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Abstract

PARITY MEASUREMENTS IN OPTICAL INTERFEROMETRY AND TESTS
OF QUANTUM MECHANICS

by
Adil Benmoussa
Advisor: Christopher C Gerry

We study the use of parity in context of high resolution interferometry. Maximally
entangled states play a crucial role in the applications of the Heisenberg-limited
interferometry; it enhances the sensitivity of the detection of the gravitational waves.
Interferometry with maximally entangled states cannot be performed by simply subtr-
acting the output photocounts as in standard quantum interferometry. Instead, one
must perform parity measurements on only one of the output beams. We use the same
technique to show that with twin Fock input states in a Mach-Zehnder interferometer,
the phase sensitivity approaches the Heisenberg limit for large photon number. Then
we study the generations of maximally entangled states and states of superposition of
maximally entangled states using nonlinear interferometry. Nonlinear interferometers
are Mach-Zehnder interferometers with Kerr media in either one or both arms. We
refer to these devices, respectively, as the asymmetric and symmetric nonlinear interfer-
ometers. In the asymmetric case, with one input mode in the vacuum, it is possible
to generate maximally entangled states or superpositions of such states. We consider
the device as a resource of entangled states for applications to Heisenberg-limited
interferometry. We also consider the nonlinear four-wave mixer as a resource for
superpositions of only even input states. Considering both even coherent states and
squeezed vacuum states as inputs, we study their applications to high resolution
interferometry.

We then study parity measurements. We show that the symmetric nonlinear
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interferometer, with the vacuum state in one input mode, may be used to perform
parity measurements. The same device is shown to produce, with an input coherent
state and upon projective measurements, even or odd coherent states, examples of the
Schrodinger cat states. We also study quantum non-demolition parity measurements
using cross-Kerr medium. We show that one can determine parity of a state without
destroying it, using cross-Kerr medium along with homodying measurements. With
the same technique we can construct some Schrodinger cat states.

We also study parity measurements to test quantum mechanics against the local
realistic theories. To that end, we propose an optical realization of the Greenberger,
Horne, Zeilinger (GHZ) state. The optical GHZ states in this case are three-mode
entangled coherent states and the relevant observable used to perform test of quantum
mechanics against local realistic theories is photon number parity. The amplitudes of
the coherent states need by mescoscopic if significant losses are involved by may be
macroscopic if losses are minimal. We propose a method of generating the required
GHZ state that amounts to an extension of a proposal previously discussed by C.C.
Gerry (Phys. Rev A 59, 4095 (1999)) for generating macroscopic superposition states

of traveling wave fields.
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Chapter 1

Introduction

In this thesis, we study the use of parity measurements and its applications. In the
context of a single-mode field the parity operator has the form (—l)N , where N is
the number operator for that mode. This operator is bounded and oscillates rapidly
between —1 and 1, and has no classical counterpart. The parity of the electromagnetic
fields, as well as other systems, is a useful observable for various applications of a
fundamental and practical importance.

One of the potential uses of parity is in the area of high-resolution quantum opti-
cal interferometry. Interferometer usage ranges from measuring density in a fluid to
detecting gravity waves. Gravitational waves interactions with terrestrial detectors
are of the order of 107'° cm. Small fluctuations disturb the accuracy of the mea-
surements and can obscure the whole signal. With a laser beam of average photon
number N, one can detect phase shifts with an uncertainty up to Apsor =1/ V'N,
which is the standard quantum limit, in an ordinary Mach-Zehnder interferometer.
Using nonclassical light, we can improve the sensitivity of the interferometer up to

Aggr = 1/N, which is the so-called Heisenberg quantum limit, the ultimate limit
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allowed by quantum mechanics assuming that the phase shifts are linear. Caves sug-
gested a scheme using squeezed light that could improve the sensitivity to e™"/N,
where r is the squeezing parameter. In the present work we study new approaches
using maximally entangled states, superposition of maximally entangled states and
twin Fock states, along with parity measurements to obtain Heisenberg-limited sen-
sitivities.

Construction of the maximally entangled states is interesting in its own right.
Maximally entangled states of arbitrary numbers of photons are not easy to construct
with linear optics only. With the state reduction technique, it is possible to construct
maximally entangled states for low photon numbers, but it becomes more problematic
for larger numbers of photon. Nonlinear optics is very promising when it comes for
the preparation of nonclassical light. In this thesis we focus our attention mainly
on the use of the nonlinear optics with or without state reduction to construct the
desired states.

In a modified version of Mach-Zehnder interferometer with a Kerr medium in one
arm, which we refer to as the asymmetric nonlinear interferometer, we can produce,
deterministically, the maximally entangled states for any photon number state should
we have Fock states available.

Currently, we do not have Fock states available for arbitrary numbers of photons.
As an alternative, we can try using coherent states, which are available from stabilized
lasers. As a matter of fact, using numerical computation we show that the uncertainty
of the phase shift reaches the Heisenberg quantum limit for just an input coherent
state in the asymmetric interferometer before it is injected in the main interferometer.

In a different setup, we propose a scheme involving nonlinear four-wave mixing in a
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modified version of a Mach-Zehnder interferometer to construct maximally entangled
states. The suggested scheme requests even numbered photon input states, so we
consider as inputs the even coherent states and the squeezed vacuum states. The
states right after the four-wave mixer are superposition of maximally entangled states,
in both cases. We show that the phase uncertainty reaches the Heisenberg limit of
sensitivity.

In another setup, we consider the twin Fock states as input states for a Mach-
Zehnder Interferometer. Holland and Burnett studied the uncertainties in optical
phase measurements obtained in Mach-Zehnder interferometer under the assumption
of twin Fock states input. By studying the phase-difference distribution for the states
inside the Mach-Zehnder interferometer, these authors concluded that the uncertainty
in the measurement of the phase difference approaches the Heisenberg limit asymp-
totically as the number of the injected photons passing through the interferometer
becomes large. Their approach was based on measuring the photocounting. In the
present work we take a different approach by measuring the parity operator at one of
the output beam.

These proposals for the use of parity measurements of the parity of optical fields
obviously demand a convenient way for its measurement. Parity measurements can
be done, in principle, by counting the photon number and raise (—1) to that power.
This method requires efficient detectors that distinguish the photoncount at a single
photon. Noting that parity measurements can be done without knowing exactly what
is the photon number, it suffices to determine either the photon number is odd or
even. All we need is to resolve the parity. To that end, we consider a symmetric

nonlinear interferometer, a device suited for resolving the parity of the signal light
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without the requirement of detectors of 100% efficiency. Another possible approach to
the measurement of parity is that of quantum non-demolition. This approach utilizes
a two-mode cross-Kerr interaction. Both nonlinear interferometer and cross-Kerr
interaction require a large nonlinear susceptibility.

We also use the parity measurement for tests of the local realistic theories against
quantum mechanics. To that goal, we propose a method for generating an optical
meso/ macro-scopic traveling-wave Greenberger-Horne-Zeilinger states. The proposal
is an extension of a method studied by Gerry. Taken into account the interactions
of the environment, we show that these states are still capable of demonstrating the
clash between local realistic theories and quantum mechanics.

The organization of this thesis is as follows. In Chap. 2 we review standard
quantum interferometry. We start with interferometric measurement in a regular
Mach-Zehnder interferometer with a coherent state as an input state in one mode
and the other input is left with the vacuum and obtain the standard quantum limit
for the phase shift uncertainty. Then we show an improvement in the phase shift
uncertainty measurement using a squeezed vacuum instead of the vacuum. Also we
study the phase shift distribution inside the interferometer and compare it to its
counterpart in the standard quantum limit. In Chap. 3 we study interferometry us-
ing maximally entangled states inside a Mach-Zehnder interferometer, and we show
that the phase uncertainty reaches the Heisenberg limit of uncertainty if parity is the
measured observable. Then we extend our discussion to include certain superposi-
tion states of maximally entangled states. Next, in Chap. 4, we suggest schemes to
construct maximally entangled states and states of superposition of maximally en-

tangled states. In Chap. 5 we examine the use of twin Fock states as input states for
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a Mach-Zehnder interferometer. Again using parity as the observable, we show how
this states also improve the phase shift uncertainty measurements to the ultimate
phase sensitivity. In Chap. 6 we consider possible schemes for measurement of parity.
First we consider the symmetric nonlinear interferometer as an alternative to precise
detection of photon numbers. Then we consider quantum measurements of parity
using a cross-Kerr medium. Next in Chap. 7, we propose an optical realization of the
GHZ state to perform test of quantum mechanics against realistic theories using the
photon number parity as the relevant observable quantity. We conclude our thesis
in Chap. 8 and in Appendix A we review the beam splitter transformations using
the angular momentum Schwinger realization. Appendix B is a brief review of the
quantum phase operator. Finally, in Appendix C we derive the expectation value of
the parity operator as function of time taking into account the dissipative interactions

of the environment using the master equation approach.
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Chapter 2

Standard Quantum Interferometry

In this chapter we review standard quantum limited interferometry mainly using co-
herent light. Coherent states of light are the most classical-like of all quantum states
of light and still on the quantum classical border. First, we describe briefly the
Mach-Zehnder interferometer (MZI) and calculate the phase shift uncertainty. It is
well known that there is an association between the phase distribution and the phase
sensitivity [1], so we describe the phase shift distribution inside the interferometer.
Nonclassical light can improve the sensitivity of the inteferomter [2]. For instance,
squeezed vacuum state can improve the phase shift sensitivity when injected simul-
taneously with coherent state in the inputs of an MZI, as we shall see in details in

the second section.

2.1 Standard Quantum Interferometry

An MZI consists of two beam splitters and a phase shifter (PS). In Fig. 2.1 we depict
a schematic of an MZI, where BS1 and BS2 refer to the two 50:50 beam splitters
of J; type. Using the Schwinger realization discussed in Appendix A, the unitary

transformation associated with BS1 and BS2 can be described with operators of the
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Figure 2.1: Mach-Zehnder interferometer: light is injected at the input ports, pho-
tomixes at the beam splitter BS1, experiences a phase shift ¢, and meets again at
the beam splitter BS2 before it exits at the output ports. Here the input state is
lin) = |a)4|0)s, a coherent state is injected at the input port ¢ and vacuum in the
input port b.

form
Ups1 = Usss = exp (mﬁ /2) , (2.1.1)
where
Ji = (@b + ab") /2, (2.1.2)

as defined in Appendix A, where & is the creation operator associated with the arm
a, and b with arm b.

We are interested in measuring an observable that is sensible to the phase differ-
ence @ between the two arms, where it is clear that ¢ = @, — ;. In the standard
interferometry, one does phase measurements by photocounting the output beams,
subtracting, and averaging. This method amounts to measuring <j3>0 , where J3 is

ut

defined in Eq. A.0.17. For the simplest case, let us assume that we inject a coherent
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state |a),, of average photon number N = |a|?, in the a mode and leave the b mode

with the vacuum as displayed in Fig. 2.1. The two-mode input state is of the form

lin) = |a)q[0)s, (2.1.3)

where a and b refer to the modes. It is convenient to rewrite the input state in

Eq. 2.1.3 as

lin) = Dq()0)4[0)s, (2.1.4)
where
Dy(a) = et (2.1.5)

is the Glauber displacement operator. The beam splitter BS1 causes the transforma-
tion
Ups1 [in) = exp (ird, /2) D(a, @)[0)a]0)s

(
= <z7rJ1/2) D(a, &) exp (—i7rj1/2) exp (z"/rjl/2) [0)4]0)s
< < )|0> |0), (2.1.6)

7§>b’ (2.1.7)

where Eq. A.0.28 has been used to derive Eq. 2.1.6. State in Eq. 2.1.7 is a two-mode

separable state. This is another indication of the fact that coherent states are nearly
classical. In fact, coherent states are classical-like quantum states; they are the most
classical of all pure states of light. Notice that mode b picks a phase shift, ¢, and that
is due to the type of the beam splitter, BS1. Boxes containing ¢, and @9 represent

phase shifts at arms a and b, respectively. The unitary transformation associated
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with these phase shifts is described by the following unitary operator
Upg = exp (igpldT&) exp (’L.QOQBT?)) . (2.1.8)

The phase shift right before BS2 results in

PN o\ | @ 16’
UpsUsgsi [in) = exp (ip1a1a) exp (z'gogbfb) ‘—> —> (2.1.9)
( ) \/§ a \/§ b
e iaei“’2>
— , (2.1.10
\/5 >a \/§ b )
After the beam splitter BS2 we obtain the output state
lout) = Uyrzy|in) (2.1.11)
= ﬁBSQUpsﬁBsﬂin> (2112)
a(ei‘pl — ei‘PZ) a(ei‘Pl + ei<p2)
= 2.1.1
e (2113
| (1 — e) e (1 + e*¥) (2.1.14)
N 2 . 2 - "

where ¢ = s — 1. The state in Eq. 2.1.14 is a separable two-mode state; there is no
entanglement involved and this is what one expects in the case of classical light. As we
have mentioned above, our goal is to measure a quantity that is sensitive to the phase
difference inside the interferometer. It is customary in the standard interferometry

to measure <j3> . Following this method, we obtain
out

N 1 PN
_ - Ata _ pf
<J3>out = >(out] (a a—b b) lout) (2.1.15)
2
= —l%l—— cos @, (2.1.16)

for the output state described in Eq. 2.1.14, where we have used the fact that coherent

states are eigenvalues of the annihilation operator

ala) = ala). (2.1.17)
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Using the same property we can compute

2 1 pen) 2
(J2) = (out| (a%a—b')" fout) (2.1.18)
= %(out! (&“&2 + 51282 + afa + blb — 2&*&61‘1}) |out) (2.1.19)

1
= 7 (laf*cos® o + |af’) (2.1.20)

to determine the variance

<(Aj3)2>out = %—E. (2.1.21)

Using error propagation analysis we can determine the phase difference sensitivity

Ay, and for this case it turns out to be

Agp = AAJ"’ (2.1.22)
alj) /o ]
’ < 3>out/ (P
1
= (2.1.23)
o[ sin @]
1
= — 2.1.24
V/N|sin g ( )
As ¢ — m/2, we get the minimum uncertainty allowed for a given N :
1

which is defined as the standard quantum limit (SQL). Besides a low phase difference
uncertainty, it is important to have a high signal-to-noise ratio (SNR). The SNR ratio

is defined for any operator O [3] as

)
SNR = ————. (2.1.26)
AO
For the standard quantum limit case we have
(%))
SNR = ——— (2.1.27)
J3
= N|cos¢|. (2.1.28)
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It is obvious that as ¢ — 7/2 the SNR — 0. This is a very low SNR. Thus we need
to look for another method which yields a higher SNR and a low Agp.

Let’s leave aside for now the issue of the SNR and examine the phase difference
distribution inside the interferometer. Han [1] has shown that the nature of the phase
difference distribution inside the interferometer, especially the width of peaks of the
distribution, are strongly correlated with the uncertainty in measures of the phase
difference.

To illustrate the properties of the phase difference inside the interferometer for
the case of the SQL, we review the phase distribution first. For a general two-mode

state |¢)(¢))ap the phase distribution is defined by

s 6] @l 2.1.29)

P(¢a, dol) =

where |¢,) and |¢,) are the phase states defined in. Appendix B, where it is clear that
the indices a and b refer to the modes. The phase-difference distribution is obtained

by integration over the sum of the phases,
o

D(bly) = i dpsP((¢s — 0)/2, (85 + 0)/29), (2.1.30)
where ¢,,0 = ¢o = ¢;. In Figs. 2.2, we plot the phase-difference distributions inside
the MZI for input coherent states with photon number average for (a) Ngs = |o|? =5
and (b) Ngs = |a|? = 10 while keeping the phase difference constant at ¢ = 0. These
figures display one peak centered at the origin, which what one would expect for
an interferometer with zero phase shift ¢ = 0 injected with classical-like light. It
is evident that the greater the average photon number gets the narrower the peak

becomes. Later we shall describe the phase distribution for the case of an input

squeezed vacuum state.
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Figure 2.2: Phase difference distribution D(6|0) inside the MZI for the input coherent
states for (a) |a|> = 5, (b) |a|? = 10 in mode a and vacuum in mode b. In (c) and
(d) we plot D(0|0) keeping mode a the same as in (a) and (b), respectively, but a
squeezed vacuum input state |£) in mode b with |¢] = 0.2.
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2.2 Interferometry with Squeezed Light

As an example of how a nonclassical state of light can improve the phase difference
sensitivity, we consider here the replacement of the vacuum state by a squeezed vac-
uum, as was first done by Caves [4]. Before we calculate the phase shift uncertainty
in this new setup, we compare the phase difference distributions in both situations.
In Figs. 2.2, we plot the phase difference distribution with the new input state for
(c) |a|? = 5, and (d) |a|? = 10 and |£| = 0.2. It is obvious that the injection of the
squeezed vacuum state in the mode b makes the distribution narrower as one can see
by comparing the distributions in Fig. 2.2 ¢ and d to those in a and b. This nar-
rowness is a good indication for the phase sensitivity. Notice that we choose a small
value of £ in order not to change significantly the average photon number inside the
interferometer, and for other consideration that we discuss below. It should be clear
that the change of the phase distribution is due mainly to the simultaneous injection
of the squeeze vacuum and the coherent state in input ports b and a, respectively.

Now we want to obtain <j3> , so we proceed as follows [5]:
out

011/[21j3UMZI = 0%510$30g52j3ﬁ]3s20ps0331 (2.2.1)
= Ul Ube JoUpsUss: (2.2.2)
= Ugs1 (— sin J; + cos <pj2) Usst (2.2.3)
= —sinpJ; + cos pJs, (2.2.4)

where Ugsi, Upsa, Ups, and 01\/121 = ﬁ3320p5U351 are the unitary transformations
associated with BS1, BS2, the phase shifter and the MZI, respectively. Also we have
dropped an irrelevant phase factor exp [i(gol + <,02)N /2| . Properties of the angular

momentum operators have been used to derive Eq. 2.2.4, (see Appendix A for more
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details). Finally, at the output of the MZI we have

(out|Js|out) = (in|U},; JsUnizi]in) (2.2.5)
= —sin (in|J; |in) + cos p(in|Js|in) (2.2.6)

The same way one can easily prove that [5]

(out| J2|out) = sin® (in|J?|in) + cos® @ (in|JZ[in) — cos ¢ sin (in| (j3j1 + j1j3) |in)
(2.2.7)
So far we have not specified [in). For a coherent input state injected in port a and a

squeezed vacuum state in port b, we have

|in) = |a)al)s, (2.2.8)

where |€) is the squeezed vacuum defined as

S(6)[0) (2.2.9)

= exp (%g*eﬂ — %&W) 0) (2.2.10)

)

Il

S(¢) is known as the squeeze operator, & = re®, r is the squeeze parameter, and ¢
is the phase of the pump field. Using the following identity of the unitary squeeze

operator [4]
S1(€)aS(€) = coshra — e#¢ sinh ra' (2.2.11)

one can easily prove that

(inlJy in) = -;- (Jof? — sinh?r) (2.2.12)
(in|Jy |in) = (in|J;Js|in) = 0 (2.2.13)
(in|J2|in) = i (la* + |o|? + sinh? 7 + sinh* r — 2|a|?sinh®r) (2.2.14)
(in|J?|in) = % [— (& + @®) sinhrcosh 7 + |af® + 2|af* sinh®r + sinh®r]  (2.2.15)
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which themselves lead to

I\ 2 1
<(AJ3) > = = [~ (a* + o?) sinh 7 cosh 7 sin® ¢ + |a|? + 2|a|? sinh® 7 sin® ¢ + sinh? 7]
out

4
(2.2.16)
- 1
(out|J3|out) = 3 (Jf? = sinh®r) cos ¢ (2.2.17)
For ¢ — /2 and |a|? 3> sinh?r we will have
Ap = —f%— (2.2.18)
o
e“?"
_ ¢ (2.2.19
o )
=L _ = e Asqr (2.2.20)

VN

where it is clear that N = |«|? in this case. This is an improvement by a factor of
e~ " over the standard quantum limit.

Such an improvement has been already achieved in experiments carried by Xiao et
al. [6]. This is still not the best precision we can get with an interferometer. For the
sake of comparison, we plot in Fig. 2.3 the phase uncertainty in Eq. 2.2.19 (solid line)
along with the standard quantum (dot-dashed line) and the Heisenberg (dashed line)
limits. It is clear that the line of the phase uncertainty is below the line of the SQL.
In next chapter we will show how we can reach the Heisenberg level of uncertainty

by using different states.
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Figure 2.3: The phase uncertainty Ay versus the average photon number N. The
solid line is our A¢ obtained from Eq. 2.2.19 for r = 0.2, the dashed line for the
Heisenberg limit Ay, = 1/N, and the dot-dashed line is for the standard quantum

limit ASOSQL = 1/\/]—V:
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Chapter 3

Interferometry with Maximally
Entangled States

Two-mode Maximally entangled states (MES) are states of the form
L
V2

also called the NOON states, where a and b represent the two modes. Notation on

IN 02, = —= (| N)a|0)s + €210)a| N)s) (3.0.1)

the left hand side of Eq. 3.0.1 has been introduced by Kok et al. [7]. In general, a

state of M photons entangled with N photons is denoted

IM = NY®y~ = -1\/5 (IM)aNYy + €23 |N Yo | M) (3.0.2)

As we showed in Chapter 2, in standard interferometry phase measurements are
performed by subtracting the photocounts on the output beams and averaging, which
amounts to obtaining <j3> . However, such a procedure does not work for the case

[9)

ut

where we have MES inside an MZI because <j3>out = 0, i.e., it is insensitive to the
phase shift. Thus we need to find an appropriate observable that is sensitive to the
phase difference and at the same time yields Heisenberg-limited sensitivities and has
a high SNR. One possibility is to measure j§ This was proposed in [8] but though

it displayed Heisenberg-limited sensitivity it has a restricted SNR. Let assume we

17
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gel:gst i Measurement
ato:

Figure 3.1: An interferometer to measure the phase ¢.

have a device that is used to generate MES. We shall refer to this device as MES
generator. Later we will discuss how we can realize MES generators. Right after the
MES generator we have |N :: 0)7,.

Suppose we have phase shifts ¢; and ¢,, as indicated in Fig. 3.1, that are described

by the unitary transformation
0ps = eimdft‘zeﬂpzé’fﬁ (303)

as introduced in Chapter 2. The state right after the phase shifts is

~ 1 .
Ups|N 1 0)2, = 7 [[V)a|0)s + €NeT2)[0), | NYs]
=[N = 0)0¢*e, (3.0.4)

where ¢ = @, — 1 and the overall phase factor €' has been dropped. To see if such
states are good candidates for phase measurement, we look at the phase distribution,

which we found, using Eq. 2.1.30, to be

D)) = % (1+ cos [N(¢ — ) + &]) (3.0.5)

In Figs. 3.2 we plot the phase distributions D(#|0) for the states in Eq. 3.0.4 for
(a) N = 5 and for (b) N = 10, where ® = 0. It is obvious that as N increases
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Figure 3.2: Phase difference distribution D(6|0) inside the interferometer of Fig. 3.1
versus the phase difference ¢ for the MES for (a) N =5, (b) N = 10.
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the distribution get more oscillatory with narrower peaks. The “frequency” of these
“oscillations” is 2N, so the peak-to-trough distance along the horizontal axis is as
1/2N, approximately the Heisenberg limit of resolution. This property makes the
MES an excellent candidate state for interferometry.

The question that we want to answer now is: what do we measure to determine
©?

To obtain the phase shift ¢ with these states, Kok et al. [7] have proposed the

measurement of the following operator:
Sy = [N,00(0, N| + [0, N){N,0]. (3.0.6)

It is easily found that <$N> = cos(Ny + @) for MES of Eq.3.0.4, and using error

analysis as in Eq. 2.1.22 we obtain

ASy
1 <2N>2
_ _~___|a <2N> /awl = 1/N, (3.0.8)

exactly the Heisenberg limit of sensitivity.

The question that one may ask now is: how can we physically realize any operator
that yields the same result as Sx? The answer turns out to be: photomixing with
a 50:50 beam splitter followed by parity measurements in one of the output beams.
Parity is determined by the operator IT = (—1)¥ if the measurements are carried out

at the b mode we rewrite this operator as:

A

I, = (—1)"", (3.0.9)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



21

MES
generator

Figure 3.3: A Mach-Zehnder interferometer to measure the phase difference ¢ =
@2 — @1 where the first beam splitter has been replaced by an MES generator.

which we can rewrite, for later simplification, using the formalism introduced in Ap-

pendix A as
I, = (—1)b't = ein(N/2-Js), (3.0.10)
where
N = atb + ab (3.0.11)
Jy = % (a'a - 515). (3.0.12)

The method of measuring the parity is an adaptation of the scheme proposed by
Bollinger et al. [9] in the context of atomic spectroscopy with N atoms. We shall
discuss the issue of parity measurements further in Chapter 6.

Now, suppose we have a MES generator entirely replaces the first beam splitter
in an otherwise ordinary MZI, as indicated in Fig. 3.3. In terms of the angular
momentum operator, the transformation associated with the beam splitter BS in

Fig. 3.3 has the form

Uss = exp (mjl /2) . (3.0.13)
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If the output states of the MES generator is given by Eq. 3.0.1, and if the result

of the phase shifts by Eq. 3.0.4, then the output state of the MZI is
lout) = Ugg|N :: )N‘Hq’. (3.0.14)

The expectation value of the parity operator in the output b can be calculated as

follows
<f1b> = (out| U 1T, Uzt fout) (3.0.15)
= NN = O|ULsTT Uss|N = 0) )¢ (3.0.16)
Ncp-Z‘I;<N Ole 1,7rJ1/2 z7r(N/2 J3)6z7rJ1/2|N O>N<p+‘1> (3017)
th-l—tI) <N Olezer/Q upJgemJge ipJa IN 0>N<p+<1> (3018)

where we have used following identity

e—iwj1/2e—iﬂj36i7rj1/2 — _eiﬂ’j2_ (3019)

Expression in Eq. 3.0.18 can be simplified, using the identity in Eq. A.0.13, to this

simple form

. — &+ Ny), N ,
<Hb> _ cos( ©) even (3.0.20)
sin(® + Ny), N odd.
The phase uncertainty for NV either even or odd, is found to be
A=~ (3.0.21)
(AL 0y
1
= —=A .0.22
N YHL, (3.0.22)

exactly the Heisenberg limit of sensitivity, where AIT, = (1 — (AIL,)2)Y/2 owing to the

fact that ﬁ,% = 1. Note that the result is independent of the phase difference ©.
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Now let’s consider a more general case: superposition of MES at the output of the

MES generator. In particular we assume that we have an entangled coherent state

given as
1 . .
o 0)2% = = (|a)a|0)s + €?]0)o]e®a)s) (3.0.23)
T2
=Y en|N =0yt (3.0.24)
N=0
where
2 al
cy = exp (—|a|7/2 . 3.0.25
v = exp (~lof’/2) T (3.0.25

We have introduced the symbol | :: O)Z’,‘f in an obvious way to represent the entan-
glement of a coherent state and the vacuum as defined by Eq. 4.0.1. In Chapter 4
we will discuss how to generate states in Eq. 3.0.24. In this section we assume that
¢ = 6 = 0, without any loss of generality, so we drop the superscript. The phase

shifts result in
Ups|o 12 0)qp = |e™" = 0)0%, (3.0.26)

where Ups is the transformation associated with phase shifts and ¢ = @9 — 1 as
before. Again we want to examine the phase-difference distribution of these states. It

is easy to show that the phase distribution inside the interferometer with these states

is given by
1 X e lod?|g)2n
D(ble) = 5 > -% [1+ cos [N (¢ — 0)]] (3.0.27)
N=0 )

where we have used result in Eq. 2.1.30. In Fig. 3.4, we plot D(6|0). By comparing
graphs (a) and (b) in Fig. 3.4 we can deduce that the envelop gets more localized

and the oscillations inside are of a higher “frequency” as the average photon number
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|a|? gets larger. This makes the entangled coherent states very good candidates
for interferometry. So, we now consider the phase uncertainty in the case of the
entangled coherent state. In order to calculate ,;{c :: Olflb]a :2 0)4, we need the
following result:

exp(im N /2) exp(ipJs) exp(imJy) exp(ipJs)|a :: 0)q

= - [l— a0 + il0)aliae )] (30.28)

V2

= | — e Q)P (3.0.29)

a?
where we have used identities in Eq. 3.0.19. We thus obtain

<f[b> = 7r/2,—2(40+7r£’2b) (a . Olﬁbla .. 0>;r,/b2,—2((p+7r/2)

— e [1 + e ¢ sin (N sin go)} , (3.0.30)

where Eq. 3.0.15 has been used and N = |a|2. Also we have

a(fly) )

——r= Ne=NV=e59) ¢o5(¢p + Nsin ). (3.0.31)
¥

The phase uncertainty may again be calculated according to Eq. 3.0.21. This time

Ay will clearly depend on ¢. Suppose we take ¢ — 0. In this case we find that

()], ="
and
d <H,,> /dgo}wzo =N

and thus

Ap=+V1-e2V/N, (3.0.32)
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Figure 3.4: Phase difference distribution D(6|0) inside the interferometer of Fig. 3.3
for entangled coherent states for (a) |2 = 5, (b) |a|? = 10.
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which clearly goes over to 1/N for large N. (In fact, this result is valid for ¢ =
27k, k = 0, 1, 2,... .) But suppose ¢ deviates from zero by only a small amount
0 < 1 as anticipated for a weak signal in the interferometer. Letting ¢ = 6 < 1 we

then have
<ﬂ,,> ~ eV 4 e V9 25in(No). (3.0.33)

If N is large but N§2/2 still small we have <ﬂb> ~ sin(N6) and thus Ap =~ 1/N.
In Fig 3.5 we plot the exact phase uncertainty A¢p (solid line ) vs IV for three values of
¢ a bit removed from zero: (a) ¢ = 7/45, (b) ¢ = 7/18, and (c) ¢ = /7. For the sake
of comparison we also include the curve for the Heisenberg limit, Apy, = 1/N (the
dashed lines) and standard quantum limit given by Apgqr, = 1/ VN (the dot-dashed
lines). We note from Fig 3.5 (a) for ¢ = 7/45 that apart from the spikes at around
N = 21 and 69, the curve we obtaiﬁ follows very closely that of the Heisenber-limit
curve. The spikes occur simply because of the periodic functions in <ﬂb> and its
derivative. In Fig. 3.5 (b) for the larger phase difference ¢ = 7/18 we find more
spikes but nevertheless the same general trend that for a wide range of N our curve
is close to the Heisenberg limit and considerably below that of a standard quantum
limit. For the phase difference as high as ¢ = /7, however the correspondence to
the Heisenberg limit breaks down and generally even exceeds that of the standard
quantum limit as indicated in Fig. 3.5 (c). But as we have said this breakdown
may be of no practical consequence if one starts with an interferometer calibrated
to ¢ = 0, and if the expected signals are very weak causing only small disturbances.
MES generator of this section will be discussed thoroughly in next chapter. We will

see that it can be realized using interferometry and large nonlinear Kerr media.
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Figure 3.5: The phase uncertainty Ay versus the average photon number N = |o|?
for an ECS inside the interferometer for (a) ¢ = 7/45, (b) ¢ = 7/18, and (c¢) ¢ = /7.
The solid line is our A obtained from Egs. 3.0.30 and 3.0.31, the dashed line for the
Heisenberg limit Apgy, = 1/N, and the dot-dashed line is for the standard quantum

limt AQOSQL = 1/\/]—V—
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Chapter 4

Generation of Maximally
Entangled States

Two-mode photonic MES are states consisting of a superposition of the photonic
states in which all the photons are in one mode or all in the other mode. Their

generic form as mentioned in Chap. 3 is
1 .
[N = 0)5) = —2(IN)a|0)b + €7 |0)g| N }s) (4.0.1)

where a and b refer to the modes. Using beam splitter we construct MES for N =1
and N = 2, as we will see in details. For N > 2, beam splitters, which are linear
devices, cannot alone produce MES [10]. This suggests perhaps nonlinear devices
may be used. MES can also be constructed using state reduction. But this is limited
to low N. In this chapter we study more than one scheme to generate MES. First we
review constructions of MES using just beam splitter and sources of single photon.
Next we discuss a novel apparatus to generate MES for any N, should large nonlinear
Kerr medium and N photon states be available. Then we study a scheme to construct
MES for even N only using the nonlinear four-wave mixer, and its applications in

interferometry.

28
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Iy

Figure 4.1: A beam splitter is injected by (a) a single photon and vacuum in the two
input ports 0 and 1, respectively, result in the creation of MES for N = 1. (b) Two
single-photons injected simultaneously at each port of the beam result in the creation
of an MES for N = 2.

4.1 Beam splitters and MES

MES for N = 1 has been already produced using a beam splitter and and a source
of one-single photon state. The same way in the case of N = 2, one can produce
MES by injecting pairs of single-photon states, maybe obtained from nondegnerate
down-conversion, simultaneously into the input ports of a 50:50 beam splitter. For
simplicity, we start discussing schemes to generate MES with N = 1 and N = 2.
States in 4.0.1 can be constructed in principle for N = 1 with a single photon and

a 50/50 beam splitter, see Fig. 4.1 (a). Using the formalism developed in Appendix
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A, it is easy to see how a single photon, |1), at one port and the vacuum, |0) at the

other input port we can generate an MES for N = 1. Let the input state be
|in) = [1)0/0):
= }/0)0[0)1, (4.1.1)

as it is depicted in Fig. 4.1, where d;f is the creation operator related to input port

i, 1 = 0,1. The action of the beam splitter rotates the states into

Ugslin) = Upsab UL Ugs|0)]0)1 (4.1.2)
= % (a + 4} ) 10)a10)s (4.1.3)
1 .
=% (I1)2]0)5 +4]0)2[1)a) (4.1.4)
=11 0)3%, (4.1.5)

where we have used the identity in Eq. A.0.27 and Ugg|0)|0)1 = [0)2]0)s.
Similarly, we can construct |2 :: 0);”3 by injecting a single photon at the port 0
and another single photon at the port 1 as depicted in Fig 4.1(b), so the input state

this time is

= a}al[0)o|0)1. (4.1.6)

The action of the beams splitter leads to the following result

Upsin) = Upsad Ul sUpsal UL Ups|0)0]0)1 (4.1.7)
1o ) [ont
- ( f 4 mg) (m; n ag) 10)]0)3 (4.1.8)
—1
=5 (12)2]0)3 — [0)2[2)3) (4.1.9)
= [2:: 0)33, (4.1.10)
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where d;‘ is the creation operator related to the output port #; 2 = 2, 3. This is all we
can do with only linear optics. In order to go beyond N = 2 one needs to use either
states reduction, nonlinear optics, or both. In this work we address mainly the use

of the nonlinear optics.

4.2 Nonlinear interferometer as resource for MES

Now we consider a way to generate MES using a device known as a nonlinear in-
terferometer. We consider an asymmetric nonlinear interferometer (ANLI) which is
characterized by the presence of a Kerr medium in just one arm (a symmetric non-
linear interferometer will be consider, for different purpose, in Chap. 6).

Fig. 4.2 depicts a sketch of an ANLI. It is a Mach-Zehnder interferometer with a
Kerr medium in one arm. The beam splitters BS1 and BS2 are 50:50 y type, so the
unitary transformation associated with them is Upg = exp(im.j;/2) as before. The

Kerr effect interaction is described by the interaction Hamiltonian [11, 12]
Hy = hxa'?a® = hy [(ata)? — afa) (4.2.1)

where here x is proportional to the third-order nonlinear x® of the medium. Many
authors employ a truncated version where the term linear in the photon number
operator is dropped [13, 14]. We will use this more realistic form but in order to
more easily obtain our desired result we shall need to compensate for the effect of the
linear term. This accounts for the presence of the phase shifter in the counterclockwise
beam. Shortly we shall specify the required value of the phase shift ¢,. The unitary

transformation associated with the Kerr interaction is

Uk .o = exp(—iHgtg /) = exp(—ix(a'a)?) exp(ira'a). (4.2.2)
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Figure 4.2: The asymmetric nonlinear interferometer.

Obviously tx = l/vk is the time for light to cross the Kerr medium, [ is the length
of the medium, vk is the velocity of light in the medium, and x = xl/vk. In what
follows we assume that the third-order nonlinear susceptibility is large enough to
maintain the condition x = 7/2, so for further simplification. There are prospects
that such nonlinearities will eventually become available through the techniques of the
electromagnetically induced transparency [15, 16, 17, 18]. It is perhaps worthwhile to
recall here that many proposals for quantum nondemolition measurements of photon
number require Kerr interactions, either self-interactions of the type in Eq. 4.2.1 [19]
or cross-Kerr interactions between two modes [20, 21], with large nonlinear suscepti-
bilities of the magnitude required in the present work.

For simplicity, let’s assume we are injecting the interferometer depicted in fig-
ure 4.2 with an input coherent state in mode a and the vacuum in mode b. Later we
can get the result for N-photon by projection. In any case the input state is given
by:

|in) = |@)a|0)s. (4.2.3)
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It is convenient to write the last expression as
lin) = Dy (a)|0)a|0)e, (4.2.4)

where D, () is the Glauber displacement operator as defined in Eq. 2.1.5.

Just after the first beam splitter, we obtain

[71331|in> — ei'/rjl/2ea&T+a*de—iwf1/2ei7rj1/2|0> (425)
A o A o
=D,|—=]|Dy|—= ][0 4.2.6
(wﬁ b<v5)|> (4:2.6)
o o
=|—= — ) , 4.2.7
\/§> \/§> b (4.27)

where we have used the identity in Eq. A.0.28. Notice that state in Eq. 4.2.7 is

separable and the mode b picks a /2 phase shift as one would expect for a classical-

like light. The phase shifter transforms the state in Eq. 4.2.7 to

A A . id.ata | & 0
UPSUBSlIlIl) —= e $ad! —\/—§> E> (42.8)
a b

_ %> %>b (4.2.9)

We now apply the operator UK,a of equation 4.2.2 for k = /2 to obtain the

following result

S (5) B =16

e’ (@at3)
2 a

V2

At this stage, we choose ¢, = —7, and the identity

ioi>(). (4.2.10)

_ 1
V2

which is a form of Schrodinger-cat state usually known as the Yurke-Stoler state [5].

exp (—iz(a'a)?) |6)

3 (e7/4|8) + €™/4| - B)), (4.2.11)

Applying this result, we rewrite the state in Eq. 4.2.10 as

o) 5))

z%>b (4.2.12)
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The second beam splitter performs the transformations

UBsg —ﬁ>a ’l%>b = [0)a|ia>b, (4213)

and
o

_7§>a z%>b = | — a)a|0)s, (4.2.14)

therefore the output state, apart from an overall irrelevant e**/* factor, reads:

Uss2

1 , .
75 100alic)s + il = )alO)s] (4.2.15)

=i| — a0, (4.2.16)

lout) =

where the definition in Eq. 3.0.23 has been used. This is the same type of state we
have used for interferometry in Chap. 3, apart from phases. In terms of the number

states, the state in Eq. 4.2.16 can be expanded into

[Ol 0> /2, 7T/2 —|a| /2

\/g NZO\/— NINYa|0) + €N ]|0)g|N)s] ,  (4.2.17)

where ®y = —(N + 1)r/2 and an irrelevant overall ¢/2 factor has been dropped.
Furthermore, it can be deduced from Eq. 4.2.17 that with an input state such as

lin) = |N),|0), the output state will be the MES, up to a factor,
lout) = (=1)"|N :: 0)77, (4.2.18)

this being, apart from the phase factor (—1)", the same state we have mentioned in
relation to the MES generator in Chap. 3. Of course, to obtain this ultimate result
one must be able to generate number states |N), to inject into the NLI; and the higher
N the better. Some progress has been made in that direction [22] but there is as yet

no available source of optical number states for arbitrary V. In general an input state
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of the form

lin) =" en|N)al0) (4.2.19)

will result an output state in the form of a superposition of MES’s

lout) = \[ZcN 1NN = 0)5% (4.2.20)

For the sake of completeness we state the result of inputing arbitrary coherent
states |a), and |B), in modes a and b, respectively, i.e., |in) = |a),|B)s. Retaining the

choice of phase ¢, = —7/2, it is straightforward to obtain the output state

1o .
E[W)almb + i = a)alB)el, (4.2.21)

an entanglement of coherent states. Entangled coherent states have been much dis-

lout) = |a :: Blap =

cussed in the literature, especially in connection with application in quantum infor-
mation theory [13, 23, 24, 25, 26, 27, 28]. Expressed in terms of number states,
o 12 B)ay = el +18/2 Z Z WVIN 2 Mgy (4.2.22)
N=0 M= 0
where ®y; = —7(N — M +1)/2 and where again an irrelevant overall e?™/2 factor has
been dropped. Thus we have a superposition of the entangled states |V :: M )QN M of
Eq. 3.0.2. From this result we deduce that for the input states |N),|M), we obtain

the output state [N :: M )22’ M apart from an irrelevant phase factor.

4.3 Nonlinear Four-wave Mixing as Resource for

MES

Another possibility for generating MES involves a nonlinear four-wave mixer. This

method is not as general as that discussed in the previous section, as it seems to work
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Pump in:

[N >a \ |
NFWM

0, — T

Signal in:

Figure 4.3: Nonlinear four-wave mixing with a vacuum in the signal input mode and
a Fock state |N), at the pump mode.
only for even number states. The interaction Hamiltonian for a degenerate four-wave

mixer (FWM) is given by [29]
ALy = h% (a*QiF + a28T2) , (4.3.1)

where ) is proportional to the nonlinear susceptibility X%)/V  of the four-wave mixing

process in the medium. The Kerr interaction of the medium is given by [5]
. K . oun
HYorr = h-2—eﬁab*b, (4.3.2)

where the self-modulation terms of the form (a'a)? and (b'5)2 can be dropped by
choosing the resonances of the medium in an appropriate way [30], and K is pro-

@3)

Kerr:®

portional to the Kerr susceptibility x In the assumption that 2 = K, maybe
possible through the enhancement of Kerr nonlinearities using the electromagnetically
induced transparency, as we have mentioned above. Then the complete interaction

Hamiltonian for the medium takes the form

A o ~ Q A
H' = h%(aﬂ‘b? + a%b?) + h—iafabfb (4.3.3)

This is the Hamiltonian for the NFWM as discussed by Yurke and Stoler [5]. It con-

sists of two competing nonlinear process, four-wave mixer and cross-Kerr. Assuming
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that modes a and b are degenerate with frequency w, the Hamiltonian is
H = tw (&Ta + bt IS) + h%— (aTB + 6*&)2 . (4.3.4)
In term of the angular momentum notation of Appendix A
H = 2whJy + QrJ?. (4.3.5)
With |N), and |0), as input states in pump and signal modes, we would obtain
lout) = exp (-—mjf) |in). (4.3.6)

From Eq. A.0.21 and the following identity

T2\ s N 5
exp (z§J2> J1 exp (_ZEJQ) = Ja, (4.3.7)
we can write
J
. T A . 2 () Vs .

lout) = exp(z—z—Jg) m;j exp (—ikm?) d,; (5) |7, m), (4.3.8)

where k = Qt and
d9(0) = (j, m| exp(—i8.5) |5, 5) (4.3.9)

for any angle §. From now on we take x = /2. Further, we can modify equation 4.3.9
to

(=1)d%).(8) = (j, m| exp (—mjg,) exp (—iejQ) 15, 1) (4.3.10)
for later simplifications. Now, let assume that N is even so 7 and m are integers. It

can be shown that

exp (igmz) _ exp (—in/4) +gp(i7r/4)(—1)m, (4.3.11)
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NFWM

b

Figure 4.4: Modified Mach-Zehnder interferometer to measure the phase ¢ where the
first beam splitter has been replaced by an nonlinear four-wave mixer operating under
the conditions required to produce maximally entangled states for an even input state.
Detection is performed only on the output & mode.

then equation (4.3.8) can be simplified [31, 32, 33] to

out) = —=[13 )+ exp (i) i, ~3)]. (4.3.12)
which can be written as
lout) = — [|N)[0) + exp (—idy) [0}| )], (4.3.13)

V2
where j = N/2.

In summary, for a Fock state |N) with NV even, one can generate, in principle,
a maximally entangled state of Eq. 4.0.1 at the output of the nonlinear four-wave
mixer. It is straightforward to generalize it to the case where the input state is a
superposition of even photon numbers. As this is a different superposition than the
one discussed in Chap. 3, containing only even number states, we again study the
phase uncertainty for these states.

In Fig. 4.4, we illustrate out prototype for interferometric measurements with a
Mach-Zehnder interferometer device except where the first beam splitter has been

replaced by an NFWM.
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Now first we consider as input to the NFWM the more general state consisting of

a superposition of only the even number states which we write as

lin) = > Com|2m)a, (4.3.14)
m=0
and for which the average photon number
o
N =>"2m|Conl?, (4.3.15)
m=0

The output of the NFWM is now

|out)NFWM = Z sz|2m BN 0>¢?,b: (4316)

m=0

where we have used results derived in Eq. 4.3.13. And the expectation value of the

operator IT, of Eq. 3.0.10 is then

i — 2/ 1)2
<H”> NFWM n; |Com|*(—1)" cos(2me + o), (4.3.17)

where this time ®o,, = (2m + 1)7/2.
We consider two particular input states: the even coherent states and the squeezed

vacuum states. For the former, the state is denoted |2) gcs and the coefficients are [34]

Cm = [cosh(|z])] 7> (4.3.18)

2m)!’
The average photon number is Ngpos = |2| tanh(|z|). Recall that the photon num-
ber probability distribution is similar to that of the Poisson distribution but the
important difference that all the odd number states have zero probabilities. The
peak of the distribution is near Nzcg. The parameter z is 0 < |z] < oo. The even

coherent state may be written as a superposition of the usual coherent states as

p0s = = (1+¢72) (1) + | - o)), (4319)
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which is a form of Schrodinger cat state with z = a%. The output state in this case

may be written as

1 .
lout)vrwar = 5(12)Bes,al0)s — i|0)al2) BOs), (4.3.20)

an entanglement of the vacuum and even coherent states.
For the squeezed vacuum state, which we denote in the customary way as |£)sv,

the coefficients are

(2m)!

Com = (COSh 7")_1/2(—1)m——2—7n-7n'—

(e’ tanh )™, (4.3.21)

where £ = e tanhr, 0 < 6 < 27, 0 < 7 < 00, r being the squeeze parameter. The
average photon number for this state is Ngy = sinh?r. The corresponding photon
number probability distribution is similar to that of thermal light except that, again,
all odd states are missing and, of course the squeezed vacuum states are pure states.

In this case we have

fout)wewar = 5 (1€)sval0)s = i10)a] ~ E)sv), (4.3.22)

As it turns out, there exists closed form expressions for <flb> for each of these

states. For the even coherent states
<f[b> s =" sinh(|z| cos ¢) sin(|z| sin ¢) cosh |z, (4.3.23)
E

and for the squeezed vacuum states

i - _ ‘12 . 92 \1/4
<Hb>ECS = —sin(A/2)/ (1 + sinh*(2r) sin® @) ", (4.3.24)
—a] 2 3
A=t ( e Tzsm(?f) ) (4.3.25)
1+ 2sinh®rsin®
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Figure 4.5: Phase difference uncertainty Ay for the input even coherent states (solid
line) along with Agggr, (dot-dashed line) and Apgy (dashed line) for (a) ¢ = /45,
(b)e =

7/18. The dashed lines represent the Heisenberg limit 1/Ngcg while the

dot-dashed lines represent the standard quantum limit 1/4/Ngcs.
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For an MZI calibrated to ¢ = 0, it is easy to show that Ay = 1/N, N being
either Ngcg or Ngy. Thus for an interferometer with zero phase shift ¢ = 0, we
obtain sensitivities at the Heisenberg limit in terms of the average photon number
of the input even state. This procedure of using an even coherent state as an input,
a state that is perhaps a challenge to generate in its own right, makes it possible to
approach the Heisenberg limit of sensitivity without the need for generating an even
number state for the input to the NFWM. But for the case of an MZI where ¢ # 0,
the phase uncertainty will generally deviate from the Heisenberg limit but may still
be improved over the corresponding standard quantum limit.

In Figs. 4.5 we plot the phase uncertainty versus average photon number for the
input even coherent state. Fig. 4.5(a) is for ¢ = 7 /45 while Fig. 4.5(b) is for ¢ = 7/18.
The exact Heisenberg-limit curve Apg, =1/ N and the standard quantum limit curve
Apgr =1/ v/N are also shown. Aside from the periodic spikes the phase uncertainties
closely follow the Heisenberg-limit curve, at least for small ¢. We notice that, even
when o is large enough to cause significant deviations from the Heisenberg limit, the
phase uncertainty is still lower than the standard quantum limit.

In Figs. 4.6 we plot the phase difference distribution D(¢|0) with even coherent
input states for (a) N = 10 and (b) N = 42. The plots are dominated by a horizontal
plateau with two envelops separated by 7 radians of “rapid” oscillations peaks. It is
clear the larger the average photon number, greater the “frequency” of the oscillation
and the more compact become the envelops.

But for the squeezed vacuum input, the situation is different. For ¢ only slightly
different than zero, there are significant deviations from the Heisenberg limit as is

shown in Fig. 4.7 for ¢ = 7/90. It is evident that the phase uncertainty in this case
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Figure 4.6: Phase difference distribution D(6|0) inside the MZI versus the phase
diffe_rence between arms b and a for the input even coherent states for (a) Npcs = 10,
(b)Ngcs = 42.
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Figure 4.7: Phase difference uncertainty Ay for the input squeezed state (solid line)
versus Ngy along with Agpggr, (dot-dashed line) and Agpg; (dashed line) for ¢ =
7/90.

becomes markedly noisy as the average photon number increases, even exceeding that
of the standard quantum limit. The difference in the results obtained for these two
types of input states lies in the nature of the respective photon probability distribu-
tions. For the even coherent states, even though all odd number states are missing,
the photon number distribution is peaked near the average photon number Ngcg.
For the squeezed vacuum the distribution is thermal-like and for increasing Ngy be-
comes extremely flat. This in turn means that a wide range of number states are
contributing to the expectation value of the operator II,. Clearly it is not enough just
to have a superposition of even number states but rather there needs to be at least
some degree of localization in the photon number distribution. Ideally it appears
that the distribution should be sub-Poissonian. Recall that for an input even number

state (a number state being the ultimate sub-Poissonian state) the phase uncertainty
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Figure 4.8: Phase difference distribution D(#|0) inside the MZI versus the phase
difference between arms b and a for for the input squeezed vacuum states for (a)

NSV = 406, (b)NSV = 15
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is exactly the Heisenberg limit with no dependence on the phase . But as it is well
known, the squeezed vacuum states are super-Poissonian, just the opposite of the
ideal input states.

In Figs. 4.8 we plot the phase difference distribution inside the interferometer for
the squeeze vacuum input states for (a) Nsy = 4.06 and (b) Ngy = 15. These plots
consist mainly of two peaks separated by 7 radians. A change in the average photon
number does not create any more oscillation in the phase distribution except making
the peaks slightly narrower, so this phase distribution lacks localization. This is in
contrast to the case of the even coherent states. One concludes from this comparison
that a well localized phase distribution inside the interferometer is a good indication
in the precision of phase shift measurements when using the parity measurements on

one of the output beams.
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Chapter 5

Interferometry with Twin Fock
States

Some years ago, Holland and Burnett [35] studied the problem of optical phase shift
measurement with use of twin Fock states |N),|N),, where N photons are simultane-
ously injected into the output of a MZI. In a previous work [36], Holland and Burnett
concluded that the phase measurement approaches the Heisenberg quantum limit as-
ymptotically using the usual method of subtracting the photocurrents at the output
beam splitter of the MZI. It turns out, that balanced detection is, in principle, not
a functional method for interferometry with this class of input states, because, as in
the case of MES, (J5) = 0. Hillery et al. reexamined the original detection method,
pointing out that there are {wo narrow peaks separated by m radians. In Fig. 5.1,

we picture a Mach-Zehnder interferometer with twin Fock states input |N),|N)s, the

47
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Figure 5.1: Mach-Zehnder interferometer with twin Fock state as an input state.

state inside the interferometer just after the BS1 is given by the expansion [10]

|¥2n) = Uss1 in) (5.0.1)
N AL
= Uss1—77—10)a[0)s (5.0.2)
.N N
- st ot (ot it
= s [ (a0 a1) (@ =) ] [0)alohs (5.03)
v e\ N
~ ON NI (aT2 + bT2) 10)al0)s (5.0.4)
1/2
NI 2 N — 2
_ ¥ q q B
- QN; K ‘ ) ( % 12q)a|2N — 2q)s (5.0.5)

where we have used results of Eq. A.0.27. We refer to the state in Eq.5.0.5 as the
arcsine (AS) state. We assumed that the 50:50 beam splitter BS1 of Fig. 5.1 is of J;

type. The two photon (N = 1) version of this state is basically a MES

1

7 (12)al0)s — [0)a]2s) , (5.0.6)

o) = [2::0)5p =
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that has long been available in the laboratory [37]. The four-photon version (N = 2)
given by

3
o0 = y/2H 007, = S22 (507

was also detected in experiments by Ou et al. [38]. With the phase shift operator in
the both modes (as in Fig. 5.1) represented by Ups = exp(ipJs), the state just prior

to the second beam spitter BS2 is

1/2

N & 2 2N — 2
2 > . ? 3 — q q
UpsUgs: [in) = oN ZeQ“’(N ) [( ) ( 12¢)a|2N — 2¢);. (5.0.8)
q=0

q 2q
Evidently, there are strong correlations between the photon number states of the
two modes. Because of this, the only nonzero elements states of the joint photon
number probability distribution are the joint probabilities for finding 2k photons in

mode a and 2N — 2k in mode b given by

Pas(2k,2N — 2k) = |o(2k|5(2N — 2k[3pan)[* (5.0.9)
2k oON — 2k 1\*¥
(O e

forming a distribution known in probability theory as the fixed-multiplicative discrete
arcsine law of order N [39]; hence the name for our state. This should be contrasted

with the distribution for the MES of Eq. 3.0.1, which takes the form
1
PMES(2]€, 2N — 2k) = 5(5]9,() + 5k,N)- (5011)

In Fig. 5.2 we plot (a) the elements of the joint number distribution Pygs(2k, 2N —
2k) and (b) the elements of the joint photon number distribution Pas(2k,2N — 2k)

for N = 10. For the arcsine distribution we see the characteristic “bathtub” shape of
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Figure 5.2: (a) Photon number distribution for the maximally entangled states for
2N = 20; (b)the same for the arcsine state.

an arcsine distribution. Although it would seem from the pictured joint distribution,
that the arcsine states represent a poor candidate for precision interferometry, they
in fact provide an excellent approximation to the Heisenberg limit in selected ranges
of phase difference, as we will see later.

Holland and Burnett [35] assumed that the measurement of the phase difference
in the two arms of the MZI could be carried out in the usual way by subtracting the
currents of the photodetectors placed at the output ports of the second beam splitter
BS2, essentially measuring the operator a'a — bib at the output. But for states of the
type of Eq. 5.0.8 inside a MZI, this difference will vanish, thus yielding no information
on the relative path lengths. This is a result of the symmetry between the two modes
of the states inside the MZI. Alternatively, as Hillery, Zou, and Buzek [8] pointed out,
the phase-difference distribution just prior to BS2 consists of two narrows peaks, as

shown in Fig. 5.3 and it is this double peaked structure that accounts for the vanishing
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of the difference in the output fields at BS2. In any case, the photon number difference
operator is not a useful measure of the phase difference ¢ for input twin Fock states.

We now illustrate the phase properties of these states. In Fig 5.3 we plot the phase
difference distribution (a) 2N = 10 and (b) 2N = 20. The distributions consist mainly
of two narrow peaks. Their widths go ~ 1/2N for large N, similarly to the MES.
This makes the AS states good candidates for the Heisenberg-limited interferometry,
as we shall see below.

We consider a detector that is placed at one of the output beams, for instance, the
b mode. Again we choose the parity operator IT, = (—1)5”3 = exp(inbth). With the
operator representation for the beam splitter BS2 [5, 10] as mentioned in Appendix

B, Ugss = exp [—iw(fﬁi) — abt)/ 4} , the expectation value of the parity operator is

<ﬂb> = (VN 90)|(71§sgﬁbﬁ3s2|\1’2N(90)> (5.0.12)
N
= g e ( » ) ( o ) (5.0.13)
2 q=0 q 2(]

The imaginary part of the expression in Eq. 5.0.14 sums identically to zero as a sum
of odd functions. The surviving part can be written in terms of Legendre polynomials

[36]:
<ﬂb>N = Py [cos(2)] . (5.0.14)

The phase uncertainty given from the error propagation as expressed in Eq. 3.0.21

is

Al
Ao W (5.0.15)
[sin(2p) /1 — (Puleos(2¢))) (5.0.16)

T 2N |cos(2¢) Py[cos(2¢)] — Py—1[cos(2¢)]]
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Figure 5.3: Phase difference distribution D(#|0) inside the MZI versus the phase
difference between arms b and a for for the input twin Fock states for (a) N = 5,
(b)N = 10.
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where AIl, = \/(ﬁ,%) — (ﬁb)2 = \/1 — (ﬁb>2 as ﬂg = J. For N = 1 we have <1_Ib>1 =
cos 2¢ so that Agp = 1/2, the Heisenberg limit for a total of 2N = 2 photons. For N =
2 (the photomixing of the photons with two photons) we have <f[b>2 = (3cos?2¢p —
1)/2 = (1 + 3 cos4y)/4, from which we obtain, in the limit ¢ — 0, Ap = 1//12 =
0.2886, which is just above the Heisenberg limit of Apgr = 1/4 = 0.25, and still
considerably below the standard quantum limit of Apggr =1/ V4 = 0.5, for a total
of 2N = 4 photons passing through the interferometer.

Assuming now that ¢ = 0, we plot in Fig. 5.4(a) the phase uncertainty Agp
obtained from out states as a function of N along with Apgy = 1/2N (dashed
line) and Apsgr = 1/v/2N (dot-dashed line), where it is clear this is time that
the total photon number inside the interferometer is 2N. We notice that the phase
uncertainty for the parity measurement very rapidly approaches the Heisenberg limit
for increasing photon number 2V and is always much less that the standard quantum
limit. In Fig. 5.4(b) we plot the phase uncertainty for ¢ = 7/90 = 0.0349 rad
from the origin. Evidently, for certain photon numbers, the phase uncertainty blows
up due to periodic nature of (ﬁb), but then there are other photon numbers where
the uncertainty is still below the standard quantum limit. Therefore the twin Fock
states |IN),|IN), may still be of use for interferometry for certain N even when the
phase difference ¢ # 0. Of course, for very weak phase shifts, as are expected from
gravity waves, and starting from an interferometer where ¢ = 0, we still can expect

high-resolution phase measurements over a wide range of input phase numbers.
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Figure 5.4: Phase difference uncertainty Ay (solid line) along with Apggr (dot-
dashed line) and Apgy (dashed line) for (a) ¢ =0, (b)e = /90.
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Chapter 6

Measurement of Parity

Parity measurements play a crucial role in this thesis. In principle, we can perform
parity measurements by counting the number of photons precisely, so we can deter-
mine its parity. This method relies on the exact number of photons, then detectors
capable of distinguishing photon numbers at a single one are required. Currently such
detectors are not available. As an alternative, we suggest two methods that amount
at determining parity of the number of photons without knowing the photon number.
The first method, that we will discuss is based on a symmetric nonlinear interfer-
ometer (SNLI). We then discuss a quantum non-demolition approach to measuring

parity.

6.1 Parity Measurements with the Symmetric Non-
linear Interferometer

In Fig. 6.1 we sketch the SNLI, an MZI with Kerr media in both arms. We follow
through the case of the input state [in) = |a),|0),. After the first beam splitter
we again have |a/v/2)_|ia/v/2),. The phase shift operators exp(ig,a‘a) exp(igybth)
produce ‘aei¢a/\/§>a liaei¢b/\/§>b. With the choices ¢, = —7/2 = ¢, the Kerr

35
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Figure 6.1: The symmetric nonlinear interferometer (SNLI). The required phase shift
are ¢pp = —7/2 = ¢.

media, described by the operatorexp(—ikat?a)? exp(—ikbi26?), with k = m/2, produce

—;— [e—iw/2 ‘a/\/§>a ia/\/§>b L gin/2 l—-a/\/ﬁ>a —ia/\/§>b (6.1.1)
+ i—a/\/i>a ia/\/§>b + ’Oz/\/ﬁ>a —ia/\/§>b] ) (6.1.2)

Lastly, the second beam splitter produces the output state
1. . . .
lout) = 5 [—i]0)g|ic)p +%|0)a| — 30)p + | — @)a|0)s + |@)a]0)s] - (6.1.3)
We may rewrite this more transparently as

jout) = 5 [~il0ba(liady — | ~ icy) + (lada+ | = a)a)lO)].  (6.0.4)

Evidently, the symmetric NLI generates an entanglement of the vacuum with the even
and odd coherent states, where even coherent states are already defined in Eq. 4.3.19,

and odd coherent states are states of the form
~1/2
(1 . e-laW?) (&) = | - a)) (6.1.5)

Suppose a photodetector is placed in the output of mode a, with no detector in the

output of mode b. If the vacuum is detected (i.e., a “no count” detection) in the
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output a mode, the b mode is projected into the odd coherent state |ia) — | — icv).
Conversely, if the detector is placed in output mode b and if a vacuum state is detected
then the a mode is projected into an even coherent state |a) + | — «) (apart from
the normalization). Notice that only one detector (in either output beam) is used
to make these projections. So we have found yet another procedure for generating
single-mode Schrédinger-cat states.

In terms of the number states the output state of Eq. 6.1.4 maybe written as

jout) = e 1*/> | — i (% 10)al N + fj %lmalon} . (6.1.6)
N,odd : N,even :
The probability of detecting the vacuum in mode b is
o0 2N
Prob(|0)s) = (out|0)(0[out) = e~I*" " % (6.1.7)

N,even

while the probability of detecting the vacuum in mode a is

Prob(|0),) = {out|0)eq(0fout) = eI <1 + Z IC;\E!N) - (6.1.8)

N,odd

In this last expression the +1 appears in the parentheses because the vacuum state
|0}, appears not only correlated with all the odd number states of mode b, but also
with the vacuum state |0),. Of course, for large |a| that contribution is nil and to a

good approximation Prob(|0),) ~ 3 =~ Prob(|0),). From Eq. 6.1.6 we deduce that if

1
2
the input to the SNLI is |in) = |N),|0); the output will be

out) — { INYa0)o, N even

(6.1.9)
—iNF110Y4| N, N odd.

Evidently, the SNLI acts as filter with respect to parity. All one needs to do is
place photodetectors in both of the output modes, and by noting which detector fires

(and/or which does not fire) the parity can be determined. It will not be necessary

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



o8

to employ detectors with resolutions at the level of a single photon. The action of
the SNLI is very similar to that of the nonlinear four-wave mixing device described
by Yurke and Stoler [29], which produces essentially identical output states for the
given inputs as the symmetric NLI. However, the former requires two competing
nonlinear interactions, a cross-Kerr and four-wave mixing, while the later requires only
single-mode Kerr interactions. Evidently, the symmetric NLI is capable of performing
the parity measurements required for the interferometric measurements discussed
previously.

For the sake of completeness, we state the output of the symmetric NLI with

coherent state inputs in both modes. If |in) = |a),|8)s then
1. .. . S .
lout) = 5 [=iliB)alia)e + | = iB)a| — i)y +|@)a| = B)s + | = @)alB)s] . (6.1.10)

Thus we obtain a four-component entanglement of coherent states of the two modes.

In terms of the number states we have

1 x x
|out) — 56—(]a|2+]5|2)/2 Z Z {iM+N+1 [_1 + (___1)M+N] |M>a|N>b
M=0N=0

+ (=D + (=1)M] [N)o| M)} . (6.1.11)
Thus for input number state |N),|M), we obtain the ouput state
lout) = _;. [IMENHL 1 4 (—1)M+N] | M), | N,

+ (DY + (=1)M] [N)a| M)} - (6.1.12)

If M and N are both even or both are odd, then apart from irrelevant phase factors we

have |N)4| M), SN |N), | M)y; the photons do not exchange modes. But if one of them

is even and the other odd we have |N)4|M), SN |M),|N)y; the photons collectively

exchange modes. In this case it will not be possible to determine the parity of the
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states of the individual modes, only that they are different. In summary, if either
M or N is zero we can determine the parity; if they are nonzero we can determine
if they have different or the same parity if they exchange modes or not. We cannot
determine the parity of the individual number states except in the case where one of

the input modes is in the vacuum.

6.2 Quantum Non-demolition Measurement of Par-
ity

The notion of the quantum non-demolition measurement of photon numbér has been
around for some time and was originally discussed by Imoto, Haus and Yamamoto [20]
and subsequently discussed by other authors [40, 41, 42]. This approach utilizes a two-
mode cross-Kerr énd also requires a large nonlinear susceptibility x(®. Encouraged by
the recent advances in EIT mentioned above, Munro et al. [43] have recently discussed
a proposal for a high-efficiency quantum non-demolition single photon number resolv-
ing detector containing less than 1600 atoms embedded in a dielectric waveguide. A
number state in the signal mode induces a phase shift on the coherent state in the
probe mode, the phase shift, being dependent on the photon number, can be detected
via homodyning on a quadrature of the probe field. The number state itself is not
destroyed.

In this section, we go further and show that one can use a similar technique to
measure the parity of optical fields non-destructively though without the need to per-
form quadrature measurements of the signal field to obtain the photon number itself.
Our method does require a kind of homodying on the probe field but immediately

yields even/odd as answers. In fact, photon measurements on the probe field can
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Cross-Kerr I\I, )
a, medium a, out

Figure 6.2: Cross-Kerr interaction with [¥).|a),, as an input state and |Wqy)
is the output state.

be entirely insensitive to photon number and one needs only to distinguish between
there being some photons and none. We further show that the scheme we propose
can not only measure parity but also be used the create, via von Neumann projective
measurements, states of definite parity and states of a “higher order” parity that have
been proposed as the basis of a scheme for quantum key distribution [44].

In Fig 6.2 we depict a proposed scheme for a device that measures parity. The
scheme consists of a cross-Kerr interaction with two input ports and two output ports.

Let assume we want to determine the parity of a general state

T) = caln). (6.2.1)

that we inject in the input port ¢ and where the coefficients ¢, satisfy the usual
normalization relation Y o lc,|?> = 1. With a coherent state |a),, in the second

input port a;, so that our input state can be written as

[Win) = [¥)|a)q, (6.2.2)
= ch|n>cla)al, (6.2.3)

where
|a o —|a}2/2 Z \/n_/ (624)
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The cross-Kerr interaction Hamiltonian can be described by the following expression
Hy = hyaldiéfe, (6.2.5)

where x is proportional to the third order nonlinear susceptibility x®, and @; and
¢ are the usual creation operators related to the modes a; and ¢, respectively. The

output state of the cross interaction is obviously given by

[\Ilout> = e_if{Kt/h |\Ilin> (626)
= e NHATYG) |q),, (6.2.7)
= caln)c|ae™m),,. (6.2.8)

n=0

Now we assume that we can set xt = 7, thus we have

|\Ilout> — chln>c |(_1)na>a1
= (Z ) ) |a)a, + (Z Cnl”)c) | — e

n,even n,odd

= [We) |@)ay + [¥o) | — @ays (6.2.9)

where |¥,) and |¥,) are defined as

o0

[Te) = D caln)e (6.2.10)
,00

To) = caln)e (6.2.11)
n,odd

The two-mode state of Eq. 6.2.9 is an entangled state. Clearly if one detects |a),, in
mode a; the state in mode ¢ becomes |¥,.)., and if one detects | — a),, the projected
state in mode ¢ is |¥,.).. The question that one may ask is: how do we detect the

states |a),, and | — a)4, 7 The answer is: homodying detection. To that direction,
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C C
|) > >
Cross-Kerr
/ a, medium a, \
)
BS1 BS2 b D
’ a a (N ) 2
|’6>% ¢ £ 2 9 2 > 3 >D
g |a> b heS
N
1\/
0) K/

Figure 6.3: Schematic for performing non-demolition parity measurements. See text
for details.

we propose the schematic depicted in Fig. 6.3. With an input state |¥).|5)s,|0)q, =
[P, [ﬁa)al |0),, we obtain |U).|a),, |a)e, right after the BS1, given that BS1 is a
50:50 Jo-type beam splitter. Using Eq. 6.2.9, the state right after the cross-Kerr

media is of the form
|\I’€>Cla>a1!a>a2 -+ |W0>cla>a1| - a>a2- (6212)

The beam splitter BS2 is a 0:50 j2-type, so the unitary transformation associated

with it is given as
Uns = exp (mj2 /2) : (6.2.13)

We can write the output annihilation operators associated with the output ports of

BS2 as
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1

Bl == [7]332&101;52 = —ﬁ (&1 -+ &2)
~ ~ N 1 . .
bg = UBszagU]gSQ = ﬁ (-a1 —+ a,z) . (6214)

Now at the second beam splitter we have the following transformations

Unsalo)ar ey = |V20) 0} (6.2.15)

Via) |

ba

UBS2| - a>a1|a>az = |O>b1

where we have used Eq. 6.2.14.

The three-mode output state just before the detectors D; and D, is

I‘Il>out = |\Ile>c

Vaa) (6.2.16)

b

\/§Oé>b1 |0>b2 + |\I}0>0|0>b1

a three-mode entangled state. So if any photons are detected in b;-mode, but none
in by, we have detected even parity. If any are detected in by-mode but none in b;-
mode, we have detected odd parity. For instance, let assume that |¥) = |N). State

in Eq. 6.2.16 becomes a separable state of the following form

i\mom—{ o o o (6:217)

~ L IN)elo, [V3a), N odd.
In the case of an even N, D; will click and D, will not, and only D, clicks in the
case of an odd N. More importantly, notice none of the detected states in mode ¢
is demolished in either case, even or odd state. Before we discuss the general case,
where we may have a state with odd and even photon number sates we want to show
another important use of the proposed scheme. In fact, for the particular case where

we assume that

By = |6) = e 2y .

n=0 \/T?
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so the corresponding even and odd states, properly normalized are the usual even and

odd cat states

[We) = Ne(18) + | = 6)) = B4)

[Wo) = No(|8) — | — B)) = |B-), (6.2.18)
where
N, = % (1 + e—2la12)“” : (6.2.19)
1 _olap T2
No= (1 e ) . (6.2.20)

This time any detection of photons at detector D; and none at D, signals the presence
of even-cat state in mode c¢. And if detector D, clicks and D; does not detect any
photon, we know that the original state in mode ¢ is projected into an odd-cat state.
In the general case, we assume that we have a state consisting of both even and
odd photon numbers. This time we represent the light in mode ¢ by the density
operator
o oo
pe=D_  Pumln)e o(ml, (6.2.21)
m=0 n=0

and the same way we can express the mode a; by

A

Pec = |a>al a <a| (6.2.22)

The input density operator is basically a direct product of modes ¢ and a;. We can

write this as

p(0) = pe ® pay (6.2.23)
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Right after the cross-Kerr interaction the density operator is described by
p(t) = e iHxt/h () gilxct/h (6.2.24)

where ¢ is the time of interaction. Again, we set xt = 7 and we end up by the

following expression for the density operator

p(m/x) = et/ p(0) et Hxtn (6.2.25)
=22MNMWW%MMMWWW (6.2.26)
= pesla)ey orfal + | — @)y o(—ar

+ Pr-0ay oy (—0| + Pt — ¥)ay oy (e (6.2.27)
where
pee= 3 S bumlnde olml (6.228)
o= 3 punlectn (6:2:20)
odd n,0dd
o = fj fjpnmlnww (6.2:30)
,odd

Py = Z Z Prm|NYe o(ml. (6.2.31)

m,odd n,even

Now at the second beam splitter we have the following transformations

@) 0 (0] © 1) anll — (\ﬁa>b |o>b2) (1 (V2

b <0|) (6.2.32)

(6.2.33)

), ) ( )
> (60 01 { 2aD (6.2.34)
vae), ) (

|0>b1

| - C¥>611 a1< al ® IOl a2 a2<al —

| = @)as ax(—0] @ Yy arfe] — ( 10)n W(0)  (62.35)

(
e (=01 ® o), (ol — (|20
(
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where Eqgs. 6.2.15 have been used. So after the beam splitter, just before the detectors,

we have

P =P+ (17)6:10)2) (o1 (7162 {01) + A= (10} 752) (b2 (Ol {¥]) (6.2.36)

+ ﬁ+— (h’)bl |O>b2) (bl <Olb2 (7') + /3—+ (Io>b1 |7>b2) (b1 <7|b2 <0|) ’ (6237)

where we define v = V2.
If we measure photon in b; and vacuum in by, we project the state onto |y)s, |0, .

Then we have the collapse to the non-normalized state vector:

P — (V15 (01217)5:0)se- (6.2.38)

If «y is large enough so that (y|0) = 0, we shall have p — p,,. This needs to be

normalized, which we write as

/2)++ = (Z pnn) i Pnm- (6239)

n even n,m even

In the same way, if [0), |7)s, is detected then we have the collapse

p— b1 <0|b2 <7Iﬁ|0>b1l7>b2 = p——. (6'2'40)

The corresponding normalized state is

5——- = (Z pnn) Z Pnm- (6.2.41)

n odd n,m odd

These exhaust all possibilities for measurement.
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Chapter 7

Parity Measurements in an All or
Nothing Test of Quantum
Mechanics

In this chapter we discuss an application of parity measurement to something other
than interferometer. In particular, we apply it to a possible large-scale test of quantum
mechanics versus the predictions of local hidden variable theories.

Some years ago, Greenberger, Horne, and Zeilinger (GHZ) [45], proposed a new
form of Bell’s theorem [46] whereby contradictions between quantum mechanics and
local realistic theories can be exposed, not in the statistical manner of the original
formulation of Bell [46], but in one set of measurements from a single run of an
experiment, this test being an “all or nothing test of quantum mechanics”. The GHZ
approach requires entangled states of three or more “particles”. A typical GHZ state

for three spin-1/2 particles has the simple form

1
(Wanz) = 7 (IH)al+H)el+)s = [l =)2l=)s) (7.0.1)

where |+) are spin up or down along some axis, usually taken to be the z-axis. In

cases where the “particles” are photons, the GHZ states considered are typically

67
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polarization entangled single photon states of the form

[Wanz) = —= (|H)1|H)2|H)s — [V)1|V)2|V)3), (7.0.2)

1
V2
where |H); is the state of a horizontally polarized single photon in mode 1 while |V');
is the state of a vertically polarized single photon in the same mode, etc. Zeilinger
et al. [47] have experimentally realized such a state and have used it to demonstrate
violations of local realistic theories.

A few years ago, Gerry [48] proposed, in the context of cavity QED, a method to

generate a three-mode entanglement of coherent states of the form

1
Wenz) = 5 (lenladlels = | = ahl =zl = ajs), (7.0.3)

a GHZ state featuring distinguishable coherent states, the coherent states given by

la) = exp —|al?/2) }: \/_|n (7.0.4)

as long as «, which we assume real, is large enough in a sense the we shall describe
below. The modes in each case are cavity modes in three separated cavities. This
state formally exhibits violations of local realism with respect to parity measurements
performed by atoms and selective field ionization. However, in the context of cavity
QED, there is no possibility for the space-like separation of the measurement events as
the cavities must be adjacent. In this present work, we propose a method of generating
states of the form of Eq. 7.0.3 and a test of local realistic theories against quantum
mechanics in the optical regime where space-like separations of the measurement
events are possible. Further, we examine the effect of field decoherence. Our proposed
production method is based on an extension of a method previously put forward [49]

for the generation of single-mode optical Schrédinger cat states of the form |a) + |a).
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Before discussing the proposed production method, we first review the analogy
between the coherent states |a) and | — ) and their superpositions, to a two-level

system, such as that of a spin one-half particle in a magnetic field. We consider the

states
o) = Ni(le) £ | - a)), (7.0.5)
where
_ 1 —2lar) V?
Ne=— (1 +e ) (7.0.6)

are the respective normalization factors. These are the usual Schrodinger cat states
mentioned in Eqgs. 6.2.18. For large, the states |a) and | —«) are orthogonal. Actually,
« need not be all that large. For example, for a = 2 we have exp(—|a|?) ~ 0.00035
and thus the states |& = 2) and | — @ = —2) are practically orthogonal. We do
not yet make the assumption of large «, however. The states |ay) are eigenstates of
N

the parity operator II = (—1)¥ = exp(ixN), where is the number operator for the

relevant mode, such that
Moy = +|ow). (7.0.7)

From Eq. 7.0.5, it is easy to see that the states |a.) contain only even or odd photon

number states, respectively. An alternative way of writing the parity operator is
I = £, = oy Max| — la-)a-| (7.0.8)

thus indicating that even and odd parity is analogous to spin up and spin down
states for a spin one-half particle. The operator 3, is a Pauli operator, the label 2

representing a fictitious quantization axis, and we can define two more operators to
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get the complete set of Pauli operators

5,

I

oy Yo | + o) (e |
2y = i(jas)a-| - la-){a:) (7.0.9)
. = log ) ay| — o) (o]
which satisfy the Pauli spin algebra
[£6,%5] = 2ieiznS
{£:%

where {, } is an anti-commutator. Thus we have shown that parity states |a+) and

3} = 216 (7.0.10)

the set of non-commuting operators of Eq. 7.0.10 are isomorphic to the spin up and
spin down states, |+), of a spin one-half particle and the attendant algebra of the

Pauli spin matrices, respectively. The eigenstates of the operator 3, are

o) = Js(la) +1a-) = o5 [ (5 + 7 ) 10+ (7 = 7 ) 1= )

1 1 1 1 1 1
oe) = o) =l = 55 | (5 = 5 ) I+ (5 + 7 ) 1= )
(7.0.11)
with eigenvalues £1 respectively. Thus we can write S, as
Lz = |ags {0t | — |og-) (- |
= & [(NG + A2 = (N — M2Y7] (la)a] ~ |~ a)(~a) (7.0.12)

where we have used Eqs. 7.0.5. Evidently, in the case where « is large, the eigenstates

of 33, go over according to |ogs) — | % a)and the operator itself goes over to the form

Y. = |a)a| — | — a)(—al. (7.0.13)
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The eigenstates of 3, are

o) = —=(lag) + o)),

loy-) = —=(ley) —ila)), (7.0.14)

NS

with respective eigenvalues +1. Of course, we can write

2y = lag M {oyt| = lay-){ay-| = i(|e){=a| = | = a){a]). (7.0.15)

where the right hand side is the expression in the limit of large «. All of this is
isomorphic to the description of a spin one-half particle.
One can extend these considerations to the case of two- and three-mode fields.

For example, the set of two-mode entangled states
v3) = f (Jo 1l B-)e £ la-)118+)2)
i@i> f (Jo)11B2)2 £ o)1 8-)s) (7.0.16)

where § is sufficiently large, are entirely analogous to the Bell states [50]. Another

Bell type state, recently named quasi-Bell states [51], are those of the form

) = %(Iahl ~ Bl | - ahls))
oF) = f<|a> 1[8)2 % | = )| = B)2) (7.0.17)

where the quantization “direction” is now along the fictitious x axis. The magnitudes
of o and (3 are assumed large. In extending to three modes, one possible state is the

GHZ state

|Penze)) = f (Joe )18 )2lvs)s — le)i]B-)2|7-)s) (7.0.18)
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which is analogous to the state of Eq. 7.0.1 in that the states involved are eigenstates
of the &, operators for each mode. But one can just as easily deal with a GHZ state

constructed out of the £, eigenstates of the three modes:

ICI)GHZ(Q"')> = %('aw+>l|ﬂx+>2|7m+>3 - Iam—>1l/8z——>2|7m—>3) (7019)

which to a good approximation, for large enough «, 3, and = is equivalent to

|®onz)) = 7(1&) Bl m)s £ | = ai| — BYal — 7)s) (7.0.20)

More generally, we can write

|Panz) = N([o)1|Bal7)s + | — ai| = B)a| — 7)s) (7.0.21)

where

—1/2

N = = [1 = exp(-2laf? = 2|8 ~ 21" (70.22)

is the normalization factor which obviously goes over to 1/+/2 for large enough o, 3,
and «. For simplicity, and with no loss of generality, we may take these parameters

to be identical so that we have now
|Banze)) = N(la)ila)s|a)s £ | — ah| — @] — a)s) (7.0.23)
where

—1/2

N = \/L§ [1 — exp(—6|a|?)] (7.0.24)

Obviously, for large enough |a|, and this need not be very large at all, we have

|®anz) ~ % lahiadala)s £ | = a)i] = a)o| — a)s) (7.0.25)
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Local realistic theories may be tested against quantum mechanics using the state
of Eq. 7.0.23 as follows [52]: The state [@GHz(m» is an eigenstate of the commuting

operator products
SWEORE, EWEOHE, EOEOEE), (7.0.26)

where the superscript refers to the mode label. All have eigenvalue +1. In a local
realistic theory, all six quantities 29), 252), 23(13), 515,1), 222), and f:Sf’), have definite

o @ 6 1) 2 )

3 .
values m;’, my’, my , my’, m; ", and mg , each being 4, whether measured or not.

From this assumption it follows that all the products mgl)mg)mg(f), mg(,l)mg)mg(f) , and

mg(,l)mg)mg?’), are all +1. Thus the product

(mPmPm?) (P mPm?) (P mPm?) = (e Pm) ()’ ()’ = 1

(7.0.27)

which implies that mgl)mgz)m?) = +1. However, the product of the corresponding

operators leads to
(1) $(2) (3 (1) $0(2) 33 (L) (2) 5 (3) ) 57 (1)$(2) 5 (3
(B05E50) (sP@5) (SPEESE) = — (SWIAES)  (7.0.28)

where the minus sign arises as the result of an anti-commutation. The operator
product 532” 29)29) on the right hand side of Eq. 7.0.28 commutes with all the
operators in Eq. 7.0.26, thus it must have ‘@GHZ(z)> as a common eigenstate. But the
eigenvalue, in contradiction to the prediction of a local realistic theory, is —1 instead
of +1. As the product N RIS Y R equivalent to the product of the parity operators

for each mode

SOSORO) = 1, [1,1T,, (7.0.29)
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Kerr 1 Kerr 2 Kerr3
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Figure 7.1: Schematic diagram of the device proposed for generating the three-mode
GHZ state. All three Kerr media are coupled to the interferometer whereas the exter-
nal beams initially containing coherent states are coupled to only one Kerr medium
each, the dashed lines indicating a bypass of the medium. A single photon state is
injected into interferometer and state reductive measurements are performed with the
detectors Dy and D, as described in the text.

all one need do is perform parity measurements, at space-like separations, on each of

the beams and the product of the measurements, according to quantum mechanics,

should be —1:
Thus it is possible to falsify local realistic theories with a single run of the experiment.
We now describe a method for generating our optical GHZ states. Our proposal

is an extension of a proposal previously given for generating optical Schrdinger-cat

states [49]. In Fig. 7.1 is pictured the proposed experimental arrangement. The
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Mach-Zehnder interferometer (MZI) contains a succession of three Kerr media in one
arm. All the Kerr media are couple to the interferometer but each is separately
coupled to an external mode initially containing a coherent state. We denote the
external modes by the operators a;, d}L, i = 1,2,3, and the initial coherent states in
these modes as |@)1, |B)2, and |7y)s, respectively. We let ¢ represent the clockwise
interferometer path. If we let d represent the counter-clockwise beam of the MZI,
then the mutual cross-Kerr interactions between that mode and each of three Kerr

media is represented by the interaction Hamiltonian
Hi nKd'dala;, i=1,2,3. (7.0.31)

The constant K is proportional to a third order nonlinear susceptibility x(®). Self-
modulation terms have been ignored here as can be justified if the resonances of the
Kerr media in an appropriate manner, as discussed by Imoto et al. [20] Finally, a
single photon is injected into the MZI as indicated in Fig. 7.1. Just after the first
beam splitter, assumed to be 50:50, the state of the system is given by

1
V2

In the clockwise arm, an adjustable phase shift 6 is picked up such that |1).|0); —

[Wo) = —=(I1)cl0)a + 2[0)c|1)a) [)1]B)2]7)s- (7.0.32)

€]0)|1)4. In the counter clockwise arm, the Kerr interactions, represented by the

unitary operators
Ui = exp (—z‘%cifj&;fai) i=1,2,3, (7.0.33)

operate successively on each of the coherent states. Because the interactions are not
simultaneous, we must add additional phase shifts to account for free evolution that

occurs in each mode. We incorporate all these phase shifts in the counter clockwise
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arm into the phase factor e'®. Thus the state vector just before the second beam
splitter is

0) = % (°11)c|0)aler)1]B8)2l7)s + i€ [0)c|1)a |ce™1 ), |Be™*2), |ve™™*),) .
(7.0.34)

At the second beam splitter, also assumed 50:50, we have the transformations

1).]0)a = %mmon +i[0)|1)a)

1
V2

and thus the state after the beam splitter is

10)e1)a = —=(10)cl1)a + il1)c]0)a) (7.0.35)

1., )
() =35 [€°(11)e[0)a + i[0)e[1)a) | @)1]B)2]7)s
+ie® (|0)c]1)a + i[1)c]0)a) ]ae"i‘“}l |ﬁe"""2>2 ‘76—i¢3>3]
1 ' ‘ i1 - —i
T2 (1D)el0)a (e”la11B)zln)s — €' |oe™™ 3 |Be ), |ve (p3>3)
+i[0)c|1)a (e¥]a)1]B)2|7)s + € |ae™), | Be™2), |ve™%),)]  (7.0.36)
If the detector D; clicks and Dy does not, then the state |0).|1)4 is detected and the

fields are projected onto the state
[W10) ~ €°|a)1|B)alr)s — € |ae™) | Be™™2), |ye ™), . (7.0.37)

Of course, if only D, clicks signaling the detection of the state |1).]|0)4, the fields are

projected into the state
[Wor) ~ €?]a)1|B)aly)s + € | ) [Be™2), |ve ™), . (7.0.38)

Henceforth we consider only |¥10) and we take ¢; = 7 (1 = 1,2, 3). We further assume

that exp(if) = exp(i®) and thus up to an irrelevant overall phase factor we obtain
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Figure 7.2: Parity measurements are performed on each of the beams. The beams
are directed to achieve maximum space-like separation of the of the measurements.
the GHZ state of Eq. 7.0.21 which in the limit of large and equal amplitudes for the
coherent states goes over to the state of Eq. 7.0.23.

The crucial element in the generation of our GHZ states is the action of the Kerr
media for generating the required phase shifts ¢; = 7. Commonly available Kerr media
cannot produce phase shifts this large. However, there has been considerable progress
of late in the use of the techniques of electromagnetically induced transparency as we
have mentioned before.

We assume that the beams can be directed in such a way as to allow space-like
separation of the parity measurements to be performed on each of the beams, as
pictured in Fig.7.2. But we are then faced with the question of the decoherence of

our state vector [‘PGHZ(w)> of Eq. 7.0.23 into a statistical mixture. A simple way to
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approach the problem is to assume that each mode of the GHZ state travels through
a noisy channel where the losses are due to scattering and that the effect on the mode

of interest may be characterized by the “beam splitter” transformation [53, 54]

ay/T— 77> . (7.0.39)

Eyq

|a)i0) i — |ay/7);

where the second state models the state of the environment of that mode and where

7 is the noise parameter, 0 < n < 1. Our GHZ state becomes

|Wenz@) 10)5,1|0)E,2|0) 53 = |Yanz(e)+E) (7.0.40)

where

|Uenz@)+e) = NallB1M)E — | — B) — 7)5) (7.0.41)

and where we have introduced the shorthand notation |3) = |6)1/8)218)s, |7) =

Me1lVeT)Es, 8 = ay/n and v = ay/1 — 1. After tracing over the environmental

degrees of freedom, the reduced density operator for the 1,2,3 modes is given by

Pras(n) = INal? [18)(8 + | — B)(—8] — " (18)(=8] + | - B)B)] . (7.0.4)

Because |2 = |a|?(1 — n), the “off diagonal” terms undergo a relatively rapid ex-
ponential decay, decreasing more rapidly than the coherent state field amplitudes
B = ay/n as n decreases from the value 1. This is the essence of decoherence. A
relevant measure of the amount of entanglement that survives such that our state
remains useful for a GHZ test of local realism is to take the expectation value of

p1,2,3with the amplitude decayed GHZ state given by

Wenz@) = NallB) — | - B)] (7.0.43)
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to obtain the fidelity

F(n) = (Yauz@ ()] Ar23 | Yanz@ (1))

[2 1 9e—12laPn _ go=6lal> _ go—6lal®n 4 9p—6lal*(1-n) 4 26—6l042(1+n)]

= (2 = 2-5F) (2 — 2¢-0an) (7.044)

Note that and, with the help of the L'Hospital rule, F(p — 0) = 0. On the other
hand, the expectation value of the product of the parity operators taken with the
state of Eq. 7.0.41 is easily found to be

AN e6lol*(1=n) _ =6laf®n sinh [3]a|?(2n — 1)]
(Mftfly) (n) = ———— e === Glal) (7.0.45)

Note that for n = 1 the expectation value is —1 as it should be. In the Appendix C,
we show that by starting with the usual master equation, identical results are obtain
provided we make the identification 7 = exp(—«t). Thus we can write the above

results as functions of time:

[2 4 26—12Ne“"‘t - 46—61\7 . 46—6]\76_” + 26—6N(1—e_'“t) + 26—-61\7(1—}—6"”)]

F(n) = - =
() (2 — 2e-6N) (2 — 2¢~6Ne™™)
(7.0.46)
and
" e~0lal?l—e7") _ g=6Ne™™  ginh [3N(2e — 1)]
(115105 ) (n) = — : =- _ 7.0.47
< 1113 ) (n) 1—e 8N sinh (3NV) ( )
where N = |a/? is the average photon number of one of the coherent state input

beams.
As we are mainly interested in short time evolution for the expectation value of
the product of the parity operators, we expand the right hand side of Eq. 7.0.49 to

first order in time to obtain

<f11f12f13> (n) ~ —1 + 6Nkt coth(3N). (7.0.48)
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One would like to have
6Nkt coth(BN) < 1. (7.0.49)

If the distance d of the beam propagation is of the order of a few meters, then we
may take t = d/c ~ 10~%s, where c is the speed of light. If N is large enough such
that coth(3N) ~ 1 (even for and for N = 0.5, coth(3N) = 1.1048 and for N = 1,
coth(3N) = 1.1050) we have the condition on the decay rate that x < 108/(6N)s™ 1.
This requirement may not be too stringent as long as N is not too high. The decay rate
k could be determined by a measurement of the photon number counting statistics
for a single mode field prepared in a coherent state |a) which, upon propagation
for a time ¢ = d/c, becomes the reduced amplitude coherent state |ae™*/?) having
the photon probability distribution P,(N,t) = exp(—Ne **)N"e " /n!, where the
average photon number is (a'a) = Ne™** and where N = |o%

In Fig. 7.3 we plot the expectation values of the product of the parity operators
and the fidelity as functions of N for various values of n close to unity. We note
that only for small (mesoscopic) N and/or for very small deviations of 7 from unity
do we find the expectation value of the product of the parity operators remaining
close to —1. Of course, the smaller st the larger (e.g. macroscopic) may be N. If the
experiment is done in such a way that the beams propagate through the vacuum, we
would expect essentially no decoherence of the GHZ state and N could be arbitrarily
large. Note also that the distance d can be made small as the requirement for space-
like separation of the parity measurements can always be maintained if the adjacent
beams emerge at 120° as pictured in Fig. 7.2.

In Fig.7.4 we plot, for the case where N = 4, the expectation value of the product

of the parity operators and the fidelity as functions of 1 — n for the entire range
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Figure 7.3: (a) Expectation value of the product of the parity operators as a function
of N for n = 0.999 (dashed line), 7 = 0.99 (dotted line), and n = 0.98(dot-dashed
line). (b) Fidelity versus N for the same values of 7.
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Figure 7.4: For N = 4 (a) plot of the expectation value of the product of the parity
operators and (b) of the fidelity as functions of 1 — 7. Note the broad plateau over
which the results are those for a mixed state. As n — 0 the state becomes a three
mode vacuum state |0)1]|0)2|0)s for which the expectation value product of the parity
operators in unity, and where there is zero overlap of the state of the form of Eq. 7.0.43,
that state not containing the vacuum nor any even photon number states.
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n : 1 — 0. Note that over much of this range, where the expectation value of the
parity vanishes, the photonic state is a statistical mixture, as expected.

In conclusion, we have discussed a method of performing a GHZ test of quantum
mechanics against local realistic theories where the GHZ state is a three-mode en-
tanglement of coherent states and where the observables are the parities of the three
modes. The coherent field may need to be kept small (mesoscopic) if there is signifi-
cant decoherence due to scattering but, in principle, can be large (macroscopic) if the
experiment can be done in a scattering-free environment, such as in a vacuum system.
The main obstacle in performing such a test is the requirement of Kerr media with
sufficiently large nonlinearities needed for state preparation. In addition to providing
a means of testing local realistic theories, the GHZ state produced in the manner
described, could have applications in other areas of quantum information processing,

such as quantum secret sharing [55] and dense coding [56].
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Chapter 8

Conclusions

In this thesis, we have shown that the parity operator can be used as a relevant ob-
servable in order to achieve high resolution phase-shift measurements with sensitivity
at the Heisenberg limit, and to test quantum mechanics against local realistic theo-
ries. We have shown that interferometry with certain nonclassical states can not be
performed using the usual photocounting, subtracting and averaging as in the case of
standard quantum-limited interferometry, simply because the difference of the pho-
toncounts is insensitive to the phase difference in the case of these highly quantum
mechanical states.

In fact, we have shown that maximally entangled states inside the Mach-Zehnder
interferometer yields phase-difference uncertainty at the Heisenberg limit of sensi-
tivity, if parity measurements at one of the output beams of the interferometer are
performed. We have extended the same technique to study interferometry with entan-
gled coherent states. We have found that there are some advantages to use entangled
coherent states over the use of maximally entangled states of a definite photon num-
ber. The advantage is to the difficulties encountered in the construction of the the

maximally entangled of definite number states.

84
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Construction of maximally entangled state plays a crucial role in this thesis. Given
that linear optical devices and state reduction limit the number of photons that can be
placed in maximally entangled states, we have suggested the use of nonlinear optics.
In fact we have proposed two schemes, an antisymmetric nonlinear interferometer
(ANLI) with a Kerr medium in one arm and the second using nonlinear four-wave
mixing. With the ANLI we show how to generate maximally entangled states for any
N photon number deterministically, should we have the Fock state with N photons
available to inject at one of the inputs. But there is as yet no source for arbitrary NV, so
we consider coherent state as input states in the ANLI to generate entangled coherent
states. In the case of the nonlinear four-wave mixing, we can generate maximally
entangled states only for even photon numbers, so we consider even coherent states
and squeezed vacuum states.

In another setup, we have used parity measurements to study the uncertainties
in optical phase measurements obtained in a Mach-Zehnder interferometer with twin
Fock as input states. We found that the phase sensitivity approaches the Heisenberg
quantum limit for large N. Our approach is an alternative the method studied by
Holland and Burnett, because we noticed that photocounts difference is insensitive
to the phase shift.

We have studied two methods of performing parity measurements that include the
symmetric nonlinear interferometer (SNLI) and by quantum non-demolition measure-
ments. The SNLI acts as a filter where odd numbers of photons exit in one output
port and even numbers of photons exit in the other output port. We have shown
that with this method, we do not need detectors of 100% efficiency in contrast to the

measurements of parity by determining photon numbers precisely. We also discussed
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the quantum non-demolition method of measuring parity and showed that it does not
require 100% efficient detectors either. Another advantage of this method is that one
can determine the parity of a well defined parity quantum state without destroying
it. The only disadvantage is the requirement of large nonlinear media, as is also the
case for the SNLI.

We have also studied the parity measurements to test quantum mechanics against
local realistic theories using a GHZ state, where the GHZ state is a three-mode en-
tanglement of coherent states. The coherent field may need to be kept small (meso-
scopic) if there is significant decoherence due to scattering but, in principle, can be
large (macroscopic) if the experiment can be done in a scattering-free environment,
such as in a vacuum system. The main obstacle in performing such a test is again
the requirement of Kerr media with sufficiently large nonlinearities needed for state
preparation. It is worth mentioning that there are some prospects in building such

media with the advancements of the electromagnetically induced transparencies.
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Appendix A

Beam Splitters

A beam splitter is an essential element of the Mach-Zehnder interferometer, as we
have discussed previously. Beam splitters can be treated either classically or quantum
mechanically. For our purposes we treat them as quantum mechanical devices. In
this Appendix we review transformations associated with two types of the beam
splitters, using the Schwinger angular momentum realization. Beam splitters are
passive devices that can split beams of light but not photons within the beam. These
devices can be constructed to transmit and reflect any desired fraction of the incident
flux density [57]. When the intensities of the transmitted and reflected beams are
equal, the beam splitter is said to be 50 : 50. There are two types of beam splitters,
J1 and J; types for reasons that will be explained shortly. Quantum mechanical beam
splitters have two input and two output ports as depicted in Fig. A.1. Boson operators

associated with the four ports of the beam splitter obey the usual commutation rule

[di,d;] = 0ij, (A.0.1)
and
lai,a5] = [al,af] =0, (A.0.2)
87
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Figure A.1: A descriptive scheme for a quantum mechanical beam splitter.

where (4,5 = 0,1,2,3), 0 and 1 refer to the two input ports, and 2 and 3 to the

two output ports, as indicated in Fig. A.1. The input and output modes are related

as Uy Us) \1

The elements of the U matrix must obey the following conditions in order that the

according to [58]

Boson commutation relations in equations A.0.1 and A.0.2 to hold:

U2 + U = 1, (A.0.4)
|Uar|? + |Uge? = 1, (A.0.5)
and

The most general beam splitter transformation matrix satisfying the previous equa-
tions [10] is:

U iso [ COS feitr sin Gei®r (A.0.7)
=e , .0.
—sinfe %  cosfe ¢

where 6 is related to the transmittance 7 of the beam splitter, # = arccos(7'/2), and

¢-, ¢, are just the phases related to the transmittance and reflection, respectively,
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and ¢ is an overall phase factor. In what follows, we are interested in two cases of
the beam splitter transformation matrices
. 0/2 —isin(6/2
0,(6) = cos(6/2) isin(6/2) | (A.08)
—isin(8/2)  cos(6/2)

and

6h(6) (cos(m) —sin(@/?))’ (A.09)
sin(6/2)  cos(0/2)

which correspond to ¢, = 7/2 and ¢, = 7, respectively, and with ¢, = 0 for both
cases. The matrix Uy (8) describes a beam splitter for which the reflect beam picks a
7/2 phase shift, and U,(8) with a 7 phase shift. In the case of a beam splitter that
is 100% reflective we have 6 = 7 so the associating matrix becomes

Uy(n) = (2 _01> . (A.0.10)

This matrix transform the input boson operators as follows

UQ(TI’)&()UQT(TF) = —dg (AOll)
[72(%)&10;(7() = &2 (A012)

from which it follows that
Un(m)| Mo | NYy = (—1)M|N)2|M)s (A.0.13)

This identity has been used in the derivation of Eq. 3.0.20.
It is convenient to introduce the Schwinger realization [59] of the angular momen-
tum operators in terms of the set of Bose operators. In terms of the a-mode and

b-mode operators, the angular momentum operators are
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Jo = E(afa +bTb) = N/2 (A.0.14)
Ji = %(a*é + ab'), (A.0.15)
J, = 51;(&*13 — abh, (A.0.16)
Jy = 3 (@ta ~bh), (A.0.17)

where Ji, Jp, and J; satisfy the su(2) algebra

[Ji, Jj] = deijudy, fori, 5,k =1,2,3 (A.0.18)
and
[Jo, J] =0, fori=1,2,3. (A.0.19)

The number states |M),|M), correspond to the usual angular momentum states

|7, m).
|M)o| M"Yy — |5, m), (A.0.20)
where
Jj= %(M + M), (A.0.21)
and
m = %(M ), (A.0.22)

With these realization the fact that j and m are eigenvalues of J; and Js operators

respectively, we can easily derive the following

. . 5 1 ,

Jolg,m) = jlj,m) = Jo|M)s|M'), = §(M + M| M) | MY, (A.0.23)
T ia : 7 ! 1 '
J3|j,m) = m|j,m) = J3|M),|M"), = §(M — MY\ M), |M')s. (A.0.24)
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The beam splitter matrix transformation U, transforms the angular momentum op-

erators according to

J1 1 0 0 Jy
Jo =] 0 cos@ —sinf Jo , (A.0.25)
j3 - 0 sinf cosé@ jg o
which also can be expressed as
Ji Ji
hA = |, | e, (A.0.26)
J J

out
Beam splitters with this transformation are known as Ji type beams splitter. To illus-
trate how 50:50 beams splitter of type Ji transforms the creation operators associated

with the input ports into their output counterparts

01 (W/Z)&oﬁf (77'/2) - ei“jl/Q&Oe_i”jl/z = (dQ + 2&3)

Ui(r/2)aoUf (1 /2) = e™1/24,e7 112 = (3, + 3). (A.0.27)

SIS

As an application of these results, we can easily show how a 50:50 Ji type beam
splitter transforms Glauber displacement operator. We derive the result as follows:
emfl/z D () e—iwf1/2 _ emjl/2 gadt—ara e—i7r.f1/2
ag -

At at *

= exp [%(% —1ay) — %(&2 + iag)}
= Dy, (%) D, (%) , (A.0.28)

where we have use Eq. 2.1.5.

On the other hand, the beam splitter matrix transformation Uy transforms the
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angular momentum operators according to

Ji cosf 0 sinf Ji
Ja = 0 1 0 Ll (A.0.29)
Js ot —sind 0 cosé Js o

which can be expressed as

Jl Jl
Jo =2 |, | e, (A.0.30)
Js Ja

out
Beam splitters with the transformation in Eq. A.0.30 are known as Jo type beams

splitter.
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Appendix B

Quantum Phase Formalism

Since the astonishing success of the quantum elecrodynamics, the nature of the quan-
tized field phase operator has been a source of ‘heated discussions. Dirac had tried to
define a Hermitian phase operator by decomposing the annihilation operator into an
exponential operator where the exponent is the phase operator [60]. He assumed that
the latter operator has a canonical counterpart, namely the photon number operator,
but his approach failed because this phase operator turned to be not Hermitian. Since
then it has been accepted that a well-behaved Hermitian phase operator does not ex-
ist. However, many different approaches have been taken. The most well known ones
are those taken by Susskind and Glogower [61] and by Pegg and Barnett[62]. Here
we follow the approach of Susskind and Glogower to define phase states and then
determine phase distributions with these states for any field state of interest [63].
Susskind and Glogower [61] suggested a decomposition of the annihilation opera-

tor, a, into a product of v/7 + 1 and E’, namely

E=

a, (B.0.1)
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where F is analogous to €'®, and similarly we can write

|

Et=at . B.0.2
Vo (B.0.2)
In the number basis those operators can be expanded as
. o0
E=> In)n+1], (B.0.3)
n=0
and
R X
Ef=>"|n+1)(n|. (B.0.4)
n=0

Some simple, but important, results can be derived from equations B.0.3 and B.0.1:
EEt =1, (B.0.5)

and

EtE =1—0)(0]. (B.0.6)

It is clear that E is not a unitary operator. Sometimes it is called one sided unitary.

The previous two equations can be combined into
[E, ET] — |0)(0]. (B.0.7)

For quantum states |¥) for which N is large < [E, ET] > = (. However, the SG operator

has eigenstates of the form
X0
) = e"™|n). (B.0.8)
n=0
Notice that the states |@) are not normalized. Nevertheless these states resolve the

identity in the following fashion

1 ki
3| doleriel=1. (B.0.9)
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For any state |¢), the phase distribution P(¢) is simply the squared absolute value

of the overlap of the state |1)) and the phase eigenstate |¢)

P(g) = o[BI (8.0.10)

Generalizing the last formalism to more than one mode is straightforward. We overlap
the state with two phase eigenstates |¢;) and |¢9) to get the phase distribution as

follows

1

P(¢1,62) = (—2W—)2|(¢1|(¢2\1/)a,b)!2- (B.0.11)

Most of the time we are interested in the probability distribution of the phase differ-
ence § = (¢ — ¢1)/2. To that end, we introduce another quantity 8; = (g2 + ¢1)/2

along which we integrate:

D(p) = /0 s (6~ 6,)/21{(6 + 65)/2| Yap)|" (B.0.12)

Eq. 2.1.30 is used to determine the phase difference distribution inside the interfer-

ometers studied in this work.
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Appendix C

Master Equation Approach

In this Appendix we sketch a derivation of the expectation value of the parity operator
as a function of time using a master equation approach to the dissipative interactions
of the environment.

We consider first a single mode field where the relevant zero temperature master

equation is given by
k (2apal — alap — pa'a) (C.0.1)

where & is the mode decay constant. If the initial state of the field is a coherent state
such that it is easy to show that the solution at later times is 4(t) = |ae ") {ae™"|.
Thus a coherent state remains a coherent state but one whose energy decays as e .

To obtain this solution, one can use the iterative form of the general solution in the

number basis given by [64]

RUES)D SY(UESITLE z>!>”2 (1 - exp(—nt))

pmn(t) = exp ( 2 min] I

Pm+in+l (0)

(C.0.2)

96
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where pmn(t) = (m|p(t)|n).
For the case of the three-mode field, the density operator will be determined by

the zero temperature master equation

8P 1 N[ ort atn n anta
a—': = 5/4;2 <2ai,0a;~r —alagp — pagai) (C.0.3)
i=1

where we have assumed the same decay rate for each mode. The exact solution can

be represented by the iterative form in the three-mode number basis as

[_nt(m+m’+n+n’+q+q’)]

2

O & [(n+ D'+ D(m + k) V(g + )2
sz:z[( + DY’ +D)!(m + )(Q+J)(Q+J)]

mim/Inln'ljl !

Prmg,ninvq (t) = €Xp

!
1 — exp(—kt))Hr+i
( l'(k'j' ) Prtlmtkg+im! +m+hog'+5 (0) (C.0.4)

where
Pramammg (t) =1(nl2(ml3(g|p(t)|n')1Im )2lq)s.
The density operator at time ¢ = 0 for the state of Eq. 7.0.23 is given by

2 -3|al?
pn+l,n’+k,n”+j;m+l,m’+k,m”+j(0) = INI € o

|2 gan ' gyt 4
V(I + DI+ k) + ) (m + DY (m + k)Y (m” + j)!
% [1 + (_1)n+n'+n”+m+m’+m” _ (_1)l+k+j ((_1)n+n’+n”+(——1)m+m'+m”)] . (005)

The iteration yields the density operator matrix elements

_ 2 Et(nin'+n”+m+m'+m')  —3|al?
pn,n”n”;mim")m" (t) - |NI e 2 ( )e l |

|a[2(l+k+j)an+n’+n” (a*)m+m’+m”
X

[(1 + (_1)n+n’+n”+m+m’+m”) e3|a|2(1-—e"“) _ ((_1)n+n’+n” + (_1)m+m’+m”) e3]a|2(1—e"‘t)] .
(C.0.6)
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The expectation value of the product of the parity operators is given, after some

manipulations, by

<ﬁ1ﬂ2ﬂ3> (t) = Tri2s [ﬁ(t)ﬂ1f12ﬂ3] (C.0.7)
e—6|a]2(1—e"‘°t) _ e——6]a|2e”"t
- e (C.0.8)

in agreement with Eq. 7.0.45.
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