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Abstract

AN INVESTIGATION OF TENSILE BEHAVIOR OF CMC’S
AT ROOM AND ELEVATED TEMPERATURES

by
Shaojin Zhang

Adviser: Professor Feridun Delale

Tensile behavior has been widely recognized as one of the most
important properties for ceramic matrix composites. In this study, the
tensile failure mechanisms of ceramic matrix composites were investigated
experimentally and analytically.

First, unidirectional Nicalon/CAS II tensile specimens with fiber
volume fractions of 30% and 40% were tested at room as well as elevated
temperatures. All tests exhibited a non-linear stress-strain behavior. Using
an innovative in-situ testing technique [1], damages to the specimens at
different temperatures and at different loading levels were identified and
correlated with the failure behavior of the composites. Matrix crack density
was introduced and used to characterize the damage behavior of the
composite. The effects of fiber volume fraction and temperature on the
failure behavior were also studied. Matrix crack initiation stress showed an
increase with increasing fiber volume fraction. However, temperature effect
was found not quite significant within the temperature range tested (from
room temperature to 700 °C). Specimen size effect was noted and

discussed.
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Then, two analytical models, one using the singular integral
equation technique and the other using finite element method were
developed. Both models assume that the composite consists of equally
spaced fiber strips in a matrix material and the actual problems were
simplified as two dimensional. In the singular integral equation model, a
variety of single row H-shaped crack geometries were used to study the
singular behavior at the crack tips. In the finite element model, a multiple
row H-shaped crack geometry was adopted to simulate the non-linear
stress strain behavior. The stress intensity factors and strain energy release
rates were calculated for various crack geometries and used to explain the
failure behavior of the composite. The results from the singular integral
equation formulation predict that once the matrix cracks are formed, they
will propagate to the fiber/matrix interface. This behavior conforms with
the observed behavior. The results from the finite element model compared

well with the experimental results.
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NOMENCLATURE

H, - half width of the fiber strip

H, - half width of the matrix strip

a; - transverse crack tip in the fiber medium

a - transverse crack tip in the matrix medium

by - inner interface crack tip

b, - outer interface crack tip

Vs - fiber volume fraction

P1, P2 - surface tractions on transverse fiber and matrix cracks

P3, Ps - surface tractions on the interface crack (normal and shear components)
E., E; - elastic moduli in x direction for fiber and matrix materials
E, E; - elastic moduli in y direction for fiber and matrix materials
Gy, G;y - shear moduli in x-y plane for fiber and matrix materials

uj, Vi - displacements in x and y directions

X1, ¥ - coordinates for fiber strip

X2, ¥ - coordinates for matrix strip

Bi, B} - material constants for both fiber and matrix strips

¢ - crack surface displacement derivatives

Wi - complex surface displacement derivatives

Yo ¥; - material constants defined in Appendix B

Ai, pi - material constants defined in Appendix B and D
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Viy, Viys Vym V- Material constants for orthotropic materials

ki(xy,a), Ji(x1,0t) - kernels related to the fiber crack
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Kj - the integrand of kernel

Kijs - the integrand of singular kernel

Kie - the integrand of bounded kernel

k(a;), k(az) - the stress intensity factors at the transverse fiber and matrix crack tips
ky, k2 - mode I and mode II stress intensity factors at the interface crack tips
AE—, G - strain energy release rate
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1. INTRODUCTION

The research on ceramic matrix composite materials have intensified in recent years
due to some of the appealing features of ceramics, such as great stability and resistance to
oxidation under hostile (high temperature or corrosive) environments. In comparison to
their metallic and polymer counterparts, ceramics, being brittle and low in tensile strength
and fracture toughness, traditionally have had little use in structural applications.
However, when reinforced with fibers, ceramic matrix composites exhibit an increase in
fracture toughness and tensile strength at room as well as high temperatures [2-3]. A
variety of ceramic matrix composite systems have been or are being developed for
engineering applications ranging from cutting tools to aerospace structures [4-5]. For
example, one can find studies on the following systems of ceramic matrix composites:
Cl/glass [6], C/SiC [7], SiC/glass [8], SiC/LAS glass ceramic [9-14], SiC/BMAS glass-
ceramic [14], SiC/alumina [15], SiC/mullite [16], SiC/SiC [17].

In the aforementioned studies, experimental results on damage behaviors of ceramic
matrix composites were obtained by failing the specimens with either tensile or three-point
bending loading at room or elevated temperatures [10-13]. During the thermomechanical
testing, the load vs. the displacement (and hence the stress vs. the strain) curves were
recorded but only the postmortem damage patterns were identified by either a scanning
electron or an optical microscope. It is well known that the stress-strain relations of most
ceramic matrix composites under thermomechanical loading usually exhibit nonlinear

behavior. For such ceramic-matrix composites, the failure mechanisms that cause this

nonlinear stress-strain relationship is more complex than that of their monolithic

counterparts. These are due to multiple matrix cracking and sequential fiber breaking as a
result of weak interfacial bonding between fibers and matrix. The approaches described
above although provide important data to the overall understanding of the failure
mechanisms of ceramic matrix composites, they fail to correlate the nonlinear stress-strain

(and hence the stiffness reduction) behavior with the intermediate damage progression



events inside the ceramic matrix composite specimen. A good experimental approach
should provide information on the damage history of the specimen that can be used to
correlate the nonlinear stress-strain (and hence the stiffness reduction) behavior with the
intermediate causative damage events that occurred in the ceramic matrix composite
specimen. Recently, in [18-19], the tensile behavior of a Nicalon/CAS II system was
studied. Damage patterns were identified and micrographs were taken to capture the
matrix crack propagation. However, these micrographs were not taken at the same
location and therefore cannot truly correlate the damage progression with the nonlinear
stress-strain behavior. And those studies dealt only with room temperature. In this study,
experiments were conducted inside the chamber of a scanning electron microscope
equipped with a custom designed tensile/heating substage. This made it possible to directly
observe and record in situ the progressive tensile damage behavior of the ceramic matrix
composites from the very first matrix crack to complete fracture of the specimen at any
location in the gage section. Test results for both room and elevated temperatures were
obtained. One particular advantage of using SEM is for high temperature testing. Since in
SEM, unlike in optical microscope, the electronic lens is always kept at least one inch
away from the heated specimen, images can be obtained at magnifications as high as
3000x. without damaging the electronic lens during high temperature testing. This makes
the technique very appealing for high temperature testing.

Based on the failure patterns of the composite as observed during the tests, two
analytical models have been developed. The thermoelastic properties of the constituents
(i.e., the matrix and the fibers), the relative strength of the interface between fibers and
matrix, and the volume fraction and arrangement of the fibers are considered in the
models. One model utilizes the finite element technique and is based on a periodic
multiple-row H-shaped crack configuration. The other uses the singular integral equation
method and is based on a variety of single row H-shaped crack configurations. In both

models, the real problem is formulated in two dimensional domain.




2. THE EXPERIMENTAL WORK

The experimental work is vital in this study. It provides important insight and data
for the understanding of the failure process of this type of composite material. And it also
provides the foundation upon which analytical models are based. The technique used in
this study is believed to be the first developed in the area of experimental mechanics

research.

21 THE TESTING PROCEDURE

Figure 2.1 shows a schematic drawing of the experimental set-up which uses a
scanning electron microscope equipped with a tensile and heating substage to perform the
micromechanical tensile testing of a ceramic matrix composite specimen under high
temperature. In this study, a Hitachi S-2400 scanning electron microscope which is
equipped with a custom designed E.F. Fullam tensile/heating combined substage is used.
The specimen is simple “dog-bone” shaped specimen as shown in Figure 2.2. The actual
experimental set-up and tensile/heating substage are shown in Figure 2.3. The material
used in this study (Nicalon-fiber/CAS II matrix composite) was obtained from Corning
Glass Works. Table 2.1 shows the thermomechanical properties of the constituents of the
composite. Specimens of both 30% and 40% fiber volume fractions were tested. To study
the size effect, we varied either the thickness or the width of the specimen for specimens
with 40% fiber volume fraction. Fibers were unidirectionally aligned with the gage-length
direction. The tensile specimens were made by first cutting the large rectangular ceramic
matrix composite panel as supplied by Corning Glass Works into smaller rectangular
plates using a Leco VC-50 Cari/Cut fine-mesh diamond saw. Then the gage section of the
specimens was shaped using the same diamond saw with special a holder. The gage
section of the specimens was grounded to its dimensions using a Dremel motorized hand-

held grinder with silicon carbide and alumina oxide stones.




Table 2.1 Properties of Nicalon fiber and CAS IT matrix

CAS II Matrix Nicalon Fiber
Nominal Composition Ca0-Al,0,-28i0, Si-C40
Elastic Modulus Msi(GPa)
250C 13.8 (95) 28.3 (195)
1000°C 13.5 (93) 22.9 (158)
12000C 11.7 (81) 22.5 (155)
Thermal Expansion(106/°C)
5.0 (25°-1000°C) 3.1 (25°C-200°C)
-------- 4.0 (25°C-1000°C)
Fracture Toughness K;-(MPa m!/2)
25°C 2162011 | e
1000°C 1302017 | e

Fiber/Matrix Interfacial Shear Strength

25°C 15.742.0 MPa

To conduct high temperature testing, the bottom surface of the central part of the
specimen, was placed in direct contact with the E.F. Fullam heating element (called
heater) which is a rectangular plate made of ceramic material with fuse wire circuit inside.
The maximum heated area of the heating element is 0.65"x0.25". It can sustain a
maximum working temperature of 1100°C and is equipped with a water-cooled heat sink
for continuous operation. Temperature is measured by three platinum 30% rhodium-
platinum 6% rhodium thermocouples and controlled by a stand-alone DC power supply
with adjustable voltage and current knobs. Since the whole operation is conducted inside
the chamber of a scanning electron microscope (in this study a Hitachi S-2400) which is

usually vacuumed at 1.5x10"6 Pa or better, no heat-loss will occur due to thermal




convection. The top surface of the specimen was first polished using fine-grade diamond
paste containing 15-, 6-, and 1-micron particles until the surface was well finished and the
fibers and matrix could be seen clearly under a Nikon UM-2 microscope. Then the
specimen was cleaned using a Bronson ultrasonic cleaner for 10 minutes. Finally the
bottom surface of the specimen was coated with silver paint to prevent electric charging
and to achieve better image before it was mounted into the E.F. Fullam tensile substage.
Because it is very difficult to drill holes in a ceramic composite specimen, the top and
bottom ends of the specimen were mounted through stainless steel clamps with serrated
teeth to the crossheads of the E.F. Fullam tensile substage. To help in alignment and
prevent slippage during testing between the ceramic composite specimen and the serrated
clamps, cyanoacrylate-based extra-strength epoxy was also applied on the clamp-specimen
interfaces. The clamped specimen was then mounted onto the tensile substage and was
left to cure for at least 20 hours to ensure that the epoxy had hardened and was
completely dry before testing.

Finally, the specimen together with the tensile/heating assembly was placed inside
the chamber of the Hitachi S-2400 scanning electron microscope which is also equipped
with a backscatter detector to enhance the image. By using the X-Y staging control of the
scanning electron microscope, micrographical patterns within the central gage area can be
observed and recorded. The tensile substage is driven by a variable-speed motor which
has a maximum speed of 90 rpm. Through a gear mechanism of 100:1 reduction ratio, the
crosshead speed can be controlled within 0.127 mm/min (or 0.005 in/min). The tensile
stage can provide a tensile load of up to 455 kgs (1000 lbs). The applied load was
increased gradually until the specimen failed totally. The damage to the composite as the
load increased was first observed on the monitor of the SEM. Then a sequence of
micrographs were taken to get hard copies of various microcracking and damage patterns
of the specimen at different loading levels. Since the specimen is very thin in thickness

(ranges from 1.0 mm to 2.0 mm or 0.04" to .08"), it is assumed that failure will occur



through the thickness. Experimental observation of the failured specimens did indicate
that the matrix crack zigzagged through the whole cross section. Thus the recorded
micrographs of the surface fracture can represent through-the-thickness failure of the
specimen. Quality of the image and hence the quality of the micrographs was further
enhanced by transmitting the image signal to a computer which is equipped with an
Imaging Technology Advanced Frame Grabber (AFG) digital image analyzer hardware.
With the help of the installed software, sharper images were obtained through the contrast
and edge enhancement operations. Also text can be added to the micrographs.

The tensile stage is designed in such a way that when the load increases, the top and
bottom crossheads move in opposite directions to minimize the shift of the observed site.
This is achieved by machining the stainless-steel loading columns into worms of reverse
directions. Thus searching and refocusing the damaged zone after each load increment are
easily achieved. The applied loads were recorded by a miniature load cell equipped with a
digital readout. The relative displacements of the crossheads were measured by a high-
precision, strain-gage-type extensometer which is also fitted with a digital readout. The
load-displacement data were recorded and converted into a stress-strain curve. The
evolution of damage recorded by micrographs were identified with the corresponding
stress and strain. Finally the ruptured specimens were observed under a Nikon UM-2

universal measuring microscope for further postmortem examination.

2.2 EXPERIMENTAL RESULTS
2.2.1 Stress-Strain Relations

Typical stress-strain curves for room-temperature, depicting the tensile damage
behavior of a Nicalon/CAS II composite with 30% and 40% fiber volume fractions are
shown in Figures 2.4 and 2.5 respectively. As depicted in these two figures, the tensile
damage behavior of the ceramic matrix composite specimen is characterized by a

nonlinear curve made up of three sections. The characteristics are the same for all tests




conducted in this study, even though microscopically these specimens might look quite
different. Upon load application, the relation between stress and strain was linear and its
slope was equivalent to the stiffness of an intact Nicalon/CAS II specimen (18.15 Msi or
125 GPa for Vg =30% and 19.6 Msi or 135 GPa for V¢=40% ). For specimens with 30%
fiber volume fraction, the slope changed at about 25 ksi (Point A in Figure 2.4). While for
40% fiber volume fraction, the slope changed at about 30 ksi (Point A in Figure 2.5). The
first matrix crack is believed to have started at or slightly below of point A in both V¢ =
30% and 40% cases. This can be further inferred from the relationship between matrix
crack density and tensile stress as will be discussed later in this section. In most cases,
matrix cracking initiates either at the edge or at a location where the fiber spacing is
maximum. Figure 2.6 shows some micrographs taken during testing. The second
micrograph in Figure 2.6 clearly indicates that matrix crack initiated not from the voids but
from the location where spacing between two adjacent fibers is the largest. While in Figure
2.7, matrix cracks initiated from both the edge of a fiber and at location where fiber
spacing is very large if not the largest. The matrix cracks then propagate perpendicular to
the fiber direction throughout the whole width of the gage section to form multiple matrix
cracks. Unlike the monolithic materials where failure is controlled by a critical crack size,
the failure of the composite goes through a process of damage accumulation. The
composite is insensitive to voids and can tolerate very large cracks before failure. At point
B (35 ksi for V¢ = 30% and 40 ksi for V¢ = 40%), the development of multiple matrix
cracks reached a saturated stage. Regularly spaced matrix cracks were formed in the
whole gage section of the specimen. This happened with only a small increment of tensile
stress (about 10 ksi, as can be seen from point A to point B in both Figures 2.4 and 2.5).
Further increase of tensile stress creates no or very little additional matrix cracking. Matrix
crack opening, fiber debonding, breaking and slipping will dominate the rest of the failure
process. Upon reaching point C ( about 62 ksi for V¢ = 30% and 58 ksi for V¢ = 40% ),

one surface of the matrix cracks in the gage area started to open up with crack opening



displacement far more larger than the rest of the matrix cracks. This then was
accompanied by massive fiber breaking and pull-out in that surface. And the eventual
separation of the specimen caused the load to drop substantially. Depending on whether
the specimen is thin (either in thickness or in width) or thick, there might be a tail in the
stress-strain curve at the load drop. Thin specimens tend to have a tail at failure as
indicated in Figure 2.5 where both thin and thick specimens were tested. One explanation
is that thin specimens are prone to bending during the test. This might be responsible for
the lower failure strength and a tail at failure for thin specimens. For thick specimens,
failure is always catastrophic. Figure 2.8 shows the progression of damage for a thin
specimen. At failure, the specimen (this occurred only for thin specimens) was kept in one
piece by the fibers. Further loading after failure was possible as shown in Figure 2.9.
Micrographs in Figure 2.10 however, show the catastrophic failure of a thick specimen.
Upon reaching the maximum stress value, the specimen fails catastrophically with a very
big crack opening at the failure surface. Observation on the failure surfaces of the
specimens with 30% and 40% fiber volume fractions, indicated that there are significant
differences in both the amount and the length of fiber pull-out between the two specimens.
For specimens with V§ = 30%, both the amount and the length of fiber pull-out at failure
surface are less than those with V¢ =40% as can be seen from Figures 2.11 and 2.12. The
lesser amount of fiber pull-out and the shorter fiber pull-out length is an indication of
stronger interfacial bonding strength. This explains why the tensile failure strength of V¢=
30% is slightly higher than that of V§=40%. The smoothness of fiber pull-out surface as
shown in Figures 2.11 and 2.12 is evidence of non-chemical bonding between fibers and
matrix which generally implies weak interfacial bonding strength. It is also noted that the
fiber pull-out length and its amount deviated substantially among the same batch of
specimens, implying that the fiber/matrix interfacial strength may vary for the same batch
of ceramic matrix composite specimens. This is also reflected by the fluctuation of the

maximum tensile stresses (Point C) among these tests.




Figure 2.13 is a set of micrographs showing typical damage patterns of the specimen
at different magnifications after the stress reached point B in the stress-strain curve. At
close-up, one can clearly identify the matrix crack opening, fiber breaking, slipping and
fiber bridging of the matrix cracks. Also from Figure 2.13, one can observe the typical "H"
shaped crack pattern formed by intersection of the transverse matrix cracks with interface
cracks during the failure process. This "H" shaped crack configuration will be used in the
analytical models discussed later. Besides the easily identified matrix crack patterns, fiber
breaking also exhibits some patterns as shown in Figure 2.14. In Figure 2.14, one fiber
breaks at a location away from the matrix cracks first, then a ray of breaking fibers is
formed along a line slanted away from the line of matrix cracks. Fiber breaking occurred
mostly after the stress reached point B, i.e. after the multiple matrix cracks have been
formed.

The stress-strain relations of the Nicalon/CAS II composite at high temperatures

will be discussed later.

2.2.2 Matrix Crack Density

Matrix crack density, defined as the number of matrix cracks per 1 mm length in
fiber direction, was used to characterize the failure process of the composite. With the
help of the scanning electron microscope equipped with a backscatter detector, images
reflecting the tensile damage pattern of the composite from the first matrix crack to the
eventual failure of the composite were captured. Figures 2.15 and 2.16 are some
micrographs showing the development of matrix cracks with increasing stress for Vg =
30% and Vg = 40% respectively. Based on the number of cracks counted in the frame
shown in these micrographs and the associated stress level, a matrix crack density versus
tensile stress curve was constructed as shown in Figures 2.17 and 2.18 for 30% and 40%
fiber volume fractions respectively. From the matrix crack density curves, it is seen that

the matrix crack initiation stress is about 25 ksi for V¢ = 30% and about 30 ksi for Vg=
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40%. These results happen to coincide with point A on the stress-strain curves as shown
in both Figures 2.4 and 2.5. As the stress increases, the matrix crack density increases,
finally reaching a plateau, meaning that further loading does not result in additional matrix

cracking.

2.2.3 Effect of Fiber Volume Fractions

As can be seen from the stress-strain and matrix crack density curves for
specimens of both 30% and 40% fiber volume fractions, the fiber volume fraction affects
the tensile behavior substantially. Matrix crack initiation stress is less for specimens with
less fiber volume fraction (compare points A in Figures 2.4 and 2.5). This result is in
agreement with that given in [20-21]. But the tensile failure strength for Vg = 30% is
higher than that for V§ = 40% (points C in the stress-strain curves). This might be the
result of a relatively stronger interfacial bonding strength for specimens with V¢ = 30%.
The matrix crack density was found to increase with increasing fiber volume fraction of

the specimen. This finding also agrees with that reported in [20-21].

2.2.4 Temperature Effect

The same specimens were tested in the SEM at 250 ©C, 400 ©°C, 600 ©C and 700
OC. Figures 2.19 and 2.20 show the stress-strain curves obtained at higher temperatures
for fiber volume fractions 30% and 40% respectively. Within the temperature range tested
( room temperature, 250 ©C, 400 ©C, 600 ©C and 700 ©C), no significant changes in
ultimate tensile strength have been observed in the stress-strain curves. Figures 2.21 and
2.22 show the temperature effects on the ultimate tensile failure strength of the specimens
for both 30% and 40% fiber volume fractions. There was a slight increase in tensile failure
strength for Vg=30% at T = 250 ©C . Micrographs showing the final failure surfaces of
the specimens with Vg = 30% at different temperatures were compared. It was observed
that both the amount and the length of fiber full-out were the smallest for T = 250 OC.

This might explain why the tensile strength is maximum at T = 250 OC. For V¢ = 40%, this
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increase of tensile strength happened at T = 400 ©C. The phenomenon of slight increase of
tensile strength might be the result of release of thermal residual stress and changing of
interfacial bonding strength due to temperature. Matrix crack density did not show
significant changes with temperature. Micrographs in Figure 2.23 show the development
of matrix cracks for V¢ = 30% taken at T = 600 ©C. And micrographs in Figure 2.24
show the matrix crack development for Vi = 40% taken at T = 400 ©C. Matrix crack
initiation stress decreased slightly at high temperatures for Vg = 40%. Micrographs in
Figures 2.25 and 2.26 show the fiber breaking and slipping process at high temperatures.
Since this composite is basically a glass based material, the stress-strain behavior is

expected to be quite different when temperature exceeds over 800 °C.

2.2.5 Specimen Size Effect

To study the size effect, specimens of 40% fiber volume fraction with different
thickness and width combination were used in the tests. It was found that specimens with
either relatively thin thickness or width (about 0.0625~0.07") tended to have a quite
different failure pattern than thicker ones (greater than 0.0725" in both thickness and
width). For thin specimens, first, the tensile strength was quite lower than that of thick
specimens; second, when the specimen failed, it had a tail in the stress-strain curve
indicating that it still retained some load carrying capability and the specimen was kept in
one piece by the fibers. The thick specimens on the other hand always failed
catastrophically. A comparison of tensile strength between thin and thick specimens
against temperature is shown in Figure 2.27. The discrepancy between the two cases
might be the result of bending that might have occurred during the test as explained
earlier. For thin Nicalon/CAS II specimens with 40% fiber volume fraction, the stress-

strain curves at high temperatures are shown in Figure 2.28.
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3. THEORETICAL MODELS

As explained earlier, during experiments, it was found that, after the initiation of
transverse matrix cracks at point A (in both Figures 2.4 and 2.5), with increasing load,
regularly spaced multiple transverse cracks are formed. When the tensile stress reaches a
certain value, almost no new transverse cracks are generated until failure. During this
process transverse matrix crack opening, fiber debonding, breaking and sliding at the
fiber/matrix interface is believed to dominate the failure process. This typical failure
feature is best described by a periodic H-crack configuration as shown in Figure 2.13.
Two models, one using singular integral equation technique, and the other using finite
element method, are adopted to either explain the failure mechanism or simulate the
observed tensile behavior of ceramic matrix composites.

The problem of concern is basically a three dimensional problem because of the
discrete distribution of the fibers in the matrix. However, if one assumes that the fibers

are made of composite strips of width 2H,, the problem can be treated in two dimensions.

3.1 SINGULAR INTEGRAL EQUATIONS FORMULATION.

The singular integral equation technique has been proven very powerful in dealing
with crack problems. Figure 3.1 is a sketch of the proposed mathematical model. It is
assumed that fibers are equally spaced in the ceramic matrix, and that the
thermomechanical and fracture properties of the fiber and the matrix are known. The
model contains cracks perpendicular to as well as on the interface and they are assumed to
be periodic. By choosing different geometric parameters, one can generate different
cracked geometries. For example: If one sets a,=0, a,=H, and b,=0 in Figure 3.1, then the
model reduces to a geometry with periodic intersecting H-shaped cracks as shown in
Figure 3.2. This configuration closely resembles the actual cracked geometry observed in

testing,
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3.1.1 Formulation of The Problem
3.1.1.1 Equilibrium Equations
In the formulation, each strip is assumed to be orthotropic. The equilibrium

equations for orthotropic materials expressed in terms of displacements are as follow [22]:

ot o2

Blax;l ayg B3axay 0 (3.1a)
o2 o2 o2

a,:z’ Bzay;, Bsaxgy (3.1b)

where 4, B2 and [B; are materials constants for orthotropic material.

Assume that the solutions are of the following form:

u(x,y) = uh(x,y) + u@(x,y) (3.2a)
v(x,y) = vib(x,y) + vA(x,y) (3.2b)
. where
u(D(x,y) —% B flo,x)cosotydo (3.3a)
viD(x,y) = 2 :o g(o,x)sinoyda (3.3b)
and

u@x,y) =% [ h(oy)sinoxdor (3.42)
v)(x,y) =% now 1(ot,y)cosaxda (3.4b)

Here f{o,x), g(o,x), h(a,y) and I(c,y) are shape functions which will be determined
later.
Substituting (3.3ab) and (3.4ab) into (3.1ab) respectively, one gets the following
characteristic equation:
4+ Bar2 + Bs2 = (3.5)

2

where By = -Bl -1 and Bs =B2/By
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The roots of eqn(3.5) are:

1 =-r3=wj +iwy =/(-B4+ Bg)/2
Iy =-14 = wj +Hwy =\(-B4 - B)/2
where Bs =VB42 - 4852

Then we have;

flo,x) = A(a)el 10X + B(or)e T19X +C()e20X + D(a)e"T20X (3.6a)
g(a,x) = B7[A(0)eT19X - B(a)eT10X]

+ Bg[C(a)el20X - D(cr)eT20X] (3.6b)
h(oy) = E(o)e"19Y/B5 + F(ar)e T19Y/Bs

+ G(or)e"2%¥/Bs + H(o)eT20y/Bs (3.60)
I(oLy) = Bo[E(c)er19¥/Bs - Fa)eT1oy/Bs]

+ B1olG(ar) e22¥/Bs - H(a)eT20y/Bs] (3.6d)

Here two types of orthotropic materials will be distinguished according to whether
the roots of the characteristic equation are real or complex.

Material type I: where both ry and r; are real numbers(wy=w,=0).

Material type II: where r; and r, are all complex numbers.

Applying the symmetry conditions:

u(x,y) = -u(-x,y) (3.7a)
v(x,y) = -v(x,-y) (3.7b)
one gets:
B(a)=-A(a) D(a)=-C(a) (3.8ab)
F(a)=-E(a) H(a)=-G(a) (3.8cd)

Material type I will be considered because most materials fall into this category.
Based on the fact that both u and v vanish when y goes to infinity and that the problem is

symmetric about x axis, we obtain:
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u(xy) = % f’ [A(c)sinh(w,0x) + C(ox)sinh(wsax)jcosoydo:

+ % L * [E(e)eW1l0w/Bs + G(o)e-Wsloy/Bssinorxdar (3.92)
v == [ [B7A(w)cosh(o100%) + BECl@eosh(w oo inaydo
; ;2; j:’ [Bgsign;wl)E(a)e'|W1|°‘Y/BS + Byosign(ws)Gla)e3ly/Bscosoxdo  (3.9b)

3.1.1.2 Stress-Strain Relations

1-
Let A = K—E’QLM, then we have:
xEy

1 v
ox(x,y) = E;Z'ex + ?yaAiey (3.10a)
Oy(x.y) = ]::'—iiax + ﬁey (3.10b)
Txy(an) = ny'ny (3.10¢c)

3.1.1.3 Strain-Displacement Relations

Ju ov

Ou  oOv
Ex = 5 ey='é;and ny=(g+g) (3.11abc)

Utilizing eqns (3.9ab) and (3.11abc), eqns (3.10abc) can be reduced to:

ll:'Q_—;}r."‘§&3‘2‘2c>'x(x,y) = ro [ylE(a)e'lwllaY/ Bs + yZG(a)e'|W3|ay/ Bslacosaxda
X 0

+ J- [2y3A(o)cosh(wyax) + 2y4C(a)cosh(wiox)]ocosaydo (3.12a)
[
— 00
EQ—;’x;&w‘zcsy(x,y) = j [vsE(a)eW1ley/Bs + y G(ayeIW3loy/Bsacosoxdar
Ey 0

+ J [2y7A(a)cosh(wyox) + 2ygC(a)cosh(wsox)]acosoydo (3.12b)
]

4 © / / .
Eé;y“rxy(x,y) = J.o [yllE(a)e'IWﬂ“Y Bs + ylzG(a)e'|W3|ay Bs]ocsmaxda




16

o0
+ J’ [2ygA(at)sinh(wyox) + 2y;0C(a)sinh(wsox)]osinoydo (3.12¢)
0

The above expressions are for plane stress problems. They can also be used for

plane strain problems with the following substitutions:

BVxy
EyA=Ex and ExA=Ey

3.1.2 Boundary and Continuity Conditions

At the interface(x,=H,, x,=-H,)

O1xx(H,¥)=0,xx(-Ha,y) 0<y<oo (3.13a)
Tixy(HpY)=Taxy(-Hy.y) 0<y<eco (3.13b)
u(Hy,y)=u,(-Hpy) 0<y<b, or b,<y<w (3.14a)
vi(Hyy)=v,(-Hpy) 0<y<b, or b,<y<w (3.14b)
O ixx(Hp,y)=ps(y) b,<y<b, (3.15a)
Tixy(HppyY)=p4(y) b;<y<b, (3.15b)
At y = 0 (cracks normal to the interface)
v,(x,,0)=0 -H,<x,<-a, and a,<x,<H, (3.16a)
V,(x,,0)=0 -H,<x,<-a, and a,<x,<H, (3.16b)
O1yy(%1,0)=-p,(%;) -3,<x,<a, (3.17a)
Oayy(%2,0)=-p,(%2) -2,<X,<a, (3.17b)
Tixy(%1,0)=0 -H;<x;<H, (3.18a)
Taxy(X2,0)=0 -H,<x,<H, (3.18b)
Atx;=0orxp=0
u,(0,y)=0 0<y<oo (3.19a)
u,(0,y)=0 0<gy<o0 (3.19b)
Tixy(0,y)=0 0<y<oo (3.20a)
Taxy(0,y)=0 0gyswo (3.20b)
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where p,;(x,) is the normal traction on fiber crack surfaces perpendicular to the interface
(-a,<x,<a, and y=0), p,(x,) is the normal traction on matrix crack surfaces perpendicular
to the interface (a,<x,<a, and y=0), p,(y) is the normal traction on crack surfaces along
the interface(x,=H,, b,<y<b,) and p,(y) is the shear traction on crack surfaces along the

interface (x,=H;, b;<y<b,).

ov
Define: ¢,(x,) = QV_léXE_:_Ql, dx(x;) = _7.6(’(75::92

bs(y) = gy—[vl('*'HhY) -V(-Hpy)l, ¢4(y) = gy—[ul(+H1’Y) - uy(-Hpy)l  (3.21abed)

From (3.14ab) and (3.16ab), we get:

dy(x)) =0 a,<[x,|<H, (3.22a)
by(x,) =0 a,<|x,[<H, (3.22b)
d3(y)=0 0<y<b, and  b,<y<oo (3.22¢c)
bs(y) =0 0<y<b;&  and b,<y<w (3.22d)

The above 16 boundary and continuity conditions are yet to be satisfied.
Eqns(3.19ab) and (3.20ab) are satisfied identically from eqn(3.9a) and (3.12c¢)
Substituting eqns(3.18ab) into (3.12c) we have:

E@=L%G0), E*@)=-L%G")
i Yu
Then eqns(3.9ab) and (3.12abc) become:
u(xy) = %f [A(c)sinh(w,ax) + Cosinh(wsax)Jcosoydo
+2 I i E(o))[eW1ley/Bs - Tte-iwsloy/Bs]sinaxdor (3.92%)
n Jo Y12
v(xy) = %Lw [B;A(c)cosh(w,ax) + BC(at)cosh(w,ox)]sinoydo

- -;2; on E(a)[B9Sign(W1)e-lwllay/BS - %LLB1oSign(W3)e']W3|ay/BS]cosocxdoL (3 9b*)
0 12

and
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HUyyed) x(x,y)=j°° Bl #il0y/Bs - 1 oWl BsJocosoxdor
0 12

2By
+ j [2y;A(a)cosh(w,ax) + 2y4C(a)cosh(w,ox)]ocosoydo (3.12a%)
0
-— e o]
ﬂl—;]%&D‘zoy(x,y) = J.o E(o)[yse~Waloy/Bs - 'y%:':e“wslay/ Bsjacosoxdo
00
+ J [2y,A(a)cosh(w;ax) + 2y;C(a)cosh(w;oux)Jocosoydo (3.12b*)
0

L (x,y) = J. E((x)yn[e‘lwxlay/ Bs - e-lwsloy/ Bs]onsinocxdoc

2Gyy XY o
0

+ j [2y,A(or)sinh(w, ax) + 2vy,,C(o)sinh(w,ox)]asinoydo (3.12¢*)
0

Aty =0, eqns(3.16ab) give:
2 (> . I_,_Lﬁ .

vi(x,,0)= -;EJ; E(oz)[Bgslgn(wl)-Y12 1oSign(w;)]cosox,dou a,<x;<H, (3.23a)

2 00 *
Vy(%,0)= = J' E*(a)[Bg*sign(wl*)%”;Blo*sign(w3*)]cosozx2da a,<x,<H,  (3.23b)
0 12
Then from eqns (3.21ab), we have:
ov,(x,,0) 2 ® .
o,(x,)= '—‘a{—{"—l == j ¥,;E(o)asinax, do,
1 0
*E*(a)asinax,da

_ 6v21x2,0!_ 2 (®
dy(x,)= ox, 75.’.0 Y13

Taking the inverse Fourier transform of above expressions:
a
1

1 .
E(a)= ;1_3; ¢, (x,)sinox,dx, (3.24a)
0
1 [
E*(a)= mJ‘ d,(x,)sinax,dx, (3.24b)
0

and substituting eqns(3.24ab) into eqn(3.9b) respectively and applying eqns(3.17ab), we
get:
8] Q gt! 00
14 j o, Gt J. [2y,A(ct)cosh(w;0x,) + 2y5C(at)cosh(w,orx, )Jadot
-&; A1 0
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- E(I‘—S’E!;iﬂlpl(xl) (3.25a)

a t 00
Y1 4*_“ ? %}gldt + J. [2y,* A*(a)cosh(w, *ax,) + 2y5*C*(a)cosh(w; *oux,) Jodo
-8, 2 0

(1 -VyyVyx)
=- 2Ey* 2(%2) (3.25b)
where v; and y;* are given in Appendix B.

Substituting eqns (3.24ab) into eqr;‘s(3. 15ab), we obtain:

J__X;L_;Lx)p“ 1";’ v A(y) = lim I J. smoctdt[yle |w, |oty/Bs - YZLie-lwslay/ Bs)cosax,dot
Ey o Yi2

o0
+1lim J [27;A()cosh(w,ox,) + 2y4C(a)cosh(wsox,)Jacosayda b, <y<b, (3.26a)
x‘l—'ill 0

ﬁy‘p‘,(y) = limj J smoctdty“[e -{wloy/Bs - e-|wsfoty/ Bs]smozx,doc

00
+1lim J. [2y,A(a)sinh(w,ox,) + 27,,C(a)sinh(w,ox, Y]asinaydo. b, <y<b, (3.26b)
X,~H, Jo

Applying eqns(A.5ab), eqns(3.26ab) can be further reduced to:

M_l[ H,-t y H,-t
, 21 Y'M(H o ) G, e

+1lim J.:o [2y;A(a)cosh(w,ox,) + 2y, C(a)cosh(wyoux, YJocosorydow
X, H,

1-
=My ) b,<y<b, (3.262%)

| oy ol
J-a 2713 KL—IJXL‘-I-(HI t) .(L_S.IXL+(H -t)2

and

+lim J.:o [2y,A(c)sinh(w,0x, )+ 2y,,C(at)sinh(w,oux, ) Jasinoydo
xl—’HI

T
= ZnyP4(Y) b,<y<b, (3.26b%)




Applying eqns(3.14ab), (3.13ab) and (3.21abcd), one sets:

A(o)sinh(w,oH,) + C(ot)sinh(w,oH,)

+ A*(a)sinh(w, *aH,) + C*(a)sinh(w,;*oH,) =R,(o)

B,A(o)cosh(w,aH,) + BgC(at)cosh(w,otH,)

- B,* A*(@)cosh(w, *oH,) - Bg*C*(c)cosh(ws*aH,) = Ry(c)

[y;A(o)cosh(w,aH,) + v4C(at)cosh(w,oH,)

~ A3 *A*(a)cosh(w, *aH,) - A, 14*C*(a)cosh(w,*oH,) ] = Ry(ar)

[voA(a)sinh(w,aH, ) + v,,C(ct)sinh(w;oH;)

+ MY *A¥*(a)sinh(w, *atH,) + ALy, *C*(a)sinh(w; *oH, ) o = R (o) (3.27d)
where R, (at), Ry(a), R;(cr) and R,(ct) are given in Appendix A.

Solving eqns(3.27abcd) for A(a),C(a), A*(o) and C*(at), we have:

LR, R() R,
A= 5ol @)+ e (@) + o m (0) e, (o)

Ce) = W —f(%lgz(a) + %S)thm) + -s(%zrnz(a) + —4%%2@]

1 R, (o
A*() = cosh(w, *aH )l f(((x))gs( )'*'M—Zlh( )+ f(a) m3(a)+'f12§52n3(a)]
Ry)

CH0) = somnartalgl iy (o) + fosdiy(o) + e m (@) + TS )

where fla), gj(ar), hj(o), mj(et) and nj(o) (i=1,2,3,4) are given in Appendix C.
Finally, substituting (3.28abcd) into (3.25ab) and (3.26a*b*), we get:

1 a b,
1
;Jﬁ [{_:(—l+nKu(x1,t)]¢1(t)dt +J. Kp2(xp,t)d,(t)dt +I Kis(xp.t)ds(t)dt

-4 4, b,

b,
( l—vX! Vy x)
+J‘ Ki4(x;,)d4(t)dt = — 2y 1(x1) -a,<x,<a,
b, 14Ey

1 2 b2
1
r Ka1(x2,)¢, (t)dt +;‘r ———t_:(z + 1K, (%,,1) 10, (t)dt +j. K3 (%o, 1), (t)dt

1 2 by
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(3.27a)

(3.27b)

(3.27¢)

(3.282)

(3.28b)

(3.28¢)

(3.28d)

(3.29a)



b,

a —v* xyV ;m!

+J‘ Ko 4(x5,)d,(t)dt = — 2y, *Ey* 2(%2) -2,<X,<a,
by

b,
K3I(Yat)¢ (t)dt +J-a K (y,D),(t)dt ’*'J- Ks3'(y,t)bs(t)dt

2 bl

(-VxyVyx)
Ks4'(YJ)¢4(t)dt =TT 2K, 3 () b;<y<b,

) b,
-r Ky (y,t),(t)dt +J' K (v, t),(t)dt +J‘ K5'(y,)b5(t)dt

) b,
: ]
+J K '(y,)d,()dt = m‘%(Y) b,<y<b,
b

where

K, = ﬁf: [k, (x,,0)e"H-DBs/W1] + & (x, o) (H-1)Bs/|Ws| 1do

21

(3.29b)

(3.29¢)

(3.29d)

K (x,,t) = ﬁ; f [k, (x,,0)e" DB W *| + k (x,, 00)e U H DB */ W3 *|1der
14

1 po
Ka(x,1) = mjo [3,(%,,00) + J,(x,,00) Jcosautdor

1 (o ]
Kiqbpt) = [ 1506100 + Jy(x,,0) Jsinotdo

K, (x;,t) = 'y;*nj:o [ks(xz,a)e'a(Hrt)Bs/ ;| + ké(xz,a)e‘a(Hrt)Bs/ [wi Jda

(3.30abcd)

Kaat) = *,J [y (g, 00)e- OB W] + ko)t )Bs /W] 1dar

o]
Ky3(x5,t) = mjo [J5(xp,00) + Jo(%5,00) Jeosatda

Kau(xp,t) = J. [J5(%5,00) + Jg(x,,0) Jsinatdar

(3.31abcd)
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Hl H] -t

1
K3l(y’t) Z'Y ,":L 'Ylg%l_l&+a{l-t)2+72(.ylz{(%ﬂﬂ_ (Hl-t)z

1

+ P-IE %J‘: [kg(y,xl,a)e’a(Hl-t)ﬁ sftwil 4 klO(y’xl’a)C-a(Hl't)BS/ Iwsl 1da

Ks(y,t) = Pﬁ‘; %J:o [kll(y,xl,a)e'a(Hz‘t)Bs*/ twy*l 4 ku(y,xl,oc)e‘o‘a'lz‘t)ﬁs*/lw3*l 1do

h
Ky () = lim " (50901, 5.0) + SOaby, (y.0) Jcosoudar
K34'(y’t) JI [%%Ju( Y, )+§£-(£&a_l_ll%1n(y,a) ]smatdoc (33221de)
wly wly
Kaly) =3 n[g w,lx)BS glwslzzgs 1
s B2 +(H,-t)? B2 +(H,-1)?

* EIE]H -71;.'.: [ky3(yx;,00e @ HOBs/W | 4k, (v, 00e-0UH,-DBs/W3l 1o

Kp(y.) = 3123 '11;_“: [k, 50y, %, 00e O DBs /w1 kyo(y:%,,00e- Q- OBs*/Iwy*l 140

h h
K ) =lim 7" (o, (5,00 + S iontl (5.0) leosoudo
Kyi'y.0 = lim nj %‘(vﬂv‘g—;‘%;r,s( )+cs—;‘((‘”4a—ﬁ*l)1m(y,a) Jsinonder (3.33abcd)

The derivation of the terms kj and J; (i=1 to 16) are given in Appendix C.

Note that for t = y the integrals (3.32cd) and (3.33cd) are divergent. These
divergent parts must be studied and separated by analyzing the asymptotic behavior of
the integrands. After the asymptotic analysis of the divergent parts in (3.32cd) and
(3.33cd), eqns(3.29cd) are finally reduced to:

1 az bz
J“ K;,(y,0)¢,(t)dt + j Ky (y:0)9,(Ddt + %‘1’3(}’) +J. Ks3(y,)¢s(t)dt

-4, 'aZ bl
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b, b,
1 1-vy oV

-—g; b (;_—y+t+y)¢4(t)dt +.[ Kay(y 00,0t ="""25 Z=pa(y)  by<y<b, (3.29¢%)

1 1

1 L) by
J‘A Ky (3,00, (t)dt +J. Kp(y.00,(t)dt - %4“1)4(}’) +J‘ K3(y:D0;(Ddt

1 ) by

b, by

1

+§—;J‘ (—+t +y)<1>3(t)dt +J: Ku(y00,0dt= 55 -P,)  b<y<b,  (329d%)
1

where py, Py, P3 and Py and  Kas(y.0), Kay(y,1), Kys(yst) and Ky,(y,t) are defined in
Appendix D.

3.1.3 Normalization of The Singular Integral Equations
Using the following variable replacement formulae:
for  x;andx,: X =ajr, t=a;s; and X,=a,r, t=a,s; —-1<r<1, -1<s<1
1 1 1 1
for y: y=5(b,b)r+ 5(bytby), t=5(by-by)s +5(by+by).
then t+y= %(bz-bl)[s+r+bo), by= 2'%2;_1)'2 -1<r<l, -1<s<1
(by-by)
Substituting the above into the four singular integral equations, we obtain:

11'; [—-+ nta, k;, (1,5)]07 (S)dS+I 2,k (1,8)0; (s)ds

o __(l—vxyvy,) o
j’ kS, (r,8)03(s)ds = mE, pi(r)  (3.34a)

b, -b,

$22=by j K2 (1, 8)05 (s)ds +—2

[ ks 905 @)+ j’l AN CALOVHOLE

1_ P
+ 2L o s =~ 634
14

I_llalk‘;l(r,s)]q)‘l’(s)ds+ Lazkg’z(r,s)]Q);(s)ds+E‘-¢§(r)+ j kS, (r,5)03(s)ds

p2 1 1 LoD L3
211:-[-1(s—r+s+r+b )05 (5)ds +22 j ke (r, s)¢4(s)ds——2——p3( (3340




[ aks@omEds+ [ a ks, s)]¢2(s)ds+ K . )5 (s)ds

S—r s+r+b

2 [ k0 - Beos 0 222 [ ks )¢4<s>ds-——-p4<r> (3.34d)

l' 1"

here superscript "o" is used to denote the normalized quantities.
For orthotropic materials, the dominant parts of eqns (3.34c) and (3.34d) are
coupled. It is necessary to decouple these dominant parts before any numerical method is

applied. Using the technique described in [23], we first let:

b P2 . P2 -
. IR _P 0o -2
¢={Q3_}’9 {q)l}’ N A 2’

: > 0 —%4- B0 9211 0
1-v v, P
,C=[alk§1 azki’z} ko b=by [k‘;} k,,] wmd p=| 2 |
aky aky 2 |k ki —p:
G
Xy
then eqns (3.34c) and (3.34d) are combined to yield:
Bpods Bp  ods
A¢ + _[ls - j_ls+r+b + [lcods+[ Kods = (3.35)
Multiplying both sides of eqn (3.35) by A™ gives:
1 o A'Bgds 1 pp A™B'gds ¢, - 4
¢ + E _ITI’—--FEI_IS—_FW'F";A COds+LA K¢dS— AP (336)
0 -il2 o -if2
Let D=A"B= Pl p=a-lB= Py
il -if
P4 P4
then the eigenvalues W, , of D can be determined from:
D-pI=0 (3.37)

Bobs gy, = PP o 3]

which gives: p*- =
PiPs PP &
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Now let R be a square matrix such that:

DR =RA (3.38)

"’:] , then eqn (3.36) is reduced to:

4

Introducing : ¢ =Ry, where = [

~1 A ~-lyp
L[ Avds 1 RABRYE, ['raceds
Wil s—r Wit s+r+b, -l

+[ R7A7Kods =RA"IP (3.39)

where

WL U SPRL  u
R—IA—IC — l:alcl (r,8) 2,0y (I',S)] = P Ps YT, P Pa VM2 (340)

s e, |, Ky Bk g, ke ik g
1 2
Pa P YT Pa P YTy
R—IA—II<R _ bz _bl k;’ (r,S) k;(r,s) =b2 —bl %
2 | k3(,s) ki(r,s) 2
(5-30—3-—2‘1)+i( nz ’nl k:3 ko 43)+ nl( ;3+k:4)
pl p4 nl pl n2 pl n2 p4 pl p4 (341)

(ﬂg_ko kzs) ( ky +k24) (1(_‘3’;_ —i( M, ko n k 43)
™ Pt Pa M P Ps P P4 m pl N, P

: S

and RIA = m; 1, - Py PiPaP4 (3.42)
Wy M| ) P 1
P1P2P4 P4

Finally eqns (3.34c¢) and (3.34d) reduces to:

0 C-l 1 1s] dS C -
v+ [ e —-=

R yi(s) +£1 a,c, (1,8)0; (s)ds +I_11a2c2(r,s)¢‘2’(s)ds

S+r +b
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j Ko (r, )y (s)ds +22 =21 j K3 (1, 9)y3 (s)ds

l—vxyvyx . 1
=m, —ZE-X——p3 (r)+m12 E_(Zp“(r) ' (3433)
Y- j TAC )————— j O j 2,055,505 (s + | a,c,(r,503(5)ds
j K (r, )y (s)ds + 22 =00 j kS (r, )W (s)ds
- l_vxyvvx _ __1__ 3.43b)
= e p;(r) m42ny P4(r) 3.

Note that the functions W;(r) and y;(r) are related through the following

relations:

1 e o 1o ., —o
Vs (r)=5[¢§ (r)-i %m(r)] & \lf4(r)=-5[—1 2—14)3 (1) + 9, (n)]= -l\/g—? Y, (r) (3.44ab)

If both materials are isotropic, it is found that /11-2— = 1, and the above equations

m

reduce to:

Y3 (n)= %[‘D‘a’(r) -igi (0] & wi () = -;-[-i¢‘3’(r) + 05 (0] = -iy; (@) (3.44a%*,b%)

Now expressing eqns (3.34ab) also in terms of 3 (r) and y;(r), we have:

l,[_l, ["'_1—+ ma,ky, (r,8)197 (s)ds +‘[_'1 a,k, (r,8)5 (s)ds

b, —b, -V
+ —Z—I [T, y2(s)ds + Tiys(s)]ds = —M:TY‘ p’(r) (3.34a%)

[ ot s+ [ [ ma ke, 9103 6)s

1-v,
f [Tz\va(S)dS+Tz\v3(s)]ds——éy—"E— p2(1) (3.34b%)

b —-b,
2

where T, = kS +i ,&k;:1 T =k - /"2 k2,
T, n
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T, = k3, +i "2_2 and  To=k%—i /%km (3.45abcd)
1 1

7

3.1.4 Numerical Solutions

In this section, numerical procedures are outlined for solving the singular integral
equations for different crack configurations as discussed in the previous section. The goal
is to determine the stress intensity factor and or the strain energy release rate at the crack
tip for each crack configuration. Three H-shaped crack configurations are used. These
are: (a) embedded H-shaped cracks, (b) broken matrix H-shaped cracks and (c) the

intersecting H-shaped cracks.

3.1.4.1 Embedded H-shaped Cracks
Figure 3.1 shows the embedded H-shaped crack geometry. In this case, the

normalized singular integral equations take the following form as derived above:
—j [—+ ma,ks, (5,005 () + | 2,k (r,5)05 (s)ds

1- Vo Vi
I [Tl\lfs(s)ds'*‘TlW;(S)]dS‘m—pl ) (3.462)

[ aks 9007 )ds +% [ [—S—i—r +1a, kS, (1,5)J02 (s)ds

°(s)ds + T2y (5)1ds = '2';:4]3 pl(x) (3.46b)
\yg(r)+ j %(s) j Wi — +b +j' a,c, (1,8)° (s)ds+j a,¢, (r,5)02 (s)ds

j K2 (r, )y (s)ds + 2 j K2 (r, )y (s)ds

= I_V"v“ ' ——1— 3.46
= ml_Z'E—:—P:s(r)'*'mz 2G, P4 (1) (3.46¢)
v —- I %(s)————j VIO +b +f 2, 90765+ [ 2,04 (r 503 (s)ds
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_[ K (r,s)y2 (s)ds + 2 j K3 (r, )Y (s)ds

~ Vi Vi 1
—5p, (1) —my ——P,(r) (3.46d)
2E, 2G,,

=—im,

Of the four equations above, only three are independent since y;(r) and w;(r)
are related through eqn (3.44b). Thus only the first three will be used.

Equations (3.46a) and (3.46b) are Fredholm equations of first kind. For the
solution the Lobatto-Chebyshev integration formula is used. Equation (3.46c) is

Fredholm equation of second kind and thus a Lobatto-Jacobi quadrature rule is used.

RNON E (s) orey E(s)
Let ¢1 (&)= 1/—_ 03 (s)= '\/_1—_82 and  y5(s)= A+s)=(1- S)B3
here o=-f3, B=-asz,

Using the methods described in [24-31], we obtain:

3 (W L

k=1 T 8~

+ 103, K7, (.5 )1 B (5,) + 2, W K], (13,80 F; (8,) )

b b N+l V v
v Wy B (5yp) + Ty (ri»Sy )WYJ F (s,1 = ——Z—_E——pl o(g) (3.47a)
= T1a
Y 2] 0 W °
Z (a, W, K3, (180 B (5) +—-[ + 2, K3, (13,51 B (5,))
P T S —L
b,—b N+l . _ — - 1— V* v‘
4 —2 5 1 z [Tz(l'i,syj)Wij (Syj) + Tz(ri,Syj)wyj Fa (syj)] "_"-XYETyx‘Pg(l') (3.47Db)
H 2'Y14
C_l N+l Wij3°(Syj) C_l N+l W”ﬁg(syj) n ] )
=y R + a Iy F + is F W

N+1

b Z [Ty, )Wy (5,9 + Ty(xyi, ) W F5 (5,)]

=1

lI-v v,

. 1
=my 2E, Ps (ryi )+im, -Z_G_— Dy (ryi ) (3.47¢)

xy



where

yi

b

T3 = k' (1y;,5),

U
-1

N | —

Wy

n
T

Wi

=
—

§ = cos[——n(k ) ]

(n-1)

= cos[—————z((ii:ll)) ]

_2*MINITB+1D)FI(o+N+2)

T, =i /lh K2 (r,5,)
uh

(1+P)

IFG+N+2)I'(a+B+N+3)

- 2NN (e +DFT(P+N+2) (1+a)

INo+N+2)[(aa+B+N+3)

_ 2™+ N+2)T(B+N+2) 1

B (N+D(N+DIT (o +B+N+3) [PEP(s, )P

The abscissas Syj are the roots of the following equation:

(1- 5,PE#0(5,) =0

and

and the collocation points Iyi satisfy the N-th order Jacobi polynomial:

PSP ) =0

29

(k=1,n)
(k =2,.n-1)
(k=1,.n)
(i=1,.n-1)
(¥i=0)

(i = N+1)
(¢i=1.N)

W,; and Fi(s;) are the complex conjugates of W,;and F; (s,;) respectively.

At the interface, since oo and B are complex numbers, the weights Wyj, the

abscissas sy; and the collocation points ry; will also be complex. The technique of using

the complex weights, abscissas and collocation points is not new. One can refer to [31-34]

for more detail.

Note that generally F;'(s,;) ( yj = 1,...N+1) are complex numbers, equation (3.47c)

actually provides two sets of equations (for real and imaginary parts). Together, equations
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(3.47abc) provide 2(n-1)+2(N) equations. Since there are 2(n)+2(N+1) unknowns in eqns

(3.47abc), the following additional single valuedness conditions are needed:

[, #@as=0, [ ¢9ds=0 and [ y3)ds=0
These in turn provide four additional linear equations:

2 WEt)=0

k=1

> W F(t)=0

k=1
N+1
> WE Gy =0 (3.48abcd)
j=1
Note also that here the last expression provides two sets of equations.
Once the values of F(tk), F; (tk) (k=1,...n) and F;'(s,;))=Re[F; (s,5)] + ilm[F; (s;)]

(y; = 1,...N+1) are determined, the stress intensity factors can be found as: (see Appendix

E for the details of derivation):

k(al) — 2'YI4E \/_ Fo(l) k(aQ) — 2Y14E '\/_

EASFO, v F(1) (3.49ab)
2(bl) - "*Y"Y*k (b) =LJ1-C2 E2(-1) (3.49¢)
z(bz) Py xy yxk (b)) =-Ly1-C*F (1) (3.494d)

It should be noted that in eqns (3.49cd), k; and k, have the unit of ob instead of the

conventional /b and L = R’—_ﬁ

If the materials of both layers are isotropic, it can be shown numerically that the

coefficients of k; and k; in eqns (3.49cd) are equal, i.e.:

T 1 _ 1 p 1= VoV
Ps 2G,, \}plpzps 2E,
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and eqns (3.49c¢,d) reduce to

ky(by) - iky(by) =2Giypsy/1-C LES(-1) (3.49c%)
ky(by) - iky(by) = -2GyyPs 1-C*LE (1) (3.49d%)

The strain energy release rate at the interface crack tip can be derived as follows:

1-
A T VeV liay 1 Dysy (3.50)

Ay Ji-c2° 2B p, ' 2G p

Again if both layers are made of isotropic materials, the above equation reduces to

AE T —1 —(k2+k2) (3.50%)

&y o
It should be noted that when upper and lower interface cracks meet (that is when
b,= 0), eqns (3.46a-d) should be modified before proceeding to the numerical solution.
First the integral limits for interface cracks should be extended from (0, b,) to (-b,, b,).

Then, using the following relations:

d3() = ¢3(-t) d2(1) =- ¢4(-D)

Kis(xj, t) = Kis(xj,-t) Kja(xj, 1) = -Kjy(xp,-t) (i=1,2)

Kis(y, ) = Kjp(y,-t)  and Ky, 1) = Kju(y-t)  (=3,4)
eqns (3.46abcd) can be reduced to:

L1 1 ma ki, (905 5)ds + [ 2,k (9003 (0)ds
Yl s—r

b, ¢ o = —o -V
+ —21 L [T,w3(s)ds + Ti yi(s)lds = —Z—I:YEX*— p’(r) (3.51a)

1 o o 1 ! 1 o (]
[ 2k, (9000 +— [ [+ mak, (r, )03 ()ds

b, ¢ o = —o \Y
+ 22 Ly + TvioNs= ﬁpg(r) (3.51b)

o T ey O L o ! o
\ys(r)+%i— L Vs (s);; + La,c,(r, )P (s)ds+f_1a2c2(r, s)p; (s)ds
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* Eﬂ’l[k?(r, IHOREHCOIHOIE

1-v_v ) 1
=m, —2 L p.(r)+im, ——p,(r) (3.51c)
2F, 2G,,

-5 w02+ [ ascros(ds+ [ ane, (s
T -1 s—r -l

b, ¢t ., . . .
+ ff_,[ks(r’S)ws(sH k3 (r,5)w3(s)]ds
1-v_v 1
T Mg O, r 3.51d
} 2Ex p3( ) 4 2ny p4( ) ( )
The numerical procedure and the single valuedness conditions mentioned above

should also be applied to solve eqns (3.51abc). In this case (i.e. when b, = 0), L = b,
should be used in eqns (3.49cd) and (3.49¢cd*)

3.1.4.2 Broken Matrix H-shaped Cracks (a,=H,, b,>0)

When matrix cracks touch the interface, the kernel F)(x,,t) becomes unbounded.

And the singular behavior at the crack tip changes. Now, redefining ¢?(s) as:

F'(s)
(1-s%y

$/(s) =

The determination of the power of singularity y is shown in Appendix F.

Since vy is generally different than 0.5, in the numerical procedures described for
eqns (3.47a-c), Lobatto-Jacobi quadrature was used for integrals containing ¢;(s). The
rest of the definitions and numerical calculations in eqns (3.47abc) remain the same. The

modified version takes the following form:

- W’ 1 o . or g [ ! o or o . o
Z {‘1—:‘[8 — +ra K, (1,81 (s)+ W a, K (1,5, ) F (5, )+, W KD, (1,81 Fy ()}
k=1 kT
b, ~b, I ' o Tl NG RO 1=V Vi o/
+ —Z——Zl [Ty(r,5)Wy; E () + Tu(r;,8) Wy F3(s,))] = —m—pl () (3.52a)
i= y
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n ] o ) o ' W 1 [+ 1¢]
Z {a, W, K3, (r;,5, )’ (5, ) +—=[ + 72, K3, (13,801 F, (80}
k=1 T S—F
b, b, & . — — =0 =V,
+ 2 —L%" [T,(13,8)Wy;F (s) + Ta(r5) Wy Fa(s)] = —"%py(r) (3.52b)
2 j=l 2Y|4Ey
'y WEG,) ¢T3 Wij;(Syj) N n A o
= a,¢,(r..,s, YE (s, YW, + a,c,(r...8, )F W
= ,—Zx S,-6, T ;l S, +1,+b, é [3:¢5(ryis 1 ) Fy (5, ) Wi F 2505(ry, 8) 5 (5O Wi ]
4 0abiy T W, F(s,) + T W, Fs
—2—‘21 [T5(ryi ) Wy (sy5) + Talry,8,5) Wi Fs(s5)]
j=
= m, Y0V o ) rim, — L py () (3.52¢)
2E, 2G,,

Where: K{ 4(r;,s,) and K (r;,s,) are the singular and finite part of the kernel

K (r;,s, ) respectively (a detailed analysis of the singular behaviors of the kernels is given

in Appendix D), and
27 -DICA-YF _
W = Tarz_zyy P (k=1,n)
w, =2 @-DIra-np 1 (k=2,.n-1)

T(n+2-2y)  [PCF1(s )P

The abscissa s, are the roots of the following equation:

(1- 5, 2P (5, ) =0

and the collocation points r, may be obtained from:

P ) =0
The methods of evaluating the weights, abscissa W,, t, for Lobatto-Chebyshev
integration rule, W;, s, for Lobatto-Jacobi integration rule and the collocation points r;
and r,; will be the same as those described in section 3.1.4.1.
Also the single valuedness conditions become:

2. WF()=0

k=1
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n

2. WE () =0

k=
N

R

W, (s,) =0 (3.53abed)

j=1
The expressions for stress intensity factors and strain energy release rates given in
eqn (3.49ab) and (3.50) remain valid for interface crack. But for k(a,), the following

expression should be used:

(H, )27 'Y:«:E;Flo ()]

wl/Bs . |/,

k = L L .
(@) (1= v, v, )sin(wy) lm[w,' w,|/B5]Y 102[w; w,|/B5]Y
lwal/Bs + lwsl/Bs
; A - ] (3.54)
I03[|Ws|wl /Bs]y ml[lw3|W3 /Bs]Y

For detailed derivation please see Appendix E.

3.1.4.3 Intersecting H-shaped Cracks (a,=H,, b,=0)

When a, = H, and b, = 0, the transverse matrix cracks intersect with the interface
crack to form H-shaped cracks as shown in Fig. 3.2. This configuration has been observed
during the tensile test of the uniaxial ceramic matrix composites. Since the power of
singularity at the point of intersection is zero, which has been confirmed numerically, ¢;(s)
will no longer be singular at this crack tip. Also, the kernels K;;, K3, K,,, K;, and K,,
become unbounded. In this case, because b, = 0, the numerical calculations will be based
on eqns (3.51abc) instead of eqns (3.46abc).

First, the singular parts of the kernels K,,, K3, K4, K;; and K,, in eqns (3.51abc)
will be extracted and integrated in closed form. Consequently the modified equations take

the following form:
1 J' ! [Lma k;,s(r,8)1; (s)ds + Jﬂ a,[ky, (r,5)-k7,4(r,9)14; (s)ds
xd ts—r 1118\ 1 L SIS 11s\"2 1

! [ o b 1 o T T.°
+ [, akhr)eEds+ 22 [ [T, w3(s)ds + Ty u36)]ds
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" "7 [ [T-Twe@ds + (T, - Towi(s)]ds = ﬁ ) 6.5

1p
[, o+ [ [+ nak691059ds

b, o = —o \%
+k L [T,wi(s)ds + T2 y(s)lds = E:E—Fpg(r) (3.55b)

ws(r)+—— [ w;(s) —+ [ acet@ds+ [ alens) - curs)lon(s)ds
+ [ ace 90300 + 22 [ [k w30+ w318

=m xy Vyx .
1 p;(r)+im, 2G p,(r) (3.55¢)

X xy

Where Tls = k;)3s +i 1]'2— k;)‘ts _f = k;)3s nz k;)tts
V n V T

and C,(1,8) = [l(i‘i +1i Kas i]
Py Ps Y M.

Now defining ¢;(s) = F°(s), and the definitions for the rest of the displacement
density functions remaining the same as in section 3.1.4.1, we have:

n

Z{[

k=1 T

+7talK;)1s(rnsk)]Fo(sk)+alw [K}(r,8,) - Khs(n ’S.k)]Flo(s’k)

AWK, (SIE GO 23 [Tuls 8,)Wy EGs,) + Tl 5,) Wy Fis,)

=

N+1

2 AT i SIWGFL (sy) + [To(6 8- T(r) s, I W F 5,93

1-v_v
= — = 3.56
2714E pl( ) ( a)

n

{alw K3i( rl,Sk)F"(sk) + [

k=1 |

+ 12, Ko, (5,51 F; (510}

N+l _ V‘ *
;}Z T(r,8,) Wy F (s,5) + Ta(r,,5,) Wy Fa ()] = #p‘;( ) (3.56b)
=t
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—1 N+l W.F°(s.. -1 N+l W ‘—I":O(S ) n , , oy
_C___Z W5 (s,5) - C_Z IRAR LA ' LAY > W, a,¢,4(ry; 8 F(5,)

T j=1 SyJ - ryl T j=1 sy] + ry. +bo k=1

+ Z Wx; ay[ cl(ryjrs'k) - cls(ryj’s'k)Flo(s'k)-F Z Wi a,0,(r;, 80 F; (5

P o
+ 1’2—2 E [T(ry5,8,) Wy By (5,5) + To(ry;,8,) Wy F (s,)]
= mll—_—v"’—vy"—p3(ryi)+im2—i—p4(ryi) (3.56¢)
2E, 2G,,
where
W = n(nz—- 1) (=L
W D BT (=201

and the abscissas s, are the roots of the following equation:
(-5 )P (s,) =0
W, and s, are the weights and abscissas of the Lobatto-Legendre integration rule.
The collocation points 1, are given by:
Po(r)=0
Again, the methods of evaluating the weights and abscissas W,, t, for Lobatto-
Chebyshev integration rule; W;, s,; for Lobatto-Jacobi integration rule and the collocation
points r; and r; remain the same as those given in section 3.1.4.1.

The remaining four additional equations take the following form:

F°(-1)=0 (3.57a)
F°(1)=0 (3.57b)
[, e@ds=o0 (3.57¢)
and J'j'{ld),(s)ds = [*4y()ds (3.57d)

The first two equations originate from the requirement that ¢;(s) remains finite at

both crack tips. The third equation is deduced from the single valuedness condition for
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embedded cracks in the fiber if a, is not zero. And the last equation states the condition of
continuity of displacement at the point of intersection.
Eqns (3.57ab) can be directly used in the numerical calculations. Eqn (3.57c) can

be written as:

znj W, E2(t) =0 (3.57¢%)

k=1

Using the fact that

[rasods =22 o300

b
=-1—21L W3 (s)ds

the real part of above equation can be written as:
n N+l
kzl: W, E’(t,) =Re(-i—52-z; W,E; (s,))) . (3.57d*)
= I=
This gives the last equation that is needed for the numerical calculations.
The calculation of the stress intensity factors and the strain energy release rate at

the interface crack remain the same as given in eqns(3.49cd) (with L = b,) and eqns(3.50).

3.1.5 Results for Singular Integral Equation Formulation

It is well knowh that the interface bonding strength plays a significant role in the
toughness of brittle ceramic matrix composites. A "weak" bonding strength generally
improves the toughness of the composite. A direct indication of weak bonding between
the matrix and the fiber interface is the existence of interface crack or defects due to
debonding process during loading. From the experiment, it was observed that under tensile
loading, matrix cracks developed first and then propagated to the interface. Once the
matrix cracks reached the interface, they didn’t penetrate through the fibers. This means
the fracture energy of the fiber is larger than the fracture energy along the interface due to
purposely made weak interface bonding strength during manufacture. Therefore the

energy will be released along the interface to cause interface debonding or to generate
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interface cracks. The actual role that the interface plays has drawn a lot of attention in
both research and manufacturing areas. One can refer to [35,36] for detailed discussions.
The goal here is to explain or simulate the damage mechanism of the brittle ceramic matrix
composites by analyzing the interactions between matrix and interface cracks using

different crack configurations.

Table 3.1 Comparison of stress intensity factors

. ki(b) k,(b)
Materials o,b _(;0‘1;_
Layer 1 Layer 2 Results from | Results from | Results from | Results from
[38] eqn (3.49d) [38] eqn (3.49d)
Aluminum | Epoxy 1.0000 1.0000 -0.1342 -0.13421
Steel Epoxy 1.0000 1.0000 -0.1443 -0.14431
Steel Aluminum | 1.0000 1.0000 -0.09158 -0.091576
Nicalon CAS I 1.0000 1.0000 -0.071076 | -0.071074

To check the correctness of the numerical procedure, some simple crack
configurations have been studied first. For periodic transverse cracks in the matrix and the
fibers without interface cracks, the results for stress intensity factors match those found in
[22,37]; For interface cracks without transverse cracks, if both H, and H, are set to be
very large and the materials of both layers are isotropic, the problem is reduced to an
interface crack in an infinite domain and the results from [38,39] for stress intensity factors
at the interface are recovered. Table 3.1 gives the results of stress intensity factors at the
interface for four different materials combinations. As can be seen from the table, the two
results compare well with those found in the literature. Also, the strain energy release rates
at the interface for the above four material combinations were calculated using eqn
(3.50%*). For isotropic materials, the exact expression for the specific strain energy release

rate at the interface was first given in [40] as follows:
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(1 +ry (1, 1) (k> + kzz) (3.58)
ko[ +5))u, + (1 +x,)u, ]

AE =
Ay 2

where n, and p, are the shear moduli of layer one and layer two respectively,
K,, =3—4v,,, and k, and k, are the mode I and Mode II stress intensity factors at the
interface crack tip.

The specific strain energy release rates using both eqn (3.50*) and eqn (3.58) are
compared in Table 3.2. The error is within 3 percent. Considering the fact that all the
derivations are based on the orthotropic materials, and the isotropic behavior was
approximated in the calculation, the results are quite good. Table 3.3 gives the Young's

moduli and the Poisson’s ratios for the materials used in the calculation.

Table 3.2 Comparison of strain energy release rates

Materials Specific strain energy release rates
Layer 1 Layer 2 Using eqn (3.58) Using eqn (3.50*)
Aluminum | Epoxy 0.6246x10°° 0.6320x10°°
Steel Epoxy 0.6035x107° 0.6125x107°
Steel Aluminum 0.3765x10°° 0.3766x10°°
Nicalon | CASII 0.3192x10°° 0.3212x10°°

Table 3.3 Material constants

Material Young's modulus Poisson's ratio
E (Ib in. -2)
Aluminum 1x107 0.3
Steel 3x107 0.3
Epoxy 4.5x10° 0.35
Nicalon 28.3x10’ 0.28
CASII 13.2x107 0.28
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If both transverse and interface cracks exist and both the widths of the periodic
layers 2H; and 2H; are finite, this formulation can also be used to calculate the stress
intensity factor at a transverse crack tip in an infinite strip of finite width under uniform far
field tension. In Figure 3.3, two results for the stress intensity factor at a transverse crack
tip in an infinite strip made of isotropic material are given. The first one is the classical
finite element solution which gives the stress intensity factor at the crack tip in terms of a

polynomial expression [41]:

k) oo T2 01 - 0.025()? LAY ‘
G&—[sec(zw] [ o.ozs(W) +0.06(W)] (3.59)

The second one is this singular integral equation formulation based on the periodic infinite
strips containing both collinear transverse cracks and interface cracks. The two results
matched quite well. The influence of the interface crack length on the stress intensity
factors at the transverse crack tip is shown in Figure 3.4. The asymptote was obtained
from eqn (3.59) with a/W = 0.9 for an infinite strip.

Next, the effects of the transverse and interface cracks on the tensile damage

behavior of the ceramic matrix composite are investigated.

(@) Embedded H-shaped Cracks (a; <H;, by =0)

This configuration is used to simulate the early stages of tensile damage of brittle
matrix composites in which both small transverse matrix cracks and interface cracks or
defects exist. The effects of interface crack length on the stress intensity factors at the
matrix crack tips are shown in Figure 3.5. If the interface crack length is small (b/H; =
0.001), the stress intensity factor will drop as the matﬁx crack approaches the interface.
This is due to the fiber’s constraining effect. However, if there exists a sufficiently large
interface crack (bo/H; 2 0.5) in front of the matrix crack tip, the stress intensity factor at
the matrix crack tips increases sharply as the matrix crack reaches the interface. The fiber

constrain effect disappears. It is also noted that if the interface crack is small, as the matrix
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crack approaches the interface, the strain energy release rates at the interface crack tips
increase rapidly as can be seen from Figure 3.6. This suggests that small interface crack
tend to extend along the interface as the matrix crack approaches the interface. As a result
of the interactions between matrix cracks and interface cracks, one can conclude that if
there is an interface crack whether it is small or large in front of the matrix crack tip, then
the constraining effects of the fibers will eventually disappear.

To find the effect of interface crack length on the stress intensity factors at both
matrix and interface crack tips, the matrix crack was fixed (a/H>=0.9) and interface crack
was allowed to extend. Figure 3.7 shows the stress intensity factors at the matrix crack
tips. The strain energy release rates at the interface crack tip for different interface crack
length are shown in Figure 3.8. A rising stress intensity factor at the matrix crack tip is
seen as expected. The decrease in the strain energy release rates at the interface crack tip
as the interface crack advances indicates that the interface crack will eventually stop

opening.

(b) Broken Matrix H-shaped Cracks (a; = H;, by > 0)

In this case the matrix crack touches the interface. But a small interface crack with
a crack length of d = (b, - by) is assumed to be located some distance away from the tip of
matrix crack. One possible damage to the interface would be that the inner interface crack
tip propagate toward the matrix crack tip. The variations of the stress intensity factors and
the strain energy release rates at both the matrix crack and the interface crack tips are
calculated as the inner interface crack tip approaches the matrix crack tip ( i.e. b;
approaching zero while b, remains fixed). Figure 3.9 shows that an increase in stress
intensity factors at the matrix crack tip occur only when the inner interface crack tip
approaches the matrix crack tip. Sharp increase of strain energy release rates are also
found at the inner interface crack tip when the inner interface crack reaches the matrix

crack tip as can be seen from Figure 3.10. As a result of the sharp changes in stress
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intensity factors at the matrix crack tips and strain energy release rates at the interface
crack tips, either the interface crack advances first to intersect with the matrix crack and
leave the fiber intact, or the matrix crack extends first into the fibers and causes fiber
damage. This depends on the relative strength of the fiber fracture toughness and the

interface bonding strength.

(c) Intersecting H-shaped Cracks (a; = H;, b; =0)

When the matrix crack intersects with the interface crack, then intersecting H-
shaped cracks are formed. Since there is no stress singularity at the point of intersection
therefore no driving force to allow matrix crack to extend to the fiber, one possible further
damage to the composite would be along the interface. Figure 3.11 shows strain energy
release rate at the interface for increasing interface crack length. The strain energy release
rates drop significantly as the interface crack increase. The sharp decrease in strain energy
release rate as the interface crack propagate indicates that the progression of interface
crack will end as soon as the interface crack length reaches a certain value.

In the above numerical calculations, the normal stresses p; on the fiber, p; on the
matrix and ps on the fiber/matrix interface are chosen in such a way so that the following
two conditions are satisfied:

P Ps _ P, + P
P =Y Sl A
E "E, E/ " E,

y

Ps P Ps + D,
(F-vyoH +(=--v, =5)H, =0
E YE E o E,

% y X

The first one is to ensure that the far field strain in y direction is constant. And the

second one makes sure that the strain in x direction is continuous across the interface.




43

3.2 FINITE ELEMENT ANALYSIS

The finite element model is used to simulate the nonlinear stress strain behavior of
the brittle matrix composite. In the previous singular integral equation formulation, only
single row intersecting H-shaped cracks was considered. In the finite element formulation,
the multiple row intersecting H-shaped crack configuration as shown in Figure 3.12 is

used which is closer to the actual damage pattern observed during the tests.

3.2.1 Description of the Multiple-row Intersecting H-shaped Cracks Model
From the experiments, it is observed that, after the appearance of initial transverse
matrix cracks, the stress-strain behavior starts to become nonlinear. With increase of the
tensile load (about 10 ksi as can be seen from Figures 2.4 and 2.5), a regularly spaced
multiple transverse matrix crack pattern is formed. Once this stage is reached, further
increase of load generates few new matrix cracks until final failure. Therefore, during the
period from which saturated matrix crack formed to eventual failure, interface debonding,
matrix crack opening and sequential fiber breaking dominate the failure process. To
capture the effect of damage accumulation due to interface debonding, a crack
configuration as shown in Figure 3.12 is used where the interface crack length is allowed
to increase with increasing load. The popular ABAQUS finite element code is used with
strain energy release rate as the criterion for the interface crack propagation. First, the
strain energy was calculated for a certain interface crack length, then the interface crack
length was allowed to increase by releasing the node at the crack tip and the strain energy
was again calculated. Thus an estimation of the strain energy release rate G at the interface

crack tip can be determined using the following expression:

~ UnUnt, —0.1.2. coree-
G==13 (0=0,1,2, )
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where U, and Up,, are the strain energies associated with the two subsequent crack
lengths, AD is the interface crack increment and t is the thickness of the specimen. If this
G value is greater than G (critical strain energy release rate), then the crack is assumed
to propagate. In practice, the G value at the interface is extremely difficult to measure.
Here we estimate G by matching one point of the stress-strain curve with the calculated

value. Table 3.4 shows the computed Gy for both Vg=30% and V= 40%.

Table 3.4 Estimated critical strain energy release rate G,

Fiber volume fraction L/2H, Estimated G,
30% 2.5 85.36 (Ibs/in)
40% 3.0 62.70 (Ibs/in)

3.2.2 Finite Element Results and Discussion

Before the finite element calculation is carried out, one has to determine the matrix
crack spacing L and the fiber spacing 2H, used in the model as shown in Figure 3.12. The
ratio L/2H, affects the results significantly. Matrix crack spacing is determined by
averaging the matrix crack length from the micrographs taken during the experiment. It is
found that the matrix crack spacing decreases with increasing fiber volume fraction of the
specimen. The average matrix crack spacing for V= 30% was found to be L = 166 um.
And for V= 40%, the value is L = 111 um. The fiber spacing varies with fiber volume
fraction, the fiber diameter and how evenly the fibers are distributed in the matrix. The
average fiber diameter for Nicalon fiber is about 16 pm as measured from the test results.
Consider the ideal case where fibers are evenly distributed in the matrix media, then for V;
= 30%, 2H, = (0.7)(16)/0.3 = 37.3 um and for V; = 40%, 2H, = (0.6)(16)/0.4 = 24 um.

Therefore we have:
L

2

=166/37=4.44 for Vy=30%
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L

2

and

=111/24 =4.625 for V= 40%

A close observation of the damage surface of the specimens reveals that the actual
ratio varies between 0.9 to 4.5. Therefore the ratios derived above for both V¢ =30% and
Ve = 40% can be considered as upper limits. An average value between 2 and 3 is used in
the actual calculation. Figure 3.13 is a comparison of finite element results with the test
results for V= 30%. Figure 3.14 shows the comparison for V; =40 %. It can be seen that
finite element results match the test results quite well at the start of the non-linear stress-
strain curve. Then the two results deviate somewhat as the load is further increased. This
is because at higher loading the fibers start to break as can be seen from the micrographs
taken during the tests. This contributes to the flattening of the actual stress-strain curve. It
may also be noted that the finite element results for V; = 30% match the stress-strain
diagram better than those for V= 40%. This can be explained as follows: with more fibers
in the 40% fiber volume fraction specimen, more sequential fiber breakings occurred
during the final stage of the experiment after the saturated multiple matrix crack pattern

was formed. This can not be simulated by considering interface cracks only.
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CONCLUSIONS

The following conclusions can be drawn from the experimental data:
The damage to the ceramic matrix composite started with matrix cracking, followed by
multiple matrix cracking, interface debonding, sequential fiber breaking and eventual
fracture of specimens.
Matrix crack density can be used to characterize the damage behavior of brittle matrix
composites. Matrix crack density increases with increasing fiber volume fraction.
Fiber volume fraction affects the matrix crack initiation stress, fiber pullout length,
matrix crack density, and the ultimate tensile strength of the composites.
Temperature effect was not significant on the tensile damage behavior of the
composite within the range tested (T = 0° to 700).
Specimen size effect was observed. Thin specimens tend to have a tail in the stress
strain curve, while thick specimens always fail catastrophically without any tail in the
stress stain curve,

Singular integral equation analysis on singular behavior at the matrix and interface

crack tips and the finite element simulation of the tensile stress strain curves indicate:

6.

For embedded H-shaped cracks, that is with interface crack in front of matrix crack
tip, the matrix crack tends to propagate until it reaches the interface. The fiber
constrain effect disappears because of the interface crack.

For broken matrix H-shaped cracks, when interface crack enters the interaction zone
(i.e. when interface crack is very close to the matrix crack), both the stress intensity
factors at the matrix crack tip and at the interface crack tip exhibit rapid increase.
Depending on the relative strength of the fibers and the fiber/matrix interface, the
interface crack might advance first to intersect with the matrix crack and to relieve the
stress singularity at the matrix crack tip, or the matrix crack may extend into the fibers.

Experimental results indicate that matrix cracks seldom collineate with the fiber cracks



47

therefore the possibility of interface crack extension or interface debonding is more
likely to happen .

. For the intersecting H-shaped cracks, a sharp decrease in the strain energy release
rates at the interface crack tips as the interface crack propagates indicate that interface
crack propagation or interface debonding will end as soon as the interface crack length
reaches certain value.

. The finite element results using the multiple rows of the intersecting H-shaped cracks
configuration matched the first part of the experimentally obtained nonlinear stress
stain curve quite well. This indicate that interface debonding might actually play a
dominant role during that stage of the damage. Further loading after this stage would
cause sequential fiber breaking, and fiber slipping along the interface. In that case the
finite element model based on interface debonding has to be modified to account for
those effects.

In the end, some comments and recommendations are also given here:

(a) The stress strain curves obtained from the experiments only serve to characterize the

damage behavior of the ceramic matrix composite. More testing needs to be done if

the test results are to be used for other purposes;

(b) It is recommended that the heater elements in the tensile/heating substage be modified,

to reduce the influence of photons generated from the heater elements during high

temperature testing on the surface image of the specimen captured by SEM.

(c) The in-situ testing technique can also be used for compression, three or four-point

bending tests with some modifications or alterations to the tensile/heating substage;

(d) In the numerical calculations, both the matrix and the fibers are assumed to be

isotropic. Due to the typical manufacturing process, in reality, fiber might exhibit
anisotropic or orthotropic behavior. The singular behavior of cracks in orthotropic
materials can also be treated by the singular integral equation formulation if the

orthotropic material constants for the constituents of the composite can be determined.
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FIGURE 2.3 THE ACTUAL LAYOUT OF THE TEST EQUIPMENT
AND ITS TENSILE/HEATING SUBSTAGE
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FIGURE 2.11 LONG FIBER PULL-OUT LENGTH FOR A
NICALON/CAS Il SPECIMEN WITH V¢ = 40%

FIGURE 2.12 SHORT FIBER PULL-OUT LENGTH FOR A
NICALON/CAS Il SPECIMEN WITH Vg = 30%
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(c) at 36.5 ksi (d) at 51.5 ksi

FIGURE 2.15 MATRIX CRACK DENSITY VERSUS TENSILE STRESS FOR
NICALON/CAS Il SPECIMEN WITH V=30% AT ROOM TEMPERATURE
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FIGURE 2.16 MATRIX CRACK DENSITY VERSUS TENSILE STRESS FOR
NICALON/CAS Il SPECIMEN WITH V=40% AT ROOM TEMPERATURE
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(c) at 30.3 ksi (c) at 52.0 ksi

FIGURE 2.23 DEVELOPMENT OF MATRIX CRACKS AT T= 600 °C
FOR A NICALON/CAS 1i SPECIMEN WITH V¢=30%
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Appendix A

From eqns(1.9ab), one obtains:

an_(a%uyl o % J; " [A(o)sinh(w,0H,) + C(0)sinh(w,oH,osinotyder

+ 2 J‘ j‘ t g,gt![_ﬂﬂe-IWﬂay/ﬁs +‘l'%l(x‘-’-)e'lwalay/BS]sinoctsinaHldtda (A1)
& Y Bs Bs iz

(oY) _ %Jm [A*(c))sinh(w,*eH,) + C(o)sinh(w,*oH,)]osinoydar
0

dy
J’ J' Y 'ﬂ'— -tw *loty/Bs* _‘ga_'m_ -lw*loty/Bs*|sinousinaH, dtdar (A.2)
13 5
f’l’-l-g—;% %J' [B,A(o)cosh(w,oH, ) + BgC(c)cosh(w,0H, )locosoydor
0

Jl j M[ —"'B951gn(w1)e lwlocy/Bs

+ I"é&%‘lﬁmsign(w3)e'|""3'0‘}’/ Bs]sinoztcosocH‘dtdoc (A.3)
5 Y12

= ;)-'I '%J; [B7*A*(acosh(w, *atL,) + Bg*C*(at)cosh(ws*ab,)]acosorydo

00 8y
- g?-(—2 lV_VL— 9*Slgn(wl*)e'|wl*|ay/l35*
1t

b o e
+ I—B:;%;;ﬁm sign(w,*)e-Ws*0y/Bs* [sinatcosoH, dtdor (A.4)
Using the following integral formulas:
J: e"atginbt dt = ;2% a>0 (A.52)
and J: e"alcosbt dt = azibz a>0 (A.5b)

equations (A.1-A.4) can be reduced to:

a—“lﬁaf—;-lﬂ - %j: [A(et)sinh(w,0H,) + C(a)sinh(w,oH,)]asinoydo.
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2 o,
+njo 213 1(by)de (A.1%)

auzgél;l_hﬂ = %J; [A*(a)sinh(wl*od—lz) + C*(OC)Sinh(wg*ocHz)]ocsinay da

2 [ 0t
+2 jo PALG Ly (A2%)
Qﬂ%”ﬂ: % J; " [B,A(0)cosh(w,0H,) + B,Clacosh(w,aH,locosaydo:

2 f* o,
T *
“J'o 23 s(ty)de (A3%)

avzgéHz,zl__ iJ‘ [B,*A*(o)cosh(w, *aH,) + Bg*C*(o)cosh(w,*oH,)]orcosorydo
0

y T
2 2 9,(D)
_EJ:) 21,5* a(by)dt (A.4%)
where
wly tw,ly
Iwyl B Bs
Gi(ty) =— L(lw, ly)? T (w2 ]
Bs LB];zﬁ'ﬂHrt)z ‘%‘;}L+(H,+t)2
Iwaly Iw,ly
T (A.62)
2 > _
Ps ﬂ‘%S!ZXL'*(Hrt)z lvélz +(H,+t)2
Iwy*ly w,*ly
lw, *1 B.* Be*
Goty) = =g 5 Tw iy ~ (Iw, *ly)2 ]
Bs Lﬁls'a?zzl‘f(ﬂrt)z KTS';;2XL+(HI+t)2
Iwa*ly twa*ly
Iwa*l Be* B*
* l{ 1 *ly)? - *|v)2 1 (A.6b)
st |v[v35*|2 +(H,-1)? Q&BEIZD‘ﬂHIH)Z
Gt y)_BQsign(w,)lw,lE H,-t H,+t ]
e (Iw,ly)? (w4 Iy)2
BS ‘};52 +(H1_t)2 K%JS-ZXL_*_(HI_H:)Z
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B"\SIgn(Wq)lW'LI'an H1't H|+t ] (A 6c)
BS ’YIZ g%!XL (Hl t)2 .(IEBE!ZXL_*_(HI_*{)Z
Gy(Ly) Bo*sign(w, *)lw, *|_ H,-t H,+t ]
by = * lw,*ly)? ~ (Iw, *ly)?
Bs .(_65;2}1 +(H-t)2 i—ﬁlﬁ—*ZXL.,_(H )2
B,,,"‘mgn(wq*)lwq‘*ly11 . H,-t " H,+t 1 (A.6d)
Bs* 'le*lbm , L&_'XL + 7 '
B*2 t)2 B*2 +(H,+t)

Applying (3.14ab) and (3.21cd) to eqns(A.1%*)-(A.4%):

Gy(y) =— %j [A(ovsinh(w,0H,) + C(cr)sinh(w,0H,)
0

+ A*(o)sinh(w, *olH,) + C*(o)sinh(w,*oH,)]osinaydo

2" o, 2 2 0,(1)
+EJ; s l(t,y)dt+n J; 25" L(ty)dt (A.7a)

dy(y) = % j [B,A(0)cosh(w,oH,) + ByCla)cosh(ws0H,)
0

- B/*A*(a)cosh(w, *aH,) — Bg*C*(o)cosh(w,*otH,)]ocosorydo

2™ t 2 [ t
2 J; %%2%3 3(t,y)dt+nI) MGzym* (Ly)dt (A.7b)

Taking inverse cosine and sine Fourier transform for both sides of eqn (A.7a) and

(A.7Db) respectively, one gets:

A()sinh(w,0H,) + C(o)sinh(w;0H,)

+ A*(a)sinh(w, *aH,) + C*(o)sinh(w,*oH,) = R, (cr) (A.8)
and

B,A(o)cosh(w,0H,) + BgC(ar)cosh(w,0H,)

— B*A*(a)cosh(w, *aHy,) — Bg*C*(ocosh(w,*0H,) = Ry(00) (A.8b)

where
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1 2 e,
R,(c) =—2aj; ¢4(y)sm0cydy+m_[) J; 4y, C1(by)sinarydtdy

2 " t )
+mJ0 J; 'f;f;,,l‘GZ(t,y)smaydtdy (A.9a)

1 2 ([ ot
Ry(o) = ZaJ; ¢5(y)cosoydy + mj; _[) %‘%Gs(t,y)cosaydtdy
2 7 0,(t
- A.
mj; J; f;f;%q(t,y)cosaydtdy (A.9b)
Using the following integrals:
Jm G, (t,y)sinaydy = — %(C'a(Hl't)BS/ lwyl — e-ou(H,+t)Bs/lw, ly
0
+ %"'(e‘aa'll't)ﬂsl Iwsl — e-0U(H,+1)Bs/lwsl (A.10a)
12
j ) G,(t,y)sinaydy = — %(e'“(Hz‘t)Bs*/ lwy*| _ e-ou(H,+t)Bs*/iwy *l)
0
+ M(e’o‘mz‘t) Bs*/wy* — e-au(H,+)Bs*/Iwy*) (A.10b)
2y;,*
‘r G;(t,y)cosoydy = g'sign(wl)ﬁg(e‘“a{rt)ﬁsl Iwyl — g-0u(H,+1)Bs/lw
0
I Lovo-0i(H,-0)Bs/Iws] — g-0u(H, +8)Bs/Iw|
5s1gn(w3)BwY € 1-DBs/lwsl — ¢ 1 3') (A.10c)
12
.r G,(t,y)cosaydy = %sign(wl*)Bg*(e‘a(Hrt)Bs*/ hwy*l _ e-ou(Hp+0)Bs*/twy ¥l
0

- zzt'sign(w3*)[31o*%e'aa{rt)ﬁs*/ twy*| — e-0u(H,+0)Bs*/Iws*l) (A.10d)
12

eqns(A.9a) and (A.9b) are finally reduced to:

b,

1 ,

R,(0) =— 53-'. ¢4(y)sinaydy
b1
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A -o(H;-0Bs/tw,| 4 Lto-ai(H,-t) Bo/lwsl
* doy, ¢1(t)[-e 1DBs/lwy| y,E Bs/wst 1at
8y
1 [ R
- - *® - - *
* 4%*‘[ 0,(t)[—eOUH-OBs*/w *1 +3Yﬁ::;(e ou(H,t)Bs*/Ws*] 1y (A.112)
a,
and

b,
R,(a) =51'&j d5(y)cosorydy

b,

¥ 4oy 0:(Olsign(w,)Boe-OH-OBs/Iwil s1gn(w3)[310ylze o(H-OBs/ws 1t

-al

ﬂz
1
- 40(%3*"- ¢2(t)[Sign(wl*)Bg*e-oc(Hz-t)B S flw, |

.az
- sign(wg*)Bw*%”;e-a(ﬂz-t)ﬂs*ﬂwg*l Jdt (A.11b)
12

Similarly, applying the continuity conditions (3.13ab) and (3.14ab), one derives

the following;:

J‘w 2[v;A(a)cosh(w, otH,) + y4C(a)cosh(w,oH, )
0

=AY *A*(a)cosh(w, *olH,) - Ay, *C*(o)cosh(ws*oH,)Jocosoydo

J. I smoctdt[yle‘lwﬂay/ Bs -y Tu-twsloy/ Bs]cosaHlda
T3 12

2 Aoo(t *
+ J' J' —‘M*lsinatdt[yl*e-'wl*laylﬁs*-yz*b;e-'ws*'aylﬁs*]cosaﬂzda (A.12a)
o Jdo Ti3 Y2
and
j 2[Y,A(0))sinh(w,0H,) + ¥;,C(or)sinh(w,0H, )
0

+ MY *A*(o)sinh(w, *oH,) + A,Y,0*C*(ar)sinh(w, *aH,)lasinoydo
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J. J. smatdtfyn[e"wﬂay/ Bs - e-twsloy/BssinocH, do

I I r smoztdt'y e Wi kloy/Bs* _ e-twa*loy/Bs*sinoH, dor (A.12b)

Applying inverse Fourier cosine and sine transform to (A.12ab) respectively, we

have:

[, A(0)cosh(w,0H,) + y4C(ax)cosh(w;oH,)
- A Y *A*(a)cosh(w, *oH,) - A, ¥4*C*(o)cosh(ws*aH,)]or = R,(0r) (A.13a)
and

[YA()sinh(w,0H, ) + 7,,C(c)sinh(w,0H, )
+ Ay Yy * A*(a)sinh(w, *oHL,) + Ay, *CH(o)sinh(ws*aH,)] o = R, (o) (A.13b)
where

20 o, 20
Ry(o)=—-= J. J. %’Qsl(t,y)cosocydtdy +—j —4&{;2 S,(t,y)cosaydtdy (A.14a)
n 0 oo "3 T 0 Jo Y3

20 o, 20
Ry(o) =—"J‘ Jl %‘('253(t,y)sinaydtdy -—J. J. Mzu&,(t,y)sinaydtdy (A.14b)
T Jo ¥Mi3 Tdo Jo

4y,5*
and
PO iTN H,-t 1
l(t’Y) =[- Yy +YC ) 2 |
'('%'IXL*'(Hl £)2 Y12 ﬂ_"ExSLZYL_,_(I_II_t)z
H,+t BN H)+t ]
+[’Yl —%C (A.152)
( “[/3, lzyz +(H, +)? "le L_zll.B - +(H1+t)2
Sy(ty) = =1+ rpriny— Tt
24 1 *m *1( wa*ly)?
v;; w2 HEHD? Yz Bs*2 +(H,- t)z
*
H,+t y H,+t (A.15b)

+n* (W *ly)? )g V2 1
1 %*1 +(1~12+t)2 e 31 +(Hy+)?
5




Iw,ly Iw,ly

S3(tY) = Yulg, Iz)E - glwaly)g ]
2 +(H,-t)? 5 —+(H,-t)?
Bs Bs
Iwyly Iwsly
_Y“[(IW,IX)ZB ) _glwalx)zls ]
B2 +(H,; +)2 Bs2 -+(H, +t)2
Iw,*ly Iwa*ly
Bs* Bs*
S4(tY) =Y * [ #y2 ~ W FIy)2 ]
S Sy
Iw *ly Iwa*ly
% ES
—'Yu*[gw *mB; " (w *hQB.; ]
Bs*2 +(Hy+t)? Bs*2 +(H+)?

With the help of the following integrals:
J. S,(t,y)cosaydy = —%&li(e'a(Hrt)Bs/ tw,l — g-0u(H,+)Bs/tw, )
0 1

+ El(2‘1""&(@'0‘(}9[1‘t)l-)’s/ Iwsl — g-0u(H, +0Bs/lw;l)

29plw

Jw S,(t,y)cosoydy = — g%"s%;(e'amz't)ﬁs*/ Iwy*| — e-0(Hy+)Bs*/Iwy*l)
0 1

Ty, *y,  ¥B*

2 Y * .| C‘a(Hz't)Bs*/lwa*l _ e-a(H2+t)B5*/|w3*l)
12 3

+
.r S;(t,y)sinaydy = +§x|‘;%“(e‘°‘(H1‘t)Bs/ lw, | — g-ou(H,+t)Bs/lw, Iy
0

~THuBs o (H,-0)By/ W) — - a(H +)Bg/Iwly

i
2 Iwj|
- *R_%
I S4(t.y)sinaydy = +§X'|";l?fl—(e‘°‘(Hz‘t)Bs*/ twi*l — e-a(Hy+)Bs*/Iwy )
0 1

- I0BEE o o,-0B i — oLy HOBg ¥
3

R;(0) and R,() are finally reduced to:

(A.15¢)

(A.15d)

(A.16a)

(A.16b)

(A.16c)

(A.16d)
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Definition of material constants for both fiber and matrix strips. A superscript *

will be used for the material in the matrix strip.

'YI=I+XE“—II'['31
Bs
Bow,
¥s = Vyy + ——-
ST B,
Yo =—1+B,w,

Yi2= _l‘g_Sl +sign(w3)B g

Yis =

Az = Bg¥s—Bsv,

As=Yo~ Y10

Ay =Ash,

A =2Agh,

Mis = Ay

Mg =My

Ay =My —13Bg

Aaa = Ayohis —Aohyg
A7 = Aohop — Mizh

7"30 = 7‘13’“18 - 7"127\'20

1i¥s _ Y Yu
[ ]
25 Y Yn

Y13 = sign(w,;)Bg —

. 1_
A'1‘:':Ex :y )
E, 1-vyv.

A= 117;57“3;73

M =Y Yok,

Ao = Ashg

Az = Ashg

s

Mo =M3B5 +As)Bg
Az =3B

Aos = Aiohys

Mg = Aohyg

Ay = ApyisAohsg

v, W,B .
WT“(L Y3 =Wy + VgyBy Ya = W3 + VyxBg
5
BioWs = vyyW; + B 8= vgyW; + B
B, Y7 = VxyW1 + Py Y xyWs + Pg
Yio= —1+Bgws Ty = l ! +sxgn(w1)Bg

518n(w3)B 10

Gx}'

As = MY3B~Brvs

Ag=Yo = Yok,
M1 =25
As=2As1s

M7 =AsB7 +AuBg
Az = AsB

Ay =B4PBs

Axs = Aohi — Apohg
Ao = Aighig = Myzhyg

7"32 = 7V117\-17




Az =AMz — Myhgg

;"36 = "7"147\'17 - )"217\'127“37 = )"14A‘18 - 7\227"12

Ao = Aol

Mz = Ayhye

Mis = Moty = Mg
Mg = Ayghig = Mgy
Asp = Aighg + Aishyy
Asq = =Ayohas

Asy = Ashyg

Mo = Yo(Aghyo = Ashy7)
hes == Ag(YsB5 +As)
Mes = Ay(Brhio — Ashys)

Ago = 7\57\'17 - 7L47»19
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7‘34 = )”97‘22 - 7“14"15 7‘35 = 7"9}‘21
Mg = )"ISA‘IG - B7B77“9

7\'40 = 7L157V17 - 7‘127"23 3.41 = B7B7xl2 - A-157"18

7‘43 = )\'37V17 7‘44 = 7\'37"18
7\'46 = 7»117"20 - )"13)"16 )"47 =- A-117‘19
)‘49 = Mahap - A'147‘70 lso =- 7‘107‘21

7\52 = MyoB7B7 = AishigAsy = Ayshag ~ A3BsB,

Ass = Ag3hgs — Apshyo Ass =— A3hyg

M= —Aeha =) A= Aghiglto— )
As1 = Y3B7(A10 = o) Az = Mg(Yahyy + Aghay)
Aes = = BsB(R1o — Ao) Ags = Ag(Aghys — Brdyy)

Ae7 =— Ahg6 Ags = Ashi6

A= 7"3([3; (Ao = A1) + Behy(g — 7o)

A=A By (Ayy = Ag) + Bghs(To = A7) Ay = B Ay As—Ashys) + Bs Mshiz = ApiAy)

Az = Ay (Ao — Ay)

Ms = Aohs — Apady + By (AgYs — Ayghy)
A= B; (7"1037 - 7\'15)‘3)

Ay = )‘3(7"4[3; - 7‘5[3.7 )

Mg = Mahs = Aokg + B (hyghs — Ags)
Azs = Az(Ayo — Ag)

A1s =By (Mish; — Brko)

Ago = Mo+ Aos + Ay + Ay = Aog + g

Mgy = = Agg —Aqy =gy + sign(w)Bo(Ass + Agg + Ass)

Bsvy

|W1|

-+

(Ag6 + Mgy + Agg) Yubs Mgz = Asy + o)

|W1 I




Ag
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2 == Asg — Asg — Ago + sign(w)By(Ag; + Agp + Ag3)

+ T\?vyi (Rgg + Ags + Ags ) — 'Y|”B|5 ( 7"57 + Agg + Ago)
1 1

Ags = %‘L(Aqo + gy + Agg) - Z sign(w3)B1o( Ags + Agg + Ags)
12 12

_Yu Bs'Yz Estay  + )"77 + 7"78) + %Bf-(;\@, - Agy + 2'79)

Y12 | 3|
Ags =Tu —H(Asg + Asg + Ago) — Y Slgn(ws)Bm(lm + Ay + Ag3)
12 12
_Yu Bsts (Ags + Ags + Agg) + Tubs =2 (Mg + Agg + Ago)
Y12 |W3| |W3|
Ags =Y7Ag 86 = 787\'82"_1“" Agr = Y7A'83_L— Agg = 'Y7A‘84']—
137 1480 1371480 13Y 14 ¥15Y 14080

Ay

A'90

Aor =

‘Y.
Aoy = :

o == Agg = Agy — Agp — sign(w;)By (A3 + gy + Ass5)

1Y: B 0"76 + gy + Mrg) — Moy ]'g%‘(hs — Asy + Ayg)

== hsg — Aso = Ago — SIBN(W, )B4 (Ag; + Agy + Aga)

-M7y ]%7[()%4 + Ags + Agg) —Aa¥), 1%7(7“67 + Agg + Ago)
1 1

+ My Yo g; 1o (hys + Agg + )
+ A7, Yll BS 0"!6 + Ay + Agg) + A75, ]—5-‘(7"43 = Asy + Agg)
Y2 (W W,
Yl‘ 58 +Agp) + ’Y_lLSign(W;)Bl‘o (Ag1 + Agp + Ag3)

12 Y12




+ M7, YP BS Toa7(Ags + Ags + Age) + A'zYn Bs (7"67 + Agg + Ago)

12 3

1
Aoy =Yrhgo—s——— Aos =Vghoo— Aos =Vohor— Aos = Yehor—s
T 13V 1600 oy ke 13714}"0 ’ 1713714}‘80 Ty Y o YisY1a

Ag7 = =Ays = Ayg — Ay + sign(w)By(Ayg + Asg + Asy)

Bﬁ'; T2 (Asy + Ay + Ass) - Yubs T (A + Agg + Asy)

"ol [w

Aog = = Agy — Mgy — Agy + sign(wIBg(Asy + Azs + Asg)

BSY] T (Agg + Agg + Agg) - Yubs T Mgy + A3 +Ayy)

"l [w

Mgy = Z” (Mgs + Ay + Ayg7) — Slg“(Ws)Bm( Agg + Asg + Asy)

12 12

'Y” B572 (A'SZ + x54 + A‘SS) 4+ 4ubs YllBS (}\'42 + 7&56 + )\57)
Y12 |W3| | 3|

Moo= _“(7"31 + Az +Agy) - 51gn(w3)Bm( Ayg + Ags + Agg)

12 12

T BYa a e hg) + B - 00

Y12 lwsl I 3!
= Ag7¥7 = NogYs——s :
Mot 7 771371‘47" 80 ors 'Yls'YM)"so
Mira = A, ‘_1_ Ao, = A ‘__1__
103 = Ao 137:4;"80 104~ fr007s 71371‘4}"80

Mos == Ags = Agg — Agg = sign(w;)B; (Mg + Asg + Agy)
- M1y B;» (Asy + Agq + Ass) =Ap71, B;- (Agp + 56 +As7)

Mos == Asp = Mgy = Az — sign(wy)By gy + Ags + Agg)

A‘80

88




- 7"17;]%:(7\'38 + Ago + Agg) —Ap¥ 1, %[("7"42 —Ag3+Ay)
1 1

Yll (Ags + Agg + Agg) + —-
12

Mor =

"Yll BS

'Yn

s1gn(w3)B,o 0“48 + }‘50 + A'51)

1Yz . I-[O‘sz + sy + Ass) + Aa), ]—fv_i[ (A + Asg + Asy)
3

‘

Mg = %1—]0“31 + Az +Ag3) + X 'Y‘

12 12

Lsign(w;)B1o (Azg + Ays + Asg)

Ay B O A+ Ay B (A~ gt A 1
Y Wi

12 3

L] 1 . 1
Moo =MosY 7w Mio =MosYs—s—ei—
109 ost 13Y 140 1o st Y13¥ 14050
x =X Y‘ _—1"—'— x =x Y‘ __.__1
tmert 1.371‘4>"so 112 08T 7;371.47"80
ps = Yshg + sk .= Yshgs +Y o
Y134 Y 1370
.= Vsho +¥aho o= Yohs +¥iohs
Y1340 Y 13hg0
_ Yohrg +Vi0Ae _ Yoho +¥ 10l
P = : = Pppo=""7T—"""=
Y 13 A0 TY 13 Mg
PLa= Ys(Ae +Ag +Ag) 5= Y7(Agp + A +As,)
Y 14 g0 Y 14 Mg
Py = V1M +Ag +1g) o= V(o +hgs +s)
Y 14Mg0 Y 14 g0
73(7"31 +A, +Ay)
P20 =

‘WYM?"RO

- Y3he +Y 4o

7

P13 =

Pis =

P19 =

WY:37"80

0= Yol +¥ihss

Y 13 hg0

Y7(Ags + Az +2Ay5)
Y140

Ya(Asg +Aso +Ag)
Y 14050

Y;()‘%s +Ag +Ay)
Y 1450
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Appendix C

f (o) = tanh(w* ol )tanh(w*,;0H,)  f(o) = tanh(w*,oH, )tanh(w,0H,)
f;(c) = tanh(w*;oH,)tanh(w,aH,)  fy(o) = tanh(w* oH, )tanh(w,0H, )
fy(a) = tanh(w* aH)tanh(w,0H;)  f(a) = tanh(w,oH,)tanh(w,oH,)
fla) = Apafy (@) + Apsfp(et) + Apfs(ar) + Agsfy(or) - Aogfis(00) + Apof(c)
g,(a) = A gtanh(w*,0H,) + A, tanh(w* 0H,) + A tanh(w,oH, )

hy(@) = Agsfy(r) + Aggfy(cr) + Aqsfy(ct)

m,(ar) = Agefy(ar) + Aggfa(ar) + Aggfy(c)

n, (o) = Astanh(w*;0H,) - Agstanh(w*,aH,) + A, tanh(w,oH,)

g,(a) = Aggtanh(w*,aH,) + Aggtanh(w* o) + Agtanh(w,aH,)

hy(a) = Agfy(cr) + Agofy(cr) + Agsfs(ar)

my(a) = Agyfi () + Agsfy(or) + Agefis(at)

ny(ot) = Agztanh(w*;0H,) + Aggtanh(w* aH,) + Agotanh(w,otH;)

g5(a) = Aystanh(w*;0Hy) + Aggtanh(w,aH,) + A tanh(w,0H,)

hy(0r) = Agfy(ar) + Agpfy(0r) + Agf(0)

my(0) = Aspfa(00) + Asgfy(0) + Agstg(or)

ny(ct) = Agytanh(w*;0H,) + Asgtanh(wyoH,) + Ag tanh(w,aH,)

g4(ct) = A5 tanh(w* aH,) + Ag,tanh(w,aH,) + Ajstanh(w,oH,)

hy(a) = A5,f4(00) + Agsfs(00) + Aggfi(ar)

m,(0t) = Aggfy(0r) + Azpfi(0r) + Ayof(cr)

ny(at) = - Aytanh(w* oH,) - Aytanh(w,oH,) + A, tanh(w,oH,)
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cosh(wiox) -
k,(x,,0) = 2co’;hc((\):, o(c;-vll()lfz((oz)’yml -g1(o0) +sign(w;)Bghy (o)

+ I.Lﬁsm (a) - ll.l.@in (a) ] + .YRCOSh(W‘!axl) r
w1 fwy|

2c0sh(w;oH ey, &4%)

* sign(w)Bot@) + Eiptm(a) - (e

wy

____Yscosh(wiox,) vy,
ky(xp,00) = 2cosh(w10tH1)f(oc)\(13l Yug'

o) + o) L ()

+
Iw;| (@] 2cosh(w;oH )y 5 7y2

() - Y;;-sign(ws)ﬁ,oh,(a)

) ]';Jl-]z_sign(w3)[310hz(a) Luw¥Ps my(ar) + h&n2(a) ]

Y1z [ws) [w

y,cosh(w,ox,) . )
ky(xp,00) = 2COS]:(W1(X.I'I:)f((;)Y13*L -g, (o) - sign(w,*)By*h,(cr)

YA Bs* Y *A.85* yzcosh(wox,) .
- W *| m,(a) - W] —n,(a) ] +2cosh(w3aH1)f(oc)yl3*l -g,(ar)

. *)\’ * * *
- sign(w,*)By*hy(cr) - 1 Iw:"[?ls my(ct) - - ‘|w’:1? (@) ]

Y,cosh(wyax,) - yy,* X o ea
ZCOSh(W,OLH,)f(a)'yB*L le*gl(a)+712* ign(w;*)B,o*h, ()

k4(xl,a) =

Y M A Bs* Y1 *ABs* Ygcosh(w,01x,) AT
+ + + [
Ti2¥ w3* m, (@) [wy*| m(e) ] 2‘50511(""3011'11)f(O")”Yl3*l sz*gz(a)

* *ny ¥ *
+ #ign(wa*)ﬁm*hz(a) + Xu_ﬁ_}'lﬁi_mz(a) + luﬁzﬁsinz(a) ]

Ti2* W3 ws*]

_ y4cosh(w,ax,)h,(ct)

T, (x,00) = _ Yseosh(wiox dh,(ct)

cosh(w,oH,)f o) T(x,.0) cosh(w;oH, )fa)
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_ Ycosh(w,0x,)g, () _ Ygcosh(w;ox))g,(ot)
T(x1,00) = - cosh(w,oH,)f(ct) JaCxp,0) = - cosh(w,oH, )f{ot)

y,*cosh(w, *ax,) . )
ks(2%) = 5ot PRy L @) +SE)Bshs(@)

ve*cosh(w,*ax,) .
+ o) - i) ]+ ol SR )

+sign(w,)Boh,(ct) + "IYJV%'W(“) - %4(@ ]

Y *cosh(w *ax,) vy )
ke(xp0) = ZCOSh(Wl*aHz)f(a)YBl 'legs(a) i %‘?;sxgn(w3)ﬁloh3(a)

Dl (o) + B, la Sos )l Ty (o)

+
Vi W3l 3 (@] Zcosh(w3*aH2)f(oc)'y13l 'leg4

- %‘:Sig“(wﬁﬁloht:(a) - %4(“) + If]v-]v%“‘t(a) ]

Y7*cosh(w, *ax,) . .
k2% = Dcoshon, "o Rerpyrt () - 5800 )Py "hy(c)

7 *A B Y A Bs* yg*cosh(w.*oax,))
- fw,*| ms(at) - w,*] (o) ]+ 2cosh(w3*aH2)f(oc)y13*l -g4(c)

- sign(w,*)B,*h () - %4(@ - %@) ]

___Yp*cosh(w *ax))  yu* Yo . "o
kg(x,,00) —2cosh(wl*ocH2)f(0t)Y,3*l712*g3(a) '*'le* ign(w;*)B,o*hs(ar)

*v, ¥\, B* *A,B* *cosh(w,*ox Yt
T Ot e o1 5, (0)

Yi2¥ w3 [w, 3(0) It 2cosh(w;*orH )for)y,5*

* %* * % *
+ By 9B o) + L BE oy e haBE

*
Yi* (w3 [ws*|
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_ Y7 cosh(w, *ax,)hq (o) _ Yg*cosh(w,*ax,)h,(at)
Js(xp0) = cosh(w, *aH,)f(ar) Jo(ox,00 = cosh(w;*oH,)f(or)

¥, *cosh(w, *ax,)g.(o) I _  Ys*cosh(w,*ax,)g,(ct)
cosh(w, *oH,)f(ct) s(kp0t) = - cosh(w,;*aH,)f{(cr)

T (xy,00) = -

_ Yacosay cosh(w,ox,) .
kg(y,x,0) = Zf(a)mm[ -g:(o0) +sign(w,)Bghy (o) + :IZVLV%Tnl(a)

Y11Bs Y4cosay cosh(w,ox,)
" wl )1+ 2f{0)Y13 cosh(w,oH, )

+ w,| (o) - %‘;f&lnz(a) 1

[ -g,(cr) +sign(w,)Boh,(c)

_ Yacosoy cosh(w,ox,)  Yir )
k = COSTAWIS A ) -Y-‘-‘-s h
10(Y:X1,01) 2f(ct)y;5 cosh(wlocH,)[ Yugl(a) Y12 180(Ws)Prhy (@)

Y YaBs Y1:Bs Y4c0say cosh(w,0x,) - Y11
Y12 W3l @)+ |ws| ()] + 2f(o)yy5 cosh(w3aH,)[ legz(oc)

i) Brohy (@) - L2 ) + 111By )
Y12 lwai

Y12 {w|

_ Yacosay cosh(w,ox,) .
k = Stk bd i Pl - *)[ *
n{y.x,o) 200)y,5* osh(wlocH,)[ g,(a) - sign(w;*)By*h,(cr)

Yo*AB* Yu*ABs* Yscosay cosh(w,ax,)
. - + COSUW,0X)
vy () = ¥ ()] 2013 cosh(w,oH,)

* * * *
- sign(w; By hy0) - Lt my(a) - B (o)

[w,¥|

[ -82()

h(w,0x,)  73.* *
K, (y,X1,00) = YaCosQy cosh{w,0x, + Xu__s 3. *h
120YX1,0) 2f(ayy,5* cosh(w,aH,) [ le*g'(a) Yi2* 180w )10 *hy ()
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TS ) TThB )y icosey coshlwon) T o

Tiz* ws*| fwi*| flo)yi3* cosh(w,aH,)  T12*

* *ny k * * %
+ Dy By ) + L B oy ¢ T haBet, g
Y12 Y12 [w; | w3 *|
h
J5(y,2) =h§’0%%lcosay Jio(y.0) = x"f%f%‘lcosay

_— |
bi(00,) = St B 1) v () + o ()

" wyl (@1 2f(2r)1;32%r;}}:—?‘:—%% [ -g2(e) +sign(w;)Boha(c))

+ 1%, @) - (0]

_ Yosinay sinh(w,0x,) . Y1 .
k = — = S h
1(Y:%1,00) 20,3 cosh(w,oH,) [Yu&(a) Yoo ign(w3)B ohy ()

Y11 Y2Bs Y1185 YioSinty sinh(w,0x,) « Yiy
i Y1z Wil @)+ A (@) 1+ 2f(a)yy; cosh(w,aH,) [ legz(a)

i ];I:Sigﬂ(wz,)ﬁmhz(a) RINEL my(a) + 1('LLES“Z(O‘) ]

Y12 [w,| |ws|

_ Yesinay sinh(w,ox,) . o R *
k,5(y.%,,0) Zﬂaﬁls*_—“cosh(w,aH,)[ g,(c0) - sign(w, *)By*h;(cr)

YA B Y ABs* YioSinay sinh(w,ox,)
T fw¥ (@) - lwy*| o)1+ 2f(ot)y,3* cosh(w,atH, ) L-&,()
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* * % *
- sgn( )8, (@) - L B 0) - T4 o)

Yosinay sinh(w,ox;) ¥ WX
2f(a)y;5* coshéw OLHL)—)['Y"* (o) + ,},”*algn(w3*)B1o*h1(0t)
1

kl6(y,x1,a) =

Ll oy L s

Ti2* [Ws*

ABs* YioSinoy sinh(w,ox,)
iy mu()] 2f(o)v13* cosh(w,oH, )[$ng(a)

lws

* *ay K
 Bsign(on ool + L (0) - B )

h,(a) . h,(a) .
Tatyi0) = iy R
JlS(y’a) =- lqgj&g%inay 116()/,0&) =- Lﬂgzgg)b‘inay

fla) ()
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Appendix D Asymptotic analysis of the kernels

Depending on the crack geometries, some or all of the kernels might be unbounded
as o —oo. The unbounded kernels will affect the values of singularities at crack tips.
Therefore an asymptotic analysis is necessary to determine what kind of geometries will.
result in the unbounded kernels.

First the singular behaviors of the following integrals in eqns(1.29cd) are

considered:
b2 b2
I Ks3'(y,5(t)dt j Ks4'(y,)h4(t)dt
bl bl
b2 bZ
J K43'(v:)d5(t)dt j K4 (v,)0,(t)dt (D.1abcd)
bl bI
where
, . " ch(w,ax,) ch(w,ax,)
Kas(rt) = ll_Tf n‘[ [ch(w,ocH,)J9(y’a) + ch(w3aHl)J‘°(y’a) Jeosatdo
= fim 1 ch(w,ax,)y;h, (o) + ch(w,ox,) Y4h2(0'-)] cosoycosatda

%, H, 75‘0 ch(w,aH;) fla)  ch(w;aH;) flo)

1 (7 chiwyox,)yahy(e) . chwsax,) 1,h,
it [ ) Ao a0

. e 1 " ch(w,ax,) ch(w,0x,) )
K;/(v.) = l‘l?, 7tJ‘ [ch(w,ocHl)J n(y,o) + ch(w, ocHl)J 12(y,0) Isinaitdo
0

_ 17 chiwex)rg @) | chiwox)vg(@)
— lim j [ch(w, oH,) fla) +ch(w3 oH,) flo) |cosatysinatdo




1 J‘w ch(w,ax,)y,g;(ct) " ch(w,0x,) ¥,8,()

= —xl‘i}H{ a 0 [ch(w,ocHl) fo) " ch(w,aH,) for) ][sinoy(t-y)+sino(t+y)]lda

o0
, e 1 sh(w,0x,) sh(w,ox,)
Kg'(yst) = :!,T« nJ‘ [ch(w,ocHl)J 13(v,0) + ch(w30LH1)J 14(y,0) Jeosartda
0

1 sh(w,0x,) yohy ()

sh(w,0x;) ¥;0ha(0)
x—n, TC ) [ch(wlaHl) fla)

ch(w;oH,) flo)

]sinatycosatda

L[ shiwax) vuhy(@) | sh(waax,)v,qh(a)
[ch(wlaH,) fla) ch(w,oH,) flo) ]

[-sina(t-y)+sino(t+y)]do

16(¥,0) Jsinotda

00
. R sh(w,ox,) sh(w0x,)
K44 (Yat) - ll-r'rlli. nj‘ [Ch(Wl(XH,)J IS(Yaa) + Ch(W:;d.Hl)J
0

1 " sh(wyox,) Yoz (@) | sh(waax,) Yigga(@), .
_[ [Ch(wlaHl) o) * ch(w,oH,) o)) Isinotysinoitdo

T [sh(w,axl)vqgl(a) sh(w;0x;) ¥,08,(00)
T x-w2m§ ‘ch(w,aH,) fla) ch(wyaH)) flo
0

As a approaches infinity, we have:

) J[cosa(t-y)-cosat+y)]da

ch(wiomx,) Yshy(e) | ch(wiox,) Tahy(a)

ch(w,aH;) flo)

ch(w,0x) Y28, (o))

ch(w,oH,) ) 1=

ch(w;0x;) v,8,(c0)

ch(w,oH,) fle)

sh(w,0x,;) ysh, ()

ch(wiaH,) flo 1=

sh(w,0x,) v,0h,(00)

ch(w,aHy) flo)

sh(w,0x,) Yo, ()

ch(w,o) fle) =

sh(w10x1) ¥148,(c0)

ch(w,aH;) flo)

ch(wyoH,) flo) =78

e oW (Hyxy) + ¢ e-aw;(H;x,)
e-awy(Hix,) + g4e-aw3(Hl—x,)
e oW (H;-x)) + g e-aws(H,-x;)

-ow (H,-x,) + gge‘aws(Hl‘xD
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(D.2b)

(D.2¢)

(D.2d)

(D.3a)

(D.3b)

(D.3c)

(D.3d)
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where &i(i=1-8) are material constants and are expressed as:

_ Ya(Agathg tAse)
O = R+ P + A Hhgy = Dy g (D-42)
_ Yoot AgotAg)
%= Aga+ Ags + Agg Hhgy — Agg Ay (D-4b)
_ Ya(AggtAg +As0)
&= Mg+ A5 + Agg +hgy — Agg +Ang (D.4c)
_ Ya(AsgtAsotAgn)
% = Aaa + Ags + Rgg +hg — Mg +hog (D.4d)
_ Yo(Agathsgthag)
55 = et g + A g — g Hg (b4e)
_ Yio(AsiHAgrthgs)
&= Mg+ Ags + A Ay — Aog +hyg D40
_ Yo(AzgtAgy+As0)
& = Ayg + Ags + Agg +hgy — Mg +hgg (D4g)
_ Y10(AsgtAcotAg)
% = Mg+ Aogs + Agg HAgy — Agg +hog (D.4h)
Utilizing the following formulas:
lim e oW (Hy-X)[cosa(t-y) + cosolt+y)]da = m[8(t-y) + 8(t+y)]  (D.5a)
-
and lim‘ e~ 0wy (H, X, )[sina(t-y) + sina(t-+y)]do = (;_15 + t—l—;) (D.5b)

The asymptotic values of eqns(D.2abcd) become:

00

fim _.1; (&, e oW (Hi-x)) + £ e-aws(Hy-X))][cosau(t-y) + cosou(t+y)]da.
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= %[S(t-y) + 5(t+y)] (D.6a)

00

— lim # [&3e'0‘W1(H1‘x1) + §4e'°‘W3(H1'X1)][sina(t-y) + sino(t+y)]da
X, -H,

11
(5" oy (D.6b)

—_ P2
2z

00
lim % [ise'awl(erl) + §6e'°‘W3(H1'X1)] [-sina(t-y) + sina(t+y)]do
xl-'Hl

0

N -

- D.6¢
2r - ty tty (D.6c)
- lim 2—11C'J' [&,7e'°LW1(er1) + ase'aws(l‘lrxﬁ][cosa(t-y) - cosau(t+y)]da
X,
0

= %[S(t-y) - 8(t+y)]

(D.6d)
where py =&, +8&, py =& +&,p; =E+& and p, =&; + &
For 0<b,<t<b, , one has the following relations:
b2
%‘—J 0508(t)t = 2Ly () (®.72)
bl
b2
&J d(H)3(t+y)dt = 0 (D.7b)
2 b,
b2
2| 6Byt = 2,0 (D.70)

b
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b,

%4 b4(O)3(t+y)dt = 0 (D.7d)
bl

By adding and subtracting the asymptotic value under integral signs in

eqns(D.2abcd), and substituting them back into eqns(D. 1abcd) respectively, we obtain:

b2 b2

J- Ks3'(y,t)s(t)dt = %¢3(y)+J‘ Ks3(y,D)5(t)dt (D.8a)
bl bl
b2 b2 1 1 b2

I K (v:),(t)dt = - —g—z (;;+t—+—y)¢4(t)dt +J- K, (v,D)d,(t)dt (D.8b)
b, 7 b, b,
b2 b2 1 1 b2

J; K'(y:t)9;(t)dt = g—; X (-—;:;+t:'y')d>3(t)dt+£ Kis(y:t)d3(t)dt (D.8c)
bz bz

J' K (v,t)d,(t)dt = — -‘321¢4(y) +J Kaa(y:D)4(t)dt (D.8d)
bl bl

where

T 1 i ch(w,ax,)y:h (@) | ch(wsax;) ysho(ct)
Ksslyt) = ll_.mn 21CJ; { ch(w,oH,) fla)  ch(w;aH,) fla) ]

- [&,e‘awx(erx) + aze'awa(er:)]}[cosa(t-y) + coso(t+y)]da (D.9a)

1 7 chiwiox) g (o) | ch(wiax,)Yag(e)
Kapt)==lim 97| {lchowoH) Roy T chiwiaH,) for) )

- [gse oW (Hi-%)) + £ e-0aws(Hy X )]3 [sinou(t-y) + sina(t+y)]do (D.9b)
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00

N sh(w,0x,) Yohy (o) | sh(wsox)) y;5h,(c)
K= 2n | ehwiot) Ry *ch(wpoH,) fo) |

- [&se-0Wi (Hi-%,) + £ e-ows(Hy X )1} [~sina(t-y) + sinou(t+y)]dot (D.9¢)

. ’ sh(w,0x,) Yo8 () , sh(wiox)) ¥,08,(0t)
Ke=-Im o0 | ChewioH) o) T chiwyaH) flo) ]
0

- [§7e'°LW1(H1‘x1) + §8e'°‘W3(H1'x1)]}[cosa(t-y) - cosa(t+y)]da (D.9d)

Now consider rest of the singular kernels. If one decompose a kernel into two

Kij =Kijs *Kiif  (1j=1,2,3,4) (D.10)

where Kjjs is unbounded part and Kjf is bounded part of the kernel Kijj, then the

asymptotic behaviors for the remaining kernels can be derived as follow.

Let k;,, (x;,0) (i=1-8) be the asymptotic expression of k;(x,,c), then we have:

1 ¢
Kiis(x,t) = y njo K, ., (%, 00)€ Sl 4 o (o) HIPsil g
14

A 0 —af(H.—
— Y 7/\va1 ‘,. cosh(wlcxxl)e af(H, t)ﬁs/lwll'*'HﬂWl”da
Y 13Y 1ahg0 *°
4 Yitg jwcosh(w3axl)e'“[m'_')B’/|W'|+H'|w’”doc
TY13Y 14hgo 0
[o o]
4 Yihs [[cosh(vw,ox,yeo40h=0Ps Il g
Y 13Y 1ah g0 *°
Yahas

00
j cosh(wsaxl)e‘“[(Hx“)Bs A A doa

TY13Y 14hg0 *°




1 (H, - t)Bs /|w, |+H; |w|
I, —t)Bs /fwy | +H, Wy [ —(wyx,)?

+ -1—7» (H, —t)Bs /|wy [+H, |w; |
n 86[(H1 —t)Bs /jw; [+H, |w, 1§ —-(w3x1)2

+—1—l ) (H; —1)Bs /tws | +H, {w, |
87 2 7
T [(H, - t)Bs /|ws |[+Hy |wi[}" — (wx;)

+l}» (H; —6)Bs /[ws | +H,; |w; |
88 2 2

Similarly one can derive:

(Hz -t)B;/|W;|+Hl|W]l

Kjas(xp,t) = }”93 [(H, - O)B/|w;|+H,|w,|T - (w,x,)?

(H, - t)B;/|w;|+H, |w,|
[(H, —t)B5/|W1|+H,|W3]]2 (st)

—7»94

(H, — )5 /| w3 | +H, [w|

_-)\'95 [(H, —t)B5/|W3|+H,|W,|]2 (w]xl)
_1_ (Hz—t)B;/IW;HHllwsl
n° [(H, - t)B3/|wi[+H, | w, | = (w,x, )
)= Lo (H, —t)B,/|w,|+H, |w;|
Karst ‘°'[(H = )Bs/|w, | +H, | w; | ~ (WX, )
1 (H, "t)Bs/lwll"'Hle;I

7 M 0B, |+ H, W F — (Wi, )

_1_7\' (Hl _t)BS/lw3|+H2!Wl‘I
nCIH, - B/ | W, +H, W] [T~ (Wx,)?

l}"lofb (H, ~t)Bs/|w|+H, [w|
n [(H| —t)ﬂs/|W3l+H2|W§|]2 —(W;X2 )2

Koas(xa,t) = (H, - t)Bs/|wi|+H,|w;]|

109[(H — )B; /| wi|+H, W | T - (w)x, )?

102

D.11)

(D.12)

(D.13)




l_ (H, _t)B;/lwl.l'*'Hle;l
nO[(H, ~ )B; /| wi | +H, |w; | P - (wix, )?

+l (H, —t)B5 /| w3 | +H, | w,]

n (H, - OB/ wi|+H, |wi [T - (w)x,)?

+_]_ ” (Hz—t)B;/Iw;|+H2lw;|
T C[(H, —t)Bs/| w3 +H, | w3 T ~ (w;x,)?
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(D.14)

The asymptotic expressions for K;;(y,t), K;5(y,t), K41 (v,t) and K,,(y,t) are derived

as follow:

K3IS(Yat) 2'Y nl_ Yl(lw IEQ - + 'Yz(.yu ﬂ-J-IXZ-F(Hl-t)Z]

| . H,-t Yi1, H,-t

B 2Y13nl-Ylg%J.|21)_2.+(Hl_t)z ’ ‘YZ(Y”)M(HIJ)Z]
J

+ lim Y}A’Sl +A"Y4}“82 wcos(ay)eﬂ[(ﬁl—l)m”%|+(Hl'x1)(W||]da
% —H, T3 0
+ lim Yihgs +Yahg [

cos(ay)e-a[(ﬁl =) /wsb+(Hy-x; )wsl] do
*h, Y 13hg0

_ 1 r H]'t
" 2y, YIM+ 2 (Y ﬂ_1|1l+ . 2
BS (H,-t) (H-)

H, —t)Bs/|w,| + (H, —t)Bs /| w,]

+
P T, 0B, /Iw [ E+y° P [, —t)B, /|, [T +°

o H-0Rw) (H, - OB /1w))
Raas0 = Pr g R Wiy P L, 0B /WA £

(D.15)

(D.16)
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MX 1"_"311
Kpo(y,t) = Y11 [
as(st) = 2Y,57 Mmﬂ) Q—AIXLHHI-t)Z

Y ] y
p9[(H1‘t)Bs/|W,|]2+y2 pw[(Hl_t)Bs/lW3|]z+y2 (D.17)

. y _ y
B A O e T

Let Ji,, (x;,2) (i= 1-8) be the asymptotic expressions of J,(x,,ct), then we have:

Kys(x,,t) = J [0 (20,0 + I, (x,,) Jeosartdar
= 77()‘7;‘: };“ *As) _[:o cos(out)e *™ ) dgy
14780
+ 'Ys(xs;c;' 7";2 +Ag) J:o Cos(at)e-aws(ﬁl-xl)da
14780
w (H, -x,) wi(H, -x,)
_ + .19
Pl (H, —x ) +8  "¥[w.(H, —x )] +£° .19
1 1 1 3 1 1
Using the same technique we can derive:
K ys(x,t) = t + t (b20)
M P (B, = P + € DTy (H X )T+ |
w;(H, -x,) wi(H, -x,)
K35(x,,t) = et + B 21
235( 2 ) pl7[w (H -x )]2+t2 plg[w (H -X )]2+t2 (D )
1 2 2 3 2 2
Kyus(%pt) = t + L D.22)
I TN T T TR Y '

The coefficients A; (1=85-112) and Pj (7=5-20) are given in Appendix B
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Appendix E Derivations of stress intensity factors and strain energy release rates

i) Case of embedded cracks

The stress intensity factors at the transverse crack tips are defined as:

atx, =a;; k(a)) = Li‘? V2(x; —2,) 01(x,,0)
at X, = ay: k(a,) = I:H?, V2(x, —az)czy(xz,O)
From eqns (3.29a), for [x,| > a, we obtain:
2y,,E, b,(t)
,0 dt + ,0
o0 = s [ e 8 o )

where o}, (x,,0) is bounded function. and

@) _  F(t)e™
Jo-t  (t-a)"(t+a)”

o(t) =

From [28], if we introduce a sectionally holomorphic function as

0(z)= j‘i’ (2 dt
then we have:
(p(z)= Fl (—al )em - Fl (al) + (po(z)

(22,)"%(z+2))"  (22,)"(z-a,)"”

Substituting (E.3) into (E.2) and from the definition of (E.1a), we have:

- 2714Ey : = 2’Yl4 o cNay 3]
k(a,) = e f Fi(a,) = “miov. J— F(1)
Similarly
2 14E 2Y14 Y 0
(o) = - T i) = (1_7 Ve B ()

(E.1a)

(E.1b)

(E2)

(E.3)

E4)

(E.5)
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Now consider the stress intensity factors on the interface. For y < by and y > b,, the

stresses along the interface can be expressed as:

1-v b,
/ 2 Ve 6 (Hy )+ i o () = - [ Y28 g
PP, 2E, 0; 2ny My s—y

K (s)emp3
(b, -9)*(s=b,)*

where Y5(s) =

Again using the method given in [28], we have:

1 b y5(s) N
Iy S— yd 1 C[ a3(y b, )" F;(y) +Fu(y) ]

where F,(y) is the principal part of y,(s) at infinity and is bounded. Therefore, the stresses

near points b; and b, can be expressed as:

l—vxyvyx
XX s +l—- ’ _1 o (
2E, \/p,p“ () 2G on(Hy) S1-C' y)s(y by )

Muttiply both side of above equation by -i, then we have:

1 1 1 Vo Vix
EEGZG”(H"Y) 2E \’plp OuleyF=t (b y)‘“(y by o)

X

(E.6)

Now if we define the following stress intensity factors at the interfuce:

1 1 | Py 1wV
—_ k,(by) -i 2k (b))
p; 2G,, ? ppp;  2E, l
03 B3 l_vxyvyx
le (b,-y)*(y-b,) [_E—Glxy(Hby) pp p 2E o1Hpy) 1  (E72)
23 3

and
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2( 2) xy e kl(b2)

123

1 D, 1-v._v
—L b, —y)2(y - b, )’ [——0,(H],, AL H,, E.7b
lm( -y)2(y-b,) [ 0 2G,, Oy (H},Y) - IT/plpzps 3E, O1(Hpy) ]l  (E.7b)

With the help of eqn (E.6), we obtain:

G- P "Y ”‘k(b,) Ly1-C Fo(-1) (E.82)
2 3
L1 o-i =PIV oy = L I R (E.8b)
p; 2G,, piPps  2E,
where L = b, - b,

The derivation for the expression of the strain energy release rate at the interface

crack tip is as follow: From (E.8) we have:

. r+1)ye@-1)Pe™ 1 1 ) 1-v, v,
PRI 2] 55 L W B "
\[1 -G P; 2G,, piPp;  2E,

1 11 [, 1-vyv 1-r\° 1
= [———k, -i [—Pe "YY"k]( ) — <1 (E9)
- 752G, © \ppps 2B, \l+r) Ji-7 d

and from eqn (E.7):

11 _il—vxyvyx Ps 4

———o
ps 2G,, v 2E PiP2P;

X

o - 1 | ops 1y,
= Lim (r+1)™(r-1) B’[—— k, - / k]
Ps 2G,, & Ppps  2E, 1
[P 1-vyv r-1\" 1
= [——— k, - ¥ Pk ( ) >1 E.10
Ps 2G & Ppps  2E, il r+1) r*-1 d ( )

Letn=r-1 and assume n <« 1 then (E.10) can be approximated by
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I-v,v ,
1.1 Oy i VigVx |_Pa o,
P; 2G,, 2E, PiP2P3
I-v v
E[_l.. 1 k2-i P4 Viy yxkl]
p; 2G,, \fplpzps 2E,

x Tilﬁ[cos(mlog(g)) +i sin(mlog(-z‘l N (E.11)

Similarly, let ¢= 1-r and assume that ¢ <« 1, then (E.9) can be expressed as:

1 1 1 ops 1-vgv
yi(g) =- [k -11/ . k]
’ \/l-—CZ pP; 2G ? piPp;  2E, :

x —J_zl‘/?[cos(mlog(-;—)) +i sin(olog($)] (E.12)
Since y3(r) = %gri[(vl-v,)-i \/-E— (uy-u)] therefore
Vi6) == gl - [T o)
=" \/E%CT [p% 2(1},(y - i\[p,ng, l—zvngy, tal
x :51—@ [cos(colog(%)) +i sin(oalog(%))] (E.12%)

The oscillatory behaviors in eqns (E.11) and (E.12*) can be removed using the
techniques given in [40,42]. Considering the fact that the stress intensity factors and the
displacement derivatives just away from the interface crack tips should have definite

values. Therefore we can chose 1 and ¢ in such a way, so that

mxog(lzl) =0 and colog(—;—) = 0.
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In fact, for most material combinations, that above two quantities are indeed very

small [43].Then from eqns (E.11) and (E.12*), we have:

~ = ————-—1
= \/_\/_ ky, Oxx = ﬁ\/ﬁkl
Av =(v=v,) = 242 ‘/_T 1 2('; Jek,
and Au = (u;-u,) = 242 —-Cz 912 1= Vi Vo Jek,

Assume the crack front was closed along the interface by an amount of Ay, then

using the method given in [37], we obtain the increment of the strain energy:

T+A
AE = 2‘[ y—;—[cxxAu(r-Ay) + o, Av(r-Ay)ldr

T+ —
1 1-vyv, k2+—l— 1 ki]J. v J1+ Ay T g
G Jr-1

_¢? p2 2B, !
1 I-v v, 7 VoV g2y 1 1 1 e ]__ y
- 2 p2 2E Ps 2G
Therefore, the strain energy release rate will be:
1-
AE __m (P IV%eVe o, 11 e (E.13)
Ay 1-¢2 P, 2E; 2G
For Isotropic materials we have:
1l-vov, 1 1
p, 2E, p; 2G,,
then AE__® 1 1 [+ (E.13%)

Ay J1-¢2 p3 2G,

ii) Case of transverse crack touching the interface
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Define the stress intensity factor:

k(a,) = Li‘_'fl‘{ 27 (x,1H,)10,,(x,,0) (E.14)
from eqn (3.29b), we have
2y,E i .
Ogy(%1,0) = ——— 2 | K, (%,, )y (t)dt + Gy (%2,0) (E.15)

T(1-v v, )y,
where o3, (x,,0) is bounded function and

F() _ K (t)eiy

00 = (H2 -ty (t-H,)'(t+H,)

H,
Again define: ¢(z)= lJ. ibﬁdt then we have:
Ty t-z

Fl (_Hl )ew _ FI (Hx)
(2H,)'sinty(z+H,)" (2H,)' sinny(z-H,)"

®(2)= +¢.(2) (E.16)

Substituting (E.16) back into (E.15), and then from the definition of (E.14), we have:

ay = STTLE W w|/Bs w|/Bs
U a=vvisn(m) T lwiwl/8,] Wil 8]
. lWal‘/ Bs . |Ws|./ Bs 1 (E.17)
[|W3|W| /Bs] [|W3’W3 /BS]

The stress intensity factors and the strain energy release rate at the interface crack
tip remain the same.
iii)  H-shaped cracks

The derivation of stress intensity factors at the interface remains the same as given
in eqns (E.8ab) with L = b,, and the strain energy release rate at the interface crack tip is

also given by eqns (E.13).
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Appendix F Determination of singularities for different crack geometry

The stress singularity at the crack tip varies for different crack geometry. The index of
singularity for the following crack geometries have been considered:
a) Embedded cracks ( [a,|< H,, |a,|<H, and b;>0)

For embedded cracks, the crack density functions are of the following forms:

oy Bt ofsy F(t)
ik A+t -t 62(0)= A+t)(1-t)™
W;(t) = 10 ya(t)= O (F.1abcd)

A+)=1-t)*’ A+ (1-t)™

where F(t) (i=1,2,3,4) are bounded at crack tips. and because of symmetry o, =, and
=B,

Substituting eqns (F.abcd) into eqns (3.29abcd) and using the following formula:

: 9, Gty F,(t)
Va@=r Lx t—z Ln (t-2z)"(z, —t)’ (t-2) t
F (z)cot(ma,)  F (z,)cot(nB,)

TGV -2y Gz (2, -2 Cn(2) (F.2)

where Gp(z) is bounded at crack tips.
then we have:

F'(-Deot(na,)  E(Deot(mar) _  (I-vxyV
Q@*@+)™  @)*(A-r)™ 2V14Ey
Fy(-cot(ma,)  F(l)cot(na,) _  m(1-vyvy,)
Q@+ @(1-n*® 2v,,E,

E(r) + & [E(-Deot(na,) _F;’(l)cot(nﬁs)]
A+0)*@A-)* i~ @PA+n)™ 2)»Q1-r)

,(t) + bounded terms (F.3)

p,(r) + bounded terms (F.4)

= m,p;(r) + im,p,(r) + bounded terms b, <y<b,
(F.5)

F,(r) _ _C_—l_
(1+r)™(1-r)™

E;(=Dcot(na,) _ E(1)cot(nB,) ]

Crarr  @rae
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= — im, p5(r) - m,p,(r) + bounded terms b, <y<b, (F.6)
From eqns (F.3) and (F.4), it can be easily shown that:

1 1
= =—, = = F'7
o, =By ) a, =B, 2 F.7
These are the known results for cracks perpendicular to interface [22].
Similarly, from eqns (F.5) and (F.6) we can derive:
cot(ma) = — i = —i /&9—4, cot(nPy) = it= i /919-4-
P2P3 P2P3
cot(moy) = iC= i 2P cot(nB,) =—iC=—i fﬁ&
2P3 P20
Using the formula:
cot™ (z) = l logz—ﬂ (F.8)
2t z-i
We then have:
oy = Lt iw, B;=—-i0
3 2 ’ 3 ’
1 . 1.
oy =—-in, By=-— +io, (F.9abcd)
2 2
where 0= —l-log(l—ig)
2n 1-C

Eqn (F.9abcd) are of the same form as often seen in interface cracks between two
isotropic media [38,44-47].
b) Matrix crack tip touching the interface(a,=H,,b,>0 and a,<H,)

In this case, as x, and t approach to H,, the kernel k;,(x,,t) becomes unbounded.

Let k7,,(r,s) be the normalized kernel of k,;5(x,,t), that is:

H,(1-5)Bs/|w,|+H, |w,|

k?ls(r’ 5) = 7\'85 [Hl a- S)Bs /|W1 |+H1 |W| |]2 - le (wlr)z
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H, (I_S)Bs”le”‘Hlle'
SS[H, (1 —s)Bs /| W, |+H, | w, | ~ H? (w,r)?

+ Agy H,(1-9)Bs/|w,|+H,|w|
[Hl (1 _S)Bs /|W3 |+H1 lwll]2 _H12 (wlr)z

H,(1-8)B;/|w,|+H,|w;]
8 [H, (1-5s)B,/|w,|+H, stllz _le (w3r)2

ss|W1|[ 1 1

7]
2Ps "m,@1- s+(1+r)|B’|) H,(1-s+(1- )"El'
lell[ 1 1
2Bs “m,(1- s+(1+r)lw‘l|3'w3l) H,(1-s+(1- r)'“"”w3|)
Agr| W3 1 1
T EAIEANG CACAN
5 y(A=s+(1+r)——= B ) H(-s+(1-r)—/—)
Ags| W 1 1
23 [H |w,[* [w,[* ] 10
3 yA=s+(+1)—>- B ) H{d-s+(1-r)—/— B )

Substituting eqn(F.10) into eqn(3.29a) and move the bounded terms to the right hand side

of the equation, we have:

lJ"{ 1 85|W||[ 1 1 ]

1Y% I 2

R H,(1- s+(1+r)|‘;'|) H,(1-s+(1— r)lB'I)
Ags| Wi 1 1

+ nH, [ ]
2B, B 15+ (er) ] H,(1-s+(1- r)’“"['s'“’")

+7H, 37IW3|[ 1 + 1 ]

285 u (1—s+(1+r)|w‘gﬂ) H,(l—s+(1—r)|ﬂ'B”l3|)

5 5
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1 1
e, Tt ARG
5 H(1-s+(0+r) B’ ) H(Q-s+0-r1) B3
5 5
1-
=-———‘—’"—yv—y"pl(r)+ bounded terms (F.11)
2y,,E,

Applying eqns (F.1a) and (F.2) to (F.11), and let a,=B,=y, we have:

E(=Docot(ny) _E(Dcot(my) | Ay Wil F®@) [ 1 1
@)y +r)y @ya-ry 2 B w2 (+n)  (Q-ry
(2)" sin (m{)[B ]
o ag [ Fr(D) L, 1
T Y o\
2 (2)’sm(7ty) lwg|w3| (+r)) (1-r)
Agr Wil F() 1 1
t=- - =l y YT 1]
5 () sin(ay) |w,g|w3| +r)’ (1-r1)
+ &23_3_|W3| Fo(l) [ 1 1 - 1 1 7]
Ps (2)’sm(7w)[ ] @+ =D
Bs
l—v Vix
= m—pl (r) + bounded terms (F.12)

Multiplying both sides of eqn (F.12) by (1+r)Y and let r — —1, we have:

~2cos(Ty) + Ags wl_ 1 + Ay [wil !

Bs [y_] " B [|wlnwsl]

1 Bs 1 Bs F.13)
x |W3| +x IW3| "—"O

" Bs [lwlnwsl] " B [w_]
B, B,
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This result is the same as given in [22].

¢) H-shaped cracks (a;=Hj, b1=0 and a3>0)
As a,— H, and b,— 0, the transverse crack intersects with the interface crack and the
kemnels K, , K3, K,,, K3, and K,, become unbounded. Let a. be the index of singularity at

the point of intersection, then we have:

__h® __E® __E®
¢, (t) = (H -t b;(t) (H, - P and  ¢,(s) ————t“(H] e

Substituting above expressions into eqns (3.29acd), we have:

IJ‘ BSIWII[ 1 —+ 1 - ]
“" T N 7 N (7

5 5

Agslwi i 1

285, -t+(H, +x)‘wélw3|) (H, - t+(H, -x,) Pl

5 5

+7

]

Agr| Wil 1 1

2Bs (Hl-t+(Hl+xl)|W1[13| 3l) (H, - t+(H, - xl)lwllwsl)

5 5

+7

]

Ags| W3 1 1 F (t)
+7 21 3 i
2Bs |, -t+(H, +x)'W3') (H, -t +(H, xl)lv[;sl) (H; - t*)

5 5

(1)
t*(b, - t)*

dt

|w\|(H, ~%,) |w,|(H, ~x,)
+ J‘ [ 13 2 2 2 + 14 2 2
0 |w, [ (H, —%,)" +t [wsl*(H, —x,)" +t

7]

|t t E,(t)

b,
N + dt
jo [oss (w,F(H, —x,)* +1° Pis [w,? (H, —%,)* +1° ] t*(b, —t)™




1_ .
=‘2—;3é3xmp,(r) + bounded terms

H, H, -t 121” H, -t
Jl—H. {7137t[ lw, >y 2+(H £ * 110 |W3| y’ WU Y L, - ]
B: :
(H, - t)B, (H, -t)B,
|w,| |w F(t)
+
+ pS (H t)ZBS p6 ( t__t) Bs N ) (le _tZ)a
[w, |w,[*
+Pu P2 J 1, E@®
¢3 (Y) (t-y t+y) t* (b t)ﬂa
1-v v
= —z—éy;—-yf—p3(y) + bounded terms
[wly |wsly
J’Hl Bs Bs
_ 2.2 z.2
H 2YI3W M?y__}_(H] ) stl +(H, - )
Bs BS
y y F(t)
dt
MG R (T S G oy
lwll I 3|2
Py Ps J‘"’ 1,1, F®
44 3 — —_—3
2 8O oz ), Gy e, 0P
2
1
= Fp 4(y) +  bounded terms
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(F.14)

(F.15)

(F.16)

Multiplying both sides of eqns (F.14-16) by t* and let t —0, we then have the following

three algebraic equations for F,(H,), F5(0) and F,(0) with o yet to be determined:

{_cot(noc) + &gs_|w1|

1 Ags [wy

(2H,)*

2 B ome sin(na)[‘g—'z]“

+

5

2 BS (ZH) Sln('na)[l l”w3|]
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LA 1 Ags |Wsl 1
+ o u — JFy(Hy)
2 Bs om)e sin(m)[—m‘é'w’[]“ 2 Bs (2H,)°‘sin(ua)[%]“ o

5

2b% c:s( )[l\fr?l“ lpl:lalFB(O) 2b? s,:( )[|$/l]5|°‘ |pl:|“]F4(0)=0 F172)
gy G 1
O IEV:I(|5V53|)¢]}(2H) :m(__) (H) + BF0)
b" P root(nar) + nlna)]F4(O)=0 (F.17b)
G 1o G G P ]}(zn,yios(%)F‘(H‘)
+ %E"[" cot(mo)+ Sin(lna)]F3(0) + %5,-1:4(0) =0 (F.17c)

Since F,(H,), F;(0) and F,(0) are generally assumed nonzero, therefore the
characteristic equation associated with eqns (F.17abc) has to be zero. Numerical

calculations indicate that o is 0 as expected.
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