INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

University Microfiims International
A Bell & Howell Information Company

300 North Zeeb Road, Ann Arbor, Mi 48106-1346 USA
313/761-4700 800/521-0600



Order Number 9207129

New multiplicative 2-dimensional FFT algorithms

Tian, Hongjiang, Ph.D.
City University of New York, 1991

Copyright ©1991 by Tian, Hongjiang. All rights reserved.

U-M-I

300 N. Zeeb Rd.
Ann Arbor, M1 48106



7

NEW MULTIPLICATIVE 2-DIMENSIONAL
FFT ALGORITHMS

by

HONGJIANG TIAN

A dissertation submitted to the Graduate Faculty in
Engineering in partial fulfillment of the requirements
of the degree of Doctor of Philosophy, The
City University of New York.

1991



© 1991
Hongjiang Tian
All Rights Reserved

ii



This manuscript has been read and accepted for the Graduate Faculty in
Engineering in satisfaction of the dissertation requirement for the degree of
Doctor of Philosophy. '

s-31-91 Rucfond ToQmuerin
Date Chair of Examining Committee
May 31, 1991 U&M QO &ym»%/
Date E etutive Oﬁice
Michael Anshel

Joseph Barba

Michael Conner

James Cooley

Tarek Saadawi

Supervisory Committee

The City University of New York

iii



Abstract

NEW MULTIPLICATIVE 2-DIMENTIONAL
FFT ALGORITHMS

Hongjiang Tian

Advisor: Professor Richard Tolimieri

The purpose of this dissertation is to present the modern technique on
the design, analysis and implementation of the discrete Fourier transform and
convolution algorithms which is of central importance to the field of digital
signal processing and many application fields. This dissertation develops a
new family of 2-dimentional Fourier transform algorithms based on the mul-
tiplicative property of the indexing set Z/P x Z/P. The field structure is
determined by the irreducible polynomials over Z/P. While the degree of
the polynomial determines the dimensionality of the Fourier transform, irre-
ducibility determines the prime numbers P. Thus the theory presented here
can be used to generate a set of multiplicative multidimensional Fourier trans-
form algorithms which can be implemented using tensor product technique.

The difference in data flow of our algorithm comes from treating Z/P x
Z/P as a simple object. As a result, there is no intermediate data trans-
fer stage. By using the block-diagonalization method, the calculation of the
Fourier transform is expressed as a set of small convolutions located diago-
nally. All blocks are skew-circulant matrices or circulant matrices which are

independent of each other. The number and size of blocks are controlled again
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by the multiplicative group structure. These flexibility and independency are
more valuable in the vectorization and parallelization with different machine
architectures.

In addition to finding its advantage in the supercomputer architectures,
this new multiplicative algorithm with field and ring structures has naturally
defined an algebraic structure for both primé and composite numbers on X-ray
data of a crystal with crystallographic symmetry groups. By incorporating
the crystallographic symmetries to our algorithm, we gain computational ad-
vantage by removing all redundant data and arithmetic. The efficiency of our
algorithm is apparent since the data is compressed and the computation oper-
ation is divided by the degree of symmetry against the original non-symmetry

case.
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Chapter 1

Introduction

1.1 Introduction

The purpose of this dissertation is to present the modern technique of the
discrete Fourier transform(DFT) and convolution which is of central impor-
tance to the field of digital signal processing and many other application fields.
We are concerned about the efficient fast Fourier transform(FFT) algorithms
of multidimension, and the applications of these new FFT algorithms to the
data with crystallographic symmetry group. Advanced topics in computer
architecture such as pipelining and parallelism must also be studied before
one can determine all aspects of complexity.

The multidimension FFT algorithms which we will develop are concerned
with digital signal processing, and the applications of the FFT algorithms
are as broad as the applications of digital signal processing itself, such as
X-ray crystallography, X-ray medical imaging, radar systems, sonar systems,
seismic processing, ultrasonic systems, nuclear magnetic resonance, satellite

photographs and so on.



(4)

1.2 Multidimensional FFT

The discrete Fourier transform(DFT) [1,2] of a N-point sequence X is
defined as

(1) FX(k) = E X@Gw'*, keZ/N,
Jj€ZIN

where FX(k) represents the kth-term of the DFT sequence FX and w =
e~2miIN

We also can write (1) in the matrix form
@) FX(k) = [ wit ] X() je€Z/N, keZ/N.

and we denote the above matrix [w/*] by F(IN') which will be called the DFT

matrix of order N

(3) FX = F(N)X .

Similarly we can define the two-dimensional Fourier transform as follows:

FX(b]_, bz) = Z X((l]_, az)e:—zﬁ-’i(uh-}-agbz)
(e1,22)€Z/NXZIN

where F X (by,b,) is the N x N array which is Fourier Transform of function
X (a1 ’ (12).
Now we may view the function X and its Fourier transform F X as column

vectors, and represent (4) in terms of tensor product
(5) FX = (F(N)®@ F(N))X .

Data flow and computational complexity in (1) and (4) are controlled by
algebraic nature of the indexing set. Indeed, many algorithms have been de-
veloped exploiting the nature of Z/N to arrive at efficient ways of computing
(1) and (4).



The history of the fast Fourier transform algorithms begins with the pub-
lication in 1965 of the fast Fourier transform(FFT) algorithm of J. W. Cooley
and J. W. Tukey [3] in 1965, although the history itself starts much earlier.
The additive Cooley-Tukey fast Fourier transform algorithm significantly re-
duced a number of arithmetic operations from the order of N2 to the order
of NlogN, but the blocklength N should be a power of two. In fact there
was an earlier FFT algorithm, due to Good(1960) [4] and Thomas(1963) [5].
But this Prime Factor Good-Thomas algorithm had failed to attract until the
later 1970s [6,7].

Another kind of multiplicative algorithmic de.velopment starts with the
pa—,per of Rader [8] in 1968 and was independently discovered and extensively
generalized by Winograd(1976,1978) [9,10]. In these papers the multiplicative
structure of the indexing set is used to compute finite Fourier transforms as
convolutions. The Winograd multiplicative algorithm minimize multiplicative
complexity to decrease the cost of multiplications [11].

After this, several methods have been developed to build large or medium
size FFT algorithms from the small size FFT algorithms of Rader and Wino-
grad. The Good-Thomas Prime Factor algorithm decomposes the computa-
tion of the FFT into small size FFT’s. The Winograd large-size FFT algo-
rithm uses tensor product rules to incorporate these small FFT algorithms so
as to minimize multiplications. Each of these methods has advantages and
disadvantages for specific implementation depending on the relative cost of
additions and multiplications on a specific computer architecture. Winograd
provided efficient multiplicative algorithms for prime transform size, but the
minimum multiplication feature does not fit the modern computer architec-

ture. Auslander, Feig and Winograd(1983) [12] exhibited new algorithms for



DFT on a multidimensional data set with P points along each array, where
P is a prime.

Fast convolution algorithms of small blocklength were first constructed by
Agarwal and Cooley(1977) [13] using clever insights but without a general
technique. Winograd(1978) [10] gave a general method of construction of fast
convolution algorithms. Agarwal and Cooley(1977) [13] also found a method
to break long convolutions into short convolutions using the Chinese remain-
der theorem. Their method works well when combined with the Winograd

algorithm for short convolutions.

1.3 Crystallography

The determination of the internal microscopic structure of a crystal by
X-ray crystallography requires massive repetition of Fourier transform com-
putations. X-ray data of a crystal respects the crystallographic symmetry
giving rise to data redundancy. This redundancy is controlled by the crys-
tallographic symmetry groups [14,15]. By incorporating the crystallographic
symmetries to efficient Fourier transforms, one can gain computational advan-
tage. The use of space group symmetry to reduce the cost of DFT calculation
was formally introduced by Lyn Ten Eyck(1973) [16], but only special sym-
metries were included in the programming package. Bricogne and Tolimieri
[17] also presented an algorithm which compute the two-dimensional FFT on
the data admitting 90° rotational symmetry. An, Cooley and Tolimieri(1990)
[18] developed the orbit exchange method which is based on the group the-
oretic properties of the crystallographic groups and the ring structure of the
sampling lattices— is a procedure for designing symmetrized FFT algorithms

for general N which reduce to symmetrized FFT algorithms on the relatively



prime factors of N.

1.4 Description of Dissertation

In this dissertation we first develop the two-dimensional multiplicative
prime point FFT algorithm for P = 2(3) or P = 3(4) in chapter 3 and
chapter 4. This new algorithm is based on the field structure determined by
the irreducible polynomial 2% + z + 1 or z? + 1 over Z/P separately. While
the degree of the polynomial determines the dimensionality of the Fourier
transform, irreducibility determines the prime numbers P. Thus the theory
presented here can be used to generate a family of multiplicative multidimen-
sional Fourier transform algorithms which can be implemented using tensor
product techniques. Qur choice of the case has been primarily motivated by
its application to X-ray crystallography.

The algorithm is based on the multiplicative property of the indexing set
Z/Px Z[P. From the initial stage of ordering Z/P x Z /P, the multiplicative
structure is used to control the data flow in the Fourier transform computa-
tion. Then the calculation of the DFT is expressed as a set of convolutions
which are more efficient for vectorization and parallel processing. This is an
alternative to the more usual way of using the additive property. In addition
to finding its advantage in certain architectures, the algorithm adapts natu-
rally to processing a data with plane geometric conditions: most notable of
such data is the X-ray diffraction map of a crystal.

The difference in data flow in our algorithm comes from treating Z/P x
Z /P for a prime number P as a simple object(as opposed to viewing it as the
cartesian product of two copies of Z/P.) As a result, there is no intermediate

data transfer stage. There are two variants of this multiplicative algorithm.



One of these is skew-circulant structure and another is the circulant struc-
ture. By using the block-diagonalization method with these structures, the
computation of the Fourier transform is expressed as a set of small convolu-
tions located diagonally. All blocks are skew-circulant matrices or circulant
matrices of varing sizes. These variants offer options as to match different
computer architectures.

The block-diagonalization methqd derived from the multiplicative struc-
ture reduces the computational complexity and has more flexibility to imple-
ment on varying machine architectures. The advantages are as follows:

1. Using the group theoretic structures, one arrives at skew-circulant
blocks or circulant blocks of varing sizes. This flexibility is valuable in match-
ing the vector register sizes in vector facility.

2. Since the skew-circulant or circulant blocks are located diagonally, they
are independent of each other. This independency lends easily to parallel
processing with multi-processors.(The number and size of skew-circulant or
circulant blocks are controlled again by the multiplicative group structure.)

In chapter 5 we will extend this algorithm to the N = PQ case, where P
and @ are relative prime.

From chapter 6 to chapter 8 we will apply this new multiplicative FFT
algorithm with field and ring structures to crystallography. As applications
we will develop new FFT algorithms suited for p3 and p4 symmetry cases of
crystallography. X-ray data of a crystal respects crystallographic symmetry
giving rise to data redundancy is controlled by the crystallographic symmetry
groups. Our method uses the crystal group to define an algebraic structure
on the data set which can then be used to order data producing a highly
structured algorithm. By incorporating the crystallographic symmetries to



efficient Fourier transform algorithms, one can gain computational advantage
by removing all redundant data and arithmetic. In section 6.5 we will derive
the new efficient multiplicative FFT algorithm for p3 symmetry from prime
number to composite number N = 3L where 3 and L are relative prime by
using the CRT and tensor product technique. The efficiency of our algorithm
is apparent since the data is compressed and the computation operation is
divided by the degree of symmetry against the original non-symmetry case.
The last chapter 9 we will describe the performance of implementation in
typical computer architectures depending on different variants of the algo-
rithms in this thesis. Beside implementation on the sequential machine, we
are interesting in implementation of our algorithms on supercomputer archi-

tectures to get efficient performance.



Chapter 2

Preliminary Mathematics

2.1 Introduction

In this chapter we will focus on some mathematical objects [19,20] which
will be used repeatedly in this thesis.

o The ring Z/N of integers mod N

e Unit Groups

¢ Quotient Polynomial Rings F[z]/f(z)

e Tensor Products and Permutations

2.2 The Ring Z/N

Take an integer N > 1. For any integer z € N, let £ mod N, then the set
Z /N will be the remainder of the division of z by N,

(1) Z/N = {0?112)"',N"1}



We define addition in Z/N by

(2) (z+y) mod N, z,yeZ/N,

and multiplication in Z/N by

(3) (z-y) mod N, z,ye Z/N.

Under these operations Z/N becomes a commutative ring with identity 1.
Consider the following mapping

(4) 6: Z— Z/N,

which is defined by
(5) #(z) = =z mod N .

The mapping ¢ is a ring-homomorphism in the sense that
(6) ¢(z +y) = (¢(z) +¢(y)) mod N,
(M) ¢(z-y) = (¢(z) - ¢(y)) mod N .

Two integers z and y are said to be congruent mod N if ¢(z) = ¢(y). That

is

(8) N/(z—y).
It also means that
(9) t=y mod N .

2.3 Unit Groups



The unit group of Z/N, denoted by U(N), consists of all elementsz € Z/N

which have multiplicative inverses y € Z/N:
(1) 1 = (zy) mod N .

It is easy to show that U(IV) is a group under the ring-multiplication in Z/N.

Theorem 1 The set of the unit group U(N) satisfies that

(2) U(N) = {z€ Z/N |(z,N)=1}.

Example 1

Let N=12. Then we can find unit group

U(12) = {1,5,7,11}.

From theorem 1, if P is a prime, since every nonzero element in Z/P has

a multiplicative inverse, then

(3) u(p) = {1,2,---,P -1},

Now because Z/P is a commutative ring with identity, it follows that Z/P is
a finite field.

Theorem 2 Z/P is a finite field if and only if P is a prime.

Prove

We have shown that if P is a prime then Z/P is a field. Suppose P is not

a prime, and write P = N; N, where
1<N;,No<N.

10



By theorem 1, since (N, N;) = Ny # 1, Ny does not have a multiplicative
inverse in Z/N and Z/N is not a field, completing the proof of theorem 2.

Theorem 3 For an odd prime P, and integer x > 1, the unit group
(4) U(P*)
13 a cyclic group.

This important result is proved in many number theory books, for instance

[19].
Lemma 1 An element v € U(P”), called a generator, can be found such that
(5) U(P®) = {v*|0<k < o(U(P"))} .

where o(U(P?)) is the number of elements in the set U(P%).

2.4 Polynomial Rings

Assume F is a field. F[z] is defined as the ring of polynomials in the
indeterminate z which has coefficients in F. An element in F[z] can be

expressed as

k
(1) f(z) = Efnmn7 fn€F.
n=0
If fr # 0 in (1), the value k is called the degree of f(z), i.e.
(2) deg () = k.

The zero polynomial, denoted by 0, has by convention degree —oo. Then we

have the important result

3) deg (f(2)g(2)) = deg f(z) + deg g(z) .

11



2.4.1 Divisibility Condition

If f(z) and g(z) # 0 are polynomials in F[z], then there is a unique pair
of polynomials ¢(z) and r(z) in F[z] satisfying
(4) f(z) = q(z)g9(z) + r(z) degr(z) < deg g(z).

The polynomial ¢(z) is called the quotient of the division of g(z) into f(z).

The polynomial r(z) is called the remainder of the division of f(z) by g(z).

Theorem 1 If f(z) and g(x) are polynomials over F, there ezists a unique

polynomial d(z) called the greatest common divisor of f(z) and g(x) over F
(5) d(z) = (f(=),9(=)) -

By the divisibility condition above, if f(z) and g(z) are relatively prime
over F, then

(6) 1 = a(z)f(z) + cz)g(z),

for some polynomials ¢;(z) and cz(x) over F.
2.4.2 The Ring F[x]/f(x)

Take a polynomial f(z) of degree N over F[z]. We define

(M) Flz}/f(=) ,
equal to the set of all polynomiais g(x) over F satisfying

(8) deg g(z) < N .

12



the polynomial g(z) in F[z]/f(z) can be written as

k-1
(9) g(z) = )_gna®, gn€F,

n=0
and we can regard F[z]/f(z) as an N-dimensional vector space over F' having
basis
(10) 1,z,---,zV° 1,

For any g(z) € F[r], denote the remainder of the division of g(z) by f(z)

as follows,
(11) g(z) mod f(z) € Flz]/f(=) .
We define a ring multiplication on F[z]/f(z) by
(12) (9(z)h(z)) mod f(z), ¢(z),h(z) € Flz]/f(=z) .

By direct computation, it shows that the vector space F[z]/f(x) becomes an
algebra over F' with the multiplication (12).

Two poiynom.ials g(z) and h(z) over F are to be congruent mod f(z) if
g(z) mod f(z) = h(z) mod f(z). It means

(13) f(2)/(g(z) — h(z)) .

We also can write

(14) g9(z) = h(z) mod f(z) ,
Define the mapping

(15) ¢ : Flz] — Flz]/f(e) ,

by the formula
(16) ¢(g(z)) = g(z) mod f(z) .

13



It is easy to show that ¢ is a ring-homomorphism of F[z] onto F[z]/f(z)

whose kernel
(17) {9(z) € Flz] | #(9(z)) = 0}

is the ideal (f(z)).
We have known by theorem 2 of section 2.3 that Z/P is a field if and only

if P is a prime. From now we will construct fields using the rings F[z]/ f(z).

Theorem 2 The ring Flz]/f(z) is a field if and only if f(x) is irreducible

over F.
Prove

Suppose f(z) is irreducible. Take any nonzero polynomial g(z) in F[z]/f(z).
By (6) we have
1 = a(z)g9(z) + cxz)f(2) ,

where ¢;(z) and cy(z) are polynomials over F. Then
1= (e)g(s) mod f(z),

so c1(z) mod f(z) is the multiplicative inverse of ¢g(z) in F[z]/f(z). Since
g(z) is an arbitrary nonzero polynomial in F[z]/f(z), the commutative ring
Fz]/ f(z) is a field.

Conversely, suppose f(z) is not irreducible. Then

f(z) = f(z)fu(z),

where
0 < deg fo(z) < deg f(z), n=1,2.

14



It means that fi(z) and f;(z) are in F(z]/f(z) and

0 = (fi(z)f2(z)) mod f(z) .

If fi(z) has a multiplicative inverse, then -

0 = fa(x) mod f(z) .

It is contradictory, completing the proof of the converse of the theorem.

2.5 Tensor Product and Stride Permutation

2.5.1 Introduction

The tensor or Kronecker product offers a natural language for modeling and
designing digital signal processing(DSP) algorithms. Closely associated with
tensor products are a class of permutations, the stride permutation. These
permutations govern the addressing between the stages of the tensor product
decompositions of DSP algorithms, shch as digital Fourier transform(DFT)
algorithm.

The linguistic power of the tensor product is shown on the papers of R.
Tolimieri [20] and J. Johnson [21] where it is used to model fast Fourier trans-
form algorithms. It show that tensor product formulation of DSP algorithms
also offers the convenience of modifying the algorithms to adapt to specific
computer architectures. The formalism of tensor product notation can be used
to keep track of the complicated index calculation needed in implementing
Fourier transform algorithms. By establishing relationships between certain
tensor product constructs and computer architectures, FFT algorihtms can

be easily optimized for either hardware or software implementation.

15



An algorithm can be described in many cases a matrix factorization
k-1
(1) Y = [[1a,
n=0
where the action of the matrix Y is to be computed. The tensor product
also makes it very easy to modify an algorithm by exploiting the underlying

algebraic structure of its matrix representation.

2.5.2 Tensor Product

Tensor product algebra is an important tool for presenting mathematical
formulations of DSP algorithms so that these algorithms may be studied and
analyzed in a unified format. In this section, we will present some of the basic
properties of tensor products which are encountered in the algorithms that
we will develop in future sections of this thesis. These properties will be very
useful in manipulating the factorizations of discrete DFT matrices.

The tensor product of an K x L matrix A with an M X N matrix B is
defined by the KM x LN matrix, X ® Y,

ZooY znY te IDo,L—1Y
(2) X®Y =
) $K—1,0Y fb‘K—1,1Y ter xK-1,L—1Y
It is natural to view the tensor product X @Y as being formed from blocks

of scalar multiples of Y.

By straightforward computation we have the associative property

Theorem 1
(3) A®(B®C) = (A®B)®C

16



Theorem 2 If X is an K x L matriz and Y i3 an M X N matriz, then
(4) (X®Y)z®y = Xz@Yy,

for any vectors z and y of sizes L and N, respectively.

Theorem 3 If A and C are K x K matrices and B and D are N Xx N matrices,
then
(5) (A®B)(C®D) = (AC®BD).

Prove
Take vector z and y of sizes K and N respectively. By (4)
(A®B)(C®D)(z®y) = (A®B)(Cz® Dy)

= ACz ® BDy,

proving (5), in light of the proceeding discussion.

An important special case of formula (5) is the following decomposition.

Lemma 1 Denote by Ins the M X M identity matriz. Then
(6) A®B = (Iu®B)A®IL) = (A®IL)(IM® B),

where A 13 an M X M matriz and B i3 an L X L matriz, and Ips ® B is the

direct sum of M copies of B,

M
(7) Iy®B = @B.

i=1

17



Factorization (6) decomposes the computation of (A® B)z into the parallel
operation (Ip @ B) followed by the vector operation (A ® IL).

We will also have the inverse and transpose properties as follows:

Theorem 4
8) A® B! = (A'® B"l) .

Theorem 5
9) (A® B) = (A'®@ BY).

2.5.3 Stride Permutations

In this section, we will describe the stride permutations that gives the data
flow required for vectorization or parallelization of a tensor product computa-
tion which plays a crucial role in the implementation of DFT computations.

The M-point stride N permutation matrix P(M, N) is defined by
(10) P(M,N)z®y) = y®=z,

where M = LN and z and y are arbitrary vectors of orders L and N, respec-
tively. The action of P(M,N) on an arbitrary vector z of order M can be
described as follows, take

20 zZN *c Z(L-1)N

z

(11) zZ=1| "
_ZN—l Z29N-1 *°°* 2M-1 A

18



Then P(M, N)z will corresponds to the transpose of Z. Take

(12) Zt = [WoW; --- W],

where ’ . _

(13) wi=| " |, o<i<n,
| Zit(L-1)N |

Then we can compute P(M, N)z by striding through z with stride N. The
result is obtained by

-

Wo

(14) PMN)z = |

L. WN—I o
By using the formula (10) frequently, the algebra of stride permutation

will play an important role on the design of tensor product algorithms.

Example 1

Let y is a 6-dimensional vector of stride 1. Take M=6 and N=2, the

permutation matrix is

100000
001000
P(6,2) = 000010 ’
010000
000100
_0 00001

19



we can find P(6,2)3 = Is, and

Yo
Y2
Ya
hn
Ys
Ys

P(G’ 2)_3!, =

Theorem 6 If M = KLN then
(15) P(M,LN) = P(M,L)P(M,N) .
Prove

Take vectors z, y and z of sizes L, N and K respectively. Then

P(M,LN)(zQ@y®z) = y®z2Qz,

and
P(M,L)P(M,N)(z®y®z) = P(M,L)(2QzQy) = yQz®z,

completing the proof of the theorem.

In particular, from theorem 6 we have

Lemma 2

(16) P(MN,N)™ = P(MN,M).

In (6) of section 2.5.2, we have described that the tensor product (A ® Ir.)

can be vectorized and (Ips ® B) can be parallelized, or both can be combined
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together. If we want to interchange the operations above, an important tool
is the commutation theorem. For a given factorization the commutation theo-
rem gives a procedure to construct different variants which can match special

computer architecture.

Theorem 7 If A is an L X L mairiz and B is an N X N mairiz, then
(17) P(A®B)P™! = B A,

where P = P(M,N) and M = LN.

Prove

Set z = z ® y where z and y are vectors of orders L and N separately.

Then we have

(A®B)(z®y) = Az ® By,
P(A® B)z = P(Az® By) = By® Az.

and
(B®A)Pz = (B A)(y®z) = By® Az,

completing the proof of the theorem.

Corollary 1
(18) P(I,®B)P™' = BRI,

where P = P(M,N) and M = LN.
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as an important application of the commutation theorem, we observe that
(19) A®B = (A® In)P(M,L)(B ® IL)P(M, L),

(20) A®B = P(M,L)(Iy ® A)P(N,L)™ (I, ® B) .

The formula of factorization (19) decomposes (A ® B) into a sequence of
vector operations. The first operates on vectors of size L while the second
operates on vectors of size N. The intervening stride permutations provide a
mathematical language for describing the readdressing between stages of the
computation. In the same way, we interpret (20) as a sequence of parallel

operations.
2.6 Summary

In recent years, the modern number theory plays an major role in designing
the digital signal processing(DSP) algorithms, e.g. the digital Fourier trans-
form algorithm. The topics mentioned above are only the basic knowledge
which will be used frequently in the thesis.

The Chinese Remainder Theorem(CRT) is also an significant topic in
modern number theory. The construction of the Chinese Remainder ring-
isomorphism using idempotents is important to the rest of this thesis. This
construction results in our algorithms having the nice structure and simple
data flow especially for vectorization and parallelization. We will begin to

discuss the details of CRT at Chapter 5.
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Chapter 3

Multiplicative 2-Dimensional
Prime Point (P = 2(3))
FFT Algorithm

3.1 Introduction

In this chapter, we develop a multiplicative two-dimensional P x P Fourier
transform algorithm for a prime P = 2 mod 3. The algorithm is based on
the field structure determined by the irreducible polynomial 22 + z 4+ 1 over
Z/P. While the degree of the polynomial determines the dimensionality of
the Fourier transform, irreducibility determines the prime numbers P. Thus
the theory presented here can be used to generate a family of multiplicative
multidimensional Fourier transform algorithms. Our choice of the case has
been motivated by its application to X-ray crystallography.

The algorithm uses the multiplicative property of the indexing set Z/P x
Z/P. From the initial stage of ordering Z/P x Z/P, the multiplicative struc-

ture is used to control the data flow in the Fourier transform computation.
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(1)

Then the calculation of the DFT is expressed as a set of convolutions which
are more efficient for vectorization and parallel processing. This is an alter-
native to the more usual way of using the additive property. In addition to
finding its advantage in certain architectureé, the algorithm adapts naturally
to processing a data with plane geometric conditions: most notable of such
data is the X-ray diffraction map of a crystal.

For a natural number N, denote by Z/N x Z/N, the cartesian product
of two copies of the fing Z/N. An element of Z/N x Z/N is denoted by
(a1,a2), a1,a2 € Z/N. For a function X defined on Z/N x Z/N, the Fourier
transform of X is defined by

FX(bh bZ) = E X(al, a2)e=12v"i(a1b1+a2b2)
(a1,02)€Z/NXZ/N

Data flow and computational complexity in (1) are controlled by the alge-
braic nature of the indexing set. Indeed, many algorithms have been developed
exploiting the nature of Z/N to arrive at efficient ways of computing (1).

Efficiency of an algorithm should be measured upon implementation. Since
data flow and computational complexity should be changed dependenting on
machine architectures, it becomes important to have several ways of control-
ling them so as to suit them on varying architectures. The difference in data
flow in our algorithm comes from treating Z/P x Z/P for a prime number
P, as a simple object (as opposed to viewing it as the cartesian product of
two copies of Z/P.) As a result, there is no intermediate data transfer stage.
There are two variants of this multiplicative algorithm, called skew-circulant
and circulant structure. By using the block-diagonalization method, the cal-
culation of the Fourier transform is expressed as a set of small convolutions

located diagonally. All blocks are skew-circulant matrices or circulant ma-
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trices which are independent of each other. The number and size of blocks
are controlled again by the multiplicative group structure. These flexibility
and independency are more valuable in the vectorization and parallelization
with different machine architectures. We will start our discussions to simpler
cases. However, with little more analysis on the multiplicative structure of

the indexing ring, the approach can be extended to cover other cases.

3.2 Circulant and Skew-Circulant Matrix

Since the calculation of our new algorithms are made by expressing the
FFT as a set of cyclic convolutions, it is necessary to introduce some concepts
about circulant and skew-circulant matrix before presenting the algorithms.

Considing two vectors X and Y of order N, the cyclic convolution C(k) of
X and Y is the vector of order N defined by

a) Clk) = X+Y = Y X(k—n)Y(n), keZ/N.
neZ/N
Cyclic convolution also can be expressed by the form of matrix multipli-

cation. First we define the N x N cyclic shift matrix S by

1

(2) S = 1 ,
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that is

[ x| [ xwe
X X
(3) sx=s| " | = °
i XN | i Xn—2 ]

Based on the definition of cyclic shift matrix S, we can define another

circulant matrix C by

Xo Xno1 o0 X4
X, Xo - X,
(4) C = . 9
| XN-1 XNz e Xo |

Where C is related to the vector X.
The relation between the cyclic shift matrix S and the circulant matrix C
is

(5) C = XoIn+X1S+-+XnaSV 1 = Y X5,
‘ neZ/N

where SN = Iy.
Now we consider the cyclic convolution C = X #Y . By direct computation
we can find that the NV x N cyclic convolution can be expressed as a circulant

matrix C multiplying the vector Y, that is
(6) C=X+Y = CY.

A skew-circulant matrix ¢ compared with the circulant matrix C is defined
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(o))
I

(7)

Xo Xi
X1 X,
| Xva1 Xo

- Xn-1

© XNz |

Xo

The skew-circulant matrix € can be expressed by circulant matrix C by

(8)

¢ = C§,

where S is the N x N skew-cyclic shift matrix defined by

T

(9)

that is

(10)

<
I

U

1

| Ha |

X3

By (9) it means that a skew-circulant matrix €' can be changed into the

multiplication of a circulant matrix C and a skew-cyclic shift matrix S.

For computing the multiplication of €Y, we can calculate the permutation

SY first, then we compute the cyclic convolution C(SY). That is

(11)

CY = C(3Y).

Since the permutation SY is expensive sometimes, we will develop another

method to block-diagonize the skew-circulant matrix € to get more efficient
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results for different machine architectures. This will be discussed in section

3.6.

3.3 Field of P? Elements for P = 2(3) and Fourier Transform Matrix

The polynomial 22 + z + 1 is irreducible over Z/P for P = 2(3) [19]. Set
p = exp(—27i/3). Then p*+p+1=0and Z/P[p] is a field with P? elements;
i.e., the nonzero elements of Z/P[p] form a cyclic group under multiplication.

Let ~ be a cyclic generator. Then

(1) 1=70777 72""71’2-2

are the distinct nonzero elements of Z/P|p]

A generator v of U(P) can be found satisfying

(2) p=17", n=(P-1)/3.

where U(P) is the multiplicative group of nonzero elements of Z/P.
An element a € Z/PJp] can be written uniquely as a; + paz, a1,a, € Z/P.
Arithmetic in Z/P]p] is defined by

(3) (a1 + paz) + (by + pb2) = (a1 + b1) + p(az + b2) .

(a1 + paz2)(by + pb2) = aiby — azbs + p(azb; + a1bs — azbs) .
Define a mapping ¢ : Z/P[p] — Z/P by

4) ¢(ay +paz) = a; .
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Observe that
(5) ¢(a+b) = ¢(a)+ 4(b),

¢(ab) = a161 - azbz .

Lemma 1l

(6) ¢(ab) = ¢(ba) .
This follows from the commutativity in Z/P[p].

Lemma 2
(7) AP =1

Proof of this can be found in any text book on algebra. .

For a function X defined on Z/P x Z/P, the Fourier transform of X is

(8) FX(bla _b2) = Z X(al, a2)6=§’_ﬁ(albl—a2b2)
(s1,02)€EZ/PXZ/P

= Z X(a1,az)e =Fd(ab) |
(a1,02)€Z/PXxZ/P

The function X and its Fourier Transform FX can be viewed as column
vectors once Z/P x Z /P is ordered. To this end, note that (a;,a;) € Z/P x
Z [P corresponds uniquely to a;+pas € £/P[p]. Hence an ordering of Z/P[p]
will yield an ordering for Z/P x Z/P.

Take the ordering by U(P). Now we may view the function X defined on
Z/P x Z/P and its Fourier transform FX as column vectors, and represent

(8) in terms of matrices as
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(11 ...... 1]
Y (0 ! |l xo0
®) [ ;’} - |: we [ X(_)]
1
L 1 R
where ,
(10) W(P) = [w¢(~/f+*) ]0<j,k<P2-1 ,

and the element 0 € Z/P[p] has been placed in front of U(P). For the rest of
our discussion, we ignore 0 € Z/P[p]. (We can place this at the last stage of

computations.)

3.4 New Algorithm with Skew-Circulant Structure

We will now to derive W(P) depending on different ordering on Z/P x
Z/P.

Lemma 1 Teke P is prime number. For P = 2(3), P? —1 is divisible by 12.
Prove

For P =2(3),i.e. P=3k+2,k € Z, wecan find P2—1=(P—-1)(P+1)
is divisible by 4. For P = 3k 4+ 2, then P2 — 1 = 3(3k? + 4k + 1). It means
that P% —1 is divisible by 3. So for P = 2(3), P? — 1 is divisible by 12.

Set m = E=L and n = 2m. Also set w = exp(—2). We will need the
following properties of generator v and the mapping function ¢, all of which

are easy to show.
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P2_1

1) Pr =7 =-1,
(2) (™) = —4(v7),
(3) WP — (w“’("j))* .

where * denotes the complex conjugation.
Variant 1

By lemma 1, for P = 2(3), P%2 — 1 is divisible by 12. Take m = 1—’%‘—1, and
define the set

(4) S = {¥%77% -,

Thus we have that 1,4°™ is the quotient of U(P)/S and
(%) UP) = Su~*"S

View S as ordered by (4). This ordering can be used to order 4*™S. Thus
the ordering of U(P) is obtained by putting S; y*™S. We will denote by R(P)
the group U(P) with this ordering. Now examine the matrix W(P). set

~2mi

w=evPF .

Theorem 1 W(P) is of the form

A B

©) B 4

?

where A and B are 3m x 3m matrices with A = B*. The conjugate of B is
denoted by B*.
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Proof

Let

weey=| b
3 4

where W;, 1 <: < 4 is an 3m X 3m matrix. For 0 < k,! < 3m, denote the
k-th row I-th column entry of an 3m x 3m matrix W; by W;(k,!). Then using

A Wz}

the properties of generator v and the mapping function ¢ shown in (1)-(3),
Wik, 1) = w7 = 0P = 60 — Wy (&, 1) .
Wa(k, 1) = w?F™7™) = #lr®mr™H)
By Lemma 1 of section 3.3, Ws(k,!) can be changed to
Wa(k,l) = w®™"™) = Wy(k,1).

This structure of W(P) is known as block-circulancy.

Let us now examine each of the blocks A and B.

By the properties of ¥ and ¢ showed in (1) to (3), we know that y(3™+9) =
—+7. So matrix A equals to the conjugate of B, that is A = B*. W(P) will
be 2 x 2 block circulant matrix with A = B*

A A
A A

?

W(P) =

where * we mean complex conjugation.

Corollary 1 In matriz W(P), each submairiz A and A* is conjugate skew-

circulant matriz.

Prove
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Denote the k-th row I-th column entry of the 3m X 3m matrix A by A(k,1).
Then using the properties (1)-(3),
(1) For0 < k,l <3m -1,

Ak, 1+ 1) = W) e(a(kHDH) A(k+1,1),
(2) For1 £k < 3m,
A(k,3m — 1) = wt*771) = B 0"1m) — 7 = Ak —1,0)"

hence A is conjugate skew-circulant matrix. Since A* is the conjugate of A,

A* is also a conjugate skew-circulant matrix.

Corollary 2 If matriz W(P) is 2 x 2 conjugate block-circulancy

A A

(1) wey= |7

b

where A 1s a conjugate skew-circulant matriz, then W(P) i3 a skew-circulant

matriz.
Prove

We know that W(P) is 6m x 6m matrix,

A A
A A

W(P) = [

We can rewrite
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do,0 s a9,3m-1 ap,3m v ap,6m—1

aio Lo a1,3m-1 ai3m cee al,em~1
a3m-10 °** a3m-13m-1 | @CB3m~-1,3m °*'° 43m-16m-1

W(P) = ’
Q3m,0 ve a3m,3m—~1 a3m,3m ce a3m,6m—1
a3m+1,0 °°° A3m+13m—~1 | A3m+1,1 °°* d3m416m-—1
Gem-1,0 °°° @em-13m-1 | G6m—1,3m *°° O6m-1,6m-1 |
2_
where m = £=1,

6
. . ™ gk
Now we look at the matrix W(P). Since ao0 = a3 3,, and @oam = @] gp—1,

hence ap = @1,6m—1. In general
— »* . — *
@i = Gz, ai3m = Gi116m—1

and

a0 = Ci416m-1 , 0<i<bm-1,

and

Ai; = Qi-1,541 15z<6m,0$]<6m.

Hence W(P) is skew-circulant matrix.

Variant 2

For P = 2(83), P? — 1 is divisible by 12. Set m = % and n = 2m. The

element 7 is of order n and generates the subgroup

(8) S = {1°,~%,5,- -+, 4301}
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For the simplicity of presentation, we will assume that n is not divisible by
3 again.(i.e., that P? — 1 is not divisible by 9. Otherwise the method we
present here can be modified to yield the desired results.) Thus we have that
{1,4",4%"} is the quotient of U(P)/S, where U(P) is the multiplicative group

of nonzero elements of Z/P[p], and
(9) UP) = SUASU~"S .

View S as ordered by (8). This ordering can be used to order 4™S and 4%"S.
Now, the ordering of U(P) is obtained by putting S;~"5;+?"S. We will also
denote by R(P) the group U(P) with this ordering.

Theorem 2 W(P) will be of the form

A B C
(10) B C A
C A B

where A, B and C are n X n matrices.

Prove
Let
W, Wo W3
W(P) = | W, Ws We |
W, Ws Wy

where W;, 1 <1 <9 is an n X n matrix. We will show that W; = Wg = Ws.
The other cases are proved in exactly the same way. For 0 < k,! < n, denote

the k-th row /-th column entry of an n X n matrix M by M(k,1),

We(k, 1) = wPOPPERRARN) R (PR Wi(k, 1) .
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In view of Lemma 1 of section 3.3, this is also Wy(k,!), completing the theorem
2.

This structure of W(P) is known as block-skew-circulancy.

Let us now examine each of the blocks A, B and C. We will use the
properties of v and ¢ of (1)-(3).

Now observe that S’ can be decomposed into

(11) Sl = {70’ 737 e 73(171—1)} ’

(12) S, = {'yam, 73("‘+1), e ,.',3(n—1)} i
(13) 5'2 = 73mSI — _'Sl .

The n X n matrix A can be decomposed as

(14) A=

A1y | Ar
Az | A2
where for ¢,5 = 1,2, A;; is the submatrix of A corresponding to the row

indexing by S; and the column indexing by S;.

Observations
1. Al,l = A2,2
2. A1,2 - A2,1 = AI,] .
We now have that
c, Cr
(15) A=t
C]_* C]



with m X m matrix C; corresponding to the indexing set S;.

In exactly the same way, we can show that

C2 C; Ca Cg
C: C, C: Cs

We will refer to the above structure as conjugate skew-circulancy.

(16) B =

?

Thus, W(P) is of the following structure.

c, c:lc, cles o]
c: ¢ | clor ¢
¢, c:les cile o
o ¢ lor os|er a
Cs C3|C, Cy|C: C
C; G|Cr ai|Cs G

(17) W(P) =

Corollary 3 In matriz W(P), each submatriz C,, Cs, Cs and C}, C3, C3} is

conjugate skew-circulant matriz.
Prove

Denote the k-th row I-th column entry of an m X m matrix C; by Ci(k, 1),
Then using the properties (1)-(3),
(1) For 0 < k,l<m—1,

Cl(k, I+ 1) = W¢(73k+3('+1)) = w¢(’73(k+1)+3') = Cl(k +1, l) ?
(2)Forl1<k<m
Cl(k, m — 1) - w¢(,73k+3(m-1)) — w¢(,73k—3,13m) — w_qg,(,ya(k-l)) — Cl(k _ 1’ 0)* ,
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hence C) is conjugate skew-circulant matrix, the same as C; and Cs. Since
each matrix C}, C; and C} is conjugate of C;, C; and Cj; separately, it is also

conjugate skew-circulant matrix.

Corollary 4 The submatrices A, B and C of the matriz W(P) are skew-

ctrculant matrices.
Prove

‘We know that

c, C;
c: G

where C] is conjugate skew-circulant matrix by corollary 3. Since Ais 2 x 2

A=

conjugate block-circulancy and by the corallory 2 it is a skew-circulant matrix.

Similarly the matrices B and C are also skew-circulant matrices.

3.5 Computation with Skew-Circulant Structure

Based on the skew-circulant structure derived from the above, we will
apply the matrix tensor product formulas to develop the block-diagonalization

method.

Theorem 1 For k x k block skew-circulant matriz

Do Dy -+ Dga

(1) W o= Dy, Dy --- Dy

| Diey Do -++ Di
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where W is jk X jk metriz and D; is j X j matriz, 0 <1< k. then
1 k-1
(2) W = - (F"(k)® L)(D Hua) (F () ® L) ,

=0

where

k-1
Hyy = Do+ p'Dy+ p®Dy + - 4+ p* VD, _, = S ™D, .
=0

where 0 < m < k and p = e~?"/%, F(k) is one-dimensional k-point Fourier

transform and % is the complez conjugate. I; is the j X j identity matriz.
Prove

First we define the k£ X k cyclic shift matrix S by the rule as before,

Xo Xi-1
X X
s -1 _ '0 ,
| Xk | | X2 |

and the skew-cyclic shift matrix § by the rule

[ Xo ] [ Xo ]
S e I
| Xk-1 | i X1 |

Then W can be expressed by

B) W = IS®Do+(S5)®D,+525@ D, +---+5'5® D,
k-1

= Z(Sl.g') ®D;.

=0
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| By direct computation we can find that
(F(k) ® L)(1:S) ® Do)(F(k) ® I}) = (F(k)SF(k))® Do

k-1
= k @ pm'oDo s
m=0

and
(F(k) ® L;)((S8) ® Dy)(F(k) ® I;) = (F(k)(SS)F(k)) ® Dy

k-1
=k @ [,l,m'lDl )

m=0

following this way we can find

(@) (FR)®L)X(S'S) @ DYFR) 1) = (FRXS'S)F(E)® D
= k%pmlpl 0<I<k.

m=0

Now We compute the summation of (4) for ! from 0 to £ — 1 and compare

with (3) we have

k-1 k-1
FH L)W (FH L) = k@ > 4™D;.
m=0 =0
Finally we get
1 k-1 k-1 . "
W = ;(F*(k)®fj)(€BNZu’" Di)(F*(k)® I;)
m=0 [=0

completing the prove.

From theorem 1 we have the corollaries for W(P) of variant 1 and variant

2.

Corollary 1 For 2x2 block circulant matriz W(P), where A and B are nxn

matrices,

A B

(5) W(P) = B A

?
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where W(P) is 2n X 2n matriz, then

A+ B

1
® WP = FQeL) .

] (F(2) ® I.)

1 H, |
= 5(F(2) ®I,.)[ i, ] (F(2) @ I) -

1
where F(2) = is the one-dimensional 2-point Fourier transform
1 -1
matriz and I, is the n X n identity matriz.

Since A and B are skew-circulant matrices and B = A*,so H = A+ B =
A+ A* will be pure real skew-circulant matrix. However H, = A— B = A— A*

will be pure imaginary matrix and has the structure like

[ ho hy - hay |
h hy -+ —=h
) H, = .1 2 0
| Ani —ho -+ —hn

We call the matrix H, as a negative-skew-circulant matrix. It can also be
changed into a skew-circulant matrix again. We will describe the eflicient
methods of computation of the skew-circulant matrix in section 3.6.

Denote the 3-point Fourier transform matrix

1 1 1
(8) 1 p p?
1 p? p

=2n3

by F(3), where = =5 .
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Corollary 2 For 2m x 2m matrices A,B and C, let p = e denote a

primitive cube root of 1 and n=2m

A B C
9) WE)=|B c 4
C A B
then
A+B+C
w(P) = %(F‘(3)®I,.) A+ pB + p (F*(3)® I,)
A+ p?’B+puC
H;
1
(10) = 3 (@8 L) H, (F*(3)® I.) .
H;

where F(3) is the 1-dimensional 3-point Fourier transform matrix and I, is the n x n

identity matrix.
Observations

According to the corollary 4 of section 3.4, the matrices A, B and C
are skew-circulant matrices. Since the matrices Hy, H, and H3 are linear

combinations of skew-circulant matrices A, B and C, Then the matrices

(11) H, = A+B+C,
(12) H, = A+ uB+p*C,
(13) Hy = A+ u’B+uC,

are skew-circulant matrices.
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Conjugate-skew-circulancy of H,;, H; and Hj also comes from the fact that
they are linear combinations of conjugate-skew-circulancy of matrices A, B
and C. Thus we may repeat our procedure with H;, H, and H; to further

decompose the matrices. For example

Hy Hye
Hy Hp

Ci+C:+C3 Cy+C3+C3
Cr+C3+C; Cy+Co+Cs

Hll + Hfl

= %(F(Z) ® In) (F(2)® In) ,

Hy — Hyy
where Hy; + Hj, is real skew-circulant matrix of cosine function and Hy; — HY;
is negative-skew-circulant matrix of pure imaginary of sine function which can

be changed to skew-circulant matrix again. Similarly H,; and H3 also can be
diagonalized further like H;.

Here, we have introduced the method of computation for skew-circulant
structure, namely, block-diagonalization. The method of block-diagonalization
derived from the multiplicative structure has the following advantages.

1. Using the group theoretic structures, one arrives at skew-circulant
blocks of varing sizes. This flexibility is valuable in matching the vector reg-
ister sizes in vector facility.

2. Since the skew-circulant blocks are located diagonally, they are inde-
pendent of each other. This independency lends easily to parallel processing
with multi-processors. (The number and size of skew-circulant blocks are

controlled again by the multiplicative group structure.)
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In following sections we will describe the methods for computing the skew-
circulant matrix and the twiddle factor (F*(3)® I,,) or (F(2) ® I,,) in different

machine architectures.

3.6 Computation of Skew-Circulant Matrix

In this section we will describe the method how to compute the multipli-
cation of a n x n skew-circulant matrix € with a vector of order n which has
been appeared in this chapter before.

First we can use well-known convolution theorem [20]. By (9) of section

3.2 we change the skew-circulant matrix € to the circulant matrix C by

(1) ¢ = CS§

where § is the n x n skew-cyclic shift matrix shown in (10) of section 3.2.
Then we can use the convolution theorem since the multiplication of the

n X n circulant matrix C with a vector of order n is the cyclic convolution. It

means that the n x n skew-circulant matrix can be computed by using n-point

Fourier transform. By convolution theorem we have

(2) C = F(r)'DF(n),

where F(n) is the n-point Fourier transform matrix and D is a diagonal matrix
(3) D = diag(F(n)C) .

where C is a vector of the first column of C.
Observe that
(4) F(n)§ = F(n)* = nF(n)™,
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hence we can compute the skew-circulant matrix € directly by

(5) C = C8§ = F(n)'DF(n)S = nF(n)"'DF(n)™" .

the above formula (5) is expressed as inverse Fourier transform matrix F(n)~1.

It also can be expressed as forward Fourier transform matrix F(n) by
(6) ¢ = F(n)D'F(n),
where D' is the diagonal matrix determined by

(7) D' = Zdiag(F'(n)C) -

Secondly, we will present the block-diagonalized method which block-
diagonalize the original skew-circulant matrix to a variation of the convo-
lution theorem via the matrix tensor product formulas. Let € is n X n matrix
and n = 2%g. By the block-diagonalized method of theorem 1 of section
3.5, we can decompose the matrix ' by a steps. Each step will produce
2 x 2 block-diagonal matrix, one is skew-circulant matrix again and another
is negative-skew-circulant matrix.

The negative-skew-circulant matrix can be changed to the skew-circulant

matrix again by the following ways:

(i) I G is a n X n negative-skew-circulant matrix,

9o 91 Gn-1
g1 g - -G
(8) ¢=|"* ,
| gn-1 —4ga —Gn-2 ]
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then it can be diagonized as follows,

1 90 -p""1g —Bgn-1 1
G B -p"lgy —p""2ga 90 B
ﬂn—l —Bgn-1 g0 _ﬁzgn—2 ﬂn_l
©)
where " = —1. After diagonalized, the middle matrix is a skew-circulant matrix
again.
When 7 is odd number, it will be very easy since § = —1 now. Thus the formula
(9) has been changed to
1 11 %0 -a gn-1 |
G- -1 —:fh 92 go -1
R 1 J L 91 9o —gn-2 | L 1 i

(ii) When » = pqg = 2%q, G can be rewrited as a block negative-skew-circulant

D,y
—Dg

“Dq-—2 J

where D; is P X P matrix. Then G can be changed to block skew-circulant matrix

matrix,
[ D, Dy
(10) = | > P
| D1 —Do

again,
[ I, 1[ Do -D
w-| [
| I || Dgr Do




(iii) The matrix G can be changed to the difference of one skew-circulant matrix

G’ and another special matrix, named the triangle matrix T,

go 91 *** Gn-1 ¢ 0 ... 0
0 0 ---
(12) G=G —T= !].1 92 g0 _a| 9o
| gn—1 Go °°* Gn-2 | | 0 90 - gn-2 |

The skew-circulant matrix ¢’ which has appeared in our algorithm is either pure
real number or pure imaginary number. The trade-off of method (i), (ii) and (iii)
is dependent on different kinds of skew-circulant matrices and the different machine
architectures.

There are several algorithms for computing with skew-circulant matrices. By
incorporating the different methods of computing skew-circulant matrices to the ma-
trix W(P), we can get our efficient multiplicative algorithm for different machine

architectures.

3.7 Computation of (F(2) ® I,) or (F*(3) ® I,)

Applying the tensor products and permutations which has introduced in
section 2.5, we can get the method of vector or parallel operations for the
computations of (F'(2) ® I,) or (F*(3) ® L,).

We know that F(2) is the one-dimensional 2-point Fourier transform ma-

trix and F*(3) is the conjﬁgate of 3-point Fourier transform matrix

1

1
(1) F(2) = i ' , F*@®) = |1
1

= =

k|
"

=

where p = ¢=5™ and * is the complex conjugation.

47



Let I, is the n x n identity matrix, then (¥(2) ® I,,) will be 2n X 2n matrix

1 1 I, I,
F2)I, = @I, =
1 -1} I, -I,

1 1 ]

(2) =

1 -1
By commutative law of the tensor products mentioned in theorem 7 of sec-

tion 2.5, the tensor product (F(2)®1,) or (F*(3)®1,) can be interchanged into

another forms (I, ® F(2)) or (I, ® F*(3)) which are better for parallelization.

That is

(3) FQ)® L = P(I.® F(2))P™",

where P and P~! are permutation matrices, P = P(2n,2) and P~! = P(2n,n),
P-1 s the inverse matrix of matrix P. (I, ® F(2)) is the direct sum of n copies
of F(2), i.e. it is a block diagonalized matrix of dimension 2n with each block

is F(2). Its structure is given by

| F(2)

@) LOF(@) = e ,

F(2) |
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Similarly the structure of I, ® F*(3) is given by

[ F=(3)

(5) I, ® F*(3) = F(3)

F(3)

3.8 An Example

We will go through our algorithms using computation of the 2-dimensional
5-point Fourier transform as an example. The indexing set Z/5 x Z/5 will be
identified with the field Z/5[p]. v = 1 4 4p is a generator of the multiplicative

cyclic group of nonzero elements of Z/5[p).

7=1+4p B =44p
7 =2p 7 =3p

v¥=2+4+4p ¥ =3+p
yi=1+p e =4+4p
Y¥=2+p Y"=3+4p
7'=3+20 Y =2+4+3p
"=p 70 =4p

YP=14+2p Y2 =4+4+3p
7°=3+3p %=2+2p
T=1+3p 1¥=4+2
412 =4 A =a0=1

The input and output data will be ordered by the above.
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Now the two-dimensional finite Fourier transform of X is

X(0)
(2) Y=w@Ex+| : |,
X(0)

W(5) with respect to the multiplicative ordering is

(3) W(5) = [ ) ]

0<j,k<24

where w = e~27/5,

Variant 1

The indexed set R(5) is obtained from {77}, with j taken from the following

ordered set,

{0,1,2,3,4,5,6,7,8,9,10,11; 12,13,14,15,16,17,18, 19, 20, 21, 22,23; } .

Then we have

@) W) = [ 4 4

A A

’

where W(5) is 2 x 2 block skew-circulant matrix and A and A* are conjugate

skew-circulant matrices,
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w 1 w? w w? WP ow w wd w
1 w? w w? W WP w W ow wt
1 w? w w? W W3 w W w wt Wt
w w w W Wl w W ow wtowt 1
w w? W Wl w W ow wt wt 1 W8
5) 4 w? W Wl w Wi ow wtowt 1 Wi ot
Tt Wt 1l w W ow Wt oWt 1 w® wt W]’

WPl w W ow w?t oWt w? Wt ¥ W2
w & w ow! Wt 1 W oWt Wl W? W?

w W ow ow? w1 W oWt Wl w? o Ww? 1

€
[
€
[
€
w
€
[S)
€
N
—
€

wd w o owt Wt 1

w wt w1l Wl Wt Wl w? o Ww? 1 Wt Ww?

and A* is conjugate of A.
Applying corollary 1 of 3.5 to W(5), we have

H,

©®) W) = 5(F(2)8 ko) (F2)® z),

2

where Hy = A + A* is skew-circulant matrix of pure real number. H, = A — A* is

negative skew-circulant matrix of pure imaginary. It can be diagonalized again.

Variant 2

Now we choose the another ordering of indexing set R(P) from {y7}, with
j taken from the following ordered set,

{0,3,6,9,12,15,18,21; 8,11,14,17,20,23,26,29; 16,19,22,25,28,31,34,37;} .
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Then we have _

C, Ci|C: C3(Cs C3
Ci C1({C3 C2|C35 C3
) W(s) = C; C3{Cs C3|Cy C} ,
C; C({C C3|Ct 1
Cz3 C§{C1 Cf|C; C3
| C3 Cs|CY C1|C3 C |

W (5) is block skew-circulant matrix where C, C; and C; are conjugate skew-circulant

matrices,

w w W w 1 w 1 wt W W w

w oW ow Wt w 1 W W v w
2 = , C2 = , Ca =
(pl WP ow wt Wl 2 1 w1 ot : W w w W

w wt W W? W 1 w1 w w W W
Applying the corollary 2 of 3.5 we get

H,
1
® W) = AF@enl|  m | FO)eh,
H3

where Hy, H, and H3 are skew-circulant matrices.

H=A+B+C=

C1+C2+C3 Cf+C3+C3
CI+C34+C5 Ci4Ca+Ca

Ci+uCs+p2Cs  Ct + pCh + 13C3 ]

Hy=A+pB+ p?C =
Ci +uCs + p2C3 C1+ pCs + p2Cs

and

Cy 4+ 12Ca+ pCs  Ci + p2C4 + uCs ]

Hs=A+ p2B+puC =
Ct +p2C3 + pC§  Cr+p*Car+ pCs
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Since Hy, H2 and Hj .are conjugate-skew-circulancy, it can be block-diagonalized

further to get more efficient results.

3.9 New Algorithm with Circulant Structure

In the above sections of this chapter we have developed a multiplicative
P x P two-dimensional Fourier transform algorithm for a prime P = 2 mod 3
which has a block-diagonal structure with each block of skew-circulant matrix.
The algorithm is based on the field structure determined by the irreducible
polynomial z2+z+1 over Z/P for P = 2 mod 3. Efficient algorithm should be
measured upon implementation. Data flow and complexity of Fourier trans-
form are controlled by the algebraic nature of the indexing set Z/P x Z/P.
It is reasonable to have several ways of controlling them so as to suit them
efficiently on varying architectures.

From this section we will use the same multiplicative property of the in-
dexing set Z/P x Z /P, which is used to control the data flow in the Fourier
transform computation. But the difference is that we will use another kind of
initial stage of ordering Z/P x Z/P. After that we will get a circulant struc-
ture which has block-diagonal structure with each block of circulant matrix.
This is an alternative to the skew-circulant structure described in the above
sections. We know that the multiplication of a P x P circulant matrix and
a vector of size P is the matrix form of cyclic convolution. There are many
efficient algorithms we can use to calculate the cyclic convolution on different
machine architectures [1,13,23]. This is one of the reasons why we want to
find circulant structure comparing with skew-circulant matrix. After that we
can use the existing efficient algorithms of cyclic convolution to compute a. set

of circulant matrices which located diagonally.
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Now we will take quick review on the field of P? elements for P = 2(3)
and Fourier transform matrix as mentioned in section 3.3. For P = 2(3)
the polynomial z? 4 z + 1 is irreducible over Z/P. Set p = exp(—2mi/3).
Then p?+ p+1 =0 and Z/P|p] is a field with P? elements; i.e., the nonzero
elements of Z/P|p] form a cyclic group under multiplication. Let v be a cyclic
generator. Then
W 1=9%%7% 7
are the distinct nonzero elements of Z/P|p].

An element a € Z/P|p] can be written uniquely as a; + pag, a1,a2 € Z/P.
Arithmetic in Z/P[p] is defined by

(2) (a1 + paz) + (b1 + pb2) = (a1 +b1) + paz + b2) .

(a1 + paz)(br + pb2) = a1by — azbs + p(azby + a1bz — azby) .
Define a mapping ¢ : Z/P[p] — Z/P by

(3) a1+ paz) = a1 .
Observe that
(4) pla+bd) = ¢(a)+4(b),

¢(ab) = a1b1 it a262 .

Then we have the same properties of generator v and the mapping function

¢ are existed as (5),(6) of section 3.3 and (1)-(3) of section 3.4.
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For a function X defined on Z/P x Z/P, the Fourier transform of X now

is

(5) FX(bl, —bz) = E X(al, az)e%ﬂ(albl_aﬂw)
(a1,02)€EZ/PXZ[P

= Z X(ay, ag)e%ﬂ'ﬁ(“b) .
(al,ag)EZ/PXZ/P

Note that (a1,a2) € Z/P x Z [P corresponds uniquely to a; + pa, € Z/P[p).
Hence an ordering of Z/P[p] will yield an ordering for Z/P x Z/P. Take the
ordering by U(P), where U(P) is the multiplicative group of nonzero elements
of Z/P|p].

Now we may view the function X defined on Z/P x Z/P and its Fourier

transform FX as column vectors, and represent (§) in terms of matrices as

1 1 cevees 1
1
Y(0) : X(0)
©6) v | = 1 W(P) PR
L 1 o
where
(7) W(P) = [w¢w+*) ]0<j,k<P2—1 ,

and the element 0 € Z/P|[p] has been placed in front of U(P). For the rest of
our discussion, we ignore 0 € Z/P[p]. (We can place this at the last stage of

computations.)

Variant 1
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We assume already that P is a prime number and P = 2(3). By the lemma
1 of section 3.4, P2 — 1 is divisible by 12. Set m = 26;1-, and define the set

(8) S = {1 17% ")
Thus we have that 1,4%™ is the quotient of U(P)/S and
(9) U(P) = SU+*™S.

We can rewrite the set S as

(10) S = {7y}
Then U(P) can be rewritten as

(11) UP) = y¥*"S'US".

View S and S’ as ordered by (8) and (10). These orderings can also be used
to order 4°™S and 4*™S’. We will denote by R;(P) with S;4°™S and R,(P)
with 43™S"; S’ instead of the original U(P). We order the column indexing
by Ry(P) and order the row indexing by R;(P). Now we examine the matrix
W(P).

Theorem 1 W(P) is of the form

A B

(12) B 4

’

where A and B are 3m X 3m conjugate circulant matrices with A = B*, The

conjugate of B is denoted by B*.

Proof
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Let

YE =W w
3 4

where W;, 1 <7 < 4 is an 3m X 3m matrix. For 0 < k,l < 3m, denote the

W, Wz]

k-th row [-th column entry of an 3m x 3m matrix W; by W;(k,[). Then using
the properties of generator v and the mapping function ¢ shown in (1)-(3) of

section 3.4,
W4(k, l) — w¢(16m—1—k13m,yl) = w¢(13m,ysm—l—k,yl) — W]_(k, l) .

Ws(k, l) — w¢(,yem—1—k,yl) = w¢(,.'3m,78m—1—k13m,yl) — Wz(k’ [) i
This structure of W(P) is known as block-circulancy.

Let us now examine each of the blocks A and B.
By the properties of v and ¢, we know that y(®™+/) = —44, Thus matrix

A equals to the conjugate of B, that is A = B*. W(P) will be 2 x 2 block
circulant matrix with A = B*, that is

A A

A A7

Now we look each submatrix A and A*. Denote the k-th row [-th column
entry of the 3m x 3m matrix A by A(k, 1),
(1) For0 < k,l < 3m —1,

W(P) =

where * we mean complex conjugation.

Ak + 1,1 4+ 1) = wHPmProi-60g) _ gimapmaih) _ g
(2) For0<i<3m—1,
ABm -1, = I o G i) W T LR I T2 A(0,141)",
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hence A is conjugate circulant matrix. Since A* is the conjugate of A, A* is

also a conjugate circulant matrix.

Corollary 1 If matriz W(P) is 2 x 2 block-circulancy, that is

(13) weey = | 20

where A and A* are conjugate circulant matrices, then W(P) is e circulant

matriz.
Prove

We know that W(P) is 6m x 6m matrix,

A A
w(P) =
A* A
We can rewrite
Qo0 do,1 T ao,3m-1 Q9,3m v a0,6m-—1
a3m-1,0 43m-1,1 °**'° A3m-1,3m-1 | TC3m~13m °*°° A3m-1,6m-1
W(P ) == ]
a3m,0 a3m,1 **r  a3m,3m-1 asm,3m *** Q3mem-—1
| ®6m-1,0 Q6m-1,1 °°*° a6m-1,3m-1 | C6m-13m °°° a6m-1,6m—1
2 _
where m = 1—’—6—1-.

Now we look at the matrix W(P). Since aoy = a3,,; and azm, = g, 0,

thus @p1 = @gm-1,0. In general
- ‘——— * . — *
Qo,; = Q3ppj a3m,; = Qgm—1,j-1 »
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we have

do,; = Qgm-1,-1, 1<j)5<6b6m,

and

ai; = Qi-1j-1 15i<6m,1$j<6m.

Hence W(P) is circulant matrix.

Variant 2

For P = 2(3), P? — 1 is divisible by 12. Set m = £~ and n = 2m. The

element 43 is of order n and generates the subgroup
(14) S = {70’ 737 767 T 73(n—1)}

For the simplicity of presentation, we will assume that n is not divisible by
3 again.(i.e., that P2 — 1 is not divisible by 9. Otherwise the method we
present here can be modified to yield the desired results.) Thus we have that
{1,7™,9**} is the quotient of U(P)/S, where U(P) is the multiplicative group

of nonzero elements of Z/P[p], and

(15) U(P) = SU4"SU~™S.
Now we rewrite the subgroup S as

(16) §' = {0,450, %90

Then U(P) can be rewritten as

17 UP) = ¥*S'uy"s'us'.

View S and S’ as ordered by (14) and (16). These orderings can be used to
order 4*S,4?*S and y2"5’,4"S’'. We will denote by R,(P) with S;4"S;y*"S
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and R,(P) with 42"5';4™S’; S’ instead of the original U(P). We will order
the column indexing by R;(P) and order the row indexing by Ry(P). Now we

examine the matrix W(P).

Theorem 2 W(P) will be of the form

AC B
(18) | . |B AC
C B A

where A, B and C are n X n matrices.

Prove
Let
W1 Wz W3
WEP) = | W, We Ws |,
W, Wg W,

where W;, 1 < i < 9 is an n X n matrix. We will show that Wy, = W = W.
The other cases are proved in exactly the same way. For 0 < k,! < n, denote

the k-th row [-th column entry of an n x n matrix M by M(k,1),

Wg(k, l) — w¢(12n73(n—1)—3k,yn,ysl) — w¢(,13(n—1)—3k+3l) — W7(k, l) .

In view of Lemma 1 of section 3.3, this is also Ws(k, ), completing the theorem
2.
This structure of W(P) is known as block-circulancy.

Let us now examine each of the blocks A, B and C. We will use the
- properties of v and ¢ of (1)-(3) of section 3.4 again.

Now observe that S can be decomposed into
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(19) Si = {1% 43, -+ 3D}
(20) 5’2 — {73m, 73(m+1), e 73(,1_1)} )

(21) Sz = 73"‘5'1 = -—Sl .

and S’ can be decomposed into

(22) S{ = {73(71—1), 73(n—2)’ Tty 73m} )
(23) S; = {73("1—1)’ 73(m—2)’ %y 70} ’
(24) Sl =4Sl = —g!.

The n X n matrix A can be decomposed as

A A
(25) A= b i
Agy | Az

where for ¢,j = 1,2, A;; is the submatrix of A corresponding to the row

indexing by S; and the column indexing by S’.
Observations

1. Al,l = Az,g

2. A1,2 = A2,1 = A;,l .
We now have that

¢, C:

(26) A=
C]_* 01
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with m X m matrix C) corresponding to the indexing set S; in row and 42"5]
in column,

In exactly the same way, we can show that

(27) B=|% G
C; C,

We will refer to the above structure as conjugate circulancy.

Cs C:
c: Cs

!

Thus, W(P) is of the following structure.

C, C{|Cs C3|C: C3
c: ¢ ler clc c
C, C;|Cy Cy|Cs C
c: Gler alor o
¢, c:le. crle o
c: G l\C: GO G

(26) W(P) =

Corollary 2 In matrizc W(P), each submatriz C1, C2, C3 and C}, C3, C3 is

conjugate circulant matriz.
Prove

Denote the k-th row [-th column entry of an m x m matrix C, by Ci(k, 1),
(1) For0 < k,l<m—1,

Colk+ 1, 14 1) = Wbl POD-sDeD) _ plmdnodosiodly _ g 1y

(2) For0<l<m-—1,

Cy(m —1,1) = w¢(,yzn,ya(n-1)-a(m-1),,al) — w_¢(,yzn,ya(n—1)-y3(x+1)) = C1(0,1 + 1)*.
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hence C; is conjugate circulant matrix, the same as C; and Cs. Since each
matrix Cy, C3 and C3 is conjugate of C1, C, and Cj; separately, it is also the

conjugate circulant matrix.

Corollary 3 The submatrices A, B and C of the mairiz W(P) are circulant

matrices.
Prove
We know that
A= C, C}
ct G

Since A is 2 X 2 conjugate block-circulancy, by the corallory 1 it is a circulant

matrix. Similarly the matrices B and C are also circulant matrices.

3.10 Computation with Circulant Structure

Based on the circulant structure derived from the above, we will apply the

matrix tensor product formulas to develop the block-diagonalization method.

Theorem 1 For k x k block circulant matriz

[ Dy Du, --- Dy
1) we| PP

| Dis Dy - Do |
where W is jk X jk matriz and D; i3 j X j matriz, 0 <1 < k. then
@ W = HE® e L)@ Hi) B8 1),
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where

k=1
Hyy = Do+ p'Dy +p#Dy+ -+ + p& VD, = 3 p™D;.
=0

where 0 < m < k and p = e~ *™/k. F(k) is one-dimensional k-point Fourier

transform and * is the comples conjugate. I; is the j x j identity matriz.
Prove

similarly like the proving of the theorem 1 of section 3.5, we define the

k x k cyclic shift matrix S by the rule as before,

Xo [ X
s 3{1 _ ).fo ,
i Xe-1 | | X2 |

Then W can be expressed by
(3) W =I1L®D+5®D:+5?®D:+---+ 5 ®D

k-1
= E St ®D;.
1=0
By direct computation we can find that

(4) (F*(k) ® L)(S' ® Di)(F(k) ® ;) = (F*(k)S'F(k)) ® D

k-1
=k@ur™D 0<Li<k.

m=0

Now We compute the summation of (4) for ! from 0 to ¥ — 1 and compare

with (3) we have
k=1 k-1

(F(H) L)W (F(R)®L) = k@ X 4D .

m=0 =0
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Finally we get
k-1 k-1

W = {F®) @ LXD X umD)F(E) 8 I,

m=0 [=0

completing the prove.

From theorem 1 we have the corollaries for W(P) of variant 1 and variant

2.

Corollary 1 For2x2 block circulant matriz W(P), where A and B are nxn

matrices,
A B
5 W(P) = ,
(5) (P) B A
where W(P) is 2n X 2n matriz, then
1 A+ B
(6) W(P) = 5(F (2)®In)[ (F(2)® L)
1 H.
- §<F(2)®In>[ b | r@er).
2
where F(2) = i3 the one-dimensional 2-point Fourier transform

1 -1
matriz and I, is the n X n identity maitriz.
Since A and B are circulant matrices and B = A*,s0 Hy = A+ B = A+ A*
will be pure real circulant matrix. However H, = A — B = A — A* will be

pure imaginary circulant matrix and has the structure like

[ ho —hpy -+ —hy

he hy - —h

@ H, = .1 0 2
| )
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We call the matrix H; as a negative-circulant matrix. It can also be changed

into a circulant matrix again. By section 3.2 we know that the multiplication

of a circulant matrix with a vector is cyclic convolution. We will describe the

efficient algorithms of cyclic convolution in section 3.6.

Denote the 3-point Fourier transform matrix

11 1
(8) 1 p
1 @

—2m

by F(3), where y=e73 .

Corollary 2 For 2m x 2m matrices A,B and C, let p =

primitive cube root of 1 and n=2m

AC B

9) W(P)=|B A C

C B A

then
. A+B+C

W(P) = 3 (F(3)® In) A+ pB +p*C

A+ py?B+uC
H,
(10) = ;F@eL) | @ | (FE)eL).
H3

—2mi
e 3 denote a

(F*(3)® In)

where F(3) is the 1-dimensional 3-point Fourier transform matrix and I, is the n x n

identity matrix.
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Observations

According to the corollary 4 of section 3.4, the matrices A, B and C are
circulant matrices. Since the matrices Hy, H; and Hj are linear combinations

of circulant matrices A, B and C, Then the matrices

(11) Hy = A+B+C,
(12) Hy, = A+uB +p*C,
(13) Hy = A+ ?B+uC,

are circulant matrices.

Conjugate-circulancy of Hy, H, and Hs also comes from the fact that they
are linear combinations of conjugate-circulancy of matrices A, B and C. Thus
we may repeat our procedure with H;, H, and Hj to further decompose the

matrices. For example

Hy H
(14) H =A+B+Cc = |1 7"
-H21 H22

Ci+C+Cs Cr+C5+C3
Ci+C;+C; Ci+C+Cs

|: Hll + Hfl

= 5(F@) ® L) (F(2)® L),

Hy — Hyy

where Hyy + Hy, is real circulant matrix and Hy; — H}, is negative-circulant

matrix of pure imaginary which can be changed to circulant matrix again.

Similarly H, and Hj also can be diagonalized further like H;.

Here, we have introduced the method of computation for circulant struc-
ture, namely, block-diagonalization. The method of block-diagonalization de-

rived from the multiplicative structure has the following advantages.
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1. Using the group theoretic structures, one arrives at circulant blocks of
varing sizes. This flexibility is valuable in matching the vector register sizes
in vector facility.

2. Since the circulant blocks are located diagonally, they are independent of
each other. This independency lends easily to parallel processing with multi-
processors. (The number and size of circulant blocks are controlled again by
the multiplicative group structure.)

The computation of the twiddle factor (F(2) ® I,,) or (F(3) ® I,,) is the
same as described in section 3.7. In next we will describe the methods for

computing the cyclic convolution.

3.11 Computation of Circulant Matrix

From section 3.2 we knew already that the computation of a n X n circulant
matrix with a vector of order n is the matrix form of cyclic convolution.
There are many algorithms of cyclic convolution. The best-known method for
calculating a cyclic convolution is to use the convolution theorem and a fast
Fourier transform algorithm. Take C as n X n circulant matrix and C as a

vector of the first column of C, then

(1) ¢ = F(r)'DF(n),
where D is a diagonal matrix by

() D = diag(F(n)C) .

It means that the cyclic convolution can be computed by the efficient n-point

Fourier transform.
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When the blocklength is small, the best convolution algorithm as measured
by the number of multiplications and additions are the Winograd small con-
volution algorithms [10] which is efficient for sequential machine. For cyclic
convolution of large blocklength we can use a procedure that is known as the
Agarwal-Cooley convolution algorithm [13]. The Agarwal-Cooley convolution
algorithm construct a fast algorithm for a one-dimensional cyclic convolution
by temporarily mapping it into a multidimensional cyclic convolution. It gives
a way to build algorithm for large cyclic convolution by combining the small
efficient convolution algorithm like the Winograd small convolution algorithm.
By using Chinese remainder theorem to order the indexing of data, this in-
dexing changes a one-dimensional cyclic convolution into a multidimensional
cyclic convolution. Then we can compute a multidimensional cyclic convolu-
tion by nesting a fast algorithm for one-dimensional cyclic convolution inside
another fast algorithm for one-dimensional cyclic convolution. Agarwal and
Burrus [22] showed how a mapping of the indices of a one-dimensional convo-
lution into multidimension can reduce computation.

Besides the implementation on sequential machine, Agarwal and Cooley
[13,23] also shown how the rectangular transform convolution algorithm can
be vectorized. It was pointed out that algorithm formulation and implemen-
tation not only achieves full vector utilization but successfully copes with the
problems of hierarchical storage.

Based on the Agarwal-Cooley convolution algorithm, we also can use the
block-diagonalized method to block-diagonalize the circulant matrix further

according to the theorem 1 of section 3.10.

Now we will present the block-diagonalized method which block-diagonalize

the original circulant matrix C via the matrix tensor product formulas simi-
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larly as section 3.6.

Let C is n X n matrix and n = 2%q. By the block-diagonalized method of
theorem 1 of section 3.10, we can decompose the matrix C by a steps. Each
step will produce 2 x 2 block-diagonal matrix, one is circulant matrix again
and another is negative-circulant matrix.

The negative-circulant matrix can be changed to the circulant matrix by

the following ways:

(i) If G is a n x n negative-circulant matrix,

go —YGn- —N
)1 go —92
(3) , ,
| n-1 Gn-2 go |
then it can be diagonized as follows,
g1 —Bgo gn-1 -2
g2 ~B%g —Bgo ~B3g2
G= .
In-1 —_ﬁ"'lyn—z —PB9g0 pr-1
(4)
where % = —1. After diagonalized, the middle matrix is a circulant matrix again.
When 7 is odd number, it will be very easy since 8 = —1 now. Thus the formula

(18) has been changed to

1 [ g0  gn-1 -g1 1
C= -1 —:91 go g2 -1
R | In—-1 —Ygn-2 go | L
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(ii) When n = pg = 2%, G can be rewrited as a block negative-circulant matrix,

(5)

[ Do
D,

L Dq—l

—D,1
Do

-

—D,
-D,

Do

where D; is P X P matrix. Then G can be changed to block circulant matrix again,

I,

ep=| "

I

[ Dy
~D,

| Dg-1

Do

-D,2

~Dy
D,

I

Dy

"‘Ip

I,

(iii) The matrix G' can be changed to the difference of one circulant matrix G’

and another special matrix, named the triangle matrix T,

-

3.12 An Example

go gn-1
L)1 9o
| In-1 Gn-2

9N
* 92

“se go-

[ 0 gn—
0 0
| 0 0

0
* 92

We will go through our algorithms using computation of the 2-dimensional

5-point Fourier transform as an example. The indexing set Z/5 x Z/5 will be

identified with the field Z/5[p). ¥ = 1+4p is a generator of the multiplicative

cyclic group of nonzero elements of Z/5[p).
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(1)

The input and output data will be ordered by the above.

7=14+4p
7 =2
v=2+4p
vi=1+p
=2+p
7°=3
v =3+2p
v¥=p
Y=1+2p
70 =38+3p
Y =143p
A2 =4

7e=4+p

74 =3p

7S =3+p
7e=4+4p
7 =38+4p
A8 =2

7P =2+3p
7 =4p

7 =4+3p
72 =2+2p
72 =4+2p
A =40 =1

Now the two-dimensional finite Fourier transform of X is

X(0)
(2) Y = WE)X + ,
X(0)
W(5) with respect to (20) is
(3) W) = [ wH) ]
0<4 k<24
where e~27¥/5,
Variant 1

We choose the ordering of (22) as

i =0,1,2,3,4,5,6,7,8,9,10,11; 12,13, 14, 15,16, 17, 18, 19, 20, 21, 22, 23;
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E = 23,22,21,20,19, 18,17, 16, 15, 14,13,12;11,10,9,8,7,6, 5,4,3,2,1, 0;

W(5)=[A A’],

Then we have

A* A
where ' _ -
wt w w1l w2 ow w? oW w1l ow Wl
w W w ow 1 w ow w W Wl w
wt w? w?t w w1l W ow w? oW W1
1 w? w? vt w 1 w? w w? w3 WS
w?2 1 w? w? Wt w w? w w? W
4 w? w? 1 wt w? oWt w 1 w? w w?
T w® w? o w? 1wt w? oWt w 1 w? w ’
wt w? ow? w? 1l Wt ow? oWt w w1 Ww?
wd Wt W w? Ww? 1l w? oW oWt ow 1
1 w® w? W’ w? w2 1 ot w2 ot
w1l WP Wt WP Ww? w? 1l Wt w? oWt ow
wi w? 1l Wl owt W w? Ww? 1l Wt ow? o wt

Applying theorem 1 to W(5) we have

] (F(2)eIs),
H.

W) = ()@ L) [H1
2

where H; = A+ A* is the circulant matrix of real number. And Hy = A — A* is the negative

circulant matrix which can change to circulant again.

Variant 2
Now we choose the ordering of (22) as follows:
j = 0,3,6,9,12,15,18,21; 8,11,14,17,20,23,2,5; 16,19,22,1,4,7,10,13;
k = 13,10,7,4,1,22,19,16; 5,2,23,20,17,14,11,8; 21,18,15,12,9,6, 3,0;
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a c:le ol o
t C1|C; Cs|C; C,
@ we) = | & GG GG G

c; ¢ lor alc: ¢
c c:la, cila, o
c; Cilor a|or o

W(5) is block circulant ma%rix and C;, C; and C3 are conjugate circulant

matrices,

wt Wt W W? wt ow W? WP w 1 w 1

w? Wt Wt Ww? w? oWt w w2 1 w1 w
5% = , Co = , O3 =

wd W oWt Wt W ow? Wt wt 1 w1

w 3w Wt wt WP w? Wt 1 w1 Ww?
and

H,
1
(6) w(5) = 3[F*(3) @ I H, [F3)® Is] ,
H;

where H,, Hs and Hj are circulant matrices,

Ci14C+C3 CH4+C54C3
H1=A+B+C=[ 1+ 2+3 1+ 2+ 3:|

Ct+C35+C3 Ci1+C2+Cs

C1+puC2+ pu2Cs Ct + pCs + p*Cy
Ct +nC3 4 p2C5  Ci+ puCs + p*Cs

Hy=A+uB + u?C = [

and

C1+p2C2+ uCs  Ci + p?C3 + uCy
Ct + p2C3 + pC3  Cr+ p2Co+ pCs

H3=A+u23+pC= [
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Since Hy, H; and Hj3 are conjugate-circulancy, it can be block-diagonalized further

to get more efficient results.

3.13 Summary

For a prime point P = 2(3), we have developed a multiplicative two-
dimensional P x P Fourier transform algorithm in this chapter. The algo-
rithm is based on the field structure determined by the irreducible polyno-
mial 2 + = + 1 over Z/P. By the multiplicative property of the indexing set
Z /P x Z /P, the multiplicative structure is used to control the data flow in the
Fourier transform computation. Then the calculation of the Fourier transform
is expressed as a set of skew-circulant matrices or circulant matrices located
diagonally which are more efficient for different machine architectures. For the
circulant structure, it means that the computation of the Fourier transform
has been changed to a set of cyclic convolutions which also located diagonally.
This structure is more powerful to get efficient results for some machine ar-
chitectures, especially there exists library of more eflicient cyclic convolution
subroutines in SIMD and MIMD machines. The theory described in this chap-
ter can be used to develop a family of multiplicative multidimensional Fourier
transform algorithms with tensor product techniques. In next chapter we will

present the another case for P = 3(4).
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Chapter 4

Multiplicative 2-Dimensional
Prime Point (P = 3(4))
FFT Algorithm

4.1 Introduction

In chapter 3 we have developed the new multiplicative 2-dimensional prime
point FFT algorithm, but the prime point should satisfy P = 2(3). For wide
applications it is necessary for this multiplicative algorithm to cover more
prime points. We will extend the prime point P = 2(3) to P = 3(4). Another
reason to discuss the case of P = 3(4) is that it can be applyed to the data
with p4 symmetry of crystallography. We will describe this case in chapter 8.

In this chapter we will discuss the field of P? elements for P = 3(4). It
is similar to the case of the field of P? elements for P = 2(3). In this case
z? + 1 is irreducible over Z/P for P = 3(4) [19]. Set p = exp(—27i/4). Then
p*+1 =0 and Z/P|p] is a field with P? elements; i.e., the nonzero elements of
Z [ P[p] form a cyclic group under multiplication. Let 4 be a cyclic generator.
Then
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(1) 1 =70177727"‘ "sz_z

are the distinct nonzero elements of Z/P[p)].

A generator 4 of U(P) can be found satisfying
(2) p=7"n=(P-1)/4.

where U(P) is the multiplicative group of nonzero elements of Z/P|[p].
An element a € Z/P[p] can be written uniquely as a; + paz, a;,a; € Z/P.
Arithmetic in Z/P[p] is defined by

(3) a+b = (a1 + paz) + (by + pb2) = (a1 + b1) + p(az +bs) .

ab = (a1 + paz)(by + pby) = a1by — azbs + p(arbs + az2by) .

Define a mapping ¢: Z/P[p] - Z/P by

(4) (a1 + paz) = 2a, .

¢(ab) = 2(a1b1 - a2b2)

Lemma 1

(8) ¢(ab) = ¢(ba) .
This follows from the commutativity in Z/P[p].
Lemma 2

(6) | 7=
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(7)

This is the same as lemma. 2 of section 3.3.

For a function X defined on Z/P x Z/P, the Fourier transform of X is

=23

FX(2b,—2by) = > X(a1,a)e”F (arbi=2azka)
(a1,32)€Z/Px Z/P)
= > X(ay, az)e:%lri¢(“b)
(21,22)€Z/Px Z/P)

The function X ‘and its Fourier Transform FX can be viewed as column
vectors once Z/P x Z [P is ordered. To this end, note that (a1,a;) € Z/P x
Z | P corresponds uniquely to a;+ pa; € Z/P[p]. Hence an ordering of Z/P|p]
will yield an ordering for Z/P x Z/P.

Take the ordering by U(P). Now we may view the function X defined on
Z/P x Z/P and its Fourier transform FX as column vectors, and represent

(5) in terms of matrices as

1 1 cevees 1
1
vo)| | x(0)

(8) [Z]_ : W(P) [l},

1

. 1 .
where
%) W(P) = [wMM) ]o<j k<P2-1

and the element 0 € Z/P[p] has been placed in front of U(P). For the rest
of our discussion, we ignore 0 € Z/P[p] (We can place this at last stage of

computation).
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4.2 New Algorithm with Skew-Circulant Structure

We will now to derive W(P) depending on different ordering on Z/P x
Z/P.

Lemma 1 Take P is prime number. For P = 3(4), P? — 1 is divisible by 8.

Prove

For P = 3(4),i.e. P =4k+3, k€ Z, wecan find P2—1 = (4k+3)’ -1 =
8(2k? + 3k + 1). It means that P2 — 1 is divisible by 8.

P21

! and n = 2m. Also set w = exp(—25). We will need the

Set m =
following properties of generator 4 and the mapping function ¢, all of which

are easy to show.

@ o=y =,
2 (") = —4(¥),
(3) Wttt — (wqb('v"))*_

where * denotes the complex conjugation.
By lemma 1, for P = 3(4), P?2 — 1 is divisible by 8. Take n = 5—2{—1, and
define the set

(4) S = {70,7,72,“.,771.—1}.

Thus we have that 1,4™ is the quotient of U(P)/S and

(5) UP) = SU4"S
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View S as ordered by (4). This ordering can be used to order y™S. Thus
the ordering of U(P) is obtained by putting S;4"S. We will denote by R(P)
the group U(P) with this ordering. Now examine the matrix W(P). set

—=2mi

w=eF .
Theorem 1 W(P) is of the form

A B
B A

where A and B are n X n conjugate skew-circulant matrices with A = B*. The

(6)

)

conjugate of B i3 denoted by B*.
Proof

Let

WP) = Ws W,
3 4

where W;, 1 < i < 4 is an n X n matrix. For 0 < k,! < n, denote the k-th

W, Wz]
b}

row I-th column entry of an n X n matrix W; by W;(k,1). Then using the
properties of generator vy and the mapping function ¢ shown in (1)-(3),

Wik, 1) = w0 ™) = 8027 =, 80H) = Wik, 1) .
Wa(k, 1) = wPO™"™) = 90O *) = W™ - Wa(k,1) .
This structure of W(P) is known as block-circulancy.

Let us now examine each of the blocks A and B.

By the properties of v and ¢ showed in (1) to (3), we know that y(*+}) =
—~3. So matrix A equals to the conjugate of B, that is A = B*. W(P) will
be 2 x 2 block circulant matrix with A = B*
A A
A+ A

?

W(P) = [
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where * we mean complex conjugation.

Now we will find out each submatrix A and A* is conjugate skew-circulant
matrix in matrix W(P).

Denote the k-th row I-th column entry of the n x n matrix A by A(k,!).
Then using the properties (1)-(3),

(1) For0<k,l<n—1,

Alk,14+1) = W) ey kH) Ak +1,0),
(2) For1 <k <n,
A(k,n—1) = WY e tvn) _ é(=Y) A(k —1,0)",

hence A is conjugate skew-circulant matrix. Since A* is the conjugate of A,
A* is also a conjugate skew-circulant matrix.

By the corollary 2 of section 3.4, we also know that W(P) is a skew-
circulant matrix.

By the theorem 1 of section 3.5, W(P) can be diagonalized further as
[ A+ 40

M W) = FFOSL)

e a } (F@)® 1)

= %(F(z) 9 1) (F2)®L).

2

where F(2) is the one-dimensional 2-point Fourier transform matrix and I, is
identity matrix.

H; = A+ A* is skew-circulant matrix of pure real. However H; = A — A*
will be pure imaginary and a negative-skew-circulant matrix which is the same
structure as (7) of section 3.5. It can be changed into a skew-circulant matrix

again.
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The method described here is most the same as variant 1 of section 3.4
both of which are skew-circulant structure, except for each method is suitable

for different size of prime point.

4.3 New Algorithm with Circulant Structure

We assume already that P is a prime number and P = 3(4). By Set

n= %, and define the set

(1) S = {7y

Thus we have that 1,4™ is the quotient of U(P)/S and

(2) UP) = SUY"S.

We can rewrite the set S as

(3) S = {7y

Then U(P) can be rewritten as

(4) U(P) = y"S'Us.

View S and S’ as ordered by (1) and (3). These orderings can also be used to
order 4™S and y"S’. We will denote by R;(P) with S;9"S and Ry(P) with

4™S’; S’ instead of the original U(P). We order the column indexing by R;(P)
and order the row indexing by R;(P). Now we examine the matrix W(P).

Theorem 1 W(P) is of the form

A B
() [B A],

where A and B are n X n conjugate circulant matrices with A = B*. The

conjugate of B is denoted by B*.
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Proof

Let

weE) = | WZ] ,

W3 W4‘
where W;, 1 < ¢ < 4 is an n X n matrix. For 0 < k,! < n, denote the k-th

row [-th column entry of an n X n matrix W; by W;(k,!). Then using the

properties of generator v and the mapping function ¢,
W4(k, l) — wqb('y”‘"""y"'y') — w¢(,yn,72n—1—k,yl) — Wl(k, l) )

Wa(k,l) = wBP1 R et R ) Wa(k,1) .
This structure of W(P) is known as block-circulancy.

Let us now examine each of the blocks A and B. By the properties of «
and ¢, we know that y("*+/) = —~3, Thus matrix A equals to the conjugate of
B, that is A = B*. W(P) will be 2 x 2 block circulant matrix with A = B*,

that is
A A

PR = e 4

b

where * we mean complex conjugation.

Now we look each submatrix A and A*. Denote the k-th row I-th column
entry of the n x n matrix 4 by A(k,!),
(1) For0 < k,l<n—1,

Ak + 1,1+ 1) = w077 — 0™ - AR 1
(2) For0<i<n-—1,

A(n-1,1) = WO bt -  —e ) A(0,14+1)*,
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hence A is conjugate circulant matrix. Since A* is the conjugate of A4, A* is
also a conjugate circulant matrix.

By the corollary 1 of section 3.9, W(P) is also a circulant matrix.

By the theorem 1 of section 3.10, W(P) can be diagonalized further as

[ A+ A

6 WP = 3(FR) L) (F@)® L)

A*

[
= -21-(F(2)®In) H (F(2)® I.),

2

where F(2) is the one-dimensional 2-point Fourier transform matrix and I,
identity matrix.

H, = A+ A* is a circulant matrix of pure real. However H, = A — A*
will be pure imaginary and be a negative-circulant matrix which is the same
structure as (7) of section 3.10. It can be changed into a circulant matrix
again.

The method described here be similar the same as variant 1 of section 3.9
both of which are circulant structure, except for each method is suitable for
different size.

The main advantage of this method described in section 4.2 and 4.3 is the
extension of the original size P = 2(3) to the size of P = 3(4). Thus more

prime points can be covered with this efficient algorithm.

4.4 An Example

We will go through this algorithm by using computation of the 2-dimensional

3-point Fourier transform as an example. The indexing set Z/3 x Z/3 will be
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identified with the field Z/3[p]. ¥ = 1+ 2p is a generator of the multiplicative

cyclic group of nonzero elements of Z/3[p].

vy=14+2p
7 =pr
V=1+p
1) =2
Y=2+p
7°=2p
Y'=2+2p
AE=10=1

Now the 2-dimensional finite Fourier transform of X is

X(0)
() Y=wex+| : |,
X(0)
where W(3) with respect to (7) of section 4.1 is

3) wE) = [wo]
0<j,k<8

and w = e3%

Variant 1

Let the ordering of j and k are
7=0,1,2,3,4,5,6,7;

k=0,1,2,3,4,5,6,7;
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_Then

W) = [ 2 F- lroen

B A

H,
F2)®IL,),
Hg]( @& L)
where

w? w2 1 W?
2 2
w* 1 w* w
A

1 w? w w

w? w w 1

H, = A+ A* is pure real and skew-circulant matrix. Set ¢ = —2F,

[ cos2yp cos2yp 1 cos2yp
H =2 cos2i 1 cos2y cosyp

1 cos2y cosyp  cosy
cos2yp cosyp cosy 1

H,; = A— A* is pure imaginary and negative skew-circulant matrix which can
change to skew-circulant matrix again,

sin2yP  sin2yY 1 stn2y

H, = —2 81n2y 1 sin2yp —siny
1 sin2yp —sinyp —siny
sin2y —siny —siny -1

Variant 2

To find circulant structure we order j and k of (9) as follows:
Jj =01,23,4,5,6,T;
k = 17,6,5,4,3,2,1,0;
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Then

@ W) = JFR e |

(F@) L),

2
where H; = A+ A* and H, = A — A*.

w w w? 1

1 w w? w?

w 1 w w?

w w 1 w

H, is real circulant matrix and H; is pure imaginary negative circulant matrix

which can be changed to circulant matrix again.

4.5 Summary

This chapter provides the multiplicative two-dimensional Fourier trans-
form algorithm extended from the size P = 2(3) to the size P = 3(4). The
main advantage of this method is that more prime points can use this efficient
algorithm. Thus more prime points can be covered with this efficient algo-
rithm. When P < 100, the coverage is ';’—g = 80%. There are also two kinds of
skew-circulant and circulant structures which have block-diagonal structure
with each block of skew-circulant matrix or circulant matrix located diago-
nally. Then we can use the same methods described in chapter 3 to get more

efficient performance of implementation on different machine architectures.
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Chapter 5

Multiplicative 2-Dimensional

N = PP, FFT Algorithm

5.1 Introduction

We have developed the new multiplicative P x P two-dimensional Fourier
transform algorithms when P is a prime number P = 2(3) and P = 3(4) in
chapter 3 and chapter 4. In this chapter we will use the Chinese Remainder
Theorem(CRT) to develop the two-dimensional N = PP, FFT algorithm
which nests the multiplicative two-dimensional prime point algorithms in the
Good-Thomas prime factor algorithm, where P; and P, are relative prime.
That means the large number NV X N two-dimensional FFT will be replaced
by small number P; x P, and P, X P, two-dimensional FFTs which we has
developed already from chapter 3 to chapter 5. Since the Chinese remainder
theorem plays a major role in generalizing the algorithm which is going to be

described, we will first introduce CRT theorem.

5.2 Chinese Remainder Theorem(CRT)
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Let N = P,P,. Two positive integers P, and P, are called relatively
prime if the greatest common divisor(GCD) of P, and P, is 1, denoted by
GCD(P,,P;) =1. We can form the ring direct product by

(1) Z/IP,xZ/P,.

An element in Z/P, x Z/P; can be written uniquely as an ordered pair

(2) (w1,u2)y, W€ Z/P, us € Z/P,.

Arithmetic operations in Z/P; x 2/ P, are defined by componentwise addtion
(w1, u2) + (v1,v2) = ((w1 +v1) mod Py, (u2+vz) mod Py),

and componentwise multiplication

(u1,u2)(v1,v2) = ((u1v1) mod Py ,(uzv2) mod Py) .

Theorem 1 Chinese remainder theorem(CRT)
Let N = P\ P,, with (Py, P,) = 1, then there ezists a ring-isomorphism

(4) ZIN=Z/P,x Z/P,.

We will construct the ring-isomorphism using idempotents. Since (P, P;) =

1, there exists integer C; and C, satisfy

(5) CiPL + CP, = 1
Now we define

(6) . e = Csz mod N y
(7) e2=C1P, modN .
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Rewrite (6) as
(8) e = 02P2+NM, MeZ.

We can find out from (5) and (8) that

(9) e1=1modP,, e1=0 mod P,.
Similarly we can find out continuely that

(10) | egél mod P, e;=0 mod P, .

The idempotents e; and e; are uniquely determined by conditions (9) and
(10). The set

(11) - {en, e}
is called the system of idempotents corresponding to the factorization N =
P, P,, where (P,,P,) = 1. Examples of systems of idempotents are given in

table 1.

N|A|P|ea|e|fi|f
621313 [4]2]1
10|25 NERE
121 3 | 4 9131
15( 3] 5 (106 |2]2
211 3 | 7T | 7155 |1
28 4| 71211 8|23
3012 |15(15]16] 8| 1

Table 1 Examples of Idempotents

Besides (9) and (10), e; and e; have the following more properties:
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(12) e1e = 0 mod N .
(13) e1+e=1 mod N .
(14) e2=e mod N, e=e; mod N.

These properties above uniquely determine e; and ez in Z/N. Hence we

can find f; and f; in Z/N with

(15where (f2, P1) = 1 and (1, P3) = 1.

We now show that the existence of system of idempotents gives rise to a
where (J2,41) = 1 and (J1,42) = L. _

We now show that the existence of system of idempotents gives rise to a

‘way of identifying Z/N and Z/P, x Z/P,. Define the following mapping
(16) ¢0'Z/P1XZ/P2—)Z/N,

_ by the formula
(17) #(ur,u2) = (u1e1 + uzez) mod N,

where uy € Z/P,, uz € Z/P,, the set {e;,e2} is the system of idempotents

corresponding to the factorization N = P, P,.
Observation

The mapping ¢ is a ring-isomorphism.

For u,v € Z/N, by (17) we can see that
¢(u +v) = d(u1 + v, uz + v2) = (u1 + v1)es + (u2 + v2)ez

= (wey + uzez) + (viex + vae2) = ¢(u) + ¢(v) mod N .
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also by the properties of {e1,e2} shown in (12) and (14) we can find out that
P(u)d(v) = (u1e1 + uzez)(vier + vaez) = ugviey + ugvazes

= ¢(wv)
Hence the mapping ¢ preserves the arithmetic structure of rings and ¢ is a

ring homomorphism.

This means that every ordered pair (u1,u3), u1 € Z/Py,uz € Z/P; can be
written uniquely as

(18) uje; +uzea =u mod N .

From the above description we see that the inverse mapping ¢! is given

by the following way,

(19) ¢1:Z/N — Z/P, x /P,
and
(20) ¢ (v) = (umod Py,u mod P;), ue€Z/N.

which identifies that every element u € Z /N can be identifyed uniquely with
the ordered pair (v mod Py,u mod P;) in Z/P, X Z/P,.

Example 1

Let N = 12 = 3 x 4. By Table 1 we know that e; = 4 and e; = 9. The
mapping ¢ is given by the table 2 below.
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(1

Z/3xZ/4| Z/12
(0,0) 0
0,1) 9
(0,2) 6
0,3) 3
(1,0) 4
(1,1) 1
(1,2) 10
(1,3) 7
(2,0) 8
(2,1) 5
(2,2) 2
(2,3) 11

Table 2

5.3 N =P P, FFT Algorithm
5.3.1 Row-Column Method

For a natural number N, denote by Z/N x Z /N, the cartesian product of
two copies of the ring Z/N. An element of Z/N x Z/N is denoted by (u1,u2),
u3,u3 € Z/N. For a function X defined on Z/N x Z/N, the two-dimensional
Fourier transform of X is defined by

FX('vl, ‘02) = Z X(ul, U2)e=2n"—‘(u1vx+uzvz) .
(u1,82)€EZ/NXZ/N
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Formula (1) can be rewritten as
(2) FX(oo) = 3 (3 X(wa,uz)e™Fum)eFuw
u€Z/N w3 €Z/N
Then (2) can be computed in the following successive procedures:
1) Compute F(N) along u, for u; € Z/N.
3) FXi(vi,ug) = Z X(ul,ug)ezlzvﬁ““’1 .
wEZ/N
2) Compute F(N) along u; for uy € Z/N.
(4) FXy(vi,v2) = Y, X(vl,ug)e%f"‘i“”’2 .
uw€Z/N
This Row-Column method decomposes the two-dimensional Fourier trans-
form computation into a series of one-dimensional Fourier transform com-
putations, but each length of one-dimensional Fourier transform is fixed by
N.
We also can use tensor product technique to describe the Row-Column
method. The function X and its Fourier transform FX can be viewed as
column vector once Z/N x Z/N is ordered in (1). So we may view the

function X defined on Z/N x Z/N and its Fourier transform FX as column

vectors, and represent (1) in terms of matrices as
(5) FX = (F(N)® F(N))X

where F(N) is one-dimensional Fourier transform matrix.
By the properties of tensor product of lemma. 1 in section 2.5.2, (5) can be

changed to
(6) FX = (F(N)® In)(IN @ F(N))X

then by the theorem 7 of section 2.5.3,

(7) FX = P~Y(Iy ® F(N))P(Iy ® F(N))X
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where P! and P are permutation matrices
(8) P = P! = P(N?,N).

and (Iy® F(N')) means the computation of one-dimensional Fourier transform

N times.

5.3.2 Prime Factor Method

From now we will apply Chinese remainder theorem to Fourier transform
computation. We will provide a way using Chinese remainder theorem to
replace a large size one-dimensional Fourier transform computation with a
small size two-dimensional computation.

By the Chinese remainder theorem from setion 5.2, for N = P, P, and

(P1P;) = 1, we have defined the following mappings

9) $:Z/Phx Z/P, — Z/N,
by the formula
(10) d(u1,u2) = (u1e1 + ugez) mod N

where u, € Z/P; and u; € Z/P,, the {e;1,¢;} is the system of idempotents

corresponding to the factorization N = P, P,. And the inverse mapping ¢!

is given by

(11) ¢$1:ZIN-Z/PxZ/P;,

that is

(12) ¢~ (u) = (umod P, umod P;), u€Z/N.

which identifies that every element u € Z/N can be identified uniquely with
the ordered pair (u mod Py,u mod P;) in Z/P, X Z/Ps.
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Denote Z/N x Z/N by (2/N)?. The mapping ¢ and ¢~ can be extended

to

(13) ¥:(Z/P) x (Z2/P)* = (2/N)?,
P((u1,v1), (u2,2)) = ($(u1,u2), $(v1,02)) -

And

(14) P71 (Z/N)’ = (2/P)* x (2] R)?,

YHu,0) = (¢7H(u),¢7'(v)),
Now let X(u) be a function on Z/N. The one-dimensional Fourier trans-

form is defined as
(15) FX(v) = 3 X(u)e™Fw,
ueZ/N

For u,v € Z/N, we can use the system of idempotents {e;,e;} to change

u and v by

(16) u = ue; + uzes mod N,

and

@1 v = vie; + veep mod N .

Then

(18) FX(vie1 +vae2) = > e (wer+uzen)(vrer +uzer) ,

w1 EZ/Nu6Z/N

By the properties of the system of idempotents {e;, ez},

—2mi —=2m

e K (uertuzes)(viertuvze) eﬁ’v"—‘u1vlele—n—uzvzez .

by (15) of section 8.2, ey = foP2 and e; = f1 P, the above equality can be
changed to

-2 —2ms

e ownl g uzv2 1
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(18) can be rewritten as

(19FX('0161 + 1)262) = E X(ulel + U262)6_1?1L‘u1v1f26532ﬂu202f1 .
uEZ/Piu€Z/P,
This method is known as Good-Thomas [4,5] Prime Factor algorithm which
also can be presented by using the tensor product algebra.
Viewing the function X and its Fourier transformm F'X as column vector

on Z/N then (15) can be expressed as
(20) FX = Q(F(P)® F(P))QX .

where F(P,) and F(P,;) are one-dimensional Fourier transform matrices. Q

and @)’ are permutation matrices.

The Good-Thomas Prime Factor algorithm also can be applied to the
computation of multidimensional Fourier transform as well. Now we consider
about the two-dimensional Fourier transform in the spirit of the Good-Thomas
Prime Factor algorithm. The function X and its Fourier transform are defined
on Z/N x Z/N viewing as column vectors. Let N = P, P, and (P, P;) = 1.
Define

(21) F(P,)® F(P,) = F(P),
and
(22) F(P) Q@ F(P) = F(B).

(21) and (22) are known as two-dimensional Fourier transform matrices. Then

the N x N two-dimensional Fourier transform can be presented as
FX = Q(F(P)® F(P)) QX
= Q1 (R(P) ® Ir) (Irz ® Fa(P1)) QX ,

(23) = Qs (Iplz ® Fz(Pz)) Q4 (ng ® Fz(Pl)) Q.X ;
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where N = P, P,, (P1,P;) =1 and Q;, 1 <7 < 4 are permutation matrices.
The permutation matrix @2 can be found out by using Chinese remainder
theorem to get the mapping from the indexings of F3(P,) and Fy(P,).

(23) means that if N = P, P, and (P;, P;) = 1, the large number N XN two-
dimensional Fourier transform can be computed by a series of small number
routines of PZ x P? and P? x P} two-dimensional Fourier transform matrices
F(P,) ® F(P,) and F(P;) ® F(P;). But these routines Fy(P;) and Fy(P;) are
not efficient. The improvement is to replace it by other more efficient routines

which we present in last three chapters.

We have developed the efficient two-dimensional Fourier transform for P =
2(3) and P = 3(4) already. We view the function X defined on Z/P x
Z [ P and its Fourier transform FX as column vectors, and represent the two-
dimensional Fourier transform in (1) of section 5.3 in terms of matrices by (9)

and (10) of section 3.3 as

Y

7| o |

(24) = M(P) { X(O)} ,

where

W(P) = [w¢(‘/‘i+k) ] ’
0<7,k<P2-1

and M(P) is the P? x P? matrix of the multiplicative two-dimensional prime.

98



point FFT algorithm,

(25) MP)=|: WP
1
1

Then each term of two-dimensional Fourier transform matrices Fy(P,)
or F5(P;) in (23) can be replaced by M(P;) or M(P;) in (25). The two-
dimensional Fourier transform now is

FX = Qs (M(P,)® Inp) (Ip ® M(P1)) Qe X
(26) = Q7 (Irz ® M(P,)) Qs (Irz ® M(P1)) QX
where @5, Qs, @7 and Qs are permutation matrices. The permutation matrix
Qe can be found out by using Chinese remainder theorem to get the mapping
from the indexing orderings of M(P,;) and M(P,).

Comparing with the method in formula (23), the prime factor method
with nesting the multiplicative two-dimensional prime point FFT algorithm
in (26) provide a more efficient way to solve the large number N = P, P, two-
dimensional Fourier transform depending on the small efficient two-dimensional
prime point FFT algorithm of M(P;) and M(P,). By (26) we can see that
this structure can be implemented in parallel architecture. Furthermore, the

sizes of P, and P, are more flexible to match different machine architectures.

5.4 Summary

The multiplicative two-dimensional N = P, P, Fourier transform algorithm

presented in this chapter is the extension of the Good-Thomas prime factor al-
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gorithm of one-dimensional FFT. Based on the efficient multiplicative Py x P;
and P; x P, two-dimensional FFT algorithms developed in preceding chap-
ters, we can use the Chinese Remainder Theorem to build large N x N two-
dimensional FFT algorithm where N = P, P, and (P, P;) = 1 to gain com-
putational advantage. Furthermore, by continuing using Chinese Remaninder
Theorem, this method can also be extended to the case of N = P, P, P; where

P,, P, and P; are relatively prime in pairs.
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Chapter 6

Multiplicative 2-Dimensional
Prime Point FFT Algorithm

for p3 Symmetry

6.1 Introduction

X-ray method for determining the structure factors of a crystal requires
massive repetition of Fourier transform computations. X-ray data of a crys-
tal respects the crystallographic symmetry giving rise to data redundancy.
This redundancy is controlled by the crystallographic symmetry groups. By
incorporating the crystallographic symmetries to efficient Fourier transform
algorithms, one can gain computational advantage. As an application of the
multiplicative algorithm which we have developed in chapter 3, we will illus-

trate incorporating of the p3 symmetry to this algorithm [24] in this chapter.
6.2 p3 Symmetry
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The p3 symmetry may be represented as the following group of 2 x 2

matrices,

10 0 -1 -1 1
(1) Sp3 = ) ) i
01 1 -1 -1 0
Denoting a generator of Sp3 by a, say
0 -1
(2) o = )
~ 1 -1
then Sp3 is cyclic group as
3) Sp = {h =0 a,0%}.

Then the redundancy in X-ray data is

(4) f(xay) = f(a(z) y)) = f(—y’x - y) )
and
(5) f(zay) = f(az(:z:,y)) = f(y _xa—x)

where f is the function whose value is the X-ray data at the lattice point
(z,y). Thus p3 can be viewed as acting on a two-dimensional lattice via the
matrix multiplication.

Observe now that the minimal polynomial of « in the variable A is

(6) A+ A+1.

Thus the action of a on Z/P x Z/P corresponds to the multiplication
action by p on Z/P]p), i.e.,

(7) a(z,y) = (-y,z —y)
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p(z+py) = pz + p*(y) = —y + p(z —y).
Denote the Fourier transform of f by f.
Theorem 1 For a function f defined on Z/N x Z[N, if f(z,y) = fla(z,y)),
then
(8) f(u,0) = fla#(u,v)),
where o denotes the inverse transpose of the matriz o, a¥ = (o 1)t.
Prove
We define the bilinear form on Z/N x Z/N,
< (z,y),(u,v) >= zu + yv .
Let the inverse of the generator a is
ol = o Q2 ,
g 04
and the transpose of the inverse of the generator « is
o o«
@y =" "1
Qg 04
Then we can find that
< a7 Y(z,y),(u,v) > = < (17 + a2y, azz + a4y), (u,v) >

= 2(ayu + azv) + y(azu + aw) = < (z,y), (™) (u,v) >
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The Fourier transform of f as f is defined by

flu,v) = ¥ f(z, y)e%'iqz,y),(u,u»
Z/NxZ/N

we replacing (z,y) by a~!(z,y), then

Fup)y = X fla(z,y))e F <o e
ZINxZ/N
= T HeneF e < fad)
ZINxZ/N

completing the proof of theorem 1.

6.3 New Algorithm for p3 Symmetry

From chap3 we treat Z/P x Z /P for a prime number P = 2(3), as a simple
object. The polynomial 2 + z + 1 is irreducible over Z/P for P = 2(3). Set
p = exp(—2mi/3). Then p*+p+1 =0 and Z/P[p] is a field with P2 elements;
i.e., the nonzero elements of Z/P[p] form a cyclic group under multiplication.

Let 4 be a cyclic generator. Then

P22

1) 1=9% 7,7, -7
are the distinct nonzero elements of Z/P|p]

An element a € Z/P|p] can be written uniquely as a; + paz, a1,a2 € Z/P.
Arithmetic in Z/P|[p] is defined by

(2) (a1 + paz) + (b1 + pb2) = (a1 + b1) + p(az + bz) .

(a1 + paz)(by + pba) = a1by — azb; + p(azby + a1b2 — azbs) .

104



Define a mapping ¢ : Z/P[p] = Z/P by

(3) $(a1 + paz) = a1 .
Observe that
4) ¢(a+b) = é(a)+4(b),

¢(ab) = a1b1 - a262 .

Variant 1

We now look variant 2 in section 3.4. For P = 2(3), the element 43 is of

order n and generates the subgroup

(5) S = {70v 73, 76’ Y 73(1;—-1)}

2 _
where n = P3 1

U(P) is the multiplicative group of nonzero elements of Z/P[p], and
(6) U(P) = SUSU4*S.

View S as ordered by (5). This ordering can be used to order y*S and ¥%"S.
Now, the ordering of U(P) is obtained by putting S;4"S;y%"S. We will denote
by R(P) the group U(P) with this ordering.

Then we have gotten the block-skew-circulant matrix in (17) of section
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3.10 as _

C. Ci|Cy C5|Cs C3
y C1|C3 C2|C; Cs
C: C3|Cs C3|C Ct
C; C|C3 Ca|Ct Cy
Cs C3|C, Ct|C: C3
C; Cs|Cr C|Cs C,

where Cy, C; and Cj; are conjugate-skew-circulant matrices.

(7) W(P) =

Viewing f as indexed by (5) and (6) with p3 symmetry, we have that the

corresponding column vector X is of the following form.

X
(8) X=X
X1
where X is the length n = (P? — 1)/3 subvector of X. By theorem 1, the
Fourier transform Y of X has a similar structure. (Y is of the same structure
upto permutation. However, the essential information is contained in the first
subvector of length n.) Denote by Y; the first of the three subvectors of Y.
Then Y can be obtained from Y;. The computation of ¥; in turn can be

made as follows:

e, crle exle o] ™ X(0)
®) ho= 01 c'1 c'i (;'2 C::‘ 03 R
1ol s o x, X(0)
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X(0)
= HiX) +
X(0)
where H; can be found out as follows:
By the p3 symmetry we can reduce the input data to an asymmetric unit
X, including elements X(0) and X;. Thus the size of input data reduces from
3n+1lton+1,n=(P?-1)/3. We set

1 1 -ecvnn 1
1
(10) U=1|: wwP :
1
-1 -
and
o
I,
11 V =
(11) L
I,

By matrix computation, we obtain

.1t
(12) U, = ViUV = b3k ,
3-1, 3-H

where

Iy
1l

Ci+C;+Cs Cy+C3;+C3
Ci1+C;+C3 Ci1+C+Cs

107



From variant 2 of section 3.5, we have proved that H; is a skew-circultant
matrix which is conjugate-skew-circulancy.

Now the input data is

X(0)
X(1)
(13) x=v| xt» |,
| X(v*7%) |
and the output data is
Y| [ x©0) | [ Xx(0) |
) x( x()
(14) ) = K,VIUV | X(+®) = KU, | X(7®)
Yin : :
L ( ) - i X(,.Y3n—3) | i X(73n—3) |
where
1 0
15 K, = .
4 0 3lp2-1ys ]

By applying the multiplicative algorithm, we have presented that the com-
putation of Fourier transform with p3 symmetry has been changed to asym-
metry unit with only one-third size. The original P? x P? two-dimensional
Fourier transform matrix has changed to the 1—’35'—1 X 22—3‘-1 skew-circulant ma-
trix. The efficiency of this algorithm is apparent since the computation oper-
ation is divided by the degree of symmetry against the original non-symmetry

case.
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Furthermore, since H; is conjugate-skew-circulancy, it can be block-diagonalized

as shown in (14) of section 3.5.

Ci1+C;+Cs Ci+C3+C3
Ci+C;+C; Ci+C+GCs

H =

(Hu + HY)/2

(16) = (F(2)®In) (Hu — Hpy)/2

(F2)®In),

where (Hy; + Hy,)/2 is real skew-circulant matrix of cosine funtion and (Hy; —
H},)/2is negative-skew-circulant matrix of pure imaginary sine function which
can be changed to skew-circulant matrix again. This step has simplified the

computation further.

Variant 2

Similarly we also can derive the circulant structure from variant 2 of section
4.2. For P = 2(3), take n = }—’-25‘—1. The element 73 is of order n and generates

the subgroup
(17) S = {70,73’767 tte ,73(1;-1)}

U(P) is the multiplicative group of nonzero elements of Z/P[p], and
(18) U(P) = SUY*SU™S.
Now we rewrite the subgroup S as
(19) S = {1,302 L 43,90
Then U(P) can be rewritten as
(20) U(P) = y*"S'Uy"S'US".
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View S and S’ as ordered by (17) and (19). These orderings can be used to
order y"S,4*"S and 42"S’,4*S’. We will denote by R;(P) with S;y"S;v*"S
and R,(P) with 4?"S’;4"5"; S’ instead of the original U(P). We will order
the column indexing by R;(P) and order the row indexing by R;(P). Then
the matrix W(P) which has been derived in (28) of section 3.9 is

(¢, ol ole o
Ct C|C; C5|C; C,
C, C;]C CH|Cs C
C; C:|Cr Cy|Cy Cs
C; C3|1C: C3|C1 Ct
| G5 C3|C; C2|CF G

(21) W(P) =

where C;, C; and Cj3 are conjugate-circulant matrices.

Similarly like variant 1, we can find out

e, ¢l ctle, o] ™ X(0)
(22) v, = | ' T | L+
c: C|C: Cilcr oy
X, X(0)
X(0)
= N1 X; +
X(0)
and the output data is
- i [ X)) |
¥(0) (0)
X(1)
Y (1)
(23) | = KU X(v®?)
v :
. (n) J ] X(,y3n—3) |
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where .

[ 0
(24) K, =

| 0 3Ipeoyys |
and ) -

1 3-1

(25) U, = "

3-1, 3-Hy
where

Ci+C3+C; Cr+C3+C3
Cr+C3+C; Ci+Cs+Cy

The difference comparing with variant 1 is that H; is circulant matrix with

(26) H =

block-circulance. Now the original P2 x P? two-dimensional Fourier transform
matrix has changed to the Eza:l X 1'13'—1 circulant matrix. The efficiency of this
algorithm is apparent since the computation operation is a cyclic convolution
of one-third size.

Furthermore, since H; is conjugate-circulancy, it can be block-diagonalized

as shown in (6) of section 3.10.

Ci+C:+C, Cy+C3+C3

(27) H =
C;+C;+C; Ci+Cs+C,

=(F(2)®I.)

[ (Hu + Hyy)/2 (F(2)® L),

(Hu — Hyy)/2
where (Hyw + Hyy)/2 is real circulant matrix of cosine funtion and (H;; —
H},)/2 is negative-circulant matrix of pure imaginary sine function which
can be changed to skew-circulant matrix again. This step has decreased the

computation operations more.

6.4 An Example
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We will continue with our example of the case P = 5 of section 3.8 and
3.12. The rest of our discussion will be computing the two-dimensional 5-point
Fourier transform of data exhibitting p3 symmetry.

Thus the action of & on Z/5x 2 /5 corresponds to the multiplication action
by p on Z/5[p), i.e.,

(1) a(z,y) — (4y, = + 4y)

p(z +py) = pz + p*(y) = 4y + p(z +4y) .

Then the redundancy in X-ray data of p3 symmetry is

(2 f(z,y) = fdy,z +4y) .

Viewing f as indexed by (6) or (18), we have that the corresponding column

vector X is of the following form.

Xi
(3) X=|X
Xi
where X is the length 8 subvector of X. The Fourier transform Y of X has a
similar structure. The essential information is contained in the first subvector
of length 8. Denote by Y; the first of the three subvectors of Y.
Then Y can be obtained from ¥;. The computation of ¥; by (9) or (22) is

as follows:

X(0)
(4) Y = X, +
X(0)
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where H; is shown as (12) or (26).
By the p3 symmetry we can reduce the input data to an asymmetric unit

X,. Thus the size of input data reduces from 25 to 9. Thus by (14) and (23)
the output data is

o [ X(0) |
Y(0)
X(1)
Y (1)
(5) ) = KU, | X(7°)
v :
L V) | X () |
where
1 0
(6) o = [0 %Is .

In case of variant 1, H; is a skew-circulant matrix with block-skew-circulance.
Ch, C; and C; are shown as in (8) of section 3.8. While in case of variant 2,
H, is a circulant matrix with block-circulance, Cy, C; and C3 are the same as

in (24) of section 3.12.

6.5 New Algorithm for N = 3L with p3 Symmetry

In this section we will develop the new multiplicative p3 symmetry two-
dimensional FFT algorithm of case N = 3L where 3 and L are relative prime.
By this algorithm the size of two-dimensional FFT can be extended from prime
number to composite number for two-dimensional FFT with p3 symmetry.

We first build the p3 symmetry two-dimensional FFT algorithm of the
3 x 3 and L x L cases with ring structure or field structure. Then by using

the Chinese Remainder Theorem(CRT) and tensor product technique we can
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derive the efficient 3L x 3L p3 symmetry two-dimensional FFT algorithm.
We will give a typical example of size 12 x 12 to describe this efficient two-
dimensional FFT algorithm for p3 symmetry. It also can be developed to the
general case. |

From section 3.3, we know that the polynomial 22+ z+1 is irreducible over
Z /P for a prime P = 2(3), and Z/P[z]/(2*+=z+1) is a field. Otherwise when
P equals to the other number, the polynomial z? + z + 1 is not irreducible
over Z/P. It means that Z/P[z]/(z? + z + 1) will be a quotient polynomial
ring instead of a field. Set p = exp(—27i/3), i.e. p>+ p+1=0. We will use
the notation Z/P][p] instead of Z/P[z]/(z* + = + 1). An element a € Z/P|p]
can be written uniquely as a polynomial a; + paz, a1, a2 € Z/P. Arithmetic

in Z /P is taken mod (p? + 1) defined by

(1) (a1 + paz) + (b1 + pb2) = (a1 +b1) + p(az +bs) .
(a1 + paz)(by + pbz) = a1by — azds + p(azby + a1by — azbs) .

We first build 3 x 3 two-dimensional FFT algorithm with p3 symmetry

using ring structure. Define a mapping

() ¢:Z/Plp] - Z/P

by

$(a1 + paz) = &

Observe that
(3) dla+b) = ¢(a) + 4(b),
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¢(ab) = albl bt a2b2 .

For a function X defined on Z/P x Z /P, the Fourier transform of X is

(4) FX(bl, —b2) = Z X(al, a2)e::§"ri(albl_a2b2)
(a1,02)€Z/Px Z/P

= Z X(a1, ag)eziﬂd’(“b) .
(21,02)EZ/PXZ/P
The function X and its Fourier Transform FX can be viewed as column
vectors once Z/P x Z /P is ordered. Note that (a;,a;) € Z/P x Z /P corre-
sponds uniquely to a; + pa; € Z/P[p]. Hence an ordering of Z/P[p] will yield
an ordering for Z/P x Z/P.
Now we may view the function X defined on Z/P x Z/P and its Fourier

transform F'X as column vectors, and represent (4) in terms of matrices as

(5) Y = MP)X
where
(6) M(P) = [wo ],

For 3 x 3 case, the indexing set on Z/3 x Z/3 can be identified as follows:

. (7) {O’ 1—p, =14p,1, p, Pz, -1, —p, _p2}7

then the matrix M(P) will be as
1 1 1%

(8) MB)= |1, 12 Cel|,
l¢ C1®1; C
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where

11 w w?
I, = Cl = ’

11 w? w

and '
— w 1 w?
C = 2 , Ch = 1 w? w

C; C.

w? w 1

where * we mean complex conjugation and w = e¢=2/3,

Now we make use of the input data with p3 symmetry. By section 6.2, the
action of & on Z/P x Z /P corresponds to the multiplication action by p on
Z/Plp], that is

(9) o(z,y) = (-y,2 —y)
p(z +py) = pz +p°(y) = —y + p(z — )

Viewing X as indexing by (7) with p3 symmetry, we have that the corre-

sponding column vector X is of the following form,

X(0,0)
X(1,2)
X(2,1)
X(1,0)
(10) X(1,0) | ,
X(1,0)
X(2,0)
X(2,0)
X(2,0)
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where {X(0,0), X(1,2),X(2,1),X(1,0),X(2,0)} is asymmetry unit of p3 sym-
metry group with input data on Z/3 x Z/3.

Define the matrix

I
(11) Az = 13 )
15
and A} is the transposed matrix of As.

By direct computation we have

1 1, 1®3
(12) R(3) = AL M(3)4; = 1, I(2) 3¢
1t®3 3C; 0

and the output asymmetry unit is

BZ0) X(0,0)
Y (1) X(1,2)
(13) Y@ | = RB®)| x(2,1)
3Y(3) X(1,0)
| 3Y(4) | | X(2,0) |

Comparing with (8) we can see that this ring structure method is efficient
since the data has been compressed and the computation is reduced. This is
only a simple example which will be used in composite number 12 X 12 case.
We can also extend this algorithm to more general case.

By the similar method we also can solve the 4 x 4 case. Take v =1+ 3p.
The indexing set on Z/4 x Z/4 can be defined as '
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5

(14) {0’ 2,2p, 2P2, 1, 73’ 72’ 75’ 74’ 7, —1, _73’ _72a =7 _'74, _7} )

where {1,93,7%,9%,9%,7} is a cyclic group. The generator is 4 and % = 1.
By define the mapping

(15) ¢:Z/Plp] > Z/P

by
#(ar + paz) = 2a; — ay

we have
(1 1 1 1]
1 I(3 C:®1 C3®1t
(16) M(4) = 3 (3) 3®1;, C3®15 ,
l¢ C3®1, C, C;
I 1l¢ C501, C; C, ]
where
-1 1 T —2 ? ?
1 -1 — ') 1 )
1 -1 -1 _ .
T —1 z 7 —
C'3= -1 -1 1 y C4=
—1 z 2 z 1 -1
-1 1 -1
? 7 -1 1 1 —1
7 T 1 -1 — z

Viewing X as indexing by (14) with p3 symmetry, we can find the asym-
metry unit of input data on Z/4 x £/4 as
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(17) {X(0,0), X(2,0), X(1,0), X(1,2), X(3,0), X(3,2)}

Define the matrix

1
(18) Ay = ? ,
1, I
i La® I |
and set A as the transposed matrix of A,.
Then we have that
(19) R(4) = A M(4) Ay
1 3 113 1®3
_ 3 9 1L®-3 11®-3
1,83 1:8-3 Cs Cs ’
1,83 1,®-3 Cs Cs
where
3(—1+2: 3
05 ES ( Z) .
3 3(—-1 - 2i)

thus the output asymmetry unit will be
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[ Y(0) | | X(0,0) |
3Y (1) X(2,0)
20) W@ | _ gy | XG0
3Y(3) X(1,2)
3V (4) X(3,0)
3¥) | | X3,

compare with (16), we also see that it is a efficient method for 4 x 4 case.

By the property of p3 symmetry group, we have developed the 3 x 3 and
4 x 4 p3 symmetry algorithms with ring structure. Based on this efficient
3 X 3 and L x L symmetry algorithm we can develop the new multiplicative
two-dimensional p3 symmetry FTT algorithm for N = 3L composite number
case, with (L,3) = 1, using the Chinese Remainder Theorem(CRT) with
tensor product method.

By applying the Chinese remainder theorem to Fourier transform compu-
tation, we will provide a way using Chinese remainder theorem to compute
a large size two-dimensional Fourier transform computation nested with the
small size two-dimensional computation.

By the Chinese remainder theorem from setion 5.2, for N = 3L and

(L, 3) = 1, we define the following mappings

(21) $:Z/Lx Z/3— Z/N,

by the formula

(22) ¢(u11u2) = (u161 + uzez) mod N,

where u; € Z/L and u, € Z/3, the {e1,e;} is the system of idempotents
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corresponding to the factorization N = 3L. And the inverse mapping ¢! is

given by

(23) _ ¢~1:Z/N = Z/L x Z/3,

that is

(24) ¢ '(v) = (umod L, umod3), ueZ/N.

which identifies that every element u € Z/N can be identified uniquely with
the ordered pair (v mod L, u mod 3) in Z/L x Z/3.
Denote Z/N x Z/N by (£/N)?. The mapping ¢ and ¢! can be extended

to

(25) ¥:(Z/L)* x (2/3)* - (Z/N)?,
P((u1,v1), (u2,92)) = ($(u1,u2), $(v1,v2)) .

And ‘

(26) $~r 1 (Z/N)? - (Z/L)* x (2/3),

P w,0) = (671(u), 7)),

By theorem 1 of section 8.2 and the Chinese Remainder Theorem we can
find out the asymmetric unit of p3 symmetric group on Z/N x Z/N. Then

the Fourier transform of X can be found out by

(27) Yn(s) = R(N) Xn(s) = (An(M(L) ® M(3))An) Xn(s) ,
where M(L) and M(3) are non-symmetry FFT matrices as shown in (8) and
(16).
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For the 12 x 12 case, the output of Fourier transform is

(28) Yiz(s) = R(12) X1a(s) ,
where
(29) R(12) = AL(M(4) ® M(3))Asz .

Define the matrix

Iy

. Iy § §2
A12 =
LRL LS I, Ss?

L LS I,®S? ]
(30) '

and A%, is the transposed matrix of A;;. By using the matrix properties and
tensor product theory continuely, our algorithm will be described as a matrix
factorization. This tensor product factorization decomposes the action of

R(12) into a sequence of elementary operations which is useful in matching

different computer architecture.

Define the matrix
B =LoLoSeoS’0 Lo LOSOSeS’eS 0 LaoLedSeSeS e S?

and §! as inverse matrix of §. Then

(32) R(12) = (41@ L) 7" (M(4) ® M(3))J (A ® I5)

where A4, M(3) and M(4) are the same as in (18),(8) and (16), and
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I3 001

(33) S = Sa , S3=1100
S3 01 ‘0
Define another matrix
(34) F = Le®Fy,
where
I
F(3)

and F(3) is one-dimensional 3-point FFT matrix. Then
R(12) = (4} ® L)F(F-\§~ F)(F-(M(4) 8 M3)F-1\(F§F)F(41 8 I)

= (le ® Fo)(44 ® Iy)DP(Ihe ® F5 ' M(3)F5* )(M(4) ® Io)P(A4 ® Lh)(Ls ® Fo)

where
(36) P =LoLoDdD*e0lheolsdDoDoD*dD*Ldl,0 D& D®D*®D?

and

(37) D=Lolowdwdldwdw?

From that we have

R(12) = Po(Fo®Is)(I® AL (Fy* M(3)F5 ' @ Ls)(L®M(4)) P (Le®As)(Fo®I6) Pyt
where Py is the permutation matrix and

(38) D' =5e® Lie®Lie® Iis® D& D} ® e ® DD},
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and

(39) D, =10D:0 (D39 L)®(D:® L),
with
(40) D; = 10wduw?.

then the matrix R(12) will be
R(12) = Po(Fo®ILs)(Fy ' M(3)Fy ' ®Is){(s® AT (1@ M(4)) 7 (Is® As) N Fo®Ie) F '

Define

I

finally we have
(42) R(12) = Py(Ih®@F:)(Fo®Is)(Fy ' M(3)Fy1®16) 3 (Fo®Is ) Ih @ Fy) Pyt

where

(11 11 00 1 0 0
11 1 w 0 0 w2 0 0
11 1 w0 0 w 0 0
1 w w2 0 0 0 0 0 O
(43) FiF'M@3)F;* =0 0 0 0 0 0 0 w? 0,
00 0 0 0 w O 0O
l1w?w 0 0 0 0 0 0
00 0 0 w20 O 0 O
(00 0 0 000 0 w,
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and

(44) 3=2,.0Z,:02:,02,07"'0 Zs0 2,0 2!
where

1 3 3 3 0 0]
1 3 -1 -10 0
1 =1 -1 1 0 0

Z4 = ,
1 -1 1 =10 0
0 0 % 0
0 0 0 2
10 o0 o o0 |
00 2 0 0
0 2 -1 0 0

Zy = ,
0 2 -1 0 0
00 0 0 —i —/3
00 0 0 =3 -—i
(1 0 0 0 0
00 2 0 0

2 = 02 -1 1 0 0

. 02 1 -1 0 0
00 0 0 —i 3
00 0 0 3 —i

From the final tensor product decompositions (42) of this new FFT al-
gorithm, the action of R(12) is decomposed into a sequence of elementary
operations of vectorization and parallelization. For example Z has block-
diagonal structure with each independent simplified block. This algorithm is

more valuable with different machine architectures.
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6.6 Summary

As the applications of our algorithm to X-ray data of the crystallographic
symmetric group, we have described the multiplicative two-dimensional prime
point Fourier transform algorithm for p3 symmetry using field structure in
section 6.3 and 6.4. Our algorithm adapts naturally to processing a data
with p3 symmetry when P = 2(3). Since the crystallographic symmetry
giving rise to data redundancy, our algorithm reduce the data to one-third
size, i.e. the original P? x P? two-dimensional Fourier transform matrix has
changed to the % X E:f-l circulant or skew-circulant matrix. The efficiency
of this algorithm is apparent since the data compression and the computation
operation is divided by the degree of symmetry against the original non-
symmetry case.

In section 6.5 we have developed the new two-dimensional multiplicative
p3 symmetry FFT algorithm of case N = 3L with (L,3) = 1 by ring structure.
By using the CRT and tensor product technique we have derived the efficient

algorithm from prime to composite number which is valuable with different

computer architectures.
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Chapter 7

Multiplicative 2-Dimensional
Prime Point FFT Algorithm

for p4 Symmetry

7.1 Introduction

In last chapter we have described the multiplicative two-dimensional prime
point FFT algorithm for p3 symmetry. In this chapter we will present the mul-
tiplicative two-dimensional prime point FFT algorithm for p4 symmetry. The
redundancy now is controlled by the crystallographic symmetry group p4. The
p4 symmetry are also known as 90° rotation symmetry. As another applica-
tion of our algorithm developed before, we will illustrate incorporating of the
crystallographic p4 symmetry to the efficient multiplicative two-dimensional

prime point FFT algorithm to gain computational advantage.
7.2 p4 Symmetry
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The p4 symmetry may be represented as the following group of 2 x 2

madtrices.

10 0 -1 -1 0 0 1
(1) SP4 = ’ ’ ’

01 1 0 0 -1 -1 0
Denoting a generator of p4 by a, say

0 -1

2 a = ;
(2) [ L o J
then Sp4 is cyclic group given by
(3) Spa = {Ip = a*,a,a?,a%} .
the redundancy in X-ray data is

f(xay) = f(a(z,y)) = f(_ysx) ’

f(zvy) = f(az(w,y)) = f(—xa _y) 3

and

(4) f(z,y) = fe®(z,y)) = fly,—=),

where f is the function whose value is the X-ray data at the lattice point
(z,y). Thus p4 can be viewed as acting on a two-dimentional lattice via the
matrix multiplication.

Denote the Fourier transform of f by f. According to the theorem 1 of

section 7.2, we have the following lemma for p4 case.

Lemma 1 For a function f defined on Z/N x Z/N, if f(z,y) = f(a(z,y)),
t.e. f has p4 symmeiry. Then

(5) Fu,v) = fla(u,v)).
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Prove

According to the theorem 1 of section 6.2, we have

flu,0) = fla*(u,v)),
where a# denotes the inverse transpose of the matrix «, a# = (a~')*. Since

ey [0 1 _lt___o—l _.
er=([ 5] ) -]

flu,0) = fla*(u,0)) = fla(u,v)) .

Then

Observe now that the minimal polynomial of & in the variable A is

(6) A2+,

Thus the action of @ on Z/P x Z/P corresponds to the multiplication
action by p on Z/PJp), i.e.,

m o(z,v) - (~4,)
p(z+py) = pz + p’(y) = —y + pz.

7.3 New Algorithm for p4 Symmetry

From chapter 4 we treat Z/P x Z/P for a prime number P = 3(4), as a
simple object. The polynomial z? + 1 is irreducible over Z/P for P = 3(4).

129



Set p = exp(—2ni/4). Then p*+1 = 0and Z/P[p] is a field with P? elements;
i.e., the nonzero elements of Z/P[p] form a cyclic group under multiplication.

Let 4 be a cyclic generator. Then

P22

(1) 1=70’7172,"‘7

are the distinct nonzero elements of Z/P|p]
An element ¢ € Z/P[p] can be written uniquely as a; + paz, a@1,a; € Z/P.
Arithmetic in Z/P[p] is defined by

(2) a+b = (a1 + paz) + (b1 + pb2) = (a1 + &) + p(az + b2) .

ab = (a1 + paz)(by + pb2) = a1by — azbs + p(arb: + a2by) .

Define a mapping ¢: Z/P[p] —» Z/P by

(3) é(ay + paz) = 2a; .

¢(ab) =\ Z(qul - agbg)

For a function X defined on Z/P x Z/P, the Fourier transform of X is

(4) FX(2by,—2b;) = ) X (e, a)e T 2a1h1~2azb2)
(a1,a2)€EZ/Px Z/P)

= 3 X(al,az)eﬁ»’—‘¢(ab)
(al,az)EZ/PXZ/P)

The function X and its Fourier Transform FX can be viewed as column
vectors once Z/P x Z /P is ordered. To this end, note that (a;,a;) € Z/P x
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Z /P corresponds uniquely to a; +pa; € Z/P[p]. Hence an ordering of Z/P[p]
will yield an ordering for Z/P x Z/P.

Take the ordering by U(P). Now we may view the function X defined on
Z/P x Z/P and its Fourier transform FX as column vectors, and represent

(4) in terms of matrices as

[1 1 ...... 1
Y (0) ' X(0)
(8) y | = i W(P) {_X_}
1
| 1
where
(6) W) = [wor | .

and the element 0 € Z/P[p] has been placed in front of U(P). For the rest
of our discussion, we ignore 0 € Z/P[p] (We can place this at last stage of

computation).

Variant 1

By lemma 1 of section 5.2, for P = 3(4), P? — 1 is divisible by 8. Take

__ P21
n=9";

and m = %, and define the set

(7) S = {70’ Y, 72’ e ,,),m—l} .

Thus we have that 1,4™,4?™ ~+3™ is the quotient of U(P)/S and

(8) U(P) = SUA™SU~™SU+*"S
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View S as ordered by (7). This ordering can be used to order y™S,v?™S and
43mS. Thus the ordering of U(P) is obtained by putting S;y™S; v*™S; v*"S.
We will denote by R(P) the group U(P) with this ordering. Now examine

=2%

the matrix W(P). set w =¢”F .

Theorem 1 W(P) will be of the form

[ A4 B 4* B*|
: B A* B* A
(9) W(P) = ,

A* B A B

B A B A

where A,B are m X m maltrices.

Prove

Let _
W, W, W, W, |

W(P) = Ws We Wy, W ,
We Wie Wi Wi
| Wis Wiy Wis Wi |
where W;, 1 < ¢ < 16 are m X m matrices.

We will show that Wy = Wz = W;; = Wy4. The other cases are proved
in exactly the same way. For 0 < k,! < m, denote the k-th row I-th column

entry of an m x m matrix W; by W;(k,1), 1 <: < 16.

Wa(k, 1) = WYY e(EHAm) s Wik, 1) .

Similarly by the properties of v and ¢ shown in (1) to (3) of section 4.2, we
also can prove that ‘
Wn = Wy = W
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It means that W(P) can be rewrite as
(W W, W Wi
W, Ws W, Wi
Wa W, Wi W,

We Wo W, Ws

This structure of W(P) is known as block-skew-circulancy.

(10) W(P) =

Let us now examine each of the blocks W;, 1 < i < 4, as follows: We see

that
Wy = W) ek W .

similarly we can prove W} = W;, completing the prove of theorem 1.

Lemma 1 Following by the theorem 1, the matriz
(11) H = [A+A*+B+B*] .
is skew-circulant matriz of pure real number.

Prove

A, A*, B and B* are m X m matrix, so H; is also m X m matrix. Denote
the k-th row l-th column entry of the m x m matrix M by M(k,!). Then

(1) For 0 < k,l < m — 1, we knew that the matrix W(P) is a skew-
circulant matrix by the corollary 2 of section 3.4. Since the matrix H; is the

linear combination of submatrices A, A*, B and B*, so
Hy(k,1+1) = Hi(k+1,]),
(2) Since W(P) is the skew-circulant matrix, we have
A(k,m—-1) = B(k—1,0), B(k,m—-1) = A*(k-1,0),
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A*(k,m-1) = B*(k-1,0), B*(k,m-1) = A(k-1,0).
where 1 < k¥ < m. Now look at the matrix H;, we have
Hy(k,m —1) = A(k,m — 1) + B(k,m — 1) + A*(k,m — 1) + B*(k,m — 1)

= B(k —1,0) + A*(k — 1,0) + B*(k — 1,0) + A(k — 1,0) = Hy(k — 1,0) .

hence H, is the skew-circulant matrix. Furthermore since A* and B* are

conjugates of A and B, H, is real, completing the proof of lemma, 1.

Viewing the input data function f as indexed by (7) and (8) with p4

symmetry, we have that the corresponding column vector X is of the following

form . _
Xy
X

(12) x=|""
Xi
X1

where X is the length m = 1—’2{—1 subvector of X. By lamma 1 of section 7.2
the Fourier transform Y of X has a similar structure. However, the essential
information is contained in the first subvector of length m. Denote by Y; the
first of the four subvectors of Y.

Then Y can be obtained from Y;. The computation of ¥; in turn can be

made as follows:

X,
o X(0)
(13) V=48 4 p| SR
‘ X(0)
-Xl -
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X(0)
= 0 X, +
X(0)
By the p4 symmetry we can reduce the input data to an asymmetric unit
X, including X(0) and X;. Thus the size of input data reduces from 4m + 1

to m 4+ 1. H; can be found out as follows. Set

(11 ..., 1]
1
(14) U=1: W ;
| 1
L 1 .
and
o .
I
(15) V= I,
I,
L Im .
By matrix computation, we obtain
(16) U, = VUV = [ ! 4'15"} ,
4-1,, 4-H

where

H, = [A+A*+B+B*] ,
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from lemma 1 of section 7.3 we know that H; is skew-circulant matrix of pure

real number.

Now the input data is

X(0)
X(1)
(17) X=V| X |,
| X(y™1) |
and the output data is
Y(0) | [ X(0)
Y(1) X(1)
(18) Y(v) = K,V'UV X(y)
| Y (™) | | X(v™1) |
X(0)
X(1)
= KsUs X("y)
| X(v ) |
where
1 4.1t
(18) U = [4-1,,. 4. H,
and H, is as
(20) B o=|a+a+B+5 |,
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also

1 0
(21) K, = . .

0 P24

By applying the multiplicative algorithm, we find that the computation of

Fourier transformwith p4 symmetry has been changed to asymmetry unit with
only one-fourth size. Since the original P2 x P? two-dimensional Fourier trans-
form matrix of complex number has change to a &[l X _1?_24__1 skew-circulant

matrix of real number, we gain computational advantage.

Variant 2

We will now to derive W(P) depending on different orderingon Z/Px Z /P
comparing with variant 1.

For P = 3(4), take n = &=L and m = &, and define the set
p 2

(22) S = {¥%7,7%---,7™1}.
then
(23) U(P) = SU4™SU~¥™SU~*"S .

We can rewrite the set S as

(24) . 8 = {y" L™ 1,7°)
Then U(P) can be rewrite as

(25) UP) = ¥*"S'U+*"S'uy™s'us .

View S and S’ as ordered by (20) and (22). We will denote by Ry(P)
with S;4™8;4?™S;93™S and Ry(P) with ¥3™8’;4?mS";4™S"; S’. We order
the column and the row indexing by R;(P) and Ry(P) separately. Then we

examine the matrix W(P) again.
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Theorem 2 W(P) will be of the form
(4 B A B |

B A B &
(26) W(P) = ;

A* B A B

B A* B A

where A,B are m X m matrices.
Prove

Let _ -
w, W, W; W,
Ws We Wr; W,
W(P) = 5 6 7 8 ,
Wy Wi Wi Wi
i W13 W14 W15 W16 i
where W;, 1 < ¢ < 16 is an m X m matrix. We will show that Wy = W =

Wio = Wis. The other cases are proved in exactly the same way. For 0 <
k,l < m, denote the k-th row I-th column entry of an m X m matrix M by
M(k,1),

Wis(k,1) = WA=k L d(yAmyRmamei—kal)

= PPy kAmal) Wa(k, 1) .

Similarly by the properties of v and ¢ shown in (1) to (3) of section 4.2, we
also can prove that
Wi = Wy = Wiys

It means that W(P) can be rewrite as

[ W, Wy Wi W, -
W, W, W, W;
W, W, W, W,
Wy Wz W, W

(27) W(P) =
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This structure of W(P) is known as block-circulancy.

Let us now examine each of the blocks W;, 1 < < 4, as follows:

We can see that
Wi = W™ = ) o,
- similarly we can prove W}; = W;, completing the theorem 2.
Lemma 2 Following the theorem 2, the matriz
(28) H, = [A+A*+B+B*] :
ts a circulant matriz of pure real number.
Prove

A, A*, B and B* are m X m matrix, so H; is also m X m matrix. Denote
the k-th row I-th column entry of the m x m matrix M by M(k,[). Then

(1) For0 L ki< m— i, we knew that the matrix W(P) is a circulant
matrix by the corollary 1 of section 3.9. Since the matrix H; is the linear

combination of submatrices A, A*, B and B*, so
Hl(_k +1,l4+1) = Hy(k,1),
(2) Since W(P) is the circulant matrix, we have
Am-1,1) = B(0,l+1), B(m-1,l) = A*0,l+1),

A*(m—1,1) = B*0,1+1), B*(m—1,) = A(0,l+1).

where 1 <! < m. Now look at the matrix H,, we have
Hy(m—-1,)= A(m - 1,1)+ B(m —1,1) + A*(m — 1,1) + B*(m — 1,1)
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= B(0,1 + 1) + A*(0,1+ 1) + B*(0,! + 1) + A(0,1 4+ 1) = H,(0,! +1).
hence H; is the circulant matrix. Furthermore since A* and B* are conjugates

of A and B, H, is real, completing the proof of lemma 2.

Similarly as the variant 1, the input data function f as indexed by (7) and
(8) with p4 symmetry is of the following form
-

X1
X
(29) x=|""
Xy
Xy
where X is the length m = Efl subvector of X. The Fourier transform Y of

X has a similar structure. However, the essential information is contained in
the first subvector of length m. Denote by Y; the first of the four subvectors
of Y.

Then Y can be obtained from Y;. The computation of Y¥; in turn can be

made as follows:

=
| X(0)
(30) Y1=[ABA* B*] +|
X(0)
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and the output data is

[ Y(0) | [ x(0) |

Y(1) X(1)

(31) Y(v) = K,U, X(7)
| Y(y™-1) | | X(ym1)

where K, and U, are the same as (19) and (21), but only defference is that
(32) Hy = [A+A*+B+B*].
is the circulant matrix of pure real number.

By applying the multiplicative algorithm in variant 2, we find that the
computation of Fourier transform with p4 symmetry has been changed to
asymmetry unit with only one-fourth size. Furthermore the original P? x P?
two-dimensional Fourier transform matrix has change to a 132—4‘1- X -}324;1 circu-
lant matrix of real number. It is more efficient that we only need compute the
size of % cyclic convolution instead of the original P x P two-dimensional
Fourier transform after incorporating of the crystallographic p4 symmetry to

our multiplicative two-dimensional prime point FFT algorithm.

7.4 An Example

We will continue with our example of the case P = 3 of section 4.4. The
rest of our discussion will be computing the two-dimensional 3-point Fourier
transform of data exhibitting p4 symmetry.

Denoting a generator of p4 by a, i.e.
0 -1
(1) a = )
1 0
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Thus the action of a on Z/3 X Z/3 corresponds to the multiplication action
by p on Z/3[p], i.e.,

a(z,y) — (2y,z)

(2 plz + py) = pz + p*(y) = 2y + p(z).
Then the redundancy in X-ray data of p3 symmetry is
(3) f(zy) = f(2y,2) .

Following the example of section 5.4, we have

(4) w(3) = [w¢(1"+*) ]

0<i k<8
Let the ordering of § and k are

j = 071a273,4a5,677;

k=0,1,23,4,5,6,7;

By the p3 symmetry we can reduce the input data to an asymmetric unit X,
only including X(0) and X;. The output has the same structure as input.
Thus the size of input data and output data reduce from 9 to 3. We have

1 4 4
4 -2 1
Variant 2
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In variant 2 we will choice different index ordering on Z/P x Z/P. To

find circulant structure we order j and k of (4) as follows:
Jj =01,23,4,5,6,T;

k = 176,54,3,21,0

7.5 Summary

In this chapter we have described the multiplicative two-dimensional prime
point FF'T algorithm for p4 symmetry. The computation of Fourier transform
with p4 symmetry has been changed to asymmetry unit with only one-fourth
size. Since the data has been compressed to one-fourth size, it is more effi-

P21 P21

cient that we only need compute the = x

; 7 circulant or skew-circulant

matrix of real number instead of the original P2 x P? two-dimensional Fourier

transform matrix of complex number.
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Chapter 8

Multidimensional FFT
Algorithm for N = P P,
with p3 and p4 Symmetry

8.1 Introduction

We have developed the multiplicative two-dimensional FFT algorithm of
the prime number for p3 and p4 symmetry and the composite number N = 3L,
(3,L) = 1, for p3 symmetry in the last two chapters. As an important ap-
plication we will describe Orbit Exchange method(OEX) in this chapter to
present N = PP, two-dimensional FFT algorithm with p3 and p4 symmetry,
which will use the above multiplicative two-dimensional prime point algorithm
as routines, including both non-symmetry and symmetry cases that we have
developed in this thesis. Orbit Exchange(OEX) is a method for determining
asymmetric units and mappings between them. The method is based on the
group theoretic properties of the crystallographic groups and the ring struc-

ture of the sampling lattices. Asymmetric units determined by this method
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are algebraic rather than geometric, and an interface between the two is part
of the method. For a given group it is easy to find several asymmetric units.

Based on M. An’s work of Orbit Exchange method [18], the methods for p3
and p4 symmetry cases are developed further. Orbit Exchange method gener-
ates a symmetrized P, P,-point Fourier transform algorithm, for (P, P;) =1,
from P;-point and P;-point Fourier transform algorithms. This method de-
composes the problem into small modules that are independent of each other,
which can be parallelized. These modules also can be shared by other prob-
lems: Problems involving different crystallographic groups and different sam-
pling grids. So the efficient subroutines developed in this thesis using mul-
tiplicative structure can be incorporated to OEX method. Thus we will get
more efficient p3 and p4 subroutines of P, P; size which can be used further
into more ::omplex groups. The method presented here is only concerned
with two-dimensional Fourier transform of p3 and p4 cases. However this
theory also can be extended to three-dimensional Fourier transform of more

complicated groups.

8.2 Theorem of Asymmetric Unit

Definition 1 For two sets U and V, the Cartesian product of U and V,
denoted by U x V i3 the following set of ordered pairs.
UxV = {(u,v) |ueUveV}

Definition 2 For natural numbers P, and Py, Z/P, x Z/P, is the cartesian
product of Z/P, and Z /P, with the componentwise arithmetic modulo the
respective natural numbers. We will use the elements of Z/P, x Z/P; to label

the points in two-dimensional unit cells.
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Definition 3 Foru € U,
G(u) ={gu|g € G}

18 called the G—orbst of u. It is the set of elements equivalent to u modulo G.
U is partitioned into distinct G—orbits. A subset of U consisting of one

element from each G—orbit is called an asymmetric unit in U by the group G,

denoted U/G.
Let g1, 92, *, gk be the elements of G. Then
U=gU/G)Ug(U/G)U---Ug(U/G),

where

gi(U/G) = {giv | u € U/G}.

Definition 4 For u € U, the isotropy subgroup at u, denoted by Iso(u), is
the subgroup of G that fizes u, i.e.,

Iso(u) = {g € G | gu=u}.

Definition 5 Let D be a group acting on U X V. D i3 said to act diagonally
onU XV if

d(u,v) = (du(v),dv(v)), d€ D, (u,v) €U x V,

where dy and dy are actions on U and V respectively.

Now we present the theorem of how to find out the asymmetric unit of a

given symmetric group.
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Theorem 1 Let D be a diagonal group acting on U x V and {v1,vs,...,v%}
be a V/Dy. Then

1) ULy (U x {v:})/Iso(v:)

is an (U x V)/D. We also can interchange the roles of U and V, we find
another (U x V)/D,

(2) ULy ({wi} x V)/Iso(u;),

where {uy,u2,...,u} is an U/Dy.

Asymmetric unit is not unique in general. However, the isotropy property
is uniquely determined by the set and the group that acts on the set. In
particular, it is independant of the choice of asymmetric units.

To determine asymmetric units by nondiagonal groups, we first diagonalize
the group, then proceed as in the case of diagonal groups. We will illustrate

this later.

8.3 Diagonalizing Two-dimensional Ratation Groups

In this section we will describe a procedure for diagonalizing crystallo-
graphic rotation groups like p3 and p4 which do not act diagonally. Before
this we would like go over the Chinese Remainder Theorem which We have
described in chapter 6 already. It will be also important to develop Orbit

Exchange method we are going to present.

Theorem 1 Chinese remainder theorem(CRT) -
Let N = P P, with (Py,P;) = 1, then there exists a ring-isomorphism

(1) Z/IN=Z/P, x Z/P,.
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We will construct the ring-isomorphism using idempotents. Since (P, P2) =

1, there exists integer C; and C- satisfy
(2) CiPL+ CP, =1

Now we define
(3) e1 =CP; modN |
(4) € = ClPl mod N .

Rewrite (6) as
() e1 = CP,+NM, MeZ.

We can find out from (2) and (5) that

(6) e1=1 mod Py, e =0 modP;.
Similarly we can find out continuely that

(7) e2=1 modP,, e;=0 modP,.

The idempotents e; and e; are uniquely determined by conditions (6) and (7).

The set
(8) {e1, €2}
is called the system of idempotents corresponding to the factorization N =

P1P2, where (Pl,Pz) =1.

Besides (6) and (7), e; and e; have the following more properties:

(9) ere2 =0 mod N .
(10) ext+ez=1 mod N .
(11) el=e mod N, e=e modN.
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These properties above uniquely determine e; and e; in Z/N. Hence we

can find f; and f; in Z/N with
(12) e = f2P2 € Z/N, €y = f1P1 € Z/N

where (f2,P1) =1 and (f1,P2) = 1.
We now show that the existence of system of idempotents gives rise to a

way of identifying Z/N and Z/P, x Z/P,. Define the following mapping
(13) : ¢:Z/P,x Z|P,— Z/N,

by the formula
(14) H(ur,uz) = (ur1e1 + uzez) mod N ,

where uy € Z/P,u; € Z/P,, the set {e1,e2} is the system of idempotents
corresponding to the factorization N = P, P,.

The mapping ¢ preserves the arithmetic structure of rings and is a ring
homomorphism.

This means that every ordered pair (u1,u2), u1 € Z/Py,us € Z/P; can be
written uniquely as

(15) uie; + ugez = u mod N .

From the above description we see that the inverse mapping ¢! is given

by the following way,

(16) ¢ :Z/N— Z|/PxZ|P
and
(17 ¢~'(u) = (umod P, umod P;), u€Z/N.

which identifies that every element u € Z/N can be identifyed uniquely with -
the ordered pair (u mod Py,u mod P;) in Z/P; x Z/P,.
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Concisely, by the Chinese remainder theorem presented above, for N =

P, P; and (P, P;) = 1, we have defined the following mappings
(18) 6:Z/PLx Z/P,— Z|N,

by the formula
#(u1,u2) = (ure1 + uzez) mod N,

where u; € Z/P, and u, € Z/P;, the {e;, e;} is the system of idempotents
corresponding to the factorization N = P, P,. And the inverse mapping ¢!
is given by
(19) ¢_1:Z/N-—)Z/P1XZ/P2,
that is
¢~ (u) = (umod P, umod P;), u€Z/N.

which identifies that every element u € Z/N can be identifyed uniquely with
the ordered pair (v mod Py,u mod P;) in Z/P, x Z/P;.

Furthmore, denote Z/N x Z/N by (£/N)?. The mapping ¢ and ¢~ can

be extended to
(20) b:(Z2/P) x(2/P)* = (Z/N)*,

Y((u1,v1), (uz,v2)) = ($(u1,u2), $(v1,v2)) -

and
(21) P71 (Z/N)? - (Z/P) x (Z/R),

7 (u,v) = (67 (u),47'(v)) ,

We now describe a procedure for diagonalizing crystallographic groups
that do not act diagonally. The procedure is to rewrite the carterian product

Z [N x Z/N so as to diagonalize the group action.
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For a group G acting on (£/N)?, we have a diagonal group (G1, G:) acting
on (Z/P)? x (£/P,)? with the following bijective correspondance :

g S G — (91,92) € (Gl’ G2)’

(22) ¥ ((91,92)((u1, v1), (u2,v2))) = g (¥((v1,v1), (u2,v2))) »
(23) ¥~ (9(u,v)) = (91,92) (¥7(w,0))

A rotational symmetry is described by
(24) oq1Uy + 0oz, 21U + i22U2;

with ey, @12, a2 and @, having values 0 or 1. We introduce another way

of describing the above for ease of discussion. Denote by u the column matrix

u (24 [24
[ ! ] Leta = [ no ] . The matrix multiplication au describes in (24)

U2 Q21 OG22
Uy
(u1,u2) «— )
u2

via the correspondence
11Uy + a12U2
ay = .

g1y + iUy

for

Henceforth, by abuse of notation, we will identify elements of (Z/N)? with
column matrices. We will identify a group G of rotations with a group of 2 x 2
matrices. The action of G on (£/N)? is the matrix multiplication modulo N.
In this setting, the actions of diagonl components G and G, are the matrix

multiplications modulo P; and P, respectively.

Example 1
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Consider the group p3 acting on (Z/15)2.

10
01

12z

We can decompose (Z/15)* into (£/3)? and (Z/5)? by the map ™! above.
The system of idempotents {e;, ez} of the mapping ¥ corresponding to the

3 = {u,v; D,u —v; v — u,q.} 4——){[

factorization 15 = 3 x 5 are e; = 10 and e; = 6 (see the table 1 of section 6.2).
Take the element (8,2) € (Z2/15)2.

(1) ¥7(8,2) =((2,2),(3,2)), (2,2) €(Z2/3)*, (3,2) € (Z/5)*
(2) p3 identifies (2,2) with (1,0) and (0,1) in (Z/3)2.
(3) p3 identifies (3,2) with (3,1) and (4,2) in (Z/5)2.
(4)
$((2,2),(3,2)) = (10 x 2+ 6 x 3,10 x 2 + 6 x 2) mod 15 = (8,2),

$((1,0),(3,1)) = (10 x 1 + 6 x 3,10 X 0+ 6 x 1) mod 15 = (13,6),

$((0,1),(4,2)) = (10 x 0+ 6 x 4,10 X 1+ 6 X 2) mod 15 = (9, 7),

Note that p3 identifies (8,2) with (13,6) and (9,7) in (Z/15)2.

Example 2

Consider the symmetric group p4 acting on (Z/21)2.

4 = {u,v;—v,u;—u,—v;v,—u}

=~ BT AL
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We can decompose (Z/21)? into (£/3)? and (Z/7)? by the mapping ¥~ also.
The system of idempotents {e;,e;} of the mapping 1 corresponding to the
factorization 21 = 3 x 7 are e; = 7 and e;15 (see table 1 of section 6.2). We
take the element (5,9) € (2/21)2.

1) ¥71(5,9) = ((2,0),(5,2)), (2,0) €(2/3)*, (5,2) € (Z/7)* .

(2) p4 identifies (2,0) with (0,2), (1,0) and (0,1) in (Z/32.

(3) p4 identifies (5,2) with (5,5), (2,5) and (2,2) in (Z/7)%.

(4)

((2,0),(5,2)) = (Tx2+15x5,7x 0+ 15 x 2) mod 21 = (5,9),

$((0,2),(5,5)) = (7 x 0415 x 5,7 x 2 + 15 x 5) mod 21 = (12,5),

¥((1,0)(2,5)) = (Tx14+15% 2,7 x 0+ 15 x 5) mod 21 = (16,12),
¥((0,1)(2,2)) = (7Tx0+15%2,7%x 1+ 15 x 2) mod 21 = (9,16) .

Note that p4 identifies (5,9) with (12,5), (16,12) and (9, 16).

Formulas (22) and (23) describe a way of determining the action of the
group G on (£/N)? in terms of (G1,G?) acting on (Z/P,)? x (Z/P,)? via the
maps ¥ and 1.

By the theorem 1 of section 9.2, we know how to find out the asymmetric
unit of a symmetric group.

To determine asymmetric units of nondiagonal groups like p3 and p4 ro-

tation groups, we first diagonalize the group, then proceed as in the case of

diagonal groups. We illustrate this with the following example.
Example 3

Determination of (Z/15)%/p3.
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(1) Reindex the elements of (£/15)? with elements in (Z/3)? x (£/5)? via
YL

(2) p3-orbit decompositions of (£/3)2and (Z/5)* are given in tables 1 and
2.

(3) Selecting one element from each row of the tables, we find asymmetric

units in (Z/3)? and (£/5)?. To this end, we will choose the first columns

in each case.

A3 = {(07 0)7 (07 1): (Ov 2)1 (17 2)7 (27 1)}
isa (2/3)?/p3.
Iso({(0,0),(1,2),(2,1)}) = p3, Iso({(0,1),(0,2)}) = pl.

As = {(0,0),(0,1),(0,2),(0,3),(0,4),(1,2),(1,3),(2,1),(3,1)}

is a (Z2/5)*/p3.

Iso(0,0) = p3, Iso(us,vs)= pl,for (us,vs) # (0,0).

(4) Applying formulas (4) and (5), we find asymmetric units in the product
(Z/3)* x(Z/5)".

Ass = (43 x {(0,0)}) U ((£/3)* x (45 — {(0,0)})

As3 = ({(0,0),(1,2),(2,1)} x 45) U ({(0,1),(0,2)} x (2/5)*)
are ((£/3)* x (£/5)*)/(p3, p3).

(5) 771(Aas) as well as j~1(As3) are (£/15)?/p3.
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Az | aAs | a?A;
(0,0) | (0,0) | (0,0)
(0,1) | (2,2) | (1,0)
(0,2) | (1,1) | (2,0)
(1,2) | (1,2) | (1,2)
(2,1) | (2,1) | (2,1)
Table 1  p3-orbit decomposition of (Z/3)2.

As | ads | a?4;
(0,0) | (0,0) | (0,0)
(0,1) | (44) | (1,0)
(0,2) | (3,3) | (2,0)
(0,3) | (2,2) | (3,0)
(0,4) { (1,1) | (4,0)
(1,2) | (3:4) | (1,4)
(1,3) | (2,3) | (2,4)
(2,1) | (41) | (4,3)
(3,1) | (4,2) | (3,2)
Table 2 p3-orbit decomposition of (Z/5)2.

Chinese remainder theorem extends to any finite number of factors that
are relatively prime to each other. Thus the above method can be iterated.

The applications of the theorem of astmmetric unit we show are all exam-
ples of algorithms and implementation ideas. The objective in designing an
algorithm for a given symmetry group is to reduce the size of data set by ap-

proximately the order of the group. As we will see, computationally efficient
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data set is not a precise asymmetric unit. In most cases, we will use a set
that contains an asymmetric unit. Theses aspects will be pointed out in the

examples that follow.

8.4 Orbit Exchange for FFT with Rotation Symmetries

We have presented the prime factor method in section 6.3.2 already. It
provides a way using Chinese remainder theorem to replace a large size one-
dimensional Fourier transform computation with a small size two-dimensional
computation.

By the Chinese remainder theorem, for N = P, P; and (P, P2) = 1, we have
defined the following mappings ¢, ¢~1, ¥ and 3~ in (18) to (21) of section
9.3.

Let f(u) be a function on Z/N. The one-dimensional Fourier transform

is defined as

1) fo) = 3 fw)eF.

ue€Z/N

For u,v € Z/N, we can use the system of idempotents {e;, ez} to change

u and v by

(2) u = uje; + ugze; mod N,

and

(3) v = vie; + vey; mod N .

Then

(4) f(vlel + vzez) = E f(user + uzez)e%ﬁ("le”uzezxmq”’ez) )

ug EZ/N,uQEZ/N

By the properties of the system of idempotents {e;, e2},
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=2mi

e T (meatun)(ueatne) . o TFrluve  TFuvme

by (15) of section 8.2, e; = foP; and e; = f, P, the above equality can be

changed to -
e%ulvlfze-'%’".uzuzfl
(4) can be rewritten as
£ =2m =24
flvier + v2e3) = 3 f(urer + U262)6T“1”1f26—p;—u202f1 )
w1 €EZ/Piuw€Z/P,

This method is known as Prime Factor algorithm, which also can be applied
to the computation of multidimensional Fourier transform as well.

We now describe the orbit exchange method for incorporating symmetry
groups to the Fourier transform algorithms. The main idea is to exploit the
existence of several stages of computation and data transposition. Symmetry
is incorporated into the data transposition only; Using the symmetry, data
is mapped from one asymﬁxetric unit onto another asymmetric unit. In each
stage, an asymmetric unit is chosen in a way to make the computation using
existing Fourier transform routines of our algorithms in this thesis.

We will describe the procedures for a nondiagonal rotation symmetric
* group to the prime factor method with examples.

We begin by listing the property of the Fourier transform in the presence

of rotation symmetries.

By the section 7.2 we have shown the property of Fourier transform in the

presence of rotation symmetries and we have the following theorem

Theorem 1 Denote the Fourier transform of f by f. For a function f defined
on Z/N x Z/N, if f(u,v) = f(a(u,v)), then
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(5) fw,2) = fla*(w,2)),

where o denotes the inverse transpose of the mairiz a, a¥ = (a™1)'.

Let g be a function on (£/P,)? x (Z/P,)? and define for (w,v),(w,z) €
(Z/P)? x (Z2/R)?

ai(w,v) = ¥ gy, v)e” B e,
)

2w

92(2,2) = Zgl(y)_,y)e Pa <21£>.
Y

Thus g, is the Fourier transform of g. Assume now that g is (G1,G;) sym-
metric, where (G, G;) is the diagonalized group of rotation symmetries. The

theorem below describes the intermediate symmetries.

Theorem 2 If g is (G1,G2) symmetric, then for (o, a2) € (G1, G2),
91(1_0_, .Q) = gl(a’{w, azy)a
92(w, z) = g2(ajw, a3w).

Example 4

Intermediate symmetries of the diagonalized p3.
10 0 -1 -1 1
p3 = ) , -0
b
10 -1 -1 0 1
p3* = , ) ap .
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(6)

(7)

(8)

g(u1,ug,v1,v2) = g(P1 — g, us — g, P — va,v1 — v2)
= g(uz — u1, P1 — ug,v3 — v1, Po — 1)
g1(w1,wa,v1,v3) = g1(Py — w1 — wa, w1, P2 — v2,01 — v2)
= gl(wz, Py, — wy — wz,v2 — vy, P, — 1)
g2(w1, w2, 21,22) = g2(Pr — w1 — wa, w1, Py — 21 — 22, 21)

= go(we, P, — w1 — W, 22, Py — 21 — 22)

Now we describe Orbit Exchange incorporating the prime factor method

to compute FFT with rotation symmetries. We will use (£/N)? to index the
data set. Assume N = P, P,, with (P, P,;) = 1. Let G be a group of rotation

symmetries and let data be G—symmetric.

1.

Reindex the data to be on (Z/P,)? X (Z/P,)2. Set U = (Z/P)?, V =
(Z/P:)?. We will denote the elements of U x V' using the column matrix
notation. Denote the diagonalized group action by (Gy, Gv).

. Using the diagonal action, determine V/Gy.

With data on U x V/Gv, compute F>(P,) for each v € V/Gv.
Determine U/Gy.

Map the partially transformed data from step 3 onto V x U/GY;.

. With the data on V x U/GY}; compute F3(P,) for each u € U/Gy.

Reindex the data on V x U/G{; to be on an asymmetric unit in (£/N)?
by the ¥ map.

Example 5
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FFT Computation Incorporating p3

We will use (£/12)? as indexing the data set with p3 symmetry.

1.

Decompose (Z/12)? into (£/4)? x (£/3)?. Set U = (Z/4)? and V =
(Z/3)".

The asymmetric units in the product (£/4)? x Z/3)? is
A4,3 = (A4 X (A3 - {(190)1(2,0)})) u ((2/4)2 X {(1a0)’ (27 0)}) ’
with the set A3 in Table 1 of section 8.3 as V/p3.

Compute p3 symmetry Fj,(4) three times and non-symmetry F2(4) two

times of the data on A4 .

Determine U/p3*.

p3*orbit decomposition of U is given in table 1. The elements in the first

column provides an U/p3*.

A4 ={(0,0),(1,0),(2,0),(3,0),(1,1),(3,2)}.

. Map U x V/p3 — V x U/p3".

Compute p3 symmetry F,(3) one time and non-symmetry Fz(3) eight
times of data on (43 x {(0,0)}) U ((£/3)* x (43 — {(0,0)})).

Reindex V' x A} to obtain the tranformed data indexed by elements in
(2/12).
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A, a* | (a?)*Ay
(0,0) | (0,0) | (0,0)
(1,0) | (3,1) | (0,3)
(2,0) | (2,2) | (0,2)
(3,0) [ (1,3) | (0,1)
(1,1) | (2,1) | (1,2)
3,2) 1 (3,3) | (2,3)

Table 1 p3*-orbit decomposition of (Z£/4)2.

8.5 Summary

In this chapter we have described the Orbit Exchange method for the
composite number N = PP, with (P,,P,) = 1 for p3 and p4 symmetry.
Orbit Exchange method is a method for determining asymmetric units and
mapping between them. This method decomposes the problem into small
modules that are independent of each other, which can be parallelized. Hence
the new multiplicative algorithm developed in this thesis, especially for p3
and p4 symmetry subroutines, can be nested into OEX method efficiently. We
only concern with two-dimensional Fourier transform of the p3 and p4 cases in
this chapter, however the Orbit Exchange method is powerful to be extended
to three-dimensional Fourier transform of more complicated crystallographic

symmetry groups.
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Chapter 9

Implementation

9.1 Introduction

The multiplicative two-dimensional fast Fourier transform algorithms de-
veloped in this thesis can be implemented efficiently in different computer
architectures depending on different variants of our algorithm. The perfor-
mance of the implementation of the algorithms will be effected by the different
machine architectures and parameters. In fact, an efficient algorithm will have
a good performance based on that we have a better knowledge of the machine
architecture and the effective use of programming language.

Computers may be categorized according to whether they have one or
many instruction streams and one or many data streams. SISD defines the
simplest conventional computers, and the SIMD and MIMD contain all su-

percomputers.

o SISD describes the relatively simple sequential computers that perform
each instrution of a program to completion before beginning the next
instruction. There is no possibility of overlap within the machine, and

therefore only one stream of data through the CPU.
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¢ SIMD defines a computer system having a single instruction processor
and multiple arithmetic and logical processors, thereby allowing simul-

taneous computation to be performed on different streams of data.

e MIMD has multiple instruction processors as well as a means to over-
lap execution of instructions. A more exciting and more complicated
application of such systems is to assign several CPUs to execute the in-
structions of a single program. Here it is again necessary to cause each
CPU to work on different segments of the program data, the MIMD
CPUs each perform a unique version of the instruction stream indepen-
dent of the others. At critical points in the program, the CPUs must
be forced to synchronize with one another, either to properly pass in-
formation among themselves or to correctly share a common memory

location.

SISD is the sequential machine such as the VAX /780 and the Micro VAX
II. The following is a derivation of the performance of an algorithm working
on SISD machine relying on the arithmetic account. Let

T1 = the time required to perform an floating-point operation of addition,

N, = the number of additions,

N,, = the number of multiplications,

k = the ratio of the time spent by an floating-point operation of multi-
plication to addition, then the total time T to perform the total operational

count is

(1) T = TN, + kNy,).

Since in the sequential machine the time of float-point multiplication is more
large than addition, the main point for a good performance on the sequential

computer is to minimize the number of multiplications.
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But (1) can not be used to evaluate the performance of an algorithm on
SIMD and MIMD supercomputer architectures on which we are more interest-
ing in implementation of our algorithms in this thesis. For example, Cray-1
and Cray X-MP computers have eight vector registers, each having 64 ele-
ments that are 64 bits wide. When a loop of arbitrary length is ”vectorized”,

it is done in vector strips of length 64. Consider the loop:

DO 10 I=1, N
A(I) =B(I)+Rx C(J)
10 CONTINUE

In effect, this is performed on a CRAY in the following way:

J = MOD(N,64)
DO 20 I=1,7
A(I) = B(I)+ R+ C(I)
20 CONTINUE
I=J
DO 30 K=1J+1,N, 64
DO 30 COUNT =1,64
I=1+1
A(I)=B(I)+ R* C(I)
30 CONTINUFE
If N is not evenly divisible by 64, loop 20 does the "remainder”, or else
it is not executed(J=0). Loop 30 then performs a series of loops, each of
exactly 64 in length to complete the computation. This is known as vector
pipelining. The number of elements in a vector register obviously determines
the length of a ”strip”. The IBM 3090 Vector Facility has vector registers of

128 elements.
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Another technique for vector porcessing is vector chaining. The vector
functional units can be ”chained” together, thus allowing overlap of related
operations. For example the multiply-add function as in the above program
can be chained. It means that the add and multiply pipelines can be linked
together, one producing a result fed directly into the other-thus again doubling
the result rate. Generally there are other combinations of operations which
can be chained.

By the above example we know that in order to obtain the good perfor-
mance on vector processor, it is different from the conventional machine. We
can not use arithmetric account simply. In order to obtain good performance
on supercomputer it is irnore complicate than on the sequential computer. We
should use the architecture of the vector pipelining and vector chaining as
more as possible. Since vector processing is inherently fast than scalar, Am-
dahl’s law tells us that the system will be dominated by scalar performance.
Amdahl’s law provides performance as a function of the fraction of operations
vectorized and allows us to dertermine for an existing program how much code
must be vectorized to achieve performance goals.

Here we would introduce some features about supercomputer which will

mainly effect the performance of implementation.

9.2 Supercomputer Architecture

9.2.1 Introduction

To achieve optimal performance on a supercomputer, it is essential for
~us to understand the architecture of the target machine. On the majority
of commercially successful supercomputers there are fast registers, a large
banked memory, and segmented functional units.

A supercomputer is the biggest, fastest computer available at the moment.
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What distinguishes the supercomputers from others is their ability to perform
many operations simultaneously.

Some supercomputers accomplish many simultaneous operations by ”vec-
tor”processing [25], that is, by using powerful instructions to feed arrays of
operands through a ”pipeline” This pipeline concept is a recognition that the
most intense use of a computer is almost always in a loop, doing the same
operations to many different operands. The Cray X-MP, Cray-2, the IBM
3090 Vector Facility are examples of pipelined vector processors.

Other supercomputers accomplish many simultaneous operations by hav-
ing many processsors working in parallel on a program. Some machines com-
bine both parallel and vector architectures, such as the Cray X-MP, the IBM
3090/600F.

All of the supercomputers are characterized by their ability to perform
much faster in "vector” or "parallel” mode than in "scalar” mode. Pipelining
of operations and simultaneous execution of instructions are the mainstay of
supercomputers. The performance might be from two to one thousand times
faster, but only you have efficient algorithms and the effective use of languages,

such as Fortran, on supercomputers.

9.2.2 some features of supercomputer

Functional units and segmented functional units

A computer has hundreds of instructions. It might be partitioned into
functional units, each one of which executes a family of related instructions.
Because each of the major functions of the CPU has been realized in a wholly
independent unit of hardware, compilers take advantage of multiple functional
units by attempting to schedule as many independent operations as possible

to achieve maximum overlap of instruction execution.
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A computer might be able to issue a new instruction in each clock cycle, but
there are very few instructions that complete execution in just one clock cycle.
For example, a floating-point add instruction might take four clock cycles to
complete; a multiply or a divide might take even longer. For this reason,
each functional unit is itself further partitioned into a number of independent
segments, preferably one segment for each clock cycle of execution. By this
means, a computer may issue several identical instructions in sequence as long
as the operands are independent. Consider the execution of the following

Fortran statements:

Z1=X1+4Y1
Z2=X2+Y2
Z3=X3+Y3
Z4=X4+Y4

Assuming that the operands have already been fetched to registers, then
the steps through time shown in Figure 1 indicate the operation of the seg-

mented floating-point add unit.

REGISTERS
X\l }’l X2 Y2 X3 Y3 X4 Y4
Segment 1 X1+Y1 X2+Y2 | * | X3+Y3 X3+Y4
Segment 2 X1+Y1 X24Y2 X3+Y3
Segment 3 X1+Y1 X2+Y2
Segment 4 X1+Y1
Clock Cycle 1 2 3 4

Fig. 1 Segmented Functional-Unit Operation
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The adder depicted in Figure 1 performs as an assembly line with four
stations. The segmentation of the adder generates one result per clock cycle
instead of one result every four clock cycles achievable without segmentation.

The performance of a segmented functional unit is characterized by two
features:

* Startup Time. This is the number of clock cycles prior to the generation
of the first result. _

* Result Rate. This is directly related to the longest segment(every seg-
ment may be one or several clock cycles long) in a functional unit. After the
startup time, a functional unit can deliver one result each time the longest

segment completes its task.
Memory Caches

Considering that most functional units can produce one result per clock
cycle, and that several can run in parallel, a tremendous burden is placed on
memory access to fetch operands and store results. One way to alleviate this
burden is the use of memory banks.

A memory cache is a small, fast, expensive memory that placed between -
the very fast CPU registers and the large slow main memory of a machine.
When the CPU requests a data item from memory, the hardware checks to
see if the item is resident in the cache, and, if so, it delivers it to the CPU,
typically in two clock cycles. If the item is not in the cache, the hardware
requests a packet of data from main memory to the cache that includes the
item requested plus(usually) three more items as well, on the assumption that
the data will be referenced contiguously. Assuming that the transfer from

memory to cache takes 12 clock cycles, then the time to transfer one item
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from memory to CPU is: 124+2=14 clock cycles. If the other three items are

subsequently referenced from the cache, then the total cost in time to transfer

data to the CPU is: 20 clock cycles, or 5 clock cycles per item transferred.
Most cache systems also use the cache for instructions as well as data

operands.
The Vector Processor

There are two major categories of vector processors; memory—to—memory
machines and register-to-register machines. The memory-to-memory ma-
chines fetch vector operands directly from memory to the CPU and store
vector results directly back into memory, with no intervening registers.

The register-to-register machines move data from memory to vector regis-
ters and perform computations with vector-register operands, placing results
again into vector registers. These results are either retained for further use or
stored back into memory. The first register-to-register vector processor was
the Cray-1. In fact, all other vector processors except the CYBER, 205 and
ETA 10 are register-to-register machines.

The major characteristics affecting performance of programs on register-
to-register machines are

* Clock cycle

* Instruction issue rate

* Size and number of vector registers

* Memory size

* Number of concurrent paths to memory

* Ability to fetch/store vectors with a stride

* Number of duplicate arithmetic functional units(multiple vector pipelines)
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* Whether functional units can be ”chained” together
* Indirect addressing capability
* Handling of conditional blocks of code

9.3 Implementation

By implementing the new multiplicative two-dimensional FFT algorithms
of size P and N = P, P, cases on representative machines, we are building

some libraries as follows:

e The library for two-dimensional FFT
e The library for two-dimensional FFT with p3 symmetry

e The library for two-dimensional FFT with p4 symmetry

The following programming technique were used to optimize performance

when we implement our algorithm on vector machine:

e The algorithms should be tailored to specific operational characteristics
of the vector machine, such as cache size, vector section size, number of

vector registers, and page size.

e Access data that are stored contiguously; that is, use stride-1 compute-

tions.
e Reuse data in vector registers, minimizing vector loads and stores.

e Manage the cache efficiently to maximize data reuse; i.e., algorithms are
structured to operate on subblocks that are sized to remain in the cache

until all computations involving the subblock are complete. For example,
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the number of rows in the subblock might be equal to the VSS, while the

number of columns is chosen so that the subblock will fit in the cache.

e Use the most efficient machine instructions-for example, the multiply-
add, multiply-subtract, and multiply-accumulate instructions (the com-
pound vector instructions). Neglecting overhead, these instructions gen-
erate two floating-point results every cycle. Other vector instructions,
such as multiply, add, and subtract, generate one floating-point result

per cycle.

e Perform fewer loads and stores for short-precision data by using long-

precision instructions.

e Use algorithms that minimize paging; for example, alternate forward and

backward sweeps through the columns of a matrix.

The performance generally correspond to the programmer being able to
take advantage of vector instructions, reuse of data in vector registers, and

reuse of data in cache.

Some test programs of our multiplicative two-dimensional FFT algorithms
have been implemented on IBM 3090 using vector facility with complex input

data. The timing results shown in table 1 is as follows:
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ESSL | Multiplicative | Multi. Algo. | Multi. Algo.
SCFT2 Algorithm | p3 Symmetry | p4 Symmetry
3x3 0.023 ms 0.007 ms 0.004 ms
4x4 0.030 ms 0.008 ms
5x5 0.171 ms 0.063 ms
6x6 |0.481 ms
7x7 0.320 ms 0.064 ms
10 x 10 | 0.603 ms
11 x 11 0.947 ms 0.234 ms 0.162 ms

Table 1. Timing of 2-dimensional FFT

There is the Engineering and Scientific Subroutine Library(ESSL) on IBM
3090. It is a set of high-performance mathematical subroutines. In order to
prove the efficiency of our new algorithms, we list the timing of the subroutine
SCFT?2 of ESSL on IBM 3090 which computes the two-dimensional FFT with
the input data of complex number. The minimum number of input data of
SCFT2 is 6 x 6. In general case it is more hard to compute the prime point
FFT than non-prime case. Since there is no prime number subroutines in
ESSL, we only put the numbers which close to the prime numbers to compare
each other.

We have done the prime cases of 5 X 5, 7 x 7 and 11 x 11 with our mul-
tiplicative two-dimensional FFT algorithm with field structure. We have also
done 3 x 3 and 4 x 4 cases two-dimensional FFT using ring structure. For
p3 symmetry case, we have done 3 x 3, 4 x 4, 5 x 5 and 11 x 11 cases. For

p4 case, we have done 3 x 3, 7 x 7 and 11 x 11 cases of prime points. From
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table 1, the timing of both p3 and p4 symmetry cases is good comparing
with non-symmetry cases. It also looks good for timing comparing with ESSL

subroutine.

ESSL | Multiplicative OEX
SCFT2 | p8 Symmetry | p3 Symmetry
12 x 12 | 0.651 ms 0.206 ms 0.216 ms

Table 2. Timing of 12 x 12 FFT

For composite number case, we have done 12 x 12 case with two methods.
The first one is the multiplicative algorithm with ring structure shown in
section 6.5. The second one is the OEX method described in chapter 8, which
- is nested with 3 x 3 and 4 x 4 multiplicative ring structure algorithm shown
in section 6.5. Comparing with 12 X 12 of SCFT2 subroutine in ESSL, the
timing is also good by incorporating the crystallographic symmetry to our
efficient algorithms. Althrough we only show implementation results of some
test programs, it has been shown the efficiency of our new multiplicative two-

dimensional FFT algorithms developed in this thesis.
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