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A b stract

SPECTRAL THEORY USING 

OPERATOR ALGEBRA TECHNIQUES 

by

Fotios Paliogiannis

Adviser: Professor Stanley Kaplan

In this work,we study the Spectral Theorem (the Functional calculus as well) for self 

adjoint and normal operators, both in the bounded and unbounded cases. The approach, to 

this structure theorem, is based on the following key theorem:

T heorem : The Gelfand (or Structure) space of an abelian von Neumann algebra on a 

Hilbert space H, is extremely disconnected. The idea goes back to the (1952) paper of 

M.G.Fell and J.L.Kelley An algebra o f  unbounded Operators Proc.Nat.Acad.Sci. USA 38 

592-598. R.V.Kadison and J.R.Ringrose discuss the spectral theorem from this point of 

view in their (1983) book Chap.5 Vol. I. Our development is strongly suggested by this 

discussion, although our approach and proofs differ. Our proofs incorporate several ideas 

tying together function theory and operator theory.
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Qo up ... Reacti high... Qo aCways up 
On the top Love is waiting for you 

with a Bouquet o f roses

Qo up. ACways ahead. ACways up. 
Lind i f  you don't find  a way 

‘Make one. CFor (ove the ways are not ready 
you mahg. them yourself

Qo up ... Lven i f  you see 
that the roses were not reed 

Lind i f  Cove -  the Burning Cove - were 
A smoke 

Qo on

Qo on ... Lven i f  on the top 
instead of the roses 

LI Bouquet o f knives is waiting for you 
Qoon.

Qo up ... And say '  thanks ‘ 
not to the roses, not to the knives 
Say " thanks '  to the Strength 

that made you to go up

Menelaos Lountemis



A

ix

A

Table of Contents

Page

A cknow ledgm ents ........................................................................................  iv

Chapter 1. In troduction ..........................................................................  1

Chapter 2. The Gelfand Space of an Abelian von Neumann Algebra  7

Chapter 3. Spectral Theory for Bounded Self Adjoint Operators  14

Chapter 4. Spectral Theory for Bounded Normal O perators  ........... 23

Chapter 5. Maximal Abelian Algebras .................................................  34

Chapter 6. (3(IN) .................................................................................  43

Chapter 7. Spectral Theory for Unbounded Self Adjoint Operators  51

Chapter 8. Spectral Theory for Unbounded Normal O perators  64

R eferences ...................................................................................................... 101



§.1 INTRODUCTION

Gentlemen: there is lots o f  room left in Hilbert space

Saunders MacLane

Let H be a complex Hilbert space and B(H) be the set of bounded linear operators of H 
into H. This set possesses the structure of an algebra over the field of complex numbers (C. 
There is an adjoint operation in B(H). If A 6 B(H) we will always denote the adjoint of A 
by A*. We have

(A+B)* = A*+B*, (XA)* = XA*
(AB)* = B*A*, A** = A

(X denotes a complex number, X its complex conjugate)
We thus see that B(H) can be regarded as an involutive or *-algebra.
Every subalgebra of B(H) which is stable with respect to the adjoint operation is called an 
involutive or *-subalgebra of B(H) or a *-algebra of operators.
For an infinite-dimensional Hilbert space H the operator algebra B(H) has several 
interesting (vector space) topologies. Besides the (operator) norm topology, the two most 
important are the strong and the weak operator topology.

Definition: The strong operator topology (s.o.t) on B(H) is the locally convex
vector space topology induced by the family of seminorms

px(A) = IIAxll , xGH , AGB(H) .

Thus, a net of operators Ad —» A in s.o.t 4=^ A^x —» Ax VxGH

Definition: The weak operator topology (w.o.t) on B(H) is the locally convex
vector space topology induced by the family of seminorms

(A) = l(Ax,y)l , x,yGH, A gB(H ).

Thus, a net of operators Ad —> A in w.o.t (Adx,y) —> (Ax,y) Vx,yGH

Definition: Let S be any subset of B(H). We call the commutant of S, to be denoted 
by S', the set of those elements of B(H) that commute with all the elements of S , i.e.,

S'={ TGB(H): A T=TA  VAGS }

The set (S')'=S" is called the bicommutant of S. (S")'=S"' , ...



The set (S ')-S " is called the bicommutant of S. (S")'=S"' , ...

It is easy to see that S' is a subalgebra of B(H) which is closed in both s.o.t and w .o .t.

Definition: A *-subalgebra d  of B(H) which is closed in the w.o.t is called a von 
Neumann algebra or W *-algebra.

The celebrated Double commutant theorem of von Neumann (1929) states that:

1.1. Theorem: (Double commutant)
For a *-subalgebra Cl of B (H ), Ie Cl the following are equivalent:

i) a  = a "

ii) Cl is closed in w.o.t

iii) Cl is closed in s.o.t. (see [14] p. 326)

It is this fundamental theorem which leads some authors to define a von Neumann algebra 
to be a *-subalgebra Cl of B(H) such that d= Cl".

Note also that a von Neumann algebra Cl, being closed in the s.o.t. is also closed in the 
(operator) norm topology (sometimes called the uniform operator topology (u.o.t.)). 
Furthermore,the so-called C*-condition IIA*AII = IIAII2 holds VAeB(H).
Thus, we see that d  is a C*-algebra and therefore any result of C*-algebra theory also 
applies to von Neumann algebras.

We now collect a few results from C*-algebra Theory. For a detailed discussion of 
C*-algebra theory we refer the reader to R. Doran and V. Belfi [4].

Definition: An (abstract) C*-algebra is a Banach algebra 11 having an involution * 
(that is, a conjugate-linear map of 11 into itself satisfying x** = x and (xy)* = y*x* , 
x,y6 11 ) which satisfies the condition llx*xll = llxll2 V xe  11.

Let £1 be a commutative C*-algebra .Then in particular 11 is a commutative Banach 
algebra and the beautiful Gelfand structure theory of commutative Banach algebras applies.

Definition: A multiplicative linear functional on 11 is a nonzero linear functional p 
on 11 satisfying p(xy) = p(x)p(y) for all x, y€ 11, i.e., 
p: 11 —»C is an algebra homomorphism of 11 onto C.

The set of all multiplicative linear functionals on 11 will be denoted by Xu,
Definition:
For each x 6 11 we define x: X u—»C by

x(p) = p(x) V peX u,

The function x is called the Gelfand transform of x.



The Gelfand transform has the following properties:
For x,y£ ^  and Ae C
.v , VA A A
0 (x+y) = x+ y
ii) (Ax)A = Ax
iii) (xy)A = xy
iv) I x(p) I < llxll V p e X u
v) if Zl has an identity e, then a ^ x )  = x(X«) = Range(x)

where, <Ju(x) = { Ae (E: x - Ae does not have a two-sided inverse in Zl } 
is the spectrum  of x.

vi) if Z1 has an identity, x 6 Zl is invertible iff x (p )* 0  fo ra l lp € X tt

The G elfand topology on X a is defined to be the weakest topology on X u under 
which all x are continuous, xe  Zl. Equivalently, the Gelfand topology is the relative 
topology which X u inherits as a subset of the dual space Zl* of Zl, with the weak *- 
topology.

Definition: The Gelfand space of Zl is the set X u with the Gelfand topology 
(also called the struc tu re  space or the maximal ideal space o f Z l) .

For an arbitary commutative Banach algebra Z l , X u is a locally compact Hausdorff space 
and if Zl has an identity , then X u is a compact Hausdorff space.

Let C(Xji) be the algebra of continuous complex-valued functions on X ^

Definition:The mapping a  : ‘Z2 —» C(X„) , xh* x called the Gelfand map 
or the Gelfand representation is a homomorphism from Zl into C(Xu).

Moreover, if II. 11̂  denotes the sup-norm on C(Xu), then II x 11̂  <  II x II and hence 

x h  x is continuous.
Furthermore, II x 11̂  = r(x) = sup{ I A.I: A e a u(x) }, the spectral radius of x.

One of the most important theorems in the C*-algebra Theory is the Gelfand -Naimark 
theorem which characterizes all the commutative C*-algebras. (see[4] p.27)

1.2. Theorem : (G elfand-N aim ark)
Let I i  be a commutative C*-algebra. Then the Gelfand map x i-» x is an isometric
^-isomorphism of Zl onto C(Xu). 

a —
In particular (x*) = x . We write in this case Zl=  C(Xu).



The Gelfand-Naimark theorem provides the basis for a powerful functional calculus in C*- 
algebras.
In general, the spectrum of an element in a Banach algebra may become larger upon 
passing to a subalgebra. But if Zl is a C*-algebra and <UQis a C*-subalgebra of Zl, x G Zlo 
then the two spectra are the same, that is, a u(x) = G ^ x ) . (see [4] p. 25)

Now, let x be a normal element in a C*-algebra Zl, that is, xx* = x*x
Let Zlo be any closed commutative *-subalgebra of Zl, which contains x and e, (e is the
identity in Zl). For example one can take Zlo to be the closed *-subalgebra generated by x 
and e, that is, the closure in the u.o.t. of all polynomials in x and x*.
Then o u(x) = o ^ x )  and by the Gelfand-Naimark theorem Zlo = C fX ^).
Given now a continuous function fe  C ( g u(x ))  then fox is a continuous function o n X ^  ,

i.e., f°x 6 C(X„0).
Hence there exists a unique element y € £ 4  such that y = fox.
It is customary to denote this element y in Zlo by f(x).

The mapping C (a u(x))— ZI0 defined by © (f) = (fox)v (= f(x))
where v denotes the inverse of the Gelfand transform,is an isometric ^-isomorphism of
C (au(x)) onto Zlo having the following properties:

i) $ (1 ) = e where 1 denotes the constant function 1 on G u(x)

ii) $(id) = x where id denotes the identity function on G u(x),  id(A.) = X

tit) a u(f(x)) = f ( a u(x)) (spectral mapping theorem)

iv) f(x) is contained in every closed commutative *-subalgebra of Zl which contains x 
and e, thus f(x) is independent of the C*-algebra Zlo used in its definition.

This process of "applying" continuous functions on o u(x)  to x is called 
the (continuous) functional calculus.

We remark,that if (p :Z1—* ‘B is a *-homomorphism between the C*-algebras Zl and %  
then (p is continuous,in fact IICpll = 1 and V x€ Zl <Js((p(x))Q G u(x)  (see [14] p.242).



1.1 Proposition: Let Zl and B  be C*-algebras, x e Z l  a normal element andtp: Zl —* B  
be a *-homomorphism.Then tp (f(x)) = f((p (x)) V f  6 C (a tt(x)).

Proof.
First note that f(Cp(x)) makes sense, since G®((p(x)) Q Gu(x) and <p(x) is normal when x 
is normal.
Now let ? =  { feC (au(x)): (p(f(x)) = f(Cp(x))}, jFis a closed *-subalgebra
of C(aii(x)),contains 1 and id (so separates the points of o u(x)) and so by the Stone-
Weierstrass theorem (F = C (ou(x)). H

1.2 Proposition: Let “Zl be a C*-algebra and xG Zl be normal.
If gG C(Gu(x) and fG C(crtt(g(x))), then fogG C (au(x)) and fog(x) = f(g(x)).

Proof.
By the spectral mapping theorem we have c u(g(x)) = g(cyu(x)), so since f is continuous on 
CT«(g(x)) we conclude that fog is continuous on a ^ x ) .
Now let ZIq be the C*-subalgebra of Zl generated by x; then x, g(x), f(g(x)), all belong to 
Zlo. Z lo ^ C iX ^ )  and by the functional calculus, we have

i^x)) = f(g(x)) = f(g(x)) = A(x)
therefore

f(g(x)) = fog(x). B

Later we will extend propositions 1.1, 1.2, so that they will be valid for functions in a 
larger algebra.
In fact, they are valid for functions in the algebra of bounded Borel functions (see, 
propositions 4.4, 4.6) and furthermore for functions in the algebra of unbounded Borel 
functions(propositions 8.9, 8.11).

The set of all positive elements in an abstract C*-algebra Zl is defined to be the set of 
those elements xG Zl such that x is hermitian (, i.e., x = x*) and g u(x)Q  [0 ,+°°).
We then write x>0. We denote by ZJ* ={xG Z l: x > 0}.
It is well known that Z jt' is a closed convex cone in Zl such that ZI¥D(-ZIi') = {0}.
(see [4] p.33)

We remark that since Range(x) = a u(x) the Gelfand map a  : Z l—* C ( X U) is order 
preserving.
Moreover, by the spectral mapping theorem and the fact that O is a *-map, that is,

d>(f) = O(f)*, the mapping O: C (ou(x))-*  giving the functional calculus is also order 
preserving, i.e.,

if f  > 0 in C(g w(x)), then <b(f) > 0  in Z1.



6

We quote two theorems which are going to be used in various ocassions in the chapters that 
follow;

1.3 Theorem: (Fuglede)
If A eB(H) is a normal operator and B is an operator in B(H) for which AB = BA, then 
A*B = BA* (see [5] p.l 14).

Fuglede's theorem is extended and proved here, in the case where A is an unbounded 
normal operator.(see Theorem 8.10)

1.4 Theorem: The weak- and strong-operator closures of a convex subset %. of B(H) 
coincide (see [14] p.305).

□



§ 2. THE GELFAND SPACE OF AN ABELIAN VON NEUMANN
ALGEBRA.

The topological notions we are going to define play an important role in our study of the 
Spectral Theory of self adjoint and normal operators on a Hilbert space.

Definition: A topological space X is called extremely disconnected if whenever G is 

an open subset of X, G is open as well (thus, G is clopen).

For a topological space X the following are equivalent:
i) X is extremely disconnected
ii) if F is a closed subset of X, then the interior of F, int(F), is clopen

iii) if G j ,G 2 are open subsets of X such that Gjfl G2 = 0  , then Gjfl G2 = 0  
The equivalence of i), ii) and iii) can be easily proved.

D efinition: A topological space X is called totally disconnected if given any two 
points x,y G X with x*y there are clopen disjoint subsets of X, Cj and C2 such that x G Cj 
and y G C2 .

Definition: A Stonean space is a compact Hausdorff extremely disconnected space.

Note that such a space is totally disconnected. We remark that the converse is not true:
00

Take for example X; = {0,1} i =1,2,3,... X = flX ; with the product topology, X is totally 
disconnected but not extremely disconnected. (see [14] p.222)

However one can see that the following is true:
Let X be a compact Hausdorff space and C be the family of clopen subsets of X.Then the 
following are equivalent:
i) X is extremely disconnected.
ii) a) X is totally disconnected and 

b) C  is a complete lattice
(i.e., the l.u.b. and the g.l.b. of any family of sets in C are in C).



Let C(X) as before denote the algebra of continuous complex-valued functions on a 
compact Hausdorff space X. By the Gelfand-Naimark Theorem, C(X) is the most general 
example up to *-isometric isomorphism of a commutative C*-algebra. CR (X) denotes the 
set of all continuous real-valued functions on X.

2.1 Theorem: If each set of functions in CR (X) that has an upper bound in CR (X) has a 
least upper bound in (X) (so that (X) is a boundedly complete lattice) , then X is 
extremely disconnected, i.e., X is Stonean.

We will see later that the converse of Theorem 2.1 is also true.

2.2 Theorem: Let d  be an abelian Von Neumann algebra on a Hilbert space H. Then its 
Gelfand space X flis extremely disconnected (thus, Stonean).

The proofs of both of the above Theorems are given in [14] p.223, p.310.

The results that follow are strongly suggested by the developenemt in Chapter 5 of [14]. 

Definition: Let X be a compact Hausdorff space. A projection e€ C(X) is the indicator

is said to be a resolution of the identity in C(X).
If in addition; iii) 3 m,M such that e ^ = 0  V  X<m and e^=1 V  X > M .

Then we say that {e^}^e[R is a bounded resolution of the identity with bounds m

and M.

EXAMPLES.
2.1. Let X be a Stonean space and f a real-valued function in C(X). For Xe IR, define 
X ^= int[xeX : f(x) < X}. X^ is a clopen subset of X, since f is continuous 
and X is extremely disconnected.

If = {foJaeA is a collection of functions in C ^ X ) ,  we denote by fa the 

l.u.b.{fa : a€ A] andby A ^ fa the g.l.b.{fa : a€ A}

function of a clopen set.A familly [e>}, „  of projections in C(X) indexed by IR satisfying:
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Now take e^  = W l f m  = inf(f(x): x€ X} and M = sup{f(x): xG X ), it can be seen 

easily that {e^}^gfpj is a bounded resolution of the identity with bounds m and M.

Note also that {xG X: f(x) < A} <= X^ Q {xG X: f(x) < A}.

2.2. Let X be a Stonean space and let {faJaeA a family of real-valued functions in
C(X) bounded below by m and above by M. Define X ^= int{ H  {xGX: fa (x) < A}}.

36 A
X^ is clopen VAg IR. Take e^=  X ^  . Then is a bounded resolution of the

identity in C(X) with bounds m and M.

2.1 Proposition: Let X be a Stonean space and let be a bounded resolution of

the identity in C(X).Then there exists a unique real-valued function <|> on X such that 
(*) {xGX: <f>(x) < A} c  x x Q {xGX: <J)(x) < A},

where X ^= {xGX: e^(x) = 1} = {e^= 1}

In fact, forxGX
<j)(x) = sup{|i: e (x) = 0} (1)

H*
= inf{K: eK(x) = 1} (2)

= jAde^(x) (3)

Moreover, m < <f>(x) < M VxGX, where m and M are the bounds of {e^}.

Furthermore, if n  = {A0, A^..., An} is any partition of [m- , M]
( i.e., A0 < m, Ao<Aj<...< An = M) and 316 any numbers chosen so that

Aj -l -  -  Aj j= l ,  2,...n and if Q>K£  = e ^ ) , then

where llnll = max{(Aj - Aj..,): j =1,2,..,n}. In particular <{>GC(X).

P ro o f.

Clearly (1), (2), (3) are the same since for fixed x, is nondecreasing in A with values

0 or 1, 0 for A < m and 1 for A > M.
(|)(x) is the value A' where e^(x) goes from 0 to 1.

Now, if (J)(x) < A , then = 1 and so

{xGX: 0 (x )<  A } S  X x .



If <))(x) > X , then e^(x) = 0 and so e^(x) = 1 which implies <\>(x) < X , that is,

Xx c  {x£X: <j)(x) < X}.

Thus (*) is proved. It is easy to see that (*) determines a unique <)).
Now let x e X. If Xj _! < (f)(x) < X.j , then ^(x) = ^  , 
therefore

1 ‘ 1 = 1 <KX) ‘ Sj1 < (̂ j ' h -i ) - 11 n 11 •

If <j)(x) = A.j j < n , then ^ ^ ( x )  = { ^  or so i <)>(x) - ^ ^ ( x )  i < ii n  ii ,
hence

supl<>(x) - ( ^ ( x )  I < II n  II , i.e., II(j) - 0 ^ 1  loo -  II n il.

If <{)(x) = M = Xn , then (J)̂  ̂ (x) = and the same estimate holds. ■

We can now combine example 2.1 and the above proposition to get the following corollary.

2.1 C oro lla ry : Let X be a Stonean space and let f be in (X). Then there exists a 

bounded resolution of the identity {e^ 

a Riemann-Stieltjes integral.

Next, we prove the converse of Theorem 2.1.

2.3 Theorem : Let X be a Stonean space and let 5F be a set of functions in C|p (X) that

has an upper bound in (X).Then 5F has a least upper bound in (X).
P ro o f.
Let = {falaeA ^  such thatfa < M V a.
Choose any a06 A and let m = inf{fao(x): x€X}.
Then

X. = int{ f l  {x€X: f^x) < X] £  int{x6X: fa (x) < A.} .
A aGA

e. = X y  defines a resolution of the identity bounded by m and M.
A  X

in C(X) such that f  =jAde- , the integral being
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2.2 Proposition: Let X be a Stonean space and let {ejJ^eiR be a bounded resolution of

the identity in C(X), X ^=  {xGX: e^(x) = 1}, <()£(^ (X ) .  
itements are equivalent:

ii) V ^e lR  {x£X: 0(x) < x ^ Q  {x€X:<j)(x) < X}

iii) X^ = intfxGX: <f)(x) < A.} = int{0 < A.}

iv) VA.6IR (J)e^<A.e^ and X-(l-e^) < <J)(l-e^).

P ro o f.
(i) (ii): is established in proposition 2.1.
(iii) =* (ii): Obvious
(ii)<=*(iv): Obvious
(ii) (iii): Since X^Q {<)> < and X^ is clopen we have that X^ S  int{<() ^  .

To get equality, suppose p. > X and let = int{<j> ^  X) Q {<() <  p} Q X^.

Let g. = X y  ; so g is continuous and g <  e„ Vp>A..
A. A, A, A, r4.

Thus g, < A  e,, = e^ and so Y. c  X , . H °X n>A p  A. X X

2.3 Proposition: Let X be a Stonean space, (e^ } A.elR a resolution of the identity in 

C(X), <|> a real-valued function defined by <|)(x) = Jkde^x) V x € X .
Then the following statements are equivalent:
i) t eX^e[R is bounded.
ii) <|) is continuous on X.
iii) (J) is bounded on X.

P ro o f.
(i)=*  (ii): By proposition 2.1, <)> is the uniform limit of continuous functions, so 
continuous.
(ii)=# (iii): Since 0 is continuous and X is compact (j) is bounded on X.
(iii) =$ (i): We remark first that,

and so

Thus,



X̂ IR eX= 0 which implies JCint(n  = ^  'X ^

Now, suppose m < <j)(x) < M V x G X an d X o cm . If xGX^ , then e ^ (x )  = 1.

If Xi < Xo then e ^  (x) = 1, for otherwise, i.e., if 00 = 0 then Xi < <j)(x) < Xo < m.

But this is impossible since m < (|)(x) VxG X.
So V  Xi < Xo e ^ (x )  = 1 and since by e^=  we have that e^is monotonic, 

we conclude that e^(x) =1 V X g IR .

Therefore x G fl X^ , so X^ Q D X ^ .
X o X.

Thus X^ c  int(fl X^) = 0  , i.e., . x \  = 0  » that is, e^Q= 0 for Xo <m.

For Xo > M, let xG (X ^ )c .So e^ Q00 = 0-

If Xi > Xo , then e^Cx) = 0, for otherwise, i.e., if e^ ( x) = 0  then M < Xo < <))(x) < Xi, 

which is impossible since <|)(x) < M VxG X.
So V  Xi > Xo e^ j(x) = 0 since is monoionic e^(x) = 0 VXg IR.

Therefore xgD X ,c so x / c  f|X *c .X A-o X
Now since

1 = V  e = X t t ^ t  we have X x ° S int(n X ,c ) = ( UX, f  = 0  .
XeIR X \ )  X K K

Thus X \ = X , that is, e« = 1 for Xo >M.Ko Xo
So for X > M e, = 1, but e ,. = A e ,  = l ,  hence, e» = 1 V  X > M. ■X M ^>m X X

2.4 Proposition: Let J  = [a,b] be any compact interval in [R. f a continuous function 
on J , {e^} a bounded resolution of the identity in C(X), <|>(x) = jXde^(x).

If n  = (Xo. Xi,..., Xn} is any partition of J  , i.e., a = Xo<Xi <...< Xn = b and if 
£kG[Xk A, Xk] , k= l,2 ,...,n .
Then

I K e - e ^ f o ^ - ^ f ^ e ^ - ^  i)H- sup{(f©-f(X)|: Xg J  wihl^-X|< (|ni(, XGRange(<J))},

that is,
f(X)de^ = (eb - e a)fo<|).

P ro o f .
The proof of this estimate follows the lines of the last paragraph of the proof of proposition
2.1. ■



13

The set J/ of all compact intervals J  of [R ordered by inclusion is a directed set.

Definition: If f is a continuous function on [R and if the net {J  f(A,)de^} j6 j  converges 

in C(X), we call the limit J  f(A,)de^ = J  f(X)de^

□



§3. SPECTRAL THEORY FOR BOUNDED SELF ADJOINT OPERATORS.

A resolution of the identity in B(H) is a family {E } of projections
in B(H) satisfying:

u > VX6I R

If in addition, there are constants m and M such that = 0 V  X < m and E^= I 

V  A, > M , we say that (E ^ } ^  is a bounded resolution of the identity.

Note also that, if d  is any abelian von Neumann algebra containing , X = X a is
A

the Gelfand space of d  and a  : d  —* C(X) is the Gelfand map, then taking e^ = E^ 

VAe 1R, we have that is a resolution of the identity in C(X).

Definition: Let J  = [a,b] be an interval in IR and f a continuous real-valued function 
on J . We define

Note that ii) implies E^< E^ for X < ( I , so E^E^ = E ^ E ^  Emin^  ^  V  A,,jll G [R.

to be

where v is the inverse of the Gelfand map.
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3.1 Proposition: Let f be a continuous function on J  = [a,b] and n
be any partition of [a,b] , n  = {\o, A.1 ,..., Xn}, E>. e [X , X ] k=l,2,...,n.

K 1 K
Then

II fO.)dE^ - | / ( ^ k)(E^ - )ll < sup{lf(0  - f(A.)l: j}
P ro o f .
Since by Gelfand-Naimark Theorem the Gelfand map is an isometry, proposition 2.4 
gives the estimate, ffl

D efinition: Let f  be a continuous function on IR such that the net { /  f(X )dEjJjgj/ 
converges. We define .

J ffXjdE^

to be the limit in the u.o.t. of the above net of operators, i.e.,

Jf(A,)dE^ = (u.o.t.)-lim J  f(A.)dE^.

3.1 Rem ark: Given any normal operator A in B(H) we are going to make extensive use 
of the (abelian) von Neumann algebra generated by A , that is, the s.o.t. (w.o.t.) closure
of the C*-algebra, d^ , generated by A.

In fact, if d  is the s.o.t.-closure of (p(A,A*): p(A., X) a polynomial in X, , that is ,

Cl = s.o.t.-closure of Qq , then d  = {A}".

In order to justify this we have : {A} S  d = $  {A } '3  Ct=* {A}" £  Cl' = d .

On the other hand, since A is normal, CIq is commutative, so Q {A}' and so

a s  {A}’.

Now let Ee d a n d  Be {A}1. Then BA = AB and by Fuglede's theorem BA* = A*B , 
therefore

Bp(A,A*) = p(A,A*)B.

Since Ee d , E is the limit in s.o.t. of a sequence (pn(A,A*)}.
Let x € H. Then pn(A,A*)Bx = Bpn(A,A*)x and taking limits we get EBx = BEx ,

i.e., EB = BE and so Ee {A}", that is, d  S  {A}".
Thus,

d = {  A}". ■



Let AG B(H) be a bounded self adjoint operator on H and let m = inf{(Ax , x): II x II = 1}, 
M =sup{(Ax ,x): llxll = 1} withxGH.
It is well known that II A II = max{ I m I, I M I }, a(A) Q [m, M] and both m, M belong in 
o(A). (see [9] p.220)

Our next theorem is the Spectral theorem for bounded self adjoint operators..

3.1 Theorem : (Spectral Theorem )
To each bounded self adjoint operator A in B(H) there corresponds a unique resolution of 
the identity such that

A = J  .

In fact, {E^}^g[R is bounded by m and M and each E^G {A }" .

Moreover, if fG C(a(A)) and f is any continuous extension of f  to IR, then

f(A )= Jf(X )dE x

P ro o f.
Take Cl={A}" ; d  is an abelian von Neumann algebra.
Let X = X a . By Theorem 2.2 X is Stonean and from the Gelfand-Naimark Theorem 

d is isometrically *-isomorphic with C(X).
A

Since A is self adjoint, A the Gelfand transform of A, is in C ^(X ).

Let (J) = A and let a reso û^on die identity in C(X) such that 0 = J  taie^
(Corolllary 2.1)

NX
Now take E^= e^G d

Also, since Range(<|)) = a(A) Q [m, M] we get from proposition 2.3 that {e ^ } ^

is bounded with bounds m and M and so (E^}^g^  is bounded with the same bounds.

Now for fG C(a(A)) we have that

(f(A))V = foA = J  f(X)de^ ,
therefore

f(A )= Jf(X )dE jl .

It remains to prove uniqueness. For this suppose that is a resolution of the

identity such that A = J^tdF^ .

Let ‘B  be any abelian von Neumann algebra containing {F^}. Take for example the one 

generated by {F - }.

; then A = JaxIE^ . .



A =J?idF^ says that A is the limit in the u.o.t.(and so in the s.o.t.) of a net of operators

in B , therefore A e B .
Hence

{A }c <b  =* {A}’ 2  B '= *  {A}" €  B "  = B.
Since E^e {A}", E^G B  as well.

A
Now, If Y is the Gelfand space of B  and f^ = , then

0 = A = J)idf^ = J \d e ^  

and since such a representation is unique we have e^= f^V A .€ lR  which gives 

E^= VA.GIR and the theorem is proved. ■

Definition: Let X be a Stonean space and {e^}^6(pj be a bounded resolution of the identity 

in C(X). We define e«_ = V e M and X -= { e « _  = 1}.
A \ i<X A. A

Note that e^_ is a projection and e^_ < e^ .

3.2 Proposition: VA,e fR X = X U X ° where X °= int{<{) = A.}, <j) = J  Xde, .
A. A, A. A, A

P ro o f.

First we show that X ,_ = U X,, : if u. < A., then X„ Q X,_ since eM < e~_ .
X M- ’ n X |1 A,

So U X  c  x,_ which implies L jX , Q X ,_ .
M- X v  n<A. M- X

On the other hand, let Y = U X ; Y is clopen.n<x P
If g = X y , then g > e^ Vp. < A, , hence g > e^_ , i.e., Y 2  X ^

Next we observe that yX p.and X^° are disjoint open sets and since X is extremely 

disconnected their closures are disjoint, so X fl X 0  = 0-
A. A.

Now X._ Q X since e,_  < e* and X °= int{<J) = A} Q int{<j> < A} = X .
A, A. A A A, A.

S oX  _ l ) X  ° C X .
X X  X

To get equality, suppose x€ X ~ X ° .Then since X is open, there exists a net xd—> x
A, A. A>

such that xdGX^ and xd£ {(j) = A), so <J>(xd) < A. V d, but then xdG U^X^ .



3.3 Proposition: Let A be a bounded self adjoint operator on H, {H^ its resolution 

of the identity and a , p GIR with a  < p.
Then ER_ - E = 0 4=# a(A) fl ( a  , P) = 0  where ER_  = V e

p  CX p  fj.<p \x

P ro o f.
Let a =  {A}", X = X a , (J) = A , e^ = E ^ , X^= int{<}) < X).

(= »): Suppose Ep_ - E a =0;then ep_(x) - ea (x) = 0 V x eX .

Recall Range(<)>) = o(A).
If Range(()))n (a,P) *  0  , i.e., if there exists xG X such that

a  < (p(x) < P, then there exist X, (j. with a  < X < p. < P such that e. (x) = 0 and e, ,(x) = 1.K \1
So ea(x) = 0 and e^(x) =1 for some (I with a  < |i  < P, hence

ea(x) = 0  and ep_ (x) = ( Vpe^)(x) = 1 .
Therefore

e„_(x) - e (x) = 1 a contradiction.
P v '  o r

(4=): Suppose that Range(<)))n (a, P) = 0 ,  then {<() < p} = {<)> < a} which implies that
{<p < P) = int{ 0  < a} = X^ , so that closure{(J) < P) = X^ (X^ is clopen).

Now , let g = JCclos{4,<p) . Then V (i < p g > e^ and so g > V pe^= ep_ ■

If hG Cjp (X) is such that e^ < h V (i < P, then we have {h < 1 }S  X ^ c V  p. < P
which implies

{h > 1 } 3  X^ V p .< P  and so

Hence,

therefore

Thus,

i.e.,

clos{ 0  < (3} C  ( h a  1 ),

"^"clOS((|)<P) ~  S — h- 

ep_ = g = = X xa = ea

er»-- e = 0  P a

We recall that A.G p(A), the resolvent set of A, iff R (A.; A) = (AI - A) 4  exists 
(as a bounded operator on H).



By the above proposition we can characterize the points X of [m , M] which belong to 
p(A), as follows: A.oe p(A) iff there exists an interval (a  , (3) containing A.0 on which E^ 
is constant and in this case

We shall now characterize the eigenvalues of A.

3.4 Proposition: Let Ae B(H) be self adjoint and {E^ }^6[p be its resolution of the

identity.Then VA.G IR Ker(A.I - A) = Range(E» - E »_) where E* = V e , ,
A A A# (x<A. jJ*

P ro o f.
Let F be the projection onto Ker(A,I - A). Then AF = A.F from which we get 
AF = FA , that is, Fe {A}'and so FE^ = E^F VA.G IR since E ^e  {A}".

Take now d  to be any abelian von Neumann algebra containing A, F, {E^}

For example one can take Cl to be the von Neumann algebra generated by A, F, {E^}.

Let X = Xfl, <|> = A , e^=  , f = F. Then <|)f = A.f which implies (<(> - A,)f = 0.

{f = 1} Q {0 = A,} and since {f = 1} is clopen we have {f = 1} S  int{<{) = A.) = X 0
A,

So,

and by taking the inverse Gelfand transform we have

On the other hand, since <|>(ê  - e ^ _ ) = A.(e  ̂- e^_ ) we have

A(E. - E ._  ) = A.(E,, - E « _ ) which implies (A - AJ)(E,, - E-_ ) = 0 
A A A A A A

and so Range(E^ - E^_ ) Q Ker(A - A.I) = Range(F), that is, E^ - E^_ < F. ■

By the above proposition we see that a point Xo in [m , M] is an eigenvalue of A iff
E, is discontinuous at X = Xo , i.e., E^ ^ E ^ -

A, Ao Ao

M

m

where \|/(A.) is any continuous function satisfying

\|/(A.) = — !—  if X G? ( a ,  (3).



3.5 Proposition: Let AG B(H) be a self adjoint operator.Then A is the limit in the u.o.t. 

of finite linear combinations £  A. E, where A € o(A ) and E, < R(A), R(A) is the
k K k K

projection onto the closure of the Range of A.

P ro o f.
Let F be a projection in B(H) such that F < N(A) , where N(A) is the projection onto 
Kernel of A. Note that AF = 0 .
If Cl is any abelian von Neumann algebra containing A and F, then E^G {A }"Q  d.

A A A
Let X = X a , <j) = A ,e ^ =

Now, <j)f = 0 implies {f = 1} <= {((> = 0} which implies {f = 1} Q int{0 = 0} = X °

and therefore X f_n < X v ° = e - e _  , i.e.,. f < e - e _ .{f=U o o o o

If n  = {A0 , X,1,...,X,n} is any partition of [ITT , M] and are anY numbers
chosen so that Ak_! < £k < Ak k = 1 ,2 ,...n , then we have

0  < (e-i - e-i )f < (e<i - e-i )(e - e . )  = e, e - e, e _ - ei e + e*. e _ = 0  Ak A.k_i Ak XkA' K o o Ak o Ak o Ak_! o Ak.i o

if Ak > Ak4  > 0  or if Ak_i < Ak < 0.
So in these two cases - e^ )f = 0 .Ak A.k_!
If Ak 4  < 0 < Ak choose £k = 0.
Now, by theorem 3.1 we have that A is the limit in the u.o.t. of finite linear combinations
of (TL - E^ ) with coefficients %kG [A ^, Ak ] and by the above argument,we can take 

'Me 'Mc-1

the (E, - E, ) < R(A)Ak Ak.!
Furthermore, if (Ak_i, Ak ) D a(A) * 0  ,
then

- E-i 5*0 ,
Ak 'Mc-1

SO

0 < E^ _ - E-i < E1 - Ê , ,
Ak A-k-1 Ak -̂k-l

i.e .,
E-i - E^ 5* 0  .Ak Ak_!

Choose £k in (Ak-1, Ak)fl c(A).
If [A,,.!, Ak ] (1 a(A) = 0  .then [Xk.{„ Ak ] S  p(A),
so there exists G > 0 such that (Ak.!-G , Ak+G) G p(A), hence

En  '  E i c = 0  so E, ■ Ê , = 0 .(Ak+ e ;  Ak Ak.t

Thus we can choose the i;k in a(A). ■

E  , f = F . f is a projection in C(X) and tpf = 0.



3.2 Theorem: Let AG B(H) be self adjoint and be a resolution of the identity in

B(H). Then A = J  XdE^ iff AE^< XE^ and X(I - E^) < A(I - E^) VXgIR. 
P ro o f.
(=*>): Let a = { A } " ,  X = Xf l)0 = A ,e ^ =  .

Xe^ and \(1  - e^) < 0(1 - e^) VX.G IR. 

Taking inverse Gelfand transform we get AE^ < XE^and A,(I - E^) < A(I - E^) VA.G IR 

(•#=): AE^ < says that AE^ is self adjoint and so AE^ = E^ A VX, G IR.

Take now Cl to be any abelian von Neumann algebra containing A and {E^} and let
A  A

X = X ff , 0 = A , e^  = • Then 4)e l̂ -  ^ e^  and X(1 - e^) < 0(1 - e^) V^.G IR.

Therefore (by proposition 2.2) 0 = J)i.de^ from which A = JM E ^ . H

3.1 C orollary: Let A g B(H) be a self adjoint operator and EG B(H) a projection that 
commutes with A. Then AE| E(H) has spectral resolution {EE^}^e(R where (E^}^e(R is the
spectral resolution of A.
P ro o f .
By theorem 3.2 we have AE^< XE^ and X(I - E^) < A(I - E^) V ^,g IR.
Multiplying both sides of the above inequalities by E we get 

A E E ^ X E E ^  and A,(E - EE^) < AE(E - EE^) VA.G IR

Now, theorem 3.2 gives that {EE^}^gR is the spectral resolution of A E |E(H) . ■

The above theorem gives a nice characterization of the resolution of the identity of a 
bounded self adjoint operator on H. Later on, we will extend this result to apply also to 
unbounded self adjoint operators (see theorem. 8.4).

We will conclude our discussion on bounded self adjoint operators by considering a very 
standard example, in fact, the multiplication operator.

3.1 EXAM PLE.
Let (S, S, M-) be a o-finite measure space and f be an essentially bounded measurable 

function on S , i.e., fGL°°(S).
Let H = L2 (S) and AG B(H) A = M f: H —* H given by multiplication by f , that is,

V g G L2 (S) M f(g) = fg .

It is well known that I I I I  = II f II and , in fact, the mapping fn-» Mf is

a *-isometric isomorphism of L°° (S). to B(H). (see [5] p. 75)
Hence, is always a normal operator. If f  is real-valued, then is self adjoint.

For X& IR, let

Then 0 = JA.de^ which is equivalent to 0e



“ -*{f<X] ("^ ^ ((-o o ,x .] )^  and EX “  Mq v  
E^ is clearly a projection.

We will use theorem 3.2 to show that {E^ ^  is the resolution of the identity for A.

First we show that {E^ ^  is a resolution of the identity in B(H).
Suppose that m < f < M a.e[fi].
Then VX < m |i({f<X }) = 0  so cp̂  = 0  a n d s o E ^ = 0 .

On the other hand VX > M jj.({f > X,}) = 0 so <p̂ = 1 and so E^ = I.
Hence

V  E. = 1  and A e .  = 0 .
X.e IR A- X.giR X

We prove next that E^= VX. 6  IR .

Clearly, if j l l  > X, then E^ > E ^ .
We assert that

E^ = (s.o.t.)-limE^ as p. X X.

For this, let ge H. Then

HEM.g-Ex gM2 = 4 % - n '2 'S '2^  - W < « , . ' « | 2 <*‘ - J ft<K pl, ' « l* d l*

For K e 5  the relation v (K) = J  I g 12 d|i defines a finite measure on S  since g€ L2 (S ).
K

Also since f is measurable the set {X, < f < p.} 6  S  VX,|i€ (R with X < |i.
Let {|in) |anG (R be any sequence such that |in 1 X and Kn = {X < f  < p.n}, 
then

flK n = 0  and 0 = v (0 ) = v (f lK n) = lim v(Kn ).if=1 n=l n—> oo

Therefore,
E ^ g  -»  E ^g V g € H  as |in |  X.

Now, let E be a projection in B(H) such that E < E ^ V |i  > X. Then E <, E^ .
So

EX = ^ E|i •
Thus {E^ is a resolution of the identity in B(H).

Moreover, we have ftp^ < Xcp̂  which implies A E^<X E^ VXeIR 

and X(1  - tp^) < f(l - (p )̂ which implies X(I - E^) < A(I - E^) VXG IR .

Therefore {E^ }^g(R is the resolution of the identity for A. i □



§4. SPECTRAL THEORY FOR BOUNDED NORMAL OPERATORS.

Definition: A subset A of a topological space X is called nowhere dense if int(A) = 0 .
A subset A is called meager (or of the first category ) if it is a countable union of nowhere 
dense sets, (see [15] p.201)

We remark that any nowhere dense set is meager, any subset of a meager set is meager and 
any countable union of meager sets is meager.

Baire's category theorem states that: If X is a locally compact Hausdorff space and A a 
meager subset of X, then the complement of A, Ac, is dense in X. (see [15] p.200)

Let X be any topological space. We denote by B(X) the C*-algebra of all bounded Borel 
measurable complex-valued functions on X, with norm llfll = sujs lf(x)l.

Definition: A function hGB(X) is called a null-function if the set H = [xGX: h(x)^0] 
is meager. We denote by n(X) the set of null-functions on X. 
n(X) is in fact a closed ideal in B(X).

Note that Baire's category theorem gives:
On a locally compact Hausdorff space X, n(X )f] Cjj(X)={0-}, where C ^X ) denotes the 
algebra of bounded continuous functions on X.

The proofs of the following propositions 4.1 and 4.2 can be found in [14] p.323

4.1 Proposition: Let X be a Stonean space and Bx be the a-algebra of Borel sets in X. 
Then for each MG Bx there exists a unique clopen set F such that MaF (= (M~F)U (F~M )) 
is meager.

4.2 Proposition: If X is a Stonean space, then B(X) = C(X) © n(X).

Definition: Let Zl be a C*-algebra, S be a collection of self adjoint elements of Zl and 
A G Zl be self adjoint. We say that A is an upper bound of S  if A > B V B G S.
Moreover, A is called the least upper bound of S  if A is an upper bound for 5  and 
whenever C is any upper bound for S  we have C > A.
We write in this case A= V  B = l.u.b{B: BG5}.



The proof of the following lemma is given in [14] p. 307

4.1 Lemma: If {Ad]de j-j is a monotone increasing net of self adjoint operators in B(H) 

bounded above, then A =d̂ j)A d exists (and is self adjoint) and Ad?  A in the w.o.t..

In fact Ad? A in s.o.t.

Definition: Let Zl and ‘B  be C*-algebras and Z1-* Vi be a *-homomorphism.
We say that <|) is a-norm al if whenever {An} is a non-decreasing sequence in Zl such that

A = V  A , then 0 (A ) T 0 (A).
n = l 11 11

Note that, if 0 is a ^-isomorphism onto, then 0 is automatically a-normal. Also, the 
composition of a-normal *-homomorphisms is a-normal.

The proof of the following Lemma is quite elementary and we omit it.

4.2 Lemma: Let X be any topological space. If [fn] is any non-decreasing sequence of 
functions in B(X) which is bounded above, i.e., 3 geB(X) such that g ^ f n Vn,

CO

then f = V f n exists and fn(x)Tf(x) V x€X .

4.3 Proposition: Let X be a Stonean space and 2 : B(X) —* C(X) the mapping given as 
follows: for f G B(X), 3 (f) = g where gG C(X) is such that f = g+h with hG n(X).
Then 3 is a-normal.

P roof:
Suppose that fn, fG B(X) and fn = gn+ hn , f  = g+h with h„, hG n(X), gn, gG C(X),
i.e., 3 (fn) = gn and 3 ( 0  = g- 

00

If f = V f n , then for fixed m,n n >m, we have {gm>gn} £  HmU Hn where Hn={hn*0}. 
So {gm>gn} is meager since HmU Hn is meager. The Baire Category theorem and the 
continuity of gn and gm give that {gm>gn} = 0 . Also {gn> g } £  {hn* 0 }U {h*0 } and 
similarly {gn > g }= 0  , that is, gn< g  VnG IN.

Hence gn 7 pointwise with 7 G B(X) and 7 < g.
00

Now, let gGC(X) and hGn(X) be such that 7 = g+K. Then {7?tf} Q U H and arguing as
n = l

above we get g=g.
Moreover, if g'G C(X) and g '>  gn V n, then g' > 7 and therefore {g'< g} Q {K 5*0 } 

and so g < g’. Thus, 3 (f) = V 3 (fn) and so 3 (fn) T 3 ( f ) . ■



Next, with the use of the a-normal homomorphism 3 and the Gelfand map, we will extend 
the (continuous) functional calculus to bounded Borel functions on the spectrum of a 
bounded normal operator.

We recall that a ^-homomorphism between C*-algebras is always continuous.
(see [14] p.242)

4.1 Theorem: (Spectral theorem-functional calculus form)
Let A 6  B(H) be a normal operator. Then there exists a unique a-normal *-homornorphism 

B(a(A ))-» £Z = {A}" such that $(f) = f(A) VfGC(c(A)).

Proof.
If CL = {A}", then X=Xflis a Stonean space. If A is the Gelfand map, then CLczC(X) and 

X: X —» a(A) is a continuous onto function. Given f€ B(a(A)), then foA 6 B(X) and so 
3 (foA)G C(X) where 3  is the a-normal ^-homomorphism defined in proposition 4.3.
Now, the mapping B(a(A)) —» CL defined by 3?(f) = (3 (foA))v , where v denotes 

the inverse of the Gelfand map, is a a-normal ^-homomorphism of B(a(A)) into CL.
Note in particular that $  is continuous. Moreover, if  f is continuous, then foA is 
continuous, so 3 (foA) = foA and so 3?(f) = (foA)v= f(A ).
To prove uniqueness, suppose that 3?j and ®2 both have the properties as stated in the 
theorem. Let B0 (a(A )) = {f€ B(a(A)): ®j(f) = $ 2 (f)}. Then B0 (a(A)) is a closed *- 
subalgebra of B (c(A )) containing C(a(A)). Also, if  fn GB0 (a(A )) and fnT f  with 
fGB(a(A)), then f 6 B0 (a(A)) since and $ 2  are a-normal. Now, uniqueness will follow 
from the following lemma. B

4.3 Lemma: Let A be a compact metric space (for example A = a(A), more generally,
A can be any compact Hausdorff space such that any open set is an FCT se t).
If B0 (A) is a closed *-subalgebra of B(A) containing 1 , id and such that fn 6  B0 (A) fn T f 
with fG B(A) implies fG B0(A), then B0 (A) = B(A).

Proof.
Let G be an open subset of A. Then Xq  G B0(A). To see this, suppose that I ^ S G ,

CO

KnS  Kn + 1 , Kj, compact for each n=l,2 ,... and G = U K j,. By Urysohn's Lemma, choose 

gnG C(A) with gn= 1 on Kn and gn= 0  on Gc. Then fn= gj V g2  V ... V gn is continuous on 
A, i.e., fnG C(A) for all n and fntA ^  as n —»0 0 . Since B0 (A) is a closed *-subalgebra 
(of B(A)) containing 1 and id, the Stone-Weierstrass Theorem gives that C(A) Q B0 (A).
So, fnG B0(A) and fn T Xq , hence Xq € B0 (A).
Now, let Ba be the a-algebra of Borel sets in A and [MG BA : XMG B0(A)}.



Since the simple functions are (supremum-) norm dense in B(A), it will be enough to show 
that is a o-algebra of subsets of A. Clearly, 9vt is an algebra of subsets of A.
To see that 9v[ is a a-algebra, let be pairwise disjoint elements of 5Vf, then

n . oo
T . 2 U m. =JCf

k=l

n

'UIMk= k5 i^ M k 1 k5 ^ M k = and Since kU Mk £ ^  we have ky M k €

A note on the notation: we write f(A) for $(f) when fe B(a(A)).

4.4 Proposition: Suppose that d^ and d^ ^  Von Neumann algebras and tp: d^ —* 
is a a-normal *-homomorphism. If AG d^ is a normal operator, then V f€  B(a(A))

tp(f(A)) = f(Cp(A)).

P ro o f.
Since a(fp(A ))£  a(A) (see[2] p.243), f lcr(Cp(A)) GB(°r( ({l(A))) when feB(o(A)).

Let B0 (a(A)) = {fe B(c(A)): (p(f(A)) = f((p(A))}. Then B0 (a(A)) is a closed *-subalgebra 
of B(a(A)) containing C(a(A)). Moreover, if fne B0 (a(A)) and fnT f with fe B(a(A)), 

then f€ B 0(c(A)) since and $ 2ot|j are a-normal (where B(a(A )—» {A}" £  Cl̂ ,

$ 2: B(a((p(A)))—> (f(A)}" Q a-normal *-homomorphisms given by the Borel
functional calculus and i|i: B(a(A))—»B(a((tp(A)) is the a-normal ^-homomorphism given 
by i|j (f) = )• Now, by Lemma 4.3 we conclude that B0 (a(A)) = B(a(A)). ■

4.4 Lemma: Let X be a Stonean space and X the mapping from B(X) into C(X) defined in 
proposition 4.3. Then V  feB(X ) Range(2 (f)) £  Range(f) .

P ro o f.
Let f=g+h, g=8 (f), ge C(X), hen(X ). If XtfRange(f), then 3 e > 0 such that IX - f(x)l > e 
V x eX . Therefore, {xeX: I X - g(x)l < e} £  {h?*0} which is meager and since ge C(X), 
Baire's category theorem gives IX- g(x)l > e V x eX , that is, X£Range(g)=Range(8 (f))- ■

4.5 Proposition: Let A e B(H) be a normal operator. Then V fe  B(a(A))
a ( f ( A ) ) £  f ( g ( S 5 5 .

P ro o f.
Let fe B(a(A)), by definition f(A) = 8 (foA), so a(f(A)) = Range(f(A)) = Range(2 (foA )).
On the other hand, f(a(A)) = Range(foA ) and lemma 4.4 gives the result. ■



4.6 Proposition: Let Ae B(H) be a normal operator. If ge B(a(A)) and fe  B(g(o(A)), 
then fog(A) = f(g(A)).

P ro o f.
Let A = g(a(A)) and B0(A) = {fe B(A): fog(A)=f(g(A))}, B0 (A) is a closed *-subalgebra 
of B(A) containing 1 and id. Moreover, B0(A) is closed under monotone sequential limits 
and so by Lemma 4.3, B0 (A) = B(A). H

We remark that if U is a unitary operator in H, then a(U) Q {A, 6  C: I X  | = 1 }=X  .
(see [14] p. 184)

We will use the Borel functional calculus to establish the Spectral theorem fo r  unitary 
operators..

4.7 Proposition: Let U e B(H) be a unitary operator (i.e. UU* = U*U = I).
Then U = e *A for some self adjoint A in B(H), with a(A) Q [-7t,7t],

P roof:

Let z e T ,  then z = e*® with -k < 0 < 7t. Consider the function g: T —»IR given 
by g(z) = arg(z). ge B ( T ). Take A = g(U); since g is real-valued, A is self adjoint. 
Furthermore, o(A) = a(g(U)) Q g(a(U)) = [-7t,7t]. Let f(t) = e^.
Then fe B([-7t,Jt]) and fog = id, hence by proposition 4.6 we have e ^  =U . ■

4.2 Theorem : (Spectral theorem  for un itary  operators)
Let U e B(H) be a unitary operator. Then there exists a resolution of the identity ^

71
in B(H) such that E^= 0  for X <  -k , E^= I for X  >  k  and U = J e ^  dE^.

-71-

P ro o f.
Take A to be a self adjoint operator such that U = e ^  with c(A) Q [-7t,rc].
Let {E^ } ^ 6  |p be the resolution of the identity for A. Then, since a(A)Q  [-7t,7t], E^= 0

when X < -k and E ^=  I when X > it.
Moreover, from the spectral theorem for self adjoint operators we have that

7C
U = e iA = J  e ^ d E ^  . ■

-7t~

Let X be a locally compact space and Bx the o-algebra of Borel sets in X.



Definition: A spectral m easure on Bx is an operator-valued function E: Bx —> B(H) 
such that:

(1) E (0 ) = 0 and E(X) = I
(2) E(M) is a projection for each Me Bx
(3) ECMjU M2) = E(M1)+E(M2) , if M jD M2  = 0
(4) E(Mfl N) = E(M)E(N) with M,N e Bx ,
(5) For ^,ri e H the mapping 1 Bx —»C defined by p^ ^(M) = (E(M)i;,ri) =

= Ee _(M) is a regular complex Borel measure.S>M

Note that p^(M) = (E(M )^,^) = E^(M) is a positive finite Borel measure whose total 

variation is p^(X) = 11̂ 112.

Our next theorem is the Spectral theorem for bounded normal operators.

4.4 Theorem : (Spectral theorem )
Let Ae B(H) be a normal operator. Then there exists a unique spectral measure E on a(A) 
such that

(A ^ ,r i)= J  Adp, (k) = J  AdE. (A.) with G H.
o(A ) ’ o(A )

Briefly, we write A = J  AdE(A.).
o(A ).

Moreover,
i) For f  € B(o(A)) and ^ 6  H ( f (A )^ )  = J  f(A) dp, (A.).

o(A )

ii) If Te B(H) commutes with A , then T commutes with each f(A), f e B(a(A)).

P ro o f.
Let Bq(A) be the a-algebra of Borel sets in a(A). By theorem 4.1, the Borel funtional

calculus, the mapping $ : B(g(A ))—» Cl = {A}" is a (unique) a-normal ^-homomorphism 
such that $(1) = I and $  (id) = A.
The operator-valued function E: Bo(A)—> d  defined, for M e Bo(A), 
by

E(M) = A-m (A) = $ ( X m) ,
is a spectral measure on a(A).
To see this, we have; (1) E (0 ) = SC fy) = 0, E(a(A)) = $ ( A ^ )  = $(1) = I .
(2) For M e Bo(A), E(M) is self adjoint and idempotent since $  is a*-homomorphism, is

2
real-valued and = ■*M • (3) and (4) follow from the fact that $  is a homomorphism.
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(5) If {Mj} are pairwise disjoint sets in Ba(A) and M = UMj. let ’ §n = f l+f2 +- +fn

and g=XM , then
n oq

Sn = ^  = X  = = § ’ i-e" gn^g-

oo n
Since $  is a-normal $ (gn) T §(g) , or, V  { E E(M:)} = E(M)

11 n= l  j= l  J
and so

n
E  E(M:) —* E(M) in the w.o.t. as n —»oo.

j = i  J

Therefore, for 2;,T] G H
OO OQ n

l i . f . U M : )  = ( E ( U M j)^,Tl) = (E(M )^.ti) =  lim ( 2 E (M :)^ ti)
j = l  j  j = 1 J n —>oo j = l  J

n oo oo
= lim ZlECMj^Ti) = I ( E ( M j)^,T1) =  E u£ (Mj).

n - » o o j = l  J j = l  J j = r  S’h  J

In particular, p^(M) = (E(M)£,£) is a positive measure on Bo(A) with p^(a(A)) = lli;ll2 <oo. 

Moreover, any open set in C is a countable union of closed disks and since o(A) is 
compact, any open set in c(A) is a-compact. Also for every compact set K, p^(K)<oo 

since p^ is a finite measure. Thus p^ is a regular Borel measure, (see [21] p.50)

Therefore, p^ ^ is a regular complex measure since p^ is a linear combination of four 

positive regular Borel measures of the form p^ with £ G H, by polarization.

Hence, E is a spectral measure on a(A).
Now, let f = with MG B ^Aj.
Then

( f ( A ) ^ ) = ( E ( M ) ^ ) = M M ) = J  XM(X)dpp(X)= J  f(A.) dp*(X.),
0(A ) 0(A)

V ’

SO

(f(A)^,^) = J  f(/\.) dp^(X,) is valid for simple functions.
0(A)

If fG B(o(A)), then ?  = foAc B(X) where X = X fl a Stonean space. So 7 = g+h 

with gGC(X), hGn(X).
Since Range(A) = c(A) we have llTlI = su^l7(x)l =sujDlfoA(x)l =^su^lf(A.)l = llfll.

If, H ={h?K)}, then H  is a meager set and Igl <lg+hl+lhl = l7l+lhl which implies that Igl <l7l
on Hc , that is, lg(x)l < Ill'll VxG Hc . But H c is dense in X, so by the continuity of g
lg(x)l < Ill'll VxGX, therefore Ugll < llTll.
Thus,



iif(A)n=n(2 ( ? ) r  n=iigii=iigii ^  iirn=iifii.

Now, each fG B(o(A)) is a (supremum-) norm limit of (Borel) simple functions, say fn,
i.e., there exist simple functions fn such that 11 fn - f 11 —> 0  as n —»oo.
Then,

II fn(A) - f(A) II = II (fn - f)(A) II < II fn - f II -» 0
and so

( f (A )^ )  = lim (fn(A )U ) H.n —** oo 11
On the other hand,
| J  fn(?0 d ^ -  J  f(X) dpi | < J  lfn(X)-f(X)ldMt < llfn-fllMG(A)) = llfn-fllll^ll2 ^ 0
c(A) o( A) cr(A)

as n —»oo.
Therefore,

(f(A)££) = lim (fn(A& §) = lim J  fn(k) dq£ = J  f(k) d\x. .§ o(A) §

In particular, for f(A.) = X. we have

( A ^ ) =  J
o(A)

and by polarization
(A£,r|) = J  X djit for ^,ri G H.

o(A)
Next, we show ii):

Let TG {A } ', that is, TA = AT (then we remark that by Fuglede's theorem TA* = A*T). 
Since VfGB(a(A)) f(A) = $(f)G d  = {A}" (Theorem4.1), we have Tf(A)=f(A)T. 
For the uniqueness of the spectral measure E we refer the reader to Halmos [11] p.65. ■

We remark that if TG {A }', then in particular TE(M) = E(M)T V M  G B ^A) , that is,
T commutes with the spectral projections E(M) of A.

4.1Rem ark: We remark that if A is self adjoint, then its spectral resolution is (E^}^e ^  
where

E ^ I - E ^ o o  ) ) = ® ( ^ .0OiX]).

To see this; Ietg = ̂ oo), d  = {A}", X  = <)>, X = X fl.

Then g = goA = G B(X).

Since X is Stonean, B(X) = C(X) © n(X) and jj(g)6 C(X).

The set {<() > X,} is open in X, so {<|»X,} is clopen and so *s *n ^(X).

Now -Xf^xy *  i  only on the boundary of {<|)>X}, but the boundary of any open
set (in any topological space) is nowhere dense, hence meager.
Thus,
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— _ (̂int{(J)<A.})c “  1 “ ^int{0 <A.}- 1_ e^

Therefore,
E((X,oo)) = (H(g))v = (1- exr =  l - E ^  , that is,

Ex = I-E((A,,oo)). H

4.1 EXAM PLE.
OO 2Let (S,5,p) be a a-finite measure space and g 6  L°°(S, S, p.), H = L (S, S, p) 

and A 6  B(H) where A = Mg , the multiplication operator.
As we already noted in example 3.1, A is a bounded normal operator on H.
Define the essential range of g by

3&g)= {X zE :  V e > 0  p({sG S: lg(s) - X\ <£}) > 0  }.

It is well known that c(Mg) = !^£g) (see [5] p.8 8 ).

We are interesting to find the" spectral projections" for A.

First, we will describe the Borel functional calculus for A. For this some observations are 
needed.
Note that if D is a closed disk contained in IEV^{g) (the complement of %igj),
then V?i G D there is ex > 0 such that p (g _1 (D e^(A.))) = 0 , where D e^(X) is the open

disk centered at X with radius e^.
n

Now, D Q U D£ ft) and since D is compact D = .U DE ( i )  and soA,€ D A. j—1 A<i J

p(g-1(D)) = p(.LJg-1(Dex (X.j))) < ,|:i p (g-1(Dex.(A.j) ) ) = 0  , i.e., p ( g 1(D)) = 0.

Furthermore, since C is separable, each open subset of (C is a countable union of closed 
disks. In particular this holds for the open subset (CVT^g) and hence p (g '1(CV2?(g))) = 0.

Now, let Xe 3((g) and define

g(s) w h e n s e g 'J ^ g ) )
ZoW  I % w hen s G g (CV2((g)) '

Then
g = g0 a.e [p], so Mg = Mgo ,

hence
cj(Mgo) = o(Mg) = a(A).
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Let f be a bounded Borel function on o(A) and consider the mapping ¥ :  B(a(A)) —»{A }" 
given by

¥ (f )  = Mfog for fGB(o(A)).

Then ¥ (1 ) = I, ¥ (id ) = A and is easy to see that ¥  is a *-homomorphism.
Moreover, ¥  is G-normal.
To see this, suppose fnT f with f,fn€ B(a(A)). Note that from this we have that 
K = sup{lfn(s)l: sG S, n=l,2,...} < oo.
We will show that ¥ ( f n)T ¥ (f )  ;

First note that, if f > 0, then ¥ (f)  = Mf0g > 0 and so { ¥ (fn) } is increasing (in B(H)).
For h G H we have

II ( ¥ ( f n) -  ¥ ( f ) ) h  II2 =  II ( fno g  -  fo g )h  II2 =  J  I ( f no g  -  fo g )h  l2d | i .
s

But
I ((fn-f)og)h I2  —* 0 as n -*  oo and l(fnog-fog)hl2  < 2Klhl2 GL1(S), hence 

the Lebesgue Dominated Convergence theorem gives

II (W(fn) - W(f))h II2 —>0 as n —»oo.

Thus, ¥  is a a-normal *-homomorphism and by the uniqueness of the Borel functional 
calculus we have

f(Mg) = f(A) = $(f) = ¥ (f)  = Mfog .

Now, it is easy to get the spectral projections for A as follows; For any Borel subset A of 
a(A), we have

E(A) = ® W  = * a(A) = XA(Mg) =
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R em ark: A more general spectral theorem exists, often called the Spectral theorem fo r  
commutative C*-algebras. Here we just state it and we refer the reader to [4] p.228 for its 
proof.

4.5 Theorem : (G eneral spectral theorem )
Let H be a Hilbert space and Zl a commutative C*-subalgebra of B(H) containing the 
identity operator I.
Then:

(i) there exists a unique spectral measure E on the Borel subsets of X = such that

(A$,ti) = J  AdEe for ^,ri 6  H, A G Zl.
x

(ii) E(G) #  0 for each nonempty open subset G of X.

(iii) An operator T in B(H) commutes with each A  in Zl iff T commutes with each 
projection E(M) VMGBX.

The spectral theorem for a bounded normal operator A , can be easily derived as a special 
case of the above theorem, when the C*-algebra Zl is taken to be the C*-algebra generated 
by A and I. (see [4] p. 232).

Another approach to the spectral theorem for a normal operator AG B(H) is given in the 
classical book of Riesz and Nagy [20] p.286. The spectral theorem there is proved with the 
use of the spectral theorem for bounded self adjoint operators. In fact, the spectral theorem

A+A* A-A*
for self adjoint operators is applied to the real and imaginary part— ^

Other works on the spectral theorem for self adjoint and normal operators include[l], [3], 
[7], [9], [11], [16], [17], [18],[19], [20], [23]

□



§ 5. M AXIM AL ABELIAN ALGEBRAS

D efinition: Let H be a Hilbert Space, a *-subalgebra d  of B(H) is said to be 
maximal abelian if it is abelian and it is not properly contained in any abelian *-subalgebra 
of B(H) .

Note that, as the condition
a Q  a '

characterizes the abelian *-subalgebras of B(H), the condition

a  =  a '

characterizes the maximal abelian algebras in the class of *-subalgebras of B (H ).
In particular, each maximal abelian algebra is weakly closed and contains I and is, 
therefore, a von Neumann algebra.

Let (S ,5 , |i)  be a a-finte measure space and Cl = {M f: fe  L°°(S)} be the so called

multiplication algebra. Then d  is a maximal abelian algebra of operators in B(L2 (S))
(see [14] p.308).

The following proposition is a problem in [14] p.376 .

5.1 Proposition: Let S be a locally compact topological space, S  the a-algebra of 

Borel sets and |i  a o-finite regular Borel measure on S. Let XI be the algebra of 

multiplications by bounded continuous functions on L (S ,|i) and Cl its w.o.t. closure. 

Then d  is the multiplication algebra.
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P ro o f.

It is clear that U (Z d  and so UW'°'L C  d  where UwaL means the w.o.t. closure 

of U.

To show: a  C  UwoL.

Since U is an algebra, U is convex and so i/WOL = I/?aL (see [2] p.305).

Thus, we will show d  C  t f° 'L.

Let cpeL ^S) and f j , f2  ,... , fn € H ( = L2 (S)) and e > 0, we must show that there
exists geC(S) such that

II (M(p - Mg) fj II < e for i = 1, 2, ... , n
or

II ( <p - g) fj II < e for i = 1 , 2 , . . .  , n.

For this, first we will show that we can make certain assumptions on the function (p.

i°° iSince the measure jo. is a-fmite, S = Sn with ju.(Sn) < oo . For every n, we can take
OO

Sn S  Sn+i and S = Uj Sn i.e. SnT S with |i(Sn) < oo.

Let <pn = X  cp , (pn = 0 off Sn .

If f  e H , then since X  —> 1 as n —»oo

I X - l l 2 lfl2 0 and IX  - II2 If I2 < If I2 e L*(S)
n —»oo

and so the Lebesgue's dominated convergence theorem gives that

11 ( Mcpn - M(p) f  112 -* 0  a s n —»oo , i.e., M<pn~^ Mq> (s.o.t)

The above proves that we can assume that cp is such that, cp = 0 off a set of finite 
measure.
Moreover since (peL°°(S,|J.) we may assume that 0 ^  <p < 1.
Next, we show that cp may be taken to be a simple function.

For ne IN, since 0 < cp < 1, we define the sequence of functions

V n =  I  £ *q> -i(- — 1 k= l, 2, ... ,n .
k= l n n J

Then the \|/n are simple non-negative functions ( \(/n < \j/n+1) and for all s 6  S

0  < <p(s) - \|/n(s) < £
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so \|/n —» (p uniformily and so by Lebesgue's dominated convergence theorem

My —* M(p in the s.o.t.

Now, it will be enough to prove our initial statement, with (p the characteristic function, 
Jla  , of a subset A of S with |i(A) < 0 0  .

So we must find a function geCgCS) such that V e > 0

II (XA - g) fi II < e V i = 1 , 2 , . . . ,  n

Since the measure JU. is regular, there are an open set U 3 A  and a compact set K S A  
such that fi(U~K) < 8  for any 8  > 0.
By Urysohn’s lemma, there exists g continuous 0 < g < 1 such that g s l  on K and
g = 0  on Uc.
Then

II (A-a  - g) fi II2 = J  ia:a  - gl2 Ifi I2 d|X = J  IJtA - gl2 Ifi I2 djj, ^  / u  K Ifi'2 dp- 

for all i = 1, 2 , ... , n .

Now since, the set-function X (E) = J  f d|H with f integrable, is absolutely continuous,
E

given any e > 0  we may choose 8  > 0  so small that |i(U~K) < 8  implies J  Ifj I2 d |i
U ~K

< e and the proof is complete. ■

Let H be a Hibert space.

D efin ition: Let U be a *-subalgebra of B(H), a vector x e H  is called a cyclic 

vector for U if the subspace Ux = {Tx: Te 11} is dense in H , i.e., if [Ux] = H.

Definition: We say that a projection P in B(H) is cyclic relative to U , where U  is a 

*-subalgebra of B (H ), if Ux is dense in P (H ), i.e. if [Ux] = Range(P).

Note that, every cyclic projection relative to U belongs to U.

Definition: A vector %€ H is called a separating vector for U , if = 0 implies 

T = 0 for all TG U.

5.1 Lemma: A vector x e H  is cyclic for a *-subalgebra U of B(H) iff x is separating 

for iC. ([5] p. 109)



P ro o f.
(=^ ): Suppose x 6  H is cyclic for U i.e. [Ux] = H. Let T 'e  iC be such that T'x = 0, 
then
TT'x = 0 V T e u  =* T'Tx = 0 V T e u  =* T'(tfx) = 0 =* T'([tfx]) = 0 , i .e . ,T ' = 0. 

(4= ): Suppose x is separating for iC. If P' is the projection onto [Ux] , then P 'e u ' 

which implies (I - P') € iC.

Note that x ( = Ix ) belongs to the Range(P') so (I - P')x = 0 and so I - P' = 0 , i.e.,

P' = 1 or [Ux] =H . f l

5.2 Lemma: Let U be a *-subalgebra of B(H). Then there is a family {Pj : j e J } of

pairwise orthogonal projections in iC, cyclic relative to U such that X Pj = I.
j

Moreover, if H is separable, J is countable.

5.3 Lemma: Let H be a separable Hilbert space. Then, every abelian *-subalgebra of 
B(H) has a separating vector.

For the proofs of Lemmas 5.2, 5.3 see [5] p. 109 .

Note, now that by Lemmas 5.1, 5.3 we conclude that any maximal abelian algebra of 
operators in a separable Hilbert space, has a cyclic vector.
The following theorem is from [22]. Our proof uses the spectral theorem for commutative 
C*-algebras (Theorem 4.5).

5.1 Theorem : Let H be a separable Hilbert space and CL be a maximal abelian algebra 
in B(H). Then there exists a measure space (X, (Bx, |4), with X a compact Hausdorff 
space, [1 a finite posistive regular Borel measure on X , and a unitary operator 
U: H —» L2(X ,|i) such that U O U "! = {Mf: fe  L °°(X ,^)}

P ro o f.
Cl being maximal abelian, has a cyclic vector z6  H. Let Hq = ilz.Then Hq is dense in H.

CL in particular is a commutative C*-algebra so C(Xp) , where X  = X a is Stonean.
Also by the spectral theorem for commutative C*-algebras there exists (a unique) spectral 
measure E on the Borel subsets of X such that

( T ^ ) = J  T d E ^  V T e a  V ^ e H
X *

Moreover, V feB (X )

( f ( T ) ^ ) =  J  f dEp e V £ e H .
X »

So E^ ^(-) = (E(-)^,^ ) = II E(-)£ II2 , % e H is a positive regular Borel measure on (Bx , 

the c-algebra of Borel subsets of X.



Furthermore, E ^  is a finite measure, since E ^ (X ) = II$II2 < 0 0 .

Take JJ. = Ez z where z is the cyclic vector of Cl referred above.
Now, we define a mapping

U0 :H 0 —» C(X) (= CB(X)) 

by Up(Tz) = T ,  where T € Cl.

Uo is a well defined linear mapping from Hp onto C(X). The linearity and surjectivity of 

Uo is clear by the linearity and surjectivity of the Gelfand map A : Cl —» C(X).

To see that Up is well-defined, suppose Tz = Sz T,S G Cl. Then (T - S)z = 0 which 

implies T - S = 0 since z is also separating for Cl (by lemma 5.1).

So T  = S and so T = S , i.e., Up(Tz) = Up(Sz).

Moreover, for T € Cl,

II Tz II2 = J  IT I2 dEzz = J  IT I2 d |l = NT II2
X X

Thus, Up is an isometry of Hp onto C(X) . Since Hp is dense in H and C(X) is 
dense in L2(X,|i), Up extends uniquely by continuity to a unitary operator U of H onto 
L2(X ,^ ).

A _ 1
Now, given S g # , let g = S .W e will show that USU coincides with the bounded 
operator Mg on a dense subspace of L2(X,|0.) and thus they will be equal.
Let f € C(X) and say f = T , TG d  .

Then U SU '  *(f) = UpSU p1 (f) = UpSTz = (ST)A = ST = gf = Mg(f).
Hence U S U '^ M g .
This shows that U provides a unitary equivalence S i-» USU"1 between Cl and 

{Mg: gG C(x)} , i .e . , UOU _1 = {Mg : gG C(X)} = U.

Since d  is maximal abelian so also is U flU -1, i.e., U = l£

But U Q  {Mf: f G L°°(X,|I)} =A  so t l '3  A  = A .

Therefore, U = 91, that is , UOU “ 1 = {Mf : fG L °°(X ,|i)}. ■

5.1 Rem ark: Let AG B(H) be a normal operator acting on a separable Hilbert space H.
If Cl is a maximal abelian von Neumann algebra containing A , then by theorem 5.1 

UflU 1 = {Mf : fGL°°(X,|J.)}. So A = U 1 MgU for some gGL°°(X,|i) , i.e.,

A is unitarily equivalent with a multiplication operator acting on L (X,|J.) .

Now combining this fact with example 4.1 we see that the functional calculus for A is 
given by

$(f) = f(A) = U _1 f(Mg)U = U ’ 1 MfogU B
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Definition: Let m be a regular Borel measure on a locally compact space X.
We call m a standard  m easure on X if

|  f(x) dm(x) > 0  
X

whenever f G Cc(X) , f > 0 and f *  0 . (see [22] p. 236 )

We remark that the regular Borel measure |I we got in the Theorem 5.1 is a standard 
measure. To see this; let gG C(X) (X=Xa is compact), g > 0 ,  g* 0 .
Then g has a square root h € C(X) with h > 0 ,  h ^  0 and h2 = g .
Let TG d  be such that T= h ( T  > 0, T = T* )

f g(x) dp. = f (h(x) ) 2 djl = (T2 z,z) = II Tz II2 > 0 
X X

If II Tz II2 = 0  then Tz = 0 =* T = 0 =» h = 0 contradicting g ^ O .
Hence

J  g(x) dfi > 0  
X

D efinition:
A standard (regular) measure m on a locally compact space X is called perfect if for 
every bounded measurable function h on X there is a bounded continuous function g 
such that h = g a.e.[m] .
A measure space is called perfect if its measure is such, (see [22] p. 255)

Next we will show that the measure space (X, (Bx, [0 in theorem 5.1 is perfect.

5.2 Proposition: Let d  be a maximal abelian algebra of operators on a separable 
Hilbert space and (X, 2Jx,|i) be the measure space associated with it, as in the theorem 
5.1. Then (X, 'Bx, (j.) is perfect.

P ro o f .
Let heB(X). Then Mhe [Mf: feL°°(X,|a)} and since \JCRJ l = [Mf : fGL°°(X,(i)} 

there is T G d  such that

U TU ' 1 = Mh
On the other hand

UTU 1 = M f for TGC(X)
Therefore

Mh = M f which implies h = T in L°°(X,)i)
or

h = T a.e. [ji] ■



5.3 Proposition: In a finite perfect measure space (X, m) , with X Stonean, a set is 
of measure zero iff it is meager.

P ro o f.
(£= ): First we will show that the measure of any non-empty open set is positive. For this, 
let G * 0  be an open set in X and let xo€ G. Then (xo) and Gc are closed disjoint subsets 
of X and by Urysohn’s lemma 3 feC (X ), 0 < f < 1 such that f(xo) = 1 and f= 0  on 
Gc.

If m(G) = 0, then f f(x) dm(x) = J  f(x) dm(x) = 0 but f > 0 and f * 0 contradicting 
X G

the fact that m is a standard measure.
Next, we prove that, if F is closed set in X with m(F) > 0 then int(F) ^  0 .
We have XpGB(X), so there exists (a unique) geCB(X) such that

X F = g a.e.[m] or g - X p = 0  a.e.fm].

Let G =  {g^O}; G is open since g continuous.
G~F = {g 0 and XF = 0} Q {g - * F *0} . But m({g - XF *  0}) = 0, so m(G~F) = 0 
or m(GDFc) = 0 and so G fiF c = 0  since GDF0 open. Hence G S F .
Now G * 0  , for if G = 0  , then g = 0 o n  X so JfF = 0 a.e.[m] which 
says m(F) = 0 .But m(F) > 0.
Thus, int(F) *  0 .

Suppose now, that F is a nowhere dense s e t . Then by what we just proved m (F) = 0 
and so m(F) = 0.

OO
Finally, if F is meager s e t, then F = |J  Fn with Fn nowhere dense for all n and so

n=l
00 00

m(F) = m ( |J  Fn ) = I  m(Fn) = 0 , i.e., m(F) = 0 
n=l n=l

(=#): Let F be a Borel set with m(F) = 0.
Now B (X ), so since X is Stonean proposition 4.2 gives XF = g+h with g€ C(X),
he n(X).This implies { g * 0 } Q  {JfF ^  0} U {h #  0} = FU {h ^  0}
Since m(FU {h *  0}) < m(F) + m({h ^  0}) = 0 , 
we get

m({g *  0}) = 0 which implies {g^O} = 0  

So g = 0  on X and therefore X F -  h , that is, F = {h *  0} is meager. H

Note that the assumption that X is Stonean is not needed for the proof of the (-£=) of the 
above proposition.
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5.4 Proposition: Let d  be an abelian von Neumann algebra acting on a Hilbert space 

H and let A be an operator in d. Suppose d =  C(X), where X = X a a Stonean space
A

and f in C(X) represents A , i.e., f = A. Then, Ax = Xx for some unit vector x in H and 
X G C iff f "1 ( {A.}) contains a non-empty clopen subset of X.

P ro o f .
(= # ) :I f  Ax = Xx with 11x11=1 then (A -X l)x  = 0 so Ker(A -X I) ^{0}.

If P is the projection onto Ker(A - X I ) ,  then P is in Cl (P is the range projection onto the 
orthogonal complement of Range(A - XI)*, see [14] p.327) and

(A - X I)P = 0 =* AP = XP =4- A P = X P

since P is a non-zero projection, P = with S * 0  a clopen subset of X.

Thus fX s = XXS so if s g S,  f(s) = X , i.e., s G f ' 1 ({X}) andso S S f _1 ({X}).

(4 = ): Suppose 0 * S Q f ' 1 ({X}), S clopen in X. Then Xs G C(X). Let P be the

operator (a projection) in Cl such that P = , P *  0.

Now for all sG S, f(s) = X , so LXS = XJfs .
Therefore AP = XP =£ (A - X I)P = 0 =¥ Range(P) Q Ker(A - X I) and since P ^  0, 
Ker(A - X I) * {0}. Thus there is xG Ker(A - X I) x?*0, (in particular one can take x with 
II x II = 1) such that Ax = Xx. H

The above proposition characterizes the complex numbers which are eigenvalues for a 
given operator in the algebra Cl.

5.5 Proposition: Let Cl be a maximal abelian algebra of operators. Suppose f lsC (X ) 

where X = X fl is Stonean and let eG H, II e II =1 be such that Ae = Xe for all AG d  and 

dim(Ker(A - XI)) = 1. Then p: d -*  E  given by p(A) = (Ae,e) is a multiplicative linear 
functional (, i.e., pG X) and {p} is open in X.

P ro o f.
The linearity of p is clear, we will show that p is multiplicative. Let A,B G d  .
Then

Ae = Xe => BAe = XBe =$ ABe = XBe => B eG K er(A -X l)

and so Be = |ie for some (IG C , since dim(Ker(A - X I)) = 1.
Now, we have

p(AB) = (ABe,e) = (X|ie,e) = X|i = (Xe,e)-(|ie,e) = (Ae,e)-(Be,e) = p(A)p(B)



42

Let P be a projection onto Ker(A - X I).
Then Py = (y,e)e y e H, so for x e H , A £ d

PAx =(Ax,e)e = (x,A*e)e = (x, Ae)e = A(x,e)e = (x,e)Ae .

On the other hand,
APx = A((x,e)e) = (x,e)Ae.

Therefore AP = PA V A € d  =# Pe ( t = d .
Next we prove that {p } is open in X. X being extremelly disconnected is totally 
disconnected.
If qeX , q * p  then there are clopen sets such that p e C j ,q 6  C2  and

If f  = Xr  and g =Xr  , then f(p) = 1, g(q) = 1 and F,Ge d  with F= f, G= g v-i '—2
are projections and FG = 0.
Moreover, since PF(p) = (Pf)(p) = P(p)f(p) = P(p) = p(P) = II e II =1 , PF ?K);

A
Also PF < P and since P is 1-dim’l we conclude PF = P =» P < F  ==» P < f  .

A A
But q was any point of X different from p , so P(q) = 0 or P = X {pj 
So X[p] eC(X) and so {p} is open (hence clopen). H

The following proposition is the converse of Proposition 5.5.

5.6 Proposition: Let Cl be a maximal abelian algebra of operators. Let p€X = X fl and
suppose that {p} is open in X. Then, there exists a vector e€H , II e II = 1 such that

p(A) = (Ae,e) for all Ae d  and e is an eigenvector for every Ae d  with eigenvalue of 
multiplicity 1 .

P ro o f.
A

Let Pe d be such that P=Af{p], P is a non-zero projection in d and PA=AP, for all A e  d  

For each A e d  let X = A (p ); then (A - X I)P = 0.

If ee Range(P) with II e II =1 , then Ae = Ae for all Ae d  and so

p(A) = A(p) = X = (Ae,e) = (Ae,e).

Furthermore, let Q be the projection onto span{e}; then A(Range(Q)) £1 Range(Q), i.e., 
QAQ=AQ for all A e #  so QA*Q = A*Q as well, and so by taking adjoints in the last 

equality QA = AQ for all A e #  that is Qe Ct = d  .
A A

Now, let g = Q ; since Q < P  we have 0 < g < P  = X{p}, therefore g = Jf{p} and so 
Q = P, i.e., Range(P) is 1-dim’l. B

□
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§ 6 .  P ( N )

The theory of p(IN) is developed in [14] in the problem sections seep. 224, p. 374 
Here we prove only those facts that are needed for our purposes.

Let Jl00 denote the Banach algebra JI°°(1N ,(D) of all bounded complex sequences 
x = (xn}n~  with norm II x II = sup I x.n I . The operations on jl00 are as follows:

For x,yG Jl°° x = {xn}“  l , y = { yn}“  t , Xe C

x + y = {xn + yn) , ^  = {^xnh  xy = { xnyn} , x* = { x^}.

In fac t, Jl°° is a commutative C*-algebra.
Let c and c0 be the linear subspaces of Jl00 defined by

c = { {x } G Jl°° : lim x„ exists}1 1 n J n —*oo n ’

c0 ={ {xn}Gj>°°: J i m ^ O } .

Then c and c0 are closed subspaces of Jl00.
Moreover, c, provided with pointwise multiplication, is a (commutative) C*-subalgebra of 
Jl00 . Note th a t, the linear functional m on c given by m(x) = nhnijo xQ for x G c, is a 
multiplicative linear functional with kernel c0. Thus c0 is a maximal ideal in c.
We remark that c0 is not a maximal ideal in Jl00 .T o  see this; suppose that c0 were a 
maximal ideal in Jl00 . Then dim(Jl0O/co) = 1 .
So, if 7t: Jl00 —» Jl°°/c0  is the quotient map , there exists xG Jl°° such that {tc(x)} is a 
basis for Jl°°/c0. Note that x£  c0.
Thus xGc or xG A00 ~c. Now, if xGc, then for yG Jl°° ~ c  there is A.G C such that 7t(y) = 
A.7r(x ) , so (y - X,x)G c0 and so yG c, a contradiction.
On the other hand, if xG Jl°° ~c, then for yQ = {1, 1,1 ,...}  € Jl00 there is XqG C such that 
MYo) = X0k (x) or (y0  - X0x)Gc0 , i.e., 1 - ^ ,x n -» 0  as n->  oo. So xn-» -j-

/V O
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(note that X0 *  0 since y0£ c0). Hence, Um xn exists and so xe c which is also a 
contradiction.
It is often convinient to use function notation for the elements of Jl°° . So with this notation

JI00 = { f:IN -» C  : II f II = sup lf(n)l < 0 0 }

Definition: f3(IN) is defined to be the space of all non-zero multiplicative linear functionals 
on Jl00 , topologized with the weak*-topology.
P(IN) is called “ the (3 -com pactification of IN ”

Thus p(IN) is the Gelfand space of the commutative Banach algebra Jl00 and as such is a 
compact Hausdorff space.

A
Moreover, if we define f(p) = p(f) for f€ jl00 and pep(IN), then the Gelfand map 

A: Jl00 —» C(p(fN)), ff-> f is an isometric ^-isomorphism of Jl00 onto C(P(IN)), i.e.,

(Jl00 )A s  C(p(!N)).

6.1 Proposition: p(IN) is extremely disconnected (and so Stonean).

P ro o f .
We will show that C(P(IN)) is a boundedly complete lattice, then (by theorem 2.1) P(IN) 
will be extremely disconnected.
Suppose that {fa}agJ is a bounded subset of C[R(P(IN)), faG Jl00 .

So there is M > 0 such that f < M V a e  J. Define fe JI00 by f(n) = supf (n).a a a
a  a  .

Then f < f V a  , since ffl < f V a  and the Gelfand map is order preserving.

Moreover, if fa < g V a e J .g e J l 00, then f  < g V a  which implies

f(n) = supf (n) <g(n) V n , i.e., f < g  and so f < g .

Thus f = lubjF is in C(p(IN)). B

6.2 Proposition: Let i: IN —»p((N) be given by i(n)(f) = f(n) for fe  JI00 .
Then i(IN) is dense in P((N) and the one-point set (i(n)} is open in p(IN).
Moreover, p(f) = 0 when p 6 P(IN) ~ i(IN) and fe c0  .

P ro o f .

Suppose that i(IN) is not dense in P((N) and let pep(IN) ~ i(IN).
Since P(IN) is a compact Hausdorff space , P(IN) is completely regular.

So there is ge C(P(fN)) such that g(p) = 1 and g s  0 on i(IN).



In particular g(i(n)) = 0  VnelN.
Since (Jl00) = C(P(IN)), let fe Jl00 be such that f = g.
Then

0  = g(i(n)) = f (i(n)> = i(n)(f) = f(n) V n, that is, f = 0  .
So

A
g = f = 0  a contradiction.

Now, let nG IN be an arbitrary fixed positive integer and pe (3(IN) with p£i(IN). 
If

. f l  i f  n = m , n r*~i
fnl^m) = I n r  ■* and fe J l00

0  if  n /  m
then

X [n}f  = f(n)Jf{n) which implies p(X{n)f) = f(n)p(^C(nj). 

On the other hand,

P("^{n}f) = P(*(„}Wfl* So “ f<nM = 0  •

Since p g i(N), f e Jl00 can be choosen such that p(f) *  f(n).
Thus,

p(JC(n}) = 0  or (X(n))A(p) = 0 .

Note also that (Jf{nJ) (i(n)) = i(n)X{n} = JC{n}(n) = 1.

Hence (-^i(n)))A = C ^ n))AGC(p(IN)) and so (i(n)} is open (clopen) in p(IN))
CO

(and (i(IN) = nU 1 {i(n)} is open as w ell).

Finally, we prove that {pe P(IN): f (p) = 0 V fe c D} = P(IN)) ~ i(IN).
Let peP(IN) be such that fA(p) = 0 V fe c 0 and suppose that pei(N ).
Then there exists n0e IN such that p = i(nD) and

0  = f (p) = p(f) = i(n0 )(f) = f(n0) V fe c 0.

Taking in particular f = we get 0 = f(n0) = 1 which is a contradiction. 

On the other hand, if pe p(IN) ~ i(IN), then as above we have that p( •*{„}) = 0
OO

Now, since any fe c0 can be writen in the form f = kE  1 f(k) we have
OO CO

p(f) = p( kZ 1 f(k)ATjkj) = kS  1 f(k)p(JCjkj ) = 0  and the proof is complete. ■

V ne
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Rem ark 6.1. We recall that Jl = {f: IN—* C : nZ 1 lf(n)l2 < oo}. For fe Jl00, let

Mf : Jl2 —»Jl2 be the multiplication operator by f , i.e., M^g) = fg V ge  Jl2 .

It is easy to see that the mapping f i-» M f from Jl00 into B(Jl2) is an isometric *- 
isomorphism.
The algebra CL = {Mf : f 6 Jl00} is a maximal abelian algebra of operators in Jl2 . To see this; 

suppose Ae B(Jl2 ) is such that AMf = MfA V fe  Jl°° , i.e., A 6 0 ' .

Let en = *{n) 6 ^ 2  2111(1 Set gn = A(V Then fgn = MfAen = = f(n)Aen = f n̂)§n •
So V k e  IN we have f(k)gn(k) = f(n)gn(k) or (f(k) - f(n))gn(k) = 0  V fe  Jl00 
and so gn(k) = 0  f°r n * k .

Now

1 gn(n> 1 = 11 gn "jl2 =IIAen" ^  IIAI1 Vne[N‘

Thus, if g = {gn(n) . 111611 § e ^°° 311(1

Mgen = §en = tek<k>en<k»  > £ l = {gn(k )}£ i = gn •
Hence

M e  = Ae„ g n n

Now since elements of the form h = { h(l), h (2 ) ,..., h(m), 0, 0,...} are dense in Jl2 , 
h = h(l)ej + h(2)e2 + ... +h(m)em and A, Mg are bounded operators we conclude that

A = Mg . Thus a  = a ' .  a

Note that CL = {M t̂ fe  Jl00} can be viewed as a particular case of the multiplication algebra 

{Mf: fe L°°(S, |i)} by taking S = IN and the measure |i to be the counting measure on IN.

As such CL is maximal abelian.

6.3 Proposition: If J is a closed two-sided ideal in a C*-algebra CL, n: CL —» CL!J the 
quotient map and 7C*: C(Xfl) —* C (X ^  ) is defined by 7t^(f) = forc* where

k*: X qj —»X a is the map Jt*(p) = po?t, then the following diagram commutes.

a -A C(xa)

K i  l K*

a/j A  ccx^j)



P ro o f .
Let pe X ^ j , Ae d . Then

(7t(A))A(p) = p(7C(A)) = pojc(A) = 7C*(p)(A) = A(7t*(p)) = Ao7t*(p) = jc^AXp)
A ^Thus (7t(A)) = A ) and the diagram commutes. ■

6.4 Proposition: Let CQ = {Mf : fe cG}. Then the Gelfand space of the quotient

C*-algebra d/C 0  is homeomorphic to (3((N) ~ i(IN).

P ro o f .
Since cQ is a closed ideal in jl00 and the mapping f i-» Mf is an isometric ^-isomorphism C0 

is a closed ideal in d  .So CUC0 is an abelian C*-algebra.
Now, the mapping 'F: X fl—* P((N) given by ^(co) = tooO , with co6Xfland

O: jl00 —* CL , <X>(f) = Mf , is easily seen to be a homeomorphism.

So we may identify X fl with p(IN).

Furthermore, the mapping F: X ^ c  -*  p(IN) ~ i(IN) given by F( to) = tooftoO

where (OGX^c  , maps into P((N) ~ i(IN). To see this; let fGc0 , cog X ^ c  .
Then

F(to)(f) = aSo7toO(f) = co(jt(Mf)) = 0 .

So F(c5)(f) = 0 V f€ c 0 and so by proposition 6.2 F(co)G P(IN) ~ i(IN).
Also F is a homeomorphism. For this; let tOj, (0 2g X ^ c  and suppose F(tOj) = F(a>2). 
Then

F(cio1)(f) = F(<B2)(f) VfG Jl°° or = G)2(7t(Mf)) V fG jl00
or

to t (it(A)) = co2(jt(A)) V  A G CL.

So cOj = to, and F is one-to-one.

If pG (p((N) ~ i(IN)), take cog X ^  defined by 5(jc(A)) = p (0 _1(A)) V A €CL 

Then F(c5) = coo7toO = poO '^d) = p and F is onto.

To see that F is continuous , suppose that 0 >d —* to in X ^  .
Then

cod(7t(A)) —> c5(Jt(A)) V A eCL or ( codojtoO)(f)—» ( c5o7tod))(f) V fG jl00
or

F(<od)(f) —» F(co)(f) V fG jl00 or F(tod) -> F(co) in p(IN) ~ i(IN).

Now, since X ^ c  is compact and P(IN) ~ i(IN) is Hausdorff, F is a homeomorphism. ■



Note that by proposition 6.3 we have that

a C (x fl)

JI I I 71'V vU *
A .

a/C0 — 7  C (X ^c ) commutes.

Let r: C(|3((N)) —» C(p(IN) ~ i(IN)) be the the restriction mapping and identify X ^ c  with 

P((N) ~ i((N). Then the following diagram commutes

a  C(P(!N))

Ki  i r
at Co C(P(IN) ~ i(IN)) .

6.1 EXAMPLE .
Let CL = { M f: fe  Jl00} be the multiplication algebra of operators on jl2 . We noted that CL 
is a maximal abelian algebra . In this example we are interested to find the regular Borel 
measure p. on X = X fl = P(IN) we get from theorem 5.1.

A vector ge Jl2 will be a cyclic vector for CL iff g is a separating vector for Ct‘= CL 
(lemma 5.1)
So g will be such that Mfg = 0 implies Mf = 0  V f e j l00 or

fg = 0 implies f = 0 V f e j l00.

Let g = {rn} ^ j with 0 < I r I < 1. Then g is a cyclic vector for CL

From the proof of theorem 5.1, we have that the total variation of the measure p. is

0° OO 2
p(X) = p(P(IN)) = II g II2 = Zj I g(n) I2 = Zj (r n)2 = _ L  .

For fe Jl00 and pe p(IN), we have

(fg,g) = J f(p)dp. = J p(f)dp. = /  p(f)dp + J p (f)dp
P(IN) P(IN) i(IN) P(IN )~i(IN)

= J i(n)(f)dp. + j p(f)dp. = J f(n)dp. + J p(f)d p
i(IN) P(IN)~i(IN) i(IN) P(iN)~i(IN)



= J  J (i(n)}f(n)d|i + J p (f)d |i
i(n) (3(IN)~i((N)

= I  f(n)M-({i(n)}) + J p (f)d |i
P(IN )- i( (N )

On the other hand

°° oo r
(fg,g)= Z f(n )lrn l2 = Z f(n)p({i(n)}) + J p(f)d(t (1)

P(IN )~i(IN)

For f = JC|kj G c0 (p(f) = 0 when p G (3((N) ~ i(IN)), we have

I r k I 2 = |i({i(k)})

So
|i({i(n)}) = r2" VnG N

2 2
Now, if we take f s  1 , then —L _^ = —£_*_ + |i( p(IN) ~ i(IN)),

1 -  1 -  x l
that is, |i( p(IN) ~ i((N)) = 0 i

6.2 EX A M PLE.
Let H = I 2 and A = M, where h(n) = — for n = 1, 2, ...

n n
Let d  be the abelian von Neumann algebra generated by A .

In this example we show that the Gelfand space X fl of CL is homeomorphic to P(IN). 
First, note that A is a compact operator.
Indeed, if x(n) = {h(l), h(2), ...,h(n), 0, 0 ,... } and An = Mx(n), then

Range(An) is n-dimensional so that An is a finite rank operator V n (hence compact)

For yG Jl2 ( y = ( y ( n ) ) we have

ll(A - AJyll2 = , 1 , 4 -  ly(k)l2 < — || y ||2
k=n+1 W

so that

II A -A  II < — -—x— —» 0 as n —>oo.
n (n+1)2

Hence A is a compact operator.

Moreover, A = a(A) = a(M h) = Range(h) = { h(l), h (2 ),...} U {0} .
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Let dQ be the C*-algebra generated by A 

Claim 1: dn = {ML: a6c} .

By the (continuous) functional calculus the mapping $ : C(A) —» dQ is an isometric *-

isomorphism onto. So given B e dQ there is a (unique) continuous function f on A such
that f(A) = B or f(Mh) = B
But (by example 4.1) we have that f(Mh) = Mfoh .
Since f is continuous, if g(n) = f(h(n)), then lim g(n) exists. So that B = M with g€ c.

n —> oo 8
Conversely, let B = Ma with ae c. Take f: A —» C defined by

f(h(n)) = a(n) and f(0) = lim a (n ).
n—* oo

Then f e C(A) and B = f(A) 6 dQ and our claim is proved.

We recall that d  is the closure in the s.o.t. of d

Claim 2: d =  {M& : a€ JI00}

To prove this; let ae Jl°° and a(n) = { a(l), a (2 ),... a(n), 0, 0, 0 ,... } 6 cQ and Bn = Ma(n). 

For xe jl2 , x = {x(n)}°° , we have
n = l

M x  - Bnx = {0, 0, ..., 0, a(n+l)x(n+l), a(n+2)x(n+2), ... }d n

so that

II (Ma - Bn)x II2 = J  la(k)l2lx(k)l2 < II a II2 J  lx(k)l2 -» 0 as n-> oo. 

Therefore, {M : ae Jl00} £  d.
a

Since {M0 : ae JI00} is maximal abelian, it is closed in the s.o.t.
a

Now, dn Q {M„: ae Jl00} and so d  Q {MQ: a€ Jl00}u  a  a

Thus d=  {Ma: ae Jl00) and our second claim is proved.
Now from our previous discussion ( see proof of proposition 6.4) we conclude that 
X flis homeomorhic to (3(IN). I

□



§ 7 . SPECTRAL THEORY FOR UNBOUNDED SELF ADJOINT
O PER A TO R S.

Definition: Let H j , IT, be two Hilbert spaces. A linear operator A from Hj into is
a linear map whose domain of definition is a linear subspace (not necessarely closed) D(A) 
in H j .

The unbounded operators A we consider will be densely defined, that is, D(A) is dense in 
H 1. We denote by Op(Hp H^) the unbounded densely defined operators from Hj into
Op(H) = Op(H, H).

Note that if A 6 Op(H) is bounded, then A can be extended to a bounded linear operator on

D(A) = H. So unless it is specified to the contrary, a bounded operator will always be 
assumed to be defined on all of H.

For a detailed discussion of the basic definitions and properties of unbounded operators we 
refer the reader to [20] p. 296.
Next we collect some of these definitions.

Definition: Let A, Be Op(H). We say that B is an extension of A , denoted A  Q B , if 
D(A)QD(B) and Ax = Bx VxeD(A).

Definition: Let A, Be Op{H). We define the sum of A and B, A + Be Op(H) as follows: 
D(A +B) = D(A) fl D(B) and (A +B)x = Ax + Bx V xeD (A  + B).

Definition: Let A, Be Op{H). We define BAe Op{H) as follows:
D(BA)= {xeH :x€D (A ) andAxeD(B)} = D(A) f l A_1(D(B))

(BA)x = B(Ax) VxeD(BA).

Definition: Let A e Op(H). The Graph of A is the set of pairs { <x, Ax>: xe D(A) }.

The Graph of A, denoted by T(A) is a linear subspace of HxH.

Note, HxH is a Hilbert space with inner product

(<X j, yj> , <x2 , y2>) = ( x j , x2) + (yx , y2).

Note also that for A, B e Op(H), A Q B iffT (A )c  f(B).
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Definition: Let A 6 Op{H). A is called a closed operator if T(A) is a closed subspace of 
HxH.

Definition: A 6 Op{H) is called closable (or preclosed) if the closure of G(A) in HxH is a

graph. In this case , we define A e Op(H) such that T(A) = T(A) and we call A the 
closure of A.

The notion of adjoint operator can be extended to the unbounded densely defined 
operators.
We also mention the following facts:
i) If A,B 6 Op{H ) , B A € Op(H), then A*B* Q (BA)*'

ii) If Ae Op{H), B e B(H), then A*B* = (BA)* (see [20] p. 299-300).

Definition: Let Ae Op{H). A is called symmetric if A  £  A* , that is,
(Ax,y) = (x,Ay) Vx,y6D (A ).

Definition: Let Ae Op(H). A is called self adjoint if A = A* , 
that is, iff A is symmetric and D(A) = D(A*).

Definition: Let A e Op(H) be a closed operator. We define

{A}’= { TeB(H): TA Q AT }

{A}" = ({A}')' .

Definition: Let d  be a von Neumann algebra of operators on H  and let Ae Qp(H) 

be a closed operator. We say that A is affiliated with d {and we write At| d )  when 

U*AU = A for each unitary operator U commuting with d ,  i.e,

U*AU = A V u e  a '  , that is,

V  U e d ' U(D(A)) = D(A) and U*AUx = Ax V x € D(A).

Note that d  is a *-subalgebra of B (H ), since d  is a *-algebra. M oreover, since the

commutant of any subset of B(H) is always closed in the s.o.t. (and so in the u.o.t.), d ' is 
a C*-algebra in B(H).
Now, any element of a C*-algebra ‘11 is a finite linear combination of unitary elements of 
Zl (see [14] p. 242).
Thus,

A t \ d  4=» BA C A B  V B e f l ' <*=> d ' Q {  A}'.



We will see later (spectral theorem for unbounded self adjoint operators) that an unbounded 
self adjoint operator A is affiliated with an abelian von Neumann algebra. The Gelfand 
space of this algebra will be (by theorem 2.2) extremely disconnected and A will be 
"represented" there by a function , which as might be expected, will be neither everywhere 
defined nor bounded.
On the way to this spectral theorem and for the later analysis of unbounded normal 
operators, the following discussion plays a key role.

7.1 Theorem: Let X be an extremely disconnected space and Y be a compact Hausdorff 
space. Suppose that U is an open dense subset of X. If f: U —»Y is a continuous function,
then f has a unique continuous extension f on X , i.e., f : X —»Y.

P ro o f.
The uniqueness is clear, since if two continuous functions agree on a dense subset they 
agree everywhere.
We prove the existance. For each yG Y, let
Av = Pi f _1(G) where Q = {G: G is open in Y, y G Y }. A v is a closed subset of X

•> szQy y y
VyGY (possibly empty).
Now, if xGX, then there is a net {xd} in U such thatxd—»x. Since Y is compact the net 
{f(xd) } has a cluster point, say y, in Y.

Claim: xG A y .

If x(? Ay, then there is an open set G in Y such that yGG and xg  f _1(G) .So there exists

do such that for d > dg xd£ f _1(G) . In particular, for d > do xd $f f^ G ) , that is, 
f(xd)*G .
Since G is a neighborhood of y and y is a cluster point for (f(xd)} this is a contradiction. 
Thus, xG A y.

We define f (x) = y for x G A y. This is well defined, for if y j * y2, then A y fl A y2 = 0

To see this, let y^ *y2 y^  y2G Y, Y being a Hausdorff space, there are open sets G l5 G2

in Y with yjG G j, y2GG2 and G 2 fl G2 = 0 . But then f ^ G j )  and f *(G2) are open in 

U (and so in X, since U is open in X) and f ^ G j )  fl f 1(G2) = 0 .

Since X is extremely disconnected we have f '^ G j )  f l f _1(G2) = 0 ,  
so

Ay i n  A Y2 = <̂'
Now, V  xG U f(x) = f(x) , i.e., f  ly = f.
For this, let D be any directed set and take xd = x VdG D.

Then f(xd) = f(x) and f(xd) —>f(x), so xG A ^  and so f(x) = f(x).

It remains to show the continuity of f .
Let F be any closed subset of Y and = {G: G is open in Y and FQG}.



We claim f _1(F) = D  f _1(G) (which immediately gives the continuity of f ). 
Gel^

In fact, if xG f  _1(F), then f(x) = yGF. So xG Ay, i.e., xG D  f _1(G) Q f l  f _1(G) .
G G €%

Conversely, if xSf f _1(F), then f(x) = yG £F. Choose G 1? G2 open sets in Y such that 
yGGj, F <= G2 and G t fl G2 = 0  . Then f _1(Gj), f _1(G2) are both open in U (so in X) 

and disjoint. Again since X is extremely disconnected we have f '^ G j )  f l f ‘1(G2) = 0 ,

so A v fl f l  f _1(G) = 0  . S incexG A v, x g  f l  f'*(G) . H 
y  gcs^; y  gsj^j

Remark : L.Gillman and MJerison [10] p. 96 state the following results:
i) If X is extremely disconnected, then X is the Stone-£ech compactification of every
dense subset; and ii) If X is the Stone-£ech compactification of T and f: T —* Y is
continuous (Y compact Hausdorff), then f extends to f : X —»Y 
Note that i) and ii) give another proof of theorem 7.1.

We denote by C  = C  U  { o o }, the one-point compactification of C .  IR = [ -0 0 ,0 0 ] ,  denotes 
the two-point compactification of IR.

Definition: Let X be a Stonean space . A continuous function f: X —* C , such that 
Uf = [f *  00 }is (open) dense in X, is called a normal function on X.

We denote by N(X) the set of normal functions on X.
A continuous function f: X —»IR , such that Uf = { -0 0  < f < 00 } is (open) dense in X , is 
called a self adjoint function on X.
We denote by S(X) the set of self adjoint functions on X.

7.1 Remark: We can identify S(X) with {gG N(X): g is real whenever it is finite}.

To see this; let 0: IR*—> £) be the function defined by
». . r x if  - 0 0  <x<oo 

*• 0 0  i f  x = ± 0 0  

0 is continuous. Thus, if fG S(X), then 0ofGN(X).
Moreover, if fp  f2 G S(X) and 0ofj = 0of2, then fj = f2>
In fact, f, = ir, on Uf f l Uf which is dense in X.

1 2  m h
Now, given gG N(X) such that, whenever g(x) * 0 0 , g(x) is real, then g |TT : U —»IR

*  g 
and by theorem 7.1 there is a (unique) f: X - » IR which extends g|'U„

Clearly, g and 0of agree on U and since U is dense g = 0of.
o o



7.2 Rem ark: Note that, if f and g are in N(X), Uf D Ug is (open) dense in X and f + g , 
fg are both defined and continuous functions on Uf fl Ug .
Thus by theorem 7.1 , f + g and fg have unique continuous extensions on X,

f t  g and f*g respectively.

Similarly, for f€ N(X) f is defined first on Uf and then by extension on X.
For f € N(X),

feS(X ) 4=* f = f .

Thus, N(X) is a *-algebra containing C(X) and S(X) is the set of self adjoint elements of 
N(X).

7.3 Rem ark: Note also that fe  N(X) is invertible in N(X) 4=*< int{f = 0} = 0  .
To see this we have:
(= »): If feN (X ) is invertible in N(X), then there exists ge N(X) such that f*g = 1.
Since {g * oo} is dense in X, the set {f *  0} is also dense in X, equivalently 
int{f = O }= 0 .

(4= ): Suppose int{f = 0} = 0  this implies {f * 0} = X which implies

{-p * 0 0 } = X. So -p  e N(X). ■

7.1 Proposition: Let Cl be an abelian von Neumann algebra, X = X flits Gelfand space, 

A : £7—> C(X) the Gelfand map and Ae d . A is one-to-one 4=» A is invertible in N(X).

P ro o f.
(=*): Suppose that int{ A = 0} 0  .
Since X is Stonean, G = int{ A = 0} is clopen. Let e = X ^  € C(X).

If E 6 Cl is such that fe = e, then E *  0 and AE = EA = 0, since k  e = 0.
Therefore, Range(E) £  Ker(A), hence A is not one-to-one.
(4=): Suppose that A is not one-to-one. If E be the projection onto Ker(A), then E is a 
non-zero projection and EG d ,  since Cl is a von Neumann algebra.( E is the range 
projection onto the orthogonal complement of Range(A*)) (see [14] p. 327)
Moreover, AE = 0 which implies AE = 0.
Let G is the non-empty clopen set in X such that fe = X q .
Then k  Xq  = 0 which implies that G £  {A = 0}, so G £  int{ k  =0}.
Hence int{AA = 0 } * 0  . ■



7.4 Rem ark: Note that, if fe N(X) and G is a clopen set in X and g = Xq , then

In fact, suppose that xGG and let {xd} , xdGUf be a net such that xd -*  x.
Since G is open may assume xdeG  Vd.

Furthermore since f«g is continuous, we have (f*g)(x) = lim(f*g)(xd).
But

(f.g)(xd) = f(xd)g(xd) = f(xd)-»f(x).

Thus for xG G (f*g)(x) = f(x).
A similar argument proves that, if x£  G, then (f*g)(x) = 0. B

7.2 Proposition. Let X be a Stonean space and let {e^}^6[p| be a bounded resolution of

the identity in C(X), X^={xGX: e^(x)=l}, <|)G S(X).
Then the following are equivalent:

i) V X g IR {xGX: $(x) < W c x i c  (x6X: <|)(x) < X}

ii) Xj^=int{xGX: (j)(x)<A,}=int{(|)<A,}

iii) V?i G[R <J)*e^<Xe^ and ?i(l - e^) < <))• (1-ej^)
Using remark 7.4, the proof of this proposition is on the same lines as the proof of 
proposition 2.2.

Our next theorem is the Spectral theorem for unbounded self adjoint operators.

7.2 Theorem  : (Spectral Theorem  )
Let A G Op(R) be a self adjoint (unbounded) operator. Then there exists a unique resolution 
of the identity {E^}^e ̂  such that (in fact, d  = {A}"):

i) For every compact interval J=[a,b] a,bG IR, if Fj = - Ea, then AFj is a
bounded self adjoint operator on H, which leaves Hj = Range(Fj) invariant and 
such that AFj I is a bounded self adjoint operator on Hj with spectral resolution

ii) Let 3  be the directed set of compact intervals in IR ordered by inclusion. 
xGD(A) £=> the net {AFjx)Je j  converges.
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ForxeD (A ), Ax = UmAPjX = lim (J\dE^)x. Moreover, A is affiliated with d .
J

P ro o f .
Since A is self adjoint, by the basic criterion for self adjointness (see[ 14] p. 160) 
we have that Ker(A ± ii) ={0} and Range(A ± ii) = H and so (A ± ii) ' 1 exists from H onto 
D(A ± ii) = D(A).
Furthermore,

ll(A ± il)xll2 = IIAxll2 + llxll2 , so ll(A ± il)xll2 > llxll2

from which we get that (A ± i i ) '1 (exists an d ) is bounded , i.e., (A ± i i ) '16 B(H).
Let V = (A + il)“1.
Then IIVII < 1 and V* = (A - i i ) _1.
Also

(A - iI)V = (A + ii - 2iI)V = (A + iI)V - 2iV = I - 2iV,
so

V = V* - 2iV*V,
hence

Similarly,

V*-V
v *v = V L

w
So V is normal. Moreover,

AVV* = (A + ii - iI)W *  = (A + iI)VV* - iVV* = V* - iW *

= v * _ i  V £Y _= ^ t V GB(H) .

Let Cl = {V}" ; flis an abelian von Neumann algebra.
We claim: B e  {A}’ iff B e { V } '  , i.e., {A}’ = { V } ’.
To see this; suppose that Be {A}', then BAQAB, that is, BAx=ABx Vx€D(BA) =D(A). 
Now,

Bx = B(A + iI)Vx = BAVx + iBVx = ABVx + iBVx = (A + iI)BVx,
so

VBx = BVx V xeD (A ). But D(A) is dense in H,
hence

VB = BV since V, BeB(H).

Conversely, suppose that BV = VB and xe D(A), 
then

Bx = BV(A+iI)x = VB(A+iI)x e D (A ), that is, D(BA) = D(A) S  D(AB). 

Moreover, for xe D(A) we have

(A + iI)Bx = (A + iI)BV(A + il)x = B(A + il)x,
so

ABx = BAx.



Thus BA Q AB or B G {A }' and the claim is proved.
It follows now that, {A}" = {V}" = Cl.

By the Gelfand-Naimark theorem and theorem 2.2, Cl ^  C(X) where X = X a a Stonean 
space.
Let v = V, vGC(X).
Since V is one to one, proposition 7.1 gives that v is invertible in N(X), so 6 N(X).

Also, V* = V = v.
Define 0GN(X)by <)> = -j- - i.v

V*-V. „    r__________* — . _ V - vV V — 9 v  -  \Since V*V = VV* = ---- in d , taking Gelfand transforms we get v v = Ivr =

which implies (|) = <j). Thus <j>e S(X). Note that <J) v+v
21 vl2

In a formal sense <)> is the function that corresponds to A . We want to remark at this point
1 A that, if A is bounded, then v = — T . So <b = a = A,a + l

Now, for Xe IR, let X^ = int{<)) < X,} (a clopen subset of X) and e^ = X x  .

{e^}^e[R is a resolution of the identity in C(X), that is,

V  , Y  = 1 - , A , = 0XeIR a, xelR A,

ii) VA.GIR e .=  A e

To see this we have: Clearly e^ < 1 V A g IR and if fG C(X) is such that e^< f VA g IR , 
then

i f < 1 } q  n x , c = n  {^>aT} e  n  {<i>>a} = {<>=0 0 } ,
XeIR A XeiR X.6IR

so
int{f<l) = {f<l} ^  int{(J)=oo} = 0  , i.e., f > l .

Hence
V  e, = 1 .

a.6 ir a

On the other hand e^ > 0  VA g IR and if gGC(X) is such that g^e^V A G lR , 
then

{g >o} s  n  x ,  s  n  {<m m  = {<i>=-o° } .
A.e(R A. A.G Ft

so
{g >0} = int{g> 0) Q int{<{) = - o o } = 0  , i.e., g < 0 .

Hence
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A  e, =0.
XeIR *

Next we show ii); Clearly e^< e^for X < (I. If h G C(X) is such that h < e^ V (i >X,

t h e n { h > 0 } Q X  , so h>0impl i es  <j> < (i V|j.>A, and so h > 0 implies 0 < X.
P

Thus, {h>0} QX^ , so h < e ^ .
Hence,

e., = A  e .
X. (1>X p

A
Now let E^G CL be such that E^ = e^

Since the Gelfand map is order preserving, {E^} is a resolution of the identity in CL

If J =[a,b] is a compact interval in IR and Fj = Eb~ Ea , 
then

fj =  e b " e a =  X X b IXa  , where fj = F j.

Moreover, if Z = {v = 0}, then X^D Z = Xaf1 Z ={()) = - o o }, 

so that XfeIXa Q XIZ, that is, v(x) *  0 when xG X ^X ^
Let k be the function in C(X) defined by

k = { j~j2 when xeX bIXa 

0 otherwise

Then k > 0, k Ivl2 = fj and k fj = k.

If Kg Cl is such that K = k, then KVV* =  Fj.
We prove now that AFj is a bounded self adjoint operator on H.

For x G X  IX we have a < <|)(x) < b. Recall that <|> = v+- -  
b a 2 lv r

Then

a Ivl2 fj < - ^ p - f j  <blvl2 f j .

Multiplying both sides by k and using k Ivl2 = fj, k fj = k 
we get

v+v
afj -  ~ Y ~ k ~  bfJ •

Hence
V+V* 

aF j <  — K <bFj

or
aFj < A W *K  £ bFj
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or
a Fj < AFj < b Fj since VV*K = Fj.

Thus AFj G B(H) and is self adjoint.
Furthermore, FjV = VFj =» FjA c  AF; =* Fj A F; c  AFj and since AFj e B(H),
Fj A Fj 6 B(H), so Fj A Fj = Fj which says that Hj = Range(Fj) is invariant under AFj.

y - f -y  V + V
Also 0fr G C(X) and <)>fT =  fT = —=— k . Taking inverse Gelfand transforms in

2 lv r J 1 
both sides of the last equality we get

V+V* 
— Y ~  K =  AVV*K = AFj .

Thus AFj G CL and (AFj)A = <t>fj .
Next with the use of theorem 3.2 we show that {Ej Fj } ^  ^  is the spectral resolution for

AFj Ih ,-
We have,

(pfje^fj < Xe^fj and A.(fj - e^fj) < (pfj (fj - e^ fj) VA.G [Ft

and applying the inverse of the Gelfand map we get

(AFjXEjFj ) < XE^Fj and ^(Fj - E^Fj) < AFj(Fj - E^Fj) V k e  fR.
Note that,

0 fo r  A,<a 
E , F j = {  Fj for ^,> b

E ^ -E a for a <A,<b

The spectral theorem for the bounded self adjoint operators AFj I jj gives

AFj = J Xd(E^Fj) = j \d E ^ .
IR J

ii): Since{E^} is a resolution of the identity we have that

V  E = I and A  E = 0 ,
fR A, IR A*

so
,lim E. =1 in the s.o.t. and lim E. = 0 in the s.o.t..
A.—> co A -co A

Hence, the net {Fj }Jg j  converges to I in the s.o.t., i.e., FjX—* x VxG H.

If xGD(A), since FjAQAFj , we have AFjX= FjA x —> Ax ,tha tis , {AFjx}Je y 
converges.
Suppose now that {AFjx}Jg y  converges . Then FjX—»x and {AFjX}Jg ^converges. 
Since A is self adjoint, A is a closed operator.
Therefore, x 6 D(A) and AFj x —»Ax.



T h u s  fo r  x G D (A )

Ax = limAR x = lim( J ?idE, )x.
J

Next we show that A t| d ; Let U G d ' be a unitary operator and x G D(A).
We have

Ux = UV(A + il)x = VU(A + il)x
which implies

(A + ii)Ux = (A + iI)VU(A +il)x = U(A + il)x.
Thus

AUx = UAx or U*AUx = Ax VxGD(A).

It remains to prove the uniqueness of the resolution of the identity {E^}^ ^  .

We state it and prove it separetely in the following proposition. ■

7.3 Proposition: (uniqueness)
If (E '^}^e ip is a resolution of the identity in B(H), with the following properties:

i) For every compact interval J = [a,b], let Fj' = E '̂ - E ' , Hj' = Range(Fj').

AFj'e B(H j) and is self adjoint with spectral resolution {E'^Fj'J^ ir-

ii) xGD(A) iff {AFj'x}jg ^ converges and for xGD(A), Ax = limAFj'x 

then E ' ^ = E ^  VXelR.

P ro o f.
Since {E'^Fj1} ^  jp is the spectral resolution for AFj', AFj'E'^Fj' = E'^Fj'AFy .

Also E '^  and Fj' commute and Fj'AFj'= AFy ,

so A F j 'E '^  A F /F /E ’̂  A F /E ^ F /-  E ^ F /A F / = E '^A F/ .

For xGD(A) we have AFj'x—> Ax which implies AFJ'E l^x = E '^AFj'x—> E'^Ax.

Now F j'E '^ x —»E'^x and A Fj'E '^x—»E'^Ax.

Since A is a closed operator we get that E'^xGD(A) and AE'^x = E'^Ax, that is,

E'^A Q A E '^ or E '^e  {A}’,but then E ’̂ G {V}'.

Let Zl be the von Neumann algebra generated by {E'^J. 1/ is an abelian von Neumann 
algebra.
Since E'^Fj'G Zl, AF'G Zl and so Zl'Q  {AF/}' V J .

But, if B g {AFj'}' V J, then BAFj' = AFj'B V j and with a similar argument as above
BA Q AB, i.e., BG {A}'.
Therefore

W  S  flfA F ,'} ' S  {A}',
J J

hence d = { A}" S  Zl. In particular E^G d  S  Zl VA.GIR.



Let Y = X ?J and a denote the Gelfand map a ;  Z1—>C( Y).
We pause in our proof at this point to state and prove two lemmas;

Lemma 1: Let 5(be an abelian von Neumann algebra on H and A be a self adjoint operator 
affiliated with i.e.,.A ti 3Q. If B e R and AB e B(H), then ABe

Proof of lemma 1.
Suppose Ce then ABC = ACB. Since A p ^  , Q Q  {A}' so Ce {A}', 
therefore ABC = ACB = CAB which implies that AB € = %_

A A
Lemma 2: Let flijand A be as in lemma 1. If B e !^and ABe then (AB) = <|)*B, where 0

1 A is the function on "representing" A (<)> = — - i where v = V ) .

Proof of lemma 2.
Let (3 = B, C = AB, c = C. We have (A + iI)B = AB + iB = C + iB which implies

B = V(C + iB), so that (3 = v ( c + i b )  and so c = (3*(— - i ) = (3*(|) =
v

A A
that is , (AB) = <|)*B.

Now back to our proof: A p d  Q Zl so A p *Zi, Fj e *£/, A Fj€B(H ),
A

so by lemma 1, AFj 6 Zl and by lemma 2, (AFj ) = <)>«fj .
Also

A F jfF ,^ ) < or A F ,^  < XF,E^

and taking Gelfand transforms we have

<)>• fj e^ < ^-fje^ VX.6 IR.

The set S = {ye Y: 3 J such that fj (y) =1 }=  U  {fj >0} is an open subset of Y.

Since Y is Stonean, 5 is clopen. Let h =-Y<j.

Then h > fj V j which implies h > V f f j }  =1, so h = 1 , i.e., S = Y.

Thus <j)«ê  < holds on the dense set S and since e^, (f^e^ are continuous

<|)*e^<Xe^ on Y VXelR.
Similarly,

W j - F ^ S A F j t F j - F , ! ^ )  V J,

implies

^ fJ ' fJ e A,  ̂ f̂J ' fJe^
which implies

X(1 - e^) < 4»-(l - ex) VA,e IR.
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Now by proposition 7.2, X ^= {e^= 1} = int{yG Y: <}>(y) < X}.

On the other hand, by theorem 3.2 we have A Fj'E '^ < ?iFj'E '^ V^ e l R .

By lemma 2 we have ( A F j ' ) A=  <})• f’j since Ar\Zl, F j 'G U.
Hence, taking Gelfand transforms in the above inequality 
we have

c>.f j e 'x < X fje '^  V X g IR 

and by the same argument as above we conclude

<j)*e'  ̂< VA.G IR.
Similarly,

A.(Fj' - F j  E < AFj'(Fy - F j'E '^) V I € !R
implies

\ ( f j  - f j  e'x) < < K j ( f j  - f j  e'x) VA.G (R
which implies

A.(l - e'x) <<|>-(1 - e'^) VXelR.

Again by proposition 7.2, X '^= {e^= 1} = int{ye Y: <|)(y ) < A,} = X^ V X g IR.

Thus, e^= e'^ VA.GIR and so E ^ = E ' ^  V ^ g IR . 9

7.4 Proposition:Let AG Op{H) be a self adjoint operator, {E^}-^g ^  its resolution of the 

identity and A  the the von Neumann algebra generated by {E^}^g ^  . Then A  = {A}"

P r o o f .
Let A  be the (abelian) von Neumann algebra generated by {E^}.

Since E^G d  = {A}" , A  £  d  and so {A}' Q A ' .

Since E^Fj G A , by the spectral theorem for bounded self adjoint operators, AFjG A  

So {AFj} Q &  V J  which implies H f A Fj } '  3  A '  .

IfBG HI {AFj}', then B AFj = AFjB V J . For xGD(A) we have (theorem 7.1)

AFj x —» Ax and so AFj Bx = BAFj x —»BAx which implies (since A is closed) that 
BxG D(A) and ABx = limAFj Bx = BAx. Therefore BA Q AB, i.e., Bg (A}'.

Thus, A  Q {A}’. Hence A  = a .  9

□



§ 8. SPECTRAL THEORY FOR UNBOUNDED NORMAL OPERATORS.

Definition: A densely defined linear operator A (, i.e., AG Op(H ) ) is called norm al if 
A is closed and AA* = A*A.

Note that the equation AA* = A*A in the above definition implicitly carries the condition 
that D(AA*) = D(A*A).

8.1 Proposition: Let AG Op(H) be a closed operator. Then
i) A** = A
ii) A*A is self adjoint.
iii) A*A + 1 is bijective from D(A*A) onto H, so that (A*A + 1)"1 £ B(H)

with 0 < (A*A + 1)'1 < I.
(see [14] p. 158)

We also remark that, if AG Op(H) is a closed operator, then {< y , Ay >: yG D(A*A)} 
is dense in T(A). For this; since A is closed, it suffices to show that no nonzero vector in 
T(A) is orthogonal to {<y , Ay >: yG D(A*A)}.
So let xG D(A) and suppose that 0 = (< x , Ax > , < y , Ay >) V y G D(A*A). Then

0 = (x , y) + (Ax , Ay)
= (x , y) + (x , A*Ay)
= (x , [I + A*A]y)

Therefore, x is orthogonal to the Range(I + A*A) = H, hence x = 0.

8.2 Proposition: Let AG Op(H) be a normal operator. Then D(A) = D(A*) and
II Ax II = II A*x II VxGD(A).

P r o o f .
First note that, if xG D(A*A) = D(AA*), then AxG D(A*) and A*xG D(A).
So

II Ax II2 = (A*Ax , x) = (AA*x , x) = II A*x II 2.



Now, let xG D(A). Since {< y , Ay >: yG D(A*A)} is dense in T(A), there is a sequence 
{yn} in D(A*A) such that < yn , Ayn > —» < x , Ax >.
So

II Ayn - Ax II —>0 as n —> oo .

But II A*yn - A*ym II = II Ayn - Aym II V yn,ymG D(A*A) and since {Ayn} is a Cauchy 
sequence {A*yn} is also Cauchy. Hence {A*yn} converges to a vector z in H.
Thus, yn-» x , ynGD(A*A) £  D(A) and A*yn~ » z.
Since A* is a closed operator we get xG D(A*) and A*x = z.
Therefore,

D(A) £  d (A*) and II Ax II = lim II Ayn II = lim II A*yn II = II A*x II.
v '  v '  n —>00 n —> oo ■'n

On the other hand, since A** = A, A* is normal and so D(A*) £  D(A**) = D(A). ■

Definition: Let Ag Op{H) be a closed operator. A dense linear subspace D of D(A) is 

called a core of A if A|D = A  , equivalently, if H A ^  = r(A ).

8.1 R em ark:
For unbounded operators the following simple facts are easily verified.
(1) If A £  B and S £  T, then A + S £  B + T.
(2) If A £  B, then TA £  TB and AT £  BT.
(3) (A + B)T = AT + BT , TA + TB £  T(A + B).

Furthermore, if TG B(H) and (Td) is a net of operators in B(H) such that Td —» T in the 
s.o.t. and TdA £  BTd Vd, where B is a closed operator, then TA £  BT.
Moreover, if A G Op(H) is a closed operator and FA £  AF for each F in a self adjoint
subset ?  of B (H ), then TA £  AT for each T in the von Neumann algebra generated by
%

Definition: Let AG Op(H) be a closed operator.
A projection E in B(H) is called a bound ing  p ro jec tion  for A if EA £  AE and 
AEGB(H).
A bounding sequence for A is an increasing sequence of projections {En}, each of

CO

which is bounding for A with the property that V  En = I .

8.1 Lemma: Let AG 0p{H) be a closed operator and E be a bounding projection for A. 
Then E is bounding for A* , A*A , AA* and (AE)* = A*E.

Moreover, if {En} is a bounding sequence for A, then 0 1En(H) is a core for each A, A* , 
A*A , AA* (see [14] p.351).



Let d  be a von Neumann algebra of operators on a Hilbert space H and A G Op(H) be a 
closed operator.
We recall that A is affiliated with Cl (At] Cl) if for every unitary operator U in d ' ,

U*AU = A .

Equivalently, Ar\ Cl 4=*> BA Q AB V B e f l ' <*=» d 'Q  {A}’.

Note that BA Q AB V B 6 Cl' implies that BA* Q A*B V B G fl’ .i.e ., A*r| Cl.

We denote by N(fl) the family of operators which are affiliated with an abelian von

Neumann algebra Cl. We will see later (theorem 8.2) that an operator AG Op(H) is normal 
iff A is affiliated with an abelian von Neumann algebra.
S(fl) denotes the family of self adjoint operators affiliated with Cl.

8.1 Theorem: If Cl is an abelian von Neumann algebra acting on the Hilbert space H and 

A, Bti Cl, then:

i) each finite set of operators affiliated with a has a common bounding sequence in Cl.

ii) A + B is densely defined and preclosed and its closure A + B n d  .

iii) AB is densely defined and preclosed and its closure A * Bt| d .
iv) A * B = B a A and AA* = A*A ( = A* * A)
v) (aA + B)* = aA* + B*
vi) (A*B)*  = B* a A*.
vii) If A Q B, then A = B (in particular, if A Q A*, then A = A*)
viii) N(fl) forms a commutative *-algebra (with unit I) under the operations of addition 

+ and multiplication ^ described in ii) and iii).

For the proof of theorem 8.1 see [14] p. 352

Note that (iv) of the above theorem says that if A ti d, then A is normal.

8.2 Lemma: If {Fn} is a bounding sequence for the closed operator A and AFn is normal 
V n, then A is normal.

P r o o f .
By lemma 8.1 we have (AFn)* = A*FR , so that

A*AF_ = A*F AF_ = (AFn)*AF = AF A*F = AA*F . n n n ' n / n n n  n
OO

Thus, the self adjoint operators A*A and AA* agree on their common core U 1Fn(H) = D0 

Hence A*A = A*A|£)o = AA*|j-jo = AA* . SI



8.3 Lemma: Let Ae Op{H) be a self adjoint operator and Be Op(H) be closed.
If BA G AB and D(A) G D(B), then E^B G BE^where {E^}^e|R is the spectral resolution 
for A.

P r oo f .
First we prove that B(A ± ii) = BA ± iB.
For this observe that from Remark 8.1 (3) we have BA ± iB G B(A ± ii).
To get equality let x 6 D(B(A ± ii)). Then x e D(A) G D(B) and (Ax ± ix) € D(B).
So Ax € D(B), i.e., x € D(BA). Thus x € D(BA)fl D(B) = D(BA ± iB).
Hence,

B(A ± ii) = BA ± iB.

Now, let V = (A + ii)’1, V* = (A - ii)"1.
We have,

VB = VB(A + iI)V = V(BA + iB)V G V(AB + iB)V = V(A + iI)BV G BV, 
that is, VBG BV.
Similarly, V*B G BV*.
Remark 8.1 gives TB S  BT for every T in the Von Neumann algebra generated by V, V*, 
I (=  {V}" = {A}").
In particular, E^B G BE^ V X e  IR since E^e {V}". B

8.2 Theorem : Let Ae Op(H). Then A is normal iff A is affiliated with an abelian von 
Neumann algebra. If A is normal, there is a smallest (abelian) von Neumann algebra £7q 

such that A q %  (see [14] p. 354 )

The algebra d 0 is referred to as the  von N eum ann a lgebra  generated  by the 
norm al op era to r A.
Aq is the von Neumann algebra generated by the family of (commuting) operators
(F n ’ ’ A*Fn : 'n = *» 2> where F„ = En - E n , with [ E ^ ^  the spectral
resolution for the self adjoint operator A*A . {Fn}, in fact, is a bounding sequence for A.

Note that, since A ri flg (and so A* ii fl^), V B e Aq' we have BA*A G A*BA Q A*AB, 

that is, Be{A*A}’, so f lo 'G  {A*A}' from which {A*A}" G 0 ^ ” = 0^ .

8.3 Theorem: Let d  be an abelian von Neumann algebra, X = its Gelfand space,

A : d  —» C(X) the Gelfand map and A t| d. There exists a unique mapping (j) of N(fl) onto

N(X) which extends A, identifying d  with the subset of N(fl) consisting of bounded 
operators and C(X) with the subset of N(X) consisting of real-valued functions, such that

(AE)a = <|)(AE) = <|) (A). E
when E is a bounding projection in iZfor A.

The mapping <(> extending A is a ^isomorphism of N(il) onto N(X).



Pr oof .
We show first the uniqueness of <]>(A). For this suppose that f  and g are normal functions 
with the properties ascribed to <|)(A).
From theorem 8.1 i), A has a bounding sequence {En} in .
Let x G X be such that both f and g are defined at x .

If en = 4 i  ’ then
f(x)-en(x) =<J)(AEn)(x) = g(x)-en(x).

LetS = {xGX: 3 n  such that en(x) = 1}.
We show that S is dense in X; for this , suppose that G is an open set in X and 
G Q  {xGX:en(x) = 0 Vn}; then en = 0 on G Vn.

S o e n = 0o n  G V n and so > e n Vn.
CO o o

Therefore, = 1 (since V 1En = I ).

Thus = 1 or G = 0  which implies G = 0  .

Hence, int{xSX: en(x) = 0 Vn} = 0  ; equivalently S = X.
Now since f = g on S and f, g are continuous, we conclude that f  = g on X.
Next, we prove the existence of <{>(A).
First we establish 0: S(0) —» S(X) and then we extend 0: N(fl) -*  N(X).

For A g S(fl), define 0(A) = i G S(X) (see theorem 7.2) ,

where v = V , V = (A + ii)’1 .
Then by lemma 7.2 we have 0(AE) = (AE)a =0(A)*E .
Let A, BG S(fl) and {En} be a bounding sequence for both A and B (such an {En} exists 

from theorem 8.1 ( i) ). Then AEn , BEn , (A + B)En and ABEn are in d .
A ° °

Moreover, (A + B)En = (A + B)En = AEn + BEn , since U 1En(H) is a core for A + B. 
Similarly, (A 0 B)ER = ABEn = AEnBEn .
So that

0((A + B)En) = 0 ( ( A  + B)En)
= ((A + B ) E /
= (AEn + BEn)A

= 0(A)- EAn + 0(B). EAn

= (0(A)+0(B))- En .

On the other hand, from theorem 8.1 (v) we have
(A + B)* = A* + B* = A + B and A + B q a , i.e., A + B G S(O).

So 0 is defined at A + B and
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<|>((A + B)En) = ((A + B)En )A = «>(A + B). En .

Therefore,

<{)(A + B). En = (<()(A)+ (>(B)). En 

and as in the proof of the uniqueness we conclude that

<J)(A + B) = <|>(A) + 0(B).

Similarly,
<KA6BEn) =<))(AEnBEn)

= (AEnBEn)A 
= (AEn)A(BEn)A

= <|>(A).En 0(B)- EAn

On the other hand,
(A 6 B)* = B* 6 A* = B 6 A and A 6 B ri Cl (theorem 8.1), i.e., A 6 B 6 S(fZ) 
and

0( A6BEn) = <t)(A6B). En
Therefore

0(A 6 B)* En = 0(A)* 0(B)• En .
Hence,

0(A 6 B) = 0(A)>0(B).

Next we show that 0 is a bijection , S(fl) —» S(X)

Let A, B 6 S(fl) and {En} a common bounding sequence for A and B.

Suppose that 0(A) = 0(B). Then (AEn)A = 0(A)- En = 0(B)- En = (BEn)A 
which implies AEn = BEn .

So A and B agree on their common core and so A = B. Thus <|) is one-to-one.
In order to show that 0: S(fl) —> S(X) is onto, we need the following lemma.

«  Lemma: If (En ) is an increasing sequence of projections on H and Aq is a linear
OO

operator with dense domain U 1En(H) = DQ such that AQEn is a bounded self adjoint 
operator on H, then AQ is preclosed and its closure is self adjoint. If A is closed with core 
Dq and AEn is a bounded self adjoint operator, A is self adjoint, (see [14j p. 341) »



Let heS(X),  = int{h < A.}and e^= X for all X is a resolution of the identity
in C(X).
If fn = en - e_n , then (as in the proof of theorem 7.2) h-fn is in C(X).

A
Let A G Cl be such that A = h-f . n n n

Note that (h-f )f = h-(f_f_) = h-f for n < m, so A_F_ = A„ , where F„ = f v n r  n v m i r  n ’ m n  n ’ n n
Define AQx = Anx when x G Fn(H).

CO OO

Since V 1Fn= I , DQ = JU Fn(H) is dense in H. AqG Op(H) with D(Aq) = DQ .

Note also that ApE = A m = (h-f )v with h-f real-valued, so ArtF G B(H) and is self 0 m m v rrr m 0 n '  '
adjoint.
Now, by the above lemma we have that AQ is preclosed and its closure A is self adjoint 
(with core DQ ).

Moreover, if U G d ' is a unitary operator and x G Fn(H), then Ux = UFnx = FnUx G Fn(H).

So U^AUx = U_1A Ux = U^UA x = A x  = Ax VxGDn .Since Dn is a core for A n n n 0 0

U_1AUx = Ax VxGD(A) and U(D(A) = D( A) , that is, Ari a, i.e., Ag S(0).

If gG S(X) represents A , i.e., if 0(A) = g, then g-fQ represents AFn ( = An)
(theorem 7.2).
Thus h-fn = g-fn for all n, so h = g on a dense subset of X and by the continuity of h and 

g , h = g, that is, h = 0(A) and 0 is onto.
Next we extend 0: S(fl) —» S(X) to 0: N(fl) —»N(X).

A A ^ A *  A +  - i  A  *
If AGN(fl), then A = Aj + iA 2 , where Aj = -----^  > ̂ 2 = ----------   .
By theorem 8.1 A j, A2 are self adjoint.

Furthermore, since ATi , A*r\ Cl and so A j, A2 ri Cl, i.e., A 1? A ^  S(fl).
Define

0(A) = 0(Aj + i A 2) = 0(Aj) + i 0(A2) G N(X).

If E is a bounding projection for A, then (by lemma 8.1) E is a bounding projection for A* 
and so for A j , A^ .
We have,

0(AE) = 0((Aj + iA2)E)

= 0(AjE + iA ^ )

=  0 ( A j E )  + i 0 ( A 2 E )

=  0 ( A j ) - E  + i 0 ( A 2) - E

=  ( 0 ( A j )  +  i 0 ( A 2) ) - E  

=  0 ( A ) -  E



<)) is clearly a homomorphism from N(<2) into N(X).

Moreover, <|> is a *-homomorphism. To see this ; let AG N(fl) and write A = Aj + i A2 
Then

A* = Aj + - iA 2
and

<KA*)= <XAj + - i A 2)

= (^(Ap Hh - i <})(A2)

= (KAj) + i (J)(A2)

= 0(A) .

I fheN(X) ,  thenh = h1 + i h2 with h j , h 2eS(X)

f u _ h + h u _  h + - h N( hj = — j   , h2 -  — T i  ).

Since (|>: S(fl) —» S(X) is onto , there are Aj, A2 in S(fl) such that

(^(Ap = hj and (|)(A2) = h2 .

Take A = Aj + i A2 . Then cJ)(A) = h , i.e., <j> is onto.

That <|> is one to one can be shown as in the self adjoint case.
Thus <)>: N(fl) —»N(X) is a ^-isomorphism (onto). ■

We refer to the ^-isomorphism <(>: N(fl) —>N(X) as the the extension of the Gelfand 
m ap * <)) will play a key role in the analysis that follows.

Definition: Let Ae OpQi) be a closed operator. The spectrum  of A is the set 
C(A) = { z e C : A - z I  is not a bijection from D(A) to H.}.

8.2 Rem ark: Note that, if zQef a(A), then A - zQI is a one-to-one linear mapping from

D(A) onto H and has a linear inverse B: H —* D(A) ( B = (A - ZqI ) '1)-
Let U: HXH —»H*H be the unitary isomorphism U(< x , y >) = < y , x >.
Then T(B) = U(T(A - zQI) (see [20] p. 305).

Since A is a closed operator, T(A - zQI) is closed in H*H. Hence T(B) is closed in HXH. 
Thus, B is a closed everywhere defined operator and by the Closed Graph theorem B is 
bounded.

Note also that , if A ti d ,  with Cl an abelian von Neumann algebra and zQ£ a(A), 

then B = (A - z0I)_1 € Cl. To see this; let U be a unitary operator in Cl'.



Since h r\& , we have AU = UA .
So (A - zoI)U = U(A - zoI) and so B(A - zqI)UB = BU(A - zQI)B 
which implies BU Q UB.
But, both U, Be B(H), so UB = BU V U e a '. Hence Be 0 "  = a  . ■

8.3 Proposition: Let Ae Op{H) be a normal operator affiliated with an abelian von 
Neumann algebra # an d  0: N(£Z)—»N(X) be the ^-isomorphism extending the Gelfand 
map. Then o(A) = Range(<|)(A)).

P r o o f .
If zq ^ct(A), then B = (A - zoI)_1 6 Cl.

Now, I = (A - z0I)B = (A - zQI) ^ B so 1 = (<>(A) - zQ). B . Hence zo$fRange(<J>(A)).

On the other hand, if zQg Range(<j)(A)), then — exists in C(X) (where X = X a)

and is such that (<j>(A) - zQI) • _ z = 1.
Therefore,

( A - z 0I)AB = I ,

A 1
where BetZ with B =  _ z , that is , zq£ a(A). H

Definition: Let Ae Op{H) be a normal operator on H. A is called positive 
(and we write A > 0) if ( A x , x ) > 0  V xeD(A ).
For A, B e Op(H), A > B means A - B > 0

The relation of this condition to the nature of a(A) is given by the following proposition, 
(see [14] p. 357)
8.4 Proposition: A self adjoint operator A 6 Op (H) is positive iff a(A) Q [0, +oo).

Let £Zbe an abelian von Neumann algebra . The set of positive elements in S(fl) forms a 
(positive) cone (S, that is ,
i) if A e T and -A €  IP, then A = 0.
ii) if Ae iPand X > 0, then A,Ae T .
iii) if A, BeS*, then A + B €fP.

The set S(fl) is a partially ordered vector space relative to the partial ordering induced by
this cone. The same is true for S(X), where f > 0 in S(X) iff f(x) > 0  V x G U f .

Note that by propositions 8.3 and 8.4, <)>: S(fl)-»S(X) is order preserving isomorphism.
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Our next theorem is an extension to the unbounded case of theorem 3.2.

8.4 Theorem : Let Ae Op (H) be a self adjoint operator and {E^}^e(R be a resolution of 

the identity in B(H). Then is the spectral resolution for A iff

AE^ < lE x
and

A (I - E^) > A,(I - E^) V^elR.

P r o o f .
(=*>): With the notation as in Theorem 7.2, let Fj = Eb - Ea , J = [a , b]. AFj is a bounded 
self adjoint operator on H j , Hj = Range(Fj) is invariant under AFj and the spectral 
resolution of AFj is {E ^F jj^^

Let dQ = {A}" ( = {V}" with V = (A + ii)"1) the abelian von Neumann algebra generated 

by A. Since, E^e dQ and At\ dQ, we have E^A Q AEX VX.6 IR.

Let d b e  the (abelian) Von Neumann algebra generated by {E^}.

By proposition 7.4 we have d  = dQ.

Let 0: S(d) —» S(X) (X = Xfl) be the ^-isomorphism extending the Gelfand map and 

<t>(A) = ^ - - i  = h .
Note that AE^ is a closed operator, since A (= A*) is closed and E^ is bounded.

Moreover, AE^is self adjoint and AE^ t| d .

For this note that; E^ 0 A = A * E^ = AE^ and E^A S  AE^ 

implies (A E ^)*S  A*E^ = AE^.
On die other hand

ExA = Ek*A* Q (AEj)*
Therefore

E^A S  (AE*)*
Hence

EX^ A  = AE^Q (AE*)* 
since (AE*)* is a closed extension of E*A.
Thus,

AE*=(AE*)*.

If Be d ',  then BE* = E*B since E*e d  and BA S  AB since Ari d .

So BAE* <= ABE* = AE*B , that is, Be {AE*}', L e.,d 'Q  {AE*}’

which implies AE^ti d .
Thus,

AE*eS (0) .



Now, from theorem 7.2 we have

(AFjXE^Fj  ) < AE^Fj  VAeIR V J
or

AFjE ^ A F jE^ (*)

AFj € Cl and (AFj)A = (J)(A)*Fj = h*fj where fj = Fj .
Taking Gelfand transforms in both sides of (*) we get

h-fje^ < Xf,ex V A e IR V J

The set S = {y 6 Y: 3 J such that fj (y) = 1} = U  {fj > 0} is an open dense subset of Y. 
(see proof o f proposition 7.3)

So

h-e^ ^  V A s IR .

Since <)>: S(Ct) —» S(X) is order preserving *-isomorphism, we have that

AE^ ^  V A g IR .

Similarly,
A(Fj - FjE^) > X(Fj - FjE^) V  A e IR , V  J

implies

h*(fj “
which implies

h -(l - e^) > A(1 - e^)
and so

A(I - Ey) > A(I - Ex) VAeIR.

( 4= ) :  Suppose AE^ < AE^ and A(I - E^) > A(I - E^) hold V A e IR .

Then AE^ - AE^ > 0 .  In particular AE^ - AE^ is self adjoint.
So

IE X - (AE^)* = (XEX - AE^)* = XEx - AEX

which implies that
(AE^)* = AE^ , i.e., AE^ is self ad jo in t.

Moreover,
AEX = (AEX)* 3  EX*A* = E^A , that is, E^A S  AEX .



Let {P|X}jie (pj be the spectral resolution for A .

Then by lemma 8.3, E..P = P  E. VX,,uG IR .
A. |1  J! A.

If d  is the von Neumann algebra generated by (E.,} and {P } , then d  is abelian andK |J,
d  =  C(X) with X = X fl a Stonean space.

Let Fj = Pb - Pa , J = [a, b]. Then P^Fj € d  and AFj G d  .

Furthermore, by proposition 7.4 we get d 'Q  {A}' 

which implies that A t \ d, i.e., A g S(d).
A

Let <j>: —»S(X) be the extension of the Gelfand map and <))(A) = h , E^ = e^.

The same argument as before gives that AE^ti d ,  i.e., AE^G S(CE).
A

Now, 0(AE^) = 0(A)• E^ = h-e^ and since 0 is order preserving our hypothesis gives

h*e^< A.e  ̂ and A.(l - e^) ^  h*(l - e^)

Let X x = {xGX: e^(x) = 1}.

On = 1 , so h < X and so X^ £  {h ^  X} which implies X^ £  int {h < A,}.

On X^ 1 - e^ = 1 , so X < h which implies {X > h} £  X ^ .
Thus,

{h < X,} c x ^ c  int{h < X,}.

Since is a resolution of the identity in C(X) ( is such in d )

proposition 7.3 gives that X^= int{h < X}.
Hence,

\  ~ ~ = ^intlh < X,} = PJt VA.GIR,
that is,

EX= P X V X g IR . ■

8.6 Proposition: If <Zis an abelian von Neumann algebra and (An) is an increasing 

sequence of operators in S(d) with upper bound AQ in S(d), then {A^} has a least upper 

bound in S(d). (see [14] p. 359)



Let X be any topological space, we denote by BU(X) the *-algebra of (unbounded) Borel 
functions on X.
Recall that when X is a Stonean space N(X) denotes the *-algebra of normal functions on 
X.

8.7 Proposition: Let X be a Stonean space. Then VfG Bu(X) there exists a unique
function gG N(X) such that the set {f *  g) is meager.
The mapping 8: Bu(X) —> N(X) of Bu(X) onto N(X) given by 8(f) = g is a
^-homomorphism with kernel n(X).
P ro o f .
We construct 2 first for real-valued Borel functions on X onto S(X).
To see that 2 is onto; let gG S(X). Take

f _ f  g w hen  I g I < oo
0 w h en  I g I = oo

fG Bu(X) and { f*g}  = { lg l = oo}a nowhere dense set, hence meager. Thus 2(f) = g . 
Now, let f be a real-valued Borel function on X.
Define

f  = f t  i 1 ; l f  l = L that is, f  G B(X).

Note that {f = 1} = {I f 1 = oo} a meager set.
Let gG C(X) be the (unique) continuous function for which {? *  g) is meager, 
(proposition 4.2)

We have {g = 1} S  {f *  g} U {f = 1} a meager s e t . So {g = 1} is meager.
Since U = {g *  oo } = {g *= 1} is (open) dense (by Baire's category theorem), theo

function g = i -f .-+ - is norm al, i.e., gG N(X).
5  '  1

Also, since {I g I *  1} Q {f ^  g} and g is real-valued whenever I g I = 1, g is real-valued 
except on a meager set. Hence, { -oo < g < oo} is dense, i.e., gG S(X).
Moreover the set {f *  g} = {f  *  g) which is m eager.
If f is a complex-valued Borel function, then f = fj + if2 with f j , f2 real-valued Borel 

functions and 2(f) = 8 ^ )  + ifl^ )-
For the uniqueness note th a t , if g j, g2G N(X) are such that {f *  g t } and { f *  g2 ) are
meager sets, then since {gj *  g2) Q {f *  g j} U {f *  g2), {gj *  g2) is a meager set and 
so {gj = g2) is dense in X. Hence gj = g2 since gj and g2 are continuous.
That 2 is a *-homomorphism, is quiet obvious.
Finally, fG Ker(2) <=*> {f *  0} is a meager set, i.e., fGn(X). ■



Definition: A *-homomorphism Cp: BU((C) —» N(#) is called a  -normal if whenever 
{fn) is a non-decreasing sequence in Bu(IE) such that f —;► f pointwise, f€ Bu((E), then

Note the use of proposition 8.6 in the above definition.

Similarly, a ^-homomorphism CO: Bu(X )—» N(X) is called a  -normal if whenever 
(fn) is a non-decreasing sequence in Bu(X) such that f  ~* f  pointwise, fe Bu(X), then

CO(f) = 2 “ (fn )

8.8 Proposition: The mapping 2: Bu(X )—» N(X) defined in proposition 8.6 is a 

c-normal *-homomorphism.

P ro o f .
Let {f }be an increasing sequence of Borel functions on X tending pointwise to the (Borel)

function f. Let gn = 3(fn) , g = 2(f) with g, gn€ N(X). Fix m > n. We have

{g > g } £  {f g } U {f & g }which is a meager set. So {g < g  } is dense in X 
l ° n  “ n r  1 n ° r r  1 m t ’m J ® l o n “ in '
and by the continuity of gn, gm we get that gn < gm .

Also, {gn > g} £  {f s* gn) U {f *  g} and as above we get that gn < g V n€ IN.
Thus (gn) is monotone (increasing) and bounded, hence the pointwise limit of gn exists on

U = 1*1,11- . U is dense in X.
n = t g n

Let
7  _ r  l i r a g n on u  

1 0 on  U c

/w  ~  « ° °

f G Bu(X) and {f *  f  } S  U  {fn *  gn), a meager set.

Now, if h€ N(X) is such that gn < h V n  , then f < h since U is dense in X.

Let g = 3(f ) ;  the set {? *  g} is meager. So {? = g} is dense in X and so g <, h on a
dense set in X ; again by continuity g < h on X.
But { g *  g} Q {f #  f } U {f * g} U {f *  g} a meager se t,
so g = g on a dense s e t , hence g = g on X.
Therefore g < h.

OO

Thus 3(f) = V x ( f  ), that is, 3 is a-normal. ■  
n = l n



Next with the use of the a-normal ^-homomorphism 3 and the extension of the Gelfand 
map, we will establish the functional calculus for (unbounded) Borel functions on the 
spectrum of an unbounded normal operator.

8.5 Theorem : (Spectral theorem  - functional calculus form)
Let A 6 Op{H) be a normal operator on H and dQ be the (abelian) von Neumann algebra 
generated by A.
Then there exists a unique a-normal ^-homomorphism $  : Bu(g(A))—»N(fl^) such that 

®(1) = I, §(id) = A. Moreover, if fe B(c(A)), then $(f)e  dQ .

P ro o f .
Let <|>: N(#0) —»N(X) be the ^-isomorphism extending the Gelfand map; <|)(A): X —»c(A) is 
a continuous onto function.
Given fe  Bu(g(A)), define

~  =  r fo<J>(A) on U<,(A)
0 o th e rw is e

Then f e BU(X) and so 3(f ) e N(X).

Now, the mapping Bu(a(A ))-»N (fl0) defined by §(f) = <j)‘1(3 (f)) is a a-normal 

^-homomorphism of Bu(a(A)) into N(#Q). $(1) =1 and ^(id) = ^ ’ ^ ( A ) )  = A.

Moreover, if f  > 0, then §(f) = <b”X( a ( f )) ^  0 . For feB (a(A )) there are m, M such that 
m < f < M , so ml < d(f) < Ml, that is, d>(f) is bounded and $(f)q dQ, hence i ( f ) e f l f l.

It is customary to denote 3>(f) by f(A).
The uniqueness of $  is a consequence of the following stronger result. H

8.6 Theorem : (uniqueness)
If A e Op(R) is a normal operator affiliated with an abelian von Neumann algebra d  acting 

on a Hilbert space H and 'P  is a a-normal homomorphism of Bu(C) into N(fl) such that 

'P (l) = I and ^ (id ) = A, then 'P(f) = fr (A) V fe  Bu(C), where fr is the restriction of f to 

a(A). (see [14] p.362).

8.9 Proposition: Let d l , &2 be two abelian von Neumann algebras and

x¥: N ^ )  —»N(#2) be a a-normal *- homomorphism such that 'P (l) = I.

Then ¥(f(A )) = W A ) )  V A  e N{dx) and f € BU(C).
P ro o f .
The mapping CO: Bu(C) -» N (a2) given by C0(f) = ^ ( A ) )  is a a-normal 

^-homomorphism such that C0(1) = 'F(I) = I and CO (id) = 'P(A).
On the other hand we have the a-normal ^-homomorphism $ : Bu(cOF(A))) —> N(#2) given 

as in theorem 4.1. Thus, by the uniqueness of such a a-normal ^-homomorphism, we get 
C0(f) = 'P (f(A ))=f('P(A )) . ■



8.10 Proposition: Let A e 0^(H) be a normal operator. Then V fe  Bu(o(A))

o(f(A))S f(o(A)) .
P ro o f .
By definition f(A) = <t>_1(2(f )) where <)>: N(#0) —» N(X) is the extension of the Gelfand

map and f is as in theorem 8.4 
By proposition 8.3 we have

o(f(A)) = Range(<|>(f(A))) = Ranged (f )) .

On the other hand f(o(A)) = f(Range(<|)(A))) = Range(f<x|)(A)).
The proof of the following lemma follows the same lines as the proof of Lemma 4.4. 
« L e m m a :: If X is a Stonean space and 8: Bu(X )—» N(X) is the mapping defined in

proposition 8.6, then Range(2 (f)) Q Range(f) V fe  Bu(X). »
Thus,

o(f(A ))c f(o(A)) . D

8.11 Proposition: Let Ae Op(H) be a normal operator and f, ge Bu( C ) .
Then

fog(A) = f(g(A)).

P ro o f .
If ClQ is the abelian von Neumann algebra generated by A, then g(A)€ N(£Z0).

Let co: Bu(C) —* Bu((E) be the o-normal homomorphism given by co(f) = fog .

Composing co with the o-normal homomorphism O: Bu((C) —> N(#0), O(h) = h(A), yields 

a o-normal homomorphism 'P:Bu(C) —» N(flQ) such that ¥ (1 ) = I and 'P(id) = g (A ).

On the other hand we have 3?j: Bu(o(g(A))) —» N(dQ) given by 3?j(f) = f(g(A)) the 

o-normal homomorphism of theorem 8.4.
The uniqueness of such a o-normal homomorphism gives fog(A) = f(g(A)). ■

We recall that, if Zl is a commutative C*-algebra of operators on H, then the spectral 
theorem for commutative C*-algebras (Theorem 4.5) quarantees the existence of a unique 
spectral measure E on the Borel subsets of X = X ^ , such that

(B^.tj) = J B (p )d E ^ (p ) for $ ,neH , Be U.
X

If v^(M) = (E(M)J;, £) for \  e H, M e Bx  , then is a regular Borel measure on X 
such that

( B ^ )  = J B(p)dv,(p) for ^ e H, B e *£/
x  s



8.12 Proposition: Let CL be an abelian von Neumann algebra on H, X = X a and v~ be
f  A

the regular Borel measure on X such that = J B(p)dv-(p) for £eH , B & CL
x ^

IffeN (X ), then v^({lf ! = oo}) = 0 V ^eH .

P ro o f .
For n€ IN, let Xn = {I f I < n } ; Xn is a clopen subset of X andX n S X n+1 VnelN .

A
Let e„ = X y  6 C(X) and E„ e CLbe such that E = e . n An v '  n n n

.00

We show that V e n = 1 : Clearly en < 1 Vn. Suppose ge C(X) is such that en < g V n . 

Let U = { g < 1 }. U is open and U fl XR = 0  Vn. So U fl = 0  .
OO

But { I f I < n } S  Xn c  { I f I < n }, hence U  X„ = { I f I < oo }.

Therefore, U G { I f I = oo } which is a nowhere dense set (since fe N(X)).
OO

Thus U = 0  , that is, V len = 1.
oa co

Now, V e  = 1 gives that V ,E =1 which implies that E„ —» I in s.o.t. as n —> oo.n = l n °  n = l n  r  n
Note that .

1! E n4  n 2 =  ( E ni 5 )  =  J  e„(p)dv5(p) = v ?(Xn).

So
v^(Xnc) = v^(X) - v^(Xn) = II % II 2 - II II 2 .

Thus,
CO

vg( { l f l  = oo}) = v .( n x nc )=  lim vp(X ° ) = lim ( II ^ II 2 - IIE & ll2 ) = 0  . ■C, Z, n = l n  n —»oo s  11 n —»oo 11

8.13 Proposition: Let CL be an abelian von Neumann algebra on H, X = X fl its Gelfand

space, <)>: N(fl) —»N(X) the extension of the Gelfand map and the regular Borel measure

on X such that (B$,§) = J B(p)dv,(p) for ^ 6 H, B e # .
X f

SupposeTeN(fl). Then D(T) iff J I <KD(p) i2dv,(p) (=  II T£ II2 ) < oo
x q

P ro o f .
(= * ): Set f = <t»(T)6N(X). L e tX n = {p€X: lf(p)l<n} n =  1,2, ...

Since X is Stonean, int(Xn) is clopen. So en = Xjnt(xn) e C(X).

Let Ene # b e  such that En = en . Set fn = f*en ; note that fne C(X).

Since T t\ CL , EnT Q TEn Vn. If S e a ' , then STER Q TSEn = TEnS .

It follows that CL' Q {TEn}'.



Note also that TE„ is closed since T is closed and E„ is bounded. Thus TE ri d .n n n 1

Moreover, <)>(TEn) = <J)(T> En = f-en = fn£C(X). Therefore TEne Cl and (TEn) = fn . 
Now, for H we have

IITE^II2 = J I (TEnA p ) l2dv,(p) = J  I f  (p) l2dv,(p)
X S X s

oo
By a similar argument as in the proof of the previous proposition we get V  en = 1 ,

so that En —» I in the s.o.t.

For ^ e D (T ) , TEn^ = EnT ^  T^
Therefore .

IITE II2 = lim HTE £ II2 = lim J I fn(p) l2dv.(p)
n —>00 n  n —»oo x  n S

Since the sequence {fn} converges monotonically to f a.e [v^] (since v^({ I f  I = co}) = 0) 
the monotone convergence Theorem gives

HT£ II2 = J  I f(p) l2dv»(p) = J  I <>(T)(p) l2dv (p). 
x s x s

( ) :  If J I <})(T)(p) l2dVg(p) converges , then for ^ G H we have 
x f
IITE^ - T E J ,  II2 = J I fn(p) - fm(p) l2dv^(p) - > 0  as m, n ^  oo

So {TEn̂ } is a Cauchy sequence in H and so {TEn£} converges to some zGH .

Now, TEn^ —> z and En£ —» £ .

Hence, since T is closed, ^GD(T) and TB, = z = lim TE £. 9
n —* oo n

8.3 R em ark : For f r |6 H ,  B€ Cl, the relation vE(£,'n) = (B f t j )  defines a bounded

sesquilinear functional. Let 'F(^) = £) = (B f  f  be the corresponding quadratic form.
The polarization identity gives

^ , T 1 )  =  ^ +T1) ) _  ’? ( ^ - T l ) )  +  i ' ? ( ^  +  i T l ) ) - i ' ? ( ^ - i r i ) ) .

Now, if is the regular Borel measure of theorem 4.5, then the polarization identity 
becomes
(B£,r|) = B(p)dv^+rl(p )-J B ^ d v ^ p )  + if B(p)dv^+iTi( p ) - i J  B(p)dv^_iTi(p)}

X X X  X

or
(B£,ti) = J B (p)da. (p)

x ^

where a , = -J-{ v E - v t + ive . - iv* . } f n  4 1 ^+T| §-ti k+m f —in J



Now, let TG N(fl) and f  = <{>(T)G N(X) , where 0: N(£Z)—> N(X) is the extension of the 
Gelfand map.
By proposition 8.13 , for D (T ), we have IIT  ̂ II2 = J I f(p) l2dvg(p) < oo .

x  ^

So that f G L2 (X,v^) and since v^(X) = II \  II2 < oo we conclude that fG L*(X, v^).

If En are as in the proof of proposition 8.13 and fn = (TEn)A , TEnG d,

then fn- » f  a.e [v^] and I f j  = I f -e j  < I f  I.
The Lebesque's Dominated convergence Theorem gives

(T £ ,5 )=  lim ( TE ^ ) = lim J  f(p )d v .(p )  = J  f(p)dv,(p)
n —*oo 11 n —*oo x  ’  X

Furthermore, by polarization we get

(TS, ti) = J  f(p) do . (p) for %,t] G D(T) ■
X ^

In the following proposition " p (A )" refers to the operator obtained by forming the Borel 
function p of A.

8.14 Proposition: If Aq d  where d  is an abelian von Neumann algebra acting on the
Hilbert space H and p(X) = a ^ "  + ... + ajA, + aQ with ^  ^  0, then a„An + ... +ajA + aQl is 
closed and equal to p(A).
(see [14] p. 366)

We now show the existence and uniqueness of the square root of a positive (unbounded) 
operator.

8.7 Theorem: Let Ag Op(H) be a self adjoint operator on H. If A > 0, then there exists a 
unique self adjoint operator B > 0 such that B2 = A.

P ro o f .

Since A > 0 ,  a(A) Q [0, +oo). Consider the function g: IR+—»IR+ given by g(X) = VX"

Let B = g(A) (= 3 (g ) ) ; a(B) = a(g(A)) S  g(a(A)) S  [0, +oo) so that B > 0.
If f(A.) = X2, then fog = id on a(A). Hence (fog)(A) = id(A) = A .
On the other hand by proposition 8.14 we have f(g(A)) = f(B) = B2 = B ^ B .
Now proposition 8.11 gives A = (fog)(A) = f(g(A)) = B2.
It remains only to show that such a B is unique. Suppose Q is a positive operator satisfying 
Q2 = A. If f(A.) = X2 , X > 0 ,  then the spectra of Q and B are contained in the domain of the

Borel function f and f has a Borel inverse function g , g(X) = VaT 
Now f(B) = f(Q ).
Hcncc
B = id(B) = (gof)(B) = g(f(B)) = g(f(Q)) = (gof)(Q) = id(Q) = Q, i.e., B = Q . ■



For the proof of the following (spectral) theorem we refer the reader to [14] p. 360

8.8 Theorem : (Spectral Theorem )
Let A G OpQX) be a normal operator and dQ be the abelian von Neumann algebra generated 
by A.
The mapping Mt-»E(M) of Borel subsets M of C into dQ is a projection-valued measure 

on C (a spectral measure on C ), where E(M) = (A) = <E>( ) .

If £ g H, then for each hG B(E)

(h(A )$,$) = j  h(A.)d^(X). (1)

With fG Bu((C),

^GD(f(A)) «=» J lf(X)l2 dpP(X)= II f(A)4 II 2 < oo

and

(2)

(f(A )^ ,4 ) = J f(7 t)d M * ). (3)
c  s

If A is a self adjoint operator, its spectral resolution is R , where E^ = I - E((A,, oo))
and .

$GD(f(A)) J lftf.)l2 d ( E ,U )  < oo

if ̂  G D(f(A))

i .

R

(f (A £ ,$ )  = J f(X )d (E ,S £ ). ■
IR

Next we wish to prove the analogue for unbounded normal operators of theorem 7.2 , i.e., 
the Spectral theorem fo r  unbounded normal operators.

First we show two lemmas. Our first lemma is a special case of the following proposition. 
«  Proposition:: If ^.is a von Neumann algebra with center C, acting on the Hilbert space 
H and E' is a projection in 3^', then ^ ’E acting on E'(H) is a von Neumann algebra with 
center CE' and commutant E'3^'E'. (see [14] p. 335) »

8.4 Lemma: Let dbo  an abelian von Neumann algebra, E a projection in d  and

d E  = { AE|e ^  = A |E^  : AG d }.

Then d E  is an abelian von Neumann algebra with commutant d E .

P ro o f .
Since d  is abelian d  Q d '  and so by the above proposition we have 

(d E )' = E d'E  = d 'E  and d E  is an abelian von Neumann algebra. ■



8.5 Lemma: Let A G B(H) and M be a (closed) subspace of H invariant under A.
Let PM be the projection onto M. Then A |M is invertible in B(M) iff there exists B G B(H)

such that BPm  = Pm  B and ABPM = BAPM = PM . In fact (A |M)_1 = B |M .
Proof.
(«= ): For xGM we have (A |M)(B|M)x = ABPMx = PMx = x.

Similarly, (B|M)(A |M)x = x.

So A |m is invertible and (A|M)_1 = B |M

( ) :  Let BqG B(M) be the inverse of A |M . Define B G B(M) by B = BQPM .
We have

b p m  =  b op m p m  =  b op m  =  p m b op m  =  p m b  

ABPM = AB0PM = (A Im)B0PM = PMPM = PM
and

BAPM = B0PMAPM = B0APM = Bo(A lM)PM = PMPM = PM * B

8.1 Corollary: Let AG B(H) and M be a subspace of H which reduces A.
Then

o(A) = a(A |M) U o(A |m±).
P ro o f .
Let XG p(A) and B = (XI - A ) '1. Since M reduces A we have APM = PMA which implies

PmB = BPM . Also, (XI - A)BPm = B(XI - A)Pm = PM .

So, by lemma 8.5, (XI - A)jM is invertible in B(M), that is , XPM - A |M is invertible

which s ays that X G p (A | M).

Replacing M by M1- we get k e  p(A|M±).
Thus

a(A |M) U a(A |M±) c  a (A).

To get equality, suppose A.Gp(A|M ) f lp ( A |M±).
Then there are B , T in B(H) such that

B P M = P MB ’ ■n>M =PMT B ^ I  - A)Pm = (k l - A)BPm =Pm 
T a i - A )  ( I - P m) = (X I -A )T ( I -P m) = I - P m
Let S = BPM + T a  - PM) ; S(kl - A) = BPM(kl - A) + T(I - PM)(XI - A) = I , also 

(XI - A)S = I. Hence XG p(A). ■



8.9 Theorem : (Spectral Theorem )
Let A G Op(H) be a normal operator and dQ be the abelian von Neumann algebra generated 
by A. Then there is a unique spectral measure E on the Borel subsets of C such that:

i) For every closed disk A in C , if EA = E(A) = A ^ p ^ ^ C A ), then AEa is a 

bounded normal operator on H which leaves HA = Range(EA)invariant and such 

that AEa|h is a bounded normal operator on HA whose spectral measure is

E(S) = E(SflA) = E(S)Ea where S is any Borel subset of c (AEa |h ).

ii) Let T> be the directed set of closed disks in C ordered by inclusion.
xGD(A) the net {AEAx}Ag2?converges.

For x 6 D(A), Ax = limAEAx.

Moreover, E(S)T = TE(S) for every Borel subset S of a(A) and for TG B(H) with 
TA c  AT (, i.e., TG {A}')

P ro o f .
i) By theorem 8.4 §  : Bu(a(A)) —» N(£ZQ) is the unique a-normal ^-homomorphism such 
that $(1) = I, S(id) = A
For S G Bc  , a Borel subset of C, let E(S) = ^(-^sr)a(Ap = -^sDct(A) ^
As in the proof of theorem 4.3, it can be seen that E is a spectral measure on E . 
N o w . A E a - S O d A ^ ) .

Since idJC ^p^^ is a bounded function® (idJt^p^^) G dQ and is a normal operator, 

that is, AEa is a bounded normal operator and AEa G dQ.

Since Ati dQ and EA G dQ, we have Ea A Q AEa  .
Hence, if x = EAx, then Ea Ax = AEax = Ax , that is, A carries Range(EA) into Range(EA). 

So AEa G B(Ha). N o w , Ea A* c  A*Ea  since A*T\dQ , so (A |H )* = A*|H^

and so AEa |h^ = A |H^ is norm al.

Let a QEA = { I E A|H = T |Ha : TG dQ} and £ : B ^ A E j ^ ) )  -> { A E jj^ } "  be the a- 

normal ^-homomorphism of theorem 4.1, such that ®(1) = EA and ®(id) = AEa |h^.

Note that {AEa |h  }" S  £ ĵEa . To see this, we have; AEa G dQ so AEa |h^G f^EA that is 

{AEa |Ha} -  aoE& which implies { AEa |h ^}' 3  (dQEA)' = dQ'EA (the last equality by 

lemma 8.4). Therefore { A E j^ } "  c  ( a o’EA)' =EA d "  EA = d "  EA = a QEA .
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By the above corollary we have that c(AEa |h ) = a(A |H ) Q a(A).
A A

Hence, if fG B(a(A», then f|a(AEAiH ) e B(a(AEA|Ĥ ))

Define co: N (dQ) —> N(flQEA) by co(B) = BEA|H = B |H , where BG N (dQ).

Note that BEA is closed, since B is closed and EA is bounded.

Moreover, co maps N(CJQ) into N (0QEA). To see this , let QG (0 OEA)’ and xG D(co(B)Q). 

Then Q = Q |H with Q G , x G HA and Qx G D(co(B)) = D(B)fl HA.

So Qx = Qx (since x G HA) and co(B)Qx = BQx = B Qx . Therefore x G D(B Q ).

But B Q Q  QB. Hence xGD( QB) = D(B).
Thus xGD(B)("l Ha = D(co(B)) = D(Qco(B)) and B Qx = QBx.

Since xG HA , this last equality says that co(B)Qx = Qco(B)x.

So co(B)Q Q Qco(B) or co(B) 11 dQ.

It is easy to see that co is an order preserving ^-homomorphism.
00

We show that co is a a-normal homomorphism: let B = V ]Bn in S(#Q) and suppose that 

C g N (^ E a ) and co(Bn) < C V n. Note that co(Bn) < co(B) Vn.

Claim: Bn < CEA + B(I - EA).
To see this , first note that in fact CEA + B(I - EA) is a closed operator.

Indeed, let xnG D(CEA)fl D(B(I - EA)) and suppose xn~* x, [CEA + B(I - EA)]xn-» y. 

Then EAxn ~* E Ax and EA[C EA + B(I -EA)]xn = [EAC E A + EAB(I -EAD )]x n = 

EACEAxn(since B(Range(I - EA)) Q Range(I - EA) = CEAxn—»EAy.

Since C is closed we get that EAx G D(C) and CEAx =EAy .
Applying the same argument with I - EA in place of EA we also get that 

(I - Ea)x G D(B) and B(I - EA)x = (I - EA)y.

Thus, xG D(CEa ) fl D(B(I - EA)) and
[CEa + B(I - Ea)]x = EAy + (I - EA)y = y , i.e., CEA + B(I - EA ) is a closed operator. 

Hence our claim now is Bn < CEA + B(I - EA) Vn.

For this , let xG D(Bn) and xG D(CEA + B(I - EA) ) .

Since EABn Q B„ EA and (I - EA)Bn S  Bn (I - EA), EAxG D(Bn) and (I -EA)xG D(Bn).
So

(Bn x,x) = (Bn Eax,Eax) + (Bn (I - Ea)x, (I - EA)x)
< (CEax, Eax) + (B(I - Ea)x, (I - Ea)x)
= ([CEa + B (I-E a)]x,x).

Therefore



B„ <C E a + B (I-E a )
and the claim is proved.

Now
B < C E a + B (I-E a )

or
BEa  < CEa , that i s , (0 (B) < C and co is a-normal.

Let *¥ = coo$: Bu(a(A)) —» N(flQEA) ; *P is a a-normal *-homomorphism such that 

T O  = flj(®(l)) = co(I) = I|Ha = Ea  and 'F(id) = A E J ^ .

The a-normal ^-homomorphism 'F  Ib (<j (AEa|h )) ^as t îe same characteristic propoerties 

as so by the uniqueness of such a a-normal homomorphism we have

i ( f )  = T O  = co(TO) = *(f)EA V fe  B(o(AEa |Ha)).

In particular E(S) = I (X J  = ® (^S)EA = E(S)EA.

ii) (=*>): From the theorem 8.8 we have

xeD(A) 4=4 J  a i2 d |i(X )=  II Ax II 2 < oo
c  x

For xeD(A)

IIAE.x - Axil2 = ([ I id l2(A)(l - X . )(A)]x,x) = J  IM2*  c(A.)d|i (X)
£

Let e > 0 and An = f IX I < n} for n€ IN. By the monotone convergence theorem there

exists n such that J \X\2X .  c(^)du. (^.) < e .
0 £ An0 x

Then for A 3  An
° f

J \X\2X . c(X)d\ix(X )< e
£  A X

Therefore the net {AEAx)Ae ̂  converges and limAEAx = A x .

(4=): Since D(AEa) = H, for x€ H we have EAx6 D(A).

Let An = {zG C : Izl < n}; ^la T l  a s n —»oo.
00

Since $  is a-normal V E .  = I . So E . —» I in the s.o.t. n=l A„ A„
Now, let x eH  be such that {AEax} converges.

Then EAx —»x and {AEax} converges .



Since A is closed, this gives that xG D(A) and Ax = limAE^x and (ii) is proved.

Next, suppose T G B(H) and TA Q AT . Note that EaAEa = AEa .
We have (EaTEa)(AEa) = EaTAEa c  EaATEa S  AEaTEa = (AEa)(EaTEa)

But, (EaTEa)(AEa)€ B(H). So that (EaTEa)(AEa) = (AEa)(EaTEa ) 
and the spectral theorem for bounded normal operators gives

(EaTEa)E(S) = E(S) (EaTEa) .

If S is bounded, take n so large that S Q An , then

E(S) = E(S n  An ) = E( An )E(S) = E ^ E fS ).

Therefore
E (S )= E AnE (S )= E AnEAnE (S )= E An E(S)

Hence
E. TE(S) = E . TE. E(S) = E (S)E . TE. = E(S)TE.

A r  t i  ^  ^  A n

Thus VxG H E TE(S)x = E(S)TE x and letting n —»oo we get TE(S) = E(S)T.

If S is any Borel subset of c(A), writing S as a disjoint countable union of bounded Borel 
sets and using the bounded case just proved we obtain TE(S) = E(S)T.

Finally we prove the uniqueness of the spectral measure E.

Consider the operator B = A(I +Va *A)_1 where A is the unique positive square root 
of the positive operator A*A.

Let g(k) = • Then gG B (C ) , $(g) = g(A) = Be dQ and is normal.

By theorem 8.8 we have , for x€ H

(g(A)x , x) = (Bx,x) = J  g(A.) d |i (k).
c  x

Let E0 be the unique spectral measure corresponding to the bounded normal operator B.

By the spectral theorem 4.3 forxGH ,feB (a(B )) we have

(Bx,x) = J  z dm (z) and (f(B)x,x) = J  f(z) dm (z)
a(B ) x o(B ) x

where mx(S) = (Eg(S)x,x) V  Borel subset S of o (B ).

Note that a(B) = o(g(A)) Q g(a(A)) (proposition 8.10).
Now, (f(B)x,x) = (f(g(A))x,x ) = (fog(A)x,x) the last equality by proposition 8.11.
At the same time we have



(fo g (A )x ,x ) =  J (fog)(X ) d u  (X).
c

Thus .
J f(z) dm (z) = J (fog)(X) du (X) V  fe B(o(B)).

a(B) c

Now, since g is continuous a(B) = a(g(A)) = g(a(A)) ; to prove this all we need to

show is g(o(A)) Q a(g(A)).
Suppose that X ga (g(A)). Then there is Cg such that (g(A) - XI)C = C(g(A) - XI) = I.
So

II x II < II C IIII (g(A) - Xl)x II V  xGH (*).

If Xg g(a(A)) , choose e > 0 so small that ell C II < 1 and Ag(X) (1 g(a(A)) * 0  where

Ag(X) = {wG C : I w  - X I < e}.

Let w0G Ae(X) H g(c(A)). Then I g(z0) - XI < e with zQ G a(A) such that g(zQ) = wQ.

Since g is continuous at z0 there is a neighborhood V *  0  of z0 such that

*e(V  c  g - 1(A P(X)).

Note that since ° 0(A) is not a null function (since <))- (V D a(A)) is a non-empty

open subset, hence not m eager), ®C^vnC(A)) =  ®

For xG Range (E(V)) = Range (%>(Xy)) with II x II = 1 we have

II (g(A) - Xl)x II2 = } I g(z) - X II2 d |i (z) (theorem 8.6).
c  x

Since |ax(Vc) = (E(Vc)x,x) = ((I - E(V))x,x) = (0,x) = 0

J  I g(z) - X II2 d |i (z) = J  I g(z) - X II2 d |ix(z) < e2|i (V) = e2 l = e2
C V

So (*) gives 1 < II CII e which contradicts the choice of e.

Thus X£ g(a(A)) and our last assertion is proved

Now, given a Borel subset S of (C, if S meets o(A), then g(S) meets g(a(A)) = a(B) and 
since g is one-to-one we have

(E(S)x,x) -  M-X(S) -  J  X s  dpx -  J  Ag-i(g(S))d^ x -  J  * g (S ) ° g d^x

= J AT dm = = m (g(S)) = (EB(g(S))x,x) VxGH.
a(B ) g w  x x

Therefore E(S) = Eg(g(S)) and the uniqueness of E follows from that of Eg . ■
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The next theorem is the Fuglede-Putnam theorem for unbounded normal operators.
For another proof besides Fuglede's original one, see a proof given by Halmos [13].

8.10 Theorem : (Fuglede)
If Ae Op(R) is an unbounded normal operator and B is a bounded operator on H such 
that BA £  AB, then BA* Q A*B.

P ro o f .
Let $ : Bu(g(A)) —»N(d^) be the c-normal *-homomorphism such that

$(1) =1 and §(id) = A
Claim: B $ ( f ) e  $(f)B V f€ B u(C)

First we will show that for a bounded Borel function f  we have B$(f) Q $(f)B.
Given f€ B(C) there exists a sequence [fn] of simple functions such that II fn - f  I! —> 0 
(11.11 denotes the sup-norm) .
For x,y £ H we have from theorem 8.8 that (f(A)x,y) = J f(A.) d(l , (X) and

c  X’y

n

Hence

(fn(A)x,y) = J  fn(X) d(ix y(A,) where [ix y(S) = (E(S)x,y) S a Borel subset of (E. 

So .
I (fn(A)x,y) - (f(A)x,y) I < J  lf„ (X) - f(k) I d < II f„ - f II IHx yl((C)

= llfn - f IIII x IIII y II —» 0 as n —>oo.

(f(A)x,y) = lim (f (A)x,y)
n —> oo 11

Now
(Bf(A)x,y) = (f(A)x,B*y) = lim (f (A)x,B*y) =n—*00 u

= j5 io

since BE(S) = E(S)B (from theorem 8.9).

But -
lim J f (k) d|i_ (k) = lim (f (A)Bx,y) = (f(A)Bx,y).

n -* o o  £  n  U x,y n —»oo 11

Thus
Bf(A) = f(A)B.

Now, let f£ BU(C) and Sn = {z€ IE : I f(z) I £ n}.
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Note that f X , is bounded and so H -  D ($ (fX  )B) = D ($ (f )$ (X  )B) = D(f(A)E(S )B) 

where E(Sn) = ®(-Xjs ). f(A) = $(f).

Moreover X  t l  and since $  is a-normal we get that E(S ) —» I in the s.o.t.
i>n

ForxGD(§(f)) E(Sn)f(A)x —» f(A)x; this implies BE(Sn)f(A)x —» Bf(A)x since B 
is bounded or B3?(fX )x —» BS(f)x.

The above discussion for a bounded function gives B § (£ X  ) = § ( f X  )B.

So
$ ( f X  )Bx -» B$(f)x or <8(f)E(S )Bx —» B$(f)x.

Since E(Sn)Bx —> Bx and §(f) is a closed operator we conclude BxGD(§(f)) and
§?(f)Bx = B3?(f)x.
Thus,

BS(f) S  *(f)B.

In particular, then for f(X) = X we get BA* S  A*B B

8.2 C orollary: If AG Op(H) is a normal operator and dQ the von Neumann algebra

generated by A , then dQ = {A}"
P ro o f .
If BG {A}', then Fuglede's theorem gives that BA* £  A*B , so B*A Q AB* , i.e., {A}’ 
is *-subaigebra of B(H). Moreover, by remark 8.1 {A}1 is closed in the s.o.t. and is 
therefore a von Neumann algebra.
Since any bounded operator B that commutes with A (, i.e, BG {A}'), commutes with the 
operators Fn , AFn, A*Fn which generate dQ (see p. 67 ) ,  we have that

{A}' S  d 0' or aQ S  {A}" .

On the other hand, d ^  Q {A}' since Aii dQ . Thus [A}" = dQ . B
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Let Cl be an abelian von Neumann algebra acting on a Hilbert space H.

Kadison and Ringrose give an example ([14] p.356) to demonstrate that for A, B 6 N(£Z)
A + B * A + B and TA *  T * A , even if T  is a bounded operator. At the same time this 
example provides a nice illustration of the isomorphism of N(iJ) onto N(X) extending the 
Gelfand map and the way we work with it. We would like to consider a closely related 
example here.

8.1 EX A M PLE.
Let H be a separable Hilbert space » {en}n =i 2 an orthonormal basis for H and Cl the 
algebra of operators in B(H) having each en as an eigenvector.

For S e a ,  let S(j = ( S e ^ )  = ( X ^ )  -  { ^  J. .

Since SgB(H), sup IX. I < IIS II.
J ** OO

On the other hand , VxG H we have x = Z^x.epej and

IISxIl < X  l(x,e.)l2 1X I2 < s.up IX-12 X  l(x,e-)l2 = (s.up I A.. I )2 llxll2 .
J J J J J J  ̂ J J J

Hence
IISII = sup \X. I .

J J

Thus {Xj} ! 6 jl00 and [Sjj] is a bounded diagonal matrix , corresponding to S 
(relative to the orthonormal basis {en}n=12 )
Clearly the mapping S t—»{X-j} is an algebra homomorphism and so 

Cl is isometrically *-isomorphic to Jl00 .
In this case Cl =  C(X) and X is (3(IN), the [3-compactification of IN.

Let pne X be given by pn(T) = (Ten,en) , T€ a .

Note th a t, if f  G C(X) is such that f(pn) = 0 V n, then f  = T for some T G fland

Pn(T) = T(pn) = 0 V n  , that is, 0 = (Ten,en) = ( V V en> = K  V n - 
So T = 0 and so f = 0.
Now the set {pn : n =1, 2,...} is a dense subset of X. To see this; suppose

{Pn: nG IN. } *  X .

Let qG X ~ {pn: nG IN.}. Since X is a compact Hausdorff space , X is completely regular.

So there exists fG C(X), 0 < f < 1 such that f(q) = 1 and f  s  0 on {pn: nG IN.}

In particular f(pn) = 0 V n, hence by the above paragraph f  = 0 on X .
But f(q) = 1 , a contradiction.
Thus, {pn : n =1,2,...} is dense in X .

If fG C(X) is such that f(p t) = 1 and f(pn) = 0  for n = 2, 3 ,... , then f  = j.



So {P j} is open in X, as is each one-point set formed from a pn. 
We denote by PR the projection whose range is generated by en>

A
Note that P„6 d  and Pn = p j.

CO CO

Let xG H . Then x = n?j(x ,en)en = n? 1xnen and by Parseval's identity the mapping 

U: H —» Jl2 given by Ux = {(x,en)} = { x ^  is an isometric isomorphism(onto).

Let W: Q. —* B(Jl2) be the mapping W(T) = UTU"1 , TG Cl.

Then W(fl) = {M 6B(Jl2): g€ Jl00} (the multiplication algebra on jl2 ).
O

In fa c t, if { x ^ G  Jl2, TG Cl, then there is xGH such that {(x,en)} = {xn} 
and

W(T)({xn}) = U T U -^ fx ^ ) = UTx = {Xnxn}= M {^ }({xn}) 

where X.n are the eigenvalues for T (Ten = A.nen).

Now, let fG N(X) be the normal function defined by f(pn) = bn V n, where {bR}~  ̂ is 
any sequence of complex numbers.
Let <)>: N(fl) —* N(X) be the the extension of the Gelfand map and AG N(fl) be such that 

<i>(A) = f.

Claim: W(A) = UAU-1 = M {b }

Let v be the regular Borel measure on X such that (Tx,x) = J T(p)dv (p) ,TG Cl, xG H.
x X x

Then

vx<(p„)) = Jv ^{p„)(P )dV P > = j/n (P > dV P )=
X  X

= (Pnx,x) = (xnen, k|  jX ^ )  = IxJ2 = (l(x,en)l2).
In particular

.. r 1 i f  n = m
V~ ( Pn ) =  n mem “ 0 i t  n ^ m

Note that

Vx( „ y ( Pn)> =  j i i Vx( | Pnl> =  =  11 x  1,2 -  V „ W

So that vx(X ~ {pn: n = l,2 ,...}) = 0 

Note also that em 6 D(A) V m = l ,  2 ,...

Now, let xGD(A). Proposition 8.13 gives



CO > J lf(p)l2dv (p) = L  lf(p)l2dv (p) + J lf(p)l2dv (p)
X  U j t p J  X ~ { p n: n € l N )

= XlfCpJI^ ({pn}) = X, lb I2 Ix I2 = X, lb xj= l  ' r i r  x r n J /  j= i  n n j= i  n n

Hence

{ b ^ } ” ^  Jl2 which implies that UxGD(M |b p  . So U(D(A) S  D (M jb j).

On the other hand , if {an G D(M j b j ) and y G H is such that 

(y>en) = an V n, then {bnan}“  ^  Jl2and

J lf(p)l2dvy(p) = jJ l f ( p n)l2vy({pn} )= jg lb nanl2 <oo ,i.e ., y ^ U _1({an})GD(A). 

Thus
U(D(A)) = D(M {bn}).

From the Remark 8.3 we have

(Ax,y)= Jf(p)d<Jxy(p) Vx,y€D(A),whereox y = ^ ( v x+y - vx y + ivx+.y- ivx.Jy )

Note that

a  « P n» =  J  d a  (p) = J  Pn(p)da (p) = (Pnx,y) = (xnen, | 1ykek) = xny; 
(Pn) x  -

In particular
,<n n _ f i f  n = m

x-em n 0 i f  n *  m
and

00 00 00 

V . M ' 15- 1'  =il i V p»1) = j l i v n  = (x’y ) = a x ,( x >

So that
a xy(X ~ { p n:n=l.2,...}) = 0 

Now, for x G D(A) we have UAx = {(Ax,en)}~ t a n d

(Ax,em)=  Jf(P)dP ,em(p)
A

V m  = 1, 2 ,... as we claimed.



In the second example we study the (unbounded) multiplication operator acting on 
L^S, S, p.) with (S, S, p) a a-finite measure space .

8.2 EXAM PLE.
Let (S, S, p) be a c-finite measure space , H = L2(S) and g a (complex) measurable
function finite a.e [p] on S.
Let M be the operator defined as follows :

o

D(Mg) = {f6L2(S ):gf£L 2(S)} and for f€D(M g) Mg(f) = g f.

D(Mg) is dense in L^S). To see this; let Sn = {sGS: lg(s)l ^  n} and feL ^ S ) = H.

II gJk  fll2= J  IgXo f l2dp < n2 J  lfl%p< oo so that ^  f€ D (M J . 
n s s

Now, \X~ f - f  I2 —» 0 a.e[p] a s n —»oo and f - f l 2 ^ If^ G L ^ S ).

Lebesgue's dominated convergence theorem gives

lim IU k f - f l l2= lim J  IX -  f  - fl2dp = 0
n —>co n -* o o  g

Thus Mg is a densely defined operator on H.
Moreover, Mg is a closed operator.

For this, let fn € D(Mg) be such that f„ —» f in L ^ S ).
Suppose Mg(fn) = gfn —» h in H , he H.

Since fn —> f in L^S) and gfn —» h in L^S), there is a subsequence {fn }̂ of {fnJ 

such that
fn -> f a.e[p] and gfn -*  h a.e[p]. 

k k

B u t, then
gf -»  gf a.e[p] and so gf = h.

k

Hence, fe  D(Mg) and Mgf = h, that is, Mg is closed.
Next we show that (M l*  = M - : If f  G D(M ) and h 6 D (M -), then 

8 8 8 8

(Mgf,h) = I  gf hdp = (f,gh) = (f,M - h)

So heD((M  )*) and (M J*h = M -h , i.e., M - S  (Mg)* .
8 8 8 8

Suppose now that h€ D((M )*). Then there is c > 0 such that
o



I(M f,h)l < ell f II V fe  D(M )§ 5or
lj gf hdja. I < ell f II V feD (M  ) 
s g

Let S = {se S: lg(s)l < n}. For each fe  L2(S), JQ, 6 D(M ) and IIX Q f II < II f II.
Furthermore,

Hence
lim J Ighl3d|i < c2. 

n—>0° sn
— 9 — 9

Now, Ig hi —> Ig hi as n —»oo, so by Fatou's lemma, we have

J  lghl2d |i=  J  lim (Xs Ig hi2 )d|i < lim J  X~ Ighl2 d |i=  lim J  lghl2d |i < c2.
S s n —* ° °  n  n —>00 s  n  n —» 00 s n

Thus g h e L 2 (S) and so h€D (M j ).
Hence

(Mg)* = M - .

Our next objective is to find a bounding'sequence for the closed operator M .

Let En = M v- where S i s  as above. Clearly IIEJI<1 , E * = E„ and E„ = E„ Vn. 
n  A c  n  • J n  n  n  n  n

n

Since and the mapping g i-» Mg from L°°(S) into B(L2(S)) is order
preserving we get that En < Efl+1.

Now , since |i({s€ S: lg(s)l = 0 0 }) = 0  , X~ —» 1 a.e[p.] and an application of Lebesgue's 

dominated convergence theorem gives that En —» I in the s.o.t.
CO

Hence {EnJ is an increasing sequence of projections and V 1En = I

Furthermore, IIMgEnll < n  and for f £ D(Mg) Enf = X<* feD (M g) (since gfe L^S)) and

EnMgf = MgEnf  , i.e., EnMg Q MgEn and MgEn€B(H) Vn.

Thus, {En} is a bounding sequence for Mg.

Note that En 6 Cl V n , where # is  the multiplication algebra of operators on L^S).

The following theorem characterizes the(closed) operators which are affiliated with the 
multiplication algebra Cl . (see [14] p. 343)
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8.2.1 Theorem: Let flbe the multiplication algebra of operators acting on H = L2(S) and

A be a closed densely defined operator on H. Then A is affiliated with iZ iff A = Mg for 
some measurable function g finite almost everywhere on S.

8.2.1 P roposition: With (S, S, |a) and a as above , let f, g be measurable functions
finite a.e[(i] on S.
Then
i) Mf = Mg «=> f = g  a.e[|i]

ii) = aMf + M for each scalar a
iii) Mfg = M f *M g

iv) Mf > 0  f > 0  a.efp.]

P ro o f .
i): Suppose Mf = Mg . If he D(Mf) = D(Mg) , then (f - g)h = 0.

OO

Let Gn = {sG S: lf(s)l < n and ig(s)l < n j r i S n where Sn are such that S = U 1Sn with 

|a(Sn) < oo (by the c-finiteness of the measure (i)

Note that JK^fe L2(S ) . So ,X ^€D (M f) and so (f - g)A^ = 0 .

This implies that f  - g = 0 a.e [|i] since ^ .(fljfse  S: Xq  ( s )  = 0}) = 0 .
The converse is obvious.
ii): First we will show aJVL + M„ £  .' f g af+g
If h e D(aMf + M ) = D(aMf) fl D(M ), then (af + g)h€ L2(S) (so he D (M , ))
and (a M f+ M g X h ^ M ^ g  (h).

Hence aMf + S  M , . Since is closed we conclude that aMf + M„ £  M -  „ f g af+g af+g f g af+g
To get equality , let he D(Maf+g) and Gn = { I f  I + I g I < n}M Sn .

If hn = X q h, then afhne L2(S) and ghn e L2(S).

So hne D(aMf) fl D(Mg) = D(aMf + Mg)

Now, Xf, —» 1 a.e[|i] as n —»oo (since p.({l f  I + I g I = oo}) = 0).
2

Therefore I hn - h I —> 0 a.e [p.] and Lebesgue's dominated convergence theorem gives 
2

thathn —» h in L (S) as n —»oo.
2

Also I (af + g)(hn - h) I —» 0 a.e[|i] and again Lebesgue's theorem gives that 

lim (aMf + M J (h  J  = M ,  fh ) , that is, he D(aMf + ) and
n—> co 1 g n dI+g 1 g

(aMf + Mg )(h) = nKmo (aMf + M g)(hn) = Maf+g(h)



iii) As in the first part of the proof of (ii) we can see that Mf * Mg G Mfg .
To get equality , let heD (M fg) andG n = { I f I + I g I + I fg 1} D  Sn V n .

If hn = A ^ h  ,then ghnG L2(S) and fghn€ L2(S), so that hnG D(MfMg).
A similar argument as in part (ii) completes the proof of (iii).
iv): Suppose that f > 0 a.e[p]. If h G D(Mf), then

(Mfh,h) = /  f I h l2d |i > 0 .

So Mf > 0.
Conversely, suppose Mf > 0 Clearly f is real-valued.
Let Gn = {-n < f < 0} f 1 S n ={  I f  I < n } fl { f  < 0} f l  Sn.
If h = Xr  , then

f0 < (Mfh,h)) = J f dp < 0  since f  < 0 on Gn .
Gn

Therefore f
J fd p  = 0 .
Gn

But f  *  0 , so p(Gn) = 0. Hence f > 0 a.e[p] . ■

We remark that our last assertion can be proved in a different way using the square root of 
a positive operator. In fa c t, since Mf > 0 there exists an (unique) operator B > 0 such that

B2 = M f (BpO).

By the previous theorem (8.2.1) , since Bp Cl, B = Mh for some measurable function h

finite a.e[p] on S .(B being self adjoint, h is real-valued)
Now,
Mf = B2 = B a B = Mh a Mh = Mh2 (by (iii)). Hence f = h2 > 0 a.e[p] (by ( i ) ) .

From our previous discussion we see that the operator M where g is a measurable function
o

finite a.e[p] on S, is a normal operator affiliated with the multiplication algebra Cl acting on 

L2(S).
In the next theorem we describe the Borel functional calculus for Mg .

First, we define the essential Range of g by

essRange(g) = { X eC  : V e > 0 pXg^QDg^))) > 0} where Dg(X.) = { ze C: I A. - z I < e)

Now, we show that o(M ) = essRange(g):

If AVessRange(g), then there is nG IN such that p(g (Dj(A,))) = 0.
n

This implies lg(s) - X I > J -  a.e[p] , which implies that _ i— G L°°(S).
n g - A.



SoM  j G Cl. Now (M - Xl)M j = M ,M  j = M, = I , that is, X g a ( M ) .
1 1 ■-*— o ■— o  ---------— o

g - g - g - a.
To complete our proof, suppose that X ga(M g). Then there is Bg tXsuch that 

B a (Mg - XI) = (Mg - XI) ^ B = (M - XI)B = I . Therefore B(Mg - XI) €  I.

So V f  G D(Mg _ x) w e have f = B(Mg - Xl)f and so II f II < IIBII ll(M - Xl)fll.

If Xg essRange(g), choose e > 0 so small that ellBII < 1. Let Eg = g“1 (D£(X)); p(Eg) > 0. 

Since the measure space (S, S, p.) is a-finite , choose Y Q E £ with 0 < |i(Y) < oo . 

Take f = X y . Then f G D(Mg and

II f II = ^it(Y) < IIBII( J  Ig - Xl2dji )2 < e IIBII V^i(Y)

which says 1 < e IIBII contradicting the choice of e.
Thus XgessRange(g) and our last assertion is proved.

It can be seen as in example 4.1, that p.(g’1(C~essRange(g))) = 0 
(C~essRange(g) the complement of essRange(g) in C ) and if

= ( g(s) when s G  e '1(essR ange(g))
1 X when s G g ^ ((C -e ssR a n g e (g ))

where X is some point in essRange(g), then Range (g ) Q essRange(g) = a (M J^ o
T hus, we may assume that Range(g) Q a (M J.

©

8.2.2 Theorem: With the above notation, let f be a Borel function on o(M g). 
Then

f(Mg) = Mf .
P ro o f .
Consider the mapping W: Bu(o(Mg)) —» N (0 ) given by W (f) = Mfog .

Then W(l) = I and W(id) = M 
Also

W<f1 + f2) = M(fi+f2)og = M fi0g$ M f20g = 5 ( f 1) i ® ( f 2)

=  M (t l f2)og -  M f,o g  *  % ,  “  ^  ^

D -  MTog = M gj = (Mfog)* = (W(f))*.

So that ¥  is a ^-homomorphism from Bu(c(Mg)) into N(iZ)
OO

Moreover W is a-normal. To see this, let f, f  G B (o(M )) with f  = V f  •ii u  g n-1
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We show W(f)= V jW ^ ):

v m  % -T (f„) -  M(ogJ  (-l)M (n0g = Mfog . fn„g = M((. y o g .

Since (f - fn)og > 0 a.e[|i] the previous proposition (vi) gives that f ôg > 0 , i.e.,

W(fn) < T ( f )  Vn.

Suppose now that Bti d is  such that B + -W (fn) > 0 .

Then B = Mk where k is a measurable function finite a.e[|i] on S and

B +  -T (fn) = Mk + M _ f„og = M k . fnOg£0 .

So k - f n°g ^ 0  a.e[fi] or k > f nog a.e[p.] V n .

This last inequality implies k > fog a.efp.].
Hence Mk _fog > 0 ,  which says that B > Mfog =W(f).

Thus ¥  is a a-normal ^-homomorphism such that W(l)  = I and W(id) = M and the
o

uniqueness of the Borel functional calculus gives that 5(f) = f(Mg) = Mfog = W(f) . B

8.4 Rem ark: Let Ae Op(H) be a normal operator on a separable Hilbert space H . There 
is an abelian von Neuman algebra Cl acting on H such that Ari d  . Without loss of 

generality we may take d  to be maximal abelian.
2

Theorem 5.1 ; then provides a unitary isomorphism U from H onto L (X, Bx , p.)

(where X = , (I a finite positive regular Borel measure,) such that

U d U _1 = {M : g€ L°°(X, Bx , (i)} = Ttl the multiplication algebra acting on L (X)
So

U A U ' S  m

Theorem 8.2.1 gives that
UAU"1 = M  or A = U "1 M U

o o
with g a Borel measurable function finite a.e [|i] on X

We just proved in in the discussion before theorem 8.2.2 that g may be chosen so that 
Range(g) £  a (A ) .
Now, if fe Bu(a (A )), then

5(f) = f(A) = U_1f(Mg)U = U_1MfogU . ■

□
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