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A b stra ct

N E W  M U L T IP L IC A T IV E  2 -D IM E N T IO N A L  

F F T  A L G O R IT H M S  

H o n g jia n g  T ia n  

A d v iso r: P ro fe s so r  R ic h a rd  T o lim ie ri

The purpose of this dissertation is to  present the  m odern technique on 

the design, analysis and im plem entation of the discrete Fourier transform  and 

convolution algorithms which is of central im portance to  the  field of digital 

signal processing and many application fields. This dissertation develops a 

new family of 2-dimentional Fourier transform  algorithms based on the m ul­

tiplicative property  of the  indexing set Z / P  x Z / P .  The field structure is 

determ ined by the irreducible polynomials over Z / P .  W hile the degree of 

the polynomial determines the dimensionality of the  Fourier transform , irre- 

ducibility determines the  prim e num bers P.  Thus the  theory presented here 

can be used to  generate a  set of m ultiplicative multidimensional Fourier trans­

form algorithms which can be im plemented using tensor product technique.

The difference in d a ta  flow of our algorithm  comes from treating  Z f P  X 

Z j P  as a  simple object. As a result, there is no interm ediate d a ta  trans­

fer stage. By using the block-diagonalization m ethod, the calculation of the 

Fourier transform  is expressed as a  set of small convolutions located diago­

nally. All blocks are skew-circulant matrices or circulant matrices which are 

independent of each other. The num ber and size of blocks are controlled again



by the multiplicative group structure. These flexibility and independency axe 

more valuable in the vectorization and parallelization with different machine 

architectures.

In addition to finding its advantage in the supercomputer architectures, 

this new multiplicative algorithm with field and ring structures has naturally 

defined an algebraic structure for both prime and composite numbers on X-ray 

data of a crystal with crystallographic symmetry groups. By incorporating 

the crystallographic symmetries to our algorithm, we gain computational ad­

vantage by removing all redundant data and arithmetic. The efficiency of our 

algorithm is apparent since the data is compressed and the computation oper­

ation is divided by the degree of symmetry against the original non-symmetry 

case.
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C hapter 1

In troduction

1.1 I n tr o d u c t io n

The purpose of this dissertation is to  present the m odern technique of the 

discrete Fourier transform (D FT) and convolution which is of central im por­

tance to  the  field of digital signal processing and m any o ther application fields. 

We are concerned about the efficient fast Fourier transform (FFT) algorithms 

of multidimension, and the applications of these new F F T  algorithms to  the 

d a ta  w ith crystallographic symmetry group. Advanced topics in com puter 

architecture such as pipelining and parallelism m ust also be studied before 

one can determ ine all aspects of complexity.

The multidimension F F T  algorithms which we will develop are concerned 

w ith digital signal processing, and the applications of the  F F T  algorithms 

axe as broad as the applications of digital signal processing itself, such as 

X-ray crystallography, X-ray medical imaging, radar systems, sonar systems, 

seismic processing, ultrasonic systems, nuclear m agnetic resonance, satellite 

photographs and so on.
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1.2 M u ltid im en sio n a l F F T

The discrete Fourier transform(DFT) [1,2] of a N -point sequence X  is 

defined as

(1) FX(k) = ■£ . k e W
lez/H

where F X { k )  represents the fcth-term of the DFT sequence F X  and u  =
e -2 n i /N '

We also can write (1) in the matrix form

(2) F X ( k )  =  [ wi* ] X ( j )  j  e  Z / N ,  k € Z / N  .

and we denote the above matrix [wJ*] by F( N)  which will be called the DFT 

matrix of order N

(3) F X  =  F ( N ) X  .

Similarly we can define the two-dimensional Fourier transform as follows:

(4) F X ( bu b2) =  X) X (a 1,a 2) e ^ aih+a^
(a ,,a 2)g  Z / N x Z / N

where FX(bi ,  b2) is the N  x N  array which is Fourier Transform of function 

X ( a i , a 2).

Now we may view the function X  and its Fourier transform F X  as column 

vectors, and represent (4) in terms of tensor product

(5) F X  = (F ( N ) ® F ( N ) ) X  .

D ata flow and computational complexity in (1) and (4) are controlled by 

algebraic nature of the indexing set. Indeed, many algorithms have been de­

veloped exploiting the nature of Z / N  to arrive at efficient ways of computing

(1) and (4).
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The history of the  fast Fourier transform  algorithms begins w ith the pub­

lication in  1965 of the fast Fourier transform (FFT) algorithm  of J . W. Cooley 

and J. W. Tukey [3] in  1965, although the history itself s ta rts  much earlier. 

The additive Cooley-Tukey fast Fourier transform  algorithm  significantly re­

duced a  num ber of arithm etic operations from the  order of N 2 to the order 

of N lo g N , bu t the  blocklength N  should be a  power of two. In fact there 

was an  earlier F F T  algorithm, due to  Good(1960) [4] and  Thomas(1963) [5]. 

B ut th is Prim e Factor Good-Thomas algorithm  had  failed to a ttrac t until the 

later 1970s [6,7].

A nother kind of multiplicative algorithmic development s ta rts  w ith the 

paper of Rader [8] in  1968 and was independently discovered and extensively 

generalized by Winograd(1976,1978) [9,10]. In  these papers the multiplicative 

structure of the  indexing set is used to  compute finite Fourier transform s as 

convolutions. The W inograd multiplicative algorithm  minimize multiplicative 

complexity to  decrease the cost of m ultiplications [11].

After this, several m ethods have been developed to  build large or medium 

size F F T  algorithms from the small size F F T  algorithms of Rader and  W ino­

grad. The Good-Thomas Prim e Factor algorithm  decomposes the com puta­

tion of the F F T  in to  small size F F T ’s. The W inograd large-size F F T  algo­

rithm  uses tensor product rules to incorporate these small F F T  algorithms so 

as to  minimize multiplications. Each of these m ethods has advantages and 

disadvantages for specific im plem entation depending on the relative cost of 

additions and  m ultiplications on a  specific com puter architecture. W inograd 

provided efficient m ultiplicative algorithms for prime transform  size, bu t the 

m inimum m ultiplication feature does not fit the m odern com puter architec­

ture. Auslander, Feig and Winograd(1983) [12] exhibited new algorithms for
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DFT on a multidimensional data  set with P  points along each array, where 

P  is a  prime.

Fast convolution algorithms of small blocklength were first constructed by 

Agarwal and Cooley(1977) [13] using clever insights but without a  general 

technique. Winograd(1978) [10] gave a  general method of construction of fast 

convolution algorithms. Agarwal and Cooley(1977) [13] also found a method 

to break long convolutions into short convolutions using the Chinese remain­

der theorem. Their method works well when combined with the Winograd 

algorithm for short convolutions.

1.3 C ry s ta llo g ra p h y

The determination of the internal microscopic structure of a crystal by 

X-ray crystallography requires massive repetition of Fourier transform com­

putations. X-ray data of a  crystal respects the crystallographic symmetry 

giving rise to data redundancy. This redundancy is controlled by the crys­

tallographic symmetry groups [14,15]. By incorporating the crystallographic 

symmetries to  efficient Fourier transforms, one can gain computational advan­

tage. The use of space group symmetry to reduce the cost of DFT calculation 

was formally introduced by Lyn Ten Eyck(1973) [16], but only special sym­

metries were included in the programming package. Bricogne and Tolimieri

[17] also presented an algorithm which compute the two-dimensional FFT  on 

the data admitting 90° rotational symmetry. An, Cooley and Tolimieri(1990)

[18] developed the orbit exchange method which is based on the group the­

oretic properties of the crystallographic groups and the ring structure of the 

sampling lattices- is a  procedure for designing symmetrized FFT algorithms 

for general N  which reduce to symmetrized FFT algorithms on the relatively
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prime factors of N .

1.4 D esc rip tio n  o f  D isse r ta tio n

In this dissertation we first develop the two-dimensional multiplicative 

prime point FFT algorithm for P  =  2(3) or P  =  3(4) in chapter 3 and 

chapter 4. This new algorithm is based on the field structure determined by 

the irreducible polynomial x 2 + x + 1 or x2 +  1 over Z / P  separately. While 

the degree of the polynomial determines the dimensionality of the Fourier 

transform, irreducibility determines the prime numbers P . Thus the theory 

presented here can be used to generate a family of multiplicative multidimen­

sional Fourier transform algorithms which can be implemented using tensor 

product techniques. Our choice of the case has been primarily motivated by 

its application to X-ray crystallography.

The algorithm is based on the multiplicative property of the indexing set 

Z / P  x Z / P .  From the initial stage of ordering Z / P  x  Z / P ,  the multiplicative 

structure is used to control the data flow in the Fourier transform computa­

tion. Then the calculation of the DFT is expressed as a set of convolutions 

which axe more efficient for vectorization and parallel processing. This is an 

alternative to the more usual way of using the additive property. In addition 

to finding its advantage in certain architectures, the algorithm adapts natu­

rally to processing a data with plane geometric conditions: most notable of 

such data is the X-ray diffraction map of a crystal.

The difference in data flow in our algorithm comes from treating Z / P  x 

Z / P  for a  prime number P  as a simple object(as opposed to viewing it as the 

cartesian product of two copies of Z / P . )  As a result, there is no intermediate 

data transfer stage. There are two variants of this multiplicative algorithm.
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One of these is skew-circulant structure and another is the circulant struc­

ture. By using the block-diagonalization m ethod with these structures, the 

com putation of the Fourier transform  is expressed as a  set of small convolu­

tions located diagonally. All blocks are skew-circulant m atrices or circulant 

matrices of varing sizes. These variants offer options as to  m atch different 

com puter architectures.

The block-diagonalization m ethod derived from the multiplicative struc­

tu re  reduces the com putational complexity and has more flexibility to  imple­

m ent on varying machine architectures. The advantages are as follows:

1. Using the group theoretic structures, one arrives a t skew-circulant 

blocks or circulant blocks of varing sizes. This flexibility is valuable in  m atch­

ing the vector register sizes in vector facility.

2. Since the skew-circulant or circulant blocks are located diagonally, they 

are independent of each other. This independency lends easily to  parallel 

processing with multi-processors.(The num ber and size of skew-circulant or 

circulant blocks are controlled again by the multiplicative group structure.)

In chapter 5 we will extend this algorithm to  the N  =  P Q  case, where P  

and Q are relative prime.

From chapter 6 to  chapter 8 we will apply this new multiplicative FFT  

algorithm with field and ring structures to  crystallography. As applications 

we will develop new F F T  algorithms suited for p3 and pA symmetry cases of 

crystallography. X-ray da ta  of a crystal respects crystallographic symmetry 

giving rise to  da ta  redundancy is controlled by the crystallographic symmetry 

groups. Our m ethod uses the crystal group to  define an algebraic structure 

on the  d a ta  set which can then be used to  order d a ta  producing a  highly 

structured algorithm. By incorporating the crystallographic symmetries to

6



efficient Fourier transform algorithms, one can gain computational advantage 

by removing all redundant data and arithmetic. In section 6.5 we will derive 

the new efficient multiplicative FFT algorithm for pZ symmetry from prime 

number to composite number N  =  ZL where 3 and L  axe relative prime by 

using the CRT and tensor product technique. The efficiency of our algorithm 

is apparent since the data is compressed and the computation operation is 

divided by the degree of symmetry against the original non-symmetry case.

The last chapter 9 we will describe the performance of implementation in 

typical computer architectures depending on different variants of the algo­

rithms in this thesis. Beside implementation on the sequential machine, we 

are interesting in implementation of our algorithms on supercomputer archi­

tectures to get efficient performance.

7



Chapter 2

Prelim inary M athem atics

2.1 In tro d u c tio n

In this chapter we will focus on some mathematical objects [19,20] which 

will be used repeatedly in this thesis.

•  The ring Z / N  of integers mod N

• Unit Groups

• Quotient Polynomial Rings F[x]/ f(x)

• Tensor Products and Permutations

2 .2  T h e  R in g  Z / N

Take an integer N  >  1. For any integer x E N,  let x mod N,  then the set 

Z / N  will be the remainder of the division of x  by N ,

(1) Z / N  = {0,1,2, . . . , A r - l }
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We define addition in Z / N  by

(2) (a; +  y) mod N  , x , y  e  Z / N  ,

and multiplication in Z / N  by

(3) ( x ’ V) m o d N  , x , y € Z / N .

Under these operations Z / N  becomes a commutative ring with identity 1. 

Consider the following mapping

(4) <j>: Z  —> Z /N  , 

which is defined by

(5) <j>(x) = x mod N  .

The mapping </> is a ring-homomorphism in the sense that

(6 ) (f>(x + y) =  (<f>(x) + (f>(y)) mod N  ,

(7) <j>(x • y) =  (<£(x) • <j>{y)) mod N  .

Two integers x and y are said to be congruent mod N  if <f>{x) = <j>{y). That

is

(8 ) N / ( x  -  y ) .

It also means that

(9) x =  y mod N  .

2.3 U n it G roups

9



The unit group of Z / N ,  denoted by U(N) ,  consists of all elements x € Z / N  

which have multiplicative inverses y  €  Z / N :

(1) 1 =  (x y ) mod N  .

It is easy to  show th a t U(N)  is a  group under the  ring-multiplication in Z / N .

T h e o re m  1 The set of  the unit group U (N ) satisfies that

(2) U(N)  =  {x  €  Z / N  | (x , N ) =  1} .

E x a m p le  1

Let N=12. Then we can find unit group

U(  12) =  {1 ,5 ,7 ,11} .

From theorem  1, if P  is a  prime, since every nonzero element in Z / P  has 

a multiplicative inverse, then

(3) V (P )  =  { 1 , 2 , - - , P  —1},

Now because Z / P  is a  commutative ring with identity, it follows th a t Z / P  is 

a  finite field.

T h e o re m  2 Z / P  is a finite field i f  and only i f  P  is a prime.

P ro v e

We have shown th a t if P  is a  prime then Z / P  is a  field. Suppose P  is not 

a  prime, and write P  =  N \N ^  where

1 < n u n 2 < n .

10



By theorem  1, since (TV, N i)  =  JVi 1, iVj does not have a  m ultiplicative 

inverse in Z / N  and Z / N  is not a  field, completing the proof of theorem  2.

T h e o re m  3  For an odd prim e P , and integer x > l ,  the unit group

(4) V  ( J» )  

is a cyclic group.

This im portan t result is proved in m any num ber theory books, for instance

[19].

L e m m a  1 A n  element 7  € U ( P X), called a generator, can be found such that

(5) U( PX) =  {7 * | 0 <  k < o(U(Px))} . 

where o(U(Px)) is the number o f elements in  the set U ( P X).

2 .4  P o ly n o m ia l R in g s

Assume F  is a  field. F[x] is defined as the ring of polynomials in the 

indeterm inate x  which has coefficients in F.  An element in ^[x] can be 

expressed as

(1 ) / (* )  =  £ / » * ” > / . € F .
n—0

If f k  ^  0 in ( 1), the value k is called the degree of / (» ) ,  i.e.

(2 ) deg f ( x )  =  k  .

The zero polynomial, denoted by 0, has by convention degree —0 0 . Then we

have the im portant result

(3) deg ( f ( x )g(x ) )  = deg f ( x )  +  deg g(x) .

11



2.4 .1  D iv is ib ility  C o n d itio n

If / (x )  and g(x)  ^  0 are polynomials in F[x], then there is a  unique pair 

of polynomials q(x)  and r(x)  in .F[x] satisfying

(4) f ( x ) =  q(x)g(x)  +  r(x) deg r (x ) <  deg g(x) .

The polynomial q(x)  is called the quotient of the division of g(x)  into /(x ) . 

The polynomial r(x ) is called the rem ainder  of the division of f ( x )  by g(x).

T h e o re m  1 I f  f ( x )  and g(x) are polynomials over F , there exists a unique 

polynomial d(x) called the greatest common divisor of  f ( x )  and g(x) over F

(5) d(x)  =  ( f ( x ) ,g (x ) )  .

By the divisibility condition above, if / (x )  and g(x)  are relatively prime 

over F , then

(6 ) 1 =  c i(x )/(x ) +  c2(x)g(x)  ,

for some polynomials Ci(x) and c2(x) over F.

2.4 .2  T h e  R in g  F [x ]/f (x )

Take a  polynomial / (x )  of degree N  over F[x]. We define

(7) F[x} / f (x )  ,

equal to  the set of all polynomials g(x)  over F  satisfying

(8 ) deg g{x) < N  .

12



the polynomial g(x ) in F[x \ / f (x )  can be w ritten as

fc—1
(9) 9(x) = 13  9nan , gn e F  ,

n = 0

and we can regard F[x] / f (x )  as an iV-dimensional vector space over F  having 

basis

(10 ) l » a v  , x N_1 .

For any g(x)  6  F [r], denote the remainder of the division of g(x)  by f ( x )  

as follows,

(11) g(x) mod f ( x ) e  F[x] / f (x )  .

We define a ring multiplication on F[x]f f ( x )  by

(12) (g(x)h(x)) mod f ( x )  , g(x), h(x) e  F[x] / f (x)  .

By direct computation, it shows th a t the vector space F[x] / f (x)  becomes an 

algebra over F  w ith the multiplication (12).

Two polynomials g(x)  and h(x)  over F  are to be congruent mod f {x )  if 

g{x) mod f { x )  =  h(x) mod f (x ) .  It means

(13) f ( x ) / (g (x )  -  h(x)) .

We also can write

(14) g(x)  =  h(x) mod f ( x )  ,

Define the mapping

(15) 4>: F[s] F[x] / f (x)  , 

by the formula

(16) (j>{g{s)) =  g(x) mod f ( x )  .

13



It is easy to show tha t <f> is a ring-homomorphism of F[x] onto F[x]/ f{x)  

whose kernel

(17) {flf(x) € F[a;] | <j>{g{x)) =  0}

is the ideal (f ( x )).

We have known by theorem 2 of section 2.3 that Z / P  is a field if and only 

if P  is a  prime. From now we will construct fields using the rings F[x]/f{x).

T h e o re m  2 The ring F[x]/ f (x)  is a field i f  and only if  f i x )  is irreducible 

over F.

P ro v e

Suppose f {x)  is irreducible. Take any nonzero polynomial g{x) in F[x\ / f ix) .  

By (6 ) we have

1 =  ci{x)gix)  +  c2i x ) f i x )  , 

where C\{x) and c2{x) are polynomials over F.  Then

1 =  Ci{x)g{x) mod f i x )  ,

so c i(r)  mod f i x )  is the multiplicative inverse of gix)  in F[x}/ f{x) .  Since 

g{x) is an arbitrary nonzero polynomial in F[x]/f{x),  the commutative ring 

F[x]/ f{x)  is a field.

Conversely, suppose f i x )  is not irreducible. Then

f i x )  =  / i ( * ) /2(z) ,

where

0 <  deg f nix) < deg f i x )  , n =  1 ,2 .

14



It means that f i ( x )  and f 2(x)  are in F[x) / f (x )  and

0 =  ( f i ( x ) f 2(x)) mod f ( x ) .

If f i ( x )  has a multiplicative inverse, then

0 =  f 2(x) mod f ( x )  .

I t is contradictory, completing the proof of the converse of the theorem.

2.5 T e n so r P ro d u c t  a n d  S trid e  P e rm u ta t io n

2.5.1 In tro d u c t io n

The tensor or Kronecker product offers a  natural language for modeling and 

designing digital signal processing(DSP) algorithms. Closely associated with 

tensor products are a class of permutations, the stride perm utation. These 

perm utations govern the addressing between the stages of the tensor product 

decompositions of DSP algorithms, shch as digital Fourier transform(DFT) 

algorithm.

The linguistic power of the tensor product is shown on the papers of R. 

Tolimieri [20] and J. Johnson [21] where it is used to model fast Fourier trans­

form algorithms. It show th a t tensor product formulation of DSP algorithms 

also offers the convenience of modifying the algorithms to adapt to specific 

computer architectures. The formalism of tensor product notation can be used 

to  keep track of the complicated index calculation needed in implementing 

Fourier transform algorithms. By establishing relationships between certain 

tensor product constructs and computer architectures, FFT  algorihtms can 

be easily optimized for either hardware or software implementation.
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An algorithm can be described in many cases a m atrix factorization

a) y  -  f f  n .
n = 0

where the action of the m atrix Y  is to be computed. The tensor product 

also makes it very easy to modify an algorithm by exploiting the underlying 

algebraic structure of its m atrix representation.

2 .5 .2  T e n so r  P ro d u c t

Tensor product algebra is an im portant tool for presenting mathem atical 

formulations of DSP algorithms so that these algorithms may be studied and 

analyzed in a  unified format. In this section, we will present some of the basic 

properties of tensor products which axe encountered in the algorithms that 

we will develop in future sections of this thesis. These properties will be very 

useful in m anipulating the factorizations of discrete D FT matrices.

The tensor product of an K  x  L  m atrix A  w ith a n M x J V  m atrix B  is 

defined by the K M  x L N  m atrix, X  ® Y ,

(2) X ® Y  =

xqqY  x o i Y x q,l - i Y

x k - i ,oY  x k - i ,i Y  ■ •  •  x k - i ,l - i Y  

It is natural to view the tensor product X  ® Y  as being formed from blocks 

of scalar multiples of Y.

By straightforward computation we have the associative property

T h e o re m  1

(3) A ® ( B ® C )  =  ( A ® B ) ® C
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T h e o re m  2 I f  X  is an K  x  L  matrix and Y  is an M  X N  matrix, then

(4) (-X-0  F )(«  0  y) =  X x ® Y y ,

for any vectors x  and y of sizes L  and N ,  respectively.

T h e o re m  3 I f  A  and C are K x K  matrices and B  and D are N x N  matrices, 

then

P ro v e

Take vector x  and y of sizes K  and N  respectively. By (4)

(A  ® B ) (C  0  D)(x  0  y) =  (A  0  B)(C x  0  Dy)

= A C x  0  BDy_ ,

proving (5), in light of the proceeding discussion.

An im portant special case of formula (5) is the following decomposition.

L em m a 1 Denote by Im the M  x  M  identity matrix. Then

(5) (A  0  B)(C  0  D) = {AC  0  B D ) .

(6) A 0  B  — {Im  <8* B){A  0 1£) =  {A 0  Il ){Im  ® B ) ,

where A  is an M  x  M  matrix and B  is an L  x  L  matrix, and Im  0  B  is the 

direct sum of M  copies of  B,

M
(7) Im  ® B  = Q ) B  .

t=i
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Factorization (6 ) decomposes the  com putation of (A®B)x_ into the  parallel 

operation (Im  ® B )  followed by the  vector operation (A  ® II)-

We will also have the inverse and transpose properties as follows:

T h e o re m  4

(8 ) ( A ®  B ) - 1 = ( A - 1 & B - 1)

T h e o re m  5

(9) (A  ® B ) f =  (A* ® B*) .

2 .5 .3  S tr id e  P e rm u ta t io n s

In this section, we will describe the stride perm utations th a t gives the data  

flow required for vectorization or parallelization of a  tensor product computa­

tion which plays a  crucial role in the implementation of D FT computations. 

The M -point stride N  perm utation m atrix P ( M ,  N )  is defined by

(10) P (M ,  N ) (x  <g> y) = y ® x ,

where M  = L N  and x_ and y are arbitrary  vectors of orders L  and N ,  respec­

tively. The action of P (M ,  N ) on an arbitrary vector z  of order M  can be 

described as follows, take

Zo Zpf • • • Z(L_1)JV

ZN- 1 Z2N-1 • • • Zm -1
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Then P (M , N ) z  will corresponds to  the transpose of Z.  Take 

(12) Z* = [W0 W 1 ••• WN- x],

where

(13) Wi

Zi

Zi+N
, 0 <  i  < N  ,

Zi+(L-1)N

Then we can compute P ( M , N ) z  by striding through z  w ith stride N .  The 

result is obtained by
Wo

(14) P ( M , N ) z  =
Wi

WN- !

By using the  formula (10) frequently, the algebra of stride perm utation 

will play an im portant role on the design of tensor product algorithms.

E xam p le 1

Let y is a  6-dimensional vector of stride 1. Take M = 6  and N =2, the 

perm utation m atrix  is

P ( 6,2) =

1 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0

0 1 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 1
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we can find P ( 6 ,2 )3 =  I s, and

P (6 ,2)y  =

yo
V2 

yi

J /3  

. ys

T h e o re m  6  I f  M  =  K L N  then

(15) P(M ,  L N )  =  P ( M , L ) P ( M , N )  .

P ro v e

Take vectors x_, y  and z_ of sizes L, N  and K  respectively. Then

P (M , L N ) (x  ®y_®z)  =  y_® z ® x  ,

and

P ( M , L ) P ( M , N ) ( x ® y ® z )  =  P ( M , L ) ( z ® x ® y )  = y _ ® z ® x ,

completing the proof of the theorem.

In particular, from theorem 6 we have

L e m m a 2 

(16) P ( M N ,  N )  =  P ( M N , M )

In (6 ) of section 2.5.2, we have described that the tensor product (A ® I I ) 

can be vectorized and (Im  <£> B )  can be parallelized, or both can be combined
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together. If we want to interchange the operations above, an im portant tool 

is the commutation theorem. For a given factorization the commutation theo­

rem gives a procedure to construct different variants which can match special 

computer architecture.

T h e o re m  7 I f  A  is an L  x L  matrix and B  is an N  x N  matrix, then

(17) P (A  ® B)P~X = B ®  A ,  

where P  =  P(M, N ) and M  =  LN.

P ro v e

Set z_ — x ®  y where x  and y are vectors of orders L  and N  separately. 

Then we have

{A ® B)(x ® y)  — Ax  ® By_,

P (A  ® B)z  = P(Ax  ® By)  = By_ ® Ax  .

and

(B  ® A)Pz  = (B ® A)(y_ ® x) = By_ ® Ax  , 

completing the proof of the theorem.

C o ro lla ry  1

(18) P(Il ® B )P ~ 1 = B ® I l ,

where P  = P(M , N )  and M  = LN.
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as an im portant application of the commutation theorem, we observe th a t

(19) A ®  B  = ( A ®  L ) (B  ® I L)P{M, L ) - 1 ,

(20) A ®  B  =  P (M ,  L)(In  ® A)P (N ,  L ) - \ I L ® B )  .

The formula of factorization (19) decomposes (A  ® B ) into a  sequence of 

vector operations. The first operates on vectors of size L  while the second 

operates on vectors of size N .  The intervening stride perm utations provide a 

m athem atical language for describing the readdressing between stages of the 

computation. In the same way, we interpret (20) as a sequence of parallel 

operations.

2 .6  S u m m a ry

In recent years, the modern number theory plays an m ajor role in designing 

the digital signal processing(DSP) algorithms, e.g. the digital Fourier trans­

form algorithm. The topics mentioned above are only the basic knowledge 

which will be used frequently in the thesis.

The Chinese Remainder Theorem(CRT) is also an significant topic in 

modern number theory. The construction of the Chinese Remainder ring- 

isomorphism using idempotents is im portant to the rest of this thesis. This 

construction results in our algorithms having the nice structure and simple 

d a ta  flow especially for vectorization and parallelization. We will begin to 

discuss the details of CRT at Chapter 5.
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Chapter 3

M ultip licative 2-D im ensional 

P rim e Point (P  =  2(3))

FFT  A lgorithm

3.1 In trod u ction

In this chapter, we develop a  multiplicative two-dimensional P x P  Fourier 

transform  algorithm for a prime P  =  2 mod  3. The algorithm is based on 

the field structure determined by the irreducible polynomial x2 + x +  1 over 

Z / P .  While the degree of the polynomial determines the dimensionality of 

the Fourier transform, irreducibility determines the prime numbers P.  Thus 

the theory presented here can be used to generate a  family of multiplicative 

multidimensional Fourier transform algorithms. Our choice of the case has 

been m otivated by its application to X-ray  crystallography.

The algorithm uses the multiplicative property of the indexing set Z / P  x  

Z / P .  From the initial stage of ordering Z / P  x  Z / P ,  the multiplicative struc­

ture is used to control the data  flow in the Fourier transform  computation.
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Then the calculation of the DFT is expressed as a set of convolutions which 

are more efficient for vectorization and parallel processing. This is an alter­

native to the more usual way of using the additive property. In addition to 

finding its advantage in certain architectures, the algorithm adapts naturally 

to  processing a data  w ith plane geometric conditions: most notable of such 

data is the X -ray diffraction map of a crystal.

For a natural number N ,  denote by Z / N  x Z / N ,  the cartesian product 

of two copies of the ring Z / N .  An element of Z / N  X Z / N  is denoted by 

(«i, 02), a i, a2 € Z / N .  For a  function X  defined on Z / N  x Z / N ,  the Fourier 

transform of X  is defined by

t1) FX(bi ,  b2) =  X ( a 1,a2)e=Tri ^ bl+â
(ai,a2)6 Z / N x Z / N

D ata flow and computational complexity in (1) are controlled by the alge­

braic nature of the indexing set. Indeed, many algorithms have been developed 

exploiting the nature of Z / N  to arrive at efficient ways of computing (1).

Efficiency of an algorithm should be measured upon implementation. Since 

data flow and computational complexity should be changed dependenting on 

machine architectures, it becomes im portant to  have several ways of control­

ling them so as to suit them on varying architectures. The difference in data 

flow in our algorithm comes from treating Z / P  x Z / P  for a prime number 

P,  as a  simple object (as opposed to viewing it as the cartesian product of 

two copies of Z / P . )  As a  result, there is no intermediate data  transfer stage. 

There are two variants of this multiplicative algorithm, called skew-circulant 

and circulant structure. By using the block-diagonalization method, the cal­

culation of the Fourier transform is expressed as a set of small convolutions 

located diagonally. All blocks are skew-circulant matrices or circulant ma-
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trices which axe independent of each other. The num ber and  size of blocks 

are controlled again by the  m ultiplicative group structure. These flexibility 

and  independency are more valuable in  the vectorization and  parallelization 

w ith different machine architectures. We will s ta rt our discussions to  simpler 

cases. However, w ith little  more analysis on the m ultiplicative structure of 

the indexing ring, the  approach can be extended to  cover o ther cases.

3 .2  C irc u la n t a n d  S k ew -C ircu la n t M a tr ix

Since the calculation of our new algorithm s are made by expressing the 

F F T  as a  set of cyclic convolutions, it is necessary to  introduce some concepts 

about circulant and  skew-circulant m atrix  before presenting the  algorithms.

Considing two vectors X_ and Y  of order N ,  the cyclic convolution C(k)  of 

X  and  Y_ is the vector of order N  defined by

(1) C{k)  =  X * Y  =  £  X ( k  -  n )Y (n )  , k € Z / N .
n e Z / N

Cyclic convolution also can be expressed by the  form of m atrix  m ultipli­

cation. F irst we define the N  x  N  cyclic shift m atrix  S  by 
«

(2) S' =
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th a t is

(3) sx  = s

1A iHA*

Xi = Xo

X N-1 tf 1 (0 i

Based on the definition of cyclic shift m atrix S ,  we can define another 

circulant m atrix  C  by

(4) C  =

Xo ••• x 1
X i  X 0 ••• X 2

X n -1 X n - 2 Xo

W here C  is related to  the vector X .

The relation between the cyclic shift m atrix S  and the circulant m atrix C

is

(5) C  =  X 0I n  + X xS  +  • • • +  X i r - t S ” - 1 =  £  X nS n ,
n £ Z / N

where S N =  1^.

Now we consider the cyclic convolution C_ — X * Y . By direct com putation 

we can find th a t the N  x  N  cyclic convolution can be expressed as a  circulant 

m atrix C  multiplying the vector Y ,  th a t is

(6 ) C  =  X * Y  = C Y .

A skew-circulant m atrix C  compared with the circulant m atrix C  is defined

as
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(7) C  =

Xo X x 

* 1  X 2
X N- i

Xo

X n - i X o • • • X n - 2 

The skew-circulant m atrix C  can be expressed by circulant m atrix C  by

(8 ) C  =  C S  ,

where S  is the N  x  N  skew-cyclic shift m atrix defined by

1

(9) S  =

th a t is

(10) sx  = s

' 1 *

Xo

X t =
X N.  1

X N - 1 X i

By (9) it means th a t a skew-circulant m atrix C  can be changed into the 

multiplication of a  circulant m atrix C  and a  skew-cyclic shift m atrix S.

For computing the multiplication of CY_, we can calculate the perm utation 

S Y  first, then we compute the cyclic convolution C(SY_). T hat is

(11) C Y  =  C { S Y ) .

Since the perm utation SY_ is expensive sometimes, we will develop another 

method to  block-diagonize the skew-circulant m atrix C  to get more efficient
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results for different machine architectures. This will be discussed in section 

3.6.

3 .3  F ie ld  o f  P 2 E le m e n ts  fo r  P  =  2(3) a n d  F o u r ie r  T ra n s fo rm  M a tr ix

The polynomial x 2 + x +  1 is irreducible over Z / P  for P  =  2(3) [19]. Set 

p =  exp(—2iri/3). Then p2 + p + 1 =  0 and Z/P[p]  is a  field with P 2 elements;

i.e., the nonzero elements of Z/P[p]  form a cyclic group under multiplication. 

Let 7  be a  cyclic generator. Then

where U(P)  is the multiplicative group of nonzero elements of Z / P .

An element a G Z/P[p\  can be w ritten uniquely as a\ +  pa2, a i, a 2 € Z / P .  

Arithm etic in Z / P \ p ] is defined by

(1)

are the distinct nonzero elements of Z/P[p]

A generator 7  of U(P)  can be found satisfying

(2) P = 7n , n =  (P 2 - l ) / 3 .

(3) (®i +  po.2) +  (61 +  pb2) — («i +  bi) +  p(®2 +  ^2) •

(< ii +  po.2 )[bi -|- pbi) = ctibi — <*2^2 "H /® (o2 &i -t- 01&2 — 0 2 ^ 2 )  • 

Define a mapping <f> : Z/P[p]  —> Z / P  by

(4) ^(®l "H Pa 2) — ®1 •
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Observe that

(5) <j>(a +  6) =  <f>(a) +  <f>(b) ,

<̂ (o&) =  tti&i — 02^2 •

L em m a 1

(6 ) <f>(ab) =  <j>(ba) .

This follows from the commutativity in Z(P[p\.

L em m a 2

(7) =  i

Proof of this can be found in any text book on algebra.

For a  function X  defined on Z / P  X Z / P ,  the Fourier transform  of X  is

(8) FX(bu - h )  = E
(a i ,a2) e Z / P x Z / P  

£  X ( a 1,a2)e=^i ^ abK
(alta2 ) e Z / P x Z / P

The function X  and its Fourier Transform F X  can be viewed as column 

vectors once Z / P  x  Z / P  is ordered. To this end, note th a t (<11, 02) £ Z / P  x 

Z / P  corresponds uniquely to  ai+pa ,2 € Z/P[p].  Hence an ordering of Z/P[p]  

will yield an ordering for Z / P  x Z / P .

Take the ordering by U(P).  Now we may view the function X  defined on 

Z / P  x  Z / P  and its Fourier transform F X  as column vectors, and represent 

(8 ) in term s of matrices as
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where

(10) W (P )  =  [ wW + ‘) 1
L Jo< i,fc< P 2 - l

and the element 0 G S /P fp ] has been placed in front of U(P).  For the rest of 

our discussion, we ignore 0 G Z/P\p \ .  (We can place this a t the last stage of 

comput ations.)

3.4  N ew  A lgorithm  w ith  Skew -C irculant S tructure

We will now to  derive W (P )  depending on different ordering on Z j P  x  

Z / P .

L em m a 1 Take P  is prime number. For P  =  2(3), P 2 — 1 is divisible by 12. 

P rove

For P  =  2(3), i.e. P  = Zk +  2, k  G Z,  we can find P 2 — 1 =  (P  — 1 ) (P  +  1) 

is divisible by 4. For P  =  3k + 2, then P 2 — 1 =  3 (3 P  +  4k + 1). It means 

th a t P 2 — 1 is divisible by 3. So for P  =  2(3), P 2 — 1 is divisible by 12 .

Set m  =  —- 1- and n = 2m. Also set u> = exp(-^p-).  We will need the 

following properties of generator 7  and the mapping function <f>, all of which 

are easy to  show.



(1) 73m =  7 ^  =  - 1 ,

(2) « y +3“ ) =  - « y ) ,

(3) =  (</<*>)• .

where * denotes the complex conjugation.

Variant 1

By lemma 1, for P  =  2(3), P 2 — 1 is divisible by 12. Take m  =  -^p1-, and 

define the set

(4) S =  { 7 ° ,T ,7 V -- ,7 S,n- 1}-

Thus we have that l , 7 3m is the quotient of U (P ) /S  and

(5) U(P) = S  U 7 3m5

View 5  as ordered by (4). This ordering can be used to order 7 3mS.  Thus 

the ordering of U(P ) is obtained by putting S'; 7 3mS.  We will denote by R(P)  

the group U(P)  with this ordering. Now examine the matrix W(P).  set
—2 iriu> = e~p~.

T h e o rem  1 W ( P ) is o f ihe form  

(6)
A  B  

B  A

where A  and B  are 3m x 3m matrices with A  =  B*. The conjugate of B  i3 

denoted by B*.
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P ro o f

Let
Wi W2

W (P )  =
W3 W4

where Wi, 1 <  i <  4 is an 3m X 3m matrix. For 0 <  k, I <  3m, denote the 

k-th  row l-th column entry of an 3m x 3m m atrix Wi by Wi(fc, I). Then using 

the properties of generator 7  and the mapping function <j> shown in (l)-(3),

W4(k, I) = u H W W )  =  u ^ em̂ ' )  =  w ^ +‘) =  W ^ k ,  I) .

W3(k , J) =  w (̂'y3m'Yfc'Y‘) =  w<̂ 3mT'fc+') ,

By Lemma 1 of section 3.3, W3(k, I) can be changed to 

W3(M )  =  =  W2(k, I) .

This structure of W {P)  is known as block-circulancy.

Let us now examine each of the blocks A and B.

By the properties of 7  and <f> showed in (1) to (3), we know th a t 7 3̂m+J) =  

—7 J. So m atrix A  equals to the conjugate of B,  that is A  =  B*. W ( P ) will 

be 2 x 2 block circulant matrix with A = B*

W ( P ) =

where * we mean complex conjugation.

A  A* 

A * A

C o ro lla ry  1 In matrix W { P ), each submatrix A  and A* is conjugate skew 

circulant matrix.

P ro v e
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Denote the Ar-th row /-th column entry of the 3m x 3m m atrix A  by A(k,  I). 

Then using the properties (l)-(3),

(1) For 0 <  fc, / <  3m — 1,

A(k, I + 1) =  u ^ * +l+1) =  w^^(fc+1)+‘> =  A(k  +  1 , / ) ,

(2) For 1 <  k <  3m,

A(Jfc,3m -  1) =  a ; ^ fc+3m-1) =  =  A(k  -  1,0)* ,

hence A  is conjugate skew-circulant matrix. Since A* is the conjugate of A,  

A* is also a  conjugate skew-circulant matrix.

C o ro lla ry  2  I f  matrix W ( P ) is 2 x 2  conjugate block-circulancy 

(7) W (P )  =
A  A* 

A* A

where A  is a conjugate skew-circulant matrix, then W (P )  is a skew-circulant 

matrix.

P ro v e

We know that W (P )  is 6m x 6m matrix,

W (P )  =

We can rewrite

A  A * 

A* A
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W(P) =

0 , 0 , 0 f l 0 , 3 m - l n o , 3 m n o , 6 m - l

® 1 , 0 ® l , 3 m — 1 n i , 3 m ® l , 6 m - l

® 3 rra— 1 , 0 •  ‘  ‘  ® 3 m — 1 , 3 m — 1 ® 3 m — 1 , 3 m • - ’ n 3 m - l , 6 m - l

® 3 m , 0 ‘ '  " ® 3 m , 3 m — 1 n 3 m , 3 m ’ ‘  * ® 3 m , 6 m — 1

® 3 m + l , 0 •  * •  « 3 m + l , 3 m - l ® 3 m + l , l • * •  « 3 m + l , 6 m - l

® 6 m - l , 0 * •  * ® 6 m — l , 3 m - l O S m — 1 , 3 m ■ • •  O Q m - l f i m - 1

where m  =  —6 ■1.

Now we look at the m atrix  W (P ) .  Since ao.o =  a o,3m an(i no,3m =  

hence ceq̂ q — ^1,6171'—■! • In general

and

and

®i,0 — a i,3m  ) a i,3m  — a i+ l ,6 m - l  5

Oi,0 =  ®*+i,6m—i , o <  i < 6m  -  1 ,

aij  =  aj_i,j+i 1 < i <  6m  , 0 <  j  <  6m  .

Hence W (P )  is skew-circulant m atrix.

V ariant 2

For P  — 2(3), P 2 — 1 is divisible by 12. Set m  — and  n — 2m. The 

element 7 3 is of order n  and generates the subgroup

(8) S  =  {70»73»76. ” *»73(n”1)}
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For the simplicity of presentation, we will assume th a t n  is not divisible by 

3 again.(i.e., tha t P 2 — 1 is not divisible by 9. Otherwise the method we 

present here can be modified to yield the desired results.) Thus we have th a t 

{1 , 7 ”, 7 2n} is the quotient of U (P ) /S ,  where U(P)  is the  multiplicative group 

of nonzero elements of Z/P[p],  and

(9) U(P) = S  U 7n5' U 7  5  .

View S  as ordered by (8 ). This ordering can be used to order 7 nS  and 7 2nS.  

Now, the ordering of U(P)  is obtained by putting 5 ';7 nS';7 2n5 . We will also 

denote by R (P )  the group U(P)  with this ordering.

T h e o re m  2  W (P )  will be of the form

( 10)

A B C

B n

C A B

where A, B  and C  are n  x n  matrices. 

P ro v e

Let
’ Wi W 2 W3 

W (P )  =  W4 W 5 We 

W 7 W 8 W9

where Wi, l < ? < 9 i s a n n X n  matrix. We will show th a t Wi = We = Wg. 

The other cases are proved in exactly the same way. For 0 < k , l  < n, denote 

the &-th row Z-th column entry of an n  x n  m atrix M  by M (k ,  I),

W 6(k, I) = u^ ( W W ‘) =  U}Hn3k+3h 3n) _  a,^(73fc+3‘) =  W 4(k, I)
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In view of Lemma 1 of section 3.3, this is also Ws(A;, /), completing the theorem 

2.

This structure of W {P)  is known as block-skew-circulancy.

Let us now examine each of the blocks A, B  and C. We will use the 

properties of 7  and <j> of (l)-(3).

Now observe th a t S  can be decomposed into

(11)

(12)

S i  =  (7 ° , 7 3, • • • 7 3(m- 1)} ,

s2 = {73m, 73(">+1), .. • , 73("-i)} .

(13) S 2 = 73”l5 1 =  .

The n  x n  m atrix A can be decomposed as

(14) A = -Ai.i ■4-1,2

■̂ 2,1 4.2,2

where for i , j  = 1,2, At,j is the submatrix of A corresponding to the row 

indexing by Si and the column indexing by Sj.

O bservations

1* Aiti =  A2,2

2. A i)2 =  A2)i =  AJ j .

We now have that

(15) A =
Cx C?

Ci* Ci
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with m x m  m atrix C\ corresponding to  the indexing set S\. 

In  exactly the same way, we can show th a t

c2 3
t

, c  = ’  C z cs'
. C2 C * C3 Cz

(16) B  =

We will refer to  the above structure as conjugate skew-circulancy. 

Thus, W (P )  is of the following structure.

(17) W (P )  =

er

i___ c2 Cl «*
1

c* Cl Cl c2 Cl Cz
c2 c*2 Cz Cl Cl Cl
Cl c2 Cl Cz Cl Cl

Cz Cl Cl Cl c2 Cl..... 
1

Cl Cl s> £ 1

C orollary 3 In  matrix W{P), each submatrix C\,  C2, Cz and C{, Cl,  is 

conjugate skew-circulant matrix.

P rove

Denote the k-th  row 1-th column entry of an m  x m  m atrix Ci  by Ci(k,  1), 

Then using the properties (l)-(3),

(1) For 0 <  k, I < m  — 1,

1 + 1 )  =  w^ ” +a(l+1)) =  u , ^ 3(fc+1)+3') =  Cx(k +  1 ,1),

(2) For 1 <  k < m

Ci(Jb, m  -  1 ) =  u , ^ 3fc+3(m- 1)) =  w^ 3fc_V m) =  w-*(73(fc- 1>) -  c ^ k  -  1 , 0 )* ,
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hence C\ is conjugate skew-circulant matrix, the same as C2 and C3. Since 

each m atrix Cl, C% and C3 is conjugate of C\, C2 and C3 separately, it is also 

conjugate skew-circulant matrix.

C o ro lla ry  4 The submatrices A, B  and C of the matrix W ( P ) are skew- 

circulant matrices.

P ro v e

We know that

A  =
Ci Cl  

Cl Cx

where C\ is conjugate skew-circulant matrix by corollary 3. Since A  is 2 x 2 

conjugate block-circulancy and by the corallory 2 it is a  skew-circulant matrix. 

Similarly the matrices B  and C  are also skew-circulant matrices.

3.5 C o m p u ta tio n  w ith  S kew -C ircu lan t S tru c tu re

Based on the skew-circulant structure derived from the above, we will 

apply the m atrix tensor product formulas to develop the block-diagonalization 

method.

T h e o re m  1 For k  x k block skew-circulant matrix

(1) W

Do Di  • • • Dk~i 

D\ D2 •' • Dq

Dk-i Dq Dk~ 2
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where W  is j k  x  j k  matrix and Di is j  x  j  matrix, 0 <  I < k. then

(2 ) W  =
K 1=0

where

H l+1 =  D 0 +  n lDi  +  n 2lD 2 +  • • • +
1=0

where 0 < m  < k  and fi = e~2lttlk. F ( k ) is one-dimensional k-point Fourier 

transform and * is the complex conjugate. I j  is the j  X j  identity matrix.

P rove

First we define the k  x k  cyclic shift m atrix  S  by the  rule as before,

Xo ’ X k_! ‘

X t Xos --

X k —l X k- 2

and the skew-cyclic shift m atrix S  by the rule

Xo Xo

Xx X k_is --

$ i » X i

Then W  can be expressed by

(3) W  = (IkS )  ® Do +  (5 5 )  (8) D x +  S 2S  ® D 2 +  • • • +  S lS  <g> D t

=  I2(sls) ® D‘ ■
1=0
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By direct com putation we can find tha t

(F(k)  ® Ij)((IkS)  ® D 0)(F(k)  ® Ij) =  (F (k )S F (k ) )  ® D0

=  k  ©  ,
m = 0

and

I,-) =  ( F ^ X ^ F ^ ) ) ® # !

=  k ©  / . - ‘d ,  ,
771—0

following this way we can find

(4) (F(fc) ® Ij )((SlS)  ® Di)(F(k)  ® Jj) =  (F (fc )(5 '5 )F (fc ))® A
fc—1

=  fc 0  /XTO,A  0 <1 < k .
m = 0

Now We compute the summation of (4) for Z from 0 to  A: — 1 and compare 

w ith (3) we have

(F(k) ® Ij) W  (F(k) ® Ij) = * © E  f1’”'-0 ' ■
771= 0  1=0

Finally we get

W  =  i (K ( i)® I j) (© X > ^ A )(n * )® i} )>
K m = 0  /= 0

completing the prove.

From theorem 1 we have the corollaries for W ( P )  of variant 1 and  variant

2 .

C o ro lla ry  1 For 2 x 2  block circulant matrix W (P ) ,  where A  and B  are n x n  

matrices,
r A  B

(5) W(P) =
B  A  
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where W ( P )  is 2n  x  2n matrix, then

(6) W ( P )  =  5 (F (2 ) ® I n)

=  2 (F (2 ) ® J n)

A -  B
(.F (2 ) ® J n)

Ho

where F ( 2) =
1 1

1 - 1
m one-dimensional 2-point Fourier transform

matrix and I n is the n  X n  identity matrix.

Since and B  are skew-circulant matrices and B  — A*, so Hi = A  + B  = 

A + A *  will be pure real skew-circulant m atrix. However Hi  =  A —B  = A —A* 

will be pure imaginary m atrix and has the structure like

(V) Ho =

ho h\ 

h\ hi

hn- i

—h0

—hn~ihn—i —ho •

We call the m atrix Hi as a negative-skew-circulant m atrix. I t can also be 

changed into a  skew-circulant m atrix again. We will describe the efficient 

methods of com putation of the skew-circulant m atrix in section 3.6.

Denote the 3-point Fourier transform  m atrix

(8)

1 1 1

1 fX fX2

I  fX2 fX

by -F(3), where fx — e s " .
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C o ro lla ry  2 For 2m x 2m matrices A , B  and C, let \l 

primitive cube root of 1 and n=2 m

e s’" denote a

(9) W( P)  =

A B C  

B  C  A  

C A B

then

W{P) =
A +  B +  C

A +  pB +  fP

A +  p2B +  pC

(F*(3)®7„)

(10)

Hi

H2

Ha

where F(3) is the 1-dimensional 3-point Fourier transform matrix and In is the n x n  

identity matrix.

O b se rv a tio n s

According to the corollary 4 of section 3.4, the  m atrices A, B  and  C  

are skew-circulant matrices. Since the matrices Hi,  H 2 and H 3 are linear 

combinations of skew-circulant matrices A, B  and C, Then the  matrices

(11)

(12) 

(13)

Hi — A  + B  + C ,

H 2 = A  + f iB  +  ,

H 3 = A  + fj?B -f- fxC ,

axe skew-circulant matrices.
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Conjugate-skew-circulancy of Hi, H 2 and JEZ3 also comes from the fact that 

they are linear combinations of conjugate-skew-circulancy of matrices A, B  

and C.  Thus we may repeat our procedure with Hi, H% and Hz  to further 

decompose the matrices. For example

(14) Hi  =  A  + B  + C  =
#11  H i2 

H 21 H 22

C1 + C2 + C3 c i  + c z  + c z

c; + c; + c$ Ci+ c2 + c3

=  - ( F ( 2 )<g>Im)
H n  + H 11

Hi 1 -  H 11
(jF(2) ® Im) ,

where H u + H ^  is real skew-circulant m atrix of cosine function and H u  — H ^  

is negative-skew-circulant m atrix of pure imaginary of sine function which can 

be changed to skew-circulant m atrix again. Similarly H 2 and H3 also can be 

diagonalized further like Hi.

Here, we have introduced the method of computation for skew-circulant 

structure, namely, block-diagonalization. The method of block-diagonalization 

derived from the multiplicative structure has the following advantages.

1. Using the group theoretic structures, one arrives at skew-circulant 

blocks of varing sizes. This flexibility is valuable in matching the vector reg­

ister sizes in vector facility.

2. Since the skew-circulant blocks axe located diagonally, they are inde­

pendent of each other. This independency lends easily to parallel processing 

with multi-processors. (The number and size of skew-circulant blocks are 

controlled again by the multiplicative group structure.)
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In following sections we will describe the methods for computing the skew- 

circulant m atrix and the twiddle factor (F * (3 )0  Jn) or (F (2 ) <%>!„) in different 

machine architectures.

3.6 C om putation  o f Skew-Circulant M atrix

In this section we will describe the method how to compute the multipli­

cation of a n  x n skew-circulant matrix C  with a vector of order n  which has 

been appeared in this chapter before.

First we can use well-known convolution theorem [20]. By (9) of section

3.2 we change the skew-circulant matrix C  to the circulant m atrix C  by

(1) C  =  C S

where S  is the n X n  skew-cyclic shift matrix shown in (10) of section 3.2.

Then we can use the convolution theorem since the multiplication of the 

n  x n  circulant m atrix C  with a  vector of order n  is the cyclic convolution. It 

means that the n X n  skew-circulant matrix can be computed by using n-point 

Fourier transform. By convolution theorem we have

(2 ) C  =  F (n ) -xDF{n)  ,

where F (n ) is the n-point Fourier transform m atrix and D  is a diagonal matrix

(3) D = diag(F(n)C)  .

where C  is a  vector of the first column of C.

Observe that

(4) F (n )S  =  F(n)* =  n F (n ) " 1 ,
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hence we can compute the skew-circulant matrix C  directly by

(5) C = C S  — F(n)~1D F (n )S  =  n F (n )-1Di?’(n ) - 1 .

the above formula (5) is expressed as inverse Fourier transform m atrix F(rc)-1 . 

It also can be expressed as forward Fourier transform m atrix F (n ) by

(6 ) C  =  F{n)D 'F(n)  ,

where D' is the diagonal matrix determined by

(7) D' =  h tiag(F *(n)C ) .

Secondly, we will present the block-diagonalized method which block- 

diagonalize the original skew-circulant m atrix to a  variation of the convo­

lution theorem via the matrix tensor product formulas. Let C  is n  X n  m atrix 

and n — 2aq. By the block-diagonalized method of theorem 1 of section 

3.5, we can decompose the matrix C  by a  steps. Each step will produce 

2 x 2 block-diagonal matrix, one is skew-circulant m atrix again and another 

is negative-skew-circulant matrix.

The negative-skew-circulant m atrix can be changed to  the skew-circulant 

matrix again by the following ways:

(i) If G  is a  n  x n  negative-skew-circulant matrix,

90 9 i  '  ‘ '  9n - 1

91 92 ~9o

071-1 —00 • * ' —071-2

(8) G =
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then it can be diagonized as follows,
---

-1 1

9o ~Pu~19i • • •  - f a n - 1 1

P ~Pn~19i ~Pn~292 ••• 9o 0

1 h*
• - 0 g n- i  9o • • • - P 2gn- 2 _ 1

1
l

(9)

where 0 n =  —1. After diagonalized, the middle matrix is a skew-circulant matrix 

again.

When n is odd number, it will be very easy since 0  =  — 1 now. Thus the formula

(9) has been changed to

’  1 9o -ffl 9n—l ’  1

G =
- 1 ~ 9 i <72 <70 - 1

1 . 9n - 1 ffo ■ • • —ffn-2 1 _

(ii) When n = pq = 2aq, G can be rewrited as a block negative-skew-circulant 

matrix,

D 0 D \  ■ • • D q-1 

D \ D2 • • • —Do
(10) G =

D q-l —D o  • • • —Dq- 2

where D{ is P  X P  matrix. Then G can be changed to block skew-circulant matrix 

again,

Do - H i  ••• D q - l ' Ip

(117 =
~Iv - D i h 2 Do ~Ip

I p . D q- 1 D q —D q - 2 Ip .
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(iii) The matrix G can be changed to the difference of one skew-circulant matrix 

G' and another special matrix, named the triangle matrix T,

(12) G = G ' - T  =

90 91

91 92

9n—l

9o
- 2

0 0 

0 0

0 go

0

9o

9i1-2f f n-1  90 *• • f f n-2

The skew-circulant matrix C  which has appeared in our algorithm is either pure 

real number or pure imaginary number. The trade-off of method (i), (ii) and (iii) 

is dependent on different kinds of skew-circulant matrices and the different machine 

architectures.

There are several algorithms for computing with skew-circulant matrices. By 

incorporating the different methods of computing skew-circulant matrices to the ma­

trix W{P), we can get our efficient multiplicative algorithm for different machine 

architectures.

3 .7  C o m p u ta tio n  o f  (.F(2) ® /„) o r  (F*(3) ® In)

Applying the tensor products and permutations which has introduced in 

section 2.5, we can get the method of vector or parallel operations for the 

computations of (F(2) ® In) or (F*(3) ® In).

We know that F(2) is the one-dimensional 2-point Fourier transform ma­

trix and F*{3) is the conjugate of 3-point Fourier transform m atrix

1 1 1 "

1 p n 2 ,

1 ii? n

where pi =  e ~ ^  and * is the complex conjugation.

(1) F(  2)
1 1

1 - 1
F*(3) =
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Let I n is the n x n  identity matrix, then (P ( 2) 0  Jn) will be 2 n  x 2n m atrix 

F(2) 0  Jn =
1 1

II

1

In

1

H1iH

I 1

---11

(2)
- 1

- 1

1 - 1  

By commutative law of the tensor products mentioned in theorem 7 of sec­

tion 2.5, the tensor product (F (2 )0 ln) or (F * (3 )0 ln) can be interchanged into 

another forms (In 0  F(2))  or (/„ <g> F*(3)) which are better for parallelization. 

T hat is

(3) F (2) 0  In =  P (In 0  F(2))P~1 ,

where P  and P -1  are perm utation matrices, P  =  P (2n , 2) and P -1  =  P(2n, n), 

P -1  is the inverse m atrix of m atrix P . (In 0 F ( 2)) is the direct sum of n  copies 

of P (2), i.e. it is a  block diagonalized m atrix of dimension 2n with each block 

is P (2). Its structure is given by

F(  2)

(4) I . ® F (  2 ) =
F(2)

F (2)
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Similarly the structure of Jn ® F*(3) is given by

F*(3)

(5) In ®F*(3) =
F*(3)

F*( 3)

3.8 A n  E xam ple

We will go through our algorithms using computation of the 2-dimensional 

5-point Fourier transform as an example. The indexing set Z j 3 y .Z j 3  will be 

identified with the field Z/h[p\. 7  =  1 +  4p is a generator of the multiplicative 

cyclic group of nonzero elements of Zf§[p].

(1)

7  =  1 + 4  p 7 13 =  4  +  p

<0 II to 7 14 =  3 p

7 3 =  2 +  4 p 7 15 =  3 +  p

7 4 =  1 +  P 7 16 =  4 +  4 p

7 5 =  2 +  p 7 17 =  3 +  4 p

7 6 =  3 7 18 =  2

7 r =  3 +  2 p 7 19 =  2 +  3 p

7  s =  p 7 20 =  4 p

7 9 =  1 +  2 p 7 21 =  4  +  3 p

7 10 =  3 +  3 p 7 22 =  2 +  2p

7 11 =  1 +  3 p 7 23 =  4 +  2p

II -i II 0 II

The input and output data will be ordered by the above.
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Now the two-dimensional finite Fourier transform  of X  is

(2) Y  = W (  5 ) £  +

X(0)

A-(O)

W (5) with respect to the multiplicative ordering is

(3)

where oj =  e-27r‘/ 5.

W (5) =  [ wH'y,+fc)
0 < j , f c < 2 4

V ariant 1

The indexed set i2(5) is obtained from {7 J }, w ith j  talcen from the following 
ordered set,

{0,1,2,3,4,5,6,7,8,9,10,11; 12,13,14,15,16,17,18,19,20,21,22,23;} .

Then we have
A  A*

(4) W (  5) =
A* A

where W (5) is 2 x 2 block skew-circulant m atrix  and A  and A* are conjugate 

skew-circulant matrices,
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(5) A =

w u 1 u>2 u u 2

CO3

u 3 1 u w3 ( J

u 1 w2 u w 2 u 3 0>3 1 w w3 u u 4

1 u 2 u u>2 u 3 u 3 1 u u 3 u u 4 w 4

u 2 u w2 u 3 u 3 1 u u 3 u u 4 w4 1

u u 2 w3 u>3 1 u w3 u u 4 CJ4 1 w 3

W 2 u>3 o>3 1 u u 3 u u 4 w 4 1 u 3 CJ4

e to w3 1 u u 3 w w 4 w4 1 u 3 w 4 u 3

u 3 1 w u>3 w u 4 w 4 1 u 3 V4 u 3 w2

1 u w 3 w CO4 u4 1 a;3 LJ4 w3 w2 a,2

u u3 w w4 u>4 1 C J 3 « 4 u 3 w2 u,2 1

u 3 u a,4 u,4 1 u , 3 C J4 w3 w2 u>2 1 w4

u w 4 w4 1 u 3 u4 u 3 w2 u 2 1 w4 J 2

and A* is conjugate of A.

Applying corollary 1 of 3.5 to W(5), we have

(6)

where Hi = A  -f- A* is skew-circulant matrix of pure real number. H2 = A — A* is 

negative skew-circulant matrix of pure imaginary. It can be diagonalized again.

Variant 2

Now we choose the another ordering of indexing set R (P ) from { t j }, with 
j  taken from the following ordered set,

{0,3,6,9,12,15,18,21; 8,11,14,17,20,23,26,29; 16,19,22,25,28,31,34,37;} .
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Then we have

(1) W(5) =

'C l Cf c2 Cf & , ■■ 
1

Cf Cl Cf Ci Cf Cz
Ci c2* Cz Cf Cl Cf
Cf c2 Cf Cz Cf Cl
c3 Cf Cl Cf Ci Cf

.Cf c3 Cf Cl Cf c2
W(5) is block skew-circulant matrix where C\, C2 and C3 are conjugate skew-circulant 

matrices,

(2pi =

Applying the corollary 2 of 3.5 we get

u « 2 w3 U) 1 W 1 * 3 a;4 u>2 w 2 w

w 2 w3 V W4 U) 1 w3 1 w2 u 2 u ws II , c3 =
w3 u u * w3 1 a,3 1 u * u , 2 UJ U) CO3

o> u,* w 3 w2 a,3 1 u * 1 w3 u>3

(3)

Hi
Hi

Hz
where Hi, Hi and Hz are skew-circulant matrices.

Hi = A  + B  + C =

H2 = A  + hB  + h2C =

and

[*” (3)®  i s ] ,

Ci + C2 + Cz C* + Cf "I" Cf 

Ci +  Cf -f- Cf Ci + C2 + Cz

Cl + /iC2 + M2C3 Cf + fiCZ +  M2Cf 

CJ +  mQ + ^2C | Ci + fiC2 +  fi2C3

H3 = A  + (i'2B + (iC  =
Cl +  fi2Ci + tiCz Cf + /i2Cf +  mC| 

Cf +  /z2Cf + fiC$ Cl +  fi2Ci + fiC3
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Since H\, H2 and # 3  -are conjugate-skew-circulancy, it can be block-diagonalized 

further to get more efficient results.

3.9 N ew  A lgorithm  w ith  Circulant Structure

In the above sections of this chapter we have developed a multiplicative 

P  x  P  two-dimensional Fourier transform algorithm for a  prime P  =  2 mod 3 

which has a  block-diagonal structure with each block of skew-circulant matrix. 

The algorithm is based on the field structure determined by the irreducible 

polynomial x2+ x -f 1 over Z / P  for P  =  2 mod 3. Efficient algorithm should be 

measured upon implementation. D ata flow and complexity of Fourier trans­

form are controlled by the algebraic nature of the indexing set Z / P  x Z / P .  

It is reasonable to have several ways of controlling them so as to suit them 

efficiently on varying architectures.

From this section we will use the same multiplicative property of the in­

dexing set Z / P  x Z / P ,  which is used to control the data  flow in the Fourier 

transform computation. But the difference is th a t we will use another kind of 

initial stage of ordering Z / P  x  Z / P .  After th a t we will get a  circulant struc­

ture which has block-diagonal structure with each block of circulant matrix. 

This is an alternative to the skew-circulant structure described in the above 

sections. We know th a t the multiplication of a  P  x P  circulant m atrix and 

a  vector of size P  is the m atrix form of cyclic convolution. There axe many 

efficient algorithms we can use to calculate the cyclic convolution on different 

machine architectures [1,13,23]. This is one of the reasons why we want to 

find circulant structure comparing with skew-circulant matrix. After th a t we 

can use the existing efficient algorithms of cyclic convolution to compute a  set 

of circulant matrices which located diagonally.
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Now we will take quick review on the field of P 2 elements for P  =  2(3) 

and Fourier transform  m atrix as mentioned in section 3.3. For P  =  2(3) 

the polynomial x 2 +  x  +  1 is irreducible over Z I P .  Set p =  exp(—2ni/3).

Then p2 -f p 4- 1 = 0  and Z/P[p]  is a  field w ith P 2 elements; i.e., the  nonzero

elements of Z /P [p \  form a cyclic group under multiplication. Let 7  be a cyclic 

generator. Then

(1) 1 = 7 ° 57 , 7 2r - - , 7 p2_2

are the distinct nonzero elements of Z / P  [p].

An element a £  Z/P[p]  can be w ritten uniquely as a\ +  pa,2, a i, 02 G Z / P .  

Arithm etic in Z /P [p \  is defined by

(2 ) (ax +  pa2) +  (61 +  pb2) =  (ax ■+■ 61) +  p(a,2 +  62) •

(aj +  pa2)(6i +  pb<i) =  a\bi — a262 “k p(.a2bi +  a i&2 — a262) .

Define a mapping <f>: Z /P [p \  —> Z / P  by

(3) <j){a 1 +  pa2) =  ax .

Observe th a t

(4) <f)(a +  b) =  <j>{a) +  <f>{b) ,

<f>{ab) =  ai&i — a262 .

Then we have the same properties of generator 7  and the  mapping function 

<f> are existed as (5),(6 ) of section 3.3 and (l)-(3 ) of section 3.4.
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For a function X  defined on Z / P  x Z / P , the Fourier transform of X  now

is

(5) FX{bu - b 2) = Y ,  *(<*!,
(o i,a j)6  ZjPxZ/P

Y  X (a l ,a2)e=r i 'KabK  
(ai,a2)eZlPxZ/P

Note that (ax,a2) € Z / P  x Z / P  corresponds uniquely to ai +  pa2 G Z/P[p). 

Hence an ordering of Z/P[p] will yield an ordering for Z / P  x Z / P .  Take the 

ordering by U(P), where U(P) is the multiplicative group of nonzero elements 

of ZIP\p\.

Now we may view the function X  defined on Z / P  x Z / P  and its Fourier 

transform F X  as column vectors, and represent (5) in terms of matrices as

(6)

where

(7)

n o )

Y

1 1

W (P )
X(0)

X

W (P ) = f w^ +fc)
L o<j,fc<P2—i

and the element 0 G Z/P[p] has been placed in front of U(P). For the rest of 

our discussion, we ignore 0 G Z/P[p]. (We can place this at the last stage of 

computations.)

Variant 1
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We assume already that P  is a  prime number and P  =  2(3). By the lemma 

1 of section 3.4, P 2 — 1 is divisible by 12. Set m  =  —g-1-, and define the set

(8)

Thus we have that l , y 3m is the quotient of U (P ) /S  and 

(9) U(P) = S  U 73m5  .

We can rewrite the set S  as

(10)

Then U (P ) can be rewritten as

(11) U(P)  =  y 3mS' U S '

View S  and S ' as ordered by (8 ) and (10). These orderings can also be used 

to order 7 3mS  and 7 3mS r. We will denote by R i(P )  with S] y 3mS  and Ri(P)  

with 7 3mS '‘, S ' instead of the original U(P). We order the column indexing 

by R i(P )  and order the row indexing by R 2(P). Now we examine the matrix

W (P).

T h e o re m  1 W (P ) is of the form  

(12)
A  B  

B  A

where A  and B  are 3m  x 3m conjugate circulant matrices with A  =  B*. The 

conjugate of B  is denoted by B*.

P ro o f
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W (P )  =

Let
^ Wx W 2 

W3 W 4

where Wi, 1 <  i < 4 is an 3m x 3m m atrix. For 0 <  k, I < 3m, denote the 

fc-th row 7-th column entry  of an 3m x 3m  m atrix W,- by W{(k, 7). Then using 

the properties of generator 7  and  the m apping function <f> shown in  (l)-(3 ) of 

section 3.4,

^  =  W x (k , l )

W 3(k, 7) = u;4('y6m~1~kyi) =  =  w 2(k ,l)  .

This structure  of W ( P ) is known as block-circulancy.

Let us now examine each of the blocks A and B.

By the properties of 7  and <j>, we know th a t 'y(3m+i'> =  —7 + Thus m atrix 

A  equals to  the  conjugate of B ,  th a t is A  = B*. W ( P ) will be 2 x  2 block 

circulant m atrix  w ith A  = B*, th a t is

W (P )  =
A  A* 

A* A

where * we m ean complex conjugation.

Now we look each subm atrix A  and A*. Denote the fc-th row 7-th column 

entry  of the 3m  x  3m m atrix  A  by A(k, I),

(1) For 0 <  k, 7 <  3m — 1,

A (k  +  1,7 +  1 ) =  a;*(+”V"*-1-(fc+1V +1) =  u/ ( + m'y3"*-1-*V) =  ^ ?

(2 ) For 0 <  7 <  3m — 1,

A(3m - 1 , 7 )  =  aA»*m-(3m~1)+l> =  w^(V+Vm) =  a ; - ^ ( ' Y , + 1 )  =  / + ! ) * ,
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hence A  is conjugate circulant m atrix. Since A* is the conjugate of A, A* is 

also a  conjugate circulant m atrix.

C o ro lla ry  1 I f  matrix W (P ) w 2 x  2 block-circulancy, that is

A  A*

A* A  ’

where A  and A* are conjugate circulant matrices, then W ( P ) is a circulant 

matrix.

P ro v e

We know th a t W {P )  is 6m  x 6m  m atrix,

W (P )  =

We can rewrite

O o ,0 “ 0 ,1 “ 0 ,3 7 7 1 -1 “ 0,3771 “ 0 ,6 7 7 1 -1

“ 3771—1 ,0 “ 3 tti- 1 , 1 '  - '  “ 3 7 7 1 -1 ,3 7 7 1 -1 “ 3771—1,3771 “ 3771—1,6771—1

“ 3771,0 “ 3771,1 “ 3771 ,3771-1 “ 3771,3771 “ 3771,6771— 1

“ 6 7 7 1 - 1 ,0 “ 6 7 7 1 -1 ,1 '  • • “ 6 7 7 1 -1 ,3 7 7 1 -1 “ 6771— 1,3771 “ 6771 — 1,6771—1

where m  =  p*6 1.

Now we look at the  m atrix  W (P ).  Since ao,i — and 03,71,1 =  “6m-i,o> 

thus a 0,i =  «6m-i,o- In general

a 0 ,j — a 3m ,j > a 3m ,j =  a 6 m - l , j - l  >

A  A* 

A* A

(13) W (P )  =
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we have

oo,j  ~~ f l f im - i j - i  j 1 ^  i  ^  6m ,

and

ai,j = a,i- 1 <  i <  6m , 1 <  j  < 6m .

Hence W (P )  is circulant matrix.

Variant 2

For P  =  2(3), P 2 — 1 is divisible by 12. Set m =  p2~Y and n — 2m. The 

element 7 3 is of order n  and generates the subgroup

(14) 5  =  {7 »,T=,7« ,...,^ (« -> )}

For the simplicity of presentation, we will assume th a t n  is not divisible by 

3 again.(i.e., tha t P 2 — 1 is not divisible by 9. Otherwise the method we 

present here can be modified to yield the desired results.) Thus we have that 

{1,7 n, 7 2"} is the quotient of U(P ) / S , where U(P)  is the multiplicative group 

of nonzero elements of Z/P[p], and

(15) U(P) =  S  U 7 nS' U 7 2n5 '.

Now we rewrite the subgroup S  as

(16) s' = { y x - n y * - > 7 3,70}-

Then U(P) can be rewritten as

(17) U (P ) =  7 2nS ' U 7 nS ‘ U S ' .

View S  and S '  as ordered by (14) and (16). These orderings can be used to 

order 'ynS , y 2nS  and -y2nS', 7 n£'/. We will denote by R i(P )  with S'; 7 "S’; 7 2nS'
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and R 2(P)  with y 2nS'; j nS'; S ’ instead of the original U(P). We will order 

the column indexing by R i(P )  and order the row indexing by R 2(P). Now we 

examine the matrix W {P).

T h e o re m  2  W (P ) will be o f the form

A  C B

(18) B  A  C

C  B  A

where A, B  and C  are n  X n matrices. 

P ro v e

Let
' Wi W 2 W3 

W (P ) = W4 W5 W6 

W7 W8 W9

where Wi, l < i < 9 i s a n n x n  matrix. We will show tha t W2 = We = W7. 

The other cases are proved in exactly the same way. For 0 <  k, I < n, denote 

the fc-th row Z-th column entry of an n  x n  m atrix M  by M (k, I),

W 2(k, I) = w^ 2n̂ " - 1>-3fc'Vn73‘) _  ^  '

In view of Lemma 1 of section 3.3, this is also We(k, I), completing the theorem 

2 .

This structure of W (P )  is known as block-circulancy.

Let us now examine each of the blocks A , B  and C. We will use the 

properties of 7  and <j> of (l)-(3) of section 3.4 again.

Now observe that S  can be decomposed into
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(19) S i =  {7°, T3, ••• T3(m- 1)} ,

(20) =  {'y3m, ŷ3(m+1)) , T3'”- 1’}

(21) S 2 =  7 3” S1 =  - S i  . 

and S '  can be decomposed into

(22) s; =  {73,"“1),7 3(”- ! |,- - - ,7 3m} ,

(23) S i =  {73(” “1),7 3(” ' 2), - - - , 7 ° } ,

(24) si = 73ms ; =  - 5 ;

The n  x  n  matrix A  can be decomposed as

(25) A  = M

1----N

A 2)i A 2>2

where for i , j  =  1,2, A{j is the submatrix of A  corresponding to the row 

indexing by 5,- and the column indexing by 5'-.

O b se rv a tio n s

1* A iti = A 2,2

2. A i i2 =  A 2ii =  AJt l . 

We now have that

(26) A  =
Ci C{ 

Cl* Cl
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w ith m x m  m atrix C\ corresponding to  the indexing set Si in row and 7  2nS[ 

in column.

In exactly the same way, we can show th a t

(27) B  =
’ c2 ci , c  =

' c3
1—

 
*« 
0

_ C2 c2 a c 3

We will refer to the  above structure as conjugate circulancy. 

Thus, W (P )  is of the following structure.

(28) W {P )

' Cl c\ Cz C l c2 C l

C l Cl C l  Cz C l c2
C2 C l Cl C l Cz C l

C l c2 C l Cl C l Cz

Cz C l C2 C l Cl C l

C l c3 C l c2 C l Cl

C orollary 2 In matrix W (P ) ,  each submatrix Ci, Ci, C3 and Cj, Cl, is 

conjugate circulant matrix.

P rove

Denote the k-th  row l-th. column entry of an m  x m  m atrix C\ by Ci(k, I),

(1) For 0 <  k, I < m  — 1,

C i(k  +  1, Z +  1) =  ^ ( 7 2n'r3<"-1>-3<*:+1V (,+1>) _  u H't‘nT*n- 1>-*k'ru) _  Ci(k, I) ,

(2) For 0 <  / <  m  — 1 ,

C\{m  - 1 , / ) =  w*(72n-^ n- 1)- 3(m- 1V ‘) _  / +

62



hence C\ is conjugate circulant m atrix, the same as C2 and C3 . Since each 

m atrix  Cf,  and C3 is conjugate of Ci, C2 and C3 separately, it is also the 

conjugate circulant m atrix.

C o ro lla ry  3 The submatrices A, B  and C o f the matrix W (P )  are circulant 

matrices.

P ro v e

We know th a t

A = [ Cl
C{ Cx

Since A is 2 X 2 conjugate block-circulancy, by the corallory 1 it is a  circulant 

m atrix. Similarly the matrices B  and C  axe also circulant matrices.

3 .10  C o m p u ta t io n  w ith  C irc u la n t S tru c tu re

Based on the circulant structure derived from the above, we will apply the 

m atrix  tensor product formulas to  develop the block-diagonalization method.

T h e o re m  1 For k x  k block circulant matrix

Do Dk- 1  •  •  •  Di

(1) w  =
D i D q Do

Dk-i Dk-2 • • •  Do 
where W  is j k  x  j k  matrix and Di is j  x  j  matrix, 0 < I < k. then

(2) W  = \  (F (k)  » / , ) ( ©  H ,„ ) ( * - ( * )  ® / ; ) ,
K 1=0

k- 1
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w here

fc-i
Hi+i =  D0 +  (jl1D \  +  n2lD2 H b pSk~^lD k-\ =

1=0

where 0 <  m  < k and fj, =  e~2m/k. F ( k ) *s one-dimensional k-point Fourier 

transform and * is the complex conjugate. I j  is the j  x  j  identity matrix.

P rove

similarly like the proving of the theorem 1 of section 3.5, we define the 

k x k cyclic shift m atrix S  by the rule as before,

1 1

' X k -1

X x
= X 0

X k-1 _ .  X *“2

Then W  can be expressed by

(3) W  — Ik ® Do -b S  ® D x +  S 2 ® D 2 -b • ■ ■ -b ® D\

=  J 2 S l ® D ( .
1=0

By direct com putation we can find th a t

(4) (F * (k )® I j ) ( (S l ® D l) ( F ( k ) ® I j ) =  (F *(k)S lF ( k ) ) ® D l

k- 1
=  0 < l < k .

Now We compute the summ ation of (4) for I from 0 to  k — 1 and  compare 

w ith (3) we have

( F - ( k ) 0 I j ) W ( F ( k ) S ,T J) =  k Q E ^ ' D , .
m=0 1=0
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Finally we get

W  =  i ( i W 0 I i X © E V A ) ( * " ( * ) ® J } ) ,
m = 0  {=0

completing the prove.

From theorem 1 we have the corollaries for W (P )  of variant 1 and variant

2 .

C o ro lla ry  1 For 2 x 2  block circulant matrix W (P ),  where A  and B  are n x n  

matrices,
r A  B

(5) W ( P )  =
B  A

where W (P )  is 2n x  2n matrix, then

(6) W ( P )  =  ~( F(2)  ®  In)
A  + B

A - B
(F(2) ® In)

Hi

H,
(F(2) ® In) •

where F (2) =
1 1 

1 - 1
matrix and In is the n x n  identity matrix.

is the one-dimensional 2-point Fourier transform

Since A  and B  are circulant matrices and B  =  A*, so Hi  =  A + B  = A+A*  

will be pure real circulant matrix. However H 2 = A  — B  = A  — A* will be 

pure imaginary circulant matrix and has the structure like

ho —hn—i • • • —h\

hi ho • • • —h2
(7) H 2 =

hn- l  hn - 2  • • • ho
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We call the m atrix H i  as a  negative-circulant matrix. It can also be changed 

into a  circulant m atrix again. By section 3.2 we know th a t the multiplication 

of a circulant m atrix with a  vector is cyclic convolution. We will describe the 

efficient algorithms of cyclic convolution in section 3.6.

Denote the 3-point Fourier transform m atrix

(8)

by F (3), where fi =  e 3".

1

1

1

H

/z2 fJ,

C o ro lla ry  2 For 2m  X 2m matrices A ,B  and C, let fj, =  e~2™ denote a 

primitive cube root o f 1 and n=2m

(9) W (P )

A  C  B  

B  A  C  

C B  A

then

W(P) = g (F(3) ® In)
A -f* B +  C

A +  pB + (PC
A +  n2B +  pC

(10) = 3 (F (3) ® In)
Hi

Hi

H3

where F(3) is the 1-dimensional 3-point Fourier transform matrix and Jn is the n x n  

identity matrix.
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O bservations

According to the corollary 4 of section 3.4, the matrices A, B  and C  are 

circulant matrices. Since the matrices H i, H 2 and H 3 are linear combinations 

of circulant matrices A , B  and C , Then the matrices

H i =  A + B + C ,  

H 2 =  A  +  fxB +  f*?C , 

H 3 =  A  4- (j?B  +  f iC  ,

(11)

(12)

(13)

are circulant matrices.

Conjugate-circulancy of Hi, H2 and H3 also comes from the fact th a t they 

are linear combinations of conjugate-circulancy of matrices A , B  and C . Thus 

we may repeat our procedure with Hi, H2 and H3 to further decompose the 

matrices. For example

'  H u  H i2 

H2i H22
(14) H i =  A  +  B  +  C

=  5 (F (2) ® Im)

Ci + C2 C3 +  Cj +  C3 

C{ +  C% +  C3 Ci +  C2 +  c 3 

H u  +  H*n

H u  -  HI,
(F(2) (8) Im) ,

where H u  +  JEf  ̂ is real circulant matrix and H u  — H ^  is negative-circulant 

m atrix of pure imaginary which can be changed to circulant m atrix again. 

Similarly H 2 and H 3 also can be diagonalized further like H i.

Here, we have introduced the method of computation for circulant struc­

ture, namely, block-diagonalization. The method of block-diagonalization de­

rived from the multiplicative structure has the following advantages.
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1. Using the group theoretic structures, one arrives at circulant blocks of 

vaxing sizes. This flexibility is valuable in matching the vector register sizes 

in vector facility.

2. Since the circulant blocks are located diagonally, they are independent of 

each other. This independency lends easily to parallel processing with multi­

processors. (The number and size of circulant blocks are controlled again by 

the multiplicative group structure.)

The computation of the twiddle factor (F(2) ® In) or (F(3) ® In) is the 

same as described in section 3.7. In next we will describe the methods for 

computing the cyclic convolution.

3.11 C o m p u ta tio n  o f C ircu lan t M a tr ix

From section 3.2 we knew already that the computation of a  n  x n  circulant 

matrix with a vector of order n  is the matrix form of cyclic convolution. 

There are many algorithms of cyclic convolution. The best-known method for 

calculating a cyclic convolution is to use the convolution theorem and a fast 

Fourier transform algorithm. Take C  as n x  n  circulant matrix and C as a 

vector of the first column of C, then

(1) C = F{n)~l DF{n)  , 

where D  is a  diagonal matrix by

(2) D = diag(F(n)C) .

It means that the cyclic convolution can be computed by the efficient n-point 

Fourier transform.
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W hen the  blocklength is small, the best convolution algorithm  as measured 

by th e  num ber of m ultiplications and additions are the W inograd small con­

volution algorithm s [10] which is efficient for sequential machine. For cyclic 

convolution of laxge blocklength we can use a  procedure th a t is known as the 

Agarwal-Cooley convolution algorithm  [13]. The Agarwal-Cooley convolution 

algorithm  construct a  fast algorithm  for a  one-dimensional cyclic convolution 

by tem porarily m apping it  in to  a  multidimensional cyclic convolution. It gives 

a  way to  build algorithm  for large cyclic convolution by combining the small 

efficient convolution algorithm  like the W inograd small convolution algorithm. 

By using Chinese rem ainder theorem  to  order the  indexing of data , this in­

dexing changes a  one-dimensional cyclic convolution in to  a  multidimensional 

cyclic convolution. Then we can compute a  multidimensional cyclic convolu­

tion by nesting a  fast algorithm  for one-dimensional cyclic convolution inside 

another fast algorithm  for one-dimensional cyclic convolution. Agarwal and 

B urras [22] showed how a  mapping of the indices of a  one-dimensional convo­

lution into m ultidimension can reduce com putation.

Besides the im plem entation on sequential machine, Agarwal and  Cooley 

[13,23] also shown how th e  rectangular transform  convolution algorithm  can 

be vectorized. It was pointed out th a t algorithm  form ulation and implemen­

tation  not only achieves full vector utilization but successfully copes w ith the 

problems of hierarchical storage.

Based on the  Agarwal-Cooley convolution algorithm, we also can use the 

block-diagonalized m ethod to block-diagonalize the circulant m atrix  further 

according to  the  theorem  1 of section 3.10.

Now we will present th e  block-diagonalized m ethod which block-diagonalize 

the original circulant m atrix  C  via the m atrix  tensor product formulas simi­
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larly as section 3.6.

Let C  is n  X n  m atrix and n  =  2aq. By the block-diagonalized method of 

theorem 1 of section 3.10, we can decompose the m atrix C  by or steps. Each 

step will produce 2 x 2 block-diagonal m atrix, one is circulant m atrix again 

and another is negative-circulant matrix.

The negative-circulant m atrix can be changed to the circulant m atrix by 

the following ways:

(i) If G is a  n x n  negative-circulant matrix,

(3) G  =

go —<7n-l 

9\ 90

9 n - l  9 n - 2

then it can be diagonized as follows,

~ 9 1 

92

9o

' pn-l t“41c01
i

• - 0 29 i ' ’  1

G  =
fin-2 ~P29i -09o • - 0 392 0

1 9n-1 - 0 n~1gn- 2 • • -090 0 n - 1

(4)

where 0n = —1. After diagonalized, the middle matrix is a circulant matrix again. 

When n is odd number, it will be very easy since 0  = — 1 now. Thus the formula

(18) has been changed to

’  1 go 9n—l  • ■ * — 9 l '  1

- 1 ~ 9 i  9o * • ‘ 92 - 1

1 . 9n - 1 —9 n - 2 * • • 90 1

70



(ii) When n = pq — 2“ , G can be rewrited as a block negative-circulant matrix,

(5) G  =

Do —D q-l  • • • —D\

D \ Dq • • • —D2

Dq—i Dg- 2 ■ • • Do

where D; is P  x P  matrix. Then G  can be changed to block circulant matrix again,

(6X7 =
- h

Do D q-l

—D\ Do

Dq—l Dg—9 —2  * • '

- D i

D2

Do Lv .

(iii) The matrix G  can be changed to the difference of one circulant matrix G1 

and another special matrix, named the triangle matrix T,

(7) G — G' -  T  =

9o 9n—1 • • '  91 ’ 0 9n—1 • • • 9 i

91 9o . . .  g2 0 0 ... g2

9n—1 9 n -2 90 _

-  2

0 0 ... 0

3.12 A n  E xam ple

We will go through our algorithms using computation of the 2-dimensional 

5-point Fourier transform as an example. The indexing set Z /5  x Z / 5  will be 

identified with the field Z/5[p]. 7  =  1 + 4/9 is a generator of the multiplicative 

cyclic group of nonzero elements of Z/5[p].
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(1)

7  =  1 +  4  p 7 1 3  =  4  +  p

7 2  =  2  p 7 1 4  =  3  p

7 3  =  2  +  4  p 7 1 5  =  3  +  p

7 4  =  1 + P 7 1 6  =  4  +  4  p

7 5  =  2  +  p 7 1 7  =  3  +  4 p

COII
(0

-4
00 II to

7 7  =  3 +  2 p 7 1 9  =  2 +  3 p

1* =  P 7 2 0  =  4 p

7 9  =  l  +  2 p 7 2 1  =  4 +  3 p

7 1 0  =  3 +  3 p 7 2 2  =  2 +  2p

7 1 1  =  r + 3 p 7 2 3  =  4 +  2p
II

CN r—III
OII
c*

The input and output data will be ordered by the above. 

Now the two-dimensional finite Fourier transform of X  is

(2) Y  =  W ( 6 ) X  +
X(f>)

X(0)

0 < j , f c < 2 4

W(5) with respect to (20) is

(3) W(5) =  u<f>hi+k)

where e-2"*/5.

Variant 1

We choose the ordering of (22) as

j  = 0,1,2,3,4,5,6,7,8,9,10,11; 12,13,14,15,16,17,18,19,20,21,22,23;
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k =  23,22,21,20,19,18,17,16,15,14,13,12; 11,10,9,8,7,6, 5,4,3,2,1,0; 

Then we have

W( 5) =
A A* 
A* A

where

A =

w 4 w u 1 0,2 w w 2 w 3 w 3 1 w o ,3

0,2 w 4 U) u 1 w 2 Itl a>2 w 3 w 3 1 w

U>4 w2 w 4 u U) 1 w 2 w w 2 w 3 w 3 1
1 u 4 0,2 w4 U) w 1 w2 a ; w 2 u 3 w 3

W 2 1 w 4 w 2 w 4 u W 1 w 2 u u 2 w 3

w 2 u 2 1 w 4 w 2 u 4 a ; w 1 u 2 u> w 2

u>3 w 2 w 2 1 u 4 w 2 w 4 w a ; 1 u 2 u

w 4 w 3 w 2 u 2 1 u 4 w 2 £ J4 a ; w 1 w2

u>3 w 4 w 3 w2 w 2 1 a , 4 U>2 a , 4 w LJ 1
1 u>3 w 4 0 ,3 w 2 w 2 1 W 4 a ; 2 a , 4 U> u

w 4 1 a , 3 w 4 a ; 3 w 2 w 2 1 w 4 u 2 w 4 u

w 4 w 4 1 w 3 a>4 w 3 w 2 0>2 1 u 4 w 2 w4

Applying theorem 1 to W(5) we have

W(5) =  j(F (2)®  J8) Hi
H2

(F(2) ® Ia) ,

where Hi = A +  A* is the circulant matrix of real number. And H2 = A  — A* is the negative 
circulant matrix which can change to circulant again.

V ariant 2

Now we choose the ordering of (22) as follows:

j  =  0,3,6,9,12,15,18,21; 8,11,14,17,20,23,2,5; 16,19,22,1,4,7,10,13;

ifc =  13,10,7,4,1,22,19,16; 5,2,23,20,17,14,11,8; 21,18,15,12,9,6,3,0;
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(4) W (5) =

' Cl C l Cz Cl c 2 C l '

C l Cl C l Cz C l c 2

c 2 Cl Cl Cl Cz C l
C l c 2 C l Cl C l Cz

Cz C l C2 C l Cl C l

C l Cz C l c 2 Cl Cl
W ( 5) is block circulant m atrix  and C i, C 2 and C 3 are conjugate circulant 

matrices,

(5 jP i =

’ w4 w4 u 2 u>2 ' '  w4 a; w2 at3 ' '  w2 1 W 1

w3 LJ* w4 w2 w2 w4 U) u>2 1 w2 1 u
, c 2 = , Cz =

w3 w3 w4 w4 u>3 w2 w4 u w4 1 a,2 1

U) w3 w3 u,4 w4 w3 w2 a.4 1 w4 1 w2
- « m .

and

(6) W(5) =  5 [F*(3)® J8] # 2 [2*3) ® I 8] ,

where Hi, H2 and H3 are circulant matrices,

H1 = A  + B  + C =
Ci + C2 + c 3 c t  + c s  + cs
Cl  +  C2* + Cl C i + C 2 + C3

H2 — A-f fiB +  /i2C —
C\ + fiC2 + fiiCz Cl + fiC'j + /i2C | 

Cr + /zC2* + M2Q  Ci + zxCa + ^ C s
and

# 3  =  A +  /i2fl +  //C =
Ci + M2C2 + /xC3 Cf + M2C£ + nC% 
Cl +  (12C$ +  nC l C l +  h2C2 +  fiCz
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Since Hi, Hi  and Hz are conjugate-circulancy, it can be block-diagonalized further 

to get more efficient results.

3 .13  S u m m ary

For a prim e point P  =  2(3), we have developed a  m ultiplicative two- 

dimensional P  x  P  Fourier transform  algorithm  in  this chapter. The algo­

rithm  is based on the  field structure determ ined by the irreducible polyno­

mial x 2 + x  +  1 over Z / P .  By the m ultiplicative property  of the indexing set 

Z f P  x  Z j P ,  the  m ultiplicative structure is used to  control the  d a ta  flow in the 

Fourier transform  com putation. Then the  calculation of the Fourier transform  

is expressed as a  set of skew-circulant m atrices or circulant m atrices located 

diagonally which are more efficient for different m achine architectures. For the 

circulant structure, it means th a t the com putation of th e  Fourier transform  

has been changed to  a  set of cyclic convolutions which also located diagonally. 

This structure is more powerful to  get efficient results for some machine ar­

chitectures, especially there exists library of more efficient cyclic convolution 

subroutines in SIMD and MIMD machines. The theory described in this chap-: 

te r can be used to  develop a  family of m ultiplicative m ultidimensional Fourier 

transform  algorithms w ith tensor product techniques. In next chapter we will 

present the  another case for P  =  3(4).
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Chapter 4

M ultip licative 2-D im ensional 

Prim e Point (P  =  3(4))

F FT  A lgorithm

4.1 In tro d u c t io n

In chapter 3 we have developed the new multiplicative 2-dimensional prime 

point F F T  algorithm, but the prime point should satisfy P  =  2(3). For wide 

applications it is necessary for this multiplicative algorithm to cover more 

prime points. We will extend the prime point P  =  2(3) to  P  =  3(4). Another 

reason to discuss the case of P  =  3(4) is th a t it can be applyed to the data 

with p4 symmetry of crystallography. We will describe this case in chapter 8 .

In this chapter we will discuss the field of P 2 elements for P  =  3(4). It 

is similar to  the case of the field of P 2 elements for P  =  2(3). In this case 

x 2 +  1 is irreducible over Z / P  for P  =  3(4) [19]. Set p  =  exp(—2iri/A). Then 

p2 + 1  = 0  and Z/P[p] is a field with P 2 elements; i.e., the nonzero elements of 

Z/P[p\  form a cyclic group under multiplication. Let 7  be a  cyclic generator. 

Then
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(1) 1 = 7 ° , 7 > 7 V - , >7P2 2

axe the distinct nonzero elements of Z/P[p].

A generator 7  of U(P)  can be found satisfying

(2) p =  7» , „  =  ( P 2 - l ) / 4 .

where U(P)  is the multiplicative group of nonzero elements of Z/P[p\ .

An element a E Z/P[p\  can be w ritten uniquely as a\ +  pa2, a1? a2 E Z / P .  

Arithmetic in Z/P[p\  is defined by

(3) a -f- b =  (ai +  pa2) +  (61 +  pb2) =  (ax -j- &i) +  p(a2 +  ^2) •

ab — (aj +  pa2)(bi 4 * /062) =  ai^i — 0262 +  p{aib2 +  O2&1) •

Define a  mapping <f>: Z/P[p]~* Z / P  by

(4) ^(ax +  pa2) =  2ax .

</>(ab) =  2 (ax&x — a2b2)

L em m a 1

(5) <f>(ab) =  0(6a) .

This follows from the commutativity in Z/P[p].

L em m a 2

(6 ) 7 p2" x =  1
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This is the same as lemma 2 of section 3.3.

For a  function X  defined on Z / P  x  Z / P , the Fourier transform of X  is

(7) F X ( 2 b ! , -2 b 2) = J 2  X ( a 1,a 2)e=r i (2aibl- 2aM
(aua3) e Z / P x Z / P )

E  * ( a i ,a 2) e ^ ( “»
(alia2)g Z / P x Z / P )

The function X  and its Fourier Transform F X  can be viewed as column 

vectors once Z / P  x Z / P  is ordered. To this end, note th a t (ai, a2) G Z / P  x 

Z / P  corresponds uniquely to  a i+pa2 G Z/P[p].  Hence an ordering of Z/P[p]  

will yield an ordering for Z / P  x Z / P .

Take the  ordering by U(P). Now we may view the function X  defined on 

Z / P  x  Z / P  and its Fourier transform F X  as column vectors, and represent 

(5) in term s of matrices as

(8)
Y (  0) 

Y

1 1 

1

1

1

W (P )
X(0)

X

where

(9) W (P )  = ]
J0< j,fc<P2-l

and the element 0 G Z/P[p]  has been placed in front of U(P). For the rest 

of our discussion, we ignore 0 G Z/P[p]  (We can place this a t last stage of 

computation).
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4.2 N ew  A lgorithm  w ith  Skew-Circulant Structure

We will now to derive W (P )  depending on different ordering on Z / P  x 

Z / P .

L em m a 1 Take P  is prime number. For P  =  3(4), P 2 — 1 is divisible by 8. 

P ro v e

For P  =  3(4), i.e. P  =  4k + 3, k E Z ,  we can find P 2 — 1 =  (4k + 3)2 — 1 =  

8(2k2 +  3fc +  1). It means that P 2 — 1 is divisible by 8 .

Set m  =  p2~1 and n  =  2m. Also set to = exp(-^p-).  We will need the 

following properties of generator 7  and the mapping function <£, all of which 

are easy to show.

(1) 7n =  7 ^  =  - 1  ,

(2) *(7»'+») =  - * ( 7 #) ,

(3) U<l>(r/Hn) = (o/(V))* p

where * denotes the complex conjugation.

By lemma 1, for P  =  3(4), P 2 — 1 is divisible by 8 . Take n =  p22~1, and 

define the set

(4) S  =  {7 °57 , 7 2, ' " , 7 n-1} •

Thus we have that l , 7 n is the quotient of U ( P ) /S  and

(5) U(P)  =  S  U 7n5
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View S  as ordered by (4). This ordering can be used to order 7 nS.  Thus 

the ordering of U(P)  is obtained by putting 5; 7 " S'. We will denote by R ( P ) 

the group U(P) with this ordering. Now examine the matrix W (P). set
—2trioj =  e~T~.

T h e o rem  1 W (P )  is of  the form

A  B  

B  A

where A  and B  are n x n  conjugate skew-circulant matrices with A =  B*. The 

conjugate of  B  is denoted by B*.

P ro o f

(6)

W (P )  =

Let r
r Wt W2 

W3 W4
where Wi, l < z < 4 i s a n n x n  matrix. For 0 <  k, I < n, denote the k-th  

row /-th column entry of an n  x n  m atrix Wi by W{(k, I). Then using the 

properties of generator 7  and the mapping function <f> shown in (l)-(3),

W4(k, I) =  = u } W l'vk+') =  u Kt*") =  W x(k, I) .

W3(k,l)  =  ^ (7n'vfc+I) >= _  W2( M ) .

This structure of W (P )  is known as block-circulancy.

Let us now examine each of the blocks A and B.

By the properties of 7  and <j> showed in (1) to (3), we know th a t 7 n̂+J  ̂ =  

—7 J. So m atrix A  equals to the conjugate of B,  that is A  =  B*. W (P )  will 

be 2 x 2 block circulant m atrix with A  = B*

A  A*
W(P)  =

A* A
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where * we mean complex conjugation.

Now we will find out each subm atrix A  and A * is conjugate skew-circulant 

m atrix  in m atrix W (P ) .

Denote the fc-th row Z-th column entry  of the n x n  m atrix  A  by A(k,  I). 

Then using the properties (l)-(3),

(1) For 0 <  k, I < n  — 1,

A{k, l + l )  =  =  o ; ^ (fc+1)+‘) =  A(k  + 1,1),

(2) For 1 <  k <  n,

A ( k , n  — 1) =  w^ +n_1) =  w*(V-1n> =  =  A(k  -  1,0)* ,

hence A  is conjugate skew-circulant m atrix. Since A * is the conjugate of A,  

A* is also a conjugate skew-circulant matrix.

By the  corollary 2 of section 3.4, we also know th a t W ( P )  is a  skew- 

circulant m atrix.

By the theorem 1 of section 3.5, W ( P ) can be diagonalized further as

A  + A *

A  — A*
(7) W ( P )  = ~(F(2)  ® In)

=  - ( F ( 2 ) ® J n)
Hx

(F (2 )®  Jn) .

where F ( 2) is the one-dimensional 2-point Fourier transform  m atrix  and In is 

identity m atrix.

Hi = A  -f- A* is skew-circulant m atrix of pure real. However Hi  =  A  — A* 

will be pure imaginary and a  negative-skew-circulant m atrix which is the same 

structure as (7) of section 3.5. It can be changed into a skew-circulant m atrix 

again.
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The method described here is most the same as variant 1 of section 3.4 

both of which are skew-circulant structure, except for each method is suitable 

for different size of prime point.

4.3  N ew  A lgorithm  w ith  Circulant Structure

We assume already that P  is a  prime number and P  = 3(4). By Set

n =— i32-! , and define the set

(1) ^  =  { l °  1 1  ■> I 2 1 ‘ ‘ ' >7 n-1} ■

Thus we have that 1 , 7 " is the quotient of U (P ) /S  and

(2 ) U(P) = SU~/nS .

We can rewrite the set S  as

(3) S ' -  {7”~1,7" ~ V " ,'y ,70} •

Then U(P)  can be rewritten as

(4) U(P)  =  1nS'  U S ' .

View 5  and S '  as ordered by (1) and (3). These orderings can also be used to 

order 7 nS  and 7 "S'. We will denote by Ri(P)  with S] j nS  and i?2(-P) with 

7 nS'] S '  instead of the original U(P).  We order the column indexing by Ri(P)  

and order the row indexing by R 2(P).  Now we examine the m atrix W (P).

T h e o re m  1 W ( P ) is of the form

A  B  

B  A

where A  and B  are n x n  conjugate circulant matrices with A  =  B*. The 

conjugate of  B  is denoted by B*.

(5)
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P ro o f

W (P )  =

Let
" Wx W2

w3 w4
where W,, 1 <  i <  4 is an n x  n  matrix. For 0 < k, I < n, denote the k-th 

row I-th column entry of an n  x  n  matrix Wi by W,(k, I). Then using the 

properties of generator 7  and the mapping function <f>,

W4(k, I) =  (Jj ^ 2n~1~k̂ 1) =  u ‘f>('vn'v2n~1~k'jl'ik'*‘) =  W1(k , l ) .

W3(k, I) =  =  w«'TNa"-1“fcW )  =  w 2(k, I) .

This structure of W (P )  is known as block-circulancy.

Let us now examine each of the blocks A and B. By the properties of 7  

and <f>, we know that 7 "̂+J) =  —7 *’. Thus matrix A equals to the conjugate of 

B,  that is A  =  B*. W (P )  will be 2 x 2 block circulant matrix with A =  B*, 

that is
r A A*

W (P )  =
A* A

where * we mean complex conjugation.

Now we look each submatrix A and A*. Denote the k-th  row I-th  column 

entry of the n x n  matrix A by A(k, I),

(1) For 0 < k, I < n  — 1,

A(k + 1, 1 +  1) =  u,*('^n- 1-<fc+1>V+1) _  w*(7’V - 1- fcV) =  ?

(2) For 0 <  / <  n — 1,

A(n — 1,1) =  =  Wtfyl+V )  =  u ~ ^ l+1) =  A(0, / +  !)* ,
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hence A  is conjugate circulant matrix. Since A* is the conjugate of A, A * is 

also a conjugate circulant matrix.

By the corollary 1 of section 3.9, W (P )  is also a circulant matrix.

By the theorem 1 of section 3.10, W (P )  can be diagonalized further as

(6) W (P )  = 2 ^ ( 2 ) ® J")

=  - (F(2)  ® In)

A  + A*

A - A *
( F ( 2 )  ® In)

H,

Ho
(F (2) ® I n) ,

where F ( 2 ) is the one-dimensional 2-point Fourier transform m atrix and In 

identity matrix.

Hi  =  A  + A* is a circulant matrix of pure real. However H2 =  A  — A* 

will be pure imaginary and be a  negative-circulant m atrix which is the same 

structure as (7) of section 3.10. It can be changed into a circulant matrix 

again.

The method described here be similar the same as variant 1 of section 3.9 

both of which are circulant structure, except for each method is suitable for 

different size.

The main advantage of this method described in section 4.2 and 4.3 is the 

extension of the original size P  =  2(3) to the size of P  =  3(4). Thus more 

prime points can be covered with this efficient algorithm.

4.4 A n  E x am p le

We will go through this algorithm by using computation of the 2-dimensional 

3-point Fourier transform as an example. The indexing set Z j Z x Z / Z  will be
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identified with the field Z/Z\p\.  7  =  1 +  2p is a  generator of the multiplicative 

cyclic group of nonzero elements of Z/Z[p\.

(1)

7  =  1 +  2  p

7 2  =  P

7 3  =  1  + P
7 4  =  2

7s =  2 +  p 

7 6 =  2  p 

7 r  =  2  +  2  p 
7 8 =  7° =  1

Now the 2-dimensional finite Fourier transform of X  is

X(0)
(2) r  =  W (3)X +  :

X (0)

where W(3) with respect to (7) of section 4.1 is

(3) W (  3) = u
0<j,fc<8

1 — 2 f f iand u) = e 3 .

V aria n t 1

Let the ordering of j  and k  axe

j  = 0 , 1 , 2 ,3 ,4 ,5 ,6 ,7;

k = 0 , 1 , 2 ,3 ,4 ,5 ,6 ,7;
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Then.

W (  3) =
A B Hx

=  r ( F ( 2 ) ® / 4)
B  A

H2

(F (2 )<g>I4) ,

where

A  =

w2 w2 1 u 2

w2 1 u 2 to

1 to2 to to

u>2 a> a; 1

-Hi =  4̂. +  A* is pure real and skew-circulant matrix. Set ip =  —

H, = 2

cos2if> cos2ip 1 cos2ip 

cos2ip 1 cos2if> cosip 

1 cos2ip cosij) cosip 

cos2ip cosip cosip 1

H 2 = A  — A* is pure imaginary and negative skew-circulant m atrix which can 

change to skew-circulant matrix again,

sin2ip sin2ip 1 sin2ip

sin2ip 1 sin2ip —sinip

1 sin2ip —sinip —simp

sin2ip —simp —simp —1

Ho =  - 2  i

Variant 2

To find circulant structure we order j  and k  of (9) as follows:

j  =  0 , 1 , 2 ,3 ,4 ,5 ,6 ,7; 

k =  7 ,6 ,5 ,4 ,3 ,2 ,1 ,0 ;
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Then

(4)

where Hi = A  + A* and Hi =  A  — A*

W ( 5) =  |( F (2 )  ® h )
Hi

Ho
(F(2) ® h )  ,

U ) U J2 U J2  1

1  w  u > 2  u j 2

UJ  1  u  u 2

UJ u> 1  u

Hi  is real circulant m atrix and # 2  is pure imaginary negative circulant matrix 

which can be changed to  circulant matrix again.

4.5 S u m m ary

This chapter provides the multiplicative two-dimensional Fourier trans­

form algorithm extended from the size P  = 2(3) to the size P  =  3(4). The 

main advantage of this method is that more prime points can use this efficient 

algorithm. Thus more prime points can be covered with this efficient algo­

rithm. When P  <  100, the coverage is =  80%. There are also two kinds of 

skew-circulant and circulant structures which have block-diagonal structure 

with each block of skew-circulant matrix or circulant m atrix located diago­

nally. Then we can use the same methods described in chapter 3 to  get more 

efficient performance of implementation on different machine architectures.
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C hapter 5

M ultip licative 2-D im ensional 

N  = P1P2 F F T  A lgorithm

5.1 In tro d u ctio n

We have developed the new multiplicative P  x  P  two-dimensional Fourier 

transform  algorithms when P  is a  prime num ber P  =  2(3) and P  =  3(4) in 

chapter 3 and chapter 4. In this chapter we will use the Chinese Remainder 

Theorem(CRT) to  develop the two-dimensional N  =  P 1P 2 F F T  algorithm 

which nests the multiplicative two-dimensional prim e point algorithms in the 

Good-Thomas prime factor algorithm, where P% and P2 are relative prime. 

T hat means the large num ber N  X N  two-dimensional F F T  will be replaced 

by small num ber P i x P i and P 2 x  P 2 two-dimensional FFTs which we has 

developed already from chapter 3 to  chapter 5. Since the  Chinese remainder 

theorem  plays a  m ajor role in generalizing the algorithm  which is going to  be 

described, we will first introduce CRT theorem.

5.2 C hinese R em ain d er T h eorem (C R T )
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Let N  =  P iP 2. Two positive integers Pi and P2 are called relatively 

prime if the greatest common divisor(GCD) of Pi and P 2 is 1 , denoted by 

GCD(P i ,P2) =  1. We can form the ring direct product by

(1) Z / P i  x Z / P 2 .

An element in Z / P i  x Z / P 2 can be written uniquely as an ordered pair

( 2 )  ( w i 5 u 2 )  ,  M i  E  Z / P \ , 112 E Z / P 2 .

Arithmetic operations in Z / P \  y . Z / P 2 are defined by componentwise addtion 

(ui, u 2) + (v!,v2) =  ((«i +  «i) mod Pi, (u2 + v2) mod P2) , 

and componentwise multiplication

(u i,u 2)(vi, v2) =  ((uiui) m o d P i ,( u 2u2) mod P2) .

T h e o re m  1 Chinese remainder theorem(CRT)

Let N  =  P lP 2, with (P i,P 2) =  1, then there exists a ring-isomorphism

(4) Z / N  ^  Z j P i  x  Z / P 2 .

We will construct the ring-isomorphism using idempotents. Since (P i, P2) 

1, there exists integer C\ and C2 satisfy

(5) C1P 1 +  C2P2 =  1

Now we define

(6 ) ei =  C2P2 mod N  ,

(7) e2 =  C iPl mod N  .
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Rewrite (6) as

(8 ) e% = C2P2 +  N M  , M e Z .

We can find out from (5) and (8) that

(9) ei =  1 mod Pi , ei =  0 mod P2 .

Similarly we can find out continuely that

(10) e2 =  1 mod P2 , e2 = 0 mod Pi .

The idempotents e\ and e2 are uniquely determined by conditions (9) and

(10). The set

( 1 1 )  { e i ,  e 2 }

is called the system of idempotents corresponding to the factorization N  =  

P 1P2, where (P i,P 2) =  1. Examples of systems of idempotents are given in 

table 1 .

N Pi P2 ei e2 f i h
6 2 3 3 4 2 1

10 2 5 5 6 3 1

12 3 4 4 9 3 1

15 3 5 10 6 2 2

21 3 7 7 15 5 1

28 4 7 21 8 2 3

30 2 15 15 16 8 1

Table 1 Examples of Idempotents

Besides (9) and (10), e\ and e2 have the following more properties:



(12)

(13)

(14)

eiC2 =  0 mod N  . 

ci +  C2 =  1 mod N  . 

e\ =  ei mod N  , e\ =  e2 mod iV .

These properties above uniquely determine ei and e2 in Z / N .  Hence we 

can find f \  and / 2 in Z / N  with

way of identifying Z / N  and Z / P x x Z / P 2. Define the following mapping

where « i € Z / P \  , u2 € Z /P^  , the set {ei,e2} is the system of idempotents 

corresponding to the factorization N  = P\P2.

O bservation

The mapping is a  ring-isomorphism.

For it, v G Z / N , by (17) we can see that

(15) ei =  / 2P2 G Z / N  , e2 =  f xP,i € Z / N  .

where ( /2,P i)  =  1 and ( / i ,P 2) =  1.

We now show that the existence of system of idempotents gives rise to a

(16) </>: Z / P x x Z / P 2 -► Z / N  ,

by the formula

<j>{u\,u2) =  (ttiei +  u2c2) m o d N  ,

<£(it +  o) =  +  wi, u2 +  v2) =  (wi +  vx)ei +  (u2 +  v2)e2

=  (rtiei +  u2e2) + (viei + v2e2) =  <j)(u) -f <f>(v) mod N  .
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also by the properties of {ei, ea} shown in (12) and (14) we can find out that 

</>(u)<f>(v) =  (ttiei +  u2e2)(uiei +  ^ 2) =  ttiUiei +

=  <f>(uv)

Hence the mapping <j> preserves the arithmetic structure of rings and ^ is a 

ring homomorphism.

This means that every ordered pair (tii,u^), U\ E Z /P \ ,U 2 E Z / P 2 can be 

written uniquely as

(18) uiei +  u 2e2 =  u mod N  .

From the above description we see that the inverse mapping 0-1  is given 

by the following way,

(19) <j>-1 : Z / N  -> Z /P i  x Z / P 2 

and

(20) ^ -1(u) =  (u mod Pu u mod P2) , u € Z / N  .

which identifies that every element u  € Z / N  can be identifyed uniquely with 

the ordered pair (u mod Pi, u mod  P2) in Z / P \  x Z / P 2.

E x am p le  1

Let N  = 12 =  3 x 4. By Table 1 we know that ei =  4 and e2 =  9. The 

mapping <j> is given by the table 2 below.
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Z / 3 x Z / 4 Z / 12

(0 ,0 ) 0

(0 ,1) 9

(0 ,2 ) 6

(0,3) 3

(1 .0) 4

(1 ,1) 1

(1 ,2 ) 10

(1,3) 7

(2 ,0 ) 8

(2 ,1) 5

(2 ,2 ) 2

(2,3) 11

Table 2

5.3 N  =  P iP 2 F F T  A lg o rith m

5.3.1 R o w -C o lu m n  M e th o d

For a natural num ber N ,  denote by Z / N  x Z / N ,  the cartesian product of 

two copies of the ring Z / N .  An element of Z / N  x  Z / N  is denoted by (tti, u2), 

ui,  u2 G Z / N .  For a  function X  defined on Z / N  x  Z / N ,  the two-dimensional 

Fourier transform  of X  is defined by

W  F X ( v ! , v 2) =  £  X ( u 1, u 2)e=Tri ^ + u^  ■
(uuU2)<SZ/Nx Z / N
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Formula (1) can be rewritten as

(2) F X ( v u v2) =  X) ( X) X ( u i , u 2)e=Tr1-'tlV' ) e =Triu*V2 . 
1ii£Z/N uiZZ/N

Then (2) can be computed in the following successive procedures:

1) Compute F ( N )  along ttx for u 2 € Z / N .

(3) F X 1( vu u2) =  £  X (u 1, U2)e=^ i“lt'1 .
«i ZZ/N

2) Compute F ( N )  along u2 for ttx G Z/iV.

(4) F X 2(Ux,r;2) =  £  .
U26 Z/N

This Row-Column method decomposes the two-dimensional Fourier trans­

form computation into a  series of one-dimensional Fourier transform com­

putations, but each length of one-dimensional Fourier transform is fixed by 

N .

We also can use tensor product technique to describe the Row-Column 

method. The function X  and its Fourier transform F X  can be viewed as 

column vector once Z / N  x Z / N  is ordered in (1). So we may view the 

function X  defined on Z / N  x Z / N  and its Fourier transform  F X  as column 

vectors, and represent (1) in terms of matrices as

(5) F X  =  ( F ( N ) ® F ( N ) ) X

where F ( N )  is one-dimensional Fourier transform matrix.

By the properties of tensor product of lemma 1 in section 2.5.2, (5) can be 

changed to

(6 ) F X  = (F (N )  ® IN)(IN <g> F ( N ) ) X

then by the theorem 7 of section 2.5.3,

(7) F X  =  P~1(In ® F ( N ) )P ( I n ® F ( N ) ) X

94



where P  1 and P  are perm utation matrices

(8 ) P  =  P - 1 =  P ( N 2,N ) .

and ( Iw ® F (N ))  means the com putation of one-dimensional Fourier transform  

N  times.

5 .3 .2  P r im e Factor M eth od

From now we will apply Chinese remainder theorem  to Fourier transform  

com putation. We will provide a  way using Chinese rem ainder theorem  to 

replace a large size one-dimensional Fourier transform  com putation with a 

small size two-dimensional computation.

By the  Chinese remainder theorem from setion 5.2, for N  =  P 1P 2 and 

(P1P2) =  1, we have defined the following mappings

(9) <j>: Z / P x x  Z / P 2 Z / N  , 

by the formula

(10) =  (« ie i -f u2e2) mod N  ,

where u\  g Z / P \  and u2 G Z / P 2, the {el5 e2} is the system of idem potents 

corresponding to  the factorization N  =  P iP 2. And the inverse mapping <̂ _1 

is given by

(11) <f>-1 : Z / N  -»  Z / P 1 x Z / P 2 , 

th a t is

(12) <j>~x(u) =  (u mod  P i, u mod P2) , u G Z / N  .

which identifies th a t every element u  G Z / N  can be identified uniquely with 

the ordered pair (u mod P \ ,u  mod P2) in Z / P i  x Z / P 2.
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Denote Z / N  X Z / N  by ( Z / N ) 2. The mapping <j> and <j>~x can be extended

to

(13) 0 :  ( Z / P x f  x ( Z / P 2)2 - » ( Z / N ) 2 ,

lj}((ui,Vi),(u2,V2)) =  (<f>(ui,u2),<l>(vi,v2)) .

And

(14) r 1 : (^ /iV )2 -  (S /P x )2 x ( Z / P 2)2 ,

V»- 1(« ,v) =  (^_1(« ) ,^ - 1(u)) ,

Now let X (u) be a function on Z / N .  The one-dimensional Fourier trans­

form is defined as

(15) F X (v )  =  X) X ( u ) e ^ v .
uGZ/N

For u, v G Z / N ,  we can use the system of idempotents {ei,e2} to change 

u and v by

(16) u =  uiei +  U2e2 mod N  ,

and

(17) v = Viei +  v2e2 mod N  .

Then

(18) F X ( v xei + v 2e2) =  £  e=7ri ^ + '» ' 2 ) ( '> ^ + ^ )  ,
G  Z / N , U 2  6  2 / A T

By the properties of the system of idempotents {ei, e2},

g —J p ( ul  el  + u2 62  ) («1 ei +«2 «2 ) _  g  — <>1 el  g " I f*  e2

by (15) of section 8.2, ei =  f 2P2 and e2 =  f iP i ,  the above equality can be 

changed to
e ^ i ^ A g T r 1» v 2 h  
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(18) can be rewritten as

(1 9 ^X (t;iei +  v2e2) =  £  X ( u iei  +  u 2e2)e=%i 'llVlhe=%iu2V2fl .
til GZ/PxV.2 GZ/Pi

This method is known as Good-Thomas [4,5] Prime Factor algorithm which 

also can be presented by using the tensor product algebra.

Viewing the function X  and its Fourier transform F X  as column vector 

on Z / N  then (15) can be expressed as

(20) F X  =  Q \ F { P l ) ® F { P 2))Q X  .

where P (P i)  and F(P2) are one-dimensional Fourier transform matrices. Q 

and Q’ are perm utation matrices.

The Good-Thomas Prime Factor algorithm also can be applied to the 

com putation of multidimensional Fourier transform as well. Now we consider 

about the two-dimensional Fourier transform  in the spirit of the Good-Thomas 

Prime Factor algorithm. The function X  and its Fourier transform are defined 

on Z / N  x Z / N  viewing as column vectors. Let N  = P \P 2 and (P i,P 2) =  1. 

Define

(21) F(P2) ® F ( P 2) = F2(P2) ,  

and

(22) P (P 1) ® P ( P 1) =  P2( P 0 .

(2 1 ) and (22) are known as two-dimensional Fourier transform  matrices. Then 

the N  x N  two-dimensional Fourier transform can be presented as

F X  = Qi (F2(P2) <g> F 2(P i)) Q2X  

=  Qi [ f 2{p2) ® ipf)  ( iP2 ® P2(P 0 )  q 2x  ,

(23) =  Q3 (lPi ® F2(P2)) Q4 (lP2 ® P2(P i)) Q2X  ;
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where N  =  P 1P 2, {Pi^ 2) =  1 and Qi, 1 <  i <  4 are perm utation matrices. 

The perm utation m atrix  Q 2 can be found out by using Chinese remainder 

theorem  to  get the mapping from the  indexings of F2(P2) and P 2(Pi)-

(23) means th a t if N  = P\P2 and  (P i, P2) =  1, the large num ber N x N  two- 

dimensional Fourier transform  can be computed by a  series of small number 

routines of P 2 x P 2 and P |  x P% two-dimensional Fourier transform  matrices 

P (P i)  ® P (P i)  and F{P2) <8>F(P2). But these routines P 2(P i) and F2{P2) are 

not efficient. The improvement is to  replace it by other more efficient routines 

which we present in last three chapters.

We have developed the efficient two-dimensional Fourier transform  for P  =  

2(3) and  P  =  3(4) already. We view the function X  defined on Z j P  x 

Z f P  and  its Fourier transform  F X  as column vectors, and represent the two- 

dimensional Fourier transform  in (1) of section 5.3 in terms of matrices by (9) 

and  (10) of section 3.3 as

n o )
Y

1 1

W (P )

1

1

X(0)

X

(24)

where

=  M ( P )
X(0)

X

fc/(V+fc) 1
J  0 < i , f c < P 2 - l

f f f f )  =  [

and M ( P )  is the P 2 x  P 2 m atrix of the multiplicative two-dimensional prime
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point FFT  algorithm,

* 1 1   1 ' 

1

i W (P )

1 

1

Then each term  of two-dimensional Fourier transform matrices F2(P2) 

or F2(Pi) in (23) can be replaced by M (PX) or M (P2) in (25). The two- 

dimensional Fourier transform now is

F X  =  Q s{M (P 2) ® I P2) ( i p, ® M ( P 1) ) Q 6X

(26) =  Qr ( lP2 ® M (P 2)) Qs ( /p | ® M (PX)) Q6X

where Qs, Qq, Q7 and Qs are perm utation matrices. The perm utation matrix 

Qs can be found out by using Chinese remainder theorem to get the mapping 

from the indexing orderings of M (P 2) and M (PX).

Comparing with the method in formula (23), the prime factor method 

with nesting the multiplicative two-dimensional prime point FFT algorithm 

in (26) provide a  more efficient way to solve the large number N  =  P 1P 2 two- 

dimensional Fourier transform depending on the small efficient two-dimensional 

prime point FFT algorithm of M (PX) and M (P2). By (26) we can see that 

this structure can be implemented in parallel architecture. Furthermore, the 

sizes of Pi and P2 are more flexible to match different machine architectures.

5.4 Sum m ary

The multiplicative two-dimensional N  =  P1P2 Fourier transform algorithm 

presented in this chapter is the extension of the Good-Thomas prime factor al-

(25) M (P )  =
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gorithm  of one-dimensional FFT. Based on the efficient multiplicative P\ x P\ 

and P2 x Pi  two-dimensional F F T  algorithms developed in preceding chap­

ters, we can use the Chinese Remainder Theorem to build large N  x N  two- 

dimensional FFT algorithm where N  =  PiPi and (Pi, Pi) =  1 to gain com­

putational advantage. Furthermore, by continuing using Chinese Remaninder 

Theorem, this method can also be extended to  the case of N  = PiP2P3 where 

P i, Pi  and P3 axe relatively prime in pairs.
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Chapter 6

M ultiplicative 2-Dim ensional 

Prim e Point FFT Algorithm  

for p3 Sym m etry

6.1 Introduction

X-ray method for determining the structure factors of a  crystal requires 

massive repetition of Fourier transform computations. X-ray data of a  crys­

tal respects the crystallographic symmetry giving rise to  data  redundancy. 

This redundancy is controlled by the crystallographic symmetry groups. By 

incorporating the crystallographic symmetries to efficient Fourier transform 

algorithms, one can gain computational advantage. As an application of the 

multiplicative algorithm which we have developed in chapter 3, we will illus­

tra te  incorporating of the p3 symmetry to this algorithm [24] in this chapter.

6.2 p3 Sym m etry
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The pZ symmetry may be represented as the following group of 2 x 2 

matrices,

(1) S #  =
1

1O i

1o1

-1

1-------
l—l

0 i 1 -1 1
1 ----1

o
Denoting a generator of SP3 by a ,  say 

(2)

then Sp3 is cyclic group as

a  =
0 - 1  

1 - 1

(3) Sp3 =  {I2 = a3, a,  a 2} .

Then the redundancy in X-ray data  is

(4) f ( x , y )  = f ( a ( x , y )) =  f ( - y , x - y ) ,

and

(5) f ( x , y ) =  f ( a 2(x,y)) = f ( y - x , - x )

where /  is the function whose value is the X-ray data at the lattice point 

(x,y).  Thus pZ can be viewed as acting on a  two-dimensional lattice via the 

matrix multiplication.

Observe now that the minimal polynomial of a  in the variable A is

(6) A2 +  A +  1 .

Thus the action of a  on Z / P  x Z / P  corresponds to the multiplication 

action by p on Z /P \p \ , i.e.,

(7) <*{x,y) -* ( - y , x - y )
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p(x + py) -» px +  P2(y) = —y + p ( x  -  y ) .

Denote the Fourier transform of /  by f .

T h e o re m  1 For a function f  defined on Z / N x Z / N ,  i f  f { x , y ) =  f (a (x ,y ) ) ,  

then

(8 ) f ( u , v ) = f ( a * ( u , v ) ) ,

-where oft denotes the inverse transpose of the matrix a, a #  =  ( a -1)*.

P ro v e

We define the bilinear form on Z / N  x  Z / N ,

< (x ,y ) , (u ,v )  > = xu  +  yv

Let the inverse of the generator a  is

o f 1 =
O C \ OL2

<*3 «4

and the transpose of the inverse of the generator a  is

-IV -( a - 1)

Then we can find that

<  a  1(x,y),  (u , v) >  =  <  (a ix  +  a 2y, a 3x + a 4y), (u, v ) >  

=  x{axu +  a 3v) +  y (a2u +  a Av) = <  (x ,y),  (aT1 f ( u , v )  >
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T he Fourier transform  of /  as /  is defined by

/(« ,« )  =  E  /(*»
Z / N x Z / N

we replacing (x ,y ) by a:_1(x ,y ), then

/ ( « ,» )  =  E  / ( a - 1(x ,y ))e =̂ i<“-1^ ' ( u'v>
Z / N x Z / N

=  E  /(® ,y )e=^ i<(a;>3')-(“_1)‘(u',')> =  / ( a # (u ,u )) .
Z / N x Z / N

completing the proof of theorem 1 .

6 .3  N ew  A lg o r ith m  fo r p3  S y m m e try

From chap3 we treat Z / P  X Z / P  for a  prime num ber P  =  2(3), as a  simple 

object. The polynomial x 2 +  x + 1 is irreducible over Z / P  for P  =  2(3). Set 

p =  exp(—27t*/3). Then p2 + p + l  =  0 and Z/P[p\  is afield  w ith P 2 elements; 

i.e., the nonzero elements of Z/P[p\  form a cyclic group under multiplication. 

Let 7  be a  cyclic generator. Then

(1 ) 1 =  7° , 7  , 7 2 , • • • 7 p2- 2

are the  distinct nonzero elements of Z/P[p]

An element a E Z/P[p]  can be w ritten uniquely as a\ + pa2, a,i,a2 E Z / P .  

Arithmetic in  Z/P[p]  is defined by

(2) (ai +  pa2) +  (&i +  pb2) =  (ai +  &i) +  p(a,2 +  b2) .

( c t i  +  po-2 X ^ 1  4" pb%) =  ® i& i  —  a2b2 4* p ( c 1261  4-  &ib2 —  < 1 2 ^ 2 ) •
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Define a mapping <j) : Z / P [ p ]  —► Z j P  by

(3) <f>(ai +  pa2) =  ai .

Observe that

(4) <f>(a + b) = <f>(a) +  <j>{b) ,

<f>(ab) =  ai&i — 02^2 •

Variant 1

We now look variant 2 in section 3.4. For P  = 2(3), the element 7 3 is of 

order n  and generates the subgroup

(5) 5  =  {t W . tV '- . T 3'" - 11}

where n — p23-1 .

U(P ) is the multiplicative group of nonzero elements of Z/P[p\ ,  and

(6 ) U(P) = S \J 'rnS U ' f 2nS  .

View S  as ordered by (5). This ordering can be used to order 7 nS  and 7 2nS. 

Now, the ordering of U(P)  is obtained by putting S'; 7 nS'; 7 2nS. We will denote 

by R(P)  the group U(P)  with this ordering.

Then we have gotten the block-skew-circulant m atrix in (17) of section
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3.10 as

(7) W (P )

'  Cx CJ c2 Cl Cs Cl

Cl  Cx Cl c 2 Cl Cs

c2 ci c3 Cl Cx Cl

Cl c 2 Cl Cs Cl Cx

Cs Cl Cx Cl c 2 Cl

Cl c 3 Cl Cx Cl c 2 _
where Cx, C2 and Cs are conjugate-skew-circulant matrices.

Viewing f  as indexed by (5) and (6) with p3 symmetry, we have that the 

corresponding column vector X_ is of the following form.

(8) X  =
Xx

Xx

Xx

where Xx  is the length n  =  (P 2 — l) /3  subvector of X_- By theorem 1, the 

Fourier transform Y  of X  has a  similar structure. ( Y  is of the same structure 

upto permutation. However, the essential information is contained in the first 

subvector of length n .) Denote by Yx the first of the three subvectors of Y.

Then Y  can be obtained from Yx. The computation of Yx in tu rn  can be 

made as follows:

(9) Yx

p ' Xx ' '  X(0) ■

Cx Cl c 2 Cl Cs Cl
Xx + I

Cl Cx Cl c 2 Cl Cs
. X 1 . .  * ( ° ) .
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=  H 1X 1 +

X ( 0 )

X(0)

where Hi  can be found out as follows:

By the p3 symmetry we can reduce the input data  to an asymmetric unit 

X a including elements X(0) and X \ .  Thus the size of input data  reduces from 

3n +  1 to n  +  1, n  =  ( P 2 — l) /3 . We set

(10) u  =

1 1 

1

1

1

W (P )

and

(11) V  = In

In

By m atrix computation, we obtain

(12) V,  =  V 'U V  =
1 3-1*

3 - l n 3 - Hi

where

Hi  =
C l +  C*2 +  Cs C* +  C*2 +  C*3 

C l +  C*2 +  C*3 C l  +  C 2 +  C s
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From variant 2 of section 3.5, we have proved that Hi  is a skew-circultant 

m atrix which is conjugate-skew-circulancy.

Now the input data is

(13) X  =  V

X(0)
X ( l )

X (7 3)

and the output data is

X ( j 3n~3)

(14)

' r ( o )  ’ 

K (l)

X(0) X(0)

X ( l ) X ( l )

=  K .V 'U V X W = K . u . x ( - f )

Y (n)
X(- ,3n- 3) X(-t3’-'-)

where
1 0(15) K . =
0  | I ( p ! _ l ) / 3

By applying the multiplicative algorithm, we have presented th a t the com­

putation of Fourier transform with p3 symmetry has been changed to  asym­

metry unit with only one-third size. The original P 2 X P 2 two-dimensional 

Fourier transform matrix has changed to the X P gr l  skew-circulant ma­

trix. The efficiency of this algorithm is apparent since the computation oper­

ation is divided by the degree of symmetry against the original non-symmetry 

case.
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Furthermore, since H\  is conjugate-skew-circulancy, it can be block-diagonalized 

as shown in (14) of section 3.5.

Ht  =
C l+  C2 + C3 Q  +  Q  +  C3*

c ;  + c ;  + cs Cx + c 2 + c 3

(16) = ( F ( 2 ) ® I m) ( F ( 2 ) ® I m) ,
(Hu + H ;i )/2

( E l l  -  H U ) / 2

where (Hu + Hl1)/2  is real skew-circulant matrix of cosine funtion and (Hu  — 

H n ) /2  is negative-skew-circulant matrix of pure imaginary sine function which 

can be changed to skew-circulant matrix again. This step has simplified the 

computation further.

Variant 2

Similarly we also can derive the circulant structure from variant 2 of section 

4.2. For P  = 2(3), take ri =  p2~x. The element 7 s is of order n and generates 

the subgroup

(17) 5  =  { W . t V - . t 3'’- 1’}

U(P)  is the multiplicative group of nonzero elements of Z/P[p\ ,  and

(18) U(P)  =  S  U 7nS  U -f S  .

Now we rewrite the subgroup S  as

(19) s '  =

Then U(P ) can be rewritten as

(20) U(P)  =  7 2nS '  U 7 nS ’ U S ' .
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View 5  and S ' as ordered by (17) and (19). These orderings can be used to 

order 7 " 5, j 2nS  and j 2nS', 7 " S''. We will denote by Ri(P)  with S ; j nS ; ^ 2nS  

and R 2(P ) with 7 2nS'; 7 nS'; S'  instead of the original U(P).  We will order 

the column indexing by R i(P )  and order the row indexing by R 2(P). Then 

the m atrix W ( P ) which has been derived in (28) of section 3.9 is

(21) W (P )  =

Cs Cl £ 55

■Cx Cx Cl c 3 ci c2
c 2 CS Cx Cl Cs Cl

Cl c 2 Cl Cx Cl c 3
Cz C$ c2 Cl Cx Cl

Cl c 3 Cl c 2 Cl Cx _

where Cx, C2 and C3 are conjugate-circulant matrices. 

Similarly like variant 1 , we can find out

(22)

_ _ ’ Xx ' ■ X (0 ) ■

Cx Cl Cs Cl c2 Cl
Xx 4-

Cl Cx ci C3 C l  c2
.  x l . X(0)

=  H i X t  +

JC(0)

X(0)

and the output data  is

(23)

■ r ( o ) '
Y (  1)

=  K.U.

X(0)

X ( l )

X ( y 3)

Y (n )
_ X (7 3n- 3) _
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where

(24)

and

(25)

K„ =

Ua =

1 0 

0  | J ( P  2 _ 1)/3

1

3 • lr
3-1*
3 • Hi

where

(26) H i =
Ci + C3 + C2 C{ + Q  +  Q
c ;  + c$ + c ;  Ci + c 3 + c 2

The difference comparing with variant 1 is th a t Hi  is circulant m atrix with 

block-circulance. Now the original P 2 X P 2 two-dimensional Fourier transform  

m atrix has changed to  the p23-1 x f23~x circulant m atrix. The efficiency of this 

algorithm is apparent since the com putation operation is a  cyclic convolution 

of one-third size.

Furtherm ore, since H\  is conjugate-circulancy, it can be block-diagonalized 

as shown in (6) of section 3.10.

(27) Hi =
Ci +  C3 -f- C2 Ci +  Cg +  c%

c; + c; + c; Ci + c3 + c2

(F(2) ® Im) ,
(H n  +  H{x) l  2

( H u  -  f l J J /2

where ( H u  -f H u ) / 2  is real circulant m atrix  of cosine funtion and ( H u  — 

H ii) /2  is negative-circulant m atrix of pure imaginary sine function which 

can be changed to skew-circulant m atrix again. This step has decreased the 

com putation operations more.

6.4  A n  E xam ple
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We will continue w ith our example of the case P  =  5 of section 3.8 and 

3.12. The rest of our discussion will be computing the two-dimensional 5-point 

Fourier transform  of d a ta  exhibitting p3 symmetry.

Thus the action of a  on 2 / 5  x Z / 5  corresponds to  the multiplication action 

by p on Z/5[p], i.e.,

(1) ar(x,y) -> (4y, x  +  4y)

p(x  +  py) -► px  +  p2(y) =  4y + p{x +  Ay) .

Then the redundancy in X-ray da ta  of p3 symmetry is

(2) /(®,2/) =  /(4 y , x +  Ay) .

Viewing /  as indexed by (6) or (18), we have th a t the corresponding column 

vector X_ is of the following form.

(3) X  =
X x 

Xx

Xx

where X \  is the length 8 subvector of X .  The Fourier transform  V of X  has a 

similar structure. The essential information is contained in the first subvector 

of length 8. Denote by Yi the first of the three subvectors of Y_.

Then Y  can be obtained from Yx. The com putation of Yx by (9) or (22) is 

as follows:

(4) Yx = HxXx +

X(0)

X (0)
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where Hi  is shown as (12) or (26).

By the p3 symmetry we can reduce the input data to an asymmetric unit 

X 3. Thus the size of input data reduces from 25 to 9. Thus by (14) and (23) 

the output data is

(5)

1o' 
cr

*

=  I<sUs

’ X(0)  ■ 

X ( l )

W )

Y { 8 ) _
* ( 7 21)

where

(6) K s =

In case of variant 1, Hi  is a  skew-circulant matrix with block-skew-circulance. 

Ci, C2 and C3 are shown as in (8 ) of section 3.8. While in case of variant 2, 

Hi  is a  circulant m atrix with block-circulance, Ci, C2 and C3 are the same as 

in (24) of section 3.12.

6.5 N ew  A lg o rith m  fo r N  =  3L w ith  p3 S y m m e try

In this section we will develop the new multiplicative p3 symmetry two- 

dimensional FFT algorithm of case N  =  3L where 3 and L  are relative prime. 

By this algorithm the size of two-dimensional FFT can be extended from prime 

number to composite number for two-dimensional FFT  with p3 symmetry.

We first build the p3 symmetry two-dimensional FFT algorithm of the 

3 x 3  and L  x L  cases with ring structure or field structure. Then by using 

the Chinese Remainder Theorem(CRT) and tensor product technique we can

1 0 

0 |  Is '
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derive the efficient 3L  x 3L pZ symmetry two-dimensional FFT algorithm. 

We will give a typical example of size 12 x 12 to describe this efficient two- 

dimensional FFT algorithm for p3 symmetry. It also can be developed to the 

general case.

From section 3.3, we know that the polynomial x2 + x  +1  is irreducible over 

Z / P  for a  prime P  =  2(3), and Z/P[x] / (x2 + x + l )  isafield . Otherwise when 

P  equals to the other number, the polynomial x 2 +  x + 1 is not irreducible 

over Z / P .  It means that Z /P[x] / (x2 +  x  +  1) will be a  quotient polynomial 

ring instead of a field. Set p = exp(—2iri/Z), i.e. p2 +  p +  1 =  0. We will use 

the notation Z/P[p] instead of Z/P[x] / (x2 +  x  +  1). An element a G Z/P[p] 

can be written uniquely as a polynomial ai +  pa2, cti, <22 £ Z / P .  Arithmetic 

in Z / P  is taken mod (p2 +  1) defined by

(1) (<21 +  pa2) +  (61 +  pb2) =  (ai +  61) +  p(a2 +  b2) .

(ai +  pa2)(bi +  pb-i) — ai&i — 02^2 +  pifi2&1 "I- O1&2 — 02 2̂) •

We first build 3 x 3  two-dimensional FFT algorithm with pZ symmetry 

using ring structure. Define a mapping

(2) 4 ■■ 2/P[p] Z / P

by

^{O’l +  po-i) = al

Observe that

(3) </>(a + b) = <j>{a) +  <f>(b) ,
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=  CL\b\ — 0,2̂ 2 •

For a function X  defined on Z / P  y. Z / P ,  the Fourier transform of X  is

(4) F X ( b x, - b 2) =  £  X ( a 1,a 2) e = ^ ^ - â
(a i , a i )£Z/ Px Z/ P

E  X ( a u a2)e=?i *(*bK  
(<*!,<» 3)ez/Pxz/p

The function X  and its Fourier Transform F X  can be viewed as column 

vectors once Z / P  x Z / P  is ordered. Note that (01, 02) G Z / P  x Z / P  corre­

sponds uniquely to  a x + pa2 G Z/P[p].  Hence an ordering of Z/P[p]  will yield 

an ordering for Z / P  x  Z / P .

Now we may view the function X  defined on Z / P  x  Z / P  and its Fourier 

transform  F X  as column vectors, and represent (4) in terms of matrices as

(5)

where

(6)

Y  =  M ( P ) X

M (P )  = 4 > ( a b )

For 3 x 3  case, the indexing set on 2 /3  x  Z / 3 can be identified as follows:

( 7 )  { 0 ,  1 -  p, - 1  +  p, 1 ,  p , p2, - 1 ,  - p ,  - p 2} ,

then the m atrix M ( P )  will be as

(8) 12 1(2) Ct ® 1 |

16 ® I 3  C
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where

and

I i  =
1 1 

1 1
Ci =

00 to*

<JL>2  tO

_ _ to 1 CO2 'c2 c 2* 9 II 1 to2 to
C 2 c2

to2 to 1
C  =

where * we mean complex conjugation and to = e-2,r*/3.

Now we make use of the input da ta  with p3 symmetry. By section 6.2, the 

action of a  on Z / P  X Z / P  corresponds to the multiplication action by p on 

Z/P\p]i  th a t is

(9) ot(x,y) -> ( ~ y , x  - y )

p{x + py) -> px  +  p2(y) = - y  + p(x -  y)

Viewing *  as indexing by (7) with p3 symmetry, we have th a t the corre­

sponding column vector X_ is of the following form,

* ( 0, 0) 

* (1,2) 
* (2, 1) 
* ( 1,0)

(10) * (1 ,0 )

* (1,0) 
*(2,0) 
*(2,0) 
* (2,0)
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where {X (0,0 ), X ( l, 2 ), X (2 ,1), X ( l ,  0 ), X (2 ,0)} is asymmetry unit of p3 sym­

metry group with input data on 2 /3  x  Z /3 .

Define the matrix

(11)

and A\  is the transposed matrix of .A3. 

By direct computation we have

(12) R(  3) =  A*M (3)A3 =
1 1‘2
12 1 ( 2 )

16 ® 3 3 Ci

and the output asymmetry unit is

(13)

' r(o) ' ' * ( 0 , 0 ) '

K(l) * ( 1, 2 )
Y (  2) =  m * ( 2 , 1)

3F(3) * ( 1, 0 )

3F(4) * ( 2 ,0 )

l|(g) 3 

3 Ci 

0

Comparing with (8 ) we can see that this ring structure method is efficient 

since the data has been compressed and the computation is reduced. This is 

only a simple example which will be used in composite number 12 x 12 case. 

We can also extend this algorithm to more general case.

By the similar method we also can solve the 4 x 4  case. Take 7 = 1  +  3/). 

The indexing set on Z / 4  x Z / 4  can be defined as

117



(14) {0,2,2p,2/>2 , l , 7 3 ,7 2 ,7 5 >74 > 7 » - l ,—7 3 ?- 7 2 , - 7 5 , - 7 4 >-7} »

where {1,73 ,7 2 ,7S,7 4 ,7} is a cyclic group. The generator is 7  and 7 s =  1 . 
By define the mapping

(15) </> : Z/P{p] -> Z / P

by

<f>(a 1 +  pa 2) =  2ai — a2

we have

1 IS IS IS
13  j(3) 03 01*2 03 01*2

16 O3  0 I 2 O4  O4

16 O3  0 I2  O4  O4

where

— 1  1  i —i i i

1  — 1  —i i i i

i —i i i — 1  1

—i i i i l  — 1  

i i — 1  1  i — i

i i 1 — 1  —* i

Viewing X  as indexing by (14) with p3 symmetry, we can find the asym­

metry unit of input data on 2 /4  x 2 /4  as

(16) M(  4) =
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(17) {JT(0,0), X ( 2 , 0), X (1 ,0 ) ,  X ( l ,  2), X ( 3 , 0), X ( 3 , 2)}

Define the m atrix

(18) A - 4

I 3 ® I 2

and set A 4 as the transposed m atrix of A 4. 

Then we have th a t

(19)

where

i2(4) =  A \  M (4) A 4

1 3 \ \  ® 3 1\ ® 3

3 9 l $ ® - 3  l ^ ® - 3

I 2 ® 3 I 2 ® —3 C5

12 ® 3 12 ® - 3
c s
cs

3(—1 +  2 *) 3

3 3(—1 -  2i)

thus the output asymmetry unit will be
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' r(o) ' ' * (0 ,0 )  '
3F(1) * (2 ,0 )

3F(2)
=  m

* (1 ,0 )

3F(3) * (1 ,2 )

3F(4) * (3 ,0 )

3Y(5) * (3 ,2 )

compare with (16), we also see th a t it is a efficient method for 4 x 4  case.

By the property of p3 symmetry group, we have developed the 3 x 3  and 

4 X 4 p3 symmetry algorithms with ring structure. Based on this efficient 

3 x 3  and L  x  L  symmetry algorithm we can develop the new multiplicative 

two-dimensional p3 symmetry F T T  algorithm for N  — 3L composite number 

case, with (X, 3) =  1, using the Chinese Remainder Theorem(CRT) with 

tensor product method.

By applying the Chinese remainder theorem to  Fourier transform compu­

tation, we will provide a  way using Chinese remainder theorem to compute 

a  large size two-dimensional Fourier transform com putation nested with the 

small size two-dimensional computation.

By the Chinese remainder theorem from setion 5.2, for N  =  3L  and 

(X, 3) =  1, we define the following mappings

(21) <f>: Z / L  x  Z / 3  -> Z / N  , 

by the formula

(22) </>(ui,u2) =  («iei +  1*262) mod N  ,

where Ui 6 Z / L  and u2 €  Z / 3, the {ei,e2} is the system of idempotents
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corresponding to the factorization N  =  3L. And the inverse mapping <̂-1 is 

given by

(23) 4T 1 : Z / N  -► Z I L  x Z / Z  , 

th a t is

(24) <£-1(w) =  (it m o d L ,  u modZ)  , u G Z / N  .

which identifies tha t every element u £  Z / N  can be identified uniquely with 

the ordered pair (u mod L, u mod Z) in Z / L  x  Z /Z .

Denote Z / N  X Z / N  by ( Z / N ) 2. The mapping (f> and 0-1 can be extended

to

(25) + : ( Z / L ) 2 x (Z /Z )2 -> ( Z / N ) 2 ,

t/’((ui ,Vi) ,(u2,v2)) =  (4>(u 1, u 2),4>(v 1, v 2) )  .

And

(26) V>_1 = ( Z / N ) 2 -* ( Z / L ) 2 x (Z /Z )2 ,

V>-1(it, v) =  (^ _1(u ) ,^ _1(v)) ,

By theorem 1 of section 8.2 and the Chinese Remainder Theorem we can 

find out the asymmetric unit of pZ symmetric group on Z / N  x Z / N .  Then 

the Fourier transform of X  can be found out by

(27) Yn ( s ) = R (N )  X N (s) = (A%(M(L)  ® M(Z))AN ) X N(s) ,

where M (L )  and M ( 3) are non-symmetry F F T  matrices as shown in (8) and 

(16).
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For the 12 x 12 case, the output of Fourier transform is

(28) Y 12( s )  =  R ( 1 2 ) X 12( s ) ,

where

(29) i2(12) =  A \2(M(4)  (8) M(3))A12 .

Define the m atrix

h
h  s  s 2

I2 ® I9 I2 ® s  I2® s 2
I2 ® I9 I2® s  I2 ® s 2

(30)

and A \ 2 is the transposed m atrix of A i2. By using the m atrix properties and 

tensor product theory continuely, our algorithm will be described as a m atrix 

factorization. This tensor product factorization decomposes the action of 

f2(12) into a  sequence of elementary operations which is useful in matching 

different computer architecture.

Define the matrix

(31)«? = I9 ® I9 © S  © S 2 © I9 0 19 © S  © S  ® S 2 © S 2 © I9 © I9 ® S  © S  © S 2 © S'2 

and «5?-1 as inverse m atrix of Then

(32) R(  12) =  (A\  ® I9) (M (4) ® M (3)) $  (A4 ® J9)

where A 4, M ( 3) and Af(4) are the same as in (18),(8) and (16), and
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(33)

11- 1
o 0 __
_i

f t , f t  = 1 0 0

s » . 1 o l
-----1

o
Define another matrix

(34)

where

(35)

F  =  I\e <8> Fq ,

F0 = F(3)

F(S)

and F(3) is one-dimensional 3-point F F T  matrix. Then

R{  12) =  (A \  ® / 9)F (F " 1̂ - 1F ) ( F - 1(M(4) ® M (3)F~1) (F ^ F ~ 1)F(A4 ® I9)

=  (is  ® i ro)(A* <g> I9)T?(he ® Fo-1^ ^ " 1) ^ ^ )  <g> I 9)T?(A4 ® Z9)(J6 ® F0) 

where

(36) 1} — I9@I9®D®D2®I9®I9@D@D@D2® D2@I9®I9®D@D@D2®D2

and

(37) D  =  ijj © 1 © w © co2 © 1 © oj © u)2

From th a t we have

12(12) =  P0(Fo®Ie)(I9<®At4)p ' (F o 1M (3)Fo1 ®I16)(I9® M (4 ) )p ,(I9®A4)(F0®I6)P ^ 1 

where Po is the perm utation m atrix and

(38) Tf =  lie © lie © Zl6 © lie © D\  © D\  © lie © Z?i ffi D 2 ,
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and

(39)

with

D\  =  1 © Dz ® {Dz ® I 2) © {.Dz <8> I 2) i

(40) Dz =  1 © w ® .

then the m atrix R(  12) will be

i2(12) = Po(JPo®i6)(i7r 1M(3)F0-1®/6){(/9®^4)^,(J9®M(4)) ,̂(J9®A4)}(Fo®i'6)Po_1

Define

F (2 )®  I 2
(41) F2 =

finally we have

(42) 12(12) =  P0(I9®F2)(F0®I6)(Fo1M (3)Fo1®Ie)%(Fo®l6)(l9®F2)P v1

where

(43) P0- 1M (3)P0- 1 =

a;

U>

1 1 1  

1 1 1

1 1 1

1 u  u 2

0 0 0 0

0 0 0

1 u>2 U)

0 0 0

0 0 0

0 0 1 0  0

0 0 u 2 0 0

0 0 u  0 0

0 0 0 0 0 0

0 0 0 , w 2  0

0 0 w 0 0 0

0 0 0 0 0 0

0 w2 0 0 0 0

0 0 0 0 0
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and

(44)

where

% — © Z± © Z" © Z<l © Z'i © Z"

ZA =

Z'a =

Z'l

1 3 3 3 0 0

1 3 - 1 - 1 0 0  

1 - 1 - 1 1 0  0 
1 - 1  1 - 1 0  0 

0 0 0 0 2i  0

0 0 0 0 0 2i

1 0 0
0 0 2

0 2 - 1  

0 2 1
0 0 0

0 0 0

1 0 0
0 0 2

0 2 - 1  
0 2 1

0 0 0

0 0 0

0
2

1
- 1
0
0

0
2

1
-1
0

0
0
0
0

—i

-yft

0
0
0

0
—i

0
0
0

0

->/%
— i

0

0

0

0
/ 3

0 -s/3 —i

From the final tensor product decompositions (42) of this new F FT  al­

gorithm, the action of i 2(12) is decomposed into a sequence of elementary 

operations of vectorization and parallelization. For example % has block- 

diagonal structure w ith each independent simplified block. This algorithm is 

more valuable with different machine architectures.
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6.6  Sum m ary

As the applications of our algorithm to X-ray data  of the crystallographic 

symmetric group, we have described the multiplicative two-dimensional prime 

point Fourier transform algorithm for p3 symmetry using field structure in 

section 6.3 and 6.4. Our algorithm adapts naturally to  processing a data 

with p3 symmetry when P  =  2(3). Since the crystallographic symmetry 

giving rise to  da ta  redundancy, our algorithm reduce the data to one-third 

size, i.e. the original P 2 X P 2 two-dimensional Fourier transform  m atrix has 

changed to the x  circulant or skew-circulant matrix. The efficiency 

of this algorithm is apparent since the data compression and the computation 

operation is divided by the degree of symmetry against the original non­

symmetry case.

In section 6.5 we have developed the new two-dimensional multiplicative 

p3 symmetry FFT  algorithm of case N  = 3L with (L, 3) =  1 by ring structure. 

By using the CRT and tensor product technique we have derived the efficient 

algorithm from prime to composite num ber which is valuable with different 

computer architectures.
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C hapter 7

M ultip licative 2-D im ensional 

P rim e P oin t F F T  A lgorithm  

for p4 Sym m etry

7.1 In trod u ction

In last chapter we have described the multiplicative two-dimensional prime 

point F F T  algorithm for pZ symmetry. In this chapter we will present the mul­

tiplicative two-dimensional prime point F F T  algorithm for p4 symmetry. The 

redundancy now is controlled by the crystallographic symmetry group p4. The 

p4 symmetry are also known as 90° ro tation symmetry. As another applica­

tion of our algorithm developed before, we will illustrate incorporating of the 

crystallographic p4 symmetry to  the efficient multiplicative two-dimensional 

prime point F F T  algorithm to  gain com putational advantage.

7.2 p4 S ym m etry
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The p4 symmetry may be represented as the following group of 2 x 2 

matrices.

1  0

5

1

O

i

H
1

>

1orH1
•

1

1

rHo1
0  1 l

I

o

i
rH1

O

i

- 1  0

0 - 1

1 0

(1) Sp4 =

Denoting a generator of by a ,  say

(2)

then S p4 is cyclic group given by

(3) S p4 = { h  =  a 4, a,  a 2, a 3} .

the redundancy in X-ray da ta  is

)) = f ( - y , x ) , 

f ( x , y )  = f ( a 2(x ,y))  =

and

(4) f ( x , y )  = f ( a 3 ( x , y )) =  f ( y , - x )  ,

where /  is the  function whose value is the X-ray da ta  a t the lattice point 

(x, y). Thus p4 can be viewed as acting on a  two-dimentional lattice via the 

m atrix multiplication.

Denote the  Fourier transform  of f  by / .  According to  the theorem  1 of 

section 7.2, we have the following lemma for p4 case.

L e m m a  1 For a function f  defined on Z / N  x  Z / N , i f  f ( x , y )  =  f(oc(x,y))} 

i. e. f  has p4 symmetry. Then

(5) f ( u , v ) =  f ( a ( u , v )) .
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Prove

According to the theorem 1 of section 6 .2 , we have

f ( u , v ) =  f ( a # ( u , v ) ) ,  

where a *  denotes the inverse transpose of the m atrix a , a *  = ( a -1)*. Since

a* = (a  1)t =
0

1

H
1

1
4*iH1

rHI

o
•

1
l

o

) ~
1  0

=  a  .

Then

f ( u , v ) =  f(oc*(u,v)) =  f (a (u ,v ) )  .

Observe now that the minimal polynomial of a  in the variable A is

(6 ) A2 +  1 .

Thus the action of a  on Z / P  X Z / P  corresponds to the multiplication 

action by p on Z/P[p],  i.e.,

(7) a ( x , y ) -> (- y , x ) 

p(x +  py) px +  p2(y) -  - y  +  px .

7.3 N ew  A lgorithm  for p4 Sym m etry

From chapter 4 we treat Z / P  X  Z / P  for a prime number P  =  3(4), as a 

simple object. The polynomial x 2 +  1 is irreducible over Z / P  for P  =  3(4).
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Set p =  exp(—2ni/A). Then p2 + 1 =  0 and Z/P[p]  is a  field with P 2 elements; 

i.e., the nonzero elements of Z/P\p]  form a cychc group under multiplication. 

Let 7  be a  cyclic generator. Then

( 1 )  1  =  7°  , 7  , 72 , • • • 7 p2~ 2

are the distinct nonzero elements of Z/P[p]

An element a £ Z/P[p]  can be w ritten uniquely as ax +  pa2, ai, a2 G Z / P .  

Arithmetic in Z/P[p\  is defined by

(2 ) a +  b =  (ai -+■ pa.2) +  (61 +  pb2) =  (fli +  &i) +  p{a2 +  ^2) •

ab =  (ai +  pa2){hx +  ph2) =  aibi — a2b2 + p(axb2 + a2bi) .

Define a mapping <f>: Z /P[p\  —» Z / P  by

(3) <f>(ax +  pa2) =  2ai .

0 (a6) =  2 (a i6i — a2b2)

For a function X  defined on Z / P  x Z / P ,  the Fourier transform of X  is

(4) F X (2bx, - 2 b 2) =  £  X { a 1,a 2)e=%L(2a'b' - 2a*b̂
(au a2) e Z / P * Z / P )

£  AT(a1,a 2) e ^ M  
( a ^ e z / P x z / P )

The function X  and its Fourier Transform F X  can be viewed as column 

vectors once Z / P  X Z / P  is ordered. To this end, note tha t (ax,a 2) £ Z / P  x
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Z / P  corresponds uniquely to ai+pa ,2 E Z/P[p\.  Hence an ordering of Z/P[p\  

will yield an ordering for Z / P  x Z / P .

Take the ordering by U(P). Now we may view the function X  defined on 

Z / P  x Z / P  and its Fourier transform F X  as column vectors, and represent 

(4) in terms of matrices as

(5)
Y{  0) 

Y

1 1 

1

1

1

W (P)
X(0)

X

where

(6 ) W {P)  = u)*hi+k)
J 0<j,fc<P2-l

and the element 0 6  Z/P[p]  has been placed in front of U(P).  For the rest 

of our discussion, we ignore 0 E Z/P[p]  (We can place this at last stage of 

computation).

Variant 1

By lemma 1 of section 5.2, for P  =  3(4), P 2 — 1 is divisible by 8 . Take

n — p 2-  i and m  = f , and define the set

(7) S  =

Thus we have that l , 7 m, 7 2m, 7 3m is the quotient of U ( P ) /S  and

(8 ) U(P)  =  5  U 7 mS U 7 2m5r U 7 3miS'
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View S  as ordered by (7). This ordering can be used to order y mS , y 2mS  and 

y 3mS.  Thus the ordering of U(P)  is obtained by putting S-,ymS %, 7 2mS; y 3mS. 

We will denote by R ( P ) the group U(P) with this ordering. Now examine 

the m atrix W(P).  set ui = e~Tp.

T h e o re m  1 W(P) will be of  the form

(9) W (P )  =

A

B

A*

B*

where A ,B  are m  x m  matrices.

P ro v e

B

A*

B*

A

A*

B*

A

B

B*

A

B

A*

Let

W (P )  =

W x W 2 W 3 W4 

W 5 W6 W 7 Ws 

W9 W10 W u  W 12 

W 13 W14 W15 W16

where Wi, 1 <  i < 16 axe m  x  m  matrices.

We will show th a t Wx =  Ws =  W u =  W14. The other cases are proved 

in exactly the same way. For 0 < k , l  < m,  denote the &-th row Z-th column 

entry of an m  x  m  m atrix W{ by W<(fc, /), 1 <  i < 16.

W8(k, I) =  =  Wx(k, I) .

Similarly by the properties of 7  and <fr shown in (1) to (3) of section 4.2, we 

also can prove that

Wxx = Wx =  W14
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It means that W ( P )  can be rewrite as

Wx W2 W3 W4 

W2 W3 W4 Wx(10) W (P) =  2  3  4  1

W3 W4 Wx W2 

W4 Wx W2 W3

This structure of W (P )  is known as block-skew-circulancy.

Let us now examine each of the blocks W{, 1 <  i <  4, as follows: We see 

that

W£ =  cc>— = Wx • 

similarly we can prove W4 = W2, completing the prove of theorem 1.

L em m a 1 Following by the theorem 1, the matrix

(11) Hi  =  A + A* + B  + B * ^  .

is skew-circulant matrix of pure real number.

P ro v e

A, A*, B  and B* are m x m matrix, so Hi is also m  x m  matrix. Denote 

the k-th  row Z-th column entry of the m  x m  matrix M  by M(fc, I). Then

(1) For 0 < k , l  < m  — 1, we knew that the matrix W (P )  is a skew- 

circulant matrix by the corollary 2 of section 3.4. Since the matrix Hx is the 

linear combination of submatrices A, A*, B  and B*, so

Hx(k,l  + 1) =  Hx(k +  1,7),

(2) Since W(P)  is the skew-circulant matrix, we have

A ( k ,m  — 1) =  B (k  — 1 ,0 ) , B(k, m  — 1) =  A*{k — 1 ,0 ),
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A m(k, m  — 1) =  B*(k - 1 , 0 ) ,  B*(k, m -  1) =  A(k  -  1 ,0 ) .

where 1 <  A; <  m. Now look at the matrix Hi,  we have 

Hi(k, m  — 1) =  A(k, m  — 1) +  B(k,  m — 1) +  A*(k, m  — 1) +  B*(k, m  — 1)

=  B (k  - 1 ,0 )  +  -  1,0) +  B*(k - 1 ,0 )  +  A(k  -  1,0) =  Hi(k  -  1 ,0 ).

hence H\  is the skew-circulant matrix. Furthermore since A* and B* are 

conjugates of A  and B,  Hi  is real, completing the proof of lemma 1.

Viewing the input data function /  as indexed by (7) and (8) with p4 

symmetry, we have th a t the corresponding column vector X_ is of the following 

form

*1

(12) X  =

where X i  is the length m  = subvector of X_- By lamma 1 of section 7.2 

the Fourier transform Y_ of X_ has a  similar structure. However, the essential 

information is contained in the first subvector of length m.  Denote by Yi the 

first of the four subvectors of Y .

Then Y_ can be obtained from Yi. The computation of Yi in tu rn  can be 

made as follows:

(13) Yi = A  B  A* B*
X i

' X (0) '

+ \
X i

X i . * « o .
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* ( 0)
=  # i * i  +  :

.  * ( ° )  J
By the p4 symmetry we can reduce the input data to an asymmetric unit 

X„ including X (0) and X \ .  Thus the size of input da ta  reduces from 4m -f 1 

to  rrt +  1. Hi  can be found out as follows. Set

(14) U =

1 1 

1

1

1

W (P )

and

(15) V  =

By m atrix computation, we obtain

(16) Ua =  V lU V  =

where

1 4 • l*m

4 - l w 4-H!

Hi  = A  + A* + B  + B*
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from lemma 1 of section 7.3 we know th a t Hi  is skew-circulant m atrix of pure 

real number.

Now the input da ta  is

(17) X  = V

X(0)

X ( l )

* ( y )

and the output d a ta  is

n o ) X(0)

n i ) X ( l )

(18) n  t ) =  K s V 'U V X { i )

i % 5
s 3 

•
l M

•

X (7m -i) ^

=  K aUs

where

(19)

and Hi  is as

(20)

Ua =

X(0)

X ( l )

x(y) 

x{- r - 1)

1 4 -1

4• l m 4 -Hi

Hi  =  [ a  + A '  + B  + B*
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also
1 0 

0 4J(^2-l)/4 .

By applying the multiplicative algorithm, we find th a t the computation of 

Fourier transformwith p4 symmetry has been changed to asymmetry unit with 

only one-fourth size. Since the original P 2 x P 2 two-dimensional Fourier trans­

form m atrix of complex num ber has change to a  p24~x x —4~1 skew-circulant 

m atrix of real number, we gain computational advantage.

V ariant 2

We will now to derive W (P ) depending on different ordering on Z / P  x 2 / P  

comparing with variant 1.

For P  =  3(4), take n  =  and m  = j ,  and define the set

(22) S' =  {7 ° ,7 ,7 2, ” *,7m- 1} .

then

(23) U(P)  =  S  U 7 toS' U 7 2mS' U 7 3m5  .

We can rewrite the set S  as

(24) 5 ' =  {7” - 1,7 m- V - - , 7 , 7 0}-

Then U(P)  can be rewrite as

(25) U(P)  =  7 3mS' U 7 2mS' U 7 mS'  U S ’ .

View S  and S '  as ordered by (20) and (22). We will denote by Ri(P)  

w ith S';7 mS ;7 2mS';7 3mS  and R.2(P)  w ith 7 3mS/; 7 2mS'';7 mS/; S'. We order 

the column and the row indexing by R i (P )  and P 2(P ) separately. Then we 

examine the m atrix W {P )  again.
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T h e o re m  2 W(P) will be of  the form

A  B *

(26) W (P )  =
B

A*

B*

A  

B  

A *

A* 

B * 

A  

B

B  

A * 

B * 

A

where A ,B  are m  x m  matrices. 

P ro v e  

Let

W (P )  =

Wi W2 W3 W4

W 5 W6 W 7 W 8

W9 Ww W n  W 13

W 13 W 14 Wis Wie
where Wf, 1 <  i < 16 is an m  x  m  matrix. We will show th a t W4 =  W$ =  

W %o =  Wi$. The other cases axe proved in exactly the same way. For 0 <  

k , l  < m,  denote the fc-th row Z-th column entry of an m  x  m  m atrix M  by 

M (k , l ) ,
W$(k,l)  =  _  a; (̂7*m72m'Ym-1-fc7')

-  ^^(73m7m_1_fc73m7') =  W4(k, I) .

Similarly by the properties of 7  and <f> shown in (1) to  (3) of section 4.2, we 

also can prove that

W 10 =  W4 =  W 1S

It means tha t W (P )  can be rewrite as

W x W4 W3 W 2 

W2 Wi W4 W 3 

W3 W2 W x W 4 

W4 W3 W 2 Wi

(27) W { P )  =
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This structure of W (P )  is known as block-circulancy.

Let us now examine each of the blocks Wi, 1 < i <  4, as follows:

We can see that

similarly we can prove W*3 =  W$, completing the theorem 2.

L em m a 2 Following the theorem 2, the matrix 

(28) H x = A  + A* + B  + B*

is a circulant matrix of •pure real number.

P ro v e

A, A*, B  and B* axe m  x m  matrix, so Hi  is also m  x m  matrix. Denote 

the fc-th row Z-th column entry of the m  x  m  matrix M  by M (k,  I). Then

(1) For 0 < k, I < m  — 1, we knew that the matrix W (P )  is a  circulant 

matrix by the corollary 1 of section 3.9. Since the matrix Hi  is the linear 

combination of submatrices A, A*, B  and B*, so

Hi(k + l , l  + l )  =  .ff i(M ),

(2) Since W (P )  is the circulant matrix, we have

A { m - l , l )  = B(0, l  + 1) ,  B (m  — 1, V) = A*(0,l + 1),

A*(m - 1 ,1 )  =  B*{0 ,1 + 1 ) ,  B*{m - 1 ,1 )  = A(0, Z +  1 ). 

where 1 < I < m .  Now look at the matrix Hi,  we have

H i(m  — 1 ,l) = A(m  — 1,1) + B (m  — 1,1) + A*(m — 1,1) + B*(m — 1, Z)
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=  J3(0,1 +  1) +  -i4*(0, / +  1) +  B*(0 ,1 +  1) +  4 ( 0 ,1 +  1) =  J?!(0, 1 +  1 ) .

hence Hi  is the circulant matrix. Furthermore since A* and B* are conjugates 

of A  and B ,  Hi  is real, completing the proof of lemma 2.

Similarly as the variant 1, the input data  function f  as indexed by (7) and

(8) with p4 symmetry is of the following form

(29) X  =

X i

X i

X i

X i

P2- 1 subvector of X .  The Fourier transform  Y  ofwhere X i  is the length m  — 4

X  has a similar structure. However, the essential information is contained in 

the first subvector of length m.  Denote by Y  the first of the four subvectors 

of Y .

Then Y_ can be obtained from Yi. The computation of Yi in tu rn  can be 

made as follows:

(30) Y l - [
A  B  A* B*

= H iX i  +

X i

X i

X i

X i

X ( 0 )

X(0)

+

X(0)

X ( 0 )
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and the output data is

Y{  0) X(0)

Y (  1) X ( l )
(31) Y{  7) =  K.U. x { i )

Y (  7”1- 1) \
Hi

• 
V

i
where K„ and Ua are the same as (19) and (21), but only defference is that 

(32) Hi = [  A  + A * +  B  + B* .

is the circulant m atrix of pure real number.

By applying the multiplicative algorithm in variant 2, we find th a t the 

computation of Fourier transform with p4 symmetry has been changed to 

asymmetry unit with only one-fourth size. Furthermore the original P 2 x P 2 

two-dimensional Fourier transform matrix has change to  a p2~x X p- ~ 1 circu­

lant m atrix of real number. It is more efficient th a t we only need compute the 

size of cyclic convolution instead of the original P x P  two-dimensional 

Fourier transform after incorporating of the crystallographic p4 symmetry to 

our multiplicative two-dimensional prime point FFT algorithm.

7.4 A n  E x a m p le

We will continue with our example of the case P  =  3 of section 4.4. The 

rest of our discussion will be computing the two-dimensional 3-point Fourier 

transform of data exhibiting p4 symmetry.

Denoting a generator of p4 by a , i.e.

1 0 J
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Thus the action of a  on Z / 3 X Z / 3  corresponds to the m ultiplication action 

by p on ZfZ[p], i.e.,

-► (2y ,x )

(2) p(x +  py) -* px  +  p2(y) =  2y + p(x)  .

Then the redundancy in X-ray d a ta  of p3 symmetry is

(3) f ( x , y )  =  f ( 2 y ,x )

Following the example of section 5.4, we have

(4) W (  3) =

Let the ordering of j  and k  are
0<i,fc<8

j =  0 ,1 ,2 ,3 ,4 ,5 ,6 ,7 ;

k =  0 ,1 ,2 ,3 ,4 ,5 ,6 ,7 ;

By the pZ symmetry we can reduce the input d a ta  to  an asymmetric unit X s 

only including X (0) and X \ .  The output has the same structure as input. 

Thus the size of input d a ta  and output da ta  reduce from 9 to 3. We have

(5) U, =

1 4  4

4 1 - 2

4 - 2  1

V ariant 2
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In variant 2 we will choice different index ordering on Z j P  x Z / P .  To 

find circulant structure we order j  and k of (4) as follows:

j  =  0 ,1 ,2 ,3 ,4 ,5 ,6 ,7 ; 

k  =  7 ,6 ,5 ,4 ,3 ,2 ,1 ,0 ;

7.5 Sum m ary

In this chapter we have described the multiplicative two-dimensional prime 

point F F T  algorithm  for p4  symmetry. The com putation of Fourier transform  

w ith p4 symmetry has been changed to  asymmetry unit w ith only one-fourth 

size. Since the da ta  has been compressed to  one-fourth size, it is more effi­

cient th a t we only need compute the - 2~1 x p2̂ ~1 circulant or skew-circulant 

m atrix of real num ber instead of the original P 2 x P 2 two-dimensional Fourier 

transform  m atrix of complex number.
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Chapter 8

M ultidim ensional FFT  

A lgorithm  for N  = P1P2 

w ith p3 and pA Sym m etry

8.1 Introduction

We have developed the multiplicative two-dimensional FFT algorithm of 

the prime number for p3 and p4 symmetry and the composite number N  =  3L, 

(3, L ) =  1, for p3 symmetry in the last two chapters. As an im portant ap­

plication we will describe Orbit Exchange method(OEX) in this chapter to 

present N  =  P 1P 2 two-dimensional FFT algorithm with p3 and p4 symmetry, 

which will use the above multiplicative two-dimensional prime point algorithm 

as routines, including both non-symmetry and symmetry cases that we have 

developed in this thesis. Orbit Exchange(OEX) is a  method for determining 

asymmetric units and mappings between them. The method is based on the 

group theoretic properties of the crystallographic groups and the ring struc­

ture of the sampling lattices. Asymmetric units determined by this method
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axe algebraic rather than geometric, and an interface between the two is part 

of the method. For a  given group it is easy to find several asymmetric units.

Based on M. An’s work of Orbit Exchange method [18], the methods for pZ 

and p4 symmetry cases are developed further. Orbit Exchange method gener­

ates a  symmetrized P1P2-point Fourier transform algorithm, for (Pi, P 2) =  1, 

from Pi-point and P2-point Fourier transform algorithms. This method de­

composes the problem into small modules th a t are independent of each other, 

which can be parallelized. These modules also can be shared by other prob­

lems: Problems involving different crystallographic groups and different sam­

pling grids. So the efficient subroutines developed in this thesis using mul­

tiplicative structure can be incorporated to OEX method. Thus we will get 

more efficient pZ and p4 subroutines of P1P2 size which can be used further 

into more complex groups. The method presented here is only concerned 

with two-dimensional Fourier transform of pZ and p4 cases. However this 

theory also can be extended to three-dimensional Fourier transform of more 

complicated groups.

8 .2  T h e o re m  o f  A sy m m etric  U n it

D efin itio n  1 For two sets U and V,  the Cartesian product of U and V,  

denoted by U x V  is the following set of ordered pairs.

U x V  =  { ( u ,u ) |u e l 7 , t ; e  V}.

D efin itio n  2 For natural numbers P\ and P2, Z / P \ X  Z  j  Pi is the cartesian 

product of  Z I P \  and Z JP 2 with the componentwise arithmetic modulo the 

respective natural numbers. We will use the elements of Z / P \  x Z / P 2 to label 

the points in two-dimensional unit cells.
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Definition 3 For  u  & U ,

G(u) = { g u \ g  e  G}

is called the G— orbit o fu .  It  is the set of  elements equivalent to u modulo G.

U is •partitioned into distinct G —orbits. A subset of  U consisting of  one 

element from each G— orbit is called an asymmetric unit in U by the group G, 

denoted U/G.

Let £fi, g2, • • •, gk be the elements of G. Then

U =  gi(U/G)  U g2(U/G)  U • • • U gk(U/G),

where

gi(U/G)  =  {9iu | u 6 U/G}.

D efin itio n  4 For u € U, the isotropy subgroup at u, denoted by Iso(u),  is 

the subgroup of G that fixes u, i.e.,

Iso(u ) =  {g € G | gu =  u}.

D efin itio n  5 Let D be a group acting o n U  x V .  D is said to act diagonally 

o n U  x V  if

d(u,v) = (du(u),dv(v)),  d G D, (u,v) E U X V , 

where du and dv are actions on U and V  respectively.

Now we present the theorem of how to find out the asymmetric unit of a 

given symmetric group.
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T heorem  1 Let D  be a diagonal group acting o n U  x V  and {vi, V2, . . .  

be a V /D y .  Then

(1 )  U?=1 ( U  X  { V i } ) / l 3 0 ( V i )

is an (U x  V ) /D .  We also can interchange the roles of U and V , we find 

another (U x  V ) fD ,

(2) LljLj ({u,} x V)/Iso(ui),

where { iti,u2, . . .  ,u /J  is anU/D\j .

Asymmetric unit is not unique in general. However, the isotropy property 

is uniquely determined by the set and the group that acts on the set. In 

particular, it is independant of the choice of asymmetric units.

To determine asymmetric units by nondiagonal groups, we first diagonalize 

the group, then proceed as in the case of diagonal groups. We will illustrate 

this later.

8.3 Diagonalizing Tw o-dim ensional R atation  Groups

In this section we will describe a procedure for diagonalizing crystallo- 

graphic rotation groups like p3 and p4 which do not act diagonally. Before 

this we would like go over the Chinese Remainder Theorem which We have 

described in chapter 6 already. It will be also im portant to  develop Orbit 

Exchange method we are going to present.

Theorem  1 Chinese remainder theorem(CRT)

Let N  =  P1P2, with (P i,P 2) =  1, then there exists a ring-isomorphism

(1) Z / N  “  2 /P i  x Z/P2 .
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We will construct the ring-isomorphismusing idem potents. Since (P i, P 2) = 

1, there exists integer C\ and C2 satisfy

(2) CxPi +  C2P2 =  1

Now we define

(3) ex =  C2P2 mod N  ,

(4) e2 =  C1P1 mod N  .

Rewrite (6) as

(5) ex =  C2P2 + N M ,  M e Z .

We can find out from (2) and (5) th a t

(6) ex =  1 mod Pi , ex =  0 mod P2 .

Similarly we can find out continuely th a t

(7) e2 =  1 mod P2 , e2 =  0 mod Pi .

The idem potents ex and e2 are uniquely determined by conditions (6) and (7).

The set

(8) {ei, e2}

is called the system of idem potents corresponding to  the factorization N  = 

PiP2, where (Px,P 2) =  1.

Besides (6) and (7), ex and e2 have the following more properties:

(9) exe2 =  0 mod N  .

(10) ex +  e2 =  1 mod N  .

(11) e\ =  ex  mod N  , e\ =  e 2 mod N  .
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These properties above uniquely determine ei and e2 in Z / N .  Hence we 

can find / i  and /2  in Z / N  with

(12) ei =  / 2P2 e  Z / N  , e2 =  /xPx 6 Z / N  .

where ( / 2,P i)  =  1 and (/ i ,P 2) =  1.

We now show that the existence of system of idempotents gives rise t 

way of identifying Z / N  and Z / P \  x Z / P 2. Define the following mapping

where u\  £ Z /P \ ,U 2 6 S /P 2, the set {ei,e2} is the system of idempotents 

corresponding to the factorization N  =  PxP2.

The mapping (f> preserves the arithmetic structure of rings and is a  ring 

homomorphism.

This means th a t every ordered pair ( iti ,« 2), u\ £ Z / P \ , u i  £ Z / P 2 can be 

written uniquely as

(15) «iei +  u2e2 =  u mod N  .

From the above description we see that the inverse mapping 4>~x is given 

by the following way,

(13) <f, : Z / P l  x Z / P 2 -> Z / N

by the formula

<j>(uu U2) = (uiei +  u2e2) m o d N

(16) 4,-1 : Z / N  -> Z / P i  x  Z / P i

and

(17) <̂-1(“ ) =  (“  mod  P i, it mod  P2) , u £ Z / N  .

which identifies th a t every element u £ Z / N  can be identifyed uniquely with 

the ordered pair (u mod P i ,u  mod  P2) in Z / P i  x Z / P 2.
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Concisely, by the Chinese remainder theorem presented above, for N  = 

PiP2 and (P1P 2) =  1, we have defined the following mappings

(18) <f>: Z / P \  x Z / P 2 -> Z / N  ,

by the formula

^ (u i , u 2) =  (uiei + u2e2) mod N  ,

where u\  G S /P i  and 1/2 G Z / P 2, the {ei,e2} is the system of idempotents 

corresponding to  the factorization N  =  P\P2. And the inverse mapping (f>~x 

is given by

(19) <f>~x : Z / N  -> Z / P i  x Z / P 2 , 

th a t is

<j>~x(u) =  (u mod Pi, u mod P2) , u  G Z / N  .

which identifies th a t every element u G Z / N  can be identifyed uniquely with 

the ordered pair (u mod Pi, u mod P2) in Z / P \  x  Z / P 2.

Furthmore, denote Z / N  x Z / N  by ( Z / N ) 2. The mapping 4> and <̂-1 can 

be extended to

(20) : ( Z / P i f  x ( Z / P 2)2 -> ( Z / N ) 2 ,

i>((ui,Vi),(u2,v 2)) =  (<f>(ui,u2),<f>(vi,v2)) .

and

(21) r 1 : (2 /iV )2 -> ( ^ /P i ) 2 x ( Z / P 2)2 ,

Ip~ \u ,v )  = ((j>-x(u),(i>-x(v)) ,

We now describe a  procedure for diagonalizing crystallographic groups 

th a t do not act diagonally. The procedure is to rewrite the carterian product 

Z / N  x  Z / N  so as to diagonalize the group action.
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For a  group G  acting on ( Z / N ) 2, we have a  diagonal group (G i, G 2) acting 

on (Z / P i )2 x ( Z / P 2 )2 w ith th e  following bijective correspondance :

g € G <— ► ( g i , G (Gi,C?2),

(22) i ’ ( (gug 2) ( (u i ,v1) , (u 2 , v 2))) = g(i/>((ui,vi),(u2, v 2))) ,

(23) i>~x (g(u, u)) =  (gu g2) (i>~x(u, v )) .

A rotational symmetry is described by

(24) <*nWi -J- oci2U2, OC2 1 U1  +  0 2 2 ^2 ;

w ith ocu,ai2,(X2i and 0122 having values 0 or ±1. We introduce another way 

of describing the  above for ease of discussion. Denote by u  the column m atrix

. The m atrix m ultiplication a u  describes in (24). Let a  =
a n a 12

U2 a  21 <*22
via the correspondence

for

(ui,W2)
Ui

U2

au  = < * llW l +  < * 1 2 ^ 2  

a 21u l  “H Q!22u2

Henceforth, by abuse of notation, we will identify elements of ( Z / N ) 2 with 

column matrices. We will identify a group G  of rotations w ith a  group of 2 X 2 

matrices. The action of G on ( Z / N ) 2 is the m atrix m ultiplication modulo N.  

In this setting, the actions of diagonl components G\ and G2 are the m atrix 

multiplications modulo P\ and P2 respectively.

E x a m p le  1
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Consider the group p3 acting on (S /1 5 )2. 

p3 — {u, w; u, u — u; v — u ,u .}
1 0 0 - 1

1
1

i

0 1
J

1

1 h-» •

5

i
orH1

i
•

4

We can decompose (S /1 5 )2 into ( S /3 ) 2 and ( S /5 )2 by the m ap ^>-1  above.

The system of idem potents {ei, 62} of the mapping ip corresponding to  the

factorization 15 =  3 x 5 are ej =  10 and e2 =  6 (see the table 1 of section 6.2). 

Take the element (8 ,2 ) € (S /1 5 )2.

(1) 2) =  ((2.2), (3,2)), (2 ,2) e  (Z /3 )2, (3,2) 6  ( 2 /5 ) 2.

(2) p3 identifies (2,2) with (1,0) and (0,1) in (S /3 )2.

(3) p3 identifies (3,2) with (3,1) and (4,2) in (S /5 )2.

(4)

V>((2,2),(3,2)) =  (10 x 2 +  6 x 3,10 x  2 +  6 x 2) mod  15 =  (8,2),

ip(( 1,0), (3,1)) =  (10 x 1 +  6 x  3,10 x 0 +  6 x 1) mod  15 =  (13,6), 

V>((0,1),(4,2)) = ( 1 0 x 0 +  6 x 4 , 1 0 x 1  +  6 x 2 ) mod  15 =  (9,7),

Note th a t p3 identifies (8,2) with (13,6) and (9,7) in (S /1 5 )2.

E xam p le 2

Consider the symmetric group p4 acting on (S /2 1 )2.

p4 = {u,u; — v - u , —v ; v , - -u}

1 0

1
0 1

■ ioi-hi
i

0 1
i

•
0 1 1 0 i 0 1

i

Oi
i
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We can decompose (S /2 1 )2 into (S /3 )2 and ( S /  7)2 by the mapping ip-1 also. 

T he system  of idem potents {e i,e2} of the mapping ip corresponding to  the 

factorization 21 =  3 x  7 are e\ =  7 and e2l5 (see table 1 of section 6.2). We 

take the element (5 ,9) £  (Z /2 1 )2.

(1) ip- ' (5,9) =  ((2,0), (5,2)), (2,0) £ ( S /3 )2 , (5 ,2) £  (S /7 )2 .

(2) p4 identifies (2 ,0) w ith (0,2), (1 ,0) and  (0,1) in ( S /3 2.

(3) p4 identifies (5 ,2) w ith (5,5), (2 ,5) and  (2,2) in  ( S /7 )2.

(4)
iP((2,0), (5 ,2)) =  (7 x 2 +  15 x  5,7 x 0 +  15 x 2) mod  21 =  (5 ,9 ) ,

V>((0,2), (5 ,5)) =  (7 x 0 +  15 x  5 ,7  x  2 +  15 x 5) mod  21 =  (12,5) , 

iP(( 1 ,0 )(2 ,5)) =  (7 x 1 +  15 x 2 ,7  x 0 +  15 x 5) mod  21 =  (16 ,12 ),

V>((0 ,1)(2,2)) =  (7 x 0 +  15 x 2 ,7  x 1 +  15 x 2) mod  21 =  (9,16) .

Note th a t p4 identifies (5 ,9) with (12,5), (16,12) and  (9,16).

Formulas (22) and (23) describe a  way of determining the action of the 

group G  on ( Z / N ) 2 in terms of (G i, G^) acting on ( Z / P \ ) 2 x  ( Z / P 2)2 via the 

maps ip and ip-1 .

By the theorem  1 of section 9.2, we know how to  find out the asymmetric 

unit of a  symmetric group.

To determine asymmetric units of nondiagonal groups like p3 and p4 ro­

ta tion  groups, we first diagonalize the group, then proceed as in the case of 

diagonal groups. We illustrate this with the following example.

E x a m p le  3

D eterm ination of (S /1 5 )2/p3.
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(1) Reindex the elements of (S /1 5 )2 with elements in (S /3 )2 x  ( S /  5)2 via

r 1.

(2) p3-orbit decompositions of (S /3 )2 and (S /5 )2 are given in tables 1 and 

2.

(3) Selecting one element from each row of the tables, we find asymmetric 

units in (S /3 )2 and (S /5 )2. To this end, we will choose the first columns 

in each case.

^3 =  {(0, 0), (0, 1), (0 , 2), (1, 2), (2, 1)}

is a  (S /3 )2/p3.

Jso({(0,0), (1,2), (2,1)}) =  p3, lso ({ (0 ,1), (0,2)}) =  pi.

A s =  {(0,0), (0,1), (0,2), (0,3), (0,4), (1,2), (1,3), (2,1), (3,1)} 

is a  (S /5 )2/p3.

Iso(0,0) =p3,  Iso(u5,v5) = p i ,for (u5,vs) ^  (0,0).

(4) Applying formulas (4) and (5), we find asymmetric units in the product 

( Z /3 ) 2 x ( Z / 3 f .

Am =  (Aa x {(0,0)}) U ( (Z /3 )2 x  (As -  {(0,0)})

As,3 =  ({(o, 0), (1,2), (2,1)} x 4s) U ({(0,1), (0,2)} X ( Z /3 ) 2) 

are ( (Z /3 )2 x  (Z /3 )2)/(p3,p3).

(5) j ' - 1 ( A 3 ,s )  as well as i -1(As,3) are ( Z / l 3 ) 2/p3.
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As aA3 oPAz

(0,0) (0,0) (0,0)

(0,1) (2,2) (1,0)
(0,2) (1,1) (2,0)

(1,2) (1,2) (1,2)

(2,1) (2,1) (2,1)

Table 1 p3-orbit decomposition of { Z / 3)2.

As otAs a 2A 6

(0,0) (0,0) (0,0)

(0,1) (4,4) (1,0)

(0,2) (3,3) (2,0)

(0,3) (2,2) (3,0)

(0,4) (1,1) (4,0)

(1,2) (3,4) (1,4)

(1,3) (2,3) (2,4)

(2,1) (4,1) (4,3)

(3,1) (4,2) (3,2)

Table 2 p3-orbit decomposition of (S /5 )2.

Chinese remainder theorem extends to any finite number of factors that 

are relatively prime to each other. Thus the above method can be iterated.

The applications of the theorem of astmmetric unit we show are all exam­

ples of algorithms and implementation ideas. The objective in designing an 

algorithm for a  given symmetry group is to reduce the size of data set by ap­

proximately the order of the group. As we will see, computationally efficient
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data set is not a precise asymmetric unit. In most cases, we will use a  set 

th a t contains an asymmetric unit. Theses aspects will be pointed out in the 

examples that follow.

8.4 Orbit Exchange for FF T  w ith  R otation  Sym m etries

We have presented the prime factor method in section 6.3.2 already. It 

provides a way using Chinese remainder theorem to replace a large size one­

dimensional Fourier transform computation with a  small size two-dimensional 

computation.

By the Chinese remainder theorem, for N  = P1P2 and (P1P2) =  1, we have 

defined the following mappings <̂-1, ip and ip-1 in (18) to (21) of section 

9.3.

Let f ( u ) be a function on Z / N .  The one-dimensional Fourier transform 

is defined as

(1) f (v )  =  X) /(u )e =̂ uv •
u6 Z / N

For u ,v  G Z / N , we can use the system of idempotents {ei,e2} to change 

u and v by

(2) u — «iei +  u2e2 mod N  ,

and

(3) v = uiei +  V2&2 m o d N  .

Then

(4) / (v iei +  v2e2) =  X  / ( « i ei +  u2e2) e ^ Uiei+U:!e2Nt'iei+,'2e2> ,
u i £ Z / N , U 2 £ Z / N

By the properties of the system of idempotents {ej, e2},
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e  =T p - ( “ 1 el  + “ 2 BJ) ( u ie i  +  V je 2 )  _  e ~ j p - u i v 1e i e ~ jp -U 2 V 2 e2

by (15) of section 8.2, e\ — f iP i  and e2 =  f iP i ,  the above equality can be 

changed to
e=^iulVi/3e=^iu2̂ /i

(4) can be rewritten as

f ( v iei  +  u2e2) =  E  / ( “ i*i +  u2e2)e=%iuiVlhe=%iu2V3fl .
u i  € Z / P i U2£Z/P2

This method is known as Prime Factor algorithm, which also can be applied 

to the computation of multidimensional Fourier transform as well.

We now describe the orbit exchange method for incorporating symmetry 

groups to  the Fourier transform algorithms. The main idea is to exploit the 

existence of several stages of computation and data transposition. Symmetry 

is incorporated into the data transposition only; Using the symmetry, data 

is mapped from one asymmetric unit onto another asymmetric unit. In each 

stage, an asymmetric unit is chosen in a  way to make the computation using 

existing Fourier transform routines of our algorithms in this thesis.

We will describe the procedures for a  nondiagonal rotation symmetric 

group to the prime factor method with examples.

We begin by listing the property of the Fourier transform in the presence 

of rotation symmetries.

By the section 7.2 we have shown the property of Fourier transform in the 

presence of rotation symmetries and we have the following theorem

T h e o re m  1 Denote the Fourier transform, o f f  by f .  For a function f  defined 

on Z / N  x Z / N ,  i f  f ( u , v )  = f(a (u ,v ) ) ,  then
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(5) f ( w , z )  = f ( a * ( w , z ) )  ,

where ot# denotes the inverse transpose of the matrix a,  a *  = ( a -1 )*.

Let g be a  function on ( Z / P i ) 2 x  ( Z / P f ) 2 and define for ( w ,v ) , (w , z )  E

( z / P i f  x  ( z / p 2 y

9i(w,v)  =  ^2g(u ,v)e~ 'JT <- ' - >,
U

9 2 ( m . , z )  =  Y , 9 i ( m . , v ) e - ^ <v- '* > .

Thus g2 is the  Fourier transform  of g. Assume now th a t g is (G\,  G2) sym­

metric, where (G\, G2) is the diagonalized group of ro tation symmetries. The 

theorem  below describes the interm ediate symmetries.

T h eorem  2 I f  g is (G \ ,G 2) symmetric, then for  (0:1, 0 2 ) € ( G \ ,G 2),

9 i ( w , v )  =  9 i ( o c l m . , a 2v ) ,

92(m., z) = 92(alm., <*2v).

E xam p le 4

Interm ediate symmetries of the diagonalized p3.

1

1
0

J

1
0 1 f—4

I

- 1  1

1--- 0 1 1 - 1

---1
0rH1

•

1 0 - 1  - 1 0 1

0 1
5

1 0
7

- 1  - 1
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g(ux, u 2, vu  v2) = g(Pi -  u2, ux -  u2, P2 -  v2, vx -  v2)

(6) =  g(u2 -  « i, P i -  tii, v2 -  vx, P2 -  ui)

9i(wi, w2, vu  v2) =  gi(Pi - w i -  w2, wu  P2 -  v2, vx -  v2)

(7) = g i(w 2, P i - w 1 - w 2,v2 - v u P2 - v 1)

g2(wi, w2, zu  z2) =  g2{Px - w x -  w2, wx, P2 - z x -  z2, zx)

(8) =  g2(w2, P i - W i -  w2, z2, P2 zx z2)

Now we describe Orbit Exchange incorporating the prime factor method 

to compute FFT with rotation symmetries. We will use ( Z / N ) 2 to index the 

data set. Assume N  = P\P2, with (Pi ,P2) = 1. Let G be a group of rotation 

symmetries and let data  be G—symmetric.

1. Reindex the data  to  be on ( Z / P x)2 x (Z / P 2)2. Set U =  (Z / P x)2, V  — 

(Z / P 2)2. We will denote the elements of U x  V  using the column matrix 

notation. Denote the diagonalized group action by (G u , Gy)-

2. Using the diagonal action, determine V/G y .

3. W ith data on U x V /G y ,  compute F2(PX) for each v £ V /Gy .

4. Determine U/Gy.

5. Map the partially transformed data  from step 3 onto V  x U/Gy.

6. W ith the data on V  x U/Gjj compute F2(P2) for each u £ V /G y .

7. Reindex the data  on V  x V /G y  to be on an asymmetric unit in ( Z / N ) 2 

by the ifr map.

E xam ple 5
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F F T  Com putation Incorporating pZ

We will use (S /1 2 )2 as indexing the data  set with pZ symmetry.

1. Decompose (S /1 2 )2 into (S /4 )2 x  (S /3 )2. Set U — (Z / A )2 and V  =  

(S /3 )2.

2. The asymmetric units in the product (S /4 )2 x S /3 ) 2 is

A .,3 =  (A , x  ( 4 , - { ( 1 ,0 ) ,  (2,0)})) U ((-2/4)2 x  {(1,0), (2,0)}) , 

w ith the set A 3 in Table 1 of section 8.3 as V/pZ.

3. Compute pZ symmetry ^* (4 ) three times and non-symmetry 2^(4) two 

times of the d a ta  on A 4$.

4. Determine U/pZ*.

p3*orbit decomposition of U is given in table 1. The elements in the first 

column provides an U/pZ*.

A4 =  {(0,0), (1,0), (2,0), (3,0), (1,1), (3,2)}.

5. Map U x  V/pZ — * V  x UfpZ*.

6. Compute pZ symmetry ^ ( 3 )  one time and non-symmetry -F2(3) eight 

times of data  on (-43 X {(0,0)}) U ( (S /3 )2 x (A \  — {(0,0)})).

7. Reindex V  X A \  to  obtain the tranformed data  indexed by elements in 

(S /1 2 )2.
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A* o f (o 2)*^4

(0,0) (0,0) (0,0)

(1,0) (3,1) (0,3)

(2,0) (2,2) (0,2)

(3,0) (1,3) (0,1)

(1,1) (2,1) (1,2)

(3,2) (3,3) (2,3)

Table 1 p3*-orbit decomposition of { Z j 4)2.

8 .5  S u m m a ry

In this chapter we have described the Orbit Exchange m ethod for the 

composite num ber N  =  P 1P2 w ith (P i,P 2) =  1 for p3 and p4 symmetry. 

O rbit Exchange m ethod is a  m ethod for determining asymmetric units and 

m apping between them. This m ethod decomposes the problem into small 

modules th a t axe independent of each other, which can be parallelized. Hence 

the new multiplicative algorithm developed in this thesis, especially for p3 

and p4 symmetry subroutines, can be nested in to  OEX m ethod efficiently. We 

only concern with two-dimensional Fourier transform  of the p3 and p4 cases in 

this chapter, however the Orbit Exchange m ethod is powerful to  be extended 

to  three-dimensional Fourier transform  of more complicated crystallographic 

symmetry groups.
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Chapter 9

Im plem entation

9.1 Introduction

The multiplicative two-dimensional fast Fourier transform algorithms de­

veloped in this thesis can be implemented efficiently in different computer 

architectures depending on different variants of our algorithm. The perfor­

mance of the implementation of the algorithms will be effected by the different 

machine architectures and parameters. In fact, an efficient algorithm will have 

a good performance based on that we have a better knowledge of the machine 

architecture and the effective use of programming language.

Computers may be categorized according to whether they have one or 

many instruction streams and one or many data streams. SISD defines the 

simplest conventional computers, and the SIMD and MIMD contain all su­

percomputers.

• SISD describes the relatively simple sequential computers th a t perform 

each instrution of a program to completion before beginning the next 

instruction. There is no possibility of overlap within the machine, and 

therefore only one stream of data through the CPU.
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• SIMD defines a computer system having a single instruction processor 

and multiple arithmetic and logical processors, thereby allowing simul­

taneous computation to be performed on different streams of data.

e MIMD has multiple instruction processors as well as a  means to over­

lap execution of instructions. A more exciting and more complicated 

application of such systems is to  assign several CPUs to execute the in­

structions of a  single program. Here it is again necessary to cause each 

CPU to work on different segments of the program data, the MIMD 

CPUs each perform a unique version of the instruction stream indepen­

dent of the others. At critical points in the program, the CPUs must 

be forced to synchronize with one another, either to properly pass in­

formation among themselves or to correctly share a common memory 

location.

SISD is the sequential machine such as the VAX/780 and the Micro VAX

II. The following is a  derivation of the performance of an algorithm working 

on SISD machine relying on the arithmetic account. Let

T1 =  the time required to perform an floating-point operation of addition, 

N a =  the number of additions,

Nm =  the number of multiplications,

k =  the ratio of the time spent by an floating-point operation of multi­

plication to addition, then the total time T  to perform the to tal operational 

count is

(1) T  =  T l ( N a +  kN m) .

Since in the sequential machine the time of float-point multiplication is more 

large than addition, the main point for a good performance on the sequential 

computer is to minimize the number of multiplications.
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But (1) can not be used to  evaluate the performance of an algorithm on 

SIMD and MIMD supercomputer architectures on which we are more interest­

ing in implementation of our algorithms in this thesis. For example, Cray-1 

and Cray X-MP computers have eight vector registers, each having 64 ele­

ments that are 64 bits wide. When a  loop of arbitrary length is ”vectorized” , 

it is done in vector strips of length 64. Consider the loop:

DO 10 I =  1, N 

A(I)  = B(I )  + R* C(I)

10 C O N T I N U E

In effect, this is performed on a CRAY in the following way:

J  =  M O D (N ,  64)

DO  20 I =  1, J

A(I)  = B(I )  + R* C(I)

20 C O N T I N U E  

I = J

DO  30 K =  J + l ,  N, 64

DO  30 COUNT =  1, 64

1 =  1 + 1

A(I)  = B{I)  +  R * C(I)

30 C O N T I N U E

If N  is not evenly divisible by 64, loop 20 does the ”remainder”, or else 

it is not executed(J=0). Loop 30 then performs a series of loops, each of 

exactly 64 in length to complete the computation. This is known as vector 

pipelining. The number of elements in a vector register obviously determines 

the length of a ’’strip” . The IBM 3090 Vector Facility has vector registers of 

128 elements.
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Another technique for vector porcessing is vector chaining. The vector 

functional units can be ’’chained” together, thus allowing overlap of related 

operations. For example the m ultiply-add function as in the above program 

can be chained. It means th a t the add and m ultiply pipelines can be linked 

together, one producing a  result fed directly into the other-thus again doubling 

the result rate. Generally there are other combinations of operations which 

can be chained.

By the above example we know th a t in order to obtain the good perfor­

mance on vector processor, it is different from the conventional machine. We 

can not use arithm etric account simply. In order to  obtain good performance 

on supercom puter it is more complicate than  on the sequential computer. We 

should use the architecture of the vector pipelining and vector chaining as 

more as possible. Since vector processing is inherently fast th an  scalar, Am­

dahl’s law tells us th a t the system will be dominated by scalar performance. 

Am dahl’s law provides performance as a  function of the fraction of operations 

vectorized and allows us to  dertermine for an  existing program  how much code 

m ust be vectorized to achieve performance goals.

Here we would introduce some features about supercom puter which will 

mainly effect the performance of implementation.

9.2 S u p ercom p uter A rch itectu re

9 .2 .1  In trod u ction

To achieve optimal performance on a  supercomputer, it is essential for 

us to understand the architecture of the target machine. On the m ajority 

of commercially successful supercomputers there are fast registers, a large 

banked memory, and segmented functional units.

A supercom puter is the biggest, fastest com puter available a t the moment.
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W hat distinguishes the supercomputers from others is their ability to perform 

many operations simultaneously.

Some supercomputers accomplish many simultaneous operations by ”vec- 

tor”processing [25], th a t is, by using powerful instructions to feed arrays of 

operands through a  ’’pipeline” This pipeline concept is a  recognition th a t the 

most intense use of a computer is almost always in a  loop, doing the same 

operations to  many different operands. The Cray X-MP, Cray-2, the IBM 

3090 Vector Facility are examples of pipelined vector processors.

Other supercomputers accomplish many simultaneous operations by hav­

ing many processsors working in parallel on a  program. Some machines com­

bine both parallel and vector architectures, such as the Cray X-MP, the IBM 

3090/600F.

All of the supercomputers are characterized by their ability to  perform 

much faster in ’’vector” or ’’parallel” mode than in ’’scalar” mode. Pipelining 

of operations and simultaneous execution of instructions are the mainstay of 

supercomputers. The performance might be from two to one thousand times 

faster, bu t only you have efficient algorithms and the effective use of languages, 

such as Fortran, on supercomputers.

9 .2 .2  som e fe a tu re s  o f  su p e rc o m p u te r  

F u n c tio n a l u n its  a n d  seg m e n te d  fu n c tio n a l u n its

A computer has hundreds of instructions. It might be partitioned into 

functional units, each one of which executes a family of related instructions. 

Because each of the m ajor functions of the CPU has been realized in a  wholly 

independent unit of hardware, compilers take advantage of multiple functional 

units by attem pting to schedule as many independent operations as possible 

to achieve maximum overlap of instruction execution.
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A com puter might be able to issue a  new instruction in each clock cycle, but 

there are very few instructions th a t complete execution in just one clock cycle. 

For example, a  floating-point add instruction m ight take four clock cycles to 

complete; a  m ultiply or a  divide might take even longer. For this reason, 

each functional unit is itself further partitioned into a  num ber of independent 

segments, preferably one segment for each clock cycle of execution. By this 

means, a  com puter may issue several identical instructions in sequence as long 

as the  operands are independent. Consider the execution of the following 

Fortran statem ents:

Z l - X l  + Yl  
Z 2  =  X 2  +  Y 2  

Z Z  =  X Z  +  Y Z  

Z 4  =  X A  +  Y 4

Assuming th a t the operands have already been fetched to registers, then 

the steps through tim e shown in Figure 1 indicate the operation of the seg­

m ented floating-point add unit.

R E G I S T E R S

Segment 1 

Segment 2 

Segment 3 
Segment 4

Clock Cycle

Fig. 1 Segmented Functional-Unit O peration

XI Y1 
\  /

X2 Y2 
\  /

X3 Y3 
\  /

X4 Y4 

\  /
Xl+Yl X2+Y2 ■ X3+Y3 X4+Y4

Xl+Yl X2+Y2 X3+Y3

Xl+Yl X2+Y2
Xl+Yl

1 2  3 4
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The adder depicted in Figure 1 performs as an assembly line with four 

stations. The segmentation of the adder generates one result per clock cycle 

instead of one result every four clock cycles achievable without segmentation.

The performance of a segmented functional unit is characterized by two 

features:

* Startup Time. This is the number of clock cycles prior to the generation 

of the first result.

* Result Rate. This is directly related to the longest segment(every seg­

ment may be one or several clock cycles long) in a functional unit. After the 

startup time, a functional unit can deliver one result each time the longest 

segment completes its task.

M em ory Caches

Considering th a t most functional units can produce one result per clock 

cycle, and th a t several can run in parallel, a  tremendous burden is placed on 

memory access to fetch operands and store results. One way to alleviate this 

burden is the use of memory banks.

A memory cache is a  small, fast, expensive memory that placed between 

the very fast CPU registers and the large slow main memory of a machine. 

When the CPU requests a  data item from memory, the hardware checks to 

see if the item  is resident in the cache, and, if so, it delivers it to the CPU, 

typically in two clock cycles. If the item is not in the cache, the hardware 

requests a packet of data  from main memory to the cache that includes the 

item requested plus(usually) three more items as well, on the assumption that 

the data  will be referenced contiguously. Assuming th a t the transfer from 

memory to cache takes 12 clock cycles, then the time to transfer one item
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from memory to CPU is: 12+2=14 clock cycles. If the other three items are 

subsequently referenced from the cache, then the total cost in time to transfer 

data to the CPU is: 20 clock cycles, or 5 clock cycles per item transferred.

Most cache systems also use the cache for instructions as well as data 

operands.

T he V ector P rocessor

There axe two m ajor categories of vector processors; memory-to-memory 

machines and register-to-register machines. The memory-to-memory ma­

chines fetch vector operands directly from memory to the CPU and store 

vector results directly back into memory, with no intervening registers.

The register-to-register machines move data  from memory to vector regis­

ters and perform computations with vector-register operands, placing results 

again into vector registers. These results are either retained for further use or 

stored back into memory. The first register-to-register vector processor was 

the Cray-1. In fact, all other vector processors except the CYBER 205 and 

ETA 10 are register-to-register machines.

The m ajor characteristics affecting performance of programs on register- 

to-register machines are

* Clock cycle

* Instruction issue rate

* Size and number of vector registers

* Memory size

* Number of concurrent paths to memory

* Ability to fetch/store vectors with a  stride

* Number of duplicate arithmetic functional units(multiple vector pipelines)
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•  W hether functional units can be ’’chained” together

•  Indirect addressing capability

•  Handling of conditional blocks of code

9 .3  Im p lem en ta tion

By implementing the new multiplicative two-dimensional F F T  algorithms 

of size P  and N  =  P1P2 cases on representative machines, we are building 

some libraries as follows:

•  The library for two-dimensional F F T

•  The library for two-dimensional F F T  with p3 symmetry

• The library for two-dimensional F F T  with p4 symmetry

The following programming technique were used to optimize performance 

when we implement our algorithm on vector machine:

•  The algorithms should be tailored to  specific operational characteristics 

of the vector machine, such as cache size, vector section size, num ber of 

vector registers, and page size.

•  Access d a ta  th a t are stored contiguously; th a t is, use stride-1 compute- 

tions.

•  Reuse d a ta  in vector registers, minimizing vector loads and  stores.

•  M anage the cache efficiently to  maximize d a ta  reuse; i.e., algorithms are 

structured to operate on subblocks th a t are sized to  remain in the cache 

un til all computations involving the subblock are complete. For example,
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the num ber of rows in the  subblock m ight be equal to  the VSS, while the 

num ber of columns is chosen so th a t the subblock will fit in the cache.

•  Use the most efficient machine instructions-for example, the multiply- 

add, m ultiply-subtract, and multiply-accumulate instructions (the com­

pound vector instructions). Neglecting overhead, these instructions gen­

erate two floating-point results every cycle. O ther vector instructions, 

such as multiply, add, and subtract, generate one floating-point result 

per cycle.

•  Perform fewer loads and stores for short-precision da ta  by using long- 

precision instructions.

•  Use algorithms tha t minimize paging; for example, alternate forward and 

backward sweeps through the columns of a  m atrix.

The performance generally correspond to  the programmer being able to  

take advantage of vector instructions, reuse of d a ta  in vector registers, and 

reuse of d a ta  in  cache.

Some test programs of our multiplicative two-dimensional F F T  algorithms 

have been implemented on IBM 3090 using vector facility w ith complex input 

data. The timing results shown in table 1 is as follows:

171



ESSL

SCFT2

M ultiplicative

Algorithm

Multi. Algo. 

p3 Symmetry

Multi. Algo. 

p4 Symmetry

3 x 3 0.023 ms 0.007 ms 0.004 ms

4 x 4 0.030 ms 0.008 ms

5 x 5 0.171 ms 0.063 ms

6 x 6 0.481 ms

7 x 7 0.320 ms 0.064 ms

10 x  10 0.603 ms

11 x 11 0.947 ms 0.234 ms 0.162 ms

Table 1. Timing of 2-dimensional F F T

There is the  Engineering and Scientific Subroutine Library(ESSL) on IBM 

3090. It is a  set of high-performance m athem atical subroutines. In order to 

prove the efficiency of our new algorithms, we list the tim ing of the subroutine 

SCFT2 of ESSL on IBM 3090 which computes the two-dimensional F F T  with 

the input da ta  of complex number. The minimum num ber of input d a ta  of 

SCFT2 is 6 x 6. In general case it is more hard  to  compute the prime point 

F F T  th an  non-prime case. Since there is no prime num ber subroutines in 

ESSL, we only put the numbers which close to  the prim e num bers to  compare 

each other.

We have done the prime cases of 5 x 5, 7 x 7  and 11 x 11 w ith our mul­

tiplicative two-dimensional F F T  algorithm w ith field structure. We have also 

done 3 x 3  and 4 x 4  cases two-dimensional F F T  using ring structure. For 

p3 symmetry case, we have done 3 x 3 ,  4 x 4 ,  5 x 5  and 11 x 11 cases. For 

p4 case, we have done 3 x 3, 7 x 7 and 11 x 11 cases of prime points. From
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table 1, the timing of both p3 and p4 symmetry cases is good comparing 

with non-symmetry cases. It also looks good for timing comparing with ESSL 

subroutine.

ESSL

SCFT2

Multiplicative 

p3 Symmetry

OEX 

p3 Symmetry

12 x 12 0.651 ms 0.206 ms 0.216 ms

Table 2. Timing of 12 x 12 FFT

For composite number case, we have done 12 x  12 case with two methods. 

The first one is the multiplicative algorithm with ring structure shown in 

section 6.5. The second one is the OEX method described in chapter 8, which 

is nested with 3 x 3  and 4 x 4  multiplicative ring structure algorithm shown 

in section 6.5. Comparing with 12 x 12 of SCFT2 subroutine in ESSL, the 

timing is also good by incorporating the crystallographic symmetry to our 

efficient algorithms. Althrough we only show implementation results of some 

test programs, it has been shown the efficiency of our new multiplicative two- 

dimensional FFT algorithms developed in this thesis.
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