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Abstract

A Nonlinear Identification Method for Modelling the Three Dimensional Struc-
ture of Velocity Storage in the Vestibulo-Ocular Reflex (VOR)

by

Deborah Sturm

Advisor: Professor Theodore Raphan

Velocity storage is present in vertical and roll com-
ponents of compensatory eye movements if the head is
oriented appropriately with regard to gravity (Raphan &
Cohen, 1983; Matsuo & Cohen, 1984; Raphan & Cohen, 1987).
To explain this, it has been postulated that gravity orients the
eigenvectors of the three dimensional representation of
velocity storage towards the space vertical (Raphan & Cohen,
1987; Sturm & Raphan, 1988). The thesis devised a computa-
tional procedure to identify the parameters of the system
matrix from OKAN data. This procedure should help test this
hypothesis in behavioral paradigms.

Velocity storage which is expressed by OKAN (Raphan et
al, 1979), has been represented as a dynamical system, x’' = Hx,
where x is a three dimensional vector representing the state of
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the system and H is the matrix containing the parameters that
govern its dynamical behavior. Because of the assumption of

. linearity, the dynamical system was solved to give the pitch,
roll, and yaw eye velocities in terms of the eigenvalues and
eigenvectors of the system matrix. These parameters appear
nonlinearly in the solution as a function of time. A nonlinear
least squares fitting procedure (Marquardt, 1963) was adapted
which compares data from cross- coupling experiments to the
model outputs in order to identify the eigenvalues and eigenvec-
tors of the system matrix. The eigenvalues and eigenvectors
were determined using OKAN data from a monkey for a few tilt
angles. When the parameters were set appropriately in the
model, it closely predicted the cross-coupling effects.

Thus, a computational procedure has been developed
which uses nonlinear identification techniques to identify
parameters of a model of the three dimensional representation
of velocity storage. This should be a useful tool in further
theoretical and experimental studies on the vestibular ocular
reflex.
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1 Introduction

1.1 Rationale and Motivation

The purpose of the vestibulo-ocular reflex (VOR) is to
stabilize gaze in space. Understanding compensatory eye move-
ments in response to rotational stimuli has proven useful in
diagnosing various diseases and effects of drugs. More recent-
ly, interest has focused on space travel and how gravity affects
eye movements.

Modelling the vestibulo-ocular reflex has provided insight
into the central structure of this system and has identified the
neural network components important in generating the com-
pensatory eye movements. These models have provided a
theoretical basis for devising experiments and interpreting the
neurophysiological data. Currently, experimental studies are
being planned to study eye movements in space in the absence
of gravity. Modelling the system to incorporate the effects of
gravity will allow us to compare how the parameters governing
eye movements will be modified in the absence of gravity.

Eye movements in one dimension have been explored in
depth. Models and mathematical procedures that identify their
parameters are available which simulate visual-vestibular inter-
action over a wide range of stimulus conditions. It is known,
however, that roll, pitch, or yaw eye movements involve neural
activity in all three planes. Furthermore, when subjects are
oriented in a position not aligned with gravity, their eye move-
ments are not isomorphic to the upright case. Modelling the



three dimensional behavior of the vestibulo-ocular reflex has
helped to elucidate the underlying mathematical structure of
the central processing in the VOR which accounts for these dif-
ferences. However, procedures for identifying the parameters
of the three dimensional model whose responses can be com-
pared to physiological data have not been developed. In this
thesis we have developed an algorithm based on a nonlinear
least squares parameter estimation procedure (Marquardt,
1963) to identify the parameters of the system matrix. The
parameters were then related to the eigenvalues and eigenvec-
tors of the matrix.



1.2 Organization of Dissertation

This dissertation is organized in a top-down manner start-
ing with a background of the one dimensional models of the
visual- vestibular interaction and then the exension to a three
dimensional model in particular. Finally we show how the
parameters of the model are obtained and how the model com-
pares to experimental data.

Various models have been developed for the VOR both in
one and three dimensions. They are summarized in chapter 2.
In particular the model that the three dimensional model is
based upon is described in detail in section 2.2. Then three
dimensional models of visual-vestibular interaction are
reviewed in section 2.3. It has been shown that the central
processing of the VOR is computed in canal coordinates. The
physiological basis for the assumption of a three dimensional
structure of the semicircular canals and otolith organs is.
described in section 2.3.2.

The behavioral basis for the dynamic transformations of
the system matrix is outlined in section 2.3.3. The relationship
between human perception of the spatial vertical and the orien-
tation of the eigenvectors of the system matrix associated with
velocity storage is explored in this dissertation. A review of
the human visual orientation with respect to gravity is
presented in section 2.3.4.

The element of our model which we have examined in
depth is the system matrix, H, associated with the velocity
storage integrator. Section 2.3.5 describes the structure of H



as a function of gravity.

The identification of the parameters of the system matrix
associated with velocity storage is the main focus of this disser-
tation. How the system matrix is formed from its eigenvectors
and eigenvalues is explained in section 3.1. The dynamics of
the transformed system and the closed form solutions are given
in section 3.2.

We show how its gravity dependent parameters are ex-
tracted from data using a nonlinear least squares estimator in
section 3.3. The theoretical basis for the Marquardt algorithm
is described in section 3.3.1 and 3.3.2. The extension to vector
valued functions in order to account for the three components
of the velocity vector is discussed in section 3.3.3.

The process developed in section 3.3 is then applied to
the paradigm of tilt experiments in section 3.4. The criterion
function being minimized by the Marquardt algorithm has many
local minima. Therefore the process of finding the best set of
parameters greatly depends on the selection of the initial condi-
tions of the parameters. This process is described in section
3.4.1. The computer implementation of the extended Mar-
quardt method and flowcharts describing the program are given
in section 3.5. The application of this general method to tilt ex-
periments is explored in section 3.6.

The parameterization procedure developed in section 3.4
is data driven. The eigenvectors and eigenvalues are extracted
from the data and then associated with the system matrix. Sec-
tion 3.7 develops a procedure for choosing the initial
parameters for arbitrary orientations for which there may not



be data. To do so we present a procedure for determining the
vertical eigenvector and the eigenvalues for any orientation. A
discussion-and recommendations for future research are given
in section 3.9.



2 Models of the VOR and Visual-Vestibular
Interaction

2.1 Introduction

‘ Modelling the VOR has led to a greater understanding of

visual- vestibular processes. Relating models to clinical
studies has allowed the interpretation of the effects of lesions
and drugs (Raphan et al, 1979; Waespe et al, 1983; Cohen et al,
1987). In this dissertation we are examining the effects of
gravity on OKN and OKAN. This involves studying the three
dimensional aspects of the system matrix associated with the
velocity storage integrator (Raphan et al, 1979; Raphan &
Cohen, 1985). This important component of the central process-
ing is common both to the visual and vestibular subsystems. In
order to understand the behavior of the three dimensional in-
tegrator, we must first examine the three dimensional structure
of the peripheral subsystem and how the vestibular and visual
systems couple to it.

The hypothesis suggested by Raphan (Raphan and Cohen,
1988) that the gravitational field imposes a spatial reference
onto the body via the velocity storage integrator which is
reflected in its characterictic eigenvectors is essential for un-
derstanding the nature of compensatory eye movements with
regard to gravity. This theory is supported by its similarity to
how humans perceive the vertical in tilted orientations
(Aubert, 1861; Muller, 1916; Schone, 1984; Mittlestaet, 1986).



The aim of this chapter is to review what is known about
the organization of the vestibulo-ocular reflex and visual ves-
tibular interaction and the models which have been developed
to explain its behavior. We will show why the three dimen-
sional structure of the velocity storage integrator, and how it is
affected by gravity, is important for understanding the behavior
of the system in three dimensions.

In the next section we consider a one dimensional model
of the vestibulo- ocular reflex which focuses on the importance
of the velocity storage integrator in mediating visual vestibular
interactions.



2.2 One dimensional Models of Vestibular Nystagmus, OKN and
Visual-Vestibular Interaction

One of the first models attempting to explain the
response of the vestibular system to head rotations was formu-
lated by Steinhausen (1933). He described how the semicircular
canals behave as accelerometers in responding to angular move-
ments of the head. Each canal is filled with a fluid called en-
dolymph which when stimulated by an angular acceleration
having a component normal to the plane of the ring, deviates a
membrane (the cupula) in a direction opposite to head accelera-
tion (Figure 2.1b). This in turn stimulates hair cells which
cause the firing rates of the nerve to increase or decrease
depending on the direction of rotation (Lowenstein & Sand,
1940; Hudspeth, 1977). '

Steinhausen’s equations described the fluid dynamics as a
second order system and the parameters associated with the
fluid were related to eye velocity during head rotations over a
band of frequencies from .05 to 1Hz (Steinhausen, 1933).

Later work showed that the dominant time constant associated
with nerve activity was appoximately 3-5 seconds (Goldberg &
Fernandez, 1971) while the ocular response had a time constant
of 10-15 seconds (Skavenski and Robinson, 1973; Robinson,
1975). The application of the Steinhausen model to explain the
eye velocity response to vestibular stimuli was therefore inade-
quate. The differences are seen in Figure 2.2a. The eye
velocity response which would be generated by the cupula is
shown by the solid line drawn on the velocity response. Thus,
it was necessary to postulate the existence of a central
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Figure 2.1 The Inner Ear

(A) The semicircular canals, utricle, and saccule together with
the vestibular nerve innervating them. The placement of the
horizontal canal tipped 15 degrees up in the head is shown.

(B) A vestibular canal. The arrows indicate the head rotation
direction (clockwise in the plane of the canal) and the
resulting fluid motion in the opposite direction.

Taken from Howard (1982) pp. 342,343,
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mechanism that would enhance the dominant time constant of
the VOR (Robinson, 1977; Raphan et al, 1977,1979).

A similar kind of "central storage mechanism" was neces-
sary to explain the optokinetic response (Collewijn, 1972;
Cohen et al, 1977). When a full field rotating optokinetic
stimulus is viewed by a subject, there is a compensatory
response of the eyes whose velocity approximates that of the
velocity of the stimulus (Mowrer,1937; Ter Braak, 1936). When
the lights are extinguished the eyes continue to beat in the
same direction as the stimulus, with their velocity gradually
decaying to zero. This response is called Optokinetic After-nys-
tagmus (OKAN) (Figure 2.2b).

In the monkey, OKN is characterized by a rapid jump fol-
lowed by a slow rise to a steady state velocity (Cohen et al,
1977; Raphan et al, 1979). The rapid rise is due to visual path-
ways to the oculomotor system called the direct pathways
(Waespe et al, 1983). The pathways responsible for the slow
changes during OKN and OKAN are the indirect pathways. The
indirect pathway includes the velocity storage integrator which
is common to both the visual and vestibular systems (Raphan et
al, 1979; Waespe et al, 1983). During OKN the velocity storage
integrator is charged, while OKAN represents the discharge of
the integrator.

Human OKN and OKAN have similar characterics to that
found in the monkey (Cohen et al, 1981; Jell et al, 1984).
However, the details of the response are different. In humans,
OKN is characterized by a rapid jump which is maintained for
the duration of the stimulation. When the lights are extin-
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guished eye velocity drops and OKAN ensues (Cohen et al,
1981; Jell et al, 1984). The human OKAN response was
modelled using two integrators resulting in a two component
decay (Jell et al, 1984). One time constant was very short cor-
responding to the rapid drop in eye velocity at the start of
OKAN (Jell et al, 1984). The other time constant is long and
corresponds to the discharge of the velocity storage integrator.
At high velocities (greater than 30 deg/sec), they found that
the effects of the direct pathway were masked and dominated
by the indirect pathway.

The rapid drop in eye velocity at the start of OKAN in
humans is equivalent to that in monkey (Cohen et al, 1977;
Raphan et al, 1979; Cohen et al, 1981) and is probably due to
the inactivation of the direct pathway in darkness. This is sup-
ported by the greater gain in the rapid jump of eye velocity at
the start of OKN. The greater jump in eye velocity at the start
of OKN and the greater drop in eye velocity at the start of
OKAN in humans as compared to that in the monkey supports
the idea that the direct pathway plays a more dominant role in
the OKN of humans (Cohen et al, 1981) than in monkeys. The
gain of the OKAN in humans is small compared to that in the
monkey. Thus, while human velocity storage as represented by
OKAN is weaker than in the monkey, it nevertheless has
similar characteristics and is probably affected by gravity in a
similar fashion.

Studies involving visual-vestibular interaction have shown
that the vestibular and visual systems complement one another
to maintain fixed retinal images (Wilson and Melvill-Jones,
1979; Henn et al, 1980) and that the velocity storage integrator



Figure 2.2. Nystagmus induced by a step of
platform rotation with eye position
followed by eye velocity (A), by a step of
surround rotation (B), and by a step of
platform rotation in light with a stop in
darkness (C). The stimulus velocity for
each was 60 degrees per second. When
rotary nystagmus and OKN were in the
same direction, their after-responses were
- oppositely directed (A and B). There was
only slight post-rotatory response after
rotation in light (C). The solid line in the
slow phase velocity trace of (A) is the VIII
nerve time constant. (taken from Raphan &
Cohen, 1980)

12
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is a central focus for this interaction. This is shown in Figure
2.2C. For rotations in light, there is a rapid rise in slow phase
velocity similar to Figure 2.2a. This is followed by a main-
tained steady state velocity for the duration of rotation similar
to the steady state velocity in Figure 2.2b. When the rotation
is stopped and the animal is in darkness, the post rotatory nys-
tagmus slow phase velocity is zero (Figure 2.2C). This cor-
responds to a cancellation of what would have been the
postrotatory response in darkness (Figure 2.2a). The velocity
storage integrator has been shown to play an important role in
this cancellation ixi monkeys (Raphan et al, 1979; Waespe et al,
1983) as well as in humans (Cohen et al, 1981; Jell et al, 1984).

A one dimensional model has been developed to explain
vestibular nystagmus, OKN and visual-vestibular interaction.
It will now be described in detail since it forms the basis for
the extension to three dimensions. (Cohen et al, 1977; Raphan
et al, 1979; Waespe et al, 1983).

The equations which govern the dynamics of the in-
tegrator during optokinetic and vestibular stimulation are
given by (see Figure 2.3):

X' = -hox + go * ry + n(e) (2.2.1)
€ =Tro=-Th-Yy (2.2.2)
y =TIy + X +vf (2.2.3)

Vestibular nystagmus is generated by a head velocity sig-
nal rn, which through the cupula dynamics generates the signal
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rv, that appears in semicircular canal afferents in the ves-
tibular nerve. This information activates the integrator, as
well as projecting around it, to form a component of the eye
velocity command signal in the vestibular nuclei Va. The time
constant of the integrator is equal to 1/ho. OKN is initiated by
the velocity signal ro, generated by movement of the visual sur-
round. From this signal is subracted head velocity and eye
velocity, whose sum is gaze velocity. This generates the retinal
slip signal e. The slip signal can be extinguished by the light
switch L, or transmitted centrally to two elements. One is the
direct pathway that is responsible for rapid changes in eye
velocity. The second is a nonlinear function whose output ac-
tivates the velocity storage integrator (visual coupling to the in-
tegrator). The suppression switch S in the model is utilized to
discharge or 'dump’ the integrator rapidly during visual or tilt
suppression.

Model predictions from the one dimensional model
(Raphan et al, 1979) are shown in figure 2.4. The eye velocity
predictions corresponding to animal rotation in darkness, drum
rotation in light.with the subject stationary, and for animal rota-
tion in light are shown in figure 2.4a, 2.4c, and 2.4e, respective-
ly (compare with figure 2.2). Figures 2.4b, 2.4d, and 2.4f show
the components which summate to form the velocity, namely
the cupula, and integrator activity. These simulations show
that the model can simulate the visual and vestibular responses
of the oculomotor system to a wide range of stimulus condi-
tions.

In summary, we have shown the significance of the
velocity storage integrator in mediating the vestibular nystag-
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D, F, Comparative changes in slow phase velocity, cupula
deflection, and output of the integrator for the responses
shown in A, C, and E, respectively. Taken from Raphan, et al.,
1979.
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mus, OKN, and OKAN in one dimension. The next section con-
siders the role of the velocity storage integrator in three dimen-
sional models of the VOR and the coupling to it by the
peripheral labyrinth,
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2.3 Three Dimensional Models of Visual Vestibular Interaction

2.3.1 Introduction

Three dimensional models of the VOR and visual-ves-
tibular interaction have considered both the static and dynami-
cal aspects of the transformations involved in generating
compensatory eye velocity. Robinson (1982) used vectors and
matrices to represent the rotations and transformations that
occur in three dimensions. He assumed that the brainstem cal-
culates in canal coordinates, transforming the input which is in
head coordinates into a canal based system (Simpson et al,
1981). The next transformation applied is the brainstem func-
tion. Finally, the signals are translated into muscle coor-
dinates. Thus, the entire calculation is reduced to three matrix
multiplications.

A similar approach is presented by Pellionisz (1985). He
deals with the transformations as tensor transformations to ac-
count for the possible non-drthogonalities of the coqi'dinate
bases of the semi-circular canals. Although the approaches
taken by Robinson (1982) and Pellionisz (1985) deal with the
coordinate transformations that are necessary to generate com-
pensatory eye movements in three dimensions, they do not ad-
dress the question of how the dynamics of the system are
considered in a three dimensional construct.

Hain (1986) utilized the Robinson model and added
dynamics into the three dimensional system. However, the for-
mulation does not lend itself to comparisons with experimental
data and does not give a clear picture of how the parameters of



20

the system are related to spatial orientation. All of these ap-
proaches to modelling the three dimensional behavior of the
vestibulo-ocular reflex do not clearly identify the relationship
between the dynamic structure of the system and the orienta-
tion of the head with regard to gravity.

A generalized state space model representing the struc-
ture and function of visual-vestibular interaction describing op-
tokinetic nystagmus (OKN), optokinetic after-nystagmus
(OKAN), and visual-vestibular interactions has been developed
by Raphan (Raphan & Cohen,1985; Raphan & Cohen, 1988). It
is a natural extension of the one dimensional model with the
system parameters being represented by matrices. In addition
to performing the static transformation that converts input in
head coordinates to semicircular canal coordinates and back to
head coordinates, the model provides a basis for the dynamical
transformations that occur when the head and the visual sur-
round are moved in three dimensions. In this thesis we will
develop algorithms that relate the parameters of a three dimen-
sional representation of the velocity storage integrator to eye
velocity cbmponents as a function of gravity. First we will con-
sider the static and dynamical transformations of the overall
model and their physiological basis. '
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2.3.2 Physiological Basis for Static Transformations

The inner ear contains 3 essentially orthogonal semicir-
cular canals and 2 otolith organs, the utricle and saccule (see
figure 2.1a). The semicircular canals respond to angular ac-
celerations and the otoliths sense linear accelerations and
static head position relative to gravity.

The semicircular canals are composed of three rings, the
anterior, posterior, and lateral canals. Their nearly orthogonal
structure allows them to detect angular accelerations about any
axis. As reported by Steinhausen (1933), they function as ap-
proximate integrators whose outputl reflects angular velocity.

The semicircular canals form nearly parallel complemen-
tary pairs on either side of the head (Reisine et al, 1988). Each
of the canals at its intersection with the utricle has an ampulla
which contains the crista ampullaris (Figure 2.5). The multi-
ciliated sensory cells of the ampulla combine and project into
the cupula. The cupula is a membrane which seals the the
lumen of the ampulla.

As the head is rotated in the plane of a canal, movement
of the semicircular canal fluid will be accompanied by move-
ment of the cupula which bends the bundles of cilia. Each
bundle consists of many stereocilia located approximately to
one side of the one long kinocilium (Hudspeth, A.J & D.P.
Corey, 1977). The vector with direction from the short
stereocilia to the kinocilium represents the polarization vector.
In a given ampulla essentially all the morphological polariza-
tion vectors are parallel. As the bundle of cilia bends in the
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Figure 2.5 A crista ampullaris

Detailed structure of a cross-section of the crista
ampullaris showing the stereocilia and the kinocilium.

Taken from Howard (1982) p. 345,
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direction of this polarization vector, there is an excitation of
the primary afferent signal whereas an inhibition of the
primary afferent signal is associated with the bundle of cilia
bending away from the polarization vector.

The signals arising in the peripheral organs are projected
to the vestibular nuclei. The VIIIth nerve carries the canal and
otolith afferents to the medial, superior, and lateral vestibular
nuclei. Not only are these signals coded in a canal based coor-
dinate frame, there is evidence that the visual system also
processes signals in canal coordinates (Simpson & Graf, 1981).
Therefore, this coordinate frame is of significance in determin-
ing the function of the VOR and visual vestibular interaction.
Since it is the velocity storage integrator which is the focus of
visual vestibular interaction, it is likely that this mechanism
also processes information in a canal based coordinate frame.

In the upright position, the canal planes are tipped up ap-
'proximately 15 degrees and are rotated 45 degrees from the
frontal plane of the head. The measurement of eye movements
is generally done in a head based coordinate frame. The orienta-
tion of the canal based coordinate frame with respect to the
head is given by the euler angles phi = 0, theta = -15, and psi
= 45 (Appendix ). The matrix transformation is then given by
(Raphan & Cohen, 1985; See figure 2.6):

0.707 0.683 -0.183
Tcan = -0.707 0.683 -0.183 (2.3.1)
0.0 0.259 0.966

While there is evidence that the semicircular canals estab-
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Figure 2.6 Orientation of the semicircular canals with
respect to the head system coordinate frame. Taken
from Raphan & Cohen, 198S5.
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lish the coordinate frame for combining signals in the VOR,
gravity plays an important role in controlling the parameters of
the system (Raphan & Cohen, 1988). This is done through the
otolith organs as well as through somatosensory input (see Wil-
son & Melvill Jones for review). While the somatosensory con-
trol of the VOR is not well understood, more is known about
how the otoliths control the VOR.

The otolith organs are responsible for detecting orienta-
tions with respect to gravity, as well as linear acceleration.
Each side of the head contains a utriculus and sacculus which
are situated at the intersection of the three semicircular canals
(Figure 2.1a). It is the hair cells within the utricles and sac-
cule, which respond to the magnitude and direction of gravity.
The main part of the utricular macula is approximately parallel
to the horizontal semicircular canal while its anterior end cur-
ves upward. The saccular macula is approximately perpen-
dicular to the utricular plane (Figure 2.7a). The utriculus
responds to accelerations in the horizontal plane while the sac-
culus responds to accelerations in the vertical plane. In addi-
tion, there is evidence that there is otolith activity in the
central nervous system which interacts with neural circuits
which are in a canal based coordinate frame (Melvill-Jones &
Milsum, 1969).

Each macula contains a layer of bundled ciliated cells
similar to the cristae of the semicircular canals which extend
through the otolith membranes. These membranes contain cal-
cite crystals called the otoliths (Figure 2.7b). Each bundle of
cilia consists of stereocilia and one kinocilium. The polariza-
tion vector for each bundle is determined by the vector from
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Figure 2.7 The Otolith Organs

(A) Relative positions of the utricles and saccule with the
polarization maps. The arrows point in the direction of the
kinocilium.

(B) Detailed structure of the macular epithelium showing
the placement of the otoliths
Taken fromHoward (1982) p. 355.
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the stereocilia to the kinocilium. Forces along such polariza-
tion vectors maximally excite the afferents projecting from the
bundle (Hudspeth & Corey 1977). These projections give the
central nervous system information about head orientations
with regard to gravity (see Melvill Jones and Wilson, 1979).
They provide the information that modifies the dynamical
properties of motion processing in the velocity storage in-
tegrator (Raphan et al, 1988) and in estimating head velocity in
gravitational environments (Raphan & Schnabolk, 1988; Fanelli
et al, 1990).

In summary, the semicircular canals establish a coor-
dinate basis for the velocity storage integrator in which com-
putations during visual vestibular interaction can take place.
The otoliths modify the coupling between neural circuits
coding the states of the velocity storage integrator to form the
relationship between the dynamics of integrator function and
gravity.

We next review the experiments that relate the dynamical
properties of velocity storage in three dimensions to the
processing of gravity information by the otoliths.
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2.3.3 Behavioral Basis for Dynamic Transformations

The main studies that have brought into evidence the
three dimensional structure of the velocity storage integrator
are those showing that there is coupling between storage as-
sociated with nystagmus in the horizontal plane and vertical
planes (Raphan & Cohen,1983; Raphan & Cohen, 1988). When
the subject is upright, horizontal OKN and OKAN are produced
in the same direction as the surround and there are no sig-
nificant vertical or roll components generated during OKN or
the subsequent OKAN (Figure 2.8). In contrast, when
monkeys are on their sides and given pure horizontal stimula-
tion, a vertical component of OKAN appears, whereas no verti-
cal optokinetic nystagmus was induced (Raphan & Cohen, 1983;
Raphan & Cohen, 1988) (Figure 2.9a, see downward arrow).
The rate of decline of the slow phase velocity of the OKAN was
that of the velocity storage integrator. In addition, roll eye
movements are generated due to pure horizontal stimulation
when animals are prone or supine (Raphan & Cohen, 1988)
(Figure 2.9b, see upward arrow). In addition, there are secon-
dary OKAN responses (upward arrow, Figure 2.9a, downward

"arrow, Figure 2.9b). These secondary responses are not encom-
passed by the three dimensional model (Raphan & Cohen,
1985) and are not considered in this dissertation.

Cross-coupling is also found in cats with similar charac-
teristics to that of the monkey (Harris, 1987). Harris con-
firmed Raphan’s finding that the vertical component of OKAN
velocity is a function of the direction and tilt of the horizontal
velocity. In addition, Harris showed that there was also cross-



29

Figure 2.8. OKN and OKAN- Upright

Surround movement is to the left at 60
degrees per second about the animal yaw axis.
The traces are the horizontal, vertical, and
roll eye position followed by the horizontal,
vertical, and roll eye velocity followed by the
movement of the visual surround and the
status of the light. The OKN and OKAN are
horizontal and there is no vertical or roll
component. Taken from Raphan & Cohen,
1988.
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Figure 2.9 (A)Cross-coupling from yaw to
pitch axis. OKN and OKAN induced by
rotation of the visual surround to the right in
the animal’s yaw axis with the animal in the
90-degree roll position, right side down.
There was a component of upward slow phase
velocity during the OKN that increased
during primary OKAN (downward arrow).
The duration of the horizontal component was
briefer than when the animal was upright
(Figure 2.8).(B) Cross-coupling from yaw to
roll axis. OKN and OKAN induced by
rotation of the visual surround to the right in
the animal’s yaw axis with the animal supine.
The horizontal component of OKAN was
brief, and a counterclockwise roll component
developed. Taken from Raphan & Cohen,
1988.
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coupling of horizontal to vertical slow phase velocity during
postrotatory nystagmus after off-vertical axis rotation when
animals were stopped on their sides. This again points to the
commonality of the velocity storage integrator in the genera-
tion of OKN and vestibular nystagmus. It also focuses the
cross-coupling phenomenon as a gravity dependent property of
a three dimensional velocity storage integrator. Thus, a better
understanding of the velocity storage integrator and how it is af-
fected by gravity will help to understand these phenomena. In
addition, the coordinate frame that forms the basis for the
central processing is also important in understanding the cou-
pling to the velocity storage integrator in three dimensions.
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2.3.4 Effects of Gravity on Human Perception of the Spatial Vertical

Raphan (1988) pointed out a relationship between the
eigenvector alignment with the spatial vertical and human per-
ception of the visual vertical. This relationship was explored
and the original observations were borne out. Here we review
what is known about human perception. In chapter 4, we show
the similarities with the eigenvector hypothesis.

Man’s central body axis, sometimes referred to as his
idiotrophic vector (Mittelstaedt, 1986) is in line with gravity.
Gravity is our main frame of reference and in conjunction with
the horizon define our spatial coordiate frame. Investigators
have studied variances from this paradigm including tillted
frames of reference and shifting body orientations.

How body tilt affects perceptions of the spatial vertical
and horizontal has been studied in depth from the late 1800’s
until the present (Aubert, 1861, Meuller, 1916, as reported in
Schéne, 1984; Mittelstaedt, 1986). It has been found that the
subjective or perceived vertical is usually close to the true ver-
tical.

When a human subject is upright, he is able to judge the
true vertical (gravity vector) within one degree (Witkin and

Asch 1948; Mann et al 1949; Kaufman et al 1949). As the sub-
ject tilts, his perception of the vertical is much less accurate.

Aubert (1861) discovered that as one tilts, the spatial ver-
tical appears to tilt in the same direction as ones head.
Meuller (1916) refined this theory by analyzing responses to
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small tilts versus large tilts. He found that for small tilts (less
that 40 degrees) subjects often overcompensated and set the
spatial vertical to the side opposite to head tilt close to the spa-
tial vertical. For large tilts they undercompensated, with the
perceived vertical following the direction of the head. The
Aubert effect is referred to as the A-effect and the Meuller as
the E- effect (Figure 2.10).

One outcome of our analysis of the velocity storage in-
tegrator was to suggest that there is a common neural basis for
the generation of the perception of the true vertical and the
orientation of characteristic vectors or eigenvectors associated
with velocity storage. Further investigation is necessary to un-
cover the neural basis for these gravitational phenomena.

We next show how the dynamics of velocity storage can be
characterized by the eigenvalues and eigenvectors of the system
matrix. This representation will form the basis for the iden-
tification scheme to identify the parameters of the system
matrix associated with velocity storage.
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Figure 2.10 The Aubert-Muller Effect: The Muller effect is when
B>a and the Aubert effect is whenp<ea

(A) The ai:gle between the subjective vertical and gravity (A) as a
function of body tilt relative to gravity (a).

(B) The angle between the the subjective vertical and the
idiotrophic vector as a function of body tilt.

Taken from Schone (1984), p. 116.
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2.3.5 Dynamic Aspects of the Velocity Storage Integrator in Three

Dimensions

A model which is an extension of the one dimensional
model to three dimensions is shown in Figure 2.11 (Raphan &
Cohen, 1985). It represents the velocity storage integrator as a
dynamical system with the system matrix Ho. This model struc-
ture has been shown to be capable of explaining the cross-cou-
pling phenomena because of the off diagonal terms in the
system matrix.

The dynamics of the velocity storage integrator in three
dimensions is represented by -the following matrix differential
equations: (see Raphan & Cohen, 1985; see figure 2.11)

x’ = Hox + Gorv + N (e) + rint (2.3.2)
yh = Tcan 'x (2.3.3)
rv = Dcan Tcan Th (2.3.4)
rint = Doto Toto Tl (2.3.5)
e = L (Tcan (fo-rTh-Y)) (2.3.6)

where x is the three dimensional state of the integrator, e is
the retinal slip, N(e) is a nonlinear matrix operator on the
central representation of retinal slip, Go is the coupling matrix
from the eighth nerve to the integrator, and Ho is the matrix
.representing the dynamics associated with the integrator.
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Figure 2.11 Three dimensional model of the
vestibulo-ocular reflex. Taken from Raphan & Cohen,
198S.
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The model has three inputs each of which is a three dimen-
sional vector relative to space: a head angular velocity, rn, a
surround angular velocity, ro, and a force, r1. The output is the
eye velocity relative to the head, yn. The head coordinate sys-
tem is defined by three mutually perpendicular unit vectors
(Figure 2.6): a unit vector pointing up out of the top of the
head (z-head direction); a unit vector pointing back out of the
back of the head y-head direction); and a unit vector pointing
to the left out of the left ear (x-head direction). The z, x, y
components of yh in the head based coordinate frame cor-
respond to horizontal, vertical and roll eye movements, respec-
tively. The central nervous system signal processing is assumed
to be done in a semicircular canal based coordinate frame.

This is represented by the kinematic transformation Tcan and
Tcan ~! which are transformations from head based to canal
based coordinates and back to head based coordinates. The
dynamics of the semicirular canals was discussed above (in sec-
tion 2.3.2).

The model also contains various dynamical components:
1) a cupula dynamical system, Dcan is used to transduce the
head angular acceleration into a vestibular signal which is an in-
ternal representation of the change in head angular velocity, 2)
a velocity storage integrator state (memory), and its system
matrix H. The vector x is its output, 3) a nonlinear visual cou-
pling to the integrator N(e), 4) an otolith system operator
transforming patterns of sequential activations of otolith hair
cells by the force, r1, into an estimate of head angular velocity
(Raphan & Schnabolk 1988; Fanelli, Raphan & Schnabolk,
1990). These components transform the inputs (rh, ro, r1) and
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the present state (x) into the output (yn) and a next state (see
Raphan & Cohen, 1985 for a detailed description).

The internal coordinate system of the model is defined by
three mutually perpendicular directions, each of which is nor-
mal to one of the three planes of the semicircular canals. It is
assumed that the coordinate basis vectors are mutually or-
thogonal. The inputs, head and surround velocity, to the sys-
tem are transformed into the canal coordinates by Tcan and
contribute to the canal coordinate representation of the output
via two paths; first via an indirect pathway that goes through
the velocity storage integrator and second via a direct pathway
that goes around it. The direct pathway allows for a very rapid
response of the eye to the inputs while the indirect pathway al-
lows for a much slower response based on the state of the in-
tegrator, x and its system matrix H. The model then tranforms
the canal coordinate representation of the eye velocity into the
head coordinate representation of the eye velocity via Tcan in-
verse.

The conceptual basis for the structure of the velocity
storage integrator in three dimensions was suggested by
Raphan (Raphan & Cohen, 1985; Raphan et al, 1988). The
velocity storage component of the model has been represented
as a'dynamical system, which can be described using a state
space approach.

In order to gain insight into the structure of the system
matrix as a function of gravity, we will examine the zero input
response and the modes inherent in the solution (Zadeh &
Desoer, 1963). The zero input response is important since it is



41

precisely the characteristic response of the integrator and is
analogous to the condition during OKAN. This is because
during OKN the integrator is charged to some value which be-
comes the initial condition for the response during OKAN. It
is also important because the head is fixed with regard to
gravity during this condition. The zero input response is ob-
tained by setting the input head velocity rh=0, the optokinetic
input ro=0, opening the switch L in the model (Figure 2.11),
and solving the equation for a given initial condition. This
reduces the model to that shown in Figure 2.12. Therefore, the
operative equations for modelling the subsequent OKAN be-
come:

x'(t) = H x(t) (2.3.7a)
and,
y(t) = Tcan "L x(t) | (2.3.7b)

subject to the initial state, x(to) = xo

If one examines the measured output y representing eye
velocity (see model) for the zero input response an equation
can be derived which governs its dynamic characteristics. From
equation 2.3.7b we obtain,

X = Tcan y (2.3.8)
Therefore,

x' = Tcan )" (2.3.9)
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Substituting equations (2.3.8) and (2.3.9) into equation
(2.3.7b), the dynamic equation for the output y is given by:

y’ = (Tcan™! H Tcan) y (2.3.10)

Thus, a matrix Hs can be defined which governs the zero
input response for the output measured in head coordinates. It
is a similarity transformation of the integrator system matrix H
in canal coordinates and is given by:

Hs = Tcan -1 H Tcan (2.3.11)

The effect of gravity on the parameters can best be ex-
plored by examining the structure of the matrix H

h11l h12 h13
H = h21 h22 h23 (2.3.12)
h31 h32 h33

If H has distinct eigenvalues A1, A2, A3, then Hs which is similar
to H will have identical eigenvalues (Lang, 1966; Zadeh &
Desoer, 1963). The solution to equation (2.3.7a) is given by:

x(t) = S e Alt-to) g-1 4 (2.3.13)
and the output y is given by,
y(t) = (Tcan 1s eh(t-to) g-1 Tcan) yo (2.3.14)

where S is the modal matrix, A is the diagonal matrix whose
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elements are the eigenvalues of H, st = (n1,n2,n3) such that
<ni,nj> = 0,i=j, <ni,ni> =1 and § = (ul,u2,u3) (Direc-
tor and Rohrer, 1972; Zadeh and Desoer, 1963;)

Since u1, u2, usz are unit eigenvectors associated with the
eigenvalues of the matrix H then the operation of H on these
eigenvectors are along the eigenvector, i.e.:

H uj = azjui i=1,2,3 (2.3.15)

If the intitial state, xo, is chosen along an eigenvector,

then,

Xo = aui where a is a constant  (2.3.16)
and,

Yo = Tcan " auj (2.3.17)

Substituting equation (2.3.16) and (2.3.17) into equations
(2.3.13) and (2.3.14) gives a solution

x(t)y =aSe M(t-to) g1\,

= g eM(t-to) (2.3.18)
and,

y(t) = a (T;:an "1 g gMi(t-to) g-1y,,

= a eM(tt0) (T an 1 uy) (2.3.19)
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In summary, if the initial state of the system is along an
eigenvector the solution will lie along the eigenvector in the
state space for all time (Zadeh & Desoer, 1963).

The approach we have taken in this research is to as-
sociate the orientation of the eigenvectors of the integrator’s
state space with that of three dimensional space as oriented by
gravity. We have mathematically characterized the three dimen-
. sional structure of the system matrix, H, as a function of orien-
tation and have identified transformations so as to maintain the
approximate invariance of the yaw eigenvector in state space
close to the spatial vertical. Algorithms were devised to iden-
tify the parameters of the system matrix from experimental
measurements, which maintain this invariance. The system
matrix was then incorporated into the three dimensional model
of the vestibulo- ocular reflex and we were able to simulate the
cross-coupling during OKN and OKAN.
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2.3.6 Summary

1. The vestibular system generates accurate compensatory eye
movements of the head over a wide range of angles and frequen-
cies. As shown above, the transformation of the head velocity
signal into the neural signals that code head movement are
known for the various sensors such as the semicircular canals
and otoliths. The dynamic transformations that take place in
the central vestibular system to combine visual and vestibular
information in order to produce compensatory eye movements
for head rotations about any axis have not been explored in
depth. |

2. Raphan & Cohen (1988) have shown that the implications of
the cross coupling from the horizontal to the vertical and roll
planes, is that velocity storage is a gravity dependent three
dimensional system. A generalized three dimensional model
representation of the VOR and visual vestibular interaction has
been developed by Raphan and Cohen (1985).

3. In order to understand the performance of the system in
three dimensions, the matrices associated with the model are
identified as a function of gravity. Of special interest is the
matrix associated with the velocity storage integrator. A mathe-
matical structure has been developed that relates the matrices
associated with the three dimensional model to the orientation
of the head with regard to gravity.

4, From this work it has been suggested that the yaw axis of
storage, or the yaw eigenvector, tends to align with gravity
(Raphan & Cohen, 1987; Sturm & Raphan 1988) as the head is
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tilted.

In the next chapter we parameterize the representation of
velocity storage in terms of its eigenvalues and eigenvectors
and develop the identification procedures to relate the
parameters of the velocity storage matrix to data.
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3. Identification of System Matrix associated with
Velocity Storage

3.1 Structure of the System matrix H and Formation of the System

Transformation as a Function of Gravity

A detailed representation of the three dimensional
velocity storage integrator and the parametric control the
otoliths have on the integrator’s parameters is shown in figure
(3.1). The three dimensional integrator is represented by three
integrators whose outputs are the states of the system and are
represented by X = (x1,x2,x3). The parameters hjj of the system
are the coupling elements between the states and correspond to
the elements in the system matrix in a canal based coordinate
frame. The parameters are functions of gravity as sensed by the
central otolith projections. These values at any given head
orientation determine the cross coupling between states of the
integrator that will be induced during OKAN. This models the
effects of gravity in modifying OKN and OKAN. -

In the upright position, the system matrix, in a head based
coordinate frame, i.e. the frame of reference in which eye move-
ments are measured, is denoted by Ho. It and its similar
counterpart in a canal based coordinate frame, have 3 eigenvec-
tors, one associated with the body vertical or yaw axis, another
with the pitch axis, and the third with the roll axis. The system
matrix in the canal frame of reference is given by H¢o = Tcan
Ho Tcan™l. The eigenvalues associated with these eigenvectors
correspond to the time constants of yaw, pitch and roll OKAN
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Figure 3.1 Implementation of the three dimensional
velocity storage integrator. The three dimensional integrator
is represented by three integrators whose outputs are the
states of the system, x1, x2, x3. The inputs to the system are
ea, ¢p, €1 which represent central retinal slip signals along
anterior, posterior and lateral canal coordinates. The other
inputs are the accelerations due to gravity, ria, rip, rit. The
parameters of the system are the coupling elements hyj,
among the states and correspond to the elements in the sys-
tem matrix H. The parameters hjj are functions of gravity as
sensed by the central otolith projections. Their values at any
given head orientation determine the cross-coupling among
states of the integrator that will be induced during OKAN.
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with the head in the upright position. Because there is little or
no cross-coupling in the upright position, the eigenvectors of
Ho are assumed to be in line with the spatial coordinate unit
vectors, as determined by the gravity vector.

Based on the experimental finding that the long time con-
stant of OKAN or velocity storage is mainly associated with
axes close to the spatial vertical, we must find a transformation
of Ho that rotates the pitch and yaw eigenvectors with the head
but maintains the yaw axis eigenvector approximately spatially
invariant. We will consider the effects of the rotation on
matrices Ho and its similar matrix Hco as the head is tilted
using equations (2.3.10) and (2.3.11) to obtain the system
matrix for the tilted positions. As the subject is tilted, the
head frame of reference changes relative to the spatial coor-
dinate frame. In addition, only two of the eigenvectors as-
sociated with the corresponding system matrix are altered
although the subject is rotated. The vertical eigenvector ap-
proximately maintains spatial invariance. Therefore, a series
of transformations will be applied to Hp to obtain the system
matrix for the tilted position in a frame of reference in which
eye velocity is measured i.e. head coordinates.

Let P be a mapping from 3 space to 3 space such that

P(e1) = Ri(e1) =a11e1 + az1e2  + asie3
P(e2) = R2(e2) =bi2e1 + b22e2  + b3zes (3.1.1)
P(e3) = Ri3(e3) =ci13e1 + c23e2  + c33e3

where Rj1, R2, R3 are rotation mappings and e1, e2, e3 are the
usual basis associated with the spatial coordinates, i.e., e1 =
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(1,0,0),e2= (0,1,0), and e3 = (0,0,1), where e3 is opposite to
gravity. Therefore, the matrix representing the transformation

P is given by

a1l bi2 c13
az1 b22 c23 (3.1.2a)
asi b32 c33

or P = (R1e1, R2e2, R3e3) (3.1.2b)

The matrix P can also be considered as a basis changing
transformation where Rie1, R2e2, and R3e3 are the new basis
vectors. Therefore, Ho the system matrix corresponding to the
upright condition becomes transformed under this mapping by a
similarity transformation related to the angle of tilt (Lang,
1963; Appendix)..

In addition to changing the basis of the system matrix and
its eigenvectors, gravity also modifies the time constants or
eigenvalues of the system matrix. This entails multiplying the
matrix Ho by a matrix Q which is a function of gra\}ity. Since
the multiplication is done in the eigenvector basis, both Ho and
Q are diagonal matrices.

Thus, the new system matrix can be given as
Hp = PQH P! o (3.1.3)

where P and Q are gravity dependent, and Hp is the system
matrix relative to the upright spatial basis, which is aligned
with the spatial coordinate axes, e1, €2, e3.
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In order to express eye velocity in the coordinate basis in
which it is usually measured i.e. head coordinates, a transforma-
tion must be made to the subject reference frame. This is a
similarity transformation by a rotation matrix R, where R
rotates the subject head frame into the spatial frame. There-
fore the system matrix relative to the head coordinate basis is
given by:

Hs = R"1Hp R (3.1.4)

By substituting equation ('3.1.3) into equation (3.1.4) and
using equation (2.3.11), the system matrix is given by:

H = Tcan (R"I(PQHoP'Y) R) Tcan ! (3.1.5) |

Note that H and Hy, are not representations of the same
linear transformations in different coordinate frames. Rather,
P and Q explicitly change the eigenvalues and eigenvectors of
the original system matrix.

Figure (3.2) shows an example of the system matrix calcu-
lated for three different orientations. In the upright condition
(Figure 3.2a) the eigenvectors are the spatial coordinates (e1,
e2, ¢3) and the system matrix is diagonal. No cross coupling is
indueed. The associated eigenvalues were set approximately
equal to -1/12 for the yaw axis, -1 for the roll axis and -.75 for
the pitch axis. These correspond to the 12 second time con-
stant of OKAN about a vertical axis and the approximate one
second time constant for vertical and roll OKAN when the
animal is upright. For a tilt of 45 degrees (Figure 3.2b), the
yaw eigenvector is approximately -15 degrees while the pitch
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and roll eigenvectors rotate with the head. The off diagonal
component produces the cross-coupled horizontal to vertical
component. When the subject in the 90 degree right ear down
position (Figure 3.2c), the vertical eigenvector rotates ap-
proximately 10 degrees in the direction of tilt. The off
diagonal component is larger, and therefore the cross-coupling

is more pronounced.

A summary of the various system matrices in their coor-
dinate bases is given in table 3.1.

Matrix Coordinate Basi

Ho Spatial System matrix in spatial
coordinates for upright condition
Hco Canal System matrix in canal
coordinates for upright condition
Hp Spatial System matrix for arbitrary

orientations in spatial basis
P'I:spatial --> eigenvector

QH, Eigenvector System matrix for arbitrary
orientations in eigenvector

| basis (Diagonal matrix)

Hs Subject head System matrix for arbitrary
orientations in head coordiates
R'I:spatial --> head

Table 3.1 Matrices and their coordinate bases
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Fignre 3.2 Calculating the system matrix. The system
matrix for any head orientation is computed by performing a
series of transformations on the original system matrix for the
upright condition. The new system matrix, in a head coor-
dinate frame is, H = R} (PQHoP"!)R. It is assumed that there
is an internal transformation to canal coordinates and back. Q
is the transformation which changes the eigenvalues of the sys-
tem. P is the transformation that changes the eigenvectors,
and R transforms the system into head coordinates by perform-
ing a pure rotation.
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3.2 Dynamics of Transformed System

Because eye movements are measured in head coor-
dinates, it simplifies the computation of the system matrix in
terms of its eigenvalues and eigenvectors if the system matrix
is represented in head coordinates. For the OKAN response, ex-
pressing the system matrix in head coordinates implies that the
ouput velocity states will equal the velocity storage states (y =
x). Equations (3.1.3) and (3.1.4) can be combined to give the
following relationship between Hs and Ho:

Hs = R'IPQH P IR (3.2.1)

It should be noted that P represents a transformation that
maintains the yaw axis eigenvector spatially invariant in spatial
coordinates while R™! is the rotation that changes the spatial
basis into the head frame. Thus, we can define a matrix T
which is a transformation that maintains the yaw axis eigenvec-
tor spatially invariant and changes the basis to head coor-
dinates. It is given by,

T = R!p (3.2.2)

We can express the relationship between the system
matrix in the upright condition and the tilted condition by:

Hs = TQH,oT! (3.2.3)

The matrix differential equation governing this system,
with the vector x also expressed in head coordinates is therefore



58

X X
Xt =TQHoT !|xp (3.2.4)
Xy’ Xy

where xp, Xr, Xy are the pitch, roll, and yaw components of the

state vector.

Multiplying each side of equation (3.2.4) by T'! , we obtain:

X X )
1 |xp = Q HoT"! xf‘ (3.2.5)
Xy’ Xy
where,
-Aa1 0 0
QHo = 0 -2 0 (3.2.6)
0 -3

and 11, A2, A3 are the eigenvalues of the system matrix H. ' Note
that QHo is a diagonal matrix since it is expressed in the eigen-
vector basis.

Equation (3.2.4) can be rewritten as,

Xp’| -2100 Xp
Xe'| = 0-220 Xr (3.2.7)
Xy’ 00 -r3 Xy

where,
Xp | b
Xr | =T xh (3.2.8)
Xy Xy
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The solution to this equation is given by:

Xp = Ae_)‘lt
Xr = Be ™M (3.2.9)
Xy = Ce")‘3t

multiplying each side of the equation by T, we obtain:

X Ae—-)dt
Xr '= T ge:’;g; I (3.2.10)
Xy <

The matrix P can now be obtained as the column vectors
given by P = (p1,p2,p3). We will find solutions to the state
equations given by (3.2.10) constraining p3 to be a space in-
variant vector. This agrees with our hypothesis that the yaw
axis eigenvector remains approximately spatially invariant with
regard to head tilts.

The rotation transformation from spatial to head coor-
dinates is given as R! = (q1,92,93). Therefore,

4 10°* 10
R7P=| 012 )= 01qs' | =T C(3.2.11)

where, q3’ = R'1p3 = (s1,sz,s:§)t, and where s1,52 ,and s3 are
the components of the yaw axis eigenvector in head coordinates.

The simplified form of equation (3.2.11) results from ex-
pressing the eigenvectors in head coordinates. The first two
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colums of T match that of the identity matrix because the first

two eigenvectors rotate with the head.

We can now solve for the state vector:

xp | 10 s1 Ae
Xe ! = |01sz||Bel2 (3.2.12)
Xy 00s3 Ce
AeMt 4 ce M
= B e M 4 52 Ce™¥ (3.2.13)
s3Ce™™”

For an initial condition of (x1,x2,x3), the coefficients
A,B,C are:

A = x1-51/s3 * x3
B = x2-52/s3 * x3 (3.2.14)

C x3/s3

Thus, substituting (3.2.14) into (3.2.13) and using the fact
that y =x, yields the solutions,

yp = (xl-sl/s3'x3)"e'"1t +(sl/s3)‘x3‘e"‘3t
yr = (x2-52/s3*x3)*e M2 4 (52/s3) *x3%e M3t (3.2.15)

yy = x3*e M3t

Thus, we have obtained the time domain solution for the
three eye velocities in head coordinates as a function of the
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eigenvalues, eigenvectors and initial conditions.

We can simplify these expressions by setting,

c11 = x1 - (s1/s3) * x3,
c13 = (s1/s3) * x3,

c22 = X2 - (s2/s3) * x3, (3.2.16)
c23 = (s2/s3) * x3, |
€33 = X3,

Then,
yp = c11e Mt 4 cpze M3t
yr = c22e M2t 4 cp3e M3t (3.2.17)
yy = caze 3t

In order to compute the components of the eigenvectors
in head coordinates at a specific orientaions of the head with
regard to gravity, we form R the rotation matrix in terms of the
euler angles (Goldstein, 1954; Appendix). Phi is the angle of
rotation about the spatial vertical and therefore is not affected
by gravity. That is, the initial direction of the subject does not
influence the outcome of a given experiment. Thus, for our pur-
poses it suffices to set phi = 0. Therefore,

cosy -siny 0
R = cosesiny cosocosy -sine (3.218)
sinesiny sinecosy coso

The components of the associated yaw axis eigenvector in
the subject’s frame of reference is the last column of T, q3’ =
(s1,sz,53)t. We now show how to derive the si values in terms of
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the remaining two euler angles, theta and psi. The associated
yaw axis eigenvector, p3 = R3e3 = (0,-sine’,cose’), where o’ is
the angle of rotation of the associated yaw axis eigenvector

from the spatial vertical.

Then T = R'IP =

0 -sineé’cosesiny + cosesinesiny '
1 -cosecosysine’ + sinécosycose’ . (3.2.19)
0 sinesine’ + cosecose’

OO

Then q3’, in the monkey frame of reference has com-

ponents:
s1 = -sinq’coseésiny + cosesinesiny
§2 = -cos6cosysing’ + sinécosycose’ (3.2.20)
s3 = sinesirio’ + c0s06coso’

We now confirm that the closed form solution is correct,

by showing that x’ = Hsx:

Following from (3.2.1) we express the system matrix in
head coordinates in terms of its eigenvalues and eigenvectors:

10s1 -21 00 1 0 -s1/s3
Hg= 01s2 0 -220 0 1 -s2/s3
00s3 0 0-a3 0 0 1/s3

-x1 0 s1/s3€u-x3
0 -a252/s3(N2-23
0 0 -\3

(3.2.22)
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The differentiated state vector is x’:

|xp = |-a1(x1 - sl/s3‘x3)e"‘;: A3*s1/s3*x3 e :gt
|xe' | =]-2r2(x2 - gz/ss'xs)e"‘ - A3*s2/s3*x3 e (3.2.23)
[xy" | =]-a3x3e*3" |

We now multiply the system matrix Hs by the state vector
x getting Hsx:

-r1(s1/s3*x3- xl)e'“‘ -A1*s1/s3*x3%e "‘gt+sl/s3(x1-x3)x3‘e')‘§:|
-x2(s2/s3*x3-x2)e 2.\ 2 sz/sstxg3 ' +52/s3(a2-23)x3%e”* ||
-A3e

(3.2.24)

This simplifies to (3.2.23), confirming that X’ = Hsx.

We next consider how the eigenvalues and eigenvectors
can be determined from experiments and how these results com-
pare to data.
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3.3 Identification of Eigenvalues and Eigenvectors from Three
Dimensional Eye Velocity: Least Squares Fit

As shown above, we have derived the closed form solu-
tions for the velocity vector output of our model in head coor-
dinates. During OKAN the output y in head coordinates is
equal to the state vector. Therefore the solution to the state
equations for each component of eye velocity is a linear com-
bination of exponentials having the following form:

o [ enetl 1 el 3 et
L= ¥r (= e21e 5, +oc22€ o €236 13
Yy c3ie + c32¢€ + c33¢
c11 c12| _ c13| _
= ca1|e M4+ |c22|e M4 [ca3fe M3 (3.3.1)
c31 c32 ¢33

where yp, yr, and yy are the pitch, roll and yaw components of
eye velocity during OKAN.

The vectors,

c11 c12 €13
c21|, (c22| , and c23 (3.3.2)
€31 €32 €33

are the eigenvectors of the system matrix, H, and the Ai are the
corresponding eigenvalues. Therefore, the solution is a non-
linear vector function of the eigenvalues and eigenvectors. To
identify the eigenvalues and eigenvectors of the system matrix,
a nonlinear identification technique must be used.
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An efficient algorithm using a least squares minimization
of the error between the data and the model output was
developed by Marquardt (1963). By extending the Marquardt al-
gorithm to use three dimensional input vectors, we could iden-
tify the system matrix from data from monkeys. In the next
section, we consider the Marquardt algorithm, its implementa-
tion, and extension to three dimensional data modelling.
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3.3.1 Basis for Marquardt Algorithm for estimation of parameters

The Marquardt algorithm combines two common methods
for least squares estimation of nonlinear parameters. The first
method makes use of a Taylor expansion of the function to be
fit which takes advantage of local linearity. The other method
is a variation of a steepest descent method. Each of these
methods has its limitations. The Taylor expansion tends to
diverge on succesive iterations and the region of convergence
is small. This implies that the parameters must be fairly close
to the final values before this technique is useful. In the
problem of identifying the system matrix components, this is
not feasible. The steepest descent technique, on the other
hand, has a greater region of convergence, but has an long con-
vergence rate. The Marquardt method varies smoothly between
these two methods in such a way as to avoid the pitfalls of each
while utilizing their advantages.

In deriving the algorithm we will assume that the function
to fit the data is given by:

y = £(x8) = £(X1,X2,...,Xm;B1,B2,...,Bk) (3.3.3)

where xj are the independent variables and gi are the
parameters to be calculated. We define Zj to be the value of
the function at the ith data point.

Yi are the data points at the points Xi = X1i,X2i,...,Xmi
giving the tuples:

(Yi, X1i,X2i,...,Xmi) i=1,2,...,n (3.3.4)
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The goal is to find parameters Bi, ...,pk which minimize the sum
of the squared errors given by:

®(B1,B2,---,Bk) =Zi=1,n (Yi-Zi)? (3.3.5)

As is well known, a necessary condition for finding the
minimum is that the gradient of & vanishes. This will be satis-
fied when:

ad/apj = 0 i sjsk (3.3.6)

In general, it is impossible to find a closed form solution
to the above system (3.3.6). However, in the case where f is
linear, the set of equations obtained from (3.3.6) become
linear, and posess a closed form solution. One way to utilize
the linearizing property is to constrain the parameters within
some k-dimensional sphere.

The constrained problem is to minimize ¢(g1,...,k) sub-
ject to the condition that

g(pl,....pk) = ||p-B°|| = (3.3.7)

for some fixed r > 0. ||* || is the norm of the vector
and p° is the initial value of the vector .

If such a minimum occurs at a point g’, then the pair of
level surfaces g(p) = r and ®(B) = ¢(p’) are tangent to one
another at the point p’. Therefore their respective gradients
must be proportional, i.e., ®(p’) =u Vv g(p’) for some real num-
ber [THS
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‘Thus we see that in order to find the minima of the con-
strained system, it suffices to solve the following system of
equations:

Vo = uvg and
gp) =r (3.3.8)

This is known as the method of Lagrange multipliers (Kaplan &
Lewis, 1971).

Again, (3.3.8) is, in general, quite complicated. A key fea-
ture of the Marquardt algorithm is the observation that (3.3.8)
becomes linear if f is linear. If f is linear it can be expresses

as:
f(x1,...,xm;b1,...,bk+1) = p1x1 + B2x2 + ... + BkXk +PBk+1
(3.3.9)
® is therefore given by:
® = Si=1,n (Yi- Zk=1,m Bk Xki - Bk+1)> (3.3.10)

Taking the partial derivatives with respect to the
parameters pj and setting it equal to zero we see that (3.3.6) be-
comes

Zi=1,n 2 (Yi - 2k'=1,m Bk Xki - Bk+1)Xji =0 jsm  (3.3.11a)

-2i=1,n 2 (Yi- Zk=1,m Bk Xki - Bk+1) =0 j=m+1 (3.3.11b)
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Thus, as mentioned earlier, we see that these equations
are linear in gi and hence can be easily solved via Gaussian

elimination.

The above procedure can be interpreted geometrically as
follows: When m=1 (one parameter) then the level curves, @
= ¢, yield a family of ellipses. Minimizing & with regard to b is
equivalent to finding the point on a level ellipse for which the
c parameter has the smallest possible value. Therefore if f is
linearized a solution for g is obtained directly and does not re-
quire an iterative procedure.,

Since the local behavior of a smooth function is ap-
proximately linear, one can apply this method of "constrained
least squares" to minimize ¢ in spheres of radius r, and obtain
solutions for the parameters if r is chosen appropriately.
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3.3.2 Development of Algorithm for Parameter Identification

We now consider how linearization and the gradient tech-
niques are combined in the implementation of Marquardt’s algo-
rithm,

In the linearization technique if the function f is ex-
panded in a Taylor series about a point in parameter space g =
b, we obtain a linear approximation of f given by:

fi(b+8) ~ fi(b) + Tj=1,k (afi/aBj) |b ( 8}) (3.3.12)

where fi(b) = f(Xi,b)i=1,..,n and s = (51,...,5k)

The vector 5 represents an offset in the parameter vector
b which gives a better approximation to the data. Therefore
the procedure to find the correct 5 is to initially make a guess
of the solution, b and improve this guess by changing b to b +5.
We now show how this is done using a standard least squares
method. The accuracy with which 5 is determined is dependent
on the nonlinear characteristics of the function f.

Rewriting (3.3.12) in matrix notation we obtain:
<Y> = fo + Ps (3.3.13)

where, <Y > is the linearized function about g = b:

(3.3.14)
<Y(Xn,b+5)>
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and,
fo = fl(b)
(3.3.15)
fa(b)
and P = sfi/abj i=1,..,n j=1,..,,k
Note that P is an n x k matrix:
abi1 b2 abxk ,
(3.3.16)
afn  afn... 2fm
ab1  ab2 abk
The criterion function is therefore given as:
¢ = Zi=1,n (Yi - <Yi>)2 ' (3.3.17)

Taking the partial derivatives of ¢ with respect to the sj, and
setting them equal to zero, we obtain:

a®/asj = -2 Ti=1,n (Yi- <Yi>) * afifapj = 0 (3.3.18)
where from equation (3.3.13),
<Yi> = fj + Z1=1,k afi/ob1 * 5] (3.3.19)
Substituting (3.3.19) into (3.3.18) we have,"

Zi=1,n [Yi- fi - ( 21=1,k afi/ab1 * 81)] * afi/apj = O (3.3.20)



Rewriting (3.3.20),
Ti=1,n (Yi- £)* afi/apj =

Ti=1,n21=1,k afi/ab1 * afi/apj * &1

By switching the two summations (in 3.3.21), we get,
21=1,k(Zi=1,n afi/ap1* afi/apj) * 81

By setting
8i =Zi=1,n (Yi - fi)* ofi/ap]

in equation (3.3.21) and noting that,

T

PP =Xi=1,n afi/ap1 * afi/aB]

equation (3.3.21) reduces to the matrix equivalent:

T

PP =g

where g = (g1,...,8k).
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(3.3.21)

(3.3.22)

(3.3.23)

(3.3.24)

(3.3.25)

By evaluating (3.3.18) at 5 = 0 (that is, when p = b) we
see that g = (- 1/2) V& (b), the gradient of the criterion func-

tion.

We can further simplify equation (3.3.25) by letting

A =PTP. We thus obtain the linear system,

As =g

(3.3.26)
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‘The linearization technique reduces to solving a system of
linear equations for 5, where A and g are obtained from the non-
linear function that is to fit the data. This applies when the
parameters are close to a solution.

This linearization method will produce a meaningful
value for 6 only if f is approximately globally linear. Since the
generic function is only locally linear, we are led to the con-
strained least squares problem: Here we try to find a 5 which
minimizes the function ® defined by (3.3.17) subject to the con-
straint

I1s]] =r (3.3.27)

Here r is chosen sufficiently small, so as to guarantee that
the linear approximation given by (3.3.13) is valid. Marquardt
shows that the Lagrange multiplier method leads to the follow-
ing linear system:

(A+rI)s =g (3.3.28)

where A and g are as before, and A is some real number which
depends on r and I is the identity matrix. Furthermore, he
shows that A and r are inversely related: A is a decreasing func-
tion of r. It approaches zero as r approaches infinity, and ap-
proaches infinity as r approaches zero.

The other aspect of Marquardt’s method is to use the
gradient technique when the parameters are far from the solu-
tion. This method will produce a § which is guaranteed to ap-
proach a local minimum. Here we take the partial derivatives
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of ® with respect to each of the parameters.
® = & (by,...,bk)
Vo = (ad/ap1,...,ad/ 3pk) (b) (3.3.29)

In order to decrease ® we move in the direction of the
negative gradient.

The Marquardt method dynamically combines the Taylor
series method with the gradient technique. As \ increases, 5
decreases. When i is relatively small, 6 is large and the Taylor
series method is implemented with big steps towards minimiz-
ing ®. When a is large, 5 is small and small steps are taken
towards minimizing the criterion function, &. Note that as x
decreases, equation (3.3.28) approaches the linear least
squares method (3.3.26). In contrast, as \» increases, the matrix
A in equation (3.3.28) becomes diagonally dominant and the
equation reduces to (AI)s = gor s = (1/A)g = (-1/2))* vo . This
is equivalent to the gradient descent method. The algorithm
can be summarized as follows:

Given an initial parameter vector b; and some arbitrarily
small e:
Compute the criterion function ¢(1)(b)
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REPEAT
Solve (A + A1) 8 = g for 6 and

set olitl) = o(b + 8)
1f o() <g(i*+1)

A= 2aA*10
else {r:=2r*.1

b:=b + s }
i:r=1i+1

UNTIL o(D . ¢(i+1) o

The Marquardt algorithm is not globally convergent.
That is, if the initial parameters are far from a minimum, the
process might diverge. Variations of this method have been in-
troduced which are globally convergent (Moré, 1977; Powell,
1975; Osborne, 1976). In order to ensure convergence, they
employ variations of a line search technique where when a step
is taken in the direction of the negative gradient, a conver-
gence test is performed. If the step is found to be unaccep-
table, the step is shortened by some factor and the process
continues. This guarantee of convergence is advantageous if
one is concerned with finding any minimum. - However, it still
does not address the problem of arriving at an absolute mini-
mum. If the parameters are chosen sufficiently close to the
solution, this method is adequate. Thus, finding good initial
parameters is crucial to convergence to accurate solutions.
. How to accomplish this is related to the specific problem and is
discussed in section 3.4.1 The next section describes an exten-
sion of the Marquardt method to vector valued functions, neces-
sary for our purposes as we are fitting data corresponding to a
three dimensional model.
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3.3.3 Extension of Marquardt Algorithm to Vector-Valued Functions

Each component of the velocity function has parameters
in common with the others (see equation 3.3.1). Rather than
treat these functions separately and produce several sets of
parameters, we extend the Marquardt method to handle vector-
valued functions.

Let the model to be parameterized be given by the vector-
valued function:

= = (1) .
X f(&,ﬁ.) §(2)§x1,x2,---,xm,Bl,BZ,---,Bk;

X1,X2,e00,Xm;B1,B2y...5Bk (3.3.30)

f(l)(x1,x.2.,....,Xm;Bl,Bzy---,Bk)

where xi are the independent variables and i are the
parameters to be calculated. The data points will be denoted:

(X5, X1i,X24,...,Xmi) i=1,2,...n (3.3.31)
The problem is to compute the gi which minimize:
=3 |Yi- Zil? (3.3.32)

where Zi is the value of y at the ith point. Taking the norm of
the differences we obtain:

il zi(1) 2
®=Zi=1,n Yi(? Zi(® (3.3.33)

vih i 71
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This involves taking the square root of the squares of the dif-
ferences. Since the entire quantity is squared, the square root
is cancelled. This simplifies to:

@ =3i=1,a (YiD.zilM)? | (vi®P.2i®)2, o (vi.ziD)?
=31=1,0%j=1,1(Yi (j)-Zi (j))° (3.3.34)

This ® is dependent on all the functions contributing to
the sum. Following the notation from (3.3.13), the extended
Taylor series expansion through the linear terms is:

<Y> =fo + Pb (3.3.35)

where fo (which has 1*n components) =

£(1) Exi(l) b;

£2) (xi(®)p (3.3.36)
£ °xi(V,b)
and the augmented P is:
(1) ,¢,(1) | (1)
3%11 'gfl;lz ‘alglk
(1) ,¢,(1) (1)
P= |afa(® af, (1) .. afn () (3.3.37)
ab1 ab2 abk
af1(®) 58,3, (2)
ab1 '3%12 gﬁlk
afa® afa ... afa®
ab1 ab2 abk
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‘The coupling among the various £() occurs when A =PTP
is formed (see equation 3.3.24). If however the £0) have no
parameters in common, then P will be a block diagonal matrix
and no coupling will result. Once the matrix P is found, the
matrix A is determined and equation (3.3.28) can be imple-
mented to search for the parameters as described above.

We will next apply the extended Marquardt algorithm in
computing the eigenvectors and eigenvalues of the system
matrix associated with velocity storage.
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3.4 General Procedure for Finding the Eigenvalues and Eigenvectors
from Data for Tilt Experiments

We now show how to extract the eigenvalues and the
eigenvectors of the system matrix from pitch, roll, and yaw axis
eye velocity data during OKAN. To do so, we must estimate
the corresponding parameters as initial conditions for the ex-
tended Marquardt algorithm. We must also determine the
matrix transformation that maintains the yaw axis close to the

vertical in head coordinates.

We can then use the closed form solutions given above
(Equation 3.2.17), which are given in head coordinates, to
determine the cij and the zj from the data.

For the data under consideration, the subject is tilted
about the animal’s y axis emanating from the back of the head
(see Figure 2.9). This axis then remains unchanged. Under
this condition there is cross coupling between the yaw and
pitch axis but not to the roll axis (see Figure 2.9a).

The Euler angles that determine the orientation of the
subject for a tilted position are theta and psi. Psi is 90 degrees
and theta determines the angle of tilt. This constraint together
with the fact that phi can be set to zero (see section 3.2.1 and
equation (3.2.18)), simplifies the rotation matrix R to:

0 -1 0
R = coso 0 -sine (3.4.1)
sine 0 coso

If we apply the inverse rotation to the yaw axis eigenvec-
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tor in spatial coordinates, p3, we obtain its represention in
head coordinates, q3’.

Therefore, R'1p3 = q3’ =

0 cose sine 0
-1 0 0 -sine’
0 -sine coso cose’
-sine’cose + coso’sine sin(6-0’)
= 0 = 0 (3.4.2)
sine’sine + cos6’cose cos(6-0")

where 0 is the angle of tilt and e’ is the angle between the
spatial vertical and the vertical eigenvector (Figure 3.4.1).

Therefore, the vertical eigenvector q3’ = (s1,52,53) has
components:

sl = sin(6-8’); s2 = 0; s3 = cos(e-6’) (3.4.3)

Alternatively, we could express q3’ in terms of «, the
angle between the vertical eigenvector and the monkey’s x axis.
(see figure 3.4.1) This is computationally more consistent since
our computations are relative to head coordinates. Then,

a = 90 -"(e-0’) (3.4.4)
and,
cos a = sin(6-0’), sine = cos (0-6") (3.4.5)

then,



Figure 3.4.1 Yaw axis eigenvector relative to animal head.
v: yaw axis eigenvector

0: angle of animal tilt from spatial vertical

8’: angle between eigenvector and spatial vertical

a: angle between eigenvector and animal x-axis
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q3’ = (cos e, 0, sin a)' (3.4.6)

Given the angle of tilt of the animal and the angle of the
vertical eigenvector from the spatial vertical, we now have the
means to compute the components s1 and s3 of q3’. With this
we can calculate c11 and c13 of the closed form solutions (equa-
tion 3.2.17) which are functions of s1,52,53 and the initial
values of the pitch, roll, and yaw eye velocities during OKAN.

The experimental data provides us with the initial values
of velocity for pitch, roll and yaw: xpo, Xro and xyo. Therefore
by making an initial approximation to the eigenvectors, we have
initial vlaues for the cij that determine the solutions for the
velocity profiles. In addition, if the eigenvalues are initial-
ized, experimental velocity profiles can be compared to the
functions that predict these velocities and the extended Mar-
quardt algorithm can be used to identify the eigenvalues and
eigenvectors for this data set.

For any tilt, the "pitch" eigenvector does not change rela-
tive to the monkey’s head and is therefore still [1,0,0]t in head
coordinates. That is,

C11
Cc21
€31

="

1 ‘
0 , (3.4.7)

where y is determined by the initial velocities and the tilt
of the yaw axis eigenvector.

The "roll" eigenvector remains unchanged relative to
gravity and is:
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c12 0
c22 |= |1 : (3.4.8)
c32 0 .

A flow diagram that shows the process of identifying the
eigenvalues and eigenvectors is shown in figure (3.4.2).

We next consider how to estimate the initial parameter
values for our problem that drive the Marquardt algorithm.



Initialize x1, x2, x3 to initial velocities from data
given in head coordinates.

¢

Choose appropriate initial angle, «, of tilt for spa-
tial yaw axis eigenvector relative to monkey pitch axis.
Compute the initial yaw axis eigenvector in head coor-
dinates: (s1,52,53)".

|

Determine the initial eigenvectors in head coordinates:

11 12 c13
c21 c22 c23
c31 €32 €33

c11 = x1 - (s1/s3) * x3,

c13 = (s1/s3) * x3,

c22 = x2 - (s2/s3) * x3,

c23 = (s2/s3) * x3,

€33 = X3

Compare:

c11 c12 c13

c21le~ Mty [eaz[e=22t4 [cp3fe =23t
c31 €32 €33

to experimentally obtained vélocity vector y(t) and use
Marquardt algorithm to refine the estimates of the
ecigenvalues and eigenvectors.
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Figure 3.4.2 Flow diagram for identifying the eigenvalues

“and eigenvectors.
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3.4.1 Estimation of the initial parameters

By examining the flow diagram in figure (3.4.2), it is ap-
parent that the choice of initial parameters is important in the
identification procedure. Specifically, it is important to
choose the initial conditions correctly. Since the extended Mar-
quardt method does not guarantee finding an absolute mini-
mum, it may converge to any local minimum. Therefore, in
order to find the best fit we must start with reasonable initial
values.

For tilt experiments, the output velocities contain pitch
and yaw components (roll is not present and is set to zero).
The yaw component is modelled by a single exponential with
coefficient ¢33 and exponent A3 since there appears to be no
cross- coupling from the pitch to the yaw axis. Therefore, c31
is set to zero and there is no mode of the response with A1 as
its eigenvalue. The coefficient c33 is set to the initial value for
yaw velocity, xyo. The pitch component is the result of cross-
coupling between the horizontal and vertical velocities, result-
ing in the response being the sum of two exponentials.
Therefore, it has c11 and c13 as coefficients and A1 and A3 as the
corresponding eigenvalues in the response modes. Thus, the ex-
ponent, A3 is the one parameter common to the pitch and yaw
velocities.

The strategy for finding an initial set of parameters, is to
first fit the yaw component to obtain estimates for ¢33 and A3.
If pure vertical data is available, we can fit the pitch com-

. ponent for the same tilt angle. This gives us an upper bound
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for A1. Next, to find c13, we must have a good approximation
for the vertical eigenvector. Based on data taken at a zero de-
gree tilt and a 90 degree tilt it was qualitatively estimated that
the yaw axis eigenvector ranged from 0 degrees to 12 degrees.
Via linear interpolation, we can approximate an initial value
for the vertical eigenvector expressed as q3’° = (c13 0 c33)%.
We have shown above how to calculate c13 in terms of the yaw
initial value and the angle the vertical eigenvector makes with
the animal’s pitch eigenvector (see Figure 3.4.2). This gives an
initial value for c13. Then c11 = xyo - c13. By fixing the eigen-
values and the yaw coefficients to their input values, we apply
the extended Marquardt method to obtain more accurate values
for the pitch coefficients.

In the next section, we discuss the program to implement
the procedure for identifying the eigenvalues and eigenvectors
of the system matrix associated with velocity storage.
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3.5 Computer Implementation of extended Marquardt method:

The flow diagram of the program to identify the
parameters of the system is shown in figure (3.4.2). The
program was implemented in Microsoft Fortran on a PC.

The input consists of two files, one containing the
velocity profiles for pitch roll and yaw and the other a
parameter file. In the parameter file the user specifies the
angle of tilt of the animal, an initial angle of the yaw axis eigen-
vector relative to the spatial vertical, and the pitch and yaw
time constants. The user also provides a binary attribute list
corresponding to the parameters, where a one indicates that
the parameter is to be changed and a zero signifies that the
parameter is to be held at its input value.

The program converts the input parameters into the cor-
responding eigenvectors and eigenvalues and transforms the
yaw axis eigenvector into a head based basis. Using the at-
tribute list, a permutation vector is formed with the indices of
the parameters to be adjusted followed by the those that are
held constant.

Based on the input parameters and attribute list, the
parameters of the Marquardt algorithm are set and arranged
into a vector. The order within this vector does not matter.
‘The input data corresponding to the three functions (for pitch,
roll, and yaw) is arranged into a single vector, y, as though it
were generated by a single function. The values of the inde-
pendent variables xij corresponding to each function (in our
case, time) are each shifted to a distinct domain. The user
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defined procedure of the Marquardt algorithm is provided to
return the value of y evaluated at xj. The procedure distin-
guishes among the components of the velocity vector and com-
putes the range appropriately. The partial derivatives of the
functions relative to the parameters are evaluated and the P
matrix is formed (see section 3.3.2).

The output of the program is the set of converged values
of the angle of the yaw axis eigenvector and the pitch and yaw
time constants. The data points corresponding to the vector
function evaluated at the converged parameters are sent to a
file specified by the user, in a format that is easily read by a
graphics routine.

The flowcharts describing this process follow (Figures
3.5.1 and 3.5.2).

In the next section we show how the program was utilized
in obtaining fits to data from monkeys.



READ ANGLE
OF TILT,
EIGENVECTOR
TILT, &
EIGENVALUES

READ
ATTRIBUTE
LIST FOR

PARAMUETERS

READ
VELOCITY
DATA INTO
VECTORS
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CALL MRQMIN

CREATE ONE VECTOR FROM
THE PITCH, ROLL, AND YAW
VELOCITIES.

CONVERT PARAMETERS TO
EIGENVECTOR AND
EIGENVALUES

COMPUTE THE PARAMETERS
FOR MRQMIN.

Figure 3.5.1 Flowchart of main routine of extended Mar-

quart algorithm.




CHECK FOR PROPER
INIT CALL? PERMUTATION

CALL MRQCOF
SET INITAL TRY TO PARMS

v

AUGMENT DIAGONAL OF
COVARIANCE MATRIX

Figure 3.5.2 Flowchart of MRQMIN of extended Marquart
algorithm.



CALL GAUSSJ TO SOLVE
FOR DELTA VECTOR

FINAL CALL? N\,

CALL COVSRT TO
REARRANGE MATRIX

RETURN

UPDATE PARAMETIEERS WITH
NEW DELTA

OLDCHISQ <
NEWCHISQ?

LAMDA = 10* LAMDA
| CHISQ = OLDCHISQ

LAMDA = .1°* LAMDA
OLDCHISQ = CHISQ

RETURN

RETURN
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3.6 Application to Finding Parameters from Experimental Data

In order to show the applicability of the technique, the
identification algorithm was applied to a small data set from ex-
periments done on one monkey (Raphan & Cohen, and personal
communication). The animal was right side down and only
cross-coupling to the upward pitch component was considered.
Despite the small data set, the method developed is shown to
be a useful tool in relating the three dimensional model of the
vestibulo-ocular reflex to the data. It supports the charac-
terization of the three dimensional velocity storage integrator
in terms of its eigenvalues and eigenvectors as a function of
gravity. Behavior experiments on cross-coupling to the
downward pitch component as well as cross-coupling to roll
should further ellucidate the model structure.

When the animal is tilted from the spatial vertical and
given a yaw axis optokinetic stimulus (that is the drum is also
tilted by the same angle), cross-coupling is produced which
generates yaw and pitch components of OKAN (Figure 2.9).
The data samples needed for the Marquardt algorithm were ob-
tained by sampling the slow phase eye velocity profiles as-
sociated with the yaw and pitch axis of OKAN every 2 seconds.
These samples were stored in a file and were later read by the
program. The data values are shown as dots in figures (3.6.1,
3.6.3 a-g). '

As the first part of the procedure, we obtained the time
constant associated with the yaw component. This was ac-
complished by running the one dimensional Marquardt algo-



Figure 3.6.1 Cross-coupled pitch and yaw
- OKAN for a 90 degree tilt. The data
points are shown as dots. The solid lines
are the fits found using the method
outlined above. The pitch time constant
was 5 seconds and the yaw time constant
was 7.5 seconds. The yaw axis eigenvector
was found to be 9 degrees from the spatial
vertical.
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YAW VELOCITY
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Figure 3.6.1



95

rithm with the yaw component of velocity as input. For the yaw
.axis velocity there are two parameters, the coefficient ¢33 and
the eigenvalue A3. For a 90 degree tilt (Figure 3.6.1), we ini-
tialize c33 to the initial horizontal velocity which is 33. The
time constant for the yaw component for the upright is ap-
proximately 12 seconds and is known to decrease gradually with
tilt angle. Therefore, we set A3 initially to .1 (10 seconds). The
Marquardt method produces A»3= .134 (corresponding to a 7.4
time constant).

To get an upper bound for A1 we run the one dimensional
Marquardt algorithm on the pure vertical data for a 90 degree
tilt (see figure 3.6.5e for data points). This gives us a time con-
stant of approximately 10 seconds. We run the three dimen- |
sional algorithm, this time on the vector valued function
holding c31 and A3 fixed, initializing the the vertical eigenvec-
tor to 10 degrees from the spatial vertical. The program com-
putes the initial values of the parameters to be c11= - 157, c12
= 187. The attribute list corresponding to the parameters is set
so that A3, €31 and c33 are fixed while c11, c13, and A1 are al-
lowed to vary. The algorithm then produces c11 = -12§, c12 =
159, and a1 = .206. This implies that the vertical eigenvector
is tilted 11.7 degrees from the spatial vertical with a pitch time
constant of 4.8 seconds. The cross-coupled data overlayed by
this fit is shown in figure (3.6.1).

If the eigenvalues are fixed and the yaw axis eigenvector
is initialized to 40 degrees from the spatial vertical, this
method will converge to a vertical eigenvector of approximately
10 degrees. This is shown in figure (3.6.2). Note that when the
" eigenvector is far from the true value, the pitch component fits



Figure 3.6.2 This figure demonstrates how -
the method finds the proper yaw axis
eigenvector. In this example, the subject is
tilted 90 degrees right ear down and the yaw
axis eigenvector is initialized to 40 degrees
from the spatial vertical. The pitch and yaw
velocities for this case are below the stick
figure on the left. The method converges to
a yaw axis eigenvector of approximately 10
degrees. The stick figure and velocities
corresponding to this case are shown on the
right. In both cases the pitch and yaw
eigenvalues are held fixed at 5 and 7.5
respectively.
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Figure 3.6.2
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very poorly. Since the yaw time constant is held constant, the
yaw velocity fit is the same for both cases.

As we have shown above, our parameter estimation proce-
dure corresponds well with the experimental data. The figures
which follow (Figures 3.6.3 a-g ), show how the parameters
found match the experimental data for tilts of 20, 40, 50, 70,
100, 120 and 130 degrees. In each case, the stimulus velocity
during OKN was 60 degrees/sec to the right about the animal’s
vertical axis. The subsequent cross-coupled pitch and yaw is
shown together with the fit found using the method outlined
above.

Because the system was assumed to be linear, the pitch
component’s eigenvalue at each tilt angle is the same as the
pitch eigenvalue for a pure pitch stimulus (Figures 3.6.5 a-e).
For tilts up to approximately 50 degrees we found this to be
true (Figure 3.64).

The pitch axis and roll axis eigenvectors rotated with the
head while the "yaw axis" eigenvector stayed close to the spa-
tial vertical regardless of tilt angle. The parameters found, sug-
gest that for small tilts the vertical eigenvector is sometimes
tilted in the direction opposite to that of the animal tilt but
still close to the spatial vertical (Figure 3.6.6). It will be
shown how this function will be utilized in estimating the ini-
tial eigenvector for arbitrary orientations of the head (section
3.7)

An evaluation of the fits shows that the first order model
fits the data well over a wide range of tilt angles. However, a
quantitative approach involves computing a "goodness of fit"



Figure 3.6.3 Cross-coupled pitch and yaw
OKAN for tilts of 20, 40, 50, 70, 100, 120,
and 130 degrees (a-g). The data points are
shown as dots. The solid lines are the fits
found using the method outlined above.
Each figure shows the pitch and yaw time
constants and the yaw axis eigenvector
angle found for that tilt.
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EIGENVALUES FOR
COUPLED PITCH & PURE PITCH STIMULUS

10 TIME CONSTANT

o
8 1
6 -
o
4 i 1
a
2 -1 .
)]
0 1 1 L I ) 1 T T ¥
0 10 20 80 40 50 60 70 80 90

ANGLE OF TILT

COUPLED PITCH O PURE PITCH

Figure 3.6.4 Time constants (inverse of
eigenvalues) associated with upward pitch for cross
coupled and pure pitch stimulus as a function of tilt
angle.
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Figure 3.6.5 Pure pitch OKAN for tilts of
20, 40, 50, 70 and 90 degrees (a-e¢). The
data points are shown as dots. The solid
lines are the fits found using the nonvector
Marquart algorithm. The pitch time
constants for these tilts are:

U | Pitch axi
Time constant [Eigenvalue(1/tc)

20: 1.4 71

40: 2.8 35

50: 5.5 .18

70: 9.2 1.08

90: 10.0 1.00
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Figure 3.6.6 Yaw axis eigenvector relative to the
spatial vertical for tilts of 0, 20, 40, 50, 70, 90, 100,
120, and 130 degrees.
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function to express the quality of the data fitting procedure.
The chi squared function alone is not sufficient since it is
proportionately related to the number of data points. That is,
the more points you have, the higher the chi-squared function.
Rather than simply dividing by the number of data points, we in-
stead consider the degrees of freedom of the function. The de-
gree of freedom is the difference between the number of data
points and the number of parameters used in the algorithm.
The ratio of the chi- squared function and the degrees of
freedom has been found to be an adequate measure of "good-
ness of fit" which is independent of input size.

For example, the chi squared value associated with the 90
degree tilt is 42.73. The number of data points used is 24, Al-
though there are 6 parameters, only three are used in the vec-
tor valued function fit. Therefore there are 21 degrees of
freedom. Thus the "goodness of fit" is found to be 2.

The next section addresses the problem of setting the ini-
tial parameters for arbitrary orientations to obtain good conver-
gence characteristics.
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3.7 Identification of Parameters for Arbitrary Orientations

In the previous sections we developed a method for deter-
mining the eigenvectors and eigenvalues from cross-coupled
data and have applied it to various subject tilt angles about the
roll axis. The method that has been developed is general and
can be applied to arbitrary orientations of the head with regard
to gravity. However, a crucial step in the procedure is ap-
proximating the initial values for the eigenvectors and eigen-
values,

We have noted previously that the eigenvectors associated
with the pitch (x) and roll (y) axes approximately rotate with
the head. This is due to the qualitative observation on a small
data set that there is little or no cross coupling from the verti-
cal axis to the roll of yaw axis and little or no cross coupling
from the roll axis to the pitch and yaw axis. Therefore, for any
given orientation their location is approximatély along the
head pich and roll axis for that orientation. This constitutes a
good initial setting for these eigenvectors. However, the verti-
cal eigenvector is known to behave differently. Our hypothesis
is that gravity reorients this vector so that it maintains some
spatial invariance and is a function of the body vertical.

A reasonable initial approximation to the yaw axis eigen-
vector is therefore that it lies in the plane determined by the
spatial vertical and the bod& vertical relative to a spatial frame
of reference. The initial angle will be determined based on the
functial relationship between the angle of the yaw axis eigenvec-
tor and tilts about a roll axis (Figure 3.7.1). Although we do
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Figure 3.7.1 Relationship of angle of yaw axis eigenvector
(relative to spatial vertical) y1 to angle of tilt 6. (Fit with
sine curve: fe = a + b sin (cx + d) ).
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not have data for tilts beyond 120 degrees it is clear that the
behavior is a periodic function of the tilt angle. Note the
similarity with Figure 2.10. We denote the function which
determines the eigenvector in terms of the tilt angle by fe. By
projecting this vector into head coordinates, the initial eigen-
vector is then suitable for input to the extended Marquardt Al-
gorithm. Specifically this can be seen by examining figure
3.7.2. This assumption is approximately true for tilted and
pitched positions of the head (Raphan & Cohen, 1988). The
method of finding the initial yaw axis eigenvector is as follows:

Let,

u1 be the original vertical eigenvector

u2 be the direction of the body vertical

v be the new vertical eigenvector

v1 be the angle between uj and v = fe(0)

v2 be the angle between v and u2 = ¢ - y1

8 = y1 + y2, i.e., 8 is the angle between ui and u2

Given the assumption that v remains in the plane formed
by u1 and u2, we conclude that:

vV = aijul + azu2 (3.7.1)

for some real numbers a1 and a2

We are assuming that uj and v are unit vectors since we
are only considering their direction. We complete the paral-
lelogram, to form the sides a1 and a2 (Figure 3.7.3 ).
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(eigenvector) ui (spatial vertical)
v

(body vertical)
u2

Figure 3.7.2 Diagram of an arbitrary orientation of
subject in 3- space. The new vertical eigenvector is shown
asv.

ui

-2
™

u2

2

— M\

az

Figure 3.7.3 Diagram showing the method used to
find the coordinates of the new vertical eigenvector,
V.
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Using the law of sines, we obtain:
al/sin y2 = 1/(sin (w-0)) = 1/(sin 8)
Solving for a1, we have:
a1 = sin y2/sine
and similarly,
a2 = sin yi1/sine
Substituting back for v in equation (3.7.1), we have:
v = (sir; v2/sind) ui + (sin y1/sin 8) u2

With this procedure, we can now choose for any orienta-
tion of the head, the initial value of the yaw axis eigenvector.

In addition to choosing the eigenvectors for arbitrary |
orientation, we must also find initial values for the eigenvalues
as function of gravity. In the upright position the values for
the eigenvalues are known. In this case the Q transformation is
simply the identity matrix. As the subject is rotated, the Q
matrix modifies the eigenvalues associated with the new eigen-
vectors.

One of the observations which can be made from the
small data set is that the pitch axis is approximately the same
for a pure pitch stimulus as for cross-coupling. Thus, the roll
and pitch eigenvalues obtained from pure pitch and roll stimuli
are good initial values for the Marquardt algorithm.
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‘The algorithm summarizing the steps for finding the sys-
tem matrix for a given angle is as follows:

1. Determine from experiments the eigenvalues associated with
the pitch, roll and yaw axes for a given orientation. This is
done by giving a corresponding pure pitch, roll or yaw stimulus
and measuring the inverse of the time constant associated with
each axis. These values are used as the initial parameters for

determining the eigenvalues.

2. Determine the initial value for the yaw axis eigenvector by
using the function y1 = fe (8) (Figure 5.1) to determine its
angle relative to the spatial vertical.

3. Compute R = R(¢,0,¥), the rotation matrix for the position of
the head where ¢,0,¢: are the Euler angles associated with the
rotation of the head.

4. Determine the angle between the spatial vertical and the body

vertical:
y1 = fe (0)
¥2 = 0 - v1

S. Compute the initial value of the eigenvector:
v = (sin y2/sine) u1 + (sin y1/sine) u2

4. Form P: (R(e1), R(e2), ¥)

whose columns are the eigenvectors in a spatial reference frame.
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5. Run the Marquardt program to obtain the converged values of
the yaw axis eigenvector and the eigenvalues. The eigenvalues
become the diagonal of the matrix QH, and the eigenvectors be-
come the columns of the P matrix.

6. FormH: H = Tecan(R! (PQHoP!) R) Tcan?
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3.8 Model Simulations and Predictions

In order to test the model under a feedback arrangement
and to examine the effects of the direct pathway the computed
system matrix was used in the three dimensional model shown
in Figure 3.8.1. The program which implements this model was
written in Fortran and is given in Appendix C. For the simula-
tions which follow (Figures 3.8.2- 3.8.4) the animal is right side
down with a stimulus velocity of 60 degrees/second to the right.
The lights are on for 30 seconds and then are extinguished for
the duration of the simulation.

For the upright condition (Figure 3.8.2) there is no cross-
coupling present and therefore only the yaw eye velocity is
shown. The yaw velocity jumps to 25 at the onset of OKN and
builds slowly to a steady state value of approximately 47.

When the light goes off OKAN is induced and in the absence of
the direct pathway there is drop to 42 and a decay to 4 seconds
by the end of the simulation.

Figure 3.8.3 shows a simulation for an animal tilted 50
degrees from the vertical. In this case, there is cross-coupling
from the yaw to pitch axis. Note that the rate of decay for the
yaw OKAN is more rapid than for the upright (Figure 3.8.2).
The OKN response for pitch is somewhat suppressed but there
is a slight buildup. During OKAN there is rise in velocity to ap-
proximately 40 degrees and then a decay. For a 90 degree tilt
(Figure 3.8.4) the decay of yaw velocity is faster than for S0
degrees (Figure 3.8.3) and the cross-coupling is more
pronounced.
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Oireot Pathway

e

LS

L_@ /

Figure 3.8.1 Three Dimensional Model of the visual input
to the velocity storage integrator. The surround velocity is
represented by r. The retinal slip signal (e), is transmitted
centrally to two elements. One is the direct pathway that is
responsible for rapid changes in eye velocity. The second
is the visual coupling to the integrator. Tcan transforms
from head to canal coordinates and Tcan-1 is the
transformation back. H is the system matrix representing
the dynamics associated with the integrator. Ot is the
transformation that converts linear acceleration (gravity)
measured with respect to a head reference frame, into
command signals that modify H.
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MODEL PREDICTION: OKN, OKAN
Upright

80 YAW EYE VELOCITY

TIME

Figure 3.8.2 Model Prediction for OKN and OKAN
for the upright condition. Note the absence of pitch
velocity since there is no cross-coupling for this
case. The time constant associated with OKAN was
chosen to be 13 seconds.
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Figure 3.8.3 Model Prediction of OKN and OKAN for
a tilt of 50 degrees. Note the cross-coupling from yaw
to pitch velocity.
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Figure 3.8.4 Model Prediction of OKN and OKAN for

a tilt of 90 degrees. Note the pronounced cross-cou-
pling from yaw to pitch velocity.

125



126

These simulations show the feasiblity of the model to
predict OKN and OKAN for various orientations.
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3.9 Discussion and Extension of the Research

In this dissertation a procedure was developed for iden-
tifying a three dimensional model of velocity storage in the ves-
tibulo- ocular reflex. In particular we have found a closed
form solution for the system matrix in terms of its eigenvalues
and eigenvectors. The angle of the yaw axis eigenvector from
the spatial vertical was found to be significant in determining
the system matrix.

We determined the form of the system matrix by utilizing
the correct coordinate frames. In particular, by taking ad-
vantage of the fact that in the eigenvector basis, the system
matrix is diagonal and changing its eigenvalues is then
straightforward. In addition, because two of the eigenvectors
rotated with the head, expressing the system matrix in head
coordinates greatly simplified the form of the system matrix.

The parameters of the system matrix were obtained from
the data by a nonlinear least squares method. The Marquardt
algorithm (Marquardt, 1963) was modified to accomodate vec-
tor valued functions so that the eigenvalues and eigenvectors
could be calculated easily.

Other methods of nonlinear least squares were considered
including the Gauss-Newton algorithm and secant methods
(Dennis & Schnabel, 1983). Several factors made the Mar-
quardt method superior to the damped Gauss Newton method.
When the Gauss- Newton step is too long the Marquardt step is
near the gradient descent direction and is often better than the
Gauss-Newton step. Also the Marquardt algorithm is well
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defined when the Jacobian matrix (of partial derivatives) does
not have full column rank whereas the Gauss-Newton method is

not.

The secant method (Dennis, Gay & Welsh, 1981) performs
better than the Marquardt method on small residual problems
that are close to being linear (Dennis & Schnabel, 1983).
However, even in these cases, the Marquardt algorithm has
fewer lines of code and is less complex.

Updates that have been made to the Marquardt algorithm
have mostly improved its robustness (Powell, 1975; Osborne,
1976; More, 1977). For our problem we are not concerned with
finding any local minimum so we cannot take advantage of this
feature. We have instead concentrated on choosing ap-
propriate initial parameter vectors in order to converge to the
best solution.

The extended Marquardt procedure was applied to cross-
coupled data from monkeys. The procedure confirmed that the
yaw axis eigenvector stayed approximately spatially invariant.
It also showed that for small tilts the yaw axis eigenvector
shifted in the direction opposite to the tilt of the head cor-
responding to human perception of the spatial vertical.

The program which was developed to analyze data from
monkeys and find the eigenvectors and eigenvalues was shown
to be a useful tool in studies of the three dimensional charac-
teristics of the vestibulo-oculo reflex (Dai et al, 1990). Further
experimental work is required to compare the results found for
arbitrary orientations to data. Further modelling is also essen-
tial to account for the up down assymetries and other non-
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linearities not considered here. This should show how these
phenomena impact on the organizational structure of the ves-
tibulo-ocular reflex. In addition, the fitting procedures can be
improved by considering spontaneous nystagmus and secondary
nystagmus.

Since the procedure developed in this dissertation is
model based, secondary nystagmus was not considered. The
model is a first order linear dynamical system and therefore
contains modes of behavior which do not predict secondary nys-
tagmus. A surprising feature of the method is the closeness of
the fit despite the simplicity of the model. In addition, the ef-
fects of visual suppression were not dealt with since only the
structure of velocity storage was determined as a function of
gravity., Further modelling and behavioral studies should el-
lucidate the effects of these phenomena. To determine a better
estimate of primary nystagmus, one could add exponentials to
the closed form solutions and then compare the data to the aug-
mented functions. This would correspond to a higher order sys-
tem.

The effects of microgravity on OKN and OKAN have not
been determined conclusively. Assuming our hypothesis that it
is gravity which modifies the yaw axis eigenvector, we can con-
clude that in the absence of such a force, there will be no cross-
coupling. This needs to be explored further experimentally.

In summary, we have developed a computational proce-
dure to identify the parameters of the system matrix associated
with velocity storage in three dimensions. This should help in
further studies of the vestibular system.
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APPENDIX A

Matrices and Linear Operators:

Suppose {el,e2,...,en} is a basis of 2 vector space V over
a field X and, forv V, suppose v = alvl + a2e2 + ... + anen.
" Then the coordinate vector of v relative to {ei}, which we write
as a column

vector is:
[v] =al
a2
an

Matrix representation of a linear operator:

Let T be a linear operator on a vector space V over a
field K and suppose {ei} is a basis of V. Now T(el),...,T(en)
are vectors in V and so each is a linear combination of the ele-
ments of the basis {ei}.

T(el) = allel + al2e2 +...+ alnen
T(e2) = a2lel + a22e2 +...+ a2nen

ooooooooooooooooooooooooooooooooo

. Definition: The transpose of the above matrix of coefficients,
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is called the matrix representation of T relative to the basis

{ei}:

[T] = all a2l1... anl
al2 a22... an2

-----------------

Change of Basis:

Let {ei} be a basis of V, and let {fi} be another basis.
Suppose,

£1
£2

allel + al2e2 +...+ alnen
a2lel + a22e2 +...+ a2nen

fn = anlel + an2e2 +...+ annen

The transpose of the above matrix of coefficients is the transi-
tion matrix from the old basis {ei} to the new basis {fi}:

[P] = all a21... anl
al2 a22... an2

aln a2n ... ann

Pfl = allel + ... + alnen

Since the columns of P are images of fi, P is a matrix with
respect to the basis{fi}. So P takes a vector wrt {fi} to the
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same vector wrt {ei}. Note: since the vectors {fi} are linearly
independent, the matrix P is invertible. In fact, its inverse p!
is the transition matrix from the basis {fi} back to the basis

{ei}.

Theorem: Let P be the transition matrix from a basis {ei} to a

basis {fi} in a vector space V. Then, for any vector v e V, P[v]s
= [v]e Hence [v]f = pl [vle Even though P is called the transi-
tion matrix from the old basis {ei} to the new basis {fi}, its ef-
fect is to transform the coordinates of a vector in the new basis
{fi} back to the coordinates in the old basis {ei}.

The next theorem shows how matrix representations of
linear operators are affected by a change of basis.

Theorem: Let P be the transition matrix from a basis {ei} to a
basis {fi} in a vector space V. Then for any linear operator T
onV, [T]f = p! [T]eP. Similarity: Suppose A and B are square
matrices for which there exists an invertible matrix P such that
B = P"IAP. Then B is said to be similar to A or is said to be
obtained from A by a similarity transformation. A linear
operator T is said to be diagonalizable if for some basis {ei} it
is represented by a diagonal matrix; the basis {ei} is then said
to diagonalize T.

Theorem: Let A be a matrix representation of a linear
operator T. Then T is diagonalizable iff there exists an inver-
tible matrix P such that P"*AP is a diagonal matrix. That is, T
is diagonalizable iff its matrix representation can be diagonal-
ized by a similarity transformation.
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Eigenvalues and Eigenvectors:

Let T: V -->V be a linear operator on a vector space V
over a field K. A scalar A ¢ K is called an eigenvalue of T if
there exists a nonzero vector v e V for which

T(v) = kT(v) = k(av) = a(kv)

The set of all such vectors is a subspace of V called the
eigenspace of .

If A is an n-square matrix over K, then an eigenvalue of A
means an eigenvalue of A viewed as an operator on K. reK is
an eigenvalue of A if, for some nonzero (column) vector ve K,

Av = \v

In this case v is an eigenvector of A belonging to a.

Theorem: An n-square matrix A is similar to a diagonal matrix
B iff A has n linearly independent eigenvectors. In this case
the diagonal elements of B are the corresponding eigenvalues.
In this case, if we let P be the matrix whose columns are the n
independent eigenvectors of A, then B = PlAP

Definition: The characteristic polynomial of A: det (tI - A)
Theorem: Similar matrices have the same characteristic polyno-
mial.

Proof: Suppose A and B are similar matrices, say B = PlAP
where P is invertible. We show that A and B have the same
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characteristic polynomial

tI = P'ltap

|tI - B| = |tI - P"AP| = |P ! tIP - P"1AP|
= |P"! (t1-A)P| = [P |tI-A]| |P]
= [tI - A



135

APPENDIX B

way
!

Euler Angles:

In order to specify the orientation of a subject in space
we use Euler angles. These angles describe three successive
rotations in order to transform form one coordinate system to
another. We first rotate the xyz set of axes, by an angle phi
counterclockwise about the z axis. Then, we rotate the new set
of axes about the new x axis counterclockwise by an angle of
theta , to produce yet another set of axes. Finally, we rotate
about the new z, counterclockwise by the angle psi . There-
fore the angles phi, theta, and psi completely specify the trans-
formation. We express this transformation as the product of
three rotations, each of which is a matrix.

A = BCD, where
cosd sind 0
D = -sin¢ cosd 0
0 1
1 0 .0
C= 0 coso siné|
0 -sinog cOosd|
cosy sinyg 0
B = -siny cosy 0
0 0 1
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The product A = BCD:

cosy cCoSd-cososingsing cosysind + cosécosdsing  singsine
-siny cos¢—-cosesindcosy -singsine +cos6cosdcosy cosysing
sinésing -sinécosd coso

This particular transformation is a convention, and is
somewhat arbitrary. We choose this system because it coin-
cides with our experimental equipment.
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APPENDIX C
COMPUTER PROGRAM USED TO IMPLEMENT THE 3-D MODEL

/% 3D MODEL */
/* DEFINE THE ROTATION MATRIX, GIVEN THE 3 ANGLES %/
/* PHI,THETA, AND PSI (EULER ANGLES) */
/* THEN GIVEN THE INITIAL H MATRIX FOR THE UPRIGHT #*/
/* CASE, CALCULATE THE NEW H, AFTER ROTATION */

/* THE NEW SYSTEM MATRIX ROTATES 2 OF THE */
/* EIGEN VECTORS, BUT THE BODY VERTICAL */
/* MAINTAINS SPATIAL VERTICAL - THAT IS IT DOES NOT */
ROTATE AT ALL, OR VERY SLIGHTLY. */

/* SOME ASSUMPTIONS: WE ASSUME THAT THE SUBJECTI */
/* IS POSITIONED SO THAT THE X-AXIS COMES OUT OF */
/* LEFT EAR, THE Y-AXIS OUT OF THE BACK OR HIS HEAD%*/
/* AND THE Z-AXIS OUT OF THE TOP OF HIS HEAD. */
/* FURTHERMORE, WE ASSUME THAT POSITIVE ROTATIONS */
/* ARE TO THE LEFT, WHEREAS NEGATIVE ROTATIONS ARE */

cNoRe NN NoNeNoNoNosNrNoNsRo NN Nr N e N K2
~
*

/* TO THE RIGHT. */

REAL ROT(3,3)
REAL HORIG(3,3)

c /* INVERSE ROT */
REAL IROT(3,3)
REAL E1(3)
REAL E2(3)
REAL E3(3)
REAL H(3,3)

c /* FOR NEG ROTS #*/
REAL HNEG (3, 3)
REAL , P(3,3)
REAL PINV(3,3)
REAL R(3,3)
REAL RINV(3,3)
REAL TCAN(3,3)
REAL TCANI(3,3)
REAL HCAN(3, 3)
REAL -VISN(3,3)

c /* IN CANAL COORD #*/

REAL VISNC(3,3)



REAL
REAL
REAL
REAL
REAL
REAL
REAL

RETSLP (3)
EYEVL(3)
TEMP(3,3)
TEMPV (3)
HPRIME(3,3)
NEWH (3, 3)
ROTLST(3,3)

/* INTEGR STATE */

REAL

INTSTE(3)

/* DERIVATIVE OF X */

REAL

/* INITIAL VALUE FOR STATE #*/

REAL STINIT(3)
/* STATE IN CANAL COORDINATES */
REAL INTCAN (3)
/* SURROUND VELOCITY */
REAL SURVEL(3)
/* DRUM ORIENTATION */
REAL ALPHA

REAL BETA

REAL GAMMA -

/* STATE OF LIGHT */
INTEGER LIGHT

REAL TIMINC
REAL XOUT (601, 3)
REAL YOUT (601, 3)
REAL HGOUT (240, 3)
REAL PI

INTEGER I

INTEGER J

INTEGER K

REAL PHI

REAL PSI

REAL THETA
INTEGER INCRS
INTEGER ITIMFRS
INTEGER ITERS
INTEGER LENGTH
REAL INCAMT
REAL TLTDEG
REAL TLTINC
REAL MINTIM
REAL MAXTIM
REAL EVMVP

XDOT(3)
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REAL EVMHP
REAL VRTLTP
c /* MAX EIGENVALUE VERTICAL */
REAL MXEVVP
REAL MNEVVP
REAL '~ MXEVHP
REAL MNEVHP
c /* MAX VERTICAL EIGENVECTOR TILT */
REAL MXVTLP
REAL ‘ MNVTLP
C /* EIGENVALUES AND VECTORS FOR NEGATIVE ROTATIONS */
REAL EVMDVN
REAL EVMDHN
REAL VRTLTN
c /* MAX EIGENVALUE VERTICAL */
REAL MXEVVN
REAL MNEVVN
REAL MXEVHN -
REAL MNEVHN
c /* MAX VERTICAL EIGENVECTOR TILT */
REAL MXVTLN
REAL MNVTLN
REAL XMXTIM
REAL XMNTIM
REAL ZMXTIM
REAL ZMNTIM
REAL XMXVAL
REAL ZMXVAL
REAL XMNVAL
REAL ZMNVAL
COMMON PHI,THETA,PSI,R,RINV,P,PINV,TCAN, TCANI ,HCAN
COMMON/A/VISN, TIMINC '

OPEN (5,FILE= ’ /)
OPEN (6,FILE= ’/ ‘)
OPEN (7,FILE= ’ ')

c
c
C
C /* INITIALIZATION ~ READ IN THE GLOBAL PARAMETERS */
C

C /* READ IN THE ORIGINAL SYSTEM MATRIX WITH THE
EIGENVALUES #*/

C /* FOR THE UPRIGHT POSITION
*

/ .
1  FORMAT (G10.3)

2 FORMAT (G10.3,G10.3)
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READ (5,3) ((HORIG(I,J),J=1,3),I=1,3)
3 FORMAT (G10.3,G10.3,G10.3)
4 FORMAT (I2)
e
C /* READ IN THE VISUAL COUPLING MATRIX */
READ (5,3) ((VISN(I,J),J=1,3),I=1,3)
c
c
C /* READ IN MAX AND MIN EIGENVALUES FOR POS ROTATIONS #*/
READ (5,2) MXEVVP,MNEVVP
READ (5,2) MXEVHP,MNEVHP
C /* READ IN MAX AND MIN OF VERTICAL EIGENVECTOR TILT FOR
POS ROT */
READ (5,2) MXVTLP,MNVTLP .
C /* READ IN MAX AND MIN EIGENVALUES FOR NEG ROTATIONS */
READ (5,2) MXEVVN,MNEVVN
READ (5,2) MXEVHN,MNEVHN
C /* READ IN MAX AND MIN OF VERTICAL EIGENVECTOR TILT FOR
NEG ROT */
READ (5,2) MXVTLN,MNVTLN
READ (5,4) ITIMFRS
c
c

C /* FORM TCAN - THE TRANSFORMATION FROM HEAD TO CANAL
COORDINATES */

C
CALL TRSPSE (TCAN,TCANI,3)
WRITE(6, 1000)

1000 FORMAT(/,’ ’,’TCAN: TRANSFORMATION TO CANAL
COORDINATES’ )

CALL PRMAT (TCAN)
WRITE(6, 1010)

1010 FORMAT(/,’ ’,’TCANI: TRANSFORM. FROM CANAL
COORDINATES’ )

CALL PRMAT (TCANI)
C
C
C
WRITE(6, 1020) MNEVVP

1020 FORMAT(/,’ ’,’MINIMUM POS VERTICAL EIGENVALUE IS
’,F10.3 )

WRITE(6, 1030) MXEVVP

1030 FORMAT(/,’ ’,’MAXIMUM POS VERTICAL EIGENVALUE IS
’!,F10.3 )
’

WRITE(6, 1040) MNEVHP
1040 FORMAT(/,’ ’,’MINIMUM POS HORIZONTAL EIGENVALUE IS



’,F10.

1050

’,F10.

1060

1070

1080

’,F10.

1090

’,Fl0.

1100

’,F10.

1110

’,F10.

1120

1130
c

1140

1150

1160

1170

1180

1190

1200

3)
WRITE(6, 1050) MXEVHP
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" FORMAT(/,’ ’,’MAXIMUM POS HORIZONTAL EIGENVALUE IS

3)
WRITE(6, 1060)  MNVTLP

FORMAT(/,’ ’,’MINIMUM POS VERTICAL TILT IS ’,F10.3 )

WRITE(6, 1070) MXVTLP

FORMAT(/,’ ’,’MAXIMUM POS VERTICAL TILT IS ’/,F10.3 )

WRITE(6, 1080) MNEVVN

FORMAT(/,’ ’,’MINIMUM NEG VERTICAL EIGENVALUE IS

3)
WRITE(6, 1090) MXEVVN

FORMAT(/,’ ’,’MAXIMUM NEG VERTICAL EIGENVALUE IS

3)
WRITE(6, 1100) MNEVHN

FORMAT(/,’ ’,’MINIMUM NEG HORIZONTAL EIGENVALUE IS

3)
WRITE(6, 1110) MXEVHN

FORMAT(/,’ ’,’MAXIMUM NEG HORIZONTAL EIGENVALUE IS

3)
WRITE(6, 1120) MNVTLN

FORMAT(/,’ ’,’MINIMUM NEG VERTICAL TILT IS ’/,F10.3 )

WRITE(6, 1130) MXVTLN

FORMAT(/,’ ’,’MAXIMUM NEG VERTICAL TILT IS ’/,F10.3 )

WRITE(6, 1140)
FORMAT (/, ’0’ )
WRITE(6, 1150)
FORMAT(/,’ ’,’H: ORIGINAL SYSTEM MATRIX’ )
CALL PRMAT (HORIG)
WRITE(6, 1160)
FORMAT(/,’ ’,’VISN: VISUAL COUPLING MATRIX’ )
CALL PRMAT (VISN)

READ (5,3) PHI,THETA,PSI
WRITE(6, 1170)
FORMAT(/,’ ',’EULER ANGLES, PHI, THETA, PSI: /)
WRITE(6, 1180) PHI, THETA,PSI
FORMAT(/,’ ’,F5.0,F5.0,F5.0 )
READ (5,3) SURVEL .
READ (5,4) LENGTH
READ (5,1) TIMINC
ITERS = LENGTH/TIMINC
WRITE(6, 1190) TIMINC
FORMAT(/,’ ’,’TIME INCREMENT IS ’,F10.3 )
WRITE(6, 1200) LENGTH
FORMAT(/,’ ’,’LENGTH OF EXPERIMENT IS ’,I2,’
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SECONDS’ )
EVMVP = ABS(MNEVVP - MXEVVP) *THETA/90.0
VRTLTP = ABS(MNVTLP - MXVTLP) *THETA/90.0
EVMHP = ABS (MNEVHP - MXEVHP) *THETA/90.0

c
WRITE(6, 1210) VRTLTP

1210 FORMAT(/,’ ’,’VERTICAL EVECTOR FOR POS ROT IS

TILTED’ ,F3.0 )

EVMDVN = ABS(MNEVVN - MXEVVN) *THETA/90.0
VRTLTN = ABS (MNVTLN - MXVTLN) *THETA/90.0
EVMDHN = ABS (MNEVHN - MXEVHN) *THETA/90.0

c
WRITE(6, 1220) VRTLTN
1220 FORMAT(/,’ ’,’VERTICAL EVECTOR FOR NEG ROT IS
TILTED’,F3.0 )
c
c
WRITE(6, 1230)
1230 FORMAT(/,’1’ )
WRITE(6, 1240) THETA
1240 FORMAT(/,’ ’,’TILT OF’,F5.0,’ DEGREES’ )
CALL MATEQ (HPRIME,HORIG)
C /* MAKE SOME ASSUMPTIONS FOR UPRIGHT CASE */
CALL MATEQ (H,HORIG)
C /* CHECK IF UPRIGHT - IF 30 SKIP ALOT OF PROCESSING */
IF (.NOT.(ABS(PHI) + ABS(THETA) + ABS(PSI) .NE.O ))
GOTO 490
c /* FORM THE SYSTEM MATRIX H */
CALL CRRTH (H,ROT,VRTLTP,EVMVP,EVMHP, HPRIME)
CALL MATEQ (HPRIME,HORIG)
CALL CRRTH (HNEG,ROT,VRTLTN,EVMDVN, EVMDHN, HPRIME)
490 CONTINUE
c /* INPUT CHARGED #/
CALL VECTEQ (STINIT,SURVEL)
C /* PUT INITIAL STATE INTO CANAL COORDINATES */
C /* CALL MULTMV (TCAN,SURVEL,INTCAN); */
C /* GVET VERSION IN CANAL COORDINATES */
C /* CALL MATMUL (TCAN,VISN,VISNC); */
C /* CALL MULTMV (VISNC,INTCAN,INTSTE); */
Do- 5I=1,3
XOUT (1,I) =0
YOUT (1,I) =0

5 CONTINUE
C /* CALL MULTMV (TCANI,INTSTE,TEMPV); */.
o /* TEMPV; */

C
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C /* GO THROUGH THE TIME FRAMES, CALLING THE MODEL AT */
C /* EVERY ITERATION. */
. DO 10 I = 1,ITIMFRS
READ (5,4) LIGHT
WRITE(6, 1250) LIGHT
1250 FORMAT(/,’ ’,’LIGHT STATUS 1IS: ’,I2 )
CALL MODEL (H,HNEG,STINIT,LIGHT,EYEVL,INTSTE)
C /* STINIT = EYEVL;*/
DO 15 J = 1,3
STINIT (J) = EYEVL (J)
15 CONTINUE
10 CONTINUE
RETURN
END



SUBROUTINE CRRTH(H,ROT,VRTTLT, EVMODV, EVMODH, HPRIME)
C /* PROCEDURE TO CREATE THE SYSTEM H MATRIX IN
C /* . CANAL COORDINATES

REAL H(3,3)

REAL ROT(3,3)

REAL " ROTLST(3,3)

REAL HPRIME (3, 3)

REAL VRTTLT

REAL EVMODV

REAL EVMODH

REAL NEWH(3,3)

REAL TEMP (3, 3)

COMMON
PHI,THETA,PSI,R(3,3),RINV(3,3),P(3,3),PINV(3,3),

X TCAN(3,3),TCANI(3,3),HCAN(3,3)

C
CALL CRROT (ROT,PHI,THETA,PSI)
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C /* R IS THE ROTATION MRIX WHICH PUT US IN THE MONKEY'’S

*/
C /* COORDINATE SYSTEM #/
CALL MATEQ (R,ROT)
c /* INVERSE OF R */
CALL INV (R,RINV)
c
CALL CRROT (ROTLST,PHI,VRTTLT,PSI)
CALL CRRTP (P,ROT,ROTLST)
c /* P(*,3) = ROTLST (*,3);%/
C  /* ROTATE LAST COL SLIGHTLY */
WRITE(6, 1260)
1260 FORMAT(/,’0’ )
WRITE(6, 1270) |
1270 FORMAT(/,’ ’,’ROTATION MATRIX’ )
CALL PRMAT (ROT)
WRITE(6, 1280)
1280 ' FORMAT(/,’0’ )
WRITE(6, 1290)
1290 FORMAT(/,’ ’,’P: EIGENVECTOR MATRIX’ )
CALL PRMAT (P)
WRITE(6, 1300)
1300 FORMAT(/,’0’ )
CALL INV (P,PINV)
CALL MATMUL (RINV,P,TEMP)
WRITE(6, 1310)
1310 FORMAT(/,’ ’,’RINV * P’ )
CALL PRMAT (TEMP)
HPRIME (1,1) = HPRIME (1,1) + EVMODV
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HPRIME (3,3) = HPRIME (3,3) - EVMODH
WRITE(6, 1320)
1320 FORMAT(/,’ ’,’HPRIME: EIGENVALUE MATRIX AFTER
ROTATION’ )
CALL PRMAT (HPRIME)
WRITE(6, 1330)
1330 FORMAT(/,’0’ )
c
CALL MATMUL (HPRIME,PINV,TEMP)
CALL MATMUL (P,TEMP,NEWH)
WRITE(6, 1340)
1340 FORMAT(/,’ ’,’NEWH: SYSTEM H MATRIX AFTER ROTATION’

CALL PRMAT (NEWH) |
C /* NOW PUT H MATRIX INTO MONKEY COORDINATE SYSTEM */
C /* NEWH = RINVANEWH*R */

CALL MATMUL (NEWH,R,TEMP)
CALL MATMUL (RINV,TEMP,NEWH)

CALL MATEQ (H,NEWH)
DOS5I=1,3
DO6J=1,3
IF (ABS(H(I,J)).LT.0.001)H(I,J)=0.
6 CONTINUE
5 CONTINUE
WRITE(6, 1350)
1350 FORMAT(/,’ ’,’H: SYSTEM H MATRIX IN MONKEY FRAME’ )
CALL PRMAT (H)

C /* PUT THE SYSTEM MATRIX INTO CANAL COORDINATES */
CALL MATMUL (TCAN,NEWH,TEMP)
CALL MATMUL (TEMP,TCANI,HCAN)
WRITE(6, 1360)

1360 - FORMAT(/,’ ’,’HCAN: SYSTEM MATRIX IN CANAL FRAME’ )
CALL PRMAT (HCAN)
RETURN
END
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SUBROUTINE CRROT (ROT, PHI,THETA, PSI)

c

C /* CREATE ROTATION MATRIX GIVEN THE 3 EULER ANGLES */
(o]

REAL ROT(3,3)
REAL PHI
REAL THETA
REAL PSI

c

ROT (1,1) = COSD (PSI)*COSD(PHI) -
COSD(THETA) *SIND (PHI) *SIND(PSI)

ROT (2,1) = COSD(PSI)*SIND(PHI) +
COSD (THETA) *COSD (PHI) *SIND(PSI)

ROT (3,1) = SIND (PSI) * SIND (THETA)
c

ROT (1,2) = - SIND(PSI)*COSD(PHI)
~COSD (THETA) *SIND (PHI) *COSD (PSI)

ROT (2,2) = - SIND(PSI)*SIND(PHI)
+COSD (THETA) *COSD (PHI) *COSD (PSI)

ROT (3,2) = COSD (PSI) * SIND (THETA)

c
' ROT (1,3) = SIND(THETA) *SIND (PHI)

ROT (2,3) = = SIND (THETA)*COSD(PHI)
ROT (3,3) = COSD (THETA)
RETURN
END

c
SUBROUTINE CRRTP(P,ROT,ROTLST)

c

C /* CREATE THE P MATRIX - ROTATED EIGENVECTOR MATRIX */
c//* ROTATING THE VERTICAL DIFFERENTLY THAN OTHER 2
*
c
REAL P(3,3)
REAL ROT(3, 3)
REAL ROTLST(3, 3)

/* P(*,1) = ROT (*,1); %/
/* P(*,2) = ROT (*,2); */
/* P(*,3) = ROTLST (*,3):%/

DO 20T = 1,3

P (I,1) = ROT (I,1)

P (I,2) = ROT (I,2)

P (I,3) = ROTLST (I,3)
20 CONTINUE

RETURN

END

aaQaan
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FUNCTION DET33(A)

CALCULATE THE DETERMINANT OF THE GIVEN 3 X 3 MATRIX
REAL A(3,3)
DET33 = (A(1l,1)*A(2,2)*A(3,3) +
X A(1l,2)*A(2,3)*A(3,1) +
X A(1,3)*A(2,1)*A(3,2) -
X A(1,3)*A(2,2)*A(3,1) -
X A(1,2)*A(2,1)*A(3,3) -
X A(1,1)*A(2,3)*A(3,2) )
RETURN ~
END

SUBROUTINE HGCONV (XIN,OUT,N,M,K)
DIMENSION XIN(N,3),O0UT(M,3)
J =1 '
DO 10 I =1,N-K,K
OUT(J,1) = XIN (I,1)

OUT(J,2) = XIN (I,2)
OUT(J,3) = XIN (I,3)
J=J+1

CONTINUE

PRINT #*,’I,J= ’,I,J

RETURN

END
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SUBROUTINE INV(A,B)

o)
c . /* CALCULATE THE INVERSE OF A AND PUT RESULT IN B #*/
c

REAL A(3,3)

REAL B(3,3)

REAL c(3,3)

REAL DET
c

DET = DET33 (A)
IF (.NOT.(DET .EQ. 0 )) GOTO 500
WRITE(6, 1370)
1370 FORMAT(/,’ ’,’DET IS ZERO - INVERSE CANNOT BE
CALCULATED’ )
STOP
c
c
500 CONTINUE

C /* FIND THE CLASSIC ADJOINT AND SAVE TEMPORARILY IN
B */
Cc .
B(1,1) = A(2,2)*A(3,3) - A(2,3)*A(3,2)
B(1,2) = -A(2,1)*A(3,3) + A(2,3)*A(3,1)
B(1,3) = A(2,1)*A(3,2) - A(2,2)*A(3,1)
C
B(2,1) = -A(1,2)*A(3,3) + A(1,3)*A(3,2)
B(2,2) = A(1,1)*A(3,3) - A(1,3)*A(3,1)
B(2,3) = -A(1,1)*A(3,2) + A(1,2)*A(3,1)
C
B(3,1) = A(1,2)*A(2,3) - A(1,3)*A(2,2)
B(3,2) = -A(1,1)*A(2,3) + A(1,3)*A(2,1)
B(3,3) = A(1,1)*A(2,2) - A(1,2)*A(2,1)
c .
C _/* PUT INVERSE IN B BY DIVIDING BY DET #*/
CALL TRSPSE (B,C,3) :
Cc /* B =C;%/
DO 25 I =1,3
DO 30J = 1,3
B(I,J) = C(I,J)
B(I,J) = B(I,J)/DET
30 CONTINUE
25 CONTINUE
o]
C /* B= B / DET;*/

RETURN
END



SUBROUTINE INTEGR(X,XDOT,TIMINC)

REAL

" - REAL

35

REAL
INTEGER
INTEGER

DO

X(3)
XDOT (3)
TIMINC
I
J

351 =1,3

X(I) = X(I) + XDOT(I) * TIMINC

CONTINUE

RETURN
END

149
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SUBROUTINE MATEQ (A,B)

REAL A(3,3)
REAL B(3,3)
INTEGER I
INTEGER J
Do . 40T =1,3
DO 45 J = 1,3
A (I,3) = B(I,J)

45 CONTINUE

40 CONTINUE
RETURN
END

SUBROUTINE MATMUL(A,B,C)

REAL A(3,3)
REAL B(3,3)
REAL c(3,3)
REAL SUM
INTEGER I
INTEGER J
INTEGER K
c

N=3
DO 50 I = 1,N
DO 55 J = 1,N
SUM = 0
DO 60 K = 1,N
SUM = SUM + A (I,K) * B (K,J)

60 CONTINUE
Cc (I,J) = SUM

55 CONTINUE

50 CONTINUE
RETURN
END
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SUBROUTINE MAXMIN(A,MAXVAL,MAXTIM,MINVAL,MINTIM)

REAL A(3)
_REAL MAXVAL
REAL MINVAL
REAL MAXTIM
REAL MINTIM
INTEGER I
INTEGER N
c
MAXVAL = A (1)
MINVAL = A (1)
MAXTIM = 0
MINTIM = O
N =3
c
DO 65 I = 1,N
IF (.NOT.(A(I) .GT. MAXVAL )) GOTO 510
MAXTIM = I

MAXVAL = A (I)
510 CONTINUE
IF (.NOT.(A(I) .LT. MINVAL )) GOTO 520
MINTIM = I
MINVAL = A (I)
520 CONTINUE
65 CONTINUE
RETURN
END



SUBROUTINE MODEL(HPOS, HNEG,SURVEL, LIGHT, EYEVL, INTSTE)

REAL SURVEL(3)
-~ .REAL HPOS (3, 3)

REAL HNEG (3, 3)

REAL EYEVL(3)

REAL - INTSTE(3)

REAL H(3,3)

REAL RV(3)

REAL VF(3)

REAL VN(3)

REAL HV (3)

REAL ' RETSLP(3)

REAL XDOT(3)

REAL TEMPV (3)

REAL XouT(601,3)

REAL YOUT (601, 3)

REAL HGOUT (120, 3)

REAL G1

INTEGER I

INTEGER LIGHT

COMMON/A/VISN(3,3) ,TIMINC

Gl = 0.55

DO4I=1,3

RV (I) =0
CONTINUE

1000

c /*

490

10
500

WRITE(6, 1000) SURVEL
FORMAT(/,’ ’,’SURVEL= ’, F10.3 )

XDOT = N(E) + HX */

IF (.NOT.(LIGHT .EQ. 1 )) GOTO

CALL MULTMV (VISN,SURVEL,XDOT)

DO 5I=1,3

INTSTE(I) = 0

/* INITIAL CASE */

VF(I) = (Gl * SURVEL(I)) / (1 + Gl)

EYEVL(I) = VF(I)

CONTINUE

CONTINUE

IF (.NOT.(LIGHT .EQ. 0 )) GOTO

DO 10 I =1,3

XDOT(I) = SURVEL(I)

EYEVL(I) = INTSTE(I) + RV(I)

CONTINUE

CONTINUE

DO 15 J = 1,3

RV(J) = 0

490

500

152
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/*

20

30

510

35

40
520

45
25

153

CONTINUE

ITERS = 601

XOUT (1,%*) = INTSTE; */
DO 20I =1,3
XOUT (1,I) = INTSTE (I)
YOUT (1,I) = EYEVL(I)
CONTINUE

DO 25 T = 2,ITERS
DO 30 = 1,3

VN(J) = INTSTE(J) + RV(J)
EYEVL(J) = VN(J)

CONTINUE

CALL MATEQ (H,HPOS)

CALL INTEGR (INTSTE,XDOT,TIMINC)

/* VERTICAL COMPONENT */

IF (.NOT.(INTSTE(1) .LT. 0 )) GOTO 510
/* CHANGE DYNAMICS */

CALL MATEQ (H,HNEG)

CONTINUE

CALL MULTMV (H,INTSTE, TEMPV)

CALL VECTEQ (XDOT,TEMPV)

IF (.NOT.(LIGHT .EQ. 1)) GOTO 520
DO 35 3 = 1,3

RETSLP(J) = SURVEL(J) - VF(J) - INTSTE(J)
VF(J) = G1 * RETSLP(J)

EYEVL(J) = VN(J) + VF(J)

CONTINUE
CALL MULTMV (VISN,RETSLP,TEMPV)
DO 40 J = 1,3

XDOT(J) = XDOT(J) + TEMPV(J)
CONTINUE

CONTINUE

DO 45 J = 1,3

YOUT(I,J) = EYEVL(J)
XOUT(I,J) = VN(J)

CONTINUE

CONTINUE

CALL PRDIAG (XOUT,YOUT)

CALL PRMXMN

CALL HGCONV (YOUT,HGOUT,601,120,5)
CALL PRTVEL (HGOUT,120,1,TIMINC)
RETURN

END
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SUBROUTINE MULTMV(H,X,Y)

C .
gN/;‘EgLTIPLY MATRIX H BY VECTOR X AND PUT RESULTING VECTOR
c .

REAL H(3,3)

REAL X(3)

REAL Y (3)

INTEGER I

INTEGER J
c

DO 111 I = 1,3

Y(I) =0

111 CONTINUE
DO 110 I = 1,3
DO 115 J = 1,3
+

Y (I) =Y (I)
115 CONTINUE
110 CONTINUE
RETURN
END

H(I,J) * X (J)
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SUBROUTINE PRDIAG (XOUT,YOUT)
REAL XOUT (601,3)
REAL YOUT (601,3)
WRITE(6, 1390)
1390 FORMAT(/,’ ’,’STATEX’, ‘STATEY’,’STATEZ’ )

WRITE(6, 1400) XOUT(1,1), XOUT(1,2), XOUT(1,3)
1400 FORMAT(/,’ ’,’0 SECS: ',F10.3,F10.3,F10.3 )
WRITE(6, 1410) XOUT(2,1), XOUT(2,2), XOUT(2,3)
1410 FORMAT(/,’ ’,’.05 SECS: ’,F10.3,F10.3,F10.3 )
WRITE(6, 1420) XOUT(61,1), XOUT(61,2),
XOUT (61, 3)
1420 FORMAT(/,’ ’,’3 SECS: ’,F10.3,F10.3,F10.3 )
WRITE(6, 1430) XOUT(101,1), XOUT(101,2),
XOUT (101, 3)
1430 FORMAT(/,’ ’,’S SECS: ’,F10.3,F10.3,F10.3 )
WRITE(6, 1440) XOUT(251,1), XOUT(251,2),
XOUT (251, 3)
1440 FORMAT(/,’ ’,’12.5 SECS:’,F10.3,F10.3,F10.3 )
, WRITE(6, 1450) XOUT(501,1), XOUT(501,2),
XOUT (501, 3)
1450 FORMAT(/,’ ’,’25 SECS: ',F10.3,F10.3,F10.3 )
WRITE(6, 1460) XOUT(601,1), XOUT(601,2),
XOUT (601, 3)

1460 FORMAT(/,’ ’,’30 SECS: ’,F10.3,F10.3,F10.3 )
WRITE(6, 1470)

1470 FORMAT(/,’ ’,’VELOCX’, ‘VELOCY’, ’VELOCZ’,’ANALX’

) .

WRITE(6, 1480) YOUT(1,1), YOUT(1,2), YOUT(1,3)
1480 FORMAT(/,’ ’,’0 SECS: ’,F10.3,¥10.3,F10.3 )
WRITE(6, 1490) YOUT(2,1), YOUT(2,2), YOUT(2,3)
1490 FORMAT(/,’ ’,’.05 SECS: ’,F10.3,F10.3,F10.3 )
WRITE(6, 1500) YOUT(61,1), YOUT(61,2),
YOUT(61,3) ' :
1500 FORMAT(/,’ ’,’3 SECS: ’,F10.3,F10.3,F10.3 )
( WRITE(6, 1510) YOouT(101,1), YOUT(101,2),
YOUT (2101, 3)
1510 FORMAT(/,’ ’,’S5 SECS: ’,F10.3,F10.3,F10.3 )
( WRITE(6, 1520) YOUT(251,1), YOUT(251,2),
YOUT (251, 3)
1520 FORMAT(/,’ ’,’12.5 SECS:’,F10.3,F10.3,F10.3 )
( WRIT?(G, 1530) YOUT(501,1), YOUT(501,2),
YOUT (501, 3 .
1530 FORMAT(/,’ ’,’25 SECS: ',F10.3,F10.3,F10.3 )
WRITE(6, 1540) YOUT(601,1), YOUT(601,2),
YOUT(601,3)
1540 FORMAT(/,’ ’,’30 SECS: ’,F10.3,F10.3,F10.3 )
RETURN

END



156

SUBROUTINE PRMAT(A)

- REAL A(3,3)
INTEGER I
INTEGER ' J
N =3
WRITE(6, 1550)

1550 FORMAT(/,’0’ )
DO 120 I = 1,N

WRITE(6, 1560) A(I,1),A(I,2),A(I,3)
1560 FORMAT(3F15.10 )
120 CONTINUE

RETURN

END
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SUBROUTINE PRMXMN
C /* PRINT OUT THE MAX AND MIN VALUES FOR THE VELOCITIES
CALCULATED */

C
Cc CALL MAXMIN(YOUT(*,1) ,XMXVAL,XMXTIM,XMNVAL, XMNTIM)
c CALL MAXMIN(YOUT(*,3),ZMXVAL,ZMXTIM,ZMNVAL, ZMNTIM)
XMXTIM = XMXTIM * TIMINC
XMNTIM = XMNTIM * TIMINC
ZMXTIM = ZMXTIM * TIMINC
ZMNTIM = ZMNTIM * TIMINC
c

WRITE(6, 1580)
1580 FORMAT(/,’ ’,’MAXIMUM AND MINIMUM VALUES ’ )
WRITE(6, 1590) THETA , XMXVAL
1590 FORMAT(/,’ ’,’TILT= ’,F4.0, ’ VELOCITY X REACHED
MAX ’,F7.2 )
WRITE(6, 1600) XMXTIM, XMNVAL,XMNTIM
1600 FORMAT(/,’ ’,’ AT TME ’,F5.2,’ AND MIN ’,F7.2,’ AT
TME /,F5.2 )
WRITE(6, 1610) THETA , ZMXVAL
1610 FORMAT(/,’ ’,’TILT= ’,F4.0, ’ VELOCITY Z REACHED
MAX ’,F7.2 )
WRITE(6, 1620) ZMXTIM, 2MNVAL,ZMNTIM
1620 FORMAT(/,’ ’,’ AT TME ’,F5.2,’ AND MIN ’,F7.2,’ AT
TME /,F5.2 )
RETURN
END



SUBROUTINE PRTVEL(OUT,N,K, TIMINC)

1630
130

REAL

. REAL

REAL
REAL
INTEGER
INTEGER
INTEGER
INTEGER

DO

DEGREE
OUT (N, 3)
TIME
TIMINC

ZXNUKH

130 I = 1,N

TIME = (I-1)*TIMINC * K

WRITE(7, 1630)
FORMAT(/, ’
CONTINUE

RETURN
END

TIME, OUT (I,1),0UT(I,2),0UT(I,3)
’,F5.2,3F12.2 )
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SUBROUTINE TRSPSE(A,B,N)

c
C /* B = TRSPSE (A) */
INTEGER I
INTEGER J
INTEGER N
c
REAL A(3,3)
REAL B(3,3)
c
DO 135 I = 1,N
DO 140 J = 1,N

B (I,3) = A (J,I)
140 CONTINUE
135 CONTINUE

RETURN

END
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SUBROUTINE VECTEQ(V,W)

REAL v(3)
. REAL W(3)
INTEGER I
DO 145 I = 1,3

V (I) = W (I)
145 CONTINUE
RETURN
END

FUNCTION SIND (X)

REAL PI

REAL X

PI = 3.14191592654

SIND = SIN ((X*PI)/180.0)
RETURN

END

FUNCTION COSD (X)

REAL PI

REAL X

PI = 3.141592654

COSD = SIN (((X+90.0)*PI)/180.0)
RETURN

END
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APPENDIX D

COMPUTER PROGRAM IMPLEMENTING EXTENDED MARQUARDT
ALGORITHM

C NONLINEAR LEAST SQUARES ESTIMATION OF PARAMETERS
C USING MODIFIED MARQUARDT-LEVENBERG METHOD
C MODIFIED FROM PROGRAM IN NUMERICAL RECIPES
c
DIMENSION A(6),X(1200),Y(1200),SIG(1200),LISTA(6),
*  COVAR(6,6),ALPHA(6,6)
DIMENSION
YP(600) ,YR(600),YY(600),YPZ(600),YYZ(600),2(1200)
‘ DIMENSION DYDA(6),LLISTA(6),LATR(6)

COMMON SIG
PRINT *,’ PLEASE ENTER INPUT PARAMETER FILE NAME:
__+«PRM/

OPEN (5, FILE = ’ ?)
PR;NT *, 7/ PLEASE ENTER INPUT DATA FILE NAME:
- DAT
OPEN (7, FILE = ’ )
PRINT *,’ PLEASE ENTER CONVERGENCE OUTPUT FILE
NAME: .ouT’
OPEN (6, FILE = ’ ')
PR;NT *, 7 PLEASE ENTER PLOTTING OUTPUT FILE NAME:
. OUT
OPEN (8, FILE = ' /)
PI = 3.1415926536
C READ IN THE NUMBER OF PARAMETERS
READ (5,5) N
S5 FORMAT (I3)
c PRINT *,’N = ’/ ,N
NCA = N
MA =N :
C read in angle of rotation in degrees, angle of
eigenvector and time constants
READ (5,10) RHOD

c PRINT *,’/RHO= ’,RHOD
READ (5,10) ETAD

c PRINT *,’ETA= ’,ETAD
READ (5,10) TC1

c . PRINT *,’TCl= ’,TCl
READ (5,10) TC3

c PRINT *,’TC3= ’/,TC3

10 FORMAT (F10.3)
Cc PRINT *,’RHO,ETA,TCl,TC3= '



c

c

(
c

c
C
C

Cc
4

C

c

cNoNeNoNo Ny

Cc
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PRINT *,RHOD,ETAD,TC1l,TC3
THETAD = 90.0 - RHOD + ETAD
. PRINT *,’ANGLE OF INITIAL EIGENVECTOR IS '/ ,ETAD
PRINT *,/’INITIAL PITCH TIME CONSTANT IS ‘!, TC1
PRINT *,’INITIAL YAW TIME CONSTANT IS ’,TC3
change to radians
RHO = (RHOD*PI)/180.0
ETA = (ETAD*PI)/180.0
THETA = (THETAD*PI)/180.0
compute the components of the vertical eigenvector
sl,s2,83) _
s2 is 0 for all tilt experiments
S1 COS (THETA)
S2 0
S3 = SIN(THETA)
S = S1/83
READ IN THE NUMBER OF PARAMETERS TO FIT
READ (5,5) MFIT
PRINT *,’%%% MFIT ’,MFIT
read in the index into parameter list and attributes (1:
it;0:no fit)

DO 6 I=1,MA
READ (5,7) LLISTA(I),LATR(I)
PRINT *,’ *** LLISTA ’/,LLISTA(I),LATR(I)
6 CONTINUE
7 FORMAT (I4,I2)
READ (5,10) DELTAT
PRINT *,’%%* DELTAT ’‘’,DELTAT
read in the calibrations for x,y,z components
READ (5,30) XCAL,YCAL,ZCAL
30 FORMAT (3F10.3)
PRINT *,’ *** CALS ‘,XCAL,YCAL,ZCAL

read in the x,y,z components of the velocity vector
nop: number of points
negative values indicate end of file

I=1
NOP = 0
9000 CONTINUE

READ (7,30) XVAL,YVAL,ZVAL

WRITE (6,30) XVAL,YVAL,ZVAL
IF(XVAL.LT.0.0) GO TO 9999
YP(I) = XVAL*XCAL
YR(I) = YVAL*YCAL
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YY(I) = ZVAL*ZCAL
NOP = NOP + 1
I =1I+1
GO TO 9000
9999 CONTINUE
C assume that there is no roll data - ndata = nop*2 :
total # of points
NDATA = NOP*2
C set up the x values - time
DO 9010 I=1,NDATA
X(I) = I-1
c PRINT,’ ***X(I) ’,I,X(I)
9010 CONTINUE
C combine yaw and pitch data into one vector - vy (yp then

YY)
DO 26 I=1,NOP

Y(I) = YP(I)
IF(Y(I).LT.0.0) Y(I)=0.0
c PRINT, ’ *%* Y(I)= ’,I,Y(I)
26 CONTINUE
K = NOP+1
L = 2*NOP
DO 27 I=K,L
Y(I) = YY(I-NOP)
IF(Y(I).LT.0.0) Y(I)=0.0
c PRINT,’ #** Y(I)= /,I,¥(I)
27 CONTINUE -
DO 29 I=1,NDATA '
c WRITE(6,9020) I,Y(I)
9020 FORMAT (’ I,¥(I) ’,IS,F10.3)
29  CONTINUE

IF(Y¥(I).LT.0.0) Y(I)=0.0
PRINT,’ *#%* Y(I)= ’,I,Y(I)
28 CONTINUE

C create LISTA (permutation list) according to which
parameters to fit

C

C if there is roll...
C K = 2*NOP+1

C L = 3*NOP

o] DO 28 I=K,L

. Y(I) = YR(I)

C

C

C

MFIT = 0

DO 8 I=1,MA

IF(LATR(I).EQ.1) THEN
MFIT = MFIT + 1
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LISTA (MFIT) = LLISTA(I)
ENDIF
8. CONTINUE
J = MFIT + 1
DO 9 I=1,MA
IF (LATR(I).EQ.0) THEN
LISTA(J) = LLISTA(I)

J=J +1
ENDIF
9 CONTINUE
DO 18 I=1,MA
o PRINT *,’LISTA = ’,LISTA(I)
18 CONTINUE

C SET THE COEFFICIENTS C1ll AND Cl2 AND THE PARAMETERS A(*)
C X1 IS THE INITIAL VALUE FOR PITCH AND X3 THE INITIAL
VALUE FOR YAW

C
X1 = YP(1)
X3 = YY(1)
Cll = X1 - S*X3
Cl3 = S*X3
C33 = X3
C31 =0

C set the parameters
A(l) = cCl11
A(3) = C13
A(2) = -1.0/TC1
A(4) = -1.0/TC3
A(5) = C31
A(6) = C33

C PRINT THE PARAMETERS COMPUTED
PRINT #*,/INITIAL PARAMETERS: A(I)’
PRINT *,A(1),A(2),A(3),A(4),A(5),A(6)
COMPUTE THE STANDARD DEVIATION
CALL SETSIG (Y,NDATA)
WRITE(6,13)SIG(1)
13 FORMAT(’ **% SIG= ’/,F10.3)

oo

initially set sigma to 1

non

DO 3 J=1,NDATA
SIG(J) =1
3 CONTINUE

C .
C initial call to MRQMIN
o]
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ALAMDA = -0.01 :
CALL MRQMIN(X,Y,NDATA,A,MA,LISTA,MFIT,COVAR,ALPHA,
% NCA,CHISQ,ALAMDA,DELTAT)
ITERS = 100
SAVCHI = CHISQ
DO 35 I=1,ITERS
CALL MRQMIN(X,Y,NDATA,A,MA,LISTA,MFIT,COVAR,ALPHA,
* NCA,CHISQ,ALAMDA, DELTAT)
IF (CHISQ.GT.SAVCHI) GOTO 1010
IF (ABS (CHISQ~-SAVCHI) .GE. 0.001)GO TO 1000
WRITE (6120) A(l)‘ IA(z) IA(3) rA(4) IA(S) IA(S)
20 FORMAT (’ CONVERGED ’/,6F10.3)

C
C compute final value of fit function 2
C
C CALL SETSIG (2Z,Y,NDATA)
c CHISQ = CHISQ / SIG(1)
PRINT *,’%** CHISQ= ’,CHISQ
DEGFREE = NDATA - MFIT
GOODNESS = CHISQ/DEGFREE
PRINT *,’GOODNESS OF FIT: ’,GOODNESS
C PRINT *,’%*%% CHISQ= ’,CHISQ
Cc

C compute the angle of the vertical eigenvector computed
(arc cot of s)
C
S = A(3)/X3
ANG = 1.0/S
THETA = ATAN (ANG)
C convert back to degrees
THETAD = (THETA*180.0)/PI
C eta = theta - 90 + rho (in monkey frame)
ETAD = THETAD - 90.0 + RHOD
Cc
PRINT *, ‘ANGLE OF COMPUTED EIGENVECTOR IS ’,ETAD

C print the pitch and yaw time contants computed (inverse
of eigenvalues)

Cc
PRINT *,’PITCH TIME CONSTANT: ’,~1.0/A(2)
PRINT *,’YAW TIME CONSTANT: ’,=1.0/A(4)
C .
C PRINT OUT DATA FOR PLOTTING
Cc

DO 50 J=1,NDATA
CALL FUNCS (X(J),A,YMOD,DYDA,MA,NDATA,DELTAT)
2 (J)=YMOD
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X(J)=X(J) *DELTAT
50 CONTINUE
DO 60 J=1,NOP
YPZ (J) =2 (J)
60 CONTINUE
DO 65 J=NOP+1,NDATA
K=J~NOP
YYZ (K) =2 (J)
65 CONTINUE
DO 70 J=1,NOP
WRITE(8,100) X(J),YP(J),YPZ(J),YY(J),YYZ(J)

100 FORMAT (5F12.3)

70 CONTINUE
C final call to MRQMIN
C ALAMDA = 0.
o4 CALL
MRQMIN(X,Y,NDATA,A,MA, LISTA,MFIT,COVAR,ALPHA,
C * NCA,CHISQ,ALAMDA, DELTAT)
C DO 80 J=1,MA
o] PRINT *,’VARIANCES ’,J,COVAR(J,J)
c80 CONTINUE

RETURN

1000 CONTINUE
1010 CONTINUE
SAVCHI = CHISQ
35 CONTINUE
Cc
RETURN
END
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SUBROUTINE COVSRT (COVAR,NCVM,MA,LISTA,MFIT)
f.sgrt covariance matrix according to LISTA - permutation
ist .
DIMENSION COVAR(NCVM,NCVM),LISTA(MFIT)
C* TEST ’
c WRITE(6,9000)
C9000 FORMAT(’ ENTERED COVSRT’)
C* END TEST
MAA=MA-1
DO 12 J=1,MAA
JJI=J+1
DO 11 I=JJ,MA
COVAR (I,J)=0
11 CONTINUE
12 CONTINUE
MFITT=MFIT-1
DO 14 I =1,MFITT
II=I+1
DO 13 J=II, MFIT .
IF(LISTA(J) .GT.LISTA(I))

* COVAR(LISTA(J) ,LISTA(I)) = COVAR (I,J)
IF(LISTA(J) .LE.LISTA(I))
* COVAR(LISTA(I),LISTA(J)) = COVAR (I,J)
13  CONTINUE
14 CONTINUE

SWAP = COVAR(1,1)
DO 15 J=1,MA
COVAR(1,J)=COVAR(J,J)
COVAR(J,J)=0
15 CONTINUE
COVAR(LISTA(1) ,LISTA(1l)) = SWAP
DO 16 J=2,MFIT
COVAR (LISTA(J) ,LISTA(J) )=COVAR(1,J)
16 CONTINUE
DO 18 J=2,MA
JI=J-1
DO 17 I=1,3J
COVAR (I,J) = COVAR (J,I)
17 CONTINUE
18 CONTINUE
Cc* TEST
c WRITE(6,9010)
C9010 FORMAT(’ EXIT COVSRT’)
C* END TEST
RETURN
END
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SUBROUTINE SETSIG (X,Y,N)
DIMENSION X(N),Y(N)
COMMON SIG(1200)

c ' WRITE(6,40) N
40 FORMAT(' N = ',I3)
VAR = 0.
DO 20 I =1,N
VAR = VAR + (X(I) - Y(I))*(X(I) - Y(I))
20 CONTINUE
VAR = VAR / N
SIGMA = SQRT (VAR)
DO 30 I = 1,N
SIG (I) = SIGMA
30 CONTINUE
RETURN
END
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SUBROUTINE MRQMIN(X,Y,NDATA,A,MA,LISTA,MFIT,
* COVAR,ALPHA,NCA,CHISQ,ALAMDA, DELTAT)
DIMENSION X(NDATA),Y(NDATA),A(MA),ALPHA(NCA,NCA),
*
BETA(6) ,DA(6) ,ONEDA(6,6),LISTA(MA) ,COVAR(NCA,NCA) ,ATRY (6)

COMMON SIG(1200)
IF (ALAMDA.GE.0) GO TO 1030
KK = MFIT + 1
DO 12 J = 1,MA
IHIT = 0
DO 11 K = 1,MFIT
. IF (LISTA(K).EQ.J)IHIT=IHIT+1
11 CONTINUE
IF (IHIT.NE.O) GO TO 1020
LISTA(KK) = J
KK = KK + 1
1020 CONTINUE
IF (IHIT.GT.1)
* PRINT *, 'TMPROPER PERMUTATION IN LISTA'
12 CONTINUE
IF (KK.NE.(MA+1)) PRINT *, 'IMPROPER PERMUTATION IN
LISTA'
ALAMDA = 0.01
CALL
MRQCOF (X, Y, NDATA,A,MA, LISTA,MFIT, ALPHA, BETA,NCA,
* . CHISQ, DELTAT)
OCHISQ = CHISQ
DO 13 J=1,MA
ATRY (J) = A (J)
13 CONTINUE
1030 CONTINUE
DO 15 J = 1,MFIT
DO 14 K=1,MFIT
COVAR (J,K) = ALPHA (J,K)
14 CONTINUE
COVAR (J,J)=ALPHA(J,J)*(1. + ALAMDA)
ONEDA(J,1) = BETA(J)
15 CONTINUE
c
CALL GAUSSJ (COVAR,MFIT,NCA,ONEDA,1,1)
DO 19 I=1,MFIT
DA(I) = ONEDA (I,1)
. WRITE (6,8020) DA(I)
8020 FORMAT ('#** DA ',F10.3)
19  CONTINUE
IF (ALAMDA.NE.O) GO TO 1040
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CALL COVSRT (COVAR,NCA,MA,LISTA,MFIT)
RETURN

1040 CONTINUE

16

C
8040

c

17

18

1050

1060

DO 16 J=1,MFIT
ATRY (LISTA(J)) = ATRY(LISTA(J)) + DA (J)
CONTINUE
PRINT, '*** ATRY ',ATRY(1),ATRY(2),ATRY(3),ATRY(4)

CALL MRQCOF (X,Y,NDATA,ATRY,MA,LISTA,MFIT,
COVAR, DA, NCA, CHISQ, DELTAT)
WRITE(6,8040) CHISQ
FORMAT (' *** CHITRY ',F10.3)
IF (CHISQ.GE.OCHISQ) GO TO 1050
PRINT, '*** CHILE',CHISQ,OCHISQ
ALAMDA = 0.1 * ALAMDA
OCHISQ = CHISQ
DO 18 J=1,MFIT
DO 17 K=1,MFIT
ALPHA (J,K) = COVAR (J, K)
CONTINUE
BETA (J) = DA (J)
A(LISTA(J)) = ATRY (LISTA (J))
CONTINUE
GO TO 1060
CONTINUE
ALAMDA = 10. * ALAMDA
CHISQ = OCHISQ
CONTINUE
PRINT, '*** A ', ,A(1),A(2),A(3),A(4)
RETURN
END
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SUBROUTINE FUNCS (X,A,Y,DYDA,NA,N,DELTAT)
DIMENSION A(NA),DYDA(NA)
M = N/2
T = DELTAT*X
IF (X.GE.M) T=DELTAT* (X-M)
IF (X.GE.M) GOTO 9000
Y = A(1) * EXP(A(2)*T) + A(3) * EXP (A(4)*T)

DYDA(1l) = EXP (A(2)*T)
DYDA(2) = A(1)*T*EXP(A(2)*T)
DYDA(3) = EXP (A(4)*T)
DYDA(4) = A(3)*T*EXP(A(4)*T)
DYDA(5) = 0

DYDA(6) = O

9000 CONTINUE
IF (X.LT.M) GO TO 9010
Y = A(5) * EXP(A(2)*T) + A(6) * EXP (A(4)*T)

DYDA(1) = O
DYDA(2) = A(5)*T*EXP(A(2)*T)
DYDA(3) = 0
DYDA(4) = A(6)*T*EXP(A(4)*T)
DYDA(5) = EXP (A(2)*T)

> DYDA(6) = EXP (A(4)*T)

9010 CONTINUE
RETURN

END
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SUBROUTINE MRQCOF(X,Y,NDATA,A,MA,LISTA,MFIT,
*  ALPHA,BETA,NALP, CHISQ,DELTAT)
DIMENSION X(NDATA),Y(NDATA),ALPHA (NALP,NALP),
* BETA(MA),DYDA(6),LISTA(MFIT),A(MA)
COMMON SIG(1200)
DO 12 J=1,MFIT
DO 11 K=1,J
ALPHA (J,K)=0.
11 CONTINUE
BETA (J) = O.
12 CONTINUE
CHISQ = O.
DO 15 I=1,NDATA
e. WRITE(6,20)I
20 FORMAT (' *** I= ',I5)
CALL FUNCS (X(I),A,YMOD,DYDA,MA,NDATA,DELTAT)
SIG2I=1./(SIG(I)*SIG(I))
DY =Y (I)-YMOD
DO 14 J=1,MFIT
=DYDA (LISTA (J) ) *SIG2I
DO 13 K=1,J
ALPHA (J, K) =ALPHA (J , K) +WT*DYDA (LISTA (K) )
13 CONTINUE
BETA(J) = BETA(J)+DY*WT
14 CONTINUE
CHISQ = CHISQ+DY*DY*SIG2I
15 CONTINUE
DO 17 J=2,MFIT
JT=J-1
DO 16 K=1,JJ
ALPHA (K,J) = ALPHA (J,K)
16 CONTINUE
17 CONTINUE
RETURN
" END

SUBROUTINE GAUSSJ (A,N,NP,B,M,MP)

DIMENSION
A(NP,NP) ,B(NP,MP) ,IPIV(50) , INDXR(50) , INDXC(50)
Cc* TEST
c WRITE (6,9000)
C9000 FORMAT(' ENTERED GAUSS')
c* END TEST

DO 11 J=1,N

IPIV(J)=0
11 CONTINUE
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DO 22 I=1,N

BIG=0

DO 13 J=1,N

IF(IPIV(J).EQ.1) GO TO 1030
DO 12 K=1,N
IF(IPIV(K).NE.0) GO TO 1020
IF(ABS(A(J,K)).LT.BIG) GO TO 1010
BIG = ABS(A(J,K))

IROW = J
ICOL = K

1010 CONTINUE

IF (IPIV(K).GT.1)
* WRITE (6,100)
100 FORMAT ( 'SINGULAR MATRIX')
1020 CONTINUE
12 CONTINUE

1030 CONTINUE
13  CONTINUE
IPIV(ICOL) = IPIV(ICOL) + 1
IF (IROW.EQ.ICOL) GO TO 1040
DO 14 L=1,N
DUM = A(IROW,L)
A(IROW,L) = A(ICOL,L)
A(ICOL,L) = DUM
14 CONTINUE
DO 15 L = 1,M
DUM = B(IROW,L)
B(IROW,L) = B(ICOL,L)
B(ICOL,L) = DUM
15 CONTINUE
1040 CONTINUE
INDXR(I) = IROW
INDXC(I) = ICOL
IF (A(ICOL,ICOL).EQ.O0)
* WRITE (6,200)
200 FORMAT ( 'SINGULAR MATRIX')
PIVINV = 1./A(ICOL,ICOL)
A(ICOL,ICOL) = 1.

DO 16 L=1,N
A(ICOL,L) = A(ICOL,L)*PIVINV
.16  CONTINUE
DO 17 L=1,M
B(ICOL,L) = B(ICOL,L)*PIVINV

17  CONTINUE
DO 21 LL=1,N
IF (LL.EQ.ICOL) GO TO 1050



DUM = A(LL,ICOL)
A(LL,ICOL) = O.
DO 18 L=1,N
A(LL,L) = A(LL,L) - A(ICOL,L)*DUM
18 CONTINUE
DO 19 L=1,M
B(LL,L) = B(LL,L) - B(ICOL,L)*DUM
19 CONTINUE
1050 CONTINUE
21  CONTINUE
22 CONTINUE
DO 24 LI=1,N
L = (N-L) + 1
IF (INDXR(L).EQ.INDXC(L)) GO TO 1060
DO 23 K=1,N
DUM = A(K,INDXR(L))
A(K,INDXR(L)) = A(K,INDXC(L))
A(K,INDXC(L)) = DUM
23 CONTINUE
1060 CONTINUE
24 CONTINUE
Cc* TEST
c WRITE(6,9010)
9010 FORMAT(' EXIT GAUSS')
C* END TEST
RETURN
END
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