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Abstract

CHARGED PARTICLE ENERGY TRANSFER FOR
PARALLEL AND CONCENTRIC CYLINDRICAL
NANOTUBES

by

Antonios Balassis

Adviser: Distinguished Professor Godfrey Gumbs

This dissertation is mainly concerned with three topics : (1) the separation
of the particle-hole and plasmon excitation contributions to the energy transfer
when a moving charged particle interacts with a cylindrical nanotube; (2) the
demonstration of a plasmon instability for a multi-wall nanotube or a pair of
parallel nanotubes; and (3) the image potential for multi-wall nanotubes. We
consider nanotubes embedded in a dielectric material. The electrons on a sin-
gle cylindrical nanotube form a free electron gas confined to the surface of an
infinitely long cylinder. We employ self-consistent field theory given in terms of
Laplace’s equation along with the linear response formalism to calculate the col-
lective plasma excitations on a single-wall nanotube. We obtain their frequency-
dependence on the linear wave vector along the axis of the nanotube. The plasma
dispersion relation is calculated for intrasubband and intersubband transitions,
where each subband is labeled by an angular momentum quantum number. We
generalize our formalism to coaxial and parallel tubules. In addition we determine
the way in which the collective modes are affected by the electrostatic interaction

between the tubules. Making use of these results, we calculate the rate of transfer



of energy between the plasma modes and charged particle moving parallel to the
axis of the tubule. The frictional force due to the electrostatic interaction of the
charged particle with the electrons on the surface of the nanotube is calculated
using the inverse dielectric function. The energy loss of the charged particle to
single particle and plasmon excitations is calculated. We demonstrate that the
plasmon excitations for coaxial and parallel tubules may become unstable and
radiate energy. The velocities of the charged particle for which the instabilities
occur are identified by examining the plasmon dispersion relating and matching
where the phase velocity of a plasmon excitation equals the velocity of the imping-
ing particle. We calculate the image potential for a single-wall and a double-wall
nanotube. This image potential has bound states which depend on the angular
momentum quantum number around the axis of the tubule. We examine the way

in which these bound states can be influenced when there are two coaxial tubules.
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Chapter 1

INTRODUCTION AND
BACKGROUND

Carbon nanotubes were discovered in 1991 by the Japanese Sumio lijima of NEC
[1]. Soon after their discovery they attracted the interest of physicists, chemists
and engineers because of their exceptional electrical and mechanical properties.
The field is growing very fast and looks very promising. We can think of them
as a normal graphene sheet (a honeycomb lattice) rolled up in a cylinder. The
radius of the cylinder is a few nanometers and the length is of the order of
micrometers. Because of the different ways that the graphene sheet can be rolled
to a cylinder (chirality), carbon nanotubes can have different electronic structures
and they can be metallic, semiconducting or insulators [2]. In the semiconducting
nanotubes the energy gap depends on their radius. It is well known that carbon
nanotubes can be modeled as quasi-1D systems. Their dielectric functions depend
on the longitudinal wave number, the frequency and angular momentum of the
elementary excitations. They also depend on geometrical factors such as their
radius and the chiral angle. In a first approximation we can study the plasma

excitations on a nanotube if we use a simple model that describes its electronic



properties. We assume that the electrons lying on a single cylindrical nanotube
consist a free electron gas which is distributed uniformly to the surface of an
infinitely long cylinder (since the length of the nanotube is much more larger
than its radius). At 7'= 0 K such an electron gas is completely described by its
surface density and the radius of the tubule.

According to Landau Fermi liquid theory [3] such an interacting system of
fermions can be described in terms of almost free quasiparticles or elementary
excitations. These quasiparticles behave like particles that carry energy € = hw
and momentum p = hq. Their energy is connected to their momentum through
a dispersion relation w = w(q). They are well defined and they can be safely
used to describe the interacting system as long as they have a lifetime (quasipar-
ticles can interact with each other and with impurities) which is shorter than the
electron-electron scattering relaxation time but large enough so that they have
a well defined energy and momentum. This is the case of the low temperature
limit where there are only few such excitations. For the non-interacting elec-
tron gas the only possible elementary excitations are particles and holes. When
though the electron-electron interaction is taken into account a new kind of ele-
mentary excitation appears which is called plasmon. The name comes from the
fact that plasmon represents the quantum of collective charge oscillations. It has
large lifetime when it carries small momentum hq (or equivalently when it has
long wavelength) and at metallic densities its energy (for low momentum) is few
eV. The dispersion relation of plasmons depends on the dimensionality of the
considered system.

We will use the semiclassical approximation to treat the electron gas in ex-
ternally applied fields when we calculate plasmon dispersions. This means that
we will use a classical approximation for externally applied potentials U(r,t) and

a quantum mechanical (second quantization) approach for the electron gas on



the nanotubes. The semiclassical approximation is valid when the externally ap-
plied field is weak and its frequency is low. In this case linear response theory
is applicable. Within the random phase approximation (RPA), first introduced
by Bohm and Pines [4], the total field experienced by the electrons is approxi-
mated by the sum of the external and the induced potential. This is equivalent
to use the Hartree approximation in determining the response of the electron gas
to lowest order in the externally applied potential. In our calculations we use
the dielectric formalism, introduced by Martin and Schwinger [5], employing the
inverse dielectric function to incorporate the effects of the external field and of
the electron-electron interaction.

We consider that the electron gas is immersed in a uniform positive back-
ground (jellium model). The electrons are interacting through a spin and time
independent Coulomb potential which we denote by V(r; — ry). In the presence
of an external time-dependent potential U(ry, ;) the electron system is described

by the Hamiltonian

A ~

_ g it (v
H(I‘l, t1> Heb —+ drlw (I‘l) 2mV 1#(1‘1)

5 [any [arad ) Ve - b))
+ /drlw(rl)U(rl,tl)zﬁ(rl) , (1.1)

where H,, is the interaction energy of the electron with the positive background,
2/3 and @@T are the field operators. The background potential is a one particle-
operator and can be considered as a time-independent potential added to the ex-
ternal potential U(ry, ;) to give the external potential U’(rq,¢;) = ﬁeb+U(r1, t1).
For the uniform electron gas that we study H,, is a ¢ number. The effect of the
externally applied field U(ry, t1) is to change the initially uniform electron density,

i.e., the material becomes polarized. There is a density perturbation (or induced

charge density) and an induced potential associated to this polarization. For



the description of our system we use the single particle thermal Green’s function

G(1,2). It satisfies the equation of motion

—U'(1)| G(1,2) = §(1,2) —i/d3v(1,3)G2(1,3;2,3+) . (1.2)

In this notation v(1,3) = V(r; —r3)d(t; —t3) is the Coulomb potential due to the
electron-electron interaction, and G5 is the two particle Green’s function for the
interacting system which describes the response of the electron gas to processes
involving two particles. We note from the last equation that G(1,2) can be
considered as a functional of the external field U(1) (since Hy, is a ¢ number). In
the case that there is no interaction between the electrons, i.e.,when v(1,3) = 0,
the solution is the non-interacting electron Green’s function which is denoted by
Go(1,2). Integrating Eq. (1.2) we find that the integral equation which should

be solved to find the Green’s function is
G(1,2) = Go(1,2) +z’/d3/d4G0(1,4)v(4, 3)G(4,3:2,37) . (1.3)

In the Hartree-Fock approximation we neglect the two particle correlations and

G5 can be written as
G2(4,3;2,37) = G(4,2)G(3,3") — G(4,3)G(3,2) . (1.4)
Equation (1.3) then becomes

G(1,2) = G0(1,2)+i/d3/d4G0(1,4)v(4,3) [G(4,2)G(3,3) - G(4,3)G(3,2)]

(1.5)
and is diagrammatically given in Fig. (1.1) using Feynman diagrams. The first
term in the square brackets of the right side of Eq. (1.5) is the Hartree or direct
term which describes the interaction of an electron with the mean local potential
created by the average electron density n(3) = —iG(3,3%). The second term

in the same bracket is the exchange or Fock term and describes the correction



Figure 1.1: The Feynman diagrams for the Hartree-Fock approximation to the
interacting electron propagator (thick arrow). A thin arrow represents the non-
interacting propagator while a dotted line represents the Coulomb interaction

between the electrons. The closed loop represents the average electron density.

to the Hartree term because of a nonlocal potential that originates from the
indistinguishability of the electrons. In addition this term cancels the interaction
of a particle with itself. We have to note that in the Hartree-Fock approximation
one does not have to assume that the interaction is weak like in the case of
perturbation theory. Equation (1.5) is a self-consistent integral equation. To find
the first order approximation in the interaction potential v(4,3) (perturbation
expansion) we have to replace the term in the square brackets of the right hand
side by

G2(4,3;2,3%) = Go(4,2)Go(3,3T) — Go(4,3)Go(3,2) . (1.6)

We know that the Hartee approximation gives satisfactory results for long-range
potentials (like the Coulomb potential that we use) because in this case the effect
of the exchange term is less important (see for example [6]). Using only the
Hartree term of Eq. (1.6) into Eq. (1.2) we obtain the equation of motion of the

single particle Green’s function in the Hartree approximation

o RV
hi 1 .
! 8151 + 2m*

V)| Ga,2) =61 -2). (1.7)

The effective potential V(1) (total potential due to the external and the induced



potential) in this approximation is

V() =U'(1) - z’/d3v(1,3)G(3,3+) , (1.8)
or

V(1) = U(1) + Ha, + /d3v(1,3)n(3) . (1.9)

The electron-background interaction potential has the form

~

Ay = —/d3v(1,3)n0(3) , (1.10)

where ny(3) is the positive background density which is equal to the equilibrium

density of the electron gas. Therefore Eq. (1.10) becomes
V(1) =U(1) +/d3v(1,3)p(3) , (1.11)

where p(3) = n(3) —no(3) is the perturbation of the electrons density. The second

term of the right side of Eq. (1.11) describes an induced shielding potential

Vina(1) = /d3v(l,3)p(3) , (1.12)

created by the external potential U in the case of an interacting electron gas.
This term is zero when U(1) = 0, since in this case we have a uniform electron
gas, i.e., n(3) = ny(3). The most general linear relation in between the external

potential and the total potential can be expressed as [5]
V(1) = /d25‘1(1,2)U(2) , (1.13)

where e71(1, 2) is the inverse dielectric function of the electron gas. This equation

can also be used to define the inverse dielectric function as

SV (1)
U (1.14)

Using Eq. (1.11) in Eq. (1.14) we find that the inverse dielectric function is given

£1(1,2)

by the integral equation

e 1(1,2) =6(1—-2)+ /d3v(1,3)§(/}(:;) : (1.15)

~—



or using the chain rule for functional derivatives
“1(1,2) = §(1 - 2) + /d3/d4v(1,3)x(3,4)5‘1(4, 2) (1.16)

where
op(3)  on(3) . 0G(3,3T)
SV(4) _ev(a) eV ()

is the density perturbation response function (or polarization function). It de-

X(3,4) = : (1.17)

scribes the response of the electron gas to the effective potential. To a first
approximation we can use in place of G(3,3") the non-interacting single particle

Green’s function Gy (3,3") and use for the functional derivative 0G¢(3,3%)/IV (4)

the result (see for example [7])

W = Go(3,4)Go(4,3") . (1.18)
Equation (1.16) then becomes
“1(1,2) = §(1 - 2) + /d3/d4v(1,3)X0(3,4)5’1(4, 2),  (L19)
where
Xo(3,4) = —iGo(3,4)Go(4,3%) , (1.20)

is the polarization function of the non-interacting electron gas. Equation (1.19)
is the RPA equation for the inverse dielectric function. It is a result obtained by
linearize the Hartree approximation in the external field U. Using the analytic

expressions of the thermal Green’s functions we find that

Xo(3,4) = —2ib(ts —t1) 3 [folew) — fole)]

X1, (13) U5 (L) (2a) s (e v tamta) (1.21)
where 6(t3 — t4) is the Heaviside step function and 1), (r;) are single particle
eigenfunctions of the non-interacting electron gas.

The electron density perturbation p(1) can be found in this approximation as

1) :/d2§‘p/(( /d25G° (L1 o) (1.22)



or using Eqgs. (1.18) and (1.20)

p(1) = /d2X0(1,2)V(2) . (1.23)

The direct dielectric function € can be defined as

£(1,2) = ggg; : (1.24)

and is related to the inverse dielectric function through the equation
/d3 £(1,3)71(3,2) = 6(1 — 2) . (1.25)

Using Eq. (1.19) along with Eq. (1.25) we find that in the RPA the dielectric

function is given by
£(1,2) = 6(1—2) — /d3v(1, 3)xv0(3,2) . (1.26)
The polarizability «(1,2) of the electron gas can be defined through the equation
£(1,2) =0(1 —2) +4ra(1,2) , (1.27)

so that
dra(1,2) = —/d3v(1,3)x(3,2) . (1.28)

In the case of a solid-state plasma the electrons move about in a solid ionic
background. We can take into account the effect of the lattice on the electron
gas by using the effective mass m* of the electron (instead of the free electron
mass) and the dielectric constant e, of the lattice. The ionic background reduces
both the external potential U(1) and the Coulomb potential v(1,2) by the lattice

dielectric constant €,. Therefore Eq. (1.11) becomes

Vi) =~ [U(1)+/d3v(1,3)p(3)} , (1.29)

Ep

and the RPA inverse and direct dielectric functions are given respectively by

1(1,2) = ;b{6(1—2)+/dS/d4v(1,3)X0(3,4)5‘1(4,2)} . (1.30)

e(1,2) = & [5(1—2)—;/d3v(1,3)X0(3,2)] . (1.31)



From the last equation we find that if we express the background dielectric con-

stant as €, = 1 + a3, where «y is the background polarizability we have
dra(1,2) = £(1,2) — 6(1 — 2) = apd(1 — 2) — /d3v(1, Hv(3,2),  (1.32)

as an expression for the RPA polarizability of the electron gas.

It is very useful to Fourier transform the above derived equations in the
momentum-frequency space. For convenience we consider that the electron gas
is translational invariant in time and in all three directions of space. Equation

(1.31) then becomes

e(q,w) =&y {1 — ;bv(q)x()(q,w) . (1.33)

From the definition of the dielectric function, Eq. (1.24), we find that
U1) = /d25(1,2)V(2) , (1.34)
or after taking the Fourier transform
U(q,w) = V(q,w)e(q,w) (1.35)
where V(q,w) = U(q,w) 4+ Vina(q, w). Therefore Eq. (1.35) becomes
£(q,w)Vina(q,w) = [1 — e(q,w)] U(q,w) . (1.36)

From this equation we see that if £(q,w) = 0 then Viyq(q,w) can be nonzero when
U(q,w) is zero. This means that electron density oscillations can exist in the sys-
tem without the existence of an external driving potential. Hence, the condition
for the existence of self-sustained collective charge oscillations (plasmons) is
e(q,w) =¢ep |1 — Elbv(q)x()(q7 w)| =0, (1.37)

from which the plasmons dispersion equation w = w(q) can be found.
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The polarization function gives information about the energy absorbed by the
electron gas when it interacts with an externally applied electric field E [8]. The
power dissipation per unit volume at point (r,t) is given by w = J-E = ¢ |E|2, for
convenience we assume that our system is translational invariant, and therefore

the total energy dissipated by the electron gas is given by the real part of
E= /dr/dtJ r,t) Z/ E(qw)’olqw) .  (1.38)
The conductivity is connected to the polarization through the equation
o,
o(q,w) = qux(q, w) (1.39)
so the real part of the conductivity is given by

Re U(q7 C{)) =

3

mx(q,w) , (1.40)

'QM‘E

which shows that energy can be dissipated by the electron gas if Sm x(q,w) #
0. In the case of the non-interacting electron gas the incoming energy can be
absorbed by the creation of electron-hole pairs (or single particle excitations).
The area in (q,w) space where Sm x(q,w) # 0 defines the particle-hole region.
Outside this area momentum and energy conservation is not satisfied, therefore
energy can not be absorbed through single particle excitations. In the case though
of the interacting electron gas a second mechanism of energy absorption exists,
the excitation of plasmon modes. If the plasmon dispersion curve is outside
the particle-hole region then the plasmon has long lifetime. If though the curve
enters in the electron-hole continuum then the plasmon decays, i.e., it has a short
lifetime. This case is known as Landau damping.

In the case of a nanotube of radius R lying along the z-axis, there is trans-
lational symmetry along the z direction and azimuthal symmetry around the

z-axis. The single particle eigenfunctions and energy eigenvalues for electrons on
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the surface of the nanotube that can be used in Eq. (1.21) have the form (we

assume periodic boundary conditions along the z-axis)

oikzz pild 5(p— R)

(1) = P(p), P*p)=———", 1.41

Uilr) = = =Ple) . P == (1.41)
R’k2 RAP

T o T amRE (1.42)

where P(p) comes from the confinement of the wave function v, along the radial
direction, and v = {k,, [} is a composite index characterizing the electron eigen-
states in terms of the quantum numbers k, = 2n7w/L, and [ (n,l =0, £1,£2,...).

The Fourier transform of Eq. (1.21) with respect to ¢ leads to

voles o) =2 I R e Gt ). (189

and if in addition we Fourier transform with respect to z and ¢ we obtain

1 d(p1 — R) 6(p2 — R)
9 1 zy W) = —5— 2y W 5 1.44
Xe(pr; p2; 4z, w) = =5 X1, ) o P (1.44)
where x1(q.,w) is defined by
dk.  fo(er.1) — foler.—q.1-1L)
W) =2 / 2 i 2 2 1.45
xela l;w oo 2T hw + €5 g 1—1, — €k, + 10T ( )

and it is the Lindhard polarization function for the non-interacting electron gas
on the nanotube. In this notation ¢, = k., — k., and L = | — I’ is the linear
and angular momentum transfer respectively between two electrons interacting
through the Coulomb potential. The integration can be done analytically when
T = 0 K and the results for the real and imaginary parts of this function are given

in Appendix B along with some useful properties. In order to find the plasmon

dispersion relation we Fourier transform Eq. (1.31) and we have

) — 1 ) — R
(r=p) | L R va(g ) 22 B

5 ) ) qZ7 C(.) = E
L(p1 P2 ) b o ome, 02

(1.46)
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where ur(p1, p2,q.) is the Fourier transform of the Coulomb interaction energy
in cylindrical coordinates. Since the electron gas is confined to the surface of the
cylinder, there is a density response to an external perturbation only when p; and
po are equal to R. In this case, the delta function on the right side of Eq.(1.46)

factors out and the dispersion equation becomes

1
er(g,w) =1+ D ur(R, R, q:)x1(q:,w) =0 . (1.47)
TEY
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Chapter 2

PLASMA EXCITATIONS ON
NANOTUBES

The transport properties of arrays of carbon nanotubes may be understood by
studying their plasmon excitation spectrum. Lin and Shung [9] calculated the
plasmon spectrum in a single cylindrical tubule and in a system of several co-axial
cylindrical tubules. Gumbs and Aizin [10] calculated the plasmon excitations in
a linear array of aligned multishell nanotubes using the RPA. Que [11] has pre-
sented a detailed study of plasmons in bundles of nanotubes. Other authors
[12]-[18] have also reported some interesting results on intersubband and intra-
subband plasmons in single-wall and multi-wall carbon nanotubes. There has
also been considerable theoretical and experimental work on the plasmon exci-
tations of low-dimensional systems [19]. Several authors have investigated the
linear response of nanotubes of various radii which is related to their crossover
from one dimensionality to another [20]-[22].

We start our study by first looking to the case of a single nanotube. This will
provide us with the appropriate formalism and understanding required to move

into more complex configurations of nanotubes.
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2.1 Single particle and collective modes for one

tubule

We first consider a single wall cylindrical nanotube of radius R and we take
its axis of symmetry to be the z-axis. The nanotube is filled with a material of
dielectric constant ¢, inside and is surrounded by a material of dielectric constant
€9. An electron confined on the surface of this nanotube is described by the
eigenfunctions and energy eigenvalues given by Eqgs. (1.41) and (1.42). We note
from (1.42) that for a specific value of k,, the azimuthal quantum number [ can
assume different values, i.e., we can have different energy subbands.

We assume that the electron gas on the surface of the cylinder is perturbed by
an external probe (for example a charged moving particle) and then is left alone
to evolve in time. The induced potential produced by the redistribution of the
electron density is given by the solution of the Laplace equation V2® = 0, p # R
along with the appropriate boundary conditions. We expand in Fourier series the

induced potential by writing

D(p, ¢, z,w) = Y D (p, ¢, w0) | (2.1)

qz,L
and we substitute it in Laplace equation to obtain the radial differential equation

12 l a(DL (pa qzaw)
pOp dp

The solutions of this equation are the modified Bessel functions Iy (q.p) and

]— (q+§) (o) =0, p£R.  (22)

K1(q.p). Taking into account the requirements that at the origin the solutions

should be finite and that at large distances should fall to zero we have

Q1 0(p,¢zyw) = Cro(gz,w)p(g.p), p<R (2.3)

Do r(p, gz, w) = Cor(qew)Kr(g.p), p>R. (2.4)

The boundary conditions for these solutions regard the continuity of the potential

® and of the electric displacement vector D = ¢eE = —eV ® on the surface of the
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cylinder
Cro(qzw)L(¢:R) = Cor(q:,w)Kr(¢.R) , (2.5)
(D2 = D4) -fia1|,_p = 470(R,¢,2,w) or
0%y 1, 0%y 1
€ — — ¢ : = 4dno(R,¢,z,w) , 2.6
e (R, 6.2) (26)
where Ng; = p is the unit vector perpendicular to the tubule’s surface with

direction from medium 1 to medium 2 (that is from the inside of the tubule to its

outside) and o is the induced surface charge density which also can be written as

¢7Z w Z ezqzz ZL¢ q,za ) .

The boundary condition given by Eq. (2.6) can now be expressed in the form

¢ [e1C1,1(qz, w)I1(¢:R) — €205, 1,(¢, w) K (- R)] = 4701 (gz,w) | (2.7)

where the primes indicate derivatives with respect to the argument.

The induced electron charge density p,. is given by (Appendix A)

pelr,w) = —eplr,w) = —e Y <v| au(r,w) [V > 0O, 0),  (28)

v,V

where p(r,w) is the induced particle density. In the lowest order of perturbation

theory we have

fO(EV) - f0<€V’)

hw + €, — € _|_Z‘()+<V|(I)(raw)|7//>- (2.9)

<v|o(r,w) |V >=2e

In this notation fy(e,) is the Fermi-Dirac equilibrium distribution function. Sub-

stitution of Eqs. (1.41), (2.1) and (2.9) in Eq. (2.8) gives

2

R Z ezqz qujXL(q,m )(DL(Ra qz,w)5(p - R) ) (210)

pE(p?¢7'Z7w) 2

where x1(¢,,w) is the density response function for a single nanotube given by
Eq. (1.45). From Eq. (2.10) we can deduce, since po(r,w) = o(¢, z,w)d(p — R),

that
o2

2R

or(q,w) =— Xr(¢qz, w)Pr(R, g, w) . (2.11)
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We can now solve the set of Eqgs. (2.5), (2.7) with o1(q,,w) given by Eq. (2.11)
for the unknown coefficients C (g, w) and Cy (g, w). For non-zero solutions

the condition

er(gsw) =1+ ar(g,w) =0 (2.12)

should be satisfied, where o (q.,w) is the nanotube’s polarizability function

OéL((]z, w) =

2¢%11(¢.R)K1(q.R)
W) 2.13
e1+ (61 — e2)¢. RIL(¢.R) K/ (¢.R) X£(qz, w) ( )

and €1,(q,,w) is the dielectric function. When the condition given by Eq. (2.12)
is satisfied the induced potential is non-vanishing although the external driving
potential does not exist. Equation (2.12) describes the propagation of charge
collective excitations on the surface of the nanotube, i.e., it is the plasmon dis-
persion equation. It is a generalization of the result given by Lin and Shung [9]
to the case when the background dielectric constant is not uniform and it re-
duces to the well-known dispersion formula of plasmon in a 2D electron gas [23]
when the radius is taken to be infinite. Our calculation yields in addition the
dispersion equation of Arista and Fuentes [24] for a cylindrical cavity (¢; = 1 and
XL(qz, w) = 0), which is e; + (61 — €2)¢. RI1(¢.R) K7 (¢.R) = 0.

Taking the limit ¢,R — 0 (long wavelength limit) and using the results of
Appendix C, we find that the frequency of the highest plasmon mode for L = 0

is given by (in this notation n is the linear electron density)

a2 (qu) [1 +1 <1 - 81) (¢-R)%In <qu)]_1 . (2.14)

m*eq 2 2 €9 2

For our numerical calculations we consider the case of a nanotube with R = 11 A,
Er = 0.6 eV, m* = 0.25m, (m, is the electron’s mass) embedded in a background
of dielectric constant €y = €5 = ¢, = 2.4. This choice corresponds to simulating

a graphene tubule. Equation (2.12) becomes in this case

2¢?
er(q,w) =1+ S—bIL(qu)KL(qZR)XL(qZ,w) =0. (2.15)
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For the chosen values of R and Er we have that there are only five occupied
subbands, i.e || < 2 (see Egs. (B.5), (B.9) of Appendix B). The calculation of the
polarization function has been done for "= 0 K. This is a good approximation
since for our electron gas Tr ~ 7,000 K. In Fig. 2.1 we plot the particle-hole
excitations which is the only mechanism for the absorption of energy from a
non-interacting electron gas when this interacts with an external electrostatic

potential. These excitations satisfy the condition
Sm [1+ap(q,w)] =Smxr(g.,w) #0 . (2.16)

We plot in Fig. 2.2 the plasmon dispersion relation, Eq. (2.15), when L = 0
(intrasubband plasmons), for two nanotubes of the same Ep = 0.6 eV but of
different radii (and therefore different number of occupied subbands), Ry = 11 A
and R, = 15 A. The small values of R implies that we deal with a quasi-1D
system [13]. As R increases the nanotube behaves more like a 2D system. We see
that for L = 0 we have three acoustic modes, one for each value of |{|. In Fig. 2.3
we plot the L = 1 and L = 2 plasmon excitations (intersubband plasmons).
From this figure we note that for L > 1 we have not only acoustic but in addition
optical modes. Using Eq. (2.14) we find an analytic expression for the plasmon

dispersion when L =0 and €1 = g5 = ¢,

2e? q-R

n o
In(=)| . 2.17
= 20| (217)

w2~
m*

The plasmon dispersion for a 2D electron gas in the same limit is w? o< g [26].

Equation (2.17) has a structure similar to that of the long wavelength limit dis-

persion for plasmons in quantum wires [27].
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Figure 2.1: Particle-hole region for a single nanotube of R = 11 A, Er = 0.6 eV,

when (a) L =

0and (b) L =1.
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Figure 2.2: Plasmon dispersion for L = 0 when (a) R =11 A and (b) R =15 A.
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Figure 2.3: Plasmon dispersion for a single nanotube of R = 11 A when (a) L=1

and (b) L = 2.
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2.2 Concentric tubules

We now consider a system of N > 1 concentric nanotubes of radius R; (j =

1,2,...,N). The eigenstates for an electron confined to move on the j — th

tubule have in this case the form
k=2 iled

Vi (r) = ﬁﬁpj(ﬂ) :

where PjQ(p) = d(p — R;), and the energy eigenvalues have the same form as

(2.18)

1

before. The inverse dielectric function €=+ is given by the RPA integral equation

(Eq. (1.19))

e 1(1,2) = glb 54(1 - 2) +€1b/d43 /d44v(1 ) x(4,3)e7Y(3,2) . (2.19)

where 1 = (rq,1;) is a space-time point, v is the Coulomb interaction potential,
gy is the background dielectric constant, and y is the response function of the

electron gas. We Fourier transform with respect to z and ¢ to obtain

er' (p1, po, gzw) = ;Cs(plp:m) +;/dpsps/dmmuL(m,m,qz)
X X1(pa p3, @zow) €1 (03, P2, 25 ) (2.20)
where
uL(p1, pa, q:) = A7’ I (:p<) K (q:p5) (2.21)

is the Fourier transform of the Coulomb interaction energy in cylindrical co-

ordinates [25]. We substitute in the last equation the Fourier transform of
XL(P47P37(]zaW)

1 X 5(ps — R:)8(ps — R
Xj,l(P4ap3>q,zaW):_%ZX]',L<QZ7W) (p3p3 ) (p4p4 J)7 (2.22)
j=1

and we obtain

- Lo(pp—p) 1 I
ng(plap%quw) = ;b P - 277—5&; ZXj,L(Qzaw)
=1

x ur(pr,ps = Rj,q.)er (ps = Ry, pa, ¢z w) . (2.23)
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In this equation x; (¢, w) is the polarization function of the j-th nanotube given

by

o (g _22/ dk.  fol€jn.1) — fol€jk.—qi-1) ‘ (2.24)

I=——o00 0027Thw—|—€]kz qz,lL_ejkl+i0+

We multiply both sides of Eq. (2.23) by leJZ-, (p1) and we integrate with respect
to p1, the result is

— 1 é(/CQ ]l)’/) E

1 J

& ﬂ — R'/ p Z,(U — j QZa("‘
l ( 1 ] 27q ) 2 ] 1X.7=L(

X UL(Rj7Rj’7QZ) 621(:03 = Rj7p2’QZ7w) ) (225)

which can be also written in the form

N

: - 1 6(p2 — Ryr)
2 |G+ 5 X5 (4s RiRoa) e (o= R pys o) = 2002 = Fir)
= [ i’ T 27T€bXJ,L(q ,wug( js 4V q:) | en (p i P24 w) 5 .

(2.26)
Equation (2.26) for fixed L represents a set of N equations with unknown the N

quantities 7' (p = R;, p2, ¢.,w). We call Ap(q,,w) the matrix with elements

1
Apjjr(qz,w) = 655 + iij',L(qz,w)uL(Rj’ Ry, q.) (2.27)

2me
and A;'(q.,w) the inverse. The solutions of Eq.(2.26) are given by

— ) P2 — R
er'(p= Ry, 2, ¢z, w) = Z ALL (g, w M : (2.28)
P2

and substituting them into Eq. (2.23) we find that the Fourier transform of the
inverse dielectric function for a system of N concentric nanotubes is given by

Lo(pr—p2) 1 K5 d(p2— Ry)

-1 _
€r (plap27Qzaw) - £ 0 27751; ];1 02
X Xj7L((Jzaw)UL(P17Rjan) AL,jj’(qsz) . (229)

The singularities of this function give the plasmon dispersion modes for each
value of L. Since the matrix A;'(q.,w) is proportional to 1/det A (q.,w) these

singularities are given by the solutions of the equation

det Ar(q.,w) =0 (2.30)



23

We study the case N = 2. The matrix Ay (q,,w) has then the form

X2.0(¢z, w)ur (R, Ra, q2)

€1,0(¢z w) omes
Ar(q.,w) = , (2.31)
z9 R 7R ) z
X1,L(C] W)UL( 1, fig Q) 82,L(qz,w)
277'81,
where
2¢?
gjr(qw) =1+ ?b]L(QZRj)KL(QZRj)Xl,L<QZ7W) , (2.32)

is the dielectric function of the j-th tubule. In Fig. 2.4 we plot the plasmon
dispersion equation when L = 0 for the case that there is no interaction between
the two tubules. In this case up(R;y, R2,q.) = 0 and the non-diagonal matrix
elements of Ay (q,,w) are zero. The plasmons dispersion curve is the combination
of the plasmons dispersion curves of a single nanotube of radius By = 11 A and
of a single nanotube of radius R, = 15 A, i.e., it is the combination in one plot
of Figs. 2.2(a) and (b). In Fig. 2.5 we plot the plasmon dispersion, Eq. (2.30),
for the case of non-zero interaction when L = 0 and L = 1. We used for the

numerical calculation the same Er = 0.6 ¢V for both nanotubes. For these
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Figure 2.4: Plasmon dispersion for two non-interacting nanotubes when L = 0.
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Figure 2.5: Plasmon dispersion for two concentric interacting nanotubes when

(a) L= 0and (b) L= 1.
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values of Er,Ri,Rs, each tubule has five occupied subbands. We clearly see by
comparing Fig. 2.4 to Fig. 2.5(a) that the intertubular interaction is stronger for
the high energy acoustic modes, causing their total separation.

One can obtain closed-form analytic expressions for the frequencies of the two
highest plasmon modes in the long wavelength limit. Assuming that ¢, Ry < 1,

our calculations show that these frequencies are given by

2
q; |- ¢ Ry — q.Ro
wimy [V(l) m( 2 )‘+7(2) m( 2 >H
2 R R 2 R 2 1/2
+ & [W) In (qz 1)‘—7@) In (qz 2)} 1 4507@ n(qz 1) (2.33)

2 2 2 2
~() 262 _ . . . S

where ¥/ = -7 is expressed in terms of the linear density 77; on the nanotube

m

of radius R;. In fact, for Fermi energy EF on the j-th tubule, we have at ' = 0
K

J om*E 2
n ZJ F—ﬁ, (2.34)

T ——s J

where S is the highest occupied subband level. This result shows that the number
of electrons occupying each subband depends on the radius of the tubule. If
the electron density is the same on each of the two co-axial nanotubes so that

7 =72 =7, then we have in the long wavelength limit

1/2

= R 1/2
. wo~Nq, B In (2)] : (2.35)

Wi = Qy
Ry

= 2
%m (%:RQ (Ry + R2)>

These results show that w_ depends linearly on wave number ¢,. In contrast
to the constant phase velocity in the long wavelength limit for the w_-mode, the
dispersion relation for the w,-mode shows that its phase velocity has a logarithmic

dependence on wave number.
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2.3 Parallel tubules

We turn our attention to a system of two nanotubes with their axes parallel to
the z direction. The axis of one of the nanotubes is at + = 0 with radius R; and
the other at x = a with radius R, on the x axis with ¢ > R; + Rs. In the absence
of tunneling between the nanotubes, the wavefunction for an electron on the j-th
nanotube (j = 1,2) is given by
ik 2 il
<rlive= S (= - ais) . o) =SB

with v = {k.,1} and P?(p) = 0(p — R;). The energy spectrum has the form of

(2.36)

Eq. (1.42)
[ S
€jv = £ 5 - (237)
’ 2m*  2m* R
The equation of motion of the density matrix operator is
00 -
h— =|H, 0 2.38
) = [.4]. (239)

where H = Hy — e® is the Hamiltonian of the electron on the surface of the
cylinder, H, is the free electron Hamiltonian and ® is the induced potential. The

potential ® satisfies Poisson’s equation
V2(r) = () (2.39)

where ¢, is the uniform background dielectric constant, and p(r) is the induced
electron density. We use linear response theory (Appendix A) to calculate the
induced particle density as
pr,w)=>"> <rl|jv><jv|o(r,w)|jv ><jV|r>, (2.40)
7,3 v’
where

fol€jw) = folejnr)

hw + €jry — €jy

<gv| o(r,w) | jV >=2e <gv|®(r,w)| v >, (241)
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®(q')ed"r. Then Eq. (2.40)

!

and we express the induced potential as ®(r) = %
q

becomes

= —szo ) = Joleyw) <r|jr><jv|r>

7.7 VV hw+€jy/_€jy

x Yy ®(q) < jv| T G > (2.42)
q/
or by taking Fourier transform with respect to r

p(q) _ ZZ fO 6_]1/ fO(%"zx’) < jll// ’ piaT ‘jl/ S

33" vv! hw+€]” — Gy

x N ®(q) <jv|evT |V > . (2.43)
q/

The matrix elements < jv | €47 | 5/ > with wave functions < r | jv > given by
Eq. (2.36) can be calculated using the Jacobi-Anger expansion of a plane wave

in cylindrical waves

+oo
et = N i g (2)e™ (2.44)
The result is
< v | €97 | 'V >= 8500k, ks g €0 VE T (g1 R (2.45)

where J,,,(z) is the Bessel function of the first kind, m = [ — [’ is the angu-
lar momentum transfer, q; = (¢,,q,) and 0 is the angle between q, and é,.

Substituting Eq. (2.45) into Eq. (2.43), we obtain after some algebra

,0 4t Z Z Z fO GJ,kz, fO(Esz qz,l— m) imeJm (CIJ_R]')

k. 1,m=0,+1,42 . j=1,2 hw + €k, —q.l-m — €jk. 1

—i(j— a i1(j—1)q,a q; — Zq/ "
x e 0D 37 (0N (g), g q2) T (QLRJ-)< 7 y) - (2.46)
L

a4,

Taking the Fourier transform of Eq. (2.39) we have ®(q) = —4mep(q)/epq®. Using

this relation in Eq. (2.46), we obtain

47T€2 —i s a qyc +2q "
p(@) = — TS g e TV (g Ry Up(as) () C (247)

€b j.m qL
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where x;jm(¢s,w) is the density response function of the j-th nanotube given by

Eq.(2.24), and

1 e1)ama 01 (0 @y G2) A
Uim(q.) = U Dawa A0 W0 22) 7 (0 R[22 ) (248

Here, L, and L, are normalization lengths. Substituting the expression for p(q)

given in Eq. (2.47) into Eq. (2.48), we obtain

2 o) 262
Z Z [6jj’6mm/ + ;Xj’,m’(q,za w)v}’m’,jm(QZa CL)] Uj’,m/<QZ) =0 ) (249)

7'=1lm'=—x

where

! —m) [ q ..
Vime (@) = ) [ gyt D0 R) T (0 By Tt (G = 7)n0)

1 q;
(2.50)
We have explicitly
2e?
1 + ?bjm(qul)Km(q,le>Xl,m(QZa w) Ul,m(q,z)
2e? —
+ . ZXQ,m/(Qmw)Vm/,m <Qzu Ry, Ry; G) UZ,m’(Qz) =0, (2-51)
b o
2e? _
Tb Z Xl,m’<QZa w)vm,m’ (q,z7 Rl, RQ; CL) Ul,m’(Qz)
2e?
+ 1+ ?Im(QZRZ)Km(QZR2)X2,m(QZ7w) U2,m<Qz) =0 ) (252)
b

where

Jm(QLR2)Jm’ (QLRI)
a7 +¢2 '

Vo (qz, R1, Ro;a) = 3(m'—m) /OOO dq: q. e m(g10)
(2.53)

The set of linear equations (2.49) and (2.52) have nontrivial solutions provided
the determinant of the coefficient matrix of {Uj,,(q:), U2.m(q:)} is zero. Thus
modes with different values of m on the two nanotubes are in general coupled to

each other. Since V,,(q., R1, Ro;a) — 0 in the limit @ — oo, this matrix is
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diagonal when a > R;, Ry and the dispersion equation reduces to the result for

isolated nanotubes
H511m<Qaw) 62,771(‘]70‘)) =0 ) (254)

where €;,,(¢, w) is given by Eq. (2.32). The beauty of equations (2.49) and (2.52)
is that they automatically give the Coulomb interaction on the two nanotubes as
well as between the pair of nanotubes.

The simplest case of interest occurs when the only allowed transitions are the

m = 0. Then the dispersion equation becomes

1 1
[1 + 7“0(31, Ry, QZ)Xl 0<QZﬂ )} [1 + EUO(‘R27 Ry, Qz)X2,0(Qza w)

2
4re?
l Vo0(gz; R1, Ro; )] X1,0(¢z, w)x2,0(¢zw) =0, (2.55)
where uo(R;, R}, q.) is given by Eq. (2.21). If we take Ry = Ry = R, and use a
[

result in [28] we have
Voo(g., R, R;a) = I3(q.R)Ko(q.a) . (2.56)
Using the low-frequency, long wavelength approximation for the polarization func-

2
54,
m*w?’

tion (Appendix C) xjm=0(q:, w) = — where n; is the linear electron density

on the j-th nanotube, a straightforward calculation shows that in the long wave-

length limit ¢.a < 1, we obtain two modes above the particle-hole mode region

(%)
In

2

2e? 1 LR\ 2 .a
2 () (5

gp Mm*
If the two nanotubes are identical with n,; = ny = n, we have

with frequency w4 given by

2 6 qz
A o——(n +
Wi P (m na)

+ nine

}/ - (257)

2e? ¢? a
2~ T FEpln(—= 2.58
ER 2:5%)
262 2 20 R
w? < 4% nln(%) . (2.59)

Ep M*
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Thus, the coupling between the single-nanotube modes of frequency w; (say)
given by Eq. (2.17) lifts their degeneracy to give modes of frequency w. so that
w_ < w; < wy. The high-frequency quasi-optical w, mode corresponds to in-
phase longitudinal electron density oscillations along the axes of the nanotubes.
The low-frequency quasi-acoustic w_ mode is an out-of-phase collective excitation
of the carriers on the two nanotubes and is linear in ¢,. In Fig. 2.6 we plot
the plasmon dispersion relation Eq.(2.55) for two identical nanotubes of radius
R =11 A separated by a distance a = 25 A. All calculations were carried out at
zero temperature. We used for Fr, m* and ¢, the same values that we used in
the case of the plasmons on a single nanotube. For the values of the parameters
chosen, in each nanotube there are only five subbands occupied by electrons
corresponding to [ = 0, &1, 2. Only the part of the plasmon spectrum which is
undamped is shown in this figure. There are three plasmons branches for a single
nanotube corresponding to |{| = 0,1,2. For the pair of nanotubes the degeneracy

is lifted by the Coulomb interaction. However splitting is so small for the lower

2.0IYNI‘IYIX{NTY{‘IIYI‘YIIX{NYI

L5

0 1 1 | I | I | I | I | I
'8.0 0.1 0.2 03 0.4 0.5 0.6

q/k,.

Figure 2.6: Plasmon dispersion for two identical parallel nanotubes of radius

R=11 A separated by a distance a=25 A when m = 0.
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branches compared with the higher frequency modes that we cannot distinguish

between the lowest modes.
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Chapter 3

ENERGY TRANSFER IN
NANOTUBES

Over the years, there have been several papers devoted to the theory of electron
energy loss spectroscopy(EELS) [29]-[38]. These works were concerned with EELS
for films, the two dimensional electron gas (2DEG) and nanowires. Most recently,
there have been several papers dealing with the theory of EELS for cylindrical
nanotubes and cylindrical cavities. However, the published work so far [39]-
[45] does not fully compare the contributions from plasmons and single particle
excitations for nanotubes. This scattering problem deserves some attention and
will be the subject of this chapter. We will present a model and theory within the
RPA for EELS in cylindrical nanotubes. The solid metallic cylinder is a special
case which is obtained when the polarization function is set equal to infinity.
However, this latter model does not allow the contributions to energy loss from
individual subbands to be analyzed. Our model provides a way of separating and

calculating the plasmon and particle-hole contributions.
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3.1 Energy loss on a single wall nanotube

We assume that a particle of mass m and charge () moves with velocity v = vz
parallel to the axis of the nanotube (of radius R) with impact parameter py > R,
i.e., we take the particle to move outside the cylinder. The position vector of the
particle at any time ¢ is given by ro = (po, ¢o, 20 = vt).

The total electrostatic potential ® at any point of space for any time ¢ satisfies

Poisson equation

V20, (p,¢,2,t) = 0, p<R (3.1)
4
V20, (p, ¢, 2,t) = — :Qé(r—ro) , p>R, (3.2)
2

along with the boundary conditions

O1(p=R,0,z,w) = DPo(p=R,0,2z,w) (3.3)

(Dz - Dl) : ﬁ21’p:R = 47TU(R7 o, Z,w) ) (3-4)

where o is the induced surface charge density and fiy; = p (see also Eq. (2.6)).
The solution ®; of Eq. (3.1) can be Fourier expanded as
Do 6,20 = 2 30 MO [ g OO ) ap) . (35)
7T€1 L=—
and from this we find
Bilp.6.50) = 20 Y @0 [T U0 — ). (36)
L=—o00

The potential ®5 can be written using superposition as

Q

P + @5a(ps 8, 2,1) (3.7)

(I)2<:07 ¢,Z,t) =

where @/|r —ro(t)| is the potential of the moving charged particle and ®;; is the

potential due to the induced surface charge density (a solution of Laplace equation
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for p > R). We can write these electric potentials in cylindrical coordinates as

Q 1 zZ—U
e Dl BT AV L ATW S IR
L=—
7 4(p, b, 2,t) = . Z L6~ %/ 04, (VK (0p) . (3.9)
L=—00

where p.(p>) is the smaller(larger) of p and pg. Therefore Eq. (3.7) can be

written as
Dy(p, p,2,t) = —— Z Lig- ¢0/ dq.e ) [T (q.p<) K1 (qp>)
TEY L=—0c0
+ Cr(¢:)Kr(g:p)] , (3.10)
or
QQ - % - o sz
Dy(p, ¢, 2,w) = = et ¢°)/ dq.e* [I1(q.p<)K1(q.p>)
L=—c —o©
+ Cr(q:)KL(g:p)] 6(w — q.v). (3.11)

The induced charge density can be found in this case by substituting Eqgs. (3.6),
(3.10), (3.11) into the boundary conditions Egs. (3.3), (3.4) and following the
steps of Sec. 2.1, Egs. (2.8) through (2.11). We find in this way that

Qe > L(6—d 0 .
o) — S(p—R) Y ee= [~ g o
7TR€ L:z—:oo Loo
X X1(¢zw)CF (g:)Ir(g:R)d(w — q:v) | (3.12)

and that the induced surface charge density is given by

— 2262 iL(¢—¢ )/ i
o(R, ¢, z,w g e’ 0 dq.,e'?** )
( ) Rey & - X2(q,w)
X C[</ (q,z>IL(q,z]Z)5(u’ QZU) : (313>

The boundary conditions Egs. (3.3), (3.4) can now be written using the expres-

sions found for ®,,®, and o as

€207 (¢:)1L(¢=R) = &1 [I1(q-R)K1(q=p0) + CF (¢:) K(q:-R)] | (3.14)
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Cr(a)11(¢:R) — C7 (¢2) K1 (¢-R) = Kr(q=p0)I1(¢-R)

2¢?
_51qZRXL(qZ’ w = QZU)OE(QZ)]L(QZR) . (3.15)

The solutions of the set of Eqs. (3.14) and (3.15) are given by the expressions

e1K1.(q2po)

Col) = 5 = g0) (3.16)
C7(g:) = = [26*IL(g-R)x1(0: @ = :v) + ¢-R(e1 — )T}, (q- R)]
UWACTOLACION (3.17)

DL(Qzaw = QZU)
with

Dr(q.,w) =1 + (61 — £2)¢. RIL(¢. R) K} (¢ R) + 2€*x1.(qz, w)I(¢. R)K1(¢. R) ,
(3.18)

DL(QZ)"‘)) = [51 + (51 - 52)quIL(QZR)KIL(QZR)] [1 + aL(Qva)KL(QZR)] ) (319)

where
_ 2¢*I1(¢.R)K1(q.R)
g1+ (61 — €2)@. RIL(¢.R) K (g

is the polarizability function of the electron gas, and ¢1(¢q,,w) = 1 + ar(g,,w) is

ar(gs,w) ) Xe(qz,w) (3.20)
the dielectric function (see also Egs.(2.12) and (2.13)).

We can now find the induced potential because of the charge density fluctuations

on the surface of the cylinder. For p > R using Eq. (3.9) and Eq. (3.17) we find

Q = 7 — & 7 zZ—v
Dia(rt) = e > et ¢°)/ dq.e =" K1 (q.p)K1(¢:p0) (. R)
L=—o0 -0
1 aL(Qzaw) Ii(qu)
X + g R(e] — g9) =22 . (3.21
[KL(QZR)1+04L(Qzaw) R(e 2)DL(qz,w) w—gov (3.21)

while for p < R using Eq. (3.5) and Eq. (3.16) we obtain (since ®y(r,t) =

cbiid<r> t))

© o I(ap) K (g
(I)i<nd<r7t) _ Q ezL(qbfzzﬁo)/ dqzezqz(zfvt) L(Q p) L(q PO) ' (3'22)

m L=—00 DL(q27 w = QZU)
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The force applied to the moving charged particle from the induced charge density

on the surface of the nanotube is therefore given by

- _qu)lnd( )|r:(p0,¢0,z0:vt) ) (323)

and the rate of energy loss can be calculated as

dW 00 (p, &, 2, t)

F/E A

(3.24)

r=(po,¢0,20=0t)
We then obtain

aw

20)? I (q.R
dt = Q Z / dq,zq,zKQ szo) L(q )

K1(g:R)
1 N [ 1
y Ny
&1+ ¢ R(e1 — e2)11(¢. R) K7 (¢ R) er(qz,w = q:v

This result generalizes that obtained by Arista and Fuentes [24] for a cylindrical

)] .(3.25)

cavity which corresponds to neglecting the response function y(q,,w) for the
electron gas on the surface of the cylinder. Equation (3.25) includes contributions
to the total energy loss from all possible linear momentum transfers ¢, along
the axis of the nanotube and all transitions (angular momentum transfers) L
within and between different subbands. However, only excitations of frequencies
w = q,v can contribute to the stopping power. The imaginary part of the Fourier
transform of the dielectric function €,(¢.,w) enters the energy loss formula. This
means that we can separate the contributions to Eq. (3.25) from plasmons and
particle-hole excitations in a similar way to that done by Horing, T'so and Gumbs

[38] in calculations of the stopping power of a 2D sheet of electron gas, if we

express
er(gzw) = €1,0(¢w) +icon(g:,w) , (3.26)
1 - z9
_ . 52,L<q 2“)) : (327)
er(qz,w) 51,L(QZaw) + E2,L(Qz>w)

where €1 1,(¢,,w) and €2 1,(¢.,w) are the real and imaginary parts respectively of

£r(q,,w). The imaginary part function in Eq. (3.25) is multiplied by a kinematical
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factor depending on the impact parameter, momentum transfer and velocity v
which can be adjusted experimentally. There is a contribution from the integrand

whenever either
(@) e2,0(q:,w = q:v) = Smar(q:, ¢.v) #0 or
(b) €1,0(gzyw =qv) =0 and €3 1(¢;,w = ¢.v) =0 .

When case (a) applies we have Landau damping and the particle-hole region
(see Fig. 2.1) contributes to the energy loss. In case (b) though, the dispersion
equation for plasmon excitations is satisfied on the surface of the cylinder and

the plasmons make a contribution. In this case we use Dirac’s identity

lim — = 78(z) (3.28)

e—0+ 12 + g2

and we find that Eq.(3.25) becomes

aw NS d(w—q.)
— = —2Q% / dq.q. K7 (qzpo)
dt plasmons L;m 0 |d€1’L(qz’w)/dw|w:WL(‘Iz) ’
IL(QZR) 1
p : (3.29)
K(q.R) &1+ q.R(e1 — e2)I1(q-R)K1.(¢- R)
where wy(q,) is the solution of 1(q,,w) = 0, i.e., it represents the plasmon

dispersion curves. In the case that the charged particle moves parallel to the axis
of the tubule at distance py with pg < R, the induced potential, charge density
and stopping power can be obtained in a similar way. The results are given in
Appendix D.

We have calculated the total rate of loss of energy from all subband transitions
at T = 0 K, as described by Eqgs.(3.25) and (D.3). We simulated a graphene
tubule by choosing, as we did in Sec. 2.1, &1 = €5 = 2.4, m* = 0.25m,, R =11 A
and Er = 0.6 eV. We included all the transitions with |L| < 10 in calculating
dW/dt. There are only five subbands occupied by electrons corresponding to

[ = 0,41, £2. Our results are presented in Figs. 3.1 and 3.2 as functions of v/vp,
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where the Fermi velocity vgp = 918.88 km/s. In Fig. 3.1(a), the charged particle
travels along the axis of the tubule (py = 0). Here, the plasmon contribution to
the rate of loss of energy is larger than that from single-particle excitations except
in the low-velocity limit. For fast moving particles, only plasmons play a role.
For both curves, dW/dt initially increase with v but then decreases after reaching
a maximum. Therefore the dominant contribution to the energy loss comes from
those excitations whose phase velocities lies close to where the maximum occurs.
We examined where this peak occurs for each term in the sum over L. Our
calculations show that for fixed py, the rate of loss of energy has a peak for
each value of L contributing to the sum in Eq.(3.25). When the charged particle
moves along the axis of the nanotube, only the L = 0 transitions contribute.
This is explained by the behavior of the Bessel function I1(q.po). However, when
the particle trajectory is not along the axis of the cylinder, terms with L # 0
contribute. The peak position is not the same for each value of L. This accounts
for the peaks in the total energy loss dW/dt and is elaborated on below for both
plasmon and particle-hole modes for a chosen pg. As a matter of fact, the lowest
subband transitions corresponding to L = 0, 1,2 mainly contribute to the total
stopping power when py # 0.

In Fig. 3.1(b), we chose py = 5 A so that the charged particle trajectory is
almost halfway between the axis and the surface of the cylinder. Comparing these
results with those in Fig. 3.1(a), the particle-hole mode contribution increases for
v < vp. In Fig. 3.2(a), we chose py = 10 A. For this case when the charged
particle trajectory is close to the surface of the cylinder, the energy loss due
to particle-hole excitations surpasses that from plasmons for all values of the
charged particle velocity, except when v =~ 1.8vr. Both the plasmon and single-
particle contributions are increased when the charged particle trajectory is closer

to the cylinder surface. In Fig. 3.2(b), it is shown that as py is increased with the
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Figure 3.1: The energy loss for plasmon (solid lines) and particle-hole modes
(dotted lines) as a function of the charged particle velocity parallel to the axis of
the cylinder when (a) py = 0 A and (b) po = 5 A. The energy loss is expressed in

units of e2kZvp.
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Figure 3.2: The energy loss for plasmon (solid lines) and particle-hole modes
(dotted lines) as a function of the charged particle velocity parallel to the axis of
the cylinder when (a) po = 10 A and (b) py = 15 A. The energy loss is expressed

in units of e2k%vp.
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particle trajectory outside the cylinder, the plasmon contribution to the energy
loss is larger than that of the single particle. Our calculations shown that when
the charged particle trajectory is at the same distance from the surface either
inside or outside the cylinder, there is a small difference in dW/dt. The small
difference is due to the asymmetry of the induced potential with respect to the
cylindrical surface.

In Fig. 3.3, we plot the contributions to the stopping power from the low-
est subbands L = 0, +1, +2 when the charged particle distance from the axis of
the cylinder is py = 15 A. Fig. 3.3(a) is the contribution from plasmon excita-
tions, whereas Fig. 3.3(b) shows the stopping power of particle-hole modes. In
Fig. 3.3(a), the L = 0 subband is larger than any intersubband transition pro-
ducing plasmons excitations. In fact, the contribution from plasmons excitations
decreases with increasing value of L. However, Fig. 3.3(b) shows that the |L| =1
and |L| = 2 subband contributions to the stopping power from particle-hole ex-
citations exceed that from the L = 0 subband. The contributions from higher
subbands decreases with increasing L. Each curve in Fig. 3.3 has a peak at a
value of velocity which shifts to the right as L is increased. Similar results were
obtained when the p, value was changed and the charged particle trajectory was
either inside or outside the nanotube.

The numerical results in Fig. 3.1 show that there is a sudden increase in
the stopping power of plasmon excitations for specific values of charged particle
velocity. The highest threshold value is at v = 1.55vgr regardless of the chosen
impact parameter pg. To explain these characteristics, we have plotted in Fig. 3.4
the three acoustic plasmon modes obtained by solving Eq.(2.12). These plasmons
have Landau damping when they enter the particle-hole mode regions which are
not shown in Fig. 3.4. This explains why each mode only exists over a range of

frequency and wave vector. Only when the plasmon frequency satisfies w = ¢.v
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Figure 3.3: The contributions to the stopping power for Fig. 3.2(b) from (a)

plasmon and (b) particle-hole excitations for subband transitions L. dW/dt is

expressed in the same unit as in Figs. 3.1 and 3.2.



43

4.0 T T T I,I T T T T T T L T T
3.0— —
o [ ]
LS L 4
Q20 0.95v,
1o /S 0 e —
. - v=0.55v, ]
bz | | i
0 8 0 0.5 1.0 1.5
/k
z F

Figure 3.4: The L = 0 plasmon excitation energies for a single wall nanotube of

R =11 A. The dashed lines are w = q.v, i.c., hw/Ep = 2(q./kr)(v/vp).

we find that there is a contribution to the energy loss. The slope of this straight
line increases with v, demonstrating that there is a range of values of charged
particle speed below which the stopping power is negligible. The small value
of dW/dt for v < vp comes from a narrow region when the excitation energy
satisfies hw/Er < 1. Our numerical calculations clearly show that there is a
threshold contribution coming from the plasmon modes whenever the straight
line w = q.v just touches the plasmon branches. That is, the plasmon modes
start contributing when the w = g¢,v straight line crosses the lowest plasmon
branch. The threshold for the lowest mode corresponds to a speed v = 0.55vp.
This mode gives a small peak in our energy loss plots at the particle velocity.
According to Fig. 3.4, the middle plasmon branch contributes when the speed of
the charged particle is v = 0.95vp. The contribution to the energy loss from this
mode is small as can be deduced from Fig. 3.4. Finally, when the charged particle
speed lies in the range 1.55vp < v < 5.00vg, the most energetic plasmon branch

contributes. When this branch starts to contribute, we have the high peak in our
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energy loss plots at the threshold speed v = 1.55vg. There is a single-particle
excitation region below the lowest acoustic plasmon branch which leads to energy

loss to these excitations at low charged particle velocity.

3.2 Energy transfer on concentric tubules

We now formulate a theory for the energy-transfer for a charged particle mov-
ing parallel to the axis of a multi-walled nanotube consisting of N > 1 coaxial
nanotubes. The tubules are of radius Ry, R, ..., Ry and their common axis lies
along the z-axis. The velocity of the moving charged particle is v = vZ and its
position vector is ro = (po, ¢o, 20 = vt).

The total electrostatic potential and the induced charge density at any space-

time point 1 = (ry,¢;) are given respectively by

V() = /d42 e1(1,2)U(2) (3.30)
p(1) =~ Vi [V - 2 o) (3.31)

where ¢, is the background dielectric constant and U(r,t) = Q/|r — ro(t)| is the
potential produced by the moving charged particle given by Eq. (3.8). We Fourier

transform Eq. (3.30) with respect to the z, ¢ and t variables and we obtain

dq, [ dw 1 A
V(1) = /dpzpzf © [ ign—wt) 2 N gilen
2 21

27TL

X Ezl(pbp%qZ7w)UL(p27QZ7w)‘ (332)

According to Eq. (3.8) we can write the potential U(2) as
*d 2z iqz(z2—v 1 - %
Ul(p2, 2, 22, t2) = %/ e e up(po, pa,q:) ,  (3.33)
e J—oo 2m 2
where u,(p1, p2, ¢.) had defined before in Eq. (2.21) and for convenience we choose
®o = 0. We therefore obtain from the last equation that

2w
ezQUL(Pm P2, qz)é(w - qzv) 9 (334)

UL(anszw) =
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and Eq. (3.32) becomes

2 1 ,
= 22 / pap2 / Uz gastrot) Ly it

27rL

x ur(po, p2, 4:)er (p1, p2, @z w = ¢:0) (3.35)

where the inverse dielectric function £ *(p1, p2, ¢-,w) for the concentric nanotubes
is given by Eq. (2.29). We can now find that if we substitute Eqs. (3.33) and
(3.35) into Eq. (3.31) the induced charge density p(1) at any space-time point is

given by

dred -0 27 om S

R e S A 3]
0 P2P2UL Loy P2, 4z q, p% o 8p1 pl@pl

4me? 5 (p1 —
X 621 (p17 P2,4z, W = q,zv> + - (plpl PO) } . (336)

X

The force and the energy loss that the moving charged particle experiences are

F=c[d1p(1)V,V (1) and dW/dt = F - v = F,v respectively. We find for the

z-component of this force
Oo {47@2 d(p1 — po)
L=—c

167r3e4 / pP1P1 =4 €p P1
2

_/ood ur( ) 2+m7_ii 9 7! w = q.v)
0 P2P2UL\Pos P2,4z2) |4 p% o1 Opy plapl L \P1,P2,4z, W = q;

X /0 d/)3p3UL(p0> P3, q,z)gzl(plv P3, =4z, W = _sz) . (337)

The g.-integral for the second term in curly bracket on the right hand side of
Eq. (3.37) vanishes because the integrand is an odd function of ¢.. This can
be proven if we use the following symmetry properties of the inverse dielectric

function

5ZI(P1;P2>Qz,w) = 5ZI(P17,02> _Qz7w) ) (338)
§R€ |:€Zl(p17PQJQZ7w):| = §R€ [5ZI<P17P27_Qz>W)} ) (339)

—Qm {521(01702,(1@@)} = Qm [€Zl(p1,p2,qz,—w)} : (3.40)
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Therefore Eq. (3.37) becomes

QQ o[ sl 00
Fz — T 5 o / d z2U4z / d ) sy Yz
dm2e2’ ) A4 L;OO A p3p3uL(po, P3,qz)

X 521(/01 = Po,P3,4z, W = _QZU) 5 (341)

or expressing 521(/)1, P2, -, w) in terms of its real and imaginary parts and using

Egs. (2.29), (3.38) we finally obtain

N
F=- 471'362 Z/ dg=q: > ur(po, Ry, q:-)ur(po, Ry, qz)
§d

j'=1

x Im [XJ,L(qz,w = q.0) AL} (e, w = g:v )} , (3.42)

and from this we have for the rate of loss of energy

dW
— dq.q- Ri.q. Ro.a.
dt 47T362€b LZ / 4= uL(PO R;, q.)ur(po, Ry, q.)

J,3'=1

x Sm [XJ;L(CJZ,W = qzv)ALJj/(qz,w = qzv)] ) (3.43)

The matrix elements Ay, (¢, w) are given by Eq. (2.27).
We want now to analyze the contribution to the energy loss formula Eq. (3.43)
of the two possible types of excitations that are possible in our model for the

electron gas. For this purpose we write

Crjj(qz,w)

ALJ] (q27 )7 det AL(qz,w> ) (344)

det Ar(qz,w) = A1, 1(¢s, w) + 142 1(¢s, w) , (3.45)

where A;1(¢:,w), Azrn(g.,w) represent the real and imaginary part of

det AL(g.,w) respectively. Equation (3.43) then can be written as

aw
dt - 47T3€2€2 Z Z / ur, pOa ]aQZ)UL(pO’R] 7Qz)

b j,j’=1 L=—00

1
I e ) .,
X {?RB [det AL((]z, )1 S [XJ,L(qzaw)CLJJ (qz7w)]

 Sm [1] Re [xj,L<qz,w>cL,jjl<qz,w)]} (3.46)

det AL(qza )

w=qzv
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We study the simplest case that N = 2, i.e., a system of two concentric nanotubes.
If Ay 1(g.,w) # 0 then we have according to Eq. (3.46) loss of the energy of the
particle due to particle-hole excitations. If Aj(q.,w) = 0 and A 1(q.,w) #
0 then there is no energy loss. In the case though that A, (¢.,w) = 0 and
A 1.(gz,w) = 0 we have energy loss due to the plasmons excitations. Using the
fact that Ay 1(g.,w) = 0 = Sm [x; (¢, w)] = 0 we rewrite Eq. (3.46) in this case

as

aw

dt 472 €2€b
plasmons 7

Z Z / dqquU’L p0>Rj7qZ)uL<p07R] aQZ)
j'=1 L=—o00
0 (w—wr(g:))

. ., _ 4
X ’dAl,L<q,za w)/dw\ %6 [X]»L<QZ7 w)CL,JJ (q27 w)] ‘W—QZU 7(3 7)

where wy,(q,) represents the plasmon excitations dispersion for fixed L, i.e., the

w=q,v

solutions of the equation det Ar(g.,w) = 0. For the case of study(N = 2) the
matrix C(q,,w) has the form

—X2.0(qz, w)ur(Ry, Ra,q.)

62,L(qZ7 w) (27'(')26
Cr(gsw) = (oo | , (3.48)
—X1,L\4z,W)Ur, Ry, Ry, q.
(27’(’)28 51,L(q,za w)
where € 1,(¢,, w) is the single nanotube dielectric function. The double sum Y- of

Eqgs. (3.46) and (3.47) can be split as > = > + > . The sum over the diag]gnal
terms (j = j') gives then the energy lo]:s beé;ilse f;fé]the interaction of the particle
with each tubule separately (there is no interaction between the 2 tubules). The
sum though over the non-diagonal terms (j # j') give the energy loss because
of the interaction of the particle with the two interacting tubules. We note that
the non-diagonal matrix elements of the matrix C7(q,,w) are proportional to
ur,(Ry, Ra, q.) describing the effect of the interaction between the two tubules. In
the case that this interaction is zero (or very small in comparison with interactions

ur(R;, Rj,q.) within a tubule) then the matrix C(q,,w) becomes diagonal and

only the sum Z survives, i.e., the particle “feels” two nanotubes that they do not
Jj=Jj'
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interact with each other. Because of their importance the numerical results for
the power loss in the case of concentric cylinders will be presented and discussed

in the next chapter.

3.3 Energy transfer on two parallel tubules

We consider two parallel nanotubes of radii R; and Ry with their axes being
parallel to the z-axis and separated by a distance a > R; + Ry. An electron
confined to the surface of the j-th nanotube (j = 1,2) is described by the single
particle wavefunctions and energy eigenvalues given by Egs. (2.36) and (2.37).
Using these eigenstates and working in a similar way as in Sec. 2.2 we find that the

inverse dielectric function for the two parallel tubules is given by the expression

_ 1
€ 1(P17P27Qzaw) - 6(p1 p2 - 72 Z ij qz,W

7 m,m/

X Kj,m(p% q,zv w) wjmm’(Qz, Rj> p17 CL) e—zm o ) (349)

where

Sy (@2 Ry p1,0) = [ s (00 R) Dt (02000 Dt (G = D 1)
Kj,m (P2> QZ7w) = /dp3qj;l <p3) \Ijjl’ (p3) 871 (p3 + (] - 1) aé:m P2, q,zaw) .

The quantities Kj,, (p2,¢.,w) can be found from the solution of the set of equa-

tions

2 [e%e) 262
Z Z lajj’émm’ + ?ij’,m’ (q,z; w) Umm’(QZ7 Rj7 Rj’a CL) Kj’,m’ (p27 qz, w)

ji'=1m/=

1 * . ~ . A~
= Valpe == Da&) W (pr = (j — 1 ace) . (3:50)
with U, given by

Im ((JJ_Rj)Jm’(QJ_Rj’)Jm’—m ((] - ]/) QJ_G) .
(3.51)

Umm (q,za R]a R]’a a / dQJ_ _|_ q2
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The dispersion equation for plasmon excitations can be found solving for the
poles of e71(p1, pa, ¢.,w), which are given by the condition det A(q.,w) = 0 where

A is the matrix with elements

2¢?
Ajmim (8, @) = 03 0mmt + =Xt (42 W) U (@2, By, By a) . (3.52)
The same dispersion equation for the plasma modes had been found in Eq. (2.49)
using a different way. According to Eq. (3.8) a particle of charge @) moving
parallel to the pair of nanotubes with a position vector rq = (po, 20 = vt), where
v is the speed of the particle, creates an electrostatic potential U(r,t) at any

space-time point (r,t) which is given by

d z 7, 22— 1 > m —
U(r,t)—Q ;T e 3 e (0o, :) (3.53)

where u,(po, p, q.) is given by Eq. (2.21). The total potential and the induced
charge density at any space-time point 1 are given by Egs. (3.31) and (3.32)
respectively and the force exerted on the moving charged particle because of
the induced charge density is F = e [d*3p(1)V1V(1). We look again at the z-
component of this force which causes frictional loss of the particle’s kinetic energy.

Our calculation gives for the power loss

AW
== / dqzzqzz > Xjm(@2 W) Fjnm(po, ¢z, w)

j=1nmm/’

. {Gm’m'(p07qza 26 Z Z X] s qz’_ )

=1 s,p

< Fyon(pos o —w)ijf,mm/,smz,a)} , (3.54)

where n, m, m’, s and p run over all integers, w = ¢.v and

F’j,n,m(pOa qz, W) = e_in¢0 /dp26in¢2un(p07 P2, qz)Kj,m(an qz, w) )
G (P0:10) = €™ [~ dg1q1 T (@1 B5) T ((G = 1) 1)

></ dp1p1 I (1 p1) U (P15 P05 €2)
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ij’,mm’,s(q,zaa) = /(; dQLqi _'_q2 Jm(qJ_Rj)Jm’—m ((] - 1)(]J_a)

X JS(QLR]‘)Jm’—I—s ((.7/ - 1)QLG) .

When we take the limit a — oo equation (3.54) reduces to the result given by
Eq. (3.25) for one nanotube. We assume for convenience that the two nanotubes
are identical, i.e., they have the same radius R and the electron gas on each tubule
has the same Er. We look at the simplest case that the angular momentum
transfer m = [ —[” of the plasmon excitations is 0. The energy loss formula given

by (3.54) in this case takes the form

dW
= 27T3 /dqzqz/ qu J(QLR)JO<QLPO)

></0 do Z Z Jo ((j — D)gra) e™ 5@y, . (pg, i (9), ¢.)

n=-—00j,j'=1

x Sm [Xo(qz,w = qzv)Agj}(qz,w = qzv)] . (3.55)

The matrix A;;/(q.,w) is given by Eq. (3.52) when we use m = m/ = 0, and the

functions pj (¢) and f;(¢) are given respectively by the expressions

pj (@) = arccos [RQ + (' — 1)%a® 4+ 2aR(j' — 1) cos qb} 2 :

fi(¢) = arcsin [i;@ﬂ :

The separation of the last factor in Eq. (3.55) into the real and imaginary parts

of the determinant of the matrix A;; again identifies the contributions to the
energy loss. We will discuss the numerical results coming from Eq. (3.55) in the

next chapter, because of their close connection to the plasma instability.
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Chapter 4

PLASMA INSTABILITIES

Following the extensive work on gaseous plasmas [46], there has been a consid-
erable amount of effort devoted to the instabilities created in solid-state plasmas
by the transfer of energy from a constant current to spontaneously generated
plasmon excitations in solid-state plasmas such as semiconductor heterostruc-
tures, like two-dimensional layers and superlattices [47]-[53], as well as parallel
quantum wire systems [54]. The interest has been stimulated by the potential
applications as an infrared laser source or solid state analogs of traveling-waves
amplifiers [50], [55]-[57]. The frequency of the emitted radiation has been esti-
mated in the terahertz range for high mobility AlGaAs/InGaAs heterostructures
[55]. In Refs.[48]-[52], direct current driven plasma instabilities were considered
when current flowed in either the same or neighboring layer as the plasma excita-
tions. Because of the energy transfer from the current to the plasma excitations,
there could be an amplification of the collective modes. In principle, this energy
could in turn be converted to electromagnetic radiation. For the 2D and superlat-
tice semiconductor heterostructures, there are estimates of the minimum carrier
drift velocity for the instability to occur. However, the challenge has been to

have the instability occur at drift velocities which are attainable experimentally.
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Since instabilities may arise when the drift velocity of the electrons lies within a
range which is determined by the phase velocity for the plasmon modes, we may

exploit the results of the two previous chapters to study them.

4.1 Drift velocity thresholds for plasma insta-
bilities on tubules

We consider the effect of applying a uniform electric field to a system of two
parallel nanotubes which have the same radius R; = Ry = R. For any given
wave vector ¢,, the modes become unstable by the transfer of energy from the
current to the plasma wave. This instability occurs if the drift velocity vp of
the electrons exceeds the phase velocity of a plasma wave branch of frequency
w, i.e., vp > w/q, [53, 56], but it may have an upper bound, as we show below.
We now calculate and study the plasmon excitation spectrum and phase velocity

by introducing a drift velocity vg’l),vg’Q)

parallel to the axis of the nanotube.
This leads to a Doppler shift in the susceptibility. If the current is driven in
the j-th nanotube, the dispersion relation in Eq. (2.55) is modified by replacing
w in xjo(g»w) by w — qzv(l’j) for subband [. At the threshold of instability,
Sm (w) = 0 and the modified dispersion equation provides the relation between
q. and the phase velocity vp for chosen values of the drift velocity. Because of the
summation over [ in Eq. (2.24) for arbitrary maximum value S; of |I| among the
subbands occupied by electrons in the j-th cylindrical nanotube, it is not possible
to obtain a general expression for the threshold boundary curve for the region
of current-driven instability. In this regard, let us consider the long wavelength

limit and approximate Re x; (g, w), taking account of a drift velocity vg’j ) for

each subband [ on the j-th nanotube. Each subband may have a different drift
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velocity. We have (generalizing the result of Appendix C)

2 S5
q; Ny

m 27, (W — q:vp”’)? — VG2

Re xjr=0(q:, w) = — , (4.1)

where n;; = 2kpy; /7 is the linear density for subband [ on the j-th nanotube.
Substituting this into the dispersion equation (2.55), we obtain (since Ry = Ry =
R)

i &) ]
~
- @uo(RRg.) Y TN
1=0,%1,-- (w — q.Vp — Vpndz
| ’71(2) _
X |1— quo(R, R, q.) 02)
i 1=0,41,- (w — q,vp ) - U%lzqg_

N
- Vi Y
1=0,41, (W — szgl)) - U%qu
(2)

Y
" -0 4.2
3 Z _ G2\ 2 9 ’ ( )
1=0,%1, (w q:Vp ) VEi24;

where uo(R, R,q.) = 4me’ly(q¢.R)Ko(q.R), V = 4me*I2(q.R)Ko(q.a), and

%(j) = nyj/2mm*e,. In this notation vp;; = hkp,/m* is the Fermi velocity of

the [-th subband of the j-th nanotube. If only the [ = 0 subband is occupied so
that just one term contributes to each sum in Eq. (4.2) and we denote the drift
velocity for the [ = 0 subband on a nanotube by v(l 04) — vg), we obtain the

following equation determining w,

2
(9% = ¢27%) " — (2 = ¢.0p)* (Vs + 767 u0) 2 — (2 + ¢:p)* (Vi + 76 u0) g

+ [(vF + 76" u0) (vhe +767w0) =757 V2] gt = 0., (4.3)

where ) = w —Qz(vg) —i—v(DQ))/Q, Up = (vg) —U(DZ))/2 and vp; = vVpi—o ;. In general,

this is a quartic equation which may have real or complex solutions depending on
the values chosen for the relevant variables. If the term linear in €2 is sufficiently

small to be neglected, we a have a biquadratic equation

Q — (A +20%)*0? + (7}, — A5 + B)gt =0, (4.4)



54
where

A = 02 + 1 ue + vy + 1 o

2 1) _(2)772
B = [Ufm + VSI)UO] [U%Q + ’Y(() )UO} - ’76 )7(() )Vo,o g (4.5)

with Vo given by Eq. (2.53). We note that since ¢;R < 1,we have that

uo(R, R, q,) > 0 and therefore A > 0. The solutions are

2 1/2
02 — % {(A +27%) + {(A + 2@%)2 — 4 (v}, — A% + B)] } . (46)
Instability of the plasmons occur when Q3 < 0. The solutions Q3 are both real
and in addition Q% can not be negative. Therefore we demand that Q2 < 0 which

in turn gives that v}, — Av%, + B < 0. From this we find that w_ < ¢,0p < w;

where

1
5 (vh1 726 w0 + vy + 75 u0) 2

wi
+ 5 { [(U%l + V(gl)w)) — (U%Q + 7(()2)110)} + 4781)7(2)‘/070} @, (4.7)

correspond to acoustic and optical plasmon mode frequencies which are solutions
of Eq. (4.4) when US) = @g) = 0. In this case Q2_ can be written as Q_ = i|Q)_|
and the time evolution of this mode is proportional to e **-t = el%-It which
shows that this collective mode is unstable and grows exponentially (for as long
as the linear response theory used is valid) . Equation (4.7) agrees with Eq. (2.57)
when v}, < 'yéj Juo and we assume that the linear density is the same for each
nanotube. These analytic results are valid only for the modes above the particle-
hole region, therefore they are not Landau damped, and when the instability
leads to a decay of the plasmon modes with time. Also, the analytic results for
the regions of instability are only valid in the long wavelength limit where the

plasmon frequencies are not affected by a drift current. An analytic expression

for the stability of the plasmon modes may be obtained for arbitrary density after



25

some tedious algebra but Eq. (4.4) is sufficient to demonstrate that the plasmon
modes can become unstable for two parallel cylindrical nanotubes when there is
a relative drift of the carriers in the coupled system. Furthermore, for the special
case when the two parallel nanotubes are identical with vp; = vpy and 'y(()l) = 62),
Eq. (4.3) reduces to a quadratic in 2% and the region of current-driven instability
can again be established [54] for this case of a pair of coupled nanotubes when only
the lowest subband (I = 0) is occupied. If more than one subband is occupied,
then we must include terms in the sum in Eq. (4.2) in addition to the [ = 0
term. Clearly, in this case, we may determine a relation for plasmon instability
even for one nanotube since the inter-tubule coupling is not needed to obtain
multiple branches. If the [ = 0, &1 subbands are occupied for a single nanotube,

a straightforward calculation shows that the plasmon excitations have frequency

determined by

2
(22 - ¢20%)" — (Q — ¢:7p)*(vhy + 2v1t0) @2 — (2 + ¢:Tp)*(VFo + Yot

+ [0hgvhy + to(vE + 20%)| ¢t =0, (4.8)
where now Q = w — qz(vg:‘)’j:” + vg:Lj:l))/Q, Up = (vg:w:l) — vg:”:”)/z

Vpp = Upyj=1 is the Fermi velocity for the I-th subband and the superscript on
has been omitted for convenience. Again, these analytic results are restricted to
the long wavelength limit. However, they imply that there is an instability when
the average drift velocity exceeds the phase velocity of the lower of the split plas-
mon branches above the particle-hole mode region but is bounded above by the
phase velocity of the highest plasmon branch. If, in general, the plasmon modes
become unstable when the average drift velocity is bounded by the plasmon phase
velocity for split plasmon branches, there will be several regions of instability in
the pockets of the particle-hole mode region. In Fig. 2.6, we presented the results
for the ground (m = 0) subband plasmon excitations of two parallel identical

nanotubes of radius Ry = 11 A separated by a distance a = 25 A when there
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Figure 4.1: The phase velocity v, of the plasmons shown in Fig. 2.6 as a function

of g, for the case of zero electric field, i.e., when vg) = S) = 0.

is no electric field applied (vg) = vg) = 0). In Fig. 4.1 we present the phase
velocity corresponding to these plasmons.

In Fig. 4.2(a) we present results showing how the plasmon excitation frequen-
cies of the same nanotubes are modified by a finite value of the drift velocity.
We chose vg) = 0.8vr and vg) = 0. Comparing Figs. 2.6 and 4.2(a) we observe
that the finite drift velocity does not noticeably affect the optical and acoustic
branches when ¢, < kr but it does modify the lower modes in this limit. The
boundaries of the particle-hole modes are shifted when there is a drift velocity
present. The replacement w — w—q,vp in the dispersion formula leads to a mod-
ification of the particle-hole mode boundaries. The resulting undamped plasmons
obtained from our numerical calculations which lie outside these new boundaries
were plotted. In Fig. 4.2(b) we plotted the phase velocity of the plasmon spec-
trum of Fig. 4.2(a). the least energetic plasmons have a phase velocity which is

less than the Fermi velocity. However the oscillator strengths of these modes are

not as large as the high frequency plasmons. Some of the features of the plasmon
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Figure 4.2: (a) The plasmon excitation energy in the ground (m = 0) subband

for a pair of identical parallel nanotubes with a separation a = 25 A when vg) =

0.8vp and v =0 . (b) The phase velocity of the plasmons shown in (a).
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spectrum may be verified using the standard electron energy loss technique.

4.2 Plasma instabilities on parallel and concen-
tric tubules

In this section, we present numerical results for the energy transfer and plasmon
excitation spectra for a double-wall nanotube and for a pair of single-wall nan-
otubes whose axes are parallel. The calculations are based on the formulas we
derived before in Secs. 3.2 and 3.3. Our results are presented in Figs. 4.3-4.9.
In Figs. 4.3-4.4, we plot the plasmon contributions to dW/dt for various impact
parameters for chosen R; and Ry of a double-wall nanotube. Figure 4.5 shows
the single-particle excitation contribution for the same pair of tubules in Fig. 4.3.
There are six plasmon branches, with the highest branch at resonance with the
impinging charged particle velocity when its phase velocity is v = 1.63vp, the sec-
ond highest branch when v = 1.25vr and subsequent branches as indicated on the
plasmon dispersion relation in Fig. 4.6. In this figure, only the plasmon branches
which are not Landau damped by the single-particle excitations are given. The
abrupt termination of the plasmon modes in Fig. 4.6 arises when the plasmon
branches enter the single-particle excitation regions. There are three plasmon
branches for each uncoupled tubule, i.e., when the Coulomb interaction between
the tubules is neglected. This is the reason why there are six plasmon branches
in Fig. 4.6. All of the branches in Fig. 4.6 either have a corresponding peak or
dip in Figs. 4.3(a)-(c), but some are too weak to be observed on this scale. Only
the second highest branch has a “dip” in the energy transfer spectrum. We were
able to identify the peaks and dips in the energy transfer spectrum by drawing
the straight lines w = vq, which determine the energy loss contributions. When

the slope of the straight line is increased and this line first touches a plasmon
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i b

Figure 4.3: The rate of energy transfer when L = 0 due to plasmons as a function
of the charged particle velocity parallel to the axis of the double-wall nanotube.
The energy transfer is expressed in units of e2k%vp and the velocity in units of vp.
In this notation, kr = v/2m*Er/h and vp = hikp/m*. The radii of the nanotubes
are Ry =11 A, Ry = 15 A. The values of the impact parameters p, are (a) 0 A,
(b) 10 A. We chose g, = 2.4, the electron effective mass m* = 0.25m, where m,

is the bare electron mass.
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Figure 4.3: (c) The same as before but for impact parameter 17 A.
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Figure 4.4: The rate of energy transfer when L = 1 due to plasmons as a function
of the charged particle velocity parallel to the axis of the double-wall nanotube

when py = 15 A.



61

0.08 T T I T I T T T

0.02

0.00

Figure 4.5: The rate of loss of energy from single-particle excitations within the
L = 0 subband for a pair of coaxial tubules of radius Ry = 11 Aand Ry =15 A.
All other material parameters for the background dielectric and electron effective
mass are the same as in Fig. 4.3. The values for the impact parameter p, are

indicated on the plots.

branch, the slope of this straight line corresponds to the resonance velocity in
dW/dt. Furthermore, as the gradient of this straight line increases further, there
is a range of values of particle velocity when the line sweeps through a plasmon
branch. The height of the peak or depth of the dip depends on the impact pa-
rameter but its location on the velocity axis is independent of py. In Fig. 4.4 we
plotted the energy loss to plasmons of |L| = 1 when py = 10 A. We see that this
has the same form as in the case of one tubule (see Fig. 3.3(b)), and it does not
have any instability dip. In contrast to the results in Fig. 4.3, Fig. 4.5 shows that
irrespective of the impact parameter, the energy loss spectrum for single-particle
excitations is always positive. The single-particle continuum corresponds to the
peak positions which are also unchanged as the impact parameter is varied. How-

ever, the heights of the peaks depend on py. We further investigate the resonance



62

Figure 4.6: The L = 0 plasmon dispersion for the pair of coaxial nanotubes in
Fig. 4.3. The straight lines w = vq, show when the plasmon branch contributes

to dW/dt.

structure of Fig. 4.3. Except for the two most energetic plasmons, the branches
of plasmon excitations lie within the gaps between single-particle excitations. In
the long wavelength limit, the frequency of the second highest mode depends
linearly on the wave number ¢, (see Eq. (2.35)). On the other hand, instead of
having a constant phase velocity, the highest mode has a phase velocity which
exhibits a logarithmic dependence on wave number as we proved. Although some
of the lower frequency modes have an almost constant phase velocity for small
¢, the second most energetic mode has the widest range over which the charged
particle velocity could exactly coincide with its phase velocity. The dip occurs
when the charged particle velocity lies in the range 1.00vp to 1.50vp which is
shown in Fig. 4.6. Consequently, we must be investigate the plasmon excitations
whose frequencies lie in the region bounded by straight lines having slopes equal
to these two velocities. The first step we have taken in this direction was to redo

the calculation for dW/dt by excluding the contributions from the two plasmon



63

0.0 I | l | ! | I | ! [ el
0.00 0.05 0.10 0.15 0.20 0.25 0.30

qz/kF

Figure 4.7: The real (solid line) and imaginary (dotted line) parts of the plasmon

branch with the higher frequency in the instability region in Fig. 4.6.

branches determining this region. The resulting plot showed that there was no
dip. This indicates that these branches are responsible for the observed feature.
The peaks in Figs. 4.3(a)-(c) are like those we obtained for a single-wall nan-
otube in Figs. 3.1 and 3.2. Therefore, the physical meaning of the dip is that the
plasmon branches with phase velocity in this region decay after being excited,
not because they are Landau damped but by some other mechanism. Thus, the
second step in our investigation was to solve the dispersion equation for complex
plasmon frequencies. We obtained solutions for the frequencies whose real part
lies in the bounded region 1.00vgq, to 1.50vpq,. However, there were no such
solutions outside this region. This means that the dip corresponds to a region
of instability for excitations within the system and which does not include the
particle-hole continuum. In Fig. 4.7, we plot the real and imaginary parts of the
plasmon branch with the higher frequency in the instability region in Fig. 4.6.
These results were obtained when we solved the dispersion equation in the com-

plex frequency plane. The real part of the plasmon frequency in Fig. 4.7 differs
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slightly from the second highest branch in Fig. 4.6. Also, the imaginary part of
this frequency is much smaller than its real part. The imaginary part increases
monotonically with wave vector before rapidly decreasing around ¢, ~ 0.075 kp.
There is an increase in the imaginary part near g, ~ 0.25 kp. The inverse of
the imaginary part of this complex frequency yields the lifetime of the collective
excitation. Thus, it is only for some ranges of wave vector where the lifetime of
the plasmon excitation is “finite”. As we mentioned in Sec. 4.1 a positive com-
plex part in the plasmon frequency is responsible for the exponential growth of
the mode and the creation of instability. In Fig. 4.8, we plot the L = 0 plasmon
contribution to the rate of transfer of energy for a pair of parallel single-wall
nanotubes each of radius 11 A and separation @ = 25 A. We chose the impact
parameter as pg = 0. There are two dips in Fig. 4.8. These again correspond to
plasmon excitations which become unstable after being excited by the charged
particle. In Fig. 4.9, we present the plasmon excitation spectrum for the pair of
parallel nanotubes used in Fig. 4.8 (the values of €,,R,Er and m* are the same
as before). The tangent lines to the plasmon branches in Fig. 4.9 indicate the
velocities where the energy loss spectrum has a dip or a peak. The path of the
charged particle was chosen along the axis of one of the two nanotubes and the
separation a = 25 A. We can explain the dips and peaks of this figure in the same
way as in the case of concentric nanotubes.

We found in Sec. 3.1 that for a charged particle moving parallel to one tubule,
the only direction for which the energy can be transferred is along the z-axis.
When there are though two tubules (concentric or parallel) the charged particle
excites plasmons on one of them and then the energy can be transferred to the
plasmon excitations in the other through electrostatic coupling. As a result of
this the charged particle can gain energy, as we show in the present section. This

gives rise to an increase of its energy (the dip in the energy loss spectrum).
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Figure 4.8: The plasmon contributions to the rate of energy transfer (in units of
e?k%vr) for subband transitions with L = 0 for two parallel nanotubes each of

radius R = 11 A with separation @ = 25 A between them.

Figure 4.9: The L = 0 plasmon dispersion for the pair of parallel nanotubes of
Fig. 4.8. The straight lines w = vq, show when the plasmon branch contributes

to dW/dt.
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Chapter 5

THE IMAGE POTENTIAL

In recent years, there have been several papers [43, 68] investigating the image
potential due to a point source in relation to nanotubes, following the work of
Granger, et al [58]. In that paper, it was shown that if a single-wall carbon
nanotube is assumed to be a solid metallic rod [69] surrounded by vacuum, then
image potential states can be supported outside the nanotube [58] depending on
the value of the angular momentum of the orbiting charged particle. We con-
firm this result for the case of a hollow nanotube, embedded in a medium with
background dielectric constant €5, on which an electron gas is confined. We in-
clude polarization effects due to the dynamic perturbation of the electrons on the
surface of the tubule. The total effective potential is obtained by combining the
image potential and the centrifugal interaction. The bound states we discuss are
located several nanometers away from either inner or outer tubule. Consequently,
the detailed behavior of the image potential at the surface of the cylinder should
not affect our conclusions. We extend our calculations as well as those in [58]
to show that for a double-wall nanotube the outer surface can increase the con-
finement of the charged particle. Furthermore, we also demonstrate that if there

is a bound state for a chosen value of the angular momentum for a single-wall
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nanotube , it may not exist when the second tubule is introduced.

5.1 Image potential for a single-wall nanotube

Consider a stationary external point charge located outside the single wall nan-
otube of Sec. 2.1 at rg = (po, ¢, 0). The external charged particle polarizes the
surface charge and becomes attracted to its “image charge” residing on the other
side of the surface. This gives rise to a spatially extended state. The induced
potential outside the nanotube for this case is given by Eq. (3.21), where we
use ¢g = 0 for convenience, with v = 0. The electrostatic potential energy of
the interaction of the charged particle with the induced surface charge, or image

potential, for pg > R is defined by

2 00 )
Unn(po) = 5%l 00,0 =~ 3= [~ daR3aup0)1(0.R)

_27T€2 I——o0
" 1 ar(q,,w = 0) I} (¢.R)
DL(QZaw = 0)

+q.R(e1 — €2) ,(5.1)

Ki(¢:R) 1+ ar(q.,w =0)
where ar(g.,w) and Dy (q,,w) are given by Egs. (3.20) and (3.18) respectively.

For pg < R using Eq. (D.1) of Appendix D the image potential is given by

2

U(po) = —55— 3 [ dal}(a.p0)Ki(a-R)
L=—00’ ™
1 ar(¢sw = 0) K’ (¢.R)
X Y R(er — e9) BT | 59
lIL(QZR) I+ aL(Qzaw = 0) 1 (81 62)DL(qZ,w = 0) ( )

and Uiy, (po) — —00 as pg — R either from above or from below. In Ref. [58],
the model used was a solid metallic cylinder. This corresponds to setting ¢ = oo
in Eq. (5.1) in which case we obtain the expression for Ui,(po) used in Ref.
[58]. The image potential in Ref. [58] can also be obtained in the limit when
a;, — 00, but with finite background dielectric constant. In this limit, only the
first term contributes. The same term is the only contribution to Eq. (5.1) in

the model that we use when 1 = g9 = &,. We would like to determine whether
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the polarization of the electron gas gives rise to bound states as described in
Ref. [58]. For this reason we calculated the effective potential consisting of the
negative image potential and the centrifugal potential, i.e.,

P 1)

4

‘/:Eff(p0> - Uim(pO) + 2Mpg )

(5.3)

where M is the mass of the charged particle in an orbital state with angular
momentum quantum number ly. We calculated Vog(po) in Eq. (5.3) for a range
of values of the ratio of the potential energy Q?/4meoR to the kinetic energy
h?/2M R? which can be written as A\ = 2R/a} in terms of an effective Bohr
radius a¥ = h?/Me?. Our calculation showed that for chosen ly, the A\ must be
sufficiently large for Vig(po) to have a potential minimum. In Fig. 5.1 we plot
Vet (po) as a function of py for a hollow cylindrical nanotube with the same radius
and background dielectric constant as before (R = 11 A, &, = 2.4). We chose the
angular momentum quantum number with 4 < [y < 8 and the charged particle
mass M = m,. In our calculations for py < 120 nm, we could not find that Vg (po)
has a minimum when ry > R for [y > 12. The effective potential is negative as
ro — R either from inside or outside the cylinder. Our calculations show that the
main difference in Vog(po > R) between the results for a perfectly conducting solid
metal rod and the hollow cylinder arises when pg =~ R. The potential minima
show that the effective potential for a hollow cylindrical nanotube embedded in
a dielectric medium supports image states which are bound to the surface of the
cylinder for py > R and the bound states with larger [y have weaker binding
energies. We have also calculated Uiy,(py) from Eq. (5.2) for pp < R. The
image potential is always negative and decreases as py increases from py = 0
with Uy, — —oo as pp — R~. For [y = 0, the centrifugal term is negative
definite, yielding a local maximum in Vg at pg < R. For [y > 0, the centrifugal
term is positive and does not yield a minimum in Veg(pg) for py < R for any .

Consequently, all bound states for the nanotube occur for py > R only.
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Recently, Hofer et al. [70] applied two-photon photoemission techniques to
populate the coherent wave packets of image states close to a Cu(100) surface.
The states observed in these experiments had [y ~ 7 and binding energies of
15-40 meV. These surface states collapsed onto the Cu surface with lifetimes of a
few picoseconds. The states with larger [y have longer lifetimes [71]. Making use
of the model described in the present dissertation, we can investigate how the
band structure affects the image potential of semiconducting and semimetallic
nanotubes. Consequently, we can obtain the lifetimes of the surface states of

these two types of nanotubes and which has longer lifetimes.

0 20 40 60 80 100 120
p,(nm)

Figure 5.1: The effective potential for a charged particle with angular momentum

quantum number 4 < [; < 8.

5.2 Image potential for a double-wall nanotube

We now consider two co-axial cylinders of radii R; and R, whose axes are along
the z-axis (Fig. 5.2). The background dielectric constant is €1 for 0 < p < Ry, &9

for Ry < p < Ry, and €3 for p > Ry. An electron gas is confined to the surface
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Figure 5.2: Schematic of coaxial cylindrical nanotubes and an orbiting point
charge between the two surfaces. The inner cylinder has radius R; and the outer

cylinder has radius R,.

of each nanotube. If a charge @ is located at (po, o, 20), then for py > Ry, the
electrostatic potential is given by
_Q s LiLe-o0) [ g, pits(e—20)
(I)(p7¢>’z) - Z € B dQZe (I)L(p, q,z> ’ (54)

T L=—0c0

where the Fourier coefficients are given by

cM1L(q.p) | 0<p<R,
Or(p,q.) = O I (a.p) + OB Ki(g.p) Ri<p<Ry , (55)
1
glL(qu<)KL(qu>) + OV KL (gzp) p > Ry

with p. (ps) denoting the smaller (greater) of the radial coordinates p and py.
In addition, 01(1)7 ng), C’g), C’g(,l) are determined through the continuity of the po-
tential as well as the discontinuity of the displacement vector across each cylinder
surface due to the induced charge density.

The wave functions for electrons confined on the surfaces of the two tubules are
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given by Eq. (2.18) with j = 1,2 and v = {k.,(}. Using them in Egs. (2.8), (2.9)
and Fourier expanding the induced charge density as (in our case since we deal

with a static charge we have that w = 0)

i d 2 iq.z
polr,w) = Yo et [ TEcnzny (p,q. ) (5.6)
L

we find (since pe(r,w) = o(r,w)d(r — R)) that the induced surface charge density

on the j-th tubule is given by

2e2Q)
7 X5,L(qz, w)®r(p = Rj, ¢, w) (5.7)

O'L(/) = Rj?QZuw) = -

where 1, (p = R;,q.,w) = ®(p = Rj,q.)6(w — q.v). The coefficients C’{l),C’Q(}),
C%), C’él) are determined through the continuity of the electrostatic potential as
well as the discontinuity of the displacement vector across the surface of each

cylinder due to the induced charge density. We have

®(Ll)(p: Rlanaw) = q)(Lz)(p = RlﬂQZ7w) 5

(I)(l?)(p - R27QZ7W) - CI)(L?))(p = Rg,qz,w) ,

8(1)(1) 8@(2)
€1 L _ €9 L

=4nop(p = Ry, q.,w),
p=R1

=dror(p = Ra, ¢.,w), (5.8)

p=R2

with or(p, ¢.,w) given by Eq. (5.7). The resulting set of linear simultaneous

equations determining the coefficients are

oY I1(q-R2) KL(q-p0)/e3

- sy 0

D (¢,w =0) = , (5.9)
02(;) I/L(QZRQ)KL(Q,ZPO)

oy 0
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where the coefficient matrix f) is given by

0 IL(QZRZ) KL(q,zR2) _KL(QZRZ)
PEN _IL(QzR1> IL(qul) KL(q,le) 0
D (szw) - , )
0 Ds5(q,,w) Ds3(q.,w)  —e3K7(q.Rs)
Dy (q:,w) —el(¢zR1) —e2K7(q:Ry) 0
(5.10)
and wherein the matrix elements are defined by
2¢? ,
D32(C]z,w) = ﬁ]L(quz)XQ,L(Qz,w) +82]L(QZRQ) )
z112
2¢? ,
D33(QZ,W) = p RQKL(Qsz)Xz,L(qZ,W) +52KL(QzR2) )
2¢? ,
Dyi(gz,w) = ﬁIL(Qle)Xl,L(QZ7W) + el (q.Ry) - (5.11)
z4l]

The zeros of the determinant of the matrix D (q,w) correspond to normal mode
frequencies of the plasma excitations on the surfaces of the two coupled cylinders.

The determinant of the matrix D (¢,w) may be written in the form

(172

det D (gz,w) = e (g, w) €2 (s, ) + €82 (g2, w) | (5.12)

where

eW(q.,w) = eaI (R K} (q-Ry) — e1K (g R1) I}, (¢ Ry)

62

— — I (. R K1 (g, R W), 5.13
Yreot- Ry L(q 1) L(q 1)X1,L(q W) ( )
e(qeyw) = €K 1(q. Ro) T} (¢:Ro) — €511(q. Ro) K (¢ Ro)
2
e
5 1(q¢.R2) Ki(q. R 5 W) 5.14
+ Ireod. Ry (2 R2) K1(¢:R2)x2,0.(¢z,w) ( )
(1,2) e? 2
L, (Qz’w) = WIL(QRI)KL(QRZ)XQ,L(QmW)
2
X I (q:R1)x1,0(qz,w) + (61 — €2) 17 (g Ry)
_27T€0(]R1

+ (62 - 63)KL(QZRQ)]L(Qle)Ki(quQ)
_ o2 |
X _m[L<QzR1>X1,L(QZ7W) + (61 - €2>IL(qu1)] . (515)
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Here, 5(Lj)(qz,w) = 0 is the dispersion equation for plasma excitations on the

tubule of radius R; (7 = 1,2). The coupling between these plasma excitations is
taken into account through the term 89’2)(%, w).

To calculate the induced potential outside the two cylinders, we obtain C’él)
from Eq. (5.9) and then we substitute this expression into the third row on
the right-hand side of Eq. (5.5). When the point charge ) is between the two
cylinders, i.e., Ry < pg < Rs, the electrostatic potential is given by Eq. (5.4) but

with &7 now re-expressed as

C{Q)IL((],ZIO) ) 0< p < R
Ir(q, Ki(q,
Buprg.) = | ELIBLEL) 4 o1 0.0) + CYRolap) . Ri<p< Ry
CP KL (q.p) p> Ry
(5.16)
where
o
~ csy)
D (q27w) (2)
022
c?
—11.(q:p0)K1(q:R2) /22
_]L(Qle)KL(QzPO)/52
—1I1,(q.p0) K7 (q.R2) — . R2[L(QZPO)KL(QzR2)XL (qz,w)
K7 (q:p0)1(q-Ry)

with the coefficient matrix D still given by Eq. (5.10). We then obtain the po-
tential between the two cylinders by solving Eq. (5.17) for C’é? and (12(3) and then
substituting the results into the second line on the right-hand side of Eq. (5.16).
The image potential is obtained by setting p = py in Eq. (5.4) and exploiting
the results in Eqgs. (5.5) through (5.17). The effective potential is the sum of the
image potential and the centrifugal term and is given by (see also the papers by

Wendler and Grigoryan [72, 73] for additional explanations of the image potential
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in cylindrical geometries) Eq. (5.3). In Figs. 5.3(a)-5.3(c) , we calculated Vg (po)
as a function of py and chose [y = 2,4,5,6. We chose for the background dielectric
constant £ = g9 = £3 = &, and we used for g,, m* and Er the same values as
before. The orbiting particle effective mass is M = m.

The plots demonstrate the influence on the effective potential and hence the
bound state due to the presence of the outer cylinder. We only present numerical
results for Vig(po) between the two cylinders, i.e., for Ry < pg < Rs. Our reason
for concentrating on this region is that the bound state has been demonstrated to
exist outside the surface of a cylinder in previous works [58] and in the last section
where we studied the case of a single-walled nanotube. In Figs. 5.3(a)-5.3(c), the
bound states for Vigz(pg) depend on the separation between the two cylinders as
well as the value of the orbital quantum number [y. Specifically, for fixed inner
cylinder radius Ry = 11 A, we have bound state for {; = 4 when Ry = 880 A and
Ry = 1100 A but there are no bound states when Ry = 440 A. Thus the image
potential due to the two cylinders on the charged single particle may be too large
for the centrifugal term to produce a bound state in the effective potential. For
the other values of |y shown in Figs. 5.3(a)-5.3(c), there are no bound states for
Ry < po < Ry. Furthermore, the potential minimum in Fig. 5.3(b) is lower than
that in Fig. 5.3(c). Therefore, by suitably adjusting Ry and Ry, one can vary the

lifetime of the orbiting charged particle between the two cylinders.
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pynm)

Figure 5.3: The effective potential between the cylinders for a charged particle
with angular momentum quantum number [y when the radius of the outer cylinder

is (a) Ry =44 nm, (b) Ry = 88 nm.
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Figure 5.3: (c) The same as in the last figure but for Ry = 1100 nm.
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Chapter 6

CONCLUDING REMARKS

In summary, we presented a formalism for calculating the energy transfer from
charged particles to cylindrical nanotubes. Experimentalists have used EELS
over the years to investigate the spectroscopic properties of condensed matter
surfaces. This tool has been complimentary to light scattering techniques which
requires the calculation of the absorption coefficient in a theoretical investigation.
The method we used in our calculations was suitable for examining both the
particle-hole and plasmon excitations for single, coaxial and parallel tubules.
The contributions of these modes to the energy transfer depend on the impact
parameter of the charged particle. This means that one can adjust the way in
which these two types of modes play a role in the energy loss of charged particles.

Plasmon instabilities for a pair of electrostatically coupled tubules arise when
the drift velocity of a charged particle lies within a range which is determined
by the phase velocity for the plasmon modes. These results show that since the
instability occurs over a range of frequencies in the terahertz regime, potential
applications may be to detectors. Furthermore, due to the durability of carbon
nanotubes, these devices may be of use in space or in electronics in satellites.

In general, plasmon phenomenology may be of practical importance in sensors
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and detectors based on the use of radiative plasmon decay in tunable solid state
sources of far-infrared electromagnetic radiation (terahertz oscillator). Current-
driven infrared emission from layered semiconductors, due to thermal plasmon
generation or Smith-Purcell effect, have already been detected [74]-[76]. Tera-
hertz optics is an emerging field with promising applications including material
characterization, tomographic imaging, as well as chemical and biological sensing
(77, 78].

The model we used to describe the energy bands was simplified so that we
could do some tractable analytical calculations. However, the results we have
obtained are expected to be consistent with more realistic models. For example,
our results for the image potential for one tubule reduce to those by Granger, et
al [58].

Future work on extending the above calculations could focus on obtaining
the modification to our model by the use of non-equilibrium electron distribution
functions. These would be obtained from Boltzmann’s equation. Also, the use of
a tight-binding model instead of a a free-electron model would be another step in
generalizing our formalism. In this dissertation, we did not investigate magnetic
field effects. Some preliminary results have been reported by Gumbs, Shew and
Balassis [79]. However, further calculations need to be carried out when the

magnetic field is applied perpendicular to the axis of the nanotube.
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Appendix A

Linear response theory

We consider a Hamiltonian of the form H = Hy+ Hy(r,t), where Holv >= ¢,|v >
describes the unperturbed system (in our study the non-interacting electron gas)
and I:Il(r, t) is a perturbation. The density matrix operator ¢ = e=PH depends
on time and therefore the average value of any observable A depends on time too

through the equation

~

< A(t) >=Tr[a(t)A] (A.1)

where we assumed that 7' [p(t)] = 1.
The time evolution of the density matrix operator is given by the von Neumann

equation which in Schrodinger picture is

z’hgf = [H, 5| = [Ho, 0] + [H1, 0. (A.2)

We express ¢ for small perturbations as 0 = g9 + 01 where gy is the equilibrium
density operator and ¢, is the perturbation. Equation (A.2) then becomes to
lowest order

001

ih—s - = [Ho,01] + [Hi 0] (A.3)
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where we used i1 (00 /0t) = [Iflo, 0o] and we neglected the higher order correction

[H1, 5] Using the {|v >} basis we can express Eq.(A.3) in matrix form as
ih < y| \V >=<y| [HO,QJ V' >+ <y {Hl,go} = (A.4)

It holds go|v >= 2fy(€,)|v >, where fy(€,) is the equilibrium Fermi-Dirac distri-

bution function, and the last equation becomes
ih < V| |V >=(e,—ey) < v|o|V > +2[folen) — fole,)] < v|Hy| >, (A.5)

or after we Fourier transform with respect to time

Jolew) — fol(ev)

e < VL) > (A.6)

<v|o(r,w)|V >=2

The particle density n(r,w) at point r is given by the mean value of the operator
a(r) = Pf(r)d(r)

(e, @) =< i(r) >= T [o)d! (1)90)] (A7)
and the particle density perturbation (or induced particle density) p(r,w) is given
by

p(r,w) = Tr [o1(r, )P (1) (r)] - (A.8)

We use the unperturbed states |v > to calculate the trace

=Y < va)l >< V1 i)y >

vV’

=Y <va W)V > ¢ (). (r) (A.9)

v,

or using Eq.(A.6) along with the completeness [ dr'|r’ >< 1’|
o(r,w) = / dr'xo(r, ', w) H (¥, w) . (A.10)

In this notation

ol ) =23 A M e
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is the RPA, or Lindhard, polarization function. For the induced particle density
of an interacting electron gas, we have in linear response theory an equation
similar to (A.10)

p(r,w) = /dr’x(r,r’,w)ﬁl(r’,w) : (A.12)
where x(r,r’,w) is the polarization function which includes the electron-electron
interaction, and H, (r',w) is the external perturbation. In our study the pertur-
bation comes from a scalar potential P.

In the case of the non-interacting electron gas, H(r,w) in Eq. (A.10) can

describe only an externally applied scalar potential @4y, so

A~

Hi(r,w) = —ePey(r,w) . (A.13)

The same equation though can describe the interacting electron gas, if in the per-
turbation Hamiltonian H 1(r,w) we include not only the external scalar potential,
but in addition the scalar potential created by the induced electron density, there-

fore

A

Hi(r,w) = —€[Pexi(r,w) + Pina(r,w)] = U(r,w) + Vipa(r,w). (A.14)

Equation (A.10) with H(r,w) given by Eq. (A.13) is exactly the same result that
we found in the introduction, Eq. (1.23), using the Martin-Schwinger formalism.
It is a self consistent field equation since the induced potential ®;,4(r,w) can be
found through Poisson’s equation

4
V2Dy4(r, w) = Eiep(r,w) . (A.15)
b

Using Egs. (A.10), (A.12), (A.14) and (A.15) one can calculate the RPA equation

for the polarization function of the interacting electron gas

x(q,w) = m (A.16)

1
where £(q,w) =1 — ;Xo(q,w)v(%w)-
b



82

Appendix B

The polarization function

We will often encounter in our study the 1D Fourier transform of the polarization

function, defined as

Xr(qz,w) =2 lim

a—0t

i /oo dk,  foler. 1) — fo(€k.4+q.041) (B.1)

. )
I—— —c0 2T €k.+q. l+L — €k, 1 — hw — tha

where fo(€x,,) is the equilibrium Fermi-Dirac distribution function and € ; =

21.2 22
Zﬂff + gni* are the energy eigenstates of the electron confined to move on the

surface of a nanotube of radius R. We note that if we replace k, — k, — q.,

[ — | — L we obtain

X£(g:,w) =2 lim Z / dk: _folhet) = fol€hegeir) (B.2)

a—0" s 27 €ho—qol—L — €k, + hw + iha
which is the expression used in our text.
We use Dirac’s identity ahj{ﬁ 1/(x £ia) = P(1/z) Fimd(x), where P stands for
the principal value of the integral, to separate the real and imaginary parts of
Eq. (B.1).

For the real part we have

Re x1(g:,w) = i P/ d: folek) = Jol€n-+o.i1) . (B.3)

l=—00 27T 6kz+£1z I+L — Esz - hw
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We set k., — —k, — ¢, and | — —[ — L in the second term of the right hand side
of Eq. (B.3) to obtain

X(g,w) = i P/ooék (€.) (G—lhw—i_G—:hw) ’ (B-4)

I=—c0
where G = €i,44.1+1 — €k,;. The integration can be performed analytically at
T = 0 K, when the Fermi-Dirac distribution function is a step function, i.e,
fo(€éx.1) = 0(EF — €;). The result for the real part is

S

Re x1(q:w) = > In
qZ 1=—8

hQ — E-2|-(l7 Lv qz, kFl)
RPw? — E2(I, L, q., k)

(B.5)

where S is the number of occupied subbands (|I| < krpR), kp; = /k% — (I/R)?

is the magnitude of the wave vector of the /th subband, and E.(l, L, q., kr;) is

given by
2 2
Ei(l,L,q., kry) = >+ 2.k L? +2LI B.
+(L L,y gz, k) Gy (¢" + 2q.kr;) + Rz( +2LI) . (B.6)
For the imaginary part we obtain
Smxr(q, w) Z / dk [foer.) — fol€rorqoirr)] e 1qoirr — €ry — hw)
l=—0c0"
(B.7)
which at 7' = 0 K gives
Smx1(q,w Z / dk; [0(Ep — €x.1) — 0(Er — €ktq.0+L)]
l=—o0
X 6<€kz+qz,l+L L hw) . (BS)

We note that we have a non-zero result only in two cases

(1) Er < €kl and €hotqul+L < Er which combined give: €kotqu+L — €kl < 0

and from the delta function we see that w < 0,

(ii) Er > €gy and €444, 111 > Er which combined give: €x g, 100 — €60 > 0

and from the delta function we see that w > 0.
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The result of the integration is

r%; ) if |E*(Z7Laq,z>kFl)‘ < hw < ‘E+(laL,C]z,sz)|
S
%mXL<q;:aCU) = Z —h";;z , if |E+(Z,L,qz,kpl)‘ < hw < |E7(Z7L7QZ,]€F1)|
l=—
0, otherwise

(B.9)
We can prove using the definition of the polarization function Eq. (B.1), or equiv-

alently Eqs. (B.5) and (B.9) the following useful symmetry properties

XL(QZ7W> = X*L(qzﬂ"})
Re xr(q:,w) = Rexr(—¢,w) (B.10)

—Smxr(g:,w) = Smxr(g., —w) .
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Appendix C

The polarization function in the

long wavelength limit

We replace k, — —k, — ¢, | — —l — L in the second term of Eq. (B.1) and we

obtain

X1(¢q:,w) =4 lim Z/

ozﬂ(]Jr

€kotqul+L — €kl
(Ekz+qz,l+L - sz,l>2 — (hw + iha)?

(C.1)

We look at the case that L = 0, then €;_yq4. 141 — €k = %(qf + 2k.q,) — 0 for

g — 0. In this case we can expand the fraction in Eq.(C.1) in Taylor series using:

x x 2
and we obtain
Xz=0(qz,w)
€k.4q.,0 — €kl (Ekz+QZ 1 — €k, l>3
ST / L) (03
ag%)l+ Z 06k l (hw + iha)? i (hw + iha)* i (C3)

where fo(er, 1) = 0(Er — €. 1) at T = 0 K. Keeping only the lowest order term

N €, 4q.1 — €k, in the last expansion we find

2

nq
o, w) ~ ——= | C4
X£=0(¢z, w) w2 (C.4)
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where n = N/L, is the linear density of the electrons on the nanotube. This
result is a good approximation for the polarization function in the case that
€hotgol — €k <K hw, ie, if R (q? + 2k.q.)/2m* < hw for any k.. Since |k,| < kg,
we find that the result given by Eq.(C.4) holds if hw > E.(q., kr).
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Appendix D

Induced potential and energy loss
for a particle moving inside a

single-wall nanotube

In this appendix, we quote the results for the induced potential and the rate of
loss of energy for a charged particle () moving with velocity v at distance py < R

from the axis of the cylinder. For p < R we have

Dq(r,t) = —72 Z €iL(¢7¢°)/ queiqz(Zivt)IL(q,zp)[L(quO)KL(q,zR)
l =0 -

1 onl(gw) K1(¢:R)

+q.R(e1 —e2) ——% , D.1
LR 1+ an(gnw) T RO 2 p 0 0] o P
while for p > R we have
(I);d d Z L(¢—do) / dq ezqz z— vt)KL(qZp)[L<qu0) ‘ (DQ)
L DL(Qva = QZU>
where Dy (g,,w) is defined in Eq.(3.19).
The rate of loss of energy for the charged particle is
dW L@ / 2oy K0
- dQZQZ[ qzP0) 5
L—z:oo - 0) [L<q,zR)
1
X Im . (D.3
€1+ ¢ R(e1 — 62)IL(qu)K’L(qu) LL(qz,w = sz)‘| (D-3)
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