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CHAPTER I .  INTRODUCTION 

§ 1. H i s t o r i a l  Remarks

A l g e b r a i c  Number Theory may be c o n s i d e r e d  a s  t h e  s p e c i a l  

b ranch  of  number t h e o r y  where t h e  m y s t e r i o u s  f a c t o r i z a t i o n  of  

r a t i o n a l  p r im e s  t a k e s  t h e  form o f  q u e s t i o n s  a b ou t  pr ime i d e a l s .  

Many major  theo rem s  and r e s u l t s  d e a l  w i th  t h e  s p l i t t i n g  p r im e s ,  

d i f f e r e n t ,  d i s c r i m i n a n t ,  a l g e b r a i c  i n t e g e r s  a s  w e l l  a s  c l a s s  

number i n  t h e  h i g h e r  ( e x t e n s i o n )  f i e l d s ,  v i z  H i l b e r t  c l a s s  

f i e l d s .  I n  p a r t i c u l a r ,  f o r  t h e  p u r e  c u b ic  f i e l d s  Q(3Vm) 

Dedekind and C a s s e l s  i n v e s t i g a t e d  many o f  theo rem s  a b o u t  

p r im e  f a c t o r i z a t i o n  and c l a s s  numbers i n  Q(37m) by u se  o f  

t h e  r a t i o n a l  s o l u t i o n s  of  t h e  d i o p h a n t i n e  e q u a t i o n

Y2 = X3 -  D.

L a t e r ,  i n  1955 and 1967, Selmer com ple ted  t h e  t a b l e  o f  c l a s s  

number and p r im e  f a c t o r i z a t i o n  o f  p u r e  c u b ic  f i e l d s ,  f o r  

m <  250. I n  1975> F r e y  d e v e lo p ed  t h e  cohomology and some 

h o m o lo g ic a l  r e s u l t s  i n  t h e  q u a d r a t i c  e x t e n s i o n  of  p u r e  c u b ic  

f i e l d s .

§ 2. T h is  D i s s e r t a t i o n

I n  t h i s  d i s s e r t a t i o n ,  I  do n o t  a t t e m p t  t o  add t o  t h e  

" g r e a t e r  s t r u c t u r e "  o f  a l g e b r a i c  number f i e l d s .  I  would 

r a t h e r  t r y  t o  i n v e s t i g a t e  many o f  r e s u l t s  and examples of  

number f i e l d s ,  i n  p a r t i c u l a r ,  t h e  p u r e  cu b ic  f i e l d  Q(3Vni) 

and i t s  c l a s s  f i e l d s  Q(3Vm, ViI) and Q(3Vm, V-3FO • I  s t u d y  

t h i s  f o r  t h r e e  r e a s o n s :  (a)  t o  o b t a i n  a  b e t t e r
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u n d e r s t a n d i n g  o f  t h e s e  r e s u l t s  and t h u s  t h e  t h e o r y  a s  a whole ,  

(b) t o  f i n d  t h e  r e l a t i o n s h i p s  be tween  t h e  g roups  o f  f i n i t e  

o r d e r  and t h e  number t h e o r y ,  and (c)  t o  d e r i v e  some r e s u l t s  

which though  s p e c i a l i z e d  a r e  o f  much more i n t e r e s t  i n  

t h e m s e lv e s .

The main emphasis  i n  t h i s  r e s e a r c h  i s  t h e  c o n s t r u c t i o n  

o f  t h e  q u a d r a t i c  e x t e n s i o n s  o f  p u re  c u b ic  f i e l d s  f o r  c l a s s  

number 2 , t h e n  k ( n o n - c y c l i c ),  t h e n  even .  To s t a r t  w i t h ,  we 

c o n s t r u c t  t h e  G a lo i s  g ro u p s ,  and f i n d  t h e i r  c o r r e s p o n d i n g  

s u b f i e l d s  of t h e  normal  f i e l d .  L a t e r  we a p p ly  t h e  fo rm u la e  

o f  Selmer and C a s s e l s  f o r  p r im e s  which a r e  c o m p l e t e ly  s p l i t  

i n  t h e  u n r a m i f i e d  q u a d r a t i c  e x t e n s i o n  o f  p u re  c u b ic  f i e l d s  

i f  N(a^ + b^9 + c^O2 ) = p (prime and s  1 (mod 6 ) )  f o r  i  = 1,

2, 3* i s  s o l v a b l e  i n  Z. F u r th e r m o r e ,  we i n v e s t i g a t e  t h e  r e s t  

o f  t h e  p r im e s  which can  be p a r t i a l l y  s p l i t  i n  t h e  u n r a m i f i e d  

q u a d r a t i c  e x t e n s i o n  o f  p u re  c u b ic  f i e l d s .  By u se  o f  congruence  

and q u a d r a t i c  r e c i p r o c i t y ,  we a l s o  f i n d  t h e  n e c e s s a r y  

c o n d i t i o n  f o r  t h e  c l a s s  number o f  p u re  c u b ic  f i e l d s  t o  be 

even.  Along t h e  way t o  t h e s e  r e s u l t s ,  we g i v e  a  few examples  

o f  p r im e s  and f i e l d s  t o  d e m o n s t r a t e  t h e  e x i s t e n c e  and f a c t s .

By t h e  end o f  each  c h a p t e r ,  we g iv e  a  c o u p le  o f  d iag ra m s  or 

t a b l e s  a s  w e l l .

The r e a d e r  i s  t o  presume t o  have a  knowledge o f  A lg e b ra i c  

Number Theory and Groups o f  F i n i t e  Order ,  and e s p e c i a l l y  some 

knowledge o f  p u re  c u b ic  f i e l d s .
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CHAPTER I I .  THE GALOIS GROUPS AND THEIR CORRESPONDING 

SUBFIELDS FOR h = 2

§ 1. The su bgroups  o f  t h e  G a lo i s  g roup  G(K2i+/Q)

L e t  m be a p o s i t i v e  c u b e - f r e e  r a t i o n a l  i n t e g e r ,  and

When we s t u d y  a  number f i e l d ,  e s p e c i a l l y ,  t h e  c l a s s  number, 

a l g e b r a i c  i n t e g e r s ,  norms,  a s  w e l l  a s  t h e  c l a s s  f i e l d s ,  t h e y  

a r e  c o n s i d e r e d  a s  t o o l s  t o  t h e  s p e c i a l  r e s u l t s  o f  many 

b r a n c h e s  o f  m a th e m a t ic s .

Now l e t  h = 2 and l e t  |x be a  n o n - s q u a r e  a l g e b r a i c  

i n t e g e r  o f  Q(9) , where 9 = w i t h  t h e  norm q^ (q i s

a  r a t i o n a l  p r im e  number and g r e a t e r  t h a n  3) t h e n  we can  lo o k  

a t  t h e i r  u n r a m i f i e d  c l a s s  f i e l d s  o f  Q(9) . B e fo re  s e e i n g  

t h i s  u n r a m i f i e d  c l a s s  f i e l d  Q(9,J70 » we l i k e  t o  c o n s t r u c t  

t h e  normal  e x t e n s i o n .  As we know a l l  t h e  c o n j u g a t e s  o f  9 

and F  a r e  c o n t a i n e d  i n  t h e  norm al  f i e l d  . Thus

must c o n s i s t  o f  a l l  t h e  e le m e n t s  g e n e r a t e d  by 9, f  , JfT',

JJT" . F u r th e rm o re  i n  t h e  l a t t e r  o f  t h i s  c h a p t e r ,  we l i k e  t o  

see  t h e  g roup  s t r u c t u r e  and t h e  r e l a t i o n s h i p s  o f  a l l  t h e  

s u b f i e l d s  o f  X ^  and i t s  G a lo i s  g roup  GiK^^/Q)  . F i r s t ,  

we l i s t  a l l  t h e  d e f i n i t i o n s  and r e s u l t s .

D e f i n i t i o n  2 . 1 . A f i n i t e  e x t e n s i o n  o f  t h e  r a t i o n a l  numbers 

Q i s  c a l l e d  a  number f i e l d  K .

D e f i n i t i o n  2 . 2 .  An a l g e b r a i c  number i s  a  r o o t  o f  a  p o ly n o m ia l  

e q u a t i o n  w i t h  r a t i o n a l  c o e f f i c i e n t s .  An a l g e b r a i c  i n t e g e r  i s

l e t  h be t h e  c l a s s  number o f  t h e  p u r e  c u b ic  f i e l d s
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an  a l g e b r a i c  number which s a t i s f i e s  some monic e q u a t i o n ,  

xn + a-j x̂11-1 + • • • + an = 0, 

w i th  i n t e g r a l  c o e f f i c i e n t s .

D e f i n i t i o n  2 . 3 .  The i n t e g r a l  c l o s u r e  o f  Z i n  a  number f i e l d

K i s  c a l l e d  t h e  r i n g  o f  a l g e b r a i c  i n t e g e r s  o f  t h a t  f i e l d ,  and 

i s  d e n o te d  by where Z i s  t h e  r i n g  o f  o r d i n a r y  i n t e g e r s .

D e f i n i t i o n  Z. k .  An a l g e b r a i c  i n t e g e r  |i o f  K i s

n o n - s q u a r e  i f  n /  a  f o r  any a i n  K .

D e f i n i t i o n  2 . 5 .  The norm o f  an a l g e b r a i c  i n t e g e r  |i (deno ted  

by N( |i))  i s  d e f i n e d  a s  t h e  p r o d u c t  o f  i t s e l f  and i t s  

c o n j u g a t e s .

D e f i n i t i o n  2 . 6 .  The c l a s s  number o f  K i s  t h e  number o f

i d e a l  c l a s s e s .

F^ct_2_L,2j_(Selmer) When m < 1 0 0  , t h e  o n ly  f i e l d s  Q(9) 

which have c l a s s  number 2 a r e  m = 11, 1 5 , k?,  8 3 , 89 .

To b e g i n  w i t h ,  t h e  f i x e d  (b a s e )  f i e l d  Q and t h e  

au tom orphism s c an  be d e f i n e d  a s  f o l l o w i n g :

G(K24/Q )  = G = CS,  T, U, V>

Sr / » — J>2 ; S2 = 1 T: G —> f© 5 T3 = 1

U : —> -JZT ; U2 = 1 V : ^  —>  - J i V2 = 1

S ince  N(|i) = iiii'p." = t h e n  ^jT" = ( q ’^P- 'J /hM -*

From t h e  above i d e n t i t y ,  we o b t a i n  t h e  automorphism UV

which can t a k e  c a r e  o f  t h e  automorphism o f  t h e  g e n e r a t o r  Jy.,r.

I n  p a r t i c u l a r ,  l e t  R = US .

R : f  f 2 J L > j ? 2 ; and R2 : J> f 2 f
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o g JI* 0 . 0 Ji*. 0 JL* ,0

That  i s  = V and RS = U, t h e r e f o r e ,  we can  e l i m i n a t e  
2

V by R and U by RS. Then we haves 

G = < R ,  S, Ts R^ = S2 = T3 = 1 >

Moreover,  G a l s o  s a t i s f i e s  t h e  commutator  r e l a t i o n s  on

t h e  f o l l o w i n g  p a g e s .  F i r s t  o f  a l l ,  we sh o u ld  see  t h e  mappings

^S^Tn  (w h e re  0 < r i ^ 3  ; 0 ^ j < J l  a nd  0 ^ n < 2 ) .  They a r e s

I s  The i d e n t i t y  map. R a n d  R2 s See a b o v e  m aps.

r3 , f  _►  f  s : f RS
* r  - *  r

0 ----> 0 0 —* 0 © — > ©

j jr  — — > JV j r  - + - j i r

fP  — ► JT" JT1 , / m7

^ J ? '  — ^  — » - J7”
R2 S s f  —» f" R3 S • /  - >  /* T * /  Z5

0 --- > 0 0 «  ̂ 0 0 —* f©

JV~ ---> J F / m” —  ̂ “J m”" 4iT" —>

4 m"7 — > JT7 —»
^  —» - J 7 7 4m""" —

T2 s ^  > /> ST s f  — > / *
2ST • /  - > /

0 — a —» / e 0 —» / ©

J i r  —> / F ' J T  —^ /i^ 7

y/ 7̂  —

— ^ J m7 //Z" / F  - » , / F



t  -*  ? R3T: f  —» f*
9 —> f  9 CD I 'T> <DH

f i r - *  -JjT' fir  —<► fiT'
iU7 —■> -fiT' fifi-*  -fiT'
ip " —? ffi fiT’—* - f i
r - *  ? r3t2 i f  —* f 1-
9 —> f-9 0 —» f  9

fir — -fifi" n r - *  -  f i
fir—* f i f i r - *  -fir
fir-—> -fir' fiT"—* Jp7

f —* r* r 3s t .  f  —* f
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RT . f  — *  f  r 2 t  s

e —̂  f \

f i r  —? - f i r'

/ F - +  ITT' 
fiT”—* -fiT

RT2 . f  —*  f 1 R2T2 s

e —? f q
fir —> fijfi 
fiT —> -Ifi 

-Jfi"

RST. f  — *  f  R2 ST.

e —* f e e —*f*9 o —> fe
fir fir> 4TT —^ -yil" JiT — ? -fiT’
fiT—* -fiT" fiT’—* -/iT7 yjT''—» JTT7,
ip""—*■ -ip Jfi"—* fir f i "—> - f i

RST2 . f  — > p r 2 s t 2 . f  — * f 1 r 3s t 2 . f  — y  f  

9 —» f s  9 —* f© e —> Pae
ip —? - f i r ’ fiT —► -fiT1 /JT—>fiT'

- f ir  f iT - - *  iiT /jT7—  ̂-fiT

fiT"—+ J7- ip7,— » - f i "  fiT’—*  -fiT’

D e f i n i t i o n  2 . 8 .  L e t  G be a  g roup .  The e le m e n t s  o f  th e

s e t  Ci C = { ABA"1B“1 i A and B i n  G }

a r e  c a l l e d  commutators  o f  G, and C i s  d e n o te d  by [A, B]

F a c t  2 . 9 .  The i n v e r s e  o f  t h e  commutator [A, B] = ABA- ^B- ^
- 1 - 1  r -ii s  BAB A = 1_B, Aj and so i s  a  commutator  o f  G a l s o .
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I n  a d d i t i o n ,  t h e  c o n ju g a t e  o f  a  commutator  C i s  a commutator

o f  G, ( [A, B]D = [AD, B°] where D i n  G). F u r th e rm o re ,

t h e  s e t  o f  a l l  t h e  commutators  i s  a  norm al  subgroup  o f  G .

F a c t  2 . 1 0 . L e t  G be a  g roup .  A, B and D a r e  e le m e n ts

o f  G . Then (a)  [AB, D] = [B, D]A[A, D]

(b)  [A, BD] = [A, B][A, D]B.

Now we l i k e  t o  c o n s i d e r  a l l  t h e  commutators  f o r  t h e

g e n e r a t o r s  and au tom orphism s.  We g a i n  t h e  o r d e r  o f  t h e s e

e le m e n t s  o f  t h e  s e t  o f  au tomorphisms o f  K2i+ . From t h e

above mappings we can f i n d  t h e  e le m e n t s  o f  o r d e r  2 by-

o b s e r v i n g  or  a p p l y i n g  t h e  same mapping a g a i n .

They a r e :  S, R2 , RS, R2S, R3S, ST, ST2 , RT and R3T2 .

S i m i l a r l y ,  we o b t a i n  t h e  e le m e n t s  o f  o r d e r  3. They a r e :

T and T2 ; RST2 and R3ST; R2 T and R3ST2 ; R2T2 and RST,

and t h e  e l e m e n t s  o f  o r d e r  4 a r e  R and R3 ; R3T and R2ST;
2 2 2RT and R ST , where each  p a i r  o f  e le m e n t s  a r e  i n v e r s e s  

o f  each  o t h e r .

By u s i n g  t h e  b a s i c  c o m p u ta t io n  i n  commutators  o f  t h e  

group  G = G(K2Zj/ Q ) ,  we have

RSRS = R3 SR3S = R2SR2 S = 1 j SR = R3 S

R2 = RSR3 S = R3 SRS = [R ,  S] = [R 3 , S] J SR3 = RS 

STST = ST2 ST2 = 1; TS = ST2

T = STST2 = [ S ,  T] ; T2 S = ST

T2 = ST2 ST = [ S ,  T2 ]  ; t2R3 = RT

RTRT = R3 T2R3 T2 = 1 ; TR = R3 T2

(R2 T ) (R 3 ST2 ) = 1 i TR3 = R2 ST2
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R(R2ST2 )T2 = RTR3T2 = [R, T ] ; TR2 = RST

R3T(R2ST) = 1 and R2T2 (RST) = 1  T2R = R2ST

RT2 (R2ST2 ) = 1 T2R2= r 3s t2

By a p p ly i n g  F a c t  2 . 1 0 . ,  we have

[R, S] = R2 ; [R2 , S] = 1 ; [R3 , S] = R2 ?

[R, T] = R3ST ; [R2 , T] = R3S ; [R3 , T] -  R2T ;

[R, T2] = R2T2 ; [R2 , T2] = RS ; [R3 , T2]  = RST2 ;

[ S ,  T] = T ; [S ,  T2] = T2 .

T h e r e f o r e ,  we com ple te  t h e  G a l o i s  g roup  o f  t h e  normal  

e x t e n s i o n .  That  i s ,

G = <R, S, T i R^ = S2 = T3 -  1 and

[R, S] = R2 , [R, T] = R3 ST, [S ,  T] = T >

Then G c o n s i s t s  o f  24 e le m e n t s  and G i s  n o n - a b e l i a n  w i th

t h e  t r i v i a l  c e n t e r  subgroup  o f  G .

Note t h a t  t h e  symmetr ic  g roup  o f  d e g re e  4 h a s  t h e  same 

p r o p e r t i e s  a s  G = G(K2j4/ Q )  .

P r o p o s i t i o n  2 . 1 .  The symmetr ic  g roup  o f  d e g re e  4 i s  

i so m o rp h ic  t o  G ( i . e . ,  S ^ ~  G(K2ij/ Q ) )

P r o o f : L e t  /  be a  mapping from G i n t o  S^ d e f i n e d  by

I  —*  I '  ; S — » (12) ; T — » (123) I

T2 —*  (132) ; R — >  (1324) ; R2 —* (12) (3 4 ) ;

R3 —> (1423) ;

Then we have t h e  f o l l o w i n g  homomorphisms:

ST —* (13) ; ST2 —»  (23) ; RS —» (13) (24)

R2S —* (34) ; R3S —»  ( 1 4 ) ( 2 3 ) ;  RT —» (2 4 ) ;
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2R T —> (124) ; R3T —> (1432) ; RT2 — * (1243) ;
2 2 R T —> (23*0 ; r 3t ? (14) ; RST —^  (243) ;

R2ST — > (1234) ; r3st  —» (142) ; RST2 —> (124) ;
2 2 R ST — * (1342)  ; r3s t2 —> (143) f

From t h e  above mapping, /  i s  1 -1 ,  o n to ,  p e r s e v i n g  th e  

o p e r a t i o n  of homomorphisms a s  w e l l  a s  | s ^  = | g |» t h e r e f o r e  

/  i s  an  isom orphism  from i n t o  G . / /

Now we l i k e  t o  c o n s i d e r  t h e  number o f  t h e  su b g ro u ps  o f  

G . S ince  G i s  n o n - a b e l i a n  and c o n t a i n i n g  t h e  o n ly  one 

norm al  subgroup  o f  o r d e r  12. T h e r e f o r e ,  we need  t h e  s p e c i a l  

Sylow Theorem.

Theorem 2 .1 1 .  ( Sy1ow)

( i )  L e t  pn be t h e  h i g h e s t  power o f  t h e  pr ime number

p t h a t  d i v i d e s  t h e  o r d e r  o f  t h e  group  G. Then G c o n t a i n s  

a t  l e a s t  one sylow p - s u b e r o u p . i . e . ,  a  subgroup  of  o r d e r  pn .

( i i )  Any two su b g ro up s  o f  o r d e r  pn o f  G a r e  

c o n . iu g a te .

( i i i ) Bach subgroup  H o f  G who-se o r d e r  i s  a  power 

o f  p i s  c o n ta in e d  i n  a  Sylow p - s u b g r o u p .

( i v ) I f  r  d e n o t e s  t h e  number o f  Svlow p - s u b g r o u p s  

i n  G t h e n  r  =  1 (mod p ) .

From t h e  Sylow Theorem, we can  f i g u r e  o u t  t h e  number o f  

sub g ro up s  o f  s p e c i a l  o r d e r s  23 and 3, and t h e  r e s t  o f  them 

by a p p l y i n g  t h e  commutators  and group  c o s e t s ,  t h u s  t h e  

sub g ro up s  a r e  d e te r m in e d  by t h e  e x i s t e n c e  o f  t h e  i n v e r s e  

e le m e n t .



-  10 -

A f t e r  exam in ing  th e  i n v e r s e  f o r  each  e le m e n t  o f  t h e  s e t

we f i n d  t h e  subgroups  o f  o r d e r  2, 3, b,  6, 8, 12, and 2b.

9 su b g ro u p s  o f  o r d e r  2.

{ I ,  S } ; [ I ,  R2}; [ I ,  RS}; [ i ,  R2S ] ; [ i ,  R3S] ;

[ I ,  RT}; [ I ,  R3T2}; [ i ,  ST}; [ i ,  ST2 };

b su bg rou p s  o f  o r d e r  3.

[ I ,  T, T2}; [ I ,  RST2 , R3ST}; [ i ,  R2T, R3ST2} ;

[ I ,  R2T2 , RST};

7 su b g ro u p s  o f  o r d e r  b.

Cl, R, R2 , R3}; [ I ,  R3T, RS, R2ST};

[ I ,  RT2 , R3S, R2ST2} ; {I , S, R2S, R2} ;

[ I ,  RT, ST, RS}; [ i ,  R3S, ST2 , R3T2} ;

[ I ,  RS, R2 , R3 S} =

b su b g ro u p s  o f  o r d e r  6.

[ I ,  T, T2 , S, ST, ST2}; [ i ,  RST2 , R3ST, RT, R3T2 , S } ;

[ I ,  R2T, R3ST2 , R2S, ST, R3T2} ;

{ I ,  R2T2 , RST, R2S, ST2 , RT};
3 su b g ro u p s  o f  o r d e r  8.

[ I ,  R, R2 , R3 , S, RS, R2S, R3S } ;

[ I ,  R3T, RS, R2ST, R3 S, R2 , ST, RT};

[ I ,  RT2 , R3S, R2ST2 , R2 , RS, ST2 , R3 T2} ;

o n ly  one subgroup  o f  o r d e r  12. (normal)

{ I ,  R2 , RS, R3S, T, T2 , RST2 , R3ST, R2T, R3ST2 , R2T2 .

RST} = L12

P r o p o s i t i o n  2 . 2 .  G i s  s o l v a b l e .

P r o o f : S in c e  S^ i s  s o l v a b l e ,  so i s  G, Then [G, G] = L-^

[L i 2 , L12]  = L j ;  [ L j .  lJ ]  = { I } .  / /
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§2. The c o r r e s p o n d i n g  s u b f i e l d s  o f  and t h e  s t r u c t u r e  o f

As we know, each  subgroup  o f  G w i l l  l e a v e  a  few g e n e r a t o r s  

f i x e d . This  i m p l i e s  each  subgroup  o f  G ‘w i l l  g iv e  us  some 

s u b f i e l d  o f  K2^ f i x e d .  These f i x e d  s u b f i e l d s  a r e  depended on 

t h e  su bgroups  o f  G. So, we have t h e  f o l l o w i n g  c o r r e s p o n d i n g  

by c h e c k in g  t h e  e le m e n t s  o f  t h e  subgroup  o f  G a s  above 

mappings and g e n e r a t o r s .  That  i s :

o r d e r  2 Degree  2 o f  K2 ^ / % 2

[ l , S ]  A  Q(6, / 6 ° ) ;  [ l , R 2]

{ I , r s }  { i , R 3s} A  Q ( f , 0 , / i I 77) ;

[ i , r 2 s ]  A  Q ( 9 , f c , £ T r - p ; )} [ I . S T ]  A $ t f Q , [ b ° ) - ,

[ I , S T 2} A q ( / 20 , / 6 ^ ) ;

[ l ,R T ]  A  Q(f9,  f '  ,

[ i , r 3 t 2] A  q( f ' e ,  j ? ’ , JJT-Ji?)

o r d e r  3 Degree 3 o f  K^^/Kg

{ l , T , T 2} A  Q( f ,  J T 5 ) [ l ,R S T 2 ,R3ST] A

{ i , r 2 t , r 3s t 2} A  q ( / , {&')-> { i , r 2 t 2 , r s t }  A

where J5^=  JjT + f j P  + = -^T +

- ( i T - J I P  + f i r - 5 ^ =  f|T

o r d e r  4 A  Degree  4 o f  K24A 6

( i )  c y c l i c  o f  ty p e  C(^)«

{ i , r , r 2 , r 3} A  q(©, f o i D ;  { i , r 3 t , r s , r 2s t} « £ *  q(F©, f % 7)i 
{ i , r t 2 , r 3s , r 2s t 2} A  Q ( f Q , f 3 i r ) }

( i i )  n o n - c y c l i c  o f  t y p e  C(2) 0  C(2)

f  T P<3 p ^  ^ -• n ( P  a \ . f  t  p m  cm  ^  Q (F * ~ '
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{ i , s , r 2 , r2s } « £ * Q ( e ,  jiD

£ i , r 3s , s t 2 , r3 t2} A  QCf^e./iT")
p

o r d e r  6 > Degree 6 o f  ( o f  t y p e  S^)

{ l , S , T , T 2 ,ST,ST2} Q( |f i° )

£ l ,RST2 ,R3ST,RT,S ,R3T2} A  Q( .[i’’" );  

[ l , R 2T,R3ST2 ,ST,R3T2 ,R2S] ^  Q(/6’r )» 

{ l , R 2T2 ,RST,R2S,RT,ST2} Q ( j6 ;r) ;

o r d e r  8 Degree 8 o f  ( o f  ty p e  d i h e d r a l  g p . )

{ l , R , R 2 ,R3 ,S ,R S ,R 2S,R3S} Q(6);

{ l , R 3T,RS,R2STlR3S,R2 ,ST,RT} A  Q(f©)i 

{ l ,R T 2 ,R3S,R2ST2 ,R2 ,RS,ST2 ,R3T2} A  Q ( / ^ ) ;  

o r d e r  12 Degree 12 o f  Kg^/Kg ( o f  ty p e  A^)

{ l , T , T 2 ,R2 ,RS,R3S,R2T,R2T2 ,RST,RST2 ,R3ST,R3ST2}

A  Q (/ )

T h is  c o m p le te s  t h e  s u b f i e l d s  o f  t h e  normal  e x t e n s i o n  of  

Q , and we d e s c r i b e d  a l l  t h e  s u b f i e l d s  o f  and t h e

subgroups  o f  i n  t h e  f o l l o w i n g  p a g e s .  We a l s o  l i s t  

t h e  t y p e s  and d iag ra m s  f o r  K2^ and . F i r s t  o f  a l l ,  we 

have t o  f i n d  t h e  sub g ro u ps  o f  o r d e r  2, 3. *K 6, 8, and 12 .

o r d e r  2 .

H2 = C l '.  ( 1 2 )  ( 3 * 0 } ;  H2 = { I * , ( 1 3 )  ( 2 * 0 } ;  H2 = £ l ' , (1*0 ( 2 3 ) }  ;

H2 = £ l*  , ( 1 2 ) }  ; h 2 = [ i '  , (3*0}  ; H” = C l ’ , ( 1 * 0 } ;

H2 ‘ = [ I 1 , ( 2 3 ) } ;  H*v  = [ i * , (2*0} H2 = { I ' ,  ( 1 3 ) }  ;

o r d e r  3 .
= [ I *  , ( 1 2 3 ) ,  ( 1 3 2 ) } ;  n ” = { ! • ,  ( 1 3 * 0 .  (1*K3)}
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h"  = { I * , ( 1 2 4 ) , ( 1 4 2 ) } ;  H*v  = { I 1 , ( 2 3 ^ ) , ( 2 4 3 ) } ;  

o r d e r  4 .

= [ i '  , ( 1 2 ) ( 3 4 ) , ( 1 4 ) ( 2 3 ) , ( 1 3 ) ( 2 4 ) } ;

HI  = [ I * , ( 1 2 3 4 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 3 2 ) } ;

H^ '  -  [ I 1 , ( 1 3 2 4 ) , ( 1 2 ) ( 3 4 ) , ( 1 4 2 3 ) } ;

HI "  = [ I * , ( 1 2 4 3 ) , ( 1 4 ) ( 2 3 ) , ( 1 3 4 2 ) } ;  

h £  = { I 1 , ( 1 2 ) , ( 3 4 ) , ( 1 2 ) ( 3 4 ) } ;

= { i * , ( 1 3 ) , ( 2 4 ) , ( 1 3 ) ( 2 4 ) } »

= [ I * , ( 1 4 ) , ( 2 3 ) , ( 1 4 ) ( 2 3 ) } 5

o r d e r  6 .

h £ = [ I * , ( 1 2 ) , ( 1 3 ) , ( 2 3 ) , ( 1 2 3 ) , ( 1 3 2 ) } ;

= [ i 1 , ( 1 3 ) , ( 1 4 ) , ( 3 4 ) , ( 1 3 4 ) , ( 1 4 3 ) } ;

Hg = [ I ' , ( 1 2 ) , ( 1 4 ) , ( 2 4 ) , ( 1 2 4 ) , ( 1 4 2 ) } ;

=  [ I * , ( 2 3 ) , ( 2 4 ) , ( 3 4 ) , ( 2 3 4 ) , ( 2 4 3 ) } ;

o r d e r  8 .

Hg = [ I * , ( 1 2 3 4 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 3 2 ) , ( 1 2 ) ( 3 4 ) , ( 1 4 ) ( 2 3 ) , ( 1 3 ) , ( 2 4 ) } ;  

Hg -  [ I * , ( 1 2 4 3 ) , ( 1 4 ) ( 2 3 ) , ( 1 3 4 2 ) , ( 1 2 ) ( 3 4 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 ) , ( 2 3 ) } ;  

Hg = [ i ' , ( 1 3 2 4 ) , ( 1 2 ) ( 3 4 ) , ( 1 4 2 3 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 ) ( 2 3 ) , ( 1 2 ) , ( 3 4 ) } ;  

o r d e r  1 2 .

Ak  = { I * , ( 1 2 ) ( 3 4 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 ) ( 2 3 ) , ( 1 2 3 ) , ( 1 3 2 ) , ( 1 2 4 ) ,

( 1 4 2 ) , ( 2 3 4 ) , ( 2 4 3 ) , ( 1 3 4 ) , ( 1 4 3 ) } ;
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o r d e r  2 4 .

S4 = [ I*  , ( 1 2 ) ,  (1 3 ) ,  (1 4 ) ,  (23 ) ,  (2 4 ) ,  (3*0, (12) (3 4 ) ,  

(13) (2*0, (14) (2 3 ) ,  (123) ,  (132) ,  (1 2 4 ) ,  (1 42 ) ,  

( 1 3 4 ) , ( 1 4 3 ) , ( 2 3 4 ) , ( 2 4 3 ) , ( 1 2 3 4 ) , ( 1 2 4 3 ) , ( 1 3 2 4 ) ,  

( 1 3 4 2 ) , ( 1 4 2 3 ) , ( 1 4 3 2 ) }

Remark 2 . 1 2 . i s  s o l v a b l e ,  because  o f  th e  f o l l o w i n g

commutator su bgroups  o f  S^:

[ S v  s^ ]  = A^,

[ H ^  H£] = [ I ' ] .  So, S4 = Ak = Hj = [ I ' } ,

Moreover, i s  t h e  o n ly  norm al  subgroup  of  o r d e r  12 and 

h a s  no su b g ro u ps  o f  o r d e r  6.



-  15 -

k

30 sub g ro up s
D iagram  2 .1 .
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—  The Symmetric Group o f  d e g re e  4

1 su b g ro u p —A

3 s u b g r o u p s —H

4 su bgr oup s —H

3 t y p e s
(1 + 3 + 3 ) - H ^  

subgroups

4 su bg ro u ps  —Hc 

3 t y p e s
(3  + 3 + 3 ) - H 2 

sub g ro up s

C l ’
D iagram  2 . 2 .

+ — The A l t e r n a t i n g  Group o f  d e g re e  4

Hg -  { I ’ , ( 1 2 3 4 ) , ( 1 2 ) ( 3 4 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 ) ( 2 3 ) .  
( 1 4 3 2 ) , ( 1 3 ) , ( 2 4 ) } ;  

j —  Hg = [ i * , ( 1 2 4 3 ) , ( 1 2 ) ( 3 4 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 ) ( 2 3 ) ,  
( 1 3 4 2 ) , ( 1 4 ) , ( 2 3 ) } ;

Hg = { I * , ( 1 3 2 4 ) , ( 1 2 ) ( 3 4 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 ) ( 2 3 ) .  
( 1 4 2 3 ) , ( 1 2 ) , ( 3 4 ) } ;

Hg = [ I * , ( 1 2 ) , ( 1 3 ) , ( 2 3 ) , ( 1 2 3 ) , ( 1 3 2 ) } ;

Hg = { I ’ , ( 1 3 ) , ( 1 4 ) , ( 3 4 ) , ( 1 3 4 ) , ( 1 4 3 ) } ;

} Hg = { I * , ( 1 2 ) , ( 1 4 ) , ( 2 4 ) , ( 1 2 4 ) , ( 1 4 2 ) } ;

Hg = { I * , ( 2 3 ) , ( 2 4 ) , ( 3 4 ) , ( 2 3 4 ) , ( 2 4 3 ) } ;

H^ = £ l ' , ( 1 2 ) ( 3 4 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 ) ( 2 3 ) } ;  

h£ = ( I * , ( 1 2 ) , ( 3 4 ) , ( 1 2 ) ( 3 4 ) } ;

H^ = { I * , ( 1 3 ) , ( 2 4 ) , ( 1 3 ) ( 2 4 ) } ;

H£ -  [ I ' , ( 1 4 ) , ( 2 3 ) , ( 1 4 ) ( 2 3 ) } ;  

h£ = [ i * , ( 1 2 3 4 ) , ( 1 3 ) ( 2 4 ) , ( 1 4 3 2 ) } ;  

h£ ' =  [ I * , ( 1 3 2 4 ) , ( 1 2 ) ( 3 4 ) , ( 1 4 2 3 ) } ;

H^"= [ I * , ( 1 2 4 3 ) , ( 1 4 ) ( 2 3 ) , ( 1 3 4 2 ) } ;

, —  { I * , ( 1 2 3 ) , ( 1 3 2 ) } ;  [ I * . ( 1 2 4 ) , ( 1 4 2 ) } ;
[ I * , ( 1 3 4 ) , ( 1 4 3 ) } ;  C l ' . ( 2 3 4 ) , ( 2 4 3 ) } »

[ I ’ . (1 2 )} ;  [ I * , (1 3 )} ;  [ I * , (1 4 )} ;  [ l ' , ( 2 3 ) }
—  { I 1 , ( 2 4 ) } ;  £ l ' , ( 3 4 ) } ;

£ l ' , ( 1 2 ) ( 3 4 ) } ;  { I ' , ( 1 3 ) ( 2 4 ) } ;  £ l * , ( 1 4 ) ( 2 3 ) } ;

}— [The i d e n t i t y  e le m e n t  I ' }  T o t a l  30 subgps
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Q(/>. e.  /iT* fiT', JIT"

12

Q ( f , e , n r ) »  Q ( f , e , i i r ; ) j  Q( f t Q,fiT" ) ; 
Q ( e , j 6 ^ ) ;  Q ( f e , ^ 6 ° ) ;  Q( p2 9 , f ° ) ;
Q(0,(ir, S-' -IT17);
Q(pQ,fF , F "  -Jv)’,
Q ( f 2 e . / T ^ ,Jtx -  f p ) i

—  K

— K,

Q ( f , e ) ;
Q(Q,riT); G K f O .F 7 );  Q (f2 ©, ilT17) _____
Q ( e , | r3ir); Q(f e j - 3n ' ); Q ( /20, J - 3n ” )

Q ( £ * ) i Q t t f O ,
Q(T6Tr); Q(JT!7, );

— K„   Q (0) ;  Q ( / 6 ) ;  Q ( / 2 0 ) ;

  K ----- Q ( / ) ;

Q

where J60- = F  +JfT' + F "
- F  +F~' “IS" 
- F  - F 7 + F 7, 
F  -fi*7,

and f  = - |(1 + f - 3 )

6'

r -
s 7"

T o t a l  s u b f i e l d s  30

Diagram ?” k.
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CHAPTER I I I .  THE GALOIS GROUPS AND THEIR CORRESPONDING 

SUBFIELDS FOR h = ' k AND fNON-CYCLIC)

§ 1 .  The subgroups  o f  t h e  G a lo i s  group  G*(K^/Q)

As we d i d  b e f o r e ,  we l i k e  t o  work f o r  h = 12, 2 0 , • • •

4p,  (p i s  an odd r a t i o n a l  p r i m e . ) ,  t h e  n o n - c y c l i c  c l a s s

g ro u p s .  We t a k e  [p., q ^  and [ v ,  qg] t h e  two n o n - e q u i v a l e n t  

pr ime i d e a l s i  [ p ,  q ^ ^ O ,  qg] , i . e . ,  [ p ,  q ^ v ,  qg] ^ 1 ,
o p

where N( p)  and N( v)  a r e  e q u a l s  t o  q^ and q*,

r e s p e c t i v e l y .  With p and v,  we c o n s i d e r  t h e  s u b f i e l d s  and

f a c t o r i z a t i o n  o f  t h e  u n r a m i f i e d  c l a s s  f i e l d ,  Q(G, (\T , |v").

We i n v e s t i g a t e  most o f  t h e  p r o p e r t i e s  and r e s u l t s  a s  below. 

Befo re  o b s e r v i n g  t h e  c l a s s  f i e l d ,  we would l i k e  t o  c o n s t r u c t  

t h e  norm al  f i e l d  (normal  e x t e n s i o n  o f  Q(0,  fjT, J v ) .

T h e r e f o r e  t h e  normal  f i e l d  K*^ must  c o n s i s t  o f  a l l  t h e  

e le m e n t s  g e n e r a t e d  by 9, , JJT, [ i l ' , / p " ,  {7,

F u r th e rm o re ,  we f i n d  ou t  t h e  s t r u c t u r e  and r e l a t i o n s h i p s  o f  

a l l  s u b f i e l d s  of  and i t s  G a lo i s  group  G * ( K ^ / Q ) .  F i r s t ,

we l i s t  a l l  t h e  f a c t s  we need .

F a c t  3 .1 .  The p r o d u c t  o f  two i d e a l s  Ca i* and b^]

i s  [a-^b^, * ^ ^ l *  a 2^2-® ’

F a c t  3 . 2 . ( S e lm e r ) When m ^ 2 0 0 ,  t h e  o n ly  f i e l d  Q(©) 

whose c l a s s  number i s  k i s  m = 113 and i t s  c l a s s  g roup  i s  

o f  ty p e  n o n - c y c l i c .

F a c t  3 .3 .  There a r e  5 n on iso m o rp h ic  g roups  o f  o r d e r  8 

C ( 8 ) ,  C ( J 0 ® C ( 2 ) ,  C ( 2 ) @ C ( 2 ) 0 C ( 2 ) ,  Q and D^.
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F a c t  3.*K There a r e  14 n o n - i so m o rp h ic  group  o f  o r d e r  16. 

There a r e  51 n o n - i so m o rp h ic  group  o f  o r d e r  32.

At f i r s t ,  t h e  base  f i e l d  Q and t h e  autom orphism s w i l l  

be s e t  a s  f o l l o w in g :

G*(K*6/Q )  = G* = < S ,  T, Ur  U2 , V1 , V2 >

S: f -----> ; S2 = 1 T: ©-----> / ©  ; T3 = 1

U-L* ITT--> - 4ils Ui = 1 U2: p --> - p  Ug = 1
V1 : JjT*---> -  .fi? ; V J  = 1  V2 : p ---> - p ;  v |  = 1

p
Since  N((i) = p p ' n "  = q-^, where i a  pr ime

p
N(v) = v v ' v "  = q2> where q2 i s  pr ime

So: jV" = q1 * jix\x''/\i\x'

p «  = v •

From t h e  above i d e n t i t i e s ,  we o b t a i n  t h e  automorphisms 

U-^V̂  and U2V2 which can  t a k e  c a r e  o f  t h e  automorphisms o f  

t h e  g e n e r a t o r s  p '  and p * .

R f J ,  R l

S U1 S
© ©

U1S and r2 -

R2! f - r
e -̂  9

F - ■ ^JiT
_  q U, u,
4 7 - ^ 5  ^  -fir
  Q ,  U,   d U,

/ j —^ - . p
r S f—- Uq   _ o   U,

o U-j „ Ug
f v  » - P
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U-, _  „ U,p  — — =L* p \  p  - ^ - * p — 2+ - p " ,
p .  - S _ , J J T  , p r

and m oreover ,
O _

Rl» /  ------ > f  > P  ? P .  P ’ -

9  >  9, ------- (v~--------* p ,  {v ' -

R2 8 r ----- > ? ’ P  > P  ( P  -

9 ------> 0 f------------ -------- >/v,  j v f -

m i  U  •  „  O  T T  T 1  (-N   T T „ 2

-> - P ’. P " — *  -- in".

- p , p 7 -W P
P *

-7 - p ' . p ' ' ----* P P
and R22 = v 2 ,

and V2 by R-lS, r2 s ,t h e r e f o r e  we can  e l i m i n a t e  U^, U2>
2 2R-̂  and Rg, r e s p e c t i v e l y .  Then we have :

G* = G*(K*6/Q) = <Rl f  R2> S, T: R^ = R2 = S2 = T3 = 1 >

F u r th e r m o r e ,  l i k e  C hap te r  I I ,  G* a l s o  s a t i s f i e s  t h e  

commutator r e l a t i o n s  on t h e  f o l l o w i n g  p a g e s .  F i r s t  o f  a l l ,  

we sh o u ld  l i s t  o u t  a l l  t h e  e le m e n t s  R^R^ sJ"Tn 0;f G**

They a r e :  I :  The i d e n t i t y  map.
2 2R^, R2> R^ and R2 : See t h e  above maps,

R1 ‘ f - * r > P - — > - p In' —> p " . p "

L
i1t

Q - — f  9, — P . p —p v "  , p - » F ,

R3 : f - P - - * F . p - - ^ p " . p — - ~ p .

e - — > 9, a> — * - / v , p - Hv" —  - F .

S: r - P P - — p —p p . p — - * P  •

9 - — > 9, - ^ p , p - p ’, p —

T: r - — » p - — i p p " - F F

9 - — * / 9 , , R T - —> ( p p - - * I P fV”—- l - f v 7 ,
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r i r 2 ^ : ^ ^ f ' 7  * ~ f t " » Im-' * - / t ,  yr-  */£"*>

0 — > / © »  ( 7  — » -  / v , /v  • — ► - 7 1  f t — * { 7 7

R 1 R 2 ^ 8 ^  ^  ^  * “  { 7 "  * ,M-' * “  i, M- * » 4 |i" --------

0  * /  0» .[v  > [v " , (v ’  ? -  (v ' , {v •' '■* -  !v ,
R^T2 , f  _* y* f t '  — > _ f t  t , - r _  ̂  Jjpr—̂ . Î T, f

0 — > / © ,  7 7 — > -  jv7 » i v — ► -  f t ,  ft" — ^JT",

-fv»
— . 1 1 *•# »

^1^2 '̂, ^ ^ ’ 7 7  * ^/7"* * ~ / i7
9 — > f  0, 7 7  — * {7-, { 7 — ^  - j 7 " , f v •’-

R1R2 t2  1 ^  * /  ’ f t ~  — ^(7" * fr ' — * -  fin {T'-
0 — * > f 9 ,  i v  — > - t v " ,  | v ' — > -  |v", [v"— >(7' ,

rxsti f —> y . 4ir —>[iT’, T7—> -JIT", p—> -sir;
0 — ^ f 9 ,  ,/v — > ( v ' ,  ^v'— * ' \ V " , [v7 — *-[77

R2ST, /*■—>/* f t~^>  - f t 7', f t —9 - f t ,  f t - ^ f t ,
2 ,   ______

0  > f  9 ,  {v   >J7-, .{7*— , |7"— >[7,
RiST: f  — *¥> f t  —* - f f t .(7 ’-—>[7", (7"—  ̂ -{7 .

0 — > / 0 ,  < 7 — > ; v ' ,  f t ' — > > " ,  { 7 ”— >.[7,
RjST2! /  —» f , —► - F 5, F —» - J7 . Î 7'— (̂iT7,

© -- > f 9 ,  f t — > . p ,  [7 ' — 9  f t ,  (v"- - - *.(v ' ,
r 2s t 2 , ,t t — * * iST jVT—> - I ? 7.

0 — 9 f  9 ,  f t — > [ 7 ,  ,{v'— >[7, jv" >[v” ,
r 3 St 2 . / — > / \  ^ r - ^ V I P .  p — *  - n r .  & ”— > - ( S 7 .

0 — > / 0 . -iv — >(v", ,(v'— *-.(77 7 " — > . | v ,
R2ST: f —»/>, 7 7 .[T7—>.fiT»

0 — > f  9 ,  [ 7  — *(7 '  , (v'— >  -  [7", [7"— >  -  f t ,

r 2 STi f — > / •  7 — >|7"» .(I*— > ( 7 7  7 " — >(7»
0  — 5 ?  9,  ( 7  — >  - . [ v " ,  [ 7 ' — >  -  .T7 , 7 " — > [7 T
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R ^ g S T 2 . f  — 7 — ^ p ' ,  u p — » -f i r ,  - * - F *

9 — y ?  9,  | v  — * -  (v"' , l y '  > -  (vT, f v " — ^ v "  ,

R2 r 2 ST2 : f — > p ,  ITT — y  -  i | i " ,  iM.' r j i ,  {[T"— ► ~ F  ,

9 ---- * / © ,  f ~  — >  -  fV ’ , fv'*— ■» -  f v ,  fv " -------^ (v ’ ,

r^r2s t 2: f — > f z, —» - F » F — f(i"— * F .
© — > / 9 ,  .[v* — y - i v ' ,  i v ' — y  - f i r ,  iv"— ^ v " ,

r 1r 2ST2 s f — > f ,  F — > fiT'— f| I "— y j p  ,

9  — > / © ,  F ------> - F ,  f v ' — >(v", ,[7"------* -  F  ,

r 2 r 2 s t 2 : p — * / ,  F  — > -  p . F  — F  p — »  - F '  *

0 —»/ 0 , (V —> -F, F—*F F—=*• -F»
r J r 2 ST2 : /  — y f ,  F  — > F . F - ^ >  - F  F — ?* - F »

0 —̂/*e, F—?-iv", F —>-F [7"—? - J y ,

R-jR^ST2 : f  > p ,  F  i M-'  y  - F  F  * ~ F '  *

0 — > p 9, F —>F, F —> - F  F — * - F r»
r2r̂st2s r - y p ,  f  —* -F*. F— ' F—> -F,

0 —^/  0, iv —>• 4v", F— 9  - F  F —̂  ~ F ,
R^R^ST2 : f   y f ,  F  — > “ F  P — ^  - F  P — F  " ’

0 — y  j 9,  F  — » F — * - , f  F — *  -  F"»

From t h e  above mappings we can  f i n d  t h e  o r d e r  o f  each  

e lem en t  by a p p l y i n g  t h e  mapping a g a i n  and a g a i n  a s  i n  C hap te r  

I I .  So t h e y  a r e :

o r d e r  2 : R2 , R2 , S, R . ^ ,  rJ r 2> R2R2 , Rj R^, R^r | ,  R^S,

r 2s , R^S, r 2 s , r 2S, R^S, R ^ ,  r ^ t2 , r 2 t , R^T2 ,

ST, ST2 , R2r 2S, Rj R2S, R ^ S ,  R1R2S ’ Ri R2S ’
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R-jR^ST, R^R2ST2 . 

o r d e r  3 i T,T2 ; R^T.R^ST2 ; R^^.Rj^ST; R2T,r | s T2 ; 

R2T2 ,R2ST; R ^ T ^ R ^ S T ;  R2 ST2 ,R^ST; •

R1R2 T,R1R2S t2 ;  R ^ g ^ . R ^ R g S T s  R^RgT.R^^T2 ; 

R^R2T2 ,R2R2T; R2R2T2 .R^R^T; r J r ^T, R-jR^ST2 ;

R ^ T 2 ,R2R^ST; R2R2ST,R^R2ST2 j R - ^ S T . R ^ S T 2

o r d e r  R-^R^s Rg.Rg! R1R2 ,R1R2 ; R1R2 ’R1R2 5

r | t ,R2ST; R^T2 ,R2 ST2 ; r | t ,R2ST; R2T2 ,R2ST2 ;

R1R2S,R1R2S ’ R^RgS.R-LR^S; R2R2T,R^R^ST; 

R ^ R g ^ . R ^ g T 2 ; R-jR^T.R-^ST; R^R2T,R2r | tj 

R^R2 T2 , r J r ^ S T 2 ; R ^ T ^ R ^ S T 2 ; R ̂ RgST,  R2R2 ST

2 2 2 3 5
RJRgST .RjRj'ST"'!

where each  p a i r  o f  e le m e n t s  o f  o r d e r  3 o r  4- a r e  i n v e r s e s  of  

each  o t h e r .  By u s i n g  t h e  same argum ent  a s  Chap te r  I I ,  t h e  

c o m p u ta t io n  i n  commutators  o f  F a c t  2 .1 0 ,  we o b t a i n  t h e  

f o l l o w i n g  commutator r e l a t i o n s .

1—
1 

w H R2] 2 2 = r£r| . [Rl»

i—
i CM

OS = 1? i—
i

w (-■
VjJ r2] =̂ r 2r

i-H
OS
1_

1 r| ] -  1; [R?. r" ] = 1{ [R?. r£  == Is

D v r23] = 4 4 - , [Rl» r3] = 1; [ rJ . » |]  = r2r

[Rr S] = Ri* [Rf. S] = i» [ rJ. s ]  = Rr

[R2. S] -  .
2' [Rf. S] = is [R3, s ]  = rI !

1—
1 

cn T] = T; [ s , T2] = T2 ;
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[R r  T] = R3ST; [R2 , T] = R3S; [R3 , T] = R2T;

[R2 , T2] -  R2T2 ; [R2 , T2] = R1 S; [R3 , T2]  = R ^ T 2 ;

[R? , T] = R3ST; [R2 , T] = R3S; [R3 , T] = R2T;

[R2 , T2] = R2T2 ; [R2 , T2] = R2S; [R3 , T2] = RgST2 ;

T h e r e f o r e ,  t h e s e  i d e n t i t i e s  com ple te  a l l  t h e  r e l a t o r s  f o r  

t h e  G a l o i s  g roup  o f  t h e  norm al  e x t e n s i o n .  That i s ,

G* = ^ R r  R2 » S, T i rJ  = R2 = S2 = T3 -  1,

[Rx , R2]  = R2R2 , [R2 , S] = R2 , [R2 , S] = R2 ,

[Rr  T] = R3ST, [R2 , T] = R3ST, [S ,  T] = T >

Then G* c o n s i s t s  o f  96 e le m e n t s  and G* i s  n o n - a b e l i a n  

w i th  t r i v i a l  c e n t e r  subgroup  o f  G*. From F a c t  2 .1 0 .  and 

Sylow Theorem, we can  f i n d  a l l  t h e  su b g rou p s  o f  d i f f e r e n t  

o r d e r s  and check  t h e  number o f  su b g ro up s  o f  t h e  s p e c i a l  o r d e r  

23 and 3 . Hence we have*

27 sub g ro up s  o f  o r d e r  2 :

£ l , R 2}; [ l , R 2}; £ l , S } ;  { i . R - ^ } ;  £ l , R 3R2}; £ l , R 2R2};

£ I , R-jRg} ; [ l , R 3R3}; £ I , R-^S} ; £ l , R 2S}; £ l , R 3S}; £ l , R 2S};

£ l , R 2S}; £ l , R 3S}; { i ^ T } ;  £ l , R 3T2}; { i .RgT};  £ l , R 3T2};

[ I ,  ST} 5 [ I ,  ST2}; £ l , R 2R2S}; [ i . R - ^ S } ;  £ l , R 2R2S};

£ I , R 3r | s }; £ I , rJ r3 s }; £ I  jR-jR^ST} ; [ i . R ^ S T 2};

16 su bg ro u ps  o f  o r d e r  3:

{ l , T , T 2}; £ l , R 2T,R3ST2}; { i . R ^ . R ^ T }  ; { i ^ S T ^ R ^ S T }  ;
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{ i .RgT.R^ST2}; [ I , R2T2 .RgST}; { I , R^ST2 .R^ST};

{ I , R 1R2T,R2R2ST2}; { i . R ^ g ^ . R ^ R g S T } ;  [ l ,R ^ R 2 

{ I . rJr ^ . R ^ R 2! } ;  { i .R ^R 2! 2 ^ ^ ^ } ; [ i .R^R^T,:

{l ,R^R^T2 ,R2R^ST}; { l , R 2R2STfR^R2ST2} j [ i . R ^  

71 subgroups  o f  o r d e r  ki

( i ) .  n o n - c y c l i c

{ I , R 2 ,R2 ,R2R2}; [ I , R 2 , S,R2S } ; { i . R ^ R - ^ . R

{ l , R 2 ,R1R2 ,R^R2} ; C l ,R 2 ,R1S,R^S}; [ l , R 2 ,R2!

{ I , R 2 ,R2S,R2R2S}; { I , R 2 , r | s ,R2R^S}; [ i . R 2 ,]

{ l , R 2 ,S ,R 2S}; [ i . R ^ R - j R g . R . ^ } ;  [ I , R 2 , r J r 2

[i.Rg.Rj^S.R-LRgS}; { l , R 2 ,R2S,R2R2S } ; [ l , R 2 ,]

{ I , R 2 ,R2S , r | s };  { I , R 2 ,R2R2S,R2R^S}; [ l , S , R ‘

{ i ^ - j R ^ R ^ ? 2 ^ - ^ } ;  [ i . R ^  . R - ^ . R ^ s } ; [ l ,R -

{ I , RxR2 , R2S , R - ^ S }  ; [ ifR-,R2 , R2R2S , R^R2S} ; 

{ I . R ^ . R ^ . R ^ }  j [ I ,R ^ R 2 ,R1S,R2r | s };

Ci ,R^R2 , r J s , r | s }; { I , r Jr 2 ,R2S,R^R2S}; 

{ l ,R ^R 2 f R^T2 ,R^T2}; { I ,R^R2 ,ST2 , r J r 2ST2};

[ I , R^R2 ,R2R2 S , RXR2 S } ; [ I , R2R2 , RXS , R^R2S } ;

{ I , R^r|  , r| s  , r| s ] ; [ I ,r | r|  , r3 s ,R ^ s ]  ;

{ l , R ^ 2 ’R2 S,Rl R2S  ̂* [ l , R 2R2 ,R^S,R2R2S} ;

{ I , R 1r | , R 1S,R2S } ; { I , R 1R^,r J s ,Ri R2S}

r . R ^ l T 2};

l ^ S T 2} ;

;s t , r 2r | s t2};

!r 2] j 

3,R2R2S};

^R^S.R^RgS};

R ^ i i i

^S ,R^R2S};

Ir 2 ,R1R2S^ !

R2 ,R^S,R2R^S};



I .R ^ j^ R g S .R jR g S }  

I . R ^ R j ^ S T . R ^ S T }

i , r^r ^ , r 1 s , r ^r2 s }

i , r ^r ^ , r ^ s , r ^r 2s }
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,3[ l , R 1R^,R1T,R2 T}; 

[ i . R ^ . R ^ R g S . R ^ S ]  ;

Ci , r ^r | , r J s , r 2s }{

[ i . R ^ . R ^ S . R ^ S ] ;2o3e

I , R 1 S,R1 T ,S T ] ; { l , R 1 S,R2 T>R1R^ST}; 

I ,R^S,R^T2 ,R^R2ST2};  [ i . R ^ S ,S T 2 ,R^T2} ;

I , R 2S,R1T>R1R^ST}; { i .R g S .R g T ,S T } ; 

I , R ^ S , r J t2 ,R^R2ST2 ,} ;  { I ,R ^ S ,S T 2 , R^T2} ;

i i )  c y c l i c

I , R 1 ,R2 ,R^};

I ' R1R2 ,R1 ,R1R2^ 
I .R ^ T .R ^ .R ^ S T }

i , r ^ t , r 2s , r 2s t } 

I , R 1R2S,R2R2 , rJ r ^ S ] ;

I.R^RgT.Rj^S.R^R^ST} ; 

I , R 1R2T,R2 S,R1R2ST}; 

I ,R^R2T2 ,R^S,R^R^ST2} ; 

I . R ^ S T . R j R ^ R ^ S T }  ;

I , R 2 ,R2 , r | } ;

i . R ^ . rZ .r^ } ,

I , R 1 T2 ,R^S>R2ST2};

I , R 2T2 ,R^S,R2ST2};

I .R ^ R g S .R ^ R ^ .R ^^ S } ;

I . R j R g T ^ R ^ R g . R ^ T ^ }  ; 

I , R^R2T, RxR2 , R2R2T} ; 

I . R ^ T ^ R ^ S . R - ^ S T 2 } ;

2 m2-

I , R2R2ST2 , RJr 2 , R-jR^ST*} ;3crn2‘

16 su bg ro u ps  o f  o r d e r  6> ( o f  ty p e  S^)

C l , S , T , T 2 ,ST,ST2} ; [ I , R 2 T,r J s T2 ,R2S,ST,R^T2] ;  

{ I , R 1ST2 ,R^ST,R1T ,rJ t2 i S] ; ( l , R 2T2 ,R1ST,R2S, S T ^ R ^ }  ;

{ I , R 2ST2 ,R^ST,R2T,R^T2 ,S};  { l , R 2T,R^ST2 ,R2S,ST,R^T2} ;

{ I , R 2T2 IR2ST,R2S,ST2 ,R2T}; { i . R ^ g T . R ^ R g S ^ . R ^ S . R ^ . R ^ ^ S T }

{ I , R j R2T2 , r3r2 s T,R2S,R;i T ,r 3r 2ST2};

{ i , r | r2 t , r 1r | t2 , s , r1r^ s t , r 3r 2 s t 2}

{ l fR^R2 T2 ,R2R2T,ST,R2R2S,RjR2 ST2};



(2 )0  $ ( t r ) 0  ad^  J °  OfioiCo-uou ( t t )

* {2ais2a J a , 2ais<2LL^al2j ; ^ a , s ^ a , s J a ‘2a J a <i }  

‘ { s ^ a ' s ^ a ' s ^ a ' s j a ' ^ a ^ a j a ^ a j a 4!}  

{ {S^a2a ‘S2aCa , s 2 a , s T a , CHlH,2 a2H,ZaCH,;i:  ̂
•‘ { s ^ a J a ' s ^ a ' s ^ s J a ' I a J a ' ^ a g a ' V a 4! }  

* { s ^ a ^ a g a ' s ^ a ' s ^ ' ^ a ^ a g a ' V a ' i }  

•‘ { s ^ a j a ' s ^ a ' s ^ ' s j a ^ a j a ^ a j a ' ^ a 4]:}

* { s ^ a J a ,s 2aI a ‘s 2a 2 a , s Ta <2a ^ a ,2 a J a ,2a ‘i }

* { s ^ a ' s ^ a ' s ^ a ^ s J a ' ^ a ' V a ^ a 4!}

•{s2aIa,s^a‘s2a‘sIa, âTa,2aTa‘2a‘i} 
‘ { s2a J a ‘s 2a £ a ‘s 2aTa ‘s 2a , ^ a £ a ‘2a Ta , 2 a , i }

* { S g a ^ a ' s j a ' s l a ' ^ a j a ' s ' g a ' ^ a ' i }  

( 2 ) 0  ®  ( 2 ) 0  ®  ( 2 ) 0  QdjCq- j o  o x i o j C o - u o u  (x)

jg aepao j o  sdnooaqns £9

* { s2a J a ‘2Ji2a ‘a;Ta ‘2i s ^ a 2 a ‘i s 2aTa , i }  

'• { S g a j a ' ^ a ' ^ a ' ^ s ^ a ' i s ^ a ' i }  

*{2JJs 2a ^ a ‘jJ2a ‘S 2 a ‘i s 2a J a , 2i 2a J a <i }  

i{ li s 2aTa ‘2li ^ a ‘s 2a <2lES2a Ta , j;2a J a ‘ i }  

*[is2aTa • s2a^a4 z&s4 i 2aTa4 ‘ i }
-  a  -
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I ^ . R 2 ^ 3 ^ 2 ^ 2 ^ 2 ^ 2 } j

I ,R2»R2»R2 ,Ri ,Ri R2 ' R1R2 ,R1R2 ^ ’
2 3 2

I , R 1 T^,R^S,r J s T2 , r J r2 ,R^R^T2 ,R^S,R1R2ST2};
2„m „ „3 r, „ 2 r

2r2 r 2r3 
1 2  1 2

I ,R ^T ,R 1S,R2ST,R1r | , R 2S,R2R2T>R^r | s t } ;

A r 3

I , R 3 T >R2 S i R 2 S T , R 1R3 , R 1R2 T >R1 S , R 1R2 S T } ; 

I , R 2 T2 , R 3 S , R 2 ST2 , R^R2 , r J r 2 T2 , R 3 S , R ^ R 3 ST2 } ;

I , R j R g S , R2R2 , R3R3 S , R2 , R2 , R3R2 S , R - ^ S }  ?

I , R j? 2T2 , R3R2 , R ^ T * , R^S, RgS, RJr^ST* , R -^ S T ^ }  

I , R3R2T,R-^R2 , R2R3T,R1S,R2 S,R2R2ST,R3R2ST} ;

i i i )  n o n - a b e l i a n  o f  ty p e  ( d i h e d r a l  g roup)  

I >R1 ,R2 ,R3 ,S ,R 1S,R2S,R3S};

>2 m2 p3 2r,2 t-,m2 >3c<rTi2'

I , R 1 , R 2 , R 3 , R 2 S , R 1R 2 S , R ^ R 2 S , R ^ R 2 S } ; 

I , R 9 , R 2 R3 S , R 9 S , R 2 S , R 3 S } ;

2p 2 r. p 3d 2 c

I , R 2 ,R2 ,R3 , R j S fR^R2S,R^R2S,R^R^S}2p2c p2p3c

I .R ^ g .R j .R ^ R ^ R j^S .R ^S .R g S .R jR gS }2„2 ,
I , R j R 2 , R 2 , R 3R 2 f S . R ^ ^ S . R ^ S . R ^ R g S }3p2<

i , r ^ r 2 , r 2 , r 2r 3 i s , r J r 2 s , r 2 s , r J r ^ s }2p3<

i , r J r 2 , r 2 , r 2r 3 , r 2 s , r 2 s , r ^ s , r J r 2 s}2f~. 2 e

I , R ^ T , R 1 S , R ^ S T , R 2 , R3 S , R 1 T , S T } ;  

I , R 3 T , R 1 S , R 2 S T , R 3R 3 , R 2 T , R 2R2 S , R 1R 3 ST};  

I , R 1 T2 , R 3 S , R 2 ST2 , R 2 , R 3 T2 , R 1 S , S T 2 } ;

I , R ^ T 2 , R 3 S , R 2 ST2 , R xR2 . R g T ^ , R ^ R ^ S , R ^ R 2 S T ^ } ; 

I , R 3 T , R 2 S , R 2 S T , R 2 , R 3 S , R 2 T , S T } ; 

I , R 3 T , R 2 S f R2 S T , R 1R 2 , R 1 T , R 1R2 S , R 1R 3 S T } ; 

I , R 2 T2 , R 3 S , R 2 ST2 , R 2 f R3 T2 , R 2 S , S T 2 } ; 

I , R 2 T2 , R 3 S , R 2 ST2 , R 3R 3 , R 3 T2 , R 3R 2 S , R 3R 2 ST2 } ;

3m2 p2p 3c



[ i s ^ a j a - ^ a j a

{ i s j H ‘2vLSTH‘i s I a ' 2lL2H‘ 2a i s J a ‘i,2H, 2i ‘j i ‘s j H , s TH‘2H‘i }  = 

•(dnoaS SuT^.’BUjeq.xv— scL/Cq. Jo) t ZT  S sp jo  j o  sanojfeqrts o2

«{s2aJa,s 2aTa‘2i^a‘2.i^a‘2lEs|aIa<2aJa‘2li s 2a2a‘i  
* { ^ s ^ a j a  4 2i s  ‘ 2a 2a ‘ ^ a Ta ‘ 2i s ^ a Ta 4 2a £ a ‘ 2<is2a 2a 41 

{s|a£a4S£a2a4J^a4j;Ta4,LS2axa4£aTa41LS2a£a4i  
{>s|aTH4 2axa 4j;s 4 2a£H4 i s 2axa 4 ̂ aTa4 i s 2a£a41 
{s^aja4 2is 4 2ji £a4 2aTa4 2j;s2aTa4 s£a4 ̂ a j a 41 
{2i s 2a^a42a; â4sIa42a42li s 2aIa4sJa42li^a2a4i  
Cgis ‘s fu ja  ■ a ‘ | a j a  ■ zi s | ^ a  • s | a  • g i f ^ a - 1
{2o;s2aJa4s2a42JiJa42a42lis^aJa4s^a42ai2aJa4i  
{is^aTa4s^a2a4s2aJa4li s 4lL̂ a2a 4̂ aTa 4li |aJa4i 

{ ^ a 42a2a4,LTa42a£a4j;£a2a4£aTa 4i;2a£a4i 
{j;s4s2aTa4j;2a42aTa4j;s2aTa 4s2a4j;2aTa4i 
[is^aTa 4 s^a4 j,Ta4 2a‘i s zaTa‘s 2a4 i 2axa41 

•‘ {s2aTa4 2,is2aja4 s zaxa 4 2j,s 4 2igaTa 4 2a£a4 2i 2a2a41 
* {2i^a 4̂ aTa42i£a42a2a42,L2aTa42a£a42lL2a2a41 

{s2a2a4lLS41LTa 4̂ a^a4is^a^a4sTa4j;2a2a4i 
{iS£aIa4,L2a4S£a42a4j;s£a£a4sTa4li^axa4i 
{s2a2a 4̂ aTa4s 42aJa4s^aTa42a2a4s2aJa4i  
{S g a ^ a J a 'sJ a 'V a 's^ a ^ a J a 's^ a 4! 
{s2a4s2a4|a Ta42aJa‘s^aJa42a2a4s2aTa4i  
{^a^a4s2a2a‘2aTa4s 4s^aJa42a2a4s2aTa4i  

-  SC -
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K12

K13 _

K20

K21

K22
8

K23 _ 
8 "

K30
8

K31
8

K32
8

= [ I , r J ,R 1S,R^S,R^T,r | s T2 ,R1R2 T2 ,R^R2ST,R^R2T,r J r2 T2 , 

Rj R ^ S T . R ^ S T 2};

{ I  , R 2 , R-^S, R ^ S , R 2 T2 , R g S T , R 2RgT2 . R ^ R g T , R ^ R g T . R j R ^ S T 2 , 

R2R2 S T , R ^ R 2 ST2 } ;

{ l , R 2 (R2S , R | s , T f T2 ,R2T,R^ST2 ,R2T2 ,R2 ST,R2ST2 , r | s T } ;  

{ i , r 2 , R 2 S , r | s , r 1 s t 2 , r ^ s t , r 1r 2 t 2 , r ^ r 2s t i r J r 2 T , r 1r ^ t 2 , 

R1R2T,R1R2 S t 2 ^ ;

{i , r 2 ,R2S,r ^ s , r2 t , rJ s t 2 , r ^r2 t2 , r 2r2 t , rJ r ^ t2 , r 2r^ s t ,

R2R2 S T , R ^ R 2 ST2 } ;  

{ i . R l . R g S . R ^ S . R j ^ . R ^ T . R ^ g T . R ^ R g S ^ . R ^ R 2! 2 ^ ^ ^ ,  

R ^ g S T . R ^ R ^ S T 2 } ;  

{ i >rJ r2 , r 2r 2 , r 1r ^ , t , t2 ,r J r 2T>r 1r | t2 , r J r2t2 , r2r 2t ,

R ^ T ^ R ^ T } ;

{I ,R^R2 ,R2R2»R1R2,R1St2 ,R 1ST,R2 St2,R2ST,R1R2ST,R1R2St2 ,

R^gST.R^R^ST2} j

{I ,R^R2 ,R2R2 .R1R 2 'R1 T' R1St2 ' R2T' R2St2,R1R2T,r 2r 2S t2 ,  

rJ r | t , r1r 2ST2};
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k| 3 = [ l lR3R2 ,R ^ R 2 ,R jR ^R fT 2 fR1ST,R^T2 ,R2ST,R1R2T2 ,R3R^ST, 

R 3 R 3 T 2 , R 2 R 3 S T } ;

K g °  =  { l , R 1 R 2 , R 2 R 2 S f R 3 R 2 S , T , T 2 , R 1 R 2 T , R 2 R 2 S T 2 f R 1 R 2 T 2 , R 3 R 2 S T f 

R 2 R 2 S T , R 3 R 2 S T 2 } ;

K g 1  =  [ l , R 1 R 2 , R 2 R 2 S , R ^ R 2 S , R 1 S T 2 f R 3 S T , R 2 T , R 3 S T 2 , R 2 R 2 T 2 , R 1 R 3 T ,  

R 3 R 3 T 2 , R 2 R 3 S T } ;

K g 2  =  { I  , R ^ R 2 , R 2 R 2 S i R 3 R 2 S , R 2 T , R 3 S T 2 , R g T 2 , R 2 S T , R 3 R 2 T , R j R g T 2 , 

R - jR ^ S T .R ^ S T 2};

K g 3  =  { l , R 1 R 2 , R 2 R 2 S , R 3 R 2 S f R 2 T 2 , R 1 S T , R 2 S T 2 > R 3 S T , R 3 R 2 T 2 , R 2 R 2 T l 

R^R^T.R^gST2};

K g °  =  [ i . R ^ . R ^ S . R i R ^ S . T . T ^ R ^ T . R ^ S T ^ R ^ R ^ . R ^ S T ,  

R^gST.R^R^ST2};

K g 1  =  { i . R ^ R l . R ^ g S . R ^ R l s . R ^ ^ S ^ . R j s T . R j R g T . R ^ R g ^ . R g S T . R 2 ! 2 , 

R 1 R 2 T , R 2 R 2 S T 2 } ;

K g 2  =  { l , R 3 R 3 , R 1 R 2 S , R 2 R 3 S , R 2 T , R 3 S T 2 , R 3 S T , R 2 S T 2 , R 1 R 3 T , R 2 R 2 T 2 , 

R 1 R 2 T 2 , R 3 R 2 S T } ;



[is|a2a4lLS2a^a<aJsfaTa‘tL̂ a2a‘i|aJa
1 c  ̂  \i"̂  vr ‘ c  2 ■ b£*2a b2'aJa4j;s4j;2a4j;Ta4s2a4sTa4̂ aIa42a2a42aJa4i} = 9*  £ Z *

4 {is2a£a4is2aTa‘i 2a2a
4is2a4s2a2a4is 4.L2a4j;Ja4JiTa4s2H4sJa4sIa42aJa42aTa4Ja4i3 = 9a  z z x

[is^aTa4is2aTa4is2a412a1a
4s2aTa4is 4i^a4i 2a4i Ia4s2a4s2a4sTa4̂ aIa42aTa42a4i} = 9x  12

{s2aJa4s|aTa4s2a2a4s2aJa
4s2aTa4s|a 4s2a4̂ aJa42a2a4̂ aTa42aJa42aTa4s ,2H42a4i} = 9S C l3

[s2a^a4s2a2a
‘s2aTa‘s2a4s£a4s2a4sTa42aJa42a2a42aTa4s 42a4̂ a4Ja,Ta4i} = 9x 21

c s ! 4 a ‘s H a

4s2a2a4s2a4s2a,s2a4s2a‘̂ a2a,2aja42a2a4s42a42a42a42a4i} = 9x  
i t

( 2)0  sct^Q- j o  t re txaq-B-uou ( I T )

( 2 ) O © ( 2 ) O < 0  ( 2 ) 0  ® ( 2 ) D  J °  o t t o j C o - u o u  ( t )

s9 X aepao j o  san oosqns  6x 

t { g l S ^ H ' I S ^ H

42i 2aTa 4i 2a £ a 42i S £ a 4i 2a 4i s Ta 42i 2a 4s 2a2a 4s 2aTa 4£ a £ a 4i }  =

-  9C -



CO EH
CM CM CM CM CM

Pd Pd Pd
rH C O H CM H

- •* Pd Pd odCM CM •.
EH Eh CO CM CM CO
CO CO CM Pd COCM

* • Pd CM rH PdCM CM CM H Pd CM H
Eh Eh Pd PdCO CM co cm ... CM CM
PS Pd CM ( -" I cd CO

* - EH CM rH CM CM
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where H*6 = ( g v  ggS gf* = g!} = 1, [ g r  gg] = g^gg J  

12 subgroups  o f  o r d e r  2k : ( o f  t y p e  — t h e  symmetry group)

kJ °  = { i , r 1 ,r 2 , r 3 , s , t , t2 , r 1s , r 2s , r 3s , r 1 t , r 2t , r 3t , r1 t2 , r2t2 ,

R^T2 , ST,  ST2 .Rj^ST.R^ST.R^ST.Rj^ST2 , r 2 ST2 , R^ST2 } 

kJ 1 = { l l R1 ,R2 lR 3 ,S ,R 1S,R2S ,R 3s ,R 2 T,R;jT2 ,R1R2T,R2R2TfR3R2T, 

RXR^ T 2 , R2R^ T2 , R^RgT2 , RgST2 , R^ST,  R ^ S T 2 ,r 2r 2ST2 , 

R^RgST2 , R j R g S T , R2R ^ S T , RJ r ^ST] 

kJ 2 = { I , R2 , Rj^Rg ' R p R ^ ’Rj ^ S , R^ Sf RgSf R- j ^T . R^ T. RgT. RgT2 , ST,

R ^ g ^ . R ^ R g ^ . R ^ R g T . R ^ R ^ ^ . R ^ R g S . R ^ S T . R ^ S ^ . R ^ g S T 2 ,

R ^R gST ^R jR g S T .R ^R g S T .R ^S T 2}

kJ 3 = { i , r 2 , r 1r 2 , rJr 2 , r 1s , r ^ s , r 2 s , r 1 t2 , r^ t2 , r 2 t , r 2 t2 , s t 2 , 

r 2r 2s , r 2r 2 t , r 2r 2 t2 ,Ri r 3t , r ^ t , r 2s t2 ,r 2s t , r 2r 2s t ,

R i R ^ S T 2 . R ^ R ^ S ^ . R ^ g S T . R ^ R g S T }

k^ °  = { i , r 2 , r 2 , r^ , s , t , t 2 , r 2 s , r 2s ,r ^ s , r 2 t , r2 t , r | t ,r 2 t2 , r2 t2 , 

r | t2 , s t , s t2 , r 2s t , r 2s t , r ^ s t , r 2s t2 , r 2s t2 , r^ s t 2}
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K^1 = { I , R 2 ,R 2 ,r | , S , R 2S ,R 2S ,r | s ,R1T ,rJ t2 ,R1R2T2 ,R^R2T i

R1R2TfR^R2T2 ,R1R^T2 l R ^ T , R 1ST2 ,R:j5ST,R1R2ST,R'|R2ST2 , 

R ^ S T ^ R ^ S T . R - j R ^ S T . R ^ S T 2 } ;

K^2 = [ l , R 2 ,R2R2 ,R2R3 ,R2S,R2S,R3S,R2T,R3T2 ,R2T,R3T,ST,

r 2 r 2 s , r 3r 2 t 2 , r 2r 2 t , r 3 r 2 t 2 , r 3r 3 t 2 , r 3 s t 2 , r 2 s t , r 2 r 2 s t ,

R 3R 2 ST2 , R 3r | s T 2 , R 2R 3 S T , R 3 R 3 ST2 } ;

K^3 = { I , R 2 , R 2R 2 , R 2R 3 , R 2 S , R 2 S , R 3 S >R 1 T , R 2 T2 , R 2 T2 , R 3 T2 , S T 2 , 

R 1R 2 T , R 1R2 T f R2R 2 T2 , R 1 R3 T PR2R 2 S , R 1 S T , R 2 ST2 , R 1R 2 ST,

r 2r 2 s t 2 i r 1 r 2 s t , r 1r 3 s t , r 2r 3 s t 2 }

K ^ °  = [  I , R3R2 i  R ^ 2  , R 1R 2 * S> T,  T2 , S T ,  ST2 , R 3R 2 S , R 2R 2 S ,R - j R ^ S ,  R 3R2 T,

r 3r 2 t 2 , r 2r | t , r 2 r 2 t 2 , r 1 r 3 t , r 1 r 3 t 2 , r 3r 2 s t , r J r 2 s t 2 , r 2r 2 s t ,

R 2R2 ST2 , R-jR^ST,  R. ,R3 ST2 }

k ^ 1 = [ i , r 3r 2 , r 2r 2 , r 1r 3 , s , r 1 t , r 3 t 2 , r 2 t , r 3 t 2 , r 3 r 2 s , r 2 r 2 s , r 1 r 3 s , 

r i r 2 ^ 2 ’ R j R g T 2 • R ^ R ^ T j R j R ^ ' R i S T 2 , r 3 s t , r 2 s t 2 , r 2 s t , r 2r 2 s t ,

R ^ S T . R ^ S T ^ R ^ S T 2}

K^2 = { l , R 3R2 ,R2R2 fR1R3 ,R2 S,R2S fR2T,R2T,R3T2 ,R3T2 ,ST,R1R2S,

R1R2S ’R1R2T’R1R2t2 ' R1R2t 2  ’R1R2T’R1S t 2 •r 2s t 2  »R2R2ST2 » 

R3R2ST, RjR^ST2 , R2R2 ST, RjR^ST} ;

k ^ 3 = [ i , r 3 r 2 , r 2r :~,r 1r 3 i r 2 s , r 2 s , r 1 t , r 2 t 2 , r 2 t , r 2 t 2 , s t 2 , r :i r 2 s ,

R 3R 3 S , R ^ T 2 , R J r | t , r 2 r 3 t , r 3 r 3 T2 , r  S T , R g S T , R ^ R 2 ST2 , 

R 2R 2 ST2 , R3R 2 S T , R- jR^ST2 , R2R 3 ST} ;



I C2I S 2H2y 4£S2y2y 42I S 2y£H,I S 2a £ y 42J;S2y2y 4lLS2H2y 42,LS2yI y 

‘j ;s2HTa ‘2li^H jH ,j ;^ H ja ‘2j;^aTH‘i ^ a TH‘2LL2a2H4j;2a 2a , 2li 2Hja 

4i 2a j H ‘2j;z HI H '1i 2a 1i:a ‘2i is^H, i i s ^ a 4zlLs2a ' J i s 2 a <2Jis^H‘1i s J a

4 2i s th 4 i s Ta 4 s ^ a ja 4 s 2a j a 4 s 2aTa 4 s 2a2a 4 2i 2h 4 ,i2a 4 g i ja  ‘ i j n

4s^a4s2a4sJa4sTa42i 4i 42a^a42aTa42a2a42aJa42aTa42a42a4i} - 2a
acLCq. j o )  *9+7 aepao j o  dnoaaqns  t  

<  2a = [ c ii <2a ]  {I q  = 4l i[] = [ 2a  4 lu ]

*T = ^  = Jit ‘2H 4lH> = 2*H ejaqMz tr v

! {2i s ^ a ^ a 42t i s ^ a La 42iS 2 a 2 a  

4 2o;s2aJa4 2is2aTa4 2<is2a4 2£s2a4 ̂ a ^ a 4 2J2y£a4 2i|aTa
* T ^  3J~  ̂\T 4 Q ^  u "^  \ I 4 C  ̂  V *^ \J  4 O  ̂  \T^* \T 4 C? ̂  U  1 T O 1 T ^ t f *  T ^  t f  1 T * ^ \ I
gLu £ 2 2 C 2 2 2 2 c 2 2 C

42li Ta 4s 2a 4s 2a 4s J a 4s Ta 42a J a 4̂ aTa 42a 2a 42a J a 42aTa 42a 4J a 4i }  -  | a  

«[J-s^aJa 

4 is^aTa 4is2a2a4 Jis2a^a4 is2aTa4 is2a4 is Ja4 i 2a2a4 i 2â a 
4iL2aTa4j;2a2a4s2a2a4s2aJa4s2aTa4s2a2a41is4j12a41i2a4lLja 

4i Ia4s|a4s2a4sJa4sTa42aJa4̂ aTa42a2a,2aJa42aTa42a42a4i} - â 
s{s2a^a4s^a2a4s2aIa4s2aJa4s2a2a4s2aIa4s2â a 

4s2aJa4s2aTa4s2a4s2a4s2a4sJa4S2a4sIa4s4̂ aJa42a2a42aTa 
4| a J a 42a 2 a 42a Ta 42a ^ a 42a2 a ,2 a Ta 42a 42a 42a 4J a 42 a 4Ta 4i }  = ^a

(^*H ad^J  j o )  Jap^o j o  s a n o jy q n s  £

-  2+7 -
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* 1  *

where H^g = ( a  ‘*"b 2c^dn s = c2 = d^ = 1 and

[ a ,  b] = a 2b2 ; [ a ,  c ]  = a 2 ; [ b ,  c ]  = b2 ;

[ a ,  d] = a^cd ;  [ b ,  d]  = b-^cd; [ c ,  d] = d

and + i g  + j = even i n t e g e r  }

Remark 3 . 5 .  G*(K^g/Q) i s  s o l v a b l e ,  b ecau se  o f  t h e  f o l l o w i n g

commutator su b g ro u ps  ( t h e  d e r i v e d  s e r i e s ) .

G*' = [G*, G*] = K°,

G*" = [ q* » , g* ' ]  = [K° , K°] = Kg°,

G*'" = [G#i' , G*"] = [Kg°, Kg°] = {1}

So, G* => K° => Kg° = > [ ! } .
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§ 2. The c o r r e s p o n d i n g  s u b f i e l d s  o f

We a l s o  see  t h e  f o l l o w i n g  s u b f i e l d s  which a r e  c o r r e s p o n d i n g
*t o  t h e  su bgroups  o f  t h e  G a lo i s  g roup  G (K ^ /Q )  . We l i s t  

a l l  o f  them a s  t h e  way we d i d  i n  C hap te r  I I .

Order 2 Degree 2 o f  K ^ / K ^ g

{ I , r  2 }  <2% F' . F”)t
{i.Rg} «-£-* Q(f, g, [V> JiT’, JiT",(V);
[ l , S ]  4 r —> Q(G, /| i , ( V ,  f i x '+ f ix” , fv"' + J v ” ) }

£l,RlR2} Q(/ » G, ftp » ]V", [TTv , j+i" v~* );
Ci , rJ r2} Q ( r , e , | V ,,. R ,,»l~v,J]T;V r );

{ I , R ^ r 2 }  Q(f ,G , .n r ,

[ l .R lR ^ }  <- - »  Q(f » e * fTT* » iv-' »filv, /iT"v");

I , R^S] 4-~-' ) Q ( f , G, fjp »IV, InT' , j v " ) ;
p  q *      ,____  __  _______I ,  R^S} 4— ->  Q(G, | | i ,  IV , Vv ' + {v"f fiT ’ -  f o ");

i ,  r J s }  Q ( r . e .  if7", FT, bV ', f r ) ;

I ,  R2s ]  Q(^, G, VIT, liT', Jjl7' ,  f V )  ;

I ,  R2 S] Q(®> fi »̂ ■Tv"* I V ’ + n V " , (V ' - j v " ) ;
I ,  R3S] <£*> Q ( f , Q , f r t ( ^ ,  JV7’, / ^ ) ;

i ,  r ^ t }  <—■ > q ( f o ,  JJT'. f V , J j r - j j r ,  fV" +[V)  i

I,R^T2 } <■— > Q ( f 2G,JV", -fv". fjl - P ' J V  + f V )  

I ,  R2T} q ( / g ,  , . p ,  (IV" + f i l ,  J 7 " -  f V ) ;



(2)0 ©(2)0 9^3- jo OfiOiCo-uou -(x)

^ 2 /9 6 ^  jo ^ 9ajig9g J9PJ0

*( "Aj  ‘ ' i f  ( ..Af ‘,.. 9V,i)5^{giIs|aTH,lI^H^H'l]

*(«*); *.._9j , t/)6^{ji|HTH,2j;|i^H ,i } ‘ (jLij‘ ‘ ill  

“j i l  ‘..._9j^)^{j,s2Hja‘2i 2aTa , i}

*( “S  ‘a 9!  ‘ J)&*[2i s 2 hJh, ,lz hi h , i;} «( . / )  ‘ 0JJ  *-0 e { i - s V ^ a ' i }
•‘ (•_il ‘o.iTV)® Czj ; s |a ,ai|H,i} -‘C ^ ‘o § )‘i)B ^ { js ^ H , 2i s 2a ‘i ]

{isTH‘2i ^ a ‘i} ‘ (o^)'*iiI *i)0 ^  {g isJa 'j^H 'i}

* ( o y ‘• i i j ‘/)& ^  { j s J h ' ^ s V i }  H q^ }  ‘o i l  '</)» +->  { ^ M ' l }

2*V9tx J°  ̂ eaodeaSr— £ aspa0

5 ( * Ai' - Al ‘ *Jlt" 1) ‘'iAl' ‘“ill *©,/)& ̂ [ 2js2hJh‘i }
j (A]-„r\j ‘n) - . . rij- * , a]  * irij ‘e / ) 5  { i s ^ a Ta ‘i }

s(^.tll‘ •_A._*Ji/ ‘»_Aj ‘l / ‘e ‘j)b -e^  {s|a*a‘i }

{( ‘ •AiZU ‘A l  ‘ ‘6 4 i ) 5 f s 2a c H ‘1 }

t ( ^  -  .A  ‘ . j }  -  .Jll ‘a )  ‘i i  *0)5 t s z a g a ‘ I }

1 (.»A|‘!!) ‘ -‘-Ail ‘a ) ' ‘ All 1 e ‘J )Q *^7* [ s 2ht h *i }

s ( sAjJlf * -A) ‘A ] ‘0 ‘J)& [S2 hJ h ‘I }
1 ( .a] + .A) ‘ *JlT + ' «AJ ‘ «HT '©,/)& lzLS ‘1}

* ( Ajj + «Al MLT+ ‘ A l ' i i j  '© d)& *^5* Us *1}

(,aj- -  a| + <-— > { 2^ h  ‘i }
-  f t  -
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C I , r 2 , r 2 , r 2 r 2 }  *££ q ( f , © , ^ | 7 ) ;  

{ l , R ^ , S , R ^ S }  « £ £  Q (e , / IT ,  / 7 ,  j v ^ + l v " )  ;

{ i . R ^ R ^ R ^ }  Q ( f ,© , J T " f JH 7) j  

[ i . R ^ R ^ R ^ }  « £ £  Q ( J \ © ,  

[ l ,R ^ ,R ^S ,R ^S }  4 ^ i Q ( f , e , I T ,  jV7 );

{ i , r ^ , r 2s i r ^ r 2 s} &  Q ( f , e ,  JfT, J^7 ); 

c i . r J . r ^ s . r ^r I s } Q ( e , ; i r ,  j r . p - p b -  

C i . R ^ R ^ s . R ^ s }  Q ( f ,G , J T '  F " ) ;

[ l , R ^ , R 1 R 2 , R 1 R p  &  Q ( / f © , f i ? ' f ^ ) i

{ i , r | . r J r 2 , r J r | }  <£2  Q ( / , e , J 7 " . . r ^ ‘)! 

[ i . R ^ . R ^ S . R - ^ S }  4$+  Q t f . e . f F ' F ) ;

[ I , r 2 , r 2 s , r 2 r 2s ] <G* q ( Q ' f i T ' f r f c , .  p . ) .

[ I , r | , r J s , R ^ r | s }  Q ( f , © ,  IH7' ,  [ 7 ) ;  

{ i , r 2 , r 2s , r | s }  <£+ Q ( f , e . p .  JiT7 );

£ i , r | , r J r 2 s , r ^ s ] ? S >  Q ( f , Q ,  /IT, f t iTv) ,  

{ I . S . R ^ . R ^ R ^ S }  Q(©, P i T . j T ^ + j ^ 7)

{ I , R 1R2 , r 2 r 2 , R3r 3 - | ^ ( Q ( f , 9 , f i I 7 ,  J F ^ ) ;

{ i ,r1r 2 , r 1s , r ^ s } Q( / ' ,e , . [ i r r , . p r );

[ I  ,RxR2 ,R^S,R^R2S} Q ( / . e , ^ 7*,



I.R-jRg.RgS.R-jR^S}

I , R 1R2 ,R1R2S,R1R2 S^

I .R ^ R g .R ^ R ^ .R ^ I }

I,R^Rg »R1S,R^RgS}

,R1R2 ’R1S,R2S^

,R1R2 ,R2S,R1R2S^

I ’R1R2 ,R1t 2 ,R 2t 2 ^

i , r ^r2>s t 2 , r J r2 s t 2}

I .R^Rg.R ^R gS.R ^gS}
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G*

G* ___ ____
*—> Q ( / .  0i /m̂ v* , j f ' v "  ) ;

■ Gf

Gf

Gf Q(J\ 6» fjlv", fiT' v ' );
Q( f , 9 ,

G* Q ( / \ 0 ,  f r ,  JT^v1 ) ;

G* q f v",  )

Gf  ^ / „2(

I  , R 2R 2 .R-j^S.R^RgS} 

I , R 2R 2 , R 2 S , R 2 S}

I  , R 2R2 ,R^S,R-j^RgS}

i , r 2r 2 , r 2 s , r2r^ s }

i , r 2r 2 , r | s , r 2r2 s }

I .R ^^ .R j^S .R gS }

I , RxR2 ,R^S, R2R2S} 

I .R jR^.R^S.RjRgS}

i , r 1r^ , r 1 t , r 2 t]

I . R ^ . S T . R ^ S T }

I , R l R3 fR3R2s ,R2R3s} 

I , r | r3,R1 S , r 2r 2s }

3d2<

Q(/ 0, fir77, fv", filv+ flsT') 

G* Q(f , 9 t f i v 7 s , [ v " v ”)  t 

%  Q ()' . 9,  J7, ,(7r7r) ;
Gv Q(Q, f i l l  ,f\T, f( i '  v"*-f| i"v " );

S J  Q ( f , e , r 7 , f ^ » ) ;

G‘ Q(f .  Q.fTT, J|i '  v“  );

Q ( / , e , ^ r ,  f iT v O s.G*

Q ( 10, .fT' » f v ' ); 
<-£> Q(f , 0 ,  i ^ i f i l ^ 77);

,G* n ,D i0irTp-*-1,{ p."v "*);

Q(f0 i  liT7”, fv* , f | i " v " - f j iv ^ ) ; 

Q(f0, f|T^ , (7^, fiT ^ '%  J fV ) ; 

Q ( f , 9, ,(uv " , (|i 1 v ' ) ;

«■£* Q(f ,  0, f f > J p 7 ) ;
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{ i ,rJr |,rJs ,r2s} Q(f,e,.{iP, p ) ;

Ci,rJr|,r^s,rJr|s} *£$ Q(p,©, p \  p P ' ) ;  

[ I . R ^ r I . R ^ S . R ^ S ]  ^ 5  Q ( f \ e ,  p p ;

{ I , R 1S,R1 T,ST} Q(f>©, P . P . P + P ) !

{ i ,r 1s ,r2t ,r 1r |st}  Q(fo, p ,  p  , 17" -J7 ),

{i,r^s,r^t2,r^r2s t2} Q(^Q.JJr . JT7', !^ - p ) ;

{i,r^s,rJt2 ,s t2} Q(/2e,/iIT,, . p ,,IV +.f7 *);

C l . R g S . R ^ . R ^ S T ]  «££  Q ( fe ,  p ,  P  , p  - p ) j

[ I , R 2S , R 2 T, ST]  « £ ?  Q ^ O . p S p ’ . P "  + P )

{ i , r^ s , r^ t2 , rJ r2 s t2} *2J  Q ( f e , p f p . ,  p - p ;

{ i , r ^ s , r | t2 , s t 2} QCj^e. ( p . P " , p  + p ) ;

( i i ) .  c y c l i c  o f  ty p e  C(4)

{ l , R 1 ,R2 ,R^} <£$> Q(e, [pjT, fv, fv ' + { v " );

{ i ,r 2,r2,r |}  «£> Q(e,p, FTv,JT’ + p ) }

{I .R-lR ^ .R ^R ^ R 2} <££ Q(0, p x ,  {V, 17* - p ) ;

{ i ,r 2r2,r2 ,r2r^}

[ i , rJ t , r 1s , r 2s t ]

{ i , r1 t2 , r ^ s , r 2 st2}

{ i , r | t , r2 s , r 2s t }

[ i , r 2 t2 , r | s , r 2 s t2]

*££ Q(e, ;n, F3v.p'-5")»
*2? Q ( r 9 , f p ’ , p , p + p ;  

«2? GXf2 ©, p p ,  + p )  

^  Q( fe, Jp , p P , p + p ) ;
G* Q ( / e , I P ,  F J P . n r  + p ) ;

{I,R̂ jpS,R̂ Rg»R̂ R̂ s] Q(«. pJjT, |-3v,fp p  -jpT")



C l .R ^ R g S .R ^ R g .R ^ S }  

C l . R ^ R g T p R ^ . R ^ S T }

{ I , r 2r2 t2 , r ^r2 , r xr 2t2} 

{ i , r 1r2 t , r 2 s , r 1r2 s t ] 

[ I ,  R ^ R g T . R ^ . R ^ T }  

{ i , r ^r 2 t2 , r | s , r ^ s t 2}

{ I , R2R^ T2 , R ^ S , R-jRgST2 } 

C l .R ^R g S T .R ^I .R ^ R lsT }

-  4-9 -

. G* Q(«. P I v ,  (iPTt + f i r V77) ;

G* Q(J'9, p 3iT’ , ./V7, f\T" - fv) ;

G* Q ( /2e, 1^3(1", -JiT*V')»
G*

■ G*

Qtfo.[ IT7 . F > ’

Q C / e . p ^ ' . F J ^ f l J r V 7' -J^T) ,

Q(j'20 . / ^ .  [ i T - J p T h

G* n'"2e,[ 3̂lPi, .py'f [ 7  - p  ) ;

<2 + Q(fo .  p 3 i T ' . I - 3 v ’ , J ^ -  v + J j l T ) ;

{ I • R2R2ST2 ,R^R2 , RjRgST2} ^ s j  Q(j?2 G, J^ 3 j i "  , p ^ T " , ( 7 ^  + ( 7 ^ ) ;  

Order 6 Degree  6 o f  K ^ / K - ^  ( of  t v e e  S^)

[ i . S . T . T ^ S T . S T 2 ] G*
Q C / P . i ? * ) *

{ I . R j S T ^ r J s T .S .R - l T .R ^ T 2} <-2? Q i / T ^ , ^ ) ;  

{ I , R 2T , r J s T 2 ,R2S , S T , r J t 2} Q ( | 7 * , | y ° ) |

[ i , r 2 t2 , R1 ST, R2S,ST2 ,R1 T} Q(fs77, fc° ) f

{ I , R 2ST2 , r | s T,R2 T,r | t2 ,S} ) ;

{ i , r 2t , r | s t2 , r 2s , s t , r ^ t2} q ( F ^ ° » ) s

{ l , R 2T2 ,R2ST,R2S,ST2 ,R? T} ^25 q ( , J 6 ° ,  j y » ) .

C i ,R 1R2T,R*R2ST2 ,R2S , r | t 2 ,R1R;JsT} ^  Q([7 %  [ / "  ) ; 

{ l , R 1R2T2 fRjR2ST,R2S,R1T,R^R2ST2} Q ( | ^ »  . j ^ ) ;  

{ i . R ^ R g T . R ^ ^ . S . R ^ I s T . R ^ R g S T 2} 

{ l fR^R2 T2 ,R2R2T,ST,R2R2 S,RjR2ST23 *£*  Q(ffi7', fT7") »

G*
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[ i . R ^ T ^ R ^ T . S T ^ R ^ S . R ^ S T ]  Q ( / 6 71, I y17) ; 

{ i . R ^ T . R ^ S T ^ R g S . R ^ . R ^ I s T }  CKis17' . jv " ' ) ?

{ i , r J r | t 2 , r ^ r | s t , r ^ s , r 2 t , r 3 r 2s t 2} Q d r . J T ^  )f

{ I , R 2R2 S T , r J r 2 ST2 ,R^T2 ,R2 T,R2R2 S} ^  Q d T ’ . l r 5' ) ;  

{ I . R ^ ^ S T . r J r ^ S ^ . R j ^ T . r I ^ . R ^ R ^ S }  £ +  Q d l ^ . l r 7 ); 

where jT0 = fjT +.flT’ +̂ fT" ; j y 6 = (v- +^v'+]v";
-fs* = -ITT + j ] T * - | r ; (T7  = “ l"v" + jv ' -  Jv"" ;

JT" = - pr + /Y" = ~{~
j t »"= f j r - [ T f - I r ;  | y " ,= j v  - . f v - f v ;

Order 8 «2-» Degree  8 of  K ^ / K *2

( i ) .  n o n - c y c l i c  o f  ty p e  C (2)  ®  C (2 ) ®  C (2)

l . R ^ R ^ S . R ^ . R ^ S . R ^ S . R ^ R g S }  « 2 £  QfO.fiT, jV);

I . R ^ . R g . R ^ . R j R g . R ^ . R ^ . R ^ R l )  « 2 J  Q (JT, ©, /JT̂ T);

: , r 2 , r 2 , r 2r 2 , r 1 s , r ^ s , r 1r 2 s , r J r 2 s} *25 Q ( f , G , f ) ;  

i , r 2 , r 2 , r 2r 2 , r 2 s , r 2r 2 s , r | s , r 2r | s }  <£» Q ( f . e f / iD i  

I . R ^ R ^ . R ^ R ^ R j S . r J s . r I s . R ^ r I s }  «2 *  Q ( f , © , ] > ) ;  

i , r 2 , r 1r 2 , r J r 2 , r 2 s , r ^ r 2 s , r 1r 2 s , r ^ r 2 s} 4 ^ J  Q C f . e , ^ 7 )

I , R 1 ’R1R2 ,R1R2 ,R1 S,R1 S,R2 S,R1R2 S  ̂ ^  Q C f . Q . F 7 )? 

i . r ^ . r ^ ^ r J r ^ r ^ s . r ^ ^ s . r ^ s . r ^ s }  *2 J  Q ( / , e ,  jinT")

I lR2 fR1R2 ,R1R 3 | R1 S ,R 2 S ,R 3 s ,R 1R2 S} «2* Q ( f , 9 , , [ 5 7 ) |

:’R2 ,R1R2 ,R1R2 ,R1 S,R1R2 S,R1R2 S,R1R2 S  ̂ ^  Q(f»Ot ( i ^ v )  

i , r ^ , r ^ i 2 , r ^ , r 1 s , r I r 2 s , r 1r ^ s , r ^ s }  *2 J  Q ( f , e , tfn'v~)



+ ‘̂ ‘0 ) 0  {sJa4s | a 4sTa 4s 4J a 4J a 4Ta 4i}

( • t f §  TBjpeq-cp) 9 ^ 0 -  j o  u e x i a q - e - u o u  ’ (x x x )

[j;sza£a4j;szaJa4s za 4s V j ; | a ^ a 4̂ aTa 4j;za£a4i}

+ 0 +

{2lis^aI a , 2liS2 i^a‘s^ a ‘s J a ,2a;2HTa ,2aJa ‘2i 2aJa ‘i  

•( «€-f '?€-] *©)0 ^ > { s^ a I a ‘s 2aJa , 2a,2a<s |a ^ a ,2aJa‘s2aTa , i  

‘• ( ofiC-f , HiD',e2(f)i3^ [2ais |aJals J a ‘2Ji2aJa,zaJa42j;s2a‘s^ a ‘2lLza ‘i  

■ ( »<vg-T * [ , i s2 aTa ‘s I a ‘i 2 aI a ‘^ a I a ‘a;s2 a ‘s 2 a ‘Ji^a‘i

<(«<v| *..nc-f ‘e j ) e j3 {2j;szaTa 4s za 4̂ a ^ a 4za£a4̂ s j a ' s j a 4 2i.Ta 4i  

•4( » < v f ' * » i i C - / * e / ) 0  { i i s ^ a ^ a ‘ a;z a J a ‘ s 2 a , ^ a T a , a i S 2 a ‘ s T a ‘ i 1J a , i  

* ( Â ~f Ul) '‘©) o { ^ a ^ a , z a j a , z a j a ‘ 2 a*z a ‘ z a , 2 a ‘i  

* ( J l I * ® ) 0  {za£a4̂ a 4ZaTa 4Za 4£a4 Ja*Ta 4i

( 2 ) 0  © ( t r ) O  sci/C:J- J °  c>TI0ito- u o u  *(xx

{(jJlt ‘-lUI''©/)® [o;szaTa ‘li s ,a;za ,JiTa ‘s za ‘s Ta ,| a Ta ‘i

{2j;szaJa*2lt s ' 2a;za ‘2a J a ‘s za ‘s J a ‘za^a‘i  

• ( HAMTif , 9 , / ) o  {szaTa ‘s za2a‘s za <sJa* |aTa ‘2a2a‘zaJa , i

!( jL^il!/ ‘©‘(0® { s |a Ja ‘s za J a 's za ‘s Ta ,^aTa ‘zaJa ,zaJa ‘i

‘•(jfinri} ‘0 ‘i )U  {sz a 2 a ‘s z aTa ‘s z a 4s J a 4̂ a J a , z a 2 a , z aTa , i

tf*©1/)© ^  {sz^ a 4sza^a4s za 4s Ta 4Za^a4ZaJa4ZaTa 4i

KulU *©*/)& {sza ja 4s^ a4s za 4s j a 4za ja ,z a ja 4za 4i

-  t £  -



Q(0 , fT, J£7' -/ flv77);

{ i , r 2 , r 2 , r | , s , r 2 s , r 2 s , r 3 s }  < > Q(0 , JjTtJiT* + J F ) ;

[ i , r 2 , r ^ r | , r J s , r ^ r 2 s , r ^ r ^ s , r J r | s }  - J l F O ;

[ i  ,R-̂ R2 , R2 ,R ĵ R2 ,R^S,R^S,R2S ,R2R2S} Q(G,fi", p  - f ^ ) ;

^I t R i R2 >Rr Ri R2 tStRi R2 StRi s>RM s 3 Jî 7  + J F F ) ;

{ i , r ^ r 2 , r ^ , r ^ r ^ , s , r ^ r 2 s , r ^ s , r ^ r | s }  Q(Gf jjr, j jp^  + . p 7 ) ; 

^ I *R1R2 ’R2 ' R1R2 ’R1S ' R2S iR2S ' R1R2S  ̂ Q(e.,fiT. ItT7- ] ^ ) ;

{ I , r J t , R 1 S,R^ST,R^,R^S,R1 T,ST} Q(j'©, \ P ,  jV«+ , j 7 ) .

{ I , r J t , R 1 S ,R ^ S T ,R ^ r | ,R 2 T,R^R2 S,R1r | s t ] ^  q ( ^ 0 ,

[ I ,  R1 T2 , R j s , R ^ S T 2 , R 2 , R 3 T2 f R i S t S T 2 ^ _ G l ^  Q^ , 2 ^  ^  + ^  ) .

[ l fR1T2 , R j s , R 2 ST2 ,R1R2 ,R^T2 lR2R | s , R j R 2ST2> ^ Q ( ; Q >./7;r,/ ir^v - J i F T 7 )

[l,R|T,R2S,R2ST,R2,R|s,R2TfST} f-21* q (f9f /£7f ftr+JJD ;

{ l , R | T , R 2 S,R2 ST,R1R2 fR1 T,R1R2 S,R1R | s T } ^  Q (f 0, ,fjTr , jpT" v1 - J ^ T F ),  

[ I , R 2 T2 ,R^S,R2 ST2 ,R2 , r 3 t 2 ,R2 S,ST2} Q ( /0 ,  J I F . i F  + j ^ ) ;

[ l . R 2T2 ,R 3s ,R 2ST2 , R ^ 3 iR3T2 >R ^ 2 S tR ^ 2s T2 ^ Q^ e ^ ^ ~ _ ^ r7^ )

[ l lR1R2S,R2R2 , R j R | s , S , R 1R2 ,R2R2 ,R2R2S , R ^ | } ^ ( G , ^ j F rF r+/(r::7 r )

{ I , R ^ R 2 S , R ^ R 2  , R ^ R 2 S , R ^ R 2  , R ^ R 2  , R ^ S , R 2 S}<-^->  q  (Q, JJ iv , p ' v ’ - J j F v  " ) ;

[ I  iR^RgS |R^R2 » Ri R2^ ,R1R2 ,R1R2 ,Ri ^  »^2 ^ *  * Q ( G, v , JfT* v " " v • );
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{I ,R^R 2 T2 , r J r 2 . R ^ T 2 ,R2R2 ,R^T2 . R ^ l  , r | t 2 }

<— --- * Q (j*2 0, jji"v ", J p.v -  ^ ' v ' ) j
{ l , R 2R2 T2 ,R^R2 ,R1R2 T2 ,ST2 fR2R2 S,R1R2 S,RjR2 ST2 }

<:— Q( / 2 e,../iT%T,, . / ^ T + _/iTT7 ) ;  

{ i >r 1r 2 t , r 2 s ir 1r 2 s t ir 2 , r 1 t , r ^ s , r 1r | s t }

<■■ -G* > Q ^ e ^ ^ - f r ) .  

[ i . R ^ g T . R g S . R ^ g S T . R ^ g . R g T . S T . R ^ g S ]

<— Q C f Q . U 7 , /|T,TvT + fuT7 ); 

{ l , R j R 2 T,R1R | , R 2R^TfRjR2 ,R ^ R ^ R 1 T fR2 T}

<— - *--■> Q ( f  ©, /IT* v • , ,[\T"v " -  f|iv ) ;

{ i  . r ^ r^ T iR jR ^  >R2r 2 t ,  s t , r ^ r 2 s , r 2r 2 s , r 1r 2 s t}

<— - — > QCfe./jT'v' , ^nT" + _[|i"v ); 
[ i , r ^ r 2 t 2 , r | s , r J r ^ s t 2 , r 2 , r 2 s , r J t 2 , r ^ r 2 s t 2}

<— ^ Q ( / ^ e , , fu"> , ^ r' + ) s
{ l >R2R | T 2 , R j s fR1R2 ST2 ,R2 ,R 1 S , R | T 2 ,R^R2 ST2 } ^ Q ( f G f J7%  , f 7  - J v *  ) 

[ I , R 2r | t 2 ,R^S,R1R2 ST2 . R ^ g  ,R^T2 , ST2 ,R2R2 S}

<. - G—- > QiJ^Q, f i * ,  +JJrvT );

{ i , r | r 2 s t , r 1r | , r ^ r | s t , r ^ r 2 , r ^ r | , s t , r 1r | s t }

^— - — > Q ( f e , (/iTr v>T ,.[(?"V " +,(|iv );
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K p<—G~  V Q (f ,  [iv" - / i T v - + ; V ' v ,’) i  

Order 16  > Degree 16 o f  K9 6 / K6

( i ) . n o n - c y c l i c  o f  ty p e  C(2 ) 0  C(2 ) ®  0 (2 ) 0 ? C(2 ).

K°o <. G.%  q ( / ,  Q ),

( i i ) .  n o n - a b e l i a n  of  ty p e  D ^ ® C ( 2 )

K6 1 Q( 8 . f i i ) ;  K^ 1 * " * "» Q ( f e > ^ r ) i

K^2 < G*> Q(Q, -/7);  K^2 Q ( | ’Q, [v * ) ;

k 6 3 f ~ ~ * * Q(©.-liTvT) i kP  < G*> q ( f e . ^ v  );

k 6 1 Q ( f 2 ©. iTH1) ;

k 32 <, Gf > q ( ^ 2 q ,{ 7 » ) .

k 6 3 *  Q(f 2®* :
( i i i ) .  n o n - a b e l i a n  o f  t y p e  H*^

k 6 1 Q( G’ K^1 < ■ G - > Q (6 ,  J - J i l ) ;

K p  Q ( f  9,  ) ;  K | 2 <- G*> Q(fG ,  J ^ r  );

K6 3 < Q ( f 2 G , { ^ ,r^ r ) ;  K^3 < - G* >  Q ( f 2 9, f J i ? 7 )*

K6 i  Q(Qj .

k 62 ^ _ G q  (JJ Q , p 3 v T ") ;

K^ 3 < G*> Q ( f2 e , p > ^ ) ;

Order 2b < G*> Degree  2k o f  K*^/K^ ( o f  t y p e  H ^ )
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kJ1 * -Q*-> Q( [vT,r);
„12 , G *  ̂ , *—r \«- - - - - > Q(  ̂Y ) s
k J 3 <; - *- »  Q( ( r  );  

k 2 ° ^  G_*_ » Q( [ ^ ) .

~ Q(r[T"r ) }

K%2 < S*-> Q( (dT7 );

K* 3 <- - * - > QC-fs77);

k 3°  < £ * ->  q ( .(jjv' + ,[7r v7 + . p ^ ) ,

— *  Q (T m ^  -  .{T ' V '  - J p . " v " ) ;  

k 32 ^ _ G* ^  Q( _ ^ v- + ( ^ 1  -  7 ") ;

KiP  ^ Q( +4Ti7rv")5

Order 32 < ■— ■=» Degree 32 o f  K^g/K* ( o f  ty p e  H ^ )

K° Q(9)»

Q ( / 0 ) ;

K2 < — Q(J329) j

Order 4-8 Degree  o f  K^g /K 2 ( o f  t y p e  H^g)

K2 ” ~  Q(f } = Q(-/-3");

This  c o m p le te s  a l l  t h e  s u b f i e l d s  o f  t h e  normal  e x t e n s i o n  

o f  Q w i t h  c o r r e s p o n d i n g  su b g ro up s  o f  i t s  G a l o i s  g ro up .  

Moreover, we d e s c r i b e d  a l l  t h e  s u b f i e l d s  o f  K^g a s  we d i d  i n  

C h ap te r  I I  by t h e  to w e rs  o n ly .  We o n ly  l i s t  t h e  symbols
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t o  s t a n d  f o r  a l l  t h e  c o n ju g a t e  s u b f i e l d s  o f  K ^ ,  and we c a n ' t  

l i s t  a l l  t h e  s u b f i e l d s  i n  t h e  d iag ram  3 . 2 . ,  b ecau se  t h e r e  

a r e  more t h a n  two hundred  s u b f i e l d s  o f  .

P r o p o s i t i o n  3 » 1 . G*(K*6/Q) = ( a ,  b, c ,  d ; | a^= b^= c 2= d 3= 1

[ a ,  b] = a 2 b2 , [ a ,  c]  = a 2 , [ a ,  d]  = a^cd ,  [ b ,  c]  = b2 ,

[ b ,  d]  = b-^cd, [ c ,  d]  = d ^

P r o o f : See t h e  above group  s t r u c t u r e .  / /

P r o p o s i t i o n  3 . 2 . G*(kJJ6/ Q ( 0 , Vp"))  s  G*(K*6/ Q ( 0 , V v ))

= © C ( 2 ) .

P r o o f i See t h e  above group  s t r u c t u r e .  / /

P r o p o s i t i o n  3 . 3 . G*(K*g/Q ( 9 ,  V-3m") ) ^  G * (K |g /Q (e ,V -3 v ) )

= h *6 •
P r o o f i See t h e  above group  s t r u c t u r e .  / /

P r o p o s i t i o n  3 . 4 . G*(KJ6/ Q ( f , 9 ) )  = C(2) ®  C(2) ® C (2) <$ C(2) .  

P r o o f : See t h e  above group  s t r u c t u r e .  / /

Q(e,Vv) Q ( 0 ,V T ) Q ( f , 0 )

- Q(f).

F i g u r e  3 » 1 .



3  t y p e s  -

(6+9+12)
s u b f i e l d s

1 t y p e  — 

( 1 6 )

s u b f i e l d s

7 t y p e s  -  
( 11+18+6+ 
12+6+12+6 )

s u b f i e l d s

1 t y p e  — 
( 16 )
s u b f i e l d s

7 t y p e s  - 
( 6+9+3+9+ 
12+12+ 1 2 ) 
s u b f i e l d s

'  58  "
kL -  (ji®, F - )
LKi|.8 ““  Q ( P * 6 * nr* -liP , i f " , f\T); Q (y , e , fjj,' , ,fv , Jv ' , (v 

Q(f , 0, (il, Cv , [\x' V • , • • •

Q ( 0 . .fir. -Jv. i l ' + JfP*» i\P' + f i r - ) • • •

K* 2 ~  Q V . t f ’. j F ) ,  Q(f, Js*, (V7)-**

2k — Q(f »©* fil. i i j . ' ) j Q(f , e .  Jm-, Cv)* • •
Q( / .  0» fji~, /fT' v " ); Q ( /  , 0, ,1(1, i i ' v ) • • •
Q ( f , 0, fjlv , (jjTv ' ) ;  Q(f ,  0 , i j lv ,  ,J|I * v") • • • 
Q(0> f j l ,  fv , fiT' + (|I" ); Q(0,  fjl, fv , 47T* -  (iT "  ) • • • 
Q(0» /IT, {7, Jjl’T ' +| ( i"v")  • • •
Q(6» f - 3 v » fv~» fiT* + fv^) • • •
Q(0. | - 3 m-. j - 3 v » i f '  v • + i i i"v")-**

■12 — Q (f » 0 . I ja ) ;  Q ( f» 0 , i ? )  • ■ •
Q(r . e .  i T i ) ;  Q ( p , 0 , i I 7 i )• • •

Q(0» {]T* fv") s Q(.f 0.  I j T ' , jvP ) • • •
Q(0. F f c *  -17)» Q(0» ffT* f - 3 v ); Q t © , / ^ , . ^ ) -  
Q(0, fjl, [iT'+ fiJ" ); Q(0, fjT, tfP'-fiT") • • •
Q(0 ,  f j l ,  i i ' v_ + f j l "v  ) ;  Q(0 ,  fT,  ̂ (i ' v -  )ji"v ) • • •
Q(0 ,  ijTv, j il7 v '  + J n " v " ) ; Q(0 ,  f j lv ,  jft ' v "+,1(1" v ' )

To be c o n t in u e d
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3 t y p e s  -  Kg 
( 8+^+8 ) 
s u b f i e l d s

k t y p e s  -  Kg 
(1+6+3+9) 
s u b f i e l d s

Q(f , f iT v  +/(i' v"' + / ( i" v " ) ; Q( f , /|Tv -  jiPV' -  ffT"v " ) 
Q ( /  , /(Tv ' + {la7 v " + [|i" v ); Q ( f , ffTv"+ {(j.' v

Q()\e)
Q ( e , ^ D ;  QCfe .^ r" ' ' ) - • •
Q( G, i"jlv ) ;  Q(/G,/ iTr v r )

Q(e, -FS ); Q(f0, ^3^*’)

2 t y p e s  -  k !  — Q( ( P y) f Q ( ^  ) ;  Q ^ S 7') 
( 8+ 1 2 ) 

s u b f i e l d s
Q ( {jI7 + ..(m-' v ' + ||i " v ") ; Q (,fiF - { i i f v ' -  Jli-v")

1 ty p e  — K^ — Q( 0 ) ;  Q(/G)j  Q( /  0 ) ;
(3) 

s u b f i e l d s

1 t y p e  — K, 
( 1 )

s u b f i e l d

Q

Q(f);

= F  +{iP + JiI" 
41* = - F

where 46" = -  Ip -  TjT' + ftF’
r&~'" = 4]T - f i r - f c 7' 
(7s = -Tv- + (Vs + Jv" 
4T' = -  (7  + 4 7  -  Jv7, 
TP = -(v -(7* +FF 
. (y" ,= F  - F 7 - .[T7

T o t a l  s u b f i e l d s  250

Diagram 3. 2.
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CHAPTER IY. THE FACTORIZATION AND THE SOLVABILITY OF NORM 
EQUATIONS

§1. The f a c t o r i z a t i o n  i n  t h e  f i e l d  Q(9)

L e t  m be a p o s i t i v e  c u b e - f r e e  r a t i o n a l  i n t e g e r ;  we 

s h a l l  be con ce rn ed  w i th  t h e  p u re  c u b ic  f i e l d  Q(^Jm) = Q(9) 

a g a i n ,  where 9 d e n o t e s  t h e  r e a l  cube r o o t .  I f  m i s  n o t  

s q u a r e - f r e e ,
p

m = (m^, m^) = 1 , m-̂  and m2 a r e  s q u a r e - f r e e ,

F u r th e rm o re ,  we s e a r c h  f o r  t h e  e q u i v a l e n t  r e l a t i o n s  between 

t h e  pr ime f a c t o r i z a t i o n  over  Q(9) and t h e  s o l v a b i l i t y  o f  

norm e q u a t i o n s .  That  i s  t o  say ,  by u s e  o f  c l a s s  f i e l d  

t h e o r y  i n  s o l v i n g  norm e q u a t i o n s ,  we have f o l l o w i n g  t h r e e  

c a s e s  f o r  t h e  u n r a m i f i e d  q u a d r a t i c  e x t e n s i o n  f i e l d s  

Q(9, Vp-) Q(©* V“3p.) over  Q(9) t o  c o n s i d e r s

(1) N(5*) = r  , r  = 5 (mod 6 )

(2) N(6 *) = r ^  (n o t  r ) ,  r  = 5 (mod 6 )

(3)  N(y*) = P p = 1 (mod 6 )

where p and r  a r e  r a t i o n a l  p r im e s  and g r e a t e r  t h a n  3

Y *  and 6 * a r e  a l g e b r a i c  i n t e g e r s  i n  Q(9) .

L a t e r  i n  t h i s  c h a p t e r ,  by u se  o f  q u a d r a t i c  r e c i p r o c i t y ,  

we p ro ve  t h a t  t h e  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  o f  t h e  

d e f i n i n g  p o ly n o m ia l  o f  d e g re e  6 f o r  (jt i n  t h e  e x t e n s i o n  

f i e l d s  ( H i l b e r t  c l a s s  f i e l d s )  i s  e i t h e r  s o l v a b l e  o r  n o t  

which i s  d e p en d in g  on t h e  s o l v a b i l i t y  o f  norm e q u a t i o n s .
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By t h e  end o f  t h e s e  p r o p o s i t i o n s ,  we a l s o  f i n d  t h e  

num era l  examples f o r  each  f i e l d  o f  c l a s s  number 2 t o g e t h e r  

w i t h  c l a s s  number 4 ( n o n - c y c l i c  c a s e ) .  Now we have  t o  l i s t

t h e  d e f i n i t i o n s  and r e s u l t s  where  most  o f  them a r e  r e f e r r i n g

t o  Dedekind.

F a c t  *K1. The f i e l d s  Q(Q) and Q(6 ) a r e  i d e n t i c a l ,

where ©© = m^nu,.

F a c t  k . 2 . The a l g e b r a i c  i n t e g e r s  o f  t h e  f i e l d  Q(6 ) a r e  

o f  t h e  form

( i )  a = a  + b© + c©; i f  m ^  ±  1 (mod 9 )

(• • \ a  + b© + c© , , , _.( n )  a =  ^ , a  = m-^b = m2c (mod 3 )

i f  m s  i  1 (mod 9 ) •

where a ,  b and c r a t i o n a l  i n t e g e r s ) .

F a c t  3 . The d i s c r i m i n a n t  o f  t h e  f i e l d  Q(6 ) i s  g i v e n  by

( i )  A  = -  2 7 m^irig, i f  m 4  ± 1 (mod 9 ).

( i i )  -  3 m^m2 , i f  m = + 1 (mod 9 ).

F a c t  U.U. a + b© (o r  + 0 0 ) i s  an  a l g e b r a i c  i n t e g e r

o f  t h e  f i e l d  K i f  and o n ly  i f  a  and b (o r  a ,  b and c) 

a r e  ( r a t i o n a l )  i n t e g e r s .

D e f i n i t i o n  5 . The norm, c o n j u g a t e ,  sq u a r e  and cube o f  an 

a l g e b r a i c  number o f  K = Q(©)»

a = a  + b© + c© or  (3 = a  + b© + c©^ s



N O )  = a?  + mb'* + m2 c-  ̂ -  3mabc
p p pa'a"  = N ( a ) / a  = a  -  m - j ^ b c  + ( n ^ c  -  a b ) 9  + ( n ^ b  -  a c )

3 0 "  = N O ) / p  = a 2 -  mbc + (me2 - a b ) 9  + ( b 2 -  a c ) 9 2

a 2 = a 2 + am^rrigbc + (m ^ c 2 + 2 a b ) 9  + (m2 b 2 + 2 a c ) 9

p2 = a 2 + 2mbc + (me2 + 2 a b )9  + (b2 + 2 a c ) 9 2

3 3 2 3 2 3oO = ar  + m-^m2 b^ + m^m2 c J  + 6m-^m2abc

+ 3 ( a 2b + m-^ac2 + m^m2 b2 c )9

+ 3 ( a 2c + m2ab 2 +m^m2 bc2 )9

p^ = a? + mb^ + m2 c-  ̂ + 6mabc + 3 ( a 2b + mac2 + mb2 c )9

+ 3 ( a 2c + ab2 + mbe2 )92

D e f i n i t i o n  4 . 6 . The f i e l d  Q(9) h a s  one b a s i c  u n i t  €,

which  we w i l l  choose  such  t h a t  0 <  € <  1 .

D e f i n i t i o n  4 . 7 .  The a l g e b r a i c  i n t e g e r  p o f  t h e  f i e l d  K

i s  c a l l e d  a  t r u n k  e le m e n t  i f  c = 0 .

I n  p a r t i c u l a r ,  i n  t h i s  d i s s e r t a t i o n  we l i k e  t o  s e l e c t  p

and v o f  t h e  f i e l d  K such  t h a t  p = €2 (mod *0 and 

v s  e2 (mod 4 ) ,  where N(p) = q 2 and N(v) = q 2 , and

q^ i s  a  r a t i o n a l  p r im e  and g r e a t e r  t h a n  3 , i  = 1 , 2 .

F a c t  k . 8 . (Dedekind)  The p r im e s  p ,  r  and s f a c t o r  i n

a s  :f,° l l ° wss (where 0^ i s  a  r i n g  o f  i n t e g e r s  o f  K).



I f  r I m

I f  p /  m :

I f  s

I f  P m
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r  = '"t ^ * 2 » N ( ' r ^ )  = r  and = r 2

i f  and o n ly  i f  r  = -  1 (mod 3 ) .  (Then

=  m (mod r )  i s  a lw ays  s o l v a b l e  w i th  a

u n iq u e  s o l u t i o n ) . 4 - 8 - 1

P = -^>i ^ 2  ■f>3 ’ f*i^ = ?  ’  ̂ "f i  d i f f e r e n f )

i f  and o n ly  i f  p = 1 (mod 3 ) and
O

x J ~ m (mod p)  i s  s o l v a b l e  i n  Z ( t h r e e  

d i s t i n c t  r o o t s )  4 - 8 - 2

s = s ( i n e r t )  i f  and o n ly  i f  s h  1 (mod 3 ) 

and = m (mod s )  i s  u n s o l v a b l e  i n  Z 

(no s o l u t i o n s )  4 - 8 - 3

(e x c e p t  p = 3 f o r  t y p e  I I  o f  F a c t  4 . 3 . )

N( j })  = p. 4 - 8 - 4

For  ty p e  I I  (3  | m), 3 -  3±3 ^  N(31 ) = N(32 ) = 3* 4 - 8 - S

F a c t  4 . 9 .  (Dedekind) The f a c t o r s  o f  n a t u r a l  p r im e s  a r e  

g i v e n  a s  f o l l o w s ,  p , r  and s a r e  p r im e s .

( I )

( I I )

( I I I )

2 ,[ p ]  = f p  " CP . © ] 3 o r  [ P * e J 3  i f  P j mi  o r  P |

[ 3 ]  = ^P3 = [3 .©  -  m] 3 i f  m = + 2 or  +4 (mod 9 ) .

[ 3 ]  = [ 3 ,  ±  © -  1, 5  (©2 ±  0 + l ) ] 2

[ 3 . + © -  1 , ^  (©2 ± 0  -  2 )]
i f  m = + 1 (mod 9 )
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(IV) [ r ]  = t ~2 = [ r , 9 -  d ] [ r , 0 2 + d© + d2] ;

i f  r  s  -  1 (mod 3 ) .  r  m, and d^ = m (mod r )  

(a  u n iq u e  r o o t ) .

(V) Lp] = = CP«e " dJ [ P » e -  d ' ] [ p , 0  -  d " ]

i f  p = 1 (mod 3 )» P ^ p n i ,  and d^ = d'-^ = d"-* = 

(mod p ) .

(VI) [ s ]  = a p r ime i d e a l ,  i f  s J^m, m a  cu b ic

n o n - r e s i d u e  o f  s and s ~ 1  (mod 3 ).

F a c t  4 . 1 0 .  I n  = Q ( ^ 3 , Q )  = Q ( f ,G ) ,  by F a c t  4 . 8 . ,  

we have

(1) r  = ( i n  = Q(©))

I ll |
= (where i n  Q(/©) and

i n  Q ( / 2©) )

(2 ) p = -yPi^ 2  ^ 3  ^i n  i f  p i s  a  cu b ic

r e s i d u e .  See F a c t  4 . 9 . )

= f l f l f l  (where ^ 1  i n  Q(/ G)

m

and ^  i n  Q ( /*©))

f l l f  12^ 21^ 22^ 3 1 ^3 2  ( f i j  l n  K6^
F u r th e rm o re  when t h e  i d e a l s  a r e  p r i n c i p a l ,  t h e y  can be 
e x p r e s s e d  as  t h e  fo l lo w in g s

' r l  = a o + b o8  + =0 S 2 i and ^  = a*  + b*8  + c * 82

n  = a o + V 8 + ° o f 2 8 2  ' f i  = a *  + b * f e  +

^ 1  = a o + V 20  + c of’82 ' f  1 = a* + b * f 2e + cJJfe

e2
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§ 2. The f a c t o r i z a t i o n  and t h e  normed s o l v a b i l i t y  i n  t h e  

f i e l d s  Q(9,Vu),  Q(0,V-3u ) and Q ( f ,9 )

We c o n s i d e r ,  a s  a lw ay s ,  t h e  r e l a t i o n s h i p s  be tween  th e  

normed s o l v a b i l i t y  and t h e  f a c t o r i z a t i o n  i n  t h e  e x t e n s i o n  

f i e l d s ,  (See t h e  d iag ram  2.3* and 

t h e  r i g h t  f i g u r e ) .  To s t a r t  w i th ,

we have t o  c o n s i d e r  t h e  f i e l d s  

whose c l a s s  number i s  2 and 4 

( n o n - c y c l i c  c a s e ) ,  t h a t  i s  t o  

sa y  t h e  u n r a m i f i e d  e x t e n s i o n  

f i e l d s .  T h e r e fo r e  we have t o  

r e t u r n  t o  b a s i c  r e s u l t s  and 

d e f i n i t i o n s  o f  q u a d r a t i c  e x t e n s i o n s

F a c t  4 . 1 1 . ( L e g e n d r e ' s  Symbol) L e t  p d e n o te  an  odd

r a t i o n a l  p r im e  and l e t  (MN, p) = 1 .

( I )  I f  M =  N (mod p ) ,  (M/p) = (N /p ) .

( I I )  (MN/p) = (M/p) (N/p) .

F a c t  4 . 1 2 . ( Q u a d r a t i c  r e c i p r o c i t y )  L e t  p d e n o te  a

( p o s i t i v e )  r a t i o n a l  p r im e  = 1 (mod 4 ) ,  and l e t  q d e n o te  a 

( p o s i t i v e )  r a t i o n a l  p r im e  = -  1 (mod 4 ) .

( I )  (p- ,/P2 ) = (P2/ p 2 )

( I I )  (p/q) = (q/p)
(III) (qx/q2) = -

Q (j \e ,V n )

Q ( f . e)  Q(e,Vii) Q ( e , / - 3 n )

Q ( e )

Q
F ig u r e  4 . 1 .

o f  Q.
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(IV) ( - 1 / p )  = ( - D ^ ^ P - 1 )

( - l / q )  = ( - l ) ^ " 1 )

(V) (2 /p )  = ( - l ) (p _ 1 ) / 8

(2/ q )  = ( - l ) ^ 2 - 1 ) / 8

F a c t  4 . 1 3 . I f  (MN/p) = -  1 and (MN, p) = 1 t h e n  e i t h e r

(M/p) = -  1 or  (N/p) = -  1.

F a c t  4 . 1 4 . A l l  t h e  p u re  c u b ic  f i e l d s ,  c o n s i d e r e d  i n  t h i s  

c h a p t e r ,  have t h e  c l a s s  number e i t h e r  2 or  4 ( n o n - c y c l i c

c a s e ) ,  i . e . ,  m = 1 1 , 1 5 , 47,  8 3 , 89 and 1 1 3 .

P r o p o s i t i o n  4 . 1 . L e t  (i = A + 4B© be an  a l g e b r a i c  i n t e g e r
p

o f  = Q(9) w i th  t h e  norm N(n) = q (q r a t i o n a l  p r im e ) .  

I f  ( I )  A < 2m and 4B <  m; m ^  + 1 (mod 9)

( I I )  9A< 2m and 9 ' 4 B <  m; m = + 1 (mod 9)

t h e n  (i i s  a  n o n - s q u a r e  a l g e b r a i c  i n t e g e r  i n  Ky
p

( i . e . ,  (i /  13 f o r  any (3 i n  K^).

P r o o f : ( I )  I f  |i = B2 and m = + 1 (mod 9) t h e n  by

F a c t  4 . 2 .  and D e f i n i t i o n  4.5* We s e t  B  = a  + b© + c©2 .

Then

(1) A = a 2 + 2mbc

(2) 4B = me2 + 2ab

(3 ) 0 = b2 + 2ac

I t  i s  s o l v a b l e  f o r  a ,  b and c i n  Z. By o b s e r v i n g  t h e

t h i r d  e q u a t i o n ,  we o b t a i n  ac  <  0. Thus, we sh o u ld

c o n s i d e r  two c a s e s  o n ly .
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Case ( i )  i f  b c > 0 , t h e n  a p p l y i n g  i n t o  t h e  f i r s t  e q u a t i o n ,
2

we have a  + 2mbc>2mbc >2m >A, which c o n t r a d i c t s

t h e  s o l v a b i l i t y  o f  our  a s su m p t io n .

Case ( i i )  i f  a b > 0 ,  t h e n  a p p l y i n g  i n t o  t h e  second e q u a t i o n ,
2 2we have me + 2ab >mc > m > 4 B ,  which c o n t r a d i c t s

t h e  s o l v a b i l i t y  o f  our a s su m p t io n .
2

( I I )  S i m i l a r l y ,  we have (j. /  (3 f o r  m =. + 1 (mod 9) s i n c e  

t h e n  a ,  b and c a r e  r e p l a c e d  by a * / 3 » b* / 3  and

c*/3» r e s p e c t i v e l y .  These com ple te  t h e  p r o o f .  (See 

Table  4 . 1 .  on page 6 8 ).  / /

F a c t  4 . 1 6 . ( H i l b e r t )  I f  k i s  a  f i e l d ,  and ((i) - 9 ^  f o r
p

&l an  i d e a l ,  p = a  (mod 4 ) ,  where N(a) i s  odd and Vm"

i s  n o t  i n  k, t h e n  k(VM-) i s  an u n r a m i f i e d - e x t e n s i o n  

f i e l d  over  k.

F a c t  4 . 1 6 .  ( H i l b e r t )  The s t a t e m e n t  i n  F a c t  4.15* h o l d s  i f

and o n ly  i f  k h a s  even  c l a s s  number. A b a s i c  p r o p o s i t i o n

o f  c l a s s  f i e l d  t h e o r y  i s  t h a t  i f  K/k i s  an u n r a m i f i e d

e x t e n s i o n ,  a  pr ime i d e a l  J) i n  k s p l i t s  c o m p le t e ly  i n t o

n = [K s k]  i d e a l  f a c t o r s  i n  K i f  and o n ly  i f  'p i s  

p r i n c i p a l .  This  i s  i n  e v id e n c e  from norm r e p r e s e n t a t i o n s .

(1 ) Jj) i s  of d e g re e  1 i n  k ( sa y  = [ p ,  © + d ] , d i n

Z and © i n  k) i s  p r i n c i p a l  i f  and o n ly  i f

^3 = (y# ) where  NCy# ) = P ( r a t i o n a l ) .

(2 ) dr- i s  o f  d e g re e  2 i n  k ( s a y  'T' = [ r ,  ©2 + d1 © + dg ]

and d2 i n  Z, © i n  k ) ,  o r  i s  p r i n c i p a l  i f



Table  4 . 1 . 3 _
Q( Q) = Q( Vm)• V e r i f i c a t i o n  o f  P r o p o s i t i o n  4 . 1 .

m h A B 9 A <  2m and 4B < m 9A<2m and 9*4B<m Type

11 2 9 - 1 5 9 - 4 6 9 < 2 - l l ; - 4  < 1 1 I

15 2 1 1 31 1 + 46 K 2 - 1 5 ; 4 < 1 5 I

47 2 17 1 89 17 + 46 1 7 < 2 - 4 7 ; 4 < 4 7 I

83 2 -47 3 199 -47 + 126 - 4 7 <  2 * 8 3 ; 12  < 8 3 I

89 2 17 1 103 17 + 46 9* 1 7 < 2 * 89; 9*4 <89 I I

113 4 -7 1 83 -7 + 46 -7 <2* 113; 4 < 1 1 3 I

Type I s  m ^  + 1 (mod 9 ) .

Type I I : m = + 1 (mod 9)»

A <  2m and 4B <  m. 

9A<2m and 9*4B<m.
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and o n ly  i f  f = f&*) where N(6 *) = r 2 ( r a t i o n a l ) .

F a c t  4 . 1 7 .  S ince  we have N(|i) = A3 + 6^B3m = q 2 and

N(m-) = q 2 = A3 ~ 1 (mod 8 ),  t h e n  A 5  1 (mod 8 ) so t h a t

F a c t  ^ . 1 5 . a p p l i e s ,  p r o v i d e d  t h a t  i t  can  be shown t h a t  
2

(|1 ) = oj f o r  some i d e a l  °f .

Two c a s e s  a r e  u sed  a s  f o l lo w in g s

(1)  I f  q = r  = 5 (mod 6) o n ly  one i d e a l  h a s
p

norm r  so t h a t  (11) =  Of

(2) I f  q = p = 1 (mod 6) t h r e e  d i s t i n c t  i d e a l s

^pl» ^>2 and 1P 3 have norm p so we e x c lu d e  t h e
2p o s s i b i l i t y  n = ^ ^ > 2  ( i n s t e a d  o f  y >1 ) ,  b ecause  

p/ | i  i s  n o t  an a l g e b r a i c  i n t e g e r  i n  Q(9) .

( V e r i f i e d  by u se  o f  m u l t i p l y i n g  t h e i r  c o n j u g a t e s  

f o r  r a t i o n a l i z i n g  t h e  d e n o m in a to r ) .

Remark ^ . 1 . Fo r  t h e  t im e  b e in g ,  we d e f i n e  t h e  f o l lo w in g s  

k 3 = Q(9)

= Q(9,7(1) w i th  t h e  d e f i n i n g  p o ly n o m ia l  F^

= Q(9,7~3i~) w i th  t h e  d e f i n i n g  p o ly n o m ia l  F^ 

k |  = 0 (9 , /*  ) = Q(9 , 7 - 3 )  w i th  t h e  d e f i n i n g  p o ly n o m ia l

where t h e  d e f i n i n g  p o ly n o m ia l  f o r  (= x) o r  0/  (= x) i s

(1) F^ (x )  = (x2 -  A) 3 -  64B3m ( f o r  7 n )

(2) Fg (x )  = (x2 + 3A) 3 -  6 M - 3 B ) 3m ( f o r  7 ^ 1 )

(3) f | ( x ) = (x3 -  9a2x -  b3m) 2 + 27&2 (x2 -  a 2 ) 2
a  . 11 A  a  A

f o r  or = a - 7 - 3  + b*9, a ,  and b a r e  m  Z.
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We t a k e  t h i s  d e f i n i n g  p o ly n o m ia l  modulo p or  r  so t h a t

(1 ) ^ ( x )  = 0 (mod p or  r )

(2) F ^ (x )  = 0 (mod p or r )

(3 ) F^ (x )  = 0 (mod p or  r )

Moreover, a l l  t h e  q u a d r a t i c  e x t e n s i o n  f i e l d s  i n  t h i s  s e c t i o n  

a r e  u n r a m i f i e d .  ( i . e .  t h e  c l a s s  number o f  i s  e i t h e r  2

or  U ( n o n - c y c l i c  c a s e ) .  Then (Vi~) i s  t h e  c l a s s

f i e l d  a s  w e l l  a s  k£  = K j (V-3p ) . where p i s  i n  , s i n c e

- 3 = 1  (mod *0. See F a c t  ^ . 1 5 .

P r o p o s i t i o n  k . Z . (~ 3 /p )  = 1 when p i s  pr ime and

p = 1 (mod 6 ).

P r o o f : W ithou t  l o s s  o f  g e n e r a l i t y ,  we assume t h a t  p = 1 or

7 (mod 1 2 ).

Case ( i )  p = 1 (mod 1 2 ) ,  t h e n  p = 1 2 t  + 1 and t  i n  Z.

( - 3/ p )  = ( - 3/ l 2 t  + 1 ) -  ( - l / l 2 t  + 1 ) ( 3/ I 2 t  + 1 )

= ( 1 2 t  + 1 / 3 )  = (1 /3 )  = 1.

Case ( i i )  p = 7 (mod 1 2 ) ,  t h e n  p = 1 2 t  + 7 and t  i n  Z.

( - 3 / p )  = ( - l / p ) ( 3 / p )  = ( - l / l 2 t  + 7 ) ( 3/ l 2 t  + 7)

= ( -  1 ) ( -  1 ) (1 2 t  + 7 /3 )  = ( 7 /3 )  = (1 /3 )  = 1. / /

P r o p o s i t i o n  4 . 3 . ( - 3 / p )  = -  1 when p i s  p r im e  and

p = 5 (mod 6 ) .

P r o o f : W ithou t  l o s s  o f  g e n e r a l i t y ,  we a l s o  assume t h a t

p = 5 ° r  11  (mod 1 2 ) .

Case ( i )  P = 5 (mod 1 2 ) ,  t h e n  p = 1 2 t*  +- 5 and t *  i n  Z.

( - 3 / p )  = ( - 1 / p ) ( 3 / p )  = ( - 1/ I 2 t *  + 5 ) ( 3 / l 2 t *  + 5)



-  71 -

= ( l ) ( l 2 t *  + 5/ 3 ) = (2/ 3 ) = -  1 .

Case ( i i )  p 5  11 (mod 12 ) ,  t h e n  p = 1 2 t*  + 11 and 

t *  i n  Z. ( - 3 / p )  = ( - l / p ) ( 3 / p )

= ( - l / l 2 t *  + I l ) ( 3/ I 2 t *  + 1 1 )

= ( -  1 ) ( -  l ) ( 1 2 t *  + 1 1 /3 )  = ( 2 /3 )  = -  1. / /

F a c t  ^ . 1 8 . (Dedekind)  L e t  F (x )  = 0  be a  d e f i n i n g  monic 

e q u a t i o n  f o r  Q(G) o f  d e g re e  n w i th  t h e  e x c e p t i o n  o f  

p r im e s  d i v i d e s  t h e  r o o t  d i s c r i m i n a n t  ^  o f  F ( x ) ,  where 

.A. = TT (0. -  G. ) 2 a s  u s u a l .
i / j  1 J

I f  F (x )  5  TT - P ^ x )  (mod p)  and -P^(x)  i s  o f  d e g re e  f ^  

t h e n  p = TT , where = [ p ,  P ^ ( G ) ]  o f  d e g re e  f ^
f .

N( P ^ )  = p 1 and £ f \  = n.

P r o p o s i t i o n  L e t  r  be a  r a t i o n a l  pr ime and

r  = 5 (mod 6 ) .  I f  N(a + b6 + c 62 ) = r  i s  s o l v a b l e  f o r

a ,  b and c i n  Z, t h e n  f o r  t h e  f i e l d  K^, t h e  d e f i n i n g

p o ly n o m ia l  F ^ (x )  = 0 (mod r )  i s  s o l v a b l e  i n  Z.

F u r t h e r m o r e ,

r  = [ r ,  d l x -  > J [ r ,  dn  + V p J [ r , | i  -  -  \ g ]

[ r ,  n + X^fe -  \ 2 ] 

where Fg (x )  = (x -  d ^ H x  + d i;L) ( x 2 -  X^x -  X2 )

(x2 + \ ^ x  -- Xg) » 0 (mod r )

p

P r o o f : L e t  N(a + bG + cG ) = r  = s o l v a b l e  f o r

a ,  b and c i n  Z. By F a c t  ^-.16. p r i n c i p a l

s p l i t s  tt 5  p (mod i s  s o l v a b l e  f o r  tt i n  K^.
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2Then t h e r e  e x i s t s  a  rr such t h a t  tt S  |i (mod Tr*̂ ) i s

s o l v a b l e  i n  Ky

^  tt2 s  A + 4B9 (mod "r^)  i s  s o l v a b l e  i n  Kj .

Since  we have  T = tt (mod "r^)  f o r  some T i n  Z.

T2 s  A + 4B9 (mod t:-^) i s  s o l v a b l e  f o r  T i n  Z.

T2 -  A -  4B9 = 'r'^ i s  s o l v a b l e  f o r  T i n  Z 

f o r  some ^  i n  K^.

We t a k e  t h e  norm on bo th  s i d e s ,  by F a c t  4 . 9 . .  we have 

(T2 -  A) 3 -  64B393 = -sl  *®1 's'i

(T2 -  A) 3 -  64B3m = r ^ s 1 i s  s o l v a b l e  f o r  T i n  Z

and N( = s^ ,  where i  i n  Z+ , s i n  Z.

(T2 -  A) 3 -  64B3m 5  0 (mod r )  i s  s o l v a b l e  i n  Z.

By F a c t  4 - 8 - 1 ,  w3 = m (mod r )  i s  s o l v a b l e  f o r  w i n  Z.

Then t h e r e  i s  a  u n iq u e  s o l u t i o n  d i n  Z such  t h a t

(w -  d ) (w 2 + dw + d2 ) = 0 (mod r ) .

{ (T 2 -  A) -  4Bd}■{(T2 -  A)2 + 4Bd( T2 -  A) + l 6B2d 2}

s  0 (mod r )  i s  s o l v a b l e  f o r  T i n  Z.

=# (T2 -  A -  4Bd)(TZj' -  (2A -  4Bd) T2 + A2 -  4ABd

+ l 6 B2d2 ) = 0 (mod r )  i s  s o l v a b l e  f o r  T i n  Z.

S ince  N(A + 4Bd) s  A3 + 64B3m -  q 2 2  (A3 + 64B3d3 ) (mod r ) .

This  i m p l i e s  (A + 4Bd)(A2 -  4ABd + l 6 B2d 2 ) = q 2 (mod r ) .

i . e . ,  (A + 4 B d / r ) ( A 2 -  4ABd + l 6 B2d 2/ r )  = (q2/ r )  = 1.

Then we have t o  c o n s i d e r  two c a s e s  f o r  t h e  above e q u a t io n s

( i )  (A + 4 B d / r )  = -  1 and (A2-  4ABd + l 6 B2d2/ r )  = - 1 .

( i i )  (A + 4 B d / r )  = 1 and (A2 -  4ABd + l 6B2 d2/ r )  = 1.
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L e t  u s  go back t h e  s o l v a b i l i t y  o f  t h e  above e q u a t i o n .

( i )  I f  (T^ -  2 (A -  2Bd)T2 + A2 -  4ABd + l 6 B2d2 ) s  0 (mod r )  

i s  s o l v a b l e  f o r  T i n  Z. T h is  i m p l i e s  t h a t  t h e  

d i s c r i m i n a n t  o f  t h e  q u a d r a t i c  e q u a t i o n  i s  t o  be p e r f e c t  

s q u a r e .  ((A -  2Bd ) 2 -  (A2 -  ^ABd + l 6 B2 d2 ) / r )  = 1

=#► ( -  12B2d 2/ r )  = 1  ( -  j / r )  = 1 which i s

i m p o s s i b l e .

( i i )  I f  (T2 -  A -  4Bd) = 0 (mod r )  i s  s o l v a b l e  f o r  T i n  

Z, t h e n  t h e r e  e x i s t s  a  d ^  such t h a t  d ^  =  A + -̂Bd 

(mod r ) .  T h is  i m p l i e s  (T -  d1 1 ) (T  + dn )  = 0

(mod r ) .  S ince  (A + ^ B d /r )  = 1, t h e n

(A2 -  4ABd + l 6 B2d2/ r )  = 1, and t h e r e  e x i s t s  a X2

i n  Z such t h a t  X2 = A2 -  4-ABd + l 6 B2d2 (mod r )

Soi (T2 -  X2 ) 2 -  (2A -  4Bd -  2X2 )T2 = 0 (mod r )  or

(T2 + X2 ) 2 -  (2A -  kBd + 2X2 )T2 = 0 (mod r )  i s

s o l v a b l e  f o r  T i n  Z. C ons ide r  

(2A -  4Bd -  2X2/ r ) ( 2 A  -  4Bd + 2X2/ r )

= ( (2A -  -̂Bd -  2X2 )(2A -  4Bd + 2X2 ) / r )

= ( (2A -  ^Bd )2 -  ij-X2 / r )

= (4A2 -  l 6ABd + l 6 B2d2 -  4A2 + l 6 ABd -  6 ^B2d2/ r )

= ( -  ^ 8B2d 2/ r )  = ( -  3 / r )  = -  1.
p

T h is  i m p l i e s  e i t h e r  w* = 2A -  4Bd -  2X2 (mod r )  or  

w* 2 = 2A -  -̂Bd + 2X2 (mod r )  i s  s o l v a b l e  f o r  w*2 

i n  Z. (Say) The f i r s t  one i s  s o l v a b l e  f o r  w*

i n  Z and suppose  t h a t  Xj s  2A -  -̂Bd -  2X2 (mod r )
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be s o l v a b l e  f o r  i n  Z. Then we have

(T2 -  X- T̂ -  Xg)(T2 + X^T -  X^) 2  0 (mod r )  i s  s o l v a b l e

f o r  T i n  Z. F u r th e r m o r e ,  (T2 -  X^T -  Xg) and 
2(T + X^T -  X2 ) a r e  i r r e d u c i b l e  ove r  Z b eca u se  th e  

d i s c r i m i n a n t  o f  t h e  q u a d r a t i c  e q u a t i o n  i s  n o t  p e r f e c t  

s q u a r e .

i . e . ,  (X2 + 4X g/r )  = (2A -  4Bd -  2Xg + 4x2/ r )

(2A -  4Bd + 2X2/ r )  = -  1.

Then we have (T -  d1 1 )(T  + d i:L) ( T 2 + X-^T -  X2 )

(T2 -  X^T -  X2 ) S  0 (mod r )  i s  s o l v a b l e

f o r  T i n  Z.

By F a c t  4 . 1 8 . ,  we a l s o  have

r  = [ r , d 12 -  V ( r ] [ r , d i;L + V jT ] [ r ,n  -  X ^ j I  -  Xg]

[ r , n  + XxVq -  X2 ]

T h is  p r o v e s  t h e  p r o p o s i t i o n  4 . 4 .  / /

P r o p o s i t i o n  4 . 5 .  L e t  r  be a r a t i o n a l  p r im e  and 

r  = 5 (mod 6 ) .  I f  f o r  t h e  f i e l d  K^, t h e  d e f i n i n g  

p o ly n o m ia l  Fg (x )  = 0 (mod r )  i s  s o l v a b l e  f o r  x 

i n  Z, t h e n  N(a + be + cO2 ) = r  i s  s o l v a b l e  f o r  

a ,  b and c i n  Z.

P r o o f :  S in c e  FgCx) S- 0 (mod r )  i s  s o l v a b l e  f o r  x

i n  Z, t h e n  t h e r e  e x i s t s  a  g i n  Z such  t h a t  

Fg (g )  2  0 (mod r )*

(x -  g )E ^(x )  = 0 (mod r )  i s  s o l v a b l e  f o r  x 

i n  Z and f o r  some p o ly n o m ia l  E*. o f  d e g re e  5*
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^  (X -  g)E^(X) s  0 (mod t^ )  where NCtt^ )  = r  i s

s o l v a b l e  f o r  X i n  K^.

=£> X = g (mod ~r'j) i s  s o l v a b l e  f o r  X i n  K y

X2 s  g2 (mod ~r^) i s  s o l v a b l e  f o r  X i n  YLy 

S ince  Vjl = X s a t i s f i e s  F^(X) 5  0 (mod t ^ )

ji 5  g (mod *r^) i s  s o l v a b l e  f o r  p i n  K y

4 -  g2

'T'̂  s p l i t s  i n  K j (Vp)/K^ .

(By H i l b e r t )  " r^  = p r i n c i p a l  i d e a l

r  = N(6 *) i s  s o l v a b l e  f o r  a ,  b and c i n  Z,
2

where 6 * = a + bQ + cQ .

The p r o o f  i s  co m p le ted .  / /

I f  we combine t h e s e  two p r o p o s i t i o n s  and a p p ly  i n
p

t h e  second c a se  o f  r  (= 5 (mod 6 ))  and N(6 *) = r

(n o t  r ) ,  t h e n  we a l s o  o b t a i n  t h e  f o l l o w i n g  c o r o l l a r y .

C o r o l l a r y  4 . 6 . L e t  r  be a  r a t i o n a l  p r im e  and r  = 5 

(mod 6 ) i N(a + b© + c©2 ) = r 2 i s  s o l v a b l e  f o r  a ,  b and 

c i n  Z i f  and o n ly  i f  f o r  t h e  f i e l d  K^, t h e  d e f i n i n g  

p o ly n o m ia l  F ^ (x )  = 0 (mod r )  i s  u n s o l v a b l e  f o r  x i n  Z. 

( i . e . ,  t h e r e  i s  no l i n e a r  f a c t o r s  f o r  F ^ ( x ) ) .

To se e  F ^ (x )  f a c t o r s  o n ly  a s  ( q u a d r a t i c ) • (4 th
p  u

d e g re e  p o l y n o m i a l ) ,  which i s  (x + • • • ) (x + ••■)

u se  t h e  f a c t  t h a t  r  = so i s  p r i n c i p a l  o n ly

when i s  p r i n c i p a l .  T h e r e f o r e ,  t h e  b i q u a d r a t i c  f a c t o r
s p l i t s  o n ly  when t h e  q u a d r a t i c  f a c t o r  s p l i t s .
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T his  i s  i l l u s t r a t e d  i n  Example 4 . 1 .

Example 4 . 1 .  P: P r i n c i p a l  i d e a l  o f

NPs N o n - P r i n c i p a l  i d e a l  o f

m r F^(x)  f o r  (j. i d e a l s  o f  K„

11 9-^9
29

(x - 6 ) (x2+ 1 2 x + 4) 
(x + 6 ) (x2 -  12x + 4)

(6+20+02 ) P

17 (x2+ 5 ) ( x 4 +  2 x 2 +  1 2 ) [17.H+5] NP

15 1+49
23 (x -  4 ) (x2+ 3x + 2 ) 

(x + 4 ) (x2-  3x + 2 )
(2 + 0 ) P

11 (x2+ 1 ) (x^ + 7x2 + 7) [ l l . H + l ] NP

47 17+40
17 (x -  4 ) (x2+ 4x + 1 ) 

(x + 4 ) (x2 -  4x + 1 )
(4 -  0 ) P

23 (x2+ 2 ) (x^+ 1 6 x 2 +  7 ) [23 » M - + 2 ] NP

83 -47+120
281

(x -  1 5 ) (x2+ 91x -  32) 
(x + 1 5 ) (x2-  91x -  3 2 )

(2O+40+02 ) P

41 ( x 2 -  6 ) ( x ^ +  2 4 x 2+ 6 ) [ 4 1 , p - 6 ] NP

89 17+40
17 (x  -  1 ) ( x 2 -  x  + 1 ) 

(x  + 1 ) ( x 2+ X  + 1)
( -  9 + 2 0 ) P

5 (x2 -  3 ) ( x /+-  3 x 2 +  3) [ 5»M- —3] NP

113 -7+40
887 ( x - 3 3 7 ) ( x 2+ 5 1 9 x + 3 2 7 )

( x + 3 3 7 ) ( x 2 - 5 1 9 x + 3 2 7 )
(1 0  -  0 ) P

41 (x2-  3 ) { x \  4x2-  3) [4 1 ,  (i- 3 ] NP

Now we l i k e  t o  c o n s i d e r  t h e  f a c t o r i z a t i o n  and t h e  normed 

s o l v a b i l i t y  i n  t h e  f i e l d  = Q( 9,  V“3 | i ) •
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P r o p o s i t i o n  4 . 7 .  L e t  r  be a  r a t i o n a l  p r im e  a s  u s u a l  and

r  2  5 (mod 6 ).  I f  N(a + b9 + c9^)  = r  i s  s o l v a b l e  f o r  a

b and c i n  Z, t h e n  f o r  t h e  f i e l d  K^, t h e  d e f i n i n g

p o ly n o m ia l  F ^ (x )  = 0 (mod r )  i s  u n s o l v a b l e  f o r  x i n  Z.

( i . e . ,  t h e r e  i s  no l i n e a r  f a c t o r s  f o r  F ^ ( x ) ) .

P r o o f i By u se  o f  P r o p o s i t i o n  4.3* and P r o p o s i t i o n  4 . 4 . ,  

t h e n  we have (~3p / r )  = ( p / r ) ( - 3/ r )  = ( p / r ) ( -  1 ) = -  ( p / r ) .  

T h e r e f o r e  we can  u s e  t h e  same argum ent  a s  i n  t h e  p r o o f  o f  

P r o p o s i t i o n  4 . 4 . .  / /

P r o p o s i t i o n  4 . 8 .  L e t  r  be a  r a t i o n a l  p r im e  a s  u s u a l  and

r  = 5 (mod 6 ) .  I f  N(a + b9 + c9^) = r ^  i s  s o l v a b l e
4f.

f o r  a ,  b and c i n  Z, t h e n  f o r  t h e  f i e l d  t h e

d e f i n i n g  p o ly n o m ia l  F ^ (x )  = 0 (mod r )  i s  s o l v a b l e  f o r  

x i n  Z .

P r o o f : By u se  o f  P r o p o s i t i o n  4 .3 -  and P r o p o s i t i o n  4 .5 * ,  t h e n

we have { - % / ? )  -  -  ( p / r ) .  T h e r e f o r e ,  we can  a p p ly  t h e

same argum ent  a s  i n  t h e  p r o o f  o f  P r o p o s i t i o n  4.5»* / /

Now we combine t h e s e  two p r o p o s i t i o n s ,  we o b t a i n  t h e

f o l l o w i n g  c o r o l l a r y .

C o r o l l a r y  4 . 9 .  L e t  r  be a  r a t i o n a l  pr ime and r  = 5 

(mod 6 ) .  I f  N(a + b9 + c9^) = r  i s  s o l v a b l e  f o r  a ,  b 

and c i n  Z, t h e n  f o r  t h e  f i e l d  K^» t h e  d e f i n i n g

p o ly n o m ia l  F ^ (x )  = 0 (mod r )  i s  u n s o l v a b l e  f o r  x i n  Z.

( i . e . ,  t h e r e  i s  no l i n e a r  f a c t o r s  f o r  F ^ ( x ) ) .
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Remark 4 . 2 .  There i s  no f u r t h e r  f a c t o r i z a t i o n  and no 

f u r t h e r  s o l v a b i l i t y  f o r  t h e  e x t e n s i o n  f i e l d  over  t h e

f i e l d  b e ca u se  o f  t h e  n o n - r e s i d u e  c h a r a c t e r  o f  r ,

i . e . ,  ( - 3 / r )  = -  1, where r  = 5  (mod 6 ) .

E x a m p le s . 4 . 2 .

(1)  P r i n c i p a l  i d e a l s  o f  i n  t h e  f i e l d  K^.

m - 3 m r F ^ (x )  f o r  -3 m P r i n c . o f

11 -27+120 29 (x2 -  8 ) (x2 -  l 4 x  + 12) 
(x2+ l 4 x  + 12)

(6 + 20 + 02 )

15 -3 -1 2 0 23 (x2+ 8 ) (x2-  2x -  6) 
(x2+ 2x -  6)

(2 + 0)

47 - 5 1 -1 2 0 17
(x2+ 5 ) ( x 2 +  6 x  + 12) 

(x2 -  6x + 12)
(4 -  0)

83 141-360 281
(x2 -  1 6 8 ) (x2+ 2x -  9 6 ) 

(x2 -  2x -  96) (20 + 40 + 02 )

89 - 5 1 -1 2 0 17 (x2 + 3 ) (x2 -  3x + 3) 
(x2+ 3x + 3)

( -  9 + 20)

113 21-120 887 ( x 2 - 7 8 8 ) ( x 2 - 3 7 5 x + 5 7 0 )
( x 2+ 3 7 5 x + 5 7 0 )

(10 -  0)

(2) N o n - P r i n c i p a l  i d e a l s  o f  i n  t h e  f i e l d

m - 3 m r f £ ( x )  f o r  - 3m i d e a l s  o f

11 - 27+120 17 ( x + 7 ) ( x - 7 ) ( x 4 - 6 x 2+6) [  17 . -3M + 2  ]

15 - 3 -1 2 0 11 ( x - 5 ) ( x + 5 ) ( x ^ + 1 2 x 2+63) [  1 1 , - 3 m- 3 ]

^7 - 5 1 -1 2 0 23 ( x - 1 1 ) ( x + 1 1 ) ( x 4 - 2 x 2 + 1 7 ) [  2 3 , -3m -6  ]
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83 1 4 1 - 3 6 9 41 ( x - 8 ) ( x + 8 ) ( x^ - 3 1 x2+13) [ 4 1 , - 3 p - 2 3 ]

89 - 5 1 - 1 2 9 5 ( x - 1 ) ( x + 1 ) ( x^ - x 2+2) i—
i 

Vn I T= 1 H l_1

113 2 1 - 1 2 9 41 ( x - 2 0 ) ( x + 2 0 ) ( x ^ + 1 0 x 2 + 3 ) [ 4 1 ,  - 3 (i+lo]

Now we t u r n  t o  t h e  p r im e s  which a r e  c o n g ru e n t  t o  1

modulo 6, t h e  r e m a in in g  r a t i o n a l  p r im e s ,  P = 1 (mod 6 ) .

To s t a r t  w i t h ,  we have t o  c o n s i d e r  t h e  f a c t o r i z a t i o n  i n

t h e  e x t e n s i o n  f i e l d s  over  t h e  f i e l d s  K y  t h e n
#

and ove r  .

P r o p o s i t i o n  4 . 1 0 . L e t  p be a r a t i o n a l  pr ime and 

p = 1 (mod 6 ) .  I f  N(a + b0 + c02 ) = p i s  s o l v a b l e  f o r  a, 

b and c i n  Z, t h e n  f o r  th e  f i e l d  K^, t h e  d e f i n i n g  

p o ly n o m ia l  F^ (x )  = 0 (mod p) i s  s o l v a b l e  f o r  x i n  Z. 

M oreover ,

p = ( e i t h e r )  [ p . d ^ - T i T J E p . d ^ W p J C p ^ - d g X p . p - d ^ ]  ( I )

( o r )  [p ,3* -7 ( I J [p ,p2"V ^JC P »p3- V^JCP*P4_V^]

[p ,p * -7 [T ] [p ,3 ^ -7 i I ]  ( I I )

where Fg(x)  = ( e i t h e r )  (x -d 1 1 ) ( x + d ^ )  (x2 - d g ) (x2 - d ^ ) ( I )

= (o r )  ( x - 3 j ) ( x - p j ) ( x - p * ) ( x - p j ) ( x - p * ) ( x - p j ) ( l l )  

(mod p) and dy  d y  p* i n  Z.

p
P r o o f : L e t  N(a + b9 + c9 ) = p = ^  ^  s o l v a b l e

f o r  a ,  b and c i n  Z. By F a c t  4 . 1 6 .  p r i n c i p a l

s p l i t s  ^  tt2 = (i (mod i s  s o l v a b l e  f o r  tr

i n  K^. Then t h e r e  e x i s t s  a  n such  t h a t  rr 5  |i (mod
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i s  s o l v a b l e  f o r  tt i n  K y  
2

=̂ > tt = A + ^B9 (mod ) i s  s o l v a b l e  f o r  tr i n  K y

S in ce  we have T = rr (mod f o r  some T i n  Z.

T2 = tt2 = A + 4B0 (mod i s  s o l v a b l e  f o r  T

i n  and i n  Z.

=# (T2 -  A -  4-B0) = i s  s o l v a b l e  f o r  T i n  Z
*

where nS--̂  i n  K y  

Take t h e  norm on b o th  s i d e s ,  we have

(T2 -  A)3 -  64B303 = s j "

=%► (T2 -  A)3 -  64B3m = p*s-^3 i s s o l v a b l e  f o r  T

i n  Z and N(-s-*) = s * i  where i  i n  Z+ , s* i n  Z.

(T2 -  A)3 = 64B3m (mod p) i s  s o l v a b l e  f o r  T

i n  Z .

By F a c t  **-8-2, w3 = m (mod p) i s  s o l v a b l e  f o r  w i n  Z,

and t h e r e  e x i s t  t h r e e  d i s t i n c t  r o o t s  d,  d ' , d" i n  Z.

such  t h a t  (w -  d ) (w  -  d ' ) (w -  d " ) = 0  (mod p ) .

=#> ( (T2 -  A) -  **Bd)((T2-  A) -  **Bd' ) ( ( T2 -  A) -  **Bd" ) =■ 0

(mod p) i s  s o l v a b l e  f o r  T i n  Z.

S ince  N(A + *+Bd) = N(A + **Bd') = N(A + **Bd") = A3 + 6**B3m
2

= q (mod p ) .  T h is  i m p l i e s

(A + **Bd)(A + **Bd')(A + **Bd") = q 2 (mod p)

That i s ,  (A3 + 6**B3m/p) = (q2/ p )  = 1

= (A + 4Bd/p)(A  + 4Bd*/p)(A  + **Bd"/p)-

Then we must c o n s i d e r  two c a s e s  f o r  t h e  above e q u a t i o n .

( i )  (A + **Bd/p) = 1 ( sa y )  and

(A + **Bd'/p) = (A + **Bd"/p) = -  1.
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( i i )  (A + t o d / p )  = (A + 4 B d ' / p )  = (A + 4Bd"/p)  = 1

L e t  us  go back t h e  s o l v a b i l i t y  o f  t h e  above co n g ru e n ce .

( i )  I f  (A + 4Bd/p)  = 1 ( s a y ) ,  t h e n  t h e r e  e x i s t s  a  d ^  

i n  Z such t h a t  d^^ = A + 4Bd (mod p ) .  The o t h e r  two

a l g e b r a i c  i n t e g e r s  a r e  u n s o l v a b l e  f o r  T i n  Z.

T h is  f o l l o w s  im m e d ia te ly :

F6 (T) = (T -  dl x ) (T  + d x l ) (T 2 -  d2 ) (T 2 -  d3 ) = 0 (mod p) 

where d2 = A + 4Bd' (mod p) and d^ = A + 4Bd" (mod p ) .

( i i )  I f  (A + 4Bd/p) = (A + 4 B d ' / p )  = (A + 4Bd"/p)  -  1, 

t h e n  t h e r e  e x i s t  p*,  • •■ ,  p* and pg i n  Z such t h a t

P J2 = P^2 = A + 4Bd (mod p ) ;  P£ = - P* (mod p)

p*2 = P£2 = A + 4Bd« (mod p ) ;  p* = -  p£ (mod p)

P*2 = Pg2 = A + 4Bd" (mod p ) ;  P |  = -  Pg (mod p ) .

T h is  f o l l o w s  a t  once:

F6 (T) 5 (T -  p * ) (T  - P* )(T  -  P* ) (T  -  P$ )(T  -  P | ) ( T  -  pg)

(mod p)

By F a c t  4 . 1 8 . ,  we have

P -  [p.V(T -  d i:L][p ,V H  + d i:L] [ p , n  -  d2] [ p , ( i  -  d^]  ( I )

o r  p = [p,ViT -  3 j ] [ p ,  Vm~ -  P j ] [ p .  VtT -  3 | ] [ p .  Vp -  3g]

[p.TiT -  3 | ] [ p .7 iT  -  pg] ( i i )

The p r o o f  i s  c o m p le ted .  / /

P r o p o s i t i o n  4 .1 1 .  L e t  p be a  r a t i o n a l  p r im e  and 

p s  1 (mod 6 ) .  I f  f o r  th e  f i e l d  K^, t h e  d e f i n i n g  

p o ly n o m ia l  F ^ (x )  5  0 (mod p) i s  s o l v a b l e  f o r  x i n  Z,
p

t h e n  N(a + b© + c© ) = p i s  s o l v a b l e  f o r  a ,  b and c i n  Z.
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Pro o fs  S ince  F ^ ( x ) s  0 (mod p)  i s  s o l v a b l e  f o r  x i n  Z.

t h e n  t h e r e  e x i s t s  a  g i n  Z such t h a t  F ^ (g )  5  0 (mod p ) .

(x -  g )E ^(x )  s  0 (mod p) i s  s o l v a b l e  f o r  x i n  Z

f o r  some p o ly n o m ia l  E^ of  d e g re e  5-

(X -  g)E^(X) = 0 (mod where  N ( ^ 1 ) = p,

i s  s o l v a b l e  f o r  X i n  K^.

^  X = g (mod i s  s o l v a b l e  f o r  X i n  K^,

^  X2 = g2 (mod i s  s o l v a b l e  f o r  X i n  YLy

Since  Vp = X s a t i s f i e s  F£(X) -  0 (mod JPp ) >
 p

p = g (mod i s  s o l v a b l e  f o r  p i n  K^.

.jpi | n - 1 2

jp1 s p l i t s  i n  K3 (Vp)/K3 

(By H i l b e r t )  = p r i n c i p a l  i d e a l  

^  P = N(y*) = N(a + bQ + c92 ) i s  s o l v a b l e  f o r  a ,  b 

and c i n  Z.

The p r o o f  i s  co m p le ted .  / /

Example k . 3.

P: P r i n c i p a l  o f  K y  NP: N o n - P r i n c i p a l  o f  K3

i n  t h e  f i e l d  = Q(9, VjT)

m P F g (x )  f o r  p i d e a l s  o f

11 9 - ^ 9 19

(x -  6) 
(x + 6)

(2 + 9) P

(x2 -  2) [ 1 9 , H -  2] NP

(x2 -  8) [ 1 9 , P -  8] NP
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15 1 + 4© 7

(x -  3) 
(x + 3)

( -  2 + ©) P

(x2 -  5)

1—
1 

'■a1:±O-
1_

1 NP

(x2 -  3)

1—
1 1=1 

1_
1 NP

47 17 + 4© 13

(x -  5) 
(x + 5)

(4428 + 12270 
+ 340©2 )

P

(x2 -  11) [ 1 3 ,4  -  1 1 ] NP

(x2 -  2)

1—
1 

CM1n
.

rH1_
1 NP

83 -  4? + 12© 937

(x -  30) 
(x + 30)

(22  + 4© + e2 ) P

(x2 -  3 6 2 ) [ 9 3 7 .4  ~ 3 6 2 ] NP

(x2 -  471) [ 9 3 7 .4  -  471] NP

89 17 + 4© 79

(x -  16) 
(x + 16)

(20 -  ©2 ) P

(x2 -  6 3 ) [ 7 9 ,4  -  6 3 ] NP

(x2 -  48) [ 7 9 . 4  -  ^ 8 ] NP

113 - 7  + 4© 103

(x -  29) 
(x + 2 9 )

(6 -  ©) P

(x2 -  1 0 1 ) [ 1 0 3 ,4  -  1 0 1 ] NP

(x2 -  6 7 )

1—
1 

vO
 I=
i

r'N01—
I

 
1 _1 NP

P r o p o s i t i o n  4 . 1 2 . L e t  p be a  r a t i o n a l  p r im e  and p =• 1

(mod 6 ) .  I f  N(a + b© + c©2 ) = p i s  s o l v a b l e  f o r  a ,  b

and c,  t h e n  f o r  t h e  f i e l d  K^, t h e  d e f i n i n g  p o ly n o m ia l  

F ^ (x )  = 0 (mod p) i s  s o l v a b l e  f o r  x i n  Z.

where F g (x )  = ( e i t h e r )  (x -  d - ^ M x  + d ^ )  (x2-  d 2 ) ( x 2 -  d^)
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( o r )  ( x - 3 £ ) ( x - 3 | ) ( x - p * ) ( x - p j ) ( x - p | ) ( x - p g )  

(mod p ) ,  

and ^ 2 ’ ^ 3 ’ ^ *

P r o o f : S in ce  C-3/p) = 1 f o r  p 5 1 (mod 6 ), t h e n

( - 3 | i / p )  = ( - 3 / p ) ( n / p )  = (n /p )  = (A + 4B©/p).

By t h e  same argument  a s  we d i d  t h e  p r o o f  o f  p r o p o s i t i o n  4 .1 0 .  

T h e r e f o r e ,  we com ple te  t h e  p r o o f .  / /

P r o p o s i t i o n  4 .1 3 .  L e t  p be a r a t i o n a l  p r im e  and p s  l  

(mod 6 ) .  I f  f o r  t h e  f i e l d  K^, t h e  d e f i n i n g  p o ly n o m ia l  

F ^ (x )  = 0 (mod p) i s  s o l v a b l e  f o r  x i n  Z, t h e n  

N(a + b© + cQ ) ~ p i s  s o l v a b l e  f o r  a ,  b and c i n  Z.

P r o o f : C o n s ide r  t h e  same c a s e s  a s  we p rov ed  i n

P r o p o s i t i o n  4 .1 1 .  / /

Remark 4 . 3 .  A f t e r  combining  two p r e v i o u s  p r o p o s i t i o n s ,

we have t h e  f o l l o w i n g  f a c t :

For  t h e  f i e l d  K^, t h e  d e f i n i n g  p o ly n o m ia l  F ^ (x )  5  0 

(mod p) i s  s o l v a b l e  f o r  x i n  Z i f  and o n ly  i f  p  2  1 

(mod 6 ) and N(a + b0 + c02 ) = p i s  s o l v a b l e  f o r  a ,  b 

and c i n  Z.

Remark 4 . 4 .  S ince  (~ 3 /p )  = 1. t h e n  p can  be e x p re s s e d  

a s  t h e  p r o d u c t  o f  6 l i n e a r  f a c t o r s  i n  t h e  f i e l d  when

p s p l i t s  i n  YLy That  i s  t o  s a y ,  i f  N(a + bQ + c©2 ) = p

i s  s o l v a b l e  f o r  a ,  b and c i n  Z i n  t h e  f i e l d  

t h e n  t h e  d e f i n i n g  p o ly n o m ia l  F ^ (x )  = ' f r ' P . y ( x )  (mod p)
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where  p =  1 (mod 6 ) ,  -P. . (x) 5  (x -  a .  .) (mod p)

and a . . i n  Z f o r  i  = l f 2 f 3 and j = 1, 2.

F u r th e rm o re ,  p = *  Z ?  Z ?  y F  yz

= [ p , o /  -  a 11] [ p , a ^  -  a 12] [ p , a ^  -  a 21 ]

[ p , a #  -  a 22 ] [ p , a ^  -  a 31] [ p , a #  -  a ^ ]
U JL

where or i n  K^.

T h is  i s  i l l u s t r a t e d  i n  Example 4 . 5 .

Example 4 . 4 .

Ps P r i n c i p a l  of

NP: N o n - P r i n c i p a l  o f  i n  t h e  f i e l d

m -3 m- P F ^ (x )  f o r  —3m i d e a l s  o f

11 -27 + 120 19

(x -  5 )
(x + 5)

(2 + 0) P

(x2 -  13) [ 1 9 . - 3 4 - 1 3 ] NP

(x2 -  14) [ 1 9 , - 3 4 - 1 4 ] NP

(x -  l ) ( x  + 1) ( - 2 + 0 ) P

15 -  3 -  129 7 ( x 2 -  6) [ 7 . - 3 4  -  6] NP

(x2 -  5) [ 7 , - 3 4  -  5] NP

47 -51  -  120 13

(x -  2) 
(x + 2)

(4428 + 12276 
+ 34O02 ) P

(x2 -  6) [ 1 3 , - 3 4  ~ 6] NP

(x2 -  7) [ 1 3 , - 3 4  " 7] NP

( x - 3 2 7 ) (x+327) (22 +40 + 02 ) P

83 141 -  360 937 (x2 -  461) [ 9 3 7 , - 3 4 - 4 6 1 ] NP

(x2 -  788) [ 9 3 7 , - 3 4 - 7 8 8 ] NP
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89 -51 -  120 79

(x -  38) 
(x + 38)

(20 -  02 ) P

00-3-1
CM

X [ 7 9 , - 3 4  -48] NP

(x2 -  14) [ 7 9 , - 3 4  -14] NP

113 21 -  120 103

(x -  19) 
(x + 19)

(6 -  0) P

(x2 -  6) [ 1 0 3 , - 3 4  -  6] NP

(x2 -  5) [ 1 0 3 , - 3 4  -  5] NP

Example 4. 5.

cP = -  3 (mod p ) ;  Take = 9 + 7 -3  i n
2

e = - 3  (mod p ) ;

m P d e F ^ (x )  f o r  a ^

11 19 5 . 1 6 , 1 7 ±  **■ ( x - 1 ) 2 ( x - 2 ) ( x - 9 ) ( x - 1 2 ) ( x - 1 3 )

15 7 1, 2, 4, ±  2 x ( x - 2 ) ( x - 3 ) ( x - 4 ) ( x - 6 ) 2

47 13 2, 5. 6, ± 6 x ( x - 8 ) ( x - 1 1 ) ( x - 1 2 ) 2 ( x - 1 3 )

83 937
893
824
157

+ 292
(x -  1 7 9 ) (x  -  2 4 8 ) (x -  449) 
(x -  5 3 2 ) (x -  6 0 1 ) (x -  802)

89 79

O
r

l
N

 
-3- 

'■nvo

CM0
^

; 
+•

(x -  8 ) (x -  1 0 ) (x -  19) 
(x -  3 5 ) (x -  7 2 ) (x -  8 3 )

113 103
6

27
70

± i °
(x -  1 6 ) (x -  1 7 ) (x -  37) 
(x -  6 0 ) (x -  8 0 ) (x -  99)

Note :  p i s  an i n e s s e n t i a l  d i v i s o r  o f  t h e  r o o t  d i s c r i m i n a n t .

( I t  can  he a v o ided  by a  d i f f e r e n t  d e f i n i n g  e q u a t i o n ) .  

T h e r e f o r e ,  t h e  f a c t o r s  a r e  i n c l u d e d  i n  t h e  example .
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F i n a l l y ,  we o b t a i n  t h e  c o n c l u s i o n  o f  t h i s  C hap te r  a s  

d e s c r i b i n g  t h e  c o r r e s p o n d i n g  f i e l d s  w i th  t h e  r e l a t i o n s h i p  

be tw een  t h e  normed e q u a t i o n  and t h e  p r im e  f a c t o r i z a t i o n  i n  

t h e  e x t e n s i o n  f i e l d s  = Q ( f , 9 ) ,  -  Q(9,Vp.) and

K* = Q(9,V—3M-) i n  Table 4 . 2 .  ( a s  be lo w ) .  F u r th e r m o r e ,  we 

can  a p p ly  t h e  above r e s u l t s  i n t o  t h e i r  c o n j u g a t e  f i e l d s  and 

t h e i r  c o n ju g a t e  c l a s s  f i e l d s  ( f i e l d  e x t e n s i o n s ) ,  a s  w e l l .  

For  i n s t a n c e ,  t h e  e q u i v a l e n c e  r e l a t i o n  be tw een  t h e  normed 

e q u a t i o n  and t h e  f a c t o r i z a t i o n  i n  t h e  f i e l d s  Q ( f , 9 ) ,  

Q(9,7iTr ) and Q(9, V-3^ ' ) o r  i n  t h e  f i e l d s  Q (f ,  9 ) ,

Q (9 , Vm~" ) and Q ( 9 , V - 3 n " ) .

I n  Table  4.3* and T ab le  4 . 4 . ,  we l i s t  6 l i n e a r  f a c t o r s  

o f  t h e  r a t i o n a l  p r im e  p (= 1 (mod 6 ) )  i n  t h e  f i e l d s  

K6 = Q(9, V£) and k |  = Q(9,



p = 1 (mod 6 ) ;  N(y*) = N(a + b© + c©2 ) = p = ^  ,p>2 ^ >3 i f  s o l v a b l e ,

r  = 5 (mod 6 ) ;  N(6*) = N ( a + b Q  + c©2 ) = r  = ~r 2_'r 2 ^  s o l v a b l e ,

r  = 5 (mod 6 ) ;  N(6*) = N(a + b© + c©2 ) = r 2 (n o t  r )  i f  s o l v a b l e .

K3 = Q(©) Kg = Q(/ ,©) K6 = Q(©,7iT) k* = Q(e,Vr S ) q ( 3V H )

(m/p)^  = 1, P r i n c . p =
f 1 11 12 iPl = ^11^12 1P1 ~ 11^  12 19 i

(m/p)^ = 1, N on-P r inc . f z  = "Pf r P22 f 2  = )P2 f 2  = f z 192

(m /r )^  = 1, P r i n c . n  = n
-  - 4 - 4  

~r 2 = ^ 2 1 ^ 2 2

= /?13?P12 

^ 2  = ^2 1 ^2 2

^ 1  = n

^ 2 = ^ 2 1 ^2 2

291

292

(m/r)  = 1, N o n-P r in c . T l = T i  
^ 2  = 1^21^22

n  = T i
^ 2  ~ ^ 2

n  = * I l * l 2

^ 2  ~ "^2

^ 1

^ 2

(m/p)^  = 1, and 

(a±/ p )  = ( a 2/ p )  -  

( a ^ /p )  = 1, P r i n c .

p = -p#
1T1 11 12

f 2 = ^2 1 ^2 2

? 3  = ^3 1^32

iPi = 'p i r pi 2

lP2 = T 21P22 

f 3  = *P31P32

_•*
lPl “ 11 12

^ 2  = T 21P22 
P = -p*-P*r 3  3 1 3 2

193x

1932

1933

where = A + 4-Bd and d3 = d ' 3 = d " 3 = m (mod p ) .  Table  4 . 2 .

a 2 = A + 4Bd'
a 3 = A + 4Bd"



L in e a r  F a c t o r i z a t i o n  of  t h e  R a t i o n a l  Pr ime p (5 1 (mod 6 ) )  i n  t h e  f i e l d  = Q(9,Vd)*

m P A B* 4 3 r t s  a* 6 r t s  p* id e a ls  o f p r in c . id e a ls  o f
188 -2

2
[ 2  -  ,yjj. 193J 
[ 2  + 193] (8 + 20 + 02 )

11 193 9 -4 9-40 159 -1 9
19

[1 9  -  VfT.193] 
[ 1 9  + Vp» 193] (-3  + 60 -  2©2 )

39 -56
56

[ 5 6  -  7 4 ,1 9 3 ]  
[5 6  + ViT, 193] (8 + 30 + 292 )

39 -45
45

[4 5  -  Til, 397] 
[4 5  + Vp". 3971

(28 + 120 + 5 0 2 )

15 397 1 4 1+40 135 -7 0
70

1—
1 1—

1 
C"- 

IV 
ON 

On

l 
+

0 
0

 
IV

 1_1 1_1 ( -2  + 39)

223 -47
47

[ 4 7  -  VP", 3 97]
[4 7  + 7p» 397] (13 -  202 )

4868 -1618
1618

[1 6 1 8  -  ViT.p] 
[1 6 1 8  + Vp.p] (6 + 56)

47 6091 17 4 17+40 3738 -2 6 6  

2 66
[2 6 6  -  Vp» p]  
[2 6 6  + Vp, p] (6 + 136 -  402 )

3576 -3 0 0 0 [ 3 0 0 0  -  ViT.p] (100 + 296 + 802 )
, _j ...........

3000

1—
l 

Pi

■4+000 
1 _1

6 r o o t s  p* o f  (x2 -  A)3 = B^Q3 (mod P) &  ( x - 3 * ) ( x - p * ) • • • (x -pg)  = 0 (mod p)

3 r o o t s  a *  o f  = B^O3 (mod p)  To be c o n t in u e d



m P A B* 4 3 r t s  oc* 6 r t s  3* i d e a l s  o f P r i n c .  of

236273 -13196
13196

[1 3 1 9 6  -  VfT.p] 
[1 3 1 9 6  + -ViT.p] (39 -  240 + 4-02 )

83 285079 -47 12 -4-7+120 170938 -84-4-68
84-4-68

[84-4-68 -  TiT.p] 
[84-4-68 + TiT.p] (39 + 60  +4-02 )

_

16294-7 -10234-1
10234-1

[ 1023^1  -TiT.p]
[10234-1 +7iT,p] (39 + 180 + 4-©2 )

69710 -31529
31529

[ 3 1 5 2 9  -  TiT.p] 
[ 3 1 5 2 9  + TiT.p]

(316 + 73©
+ 16©2 )

89 74-929 17 17+ 4-0 4-324-4- -  16177 
16177

[ 1 6 1 7 7  -  7 4 , p ]  
[ 1 6 1 7 7  + 7 4 . p]

( -  4-0 + 80 + 02 )

36904- -  964-1 
964-1

[964-1 -  74,  p] 
[964-1 + 74 .  p]

(4-9 + 80 -  4-02 )

191093 -  5 H 7 5  
5 H 7 5

[51175  -  7 p , p ]

[ 5 1 1 7 5  + TiT.p]
(67  + 229 + 4-02 )

113 3224-59 -7 4- -7  + 4-0 284-94-5 -139298
139298

[ 1 3 9 2 9 8  -TiT.p] 
[ 1 3 9 2 9 8  +7JT ,p ]

(67  -  320 + 4-02 )

168880 -  89051  
89051 1—

11—
1 

co 
00

 
VO 

vo
0 

0
H 

H
 

+ 
1

ib 
b

►d 
V

 
1_1 

1_1 (67  + 100  + 4-02 )

Table  4-. 3.



L in e a r  F a c t o r i z a t i o n  o f  t h e  R a t i o n a l  Prime p (= 1 (mod 6 ) )  i n  t h e  f i e l d  = Q (0 ,7-34 ) •

m P A* |
1

B* -34 3 r t s 6 r t s i d e a l s  of P r i n c .  of

15
-48
48

[4 8  -  7 ^ 3 4 , p ]  
[ 4 8  + 7 ^ 3 4 ,p ]

(8  + 20  + 02 )

11 193 -27 12 -27+129 102
-70

70
[ 7 0  -  7 - 3 4 , p j  
[ 7 0  + T ^ . p ]

( - 3  + 60  -  202 ;

1
ii

76 -  7
7

[ 7  -  7^34,  p]
[ 7  + 7^34,  p]

(8 + 30 + 202 )

1
389 -66

66
[66  -  7 - 3 4 »p] 
[ 6 6  + 7 - 3 4 . p]

( -  2 + 36)

15 397 -3 -12 -3 -1 2 0 280 -71
71

[ 7 1  -  7 ^ 4 , p]
[71  + 7 ^ 3 4 .? ]

(28+120+502 )

125 -6 7

67
[67  -  7 - 3 4 . p j
[ 6 7  + 7 ^ 3 4 . p]

(13 -  202 )

968 -159
159

[1 5 9  -  T ^ .  p ]  
[1 5 9  + 7 -3 4 .  p ]

(6 + 136 -  402 )

^7 6091
1
r 51

-12 - 5 1 -1 2 0 1454 -2297
2297

[2297  -  7 ^ 3 4 . p] 
[2 2 9 7  + 7 - 3 4 . p]

(1OO+290+802 )

3669
-2 8 3 4

2834
[2834  -  7 - 3 4 . P j  
[2834  + 7 - 3 4 . p ]

(6 + 5 0 )

To be c o n t in u e d



m P A* B* -3 m- 3 r t s 6 r t s  3^ i d e a l s  o f P r i n c . o f

146418 -  40082 
40082

L40082 -  7 - 3 4 . p j  
[40082 + 7-34  »p]

(39 -  240 
+ 402 )

83 285079 141 -36 1 4 1 -3 6 0 57344 -  12872 
12872

[12872 -  7r 3 4 .p ]  
[12872 + 7 - 3 4 . p ]

(39 + 60 
+ 402 )

81317 -101037
101037

[ 1 0 1 0 3 7 -  V=3m,P] 
[ 1 0 1 0 3 7 + 7 - 3 4 . p]

(39 + 180 
+ 402 )

15657 -  35559 
35559

[35559 -  7 -3 4 .  p j  
[35559  + 7 - 3 4 . p]

(316 + 736 
. 2 

+ 160 )

89 74929 -51 -12 - 5 1 -1 2 0 20126 -  34029 
34029

[34029  -  V—3m-»p j  
[34029  + V—3m- »p]

( - 4 0 + 8 0  
+ 02 )

39146 -  3564 
3564

[3564  -  7-34» PJ 
[3 5 64  + 7 - 3 4 .  p ]

(49 + 80 
, -  402 )

71639
-  15973 

15973
[15973 -  7 - 3 4 . Pj 
[15973 + -7-34. p]

(67  + 220  
+ 402 )

113 322459 21 -12 21-120 112542 -  74316 
74316

[74316 -  7 - 3 4 . P j  
[74316 + 7 - 3 4 . p ]

(67  -  320 
+ 402 )

138278 -  59477 
59477

[59477 -  7 = 3 4 .P] 
[5 9 4 7 7  + 7 - 3 4 . p]

(67  + 100 
+ 402 )

Table  4 . 4 .
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CHAPTER V. EVEN CLASS NUMBER OF PURE CUBIC FIELDS Q(3,/m)

§ 1* B as ic  d e f i n i t i o n s  and b a s i c  r e s u l t s .

I t  i s  w e l l  known t h a t  t h e r e  e x i s t s  an e le m e n t  of o r d e r  

2 i n  t h e  f i n i t e  g ro u ps  o f  o r d e r  2n. When we a p p ly  t h i s  f a c t  

t o  t h e  c l a s s  g ro u ps  o f  p u r e  c u b ic  f i e l d s  Q(9) ,  we lo o k  f o r  

t h e  a l g e b r a i c  i n t e g e r  |i w i th  norm N(p) = q (q i s  a  

r a t i o n a l  p r im e  and g r e a t e r  t h a n  3 ) .  F u r th e r m o r e ,  t h e  c l a s s  

number o f  t h e  p u re  c u b ic  f i e l d  Q(9) i s  even  o n ly  i f  some 

a l g e b r a i c  i n t e g e r  |i (w i th  norm q ) i s  a  n o n - s q u a r e

i n t e g e r .  S u f f i c i e n t  c o n d i t i o n s  a r e  g i v e n  i n  F a c t  4 . 1 5 .

To s t a r t  w i t h ,  we l i k e  t o  l i s t  a l l  t h e  f a c t s  and t h e  

d e f i n i t i o n s .

F a c t  5 .1 .  I f  G i s  a  f i n i t e  g roup  whose o r d e r  i s  d i v i s i b l e

by a p r im e  p ,  t h e n  G c o n t a i n s  an  e le m e n t  o f  o r d e r  p.

I n  p a r t i c u l a r ,  p = 2, t h a t  i s ,  a  f i n i t e  g ro u p  o f  even  o r d e r  

c o n t a i n s  an  e lem en t  o f  o r d e r  2.

F a c t  5 .2 .  ( C h e b o t a r o f f ' s Theorem) When t h e  c l a s s  number i s  

even ,  we can  f i n d  an  a l g e b r a i c  i n t e g e r  (x such  t h a t  

(i = A + 49 w i th  t h e  norm N((i) = N(A + 49) = A^ + 64m = q2 

(where q i s  a  r a t i o n a l  p r im e  and g r e a t e r  t h a n  3)*

F a c t  5«3- (M o rd e l l )  I f  q^ = A^ + D^, t h e n  t h e  s o l u t i o n  

when A i s  odd and pr ime t o  D, i s  g i v e n  by

(1) A = a^  + 8a tP  ; D = -  4a-^b + 4b^

(2) A = a^  + 6a2b2 -  yo*  ; D = -  a^  + 6a2b2 t  yb^



-  94 -

(3) A = -  + 6a2b2 + 3b^ ; D = a^ + 6a2b2 -  3b^

(4) A = a* + 4 a 3b -  6a2b2 + 4ab3 + b^;

D = 2a^ -  4 a 3b -  4ab3 + 2b^

(5) A = a4 + 8a3b + 24a2b 2 + 24ab3 ;

D = 4 a 3 b + 24a2 K2 + 48ab3 + 36^
v  p o o

where (a ,  b) = 1. For  t h e  o t h e r  p a r t ,  i f  q /  kJ + D ,
p  O  ^

( I n  p a r t i c u l a r ,  q = kJ + 64m), t h e n  t h e  s o l u t i o n  w i l l  be 

none o f  above.

F a c t .  5»4. (Se lmer)  The p u re  c u b ic  f i e l d s  whose c l a s s  

numbers a r e  even a r e  l i s t e d  a s  f o l lo w in g s  ( f o r  m <  160) .

m 11 15 39 43 4 7 57 58 61
h 2 2 6 12 2 6 6 6

m 63 65 66 67 76 79 83 89
h 6 18 6 6 6 6 2 2

m 101 105 106 113 118 122 123 129
h 2 6 6 4 2 12 2 6
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m 131 139 141 142 148 149 151 155
h 2 6 8 6 6 2 6 6

Remark 5 .1 .  Given q and A, and t h e  e q u a t i o n
2 3 a ^q = + 64m, i f  t h e  e q u a t i o n  i s  s o l v a b l e  f o r  m i n  Z,

t h e n  q 2 5  A-̂  = 1 (mod 8 ) and

64

(where q i s  an odd p r im e  and g r e a t e r  t h a n  3 )*
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§ 2. Even c l a s s  number o f  p u re  c u b ic  f i e l d s

I t  i s  a l s o  w e l l  known t h a t  * m (mod r )  h a s  a

u n iq u e  s o l u t i o n  i n  Z and f o r  t h e  u n s o l v a h i l i t y  i n  Y i n  Z
o

o f  y =  A + 4R (mod r ) ,  we have (A + 4 R / r )  = -  1 f o r

some r  i n  Z, when r  = 5 (mod 6) and m £ = R-̂  (mod r )

f o r  some R i n  Z. (See F a c t  4 . 9 . )

I n  t h i s  s e c t i o n ,  by method o f  r e s i d u e  c l a s s  o f  A 

(mod r )  and of  q (mod r ) ,  such t h a t  i f  q 2 -  P? = 64m
/ A •A 3(m i n  Z, and m = Irm a s  u s u a l  we d e f i n e  |i = A + 4B9 i n

A
C h a p te r  4) i s  s o l v a b l e  f o r  m i n  Z t o g e t h e r  w i th  

( p * / r )  = (A + 4 R / r )  = -  1, ( i . e . ,  n o n - q u a d r a t i c  r e s i d u a c i t y )  

where p* = |i = A + 4R (mod r ) ,  t h e n  p w i l l  be a  non­

sq u a re  a l g e b r a i c  i n t e g e r .  T h is  i s  e q u i v a l e n t  t o  show t h a t  

y 2 (= A + 4-^V^ ) i s  u n s o l v a b l e  f o r  y  i n  K y  T h is

i m p l i e s  t h a t  Y =  A + 4R (mod r )  i s  u n s o l v a b l e  f o r  Y

i n  Z, where m = RJ (mod r )  and R i n  Z. Thus, t h e

c l a s s  number o f  Q (-Vm) = Q f i jm)  i s  even ,  when m = n^*m, 

and n i n  Z. I n  t h e  t a b l e s  ( a s  be lo w ) ,  we t a k e  t h e  f i r s t

t h r e e  v a l u e s  (5> 11 and 17) f o r  r .  Then we compute 

t h e  s o l v a b i l i t y  "?" or  t h e  u n s o l v a b i l i t y  "x" o f  by

u se  o f  q u a d r a t i c  r e s i d u e  c h a r a c t e r .  T h e r e f o r e  we o b t a i n  t h e  

f o l l o w i n g  i m p o r t a n t  r e s u l t s  i n  t h e  t a b l e s .
A ■ *

The o c c u r r e n c e  o f  t h e  "x" i n  t h e  t a b l e s  l e a d s  t o  even  

c l a s s  number o f  p u r e  c u b ic  f i e l d s .
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The o c c u r r e n c e  o f  t h e  "?"  o r  "??"  i n  t h e  t a b l e s  

l e a d s  t o  u n c e r t a i n t y  o f  t h e  e v en n e ss  o f  c l a s s  number. The 

"??"  i n d i c a t e s  t h a t  A o r  q i s  d i v i s i b l e  by r .  I f  so ,  

we have  t o  check  a l l  t a b l e s  a v a i l a b l e  t o  have t h e  same 

o c c u r r e n c e  "?"  or  Then we have t o  s o lv e  f o r  G

i n  such t h a t  p = G . F u r th e r m o r e ,  f o r  each  q ^  0

(mod r ) ,  I n  Table  5*1* we have 2 o c c u r r e n c e s  o f  "x" when 

r  = 5* I n Table  5*2. we have 6 o c c u r r e n c e s  o f  "x" when 

r  = 11. I n  Table  5*3* we have 8 o c c u r r e n c e s  o f  "x" when
i ( r - i )

r  = 17. I n  g e n e r a l ,  t h e r e  a r e  § ( r  -  ( - 1 ) 2 )

o c c u r r e n c e s  f o r  each  q 0 (mod r ) ) .

This  i s  i l l u s t r a t e d  i n  t h e  f o l l o w i n g  examples  and 

t a b l e s :

I l l u s t r a t i o n  5 .1 .  L e t  q = 7 and A = 17. Then we have

t h e  f i e l d  Q(3V7S), b e ca u se  -  76 -  (72 -  1 7 3 ) / 6^.

F i r s t ,  we t a k e  r  = 5* This  i m p l i e s  q = 7 = 2 (mod 5)

and A = 17 = 2 (mod 5)» t h e n  by c h e c k in g  Table  5*1* we have
3 __

an " x " . Thus t h e  c l a s s  number of  Q( V76) i s  even ,

(b ecau se  o f  t h e  u n s o l v a b i l i t y  o f  t h e  e q u a t i o n  

(p. =) A + kQ = G 2 ) .

I l l u s t r a t i o n  5 .2 .  L e t  q = 23 and A = -  15. Then we have 

t h e  f i e l d  Q(3V^1 ) ,  beca u se  6 l  = (2 3 2 -  ( - 1 5 ) 3 ) / 6^.

F i r s t ,  we t a k e  r  = 5> which i s  n o n c o n c l u s i v e , b ecau se  of

t h e  "??» i n  Table  5-1* we co u ld  p o s s i b l y  have t h e
2

s o l v a b i l i t y  f o r  A + 4© = G . Then we t a k e  r  = 11. This
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i m p l i e s  q s  1 and A 5  7 = ■ ^  (mod 1 1 ) ,  t h e n  by c h e c k in g  

Tab le  5*2. we f i n d  an "x" and co n c lu de  t h e  c l a s s  number 

o f  Q ( -y 6 l )  i s  even ,  ( a g a i n ,  b ecau se  o f  t h e  u n s o l v a b i l i t y  

o f  t h e  e q u a t i o n  (p. = ) A + -̂9 = 02 ).

I l l u s t r a t i o n  5 . 3 . L e t  q = 181 and A = -  2 3 , Then we 

have th e  f i e l d  Q( -J2E) , because

(26) (27) = 702  = (l 8 j;2 ~ 23 ) 3 )
6 4

F i r s t  we t a k e  r  = 5* t h i s  i m p l i e s  q = 1 and A = 2 (mod 5)

which i s  p o s s i b l y  s o l v a b l e  i n  Table  5*1* Then we t a k e

r  = 11. T h is  i m p l i e s  q s. 5 ar*d A = -  1 (mod 11) which 

i s  p o s s i b l y  s o l v a b l e  i n  Table  5 -2 .  Then we t a k e  r  = 17 

which i m p l i e s  -  q = 6 and A = -  6 (mod 17) which i s

p o s s i b l y  s o l v a b l e  i n  Table  5-3-  S ince  we have  "?"  i n

t h r e e  t a b l e s ,  we t r y  s t r a i g h t  c o m p u ta t io n .  We f i n d

(p = ) -23 + 129 = t - “ ( l  + 29 -  292 )}2 (= G2 ) .

So Q(3V702) (= Q d o s e s  n o t  have an  u n r a m i f i e d  

e x t e n s i o n  th ro u g h  Vp* I n  f a c t ,  t h e  t a b l e s  o f  Selmer v e r i f y  

t h a t  = Q(^j2 6 ) does  have 3 a s  an  odd c l a s s  number.

The f o l l o w i n g  example i l l u s t r a t e s  t h e  even c l a s s  number 

o f  p u re  c u b ic  f i e l d s  by o b t a i n i n g  t h e  s o l v a b i l i t y  f o r  m o f  

E q u a t io n  ( I )  o f  Remark 5*1* and ‘the  o c c u r r e n c e  o f  "x" i n

one o f  t h e s e  t a b l e s .  (See Table  5»1.» Table  5 - 2 .  and

Table  5*3* a s b e l o w . ) .
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Example 5 .1 .

q A Am rv 'n Q ( Vm) h
7 17 -  76 - 1 76 6

17 97 -14256 -  6 66 6

19 -7 11 1 11 2

23 -15 61 1 61 6

31 1 15 1 15 2

41 -15 79 1 79 6

43 41 -1048 -  2 131 2

59 9 43 1 43 1 2 c
71 -47 1701 3 63 6

73 49 -17  55 -  3 65 18nc
79 33 -464 -  2 58 6

83 -  7 113 1 113 4nc
89 17 47 1 47 2

101 9 148 1 148 6

103 17 89 1 89 2

157 25 141 1 141 8nc
199 -47 2241 3 83 2

229 9 808 2 101 2

257 1 1032 2 129 6

269 -7 1136 2 142 6

277 41 122 1 122 12 c
283 9 1240 2 155 6

To be c o n t i n u e d * ••



-  1 0 0  -

571 73 -984 -  2 123 2

607 -6 3 9664 4 151 6

787 57 67  84 4 106 6

1801 49 48843 9 67 6

2719 193 3186 3 118 2

4421 9 305383 13 139 6

where c:  c y c l i c  c l a s s  group

nc :  n o n - c y c l i c  c l a s s  g roup .
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m 5 4 
9 = 4 

??

m m 0 
9 « 0 

??

n) = 1 
9 = 1  

??

m = 3
9 = 2

??

1

/\ -•m = 1
9 = 1

X

m = 3
9 = 2

X

m = 4 
9 = 4 

??

ni = 0 
9 = 0  

?

m = 2 
6 = 3 

*?

2
m = 3 
9 = 2  

?

m = 0 
9 = 0  

?

m = 1 
9 - 1  

??

m = 2 

e s  3
X

m = 4 
9 = 4

X

where r  -  5 ( r  s  5 (mod 6 ) )  and (P = m. q ^  -  A^ = 64m (mod 5)»

p
ss ( i )  s o l v a b l e  (?)  i f  y  = A + 4© (mod r )  s o l v a b l e  f o r  r  = 5

A

( i i )  u n s o l v a b l e  (x) i f  y  = A + 49 (mod r )  u n s o l v a b l e  f o r  r  = 5

( ? ) s s o l v a b l e  f o r  r  = 5  o n ly  n o t  n e c e s s a r i l y  i n  g e n e r a l .

Table  5 .1 .  ( x ) :  u n s o l v a b l e  f o r  r  = 5 and p. = A + 49 i s  a  n o n - s q u a r e
a l g e b r a i c  i n t e g e r .

TO
T



-  1 0 2  -

r'l os

< £  cp

rs os

<0 cp< B  c p

so  co

c~c-
<E a> <E a> <6 cp<E a>

O- so
CSJ

III OIII C -̂ 
C1" <E a> <0 a><0 a>

[>- soso 00

<E a><6 cp

rs os
o-

o <0 a> <e a>

Osrs os

<E cp <E a>
co csi£N- so

CSI 0- <e a» <E a> < s  c»

cn os
so co t>- so

<E a>
<E a><E cp

<E CP
<E <P

os (TS OS C s- S O

e-
<E cp

< E  c p <E  cp <E c p

<E

csi

6̂m
 

(m
od

 
11

);
 

r 
= 

11 
( 

= 
5 

(m
od

 
6)

) 
Ta

bl
e 

5.
2.



9 \ m \ A
S ^ N A -8 -7 -6 -5 -4 "3 -2 - 1 0 1 2 3 4 5 6 7 8

8 12 l 4 7 1 6 15 4 0 13 2 11 16 10 3 5 9
0 2 6 10 14 1 5 9 13 0 4 8 12 16 3 7 11 15

?? 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 ?? 9 9 ?? 9 9

12 i ( T 1 11 5 10 2 8 4 0 6 15 3 i4 7 9 13
1 6 16 1 12 11 3 8 2 13 0 5 9 7 10 14 15 4

? X ? ? X ? ? X ?? ? X X ? X X ? X

7 11 13 6 0 5 14 3 16 12 1 10 15 9 2 4 8
2 14 12 4 5 0 11 10 7 16 6 1 3 9 15 8 13 2

X X X ? ? X ? X ?? ? X ? X X ? ? ?

10 14 16 9 3 8 0 6 2 15 4 13 1 12 5 7 11
3 3 10 16 15 7 2 0 5 8 9 13 4 1 6 11 14 12

? ? X ? X X ? ? ?? X X ? ? X ? X X

4 8 10 3 14 2 11 0 13 9 15 7 12 6 16 1 5
4 13 2 3 7 10 8 12 0 4 15 9 14 6 5 16 1 11

X ? X X ? X X ? ?? X 9 ? X ? ? X ?
11 10 12 5 16 4 13 2 15 6 0 9 14 8 1 3 7

5 12 3 6 11 16 13 4 8 9 5 0 15 10 2 1 7 14
X X ? X ? ? X X ?? ? ? X X ? X ? ?

16 3 5 15 9 14 6 12 8 4 10 2 7 1 11 13 0
6 16 7 11 9 15 10 5 6 2 13 3 8 14 1 12 4 0

X ? ? X X X ? X ?? ? X ? ? ? X X ?

0 4 6 16 10 15 7 13 9 5 11 3 8 2 12 l 4 1
7 0 13 5 16 3 9 14 4 15 11 12 7 2 8 6 10 1

? X X ? 9 ? X ? ?? X ? X X X ? ? X

9 13 15 8 2 7 16 5 1 14 3 12 0 11 4 6 10
8 15 4 9 2 8 14 16 11 1 10 7 6 0 12 13 5 3

? ? ? X X ? X ? ?? X ? X ? 9 X X X

q^ -  5  6^m (mod 1 7 ) ;  r  = 17  ( 5 5  (mod 6 ) ) ; Tab le  5»3-
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