A MODIFIED NAMBU-JONA-LASINIO MODEL AND

[TS APPLICATION TO THE QUARK MATTER

by

QING SUN

A dissertation submitted to the Graduate Faculty in Physics
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy, The City University of New York

2007



UMI Number: 3245040

®

UMI

UMI Microform 3245040

Copyright 2007 by ProQuest Information and Learning Company.

All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, Ml 48106-1346



il

This manuscript has been read and accepted for the Graduate Faculty in Physics in

satisfaction of the dissertation requirement for the degree of Doctor of Philosophy.

11/17/2005

Date

11/17/2005

Date

Professor Carl Shakin

Professor Carl Shakin

Chair of Examining Committee

Professor Sultan Catto

Executive Officer

Professor Kai Shum

Professor Xiangdong Li

Professor Ming-Kung Liou

Professor Peter Lesser

Professor Victor Franco

Supervision Committee

THE CITY UNIVERSITY OF NEW YORK



il

ABSTRACT

A REVISED NAMBU-JONA-LASINIO MODEL AND ITS
APPLICATION TO THE QUARK MATTERS

by QING SUN

Advisor: Dr. Carl Shakin, Distinguished Professor

The NJL model has been effectively applied to investigate the chiral symmetry
breaking and other related phenomena on the quark model. We extended the regular
NJL with a covariant lorentz-vector model of confinement, and made a trial to build
a nonlocal NJL. model. By using this noval model, we suggest to use temperature-
dependent and density-dependent coupling constants. Some calculations are made to
compare with QCD and lattice QCD results. These result shows our generalized NJL

model demostrates better agreement with the corresponding QCD results.
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Chapter 1

Introduction

1.1 the Nambu—Jona-Lasinio Model

The Nambu—Jona-Lasinio (NJL) model has been extensively studied for several decades
[12, 23, 22]. Tt was originally proposed as a model explaining the nucleon mass in
terms of the self-energy of some primary fermion field which is through the same mech-
anism as the appearance of the energy gap in the BCS superconductivity theory. Now
the model has been widely adapted to investigate the chiral symmetry breaking and
the related phenomena on the quark model. The model is an effective Lagrangian
of relativitistic fermions interacting through local fermion coupling. The assertion is
that this model might serve as a suitable approximation to the Quantum Chromody-
namics (QCD) in the low-energy and long-wavelength limit. It assumes that, gluon

degree of freedom can be frozen into effective pointlike interactions between quarks.

Comparing to the Quantum Chromodynamics (QCD) theory, the NJL theory con-
serves the symmetries of quantum fields but also provides people a simpler form in
mathematics which is tractable. NJL model successfully shows the symmetries also
the breaking of those symmetries, which is the key feature that QCD is distinguished.

Other features of QCD, like the Goldstone modes and the results of current algebra
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such as Goldgerger-Treiman and Gell-Mann-Oakes-Renner relations, can also be ex-
plicitly derived in NJL model. One of the most important symmetries is the chiral
symmetry, which is essential to the understanding of the lightest hadrons. The spon-
taneous breakdown of chiral symmetry is now widely believed in the real world. Other

than QCD and NJL theory, it has also been certified by lattice calculation.

It is not saying the NJL has no shortcomings. One of shortcomings is, it is a model
that can not be renormalized. A regularization scheme is needed, which defines the
length scale for the theory. In mathematics it can be expressed as a cutoff on the
quark momenta. It is naturally to do so since this model is an effective theory and
people would expect that it will be effective only in some certain scales. A second
shorcoming is that, the NJL model is never confining since a local interaction does not
confine quarks. In the most applications we applies NJL model only to the properties
for which the confinement is not essential: the strength of quark pair condensation
< 1P >, the pion mass M,, the pion decay constant f, and so on. In the description
of properties related to baryons, it will be needy to extend the standard NJL model

with confinements.

In this chapter, we are attempting to make a brief description of the plain NJL model.
This is the platform that our furture investigation will base on. After the description
of the NJL model, we will give a description of this thesis, including the topics and

arrangement.

1.2 The SU(3) NJL Model

We start from a description of the SU(3) NJL model since in this thesis we have most
of our discussions based on it. As mentioned above the NJL model came from an

approximation to the QCD theory. So first of all, we can look at the symmetries of

QCD.
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In the case of three quark flavors, the quark fields consist of u—, d— and s—quarks.
Apart from the local SU(3)eo0r gauge symmetry, QCD with massless quarks in in-

variant under global chiral transformations, i.e. under the group

UB), @ UB)g = SUB),® SUB)R® ULy ® U(1)a (1.2.1)

The chiral flavour group SU(3),®SU(3) g transforms the left- and right-handed quark

fields v r = 3(1 + 75)¢ according to ¢ g — exp(ik'&QL’R)g/)LvR where X is the set of
SU(3) fiavour matrices and d/y g are arbitrary phases. The U(1)y group generates the
phase transformations ¢ — e*1). The conserved current related to this symmetry

is the baryon current &)\Mw.

The axial U(1)4 symmetry, i.e. invarant under 1) — e***41) is known to be broken
in nature and probably broken in QCD by instanton effects. The remaining global

symmetry in the chiral limit with my — 0 is then SU(3), @ SU(3)r @ U(1)y.

The SU(3) NJL model starts from above symmetries and assuming that in the low-
energy and long-wavelength limit, gluon degrees of freedom are frozen and absorbed

into local effective interaction between quarks. The Lagrangian is
L=q(i) —m°)q+ Lin (1.2.2)

where the A(i = 0,---,8) are the Gell-Mann matrices, with \° = ,/2/31, m® =
diag (m2, mJ, m?) is a matrix of current quark masses. Here we use ¢ instead of ¢ to

note the quark field. The L,,; is the interaction part which is

+ 29 (1.2.3)

Lot = Lo

wnt

) which

Yand a U (1) s-breaking term £

consisting of a local four-point interaction £§m

is minimally a six-point vertex. The interaction Egg)t is constructed such that it
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simulates U (1) 4-breaking instanton effects. Just like in QCD theory we can introduce

the 't Hooft determinant interaction
© _ Gb _ B
Lint = =5~ {det{q(1 +75)q] + det[q(1 —75)al} (1.2.4)

The £

int

should satisfy chiral U(3),®U(3) g symmetry and symmetry under SU(3)coror
and PCT'. It can be shown that

oy = = Z (@\'q)? + (gisN'q)?)

Z (GAN7.90)* + (@N57,.9)°]

+c% (1.2.5)

Where £ includes other color singlet terms and the color octet terms.

other
Our researches will be based on the SU(3) NJL model listed above. Here we have
listed the result of NJL model in general. For more detals about the NJL model, you

may refer to [23] and [12].

1.3 Thesis Topics

At finite density and temperature, many applications have been made of the NJL
model in the study of light meson spectra, decay constants, and mixing angles. In
this thesis we will report to extend our model to include a description of deconfinement

at finite density and finite temperature.
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1.3.1 Finite Temperature

There has been a great deal of interest in understanding the properties of quantum
chromodynamics (QCD) for a finite value of the chemical potential and for finite
temperature. Studies have been made of the restoration of chiral symmetry in matter
and at finite temperature. The phenomenon of deconfinement is also of great interest,
with studies of the temperature dependence of the confining interaction reported

recently.

The NJL model is then a model of interests for the corresponding calculations. In this
thesis, the temperature-dependent feature of NJL is given. It successfully describes
the restoration of the chiral symmetry with the increasing temperature. Also the

deconfinement of light mesons is studied.

1.3.2 Finite Density

There has been extensive application of the NJL model in the study of matter at high
density, with particular interest in diquark condensation and color superconductivity
[32, B3, B4, B5]. These studies find application in the study of neutron stars. The
NJL model is the model of choice, since the study of the properties of matter at finite
density in lattice simulations of QCD is only in an early stage of development. A
problem in these studies is associated with the introduction of a chemical potential,

which makes the Euclidean-space fermion determinant complex [41] [42], 43, [44], [45], [46].

The use of the NJL model in the hadronic phase of matter is limited, since the
standard version of the model does not contain a model of confinement [12], 23, 22].
It is clearly of value to extend the NJL model so that one can study the full range
of densities of interest at this point in time. We are encouraged in this program by
recent results, obtained in lattice simulations of QCD with dynamical quarks, that

provide information on the temperature dependence of the confining interaction [14].
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It is generally believed that the presence of matter will play a role similar to that
of finite temperature, with deconfinement taking place at some finite density, which

might be several times that of nuclear matter.

1.3.3 Quark-gluon Plasma

At extremely high density and temperature, the confining feature of quarks and the
spontaneous breakdown of chiral symmetry might be distroyed. Actually, the lattice
calculation has shown that at zero baryon density these features are both distroyed
at the same temperature. A new phase of matter, quark-gluon plasma has then been
suggested. It is of interest to obtain insight into the lattice results in the NJL model,
that describes the restoration of chiral symmetry with increasing temperature. In

this thesis we will report our calculations of quark-gluon plasma.

1.4 Thesis Structure

In this thesis we want to report our studies with our modified NJL. model. In chapter
2, we describe the our extended NJL model with confinement. In chapter 3, a nonlocal
NJL model is given. We will also include the descriptions of some basic physics
quantities in these two chapters, since these two chapters are the preparation of the

discussions in the followed chapters.

In chapter 4, we focus our investigation on finite temperature. Two cases are covered,
in which the first is the chiral symmetry restoration, and another is the excitations

of quark-gluon plasma.

In the chapter 5 we will study the deconfinement at finite matter density. This

discussion is parallel to the finite temperature case that we have in chapter 3.

In the last chapter we focus on the dense matters. We will first discuss the quark
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and nucleon self-energy. Then the quark propagation in the quark-gluon plasma is

studied.



Chapter 2

The NJL Model with Confinement

2.1 Models of Confinement

In recent years we have developed a generalized Nambu—Jona-Lasinio (NJL) model
that incorporates a covariant model of confinement [21), 20, [I8, 17, 16]. The La-

grangian of the model is

. Gs S~y i N
L= qip—m")qg+ 73 > [(@Na)* + (gisNq)?)
=0
Gy S

—= 2 [[@9)° + (@\579)°]
1=0

+%{det[q‘(1 +5)q] + det[g(1 — 75)q]}

_'_‘Cconf ) (211)

where the A(i = 0,---,8) are the Gell-Mann matrices, with \° = ,/2/31, m® =

0

diag (m2, mJ, m?) is a matrix of current quark masses and L..,; denotes our model

of confinement.

There are several models of confinement in use. One approach is particularly suited to

Euclidean-space calculations of hadron properties. In that case one constructs a model
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of the quark propagator by solving the Schwinger-Dyson equation. By appropriate
choice of the interaction one can construct a propagator that has no on-mass-shell
poles when the propagator is continued into Minkowski space. Such calculations have
recently been reviewed by Roberts and Schmidt [52]. In the past, we have performed
calculations of the quark and gluon propagators in Euclidean space and in Minkowski
space. These calculations give rise to propagators which did not have on-mass-shell
poles [53] B4L 55 56]. However, for our studies of meson spectra, which included

descriptions of radial excitations, we found it useful to work in Minkowski space.

The construction of our covariant confinement model has been described in a number
of works [21, 20, [I8], 17, 16]. In all our work we have made use of Lorentz-vector
confinement, so that the Lagrangian of our model exhibits chiral symmetry. For

Euclidean-space calculations we may write

Loms = [ d'yala)"a@)V (@ = y)ay) () (2.1.2)

where in momentum-space, V¢ describes four-momentum transfer. However, for the
Minkowski-space calculations, we found it useful to neglect the energy transfer by the
confining field in the meson rest frame. We begin with the form V¢(r) = krexp[—pur]

and obtain the momentum-space potential via Fourier transformation. Thus,

L 1 4p®
VO — k') = —87k | ——— SR , (2.1.3)
(F— K [(F— 2

with the matrix form
VO k—k") =)V (k- k").(2), (2.1.4)

appropriate to Lorentz-vector confinement. We may write a covariant version of
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VC(k — k') by introducing the four-vectors

éﬂ:kﬂ—%, (2.1.5)
and
B =k — %. (2.1.6)
Thus, we have
VO(k— k') = —87k ! - 4 . (217

R N N T

Originally, the parameter ;1 = 0.010 GeV was introduced to simplify our momentum-
space calculations. However, in the light of the following discussion, we can remark
that © may be interpreted as describing screening effects as they affect the confining
potential [T4]. In our work, we found that the use of k = 0.055 GeV? gave very good

results for meson spectra.

The potential V¢ (r) = krexp[—ur] has a maximum at r = 1/u, at which point the
value is Vo = k/pe = 2.023 GeV. If we consider pseudoscalar mesons, which have
L = 0, the continuum of the model starts at E.,,; = mq + ma + Vinae, so that for
my = mg = my, = myg = 0.364 GeV, E.,, = 2.751 GeV. It is also worth noting
that the potential goes to zero for very large r. Thus, there are scattering states
whose lowest energy would be m; 4+ my. However, barrier penetration plays no role
in our work. The bound states in the interior of the potential do not communicate
with these scattering states to any significant degree. It is not difficult to construct
a computer program that picks out the bound states from all the states found upon

diagonalizing the random-phase-approximation Hamiltonian.

Bound states in the confining field may be found by solving the equation for the
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P2 +k P2+ K P2 +k
P = ve

PR +k -P/2 4+ K P2 +k

(a)
P/2 + k - PR+K  PR+K PR2+kK  PR+k
P = = + ve
PRk -P2+K  -PR+k  -PR+K -PR+k

(b)

Figure 2.1: a) Bound states in the confining field (wavy line) may be found by solving
the equation for the vertex shown in this figure, b) Effects of both the confining field
and the short-range NJL interaction (filled circle) are included when solving for the
vertex shown in this figure.

mesonic vertex function shown in Fig. 2. k. Inclusion of the short-range NJL inter-
action leads to an equation for the vertex shown in Fig. 2.Ib. We will return to a
consideration of Fig. 2.Ib when we discuss our covariant RPA formalism in Section

4.0.5.

2.2 Covariant Lorentz-vector Model of Confinement

Next, we provide a review of the important features of the model. As a first step,
we introduce a vertex function for the confining interaction. [See Fig. 2Ib.] For
example, the vertex useful in the study of pseudoscalar mesons satisfies an equation

of the form [21]

47,1

Tsa(PR) = 7 —i /é—4 Y Sa (P2 + 1) (2:2.1)

)

XTs.a5(P, k") Sy (—=P/2 + k"), )VE (k — k'),
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where S,(P/2 + k') = [P/2 + }F' —m, +in]~'. Here, m, and m, are the constituent
quark masses. We consider the form VC(r) = srexp[—pur] and obtain the Fourier
transform as Eq. (ZI1.3]), which is used in Eq. (ZZ1). We then define Eq. (Z1.7),
which reduces to VE(k — k) of Bq. (ZL3) in the meson rest frame, where P = 0.

It is also useful to define scalar functions I'; , (P, k) and I'; 7, (P, k) [21]. We introduce

ka+ma

AN (k) = T (2.2.2)
and
A (=F) = %%;i?ﬁ, (2.2.3)
where k# = [E,(k), k] and k" = [—E,(k), k], and define
A (B)Ts0(P, kYA (—F) = T (P R)ASD (B)ys Ay ) (<) (2.2.4)
and
A (= k)T (P, K)AST (F) = T5 5 (P k)AL (k)05 (R). (2.2.5)

We have obtained equations for I's (P, k) and I'; *(P, k). For example, with m, =

my, we have

3 0 (i dgk/
1?(P,WD—1—/( . (2.2.6)

m? — zE(E)E(E /)
27)3 (k

DER)

L3 (PO [k )V (E — k)
E(k)E )

P —2B(k’

Note that T'#~(P° k') = 0, when P° = 2E(k’), so that one need not introduce a
small quantity, i€, in the denominator on the right-hand side of Eq. (Z.2.6]). (Alter-
natively, we may note that I'7 (P, |k|) = 0 when the quark and antiquark in Fig.

are on mass shell.) The confinement vertex functions defined in our work may be
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used to calculate vacuum polarization functions which are real functions. The unitar-
ity cut, that would otherwise be present, is eliminated by the vertex functions which

vanish when both the quark and antiquark go on mass shell [16, 17, [18], 19, 20, 21].

We have presented Eq. (2.2.6]), since we wish to stress that for the study of light
mesons the constituent quark mass, m, is of the order of |k|, so that |k| /m is not small.
Therefore, the term in the square bracket on the right-hand side of Eq. (2:2.6)), which
would be equal to —1 in the nonrelativistic limit, provides quite important relativistic

corrections to the form given in Eq. (ZI1.7).

In Fig. 2.Th we show the homogeneous equation for the confining vertex. The solution
of the homogeneous equation allows us to construct the wave functions bound in the

confining field. For example, we may define

() _ Lo (P k)
o) - 22.)
and
o = - 229)

P+ 2B(k)

which we may term the “large” and “small” components of the wave function of the
bound state with energy P?. In Fig. 2.Ib we show the equation for the vertex function
that includes both the effects of the short-range NJL interaction and the confining

interaction.
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2.3 Density and Temperature Dependence of the

Confining Field

In part, our study has been stimulated by the results presented in Ref. [14] for the
temperature-dependent potential, V(r), in the case dynamical quarks are present.
We reproduce some of the results of that work in Fig. There, the filled symbols
represent the results for 7'/7T, = 0.68,0.80,0.88 and 0.94 when dynamical quarks are
present. This figure represents definite evidence of “string breaking”, since the force
between the quarks appears to approach zero for » > 1 fm. This is not evidence for
deconfinement, which is found for 7" = T,. Rather, it represents the creation of a
second ¢q pair, so that one has two mesons after string breaking. Some clear evidence

for string breaking at zero temperature and finite density is reported in Ref. [28§].

In order to study deconfinement in our generalized NJL model, we need to specify the
interquark potential at finite density. We start with our model that was described in
Section 21l In that case we had V(r) = krexp[—pur]. For the model we study in

this work, we write

VE(r, p) = rrexp[—pu(p)r] (2.3.1)

and put
Ho
—
Pc

with pc = 2.25pyy and pp = 0.010 GeV. With this modification our results for

u(p) = (2.3.2)

meson spectra in the vacuum are unchanged. Other forms than that given in Egs.
(23J) and (232) may be used. However, in our work we limit our analysis to the

model presented in these equations. The corresponding potentials for our model of
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Figure 2.2: A comparison of quenched (open symbols) and unquenched results (filled
symbols) for the interquark potential at finite temperature [14]. The dotted line is
the zero temperature quenched potential. Here, the symbols for T = 0.807. [open
triangle], T' = 0.88T, [open circle], T' = 0.94T, [open square|, represent the quenched
results. The results with dynamical fermions are given at 7' = 0.687.. [solid downward-
pointing triangle], " = 0.807, [solid upward-pointing triangle], 7" = 0.887. [solid
circle], and T' = 0.947, [solid square].
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Figure 2.3: Values of V (r, p) are shown, where V(r, p) = krexp|—u(p)r] and u(p) =
wo/[1 — (p/pc)?]. Here pc = 2.25pnr and po = 0.010 GeV. The values of p/pnur
are 0.0 [solid line], 0.50 [dotted line|, 1.0 [dashed line], 1.50 [dashed-dotted line]. 1.75
[dashed-dotted-dotted line|, 2.0 [short-dashed line|, and 2.1 [small dotted line].

Lorentz-vector confinement are shown in Fig. for several values of p/pns.

Similar calculations can be applied to the case of temeperature-dependent confine-

ment. We introduced a temperature-dependent confining potential, whose form was

motivated by recent lattice simulations of QCD in which the temperature dependence

of the confining interaction was calculated with dynamical quarks [I4]. (See Fig. [2.2])

In order to include such effects, we modified the form of our confining interaction,

VY (r) = krexp|—pur], by replacing p by

u(T) = Ho ,

[1 07 <%ﬂ

with o = 0.010 GeV. The maximum value of V(r,T) is then

VC

max

(1) = e’

(2.3.3)

(2.3.4)
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_ wl- OJET/TC)Q] 7 (2.3.5)

with 7,4 = 1/p(T). To better represent the qualitative features of the results shown
in Fig. 22 we can use VO (r,T) = rrexp[—u(T)r] for 1 < 7pee and VE(r,T) =
VC (T) for 7 > 7T4.. We also note that we use Lorentz-vector confinement and
carry out all our calculations in momentum-space. The value of x used in our work

is 0.055 GeV2. For more details please refer to Chapter £3. Here we will not go into

this case in any more details.

2.4 Calculation of Constituent Quark Mass Values

In this section we will show our calculation of the density dependence of the con-
stituent quark masses of the up (or down) and strange quarks. The role of confine-
ment in the calculation of the constituent mass was studied in an earlier work in
which calculations were made in Euclidean space [47]. The results were similar to
those obtained in Minkowski-space calculations in which confinement was neglected

and it is the latter calculations which we discuss here.

The equations for the quark masses in the SU(3)-flavor NJL model are [23]

m, = mY — 2Gs () — Gp(dd)(ss), (2.4.1)
mg =mY — 2Gs(dd) — G p{uu)(3s), (2.4.2)
ms =m? — 2Gg(5s) — Gp(uu)(dd), (2.4.3)

where (@), (dd) and (5s) are the quark vacuum condensates. These equations are

depicted in Fig. 2.4k, where the last term represents the 't Hooft interaction. For
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Figure 2.4: a)A diagrammatic representation of the equation for the self-energy for a
quark of momentum k. The first term on the right is the contribution of the current
quark mass m". The second term corresponds to the term proportional to G g in Egs.
(242)—(2Z5.6]) and the last term represents the 't Hooft interaction. b)The self-energy
equation in the presence of a confining interaction (wavy line.) Without the 't Hooft
interaction, we have a representation of SU(2)-flavor model studied in Ref. [75]. (See
Egs. (2.15) and (2.16).)

example,

d% My

. 244
(2m)* k2 —m2 + e ( )

(W) = —4N,i /

If this integral is evaluated in a Minkowski-space calculation, a cutoff is used such

that |k| < As. Thus,

o As (3% My
(wu) = —4N, / o 2B (2.4.5)

etc. Here E, (k) = [IZQ + mﬂ V2

For studies at finite density, we consider the presence of two ideal Fermi gases of up

and down quarks with Fermi momentum kr. We also take mY = mJ and obtain the
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density-dependent equations, with (i), = (dd),,

mu(p) =md — 2Gs{uu), — Gp(dd),(3s),, (2.4.6)

ms(p) =m? — 2G5(3s), — Gplau),(dd), . (2.4.7)

Equation 2.4.5] is now replaced by

o A d% o omau(p) R dk ma(p)
(il = 4Nc{/o P 3 b O m@]’ 245

. = - 1/2 . .
with E,(k) = {kQ + mfb(p)} . On the other hand, since we do not consider a back-

ground of strange matter, we have

N As %k my(p)
(3s), = —4N, /0 o 35 (2.4.9)

with E,(k) = [EQ + mg(p)rﬂ.

We may argue that, with respect to our mean-field analysis, the Fermi gases of up and
down quarks yield contributions to the scalar density that are similar to what would
be obtained if the quarks are organized into nucleons. One part of the argument is

based upon the well-known model-independent relation for the density dependence

of the condensate [48]

—
]|

By _ (1 _ NP +> , (2.4.10)

(q9)o fmz

where oy is the pion-nucleon sigma term and p is the density of the matter. If we
take fr = 0.0942 GeV, m, = 0.138 GeV, pyy = (0.109GeV)3 and on = 0.050 GeV,
we find a reduction of the condensate in nuclear matter of 38%, which is consistent

with relativistic models of nuclear matter [49] 50].
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Figure 2.5: The solution of Eqs. ([24.0) and (Z47) for the density-dependent con-
stituent quark masses, m, (p) = mq(p) and ms(p) are shown. Here G5 = 9.00 GeV 2,
Gp = —240.0 GeV™>, A3 = 0.631 GeV, mY = 0.0055 GeV and m? = 0.130 GeV.

We now consider the corresponding relation for a quark gas of up and down quarks,

—~
|

Qo _ _ 94Pq
Gaho <1 Pm? + ) ; (2.4.11)

where p, is the density of quarks (p, = 3p) and o, is a “quark sigma term”. We have
shown in earlier work [51] that o, is in the range of 15-17 MeV, so that Eqs. (Z4.10)
and (Z4.TI7) imply that quite similar mean fields are generated by the quark gas and

by nuclear matter.

In Table 2] and in Fig. 25 we show the results obtained when Eqs. (24.8) and
(Z49) are solved with Gg = 9.00 GeV~2, Gp = —240 GeV™>, A3 = 0.631 GeV,
mY = 0.0055 GeV and m? = 0.130 GeV. We note that the dependence of m,(p) on
density is approximately linear for p/pny < 2, with a 32% reduction in the value of

m.(p) when p/pyy = 1. Another point to note is that m(p) is density-dependent
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ki p/pnm mu(p) ms(p)

( GeV?) (GeV] (GeV]
0.00 0.00 0.358 0.532
0.007 0.364 0.318 0.515
0.010 0.521 0.300 0.508
0.0140 0.729 0.276 0.498
0.0192 1.00 0.242 0.437
0.025 1.302 0.200 0.475
0.030 1.562 0.162 0.465
0.035 1.823 0.121 0.457
0.040 2.083 0.0860 0.452
0.045 2.343 0.0618 0.449
0.050 2.604 0.0470 0.44%
0.055 2.864 0.0378 0.44%
0.060 3.125 0.0316 0.44%
0.065 3.385 0.0272 0.447

Table 2.1: Values of m,(p) and mg(p) obtained from the solution of Eqs. (2.4.6]) and
([Z.47) are given for various values of the ratio p/pyar. (Here, k3 = 0.0192 GeV? for
nuclear matter, m? = 0.0055 GeV, m? = 0.130 GeV, A3 = 0.631 GeV, Gg = 9.00
GeV™2 Gp = —240.0 GeV™>.)
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Figure 2.6: The solution of Eq. ([2.4.12) for m,(p) is shown. Here Gg = 10.15 GeV 2,
mY = 0.0055 GeV and Az = 0.631 GeV. (See Table V of Ref. [12].) The dashed line
is a linear approximation to the result which we use for p < 2pys. (Nuclear matter
density corresponds to k% = 0.0192 GeV?.

for finite values of Gp, since the (ss) condensate is modified by the coupling to
the up and down quark condensates via the 't Hooft interaction [12) 23 22]. This
coupling becomes less important as the up and down quark condensates are reduced

at increasing density. [See Fig. [2.01]

We have also considered the solution for the SU(2) version of the above equations

mu(p) = m) — 2Gg(uu),, (2.4.12)

and have used the parameters specified in the Klevansky review article [12], Gg =
10.15 GeV~=2, mY = 0.0055 GeV and A3 = 0.631 GeV. The results for m,(p) are
similar to that seen in Fig. [0l except that m,(0) = 0.336 GeV. [See Fig. 2.6l] In

this case, m,(p) is reduced by about 32% when p = pn .

For the case of temperature-dependent constituent quark mass calculation, the cal-
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culation is similar. We will have a detailed discuss in Section [4.3.2]

2.5 The Quark Self-energy

Here are some reviews of the calculation of the quark self-energy in the local SU(3)-
flavor NJL model. One of our jobs is to add a confinement interaction, as was done
in an earlier study of the quark self-energy [75]. We consider the generalization to
a model with nonlocal short-range and 't Hooft interactions. The Lagrangian of the

model we have used is

i Gs i i
L= q6p—m)g+ =7 Y [[@N9)* + (@inNg)’
i=0
Gp _ _
+— - {det[q(1 +75)q] + det[q(1 —75)q]} - (2.5.1)
Here m® is the matrix of quark current masses, m® = diag(m2, m9%,m?) and the

AN(i=1,---,8) are the Gell-Mann matrices. Further, A\ = /2/3 1, with lbeing the

unit matrix in the flavor space.

The quark propagator is written as

iS(k) = ¥ — (k) +ie’ (2.5.2)
with

Y(k) = A(K*) + B(EK*)§ . (2.5.3)
We may define

M,(k*) = 1 féf(i2) : (2.5.4)
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and
1

Zu(k2) = m:

(2.5.5)

with similar definitions for M(k?), M(k*), Z4(k*) and Z(k?).

In the absence of a confinement model, we have B(k*) = 0, A, (k*) = Ay4(k*) = m,, and

Ay (k*) = my, where m,, and and m, are constants. (Here, we have take m2 = mJ.)

In this case we have Eqs. (241 - 243)[23]. The up quark vacuum condensate is

given by
dh o CU
(wu) = N/ L l% (2.5.6)
rd% mlCk?)
- _4ch/(2ﬁ)4 e (2.5.7)

Here, C(k?) is a function needed to regulate the integral. In this work we will use the
Pauli-Villars procedure and evaluate the integral in Euclidean space, as was done in

Ref. [75]. In the general case we may write

L d% Z M, (k*)C(k*)
(uu) = —4N, / M2 T e (2.5.8)

where Z,(k*) and M2(k?) were defined in Eqgs. (Z5.4) and (Z5.5).

In Ref. [75] we obtained the following coupled equations in the case of the SU(2)-flavor

model
2 d%' [-4Ve(k — k') + 4Non; G5 A(K"?)
A(k7) = /(2@4 k'2[1 — B(k'2))? _Agf(k,fg) e (2.5.9)
2B (12 d'' 2k k)L~ BE)V(k ~ k')
k“B(k*) = /(2%)4 k21 — B(k'2))2 — A2(k'2) + ie (2.5.10)

where V¢ is the Lorentz-vector confinement we introduced in this chapter. These

equations were solved after passing to Euclidean space and including a Pauli-Villars
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regulator of the form

2A%
2\ _
CWhs) = T 22k2) + AT[kE + A2(kE) T 207 (25.11)
in Euclidean space. Note that the form
~ 2A4
C(’@%) = 2 2
(kg (1 — B(kg))" + A2(kg) + A?J[kg (1 — B(kg))" + A2(kg) + 2A7]
(2.5.12)

may also be used. (In Egs. (Z59) and (Z5.I0) V¢ appears with a sign opposite
to that given in Ref. [75], since, in that work, we used a negative value of k. For
the present work we use a positive value of k to be consistent with all of our other

publications.)

2.6 Discussion

As we have done in this chapter, we modified the Nambu—Jona-Lasinio model with a
Lorentz-vector confinement. This noval model is capable to apply to either density-

dependent or temperature-dependent situations.

But as mentioned in Klevansky’s paper [12], this model has the shortcoming that the
local interaction does not confine quarks. We need further extend our model to a

nonlocal one. This will be done in next chapter.
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Chapter 3

A Nonlocal NJL Model

3.1 History

In recent years there has been strong interest in the study of quark matter at high
densities, using the NJL model and related models. In particular, one finds color
superconductivity under certain conditions and it has been suggested that some com-
pact stars might be made of superconducting quark matter [32] [35], (65, 66, [33], (67, [68].
It is our belief that in such studies one should use a model which reproduces, as
well as possible, know features of QCD. In this chapter we wish to generalize the
SU(3)-flavor version of the NJL model to be consistent with the type of momentum-
dependent quark masses found in lattice simulations of QCD [69]. For example, in
Figs. Bl and B2 we show some of the results obtained in Ref. [69]. It may be seen
from these figures that, in Euclidean space, the quark mass goes over to the current
mass for Euclidean momentum k 2 2 GeV. On the other hand, the NJL model, in
the standard analysis [12], gives rise to a constant value for the constituent quark
mass. As we will see, the form of the nonlocality used here is different from that
used in Refs. [65] [70) [71) [72] [73] [74]. For example, in reference [70] the ¢q vertex is

modified by a form factor which depends on the relative momentum of the quark and
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Figure 3.1: Quark mass values obtained in Ref. [69] for various current quark masses:
m® =91 MeV | circles], m® = 54 MeV [crosses| and m°® = 35 MeV [diamonds].

antiquark, while, in another scheme, a form factor is associated with each quark line
appearing in a diagram. In the latter procedure no further regularization is needed.
However, for the problem considered in our work, the nonlocal models that appear
in the literature are of limited applicability, since, in the limit of zero current quark
mass, the quark self-energy is proportional to the form factors used to define the

nonlocality [70].

3.2 A Nonlocal NJL Model

A diect consideration is to introduce a regulator and a nonlocal quark interaction.
We stress that the procedure used here differs from any that appears in the literature.
In this section we describe the procedures we use to create a nonlocal version of our

generalized NJL model. In this case, it is useful to start from a term involving the
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Figure 3.2: Quark mass values obtained in Ref. [69] using an extrapolation of the
current quark mass to zero. (The small dip at k& ~ 1.6 GeV is not statistically
significant [69)].

interaction of two currents. We replace the second term of Eq. (Z5.1]) by a nonlocal

form

Csi" (@@ v)inly) = %Z:‘j(x)Ai’Y”f(ﬂf)Q(x)fi(y)Aiv“f(y)q(y) (3.2.1)
N %Z{[Q(x)xf(f)Q(y)(i(y)Aif(y)q(.r)] (3.2.2)

+ [a(z) XNivs f(2)a(y)a(y) Niys f (y)a ()]}

N

where we have used a separable form for I'(x,y) = f(x)f(y) and have performed a
Fierz rearrangement to pass from Eq. (B21) to Eq. [B23)). We have not written
the vector and axial-vector interaction that arise in the Fierz transformation. (See

Appendix B of Ref. [12].)

A related modification may be made for the 't Hooft interaction. It is useful, however,
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to describe these modifications as they affect momentum-space calculations. With
reference to Fig B3] we replace Gg by f(ka — k3)Gsf(k1 — k4). In the evaluation of
the second term of Fig. we need Gg(k — k') = f(k — k")Gsf(k — k') and choose

to write

Gs(k—k") = exp[—(k—Fk')*/28]Ggsexp|—(k — k')*/20] (3.2.3)

= Ggexp[—(k—k")?>/3].

In this work we take n = 4 and 3 = 20 GeV®. In Fig. B4 we exhibit the function

F(k?) = exp[—k?"/3]. Tt is clear that many other functions may be chosen.

We now rewrite Eqs. (Z5.9) and (Z5.10) for the up, down and strange quarks. For

example, for the SU(3)-flavor case

d'%" [-4Ve(k — k') + 8N.Gs(k — k") Au(k'?)
AR = / ‘ -
(k%) my + k'2[1 — By (k'2)]2 — A2(k'2) + ie
, (3.2.4)

k2B, (k?) -/(dk" 2(k - k"1 — Bu(k")]Ve(k — k')

2m) k'2[1 — B, (k"?)]2 — A2(k'2) + i€’ (3.2.5)

with similar equations for A4(k?), Bq(k?), etc. Again, these equations are solved after
passing to Euclidean space and introducing regulator functions: C,(k?), Cy(k?) and Cy(k?).

In Euclidean space we write

2A%
(k2 + A2(k?) + A?|[k% + A2Z(k?) + 2A?)°

Cu(k?) = (3.2.6)

etc. Note that without the 't Hooft interaction the equations for the up, down and

strange quarks are uncoupled.

Our treatment of the 't Hooft interaction is based upon a generalization of the last

term in Eqs. (Z40)-(Z43]). With reference to the third term on the right in Fig.
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Figure 3.3: The figure indicates the replacement of the local quark interaction, iGg,
by the nonlocal (separable) term, iGg(ky — k3, k1 — kq) = iGsf(ka — k3) f(k1 — ky).
The distinction between our separable model and that of Ref. [70], for example,
is that in Ref. [70] the alternative replacement iGgs — iGg(ke + kg, k1 + k3) =
ZGsf(kQ + k4)f(k’1 + ]{33) was used.
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Figure 3.4: The correlation function F(k) = exp[—k?"/f] is shown for n = 4 and
3 =20 GeV?.
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Figure 3.5: The quark self-energy equation is depicted, with nonlocal terms replacing
Gg and Gp. [See Fig. B3]

3.5 we introduce a correlation between the quark of momentum % and the quark of
momentum k’. We also include a correlation between the quark of momentum & and
that of momentum k”. (Therefore, our procedure does not introduce a correlation
between the two quarks in the separate condensates. At this stage of the development
of our model that seems to be a reasonable approximation and avoids having to
define a three-quark correlation function, f(k—k', k' — k" k—£k").) For example, we

generalize the term —G'p(dd)(5s) to obtain the contribution to A, (k):

_— rd% Ca(k') Zu(k'*) Mo (k") f2(k — k)
A, (k)=—-Gp l—4ch/(2W)4 k'2[1 — B,(k'2)]2 — A2(k'2) ]

' d4/€” C«S(k//Q)ZS(k,//Q)Ms(k//Q)fQ(k_k//)
X [_4N02/(2W)4 k"2[1 — By(k"?)]2 — A2(k"?) ]

(3.2.7)

in Minkowski space. This expression is then evaluated in Euclidean space and added
to the right-hand side of Eq. (8:Z4)). In a similar fashion, we calculate A%(k) and
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3.3 Some Numerical Results

3.3.1 Condensates and Constituent Mass Values

There is a good deal of flexibility in choosing the regulators C,(k?), Cy(k?), and
C,(k?). Also, various forms could be chosen for the correlation functions, f(k — k’).
Previously, in our Minkowski-space studies of the 77 mesons we used Gg = 11.84 GeV 2
and Gp ~ —200 GeV~° [21]. However, in that work we used a Gaussian regulator
in Minkowski space so that a direct comparison with the present study can not be
made. On the other hand, we do not expect to find radically different parameters, if
the constituent masses in the two calculations are similar. For example, in our earlier
work, in which m,, and m, were parameters, we used m, = 0.364 GeV, which can be
compared to the value of M, (0) calculated here. We have also used either ms = 0.565
GeV [16l 17, 18, 19, 20] or ms = 0.585 GeV [21], values which may be compared to
M,(0).

To proceed, we take A = 1.0 GeV, Gg = 13.30 GeV 2, k = 0.055 GeV? m? = 0.0055
GeV, m? = 0.130 GeV, u = 0.010 GeV and 3 = 20.0 GeV®. We then consider
values of Gp = 0, Gp = —20Gg, Gp = —30Gg and Gp = —40Gg. The results
of our calculations are given in Table B3Il Recall that the function F'(k) does not
appear in our expression for the condensates. The calculation of the condensates
includes the Pauli-Villars regulators, C,(k?), Cy(k?) and Cy(k?), however. [See Egs.
250)-(2Z58).] In our calculation of the properties of the 1 mesons [2I] we had
—Gp/Gs ~ 15—18, since we used Gp values in the range —180 GeV < Gg < —220

GeV~° in that work.

In order to specify a value of Gp for this work, we note that a calculation based
upon chiral perturbation theory yields (ss)/(au) = 1.689 [76]. Inspection of Table
331 suggests that the values of Gp, other than Gp = 0, given in Table B3] are
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Gp [GeV ][ 0.0 2266.0 | -399.0 | -532.0
M,(0) [GeV] | 0.334 0.377 0.396 0.416
M,(0) [GeV] | 0.538 0.555 0.564 0.575
(wu)s [GeV] | -0.207 0215 | -0.217 | -0.220
(5s)3 [GeV] | -0.2605 | -0.261 | -0.261 | -0.261
o 2.00 1.80 1.73 1.68

A, (0) [GeV] || 0.447 0.481 0.496 0.512
B,(0) -0.335 20276 | -0.253 | -0.233
A,(0) [GeV] | 0.614 0.628 0.636 0.645
B,(0) -0.139 20131 | -0.127 | -0.122

Table 3.1: Calculated values for the condensates and for A(0), B(0),and M(0) are
given for the up and strange quarks for four values of Gp. The parameters m? =
0.0055 GeV, m? = 0.130 GeV, k = 0.055 GeV?, 3 = 20 GeV®, u = 0.010 GeV,
A = 1.0 GeV, Gg = 13.30 GeV~2 were used. The values of k and p were fixed in
earlier work [21], [16], (17, 18, 19, 20]. Values of (uu) ~ (dd) ~ —(0.240 + 0.025 GeV)?
have been suggested [80], so we see that our calculated values are at, or near, the
lower limit for that quantity.

acceptable. For Gp = —266 GeV~° we have M, (0) = 0.377 GeV and M,(0) = 0.555
GeV, which are reasonably close to the phenomenological parameters m, = 0.364

GeV and m, = 0.565 GeV used in our earlier work [16} 17, 18] 19, 20].

It is worth noting that, in standard application of the SU(3)-flavor NJL model, one
finds (ss)/(uu) ~ 1.1 [12], so that the results shown in Table B3] are encouraging,
given that the value for (Ss)/(uu) obtained using chiral perturbation theory is about

1.7 [76], as noted above.

3.3.2 Momentum Dependence of the Constituent Quark Masses

In Fig. we show M, (k), where k is the magnitude of the Euclidean momentum.
The dashed line exhibits the result without the confining interaction (x = 0). It is
interesting to see that inclusion of confinement improves the shape of the curve when

we compare our results to the lattice results shown in Figs. 3.1l and 3.2l We note
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Figure 3.6: Values of M, (k) are shown for the parameters m? = 0.0055 GeV, m? =
0.130 GeV, k = 0.055 GeV2, = 0.010 GeV, A = 1.0 GeV, B = 20 GeV8, Gg =
13.3 GeV~2, and Gp = —266 GeV~>. The dashed line shows the result without
confinement (x = 0).

that M, (k) goes over to m® = 0.0055 GeV for large k. In Fig. 3.7 we show B, (k).
(Recall that Z,(k) = [1— B,(k)]~'.) We remark that B, (k) = 0 when x = 0. In Figs.
B8 and B9 we show M, (k) and By(k), respectively. As expected, we find that M (k)

goes over to m? = 0.130 GeV when £ is large.

3.4 Density Dependence

As stated earlier, the behavior of the NJL model for finite values of the baryon
density is an extensively explored topic [12, [77, [78], with particular recent emphasis
on color superconductivity [32, [35, [65], 66, [33, 67, 68]. In this section we explore the
behavior of our model at finite baryon density. (It should be noted that the nature of
the phase transition describing chiral symmetry restoration at finite density is quite

model dependent. For example, the inclusion of current quark masses can change a
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Figure 3.7: Values of B, (k) are shown. (See caption to Fig. 3.0])
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Figure 3.8: Values of M (k) are shown. (See caption to Fig. [3.6])
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Figure 3.9: Values of B(k) are shown. (See caption to Fig. B.0l)

strong first-order transition to a smooth second-order transition [78].)

A comprehensive study of the thermodynamics of the three-flavor NJL model has
been reported in Ref. [79]. There it is found that the up, down and strange quark
masses are essentially constant up to the density where a first-order phase transition
appears. At that point, the up and down quark masses drop from a value of about
380 MeV to about 30 MeV. That behavior differs from the behavior expected at low
density. For example, we have the well-known relation Eq. (2.4.10) between the
value of the condensate and the baryon density of nuclear matter, where oy is the
pion-nucleon sigma term. This relation is valid to first-order in the density. It may

be derived, in the case of nuclear matter, by writing

(79), = (@2)0 + (N|qq|N)ps (3.4.1)

and making use of the definition of the pion-nucleon sigma term, oy, and the Gell-

Mann-Oakes-Renner relation. If we put oy = 0.045 GeV, we have (qq),/(qq)0 =
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1 — 0.273pp, where pp is in GeV? units. For nuclear matter pg =(0.109 GeV)3, so
we see that the condensate is reduced by about 35%, if we evaluate Eq. (Z4.10)
at nuclear matter density. We can check whether the density dependence given by
Eq. (Z41I0) is reproduced in our model, since it should not matter whether the
scalar density of the background matter is generated by quarks in nucleons or by the

presence of free quarks. In the former case, we may write, for the baryon density,

pp =4 / kz;:)?) (3.4.2)

where the factor of 4 is arises from the product of the spin and isospin factors. In the

case of quarks, we have

pB = 4N, (9/@(;;/{)3 (3.4.3)

where, in this case, the factor of 4 again arises from the spin and isospin factor.
(Both up and down quarks are present in equal numbers.) The color factor, N, = 3,

is cancelled by the baryon number of 1/3 of each quark.

We need to modify the equations for the quark self-energy to take into account the
presence of the Fermi seas of up and down quarks whose Fermi momentum is kr. We
take one Fermi sea to be composed of on-mass-shell up quarks with constituent mass

M, (0). The following term is then added to the equation for A, (k).

F\

4% My(0) .,
&P Bk |

k
AP (k) = —(2G5)N.2 / — k) (3.4.4)
where E, (k) = [EQ + Mf(O)}E The second factor of 2 in Eq. (B3.4£4) reflects the
spin degeneracy. We note that M, (0) is density-dependent and could be written as
M, (0, p) in keeping with the labelling of Fig. 310, where M, (k, p) is used. Also, if

f(k—k") =1, AP (k) would then represent —2G's ps, where pg is the scalar density
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Figure 3.10: The values of M(k, p) are shown for p/pnyr = 0.26 [dotted line|, p/pyy =
0.52 [dashed line|, and p/pnpr = 0.78 [dash-dot line].

associated with the up-quark Fermi sea.

In Fig. B0 we show M(k, p) calculated for four values of p and in Fig. B.IT] we
show M(0) as a function of k%. Since the quarks in the Fermi sea are taken to be
on-mass-shell, we would, in principle, require M, (k, p) in Minkowski space. However,
since kr = 0.268 GeV for the case of nuclear matter, only a very modest extrapolation
of the curves shown in Fig. B.I0is needed for the densities considered in this work.
In Fig. we show the value of the up quark condensate as a function of k%.
(Note that k% = 19.2 x 1072 GeV? represents the density of nuclear matter.) It is
seen that, for small values of the density, the density dependence of the condensate
reproduces what is expected from Eq. (ZZ4I0). (If we extrapolate the curve using
a linear approximation, the condensate is reduced by about 30% at nuclear matter

density.)
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Figure 3.11: Values of M(0) are shown as a function of k%. Note that pp = (2/37%)k}.
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Figure 3.12: The values of the up quark condensate are given as a function of k%.

Note that pp = (2/372)k3.
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3.5 Discussion

We have remarked earlier in this work that the large values of the condensate ratio
(5s)/(uu) seen in Table B3] play a role in obtaining a good fit to the mixing angles
of the 7(947) and 7/(958) mesons [16]. To understand this remark we note that the

effective singlet-octet coupling constants for pseudoscalar states are [22]

2 G
Gh = Gs—g(a+ﬂ+v)7]), (3.5.1)

1 G
Gh = Gg— S(r—20 - 2ﬁ)7D : (3.5.2)

and

G
G ==Ly —a-p)92, (35:3)

where a = (@iu), 3 = (dd) and v = (5s). We take a = (3, so that

V2 G
Gos = (v~ OZ)TD‘

5 (3.5.4)

If v = 1.7q, the result for G&; is six times larger than when v = 1.1a.

In addition to the effects of G, singlet-octet mixing is induced by the quantity [16]

N

Eos(k) = 3

[Eu(k) — Es(k)], (3.5.5)

where E, (k) = [EQ - mﬂ %, etc. It is found that, since Gl and Epg(k) tend to cancel
in our formalism, the significant singlet-octet mixing generated by Eyg(k) is reduced
by the values of G{; obtained for the larger value of the ratio (5s)/(uu), with the
result that we reproduce the values of the mixing angles found in other studies that

make use of experimental data to obtain values for the mixing angles [16].
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In our earlier work, which was carried out in Minkowski space, the values of m, = my
and mg were taken as parameters. Inspection of our figures which exhibit values of
M, (k) and M, (k) suggests that an extrapolation into Minkowski space may be made if
k? is not too large. The fact that M, (0) and M,(0) are close to our phenomenological
parameters for Gp = —266 GeV~° is encouraging and suggests that some support for

our choice of quark mass parameters may be found in our Euclidean-space analysis.

The full consequences of separating the specification of the nonlocality of the quark
interaction from the choice of the regulator of the theory should be explored more
fully. Although that feature of our model introduces greater flexibility, that comes
with the disadvantage of having to introduce other parameters in the model. We have
made only limited variation of the form of the nonlocality and the regulator. For
further applications it may be of interest to explore a more comprehensive parameter
variation. It is also necessary to extend the calculations reported in Figs.
to larger values of the density than those considered here. That step will require
more complex methods for solving our nonlinear equations for the self-energy than

the simple iteration scheme we have used thus far.

Our work may be compared to that of Alkofer, Watson and Weigel [81] who have
solved the Schwinger-Dyson equation using a gluon propagator whose low-momentum
behavior is enhanced by a Gaussian function. (That modification requires the intro-
duction of two phenomenological parameters [82].) The behavior found for A(k) and
B(k) in Euclidean space is similar to that obtained in this work. (See Fig. 1 of Ref.
[81].) Those authors also solve the Bethe-Salpeter equation to obtain the properties
of various g¢ mesons with generally satisfactory results. It is of interest to note that
the Minkowski space solution for A(k) and B(k) is such that the quark can go on-
mass-shell. That feature may be related to our work [21], 16, 17, [I8], 19, 20] in which
we use on-mass-shell quarks with masses m, = my = 0.364 GeV and m, = 0.565

GeV (or 0.585 GeV [18]) when solving the Bethe-Salpeter equation in our study of
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qq mesons.
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Chapter 4

Finite Temperature

4.1 Temperature-dependent NJL Model

We have studied a generalized version of the Nambu—Jona-Lasinio (NJL) model which
includes a covariant model of Lorentz-vector confinement [16, (17, (I8, 19, 20]. Exten-
sive applications have been made in the study of light mesons, with particularly
satisfactory results for the properties of the n(547), 1'(958) and their radial excita-
tions [2I]. Since the modifications of the confining potential at finite temperature
have recently been obtained in lattice simulations of QCD [14] 25| 26] 27, 28| 29] (see
Fig. 2.2)), we became interested in introducing that feature in our generalized NJL

model, whose Lagrangian is as Eq. (21.1]) which we have introduced in chapter 2.

There are three important temperature-dependent features of our model. Temperature-

dependent constituent quark masses were calculated using the equation [12]

m

m(T) = m° + 2Gs(T)N, (Z> /OA alp%2 tanh(%ﬁEp) : (4.1.1)

™

Here, m® is the current quark mass, Gg(7T) is a temperature-dependent coupling
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constant introduced in our model [I1]

Gs(T) = G {1 —0.17 (%)} , (4.1.2)

N, = 3 is the number of colors, 5 = 1/T and E, = [p* +m2(T)]1/2. Further,
A = 0.631 GeV is a cutoff such that [p] < A. Results obtained for the up (or down)
and strange quark masses are given in Fig. [l In calculating the constituent mass
values we have neglected the confining interaction. That interaction was taken into
account in our earlier Euclidean-space calculation of the quark self-energy [13], which
also included the effects related to 't Hooft interaction. We found that, to a good
approximation, we could neglect the confining and 't Hooft interactions, if we modified
the value of the NJL coupling constant, G, and we adopt that approach when using
Eq. (£11).

In addition to the temperature dependence of the coupling constant and constituent
mass values, we also introduced a temperature-dependent confining potential, whose
form was motivated by recent lattice simulations of QCD in which the temperature
dependence of the confining interaction was calculated with dynamical quarks [14].
(See Fig. 221) In order to include such effects, we modified the form of our confining

interaction, V¢ (r) = krexp|—pur], by replacing p by

u(T) = [1 O';LO(;:)Q] , (4.1.3)

with o = 0.010 GeV. The maximum value of V(r,T) is then

Ve ) ’u(;)e , (4.1.4)
_ s 0T@/T (4.1.5)
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Figure 4.1: Temperature-dependent constituent mass values, m,(T) and m4(T), cal-
culated in a mean-field approximation [12] are shown. [See Eq. ({I1I))]. Here
m? = 0.0055 GeV, m® = 0.120 GeV, and G(T) = 5.691[1 — 0.17(T/T.)] GeV?, if
we use Klevansky’s notation [12]. (The value of G used in our work is defined such
that it is twice the value of G used in Ref. [12].)
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with 7,4 = 1/p(T). To better represent the qualitative features of the results shown
in Fig. Z2 we can use VO (r,T) = krexp[—u(T)r] for r < rpee and VE(r,T) =
VC (T) for r > rpa.. We also note that we use Lorentz-vector confinement and

carry out all our calculations in momentum-space. The value of x used in our work

is 0.055 GeV?Z.

4.2 A Brief Justification

Here we provide a justification for our noval model of temperature-dependent coupling
constant. We make reference to Fig. 1.3 of Ref. [39]. That figure shows the behavior
of the ratio ¢/T* and 3P/T* for the pure gauge sector of QCD. Here € is the energy
density and P is the pressure. Ideal gas behavior implies € = 3P. The values of ¢/T*
and 3P/T* are compared to the value egp/T? = 87%/15 for an ideal gluon gas. It
may be seen from the figure that at T' = 3T, there are still significant differences from
the ideal gluon gas result. Deviations from ideal gas behavior become progressively
smaller with increasing T'/T,. and could be considered to be relatively unimportant

for T/T. > 5.

To provide evidence for temperature-dependent coupling constants, we discuss the
calculation of hadronic current correlators in the deconfined phase. The basic polar-
ization functions that are calculated in the NJL model are shown in Fig. We
will consider calculations of such functions in the frame where P = 0. In our earlier
work, calculations were made after a confinement vertex was included. That vertex
is represented by the filled triangular region in Fig. However, we here consider
calculations for T > 1.27, where confinement may be neglected. We will, however,

use the temperature-dependent mass values shown in Fig. [4.11

The procedure we adopt is based upon the real-time finite-temperature formalism, in

which the imaginary part of the polarization function may be calculated. Then, the
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A

. 2

- J(PY) P.. <> P

Figure 4.2: The upper figure represents the basic polarization diagram of the NJL
model in which the lines represent a constituent quark and a constituent antiquark.
The lower figure shows a confinement vertex [filled triangular region] used in our

earlier work. For the present work we neglect confinement for 7' > 1.27T,, with
T. =170 MeV.

real part of the function is obtained using a dispersion relation. The result we need
for this work has been already given in the work of Kobes and Semenoff [40]. (In Ref.
[40] the quark momentum is k£ and the antiquark momentum is &k — P. We will adopt
that notation in this dissertation for ease of reference to the results presented in Ref.
[40].) With reference to Eq. (5.4) of Ref. [40], we write the imaginary part of the

scalar polarization function as

Im .J%(P?,T) = %(ch)ﬂS e(p°) / (jﬁk)g ek ?/o (W) (4.2.1)

{(1 = na(k) = na(k)(p" — B (k) — Ex(k))
—(n1 (k) = na(k))o(p" + Er(k) — Ea(k))
—(n2(k) —na(k))o(p" — Ev(k) + Ea(k))

—(1 —ny(k) —na2(k)0(p° + Ei(k) + Ex(k))}.

Here, B, (k) = [k2+ m2(T)]*2. Relative to Eq. (5.4) of Ref. [40], we have changed
the sign, removed a factor of g* and have included a statistical factor of 2/N,, where
the factor of 2 arises from the flavor trace. In addition, we have included a Gaussian
regulator, exp|—k 2/a?2], with v = 0.605 GeV, which is the same as that used in most

of our applications of the NJL model in the calculation of meson properties. We also
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note that
1
nl(k) = eﬁEl(k) + 1 )
and
1
ns(k) = B 11

48

(4.2.2)

(4.2.3)

For the calculation of the imaginary part of the polarization function, we may put

k* = m?(T) and (k — p)*> = m3(T), since in that calculation the quark and antiquark

are on-mass-shell. We will first remark upon the calculation of scalar correlators [40].

In that case, the factor Bs in Eq. (£.2.1)) arises from a trace involving Dirac matrices,

such that

Os = =Te[(f +m)(f = P +mo)]

= 2P2 —2(m1 +m2)2,

(4.2.4)

(4.2.5)

where m; and my depend upon temperature. In the frame where P= 0, and in the

case my = my, we have s = 2PZ(1 — 4m?/P§). For the scalar case, with m; = mo,

we find
Np2 4m2 3/2 722
s o —k2?/a
Im J*(P?,T) = i <1_P—02> e FO L = 2my ()],
where
k=2 _m*T)

(4.2.6)

(4.2.7)

We may evaluate Eq. [2.2.4) for m(T) = m,(T) = my(T) and define Tm J7(P?,T).

Then we put m(T) = m,(T), we define Im J2 (P2, T). These two functions are needed
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for a calculation of the scalar-isoscalar correlator. The real parts of the functions

JS(P?,T) and J?(P? T) may be obtained using a dispersion relation, as noted earlier.

For pseudoscalar mesons, we replace (g by

O = =Trlivs(k +ma)ivs(f — P + my)] (4.2.8)

= 2P —2(m; —my)?, (4.2.9)

which for m; = my is 8p = 2P} in the frame where P =0. We find, for the m mesons,

NP} Am(TY\? 2
Im J*(P?,T) = ——= (1 - %) e = 2m (R)] (4.2.10)
0

where k2 = PZ/4 — m?2(T), as above. Thus, we see that, relative to the scalar case,
the phase space factor has an exponent of 1/2 corresponding to a s-wave amplitude,
rather than the p-wave amplitude of scalar mesons. For the scalars, the exponent of

the phase-space factor is 3/2, as seen in Eq. (£2.0]).

For a study of vector mesons we consider

B = Tyl + mu)y (k= P +ma)], (4.2.11)

and calculate
g“”ﬁ/‘jy = 4[P2 - m% - m% + dmyma] , (4.2.12)

which, in the equal-mass case, is equal to 4P + 8m?*(T), when m; = my and P=0.
Note that for the elevated temperatures considered in this work m,(T) = my(T) is
quite small, so that 4P? + 8m?2(T) can be approximated by 4P? when we consider

the p meson.

We now consider the calculation of temperature-dependent hadronic current correla-
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tion functions. The general form of the correlator is a transform of a time-ordered

product of currents,
C(P2.T) = z‘/d‘*:z:eip'x << T(j(2)j(0) >>, (4.2.13)

where the double bracket is a reminder that we are considering the finite temperature

case.

For the study of pseudoscalar states, we may consider currents of the form jp ;(z) =
q(z)ivsA'q(x), where, in the case of the m mesons, i = 1,2, and 3. For the study
of pseudoscalar-isoscalar mesons, we again introduce jp ;(z) = g(z)\'q(x), but here

1 = 0 for the flavor-singlet current and i = 8 for the flavor-octet current.

In the case of the m mesons, the correlator may be expressed in terms of the basic

vacuum polarization function of the NJL model, Jp(P? T'). Thus,

1
1 —G.(T)Jp(P%,T)’

C.(P?,T) = Jp(P%LT) (4.2.14)

where G.(T) is the coupling constant appropriate for our study of the 7 mesons. We
have found G,(0) = 13.49 GeV~? by fitting the pion mass in a calculation made at
T =0, with m, = mg = 0.364 GeV.

The calculation of the correlator for pseudoscalar-isoscalar states is more complex,
since there are both flavor-singlet and flavor-octet states to consider. We may define
polarization functions for u, d and s quarks: J,(P% T), Jg(P? T) and J,(P? T). In

terms of these polarization functions we may then define

Joo(P?,T) = %[JU(PQ, T)+ Jo(P2,T) + J(P*,T)], (4.2.15)

Jos(P?,T) = ?[JU(PQ, T)+ Jo(P?,T) — 2J,(P?,T)], (4.2.16)
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and

1
JSS(P27T) - g[Ju(P2,T) + ‘]d(P27T) +4<]S(P27T)] :

We also introduce the matrices

Joo(P2,T) Js(P?,T)

J(P*T) = ,
Jeo(P%,T) Jgs(P?,T)
o) = Goo(T) Gos(T) |
Ggo(T) Ggg(T)
and
C(PT) = Coo(P?,T) Cog(P%T)

Cso(P?,T) Css(P%T)

We then write the matrix relation

C(P2,T) = J(P%,T)[L — G(T)J(P%,T)".
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(4.2.17)

(4.2.18)

(4.2.19)

(4.2.20)

(4.2.21)

The use of our energy-dependent coupling constants is meant to be consistent with

the approach to asymptotic freedom at high temperature. In order to understand

this feature in our model, we can calculate the correlator with constant values of Gy,

Ggs and Gog and also with Goo(T) = Goo[l — 0.17T/T.], etc. (In this work we use

GOO = 8.09 GQV_Q, Ggg =13.02 GeV‘Q and Gog = —0.4953 GeV_Q.)

We now consider the values of Im Cgg(P?) for T/T. = 4.0. In Fig. B3 we show the

values of Im Cgg(P?) calculated in our model with temperature-dependent coupling

parameters as a dashed line. The dotted line shows the values of the correlator for
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Figure 4.3: The imaginary part of the correlator Cgg(P?) is shown for T/T, = 4.0.
The dashed line is the result for the temperature-dependent coupling parameters of
our model, while the solid line represents the results for coupling parameters kept
at their T" = 0 values. The dotted line shows the values of the correlator when the
coupling parameters are set equal to zero.

Goo = Ggg = Gog = 0, while the solid line shows the values when the coupling
parameters are kept at their values at T'= 0. We see that we have resonant behavior

in the case the parameters are temperature independent.

In Fig. 4 we show similar results for 7'/T, = 5.88. Here the temperature-dependent
coupling constants are equal to zero, so that the lines corresponding to the dashed
and dotted lines of Fig. [4.3] coincide. The solid line again shows resonant behavior at
a value of T'/T,. where we expect only weak interactions associated with asymptotic
freedom. We conclude that the model with constant values of the coupling parameters
yields unacceptable results, while our model, which has temperature-dependent cou-
pling parameters, behaves as one may expect, when the results of lattice simulations

of QCD thermodynamics are taken into account.
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Figure 4.4: The imaginary part of the correlator Cgg(P?) is shown for T/T, = 5.88.
[See caption to Fig. B3l] Here the dashed and dotted lines of Fig. 3] coincide.
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4.3 Chiral Symmetry Restoration

4.3.1 Covariant Lorentz-vector Model of Confinement

We have see in Section 2.1 the Lorentz-vector confinement. In order to motivate our
treatment of the temperature dependence of the confining interaction for Lorentz-
vector confinement, we have presented some results obtained with dynamical quarks
(filled symbols) in Fig. 22 The fact that the potential becomes (approximately)
constant for » > 1 fm is ascribed to “string breaking” in the presence of dynamical
quarks. (Note that, upon string breaking, the force between the infinitely massive

quark and antiquark vanishes.)

For our calculations we have used pu = 0.010 GeV and x = 0.055 GeV? in the past.
In order to introduce temperature dependence in our model, we replace VC(r) =
krexp[—ur] by VO(r,T) = rrexp[—u(T)r], with u(T) defined as I3 Values of
VE(r,T) for various values of the ratio T/T, are given in Fig. We remark
that, while V¢(r) — 0 for large r, the bound-state solutions found for V(r) are
largely unaffected, since barrier penetration effects are extremely small in our model.
The maximum value of the potential is V¢ = x/ue with the corresponding value
of Tpmaz = 1/p. Thus, in the study of the bound states, our model is essentially
equivalent to one with V(r) = krexp[—pur] for r < rpe, and V(r) = V¢  for
T > Tmaee. The same remarks pertain, if we replace p by u(7T') of Eq. ([AI3]). With
that replacement, we have Eq. L.1.5. We note that V., is finite at T =T, , a result

that is in general accord with what is found in lattice calculations of the interquark

potential for massive quarks.
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Figure 4.5: The potential V¢(r,T) is shown for T/T, = 0 [solid line], T/T. = 0.4
[dotted line], T'//T. = 0.6 [dashed line|, T'/T. = 0.8 [dash-dot line], T'/T. = 0.9 [short
dashes], T/T, = 1.0 [dash-dot-dot line]. Here, VC(r,T) = rrexp[—u(T)r], with
w(T) = 0.01GeV/[1 — 0.7(T/T.)?].

4.3.2 Calculation of Constituent Quark Masses

In an earlier work we carried out a Euclidean-space calculation of the up, down, and
strange constituent quark masses taking into account the ’t Hooft interaction and
our confining interaction [31]. The ’t Hooft interaction plays only a minor role in
the coupling of the equations for the constituent masses. If we neglect the confining
interaction and the 't Hooft interaction in the mean field calculation of the constituent
masses, we can compensate for their absence by making a modest change in the value
of Gg. [See Eq. (2.1.1]).] For the calculations of this work we calculate the meson
masses using the formalism presented in the Klevansky review [12]. (Note that our

value of Gg is twice the value of G used in that review.) The relevant equation is Eq.
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(5.38) of Ref. [12]. Here, we put = 0 and write

m(T)

m(T) = m® + 4G N¢ 3

A p2 1
dp— tanh(=FFE 4.3.1
/0 pEp A (2 p)’ ( 3 )

where A = 0.631 GeV is a cutoff for the momentum integral, § = 1/T and E, =
[p2 +m2(T)]*2. In our calculations we replace G by Gg(T)/2 and solve the equation
ELT) with Gg(T) = 11.38[1 — 0.17T/T.] GeV, m? = 0.0055 GeV and m? = 0.120
GeV. Thus, we see that Gg(T) is reduced from the value G5(0) by 17% when T' = T...
The results obtained in this manner for m,(7") and my(T") are shown in Fig. A1l
Here, the temperature dependence we have introduced for Gg(T') serves to provide a
somewhat more rapid restoration of chiral symmetry than that which is found for a
constant value of Gg. That feature and the temperature dependence of the confining
field leads to the deconfinement of the light mesons considered here at T = T,. (See
Section 1341 )

4.3.3 Random Phase Approximation Calculations For Meson

Masses

The analysis of the diagrams of Fig. 2.Ib gives rise to a set of equations for vari-
ous vertex functions. These equations are of the form of relativistic random-phase-
approximation equations. The derivation of these equations for pseudoscalar mesons
is given in Ref. [21], where we discuss the equations for pionic, kaonic and eta mesons.
The equations for the eta mesons are the most complicated, since we consider singlet-
octet mixing as well as pseudoscalar—axial-vector mixing. In that case there are eight
vertex functions to consider, F;,B’ ijg, F;Svg, FX,;% F;}Jg, F;LO, F;S', FZE, where P
refers to the 75 vertex and A refers to the vyy5 vertex, which mixes with the 5 ver-
tex. Corresponding to the eight vertex functions one may define eight wave function

amplitudes [21].
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The simplest example of our RPA calculations is that of the ay mesons, where there
are only two vertex functions I't ™ and T's™ to be calculated [19]. Associated with T'§~
and I'g ™ are two wave functions ¢ and ¢g, which are the large and small components

respectively. In vacuum one has coupled equations for these wave functions.

2E(K)6* (k) + [k [Ho(k, k') + Hyvgr (k. K6 (k) (4.3.2)

[ Ak g (k0™ (k) = P°6* (k)
~2B,(0)6 () — [aR” [Ho(k, k) + Hyvsu (b K]0~ (k) (43.3)
- /dk’HNJL(k, kN6t (k') = Po (k)

where E, (k) = [k2 + m2]Y/2,

1 [2VE(k, kK" + m2kk'VE (k, k)]

H N =— 434
C(kak) (277')2 Eu(k)Eu(k/) ) ( 3 )
and
SN. k2k"2@G 67k2/2a2€fk’2/2a2
H = c 20 4.3.
NIL = (or)2 Eu(k)E, (k") (4:3.5)

In Eq. (£33), G,, is the effective coupling constant for the ag mesons, which depends
upon the values of Gg, Gp and the vacuum condensates. These relations for the
various coupling constants, Ga,, G, Gk, Gy, Gk, etc. may be found in Ref. [22].

In Eq. (£34]) we have introduced
VO(k, k"= | dxP(x)VC(k—k). (4.3.6)

Here, * = cosfl and Pj(x) is a Legendre function. The terms exp[—k?/2a?] and

exp[—k’?/2a?] are regulators with o = 0.605 GeV.
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In order to solve these equations at finite temperature, we replace m,,, G,, and py by
mu(T), Goo(T) and p(T). The values of m(T') are given in Fig. 1] and we recall
that u(T) = po/[1 — 0.7(T/T.)%. In the RPA, the solutions of Eqs. (&3.3)) and
(34 come in pairs. For a state of energy P? there is another state with energy
—P?. Since the RPA Hamiltonian is not Hermitian, it is possible to obtain imaginary
values for the energy. That is a signal of the instability of the ground state of the
theory and requires that the problem be reformulated to obtain a stable ground state.
This problem does not arise in the calculations reported in this work. In particular,
the use of the temperature-dependent values of G(T") avoids the appearance of pion

condensation in the formalism.

4.3.4 Results of Numerical Calculations of Meson Masses

As noted earlier, the RPA equations for the ay mesons are given in Ref. [I9] and
those for the 7, K and 7 mesons are given in Ref. [2I]. The equations needed in
the study of the f, mesons are to be found in Ref. [20], while the RPA equations for
the study of the K mesons are to be found in the Appendix of Ref. [I§]. In Figs.
[4.6H4. 101 we present our results for the m, K, ag, fo and K mesons. The values of the
coupling constants used are given in the figure captions. The reduction of the number
of bound states with increasing temperature can be understood by noting that for
the m and ay mesons the continuum of the model lies above V4. (T') 4+ 2m,,(T'), while
for the K and K mesons the continuum lies above Vj,,00.(T) + my(T) + ms(T). The
situation is more complex in the case of the fy mesons which contain both ss, uu
and dd components. The bound states lie below the s5 continuum which begins at
Vinaz(T') + 2m4(T'). However, we note that the absence of bound states at 7" = T, for
all the mesons considered here is due to the reduction of the value of the confining

potential and of the constituent quark masses.
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Figure 4.6: The mass values of the pionic states calculated in this work with G.(T") =
13.49[1 — 0.17T/T.] GeV, Gy (T) = 11.46]1 — 0.17T/T,] GeV, and the quark mass
values given in Fig. @Il The value of the pion mass is 0.223 GeV at T/T. = 0.90,
where m,(T) = 0.102 GeV and my(T) = 0.449 GeV. The pion is bound up to
T/T. = 0.94, but is absent beyond that value.

It is of interest to note that the mass values of the ay and f; mesons tend toward
degeneracy with the pion as T" — T.. However, the mesons disassociate before a
greater degeneracy is achieved. That is in contrast to the results obtained in the
SU(2) formalism considered by Hatsuda and Kunihiro [22]. Since these authors do
not include a model of the confinement-deconfinement transition, they are able to
see the approximate degeneracy of the sigma meson and the pion with increasing
temperature. It is also worth noting that in the SU(3) formalism the sigma meson is

replaced by the f5(980) as the chiral partner of the pion.

In order to demonstrate the interplay of chiral symmetry restoration and dissolution

of our meson states, we have performed calculations in which the quark masses are
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Figure 4.7: Mass values of kaonic states calculated with Gx(T") = 13.07[1—0.17T/T]
GeV, Gy(T) = 11.46[1 — 0.17T/T.] GeV, and the quark mass values given in Fig.
41l The value of the kaon mass is 0.598 GeV at T'/T. = 0.95, where m,(T") = 0.075
GeV and m4(T) = 0.439 GeV.
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Figure 4.8: Mass values for the ay mesons calculated with G,,(T") = 13.1[1-0.17T/T]

GeV, and the quark mass values given in Fig. Il The value of the ag mass at
T/T.=0.951s 0.416 GeV.
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Figure 4.9: Mass values of the f; mesons calculated with Goo(7") = 14.25[1—0.17T'/T]
GeV, Ggs(T) = 10.65[1 — 0.17T/T;] GeV, Gos(T) = 0.495[1 — 0.17T/T;] GeV, and
Gso(T) = Gos(T) in a singlet-octet representation. The quark mass values used are
shown in Fig. 41l The f, has a mass of 0.400 GeV at T'/T. = 0.95.
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Figure 4.10: Mass values obtained for the K§ mesons with Gg:(T) = 10.25[1 —
0.17T/T.] GeV, and the quark mass values shown in Fig. 1]
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unchanged from their value at T" = 0. For the pion, with m, = my = 0.364 GeV
and for T'/T. = 0.95, we find bound states at 0.530, 1.242 and 1.305 GeV. If we also
consider the values of the coupling constants and quark masses fixed at their "= 0
values, bound states are found at 0.102, 2.248 and 1.298 GeV when T/T,. = 0.95.
A similar analysis for the kaon states yields bound states at T" = T, of 0.738, 1.395
and 1.444 GeV, if we put m, = 0.364 GeV and my = 0.565 GeV. If, in addition, we
neglect the temperature dependence of the coupling constants, we have bound kaon

states at 0.482, 1.440 and 1.439 GeV.

In the case of the aq states, putting m, = my = 0.364 GeV yields a single state
at 0.960 GeV at T' = T, if we neglect the temperature dependence of the coupling
constant. If we maintain the temperature dependence of the coupling constant, we

find a single state at 1.067 GeV, if the quark masses are kept at their 7' = 0 values.

From this analysis, we see that the reduction of the quark masses with increasing
temperature, which represents a partial restoration of chiral symmetry, is an essential
feature of our model. In the past, lattice simulations of QCD have indicated that
deconfinement and restoration of chiral symmetry take place at the same temperature.
Since our Lagrangian contains current quark masses for the up, down and strange
quarks, chiral symmetry is not completely restored at the higher temperatures in our
model. However, the model does exhibit quite significant reductions of the up and
down constituent quark masses for T' 2 T, (See Fig. 1)), so that deconfinement is

here associated with a significant restoration of chiral symmetry.

4.3.5 Discussion

In recent years we have seen extensive applications of the NJL model in the study
of matter at high density [32] 33| 34 [35] 36]. There is great interest in the diquark

condensates and color superconductivity predicted by the NJL model and closely
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related models that are based upon instanton dynamics. It is noted by workers in this
field that the NJL model does not describe confinement, with the consequence that one
can not present a proper description of the hadronic phase that exists at the smaller
values of the temperature and density in the QCD phase diagram. Thus, the attitude
adopted is that, if one works in the deconfined phase, the NJL model may provide a
satisfactory description of the quark interaction. In the present work we have modified
the NJL model so that we can describe light mesons and their radial excitations, as
well as the confinement-deconfinement transition at 7' = T, . In an earlier work we
studied the confinement-deconfinement transition for finite matter density at 7' =0
[30]. (A more comprehensive study would include both finite temperature and finite
density.) As in the present work, in which we introduced a temperature-dependent
coupling constants, we used density-dependent coupling constants in Ref. [30]. If
such dependence exists, it would have important consequences for the study of dense

matter using the NJL model.

One interesting feature of our results is that both the lowest ay and f; states move
toward degeneracy with the pion as the temperature is increased. However, the system

is deconfined before such degeneracy can be exhibited.

We stress that the restoration of chiral symmetry is intimately connected with the
dissolution of our meson states at 7' = T,.. As we saw in the discussion toward the
end of Section V|, the various mesons studied here still have bound states at T'=T,.,

if only the temperature dependence of the confining field is included in the model.

The behavior of charmonium across the deconfinement transition has recently been
studied using lattice simulations of QCD [37]. The authors of Ref. [37] point out
that, unlike the case of light mesons, charmonia may exist as bound states even after
the deconfinement transition. They state: “Our studies support the sequential pattern
for charmonium dissolution obtained from potential model studies, where the broader

bound states (the scalar and axial vector channels) dissolve before the pseudoscalar
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and vector channels [38]. The pseudoscalar and vector channels are seen to survive

as bound states still at 1.257, and probably dissolve after 1.57,.”



CHAPTER 4. FINITE TEMPERATURE 67
4.4 Excitations of the Quark-Gluon Plasma

4.4.1 A review

Some years ago it was suggested that the quark-gluon plasma was a ”confining
medium” in the sense that the important excitations should be color singlets [IJ.
At about the same time, Hatsuda and Kunihiro reported a study of ”soft modes”
of the quark-gluon plasma [2]. These authors used a SU(2)-flavor version of the
Nambu-Jona-Lasinio (NJL) model [3] and considered both finite temperature and
density, making use of the Matsubara imaginary-time formalism [4, [5]. (The stan-
dard NJL model does not describe confinement, so that the question arises as to the
modifications of the results obtained in Ref. [2] if a model of confinement were to
be included.) In Ref. [2] it was found that the sigma meson mass, which lies in
the continuum of the model, begins to drop in energy with increasing temperature,
while the pion energy increases (slowly) with increasing temperature. Eventually, the
sigma and pion become degenerate in energy, with the resulting mode increasing in
energy with increasing temperature. These results have been confirmed in a very
detailed recent study making use of a field-theoretic approach in the calculation of
the pseudoscalar and scalar correlation functions at finite temperature [6]. In that
work, phenomenological forms for the nonperturbative features of the gluon propa-
gator were introduced and the Schwinger-Dyson and Bethe-Salpeter equations were
solved. In many cases, the model of Ref. [0] yields results that are similar to those
obtained when using the NJL model. It is of interest to compare the results of our
present study with those obtained in Ref. [6] and to note some of the differences
between our SU(3)-flavor analysis and the SU(2)-flavor analysis of Ref. [6]. We will
return to a discussion of the results obtained in our work and those obtained in Ref.

[6] in Section VI.

Recently, we have also seen an extensive effort in the calculation of hadronic correla-
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tion functions using lattice simulation of QCD at finite temperature [7, [8, 9]. These
calculations make use of the maximum entropy method (MEM) which is reviewed in
Ref. [10]. Various peaks are seen in the spectral functions for T' < T, which persist
for T'> T,. It is only at relatively large values of T that the correlation functions go

over to the smooth behavior expected for a weakly interacting system [7, (8 [9].

Although we have introduced a critical temperature for the purposes of our discussion,
we should note that the quark masses and vacuum condensates do not go to precisely
zero at large temperature, since the current quark mass is always present in the
model. Indeed, the presence of a small current mass, m? = 0.0055 GeV, makes
for a significant change in the behavior of m,(T) with increasing temperature. On
the other hand, it is useful to introduce a value of T, of the order of 170 MeV to
facilitate the discussion. The significance of that value for the characterization of the
constituent mass of the up (or down) quark may be inferred from Fig. A1 which

exhibits results calculated for m2 = 0.0055 GeV and m? = 0.120 GeV.

In section we have see the correlator for the m mesons. For some purposes it may

be useful to also define a ¢ matrix

t(P,T)=[1-G(T)J(P*,T) 'G(T), (4.4.1)

where t(P?,T) has the structure shown in Eqs. (£2.19)-#221)). The same resonant
structures are seen in both C'(P? T) and ¢(P? T). For a study of the correlators
related to the p meson, we introduce conserved vector currents j, ;(z) = q(z)v,\ig(2)

with ¢ = 1,2 and 3. In this case we define

JE(P?T) = <g“” ) J,(P%,T) (4.4.2)
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and

pPrpY

C«gy(P2’T) — <guu P2

> C,(P*T), (4.4.3)

taking into account the fact that the current j, ;(z) is conserved. We may then use

the fact that

1
J,(P*,T) = ggWJny%JU (4.4.4)
2N, [ P2+ 2m2(T) 4m2(TY\'? 200
(4.4.5)
2
~ gLAP{Ty (4.4.6)
See Bq. ([EZ7) for the specification of k = |k|. We then have
1
C,(P*,T)=J,(P*,T) (4.4.7)

1-Gy(T)J,(P2,T)

4.4.2 Results of Numerical Calculations

We begin our presentation with the results we have obtained for scalar-isoscalar ex-
citations. In Fig. BT we show the values of Im Joo(P?) for T/T, = 1.2, 1.6, 2.0, 4.0
and 6.0. Figure 8 exhibits similar results for Im Jyg(P?), while Fig. LT3 exhibits the
results obtained for Im Jgg(P?). The real parts of these functions are obtained using
a dispersion relation. Once we have the real and imaginary parts of these functions,

we can calculate the elements of the correlation functions.

In Figs. BET4HETE we show Im Cyo(P?), Im Cog(P?) and Im Cgg(P?). In the case of
Im Co(P?) we see a sharp peak at 550 MeV. This peak represents the lowest f

state at that temperature and has as its “parent” the f;(980) meson. [See Fig. [£.9]
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Figure 4.11: Values of Im Joo(P?) are shown. Here, T/T, = 1.2 [solid line], 1.6 [dashed
line], 2.0 [dotted line], 4.0 [dashed-dotted line] and 6.0 [dashed-(double) dotted line].
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Figure 4.13: Values of Im Jgg(P?) are shown. T'/T, = 1.2 [solid line|, 1.6 [dashed line],
2.0 [dotted line|, 4.0 [dashed-dotted line] and 6.0 [dashed-(double) dotted line].

The decay of the state at 550 MeV to two pions will be suppressed since the pionic
excitation see in Fig. [L.17]is essentially degenerate with the fy, excitation for 7' > T..
(Note that in the flavor-SU(3) version of the NJL model the f;(980) replaces the
sigma of the flavor-SU(2) NJL model as the chiral partner of the pion. Thus, it is
the state that evolves from the f;(980) with increasing temperature that becomes
degenerate with the pion upon restoration of chiral symmetry.)

The peak seen at about 1100 MeV in Fig. is mainly an octet state and is
quite prominent in Im Cgg(P?). When we calculate the mixing angle for the state
at 550 MeV, we find 6; = 27.7° corresponding to the state being about 78% flavor-
singlet. A calculation of the mixing angle for the state at 1100 MeV yields 6y = 17.8°

which makes the state 95% flavor-octet. These mixing angles appear in the schematic

representation

| f0(550)) = cos b1 Ao + sin O g, (4.4.8)
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Figure 4.14: Values of Im Cy(P?) are shown. T/T, = 1.2 [solid line|, 1.6 [dashed
line], 2.0 [dotted line], 4.0 [dashed-dotted line] and 6.0 [dashed-(double) dotted line].
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Figure 4.17: Values of Im C,(P?) are shown. T/T,. = 1.2 [solid line], 1.6 [dashed line],
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‘f0(1100)> = —sgin 92)\0 —+ cos 02)\8 . (449)

It may be seen in Fig. [A.14] that the lowest fy state moves up in energy and becomes
wider when T = 1.67,, while the state that is at 1100 MeV at T = 1.27, moves
down in energy at T' = 1.67,. (See Fig. L10l) We also see that as the temperature
is increased, the states broaden further and the curves eventually become rather

featureless.

In Fig. EI7 we show Im C(P?) for the same set of temperatures used to exhibit
the properties of the scalar-isoscalar excitations. The curve for T' = 1.2T, [solid line]
in Fig. L1717 has a peak at 547 MeV. With increasing temperature the excitation

becomes much broader.

Results for Im C,(P?) are shown in Fig. LI8 There is a peak at about 700 MeV that
has as a “parent” the p(770). Again, we see increased broadening with increasing

values of the temperature.
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4.4.3 Discussion

The formalism we have developed allows for a description of the mass values of various
mesons and their radial excitations for the range of temperatures 7' < T.. Our
model also describes the confinement-deconfinement transition at 7' = T.. When
we calculated hadronic current correlators in the real-time formalism we are able to
describe the widths of the excitations for 7" > T.. It is of interest to contrast our
results with those obtained using the imaginary-time formalism [4, 6] 22]. The results
for the behavior of the sigma and pion masses are similar in the NJL model [4] and
the field-theoretic model of Ref. [6]. In Ref. [6] the value of T, ~ 150 MeV is
obtained when the current quark mass is zero. For a finite value of the current quark
mass, we may make reference to Fig. 6 of Ref. [6]. There, the sigma mass has a
minimum value of approximately 255 MeV at T" = 160 MeV. At that temperature
the pion mass is about 220 MeV. If we consider T' = 1.27, = 180 MeV, we have
my = m, = 440 MeV in Ref. [6]. In our work, we have both my, and m, at about
550 MeV when T' = 1.27,.. Probably, one of the more significant differences between
the imaginary-time formalism used in Refs. [4] and [6] and the real-time formalism
used here is the absence of information concerning the widths of the excitations in
the imaginary-time formalism. As may be seen in our Figs. [ TTHL IS8 the widths of
the excitations may play a very important role in understanding the properties of the

quark-gluon plasma.

It is believed that measurements of particle ratios obtained in central heavy-ion colli-
sions contain useful information concerning the properties of the quark-gluon plasma.
In a recent study, different assumptions concerning the dynamics of the plasma were
made and their influence upon predicted particle ratios were obtained [24]. The au-
thors consider calculations based upon both a noninteracting gas model and a chiral

SU(3) 0 — w model. They find that “the extracted chemical freeze-out parameters
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differ considerably from those obtained in simple noninteracting gas calculations...”

when the o — w model is used to calculate particle ratios. We believe our model may

be useful in performing calculations of the type reported in Ref. [24].
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Chapter 5

Deconfinement at Finite Matter

Density

5.1 Pion Condensation

It was suggested many years ago that the ground state of nuclear matter might have
an unusual structure due to presence of pionlike excitations [57]. In finite nuclei such
effects could imply anomalous behavior in states with J™ = 07,1%,27 ..., etc. How-
ever, the nucleon-nucleon interaction is sufficiently repulsive in the relevant channel
so that pion condensation does not take place at normal nuclear matter densities.
That matter has been discussed in Ref. [58]. A constant ¢’ parametrizes the strength
of a nuclear force in the spin-isospin channel that represents short-range correlation
effects and exchange effects. (See Eq. (5.11a) of Ref. [58].) The phenomenological
value of ¢, obtained from the study of nuclear excitations, is sufficiently large so that
pion condensation does not take place until about three times nuclear matter density.

(See Fig. 5.9 of Ref. [58].)

In this chapter we will model the effects that prevent pion condensation by introducing
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a density-dependent interaction for the pionic states calculated in the NJL model. We

write

Gr(p) = G(0)[1 = 0.087p/pyu] (5.1.1)

where the second term in Eq. (B.I.T]) represents medium effects that reduce the pion
self-energy in matter. Here G;(0) is the linear combination of Gg and G given on
page 269 of Ref. [22],

Gr=Gs+ %{53) : (5.1.2)

Equation 2. T Tlrepresents our scheme for parametrizing the nuclear matter effects that
prevent pion condensation. In our calculations of pionlike excitations we put G, (0) =
13.49 GeV~2, and used a constant values of Gy = 11.46 GeV—2. We may check that
our choice of G(0) is reasonable by using Eq. (5.1.2) with G5 = 11.84 GeV~2 and
—180 GeV™°< Gp < 240 GeV~>. These values of Gg and G were obtained in our
extensive study of the eta mesons [2I]. Thus, if we take (5s) = —(0.258 GeV)? and
Gp = —190 GeV~>, we find G,(0) = 13.47 GeV 2. This analysis suggests that, once
we fix our parameters in the study of the eta mesons, we can then infer the parameters

needed for our study of the pion in vacuum.

For this work, in our study of the kaon, we use G (0) = 13.07 GeV~2 and Gy = 11.46
GeV~2. Note that [22]

Gr(0) =Ggs + %@d)o : (5.1.3)

If we take Gg = 11.84 GeV™2, Gp = —190 GeV~° and (uu) = —(0.240 GeV)3, we
find G (0) = 13.15 GeV 2, which is close to the value of Gk (0) = 13.07 GeV~2 used



CHAPTER 5. DECONFINEMENT AT FINITE MATTER DENSITY 79

in our calculations. In this chapter we have used

In the case of the kaon, about 40% of the assumed density dependence of Gk(p)
may be attributed to the density dependence of (iiu), or (dd),. We may consider the

relation

Gr(p) = Gs(p) + =~ (dd),, (5.1.5)

and use a somewhat smaller reduction of Gg(p) for the kaon than that used for the
pion in Eq. (5.IL5), since the reduction of (au), or (dd), in matter effectively reduces

the interaction strength.

In the absence of ag — fy coupling we have G5, = Go, = Gg — (Gp/2)(3s) [22]. If
we again put Gg = 11.84 GeV™2, Gp = —190 GeV~>, and (5s) = —(0.258 GeV)?,
we have G,, = 10.21 GeV~2, which places the a¢(980) at 1.13 GeV. However, in the
case of the scalar mesons there exist significant contributions to the interaction from
processes that describe the scalar meson decay to two-meson channels. An extended
discussion of these effects was given in an early work on scalar mesons [59]. In the

case of the fy(980) we presented a discussion of such terms as they affect the energy

predicted for the f,(980) in Ref. [60].

In order to take into account these effects, which are not included in our RPA cal-
culations, we increase the value of the ag coupling constant to G,, = 13.10 GeV 2.

That has the effect of moving the a¢(980) mass down to 980 MeV.

We also introduce some density dependence of the interaction to avoid an “ay conden-
sate”, which would otherwise take place at p = 1.75pns, if we use my(p) = mq(p) =

0.0055+0.3585(1 — 0.4p/pnar). Thus, we use G, (p) = Ga,(0)[1 —0.045p/ pnas] when
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we allow for the rapid decrease in the value of m,(p) = mg(p) given by the above
expression. It is possible that the small reduction of G, (p) in matter given above
has it origin in a somewhat smaller attraction generated at the larger densities by the
real part of the polarization operator that describes decay to the two-meson channels

[59, 60]. We will provide further details of our treatment of the scalar mesons in

Section VIII.

5.2 Random Phase Approximation for Mesonic Ex-

citations

In this work we report upon covariant random-phase-approximation (RPA) calcula-
tions of meson spectra in vacuum and in dense matter. Before writing the equations
of our model, it is worth discussing some properties of RPA calculations made for
many-body systems [5] [61]. For example, such calculations have been performed to
study excited states of nuclei. In the RPA one usually does not attempt to construct
the wave function of the ground state. Rather, one considers amplitudes of particle-
hole operators taken between the excited state and the ground state. The dominant
amplitude usually involves the creation of a hole in the ground state and the creation
of a particle in what are predominantly unoccupied states. Smaller amplitudes are
found if one destroys a hole in the ground state and destroys a particle in the predom-
inantly unoccupied states. These smaller amplitudes are only nonzero, if one allows

for correlations in the ground state.

Such RPA calculations are particularly important for states that are collective with
respect to matrix elements of electromagnetic transition operators, for example. In
hadron physics the most “collective state” is the 7w(138). In this case the “large” and

“small” components of the wave function, in the sense of the RPA, are comparable
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in magnitude and approach equality in magnitude as one approaches the chiral limit,

when m, — 0.

Another important feature of RPA calculations is that they may be considered as
an investigation of the properties of small oscillations about the ground state. Thus,
if one obtains an imaginary energy value for the ground state, one infers that the
ground state is unstable. A new ground state must be constructed that will yield
real eigenvalues. (Note that imaginary eigenvalues may be obtained, since the RPA

Hamiltonian is not Hermitian.)

There is a strong analogy that can be made between the particle-hole RPA calcu-
lations described above and the calculation of mesonic excitations. For example, a
“hole” in the ground state (the vacuum) is an antiquark, while the particle state is
the quark. If we perform relativistic RPA calculations for the pion and its radial exci-

tations, an imaginary energy calculated for the pion is a signal of pion condensation.

Random-phase-approximation equations may be derived using the vertex equation of
Fig. 2.Ib. The RPA equations for the study of the pion, kaon, and eta mesons were
derived in Ref. [2I]. In the case of the pion and kaon we include pseudoscalar—axial-
vector coupling. The most complex case is that of the eta mesons which, in addition
to pseudoscalar—axial-vector coupling, involves singlet-octet coupling in the flavor

sector. In Section [4.3.3] we have listed the equations for the simpliest example.

In order to solve those equations in the presence of matter, we replace m,, G,
and 1o by mu(p), Ga,(p) and p(p). (Recall that p(p) = po/[1 — (p/pc)?].) In our
calculation for the ag states we have taken m,(p) = m2 + 0.3585 GeV [1 — 0.4p/py )
and Gy, (p) = Ga (0)[1 —0.045p/ pyas], with m® = 0.0055 GeV. As an alternative, the

mass values for m,(p) = mq(p) may be taken from Table 211

In our analysis we have neglected the effects of Pauli blocking. Such effects could be

calculated for a background of ideal Fermi gases of up and down quarks. However,
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in the hadronic phase the quarks are confined to hadrons. We do not know how to
calculated Pauli blocking in the confined phase. We suggest that such effects may be
small. On the other hand, we have presented an argument in Section II that, with

respect to our mean-field analysis, we may use a background of ideal Fermi gases of

quarks without making large errors in the hadronic phase. [See Eqs. (2.4.10)-(2.4.11).]

5.3 Results of Numerical Calculations

5.3.1 Pseudoscalar Mesons

The choice of the parameters in the case of the pion and its radial excitations was
discussed in Section V. We use G, (p) = G(0)[1—0.087p/pnar] and m,(p) = mq(p) =
0.0055 + 0.3585[1 — 0.4p/pnas] with G(0) = 13.49 GeV~2 and Gy = 11.46 GeV 2

Also, u(p) = wo/[1 — (p/pc)?] with po = 0.010 GeV and po = 2.25pn -

The results of our calculations are shown in Fig. B.Il At p = 0, the first radial
excitation of the pion is found at 1.319 GeV. The large number of states above 1.3
GeV have wave functions that are dominated by either the 5 or vy7y5 vertex. The pion
wave function has mainly a 75 vertex structure, with a small admixture of the g5
vertex. (The axial-vector part of the wave function makes a significant contribution

in the calculation of the pion decay constant, f;.)

It may be seen from the figure, that with the reduction of the value of the constituent
mass and of the confining field with increasing values of p/pn s, the radial excitations
that appear as bound states become fewer in number. Beyond p/pyar = 1.50 only the
nodeless pion wave function is bound and that state is no longer supported beyond
p/pnum =~ 1.80. That represents the beginning of the deconfined phase in the case of

the pion for the model introduced in this work.

Somewhat similar behavior is found for the kaon and its radial excitations, as may be
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Figure 5.1: The mass values for the pion and its radial excitations are presented
as a function of the density of matter. Here, G.(p) = G-(0)[1 — 0.087p/pnn] and
my(p) = ma(p) = m2 + 0.3585 GeV|[1 — 0.4p/pnus], with m2 = 0.0055 GeV. We use
G,(0) =13.49 GeV™2 Gy = 11.46 GeV 2 and p = uo/[1 — (p/pc)?], with pg = 0.010
GeV and pc = 2.25pn - '
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seen in Fig. Here we have used the mass values given in Table 21l and Gg(p) =
Gr(0)[1 —0.087p/pnar] with Gg(0) = 13.07 GeV~2 and Gy = 11.46 GeV~2. Again
we see only a small increase of the mass of the nodeless state, the pseudo Goldstone
boson, as p/pny is increased. We again find deconfinement for p/pyas > 1.8. The
density dependence of Gk(p) is taken to be the same as in the case of the pion.
However, in this case, we have noted previously that about 40% of the reduction
of Gk (p) with increasing density may be ascribed to the density dependence of the
up and down quark condensates, (uu), and (dd),. The calculation of the density
dependence of the coupling constants in our model is a major undertaking and is

beyond the scope of this work.

5.3.2 Scalar Mesons

We have recently discussed the properties of the f,(980), giving particular attention
to the role of the polarization diagrams that describe the decay of the f; mesons to
the 77 or KK channels [60]. (See Fig. 2 of Ref. [60].) However, when we diagonalize
the RPA Hamiltonian we do not take those terms into account. Calculations of such
effects are more easily made if we construct a quark-antiquark 7" matrix. For a single

channel example we may write

G

t(p?) = T1T—GI) (5.3.1)

where G is the appropriate coupling constant for that channel and J(p?) is the cor-
responding vacuum polarization operator. In our model J(p?) is calculated with the
confining vertex function that appears in Fig. 2.k as a crosshatched region. (See Fig.
1 of Ref. [60].) The resulting J(p?) is a real function, which is singular at the values
of p? for which there is a bound state in the confining field. If we include polarization

diagrams that describe coupling to two-meson decay channels, Eq. (5.3.0)) is modified
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Figure 5.2: Mass values of the K mesons are shown as a function of the density of
matter. Here we use Gk (0) = 13.07 GeV 2, Gx(p) = Gk (0)[1 —0.087p/pnur), Gv =
11.46 GeV=2 and pu = uo/[1 — (p/pc)?], with puy = 0.010 GeV and pc = 2.25pn1-
The mass values given in Table 2.1] are used.
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to read

G

t(p*) = - 1 — G[J(p?) + ReK (p?) +ilmK (p2)]

(5.3.2)

The calculation of J(p?) and K(p*) has been extensively discussed in our earlier
work. In the case of the scalar mesons, inclusion of ReK (p?) can move the mass of

the lowest-energy state down by about 70-100 MeV [59] 60].

In the case of the a¢(980), the use of Gg and Gp determined in our study of the eta
mesons places the ag(980) at 1.13 GeV. In the present work we have increased the
coupling constant from G,, = 10.21 GeV~2 to Gy, = 13.10 GeV~2 to move the lowest
ag state down to 980 MeV. That creates a problem of “ay condensation” which we
avoid by taking G, (p) = G4y (0)[1—0.045p/pnar]. One may speculate that the effects
that increase the effective coupling strength from G,, = 10.21 GeV~2 to G,, = 13.10
GeV~2 have some density dependence that reduces the induced attraction at the

higher densities.

In Fig. B.3 we show our results for the ap mesons. There we see deconfinement at
about p = 2.0pyx s which is a slightly larger value of the density than that found for
the other mesons studied in this work. However, the behavior of the lowest aq state
with increasing density is made somewhat uncertain because of our lack of knowledge

of the appropriate form for G, (p).

For our study of the fy mesons we work in a singlet-octet representation and use the
coupling constants G5, = 14.25 GeV =2, G5, = 10.65 GeV~2 and G5, = G5, = 0.4953
GeV~2. This choice yields 980 MeV for the mass of the f,(980). The fact that
G5, > G is a feature of the 't Hooft interaction [12, 23, 22] and leads to the
f0(980) being mainly a singlet state [60]. (For the 1(547) the behavior of the 't Hooft
interaction is such that Gg; > G5, [22,60] and, therefore, the 1(547) is predominantly

a flavor octet meson [21].)
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Figure 5.3: Mass values for the ag mesons are given as a function of the matter density.
Here, we have used G, (0) = 13.10 GeV~2 and G, (p) = G4, (0)[1 —0.045p/ py1rs]. We
have used m,, = m? + 0.3585 GeV[1 — 0.4p/pnar] with m2 = 0.0055 GeV. The dotted
line results, if we put G, (p) = Goy(0)[1 — 0.087p/pnas] and use the mass values of
Table 2l The dotted curve is similar to the curve for the ayg mass given in Ref. [19].
The curves representing the masses of the radial excitations are changed very little
when we use the second form for G, (p) given above.
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Figure 5.4: The figure shows the mass values of the fy mesons as a function of
density. The mass values for the quarks are taken from Table 2.1 In a singlet-octet
representation, we have used the constants G5, = 14.25 GeV~2, G5, = 0.4953 GeV 2
and Gg; = 10.65 GeV~2. Deconfinement takes place somewhat above p = 1.8py;.
Here 11 = po/[1 — (p/pc)?] with pe = 0.010 GeV and po = 2.250n 7.

In our study of the f; mesons at finite density we use the mass values of Table 2.1
and do not introduce any density dependence for G, Gg; and Gi;. The results of
our calculation are shown in Fig. (.4l The mass value only decreases slowly, with a
value of 700 MeV for the lowest fy state at p/pya = 1.82, where deconfinement sets
in. However, if we use the same temperature dependence for Gy, Gis and G5 that

is used for GG,,, the mass values calculated for the lowest f; and aq states are quite

similar.

In Ref. [60] we provide a discussion of the 7" matrix for the singlet-octet channels.

There the role of K5,(p?), K5 (p?) and Kg(p?) in lowering the energy predicted for
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Figure 5.5: The figure shows the mass values obtained for the K mesons as a function
of density. Here we use a constant G'x; = 10.25 GeV~2. Deconfinement takes place
somewhat above p = 1.8pyx,,. The quark mass values were taken from Table 2.1

the fp(980) is discussed in some detail.

Our results for the energy levels of the K mesons are given in Fig. In this case
we use a constant value for Gy = 10.25 GeV~2. The results are hardly modified
if we allow for a small density dependence of Gg;. Since the Kj mesons contain a
strange quark, the density dependence of their energies is not as marked as that of
the ag mesons which only contain up and down quarks in our model. Again we see

deconfinement for p > 1.8pny.
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5.4 Discussion

We originally chose po = 2.25pns, since the curve in Fig. that shows the values
of m,(p) seemed to change its behavior at about k3 = 0.045 GeV?, which corresponds
to p >~ 2.3pnn- We can attempt to see if that is a reasonable choice by noting that
“string breaking” should occur when the energy of the extended string is equal to
the energy of the lowest two-meson state that can be formed when the string breaks.
Therefore, we may write V.. = m1+mo, where m;+msy are the masses of the mesons
in the final state. We then use V... = £/pu(p)e to find a value p(p) and obtain p/pc
from the expression u(p) = po/[1—(p/pc)?]. We then put pc = 2.25pn and calculate
the value of p/pyay where we might expect string breaking. We consider the final
states 7w, 7K, mnp and K K. The corresponding values of p/pnas are 2.09, 1.86, 1.83,
and 1.61 for pc = 2.25py,. Note that the K(495) and KJ(1430) mesons can break
up into the mK system, while the a¢(980) is strongly coupled to the 77 channel.
The f5(980) is coupled both to the 77 and KK channels. On the whole, the values
of p/pnu calculated above are generally consistent with the value of that quantity
that leads to deconfinement in our model. That result tends to suggest that, for
light mesons, the density that leads to string breaking may be similar to the density
for deconfinement. (In general, however, these processes are distinct and further
studies would be needed to see if string breaking and deconfinement are related at
finite density.) We may suggest that, if the initial meson is of the same type as the
mesons that appear upon string breaking, it becomes reasonable to suggest that the
instability of the initial mesons is also felt by the final state mesons, giving rise to

the relation of string breaking and deconfinement suggested above for light mesons.

A comprehensive discussion of meson properties at finite temperature and density has
been presented by Lutz, Klimt and Weise [62]. Since those authors did not include

a model of confinement, they were able to calculate values of the meson masses for
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large values of the density. Their Fig. shows the calculated masses of the nodeless
pion, fo and ag mesons for 0 < p/pyy < 3.5. They also give the result for an f]
excitation. (The fy and f§ exhibit singlet-octet mixing.) Compared to our results,
their value of the fy mass falls more rapidly than ours, becoming degenerate with the
pion mass at about p/pny = 3. On the other hand, the mass of the aq in their work
is about 600 MeV at p/pny = 2. They are able to derive systematic low-density
expansions for various quantities which provide important insight into the results
obtained in numerical studies. They also show that effects due to finite quasiparticle
size are important in stabilizing the density and temperature dependence of the pion
mass. The main deficiency of their work is the absence of a model of confinement.
Therefore, we believe our work provides a natural extension of the work reported in
Ref. [62].

It is worth noting that deconfinement takes place in our model at about p = 1.8pn 2/,
while the confining potential goes to zero at p = pe = 2.25pn,. That suggests that
the specific form we have chosen for the density dependence, u(p) = po/[1— (p/pc)?],
is not particularly important. What is more important is the behavior of our confining
potential, V(r, p), shown in Fig. 2.3 There, we see that the potential still has a

substantial magnitude at p = 1.75py and p = 2.10pn .

Since the analysis of Ref. [62] is made in the absence of a model of confinement,
many analytic results can be obtained for the behavior of various quantities when
small changes in density and temperature are considered. Indeed, the work of that
reference provides some support for our treatment of the pion and kaon. It is shown
that the Goldstone boson remains at zero mass in the chiral limit as long as the
system remains in the Goldstone-Nambu mode of symmetry breaking. For finite

current quark masses, we quote the result given in Eq. (5.6) of Ref. [62] for "= 0,

== (1-2m2(d)) . (5.4.1)
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Here, rg is the quasiparticle radius. That quantity is defined in terms of the form

factor Fs(p'— p’) that appears in the matrix element of the u-quark scalar density

(w(@")| uw(0)| u(p)) = Fs(p'— p")ulp)u(p) - (5.4.2)

In Eq. (542) u(p) denotes the Dirac spinor of a constituent u quark with four-
momentum p. The scalar mean-squared radius is then
2 d 2
(rg) = 6——=1In Fs(q°) . (5.4.3)

dq2 q2 =0

(See Eq. (A.7) of Ref. [62] for an explicit expression for (r#) in terms of the parameters

of the NJL model.) With the well-known relation [48]

d{uu) ONp
=— 5.4.4
)~ mafl 044
Eq. (54J) becomes
ONp
dm? = — (1 -2m2(r§)) - (5.4.5)
If one ignores the quasiparticle size, one has dm? = —(onp/f?) [63,64], which implies

pion condensation at a critical density pe. = f?mZ/on = (0.148 GeV)3, which is

about 2.5 pyas-

The second term in Eq. (G45) works against condensation. With m, = 0.364
GeV and rg = 0.40 fm [62] one finds that dm?2 increases slowly with increasing
density, as born out by the calculations reported in Ref. [62]. Our choice of G, (p) =
G-(0)[1 —0.087p/pn] reproduces the almost constant value of m,. We see that the

density-dependent term in G, (p) plays a similar role in our model as that played by
the second term in Eq. (5.4.5).
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We have some confidence in our treatment of the pion and kaon at finite density.
We recall that we were able to find satisfactory values of G(0) and G (0) using the
values of Gg and Gp obtained in our study of the eta mesons [2I]. Therefore, our
work provides a unified approach for the nonet of pseudoscalar mesons in the presence

of a model of confinement.

Since confinement is important for the a¢(980) and fy(980) mesons, it is uncertain
whether the results of Ref. [62] for the properties of these mesons can be trusted.
These mesons are in the continuum of the NJL model without confinement and various
assumptions need to be made as to how the formalism is to be applied. For a small
increase in density, the mass of the ag in our model and in Ref. [62] are similar. For
the larger values of density, the use of G,,(p) = Gg (0)[1 — 0.045p/pn ] in model

leads to a rather small mass for the ag for p ~ 2pnys. [See Fig. B3]

Our treatment of the ay mesons is less satisfactory than that of 7 and K mesons,
since coupled channel effects are important in the case of the scalar mesons. Using
the values of Gg and Gp obtained in our study of the eta mesons [21], we found the
lowest ag state at 1.13 GeV. To place the ag at 980 MeV, we increased the value of
G4, (0). That increase led to the possibility of an ay condensation, which was removed
by reducing the coupling constant with increasing density. [See Fig. 5.3l However,
it might be preferable to accept the value of 1.13 GeV for the mass of the ay and,
therefore, avoid the problem of ag condensation. Our difficulty in this case arises
since we do not know the density dependence of the processes that move the ag mass

from our predicted value to the experimental value of 980 MeV.

In our model we see some relation between the partial restoration of chiral symmetry
and deconfinement. With reference to Fig. 2.5, we see that the up (or down) quark
mass drops in a roughly linear manner with increasing density up to about 2 or 2.5
times nuclear matter density. With the reduction of the magnitude of the confining

field, as seen in Fig. [2.3] the combined effect of the smaller confining field and
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reduced quark mass values leads to deconfinement at about 1.8 pyj,s. For the K and
K mesons, the reduction of the mass of the quarks is less important, since these
mesons have one strange quark. However, deconfinement still takes place at about

p = 1.8pnas for these mesons.

In future work we will study the dependence of the deconfinement process on both
temperature and density. In addition, it would be desirable to have some understand-
ing of the mechanism by which the increased matter density modifies the confining

interaction.
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Chapter 6

Dense Matter

6.1 Introduction

6.1.1 Self-Energy

In recent years there has been a great deal of interest in understanding the properties
of quark matter at relatively low temperature and high density [32 33, 34} (35, 36].
Since it is difficult to study QCD at finite chemical potential using lattice simulations,
the model of choice for such studies has been the Nambu-Jona-Lasinio model [12]
23, 22]. Of particular interest is the prediction of diquark condensates and color
superconductivity at high densities. (Such studies may be relevant to the properties
of neutron stars.) Calculations made for dense matter using the NJL model are
carried out in Minkowski space. These calculations are limited in that they do not
include a model of confinement and are, therefore, unable to provide a comprehensive
description of the hadronic phase present at low density and temperature. However,
it is generally believed that a good deal of information may be gained by studying
quark matter, with a proper study of the hadronic phase deferred until some future

time.
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As is well known, the NJL model provides a microscopic dynamical description of
chiral symmetry breaking with the generation of associated quark vacuum condensates
and constituent masses. In the standard versions of the NJL model [12, 23] 22], the
constituent quark mass that is generated in the model is a constant. However, it is
known from lattice simulations of QCD that the constituent mass goes over to the
current quark mass when the quark momentum, p?, is less than about -2 GeV? [69].
It is our belief that, if we are to use the NJL model to study dense matter, it is
desirable to make the model as realistic as possible. To that end, we have introduced
a nonlocal version of the NJL model [83] that is able to reproduce the Euclidean-
space behavior of the quark mass seen in lattice simulations of QCD [69]. To carry
out that program we have introduced a momentum-dependent ¢ interaction in the
calculation of the quark self-energy and have separated the regularization of the model
from the specification of that interaction. (This procedure requires the introduction

of additional parameters into the model.)

Recently, we have seen an attempt to obtain the quark self-energy in Minkowski
space by analytic continuation of a Euclidean-space form based upon gluon exchange
enhanced at small momentum transfers to simulate confinement [81]. The resulting
Minkowski-space values exhibit resonant-like structures and very large values of the
constituent mass. Such results do not appear to have any natural physical interpre-

tation.

6.1.2 Quark Propagation

Another work we did is to research quark propagation in the quark-gluon plasma. The
description of the quark-gluon plasma in terms of hydrodynamics has been advocated
by the Stony Brook group [89, 90, [OT]. That description appears to be in accord with

the experimental data. In such a description the motion of the quarks is characterized
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by an extremely short mean-free-path. The origin of that behavior is thought to be
due to the relatively low-energy resonances in the ¢g system leading to very large
scattering lengths. These resonances have been found in lattice studies of QCD which
make use of the maximum entropy method (MEM) [9, 92] 93] 94] 05 O6]. Similar
resonances are found in the scalar, pseudoscalar, vector and axial-vector ¢g channels
[97]. Recently, an extensive exploration of charmonium studies in the confined and
deconfined regions using lattice methods has been reported in Ref. [08]. In that
work results are given for the dependence of the resonance excitation on the total
momentum of the ¢g pair. We have studied that dependence for light quark systems
in Ref. [99] and have found similar behavior to that reported in Ref. [98]. (We
will make use of the results presented in Ref. [99] in the present work in which
we calculate the imaginary part of the optical potential and the mean-free-path for a
quark in the quark-gluon plasma.) We use a chiral model with rather large momentum
cutoff. That model is meant to provide an approximate description of the instanton
dynamics advocated by the Stony Brook group [89, 90, OT]. Earlier work using our

model may be found in Refs. [100, 101, 102].
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6.2 Quark and Nucleon Self-Energy in Dense Mat-

ter

6.2.1 the Quark Self-energy

We note that the quark self-energy may be written as Eq. 25.3/in vacuum. In matter
there is another four-vector, n*, that describes the motion of the matter rest frame.
It is useful to put n? = 1 and to note that, if we work in the matter rest frame, we

can put n* = [1,0,0,0]. In matter, we have
S(k%n-k) = A(K*,n-k) + B(E*, n-k)F+ C(k*, n -k, (6.2.1)
where we have found it useful to introduce the four-vector
ko= k" — (k-m)n™. (6.2.2)

Note that k9 = 0 in the matter rest frame. In that frame, we may write

-,

Sk, k) = A(KY, k) — B(K°, k)Y -k +~°C(K°, k) . (6.2.3)

As we will see, A and B satisfy coupled nonlinear equations, while C' may be cal-
culated independently. (Note that A and C have the same dimension, while B is

dimensionless.)

We first discuss our results for the case in which we neglect the dependence of A, B,
and C on k. We anticipate that the dependence on £° will be relatively weak and
justify that assumption later in this work. As a further simplification, we will at first
neglect B and study the behavior of A(lg, p), where p is the density of quark matter

which is taken to contain equal numbers of up and down quarks. In this case, the
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maximum value of A(IZ, p) is found at k= 0, leading to a simpler presentation of
our results. We then go on to the consideration of the coupled equations for A(lg, )
and B (E, p). As usual, we may introduce a density and momentum-dependent mass
defined by Eq. 5.4 We provide values of A(lg, p), M (E, p) and C (l;, p) in the following

sections.

We note that the inclusion of C' (l;, p) precludes the passage to Euclidean space. The
analogous problem arises when one introduces a finite chemical potential. As we will
see, C (/;, p) is quite large at finite density and can only be neglected at very small
densities. In vacuum, Lorentz invariance leads to a relation between C'(k?) and B(k?).
However, our formalism does not maintain Lorentz invariance. (For example, our
regulator depends only upon \E\) Therefore, in the following we will only calculate
the contribution to C' (E, p) from the matter, which takes the form of two Fermi seas

of up and down positive-energy quarks with Fermi momentum kp.

In our earlier work we obtained the quark self-energy from the solution of the equation
depicted in Fig. [83]. There, the open circle is a momentum-dependent quark

interaction, obtained by the replacement
GS — f(k - k/) Ggf(k — k/) y (6.2.4)

where k and k' are the quark momenta entering (or leaving) the interaction. We have

used

Flk— k') = exp[—(k — k') ™" /2] (6.2.5)

with n =4 and 8 = 20 GeV® in Ref. [83]. The corresponding nonlocal Lagrangian is
given in Ref. [83]. On the right-hand side of Fig. 3.5 the 't Hooft interaction (third

term) and the confinement interaction (fourth term) are neglected for the purposes of
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this work. In the second term we have contributions from the negative-energy states
in vacuum as well as the positive-energy states at finite density, specified by the quark

Fermi momentum, kg, of the up and down quark Fermi seas.

In general, the quark propagator is

iS(k,k-n) = ¥ — Z(k;k ‘n) + i€’ (6.2.6)

which we will write as

iS(K°, k) = . L . (6.2.7)
(kO o C(koa k))ﬁ)/o - (1 - B(koa k)):); k— A(koa k) + i€

in the matter rest frame. In a first approximation we write

?

iS(K0, k) = (0 — C) — (1= BT -k — A(R) + e

: (6.2.8)

—. —. -

with A(k), B(k) and C(k) density-dependent, in general. (On occasion we will write
A(k, p), etc.) We see that the presence of C(k) precludes the passage to Euclidean
space that was made in Ref. [83]. That is analogous to the problem created by the

introduction of a chemical potential in the formalism. Note that

(K — C(K))* = (1 — B(k))?k* — A%(k) + ie

= [K° — E* (k) + i€[k* — B~ (k) — i€] (6.2.9)

with

)2 + A2(k2) (6.2.10)

Sy

)+ vR2(1 — B(

a1
~—

I

a1

E*(k) = C(
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and

E-(F) = C(F) — k2(1 — B(R))? + A2(R2). (6.2.11)

Here E*(E) may be interpreted as the (on-mass-shell) energy of the positive-energy

states, while E‘(lg) refers to the negative-energy states.

In order to simplify the notation somewhat, we write

?

iS(K°, k) = - _ : (6.2.12)
(KO k) — A(k) + i€

where we have defined a four-component quantity

(K%, k) = [k° — C(k), (1 — B(k))k]. (6.2.13)
We also introduce a scalar quantity
. % AAR Ak -k
ps(k) = z'NC(—l)/ . W)=k (6.2.14)
(2m)* TI2(k'0 k%) — A2(k") + ie

where the minus sign is due to the closed Fermion loop in Fig. and the factor of 4
comes from forming the trace associated with the closed loop. We see that pS(E) does
not depend upon k°, since we are making an on-shell approximation in the calculation

of f(k—Ek'). In vacuum we have
—iA(k) = —im® + (2Gsi)ps (k) , (6.2.15)

or

N
~

e
SN~—

T

m —QGSps( ) (6.2.16)
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where pg(k) is real and negative. We remark when f(k — k') = 1, A(k) — m and

ps(k) — (u), so that we regain the usual result [12, 23, 22]

my =ml — 2G g (uu), (6.2.17)

mg =mY — 2Gs(dd) . (6.2.18)

(Note that our G is one-half of the Gg defined in Ref. [23].)

The evaluation of pS(E) proceeds by closing to contour in the complex k° plane. In

the vacuum we find

ps(F) = —2N / ;lj’: \/W (k- kA (jiix Tk (6.2.19)
We define
E(R) = k(1 — B(RK)2 + A2(k), (6.2.20)
and
(k—k"? = (BE(F) — E(k")? — (k—k")?, (6.2.21)

so that f(k — k') depends only upon ||, |k’| and the angle between k and k.

Integrals such as that in Eq. (6.2.19) require regularization. For our calculations we
insert a factor exp|—k'2/ a?] with v = 0.60 GeV. (We have used the same Gaussian
regulator in our calculations of meson spectra, where we have used a = 0.605 GeV
[21], 20, 84]. However, those calculations included a model of confinement, so that

we can not directly take over the parameters Gg, Gy and Gp used in those works.)
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We remark that an expression for the density-dependent condensate (uu), may be
obtained by using Eq. (62.19) with f(k — k') =
In the presence of matter it is useful to separate the propagator into two parts, one

of which will give rise to the explicitly density-dependent terms. In this regard, it is

useful to generalize Eq. (5.8) of Ref. [12]. We define

E(k)y* =7 - k(1 - B(k)) + A(k)

AD(k) = - : (6.2.22)
2A(K)
2A(K)

where E(k) = [F*(1 — B(k))? + A%(K)]*/2. Then

)
- (6.2.24)

Il
Q
—
T
~
Il
=
=
@
g
<
@
=
=
=

In the limit that A(k) — m* and B(k

E*(K) = V2 +m*2, (6.2.25)

Sty = AD(E) AR (6.2.26)
E*(k) | k0 — E*(k) W+B@) o

(k) O(kr — |k|) 6(k° — E*(k))

E* (k)
ke ) . . o
T k2 —m2 +E*(E)(%+ ) 0(kp — |k|) 5(K° — E*(k)), (6.2.27)

which agrees with Eq. (5.8) of Ref. [12].
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In the presence of matter, we have

—

Ak, p) = m° — 2Gs|pg=(k) — pa (k)] (6.2.28)

where p2* (k) is calculated in the same manner as p2<(k), except that the upper limit
of the integral over \E '| is kp. Equation [6.2.24is a generalization of a corresponding

equation that may be found in Klevansky’s review. (See Eqs. (5.18) of Ref. [12].)

- —.

If we neglect B(k), Egs. (6214) and (6.219) provide a nonlinear equation for A(k)

which may be solved by iteration. The results of such a calculation are reported
in Table [6.1] where, for nuclear matter, we put kr = 0.268 GeV. In Figs. [6.1] and
we show values of the condensate (uu) and A(0, p) as a function of the density.
These results may be usefully discussed in terms of the relation [48] as Eq. 2410
Where oy is the pion-nucleon sigma term and ppy is the density of nucleons. If we
put on = 0.050 GeV, py = (0.109 GeV)3, fr = 0.0942 GeV and m, = 0.138 GeV,
we find a 38% reduction of the condensate at nuclear matter density, which agrees
with our results given in Table and Fig. [61 It is of interest to note that the
linear dependence on the density implied by Eq. (2.410) appears to be valid up to
about twice nuclear matter density. However, one may be concerned that, since we
study quark matter rather than nuclear matter, Eq. (Z.4.10) may not be appropriate.

Consider, however, the relation

(@), = (Gu)o (1 — Zalq +> , (6.2.29)

fm2

where o, is the quark sigma term and p, is the number density of the quarks, which
we may put equal to 3py. Thus, if 30, = o, we may use Eq. (2.4.10). The fact that
0, > 15 MeV has been discussed by Vogl and Weise [23]. We have also discussed this
matter in great detail in Ref. [51], where we calculated similar values of o, using the

standard version of the NJL model. We conclude that the use of Eq. (2.4.10), or Eq.
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(GeV?®)

-10° <uu>

0 ~Frrr e T e —— T

0 20 40 60 80
10°k.° (GeV?)

Figure 6.1: Values of the condensate (@) are given as a function of 103k%.. For nuclear
matter 103k% = 19.2 GeV3. [See Table 6.1l] Here Gg = 13.0 GeV~2 and B(k, p) is

put equal to zero.

(6.2.29]), with an appropriate value of o, is satisfactory. For example, if o, = oy/3,
as suggested in Ref. [23], the two relations imply the same density dependence of the

condensate.

In Fig. we show A(0, p) which is the density-dependent mass parameter of the
theory when B(k,p) = 0. We see that A(0, p) follows the trend seen in Fig. for

the density dependence of the condensate.

6.2.2 Lorentz-vector Terms of the Quark Self-energy

We now write $(k) = Sg(k) + Sy (k) where

Sy (k) = =7 - kB(k) +~+°C(k) . (6.2.30)
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(GeV)

A(0.p)

0.40
0.35—-
0.30—-
0.25;
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0.15:
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0.00 T
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Figure 6.2: Values of A(0, p) are given as a function of 10°k%. [See Table [G.1] and the
caption of Fig. [6.11]

103K3, —(uu)'/3 —10%(au) A(0, p)
( GeV?) (GeV) ( GeV?) (GeV)
0 0.241 14.0 0.371

10 0.225 11.4 0.298
19.2(nm) 0.205 8.67 0.226
25 0.189 6.75 0.177
30 0.171 5.00 0.133
40 0.134 2.46 0.077
50 0.113 1.44 0.041
60 0.0990 0.967 0.030
70 0.0915 0.898 0.024
80 0.0853 0.620 0.021
90 0.0805 0.522 0.018

Table 6.1: Values of the condensate and A(0, p) are given for Gg = Gy = 13.0 GeV 2
and m) = mY = 0.005 GeV. Here kr = 0.268 GeV for nuclear matter. We note the
reduction of the condensate of 38% and a 40% reduction of A(0, p) at nuclear matter
density [10°k} = 19.2 GeV?3]. Here o = 0.60 GeV is used in the Gaussian regulator

exp|—k2/a?).
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For the calculation of C'(k) we obtain the contribution from the last term in Eq.

([6:2.24)), with the result that
C(k) = 2Gv pY (k) (6.2.31)

with

f2k—k'). (6.2.32)

An expression for B(k) may be found from the relation

—i[-7 - kB(k)] = (—2Gvi)(—1)i/(d—k/4

o) Sk f2(k -k (6.2.33)

if we only keep the term proportional to 7 - k' in the expression for the quark propa-

gator. In vacuum we may compare corresponding terms in Eq. ([6.2:33))

—7~EB(E):—2GV/(Z?>, = fi[) 5[%)] E( @ )/>_ -t (6.2.34)

Thus,
B (k) = 2Gy py (k) (6.2.35)

with
Kl oy (k) = 2Nc/((;z€)/3 L b k)1 (k i )J[FA%B()E Iy (6.2.36)
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Here, k and k' are unit vectors. As in the calculation of A(k), Eq. (6.230) is

generalized to read
B(k) = 2Gy[py=(k) — py (k)] , (6.2.37)

where pmt (k) is calculated using Eq. ([62:36) with an upper limit on |k] of kp.

In Table[6.2 we present results of our calculation of the condensate, A(0, p), A(0, p)/[1—

B(0, p)], C(0,p), B(0,p) and A(0,p) — A(0,0). We also define

— —

Us(k, p) = A(k, p) — A(k,0), (6.2.38)

where U, S(E, p) is the density-dependent modification of A(lg, 0) in matter.

It may be seen from the values given in Table that there is a thirty percent
reduction of the condensate at the density of nuclear matter, while the value of A(0)
is reduced by thirty-nine percent. We would obtain a thirty percent reduction of the

condensate if oy = 39 MeV.

In Figs. and [6.4] we exhibit values of A(k, p) and A(k, p)/[1 — B(k, p)] for various

densities and in Fig. we present values of C' (lg, p). Figure 7 shows the values of

Us(E, pNM) and O(E, pNM)

6.2.3 Off-mass-shell Effects

In our calculations we have neglected the kg dependence of A, B and C. In this

Section we provide some justification of that approximation. We can combine Egs.

6212) and BZI4) to yield a nonlinear equation for A(k%, k) in vacuum

(6.2.39)

5 4.1 10 2 .t
AR = ~(2Gsi)N(-1) [ LI EUR =),

(2m)* Jr — Ak, ") + de
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10%3 | —(au)'/ | —10%(au) | A0, p) | 255 | Us(0,p) | C(0,p) | B(O, p)
(GeV3) | (GeV) (GeV3) | (GeV) | (GeV) | (GeV) | (GeV)
0 0.2401 13.85 0.365 0.347 0 0 -0.0544
10 0.2279 11.84 0.292 0.272 -0.073 | 0.0794 | -0.0736
19.2 0.2128 9.64 0.223 0.203 -0.142 | 0.0988 | -0.1019
30 0.1755 5.36 0.114 | 0.0942 -0.252 0.115 -0.210
40 0.1441 2.99 0.0606 | 0.0435 | -0.304 0.126 | -0.394
50 0.1291 2.15 0.0432 | 0.0279 | -0.322 0.136 | -0.545

Table 6.2: Various values are given for the case Gg = 13.5 GeV~2, Gy = 10.0
GeV=2 m? =mf = 0.005 GeV and a = 0.60 GeV. Note a reduction of 30% for the
condensate and 39% for A(0, p) at nuclear matter density, where kp = 0.268 GeV and
10%k% = 19.2 GeV?.

0.35
0.30 4
s
©  0.25
e ]
/a: 0.20 1
< J
< 0.15-
0.10
0.05
0.00 . . ; , | —
0.0 0.5 1.0 1.5 2.0 25 3.0
k (GeV)

Figure 6.3: Values of A(k, p) are given as a function of || for various densities: a)
1033 = 0 [solid line|; b) 10°k% = 10.0 GeV? [dashed line]; ¢) 10°k3 = 19.2 GeV?
[dotted line]; d) 10°k3 = 30.0 GeV? [dot-dash line] and e) 10°k3. = 40.0 GeV? [short
dash]. Here G5 = 13.5 GeV~2, Gy = 10.0 GeV~2, m® = 0.005 GeV and « = 0.60
GeV. [See Table 6.2]
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-B(k,p)l (GeV)

0.20 4"

0.15

Ak,p) /1

0.10 -

0.05 -

o+—¥¥F——

k (GeV)

Figure 6.4: The quantity A(k, p)/[1 — B(k, p)], which plays the role of a momentum-
and density-dependent mass parameter, is shown. [See Table and the caption of

Fig. B3]

C(k,p) (GeV)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
k (GeV)

Figure 6.5: Values of C(k, p) are shown for various densities: a) 1043 = 10.0 GeV?®
[dashed line]; b) 103k2 = 19.2 GeV? [solid line|; ¢) 103k% = 30.0 GeV? [dotted line]
and d) 10%k3. = 40.0 GeV? [dash-dot line]. Here G5 = 13.5 GeV~2, Gy = 10.0 GeV 2,
m® = 0.005 GeV and a = 0.60 GeV.
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Figure 6.6: The values of U (K, pnar) = A(k, pyar) — A(K, 0) [solid line] and C/(k, pas)
[dashed line] are shown. U(k, pyas) represents the density-dependent correction to
the vacuum value of the scalar term of the quark self-energy.

Here we have neglected m® and B(k°,k). We sce that k° dependence arises from

F2(k — k') which is given by

f2(k — k') = exp[—(k = k")*"/3], (6.2.40)
with

(k—k"? = (K — k") — (k—k')?, (6.2.41)

which differs from the on-mass-shell version given in Eq. (G.2.2T]).

The solution of Eq. [2.39) for A(k°, k) is shown in Fig. for various values of £°.

It is seen that the dependence on k° is weak as was assumed in this work.
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Figure 6.7: Values of A(k°, k) are shown as a function of |k| for various values of k°.
6.2.4 The Nucleon Self-energy in Matter

If one uses the Dirac equation to describe the interaction of a nucleon with a nucleus,
or with nuclear matter, it is found that a strong scalar attraction is needed as well
as a strong vector repulsion [49, [50]. The scalar field is of the order of -400 MeV and
the vector field is about 300 MeV. It is of interest to see if the nucleon self-energy,
Yy = Vs + Vi, can be calculated in terms of the quark self-energy obtained in
this work. To carry out this program we use a simple model of the nucleon in which
a quark is coupled to a scalar diquark. The full complexity of the wave function,

including vector diquarks and various relativistic effects, is discussed in Ref. [85].

We can calculate the nucleon self-energy in nuclear matter using a triangle diagram
in which one of the lower two vertices of the triangle represents a vertex function for
a zero-momentum nucleon to emit a quark of momentum k leaving a spectator (on-
mass-shell) diquark of momentum —Fk. The other lower vertex represents the inverse

process. At the upper vertex we insert the quark self-energy, Z(E) =U S(IZ) +~°C (E)
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calculated in this work and integrate over k. We make use of Fig. 4 of Ref. [85] and
parametrize the product of the vertex function and the quark Greens function by the

quark-diquark wave function
77Z)(E) = T = B_EQ/AQU(Ea S) ) (6242)

where u(E, s) is a spinor for a quark of momentum k and spin projection s [85].

The normalization for a single quark is obtained from the relation

1 [ d% e k2
( 7T) [Eq(k> + mq]

where we put A = 0.18 GeV to correspond to the results of Ref. [85]. We may then
relate the nucleon self-energy to the quark self-energy. For a nucleon of momentum

P =0, we have, with E,(k) = [k2 + m?2'2 and m, = 0.364 GeV,

3 d%k o e k2
Vi=—[—=Ck)e /N [14 ————— |, 6.2.44
=x/ PREN ( Ey () +m,)? (0248
and
1% —3/ @k (k) e~ /%2 1—L (6.2.45)
NSt E,(R) +m2) -

The difference of sign in the brackets appearing in Eqs. (6.2.44]) and (6.2.45]) is due
to the different behavior of the Dirac matrices, 1 and 7%, at the upper vertex of the

triangle.

Since the momentum content of the quark-diquark wave function is small [85], we
expect that Vg ~ 3Ug(0) and Vi, ~ 3C(0), so that V;, ~ 296 MeV and Vg ~ —426
MeV. A more careful evaluation of the integrals in Eqs. (6.2.44]) and (62.43)) yields

Vi, =295 MeV and Vg = —392 MeV, which is in general accord with the values given
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in Refs. [49, 50].

6.2.5 Discussion

The behavior of matter at high density and low temperature has received a good deal
of attention in the last few years [32] 33| 34 B35 B6]. A large part of the work in this
area has made use of the NJL. model. In our work we have attempted to modify the
NJL model so that its predictions are in greater accord with QCD. As a first step, in
Ref. [83] we introduced a momentum-dependent ¢g interaction which allowed us to
reproduce the Euclidean-space behavior for the constituent quark mass obtained in
lattice simulation of QCD [69]. In the present study we have considered the important
vector interactions of an extended NJL model. Of particular interest is the behavior
of the quark condensate at finite density. We find that the linear behavior in the
density exhibited in Eq. (2Z4.10) holds in our model up to about twice nuclear matter
density. Also, we note that the use of a nonzero current quark mass is important
for that result, since in the absence of an explicit chiral symmetry breaking term,
the model exhibits a first-order phase transition at about 1.25 times nuclear matter

density.

Another point of interest are the results shown in Fig. [6.6l The quark self-energy
is similar to that found in relativistic nuclear physics, with strong scalar attraction
and strong vector repulsion. The simple calculation reported in Section [6.2.4] suggests
that the quark self-energy, when multiplied by 3, provides a satisfactory estimate of
the nucleon self-energy which is in accord with results of relativistic nuclear physics

49, (0]

There is a body of work based upon the solutions of the Schwinger-Dyson and Bethe-
Salpeter equations with a phenomenological form for the gluon propagator [86, [87,

0, 88]. This body of work is reviewed in Ref. [52]. In contrast to the results of
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our work, it is found that the quark condensate increases with increasing chemical
potential. The authors of Ref. [86] argue that the baryon density is zero up to the
critical chemical potential, p., for deconfinement. They state that “This result is an
expected consequence of confinement which entails that each additional quark must
be locally paired with an antiquark thereby increasing the density of condensate pairs
as p is increased. For this reason, as long as p < ., there is no excess of particles
over antiparticles in the vacuum and hence the baryon number density remains zero.”
We note, however, that the baryon density usually considered in such calculations is
due to the presence of nucleons, which have a finite baryon density. As noted earlier,
in our work the baryon density is due to the presence of Fermi seas of up and down
quarks, which serve to provide a model of the baryon density that would arise due
to the presence of nucleons. We suggest that the conclusions presented in Ref. [80]
do not refer to the situation of physical interest in which one studies the value of the

quark condensate in nuclei or in nuclear matter.
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6.3 Quark Propagation in the Quark-Gluon Plasma

6.3.1 Calculation of the Quark Optical Potential

In the study of hadronic current correlators [100, 10T, [102] it is important to use a
model which respects chiral symmetry when m° = 0. Therefore, we make use of the
Lagrangian of Eq. (2.11]), while neglecting the 't Hooft interaction and L.y, s. In
order to make contact with the results of lattice simulations we use the model with
the number of flavors Ny = 1. Therefore, the \* matrices in Eq. (ZII) may be

replaced by unity. We then use

£ o= -+ @) + @) (6:3.1)
- %[(muq)u(%wqy]

in order to calculate the hadronic current correlation functions. Thus, there are essen-
tially three parameters to consider, Gg, Gy and a Gaussian cutoff parameter a;, which
restricts the momentum integrals through a factor exp[—%>2 /a?]. As suggested by the
Stony Brook group, we consider the NJL model and the associated chiral Lagrangian
of Eq. ([63.J)) as providing a simplified representation of the instanton dynamics im-
portant for the problems considered in this work. Since the results obtained for the
hadronic current correlation functions are similar in the scalar, pseudoscalar, vector
and axial-vector channels, we carry out our calculations for the scalar ¢g states and
multiple our results for the optical potential by 4. The parameters G and a were fixed
in our earlier studies [99]. We take G =1.0 GeV~2 and o = 4.4 GeV. These values
provide good fits [99] to the hadronic current correlation functions found in the lattice
studies [97]. In order to calculate the optical potential for a quark we consider the
quark moving in an antiquark distribution characterized by a temperature-dependent

occupation factor n(py) which depends upon the chemical potential . The energy
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of a quark is given by E(7) = [P+ m?]'/2. We follow the work of Shuryak [89], for
example, and put m = 1 GeV. In Shuryak’s work this mass is not the current quark
mass, but is called the ”chiral mass”. (We would prefer to call the 1 GeV mass, the
”thermal mass”, however, the terminology used is not important for this work.) The

quark thermal mass is given in Ref. [39], with Cr = 4/3, as

2

1 @
2= 0T+ = 6.3.2
m 8g F( + 7T2)’ ( )

for the case of a finite chemical potential. The thermal gluon mass is

m? = égQTQ(CA + %N ). (6.3.3)
(The relation between thermal masses in QED and QCD is given on p.146 of Ref.
[39].) In studies of baryon matter, the chemical potentials used are often about 300
MeV or less. However, once we introduce a thermal mass of about 1 GeV, we need
to determine the chemical potential for the quarks. In this work we will consider
a chemical potential of about 1 GeV, although the calculations are easily made for
other values. Once we put m = 1 GeV, the chemical potential is the only parameter

which is varied in our study.

It is useful to contrast the calculation of the quark optical potential with the cal-
culation of the nucleon optical potential that is to be used in the Dirac equation.
The latter calculation is discussed in detail in Ref. [50]. In that calculation of the
nucleon-nucleus potential one calculates the T-matrix for nucleon-nucleon scattering
using the one-boson-exchange (OBE) model. In that case the mesons of the OBE
model undergo t-channel and u-channel exchange between the nucleons. The result
is that the imaginary part of the optical potential has a magnitude of about 10 MeV
[50]. That in turn leads to a mean-free-path of about 10 fm for a 500 MeV nucleon.

Many years ago, the relatively large value for the nucleon mean-free-path lead to the
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characterization of the optical model for nucleon-nucleus scattering as the ”cloudy
crystal ball” model. When we study quark propagation in the quark-gluon plasma
we may consider a similar calculation of the optical potential at finite temperature. In
the case of the quark-antiquark interaction the T matrix is dominated by s-channel
resonances of the type found in the MEM studies. As we will see, the interaction
in this case is quite strong, leading to a small mean-free-path. The resulting model
is called the ”"sticky molasses” model [89, 90, O1] as opposed to the ”cloudy crystal
ball” model used to describe nucleon-nucleus scattering. We now consider the poten-
tial seen by a quark of momentum p; and average over the quark spin sy. (We will
consider quarks of a single flavor, since that was done in the MEM studies that we
have used to fix the parameters of our model.) In Ref. [50] the relativistic optical

potential was denoted as X(7’, s) and, for this work, we consider
1
S (P3) = 5 2 (P3, 52) 23, 52) (3, 2). (6.3.4)

It is useful to introduce [101]

E(p3)

m

Ups) =N 3k

Z++(—2>)

(6.3.5)

Here the factor of N = 4 takes into account the sum of the interactions in the scalar,
pseudoscalar, vector and axial-vector channels which are taken to be equal for the
purposes of this work. The approximate equality of the interactions in these channels
may be seen in Ref. [97]. (Note that values of U(7’) are given in Ref. [50] for the

case of nucleon-nucleus scattering. )

If p; is the momentum of the antiquark in the medium, we may introduce the four-
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vector

Pt = (p; + po)H.
Now

p2 = p2-P

= (E(@)+E[®3))* — (pi° + p3* + 2p1p2 cosb).

Here, we take p; along the z axis. We define

1 G
t(p1,p2) = P2 ll —GJ(]Tfa]T?))] ’

119

(6.3.6)

(6.3.7)

(6.3.8)

(6.3.9)

where J(p1, ps) is the ¢g vacuum polarization function defined in Appendix [Bl (We

remark that we may also use the notation ¢(P?, p,) for the quantity defined in Eq.

6.3.9).)

It is also useful to introduce the occupation factor n(p7):

with 3 =1/T and E(p7) = {171)2 - mQ} 2 We recall

> u(p2, 52)u(p2, 52) = (162 h m) ;

. 2m

> _v(pr, 1)0(p1, 51) = (M) ;

- 2m

and note that

(6.3.10)

(6.3.11)

(6.3.12)
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Figure 6.8: Values of t(P?, py) are shown for various values of the quark momentum
|p2|. Starting with the uppermost curve, the |ps| values in GeV units are 0.01, 0.03,
0.05, 0.07, 0.09, 0.11, 0.13, 0.15, 0.17, 0.19, 0.21, 0.23, 0.25, 0.27, 0.29 and 0.31. (For
large P?, we have t(P? py) ~ (1/7P?)G.) Here P? = (p; + p2)?, where p; is the
antiquark momentum.
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Figure 6.9: Values of n(p;) are shown for ;1 = 1.1 GeV (dotted curve), p = 1.3 GeV
(dashed curve) and p = 1.5GeV (solid curve). Here T' = 1.5T, with T = 270 MeV.
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Figure 6.10: The imaginary part of the quark optical potential is shown for p =
1.1GeV (dotted curve), u = 1.3 GeV (dashed curve) and p = 1.5 GeV (solid curve).
(We recall that the nucleon-nucleus imaginary optical potential is about 0.01 GeV in
magnitude [50].)
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Figure 6.11: Values of A(ps) are shown for u = 1.1 GeV (dotted curve), p = 1.3 GeV
(dashed curve) and p = 1.5GeV (solid curve).
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- E\Ey — P - F3) — m?
(Pt (Pom) (BB =Pl eps) — P (6.3.13)
2m 2m m2
Thus,
dpi m G
I E++ 6.3.14
o 2 (2m)% E(p1) ll—GJ(]Tf, 2)1 ( )
lE1E2 - 1 'p2 —m?
X B n 1 )
m
and
N m dpi  m
Up3) = ——~ / T 6.3.15
(p2) 2 E(pg) (271') E(]Tf) (pl p2) ( )
E\Ey, — D1 - D3 —m?
155 12 2 n(B).
m

Here Ey = E(pi), Es = E(ps) and we have made use of Egs. [.3.5 and [6.3.9. Values

of t(P?,py) are shown in Fig. for values of |p3| ranging from 0.01 GeV to 0.31

GeV. In Fig. we show the values of n(p7) for the three values of 1 considered here

—

and in Fig. [6.10] we present values of ImU(ps) for those values of p. In Fig. [6.11] we

show the values for the mean-free-path

3| 1

=2l L
m ImU(p3)

(6.3.16)
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6.3.2 Discussion

Information is available concerning the baryon chemical potential. That chemical

potential is parameterized in Ref. [103] as

1270 MeV

HB = W, (6.3.17)

and varies strongly with /Sy, which is in GeV units in Eq. (@3JI7). For /Syy =
200 GeV, we have ug = 26.7 MeV.

Of particular significance for our results is the choice of the chemical potential for
the quarks. We have taken u ~ 1 GeV. In the case of the quarks, the choice of p ~
1 GeV leads to small mean-free-paths consistent with the suggestion of Shuryak that
the resonances seen in the MEM analysis of the lattice results are responsible for the

small mean-free-paths of the “sticky molasses” model.

We remark that in nuclear matter the baryon density is 0.17 fm= or 0.51 quarks/fm?
if we consider the nucleon to be composed of three quarks. For the values of n(py)
shown in Fig. for the case u = 1.3 GeV, we may calculate the density of antiquarks
to be 5.91 fm™3, so that the density of quarks and antiquarks is about 12 fm=3 in
our model. We remark that the energy density at RHIC for /Syy = 200 GeV is 4.1
GeV/fm? [103], which is about 26 times the energy density of nuclear matter, which

is approximately 0.16 GeV /fm?.

In this work we have attempted to provide a quantitative analysis of the suggestion
[89] that the large ¢g resonant scattering cross sections are responsible for the small
quark mean-free-paths, with the associated relevance of the hydrodynamic description
of the system that is created in high-energy nucleus-nucleus collisions. We have
considered the interaction in the scalar, pseudoscalar, vector and axial-vector channels

of the ¢g system. It is possible that there are important resonances of gg character,
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as well as the ¢g resonances considered here. Such qq states are depicted in Fig. 8a

of Ref. [89]. It would be of interest to see if such states are found in lattice studies

using the MEM scheme.
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Appendix A

Hadronic Current Correlators

For ease of reference, we present a discussion of our calculation of hadronic current
correlators taken from Ref.[I02]. The procedure we adopt is based upon the real-
time finite-temperature formalism, in which the imaginary part of the polarization
function may be calculated. Then, the real part of the function is obtained using a
dispersion relation. The result we need for this work has been already given in the
work of Kobes and Semenoff [I5]. (In Ref. [I5] the quark momentum is & and the
antiquark momentum is k* — P*. We will adopt that notation in this section for ease

of reference to the results presented in Ref. [15].)

With reference to Eq. (5.4) of Ref. [15], we write the imaginary part of the scalar
polarization function as Eq. 2.1l Relative to Eq. (5.4) of Ref. [I5], we have changed
the sign, removed a factor of g and have included a statistical factor of N,. In
addition, we have included a Gaussian regulator, exp[ —k2/a2]. The value a = 0.605
GeV was used in our applications of the NJL model in the calculation of meson
properties at 7' = 0. We also note Egs. and 4.2.3 For the calculation of
the imaginary part of the polarization function, we may put k? = m?(T) and (k —
P)? = m4(T), since in that calculation the quark and antiquark are on-mass-shell.

In Eq. @2]) the factor (g arises from a trace involving Dirac matrices, such that
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where m; and my depend upon temperature. In the frame where P= 0,
and in the case m; = my, we have 35 = 2P2(1 — 4m?/PZ). For the scalar case, with

my = Mo, we find Eq. 4.2.0]

For pseudoscalar mesons, we replace 8g by Eq. £.2.8 and which for m; = mo
is Bp = 2PZ in the frame where P =0. We find Eq. 210 for the 7 mesons, where
k2 = P2/4 — m2(T), as above. Thus, we sce that the phase space factor has an
exponent of 1/2 corresponding to a s-wave amplitude. For the scalars, the exponent

of the phase-space factor is 3/2, as seen in Eq. (L.2.0]).

For a study of vector mesons we consider [£.2.11] and calculate which, in the
equal-mass case, is equal to 4P +8m?(T), when P = 0. This result is needed when we
calculate the correlator of vector currents. Note that, for the elevated temperatures
considered in this work, m, (1) = mg4(T) is quite small, so that 4P? + 8m?(T') can be
approximated by 4PZ, when we consider the vector current correlation functions. In

that case, we have
2 2 2
Im Jy (P, T) ~ §Im Jp(P2,T). (A1)

At this point it is useful to define functions that do not contain that Gaussian regu-

lator:
§ N,P? Am2(T)\ "
Im JP(P27 T) = 87T0 <1 - POQ ) [1 - 2%1(]{3)] ) (AQ)
and
. 2 2 1/2
ImJV(P{T):g% (1—4m §T)) [1—2n4(k)], (A3)
8T F;

For the functions defined in Eq. (A2) and (A3) we need to use a twice-subtracted
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dispersion relation to obtain Re Jp(P2,T), or Re Jy (P2, T). For example,

- - P2 - -
Re Jp(P?,T) = Re Jp(0,T) + E[Re Jp(P3,T) — Re Jp(0,T)] (A4)
0
+P2(P2 — P /P Im Jp(s,T)
T 4m?(T) SS(P2 —s)(P?—s)’

where A2 can be quite large, since the integral over the imaginary part of the po-
larization function is now convergent. We may introduce Jp(P? T) and Jy (P, T)
as complex functions, since we now have both the real and imaginary parts of these
functions. We note that the construction of either Re Jp(P? T), or Re Jy (P2, T), by
means of a dispersion relation does not require a subtraction. We use these functions

to define the complex functions Jp(P? T) and Jy (P2, T).

In order to make use of Eq. ([A4)), we need to specify Jp(0) and Jp(PZ). We found
it useful to take P? = —1.0 GeV? and to put Jp(0) = Jp(0) and Jp(PZ) = Jp(P2).
The quantities .Jy(0) and Ji, (P2) are determined in an analogous function. This
procedure in which we fix the behavior of a function such as ReJy (P?) or ReJy (P?)
is quite analogous to the procedure used in Ref.[104]. In that work we made use
of dispersion relations to construct a continuous vector-isovector current correlation
function which had the correct perturbative behavior for large P? — —oo and also
described the low-energy resonance present in the correlator due to the excitation of
the p meson. In Ref.[104] the NJL model was shown to provide a quite satisfactory
description of the low-energy resonant behavior of the vector-isovector correlation

function.

We now consider the calculation of temperature-dependent hadronic current correla-
tion functions. The general form of the correlator is a transform of a time-ordered
product of currents as Eq. [£2.13 where the double bracket is a reminder that we are

considering the finite temperature case.

For the study of pseudoscalar states, we may consider currents of the form jp;(z) =
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G(x)ivsAiq(x), where, in the case of the m mesons, i = 1,2 and 3. For the study
of scalar-isoscalar mesons, we introduce jg;(x) = G(z)\q(x), where i = 0 for the

flavor-singlet current and ¢ = 8 for the flavor-octet current.

In the case of the pseudoscalar-isovector mesons, the correlator may be expressed in

terms of the basic vacuum polarization function of the NJL model, Jp(P?,T). Thus,

1

Co(PLT) = (P D) s T 7y

(A5)

where Gp(T) is the coupling constant appropriate for our study of 7 mesons. We
have found Gp(T) = 13.49 GeV~2 by fitting the pion mass in a calculation made at
T = 0, with m, = myg = 0.364 GeV. The result given in Eq. (AD) is only expected
to be useful for small P?, since the Gaussian regulator strongly modifies the large P>
behavior. Therefore, we suggest that the following form is useful, if we are to consider

the larger values of P2.

QAP%T):lJAP%TW ! (A6)

P? P? 1—Gp(T)Jp(P2,T)"
(As usual, we put P = 0.) This form has two important features. At large PZ,
Im Cp(Py, T)/P2 is a constant, since Im Jp(P?,T) is proportional to P2. Further,
the denominator of Eq. (Af]) goes to 1 for large PZ. On the other hand, at small
P}, the denominator is capable of describing resonant enhancement of the correlation
function. As we have seen, the results obtained when Eq. (A6]) is used appear quite

satisfactory. ( We may again refer to Ref.[104], in which a similar approximation is

described.)

For a study of the vector-isovector correlators, we introduce conserved vector currents

Jui(x) = q(x)y, ig(x) with i=1, 2 and 3. In this case we define

prpY
—

TP T) = (9 ) (P T) (A7
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and

prpv
P2

(P T) = (97 = 5 ) CV(PAT), (A8

taking into account the fact that the current j, ;(z) is conserved. We may then use

the fact that

1
Jy(P*T) = ggw,,]{j”(PQ, T) (A9)
and
2 [ P2+ 2m2(T) 4m2(TI\"? 2 n
Im Jy (P?,T) = §l_l_§;___ 1-— P2 e m 1 — 20y (k) ]
(A10)
2
~ ghnL%PaIU. (A11)
(See Eq. @Z7) for the specification of k = |k|.) We then have
- 1
Cy(P?,T) = Jy(P*,T A12
V( ) ) V( ) )1—Gv(T)Jv(P2,T)7 ( )
where we have introduced
- 2 [ P2+ 2m2(T) 4m2(T)\
(A13)
9
~ ghnL%PaIU. (A14)

In the literature, w is used instead of Py [9, 02, 93]. We may define the spectral
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functions
1
oy(w,T)=—-ImCy(w,T), (A15)
T
and

op(w,T) = %Im Cp(w,T), (A16)

Since different conventions are used in the literature [9, 02, O3], we may use the
notation op(w,T’) and oy (w,T) for the spectral functions given there. We have the

following relations:

op(w,T)=o0p(w,T), (A17)
and

Ev(w,T) . 3

—y = Zav(w,T), (A18)

where the factor 3/4 arises because, in Refs. [9] [02] 03], there is a division by 4, while
we have divided by 3, as in Eq. (A9).
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Appendix B

Further

Here we extend the work of Appendix A to consider case of finite three-momentum,

P. We consider the calculation of Im.J p(PY, P, T). The momenta P° and P are the

values external to the loop diagram. Internal to the diagram, we have a quark of

momentum k* + P*/2 leaving the left-hand vertex and an antiquark of momentum

k* — P /2 entering the left-hand vertex. It is useful to define

and

Ei(k) = |k+P/2| (B1)
9 1/2

= <k2 + Pz + kP cos 9) (B2)

Ex(k) = |k—P/2| (B3)
9 1/2

= <k2 + PZ — kP cos 9) . (B4)

Here k = |k| and P = |P|.
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We have

Im Jp(P°, P, T) = %Ncﬁp e(PY) / P e~R?/e (W) (B5)

x{[1 = ny(k) — na(k)]6(P° — Ey(k) — Ea(k))
—[n1(k) — no(K)J6(P° + Ey (k) — Ey(k))
—[na(k) — ny (K)]6(P° — Ey(k) 4 Ex(k))

—[1 —ny(k) — na(k)]6(P° + Ey (k) + Es(k))} .
Here,

nl(k) = eﬁE1(k) + 1 ) (B6)

and

1

na(k) = ¢ BEa (k)

—- (B7)

In Eq. (B3), the second and third terms cancel and the fourth term does not con-

tribute. Tt is useful to rewrite §(P° — Ey(k) — E»(k)) using

2
6[f(cos0)] = ——0(cos ) — ), (B8)
OcosO |,
where
2 = cos’f (B9)

AP2(K? + P2/4) — P}
Ak2P? '
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We find
of | 1, | Ei(k) — Ex(k)
and obtain
, 1 2dk
0 _ 1 0 2 —k2/a
Im Jp(P°, B, T) = = N,Bp e(P°)(27) / B (B11)

1 Jf(cos )
/2E1(I<J)E2(k) [1_”1(k)_"2(k)]| dcos 0 |

xd(cosf — x)d(cos ) .

We note there is a singularity when E;(k) = Es(k). That occurs when cosf = 0 or
¢ = m/2. For our calculations we eliminate the point with § = 7/2 when evaluating

the angular integral over d(cos@)d(cos @ — x) in the last expression. We obtain

Im Jp(P°, B, T) = N.Bpe(P°) (2:)3 / K2dk ek (B12)

U—nﬂ)—nﬂ@]
“ KPIE(k) — Ba(h)],

Y

where z is obtained from Eq. (BI0Q),

— B+ — = = (B13)

For the calculations reported in this work we have P° = E(p7) + E(p3) and P =
Pi + Ps, where ps is the quark momentum and py is the antiquark momentum. Thus,

we may also use the notation J(py, p3) as we have done in the main text.
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