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Absitract

UNRAMIFIED QUADRATIC EXTENSIONS OF PURE CUBIC FIELDS

By

JEW-CHEN (JOHN) HWANG

Advisor: Professor Harvey Cohn

(1) The Galois groups and their subgroups are
constructed by the normal extension K, ( Kg6) of unramified
quadratic (biquadratic) extension of pure cubic fields
Q(BJE) and subfields of X, ( Kgé), respectively.

(2) The prime factorization in the unramified
quadratic extensions of pure cubic fields Q(BJH) over

e(C/m) s presented to solve the norm equations.
(3) Even class number of Q(BJE) is investigated by

use of congruence and quadratic reciprocity.
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CHAPTER I. INTRODUCTION

§ 1. Historial Remarks

Algebraic Number Theory may be considered as the special
branch of number theory where the mysterious factorization of
rational primes takes the form of questions about prime ideals.
Many major theorems and results deal with the splitting primes,
different, discriminant, algebraic integers as well as class
number in the higher (extension) fields, viz Hilbert class
fields. 1In particular, for the pure cubic fields Q(BJE)
Dedekind and Cassels investigated many of theorems about
prime factorization and class numbers in Q(BJE) by use of
the rational solutions of the diophantine equation

v? = x7 - D,

Later! in 1955 and 1967, Selmer completed the table of class
number and prime factorization of pure cubic fields, for
m £ 250. In 1975, Frey developed the cohomology and some
homological results in the quadratic extension of pure cubic

fields.

§ 2. This Dissertation

In this dissertation, I do not attempt to add to the
"greater structure" of algebraic number fields. I would
rather try to investigate many of results and examples of
number fields, in particular, the pure cubic field Q(BJE)
and its class fields Q(BJE, Ji) and Q(BJﬁ, J=3r). I study

this for three reasons: (a) +to obtain a better




understanding of these results and thus the theory as a whole,
(b) to find the relationships between the groups of finite
order and the number theory, and (c) to derive some results
which though specialized are of much more interest in

themselves.

The main emphasis in this research is the construction
of the quadratic extensions of pure cubic fields for class
number 2, then 4 (non-cyclic), then even. To start with, we
construct the Galois groups, and find their corresponding
subfields of the normal field. Later we apply the formulae
of Selmer and Cassels for primes which are completely split
in the unramified quadratic extension of pure cubic fields
if N(ai + b. 6 + cigz) = p (prime and = 1 (mod 6)) for i = 1,
2, 3. is solvable in 2Z. Furthermore, we investigate the rest
of the primes which can be partially split in the unramified
quadratic extension of pure cubic fields. By use of congruence
and quadratic reciprocity, we also find the necessary
condition for the class number of pure cubic fields to be
even. Along the way to these results, we give a few examples
of primes and fields to demonstrate the existence and facts.

By the end of each chapter, we give a couple of diagrams or

tables as well.

The reader is to presume to have a knowledge of Algebraic
Number Theory and Groups of Finite Order, and especially some

knowledge of pure cubic fields.



CHAPTER II, THE GALOIS GROUPS AND THEIR CORRESPONDING

SUBFIELDS FOR h = 2

§ 1. The subgroups of the Galois group G(Kzu/Q)

Let m be a positive cube-free rational integer, and
let h be the class number of the pure cubic fields Q(zfﬁj.
When we study a number field, especially, the class number,
algebraic integers, norms, as well as the class fields, they
are considered as tools to the special results of many

branches of mathematics.

Now let h = 2 and let p be a non-square algebraic
integer of Q(©) , where o = %fﬁ- with the norm q2 (@ is
a rational prime number and greater than 3) then we can look
at their unramified class fields of Q(8) . Before seeing
this unramified class field  Q(6,J1) , we like to construct
the normal extension. As we know all the conjugates of
and ﬁf are contained in the normal field bi . Thus K24
must consist of all the elements generated by 9,/’,JE,JET,

Ju™ . Furthermore in the latter of this chapter, we like to
see the group structure and the relationships of all the
subfields of X, and its Galois group G(sz/Q) . First,

we list all the definitions and results.

Definition 2.1. A finite extension of the rational numbers

Q@ 1is called a number field K .

Definition 2.2. An algebraic number is a root of a polynomial

equation with rational coefficients. An algebraic integer is




-4 -

an algebraic number which satisfies some monic equation,

n n_l
+ 4+ s 00 + = O
X a]X an ’

with integral coefficients.

Definition 2.3. The integral closure of 2 in a number field

K 1is called the ring of algebraic integers of that field, and

is denoted by @k, where Z 1is the ring of ordinary integers.

Definition 2.4, An algebraic integer p of K is

non-square if u # az for any a in K .

Definition 2.5. The norm of an algebraic integer pu (denoted

by N(u)) is defined as the product of itself and its

conjugates.

Definition 2.6. The class number of K is the number of

ideal classes.
Fact 2,7.(Selmer) When m <100 , the only fields Q(9)
which have class number 2 are m = 11, 15, 47, 83, 89 ,

To begin with, the fixed (base) field Q and the
automorphisms can be defined as following:

G(K,,/Q) = G=(S, T, U, V>

St p~> p2; sf=1 T 8 —=> Po ;

U= T U9 =1 Vi T —> i VP

Since N(u) = up'p” = q°, then ¥ = (a-fon')/mn’

73

I It
-

From the above identity, we obtain the automorphism UV
which can take care of the automorphism of the generator Ju“.
In particular, let R = US .

R: F—S>}°2—U->f2 and Rzzlo-gyfz-li’f




o 2 o L o o 250 B5 6
e e TS -FdE
N e 1K, s i
i S .H;”JET ; u"-BarjﬁT £ -fur
That is R? =V and RS = U, therefore, we can eliminate
V by R® and U by RS. Then we have:

G =<R, S, ™ R¥=-g2-03-1>

Moreover, G also satisfies the commutator relations on
the following pages. First of all, we should see the mappings
RISIT® (where 0<i<3 : 0<j<1 and 0<n<2). They are:

I: The identity map. R and st See above maps.

RP: f — P° s+ P = RS+ p —Ff

0 —3 0 6 —> 6 6 —> 6
i —>-Ju i = [ o = -l

it —y ot {um —Jur e
RS s+ p —>f° R¥'s: p —p T f = f
@ — © 6 - 8 e ~fe
= v = - A=
AT A (R = - N

¥ p —>p st P —p sr? F—/
o —f% o —/f% o —fe
= N = [ A =
T =T = =

Ry = o7 =




-6

fo—>f R%D .

6 ~— Fﬁ;

RT 1

o —> -Ju"
fii— [
[fr— -

2T :

6 —> fe
o —
[vr— -[w
Jnt—s = [pn
f— f R
e — fo
o — [0
T [
pr— -l
I"—"z
6 —> fo

RST: ST:

R2ST?

RST™:
(B = -ju"
,[E"—-—-) "/]E
nﬁr"_—') ﬁ[—l‘;

Definition 2.8.

set C:+ ¢ = { ABAYB™L,

Let G be a group.
A and B

f—7

6 — feo
[ — -
[uT=> -[u"
r— &
f—-= F

0 —fY
b= - jur
W—> u
pe—> -fu’
f—
o —f%
B — -fu"
Br—s -0
u'—> fu
p—F
fe
-l

6 —>

[ —

T

'{I‘L’"q - M'n

ROT: p— P
[ —-9}’19
[ — "
[o'— -
Jur— -[u
ROT?: p— pF
6 —> feo
= -
vt — -[u
Jum—> ju”
ROSTs P —> f
o — fo
o — [
= fur
for—> -[u
RIST?: j =—> P
o —> Plo
="
N
A" —> - [u

The elements of the
in ¢}

are called commutators of G, and C is denoted by [A, B]

Fact 2.9.

The inverse of the commutator

-1,-1

[A, B] = ABA™B

is BAR™IA"L - [B, A] and so is a commutator of G also.
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In addition, the conjugate of a commutator C 1is a commutator
of G, ( [A, B]D = [AD, BD] where D in G). Furthermore,
the set of all the commutators is a normal subgroup of G .
Fact 2.10. Let G be a group. A, B and D are elements
[8, D]*4, D]
[a, B](A, DIB,

Now we like to consider all the commutators for the

1

of G . Then (a) [AB, D]
(v) [4, BD]

1l

generators and automorphisms. We gain the order of these
elements of the set of automorphisms of Kzu . From the
above mappings we can find the elements of order 2 by
observing or applying the same mapping again.

They are: S, R%, RS, R®S, R7S, ST, ST, RT and ROT?.
Similarly, we obtain the elements of order 3. They are:

T and T%; RST® and RIST; R2T and RIST%; R®T? and RST,
and the elements of order 4 are R and R3; R2T and RZST;
RT2 and RZSTZ, where each pair of elements are inverses

of each other.

By using the basic computation in commutators of the

group G = G(K24/Q). we have

RSRS = ROSRPS = R®SR®s = 1 SR = R7s
R - RSRJS = RISRS = [R, S] = [R3, s] s SR? = Rs
STST = ST°ST® = L; - TS = ST?
P = STST? = [S, T] ; T°§ = ST
®= ST°ST = [s, 197 ; T°R3= RT
RTRT = ROT?RIT% = 1 TR = ROT?

(R7) (R7sT%) = 1 3 = R%sT
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R(R%ST?)T® = RTROT® = [R, T]: TR = RST
ROT(RST) = 1 and R2T?(RST) = 1 T°R = R2ST
RT? (R%sT?) = 1 T°R%= RIsT?
By applying Fact 2.10., we have

[R, s8] = R? ; [R%, s]=1; [R? s]=r?;

[R, T] = ROsT ; [R? T] =R3s; [R>, T] = RT ;

[R, ™] = ®R®*T%; [R%? 1%] =Rs ; [R3, T] = RST%;
[S, T] =T [s, T2] - 72,

Therefore, we complete the Galois group of the normal

extension, That is,

G=(R, S, T1 R¥ =52 -13-1 and

[rR, s] =R% [R, T] =R7%srT, [s, 7] = 2>
Then G consists of 24 elements and G is non-abelian with

the trivial center subgroup of G .

Note that the symmetric group of degree 4 has the same
properties as G = G(Kzu/Q) . ‘
Proposition 2.1, The symmetric group of degree 4 is

isomorphic to G (i.e., S, 2= G(XK,,/Q))

Proof: Let g be a mapping from G into S, defined by
T ~> (123) ;
2 > (12)(34);

I —~>» I’ i S~ (12)

72 o (132) ; R —= (1324) ; R
RP —  (1423);

Then we have the following homomorphisms}

ST ~» (13) ; ST°—> (23) ; RS —> (13)(24)
RS —> (34) ; RIS —> (14)(23); RT —» (24);
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RPT — (124) ; ROT —> (1432) ; RT® —» (1243);
RT° —> (23%) ; RIT? —> (14) ; RST —> (243) ;
R®ST ~—» (1234) ; ROST —> (142) ; RSTP—» (124) ;
REST?—> (1342) ; RISTP—> (143) ;

From the above mapping, ¢ is 1-1, onto, perseving the
operation of homomorphisms as well as ‘Sb\ = \Gl. therefore

# is an isomorphism from S, into G . //

Now we like to consider the number of the subgroups of
G . Since G 1is non-abelian and containing the only one
normal subgroup of order 12. Therefore, we need the special
Sylow Theorem.
Theorem 2.11. (Sylow)

(1) Let p° be the highest power of the prime number

r———

p__that divides the order of the group G. Then G contains

at_least one sylow p-subgroup. 1i.e., a_subgroup of order pn.

(ii) Any two subgroups of order p" of G are

conjugate.
(1i1) Bach subgroup H of G whose order is a power

of p is contained in a Sylow p-subgroup.

(iv) If r denotes the number of Sylow p-subgroups

in G then r =1 (mod p).

From the Sylow Theorem, we can figure out the number of
subgroups of special orders 23 and 3, and the rest of them
by applying the commutators and group cosets, thus the
subgroups are determined by the existence of the inverse

element,
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After examining the inverse for each element of the set
we find the subgroups of order 2, 3, 4, 6, 8, 12, and 24.
9 subgroups of order 2.

{1, s}s {1, R®}; {1, RS}; ({1, R%s}; {1, RIs};

(1, rT}; {1, R1%}; (1, s1}: (I, sT°};

L subgroups of order 3.

{r, ©, ™}; {I, RST
2

2 2

, RIst}; {1, R®T, RIsST?);

{1, R%T?, RST);

7_subgroups of order 4,
{1, R, R%, ®R?}; {1, R37, RS, R%ST};
{1, rRT?, R7s, R%sT?}; {I, s, RZs, R?);

{1, rT, ST, RS}; {I, RIS, sT?, RIT?);
2

{1, rs, R, R7s} = 1,
4 subgroups of order 6.
{1, 7, 1%, s, ST, st%}; {I, RST?, RIsT, RT, ROT?, s);
{1, R®r, RPs1?, R%s, sT, ROT?);
{1, R®1%, RST, R®s, ST?
3 _subgroups of order 8.
2

» RT};

23, R3s});

2

’ R3l S, RS, R
2

{1, R, R

{1, ®71, rs, r®s1, RIS, RZ, ST, RTY);

{1, rRT%, R7s, R®s1?, R?, RS, ST?, ROT9);

only one subgroup of order 12. (normal)
2 2 2

{1, R%, RS, R%s, T, T%, RST?, RIsT, R3T, RIST?, ROTZ.

RST} = L,

Proposition 2.2. G 1is solvable.

Proof: Since §, is solvable, so is G, Then [G, G] = Ly,
* * 2
[Ty50 Lypd = Lys  [Ly, Ll = {1}. //
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§2. The corresponding subfields of K,), and the structure of Sy,

As we know, each subgroup of G will leave a few generators
fixed. This implies each subgroup of G +will give us some
subfield of K2)+ fixed. These fixed subfields are depended on
the subgroups of G. So, we have the following corresponding
by checking the elements of the subgroup of G as above

mappings and generators. That is:

order 2 «%» Degree 2 of Ko/Kq o
{1,s} &5 qce, 169 (1.3} & a(p,e,m)s
{1,Rs} & Q(f,0,/i"); (1.R%s) &% aip,e, 0™

(1.R%s} % a(o,fm. i - (1,51} &% Q(fe,{s%);
{1,s7°] % a(f’, 89);

{,R1} <& a(fe, &) fum-[u)

(LRI} & a(f%, " & - ")

G
order 3 &= Degree 3 of KZL&/KB

{1,7,1%} & a(f, {69) (1,RsT?,RIST} 5 Q(f, 5
(1.R?1,RIs1%} & a(p, 67):  {I,R2T%,RST) &> a(f,{6"):

where J50= [ + fur + [umi 5 = =fw v fur-fur
o {77+ 0 = [§ i i

G
order 4 &3 Degree 4 of Kzl/Ké

(1) cyclic of type C(4):

{1,R,R%,R% & a(e, ) (1.R%1,Rs, k%5115 QP o, [S57);
(1,87%,R35,R%s1%} % a(fe, S30m):

(ii) non-cyclic of type C(2) @ C(2)

{1,8s,R%,8%s} &% a(f.e)s  (1,RT,sT,RS) & aPe.dnn):
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{1,5,R?,R%S) < (e, [7)
{1,83s,51%,877%) & Q(fe, 7*)

G
order 6 «<> Degree 6 of sz/K4 (of type S3)

2,s7,ST%) «&s q({59)

{r,s,7,7T
{1,RsT?,RIST,RT, 5,ROT?} & Q( i )
{1,R%1,R3s7, 57,8712, R%s} <& Q((57)s

{1,R?T%,RST,R%S,RT, ST?] %> Q(f3");

order 8 «&» Degree 8 of K2L,_/K3 (of type D, dihedral gp.)
{1,R,R?,R3,s,RS,R%S,R3S) <& q(e);
{1,R?1,RS,R?ST, R3S, R2, ST, RT) < q(fe);
{1,RT%,R7S,R%sT%,R?, RS, ST, RIT?) <& q(PY);

order 12 €2> Degree 12 of KZU/KZ (of type A4)
{1,1,7%,R%,RS,RS,R?T,R®T?, RST, RSTZ, RIST, RIST?)

& a(p)

This completes the subfields of the normal extension of
Q , and we described all the subfields of K24 and the
subgroups of 34 in the following pages. We also list
the types and diagrams for K24 and Su . First of all, we
have to find the subgroups of order 2, 3, 4, 6, 8, and 12 .

order 2.
f, = (I, (12) 30} &), = (1', (13)(20))}; H, ={1', (14) (23)},
Hy = {1',(12)}; Hy = {I',(34)3; HY = {I',(1%)};
Hy = {1, (23} Hy' = {1'.(20)} "y = {1",(13)};
order 3.
Hy = {1',(123),(132)}; Hy = {I',(134), (143)]
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H; = {1, (124), (142)]; H%V = {I',(234),(243)};

order 4.

Hy = {1, (12)(34), (14) (23), (13) (24)};

By = (10,(1234), (13) (24), (1432)];

Hy, = {1',(1324),(12)(34), (1423)};
Hy, = (I',(1243), (14) (23), (1362)};

H, = {1',(12),(34), (12)(34)}s
Hy, = (I',(13),(24),(13)(28));

Hy = (1',(14),(23), (1) (23)};

He = {I'.(12),(13),(23),(123),(132)};
Hg = {I*,(13),(28), (34), (134), (143));
He = (I',(12),(14), (24), (124), (142)};
Hy = (I',(23),(24), (34), (234), (243)} s
order 8.
Hg = {I',(1234),(13)(24),(1432),(12) (34), (14)(23), (13), (24)};
Hg = (I',(1243), (14)(23), (1342), (12) (34), (13)(24), (14), (23)};
Hg = {I',(1324), (12)(34), (1423), (13) (24), (14)(23), (12), (38}
order 12.

A, = {I',(12)(34),(13)(24),(14)(23),(123),(132), (124),

(142), (234), (243), (134), (143)];
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order 24.
s, = {I'.(12),(13),(14),(23),(24), (34), (12) (34),
(13) (24), (14)(23),(123), (132), (124), (142),
(134), (143), (234), (243), (1234), (1243), (1324),
(1342), (1423), (1432)]
Remark 2.12. S4 is solvable, because of the following

commutator subgroups of Su‘

[SLL’ Su’] = ALP'
LAy, Ayl = Hy,
[y, 1yl = {1'}. So, Sy = A, = H, > {1'},

Moreover, A4 is the only normal subgroup of order 12 and

A, has no subgroups of order 6.




30 subgroups

Diagram 2.1.
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S), = The Symmetric Group of degree b

1 subgroup—A, — The Alternating Group of degree 4
i

HY = {I',(1234),(12)(34),(13)(24), (14)(23),
(1432),(13), (24)};

3 subgroups—Hg — Hg = {I',(1243),(22)(34),(13)(24),(14)(23),
(1342), (14), (23)3; |

Hg = {I',(1324),(12)(34), (13)(24), (14)(23),
(1423),(12), (34) };

He = {I',(12),(13),(23),(123),(132)]};
He = (I',(13), (14),(34), (134), (143)};
He = {I',(12), (14),(24), (124), (142)};
HE = {I',(23),(24),(34),(234), (243)};

L subgroups~H, —

Hy, = {I',(12)(34), (13)(24), (14)(23)3;
Hy = {I',(12), (34), (12) (34)};
H, = {I',(13),(24),(13)(24)};

3 types HE = {I',(14),(23),(14)(23)]};
3+ 3070 = W 1 (123w, (13) (28, (1432)
subgroups Hy ' = {I',(1324),(12)(34), (1423)3;

H§"= {I',(1243),(14)(23),(1342)};

L subgroups-—H3 — {1',(123),(132)}; {I',(124),(142)};
{I',(134),(143)); {1',(234),(243)];

3 types {r'»2)};s {1*,(13)}; {1, (1) }; {1',(23)3
(3+3+3)—H, — {1",(2]}; {1, (3N}
subgroups {1',(12)(38)}s {T',(13)(24)}; {1',(14)(23)};

{1'}—{The identity element I'} Total 30 subgps
Diagram 2.2.
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KZLI'— Q(fsgpm,v ﬂl—:vm)

Q(p.6,fm): Qp,0,f57); a(p,e,fu");
3 types Q(e, [5%): a(pe, J50); aQ(p?e, 50);
(3+3+3) — K ,— ate, [y fur -fu™);

subfields Q(Po,Ji*, i ={u);

Q(ervfﬁﬁvli - o)

1 type
4 subfields

— Kg — (7, {59): a(f, 505 alf, 505 ap o)

3 types Q(P,8);
(1+3+3)— K, — Q(e,); a(fe, fu7)s a(p@e, fu™)
subfields Q(e, {3m): Q(pe, [-3u"); a(p?e,[-3u™)

([s%); a(fo);
Q3™ ({5 ™ );

1 type
4 subfields

1 type — Ky — Q(e); a(Pe)s a(p2e);
3 subfields
1 type
1 sZifield — K — A
where IEU'= 4 +IH‘ +JE:
o = -fp +fur -fur
Q -E’_"- = "(_'HIT i

and P = £(1 +{-3)

]

Total subfields 30
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CHAPTER IIT, THE GALOIS GROUPS AND THEIR CORRESPONDING
SUBFIELDS FOR h = 4 AND 4p (NON-CYCLIC)

§1. The subgroups of the Galois group G*’(K",fé/Q)

As we did before, we like to work for h = 4, 12, 20,**-
4p, (p is an odd rational prime.), the non-cyclic class

groups. We take [y, ql] and [v, q2] the two non-equivalent

prime idealst [u, ql] P2 Lv, qzj, iced, [u, ql][vo qzjlf—l.
where N(up) and N(v) are equals to qi and qg,
respectively. With u and v, we consider the subfields and
factorization of the unramified class field, Q(e, {u, ).

We investigate most of the properties and results as below.
Before observing the class field, we would like to construct
the normal field K%, (normal extension K§6) of Q(e, (L {v).

9
Therefore the normal field K*6 must consist of all the

9
elements generated by 6, f i o e, v, L .
Furthermore, we find out the structure and relationships of
all subfields of K%¢ and its Galois group G*(Kgé/Q). First,
we list all the facts we need.
Fact 3.1. The product of two ideals ,[al, bl] and [az. b2]
is [albl. a,b,, a,b;, a2b2].
Fact 3.2.(Selmer) When m <200, the only field Q(®)
whose class number is 4 is m = 113 and its class group is
of type non-cyclic.

Fact 3.3. There are 5 nonisomorphic groups of order 8
c(8), c(M)@c(z), c)@c(2)@c(2), Q@ and D.
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Fact 3.4. There are 14 non-isomorphic group of order 16.

There are 51 non~isomorphic group of order 32.

At first, the base field Q and the automorphisms will

be set as following:

G*(K&/Q) = G* = €S, T, Uy, Uy, V3, V, >

St p—>pr;sf -1 T e—>po; T =1
Ui — - U =1 Uyt —> -3 U3 =1
Vo > - Vi = Vyr > -[07; V5 =1
Since N(u) = pp'u" = qi. where q4 ia prime
N(v) = vv'y" = qg, where q, is prime
So: (v = a; fon' /et

Vo= qye [0V /vve

From the above identities, we obtain the automorphisms

UlVl and U'2V2 Which can take care of the automorphisms of
the generators [u" and [v".

In particular, let Rl = UlS and R2 = UZS .

Rt fS> P —U—lﬂ’L Ryt P =5 P —U—z-;/"'
o =5 o —El9 0 0 =5 ¢ _EEL? o
I Ul‘*-,i’ff I e, In
=i 'E‘l’"fu_ (i == o 2, [u"
o S o Ul?[[f' i S Im U, s
n =5 Ul;\['v‘ F==05 Te, N
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U _— U
7 =S L[, s et U
U — U
o S5 =10, o S —25 7,
and moreover,
2 d ; - o £ ' . ’7
Rys f—rF, &—u [ -l b — -
6 ——> 9, W-————)(\T, (75 ——-»,[-\7', ,‘W—yv",
Rgg "’___>P, {T;._?(‘r; ‘[ﬁ" _ﬁ'[—.l_’ w __;’Jp_ﬂ"
6 —=>8, (v —N 7 —s-[v, i — -},
. _ _ 2 _ 2 _

That is, RlS = Ul’ RZS = U,, Rl = Vl and R2 = V2,
therefore we can eliminate Ul’ U2, Vl and V2 by RlS, RZS’
Ri and Rg, respectively. Then we have:

L L 2 3
#* = ¥* ¥* = = = = =
G G*(K&c/Q) {Ry» R,y S, T R/ =R, = 8 T 1>
Furthermore, like Chapter II, G¥* also satisfies the

commutator relations on the following pages.

we should list out all the elements RIR: sdph

172

They are: I+ The identity map.
Rys Rys R and RZ
R%: f-—-)fz, L —> -lu, IH-' ﬂl"v
6 —> 9, v —>[, r—s o,
R, —f, G —k T
e —> o, -(lr_\; E— -[;; l—v——'—>{;—"’
St f—> 75 [0 —>[ [F——’m'
6 —> 80, (v—[, for—= b,
Ts j)——_’ f, ,ﬁlﬁ—"?f[l:—', ,.(Elk'——')'.[l—)«-:"
6 —>fo, v —>[", [T—>f",

First of all,
of G*,

See the above maps.

o

. ~
ApNT =t

o f,
&Ia___,ﬁj},
.
(H?___;,&I?,
Lv—s[v,
fur—slw,
[T,
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R,R,S:
R7R,S:
R%RZS=

R.RZS:
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—

fu >,
‘(\') -—> "'11{-\71
Jl‘.“') _ﬁl'
f\)——"? ‘\V-V'v
:11’_—9 -‘Tlf
«q —FAV,
\m*——)(U9

' —>lw
hr—s[V,
pr— -0,
{oi"— ",
r—[v,
b —(u,
{lvr—=lv,
F— =l

br—spr,

i -

—iV'_':’L'\).' ’
"—'_9]!.—.‘"
,“.l (B
—- )
-{V"'_-? V",

(wr—[u",

v — -[v7,
[wr— -Jum,
= -l
o' — - [o7,

i‘\j"q -J\T'v

i o
pr— -0,
,ﬁl_'——? =1 Ll" ’
f—s - [
[

FF— - 5,

—{u N

> -

fr—s - V7,
[wr—>Ju",
pr—>[,
" —>{u,
[vr—s(v,
[—si",
por—[om,
[wr—s[u",

‘v-c'u_:; -[\)—',

,,{Ilh}'—> - mu ,

W Wy r-;v ,
-
»ﬂl-;—g ‘{E‘v' ’
e
[J:»__, - \)i ,
T,

(—\)—"—9 - Wn ,

{—sfu,

B 7,
v “"ﬁ _‘{TJ’" ,
Ti—s [,

[ (i,

[ — 5,



OlV\\O.

e —»fe,
f— 7,
o —> o,
F—> f
e —fe,
6 —>fo,
P—> p
oulv&o.



RlST:
RlSTx

3 .
R{ST:

RIST™s
RIsT?,
R.ST:

R2ST:

e ——>f%,
J—>k
6 —> fe,
J—>f,
e —>sz,
f_ﬁfv
e — foe,
f— f,
o —Fe,
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— . —
T N (T T S TIN M ST
W —> -7, (T -, [T—>[T,

F— [ i -

b =D, 3= -6, s -,
r' . o —= . _
N VR e VI = -,

= -0 = -V, P T,

fg"_a _J-,I" , JI?__;SF-H , JII_"—’ _J-':'

w—p, - [in, [vr—s [V,
=L, p'—- -0,

Pam— e —

V— -, V1> - [V,
= W =, -
v —,
T - — -, i,
v —>k",
T—-L, p—u", &
V=, V— i, v—l,
F— -, o— -f0, [i—>f,
v —=p",
o — - = i -[un,
L—br, =, [r—sr,

o —", [—-u, p—>-[u,

V=, =, =,
T i [elf,
W__?Ni, {\_)';-___?_‘vu"[\‘)_n__;_ v,
W —p o, s

b — -br, = -7, —sp,
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RlRZST:

3p3
RlesT:
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o —u,
(’\-)— -_ - -.r\) ',
I —u,
N - T,

i'Il-— > h‘lr,

f—

N — -y,

' —>{u",
(‘\;lﬁz.\)’ll ,




RqR,ST%: P —>7f,
4] —_~7,ng
2 2 _
RIR,ST%: f —>p,
2
9 —9)’9,
3 am? 2
R{R, STt f —> £
4] —}fgv
R,REST?:  p—>
172 f
2
6 —>1fe,
252 aml o 2
R{RSST:  J —> f",
9 ——>Y g)
3n2am2
R{R5ST:  p—> ¢,
2
6 —>fe,
3gp2, 2
R,RZSTS: [ —>F,
9 ——?feo
2 .
RERJST?:  f—> f,
\2
e ——-?f e,

RIRIST?: [ —> F),

6 —>fe,

e S A Vi g (VR
v — -,V — - [V,
a‘PT"'"?‘ U"»r—'_"{:[!
V= -, Vi— - [V,
> =, i -[u,
— L, Vr— -,

e T ‘!E'—"ﬂl—o

.

V—s -, V=V,
W— -
N — -5, i — ],
o=, — -l
NV — -y, ' — [,
=t -0
V=, b= -]V,
e ST g
V=, f— -
v — -,EL_',, W' —> - [u,
— 5, Hr—s =

i —> - [u",
r—[om,
[wr—s - u",
br—for,
T
Vr—v",
=t
fvr—s - b,
un—s - [u",
!;7——9 -iv",
I S (T
Ve -7,
m?"—9'ﬁ‘u".
s - [0,

{F—;? -,.(Fl

fv—"'ﬁ —,E—' ’
4(57'.__)43"' |
r—> -,

From the above mappings we can find the order of each

element by applying the mapping again and again as in Chapter

II. So they are:
order 2: RS, R5, S, RyR,, R3R,, R2RZ, R,RD, RR3, RS,
BYS, R3S, RS, R3S, RJS, R,T, RIT%, R,T, RITZ,
ST, ST?, RiR,S, R,RSS, RZRZs, RIRZS, RZRJS,
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R,RIST, RIR,ST.
order 3 T,7° RiT,RIsT®;  RITZ,R;sT; RET,RISTY;
RST®,R,ST;  RySTZ,RIST;  R,STZ,RIST; -
RiR,T.RSR,ST?;  RiR,T%,RIRZST;  RIR,T,R,RITZ;
RIR,T°,R5RST;  RERZTZ,R,RIT; RIRIT, R, RZST?;
RRIT?,RIRJST;  RZR,ST,RIRZST?;  RyREST,RZRIST?
order 4: Ry,R3; R, RJ;  R°R,,R3RJ; R,RZ,RIRZ;
RIT,R5ST; Ry TZ,REST RIT,RSST;  R,T%,RZST?;
RiR,S,R3R3S;  RIR,S,RRJS;  RZR,T,RIRIST;
RIR,T%,RRSTZ; R RST,R{R,ST; RIRST, RERIT;
RIRST?,R{RIST?;  RERITZ,R|R,ST%;  RIR,ST,RZRZsT;
R2RZSTZ, R RISTY;

where 2ach pair of elements of order 3 or 4 are inverses of
each other. By using the same argument as Chapter II, the
computation in commutators of Fact 2.10, we obtain the

following commutator relations.

[Ry, R,] = R5RS:  [RS, R,] =1;  [R3, R,] = R%RS;
[Ry, R] = 1; [RZ, R2] = 1; [R3, R3] = 1
[R;» R3] = RZRE; [R2, RJ] = 1; [87, &3] = R3RZ:
[Ry, s] = R [RZ, 5] = 1; [k, s] = R%
[R,, S] = R%; (RS, s] = 1; [R3, s] =R
(s, T] =1 [s, 7] = 1%;
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[Ry. T =Rysts [RS, 1] =RrJs; [R}, 1] =rRim
[R,, T°] = R57%;  [R}, 1% =Rys;  [R3, 7°] = R,ST%;
[Rp, 1] =Rgs7s [R3, T] =R3Js; [R), 1] =Rims
(R, 1°1 = RET%: (RS, %] = R,S:  [R3, 7%] = R,ST%;

Therefore, these identities complete all the relators for

the Galois group of the normal extension. That is,

G* =<Rl, Rzy Sy T' Rgﬁ = RLZ" = Sz = T3 = l,
2 2
(R R2] = Rl 2, [Rys s] = R7» [Rz, s] = R,
[Ry, T] = RYsT, [R,, T] = RJST, [s, 7] = 7>

Then G¥* consists of 96 elements and G* is non-abelian
with trivial center subgroup of G¥*. From Fact 2.10. and
Sylow Theorem, we can find all the subgroups of different
orders and check the number of subgroups of the special order
25 and 3. Hence we have:

27 subgroups of order 2:

(1.RY); (nLR3): (1,8} {L,RRy)s {L.R3R,}: {I,rR%RZ};
(1.RR3}s (T.R3RJ}: {I,R;s}; {I,R%s}s {1,R3s}: (I,R,S);
(LR3S): {(T.Rdsh; {(Leyrh: (LR3T®): (L,R,7); (I.R3T%),
{1,513; (1,57°); (I,R3R,s}; (I,R;R3s}: (I,R%RZs);
(1,rR3R3s}; {1,R2R3s); (1,RyRJST};  {I,RJR,ST?);

16 subgroups of order 3:

2

{(r,7,7°}; {1,83n,R%s71%}; (1,R%1%,R ST} {I,R ST%,RIsT};
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{1.RST,RJST%};  ({1,RZ7%,R,S1}; (I,R,ST?RJST;

2 2 352 3mey,
{1,R.R,T,R%R,ST°}; {I, RleT R{RZST};  {I, RleT R{RST};

1727 %1%

3 ) 2.2m2 3m. 3.3 2
{I,RlRZT ,RlRZT}, {I.RleT R{R T}, {1I,R iRZT,R R ST“};

3p3m@ plp3 . 3n2 2 3
{I.RleT .RlRZST}, {1, RlRZST R{R5ST 2}; {1, RyR5ST,R R ST }

71 subgroups of order U4:

(i). non-cyclic

{(1.R},R5,R%RS};  (1,R%,s,REs}; (I,RZ, \RqR,,RIR,};

3 p3p31. 2 347,
{I.Rl.RlRZ,R R }. {1,R 1'R1S:R7S}; {I.R 'R,S,R st}
{1,R?,R%s,R%R2s);  {1,R%,RJs,RIRJs}: (I,R? R R2S,RIRZS);
{I.RS.S,R s}: {I.RS,RiR,,RiRJ}: {I,R5,R3R,,R3R2);

(1,R2,R,S,R\RZS)s  {I,RZ,REs,RERZs}; ({I.R 2,R3S,RIRES]

s,RJs}s {1,RZ,R%R,S,R%RJs);  (1,s,R%RZ,RER 2s}s

2
{L.RyR 1%z

2

33 . 3 3
{I,RJR,, RlRZ.R R3}:  {I,RR,.R;S, st}, {I,R;R,,R7S,R R 55}s

3na.
{I,RjR,,R,S,R{R s} {I,R;R,, les.Rles},

3 2p2 3 3 253q7.,
{I,R{R,,RR5,RyR3}s {I,R{R,,R;S,RTRJS};

3 3a p3al. 3 3p2a1,
{I,R{R,,R7S,RZS};  {I,R RZ.RZS.RlRZS},

3 3m2 p3me7, 2 3 27,

3 2 247, R 3 .
{I.RlRZ,RlRZS.RlRZS}, {1, Rl 5'R1S,R{R s},

{1,R%RZ,R%s,R8s}s  {I,RZRZ,R %S.Rles}=

1°2°
2 253 3
{I,Rlﬁ 'R,S,RIRZS} {1, Rl 2 'RZS,R R oS}
R3 . 3 3
{1, 'RiRZ, Rls,st], {I,Rle,R s}
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{I,Rlng,Rgs,Rles}; {I,R)RJ,R T,R, T
{1,RR3,ST,R RIST}; (1,R\R3,R3R5S,RIRIS);
(1,R3RJ.R;S,R%R,S};  {I,R3RJ,RIS,R,S);
(1,R3RD,RJS,RRZs):  {1,R3RJ.R,RES,RERJS]

[] 3.
{I,Rls.RlT,ST}, {I.RlS.RzT,RlRZST}.
3a p3m2 n3p am2y. 3a am? p3m21.
{I.RlS.RzT ' R7R,ST }s {I,Rls.ST JR7T }s
3' -
{I,RZS.RlT,RlRZST}, {I,RZS,RZT,ST},

{I.Rgs,R3T2,R3R s1%,};  {I1,rJs,s7%,RIT°);

1T R1R,
(ii) cyclic
{1,R},R%,RJ}; {1,R,,R5,RJ};
{I,Rle,Ri,RgRg}; {I,RiRz,Rg,RiRg};
{1,RJ1,R,S,R%sT}; {1,r 12,828, RST?);
{I,RJT,R,S,REST); {1,r,1°,RJS,R2ST?);
{1,RR,S,R5RZ,RIRTS); (1,R3R,S,RERZ, R RIS);
(1,R%R,T,R,S,RIRIST]; {1,R3R, 1%, RR,,R,RETY
{1,R R3T,R,S,R R,ST); {1,RRZT,RRD,RERIT s
{1,R{RZT%, RS, RIRIST? (1,RERJTZ, RIS, R R, ST
{I,R3R,ST,R R, RERZST] {1,R%RZST®,RIR,,RyRISTZ) s
16 subgroups of order 61 (of type SB)
{1,5,7,7%,57,51%); {1,R}1,RIs7%,RES, 5T,RIT?) ;5
{1,R,ST°,RIST,R, T,RIT?, 55 (1,R%7? R ST,R%S, ST?,R, T}
{1,R,ST°,RJST,R,T,RT?,S}; {1,R3T,RJSTZ, R3S, ST, RITZY;
{I,RST?,R,ST,RSS, ST2, R, T} 3 (1,RyR,T,R{R,87%,R%S, RIT%, R RIST] 5
{1,RyR,T%,R2RZST,RZS, R, T, RIR,,ST7) 5
{I,R%RZT,RIRSTZ.S,RleST,R%RZSTZ}
{1,r7R,T%,RZR2T, ST,RER2S, R3R,,STP)
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2 .3 .2 2 ,2,2 3.2,
{I,Rl,Rl,Rl,Rz,RlRZ,RlRZ,Rle},
2 .3 .2 .2 2,2 2.3,
{I,r,,R5.R »R{/RIR,,R]R Rle},

2R3 1Rz
{1,R7T,R;S,REST, R R3,R,S,R2R, T, RIRIST);
2

{I,RlTZ,R%S,RiSTZ,RiRz,RleTz,RgS,RlRZSTZ};
,S+REST,R R3,R RAT, R S,R{R,ST} 3

(1,R,T°,RJS,R5ST%,RJR,, RIRET?, RIS, RIRISTZ) 5

{1,RR,S,RSRS,R3RIS, RS, RS, RIR S, RRIS)

2,2

2 172712
2 53 2me p3g p3
2n2

2 1"2 12
3p2 3 p2p3 3 .
{I,R{RT,R{R7,RIRJT,R;S,R,S,RIRSST,RIR,, ST} ;

(iii) non-abelian of type D), (dihedral group)
2 53 2a plal,
l.Rl,S.RlS,RlS,RlS},

2 .3 ,2 20 plp2
{1,R;,R§,R7,R5S, R R5S,RIRS

,'R3,R2,S,R,S,R58, R3S}
{1,R,,R5,RJ,RIS,R3R, S, RERES, RER IS ) s
{1.RyRS.R],R7RS, R S,R9S,R5S, RERES) s
2 2 3.2 24 224 pnlal.
{I,Rle,Rl,Rle,S.RlRZS,RlS,RlRZS},
2.7 2 23 _ 2 2
{I.R R,,R5,R]R5,S,RIR,S,R

1 21t 2
3¢ p2n2a .
S/R,S,R5S,R]R5S}

S,R 2

{1,R2T,R,S,R2ST,R
2

2 2 3am2y .
{1,RIR ST“,R R5ST};

{I,Rl,R

3n2a7.
S)R7R3S,R7R5S};

{1I,R S,R

R

2031,
s,Rles},

2 2 .2.3 .2
{I.Rle,Rz.Rle.Rl

3 2am p2 p3 ,
{I,RlT,Rls.RlsT,Rl,Rls,RlT,ST},

3 2 3 2 3aml,
{1,R{T,R,S,RZST,RIRJ, R, T, RER S, R RIST)
2 03¢ p2am? n2 p3m2 2-
{I,RlT +R7S,RTST",R],R{T",R, S, ST°};
2 .3q plam? 3m2 p2p3a pl 27,
{1,R,T°,R{S,RTST",R R, RT", RTR S, R{R, ST} ;
2

2 .3 .
S,R5ST,R3,R5S,R T,ST};
2

2 53a plam? 2 p3m2
{I.RZT 'RZS,R5ST%, RS, RIT<,R,,

2 p3q p2 353 p3m2 5352« o3 2+
T°,R5S,R3 1R5,R7T%,R7R5S,R7R,ST 1;

{I,R%T.R

{1,RJT,R

2
2 3 .
RlT,RlRZS,RlRZST},

s, ST} ;

2
S»R

{1,R ST?,R

2
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{I,Rz,RlS,RgS,RgT,RgSTZ,R1R2T2.RiRSST,RiRST,R%RZTZ.
R,R5ST,RIRIST?);
{I.Ri,Rls,RES,RSTZ,stT,RiRSTZ,RleT,RiRgT,RlRESTz,
R2R,ST,RIRSSTZ) ;
{1,R3,R,S,R3S, T, T%,R5T,RISTZ, RETZ, R, ST, R ,ST?, RIST) 1
[I,RS,RZS,RgS,RlSTz.R%ST.RlRZTZ,R%RSST,R%RZT,RleTZ.
RIRIT, R RESTZ)
(1,RZ,R,S,R3S,RET,RIST?, RIR, 7%, RERET, RIR DT, RER ST,
R2R,ST,RIRZST?) s
{1,RZ,R,S,RJS,R3T,R, ST, R, R, T, RiR,,57° RZRET? R RO,
R RSST,R3RIST?);
{1.R3R,,R%RZ,R RD, T, 7°,R3R,T, R RITZ, RIR T, RER T,
R5R51%,R,RIT}

= {1,R3R,,R3RS,R RD,R; STZ, RIST, R, STZ,RIST, R2R ST, RIRZSTZ,
R RSST,RZRIST?Y;
{I,RiRz,RiRg,Rle,RiT,R{STZ,RST,RgSTZ,RlRZT,RfRZSTZ.
RIR3T,R,RESTZ) 3
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il

It

i

2,2

_37.—

2m2

2n2

(1,RR,,R%RZ,RIRD,RET?, R ST,RET ,R,ST,R{R, 1%, RIR3ST,
RIRJT?, RERIST] S
(I,RR,,RZR,S,RIRES, T, T°, R R, T, RZR,,STZ, R R )T° , RIRZST,
R2R, ST, R2RZST?) 3
{1,R;R,,R5R,S,RIRSS, R, STZ, R7 ST, RET,RIST?, RERETZ, R RIT,
RIRJT?,RZRIST);
{1,RR,,RZR,S,RRES, RET, RISTZ, RETZ, R, ST, RIR, T, R RITZ,
R RZST,RZRIST?)
{1,R;R,,RZR,S,RIRSS,RET?, R, ST, R, STZ, RIST, R R, T, RER2T,
RIRJT,R,REST] 5

= {1,R{RJ,R,RZs,RERTs, 1, 1%, RIRIT, R REST?, RIRITZ, RER ST,
R R2ST,RZRIST?};
{1,R3RJ,R R3S,RERDS, R, STZ, RIST, RER2T, RIR, 1%, R, ST, RETZ,
R,R,T,R5R,ST°);
{1,R3R3,R,R5S,R3RSS,RET, RIST?, RIST, R, ST? R RIT, RARSTZ,
R,R,T°,RIRSST} ;
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62 2 3 p3p3 3 3m g2 2m p3p2

-
(o
]

2.3m o2 2,2 3 .
RleT,RZST,RlRZST.RlesT.RlRZST},
63 _ 2 3 3« p3 2 22.3a plp m2 2.2
Kg” = {I,R],R;R,,R{R, R S,R{S,RJS,R,T°,RIRZS,RIR,T°, R ROTE,

3222 2am2 0202am? 3am? p3n3aml .
R{R5T°,R5ST”,RJRSST™, R RIST®, R{RJST 13

L L 4 _ 4252
where Hl6 = <gl' gt &7 = & < 1, [gl, g2] = 618 7

12 subgroups of order 24: (of type S, -- the symmetry group)

K, = {1,R,R},R7, s, 1, 7% R, S,R%S, RIS, R, T, RET,RIT, R T2, RETZ,
RIT?, ST, ST°,R, ST,RST,RIST, R, ST%, R8T, RIST)

Ky~ = (I,R;,R5,R3,S.R,S,R2S, RIS, Ry T, ROTZ, R R, T, RZR, T, R 3R, T,
RyRSTZ,RERIT?, RIRITZ, R, STZ , RIST, R R, STZ , RER,,STZ,
R3R,ST, R RIST,RZRIST, RIRIST)

KiZ = (1,R%,R,RS,RIRS, R, S, RIS, RES, R T,RIT,RET, RIT, ST,
RyR, T2, R3R, 1%, RER5T, RERIT?, RoR .S, REST, RISTZ R R STZ,
R3R,ST?, R RSST, RIRST, RZRISTE)

Kyo = {1,R%,R,RS,R3RZ, R, S,RIS,RES, R 12, RITZ R, T, R20%, 572,

2 aml

2522 2
lST .RZST.RlR

2
lRz’l’,RleT 'R

2 n3n2qml 3 3n3
ST“,R7R5ST ,RlRZST.RlRZST}

2
2

2
RiR,

R2T,RIRAT, R

1R THRIR ST,

2

2 n2m2
T ,R2T2,

2
2

20 2

2!

2 S,R2S,R

3
R5,S,T,T >

il

2 3
{I,RZ,R ,R.S,R T,R5T,R5THR,

2 2

2 n2

2

2 2

2ST,R3ST,R

3m2 2 53qml
R5T%, ST, ST%,R,ST,R 5 »ST%,R3ST",R5ST }
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k30

31
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{1.R,,R5,RD,S,R,S, RS, RIS, R, T,RITZ, R R, T2, RIR, T,
RlRST,RgﬁgTz,RleTZ,RiRgT,RlSTZ,R{ST,RlesT,RgRZSTZ.
R,RSST?,RIRZST, R RIST, RIRIST? 5

(1,RZ,R%R,,RRS,R%S,R,S,R3S, RET, RIT?, R, T,RIT, ST,
RIRZS,R3R, 1%, RIRST, RIRSTZ, RIRIT?, RIST? , REST, RER ST,
R3R, ST, RIRSST?, RERIST, RIRIST?) 5

{1,RZ,R%R,,R5RD,RIS,R,S, R3S, R, T,RETZ, R,y 7%, RITZ, 872,
RleT,RlRET,RiRSTZ,RlR%T,RiRgs,R1ST,REST2.RlRZST.
RIR,ST?, R RSST, R RIST, RZRIST?)

{1,R3R,,R2RE,R RS, S, T, 7%, ST, STZ, R3R S, R2RES, R RIS, RIR, T,

3 2 2,2 2022 3 3me p3 3 2 2,2

R3R2ST? R RIST, R RIST?)
{I,R{Rz.RiRg,Rle.S.RlT.R%TZ,RZT,RgTZ,R%RZS,RiRSS,RleS.
R R,T%,R5R, 1%, RIRET, RERIT, R ST, RIST, R, ST, RIST, RZR, ST,
R,RSST,RIRZSTZ, RERIST?)

{1,R3R,,RZRS,R RD,R5S,RSS,RET,RET, RITZ, RIT, ST, R R, S,
RIR2S,R R, T,RIR, 17, R RATZ, RIRIT, RIST?, RISTZ, RER ,STZ,
RJR,ST, R RSST*,RIRSST, R {RIST] 5

3 252 3 p2 2 2me 2m2 2
{I,Rle,Rle.RlRZ,RlS,RZS.RlT,RlT 'RZT'RZT » ST 'RlRZS'

3r3 2 r3R27,R2RIT,RIRITZ 3 2
R{R5S5,R R, T*,R{RST,RIR T’RlRZT .RlST.R ST.RlRZST )

i%2 1%2 2 2
202am? 5352 3am? plp3 .
R{RSST®,R{RSST, R RSST .RlRZST}.
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where Hfg = { a™b ca i a =Db =c¢° = =1 and

a?; [b, c] = b2}

t

[a, b] = a2b2; la, c]

bled; [c, d] = d

i
fay)
M
0
Qu
™
=2
[o]]
L
il

La, 4]

and i, + i, + ] = even integer }

Remark 3.5. G*(Kgé/Q) is solvable, because of the following
commutator subgroups (the derived series).

(0]

G*' = [G*. G*] = K2’

- ' _ o 03 _ 00
G* —[G*'o G*] _[KZ ’ K2] '—K6 ’

gFw»™ = [G*", G*":I - [Kgo' K(6)O _ {I]

(o)

So, G¥* o K2

> Kg° = {1}.
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§2. The corresponding subfields of K;é

We also see the following subfields which are corresponding
to the subgroups of the Galois group G(K* /Q) . We list
96
all of them as the way we did in Chapter II.
Order 2 Gg;-Degree 2 6f K;6/KZ8
#*
(1,88} <Sag.e i f B
G*
{Ing} ‘_;’Q(f;g: m'jg',"ﬁ;,'ﬁ);
G¥ —
{1,s} = ae, o, [V, [u+fu", b + )
G* r——” ‘
{I’RlRZ} 3 Q(f!evm_'r.vap p."\)');
G.* N o —
{I9R2R2:} > Q(, igth.l"t J._V—”LIU-V’ ’u'\)')i
G*
{I’RiRZ} Cmmmd Q(r:gy,mv N:.HJ.'V'IHJ'"V")3
% J—
{IuRle} Q-G"* Q(f!ev m’;m;m:,}qﬁ'\)")ﬁ

{IngRg} ('('2’ Q(rves !‘F,F’{W’fm?);

"
v ;

{1, Rls}eﬁfé acr,e, [ v, v, vy

(1, 825} €5 ao, (1, [, o7 + %, [ - [i™)
(1, RIS} <= atP,0, oo, [V, &0, o)

(1, R,S) &5 QU 6, du fus [ )5

(1, RZs) > a(o, [0, [, [wr+ [um, [ -fom);
(1, RJs) &5 a0, (m fu s o™, o)

(1, Ry} €5 a(po, fur, o7, f5o-u, o7 + [0
(1.r312) 5 of%, [, o, [ - fo, 5 + 57
{1, R} 4o a(pe, [ur, [, fum+ [u, - V)5
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] un] Ti-at e} T fed)d ¢ (msfutui1)
f(ut ] 0aam] uaj e f)o <z {sgaéa‘l}
f(uatl] ey it et e x> (sulun)

£t} --_,ﬁ‘x"._.ﬁ‘f--ﬁj'ﬁ‘ﬁ}‘e)a > (sSuly1)
fataT) o) caf um) ‘o )b e—>  (sSuTu‘T)
fututl) ol o) il e )b > (s%uiutT)

faf o)l i fe )0 5> (LIS I)
fa) + wof T+ umf a7 Mg B > (1s ‘1)

Coof = &) e ) )t )0 5 (3 )
- 947 -



- 4 -
(1.R%,R2,R%R2} & af 0, fm )

{I,Rl.s,R s} €& age, [ [V, [+ o)
{1,R%,R & af, 0. v, i)
1R3.R3R2} &5 a(p,0, (57, )
(1.R%,R;S,R3s} &3 ap,e, [V, V"),
,Si1R2R ) 4-9-1 Q(f,e, [ B7);
2s R s} 5> e, i, V.- )
{1.R%,RJs,R%RJs) &5 a(f, 0,00, b7);

C a0, v );
{1,RZ,s,R3S) &S ace, Ji v o+ i)
(1.R3.RR,,R1R3) &3 Q(f, 0, [0, i)
{1.R5,R3R,,R2RJ} & a0, [u", [iv);

{1.RZ,R,sS, Rles} & a0, n, )

3
1RR R2}

{1.R%,R

{I.Ri,R

{1, Rl,R

{I,Rf,Rles R7RZS)

2 52

(1,RS,R%s,RERSS) 55 q(o, [T 3, [ur- [i*)s
{1,R3.R7s,R3RZS) &5 a(p, e, [i*, V)
{LR%.RZS,RQS} &3 a6, [T 57
{1,R3.R%R,S,R%R2SIE af, e, [, [uv);

{1,s, Ri RZ,RS r2s) <& a(e, [1, [V, o v+ o)

{I,R4R,,R%R 2,R3R3}§—> Q(f, 0, wv, Juv");
[I.Rle.RlS,R s} &3 a(f,0, [57, V™)
{1,RR,,R7S,RERISIG a(f, 0, {7, [umo7);
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(I.RR,,R,S,R1RES} & a(y,0,f0, [iv' )
(1.R,R,.R2R, S, RIR2S} &5 a(p, 0, [ivs, [07v7);
{1.R3R,.R2RZ,RRD) & Qe [, i)
{1,R3R,.R;S,RERJS} <& Q(f,e, V", [iv);
{1.R{R,,RIS,R3S) & a6, 57 V)
{1,R{R,.R,S,RREs) B a(p,0, 5™, [0vi);

(L.R3R,.RITZ,RITDY & q(fPe, [i7, 07, [av- i )
{1,R2R,,s1%,R3R, 577} & a(pPe, o7, 07, [ivt [iv*);
{1,R3R,.RIR,S,R R3S} <& Q(P,0, ", [iv);
{I,RiRg,RlS,RiRgs} & a6, v, i)
{1,R5RZ,R%S,R3S) & Qe [T v -[iv )
{1,R5RS.RPS,RR2S} <& Q(f,e, v, [iv™);
{I,RiRg,st,Rngs} & a0, [ i)
(1.RERZ,RJS,RER,S) <& Q(p, 0, fm, i)
{I,RlRZ,Rls,st} &5 Q(p,e, [, [vi);
{I.RR3,R3S,R5R,S} 5 Q(f,0, 7, [umvm);
{I.RRJ,RJS,R,RES} & a(p,e,fum, [pv);
{I,Rle,RlT,RZT} <& Qe fut, [V [T - [iv)

s

3 3
{I.Rle.ST.RlRZST}

[p]

> Q(fgonl—"mvm_;+m7):
{I,Rle,RiRSS,RiRgS} LS Q(f, e, [ov, v
{I.R{R%.Rls,ﬁfst} 3 a(f e, [v 1)

}
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(1,R7R3,R7S,R,S) &
(1,R3R3,RJs,RI:RZs] <5
(1,R3RZ, R RES, RZRDs) &5
{I,R;S,Ry T, ST} &

*
(I,RyS,R,T,R RIST) €5

*
{I,R{S,RgT R R ST} &5

*
{1,rJs,RIT?, 5T°) &

G*
{I,R,S,R{T,R{R 2ST}
G*
-

{1I,R S.RZT.ST}
(1,R3S,RIT%,RIR,STF) &
{1,rJs,R21%,51%) &

a6, fu™, s

Q(p, 6, [u", [nrv");

Q(p, 0, Juv™, [urv);

a(pe, fur fvr, vme V)
a(pe, fuv, v, [ve- )y
arPe, i, [vm, v -y,
a(ffe, o™, [V, v +[v);
acfe, fwr, Ivr, Jur -f0)s
a(pe, [ur, vty Jar +[)

& acpe, fur, vy o= s

a(fPe, um v, [w +[ut)s

(ii). cyclic of type C(4)

{I,Rl,Rz,R3} G

{I,RZ,R ,R3}

3,2
{I.R 2 Rl.R R }

3
{I.RlT,RlS.RlST}

2 23« plam?
{I,RT »R7S,R]ST }

3 2
{I.RZT,R S.RZST}

2

{I,RZTZ,Rgs,RZSTZ}

lthhkkhikill

S,R%R% R{RS]

{1,RyR,S,RIRS,

ace, =30, [v, [vr+fvmyy
Q(e, [, F3v, [u+um);
Q(e, “3u, v, bt =)
Q(e, (o, [F3v, [ut-lu");
a(pe, {3, v, Jure )
a(f?e, F3u, b, [V + )
a(pe, [ur, {=3v7, Jum+ )
mf&ﬁi?ﬁlmwmﬂg
Q(e, [F3i, [F3via{u'v' —{u"v")s




{1,R9R,S,R%RS, R RJS)

29 ] 2'
33
{1, RlRZT R{S,R7R3 ST}

3 2
{1, RleT »R7R,, RlR <}
R2

Q(e, ‘,r:jif,(?j;’ {“'v'+[“nvn);
Q(})Q! [:—B_PT";FV—')~F'—'"F)3
Q(fzeo -B(J"rj"BV-vm _”[ET;;);

i)

{I,R{R5T.R,S,R R,ST] Q(pe, [y [-3ve, [um-[1)s
2 2 ] [] " _l-'
{1, R3RZT,R RS, R3ROT) Q(pe, [=3u*, v, [a"
2 2 2 2 " " ] .
(1,rR3R3T%, RS, RIRIST?) QlpZe, [u, [=3v", [ - [0

(1,R%R21? \R3S,R;R,ST%)

1@ lklhkllkl 1“,:\"5

3 22
{I.RlRZST,Rle,RlRZST}
22,2

a(pe, [-307, V7, [v = [v0);
Q(’)Q, r _3“1 , 1{-__3‘\;' . luﬂvu_'_[;v-);

(1,RERSST? 3R, R RISTA) & a(p?e, [S3u™, [3v", [Wv +(57v0);

Order 6 €£-> Degree 6 of K96/K16 (of type S )

{I,S,T,TZ,ST,STZ} & Q(F. ;
{1,R;ST°,RIST, S,R, T,R31?} &5 Q({ETW.I§U);
(1,R%1,RI5T%,R%s, 51,8317} & a(f5r, [10)s
{1,r{1°, Ry ST, RZS,STZ, R, T) & s, {0
(1,R,ST%,RIST,R, 1,012, 5} & o([50, [y );
(1,R5T,RJSTZ,R3s, ST, RIT?} 5 a([6°, [y7);
(1,R51%,R, 51,828, 57%,R, 1} €5 a(6®, [y*)s

2 2 2

2 o o3amy LG* o
{1,RR,T.R7R,ST%, RIS, RIT, R RISTY &5 Q([ow, [17);
Q(m 9“_&")3

&
B RleT RleT S, RlRBST R3R st} & (5™, [v™);
&

172

2

{1,RyR,T 2 RIr%s1,R%S,R. T, R3R s12)

12 2 1

(1,8{r,1%,R2%RZT, sT,R3R2S, RIR,57%) & (57, [v1);
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{1,R2R51%,R,RIT, 517 ,R5R2S, R, RIST) &3 Q([57, [v7)s
{1.R3RIT,R REST? R3S, RIT% R RISTY 53 Q([57 , [y7);

{1,R3R31%,RERJsT,RES,R, T,k R 517} &3 a([57, [y )

{1,R3R,ST,RIRSST? R2T% R, T, R2R2S) <3 Q([57, [¥7");
{1,R,R3ST,R3RIST? R, T,RIT%,RERZS) & a([57, [v7);

where  [6° = [0 +[E +[0" ; m= v+ v+ [ve;
R ot o N e e N
R T T N L
N O R N e
Order 8 %Dgg;'ee 8 of K"9*6/KI2
(i). non—cyclic of type C(2)® c(2) Pc(2)

i}

1
|

{1.8%,RZ,s,R3RE, R%s,R5S,R2RSS) &5 e, [Ih M)

{1, Ri.Rg.RlRZ,R%RZ,Ring,RIR R} & a(f,e, [ov);
{1,r%,R2 2,R3RZ,R;S,RPS,R R2S,RIRSS) &5 Q(p,0, V)
{1,8%,RZ,R2RE R ,5,RER 5, R, RER3s) «& a(f,0, [D)s
{I,Rl,RlRZ,R{Rz,Rls,R{s,Rgs,R %rJs) B a(f,0,[v7);

2 2 G* 1),
{I.Rl.Rle,R3R2,R S.RZR S, lezs R3R 583 «5 a(f, e, {uv');

3 o33 3
{1, Rl.Rle,Rle,RlS R{S:R,S, R R,S} > Q(F 6, [vi);
2 -
{1.8%,r R3,R3R3 R3S, ,R,R5S,R2RS,R R3s} & a(p,e, [av);
2 r3 3
{I,R3,R R, R R3,R S,R,S,RJS,RyR s} Q(J’ 0, {u");

3 p3q g2 2 3 0"y )3
{1,RS,R R R R3,R3S,R2R s, RRZS,RZRJS) & a(p,6,fu);

2 2 3
{1.RS,R3R,,R7RJ, R, S,R2R,S, ,R,RZS,R 2Rys} 5 & afe,fuv);
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{1,R,,R%,R7,R3S, R RES, k2RSS, R2RES) 55 (o, ) fiv [
{1.R,,R5,RJ,S,R,S,R5S,RIS) 5 Q(o, [ T + [T
(1R, R5 R REs RER, 5 RIRES R2RIS) &5 Q (o, fiT, iV ~fi™);
{I.R;R 2,R]2_,R%R2,Rls RIS,RSS,RERESY < &5 (0, 5, [° - [7);
(1,RiRS,RS,RIRS, 5, R RES, RS, R2RES) « &5 q(o, [, [iv7 +{iv™);

(1.R3R,,R2,R7R2,5,RR,S, R3S, R2RS) &% qo, 1, B3 + i)

3 52 3 W
{1, Rl 2,R2.R1R2.RlS R,S:R3S, R s} &% q(s, T -0
2 G* , —_— —
{I'R%T’RIS’R]_ST'R]_'Rgs'RlT'ST] H Q(rgi \)" 4\)"'*' !V);

2
{1,RJT,R; S, RIST.RIRD, R, 1, RER, S, RIRISTIES Q (o, [57, [7vo-a7v);

{1, R 1% .RPs.R3ST%.RE RIT% R 5, 572055 q(p20, [57, [T + 57 );

2 £35 p2g72 302 523 m3p anl -
{1,R;T°,R{S,R]ST",R R, ,RIT", 1st R{R,ST°1 (6, [V7, {17 -fuv');
3 2 a*
(I,RJT,R,S,REST,RS,RISR,T, ST «E5 q(po, 57, i+ i)
3 2 2
{1,RJT.R,S,REST.R Ry Ry TR RIS, R\RISTIES Q(po, (i, [i7v - [iv) s

2 — —— | ———
{1,R,T%,RJS,R5ST%, RS, RITZ, RS, ST?) « 5 q(f%, 57, J5 +[i7)s

{1,R,T%,R3S,R5ST°, RIS, RIT?, RIRES, IR, STPIES Q(F, [ov, [ivF-[ivv™);s
(1,RyR,S,R3RS,R3RIS,S R R, R2RE,RERES, RIR I (0, fov [E v [iov )

3p3a »3 3 —e
1RoSHR R2 R{R5S, Rle.Rle.R S,R s}<—> Q(e, v, Jerve-Jon;

{1,R

1
2,

(1,R3R,S,RRS R{RIS,R R, RIRD,RES,RES)ED q (6, [7v, [FTvo-Jumv )
2

2
2
{I,R3R S,R Rz,Rles,s.R{Rz,Rle. 2R28}<—> Qe, Juv, Ju'vi+[upmv

1
{1,R%R,T,R,S,RRIST, RZ,RIS,R, 1R RISTIES q(fo, 57, F7-I7);

3n3 3
(1,R3R,T,R, S,RRIST,RIRD Ry T, ST,RZR 51683 q (po, [57, [irome v



..53_

2, 2 p3 202 p2n2 132 3 p3me

* R
é_.G____.a Q(fzg' lu"\)"'..m _"j“lvl );

{I,RiRZTZ.R{Rz,RleTZ.STZ.Rfst.Rlngs.RfstTz}

é—g_t_‘y Q())zg,,.{g"\)",u{u\)' +,[}J,'V );

{I.R R5T,R,S,R R,ST,RS,R, T,R3S,R{RIST)

@j;Q(}’g’qu,m_m);

2
{I,R,R T,R,S,R4R

2
» 1R, R,T,ST,R{R3S]

<—C5 s P, [T, (U 4 v )
252

3 RR3p g3
T,Rle,RleT,Rle,Rle.R

2

5 T,R,T}

3
{1,R3R 1

—E% 5 q(fe, {7, Jumvr - [iv);

3,2 3 p2p3 3p2 2.3 3
{I,RleT,Rle,RlRZT,ST,Rles,RlRZS,RlRZST}

"'—G_*_;Q(fgs»[aw\;;’m +.h:;;;)=

202 n3q p3n3aml Rl 3mR p3n am?
5T7,R38,RIR5ST,R5,R,8,R7T7, R, ST }

s Q(}’ZO.,W’T..F DY

3p2m2 53 303am? p3n3 p3md 2 530240
{I,RleT yR3S,R3R55T%,R{R5,R5T, ST, R{R5 S

e———@——yQ(};e,,ﬂI’T,,ﬁﬁ + v

{1,R3R37° R3S, R R,STZ,R2 R, 8,R 212, RIR,sT23 (P, o7, [V - b7 ),

3
{1,R3R

{I,RngTZ,R%S,RIRZSTZ,RIRZ.R{TZ.STZ,angs}

< a(Po, 77 [ + (i)

3 3 plp2 3 2,2 3
{I,R{R,ST,R,R3,R{RSST,R{R, ,R{RS, ST, R RZST]

s aps, [T e fi);



sk
3 3 24 p2R3
{1.R{R,ST,R.RD,RIREST,R, T,R, T,RIR2S,RERTS)

<& q(pe, TV, V7 - i)

(1.R%RZs 1°,R3R,,R RIST? ,RERZ R R, T2 ,R7R,ST%)

—C&% 5 q(pPe, im, fiv * i)

(1.R%R Zs1° /R3R,, R RIST? RIT? ,RJT%,R R wm.wwmmmw

<& a(gfe, [T", iy - v )

Order 12 «3°» Degree 12 of K m\wm (of type A4),)
Kg" <& a(f, 1) K20 <& q(p, 50
Kgt <55 (P, 7)) ket €55 Q(p, 57 )
Kgo <2 (P, [y wmm < a(f, f57)s
www Alﬁﬁwr.\.ﬂ..r mu < Q(f,[6");

Nwo Q(p, ] + vt );
HAW.._. TQ.'*W DAW- u\._u.d lk@.-c. I..\t..c..Vn
k32 <55 a(f, ~f@v [TV - s

%* - S
mﬂwu AIIMInv DAM]. I%C I.&C..C. gt‘:c:v.

wo DA\\ .H, C <.. +,~t:y/.~.v“
M“_- G* «—iQq ﬂ m- ?I/M ' l‘ﬁt.’-/ﬂ " lhﬂ.\.w( v :
wwm G* l;\tc. w,.,c»: 1?.;\ )s

L G* . — ; !.
Hﬁmu «—> DA\ , l;tc. I.‘?.C: +Ja:<v“
xwo &5 QS v +{uty +[umvr);

e o

» — —
ww“_. PRRCLIN Q(p, ,?c.. SPTUARY ..\.?Jé.f
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K5 6_'—+ Q(f T +"m _‘“nv');
K53€ ) Q(r’ " n _m + U"V')'

order 16 «—3—> Degree 16 of K96/K6

(1). non-cyclic of type C(2) @ C(2) @ Cc(2)D c(2).
K2© 555 a(f,9);
(ii). non-abelian of type D4® c(2)
Kéle——G——)Q(O ) 6 L85 qpe, i)
Kg? <5 q(e, V)5 K2 <——->Q(fe.ﬁf7)=
Kz 25> q(o, (V) K22 555 q(fe, furv')
Kgl 8%, Q(f‘ze..ﬁfﬁ):
k2? <5 q(pPe, (V)
,Kg3 &% Q(fze. (8"v¥);
(iii). non-abelian of type HJ¢
gl<—-——>Q(9 [-3uv); K5l<——G—*—)Q(9.,F§I)=
ke? < a(pe, [Burvi)s k22 S5 Q(Pe, [T
23 525 q(pPe, [T3av™) s k22 5y a(pPe, [F3u7 )
81 &% (e, T30):
22 5 a(pe, F3v0);
k83 &% q(p?e, [THv7);
o

Order 24 é———> Degree 24 of K;6/KZ: (of type H;z)

O %5 (v
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T e o[y
K2« Q((y")s
13 <« o([F7);

Kﬁo s o(77);

ZO PRCLIEN QUTV +furv + vy
Kt < o - f - i)
£2<———aQ( {0+t = funy

kP2 < o -Iv -fov' +[iv) s

G* * * *
Order 32 «——> Degree 32 of K96/K3 (of type H32)

KO
3
1
3
2

G¥

K, €<—> Q(J’ZQ);

3
G*. * * »*
Order 48 €——> Degree of Kgg /K2 (of type H,g)

Ky —E— Q(f) = a({-3);

This completes all the subfields of the normal extension

of @ with corresponding subgroups of its Galois group.

Moreover, we described all the subfields of K;é as we did in

Chapter II by the towers only. We only list the symbols
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*
to stand for all the conjugate subfields of K96’ and we can't
list all the subfields in the diagram 3.2., because there

%*
are more than two hundred subfields of K96 .

Proposition 3,1. G*(K;6/Q) ={a, b, c, d,' aLF: bLL: 02= d3= 1;
(a, b] = a%v?, [a, c] = a®, [a, 4] = aled, (b, ¢] = b2,
[b, a] = vdeda, [ec, 4] = ad

Proof: See the above group structure. //

Proposition 3.2. G*(Kge/Q(6,V)) = G¥(K3,/Q(6,4))
= D, ®c(2).
Proof: See the above group structure. //

Proposition 3.3. G*(K$,/Q(8,43u)) = G*(K/Q(6,7-3V))

n

Hf6 .
oof: See the above group structure. //

Proposition 3.4. G*(K#/Q(f,0)) = c(2)@® c(2) @ c(2) @ c(2).

Proof: See the above group structure. //
Q(e,Vv) Q(m%ﬂl(f,e)
\Q(O)

- Q(f).

P

Q
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K;é - Q(r’gym,.m" m;!vvmlnm')
*
3 types - KLPB - Q(PIQ!WJIH-'I [!:l—"v N): Q(F,Q,.ﬁl',»ﬁ;, r{_\;ﬂ'! '[v")"‘
(6+9+12) QP .6, i, v, Jurvr, [ e
subfields (6, IV, fur+ T, v+ im)e s
1 type — K;Z - Q(rw[-é_ov ECT); Q(]’I -[8-6: ﬁ(—;)"'
(16) ’

subfields l

7 types - K;L} - Q()’;Oy msm-')i Q(P,Q,,,IE, W)"'

(11+18+6+ Q(Py 0, fuy u'v")s Qp, 0,40, a7V ) .-
12+6+12+6) Q(Figl (L—J«‘G» ﬁl_r\-;;); Q(foga;m\.).r ,,hJ"V")"'

Q(e, fu, IV, Jui+ ") a(e, o, v, [ur-[u").
Qle, fu, vy futv + g™ ™).

Q(Gv'{:—j_uwr\—)—’ AV'“"*K)T)"'

Q(e, [F3u, [F3v, [V + [utvr)e.s

subfields

1 type — Ko — Q([6°,.(¥%); Q([s% [y').--
(16)
subfields

7 types - KIZ — Q(f,6,[); Q(f 6, o).

(6+9+3+9+ Q(r, e, {uv)s Q(p,8,{pv’ ).
12+12+12) e, @, )i a(pe, [u*, [v)-+-
subfields Q(e, (F3u, V)5 (e, [, (73v)s Q(e, F3u, [~3v)- -

Q(Q,,ﬁl—,m"l'm); Q(Orm!,ﬁl—"’@—';)"’
Q(e, [, [u'v +u™); q(e, [ Ju'v ~[u"v).-.
Q(gpmoﬁz—'w +W); Q(GDMLW"*"W)"'

To be continued



3%
3 types - K

(8+4+8)
subfields

L types - K
(1+6+3+9)
subfields

2 types - K
(8+12)
subfields

1 type — K
(3)
subfields

8

*
6

*
I

3*

3

3+
1 type -~ K2

(1)
subfield

Diagram 3. 2.
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Q. 6% atp, o) aly, {0
QP 5y +[u'v +fv™) s (P, iy - ﬁfgpr_,,
QP v+ VT o+ ) QUp, [TV [T+ [T

Q(y,9)
Q(O’m; Q(FGM‘-—‘)
Q(e, fuv); a(fe, fn v)

Q(G'FTU )3 Q(fg!J'BM'V_')'--

Q(5°); alfs"); a(fe™)-
Q(fwv +Jutvr [0 Q((‘V -furv - v

Q(0); a(fe)s Q(f 6);

K= p,'+,.{p,"+ "
{60 = =fu +fi"-fu”
Q(f); where {5" = - -+
{on = - o

& - mm o

Total subfields 250
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CHAPTER IV. THE FACTORIZATION AND THE SOLVABILITY OF NORM
EQUATIONS

§1. The factorization in the field Q(8)

Let m be a positive cube-free rational integer; we
shall be concerned with the pure cubic field Q(BJE) = Q(9o)
again, where & denotes the real cube root. If m is not
square-free,

_ 2 - -
m = myms, (ml, m2) =1, my and m, are square free,

Furthermore, we search for the equivalent relations between
the prime factorization over Q(6) and the solvability of
norm equations. That is to say, by use of class field
theory in solving norm equations, we have following three
cases for the unramified quadratic extension fields

Q(e, Ju) or Qq(e, 4=3u) over Q(8) to consider:

(1) N(s*%) = r , r =5 (mod 6)
(2) N(s*) = r® (not r), r = 5 (mod 6)
(3) N(y*) = p p =1 (mod 6)

where p and r are rational primes and greater than 3

y¥ and 6% are algebraic integers in Q(9).

Later in this chapter, by use of quadratic reciprocity,
we prove that the necessary and sufficient condition of the
defining polynomial of degree 6 for u 1in the extension
fields (Hilbert class fields) is either solvable or not

which is depending on the solvability of norm equations.
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By the end of these propositions, we also find the
numeral examples for each field of class number 2 together
with class number 4 (non-cyclic case). Now we have to list
the definitions and results where most of them are referring

to Dedekind.

Fact 4.1. The fields Q(6) and Q(8) are identical,
where 806 = mlmz.

Fact 4.2. The algebraic integers of the field Q(©) are

of the form
(i) o =a+ b+ c8; if mZ + 1 (mod 9)
.. a+ be + cé
(i1) o = 3 , a = mb = mye (mod 3)
if m=1+ 1 (mod 9).
where a, b and c¢ rational integers).
Fact 4.3. The discriminant of the field Q(8) is given by
(1) &= - 27 mimg, if mZ+ 1 (mod 9).
(1) &= - 3méni, if msz 1 (mod 9).
Fact 4.4, a + be (or & +3b9 + c8) is an algebraic integer

of the field K if and only if a and b (or a, b and c)

are (rational) integers.

Definition &4.5. The norm, conjugate, square and cube of an

algebraic number of K = Q(8):

@ = a + b8 + co or B = a + be + 0o
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N(a) = ad + mlmgb3 + mimzc3 - 3mym,abc

N(B) = a’ + mb? + mc3 - 3mabe

a'a” = N(a)/a = a® - m,m,bc + (mlc2 - ab)e + (m2b2— ac)e
B'8" = N(B)/B = a® - mbe + (mc2 -ab)e + (b2 - ac)Q2

0 = a% + 2mim,be + (mlc2 + 2ab)e + (m2b2 + 2ac)®

2 2

B = a“ + 2mbe + (m02'+ 2ab)e + (b2 + 2ac)92

3_ .3 2.3 2 3
a” = a” + mlmzb + mymyc” + 6mlm2abc

2 2

+ 3(a2b + myac” + mlmzb c)e

+ 3(afc + mzab2 +mlm2bcz)5

2

83 = ad + mb3 + m203 + 6émabc + 3(a2b + mac® + mbzc)o

2 2

e

+ mbcz)

+ 3(a20 + ab

Definition 4.6. The field Q(8) has one bagic unit ¢,

which we will choose such that 0<€ € £ 1 .

Definition 4.7, The algebraic integer u of the field K

is called a trunk element if ¢ = 0 .

In particular, in this dissertation we like to select u
and v of the field X such that u = 2 (mod 4) and
v = €2 (mod 4), where N(p) = qi and N(v) = qg, and

a3 is a rational prime and greater than 3, i =1, 2.

Fact 4.8. (Dedekind) The primes p, r and s factor in

Ok as follows: (where Ox is a ring of integers of K).
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—_ 7 — . —_ — 2

If r‘* m : r =TT, N(fri) = r and N(’ré) =r
if and only if r = - 1 (mod 3). (Then
x3_§ m (mod r) is always solvable with a

unique solution). 4-8-1

P =1 P2y NOpy) =P, (p; different)

if and only if p = 1 (mod 3) and

If p/f m

x> = m (mod p) is solvable in 2 (three

distinct roots) 4-8-2
If s *’m : s = s (inert) if and only if s =1 (mod 3)

and x° =m (mod s) is unsolvable in 2

(no solutions) 4-8-3
If p ' m : (except p = 3 for type II of Fact 4.3.)

p=1}>3, NCp) = p. 4-8-4
For type IT (3 | m). 3 = 3,35, N(3;) = N(3,) = 3.  4-8-3
Fact 4.9. (Dedekind) The factors of natural primes are

given as follows. p, r and s are primes.

i1

[p,6]°2 or [p,3])° if p ] m or p |m,

il

(m [p) = P

P

(111) (3] = ¥ s=[3, + o - 1,

(11)  [3] [3,6 -m]2 if m=z+ 2 or +4 (mod 9).

i
H

(6% + 0 + 1)7°

i

2

Wi Wi

+ 0 - 2)]

[3!+9-l,

if m=4+1 (mod 9)

(8



(IV)

(v)

(v1)

Fact 4.10. In ng = Q(J/-3,9)

we have

(1)

(2)
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[r] = ‘r'li-vz =[r,o - d][r,92 + de + d2];
if r =-1 (mod 3), r/}/m, and d3 =m (mod r)
(a unique root).

[e] = p1p2ps =[p6-dllp,0 -atllp,6 - ar]

if p=1(mod3), pym and @?zadzad:zm
(mod p).

[s] = a prime ideal, if s *m, m a cubic

non-residue of s and s =1 (mod 3).

I

Q(f!g)o by Fact 4.8.1

r = "r’l'i‘-’z (in K3 Q(e))

’rl'r'i'r;"_ (where "ri in Q(fe) and

1l

< in Q(f?e) )
p = }Pl«fz TB (in Q(®), if p 1is a cubic
' residue. See Fact 4.9.)
flflfl (where 'Pi in Q(fe)
and "PJ': in Q(}’?Q)) 4
PriPizfarfeaPrfsz (Piy i Ke)

il

it

Furthermore when the ideals are principal, they can be
expressed as the following:

2, _ * #*#,2
= g +b09+coe ; and ’Pl'a +b09+coe

(o]

o

Il
]l

202 . '
ao+boj’9+cof0 ; 1

2
ao+bofg+cor92; ’Pl

l
Il

3t #* * 2
ao + bOFQ + cofzg
*

(o]

* 52 *#p2
a +bof9+cof9
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§ 2. The factorization and the normed solvability in the

fields Q(o,/u), Q(®,/=3u) and Q(f,e)

We consider, as always, the relationships between the

normed solvability and the factorization in the extension

fields. (See the diagram 2.3, and Q(f, 0,40)

the right figure). To start with, ’///// \\\\\\\

we have to consider the fields a(r,8) Q(e,vx) a(e,v731)
whose class number is 2 and 4

(non-cyclic case), that is to \\\\\\ ,//////

say the unramified extension afe)

fields. Therefore we have to

return to basic results and Figurz b1,

definitions of quadratic extensions of Q.

Fact 4.11. (Legendre's Symbol) Let p denote an odd

rational prime and let (MN, p) =1 .
(I) 1f M= N (mod p), (M/p) = (N/p).

(II) (MN/p) = (M/p)(N/p).

Fact 4.12. (Quadratic reciprocity) Let p denote a

(positive) rational prime = 1 (mod 4), and let q denote a

(positive) rational prime = - 1 (mod 4).

{h

(1) (py/py) = (p,y/p))
(11) (p/a) = (a/p)
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(IV)  (-1/p) = (-1)2(P-1)

(-1/q)
2
(V) (2/p) = (-1)(@°-1)/8

i

(_l)%(Q-l)

2
(2/q) = (-1)(@"-1)/8

Fact 4.13. If (MN/p) = -1 and (MN, p) = 1 then either
(M/p) = -1 or (N/p) = - 1.

Fact 4.14. All the pure cubic fields, considered in this
chapter, have the class number either 2 or 4 (non-cyclic

case), i.e., m = 11, 15, 47, 83, 89 and 113.

Proposition 4.1. Let p = A + 4B6 be an algebraic integer

of K3 = Q(68) with the norm N(u) = q2 (@ rational prime).
If (I) A<2m and 4B< m; m #i 1 (mod 9)

(ITI) 9A<2m and 9:4BL m; msz=+ 1 (mod 9)
then p is a non-square algebraic integer in K3'

(i.e., u # 8% for any 8 in K3).
2

Proof: (I) If p =8 and m =+ 1 (mod 9) then by
Fact 4.2. and Definition 4.5. We set B = a + b + ce?,
Then

(1) A = a% + 2mbe

(2) 4B = me® + 2ab

(3) 0 = b° + 2ac

It is solvable for a, b and ¢ in 2. By observing the
third equation, we obtain ac < 0. Thus, we should

consider two cases only.
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Case (i) if ©be> 0, then applying into the first equation,
we have a® + 2mbe > 2mbe > 2m >A, which contradicts
the solvability of our assumption.

Case (ii) if ab>0, then applying into the second equation,
we have mc2 + 2ab >mc2> m> 4B, which contradicts
the solvability of our assumption.

(II) Similarly, we have u # 3% for m =+ 1 (mod 9) since

then a, b and c¢ are replaced by a*/3, b*/3 and

c*/3, respectively. These complete the proof. (See

Table 4.1. on page 68). //
Pact 4.15. (Hilbert) If k is a field, and (u) = @2 for
2

ol an ideal, u = o (mod 4), where N(a) is odd and
is not in k, then k(Ju) is an unramified extension

field over k.

Fact 4.16. (Hilbert) The statement in Fact 4.15. holds if
and only if k has even class number. A basic proposition
of class field theory is that if K/k is an unramified
extension, a prime ideal ;F in k splits completely into
n=[K: k] ideal factors in K if and only if }'p is
principal. This is in evidence from norm representations.
(1) Jp is of degree 1 in k (say :’D =[p, 8+ d], 4 in

Z and © in k) ? is prineipal if and only if

P = (y*) where N(y*) = p (rational).

(2) 4 is of degree 2 in k (say = [r, 8% + 4.0 + d2]

1
d; and d, in 2, 6 in k), A~ is principal if



Table 4.1,

Q(e) = Q(Bﬁn').

Verification of Proposition 4.1.

m h A B a U A< 2m and 4B<m 9A<2m and 9:4B<m |Type
11 2 9 | -1 9 - Lo 9<L2+11; -4 <11 I
15 2 1 1 | 31 |1 + 4e 1<215; 4 <15 I
47 2 | 17 1| 89 |17 + 46 17< 2+ 47; 4<y7 I
83 2 |-k47 3 (199 |-47 + 128] -47<2-83; 12<83 I
89 2 | 17 1 103 | 17 + 4o 9:17<2:89; 9.4 <89 II
113 | 4 | -7 1| 83| -7+ 4e -7 <2:113; 4 <113 I

Type I : m#Z+ 1 (mod 9), A<2m and 4B<m,

Type II: mz=+1 (mod 9), 9A<2m and 9.4B<m.

_89—
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and only if = (§*) where N(&%) = r? (rational).

Fact 4.17. Since we have N(u) = a3 + euBin = q2 and

N(w) = q° = A2 = 1 (mod 8), then A = 1 (mod 8) so that

Fact 4.15. applies, provided that it can be shown that
(W) = 9 2

Two cases are used as following:

for some ideal T .

(1) If g =r = 5 (mod 6) only one ideal o has
norm r so that (u) = o 2,

(2) If q9q =p =1 (mod 6) three distinct ideals
fl' 9)2 and ;})3 have norm p so we exclude the
possibility p :?l vaz (instead of ,Ti ), because
p/u  is not an algebraic integer in Q(9).
(Verified by use of multiplying their conjugates

for rationalizing the denominator).

Remark 4.1. For the time being, we define the following:

K, = Q(e)

Kg = Q(6,4u) with the defining polynomial Fg
KZ = Q(6,,/-30) with the defining polynomial F;
Kig = Q(6,P ) = Q(6,/-3) with the defining polynomial

"

where the defining polynomial for Ju (= x) or a# (= x) is

(1) Fglx) = (x* - 4)° - 648%n (for i)
(2) Fi(x) = (x2 + 3a)7 - 64(-38)n (for 30)
(3) FE(x) = (22 - 98%x - Bom)2 + 2782 (x2 - 42)2

——— A -
for cx# = Q-J—j + %-G, a4, and b are in 2.
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We take this defining polynomial modulo p or r so that
(1) Fé(x) =0 (mod p or r)
*
(2) Fg(x)

(3) FE(x)

Moreover, all the quadratic extension fields in this section

0 (mod p or r)

0 (md p or r)

are unramified. (i.e. the class number of K3 is either 2
or 4 (non-cyclic case). Then K¢ = KB(JE) is the class
field as well as Kg = KB(V-BH). where pu is in K3. since

-3 =1 (mod 4). See Fact 4.15.

Proposition 4.2. (-3/p) =1 when p is prime and

p =1 (mod 6),

Proof: Without loss of generality, we assume that p =1 or

7 (mod 12).

Case (i) p =1 (mod 12), then 12t +1 and t in 2.
(-3/p) = (-3/12t + 1)
= (12t + 1/3) = (1/3)

Case (ii) p = 7 (mod 12), then p
(-3/p) = (-1/p)(3/p) = (-1/12% + 7)(3/12% + 7)
= (= 1)(~ 1)(12% + 7/3) = (7/3) = (1/3) = 1. [/

o]
Il

-1/12% + 1)(3/12t + 1)

l
—

1.

I

12t + 7 and t in 2.

It

Proposition 4.3. (-3/p) = -1 when p is prime and

p =5 (mod 6).

Proof: Without loss of generality, we also assume that

P =5 o0r 11 (mod 12),
Case (i) p = 5 (mod 12), then p = 12t* + 5 and t* in Z.
(-3/p) = (-1/p)(3/p) = (-1/12t% + 5)(3/12t* + 5)
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= (1)(12t* + 5/3) = (2/3) = - 1.
Case (ii) p sz 11 (mod 12), then p = 12%* + 11 and
t* in 2. (-3/p) = (-1/p)(3/p)
(-1/12%* + 11)(3/12%* + 11)
(- 1)(- 1)(12%* + 11/3) = (2/3) = - 1. //

1

il

Fact 4.18. (Dedekind) Let F(x) = 0 be a defining monic
equation for Q(8) of degree n with the exception of
primes divides the root discriminant A of F(x), where

A = TT (Qi - 9.)2 as usual.
gy b

If F(x) = TT 'Pi(x) (mod p) and fPi(x) is of degree e

then p = TT P, , where P, = [p.‘Pi(G)] of degree f,

f.
N(#,) =p* and Ff, = n.

Proposition 4.4. Let r be a rational prime and

r =5 (mod 6). If N(a + be + 092) = r 1is solvable for
a, b and ¢ in 2, then for the field K6’ the defining
polynomial Fé(x) = 0 (mod r) is solvable in 2.
Furthermore,

r = [r, dyg= Jullr, dpq + Vullraw - a4 - 2]

[r, u o+ )\l«ﬂl_ - ij
where Fé(x) = (x - dll)(x + dll)(x2 - AX - xz)
(x2 + AX - kz) £ 0 (mod r)

Proof: Let N(a + be + c92) = r = 4ri€Fé be solvable for

a, b and ¢ in 2. By Fact 4.16. Ty principal =

4 splits =§'n2 =z o (mod 4?1) is solvable for w in K3.




- 72 -

Then there exists a = such that =% = g (mod ‘ri) is

solvable in K3.

= wz = A + 4B8 (mod fbi) is solvable in K3.

Since we have T = n (mod fri) for some T in 2.
2

= T A + 4B6 (mod 'Ij) is solvable for T in 2.
= 1°-A-04B0= 15 issolvable for T in 2
for some 7 1in K3.
We take the norm on both sides, by Fact 4.9., we have

(12 - )2 - eused =

' " v "
1T TSI S

(T2 - A)3 - 64B3m = re.s’ is solvable for T in 2

and N(-si) = sl, where i in Z+, s in 2.

= (T2 - A)3 - 64B°n = 0 (mod r) is solvable in 2.
By Fact 4-8-1, w =m (mod r) is solvable for w in Z.
Then there is a unique solution d in 2 such that
(w - d)(w? + dw + a°) = 0 (mod r).
= {(1% - 4) - 4Bd}-{(T° - )% + 4BA(T° - A) + 16B%3°)
£ 0 (md r) is solvable for T in 2.
= (1% - A - 4Ba)(T¥ - (24 - 4Ba)7® + A% - LABA
+ 16B2d2) = 0 (mod r) is solvable for T in 2Z.
Since N(A + 4Bd) = A% + 64B°m = ¢% = (&7 + 648737) (mod r).
This implies (A + 4Bd)(A® - 4ABd + 168%G%) = 9% (mod r).
ice., (A + 4Bd/r)(A® - 4ABd + 16B%a%/r) = (q%/r) = 1.
Then we have to consider two cases for the above equation:

-1 and (A%~ 4ABd + 16B%g%/r) = -1.
1 and (8% - u4aBa + 168%4%/r) = 1.

(i) (A + 4Bd/r)
(ii) (A + 4Bd/r)

Il
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Let us go back the solvability of the above equation.

(1) If (1% - 2(A - 2Bd)T® + A% - 4aBd + 168%d%) = 0 (mod r)
is solvable for T in Z. This implies that the
discriminant of the quadratic equation is to be perfect
square. ((A - 2Bd)® - (A% - 4ABd + 16B%a%)/r) = 1
= (- 128%3%/r) =1 => (- 3/r) = 1 which is
impossible.

(ii) If (T2 - A - A4Bd) = 0 (mod r) is solvable for T in

Z, then there exists a dll such that dil = A + 4Bd

(mod r). This implies (T - dll)(T + dll) =0
(mod r). Since (A + 4Bd/r) = 1, then

(A% - 4ABd + 16B%d%/r) = 1, and there exists a Ay
2 _
2.‘—'
2 _ (2A - 4B - 2)\2)T2 = 0 (mod r) or

in 2 such that X 2 _ 4ABA + 16B°d% (mod r)

I

Sor (T% - xy)
)2 -

(2A - 4Bd + 2x2)T2 0 (mod r) is

1!

(T° + A =

2
solvable for T in 2. Consider

(2A - 4Bd - zxz/f)(zA - LBa + 2x2/%)

ll

((2A - 4Bd - 2x,)(2A - 4Bd + 21,)/r)

((2a - 4B3)% - ]2 /r)

(4A2 - 16ABd + 16B%d% - 4a% + 16ABd - 648%4%/r)
- 48B dz/f = (- 3/r) = - 1.

This implies either w*% = 24 - 4Bd - 21, (mod r) or
2

w*< = 2A ~ 4Bd + 2x2 (mod r) 4is solvable for w*2

in 2. (Say) The first one is solvable for w¥*

in 2 and suppose that xi = 2A - 4B4 - 2X2 (mod r)
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be solvable for Xl in Z. Then we have

(T2 ~ AT - )\2)(T2 AT - xz) =z 0 (mod r) is solvable
for T in Z. Furthermore, (T2 - AT - xz) and

(T2 + AT - XZ) are irreducible over Z because the
discriminant of the quadratic equation is not perfect
square.

i.e., (xi + h,/r) = (28 - 4Bd - 2h, + 4Ay/r)
(2A - 4B3 + sz/r) = -1,

+

2

Then we have (T - dll)(T dll)(T + 2T - Xz)
(T2 - M7 - xz) £ 0 (mod r) is solvable
for T in 2.

By Fact 4.18., we also have

r = [r'dll - \/ﬂ[rvdll + \/EJ.—][I‘,LJ. - >\l\/lI = )\2]
I:I‘,U, + )\l\/“- - )\2]
This proves the proposition 4.4, //

Proposition 4. 5. Let r be a rational prime and

r =5 (mod 6). If for the field Ké’ the defining
polynomial F6(x) = 0 (mod r) is solvable for x
in 2, then N(a + b8 + 092) = r 1is solvable for
a, b and ¢ 1in 2,
Proof:  Since Fé(x) 2 0 (mod r) 1is solvable for x
in 2, then there exists a g in 2 such that
Fe(g) = 0 (mod r).

= (x - g)E5(x) = 0 (mod r) is solvable for x

in Z and for some polynomial E5 of degree 5.
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= (X - g)E5(X) = 0 (mod ‘ri) where N(‘ri) =r is
solvable for X in K3.

=2 X =z g (mod ‘ri) is solvable for X in K3.

S x°= g2 (mod rj) is solvable for X in Kj.

Since Ju = X satisfies F6(X) =2 0 (mod ‘ri)

= uE g2 (mod ‘ri) is solvable for u in K3.
S vy |- g
= 7 splits in KB(JE)/KB.
= (By Hilbert) Ty = principal ideal
= 1r = N(s%) 1is solvable for a, b and ¢ in 2,
where 6% = a + bo + 092.
The proof is completed. //

If we combine these two propositions and apply in
2

the second case of r (= 5 (mod 6)) and N(s%) =r
(not r), then we also obtain the following corollary.

Corollary 4.6. Let r be a rational prime and r = 5
2

(mod 6)¢ N(a + b + 092).= r~ 1is solvable for a, b and
¢ in Z 1if and only if for the field K6’ the defining
polynomial F6(x) = 0 (mod r) is unsolvable for x in 2Z.
(i.e., there is no linear factors for F6(x)).

To see F6(x) factors only as (quadratic): (4th
degree polynomial), which is (x2 + "°)(x4 + oeen)
use the fact that r = fri'Fé so Tri is principal only
when fFé is principal. Therefore, the biquadratic factor

splits only when the quadratic factor splits.
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This is illustrated in Example 4.1.

Example 4.1, P: Principal ideal of K3

NP: Non-Principal ideal of K3

m " r F6(x) for u ideals of K3
(x - 6) (x°+ 12x + &) (6r20:62) | P
29 | (x + 6)(x%- 12x + k)
11 9-40 > m >
17 | (x+ 5)(x "+ 2x°+ 12) [17,u+5] NP
23| (x - 4)(x2+ Ix + 2) (2 + ) b
15 | 1+4e (x + &) (x7- 3x + 2)
1] (x%+ 1)(x* + 7x% + 7) | [11.u+1] [P
2. e
17 (X - L")(X2+ !‘YA + l) (L,' - 9) P
W7 17+46 (x + 4)(x°- 4x + 1)
23| (£%+ 2)(x™ 16x%+ 7) | [23.u+2] |ne
2
081 | (X - 15)(x2+ 9lx = 32) | (20+40+0%) | P
83 _47+129 (X + 15)(X - 91x - 32)
B1| (x%- 6) (x*+ 24x%+ 6) [41,u-61 | wp
17 (X - l)(Xz- x + l) (_ 9 + 29) P
89 | 17+4e (x + D™ x + 1)
51 (x%- 3) (x*- 3%%+ 3) [5.u-3] NP
gap | (x-337) (x°+519x+327) 10 -0) |
113 | -7ehe (x+337) (x°-519x+327)
B1| (x%- 3) (x*+ bx2- 3) [41,u-3] | v

Now we like to consider the factorization and the normed

solvability in the field X7 = Q(®, J-3u).
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Proposition 4.7. Let r ©be a rational prime as usual and
2)

r=5(mod 6), If N(a + b9 + c8°) = r is solvable for a

b and c in 2, then for the field K;, the defining
polynomial Fg(x) = 0 (mod r) is unsolvable for x in 2Z.

(i.e., there is no linear factors for Fé(x)).

Proof: By use of Proposition 4.3. and Proposition 4.4.,
then we have (-3u/r) = (u/r)(-3/r) = (u/v)(- 1) = - (u/r).

Therefore we can use the same argument as in the proof of

Proposition 4.4., //

Proposition 4.8. Let r be a rational prime as usual and
2

r 5 (mod 6). If N(a + be + 092) =r is solvable
*
for a, b and ¢ in Z, then for the field K6' the

0 (mod r) is solvable for

defining polynomial Fz(x)

x in 2,

Proof: By use of Proposition 4.3. and Proposition 4.5., then
we have (-3u/r) = - (u/r). Therefore, we can apply the

same argument as in the proof of Proposition &4.5.. //

Now we combine these two propositions, we obtain the

following corollary.

Corollary 4.9. Let r be a rational prime and r = 5
2)

(mod 6). If N(a + b6 + c8“) = r 1is solvable for a, b

* 3 L3
and ¢ in 2, then for the field K6’ the defining
polynomial FZ(X) = 0 (mod r) is unsolvable for x in 2.

(i.e., there is no linear factors for FZ(X)).



Remark 4.2,
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There is no further factorization and no

#

further solvability for the extension field K6 over the

field K

i.e.

3

(-3/r) = - 1, where

Examplec . 4.2,

(1)

Principal ideals of K3

r =5 (mod 6).

because of the non-residue character of r,

in the field Kg.

m -3u r ;Z-?x) for -3u Princ. of K3
2 2
11 | -2p+1ze | 29| (X7 BOC- I+ 12) o 0 L g2
(x*+ 14x + 12)
2 2
(x“+ 2x - 6)
(X2+ 5)(X2+ 6x + 12) (Ll; _ 9)
M el B (x2- 6x + 12)
(x%- 168) (x°+ 2x - 96) ’
83 141-366 | 281 (Xz_ 2% - 96) (20 + 46 + ©°)
(x? + 3)(x°- 3x + 3)
89 | -51-120 | 17 2 (- 9+ 20)
(x™+ 3x + 3)
113 | 21-120 | 887 (x%-788) (x2-375x+570) (10 - @)
(x°+375x+570)
(2) Non-Principal ideals of K3 in the field KZ
m -3u r Fz(x) for -3u ideals of K3
11 | -27+120 | 17 | (x+7) (x-7) (x™*-6x%+6) [17,-3u+2 ]
15 | -3-128 11 | (x-5) (x+5) (x*+12x2+63) | [ 11,-3u-3]
47 |-51-126 23 | (x-11) (x+11) (x¥-2x2+17)( [ 23,-3u-6]
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83 | 141-366 | 41 | (x-8) (x+8) (x"-31x°+13) (41, -3u-23]
89 | -51-120 | 5 |(x-1)(x+1)(x*-x%+2) [5, -3u-1]
113 | 21-120 | 41 | (x-20) (x+20) (x*+10x2+3) | [41,-3u+10]

Now we turn to the primes which are congruent to 1
modulo 6, the remaining rational primes, P = 1 (mod 6).
To start with, we have to consider the factorization in
the extension fields Ky over the fields K4, then Kg

and Kﬁ over K3.

Proposition 4.10. Let p be a rational prime and

p=1 (mod 6). If N(a + be + 092) = p is solvable for a,
b and ¢ in 2, then for the field K6’ the defining

polynomial F6(x) = 0 (mod p) is solvable for x in 2.

Moreover,
p = (either) [p,dy;-Villp,dy +v]lp,p-d,](p.n-d,] (1)
(or) [p.BI—\/ﬁ]Ep,BZ-JEJ[p.B;-ﬂl[p,Bz-JJ] |
(0.8~ ](p.Bg-Va] (11)
where Fé(x) = (either) (x—dll)(x+dll)(x2-d2)(x2-d3) (1)

(or) (x-87) (x-B3) (x-83) (x-B}) (x-87) (x-B ) (II)

*

(mod p) and dyq d2, d3, 51 in 2.

Proof: Let N(a + b8 + c6%) = p = PLpaps be solvaie
for a, b and ¢ in 2. By Fact 4.16. ypl principal

= 7Pl splits = wz = u (mod 1P1) is solvable for =«

in Kj. Then there exists a =© such that ne = p (mod 'f)l)
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is solvable for ©~ 1in K..

3
= 7 = A + LBe (mod ‘Jﬁ) is solvable for m in K3.
Since we have T = w (mod.,fﬁ) for some T in 2.
= T2 = w2 = A + 4B6 (mod ]Pl) is solvable for T
in X and in 2.

3
#*
= (T2 - A - 4B9) = ‘fl'si is solvable for T in 2

* »
where ’81 in K3.
Take the norm on both sides, we have
2 _ 3 _ 3 3 _ ] " 3% *1 En
(T A) 64B78° = fl 1})1 1})1 s] 5] Sy
2 .
= (T° - a)° - 648’n = P'Sfl is solvable for T
in 2 and N(s{) = sfi where i in 27, s; in 2.

= (T2 - A)3 = 648%m (mod p) 1is solvable for T

in 2.

By Fact 4-8-2, w2 = m (mod p) is solvable for w in 2,

and there exist three distinct roots d, d4', 4" in &,
such that (w - d)(w - d")(w - d") = 0 (mod p).
= ((T% - &) - 4Bd)((T°- &) - 4Bd")((T°- A) - 4Ba") = O

(mod p) 1is solvable for T in 2.

Since N(A + 4Bd) = N(A + 4BA') = N(A + 4Bd") = &5 + 64B°m
= q2 (mod p). This implies
(A + 4BA) (A + 4Bd')(A + 4Bd") = q° (mod p)
That is, (A% + 64B3m/b) = (qz/p) =1
= (A + 4Bd/p) (A + 4BA'/p) (A + 4BA"/p).
Then we must consider two cases for the above equation.

(i) (A + 4Bd/p) = 1 (say) and
(A + 4Ba'/p) = (A + 4Bd"/p) = - 1.
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(ii) (A + 4Bd/p) = (A + 4Bd'/p) = (A + 4Bd"/p) =1
Let us go back the solvability of the above congruence.

(i) 1If (A + 4Bd/p) = 1 (say), then there exists a d

2
11

algebraic integers are unsolvable for T in 2.

11

in 2 such that d = A + 4Bd (mod p). The other two

This follows immediately:

Fg(T) 2 (T = dyg)(T+dyy) (1 - a,)(1° - d;) = 0 (mod p)

where d, = A + 4Bd' (mod p) and d A + 4Bd" (mod p).

2 3=
(ii) If (A + 4Bd/p) = (A + 4Bd'/p) = (A + 4Bi"/p) = 1,
then there exist BI, v, B; and Bg in Z such that
sz = Bgz = A+ 4Bd (mod p); B¥ = - % (mod p)
83° = B° = A+ 4BA' (mod p); B% = - B (mod p)
Bgz = Bgz = A+ 4B4d" (mod p); Bg = - BZ (mod p).

This follows at once:
F6(T) = (T - Bf)(T - Bg)(T - B;)(T - Bﬁ)(T - B;)(T - Bg)
(mod p) '
By Fact 4.18., we have

p = [pWir - dIlpsvit + dy;lpee - dJlpow - d3] (1)

or p=[p.u-8Flp, i - 83llp, Vi - B5]lp, Wi - BJ]
[0 - B5I0PAE - 22] (11)

The proof is completed. //

Proposition 4.11. Let p be a rational prime and

p=l (mod 6). If for the field K¢y the defining

polynomial Fé(x) = (mod p) is solvable for x in Z,

0
2y _

then N(a + b8 + c@ p is solvable for a, b and c in 2.
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Proof: Since F6(x) = 0 (mod p) 1is solvable for x in 2.
then there exists a g in 2 such that Fé(é) = 0 (mod p).
= (x - E)E5(x) = 0 (mod p) 1is solvable for x in 2
for some polynomial E5 of degree 5.
~» (X - g)EB(X) = 0 (mod 1Pl), where N(fl) = p,

is solvable for X 1in K.,.

3
=2 X =g (mod 1})1) is solvable for X in K3
= x° =z 2° (mod 1})l) is solvable for X in Ky

Since +u = X satisfies F6(X) = 0 (mod 4}})1),

po= -éz (mod 1})1) is solvable for pu in K
-2
']Pl l - g

P splits in KB(J-LL_)/KB

3°

YU ¥

= (By Hilbert) )})1 = principal ideal
= p = N(y*) = N(a + be + 002) is solvable for a, b
and ¢ 1in 2.

The proof is completed. //

Example 4.3,

P: Principal of X NP: Non-Principal of K

3
in the field K, = Q(e, Ju)

3

m U P F6(x) for p ideals of K3
(x - :) (2 + 8) P
11 | 9 - se 19 | X+ 6 '
(x% - 2) [19,u - 2] |NP
(x% - 8) [19,u - 8] [P




(x - 3) (=2 + o) P
(x + 3)

15 1 + 48 v 5
(x* - 5) L7 - 5] NP
(x* - 3) (7.0 - 3] NP
(x - 5) (4428 + 12276 P
(x + 5) + 3408%)

w7 | 17 + 4e 13 5
(x° - 11) [13,u - 11] NP
(x° - 2) [13,u - 2] NP
(x - 30) (22 + 40 + 6%) |p
(x + 30)

83| - 47 + 126 | 937 >
(x* - 362) [937.u - 362] NP
(x> - 471) | [937,n - 471] |nP
(x + 16)

89 17 + Lo 79 2
(x° - 63) L7910 - 63] NP
(x% - 48) [79,u - 48] NP
(x - 29)
(x + 29) (6 -9 F

113 ] -7 + 46 103 5
(x* - 101) [103,u - 101] NP
(x% - 67) [103,u - 67] NP

Proposition 4.12., Let p be a rational prime and p = 1

(mod 6), If N(a + be + 092) = p 1is solvable for a, b

and c¢, then for the field Kg, the defining polynomial

Fg(x) 0 (mod p) isg solvable for x in 2.

where Fg(x) = (either) (x - dyq)(x + Ell)(xz_ 52)(x2- 53)




- 84 -

(or) (x—Ef)(x-gg)(x—§§)(x-§ﬁ)(x-§§)(x-§g)

(mod p),
_ —_ - —%
and dll’ d2, d3, Bi in Z .

N

Proof: Since (-3/p) =1 for p = 1 (mod 6), then
(-3u/p) = (-3/p)(u/p) = (u/p) = (A + 4B8/p).

By the same argument as we did the proof of proposition 4.10.

Il

Therefore, we complete the proof. //

Proposition 4.13. Let p be a rational prime and p = 1

(mod 6). If for the field KZ, the defining polynomial
Fz(x) = 0 (mod p) 1is solvable for x in 2, then

N(a + bo + 092) = p 1is solvable for a, b and ¢ in 2.

Proof: Consider the same cases as we proved in
Proposition 4.11. //
Remark 4.3. After combining two previous propositions,

we have the following fact:

For the field Kz, the defining polynomial FZ(X) =0
(mod p) is solvable for x in 2 if and only if p =1
(mod 6) and N(a + be + 092) = p 1is solvable for a, b

and ¢ in 2.

Remark 4.4, Since (-3/p) = 1, then p can be expressed

as the product of 6 linear factors in the field K§ when
p splits in K;. That is to say, if N(a + be + ce?) = p
is solvable for a, b and ¢ in 2 in the field Kﬁ

then the defining polynomial Fg(x) E,TT"?ij(x) (mod p)



where p= 1 (mod 6), -Pij(x) =

and «.. in 2
1]

Furthermore,

p=""P

for

P

i = l' 2, 3

5P
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(x - aij

and

P, 5P

11712F21F22F31F32

)  (mod p)
j=1, 2.

= [p.af - all][p.a# - alzj[p.a# - o, ]
(o - oy Tlma? - gy Ilpa? - wy)]
where a# in Kﬁ.
This is illustrated in Example 4.5,
Example 4.4,
P: Principal of K3
NP: Non-Principal of K3 in the field K;
m -3u P FZ(x) for -3u]| ideals of K3
n lew [0
11 | -27 + 120 19 5
(x“ - 13) [19,-3u-13] |[nP
(x% - 14) [19,-3u-14] [nP
(x - D)(x+ 1) (-2 + 9) P
15 |- 3 - 126 7 (x° - 6) [7,-30 - 6] |[npP
(x* - 5) [7,-30 - 5] |[wp
(x - 2) (4428 + 12276
(x + 2) + 3#092) P
M el B (x° - 6) [13,-3p¢ - 6] |NP
(x* - 7) [13,-3p - 7] NP
(x-327) (x+327)| (22 +46 + 6%) | P
83 | 141 - 368| 937 | (x® - 461) [937,-3u-461] | NP
(x* - 788) L937,-3u-788] | NP




- 86 -

- 38
Ez . ;8; (20 - 6°) P
89 | -51 - 120 | 79 5
(x“ - 48) | [79,-3u =48] NP
(x° - 14) | [79,-30 -14] NP
(X - 19) (6 _ Q) P
(x + 19)
113 21 - 126 {103 >
(x° - 6) [103,-3p - 6] NP
(x* - 5) | [103,-3u - 5] NP
Example 4.5.
d3 = - 3 (mod p); Take a# = 8 + /-3 in Kg
e? = - 3 (mod p);
m P d e Fﬁ(x) for of
11| 19| 516,17 | + &4 (x-1)2(x-2) (x-9) (x-12) (x-13)
15! 711, 2, 4, +2 x (x-2) (x-3) (x-4) (x-6)%
1’"7 13 2, 5! 6! i 6 X(X‘8)(X-ll)(X'lZ)z(x'lB)

893 (x - 179)(x - 248) (x - 4h9)
83 | 937 824 + 292

(x - 532)(x - 601)(x -~ 802)
157
40 (x - 8)(x - 10)(x - 19)
891 79 g% t 32 (x - 35)(x - 72)(x - 83)
6 (x - 16)(x - 17)(x - 37)
113 | 103 gg + 10 (x - 60)(x - 80)(x - 99)

Note: p 1is an inessential divisor of the root discriminant.
(It can be avoided by a different defining equation).

Therefore, the factors are included in the example.
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Finally, we obtain the conclusion of this Chapter as
describing the corresponding fields with the relationship
between the normed equation and the prime factorization in
the extension fields Kﬁ = Q(f,0), Kz =Q(6,yu) and
Kg = Q(0,+/-3y) in Table 4.2. (as below). Furthermore, we
can apply the above results into their conjugate fields and
their conjugate class fields (field extensions), as well,
For instance, the equivalence relation between the normed
equation and the factorization in the fields Q(f,0),
Q(e,vu') and Q(e,/=3p") or in the fields Q(f,9),
Q(e,/u") and a(e,y=3p").

In Table 4.3. and Table 4.4., we list 6 linear factors
of the rational prime p (2 1 (mod 6)) in the fields
Ky = Q(6, i) and K = a(e, J=3p)




]

p =1 (mod 6); N(y*) = N(a + b + c8 P = 'Wl f2’f3 if solvable.

r =5 (mod 6); N(s%) = N(a + DO + 06°) = r = ™ T, if solvable.
r =5 (mod 6); N(&6%*) = N(: + b + 392) = r2 (no% r) if solvable.
K, = Q(6) K = a(f.0) [ K, = Q(0.i) | Ky = a(e,/=3u) (31D
: = 7 _ % __*
(m/p), = 1, Princ. P1 R D P1 = P1i%12 P1 = P1Pis 19,
. _ it it _ _
(m/P)3 = lg Non-Princ. fz = ?21T22 fz —fz PZ —,Pz 192
T = T3 TS = R T3 = T3 29
(n/r), = 1, Princ. 1| ™ Firf1z . £
T3 =Ry | T3 = RoRpp 5 = RoiRon 29,
* *
*. = T~ Y o= T ™ = 17
(m/r) = 1, Non-Princ. _l _l 4 _l _l _} .T}Iﬁlz .__1
Ty = RoRoa | T3 =713 T, =T, 17,
3% 3*
(m/p)y = 1, and w1 Z’Pﬁfﬁz P1 = F11%15 P1 = PP, 193,
_ _ o _ I
(ay/p) = (0,/p) = Po —’P;l’sz P2 = PaiPon P2 = Far®as 193,
— : _ _ PR
(@g/p) = 1, Princ. |y = F5iPh, | P3 =PaPr | P3 = P3iPR 193,
where a; = A + 4Bd and a’ = d'? z4a"3 = m (mod p). Table 4.2.
a, = A + 4B4!
Xn = A + 4Ban

3
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Linear Factorization of the

Rational Prime p (2 1 (mod 6)) in the field Kg = Q(e,Ju).

m P Al B, " 3 rts a§ 6 rts B; ideals of K¢ princ. ideals of K3
-2 (2 = ;193] 2
188 nd 8 + 20 + ©
2 [2 + Vu,193] ( :
-19 [19 - JT,193] 2
11 | 193 9| -4 |9-46 159 = (-3 + 66 - 28°)
19 [19 + u,193]
-56 - T
39 5 [ 56 Ji,193] (8 + 36 + 202)
56 [56 + Ju,193]
-l _
39 2 R JE'3973 (28 + 120 + 592)
Ls L45 + Ju,397]
15 | 397 ] 1] & [1+ke 135 =70 (70 - Vi,397] (-2 + 30)
70 (70 + u,397]
L7 (47 + Ju,397]
1868 -1618 [1618 - Jg.p] (6 + 50)
1618 [1618 + Ju,p]
-266 (266 - Ju, p] 2
8 = e - 4o
h7 6091 17| 4 |17+4s 373 266 (266 + Vi, p] (6 + 13 )
~3000 [3000 - Vu,p] 2
3576 (100 + 298 + 86°)
q 3000 [3000 + Ju,p]
6 roots s;f of (x2 - a)3 = ng3 (mod p) & <x—s§)(x—e’;)---(x-s’g) = 0 (mod p)
3 roots a; of y3 = 3293 (mod p) To be continued
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m P A By U 3 rts a; 6 rts B; ideals of K6 Princ. of K3
236273 | "13196 [13196 - o231 (39 . 2u6 + 4o?)
13196 (13196 + Ja,p] |
83 | 285079 | =47 | 12 |-47+126 170938 -8hLo8 LBh46E - JE’p]{ (39 + 68 +46°)
84468 (84468 + Ji,p] |
162947 | "L02341 | [102341 Pl (39 4 180 + be?)
102341 | [102341 +/i,p] .
6or10 | -31529 | [31529 - Vb,p]| (16 + 736
31529 | [31529 + Jii,p] + 166°)
89 | 74929 | 17! 4 | 17+ ke 3ok | - 16177 | [16177 - ]l (L 40 4 gg + 2)
16177 | [16177 + Ju,p]
36904 | - 96ML | L96NL - b, Pl | (49 4 gg - 462
9641 | [9641 + Ju, D)
191093 | ~ OS5 | (51175 = NuiRl (6o 4 220 + 467)
51175 | [51175 + Vu,p]
113322459 | 7| ¥ | -7+ 4o | 2suous | 139298 | [139298 ~Jlpll (g, | 550 4 4e?)
139298 | [139298 +Ju,p]
168880 | - 89051 | 89051 - Vi.pli (g7 4 100 + 4e?)
89051 | [89051 + iu,p]

Table 4.3.
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Linear Factorization of the Rational Prime p (= 1 (mod 6)) in the field Kg = Q(e,V-3u).

m p | A*| B* ~3u 3 rts a;| 6 rts B;| ideals of XK; | Princ. of Ky
15 -48 EL"B - \/"BH:P] (8 + 20 + 92)
48 (48 + /-3u0,p]
11 | 193 |-27 | 12 | -27+126 102 -70 [70 - V=-3u,p] 3+ 66 - 202
70 (70 + V=3u,p] (-3 }
?6 - 7 [7 - V‘3 ’ P] (8 + 39 + 292)
b ? [7 + V—Bv ’ P]
| 389 ~66 L66 - V=3,p] | (L 2 4 30
66 [66 + x/-BH,PJ
15 397 | -3 |-12 | -3-120 280 -1 L71 - V:Eﬁ’p] (28+120+508%)
71 [71 + /=3u,p]
125 -67 [67 = \/E;Pj (13 - 292)
67 [67 + J=3u,p]
968 -159 L159 - V=3u, Pl (6 + 136 - 46?)
159 (159 + V=30, p]
—2297 (2297 - V=30,p] 2
47 16091 i-51 |-12 | -51-126 1454 100+296+86
N e 5 ° 2207 | L2297 + [Tw,p] | (1O0TEO0HES)
-2834 [2834 - =3u0,p]
3669 (6 + 50)
2834 [2834 + /-3u,p]

To be continued
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m p A* B#* -3u 3 rts a, | 6 rts B,| ideals of Kz Princ. of K
1h6h1s | - %0082 [[40082 - J=3u,p] | (39 - zug
40082 | [ 40082 + =3u,p] + 46%)
83 | 285079 |141|-36 |141-366 sp3uy | - 12872 | [12872 - J-3u,p] [ (39 + 692
12872 | [12872 + J-3u,p] + 4o%)
81317 | ~101037 | [101037- J-3u,p] | (39 + 186
101037 | [101037+ V=31, 1] + 46°)
- 35559 | [35559 - V-3u,p]| (316 + 736
15657 5
35559 | [35559 + v=3u,p] + 1667)
89 | 74929 |-s1|-12 |-s1-126 | 20126 | 34029 |[34029 - J-3u,p]) (- kO + 89
34029 | [ 34029 + V=3u,p] + %)
- 3564 | [3564 - /=30, p]| (49 + 86
39146 =3u )
3564 [ [ 3564 + J-3u, pl| , - 46°)
¢ - 15973 | [15973 - J-3u,p] | (67 + 226
71639 1 15973 |[15973 + Y31, D] 46%)
113 | 322459 | 21| -12 | 21-120 | 112542 | - 74316 |[74316 - J-3u.p]| (67 - 528
74316 |[74316 + J/=3u,p] + 46°)
- 59477 [ 59477 - J-3u,p] | (67 + 106
138278 ’
59477 [ 59477 + J=3u,p] +  L4e%)

Table 4.4,

_26_
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CHAPTER V. EVEN CLASS NUMBEP OF PURE CUBIC FIEIDS Q(BJH)

§ 1. Basic definitions and basic results.

It is well known that there exists an element of order
2 in the finite groups of order 2n. When we apply this fact
to the class groups of pure cubic fields Q(©), we look for
the algebraic integer pu with norm N(u) = q2 (@ is a
rational prime and greater than 3). Furthermore, the class
number of the pure cubic field Q(8) is even only if some
algebraic integer u (with norm q2) is a non-square
integer. Sufficient conditions are given in Fact 4.15.
To start with, we like to list all the facts and the

definitions.

Fact 5.1. If G 1is a finite group whose order is divisible
by a prime p, then G contains an element of order p.
In particular, p = 2, that is, a finite group of even order

contains an element of order 2.

Fact 5.2. (Chebotaroff's Theorem) When the class number is
even, we can find an algebraic integer u such that

u = A+ 46 with the norm N(u) = N(A + 48) = Ad + euld - q2
(where q 1is a rational prime and greater than 3).

Fact 5.3. (Mordell) If q2 = A3 + D3, then the solution

when A 1is odd and prime to D, is given by

- a% 4 em282 + 3%4

1

(2) A=3a"+63%2 - 35%, D
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L 222 ~4

- &7+ 62 + 3 ; D =’J++ 6~2 B2 B

- 3b

(3) A
(#) A =&% + 4375 - 68252 + 4aE° + B

D = 23" - 4% - 4abd + 2b”
(5) A= 2% 4 8330 + 24E°P° + 24807,

D = 437% + 243%%° + u8abld + 36?)1+

where (&, b) = 1. For the other part, if q2 £ Ad + D3,
(In particular, q2 = A3 + 64m), then the solution will be

none of above.

Fact. 5.4. (Selmer) The pure cubic fields whose class

numbers are even are listed as following: (for m < 160).

m 11 15 39 43 L7 57 58 61

h 2 2 6 12 2 6 6 6

m 101 105 106 113 118 122 123 129
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m 131 139 141 142 148 149 151 155

h 2 6 8 6 6 2 6 6
Remark 5.1. Given q and A, and the equation
q2 - a3+ 64M, if the equation is solvable for f in Z,
then q2 = a3 z 1 (mod 8) and
2 3
(1) fh= _9 -4
64

(where q is an odd prime and greater than 3).
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§ 2. Even class number of pure cubic fields

It is also well known that x3 =m (mod r) has a

unique solution in Z and for the unsolvability in Y in 2

2

of Y"=A+ 4R (mod r), we have (A + 4R/r) = - 1 for

some r in 2, when r = 5 (mod 6) and 0 = o3 = R3 (mod r)

for some R in 2Z. (See Fact 4.9.)

In this section, by method of residue class of A
(mod r) and of q (mod r), such that if q2 - a3 - el
(ﬁ in 2, and f = Bdm as usual we define u =A+ 4B in
Chapter 4) 1is solvable for m in 2 together with
(u*/r) = (A + 4R/r) = - 1, (i.e., non-quadratic residuacity)
where u*¥ = u = A+ 4R (mod r), then p will be a non-
square algebraic integer. This is equivalent to show that
y2 (= A + M-BJﬁ ) is unsolvable for y in K3. This
implies that Y2 = A+ 4R (mod r) is unsolvable for Y
in Z, where a = R3 (mod r) and R in Z. Thus, the
class number of Q(>/A) = @(ym) is even, when # = Ao.m,
and 1 in 2. 1In the tables (as below), we take the first
three values (5, 11 and 17) for r. Then we compute
the solvability "?" or the unsolvability "x" of Y2 by
use of quadratic residue character. Therefore we obtain the

following important results in the tables.
» B )
The occurrence of the "x" 1in the tables leads to even

class number of pure cubic fields.
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The gccurrence of the "?" or "??" 1in the tables
leads to uncertainty of the evenness of class number. The
"??" indicates that A or q 1is divisible by r. If so,
we have to check all tables available to have the same
occurrence "?" or "??". Then we have to solve for g
in K3 such that p = 5%, Furthermore, for each q & 0
(mod r), 1In Table 5.1. we have 2 occurrences of "x" when
r = 5. In Table 5.2. we have 6 occurrences of "x" when

11. In Table 5.3. we have 8 occurrences of "x" when
%(r—l))

r

r = 17. In general, there are 3(r - (-1)

occurrences for each q (£ 0 (mod r)).
This is illustrated in the following examples and

tables:

Tllustration 5.1. Let q =7 and A = 17. Then we have
the field Q(°V7€), because - 76 = (72 - 177)/6k,

7 £ 2 (mod 5)

and A =17 = 2 (mod 5), then by checking Table 5.1. we have

It

First, we take r = 5, This implies q

an "x". Thus the class number of Q(3J78) is even,
(because of the unsolvability of the equation

(u =) A+ 4o = 3%).

Illustration 5.2. Let q =23 and A = - 15, Then we have
the field Q(°y8I), because 61 = (23% - (-15)3)/6h.

First, we take r = 5, which is nonconclusive, because of

the "??" 1in Table 5.1. we could possibly have the

solvability for A + 40 = 8%. Then we take r = 11. This
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implies gq=1 and As 7 = - 4 (mod 11), then by checking
Table 5.2. we find an "x" and conclude the class number
of Q(3J6l) is even, (again, because of the unsolvability

of the equation (yp = ) A + 46 = 82).

Illustration 5.3. Let q =181 and A = - 23, Then we
have the field Q(3J§3), because

2
(26)(27) = 702 = 18- (- 23))

First we take r = 5, this implies gq=1 and A = 2 (mod 5)
which is possibly solvable in Table 5.1. Then we take

r = 11. This implies q & 5 and A = - 1 (mod 11) which

is possibly solvable in Table 5.2. Then we take r = 17
which implies - qgq=6 and A= -6 (mod 17) which is
possibly solvable in Table 5.3. Since we have "?" in
three tables, we try straight computation. We find

%)

(b =) -23 + 128 = {—%—(1 +20-20°)3% (=0

So Q(3J702) (= Q(BJEE) doses not have an unramified
extension through Jp. In fact, the tables of Selmer verify

that K, = Q(deg) does have 3 as an odd class number.

3

The following example illustrates the even class number
of pure cubic fields by obtaining the solvability for o of
Equation (I) of Remark 5.1. and the occurrence of "x" in
one of these tables. (See Table 5.1., Table 5.2. and

Table 5.3. as below.).




Example 5.1,
q A n T Q(BJE) h
7 17 | - 76 -1 76 6
17 97 |-14256 |- 6 66 6
19 -7 11 1 11 2
23 -15 61 1 61 6
31 1 15 1 15 2
41 ~-15 79 1 79 6
43 b1 | -1048 |- 2 131 2
59 9 43 1 43 12,
71 -47 1701 3 63 6
73 49 | -1755 |- 3 65 18
79 33 -héh | - 2 58 6
83 -7 113 1 113 boo
89 17 L7 1 47 2
101 9 148 1 148 6
103 17 89 1 89 2
157 25 141 1 141 8¢
199 ~47 | 2241 3 83 2
229 9 808 2 101 2
257 1| 1032 2 129 6
269 -7 | 1136 2 142 6
277 b1 122 1 122 12,
283 9 [ 1240 2 155 6

To be continued-:--*
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571 73 -984 -2 | 123 2
607 | -63 9664 4 1 151 6
787 | 57 6784 4 | 106 6
1801 L9 L8843 9 67 6
2719 193 3186 3 118 2
Lh21 9 |{305383 13 | 139 6
Q¥R = aCPym);
where c: cyclic class group

nc: non-cyclic class group.




NA \ A
s -2 -1 0 1 2
Q
fm2|fiz=lt|(hso =1z 3
0 e=3|0=4|06=0}|06=1l0o=2
22 " | 97 22 | 22 | 27
nzl(fis=3|fiz4ifizo0lRz2
1 e=z1le=2|e=4|6=z0|6=3
b'd X 2%? ? ?
m=3|hz0h=1(Rz2([n=4 '
2 oz2|e=z0|les1]e6=3|0=u1 §
? ? 22 x X \

where T =5 (r= 5 (mod 6)) and 82 = f. a2 - A7 = 64h (mod 5);

2

s: (i) solvable (?) if y°" = A+ 46 (mod r) solvable for r = 5
(ii) unsolvable (x) if y2 = A + 48 (mod r) unsolvable for r = 3
(?): solvable for r = 5 only not necessarily in general.
Table 5,1, (x): wunsolvable for r =5 and p = A + 48 1is a non-square

algebraic integer.
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5 (mod 6))

11 ( =

r

a® - A3 = 4% (mod 11);




- 103 -

Table 5.3.

(=5 (mod 6));

r

64m (mod 17);
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