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Abstract

Energy of the Quasi-free Electron in
Atomic and Molecular Fluids

by

Xianbo Shi

Advisor: Dr. Cherice M. Evans

The ability to predict accurately the density dependent evolution of the conduc-

tion band energy of insulators has applications in the optimization of solvent choice

and thermodynamic conditions for chemical reactions. However, directly investigat-

ing density dependent changes in the conduction band is experimentally difficult.

Therefore, we have used field ionization of high-n dopant Rydberg states to deter-

mine the perturber induced shift of the dopant ionization energy ∆(ρP), where ρP

is the perturber number density. Appropriate modeling allows the minimum of the

conduction band energy V0(ρP) to be extracted from ∆(ρP). Field ionization requires

the measurement of photoionization spectra of a dopant at two different electric field

strengths. Thus, in this study, photoionization spectra of various dopants (i.e., CH3I,

C2H5I, N,N-dimethylanaline, trimethylamine and triethylamine) were obtained under

different electric field strengths in atomic (i.e., Ar, Kr, and Xe) and molecular (i.e.,

CH4 and C2H6) perturbers from low density to the density of the triple point liquid,

at non-critical temperatures and on an isotherm near the perturber critical isotherm.
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At low perturber number density, a temperature dependence was observed in

∆(ρP), with |∆(ρP)| increasing as the temperature decreases. This observation con-

tradicts the prediction of the Fermi-Alekseev-Sobel’man model. Within the local

Wigner-Seitz model developed by our group, the temperature behavior at low den-

sity arises from the ensemble average ion/perturber polarization energy P+(ρP) and is

caused by variations in the dopant/perturber radial distribution function. Moreover,

a striking critical point effect in V0(ρP) was observed in all of the perturbers inves-

tigated. This critical point effect is explained by the dramatic increase in the local

density around a perturber particle near the critical point of the perturber. This lo-

cal density increase, caused by an increase in the correlation length of the perturber,

acts to confine the quasi-free electron, thereby increasing its kinetic energy. Vari-

ous intermolecular potentials and integral methods necessary to calculate the radial

distribution functions were studied and tested in order to achieve the best fit to the

experimental ∆(ρP) in molecular perturbers.
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Chapter 1

Introduction

The electronic properties of atomic and molecular fluids have been extensively studied

both experimentally and theoretically. The evolution of these properties with fluid

density and temperature is important in investigating solute/solvent (i.e., dopant/

perturber) interactions and electron/solvent interactions in uncorrelated and highly

correlated systems. Another motivation of this work is to improve the understanding

of these interactions in supercritical fluids near the critical point, since supercritical

fluids have become increasingly important in environmental and industrial chemistry

applications. Supercritical fluids are widely used to improve rates and modify product

ratios of chemical reactions [1], to vary chemical shifts in NMR [1, 2], and to alter

lifetimes and energies of molecular vibrational and electronic states [2].

Due to their large orbital nature, Rydberg states are extremely sensitive to the

environment (where enviroment implies an external electric or magnetic field, or per-

turber atoms or molecules) and, therefore, make an excellent probe for our stud-

ies [3–8]. In this dissertation, we use field ionization of high-n dopant Rydberg states

to investigate the perturber induced shift of the dopant ionization energy ∆(ρP),

where ρP is the perturber number density. Once ∆(ρP) is obtained, the energy of

the quasi-free electron V0(ρP), or the minimum of the conduction band energy of

1
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the perturber medium, can be extracted with appropriate modeling. This quantity

is related to the electron mobility in a solvent [9–12] and is therefore often used to

study the effects of perturber parameters (e.g., molecular shape, interaction strength,

etc.) on electron mobility. Electron mobility, in turn, can influence the kinetics of

chemical reactions, especially electrochemical reactions [13, 14]. Thus, the ability to

model V0(ρP) accurately has applications in the optimization of the choice of solvents

and thermodynamic conditions for chemical reactions.

In Chapter 2 a review of theoretical and experimental approaches to ∆(ρP) and

V0(ρP) is presented. At low perturber number densities (ρP < 2.5 × 1021 cm−3), the

Fermi model [15], the Alekseev-Sobel’man model [6,22], and the Al-Omari-Reininger-

Huber model [27] are often used to explain perturber effects on ∆(ρP). However, none

of these models fits the experimental results obtained at higher perturber number

densities using photoinjection [48, 80–85, 89–91] or field ionization measurements [4,

7, 27, 50–54, 97–99], nor can any of these models fit the temperature dependence of

the experimental data presented in this work. The first model for V0(ρP) at high

perturber densities was developed by Springett, Jortner, and Cohen [56] by modifying

the Wigner-Seitz model [20, 21] in solid state physics and is presented in Chapter

2. The simplicity of this model has led to a myriad of theoretical modifications

of the basic SJC model, which are also discussed here and compared to previous

experimental results. The problems and strengths of these various theoretical models

are then assessed.

A detailed description of the experimental apparatus employed throughout this

work and the sample preparation method is given in Chapter 3. Chapter 3 also
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provides purity and product information for the dopants and perturbers involved.

Finally, this chapter includes a discussion of the procedures used in acquiring and

analyzing field ionization data.

Chapter 4 presents our investigations of ∆(ρP) and V0(ρP) in atomic fluids. This

chapter begins with a temperature study of the perturber induced shift ∆(ρP) for

CH3I in low density Ar and Kr [26]. We find a temperature dependence of ∆(ρP) that

contradicts the standard low density models presented in Chapter 2. We then report

the field ionization of various dopants (i.e., CH3I, C2H5I, N,N-dimethylanaline and

trimethylamine) in the atomic perturbers (i.e., Ar, Kr and Xe) at perturber densities

ranging from low density to the density of the triple point liquid, at non-critical

temperatures and on an isotherm near the critical isotherm [42–47]. These data show a

decrease in the perturber induced shift of the dopant ionization energy near the critical

point, which contrasts with the increase in the density dependent solvatochromic shift

of vibrational and UVvisible absorption bands reported by numerous groups [2] in

various perturbers. Chapter 4 next introduces the local Wigner-Seitz model developed

by our group. The contradictory temperature behavior observed at low perturber

densities and the critical point effect are then explained within this model.

In Chapter 5 we present our investigation of ∆(ρP) and V0(ρP) in molecular flu-

ids. The experimental studies include the field ionization measurements of trimethy-

lamine in methane and triethylamine in ethane at non-critical temperatures and on

an isotherm near the perturber critical isotherm. Critical point effects similar to those

observed in atomic fluids are presented. In order to extend the local Wigner-Seitz

model to molecular fluids, various perturber/perturber intermolecular potentials and
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methods used to calculate radial distribution functions were investigated. Finally, we

discuss our studies of the fluorinated fluid carbon tetrafluoride and use our knowledge

of V0(ρP) in CH4 and C2H6 to help predict the energy of the quasi-free electron in

CF4. We conclude this dissertation with an explanation of the differences between

atomic and molecular supercritical fluids and with a discussion of the changes that

will need to be made to the local Wigner-Seitz model to extend this model to polar

fluids and to repulsive (i.e., positive zero-kinetic-energy electron scattering length)

fluids.



Chapter 2

Perturber effects on dopant
ionization energies

When a dopant atom or molecule is ionized in a perturber medium, a quasi-free elec-

tron and a cationic core are generated. The shift ∆(ρP) of the dopant ionization

energy resulting from the interaction of the dopant with the perturber medium arises

from two effects: (i) the optical electron/perturber interaction, and (ii) the dopant

core/perturber interaction. These two interactions can be considered to be indepen-

dent of each other. At low perturber densities, the interaction of the optical electron

with the perturber is normally treated by invoking either elastic or inelastic electron

scattering from the perturber. At higher perturber number densities, however, this

approach is no longer valid. Instead, the quasi-free electron energy V0(ρP), also known

as the minimum of the conduction band energy, is generally studied. For the dopant

core/perturber interaction, on the other hand, a statistical treatment is required to

calculate the average polarization energy. In this chapter, we will review the different

theoretical approaches employed in modeling ∆(ρP) for systems at low and at high

perturber number densities.

5



2. PERTURBER EFFECTS ON DOPANT IONIZATION ENERGIES 6

2.1 ∆(ρP) in low density perturbers

2.1.1 The Fermi model

At low perturber number densities, a dopant Rydberg state shifts in energy and

the transition line shape broadens as a result of collisional interactions. In the 1930s,

Fermi [15] presented a simple model to explain the shift of the high-n Rydberg states of

alkali metals by perturbing particles that had been observed by Amaldi and Segrè [16].

Fermi assumed that, due to the large size of the high-n Rydberg states, the perturber

particles interact separately with the electron and with the dopant core. Since high-n

Rydberg electrons can be regarded as quasi-free, this model also applies to the shift

of the dopant ionization energy. As a result, the perturber induced shift ∆(ρP) of the

dopant ionization energy is then given by [15]

∆(ρP) = ∆sc(ρP) + ∆pol(ρP) , (2.1)

where ∆sc(ρP) is the shift resulting from scattering of the optical electron off of the

perturber, and ∆pol(ρP) is the shift due to the polarization of the perturber by the

dopant core.

To obtain ∆sc(ρP), the long-ranged Schrödinger equation for the electron must

be solved [15, 17]. A formal treatment of this scattering problem is to perform a

partial wave expansion, in which the radial wave function R(r) of the electron is

decomposed into partial waves Rl(r) corresponding to the radial wave functions for

different angular momenta l. Since the high-n electron velocity (which scales as

n−1) is quite small, the de Broglie wavelength (λ) of the election is relatively long.

Thus, when this slow quasi-free electron scatters off of a perturber particle through
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a short-ranged interaction potential, the electron does not see the detailed structure

of the perturber. Therefore, only the spherically symmetric s-wave scattering (i.e.,

low-energy scattering) needs to be considered in the partial wave expansion.

Fermi [15] presented the Schrödinger equation as

∇2 ψ +
2me

~2

(
E − U −

∑
i

Vi

)
ψ = 0 , (2.2)

where me is the electron mass, ~ is the reduced Planck constant, and E is the eigenen-

ergy. The potential energy operator in eq. (2.2) consists of the dopant core/electron

potential U and the sum of the potentials Vi of the optical electron interacting with

the ith perturber. By defining ψ as the spatial average of the wavefunction ψ over a

dopant/perturber system having dimensions that are much smaller than the de Broglie

wavelength λ, a spatial integration of the above Schrödinger equation gives [15,17]

∇2 ψ +
2me

~2
(E − U) ψ − 2me

~2

∑
i

Vi ψ = 0 . (2.3)

If the origin of the coordinate system is moved to the center of one perturber

particle, E − U is negligible in comparison with Vi, and Vi = V (r) due to spherical

symmetry around the origin. Together with the substitution ψ = u(r)/r, we find

from eq. (2.2) that [15,17]

d2u

dr2
− 2me

~2
V (r) u(r) = 0 . (2.4)

V (r) is nonzero only within the finite range R0. Thus, at r > R0 where V (r) vanishes,

u(r) in eq. (2.4) is simply a linear function of r. In this range, ψ can be considered

to equal ψ since the optical electron is far away from the perturber. Therefore, u(r)
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can then be written as [15,17]

u(r) = (r − A) ψ , (2.5)

where A is the electron scattering length, which is illustrated in Fig. 2.1. In the

absence of perturbers, u(r) should be a straight line (i.e., dotted line in Fig. 2.1) that

goes through origin. The interaction of the electron with the perturbing medium,

however, changes the asymptotic nature of the electron wave function. The scattering

length A is then the distance through which the electron wave function is displaced

with respect to the origin due to the presence of perturbers [17]. The phase shift

δ0 (the subscript “0” indicates l = 0) induced by the electron/perturber interaction

potential V (r) is related to A by [15,17]

δ0 = 2π
A

λ
=

p A

~
= q A , (2.6)

where p = ~ q is the momentum of the scattered electron. We should note here that A

can be either negative or positive depending upon the nature of the electron/perturber

potential. In this dissertation, perturbers with negative scattering length are referred

to as attractive gases (e.g., Ar, Kr and Xe), while positive A values indicate repulsive

perturbers (e.g., He, Ne, H2 and N2).

Using eqs. (2.4) and (2.5), we can evaluate the spatial average [i.e., the last term

in eq. (2.3)] as [15,17]

2me

~2

∑
i

Vi ψ = ρP

2me

~2

∫
V (r) ψ dτ = 4 π ρP

2me

~2

∫
V (r) u(r) r dr

= 4 π ρP

∫
u′′(r) r dr = 4 π ρP | [u′(r) r − u(r)] |r′0

= 4 π A ρP ψ .

(2.7)
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Figure 2.1: u(r) from eq. (2.4) plotted as a function of r under different conditions:
(· · ·) solution in the absence of additional perturbers (i.e. u(r) = r ψ), (—) real
solution in the perturber medium, and (- - -) extension of the asymptotic solution
(i.e. u(r) = (r−A) ψ). A is the electron scattering length, and R0 gives the range of
the electron/perturber interaction potential.

Substitution of eq. (2.7) into eq. (2.3) gives [17]

∇2 ψ +
2me

~2

(
E − 2π~2

me

AρP − U

)
ψ = 0 . (2.8)

When eq. (2.8) is compared with the Schrödinger equation for the electron in the

potential of the cationic core without a perturber medium, or

∇2 ψ +
2me

~2
(E0 − U) ψ = 0 , (2.9)

one can easily obtain the perturber-induced energy shift of the electron energy as

∆sc(ρP) = ∆E = E − E0 =
2π~2

me

A ρP . (2.10)

From the form of eq. (2.10), we see that (i) the electron energy decreases in the

presence of attractive perturbers and increases in the presence of repulsive perturbers,

and (ii) the scattering shift ∆sc(ρP) is a linear function of the bulk perturber density

ρP.
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Fermi’s calculation of the polarization shift ∆pol(ρP) assumed that the dopant core

polarizes all of the perturber atoms within the orbit of the Rydberg electron, or [15,17]

∆pol(ρP) = − αP

2

N∑
i

Fi(Ri)
2 , (2.11)

where αP is the polarizability of the perturber, Fi(Ri) is the field at the position of the

ith perturber due to the dopant core, Ri is the distance between the ith perturber

and the dopant core, and N is the number of perturbers within the orbit of the

Rydberg electron. For non-interacting perturbers, Fi(Ri) = e/R2
i , and since Fi is a

short-ranged interaction, the sum in eq. (2.11) can be converted to an integral over

all perturbers [3–5,15,17–19]:

∆pol(ρP) = − αP e2

2
(4 π ρP)

∫ ∞

R1

R2

R4
dR = − 2 π αP e2 ρP

1

R1

, (2.12)

where R1 is a cut-off radius indicating the minimum distance between the perturber

and the dopant core. Fermi assumed that all of the perturbers are uniformly dis-

tributed in the container volume. Therefore, the Wigner-Seitz radius [20, 21],

rs = 3

√
3

4 π ρP

, (2.13)

could be used as a cut-off for the integral. Substituting rs for R1 in eq. (2.12) gives

a polarization shift of [3–5,15,17–19]

∆pol(ρP) = −
(

32

3
π4

)1/3

αP e2 ρ
4/3
P ≈ − 10 αP e2 ρ

4/3
P . (2.14)

Within Fermi’s original model, therefore, the total perturber-induced energy shift

becomes

∆(ρP) =
2π~2

me

A ρP − 10 αP e2 ρ
4/3
P . (2.15)
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The Fermi model predicts that the perturber-induced energy shift of a high-n

Rydberg state is independent of n for any principal quantum number that is large

enough to give a sufficiently long de Broglie wavelength. This prediction has been

experimentally verified in [18, 19]. Since the perturber-induced energy shift is inde-

pendent of n, the assumption that the Fermi model can also be used to explain the

shift ∆(ρP) of the dopant ionization energy is valid. However, eq. (2.15) predicts

that ∆(ρP) is a non-linear function of ρP, which is not experimentally observed at low

perturber number density (cf. Section 2.1.4 for details).

2.1.2 The Alekseev-Sobel’man model

Alekseev and Sobel’man [6, 22] provided a formal treatment of ∆(ρP) within the

impact approximation of line broadening theory, which assumes that the time between

collisions is long in comparison to the time of the collision. Moreover, only two

body interactions were considered. These approximations limit the applicability of

the results to the low perturber number density regime. Alekseev and Sobel’man

[6, 22] again assume the independence of ∆sc(ρP) and ∆pol(ρP). Their model includes

the contribution of various angular momenta states on the scattering of a quasi-

free electron from a perturber, but disregards the spin dependence of each electron.

Within this approach, one obtains the generalized expression [6, 22]

∆sc(ρP) =
~2

me

ρP

∫ [
π

q

∑

l

(2 l + 1) sin 2δl

]
W (q) dq , (2.16)

where δl is the l-wave phase shift of the scattered electron, and W (q) is the excited-

state momentum distribution (i.e., ~ q is the momentum). The momentum distribu-
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tion must satisfy the normalization relation [6, 22]

∫
W (q) dq = 1 . (2.17)

This expression for ∆sc(ρP) is valid for low-energy and high-energy electron scattering,

since eq. (2.16) accounts for different angular momentum states. Although Alekseev

and Sobel’man [6,22] felt that different angular momentum states could exist in even

low-energy electron scattering events, the scattering is predominately s-wave for the

systems considered here. For s-wave scattering, the bracketed content in eq. (2.16) is

close to the limiting value of [6, 22]

lim
q→0

(
π

q
sin 2δ0

)
=

2 π δ0

q
= 2 π A . (2.18)

Substitution of eq. (2.18) into eq. (2.16) gives, after simplification, the original Fermi

result of eq. (2.10) for ∆sc(ρP).

To calculate ∆pol(ρP), Alekseev and Sobel’man [6,22] also used the same form for

the dopant core/perturber polarization potential as did Fermi [15], namely

V (R) = − αP e2

2 R4
. (2.19)

Within the Aleekseev and Sobel’man model, the dopant core is regarded as a clas-

sical oscillator. Therefore, when the dopant core collides with the perturber particle,

the oscillation frequency changes. Under the assumption that the motions of the

dopant core and the perturber are quasiclassical, the distance between the cationic

core and the perturber at any time t can be written as [3, 5, 6, 22]

R(b, v, t) =
√

b2 + v2 (t− t0)2 . (2.20)
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where b is the impact parameter at the time of nearest approach t0 (or the perpen-

dicular distance from the core center to the path of the perturber), and v is the

thermal velocity of the perturbers. The total frequency shift χ(R) generated by the

effective collisions of all perturbers with different impact parameters can, therefore,

be computed by summing over all of the perturbers. Thus, [3, 5, 6, 22]

χ(R) =
∆pol

~
= − αP e2

2 ~
∑

i

1

R4
i

= − αP e2

2 ~
∑

i

[
b2
i + v2 (t− t0,i)

2
]−2

. (2.21)

However, during the collisional perturbation the phase of the oscillation is also mod-

ified. This phase shift η(b, v), which is determined by the passage of one perturber

having the impact parameter b and the velocity v, can be written as [3, 5, 6, 22]

η(b, v) = − αP e2

2 ~

∫ ∞

−∞

[
b2 + v2 (t− t0)

2
]−2

dt = − π αP e2

4 ~ v b3
. (2.22)

The cut-off radius b of the collision is not yet specified in eq. (2.22).

Weisskopf [23,24] assumed that a collision between a dopant core and a perturber

occurs when the phase of the oscillation changes, or η(b) ≥ η0 = 1. Substituting η0

into eq. (2.22) and solving for b gives the effective interaction radius [3, 5, 6, 22–24]

rw = |b0| =

(
π αP e2

4 ~ v

)1/3

, (2.23)

which is also known as the Weisskopf radius. However, there are two possible de-

ficiencies in the impact approximation. First, the choice of the limiting value η0 is

arbitrary and yields no physical insight. Secondly, there are no grounds to ignore

the contributions from small but more frequent phase shifts. These deficiencies were
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eliminated by expressing the polarization shift ∆pol(ρP) as [6, 22]

∆pol(ρP) = 2 π ~ ρP v

∫ ∞

0

b sin η(b, v) db . (2.24)

By substituting eq. (2.22) into eq. (2.24), we obtain

∆pol(ρP) = 2 π ~ ρP v

∫ ∞

0

b sin

(
− π αP e2

4 ~ v b3

)
db

= − 2−7/3
√

3 π5/3 Γ(1/3) (αP e2)2/3 (~ v)1/3 ρP

≈ − 6.22 (αP e2)2/3 (~ v)1/3 ρP ,

(2.25)

where Γ(1/3) ≈ 2.679 is the Gamma function. Therefore, the total energy shift in

the Alekseev-Sobel’man model is given by

∆(ρP) =
2 π ~2

me

A ρP − 6.22 (αP e2)2/3 (~ v)1/3 ρP . (2.26)

If one separates the integral in eq. (2.24) into two parts having integration limits

from 0 to rw and from rw to ∞, one notices that [6, 22]

∫ rw

0

b sin η(b, v) db ¿
∫ ∞

rw

b sin η(b, v) db . (2.27)

Thus, the collisions with perturber particles outside the Weisskopf radius rw (small

frequency shifts) dominate the energy shift. On the other hand, strong collisions with

large frequency shifts determine the spectral line broadening [6, 22]. This result also

implies the possibility of using rw [i.e., eq. (2.23)] as the cut-off radius R1 [i.e., the

lower integration limit in eq. (2.12)] in the original Fermi model. Substitution of eq.

(2.23) into eq. (2.12) yields [25]

∆pol(ρP) = − (32 π2)1/3 (αP e2)2/3 (~ v)1/3 ρP

≈ − 6.81 (αP e2)2/3 (~ v)1/3 ρP ,

(2.28)
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which is almost identical to eq. (2.25). Therefore, the choice of cut-off radius is

crucial in determining the cationic core/perturber polarization energy.

The Alekseev-Sobel’man model in eq. (2.26) [or eq. (2.28)] shows that the total

energy shift ∆(ρP) should be linearly dependent on the perturber number density ρP.

This model also has an implicit temperature dependence through the thermal velocity

v, with a lower temperature indicating a smaller v which leads to a smaller red shift

in attractive perturbers. Since eq. (2.28) has only a single adjustable parameter,

namely the zero-kinetic-energy electron scattering length A, this model has been used

to evaluate A for systems with perturber number densities of up to 2 × 1021 cm−3

[5,19]. In the present work, we will show that the temperature dependence predicted

by the Alekseev-Sobel’man model is wrong (cf. Chapter 4). Thus, the scattering

lengths determined within this model should always be verified with scattering lengths

obtained from another method.

2.1.3 The Al-Omari-Reininger-Huber model

Al-Omari, Reininger and Huber [27] assumed that the Fermi-Alekseev-Sobel’man ap-

proach to the electron/perturber interaction was valid, but that the dopant cationic

core/perturber interaction could be modeled more accurately within a general statis-

tical method. Using a canonical distribution, the probability of sampling a particular

polarization energy W in the static limit is given by [27]

P (W ) =

∫ · · · ∫ δ (W − w+(r1, . . . , rN))× e−βU(r1,...,rN )
∏
i

dri

∫ · · · ∫ e−βU(r1,...,rN )
∏
i

dri

, (2.29)

where β = 1/(kBT ) [kB ≡ Boltzmann constant], U(r1, . . . , rN) is the multidimensional

potential energy of the system prior to ionization, and w+(r1, . . . , rN) is the cationic



2. PERTURBER EFFECTS ON DOPANT IONIZATION ENERGIES 16

core/medium polarization energy. At low density, the effects of the ground-state

interaction potential U(r1, . . . , rN) can be ignored. Thus, P (W ) simplifies to [27]

P (W ) = 〈 δ(W − w+(r1, . . . , rN)) 〉 , (2.30)

where 〈· · · 〉 indicates an average over all perturber positions. Al-Omari, Reininger

and Huber [27] then considered a general inverse power interaction having the form

−∑
k

Ck r−k (k > 3). By using the method of steepest descent (or the saddle-point

approximation), they determined that the most probable polarization energy WM

is [27]

WM = −
(

(3Jk/k)k/(k−3) (2k − 6)

2k − 3

)(k−3)/3

, (2.31)

where

Jk =
4 π

3
Γ(1− 3/k) ρP C

3/k
k , k > 3 . (2.32)

Since the most probable polarization energy represents the maximum of the canonical

distribution P (W ), the polarization energy for the dopant cationic core will also be at

WM . Assuming a dipole/induced dipole interaction, the necessary inverse power law

is C4 = αP e2/2 and, therefore, k = 4. Since Γ(1/4) ≈ 3.6256, eq. (2.31) becomes

WM ≈ − 9.45 αP e2 ρ
4/3
P , (2.33)

which is similar to the original Fermi model both in size and in the non-linear depen-

dence on ρP. Since WM = ∆pol(ρP), the total perturber-induced energy shift is given

by

∆(ρP) =
2π~2

me

A ρP − 9.45 αPe
2ρ

4/3
P . (2.34)
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2.1.4 Previous experimental results

In the 1930s, Amaldi and Segrè [16] observed for the first time a perturber induced

shift of high-n Rydberg states of sodium and of potassium. To explain this phe-

nomenon, Fermi developed the model detailed in Section 2.1.1, which, as we have

shown, became the starting point for more elaborate models. Following these pio-

neering studies, later researchers measured the shifts of high-n Rydberg states for

various alkali metal/perturber systems at low perturber densities (ρP ≤ 5 × 1020

cm−3) [28–35]. (Alkali metals were used as dopants in nearly all of the early exper-

iments due to their hydrogen like structure, high vapor pressures in comparison to

other metals, and low ionization energies.) The shift of Rb high-n Rydberg states

in He, Ne and Ar at densities up to 1.6 × 1020 cm−3 [28], and the shift of Na, Rb

and Cs high-n Rydberg states in H2 and N2 at densities up to 1.4 × 1020 cm−3 [29]

were reported by Ny and Ch’en in 1937 and 1938, respectively. Füchtbauer, et al.

studied the high-n Rydberg states of K in He at densities up to 5.4× 1020 cm−3 [30],

and that of Pb in Ne at densities up to 4.3× 1020 cm−3 [31]. Füchtbauer and Schulz

were the first to notice that the dopant high-n Rydberg states shifted to lower ener-

gies for the perturbers Ar, Kr, Xe, methane, ethane and propane in contrast to the

perturber-induced blue shift of these same states in He and Ne [32]. In all of these

studies, the observed perturber-induced shifts did not show the expected ρ
4/3
P depen-

dence [cf. eq. (2.15)], but instead were all linearly dependent on ρP . As new light

sources became available, work resumed on this problem in the 1970s when Tan and

Ch’en extended the measurements of Cs in all of the rare gases to perturber densities

up to 1.4 × 1020 cm−3 [33]. A few years later, Weber and Niemax [34, 35] measured
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Rb and Sr in rare gases at really low densities (≤ 1016 cm−3) using a doppler-free

two-photon absorption technique. These studies showed that the perturber induced

shift of high-n Rydberg states was linearly dependent on ρP even at the lowest of

perturber densities [34, 35]. The early experimental measurements [28–35] discussed

above indicated that the Fermi model was invalid even at the lowest densities; how-

ever, they did show that the general perturber induced shift of high-n Rydberg states

was not only independent of n but was also independent of the nature of the dopant.

The development of laser spectroscopy and synchrotron radiation light sources en-

abled studies over a much wider energy range with higher resolution in the 1980s. By

choosing organic dopants with decent vapor pressures at low temperatures, researchers

were able to perform experiments at larger perturber densities under cleaner condi-

tions [3,18,19,25,36–41]. One of the most commonly used dopants in this research is

CH3I because [3]: (i) it has quasi-atomic Rydberg states that are similar to those of

Xe, (ii) it has a high vapor pressure, (iii) it is chemically stable, and (iv) its Rydberg

series and first two ionization energies are located at energies lower than the cut-off

of the commonly used windows (e.g., LiF and MgF2), enabling higher density gas

phase experiments. Köhler, et al. [19] presented a systematic strategy to determine

the ionization energy by fitting the experimental excitation energies of high-n Ry-

dberg states to the Rydberg equation. Using this method [19], they obtained the

perturber induced shift ∆(ρP) of the CH3I ionization energy in He, Ne, Ar and Kr

(at densities up to 23.0, 24.0, 11.3, and 6.6 ×1020 cm−3, respectively). Evans, et

al. presented the ionization energy shift of C2H5I in Ar at densities up to 4.9 ×1020

cm−3 [5]. In addition, Steinberger, et al. studied the shift of high-n CH3I Rydberg
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Figure 2.2: (a) The perturber induced shift ∆(ρP) of the first ionization energy
of CH3I in (H) He [19]; (¨) Ne [19]; (•) Ar [19]; and (¥) Kr [19] as a function of
the perturber number density ρP. Also included in this graph are (×) ∆(ρP) of the
C2H5I first ionization energy in Ar [5] and N the average Xe-induced shift of the nd
(2E3/2) series (10 ≤ n ≤ 14) of CH3I [36] plotted as a function of ρP (b) Average
perturber induced shifts of the CH3I nd (2E3/2) series in H2 (◦, 10 ≤ n ≤ 16, [37])
and CO2 (+, 11 ≤ n ≤ 14, [40]) plotted as a function of ρP. also included on this
graph is the average perturber-induced shifts of the CH3I nd′ (2E1/2) series in N2 (O,
9 ≤ n ≤ 15, [38]), methane (M, 10 ≤ n ≤ 14, [39]), ethane (♦, 10 ≤ n ≤ 14, [39]),
and propane (¤, 10 ≤ n ≤ 14, [39]). The solid lines in (a) and (b) are provided as a
visual aid.

states in Xe [36]. The experimental results measured in rare gases are summarized

in Fig 2.2a. Similarly, Fig 2.2b summarizes experimental data for the shift of CH3I

high-n Rydberg states in molecular perturbers. All the referenced results in Fig 2.2

clearly show that the energy shift is linear in perturber density.

In order to test the accuracy of different theoretical models, Köhler, et al. [19]

and Evans, et al. [5] compared the Fermi model, the Alekseev-Sobel’man model and

the Al-Omari-Reininger-Huber model to selected experimental data in the rare gases.

For example, Fig.2.3 presents the calculation of the perturber induced shift ∆(ρP)

from the original Fermi model [i.e., eq. (2.15)], the Alekseev-Sobel’man model [i.e.,

eq. (2.26)], and the Al-Omari-Reininger-Huber model [i.e., eq. (2.34)] in comparison
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Figure 2.3: Shift ∆(ρP) of the first ionization energy of (•) CH3I [19] and of (◦)
C2H5I [5] plotted as a function of Ar number density. (—) represents the original
Fermi model [i.e., eq. (2.15)]; (- - -) is the Alekseev-Sobel’man model [i.e., eq. (2.26)];
while (- · -) is the Al-Omari-Reininger-Huber model [i.e., eq. (2.34)]. The parameters
[18] for all of the calculations are A = 0.89 Å, αP = 1.63 Å3, and v = 430 m/s. See
text for discussion.

to experimental data [5, 19]. The agreement between the Alekseev-Sobel’man model

and the experimental data is obvious in this low density regime when the zero-kinetic-

energy electron scattering length was supplied from electron swarm methods [18].

Therefore, eq. (2.26) was often applied to the experimental ∆(ρP) in order to evaluate

the zero-kinetic-energy electron scattering lengths of various atoms and molecules. A

summary of the zero-kinetic-energy scattering lengths and scattering cross-sections

(i.e., σ = 4πA2 [15]) determined from eq. (2.26) is given in Table 2.1 [5].
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Table 2.1: Experimental total shift rates ∆/ρP, zero-kinetic-energy electron scattering
lengths A and cross-sections σ determined from eq. (2.26) [5]. All experimental data
were obtained at ambient temperature (approximately 25◦C).

(10−23 eV cm3) (Å) (Å2)
Perturber ∆/ρP A σ Ref.
He 2.44 0.57 4.1 [25]
H2 1.62 0.49 3.0 [37]
N2 0.00 0.19 0.45 [38]
Ne 0.09 0.090 0.10 [25]
Ar -4.75 -0.82 8.4 [41]
CH4 -7.86 -1.38 23.8 [39]
Kr -8.60 -1.60 32.2 [25]
C2H6 -10.1 -1.76 38.9 [39]
CF4 -8.65 -1.80 41 [5]
CO2 -11.8 -2.24 63.1 [40]
C3H8 -12.9 -2.28 65.3 [39]
Xe -16.8 -3.24 132 [36]
SF6 -24.7 -4.84 290 [5]
c-C4F8 -29.6 -6.18 480 [5]

2.2 ∆(ρP) in high density perturbers

2.2.1 Theoretical approach

At high perturber number densities, the separability of the electron/perturber and

dopant core/perturber interactions remains valid. Therefore, the perturber-induced

energy shift ∆(ρP) can still be written as a sum of interactions, namely [3, 26,42–47]

∆(ρP) = P+(ρP) + V0(ρP) , (2.35)

where P+(ρP) is the (adiabatic) ensemble average dopant core/perturber polarization

energy arising from the perturber distribution about the neutral dopant [48], and

V0(ρP) is the quasi-free electron energy in the perturber medium. The calculation of

the polarization energy P+(ρP) at high perturber number density is an extension of
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the approach used to determine ∆pol(ρP). To extend the basic statistical model used

for ∆pol(ρP), one must first determine the transport properties of the polarization

potential in the perturbing fluid. Lekner [49] investigated the electron motion in

liquid argon and concluded that the long-ranged polarization force between a charged

particle and a polarizable perturber was screened by the other perturber particles.

Therefore, the transport properties depended on the fluid structure that, in turn, can

be described through the radial distribution function g(r).

Following Lekner, later researchers [42, 48, 50–54] provided the formalism to cal-

culate P+(ρP) using a statistical mechanical model. Within this model, the dopant

core/perturber polarization energy w+(r1, . . . , rN) in the canonical distribution func-

tion [i.e., eq. (2.29)] can be written as a sum of pairwise potentials, or [27,42,48,50–54]

w+(r1, . . . , rN) = − 1

2
αP e2

N∑
i

r−4
i f+(ri) , (2.36)

with f+(r) being a screening function [49] that incorporates the repulsive interactions

between the induced dipoles in the perturbing medium. The screening function is

calculated from [48,49]

f+(r) = 1 − παPρP

∫ ∞

0

s−2 ds

∫ r+s

|r−s|
t−2f+(t)

[
g(3)(r, s, t)

gPD(r)

]
θ(r, s, t) dt , (2.37)

where

θ(r, s, t) =
3

2 s2
(s2 + t2 − r2)(s2 − t2 + r2) + (r2 + t2 − s2) , (2.38)

and where the integration variables s and t represent the distance between the atom

of interest and all other perturber atoms. In eq. (2.37), g(3)(r, s, t) is the three-body

correlation function and gPD(r) is the dopant/perturber radial distribution function.



2. PERTURBER EFFECTS ON DOPANT IONIZATION ENERGIES 23

Based upon the Kirkwood superposition approximation [55],

g(3)(r, s, t) = gPD(r) gPP(s) gPD(t) , (2.39)

where gPP(s) is the perturber/perturber radial distribution function. Thus, eq. (2.39)

allows eq. (2.37) to be written as [48]

f+(r) = 1 − π αP ρP

∫ ∞

0

s−2 gPP(s) ds

∫ r+s

|r−s|
t−2 f+(t) gPD(t) θ(r, s, t) dt . (2.40)

The first moment of the Fourier transform of eq. (2.29) with eqs. (2.37) and (2.38)

yields the (adiabatic) ensemble average dopant core/perturber polarization energy

P+(ρP) as [42,48,50–54]

P+(ρP) ≡ m1(ρP) = − 4 π ρP

∫ ∞

0

gPD(r) w+(r) r2 dr . (2.41)

On the other hand, the modeling of the quasi-free electron energy V0(ρP) in dense

perturber fluids is a knotty problem and, therefore, is less understood in comparison

to that in low density gases or in crystalline solids. In low density gases (cf. Section

2.1), the problem reduces to the scattering of a free electron from a single perturber.

While in crystalline solids, the symmetry and fixed position of perturbing particles

again reduces the complexity of modeling the quasi-free electron energy. Although the

problem in fluids is difficult, researchers have developed various theoretical models

for V0(ρP) that cover the perturber density range from low density up to the density

of the triple-point liquid. Some of these models are presented below.
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a. The Wigner-Seitz (WS) theory

A myriad of theoretical models for V0(ρP) in dense gases and fluids arose from varia-

tions in the Wigner-Seitz model [20,21], which was originally developed for solid state

physics. In a symmetric homogeneous crystal, the symmetry of the problem allows

one to solve the one-electron Schrödinger equation in the Wigner-Seitz cell, instead

of the entire crystalline lattice, in order to determine the energy of the system. The

Wigner-Seitz cell around one lattice point (e.g., the center of one atom for crystals

that have only one atom in the primitive unit cell) contains all space points that are

closer to this center lattice point than to other lattice points. In another words, if

we draw lines between a central atom and all its closest neighbor atoms, the planes

bisecting and perpendicular to these lines will form a polyhedral cell. Wigner and

Seitz [20, 21] replaced these polyhedral cells with spheres that had the same volume

as the cell. This boundary condition required that the radius of the spheres be de-

pendent on the density of the atoms in the crystal. Thus, the Wigner-Seitz radius is

calculated from eq. (2.13).

Within the Wigner-Seitz model, the one-electron potential V in each Wigner-

Seitz cell is now a spherically symmetric potential V (r), which has the translational

symmetry [20,21]

V (r) = V (r + 2rs) . (2.42)

Because of this periodic symmetry, the derivative of the wave function vanishes at

the boundary of the Wigner-Seitz cell sphere. Therefore, one can obtain the wave

function ψ in each sphere and the ground-state energy of the quasi-free electron V0(ρP)
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by solving [20,21]

∇2ψ +
2 me

~2
[V0 − V (r)] ψ = 0 , (2.43)

with the boundary condition
(

∂ψ

∂r

)∣∣∣∣
r=rs

= 0 . (2.44)

Since V (r) has not yet been specified, the differences in the various Wigner-Seitz

based theoretical models for V0(ρP) lie in the choice of V (r). Additionally, the exact

periodicity of the Wigner-Seitz model no longer holds in dense gases. Therefore, eq.

(2.42) becomes an average translational symmetry.

b. The Springett-Jortner-Cohen (SJC) model

Springett, Jortner and Cohen [56] considered the potential V (r) in eq. (2.43) as being

a sum of two parts: Vin, the potential inside the Wigner-Seitz sphere, and Vout, the

mean interaction potential due to all atoms outside the sphere. In general, both parts

should contain a polarization potential and a Hartree-Fock potential incorporating the

Coulomb and exchange interaction. However, in Vout, the short-ranged Hartree-Fock

potential can be neglected.

To solve Vout, Springett, Jortner and Cohen [56] assumed that the dense fluid

was structureless. This assumption implies that the lattice for the fluid, which is

determined by the perturber/perturber radial distribution function gPP(r), simplifies

to

gPP(r) =

{
0 , r < rs ,
1 , r > rs .

(2.45)

Moreover, since the fluid is structureless, the screening function f−(r) (which rep-

resents the screening of the interaction between the quasi-free electron and a single
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perturber by all remaining perturber atoms in the fluid) can be approximated as the

Lorentz local-field screening function, or [49]

f−(r) =

{
1 , r < rs ,(
1 + 8

3
π αP ρP

)−1
, r > rs .

(2.46)

Within the structureless fluid approximation, Vout is given by [56]

Vout = − αP e2 ρP

2

∫ ∞

rs

g(r′) f−(|r − r′|)
|r − r′|4 d3r′

= − 3 αP e2

2 r4
s

(
1 +

8

3
π αP ρP

)−1

.

(2.47)

On the other hand, Vin was given as the sum of a Hartree-Fock potential VHF (r)

and a polarization potential VP (r). By assuming that the electron charge is dis-

tributed uniformly in the arbitrarily chosen range rs/2 ≤ r ≤ rs, Springett, Jortner,

and Cohen presented the polarization part as [56]

VP (r) ≈ − αP e2

2

∫ rs

rs/2

d3r

r4

/ ∫ rs

rs/2

d3r ≈ − 12 αP e2

7 r4
s

. (2.48)

As a further simplification, these authors replaced the Hartree-Fock potential VHF (r)

by a hard-core pseudopotential Va(r),

Va(r) =

{ ∞ , r < rh ,
0 , r > rh ,

(2.49)

where rh is the hard-sphere radius obtained from the effective scattering cross-section

of the Hartree-Fock field. Within these approximations, the total potential V (r) in

eq. (2.43) becomes

V (r) = Va(r) + VP (r) + Vout(r)

= Va(r) − 3 αP e2

2 r4
s

[
8

7
+

(
1 +

8

3
π αP ρP

)−1
]

= Va(r) + UP ,

(2.50)
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where UP is the total polarization energy and is constant for a given perturber number

density.

With the potential defined by eq. (2.50), eq. (2.43), given the boundary conditions

of eq. (2.44) and ψ(rh) = 0, has a simple analytical solution, namely

ψ(r) =
1

r
sin [k0 (r − rh)] , (2.51)

where

tan [k0 (rs − rh)] = k0 rs . (2.52)

Thus, V0(ρP) is given by

V0(ρP) = UP + Ek(ρP) = UP +
~2 k2

0

2 me

. (2.53)

c. Other methods and simulations

Several additional Wigner-Seitz type models for V0(ρP) have been developed. All of

these models generally use the Wigner-Seitz radius as the boundary condition for the

wavefunction, but differ in the choice of V (r). Plenkiewicz, et al. [57–65] use the

potential form [57]

V (r) = Vout(r) + Vin(r) = Vout(r) + V ion
l (r) + VCoul(r) + Vx(r) + Vc(r) , (2.54)

which contains five parts:

1. Vout(r) is calculated using the same expression [i.e., eq. (2.47)] as in the SJC

model with the same choice of screening function f−(|r − r′|) [i.e., eq. (2.46)].

However, to account for the fluid structure, they calculated the radial distribu-
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tion function gPP(r
′) by solving the Percus-Yevick equation for a hard-sphere

fluid instead of using the step function [eq. (2.45)] of the SJC model.

2. V ion
l (r) is a non-local (l-dependent) bare-ion pseudopotential used to simulate

the ion-electron interaction. The authors employed a parametrized potential

form developed by Bachelet, et al. [66], which can fit atomic potentials for the

entire periodic table.

3. VCoul(r) is the Coulomb potential denoting the interelectronic interaction and

is given by [57]

VCoul(r) =

∫ ∑N
i=1 |ψi(r

′)|2
|r − r′| d3r′ , (2.55)

where ψi(r) is the wavefunction of the ith occupied state and N is the number

of valence electrons.

4. Vx(r) is a parameterized exchange potential, where two adjustable parameters

were chosen to reproduce the best available gas-phase, low-energy electron scat-

tering cross-section data.

5. Vc(r) is a correlation potential that ensures that the short-ranged potential joins

smoothly with the long-ranged polarization potential −αP e2/(2 r4) at a certain

crossing point.

Using the above interaction potential, Plenkiewicz, et al. calculated V0(ρP) for the

rare gases [57–63] as well as for the molecular fluids methane [64] and silane [65].

These calculations tend to underestimate V0(ρP), with the calculated values differing

from the experimental values by a minimum of 0.05 eV.
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Iakubov, et al. [67–70] also modified the SJC model by changing the interaction

potential. Their interaction potential was based on known atomic parameters and

the radial distribution function in the liquid. These calculations tend to overestimate

V0(ρP) by 0.1-0.5 eV, which represents an error of around 30%. Stampfli and Benne-

mann [71] improved the SJC model by avoiding the approximation used to calculate

the polarization potential within the Wigner-Seitz sphere VP (r) [i.e., eq. (2.48)]. They

used the full long-ranged polarization potential, VP (r) = −αP e2/(2 r4), and allowed

the hard core radius rh of the repulsive pseudopotential Va(r) [i.e., eq. (2.49)] to be an

adjustable parameter. However, since VP (r) is no longer a constant, the Schrödinger

equation can only be solved numerically. Moreover, they criticized the application of

the WS model to fluids, since it assumes a rigid, primitive lattice structure for liquids.

(All fluid density effects in the Wigner-Seitz model are incorporated by the simple

contraction of the lattice at increasing density and decreasing Wigner-Seitz radius rs.)

Instead, Stampfli and Bennemann [71] proposed an alternative model that fixes the

basic lattice in terms of the density and spatial arrangement of the solid perturber.

Therefore, the reduced density in a dense fluid is handled by increasing the number

of empty lattice sites within the crystalline structure of the solid. The quasi-free

electron energy V0(ρP) is obtained as a weighted average of the energy of the elec-

tron interacting with occupied cells and unoccupied cells. This model underestimates

V0(ρP) by a minimum of 0.01 eV (or 3%) for most of the density range.

Simon, et al. [72, 73] approached modeling V0(ρP) by considering the electron

interaction in a dense perturber as a classical continuum percolation problem. The

effective potential energy Veff is defined as the sum of the potential energy Vp due
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to the surrounding particles and the ground state kinetic energy Kg of the electron

in the region of confinement. Since there is a distribution of occupied and vacant

volume in a disordered fluid, all of these quantities are position dependent. For a

given fluid density, one can construct the effective potential surface, or Veff (r), as

a function of the spatial coordinates. Considering an electron with arbitrary energy

E, the conducting (or allowed) spatial regions will be all points that satisfy E >

Veff (r) ≡ Vp(r) + Kg(r). At lower energy E, electrons are confined in separated and

impenetrable energy valleys in the potential energy surface. As the electron energy

increases and reaches some threshold energy ET , the allowed regions begin to percolate

(forming macroscopic conduction paths). Thus, ET = V0(ρP) for any given density

in this model. To find ET , the authors assumed that the minimum ratio of allowed

volume to total volume for percolation was 0.032. These model calculations provide

V0(ρP) with a density dependence similar to that measured experimentally. However,

the minimum of V0(ρP) appears at higher densities for Ar, Kr and Xe. Moreover,

V0(ρP) is underestimated by a minimum of 0.08 eV. One weak point of this model is

the neglect of the perturber screening effect, as was pointed out by Lopez-Castillo, et

al. [74].

Finally, more complex Monte Carlo and molecular dynamics calculations have

also been performed to determine V0(ρP) in atomic perturbers. Lopez-Castillo, et

al. [74] used path-integral molecular dynamics (PIMD) simulations to calculate V0(ρP)

for argon at densities up to the triple-point density of 2.1 ×1022 cm−3. In their

algorithm [74], the path integral of a single quantum particle is replaced by the model

classical system of a chain polymer with P beads. Each bead interacts with its two
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nearest neighbors through constant harmonic forces P me/(β
2 ~2) and with (1/P )th

of the electron-fluid interaction potential Vel−F (r). Vel−F is then given by

Vel−F (r, R1, . . . , RN) =
N∑

i=1

Vel−at(|r −Ri|) f−(|r −Ri|) , (2.56)

where r is the electron position, Ri is the position of the ith atom, Vel−at is an electron-

atom pseudopotential obtained from Li, Broughton and Allen [75], and the screening

function f−(r) is a modified form of eq. (2.46). The electron-atom pseudopotential [75]

was chosen because it is strongly repulsive at short electron/perturber distances, but

goes over to the usual asymptotic polarization potential when the separation is larger

than a cut-off radius rc (which was chosen to be 4.27 au for argon). The screening

function was modified in order to remove discontinuities at the cut-off radius. In

addition, Lopez-Castillo, et al. [74] used the Lennard-Jones 6-12 potential to describe

the atom-atom interaction in the fluid. They concluded that (i) the inclusion of

screening is essential for reproducing the minimum in V0(ρP), (ii) the relaxation of

the fluid during the electron/perturber interaction is negligible, (iii) V0(ρP) is weakly

dependent on the degree of disorder of the fluid, and (iv) the convergence analysis

(P →∞) is important for obtaining accurate V0(ρP) at high densities.

Lopez-Castillo and Jay-Gerin [76] also provided a formalism for the study of V0(ρP)

in simple fluids within the framework of multiple-scattering theory, which is important

for understanding the behavior of V0(ρP) at low densities. Within first-order of the

random-phase approximation, they expanded V0(ρP) to terms containing ρ2
P with a

parameter to gauge atom/atom interactions. (Under the assumption of a hard sphere

interaction between perturbers, this coefficient is a constant.) This calculation agrees

with the experimental data for argon up to argon densities of 1.6 ×1022 cm−3, but
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overestimates V0(ρP) at higher densities by up to 0.1 eV. If the perturber/perturber

interactions are modeled using a Lennard-Jones 6-12 potential, the coefficient of the

second-order term shows significant temperature dependence. However, experimental

V0(ρP) data had not yet been obtained along different isotherms, but with the same

perturber number density. We will show in this work that there is no temperature

effect on V0(ρP), except near the critical temperature and density of the perturber.

Space, et al. [77] computed V0(ρP) for He, Ar and Xe using both the diffusion

Monte Carlo (DMC) method and the fast Fourier transform (FFT) block Lanczos

diagonalization (BLD) method. Their calculations involved the accurate determina-

tion of electron/He, electron/Ar and electron/Xe pseudopotentials, and confirmed

the importance of many-body polarization interactions in modeling V0(ρP). Boltjes,

et al. [78] used quantum molecular dynamics (QMD) to calculate V0(ρP) for He and

Ar as a function of density under the assumption that the fluid structure is not dis-

turbed by the quasi-free electron. Two different pseudopotentials were used for the

electron-Ar interaction: (i) the Li, Broughton and Allen potential [75], and (ii) the

modified Siska potential [79]. Both potentials provided calculational results close to

the experiment up to 1.5 ×1022 cm−3, but overestimated V0(ρP) at higher densities.

These calculations also indicated that the induced dipole/induced dipole interaction

in He was negligible, but that the interactions between induced dipoles in Ar should

be considered when modeling high densities (> 1022 cm−3).

2.2.2 Previous experimental results

Section 2.2.1 detailed the modeling of dopant ionization energies and the energy

of the quasi-free electron in dense perturbers. These theoretical models were de-
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Figure 2.4: Photoionization spectra of (a) 0.10 mbar CH3I and (b) 0.10 mbar CH3I in
dense argon (ρP = 7.9 ×1021 cm−3). Note the energy shift in the photocurrent onset
and the lack of autoionization structure in (b) due to the presence of high density
argon.

veloped and tested against a handful of experimental results, which are discussed

here. At high perturber densities, one cannot investigate the shift ∆(ρP) of the

dopant ionization energy or high-n Rydberg states using absorption spectroscopy

or standard photoionization spectroscopy because of the pressure broadening of the

bound and autoionizing Rydberg states (cf. Fig. 2.4, for example). With this lim-

itation in mind, several groups have investigated very dense media using photocon-

ductivity techniques [48, 80–85, 89–91]. Most recently, Reininger, et al. [25] and our

group [26, 42–47] have exploited field ionization of high-n dopant Rydberg states as

a method for determining ∆(ρP) – and, subsequently, the quasi-free electron energy

V0(ρP) – in various perturbers.
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a. Photoinjection

The most commonly used direct approach to obtaining the quasi-free electron energy

V0(ρP) is photoinjection [48, 80–85, 89–91], which involves injecting an electron from

a metal (electrode) into a dense perturber. Since V0(ρP) is the energy required to

take an electron from the vacuum into the perturbing fluid, the difference between

the work function W0 of the metal (electrode) in a vacuum and the work function

W1(ρP) in a fluid corresponds directly to V0(ρP). In other words,

V0(ρP) = W1(ρP) − W0 .

Thus, if one measures the photoemission spectrum of a metal in a vacuum and in

a fluid separately, the difference in the threshold region can be used to determine

V0(ρP).

Reininger, et al. measured the density dependence of V0(ρP) in Ar [80], Kr [81],

and Xe [81] from the low density gas phase up to the density of the triple point liquid

using photoinjection. These results are summarized in Fig. 2.5. One can clearly see

that there exists a minimum in V0(ρP) for all three perturbers. However, one also

notices that the scatter in the experimental data is quite high. Earlier photoinjection

results by Allen and Schmidt [82] obtained in Ar at a density range of 1.0-1.8 ×1022

cm−3 show a similar scatter [cf. (M) in Fig. 2.5a]. Similarly, Fig. 2.6 shows photoin-

jection results for V0(ρP) in the molecular perturbers methane and ethane. V0(ρP)

in methane [85, 89] behaves in a manner similar to that of the attractive rare gases

(cf. Fig. 2.6a). Ethane, on the other hand, showed significant differences [85, 90, 91].

The most striking of these differences is the positive value of V0(ρP) at ethane number
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Figure 2.5: V0(ρP) in attractive rare gas fluids obtained from various photoinjection
measurements, plotted as a function of perturber number density ρP. (a) P = Ar: (◦,
¤) [80] with different evaluations, (M) [82], (♦) [83], (C) [84], (B) [85], and (O) [48].
(b) P = Kr: (N, •) [81] with different evaluations, (J) [83], and (I) [85]. (c) P =
Xe: (¥, H) [81] with different evaluations, and (¨) [83]. The lines are provided as a
visual aid.
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Figure 2.6: V0(ρP) in molecular fluids obtained from various photoinjection mea-
surements, plotted as a function of perturber number density ρP. (a) P = methane:
(•) [89] and (N, H) [85] with different electrodes. (b) P = ethane: (◦, ¤) [90] under
different conditions, (O) [91], and (M) [85]. The lines are provided as a visual aid.

densities greater than 10.3 ×1021 cm−3 (cf. Fig. 2.6b). The negative V0(ρP) illustrated

in Fig. 2.5 and Fig. 2.6a for all densities reflects that the optical electron is quasi-free

and, therefore, in the conduction band of the fluid. Electron localization within a

fluid, on the other hand, occurs in repulsive systems and is indicated by a positive

V0(ρP). Repulsive systems like He are not investigated in the present work due to their

low critical- and triple-point temperatures. Thus, one possible explanation for the

positive V0(ρP) in ethane is that ethane becomes a repulsive system at high densities

and, therefore, that localized electron states exist in this system. We will offer an

alternative explanation for this positive V0(ρP) in Chapter 5 of this work. The density

dependence of V0(ρP) in larger non-polar molecular fluids has also been investigated

using a variety of advanced photoinjection techniques [85,92–96]. Holroyd, et al. also

obtained V0(ρP) in a variety of hydrocarbon liquids [95,96] at different temperatures.

In addition, Holroyd and Russell found that in several hydrocarbons the apparent

values of V0(ρP) changed when the photocathode materials [96] were varied. Simi-
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lar temperature dependencies and electrode dependencies were observed in rare gas

liquids, and in methane and ethane by Tauchert, et al. [85].

The photoinjection method contains two major problems. One can clearly see in

Figs. 2.5 and 2.6 that the experimental results do not extrapolate to zero energy in the

absence of a perturber (i.e., in a vacuum). This problem results from the formation

of oxide layers on the metal surface of the electrode. These oxide layers form a barrier

through which a photoemitted electron must tunnel, and the photoinjection energy

of the oxide-contaminated metal electrode is therefore non-zero in the vacuum. The

second problem is that the perturber interacts with the surface of the electrode and

thereby changes the electronic structure of the electrode. This perturber/electrode

interaction is dependent on the surface area and roughness of the electrode, the type

of metal, the nature of the perturber and the number density of the perturber. These

two factors cause the scatter of experimental data points in Figs. 2.5 and 2.6, as well

as the discrepant results observed by Holroyd, et al. [96] and Tauchert, et al. [85].

Accurately correcting the experimental data for perturber/electrode interactions is

difficult. Therefore, the development of another experimental method was necessary

in order to investigate temperature effects and more detailed density effects on V0(ρP).

b. Field ionization

Since photoinjection is interpretationally problematic, Reininger and co-workers [4,

7,27,50–54,97–99] developed a field ionization method to accurately obtain the shift

∆(ρP) of the dopant ionization energy, which leads to V0(ρP) indirectly through

eq. (2.35) by subtracting the calculated P+(ρP) [i.e., eq. (2.41)]. For high-n atomic and

molecular Rydberg states, the dopant core/optical electron potential is a Coulomb
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Figure 2.7: Field ionization of Rydberg states. (- - -) Coulomb potential (−e2/r),
(- · -) external electric field on z direction, (—– curve) core-electron potential under
the electric field. Note ∆I is the lowering of the ionization limit.

potential (i.e., −e2/r). When an external electric field F is applied, the angular mo-

mentum states are coupled. The effect of this coupling is to lower the ionization limit

in comparison to the zero-field limit (cf. Fig. 2.7). For convenience, we will call the

difference between the ionization limit in an electric field and the zero-field ionization

limit ∆I. Thus, high-n Rydberg states with a binding energy less than ∆I will be

ionized by the electric field.

By means of classical field ionization, the field-induced change in the ionization

energy of hydrogen is given by ∆I = −2F 1/2 [8]. In the field ionization of molecular

Rydberg states, vibrational and rotational effects must be taken into consideration,

and these effects lead to the classical field ionization limit being written as [4, 8]

∆I = − c0 F 1/2 , (2.57)

where c0 is a positive constant.

Reininger and co-workers [4, 7, 27, 50–54, 97–99] used field ionization of high-n

Rydberg states as a way to systematically obtain ∆(ρP). As mentioned previously,
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experimentally obtaining ∆(ρP) with less scatter allows us to use eq. (2.35) with

an accurate calculation of eq. (2.41). Fig. 2.8 summarizes V0(ρP) for the attractive

rare gas fluids (i.e., Ar, Kr and Xe) obtained from the experimental ∆(ρP) using

eq. (2.41) [4, 50, 52, 53, 98, 99]. (The details of the P+(ρP) calculations can be found

in [4,50,52,53,98,99].) Clearly, these data follow the same trend as the photoinjection

results shown in Fig. 2.5, but with much less scatter. Since the field ionization mea-

surements are not affected by the formation of oxide layers and the surface structure

of electrodes, these results are generally more reliable than those from photoinjection.

However, temperature studies were not performed for any of the experimental data

(i.e., solid markers) presented in Fig. 2.8. These data also do not extend to the very

low density regime of ≤ 1×1021 cm−3. In the work presented here, we will investigate

V0(ρP) in the attractive rare gases and selected molecular gases for various isotherms,

including the critical isotherm, from low densities up to the density of the triple-point

liquid. Since the field ionization technique requires that V0(ρP) be extracted from the

experimentally determined ∆(ρP), we will show that the method of modeling P+(ρP)

presented in eq. (2.41) yields a quasi-free electron energy that is independent of the

dopant used to obtain the optical electron.

Fig. 2.8 also includes some of the theoretical approaches [56,63,71–74,76–78] dis-

cussed in Section 2.2.1. The failure of the original SJC model [56] is clearly shown

in comparison to the data for both Ar and Kr (cf. Fig. 2.8a and b) for all perturber

densities. Better agreement between experiment and theory is achieved by the later,

more complex calculations. However, most of the current calculations fit either the

low density data well or the high density data well. None of the calculations fit the
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Figure 2.8: V0(ρP) obtained from field ionization of various dopants D plotted as
a function of perturber P number density. (a) P = Ar. (•) D = H2S [50]; (¥) D
= CH3I [53]; and (H) D = CH3I [99]. (b) P = Kr. (N) D = CH3I [52] and (¨) D
= (CH3)2S [98]. (c) P = Xe. (¨) D = (CH3)2S [98]. The lines and open markers
represent calculations from the various theories presented in Section 2.2.1. (—–) is
calculated using the SJC model [56] [i.e., eq. (2.53)] with rh = 0.91 Å for Ar and
rh = 1.04 Å for Kr. (· · · ) is obtained using a more accurate pseudopotential [63].
(- · -) is obtained by the classical continuum percolation approach [73] (originally
fitted to photoinjection results). (- - -) is determined in the expanded lattice model
where VP (r) is non-constant [71]. (- · · -) is calculated for Ar using a random-phase
approximation within multiple scattering theory [76]. (M) and (O) are calculated
using quantum molecular dynamics for Ar [78]. (◦) is V0(ρP) in Ar obtained by path
integral molecular dynamics [74]. Finally, (♦) is determined for Xe with a mean-field
many-body polarization potential [77].
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entire density range with the same level of error. In general, the Wigner-Seitz models

are superior to other methods in terms of accuracy and simplicity. We will show

that a modification of the boundary conditions in the Wigner-Seitz model can reduce

the difference between theory and experiment to within ±0.5% of experiment for all

perturber densities and temperatures, including near the critical density and temper-

ature. We will then expand this new model to selected molecular perturbers.



Chapter 3

Experiment

3.1 Experimental apparatus

The determination of V0(ρP) involves measuring dopant photoionization spectra in

a dense fluid under different electric fields. These measurement require (i) a light

source and monochromator with appropriate resolution (< 10 meV) over a large

energy range, (ii) a sample cell that can withstand high pressures (up to 100 bar),

(iii) a temperature control system that can stabilize the temperature of a sample to

within ±0.5◦C over a broad range of temperatures (i.e., −191◦C to 100◦C), and (iv)

a gas handling system for sample preparation.

The light was provided by the 1-m Aluminum Seya-Namioka monochromator (Al-

Seya) on bending magnet 8 of the Aladdin electron storage ring at the University

of Wisconsin Synchrotron Radiation Center (SRC). The Al-Seya beamline, which

was decommissioned during Winter 2007, covered the energy range from 5 - 30 eV

with a resolution of 0.9 Å, or ∼ 8 meV in the spectral region of interest (i.e., 5 -

11 eV). The intensity of the monochromatic radiation was monitored and recorded

by a nickel mesh placed perpendicular to the light path prior to the sample cell.

The sample cell was placed in a ultra-high vacuum chamber (cf. Fig. 3.1) that was

42
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Figure 3.1: Schematic of the sample chamber used in all of the experiments presented
here.

separated from the beamline by a pneumatic safety valve. The cell was aligned so

that the monochromator focus was centered in the sample cell. The pressure in the

sample chamber was maintained in the low 10−8 Torr range during experimental

measurements by an ion pump attached to the bottom of the chamber. The safety

valve was configured to close if the pressure in the sample chamber rose above the

mid 10−8 Torr region. (We should note here that the base sample chamber pressure

was maintained at high 10−9 Torr when not open to the monochromator.)

Two different copper sample cells [5] were used in these experiments: Cell 1 (cf.

Fig. 3.2a) is equipped with entrance and exit MgF2 windows and a pair of parallel

plate electrodes (stainless steel, 3.0 mm spacing) oriented parallel to the incoming ra-

diation and perpendicular to the windows. This orientation of electrodes and windows
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Figure 3.2: (a) Side view of cell 1. (b) Top view of cell 2. See text for discussion.

permits the simultaneous recording of photoionization and transmission spectra. The

light path inside Cell 1 is 1.0 cm. Cell 2 (cf. Fig. 3.2b) is equipped with an entrance

LiF window coated with a thin (7 nm) layer of gold to act as an electrode. The second

electrode (stainless steel) is placed parallel to the window with a spacing of approxi-

mately 1.05 mm. Both cells were designed to withstand gas pressures up to 100 bar.

All the experiments reported here were performed in Cell 1, except for selected data

in ethane at non-critical temperatures and data obtained along the critical isotherm

of ethane.

The temperature of the sample was controlled by attaching the sample cell to a

cryostat that was simultaneously heated with a resistive heater and cooled by liquid

nitrogen flow through the cryostat. The temperatures above and beneath the cell

were measured with a Pt resistor and a silicon diode, respectively, and were regulated

by a digital temperature controller (i.e., a Lakeshore 330 Autotuning Temperature

Controller). The controller monitored the temperature of both sensors and adjusted

the current flow through the resistive heater to bring both monitored temperatures

close to the temperature set by the user. This system will hold the temperature to
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within ±0.5◦C of the set point for most samples after stabilization. Near the critical

point of a fluid, small changes in temperature lead to large density swings. These

density swings in the cell increase the difficulty of stabilizing the temperature by

just adjusting the current flow through the heater. Therefore, for experimental data

points taken near the critical point of the fluid, the temperature was also regulated

by manually adjusting the liquid nitrogen flow. Using this technique, we were able to

control the temperature to within ±0.2◦C for these data points, which is crucial for

maintaining constant density in the near critical point sample. The voltage applied

to the cell electrodes was provided by a Bertan Series 225 High Voltage Power Supply.

This power supply allows us to vary the voltage applied to the electrodes up to 5000

V, giving us a maximum electric field strength of 16,700 V/cm and 48,500 V/cm for

Cell 1 and Cell 2, respectively.

3.2 Sample preparation

Fig. 3.3 shows a typical gas handling system setup. Before any sample is prepared,

the system is baked to a base pressure of low 10−8 Torr or high 10−9 Torr. Once a

suitable base pressure is achieved, a sample can be added to the sample cell. The

preparation of any sample is performed in three steps: (1) adding the dopant; (2)

adding the perturber; and (3) mixing the sample. These steps are detailed in [5].

Thus, we will present only a brief discussion of sample preparation.

1) Adding the dopant: The valve to the pump is closed, as are any valves to gas

regulators connected to the perturber gas bottle. Valve V2 is opened slightly to allow

the desired amount of the dopant into the gas handling system (GHS) and subse-

quently into the sample cell. Once the desired pressure (determined using the low



3. EXPERIMENT 46

Figure 3.3: Schematic representation for a typical arrangement of the gas handling
system. V1 - V6: valves; R1: dual stage regulator; MKS1: pressure manometer
(maximum range: 10 mbar); MKS2: pressure manometer (maximum range: 1 bar);
Res: reservoir; Setra: pressure manometer (maximum range: 200 bar); and CF: cold
finger.

pressure gauges MKS1 and MKS2 that read to 10.00 mbar and 1.00 bar, respectively)

is reached, both V2 and V6 are closed. The remaining dopant is removed from the

GHS by opening the V3. The addition of the perturber is not begun until after the

pressure in the GHS has returned to the low 10−7 Torr range to prevent contamina-

tion of the high purity perturber gas with the dopant. The time between dopant and

perturber addition is usually 30 - 60 minutes, since our dopants tend to be liquids

at room temperature and pressure and, therefore, are difficult to pump out of the

vacuum system.
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2) Adding the perturber: When the GHS has returned to a suitable pressure,

the regulator R1 and the valve V1 are verified to be closed. The perturber bottle is

opened briefly and then closed. The regulator is set to allow 30 psi on the low pressure

side, which allows us to control the rate of gas flow into the GHS. The valve V1 can

then be used to fill the GHS system to the desired amount of perturber gas up to a

1 bar limit. (The limit of 1 bar is due to the stainless steel bellows between V4 and

V5.) Since all of our studies occur at medium and high density, our desired amount

of perturber is usually above 1 bar. The opening of V6 decreases the total pressure to

below 1 bar and, therefore, more perturber is added to bring the total pressure back

to 1 bar before closing V1 and V6. At this point, all of the gas in the sample cell is

collected into the cold finger (CF) with liquid N2. Additional gas can be added to this

initial sample in two different ways, namely, using the reservoir (Res) as a gas ballast

volume or using the remaining GHS as the gas ballast volume. The Res ballast volume

is approximately 3 times the volume of the sample cell region, while the GHS ballast

volume is usually 10 times the volume of the sample cell region. The amount of gas

needed to reach the desired pressure determines which method is chosen. To obtain a

final pressure of 30 bar in the sample cell region, we would use the GHS as the ballast

volume; whereas, if we wanted to add only 500 mbar, we would use the reservoir as

the ballast volume. Adding perturber gas to the cell using a GHS fill is usually faster

if one wants to start with a higher pressure sample. However, this procedure is risky

since V3 can slip open during the process of collecting the gas into the cold finger.

Thus, V3 and the pumping speed of the vacuum pump (which drops dramatically if

V3 slips) must be monitored closely during a GHS fill procedure. The final pressure
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of the sample is obtained by closing V6 and thawing the sample using a heat gun.

The pressure is measured using the Setra pressure gauge, which is calibrated for the

range 0 - 80.00 bar. If the sample is not at the desired final pressure, the sample is

frozen with liquid N2 and more perturber gas is added.

3) Mixing the sample: Steps 1 and 2 do not ensure a homogeneous mixing of the

dopant and perturber, since the dopant is added before the perturber. Moreover, the

perturber diffusion from the cold finger to the cell is slow. Thus, manual mixing of the

dopant and perturber is necessary. This manual mixing is accomplished by collecting

all of the sample into the cold finger using liquid N2 and then releasing the sample

back into the cell by warming the cold finger with a heat gun. This freeze-thaw

process is repeated at least three times to guarantee homogeneous mixing. Then

the temperature of the sample cell is adjusted to the desired temperature (or the

temperature is allowed to stabilize) and the two photoionization spectra necessary for

field ionization are obtained. The next sample is prepared by either adding additional

perturber or by changing the temperature. Finally, we should note that the cold finger

is at room temperature (if the critical temperature of the perturber is below room

temperature). Thus, time must be allowed for the pressure of the sample to stabilize

at the desired cell temperature.

The method discussed above is our standard way of preparing samples [26,42–47]

for perturbers having critical temperatures (Tc) below room temperature. However,

for samples (e.g., ethane) with a critical temperature near or above room temperature,

we must ensure that the temperature of the cold finger is higher than the critical

temperature of the perturber. In fact, careful observation using ethane indicated
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that a temperature gradient between the cold finger and the sample cell of 20 -

30◦C should be maintained in order to ensure a homogeneous mixing of dopant and

perturber in the sample cell. Because our system was not originally designed for

this purpose, we modified the system by attaching resistive heat tape to CF and Res.

This area of the GHS was wrapped with aluminum foil to insure uniform heating, and

the temperature was monitored using a thermocouple on CF and a dial thermometer

on Res. The heating of the GHS system, however, also mandated that more time

be spent between samples to allow both the GHS and the sample cell to stabilize

thermally. The final problem encountered when working with dense molecular gases,

instead of dense atomic gases, is the molecular volume. The size of CF was chosen

to minimize the amount of gas needed to prepare high pressure samples. However,

the cold finger volume is too small to collect the amount of perturber necessary to

achieve the desired final pressures for many of our samples. Therefore, we used Res

as an additional cold finger. This requirement meant a three fold increase in the

amount of perturber required to generate the same final sample pressure which, in

turn, increased the cost of the experiment.

3.3 Dopant and Perturber information

The measurement of photoionization spectra in fluids at high perturber number den-

sities (implying high pressures) necessitates the use of crystal windows in the sample

cells which, in turn, have specific energy cut-offs because of light absorption. In these

experiments, we use MgF2 and LiF windows with energy cutoffs at 10.8 eV and 11.8

eV, respectively. Thus, the dopants chosen for these experiments must have Ryd-

berg states and first ionization energies below 11.8 eV. Moreover, the dopants must
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have sufficiently high vapor pressures to allow for their introduction into the gas

phase system, and must possess an ionization energy in a spectral region where the

perturbers are transparent. Finally, the dopant should not chemically react with the

perturber during the spectroscopic measurements. With these limitations in mind, the

dopants chosen were the following molecules: CH3I, C2H5I, trimethylamine (TMA),

N,N-dimethylaniline (DMAn) and triethylamine (TEA).

CH3I, C2H5I, DMAn and TEA used in these experiments were purchased from

Sigma-Aldrich. Since the amount of dopant used in sample preparation is relatively

small (i.e., between 0.1 to 10 mbar), ultra-high purity dopants were not needed.

Therefore, the dopants were used without further purification. The purities of each of

these dopants, obtained from lot analysis provided by Sigma-Aldrich, were as follows:

CH3I, 99.45%; C2H5I, 99.1%; DMAn, 99.8% and TEA, 99.8%. All of these dopants,

which are liquid at room temperature, were degassed by freezing with liquid nitrogen,

then pumping using the turbo pump connected to the GHS, and then thawing using

a heat gun. This process was repeated at least three times before the dopant was

used. TMA, which is a gas at room temperature, was purchased from Matheson

Gas Products at a purity of 99.5%. Perturber gases involved in this research were

ultra-high purity gases purchased from Matheson Gas Products. The purity of each

perturber is as follows: Ar, 99.9999%; Kr, 99.998%; Xe, 99.995%; CH4, 99.999%;

C2H6, 99.995%; and CF4, 99.999%. The absence of contamination was verified by

checking the photoionization and absorption spectra individually of each dopant and

perturber. Trace impurities in some of the perturber gases were observed. However,
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Table 3.1: The various equations of state (EOS) used to determine perturber number
densities from the experimentally measured pressure and temperature, along with the
references for the equation of state coefficients.

Perturber Equation of state Coefficients

Ar Strobridge1 EOS [101]

Kr Strobridge1 EOS [102]

Xe Strobridge1 EOS [103]

CH4 MBWR2 EOS [104]

C2H6 SW3 EOS (T < 205.15 K and T > 222.15 K) [106]

MBWR2 EOS (205.15 K ≥ T ≥ 222.15 K) [104]

1Strobridge equation of state [100].
2Modified Benedict-Webb-Rubin (MBWR) equation of state [104].
3Schmidt-Wagner (SW) equation of state [105].

these impurities did not interfere with the determination of dopant field ionization

spectra at any perturber number density.

The number density of the perturber is calculated from an accurate equation of

state using the pressure of the sample and the recorded temperature (obtained at the

start and end of each field ionization scan). Because a myriad of equations of state

(EOS) exists for the perturbers investigated in this work, the EOS and coefficients

were chosen by determining the error in the density calculated from the EOS in

comparison with published experimental thermodynamic data for each gas. The

selected EOS had to give an error within ±0.2% of the density over the entire density

range (i.e., low density to the density of the triple-point liquid). Table 3.1 lists the

equations of state along with the reference containing the coefficients for each of the

perturbers investigated. Since equations of state normally express the pressure as a

function of density and temperature, the density was determined using a standard

bisection method for root finding. Once an equation of state is selected, a p− ρ− T
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Figure 3.4: p − ρ Phase diagram of CH4 determined from the modified Benedict-
Webb-Rubin equation of state [104] showing several non-critical isotherms (—), the
critical isotherm (· · ·), and the vapor pressure curve (- - -). (•) present typical
thermodynamic conditions for obtaining non-critical experimental data, while (◦)
indicate the thermodynamic conditions for the experimental data obtained near the
critical point.

phase diagram is constructed and used to determine isotherms and temperatures

for various data points. Fig. 3.4 shows the p − ρ − T phase diagram of CH4 with

the thermodynamics conditions for various experimental points shown as (•). Since

temperature stabilization is the most time consuming process, photoionization spectra

were obtained for various perturber number densities along a single isotherm in the

supercritical fluid region. The slope of the isotherms steepens for temperatures below

the critical temperature. Therefore, in this region the temperature must be varied in

order to change the density of the sample. In order to prevent gas condensation in the

cell, which can cause a crack in the crystal window, the perturber pressure for these

samples was always maintained at ≥ 3.0 bar above the perturber vapor pressure.
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3.4 Data acquisition and field ionization correction

The monochromator was controlled by LabView software written by SRC staff. This

software steps the grating to the desired wavelength, then pauses to read the pi-

coammeters (Keithley 486, used as detectors in all experiments) before moving to the

next wavelength. The picoammeters detect the photoemission current from the nickel

mesh (cf. Fig. 3.1) and read the current collected at the electrodes in the sample cell

(cf. Fig. 3.2). The monochromator control software creates a data file that contains

the wavelength, energy, current stored in the storage ring, and data from all picoam-

meters for each point in the scan. These data files are then transferred to a separate

computer for additional analysis.

Since the intensity of the synchrotron radiation decays over time, all photoion-

ization spectra were normalized by the photoemission current from the Ni mesh. A

field ionization spectrum is obtained by subtracting dopant photoionization spectra

measured at two different electric fields to detect the high-n Rydberg states that are

field ionized by the high field FH, but not by the low field FL. However, the FL and FH

necessary to obtain the best field ionization spectra are very system dependent and,

therefore, can only be determined empirically by measuring photoionization spectra

at several different fields and at several perturber number densities. Once FL and FH

are optimized for the system, a field ionization spectrum is obtained by subtracting a

photoionization spectrum measured at FL from a spectrum measured at FH after in-

tensity normalization (necessary to remove the effects of secondary ionization [4]). For

example, the intensity normalized photoionization spectra of neat CH3I measured at

various electric field strengths are plotted as a function of photon energy in Fig. 3.5a.
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Figure 3.5: Field ionization study of 0.10 mbar CH3I. (a) Photoionization spectra at
(—) 333 V/cm, (· · ·) 1667 V/cm, (- - -) 3333 V/cm, (- · -) 5000 V/cm, and (- ·· -) 6667
V/cm after intensity normalization, necessary to correct for secondary ionization. (b)
Field ionization spectra obtained with FL = 333 V/cm and with various FH [see (a)].
(c) The energy IF of the field ionization peak plotted as a function of the square root
of the electric fields. See text for discussion.
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Table 3.2: The first ionization energy I0(ρP) and the field ionization constant c0 for
all the dopants involved in this research.

(eV) (eV cm1/2 V−1/2)
Dopant I0(ρP) c0

CH3I 9.538± 0.005 4.3± 0.1× 10−4

C2H5I 9.349± 0.006 3.0± 0.5× 10−4

TMA 8.370± 0.008 2.8± 0.2× 10−4

TEA 7.833± 0.015 4.9± 0.3× 10−4

DMAn 7.450± 0.010 5.1± 0.8× 10−5

These spectra clearly show the changes in the photoionization spectra as a function

of electric field. Since the field ionization spectrum depends on the field ionization

of high-n Rydberg states, the variation in FH leads to a characteristic shift in the

energetic position of the field ionization peak (cf. Fig. 3.5b). By plotting this shift as

a function of the square root of the electric field (cf. Fig. 3.5c), one can extrapolate

the zero-field energy position of the ionization energy I0(ρP) using [42]

I0(ρP) = IF(ρP) + c0

( √
FL +

√
FH

)
, (3.1)

where IF(ρP) is the dopant ionization energy perturbed by the electric field and by

the dense gas, and c0 is a dopant-dependent, perturber-independent positive constant

that is empirically determined. Table 3.2 lists I0(ρP) and c0 obtained from fitting the

energy of several field ionization spectra for the neat dopants to eq. (3.1).

To remove any possible normalization errors, the photoionization spectra are in-

tensity normalized in three different energy regions. This gives three different field

ionization spectra, each of which is modeled with a nonlinear least-squares analysis

using a Gaussian fit function. Since the field ionization spectra can be asymmetric,
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three separate nonlinear Gaussian fits are performed. The energy of any field ioniza-

tion peak [i.e., IF(ρP)] is, therefore, calculated from the average of the nine energy

values determined from the three individual Gaussian fits on each of the three field

ionization spectra. In this way, scatter in IF(ρP) between different densities is greatly

reduced. Once IF(ρP) is obtained from the experimental data, eq. (3.1) and the data

in Table 3.2 are used to calculate I0(ρP). The perturber dependent shift ∆(ρP) of the

dopant ionization energy is then obtained from [42]

∆(ρP) = I0(ρP) − Ig , (3.2)

where Ig is the gas phase dopant ionization energy.



Chapter 4

Quasi-free electron energy V0(ρP) in
rare gases

In this chapter, we first present new measurements of the perturber induced shift

∆(ρP) of the CH3I ionization energy in low density Ar and Kr [26]. The tempera-

ture dependence observed in these data indicates the failure of the Fermi-Alekseev-

Sobel’man model even at low perturber number densities. V0(ρP) data obtained using

field ionization in all the attractive rare gases (i.e., Ar, Kr and Xe) are then presented

as a function of perturber number density up to the density of the triple point liquid,

both at non-critical temperatures and along the critical isotherm [42–47]. The local

Wigner-Seitz model developed by our group is explained and used to model all data

presented here. This model is shown to predict accurately the temperature depen-

dence of ∆(ρP) at low perturber densities, as well as the dramatic change in V0(ρP)

observed near the critical density and temperature of the perturber.

4.1 Experimental results

4.1.1 ∆(ρP) in low density Ar and Kr [26]

Field ionization of CH3I high-n Rydberg states was performed in the low to medium

density regime (i.e., ρP ≤ 3× 1021 cm−3) for the perturbers argon and krypton, with

57
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Figure 4.1: The perturber induced shift ∆(ρP) of the CH3I ionization energy in (a)
argon and (b) krypton plotted as a function of perturber number density ρP.
(•, H) 25◦C, (¥) -60◦C, and (N) -114◦C. The open marker is provided to show the
experimental error. The lines are provided as a visual aid.

FL = 830 − 2, 500 V cm−1 and FH = 2, 500 − 6, 700 V cm−1. Fig. 4.1a presents the

argon induced shift ∆(ρAr) of the CH3I ionization energy plotted as a function of Ar

number density at three different temperatures (i.e., 25◦C, -60◦C, and -114◦C). These

data show that |∆(ρP)| increases as the temperature decreases. While the original

low density Fermi model [15][i.e., eq. (2.15)] and the Al-Omari-Reininger-Huber model

[27][i.e., eq. (2.34)] imply no temperature dependence, the Alekseev-Sobel’man model

[6, 22][i.e., eq. (2.26)] predicts a decrease in |∆(ρP)| as the temperature decreases,

since the average thermal velocity v decreases with decreasing temperature. One

can only model these new data by changing the electron scattering length A, which

is unacceptable and indicates the failure of all these low density models. Fig. 4.1b

presents new measurements of the krypton induced shift ∆(ρKr) of the CH3I ionization

energy (solid markers) plotted as a function of Kr number density at 25◦C.



4. QUASI-FREE ELECTRON ENERGY V0(ρP) IN RARE GASES 59

4.1.2 V0(ρP) in Ar, Kr and Xe

While experimental data exist for the energy of a quasi-free electron V0(ρP) in at-

tractive rare gas perturbers (cf. Figs. 2.5 and 2.8), our group chose to obtain new

experimental data along specific isotherms in order to evaluate temperature effects.

Fig. 4.2 summarizes the perturber induced shift of the dopant ionization energy

∆(ρP) of CH3I [42, 43, 45] and C2H5I [42, 44, 45] in dense Ar and Kr, and of N,N-

dimethylaniline [46] and trimethylamine [46] in dense Xe, plotted as a function of

perturber number density ρP. The data represented by the solid markers in Fig. 4.2a

and b were taken along the non-critical isotherms −114.8◦C and −117.6◦C for Ar

densities of (3.1 - 11.6) ×1021 cm−3. The solid markers at higher Ar number densities

required that the temperature be adjusted, since the density does not vary much with

pressure for a perturber pressure of under 80 bar when the temperture is less than the

critical temperature Tc. The data point at the highest argon density was obtained at

a temperature of −181◦C, which is near the triple point temperature of −189◦C. The

open markers in Figs. 4.2a and b were obtained on the isotherm of −121.5◦C, which

is near the argon critical temperature of −122.3◦C. Similarly, the data represented

by solid markers in Fig. 4.2c and d were obtained along the non-critical isotherms

−57.1◦C and −60.0◦C for Kr densities of (2.0 - 9.7) ×1021 cm−3 as well as at other

temperatures for the higher densities. (The data point at the highest krypton density

was acquired at a temperature of −155◦C, which is near the triple point temperature

of −157◦C.) The open markers in Fig. 4.2c and d were acquired along the isotherm

of −63.3◦C, which is near the krypton critical temperature of −63.7◦C. In addition,

the xenon induced shift of the dopant ionization energy at non-critical temperatures
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Figure 4.2: The perturber induced shift ∆(ρP) of the dopant (D) ionization energy
in Ar (a and b), Kr (c and d), and Xe (e and f) plotted as a function of perturber
number density ρP at non-critical temperatures (solid markers) and on an isotherm
near the critical isotherm of the perturber (open markers). (N [42], M [43, 45]) D =
CH3I, (• [42], ◦ [44, 45]) D = C2H5I, (¥ [46], ¤ [46]) D = N,N-dimethylaniline, and
(H [46], O [46]) D = trimethylamine. The lines are provided as a visual aid.
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(cf. solid markers in Figs. 4.2e and f) were obtained along the non-critical isotherms

of 19.8◦C for Xe densities of (0.5 - 6.3) ×1021 cm−3 and 18.0◦C for Xe densities of

(6.4 - 7.0) ×1021 cm−3, as well as at other temperatures for the higher densities. The

data for the highest xenon density was obtained at a temperature of −109◦C, which

is close to the triple point temperature of −111◦C. The open markers in Figs. 4.2e

and f were acquired along an isotherm of 17.0◦C, which is near the xenon critical

temperature of 16.5◦C.

The total error range for any experimental point is given by a sum of the field

correction error, the goodness-of-fit error (for fitting a field ionization spectrum to a

Gaussian line shape), and the error arising from the energy uncertainty due to the

resolution of the monochromator (i.e., ± 4 meV). For measurements at non-critical

temperatures, this total error averages to ± 0.015 eV for CH3I and trimethylamine

(TMA) and ± 0.020 eV for C2H5I and N,N-dimethylaniline (DMAn). For measure-

ments along the critical isotherm of the perturber, this total error averages to ± 0.020

eV for CH3I, ± 0.025 eV for C2H5I and TMA, and ± 0.030 eV for DMAn. We should

note that the larger experimental error at the critical temperature arises from the

inability to maintain the temperature and pressure to the high stability needed to

minimize density fluctuations completely. The increased density fluctuations in turn

increase the noise in the photoionization measurements and, therefore, in the field ion-

ization spectra. The lack of data points in the xenon density range (0.5− 3.5)× 1021

cm−3 with the dopant TMA (cf. Fig. 4.2f) is due to the saturated absorption of the

xenon 6s Rydberg state at high xenon number density in the same spectral region

as the ionization energy of TMA. The narrowness of the phase diagram in the sad-
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dle region near the critical density of krypton and xenon, near the critical isotherm,

prohibited the measurement of photoionization spectra in the krypton density range

(6.5− 7.6)× 1021 cm −3 and the xenon density range (4.5− 6.5)× 1021 cm−3.

The data in Fig. 4.2 show a clear decrease in |∆(ρP)| near the perturber critical

density (i.e., ρc = 8.0 ×1021 cm−3 for Ar, ρc = 6.6 ×1021 cm−3 for Kr, and ρc =

5.0 ×1021 cm−3 for Xe). Also, a careful perusal of Fig. 4.2 shows that ∆(ρP) for

different dopants in the same perturber differ slightly from each other. In order to

determine if these differences arise from the quasi-free electron energy V0(ρP), the

average ion/perturber polarization energy P+(ρP) must be evaluated and subtracted

from ∆(ρP). We chose to calculate P+(ρP) using eqs. (2.36) - (2.41) with the ra-

dial distribution functions gPP(r) and gPD(r) calculated from a coupled homogeneous

Percus-Yevick model, given by [42,107]

gij(r) = r−1 e−β Uij(r) Yij(r), (4.1)

where i = P or D, j = P or D, Uij is the intermolecular potential between species i

and j, and

Yij(r) =

∫ r

0

dt
dYij(t)

dt
, (4.2)

with

d

dr
Yij(r) = 1 + 2 π

∑

k

ρk

∫ ∞

0

dt
(
e−β Ukj(t) − 1

)
Ykj(t)

×
[
e−β Uik(r+t) Yik(r + t) − r − t

|r − t| e−β Uik(|r−t|) Yik(|r − t|) − 2 t

]
,

(4.3)

where ρk is the number density of species k = P or D. It is important to note that

when ρD ¿ ρP, the four coupled equations represented by eq. (4.3) reduce to two

coupled equations for gPP and gPD, and gPP is independent of gPD.
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For these calculations, the perturber/perturber intermolecular potential was cho-

sen to be a Lennard-Jones 6-12 potential,

UPP(r) = 4 εPP

[(σPP

r

)12

−
(σPP

r

)6
]

, (4.4)

where εPP is the well-depth for the perturber/perturber interaction, and σPP is the

perturber collision parameter. The dopant/perturber intermolecular potential was a

modified Stockmeyer potential with the form [108]

UPD(r) = 4 εPD

[(σPD

r

)12

−
(σPD

r

)6
]
− 1

r6
αP µ2

D , (4.5)

where εPD is the well-depth for the dopant/perturber interaction, σPD is the dopant/

perturber collision parameter, αP is the perturber polarizability, and µD is the dipole

moment of the dopant. (The modified Stockmeyer potential includes orientational

effects via an angle average that presumes the free rotation of the polar dopants.)

The determination of εPD and σPD begins with the calculation of εDD and σDD for each

dopant from the dopant critical point information using

εDD

kB

=
Tc

T ∗
c

, σDD =

(
εDD p∗c

pc

)1/3

, (4.6)

where T ∗
c = 1.312 and p∗c = 0.1279 [109]. These parameters were then combined

with the perturber/perturber intermolecular potential parameters using the Sikora

combining rule [110]

εPD =
√

εPP εDD

4 I

(1 + I)2

213 V 1/2

(1 + V 1/13)13
,

σPD = 2−13/12
(
σ

12/13
PP + σ

12/13
DD

)13/12

,

(4.7)
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Table 4.1: Dopant and perturber thermodynamic information used to obtain Lennard-
Jones potentials and to calculate radial distribution functions [42, 46]. All data are
taken from CRC Handbook of Chemistry and Physics, 84th ed., D. R. Lide, ed. (CRC
Press, 2004).

(Å3) (D) (K) (bar)
α µ Tc pc

Ar 1.6411 0 150.86 48.98

Kr 2.4844 0 209.46 55.20

Xe 4.044 0 289.74 58.42

CH3I 7.97 1.641 528 65.9

C2H5I 10.0 1.976 554 47.0

TMA 8.15 0.612 433 40.8

DMAn 16.2 1.68 688 36.0

with

I =
ID

IP

, V =
εDD σ12

DD

εPP σ12
PP

(4.8)

where ID and IP are the first ionization energies of dopant and perturber, respectively.

Finally, eq. (4.5) is rewritten in the Lennard-Jones form

UPD(r) = 4 ε

[(σ

r

)12

−
(σ

r

)6
]

, (4.9)

with

ε = εPD

[
1 +

αP µ2
D

4 εPD σ6
PD

]2

, σ = σPD

[
1 +

αP µ2
D

4 εPD σ6
PD

]−1/6

. (4.10)

The information necessary to obtain the intermolecular potential parameters is given

in Table 4.1, and the intermolecular potential parameters used in all of the calculations

presented here are given in Table 4.2. We should note that small adjustments (<

±5%) were made to the TMA/Xe and DMAn/Xe intermolecular potential parameters

to remove all dopant dependence from V0(ρXe).
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Table 4.2: Lennard-Jones parameters used in calculating the radial distribution
functions (i.e., eqs. (4.1)-(4.3) of text) and the average polarization energies (i.e.,
eq. (2.41) of text) for attractive rare gas perturbers [42,46].

(Å) (K) (Å) (K)
σij εij/kB σ1 ε/kB

1

Ar-Ar 3.409 119.5

Kr-Kr 3.591 172.7

Xe-Xe 4.055 229.0

CH3I-CH3I 4.761 402.4

C2H5I-C2H5I 5.413 422.3

TMA-TMA 5.227 330.0

DMAn-DMAn 6.360 524.4

CH3I-Ar 4.081 158.8 4.074 162.2

C2H5I-Ar 4.402 135.1 4.394 139.1

CH3I-Kr 4.173 214.1 4.166 218.6

C2H5I-Kr 4.495 187.8 4.487 191.8

TMA-Xe2 4.431 222.5 4.430 223.0

DMAn-Xe2 4.954 242.7 4.950 245.0

1From eq. (4.9) of text.
2Small adjustments (< ±5%) were made to these parameters.

The average ion/perturber polarization energies P+(ρP) for CH3I and C2H5I in

Ar and in Kr as well as for DMAn and TMA in Xe, calculated from eq. (2.41), are

shown as a function of perturber number density ρP in Figs. 4.3a-f. V0(ρP), which is

extracted from [3,26,42–47]

V0(ρP) = ∆(ρP) − P+(ρP) , (4.11)

is presented in Fig. 4.4 as a function of ρP.

Clearly, V0(ρP) extracted from eq. (4.11) for the non-critical temperature data

(cf. solid markers in Fig. 4.4) is similar to that previously reported from earlier field

ionization measurements (cf. Fig. 2.8) and from photoconduction measurements (cf.
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Figure 4.3: The average ion/perturber polarization energy P+(ρP) in Ar (a and b),
Kr (c and d), and Xe (e and f), calculated from eq. (2.41) using the parameters
in Table 4.2, plotted as a function of perturber number density ρP at non-critical
temperatures (solid markers) and on an isotherm near the critical isotherm of the
perturber (open markers). (N [42], M [43,45]) D = CH3I, (• [42], ◦ [44,45]) D = C2H5I,
(¥ [46], ¤ [46]) D = N,N-dimethylaniline, and (H [46], O [46]) D = trimethylamine.
The lines are provided as a visual aid.
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Figure 4.4: The quasi-free electron energy V0(ρP) for (a) Ar [42–44], (b) Kr [42,45] and
(c) Xe [46] at non-critical temperatures (solid markers) and on an isotherm near the
critical isotherm of the perturber (open markers), extracted from eq. (4.11), plotted
as a function of perturber number density ρP. (N [42], M [43, 45]) represent data
extracted from CH3I field ionization, (• [42], ◦ [44,45]) are data obtained from C2H5I
field ionization, (¥ [46], ¤ [46]) are data determined from N,N -dimethylaniline field
ionization, and (H [46], O [46]) represent data from trimethylamine field ionization.
The lines are provided as a visual aid.
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Fig. 2.5). The small differences between the data of Fig. 2.8 and those of Fig. 4.4

can be attributed to the change in the average ion/perturber polarization energies

because of the choice of intermolecular potentials. V0(ρP) also shows little or no tem-

perature dependence along non-critical isotherms. Thus, the temperature variation in

∆(ρP) at low perturber number densities (cf. Fig. 4.1) must be caused by a tempera-

ture dependence in P+(ρP). However, V0(ρP) does vary considerably near the critical

point of the perturber. This variation may well have a bearing on the changes in

product distribution and reactivity [1,2] observed in chemical reactions conducted in

certain supercritical fluids. In addition, V0(ρP) at non-critical temperatures and that

along the critical isotherm both show no dopant dependence. Therefore, the slight

dopant dependence of ∆(ρP) (cf. Fig. 4.2) is caused by the variation in the average

ion/perturber polarization energies P+(ρP).

4.2 Discussion

4.2.1 Local Wigner-Seitz model

Since all previous low density models fail to predict the temperature dependence in

the low density ∆(ρP) data reported in Fig. 4.1, and since the striking critical point

effect seen in Figs. 4.2 and 4.4 requires a theoretical explanation, our group [26,42–47]

developed a new model by modifying the SJC model for V0(ρP) and by including the

accurate calculation of P+(ρP). In general, the local Wigner-Seitz model for V0(ρP)

differs from the SJC model in several significant ways [42]. First, the translational

symmetry for the system is defined by a local radius related to the first solvent shell in

the perturber, instead of the bulk Wigner-Seitz radius [i.e., eq. (2.13)]. This change is

reflected in the calculation of the zero-point kinetic energy of the quasi-free electron.
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Second, the average electron/medium polarization is determined in a manner similar

to the average ion/medium polarization [i.e., eqs. (2.36) - (2.41)]. Third, since we

have controlled the temperature to ±0.5◦C, we include the thermal energy of the

quasi-free electron (i.e., (3/2)kB T ), which is greater than the experimental error in

some of these measurements. Finally, a phase shift parameter is added to reflect the

local dynamic polarization of a perturber by the optical electron. Thus, within the

local Wigner-Seitz model, the quasi-free electron energy V0(ρP) is given by [26,42–47]

V0(ρP) =
3

2
kB T + Ek(ρP) + P−(ρP) , (4.12)

where Ek(ρP) is the zero-point kinetic energy of the quasi-free electron, and P−(ρP)

is the ensemble average electron/perturber polarization energy.

We calculate P−(ρP) in a manner similar to that of the ion/perturber polarization

energy P+(ρP) in eqs. (2.36) - (2.41). Following Lekner’s original approach [49], the

electron/perturber polarization energy w−(r1, . . . , rN) is written as

w−(r1, . . . , rN) = − 1

2
αP e2

N∑
i

r−4
i f−(ri) , (4.13)

where f−(r) is the screening function given by

f−(r) = 1 − π αP ρP

∫ ∞

0

ds s−2 gPP(s)

∫ r+s

|r−s|
dt t−2 f−(t) θ(r, s, t) . (4.14)

with θ(r, s, t) defined in eq. (2.38). The moment analysis of the probability distribu-

tion [i.e., eq. (2.29) with w+(r1, . . . , rN) replaced by w−(r1, . . . , rN)] yields the first

moment, or P−(ρP), as

P−(ρP) ≡ m1(ρP) = − 4 π ρP

∫ ∞

0

gPP(r) w−(r) r2 dr . (4.15)
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The zero-point kinetic energy Ek(ρP) of the quasi-free electron, on the other hand,

is obtained from solving the Schrödinger equation for the quasi-free electron in a dense

perturber, or [26,42–47,56]

∇2ψ +
2 me

~2

(
V0 − 3

2
kB T − V (r)

)
ψ = 0 , (4.16)

where V (r) is the spherically symmetric potential that describes the interaction

between the quasi-free electron and the neat perturber. The local Wigner-Seitz

model [26,42–47] assumes that

V (r) = P−(ρP) + Vloc(r) , (4.17)

where P−(ρP) is given by eq. (4.15) and is constant for a fixed perturber number

density, and Vloc(r) is a short-ranged potential that accounts for local dynamic polar-

ization of a perturber by the optical electron. Within these assumptions, eq. (4.16)

can be rewritten as

∇2ψ +
2 me

~2
(Ek − Vloc(r)) ψ = 0 . (4.18)

If we define a wavevector

k0 ≡
√

2 me Ek

~
, (4.19)

then for a low-kinetic-energy (i.e., s-wave) electron scattering elastically from the

short-ranged potential, the asymptotic solution to eq. (4.18) is [111]

ψ(r) ∼ 1

r
sin (k0 r + η0) , (4.20)

where η0 is the phase shift induced by the short-ranged potential.
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At high densities, the minimum distance between the optical electron and a single

perturber is given by the absolute value of the scattering length |A|. However, the

maximum distance for the short-ranged interaction is determined by the average

translational symmetry for the problem. In a neat fluid of interacting perturbers the

density is nonuniform, with the local density ρP(r) given by [112,113]

ρP(r) = ρP gPP(r) . (4.21)

Using this local density, the Wigner-Seitz radius that determines the average trans-

lational symmetry is [26,42–47]

r` ≡ 3

√
3

4 π gmax ρP

, (4.22)

where gmax is the maximum of the perturber/perturber radial distribution function

gPP(r). (Thus, the local Wigner-Seitz radius represents one half of the spacing between

two perturbers in the first solvent shell.) If the interactions in the first solvent shell

dominate Ek(ρP), then the total range rb for the local potential Vloc(r) will be given

by

rb = r` − |A| . (4.23)

The average translational symmetry of the potential requires that

Vloc(r) = Vloc(r + 2 rb) , (4.24)

which, when applied to the asymptotic wavefunction, yields

sin(k0 r + η0) = sin[k0 (r + 2 rb) + 3 η0] , (4.25)
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Thus, the wavevector k0, the phase shift η0 and the scattering length A are related

by

η0 = mπ − k0 (r` − |A|) , (4.26)

or η0 = − k0 (r` − |A|) for m = 0. Thus, the zero-point kinetic energy of the

quasi-free electron in eq. (4.19) becomes

Ek =
(~ k0)

2

2 me

=
~2 η2

0

2 me (r` − |A|)2
. (4.27)

This allows the quasi-free electron energy V0(ρP) to be written as

V0(ρP) = P−(ρP) +
3

2
kB T +

~2 η2
0

2 me (r` − |A|)2
, (4.28)

and the perturber induced shift ∆(ρP) to be given as [26]

∆(ρP) = P+(ρP) + P−(ρP) +
3

2
kB T +

~2 η2
0

2 me (r` − |A|)2
. (4.29)

for high perturber number densities.

4.2.2 Temperature dependence in ∆(ρP) at low perturber den-
sity

Fig. 4.5 presents the calculated ∆(ρP) in low density Ar and Kr using the local

Wigner-Seitz model [i.e., eq. (4.29)] in comparison to the new field ionization results.

The perfect fit to the Ar induced CH3I ionization energy shift ∆(ρAr) in Fig. 4.5a

clearly shows that the local Wigner-Seitz model accurately predicts the temperature

behavior of ∆(ρP) to within the experimental error of ±10 meV. This temperature

behavior arises from the temperature dependence of P+(ρP) caused by variations in

the dopant/perturber radial distribution function gPD(r). Although the temperature

variation in gPD(r) is large, the variation in gPP(r) is small except near the critical
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Figure 4.5: The perturber induced shift ∆(ρP) of the CH3I ionization energy in
(a) argon and (b) krypton plotted as a function of perturber number density ρP.
The solid markers are the experimental data, while the lines are calculated using
eq. (4.29). (•, H,solid line) 25◦C, (¥,dotted line) -60◦C, and (N,dashed line) -114◦C.
The potential parameters required to determine P±(ρP) are listed in Table 4.2. For
Ar [47], A = −0.82 Å and η0 = −0.329. For Kr [47], A = −1.30 Å and η0 = −0.133.
The open marker is provided to show the experimental error. See text for discussion.

temperature and density of the perturber. Thus, the quasi-free electron energy V0(ρP)

varies with temperature only near the critical density [26,43–47] (see section 4.2.3 for

details). (The parameters used in the local Wigner-Seitz calculation are: A = −0.82

Å and η0 = −0.329 for Ar, and A = −1.30 Å and η0 = −0.133 for Kr.)

Since the local Wigner-Seitz model works well in the low density region, one

can begin to probe the difference between ∆pol(ρP) and P+(ρP), as well as that

between ∆sc(ρP) and V0(ρP), as shown in Fig. 4.6. By neglecting the fact that

the perturber/perturber interactions increase as the dopant core polarizes the per-

turber, all the previous low density models (i.e., Fermi model [15], Alekseev-Sobel’man

model [6, 22], and Al-Omari-Reininger-Huber model [27]) greatly underestimate the

perturber induced shift caused by dopant core/perturber interactions, as has been

pointed out previously in the context of sudden and adiabatic polarization effects [25].
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Figure 4.6: (a) The argon induced shift in the CH3I ionization energy due to
CH3I

+/argon interactions from (solid line) the local Wigner-Seitz model [i.e., P+(ρP)
from eq. (2.41)] and from (non-solid lines) previous models [· · · , Fermi model in
eq. (2.14), - - -, Alekseev-Sobel’man model in eq. (2.28), and - · -, Al-Omari-Reininger-
Huber model in eq. (2.33)]. (b) The argon induced shift in the CH3I ionization energy
due to interaction of the optical electron with argon. The solid line is V0(ρP) calcu-
lated from eq. (4.28), while the dashed lines is ∆sc(ρP) obtained from eq. (2.10) for all
the scattering models. All calculations were performed for a temperature of −60◦C.
See text for discussion.

This underestimation of ∆pol(ρP) is counterbalanced by the overestimation of ∆sc(ρP),

since the latter neglects the polarization of the perturber by the quasi-free electron,

as well as the local density of the perturber. Thus, ∆sc(ρP) is significantly larger than

the quasi-free electron energy V0(ρP). (We should note here that it was serendipitous

that the original experimental studies [3,18,19] were performed at room temperature

and at very low perturber densities. Using eqs. (2.1), (2.10), and (2.28) on the data

of Fig. 4.5a yields a scattering length A of -0.91 Å at 25◦C and -1.51 Å at -114◦C. The

scattering length from low-kinetic-energy electron scattering experiments is -0.89 Å.)



4. QUASI-FREE ELECTRON ENERGY V0(ρP) IN RARE GASES 75

4.2.3 Critical point effect in Ar, Kr and Xe

Fig. 4.7 shows the calculated average electron/perturber polarization energy P−(ρP)

plotted as a function of ρP for Ar, Kr and Xe at non-critical temperatures and on

an isotherm near the critical isotherm of the perturber [42–46]. One can clearly see

in Fig. 4.7 that P−(ρP) shows only a slight increase in |P−(ρP)|. This slight increase

of the polarization energy at the critical density near the critical temperature of

the perturber is also apparent in the dopant core/perturber polarization energy (cf.

Fig. 4.3). This critical point effect, which results from the increase of the radial

distribution function at the perturber critical point, is similar to the behavior observed

for vibrational and UV-visible absorption bands [2].

Fig. 4.8 presents the zero-point kinetic energy Ek(ρP) calculated from eq. (4.27)

[42–46] with the parameters given in Table 4.3 [47]. Similar to P−(ρP) and P+(ρP),

the zero-point kinetic energy Ek(ρP) also increases along the critical isotherm near

the critical point. (It is interesting to note that the critical isotherm turning points

that bound the saddle point in the argon phase diagram coincide with the number

densities that delimit the deviations of Ek(ρP) from the non-critical isotherm values.)

This increase in the kinetic energy of the quasi-free electron, which results from critical

point fluctuations that are reflected in variations in the radial distribution function

in the critical point region, is a consequence of the decreasing value of rb: as the total

range of the local potential Vloc(r) decreases (or the translational boundary condition

for the quasi-free electron wavefunction decreases), the kinetic energy of the quasi-free

electron must increase.
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Figure 4.7: The average electron/perturber polarization energy P−(ρP) in (a) Ar [42–
44], (b) Kr [42,45] and (c) Xe [46], calculated from eq. (4.15) using the intermolecular
potential parameters in Table 4.2, plotted as a function of perturber number density
ρP, at non-critical temperatures (—–) and on an isotherm near the critical isotherm
of the perturber (- - -).
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Figure 4.8: The zero-point kinetic energy Ek(ρP) in (a) Ar [42–44], (b) Kr [42, 45]
and (c) Xe [46], calculated from eq. (4.27) using the parameters in Table 4.3, plotted
as a function of perturber number density ρP, at non-critical temperatures (—–) and
on an isotherm near the critical isotherm of the perturber (- - -).
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Table 4.3: The zero-kinetic-energy electron scattering length A and the phase shift
η0 used in the local Wigner-Seitz model [i.e., eqs. (4.27)-(4.29)] calculation for argon,
krypton and xenon.

Perturber A (Å) η0

Ar −0.82± 0.02 0.329± 0.003

Kr −1.30± 0.05 0.133± 0.004

Xe −1.75± 0.08 0.015± 0.005

Finally, Fig. 4.9 presents the quasi-free electron energy V0(ρP) obtained within the

local Wigner-Seitz model (lines) in comparison to the experimental results (markers)

[42–47]. The error shown at the top of Figs. 4.9a, b and c is the difference between

the extracted V0(ρP) values (cf. Fig. 4.4) and the values calculated from eq. (4.28).

The horizontal dotted lines denote the overall experimental error limits. Clearly,

the calculated V0(ρP) closely matches the V0(ρP) extracted from the experimental

field ionization data over the entire density range for all temperatures. Moreover,

the scatter falls within the intrinsic error of the experimental measurements. From

Fig. 4.7 and Fig. 4.8, along the critical isotherm near the perturber critical point, the

zero-point kinetic energy Ek(ρP) increases by approximately 0.1 eV in Ar, 0.16 eV

in Kr, and 0.3 eV in Xe, while |P−(ρP)| increases by 0.03 eV for Ar, 0.04 eV for Kr,

and 0.04 eV for Xe. Therefore, Ek(ρP) is the determining factor for the decrease in

|V0(ρP)|. Furthermore, the increase in Ek(ρP) near the xenon critical point is nearly

a factor of 4 greater than that in argon and nearly a factor of 2 greater than that in

krypton, which presumably results from the greater polarizability of xenon.

With an accurate calculation of V0(ρP) (cf. Fig. 4.9), eq. (2.35) can now be used

to model the perturber-induced energy shift ∆(ρP) of the dopant ionization energy.
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Figure 4.9: Comparison of experiment (markers) and calculation (lines) for the
quasi-free electron energy V0(ρP) in (a) Ar, (b) Kr, and (c) Xe. See the legend of
Fig. 4.4 for the definition of the markers. The solid line is for various non-critical
temperatures; the dashed line is for an isotherm near the perturber critical isotherm.
The error shown is the difference between the experimental V0(ρP) and the calculated
values. The horizontal dotted lines represent the experimental error limits. See text
for details.
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Fig. 4.10 presents the calculated ∆(ρP) for all dopant/perturber systems (lines), using

P+(ρP) shown in Fig. 4.3 and V0(ρP) given in Figs. 4.9, in comparison to the exper-

imentally determined values (markers) [42–46]. Clearly, the calculated ∆(ρP) also

closely matches experiment with a scatter that falls within the experimental error of

± 0.02 - 0.03 eV. These data show that the decrease in |V0(ρP)| is the dominant factor

in the overall decrease in |∆(ρP)| near the critical point along the critical isotherm of

the perturber.

Thus, the local Wigner-Seitz model accurately predicts the quasi-free electron

energy V0(ρP) and the perturber-induced dopant ionization energy shift ∆(ρP) for

all dopant/perturber systems, and therefore provides a significant improvement in

accuracy in comparison to previously published models (cf. Fig. 2.8). (It is important

to note that there is only a single adjustable parameter η0 in this model.) With

an accurate model for the behavior of the quasi-free electron in attractive atomic

perturbers, the next step in understanding electron interactions in supercritical fluids

is to investigate molecular fluids. In the next chapter, we will present experimental

field ionization data for various dopants in molecular supercritical fluids, and we will

use these data to extend the local Wigner-Seitz model to molecular fluids.
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Figure 4.10: Comparison of experiment (markers) and calculation (lines) for the
perturber-induced dopant ionization energy ∆(ρP) as a function of perturber number
density ρP. See the legend of Fig. 4.2 for the definition of the markers. The solid line
is for various non-critical temperatures; the dashed line is for an isotherm near the
perturber critical isotherm. See text for details.



Chapter 5

Quasi-free electron energy V0(ρP) in
molecular gases

In this chapter, we present field ionization of trimethylamine (TMA) in methane

and triethylamine (TEA) in ethane at non-critical temperatures and on an isotherm

near the perturber critical isotherm. Critical point effects similar to those observed

in atomic fluids (cf. Chapter 4) are reported for methane and ethane. In order to

extend the local Wigner-Seitz model to molecular fluids, various perturber/perturber

intermolecular potentials, as well as methods to calculate radial distribution functions,

are then investigated. The local Wigner-Seitz fits to ∆(ρP) and V0(ρP) in methane and

ethane are presented and discussed. Finally, we also discuss our unsuccessful attempts

to measure field ionization of various dopants in CF4, and we use the results obtained

from methane and ethane to predict V0(ρP) for CF4.

5.1 Experimental results

5.1.1 ∆(ρP) of TMA in methane

Methane was the first molecular fluid chosen for this study because it is an attractive

molecule (indicating a negative electron scattering length A) of high symmetry and

can therefore be considered as a molecular analogue of the attractive rare gas systems

82
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Figure 5.1: Methane induced shift ∆(ρMe) of the TMA ionization energy plotted as
a function of methane number density ρMe at various non-critical temperatures (•)
and for an isotherm (−81.5◦ C) near the methane critical isotherm (◦). The lines are
provided as a visual aid.

discussed in Chapter 4. Fig. 5.1 presents the methane induced shift ∆(ρMe) of the

TMA ionization energy plotted as a function of methane number density ρMe. The

data represented by the solid markers were taken along the non-critical isotherms

23.7◦C, −35.1◦C, −69.9◦C and −74.8◦C for methane densities of (0.5 - 8.6) ×1021

cm−3, as well as at other temperatures for the higher densities. The data point at

the highest methane density was acquired at a temperature of −179◦C, which is near

the triple point temperature of −182◦C. The open markers in Fig. 5.1 were obtained

along the isotherm of −81.5◦C, which is near the methane critical temperature of

−82.0◦C. The electric fields, selected to obtain the best field ionization spectra, were

FL = 5000 V cm−1 and FH = 13333 V cm−1 for all spectra. The maximum error

for non-critical temperatures is 27 meV, while the error is 35 meV along the critical

isotherm of methane. The larger error that is evident for a few points near the
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critical temperature and density is due to increased noise and asymmetry in the

field ionization spectra caused by increased light absorption and light scattering by

critical point CH4. Similar to the data in attractive rare gas systems (cf. Chapter 4),

the data presented in Fig. 5.1 show a clear decrease in the density dependent shift

∆(ρMe) near the methane critical number density (ρMe = 6.1 × 1021 cm−3) along the

critical isotherm. Moreover, ∆(ρMe) achieves a minimum at the methane density of

12 ×1021 cm−3, which was also observed in previous photoinjection results [85,89] (cf.

Fig. 2.6a).

5.1.2 ∆(ρP) of TEA in ethane

Since the field ionization results (cf. Fig. 5.1) show that the methane induced shift

∆(ρMe) of dopant ionization energy behaves in a manner similar to that of the at-

tractive rare gases [42–47] (cf. Fig. 4.2), a natural extension of these measurements

was to study ethane, which is also an attractive system. However, the photoinjection

measurements of ethane [85, 90, 91] (cf. Fig. 2.6b) showed significant differences in

comparison to those of methane [85, 89] (cf. Fig. 2.6a). The most striking of these

differences is the positive value of V0(ρP) at ethane number densities greater than

10.3 ×1021 cm−3. Given the problems in correcting photoinjection measurements (cf.

Section 2.2.2.a), we decided to perform field ionization measurements in ethane at

non-critical temperatures to confirm these differences. This new study also gave us

the opportunity to obtain data along the ethane critical isotherm, thereby enabling

us to investigate critical point effects in ethane.

The field ionization results in ethane were obtained during two different measure-

ment periods using two different sample cells (cf. Fig. 3.2). Fig. 5.2 presents the
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Figure 5.2: Ethane induced shift ∆(ρEt) of the TEA ionization energy plotted as a
function of ethane number density ρEt at various non-critical temperatures (N, ¥) and
for an isotherm (32.5◦ C) near the ethane critical isotherm (¤). Some data points
were measured in cell 1 (cf. Fig. 3.2a) (N) while others were measured in cell 2 (cf.
Fig. 3.2b) (¥, ¤). The lines are provided as a visual aid.

ethane induced shift ∆(ρEt) of the TEA ionization energy plotted as a function of

ethane number density ρEt. Clearly, since the data measured in Cell 2 (¥) are con-

sistent with those from Cell 1 (N) for non-critical temperatures, the ∆(ρEt) obtained

for the critical temperature in Cell 2 (¤) is valid. The data represented by the solid

markers were taken along the non-critical isotherms 37.8◦C and 42.6◦C for ethane

densities of (0.5 - 5.9) ×1021 cm−3, as well as at other temperatures for the higher

densities. The open markers were obtained along the isotherm of 32.7◦C, which is near

the ethane critical temperature of 32.2◦C. The maximum error for non-critical tem-

peratures is 30 meV, while the error is 40 meV along the critical isotherm of ethane.

The lack of data points in the high ethane density range (i.e., ρEt > 10.0 × 1021

cm−3) results from poor quality field ionization spectra caused by the shift of the

TEA ionization energy under the broad absorption band of ethane. However, these
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Figure 5.3: CF4 induced shift ∆(ρCF4
) of the ionization energy of (a) CH3I (•), (b)

DMAn (¥), and (c) TMA (N) plotted as a function of CF4 number density ρCF4
at

various noncritical temperatures. The lines are provided as a visual aid.

experimental data illustrate that ∆(ρEt) will become positive at high ethane number

densities. Therefore, the quasi-free electron energy V0(ρEt) extracted from these data

using eq. (4.11) will become positive, because P+(ρP) is always negative.

5.1.3 Field ionization of various dopants in CF4

Carbon tetrafluoride (CF4) was chosen for study because of its importance in plasma

etching procedures, because it is transparent in the energy region of interest, and

because its critical temperature (i.e., Tc = −35.7◦C) and pressure (i.e., pc = 37.7 bar)

are easily within the capabilities of our gas handling system and sample cell. How-

ever, we were unsuccessful in obtaining the necessary field ionization data required

to extract the quasi-free electron energy V0(ρCF4
). We attempted to measure the field

ionization of CH3I (cf. Fig. 5.3a), DMAn (cf. Fig. 5.3b) and TMA(cf. Fig. 5.3c).

As can be clearly seen in Fig. 5.3, we were unable to obtain a consistent data set at

medium to high CF4 number densities. (The triple point density of CF4 is 12.9×1021

cm−3.) Since we have encountered problems in measuring dopant field ionization in
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CF4 with three very different dopants, we have concluded that the difficulties inherent

in measuring dopant field ionization are caused by the perturber. Although CF4 is

not known to form a stable negative ion, the behavior that we observed in the dopant

field ionization spectra seems to indicate some form of electron trapping in the fluid.

(If the quasi-free electron is trapped by the fluid, we would not expect to collect

all of the electrons generated from the excitation, thereby resulting in fluctuations

in the field ionization spectrum.) One possible explanation for this behavior is the

stabilization of a CF4 negative ion within a cluster of CF4 molecules.

5.2 Discussion

5.2.1 Calculation of radial distribution functions (RDFs)

Within the local Wigner-Seitz model [26, 42–47] [i.e., eq. (4.29)], the calculation of

P−(ρP) [i.e., eq. (4.15)] and P+(ρP) [i.e., eq. (2.41)] involves the perturber/perturber

radial distribution function gPP(r) and the dopant/perturber radial distribution func-

tion gPD(r), while rl in eq. (4.29) is determined by the maximum gmax of gPP(r) [i.e.,

eq. (4.22)]. Therefore, accurately calculating the radial distribution function for the

system over a large density and temperature range is very important for the local

Wigner-Seitz model. In our original attempt to model the TMA/CH4 system, we

encountered numerical instabilities in determining the RDFs at high densities near

the perturber triple point, as well as along isotherms close to the critical temperature

(especially when changing intermolecular potentials). In an attempt to stabilize these

numerical calculations, we compared the direct iteration method [107] and the Gillan-

Labik method [114,115] for numerically integrating the Ornstein-Zernike relation with

a Percus-Yevick closure.



5. QUASI-FREE ELECTRON ENERGY V0(ρP) IN MOLECULAR GASES 88

The direct iteration method was used to calculate the RDFs in our original in-

vestigations [42] given in Section 4.1.2. As long as ρP is three orders of magnitude

larger than ρD, the dimensionality of the problem [i.e., eqs. (4.1) - (4.3)] is reduced

from four to two, namely YPP(r) and YPD(r). In the discussion that follows, we define

Y (i) as the set {YPP(r), YPD(r)} for each iteration i. To numerically solve for YPP(r)

and YPD(r) within the direct iteration method, we used a technique developed by

Broyles [116] during the 1960s. This technique initially guesses that, for the first den-

sity/temperature calculation, Y (1) = r, where r is the pairwise internuclear distance.

Then, this initial guess is placed into eqs. (4.2) and (4.3) to obtain Y (2). Once Y (2)

is determined, a linear combination of Y (1) and Y (2) is taken using [116]

Y (2) = aY (2) + (1− a)Y (1) , (5.1)

where 0 < a < 1. (We should note here that a straight iterative technique will diverge

exponentially [116], which is the reason that a linear combination of the previous input

and the current output radial distribution functions are used to determine the new

input.) This new Y (2) is inserted back into eqs. (4.2) and (4.3) to determine the next

iterative pair Y (3); Y (3) is then modified using eq. (5.1) to give a new Y (3) which is

input back into eqs. (4.2) and (4.3). This simple iteration continues until two iterative

steps yield values for Y (n) and Y (n+1) that satisfy the convergence criteria

1

3M

M∑

k=1

[
∆Y 2

PP(rk) + ∆Y 2
PD(rk)

]
< 10−9 , max(∆Y )2 < 10−8 , (5.2)

where ∆Yij(r) = Y
(n+1)
ij (r) − Y

(n)
ij (r) and ∆Y = Y (n+1) − Y (n). Once the system

converges, this Y (n) is saved for use as the Y (1) for the next temperature/density

point. Within this simple iterative approach, each step generates a set Y (i) that
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oscillates around the “exact” solution to eqs. (4.2) and (4.3). Our investigations

showed that this method converges for the rare gases at all densities with a Lennard-

Jones 6-12 potential, but can diverge when switching to other spherical intermolecular

potentials, especially when calculating RDFs for high perturber densities or along the

critical isotherm.

Another commonly used integration technique for the Ornstein-Zernike equations

(especially when handling closures other than the Percus-Yevick closure) is the Gillan-

Labik method [114, 115]. This method starts by determining the indirect correlation

function from the Fourier transform of the Ornstein-Zernike equations, namely

h̃ij(s)− c̃ij(s) =
∑

k

ρk c̃jk(s) h̃ki(s) , (5.3)

where h̃ij(s) and c̃ij(s) are the Fourier transforms of the total correlation function

hij(r) and the direct correlation function cij(r), respectively, in the reciprocal s space.

The indirect correlation function, given by eq. (5.3), is divided into two parts: a slowly

varying coarse part and a rapidly oscillating fine part. The solutions for each iteration

are generated by a combination of Newton-Rhapson integration steps (on the coarse

part) and direct iteration steps (on the fine part). Since the Gillan-Labik method does

not depend on an analytical solution of the Ornstein-Zernike equation with a specified

closure, it can be successfully applied to eq. (5.3) with any closure (e.g., the Hyper-

netted chain (HNC) closure, the Percus-Yevick closure, etc.). However, although the

Gillan-Labik method increases the calculation speed dramatically, this method does

not increase the probability of convergence to a stable numerical solution at high per-

turber number densities or at temperatures and densities near the critical point of the

perturber. Moreover, for intermolecular potentials that give stable calculations, the
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Figure 5.4: The maximum gmax of the perturber/perturber radial distribution func-
tion gPP(r) plotted as a function of methane number density ρMe along isotherms
0.5◦C (open markers) and 5.0◦C (closed markers) above the methane critical temper-
ature. The radial distribution functions are calculated using both the direct iteration
method (•, ◦) and the Gillan-Labik method (¥, ¤). A Lennard-Jones 6-12 poten-
tial is used for the perturber/perturber interaction with parameters σPP = 3.599 Å,
εPP/kB = 151.0 K. See text for discussion.

Gillan-Labik method gives a smaller critical point effect for the Percus-Yevick closure

than does the direct iteration method (cf. Fig. 5.4). We also used the Gillan-Labik

method to integrate eq. (5.3) within a Hypernetted chain (HNC) closure. However,

we never succeeded in obtaining RDFs (i.e., gij(r) = hij(r)+1) for temperatures and

densities near the critical point of a fluid. We concluded our investigation of different

numerical approaches by testing the Baxter method [117, 118], which arises from a

factorized Ornstein-Zernike equation. However, the stability of this numerical tech-

nique is again a problem for high perturber number densities and for temperatures

and densities near the critical point of the perturber.

While we were unsuccessful in finding a more stable integration technique for

the Ornstein-Zernike relation, we were able to stabilize the numerical calculation of
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eqs. (4.2) and (4.3) using an optimizing routine developed by Ng [119]. This routine

[119] uses a weighted linear combination of three previous iterations to generate the

input for the next iteration. The application of this procedure to eqs. (4.2) and (4.3)

begins by rewriting these equations as

Y (n+1) = AY (n) , (5.4)

where A is the operator defined by

A =

∫ r

0

dt
d

dt
. (5.5)

For the sake of convenience, we define the input for the nth iteration as Y (n) and the

output of the nth iteration as G(n) [i.e., G(n) ≡ AY (n) = Y (n+1)]. We also define a

function D(n), the norm of which determines the degree of convergence of the solution.

Thus, D(n) ≡ G(n) − Y (n) = Y (n+1) − Y (n). This procedure requires the knowledge of

four sets of radial distribution functions, three of which are obtained from previous

iterations [i.e., Y (n−2), Y (n−1) and Y (n)] and the fourth of which is the output from the

current iteration Y (n+1). We then assume that we can write a possible input function

as [119]

Y = (1− c1 − c2)Y
(n) + c1Y

(n−1) + c2Y
(n−2) , (5.6)

where c1 and c2 are constants that can be optimized in such a way that Y is the

best solution to eq. (5.4). If A behaves linearly for the iterative steps involved in the

calculation, we can write [119]

AY = (1− c1 − c2)AY (n) + c1AY (n−1) + c2AY (n−2)

= (1− c1 − c2)G
(n) + c1G

(n−1) + c2G
(n−2) .

(5.7)
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The convergence of the solution Y can be tested by taking the norm of the difference

between Y and AY , which can be written as [119]

D
2

= ‖ AY − Y ‖2 = ‖ D(n) − c1D01 − c2D02 ‖2 , (5.8)

where

D01 = D(n) −D(n−1) , D02 = D(n) −D(n−2) . (5.9)

Minimization of D
2

with respect to c1 and c2 gives coefficients that optimize Y as the

best solution to eq. (5.4) for any given iteration step. The functional forms of c1 and

c2 are given by [119]

c1 =
(D(n), D01)(D02, D02) + (D(n), D02)(D01, D02)

(D01, D01)(D02, D02)− (D01, D02)2
,

c2 =
(D(n), D02)(D01, D01) + (D(n), D01)(D01, D02)

(D01, D01)(D02, D02)− (D01, D02)2
,

(5.10)

where (x, y) represent inner products defined by

(x, y) =

∫
x(r)y(r)dr . (5.11)

Thus, the best input for the (n + 1)th iteration is given by eq. (5.7) with c1 and c2

defined by eq. (5.10). When we coded this procedure, we assumed Y (1) = r for the

first temperature/density point. The second and the third iteration were determined

using the standard iterative technique with a smaller a in eq. (5.1). However, all

three of these iterations were stored to be used in the fourth iteration, the input of

which is defined by eq. (5.7). Each subsequent iteration uses the input generated by

eq. (5.7), which means that three sets of radial distribution functions must be stored

at all times. Once the calculation converges for the given temperature/density point,

the algorithm moves to the next temperature/density point and uses the last three
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sets of Y (i) from the previous temperature/density point to generate the first guess.

Thus, the simple iterative method represented by eq. (5.1) is only used to generate

the first three iterative guesses of the first temperature/density point.

We have extended this optimization model [119] to allow for the inclusion of an

unlimited number m of iterative solutions to be combined to generate the input for

the next iteration. This extension involves numerically solving homogeneous linear

equations to obtain the m − 1 weighting coefficients (i.e., c1, c2, · · · , cm−1). Notice

that when m is chosen to be 1, the method reduces to the original direct iteration

procedure [107]. Further tests showed that the calculated results with different m

values are all within the convergence criteria [i.e., eq. (5.2)] of the “exact” solution

to eqs. (4.1) - (4.3), which allows one to choose m so as to maximize the stability of

the calculation for any perturber density/temperature data set.

5.2.2 Intermolecular potentials

One of our goals in this study was to achieve an understanding of the intermolecular

potentials governing the dopant/perturber and perturber/perturber interactions in

dense molecular fluids. One question was the appropriateness of using spherical in-

termolecular potentials to model data in non-spherical dense fluids. Table 5.1 lists sev-

eral commonly used spherical intermolecular potentials [120], namely, Lennard-Jones

6-12 (LJ6-12), Lennard-Jones 7-28 (LJ7-28), Kihara (KIH), Exponential-6 (EXP6),

and 11-6-8 potential, while Fig. 5.5 plots each of the potentials as a function of the

intermolecular distance r with selected parameters for methane [121–125].

Obviously, different potentials reflect different attractive and repulsive interactions

by the varying potential well-depths, collision radii and steepness of both the attrac-
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Table 5.1: Various spherical intermolecular potentials [120] used to extend the local
Wigner-Seitz model to methane and ethane. For these potentials, σ and rm are
collision radii, ε is the potential well-depth, a is the size parameter, and γ gauges the
steepness of the intermolecular potential.

Name Functional form

Lennard Jones 6-12 (LJ6-12) U(r) = 4 ε
[(

σ
r

)12 − (
σ
r

)6
]

Lennard Jones 7-28 (LJ7-28) U(r) = 4 ε
[(

σ
r

)28 − (
σ
r

)7
]

Kihara (KIH) U(r) = 4 ε
[(

σ−2a
r−2a

)12 − (
σ−2a
r−2a

)6
]

Exponential-6 (EXP6) U(r) = ε
1−6/γ

[
6
γ

eγ(1−r/rm) − (
rm

r

)6
]

11-6-8 Potential (11-6-8) U(r) = 4 ε
[

12
5

(
rm

r

)11 − 2
5

(
rm

r

)6 − 3
(

rm

r

)8
]

Figure 5.5: Different intermolecular potentials for methane/methane interactions.
(—–) Lennard-Jones 6-12 potential with ε/kB = 152.0 K, σ = 3.599 Å [121]; (- - -)
Lennard-Jones 7-28 potential with ε/kB = 130.0 K, σ = 3.426 Å [122]; (- · -) Kihara
potential with ε/kB = 151.7 K, σ = 3.0367 Å, a = 0.3864 Å [123]; (· · ·) Exponential-
6 potential with γ = 14, ε/kB = 152.4 K, rm = 4.209 Å [124]; and (- · · -) 11-6-8
potential with ε/kB = 174.0 K, rm = 4.0849 Å [125].



5. QUASI-FREE ELECTRON ENERGY V0(ρP) IN MOLECULAR GASES 95

tive and repulsive terms. In order to achieve a better overall fit to the experimental

data, we needed to be able to adjust all of the above parameters. Our first choice

for a spherical potential suitable for modeling molecular systems was the two-Yukawa

(TY) potential, given by

U(r) =

{ ∞ , r < R ,
−κ0εr

−1
[
e−z1(r−σ) − e−z2(r−σ)

]
, r ≥ R .

(5.12)

because this potential allows us to vary the collision radius σ, the well-depth κ0ε

and the steepness of the attractive z1 and repulsive z2 tails independently. (R is a

hard core radius that defines the minimum distance between spherical perturbers.)

Another advantage of using the two-Yukawa potential is that it can mimic any of the

other spherical potentials. For example, if we assume that σ and ε are the same as

in the Lennard-Jones 6-12 potential (cf. Table 5.1), Tang, et al [126] showed that κ0,

z1 and z2 can be determined by solving the constraint equations

[
rUTY (r)

]∣∣
r=σ

=
[
rULJ(r)

]∣∣
r=σ

,
[
rUTY (r)

]′∣∣∣
r=σ

=
[
rULJ(r)

]′∣∣∣
r=σ

, (5.13)

where UTY stands for the two-Yukawa potential while ULJ represents the Lennard-

Jones 6-12 potential. In addition, minimizing

I =

∫ ∞

σ

[
rUTY (r)− rULJ(r)

]2
dr (5.14)

leads to

∂I
∂z1

= 0 ,
∂I
∂z2

= 0 . (5.15)

Solving eqs. (5.13) − (5.15) with an upper integration limit in eq. (5.14) of 3σ yields

κ0 = 2.1714σ, z1 = 2.9637/σ and z2 = 14.0167/σ [126].
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However, the two-Yukawa potential has five parameters that can be adjusted in-

dependently. Therefore, in order to verify the validity of the perturber/perturber

intermolecular potential parameters and the radial distribution functions calculated

using these parameters, the thermodynamic properties of the system were simulated

and compared to experimental data. For simplicity we chose to calculate the equation

of state (EOS) of the perturber using the standard relationship [127]

p

kBT
= ρP − 2πρP

3kBT

∫ ∞

0

r3dUPP(r)

dr
gPP(r)dr . (5.16)

Once the pressures were calculated from eq. (5.16) for a set of two-Yukawa potential

parameters, we then compared these p−ρ−T data to the experimental p−ρ−T data

[where ρ was obtained from the accurate EOS for the perturber (cf. Table 3.1)]. Once

the intermolecular potential parameters yielded thermodynamic data comparable to

experiment, we then used these parameters to model the perturber induced shift of

the dopant ionization energy. We always began these studies with the two-Yukawa

parameters that mimic the Lennard-Jones 6-12 potential [i.e., eqs. (5.13) − (5.15)].

Since the product κ0ε controls the well-depth, we can adjust ε and hold κ0 constant

(i.e., κ0 = 8.5000 Å in the calculations given here). Fig. 5.6 presents the calculated

pressure p (open markers) as a function of the perturber number density ρP in com-

parison to the experimental pressures (solid markers) for the density/temperature

data sets used in our investigations. Clearly, with the parameters provided in the

figure caption, the spherical two-Yukawa potential predicts the thermodynamic be-

havior quite accurately for both CH4 and C2H6. This accuracy also indicates that the

Percus-Yevick radial distribution function calculation with a simple spherical poten-

tial is adequately valid for these molecular systems. (We should note that the larger
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Figure 5.6: The p − ρ phase diagram of (a) CH4 and (b) C2H6 for the equations of
state in Table 3.1 showing several non-critical isotherms (—), the critical isotherm
(· · ·), and the vapor pressure curve (- - -). (N, •) present thermodynamic conditions
for selected non-critical and critical experimental field ionization data, respectively.
(M and ◦) present calculated thermodynamic conditions for non-critical temperatures
and along the critical isotherm, respectively. The calculated values were obtained from
eq. (5.16) with gPP(r) calculated from eqs. (4.1)−(4.3). The two-Yukawa potential
parameters for CH4 are σPP = 3.500 Å, εPP = 152.0 K, κ0 = 8.500 Å, z1 = 0.847 Å−1,
and z2 = 4.000 Å−1, while those for C2H6 are σPP = 4.015 Å, εPP = 253.8 K, κ0 =
8.500 Å, z1 = 0.685 Å−1, and z2 = 3.500 Å−1.

error that appears at the high perturber number density region could be caused by

the steep isotherms as well as by the failure of the spherical potentials in the higher

density regions. We should also like to note here that we have compared the exper-

imental phase diagram and the calculated phase diagram for the atomic perturbers

and have achieved fits similar to those shown in Fig. 5.6.)

5.2.3 ∆(ρP) in molecular systems

Once the perturber/perturber intermolecular potential has been determined by the

best fit to the thermodynamic equation of state, ∆(ρP) can be fitted to the local
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Wigner-Seitz model [i.e., eq. (4.29)], or

∆(ρP) = P+(ρP) + V0(ρP)

= P+(ρP) + P−(ρP) +
3

2
kB T + Ek(ρP)

= P+(ρP) + P−(ρP) +
3

2
kB T +

~2 η2
0

2 me (r` − |A|)2
.

(5.17)

We chose the modified Stockmeyer potential [i.e., eq. (4.5)] in the Lennard-Jones

6-12 potential form [i.e., eq. (4.9)] to simulate the dopant/perturber interaction.

The dopant/perturber intermolecular potential parameters along with the scattering

length A and the phase shift η0 were adjusted to give the best fit to the experimental

data. Tables 5.2a and 5.2b list all the intermolecular parameters used in calculating

the necessary radial distribution functions for P+(ρP), P−(ρP), and Ek(ρP). Table 5.2c

gives the scattering length A and the phase shift η0 used in eq. (5.17) to give the best

fit to experimental data.

Fig. 5.7a compares the calculated ∆(ρP) [solid lines] to the field ionization results

(markers) for TMA in methane and TEA in ethane. Clearly, the calculated ∆(ρP)

closely matches experiment, with a scatter that falls within the experimental error of

±0.03−0.04 eV for both systems. The lack of calculated results at the highest methane

density is due to our inability to stabilize the RDF calculations at this density. In

order to show the trend in ∆(ρP) in ethane, one more calculated point for ethane at

the density of 9.6× 1021 cm−3 is presented in the region where field ionization results

are unavailable because of the strong ethane absorption band. Fig. 5.7b presents the

quasi-free electron energy V0(ρP) obtained within the local Wigner-Seitz model (lines)

in comparison to the experimental results (markers). The experimental V0(ρP) are

obtained by subtracting the calculated ion/perturber polarization energies P+(ρP)
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Table 5.2: Parameters used in the local Wigner-Seitz calculation for molecular per-
turbers.

(a) Dopant and perturber thermodynamic information used to obtain intermolecular
potential parameters.

(Å3) (D) (K) (bar)
α µ Tc pc

CH4 2.593 0 190.56 45.95

C2H6 4.45 0 305.33 48.72

TMA 8.15 0.612 433 40.8

TEA 13.1 0.66 535.6 30.3

(b) Intermolecular potentials and parameters used in calculating the radial distribution
functions.

(Å) (K) (Å) (Å−1) (Å−1)
σ ε/kB κ0 z1 z2

CH4-CH4 (TY) 3.300 143.5 8.500 0.900 4.250

C2H6-C2H6 (TY) 4.015 253.8 8.500 0.685 3.500

TMA-CH4 (LJ6-12) 6.500 125.0 – – –

TEA-C2H6 (LJ6-12) 5.100 230.0 – – –

(c) The zero-kinetic-energy electron scattering length A and the phase shift η0 used in
the local Wigner-Seitz model calculations for methane and ethane.

Perturber A (Å) η0

CH4 −0.826± 0.004 0.463± 0.003

C2H6 −1.655± 0.005 0.321± 0.003

from ∆(ρP), while the calculated V0(ρP) comes directly from eq. (4.28) with the

parameters given in Table 5.2c. Similar to the previous photoinjection results [85,89–

91] (cf. Fig. 2.6) at non-critical temperatures, these new field ionization measurements

and calculations give a negative V0(ρP) for all methane densities, which indicates the

existence of a quasi-free electron in the conduction band of methane at all methane



5. QUASI-FREE ELECTRON ENERGY V0(ρP) IN MOLECULAR GASES 100

number densities. V0(ρP) in ethane, on the other hand, is negative at low to medium

densities and then becomes positive at densities greater than 8.0 × 1021 cm−3. In

order to understand these results, we must investigate the individual components of

V0(ρP) and ∆(ρP).

Figure 5.7: Comparison of experiment (markers) and calculation (lines) for (a) the
perturber-induced dopant ionization energy ∆(ρP) and (b) the quasi-free electron
energy V0(ρP) in CH4 and C2H6 as a function of perturber number density ρP. See
the legends of Figs. 5.1 and 5.2 for the definition of the markers. The solid line is
calculated for various non-critical temperatures; the dashed line is for an isotherm
near the perturber critical isotherm. See text for details.
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Fig. 5.8 shows the average ion/perturber polarization energy P+(ρP) calculated

from eq. (2.41), the average electron/perturber polarization energy P−(ρP) deter-

mined from eq. (4.15), and the zero-point kinetic energy Ek(ρP) obtained from eq.

(4.27) for methane and ethane at non-critical temperatures and on an isotherm near

the critical isotherm of the perturber. (All parameters used for these calculations

are given in Table 5.2.) One notices in Fig. 5.8a that the average ion/perturber

polarization energy is smaller for TMA+ in methane than for TEA+ in ethane. When

comparing the dopant/perturber intermolecular potential parameters in Table 5.2b,

the collision radius σPD for the TMA/methane interaction is much larger than ex-

pected, indicating that the dopant/perturber interaction is relatively small. Since

methane is a non-polar solvent while TMA has two lone-pair electrons on the nitro-

gen atom (suggesting a large polarity), the TMA molecules may be only partially

soluble in methane based on the “like dissolves like” rule, thereby leading to the

shallow P+(ρMe). Because the TMA/methane interaction is weak, the well-depth for

the intermolecular potential should also be small. For the calculations presented in

Figs. 5.7 and 5.8, we chose a well-depth of εPD/kB = 125.0K which ensured stability

while calculating the RDFs near the triple point density of methane. On the other

hand, since ethane has a much larger polarizability than does methane, the dipole-

induced dipole interaction between TEA and ethane is not significantly weaker than

the TEA/TEA or ethane/ethane interactions. Therefore, the collision radius σPD for

the TEA/ethane interaction is smaller and the well-depth εPD is larger than those

for the TMA/methane interaction. These stronger dopant/perturber interactions for

TEA in ethane lead to the much steeper P+(ρEt).
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Figure 5.8: The calculated (a) average ion/perturber polarization energies P+(ρP)
[i.e., eq. (2.41)], (b) the average electron/perturber polarization energy P−(ρP) [i.e.,
eq. (4.15)], and (c) the zero-point kinetic energy Ek(ρP) [i.e., eq. (4.27)] plotted as a
function of the reduced density ρr (i.e., ρr = ρP/ρc, where the critical density ρc is
6.11 ×1021 cm−3 for methane and 4.14 ×1021 cm−3 for ethane) in methane and ethane
at non-critical temperatures (—) and on an isotherm near the critical isotherm (- -
-) of the perturber. The calculation parameters are listed in Table 5.2. See text for
discussion.
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On the other hand, the average electron/perturber polarization energy shown

in Fig. 5.8b is slightly larger in methane than in ethane. The electron/perturber

polarization energy is dominated by the perturber/perturber interactions. As one

would expect, the induced dipole/induced dipole interactions in methane are weaker

than those in ethane. Thus, the well depth for methane is smaller than that for

ethane. The overall size of the electron/perturber polarization energy is dominated

by the collision radius, which gives the most probable distance between perturber

molecules. A small radius indicates that the perturbers can pack closer together at

higher densities. This, in turn, increases the local density (cf. Fig. 5.9, for example,

as discussed below), which gives a larger shift in the electron/perturber polarization

energy.

The zero-point kinetic energy Ek(ρP) of the quasi-free electron, shown as a func-

tion of perturber number density in Fig. 5.8c, is dependent on the local density within

the first solvent shell through the local Wigner-Seitz radius [i.e., eq. (4.22)]. Fig. 5.9

presents the maximum local density in the first solvent shell (i.e., ρloc = gmaxρP)

plotted as a function of reduced perturber number density. Fig. 5.9 clearly indicates

that the local density within the first solvent shell is larger for methane than for

ethane, which is not surprising given the size difference of these two molecules. How-

ever, Ek(ρP) increases more for ethane than for methane at high perturber number

densities (cf. Fig. 5.8c). This increase in Ek(ρP) is caused by the larger electron

scattering length in ethane. The electron scattering length represents the minimum

distance between the electron and a single perturber, while the local Wigner-Seitz

radius represents the maximum distance between the electron and a single perturber.
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Figure 5.9: The calculated local density ρloc plotted as a function of ρr in (a) methane
and (b) ethane at non-critical temperatures (—) and on an isotherm near the critical
isotherm (- - -) of the perturber. See text for discussion.

Thus, the difference between these two numbers is the size of the “box” in which the

quasi-free electron is confined during the electron/perturber interaction. At higher

perturber number densities, the electron/ethane interaction box size is smaller and,

therefore, the zero-point kinetic energy of the electron is larger in ethane. Fig. 5.8

also clearly shows those effects which are dominant near the critical point. The en-

semble average polarization energies P+(ρP) and P−(ρP) show only a slight difference

near the perturber critical point. The zero-point kinetic energy Ek(ρP), on the other

hand, has a significant critical point effect. Similar to the atomic perturber systems,

this variation in Ek(ρP) is caused by local density fluctuations in the critical point

region (cf. Fig. 5.9).

Since field ionization measurements in CF4 are problematic (cf. Fig. 5.3), we

used the local Wigner-Seitz model to predict the quasi-free electron energy V0(ρP) for

CF4. The CF4/CF4 interaction was modeled using the two-Yukawa potential with
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Figure 5.10: The calculated quasi-free electron energy V0(ρP) in CF4 as a function of
perturber number density ρP at various non-critical temperatures (—) and along an
isotherm of −45.0◦C (- - -) near the CF4 critical temperature of −45.6◦C.

the parameters σPP = 4.194 Å, εPP = 203.6 K, κ0 = 8.500 Å, z1 = 0.707 Å−1, and

z2 = 3.342 Å−1. Again, these parameters were obtained by fitting to the reference

equations of state (i.e., the extended Benedict-Webb-Rubin EOS [128] for T ≥ Tc and

the Peng-Robinson EOS [129] for T < Tc). The electron scattering length A = −0.95

Å and the phase shift η0 = 0.37 for calculating Ek(ρP) [i.e., eq. (4.27)] were chosen

in order (i) to optimize the fit to the field ionization result of CH3I in low density

CF4 (ρP < 1.5 × 1021 cm−3 in Fig. 5.3a), and (ii) to ensure that V0(ρP) is negative

for all perturber densities. (We should note that we used the CH3I/CF4 ground state

intermolecular potential parameters that were validated in modeling the lineshapes

of low-n CH3I Rydberg states in CF4 [130] to calculate P+(ρP) at low-to-medium CF4

number densities.).

Fig. 5.10 presents the calculated V0(ρP) in CF4 at various non-critical temperatures

and along an isotherm near the critical isotherm. Clearly, the V0(ρP) critical point
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effect in CF4 is much smaller than that for methane or ethane. A similar difference

was also observed in the shift of the CH3I low-n Rydberg states in CF4 [130] in

comparison to those in methane. One obvious reason for these smaller critical effects

is the fact that CF4 has a smaller critical density (i.e., ρCF4
= 4.3 × 1021 cm−3) in

comparison to that of methane (i.e., ρCH4
= 6.1×1021 cm−3). The low density turning

point in the CF4 critical isotherm, which demarks the beginning of the critical effect,

is at a density of 2.0× 1021 cm−3. The lower bulk density gives a lower local density

and, therefore, a larger local radius. The larger local radius near the critical point

of CF4 implies a larger electron/perturber interaction box and, therefore, a smaller

zero-point kinetic energy Ek(ρP). Since Ek(ρP) dominates the critical point effect, the

observed critical effect in V0(ρP) for CF4 is also small.



Chapter 6

Conclusion

In this work, perturber effects on the dopant ionization energy and the quasi-free elec-

tron energy have been studied both experimentally and theoretically. Field ionization

results in various dopant/perturber systems were presented, and the local Wigner-

Seitz model was developed and tested. We first recorded a temperature dependence

of the perturber induced shift ∆(ρP) for CH3I in low density Ar and Kr, which con-

tradicted the standard low density model. We then presented the field ionization

of various dopants (i.e., CH3I, C2H5I, N,N-dimethylanaline and trimethylamine) in

atomic perturbers (i.e., Ar, Kr and Xe) from low density to the densities of the re-

spective triple point liquids, at non-critical temperatures and on isotherms near the

respective critical isotherms. The decrease in ∆(ρP) near the perturber critical point

was observed and explained within the local Wigner-Seitz model. Field ionization

measurements of trimethylamine in methane and triethylamine in ethane were then

used to extend the local Wigner-Seitz model to molecular systems.

In the local Wigner-Seitz model, the perturber induced shift ∆(ρP) of the dopant

ionization energy is the sum of the average ion/perturber polarization energy P+(ρP)

and the quasi-free electron energy V0(ρP). The quasi-free electron energy arises from

the electron/perturber interaction and consists of the electron/perturber polarization

107
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energy P−(ρP), the electron zero-point kinetic energy Ek(ρP) and a small thermal cor-

rection term (3/2)kB T . We demonstrated that the temperature dependence of ∆(ρP)

observed in low density Ar and Kr was caused solely by dopant/perturber interac-

tions and, therefore, is not correctly accounted for in the low density Fermi-Alekseev-

Sobel’man model. ∆(ρP) in the low density Fermi-Alekseev-Sobel’man model is given

by the sum of the shift ∆sc(ρP) resulting from scattering of the optical electron off

of the perturber and the shift ∆pol(ρP) due to the polarization of the perturber by

the dopant core. Since ∆pol(ρP) neglects the fluid structure and only accounts for the

polarization of the perturbers outside a fixed radius (i.e., the Wigner-Seitz radius rs

in the original Fermi model and the Weisskopf radius rw in the Alekseev-Sobel’man

model), it is always underestimated. This underestimation of ∆pol(ρP) is counter-

balanced by the overestimation of ∆sc(ρP) in order to fit the experimental data at

low perturber densities. Therefore, the electron scattering length A obtained from

the low density model [i.e., eq. (2.26)] tends to be overestimated, especially for per-

turbers having high critical temperatures. Our calculations indicated that as the

temperature decreases, the local perturber density in the first solvent shell around

the dopant increases slightly. This, in turn, leads to the temperature dependence

observed in ∆(ρP). The temperature dependence of ∆(ρP) can lead to significant

overestimates of the electron scattering length obtained from the low density Fermi-

Alekseev-Sobel’man model. Thus, the scattering lengths from the Fermi-Alekseev-

Sobel’man model should always be compared to data obtained from other experi-

mental methods, such as electron swarm methods.
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A principal experimental result presented in this work is the clear decrease in

∆(ρP) (smaller red shift) near the perturber critical point. We showed that although

both P+(ρP) and P−(ρP) become more negative near the critical point, the increase in

the zero-point kinetic energy Ek(ρP) dominates. A short-ranged potential Vloc(r) with

a total range of rb = rl− |A| (where |A| is the electron scattering length representing

the minimum distance between the optical electron and a single perturber while the

local radius rl serves as the maximum distance for an electron interacting with a

single perturber in the fluid) is introduced to account for the local dynamic polar-

ization of a perturber by the optical electron. At the critical point, the local density

increases because of increased perturber/perturber correlations. The increase in local

density results in a decrease in the local radius rl, which decreases rb (the translational

boundary condition for the quasi-free electron wavefunction) and, therefore, increases

the electron zero-point kinetic energy Ek(ρP). Using the local Wigner-Seitz model,

we calculated ∆(ρP) to within experimental error for all temperatures and perturber

densities in Ar, Kr and Xe. The critical effect in Xe appears to be the largest among

the attractive rare gases, which is due to its large atomic size, indicating a large

electron scattering length |A|.

Our studies of attractive atomic systems also indicated that the dynamic perturber

polarization caused a phase shift in the quasi-free electron wave function. Including

this phase shift η0 is essential for the local Wigner-Seitz model. Without the phase

shift η0, the quasi-free electron Schrödinger equation can only be solved with the

boundary condition

ψ(|A|) = 0 ,

(
∂ψ

∂r

)∣∣∣∣
r=rl

= 0 . (6.1)
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Since rl is fixed for a given temperature and perturber bulk density, an accurate and

consistent fit to the experimental results becomes impossible. For example, to fit

the experimental field ionization results for Ar without the phase shift η0 requires an

electron scattering length of−0.27 Å, which is significantly smaller than the scattering

length of −0.89 Å obtained from electron swarm methods. In atomic systems (e.g.,

Ar, Kr and Xe), η0 is predominately determined by the polarizability of the perturber,

with larger polarizabilities yielding smaller phase shifts. Another possible explanation

is that a smaller electron density in the valence shell of the perturber atom (caused

by the same number of valence electrons spread over the larger surface area within a

semi-classical approximation) leads to a smaller phase shift during interaction with

the quasi-free electron. This implies that the quasi-free electron is sensitive to the

perturber structure, which also indicates that the low-energy scattering assumption

of Alekseev and Sobel’man is no longer valid, especially at high perturber number

densities, where Ek(ρP) is large.

In molecular systems (e.g., CH4, C2H6 and CF4), the phase shift η0 does not

decrease as dramatically as it does for the atomic perturbers. However, the phase

shift does decrease with increasing molecular size (and decreasing electron density in

the valence shell). This smaller change in η0 is probably caused by the non-uniform

electron density in molecular perturbers, which complicates the modeling of elec-

tron/molecular fluid interactions. This complexity is handled by the adjustable η0.

Nevertheless, to fully understand the influence of molecular structure on the phase

shift, additional molecular systems will need to be investigated, including polar fluids

and linear systems. However, we showed that a spherically symmetric intermolecular
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potential (i.e., the two-Yukawa potential) was adequate to model the molecular fluids

studied here, by calculating the equation of state for each system using our param-

eters. In comparison to the standard Lennard-Jones 6-12 potential for methane and

ethane, the two-Yukawa potential yielded shorter equilibrium distances (indicating

larger perturber/perturber interactions), a larger well-depth (implying a larger tem-

perature sensitivity) and a larger attractive tail (implying a longer correlation length).

These features are required to model accurately the critical isotherm in the equation

of state, and they serve to enhance the local density in the first solvent shell. This

enhancement of the local density, in turn, is essential to generate the huge increase

in Ek(ρP) observed near the critical point in molecular perturbers.

In conclusion, this work has led to an increased understanding of the interaction

between a quasi-free electron and a perturbing fluid in simple systems. The next step

will be to expand our understanding into more complex solvents, including solvents

that can trap the electron (i.e., repulsive fluids) and polar solvents. Thus, future stud-

ies will include the measurement of the quasi-free electron energy in repulsive rare

gases (i.e., He and Ne), which have recently been begun by us, as well as continued

investigations of the quasi-free electron energy in molecular fluids. The extension of

the local Wigner-Seitz model into repulsive systems must be verified. From the knowl-

edge obtained in the present dissertation, the average polarization energy P+(ρP) and

P−(ρP) in He and Ne is projected to be small. Thus, to maintain a positive quasi-

free electron energy over the entire density range will require that Ek(ρP) overwhelm

P+(ρP) and P−(ρP) even at low perturber number densities. This indicates either a

large scattering length (which is ruled out by earlier research), or a large η0. A large
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η0 would agree with our current results in atomic systems. In terms of the intermolec-

ular potential, the Lennard-Jones potential should still be valid for the atomic gases

He and Ne. However, in future studies involving polar molecules (e.g., CO), angle

dependent potentials with dipole-dipole interaction terms must be introduced. This

will require changing the calculation of the radial distribution functions, as well as

the integrals for the polarization energies P+(ρP) and P−(ρP). Finally, understanding

the relationship between η0 and molecular structure will require work with additional

perturbers having a variety of molecular structures, like linear perturbers and cycli-

cal perturbers. These studies will require a change in the experimental system, since

many of the more complex molecular structures have higher critical temperatures and

pressures.
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