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hibstract

DECENTRALT ZtD ILENTIF1CARTION
Ly
Anthony Firecki

haviser: Profecscor Frederick Thau

1his thesis definitively solves the problem of Lysten
ldentification for linear time-invariant discrete systens
whel available measuremnents cre "decentralized® as in the
theory of decerntralized control. 1In decentralizeae control e
global, wusually large scale, systenm has a tctal number ot
outputs., Instead of measuring and processinag &1l cutputs
together in a Ycentralizea" manney, noncverlapplfy subsets
of the outputs are measured and are available {or feedback
by subpsystems. The decentralized pole-placement prublem was
tolnmulatea and solved in a 1973 paper by Wanyg and Davison.
Since then other papers have appeared on this prollen. In
every paper 1t is given that the global state description is
Known 10 every subsysten. ITnis thesis investigates the
problenm when subsystems do not know the global state-sgace
description anc use tneir gecentralilized measulemerts to try

and identify it.

First, cahonical forms for multi-input, multi-output
(M1kU) systuehs Are reviewed witlhh greater eLihasis  on
Lue nbetygel canoliical form. This canunical torn 1t

CupeClally impoertant becouse 1esults thtave becn published omn

~ 1y~



how to 1Jentify systens in thias (o trcn the CQutpilteo.

Next, fron the decentralized sct of outputs of a MM
cystens a measuIement equation, called <he Decentralioe:
beat urenont Eguatiocn (DMLE), 1s deriveq fo1r & systeu 1L ally
arbtaitraly state descrlption with meafulemnent LO1sC anl Stat.
noise puitiplyiing aneanowl. coefticients. IThe wvariatacn of
Luenberger cancnical forr used tor identification reguiles
that the syster be obscervable from a viven set ©f outputs.
This thesis solves the problem of syster igentificwtion whenl
the entire system is unobservable either from ail cutputs
taken togyetner or, more relevahtly to the thescis titie, when

any decentralized subset ¢f Oulpuls 1s pDeasuralle.

lhree seconc order systems are foroulatea 1n  Chapler 4
anc 1dentifiec in accordance with the previously ceIlived
decentralized identification results. Chapter 5 &gain uses
these rezcults byt now the systen, a large flexible Lean
space structure, 1s very high order. Ihe moticn ¢©f the peer
has been simulated under a NASARA grant anc  ic base. or
previous resealch on the Space Shuttie. tinally, Chaepter ¢
relates  identification results toe decentrelizeod control

results and also discusses turther researche.
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CHAPTIER 1

INTROUJCT 0N

Gver the past ten to fifteen years a number of papers ana
DOOKS {(see Wahg and Davison, horil, Colrfrat anc MocIse,
Jarshidi., and Sandell, etal.) have been published on theo
iield of decentralized contrcl. In modern control theory
such problems as regulator design, pole-placesent, optine:
control, etc. often presuppose centrality, li.e., the entire
state 1is assumed available for processing. In the
decentralized case any given control problem is attempted to
pe solved under the assumption that there are one oI Rore
controllers each with only a part of the total systeo state
available for measuiement and feedback. Ihis thesis is
tartly motivated by this area of research. Here the concept
of gecentralization 1s applied to the very well researchec
area of systep identification thus the term Ydecentralizeo
identification.” Little work has been published on the
concept ot identifying linear time-~invariant systeme witth
such limited <¢r decentralized information. Sowe woIk hac
beern. done on icentifiability of subsystems in interconnected
systems (see¢ Bretthauer). lhis work is formulatec 215 thco

freguency domain and no direct relation to the systew Statle,



system contrclilability and observablilaty, dand oLher
inportant system properties 1is magde. Since systen
intormation 1s more generally given Lty arbitrary outpuls
than system slates, decentralized outputs are generally
consicdered. This thesis definitively solves the protlen of
1oentiiying linear time-invarilant discrete systems with only
limited, decerntralized inforaation available. It is snowo
what can be identitied aktout the system anéd how to ao it
using wvarious identification algorithms, cld and new. It 1is
tound that the ftull order systen can always be identitiec if
the global system 1is observable fros the decentializeag
measurements with an input sequence compatible with  the
ldentification algorithm used. If tne global s)ystem 1s
unobservaehble fi1om the decentralized measurements a systero
with order 1lower than the global system can &always be
identified cospletely describing the dynamics of the
decentralized set of oJtputs esxcept in the trivial case in
which the state vector is in the null space of the output
matrixe. Again this assumes an appropriate identification
algyoritnm is a&applied depending on the complexity c¢f noise
present and that sufficient excitation §is present for all
terms in the gpeasurement equation the algorithm wuses. in
the centralizec case several control problems, e€.4., pole-
placenment, are found t> be aual to observer problems (such
as the placenent of observer poles). The centralizeo
identitication problem is found te be significantly

different frow cither controller or ouserver analy:=is alhig LG



auallity to Lhell analysic exists. As in the centralilzeg
case of conilIcller/observer analysis versus 1identification
the protblem here 1is 1in no way dual to the problen of

decentralizea controle.

10 cunsider the scope of the decfentralized icontatic tion
prebien, consider a @ decentrelized syster as shown an Fig.

1.1 taken fron

GLOPAL SYSTEM
A, B, O

f —%?:t’ = 0 =2

.

e [

-
-—

i

CONTRCOLLER [ CONTROLLER

J

| —

-

P>
IF =il

>
2
Figure l1l.1l. & twd controller decentralized system.

Sanoell, etal. The qglobal system has the completely geheral
llnear time-1nvariant state aescription given by

X(t) = Rx(¥) + bu(t) (i-1)
eng in  the figure two subsystems I controllers recelive o

LaXtl ©f x. Paritition x and v as



t

l = - s O =] --- “*'2)
X | u
.....2_—' --':-
and as shown controller i only Kknows x — and Zab apply a
vector ©1 1nputs g, that can Le a function of k or

altitrary input g? put not x_ anc likewise fcr contruller 2,
52- and 91 . This 1is complete state ard hput
decentralizaticn. If any information 1is exchanhgea between

controllers the system is termed partially decentralized.

An important paper on decentralized control bty Wanyg ana
Davison appeared in 1973. They consider L subsystenrs each
1eceiving a subvector of ocutputs of the total measurement
vector

y{t) = Cx(t) (1.3)

su that y is partitioned

T

[11 ceo 1L_] (1.4}
and appeals as in Fig. 1.1 except wusing y instead of x.
Inputs are still appliea as shown. They consider each

conhtroller applies
. = k.y., i=1, ..4. L (1.5}
F. A [

50 that with all L inputs eg. {(1.1) results in



™ 170
b .
. | |
!([) = A_X_‘t) + B ' . ! .
| . - ’
| L
g e ]
= Ax{t)y + BKCx({t) (ieb)
where K is block diagonal. In the centralized «cass 1t 15

well known the eigenvalues of h+bBKC can be aibitraraly
placea if (A.E) is a contrecllable pair provideo compivx
poles occur in complex conjugate fpairs. With a block
diaqonal K matiix this doesn't hold and stability depenas on
the fixed mocdes of A+bkC which are the <came as tle
eigenvalues 1f K is full, 1.e., all elements of the K matiix
canh be arbitraiily picked. The fixed modes must ke stable
modes for the system to be stabilizable with block diagonal
| YA uther systewn pIroperties have been investigated for
decentralized systems ang found to holoc uneer conditions
that are quite different froo those rTeguired in the
centralized case. AOki used the following exanmfple to show
that controllability of unstable pcles does rot iwply
stabilizaoility as it does in the centralized case. The
controlliatle continuous time sSySten ha« the state

gescription

r r
b 0 0 | 1 C
x(t) = ' ¢© 1 1 xqt) ! 0 0 | u(t)
]
oo 0 pA L 0 1 ; {1.7)

ahd the matrix



h o= L '

0 kl 0 (1.8)
feeds back the first and second states in a decentralized
manher. JIThe craracteristic eguation is

(R o+ Bh - 1= (1 e k- s)(s? - 35 ¢+ 2 - k) (1.9)
will one elgenvalue at
s =1 ¢ K, {1.10)

which can be placed arpitrarily on the real axis. hpplying

the Routh-Hurwitz array to the remaining guadratic ylelds

* . 1 2-
S - hl
s : -3
1 @ 2-k (1.11)

anag no watter what is chosen for kz there is at 1least one
5160 change in the first column ang at least one eigenvalue

in the right half{ plane.

Ine systen identification probler invariaktly wmeans
finding an equivalent input-ocutput description fromn which
parameters atre identified. The term dependence coefficients
is used for these parameters of the input-output model swhich
are then related back to the state description. S50 far in
the literature (R.C.K. Lee, Shrikhande, etal., Ilriwln anc
Roberts) the state description 1is 1identified in phase-
val iable canonical form for single-input, single-output
systems which is & specilal case of the Luenberger cahonical
form for wmulti-input, multi-cutput systems. Uther state
descriptions cen always be obtained depending on how states
are chosen fror the input-output ecuation{s) anc this fact

-b_



hds not been stilized or evehl mentioned to aute 1n tle

literature.

lhe variatiocn of tne Luerliberqger canonical forz uUsec here
ahté in the literature is the row companich form. This toran
Yilelads a canonical A matria 1inh €g. {(1.1) with maln ClauoOnal

sub~bLiOoCEs
o

“J

o

X X X X X X X X X X X

L —

.

and off diagonal bLlocks

—
C 0
{

l- -‘
. i
. .!
: .
LXXXXXXX!XXXI

where x's are 1esultant variable elements for i=1, P A
the number of measuremnents. For an observabie global systen
anG observability maintained fromw the cecentralized set (i
outputs the number of these sub-blocks changes frouw the
nunber of outputs of the global systew to the nuasber of
decentralized cutputs. lhe sub-block sizes ir gefelrai also
change and how they change 15 nonp~unigue 1n the FIMO Casu.
Ctapter 3 clarities the bLluck determination procegure and

-7 -



explains the non-unigueness when testing tfor the block
sizes. In the literature to date no explanation ot this
interent non-ur.igueness is given. The case where the giobal
system is unobtservable from decentralized outputs has nhever
been addressed ano is completely resclived in  this thesis.
Fart of tne global systerm can always be identified except in
the trivial case of the state vector being in the rnull space
of the output matrix. This identifiable part is in theory
ana alaost always {(see section 4.2 for a full discussion ot
these conditions) in practice the observable part. Khat
elements are identified 1is determined by wuse of the
observawility canonical fora reviewed in Chagpter 2 anc
Luenberger canonical form. Some motivation for considering
decentralizaticn comes frow the fcllowing considerations:

1) Many large scale systems already have such a structure.
lLarge vurban traffic networks, some economic systems, a&and
larye rivers controlled for pollution or rescurce allocation
have the property of only some measurements being available
to a given location or processor and only that number is
available for feedback.

2) Only partial system information is availlable and the
total system state may be unobservable froo this
intcrmation. System control, identification, stabilization,
ertc. amounts to solving these problems in a decentralizec
framewcrh. Two unobservable systezs are identifiec in this
thesis.

3) Louwer ordel processing of larce  scale systems can be



implemented to achieve the same problem ohjectives. For
example in decentralized observer design each subsystenm
reconstructs only part of the global state thus avoiding
high order reconstruction of the whole glcbal state.

4) Some outputs can be processed leaving the others to be
processed redundantly as a backup 1In case of equipment
failure. This 1is the idea behind the identification of the

large flexjvle beam in Chapter 5.

Chapter 2 reviews 5150 and MIMO canonical form:
especially the Luenberger fore and the observability
canonical form that are c¢ritical to understanding later
chapters. In Chapter 3 decentralized measurement eguations
- input/output equations wusing the decentralizea outputs
only -~ are derived for scalar and vectcr sets of
measuremsents. The state model used is a completely general
linear time-invariant model with state and measurement noise
given by

X(k+1) = AX(k) + Bu(k) + Tw(k)

Yk} = Cx(k) + v(k) . (1.12)
System order deterwmination 1is also discussed for both

observable and unobservable cases.

Chapter 4 sclves the decentralized measurement eguations
with existing identification algorithms. Deterministic and
stochastic gradient, and batch and recursive least squares
alcorithms are discussed dand computer simulaticn results

Givene. Additional algorithme - Partiul coirelation,



iattice, covariance -~ are also giscussed (see (Taupe L,
Schichor) . Two abstract aciscrete systems and o cdiscretized
mooel o©f a coeontinuous time nmncdel o©of a stirtec tark  atre
decentralized and depandence coefflcients coalculated arc

lavhtitiec.

Chapter 5 (seve Thau iina Mortgomery) descrites a hiah
Oorder larqe scale system anu applies the cecentralizeu
igentification results to it. A larye flexible beas
experiasent is Leing conducted at the MASE Langley research
center to stucy the d2ployment of large opbjects from the
Space Shuttle. The program takes a continuous tigme nodal
eescription of the beamr and calculates a alscrete tanu
eQuivalent apodel. In Chapter 5 wusinyg four wodes with four
avalillable outputs, two outputs are useé tc identify; the
entire beam leaving the remaining two tu be used as a backup
identifier in the event of Ssensor ¢l PIOCEsSSCl tallure.
Computer simuletion results of the resulting cancnical torm

and its identification are included.

Chapter 6 discusses f{urther reseairch. The 1lssues
involved with 7relating decentralizec identification to
aecenhiralized control are raised first, The 1973 paper by
Wang and Uavisoh b assames the entire globhal sycten Kknowr.
ana that wll inputs from all subsystems can be collectea for
processing at cne  place to solve the oecentralizec control
pIroblem. 1f ¢1) fubsy . tens ionentify the whole system then

these results ale directly aplliceule as ju. Ji sulsyst:n:

_l(,,



measule only part of the syster statle O Opelole 21D o
coopletely 1ncependent manner without leuward to othel
subsystens the galn matrix in €q. {l1.6) for say tie tirst
suvieysten 1. further constreainea 1o

oz Gragir [0 e i U) (1.13)
16w ACh tThe MWany ahd ravilcoh Iesuitls call be applied witrn
sope eXplaniatich and modlfication. Prollems with woihy full
bloek diagonal A when tne gloral systen 1s unclselvabice fI0L
sone OI all sulsystems should owlso be 1nvesticatec 1n tuture

recearche.

Further research needs 10 be aune ¢n igentification cof
ARMA models witn nolise. 50 tar umere rescarch 1s neeged 1l
identification Ol €4 (1.12) when T 1is ULRLOWL: .
icentification in  otner canonical forms should be stuciec.
Finally, very little research has been published tor systen
identification in a particular arbitraily state descriptiorn,
€.9., 1L tRne actuai pnysical state description,. 1his 1S5
neeged since otten some elements of a particular mougel cre
ALOCWL ang are not easily related to any cencnical fcruo.
because of the fewer number of unhknown elements for systenc
in canunical form, 1dentitication 1is mede posszible usling
only availaple measurements. For purpose:s of havila a State
deccription fol 1nput/output behavior alone, @ canouhlcaq
torr 1s cufficient and adeguate. 1In this thesic only the bL-
loentitiavility result  is  nentionea alG  SUDOD&LT RIZEea Ll

Appenala A ana that applies to only S100 systens.,

_"‘l-



CHAPIEHR Z

LaiREAn 3YSTEM CANONICAL FORMS

In tnis chapler canonical forms for linear csystens arle
teviewed first. Considerable attention is gives. to  the
Luenberyer canonical form since identification results tol
systems in this form have been pulblished (see Srraixkhance,
etai. anc Irwin and Robertsj and are used widely in thic
thesis., For a MIMO syster in this {cra vutput
gecentralization is studied heére fo:  the first time anc
exahples are calculated to 1llustrate different ways of
gecentrallzing the outputs for different sets of outlput
measuresents. before system igentification is undertaken ir
Chapters 3 to S tne existence ol canonical foras pust Le
established for systens given different sets of oulputs.
This 15 1llustrated with nurerical exemples. Systens in
Luenbergyer cancnical form have a sub-plock structure in the
outputl matIix. The sizes of these sub-biocks &l1€e Colleao
Ystructulfal 1hvariants." For a given multi-cutputl systea,
it fewel thaln 81l the outputs are available as  in ¢
accentiralized systewm, then a Luenberger canonical form will
exist in genelal fron the decentralized outputs but  the

sttuctural Invarlants will 1N gernhelaol be cifferent fron



those Qescribirng  tae full output state descrijticia. Tre
existence ot these canohical state descriptions 1t
sighiticant in 1tself since the systen input/output benaviol
is wes3cribed by fewer artbitrary elernents whickh 1s  the
agcvahtage Of o canonical form. tut alsu, the exilsienhce ol
thesSe Canunlcal sescriptlions npust be ectablished Letore
syster identification can Le oatilenptlea. Depengine o6
avellable meascvrements, i1agentification may te pcessible OLy

in a specific canonicai form.

2.1 2]

i

Q Canonigcal For

L

The study o©of decentraiizea csystemrs 1s 1elatea 1o anc
gepengernt on the stuldy o©t large scaole systemsa. GTine-
invariant, lirnear, alsclrete systens, small or large, are
described in state-space form using the state and output
equations

x(n+1) = kx{k) + bBu(n) and

¥ (k) = Cx(Kk}. (z.1)

An nth orader systea has b compenents or states 10 the
state vector, x(k), and the A matiix is nXn with n< elewente
Ol parabeters. £ Qgeaeral multivarilable systen cell have 1
inputs and m outputs so that y{k) is an 1-vector anc y (r),
ali W—VEeCLlOT. Then toe I (input) matiix is ¥y ard the €
(mecsurenchbt) atlIls is nin. These three constant nallice:

lave o toulal ¢t (Lé+4n1+mn) falanetels L0 Getine the systen,



The fi1eld ot paraneter igentificacvion is peted v tanding
the systenrn paremeters given a history of inputs ara cutjputls.
1f not enough measJdrements of the wrong measurements ale
Lace, the icentification might not Le possilbie. 1s
neasuremenls are restricted then we nLight expecl o©OnRly SOLt
palametels to he i1dentifiable. hhiat can be peasuled ahd
what can be icentified are jinter-relatec. These issucs will
be tulther explored after the need tor and use ci canohlcal

toImns 15 examined.

A state-space descripticn is unigue orly up to a linear
nonsingular stete transformatiofi. A state transformatiol
results in new A, b, and C matrices but the outputs arc
unctianJdeos Certain transtorLations exlst s that the new
natrices assuge canonicai forn where it 1is kncwn which
matrix elements take on the values zZero or ohe. For the
identification problenp 1f the system can be iderntifiec 1in
canonical form there will be fewer unknown parameters than
in noncanonical form and this wmay facilitate oI @mcke
passible the identification depending on avallable

nmeasuliegsents.

An important canonical form for identificatior is phase-
variavle canonical foram. Given & single-input, Singie-

output (SIS0} system tne systen egquations have the touln

_ll"-



' x- . . = = s ~d
[ t >

yibh) = Lx(r)y. No speciil structw

|
ﬁ x(k) +
|

It 1= taren

|
|

Ll

LK)

(Ze2)

Ly the o wetlrix

after the transformation. Ihe cheracteristic polyrnomial fo1

the systenmn is

+ a4 3 *.eet A 5 *+ a4
=4 | o]
whexre a = 1. So tnhe numbers
. e
transformed A natrix, L, arle

chier. -teristic polynomial.,.

1ne transfoimed state varlatble

state py X{K) = Tx'({k} (see huo)

in the last

10w Ot

the coefficients of

the

the

., X', is related to the ola

. the 1 matrix eguals the

proauct ot P ané M. P 1 the contrecllability metrix,

b 'K""

P = (b, abs, & b , ese, h o]

enu M 1s &an upper triangular matrix given by

‘(.al al - » - L ] - a,\ '
dz a3 s e sod_ QO
f
M = i - - L 4 -» - - L 4 » - -
!
| a a C o ¢« « o« 0
| L S | Rl
|
! ﬂ U » - » - - L] U
L =~ J

tor a =1 tne determinant ot M
sithyular. Sulstituting x = Tx°
cdt . (2.1) we fLave

T xY¢h+1) = alx* (k) ¢+ Lufr}) an

Y = CIa*({r).

}

1t

and X (h+1)

d

1l anao the

natrix 1<

= Tx'{k+a)

{<+3)

{cell)

norn -

intoe

{oeb)



PIcnultapiying the first equution by T gives

x'(k+i) = T-3ATx' (k) + T-3by (k) (2.6)
and so T must be nonsingular for the inverse to exX.is5t.
since M 1s nensingular P must be nonsingular which also
neans the systea must be contrcellable to obtain phase-

vellable canonical forn.

h varlation of tne above phase-variable canonival torn 1s
to use the olservability matrix for the transiormation. This
watrix has the form

r =

-t ——

(T
anhd is nonsingular 1f the nwatrix pair (A,C) is olservaule.
1he new stete is Trelataec to the cld state by a' = yar. Th

resulting system eguations are

[ 010.... 0 i
| 0010 ... 0 |
X_"K"l) = ¢ o o = * = » - f !.(K) + LU('\) ‘.'Co’)
( 0 a - L - L 0 1 i
o _ |
L dﬂ - . - . - “V‘.."I ;'
y(r) = (i, (, sae, VU)X(R).



Thic time no structure jis assuneda Ly the new I matrinx

althouah the elements will bLe different.

In hppendir» A& it 1s shown how the systes carn  be
identifaeon inh  the second phase-varlatle form yivern
Léasurenents ot  any state over 2n 1terations. 1t i al:
shouwn  how the actual A ratrix <¢an to¢  identifiea 11 ali

states are measured for 2n iterations.

Anothel cahonlcal forom uses @& state transforaatior

called a sipilarity transformation consisting of thc

eigenvectors c¢f the A4 matrix. The state is transformec
through x = Px* where tne columns of P are the eligenvectors
of h. The new matrix is diagonal with the eigenvelues ¢f w

on the main disgqonhal so that the new system eguations are

L| 0 O L] - - 0

t

i L0 « &« o C
2

2 (K1) T | « s e s 4 s . xV (k) ¢ Eu(h) (<.9)

and
y (k) = Cx(k)

whele L' . ®oa, L“ are the elgenvalues of A. b ane C con't
have any specael  form. For the purpose of identiiicetiocl,
however, little work nas been done to  l1aentify s;sStens 10
this form. Besides the lack oi identificotion algectrithue for
thnis form, the ejgenvalues must all be distinct urless A 4
SYRLelllc  ahd Ieal. For a nepnsymmetric A metrix  with

reeateyd crgervaluern o tranTtocrrpation €X1 51 e nmuke it

_l?-



almost gicygonal,. This forng, called the Jordan calionical
forn, cunsists of Jordan blocas along the maeln Clagohai.

iyrLical blocks are

V) L.l 1 1' (l. «10)
LL C LIJ
alG
L, 1
|
LU L,
[
for a third and second crder repeated eigenvalue,

respectively.

The variaticns of the phase-variakle cancuical fo0rm are
widely used in the literature on system identification anc
ale extensively used in this thesis. In the SIS0 case these
canonical forme are unigue f0O0r a given systen. Ir. the MIMC
case this unicueness doesn't hold and is discussea 1in the

next section.

2+2 MldAC Canonjcal Fora

In the single-input, single-output case the
transformation matrix was tounhg¢ to be unique {1 phase-
valiavle canonical form. with multi-input, multi-output
(F1k0) canonical forms the transformation matrices are o1
Lnigue in general. ifferent plans (se¢ Lucnberaeg) havs

Leen deveuped tuo narrow dgown the nuanber of tranc{cimatiorn

_lt,_



matlllces bLul even within a plan there i1 stiall much rceon fot

valiatione.

Six MIMO canonical forms have bren summarized in o 197¢
paber LY Sinta ana Rosza. 1hey ale tnre input  anu outjput
jcentitiable fctvz, tae Tow and columl, companion fo0Imws, ahc

tie contrwilavie and coselval le fcrns.

lne cutpat identifiable form was introducec to be used in
al, 1dentificatioi, algorithm mentioned in the o&uocCve paper.
The transformation matrix uses the inverse cof the first n
rows of the observability matlrix. The resulting systern

equations take the fora

0 1-1
; “e-
ho= |
A Fa {211}
L‘ e
C = (1 . 0) and B is arbitrary. With p = n - @m, 1 is a
*r -

FAt identity matrix, I”‘ 15 an mXo identity matrix, and f
and Rl are albitrary min and mAp matrices, resgpectively.
These adatrix gimensioni have the sane meaning &s in  eqg.
(2+1) ., l.8., n is the systew order, R 15 the nunbel of
outpats, and r is the number of inputs. The zervs in A ani
¢ are null ratrices of appropriate sizes. The 1nput
1dentiflavie form is tne cual of the previous forr. how C 1c
albitrary and £ anc b take the torme
.o 5]
H =§ and 4 = i l

1 F { v (2ei)
. L



witlli 4 = N-~I.

The: colurr, companion forr, alsce called the filrst
Canchical fors of Luenberger, was publishea 16 19%07 by

Luenterver. The R matrix cen be partitionea inte sul-biocks

-
I S T
‘ i (S R
A - » - - [ ]
“ i
F :“ > - [ ] - . - '
|
i
An[ - . - - ﬁmn . {2.13)

Ihe next four canonical f{orns are characterized ry these
sub-blocks. The dirensions of the wmain diagohal sub-bLlocis
are pAXDL fOor 1=1l, ase, m and are the structural invariants
rentioned at the bejinning of this chaptel. These
dimensions are obtained from seguences of rows adelIived tron
the ooservability matrix and the process 15 reviewed 1in
section 2.3. Suo-blocks on thce &Iain diaconal have the

structure

— -
iO - - [ ] - - Oa (1)
! hde
P10 4 e . o Oa. (2
| i
A=, 0104 ..0 .
Ak
Lo. c e s 01 s tp) | (2.4
with dloension §. X}, whele .. (1) through a (3. ) arc

Py



arbitrary nonbersa. Off diaycnal block: ale

r T
FU e e e U B (1)
i *4 ‘
!
F’-:E. - - L] L] . - L] - - L] l
?
"U L J - L 0 é)" . . ‘..~5
L 4 fp?)_, (eell)
ant have cimentsion .. X | » The L' Ratrix takes the torb
. P

l 0 - - - - L - L r - - L4 U _1
|

T

E o= c...01o......0i

'...."......'l

| l
0 o v v v e v o 10 .. .0} (2alt)

with a Y1" agppearino in each new column of an interval .

clements wide. The C matraix 1s arcitrary.

The row companion form cah be regaraed as tle cual to the
cclumrn companicn forn. The state patrix is auvaln composed ot
sub-blocks now appearinj as

6 10 . 4+ +« « 0

6 010 . . .« O

t.

T B a;(p‘.)_}: (2.17)
alG
r O o« o o o« = 0 7
l .
e = . .
17 ]

(. «1¢t)



withh the b matiix beinyg arbitrarye. 1he C patrix transforne

'rl 0 - ] » - - [ - - - - - 0
C = ]‘ U - - - U l U - » - - L] - 0

i

| |

| |

L R

to

(2-19)

in view vf these Jlast two canonical forns cne nigit
guestion as to wnhether othet variations of the above exist.
There are two pore possibilities. One 1s  the contrcllable
canonical fore in which the A matrix takecs cI rows of
parameters as in the row cowpahion fora but in which the b
mdlrix takes on the B as in tne colunn conpanion fcrm. C 1c
then arbitrary. The other ana 1last case is the clserval.e
cancnical form in whicn A has columns Of parameters as 1in
the column coapanion form while C 1s the same as 1N IOw

companion form ana B 1s arbitrary.

Tne last fcur canonical forms ipave o similarity to and
appear to be & MIMD extension of phase-varijiable S5ISU form.
Main diayonial sut-plocks in  the state matrix of the foar
foroms i1ook like the phase-variable state matrix. kRiso either
C or b is in cenonical forom wiile the other is arbitrary i
poth MIHU and S$51350 t1orms. In Appenoix A followirny ea.
(ho12) 1t is stown now ddentitficatior. of the systen A matlly
ih the SIs( phasc-variaole forn 1s oblaincd. In Agppencix b,

tollowing vyg. (Beib), 1dentiticoation or ell sycter Gatrice:

L &£



1 echuieves 0 a MIMU, centraliced syflei il 1ow el ld..
torm. A1l the necessary measutrements pust be availablle an
proecessed al ¢ single location s©O parapeters are icgentifilec
ulldeI & Centlalized stracture. e sub-dDlocks thul appea.
i the Luenberocer canontical A natrix have discncicn b b S

A

aht Operatlte ol ko s5tates thit are 1o the right ¢1 lhe sul-
cicck in the globel systen stale description. LGl & glvel
Ivey 01l sub-Liocks 10 A the ~ff-~diagonal sub-plocrs cointeld
parapeters that provide the coupling freom stetes 10 oine:
subsystems to  the next iteraticn of the states ir  a givern
sut-system. Lkach subsystem's state description looks aimest
like a 5150 phese-variaeole description except for zdoitiolau
cougling parameters in the H‘f anad that rore thah Cche 10Ut
cah [« presant in its model;. For the decentralized syster
derined by Wang and Davison (see Fig. 1.1) and foil the casc
¢t one scelar measurement avallable to each subsysten, the
nurber of subsystems 15 equal 10 the nunber of meesulenents
in y(r). In 1w companiorn form each suLsSysSten measures the
firet state i its set of P states . Had contrallable
cancinical form been used where € is arvitrary, then b woula
assiqn  one input to each sub-LlIock . Ir. gt neral  a
accentralized subsystem can apply a vector ¢t inputs 1o the
global systen (see Filgye 1al)e. Therefore, to descCribe a nore

general cecentralizea system  row cotfpanion forr must L

USc .



ity lowoeast  order, siofpsest  systen thaet alte f1ts tht
ROdel kb b13e 141 18 @ two State, two aDpUL mCael. At lecst
twe Stater are clearly neecedg to have decentralizeo state
infolraticn wilh each of the two SuDsystems havinge only ohe
clate avallauit to it. Lacn supsystern st apply  eb 1hput
1hat 15 2ltner o funclilan ¢t the fihiyle stale It Geasules ol
1% oIbiilaly. Two s¢palrate lnputs must L fFresert to have
inhput decentralization. 11 there is only one input fI10R Che
sul.syzter tne I natrix reduces 1o a single, phase-valiatle
calonical plock. All perameters cah bte i1dentifiea (fror
reasuring any one state as snowh  in Appendix A. S50 it 1:
s€ecn lhal at i€ast two independent inputs, each with limited
stete 1nformation, are present for this simple decentializeg

mCdL il

i
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o
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it 1s estavlilishea thatl the low companion canchlcal {olr
1s appropriate for o linear time-itwvaraiant, aisclretle,
gecentralized tysten. This forn was first intrceccucec 1n =
19¢7 papel by bavid Luenbergetl. .n that paper the uwatrix
pail (F.b) must e conticllable $0rI the transzfolnetior
nhatlllx 10 exist, Controilability and obscrvability ala
YGualY systexd [roperties and the b and € matiices ate Jduass
ratlix quantities. rrow aualilty cdanonical foras o1 (a,U0)

reguilze o that the palr tbe vbservable, 1he obielvalbially,



-+ T va"l T T
ratrax, (U, (CA) o «ve, (Lh } ) s, MWULt have tull Iohn.

1he rank then equals the oraer cof the system, n. Indejpendent
1ons fron the obpservapility netrix are used as a bacsis fo1

Lthe transformec state-space. With
r -1

i C
|
L
| ]

I
|
!
i
|
-
LC“J (Z.20)
wIitten in terms of its 1oOws, incependent rows atre founo

LElINng the matiix

a "

« A {<veald)




The b thal appeal alt Called stractulal inverllalls alid ald
the sizes aof the main diagonal sub-l1loCks that apfear 1n the
Luenberger state transformec A matrix, K. a5 describeo il
section 3.2. Lach p. depenas oh ore ¢ and the EF ratllx £c
tilel Cath deasurewent (Jependang on ¢ and the stete vectlur)
tias o b asseTlaotea with 21t Each p. s founc Lty
wultlipiying ¢ TIow c, vy L raised te o successively hiagher
power until a row c;Aﬂ; i1s found. 1nis row 1% linearly

dependent on the previoas rows of the 1th intervel ana &u it

not incluged 15 the matrix of linearly independent rows.

lhe state transformation matrix is nct unigue S1nce 1in
general there are nore than n linearly incependent rows. Und
plan f0r choosing rows 1% t¢ use the first n rocws 1inL the
matrix abova2., This matrix will be Ccallec Luenberyger’s pléen 1
matrix. Ine second plan is to choouse rows in the oldet

C o sess C© v C Ay eas, cwﬂa. cIAZ, eves C AL, ..
until n rows are available. This transformation matrix is
Luenberqer's plan 2 matrix. The nuober c¢f and size of mair

glagonal blocke will be different wusing aifferent plans arnc

parameters will also be cifferent.

1o illustrate th2 auvwve proceaurec, app 1, state
transtormetion: under poth plans 16 Cblalih 10w COBRanLGl
canchical turn tol a seconté order, two input nogel. 1t

model is



— - ~ at r - -
- ' Lo , [ |
zlthil) ;h” a9, ( xl(n) f ! t” t'1 ; u'lh} ;
! ! 'I !
= ! + |
|y ! | i |
| } '
X (h+¢)| la a x (k) 'u 8 u (k) |
L i | i i1 - 2 -] L 3 12_; L i .J
r = T 7.” B
yl{r)j L €, lxl(kjl
= b :
i ; ;
| ! ! _
Yy (k) ! l (o c -x (k) ! (2e22)
S .y L N0 PR
where elements C,p » and c,, are zerco uvnder the

decentralized structure. The mcdel directly fits Fig. 1.1

except that ali vectors shown ale scalars.

ihe Luenberdel pian 1 Latrix is

! 1
bC

F l
T
|

LC,EJ (023)

}F =

wherle c b = (C..a ., € a _)o. The new state x' = kx. The

inverse of P 1is

o1 ]
|
| --- 0
C
[}
F-% =
T, 1
_dlz C“ dilc.l _ (.24}

aht the CaliMiical systen cuhi thenh be fouhu

A
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c’ 0 P 0 I
F € E
~ i [
C = Cp-1 .-.j
| 4 |
- a 1
I I
; i |
G c _j}y~-="- T ;
i ;I‘_: .
la < a ¢ i
“ tz D iz
r 1 o ]
| !
=y = a C [
T il il
I a c a C ] (&.-d.b)
Lot 1tz i

Under the first plan it 1s seen that 1he decentraiizec

L

structure 1is Hotl preserved. In C, X 1s measurea by

subsystem 1 &and a linear coabination of x &ara x, 1is
measured by subsystem 2. For two sybsystems twe phase-
varialle sub-blocks are expected in A but c¢nly che 2 X ¢

pblock appears.

in the second ploen fOor choousinhg rows the rows are used ihn

the orager c, .c_‘L .clA. Clﬁ. For a second oraer system only

the first two rows are Jdsed so
r A
1€,

<, | (2.2¢)

The inverse of P is
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ahC the Cahohilcal systen is
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Ch-1 = (C-3 =
PR (2.26)

how it is seen that each o©0f the twe Subsystems measures one

~
[}

01 the other state. Also, there are two main diagonal sub-
blocks in E as reguired and both are scalar. Note that for
this simplest possible example X has as many paraneters as h
anc the bpenefit of canonical form for & is nct obtained.
Larger order systems result in fewer parareters in E as will

be seen in the third order example to follow.

hAlthougyh the Luenberger canonical form is non-urligue, 1l
the seconu exanple the state transformation narross aown to
the second plan f{or picking independent rows. More
generally tne choice of rows in the plan lieading to the
sizes o©f the sub-blocks 15 non-unigue and & variety of

stete~space descriptions is possible.

io see the different variations possible congider this

third order systen

r r
x (5*1)] = (7.7 1 —111rx '(h)
X, (k*1) | = i1 S1f{x (R} |+ B u(k)
x . (ki) | = [ 6-16 1 -b.7]{x, (k) (2.29)



y(h) = Uxr) will be transtormed four ditferent wayse. The o
ang € nratrices must have dJdifferent orders undel altterent

structures and so cannot be specified yet.,

hs o tlist  case let two states be assiygned to  the sub-
picck o: systet 1 and the thiru state to subsystewm . The

statle transtoulbhation to accemiplish this is

el

L (:1 {<+30)

plar, 1 is usead within a8 sub-block but the nunber c¢f rows i
the number of states in the sub-Ll1ocCk. Let

—

10 G o

O 0 P {<.31)

where a scstate decentralized structure is alreacy 1mposec.
Subtsysten 1 receives 10x and no inforeation atbtout X 5

Subsystem ¢ receives 2x, ahia nothing frem X, €I X, .

3

lf the whole System 1s state decentralized (ace in Fiyg.
1.1) then C will @lready have the form in the exanple except
C,, may also be nonzero. If C hase all arbitrary elements sc
thot say subsyster 1 9oty & linearl combination of 3 state:

then  the state transfornation will stili impcCte a Slals

avcehtlalizet canahiical foull on the cysteg.

-‘Jl‘,!..



Celcuiatlng the second row of i,
clh = (77 10 -110 ) {i«32)

the transformation mdatrix is

(10 ¢ 0 1

- '7? i¢ 110 |
|
- ¢ 2 (:033)
L J
with an invelsc
.
.1 0 0
b=t = | -.77 .1 10.:% |.
0 0 .5 (2.34)
L
Then
~
b0 1 0
o= EAP-) = | 10.28  -2.3  =76.5
-0308 .l 2-3’| ‘2.35}
and
- l1 o o
C = cp-? =
o o 1, (2.3¢)

50 subsystem 1 15 described by a second order mair diagonal
sub-block with a coupling element to Xq= Suvsysten 2 has o
first order o1 scalar sub-pbplock with couplinhg €lements ZEl
ana 351 to x, &na x_.

kni input or vector of inputs 1 applied separately to the
ylobal systen Ly station 1 and station 2. The order of the o

{input) matrirx is n X 1 where 1 1is the sun of £11 1nputs

fr1on both stations. b canp be some arbitrory metrix ana after

..‘j.\-



L )

the state trensformation b = o is wlso aruitrary,
-
tnherefore, E will not be culculatead for some b irn the foul

exanples.

in the L%t case sSJupLose states x o and X_ alt avalloile

— -

LG SubiySlel ie. Let the gcasulement matrix be

riO ¢ 01
i
C = i
t . .
L U a. G‘)l ‘&037}
IThe transformation matrix 1is
T—' -
I o
] i
i_-_
o
FE = | c
! rA
|
.L___
lC R - £+ 3E
€2 ] (£.38)
kows ¢, and c, are obtainec frow C and IOWw
ClR - ( 2. ;’., -2 ) . (2-33}
Then
rlo ¢ 0
1
F = 0 2 ¢
} 2 Z *2J (2.40)
anc the inverse is
a1 0 c‘!
| I
{
: | {2.41)

L-l -5 -.5

The Conohlcal ctate and measulcnent matriices ele

- Al -



-3.3 -L0 551
B = PAP-) = 0 0 1 ’
_-152 -2t3 3-3 ‘ (&.NZ‘)
anc
r
1 0 ¢
E = Cp-1i :! |
LO 1 UJ («oU3)

The resulting systen is analogous to the previous case 11
which subsysten 1 receivec x, and (implicitly) x,. Elemerlt
a4, is a coupling element from second order subsysten 2z tc

first oraer suktsystem 1. Elewpents a,, and a,, couple the twc

states in subsystem 2 to subsystem 1.

A thira case for a decentralizea systen where the cverall
system 1is thiroe order 1s to have three subsystens each

receliving one state. lLet

r10 0 0}

¢ = 0 2 0
o o s ot
Lhen
—
uc.w
: |
-
!
¥ = ,c |
R N
l--
| . t
LCB'J “.l‘_;)

allu



r -
'

j
i
Bodo= 0 W0
i
1

io C 1-j (2.00)
Calcuiating the cahonical state and neasurepent gatrlice:
(L1 Ve

T 5 —1107
ho= PARed = .z 1 -e |
I
| «616 +5 -6.7 | (247,
ana E = CpP~V = CC-% = I, o1 the third crder iogentity matllx.

Fad

Ls in the second order nudes &L has the came hunber of
parameters as ho Ltach A;_ is scalar and each row cf A hes o

elements that couple tne ith subsysten to the two Clhers.

The last case 1s tlie centralized case where there iz one

systen that can process all thiee states. Let

C = (1/15.3, 0, 0O )
an.a
—
|
| ]
F =1¢c A {
|
,C‘A2|
= -
- 1
1 1 0 C
|
= ---- 709 i -11 |
|
15-3 [-'7.“7 ~2.3 lo l ‘dl‘ihj
the L
—
O 1 ¥
t = PRP-Y = " L 1

oUl 0:..1 L)
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arne ¢ = Cpr~3 = (1, ¢, O).

Two canonical forms that arc¢ important in the stucy of
controilability and observability will now be Irevieweos (sé
Sivall anc kwakelnaan). Both tormss are canonical, 1.c¢., huove
1ewe albLitrary elexents than totel syster elenents wieh the
system 1s unhcentrolleble o«r uncbservable, vut ere  tull
otherwise. The observability canonical form wili be used 1in
Chapter 3 to 1tind parameters of the global syster when the
giobal system 1s unobservable from the decentralized sel of

outputls for a given subsystem.

Eirst, the controllapility canonical fors will be
stucied. The systen 1n egG. (2.1) has the conticllabilaity
Latrix

et

b = { b, Ab, ««., A b ) (<.50)
and let the systemr be uncontrollable. Then F will Lbe rank
deficient. Let P have controliability index, i.e., rank, m.
Ihen m linearly independent c¢olumns can be chosen {from .
This o1 any other set of n vectors that spans the linearly
independent sul.space vf F, the controllable subspace, forme
a basis for this subspace. Define the matrix
(e.51)

T, = 0P, 0 byr cenu P, )

contalnlny thezse B veCctlars.,

Fny n vector, g=0, that satisfieg the eguation

n
)
Mar

1 4 = ¢ (<o

- 4] =
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15 Ly definlticn in the null spuce  ©f T‘. ihe nunber ot

linearly independent vectors that solve eq. (2.52) 1s h-m.

Lefine
= » .8 " 3 "\-E"‘l

1 . Ce .. P ) (<ol 3]
ai 4 watIiX contalning a Dasis for the nuli  space
{unncontreilanple SUbSspace) ut 1# and P, Define the
nensingular tlensformation matrix

1= (1, 7T ) (Ze54)

] Z

aneg transformec state

E'(R) = T=1x (k) (ca5%)

an¢ substitute eqg. (2.55) into eg. (2.1) yieldinaq

Tx'(r+1) = AIX*(K) + bu(Kx)

Yi{k) = CTx* (k) (2.5€)
or

¥*(k+1) = T-1ATx*'(K) + I-lBu(k)

Y(k) = CTx*(K) . (2.57)

lhe canonicael structure e€yg. (2.57) takes oL 1s civen Ly

.r""‘:, ﬁ! l—-b'l-]
At (K+l) = | EAxr (k) ¢ | u(k)
L 0 Al o J
i1} L
yi(k} = CTx"{(k) = ( C°' 0 Yx(k) {2.50)

in which (B:‘, b:) is a controliable pair ang no particular
structure 1s taken by Cle 1hils follows py poeltitiching

L
\
|
|
|

{cab5%)

whele J, o hanon 1ows and h} hat -0 Towse 1hern the prouuct

-3in-



r ~ -
D1 U rl {1 ¢ l
5 ] I I i } -

1
1-11 = =i .
i i
1 -
| 0,1, DT, L 0 1h_mJ (2.60)
ahlt The products
r B
D;k T, Dihlq ;
17wl = i
! i
LL HhT J A1 ! (2.01)
. & / - 14.
ana
LD
!
T-%p = |-~~~
| J
| DL ‘ (2.62)
_— A
follow from the partitioning. From ege. (2.60)
LT, =0 (£e63)
where T spans the contrcllable subspace. Lach column or

the right hanc side is a null (h-m)im vector so that each
column ot T is in the null space of [, . Any vectar in the
controllable sgace 1is therefore alsoc in the null space of
Ll. The product HT‘ is also 1n the controllable subspace
because the controllable subspace is invariant under A ao
shown in almust any basic text on controul theory, €.49., sSec
Kuo. In eq. {(2.61) DZATI is then a pull matrix and le in
€Q. (2-02) is null since the columns of ©® are in the

centrollepility matrix and so c¢bviously in the controllable

subspace.

bartitioning tne state as

- _,l‘_



iLl'z(?\)J (2.64)

whetTe x'(k) 1x an m vecotor tnen
2 ({n+1)y = L'l EZ}K) (c.6%)
fron €3- {25t descrites o conmpletely aecoupled sclbsysten
in whact, the 1npul vector hes nc etfect. ni-
uhcovntrollanle subsysten aoes contribute coupling to  the

11rst m states which describe a controllable subsysten.

Since the 7yows of the T matrix are not unique then the
prined submatrices 2f ej. (£.58) are ncot unigue, it can bve
s5hown using the canonical h matilx as written in €c. (2.01)
alG

A = M_NAL M-} (<.Et)
where M 1s the modal matrix of A and /\. 1is & diagonal
patlix containing the eigenvalues of A that the pcles cof Aﬁ
ana A;l are the same no matter how the transfocrmation matrix
is chosen. The poles of A;I are callea the controllatble
poles of the systen and the eigenvectors corresgonaing tc
these poles span the controllable subspace of the systen.
1he poles of h:, are called uncorntrollable poles anc theur

Y

clgenvectors spah the ugncontrollable subspace of the syster.

Another systoern property arises if thesye Tresultls are
reinted to system stability. lhe system 14 stavilizevle 11

the vhcontrodlellie pules are all stable polee - inside the

_[‘L’_



unit circlco. If controllapie poles are unstable, fecaback

can be used to nmake the systen stable, cr stabilize, 1t.

The otservability cCanonicCal form is dual tc the

controllability canonical form. The observability matrix is

-

; {
! '
i Ui

3

=1

Ca

|
|
|
|
!
.
! (2.67)

-

1or the systed in eg. (2.1) . lf the system is uncbservable
a £tate transfocrmation exists to transforom the system to &
canonical foro that prings some 1nsight into tre systeo
structure. Ii observable, the state transformaticn results
in @ system with as many arbitrary €lements as eqg. {2.1) as
in the contiollavility canonical form and O canhnot

technically bve sald to be cahonical.

let ¢ be rank deficient and have observability index, or
rank, I » 1hen m linearly lindependent rows can Lbe found 1in

€ge (2+67). Define the natrix

((. .bt‘-)

vq“[_



cul.talininyg thece linearly inacpendenl vectors. ihen -
iinearly independent vectors can be found using
1,8 =¥ (:-69)

where g 1s an I veclor to span the null space of (. Since |

1< mnXn tnen n vectors #ill exist to span the chtervable anco

uncbservasle (huali) SULHpaCube Detine the rows 13 Lhe
LdlIln
:'_ .
iHL“’I
b, = 2
1. = .
1
Ii -
Lt‘“ | {(2.70)
using the IGws spanning the null space. Lefine the

nonsingular trahsformatich matrix

T“'rﬂl

T =i=-=1|
L Ilj (c+71)

anc transformec state

x' (k) = Txi(k) (<-7%)
Sutstituting into eqgq. (2.1} yives

T=3x*(n+1) = AT-1x'(K) + bu(x}

y(k) = CI-1y* (k) (£.73)
ana then

x*(kei) = TRI-1x* (k) + Tky(kh)}

ydh) = CLl-¥x*(n) . (<o)



lhe cenonical form e3. {J«74) takes 1s ygiven by

Y 0 | ey
! 1 ! [}
XV (k+1) = (k) v | u (k)
DAY AL i bt
SHENES o]
Yy(r) = (C' , 0)x'(k) (2+75)

whele (A'J . C: ) 1S an ¢btervatle pair. Jo see tias deflinc
i

1= = D‘, Dz ) (e 70D
where Dl is wXr, and D2 is (n-m)Xn. Fftorn the froaucts
r -
jI.L. 'IIDl
TT-1 = i
LI L TI.D
Z 1 PR
r -
i 1 0 \
T |
0 « 77
L ‘1‘\,")1\-_1 {2 )
r .
;T'ADI T Abz
T-1AT = !
LT AD 2,78
anoc
CT-+ = (CL, ., CD_ ) (e.79)
e
using the partitioned matrices. from eg. (2.77)
J‘D_ = @ {2«80)

Fa

sO that all cclumn vectors of D1 are 1n the uUncCoLservaile
subspace which is tne nisll space of T , the vectorr Spallif.
the observable subspacc. Any vector g that caticstfies 3|5:g

also satisfies (yg=0, sS04 12 i the unobservable sSubLspuce.

_u:{_



The prouvuct sz is in the unouservable subspace because Lhe
subspace is i1nvariant undery B (see kuo). Then in eg. (2.78)

1,80, = 0 (< .81)

also since the rows of J are rows of ¢, and the coulumns of L

ale in the null space of ( theh

CL = v (.{.5.)

2

1N €ge {o-.72).

Partitionince the state as
[ -

x° (k)

(k) = | -=--
%° (K) (2.63)

. -~ P

with x°®(k) an n vector then

2t (k+1) = By x'(r) ¢ E:Q(K)

Y(K) = C'x (k) (z.8u)
descrioes a cctpletely observable subsystem of ece. {£e1) .
The recaining system description is representec by

z;tk*l) = B;,&fk) + 3£25£K) + Biyik) {2.85)
with 2zero measurements s0 that this part is completely

uholbservable.

ihis canonical form 15 important in decentralizec
jogentitication and is wused in Chapter 3. hn example fron
Sivan and Kwakernaak in continuous tiwe will be tianstormec

to observabilily canonical form to illustrate the pethod.

En invertea penduluwm conhzisting of o pendualumr éitteched to
a pivul O o noving ciIrt (sef Fly. 2.1) bras Tt s tate
Jescriptiorn

_uu_



o 1 o o] "]
e a0 1|
2ty = | x(ty » 0wy
| 0 0 G 1 U'.
{l_'l 0 1 (1~ LU,J
yit) = ( -1, 6, 1, O }x»{t} {<ebb)
whe I e the systen parameters - effective penculur, mass,
friction coefficient, and torce of gravity - are &ll set to
ohe for simplicity. I'ne coserved variable or outjput is the
angle tne pendulum makes with the vertical. The
observapility natrix is
-1 0 1 ¢ |
; U -1 C 1
v o J-l 1 i 0
Lo -2 0 1] {ee87)

which has rank 3.

,/\\
S

-/
L T
!_ o '

N AN

tice 201 Inverted pendulun on moving cart.

The 0 Uiy Tow vertors Spah the Tow:s of (¢
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( -1, v, i, 0}, (0, -1, &€, 1 ) and ( O, 1, «, U },
(<etb)
that is, any row of ) can be written as a lineal cohbination
uf these three veclors. Any vector in the rnull space musi

Satlsty

r r
-1 0 1 ) 1x‘j%
i |
L (i -1 o 1 | X, != ¢
i
0 4 0 0 X, |
_l 3 |
or
“X, + X, = ]
X X, < C
X, = ¢] (< 9L}
50 that & vector that spans the unobservalble cpacs 1-s
(1, 0, 1’ 0 ) - t‘.gl)
This vector is the sum of the two vectors
{1, 0, 0, 0 ) and {( C, 0, 1, U ) (ce92)

anc elither of these can be wused to torm & nonsirgular
transforemation matrix. Suppose the filrst vectcor in  edu.

(292} is used. Then the transformation matrix is

r-l 0 1 #]
U -1 0 1
1 = }
y 1 0 U
| 1 0 ) 4] J (e oS )

anu ils 1nverse 1is

_I'\(_-



- =
|U J i l
2 0 1 4}
'_1—] :!
i1 0 O 1
i
v 1 1 0 J ) (2.94)

Caolculoting all matrix products 1L €ue. {2.74) Tesulis 16 the

CaliOnlCel &=, Iesentation

{_ 1 0 0 lro
L G 1 0 [ -1
X' (t) = X't ¢ | u(t)
- ¢ 0 -1 o |~ b-1
0 G i 0| |'0
yity = (1, 0, 0, O )x'(t}) (2+9%)

where the partitioning cleally sSnows the CCII€SpOnGilg
sutpatrices with e3. (2.75) . The submatrix h:' has the
observaple poles =i, -1, anc +1. The single unclservav.e

pole 13 0.

Anotner system  property arises it the previous Iesults
ale related to the systen stability. 1f any state in tne
unobservatbtle sub.space s slsc lu the stable subspace,  the
system 1s sal1d to be detectable. khatever initial estimate
1s quessed {01 the unooservavule componhient of the state, the
erior between the actual state angd the observatle statel
pilus 1nitlal cuess for wunobservable states will noet 310w
incefinitely ac the obselvabie States are recohstructed Iy

ali ChheIver.

- -



i summarly this section hoag reviewed 5150 anhu MIMU
canonical forme wi1th eamphasis onL the Luchberger canonical
forn and the olbservability caronical fcrn. Systeus in Iow

companion forr have been aiscussead and f{or systens with

avcent:alized cutput (s) tne existehce ¢f a hew canhulilCal
descripltion using those autput (s) was dJiscussed ana
lilustrated with examples. Chaptel 3 Gerives &8 peasurepent

equation first using only one scealar outpvt and then for a
vector of outputs from which paraometers can be identitiec

and used to cobtain a state description in row conpanion

torm. Chapter 3 also 3ives procedures for detercining tne
structural invariants frorn neasurable Cutputs ana
measurements ot all inputs. Chapter 4 then investigoates

ways of 1gentifyingy the parameters with anda witlcout noise
ano presents three examples to illustrate paraneter
ldentification from decentralized cutputs anc the
calculation proecedule leading to the ccrrespondéing state
description. f{(hapter 5 identifies a high crder system using
aecentralized outputs and [resents c.lculations tor

obtainirng the state description of the system.

_“}4_



CdaPlehk 3

The DECESNTHALICED MIDASUREMENT EQURTION

This chapteI begins with a giscussion of the simplest
1type of rdentification problen., k menmcrylese egquation with
only two parameters 1is caslt into measurement eguatiorn fcera
ana one way o©t solving for the parameters 1s given. lve ¥
IeCcursive equatllons 3are consiaeled &and cast 1Lte peasurenent
eqguation forn., Inputs arc included yielaingy AEV:,
(autorecressive, RDOoViInj-averay<) rodel eguations ana ther.
issues are raised sJach as bilas and scolutions giscussed whel
noise is inciuced. Sach eguations result when & systen’s
state description is wmodeled by an eguivalent input/output
eguation (s} . Section 3.2 considers a MIMO systen whel Chiiy
one output is peasurable. Only a8 scalarl measurement 1s 1hu:
given ih this gecentralized scheme. lhe derivation for 1t
scalar neasviement 15 achieved here yieldi: 3 & SCaiasl
Yoeceniralizea measurewent eguationY from  which folanetel:
1elating tuo the systea stete aescripticn can be identiaiticl
{the actual 1dentiiication is stuciea 1 Chapter o)., It tth.
Glotal systen 1s obselvable fron the given output thern it 1.

shuwh thatl the yilobal systen canh ke idoerntitied, for e€ranple,

-~y g~



in row companicn form, usiny Appenaian b. The section alsy
solves the proebulem when the global systen 1S ubolservable
t1oa  the given o©utpat. It 15 shown that since an
uheboersable tystem can be transformed tc olserIvability
calonical forr  in  which & wvecoupled ocvservalble poILLGH
appe.-rs, this portion can bpe  10entified usine the ©1der of
this oopservauie part in place ©f the global cSystem Orcel.
Aprendix b can then be usea tc¢ get a state description of
this opservable portion. Sectior. 3.3 mocdiftiecs 1 tochniguwe
used for SIS0 systems used in R.C.K. lee that finds tne
system oraer. Mcre than one input must pe incluaed ih the
test anu further insignt 1s given in section 3.3 b, showing
that coluwns used 1in the test are fprecisely those that
appear in the nonsingular least sguares sgluticn to the

1dentification problem.

Section 3.4 considers a lven vector of measuregents ana
cerives a vecter decentralizeo measulerment e€Qual lon. Kgair
45 1n the scalér case paremeters can be identifieo that car
e relatec to a state-space description of the systen, €.4.,
1n row cocpanicn form, using Appendix E. Alsec, the problen
uf the globel system tbeing uhobkservakble frorn the
gecentralized et of outputs 1: agaln addressea anc solved.
ks 1in the scaler case, the ooservability canonicel form 1:
useu to show Lhat the Ovservatle portion ¢f the systen wolro
Appe: Jix b can bo iventitled provided &nh eppropra.te

identiticetioul algorithe 1o cerlectay dapplieid.

-h-



Section 3.% solves the problem of finding the systen
Oolder but the situation is more complicated in  the sulti-
output case. 71lhe structural invariants which are rot unigue
1n qeneral must be found with & test procedurle partly
«ipilar to the scalar case in secticn 3.3. Scme pape€elrs
(benivento and wuigorzi aend Shrrkhande, etal.) have giver
specific seguences to use i the test but tihis sectior
agetinitively sclives the problen to take into account any
test sequence so that the system can be identified in many
dititerent forms depending on the sSeguence usead. hagairn
further insight is given by relating the columns tested o
the least sguares solution to the paraweters 1n the vector

DME .

3.1 1Ihe loentificatjion Problenm

IS very simple identification problem is tre
identitication of two constant parametiers. Given two time-
varying signals, af{k) and b(k), the constant paramreters, h
and b, are tc be founi. The output, z{k), 1i= linearly
related to two other signals by

z{k) = A afk) +« 2 D(k) .

Ihe constants £ and b are unknowh and are tc be identifleu
CcI solvea for. The time-varyiny signals z(k), a{k), anc b (k)
are avalladle for all k ang are known, .., can bc

measulred.



uhe way to solve this simple problen 15 to celilect two
measuregents into a systen of two eguations

Z{k)Y = A a(kh) + o L({k)

z{kh+1l) = A w(k+l) + B L{K)

or an metlix fcrn

I |

z(rn) } Ca (k) b(k) ‘]jaw
| _

{ !

| |

a{k+l) b(k+l} b

ot it

by sre-muitiplying opoth siges ¢t the eguation by trhe inverse

z(Kk+1)

of the 2 X 2 metrix, often called a reasurement matrix, the
parameters are found
r r r
E b a(x) b(x) -1 oz (k)
NS |
b La (k+1) bh(rei}i Lzuul) .
This approach tails if the aeterminant ct the veasuremcnt
natliix is zerco because the twe eguations are nct linearly
inoepenaent in  that case. 1t also faiis it evern & srall

rewcurement neolse perturbs the deterministic cutput z({k}.

Ancther necative aspect of this approach 1is thet 101
large scale, hLigh order systens the mecsurement ratrix will
have nhigh oraer. The calculation of the inverse regquire. o
large number ot earithmetic operations that reguiire a lorge
ancunt of computer tlae ahu ais ., for lerge crder, fay hnot
be rumerically stavie. A whole c¢lass of algorithns have
pecrn.  vevelopet which solve the jrotlen recursively (et

Saeridis and Stean, dendel, Gruupe a, Lraeupe b, al.C ALLIGR),



A estamate of  the solation 1s gencrateld at each itelollorn
step anc 1t conditions for alyoritnm convergence hold, such
as the evoldance cf orthogonality in geterministic graaient
onG stochastic Qredient algorithes to be explaineoe later,
then tie estinctes converge to the true parameters. Ao ole 1
1ol terninatine the algorithm such as findin.e the chatce 1l
palafivters f{rcen one 1iteration tc the next coule then 1re
applied. 1t the change is below @ set limit, the aleorithm
encs. The previous nonrecursive agpproach reguiring anversion
iinds the paraneters all at once or all in one YbatchY hence
15 called a batch solution. wvrne inportant advantace ©of some
i the recursive technigues 1is they dc not reguire the

calculaticon ot any inverses (see Saridis ard Stein).

In the two parameter example, at least twe meassulenents
nac to be concatenated and the wmeasurement wmatrix to Le
inverted was $econd oraer. Ine problem c¢anh be generalized to
N parameters with an cutput z (k) depending on n tise varying
sigrnals thalt are nmeasurable

z{k) = Pl xl(k) + b2 x_(K) * ... * PN XVJK) .

2
lhis egquation in vectuor npotgation is



LK) - [xl(t}, (S PR
|

’Pz
|
|
|
|
{

T - -
= x (k) E .

in the patch approach nmeowsuremenlts at succeéssive times
are concatehated or stacked teocethel until there 15 aun

wverdeternined set of eguations

,— .

-+
z (k) x {K)}
- ]_ - k -
Lt,(h*f‘i‘l)_! L% (KeN-1) |
The =solution is then obtained by
~ T 9+ r "
| X (k) Iz (k)
| . .
Pl .
S '
LT . .
L} {rth ;)J Lz(r;u 1)_

where "“s+% 1. 1he pseudo-15LverSe .
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kn important application of this formulation 1s 11 the
idertification cf the coctficients 1in a finite gitference
equation. Suppose there 15 an nth oraer finite cifference
eguation

y (h+n) <+ a, yf{k+n-1) + .. + qnyth) = bu(k) {3.2)
with unknown cecefficients R - L ana y{k+n), ane,
y(k), u(k}) are perfectly measuratle. S¢lving for y{(k+n) anco
using vector nctation

—_

ykeny = Ty(ken-1), ooy vy, w(0)]{-ea

?-
1
|
.

-a
"

b .

This example is cast into exactly the same pmeasurement

equation foraulation as the previous identification protlen
{see Mendel for a detallea gescription ¢f the eguation €rror
toernulation). Fron here neasuremenhts at successive times
can be concatenated. After n+l peasurements are collectec
the inverse ot the ne+l X n+l measuremnent mat: ix coula be

pre-multiplied on both sides of the concatenated eguation tu

cbtawln the n+l parameters in the difference egquation.

1ne identification of linear time-invariant cystems in
state-space caronical forn can now be achleved since an nto
Orger State descripticn cah be Tepresented by arn nth oraer
tinlite dufference egudativi. The fcllowing stale=-space

dercription



(xI(hfll { U {x|(k)i (U

x (K+l) Lo X (k) | e

A i 2

. :{ .1 . + . Juthn)
w—
|

L | | s

| - 1 J . (4

%xh(h+l)J L-O“L. + e ta, % [%1(h} LL (3.3)

is equivalent to the finite ditference eguatiuvn an (3.2) 1t

the following states are adgefined

X (K) = y(r)

xzik) = y(k+1)

x?(a) = y(k*2)

x_(K) = y(ken-1) . (3.4)

Io see the eqguivalence first step up xhjx) tc *1x(k'1) =
y(k+n) then frc¢m the last row in eq. (3.3)
x“ja+1) = yiken) = -qnxltk) - a“_lxzjk) -~ eea - alx“jn)
+ ba(k) . {3.9)
hext substituting for the n states fr1om ege (3.4) into (3.%)
yi(ken) = *q“y(k) - °h-;y‘K*1) - ess - aly(n4n-1) + bu (k)
Gl

Y(r+n) + o y{(K) + a y(kh+1i) + eeo *+ & y(K*+n-1) = buir) .
i » - 1

mith tae f.nite ci1fference equaticn/state-s, ..Ct
desuCriaiptlon wvoulvalenc= establisheud the laventification f

polameterlL 100 o State~spucCe  wodel 1s Catt into tihe

-t~



measulenrent eguation  formulaticn of the memeryless piroblen
al the teqinning of this chapter. That exanple as well ac
the others wele deternilistic, invclving nc I andon
agisturpances ol medsuremenit NUlise. An imrportant issue 21D
identification 1is  to 1derntity systern Larameters 1L the
presence of nLolse corraptin.g or veing &3o0ed onlc anhy oI all
siqghols that wre medsJdleu. Returning to the ntn ©laer
mernoryless exanple consicer that a noise source 1s present
Leing added tc a linear combihation ¢©f n tipe-varyily

signals g {K) tc g (k) so that
] gt

Z (k) Pl Ql(h) 4+ .. * PN g‘(K) + v {K)

g (k) P + v(x)

in vectcer notation. Assume the values that the "oise source
v (k) takes are unkhoewn anc values at different tiomes are
statistically inuependent of each other. Agair as betore
concatehnate N neasurements

t(h) = 9 (K)E + V(K)

Z(Kk+1) = g {(k+1)P + v(k+i)

Z(k+n-1) = 51]n*n-1)2 + v(k*n-1) . {3.6)
1he parameter vector P i1s common to each eguation and can be

factorea out. let

-
LEr) = (Z(h), Z(r*)), aee, Z(k*tn-1),.
G(h) = (9(h) s GEK®1) s eees g(ken-1))"

-
ane ¥Y{t) = (v({1)., vik+l), eea, v{k*tii-1}) .

I



Ther. Lhe Concatenated mcaz-uregent egustion (3.0} Cul 3
wiitten as

(k) = G(K)E + ¥ (k) . (3.7)
ir the aeterministic case ¥V {K} 1s ze€rda anc (3.7) wWOoulo Dt
LOIveda by ple=-Lultijlyinag by G-1{k}., 1f this 137 lepeetin
Lt I e

b= o7V (R)eik) - Gor (k)X (K)

ah¢ the true sclution is alterec by the tern G-V (h}N{E) .

if L>n measurement ejuations are concatenated the systen
of equations is then overdetermined (with 1eyard to siynals
anc paraneters only) end this {act can be usec to cofrset the
etftect of aneasurement e€r1iI0Is. Easea on the availlacle

A
measuresents ar. estimate, [ (k), of the true paranet rs will

B A
be ceneratelj. Tne paraneter errcor is Pk} = F - E(F). I3
A P
linear estimate of Z{k) is obtained through Z(x) = L(K)EALK)
~ A
aN¢ a me€asurement error is deiineu by Z(r) = Z(k) - Z(k)

(Here w{k)} 1is an LXn matriax, L>n.})

A
kn estimate P (k) alcng the lines ¢f the batct solution

with no noise i1s ootaiheda thtough the method of generalizeg
least squares: bty minimizing the weighted sum of the sguares
of tne components of the nmeasutrement error vector, 2Z(k). 1hco
welgyhteco sum i
I ~ ~—
S (R)) = wikh)z2 (k) *+ w(k+1)z2 (k+1) *+ ...
¢ wik+L-1)Z2 (Kk+L-1)
which Cal. bér nrjtten as

~ T

AT AR T AVALS

-



wlti

r
-
e
o
.
.
.
.
o
J

wi{k)

i . . - . . . . '

L U - - - - 0 h(k"L"‘l)J .
A" A~
1o taina the F (k) that minimizes 5§ substitute for ¢ (k} with
~ A Fa)
(k) = £(k) - £(K) = Z(Kk) - G(R)}E(K)

anc then set tre derivative of the resulting expressicn with

Fal
respect tc P(K) to the null vector:

ds - - A
-x = =2(3 (K)W(K)LZ(K)) + 26 (k) nw({k)C(KYE (k) = ( .
ok

1his ejuation 13 called the nornal eguation. Sclving the

egquation ylelds
A T T _
E(r) = (G (RIN(R)G(RI)Y =1 (G (R)w({k)Z(k)) . (3.7b)
The second derivative of § must be positave definite to
A
minhimlze S. Taking tne derivative of dSs5/ dbF,
a5 -
-x= = 26 (K)W(K)G(K).
g2
h regquirenent for a gueneralized Jeast squares sclution ics
T
that the inverse (G W3)-1 exist. It all rows of ¢ are
12v0early independent so that G has maXimhuh rank, the 1nverso
exl1stsae 1t d{k}) = wl where w 15 a scalal and 1 the nth ordel
A
identity aatyrix then fp(k) 1s the least sguares estimate of }
Ggiven by

A T -
FOR) 2w (FYUA(R)) TS (R} LK) .



In eg. (3.7) the sclution with neacsureanont NOise wWat
ihcerrect because of  the term G-V (K)¥ (k). Tne sciutior ic
then clearly aincorrect by the amount G-l (k)YV(K]}. Witheut
ncicse the geheralizoed least suuales esltimate 1s

A - - ‘ _

Fiky = (o (E)d(KYG(2))-306 ()W (k) Z(K)

T T
S (6 (MR (K)G(K)) =W (kK)m(h)S(h)E = F
which 18 Clearly correct. wWith nolse the estimate is
A T . T N
E(k) = (5 (KIW{R)G())IG (R)W(K) (C(K)E *+ Y (K)})
_ T - T
=P+ (G (RYW(KYS(K))Y MG (RYW(RIV(K) . {3.0)
Fay
1his does not scelve tnhne provlemr Lbut the estimate, [} (k).
apyloaches P as L, the number of measurements, increases if
the seconu  term onh the riygyht hand side of (2.8) nas zZel.o
mneah. faking tle expectation on both siges of (3.8)
A T T
E(E(R)) = ¢ + E((C (KIW(K)OL(K)) -G (K)W(k)¥(k})
The second tero is the bpias and if it has zero mean then
A

E(k(x)) = P »
une WJay for trat second term to have zero mean 1 if C (k)
and V(r) are statistically inaependent. In that caczse

-

T T T
E((S W3)~1C WY} = E((GC Wo)=16 W)L(V) = 0

because L (¥(r)) = 0 .

how conslael the identitication of parameters in a systec
witl, memory anc noise. A syutenr with pemndry can be ROQuiel
Ly the finite cifference eguatlon previously stuciea. O w
SULPOSY a Nolst source, wi{h), 1s prescent sou that

yi(r+4n) + o y{hen-1) ¢+ .. * a y(k) = BLU(K) *+ w({l). {3.4)
t "



This closely resemnbley thie gecehtralizec neasurcnent

eguatiol. to be derived in the next sectjion.

kriting (3.%) in vector fornm

y(E+41) = y(K*n=1), eee, y(k), u(k) | -a

. + w{r)

L measurements are then concatenated w»ith L>n sc¢ that

T oy ken) 7 Ty (k+n-1} s e e y (k) Uk} _]r—a‘j
y{r+n+1l) y {k+n) v e v Y ER+1) u(k+1l) | —a,
l_
- L] L ] > ii »
¥
- - - - ! - l‘
- . » - ' “ ;
T
hy(runn.-l)J Ly(kﬂnL—Z) e+ v Y(ReL-1)  u(ksL-1) 1| r._}
w (k) T
wik+l)
+ *
Lf(k*L'l)q

or

_bl_



-

Y(K) = G (k)L + W{(k) .

Fn unviased least squates solution exists it G (r) anc
Wik} are independent. For recursive measurement eguatioi s it
15 founc that they are not independent. T1hils will be snowh
Ly linding whet elements ot (k) are dependent i whal
cienents of the nolse. If the wicments ©f G(R) &le acp€huent
On Lolse terms that alsou appeal in  the nol:ée VECLCLT @ (M)
thei, G(K) anuc wi(k) are correlated and the least sguares

soiution could be Liasel.

10 see whnat noise taerms G (k) depends on, e€ach elegent
¥{ ) must be analyzed for depencence oli noise terns. 71hles
dgependence can  be seen by ovotaining the equivalent state
space adescription of the finite difference equation il which
x.(k) = y (k) and solving the state eguation for X (%). The

required foruw results if

h*(n) = y (K}
xltr.) = y(k+1l)

®x (&) = y(k+n-1}
",

thelh egs. (3.9) 1s eguivalent to



— 1 r
xltnfl) 0 ] x|(n) 0j
1 . k .
Xllk’ ) 11( )
- = L 1“1_"" - + - U(I’\)
- 0 - O
!
)\“(ﬂ"l)-‘ ;'OM " s e -al i _x“(f\)J LDJ
r
o |
+ - w{k)
0
L-J.— -

he-writing the ejuation as
a(k+1l) = Ax(k) + pu(k) + tw(k)

the solution tc this eguation is

& X &-4
x(k) = h x(0) + Z &  pu(i-1)
& a-i T
+ Z & tw{i-1).
AT
Since y(K) = x (k) the nolise terms oL which y (k) gepend:s

canh be determined from the second summation ir the solution.
lhe secona sutmation contributes a sum cof terms beginnirg
with wi{0) for i=1 up to wikh-1) for 1=k multiplyinc whatever
elements from F*!F annd t. The earliest and latest cutputs
appearing in G(r)., y{k) ana y(k+n+L-2), Trespeclively, ale
found to be aependent on w(0) to wik) to w(k+L-1) up to

wi{k+n+L+3). Compaliny S(k) to

W (R} = (wit), wik+l), ..., wi(r+iL-1))

-6 1-



it 15 seen thetl G(R)  ana W (n) al functicons ¢t 1centical
holse terms which means they are not indepenaedt. 1his
aoe:n't me2an they miaht not be orthogonal anc the estimate
could possibly bLe untidseg. Qhe congltion ot ortrogonality,
towever, deperds on the specific scguence of velues 1L w (b))
wh1¢h is not tadsulalle, alig sC, not avaltablde.
Urthogonailtly cannat be proved beloIc uwsing the ceneralized
least sgydalfes estimate whicl ray or may nct be Liased marin

tnis approach ineffective for the culrent probler.

A Dbatch approacn appliead to the paracreter c¢stimetlion
rroblem for s system modeled by a difference ecguation with o
noise source is seer t> be ineffective and this problen ic
of & simpler fcrm tnan the eguation to be identifieu 1n the
next section. In that section a vectcr of noise sources,
wik}, 1s present in the state model and a ftinite cifierence
eyuation derived {rom the model has CORponents o. Lhe nolsc
vector multiplying wunknown coefficients. As yet this
gevelopment hatn®t taken into account measurement noeise as
i the memoryless problen 1h  e€g. (3.7). These more
complicated proeblems as well as probiemns sclvable by 1the
batch approach can be dealt with wusing recuIsive

ijgentification methic.ds.

In general most recursive methods oI algorithn . have thio
torn

Fay

A
F(kel) = p(r) + (K) (¢1) (3.31)

-t -



A
40 which PR} iz the Kkth e€stimate ©of a veCctor «f unknowhl

partameters, Pe The gain K gultiplies an er: or, €1, which 1t
the difference between an avallable meascrencnt that may bie
corruptec by ncise anu an estipate of this meascrement. Fcr
exanple, 1 lTeculsive Jracaent type alygorithes a measuredent
estipale 15 geierated through
T
z(k) = g (k)L {(K)
T 4
whele g (k) is5 & vector of past measurements. In the ab.enle
of noist the true measurement is generated bty the piccess
according to
-
z{k) = g (K)E-
Then the error is
A - A
er (k) = 2(k) - z(k}) = g (K) (P - E(K)).
AS the errol cecreases due to new estimates closer tu the
true parameters the correction term, Ker, ir the algoritha
contributes less to new estimates. The Gain may cepend ¢
the measurenents and arbitrary welghts, vonstrainec by

conuitions for converyence to the true parametercs.

Enough background discussion and examinegticn ct
igentification problems has been considered to lezc inte the
next section. There a measurement equation wusing limitea,
1.¢., agvcentralized, state information is derived from which
patameter s can  be 1dentified. In Chapter & deterpinistic
and stochastic algorithms will be studied in grester detaill
anc wiil be e&pplied along withh batch  technigues to Uhe

gecenllallzed State measulen-nt eguat lohe

-6 -



Jeg Beriveticon of the DHUE

lhis secticon considers the problen ot 2centltying
€ lenents ot the systen Hatrices for  linegr tim€e-inveriunt
FBibyv Systems wheh ohily patt ot the total systen state 1o
avaelluple. Fure generwelily  the wecenNtrelized sStructur:
allocws 1ol measorements that ale Zineal comcifatisrs ot thot
availaple part of the total =stete. Lter the linear time-
invariant syswem

X{k*+1l) = Ax(k) + bu(k) + Tw(k)

ye{k) = Cx(k) + ¥({k) (3.12
the structure under consiueration allows one reasurencht
yizn) of the mth order ouLtput vector tc bée neacsurec o0y o

suisysten.

Given a hListoly of the sincle measurement yni(h) an
equation, called the Decentralized Measurement Eguatio:.,
({DVE) , will Le derivec in terms c¢cf past anc¢ fresent

measulrements ol the foram
YIT‘L(KH‘.) = E’Nym;(h"n”l) * eeas * llyﬂ'L(kJ
e T
+ pul gi{k+*n-1) + ... + LD U(K)
T T
+ pwl w(k*n-1) + ... + pwn w{k} .
broun this eguation the coefficiente are identified ir
Chetter 4 using various lidentification algorithne ang fcr
valying complexity of the noise terms appearing 1in (3.12).
Freop the iidentified parametlers a  state description in row

cCotpanlion forn i,u Trealivabide uuing the resulte ol Appenuix

-t -



k. Sinve the LME 15 a function ¢t only ym (k) &nc noe other
outputs, the equation is Youtput cecentralizec.” Note that
the eguation involves & linear compination of past and

Flesent inputs from all subsystens.

L1l luentitication aigurithes consicered in this theslis
IcwuldIv  that &ll inputs, UK}, Le KNnown. £11  anput
intormation must be available to a subsystem su that input

inforwaticn is centralized.

The derivation of the L will proceed for an arbitrary
ith supsystem cf an overall nth order global systern. The ith

sulsysten Yseec"

yin . (K}
A

where c. is the ith of  rTows in C in eqg. (3e12). F
concatenated vector ejuation will be c¢btaihea 1n  terns of
the total state, x{(k), by linking n successive heasulemcnts
leacing to the DME. Tne next measuremnent is
yI . (k+l) = c.x{(k¢l}) + v.(K+*l). {3.14)
A~ L A
Substituting fcr x(k+l) ftrom eg. (3.12) then
ym; (k1) = c Ax(x) + c bu(k)
+ ¢, Tw(k) + v, (k+1l). (3.15)
A -~

Stepping up (3.15) and again substituting out x(k+1)

‘(.]'



S1L31larly,

The

1he

Y

m. (h*2) = o.HAXx(h*l) ¢+ C.-Bu(k+l)
A A A

*

C;T!(k*l) VI (ReD)

11

c.a(Axik) + byx) + Tu(k)) *+ ¢ Byk+i)

* C; L!\ﬂ*l) + V;("'?)

¢ A2x{r) * Cc-hALg(k) + Cc-by(kel)
A 0" e

+ :;Aly(l) + C;lg(h*l) + vi(n*z).
touna

the next peasulelenhl 1€

yiu-(h*3d) = Cc.AaZ2x(K+1l) + c;ABg(n+1)

+ cibg(hﬁz) + cinrg(h*l) + C;]!(K*Z)

+ v;(nfa)

C;Algtk) + anzag{n) + ciABg(t+l)
+ C;BQ(K*Z) + C;BZTh(K) + Cihjh(n*l)
+ ciIi(h*z) + VL(K*B).

final nth peasurema2nt is

+ c.Twi{b+n-2) + v. (k+n-1j).
S A

n measulements are now c<cCllectea

to

concatenated ocecentralized measurement eguation

- - D, |

L

. - re = -
ymL(kj c; [ 0 T
ym. (h*l} c. h c-H
A I "
1
* = . A (K} ¢ . u (f.)
anl "3
yi (k+n-2) jcih CLA b
i | "2
Yo, (rn4n-1) . i C. h I3
N J J ~

_"[- -

torn

(CLME)

{(3.1¢,

(3.17)

w1 = 2
ym;th+n-1)5= C;A x (k) + c;ﬁ bBu (k)
* c;ﬂn Eu(r+l) + <os ¢ CLEby(K*h-3) + cLBg(k*n-2)
- - 5
+ C;F\ A (K) ¢ CLA

Tw(k+¢l) + ... + c,Alwi{ken-3)

(3..0})

the



G

Yik+1l)

LiR+i-2) ¢

w(k+1)

+

+

-6y -

¥ (k)

Ui(ke2) ¢

wi{k+2}

L3



= H ) =
[ o \i(h) |
!
+ - w{R¥N~2) . (3.19)
G .
LCLI_! v (sen-d) | .

MOle cOLpactly the COME 1s rewritten as

yr o {n)

Rx (k) + Mu(r) + Mlu(r+1l) <+ M2u{n+o) ¢+

* sea v (MDN-2)U(R*hi-c, + hw(K) + hlw(n+l) ¢

+ NZh(K#2) * oue + (KR-2)w{ktn-2) + V_ (k) . (320}
trex1 step up the CDME one iteration so that

YR (841) = hx(kvl) ¢ Mu(kel) + Miu(k+2)

+ MZyu(k+3) + ... + (Mn-Zz)y(k+n-1) ¢+ Rw(h+1)

+ hlw(h+e) * NZw(x+3} ¢ ... 4+ (ND-2)}w{r+n-1)

+ V. (K41) . (3.21)
Substituting a(k+l) in terms of x(k) from eg. (3.12) results
in

;r_ni(r\*l) = hhx{k) *+ dbyuk) + Mu(k+1)

* Mlu(Kk+2) + M2U(K+3) + ... *+ (Mn-2)u(k+n=-1) + Hiwm (k)

+ Nw({K*l) + Nlw(k+2) + N2m(k+3) + ...

¢ (Nn-2)m (ken-1) ¢ v, (k1) . (3.22)
The tull state, x(K), which is unknown anc in general couls
be vnobseXvsble 1s eliminoted using the COME, ey, (3.cU0),

whetle

- )‘,



aIKk)

here 3t
singula

Substit

= RB=dyw (k) - Athy (k)
H-1Mlu (Kk+1) - A~ IM2u(k+L) = ..o
H=3 (Mn-2)y{k+n-2} =~ H-Inw(k) - h-='Nlw(k+1)
H=INZw (K+2) = eas = H 3P (NN-2)w (ke -2) -
H=1V. (K} . (3025)
is ascumed that H-? exists, The poussibllity ot
I n 1s treated 1n the next secti.n.

uting X (k) into (3.22) results in

YO (K+1) = KAH-1ym, (x) - HAH-IMU(K) - HAn~1Mlu(kel)

*
befinan
yo . (

i

+

>

-

-

HAH-YMzu(k+2}) - eee - HAH-1Mn-2u(k+n-.)

HAH=3Nw (k) - HAH-1Llw (k+1) - HAK=IN2w (k+2)

eee = HAH-INR-24(k+n-2) - HAH-lci(h) + HBu (k)
Mu(k+1l) + Mlu(ke+z) + M2u(k+3) + .0 ¢ ML-Zzu(k+0-1)
HTIw (k) * Nw(k+1) + NIn(K*¢2) ¢ Naw(ke3) + ...
Nn-2w(k+n-1) + v, (k+1) . (3.24)

g H=HAH-! and adding like terms in (3.z4) gives

Kel) = Eym;(K) + (hB-HM)u(k) + (M - H¥M1)u (k+1)

FEM2)u(k*2) * we. * (MR-3 - ENn-2)u(k+n-2)

(M1
Mn-2u{k+n-1) + (HI-nd)w{k) + (H-HN1)w (K+1)
(N1-HEZ)W(K+2) * au. ¢ {Hr=-3-fAhn-2)w(k+n-2)

Nn-2w {k+n-1) - ﬁ;;(n) + ;L(k+1) . (3.25)

The next stef in the derivation of the DME 1s to evaluatce

agefendence coetficient matiices in {3.25) which wultiply

tinge va
(3.25)

(3.19)

1yind fuuctions ©f ke The first sucn matrix in eg.
1+« Hebkhh~¥., Tou evaluetle thls first retuln to o¢y.

whele Bo19 seen Lo be conposceu Of Tows beglhnilhiy wilh



S W I

<, and wuitiplyinag powers c1 i up tc CLF . “his patrix 1
the "Yiocai" observability watraix of the 1th suLs;stlens
alternataively, 1t can be looked a2t  &s the observatrllity
ratiix of a single outpat systen. As 15 well knowi. fron the

StLUY Ui CahvhlCal 53Y5tceh State transforwaticns 3LE revilewed

it Chapter 2, 1his matrix proouct is
[ o I 0 .o e .0
l . C 1 0 . .+ « 0
E = , - . - * = 4 & @
E
C 4 . » e O i
-'ac -d' - » = . ‘6,—. L3 (3.26)}

The coetficients 1in the last rcw LIe the nevaliliver of Lhe
cocfficients in the characterisitic polyncmial ©of F:

. !

< + a s AR E aIS"i:;

"1 <

If H-* is zingular and the total state 1is uncbseivable
freo tne subsystem in guestion, less tr.arn the tctal iclal
system 1n row companion can be 1centified. What can be
identifiea 1is explained in the next section but the Dhco

stl1ll applier with a simple weodification.

hext the two metlrix products whose difference is  the

coeificient aependence wetrix ¢f ui{k) are evaluatec

'Ait"



J
4
i

where

-

3

1S the l1ast IOow

c, ¢k
c.A c.Ab
F 8 A
. B =
N
"n.."‘ 1 ‘h"
| ¢, A i L C;A i:s_J
0 1 0 . «..017¢
0 O 1 D « « » 0 Ci
0 L] - - [ ] » 0 1 -
Pl - L ] - L] [ ] - Er‘ -
- .,
C.
s
(Plt "oy PN)
of ﬁ. Haence,
(¢ . . .0
= 0 L ] [ ] [ ] 0
- T
c. k" B-P M

tor the coefficient of v {k+l)

-7 -

T
U

{3+27)

(35.28)

(3429)

(3.30)

the needed patrix proguct



rM1 = | .

l\

i 0 e« e o
¢C 1 0 . »
1 - - L L -

Ir
U G ]
0 0
. CJ..B
1 .
i .
w3
Lean™ e

The depenaoence coefficient matrix is

—_

HE-HM1

Sicilarly,
G
0

HM2

P

50 that the agependernce

Ml-HM2 =

0 «

¢ . .

C:F

L A

gi{k+2)
1 0

0 1

i T
b-p Al
uses

0 » L

—

o |

0

0 0

- L
1 c.-Lb

N .
Lc;ﬁ

- F -

the matrix product

.

.

[
A

B

T

=

b

K2

-

coefficient matrix ftor ufke+s)

« (3.31)
(3.32)

« (3.33)

is
{(3.34)



Jhe coefilcient matrix o: tne 1nput
pruauct
ro 1 0 +« « « «» 0 ]F’O 1 {
G 0o 1 0 .« « & @G .
o

\. - —

P’.n-B-EMn-Z’ = . & & & &

The latest mesasuvrement of the

calculation in its coefficient watrixs.

1he next seri:s of dependence

multiply iterations ot

U(hen-2)
8|
4
¢
C;:*.a
ht -
P Mn-2!
J

irput u(r+n-1)

the state nolise input.

coefficient

USen e

(3.3%)

1e julres nc

MotiIlces

lThese terms

are completely analogous 1o those foi1 the input and the
corresponaing ratrices cal be obtained from the preEviou:
recults if M is replaced witn I and b with T. This compietes

the evaluatiorn of depengence coofiicient
(3.25).

The tirst cuservation to be pade is that
except H have zero in tne first -1 rowe. The

ol €ye (3.29%) wre

matrices in

fir=t

n-1

€q.

a1l Batrice:

I'Gwl



ymi.ugi]_) = )ﬂ.i;‘h*l} e \‘*U\‘l) + V;(K*l)

yu;(hon-l) z ym;(k+n-1) = v.{ken-1) ¢ v.(k+n-1) (3.38)
due 1o the stiucture of He dhese Yows are triviel Lut the
iast ros 1s an eguatlionh from which rparametels carn be
identifieu and is the decentralized measurement egquaticn cr
chbe 1n Tarle 3.1 a sampary of the aependence coefficilents
ana their corresponding siynais is wmade along with vector
variaples defining the paraceters. The resultinyg LML car
then be writtern

T—

yn , (k+n) = [ ym (K) ¢ gen u(ksn-1) + pbp-1
=

* e ¥ EEATQ(K*Z) + QQZTQ(k*l) + kbl u(k)

.
v(ken-o)

ol T
+ pwh w(k+n-1) + pwn=1 w(ke*n-2) +
- -T -
* see ¢ w3 Wik+2) + pug w(k+*l) + pw] wi(k)

T+
-p V;(k) + vitkon) . (3.37)

lo see what is identified as coefficients relateu to the
elezcents of the state-space description reguires rnhowing the
order of tne sysiemw, N Trnen the uhknown combirations ot
elenents of A, O, c; are algebraically deternined using the
vector/matrix relations in Table 3.1. This procecure,
summarized at the end of this chapter, 15 1llusilated Ly
detaelled examples in Chapter 4. The syster 1in Luenberger
Yow compahiion canonical forn ic realizable wcing the

procedare giver by eGgse (Le19) - (Bedd) In Appondin be Thoie

-7t -



the DMe with all nolse sel euual e 20 135 d1Yecliy yaver
by eq. (b.17). Decentralized system i1dentification ius thus

achievaa.

-}t -



ThslE 3.1

DEPENDENTE COEFFICIENTS OF INPUT TERMS 1N L[HE

IneLd

9 (k)
ulk+1l)}
VU{k+s)

E(K*L‘Z)

E(k*n—l)
w{r)

wi{K+1)

wk+1)

:{K*n-2)

wik+n-1)

DEFLIWDLNCE COEFFICIENT

pL2

pb3

|

gL

1]

-1

pbn
pwl

pw2

pw3

pwn

&)

-1

pwn

-"fr —

YLCTCUFR
-l T T

(C;;'l t - p M)

*»- 1 "

(C‘F\

»=3

{C;ﬁ

- T
b - p k1)

T T
E - p M)

- T
= {(c; hb - p KEn-2)
- -
(c;b)
~- | r T
(CLA i = p N)
- T
(CLP 1 - p N1)
n-3 T -
(c;k I - p K2)

T T
= (C;A] - p Nn-2)

'I'T'
(c; 1)



deo Systen Jpael Deleraninatjon - LScalal Cane

Iln section 5.2 a measurement e€guatilon was developeo frou
which parametelrs {dependence coetficients) related to 1o
eleiivnts o the 4, b, and C natrices i the liinear, state~
spare descrlipllion mav boe deternmined. The section colcludeo
in the statenert that tne systes order nust be Fnowh 106 50¢
whet elements and how they are relatea 10 the Qependence
coetficients ate 1dentified. The problem now is tc tand tr
order of the ¢lopbal system. Given the linear time-invariernt
discrete systern:

X(x+1l) = Ax(x) + bBu(k)

y;(K) = Coxk)
ih which y (k) and u(Xx) are known this sectiorn wili finc:
the order of the system if (A, ci} is an observalbie fpalr ct

the observaoility index if (A, CA) is an unobservatle pair.

bor the scelar measuremnent case ohe output cof a MiML
systew 1s measturacle and as explainea 1in sectiolr., 3.2 all
inputs {rom all suusystens entering the global systen aust
be known. This output and these inpuls arIe presunea 1o be

availavle for s many iterations as is necessary.

bcw tne proeceaure wirks can be seclh: fror the lLietch ol
least sguares dapproach to  :dentifying the coefficients in
€q. (2-37). The approach 1 more fully studicéd in Chapter
4, Neyglecting nolise termse eqs. (3.37) reduce: to

T T
vitk*n) = F oy (k) % bl wikeninl)
T T
¢ pbticd o L(ndtn-Z2) 4 ... ¢ LUE U(R) {a.3t)

-7y -



wlith all s13rials available after K=rn{1+1) iterations ot €y.
{3.38) the measurements can be concatenated intc the fully

avtermined matrix equation

— 1" i - _
iI_ V;(h*n} |Y;(K*n-4) sas y;(ﬁ) Uik+n-1)
'y,(n+n*l} Y. {K+1) y. (k+l) 21]k*h)

& A IS
- : T .
y. (k=1) y. (K-2) y.(keh-1) uih-2)

I J - A *

T .

e 2 ‘h) r' .EJ- -‘
u(k+1) pbn
. an'l
0 (k+hi-1) .
L pbi (3.39)

whtIe K=ke+n+N. More compactly

1 (ken) = S(K)P

sc¢ that the parameters can be solved for by

P = S“(K)X;(K‘n) . (3.40)
The input-putput seguence must be identifiable (cmee R.C.k.
Lee and App2ndix A) and 5 must be nonsingular beciguse 11 1t
1s net then 5-) doesn't exist  forl the existence ©f a uniyue
solution. Icdentifiavility reguiresz that the gleobal systern
Le obrervabic f1roun Y, . The case 1 which 1t 15 UnRGhSste ]l Vvabile
will be auclyzeu shortly.

. h [;_



1t Lkon(r+1) iterations are used  the additional
peasurements will give a better estimate 1f qata 15 noisy.
»ithout noise the estimate is the Same as for N=n(r+l).
Lither way the measurement natiix, 5, is rTectanyulat,
AL (r+1), and
T T
o iitn*n) = 5 5F
L T
(5 5)715 3;(k+n) = F
ol
+- -
PF =5 1i¢k¢n) . {3.41)
The matrix
-+ - g
S = (5 S5)-1§
is callea the jseudo-inverse 0f S and is the lnverse ot & it
M=n{r+l1j}. The justification fcr the tcllowing ajprroach iol

structural invariant and system order deteraination can Le

Ieadlly seen in light of the least squares solution.

Sequences ci inputs anad outputs are as follows

g -
Y (K) u (K) Y(k+1) u (k*1l) ...
B T
y(reN=1) u (k¢N-1) y(keN) u (k+N) ... (3.42)

The columnhs can be tested beginning with the first two thel
adcling one moOle columpn et a time and testing fco1 linear
OUCLENACNCE . ln2se ore precisely the colunns used 1L tre
least sguares estimate ana if « linearly dependent colupr a:
founu the invelse (O pseugo-inversde) wodlc not exist 1n vy,
{(3.40) (01 {(J.L1)) 1! retaormd,

—tlll—



The craer «f the systen 1s  then the nusber of  outjput
segquences retained. This assumes the system is obselvavle
from the output {sec Appendix A and R.C.K. Lee¢). ihe

unclbservalble case iIs exarined later in this sectich.

The 1etalnec c¢columns coh then be used 1n €ither eqg.
(3.40) or eq. (3.41) depenaingy onh H as lon. as the conciltion
helc that Worni(r+l). Practically, N nust be assumec latae
enougn. Keturning to the problew with inputs 1esent the
columns are examined in the order

A A A fa A A

y {0} u|(0) s e um(O) y{(l) u|(1) eee Uo(1)

A A _

y(2) U“t) > an (3-‘4(.)
The dependence test need not be perforuased for new columnhs of
inputs since they do not relate ¢ the syster order. They
ale npecessary &s Shrikhanade, etal. point cut to identify the
nonaynamic part of tne state model. This is because the
wIong 1nputs wculd make the 5 patrix singular in eg. (3.39}),

for exanple, & seqguence of all zero inputs woulo cause the

dependence test ana hence tue identification test to fail,

Luppose that the output is such that the global systen is

not observable from the single output, Then from the
conGgitions fcr identifiability (see hKh.C.K. Lee, Liu anc
Suen, and 1=se ana Anton} the global systesn 1= not
identifiable an phase-varliatle canonicail forn. 1haic

problem, wunadcressed 1in the literature on identitication

uhityl now, 1% resolved noere.



Less tnan the

identifived and exactly

Ly using the olservability

Chaelter . (aln0 Sec

transiorication, 1,

entire A, [ 3

sivan and

exlets to transform

ana C matrix trijle car be

how much can be determinec 1s Given

canonical forn. kecelling f1oo
Pwarert.dak) & nonsihyulal

the uncbseIvable

syster. 10 tne foullowing form
-
B 0 b
AV (k+1) = X' (k) + u (k}
I;. HilJ b!
Y{k) = [C: 1 0]5'(1\) (3.45)
in which tne peir (A! , C}) 1s completely observatle.
1he observatility matrix fron Y is
e "
i
c.A
A
L = .
|
c.A . (J.Ub)
- A -

kith regarc tc

finding gependent

vestors the nuioer of

columns at any polint retained in eq. (3.42) can be tested Ly
torming the inner product of that set of ccolurns with
1tself, the determinant of the innel prceduct will be zerco it

a gependeniCy CCCuls.
Tetalnea tharn
shurt and 4 ichger

Enouthoer tecnnluue

the length
length

{=haich 1:

1{ it happens thst mule cClunns atlve

¢t a colunp, H, then N 3s too

with mouIie measuremenht:s beeded.

uot:t0 1N thls thoesis) 15 10 1in¢

._l,,_al-



the eigensalues of the natrix forsmed by takilng the 1nner

product menticned above. lf une or more zerco singular
values appear then a dependency has occurred. Al I¥SL
{Internationes Matnematical Societies Libraryj library

subroutine, LSVDF, wsed in tnls thesis orders the singulal

values fromn largest to smallest 1h a vector.

The rank of ¢, m<n, 1s the observability inde.. 1nere
are & linearly independent r1ows in ¢ which span the
opservablie subspace of (A, CL)' Ihis o1 any cther @m Irows
spanning this space arc used in the transformation matrix,
T. The remairing n-m 10wsS Span the unobservahle space Gr

null space of (.

khen the input/output seguence dependence test iw
performec properly, i.e., with HKOwm(r+l) inclusion ot the
(m(r+l)+1)th cutput seguence results in a dependency. This

1S basea un tre same considerations as the observalble case

giscussed previously. lhe global system older cannot bec
fOUHG -
An  mth order system 1s then identitiabie. lUsing m

instead of n in Table 3.1 the parameters o¢of any realization
that can be icentified are found. From Chapter » it wa:
seen that the observapility canonicel foim 15 Lot unique.
The observaole mth order systemr caen be identifiec in phase-
val lable canorical {form. The paranetelrs obteineao i1n at
1dentyfication schene €alr b used 1n 4ppendix b to teeliae
abe Blh cIdel ¢ v tein.

O T



sSome 1ssucs  to note are:  first, although the uwlobal
systen is not i1dentifiable in any form the dyhLamics that
determine the available output ©r1, 1in other woiras, the o
obzervable poles, <¢an be found. The stability of the
avallalble response {or the iven sulsyster carn theh be
asctftalned because the relevant Systen stale-space
description is known. Second, the controliability ot the
system prodacing the available resgonse can be ascertainec
since the input matrix is identitiaple under reguitrenent of
this thesis thaet all inputs be knowh. Finaily, wunder the
structure of decentralized systems studied in this thesis in
which only a subset of all inputs entering tne global systel
carn be controlled by a given subsysten then the 1ssuc 0Of
decentralized control enters the pilicture. This i1s further
explored in Chapter € where decentralized control 1esults

are reviewed and applied to the problem.

This sectionn parallels section 3.2 where each sulsystep
of a8 MIMO system receives one output. Here each subsyster
is assumec 1o receive a subvector of catputs of the tcectail
ocutput vector f{rom the glopal system. Due to  the adaec
CORplexity aaditional notation is i1ntrecduced. The glolbal

systen geherates m outpists anog using L f¢r the total numbed



Of subsystewm, mi will be used for the nuntel of cutpate
enterinyg the 1t subsystew. For the sake o¢f allowlng the
first output ot each subvectcr to have the cubscri;t Y1% a
supers~cript 1" will be assigned 10 each output to indicete

which subsystetr it is assicned to. The global system Can Le

Gescribed in 10w Companiorn Cahwnlc-yl forn with structurai
p

invariants F, to p . Eech subsysten hars my structurai
et
£ . .
invariants pf to e, for ml ocoutputs. In this tectlion we
2
assume the structural invariants are KDOwn. Section 2.5

gives a procedure for finding the structural invariants.

Ihe developrent to find @ vector measureisent eguatioh how
preceeds for ar. ith peasurement of an  lth subsystein. Ihe
ith output prcjagates as

ya (k) = c;alk) + vi(K)

ym;(h*l) = cig(k*l) + v (k+]l)

= cingth) * CAEQ(K) + C-

LIE(R) + v (Ke1)

A k
A ¥, ") *, -2
ym;(ntpi -1) = cih xX{k) + ciA Bu(k) + , ..,
1
. r, -1

+c;bu(k+p, -2) ¢ ciA - Te (K} +, .,
Iw(k+ ol + - N7
+c; wi(k+p 2) ‘jk - 1) . (3. )

lhese sets ¢f measurements will Lbe concatenatec ang the
l1esultinyg  eguetion steppea Ul s The state is elirinated
usihiy the state e juation and a vectory measurement egyuatior
Iesults with cependence coefficlents tnet Can ve 1gentifled.
1he m st of measaremonts are nuw ConCatehatled

-t
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tiole coumpuctiy the

£
) 8l (k) =
2

+ v (k)
fion wnich
x(k} = H-1;}
-t~ N (1)

Slepbliig L €de

£
ik

NW{nh+l) +

(h+1)

Hext substitute

(2.1) so that

A

p {k+1)

+ MU(kh+1)}

Fihallj,

X

M {r+l) =

= HAHA= ¥tk (k)

+ HIw({k)

Jf the input seguence U(k)

(U
U(R) = .

.

eGe (3253} can

bx (k)

h 4

substitute for x(k) from eg.

+ MU (Kk+1)

£
Ulksp

Dbe rewritten

peasdrempent egquation iu written

+ MJ(K) + NW(K)

(3.49)

tne state can be solved for:

1

(r) F-1MU (k)

- H=1V (r) . (3.50)

(3.4%) 31ives

Hx (k+1)
£

+ BL(K*1)

(k1) . {3.51)

for x{(k+1) trom the state description in e4.

Akx (k) + hBu(r) + HIw({K)

+ NW(k+l) + V¥ (h+1) . (3.52)

(3.4%0) to give

L
AhH-1XM (k) = HAh=1MU (K)

- HAA-3V (k) +

HEW(K)
+ KW (k+1) *

+*

v

-

(k+1) . (3.53)

1s defined

-1) {3.54)

in tnhne torm



I X (ne1) = HAH-SYM : (n)

( =HAh-1M {0 JU(K) + ( HBE ! M )U{R)

+

( ~HAE=34 10 JW(k) ¢ ( HI | N )w(x)

HE A=V £ k) + v & ke (559)

+

wnd Jike terws conbined.

Lgudilent [(3.55%) wi.l be simplifiled atter taking Rote Of
the structure c¢f HAH-Y, Ine 1 matrix is the ceafe ratlrix
used to transfcocrm tne A matrix to row companion forn sc¢ that

hAH-1 =

X X X X » X X X X =« &« ¢ A X X X X X X X

u ¢ G
L]
P, — |
. L
0 v ¢
AX X X 2 X X X X s s e« X XK X X X X X X (3.5¢)
o -
whele the x's are aruvitrary distinct number:. Neatl  the

folluwlng mitllce s ale partitioned



o= A
3 (M eee MA )
b = | N' ses N ¢ ) . {3.57)
m p
The n rowed matrix ( H3 | M ) hus the following P, th through
£
P, thoor in other words sigynificant rows
I - ¢ 4 :
A -] | 1 -1 | | A
C . Ap‘ b 1 C ' AP‘ B { e e C A b
’ L 2 £ g
£ P, | ! P, L I f
c,.. b+ b ,c,. A % B seee jCoui B (3.58)
ang the n rowed matrix { HT | N ) has significant rows
5 L £ pk-2 | 2
ciA’o' 'I:C.AP T,...:C‘T
- 1 L -
£ o - oA P T2 , K
c,.. A 1 T ¢ A £ T ,esarvc T o (3.59)
£ 2 £
hlso, 1let the rows of x's in eq. (3.56), the significant
r'ws of HhH-}, be
a
1
8 ..
£
tor 111' enn, k -
A
Ahlli TOWs of eQs (3.5%) ale trivial except  the
. i
A
R & (e v, th, etc. or ciguiticant rows, For example, thi
1
tiret o -1 10w Of ey. (3.5%) have the forn



¢ £ & ‘ _
Y i {k+1l) = ym i (k+1) + { ¢ 1 D o0 aee O YU (KDY
A . — 5 -
- (Cc, El0 ees 0JULK) * (€4 110 auw O )h(R)
K 1 - f i
= (e, 1T:0 a0 O )W(k) + v i (k+l) - v R (h+1)
i A A A
Yoo ;[ (h*p . -1l) T oym o, {(hv( -1)
i
£ *,.. - . -
+(CIAIL E .0 eee U JU(K)
1 L -
-(c,ﬁ”f‘ B 1U ees 0 )ULK)
‘ f'm“_-zm, ad
+ {Cl & 4 110 -es 0)h(k)
£ Pomgd -
- (c. kR ETTI0 .e. 0 )W(R)
£ 5 L K
+ v (k*pi -1) - v ; (k*p -1) .
i i
For i=p, th to pr&th. the significant rcws cf ec. (3.29),
are decentralizea m2asurement eguations frocn which

parametels can be i1dentifiea:
1 b4 X
ym . (k+p ; ) = a;¥M (K)

-a

£ - : l X -
+* (Cl ‘r" b 1 e w e | C; k )U‘K)
= Cagh, eee i g N5 10 )R (K)
5 f-f-l ! i A =
+ ‘CA } T | wewe , C j_ T )U(I\)
£ 3
- a ¥ (k) ¢« v.(s*p, ) . (3.61)

IS

Noute that no Y1Y superscript goees with U({k) ol :(hl S1NLCE

the se sequeices representl centralized xnformation.

Chapters 4 end 5 explere means of i1dentifying the vector
coefficients ¢t ©g. (3.61) « The c1gyniticant rowe f the L

pallIiX 1L ITow Culhpaliloln CaNVhilCat TOIA ale  dcentiaiflabile &t



sufticient excitation is present on all slghals and that an
aptropriate identification algorithes is wused, As an the
sCalar caese the order must be Known to apply the results of
this section. In adiiticn since there is more than one
structural 1nveriant in the vector casce tnis pust  aiso be
LRICWN 1N Oracel to apply e Ccorrect order decentlrallzed
he€osurencnt vector eguation. HAow to chbtain this 1rnicrmatioln

1s given in the next section.

8-S A0 L oL A~ e e

lhis sectiorn has some similarity to section 3.3 wherle
seqgquences of a sihyle output ana ail the 1rnputs are
availaople. The presence of more than cone cutput, however,
conflicates the procedure and introduces some nNon-uniqueness
to the vector output case. First, eg. (3.61) «111 bpe
explicitiy wratten without the noise terms which only
obfuscate tne theory behina the procedure. Ther., a batch

egquation wiil written analogous to eqg. {3.39) that will

Clearly show why the procequrie works.

For tne ith of , measul enents thet the 1th sulsystern
recelves, drcojpinc the ) superscript and noise termse, eg.

{s.t1) becomecs

""’-l"



Vo) = [y (K ey R T1) e Y (R)

- g
anse yw~}k¢m£-1) U (k) ese v (L*pH-l)]

b {J-b‘.)

tor ni odiputs after N>n*1ph_ iteraticons the tellowing bLatcer

equatioi, is wiitten

{ NI PR AN ST
! L4 -
]
LY,‘K’p.’N'l) oo ywwﬁk1pwu+u—l)d
f y|{x) y (Ksb =1) .. Y‘"""s‘h)
y (,\.';““l) [ y (K‘p ‘l\l-‘) P ] Y "\’[‘l-l)
L} ! ! bt
T - .
-ee YW U&*pm ) \i (k) LI ) E- (K*pb‘n-l)
£ i
T T N N .
sas Y (btp t1i-1) U O (Kth-1) ... U (kprﬂv'-—;) {2.t3)
‘ )
-
L -
' £
k - . [y Dg:‘
) =
Fule Ccumnpactly (3.03) b5 wratten
Y. b (St}



which is an NWtl order cohcatenated matrix eguatiotr.. PO now
the global system will be assumed o be Observalle tronm the
Lo g cutputs atd have an  input seguence such that 5 1c

nonsingular in eg«. (3.64). The system is then 1dentifiatle.

hs 1 the sCalar cave the coclumns that apfear 1in  ey.
(2+63) alée precisely those usec in the follawlng cependelice
ltest, pefore discussing the non-unigueness of the
dependence test first the technique suggestes Lty bornivento
anc Guigorzi is reviewed. In that paper columns woulg be
tested in this order

A A AT A A AT
y,(0) .. y,“JO) g (%) y, (1) ... ywull) U (1) ... (3.65)
wherIe 1nput secuences are not tested but incluaec to ensur-
that the inverce in eg. (3.64) exists. Each outpul has &
structural i1nvariant assouclated with it. When an output
sequernce is testec that is found to ue cependent on previous
coiumns 1t 1is discarded and the structural invariant fo1
that output ecguals the number o©f columns o©f that output
already retained. This testing must be performec fo1 ali

cutputs and the sum of all structural invariants eguals the

glctbal systep crder.

lhe following exaonple from Irwin aeno Koberts

_(_"f‘



r S
Y 1 L e
5(5*1] = U « 7 ol E‘k) + 0 {u(k)
o1 '-? .3 1
.
r
1 ]
y(ry = X (k)
|
.0 J 1 (3.L0)
[ -

has the fullowing inputs applied and has the colresponcing

outfputs

K u (k) y, (K) Yy, (k)

¢ 1 1 1

1 -1 1 o5

z ¢ .5 «37

3 -4 «37 . 015

t -1 .015 -+1045%

£ 1 -+1045 -+.3024

t O -« 3024 ~LHE5S

7 -1 -~ 4655 -.1618

13 0 -.1616 -.0049 (3.67)
ine seguence  lengtn b must bLe  gleater than S. SULpLSE a
sequence ienqgtt of 6 i3 quessed. Using eg. (3.£L5) couiuuns

arv testea in the order
A A A A A A A ‘
Y.(O) YZ(O) (o) y (1) Yl(l} ufl) vy, (2) ... (2.0t}
A .
Thern yz(l) ano yl(z) are 1oundg to he aepengent so thet | =4
aliu pz=1 as in the A patrix of eg. {(3.66) .

how suppos=¢ the {ollowihy sceguence hald been tested:

A A A A A A ~
y LUy oy (0 udly y () y (1) u(l) y. () ... (3.6%

_(}J_



A A
Columns Y,(l) and yztz) alv found to be dependent with
pl=1 and pl =2 whose sum must equal the crdetl ot the systen

ol 3. Tne system can then be 1dentified in the {cro

<143 429 —1.u31 ] 07
X(Kh+i) = 0 0 1 | x(k) + i u (k)
L—.oss -.307 .BB?J ~.3~
-
1 0 o
lik) = A (k)
LO 1 0 J (3.70)

1he same conclusion would be reached 1f this sequence were
useds
A A A A A A A
v ,o(0) ¥y (0) vy (1) uw(0) uil) y (1) ¥y (2)
A A A )
y1‘3) U(n.) U(B) L ) (J-?l)
Just a5 the cenonhical forp is non-unigue in  general so too
is the dependence test plan. How nany output seguences ore
can test at one interval belween input seguences is non-
yunigue. Using more sejuences of & particular output coulo
depenc on suclhl factors as convenlenhce, desirabiliity of &

certain set of structural invariants, or other agplicaticon

oriented reasons, Different nuabers will give different
cancnical forme. ln general the output seguence can take
the form
T A A ) A A
Y, (0 vee y (Qy) ¥o(9) ses ¥y lq,) eee y {C) ...
A A1‘0 AT A AL
Y"I}QWE) 4 (0) «»0 b (qM) y, (g ,*1) ...

in which the ¢. dre quesseg by the usel with the constraint
A

A
thetl ¥ . {G. ) 1t an inhdependent coulumn end where u~=nux(q,).
£L IS ' &

1-],-.-,1?-; -
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Cnce the p. are kno#i tne system order is Knhosh &ana the
A
systen natrix c¢lements that can be identified are given 1u

€Qs {(3.61).

hext suppose the giobal systen 1s not cbservabie tron the
given i g cutouts. By Jdefinition of observapility n linearly
1hcependent rows cannot be founc for H in eg. (3.4Y%) ana the
global system is not identifiable. khhat is identifiable i
tound by usinyg the observability canonical fcrm 10r mujti-

output systems.

The multi-output system adaressed is the glokal systen

alcng with m, outputs decentralizec oI separated 1106 the

£

otters described by

X(k*+1) = Ax{Kk} + Bu(k)

i A - q-
Y = C X(k) (3.73)
£
where C  is an mIXn matrix. The observability patrix fros
this set of outputs 1is
™ B
l C
A
C &
. R o=
L C o & ] (3.70)
which 1s rank qeeficient by assumption. Transfolmstion tu

cbservability canonical foim i1s obtainec LY using o set ot ¢

linearly indegendent IOwWs thal spali the observabllily

- (j'l



sulspace Gf ey (3.74) {sve Sivan and Kwakelhoar) . Ay L
linearly indepehdent rods  in g {3.74) forn such a set,
The rest of the rows in the transformaticn meatrix must span
the unouselvable subspace 0@ null space Of the matrix ih ©4.
(3«7v}+ Let tle n indepencvent rows be called T . Ther. n-r
1owe can pve fcund py s2lving for n-ia independent r1ows that
suolve the egjuation

19 =20 (3.75)

where g 1% an . vector. Let these ni-n rows be called malrix

=3

;1. Ine state transformation

[~ )
1
i
2 (k) = === | x(k) = Tx (k)
1 (3.7¢6)
L 2
transforms eq. (3.73) to
B 0 b?
X' {k+l) = x*' (k) + u (k)
. L} L]
By A Lba
X
¥ tn) = (CJ L 0 )xt (k) (3.77)
in which (A:l . C% ) is an observable pair. ihe systen the

lth suapsystem Vsees" or cah identify is

x*{kh+l) = H* x° {rh) + —-l-J u{k)
I | i i1 B!
s
£
k) = C'x* K 3.7
Yy (k) ('1‘)'5,: (k) (3.78)

in which 5'£ () are the first n states ot x* (k) .

Applying the dependence test to an input/output seguence

of columns generated by e€g. (3.77) ol <g. (3.78) will y1ela

~1060-



nistructurax 1hvarlants whose values will depena  on ﬁf. .
C; ” and the seguence in which coiumn. are testea  ac
tIeviously dlscussed. The global syster cannot be
1dentitied in eny ftorm anc its order cannot be geternmlined.
e order of the ovservalle sulepaece f the wlulel systen 1is
1OouLna. Ine ntk order 1Ivaillzetlon cah  be i Llhie IUw

conpainion fourw {zev Appendix b) Lat the ideentifiec

palameters can also realize other state descriftions.

In sumiary the linear tise-invariant systenm ailven ty

2(k+l) = Ax(r) + Bu(k)

y(e) = Cx(k) (3.79)
1s identiilied in whole or in pert by the fcllowihy procequre
whel, measurenertls are decentralized. First, the scalar case
procedure 1is summarized and then the vecticCl case is

presented.

Given one measuremrent
¥. (K} = C.x (k) (3.80)
A '

anu inforoaticr of the ertire input vector, k), the f1irst

SLE 1s to ting the system order or, in the caze ©f
unobservatility, the observapility inaex of the giobal
system. Colurns uf the siingle output ana c¢f the inputes are

vIicered as folliows
A A A A A A
Yy(0) u (V) ... um(O) yil) u'(l) “on Un‘l)
A A
yi<) u.(Z) .ee (3.6%)

aht, testeag as totlouws:
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i) Start with the first twe cclumns of outputs . na all anput
columns up tu the time of the latest output colurrn ana teot
1cr depenvence of the second output column. Inpul colunns
wlv not testea LOor Jdependence ol plevious columhis but
1Leluaes ;o hmehke sure the 1nput matriix can Lo identifieu.
ihe lengt ¢! the colunne 1s  cuessedg and a lenctl  thet 1:
Lo SHOIL (k&n{r+l)) 1s readily dilcceoverea as will be shown
Taiter.

Z) Continue lestine new ccoliuans of cutputs tfter line€atl

cependence.

ther, the systen

observable fron yk

is the cbservetility index of the

1f

systemn observability

1f a dependency is found at say iteration n+i
order is n if the glchal systern 1is
- (R) - it uhcepservable the order obtailit

yloi,al system fron yi(ﬂ}.

fron y. {(}) 15 not Kknown, the
Fy

aependence test does not supply this information.

3) I{ a depenuency occurs for H=n(r+l1) a lonyer colunhn
ierytn is npeeged and the test 1repeated. The cuse of
bi=n{(r+l) will always result 1in a dependency because the
space 0f tne cutput columns 15 completely spannec &t thnat
pointe.

second, 0n cptained frum the dependence test is usea in

laile 3., and eg.
measurement
cocificients

10entificeticrn

egLation.

are

{3.37) as the oraer of the decentroliz¢
trom this eguation the depenaehce
identitieaq Jusing al al' plicabl.

alcgoritnm,.



Inird and last the iJentifiea poelameters are used 110 the
rrocedure uivel, in appendix B starting with eguation (b.17)

on to wodel the system in row companionh forn.

In the vectcel Cdse the vector of measulenents
| X -
Y (k) = C X (K) (3.62)
ceht measulenents of yu (k) ale glvinh. The first step 1s to
firu the structural 1invarlants of the systen and systen

ordeyr (observability index if (A, C } 1s an uncpbservabie

pair). Columns of outputs ana inputs are orderea &s follows

tor k=0:
A A A A A
Y (0 see ¥y €3,) ¥, (0 «on ¥y (G ) cee ¥y (0} ...
A z ’“L
A AT AT A
Yw_ ‘q”) 1Y} ‘0) ses U (q ) Yy (l:‘*l) " (job3)
A J i ™ !
whele qn=max(q;), i=1, seeq mx. The test fcor structural

inhvariants is as follows:

1) Start with ¢ through qhﬁncolumns of outputs anc test for
linear indepencence. Include G,, input colunns t¢ fing tne
tnput matrix Lut do not test them fOor lincar dependence.
The column lencth must be Non+rg which must be guessed. If
the lengtn 135 too short this 1s reaocolly detected.

<} Continue acding colunns until a dependency occurs then
ciscard that cclumn. The number of colunns retained oi that
output is the structural invariant for that output. hfter .
derpendency 15 found for all outputs the suep 934 the
structural anvgriants obtainea is the order of the yiubal
cysten 1t (A, ( 1 } is 4an ouservable pair. 11 (b, C . ) i
all UNnubseclvable poall this sun 1% the oroo of the subbLpace

£

! the obuservobilaty matrix for (R, C ).

~-10U -



3) I+ 1t is 1ound that n+rp_ =N & longer colunn lengtn s
needegd and the test repeated. IThis is beceusce 1he fpace
spwanned Ly the coluwns in eg. (3.83) has Leenh spannea bLEfOTrt

the order 1s fcund.

A
Second, the P obtlalneao are uUsSeo 1nh €y (3.61) |
cetermine the craey of that eguation. Tne coefficients at.
these mg eguations are then 1dentified using ah applicable

raentiiication algoritnm.

lhira, and last, tnhne 1dentified parameters meke up theo
natrices A% ana B% in eg. (b.17). Then egs. (L.18&) - {bk.22)
are ysed 1o obtain 4 state description of the systei in Iuw

conpanion form.

-1y~



CHAPILEL 4

JLaNZIFICATICH OF Tok DeCeNInALIZEDL MEASUREMENT EQURTICH

4.l Least Sgyuares Systexs ldentification

Lnoger the cecentralized framework of thiis thesis scals:
anc vector meesarement €guations were derived in section:
3,2 and 3.4, Inis secticn applies the least sgrales teliol
anc 1ts variations that hoave tween develcped cver the past
tew decades (see Graupe b, Johnstone, FPahusha, af. hencel)
to the identitfication of the palamelers relatec tu 1the
systen Latricers in the decentralized measurerent eyualions.
Algorithms will be applied to deterministic paraweier
identitication and for varying gegrees of complexity of the
noise terms 1n €4S. (3.37) and (3.61). Eramples wili be
given 1o find oependence coeoefficients 1ih secticnt 4.1 ono
4.2 and the state descriptions derived trcecm those Cepenceanice

coctficients will be yiven in section 4.3.

in tne deterministic, Lo holse, cast ths gloLas syster
state puavl 15
x(kel} = Ax(rn) + bu(k)

yirn) = Ux(r) (hel)

-105h-



wheIe the m 1« dropped ¢ 1nalcete NO NOLSC. The scalal

cecentralilzed neasuvrenent eguation 1is

T r
y;(8+n) = p y (k) ¢ pbn u(r+n-1j
T <
* pobn=l L(K*n-2) ¢+ ... + pbl L(K). {L.l)

Letaine the nondynemic coefficlents 1n one vector

-
pb¥ = ¢ pln 1 ... ! pbl ) (4.3)

[

S0 that ege. {4eeg) is written 1n vector {orm as

y.(Kk+n) = [?1}k) Qﬁ}non-l) Veee ) 9115)] ( @ ]
|
Lkgi (b.6)
The corresponding equatich in the vector case 1¢ s;nilar
with the u.nderstanding that ¥ (K) wouid iovolve the whiole
vector ot avallable measuresents. This egquation 1s i1 the

1018 to be used in deterninistic and some stochastic

1agentification algorithins.

lhe watchn soliution t¢ the parameter identification of
unknown coefficients 1in a measurement eguation was partly
Giscussed in Chapter 3 to explain structural invariant ahlc
systen orcer cetermination. The solution is olbtainea Ly
concatenating iterations of eg. (k.4) intc

y;(h*n) [ ?T(K) ;ih*n-l) cen ET(}.)

- [}

\
|
|
|

. - - T
Ly.(t*n'&-l) LYT(K*N-l) U (keneli-2) oue U (F-1)
i - -— -
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A

-~

1t Lh=n(r+1) then § 1¢ squarc ana the peratelers are fGuna by

L = J"?i(h) (b7
I{f ton(r+i) then S nas more rows than c¢clumns the paraceters
cal. be solved 10r by

T - T
S y,{k} = & Z&f

* T T =
E = (575)-15" ¥, (K)
F o= S*-_ [
E = Y;( )
+ . _
where 5 is the pseuvudo-inverse. Without noise the sciutiol
1s the same as eg. (Ual) & With nolse ancd a pemncrylesc

measurement ecguation the additional measurements yive @
better least squares estinate (see Mendel). 1l.ao benerit
aprlies to measurement eguations with @memory but the
estimate will still have a blas. The amouhit of bilas cepends
on the statistics of the rnoise as discussea in Cnepter 3

alst see mendel.

Aside from the plas othel dilsadvahlages are  the heed tc
steie lalige ancunts of Jatla. lhe invelrsion 1S Lot suitabat
for on-line identitication especialiy for lalye oOlgel
systems (3€e  Sinha) . 1w computer simulations &nh Invelce
calculating sulroutine is ncedea. These subrouwtines  fog

eXxahple 10 the IMLlD libraly o subfcutines ufe  vaubilal



cllpihation whiach reguiles findirng a pivot elenent. tor
high order a pivot element is often not tounc ana the
inverse not celculated. 71he data in the interval cvel which
the estimat= 1t made mast Le stored using up lalge amountrs

of cumputel et Oy .

shie pIobLlen with the Latch so.utioh cah Le renovec with
the technigue ¢f recursive leastl sguales (sce Mendel, Graupe
a)s A new estimate i1s jeneratead at each iteration (seamplinc
periody) using tne o0ld estimate based on ©ld data plus the
new avallaple cata. Twe formulations are applied here to

igentification ©of decentralized measurenent eguations.

tFirse, for ease of npotationh write the measurement
equation (4.U4) in tne form

2(k) = h (K (o)
where the correspondence is obvious but some explanaticon 1is
in ordéer as 1o agreement in indices for example with

z(k) = y;(k+n) (o9

why isn®t z(k+r) used? The answer is that z (k) 1s a yeneric

syL.Lol and shorthand for describing any arbaitrary
measurement egquation such as 1in the o©iscussicon ci
peasulenent eguations in section 3.5. The rofiveneric

guantities are wused in the algorithm ang it 1c these incaicec

that ai1¢ uswea In the simulation.

-

Incluudlng measurement OIS €. (G.8) 1o writter

-
2(n) = b (K}} * v (k)

—luvn-



anu suppose L+41 measuremcents alt accumulated ftrom z (k-
LY to z (k) ard then one new measurement 2({(k+1) Lecomes
available. Let the first L+l measurements, feacurement
vectors, hoise terms and we ights be defined as

T
( 2(k), ese, Z2(k-1) )

Lih) =
i T
hik) = ( B(h)s wous D(L-1) )
VIK) = ( V(b), eees v(k-1) )}
k{k) = diagy( wi(k), «ee, W{k~-L) ) (4.10}

s that the concatenated measurement egquation is
Zir) = H(K)E + Y (k) .

Alsc define

[z k1]
Like1) = | -moe-
2 (k)
rV(K+1)A
VKol = | e
L v (K)
i—_. (ko1)
h(k+1) = | ~=-==--
wi{k¢l) = diag( wik+l), seea, wW{Kk-L} ) . (Lb.iZ)

The least squeres soluticon for L+2 measurements {roo e3.
(3.7b}) 1is
A T
F(r+l) = (F (ReIN(KR*1)H(Kk+1) )-1}
T
X d (Kel)W({kel)Z(h+l) (U .13)

anc using e3.¢L4.12) can be written

-1 0%~



A - -
E(rn+l) = { L (k*+1)w({sn*+1))L {k+l) ¢« H (r)k{k)hi{k) )3

{ D{r*1)w (R*]1)Z(KR+1) + h1}k)u(k);(n) ) {hail)
In eye (4al4) let
vin) o= h*(k)itn)n(k) (La.i%)
thel 1nsius was. (Ha.13)

-
{ F (re+i)m(K*+l)H{r+1) )1

Lvirnel) =
.t )
= ( hi(hel)w(k+l)n (ned} + (73 (K} )~ (Lbolit)
<o that
.T .
T (r+1) = (7Y (R) ¢ D(kel)w(k+1} L (k+1l) . (bel?)
which is a Trecursive eguatiorn for (~Y {k+1). Lsiny e,

{(3.70b) a&ayain and eg. (4.1%) yields
Fa -
E(k) = Q(k)b (K)w{K)Z(K) (ba2€)
or
ol I
r (KR)mn(R) () = ~H(K)LE (K) {Ls15)
which is suopstituted into e€g. (4.1U) to gyet
A
E{r+1) = Q(r+l) { L{(x+l)w(nel)z (K+1)
A
+ VM K)E(K) ) . (4 .20)
USing €Qs (4.17) in ey. (4.20) yielas
A
bixel) = w(2+1) ( D(r*1)w (K*1)2Z(K+1)
A
* { VvTr(h+1) - DRI )w(ned) ]l (K1) E(R) )
A
= P(R) ¢ Q(k4Ll)n(n*l)w(red"
- 2
A z(Kk+1) - h (R*1}E(K) ) (Lezd,
alg this equatiun togeiner Wil eg. (L.17) constitute ont
version of the recursive leest sgualvs algorithe. Siice the

efiect Gt ail past data 1s In the lust estimate, the past

walée 15 used witpout havipng 1 be storec ana processes 101 o

~lau-
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hew estinat=,. unly the nost Iecenht neasurerent z(k+1i}) 10
LECAED « In ceptrast a new gpeasurement in the batcti metnwa
reqgquires using it and all past data for a new estinate if
all the data 15 to pe taken into account. LEy. (4el7) stasl
regulrles npatiix inhversion of an nXn matrix anc al  each
1teratiol of the algoritho. Inversion can bte compietlely

avolded using the matIix inversion lemia.

The lemma applies to eguutions of the forsn
.l
L=V = B-3 » C D-1C (Wedld)
where h, © anc D are nonsingular metrices. Premultipiyll.o
by h gives
T
i = A~ + LC D-1C (4eo3)
-+
ang postmuitiplying by 87 cives
T - - T
BC = AE-IBC + AC L-ICLELC
- T
= AC D-I( D + CoC ) . (!4.214)
T
rustmultiplying by (D+CBC ) —-1Cp gives
- T . T
EC (D « CLC )-iCbh = AC D-1CBb {4 .25)
ahiu SwotTacting (4.25) from A gives
- T
L - BC (D + CbC )-ICb
T
= & - RC p-1C3 . (a2
tostnultipiyine eg. (4.23) oy b
o= h v+ aC I -ICH (.27
anc suonstitate 1nto e€g. (U.sb) to get
T r
L = b - oC (D + Cul J)-iCL . (et}
Ihern cpriying this lemma tou €g. (L.17) cives
Cirei) = wir) - w(r)n(rel)
T
A (L {r*l)o{r) (k1) ¢ /s (ke]) )2 (b ac™)

~14l-
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4L sihce b and CbZ <coulrespond te scalals R Natlilx

inveIsion 1s nNecCeSsdary.

Eqe (4.29) in conjunction wilth eg. {L.21) constitute o

teculsive least sguares algoritne with Mo matlrix IRVEISLGL.

fecause 2f currelatiounr between the measurerent paltliix» alid
Lhe teasuiemner. i holse, lecursive or Datch leest S jucres
estimates ale liased with measureme .t noise presert. 1f tle
noise 13 very laIye the estiLates couuls De wuhacce; tatle. i
e.qoritnm introduced by tanuska 1is a mceditied version cf
recursive least squares that can te shown to ccnvergoe i
atal sguale and gives unblasec estimates with pneasvienelnt
nwelse prescenl. The algerithm applies tco eguaticn:s of the
1010
Y(n+n) = a'y(k*n-l) Y e qﬂy(h) + b'u(k+n-1)
+ see *t L“u(k) + S, vihtn-1) + ...
+ qﬁv(k) + vi{ke+n) {u.30)

wfilch in voector tora 15 written

-
{r) = h ()P + e(k) (4+33)
will
Z{(rR) = y(kh*tn)
-
L (k) = { Y{(r+n-1), eve, ¥i{r)., uir+n-1),

M(kY, viE+a-1), see, V(K] }
1 = ( G 5 wew, ad , D , seas, L s € 4, wssas, C )
i > 1 S ] L 2™

c{n) = v{K+)) (L .32)

b, -



afil e () 1y afli Uhttatlulable lanuon distulbance witl N
tational spectral density. It i« assumed ¢ be & seguence

vt randoum valiocblies witn zerlo meah and vallaDCe a i,

Tt coectfivients o . » i=1 se s vy i dle  disturtboiice
A

boelaluler s al.d b (r?} 1t &N enhlardel Lheasurencenlt vector 1i
Cul.llast to tle  cituatich eraiilicd thustal. Slnge  Lhe
e {hL)"s ale NOY avalleble then cooputed €Irore are uses fror

Lo (“oJl)

A AT

e(k) = zZ(Kk) - h (K}P (L.323)
whele

AT

L (R} = { yth*n=-i), see, ¥Yir), v{k*n=1), «eo, uf(kr}),

A I
V(F.’rl"'l), . s n, \'(l\) ).

which 1s an  ernlaryed peatulenent VeCiul wilnt Clc COMpulew
CITOrl estlimatet . The algciithn is civen by these IcCculslve

¢QuLatlions

A ra) -r A A
pAnel) = BAt) ¢ (k) (Y (K) - F ()L () ) hi(n)
A
v{k+l}) = 2(F) - J{R)D (k1)
AT A AT

(0 (Rel)udh)n (ned) ¢ 1 )70 (K+1) [ (K) &

The scalel decentralized neasulemont  egudatict 11 Cosol
inte tne torm C€i Q. {H.30) 11t ne state DOlze 1S prer.ont s
thot eu. (Lio3l:'; reguces to

- __ T
VLA 15 Y0 B yn;(h) L2 S UUTIRVEY U0 3 Tl U T SR

T T _
v owbLd owfl) - ov.oA{¥) * v, (hen) (. %)
L A~
wiit 16 Lhe Dulatloh 16 LN Sald ae 1h €4 {Uedx) €xcejp it that

nele tnan ANe 1nput 1 fFlesent. Slhiee the Greel vl Ut

-, L -



clenents i f, (k) Call Dy IueveToio $1vVieva the oroel an j(r)
12 wlnw, the 15LN0eI prodact 1nh ege (L 321) 15 uhchal.te o al,l

T . T -r
Eodny = vnitn). o{k*n-1l), see, B OAR), v;(t) )

-+ - LT 2 N .

Fo= (pe kUL . eee, pba , L ) (LY
WheTe  Uhe peceullal I2sult tr.t the dynarilc Ge,ehunce
CLelliCleinla alo Sitturtoner ,elubkele s ale tiie Saku, i
eif ot mak il trhils s =pelladi €a3e 0Of a nol . GETETrald

pretlenm.

The rejevant gloupal systienl state duescrilpltion is Lbthern
X(K+1l) = hxp(k) + by(x)

YL (R) = vx(k) ¢+ v{r) (vel)

10 pIove COLVuIgenc? these asSsumptions wust be faticticec
1) Tne systen QesSCribed Ly ede {(Led7) O wde (L .30} arno the
EIECLICLOr 1l wCoe {433} must le =ticlec. fAlco, the s;sten
Lust be contreilawle frow the input uw{k) oI cisturtanc:
€ (k).
<) votn 1npat LK) anid alsiulpahce e (F) have finlte Seconc
ahu  toulth  orael Lanents ofiv uwo and e a¥e mulually
incependent .
3) 1he covariarce natrix

ey AT A A

LI Gn (b 0 (1), .ee, g<n)]
1s positive gelinlte oo ke,
4) she consditiun

A e,

gnoo Relr) 5 pusitive delunite constent natrix

helus .

-l



banusra®s  Llyorithm was  seoh te Lo cpPlicalle  tc
identification ot the scalar DME  with neasuremcnt nelse Lutl
not state nolse present in the systene. With & vector of
PecsUlenenNts availadle ane seasurepen! nvise ohly ey. (3.t1)
tol the ith meosuremnent 1is

yni(kﬁpi} = Ei)m(h) - pAULK)

+ Q"_V“‘-) vy, “‘\*i';‘) (Coit)
where
"p.',""‘ ! |
L o= CLF. B L ees Cbb }
1 .
- Q‘.M| : P : Q_;R?‘._I ' 0 ) (N.J‘;‘J

ana th= superscrapt, 1, has beern dropped for notetional

simplicitly.

ks in the scalar measurenernt case computec €Ilcrs cah 1t

calculated since v(k) is not peaesurable by

A ) AT A

eitn) = vm;(kopi) - P (K)h{(k+1) (4 eul)
Wl 1lE

N T | _T | _’:'r -T

ni{rn+l) = ( ym{r) , U(K)  V(K) )

k= (a. | L*Tf a. )

Fa ~
€ . (K} = v. (k+p.)
A P A

for i=1, «ss, @ .

Cther variations of the least cguar<es approact (besceu or
paninlzing a weighted 595 0f sguales of ericrs) fiave Ll
Qe Veloped. These alyoritithns ditrfen in the nusericas
sptution of the probler ong have different COUnvergonce
lates, sensitivities tOo round-oif errors, anc coenfputlatlichng

(R 71 32 1% SIS

-1ih -



These  eayorlithns ndold tor  the general autors yressilve
nooel

y(k*n}) + a|)(a*n-l) * Les * a“y(n) = w{Fr*tRn) (4.t}
whete the white noise source w k) 15 zero mean ahd Se TOLO
cofent erucdic angd the covariaice i the nNoise is finite anc
cui.stant., The tirst pethad:s 10 be clscussel alc L
covaliance, parltial correlation, and autocolrelaticn rethods

whiCli are nontecursive (see Mehra, Box and Jerkins, Gibscon

ahu Melsa).

As discussec in the beginning otf the chapter the patcy,

least squares estimate is given by

A L r _
E= 3 85715y

wheIe
- - - -
Y(@v) = (YR}, eae,s Y{N+R-1) ) (412
ahu
. - : - .. = T .
S = ydd-i)., YU d-2), eee, YI(N-D) ) {Lal3)
Nexrt, the sample covariance is defined by
Nan-—|
h{i,1) = 1/ Z.  y(k-i)y{(k-1): 1,1=1,...,N (L oliid)
A= n
SO thdat
T = . T
SO y(N}) = ( R(1,.i), «ae, R{i.N} ) (b ol
and
= =
ni{l,1) « e« » kR(1,h)
T
s > = . .
H"l.l) - L L] }; ‘I\'l\)J {Ll .‘d{:)
let

~lait-



b= 5 5
atia

1¢i) = S 'y (6) (8 .47)
£2 that

o= { L(l)Y, seas THR) )
anu

A

F = B-yT (L) (Lol )
Therefore, this algoritnm 1s tne Latch estimate except (ol e
gifference in numerical executicna. Also, since ki{i,1) ic
the autocorreletion R{1-1) of y (k) w»ith delay 3i-1, €yg.

(4.48) is also called an autocorrelation estimate.

Thne patch jartial correlaeataicon methed is a nonrecurcive
rethou that recuces the n dirmensional proclea in €G. {tetb)
tc n cne cimensional problems by successively lincreasing the
orcer o1 €3. {d.Ub) {see Box and Jensins anag Gibson ana
Melsale First, ege. {(4.4E8) 1s written in Yule-halker forax

" A
Z P;T(-1) = -T(1)

~ =1 N+n-|
T{i-1) = 1/ ZT y(k-i)y(k-1) . {4.49)
A =

Let tne ith coefficient of a jth order autoregressive
g.
precess be Pi . For j=1 from eg. (L.u8)
[}

b= ~1(1)/1(0) (bL.50)

for
'

=2

r z " -

P, ]'uu T(1) T (1)
kN

‘f’; T(1) 1 (V) 1 (<)

aehfl S0 O wWhaCl. Cali be reauceu tou the forn

1

-1i1-



3
E. = b. 3 F; = 1 for 3=G, 1, vee, n-1 {tee51)

3+ el 4+ > 1
I = o b ayti-iys o P? T1¢1, (4eb2)
o iA=L M

T3 . o
whele the P?+ cle€ the paltial correlation covfficients.
?d'i

¢

Ff Leguential covariancCe alid pallial colrelatich alcoIltha
Cdl. De lgpiemnel ledc using the recurSive cjuatiorn
aor ¥ | 3
1 (1) = 1°(1) + 1/(3+1) C y(J*1}y(3*i-1) - bk (1} )
(u4.53)
from Mmerhav ard Gabay where T} 1s the correlation 1n ec.
(4ek?) based on j vate points. 1he correlation is then usea
AN €gs {Leld7), Usinj this correlation in conjuhctich with

€Ce (U.5¢) gives seguentlial partial correlation estiumate .

Ine next vaeriation of least sguares to Le AQliscussead is
the lattice methoa. The wmethod involves computing forwaru
anc packward error residusis. A functicn ¢f the residaais
is rinimized with Tespect 1o coefficients that converge to

the aesired onecs in eg. (u.41).

Lattice algorithas have beer used 1in cther fielas of
engineering, €.4., 1n digital sighel processing ahd S€VCOIul
p;ay cre have gappeared 10 the contriol theory literature (sec
Graupe £, Snhichor, Bury, anu Makhoul). Tne first stegp 1: to

confpute error residuals, some papels fina forwarc recicuals

Given by )
v}
A - ‘s ?
' I’ - . - J = : £ = lp
vyliek) y (r) y {n) Li} R Y 1
p»t Sy (r.) (Li.f,l;}
adge N

’

_Iltlf



which depend o past ouatputs y{r-1},

y{k-2}, tlce while
others ti1nd backward res.duals given by
| . r 2 . +
€ _(1,k) = yix-Ny(x-j) = 2 a y(k+i-j}; a =1
PR S ¢ <
e,  (0,x-1) = y (k~1)
wmiiiCh

(e« 55)
aepend ol

y{k-3+2), etc.

futare outputs y(r-5+1),
Ahee function: taat have

whele £ 15 the

pbeen used in the

expectation operator,

mininizeticr.
ale,

the mean
torward erior

suuald
E? = E(e24i.K)) (4.56)
F &
the mean sguare backward error
b = c(ei(j.k)) (L.>57)
anag at least

cne paper (Srinath and Viswahathian) uses tne
avelage sum 0t the mean square forward and baeckwalc error.

+ ?
.. * E
S s
A 2 . (4 +58)
hleo detine
(s . ‘
Bl o= ute L (Gukbe L (3.k-1)) (4 +59)
anc after mininizing egs. {4.56) toc (4.58) with 1e¢spect tc
s PR |
a . bi av, “§+| (see.Graupe b) yields
ey . . T >
a Yy (torwald) Lc fE.B
& *] (backwerd) = hz /i ?
4 . B
L e ac e = op # + * -
dj#l {averacge) = z[c_/(tr + Lb ) (U .t0)
sliich are tne tattlce algorithme,
hitlh  vericus least algoritnie reviewed throc
will Lre-

Exaliplct
tornulated obld TESUlts LIOR Computer flpulatiohy

-11%-



given. 1he recursive least squales forsulaticn Qescribea by
L3S (4.29) ang (4.21) which avoids the calculation ot
inverses has bteen programmed and applied to three Mlko
examnples. QCutputs are then decentralized and all possitle
polumeter. (oo much of the system as possible) identified in

accordance wait) the luentifiabilily results of Chapter 3.

1he trrst ervaaple is agiven by the tollowinc statie seccnc

Clder dabstract discrete systen

r m r T (
x‘ (K+1) 1 3 X l(k) 1 0 u l(&)
= +
hxz(n+1) ] -1 -.Y_A i xz(k)* L_O s I uz}k)
Y(k) = x(k} (4.61)

with eligenvalilues at v ana -.5.

let ¥y l(k). put not yz_(n). be measuralle Ly one
iaentifier. “bhe other output, yl(k). may o©or may nct be
available to scme other identifier bput will not concern the
processing by the first jidentifier,

The ovservalility matrix from the first output is

.
1 0

1 -3 | (Uabd)
[ .
therefore the single stiuctural invariant is 2 and the
identifled model will be seconc order which is  the globel
systlel. Oraerl. with n=g the dependence coefficient:
1aehti1f1eG are found tran Toble 3.1

) T T
C{R): Ll ¢ RE - M



ufn+l): pbe = C|['- (L.t3)
whete
T b ) _
E = ( ~hi, tr{h)) = ( .4 3 ) (L.EU)
COr tains the negatlives of the coefficients  of the

chelacteristic eguation ot A 11 reverse. Frorm letle 3.1

- =
o Te o
| J— ; = :.
: |
- Ll OJ (L.65)
ahia then
c, bt = 1 0] 1 .3 ['1 0
= [1 el (4.66)
U 2 7 2 -
[
-
p M= ({ «3 ¢ (407}
bl = ( .7 ) . (6. bk)
Ihe characteristic equation o: A i3
Zz - «32 - .4 = o . ‘ulbg)
For the inputs
-
Cl;\;'.'ﬁ Y Moo= o1 « b ) . (ho?{.})
anae the UME is
ylcn+2) = .3y'(n+1) + WLy (K) + u (K*1)
¢ W70 (k) ¢ LU (X) (L.71)

anc is jdentified by the 1recursive least squares identifilel
described previously in eqs. {(ka14) -(L.16). Als=c,
T _
pLe = {1 g ) (L.7.)
62 the Gependernce coefficient vector of u(k+i). The Lot o
nurber of coefficients is agiven by
Lot Tp, = 72 ¢+ (£)(2) = & (4.7

aliC Lthe total cuvfticaivnt vectar i

> 1
2



~
o= ( U, o3, 1, 0, o7, +6 ) . (4. 74)

Then the decentralized mecsurement eguation nas the fora
T
2{(k) = y (k*+2) = g (K)} (4.75)
whele the measulement vector
T

G (r) = Oy (K. ¥y (KR+1), u (k+1), u_(k+1),

u‘{h). LU_(K) ) . (L.7¢8)

10 start the algorithn ¢ (0) and &n initial paraneter
quess, P(C), are needed. Ls suggested in Mencel they are
ctalculated usity the two equations

{tr7azl + g{(0)w({0)y (0))?

@ (0)
A
E(0)

1t

v(0) (1/ap + 3(0)z(0)) (8.77)
whele YaY is a very loarge numoer and g is & vector <f very
stall numbers. If the initial weight w{0) &anc 1nitie.

measurement z{0) are both zero eg. (4.77) reduces tc

C{0) 8¢l

E{0) 1/a%p = 0 . (4.70)
if initial concitions and inputs are set to Zero such that

Y l(0) =Y ,(l) = u (1) = u (0) = tlt(l) = u 1(0) = 0
are all zero irn ege. (4.76) then z(0) is zero. This was gone
in the saimalation ang a7 was set Lo 1C¢e ir  eg. (L.70b).

Ahrbitrary inputs were used as tollows

u (K}

5511 {3K)

Ll(h) ~Lsin{?r) + 1 .
lhe & paleh@ters converjye to their true values very 1ast anc

ale shown 1n Flgs. {4.l)-(L.3),



knother  exemple willi now Le 1dentatiea Usiiy the
recursive least sguares algorithm in which the ulotal sysSten
1t unobservable from tiue available measurement. 1he secounc
CIUEr aLStract alscrete system is given by

'lh' rul)w :_r.") ol —‘ E" (!R)-‘r lr
| N 5
)’“““_J 1-L.2 J L K) [_o 1
y (%) ] fa 27 [x o

i

-

C

B 0

.
|

[N
|

L—
——— -
C .

O —— —
I

y (K) 0 1 X (k) (4.

z b A
ano suppose ohly y'(k) is aVollable. The syster 1s staule
wllh eigenvalues at .9 and .45, Tne observatility noatii>

fron this output 1s
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Fig. 4.1 Paresaeter F1 ano P2 convergence uUe.ing Iecursive

least sgyuoles in ubservable example.
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Fig. 4.2 vrareameter P3 and P4 convergenice USing recursive

least -qQu&ares 16 olLservable example.
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Fig. 4.3 Pararceter 5 and PO CONVEIrgenNCe USING Iecursive

least Ssyuaeles in observaliie exanple.

-l st




k.

e 1.8 L.81)
i {

which 18 sifgular. With reference 1¢ the 1esuits ir

sectlion. 3.2 ard 3.3 only the wecouplec palt ©f the systed
1N observanllity canonical tornm can be identaified. T SNOw
that thne 1dentafier cutput tu follow is correct the syster

will pDe transfcrmed to this canonical fora.

As discussed in Chapter <4 the first m rows ot the
transforwation matrix span the observable subspace o©f the
subsyster and such & Sset is obtainec using the Jargest
possible number of linearly incependent rows in ec. (U.Bl).
This awcunts to the first raw 1L e€g. {(Wagl). . sel1 ot
linearly independent rows spanhing the hull spacc cf  eg.

{(4.61l) 1s obtainea irom

c e = L

( 1 2 )e = 0 (v.b2)
or

€ ¢ 2&2 = 0 .

Lettinyg ezzl the secona row ©f the transformation matriax i:

then

b= 1 J (o)
(0
L3 N OV T D VR PRV R S |



«ls .l . (u.bu)

.

ihe transiormec system patrices are theln cdlculatec

1k =
-2 1 4ot5)
L . (
whetle
(RS, » CY ) = (.9 1) {4.b¢L)
1$ anh opservatle pair. The single ei1genvalue of A:l 18 .9

which is an observable pole while «45 18 an uncpservable

pole.

From the cclumn dependence test discussed in section 3.3

the order of 1t1he observalle part of the system 1is fcund tc

be onhe. Tnis value 1s then used in Table 3.1 tc¢ t1hu what
gependence ccefficients will be identifieqg. The
characteristic eguatiun of A:‘ i=s sibply

L (Uu.81)
s¢ that

pﬂ-= = 5 (4aBF)

ance the ocependence coefficients for the 1nputs are



T ~
uik): pul = c* 8 = [1 0] i 2
-2 1
= (1 2) (4.89)
The DME 1s ther
}'.(r\*;) = .‘_«)l(i&.) + ul(l&) + Ju_(k) (4.93)
whele thie palancvter veclLor
-
Eo= (-9 1 2 ) (4.53)
is identiileu in tigs. {(L.lU)-(U.b) using the samre 1nput
functions and startup procedure as in the cobservable

exacple.

..l "(,_
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Ficg. 4.4 fRecurcsive least syuares convergence to barameter i

of unobscrvable example.




!
%
¢

6.0

¥ L ¥ L 1L R
G .0 30 30 46 WO &0
K, UTERATIONS
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Fl1g. 4.6 hecursive least sguares convergence to Parameler b3

ol unoopscrIvable examrple.
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fHhotnirty exanple is a saenpled gata version of & lincallzéu
continuous time wodel Of a stirred tatik. Inis exabple 1%
tytical of some process cohtrol systemse. Two feeds are the
1ngputs to thne stirred tank carrying time-varying f{lows. lhe
flews cuntain dissclved Raterial with constant
concentrations c, and c, . The propeliovr irn. the  tank

maintaihs a cohstant concentration in the tank which is thco

concentration ¢f the outgeing flow at the bettom.

The mass balance and ocutput flow rate eguations
descriping the tank have been linearized 1in Livan an:
nwakernaak and lead to the state-space aescrijtiorn

r- - r -
-1/zh 0 1 1

x{t) X (L) + uit)

L ¢ -1/n (c,-C,)/Vo (C_~C)/V, | (Leyl)

-

where h is the holdup time and

h = Vo / F, (493
and

V, = nominal steady state tank volupe = 1 n3

Eo = nowlnal ouvtput flow raoate = .02 rm3/s

h = 50 s

¢, = feed 1 concentration = 1 kmcl/m3

¢, = feed 2 concentration = 2 kmol/ad .

Thel 3. {U4.%y) is jiven by
- l— 7

ot
[

-.01 ¢

s () = x(t) + | u(t)

L ¢ -e0e —u2% W7 (L.9L)

~1 13-



whele the compenents of the state are the incremnerntal voiume

in the tank anc tne incremental cohcentration.

hext, consicer tne tank forme part of a process Commahded
by @ pIocess cohitrol computer. hs a 1esult, the value
settings cnahoe at  discrete time instants only and are
cunstant in Letweenl. Let the interva;: between tipe 1nstalits

be Do lhe discrete tim= matrices are then given Ly

. AD
h¢ = e >
" AY
by = (}f dT)B CRCEN
anc let D=5 seconds. The discrete tine systey is  then

cogputed to bLe

- r
r.9512 0 4.877 u.a771

X(k+l) = ‘ X(K) + gir)

L 0 <3045 ~i.1695% 3.569 {L.9¢;
] L

and alsc if trhe whole sampling interval is used 1o process

the data anc cefining the states as outputs the ouiput

eguatioh tares the form

- ~

Y{K) = X (K)

0 1 - ‘H ug_,)

hOow Sulpase the outputs are decentrialized s©o tnat oniy
the f1rst stete oOrF incremenitai volume is measuratle Ly ti.
1dentifier. The observabilaty matrix frorm this cutput a:
=
i 1 G

)

«9514 u (Ledo)

-3 3L~



which 1% siagular. Less than the entire globkal sycsten 1@
identifiable. Since the system 1is olready in cbservable
canonical form the dependence coefficients cdn be calculated

fron Tablle 3.1 wusing n'=1 in place of n. 7Tne characteiistic

egquation of A:‘ is
Z = «Y512 = (©
alic 50
L.T = 3 = .%512 .

For the inputs
Ui(k): QQLT = c,b = (u.677 4W.877 )
and tne DME is
y|(5+1) = .9512yi(k) + u.B??ul(k) + u.&??uzjn)
where tne parameter vector
E = ( -951% 4.8177 4,077 )T
is identified, by the recursive least sgquares ldentifier

described previously, in Figs. (B.7)-(4.9).
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Yeg Wradient Melnhods of System ldentafication

In this section as in tne last identification alyorithms
will be reviewed and a: ,lied to varying levels of complexity
of tne scalar ana vect ol decentialized Teasurement
cQuations. Tlhe algorithme inL this section arle all based on
the principle ¢f gradient gescent whereas the least squares
alcurithms are based on minimizing a sum  o©of sqguares of
ETIOXS. In gradient descent & measure of the squere of the
neasurement €rror is minicized with respect tc the paraneter
estimates. The minimizea function is the gradient which
tron linear algebra gives tnhe directicn cf m@aXximur 1nCreasc
of the fun-tiun. dere since the criterion is a neasule Of
errcr it 1s t¢ be minimized sc that the negative of the
gradient is wused 1n a correction term to +wpdate r1irw

estimates.

Ihe use d2f the least squares approach began with the wourk
0of hoarl Gouss arouna 1745, His estimation problem was tc
tince parameters that described the motions of plane s,
comets aad other booies frorm telescopic measurenents (svo
Merdel) . I'he gradient apgroach elso known asgs stochostic

approximation was first applied to parametric igentification

In the 1%5%0's ain papers by Blun, Dvoretsky, &nd olhieIs,
1these eatly japers identifieu parasgeter: of PemCY yleno
eguationu. 1. the 1360%'= and 7F0°'s papetrs affearca ol

javntifyaing linear, time-invariant, sinhgle-1nput, wingile-

-} %



output systents in phase-variable canonical fclie. ihe
iderntification would invariably consist cof obtaining an nth
orager input-output description ¢f the nLth order state podel
which could be used as a wmeasurement eguation trom which
taldaheleIs Ccould be:  1dentitlec. Initially ways ot
1agentiiyine systems witlh peasalenent Ncisce only wetre stuadleo
alld provead 10 coanveryw. Later, state noise sultiplyinc
urnknown coefficlients was 1included and conditions for
convergence &nd other reguirementis establistied (See
Sakrison, Saricis and Stein, and S5ariais). 5¢cte buocks on
paraceter idertification have agpeareg that discuss cfhic
apply the pore vasic algorithms to 51s¢C syster

igentification (see Gradpe @ ana bendel).

ine beginnings of identification of MHIKC systems were
nage possible once row coppanion canonical form wac
published 1in o« paper by Luenberger in 1967. A set of
input/output eguations for systems in that canonical forom in
LalLeIs py Bonivento and Guiaocrzi, ana Shriknance, etal.
without noise and with state and mecsulenent noise 1n lrwin
ahu RHCDeTIts are deriveag. whether the LepLENQence
coctficients can pve identified in the neisy cases gepends o
the algoritam used anc it the nolse and equaation complexity
dlv cunstraines to fit the reguirements of  the slgor tha,
The same consicerations will apply G the scalaY who vector
LUME's werivec In Chaplerl 3 when the existinag £tocChatitid

ol I0AlEaotion ciqoOrltha, ol€ adupledu an0 applied.

.lj_.{.



In General grauvient eslgorithme are not as foaust o
converqe as least sJjuares algorsthms. This is bLecause the
latter have least sqguares convergence at each estination
stel past the first n' estimsates where n' 1t the dinehsioln
G the parametel vector anc is  greater than or eagual 10 the

01der of the measurement eguation.

ihe octerwiristic jragient approach (see Fendel) is @8
recursive method of identifying parameters 1in e€eguations of
the form

z{k) = P‘qék) + Plglck) + .. * F g (k) {+.99)
in which P through P, are unknowrn constant parameters. The

equation in vector form is

-
z(K) = g (K)E (4.100)
anc an estimate to 2Z({x) is generated py
T A )
2(k) = g (K)E(K) (4.101)
A
with F (k) the ktn estimate of P generated Ly a paraneter
!
iderntification aeigorithm. The «cifference, z(k)-f{k). i<

(o ")
called the messzuvrement error, (k).

Line othel recursive identification algorithus the

gracient methoo nas the form

hew estimate = 0l1ld estimate + gain patrix X messurenen?t
2rror (L.100)
where the galh mwatrix is ottained by minipizing  tha

pertol tanCe criterion

. s 172 ZE(t) (4e10 )



A
wlth Iespect te P(K). As previously discussed tho Legatllive

of the yradient will be useu 10 the galhl B31I1X. Usiny the
regative of this result in eg. (4.102)

zlh*i) = E(k) + Hlﬁ)ﬂ(k)?(ﬂ) (4.106)
1 which hi{x) 1o a weljhtinhg patlix tC be deternireq later,

bige. .10 showe all relationships in a Llccrh ciacran.

-1""""
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The weligating natrix, H({(kR), 1s yelatec 1o weiyhte, h;(n).
that are geterosined as follows. At least one of I weaghtis,
n;(k). satisties
I’.m(ﬂ) = h”‘(h"l) hi(k) - “i(k‘l)
n (n) h.(r) {ba110)
e
which Can also be written as
h_, (K) h;(k) {(4.111)
10 1i=4, +s+, e Tne vector eguation in eqg. (4.106) reauces
1¢ i decoupled scalar equations if the weighting matrix iy
dieuonasl so that
K{k) = c(rk)clag{ hI{R), casy h“(h) ) (4.112)
where c(k) ic a scalar and is Jdefined later. Then egq.
(44106) reduces to
Fal S P .
};IK*l) = Pi(k) + c(n)hilk)g;(K)z(k) {(43:13)
which greatly simplifies its being programmeu repoving the

neco for matrix arithmetic subrcutines.

rirst corIneX  gragient algerithms have R({k)=c(k)I so
n;{h)=1 tor all i. Second order algcrithins hLave nore
general weighting matrices such as in eq. (4.112) ©I cerived
vy nore complicated means which will be seen later. These
second order aligorithms usually have wmuch faster rates o1

Culhiver gehiCe.

hncatner rather opvious constraint on  the weights is thot
they Dbe tinite and NGhzZeru. Mcenoel  preves  that  the

cstimate, Convergye four any 1nitial estinate 1t

~luy-
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G < c(n)y < o/ ';?lhlth]gi(h) (4.114)
previded the paxagé;er eIrol, Efk). and measurepent, g(k)
are nevel orthoe jonal, l.e.,

TT0am 7 ¢ (4.11%)
af €xplalned ir section 3.1, Ihic result is ottaineu troc

tne cCong:tio!l  that the late of chahje 0of 1he Lyapunov

furnnction e necative. The function

1t

A~ Pt P
Vi{E,K) V(P,r+1) - V(E.K) <O (4.11¢)
15 a measure of the rate o¢f change ©0f the Lyapunov functich
&5 well as a measure of the rate of convergence of the

algorithm in ec. {(4.106). Minimization of eg. (4.116) yives

the optimum chcice for c (k)

b %
cv (k) = 1/ Z h. (k)32 (k) (4.117)
A o
A -
anc when used in eg. (411 2) for R{rn)}) gives the Lyapunov

optimun welighting matrix.

515J systemse in the form

a{k+i) = AX(K) + Dbu(K)

Y(K) = <x(Kr) (u.118)
with no stdte o©r aeasurenent noise <¢an be identified an
L.hase-variaple canonical form using the deterninistic
glagient algorithme. First, one notes that cobplete
cbservability is implicit in the proposed canovnical form anc
nernce will pbe &s3sumed 1n the followiny discusiion., Seconu,
comnplete contrellatility ot tne peair (L, b) i a sufficient
but  not necessary condition  for identifisbility. k

necessary  ano sufficient conwition  for iderntiflcecation  iw

“14t -



thet wil teTms in the input /output egquation for {h.11b), ©g.

{Le.119), nave sufficient excaitation (providec¢ any aelyorithe

derenuent conditions are also net). 1w0o cases wili now Le
consiuered irn whicn the pailr 1< uncontiollatle. First,
SULROSe  the & matrix i1s wunslaeble, With adeguate ing

exciltation on nondynawmic terrms the coefficlients can b
identiiied since output terms receive excitation because the
ocutput 15 1ncreasing due to instabtility regardless ot 1nputs
or initiai conditions. Second, suppose the A matrix is
stetle. The only source of excitation 1left foir dyhawmic
terns is from the initial condition of the system. This nay
or say not be sufficient excitation depending on  lLow long
the 1centification algoritha takes, whet parareter precisior
i3 desired, end whnatever other numerical regulreaoents ere

present.

Eg. (4.118) 15 eguivalent to this input/output eguation
y{r+n)} + & y(ketn-1) *+ ... + a y{k)
-, i
= pRulkern=1) * ... ¢ b¥O(R) (Lo11i9)
“o [}
in which a_ tnrougn a, are the coefficientse of the

characteristic equation of A anc

b = (D, e, wE )

= L (bal2i)

with

‘}lct -



r i
c.l cl_: . » % d“ 1
a3 8, 1
1 = .
O U
™
Ll -
N .
ang b 1is the cancnical although
discussed in Chapter 2. with

é = ( "'dt. saw y -a“)
ana
- T
Y(K) = '( Y(K), "we , Y(K‘n-l) )
C‘k) = ( U(h), « s, '-J(i'.‘n-l) )-r
€. (4.119) carn be wiitten as
- - m
yiven) =[ 7. G 0] [ a
Q‘#
=]
wnich is in the form of eq. (H.,10{0).

assoclations ale maaqge:

2(k) = y{k+1)

E(R) = at, be )

alx) = (5T, T )
to use the gracient aolgorithm.

(bel2l)
stilli fwull b matrix
(Lall2)
{Walzl)
In eg. (.10t ) these

(41cu)

il the MIMNU RO notlse case the state descripticr is

x{rh+l) = Ax(k) + bu(r)

Yir) = Cxr(n)

_1“7_

(We12%)



anag Jet it pe c<controllaple for the reasons given 10 the 5150
Case. 1f (h,() is an observable pair it can be transformed
to row companicn canonical form as seen in  Chapter Z. It
(A,C) is unobse:vable part of the systern in eq. {(L.12%) car

e 1centiftieo in oW Ccompalloh fOIN using the vector LML o

te discusseg shortly. The details for obtailning the
infut/output eguations that describe e73. (4e.125) are
suamarized in Rppendix L. There are o of these eqguations

withh tne form (see eqg. (B.16))
T -
Y. (K+p.) = g% y(K) + bv u’{k) (4e12l0v)
A A A »~

fer i=1l, .., 0. Rewriting eg. (L.126)

- T 1 i."l" _'i;
v kep ) = [y et ] | e

A

-———

e

(4.1.7)

H
which 1s 1n the form of €q. (4.100) anhd these assocCiationhs

ale made

zZ(KR) = yr(ke+l)
- T T
Fix) = | Qﬁ . b¥F )
a(x) = (¥ () | 57 (k) )T (6.128)

1o use eg. (4.106).

Leterministic gradient identification will now Le appliec
t¢ 1dentil.ication of th2 scalul and vector DML's. From €¢4.

(ko) the No nelise sScalar UM can be written as

v ooy = HhToo D uTmen-1) e w70 ] ‘ru

[N

-—— -

pt=* (4e12)
“ .

-l -



which 1s 1in the foim 0Of ey, (4.100) . The orver of the
vquation is determined using the methoo 1n sectioh 3.4. 1
thie system in €g. (4.125) is observable froo ylth) the c¢ruer
wt ey, {(4.129%) equals the order of eq. (Uelz5j). 1f
uhobservaple tle order of ey, (4+129) wiil be lests thaen thaet
Ot €Q. (4.125) with n replacec by this ©rder aht o lowel
0i1der state descrigption can be identified that yielas the
saLe input/ouvtput behavior as eg. (4.125). Eg. (¢.106) car,
be used with the assouciations

z(k) = vy, (k+n)

E= (g, k%)

-7 i T i ' as T
S(K) = ‘ r ‘k) I _'g (F\“'n-l) { a e 3 _\__.l (l"\) ) "'40130)

Fruom ege. (4.30) a weterninistic vectcr DME can be writter

in the form

g £ _ Y S o i =T r~
viowee; ) =77 T i U] [ )]
Q’I'.' ‘u-131)
L+
for 1=1, +.s, 0 which casts it in the iorn of eq. (4.100).
£

In section 3.4 a method of findiuy the P » the structurai
invariants of the decentralized system, was discussed. 1t
the entire system in ey. (4+125) is uncoservable fror the &
outputs availatle then the sun ¢f the pi will bte less tharn
the o©roer of € (4al25). A state agescription in row
companion or «ther canonical forn can ke joentifivc  wit!l,

vioer icns than ed. (4a125). It will give the Galic

input/output e huviol, howevel, % Lhe aecentralized verowich

,ll‘(f—



ot ©g. (+.125). If eg. (4.125) 15 observevle tron the n1
outputs, the order of the system rdentifieg from €. (4.131)
1s the order <1 eygy. (H4.128). ty. (4.106) can be usec with

theé s associations

£ Y
1(r-) = Yi “‘*P"L )
r T a
L‘K) = ( Ui QUA )
- i T b T T _
ar) = (¥ . («) U (n}) ) (4+.137)

il mi separate cetermwinistic gradient identifiers.

how that the use of thne deternministic gredient wlucorithe
for systen identification has been considered, t he

measurement eguation copplexity wili bLe compiicateo Uiy

consideraing tnat noicse is added tc the outout
Leasurerent(s). Since the nmeasurement veclcr cohtalns
delayed outputs, noise is  then adaed to the rmeasulem Lt
vectorl as well. Past inputs are also present in the

pessurenent vector and the case of noise on the 1nputs 1is

2ls0 included in the aijorithm to be discussed. If inputs
er€ detelministic the algorithms tc be discussed are
¢ntirely applicable as a sLe€clal casc. ihe noisy

measuremnent vector and output are aefined as

s (k) ga(k) *+ n{k)

(k) v v(r) (4a133)

ym (k)
where ni{n) inhcludes noiue addey to past outpul ana/or input

meossureuwents.,

-1%u-



keprating the culculation of tne g1 adient ot the
performance criterion 1in eg. {(4.103) except wusing giir)
instead ot g(k) gives

grad J = -gg{n)zik) . (L o134)
Ihetn, eu. {(4.10L) is modified to

f(ul) = E(k.) + H(K)am(k)Z (k) (4 013%)
and Mendel shows that the algorithm converges in meali sguare
anhd with probatility 1 if eg. {4.135) 1= wupdated every s
iterations where s is a spacing parameter that is dependent
cn the order of the measurement eguaticn whose coefficiente
are being identified. E£Eg. (4.135) then can be wriitten

A A ~
E(res) = B(k) + RUK)IR(K)Z(R) (L1350
for k=s, Z2s, 3s, esos Fcr mean square ceonvergence the

foliowing assunprions arec requirea:

Fal
1) 1he vectors, gf{k) and P(k), are independent anc the
Fal
covariance matrix of g{(r), ccnditicnal on E{k), is

positive definite and constant.
2) Tre ve tors, 4(r) and p(k) are independent.
3} 1he noise terms v{k) and ni{k}) are i1ndeyendent.
4} All noise terms nave 2elo mean ahd the covariance of D (k)
is constant andé known.
witt, these concitions e3. {(4.135) 15 foupo to give estimales
tiesea Ly tne owhount
(k) E L b2 (k) ) . (4 .157)
Therefore, 1id ?i“ is known and cince E{r)is kncwr the bilaw

Cel, Lo adced t¢ eg. (He135) tou glve

A ot
F(rnesy = (1 + hin) TfL JE (k) + h(r)qga (r)z(K) (“e.lat)

P B



for K=S, 2S5, eesa Frge 4411 illustrates the algorithn usirn.

the generic symbols.
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A condition 1o avoid correlativn betwect LUCCEeSS Ve
neasurement veciors that would 1esult in biased estimates ais

s > n-1 . (4.149)
The snallest < one can use 1h both cases 1s ©n which 1is

destirable 1O ufcdite estinates as fact as possitle.

ihe MIMO cease and vector LML have ¢k} <f the General
torm
g"n) = ‘ Y“k)o LA Y|‘K*LI'1) » -0y

-
(K, =1}, U (K}, o.n,

Yo (K)o weey Y

g (k*+n-1) ) (4.152)
aropping the cecentralilzea notation in the second case.
Since aill pJL must bpe less than n then the earliest tern ir

g (k-s5) is (k+n-1-s) anc the latest signal in eq. (t.152)

c

has index k then eg. (4.149) again applies and the spallest

s is s=n.

io apply this algorithm to the four peasurement egyuations
(trom 5ISC, 11MO input/output eguations, vector &and scalsr
LME's) for system identification the g(k) and P(k) are the
sane as ih egs. (6124}, {(4.128), (4.130), anc (4.132).
bhdoitional associations will be made but first allowiny tor
noise on input oeasureacnts detine

um{rR) = u(r) + nM(k) N (4.152)

For the S150 cCase define the adcoitional yuantitlies

-j -



L]

zn (k) Yy (k+n)

T

___-l" [] _.-.._-r
g {K) { yo (K} + um (k) )
-

D‘h) = ( v‘k)! LA ] V“\‘n"l). nutk)' P eny nM(k"ll"'l) )
(4+154)

1C usye €.5. (4138}

hext, for t1IMI systems and centralized measuresents n e
the associatlions
z(k) =y, (k+p;)
am(k) = ( y5 (k) s cen, ¥yE (K¥p, ), cenn
h -r

Yﬂlm(K)- L I Ymm‘h’Pw-l)' gf_‘n (k)’ - s 0y

gn " (ke+n-1) )
ﬂ"\) = ‘ Vl(k), .o, V‘(R'p'-l). . nas, Vm(x)', “s e,

- T s - - i L3
V”‘ (k*p“_l 1). DM(K). ewae, D“‘K n 1) ) (4-15.})

to use eg. {(4.138).

For the scalar DME the additional associations are
z2{k) = ym;(kon)

g;’(ﬁ) = (yr'i“&)t sae, Y"-;(Kin—l).

un ' (K+n=1), s.., gETIk) y

Lin) = VL“‘)' “ne, vﬁk’.*n—l),
g1]non-1 . sewg QT1K) )1- (Uel5L)
Ad, A

fOr 3. (4e13E).

For tne vector LHME the associationc for a subsysten are

1 A
Z2{r) = ¥y ; Aw*p |

A

)
Xz )y 1
g‘{") = ( ," \ (l’) ’ .- .n g, Y[h ' (r-.‘p . _1). o oy
£ £ i T
yn,ﬂjth), “s ey YMQﬂR(“'F,n"l)' all (R}, e,

-,J.'.T(r.fn-l) ).,.



£
.Ll‘k) = (VE(K), LI Vl(k.pl _1)' .8, Vmﬂ(k)' .y
4 T'k T T
+ - - »aw
Ve (K9P, "1) . D (Ren-1), . DK )
to use eq. (4.138). In egse. (4.156) and (4.1:7) it is
uncgerstood frcm sections J.4 and 3.5 that n*<n is usec
instead vui n 1f the entire systieu is unobservabie with the

glven outputs.

in the stoclastic convergence proof of Mendel witn h{r)
taking tne specific form
hik) = p(k)l_ﬂ {4.158)

the conditions on p(k) are

1) p(k)>0
o0
2) T pix)
4 =0
3) = p2(K) < ©9° (4.15%)
&=0
fol mean squale Ccohvergence. One possibility for K (k)

neeting these criteria is

1}
R(h) = -=- 1
k‘”‘\

»

(4.160)
whele h is a ccnstant and 1/72<n<i. In practice 1t is iound
thet convergence witn this R(k) is very slow Lbecause p{k)
decredases as h increasas providing toc much attenuation of
the correction term in eg. {(4.138) . Menoel =hows that
peginning the algoritha with the Lyapunov optimun weightlihy
Ratlix anc at some arbjtrary time switching to eg. {u.160)
gyives yood corvergence. Inis techhigue 1< useo in the

cinulations of this chapter successtully.

-1bht -



&n aigorithe for system identification with geasulenent
nolse only was applied (in egs., {4.154) to (4.157)) to Slsu
anc MIMC systems plus the scalar and vector DML's. 1lhe
ingut/outputl aescription will now be complicatea Ly the
accition ¢f statle nolise. The 5150 linear discrete tine nth
Grcer system 15 nNDOw

x{x+l) = Rx{k) + bu(K) <+ tw(n)

ym(k) = y(k) + v{k) {(La1l6E1)
where wi{k), nAA(k) ana v{k) are putually indegpeinident
sequences of random variables with zero means ana constant
known variances oi;. in and cf' . As before assume the
system is completely obser.able and controllable so tnhat it

caln be transformea to phas«--varlable canonical forn.

hs in eg. (&.119) e3. (4.161) can be written as a finite-
agif terence equation Lut with extra terms due to w (k)

YiRntn) + aV¥y(kvn—1) * seas ¥ aly(k) = bf\u(k+n-1) 4 e

¢ D¥u(K) + t¥ w{k+n-1) + ...+ tFW(K) . (4.162)
] L™
The coefficients of the inputs form the vector b%¥ as in eqg.
(4120). Defirne
- -, -T o~
1% = { %, ecae, t% ) = Tt (4.163)
i “ru

where T is the canonical, but still arbitrary, t matrix
after transformation to phase~variabrle canontcal foro ano

must be KNOwWlie The T matrix is definec as in eqg. (bLa121).

Detaine tnese guantities

-1 -



-
g("] = ‘ Y(*}. = a8y Y‘K'“-l). U(k). L U‘h’n-l) )

—_ -
U‘K) = ‘ U‘h). LRI U(K"n'l) )

T(k) = ( W(K), oeo, wlk+n-1) ) &

i
D(K) - ‘ V(h), e we g V(K‘n-l), Ti (K,, sen,g b (K*l’:-l) )
“An) = y (kL)
Qmi{k} = { YR(R}, see, YR (R*N-1), UT(NL), «ea,

T

Jnm (K*+n-1}) )

g(x) + n(k)

The inputr/output eguation can be rewritten as
na _T
2(k) = y(k*n) = g (K)E + w (K)1*
ang a messureg inpui/ocatput eguation is given by
Zm(K) = ym(k+n} = gm-r(n)i - DT(k)E

S T (K)LY ¢ v (s*n)

(4e1tl)

(Leib5)

(u-lbb)

where the last three terms on the right can be regardeu as a

copposite noise tern ond easily shown to have

Saridis and Stein used the fcllowince alcorithnm

A fa)
F(ken) = P(h-1) + o (k-1)gm (k)

_ . A
X [zn(x) - 30 T (0 B(h-1) ]
- -
("‘- 1 1
A
+ £(k-1)
A
L I O"M 1 _J
!’ﬂ- DL Y 0 o ds
- Frig
A A
. _P_'lf\'l) =
1 u o 0

Z€I0 Lian.

{H-lb?)



for R=1, nez, 2n+3, aee such that the spacihg perabetel

Previousiy discussed 15 n+l. The matrix D ana vector d* are

o o |
~ [~ .
S 0 [ S
SIS T d =DJE“-,
- 1 - '
. ; R
L t,“_| t“.o . = tl O B L tl _j (h.168)
gerived {from the cancnical { vectol, z. The negatives o!

the last three terms in eg. (4.167) are (recisely the
amcunts by whiich the estimates are biased by the state anc
meesurement noise anda therefore the adced terrms cancel the
these Dblases. The conditions on the weicghting seguence ure
the same as for the algorithm in eqg. (4La106) anc are civen
in ege. {4.111). Proa>f of mean sguare convergence is given

in the parper.

lvow consider tne “iMO centralized c¢ase which has the
state description

alkel) = Ax(k) * bu(k) + Tw(K)

YR{K) = Cxi{h) + vk} (L.169)
anc assuring completes orservelbility the correspondinc
input/output ecuation froa hppendix B

-

- _ T -
yi(n*pi] = L@ yilk) + opT, o ut (k) + 1¥, w' (k) (4+170)
ol A~

-

fol i1, eew, b Defin: the vectors



a{k) = ‘)"I(k)r s00, Y‘("’pl'l’- “se, Ym{k)o "y,

(k*p,, =1) . u (K)o ess, U ' (ken-1) )

yM

Gek) = (W T (K} s wees U T (ken-1) ) ©

W) = (W T (R}, eees v T (ken-1) )T

L{r) = (vl(i\), v Vf(l‘.fpl-l), sees Vo (). oee,
v, (kep -1}, n (K), eee, N_(K*N-1) y ¥

(k) = yiiﬁ*;;)

2o (K) = Ymi(K*Pi)

gm (K) ( ynl(k). nse s yml(k0p,-1). ve s, ymv“(k), ces,
- - T
Ymh“"hm'llo um (K}, ees, um {K*n-1}) )
ana
LT LT T
P = (av. , p¥. )} (bel71)
A A
hewriting the input/output eguation in vector form yilelds
2(k) = y (k+p,) = g  (K)E + ¥ T (n)1¥ (4.172)
A A A
anag the measuvred input/output eguation is
- T
2o (k) = ym,(kep.) = 3 (K)E - D  (K)E
- Wik)t® « v, (k+p;) (4.173)
A
wmheTe again the last three tceras on tne right cocnstitute a
compousite noise term. As long as every noise source, all
elements 1in w(k) anid vi(k), has 2zero mean and constant
variance, and all sources are mutually inoependent then all
teros in the c¢ompdsite nolse sum  &re indegendent rancon
variables and that sun has Zer1o mean. JThe algoritha as the=n
applicaule to the MIMIO case proviged variances ahd 1> are
A

rOGRN ano applicable cnanhyes are maae ih the bilas terns of

Q. {ddtb7Y.

el -



For the scalar DME tne state descrapticn is

X{k+l) Ax (k) + Bu(k) + Tw(k}

Ym. (k)
A

witn this eguivalent input/output descripticn

c.alk) ¢ v. (k) (UL.174)
ymo(nen) = T YR KD % pbE T u (k)

s pwiE WK} - DTV, (k) + v, (ken) (4.175)
where n 1 rYeplaced py n'<n it (A,ci) 1s ai. uncuservable
pair. Uwefine the guantities

a(n) = (¥ KDy eeen Y (RenoD) . u T (K)a een

u " (ken-1) )

T (ken-1) )

T(K) = (u ' (K}, eee,

IT.

-

Wk} = (% "(K). ese, w ' (k*tn-1} )

I¥.
1 4

Lk} = { V-(K)s ecos, V. (ken-1) )
A A

z {K) y. {k+n)
A

Zm (K} - ymL[kvn)
am(K) = ( yr;(k), ew, yo (K+0-1) ulm " (K), ees,
ug T (xen-i) )

ahnd

E= (p7, ks )7 . (4+176)
the input/output equation in vector foram is

z(k) = yiuwn) = g ' (K)E * E'Ttk)ggf (4.177)
anc¢ the measuled input/outputl eguaticn is

Zm(K) = ym (ken) = 3¢ (K)E - 0 (K)E

- W (R pwE e v, {ren) (4.176)

whele again 1t alil nolise sources ate 1ndependent anu their

variances knowrn and g« 1s known then the  algorithu it ed.

-it] -



{(4.167) 15 applicable with tne corresponding chances. For
the vector UME tne state descriptioh is

x(kel) = Axik) + Bu(k) + Tw(K)

£ 3 k
yn {k) =L x({k) + ¥ (k) [4179%)
ahc the corresjondifnig O04E 1s
{ i T o__ T _
Y I A {k+p R Yy = éi ym (x) + b¥ u (K)
LT - - Lk b __
+ L"'A wW{k) - éj. v () ¢ V;(I‘-*pi ) (4 180)

for 1=1, ess, ni If (A,.C } is an unobserval.le geir then

Z ©v. =nmr*<n (eelb1)

-_I A~
“~=

anc a lower orcer system can e identified in row companicn

forc. Lefine 1the vectors

A 1 1
9“‘) = ‘ )’ (k)- LA | ) . (k‘[»’l -l)a L
. Lokl 1. T
y mwe, ) *p - e U s S o,
Y'“j }“~£ f-'w"£

o T (k+n-1) )

-
( QT(K)’ -a®y Q-r(k‘n—].) )

U(k) =
»{K) = (h-r(h)o L] !T(r\*n-l) )
X £ £
[_-(!‘.} = ( v } (k). soa, ¥ , (ﬂ’pl -1). a0,
4 A 2 T
Vmﬂ(k)v san, VM (K*PMA'].)p D’M (K), es s,
-+ T
n o (k*n-31) )
A

X 2
Zz{(k) =Y < “'-’p":)

i 2
Y i “’\"D; )

N
=
-—
Fal
Sagr”
H

[ X &
( Yi ‘K), «ns, YI , tf\"p‘ -1). .o e,

= ]

¢ A k -
yn**ﬁ(n), oy ymvwﬂ(xé;“kﬁ-l), UL (rh), een,

-

ahlG

T S (Lo162)
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The inputsoutputl equation 1s then

A A - _T
s(h) =y ; (ksp. ) =g (KE -F (Kt (4.183)
~ r
anu the measured input/output equation is
'} £ -
(k) = yo ; (kep; ) = gn (KL

T - T i R
-0 (R)E - oW (RIEE 4 v, (kep . ) (4e1bu)

A A~ A

ang once again the alaosrithm  1n eg. (4.,167) 1is apipiicable

w.lll tne proper modificaticns.

4.3 State Lescriptions for Jhree Lxamples

vy

The three examples at the end of section 4.1 have been
identified in accordanca with the results of Chapter 3 using
the deterministic gradient algecrithm of eq. (L.10b) . In
eacl examnple the 1nitial parameter estimates were set egual

to zero arcitrarily.

ihe state cescription of tne first example is given in
eq. (4.6l1). The measurenent equation for the scelay DME in
eg. (H4.12¢) for n=2 for this obLservable example is

- ' B
v e = [T b wTwen D Two ] e ]

ph% (4.185)

o —t

wheIe Lhe order 1= assumed &ither hnown oOr 1¢ Lave beeh

geterminea using the procedure 1n section 3. 3. Then in eg.
(4.130) these eéssociations are made
c(Kx) =y l(K*Z)
-

b o alb, o3, 1, U, W7, .6 )

wiry = Cy (8, yr(t*l). ul(i‘l). uz}i*l).

Sy A -



-
u (k). ulk) ) (4.1b6)

anc the Lyapunov optimum weighting matrix in eg. (4.117) was

USEQ. With the order in gi(k) shown above the weigyhts useg
weI e
-
riky) = {1, 2, 2, 2, 1, 1) (t.167)

which 1s a sinplitied taailng menorly approach where latel

s1qnals are welgyhtea twice as much as the earlier sigynals.

The inputs used were derived from an IMSL subroutine that
gives uniforn numbers from a pseuco-randon number cgeneratcar.
Inputs for ul(u) were uniformly obtained on  the interval
(-10, 10) ana ul(k) from the interval (-z0, 20) bpoth with
zero mean. Figs. (4.12)-(4.14) show the convergence of the
¢ rparsoeters. Convergence is puch slower for the sarme

precision tnan the recursive least sqguares algorithm.

Using Appencix B and the lidentified parameters the state
model will now be found. First, assertle all pertinent
variables in ARppendix B

B ]
0 ¢

b‘(l).J

RN
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Fig. 4.12 larameter ki ang P2z convergence Using

geterministic gradient algorither in observable exanple.
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Fig. 4.13 larameter P3 and P4 convergence using

deterministic cradient algoritho 1n obserIvable exanple.
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Fiqge. 4.1l4 larameter P> anu P6 convergence

deterministic graoient algoritho in observable exanple.
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using




ko=
_IJ'(E)J
Pb (1) v (I!.1
beo= [v be] s
Lbl(z) r (1) ]
eewo= (a0 i mcmy ] = [o,42) b, (1))
FO ¢ 0 o
Mo = [M 1 0] =
b, (1) 0 0 '
BC = b, (2) ) i
FC(l) = v (1) (4.166)
where L 15 the igentified b watrix. fFrem ege. (b.19)
PO ¢ 0 Oﬂ
b, @ b, ] - as
L_b‘(l) 0 0
= L BCY (1) | BCE(2) | (4.109)
wheére g% is the single significant row of the b matrix.

Frenm the paraneter vector we have

g = ( -4 «3 )

BC={1) = ( «7 «b )

BC(2) = (1 7)) (4290)
aliC w.inhy the Shraikhande, €etale. jrocedure describec  1in
hppendix v yirelas

L) - a%¥ 2 0 = (1 U ) {(U.191)

starting trorm the rignt of cg.e (4ele9) so that

e U ) .

-1t -



lhext, on the left of eg. (4.18Y)

FO 0_
b o(2) - a® =7 6]
b (1) (4.192)
[0 4 ]
blil) = { W7 6 ) ¢ ( .3 0 )
= (1 -6 ) (4.193)
The identified state model 1s
] ) l“1 —1 0“|
x(r+l) = X (k) + u (k)
h.u .3J Ll .6 | (4.194)
y(rk) = (1 0 ) x(x) . (4.193)
Eg. {(4.12%) for the secong example with the state-space

aescription in e3. (4.80) is for n'=1l

—

vy ko) =[xy ) La ][ e

-

pb: (4.190)
L J

wnere n* is known or determineac using secticn 3.3. In eq.

{4.130) the associations are made
z(k) =y (k+1)

F= (.9 1 2 )"

T

alr) = { yjh). u (K), u_(x) ) (4+197)
with tne Lyapunov optimun weighting and the weights were
simply

bo(k) = {1 1 1) (4u.198)

,1{_14-



ang 1in;utls were deriveld uniformly on the intervel (-10, 10).

Figs. (UuelS5)~(U.17) show the convergence o} the 3

palrtameters.
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Fig. 4.15 Parameter Pi convergence using deterministic

gracient algcorithm in unobservable exanple.
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Fig. 4,17 Parameter P3 convergence using deterministic

Ggradient algorithm in unobservable example.




The state aescription is simply

x(h*+l) = 9%k} + (1 2 ) (k)

yiR) = x(k) = x (K)
wherte this sincle state 1s the (irst state of the system 1in
€. {4.125) after being transtormed to observarility

canonical forrp.

The third example o1 stirreu tank has the same egcs.
{(Ual96)~(4.198) except

E = ( .9512 4.877 4,877 )T . (4.199)
Fiags. {U.18)~(4.20) show the deterministic gradient
corvergence. 71he state model is

A(R+1l) = .9512x(k} + ( 4,877 4.877 )u(k)

y(k) = x(k) = x (k) » (4.200)

The three examples using the stochastic gradient
algorithnm 1n €ge (4.138) will now be iagentiiiea with
measurement nelse on outlputs. Inputs were used as 1in the
deterministic gragient cases and without noise. The weights
slso were the same as before. k1l nmeasurement nhoise Used
had & variance ~2=.1 ana zeroc mean. An IMSL subroutine

gel.erated tne Lausslian nolse aceviates.

Tne first example in eg. {(4.01) now has the output
cquaticn

ym (k) = x (k) + v (K)
ana additional associations to those in eqg. {L.18L) ale mace

1I0R €ge (Helbdt)
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Fig. k.19 Frerameter P2 convergence using deterministic

graacient algorithm in stirred tank example.
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zm (k) ym {k+2)

am{r) ( yo (k). ym, (k+1), u (k+1), v_{(k+1}),
g (K), u_(k) )

By = (v, (), v, (x+1), 0, 0, 0, 0 ) . (4.201)
The nolse covallance matrix needgea in the algorithm is given
Ly

Z.,. = diagl <1, «i, U, v, 0, 0 ) . {4.202)

Figs. (4.21)-(4.23) show the convergyences to the parameters

iti eg. (4e.186). The sSpacing paraneter used was S

bBoth of the next two examples have the same additiconal
asscclations which are

zo(K) = ym, (k+l)

am(k) = (yn (A, u,(K), u (k) )

ngk) = (v, {ky, 0, 07" (4e203)
ano also

Z__ = diag( .1 0 ) .

Figs. (4.24)-(4,26) identify the parameters in eq. (4.197)
anc Figs. (4.27)-(4.29) icentify the stirred tank parameters

in eg. (4.199).

~17
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Fig. 4..2 Paremeter P3 and PU convergence usihg stochastic

gracient aljorithm in observatle example.
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Fig. 4.24 Paraneter Pl convergence using stochastic graaient
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Fig. 4.27 Parameter Pl convergence using stochastic graaient

alqorithm in stirred tank exanmple.
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ChAPTER 5

APFLICATION OF DSCeWNiRALIZED IDENTIFICATICH Tu

A FLEXIELE BEAM STHUCTURE

ihis chapter is devoted to the application of the results
in decentralized 1identification theory to a high order
system. The system - a flexible beam used in experiments at
the NASA Langley research center - will be discussed ana the
state-space description derived. Whereas the exanples
identified in Chapter 4 were low order, thils example is
eighth order after some simplification fros its original
form. Once tre state-space form 1is established, a set of
decentralized neasurements will be defined and the systenm
identified with this reduced numbel. Motivation for this
application will be discussed after a summary ¢f the systen

description.

A sinulation prograa fol generating modal amplitudes thet
describe the dynamics of a flexible beam has beer. developec
unader a NASA grant at tne City College of New York (see Thau
and Montqomery) . The nodal amplitudes of the Lean will
later be¢ shown to be directly related to a state-space

descriptiun which 15 needed to directly apply the results of

]t -



Cnapter 3 and 4. Estimation of the wmodel amplitudes is then
egquivalent to state estimation. Linear, non-linear, and
repeated lecast squares algoerithms have been appliea to this
estimation problem. Parameter identification wusing &
version of the stochastic gradient algorithn in Chapter 4 im
the presence ¢f measurement noise was applied tc  the Lbean

sisulation.

Study of the flexible beam is motivated by the need to
control large flexible space systems. The stuay ©f such
systems has become important in recent years and promises to
expanag in the future. The structural design of a large
space system aims toward low weight per surface area for
efficiency. 1his results in low effective stitfness ana
very flexible structures. Precise knowledge c¢f the systenmn's
structure dynasics is required when towing ané assenbling to
accomplish aadequate attitude and shape control. Attituoe
control 1involves maintaining the orientation of the
spacecraft with respect to the sun or earth. Shape control
involves maintaining the configuration of the large flexible

space structure.

Structyral knowledyae at present cannot be aqeterminec
ahalytically. Also, 3Jrouna testiny is not possilble because
of the structule size and because these Structules are not
desiqgned to be self-supporting under gravity. hr.

adaptive/learning approach wused 1 the KNASh simuletion

-1 -



assumes that structural testing is conaoucteaq guring
deployment oI assembly. A problem 1is that control
excitation levels usually required by adaptive systems are
Jnacceptable. Therefore, the adaptation Frocess 1is
scheduled when it 15 convenlent ana when not then

extlrapolate anc monitor the system [performance.

S0 far estipmation and parameter identification algorithms
together with extrapolation of the systern ncdel are
necessarys. Input design must also be considered. For
parameter identification proper design yields a largye signal
10 noise environment. Speed of testing 1s impeortant for
parameter identification of large space sStIucCtures because
large amounts of time are needed due tc the low frequencies

of the viwuwraticnal modes of the structuvre.

lThe continucus time equations of the beam wotion will now
be discussed, followed by the corresponding discretized

model. The following matrix differential equatich

ML + KI = bu (5.1)
descripes tne large flexible space structure motion. The

matrices M and K are tne 1inertia and stiffness matrices, I
is an n-vector of generallized cocrdinates, and . 1is an r-
VeCclor. Pnysically the inputs are the forces ahd moments
applied to bean. TIne forces are applied through fcint-force
actuators and the moments by torgquers. Al though tLhere 1is

small damping cue to joint freeplay, matlerial damping, €tc.,

-149¢ -



it is small ernough to be neglectea and does not appear 1L

eq. (5.1).

Using the point transformatjon [=Ts where T is & moaal
matyrix in e3. (5.1} yields

e AT s = Tou (5.2)
where A* is a diagonal matrix of systen natural frequencies.
Thus, there are n decoupled secona order dafferential

equationss The first egquation of (5.2) is

F3
s, ¢ I\. s, = b?u (5.3)

where s is the (first element of s, JL' is the ({first

freguency in vV and o% is the first row of Ib. Defining
i

states
X. = sl
xz = s, {5.3)
the state description of eg. (5.3) is
r . r ~
0 1 0
x = X ¢ u
i
L. A — L A

which applies for one natural freguency oI mode. K1l other
moaes can be similarly described and any number of moudes can

be concatenategs.

lhe NASA sipulation bhas been programmed to work with up
tv ten modes in discrete time. Table 5.1 1licts the first

six moudal frequencies in ragjians

-39 -



TRABLE 5.1

MOLAL ARCTURTCLR
KAUIAN mOLt
FREJUENCILES SHAPLS
li.41bu -5.94E¢
31.36 3.3258
61.2585 «8552
100.9 1.417¢&
150.185 3.3812
209. 4.9101

and the actuator wode shapes which corresgond to b* in eg.
(5.%)« One scalar input is present in the simulation. On &
moual basis the discretizatrion of eg. (5.5) is calculated in
the simulation. As discussed in Chapter &4 for the
discretization of the linearized stirred tank state-space
description, egs. {4.95) are used to find the discrete 4,

b, ara C watrices.

lhe NASA simulation nas only oLe scalar 1input so the
aiscrete state-space model per node is given by

A A L
x(ke1) = olx () u (k)
R K A N b (5.6)
zi 22 i

ang



N cosn; J1 -nl T/J1 - nl

A =
ko = sinn Jf;_———i T/ i, dfzﬁ_-—:
hoy= -npsin(nJ1 -0k SYRE
27 = COSVJI "J\fzj_ T
L, = ((1 - COSfHI)/th)bi
Lz = sianAi/f,;D? 5.7)

anhc in tne procram

y(k) = Hg (k) (5.6)
in which ¥y (k) is a 9X1 ameasurement vector. E is @ 9X8
measuresent matrix, and si(k) is an 8X1 vector with the first

state of each mode in e3. (5.6} .

in this thesis the results of decelitralized
icentification are appliea to the beam mcdel. & four mode
mcdel is usea. Four outputs are then available and the
system is eighth order, An applicaticon of the results ot
this thesis t¢ the wveam is to decentralize the available
outputs to twc separate identifiers and thereby have a
vackup identifier 1in the event cf a failure Ly vune
identifier. tig. 5.1 shouws &a block diagrarn of the

igentification scheme.

In the NASR simulation all outputs are processed together
in = centralizea manner. Ihiw approach has the advantage of
Leing very tastt. A state-space description is iaentiiiec
that describes the ilnput-output system behavior. With

decentralized npeasurements two (oI even mote) Slalé ~space

.1(,.:_
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Fig. 5.1 block diagram of Dbackup identification scheme tol

flexible space structure.

descriptions can be identified all describing the exact same
input-output behavior {taken tocgether) as the centralized
CasSt. cLacn 1dentifier separately gives a full order systen
gescription since tne system is observable from any output
oI any combiration of ocutputs. Besides a tbtackup for
identifier failure the decentralized identifiers provide a

backup for sensor failure.

Another poeint of view can be taken as to senscl econORy.
since only an input-output description is desired, this cal

be achieved with fewer than the full 9 sensors currently

“lth‘



slated 10 be used.

is proved f{ropr actual
iewer than one output per mode cah be
designs., In every
1aentification timpes

computers being 1ntroduced

problem and <¢n-line identification

Once

bean deployoent,

Chapter 4 are unimpairel.

The nuwericel state model and the
will now be calculated.,
successfully icentifying

outpruts. For tour modes the state model nas the fcInm

—

A
|
h
x(k+1) = 2
0
where L
.B414042
L =
g ~6.170576
.002796269
A -
2 L-31.3sgea
-.99L9073
rs =
3 -4 ,814093
.32¢%1218
F A =
# 9%, 36994

the beanm

—

X (K)

.0U732768

«BU1U042

«03186763 ]

.002796269
-

=
«001282867

-+9969073 i

- 009367623

32651218

ST

Computer

case of fewer
result. with
this becomec
schemes

cutiputs
increasingly
less andg

describea

senscor anu identifier relieability
considerations ot

undertaken in future

longer

fastel

less cf @

il

decentralizea veirsion

Iesults

using the

* by (k)

fcllow

decentralizec

(59)

(5«10}



L = ( .00121i641, .0473277, .00101359,
.0318876, .000532139, .00128287,
«661527X10~%, -,0093676 ) . {5.11)
vext, the C matrix for 2 cutputs is formed from the H matrix

in eqs (5.6) using appropriately placed celumns of zeros

[-9.7111 -5.5485 |
0 0
Ja6354 3.3258
- 0 0
C =
3.5304 «+8592
0 O
-9.,3%13 1.4178
0 0
L .
sO that
¥ (K) = Cx (k) {(5.12)
where y(k) 1is a X1 vector. The dependence ccocefficients

thet will be icentified directly are found using eg. (b.19)

-l(jh'



b = B'% ~ A% (MO)

b,(4) b, (3 b (2 b (1) 0
bl(uj b2(3) bz(l‘) bz(l) 0
- a.r. - 0 -
=}
- b, (1) 0
a’ b (2) b (1)
L-z ] ]
b (3) b () b (1)
¥
bz(l} O

b2(2) b:(l)

_bz(B) 01(2) bz‘l)J
where the input matrix in eg. (5.9) is row partitioned as
T

b (1) ]
bl(2)
b (3)
b ()
bl(l)
b2{2)
nz(d)

b (4) .
r

.

These eguaations are baseu ©On structural invariants
= = 4
pl pz.
wvhich would emerqe 1f egusl numbers of columnse of Dotk

outputs are used in tnc dependence test (see Chapter 3).

The transtornation matrix is
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and with
x* (k) = Tx (k)

egs. (5.9) and (5.12) are transfcrmec to
X' (k+1l) = TLT-ix* (k) + Tbu(k)
y (k) = CI-3x(k) .

The resulting canonical system as well

FiGe (5¢2)-

-1 -

(La15)

(S5.1%)

(5.17)

as B¥ are shown in
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The unknown parameters to be identified are now extracted

from Fiy.

b

the program

order of the measurement matrix

be

The vector

y¥ (K+1)

wheie
y¥ (K+1)
Yik) =

ut(rn) =

A tully deterwineag systea

S

-1.

_2.02

which appears in egse.

00241
+00124

« 00124

L.002u1

(neglecting the

o]

2.37
-Zo‘?“

2437

-

From the cancnical A matrix

(5.18)

(5-13) and (E.19) is calculated in

OME is given by

[ax | B%]

-
(¥, (keu), y_ (keb) )

last two zeros to reduce the
to be inverted shortliy} to
-.00331 |
-.00776
-.00776
-.00331 . (5.19)
- I
Y (k)
ﬁ'(h) (5.20)
-
{ Y,(K). cs e, yl(kéa), yz(k), cas s yz(k43) )
-
uk+d) ) . (be23)

{ uik).,

iy lhen

_‘l(;U_

formea by



[y#(l), ooy y*(lz)]
=[ne k] [T, ..., FaD

G'({0), eos, U'{11) (5.22)
or
v = [ ke ) k3]G (£.23)
then
[Ars i B*] = ¥YsG-) . (5. 24)
The inputs and outputs used, U, Y1, ana Y2, measurement

matrix, G, and identified parameters, X, are shown in Fig.
5.3. tlote that the elements of X in Fia. 5.3 are very close

to those of A% and B*%* in eqgs. (5.18) anao (5.19).

Finally, the state descrigtion in Fig. 5.2 is obtained
through wusing A¥ and B= in eyg. (5.13) and using the

procedure in Appendix 3 tc reconstruct the b matrix.
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CHAPTER ¢

FUTURE KESEARRCH

e-1 Compined Decentralizec ldentification and Control

in Chapters 2 through 5 the problem o¢f identifying
systems with 2 decentralizec set of outputs was studied ang
decentiralized peasurement eguations with and without roise
derived. lmpcrtant related topics of MIMO canonical forms
anha systen identifiability, controllability, and
observability were reviewed and/or discussed. The study of
gecentralized identification 1in this thesis was gpartially
motivated by the relatively recent ongoing active research
area of the study of decentralized control systems (see
Sangels, etal. for a survey and lengthy biblicgraphy of the
subject; other papers relevant to the present discussion
will be cited later}. L more or less obvious possibility
tor further recearch arises fror considering how this thesis
relates to the decentralized control results. After braietly
I1eviewing malcl results of dgecentralized control, the
Ieletion between these results and those ¢©f decentralizeo

igentitication ore discussed i1h the rest of this sectiori.



Section o©.2 then discusses other areas and 1issues for

turther research.

Consider the linear time-invariant system

[N i
X(k+1) = A x. K+ Z A x .8+ Z b u (K
i AMoA 4= . L=y *
f’h
Yy =€ x(k)
i=1, ee., L {b.1)

where ALL is the main diagonal block for the ith subsystem,

A;é are interconnection matrices frosn all other
subsystems, and B; are appropriately partitionec parts of
the whole B matrix. All L subsystems togyether describe eq.
(cel)e The 1ith subsystem receives the m, vector 1;(&).

Ihe decentralized stabilization probler is to find L local
output feedback control laws with dynamic compensation given
by

ui(h) = H;2;(k) + K.y (k) ¢ L;Qﬁ(h)

Z;(k*1) = F 2z (K} + S.y.(k) + Gigﬁtk) (6.2)
s0 that acting together the resultant system has no
cigenvalues outside the unit circle. The variatle ;i(k) is
the compensator state. lhis problem studied by Wang and
bavison a, Corfmat and Morse a b, and others consiagers all

matrices (s, Bi‘ Ci) 0f eq. (6.1) L0 be Khown.

haen all subsystems of eq. (6.2) are augmentec intoc the
gylobal compensator

u{k) = Hz(k) + Ky(k) + Lu¥(n)

2(r+1) = Fzix) + Sy(rh) + ovu= (k) (6.3)

-2Lu-



the six coefficient matrices take

diagcnal torun.

With W,, an riXI vector, and Y;» anm X1 vectol, the L
matrix, for example, has the form
i -
& 0
T T T
|
0 >
({b.4)
L L
with 2 n.=m and 2 I,=r where u is the total rixi input
AT P

vector, y is the total mXl measurepent vector, angdg u* is an
external {non-feedback) input, and gz (k) is the total
compensator state. First, decentralized stabilization
results will be summarized and then the rest of this section
will apply or codify these results to state models obtained

by identifyinc wunknown systems wusing only decentralized

measurempents.

The augmentea system {rom applying eg. {6-2) into eg.
(6.1) 1is
X(k+1l) A+ 3KC BH x (k) BL
= 4+ .l.].g;' ‘k)
Z(kel) sC F g(k) G (t,.5)
witl,

E = (E :...*Bs)

anag

~lul -



C
L5

Fron Wwang and Davison b the

-

defining the augmented triple

a
A =
g 0
L
[ ¢
C =
K 0
ana -
" K
]
0
hﬂ =
S
i
C

s
with "7 = z "7; ™

.
T

o

(=]

(]

Sﬂ

T e (]t:"

dynamic compensator

in

(6.6)

is tound by

< (6.7)



The major result of that paper, a generalization of

Theorem 1 gquoted below, is based on the following two
definitions.
Pef. 1. For a linear time-invariant system with m&tiices
(C,h,B) and block diagonal K as in egq. (6 .4) the set of
fixed modes with respect to (C, A, B, K) is the intersection
of the sets of eigenvalues of A+BKC for all possible K or

NANA(C, A, B, K) = A A{A + BEC) . {6.8)

Kex
This includes the null matrix for K so that /\. is a subset
of A(A). It is also to be noted that /A is a subset of
that A (4) that is not a function of K.
Ref. 2. The fixed polynomial of (C, A, B, K) is the greatest
common divisior of all possible polynomials

[A1 - A - BKC| = 0 for KeX . (6.9)
The fixed polynomial is therefore independent of k anc with
reference to Lef. 1 tne fixed modes are the roots of the
fixed polynorjal.
l1bg 1. To stabilize eg. {(6.1) with

v, = Kili“") + L,;E"‘E(K)
requires that the fixed modes of (A, b, C, K} be inside the
unit circle. 1nis clearly is because the {fixed modes are
indepencent of K and no K can change them. If they are
unstable modes the system 1emains unstable with the

teedbacCh .

L result due to bBrasch and Pearson anag appliec in Wany
ana bavison L using the Kalmaln canonhlcel structure thecien
States thaet the fixed polyhuilal of

-0 -



[A1 - A, - B KC, |
is the same as the fixed polynomial of

IN1 - A - BKC | .
The main result of ¥Wang and Davison can then be stated in
Tho. 2.
Inp. ¢4+ For the systea in eq. (6.5) and for the k in eq.
(6.4} a necessary and sufficient condition for asymptotic
stability is that

A, B, C, K) C O (6.10)

1.8+, the fixeé modes of (A, B, C, K) are inside the unit

circle.

Wang and Davison a have shown that the fixed modes are
the transmission zeros of the system in egq. (6.1) and K in
eg. (6.“)0 With

-
( b F b » .l.‘ b

B i 1 n )

ang

-

C = { c‘. cz. see, C_ )

ang det(M‘)=0 a4 lemma by Anderson and Wong states

> T
det ( M _ + 'Zn M. 0;€0) =0 ¥Yu & R
‘.:

i= 1. sne,y, S (6-11)

where s . are real scalars if the following holds

-20b -



B -
MD b‘Ll bil sen b;x
-
C . O - . 0
"l
c7T
A2
Qet - - 0
. 0
T
C .
L ’bx 2
i [ - p i é l' 2. * 8w g L (b-12)
. <
for all disjoint values of i‘, v, 1‘ st=1, ses, L
Applied to eg. (6.1)
s T
det( A - X I + b c . } =0
A:I#* * T
V,A.*.e K; k= 1, e+, L {(6.,13)
if A is a transmission zero of all subsysteams
T 17
C.
[ e
- [ Al ( b s weoewg L. )
‘e, “a g
-
 Cia, B
k' = 1, s e e, L+1-t
kz = h""l. Ki’l. " an gy L+2-t
kx = K*_l*lg k*.z*Z, ey L
for t = 1, P, aww , in(I' m) - ‘6.1“)

_“_l()"’#



-

lne matrix A~ A 1 equates with M and the c, ;s and b'f in
<

€Q. (6b+14) are the same as those 1in the augmenteaq

determinant above.

With decentralizea pole placement results establisheaq,
these results sill now pe Jrelated to an arbitrary subsysten
thet has usec decentralized identification results to

1dentify the global system.

The decentralized iagentification eguation has been
derived for a scalar Y, in section 3.2. The general nth
order eguation is {without noise)

y (K+#n) = PAy. (K+n=1) + ... + Ply. (k)
A A IS

T T
+ PBN wu(k+n-1) + ... + PB1 u(k) . (6.15)
Decentralized control theory will now be applied for
01 0 r-l 3
A = o =
el 1.1 5 b
c = (1 0 )
bl |
c_= { f] 1) . {(6.16)

Dependence coefficients from Table 3.1 are computed

=210



1l
T
[+7]

uI(K): PB1l (1) 21342 b“ a,,

0 - (-1)¢1.1) = 1.1

ul(h): PB2(z) = b;;a-z - D:za;z
= 0 - 3(1l.1) = -3.3
u'(k*lj: tbz{1) = b, = -1
ul(nfl): FE2(2) = b'z = 3
ana )i 1 - A = ( A - nl)( )\ - 1.1) = )\2 - 1.2 + .11
y{k+1l) : P2 = 1.2
y(k) : P1 = =-.11 (b17)

Ege (6.15) for the model in eqg. (6.16) is
yl(n+2) = 1.2y, ({k+1) - .lly'(k) - u,(k*l)

+ 1.10 (k) ¢ JUZ(K*lj - 3.3u1(k) . {(6.18}
hll coefficlients in egq. (6.18) are identifieo Lty any
applicable iderntification algorithm. This second order ARMA
egquation can be put into state-space form by defining states
as follows let

o
xz{h*l) = y, (k+2) - 3u,(Kk+1) - 1-2y.(k01)

+ u'(k*l) = -.11y'(h) + 1l.1u (k) -~ 3.3uz(k) {b.1i9)
then
o
x (rR) = y (k+l) - 3u (K} - 1.2y (k} + u (k) {(6.20)
1 i 2 : '
ana let
a
X‘CK*l) =y, (k+l}
then
o
x, (k) =y, (k) .

From eqg. (6.20)

d A d
x (k) = x (k+1) - 30 _ (k) - 1.2x (k) + u (k)
s ] z ' i

'.'11‘



d 4 d
x(ke1) = 1.2x (K) ¢ x (k) - u (K} + 3u_(K) . (€. 21)

From eg. {(6.19)

A a
xl(k41) = -.1lxl(k) + 1l.1lu, (k) - 3.3u1(k)
then
-
4 ( 1.2 1-1 4 ; -1 3
X (r+l) = | x (k) + g{k) .
- ‘_-.11 ¢ J - ] 1.1 -3.3 (b.23)
The first observation to make is that
‘X(B‘ } = +3, 1.1 = A {R) . (€ .24)

Suppose the single available measurement 15 fea Lack so

that
ui(h) = Klyi(k) = h,xf(k) = K, x, (k) o« {b.25)
ihen egq. (6.23) becomes
1.2-K i 3
: 4
x*(Kke1) = k) e u_ (k)
-l11+1.1Kl 0 -3-3 ‘b.zﬁ)
where
l.¢ i -1 3 Kj ¢ 1 0
R+BKC = +
-.11 0 1.1 -3.3 0 0 0 1
{(6.27)

Kotice that K in éq. (b.27} is not block diagonal. hs
mentioned at the end of the 1973 paper by Wanc andg Davison a
the K matrix can take on other structures and the results of
that paper still hold. It K 3s a full matrix of &sujustable
elepents tne fixed modes are the unccntrollatble ana
uncbservable poles of the system. Some authors have already

stugied other structures {or K, {tor example, Loki uses



blocks off the nain diagonal to model communication btetween

subsystems.

Calculating the new characteristic eguation

A -1.24K, -1
b A I-&-bRCI =
+11-1.1K, A
= xZ o+ (K, - 1.2) + .11 - 1.1k,
= (A - 1) A+ K, - 1) (6.28)

the first factor 1is recognized as a fixed pclynonial,
independent of any possible K, and 1.1 1is a fixea mode.
Since it is outside the unit «circle this system cannot be

stabilizeg with respect to this K in accordance with Tha. 1.

Another appioach in this simple case is a root locus
analysis. Applying

U (K} = K vy (k)
to eq. (6.18) gives

Y, (K*2) = 1.2y (&x+1) - «11y (k) - K |y (k*l)

+ 1.1K|y|(k) + 3ul(k*1) - 3.3uz(k) (6.29)

with characteristic eguation

z2 ¢ ﬁz - 1.2z + .11 - 1.1K'= o . (b.30)

Obtaining root locus form

K'(Z - 1.1) K(z - 1.1)
] ¢+ e mmm—rrmr st - T ] 4 ~mmmmemm st e - —-—
2 = lecz + .11 (z =~ 1.1)({z - .1)
h'
= 1 4 meem—- =0 .
z - .1 (‘1031)

_21_‘..



Ieveals that 1.1 is a tiansmission zerc. Since previously
this mode was shown to be a fixed mcde, 1in accordance with
the results of the 1985 paper by Wang and Davison bk, the two

are identical.

A second possibiiity for K arises by feedinyg back xf and
ni in egs. {6.20) . All siynals are measurelblle so the
decentralized states are computable. In crder to obtain the
decentralized identification, Kknowledge of the value of
uz(k) was necessary. This doesn't mean uz(k) is available
to system 1 but if it is x‘;(k) is available and

u*(R) = lef(n) + leitk) {(6.32)
is avajilable for feedback. If u, is not available then K

takes the form shown in eg. (627} with the new K €ge. (6.27)

1S
1.2 1 -1 3 K K 1 0
A‘*B‘KC - . 1 1
-.11 0 1.1 -3.3 0 C c 1
1.2 1 hl*l -K?-
- +
"'011 0 lolKl l-le
{ 2.24K, 1-K ,
Ll.lKr.ll 1.1K, . (6.33)

ihe characteristic eguation 1is

“2i-



aA ol a }*-202-1(. Kl-l
I» I-A -B KC | =
-ll‘lclKl A"’l-le
= AZ ¢ (-2.2 - K, - 1.1k, ) X+ 2.42K, ¢ 1.1k,K,
- Kzoll + 1-1Kle + 011 - l-lKl
= AN ¢ (-2.2 - K, - l.lKZ)A - l.lKl + 2.31K,
+ 2,26 K+ .11 (6«30)

or desired CE can be equated to eg. {(6«34) resulting in two
(ohe nonlinear) eguations in two unknowns. fcr example,
suppose two stable eligenvalues at +5 are desired with
desired CL

{ A= «5)2 = X2 - A + .25 {6.35)

1we solutions are found

K -2.030089, K_ = .754640

) Z

ana

[N

1 -«60627, b ;= -+539751 . (ba30)
This clearly fcllows from Thm. 1 since there are no fixed
modaes that satisfy eaq. (6.30). This can be seen by solving
for the roots ¢f eq. (6.34) or using the fixed mode tinding

algorithme giver, in Jamshidi.

Continuing the line of reasoning of raising the number of
gains in K suppose a full K is attempted, in other words,
cCah centralizec state feedback be wusea onh the decentrelizec
nogel since both ¥dY states are available? The elements hz;
ana K ,, are present in K 1f

o « .
b (k) = K xT(R) ¢ KX (K)o (6.37)



S0 far measulement of wu 2 (k) was necessary for the
igentification and subsystem 1 must supply uz(k) to yenerate
X ?(k). But uz(k) is controlled and determined by subsysten
2 ana unhder the decentralized mwmodel structure operates
independent of any actions by subsystern 1. S5ince not all
blocks in K will be present this means subsystemn 1 cannot

use centralized feedback based on  the decentralized

identification model.

&.2 Agditional Future Research

The areas of future research can be summarized into two
parts. First 1is tne 1identification of the decenhtralized
identification problem. The 1nput/output description of the
BOsSt general state model in e€eq. {(3.12) has unknhown
coefficients rwxultiplying unmeasurable components of state
hoise. This makes the problem nonlinear. Second, the
solutions to the decentralized problems cf fpole placement,
stabilization, optimal control, the servomechanism problen,
anc others have all been published with complete knowledge
of the system presupposed. Now let the system be unknown
anc apply the results of decentralized identification. Do
these results still apply or are modifications necessary?
In section 6.1 some of tnese issues wele discussed tor the
pole placemert problem. Lastly, the relation of
decentralizea identification tou state estimation needs

further research.

-Jd1lb-



In section 4.2 the stochastic gradient algcrithm of
Saridis and Stein solved the identification of eqg. (4.174)
wnen the T matrix and noise variances are known. With T
unknown but egual state and measurement noise an approach
yiven 1in section 4.1 identified the model using a recursive
least squares variation from Panuska. Using P..nuska's
predictor apprcach in section 4.1 and a linear estimator
(such @as the stochastic gradient algorithm) Irwin and
Roberts showed how to identify the model 1if it can ©be
represented in row companion form. With unegual state and
measurement ncise and unknown T matrix nonlinear tercos
appear 1in the 1input/output equation making jpreviously
aiscussed apprcaches inadegquate. Further research in the
literature or new research 1is needegc for the solution ©of the

nost general case.

1ln the 1973 paperI by Wang and Davison b all inputs from
all subsystems are brought together to be applied to the
glooval system and solve the decentralized pole placement and
stabilizaopility problems. This approach can directly apply
t0 a decentralized system where the global systen is unknown
but observable from aeasurements by each subsystem and
sulb seguently icentifiavle with an appropriate algorithm and
1f encugh excitation on uncontrollable mooes exists to
identify parameters before their resgonses die out (o1, evern
better, the glcbal system is contreocllable). 1In gerneral sone

subsystems may have peasurements such that the global systen

-217-



canhot be identified. Some subsystems m&ay bt able to
identify the ¢lobal system, some may not, or the global
system may even be unidentifiable from any one subsystem by
itself. It is not clear how the Wang and Davison problen is
solved 1f subsystems do not know the whole global systen anc
ao not know what is the correct feedback to solve the
decentralized pole placement problem globally. Fur ther
examination of this predicament 1s suggested. Thnis also
aprlies to any other decenhtralized control problem area in
which the system model is not identifiable from some or all

subsystems.

State estimation with parameter identification is another
imnediate area of further research. Irwin and Rokerts show
that this is & nonlinear probles in the centralized case and
geterministically, or with egqual state and mseasurement
noise, can be reduced to two linear problems. Specifically,
for the model

x(k+l) = Ax(k) + Bu(k) + Te(k)

Y{r) = Cx(k}) + e(k)

apply a Kalman filter

— ek



Aa Aa AT A
ETeked) = L5 (K) ¢ K (ked) ( Z;(ke1) =~ G (ko) E (K) )

A A A

ho(kel) = G (K)Q(ke1) { Q(k+1)Q, (K)g(k+1)

* V. (k) )}

AT
Lo(ke1) = (1 - K- (kel)g (kel) }Q.(K)
Fa

S0 = 20k - §T(ReL) B (keD)
~ T - T T
a(r) = (¥ (K), see, ¥ (hk-q) u (K}, aee, u (k-q)

~T AT

€ (k)c sse, € (K-'J) )

E( eZ(k) ) = V. (k)
where the augmented parameter ana wmeasurement vectors [
and g(x) are given in egs. (4.33)-(4.36). Then simuitanecus

state estimates can be obtained frorm

A A A A A A
x(k+l) = A(K)xX(K) + B(k)u(k) + K(Kk) ( z(k) - Cx{kh) ) (v.38)

The parameters of the input/ouvtput model are estimatead
first which are related to the state npodel systed matrices.
Then these estimated matrices are used in the state
estimator. hpplication to decentralized measurlewents of
this approach should be made and a scheme for the more

general state nodel in eq. (3.12) obtained.

Lastly, in practice some elements of the'physical state
model may be khown. Systems identified in canonical form
are not easily related to the physical mcdel 1in that foro.

More r1esearch ¢f this problem needs tc be investigated.
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AFPENDIX A

IDENTIFIABILITY KESULTS

Inis Appendix summarizes some ©of the work of R.C.k. Lee
in Tregard to identifiability. The problem 1is how to
identify the c¢ccnstant matrix A in the linear time-invariant
equation

2(k+1) = Ax(k) . (A.1)
Section A.1l discusses how to obtaip A when all states are
measuranvle. This leads to the property of n-identifiability
in which n reters to the number of states. Section A.2
allows for only a single measurement of a linear combination
of the states. It is found that the R matrix transformed to
rhase-variable form can be identified and leads to the

property of l-identifiability.

hel hN-jdentifirabilaty
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beginning with k=0 the new state 1is generated according

to eq. (AR.l) as follows:

x(1) = Ax(0)
r(2) = Ax (1)
x(n) = Ax(n-1) . (R.2)

Take tne n measurements of the state and concatenate them to
form
[0} 5@ ) oot x(m]
[A&(O): AX (1) | .. :A;(nﬂlj]
A [x60) 1 u() Lol xtn-]

The A matrix 1s then solved for by

ho=[50)0 2@ 1§ .enixm]
x[x@ L@ Lo i xtmn ] -y (ho4)
Therefore, if all n states are measurable and the inverse of
the matrix in e€g. (A.4) is nonsingular then the systeis is n-

identifiable.

bog l-identifisbility

Suppose only one measulement is available so that tne

system is described by

x(k+1) Ax (k)

y(k) =

0

x ()



where row vector ¢ is arbitrary. This single output
system wiil be shown to be identifiable 1in phase-variable

canonical form.

For k=i to n the following cutputs are generated

Y(i) = ¢ x(1) = ¢ Ahx(G)
vy{(2) = ¢ x(2) = ¢ Ax(l) = ¢ h2x(0)
"
yi(n) = ¢ B x(0) (A.6)

anc concatenated into the measurepent vector

[ yay | | ca | P
2
y {2) ch ch
Y{n) = . = . x(0) = - AX(0)
»" -l
y{nj CA ch (A7)
L - L . L —
= HAx (0}

in which H is the observability matrix. Step up XY (n} to get



[ y(2) ] CcAx (1) ]
y (3) Cﬁlxtl)
Y(n+l) = . = .
y (n+1) cA“x(l)
r c -
ch
= . Ax{l) = HAx (1) = HA2Zx (0) .
LSl |
ChA (h.8)
by induction
1(2n-1) = Hk £ (0) . (A.9)

befine a measurement matrix by
S{an-1) = { Y(n) ; Y(n+1) i eee ) Y(2n-1)
( HAX (0) | HRZX(0) | .e.. i HR X (0) )

HA( X(0) ! AX(0) 'wuw t 2™ '500) )

where B is the n-jidentifiability matrix required to be
nonsingular in eq. {A.4) for n-identifiability. Keturning

tc eg. (A.8), it can be written as

"

1i{n+l) = HAh2x(0) AAH=1HAX (0)
ol witn

h% = HAL-1?
then

Yin+l) = Az} (n) {hal1)

V4P B



The product HAR-! as shown in Chapter 2z is the & matrix an
phase-variable canonical torm. For ne2
1(n+2) = HA3X (0) = HAH-YHAZ) (0)
= A¥Y(n+1) {(h+12)
anc so on until
Y(2n) = AZY (2n-1) . {(Ah.13)
Stepping up S{zn-1)

S(2n) = { Y(n+1) | ¥(n*2) ! ... ¥(2n) )

[§]

( AxY{n) , A%} (n+1) :... :A*X(Zn-l) )

A%¥5(2n-1) . (hell)
Solving for A¥

hx = S5(2n)S-3(2n-1) . (Fe15)
From ea. (A.10)

5-1 (2n-1) = (HAB)~-3% = B-1A-1IH—} {(h16)
so that if the system is n-identifiable and observable and A
is nonsingular all three inverses on the right of eg. {(A.1lt)

exist and tne system is l-identifiable.
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APPENDIX B

MIMO SYSTEM IDENTIFICATION IN ROk

COMFANION FOERM

This Appendix sunmarizes somne of tre work that has been
published on the identification o©of linear time-invariant
systems that can be represented in row companion canonical
forn. Ditferent parts of papers by Shrikhande, etal., Ilrwin
anag Roberts, and bonivento and Guidorzi, are usea here to
give a stralghforward procedure for the systew
identification. how companion form is a [articulal
variation of Luenperger canonical form and is reviewec in

Chapter 2.

Given tne general linear time-invariant state-space
description in row conpanion canonical form

2(k+1) = Ax(k) + Bu(k} + Tw(k)

Y(k) = Cx(k) + ¥v(k} (B.1)
a4 neasurement equation, t(rom which parzmeters related to
elecents of the system matrices are identified, 1is dgerivec
given that all measurements, y(k), are avazilable. Since Jll

ot  y(r) muct be khowlh this 185 a case of centlalizeu

PP Ath



parameter identification. In the input-output measurewment
eguation derived below centralized state and input

information 1is required.

First, a series of @wpeasurements 1s concatenatea aho
tormed 1nto a matrix eguation fron which the state vector
can be solved tor. Then other measurements are chlosen fron
which the state 1is eliminatea resulting in an input-output
equation. Degpendence coefficients appear in this eguation
that are linesrly Trelated 1o the matrix elements in eq.
(Lel). With no noise all elements in A, B, and C are then
{ound. With sone or all noise present different
identification schemes have been proposed and are still

being researched.

With

anc

'4)-Jl|‘



b

b

(p.)

»r ™ -

derive these sets of equations

Y ; (K)

Y.(K*1)
It

-
s
—
=
+*
T
-
]
H
g
M

fOor i=l,eee,D

CAK(K) + V;(K)
= C;AK(K) + c;Bg(k) + C;T!(k) + V;(k‘l)

7. -1 »© -1
c.A* X(k) + c;A* Bu (k)
4
v, -2
+ cLBg(képi-2) + c;h Tw (k)

+ C;T!‘k’pl-z) + V;(k*p;-lj

{B.2)

ang pi are the structural invariants which are

the sizes of the main diagonal sub-blocks of the kA matrix ac

discussed in Chapter 2.

ylves

Concatenating the sets cf eguations



ot

y, (%)
¥, (Kel)

y(rep =-1)

*n ™

X (K)

-l 4t -



] 5 u (k) i

b, (1) 0 u(k+1)

bltpl-l) -s bl(l) LR} O

bH(pM-l) S bn‘l) 0

™ (pw -1) "ne D (1) re s 0 H(k"pw -1)

‘.‘:(1_




0 w (k)
t, (1) 0 wik+1)
U e, 1) eee U (1) el o
% . E
. .
0 .
{
1_
!
{ -
t,(P,~1) see t, (1) 0
0
tm(pw-l) .. tﬂ'\(l) L ] 0 L!(k’pm"l)_.
[ v,
v (k*p, -1) (b.3)
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where ppﬁ=max(1;), i=1, sss, m. Lach c, is a unit vector
with a single “1* and due to the structure of &k it
multiplies a *1" in a row of A giving a wunit vector with a
1% moved one place to the right. Each multiplication of
<; L py another A results ir moving the Y1% one more place
t¢ the right. This holds for powers of A less than or egual
to b -1. As a result the matrix multiplying x(k) 1is the
identity matrix and (B.3) is now compactly written as
Y(k) = (k) + Mu(k) ¢ Nw(k)
+ V(K) . (B.u)
Stepping up eg. (B.4d)
Y(k+¢1) = x(kel) + Mu(k+1)
+ Nwi{k+1l) + V(k+1) (B.5)
anc using x(k+l) from eq. (B.1l)
y(k+1) = Ax(k) + Bu(s) + Tw(k)
+ MO(k+1) + NW(k+1) + V({k+l) . (b.6)
The state vectcr can be sclved for from eqg. (B.4)
X(k) = y(k) - Mu(k) - Nw(k) - V(k)
and substituting into eg. (B.6)
y(k+1l) = Ay(k) - AMu(k) - ANw(k)
+ bu(K) ¢ Tw(K) + Mu(k+l)
¢+ Nw(kel) - AV(k) *» V(k+1l) . (B.7)

befining

-2 3]



[ v [ uky ]
GO (k) = | mmee-- = | ulke)
u(k+l) .
ulk+p ) (b.8a)}
[ 2P ]
ang
_ - - -
w (K) v (K)
W' k) = | ------ = | w(k+l)
wi{k+l) .
wik+p,,) (5.8b)
terns in eq. (E.7) are combined as follows
Eu(k) + Ma(k+1) = [Bin] [ u) | =BT (K
u(k+1) (b.9)
— -
and
Tw(k) + Nw(ksl) = [I: N] [ vy | = TR0
wik+l) (B.9)
Augmenting the terms -AMu{k) and -ANw (k) with null matrices
to

-AMU (k)

andad

-w [Hio]

[ S =

-2 4 -

-R(MO) T (k)

{(b.11)



-ANW (K} = ~A [N :0] [ w(k) T - ~A(NO) wW* (k)
_3(“9“‘)J (B-.11)
they can then Le added to (B.9) and (B.1C)} to give
(B* -~ A(MO))U*(K) = B%U"' {k)
(T* - A(NO)IW ' (k) = T W' (k) . (E.13)

Lq. (B.7) is ncw written as
Y(ke1) = AY(K) + B"G'(K) + T¥w'(k)
- AV(K) ¢+ V(K+1l) . (D+14)
Next define A%, B®, and 1% as matrices with only the P, tn,
p_zth. cesy p’"th rows of A, B¥, and T* and define
[ v, (k+p)
71{k+pl)

¥y (k+l) = .

Vo (K00, | (6.15)

anc

v (K+1)

v . (k¢p_ ) - {b.16)

- —
EqQq. (B.1lU4) is “compressed“ to

y2(k+1l) = ATy (k) + B¥u* (k) + T3w' (k)

- A5V (K) + v (kel) . (B-1¢)
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kge. (8.16) is an input-output measurement eguation that can

be used in identification algorithms.

1he rest of this appendix will look at the deterministic
case s0O that the last three terms in eqg. (b.16) are zero.
Lg. (be.l6) is now written as

[aeies] | 70 ]

y¥{Kk+l)

u' (k) . (B.17)

Collecting N measurements

Y¥*(K*+1l), ees, Y*{(Kk+N)

= (8% B¢ [ TK),  eee. FikeN-1)

U'(K), ses, U (k+N-1) (b.18)
with N=n+r(pﬁi*1). the number of unknown parameters, the
parameters are obtained by post-multiplying eg. (8.168) by
the inverse of the NXN measurement matrix. The matrix Ax,
the significant rows of A, identifies A in row companion
form but B%* is a matrix of dependence coefficlients linearly
related to B. Bonivento and Guidorzi relate B to E¥ through
the inverse of a complicated linear transformation matrix.
In the S150 case this matrix reduces to eq. (2el) o The
approach taken here from Shrikhande, etal. avolids inverses

ano is easier to inmplement.

heturning to eq. (Bb.13) and retaining
p|ln, pz‘th. tc p”1tn IOwWs gilves

L*% - A% (MO) = B= (b.19)



where starred matrices are compressed. The matiices B'%,
MO, and B* are partitioned into submatrices 1 columns wide

MO = (MG ) = (M(L) i eee i Mlpy ) i0)

B*% = ( BC \ MC ) = (BC:MC(I):...:HC(pM) )

b¥ = ( BC%(1) | eus . BC¥(p, *1) ) (be20)
Eg. (B.19) is explicitly written as

(( BC, MC(1) | eee 1 MC(P ) ) = RE( M) | con { M(E )1 0)

= ( BC%¥(1) | aee, 3C%(p, *1) ). (B.21)

Beginning at the right gives

MC(p,,) - A¥ X 0 = 8C%(p,, *1) or

MC(p, ) = BCx(p _ +1) .
The matrix on the right 1is known and M(p., ) can be
determinec from MC{p, ) (see M in egq. E.u4). Seccnd from the
right in eg. (E£.21)

MC(p,, ~1) - A¥M(p ) = BCH(p,) .
1his procedure is repeated until BC is found which has the p

th through p,,th rows of B and all of B is knowh.
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