficult to measure. 

Here we estimate Gcr by matching one point of the stress-strain curve with the calculated 

value. Table 3.4 shows the computed Gcr for both V f= 30% and Vf = 40%.

Table 3.4 Estimated critical strain energy release rate Gcr

Fiber volume fraction L/2H, Estimated Grr

30% 2.5 85.36 (lbs/in)

40% 3.0 62.70 (lbs/in)

3.2.2 Finite Element Results and Discussion

Before the finite element calculation is carried out, one has to determine the matrix 

crack spacing L and the fiber spacing 2H2used in the model as shown in Figure 3.12. The 

ratio L/2H2 affects the results significantly. Matrix crack spacing is determined by 

averaging the matrix crack length from the micrographs taken during the experiment. It is 

found that the matrix crack spacing decreases with increasing fiber volume fraction o f the 

specimen. The average matrix crack spacing for Vf = 30% was found to be L = 166 pm. 

And for Vf = 40%, the value is L = 111 pm. The fiber spacing varies with fiber volume 

fraction, the fiber diameter and how evenly the fibers are distributed in the matrix. The 

average fiber diameter for Nicalon fiber is about 16 pm as measured from the test results. 

Consider the ideal case where fibers are evenly distributed in the matrix media, then for Vf 

= 30%, 2H2 = (0.7)(16)/0.3 = 37.3 pm and for Vf = 40%, 2H2 = (0.6)(16)/0.4 = 24 pm. 

Therefore we have:

—  = 166/37 = 4.44 for Vf = 30%
2H2 1
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and —  = 111/24 = 4.625 for Vf = 40%
2H2 f

A close observation of the damage surface of the specimens reveals that the actual 

ratio varies between 0.9 to 4.5. Therefore the ratios derived above for both Vf =30% and 

V f = 40% can be considered as upper limits. An average value between 2 and 3 is used in 

the actual calculation. Figure 3.13 is a comparison of finite element results with the test 

results for V f = 30%. Figure 3.14 shows the comparison for V f = 40 %. It can be seen that 

finite element results match the test results quite well at the start of the non-linear stress- 

strain curve. Then the two results deviate somewhat as the load is further increased. This 

is because at higher loading the fibers start to break as can be seen from the micrographs 

taken during the tests. This contributes to the flattening of the actual stress-strain curve. It 

may also be noted that the finite element results for V f = 30% match the stress-strain 

diagram better than those for V f = 40%. This can be explained as follows: with more fibers 

in the 40% fiber volume fraction specimen, more sequential fiber breakings occurred 

during the final stage of the experiment after the saturated multiple matrix crack pattern 

was formed. This can not be simulated by considering interface cracks only.
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4. CONCLUSIONS

The following conclusions can be drawn from the experimental data:

1. The damage to the ceramic matrix composite started with matrix cracking, followed by 

multiple matrix cracking, interface debonding, sequential fiber breaking and eventual 

fracture of specimens.

2. Matrix crack density can be used to characterize the damage behavior of brittle matrix 

composites. Matrix crack density increases with increasing fiber volume fraction.

3. Fiber volume fraction affects the matrix crack initiation stress, fiber pullout length, 

matrix crack density, and the ultimate tensile strength of the composites.

4. Temperature effect was not significant on the tensile damage behavior o f the 

composite within the range tested (T = 0° to 700°).

5. Specimen size effect was observed. Thin specimens tend to have a tail in the stress 

strain curve, while thick specimens always fail catastrophically without any tail in the 

stress stain curve.

Singular integral equation analysis on singular behavior at the matrix and interface

crack tips and the finite element simulation of the tensile stress strain curves indicate:

6. For embedded H-shaped cracks, that is with interface crack in front of matrix crack 

tip, the matrix crack tends to propagate until it reaches the interface. The fiber 

constrain effect disappears because of the interface crack.

7. For broken matrix H-shaped cracks, when interface crack enters the interaction zone 

(i.e. when interface crack is very close to the matrix crack), both the stress intensity 

factors at the matrix crack tip and at the interface crack tip exhibit rapid increase. 

Depending on the relative strength of the fibers and the fiber/matrix interface, the 

interface crack might advance first to intersect with the matrix crack and to relieve the 

stress singularity at the matrix crack tip, or the matrix crack may extend into the fibers. 

Experimental results indicate that matrix cracks seldom collineate with the fiber cracks
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therefore the possibility of interface crack extension or interface debonding is more 

likely to happen.

8. For the intersecting H-shaped cracks, a sharp decrease in the strain energy release 

rates at the interface crack tips as the interface crack propagates indicate that interface 

crack propagation or interface debonding will end as soon as the interface crack length 

reaches certain value.

9. The finite element results using the multiple rows of the intersecting H-shaped cracks 

configuration matched the first part of the experimentally obtained nonlinear stress 

stain curve quite well. This indicate that interface debonding might actually play a 

dominant role during that stage of the damage. Further loading after this stage would 

cause sequential fiber breaking, and fiber slipping along the interface. In that case the 

finite element model based on interface debonding has to be modified to account for 

those effects.

In the end, some comments and recommendations are also given here:

(a) The stress strain curves obtained from the experiments only serve to characterize the 

damage behavior of the ceramic matrix composite. More testing needs to be done if 

the test results are to be used for other purposes;

(b) It is recommended that the heater elements in the tensile/heating substage be modified, 

to reduce the influence of photons generated from the heater elements during high 

temperature testing on the surface image of the specimen captured by SEM.

(c) The in-situ testing technique can also be used for compression, three or four-point 

bending tests with some modifications or alterations to the tensile/heating substage;

(d) In the numerical calculations, both the matrix and the fibers are assumed to be 

isotropic. Due to the typical manufacturing process, in reality, fiber might exhibit 

anisotropic or orthotropic behavior. The singular behavior of cracks in orthotropic 

materials can also be treated by the singular integral equation formulation if the 

orthotropic material constants for the constituents of the composite can be determined.



SEM
ELECTRONIC GUN

1ST CONDENSER LENS

2ND CONDENSER LENS

OBJECTIVE LENS

READOUT
1) LOAD
2) DEFLECTION
3) TEMPERATURE

LlIHEATING
SUBSTAGE ui

MICROGRAPHS: 
DAMAGE PATTERNS

SPECIMEN
xUI

LOAD CELL

TENSILE SUBSTAGE SPECIMEN

FIGURE 2.1 EXPERIMENTAL SETUP

_loLOJ
c 3 T ~

0.6500
2.2500

in
M

0.0625

FIGURE 2.2 SPECIMEN GEOMETRY (UNITS IN INCHES)



FIGURE 2.3 THE ACTUAL LAYOUT OF THE TEST EQUIPMENT 
AND ITS TENSILE/HEATING SUBSTAGE



St
re

ss
 (

ks
i) 

St
re

ss
 (

ks
i)

50

BO

7 0

6 0

5 0

4 0

3 0

20

10

0 — 
0.00 0.01 0.02 0 . 0 3

S tr a in

F IG U R E  2 .4  T E N S IL E  T E S T  R E S U L T S  F O R  N IC A L O N /C A S  II W ITH  
V f= 3 0 %  A T  R O O M  T E M P E R A T U R E

7 0

6 0

5 0

4 0

3 0

20

10

0.00 0.01 0.02 0 . 0 3

S tra in

F IG U R E  2 .5  T E N S IL E  T E S T  R E S U L T S  F O R  N IC A L O N /C A S  II W ITH  
V f= 4 0 %  A T  R O O M  T E M P E R A T U R E



*Vp/(
'C A L

y'efe

P4 T Tl
0 p K

n

A rRf)(
Cf*4CtKfN/n

,ArtOiSf

Cri*eks



FIGURE 2.7 ANOTHER PATTERN OF MATRIX CRACK 
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(C) at 55 ksi (D) at 20 ksi

FIGURE 2.8 TENSILE DAMAGE OF A NICALON/CAS II 
SPECIMEN WITH VF = 40%
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Load = 60 lb

Load = 49 lb Load = 33 lb

FIGURE 2.9 FURTHER LOADING OF THE SPECIMEN IS POSSIBLE 
AFTER FAILURE FOR THIN SPECIMENS
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Site of the major fracture just before the specimen fractured

Major fracture of the specimen

FIGURE 2.10 BRITTLE BEHAVIOR OF THICK NICALON/CAS II SPECIMENS
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FIGURE 2.12 SHORT FIBER PULL-OUT LENGTH FOR A 
NICALON/CAS II SPECIMEN WITH VF = 30%
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FIGURE 2.13 TYPICAL DAMAGE PATTERN FOR NICALON/CAS II 
SPECIMEN (a) 80Ox; (b) 1500x AND (c) 3000x
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(a) at 19.5 ksi (b) at 32.0 ksi

(c) at 36.5 ksi (d) at 51.5 ksi

FIGURE 2.15 MATRIX CRACK DENSITY VERSUS TENSILE STRESS FOR
NICALON/CAS II SPECIMEN WITH VF=30% AT ROOM TEMPERATURE
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(a) at 28.3 ksi (b) at 29.8 ksi

(c) at 30.8 ksi (d) at 51.7 ksi

FIGURE 2.16 MATRIX CRACK DENSITY VERSUS TENSILE STRESS FOR
NICALON/CAS II SPECIMEN WITH VF=40% AT ROOM TEMPERATURE
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FIGURE 2.23 DEVELOPMENT OF MATRIX CRACKS AT T= 600 °C 
FOR A NICALON/CAS II SPECIMEN WITH VF=30%
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Appendix A

From eqns(1.9ab), one obtains:

aU,^ ,?y) = -  — f  [A(a)sinh(w1aH 1) + C(a)sinh(w3otH1)]asinayda 
oy n Jo

+ ~ [  f  - - ^ e - |wi!ay/P5 + -̂ 3\ ^ LL)e"lw3*a y/P5]sinatsinaH1dtda (A.1) 
KJo Jo 713 P5  P5 Y12

= — f  [A*(a)sinh(w1*aH2) + C(a)sinh(w3*aH2)]asinayda 
dy 7t Jo

+ -  f f - ^ e - 'w ^ la y /P s *  + ^ ^ u| e-|w3*lay/P5*]sinatsinaH2dtda (A.2)
It Jo Jo 113 P5 P5 Y12

3v,f ’y)= — f  [(37A(a)cosh(w1otH1) + (38C(a)cosh(w3aH 1)]otcosayda 
oy 7t Jo

"Jo l  ^ [' ^ 39Sign(wl)e"IWllay/̂ 5

+ •^a^ L1piosign(w3)e"lw3la y/P5]sinatcosaH1dtda (A.3)
Ps Y12

aV9^ 7,y^= — f  [P7*A*(a)cosh(w1*otH2) + p8*C*(o0cosh(w3*aH2)]acosayda 
oy 7t Jo

-  I T f  ^ t - | r P » * sis"<w.*)e-|w'* lay/fe*

+ ̂ ^ ^ L1̂ p10!f!sign(w3*)e"'w3!lt'ay/P5:|‘]sinatcos(xH2dtda (A.4)
Ps Y12

Using the following integral formulas:

I e"atsinbt dt = a>0 (A.5a)
JoMoo ^

and J  e 'atcosbt dt = a2 +jj2  a>0 (A.5b)

equations (A.1-A.4) can be reduced to:

3u.L®.i.?y) _ _ 1  f  [ACaJsinhCwjOtHj) + C(a)sinh(w3aH j)]asinayda 
oy 7t Jo
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where

2 p  <l),(t)
+ ; I  2 f e G l(t'y)dt (A -1‘ >

^U? 3y? =  ~ J  [A*(oc)sinh(w1*aH2) + C*(a)sinh( w3 *aH2)]asinayda 

2 r*  <b7(t)+*l 2^^y)dt (A-2*>

3v,(H,,y)_ 4_ f  j -p ^ o ^ c o s h ^ a H j)  + p8c(a)cosh(w3ocH1)]ctcosayda 
oy jc Jo

2 P* 0,(t)
' " I  2 ^ *  (A -3*}

— f  [P7*A*(a)cosh(w!*(xH2) + P8*C*(a)cosh(w3*aH2)]acosayda 
<*y 7t Jo

2 P  <b7(t)
" " J o  (A‘4*>

Iwi ly lw,ly
G ( t  ) __]W llr h  _ ---------& n

, <y > '  P^ +<H,-,>> ^ f +( H , V

I w,ly lw7ly
+ M r  h  _ ---------&-------- 1 (A6a)

Iw^ly lwt*ly
|W!*I _____ P.;*_____  ______Ps*______

G2(t,y) = -  1 ~ r [ ( |w 1*|y)2 -  (lw,*|y)2 ]
Ps*2 +V“ 1-t) p^*2 +(Wi+t)

lw7*ly lw7*ly

(A6b>

r . a  a  MfinCwQIw,! H ,-t H,+t

+(H,-t)^ ^ f +(H , V
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_  pinsign(w„)lw,lYn H,-t _  H,+t
"  p T ^ ? M +(H rt)2- M +(Hi+t)21 (A & )

_ pQ*sign(w1*)lw1*l H,-t _  H,+t

4 "  Ps* “ W

_  pin*sign(w,*)lw,*lY,i*r____ H?-t _  H,+t
p5* y12* M +(Hrt)2 M +(H2+t)2]

Applying (3.14ab) and (3.21cd) to eqns(A.l*)-(A.4*):

4
<t>4(y) =  I [A(a)sinh(wlotH1) + C(a)sinh(w3aH 1)

71 Jo

+ A*(a)sinh(wj*aH2) + C*(a)sinh(w3*aH2)]asinayda 

2 f"1 <t>,(t) 2 f"2 (b,(t)
2 ^ ‘(,'y )d t+ ; i  <A -7»

4 f“
<{)3(y) = — I [P7A(a)cosh(w1aH 1) + P8C(a)cosh(w3aH 1)

7t Jo

- p7*A*(a)cosh(w1*aH2) -  P8*C*(a)cosh(w3*aH2)]acosayda

2 Mt) 2 r* <t>,(t)
- i l  2 ^ (,-y ) d ,+ i J 0 <A -7b>

Taking inverse cosine and sine Fourier transform for both sides of eqn (A.7a) and 

(A.7b) respectively, one gets:

ACoOsinhCwjOiHj) + C(a)sinh(w3ccHi)

+ A*(a)sinh(w1*otH2) + C*(a)sinh(w3*aH2) = R j(a) (A.8a)

and

p7A(a)cosh(w1ocH1) + P8C(a)cosh(w3aHj)

-  P7*A*(a)cosh(w1*cxH2) -  p8*C*(a)cosh(w3*aH2) = R2(a) (A.8b)

where
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1 r°° 2  r°° a
R1(0C) = "  2 a  J0 ^(y)sinaydy + — J  “ G1(t,y)sinaydtdy

2 C°° V 2 0?(t)
+ - J o  Jq ^ ^ G 2(t.y)sinaydtdy (A.9a)

I f ” 2 r  f a‘ <b,(t)
R2 («) = 2ocJ0 (t)3(y)cosa yd y + — J  J  4 ^ G 3(t»y)cosaydtdy

2 r  r 2 <t>?(t)I  ^ i ° 4 0 .y)^«y<itdy (A.%)

Using the following integrals:

AMJ  G ^ t^ s in ay d y  = - ^ (e 'a (H1-t)P5/lwil _  g-afHj+tlp^lWjl)

+ F a (e-«(H r t) M w 3l -  e-a(H 1+t)p5/lw3l) (A. io a)
112

J  G2(t,y)sinaydy = -  ̂ (e"a (H2-t)p5*/lw1*l _  e-a(H2+t)P5*/lw1*l)

+ S 14 (e -a(H 2-t^ 5 !,!/ |w3*l -  e 'a (H2+t)P5*/lw3*l) (A. 10b)
112

AM

J  G3(t,y)cosaydy = ^sign(w1)P9(e"a (Hr t) M wi1 -  e^CHi+OPs/lwp)

-  xsign(w3)P10̂ LL(e 'a (H rt)p 5/lw3l _  e-a(H 1+t)P5/lw3l) (A. 10c)
Z  112

AM

J  G4(t,y)cosaydy = ^sign(w1*)p9*(e-a CH2-t)p5*/lwi!f<l -  e_aCU2+t)p5*/lWj*1

-  fsign(w3*)P10*^ur(e"a (H2-t)P5*/lw3*l _  e-a(H2+t)p5*/lw3*l) (A. lOd)
L  112

eqns(A.9a) and (A.9b) are finally reduced to:

•b2

Rl (“) = “  2a I (t>4(y)sinaydy
Jb,



+ T“ * I 02(t)[-«-«(H2-t)p5*/lw1!f!l + ̂ e -a (H 2 -t)p 5 * /lw 3*l ]dt (A. 1 la)
J -  a, 12

4<xy,
“ a2

and

1 f bz
R2(a) = ̂  I <t>3(y)cosaydy

J bl

+ f  <t)1(t)[sign(w1)P9e'a (Hrt)P5/lw1l _ sign(w3)P10̂ LLe'ot(Hr t)P5/lw3l ]dt
J-a, 12

(*“2
-  4otyl3* I <fe(t)[sign(w1*)P9*e-a (H2-t)P5*/|w1*l

13 ■'•a2

-  sign(w3*)P10*^u- e 'a (H2't)P5*/|w3*1 ]dt (A. lib )
ri2

Similarly, applying the continuity conditions (3.13ab) and (3.14ab), one derives 

the following:

j 2[y3A(a)cosh(w1cxH1) + y4C(a)cosh(w3otH1)
Jo

-  2i1y3*A*(a)cosh(w1*cxH2) - A,1y4 *C*(a)cosh(w3*(xH2)]acosayda 

= —f f % ^'sinatdt[y1e_'wila y/P5 - y2̂ e _lw3la y/P5]cosaH1d a
Jo Jo ‘13 U2

n ’^  ^sinatdt[y1*e-lwi*l(Xy/P5* - y2*^ure 'lw3*l(Xy/P5*]cosotii2d a  (A.12a)
I <13 Yl2

+

and

I 2[y9A(a)sinh(w1aHi) + y10C(a)sinh(w3aH 1)
Jo

+ ^2y9*A*(a)sinh(w1*aH2) + ?i2y10*C*(a)sinh(w3*aH2)]asinayda
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= - f  f ^^sinatdtYu[e'lwilay/p5 - e'^toy/IVlsinaHjda 
Jo Jo *13

n ^ ^ s in a td tY !  i*[e'lwi*la y/P5* - e"*w3*la y/P5*]sinaH2d a  (A. 12b)
I • 13

Applying inverse Fourier cosine and sine transform to (A.12ab) respectively, we

have:

[y3A(a)cosh(w1(xH1) + Y4 C(a)cosh(w3aH 1)

-  A.1y3*A*(a)cosh(w1*cdi2) - X1Y4 *C*(a)cosh(w3*aH2)]a  = R3(a) (A. 13a)

and

[Y9A(a)sinh(w1aH 1) + Yi0C(a)sinh(w3aH 1)

+ A2Y9 *A*(a)sinh(w1*(xH2) + l 2Yio*C*(a)sinh(w3*aH2)]a  = R4(a) (A. 13b)

where
2 f “ f a‘ <J),Ct) 2 T F 2 A,,<l),(t)R 3( a ) =  “  7t J Q J o 4 Y^S!(t,y)cosaydtdy+ - J  J  S2(t,y)cosaydtdy (A. 14a)

R4(oc)=-|J^ J  ^ S 3(t,y)sinaydtdy-|J^ J  ^ ^ S 4(t,y)sinaydtdy (A. 14b)

and

( A - 1 5 a )

S2(,,y>=

+ ( A ' 1 5 b )



Iw,ly I w-Jy
s 3(.,y) -  _( ) 2 1

lwtly Iŵly

lw,*lv lw,*ly

lwi*ly lw?*ly
_ 7  *r & !  _  & !  ,

With the help of the following integrals:

J  Sj(t,y)cosaydy = - : ^ ^ ( e ' a (Hrt)fMwi' -  e'^Hi+OPs/lwj!)

+ 5M̂ (e-a(H1-t)P5/lw3l _ e-a(H1+t)p5/lw3l)
Yl2 w 3'

f  S2(t,y)cosaydy = - S ^ (e-a(Hrt)p5*/lw1*l_e-a(H2+t)p5*/lw1*l) 

+ (e-a(H2-t)P5*/lw3*l _ e-a(H2+t)P5*/lw3*l)

J S3(t,y)sinaydy = + ĵ^s(e-a(Hrt)p5̂ wP - e-arH1+c)P5/lw1lj 

- | ^ (e-a(H|-t)Ps/lw3| - e-a(Hl+t)P5/lw3l)

J" S4(t,y)sinaydy = df^^*(e-««(Hrl)fe*/IW|»l - e-afHj+OP̂/lw,*!)

_ e-a(H2+t)p5*/lw3*l)

R3(a) and R4(a) are finally reduced to:

(A. 15c)

(A.15d)

(A. 16a)

(A. 16b)

(A. 16c)

(A.16d)



(qz-rv)

£ I Z*  f  £1
ip[ i/ m|/*s0(^h)»-9̂ p + i*1m|/*^(^zh)»-9̂ ŷ  -]^*sd*nMi)z<i> I * I”-  +

b̂J

*P[ ^ /w i^ j- 'h )* )-9̂ -^  + | 1wv|/s^J(j-1h)x»-^-^- —]sd 1XM5) I(l> j  =(*>)*'H

pun

& L V V )

>p[ W 4 >  J i ! ^ +

1P [ |t» i/!fl(>-IH)»-ai j? T O -  i,*i/sdd -,H )»-a^{:K))'<l' j - ^ p  ■=(»)'»
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Appendix B

Definition of material constants for both fiber and matrix strips. A superscript * 

will be used for the material in the matrix strip.

Yi = 1 + Y2 = 1 + Vyxp '1*3'-0- Y3 = w 1+ v xyp7 Y4 = w3 + VyxPg

, p<>w l
Ys =  v x y  +  o Y6 =  

Ps
v xy  +  P p 3 Y7 =  Vxyw, +  P7 y8 =  VxyW3 +  p.

Y9 =  - 1 + P 7Wi Yio = - 1 + P 8w 3 Yn  =  -
|w ,| . ‘
J— 1 + sig n (w ,)P 9 
P5

Yi2 =  - ^  +sign(w 3)P 10 
P 5

Y13 =  sign(Wl)P9 -
Y12

sign(w 3)P 10

2  Y13 Y13 Y12

E* 1 - v  v3 E s vxy yx \  _  G *y
1 =  r: 1 * * E x 1-VxyVy,

a 2 “  r
*y

•̂3 =  P8Y3“ P7Y4 -̂4 = Y 3 P7 P7Y3 X,5 =  A,iy4p7- p 8y3

01II
<< 'K-j—Y9 _  y 9 ̂ 2 ^8 =  Y9 — YioA^

— '̂3^7 ^10 =  ^3^8 ^ 11 =  ^3Y9

^12 =  ^6^4 ^13 =  ^5^6 ^14 =  ^6Y3

^15 =  ^6^7 ^”16 =  ^3P7 ^17 =  ^ P  7 ^ $ 8

^18 =  ^4^7 ^”19 =  ^sP 8 +  ^s)p8 ^20 =  ^sP?

^21 =  ^3 ~Y3P8 ^ 2 2  =  Y3P7 ^23 =  P7 P8

^24 =  ^l(Al6 —̂ 9^16 ^25 “  ^10 -̂17 ^26 =  ^12^16 -  ^10^18

^ 2 7 =  ^g^20 ~  ^ 13^16 ^28 =  ^9 -̂19 ^ 2 9 =  ^ 12^19 ~

^30 =  -̂13^18 ~  ^12^20 X32 =  ^11 -̂17



86

^33 = ^16^12 “  ^11^18 ^34 = 9̂̂ -22 ~ ^14^16 ^35 = ^9^21

^36 = —̂'14̂ '17 — ^21^12 ̂ 37 = ^M^IS — ^22^12 ^38 = ^15^16 ~ P?P7^9

X39 =  XgXji -̂40 =  ^ 15^17 — ^12^23 ^41 =  P7P7^12 — ^15^18

^42 =  ^3^16 ^43 =  ^3^17 ^44 =  ^3^18

^45 = ^10^16 “  ^11^16 *̂46 = ^11^20 -  ^13^16 ^47 = _ ^11^19

^48 = ^M^ie -  ^10^2 ^49 = ^13^22 — ^14^20 ^50 = — ^10̂ 21

"̂51 = ^14^19 + ^13̂ 21 ^52 = ^loP??? ~ -̂lS îe ̂ *53 = ^15^20 ~ ^13P7P?

A,5 4  = _A,10X23 X,55 = ^,,3 X2 3 -  -̂1 5 ^ 1 9  A,J 6  = — -̂3 Â 0

^57 =  ^3^19 ^58 =  -  ^4^16(^-8 -  Y9)  ^59 =  ~  ^5^16^9 -  ^7 )

^60 = Y9(^4^19 -  ^5^17) 6̂1 = Y3P7(̂ 10 -  ^9) ^62 ~ ^8^3^17 + ̂ 4^2l)

6̂3 = ~ V Y 3 P. ^5) ^64 = — P?P7( '̂10 — ^9) 6̂5 = 8̂(̂ <4̂ 23 — P7^1?)

^66 = ^7(P7^19 ~ ^5^23) ^67 = ~ ^4^16 ^68 = ^5^16

^69 =  '̂5̂ *17 — ^4^19 ^70 =  ^o(P 7 (^ 1 0  ~  ^ l l )  Ps^C^-S — Y9) )

^71= ^3(Ps (^11 ~  ^9) +  P8^5(Y9 “  ^7 ) )  ^72 =  P 7 ( '̂11 '̂5~ '̂3 '̂13) +  Ps (^3^12 ~  ^ 11^ 4)

^73 =  ^2 l (^ 1 0  — ^9)  ^74 =  -̂12^3 -  ^10^4 +  P 7 (^14^3 ~  ^loYs)

A75 =  ^ 9X5 — X13X3 +  P g (A,9Y3 — A,j4X,3)  Xy6 =  ^ 23(^10 — ^ 9)

^77 =  P 7 (^-loP7 “  ^ 15^3)  ^78 =  (^15^3 — P ? ^ )

7̂9 = ĵC ĵP 8 ~ ^P? ) 8̂0 -  X24 + A.25 + Â6 + A,27 A,28 + %29

^8i = — ^ 7 0  —̂7i —^ 7 2  + sign(Wi)P9(A73 + A,74 + A,75)

J S—f(^76 + ^77 "*" ^78) |"^|5 (^43 ~ ^57 "*" ^79 )



•̂82 — ^58 ^59 ^60 * sign(Wj)P9(A.6i + X62 + A,63)

+ T5̂ f(^'64 + ^65 + ^66 ) ~ t " ^ 5 ( K l  + Ks  + ^6 9 )
W,

^83 “ 11 (^70 +  ̂ 71 ■*■ ̂ 72) " Sign(w3)Pio( ̂ 73 + A74 + Â j)
Y12 y 12

^ “ f"(^76 + ^ 7 7  + ^78) + ~TIlnS'(^43 “  ^57 + ^7 9)y 12 N  w3

^84 ~ " (^58 ^59 + ^ 60) " S*8n(w3)Plo(^61 + ^62 + ^6 3)y 12 Y12

_  X u . - j^ |- (A 64 +  X 6 5  +  A,66) +  - juA1 (A.67 +  A,68 +  A69) y 12 H  |w3|

•̂85 =  ^7^81 y ^86 =  Ys^82 y ^87 =  ^7^83 y ^88 =  Y7^i
Y13Y14^80 Y13 Y14 80 Y13Y 14^80

A,89 — A70 A^j \ 72 sign(w , )P 9 (X73 +  A7 4  +  A,75)

B* B*
— Y| r4|-(^76 +  ^77 +  ^78) ~  ^2Y11 lHfT(^43 — ^57 +  7̂ 9 )

^90“  ^58 ^59 ^60 Sigtl(w, )P 9 (A,61 + A62 + A,fi3)

B* B*
"  ^lYl r4r(^64 + ^65 + ^6 6) - ^ 2 Yii r4[(^67 + ^ 6 8  + ^ 69)|w,| K |

* *
^91 = r '( -̂70 ■*■ ^71 * ^72 )  ̂ jr-sign(w3)P|o(A73 + A74 + XjS)y 12 y  12

+ ^iY2'^ LT ^ t(^76 + ^77 + ^78) + ^jYm T%f(^43 ~ ^57 + ^79) 
Y12 |w 3| |w 3|

^92 *' (^58 ■*■ ^59 ■*" ^ 60) •' S*8n(W3)Plo(^61 ^62 ^6 3)
Y12 Y12

87

1

Y13Y14^80
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+  ^1^2  *' I * |(^64  +  ^65 +  ^66) "** ^2^11 1^*1 (^67 "*" ^68 +  ^ 69)y 12 |w3| |w3|

1 1  1

^93 = Y7̂ 89 • , * ^94 = Y8^90. » , ^95 = Y7̂ 91 * 3  ^96 = Yŝ 92
Y13Y 14̂ 80 YI3Y14 80 Y13Y14̂ -80

X9 7  = -A,45 — A. 45 — A,47+ sign(Wj)P9(A,48 + XJ0 + A,5])

+ 7 ^ 5 2  + ^54 + **) - 1 # ( ^ 4 2  + **  + ^57)
IW, |W,

^98 " 3̂1 ^32 -̂33 + Sign(Wj)P9(X,34 + "k35 + ^36)

+ T5’̂ ’^ '38 + ^39 + ^40̂ " -V'P|5 ^ 42 + ^43 +lWl| K l

^99 = "~̂ ~(̂ 45 + ^46 + ^4 7) ~ — Sign(w3)P10( X-48 + X50 + X51)
Y 12 Y l2

• “  T^f(^52 + ^54 + ^5 5) + ^JJ y(^42 + ^56 + ^ 5 7)
Y 12 |w3| |w3|

* -1 0 0  =  —“ (^31 +  ^32 +  ^ 33 )  — s i g n ( w 3 )P j o (  ^ .3 4  +  X35 +  ^ 36)
Y 12 Y 12

_ Yn_ | * 5 Y i ^ 3g +  A-39 +  A,40)  +  ^ " ^ . 5 ( -  A,4 2  -  A,43  +  A,44)  
Y 12 |w 3| |w 3|

1̂01 = ^97Y7 * . ^102 = 9̂8Y8 r7
Y 13Y 14^*80 YbYm^SO

1̂03 = ^99Y7 • -  ^104 = 1̂00Y8 *7
Y 13Y 14^80 Y 13Y 14^80

1̂05 4̂5 ^46 ~ ^47 s'8n(wi )09 (^48 + ^50 + ^5l)

6 *  6*

"  ^1Y11 *1(^52 + ^54 + ^55) “ ^ Y  11 r 4 r (^42 + ^56 +  ^57)Kl Kl
^106 3̂1 ~ ^32 — ^ 3 3  — sign(Wj )P 9 (A,3 4  + X3 5  + Â g)

1
Y 13Y 14^80
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^1 Yl 1 *l(^38 ^39 **■ ^4o) ^2Y 111 *[( ^42 ^43 -̂44)
IW, W ,|

1̂07 * (^45 4̂6 ^47) * sign(w3)P10(A,48 +  A,50 + X51)
y 12 y  12

 ̂ a*
+ »}(̂ 52 + 5̂4 + 5̂5) + V /ll ]-4 t(̂ 42 + 5̂6 + ^57)y 12 K  w 3

\ o s  = % (^ 3 i +^32 + ^33) + -^r-sign(w3)P*0 (A,34 + X 3S + 136)y 12 y12

Y 2 * I * I (^38 ^ -̂39 ^40) ^2Y111 T[(~ ̂ -42 ~  ^43 +  ^44) ^
Y12 |w3|

^109 ==̂ '105Y 7 I TT ^ 1 1 0 = ^ 106Y8 ~  i~2
Y 13 Y 14 80 YI3Y 14^80

1̂11 = '̂107Y7 * ♦ , ^112 = '̂108Y8 *
Y 13 Y 14^80 YI3Y 14 80

_ _  Y 3 8̂1 + Y 4̂ -82 _ _  Y 3̂ *83 ~*~Y4^84 _ _  Y 3̂ *89 ~'~Y4 '̂1
P 5 * P6 >\ P 7 ~  * -

Ŷ13 80 ^ 13̂ 80 Ŷ13 80
90

P — Y3̂ *91 Y4^92 q  _  Y9 8̂1 + Yl0^82 p  _  Y9^83 ^Y 10̂ -84

^Yl3^80 ^Yl3^80 ^Yl3^80

P = Y9̂ *89 + YlQ̂ 90 p _  Y9̂ *91 + Yl0^92 p _  Y 7(^73 ^74 +  ^75)
WnKo  ^Y 13̂ 80 ^Y 14̂ 80

p  =  Y8(̂ *61 ^62 ^63) p  _  Y7 ( ^ 7 0  ^71 ^ 7 2 ) p  __Y8(^58 ^59 ^6p)

H 7CYl4̂ 80 ^  ^14^80 ^  ^14^80

Y7(^48 ^50 ~*~ ^51) n _  Y8(^34 ^35 ~*~ ^36) „  _  Y 7(^45 ~*~ ^46 ^47)
^  14̂ 80

Y 8 (^31 "^32 ^'^33)

„  _  I 7 V - 4 8  - -5 0  ’ - - 5 1 /  „  _  I 8 V - 3 4  ' ”35 • ' ”3 6 /
p ,7 ~  ^ , , * 1  P l8 ~  Z 7 m ------------ P 1 9 -  "■ * ,14 80 Ŷ14 80

p2° «y 'u K



Appendix C

f,(a) = tanh(w*,aH2)tanh(w*3aH2) f2(a) = tanh(w*3aH2)tanh(w1aH1)

f3(a) = tanh(w*3<xH2)tanh(w3aH,) f4(a) = tanh(w*1aH2)tanh(w3aH,)

f5(a) = tanh(w*,aH2)tanh(w1aH1) f6(a) = tanh(w1aH,)tanh(w3aH1)

f(a) = ^ 4fi(a )+ ^ ( a )  + ^26f3(°0 + ^ ( a )  - W sfc ) + W et01)

gj(a) = A.70tanh(w*3aH2) + ^ 1tanh(w*1aH2) + X72tanh(w3aH1) 

h,(a) = ^ ( a )  + ^ ( a )  + « ( < * )

n»i(a) = 7̂6fi(«)+ 7̂7f3(a ) + « (< * )

nj(a) = A,43tanh(w*3aH2) - A,57tanh(w*1aH2) + A,79tanh(w3aH1) 

g2(a) = X5gtanh(w*3aH2) + X.J9tanh(w*1aH2) + X60tanh(w,aH1) 

h2(a) = ^61f,(a) + A,62f2(a) + X63f5(a) 

m2(a) = \ 4f,(a) + X65f2(a) + k66f5(a)

n2(a) = X67tanh(w*3aH2) + A.68tanh(w*1aH2) + X69tanh(w1aH1)

g3(a) = X45tanh(w*3aH2) + X,46tanh(w3aH,) + X47tanh(w,aH,)

h3( a )  =  X,48f3( a )  +  X50f2( a )  +  X5If6(a )

m3( a )  =  k 52f3( a )  +  X54f2( a )  +  X55f6(a )

n3(a) = A,42tanh(w*3aH2) + ?i36tanh(w3aH1) + A^tanhCwjaH,)

g4(a ) =  )t31tanh(w*1aH2) + A,32tanh(w,aH,) + X33tanh(w3aH,)

h4( a )  =  ^ 3 4f4( a )  +  X35f5( a )  +  X36f6(a )

m4( a )  =  X38f4( a )  +  A,39f5( a )  +  A,40f6(a )

n4(a) = - A,42tanh(w*,aH2) - A,43tanh(w1aHI) + A,44tanh(w3aH,)
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k'(x"a) = 2coIh(wIS',Wa)y,3[ '8,(a)

+  Y i ik „  , ^ _ Y u £ s _  , _ .Y « c o sh (w ,a x 1)____
lw il lw il 2 cosh(w3aH j)f(a)y ,3 ^

v B v B
+ sign(Wi)p9h2(a) + jjjjjm2(°0- |^jn2(«-)]

k*(x'-a )  = 2 j h ^ ' , W a ) y , 3 [ ^ gl(a) '  ̂ " W P . o h . f a )

- ^ i8 » (w ,)P ,o M « ) - + ]

k3(x"a )  =  2coIh(“ X % L * t ‘8 , ( a ) ' SiS”(W' *)P9’ h‘(a )

- T l*X' P ' * m ( a ) - T" * X ,P '* i l f a ) l  + —  r - a  ( a t
|w,*| ^  ' |w,*| '■* 2 cosh(w3a H 1)f(a)y13**• '

- sign(w1*)P9*h2(a ) - I l j ^ 5-m 2(a ) - L jj ^ 5~n2(a ) ]

k<(x" a )  "  t o s K w ^ 'j f a J y , ; * 1 ̂ > (ct) + ̂ i8"(w!*)P.o*h,(«)

+ Y i.iV *iP.s?.m ( a ) + Y n * W n ( a )  1 +  Ysc° sh (w 3a x l) y *
Y12* lw3*l K * l 2co sh (w 3a H 1)f(a )Y 13*^ y 12*

+ ^ s » g n ( w 3*)P10*h2(a ) + ^ Y2j ^ 1-m 2(a ) +  Y' |WH ^  n2(a ) ]

T /y  „x  =  Y7 cosh(w 1<xx,)h ,(a ) YsCosh(w3a x ,)h ?(a )
*' l ’ cosh(w1a H 1)f(a) 2 ’’ ’  cosh(w3aH ,)f(a )
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T/„ . _ Y7Cosh(w1a x ,)g1(g) yRcosh(w3<xx,)g7(a)
3 15 cosh(WjaHj)f(a) 4 15 ’ cosh(w3aH 1)f(a)

k’(x3'a )  ’  ‘g3(a) +si8"(w')P»h3(“ )

+sign(w,)P9h4(a) + ] ^ |m 4(a) - }j ^ 5n4(a) ]

k‘(,t*a )  “  2 jsh (V aH * )« [a )r,3 [

. W t  fa l + 1 ^  (a 31 + _Y3.!5°sh(w3«ax2) ft,
Yi2 lw3 l lw3 l 2cosh(w3*aH2)f(a)y,3 Yi2

- ̂ sign(W3)(5loh,(a) - ^ j ^ j m 4(a) + l^ 5ii1(a) ]

k’(x3'a ) = 2 c o I h ( v S a h , 3 * [ ' &(a> ‘ si8"(w'* ^ * h3<a >

- ^ ( a )  - ̂ 3 ( a )  I ♦  -S4(a)

- sign(w,»)P,*h,(a) - T' | ^ f | '  ‘“.(a ) - Y" | ^ '  "<(“ ) ] 

k»(x*a )  = + ^ 8 " ( w3‘ )P,o*h,(a)

+j ;u? Y ^ 3( a ) > P ^ 3(a) ]+ — t l u ^ (a)
Y12 lw3 I lw i I 2cosh(w3*aH2)f(a)Yl3*L y12*

+ ̂ s ig n ( w 3*)pl0*h4(a) + m«(a) + ]
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J5(x2,a )

J7(x2,a)

k9(y,x„(

kio(y>xi

ku (y>x,

M y>xi

Y7*cosh(w, *ax,)h^(a) Y»*cosh(w^*ax-,)hd(a )
cosh(w ,*aH 2)f(a) 6Vx 2»a )  cosh(w3*<xH2)f(a)

_ _ y7*cosh(w ,*ax?)g^(a) _  Ys*cosh(w7*ax,)g4(a )
cosh(w ,*aH 2)f(<x) 8 2 ’ cosh(w3*aH 2)f(a)

Y^cosay coshfw ,ax ,)  ,  . . , , y ,3< , .
"  2K a)y„coSh (w ,aH ,)[ ' 8 ‘(c0  +S18n(w' ^ h'1«  + ( ? ' «

Yu 3  ̂ , . YdCosay cosh(w ,ax,) „    , %
-  w ' (“ ) ]  + ^ o c o s h , ^ , ) !

+ w m j(a ,- 5w n2(<x)1

■ ̂ LLsign(w3)P|0h2(a) - + 1A i 2(a) ]
Yl2 Yl2 W , I 31

><*) =
_  y^cosay cosh(w,ax,)

- sign(wj*)P9*h2(a) - Yl| ^ f | S m2(a) - Iu j ^ 5-n 2(a) ]

-«) = ^ ^ C° t (WiaX|)[ * i , ( a )  + ^LLjsign(w3*)P10*h1(a)7 2f(a)Yi3 cosh(w,aH,) Y12 ’ Y1 2* 3 10 1



J9(y,a) =

Jn(y.a)

M y>xi>

ki4(y,X!,

M y>x!>
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j ^ ? ^ r a , ( a ) <J f f n , ( a )  ] t ^ a .co5h(w1ax ,) I u ^ (a)
Yi2 lw 3*l 1 lw i I 1 2 f ( a ) y 13* c o s h ( w 3 a H 1) LYi2* 2

^ ^ / Sign(W3*)Pl°*h2(a) + y” *Y7'|w3*|3 'nl2((X) + Y1' |W ^  U2(a ) 1

= y3̂ )cosay Wy,a) = ̂ c o s a y

= "  7l| a ^ C0Say Jiz(y.a ) = "  l4| ^ c o s a y

a ) “  [ -g ' (a) + K h W

+S ^ S [-fe(“)+si8n(W' ^ (a)

+ K i m^ a > - W ^ ( a >]

' 2f(a)Y,3cosh(w1aH1) Y12 1 Y12

. Y11 Y?.Pv , x + (a) + M ^  sinh(w3ax1)_ ^
YnRrl( } l^sT1 J 2 ^ 0  cosh(w3aH,) 1 Yi*®* *

- yLLsign(w3)P10h2(a) - yu-^ m 2(a) + }u%n2(a) ]
Y12 Y12 |w3| I 3l

= Jfasinay _ sinh(w1ax1) _
a) 2f(a)y13*cosh(w1aHI) [ 8,(a) 8 ( 1  )Ps> l( }

(oa . I i x ! M 4  (ax 1 + lioginay Sinh(w3ax,)
|w,*| ' |w,*| 2f(a)y13*cosh(w3aH]) 82



95

- sign(wj*)P9*h2(a ) - L ^ ^ 5-m 2(a ) - Iu j ^ 5-ri2(a ) ] 

kls(y ,x„a) -  £ > « * >  +  ^ i g n ( w 3* )P ,*h ,(c t)

+Yii*.Y2.*?y.iP.̂ * /gxi+Y ins»nay- s in h (w 3a x , )

Y12* lw 3 I “ ,,(a ) |w,*| n i(a)]^ ^ c o s h ( w 3a H 1) [Y n ^ 2(a)

+  ^ i g n ( w 3* )0 lo*h2( a )  +  ^ ^ 2j ^ 3- m 2( a )  -  y ' | wH ^  »2( a )  ]

Ji3(y>°0 = ^ f s m a y  Ji4(y>°0 = L ^ ^ s i n a y

Ji5(y>a ) = -  ^ - o c y  Ji6(y,a) = -  Yin|a ) a)sinay
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Appendix D Asymptotic analysis of the kernels

Depending on the crack geometries, some or all of the kernels might be unbounded 

as a -> oo . The unbounded kernels will affect the values of singularities at crack tips. 

Therefore an asymptotic analysis is necessary to determine what kind of geometries will 

result in the unbounded kernels.

First the singular behaviors of the following integrals in eqns(1.29cd) are 

considered:

(D.labcd)

where

ch(w^ax,)_ 
ch(w3aH ,) 1qI■J,0(y,a) ]cosatda

x , - > h ,  7t  I  iyy-} L i i i ^ w j i
■]cosaycosatdaLyy-j f(a)

chCw^xQY^h^a) ch(w ,ax,) yAh,(a) 
ch(w,aH j) f(a) ch(w3aH !) f(a) ■][cosa(t-y)+cosa(t+y)]da (D2a)

;Jn(y,a) + ■J12(y,a) ]sinatda

ch(w1a x ,)y ,g 1(a ) chCw^axJy^Ca). 
ch(w ,aH ,) f(a ) ch(w3aH ,) f(a) ■]cosaysinatda
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■ - a s f

= s *  *  f  [c h ( w ,S , ) , '!(y'a )  + ch(w3S 1), » (y .« ) ]cosatda  
Jo

= ]im I  r rjMwi«x,)Y9h1(a) + sh^ ax ,)Y ufete)w navcosatda
S  k J  chfwjaHj) f(a) ch(w3a H l) f(a) Js,naycosatcla

(•°°
r^(W |aX|) T,h,(a) sh(w1a x ,)y,„h,(a)
Lch(w1aHI) ffa) ch(w3aH,) ffct) JL smc^  yj Sina î y;jaa

K«' (y-t)= « f  + S ^ ) J“ <y'a )  ]sinatda
Jo

i f "  [ sh(w,ax,)y9g,(a) s h ^ a x ,)  y,nS,(«)
i™  7i Lch(WlaH,) f(a) ch(w3aH,) f(a) Jsinay sm ataa  

Jo

As a  approaches infinity, we have:

ch(w,a x ,)T,h,(«) + ch(w.,ax ,) y h2(«) aWl(H|.X|) + ^ -aw j(H,-x,) 
lch(w1aH ,) fl[a) ch(w3aH j) f(a) J 1 2

, ?h(w L°g')M ,(a) + oh(w1ax ,) r f ( a )  g  5 aw ,(H,-x,) +
xh fw ^H j) f(a) ch(w3aH ,) f(a) J 3 4

+ y ^ ) r , n > W , 45e-ccw,(H,.x,) + ^ ^ ( H . - x . )  
lxh(w1aH ,) f(a) ch(w3aH 1) fl(a) 5 6

y ,a x , ) y ,g , ( « )  + sh(w,«x,) ^ W |(Hrx,) + ^ -a w ^ H .-x ,)
Lch(w1aH 1) f(a) ch(w3aH!) f(a) J 7 8

(D.2b)

(D.2c)

(D.2d)

(D.3a)

(D.3b)

(D.3c)

(D.3d)
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where ^i0= l-8) are material constants and are expressed as:

I  = --------- -----------------------------  ^ 4  v
1 ^24 + ^25 + ^26 +̂ -27 ~ ^28 + 2̂9

e  _ ------------------------------------------------------------------  ,n  4.\
2 ^2 4  "*■ ^25  ■*" ^2 6  "*"^27 ~  ^2 8  ^"^29

e = ------------y.̂ (^7n+^7lt^7?)-------  m  4 v
3 ^24 + ^25 + ^26 +^27 — ^28 +^29

I  = --------- -----------------------------  /T) 4d\
4 ^24 + 2̂5 + ^26 +^27 ~ ^28 + 2̂9

e ------ m  4 v
5 ^24 + ^25 + ^26 +^27 — ^28 + 2̂9

e   _______ Yin(̂ fi1+^ fi? f^ )____  fj-v  4 ~

6 ^24 + ^25 + ^26 +^27 “  ^28 + 2̂9

Yo(A,7n+̂ 7i4-A,77)
2̂5 + ^26 +^27 “  '

YinC^R+^Q+^in) 
^25 +

Utilizing the following formulas:

-̂24+ 2̂5 + ^26 +^27 ^28 +^29 ^  ^

e _ --------- U.n.V.'fi8T̂ Ĵ-̂ fin/______  /n  4. x
8 ^24 + ^25 + ^26 +^27 — ^28 + 2̂9

hm I e 'aw i(Hi-x1)[COsa(t-y) + cosa(t+y)]da = 7c[5(t-y) + 5(t+y)] (D.5a)I 
* 0

J,oo

e-aw ) (H, -x,) [sina(t-y) + sina(t+y)]da = ( ~  + r ~ )  (D.5b)

t-y t+y
o

The asymptotic values of eqns(D.2abcd) become:

J »°0
[4,e-awi(Hi-x1) + 2̂e-aw3(Hrxi)][cosa(t-y) + cosa(t+y)]da

0
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where

= ■“  [S(t-y) + S(t+y)] (D.6a)

•00

[£3e"aw i(Hi-x1) + ^4e-aw3(Hi -x,)] [sina(t-y) + sina(t+y)]da
0

= - — ( r ~ + ; i “) (D.6b)
2k  *-y t+y v 1

j*00
i

Hm —X, ->H, l>%
V

[ 5̂e"aw i(HrXi) + ^6e-a w3(Hi-x1)][_sina(t-y) + sina(t+y)]da

— ( - r ^ + r r -) (D-6c)2k  t-y t+y v

-  lim ~  I [£7e'aw i(Hrxi) + £8e‘aw3(fVxi)][cosa(t-y) - cosa(t+y)]da
V O

= -y [5 (t-y )-5 ( t+ y )]  (D.6d)

Pi = Sl + S2 > P2 = ^>3+^4’ P3 =^5 + ^6 ^  P4  =^7 + ^8 

For 0<bj<t<b2 , one has the following relations:

J»b2

d,3(t)5 (t-y )d t= fl-W y) (0 .7a)

bl

f b 2
fi- c|>3(t)5(t+y)dt = 0 (D.7b)

Jb,

pb2
j  I « t)8 (t-y )d t = a . W y) (D.7c)

vb ,
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•b.
P a I,  , <t)4(t)5(t+y)dt = 0 (D.7d)

b.

By adding and subtracting the asymptotic value under integral signs in 

eqns(D.2abcd), and substituting them back into eqns(D.labcd) respectively, we obtain:

/•b2 |*b2
J  K33'(y,t)<j>3(t)dt = y<t>3(y) + J  K33(y,t)<|>3(t)dt (D.8a)

*b.J * 2
^  + + K34(y,t)<j)4(t)dt (D.8b)

b| V  b,

f  K43'(y,t)(J)3(t)dt = ^  f  ( - ^  + ^)<|>3(t)dt + f  K43(y,t)())3(t)dt (D.8c)
vb, 71 Jb, vb,

|*b2 |*b2J  K44'(y,t)(J)4(t)dt = -  -^-^(y) + J  K44(y,t)4.4(t)dt (D.8d)

where

K „ (y , ,) = l im f  f  {[ 1
3 3  x ,  - * h , 2 7 t  I  ch(w,aH,) f(a) ch(w3aH,) f(a) J

Jo

- + 4 2e‘aw 3 (Hi-x1)]} [cosa(t-y) + cosa(t+y)]da (D.9a)

i*00
1 ch(w1ax,)y3g1(q) ch(w3ax,)y4g?(a )1 

u ch(w,aH,) f(a) ch(w3aH!) f(a)K34(y ,t)= - lim —
x, ->h, Z K

• [43e"aWl^ 1_xi) + ^4e 'aw 3 (Hi-x,)] j [sina(t-y) + sina(t+y)]da (D.9b)
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K  r v t v i i m — f  f rShC w ^xQ Y oh^g) sh (w ,ax ,)Y ,n h ,(g ) 1
43 x,->H, 2it I iLch(w,gH,) f(g) ch(w3gH,) f(a) •*

Jo

- [ 5̂e_awi(Hrx1) + 6̂e'aw3(H]-xi)]}[-sina(t-y) + sing(t+y)]dg (D.9c)

K.44(y,t)= - lim t t
X, —>H, ZTl

•»
sh(w,gx,)Yogi(a) . sh(w3gx,) Ymfe(g) , 

u ch(w!gH,) f(g) ch(w3gHj) f(a)

- K7e 'aw i(H rxi) + E,8e"aw 3(Hrx 1)]}[cosg(t-y) - cosg(t+y)]dg (D.9d)

Now consider rest of the singular kernels. If one decompose a kernel into two

parts:

Kij = Kijs + Kijf (i j  = 1,2,3,4) (D. 10)

where Kjjs is unbounded part and Kjjf is bounded part of the kernel Ky, then the

asymptotic behaviors for the remaining kernels can be derived as follow.

Let kj^ (Xj.g) (i=l-8) be the asymptotic expression of k^x^a), then we have:

= - % _  f“ cosh(w -  )e- i (Hr»P!' |w,MI,|»,|lda 
ky.jV .A o j ”

+ fe0cosh(w3ax 1)e'“[(Hl“,,Pj/|W|l+H,|Wlllda
*r»riA »>Jo

+ J i _  (” cosh(w.ax,)e‘a|(H'_,®)/|w’l+H'|W|l,da
*y ,.v  A , Jo

+ y' \  rc o sh (w ,a x 1)e-“'(" '- ,)l>‘' w *H'l'“-"da
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I* , (Hi -  t)P5 / |wt | +Ht | wt |
% 85 [(Hj -  t)p 5 / |wj j +H, | w, | ] 2 -  (wjx, ) 2

. K  (Hi -  t)Pj / |w, | +H, | w31
+  " 8 6 ,71 [(Hi -  t)P 5 / |w, | +H, | W3 1] ~ (W3 X1 )

+ 1 *  ' (H, — t)P 5 /|w 3 |+H, |w, |
« 8 7 [(H, - t ) P 5 /|w 3  |+H, |w , | ] 2 - (w ,x , ) 2

+ 1*, (Hi ~ t)Ps / |w3 ] +Hi | w3 |
7t 8 8 [ (H ,- t)p 5 /|w 3 |+ H i|w 3 |]2 - ( w 3 x , ) 2

Similarly one can derive:

k  ( *  (H2-t)p;/iw;]+H,|w,i
12s( u )  7I A93[(H2-t)p;/|w;i+H,|w1i f - ( w 1x1)2

+ 1 ^  (H2-t)p;/|w;i+H1|w3i
^  4  t(H 2 -t)P ;/|w * |+ H ,|w 3 | ] 2 - ( w 3x , ) 2

+ I j u  (Ha -t)p ;/ |w ;i+ H 1iwli
« 5 [(H2 -  t)p 5*/|w3 1+H, | w, | f  -  (w,x, f

+ 1 *  (H 2 - t ) p ; / iw;i+H ,|w3i
re 9 6 [(H2 - t)p ;/ |w ;i+ H 1 |w 3 i]2 - ( w 3x , ) 2 ( • }

1  (H ,- t )P 5 /|w ,|+H 2 |Wi|
7t 101 [(Hj - t ) P 5 /|w ,|+H 2 |w * | ] 2 ~ (w |x 2 ) 2

+ l x  (H, - t)p 5 /|w ,I+H 2 1w*I
71 1 0 2 [(H, - t ) p 5 /|w ,|+H 2 |w ; | ] 2 -(w*3x 2 ) 2

+ 1 *  (H 1 - t ) p 5 /|w 3 |+H2|W;i
7C 103 [(H, - t ) P 5 /|w 3 |+H 2 |w * | ] 2 -  (w*x2 ) 2

(H ,- t )P s/lw 3 |+H2|W;|
7CA' 104  [(H, -  t)p5 /| w31+H2 1 w; I ]2 -  (w^x2 ) 2 ^ 1 ^

k  (H2 -t )p ;/iw;i+H2|W;i
2 2 8 ( 2 , )  i09[(H2-t)p ;/|w ;i+ H 2|w;i]2-(w ;x 2)2
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+
7c 110[(h 2 - t ) p ; / |w ; i+ H 2|W;i]2 - ( W;x2)2

+ l x  (H2-t)p ;/ |w ;i+ H 2|W;i
7c 111 t(H2 -  t)p; /i w ; i+ h 2 i w ; i ]2 -  (W;x2 f

+ - U  (H2-t)p ;/ |w ;i+ H 2|W;i
7i 1,2[(H2 - t ) p ; / |w 3*i+H2|w;i]2 - ( w ; x 2)2 c • }

The asymptotic expressions for K31(y,t), K32(y,t), K41(y,t) and K42(y,t) are derived 

as follow:

K j ' S<y,t> =  +  V

+ lim i f  [k9„(y,xI,a ) e “(H'-,»>'1*'1 + k10„ (y ,x „a )e -(H'“'*-'1- '1 ]da
X ,-> H , 7t»0

_ —i  [_y   + /Ilix------------------- -1

+ lim Y3 8̂i + vA z f°ccos(a y)e-“KH*-,)p>/|w*l+CH*-x‘ ŵ*l]dcx 
7t y l3^ 80 Jo

+ lim y^83_tY4^84 f0OCos(ay)e'a[(H,' ,)p,/|W:,l+(HrX')|W5llda

_ —1—r.y -------tLlI + y ( ^ ) -------------------- -1

^  “ V - t F

+  (H, - t ) P s/ |w ,| ( H , - t ) P s / |w , |
I(H, - t ) P s / |w , |]2 + y 2 P 6 [ ( H , - t ) M w 1|]2 + y I '  ' ’

P 7 [ ( H j _ t ) p . / | w - | ] ! + y !  P s [ ( H ! - t ) p ; / | w ; i ] 2 + y 2 (  ■ }
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K JZ  jwalZ

P5 P5

' P9[(H ,- t)P s/|w ,|]! + y ! " Pl0[(Hj - t ) 3 5/|w 3(]2 + y 2 <D ' 7)

K«s(y.t)=- p,i[(Hj _ t)p;/|w;i]» +y= - p,j[(h2 - t»;/|wll]j +y! (D18)
Let Jj*, (X j,a) (i= 1-8) be the asymptotic expressions of J;(x,,(x), then we have:

1 r°°
= ~ J n [Ji» (x i>a ) + J2 co (xua ) ]cosatda  y 147tJ° 

= y A n  +  K  +  K )  r  cos(at)e'aw‘(H‘_x'}da
^ 1 4 ^ 8 0  J °

+ y A e x + K + K i )  f°° cos(at)e'0™3̂ 1 "X|}da
* Y  14^80  J °

= D W.CH! ~ x t> w 3( H , - x , )
[w,(H, - x ,) ] 2 + t2 [w3(H, - x ,) ] 2 + t2 ( p '

Using the same technique we can derive:

Ki4S(x„t) = _ x )]I +(2 + P16[Wj(H]-X|)]2 + t> (D 20)

<P*'>[w ,(H2- x 2)] + t [w3(H2 - x 2)] + t 

I W M )  = P,5[w. (k j  + (i + Pa.[w. (Il! +tT  (D-22)

The coefficients A,j (i=85-l 12) and pj (j=5-20) are given in Appendix B
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Appendix E Derivations of stress intensity factors and strain energy release rates

i) Case of embedded cracks

The stress intensity factors at the transverse crack tips are defined as:

at x, = ar  k(aj) = Lim J 2(x. -aJO jJx j.O ) (E. la)
X , - M ,  *

at x2 = a2 : k ^ )  = Lim ■s]2(x2 - a 2) c 2y(x2,0) (E. lb)

From eqns (3.29a), for |x,| > a, we obtain:

a ly(x„0) = - n2Yl4Ey - f  ^ - d t  + o?y(x„0) (E.2)
7c(l-vxyvyx) J-» .t-x 1

where a°y(xj,0) is bounded function, and

t ( 0 -  F,(t) _ F ,( tV °

From [28], if we introduce a sectionally holomorphic function as 

<p(z)= I f
7t J- “i t  -  Z

then we have:

F . C - a , ^  F,(a.)
(2a1)1/2(z + a1)1/2 (2a1)1/2( z - a 1),/2(P(Z)= \ l72 / '  , .  M / 2  -  \ l / 2 -  M/ 2 +  9o(2) (E‘3)

Substituting (E.3) into (E.2) and from the definition of (E. la), we have:

k(a,) = - - ^ ^ ^ F,<a1) =  - - ^ ^ A F; ( l )  (E.4)"O-VxyV^JVa, T tO -v^v^)

Similarly

m - ~ ' ff .  (e.5)
” 0  -  Vxy V y,) V a 2 71(1 -  v ^ )
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Now consider the stress intensity factors on the interface. For y < bi and y > b2, the 

stresses along the interface can be expressed as:

J — — ------+ !— T ^ - CTxy(H ny) -  —  I  ds
VP1P 2P3 2 E X P3 2 G xy 711 J*, s - y

F  f O e i7lP3
where v|/3(s) = ----------3

( b , - s r ( s - b 2)P3 '

Again using the method given in [28], we have:

i t  ^ = + F -(y)  1

where Fn(y) is the principal part of vj/3(s) at infinity and is bounded. Therefore, the stresses 

near points bi and b2 can be expressed as:

£ 7 " + ' h & w *  ^ ( b . - y r U , ^

1 -  v vxy yx

Multiply both side of above equation by -i, then we have:

- 7 ^ % (H „y ) - i ^ ^ k , F ^ a » ( H „ y ) = V v : e  7 7 ----- , . , S3 F,(y)
Pi 2G*y 2Ex \p ,p 2p3 (b j-y )  3( y - b 2)P3

(E.6)

Now if we define the following stress intensity factors at the interface:

-!— !— k ,(b i)-i |_ P ^ i_ _ V V k (bj)
p ,2 G w i p, p2p,  2B,  "■

= (E.7a)

and



107

- — -— k2(b2) - i I p4 -  Vxy Vyx k^bz) 
p 3 2 0 ^  * V P 1P 2P 3 2 E x *

-  Lim tb , ] (E.7b)

With the help of eqn (E.6), we obtain:

' \ l  P>  ~ ~ V* k i ( b <) =  ( E 8 a )
P 3 2 0 ^  \  p , p 2p 3 2 E X

-k2(b2) - i J - P— -̂  - kl(b2) = -l V T C  F3°(l) (E.8b)
V P 1P 2P 3 2 E x

where L =

_1 1_
P 3 2G .J ,

^ 2  ~^i
2

The derivation for the expression of the strain energy release rate at the interface 

crack tip is as follow: From (E.8) we have:

v.(r), .  (rtlHr-O-'e* fJ 1  ^
•yl-C P3 20,^ V P1P2P3 2Ex

J  [-!— i - i ^ - i l - g a - 1 v->v>-k / I j T  |r| < ,  (e .9)
P. « 3 „  2 l|p ,p !Pj 2EX ' \ l + r j  T T f

and from eqn (E.7):

- — — a  - i - 1 VxyVyx f-P4 q
P 3 2 G  *  2 E X i Plp2p3 “

= Lim (r + l)~“5(r -  l)~p3 [—— —  k2 - i  I p4 1 VxyVy* k,]
P 3 ZGjy V P 1P 2P 3 2 E x

= [-̂ — —  k2 - i l-B i— l  VxyVy* k ,]f— T - J L ,  |r| > 1 (E.10)
P3 2Gxy vP 1P 2P 3 2 E x lJU + l J  4 ? ~ \

Let r| = r-1 and assume r \«  1 then (E.10) can be approximated by
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—  — ' -  i1
P3 2EX Y P1P2P3

^ 3  2 0 ^  VP.P2P3 2E x lJ

X ^ [CO8(®l0 8 ( 2 ))  + 1 Sin^ 1° g ^'2 ^  (E -11)

Similarly, let ? = 1-r and assume that ? « 1 ,  then (E.9) can be expressed as:

V4/3 ( < 5 ) = - - = L =  [— —  k2 - i I ?4 —  ̂ Vyx k,]
VT1?  P32Gxy VPlP2P3 2EX U 

X ^ y j t 005^ 108^ ) )  + 1 sin(©log(~))] (E.12)

1 5  I T|Since M/ 3  (r) = [(vr v2) - i J — (ur u2)] therefore
2 5r V ri2

~  .  __ * r J _  ^ Jr _ j I  P4 * V xy V yx |  1

-  l p 3 2Gxy k2 li Plp2p3 2EX RlJ

X 7 Q q  tCOŜ lo8^ f  ̂  + 1 sin(ffll° 8 ( |) ) ]  (E. 12*)

The oscillatory behaviors in eqns (E. 11) and (E.12*) can be removed using the 

techniques given in [40,42], Considering the fact that the stress intensity factors and the 

displacement derivatives just away from the interface crack tips should have definite 

values. Therefore we can chose r) and ? in such a way, so that

colog(—) =  0 and colog(—) = 0.
2 2
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In fact, for most material combinations, that above two quantities are indeed very

small [43],Then from eqns (E. 11) and (E. 12*), we have:

1 , ~ 1 ,
V2 ^ 2 ’ CTxx" V 2 ^  1

and

A v = (v ,v 2) £  2 7 2 ^ 2 = ^ 1 - ^

Au = £  2^2 - ^ 2 - i Z ^ k ,

Assume the crack front was closed along the interface by an amount of Ay, then 

using the method given in [37], we obtain the increment of the strain energy:

fr+Ay 1
AE = 2 i  2 [a **Au(r' Ay) + a xyAv(r‘Ay)]dr

= 2 1 r 1 1~ v->v’» k’+ -1— L_k! i f , w V i H H dr 2V T ^ [ P! 2E, k'+P,2G / !]J. dr

- 2  , 1 [ - t 1~ v’7V»» k f + 2 — !— k ^ ^ A y
Pi 2E, P .2 G , 2

Therefore, the strain energy release rate will be:

AE ic r [ J _ L ^ Ak k ? + i . _ L _ k2] (E13)
xyAy - J l - l?  Pz 2Ex ' p3 2°:

For Isotropic materials we have:

i 1 1
P2 2Ex p3 2G.xy

A® ^  ̂ i *,211,21then — =■ , - — —  [ kf+ kl]  (E.13*)
Ay f i I ? f H 2G v L 1 2J

ii) Case of transverse crack touching the interface
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Define the stress intensity factor:

k(a,)= Lim 2y(x2+H2)vcj2 (x2,0) (E.14)
x2-» -H 2

from eqn (3.29b), we have

a 2y(x„0) = 2Yl4Ey f K 21i(x2,t)<|»1(t)dt + o°y(x2,0) (E.15)
(̂1 — Vjqr Vyx ) J-Hl

where o 2y(x2,0) is bounded function and

_  F,(t) _ F,(t)eiY
(H]2 - t 2)Y ( t - H ,) Y(t + H ,)Y«< > =

i f ^ d .
71 J _ Hl t  Z

Again define: c p ( z )=  — I 1 dt then we have:

F :(-H ,)ein7_____________ F,(H,)
(2H, )7 sin Tty(z + H, )Y (2H, )Y sin 7cy(z-H] )Y<P(Z) = - 7ot~t\y  •' + <Po(Z) (E. 16)

Substituting (E. 16) back into (E.15), and then from the definition o f (E. 14), we have:

(h ,)2yy;4e ;f ,°(i ) ki/p5 Iwj/Ps
O-VxyV)8111̂ )  ^ [K|w,|/PjJ ^Ŵ W, | / Pj]*

+ » Kj/Ps ,.■>  |w3|/p5 ,
n 11 *i/n iY n 11 *i/n ir (E-17)[klwi|/p5J [k|[w3|/p5j

The stress intensity factors and the strain energy release rate at the interface crack 

tip remain the same,

iii) H-shaped cracks

The derivation of stress intensity factors at the interface remains the same as given 

in eqns (E.8ab) with L = b2, and the strain energy release rate at the interface crack tip is 

also given by eqns (E. 13).
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Appendix F Determination of singularities for different crack geometry

The stress singularity at the crack tip varies for different crack geometry. The index of 

singularity for the following crack geometries have been considered:

a) Embedded cracks ( |a,|< H ,, |a2|< H2 and b2> 0 )

For embedded cracks, the crack density functions are of the following forms:

- T o .- 4,-( t ) = _____ _________
( i + 1)“* (i -  t)p* ’ V2W ( i + t r o - t ) pi

* ( t ) = o + w V  <Flabcd)
where F°(t) (i=l,2,3,4) are bounded at crack tips, and because of symmetry a ,= P t and

a 2=P2-

Substituting eqns (F.abcd) into eqns (3.29abcd) and using the following formula:

Vi(z)=ipM>d,= i p   d,
7 1 t -  Z 7t zi (t — Z , ) n (z2 -  t)P" (t -  z)

= F „(z,)co t(m n) _ Fn(z2)cot(7tpn)
~ (z2- z ^ H z - z . r  “  (z2- z, r - ( z 2- z ) p- ^

where Gn(z) is bounded at crack tips, 

then we have:

F,°(-l')cot(7ra1) F,°(l)cot('7ra1') (1-VwVw) , ,  . . , , ___
m r + W  ~ O T - . r  w r ' ( r ) H M i c j l c " s (F3)

^ ( - D c o K m ,)  _ g f l c o t f r a ■,) * 0 - y y )  (r) + boundedterms (F 4)
(2) 2(r + l) 2 (2) 2( l - r )  2 2y14E* 2

F3°(r) + C_  r F30(-l)cot(7ta3) _ F ^ c o tO tP J ,
(l + r)“5( l - r ) Pj i L (2)Ps(l + r)ai (2)aj( l - r ) Ps J

= m,p3(r) + im2p4(r) + bounded terms b, < y < b2

(F.5)

F4(r) _ r F40(-l)cot(7ta4) _ F4°(l)cot(7tP4) 1
(l + r)a<( l - r ) p< i (2)p< (1 + r)“4 (2)“< (l- r)p< J
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= -  im1p3(r) - m2p4(r) + bounded terms bj < y < b2 (F.6)

From eqns (F.3) and (F.4), it can be easily shown that:

« l  =  P l  =  ! ’ <h = $2 = \  ( F . 7 )

These are the known results for cracks perpendicular to interface [22],

Similarly, from eqns (F.5) and (F.6) we can derive:

cot(7ca3) = -  iC = -  i , cot(7cP3) = i£= i
V P 2 P 3 y P 2P 3

cot(;ia4) =  iC= i 1 ^ - ,  cot(7ip4) = -  i£ = -  i I^iBl 
V P 2P 3 V P 2P 3

Using the formula:

1 . z+ i
c o r '(z )  = ^ r log:11^  (F.8)

2i z - i

We then have:

ct3 =  | + i ® ,  p3 =  i - i c o ,

1 1a4 = —  ico, p4 =  — + ico, (F.9abcd)
2 2

where © = — log(^^-)
2ti 5V1 -C '

Eqn (F.9abcd) are of the same form as often seen in interface cracks between two 

isotropic media [38,44-47],

b) Matrix crack tip touching the interface(a1=H1,bi>0 and a2<H2)

In this case, as and t approach to H,, the kernel kn (xi,t) becomes unbounded.

Let k°ls(r,s) be the normalized kernel of kns(x1,t), that is: 

k° (r  ̂  = 1 H^l-sjPa/lwJ+HJw,!
85[H,(1 - s)P 5/|w ,| +H ,|w ,|]2 -H ?(w ,r)2
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+ x H ,( l-s )p 5/|w 1|+H1lw3|
86 [H, (1 -  s)p 5 /| w, | +H, | w31 ]2 -  Hf (w3r)2

+ 1  H, (1 -  s)P5 /| w31+H, | w, |
87 [H, (1 — s)P5 /| w31+H, | w, | ]2 -  Hf (w, r)2

+ x H ,Q - s ) P 5/ |w 31+H,|w3|
88[H ,(l-s )P ,/ |w J|+Hl |w ,|]! -H f(w sr)!

= Ks\™>\r_________1_________ + _________ 1_________ ,

2^  H . O - s + O + r ) ^ - )  Hl( l - s + ( l - r ) i ^ )
P5 H5

M ^ l l r __________ ]___________+ __________!__________ i
2P» H ,(1 -s + (l + r ) l ^ J )  H , ( l - s + ( 1 - r ) ! 2 i M )

P5 Ps

^871 ̂ 3 ! r__________ J____________ |__________I__________ -I
2Ps H ,( l - s + ( l  + r ) |w ^ |W3*) H , ( l - s + ( l - r ) ^ ^ )

P5 Ps

 — T - T - +  L— n - 1  ff -1")
2Ps H ,( l-s+ ( l+ r)!^ iL )  H , ( l - s + ( l - r ) t o L )

Ps P s

Substituting eqn(F. 10) into eqn(3.29a) and move the bounded terms to the right hand side 

o f  the equation, we have:

I  f  (J _ +  Ku A s M l r  1 | ___________ I__________ 1

7C s - r  1 2 P5 H i( 1 _ s + ( 1 + r ) !^iJl) H l( l - s + ( l - r ) l ^ )
P5 P5

+ JcH AsdZilr_________*_________ +________ ?_________ 1
1 2Ps [Ui ( l _ s H l  + r ) \ ^ \ ) H10 - s  + 0 - r ) M ^ i )

Ps Ps

+  _ J J   1_________ I______________1______________ 1

1 %  H,(l-s+(l + r)toltel) H,(I-S+( l - r ) ^ f e l)
P5 P5
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+ 71H!—8 j-—— [-------------- ?--------- j—j j - + ----------------------- I--------- -—— ]} <J>° (s)ds
2Ps H ,( l - s + ( l  + r ) ^ - )  H , ( l - s + ( l - r ) — -L)

1 — V V
 ** ^ -piCr) + bounded terms

2y14E14 y

Applying eqns (F.la) and (F.2) to (F. 11), and let a,=Pj=y, we have: 

F,°(-l)cot(7cy) _ F,°(l)cot(ny) + Xss K l  F°(l)
(2)Y(l + r)Y (2)Y( l - r ) Y 2 p5

(2 )Y sin(7ty)
wr O + ry  0 - r ) :

+ 8̂6 lWll
2 P5

(2)Y sin(7ty)

F,°(l) . 1 1

|Wl||Wj|T 0  + r)7 0 - r ) T

+ ^87 |W3|
2 P5

(2)Y sin(7ry) |w , | |w 3l

Ps

1 1
Y (l + r)Y + (1 -  r)Y

I 8̂8 |W31 F,°(l)
2 p5

(2)Y sin(7ry) w:

Js j

1 -  V V
   — p, (r) + bounded terms

Multiplying both sides of eqn (F. 12) by (l+r)Y and let r -»  -1 , we have:

-2cos(7ty) + A,85
W,

y 86

|w3| 1
87

Ps | W j | | w 3 | T

L p 5 J
y +  ^ 8 8

| w , | 1

Ps | w , | | w 3| T

L Ps J
1

- - 0

w:

(F. 11)

(F-12)

(F-13)
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This result is the same as given in [22],

c) H-shaped cracks (a j= H j, bj=0 and a2>0 )

As a,—> Hi and b,-> 0, the transverse crack intersects with the interface crack and the 

kernels Kn , K13, K14, K31 and K41 become unbounded. Let a  be the index o f singularity at 

the point of intersection, then we have:

<f>1(t> = — , <t>3(t) = — ^  and <J>4(s) = — -
(H2 - t  )“ 3 ta(H, - t ) Pj ta( H , - t ) P4

Substituting above expressions into eqns (3.29acd), we have:

1 f H‘ r 1 . ^ K l r  1 11 f ‘ f 1-  {- +«•
71J - H ,  t - x , 2P’ t (H ,- t+ (H l + x , ) f e t )  ( H ,- t  + ( H , - x , ) M - ) 1

Ps Ps

+ - * J wilr___________1_________________   1____ ,
2Ps (HI - t  + (HI + x , ) M ^ l )  ( H ,- t  + (HI - x 1) i ^ M )

Ps Ps

 ! +  1 1
l(H,-. + (H,+x,)taM) (H,-«+(H1-x ,)^ fe l)

Ps Ps

+ 7Ĉ . M r_________ 1_________ + __________1__________> F.(0  dt
2^  (H1- t  + (Hl + x , ) i ^ t )  ( H ,- t  + (H1- x , ) ^ J ! )  (H? - t2>“

Ps Ps

+ fb2rn lwiKHi ~ xi) , n Iw a lffl-x ,)  F3(t)__
Jo lPl3iw.i2m . - v . ^ + t 2 Pl4 iw.i2m .- v A 2+ t2 jt“rh.IwJ2(H, - x , ) 2 + t 2 |w3|2(H, - X j ) 2 + t 2 t “ ( b 2 - t ) Pj

_______ ________ , D t P4(t)
|w,|2 (H, -  x, f  + 12 P'6 1w3|2 (H, -  x, )2 + 12 J t “ ( b 2 -  t ) p<
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= 2 yj^£^XPi(r) + bounded terms (F.14)

fH| {—-— r.y.  ’.I.!--------  3&.Yn.-------- 5 lZ*-------- •.
J-h, l2y13JtL V . f y 2 2 + Y12 |w3|2y2 J

- ^ -  + (H l- t )  _ _  + (H l- t )

(H ,- t ) P s (H t -  t)P5

, p  H  + p  K l  > fift) dt
+ p5( H ,- t ) 2p2 2 p6 (H, - t ) 2p2 2 (H? - t 2)a

|w,|2 |w3|2

+Pi

 ^  ^  Ps(y) + bounded terms (F. 15)
2Ex

K l y  |w3|y
fH*
J~Hi 2yn 7CL

P! P!'5

y y F, (t)
+ Pg (H. - t ) 2̂  . ..2" + Pl° (H, - t ) 2p2 ( H f - t2)“ dt

, + y *   t2 + y

|w j2 |w3|2

+ t ^ ( y ) + ^ r ' (- ^ + ^ r ( & dt

= —-— p4(y) + bounded terms (F. 16)
2G xy

Multiplying both sides of eqns (F. 14-16) by t“ and let t -»0, we then have the following 

three algebraic equations for F^H,), F3(0) and F4(0) with a  yet to be determined:

cot(Tia) + A ^ jw J________ 1 + A,86 | w , | _______________ 1

(2H,)“ 2 P5 (2H,)a sin(7raX ~]a 2 Ps (2Hl)a sin(7ia)[|Wl̂ |W^ ]cc
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8̂7 lW3l___________  ̂ _j_ 8̂8 IW31_________ J_________

2 Ps (2H,)asin(7ca)[ Ŵp Ws ]̂a 2 Ps (2H1)asin(7caX^-]“

+ 7t
l r e!t + 7£ t t ] F3(0) +

7t

2bj cos(— ) H “ lw3l'
t r !V + 7£lV ]F4(0) = 0 (F.17a)

2b^sin(— ) K l “ lw 3l'

[~Yi(— )a +Y2—  (“ )“]+
^Yu 71W  y ,2 k i

i

P5 Kl Ps ]w,| (2H,)“ sin(—)F l(H ,)+ b»F3(0)

+ ( 7 ^ ) “] + + P „ 1? 1(7 % r]}2y,3 K l  | w 3 | P5 | w , |  °Ps K l  (2H,)“ cos(— )

(F.17b)

W )

+ t [- co,(*a ) + ^ 1F’( 0 ) + t F<<0)- °
(F.17c)

Since F , ^ ) ,  F3(0) and F4(0) are generally assumed nonzero, therefore the 

characteristic equation associated with eqns (F.17abc) has to be zero. Numerical 

calculations indicate that a  is 0 as expected.
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