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Abstract

SPECTRAL THEORY USING
OPERATOR ALGEBRA TECHNIQUES
by

Fotios Paliogiannis

Adviser: Professor Stanley Kaplan

In this work,we study the Spectral Theorem (the Functional calculus as well) for self
adjoint and normal operators, both in the bounded and unbounded cases. The approach, to
this structure theorem, is based on the following key theorem:

Theorem: The Gelfand (or Structure) space of an abelian von Neumann algebra on a
Hilbert space H, is extremely disconnected. The idea goes back to the (1952) paper of
M.G.Fell and J.L.Kelley An algebra of unbounded Operators Proc.Nat.Acad.Sci. USA 38
592-598. R.V.Kadison and J.R.Ringrose discuss the spectral theorem from this point of
view in their (1983) book Chap.5 Vol. I. Our development is strongly suggested by this
discussion, although our approach and proofs differ. Our proofs incorporate several ideas

tying together function theory and operator theory.
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Go up ... Reach high ... Go always up
On the top Love is waiting for you
with a bouquet of roses

Go up. Always ahead. Always up.
And if you don't find a way
Make one. For love the ways are not ready
You maKe them yourself

Go up ... Even if you see
that the roses were not real
And if love - the burning love - were
A smoke
Go on

Go on ... Even if on the top
instead of the roses
A bouquet of knives is waiting for you
Goon.

Go up ... And say * thanks °
not to the roses, not to the Knives
Say ' thanks * to the Strength

that made you to go up

Menelaos Lountemis
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§.1 INTRODUCTION

Gentlemen: there is lots of room left in Hilbert space

Saunders MacLane

Let H be a complex Hilbert space and B(H) be the set of bounded linear operators of H
into H. This set possesses the structure of an algebra over the field of complex numbers .

There is an adjoint operation in B(H). If A€ B(H) we will always denote the adjoint of A
by A*. We have

(A+B)* = A*+B*, (AA)Y* = AA*
(AB)* =B*A*, A** =A

(A denotes a complex number, A its complex conjugate )
We thus see that B(H) can be regarded as an involutive or *-algebra.
Every subalgebra of B(H) which is stable with respect to the adjoint operation is called an
involutive or *-subalgebra of B(H) or a *-algebra of operators.
For an infinite-dimensional Hilbert space H the operator algebra B(H) has several
interesting (vector space) topologies. Besides the (operator) norm topology, the two most
important ar= the strong and the weak operator topology.

Definition: The strong operator topelogy (s.0.t) on B(H) is the locally ‘convex
vector space topology induced by the family of seminorms

p,(A) =1llAxll , xeH ,AeB(H).

Thus, a net of operators Ay — A in sot <> Ax— Ax VxeH

Definition: The weak operator topology (w.0.t) on B(H) is the locally convex
vector space topology induced by the family of seminorms

Sy (A) =l(Ax,y)} , x,yeH, AeB(H).
Thus, a net of operators A; — A in w.ot & (Azxy) = (Axy) Vx,yeH

Definition: Let S be any subset of B(H). We call the commutant of S, to be denoted
by S', the set of those elements of B(H) that commute with all the elements of S , i.e.,

S'={ TeB(H): AT=TA VAeS)

The set (S8')'=S" is called the bicommutant of S. (§")'=S" , ...



The set (S')'=S" is called the bicommutant of S. (§")'=8" , ...

It is easy to see that S' is a subalgebra of B(H) which is closed in both s.o.t and w.o.t .

Definition: A *-subalgebra d of B(H) which is closed in the w.o.t is called a von
Neumann algebra or W#*-algebra.

The celebrated Double commutant theorem of von Neumann (1929) states that:

1.1. Theorem: (Double commutant)
For a *-subalgebra 4 of B(H) , I€ @ the following are equivalent:

i) a=a"
il) a4 isclosed in w.o.t
iii) a4 isclosed in s.o.t. (see [14] p. 326)

It is this fundamental theorem which leads some authors to define a von Neumann algebra
to be a *-subalgebra @ of B(H) such that @2=4".

Note also that a von Neumann algebra @, being closed in the s.o.t. is also closed in the
(operator) norm topology (sometimes called the uniform operator topology (u.o.t.)).
Furthermore, the so-called C*-condition IIA*All = lIAI® holds ¥ A € B(H).

| Thus, we see that @ is a C*-algebra and therefore any result of C*-algebra theory also
applies to von Neumann algebras.

We now collect a few results from C*-algebra Theory. For a detailed discussion of
C*-algebra theory we refer the reader to R. Doran and V. Belfi [4].

Definition: An (abstract) C#*-algebra is a Banach algebra U having an involution *
(that is, a conjugate-linear map of U into itself satisfying x** = x and (xy)* = y*x* ,
x,y€ U ) which satisfies the condition Ix*xll = IlxIi> Vxe U.

Let U be a commutative C*-algebra .Then in particular U is a commutative Banach
algebra and the beautiful Gelfand structure theory of commutative Banach algebras applies.

Definition: A multiplicative linear functional on U is a nonzero linear functional p
on U satisfying p(xy) = p(x)p(y) forall x,ye U, i.e.,
p: U — [ is an algebra homomorphism of U onto C.

The set of all multiplicative linear functionals on U will be denoted by Xu -
Definition:
For each x€ U we define X: X,— C by

Xp)=px) VpeXy,

The function ¥ is called the Gelfand transform of x.

t2



The Gelfand transform has the following properties:
For X,Y€ Uand AeC

) (x+y) = R+ 9§

i) ()" =Ax

i) ) = K

iv) IR I<ixll  VpeXy

V) if U has an identity e, then oy(x) = Q(Xu) = Range(/)z)
where, oy(x) = A€ C: x - Ae does not have a two-sided inverse in U }
is the spectrum of x.

vi) if U has anidentity, xe U is invertible iff X(p) %0 forall pe Xy,

The Gelfand topology on X, is defined to be the weakest topology on X, under

which all X are continuous, x€ U. Equivalently, the Gelfand topology is the relative
topology which X, inherits as a subset of the dual space U* of U, with the weak *-
topology.

Definition: The Gelfand space of U is the set X, with the Gelfand topology
(also called the structure space or the maximal ideal space of U ).

For an arbitary commutative Banach algebra U , X, is a locally compact Hausdorff space
and if U has an identity , then X,, is a compact Hausdorff space.

Let C(X,) be the algebra of continuous complex-vahied functions on X,

Definition:The mapping A : U —= C(X,) , x> % called the Gelfand map
or the Geifand representation is a homomorphism from U into C(X,).

- . A
Moreover, if |l. ll, denotes the sup-norm on C(Xy), then I xll_ <l x|l and hence
x > &% is continuous.

Furthermore, I % l, = r(x) =sup( | A : A€oyx) }, the spectral radius of x.

One of the most important theorems in the C*-algebra Theory is the Gelfand -Naimark
theorem which characterizes all the comrnutative C*-algebras. (see{4] p.27)

1.2. Theorem: (Gelfand-Naimark)
Let U be a commutative C*-algebra. Then the Gelfand map x - X is an isometric
*.isomorphism of U onto C(X,).

A —
In particular (x¥) = X. We write in this case U= C(Xy).



The Gelfand-Naimark theorem provides the basis for a powerful functional calculus in C*-

algebras.
In general, the spectrum of an element in a Banach algebra may become larger upon

passing to a subalgebra. But if U is a C*-algebra and U, is a C*-subalgebra of U, x€ U,
then the two spectra are the same, that is, Oy(x) = Oy (x) . (see [4] p. 25)

Now, let x be a normal element in a C*-algebra U, that is, xx* = x*x
Let U, be any closed commutative *-subalgebra of U, which contains x and e, (e is the

identity in ). For example one can take U, to be the closed *-subalgebra generated by x
and e, that is, the closure in the u.o.t. of all polynomials in x and x*.

Then o(x) = 04 (x) and by the Gelfand-Naimark theorem Up = C(Xy,).

Given now a continuous function fe C(o4(x)) then foX is a continuous function on Xug »
ie., fox€ C(Xy).

Hence there exists a unique element y€ U, such that ')\r = foX.

It is customary to denote this element y in Uy by f(x).

A
The mapping &: C(c,(x))—> U, defined by B(f) = (fox)" (= f(x))
where ¥ denotes the inverse of the Gelfand transform,is an isometric *-isomorphism of
C(oy(x)) onto U, having the following properties:

i) ®(1) =e where 1 denotes the constant function 1 on 6 (x)

if) ®(id) = x where id denotes the identity function on 6 y(x), id(A) = A

ili) ou(f(x)) = f(oyu(x)) (spectral mapping theorem)

iv)  f(x) is contained in every closed commutative *-subalgebra of U which contains x

and e, thus f(x) is independent of the C*-algebra U, used in its definition.

This process of "applying" continuous functions on o ,(x) to x is called
the (continuous) functional calculus.

We remark,that if @ :U-> Bis a *-homomorphism between the C*-algebras U and B,
then @ is continuous,in fact 1@l =1 and Vx€ U 03(@(x)E Oux) (see [14] p.242).



1.1 Proposition: Let U and B be C*-algebras, x€ U a normal element andg: U — B
be a *-homomorphism.Then @(f(x)) = f(Q(x)) Ve C(oy(x)).

Proof.
First note that f(¢ (x)) makes sense, since oz ({(x)) & o4(x) and @(x) is normal when x
is normal.

Now let F = {fe C(cy(x)): @ (f(x)) = f(@(x))}, F is a closed *-subalgebra
of C(o4(x)),contains 1 and id (so separates the points of ¢,(x)) and so by the Stone-
Weierstrass theorem F = C(oy(x)). B

1.2 Proposition: Let U be a C*-algebra and x€ U be normal.
If ge C(o(x) and fe C(o,(g(x))), then fog€ C(G(x)) and fog(x) = f(g(x)).

Proof.

By the spectral mapping theorem we have 6,(g(x)) = g(c4(x)), so since f is continuous on
o4(g(x)) we conclude that fog is continuous on G (X).

Now let U, be the C*-subalgebra of U generated by x; then x, g(x), f(g(x)), all belong to
U,. Uy=C(Xy,) and by the functional calculus, we have

o0 = £ = fe®) = oo
therefore
f(g(x)) = fog(x). B

Later we will extend propositions 1.1, 1.2, so that they will be valid for functions in a
larger algebra.

In fact, they are valid for functions in the algebra of bounded Borel functions (see,
propositions 4.4, 4.6) and furthermore for functions in the algebra of unbounded Borel
functions(propositions 8.9, 8.11).

The set of all positive elements in an abstract C*-algebra U is defined to be the set of
those elements x€ U such that x is hermitian (, i.e., X = x*) and o4(x) £[0,+°°).
We then write x=0. We denote by U ={x€ U: x = 0}.

It is well known that U is a closed convex cone in U such that WTN(-UT) = {0}.
(see [4] p.33)

We remark that since Range(Q) = 0 y(x) the Gelfand map A : U— C(X,) is order
preserving.
Moreover, by the spectral mapping theorem and the fact that @ is a *-map, that is,

(D(f) = @(f)*, the mapping ®: C(o,(x))— U giving the functional calculus is also order
preserving, i.e.,
if £20 in C(oux)), then &) 20 in U.



We quote two theorems which are going to be used in various ocassions in the chapters that
follow;

1.3 Theorem: (Fuglede)

If A€ B(H) is a normal operator and B is an operator in B(H) for which AB = BA, then
A*B = BA* (see [5] p.114).

Fuglede's theorem is extended and proved here, in the case where A is an unbounded
normal operator.(see Theorem 8.10)

1.4 Theorem: The weak- and strong-operator closures of a convex subset X of B(H)
coincide (see [14] p.305).



§ 2. THE GELFAND SPACE OF AN ABELIAN VON NEUMANN
ALGEBRA.

The topological notions we are going to define play an important role in our study of the
Spectral Theory of self adjoint and normal operators on a Hilbert space.

Definition: A topological space X is called extremely disconnected if whenever G is

an open subset of X, G is open as well (thus, G is clopen).

For a topological space X the following are equivalent:
i) Xis extremely disconnected
ii) if F is a closed subset of X, then the interior of F, int(F), is clopen

iii) if G,,G, are open subsets of X such that G, G, = @ , then Glﬂ Cv‘—2 =@
The equivalence of 1),-ii) and iii) can be easily proved.

Definition: A topological space X is called totaily disconnected if given any two
points x,y € X with x=y there are clopen disjoint subsets of X, C, and C, such that x€ C,

and yeC,.

Definition: A Stonean space is a compact Hausdorff extremely disconnected space.

Note that such a space is totally disconnected. We remark that the converse is not true:

Take for example X; = (0,1} i=1,23,.. X = lo',IOXi with the product topology, X is totally
1
disconnected but not extremely disconnected. (see [14] p.222)

However one can see that the following is true:
Let X be a compact Hausdorff space and C be the family of clopen subsets of X.Then the

following are equivalent:
i) X s extremely disconnected.
ii) a) X is totally disconnected and

b) Cis a complete lattice
(i.e., the Lu.b. and the g.l.b. of any family of sets in Care in C).



Let C(X) as before denote the algebra of continuous complex-valued functions on a
compact Hausdorff space X. By the Gelfand-Naimark Theorem, C(X) is the most general
example up to *-isometric isomorphism of a commutative C*-algebra. CIR (X) denotes the

set of all continuous real-valued functions on X.

If F = (fu)oea is acollection of functionsin Cp(X), we denote by \/Afa the
o€
Lub.{fy: «€A} and by /E\Afa the g.lb.{fy:a€cA)}
o

2.1 Theorem: If each set of functions in CIH(X) that has an upper bound in CIH (X) has a
least upper bound in CIH (X) (so that CIR (X) is a boundedly complete lattice) , then X is
extremely disconnected, i.e., X is Stonean.

We will see later that the converse of Theorem 2.1 is also true.

2.2 Theorem: Let @ be an abelian Von Neumann algebra on a Hilbert space H. Then its
Gelfand space X, is extremely disconnected (thus, Stonean).

The proofs of both of the above Theorems are givenin [14] p.223, p.310.

The results that follow are strongly suggested by the developenemt in Chapter 5 of [14].

Definition: Let X be a compact Hausdorff space. A projection e€ C(X) is the indicator
function of a clopen set.A familly { ek}?L R of projections in C(X) indexed by IR satisfying:

2 xe\r/nefl ’xé}nefo

ii) VAeR ey = &eu
is said to be a resolution of the identity in C(X).
If in addition; iii) 3 m,M such that ey = 0 V A<m and ex=1 vV A2M.
Then we say that (ex}lelﬂ is a bounded resolution of the identity with bounds m
and M.

EXAMPLES.

2.1. Let X be a Stonean space and f a real-valued function in C(X). For A€ R, define
X, =int{x€X: f(x) < A}. X, is a clopen subset of X, since f is continuous

and X is extremely disconnected.



Now take €y = Xxx. If m = inf{f(x): x€ X} and M = sup{f(x): x€ X}, it can be seen
easily that {el} AeR is a bounded resolution of the identity with bounds m and M.

Note also that {(xeX: f(x) <A} € X; & {xeX: f(x) <A},

2.2, Let X be a Stonean space and let {fg}zca be a family of real-valued functions in

C(X) bounded below by m and above by M. Define X, = int{ QA{XE X: fa(x) S A} ).
Xl is clopen VA€ R. Take € = )CX7L . Then {CK}AGIR is a bounded resolution of the

identity in C(X) with bounds m and M.

2.1 Proposition: Let X be a Stonean space and let {ek}kem be a bounded resolution of

the identity in C(X).Then there exists a unique real-valued function ¢ on X such that
(*) [(xeX:0(x) <A} & X, € (xeX: 6(x) <A},
where X, = {x€X: el(x) =1} = {el= 1}

In fact, for xe X
d(x) = sup{p: eu(X) =0} (D)

= inf{x: eK(x) =1} 2)
= [nde, (0 3)
Moreover, m< ¢(x) <M Vxe X, where m and M are the bounds of { e}\} .

Furthermore, if IT = {Ag, A4,..., A_} is any partition of [m~, M]
(ie,dyg<m, Ap<h << A =M)and §, &, ..., §, are any numbers chosen so that

A <E<A j=1,2,..nand if Ong = jglﬁj(exj- elj_l) , then

116 oy 1l < T

where [Tl = max{(?\.j - lj_1):j =1,2,..,n}. In particular ¢€ C(X).

Proof.
Clearly (1), (2), (3) are the same since for fixed x, el(x) is nondecreasing in A with values

0 or 1,0forh<mand1 forA=M.
d(x) is the value A' where ex(x) goes from 0 to 1.

Now, if ¢(x) <A, then el(x) =1 and so
(xEX: p() <A} E X, .
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If (x) > A, then e)\(x) =0 and so el(x) =1 which implies ¢(x) < A, that s,
X,y € {xeX: ¢(x) < A}.

Thus (%) is proved. It is easy to see that (x) determines a unique ¢.
Now let x€X. If A; ; < (x) < A. ,then q)n’&(x) = &j ,
therefore

Ld(x) - ¢ﬂf,§(x)| =1¢(x) - &jl < (A - Ay )< NI,

If 6(x)=A; j<n , then ¢n,§(x)={§j or aj+1}, 50 10(0) - 0200 | < LI,
hence

| - | <ITI ,le., 1lo- lag < IITTIL
ig}lz d(x) ¢7c,§(x) Il ie o) ¢n,§l 00

If ¢(x) =M =4 ,then ¢)n,§(x) = £ and the same estimate holds. W

We can now combine example 2.1 and the above proposition to get the following corollary.

2.1 Corollary: Let X be a Stonean space and let f be in CIR (X). Then there exists a
bounded resolution of the identity {ex} AeR in C(X) such that f =J.7tdex , the integral being
a Riemann-Stieltjes integral.

Next, we prove the converse of Theorem 2.1.

2.3 Theorem: Let X be a Stonean space and let F be a set of functions in CIR (X) that

has an upper bound in CIH (X).Then ¥ has a least upper bound in CIH(X)’

Proof.
Let F = {fa)aea besuchthatfy <M Va.
Choose any ag€ A and let m = inf(fy,(x): x€ X}.

Then
X, = int aQA{xex: fgx) <A} G int({x€X: fa (x) S A}.
€)= XX}\ defines a resolution of the identity bounded by m and M.

Ifo= _|.7‘»de,)L , then it is easily seen that ¢ = Lu.b(F).



2.2 Proposition: Let X be a Stonean space and let {ek}}\em be a bounded resolution of
the identity in C(X), X; = {x€ X: el(x) =1}, ¢€ CIH(X)‘
Then the follgwing statements are equivalent:
‘() = xde}\'()()
ii) VAeR (xeX:d(x) < AIE X, € {x€X:0(x) S A}
iii) X, =int{x€X: ¢(x) < A} =int{¢ < A}
iv) VAeR dey <hey and A(l-ep) < ¢(1-€p).

Proof.

(1) & (ii): is established in proposition 2.1.

(iii)=> (ii): Obvious

(i) & (iv): Obvious

(ii) => (iii): Since X3 S {¢ < A} and X is clopen we have that X3 < int{¢ < A},
To get equality, suppose 1L > A and let Y}‘ =int{¢p < A} S{d < p} GXu.

Let g, = XYA; 50 g, is continuous and g<ey Yu>A.

Thus g, Su{} €, = e, and so ng X?» . &

2.3 Proposition: Let X be a Stonean space, (ex}lelﬂ a resolution of the identity in

C(X), ¢ a real-valued function defined by ¢(x) = J‘J\dex(x) VxeX.
Then the following statements are equivalent:
i) {e}\}lem is bounded.

ii) ¢ is continuous on X.
iii) ¢ is bounded on X.

Proof.

(i)=> (ii): By proposition 2.1, ¢ is the uniform limit of continuous functions, so
continuous.

(if)=> (iil): Since ¢ is continuous and X is compact ¢ is bounded on X.
(iil) => (1): We remark first that,

and so
_ x},/ﬂ e,=1- xmt(ﬂ XC) X (int(" Xx L{ Xy
Thus,

11



xﬁ}q e, =0  which implies Xim(q X,) = @ .
Now, suppose M< ¢(x) <M VxeXand do<m. If xEX;\ , then eko(x) =1.
0

If A1 <Ao0 then €, (x) = 1, for otherwise, i.e., if 67\.1()() =0 then A1 £ ¢(x) <Ao< m.

But this is impossible since m< ¢(x) VxeX.
SoV Al<Ao em(x) =1 and since by €)= “/>\xeu we have that e, is monotonic,

we conclude that e (x) =1 VieR.
Therefore xEﬂX;L , SO Xk ﬂXl
Thus Xlo c mt(qu) =@ ,ie,. X"o_ @ , that s, €)= 0 for Ao<m.

ForAo>M, letxe(X; )° -So e, (x)=0.
If A1> A0, then eM(x) = (, for otherwise, i.e., if eM(x) =1,then M <Ao< ¢(x) <A1,
which is impossible since ¢(x) <M VxeX.
SoV A1> 2o eh(x) = and since ey is monoionic e}“(x) =0 VAeR.
Therefore x€ Q»ch SO X;‘ch kac :
Now since -
1= Ve, = X[, wehave X)Ocht(nXk)—(UXl)—¢

Thus X;\ X, that s, »€90= 1 for Ao>M.

Sofor A>M €, = 1, but eM=X/>\Mek=1,hence, e}L:l YV A>M. [ |
2.4 Proposition: Let J = [a,b] be any compact interval in R, f a continuous function
onJ, {e}\} a bounded resolution of the identity in C(X), ¢(x) = J‘?»dex(x)

If IT = {Xo, AL,..., An} is any partition of J,i.e.,a =A0<A1<.<An =b and if
g€, ,AJ . k=120

Then

lley-eptoo- £ 1€ )6, -, IS sup(IE@-£0)]: & Ae wimlé-Al< |, AeRemge®)}

that is, '
J t0dey = (e, - ) fo0.

Proof.
The proof of this estimate follows the lines of the last paragraph of the proof of proposition

21, nm



The set J of all compact intervals J of R ordered by inclusion is a directed set.

Definition: If f is a continuous function on R and if the net {_[J f(?»)del} Jeg converges
in C(X), we call the limit J.IHf(k)dex = | f0de,,



§3. SPECTRAL THEORY FOR BOUNDED SELF ADJOINT OPERATORS.

Definition: A resolution of the identity in B(H) is a family {EA}K R of projections
in B(H) satisfying:

D x{l\n E,=0, le/ﬂ E, =1

i)y VaAeR 13>‘=‘{>\AEu

If in addition, there are constants m and M such that E?» =0 VYV A<m and Ek= I

V A=M, we say that {E)\,}lem is a bounded resolution of the identity.

Note that ii) implies E <E, forA<p, so E}\Eu = EuEx= E min(hp) VvV AuneR.

Note also that, if @ is any abelian von Neumann algebra containing {Ek}foH , X=X, is

A
the Gelfand space of Zand A : @ — C(X) is the Gelfand map, then taking €y = E)»

VAeR, we have that {e is a resolution of the identity in C(X).

7»} AeR

Definition: Let J =[a,b] be aninterval in R and f a continuous real-valued function
on J.We define

fJ fA\)E, €B(H) tobe ( J 5 fdey)”

where v is the inverse of the Gelfand map.



3.1 Proposition: Let f be a continuous function on J = [a,b] and IT
be any partition of [a,b] , IT = {Ao, A1,..., An}, &ke [lk_l, lk] k=1,2,...,n.
Then

1], oo, - Ere)@, -5y < sup(le®) - (01 B )

Proof.
Since by Gelfand-Naimark Theorem the Gelfand map is an isometry, proposition 2.4

gives the estimate.

Definition: Let f be a continuous function on R such that the net {_[J f(?»)dE;L}Je,’I
converges. We define

J. f(k)dE;L
to be the limit in the u.o.t. of the above net of operators, i.e.,

JfadE, = oytim]  00dE, .

3.1 Remark: Given any normal operator. A in B(H) we are going to make extensive use
of the (abelian) von Neumann algebra generated by A , that is, the s.o.t. (w.o.t.) closure

of the C*-algebra, &, generated by A.

In fact, if @ is the s.o.t.- closure of {p(A,A*): p(A, 5\) a polynomial in A, 5»} , that is ,
@ =s.o.t.-closure of dy ,then A= {A}".
In order to justify this we have : (A} @=> {A}' 2 d= {A}" € d'= 4.
On the other hand, since A is normal, {dy, is commutative, so @y S (A}’ and so
ac{A}).

Now let E€ @and Be {A}'. Then BA = AB and by Fuglede's theorem BA* = A*B
therefore

Bp(A,A*) = p(A,A*)B.

Since E€ @, E is the limit in s.o0.t. of a sequence {p (A,A%)}.
Letx€H. Then p_(A,A*)Bx =Bp (A,A*)x and taking limits we get EBx = BEx,
i.e., EB=BE and so E€ {A}", thatis, @ € {A}".
Thus,
a={A}". m
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Let A€ B(H) be a bounded self adjoint operator on H and let m =inf{(Ax, x): I xll =1},
M =sup{(Ax,x): lIxil =1} with x€H.

It is well known that Il A ll=max{ImI, M1}, o(A) € [m, M] and both m, M belong in
G6(A). (see [9] p.220)

Our next theorem is the Spectral theorem for bounded self adjoint operators..

3.1 Theorem: (Spectral Theorem)
To each bounded self adjoint operator A in B(H) there corresponds a unique resolution of

the identity {E?»} reR such that
A=[ nE, .

In fact, (E is bounded by m and M and each Ele {A}" .

7»} A€M
Moreover, if f€ C(6(A)) and fis any continuous extension of f to R, then

f(A) = j fVdE,
Proof.
Take @={A}" ; A is an abelian von Neumann algebra.
Let X =X, . By Theorem 2.2 X is Stonean and from the Gelfand-Naimark Theorem
A is isometrically *-isomorphic with C(X).
Since A is self adjoint, A the Gelfand transform of A, is in CIR(X)‘
Let¢=A and let {
(Corolllary 2.1)
Now take E7»= e\;te a,then A = J.MEK .-

e?\.}k R be a resolution of the identity in C(X) such that ¢ =J. Kdel

Also, since Range(¢) = o(A) & [m, M] we get from proposition 2.3 that {ek}kelﬁ
is bounded with bounds m and M and so {EX}K R is bounded with the same bounds.

Now for fe C(c(A)) we have that
EAY) = foA =] Fde,

therefore
fA) = [ fA)dE, .

It remains to prove uniqueness. For this suppose that [FK}?» ¢R is a resolution of the
identity such that A = [AdF, .
Let B be any abelian von Neumann algebra containing {FK}‘ Take for example the one

generated by {FK}'
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A= J-}‘dFK says that A is the limit in the u.0.t.(and so in the s.o.t.) of a net of operators

in B, therefore A€ B.
Hence
(AJ€E B= (A})'2 B'= {A)" € B"=38.

Since EKE (A}, E;\’E B as well.
Now, If Y is the Gelfand space of B and f?»= Ié;L , then
0=A=ndt, = [rde,
and since such a representation is unique we have ey = f?» VAeR which gives

E,=F, VLeR and the theorem is proved. B

A

Definition: Let X be a Stonean space and {ex}}\ R be a bounded resolution of the identity
in C(X). We define ey = u\ff‘u and Xx_= {ex_ =1}.

. o <
Note that e,- isa projection and &— S & -

3.2 Proposition: VAeR X =X _U x;’ where xk°= int{op =7}, 0 = f Ade, .
Proof.

1 = * ] Cc 1 <
First we show that Xk‘ HEJKX}L (if w <A, then X’~L on Xx_ since eu < ex_ .

C . . 3 T 1< C
So ulkaXLL S X, which implies ,}ZJAX L E X

On the other hand, let Y = uL<JAXu ; Y is clopen.
= > > i )
If g=Xy ,then g_eu‘v'u<7» , hence g2e,_ ,ie, Y 2 X~
Next we observe that ;HAXH and XkO are disjoint open sets and since X is extremely
disconnected their closures are disjoint, so Xx‘ N Xko =3
i o= i = c i =
Now Xx‘ c Xx since e, < ey and X}‘ int{d =A} S int{op <A} Xx
o
c
So X, U X~ €X,.
To get equality, suppose x€ Xx"' X )‘0 .Then since Xx is open, there exists a net x;— X

such that x ;€ Xk and x,€ (¢ =L}, 50 O(xy) <A Vd, but then x,€ ulZJAXu X

Thus prEJ}»XLl = X}f A

(Note that €y "€y~ = Xxo ).



3.3 Proposition: Let A be a bounded self adjoint operator on H, {Ek }kelR its resolution

of the identity and o, B€R with a < f.

Then Eg_ -E; = 0 & oA)N(a,P)=PB where Bp— = u\</BEll
Proof.

Let A= {A)", X =X, ¢=A,ex= ﬁx,xfim{cpsx}.

B " E = 0; then eB_(x) -e (x)=0 VxeX.

Recall Range(¢) = 6(A).
If Range(d)() (o,B) # @ , i.e., if there exists x€ X such that
o < 0(x) < B, then there exist A, L with ot <A < < such that ex(x) =0 and eu(x) = 1.

(=>): Suppose E

So e (x)=0and eu(x) =1 for some 1 with o < < 3, hence

e,x)=0and e (x) = (Q(/Beu)(x) = 1.

Therefore
eB_(x) - ca(x) =1  a contradiction.

(&=): Suppose that Range(®) (@, B) = P, then {¢ <P} = (¢ < &} which implies that
{6 <B}) =int{d <} = Xa , so that closure{¢ < B} = Xa (Xa is clopen).

Now, letg = clos(0<B) . Then Yu<p gzeu and so g2></BeH=eB_-

If heCm(X) is such that e, <h V<, then we have (h < 1}€ Xu ¢ VYu<p
which implies ,
{(h=1} 2 Xp. Vu<pB andso

(0<B)=Ufo<pl UK, Sih21).

Hence,
clos{¢p <B} € {h=1},
therefore
xclos[¢<[3] =gs h.
Thus, ,
| e~ =8 = Kuios(pep) = Xx =
ie.,

We recall that A€ p(A), the resolvent set of A, iff R(A; A)=(AI - Al exists
(as a bounded operator on H).



By the above proposition we can characterize the points A of [m , M] which belong to
p(A), as follows: Ao€ p(A) iff there exists an interval (o, B) containing A0 on which Ey
is constant and in this case

M
RA0A) = | WNAE,

m
where W(A) is any continuous function satisfying

1 .
W(}\')" }\"0—-:——}-\’- lf }"e(arB)

We shall now characterize the eigenvalues of A.

3.4 Proposition: Let A€ B(H) be self adjoint and {EA }Aelﬂ be its resolution of the
identity. Then YA€R Ker(Al - A) = Range(Ex- E?F) where Ek— = MEH
Proof.

Let F be the projection onto Ker(Al - A). Then AF =AF from which we get
AF =FA , that is, F€ {A}'and so FE, =E, F VAeR since E, € (A}".

Take now € to be any abelian von Neumann algebra containing A, F, {Ek}
For example one can take  {o be the von Neumann algebra generated by A, F, {Ek} .
Let X=X,, 0=A, e, = ﬁx ,f=F. Then of =Af which implies (¢ - A\)f=0.

{f=1}<{¢ =24} and since {f = 1} is clopen we have {f=1} < int{¢p =7} = X)‘O

So,
f<e.-e

A
and by taking the inverse Gelfand transform we have

F<E, -E

A

On the other hand, since ¢(ex - ey ) = ?»(e?“ - e ) we have
A(El - Ex_ )= MEK - E?C‘) which implies (A - M)(EX - E?V )=0
and so Range(E)L - E?L— ) € Ker(A - AI) = Range(F), that is, Ek - E?C" <F. 1

By the above proposition we see that a point Ao in (M, M] is an eigenvalue of A iff
Elis discontinuous at A = Ao , i.e., Elo’*EKS



3.5 Proposition: Let Ae B(H) be a self adjoint operator.Then A is the limit in the u.o.t.
of finite linear combinations k%lkEk where kke o(A) and Ek <R(A), R(A) is the
projection onto the closure of the Range of A.

Proof.

Let F be a projection in B(H) such that F < N(A) , where N(A) is the projection onto
Kernel of A. Note that AF =0.

If dis any abelian von Neumann algebra containing A and F, then E;\ €e{A}" € a4
Let X =X,, ¢=A )8 = ﬁk,f=/1:".fisaprojectioninC(X)and¢f=0.

Now, ¢f =0implies {f=1} S {¢ =0} which implies {f=1} & int{¢ =0} =XOo

< o = - i < -
and therefore X{f=1} _XXX e0 €, L€ f < eo €y -
If IT= {Ay.A,,...A,} is any partition of [m~, M] and §,, &,.,....§, are any numbers
chosenso that A, ;< & < A k=1,2,.n, then we have

0< (ekk - elk_l)f < (e}Lk - elk_l)(eo- e )= ekkeo- elkeo_ - e}\k_leo-!- ekk_leo_ =0

if A‘k > )"k-l >0 or if }“k-l < }"k < 0.
So in these two cases (67& - ey ¥=0.
k k-1

If A, <0 <Ay choose §, = 0.
Now, by theorem 3.1 we have that A is the limit in the v.o.t. of finite linear combinations

of (Ekk - E7"k-1) with coefficients & € [A,_1, A¢ ] and by the above argument,we can take

the (E7Lk - Exk-l) <R(A)

Furthermore, if M.y M) No(A) =D,
then
E - E :’éO ’
A A
SO

0<E, _ - E <E, -E y
. 7"k 7‘-k-1 7Lk Kk-l
1.e.,
E, -E #0.
Mo Ak

Choose &, in (A1, M) G(A).
If A1, A 1M O6(A) =@ then [Ayy,, A 1 S p(A),
so there exists € >0 such that (A, -€, Ak+€) & p(A), hence

E()\.k'*‘E)— - Elk.]_'e =0 so0 E}\-k- E?\'k-l =0.

Thus we can choose the £, in 6(A). W



3.2 Theorem: Let A€ B(H) be selif adjoint and [E?\}MIH be a resolution of the identity in

B(H). Then A = _[ldEl iff AEXS ?\Ex and A(I - Ek) < A - EX) YreR.
Proof.

. 1" A A
(=):Let Aa={A} ,X=Xa,¢=A,el= E}L .

Then ¢ = J.?»de>L which is equivalent to (I)exs ?»ek and A(1 - ex) < 61 - 67\) VieR.
Taking inverse Gelfand transform we get AE, < kEiand AT - EX) < A(d- Ek) VAeR
(<=): AE, < AE, says that AE, is self adjointand so AE, =E, A VAeR.

Take now @ to be any abelian von Neumann algebra containing A and {El} and let
X=X;,0= :& )y = i';')» . Then 0, < kexand Al - e,) < o(l - e,) VAeR.
Therefore (by proposition 2.2) ¢ = J.?Lde?L from which A = J-KdEx . B

3.1 Corollary: Let Ae B(H) be a self adjoint operator and E€ B(H) a projection that
commutes with A. Then AE| E(H) has spectral resolution {EEK}k R where (El}kerﬂ is the

spectral resolution of A.
Proof.

By theorem 3.2 we have AE, < }‘El and A - Ex) < Al -Ey) VAeR.
Multiplying both sides of the above inequalities by E we get
AEE, < XEEK and A(E - EE}‘) < AE(E - EEK) VieR

Now, theorem 3.2 gives that {EEX}X R is the spectral resolution of AElE(H) . B

The above theorem gives a nice characterization of the resolution of the identity of a
bounded self adjoint operator on H. Later on, we will extend this result to apply also to
unbounded self adjoint operators (see theorem. 8.4).

We will conclude our discussion on bounded self adjoint operators by considering a very
standard example, in fact, the multiplication operator.

3.1 EXAMPLE.
Let (S, S, 1) be a o-finite measure space and f be an essentially bounded measurable

function on S, i.e., feL™(S).
LetH= Lz(S) and A€B(H) A= Mg: H — H given by multiplication by f, that is,

Vgel?(S) M (g) = fg .
It is well known that It Mgll = il f Il and M¢* = Mg, in fact, the mapping f-> Mg is

a *-isometric isomorphism of L™ (S). to B(H). (see [5] p. 75)
Hence, M is always a normal operator. If f is real-valued, then Mg is self adjoint.

For L€ R, let



(pA':x[fsx] (=xf-l((_oo‘l])) and E?\'= M(p}\,
E?L is clearly a projection.
We will use theorem 3.2 to show that {Ek }AGIR is the resolution of the identity for A.

First we show that {EK ) AeR is a resolution of the identity in B(H).
Suppose that m<f<M aefu].

Then VYA<m p({f<i})=0 so ¢, =0 and s0 E, =0.

On the other hand VA>M p({f>1})=0 so ¢,=landsoE, =L
Hence

ké{/ﬁEx=I and Ké‘\HEl=O.

We prove next that  E, = A Eu VAeR.

Clearly, if u > A then Eu 2E,.

We assert that

E?L = (s.0.t.)-limE aspu | A.

1)
For this, let g€ H. Then

2 2 2 2 2
IE,g-Eygl =_[Sl(pu-(pkl lgl? du =fsx[x<fsmlg| du:_‘.{kfsmlgl dy

For K€ S the relation v (K) = J.K gl 2 du defines a finite measure on S since g€ 12 ).

Also since f is measurable the set (A <f<p}lesS VA,ueR with A <p.

Let {u } i€ R be any sequence such that mod A and Ky={A<f< wl,
then

AK.=@ and 0=v(@) =Ky = lim v(Ka).

Therefore,
Epng - E g VgeH asp_ | A.

Now, let E be a projection in B(H) such thatE < Eu Vu>A Then E < E, .
So

Ey = A Eu .
Thus {Ek }kefR is a resolution of the identity in B(H).
Moreover, we have f@, < Ag, which implies AE, <AE, VieR
and A(1 -9,) < f(1- (px) which implies MI-E,) <A(I - EK) VieR.
Therefore {Ek } AeR is the resolution of the identity for A. | g

2
[g9]



§4. SPECTRAL THEORY FOR BOUNDED NORMAL OPERATORS.

Definition: A subset A of a topological space X is called nowhere dense if int(A) = @.
A subset A is called meager (or of the first category ) if it is a countable union of nowhere

dense sets. (see [15] p.201)

We remark that any nowhere dense set is meager, any subset of a meager set is meager and
any countable union of meager sets is meager.

Baire's category theorem states that: If X is a locally compact Hausdorff space and A a
meager subset of X, then the complement of A, A®, is dense in X. (see [15] p.200)

Let X be any topological space. We denote by B(X) the C*-algebra of all bounded Borel
measurable complex-valued functions on X, with norm  [ifll = sgg{lf(x)l.
X

Definition: A function he B(X) is called a null-function if the set H = {x € X: h(x)#0}
is meager. We denote by n(X) the set of null-functions on X.
n(X) is in fact a closed ideal in B(X).

Note that Baire's category theorem gives:
On a locally compact Hausdorff space X, n(X)/N Cp(X)={0}, where Cp,(X) denotes the
algebra of bounded continuous functions on X.

The proofs of the following propositions 4.1 and 4.2 can be found in [14] p.323

4.1 Proposition: Let X be a Stonean space and By be the g-algebra of Borel sets in X.

Then for each M € By, there exists a unique clopen set F such that MAF (= (M~FH)U (F~M))
is meager.

4.2 Proposition: If X is a Stonean space, then B(X) = C(X) & n(X).

Definition: Let U be a C*-algebra, S be a collection of self adjoint elements of U and
A€ U be self adjoint. We say that A is an upper bound of S if A>B VBES.

Moreover, A is called the least upper bound of S if A is an upper bound for S and
whenever C is any upper bound for § we have C =2 A.

We write in this case A=B\E/ B =1ub(B:BES).



The proof of the following lemma is given in [14] p.307

4.1 Lemma: If {A;},. is a monotone increasing net of self adjoint operators in B(H)
bounded above, then A = d\e/DA d exists (and is self adjoint) and AdT A inthe w.o.t..
Infact AT A in sou.

Definition: Let U and B be C*-algebras and ¢: U— B be a *-homomorphism.
We say that ¢ is o-normal if whenever {A_} is a non-decreasing sequence in U such that

A =n\ZAn ,then  o(A) T ¢(A).

Note that, if ¢ is a *-isomorphism onto, then ¢ is automatically ¢-normal. Also, the
composition of o-normal *-homomorphisms is G-normal.

The proof of the following Lemma is quite elementary and we omit it.

4.2 Lemma: Let X be any topological space. If {f,} is any non-decreasing sequence of
functions in B(X) which is bounded above, i.e., 3 g€ B(X) such that ngn Vn,

then f =n\—/1f“ existsand f,(x)Tf(x) VxeX.

4.3 Proposition: Let X be a Stonean space and ¥: B(X) — C(X) the mapping given as
follows: for fe B(X), ¥(f) =g where g€ C(X) is such that f= g+h with he n(X).

Then ¥ is o-normal.

Proof:
Suppose that f, fe B(X) and f,=g,+h,, f=g+h with h,, hen(X), g,, ge C(X),

ie., ¥(f) =g, and ¥(f) =g

If £ =n\:71f“ , then for fixed m,n n>m, we have {gm>gn} c HmU H, where H ={h_#0}.
So {g,>g,} is meager since HmU H, is meager. The Baire Category theorem and the
continuity of g, and g, give that {g>g,}=@. Also {g,>g} S {h,#0}U {h=0} and
similarly {g, >g}=@ , thatis, g,.<g VnelN.

Hence g,—T pointwise with TeB(X)and T<g.
Now, let ge C(X) and hen(X) be such that T = g+h. Then {Fxf) C_Z.nl:J1 H, and arguing as

above we get g=g.
Moreover, if g'€ C(X) and g'2 g, Vn, then g'2 T and therefore {g'<g} < (R =0}

and so g < g'. Thus, ¥(f) = gz(f") and so ¥(f,) Ty . B
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Next, with the use of the 6-normal homomorphism ¥ and the Gelfand map, we will extend
the (continuous) functional calculus to bounded Borel functions on the spectrum of a
bounded normal operator.

We recall that a *-homomorphism between C*-algebras is always continuous.
(see [14] p.242)

4.1 Theorem: (Spectral theorem-functional calculus form)
Let A€ B(H) be a normal operator. Then there exists a unique 6-normal *-homomorphism

$: B(c(A))— A =[A}" such that B(f) =f(A) Ve C(c(A)).

Proof.

If @ =(A}", then X=X is a Stonean space. If * is the Gelfand map, then 2= C(X) and
A: X — o(A) is a continuous onto function. Given f€ B(G(A)), then fOA € B(X) and so
3(fo$,) € C(X) where j is the o-normal *-homomorphism defined in proposition 4.3.

Now, the mapping 3: B(c(A)) — 4 defined by ®(f) = (Z(fog))v , where ¥ denotes

the inverse of the Gelfand map, is a 6-normal *-homomorphism of B(G(A)) into 4.

Note in particular that @ is continuous. More;\over, if f is continuous, then foA is
A A o

continuous, so §(foA) =foA andso &() = (foA) = f(A).

To prove uniqueness, suppose that @1 and 'izboth have the properties as stated in the

theorem. Let By(c(A)) = {fe B(6(A)): @,(f) =B ,(f)}. Then By(c(A)) is a closed *-
subalgebra of B(c(A)) containing C(c(A)). Also, if f € By(c(A)) and fnT f with
fe B(o(A)), then fe By(6(A)) since @, and @, are 6-normal. Now, uniqueness will follow
from the following lemma. &

4.3 Lemma: Let A be a compact metric space (for example A = 6(A), more generally,

A can be any compact Hausdorff space such that any open setis an Fg5 set).

If By(A) is a closed *-subalgebra of B(A) containing 1, id and such that f € By(A) f| Tt
with f€ B(A) implies f€ By(A), then By(A) = B(A).

Proof.
Let G be an open subset of A. Then X € By(A). To see this, suppose that K, G,

K,< K, K, compact for each n=1,2,.. and G =nE=J°1Kn,. By Urysohn's Lemma, choose
g2,€ C(A) with g,=10n K, and g,=0 on G°. Then f.=2,V gV ...V g, is continuous on
A ie., f € C(A) for all n and fnTXG as n— oa. Since By(A) is a closed *-subalgebra

(of B(A)) containing 1 and id, the Stone-Weierstrass Theorem gives that C(A) S By(A).
So, f,€By(A) and f, T X5, hence Xg€By(A).

Now, let B, be the o-algebra of Borel sets in A and M= {MeB A~ XM EBo(A)}).



Since the simple functions are (supremum-) norm dense in B(A), it will be enough to show
that M is a o-algebra of subsets of A. Clearly, M is an algebra of subsets of A.

To see that M is a c-algebra, let M{,M,,... be pairwise disjoint elements of 44, then
n

cQ n oQ
n _ _ yoo .
X (= 2 T 2 X, = X g, and since U My& M we have U Mye . W

A note on the notation: we write f(A) for ®(f) when fe B(o(A)).

4.4 Proposition: Suppose that 4, and 4, are Von Neumann algebras and @¢: @, — 4,

is a o-normal *-homomorphism. If A€ @, is a normal operator, then VfeB(c(A))
@ (f(A)) = f(p(A)).

Proof.

Since o(Q(A))S o(A) (see[2] p.243), f] o(©(A)) €B(o(@(A))) when feB(c(A)).
Let By(o(A)) = {f€ B(c(A)): @ (f(A)) =f(@(A))}. Then By(a(A)) is a closed *-subalgebra
of B(c(A)) containing C(c(A)). Moreover, if f,€ By(c(A)) and fnT f with fe B(c(A)),
then f€ By(o(A)) since (90@1 and ®,0W are o-normal (where @ : B(c(A)— {A}" € 4,
@2: B(o(@(A)))— (f(A)}" & 4, are the o-normal *-homomorphisms given by the Borel
functional calculus and : B(6(A)) - B(c(({p(A)) is the 6-normal *-homomorphism given
by () =f]| (9 (A) ). Now, by Lemma 4.3 we conclude that By(c(A)) = B(c(A)). H

4.4 Lemma: Let X be a Stonean space and § the mapping from B(X) into C(X) defined in
proposition 4.3. Then V fe B(X) Range(3(f)) S Range(f) .

Proof.

Let f=g+h, g=¥(f), g€ C(X), he n(X). If L& Range(T), then 3 € > 0 such that I\ - f(x)| 2 €
V' x€ X. Therefore, {(x€X: 1A - g(x)l <&} & {h=0) which is meager and since g€ C(X),
Baire's category theorem gives IA- g(x)| 2 € Vx€X, that is, A& Range(g)=Range(3(f)). B

4.5 Proposition: Let A € B(H) be a normal operator. Then Vfe B(6(A))
o(f(A)) S f(c(A)) .

Proof.
Let f& B(6(A)), by definition f(A) = §(foA ), so G(F(A)) = Range(£(A)) = Range(¥(foA ).
On the other hand, f(c(A)) = Ra.nge(foﬁ ) and lemma 4.4 gives the result. H



4.6 Proposition: Let A€ B(H) be a normal operator. If g€ B(o(A)) and fe B(g(c(A)),
then fog(A) = f(g(A)).

Proof.

Let A=g(c(A)) and By(A) = {fe B(A): fog(A)=f(g(A))}, By(A) is a closed *-subalgebra
of B(A) containing 1 and id. Moreover, By(A) is closed under monotone sequential limits
and so by Lemma 4.3, By(A) = B(A). B

We remark that if U is a unitary operator in H, then o(U) S {AeC: 1A |=1}=T .
(see [14] p.184)

We will use the Borel functional calculus to establish the Spectral theorem for unitary
operators..

4.7 Proposition: Let U€ B(H) be a unitary operator (i.e. UU* =U*U =1).
Then U=elA for some self adjoint A in B(H), with 6(A) & [-x,x].

Proof:

Letze T, thenz = el® with -1 < 6 < 7. Consider the function g: T—MR given
by g(z) = arg(z). ge B(T ). Take A = g(U); since g is real-valued, A is self adjoint.
Furthermore, 6(A) = 6(g(U)) € (6(0)) = [-7,7]. Let f(t) = eit.

Then fe B([-n,x]) and fog =id, hence by proposition 4.6 we have elA =U. B

4.2 Theorem: (Spectral theorem for unitary operators)
Let Ue B(H) be a unitary operator. Then there exists a resolution of the identity {Ex}x cR

T
in B(H) such that E}»=O for A<-m, E}»=I for A2w and U= j el dE?;
_n—

Proof.
Take A to be a self adjoint operator such that U =elA with o(A) € [-m,7).
Let {Ex}x cR be the resolution of the identity for A. Then, since 6(A)<[-nt,x], El’_' 0

when A <-% andEl= I when A2 T.
Moreover, from the spectral theorem for self adjoint operators we have that

T
oiA - [ oit
UseiA = [oitaE, . m

-1t~

Let X be a locally compact space and By, the ¢-algebra of Borel sets in X.



Definition: A spectral measure on By is an operator-valued function E: By — B(H)
such that:

(1) E(@)=0and EX) =1

(2) E(M) is a projection for each M€ By

3) E(MIU M,) =EMD+EM,) , if Mlﬂ M, = @

4) EMMN N) =E(M)E(N) with M,N¢ By,

(5) For &ne€eH the mapping He o' By — [ defined by He T](M) =(EM)EM) =

= E&_, n(M) is a regular complex Borel measure.

Note that ua(M) =(EM)EE) = Eé(M) is a positive finite Borel measure whose total
variation is py(X) = NEL2,

Our next theorem is the Spectral theorem for bounded normal operators.

4.4 Theorem: (Spectral theorem)

Let A€ B(H) be a normal operator. Then there exists a unique spectral measure E on 6(A)
such that

A& = [ My ) = | ME;  (A)  with EneH.
o) olA)

Briefly, we write A= | AdEQL).
o(A).
Moreover,

i) For fe B(o(A)) and E€eH (f(A)EL) = J' f(A) dug(}\.).
o(A) .
ii) If T€ B(H) commutes with A , then T commutes with each f(A), fe B(c(A)).

Proof.

Let BG( A) be the G-algebra of Borel sets in 6(A). By theorem 4.1, the Borel funtional

calculus, the mapping ®: B(c(A))— @ = {A}" is a (unique) o-normal *-homomorphism
such that $(1) =1 and B(@d) = A.

g’he operator-valued function E: B oAy a1 defined, for MeB S(A)
}I

EM)=X(A)=8( Xy ,
is a spectral measure on o(A).
To see this, we have; (1) E(@) = @(X¢) =0, E(c(A)) = B( Xo(A)) =®(1)=I.
(2) ForMeB SAY E(M) is self adjoint and idempotent since ® is a*-homomorphism, X, is

real-valued and Xy = .XMZ. (3) and (4) follow from the fact that @ is a homomorphism.



(5) If {M;) are pairwise disjoint sets in B , ) and M = jEJ]Mj, let fj=xMj gy = £+t
and g=Xs, then
n ca
o= E8e T Ze =X Ou=tu=s ie &le

=] n
Since & is c-normal  &(g,) T &(g) , or, n\=/1 { ZEM)} =EM)
and so :
n
j§1E(Mj) — E(M) in the w.0.t. as n— co.

Therefore, for §,ne H

Hem (jyxMj)

E(UMYEN) = BOMEN =lim (ZEMEN)

m, HEMPEN) = 2 EMYEN) = Fe (M.

In particular, ug(M) = (E(M)E,E) is a positive measure on B ) With ug(o(A)) = lIE]2<co.
Moreover, any open set in C is a countable union of closed disks and since G(A) is
compact, any open set in 6(A) is 6-compact. Also for every compact set K, ué(K)<oo
since “g is a finite measure. Thus p.g is a regular Borel measure. (see [21] p.50)
Therefore, He q is a regular complex measure since Hen is a linear combination of four
positive regular Borel measures of the form He with & € H, by polarization.
Hence, E is a spectral measure on 6(A).
Now, let f = X1 with M€ BG(A).
Then

((AIEE) = EMEL) =1, = | XyW de®y= [ 100 duv),

G(A) ao(A)
SO
(f(A)EE) = J. f(A) dué(k) is valid for simple functions.
o(A)

If fe B(6(A)), then T = foA€ B(X) where X = X 5 @ Stonean space. So T = g+h

with g€ C(X), he n(X).
. A A
Since Range(A) = 6(A) we have [Ifll= SERIT(XN = fg;})(lfoA(x)l = gg%) A)If(?\.)l =1Ifll.

If, & ={h=0}, then H is a meager set and lgl < lg+hl+lhl = IFl+Ihl which implies that Igl <!l
on H, that is, Ig(x)| < IIfll VxeH®. But H® is dense in X, so by the continuity of g

lg(x)l < Ifll VxeX, therefore ligh <!ITI.
Thus,



IEA = N3 (F))” 1l =ligll =liglt < IFN =Hfll.

Now, each f€ B(6(A)) is a (supremum-) norm limit of (Borel) simple functions, say £
i.e., there exist simple functions f, such that Il f - fll=>0 as n— co.
Then,

L (A) - f(A) I = 1I(E, - DA < HTE -l = 0
and so
(FARE = im (,(AEE) — VEeH.

On the other hand,
| J. £, dué - J‘ fA)du| < J. If,(A) - fA) dué <l fn-fllué(o(A)) = IIf - £l IIE’;II2—>0

a(A) G(A) G(A)

as n— oo.
Therefore,

(RAXE) = lim (AED=lm | 0 dug= [ 00 du,.
o(A) G(A)

In particular, for f(A) = A we have
(ALE) = | My

G(A)
and by polarization

A& = [ Adug, forgmeH.
o(A)
Next, we show ii):

Let T€ {A}', that is, TA = AT (then we remark that by Fuglede's theorem TA* = A*T).
Since VfeB(o(A)) f(A)=®()ed={A)" (Theorem4.1), we have TIf(A) =f(A)T.
For the uniqueness of the spectral measure E we refer the reader to Halmos [11] p.65. &

We remark that if T€ {A}, then in particular TE(M)=EM)T VMeB () » that s,
T commutes with the spectral projections E(M) of A.

4.1Remark: We remark that if A is self adjoint, then its spectral resolution is {Ek} reR

where
Ek =I-E({(Awo)) = @()C(_OOM).

To see this; lctg=/Y(x,w), a={A}", A =¢, X =Xa'

Then g = goﬁ = X(Loo)°¢ = X{¢>M € B(X).

Since X is Stonean, B(X) = C(X) ®n(X) and ¥(g)e C(X).

The set {¢ > A} isopenin X, so {¢>A] isclopen and so XW is in C(X).

Now X 2g only on the boundary of {¢ > A}, but the boundary of any open

. (0>A] ° .
set (in any topological space) is nowhere dense, hence meager.
Thus,
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8@ =Xy = Xamton® = 1~ Kinu(o 0y = 1€y,

Therefore,
E((\)) = (@)~ = (1- eX)V=I -E, ,thatis,

Ek= I[-E((A)). &

4.1 EXAMPLE.
Let (S,5,) be a o-finite measure space and ge€ LGS, s, 0, H= L2(S, S, W)

and A€ B(H) where A = Mg , the multiplication operator.

As we already noted in example 3.1, A is a bounded normal operator on H.
Define the essential range of g by

Rg)=(LheC:V e>0 u({seS:Ig(s) -A<e})>0}.

It is well known that O'(Mg) = R(g) (see [5] p.88).

We are interesting to find the” spectral projections” for A.

First, we will describe the Borel functional calculus for A. For this some observations are
needed.

Note that if D is a closed disk contained in C\R(g) (the complement of R(g)),
then VA €D there is €, >0 such that u(g™! (D ,(A))) =0 , where D &,(A) is the open

disk centered at A with radius &,.

n
: c i i = .
Now, DE& xLeJDDexO") and since D is compact D jl='J1 Dg, (A) andso

J\j J
wgloy) = u(U gD, A)) € I wgldg, A)) =0 ,ie, we'®)=0.
=1 Ay i=1 Ay

Furthermore, since C is separable, each open subset of L is a countable union of closed
disks. In particular this holds for the open subset C\R(g) and hence u(g'l(l]:\il{(g))) =0.

Now, let A€ R(g) and define

-1
50 ={ 5 When s¢ s (O
Then
g=g, ae[ul, so Mg = Mgo .
hence
G(Mg0)= O'(Mg) = o(A).



(S8
[§9)

Let f be a bounded Borel function on 6(A) and consider‘ the mapping ®: B(c(A))— {A}"
given by
T() = Mfog for fe B(c(A)).

Then F(1)=1I, T(id) = A andis easy to see that P is a *-homomorphism.
Moreover, ® is ¢-normal.

To see this, suppose fnT f with f,f, € B(6(A)). Note that from this we have that
K = sup{If,(s): S€S, n=1,2,...} < oo.

We will show that T(f )T T(H);

First note that, if =0, then P (f) = Mng >0 and so {®(f)} is increasing (in B(H)).
For he H we have
I(B(E,) - TEMI = Il (fog - fog)h I = [ 1 0g - fog)h Pdp .

S
But

|((£,-Dog)h 12 — 0as n— oo and I(£,og-fog)hi? < 2KIhiZe L1(S), hence
the Lebesgue Dominated Convergence theorem gives

I(B(E,) - TEMIZ—0 asn— oo.
Thus, ¥ is a o-normal *-homomorphism and by the uniqueness of the Borel functional
calculus we have

f(Myg) = f(A) = 8D = T(D = Mpog -

Now, it is easy to get the spectral projections for A as follows; For any Borel subset A of
o(A), we have

E(8) = 2(Xy) = Xp(A) = XyMg) =My .o =M Xyl



Remark: A more general spectral theorem exists, often called the Spectral theorem for
commutative C*-algebras. Here we just state it and we refer the reader to [4] p.228 for its
proof.

4.5 Theorem: (General spectral theoremn)
Let H be a Hilbert space and U a commutative C*-subalgebra of B(H) containing the

identity operator L.
Then:
(1) there exists a unique spectral measure E on the Borel subsets of X = Xu such that

@Aatm = | anzg ; for EMeH, Ae T
X : ]

(i) E(G)#0 for each nonempty open subset G of X.

(iit) An operator T in B(H) commutes with each A in U iff T commutes with each
projection E(M) VMEe€By,.

The spectral theorem for a bounded normal operator A, can be easily derived as a special
case of the above theorem, when the C*-algebra U is taken to be the C*-algebra generated
by A and L. (see [4] p. 232).

Another approach to the spectral theorem for a normal operator A€ B(H) is given in the

classical book of Riesz and Nagy [20] p.286. The spectral theorem there is proved with the

use of the spectral theorem for bounded self adjoint operators. In fact, the spectral theorem
* A-A%*

for self adjoint operators is applied to the real and imaginary part A;A and X of A.

Other works on the spectral theorem for self adjoint and normal operators include[1], [3],
[71, [9], [11], [16], [17], [18],[19], [20], [23]
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§ 5. MAXIMAL ABELIAN ALGEBRAS

Definition: Let H be a Hilbert Space, a *-subalgebra @ of B(H) is said to be
maximal abelian if it is abelian and it is not properly contained in any abelian *-subalgebra

of B(H).

Note that, as the condition
aca'

characterizes the abelian *-subalgebras of B(H), the condition
a-=a'

characterizes the maximal abelian algebras in the class of *-subalgebras of B(H) .

In particular, each maximal abelian algebra is weakly closed and contains I and is,
therefore, a von Neumann algebra.

Let (S, S, ) be a o-finte measure space and @ = {Mg: fe L*=°(S)} be the so called
multiplication algebra . Then @ is a maximal abelian algebra of operators in B(L%(S))

(see [14] p.308).

The following proposition is a problem in [14] p.376 .

5.1 Proposition: Let S be a locally compact topological space, S the ¢-algebra of
Borel sets and | a o-finite regular Borel measure on S. Let U be the algebra of

multiplications by bounded continuous functions on Lz(S,u) and 4 its w.o.t. closure.

Then 4 isthe multiplication algebra.
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Proof.

Wl

uW""' C 4 where U

Itisclearthat U4 C A4 andso means the w.o.t. closure
of U

Toshow: @ c u©™ot,

Since 1 isanalgebra, U isconvex and so ZLTV'O'L = lEQ" (see [2] p.305).

Thus, we will show @ C 15,

Let @eL™(S) and f;,f;,...,f, €H(=L*S)) and &> 0, we must show that there
exists g€ C(S) such that

Il (Mg-Mp) fill<e for i=1,2,..,n
or

I(p-gfili<e for i=1,2,..,n.

For this, first we will show that we can make certain assumptions on the function ¢.
[we]
Since the measure [ is o-finite, S = rlEJl Sp with u(S,) < oo . For every n, we can take
(=]
Sq S Spep and S=UJ S, ie. ;TS with p(Sp) < oo
Let <pn=xan>, ¢on=0 off S,.

If feH, then since XS —1 as n— o0
n
IX. -1°1fF > 0 and IX. -1PIfR <1f? e LS)
Sn n— oo Sa

and so the Lebesgue’s dominated convergence theorem gives that

(Mg _-Mg)fI = 0 asn—oco, ie, My — My (s.0.0

The above proves that we can assume that ¢ is such that, ¢ =0 off a set of finite
measure.

Moreover since @€L(S,1) we may assume that 0< ¢ < 1.
Next, we show that ¢ may be taken to be a simple function.
For nelN, since 0 <@ <1, we define the sequence of functions

n
Vo= T 5 Xou b K2 k=1, 2, ..., n.

k=1 n'n

Then the v, are simple non-negative functions (y, <yp.;) and forall s €S

0 < ()~ Yals) S =
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sO W, — ¢ uniformily and so by Lebesgue’s dominated convergence theorem

M‘Vn_’ M(p in the s.o.t.

Now, it will be enough to prove our initial statement, with ¢ the characteristic function,
X, , ofasubset A of S with [(A)<oo .

So we must find a function g€ Cy(S) such that Ve >0
IX, -9 fill <e  Vi=l,2,..,n

Since the measure W is regular, there are an open set U2 A and a compact set KEA
such that u(U~K)<d forany 8 >0.
By Urysohn’s lemma, there exists g continuous 0<g<1 suchthat g=1 on K and

g=0 on 16
Then

2 2 2 2 2 2
(X, - ) I = Jsle-gl If Py = IU AR T TR '[U~K e

~

for all i=1,2,..,n.

Now since, the set-function A (E) = '[Ef dy with f integrable, is absolutely continuous,

given any € >0 we may choose 8 >0 so small that p(U~K) <& implies '[U Klfi 2 dp

<€ and the proof is complete. [ |

Let H be a Hibert space.

Definition: Let I be a *-subalgebra of B(H), a vector x€ H is called a cyclic

vector for U if the subspace Ux = {Tx: Te U} isdensein H,ie., if [Ux] =H.

Definition: We say that a projection P in B(H) is cyclic relative to 1L ,where U isa
*.subalgebra of B(H), if %x isdense in P(H),i.e.if [Ux]=Range(P).

Note that, every cyclic projection relative to 14 belongs to £,

Definition: A vector £€ H is called a separating vector for U ,if TE =0 implies
T=0 forall Te U.

5.1 Lemma: A vector x€H is cyclic for a *-subalgebra 14 of B(H) iff x is separating
for 1. ([5] p. 109)
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Proof.

(=>): Suppose x€H is cyclic for & ie.[Ux]=H.Let T'e ' be such that T'x =0,
then

TT'x=0 VTelt = T'Tx=0 VTe# = T(Ux)=0 = T'(Ux])=0,ie, T =0.
(& ): Suppose x is separating for L. If P'is the projection onto [#x],then P'e &'
which implies (I - PhYet.

Note that x ( =Ix ) belongs to the Range(P') so (I-PY% =0 andso I-P'=0 ,ie
P'=1 or [Ux] =H.

5.2 Lemma: Let U be a *-subalgebra of B(H). Then there is a family {Pj :jeJ} of
pairwise orthogonal projections in 1, cyclic relative to % such that XP=L

}
Moreover, if H is separable, J is countable.

5.3 Lemma: Let H be a separable Hilbert space. Then, every abelian *-subalgebra of
B(H) has a separating vector.

For the proofs of Lemmas 5.2, 5.3 see [5] p.109.

Note, now that by Lemmas 5.1, 5.3 we conclude that any maximal abelian algebra of
operators in a separable Hilbert space, has a cyclic vector.

The following theorem is from [22]. Our proof uses the spectral theorem for commutative
C*-algebras (Theorem 4.5) .

5.1 Theorem: Let H be a separable Hilbert space and & be a maximal abelian algebra
in B(H). Then there exists a measure space (X, By, W), with X a compact Hausdorff
space, M a finite posistive regular Borel measure on X, and a unitary operator

U:H - LXX,u) suchthat UAQU™! = (Mg: feL(X, 1)}

Proof.
4 being maximal abelian, has a cyclic vector z€H. Let Hy = @z.Then Hy is dense in H.

4 in particular is a commutative C*-algebraso @ = C(Xp) , where X = X is Stonean.

Also by the spectral theorem for commutative C*-algebras there exists (a unique) spectral
measure E on the Borel subsets of X such that

(Te8)= | TdE,, VTea VEeH
X A
Moreover, VfeB(X)
EMEg)= | faB,  Vien

So Eg E,(') =(E()E,E ) =N E()E I, E€H is a positive regular Borel measure on By ,

the ¢-algebra of Borel subsets of X.
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Furthermore, Eg £ is a finite measure, since Eg Q(X) =& I < .

Take |L =E, , where z is the cyclic vector of & referred above.
Now, we define a mapping
Up: Hp— C(X) (= Cg(X))

A
by Uy(Tz)= T, where Te 4

Uy is a well defined linear mapping from Hgy onto C(X). The linearity and surjectivity of
Uy is clear by the linearity and surjectivity of the Gelfand map *: 4 — C(X).
To see that Uy is well-defined, suppose Tz=S8Sz T,S € @.Then (T -S)z =0 which
implies T- S =0 since z is also separating for d (by lemma 5.1).
So T=$ andso T=3$, ie., UyTz) = Uy(Sz).
Moreover, for T € 4, |

1Tz 1P = ,fx TP dE,, = fx ITR du = ITIR

Thus, U, is an isometry of Hy onto C(X) . Since Hg is dense in H and C(X) is
dense in Lz(X,u), Up extends uniquely by continuity to a unitary operator U of H onto
LAX, ). |
Now, given Sed, let g =/§ . We will show that USU" ! coincides with the bounded
operator Mg on a dense sg\bspace of LZ(X,},L) and thus they will be equal.
Let feC(X) andsay =T, Teqd .
Then USU ~(f) = UpSU'! (f) = UpSTz = (ST)" = ST = gf = Mg(D).
Hence USU "' = Mg.
This shows that U provides a unitary equivalence S = USU™! between @ and
(Mg: geC(x)} ,ie., UAU '=(Mg:geCX)) = U
Since @ is maximal abelian so alsois UGU !, ie., U =1
But %< {MgfeL®X,u)}=4 so UW24=24.
Therefore, U =4, thatis, UAU "' = {M;: feL™(X,u)}. o

5.1 Remark: Let A € B(H) be a normal operator acting on a separable Hilbert space H.

If dis a maximal abelian von Neumann algebra containing A , then by theorem 5.1
vaul= (Mg: feLO(X,W)}. SoA=U -1 MU for some geL(X,u) , ie.,

A is unitarily equivalent with a multiplication operator acting on L2(X, M.

Now combining this fact with example 4.1 we see that the functional calculus for A is
given by

| B(f) = f(A) =U " 'f{(Mg)U =U " 'MrogU =
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Definition: Let m be a regular Borel measure on a locally compact space X.
We call m a standard measure on X if

| #x) dmo) >0
X

whenever feC¢(X) , 20 and f = 0 . (see [22] p. 236)

We remark that the regular Borel measure |t we got in the Theorem 5.1 is a standard
measure. To see this; let ge C(X) (X=X, is compact), g=20,g=0.

Then g has a square ro/c\>t heC(X) with h=20, h#0 and h2=g .
Let Ted besuchthat T=h (T20,T=T*)

IX g(x) dy = fx ()2 dp = (TPz2) = ITzIP 2 0

If ITzI* =0 then Tz=0 = T=0=> h=0 contradicting g+0.
Hence

fx g(x) du >0

Definition:

A standard (regular) measure m on a locally compact space X is called perfect if for
every bounded measurable function h on X there is a bounded continuous function g
suchthat h=g ae.[m] .

A measure space is called perfect if its measure is such. (see [22] p. 255)

Next we will show that the measure space (X, Bx, lL) in theorem 5.1 is perfect.

5.2 Proposition: Let @ be a maximal abelian algebra of operators on a separable
Hilbert space and (X, Bx,)) be the measure space associated with it, as in the theorem
5.1. Then (X, By, W) is perfect.

Proof.
Let he B(X). Then M€ {Mg: feL(X, )} and since UaU‘1={Mf: feL™(X,1) )
there is T€ @ such that

UTU ! = My,
On the other hand A
UTU ! =M4 for Te C(X)
Therefore A
My = M  whichimplies h=T in L=(X,1)
or

' A
h =T ae. [H] ]
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5.3 Proposition: In a finite perfect measure space (X, m), with X Stonean, a set is
of measure zero iff it is meager.

Proof.

(&=): First we will show that the measure of any non-empty open set is positive. For this,
let G#@ be an open setin X and let xg€ G. Then {xg} and G® are closed disjoint subsets
of X and by Urysohn’s lemma I feC(X), 0<f<1 suchthat f(xg)=1 and f=0 on
G°.

If m(G) =0, then fxf(x) dm(x) = JGf(x) dm(x)=0 but £20 and f#0 contradicting

the fact that m is a standard measure.
Next, we prove that, if F is closed setin X with m(F) >0 then int(F)# @.
We have XFE B(X), so there exists (a unique) gé& Cg(X) such that

Xp=g ae[m] or g -Xg =0 ae[m].

Let G={g=0}; G isopensince g continuous.

G~F={g=0and X; =0} & {g- X #0} . But m({g-Xg#0})=0,s0 m(G~F)=0
or m(GNF)=0 andso GNF°=@ since GNF° open. Hence GEF.

Now G# @ ,forif G=¢ ,then g=0on X so X;=0 ae.[m] which

says m(F) =0 .Butm(F) > 0.

Thus, int(F) = @.

Suppose now, that F is a nowhere dense set . Then by what we just proved m(F) =0
and so m(F) = 0.

Finally, if F is meager set , then F = [o_oj Fp with F, nowhere dense for all n and so
n=1

m(F)=m(an) =Y m(Fy)=0,ie., mF)=0

n=1

(=): Let F be a Borel set with m(F) =0.
Now Xp€B(X), so since X is Stonean proposition 4.2 gives X = g+h with g€ C(X),
hen(X).This implies {g#0}S {Xz=#0}U{h=0} =FU{h=0)}

Since m(FU {h#0}) <m(F)+ m({h=0}) =0,
we get
m({g#0}) =0 which implies {g#0}=¢

So g=0on X and therefore Xg=h ,thatis, F={h=0}is meager. [ |

Note that the assumption that X is Stonean is not needed for the proof of the (&= ) of the
above proposition.



5.4 Proposition: Let @ be an abelian von Neumann algebra acting on a Hilbert space
H and let A be an operator in @. Suppose = C(X), where X = X, a Stonean space

A
and f in C(X) represents A, i.e., f=A. Then, Ax = Ax for some unit vector x in H and
AeC iff £ ({A}) contains a non-empty clopen subset of X.

Proof.
(=):If Ax=2Ax with llxli=1 then (A-ADx=0 so Ker(A -AI)={0}.

If P is the projection onto Ker(A - A I) , then P is in @ (P is the range projection onto the

orthogonal complement of Range(A - A)*, see [14] p.327) and
(A-ADP=0 => AP=AP = AP=AP

since P is a non-zero projection, P =X, with S #@ a clopen subset of X.

Thus fXg= AXg soif s€S, f(s)= A,ie., sef™ ({A)) andso SSFf ' ({A)).

(&=): Suppose @ #SSf ' ({A}), S clopenin X. Then X € C(X). Let P be the

operator (a projection) in @ such thatP =X, P 0.

Now for all s€ S, f(s) =A ,so fXg= MCS

Therefore AP= AP = (A-AIDP=0 = Range(P)SKer(A - AI) and since P =0,
Ker(A - A I) # {0}. Thus there is x€ Ker(A - A I) x#0, (in particular one can take x with
Ixll=1) suchthat Ax=Ax. B

The above proposition characterizes the complex numbers which are eigenvalues for a
given operator in the algebra 4.

5.5 Proposition: Let 4 be a maximal abelian algebra of operators. Suppose A= C(X)
where X =X, is Stonean and let e€H, llell =1 be such that Ae =Ae forall A€ @ and
dim(Ker(A - Al)) = 1. Then p: d— C given by p(A) = (Ae,e) is a multiplicative linear
functional (, i.e., p€ X) and {p} is open in X.

Proof.
The linearity of p is clear; we will show that p is multiplicative. Let A,Be Q.
Then

Ae=Ae => BAe=ABe = ABe= ABe = Be€Ker(A-AI)

andso Be =pe forsome WeL , since dim(Ker(A - AI))=1.
Now, we have
p(AB) = (ABe,e) = (Ale,e) = Ap = (Aee)(He.e) = (Ae.e)(Be.e) = p(A)p(B)
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Let P be a projection onto Ker(A - A I).
Then Py =(y.e)e ye€H, sofor xeH,Aead

PAx =(Ax,e)e = (x,A*e)e = (x, Ae)e = AM(x,e)e = (x,e)Ae .

On the other hand,
APx = A((x,e)e) = (x,e)Ae.

Therefore AP=PA VAed = Ped =4.

Next we prove that {p} is open in X. X being extremelly disconnected is totally
disconnected.

If q€X, q# p then there are clopen sets C,,C, such that peC;, q¢ C, and C,NC,=@.
Iff= X and g=Xp, ,then f(p) =1, g(@) = 1and F,GEd with F=f G=g

are projections and FG 0

Moreover, since PF(p) = (Pf)(p) = P(p)f(p) P(p) p(P)=Hell=1,PF ;tO

Also PF <P and since P is 1-dim’l we conclude PF=P = P<F = P <f.

But q was any point of X different from p , so Il;(q) =0 or ,1\3 = X{p)

So Xip)€C(X) andso {p} is open (hence clopen). 2

The following proposition is the converse of Proposition 5.5.

5.6 Proposition: Let d be a maximal abelian algebra of operators. Let p€ X=X, and
suppose that {p} is open in X. Then, there exists a vector e€H, lle li =1 such that

p(A) =(Ae,e) forall A€ @ ande is an eigenvector for every A€ @ with eigenvalue of
multiplicity 1.

Proof.

Let Pe dbe such that /I\>=X[p}, P is a non-zero projection in @ and PA=AP, for all A€ 4.
For cach A€d let A=A(p); then (A-ADP=0.

If ecRange(P) with llell=1 ,then Ae=2Ae forall A€ 4 andso

P(A) = A(p) =% = (he.€) = (Ae.e).

Furthermore, let Q be the projection onto span{e}; then A(Range(Q)) & Range(Q), i.e.,
QAQ=AQ forallAed so QA*Q=A*Q as well, and so by taking adjoints in the last
equality QA =AQ forallAed thatis Q€ a' a.

Now, let g = Q since Q<P wehave 0<g< P X{p) therefore g = X{p} and so

Q =P, i.e., Range(P)is 1-dim’l B

Q



§ 6. B(N)

The theory of B(IN) is developed in [14] in the problem sections see p. 224, p. 374
Here we prove only those facts that are needed for our purposes.

Let Q% denote the Banach algebra 2°°(IN,C) of all bounded complex sequences
X = {xn}nf’_?1 with norm Il x Il = sup Ix_ |. The operations on 1°° are as follows:

el AeC

For x,y€ 1% X={Xn}:°=l » y={y,)
x+y ={x +y )}, Ax={he }, xy={xy,}, x*={x}.

In fact, 4%° is a commutative C*-algebra .
Let ¢ and ¢, be the linear subspaces of £ defined by

c={{x,)€ j R nli_glooxn exists}

Co={ {xn}GJl°°: im x =0]}.

n—oco

Then ¢ and ¢, are closed subspaces of 4.
Moreover, ¢, provided with pointwise multiplication, is a (commutative) C*-subalgebra of

1°° . Note that , the linear functional m on ¢ given by m(x) = nli_{’noo x, forxec,isa
multiplicative linear functional with kernel c,. Thus ¢, is a maximal ideal in c.

We remark that ¢, is not a maximal ideal in 4®° . To see this; suppose that ¢, were a
maximal idealin 8% . Then dim(f%°/c;)=1.

So, if m: 42 — 0%/c, is the quotient map , there exists x€ £°° such that {n(x)} is a
basis for 4%°/c,. Note that x € c,.

Thus x€c or x€ L% ~c. Now, if x€ c, then for y€ 4°° ~c there is L€ C such that n(y) =
AT(x) , so (y - AX)€ ¢, and so yE€c, a contradiction.

On the other hand, if x€ §*° ~c, then foryo = {1, 1, 1, ...} € 8°° there is loeiD such that

T(Yo) = AoT(X) O (Yo -~ AoX)EC,, .., 1 - ?»oxn —0 asn—co.50 x — o,
o
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(note that A, = O since y, € ¢,). Hence, nli_gnooxn exists and so x€ ¢ which is also a
contradiction.
It is often convinient to use function notation for the elements of £°° . So with this notation

42 = (fiN—=C : 11l = sup If(n)l < co)

Definition: B(IN) is defined to be the space of all non-zero multiplicative linear functionals

on §° , topologized with the weak*-topology.
B(IN) is called “ the B -compactification of N

Thus B(IN) is the Gelfand space of the commutative Banach algebra °° and as such is a
compact Hausdorff space.

A
Moreover, if we define f(p) = p(f) for f€ §°° and peB(IN), then the Gelfand map
A
A A® = CB(N)), f f is an isometric *-isomorphism of £*° onto C(B(IN)), i.e.,

1=y = CB)Y).

6.1 Proposition: B(IN) is extremely disconnected (and so Stonean).

Proof.

We will show that C(B(IN)) is a boundedly complete lattice, then (by theorem 2.1) 3(IN)
will be extremely disconnected.

Suppose that F = {t{;}aEJ is a bounded subset of C(B(N)), f, € J A

So there is M > 0 such that f, <M YaeJ. Define f€ 1% by f(n) = sgpfa(n).
Then f/'; < /f\' Va , since f,<f Va and the Gelfand map is order preserving.
Moreover, ifé1 < /g\ VaeJ, ge A, then f,<g Va which implies

A

A
f(n) = sgpfa(n) <gn) Vn ,ie, f<g andso f <g.

Thus £ =lub¥ is in C(B(N)). E

6.2 Proposition: Let i: N — B(IN) be given by i(n)(f) = f(n) for fe 4*° .
Then i(IN) is dense in B(IN) and the one-point set {i(n)} is open in B(IN).
Moreover, p(f) = 0 when p€ 3(IN) ~i(IN) and fe€co.

Proof.

Suppose that i(IN) is not dense in B(IN) and let pe(IN) ~ i(N).

Since B(IN) is a compact Hausdorff space , B(IN) is completely regular.
So there is g€ C(B(IN)) such that g(p)=1andg=0 on i(N).



In partlcular g(i(n)) =0 VnelN.

Smce(,ﬂ°°) = C(B(N)),let fe 1*° be such that t =g.
Then

s 0 =g(i(n)) = t (i(n)) =i(n)(f) =f(n) V'n, thatis,f=0.
)

A
g= f =0 acontradiction.

Now, let n€ N be an arbitrary fixed positive integer and p€ B(IN) with p @ i(IN).

If
{1 if n=m

o
0 if n#m and fe %,

Kin) () =
then

X, = f(n)X{n} which implies p(X[n]f} = f(n)p(x[n]).

{n}

On the other hand,
P(X(yD = P(X ()P S0 P(X( P - m)] =0

Since p&i(N), fe 4*° can be choosen such that p(f) # f(n).
Thus,

P(X(p)) =0 or (X)) (P) =

Note also that (X )A(i(n)) = i(n)X{n} = X{n](n) =1.
Hence (.X 1(n) ) (X ) € C(B(N)) and so {i(n)} is open (clopen) in B(IN))
(and (i(N) = n J {1(n)} is open as well ).

Finally, we prove that {p€ B(IN): ? (p) =0 Vfecy) =B(N)) ~i(IN).
Let peB(IN) be such that fA(p) =0 V'fe€c, and suppose that p€ i(N).
Then there exists n, € IN such that p = i(n,) and

= f(P)‘P(f) i(no)(f) = f(n,) VfEC,.

Taking in particular f = X{ n,} We et 0 = f(n,) = 1 which is a contradiction.

On the other hand , if p€ B(IN) ~ i(IN) , then as above we have that p( X{n}) =0 VnelN.

Now, since any fe c, can be writen in the form f= kZ=: 1f(k) X[k} we have

ca

p(f) = p( f(k)x[k}) = Z; 1f(k)p()('[k]) =0 and the proof is complete. W
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Remark 6.1. We recall that §2 = {f: N> C : X If(n)* < ca}. For fe °°, let
M;: 82 — 02 be the multiplication operator by f, i.c., M{g) =fg Vge 22,
It is easy to see that the mapping f = M, from 1% into B(le) is an isometric *-

isomorphism.
The algebra d = {Mf: fe 0°°} is a maximal abelian algebra of operators in 82 To see this;

suppose A€ B(12) is such that AM; = M;A Ve ™ ie, Aca'.

Lete, = X, € 4% and set g, = Ac . Then fg, = M{Ae, = AMe, = f(n)A¢, = f(n)g, -
So Vke N we have flog, (k) = f(n)g (k) or (f(k) - f(n)g (k) = 0 Vfel>®

and so gn(k) =0 for n#k.

Now
lgn(n)|=|lgnllﬂ2 =IIAenll < ANl VnelN.

Thus, if g = {g,(n)} 2, , then g€ 1% and

Hence
Mgen = Ae a

Now since elements of the form h = { h(1), h(2), ..., h(m), 0, 0, ...} are dense in ,Q2 ,
h= h(l)e1 + h(2)e2 + ... +h(rn)em and A, Mg are bounded operators we conclude that

A=Mg. Thus a =4a’'.

Note that @ = {Mg f€ £°°} can be viewed as a particular case of the multiplication algebra
{Mg fe L*(S, W)} by taking S = IN and the measure | to be the counting measure on IN.

As such 4 is maximal abelian.

6.3 Proposition: If J is a closed two-sided ideal in a C*-algebra @, n: 4 — @4/J the
quotient map and «.: C(X a) - C(X s ) is defined by 7, (f) = for* where

¥ X ay X, is the map n*(P) = pox , then the following diagram commutes.

g D Xy

ml LS

an > CXgy)
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Proof.
Letpe X, , A€ d. Then

(A B) = P(T(A)) = Por(A) = T*P)A) = AT*(P)) = Aon*(P) = 7, (A)P)
Thus (n(A))A =T, ( IQ ) and the diagram commutes. B

6.4 Proposition: Let C, = {M;: f€c,}. Then the Gelfand space of the quotient
C*-algebra @/C, is homeomorphic to B(IN) ~ i(IN).

Proof.

Since ¢, is a closed ideal in £°° and the mapping f+ M, is an isometric *-isomorphism C,
is a closed ideal in @ .So d/C, is an abelian C*-algebra .

Now, the mapping ¥: X j— B(IN) given by W(w) = wo® , with we X and

O: ¥ wa , o= Mf , is easily seen to be a homeomorphism.

So we may identify X ; with B(IN).

Furthermore, the mapping F: X . B(N) ~i(N) given by F(®) = tonod

where @€ Xa/Co , maps into B(IN) ~ i(IN). To see this; let fec,, WE Xge -

Then °
F(®)(f) = domod(f) = i(m(Mp) = 0.

So F(0)(f) =0 Vfec, and so by proposition 6.2  F(®)€ B(N) ~ i(IN) .
Also F is a homeomorphism. For this; let @,, cffz € X and suppose F(o,) = F(®,).
Then
F(@)) =F@)( Viel™ or & @Mp)=a,mM)) Vel
or
@, (n(A)) = @, ((A)) VAea.

So @, =,
If pe (B(N) ~ i(N)), take BE X 5/ defined by B(n(A)) = p@(A)) VAeda

Then F(®) = @omo® = pod lod =p and F is onto.

and F is one-to-one.

To see that F is continuous , suppose that @, — ® in xa/C .
Then

0, (M(A)) = &(n(A) VAEA or (@pmed)(f)— (domod)(f) Ve L™
or

F(o)D — Fo)f) Vfel® or F(@)— F® inBN)~i(N).

Now, since X a/c is compact and B(IN) ~ i(IN) is Hausdorff, F is a homeomorphism. W
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Note that by proposition 6.3 we have that

a S Xy

T

a/C, AT C(Xa/Co) commutes.

Letr: C(B(IN)) — C(B(IN) ~ i(IN)) be the the restriction mapping and identify X gic. With
B(IN) ~ i(IN). Then the following diagram commutes

a 5 cemy
n\L \Lr

4C, —> C(BN)~i(Ny)

6.1 EXAMPLE .

Leta={ M,:fe A°°} be the multiplication algebra of operators on 02 . We noted that @
is a maximal abelian algebra . In this example we are interested to find the regular Borel
measure L on X =X ;= B(IN) we get from theorem 5.1.

A vector g€ 22 will be a cyclic vector for 4 iff gis a separating vector for a=a
(lemma 5.1)

So g will be such that Mg =0 implies M;=0 Vfel® or

fg =0 implies f=0 Vfel*™

Letg= {r"}::1 with O0<Irl< 1. Then gis a cyclic vector for .

From the proof of theorem 5.1, we have that the total variation of the measure [ is
r2

REO=HBM) =gt = F 1gm P = X V= .

For fe 0% and p€B(IN), we have

2o = ) foa=] poan= [ poan + | poan
B(N) B(N) i(N) B(N)~i(N)

= I in)(fidu  + f p(fdp = j f(n)du + .[ p(f)du
i(N) B(N)~i(IN) i(N) B(N)~i(N)



- 2 Juomma + [ pmap
i(n) B(N)~i(N)

= X fudim)) + [ poan
B(N)~i(IN)
On the other hand

o

(eo= Zfi"P= E i) + | pmar
B(N)~i(IN)

For f = X{k] €c, (p(f) =0 when p€e B(IN) ~i(IN) ), we have

¥ 12 = pitico))

So
u((im})) =™  VneN
Now, if we take f= 1, th r? —-2-r2 + R(BN) ~i(N))
ow, 1T W = , then = ~1 ’
© l1-r l1-r H

that is, p(B(N) ~i(N)) =0 8

6.2 EXAMPLE.
LetH=1% and A=M, where h@n) = = for n=12, ..

Let 4 be the abelian von Neumnann algebra generated by A .

In this example we show that the Gelfand space X g Of @ is homeomorphic to B(IN).

First, note that A is a compact operator.
Indeed, if x™ = {h(1), h(2), ...h(n), 0,0, ... } and A_ =M, (w), then

Range(A ) is n-dimensional so that A_ is a finite rank operator ¥V n (hence compact) .

Forye 2 (y= {y(n)}:‘;1 ) we have

2 5 1 2 1 2
A - ADyl? = kz‘rillﬂp-ly(k)l < I Iyl

so that

1
NA-A Il £ — 0 asn— co.
n (n+1)2

Hence A is a compact operator.
Moreover, A = q(A) = o(Mh) = Range(h) = { h(1), h(2), ...} U {0} .
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Let g, be the C*-algebra generated by A
Claim L: 4, = {Ma: a€c}.

By the (continuous) functional calculus the mapping ®: C(A) — 4, is an isometric *-

isomorphism onto. So given B€ 4, there is a (unique) continuous function f on A such
that f(A)=B or f(Mh) =B

But (by example 4.1) we have that f(M,;) = M, .

Since f is continuous, if g(n) = f(h(n)), then rl1i_r’noog(n) exists. Sothat B=M g with g€c.

Conversely, let B =M, with a€c. Take f: A = € defined by

f(h(n)) = a(n) and f(0) = nli_r,nma(n).

Then fe C(A) and B = f(A)€ 4, and our claim is proved.
We recall that @ is the closure in the s.o.t. of &

Claim 2: @ = (M, : a€ £*°)

To prove this; leta€ °° and a®™ = { a(l), a(2), ... a(n), 0,0, 0, ... }€ c, and Bn = Ma(n).

Forxe §%, x = {x(n)):’=1 we have

Max - an = {0, 0, ..., 0, a(n+1)x(n+1), a(n+2)x(n+2), ... }

so that
[o2] oa
1M, -Bpx IP=. ¥ laPix(P<lial® E x(PF— 0 asn— oco.

Therefore, (M, :a€ 1%} € 4.
Since {M, : a€ 1°} is maximal abelian, it is closed in the s.o.t.
Now, @, S {M,:a€ %} andso 4 < M, : a€ 1)

Thus A= { M,: a€ 1°°} and our second claim is proved.
Now from our previous discussion ( see proof of proposition 6.4) we conclude that
X, is homeomorhic to (IN). 1



§ 7. SPECTRAL THEORY FOR UNBOUNDED SELF ADJOINT
OPERATORS .

" Definition: Let H, , H, be two Hilbert spaces. A linear operator A from H, into H, is

a linear map whose domain of definition is a linear subspace (not necessarely closed) D(A)
in H, .
1

The unbounded operators A we consider will be densely defined, that is, D(A) is dense in
Hl . We denote by Op(Hl, H2) the unbounded densely defined operators from Hl into H2

Op(H) = Op(H, H).

Note that if A€ Op(H) is bounded, then A can be extended to a bounded linear operator on

D(A) = H. So unless it is specified to the contrary, a bounded operator will always be
assumed to be defined on all of H.

For a detailed discussion of the basic definitions and properties of unbounded operators we
refer the reader to [20] p. 296.
Next we collect some of these definitions.

Definition: Let A, Be Op(H). We say that B is an extension of A , denoted A € B, if
D(A)SD(B) and Ax = Bx VxeD(A).

Definition: Let A, Be Op(H). We define the sum of A and B, A + B€ Op(H) as follows:
D(A +B) = D(A) N D(B) and (A +B)x = Ax + Bx VxeD(A + B).

Definition: Let A, Be Op(H). We define BA € Op(H) as follows:
D(BA) = {xeH: xe D(A) and Axe D(B)} =D(A) (1 A'l(D(B))
(BA)x=B(Ax) VxeD(BA).

Definition: Let A€ Op(H). The Graph of A is the set of pairs { <x, Ax>: x€D(A) }.

The Graph of A, denoted by I'(A) is a linear subspace of HxH.
Note, HxH is a Hilbert space with inner product

(KX Y120 <Xy, ¥5>) = (X, Xp) + (¥4 ¥o)-

Note also that for A, B€ Op(H), A € B iff ['(A)S I'(B).



¥}
2

Definition: Let A€ Op(H). A is called a closed operator if T'(A) is a closed subspace of
HxH.
Definition: A€ Op(H) is called closable (or preclosed ) if the closure of G(A) in HxH is a

graph. In this case , we define A € Op(H) such that I'(A) = [(A) and we call A the
closure of A.

The notion of adjoint operator can be extended to the unbounded densely defined
operators.
We also mention the following facts:

1) If A,Be Op(H) , BA€ Op(H) , then A*B* S (BA)¥
ii) If A€ Op(H), Be B(H), then A*B* = (BA)* (see [20] p. 299-300).

Definition: Let A€ Op(H). A is called symmerric if A & A*, thatis,
(Ax,y) = (x,Ay) Vx,yeD(A).

Definition: Let A€ Op(H). A is called self adjoint if A = A*,
that is, iff A is symmetric and D(A) = D(A*).

Definition: Let A € Op(H) be a closed operator. We define
{A}Y ={ TeB(H): TA € AT}
(A}" = ({A})".

Definition: Let @ be a von Neumann algebra of operators on H and let A € Op(H)
be a closed operator. We say that A is affiliated with 4 (and we write An @) when
U*AU = A for each unitary operator U commuting with 4, i.e,

U*AU = A YUea' ,thatis,
YUea' UM(A)) =D(A) and U*AUx =Ax VxeD(A).

Note that & is a *-subalgebra of B(H) , since @is a *-algebra. Moreover , since the

commutant of any subset of B(H) is always closed in the s.o.t. (and so in the u.0.t.), @'is
a C*-algebra in B(H).
Now, any element of a C*-algebra U is a finite linear combination of unitary elements of
U (see [14] p. 242).
Thus,

Ana & BACS AB VBed' & a4 c (A).



We will see later (spectral theorem for unbounded self adjoint operators) that an unbounded
self adjoint operator A is affiliated with an abelian von Neumann algebra. The Gelfand
space of this algebra will be (by theorem 2.2) extremely disconnected and A will be
"represented” there by a function , which as might be expected, will be neither everywhere
defined nor bounded.

On the way to this spectral theorem and for the later analysis of unbounded normal
operators, the following discussion plays a key role.

7.1 Theorem: Let X be an extremely disconnected space and Y be a compact Hausdorff
space. Suppose that U is an open dense subset of X. If f: U— Y is a continuous function,

then f has a unique continuous extension f on X ,ie., f: X—>Y.

Proof.
The uniqueness is clear, since if two continuous functions agree on a dense subset they
agree everywhere.

We prove the existance. For each y€ Y, let
- _1 _ . . . .
Ay = Gogy f-'(G) where gy ={G:GisopeninY,y€Y}). Ay is a closed subset of X

VyeY (possibly empty).
Now, if x€ X, then there is a net { xd} in U such that x ;= x. Since Y is compact the net
{f(x4)} has a cluster point, say y, in Y.

Claim: x€e A y"

If x¢ Ay, then there is an open set G in Y such that yeG and x& f-1(G) .So there exists

dg such that ford 2 d, X, € f-1(G) .In particular, for d > d, xdi fl(G), that is,

f(x)e€aG.
d
Since G is a neighborhood of y and y is a cluster point for {f(x )} this is a contradiction.

Thus, x€A y:

We define f(x) = y forx€A y* This is well defined, forif y, #y,, then A vy Na vy = @
To see this, lety, #y, y,,y,€Y, Y being a Hausdorff space, there are open sets Gy, G,
inY withy, €G, y,€G, and G, N G, =@. But then fl(Gl) and fl(Gz) are open in
U (and so in X, since U is open in X) and fl(Gl) N fl(Gz) =@.

Since X is extremely disconnected we have f 'l(Gl) nf ‘1(G2) =@,

o)

Ay, M Ay, =@.
Now, V xeU f(x) = f(x) ,ie., fly =f.
For this, let D be any directed set and take x; =x VdeD.
Then f(xd) = f(x) and f(xd) —f(x), so X€A £(x) and so f(x) = f(x).

[t remains to show the continuity of f.
Let F be any closed subset of Y and £ = {G: G isopenin Y and FEG}.

(¥

[F9]



We claim f I(F) = chF £-1(G) (which immediately gives the continuity of f ).

In fact, if x€ T “1(F), then F(x) = yeF. So x€ Ay, ie., xe {1 £-1G) < 1 £1G) .
Gegy GeZp
Conversely, if x¢ f 'I(F), then 'f(x) =y€ €F. Choose G}, G, open sets in Y such that
y€G, F < G, and Gy N G, = @ . Then f'l(Gl), f'l(Gz) are both open in U (so in X)
and disjoint. Again since X is extremely disconnected we have f ‘l(Gl) Nnf 'I(Gz) =@,

50 AyﬂGDXFf'l(G) =¢.SincexeAy,x€GDrFf'1(G) .

Remark : L..Gillman and M.Jerison [10] p. 96 state the following results:
i) If X is extremely disconnected, then X is the Stone-Cech compactification of every
dense subset ; and ii) If X is the Stone-éech compactification of T and f: T—-Y is

continuous (Y compact Hausdorff) , then f extends to f:X>Y
Note that i) and ii) give another proof of theorem 7.1.

We denote by & = [ U {0}, the one-point compactification of C. lFiai< = [-00,00], denotes
the two-point compactification of [R.

Definition: Let X be a Stonean space . A continuous function f: X — L, such that

U = {f# co }is (open) dense in X, is called a normal function on X.

We denote by N(X) the set of normal functions on X.

A continuous function f: X — IH*, such that Uf = {-00 <f < 00 } is (Open) dense in X, is

called a self adjoint function on X.
We denote by S(X) the set of self adjoint functions on X.

7.1 Remark: We can identify S(X) with {g€ N(X): g is real whenever it is finite}.

To see this; let 6: R - lﬁ be the function defined by
x if -o00<x<eo
000 ={ o it " x < deo
6 is continuous. Thus, if f€ S(X), then Qofe N(X).
Moreover, if fl, fze S(X) and (:)of1 = Qof,, then f1 = f2.
In fact, f, =f, on Ufl n Uf2 which is dense in X.

Now, given g€ N(X) such that, whenever g(x) # oo, g(x) is real, then g|Ug: Ug—) R*
and by theorem 7.1 there is a (unique) f: X — R* which extends gIUg .

Clearly, g and 6of agree on Ug and since Ug is dense g=00f W



W
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7.2 Remark: Note that, if f and g are in N(X), Uf N Ug is (open) dense in X and f + g,
fg are both defined and continuous functions on op nu g
Thus by theorem 7.1, f + g and fg have unique continuous extensions on X,

ftg and f.g respectively.

Similarly, for f€ N(X) f is defined first on Uf and then by extension on X.
For fe N(X),
feS(X) & f=f.

Thus, N(X) is a *-algebra containing C(X) and S(X) is the set of self adjoint elements of
N(X).

7.3 Remark: Note also that fe N(X) is invertible in N(X) & int{f=0}=¢ .
To see this we have:

(=>): If fe N(X) is invertible in N(X), then there exists g€ N(X) such that f-g=1.
Since {g# oo} is dense in X, the set {f # 0} is also dense in X, equivalently
int{f=0}=¢@ .

(&<): Suppose int{f =0} = @ this implies {f #0} = X which implies

(L 200} =X. S0 L eNX). ®

7.1 Proposition: Let @ be an abelian von Neumann algebra, X =X ; its Gelfand space,

A - C(X) the Gelfand map and A€ 4. A is one-to-one & A is invertible in N(X).

Proof.

(=>): Suppose that int{ A = 0}=@ .

Since X is Stonean, G = int{ A =0} is clopen. Let e = X € C(X).

IfE€ a issuchthat £=e, then E#0and AE=EA =0, since A ¢ =0.

Therefore, Range(E) & Ker(A), hence A is not one-to-one.

(&=): Suppose that A is not one-to-one. If E be the projection onto Ker(A), then E is a

non-zero projection and E€ @, since @ is a von Neumann algebra.( E is the range
projection onto the orthogonal co“r\nﬁlement of Range(A*)) (see [14] p. 327)

Moreover, AE = 0 which implies AE = 0.

Let G is the non-empty clopen setin X such that B = X

Then A Xg=0 which implies that G € (A =0},50 G € int{ A =0}. -
Hence int{Ar=0}=¢@ . &



7.4 Remark: Note that, if f€ N(X) and G is a clopen set in X and g = X , then

coo0 (194165
In fact, suppose that x€ G and let  {x,} ,x €U, be a net such that x; — x.
Since G is open may assume x;€G Vd.
Furthermore since f+g is continuous, we have (f-g)(x) = lim(f-g)(x d).
But

(£-)(xy) = f(x Dglxd) = f(x ) = f(x).

Thus for xe G (f-g)(x) = f(x).
A similar argument proves that, if x¢ G, then (f-g)(x) =0. B

7.2 Proposition. Let X be a Stonean space and let {ek}k ¢R be a bounded resolution of

the identity in C(X), X ={x€X: ex(x)=1 }, o€ SX).
Then the following are equivalent:

i) VAeR (xeX:0(x)<AISX, S {x€X: ¢(x)<A)
ii) X,=int{x€X: ¢(x) <A}=int{¢ <A}
iii) VAeR 0-ep <Aey and A(l-e)) <¢-(1-ep)

Using remark 7.4, the proof of this proposition is on the same lines as the proof of
proposition 2.2.

Our next theorem is the Spectral theorem for unbounded self adjoint operators.

7.2 Theorem : (Spectral Theorem )
Let A€ Op(H) be a self adjoint (unbounded) operator. Then there exists a unique resolution

of the identity {Ek}l cR such that (in fact, @ = {A}"):
i) For every compact interval J=[a,b] a,be, if FJ = Eb - Ea, then AFJ isa
bounded self adjoirt operator on H, which leaves Hy = Range(F)) invariant and
such that AFJ| H; is a bounded self adjoint operator on H; with spectral resolution

is {(E ,i.e.,

KFJ }xe R
AF, = I{de(EKFJ) - JJ-MEA

ii) Let J be the directed set of compact intervals in [R ordered by inclusion.
Xx€D(A) & the net {AFJx} Je g converges.



For xe D(A), Ax = IimAFJx = lim(J‘?»dEl)x. Moreover, A is affiliated with @ .
J

Proof.
Since A is self adjoint, by the basic criterion for self adjointness (see[14] p.160)

we have that Ker(A £i]) ={0} and Range(A % il) = H and so (A +il) -1 exists from H onto
D(A % iI) = D(A).
Furthermore,

A +iDxIZ = HAxI2 + 12, so lI(A +iDxI? = HxI2

from which we get that (A +iI)"! (exists and ) is bounded , i.e., (A * i)~ € B(H).
LetV = (A +iDL.
Then IVl <1and V¥ =(A - il) "L

Also .
(A -iDV =(A +il - 2IDV =(A +i)V - 21V =1 - 2iV,
SO
V = V* - 2iV*V,
hence
_V*xV
VIV ==
Similarly,
_ VxV
VV¥ = ——

So V is normal. Moreover,
AVV*¥ = (A +il -iDVV* = (A +I)VV* - iVV* = V* - jVV*

Let A={V]}" ; disan abelian von Neumann algebra.
We claim: Be {A}' iff Be{V}' ,ie., {A} ={V}.

To see this; suppose that BE {A}', then BA S AB, that is, BAx=ABx Vx€D(BA)=D(A).
Now,
Bx=B(A +i)Vx=BAVx +iBVx=ABVx +iBVx = (A +i[)BVXx,
o)
VBx =BVx VxeD(A). But D(A) is dense in H,
hence
VB =BYV since V, BeB(H).

Conversely, suppose that BV = VB and x€ D(A),
then

Bx =BV(A+il)x = VB(A+il)xe D(A), thatis, D(BA)=D(A) & D(AB).

Moreover, for x€ D(A) we have

(A +i)Bx = (A +i)BV(A +i)x =B(A +il)x,

SO
ABx =BAx.



Thus BASAB or B€ {A}' and the claim is proved.

It follows now that, {A}" = (V}" = 4

By the Gelfand-Naimark theorem and theorem 2.2, @ ~ C(X) where X =X a2 Stonean
space.

Letv= C/ ve C(X).

Since V is one to one, proposition 7.1 gives that v is invertible in N(X), so % € N(X).
A A

Also, V¥=V =V,

Define eN(X)by ¢ = —-i.

Since V¥V = VV* = —\g—'y-in a, taking Gelfand transforms we get Vv =Iv2 = —Vzliv—
V+V
2lvi?

which implies ¢ = ¢. Thus ¢€ S(X). Note that ¢ =

In a formal sense ¢ is the function that corresponds to A . We want to remark at this point
that, if A is bounded, then v = a+1 .Sop=a= A,
Now, for A€ R, let Xk =int{¢ <A} (a clopen subsct of X) and e, = Xxx.

is a resolution of the identity in C(X), that is,

1) 7Lé/":‘e}‘=l , AQHCX:O

e hem

= Ne

ii) VAeR &= ).

To see this we have: Clearly e, <1 VA€M and if fe C(X) is such that eksf\?’le B,
then
) C > = =
(f<1y € [1X° =11 (0>h) € [] {02}) = (¢=c0} ,

SO
int{f<1) = {f<1} € int{dp=c0} =@ ,ie, f21.
Hence
Ve =
AeR A

On the other hand e, 20 VA€ R and if ge C(X) is such that g <e, Viem,

then
{(g>0) S ﬂ X ﬂ (0<A)={9=-0c0},

€R 7»_
SO
{g>0) =int{g>0) & int{o=-c0}=¢@ ,ie, g<0.
Hence



AeR

Next we show ii); Clearly e,< eufor A <. If he C(X) is such that h < e YuzA,

then {h>0}‘_:.Xu, so h>0 implies ¢ <p Vu>A and so h >0 implies ¢ <A.
Thus, {h>0}§Xl ,S0 h<e
Hence,

A

A
Now let Eke a be such that EA= e -

Since the Gelfand map is order preserving, {Ek} is a resolution of the identity in 4.
If J =[a,b] is a compact interval in R and F = Eb- Ea ,
then A

fi=e,-e,= xxblxa , where f; = F .

Moreover, if Z = {v=0}, then Xbﬂ Z=X NZ={0=-00},
so that X IX € XIZ, thatis, v(x) # 0 when XE XbIX
Letk be the funcuon in C(X) defined by

vl
0 otherwise

1
K ={ V2 when xeXbIXa_

Then k =0, klvi?= f, and kf; =k

If Ke a4 issuch that K k, then KVV* = Fj.
We prove now that AF; is a bounded self adjomt operator on H.
VvV

For xEXbIX we have a< ¢(x) <b. Recall that ¢ = 2Iv12

Then

vV+V
alvi2 fJ <

2
f, <bvRf,.

Multiplying both sides by k and using k v =1}, kfj=k

we get
v+v
a fJ < > k<b fJ .
Hence .
aF< “C K <b,
or

aF; < AVV*K < bF
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or
aFJ SAFJ < bFJ since VV*K = FJ.

Thus AFJ € B(H) and is self adjoint.
Furthermore, FJV = VFJ = FJA o AFJ = FJ A F, & AFJ and since AFJ € B(H),

F; AF € B(H), so F;AF =F; which says that H; = Range(F;) is invariant under AFy.
+Vv V+vV

Also ¢f; € C(X) and of; = h fj=—
A\’

both sides of the last equality we get

k . Taking inverse Gelfand transforms in

V+V*
2

K= AVV*K=AF, .

Thus AF, € @and (AF)" = ¢f; .
Next with the use of theorem 3.2 we show that {E.F }7& cR is the spectral resolution for

AJ
ARy,
We have,
ofye, fy < ?»e}‘fj and A(f; - e,f}) <of; (f) - e, f}) VieR

and applying the inverse of the Gelfand map we get

(AFJ)(E}»FJ) < A.EkFJ and 7‘.(13J - E}‘FJ) < AFJ(FJ - EAFJ) VieR.
Note that,
0 for A<a

E,F = { F; for A2b
E,-E_ fora <i<b

The spectral theorem for the bounded self adjoint operators AFJI H; gives
AF, = Lxd(ExFJ) - J;?\dEx

ii): Since{Ex} is a resolution of the identity we have that

V E =1 and /\E=0,
AeBR A A€R A

SO

Ah—IPmE?» =1 inthes.o.t. and xli.rl}mEk= 0 in the s.o.t..

Hence, the net {FJ e 4 converges to [in the s.o.t, ie., Fx—x VxeH.

If xeD(A), since FJA<;AFJ , we have AFjx = FJA Xx— Ax |, thatis, {Aij}Je q
converges.

Suppose now that {AF;x};, 4 converges. Then F;x—x and (AF;x};. gconverges.
Since A is seif adjoint, A is a closed operator.

Therefore, xe D(A) and AFJx — AX.
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Thus for x€ D(A)
Ax = imAF; x = lim( | AdE, )x.
J
Next we show that An @ ; Let Ue @' be a unitary operator and x € D(A).

We have
Ux=UV(A +iD)x =VU(A +iDx
which implies
(A +iDUx = (A +i[)VU(A +iDx =U(A + iD)x.
Thus
AUx=UAx or U¥AUx = Ax VxeD(A).

It remains to prove the uniqueness of the resolution of the identity {Ek}le R

We state it and prove it separetely in the following proposition. B

7.3 Proposition: (uniqueness)
If {E'l}ke R is a resolution of the identity in B(H), with the following properties:

i) For every compact interval J =[a,b], let FJ' =E'-E;, Hy = Range(F).
AFJ'E B(HJ') and is self adjoint with spectral resolution {E'XFJ'}A‘ cR’
ii) xeD(A) iff {AFJ'x} Je g converges and for xé D(A), Ax=lim AFJ' X
then E'x'—' E}\' V?\.E R.

Proof.

Since {E‘?\.FJ'}X R is the spectral resolution for AFJ', AFJ'E'}‘FJ' = E'XFJ'AFJ' .
Also E'?\, and F}' commute and F/AF = AF/,

so AF/E K=AFJ'FJ'E A= AF/E kFJ’= E }LFJ'AFJ' =E XAFJ"

For x€ D(A) we have AF x— Ax which implies AFJ'E'xx = E'KAFJ'X - E'KAx.
Now FJ'E'kx—)E'}Lx and AFJ'E'kx%E'KAx.

Since A is a closed operator we get that E'xxe D(A) and AE'xx =E '}‘Ax, that is,
E'KA c AE';» or E')LE {A}',but then E';\E {(V}.

Let U be the von Neumann algebra generated by {E'k}‘- U is an abelian von Neumann
algebra.

Since E'XFJ'E U, AF'e Uand so U'S {AF}) V1.

But, if B {AFJ’}' V7, then BAFJ' = AFJ'B V] and with a similar argument as above

BA € AB, ie., Be(A)"
Therefore
u' < [NAF[) € (A},

hence 4={A}" S U InparticularEse 2 SU VieR.



Let Y = X,u and A denote the Gelfand map A : U— C(Y).
We pause in our proof at this point to state and prove two lemmas;

Lemma 1: Let R be an abelian von Neumann algebra on H and A be a self adjoint operator
affiliated with X (, i.e.,,An R). If BER and AB€e B(H), then ABE R,

Proof of lemma 1.
Suppose Ce R/, then ABC = ACB. Since AnR., R'S {A} so Ce{A},
therefore ABC = ACB = CAB which implies that ABER" = R.

A
Lemma 2: Let Rand A be as in lemma 1. If Be Rand AB€ R, then (AB)A = ¢-B, where ¢
A

is the function on XK "representing” A (0= %— -iwhere v=V ).
Proof of lemma 2.
A A
Let =B, C= AB, ¢ = C. We have (A +i)B = AB +iB = C + iB which implies
B=V(C+iB),sothat B=v(c+ib) andso c=B-(L -i)=P-¢=0-P,
v

A N
that is , (AB) = ¢-B.

Now back to our proof: And@ S U so An 4, F e Uu, AFJE B(H),
A
so by lemma 1, AF;€ U and by lemma 2, (AF;) =0-f} .

Also
AF(F/E)) < KFJE)\ or AFJE)LS ?»FJE)L
and taking Gelfand transforms we have

o-fye, < lfjel VAeR.

The set S = {yeY: 3 J such that f; (y) =1} = LJJ (f; >0} is an open subset of Y.
Since Y is Stonean, S is clopen. Let h =X3.
Then h 2 f; VJ which implies h > \J/{fJ} =l,soh=1,ie., S =Y.
Thus ¢-el < kex holds on the dense set S and since € ¢-ek are continuous
¢-e, <Ae, onY VieR.
Similarly,
AF;- F;E)) < AF|(F; - F/E) V1,
implies
ME; - fre,) SO (E - fre) VI
which implies
Al - e, ) S ¢:(1-¢,) YieR.
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Now by proposition 7.2, Xk= {exz 1} = int{y€ Y: ¢(y) <€ A}.
On the other hand, by theorem 3.2 we have AFJ'E'}L <AF J'E'}. YAremR.
By lemma 2 we have (AFJ')A= ¢-f'y since Anl, Fye U.

Hence, taking Gelfand transforms in the above inequality
we have

o-f' e'}\s M'Je'l VieR
and by the same argument as above we conclude

¢-e') < Ae'y VieR.
Similarly,
A(Fy - FJ'E'X) < AFj(F} - FJ'E'A) VieR
implies
Ay - £y e')) < ¢-f; (fy - 1 e')) VieR
which implies
Al -eh) <0:(1-¢) VieR.

Again by proposition 7.2, )'('}\= {e'l= 1} = int{yeY: 0(y) <A} = Xk VieR.

Thus, el=e'k YAieR andso E)»=E'k VicR . B

7.4 Proposition:Let A € Op(H) be a self adjoint operator, {El} AR its resolution of the
identity and A the the von Neumann algebra generated by {Ex}x cR" Then 4= {A}"

Proof.
Let A be the (abelian) von Neumann algebra generated by {E, }.

Since EAE a={A}",4< adandso{A}'ES 4"

Since E,F € 4, by the spectral theorem for bounded self adjoint operators, AF; € A
So {AF;} € A VI which implies [1{AF}'2 A4".

ifBe [)(AF})' then BAF; = AFB VI .For xe D(A) we have (theorem 7.1)
AFJ x— Ax and so AFJ Bx = BAFJ x — BAx which implies (since A is closed) that
Bx € D(A) and ABx = limAF; Bx = BAx. Therefore BA & AB, ie., BE (A}
Thus, 4 & (A}.Hence A=4. B



§ 8. SPECTRAL THEORY FOR UNBOUNDED NORMAL OPERATORS.

Definition: A densely defined linear operator A (, i.e., A€ Op(H) ) is called normal if
A is closed and AA* = A*A.

Note that the equation AA* = A*A in the above definition implicitly carries the condition
that D(AA*) = D(A*A).

8.1 Proposition: Let A€ Op(H) be a closed operator. Then
1) A¥*=A
ii) A*A is self adjoint.

iii) A*A +1 is bijective from D(A*A) onto H, so that (A*A + I)'1 €BH)

with 0 < (A*A + D)L <1.
(see [14] p. 158)

We also remark that, if A € Op(H) is a closed operator, then {<y, Ay >: ye D(A*A)}

is dense in I'(A). For this; since A is closed, it suffices to show that no nonzero vector in
I'(A) is orthogonal to {<y , Ay >: ye D(A*A)]}.

So let x€ D(A) and suppose that 0 = (< x , Ax >, <y, Ay >) VyeD(A*A). Then

0 =(x,y) +(Ax, Ay)
=(x,y) +(x, A*Ay)
=(x, [I+ A*Aly)

Therefore, x is orthogonal to the Range(l + A*A) =H, hence x =0.

8.2 Proposition: Let A€ Op(H) be a normal operator. Then D(A) = D(A*) and
A =1t A*x Il VxeD(A).

Proof.
First note that, if x € D(A*A) = D(AA¥*), then Ax€ D(A*) and A*x€ D(A).
So

lAx 12 = (A*Ax , x) = (AA*x,x) =l A*x i z
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Now, let x€ D(A). Since {<y, Ay >: ye D(A*A)} is dense in ['(A), there is a sequence
{yn} in D(A*A) such that < Yy Ayn > = <x,Ax>.
So

Ay -Axll -0 asn — oco.

But Il A*y - A*}fm =1 Ay -Ay 1l Vyn,yme D(A*A) and since {Ay, } is a Cauchy
sequence {A*y } is also Cauchy. Hence {A*y_} converges to a vector z in H.
Thus, Yo X, Y€ D(A*A) & D(A) and A*yn—> Z.

Since A* is a closed operator we get x€ D(A*) and A*x =z.
Therefore,

D(A) € D(A¥) and I Ax Il = Lim Il Ay, Il = Bm Il A%y li =1l A%l

On the other hand, since A** = A, A* is normal and so D(A*) € D(A**)=D(A). B

Definition: Let A€ Op(H) be a closed operator. A dense linear subspace D of D(A) is
called a coreof Aif Ay =A ,equivalently, if I'(A|p) =I(A).

8.1 Remark:
For unbounded operators the following simple facts are easily verified.

1) If A= BandS & T,then A+S & B+T.
(2) If A= B,then TA € TB and AT € BT.
3 A+B)T=AT+BT , TA+TB & T(A +B).

Furthermore, if T€ B(H) and {Td} is a net of operators in B(H) such that Td — T in the
s.o.t. and TjA S BT, ¥ d, where B is a closed operator, then TA < BT.

Moreover, if A€ Op(H) is a closed operator and FA © AF for each F in a self adjoint
subset ¥ of B(H), then TA & AT for each T in the von Neumann algebra generated by

¥F.

Definition: Let A€ Op(H) be a closed operator.
A projection E in B(H) is called a bounding projection for A if EA € AE and

AE € B(H).
A bounding sequence for A is an increasing sequence of projections (E_}, each of

which is bounding for A with the property that n\=/1En =],
8.1 Lemmma: Let A€ Op(H) be a closed operator and E be a bounding projection for A.
Then E is bounding for A* , A*A , AA* and (AE)* = A*E.

Moreover, if {En} is a bounding sequence for A, then QlEn(H) is a core for each A, A*,
A*A | AA* (see [14] p.351).



Let 4 be a von Neumann algebra of operators on a Hilbert space H and A€ Op(H) be a
closed operator.

We recall that A is affiliated with 4 (An @) if for every unitary operator Uin @',

U*AU =A.
Equivalently, And <& BACSCAB VBead' < a4a'c {A}.
Note that BA € AB VBe 4'implies that BA* € A*B VBed',ie., A*q Q.

We denote by N(4) the family of operators which are affiliated with an abelian von

Neumann algebra @ . We will see later (theorem 8.2) that an operator A € Op(H) is normal
iff A is affiliated with an abelian von Neumann algebra.

S(a) denotes the family of self adjoint operators affiliated with & .

8.1 Theorem: If 4is an abelian von Neumann algebra acting on the Hilbert space H and
A, Bn 4, then:

i)  each finite set of operators affiliated with a has a common bounding sequence in @.
ii) A + B is densely defined and preclosed and its closure A B na.

iii) AB is densely defined and preclosed and its closure A2 Bn 4.

iv) A’.‘§=B’.\Aansl\AA*=A*A(=A*’.\A)

v) (aA+B)* = 3A* 1 B*

vi) (ANB)*¥= B¥AA*

vil) If A € B, then A =B (in particular, if A & A*, then A = A¥)

viii) N(@) forms a commutative *-algebra (with unit I) under the operations of addition
{i\- and multiplication # described in ii) and iii).

For the proof of theorem 8.1 see [14] p. 352

Note that (iv) of the above theorem says that if A nn 4, then A is normal.

8.2 Lemma: If {F_} is a bounding sequence for the closed operator A and AF, is normal
¥n, then A is normal.

Proof.
By lemma 8.1 we have (AFn)* = A*Fn , SO that

A*AF = A*F AF_=(AF )*AF_=AF A*F = AA*F .
Thus, the self adjoint operators A*A and AA* agree on their common core xllean(H) =Dy

Hence A*A= A"‘AlD0 = AA*IDO = AA*. B
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8.3 Lemma: Let A€ Op(H) be a self adjoint operator and B € Op(H) be closed.
If BA S AB and D(A) € D(B), then EKB c BEkwhere {Ek}xerﬁ is the spectral resolution
for A.

Proof.

First we prove that B(A *iI) = BA +iB.

For this observe that from Remark 8.1 (3) we have BA £iB € B(A +il).

To get equality let x€ D(B(A % iI)). Then x€e D(A) & D(B) and (Ax % ix) € D(B).
So Axeé D(B), i.e., x€ D(BA). Thus x€ D(BA)(1 D(B) = D(BA *iB).

Hence,
B(A £il) = BA +iB.

Now, let V = (A +iD ™}, V¥ = (A - iDL,
We have, :
VB=VB(A +i)V=V(BA +iB)V € V(AB +iB)V = V(A +il)BV & BV,

thatis, VBE BV.

Similarly, V¥*B & BV*.

Remark 8.1 gives TB € BT for every T in the Von Neumann algebra generated by V, V*,
I (={V}" = {A}").

In particular, E,B € BE, VA€R since E,e{V}". B

8.2 Theorem: Let A€ Op(H). Then A is normal iff A is affiliated with an abelian von
Neumann algebra. If A is normal, there is a smallest (abelian) von Neumann algebra 4,
such that A n ;. (see [14] p. 354) |

The algebra 4, is referred to as the von Neumann algebra generated by the
normal operator A.

d, is the von Neumann algebra generated by the family of (commuting) operators
{F,, AF_ , A*F :n=12, ...} where F,=E -E__, with {EK}MIH the spectral
resolution for the self adjoint operator A*A . {F_}, in fact, is a bounding sequence for A.

Note that, since An &, (and so A* 1 4,), VBE 4, we have BA*A S A*BA S A*AB,
thatis, B€ {A*A},so d,' < {A*A} from which {A*A}" <€ 4," =4, .

8.3 Theorem: Let @ be an abelian von Neumann algebra , X = X  its Gelfand space,

A g — C(X) the Gelfand map and A n 4. There exists a unique mapping ¢ of N(&) onto

N(X) which extends A, identifying @ wiik the subset of N(&) consisting of bounded
operators and C(X) with the subset of N(X) consisting of real-valued functions, such that

A
(AE)" = 0(AE) = ¢ (A)- E
when E is a bounding projection in 4 for A.
The mapping ¢ extending A is a *-isomorphism of N(42) onto N(X).
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Proof.
We show first the uniqueness of ¢(A). For this suppose that f and g are normal functions

with the properties ascribed to ¢p(A).

From theorem 8.1 i), A has a bounding sequence {En} ind.
Let x€ XAbe such that both f and g are defined at x .

If e, = En , then

£(x)-¢,(x) = O(AE )(x) = g(x)-e,(¥).

LetS = {x€X: dn such thate (x) =1}.
We show that S is dense in X; for this , suppose that G is an open set in X and
G < {xeX:e (x)=0 Vn};thene, =0 onG Yn.

Soe =0on G Vn andso X(G)c ze, Vn

Therefore, X(G)c 2 rl\=/1en=1 (since n\=/1En =1).

Thus Xge=1or G =@ which impliesG=¢ .

Hence, int{x€¢ X: e (x) =0 Vn} = @ ; equivalenty S =X.
Now since f=gon S and f, g are continuous, we conclude that f=g on X.
Next, we prove the existence of ¢(A).

First we establish ¢: S(@) — S(X) and then we extend ¢: N(4) — N(X).

For A€ S(@), define ¢(A) = VL- 1 € S(X) (see theorem 7.2) ,

where v=<\’ ,V=(A+iI)'1 .

Then by lemma 7.2 we have ¢(AE) = (AE)" = O(A)- ﬁ .

Let A, BE S(@) and {En} be a bounding sequence for both A and B (such an {En} exists
from theorem 8.1 (i) ). Then AEn ,BE_, (A +B)E_ and ABEn arein 4.

Moreover, (A Q— B)E 0= (A + B)En = AE a T BEn , since QlEn(H) is a core for A + B.
Similarly, (A 2 B)E_ = ABE_=AE BE_ .
So that
0(ATB)E) = 0((A +B)E,)
= (A+B)E)"
= (AE_+BE))"

= 0(A)-E, + 0(B)- E,
= @A)+ 6(B))-E, .

On the other hand, from theorem 8.1 (v) we have
(AYB*=A*3B*=AYBand A+ Bnd, ie,A +BeS(a.
So ¢ is defined at A +Band



O(AYBE) = (AYBE " =0(ATB)E, .

Therefore,
(A% B). E, = (0(A)+ 6(B))- E,

and as in the proof of the uniqueness we conclude that

O(A % B) = 0(A) % 6(B).

Similarly,
O(A A BEn) = ¢(AEnBE n)
= (AE _BE )"
= (AE "(BE )"
= o(A)- E_ 0(B)- E_
On the other hand,

AMB*=B* 2 A*=B2A and A2 Bnd(theorem8.1), ie., A2BeS(D
and
(A2 BE)=0(A% B). E,
Therefore
A
(A4 B)-E, =0(A) 6(B)- E, .
Hence,

9(A 2 B) = 0(A)-0(B) .

Next we show that ¢ is a bijection , S(@) — S(X)

Let A, B€S(Q) and {E_} a common bounding sequence for A and B.
Suppose that 9(A) = 6(B). Then (AE_)" = ¢(A)- E, = o(B)- E, = (BE )"
which implies AE_=BE, .

So A and B agree on their common core and so A = B. Thus ¢ is one-to-one.
In order to show that ¢: S(@) — S(X) is onto, we need the following lemma.

<< Lemma: If (E_} is an increasing sequence of projections on H and A is a linear

(=]
operator with dense domain ,QlEn(H) = D, such that AoE, is a bounded self adjoint
operator on H, then A is preclosed and its closure is self adjoint. If A is closed with core
D, and AE_ is a bounded self adjoint operator, A is self adjoint. (see [14] p.341) >>
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Let he S(X), X, =int{h <A}and €)= Xxk forall A ;{el}letﬂ is a resolution of the identity
in C(X).
If fn =e "€, then (as in the proof of theorem 7.2) h-fn is in C(X).
A
Let Ane A be such that An= h-fn .

Note that (h-fm)fn = h-(fmfn) =h-f for nsm, so A_F_= An ,where F_ =1f_
Define on = Anx when x € Fn(H).

09 9
Since VF =1,Dy= UF () is dense in H. Aj€ Op(H) with D(Aj) = Dy,.

Note also that AOFm =A m= (h-fm)v with h-fm real-valued, so AOFnE B(H) and is self

adjoint.
Now, by the above lemma we have that A, is preclosed and its closure A is self adjoint

-(with core DO ).

Moreover, if U€ 4 ' is a unitary operator and x € Fn(H), then Ux = UF K= FnUxE Fn(H).
So UlAUx = U'lAnUx = U'IUAnx = A x = Ax Vxe D, -Since D, is a core for A
U'AUx = Ax Vxe D(A) and U(D(A) =D(A) , thatis, An 4, i.e., AeS(A).

If ge S(X) represents A , i.e., if §(A) = g, then g-fn represents AFn (= An)

(theorem 7.2).

Thus h-f =g-f foralln,soh=gonadense subsetof X and by the continuity of h and
g, h=g thatis, h = ¢(A) and ¢ is onto.

Next we extend ¢: S(@ — S(X) to ¢: N(@) — NX).

If AEN(@, then A=A, > iA, , where A= AT A* 4 AT iAx
By theorem 8.1 A, A, are self adjoint .

Furthermore, since And, A*nd and so Al’ A2 nd,ie, A, A2€ S(a).
Define

O(A) = 0(A, + 14,) =0(A) +i0(Ap) ENCXD).

If E is a bounding projection for A, then (by lemma 8.1) E is a bounding projection for A*
and soforA1 ,A2 .

We have, R
O(AE) = 0((A; + 1A)E)
= (A E % iAE)
= 0(AE) +1¢(A,E)
= 0(A)-E +i0(A)- E

= @A) * oA E
= o(A)- B
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¢ is clearly a homomorphism from N(4) into N(X).

Moreover, ¢ is a *-homomorphism. To see this ; let A€ N(&) and write A = A1 4 i A2 .
Then
A,
A¥ = A1 + - 1A2
and
A,
¢(A*) = ¢(A1 + - 1A2)

= ¢(A1) ’.*"lq)(Az)

= 0(A) F 10(A,)
= 0(A) .

IfheN(X), thenh=h, % ih, with h , h,€S(X)

_ h+h _h+-h
(= S5 by = 57,
Since ¢ : S(@) — S(X) is onto , there are Al’ A2 in S(@) such that
¢(A))=h; and ¢(A,)=h,.
Take A=A, + iA, . Then ¢(A)=h ,ie., ¢ isonto.
That ¢ is one to one can be shown as in the self adjoint case.
Thus ¢: N(@) — N(X) is a *-isomorphism (onto). &

We refer to the *-isomorphism ¢: N(@) — N(X) as the the extension of the Gelfand
map . ¢ will play a key role in the analysis that follows.

Definition: Let A€ Op(H) be a closed operator. The spectrum of A is the set
o(A) = {zeC: A - ZI is not a bijection from D(A) to H.}.

8.2 Remark: Note that, if z, ¢ o(A), then A -z 0I is a one-to-one linear mapping from
D(A) onto H and has a linear inverse B: H—D(A) (B =(A -z D™).

Let U: HXH-— HXH be the unitary isomorphism U(<x,y>) =<y, x>,

Then I'(B) =UI(A -z I) (see [20] p. 305).

Since A is a closed operator, I'(A - z,D is closed in HxH. Hence I'(B) is closed in HXH.

Thus, B is a closed everywhere defined operator and by the Closed Graph theorem B is
bounded.

Note also that, if An @, with @ an abelian von Neumann algebra and 20€ o(A),
then B = (A - zOI)'l € 4 . To see this; let U be a unitary operatorin 4 '.
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Since An 4, we have AU=UA.

So(A -z DU =U(A - z ) and so B(A -z )UB = BU(A -z 1)B
which implies BU € UB.

But, both U, BE B(H), so UB=BU VYUed' . Hence Bed"=4 . 8

8.3 Proposition: Let A€ Op(H) be a normal operator affiliated with an abelian von
Neumann algebra @ and ¢: N(@)— N(X) be the *-isomorphism extending the Gelfand
map. Then 6(A) = Range(¢(A)).

Proof.
If z @0(A), then B = (A - zol)'1 eq.

Now, I =(A - ZOI)B =(A - ZOI) 2B sol=(A)- zo)- ﬁ . Hence zoe!Range(q)(A)).
. 1 o B
On the other hand, if z Oe.’ Range(¢(A)), then TO-VEEA exists in C(X) (where X = X a)

and is such that (¢(A) - z,D - m;l—z - 1.
[¢]

Therefore,
(A - zoI) AB=1,

where Be @ with B = m ,thatis , z @ G(A). B

Definition: Let A€ Op(H) be a normal operator on H. A is called positive
(and we write A 20) if (Ax,x)=>0 VxeD(A).
For A,Be Op(H), A=2B means A-B20

The relation of this condition to the nature of 6(A) is given by the following proposition.
(see [14] p. 357)
8.4 Proposition: A self adjoint operator A€ Op (H) is positive iff o(A) < [0, +o0).

Let 4 be an abelian von Neumann algebra . The set of positive elements in S(Q) forms a
(positive) cone P, that is ,

i) ifAePand-A€P thenA=0.

ii) ifA€ePandA20,then AA€P.

iii) ifA,BeBthenA BeP.

The set S(@) is a partially ordered vector space relative to the partial ordering induced by
this cone. The same is true for S(X), where f 20 in S(X) iff f(x)=0 VxEUf.

Note that by propositions 8.3 and 8.4, ¢: S(@)— S(X) is order preserving isomorphism.



Our next theorem is an extension to the unbounded case of theorem 3.2.

8.4 Theorem: Let A€ Op (H) be a self adjoint operator and {Ek}ke B be a resolution of
the identity in B(H). Then {El} rel is the spectral resolution for A  iff
AE, < kEA
and
Ad-E)2 Al - E)) VieR.

:)——r—;) ;):f\'Nith the notation as in Theorem 7.2, let FJ = Eb - Ea ,J=[a, b]. AFJ. is a bounded
self adjoint operator on H;, H; = Range(F)) is invariant under AF;and the spectral
resolution of AF; is {E}\FJ}M_:“:1
Let 4, = {A}"(={V}"withV=(A+ iI)'l) the abelian von Neumann algebra generated
by A. Since, E, € 4, and An 4, we have E,A S AE, VAeR.
Let d be the (abelian) Von Neumann algebra generated by {Ek}'

By proposition 7.4 we have @ = 4,.
Let ¢: S(@) — S(X) (X =X) be the *-isomorphism extending the Gelfand map and

o(A)= i =h.

Note that AEl is a closed operator, since A (= A*) is closed and EA is bounded.
Moreover, AEAis self adjoint and AE_,Ln a.

For this note that; El ANA=AN Ex = AE)L and EXA o AEX

implies (AE)» »*e A*EL AE7L

On the other hand
ElA = E,)‘*A* c (AEL)*
Therefore
E)VA c (AE}\)*.
Hence

since (AEy)*isa closed extension of E, A.
Thus,

AE,= (AE}‘)*.
IfBead’, then BE}‘ = EXB since Exe a and BA € AB since An 4.
So BAE, S ABE, = AE,B, that is, BE{AE, }, ie.,2'S {AEK}'

which implies AE}‘n a.
Thus,
AEAE S(a)_.
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Now, from theorem 7.2 we have

(AF)(E,F;) SAE,F, VAeR VI
or
AFE, <AFE, (¥

AF,ed and (AF)" =0(A)-F, =h.f, where f, =F,.
Taking Gelfand transforms in both sides of (*) we get

The set S = {yeY: 3 J such that f; () =1} = lTJ{fJ >0} is an open dense subset of Y.
(see proof of proposition 7.3)

So

Since ¢: S(@) — S(X) is order preserving *-isomorphism, we have that

AE, <AE,  VAeR.

Similarly,
A(F; - FjE,) 2 7&(1-7J - FjE,y) VieR, V]
implies
he(f; - fiey) 2 }»(fJ - fie,)
which implies :
h-(1 -¢y) 2 Al - e,)
and so

A(-E,)2MI-E,) VAeR.

(&): Suppose AE, < %.E,L and A(I-E,) 2 Al - E,) hold VieR .
Then AE, - AE, 20. In particular AE, - AE, is self adjoint.

So
which implies that
(AE}»)* = AE)» ,1.e., AE)» is self adjoint .

Moreover,
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Let {Fy)yem
'Then by lemma 8.3, EXP =P E
(TR

be the spectral resolution for A .

A VAuER .

If a4 isthe von Neumann algebra generated by {Ek} and {PIJ»} , then @ is abelian and
a4 = C(X) with X =X ; a Stonean space.

LetFy =Py -P, ,J=[a, b]. Then P,F; €4 and AF;€ 4.

Furthermore, by proposition 7.4 we get 4'c {A}'

which implies that An 4, i.e., AeS(D.
Let ¢: S(@)— S(X) be the extension of the Gelfand map and $(A) =h, é\l =e,.

The same argument as before gives that AE)]] a,ie., AELG S().

Now, Q)(AEK) = 0(A)- F% = h-el and since ¢ is order preserving our hypothesis gives
h-exs ?»ex and A(1 - ex) <h.(1- eh)

Let XX= [xeX: ex(x) =1}
On Xk e, = 1,soh<A andso Xk S {h <A} which implies Xk Cc int {h <A}.

OnX," 1-e, =1,s0A<h whichimplies {A>h} € X, .
Thus,
(h<A) € X, S int(h <)),

Since {ek}xe A is a resolution of the identity in C(X) ( {El} issuchin @)

AeR
proposition 7.3 gives that X, = int{h < Al
Hence,
A A
E, “ex=xxx=xim[hsx} = P, VaeR,
that is,
E=P, VAcR. B

8.6 Proposition: If 4 is an abelian von Neumann algebra and {An} is an increasing
sequence of operators in S(&) with upper bound AO in S(@), then { An} has a least upper
bound in S(D. (see [14] p. 359)
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Let X be any topological space, we denote by Bu(X) the *-algebra of (unbounded) Borel

functions on X.
Recall that when X is a Stonean space N(X) denotes the *-algebra of normal functions on
X.

8.7 Proposition: Let X be a Stonean space. Then V fe Bu(X) there exists a unique
function g€ N(X) such that the set {f = g} is meager.
The mapping §: Bu(X) = N(X) of Bu(X) onto N(X) given by §(f) = gisa

*-homomorphism with kernel n(X).
Proof.

We construct ¥ first for real-valued Borel functions on X onto S(X).
To see that ¥ is onto; let g€ S(X). Take

f—{ g when Igi< oo
U 0 when lIgi= oo

feB (X) and {f#g}={lgl=00}a nowhere dense set, hence meager.Thus ¥(f) =g .

Now, let f be a real-valued Borel function on X.
Define

F=L 1 Fi21, thatis, feBX)
T-1 ’ ’ :

Note that {f =1} = {I f! = oo} a meager set.

Let g€ C(X) be the (unique) continuous function for which {f = g} is meager.
(proposition 4.2)

We have (g =1} € {f #8) U (f =1} ameagerset.So {g =1} is meager.
Since Ug ={g#o00} ={g#1}is (open) dense (by Baire's category theorem), the

function g= i—g——j% is normal , i.e., g€ N(X).
g -

Also, since {Igl=1} &€ (f #g} and gis real-valued whenever |1 g | = 1, g is real-valued
except on a meager set. Hence, { ~co <g < oo} is dense, i.e., g€ S(X).

Moreover the set {f=#g} = { = g} which is meager .
If f is a complex-valued Borel function, then f = f1 + if2 with f1 , f2 real-valued Borel

functions and ¥(f) = 3(f1) + izs(fz).

For the uniqueness note that , if 81 &€ N(X) are such that {f gl} and { f# g2} are
meager sets, then since {g, #g,} & {f#g,} U {f= g}, {g; # 8,} is a meager set and
so {g; =g,} is dense in X. Hence g, = g, since g, and g, are continuous.

That ¥ is a *-homomorphism, is quiet obvious.

Finally, fe Ker(3) <> {f # 0} is a meager set, i.e., fenX). W
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Definition: A *-homomorphism @: Bu(l]:) — N(@Q) is called ¢ -normal if whenever
{fn} is a non-decreasing sequence in Bu(ﬂ:) such that fn — f pointwise, f€ Bu(ﬂ:), then

@M=V @)
Note the use of proposition 8.6 in the above definition.

Similarly, a *-homomorphism : Bu(X)—) N(X) is called o -normal if whenever
{fn} is a non-decreasing sequence in Bu(X) such that fn — f pointwise, f€ B (X), then

w® =Yl )

8.8 Proposition: The mapping ¥: B (X)— N(X) defined in proposition 8.6 is a
o-normal *-homomorphism.

Proof.

Let {fn}be an increasing sequence of Borel functions on X tending pointwise to the (Borel)
function f. Let g, = z(fn) , g = ¥(f) with g, g, € N(X). Fix m > n. We have

{gn > gm} o {fn # gn} U {fm # gm}which is a meager set. So (gn < gm} is dense in X
and by the continuity of g , g we getthat g <g .

Also, {g_>g} € {f =g ) U (f =g} and as above we get that g, <8 VneN.

Thus { gn} is monotone (increasing) and bounded, hence the pointwise limit of g, exists on
U= flegn . Uis dense in X.

Let
_{ limg, on U

t 0 on U®

f €B (X) and {(f-f) < rEzjl{fn;tgm}, a meager set.

Now, if he N(X) is such that g <h V'n, then f <h since U is dense in X.

Let g =3(f ); the set {T = g) is meager. So {f =g} isdensein X andso g <hona
dense set in X ; again by continuity g <h on X.

But (g2g) S (f=F)U(Ff = g} U {f#g) ameagerset,

so g = gon adense set, hence g =g on X.
Therefore g <h.

Thus ¥(f) = n\=/lzs(fn ), that is, ¥ is o-normal. B
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Next with the use of the ¢-normal *-homomorphism ¥ and the extension of the Gelfand
map, we will establish the functional calculus for (unbounded) Borel functions on the
spectrum of an unbounded normal operator.

8.5 Theorem: (Spectral theorem - functional calculus form)

Let A€ Op(H) be a normal operator on H and &, be the (abelian) von Neumann algebra
generated by A.

Then there exists a unique ¢-normal *-homomorphism @ : BU(O'(A))—> N (ao) such that

&(1) =1, ®(id) = A. Moreover, if f€ B(c(A)), then &(f)€ a,.

Proof.

Let ¢: N( Llo) — N(X) be the *-isomorphism extending the Gelfand map; ¢(A): X— 6(A) is
a continuous onto function.

Given f¢ Bu(G(A)), define

7 ={ fod(A) on U¢(A)
0 otherwise

Then f e B (X) and so 3(f )€ N(X).

Now, the mapping $: B (c6(A)— N(4,) defined by ®() = 4)'1(25(? )) is a o-normal
*-homomorphism of B _(6(A)) into N(4). (1) =I and ®(@id) = ¢'1(¢(A)) =A.
Moreover, if f 2 0, then &(f) = ¢'1(3(? )) 2 0. For fe B(o(A)) there are m, M such that
m<f<M,soml<®(f) <MI, that is, O(f) is bounded and (f)n @4,, hence d(fHe a, .
It is customary to denote E(f) by f(A).

The uniqueness of ® is a consequence of the following stronger result.

8.6 Theorem: (uniqueness)
If A€ Op(H) is a normal operator affiliated with an abelian von Neumann algebra d acting

on a Hilbert space H and ¥ is a 6-normal homomorphism of Bu(fE) into N(&) such that
¥(1) =Iand ¥(id) = A, then ¥(f) = £ (A) Vfe Bu(lE), where f;. is the restriction of f to
G(A). (see [14] p.362).

8.9 Proposition: Let al , a2 be two abelian von Neumann algebras and

¥: N(a)—-N(,) be a o-normal *- homomorphism such that W¥(1) = 1.

Then W(f(A)) = f(¥(A)) VAe N(4,) and fe B (T).

Proof.

The mapping w: Bu(lE) — N(4,) given by w(f) = Y(f(A)) is a 6-normal
*-homomorphism such that W(1) = ¥(I) =1 and W(id) = F(A).

On the other hand we have the o-normal *-homomorphism &®: Bu(o(‘P(A))) —N(4,) given
as in theorem 4.1. Thus, by the uniqueness of such a 6-normal *-homomorphism, we get
w(f) ="F(f(A) =f(¥(A) . B



8.10 Proposition: Let A€ Op(H) be a normal operator . Then  Vfe B, (6(A))
o(f(A)E f(c(A)) .

Proof.

By definition f(A) = ¢'1(3(f )) where ¢: N(ao) - N(X) is the extension of the Gelfand

map and f is as in theorem 8.4
By proposition 8.3 we have

G(£(A)) = Range(0(f(A))) = Range(3(f )) .

On the other hand f(6(A)) = f(Range(dp(A))) = Range(fodp(A)).
The proof of the following lemma follows the same lines as the proof of Lemma 4.4.
<<Lemma:: If X is a Stonean space and §: B (X)— N(X) is the mapping defined in

proposition 8.6, then Range(¥(f)) & Range(f) Vfe B,(X). >>
Thus,
o(f(A) € f(o(A)) .

8.11 Proposition: Let A€ Op(H) be a normal operator and f, g€ B, (C) .

Then
fog(A) = f(g(A)).

Proof.

If 4, is the abelian von Neumann algebra generated by A, then g(A)€ N(4,).

Let : Bu(lE) - Bu(ﬂ:) be the g-normal homomorphism given by w(f) = fog .
Composing ® with the 6-normal homomorphism ®: Bu(ll:) - N (Llo), ®(h) = h(4A), yields
a o-normal homomorphism ‘I‘:Bu([[Z) — N(&)) such that '¥'(1) = and ¥(id) = g(A) .

On the other hand we have @1: Bu(o(g(A)j) — N(4,) given by i) (D =1(g(A)) the

¢-normal homomorphism of theorem 8.4.
The uniqueness of such a ¢-normal homomorphism gives fog(A) = f(g(A)). H

We recall that, if U is a commutative C*-algebra of operators on H, then the spectral
theorem for commutative C*-algebras (Theorem 4.5) quarantees the existence of a unique
spectral measure E on the Borel subsets of X = X, such that

BEN) = .[ ﬁ(p)dEg’n(p) for EneH, Be U
X

If vg(M) = (EMM)E,E) forEeH,MeBy ,then VE, is a regular Borel measure on X
such that R
(BE,E) = J B(p)dv,;(p) for E€H, Be U
X
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8.12 Proposition: Let 4 be an abelian von Neumann algebra on H, X = X ; and Vg be
A
the regular Borel measure on X such that (BE,E) = ,[ B(p)dvg(p) for E€H, Bea
X

If f€ N(X), then Vg({l fl=c0})=0 VEeH.

Proof.
FornelN,let X = {I f1 <n} ;X isaclopensubsetof X and X < X , VneN.

A
Let e, = xxne C(X) and E €abesuchthatE =e_.

We show that Ve =1 :Clearlye <1 ¥'n. Suppose g€ C(X) is such that e, <8 Vn.

n=1 0

(o]
Let U={g<1}.Uisopenand UN X =@ Vn. So UN r£.=.|1Xn=¢.

But (Ifl<n} S X, S (Ifl<n} hence UX =(Ifl<oo}.
Therefore, U © { | f | = co } which is a nowhere dense set (since f€ N(X)).

ThusU=@ , thatis, Vie =1.

oa o0
Now, n\=/1en =1 gives that r}=‘/1En =1 which implies that E_ — Iin s.o.t. asn— co.
Note that
IEEN? = (BE.E) = J;{ ea(PAv,(P) =V, (X).
So
Ve(X,) = V(X0 - v, (K = HENZ - NEEN2.
Thus,

Ve((1f1=00 D=v,( [ ﬂx )= lim v.(X, °y= hm(uguz-uEguz) =0 .4

8.13 Proposition: Let @ be an abelian von Neumann algebra on H, X =X ; its Gelfand
space, ¢: N(@) — N(X) the extension of the Gelfand map and Vg the regular Borel measure

on X such that (BEE) = I B(p)dvé(p) for £eH, Bea.

Suppose T€ N(@). Then £€D(T) iff f | &(T)(P) i2dv€(p) (= ITE) < oo

Proof.
(=>): Set f=¢(TeNX). Let X = [peX: lf(p)<n}n=1,2,..
Since X is Stonean, int(Xn) is clopen. So e, = xin[(Xn) € C(X).

A
LetE € dbesuchthat E =e .Set f =f-e ; note thatf €C(X).
SinceTnd , ET& TE, Vn. IfSea', then STE, & TSEn=TEnS .

It follows that @' < {TE| 3.



Note also that TE o is closed since T is closed and E is bounded. Thus TE na.

A
Moreover, (TE ) = ¢(T)- E_ = f-e_= f €C(X). Therefore TE_€ @and (TE_)" =f_.
Now, for £€ H we have

MEEIZ = | 1 (1B o) Pdvy(p) = [ 16 Pdvy(p)
X X

(=]
By a similar argument as in the proof of the previous proposition we get n\_/len =1,
sothat E, — Iin thes.o.t

For£e D(T), TEn§=EnT§ — TE
Therefore
2 . 2 . 2
ITE Il =nh__r)noo IITEnﬁ il =nh31mj;< Ifn(p)l dvé(p)

Since the sequence {fn} converges monotonically tof a.e [Vgl (since Vg({ [fl=00})=0)
the monotone convergence Theorem gives

ITE 112 =f | £p) Pav, (p) =I | 6CT(P) Pav, (.

(=) If J. Fo(T)(p) I2dv§(p) converges , then for & € H we have
mz&, TE, & I _f If (p) - f (p)lzdva(p)—-bo as m, n— oo

So {TEnE_, is a Cauchy seque_nce in H and so {TEnF;} converges to some z€H .
Now, TE §—zand E £— &.
Hence, since T is closed, E€D(T) and T =z = lim TE & B

8.3 Remark: For £,n€H, Be 4, the relation ¥(§,n) = (BE,n) defines a bounded

sesquilinear functional. Let (&) = W(&,E) = (BE, &) be the corresponding quadratic form.
The polarization identity gives
WEMN = B E+M) = FOHE -) + 1 F(HE +im) — i F(54E ~ im).
Now, if v& is the regular Borel measure of theorem 4.5, then the polarization identity
becomes
L) B g | B J 5

BEM) =7-1)_B(p)dvy, (p) =) B(p)av,_ (p)+i) B(p)dv, ;. (p)~ Bp)dve_; (M)

X X X X

E+n E+in

or

A
®&m =] Bprao, @)
x 14

1 ) . .
where o, | = T{VE,H] Veon * Vesin © Vein }
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Now, let Te N(@) and f = ¢(T)e N(X) , where ¢: N(@) - N(X) is the extension of the
Gelfand map.
By proposition 8.13 , for £€ D(T) , we have IITE 112 I f(p) lzdvg(p) <oo.

X

So that feL? (X,v,) and since v,(X) =11 § IZ < oo we conclude that fe L1(X, v
If E_are as in the proof of proposition 8.13 and f = (TEn)A , TE €4,

g

thenf —fae [Vg] and If | =If-e | <Ifl.
The Lebesque’s Dominated convergence Theorem gives

(T8, 8= lim (TE& &)= Im | t@ave =] tpave
X X
Furthermore, by polarization we get

mem=[ tpdo, @ fortnenm
’ ,

In the following proposition " p(A) " refers to the operator obtained by forming the Borel
function p of A.

8.14 Proposition: If An 4 where 4 is an abelian von Neumann algebra acting on the

Hilbert space H and p(A) = ank" +... +ajA +ag with a, # 0, then a.nAn +...+ajA + apl is
closed and equal to p(A).
(see [14] p. 366)

We now show the existence and uniqueness of the square root of a positive (unbounded)
operator.

8.7 Theorem: Let A€ Op(H) be a self adjoint operator on H. If A > 0, then there exists a
unique self adjoint operator B = 0 such that B2=A.

Proof.
Since A2 0, 6(A) € [0, +o0). Consider the function g: R* - R* given by g(A) = VA

Let B=g(A) (=2(g)); o(B)=0(g(A) S g(c(A)) < [0, +oo)sothat B20.
If f(A) = 7»2, then fog = id on 6(A). Hence (fog)(A) =id(A)=A.
On the other hand by proposition 8.14 we have f(g(A)) = f(B) = BZ=B4B.

Now proposition 8.11 gives A = (fog)(A) =f(g(A)) = B2,
It remains only to show that such a B is unique. Suppose Q is a positive operator satisfying

Q2 =A. Iff(A) = A2 , A =0, then the spectra of Q and B are contained in the domain of the

Borel function f and f has a Borel inverse function g, g(A) = V&
Now f(B)=1(Q).
Hence,

B = id(B) = (gof)(B) = g(f(B)) = g(f(Q)) = (goNH)(Q) =id(Q) =Q, ie, B=Q. W
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For the proof of the following (spectral) theorem we refer the reader to [14] p. 360

8.8 Theorem: (Spectral Theorem)

Let A€ Op(H) be a normal operator and @, be the abelian von Neumann algebra generated
by A.

The mapping M+ E(M) of Borel subsets M of C into &, is a projection-valued measure
on C (a spectral measure on C ), where E(M) = Xy (A) =9( XM) .

If £€ H, then for each he B(C)

g, D =] no ann M
With fe B (C),
EeD(f(A) f IEQL)I2 dt, (W)= I A I 2 ¢ )
and ¢
(f(A)E ,8) = g f(A) dug(k). (3)
If A is a self adjoint operator, its spectral rt_:solution is {Ek}xe R’ where EA =1-E((A, o))
and
EED(f(A)) < f IFA) d(E, &) < oo
H
if £ € D(f(A))

(f(A), 8) =L fA)d(E,E5). =

Next we wish to prove the analogue for unbounded normal operators of theorem 7.2, i.e.,
the Spectral theorem for unbounded normal operators.

First we show two lemmas. Our first lemma is a special case of the following proposition.
<< Proposition:: If R is a von Neumann algebra with center C, acting on the Hilbert space
H and E' is a projection in &, then R'E acting on E'(H) is a von Neumann algebra with
center CE' and commutant E'R'E'. (see [14] p. 335) >>

8.4 Lemma: Let A be an abelian von Neumann algebra, E a projection in & and
aE = { AE'E(H) =A IE(H) :A€eqay.

Then AE is an abelian von Neumann algebra with commutant @'E.

Proof.
Since @ is abelian @ © @ 'and so by the above proposition we have

(AE)' =E A'E = A'E and 4E is an abelian von Neumann algebra. B



8.5 Lemma: Let A€B(H) and M be a (closed) subspace of H invariant under A.

Let P, be the projection onto M. Then A|M is invertible in B(M) iff there exists B € B(H)
= - - -1 _

;u:(}:ot?.at BPy; =P,,Band ABP,,=BAP,, =P, .Infact (Al,,)"" =B|,,.

(&): Forxe M we have (Al,)(Blypx = ABPy x =P, x=x.

Similarly, (B|M)(A|M)x =X.

So Al is invertible and (A|M)'1 =Bly

(=>): Let BOE B(M) be the inverse of A|M . Define BEeB(M) by B = BOPM .

We have
BPM = BOPMPM = BOPM = PMBOPM = PMB

ABP,; = AB(P,, = (AlypBoPy; = PyPu = Pyt
and
BAP,, = B P,,AP,, = BjAP\, =B (A|, )Py =P\Py =Py - B

8.1 Corollary: Let A€ B(H) and M be a subspace of H which reduces A.
Then

o(A) = O'(AIM) U O'(AIM.L).
Proof.
Let Aep(A) and B = (Al - A)'l. Since M reduces A we have APM = PM A which implies

PMB = BPM . Also, (AI - A)BPM =B(AI - A)PM = PM
So, by lemma 8.5, (AI - A)!M is invertible in B(M), that is , AP, - A|M is invertible
which says that L€ p(A[,)-
Replacing M by M+ we get A€ p(AfD.
Thus
o(Aly) Uo(Al,D S o(A).

To get equality, suppose A€p(Aly, ) p(Aly0).

Then there are B, T in B(H) such that

BP, =P,B, TP,=P,T and B(AI- A)P =(Al- A)BP, =P,

T(AL- A) (I-PM)=(M-A)T(I-PM)=I-PM

LetS = BPM +T( - PM) ;i SAI-A)= BPM(M -A)+T( - PM)(M -A)=1, also
(Al - A)S =1 Hence Aep(A). K
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8.9 Theorem: (Spectral Theorem)
Let A€ Op(H) be a normal operator and a, be the abelian von Neumann algebra generated
by A. Then there is a unique spectral measure E on the Borel subsets of [C such that:

i) For every closed disk Ain C, if E A =E@)= X AN A)(A) ,then AE, isa
bounded normat operator on H which leaves H, = Range(E )invariant and such

that AE A| g, is @ bounded normal operator on H, whose spectral measure is
A

E(S) =E(SNA) =E(S)E A where S is any Borel subset of 6(AE AIHA)‘

ii) Let D be the directed set of closed disks in C ordered by inclusion.

x€D(A) &> the net {AEAx} Ae p CONVErges.

For xe D(A), Ax = limAE AKX

Moreover, E(S)T = TE(S) for every Borel subset S of 6(A) and for T € B(H) with
TA € AT (,ie.,TeE{A})

Proof.

i) By theorem 8.4 & : BU(G(A)) — N( ao) is the unique ¢-normal *-homomorphism such

that &(1) =1, d(d) = A

For S€ By , a Borel subset of C, let E(S) = @(xsﬂo(A)) = xSﬂo(A) (A)

As in the proof of theorem 4.3, it can be seen that E is a spectral measure on C .
Now, AE, = @(1dXA
Since idX;qa) No(A)
that is, AE, is a bounded normal operator and AE , € &,.

Since Ay ao and EAE ., we have EAA < AEA.

Hence,if x=E AX then E AAx =AE AX = Ax , thatis, A carries Range(E A) into Range(E A).

So AEAE B(HA). Now, EAA* c A*EA since A*n a,, so (A|HA)* = A"‘lHA

ﬂG(A))'

is a bounded function® (idX \ )€ @, and is a normal operator,

and so AEAlHA = AIHA is normal .
Let BE, = { TE,ly, =Tly : Te )} and &: B(O(AE,lyy ) = (AE,ly )" be the o-
normal *-homomorphism of theorem 4.1, such that &(1)=E A and 5(id) = AE AIHA'

" C @E,.To see this, we have; AE, € & so AE, [, € @E, thatis
Note that [AEAIHA} @,E ,. To see this, we have; AE, € 4, so A|HA a,E
AE c @ E, which implies {AE '2 (@.E.) = a.E, (the last equality b
(AEyly,) S @G, which implies (AE,ly }' 2 (BE,)' = 3)E, ( quality by

lemma 8.4). Therefore {AEAIHA}" c (aO'EA)' =EA ao" EA = ao" EA = aOEA .
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By the above corollary we have that 6(AE AIHA) = G(AIHA) C o(A).

Hence, if f€ B(G(A)), then f]| ) € B(G(AEAIHA))

"(AEAlHA
Define w: N(4))— N(4;E ) by o(B) = BEAIHA = B|HA , where BEN(4,).

Note that BE A is closed , since B is closed and E A is bounded.

Moreover, ® maps N(ao) into N (aOE A): To see this , let Q€ (aOE A)’ and x€ D(w(B)Q).
Then Q = (3|HA with Q € 4, xe H, and Qxe D(w(B)) = D(B) H,.

So Qx = Qx (since x€H ) and o(B)Qx =BQx =B Qx . Therefore xe D(B Q).
But BQ € QB. Hence xe D( QB) = D(B).

Thus xe D(B) H, =D(w(B)) = D(Q(B)) and B Qx = QBx.

Since xeH A this last equality says that ®(B)Qx = Qu(B)x.

So w(B)Q S Qu(B) or &(B) n 4,

It is easy to see that  is an order preserving *-homomorphism.

We show that ® is a 6-normal homomorphism: let B = S:/IBH in S(ao) and suppose that
CeN(4E,)) and (B )< C Vn. Note that o(B)) < w(B) Vn.

Claim: B_< CE, + B(-E,).

To see this , first note that in fact CE At B(I-E A) is a closed operator .

Indeed, let X, € D(CEA)ﬂ D@B(J - EA)) and suppose X, ™ X, [CEA +B( - EA)]xn—> y.
Then EAxn—> EAx and 'EA[CEA + B(I -EA)]xn = [EACEA + EAB(I -EAD)]xn =
E ACE Axn(since B(Range(I - E A)) € Range(I-E A) =CE Axn—>E AY-

Since C is closed we get that E AK€ D(C) and CE AX =E AY - ’

Applying the same argument withI-E, in place of E, we also get that

(I-Ep xeD(B) and BI-E )x =(-E))y.

Thus, xe D(CE,,) M D(B(I - E,) and

[CEA + B( - EA)]x = EAy +(I- EA)y =vy,le, CEA + B(I - EA ) is a closed operator.
Hence our claimnow is B < CE, + B(I-E,) Vn.

For this , let x€ D(B_) and x€ D(CE, + B(I-E,)) .

Since E\B, & B E,and (I-E,)B, € B (I-E,),E,xeéD(B) and (I-E,)x€D(B,).

So
(Bn X,X) = (Bn EAx,EAx) + (Bn a- EA)x, {a- EA)x)

< (CE ne E Ax) +(B(I-E A)x, I-E A)x)
= ([CEA + B(I - EA)]x,x).
Therefore



B, <CE, +B(-E,)
and the claim is proved.

Now
BSCEA+B(I-EA)

or
BE AS CE A thatis, w(B) £C and o is o-normal.

Let ¥ =wod: B, (c(A)) = N(4E,) ; ¥ is a o-normal *-homomorphism such that
¥(1) = 0(@(1) = 00 = Il =E, and ¥(id) = AE, .

The 6-normal *-homomorphism ¥ IB(O'( AE4lH.) has the same characteristic propoerties
A

as @, so by the uniqueness of such a ¢-normal homomorphism we have

(D =¥(O = (@)= 2DE, VIEBOAE,ly )).
In particular E(S) = &(X) = B8(XE, = E(S)E,.
ii) (= ): From the theorem 8.8 we have
xeD(A) e | 0P du V)= A2 < oo
For x€ D(A) -

IAE,x - AxI? = ([ 1id AX(L - X)(A)]Ixx) = {: X, A)dp (M)

Lete>0 and A = j IAl<n} for neN. By the monotone convergence theorem there

existsn, suchthat ) IMPX, (Adu (M) <e .
C Mo X

Then for A2 An

GJ: X, Mydp () < €

Therefore the net {AE,x}, . ,,converges and imAE ,x = Ax .

(&=): Since D(AE,) =H, forxé€H we have E x€ D(A).
Let A, =(zeC:lzl<n); X, T1 asn—oco.
n

Since ® is 6-normal n\=/lEAn =] .So EAn—> Iin the s.o.t.

Now, let x€H be such that {AE Ax} converges.
Then E, x—x and {AE Ax} converges .

87



88

Since A is closed, this gives that x€ D(A) and Ax = imAE AX and (ii) is proved.

Next, suppose T€ B(H) and TA & AT . Note that EAAEA = AEA .

We have (E,TE \)(AE ) = E,TAE, S E,ATE, & AE,TE , = (AE \)(E,TE,)
But, (E,TE,)(AE )€ B(H). So that (E,TE A(AEL) = (AE,)(E,TE,)

and the spectral theorem for bounded normal operators gives

(E,TEDE®) = E(S) (E,TE,) .

If S is bounded , take n so large that S & An , then

E@)=ESN A ) =E( An JE(S) = EAn E(S).
Therefore
E(S) = EAnE(S) = An AnE(S) = EAn E(S)
Hence
EAnTE(S) = EAn’[EAn E(S) = E(S) EAnTEAn = E(S)'I'EAn
Thus VxeH E AnTE(S)x =E(S)TE Anx and letting n— co we get TE(S) = E(S)T.

If S is any Borel subset of 6(A), writing S as a disjoint countable union of bounded Borel
sets and using the bounded case just proved we obtain TE(S) = E(S)T.

Finally we prove the uniqueness of the spectral measure E.

Consider the operator B = A(I +\IA*A)'1 where VA*A is the unique positive square root
of the positive operator A*A.

Let g(A) = a ll?»l) . Then ge B(C), ®(g) = g(A) =Be 4, and is normal.

By theorem 8.8 we have , for xé H

(g(A)x,x) = (Bx,x) = {: g) du, ).

Let E; be the unique spectral measure corresponding to the bounded normal operator B.
By the spectral theorem 4.3 for x€ H , f€ B(o(B)) we have

(Bx,x) =J. z dmx(z) and (f(B)x,x) = I f(z) dmx(z)
o(B) o(B)

where m_(S) = (E5(S)x,x) V Borel subset S of 6(B) .

Note that o(B) = 0(g(A)) S g(o(A)) (proposition 8.10).
Now, (f(B)x x) = (f(g(A))x,x ) = (fog(A)x,x) the last equality by proposition 8.11.
At the same time we have
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(fog(A)x,x) = .[ (fog)(A) dp. (A).
C

Thus
.[ f(z) dm (2) = £ (fog)(A) du (M) V fe B(c(B)).

o(B)
Now, since g is continuous G&(B) = d(g(A)) = g(c(A)) ; to prove this all we need to

show is g(c(A)) < o(g(A)).
Suppose that A& 6(g(A)). Then there is C€ a, such that (g(A) - ADC =C(g(A)-AD) =1L
So

Ix < CHN(g(A) - ADx I V x€H (*).

IfA€e g(o(A)) ,choose &> 0 so small that &l C ll < 1 and A;(A) N g(6(A)) # @ where
AE(K) ={welC:lw-Al<e}.

Let w,€ Ae(}\,) M g(c(A)). Then | g(z,) - A I < & with z,€ 6(A) such that g(z ) = w,,.

Since g is continuous at z, there is a neighborhood V # @ of z, such that

v & gl (AM)).

Note that since Xvnc( A)° ¢(A) is not a null function (since ¢'1(v M 6(A)) is a non-empty
open subset , hence not meager) , @(xvnc( A)) =E(V)=20

For x € Range (E(V)) = Range (@(XV)) with Il x Il = 1 we have

Il (g(A) - ADx I = J lg(z) - A 2dp (2) (theorem 8.6).
C

Since ux(V") = (E(V)x,x) = ((I - E(V))x,x) = (0,x) =0

f lg(z) - A 12 dp (2) = f | g(z) - A 112 du (z) se’u (V) = g21 =¢?
C v X

So (*) gives 1 <l C Il e which contradicts the choice of €.
Thus A€ g(c(A)) and our last assertion is proved

Now, given a Borel subset S of CC, if S meets 6(A), then g(S) meets g(c(A)) = o(B) and
since g is one-to-one we have

(E(S)x,x) = ux(S) = u-:'. XS d},tx = £ Xg-l (g(S))dux = &[ xg(s) og dux

= | Kot = =m @) = EylgOmn)  Vxer
o(B)

Therefore E(S) = EB(g(S)) and the uniqueness of E follows from that of EB . R
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The next theorem is the Fuglede-Putnam theorem for unbounded normal operators.
For another proof besides Fuglede's original one, see a proof given by Halmos [13].

8.10 Theorem: (Fuglede)
If A€ Op(H) is an unbounded normal operator and B is a bounded operator on H such

that BA & AB, then BA* © A*B.

Proof.
Let &: B, (6(A)) —N(4,) be the 6-normal *-homomorphism such that
®(1)=Iand B@Gd)=A
Claim: B&(f) € (B Vfe Bu(lE)
First we will show that for a bounded Borel function f we have B&(f) & &(f)B.
Given fe B(L) there exists a sequence {fn} of simple functions such that Il fn -fll—=0
(Il denotes the sup-norm)
For x,y€ H we have from theorem 8.8 that (f(A)x,y) = j f(A) dux y(7») and
T ,

(f (A)x.y) = j fn(l) dux y(?») where e y(S\ = (E(S)x,y) S a Borel subset of C.
T , ,

So
| (fn(A)x,y) -(f(Axy) I < J. Ifn A -f) 1 dux y(?») < fn -f I“’x yI(l]:)
C , ,

= lIf -flllxillyll — 0 as n— oo.
Hence )
(FAYy) = lim (£ (A)x.y)
Now

BRANY) = {ARB*) = lim (f,(AxB*) =
-t e a g0 -
= nlew &[ fﬂ(x) dqu,y(x)

since BE(S) = E(S)B (from theorem 8.9).
But J.
n1_1_’mm L fn(7\.) dp.Bx,y(k) = nh_r’nm(fn(A)Bx,y) = (f(A)Bx,y).

Thus .
Bf(A) = f(A)B.

Now, let fe Bu(ﬂ:) and S = {(zeC :1f(z) | <n}.
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Note that f XS is bounded and so H = D(@(fXS )B) =D(® (f)@(xs )B) = D(f(A)E(S)B)
where E(S ) = @(XS ), f(A) = B(f).

Moreover xs T 1 and since & is o-normal we get that E(Sn) — [ in the s.o.t.
n

For xe D(®(f)) E(Sn)f(A)x — f(A)x; this implies BE(Sn)f(A)x — Bf(A)x since B
is bounded or B@(fxs x = BP(Hx.
n

The above discussion for a bounded function gives B@(fxS )= @(fxs )B.
n n

So
ti(fxS JBx = BE(H)x or @(f)E(Sn)Bx — B®(H)x.

Since E(S )Bx — Bx and ®(f) is a closed operator we conclude Bx € D(2(f)) and

®(HBx =Bd(Hx.
Thus,
Bd () € B(HB.

In particular, then for f(A) = A we get BA* S A*B B

8.2 Corollary: If A€ Op(H) is a normal operator and a, the von Neumann algebra

generated by A, then @, = {A}"

Proof.

If Be {A}', then Fuglede's theorem gives that BA* € A*B ,so B*A € AB*,ie, (A}
is *-subalgebra of B(H). Moreover, by remark 8.1 {A}'is closed in the s.o.t. and is
therefore a von Neumann algebra .

Since any bounded operator B that commutes with A (, i.e, B€ {A}"), commutes with the
operators Fn s AFn, A*Fn which generate ao (see p. 67), we have that

(AY S a) or 4, S (A)".

On the other hanud, ao' S {A}' since An a, . Thus (A}" = a, . [ |



Let A be an abelian von Neumann algebra acting on a Hilbert space H.
Kadison and Ringrose give an example ([14] p.356) to demonstrate that for A, Be N(Q)
A+B#A+BandTA =T N A, even if T is a bounded operator. At thie same time this

example provides a nice illustration of the isomorphism of N(&) onto N(X) extending the
Gelfand map and the way we work with it. We would like to consider a closely related
example here.

8.1 EXAMPLE.
Let H be a separable Hilbert space , {e,}, o1, anorthonormal basis for H and 4 the
algebra of operators in B(H) having each e as an eigenvector.

A if j =i
{0

For Se g, let Sij = (Sej,ei) =(Ae.e.)= 0 if =i

J
Since Se€ B(H), sjup I?\.J. I<IHSI.

[o.]
On the other hand , Vx€ H we have x = jg'.l(x,ej)ej and
5 202 12 2 5 2 2 112
< . e < . . = R
ISxIl < Jx:.‘.ll(x,ej)l I 7»] 1“ < sjup I l}l J,g,ll(x,ej)l (sjup M.J Fy“Bxi“.

Hence
IISII=sJupIij.

Thus {?\.j}:ll €% and [s;] is a bounded diagonal matrix , corresponding to S
(relative to the orthonormal basis {en}m=1 2...)
Clearly the mapping S+~ {).j} is an algebra homomorphism and so
@ is isometrically *-isomorphic to £°° .
In this case @ = C(X) and X is B(IN) , the B-compactification of IN.
Let P € X be given by pn(T) = (Ten,en) ,Tea.
A
Note that, if f€ C(X) is such that f(p ) = 0 Vn, then f = T for some T€ dand
A
p(T) = T(p) =0 Vn,thatis,0=(Te_e )= e .e)=A, Vn.
SoT=0andsof=0.
Now the set {pn :n =1, 2,...} is a dense subset of X. To see this; suppose
{p,: ne IN.} #X.

Letqe X ~ {p,: n€ IN.}. Since X is a compact Hausdorff space , X is completely regular.

n,

So there exists fe C(X), 0 < f < 1 such that f(q) =1and f=0 on {p: n€ IN.}

In particular f(p_) =0 'n, hence by the above paragraph f=0on X .
But f(q) =1, a contradiction.
Thus, {p_ :n=12,.}isdense in X .

If fe C(X) is such that f(p,) =1 and f(p,) = 0 forn=2,3,... ,thenf= x{Pll'
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So {pl} is open in X, as is each one-point set formed from a Py
We denote by P the projection whose range is generated by e,.

A
Note that Pne a and Pn = X{pn}.

LetxeH. Then x = n%l:l(x,e ey = n%:’.lx 1, and by Parseval's identity the mapping
U:H - )2 given by Ux = {(x,e )} = (x| nrl is an isometric isomorphism(onto).
Let ©: @ — B(}? be the mapping T(T) =UTU! , Tea.

Then ¥(Q) = {Mge B(2?: ge 4%} (the multiplication algebraon £2 ).

In fact, if {xn}::le ,Qz, Te 4, then there is x € H such that {(x,en)} = {xn}
and
T(T)((x,1) = UTU™ ({x,}) = UTx = (Ayxp}= Mgy y({x, 1)

where A_ are the eigenvalues for T (Te, =2 ¢e).

Now, let f€ N(X) be the normal function defined by f(p, ) =b_ %¥'n, where {bn}:__1 is
any sequence of complex numbers.
Let ¢: N(@) - N(X) be the the extension of the Gelfand map and A € N(@) be such that

d(A) =f.
Claim: T(A)=UAU!= My )
n
A
Let v, be the regular Borel measure on X such that (Tx,x) = J. T(p)dvx(p) ,Tea, xe H.
X

Then R
v({p,)) = fx X(p )PV, (P) = fonm)dvx(p) =

]

P xx) = (x,e Z X)) =k 2 = (e ).
In particular

1 if n=m
vem({p“})= { 0 if n=2m

Note that

v.(Utp. )= ;Zolvx({pn}) = ngl(x,en)lz =lxI?=v (X).

X' n=1

So that vx(X ~{p,;n=1,2.}=0
Note also thate € D(A) Vm=1,2,..

Now, let x€ D(A). Proposition 8.13 gives
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L If(p)l2dvx(p) + J If(p)lzdvx(p)

o> | IE(p)I%dv, (p)
X Uley) X~{p,:neMN)

B [=%] _ [-%] 5 2 _ oa 2
= jZ:llf(pn)lzvx({pn}) = Jgllbnl Ixnl = j§1 Ibnxnl .
Hence

{bnxn}:o_le le, which implies that UxED(M[b }) .SoUD(A) = D(M{b ]).
= n n

On the other hand , if {a_}". €D(Myy, 1) and y€H is such that
n=1 n
(y.e,) =2, Vn, then {bnan}:;e 92and
2 _ ¥ _ 3 2 . -l
fxlf(p)l dv (p) = J)=:1|f(pn)|2v (P = b P < oo, ie, y=U({a,}))€D(A).
Thus

U(D(A)) = D(M{bn})'
From the Remark 8.3 we have

- _ 1 _ L
(Ax,y) = ,[( f(p)d cxyy(p) V' x,y € D(A), where Oy = Z{—{vxer v, +iv iv.. }.

X-y X+iy x-iy
Note that
I = | B o = (P x,y) = T ye) =X
o, ;P = - o, yP) = . a(P)do, (P) = (Pyx.y) = (xpep, 2 Y1) = XpYy
n .
In particular "
_ Xy if n=m
o-x’em ((p“})— { 0 if n# m
and
o, CHip,) =0, (Ip)) = Bxyy, =xy) =0, (X)
So that

Gx,y(x ~ {p,:n=1,2, D=0
Now, for x€ D(A) we have UAx = {(Ax,en)}::1 and
(Axe,) = fxf<p)d Oy ® = B0, (9D =0y

¥Ym=1,2,.. as we claimed.
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In the second example we study the (unbounded) multiplication operator acting on
LZ(S, S, 1) with (S, S, 1) a o-finite measure space .

8.2 EXAMPLE.
Let (S, S, 1) be a o-finite measure space , H = L2(S) and g a (complex) measurable

function finite a.e [i] on S.
Let Mg be the operator defined as follows :

D(M,) = {fe L4S): gfe LXS)} and for fe DM,) M, =gf.
D(M,) is dense in LS). To see this; let S = (s€S: Ig(s)l <n) and feLXS) = H.

2. 2 2
I gXs fIP= fs lgXs fPdu <n JS Ifi%dyL < oo so that Xg £ €D(M,).

Now, g f -f1> — 0 ae[u] asn— oo and Ui £ - 2 <IfiPe LY(S).
n

Lebesgue’s dominated convergence theorem gives

lim X f - fi?= lim | IXg f - f%du =0
n- oo n n—>o0 S n

Thus M_ is a densely defined operator on H.
Moreover, Mg is a closed operator.

For this, let f, € D(M,) be such that f;, — fin LXS),
Suppose Mg(fn) =gf — hinH ,heH.
Since fn — fin LZ(S) and gfn — h in LZ(S), there is a subsequence {f"k} of {fn}

such that
fnk—> f ae[u] and gfnk — h a.e[u].

But, then
gfnk — gf a.e[y] and so gf =h.

Hence, f€ D(Mg) and Mgf = h, that is, Mg is closed.
Next we show that (Mg)* = Mg : Iffe D(Mg) and hED(M-g-), then

(M f,h) = f gf hdu = (f,gh) = (f,M=h)
g S g

So he D((Mg)*) and (Mg)*h = Mgh , 1.e., Mg S (Mg)*.
Suppose now that h€ D((Mg)*). Then there is ¢ =0 such that
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IM, £t < cli £ Vfe D(M,)
or
IJ. gfhdul<clifll Vfe D(Mg)
S

LetS_= {s€S:Ig(s)l <n}. For each fe L2(S), XS eDM )and 1 X, fIHLIEI.
n n g Sn
Furthermore, .
Il g = g h)l = X h <
Xsng hil Sup I(f, xsng h)l sup ! J;gxsnf hdp I <c.
So
f Ig hi%dp = X & hi2 <c2 V.

Sﬂ
Hence

lim f Igh%dy < 2

n—-oo §

Now, XS lg hi2 — g hi2 as n— oo, s0 by Fatou's lemma, we have

flghlzdu f fim (X |gh|2 )p € Lm fx |gh|2 du= lim J.Ighlzdp.

sn—oco n—co § n—oo Sy

Thus g he L% (S) and so heD(M; ).
Hence

#* = M~
(Mg) Mg .
Our next objective is to find a boundingsequence for the ciosed operator M .
LetE = MXS where S is as above. Clearly IE lls1 ,E *=E andE “=E_ Vn.

n

Since )C <x and the mapping g +~ M from L°°(S) into B(LZ(S)) is order

preservmg we get thatE <E .,

Now , since u({s€S: 1g(s)l =0 }) =0, Xsn — 1 a.e[it] and an application of Lebesgue's

dominated convergence theorem gives that E. — I'in the s.o.t.
Hence {E_} is an increasing sequence of projections and n\=/1En =1
Furthermore, HMgEnII <n and for fe D(Mg) E nf = Xs fe D(Mg) (since gfe LZ(S)) and
n
EnMgf = MgEnf ,i.e., EnMg c MgEn and MgEne B(H) Vn.

Thus, {E_} is a bounding sequence for Mg.
Note thatE € 4 Vn, where dis the multiplication algebra of operators on LZ(S).

The following theorem characterizes the(closed) operators which are affiliated with the
multiplication algebra @ . (see [14] p. 343) '



8.2.1 Theorem: Let @ be the multiplication algebra of operators acting on H = LXS) and

A be a closed densely defined operator on H. Then A is affiliated with @ iff A = M for
some measurable function g finite almost everywhere on S.

8.2.1 Proposition: With (S, S, 1) and a as above , let f, g be measurable functions

finite a.e[] on S.
Then

1)M M(=)fgae[p.]

u) Maf+g a.Mf + M for each scalar a
iii) M —M M

iv) M 20 & f>0 a.efp]

Proof.
i): Suppose Mf = Mg .Ifhe D(Mf) = D(Mg) , then (f - gh =0.

Let G, = {s€S: Ifts)| < n and Ig(s)l <n}()S_ where S_are such that S = U S_ with

n=1 N
1S n) < oo (by the o-finiteness of the measure )

Note that X;, f6L(S) . So X €D(Mp) and so (£ - )X =0.

This implies that f - g =0 a.e [|L] since p.(nfjl{se S: XGn(s) =0 =0.
The converse is obvious.
i1): First we will show aM T M Maf+g

If heD(aM +M )=D(aM D) N D(M ), then (af + g)heL (S) (so hED(Maf+g )
and (aM + M )(h M (h)
Hence aM +M (o Maf+g Since Maf+g is closed we conclude that aM + M Maf+g
To getequallty lethED(Maf+g) and G_= { Ifl+lgl<n}l1s_.

Ifh —XG h, then afth €L (S) and gh €L (S)

So hne D(aMf)ﬂ D(Mg) =D(aM +Mg)

Now,xGn—> 1 ae[t] asn— oo (since u({Ifl+lgl=00})=0).

»

Therefore | h_-h I2 — 0 ae[pn] and Lebesgue’s dominated convergence theorem gives
that h —h in Lz(S) as n— o0,

Also |(af +g)(th -h) I2 — 0 a.e[(] and again Lebesgue's theorem gives that
. . A
nh_r’noo (aM; + Mg)(hn) = Maf+g(h) » thatis, hée D(aM, + Mg ) and

@M + My)(h) = lim @M+ M)(h,) =M, (h)

97
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iii) As in the first part of the proof of (ii) we can see that M M Mfg
To get equality , letheD(M ) and G, _{1f|+|g|+|fgl}ﬂs ‘v’n
Ifh —.XG h ;then gh_ EL(S) and fgh, eL(S) so thath GD(MM)

A similar argument as in part (ii) completes the proof of (u1)
iv): Suppose that f >0 a.e[u]. Ifhe D(Mp), then

M= [ finday 2o,
S

So M;=20.
Conversely, suppose M2 0 Clearly f is real-valued.
LetG, = {-n<f<0} M S,={ Ifl<n}1{f<0} ) S,
Ifh= XGn , then
0< (th,h)) = ,[ fdu <0 since f <0 on Gn .

n
Therefore

j fdu=0.
C’n

Butf=0,s0u(G,)=0.Hence f20 ae[p]. &

We remark that our last assertion can be pfoved in a different way using the square root of
a positive operator. In fact, since M¢ 20 there exists an (unique) operator B 2 0 such that
B’=M, (Bna).

By the previous theorem (8.2.1) , since Bn 4,B = Mh for some measurable function h

finite a.e[L] on S .(B being self adjoint , h is real-valued)
Now,

M;=B’=BAB= M, M, =M,2 (by (iii) ). Hence f=h> 20 aelu] (by ()).

From our previous discussion we see that the operator Mg where g is a measurable function
finite a.e[u] on S, is a normal operator affiliated with the multiplication algebra @ acting on

2
L%S).
In the next theorem we describe the Borel functional calculus for Mg .

First, we define the essential Range of g by

essRange(g) = { AeC : Ve >0 u(g'l(De(k))) >0} where D,(A) = { z€ C: 1A -z | <€)
Now, we show that O'(M ) = essRange(g):

If A& essRange(g) , then there is n€ N such that u(g'l(Dl(K))) 0.

This implies Ig(s) - A 12 % a.e[pt] , which implies that 'g_-T € L=(S).



SoM , Ea.Now(Mg-M)M 1 = Mg_lM 1 = M, =1, thatis, M‘!o(Mg).

g-% g-% g-%
To complete our proof, suppose that A ¢ c(Mg). Then there is B € d such that
B A (Mg -AD = (Mg -ADAB= (Mg - ADB =1. Therefore B(Mg -ADE L
So Vfe D(Mg .3) we have f= B(Mg - ADf and so I f I < IIBII II(Mg - ADfIL.

If AeessRange(g) , choose € > 0 so small that €liBll < 1. Let Ee = g'l(De(K)); u(Ee) >0.

Since the measure space (S, S, 1) is o-finite , choose Y S E, withO<p(Y)<oo.
Take f = XY . Then fe D(Mg _y) and

1
£l = Ve(Y) SIIBII(I g - A% )2 <ellBi ViL(Y)
Y

which says 1 < elIBll contradicting the choice of &.
Thus A € essRange(g) and our last assertion is proved.

It can be seen as in example 4.1, that p(g™!(C~essRange(g))) =0
(C~essRange(g) the complement of essRange(g) in C ) and if

{ g(s) when se g l(essRange(g))
€ Tl )~ “when s€ g"(C~essRange(g))

where A is some point in essRange(g), then Range (g,) & essRange(g) = G(Mg)
Thus , we may assume that Range(g) S G(Mg).

8.2.2 Theorem: With the above notation, let f be a Borel function on O’(Mg).

Then

f(M,) =My, -

Proof.
Consider the mapping ¥: Bu(o(Mg)) - N(4) given by ‘F(ﬂ:'Mfog .

Then T(1) =Iand P(id) =M .
g
Also

B +f)=M =M o+ My oy = T(E) + Ty

(£ +£5)0g f,og

B(£,f,) =M M og Mg o= T(E) 2 B(E)

(E1f)og ~ o8
T( .f) = M'tfog = M@ = (Mfog)* = (T(f))*
So that ¥ is a *-homomorphism from Bu(o(Mg)) into N(4)

©oQ
Moreover ¥ is o-normal. To see this, letf, f, EBu(G(Mg)) with f= n\=/1fn .
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We show F(f) = Szg(fn):

TOI-TE) =My, + DM, =M

fog fop = Miog - £,08 = Mt~ £ )og

Since (f-f )og 2 0 a.e[l] the previous proposition (vi) gives that M(f_ £,
T(f)<T®D Vn.

Suppose now that Bn @is such that B % -E(f)=20.

Then B = Mk where k is a measurable function finite a.e[u] on S and

>0
Jog 20,ie.,

=M >0

A A
B+-¥(fn)=Mk+M k-fog =0-

- fnog
So k-fog 20 ae[u] or k>fog  aelu] Vn.

This last inequality implies k > fog a.e[H].

Hence M, _ fog =0, which says that B 2 Mfog = T (f).

Thus @ is a o-normal *-homomorphism such that T (1) =1 and P (id) = Mg and the

uniqueness of the Borel functional calculus gives that ®(f) = f{(M g) = Mfog =T(¢. &

8.4 Remark: Let A€ Op(H) be a normal operator on a separable Hilbert space H . There
is an abelian von Neuman algebra 4 acting on H such that An 4 . Without loss of
generality we may take @ to be maximal abelian.
Theorem 5.1 ; then provides a unitary isomorphism U from H onto L2(X, By, 1)
(where X=X, W a finite positive regular Borel measure,) such that
vaul=(M g ge L7X, By, W)} = 1 the multiplication algebra acting on LZ(X)
So
UAU Inm

Theorem 8.2.1 gives that
VAU =M, or A=U"'MU
with g a Borel measurable function finite a.e [1] on X
We just proved in in the discussion before theorem 8.2.2 that g may be chosen so that

Range(g) € o(A).
Now, if fe Bu(c(A)) , then

3D =f(A) =UfMPU=U"M, U . =



[1]
[2]

[3]
[4]

(5]
(6]
(7]
(8]

[o]
[10]

[11]
[12]
[13]
[14]

[15]

REFERENCES

Akhiezer, N.I. and Glazman, LM. Theory of Linear Operators in Hilbert space,
Vol. I-11, F. Ungar Publ., New York (1961)

Berberian, S. Lectures in Functional Analysis and Operator Theory,
Springer-Verlag, New York, Grad. Text (1974)

Berberian, S. Notes on Spectral Theory, D. Van Nostrand, Princeton, N.J. (1966)

Doran, R. and Belfi, V. Characterizations of C*-algebras, Mar. Dekker Publ.,
New York (1986)

Douglas, R. Banach Algebra Techniques in Operator Theory, Acad. Press,
New York (1972)

Douglas, R. and Pearcy, C. On the spectral theorem for normal operators,
Proc. Camb. Phil. Soc. 68 393-400 (1970)

Dunford, N. and Schwartz, J. Linear Operators, Spectral theory, Vol Il
Interscience Publ. N.J. (1964)

Fell, G. M. and Kelley, J. L. An algebra of unbounded Operators,
Proc. Nat. Acad. Sci. USA 38 592-598 (1952)

Friedman, A. Foundations of Modern Analysis, Dover Publ., New York (1982)

Gillman, L. and Jerison, M. Rings of continuous functions, D. Van Nostrand,
Canada, (1960)

Halmos, P. R. Introduction to Hilbert space and theory of spectral multiplicity,
New York, Chelsea Publ. 2nd edition (1957)

Halmos, P. R.  What does the spectral theorem say ?,
Amer. Math Monthly Vol. 70 (1963) pp 241-247

Halmos, P. R. Commutation and spectral properties of normal operators,
Acta Sci. Math (Szeged) 12 153-156 (1950)

Kadison, R.V. and Ringrose, J.R. Fundamentals of the Theory of Operator algebras,
Vol. I, Acad. Press, New York (1983)

Kelley, J. L. General Topology, D. Van Nostrand, Princeton, N.J. (1955)

101



[16]
(17]
[18]
[19]

[20]

[21]
[22]

(23]

102

Lorch, E.R. Spectal Theory, Oxford Univ. Press, London (1962)
Mosak, R.D. Banach Algebras, University of Chicago Press, Chicago (1975)
Naimark, M. A. Normed Rings, Noordhoff, Groningen (1960)

Reed, M. and Simon, B. Functional Analysis, Vol. I, Acad. Press,
New York (1980)

Riesz, F. and Nagy, Sz. B. Functional Analysis, F.Ungar Publ., New York
(1955)

Rudin, W. Real and Complex Analysis, McGraw-Hill Book, New York (1966)

Segal, I. and Kunze, R. Integrals and Operators, Springer-Verlag Publ.,
New York (1978)

Taylor, A and Lay, D. Introduction to Functional Analysis, Wiley, New York
(1958) i



