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Abstract

A Nonlinear Identification Method for Modelling the Three Dimensional Struc­
ture of Velocity Storage in the Vestibulo-Ocular Reflex (VOR)

by

Deborah Sturm

A dviso r :  P ro fe s s o r  T h e o d o r e  R a p h a n

V eloc i ty  s to ra g e  is p r e s e n t  in v e r t ic a l  and  ro l l  co m ­
p o n e n t s  of  c o m p en sa to ry  eye m ovem ents  if  the  h ead  is 

o r i e n t e d  a p p ro p r i a t e ly  with r ega rd  to gravity  ( R a p h a n  &
C ohen ,  1983; M a tsu o  & Cohen ,  1984; R a p h a n  & C o h en ,  1987). 
To exp la in  th is ,  i t  has b e e n  p o s tu la te d  th a t  g rav i ty  o r i e n t s  th e  
e ig e n v ec to r s  o f  the  th r e e  d im en s io n a l  r e p r e s e n t a t i o n  o f  
ve loc i ty  s to rag e  tow ards  th e  space  v e r t ic a l  (R a p h a n  & C o h en ,  
1987; S tu rm  & R a p h a n ,  1988). The  thes is  dev ised  a c o m p u ta ­
t io n a l  p r o c e d u r e  to  id en t i fy  the  p a r a m e te r s  of  the  sys tem  
m a tr ix  f rom  OKAN d a ta .  This  p ro c e d u re  shou ld  h e lp  t e s t  th is  
hy p o th e s is  in b e h a v io ra l  pa rad igm s .

V e lo c i ty  s to ra g e  which  is ex p ressed  by O K AN  ( R a p h a n  et 
al , 1979), has b e e n  r e p r e s e n te d  as a dynam ica l  system, x' =  Hx, 
w h ere  x is a th r e e  d im e n s io n a l  vec to r  r e p r e s e n t in g  the  s t a t e  o f

iv



th e  system and H is th e  m atr ix  co n ta in in g  the  p a r a m e t e r s  th a t  
g o v e rn  i ts  dynam ica l  b eh a v io r .  B ecause  of  the  a s s u m p t io n  of  

> l in e a r i ty ,  the  dynam ica l  sys tem was so lved  to give th e  p i tch ,  
ro l l ,  and  yaw eye v e lo c i t ie s  in  te rm s  of  the  e ig e n v a lu e s  and  
e ig e n v ec to r s  o f  the  sys tem matr ix .  T h ese  p a r a m e te r s  a p p e a r  
n o n l in e a r ly  in  the  s o lu t io n  as a fu n c t io n  o f  t im e .  A n o n l in e a r  

l e a s t  sq u a re s  f i t t ing  p ro c e d u r e  (M a rq u a rd t ,  1963) was a d a p te d  
which  com pares  da ta  f rom  cross-  coup l ing  e x p e r im e n ts  to  the  
m o d e l  o u tp u t s  in  o rd e r  to  iden t i fy  the  e ig en v a lu es  and  e igenvec  
to r s  o f  th e  system matr ix .  T he  e ig en v a lu es  and  e ig e n v e c to r s  
w e re  d e t e r m in e d  using OKAN d a ta  f rom  a m onkey  fo r  a few t i l t  
ang les .  W hen  the  p a r a m e te r s  w ere  se t  a p p r o p r i a t e ly  in the  
m ode l ,  i t  c losely  p r e d ic t e d  the  c ro ss -co u p l in g  e f fec t s .

Thus ,  a co m p u ta t io n a l  p r o c e d u r e  has b e e n  d e v e lo p e d  
which  uses  n o n l in e a r  id e n t i f i c a t io n  t e c h n iq u e s  to id e n t i fy  

p a r a m e te r s  of  a m odel  o f  the  th r e e  d im en s io n a l  r e p r e s e n t a t i o n  
o f  ve loc i ty  s to rag e .  This  shou ld  be  a use fu l  too l  in  f u r th e r  

th e o r e t i c a l  and ex p e r im e n ta l  s tud ies  on the  v e s t ib u la r  o cu la r  
re f lex .

v
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1 Introduction

1.1 Rationale and Motivation

T h e  p u rp o se  of the  v e s t ib u lo -o cu la r  re f lex  (V O R )  is to 
s ta b i l ize  gaze in space. U n d e r s ta n d in g  co m p e n sa to ry  eye m ove­
m en ts  in re sp o n se  to r o ta t io n a l  s t im u l i  has p ro v en  use fu l  in 
d iagnosing  var ious  d iseases  and ef fec ts  o f  d rugs .  M ore  r e c e n t ­
ly, i n t e r e s t  has focused  on  space t rave l  and  how gravity  a ffec ts  
eye m ovem ents .

M ode l l ing  the  v e s t ib u lo -o c u la r  re f lex  has p ro v id e d  ins igh t  
in to  the  c e n t r a l  s t r u c tu re  o f  this system and  has id e n t i f i e d  the  
n e u ra l  ne tw ork  co m p o n en ts  im p o r ta n t  in g e n e ra t in g  the  com ­
p e n s a to ry  eye m ovem ents .  T hese  models  have p ro v id ed  a 
t h e o re t i c a l  bas is  for devis ing exp e r im en ts  and in te r p r e t i n g  the  
n eu rophys io log ica l  da ta .  C urren t ly ,  e x p e r im e n ta l  s tu d ie s  are  
be ing  p la n n ed  to  s tudy eye m ovem ents  in space  in  th e  ab sence  
o f  gravity .  M odel l ing  the  system to in c o rp o r a te  the  e f fec ts  of  
grav ity  will al low us to com pare  how the  p a r a m e te r s  govern ing  
eye m ovem ents  will  be m od if ied  in the  ab sen ce  of gravity .

Eye m ovem ents  in one  d im ens ion  have b e e n  e x p lo re d  in 
d ep th .  M odels  and m a th em a t ica l  p ro c e d u re s  th a t  iden t i fy  th e i r  
p a r a m e te r s  a re  ava i lab le  which s im u la te  v i su a l -v e s t ib u la r  i n t e r ­
ac t ion  over  a wide range of  s t im ulus  co n d i t io n s .  I t  is known, 
how ever ,  tha t  ro l l ,  p i tch ,  or  yaw eye m o v em en ts  involve n eu ra l  
ac t iv i ty  in  al l t h r e e  p lanes .  F u r th e rm o re ,  w hen  sub jec ts  a re  
o r i e n te d  in a p o s i t io n  no t  a l igned  with gravity ,  t h e i r  eye m o v e ­
m en ts  a re  not  i som orph ic  to  the  u p r ig h t  case.  M o d e l l in g  the
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th r e e  d im e n s io n a l  b e h a v io r  of  the  v e s t ib u lo -o c u la r  re f lex  has 
h e lp ed  to e lu c id a te  the  u n d e r ly in g  m a th e m a t ic a l  s t r u c t u r e  of 
the  c e n t r a l  p ro ces s in g  in the  V O R which acco u n ts  fo r  th e se  d i f ­
f e ren ce s .  H ow ever ,  p ro c e d u r e s  for  iden t i fy ing  the  p a r a m e te r s  
of  the  th r e e  d im e n s io n a l  m ode l  whose  r e sp o n se s  can be com ­
p a red  to phys io log ica l  d a ta  have no t  b e e n  d ev e lo p e d .  In this 
thes is  we have d ev e lo p ed  an  a lg o r i th m  b a s ed  on a n o n l in e a r  
l e a s t  sq u a re s  p a r a m e te r  e s t im a t io n  p r o c e d u r e  ( M a rq u a rd t ,
1963) to iden t i fy  the  p a r a m e te r s  o f  the  system m atr ix .  The  
p a r a m e te r s  w ere  th e n  r e l a t e d  to  th e  e ig en v a lu es  and  e ig e n v e c ­
tors  of  th e  matr ix .
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1.2 Organization of Dissertation

This d i s s e r t a t i o n  is o rg an iz ed  in a top -dow n  m a n n e r  s t a r t ­
ing with a b ack g ro u n d  o f  th e  one  d im en s io n a l  m ode ls  of  the 

v isua l-  v e s t ib u la r  in t e r a c t i o n  and  th e n  the  e x en s io n  to  a th re e  
d im e n s io n a l  m o d e l  in p a r t i c u la r .  F ina l ly  we show how the 
p a r a m e te r s  o f  the  m o d e l  a re  o b ta in e d  and how th e  m o d e l  com ­
p a re s  to e x p e r im e n ta l  d a ta .

V ar ious  m ode ls  have b e e n  d e v e lo p e d  for  the  V O R bo th  in 
one  and th r e e  d im ens ions .  T hey  a re  su m m ar ize d  in c h a p te r  2. 
In  p a r t i c u la r  the  m ode l  th a t  th e  th r e e  d im en s io n a l  m ode l  is 
b ased  upon  is d e s c r ib e d  in d e ta i l  in s e c t io n  2.2. T h e n  th r e e  
d im e n s io n a l  m ode ls  o f  v i s u a l -v e s t ib u la r  in t e r a c t i o n  are  
rev iew ed  in s e c t io n  2.3. It has b e e n  shown th a t  th e  c e n t r a l  
p rocess ing  of  the  V O R  is co m p u ted  in canal  c o o rd in a te s .  T he  
phys io log ica l  bas is  for  th e  a s su m p t io n  of  a th r e e  d im en s io n a l  
s t r u c tu re  of  the  s e m ic i rc u la r  canals  and  o to l i th  o rgans  is 
d e s c r ib ed  in s e c t io n  2.3.2.

T he  b e h a v io ra l  bas is  fo r  the  dynam ic  t r a n s fo rm a t io n s  of 
the  system m a tr ix  is o u t l in e d  in s e c t io n  2.3.3. T h e  r e l a t io n s h ip  
b e tw e en  h um an  p e r c e p t io n  o f  the  sp a t ia l  v e r t ic a l  and  th e  o r i e n ­
t a t io n  of the  e ig en v ec to r s  o f  the  sys tem  m atr ix  a s so c ia ted  with  
ve loc i ty  s to ra g e  is e x p lo re d  in  th is  d i s s e r ta t io n .  A rev iew  of  
the  hum an  v isua l  o r i e n t a t i o n  with r e sp e c t  to g rav i ty  is 
p r e s e n te d  in s e c t io n  2.3.4.  . ,

T he  e l e m e n t  o f  o u r  m ode l  which we have exam ined  in 
d ep th  is the  system m atr ix ,  H, a s so c ia ted  with the  ve loc i ty  
s to rag e  in te g ra to r .  S ec t io n  2.3.5 d e s c r ib e s  the  s t r u c tu r e  of H
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as a fu n c t io n  of  gravity .

T h e  id e n t i f i c a t io n  of  the  p a r a m e te r s  o f  th e  system  m atr ix  
a s so c ia te d  with  ve loc i ty  s to ra g e  is th e  m ain  focus of  this d i s s e r ­

t a t io n .  How the  system  m atr ix  is fo rm e d  f rom  its e ig en v ec to rs  
and  e ig en v a lu es  is ex p la in e d  in s e c t io n  3.1. The  dynamics of 
the  t r a n s fo rm e d  system  and  the  c losed  form  so lu t io n s  a re  given 
in s e c t io n  3.2.

We show how its  g rav i ty  d e p e n d e n t  p a r a m e te r s  a re  ex­
t r a c te d  f rom  d a ta  us ing  a n o n l in e a r  le a s t  sq u a re s  e s t im a to r  in 
s e c t io n  3.3. T he  th e o r e t i c a l  bas is  fo r  th e  M a rq u a rd t  a lg o r i th m  
is d e s c r ib e d  in  s e c t io n  3.3.1 and 3.3.2. The  e x te n s io n  to vec to r  
v a lu ed  fun c t io n s  in o r d e r  to a cco u n t  for  the  th r e e  co m p o n en ts  

of  the  ve loc i ty  v ec to r  is d iscussed  in s e c t io n  3.3.3.

T he  p ro cess  d e v e lo p e d  in s e c t io n  3.3 is th e n  ap p l ied  to 
the  p a rad ig m  of  t i l t  ex p e r im e n ts  in s e c t io n  3.4. T he  c r i t e r io n  
fu n c t io n  be ing  m in im ized  by the  M a rq u a rd t  a lg o r i th m  has many 
loca l  m in im a.  T h e r e f o r e  th e  p ro ce s s  of  f ind ing  th e  b e s t  se t  of  
p a r a m e te r s  g rea t ly  d ep e n d s  on  the  s e le c t io n  of  the  in i t i a l  c o n d i ­
t ions  of  the  p a r a m e te r s .  This  p ro cess  is d e s c r ib e d  in sec t io n  
3.4.1. T h e  c o m p u te r  im p le m e n ta t io n  of  the  e x te n d e d  M a r ­
q u a rd t  m e th o d  and  f low char ts  d e s c r ib in g  the  p ro g ra m  a re  given 

in s e c t io n  3.5. T h e  a p p l i c a t io n  of  th is  g e n e ra l  m e th o d  to t i l t  ex­
p e r im e n t s  is e x p lo re d  in s e c t io n  3.6.

T he  p a r a m e te r i z a t i o n  p r o c e d u r e  d e v e lo p e d  in s e c t io n  3.4 
is d a ta  d r iven .  T h e  e ig en v ec to r s  and e ig en v a lu es  a re  ex t ra c te d  
f rom  th e  da ta  and th e n  a s so c ia te d  with  the  system  m atr ix .  Sec­
t io n  3.7 deve lops  a p r o c e d u r e  for  choos ing  the  in i t ia l  
p a r a m e te r s  for  a rb i t r a ry  o r i e n t a t i o n s  for  which th e re  may not
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be d a ta .  To do so we p r e s e n t  a p ro c e d u re  for  d e te rm in in g  the  
v e r t i c a l  e ig e n v e c to r  and  the  e igenva lues  for  any o r ie n ta t io n .  A 
d iscuss ion -and  r e c o m m e n d a t io n s  for  fu tu re  r e sea rch  are given 
in s e c t io n  3.9.
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2 Models of the VOR and Visual-Vestibular 
Interaction

2.1 Introduction

M o d e l l in g  the  V O R  has led to a g r e a t e r  u n d e r s ta n d in g  of  
v isua l-  v e s t ib u la r  p ro ces ses .  R e la t in g  m ode ls  to c l in ica l  
s tu d ie s  has  a l low ed  the  i n t e r p r e t a t i o n  of the  e f fec ts  of le s ions  
and  d rugs  ( R a p h a n  e t  al, 1979; W aespe  e t  al, 1983; C o h en  e t  al,
1987). In th is  d i s s e r t a t i o n  we a re  exam ining  the  e f fec ts  of 
g rav i ty  on OKN and  OKAN. This involves s tudy ing  the  th r e e  
d im e n s io n a l  a sp ec ts  of  the  system m atr ix  a s so c ia ted  w ith  the  
v e lo c i ty  s to ra g e  in t e g r a to r  (R a p h a n  e t  al, 1979; R a p h a n  & 

C o h en ,  1985). Th is  im p o r ta n t  co m p o n en t  o f  the  c e n t r a l  p ro c e s s ­
ing  is com m on  b o th  to the  v isual  and  v e s t ib u la r  subsys tem s .  In 
o r d e r  to u n d e r s t a n d  the  b e h av io r  o f  the  th r e e  d im e n s io n a l  in ­
t e g r a to r ,  we m u s t  f i r s t  exam ine  the  th r e e  d im e n s io n a l  s t r u c tu re  
o f  the  p e r ip h e r a l  subsys tem  and how the  v e s t ib u la r  and v isua l  
sys tem s coup le  to it.

T h e  h y p o th e s is  sugges ted  by R a p h a n  (R a p h a n  and C ohen ,
1988) th a t  the  g ra v i ta t io n a l  f ie ld  im poses  a sp a t ia l  r e f e r e n c e  
o n to  th e  body  via  the  ve loc i ty  s to rage  in te g ra to r  which is 
r e f l e c t e d  in its c h a ra c te r i c t i c  e ig en v ec to rs  is e s sen t ia l  for  u n ­
d e r s t a n d in g  the  n a tu re  of  com p en sa to ry  eye m ovem en ts  with  
r e g a rd  to gravity .  This  th e o ry  is s u p p o r te d  by its s im i la r i ty  to 
how hu m a n s  p e r c e iv e  the  v e r t ic a l  in  t i l t e d  o r ie n ta t io n s  
( A u b e r t ,  1861; M ulle r ,  1916; Schone,  1984; M i t t l e s ta e t ,  1986).
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T he  aim of  th is  c h a p te r  is to review what is known ab o u t  
the  o rg a n iz a t io n  o f  the  v e s t ib u lo -o cu la r  re f lex  and  v isua l  ves ­
t ib u l a r  i n t e r a c t i o n  and  the  models  which have b e e n  d e v e lo p e d  
to exp la in  its beh av io r .  We will  show why the  th r e e  d im e n ­
s iona l  s t r u c tu r e  of  th e  ve loc i ty  s to rag e  in te g ra to r ,  and  how it  is 
a f fe c te d  by gravity ,  is im p o r ta n t  for  u n d e r s ta n d in g  th e  b e h a v io r  
o f  the  sys tem in th r e e  d im ens ions .

In the  nex t  s e c t io n  we co n s id e r  a one d im e n s io n a l  m ode l  
of  the  v e s t ib u lo -  ocu la r  re f lex  which focuses  on the  im p o r ta n c e  
of  the  ve loc i ty  s to rag e  in te g ra to r  in m ed ia t in g  v isua l  v e s t ib u la r  
in te ra c t io n s .
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2.2 One dimensional Models of Vestibular Nystagmus, OKN and 
Visual-Vestibular Interaction

O ne  of  the  f i r s t  m ode ls  a t t e m p t in g  to exp la in  the  
r e s p o n s e  o f  the  v e s t ib u la r  system to hea d  ro ta t i o n s  was f o rm u ­
la t e d  by S te in h a u s e n  (1933).  H e  d e sc r ib ed  how the  s e m ic i rc u la r  
cana ls  b eh a v e  as a c c e le r o m e te r s  in r e sp o n d in g  to an g u la r  m o v e ­
m en ts  of  th e  head .  E ach  cana l  is f i l led  with  a f lu id  ca l led  en-  
do lym ph  which w hen  s t im u la te d  by an  an g u la r  a c c e l e r a t i o n  
having  a co m p o n e n t  n o rm a l  to the  p lane  of  the  r ing ,  d e v ia te s  a 
m e m b ra n e  ( th e  cupu la )  in a d i r ec t io n  o p p o s i te  to h ead  a c c e l e r a ­
t io n  (F ig u re  2 .1b) .  This  in tu rn  s t im u la te s  h a i r  ce l ls  which 
cause  the  f ir ing  ra te s  of  the  nerve  to in c re a se  or  d e c re a s e  
d e p e n d in g  on the  d i r e c t io n  of r o ta t i o n  (L o w e n s te in  & Sand,
1940; H u d s p e th ,  1977).

S te in h a u s e n ’s e q u a t io n s  d esc r ib ed  the  f lu id  dynam ics  as a 
second  o rd e r  sys tem and  th e  p a r a m e te r s  a s so c ia ted  with  the  
f lu id  w ere  r e l a t e d  to eye velocity  du r ing  head  ro ta t i o n s  over  a 

b an d  o f  f r e q u e n c ie s  f rom  .05 to 1Hz (S te in h a u s e n ,  1933).
L a te r  work  showed th a t  the  d o m in a n t  t im e co n s ta n t  a s so c ia ted  
w ith  n e rv e  ac t iv i ty  was appox im ate ly  3-5 seconds  ( G o ld b e r g  & 
F e r n a n d e z ,  1971) while  the  ocu la r  r e sp o n se  had  a t im e  c o n s ta n t  
of  10-15 seconds  (Skavensk i  and R o b in so n ,  1973; R o b in so n ,  
1975). T h e  a p p l ic a t io n  o f  the  S te in h a u sen  m ode l  to  ex p la in  the  
eye ve loc i ty  r e s p o n s e  to v e s t ib u la r  s t im u l i  was t h e r e f o r e  i n a d e ­
q u a te .  T h e  d i f fe re n c e s  a re  seen  in F igu re  2.2a.  T he  eye 

ve loc i ty  r e sp o n se  which would be g e n e ra te d  by the  cu p u la  is 
show n by th e  so l id  l ine  d raw n on the  ve loc i ty  r e sp o n se .  Thus ,  
i t  was n ecessa ry  to  p o s tu l a t e  the  ex is tence  of  a c e n t r a l
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F ig u re  2.1 T he  I n n e r  E a r

(A) T h e  se m ic i rc u la r  canals ,  u t r ic le ,  and  saccu le  t o g e t h e r  w ith  
the  v e s t ib u la r  ne rve  in n e rv a t in g  them .  T he  p la c e m e n t  o f  the  
h o r iz o n ta l  cana l  t ip p e d  15 d eg ree s  up  in the  h e a d  is shown.

(B) A v e s t ib u la r  canal .  T he  ar rows in d ic a te  the  h ea d  r o t a t i o n  
d i r e c t io n  (c lockwise  in the  p lan e  o f  the  cana l)  and the  
r e s u l t in g  f lu id  m o t io n  in th e  o p p o s i t e  d i r e c t io n .

T a k e n  f rom  H ow ard  (1982) pp. 342,343.
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m e ch an ism  th a t  w ould  en h a n c e  th e  d o m in a n t  t im e  c o n s tan t  of 
the  V O R  (R o b in s o n ,  1977; R a p h a n  e t  al ,  1977,1979).

A s im ila r  k ind  o f  "cen t ra l  s to ra g e  m echan ism "  was n e c e s ­
sary  to exp la in  th e  o p to k in e t i c  r e s p o n s e  (C o l lew i jn ,  1972;
C o h e n  e t  al, 1977). W hen  a full  f ie ld  r o t a t i n g  o p to k in e t i c  
s t im u lu s  is v iewed by a sub jec t ,  t h e r e  is a co m p en sa to ry  
r e s p o n s e  o f  the  eyes w hose  ve loc i ty  a p p ro x im a te s  th a t  o f  the  
ve loc i ty  of  th e  s t im u lu s  (M ow re r ,1937 ;  T e r  B raak ,  1936). W hen 
th e  l ights  a re  ex t in g u ish ed  the  eyes c o n t in u e  to b e a t  in the  
sam e d i r e c t io n  as the  s t im u lus ,  w ith  t h e i r  ve loc i ty  g radua l ly  
decay ing  to ze ro .  This  r e s p o n s e  is c a l led  O p to k in e t i c  A f t e r -n y s ­
tagm us (OK A N ) (F ig u re  2 .2b) .

In the  monkey, OKN is c h a ra c te r i z e d  by a r ap id  ju m p  fo l ­
low ed  by a slow r ise  to  a s tead y  s t a t e  ve loc i ty  (C o h e n  e t  al,
1977; R a p h a n  e t  al, 1979). T h e  ra p id  r ise  is due  to  v isua l  p a t h ­
ways to the  o c u lo m o to r  sys tem ca l led  th e  d i r e c t  pathways 
(W ae sp e  e t  al, 1983). T he  pa thways  r e s p o n s ib le  fo r  the  slow 
changes  d u r ing  OKN and O K AN  a re  th e  in d i r e c t  pa thways.  T he  
in d i r e c t  pa thw ay  inc ludes  the  ve loc i ty  s to ra g e  in t e g r a to r  which 
is com m on  to  b o th  the  v isua l  and  v e s t i b u l a r  sys tem s ( R a p h a n  et 
al , 1979; W aespe  e t  al , 1983). D u r in g  OKN th e  ve loc i ty  s to rag e  
in t e g r a to r  is cha rged ,  while  OKAN r e p r e s e n t s  th e  d isc h arg e  of 
th e  in t e g ra to r .

H u m an  OKN and OKAN have s im i la r  c h a ra c te r i c s  to  th a t  
found  in the  m onkey  (C o h e n  e t  al, 1981; J e l l  e t  al , 1984). 
H ow ever ,  the  d e ta i l s  o f  th e  r e s p o n s e  a re  d i f f e r e n t .  In  hum ans ,  
OK N  is c h a ra c te r i z e d  by a r ap id  ju m p  which  is m a in ta in e d  for  
th e  d u r a t io n  o f  th e  s t im u la t io n .  W hen  th e  l igh ts  a re  e x t in ­
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g u ished  eye ve loc i ty  d ro p s  and O K A N  ensues  (C o h e n  e t  al, 
1981; J e l l  e t  al, 1984). T h e  h u m a n  OKAN re s p o n s e  was 
m o d e l le d  using two in te g ra to r s  r e s u l t in g  in  a two c o m p o n e n t  
decay ( Je l l  e t  al, 1984). O ne  t im e  c o n s ta n t  was very  s h o r t  c o r ­
r e sp o n d in g  to the r ap id  d ro p  in eye ve loc i ty  a t  th e  s ta r t  of  
OKAN (Je l l  e t  al, 1984). T he  o t h e r  t im e  c o n s ta n t  is long and 
c o r re sp o n d s  to the  d i sc h a rg e  o f  t h e  ve loc i ty  s to ra g e  in t e g ra to r .  
At h igh ve loc i t ie s  ( g r e a t e r  th an  30 deg /sec ) ,  they  found  th a t  
the  e f fec ts  of the  d i r e c t  pa thw ay  w ere  m asked  and  d o m in a te d  
by the  in d i r e c t  pathway.

T he  rap id  d rop  in eye ve loc i ty  at  the  s t a r t  of  OKAN in 
hum ans  is e q u iv a le n t  to  t h a t  in m onkey  (C o h en  e t  al , 1977; 
R a p h a n  e t  al, 1979; C o h e n  e t  al ,  1981) and  is p ro b a b ly  due to 
the  in a c t iv a t io n  o f  the  d i r e c t  pa thw ay  in d a rk n es s .  This  is s u p ­
p o r t e d  by the  g r e a t e r  ga in  in the  r a p id  ju m p  of  eye ve loc i ty  at  
the  s ta r t  of OKN. T he  g r e a t e r  ju m p  in eye ve loc i ty  at  the  s ta r t  
of OKN and the  g r e a t e r  d ro p  in eye ve loc i ty  at  the  s t a r t  of  

OKAN in  hum ans  as c o m p a re d  to  th a t  in the  m onkey  su p p o r t s  
th e  id e a  th a t  the  d i r e c t  pa thw ay  p lays  a m o re  d o m in a n t  ro le  in 
the  OKN of hum ans  (C o h e n  e t  al , 1981) th an  in m onkeys.  The  
gain  o f  the  OKAN in hu m an s  is sm all  c o m p a red  to  th a t  in  the  
m onkey.  Thus,  while  h u m a n  ve loc i ty  s to ra g e  as r e p r e s e n te d  by 
OKAN is w eaker  th a n  in th e  m onkey ,  it  n e v e r th e le s s  has 

s im i la r  c h a ra c te r i s t ic s  and  is p ro b a b ly  a f fec ted  by g rav i ty  in a 
s im ila r  fash ion .

S tud ies  involving v i s u a l -v e s t ib u la r  i n t e r a c t i o n  have shown 
th a t  the  v e s t ib u la r  and  v isua l  sys tem s c o m p le m e n t  one  a n o th e r  
to  m a in ta in  f ixed r e t in a l  im ages  (W i ls o n  and  M e lv i l l - Jo n es ,  

1979; H en n  e t  al, 1980) and  th a t  th e  ve loc i ty  s to rag e  in te g ra to r



F igure  2.2. N ystagmus in d u ced  by a s tep  of 
p la t fo rm  r o t a t i o n  with  eye p o s i t io n  
fo l lowed by eye ve loc i ty  (A),  by a s tep  of 
su r ro u n d  r o t a t i o n  (B),  and by a s te p  of 
p la t fo rm  r o t a t i o n  in l igh t  with a s top  in 
da rkness  (C) .  The  s t im ulus  ve loc i ty  for  
each  was 60 d eg re e s  p e r  second .  W hen  
ro ta ry  nystagm us and OKN w ere  in the  
same d i r e c t io n ,  th e i r  a f t e r - r e s p o n s e s  w ere  
oppos i te ly  d i r e c te d  (A and B). T h e r e  was 
only s l igh t  p o s t - r o ta to r y  re sp o n se  a f te r  
ro t a t i o n  in l igh t  (C).  The solid  l ine  in the  
slow p h ase  veloci ty  t r a c e  of  (A) is the  VIII  
nerve t im e  c o n s tan t ,  ( t a k e n  f rom  R a p h a n  & 
C o h e n , 1980)
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is a c e n t r a l  focus for  th is  in t e r a c t i o n .  This  is shown in F ig u re  
2.2C. F o r  ro ta t io n s  in  l igh t ,  t h e r e  is a r ap id  r ise  in  slow p h ase  

ve loc i ty  s im i la r  to F ig u re  2.2a. This  is fo l low ed by a m a in ­
t a in e d  s tead y  s ta te  ve loc i ty  fo r  the  d u r a t io n  of  r o t a t i o n  s im i la r  
to the  s tead y  s ta te  ve loc i ty  in F ig u re  2.2b. W hen  the  r o t a t i o n  
is s to p p e d  and  the  an im a l  is in  d a rk n ess ,  the  po s t  r o t a to r y  nys­
tagm us slow p h ase  ve loc i ty  is ze ro  (F ig u re  2 .2C).  T h is  c o r ­
r e sp o n d s  to  a c a n ce l la t io n  of  what  w ould  have b e e n  the  
p o s t r o t a to r y  re sp o n se  in d a rk n es s  (F ig u re  2 .2a) .  The  ve loc i ty  
s to ra g e  in t e g r a to r  has b e e n  shown to play an im p o r ta n t  ro le  in 
th is  c a n c e l l a t io n  in monkeys ( R a p h a n  e t  al, 1979; W aespe  e t  al, 
1983) as well  as in hum ans  (C o h en  e t  al , 1981; J e l l  e t  al, 1984).

A one d im e n s io n a l  m ode l  has b e e n  d ev e lo p e d  to exp la in  
v e s t ib u la r  nystagm us,  OKN and v isu a l -v e s t ib u la r  in t e r a c t io n .
I t  will now be d e s c r ib e d  in  d e ta i l  s ince  i t  fo rm s the  bas is  fo r  
the  ex ten s io n  to th r e e  d im ens ions .  (C o h en  e t  al, 1977; R a p h a n  
e t  al, 1979; W aespe  et al, 1983).

T he  e q u a t io n s  which  govern  the  dynamics of  the  i n ­
t e g r a to r  d u r in g  o p to k in e t i c  and  v e s t ib u la r  s t im u la t io n  a re  
g iven by (see  F ig u re  2.3):

x' = - h 0x + go * r v + n (e ) (2 .2 .1 )

e = r Q - rh - y (2 .2 .2 )

y = r v + x + vf (2 .2 .3)

V e s t ib u la r  nystagm us is g e n e ra t e d  by a h ea d  ve loc i ty  s ig ­
nal  rh, which  th ro u g h  the  cupu la  dynam ics  g e n e ra t e s  the  s igna l
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• F igu re  2.3 M o d e l  o f  OKN, OKAN, p e r -  and  p o s t - r o t a to r y  nys tagm us  and  v isua l-ves-  
t ib u l a r  in t e r a c t io n s .  Solid  l ines  r e p r e s e n t  n e u r a l  s igna ls ,  d o t t e d  l in e s  r e p r e s e n t  
m ech an ica l  v a r ia b le s .  T a k e n  f rom  W aespe  e t  al . ,  1983.
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r v, t h a t  ap p e a r s  in se m ic i rc u la r  cana l  a f f e r e n t s  in the  v es ­
t ib u l a r  nerve .  This  in fo rm a t io n  ac t iv a tes  the  in t e g ra to r ,  as 
well  as p ro je c t in g  a ro u n d  it, to fo rm  a c o m p o n e n t  o f  th e  eye 
v e loc i ty  com m and  signal  in the  v e s t ib u la r  n u c le i  Vn. T he  t im e  
c o n s ta n t  o f  the  i n t e g ra to r  is eq u a l  to l / h 0. OK N  is in i t i a t e d  by 
th e  ve loc i ty  s igna l  ro ,  g e n e ra te d  by m o v e m en t  o f  th e  v isua l  s u r ­
ro u n d .  F ro m  th is  s igna l  is s u b ra c te d  h ea d  ve loc i ty  and  eye 
ve loc i ty ,  whose sum is gaze velocity .  This  g e n e r a t e s  the  r e t in a l  
s l ip  s igna l  e. T he  slip s igna l  can be e x t in g u ish e d  by the  l igh t  
switch L, o r  t r a n s m i t t e d  cen t ra l ly  to two e le m e n ts .  O ne  is the  
d i r e c t  pa thway th a t  is re sp o n s ib le  for  r ap id  changes  in eye 
veloc i ty .  The  second  is a n o n l in e a r  fu n c t io n  w hose  o u tp u t  a c ­
t iv a te s  the  veloci ty  s to rag e  in t e g ra to r  (v isua l  co u p l in g  to th e  i n ­
t e g r a to r ) .  The  su p p re s s io n  switch S in the  m o d e l  is u t i l i z e d  to 
d isch a rg e  or  ’d u m p ’ the  i n t e g ra to r  rap id ly  d u r in g  v isua l  o r  t i l t  
su p p re s s io n .

M ode l  p red ic t io n s  f rom  the  one  d im e n s io n a l  m ode l  
( R a p h a n  e t  al, 1979) a re  shown in f igu re  2.4. T h e  eye ve loc i ty  
p r e d ic t io n s  c o r r e sp o n d in g  to an im al  r o t a t i o n  in  d a rk n e s s ,  d rum  

r o t a t i o n  in l igh t  with  the  su b jec t  s ta t io n a ry ,  and  fo r  an im a l  r o t a ­
t io n  in l igh t  are  shown in f igure  2.4a, 2.4c, and  2 .4e ,  r e s p e c t iv e ­
ly ( co m p a re  with  f igu re  2 .2) .  F igu re s  2.4b, 2.4d, and  2 .4f  show 
th e  c o m p o n en ts  which sum m ate  to  fo rm  th e  ve loc i ty ,  nam ely  
th e  cupu la ,  and in t e g ra to r  activ i ty .  T h ese  s im u la t io n s  show 
th a t  the  m ode l  can s im u la te  the  v isual and v e s t ib u la r  r e sp o n se s  
of  the  o c u lo m o to r  system to a wide range  o f  s t im u lu s  c o n d i ­
t ions .

In summ ary,  we have shown the  s ign i f icance  o f  the  

ve loc i ty  s to rag e  in t e g ra to r  in m e d ia t in g  th e  v e s t ib u la r  nystag-
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p e r *
r o ta to r y

S 's s IDARK)

-CUPULA
INTEGRATOR

v̂ POST*
ROTATORY

PVEL
POST-ROTATORY 

(OARK)
PER-ROTATORY 

(LIGHT)

-S.PVEL.

F igu re  2.4 M odel  p re d ic t io n s  o f  slow p h ase  eye ve loc i ty  fo r  a 
s te p  o f  angu la r  ve loci ty  in d a rk n ess  (A) ,  for  a s te p  o f  s u r ro u n d  
ve loc i ty  (C) and  for  a s tep  of  angu la r  ve loc i ty  in l igh t  (E ) .  B, 
D, F, C o m p ara t iv e  changes  in slow p hase  ve loc i ty ,  cupu la  
d e f le c t io n ,  and  o u tp u t  of  the in t e g ra to r  fo r  th e  r e s p o n s e s  
shown in A, C, and E, respec t ive ly .  T a k e n  f ro m  R a p h a n ,  e t  al., 
1979.



18

mus, OKN, and OKAN in one  d im ens ion .  The  next s e c t io n  co n ­
s ide rs  the  ro le  of the  ve loc i ty  s to ra g e  in t e g ra to r  in th r e e  d im e n ­
s iona l  m ode ls  of  the  V O R  and  the  coup l ing  to i t  by the  
p e r ip h e ra l  laby r in th .
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23 Three Dimensional Models of Visual Vestibular Interaction

23.1 Introduction

T h re e  d im e n s io n a l  m ode ls  o f  th e  V O R  and  v isua l-ves-  
t ib u l a r  in t e r a c t i o n  have co n s id e re d  b o th  th e  s ta t ic  and  d y n am i­
cal a spec ts  o f  the  t r a n s fo rm a t io n s  invo lved  in g e n e ra t in g  
co m p e n sa to ry  eye ve loc i ty .  R o b in so n  (1982) u sed  v ec to r s  and 
m a t r ic e s  to  r e p r e s e n t  the  ro ta t io n s  and  t r a n s fo rm a t io n s  th a t  
occur  in th r e e  d im en s io n s .  He assum ed  th a t  the  b r a in s t e m  ca l ­
cu la te s  in cana l  co o rd in a te s ,  t r an s fo rm in g  the  in p u t  which is in 
h ead  c o o rd in a te s  in to  a canal  based  system (S im pson  e t  al, 
1981). T he  next  t r a n s fo rm a t io n  ap p l ied  is the  b ra in s t e m  fu n c ­
t ion .  F ina l ly ,  the  s igna ls  a re  t r a n s la te d  in to  muscle  c o o r ­
d in a te s .  Thus ,  the  e n t i r e  ca lcu la t io n  is r e d u c e d  to  th r e e  m atr ix  
m u l t ip l ic a t io n s .

A s im ila r  ap p ro ach  is p r e s e n te d  by Pe l l ion isz  (1985).  He 
dea ls  w ith  the  t r a n s fo rm a t io n s  as te n so r  t r a n s fo rm a t io n s  to  ac ­
co u n t  fo r  the  po ss ib le  n o n -o r th o g o n a l i t i e s  of the  co o rd in a te  
bases  of  th e  s e m i-c i r c u la r  canals .  A l th o u g h  the  ap p ro ach es  
t a k e n  by R o b in s o n  (1982) and P e l l io n isz  (1985) dea l  with  the  
co o rd in a te  t r a n s fo rm a t io n s  th a t  a re  necessa ry  to g e n e ra te  com ­
p en s a to ry  eye m o v e m en ts  in th r e e  d im ens ions ,  they  do no t  a d ­

d ress  th e  q u e s t io n  of  how the  dynamics of  the  system are  
c o n s id e re d  in  a t h r e e  d im e n s io n a l  co n s t ru c t .

H a in  (1986)  u t i l i z e d  the  R o b in so n  m ode l  and  added  
dynam ics  in to  the  th r e e  d im en s io n a l  system. H ow ever ,  the  f o r ­
m u la t io n  does  no t  lend  i t s e l f  to co m p ar iso n s  with  ex p e r im e n ta l  
d a ta  and  does  no t  give a c lea r  p ic tu re  o f  how the  p a r a m e te r s  of
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the  sys tem are  r e l a t e d  to sp a t ia l  o r ie n ta t io n .  All  o f  th e se  a p ­
p ro a c h e s  to m ode l l ing  the  th r e e  d im en s io n a l  b e h a v io r  o f  the  
v e s t ib u lo -o c u la r  re f lex  do not  c lear ly  iden t i fy  the  r e l a t io n s h ip  
b e tw e e n  the  dynam ic  s t r u c tu r e  of  the  system and  th e  o r i e n t a ­
t io n  o f  th e  hea d  with reg a rd  to gravity.

A g en e ra l iz e d  s ta te  space  m ode l  r e p r e s e n t in g  th e  s t r u c ­
tu r e  and  fu n c t io n  of v isu a l -v es t ib u la r  in t e r a c t i o n  d e s c r ib in g  o p ­
to k in e t i c  nystagmus (O K N ),  o p to k in e t ic  a f te r -n y s tag m u s  
(O K A N ),  and  v isu a l -v e s t ib u la r  in te ra c t io n s  has b e e n  d ev e lo p e d  
by R a p h a n  (R ap h a n  & Cohen ,  1985; R a p h an  & C o h en ,  1988). I t  
is a n a t u r a l  ex ten s io n  of  the  one  d im en s io n a l  m o d e l  w ith  th e  
sys tem  p a r a m e te r s  b e ing  r e p r e s e n te d  by m a tr ice s .  In  a d d i t io n  
to p e r fo rm in g  the  s ta t ic  t r a n s fo rm a t io n  th a t  co n v e r t s  in p u t  in 
h ea d  c o o rd in a te s  to se m ic i rc u la r  canal  c o o rd in a te s  and  back  to 
h ea d  c o o rd in a te s ,  the  m ode l  p rov ides  a bas is  fo r  th e  dynam ica l  
t r a n s fo rm a t io n s  th a t  occur  w hen  the  head  and  the  v isua l  s u r ­
ro u n d  a re  moved  in th r e e  d im ens ions .  In  th is  th e s is  we will  
d ev e lo p  a lgo r i thm s  th a t  r e la te  the  p a r a m e te r s  o f  a th r e e  d im e n ­
s iona l  r e p r e s e n ta t i o n  of  the  ve loc i ty  s to rag e  i n t e g r a to r  to  eye 
ve loc i ty  c o m p o n en ts  as a func t ion  of  gravity .  F i r s t  we will  co n ­
s id e r  the  s ta t ic  and  dynam ica l  t r a n s fo rm a t io n s  o f  the  ove ra l l  
m o d e l  and  th e i r  phys io log ica l  basis .
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23.2 Physiological Basis for Static Transformations

T he  in n e r  ea r  con ta in s  3 e s sen t ia l ly  o r th o g o n a l  s e m ic i r ­
cu la r  canals  and  2 o to l i th  o rgans ,  the  u t r i c l e  and  saccu le  ( see  
f igu re  2 .1a) .  The  se m ic i rc u la r  cana ls  r e sp o n d  to  a n g u la r  a c ­
c e le r a t io n s  and the  o to l i th s  sense  l in e a r  a c c e le r a t i o n s  and  
s ta t ic  h ea d  p o s i t io n  r e la t iv e  to gravity .

T he  se m ic i rc u la r  cana ls  a re  com posed  o f  t h r e e  r ings ,  the  
a n t e r io r ,  p o s te r io r ,  and l a t e r a l  cana ls .  T h e i r  n ea r ly  o r th o g o n a l  
s t r u c t u r e  allows them  to d e te c t  a n g u la r  a c c e le r a t i o n s  ab o u t  any 
axis. As r e p o r t e d  by S te in h a u s e n  (1933),  they  f u n c t io n  as a p ­
p ro x im a te  in te g ra to r s  whose o u tp u t  r e f le c ts  a n g u la r  ve loc i ty .

T he  se m ic i rc u la r  cana ls  fo rm  n ea r ly  p a r a l l e l  c o m p le m e n ­
tary  pa i rs  on e i th e r  s ide  of  the  head  (R e i s in e  e t  al, 1988). Each  
of  the  canals  at its  i n t e r s e c t io n  with the  u t r i c l e  has an am p u l la  

which con ta in s  the  c r i s ta  am p u l la r is  (F ig u re  2 .5) .  T h e  m u lt i -  
c i l ia te d  sensory  cells  of the  am p u l la  com bine  and  p r o je c t  in to  
the  cupu la .  T he  cupu la  is a m e m b ra n e  which  sea ls  the  the  
lum en  o f  the  am pu l la .

As the  h ead  is r o t a t e d  in the  p lan e  o f  a cana l ,  m o v e m e n t  

o f  the  se m ic i rc u la r  cana l  f luid  will be  a c c o m p a n ie d  by m o v e ­
m e n t  o f  the  cupu la  which bends  the  b u n d le s  o f  c i l ia .  E ach  
b u n d le  cons is ts  of  many s t e r e o c i l i a  lo c a te d  a p p ro x im a te ly  to 
one  s ide  o f  the  one  long k in o c i l iu m  (H u d s p e th ,  A .J  & D .P .  
Corey,  1977). The  v ec to r  with d i r e c t io n  f ro m  the  s h o r t  
s t e r e o c i l i a  to the  k inoc i l ium  r e p r e s e n t s  th e  p o l a r i z a t i o n  vec to r .  
In  a g iven  am p u l la  e s sen t ia l ly  all the  m o rp h o lo g ic a l  p o l a r i z a ­
t io n  v ec to r s  a re  p a ra l le l .  As the  b u n d le  of  c i l ia  b e n d s  in  th e



1
^Axon

F ig u re  2.5 A c r is ta  am p u l la r i s

D e t a i l e d  s t r u c t u r e  of  a c ro s s - se c t io n  of  th e  c r i s t a  
a m p u l la r i s  showing the  s t e r e o c i l i a  and th e  k in o c i l iu m .  
T a k e n  f ro m  H ow ard  (1982) p. 3 4 5 .
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d i r e c t io n  of  th is  p o la r i z a t i o n  vec to r ,  t h e re  is an ex c i ta t io n  of 
th e  p r im ary  a f f e r e n t  s igna l  w hereas  an in h ib i t io n  of the  
p r im ary  a f f e re n t  s igna l  is a s so c ia ted  with the  bu n d le  of  c i l ia  
b en d in g  away f rom  the  p o la r iz a t io n  vec to r .

T h e  s ignals  a r is ing  in the  p e r ip h e ra l  o rgans  a re  p r o je c te d  
to the  v e s t ib u la r  nuc le i .  T he  V l l l t h  nerve  c a r r ie s  the  cana l  and 
o to l i th  a f fe ren ts  to  the  m ed ia l ,  su p e r io r ,  and l a te r a l  v e s t ib u la r  
nuc le i .  N ot  only a re  th e se  s ignals  coded  in a canal  b ased  c o o r ­
d in a te  f ram e,  th e re  is ev id en ce  th a t  the  v isua l  system also 
p ro ce s se s  signals  in cana l  co o rd in a te s  (S im pson  & G ra f ,  1981). 
T h e r e f o r e ,  th is  c o o r d in a te  f ram e  is o f  s ign i f icance  in d e t e r m i n ­
ing th e  fu n c t io n  o f  the  V O R  and v isual v e s t ib u la r  in te ra c t io n .  
Since it  is the  ve loc i ty  s to ra g e  in te g ra to r  which is the  focus of 
v isua l  v e s t ib u la r  in t e r a c t io n ,  it is l ike ly  th a t  th is  m echan ism  
also  p ro ces ses  in fo rm a t io n  in a cana l  b ased  c o o rd in a te  f ram e.

In  the  u p r ig h t  p o s i t io n ,  th e  cana l  p lan es  a re  t ip p e d  up  a p ­
p ro x im a te ly  15 d eg ree s  and are  r o ta t e d  45 d eg ree s  f rom  the  
f ro n ta l  p la n e  of  the  head .  T he  m e a s u re m e n t  o f  eye m ovem en ts  
is g en e ra l ly  done  in a h ea d  b ased  c o o rd in a te  f ram e.  T h e  o r i e n t a ­
t io n  o f  the  canal  b ased  c o o rd in a te  f ram e with  r e s p e c t  to th e  
h ea d  is g iven  by the  e u le r  angles  phi = 0, t h e ta  = -15, and  psi  
= 45 (A p p en d ix  ). The  m a tr ix  t r a n s fo rm a t io n  is th en  g iven  by 
( R a p h a n  & C ohen ,  1985; See f igu re  2.6):

0.707 0.683
-0.707 0.683
0.0 0.259

-0.183
-0.183
0.966

(2.3.1)

W hile  th e re  is ev id en ce  th a t  the  s e m ic i rc u la r  canals  e s tab -
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Z( - NORMAL TO HORIZONTAL CANAL PLANE

F ig u re  2.6 O r i e n t a t i o n  of  the  s e m ic i rc u la r  canals  with 
r e s p e c t  to  th e  h e a d  sys tem  c o o rd in a te  f ram e.  T a k e n  
f ro m  R a p h a n  & C ohen ,  1985.
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lish th e  c o o r d in a te  f ra m e  for com bin ing  s igna ls  in the  V O R , 
grav i ty  plays an im p o r ta n t  ro le  in c o n t ro l l in g  the  p a r a m e te r s  of 
th e  sys tem  ( R a p h a n  & C ohen ,  1988). This  is done  th ro u g h  the  
o to l i th  o rgans  as well  as th rough  s o m a to se n so ry  in p u t  ( see  W il­
son  & M elv i l l  Jo n e s  for  rev iew ) .  W hile  th e  so m a to se n so ry  co n ­
t ro l  o f  th e  V O R  is no t  well  u n d e r s to o d ,  m o re  is known ab o u t  
how th e  o to l i th s  c o n t ro l  th e  VOR.

T he  o to l i th  o rgans  a re  r e sp o n s ib le  for  d e t e c t in g  o r i e n t a ­
t ions  with  r e s p e c t  to gravity ,  as well  as l in e a r  a c c e le r a t io n .  
E ach  s ide  of  the  head  con ta in s  a u t r icu lu s  and saccu lus  which 
a re  s i t u a te d  a t  th e  in t e r s e c t io n  o f  th e  th r e e  s e m ic i rc u la r  canals  
(F ig u re  2 .1a) .  I t  is the  h a i r  cells  w i th in  the  u t r ic le s  and  s a c ­
cu le ,  which r e sp o n d  to the  m agn i tude  and  d i r e c t io n  o f  gravity .  
T he  m a in  p a r t  o f  the  u t r i c u l a r  m acu la  is ap p ro x im a te ly  p a r a l l e l  
to  the  h o r iz o n ta l  s e m ic i rc u la r  cana l  while  its a n t e r io r  end  c u r ­
ves upw ard .  T h e  saccu la r  m acu la  is a p p ro x im a te ly  p e r p e n ­
d ic u la r  to the  u t r i c u l a r  p la n e  (F igu re  2 .7a) .  The  u t r ic u lu s  
re sp o n d s  to  a c c e le r a t io n s  in the  h o r iz o n ta l  p la n e  while  th e  sac ­
culus r e sp o n d s  to a c c e le ra t io n s  in the  v e r t i c a l  p lan e .  In  a d d i ­
t ion ,  th e r e  is ev id en ce  th a t  th e re  is o to l i th  ac t iv i ty  in  the  
c e n t r a l  ne rvous  system which in te ra c t s  with  n e u ra l  c i rcu i ts  
which a re  in a canal  b ased  c o o rd in a te  f ram e  (M e lv i l l - Jo n es  & 
M ilsum , 1969).

E ach  m acu la  co n ta in s  a layer  o f  b u n d le d  c i l i a te d  ce l ls  
s im i la r  to  th e  c r i s tae  of th e  sem ic i rc u la r  cana ls  which  ex tend  
th ro u g h  th e  o to l i th  m e m b ra n es .  T h ese  m e m b ra n e s  co n ta in  cal-  
c i te  c rys ta ls  ca l led  the  o to l i th s  (F ig u re  2 .7b) .  Each  b u n d le  of 
c i l ia  cons is ts  of  s t e r e o c i l i a  and one  k inoc i l ium . T he  p o l a r i z a ­
t io n  v e c to r  fo r  each  b u n d le  is d e t e r m in e d  by the  v e c to r  f rom
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F ig u re  2.7 T h e  O to l i th  O rgans

(A) R e la t iv e  p o s i t io n s  of  the  u t r i c l e s  and  saccu le  w i th  the  
p o l a r i z a t i o n  maps.  T h e  a r row s  p o in t  in th e  d i r e c t i o n  of  the  
k inoc i l ium .

(B) D e ta i l e d  s t r u c tu r e  o f  the  m a c u la r  e p i th e l iu m  showing 
th e  p la c e m e n t  of  the  o to l i th s
T a k e n  f ro m H o w ard  (1982) p. 355.



27

th e  s t e r e o c i l i a  to the  k in o c i l iu m .  F o rc es  a long  such p o l a r i z a ­
t io n  v ec to r s  maximally  exc i te  the  a f f e r e n t s  p r o je c t in g  f rom  the  

b u n d le  ( H u d s p e th  & C orey  1977). T h e se  p r o je c t io n s  give th e  
c e n t r a l  n e rv o u s  system  in fo rm a t io n  a b o u t  hea d  o r i e n t a t i o n s  
w ith  r e g a rd  to gravity  ( see  M elvil l  J o n e s  and  W ilson ,  1979). 
They  p ro v id e  the  in fo rm a t io n  th a t  m od if ie s  the  dynam ica l  
p r o p e r t i e s  of  m o t io n  p ro ce s s in g  in the  ve loc i ty  s to ra g e  in ­
t e g r a to r  (R a p h a n  e t  al, 1988) and  in e s t im a t in g  h ea d  ve loc i ty  in 
g r a v i ta t io n a l  e n v i ro n m e n ts  ( R a p h a n  & Schnabo lk ,  1988; F an e l l i  
e t  al, 1990).

In summ ary ,  the  s e m ic i rc u la r  cana ls  e s ta b l i sh  a c o o r ­
d in a te  bas is  fo r  the  ve loc i ty  s to rag e  in t e g ra to r  in which com ­
p u ta t io n s  d u r ing  v isua l  v e s t ib u la r  i n t e r a c t i o n  can  tak e  p lace .  
T h e  o to l i th s  modify  the  coup l ing  b e tw e e n  n e u ra l  c i rcu i ts  
cod ing  the  s ta te s  of  the  ve loc i ty  s to ra g e  i n t e g r a to r  to  fo rm  the  
r e l a t io n s h ip  b e tw e e n  th e  dynam ics  of i n t e g r a to r  f u n c t io n  and  
gravity .

We next  review  the  ex p e r im e n ts  th a t  r e l a t e  th e  dynam ica l  
p r o p e r t i e s  of  ve loc i ty  s to rag e  in th r e e  d im e n s io n s  to the  
p ro ce s s in g  of gravity  in fo rm a t io n  by th e  o to l i th s .
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23 3  Behavioral Basis for Dynamic Transformations

T h e  m a in  s tu d ie s  t h a t  have b ro u g h t  in to  ev id en ce  the  
t h r e e  d im e n s io n a l  s t r u c t u r e  of  the  ve loc i ty  s to ra g e  in te g ra to r  
a re  th o se  showing th a t  th e r e  is coup l ing  b e tw e e n  s to rag e  as­
so c ia te d  w ith  nystagmus in the  h o r iz o n ta l  p la n e  and  v e r t ic a l  
p lan es  (R a p h a n  & C o h e n ,  1983; R a p h a n  & C o h en ,  1988). W hen  
the  su b je c t  is u p r ig h t ,  h o r iz o n ta l  OKN and OKAN are  p ro d u c e d  
in the  sam e d i r e c t io n  as th e  s u r ro u n d  and th e r e  a re  no sig­
n i f ic a n t  v e r t i c a l  or  ro l l  c o m p o n en ts  g e n e ra te d  d u r in g  OKN or 
the  s u b s e q u e n t  OKAN (F ig u re  2.8) .  In  c o n t ra s t ,  w hen  
m onkeys  a re  on th e i r  s ides  and g iven p u re  h o r iz o n ta l  s t im u la ­
t ion ,  a v e r t ic a l  co m p o n e n t  of  OKAN ap p e a rs ,  w h e rea s  no v e r t i ­
cal o p to k in e t i c  nystagmus was induced  (R a p h a n  & C ohen ,  1983; 
R a p h a n  & C ohen ,  1988) (F ig u re  2.9a, see  dow nw ard  a r row ) .
T he  r a te  o f  d ec l in e  of  the  slow p hase  velocity  of  the  OKAN was 
th a t  o f  th e  ve loc i ty  s to ra g e  in te g ra to r .  In ad d i t io n ,  ro l l  eye 
m o v em en ts  a re  g e n e ra t e d  due  to p u re  h o r iz o n ta l  s t im u la t io n  
w hen  an im a ls  a re  p ro n e  o r  sup ine  (R a p h a n  & C ohen ,  1988) 
(F ig u re  2.9b, see  upw ard  a r row ) .  In ad d i t io n ,  th e r e  a re  s e c o n ­

dary  OKAN resp o n se s  (upw ard  arrow, F igu re  2.9a,  downward  
arrow, F ig u re  2.9b) .  T h e se  secondary  re sp o n se s  a re  no t  e n c o m ­
passed  by the  th r e e  d im e n s io n a l  m ode l  (R a p h a n  & C ohen ,
1985) and a re  no t  co n s id e re d  in th is  d i s s e r ta t io n .

C ro ss -co u p l in g  is a lso  found  in  cats  with  s im i la r  c h a ra c ­
t e r i s t ic s  to th a t  of the  m onkey  (H a r r i s ,  1987). H a r r i s  c o n ­
f i rm ed  R a p h a n ’s f ind ing  t h a t  th e  v e r t i c a l  c o m p o n e n t  of OKAN 
ve loc i ty  is a fu n c t io n  o f  the  d i r e c t io n  and  t i l t  o f  the  h o r iz o n ta l  
ve loc i ty .  In  ad d i t io n ,  H a r r i s  show ed th a t  th e r e  was a lso  cross-



F ig u re  2.8. OKN and  OKAN- U p r ig h t

S u r ro u n d  m ovem en t  is to the  le f t  at  60 
d eg ree s  p e r  second  ab o u t  the  an im al  yaw axis. 
T h e  t r a c e s  a re  the  h o r iz o n ta l ,  ve r t ica l ,  and 
ro l l  eye p o s i t io n  fo l low ed by the  ho r izo n ta l ,  
v e r t ic a l ,  and  ro l l  eye ve loc i ty  fo l lowed by the  
m o v e m en t  o f  the  v isua l  su r ro u n d  and  the  
s t a tu s  of  the  light .  The  OKN and OKAN are  
h o r iz o n ta l  and  th e r e  is no v e r t ic a l  o r  ro l l  
c o m p o n e n t .  T ak en  from  R a p h an  & Cohen,  
1988.
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F ig u re  2.9 (A )C ro ss -co u p l in g  f rom  yaw to 
p i tc h  axis. OKN and  OKAN induced  by 
r o t a t i o n  o f  the  v isua l  s u r ro u n d  to the  r ig h t  in 
the  a n i m a l ’s yaw axis with the  an im al  in the  
9 0 -d e g ree  ro l l  p o s i t io n ,  r igh t  s ide  down.
T h e r e  was a c o m p o n e n t  o f  upw ard  slow phase  
ve loc i ty  d u r in g  the  OKN th a t  in c re a se d  
d u r in g  p r im ary  OKAN (downward  ar row) .
T h e  d u r a t io n  of  the  h o r izo n ta l  c o m p o n e n t  was 
b r i e f e r  th a n  when  the  an im al  was upr igh t .  
(F ig u re  2 .8 ) . (B )  C ro ss -co u p l in g  f rom  yaw to 
ro l l  axis. OKN and  OKAN induced  by 
r o t a t i o n  o f  th e  v isua l  s u r ro u n d  to the  r igh t  in 
the  a n i m a l ’s yaw axis with the  an im al  sup ine .  
T h e  h o r iz o n ta l  c o m p o n en t  o f  OKAN was 
b r ie f ,  and  a co u n te rc lo ck w ise  ro l l  c o m p o n e n t  
d e v e lo p e d .  T ak e n  from R a p h a n  & Cohen ,  
1988.
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co u p l in g  o f  h o r iz o n ta l  to v e r t ic a l  slow p h as e  ve loc i ty  du r ing  
p o s t r o t a to r y  nystagmus a f t e r  o f f -v e r t ic a l  axis r o t a t i o n  w hen  
an im a ls  w ere  s to p p e d  on  th e i r  s ides .  Th is  aga in  p o in t s  to  the  
co m m o n a l i ty  of  the  ve loc i ty  s to ra g e  i n t e g r a to r  in th e  g e n e r a ­
t io n  o f  OKN and  v e s t ib u la r  nystagmus.  I t  a lso  focuses  the  
c ro ss -co u p l in g  p h e n o m e n o n  as a gravity  d e p e n d e n t  p r o p e r ty  of 
a t h r e e  d im e n s io n a l  ve loc i ty  s to ra g e  in t e g ra to r .  T h u s ,  a b e t t e r  
u n d e r s t a n d in g  of  th e  ve loc i ty  s to ra g e  i n t e g r a to r  and  how it  is a f ­
f e c te d  by gravity  will  he lp  to  u n d e r s t a n d  th e s e  p h e n o m e n a .  In 
a d d i t io n ,  the  c o o rd in a te  f ram e  th a t  fo rm s the  bas is  fo r  the  
c e n t r a l  p ro ces s in g  is also im p o r ta n t  in u n d e r s t a n d in g  the  co u ­
p l in g  to th e  ve loc i ty  s to ra g e  in te g ra to r  in  t h r e e  d im en s io n s .
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23.4 Effects of Gravity on Human Perception of the Spatial Vertical

R a p h a n  (1988) p o in te d  o u t  a r e la t io n s h ip  b e tw e e n  the  
e ig e n v e c to r  a l ig n m e n t  with  the  sp a t ia l  v e r t ic a l  and hum an  p e r ­
ce p t io n  of  the  v isua l  v e r t ic a l .  This  r e la t io n s h ip  was ex p lo red  
and  the  o r ig in a l  o b s e rv a t io n s  w ere  b o rn e  out .  H e re  we review 
what is known a b o u t  hum an  p e r c e p t io n .  In c h a p te r  4, we show 
the  s im i la r i t i e s  w ith  the  e ig en v e c to r  hypo thes is .

M a n ’s c e n t r a l  body axis, so m e t im es  r e f e r r e d  to as his 
id io t ro p h ic  v e c to r  ( M i t t e l s t a e d t ,  1986) is in l ine  with  gravity .  
G rav i ty  is ou r  m ain  f ram e  of r e f e r e n c e  and  in co n ju n c t io n  with 
the  h o r iz o n  de f in e  our  sp a t ia l  co o rd ia te  f ram e .  In v es t ig a to r s  
have s tu d ied  v a r ia n ces  f rom  th is  p a rad ig m  inc lud ing  t i l l t e d  
f ram es  of  r e f e r e n c e  and  sh i f t ing  body o r ie n ta t io n s .

How body t i l t  a f fec ts  p e r c e p t io n s  of  th e  sp a t ia l  v e r t ic a l  
and  h o r iz o n ta l  has b e e n  s tu d ie d  in d e p th  f rom  the  la te  1800’s 
u n t i l  the  p r e s e n t  (A u b e r t ,  1861, M eu l le r ,  1916, as r e p o r t e d  in 
Schdne ,  1984; M i t t e l s t a e d t ,  1986). I t  has b e e n  found  th a t  the  
sub jec t ive  or  p e rc e iv e d  v e r t ic a l  is usua l ly  c lose  to the  t ru e  v e r ­
t ical .

W hen  a h u m an  su b je c t  is u p r ig h t ,  he is ab le  to ju d g e  the  
t r u e  v e r t ic a l  (grav i ty  v e c to r )  w ith in  one d eg ree  (W itk in  and 
Asch 1948; M ann  e t  al 1949; K aufm an  e t  al 1949). As the  s u b ­
je c t  t i l t s ,  h is  p e r c e p t io n  o f  the  v e r t ic a l  is much less ac cu ra te .

A u b e r t  (1861) d i sc o v e red  th a t  as one  t i l t s ,  the  sp a t ia l  v e r ­
t ica l  ap p e a r s  to t i l t  in  th e  same d i r e c t io n  as ones  head .
M e u l le r  (1916) r e f in e d  th is  th eo ry  by ana lyzing  re sp o n se s  to
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sm all  t i l t s  versus  la rge  t i l t s .  H e  found  tha t  for  sm all  t i l t s  ( less  
th a t  40 d e g re e s )  sub jec ts  o f te n  o v e rc o m p e n s a te d  and  se t  the  
sp a t ia l  v e r t i c a l  to  the  s ide  o p p o s i te  to head  t i l t  c lose  to the  s p a ­
t ia l  v e r t ic a l .  F o r  la rge  t i l t s  they  u n d e rc o m p e n s a te d ,  w ith  the  
p e rc e iv e d  v e r t ic a l  fo l lowing  the  d i r e c t io n  o f  the  h ead .  T h e  
A u b e r t  e f fec t  is r e f e r r e d  to as the  A -e f fec t  and  the  M e u l le r  as 
the  E- e f fe c t  (F ig u re  2.10).

O n e  o u tc o m e  of our  analysis  of the  ve loc i ty  s to ra g e  in ­
t e g ra to r  was to  sugges t  th a t  th e re  is a com m on n e u ra l  bas is  fo r  
th e  g e n e r a t io n  of the  p e r c e p t io n  of  the  t ru e  v e r t ic a l  and the  
o r i e n t a t i o n  of  c h a ra c te r i s t i c  v ec to rs  or  e ig en v ec to r s  a s so c ia te d  
with  ve loc i ty  s to rage .  F u r t h e r  in v e s t ig a t io n  is n ecessa ry  to u n ­
cover  the  n e u ra l  bas is  for  th e se  g rav i ta t io n a l  p h e n o m e n a .

We nex t  show how the  dynamics of  ve loc i ty  s to rag e  can be 
c h a ra c te r i z e d  by the  e ig en v a lu es  and e ig en v ec to r s  o f  the  system  
m atr ix .  This  r e p r e s e n t a t i o n  will fo rm  the  basis  fo r  the  i d e n ­

t i f i c a t io n  schem e  to iden t i fy  the  p a r a m e te r s  o f  the  system  
m atr ix  a s so c ia te d  with ve loc i ty  s to rage .
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F ig u re  2.10 T he  A u b e r t - M u l le r  E ffec t :  T h e  M ulle r  e f fe c t  is when  
3 > a  and  the  A u b e r t  e f fec t  is w hen  3<<*

(A) T h e  ang le  b e tw e e n  the  sub jec t ive  v e r t ic a l  and  grav i ty  (x) as a 
fu n c t io n  o f  body  t i l t  r e la t iv e  to gravity  (a) .

(B)  T h e  ang le  b e tw e en  the  the  sub jec t ive  v e r t ic a l  and  the  
i d io t ro p h ic  v e c to r  as a fu n c t io n  of body t i l t .

T a k e n  f ro m  Schone  (1984),  p. 116.
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23 , 5  Dynamic Aspects of the Velocity Storage Integrator in Three 

Dimensions

A m ode l  which  is an  ex te n s io n  of the  one  d im e n s io n a l  
m ode l  to th r e e  d im e n s io n s  is shown in F ig u re  2.11 (R a p h a n  & 
C ohen ,  1985). I t  r e p r e s e n t s  th e  ve loc i ty  s to rag e  in t e g r a to r  as a 
dynam ica l  sys tem with  th e  sys tem  m a tr ix  Ho. This  m ode l  s t r u c ­
tu re  has b e e n  shown to be ca p ab le  of  exp la in ing  th e  c ro s s -c o u ­
p l ing  p h e n o m e n a  b ec a u se  o f  the  off  d iagona l  te rm s  in the  
system  matr ix .

T h e  dynam ics  o f  th e  ve loc i ty  s to ra g e  in t e g r a to r  in th r e e  
d im ens ions  is r e p r e s e n t e d  by-the fo l low ing  m a tr ix  d i f f e r e n t ia l  
eq u a t io n s :  ( see  R a p h a n  & C o h en ,  1985; see  f igu re  2.11)

x ’ = H 0 x + G o  rv +  N  (e)  + rint  (2.3.2)

yh = T c a n  (2 .3 .3)

Ty =  D e a n  T c a n  rh (2.3.4)

rint =  D o t o  T o t o  ri (2.3.5)

e = L ( T c a n  (ro ■ rh - y) ) (2 .3 .6)

w here  x is the  t h r e e  d im e n s io n a l  s ta te  o f  the  in t e g ra to r ,  e is 
the  r e t in a l  s lip ,  N (e )  is a n o n l in e a r  m a tr ix  o p e r a t o r  on the  
c e n t r a l  r e p r e s e n t a t i o n  of  r e t in a l  s lip ,  G 0 is the  co u p l in g  m a tr ix  
f rom  th e  e ig h th  ne rve  to th e  in t e g ra to r ,  and  H 0 is the  m a tr ix  
r e p r e s e n t in g  the  dynam ics  a s so c ia te d  w i th  the  in t e g ra to r .
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F ig u re  2.11 T h r e e  d im e n s io n a l  m ode l  of  the  
v e s t ib u lo -o c u la r  re f lex .  T a k e n  f rom  R a p h a n  & C o h en ,  
1985.
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T h e  m ode l  has t h r e e  inpu ts  each  of  which is a t h r e e  d im e n ­
s iona l  v e c to r  re la t iv e  to space: a head  an g u la r  ve loc i ty ,  rh, a 
s u r ro u n d  an g u la r  ve loci ty ,  r 0, and  a fo rce ,  n .  T h e  o u tp u t  is the  
eye ve loc i ty  r e la t iv e  to the  head ,  yh. T h e  h ea d  c o o r d in a te  sys­
tem  is d e f in e d  by th r e e  m utua l ly  p e r p e n d i c u la r  u n i t  v ec to rs  
(F ig u re  2.6):  a u n i t  v e c to r  p o in t in g  up ou t  o f  the  to p  o f  the  
h ea d  ( z -h e a d  d i r e c t io n ) ;  a u n i t  v ec to r  p o in t in g  back  ou t  o f  the  
back  o f  the  hea d  y -head  d i r e c t io n ) ;  and  a u n i t  v e c to r  p o in t in g  
to the  le f t  o u t  of  the  le f t  ea r  (x -head  d i r e c t io n ) .  T h e  z, x, y 
co m p o n e n ts  of  yh in th e  h ead  based  c o o rd in a te  f ra m e  c o r ­
r e s p o n d  to h o r iz o n ta l ,  v e r t ic a l  and ro l l  eye m o v e m en ts ,  r e s p e c ­
t ively .  T h e  c e n t r a l  n e rv o u s  system signal  p ro c e s s in g  is a s su m ed  
to be d one  in a s e m ic i rc u la r  canal  based  c o o r d in a te  f ram e .
This  is r e p r e s e n te d  by the  k in em at ic  t r a n s f o r m a t i o n  T c a n  and  
T c a n  which are  t r a n s fo rm a t io n s  f rom h ead  b ased  to cana l  
b ased  c o o rd in a te s  and back  to head  b ased  c o o rd in a te s .  T he  
dynam ics  o f  the  s e m ic i ru la r  canals  was d iscussed  above  ( in  s e c ­
t io n  2 .3 .2) .

T h e  m ode l  also co n ta in s  var ious  dynam ica l  c o m p o n e n ts :

1 )  a cu p u la  dynam ica l  system, D Can is u sed  to t r a n s d u c e  the  
h ea d  a n g u la r  a c c e le r a t i o n  in to  a v e s t ib u la r  s igna l  which  is an in ­
t e rn a l  r e p r e s e n t a t i o n  of  the  change in h ea d  a n g u la r  ve loc i ty ,  2) 
a ve loc i ty  s to rag e  in t e g ra to r  s ta te  (m em ory) ,  and  its  sys tem  
m atr ix  H. T he  v ec to r  x is its o u tp u t ,  3) a n o n l in e a r  v isua l  c o u ­
p l ing  to th e  i n t e g r a to r  N (e ) ,  4) an  o to l i th  sys tem  o p e r a t o r  
t r a n s fo rm in g  p a t t e r n s  o f  s e q u e n t i a l  a c t iv a t io n s  o f  o to l i t h  h a i r  
ce l ls  by th e  fo rce ,  u ,  in to  an e s t im a te  o f  h ea d  a n g u la r  ve loc i ty  
( R a p h a n  & S chnabo lk  1988; F an e l l i ,  R a p h a n  & S chnabo lk ,
1990). T h e se  c o m p o n e n ts  t r an s fo rm  the  in p u ts  ( rh ,  ro ,  r l )  and
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the  p r e s e n t  s ta te  (x) in to  the o u tp u t  (yh) and  a nex t  s t a te  (see  
R a p h a n  & C ohen ,  1985 for a d e ta i l e d  d e s c r ip t io n ) .

T h e  in te rn a l  c o o rd in a te  system of the  m ode l  is d e f in e d  by 
th r e e  m utua l ly  p e rp e n d ic u la r  d i rec t io n s ,  each  of  which is n o r ­
mal to one of  the  th re e  p lanes  of  the  se m ic i rc u la r  canals .  I t  is 
a s sum ed  th a t  th e  c o o rd in a te  basis  vec to rs  a re  m utua l ly  o r ­
tho g o n a l .  The  inputs ,  head  and su r ro u n d  velocity ,  to  the  sys­
tem  are  t r an s fo rm ed  in to  the canal  co o rd in a te s  by T c a n  and  
c o n t r ib u te  to  the  canal  c o o rd in a te  r e p r e s e n ta t i o n  of the  o u tp u t  
via two pa th s ;  f i rs t  via an  in d i rec t  pa thway th a t  goes th ro u g h  
th e  ve loc i ty  s to rag e  in te g ra to r  and  second via a d i r e c t  pa thw ay  
th a t  goes  a ro u n d  it . The  d i rec t  pathway al lows fo r  a very r a p id  
re sp o n se  o f  the  eye to the  inputs  while th e  in d i r e c t  pa thw ay  a l ­
lows for a much s lower  r e sponse  based  on the  s ta te  o f  the  in ­
te g ra to r ,  x and  its  system matrix  H. The m o d e l  t h e n  t r a n fo rm s  
the  cana l  co o rd in a te  r e p r e s e n ta t i o n  of the  eye ve loc i ty  in to  the  
head  c o o rd in a te  r e p r e s e n ta t i o n  of  the  eye ve loc i ty  via T can  in ­
verse .

T h e  co n c e p tu a l  bas is  for  the  s t ru c tu re  o f  th e  ve loc i ty  
s to ra g e  in t e g ra to r  in th r e e  d im ens ions  was su g g es ted  by 
R a p h a n  ( R a p h a n  & C ohen ,  1985; R ap h an  e t  al , 1988). T he  
ve loc i ty  s to ra g e  c o m p o n e n t  of  the  m odel  has  b e e n  r e p r e s e n t e d  
as a dynam ica l  system, which can be  d e s c r ib ed  using  a s ta te  
space  ap p ro ach .

In o rd e r  to  gain  ins igh t  in to  the  s t r u c tu re  o f  the  system 
m atr ix  as a fu n c t io n  of  gravity,  we will  exam ine  th e  z e ro  in p u t  
re sp o n se  and  the  m odes  in h e re n t  in the  s o lu t io n  ( Z a d e h  & 
D e so e r ,  1963). T he  ze ro  inpu t  r e sponse  is im p o r ta n t  s ince  it  is
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p rec i se ly  the  c h a ra c te r i s t i c  r e sp o n se  of  th e  i n t e g r a to r  and  is 
an a lo g o u s  to the  c o n d i t io n  du r ing  OKAN. This  is b ec au se  
d u r in g  OKN the  i n t e g r a to r  is ch a rg ed  to  som e va lu e  which  b e ­
com es the  in i t ia l  c o n d i t io n  for  the  r e s p o n s e  d u r in g  OKAN. I t  
is a lso  im p o r ta n t  b ec au se  the  head  is f ixed w ith  r e g a rd  to 
grav i ty  d u r ing  th is  co n d i t io n .  T h e  ze ro  in p u t  r e s p o n s e  is o b ­
ta in ed  by s e t t in g  the  in p u t  head  ve loc i ty  rh = 0, the  o p to k in e t i c  
in p u t  ro = 0, o p e n in g  the  switch L in th e  m ode l  (F ig u re  2.11),  
and  solv ing  the  e q u a t io n  fo r  a g iven in i t i a l  c o n d i t io n .  This  
r ed u ce s  the  m ode l  to th a t  shown in F ig u re  2.12. T h e r e f o r e ,  th e  
o p e ra t iv e  e q u a t io n s  fo r  m o de l l ing  the  s u b s e q u e n t  OKAN b e ­
com e:

su b jec t  to the  in i t ia l  s t a te ,  x ( t0) = x0

If  one  exam ines  the  m e asu red  o u tp u t  y r e p r e s e n t in g  eye 
ve loc i ty  ( see  m ode l )  fo r  th e  ze ro  in p u t  r e s p o n s e  an  e q u a t io n  
can  be  de r iv ed  which governs  its dynam ic  c h a ra c te r i s t i c s .  F ro m  
e q u a t io n  2 .3 .7b we o b ta in ,

x ' ( t )  = H x(t) (2 .3 .7a)

and,

y( t)  — T c a n  * x( t) (2 .3 .7b)

X — T c a n  y (2 .3 .8)

T h e re fo re ,

x’ — T c a n  y* (2 .3 .9)



Velocity Storage Integrator

e« 0 Tcan-1

F ig u re  2 .12 System c o n f ig u ra t io n  for c o m p u t in g  th e  

z e ro  in p u t  r e sp o n se .
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S u b s t i tu t in g  eq u a t io n s  (2 .3 .8)  and (2 .3 .9)  in to  e q u a t io n  
(2 .3 .7b) ,  the  dynam ic e q u a t io n  for  the  o u tp u t  y is g iven  by:

y’ = ( T c a n -1 H Tcan)  y (2 .3 .10)

Thus,  a m a tr ix  H s can  be d e f in e d  which governs  the  ze ro
in p u t  r e sp o n se  for  the  o u tp u t  m e asu re d  in h ead  c o o rd in a te s .  I t  
is a s im i la r i ty  t r a n s f o r m a t io n  o f  the  in t e g ra to r  sys tem  m atr ix  H 
in canal  c o o rd in a te s  and  is g iven by:

H s  =  T c a n   ̂H  T c a n  (2 .3 .11)

T h e  e f fec t  o f  grav ity  on the  p a r a m e te r s  can bes t  be ex­
p lo r e d  by exam in ing  the  s t r u c t u r e  of  the  m a tr ix  H

h l l h l 2 h l 3
H = h21 h22 h23

h31 h32 h33
(2 .3 .12)

If  H has d i s t in c t  e ig en v a lu es  xi, X2, X3, th e n  Hs which is s im i la r  
to  H will have id e n t ic a l  e ig en v a lu es  (Lang,  1966; Z a d e h  & 
D e so e r ,  1963). The  so lu t io n  to e q u a t io n  (2 .3 .7a)  is g iven by:

x( t )  = S e A(t’t°) S ' 1 x0 (2.3 .13)

and  the  o u tp u t  y is g iven by,

y ( t )  = (Tcan S e A(t-,0> S-1 Tcan) y0 (2.3 .14)

w h ere  S is the  m oda l  m atr ix ,  A is th e  d iagona l  m a tr ix  whose
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e le m e n ts  a re  the  e ig en v a lu es  of  H, S ' 1 = ( n l , n 2 ,n 3 )  such  th a t
< n i , n j >  = 0 , i * j ,  < n i , n i >  = 1 and S = ( u l ,u 2 ,u 3 )  ( D i r e c ­
to r  and  R o h r e r ,  1972; Z a d e h  and D eso e r ,  1963;)

Since  u i ,  U 2, U 3 are  u n i t  e ig en v ec to rs  a s s o c ia te d  with  the  
e ig en v a lu es  of the  m a tr ix  H th e n  the  o p e r a t io n  of  H on these  
e ig en v ec to r s  a re  a long  the  e ig en v ec to r ,  i .e .:

I f  the  in t i t i a l  s ta te ,  x0, is chosen  a long  an  e ig e n v e c to r ,
th en ,

S u b s t i tu t in g  e q u a t io n  (2 .3.16) and (2 .3 .17)  in to  e q u a t io n s  
(2 .3 .13)  and  (2 .3 .14)  gives a so lu t io n

H ui = Xiui i = 1,2,3 (2 .3 .15)

x0 = aui w here  a is a co n s ta n t  (2 .3 .16)

and,

yo — T c a n  * aui (2 .3 .17)

x ( t )  = a S e Xl(t ’t0) s ' 1 ui

(2 .3 .18)

and,

y ( t )  = a ( T c a n  _1 S e Xl^ ‘ to  ̂ S_1)ui

=  a  e x i ( t ‘ to )  ( T c a n  u i ) (2.3 .19)
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In sum m ary ,  if  the  in i t ia l  s ta te  o f  the  system  is a long  an 
e ig e n v e c to r  th e  s o lu t io n  will  l ie  a long th e  e ig e n v e c to r  in the  
s ta te  space  fo r  all t im e (Z a d e h  & D eso e r ,  1963).

T h e  a p p ro a c h  we have tak en  in this r e s e a r c h  is to a s ­
so c ia te  th e  o r i e n t a t i o n  o f  the  e ig en v ec to r s  of th e  i n t e g r a t o r ’s 
s t a te  space  with  th a t  of  th r e e  d im en s io n a l  space  as o r i e n t e d  by 
gravity .  We have m a th e m a t ic a l ly  c h a ra c te r i z e d  the  th r e e  d im e n ­
s iona l  s t r u c tu r e  of  the  system matrix ,  H, as a fu n c t io n  of  o r i e n ­
t a t io n  and have id e n t i f i e d  t r an s fo rm a t io n s  so as to  m a in ta in  the  
ap p ro x im a te  inv a r ia n ce  of  the yaw e ig en v ec to r  in s t a te  space  
c lose  to the  sp a t ia l  v e r t ic a l .  A lgor i thm s w ere  dev ised  to i d e n ­
tify the  p a r a m e te r s  of the  system m atr ix  f rom  e x p e r im e n ta l  
m e a s u re m e n ts ,  which m a in ta in  th is  inva r iance .  T he  system 
m atr ix  was th e n  in c o rp o ra te d  in to  the  th r e e  d im e n s io n a l  m ode l  
of  the  v es t ib u lo -  o cu la r  re f lex  and we w ere  ab le  to  s im u la te  the  
c ro ss -co u p l in g  d u r ing  OKN and OKAN.
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2 3 . 6  Summary

1. The  v e s t ib u la r  system g e n e ra te s  a c c u ra te  co m p e n s a to ry  eye 
m o v em en ts  of  th e  head  over  a wide ran g e  of ang les  and f r e q u e n ­
cies.  As shown above,  the  t r a n s fo rm a t io n  o f  th e  h e a d  ve loc i ty  
s igna l  in to  the  n eu ra l  s ignals  th a t  code  h ea d  m o v e m en t  a re  
known for the  var ious  sensors  such as the  s e m ic i rc u la r  canals  
and  o to l i th s .  T he  dynam ic t r a n s fo rm a t io n s  th a t  t a k e  p la ce  in 
the  c e n t r a l  v e s t ib u la r  system to com bine  v isua l  and  v e s t ib u la r  
in fo rm a t io n  in o rd e r  to  p ro d u c e  c o m p en sa to ry  eye m o v e m en ts  
fo r  h ead  r o ta t io n s  ab o u t  any axis have no t  b e e n  ex p lo re d  in 
d ep th .

2. R a p h a n  & C o h en  (1988) have shown th a t  th e  im p l ic a t io n s  of 
the  cross  coup l ing  from  the  h o r izo n ta l  to the  v e r t ic a l  and  ro l l  
p lanes ,  is th a t  ve loc i ty  s to rag e  is a gravity  d e p e n d e n t  th r e e  
d im e n s io n a l  system. A g e n e ra l iz e d  th r e e  d im e n s io n a l  m ode l  
r e p r e s e n ta t i o n  of the  V O R  and v isua l  v e s t ib u la r  in t e r a c t i o n  has 
b e e n  d ev e lo p ed  by R a p h a n  and  C o h e n  (1985).

3. In  o rd e r  to u n d e r s ta n d  the  p e r fo rm a n c e  of  th e  sys tem  in 
th r e e  d im ens ions ,  the  m a tr ices  a s so c ia ted  with  the  m o d e l  a re  
id e n t i f i e d  as a fu n c t io n  of  gravity .  O f  spec ia l  i n t e r e s t  is the  
m a tr ix  a s so c ia ted  with  the  ve loc i ty  s to rag e  in t e g ra to r .  A m a t h e ­
m a t ica l  s t r u c tu r e  has b e e n  d e v e lo p e d  th a t  r e l a t e s  th e  m a t r ic e s  

a s so c ia te d  with  the  th r e e  d im en s io n a l  m ode l  to the  o r i e n t a t i o n  
o f  the  head  with  r e g a rd  to gravity.

4. F ro m  th is  work  it  has b e e n  sugges ted  th a t  the  yaw axis of  
s to rag e ,  o r  the  yaw e ig en v ec to r ,  ten d s  to a l ign  w ith  grav ity  
( R a p h a n  & C ohen ,  1987; S tu rm  & R a p h a n  1988) as the  h ea d  is
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t i l t ed .

In the  nex t  c h a p te r  we p a r a m e te r i z e  the  r e p r e s e n t a t i o n  of 
ve loc i ty  s to ra g e  in te rm s  of its e ig en v a lu es  and  e ig e n v e c to r s  
and  dev e lo p  th e  i d e n t i f i c a t io n  p ro c e d u r e s  to r e l a t e  the  
p a r a m e te r s  of  the  ve loc i ty  s to rag e  m atr ix  to da ta .
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3. Identification of System Matrix associated with
Velocity Storage

3.1 Structure of the System matrix H and Formation of the System 

Transformation as a Function of Gravity

A d e t a i l e d  r e p r e s e n t a t i o n  of  the  th r e e  d im e n s io n a l  
ve loc i ty  s to ra g e  i n t e g r a t o r  and  the  p a r a m e t r i c  c o n t ro l  the  
o to l i th s  have  on th e  i n t e g r a t o r ’s p a r a m e te r s  is show n in f igu re  
(3 .1) .  T he  th r e e  d im e n s io n a l  i n t e g ra to r  is r e p r e s e n t e d  by th r e e  
in t e g ra to r s  whose o u tp u ts  a re  the  s ta te s  o f  th e  system and a re  
r e p r e s e n t e d  by & =» (xi,X2 ,x3 ). T he  p a r a m e te r s  hij o f  the  system 
a re  the  coup l ing  e l e m e n ts  b e tw e en  the  s ta te s  and  c o r r e s p o n d  to 
the  e l e m e n ts  in  the  sys tem  m atr ix  in a cana l  b a s ed  c o o rd in a te  
f ram e.  The  p a r a m e te r s  a re  fun c t io n s  o f  grav ity  as se n sed  by the  
c e n t r a l  o to l i th  p ro je c t io n s .  T h ese  va lues  at any g iven  h ead  
o r i e n t a t i o n  d e t e r m in e  the  cross coup l ing  b e tw e e n  s ta te s  of  the 
i n t e g ra to r  t h a t  will  be  in d u c e d  d u r ing  OKAN. This  m ode ls  the  
e f fec ts  of  g rav ity  in m odify ing  OKN and  OKAN.

In  the  u p r ig h t  p o s i t io n ,  th e  system  m atr ix ,  in  a h ea d  based  

c o o rd in a te  f ram e,  i .e .  the  f ram e  of  r e f e r e n c e  in which eye m o v e­
m en ts  a re  m e asu re d ,  is d e n o te d  by H 0 . I t  and  its  s im i la r  
c o u n t e r p a r t  in a cana l  b a s ed  c o o rd in a te  f ram e,  have 3 e ig e n v e c ­
to rs ,  one  a s so c ia te d  w ith  the  body v e r t i c a l  or  yaw axis, a n o th e r  
with  the  p i tc h  axis, and  th e  th i rd  w ith  the  ro l l  axis. T h e  system 
m atr ix  in the  canal  f ram e  of  r e f e r e n c e  is g iven  by H Co = T can  
H 0 Tcan*1. T h e  e ig en v a lu e s  a s so c ia te d  with  th e s e  e ig en v ec to r s  
c o r r e s p o n d  to  the  t im e  c o n s ta n ts  o f  yaw, p i tch  and  ro l l  OKAN
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F ig u re  3.1 Im p le m e n ta t io n  of  the  th r e e  d im e n s io n a l  
ve loc i ty  s to r a g e  i n t e g r a t o r .  T he  th r e e  d im en s io n a l  in t e g ra to r  
is r e p r e s e n t e d  by th r e e  in te g ra to r s  whose o u tp u t s  a re  the  
s ta te s  o f  the  system, xi,  X2 , X3. T he  inpu ts  to the  sys tem  a re  
ea, e p, ei which r e p r e s e n t  c e n t r a l  r e t in a l  s l ip  s igna ls  a long 
a n t e r io r ,  p o s t e r i o r  and l a te r a l  canal  c o o rd in a te s .  T h e  o th e r  
in p u ts  a re  the  a c c e le r a t io n s  due to gravity ,  r ia, rip, ru .  The  
p a r a m e te r s  o f  th e  system  are  the  coup l ing  e l e m e n ts  hij, 
am ong  the  s ta te s  and  c o r re sp o n d  to the  e l e m e n ts  in the  sys­
tem  m a tr ix  H .  T h e  p a r a m e te r s  hij a re  fun c t io n s  o f  gravity  as 
sen sed  by th e  c e n t r a l  o to l i th  p ro jec t io n s .  T h e i r  va lues  a t  any 
g iven h ea d  o r i e n t a t i o n  d e t e rm in e  the  c ross -coup l ing  am ong 
s ta te s  o f  th e  in t e g ra to r  th a t  will be  in d u ced  d u r ing  OKAN.
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with  th e  head  in the  u p r ig h t  p o s i t io n .  B ecau se  th e r e  is l i t t l e  or 
no c ro ss -co u p l in g  in th e  u p r ig h t  p o s i t io n ,  the  e ig e n v ec to r s  of 
H 0 a re  a s sum ed  to be in l ine  with  th e  sp a t i a l  c o o r d in a te  u n i t  
vec to rs ,  as d e te rm in e d  by the  gravity  v ec to r .

Based  on the  e x p e r im e n ta l  f ind ing  th a t  the  long t im e  c o n ­
s ta n t  o f  OKAN or ve loc i ty  s to rag e  is m ain ly  a s so c ia te d  with  
axes c lose  to the  spa t ia l  v e r t ic a l ,  we m ust  f ind  a t r a n s f o r m a t io n  
of  H 0 th a t  r o ta te s  the  p i tch  and yaw e ig e n v e c to r s  with  the  head  
b u t  m a in ta in s  the  yaw axis e ig e n v e c to r  ap p ro x im a te ly  spa t ia l ly  
in v a r ia n t .  We will  co n s id e r  the  e f fec ts  o f  th e  r o t a t i o n  on 
m a t r i c e s  H 0 and its s im ila r  m atr ix  H Co as the  h e a d  is t i l t e d  
us ing  e q u a t io n s  (2.3 .10)  and  (2 .3 .11)  to  o b ta in  th e  system 
m atr ix  for  the  t i l t e d  po s i t io n s .  As the  su b je c t  is t i l t e d ,  the  
head  f ram e  of  r e f e r e n c e  changes  re la t iv e  to  th e  sp a t ia l  c o o r ­
d in a te  f ram e.  In ad d i t io n ,  only two o f  th e  e ig en v e c to r s  a s ­
so c ia te d  with the  co r r e sp o n d in g  sys tem  m a tr ix  a re  a l t e r e d  
a l th o u g h  th e  sub jec t  is r o ta t e d .  T he  v e r t ic a l  e ig e n v e c to r  a p ­
p ro x im a te ly  m a in ta in s  sp a t ia l  in v a r ia n ce .  T h e r e f o r e ,  a se r ie s  
of  t r a n s fo rm a t io n s  will  be ap p l ied  to H 0 to  o b ta in  the  sys tem  
m atr ix  for  the  t i l t e d  p o s i t io n  in a f ram e  of  r e f e r e n c e  in which 
eye ve loc i ty  is m e asu re d  i .e .  head  c o o rd in a te s .

L e t  P be a m apping  f rom  3 space  to 3 space  such th a t

P ( e i )  = R i ( e i )  = a n e i  + a2ie2 + a3ie3
P ( e 2) = R 2( e 2) = b i 2e i  + b 22e 2 +  b32e3 (3 .1 .1)
P(e3)  = R3(e3) = c i3 e i  + C23e2 + C33e3

w h ere  R i ,  R 2, R 3 are  r o t a t i o n  m app ings  and  e i ,  e 2 , e3 a re  the  
usua l  bas is  a s soc ia ted  with  the  sp a t ia l  c o o rd in a te s ,  i .e . ,  e i  =
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( l ,0 ,0 ) , e 2  = (0 ,1 .0) ,  and ©3 = (0 ,0 ,1) ,  w here  e3 is o p p o s i t e  to 
gravity .  T h e r e f o re ,  the  m a tr ix  r e p r e s e n t in g  the  t r a n s fo rm a t io n  
P is g iven by

a n
a2i
a3i

bi2
b22
b32

C13
C23
C33

(3 .1 .2a)

or  P = ( R i e i ,  R2e2, R3e3) (3 .1 .2b)

T h e  m a tr ix  P can a lso  be c o n s id e re d  as a bas is  chang ing  
t r a n s fo rm a t io n  w h ere  R i e i ,  R2e2» and  R3©3 are  the  new basis  
vec to rs .  T h e r e f o re ,  H 0 the  system m atr ix  co r r e s p o n d in g  to the  
u p r ig h t  c o n d i t io n  b e c o m e s  t r a n s fo rm e d  u n d e r  th is  m app ing  by a 
s im ila r i ty  t r a n s f o r m a t io n  r e l a t e d  to the  angle  of  t i l t  (Lang,
1963; A pp en d ix ) .

In a d d i t io n  to chang ing  the  basis  o f  the  sys tem m atr ix  and 
its  e ig en v ec to r s ,  grav ity  also m od if ie s  th e  t im e  co n s tan ts  or  
e ig en v a lu es  of the  system m atr ix .  Th is  e n ta i l s  m u l t ip ly ing  the  
m a tr ix  H 0 by a m a tr ix  Q which is a fu n c t io n  o f  gravity .  Since 
the  m u l t ip l i c a t io n  is done  in the  e ig en v ec to r  bas is ,  b o th  Ho and 
Q a re  d iagona l  m a tr ices .

Thus ,  the  new system  m atr ix  can be g iven as

H p  =  P Q H o P " 1 (3.1 .3)

w h ere  P and  Q a re  gravity  d e p e n d e n t ,  and  H p  is the  system 
m atr ix  r e la t iv e  to the  u p r ig h t  sp a t ia l  bas is ,  which is a l igned  
w ith  the  s p a t ia l  c o o r d in a te  axes, e i ,  e 2, e3.
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In o r d e r  to express  eye ve loc i ty  in the  c o o rd in a te  bas is  in 
which it  is usua l ly  m e a su re d  i .e .  head  c o o rd in a te s ,  a t r a n s fo rm a
t io n  m ust  be m ade  to th e  su b je c t  r e f e r e n c e  f ram e .  Th is  is a
s im i la r i ty  t r a n s f o r m a t io n  by a r o ta t i o n  m atr ix  R, w here  R 
r o t a t e s  th e  su b je c t  h ea d  f ram e in to  the  sp a t ia l  f ram e.  T h e r e ­
fo re  th e  sys tem  m atr ix  r e la t iv e  to th e  h ead  c o o rd in a te  bas is  is 
g iven  by:

Hs = R*1 Hp R (3 .1 .4)

By su b s t i tu t in g  e q u a t io n  (3 .1 .3)  in to  e q u a t io n  (3 .1 .4)  and 
us ing  e q u a t io n  (2 .3 .11) ,  the  system  m atr ix  is g iven by:

H  *  T c a n  ( R ' 1( P Q H 0 P ’ 1> R  )  T c a n  ’l (3 .1 .5)

N o te  th a t  H and  Ho a re  no t  r e p r e s e n ta t i o n s  o f  the  same 
l in e a r  t r a n s fo rm a t io n s  in d i f fe re n t  c o o rd in a te  f ram es .  R a th e r ,
P and Q exp l ic i t ly  change  the  e igenva lues  and e ig en v ec to r s  of 
th e  o r ig in a l  sys tem  m atr ix .

F ig u re  (3 .2)  shows an exam ple  o f  th e  sys tem m atr ix  c a lcu ­
la te d  fo r  t h r e e  d i f f e r e n t  o r ie n ta t io n s .  In  the  u p r ig h t  co n d i t io n  
( F ig u re  3 .2a)  th e  e ig en v ec to r s  a re  the  sp a t ia l  c o o rd in a te s  ( e i ,  
t i % e3) and  th e  sys tem m atr ix  is d iagona l .  No cross  coup l ing  is 
in d u c e d .  T h e  a s so c ia ted  e igenva lues  w ere  se t  a p p ro x im a te ly  
eq u a l  to  -1/12 fo r  the  yaw axis, -1 fo r  th e  ro l l  axis and  - .75 for  
th e  p i tc h  axis. T h e se  c o r r e s p o n d  to th e  12 second  t im e  co n ­
s ta n t  o f  O K A N  ab o u t  a v e r t ic a l  axis and  the  ap p ro x im a te  one  
seco n d  t im e  c o n s ta n t  fo r  v e r t ic a l  and  ro l l  OKAN w hen  th e  
an im al  is u p r ig h t .  F o r  a t i l t  of  45 d eg ree s  (F ig u re  3 .2b) ,  the  
yaw e ig e n v e c to r  is ap p ro x im a te ly  -15 d eg re e s  while  the  p i tch
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and  ro l l  e ig en v ec to r s  r o t a t e  with the  head .  T h e  o f f  d iag o n a l  
c o m p o n e n t  p ro d u ces  the  c ro ss -co u p led  h o r iz o n ta l  to v e r t ic a l  
c o m p o n e n t .  W hen  the  su b jec t  in the  90 d e g ree  r igh t  e a r  down 
p o s i t io n  (F ig u re  3 .2c) ,  th e  v e r t ic a l  e ig en v e c to r  r o t a t e s  a p ­
p ro x im a te ly  10 d eg ree s  in the  d i r e c t io n  o f  t i l t .  T he  off  
d ia g o n a l  c o m p o n e n t  is la rge r ,  and th e r e fo r e  the  c ro ss -co u p l in g  
is m o re  p ro n o u n c e d .

A sum m ary  of  the  va r ious  system m a t r ic e s  in  t h e i r  c o o r ­
d in a te  bases  is g iven in tab le  3.1.

M a ilis . C o o rd in a te  Basis

H o

H c o

H p

H s

S p a t ia l

Canal

S pa t ia l

Q H 0 E ig en v e c to r

S ub jec t  head

System m atr ix  in  sp a t ia l  
co o rd in a te s  fo r  u p r ig h t  c o n d i t io n  

System m atr ix  in  cana l  
co o rd in a te s  fo r  u p r ig h t  c o n d i t io n  

System m atr ix  for  a rb i t r a ry  
o r i e n ta t io n s  in sp a t ia l  bas is  
P ' ^ s p a t i a l  — > e ig e n v e c to r  

System m atr ix  for  a rb i t r a ry  
o r i e n ta t io n s  in e ig e n v e c to r  
bas is  (D iag o n a l  m a tr ix )

System m atr ix  for  a rb i t r a ry  
o r i e n ta t io n s  in h e a d  c o o rd ia te s  
R '* : sp a t i a l  — > head

T a b le  3.1 M a tr ice s  and  th e i r  c o o rd in a te  bases



F ig u re  3.2 C a lc u l a t i n g  the  sys tem  m a tr ix*  T h e  sys tem  
m atr ix  for  any head  o r i e n t a t i o n  is c o m p u te d  by p e r fo rm in g  a 
se r ie s  of  t r a n s fo rm a t io n s  on  the  o r ig in a l  sys tem  m a tr ix  fo r  the  
u p r ig h t  co n d i t io n .  T he  new system m a tr ix ,  in  a h e a d  c o o r ­
d in a te  f ra m e  is, H = R*1( P Q H 0P*1)R . I t  is a s su m ed  th a t  th e r e  
is an  in t e rn a l  t r a n s f o r m a t io n  to cana l  c o o r d in a te s  and  back .  Q 
is the  t r a n s f o r m a t io n  which  changes  t h e  e ig e n v a lu e s  o f  th e  sys­
tem .  P is the  t r a n s fo rm a t io n  th a t  changes  the  e ig e n v e c to r s ,  
and  R t r a n s fo rm s  the  system  in to  h ea d  c o o r d in a te s  by p e r f o r m ­
ing a p u re  ro ta t io n .



Position System
Matrix

j  .75 0 0
i

,0 1 0
I»
IQ 0 .075

-.23 0 .17

0 - 1 0  

0 0 -.09

-.2 0 .416

0 - 1  0 

0 0 -.134

Eigenvectors

/ /

/ 1 /
x

x M

10

F ig u re  3.2
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3.2 Dynamics of Transformed System

B ecau se  eye m o vem en ts  a re  m e asu red  in head  c o o r ­
d in a te s ,  i t  s im p l i f ies  the  co m p u ta t io n  of  the  system m a tr ix  in 
te rm s  of i ts  e ig en v a lu es  and  e ig en v ec to r s  if the  sys tem  m atr ix  
is r e p r e s e n te d  in head  c o o rd in a te s .  F o r  the  OKAN re sp o n se ,  ex­
p re s s in g  the  system m atr ix  in head  co o rd in a te s  im p l ies  th a t  the  
o u p u t  ve loc i ty  s ta te s  will eq u a l  the  ve loc i ty  s to rag e  s ta te s  (y = 
x). E q u a t io n s  (3.1.3)  and  (3.1.4)  can be com bined  to give the  
fo l low ing  re la t io n s h ip  b e tw e e n  H s and H 0:

H s = R ^ P Q H oP ^ R  (3 .2 .1 )

I t  shou ld  be n o te d  th a t  P r e p r e s e n t s  a t r a n s f o r m a t io n  tha t  
m a in ta in s  the  yaw axis e ig en v e c to r  spa t ia l ly  in v a r ia n t  in sp a t ia l  
c o o rd in a te s  while  R ' 1 is the  r o ta t i o n  th a t  changes  the  sp a t ia l  
bas is  in to  the  h ead  f ram e.  Thus,  we can de f in e  a m a tr ix  T 
which is a t r a n s fo rm a t io n  th a t  m a in ta in s  the  yaw axis e ig en v ec ­
to r  spa t ia l ly  in v a r ian t  and  changes  the  basis  to h e a d  c o o r ­
d in a te s .  I t  is given by,

T = R'*P (3 .2 .2 )

We can express  the  r e l a t io n s h ip  b e tw e e n  the  system 

m atr ix  in the  u p r ig h t  c o n d i t io n  and  th e  t i l t e d  c o n d i t io n  by:

H s = TQHoT”1 (3 .2 .3 )

T he  m atr ix  d i f f e r e n t i a l  e q u a t io n  govern ing  th is  system, 
with  th e  v e c to r  & a l s o  ex p ressed  in head  c o o rd in a te s  is t h e r e fo r e
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xP;
Xr = TQ H 0T"1

Xp
Xr

Xy’ Xy

w h ere  Xp, xr , xy a re  the  p i tch ,  ro l l ,  and yaw co m p o n e n ts  o f  the  
s ta te  v ec to r .

M u lt ip ly ing  each  s ide  of  e q u a t io n  (3.2.4)  by T _1 , we o b ta in :

T '1
x p ;
Xr = Q H oT '1

Xp
Xr

X y ’ Xy
(3 .2 .5)

w here ,

Q H 0 =
x l  0 0
0 -  \ 2  0 
0 0 -  \3

(3 .2 .6)

and  xi, X2, X3 are  the  e ig en v a lu es  o f  the  system m atr ix  H. N o te  
th a t  QHo is a d iagona l  m a tr ix  s ince  it  is ex p res sed  in th e  e i g e n ­
v ec to r  bas is .

E q u a t io n  (3 .2 .4)  can be r e w r i t t e n  as,

Xp’J - x l  0 0 X p
X r’ = 0 -x2 0 X r
Xy’ l g o  -x3 Xy

(3.2 .7)

w here ,

Xp 1 
Xr = T’1

Xp
Xr

Xy Xy
(3 .2 .8)
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T h e  so lu t io n  to th is  e q u a t io n  is g iven by:

Xn = Ae - \ l t

X r = Be — \ 2 t (3.2 .9)

Xv = Ce — X3t

m ult ip ly ing  each  s ide  of  the  e q u a t io n  by T, we o b ta in :

Xp
Xr
Xy

= T
A e ~ u t

(3 .2 .10)

T h e  m atr ix  P can now be  o b ta in e d  as th e  co lum n  v ec to r s  
g iven  by P = (p l ,p2 ,p3) .  We will f ind so lu t io n s  to the  s ta te  
e q u a t io n s  g iven by (3 .2 .10)  co n s t ra in in g  p 3 to be  a space  i n ­
v a r ia n t  v ec to r .  This  ag rees  with ou r  h y po thes is  th a t  the  yaw 
axis e ig e n v e c to r  rem a in s  app ro x im a te ly  spa t ia l ly  in v a r ia n t  w ith  
r e g a rd  to head  t i l ts .

T h e  r o t a t i o n  t r a n s f o r m a t io n  f rom  sp a t ia l  to  h e a d  c o o r ­
d in a te s  is g iven  as R"1 = ( q 1.q 2.q 3). T h e r e f o r e ,

1 1 0 * 1 0
R P  = 0 1 * 0 1 q3*

0 0 * 0 0
= T (3 .2 .11)

w h ere ,  q s ’ = R _1p3 = (si,S2,s3)t, and  w h ere  s i  ,S2 .and  S3 are  
th e  co m p o n e n ts  o f  the  yaw axis e ig en v e c to r  in h ead  c o o rd in a te s .

T h e  s im p l i f ied  fo rm  of  e q u a t io n  (3 .2 .11)  r e s u l t s  f ro m  ex­
p re s s in g  the  e ig en v ec to r s  in h ead  co o rd in a te s .  T he  f i r s t  two
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colum s of T m atch  th a t  o f  the  id e n t i ty  m a tr ix  b ec a u se  the  f i r s t  
two e ig en v ec to r s  r o t a t e  w ith  the  head .

We can now solve fo r  th e  s ta te  v ec to r :

X P J 1 0 Si
Xr = 0 1 S2
Xy | 0 0 S3

A e 
B e 
C e

- x i t
— X.2t
— X3t (3 .2 .12)

A e ^ 2 t + s l C e  x3 tB e x2tv±  s2 Ce 
S3 C e

(3 .2 .13)

F o r  an in i t ia l  c o n d i t io n  o f  (xi,X2,X3)t, th e  c o e f f ic ie n ts  
A ,B ,C  are:

A = x i - s l / s 3  * X3

B = x2-s2/s3 * X3 (3 .2 .14)

C = X3/s3

Thus,  su b s t i tu t in g  (3 .2 .14)  in to  (3 .2 .13)  and us ing  th e  fact  
th a t  y = x ,  y ie lds  the  so lu t io n s ,

yp = ( x l - s l / s 3 * x 3 ) * e - x l t  + ( s l / s 3 )* x 3 * e ‘x3t

yr = (x2-s2/s3*x3)*e “ X2t + ( s 2 / s 3 )  *x3 * e 'x3t (3 .2 .15)

yy = X 3 * e ' x 3 t

Thus,  we have o b ta in e d  the  t im e  d o m a in  s o lu t io n  fo r  the  

th r e e  eye v e lo c i t ie s  in h e a d  c o o rd in a te s  as a fu n c t io n  of  the
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e ig en v a lu es ,  e ig en v ec to rs  and in i t ia l  c o n d i t io n s .

We can s implify  th e se  exp ress ions  by s e t t in g ,

c n  = x i  - (Sl/S3) * X3,
C13 =  (Sl/S3) * X3,
C22 =  X2 - (S2/S3) * X3, (3 .2 .16)
C23 =  (S2/S3) * X3,
C33 =  X3,

Then ,

yp =  c n e ' xlt +  ci3e'x3t
yr =  C22e*X2t +  C23e'x3t (3 .2 .17)
yy =  C33e'x3t

In  o rd e r  to co m p u te  the  co m p o n en ts  o f  th e  e ig en v e c to r s  
in h ead  c o o rd in a te s  at  a spec if ic  o r ie n ta io n s  of  th e  h e a d  with
reg a rd  to gravity ,  we form R the  r o t a t i o n  m a tr ix  in t e rm s  o f  the
e u le r  angles  (G o ld s te in ,  1954; A p p en d ix ) .  Ph i  is th e  ang le  of 
r o t a t i o n  ab o u t  the  spa t ia l  v e r t ic a l  and t h e r e f o r e  is n o t  a f fe c te d  
by gravity .  T h a t  is, the in i t ia l  d i r e c t io n  of  the  su b jec t  does  no t  
in f lu en c e  the  o u tcom e of a g iven e x p e r im e n t .  T hus ,  fo r  o u r  p u r ­
poses  i t  suff ices  to se t  phi  = 0. T h e r e f o re ,

R =
cosi|> -sin<j/ 0
cosesin«j» cosecos«|> -sine
sinesint|> sinecosij/ cose

(3.2.18)

T he  co m p o n en ts  of the  a s so c ia ted  yaw axis e ig e n v e c to r  in 
th e  s u b je c t ’s f ram e of  r e f e r e n c e  is the  las t  co lu m n  of  T, q 3 ’ = 
(si,S2,S3)1. We now show how to d e r iv e  the  si v a lu es  in te rm s  of
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the  r em a in in g  two eu le r  angles ,  t h e t a  and  psi . T h e  a s so c ia ted  
yaw axis e ig e n v e c to r ,  p 3 =  R3e3 = (0 , - s ine’,cose’), w h e re  e’ is 
the  ang le  of  r o ta t i o n  of  the  a s so c ia ted  yaw axis e ig e n v e c to r  
f rom  the  sp a t ia l  ve r t ica l .

T h en  T = R _1P =

1 0 -s ine’cosesin«|> + cosesinesimi*
0 1 -cosecosij/sine’ + sinecosi|>cose’
0 0 s ines ine’ + cosecose’

(3.2 .19)

T h en  q3’, in the  monkey f ram e of  r e f e r e n c e  has c o m ­
p o n en ts :

s i  = - s in q ’cosesin>|» + cosesinesiniji

52 — -cosecos»jisine’ + sinecos»jicose’ (3 .2 .20)

53 = s ines ine’ + cosecose’

We now conf i rm  th a t  the  c losed  fo rm  so lu t io n  is c o r r ec t ,  
by showing th a t  = H s&:

Follow ing  from  (3 .2.1)  we express  the  sys tem  m a tr ix  in 
h ead  co o rd in a te s  in te rm s  of i ts  e ig en v a lu es  and  e ig en v ec to r s :

H s =
1 0 s i -A1 0 0 1 0 - s l / s 3
0 1 s2 0 -A2 0 0 1 -s2/s3
0 0 s3 0 0 -A3 0 0 l /s3

- \ i  0 s1/s3 ( a i - a3) 
0 -A2 s2/s3(A2-A3) 
0 0 -A3

(3 .2 .22)
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T h e  d i f f e r e n t i a t e d  s ta te  v e c to r  is x >.

X p ’ =

X r ’ =
Xy ’ —

•x i(x l  - s l / s 3 * x 3 )e ‘^ t - X3*sl/s3*x3 e ‘x3t 
■X2(x2 - s2 /s3*x3)e ‘xzt - X3*s2/s3*x3 e ' X3t

v ^ « * X 3 t-X3x3e
(3.2.23)

We now m ult ip ly  th e  system m atr ix  H s by the  s t a te  v ec to r  
x g e t t in g  H S2l:

•X i ( s l / s3 * x 3 -x l ) e 'xj | - x i * s l / s 3 * x 3 * e 'x3| + s l / s 3 (x i -x 3 )x 3 * e 'x3t 
-X2(s2/s3*x3-x2)e -X2*s2/s3*xJ*e +s2/s3(x2-X3)x3*e‘x

-X3e

(3.2 .24)

This  s im p l i f ie s  to (3 .2 .23) ,  con f i rm in g  th a t  x.’ =  H S£.

We next  co n s id e r  how the  e ig en v a lu es  and  e ig en v ec to r s  
can be d e t e r m in e d  f rom  ex p e r im en ts  and how th e se  r e su l t s  co m ­
p a re  to da ta .
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3 3  Identification of Eigenvalues and Eigenvectors from Three 
Dimensional Eye Velocity: Least Squares Fit

As shown above ,  we have d e r iv e d  th e  c losed  fo rm  s o lu ­
t ions  for  the  ve loc i ty  v ec to r  o u tp u t  o f  o u r  m ode l  in h e a d  c o o r ­
d in a te s .  D u r in g  OKAN the  o u tp u t  y in h ead  c o o rd in a te s  is 
eq u a l  to the  s ta te  vec to r .  T h e r e f o r e  the  so lu t io n  to the  s ta te  
e q u a t io n s  for  each co m p o n e n t  o f  eye ve loc i ty  is a l in e a r  c o m ­
b in a t io n  o f  ex p o n e n t ia l s  having  the  fo l lowing  form:

yp
y. = yr mmZ

yy

c n e ' xlt +  ci2c"x^* +  ci3e"x3t
C2ie +  C22e - +  C23C ,
C3ie +  C32e +  C33<*

c n
C21
C31

e -xlt +
C12
C22
C32

e " x2t +
C13
C23
C33

— X.3t (3 .3 .1)

w h ere  yp, yr, and yy a re  the  p i tch ,  ro l l  and  yaw c o m p o n e n ts  of  
eye ve loc i ty  du r ing  OKAN.

T h e  vec to rs ,

C11 C12 C13
C21 > C22 , and C23
C31 C32 C33

a re  the  e ig en v ec to r s  o f  the  system m atr ix ,  H, and  the  \ i  a re  the 
c o r r e s p o n d in g  e igenva lues .  T h e r e f o r e ,  the  s o lu t io n  is a n o n ­
l in e a r  v ec to r  fu n c t io n  of  the  e ig en v a lu es  and  e ig en v ec to r s .  To 
id e n t i fy  the  e ig en v a lu es  and e ig en v ec to r s  o f  th e  sys tem  m atr ix ,  
a n o n l in e a r  id e n t i f i c a t io n  t e c h n iq u e  m us t  be  used .



65

An e f f ic ie n t  a lg o r i th m  using  a leas t  sq u a re s  m in im iz a t io n  
o f  the  e r r o r  b e tw e e n  the  d a ta  and the  m ode l  o u tp u t  was 
d ev e lo p e d  by M a rq u a rd t  (1963).  By ex ten d in g  th e  M a rq u a rd t  a l ­
g o r i th m  to use th r e e  d im e n s io n a l  in p u t  v ec to r s ,  we cou ld  i d e n ­
tify the  sys tem  m atr ix  f rom  d a ta  f rom  m onkeys.  In  the  next 
s ec t io n ,  we co n s id e r  th e  M a rq u a rd t  a lg o r i th m ,  i ts  i m p l e m e n ta ­
t ion ,  and ex ten s io n  to th r e e  d im e n s io n a l  d a t a  m od e l l in g .
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33.1 Basis for Marquardt Algorithm for estimation of parameters

T h e  M a rq u a rd t  a lg o r i th m  com bines  two com m on m e th o d s  
fo r  l e a s t  sq u a re s  e s t im a t io n  o f  n o n l in e a r  p a r a m e te r s .  T h e  f i r s t  
m e th o d  m akes  use  o f  a T ay lo r  expans ion  o f  the fu n c t io n  to be 
f it  which  takes  ad v a n tag e  of  local  l inea r i ty .  The  o th e r  m e th o d  
is a v a r i a t io n  o f  a s t e e p e s t  d e s ce n t  m e th o d .  Each  of  these  
m e th o d s  has its l im i ta t io n s .  T he  T ay lo r  ex p a n s io n  te n d s  to 
d ive rge  on  succes ive  i t e r a t i o n s  and the  r eg io n  o f  co n v e rg en ce  
is sm all .  Th is  im p l ie s  th a t  the  p a r a m e te r s  m ust  be  fa ir ly  c lose  
to the  f ina l  va lues  b e fo r e  th is  te c h n iq u e  is u se fu l .  In the  
p ro b le m  of  iden t i fy ing  the  system m atr ix  co m p o n en ts ,  th is  is 
no t  f e a s ib le .  The  s t e e p e s t  d e s ce n t  te c h n iq u e ,  on the  o th e r  
hand ,  has a g r e a t e r  r e g io n  of  conve rgence ,  bu t  has an long c o n ­
v e rg en c e  r a te .  T h e  M a rq u a rd t  m e th o d  va r ie s  sm oo th ly  b e tw e e n  
th e se  two m e th o d s  in such a way as to avoid  the  p i t fa l l s  o f  each  
while  u t i l i z in g  th e i r  advan tages .

In de r iv in g  the  a lg o r i th m  we will  assum e th a t  the  fu n c t io n  
to fit  th e  d a ta  is g iven by:

y = f(&p) = f (x i ,x 2 , . . . ,xm; p l , 02, . . . ,pk) (3 .3 .3)

w h ere  xj a re  th e  in d e p e n d e n t  v a r iab le s  and pi a re  the  
p a r a m e te r s  to be ca lc u la te d .  We d e f in e  Zi to  be the  va lue  of  
the  fu n c t io n  a t  th e  i th  d a ta  p o in t .

Yi a re  the  d a ta  p o in ts  at  the  p o in ts  Xi = X ii ,X 2i , . . . ,X mi 
giving the  tu p le s :

(Yi ,Xii ,X2i, . . . ,Xmi) i —l ,2 , . . . ,n (3 .3 .4)
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T h e  goal  is to f ind  p a r a m e te r s  pi, . .. ,pk which  m in im ize  the  sum 
of  the  s q u a re d  e r r o r s  g iven  by:

3>(P1.P2 Pk) =  2 i  = l , n  ( Y i - Z i ) 2 ( 3 . 3 . 5 )

As is well  known, a necessa ry  c o n d i t io n  fo r  f ind ing  the
m in im u m  is th a t  the  g r a d ie n t  o f  4> van ishes .  This  will  be s a t i s ­
f ied  w hen:

a<l>/apj = 0 i ssj «;k (3.3.6)

In  g e n e ra l ,  it is im poss ib le  to find a c losed  form  so lu t io n  
to the  above  system  (3 .3 .6) .  How ever ,  in the  case w here  f is 
l in e a r ,  the  s e t  of  e q u a t io n s  o b ta in e d  f rom (3 .3 .6)  becom e 
l in e a r ,  and  posess  a c lo sed  form so lu t io n .  O ne  way to u t i l iz e  
th e  l in e a r iz in g  p ro p e r ty  is to co n s t ra in  th e  p a r a m e te r s  w i th in  
som e k -d ip ie n s io n a l  s p h e re .

T h e  c o n s t r a in e d  p ro b le m  is to m in im ize  4>(pl,.. . ,pk) s u b ­
je c t  to  th e  c o n d i t io n  th a t

g (p l , . . . , p k )  = | | p -p° |  | = r (3.3.7)

fo r  som e  f ixed  r > 0. | |* | | is th e  no rm  of  th e  v ec to r  
and  p° is th e  in i t ia l  va lue  o f  the  v ec to r  p.

If  such  a m in im um  occurs  a t  a p o in t  p \  th en  the  p a i r  of 
leve l  su r fa ce s  g(p)  = r and  4>(p) = <&(p’) a re  t a n g e n t  to one  
a n o t h e r  a t  the  p o in t  p \  T h e r e f o r e  th e i r  r e s p e c t iv e  g ra d ie n ts  
m us t  be  p r o p o r t i o n a l ,  i .e . ,  o ( p ’) =p, v g (p ’) for  some rea l  n u m ­
b e r  (JL.
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T hus  we see  th a t  in o rd e r  to f ind the  m in im a  o f  th e  c o n ­
s t r a i n e d  sys tem , i t  suff ices  to  solve the  fo l low ing  sys tem  of 
eq u a t io n s :

V4> =  jiVg and

g(p) = r (3 .3 .8)

Th is  is know n as the  m e th o d  of L ag ran g e  m u l t ip l i e r s  (K a p lan  & 
Lewis,  1971).

A gain ,  (3 .3 .8)  is, in gene ra l ,  q u i te  c o m p l ic a te d .  A key f e a ­
tu r e  o f  the  M a rq u a rd t  a lg o r i th m  is the  o b s e rv a t io n  th a t  (3 .3 .8)  
b ec o m e s  l in e a r  if  f is l in ea r .  If  f is l i n e a r  i t  can be  ex p re sses  
as:

f (x i , . . . ,x m;b i , . . . ,bk  + i )  = p ix i  + p2X2 + ... +  pkxk +Pk + l

(3 .3 .9)

<l> is t h e r e f o r e  g iven by:

$  =  £ i  = l , n  (Yi  - Xk = l ,m  Pk Xki - Pk + l ) 2 (3 .3 .10)

T ak ing  the  p a r t i a l  de r iv a t iv es  w ith  r e s p e c t  to  the  
p a r a m e te r s  pj and  se t t in g  i t  equa l  to  z e ro  we see  th a t  (3 .3 .6 )  b e ­
com es

Xi = l , n  2 ( Y i  - Xk'= l ,m  Pk Xki - Pk + l ) X j i  = 0 j< ;m  (3.3.11a),

■ Xi = l , n  2 (Yi -  Xk = l , m  Pk Xki - Pk +  l )  = 0 j = m  +  l  (3 .3 .11b)
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T hus ,  as m e n t io n e d  e a r l i e r ,  we see  th a t  th e s e  e q u a t io n s  
a re  l in e a r  in pi and hence  can be eas i ly  so lved  via  G a u ss ia n  
e l im in a t io n .

T h e  above p r o c e d u r e  can be i n t e r p r e t e d  g e o m e t r ic a l ly  as 
fo llows: W hen  m = l  (one  p a r a m e te r )  th e n  th e  leve l  curves ,  <t> 
= c, y ie ld  a family  o f  e l l ip se s .  M in im iz ing  $  w ith  r e g a rd  to b is 
e q u iv a le n t  to f ind ing  the  p o in t  on a leve l  e l l ip se  for  which the  
c p a r a m e t e r  has the  sm a l le s t  p o ss ib le  va lue .  T h e r e f o r e  if  f is 
l in e a r iz e d  a s o lu t io n  for  p. is o b ta in e d  d i rec t ly  and  does  no t  r e ­
q u i re  an  i t e r a t iv e  p rocedu re . .

S ince the  local  b eh a v io r  of  a sm o o th  f u n c t io n  is a p ­
p ro x im a te ly  l in ea r ,  one  can apply  th is  m e th o d  of  "c o n s t ra in e d  
le a s t  squa res"  to m in im ize  4> in sp h e re s  of  r a d iu s  r, and  o b ta in  
so lu t io n s  for  the  p a r a m e te r s  if  r is ch o sen  a p p ro p r i a t e ly .
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33.2 Development of Algorithm for Parameter Identification

We now c o n s id e r  how l in e a r i z a t io n  and the  g r a d ie n t  t e c h ­
n iques  a re  com b in ed  in the  im p le m e n ta t io n  of  M a r q u a r d t ’s a lg o ­
r i thm .

In  the  l in e a r i z a t io n  t e c h n iq u e  if  the  fu n c t io n  f is ex­
p a n d e d  in a T ay lo r  se r ie s  ab o u t  a p o in t  in p a r a m e te r  space  & = 
b, we o b ta in  a l in e a r  ap p ro x im a t io n  o f  f g iven by:

w h ere  f i(b)  = f (X i ,b)  i = l , . . , n  and  8 = ( 8 i , . . . , 6k)

T h e  v ec to r  8 r e p r e s e n t s  an o f fse t  in the  p a r a m e te r  v ec to r  
b which gives a b e t t e r  ap p ro x im a t io n  to th e  d a ta .  T h e r e f o r e  
the  p ro c e d u r e  to f ind the  co r r e c t  6 is to in i t ia l ly  make a guess 
of  the  so lu t io n ,  b and im prove  th is  guess  by chang ing  b to b + 8. 
We now show how th is  is do n e  us ing  a s t a n d a r d  le a s t  sq u a re s  
m e th o d .  T h e  accuracy  with which 8 is d e t e r m in e d  is d e p e n d e n t  
on the  n o n l in e a r  c h a ra c te r i s t i c s  o f  the  fu n c t io n  f.

R e w r i t in g  (3 .3 .12)  in m a tr ix  n o ta t io n  we o b ta in :

f i (b  +  8) ~ fi(b) +  2j = i ,k  (d f i /d p j )  |b  ( 8j) (3 .3 .12)

< Y > = f0 + P8 (3.3 .13)

w h ere ,  < Y >  is the  l in e a r iz e d  fu n c t io n  a b o u t  p = b:

(3 .3 .14)

< Y ( X n,b + 8) >
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and,

fo = f i ( b )

fn('b)

and  P = afi/abj i = l , . . , n  j =  l , . . ,k  

N o te  th a t  P is an n x k m atr ix :

a l l  a i l . . .
a b i  ab2

Qln •  •  •

a b i  ab2

a i l
abk

aim
dbk

T h e  c r i t e r i o n  fu n c t io n  is t h e r e f o r e  g iven  as:

Q =  Si = l , n  (Yi - <  Y i > ) 2

T ak ing  the  p a r t i a l  d e r iv a t iv es  o f  4> with r e s p e c t  to the  6j, 
s e t t in g  th e m  eq u a l  to ze ro ,  we ob ta in :

3<t>/35j =  - 2  2i  = l , n  (Yi - < Y i > )  * a f i /ap j  =  0

w h ere  f rom  e q u a t io n  (3 .3 .13) ,

< Yi > =  fi +  s i  = i ,k  a f i /ab i  * si

S u b s t i tu t in g  (3 .3 .19)  in to  (3 .3 .18)  we have,

Si = i , n  [Yi - fi - ( S i » i , k  df i /ab i  * s i ) ]  * a f i /ap j  =  0

(3.3 .15)

(3.3 .16)

(3.3 .17)

and

(3.3 .18)

(3.3 .19)

(3.3 .20)
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R e w ri t in g  (3 .3 .20) ,

2i = i,n (Yi - fi)* a f i /ap j  =

2i = i,nXi = i,k afi/abi * afi/apj * 8i (3 .3 .21)

By sw itch ing  the  two su m m a t io n s  ( in  3 .3 .21) ,  we get ,

2i = i ,k (2 i  = i , n a f i /ap i*  a f i / ap j )  * 8i ( 3 . 3 . 2 2 )

By se t t in g

gi = 2 i  = i , n (Yi - fi)* a f i /ap j  ( 3 . 3 .2 3 )

in  e q u a t i o n  ( 3 . 3 .2 1 )  a n d  n o t i n g  t h a t ,

PT P =  Si = i , n a f i /ap i  * a f i /ap j  (3 .3 .24)

e q u a t io n  (3 .3 .21)  r ed u ce s  to th e  m a tr ix  e q u iv a le n t :

PTP 8 =  g ( 3 .3 . 2 5 )

w h ere  g = (g i , . . . ,gk) .

By e v a lu a t in g  (3 .3 .18)  at 8 =  0 ( t h a t  is, w hen  p = b )  we 
see  th a t  g = (- 1/2) V4> (b), the  g r a d ie n t  o f  th e  c r i t e r i o n  fu n c ­
t ion .

We can f u r th e r  s im plify  e q u a t io n  (3 .3 .25)  by le t t in g  
A = P TP. We thus  o b ta in  th e  l in e a r  system,

A 8 = g (3 .3 .26)
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T h e  l in e a r i z a t io n  te c h n iq u e  r ed u ce s  to solving a system of 
l in e a r  e q u a t io n s  fo r  6, w h e re  A and g a re  o b ta in e d  f rom  the  non 
l in e a r  fu n c t io n  th a t  is to fit  the  da ta .  This  a p p l ie s  w hen  the  
p a r a m e te r s  are  c lose  to  a so lu t ion .

This  l in e a r i z a t io n  m e th o d  will p ro d u c e  a m ean in g fu l  
va lue  for  6 only if f is ap p ro x im a te ly  g loba l ly  l in ea r .  S ince the  
g e n e r i c  fu n c t io n  is only locally  l in e a r ,  we a re  led  to the  co n ­
s t r a in e d  le a s t  sq u a re s  p ro b le m :  H e re  we try to  f ind  a & which 
m in im izes  the  fu n c t io n  4> d e f in ed  by ( 3 . 3 .1 7 )  su b jec t  to the  con ­
s t r a in t

H e re  r is ch osen  su f f ic ien t ly  small ,  so as to g u a r a n t e e  tha t  
th e  l in e a r  ap p ro x im a t io n  g iven by ( 3 . 3 .1 3 )  is val id .  M a rq u a rd t  
shows th a t  the  L ag range  m u l t ip l i e r  m e th o d  leads  to the  fo l low ­
ing l in e a r  system:

w h ere  A and g a re  as b e fo re ,  and  x is som e rea l  n u m b e r  which 
d e p e n d s  on r and  I is the  id e n t i ty  m atr ix .  F u r th e r m o r e ,  he 
shows th a t  x and r a re  inve rse ly  r e la te d :  x is a d e c re a s in g  fu n c ­
t io n  of  r. I t  a p p ro a c h e s  ze ro  as r ap p ro a c h e s  in f in i ty ,  and  a p ­
p ro a c h e s  in f in i ty  as r ap p ro a c h e s  ze ro .

T he  o th e r  aspec t  o f  M a r q u a r d t ’s m e th o d  is to use  the  
g r a d ie n t  te c h n iq u e  w hen  the  p a r a m e te r s  a re  far  f rom  th e  so lu ­
t ion .  This  m e th o d  will p ro d u c e  a 5 which  is g u a r a n t e e d  to  a p ­
p ro a ch  a local  m in im um . H e r e  we ta k e  the  p a r t i a l  d e r iva t ives

II 6 II = r ( 3 .3 .2 7 )

(A + x I) 8 =  g (3 .3 .2 8 )
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of $  with  r e s p e c t  to  each  of  the  p a r a m e te r s .

<& = <& (b i  bk)

v o  = ( a o / a p i , . .Mao/  apk) (b)  (3 .3 .29)

In o r d e r  to d e c re a s e  O we move in the  d i r e c t io n  of  the  
n eg a t iv e  g r a d ie n t .

T he  M a rq u a rd t  m e th o d  dynam ica l ly  com bines  the  T ay lor  
s e r ie s  m e th o d  with  the  g r a d ie n t  t e ch n iq u e .  As x in c rease s ,  6 

d ec re a se s .  W hen  x is r e la t iv e ly  small ,  6 is la rge  and the  T ay lo r  
s e r ie s  m e th o d  is im p le m e n te d  with big s teps  tow ards  m in im iz ­
ing o.  W hen x is la rge ,  s is small  and small  s tep s  a re  ta k e n  
tow ards  m in im iz ing  the  c r i t e r io n  fu n c t io n ,  o .  N o te  th a t  as x 
d ec re a se s ,  e q u a t io n  (3 .3 .28)  a p p ro a c h e s  the  l in e a r  leas t  
sq u a re s  m e th o d  (3 .3 .26) .  In co n t ra s t ,  as x in c re ase s ,  the  m atr ix  
A in e q u a t io n  (3 .3 .28)  b eco m es  d iagona l ly  d o m in a n t  and the  

e q u a t io n  r e d u c e s  to  (x i )8 = g or  8 = ( l /x ) g  = (-1/2X)* V4>. This  
is eq u iv a le n t  to the  g r a d ie n t  d escen t  m e th o d .  T he  a lg o r i th m  
can be  su m m ar ize d  as follows:

G iven  an in i t i a l  p a r a m e te r  v ec to r  b; and  som e a rb i t r a r i ly  
sm all  e:

C o m p u te  the  c r i t e r io n  fu n c t io n  $ ^ ( b )
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R E P E A T
Solve (A + x I) 8 =  g for  8 and  

se t  + = <&(b + 8)

x : =  x * 10 

else  { x : = x * .1 

b : = b + 8 }

i : =  i + 1 

U N T IL  4>(i) - 4>(i + 1) < e

T he  M a rq u a rd t  a lg o r i th m  is no t  g loba l ly  co n v e rg e n t .
T h a t  is, if  the  in i t ia l  p a r a m e te r s  a re  far  f ro m  a m in im um , the  
p ro ce s s  m igh t  d ive rge .  V a r ia t io n s  of  th is  m e th o d  have b e e n  in ­
t r o d u c e d  which  a re  g loba l ly  co n v e rg e n t  ( M o r 6 , 1977; Powell ,  
1975; O sb o rn e ,  1976). In o rd e r  to e n s u re  co n v e rg en ce ,  they 
em ploy  v a r ia t io n s  of  a l ine  sea rch  t e c h n iq u e  w h ere  w hen  a s tep  
is t a k e n  in th e  d i r e c t io n  o f  the  neg a t iv e  g ra d ie n t ,  a c o n v e r ­

gence  te s t  is p e r f o rm e d .  I f  the  s te p  is found  to be  u n a c c e p ­
ta b le ,  th e  s te p  is s h o r t e n e d  by som e f ac to r  and  th e  p ro ces s  
c o n t in u e s .  Th is  g u a r a n t e e  of  co n v e rg en ce  is a d v a n ta g e o u s  if 
one  is c o n c e rn e d  with  f ind ing  any m in im um . H ow ever ,  i t  s t i l l  
do es  n o t  a d d re s s  th e  p r o b le m  of  a r r iv in g  a t  an a b s o lu te  m in i ­
mum. If  th e  p a r a m e te r s  a r e  chosen  su f f ic ien t ly  c lose  to the  
s o lu t io n ,  th is  m e th o d  is a d e q u a te .  Thus ,  f ind ing  good in i t ia l  
p a r a m e te r s  is c ru c ia l  to  c o n v e rg e n c e  to  a c c u ra te  s o lu t io n s .
H ow to acco m p l ish  th is  is r e l a t e d  to th e  spec if ic  p ro b le m  and is 
d iscussed  in s e c t io n  3.4.1 T he  next  s e c t io n  d e s c r ib e s  an e x t e n ­
s ion  o f  th e  M a rq u a rd t  m e th o d  to  v ec to r  v a lu ed  fu n c t io n s ,  n e c e s ­
sary  fo r  o u r  p u rp o s e s  as we a re  f i t t in g  d a ta  c o r r e s p o n d in g  to a 
th r e e  d im e n s io n a l  m ode l .
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3 3 3  Extension of Marquardt Algorithm to Vector-Valued Functions

Each  c o m p o n e n t  of  the  ve loc i ty  fu n c t io n  has p a r a m e te r s  
in  com m on with  the  o th e r s  ( see  e q u a t io n  3 .3 .1 ) .  R a t h e r  th an  
t r e a t  th e se  fu n c t io n s  s e p a ra te ly  and p ro d u c e  se v e ra l  se ts  of  
p a r a m e te r s ,  we ex tend  the  M a rq u a rd t  m e th o d  to  h an d le  v e c t o r ­
va lued  func t ions .

L e t  the  m ode l  to be p a r a m e te r i z e d  be g iven  by the  v e c to r ­
va lued  fu nc t ion :

f /2Ux l *X2»” MXm;pi,p2,...,pk) 
f* ; (x i ,x2 , . . . ,xm;pi,P2,. . . ,pk)

f ^ ( x i , x 2 , . . . , x m; p i , p 2 , . . . ,p k )

(3 .3 .30)

w h ere  xi a re  the  i n d e p e n d e n t  v a r ia b le s  and pi a re  the  
p a r a m e te r s  to be c a lcu la te d .  The  da ta  p o in ts  will be d e n o te d :

(Xi»Xli,X2 i,. . . ,Xmi) i —l , 2 , . . .n  

T h e  p ro b le m  is to co m p u te  the  pi which m in im ize :

<*> = 2 \Xi - Z l \2

(3 .3 .31)

(3 .3 .32)

w h ere  Zd is th e  va lue  of  y a t  the  ith p o in t .  T ak ing  th e  n o rm  of  
th e  d i f fe re n c e s  we ob ta in :

=* 2 i  = l , n
Y i<l>
Yi<2> liS
Y i(» Zi<'>

(3 .3 .33)
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T h is  invo lves  tak ing  th e  s q u a re  ro o t  of  th e  s q u a re s  of  th e  d i f ­
f e r e n c e s .  S ince  the  e n t i r e  q u a n t i ty  is sq u a re d ,  th e  s q u a re  r o o t  
is c a n c e l le d .  This  s im p l i f ie s  to:

<t> = Z i  = l , n  ( Y i ( 1 ) - Z i ( 1 ) ) 2 + ( Y i ( 2 ) - Z i ( 2 ) ) 2 + . . . +  ( Y i ( I ) - Z i (1)) 2

= Xl = l,n2j = l,l(Yi (j)-Zi (j) ) 2 (3 .3 .34)

Th is  4> is d e p e n d e n t  on all the  fun c t io n s  c o n t r ib u t in g  to 
th e  sum. F o l low ing  the  n o ta t io n  f rom  (3 .3 .13) ,  th e  e x te n d e d  
T ay lo r  se r ie s  expans ion  th ro u g h  th e  l in e a r  t e rm s  is:

<X> = fo + P8 (3 .3 .35)

w h e re  £o (which  has l*n c o m p o n e n ts )  =

f W ' & i W b )

(3 .3 .36)

and  th e  a u g m e n te d  P is:

P =

a b i  a b 2 

a b i  a b 2

a b i  a b 2

a£i 2̂V afi 2̂ .̂.. 
a b i  a b 2

4£n<‘> a £ » < " . . .
a b i  a b 2

abk

abk

afn<l >
abk

a£i<2>
abk

dm®
abk

(3 .3 .37)
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T h e  coup l ing  am ong the  va r ious  f ^  occurs  w hen  A = P TP 
is fo rm e d  (see  e q u a t io n  3 .3 .24) .  I f  how ever  th e  f ^  have  no 

p a r a m e te r s  in com m on, then  P will be a b lock  d ia g o n a l  m a tr ix  
and  no coup l ing  will r e su l t .  O nce  the  m atr ix  P is found ,  the  
m a tr ix  A is d e t e r m in e d  and e q u a t io n  (3 .3 .28)  can  be  im p le ­
m e n te d  to sea rch  for  the  p a r a m e te r s  as d e s c r ib e d  above .

We will nex t  apply  the  e x te n d e d  M a rq u a rd t  a lg o r i th m  in 
co m p u t in g  the  e ig en v ec to r s  and e ig en v a lu es  of  th e  sys tem  
m atr ix  a s so c ia ted  with ve loc i ty  s to rag e .



79

3.4 General Procedure for Finding the Eigenvalues and Eigenvectors 
from Data for Tilt Experiments

We now show how to  e x t ra c t  the  e ig en v a lu es  and  the 
e ig e n v ec to r s  o f  the  system m atr ix  f rom  p i tch ,  ro l l ,  and  yaw axis 
eye ve loc i ty  d a ta  d u r ing  O KAN. To do so, we m ust  e s t im a te  
th e  co r r e s p o n d in g  p a r a m e te r s  as in i t i a l  c o n d i t io n s  for  the  ex­
te n d e d  M a rq u a rd t  a lg o r i th m .  We m us t  a lso  d e t e r m in e  the  
m a tr ix  t r a n s fo rm a t io n  th a t  m a in ta in s  th e  yaw axis c lose  to the  
v e r t i c a l  in h ead  c o o rd in a te s .

We can th e n  use  the  c losed  fo rm  so lu t io n s  g iven  above  
(E q u a t io n  3 .2 .17) ,  which a re  g iven in head  c o o rd in a te s ,  to 
d e t e r m in e  the  cij and the  \ i  f rom  the  da ta .

F o r  th e  d a ta  u n d e r  c o n s id e r a t i o n ,  the  su b jec t  is t i l t e d  
ab o u t  the  a n im a l ’s y axis e m a n a t in g  f rom  the  b ack  of  the  h ead  
( see  F ig u re  2 .9) .  This  axis th en  r em a in s  u n ch a n g ed .  U n d e r  
th is  c o n d i t io n  th e r e  is c ross  coup l ing  b e tw e e n  the  yaw and 
p i tc h  axis b u t  no t  to the  ro l l  axis ( see  F ig u re  2 .9a) .

T h e  E u le r  angles  th a t  d e t e r m in e  th e  o r i e n t a t i o n  of  the  
su b je c t  for  a t i l t e d  p o s i t io n  are  t h e t a  and  psi.  Psi is 90 d e g re e s  
and  t h e t a  d e t e rm in e s  the  ang le  of  t i l t .  Th is  c o n s t r a in t  t o g e th e r  
w ith  th e  fac t  th a t  phi  can be  se t  to z e ro  (see  s e c t io n  3.2.1 and 
e q u a t io n  (3 .2 .18)) ,  s im p l i f ies  the  r o t a t i o n  m atr ix  R to:

R
0
cose
sine

-1
0
0

0
-sine
cose

(3 .4 .1)

I f  we apply  the  in v e rse  r o t a t i o n  to  th e  yaw axis e igenvec-
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to r  in sp a t ia l  c o o rd in a te s ,  p 3, we o b ta in  its  r e p r e s e n t i o n  in 
head  co o rd in a te s ,  q 3’.

T h e r e f o r e ,  R '*p3 = q 3 ’ =

0 coso sino 0
- 1 0  0 -s ino’
0 -sino coso coso’

-s ino’coso + coso’sino s in (e -e ’)
0 = 0
s ino’sino + cose ’cose cos(e -o’)

w h ere  e is the  angle  of  t i l t  and e’ is the  ang le  b e tw e e n  the
sp a t ia l  v e r t ic a l  and  the  v e r t ic a l  e ig e n v e c to r  (F ig u re  3 .4.1) .

T h e re fo re ,  the  v e r t i c a l  e ig e n v e c to r  q 3 ’ = (si,s2,S3) has 
co m p o n en ts :

s i  =. s in (e -e ’); s2 = 0; s3 = cos (e -e ’) (3 .4 .3)

A l te rn a t iv e ly ,  we cou ld  express  q 3 ’ in t e rm s  of  a, th e  

ang le  b e tw e en  the  v e r t ic a l  e ig e n v ec to r  and the  m o n k e y ’s x axis, 
( see  f igu re  3.4.1)  This  is c o m p u ta t io n a l ly  m o re  c o n s i s te n t  s ince 
o u r  co m p u ta t io n s  a re  r e la t iv e  to h ead  c o o rd in a te s .  T h en ,

a = 90 - (e-e’) (3 .4 .4)

and,

cos a = s in (o -e’), s ina  = cos ( 0- 0’) (3 .4 .5)

then ,



F ig u re  3.4.1 Yaw axis e ig e n v e c to r  r e la t iv e  to an im a l  h ea d .

v: yaw axis e ig e n v e c to r

e: ang le  o f  an im a l  t i l t  f ro m  sp a t ia l  v e r t ic a l

e’: ang le  b e tw e e n  e ig e n v ec to r  and  sp a t ia l  v e r t ic a l

a: ang le  b e tw e e n  e ig e n v ec to r  and  an im a l  x-axis
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q 3* = (cos a, 0, sin a)* (3 .4 .6)

G iven  the  angle  of  t i l t  of  the  an im al  and the  ang le  o f  the  
v e r t i c a l  e ig e n v e c to r  f rom  the  sp a t ia l  v e r t ic a l ,  we now have the  

m eans  to co m p u te  the  co m p o n en ts  s i  and S3 o f  q 3*. W ith  this  
we can ca lcu la te  c n  and c i 3 o f  the  c losed  fo rm  s o lu t io n s  ( e q u a ­
t io n  3 .2 .17)  which a re  fun c t io n s  o f  si,S2,S3 and  the  in i t ia l  
va lues  o f  the  p i tch ,  ro l l ,  and  yaw eye v e lo c i t ie s  d u r in g  O KAN.

T h e  e x p e r im e n ta l  d a ta  p ro v id es  us with  the  in i t i a l  va lues  
of  ve loc i ty  for  p i tch ,  ro l l  and  yaw: xpo, xro and  xyo. T h e r e f o r e  
by m aking  an in i t ia l  ap p ro x im a t io n  to the  e ig en v e c to r s ,  we have 
in i t i a l  v laues  for  the  cij t h a t  d e te rm in e  th e  s o lu t io n s  fo r  the  
ve loc i ty  p ro f i le s .  In ad d i t io n ,  if  the  e ig en v a lu es  a re  i n i t i a l ­
ized ,  e x p e r im e n ta l  ve loc i ty  p ro f i le s  can be  c o m p a re d  to the  
fu n c t io n s  th a t  p r e d ic t  th e se  v e lo c i t ie s  and  the  e x te n d e d  M a r ­
q u a r d t  a lg o r i th m  can be  u sed  to  iden t i fy  th e  e ig e n v a lu e s  and 
e ig e n v ec to r s  for  th is  da ta  set.

F o r  any t i l t ,  the  "pitch" e ig en v ec to r  does no t  ch ange  r e l a ­

t ive  to  the  m o n k e y ’s head  and is t h e re fo r e  s t i l l  [ 1,0 , 0 ]* in head  
c o o rd in a te s .  T h a t  is,

c i l 1
C21 =  7 0
C31 0

w h ere  7 is d e t e r m in e d  by the  in i t ia l  v e lo c i t ie s  and  the  t i l t  
o f  the  yaw axis e ig en v ec to r .

T h e  "roll" e ig en v e c to r  rem a ins  u n ch a n g ed  r e l a t iv e  to 
g rav i ty  and  is:
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C12 0
C22 S 1
C32 0

A flow d iag ram  th a t  shows the  p ro cess  of  id en t i fy in g  the  
e ig en v a lu es  and e ig en v ec to r s  is shown in f igu re  (3 .4 .2) .

We next  co n s id e r  how to e s t im a te  th e  in i t i a l  p a r a m e t e r  
va lues  for  ou r  p ro b le m  th a t  dr ive  the  M a rq u a rd t  a lg o r i th m .
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Initialize xi, X2, X3 to initial velocities from data 
given in head coordinates.

Choose appropriate initial angle, a, of tilt for spa­
tial yaw axis eigenvector relative to monkey pitch axis. 
Compute the initial  yaw axis eigenvector in head coor­
dinates: (S 1 ,S 2 ,S 3 ) ( .

to experimentally obtained velocity vector y(t) and use 
Marquardt algorithm to refine the estimates of the 
eigenvalues and eigenvectors. ______________________

Compare:

cn
C21
C31

— xit C12
C22
C32

— X2t C13
C23
C33

-  X3t

Determine the initial eigenvectors in head coordinates:

c n  = xi -  (S 1 /S 3 )  * X3, 
C13 =  (S 1 /S 3 )  * X3,
C22 =  X2 - (S 2 /S 3 )  •  X3, 
C23 =  (S 2 /S 3 )  * X3,
C33 =  X3

Cll
C21
C31

C12
C22
C32

C13
C23
C33

F ig u re  3.4.2 F low d iag ra m  for  iden t i fy ing  th e  e igenva lues  
and  e ig en v ec to r s .
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3.4.1 Estimation of the initial parameters

By exam in ing  the  flow d iagram  in f igu re  (3 .4 .2) ,  it  is ap ­
p a re n t  th a t  the  cho ice  o f  in i t ia l  p a r a m e te r s  is im p o r ta n t  in the  
id e n t i f ic a t io n  p r o c e d u r e .  Specifical ly ,  i t  is im p o r ta n t  to 
choose the  in i t i a l  c o n d i t io n s  co r rec t ly .  Since the  ex ten d e d  Mar- 
q u a rd t  m e th o d  does  n o t  g u a ra n te e  f ind ing  an  a b s o lu te  m in i ­
mum, i t  may converge  to  any local m in im um . T h e re fo re ,  in 

o rd e r  to  f ind the  bes t  f i t  we must s t a r t  with  r e a s o n a b le  in i t ia l  
values .

F o r  t i l t  e x p e r im e n ts ,  the o u tp u t  v e lo c i t ie s  co n ta in  p i tch  
and yaw co m p o n en ts  ( ro l l  is no t  p r e s e n t  and  is se t  to z e ro ) .
T he  yaw c o m p o n e n t  is m o d e l le d  by a s ing le  e x p o n e n t ia l  with 

co e f f ic ien t  C 3 3  and e x p o n e n t  X 3  s ince th e re  ap p e a r s  to be no 
cross-  co u p l in g  f rom  th e  p i tch  to the  yaw axis. T h e r e f o r e ,  C 3 1  

is se t  to  ze ro  and  th e re  is no m ode of  the  r e sp o n se  with  xi as 
i ts  e igenva lue .  T he  co e f f ic ie n t  C 3 3  is se t  to the  in i t ia l  va lue  for 
yaw veloci ty ,  x y o .  T he  p i tch  c o m p o n en t  is the  r e s u l t  o f  c ro ss ­
coup l ing  b e tw e e n  the  h o r iz o n ta l  and  v e r t i c a l  v e lo c i t ie s ,  r e s u l t ­
ing in th e  r e s p o n s e  b e in g  the sum of  two ex p o n en t ia ls .  
T h e re fo re ,  i t  has c n  and  c i 3 as co e f f ic ien ts  and  xi and X3 as the  
c o r r e sp o n d in g  e ig en v a lu e s  in the  r e sp o n se  m odes .  T hus ,  th e  ex 
p o n en t ,  X3 is the  one  p a r a m e te r  com m on  to the  p i tch  and  yaw 
v e loc i t ie s .

T h e  s t r a teg y  for  f ind ing  an in i t ia l  se t  o f  p a r a m e te r s ,  is to 
f i rs t  fit the  yaw c o m p o n e n t  to o b ta in  e s t im a te s  fo r  C 3 3  and  X 3 .

If  pu re  v e r t i c a l  d a t a  is av a i la b le ,  we can f i t  the  p i tc h  com ­
p o n e n t  fo r  th e  sam e t i l t  ang le .  This  gives us an  u p p e r  b o u n d
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fo r  xi. Next,  to f ind  c i 3 , we must  have a good a p p ro x im a t io n  
fo r  th e  v e r t ic a l  e ig en v e c to r .  Based  on  d a ta  t a k e n  a t  a ze ro  d e ­
g ree  t i l t  and a 90 d e g re e  t i l t  it  was q u a l i ta t iv e ly  e s t im a te d  tha t  
the  yaw axis e ig e n v e c to r  ran g ed  f rom  0 d eg ree s  to 12 d eg ree s .  
Via  l in e a r  in t e rp o la t i o n ,  we can ap p ro x im a te  an  in i t i a l  va lue  
for  the  v e r t ic a l  e ig e n v e c to r  ex p res sed  as q3* = ( c i 3 0 C33) 1.
We have shown above how to ca lcu la te  C 1 3  in  t e rm s  of  the  yaw 
in i t ia l  va lue  and the  ang le  the  v e r t i c a l  e ig e n v e c to r  m akes  with  
th e  a n i m a l ’s p i tch  e ig en v e c to r  ( see  F igu re  3 .4 .2) .  This  gives an 
in i t i a l  va lue  for  C 1 3 .  T h e n  c n  = xyo - C 1 3 .  By fixing the  e i g e n ­
va lues  and the  yaw c o e f f ic ien ts  to th e i r  in p u t  va lues ,  we apply  
th e  e x te n d e d  M a rq u a rd t  m e th o d  to  o b ta in  m o re  a c c u ra te  va lues  
fo r  th e  p i tc h  coe f f ic ien ts .

In  the  next sec t io n ,  we d iscuss the  p ro g ra m  to im p lem e n t  
th e  p r o c e d u r e  for  iden t i fy ing  the  e ig en v a lu es  and  e ig en v ec to rs  
o f  the  sys tem m atr ix  a s so c ia ted  with  ve loc i ty  s to rage .
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3.5 Computer Implementation of extended Marquardt method:

T h e  flow d iag ram  of  the  p ro g ra m  to id en t i fy  the  
p a r a m e te r s  of  the  system  is shown in f igu re  (3 .4 .2 ) .  T he  
p ro g ra m  was im p le m e n te d  in M ic roso f t  F o r t r a n  o n  a PC.

T h e  in p u t  cons is ts  of two f i les ,  one  co n ta in in g  the  
v e loc i ty  p ro f i l e s  for  p i tc h  ro i l  and  yaw and  th e  o t h e r  a 
p a r a m e t e r  f i le .  In  the  p a r a m e te r  f ile the  u se r  sp e c i f ie s  the  
ang le  of  t i l t  of  the  an im al ,  an  in i t i a l  ang le  o f  th e  yaw axis e igen  
v e c to r  r e la t iv e  to the  sp a t ia l  v e r t ic a l ,  and  the  p i tc h  and  yaw 
t im e  co n s tan ts .  T h e  u se r  also p ro v id es  a b ina ry  a t t r i b u t e  l is t  
c o r r e s p o n d in g  to the  p a r a m e te r s ,  w here  a one  in d ic a te s  th a t  
the  p a r a m e te r  is to  be changed  and a ze ro  s ign i f ie s  th a t  the  
p a r a m e t e r  is to be  he ld  at  its in p u t  va lue .

T h e  p ro g ra m  co n v e r t s  the  in p u t  p a r a m e te r s  in to  the  c o r ­
r e sp o n d in g  e ig en v ec to r s  and  e ig en v a lu es  and  t r a n s fo rm s  the  
yaw axis e ig e n v e c to r  in to  a head  b ased  bas is .  U s ing  th e  a t ­
t r i b u t e  l is t ,  a p e r m u ta t io n  v ec to r  is fo rm e d  w ith  th e  in d ices  of 
the  p a r a m e te r s  to be ad ju s te d  fo l low ed by the  th o s e  th a t  a re  
h e ld  co n s tan t .

B ased  on th e  in p u t  p a r a m e te r s  and  a t t r i b u t e  l is t ,  the  
p a r a m e te r s  o f  the  M a rq u a rd t  a lg o r i th m  a re  se t  and  a r r a n g e d  
in to  a v ec to r .  T he  o r d e r  w ith in  th is  v e c to r  does  n o t  m a t t e r .

T h e  in p u t  da ta  co r r e s p o n d in g  to  the  th r e e  fu n c t io n s  ( fo r  p i tch ,  
ro l l ,  and  yaw) is a r r a n g e d  in to  a s ing le  v ec to r ,  y, as th o u g h  it 
w e re  g e n e r a t e d  by a s ing le  func t ion .  T he  va lues  o f  the  i n d e ­
p e n d e n t  v a r ia b le s  xi co r r e s p o n d in g  to  each  fu n c t io n  ( in  ou r  
case ,  t im e )  a re  each  sh i f te d  to  a d i s t in c t  dom ain .  T h e  u se r
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d e f in e d  p r o c e d u r e  of  the  M a rq u a rd t  a lg o r i th m  is p ro v id e d  to 
r e t u r n  th e  va lu e  of  y e v a lu a te d  a t  xi. T h e  p r o c e d u r e  d i s t i n ­

gu ish e s  am ong  the  c o m p o n e n ts  o f  the  ve loc i ty  v e c to r  and  c o m ­
p u te s  the  ran g e  a p p ro p r ia te ly .  T he  p a r t i a l  d e r iv a t iv e s  of  the  
fu n c t io n s  r e la t iv e  to the  p a r a m e te r s  a re  e v a lu a t e d  and the  P 
m a tr ix  is fo rm ed  (see  s e c t io n  3 .3.2) .

T h e  o u tp u t  of  the  p ro g ra m  is th e  se t  o f  co n v e rg e d  va lues  
of  the  ang le  o f  the  yaw axis e ig e n v e c to r  and  th e  p i tc h  and  yaw 
t im e  co n s tan ts .  T he  d a ta  p o in ts  c o r r e s p o n d in g  to the  v ec to r  
fu n c t io n  e v a lu a te d  at the  co n v e rg ed  p a r a m e te r s  a re  s e n t  to a 
f i le  sp e c i f ied  by the  u se r ,  in a fo rm a t  th a t  is eas i ly  r e a d  by a 
g rap h ic s  r o u t in e .

T h e  f low char ts  d esc r ib in g  th is  p ro cess  fo l low  (F ig u res
3.5.1 and 3.5 .2) .

In  the  nex t  s e c t io n  we show how th e  p r o g ra m  was u t i l i z e d  
in o b ta in in g  f its  to d a ta  f rom  monkeys.



CONVERGED?

READ 
VELOCITY 
DATA INTO 
VECTORS

READ >
ATTRIBUTE 
LIST FOR 
PARAMETERS

READ ANGLE 
OF TILT, 
EIGENVECTOR 
TILT, &
EIGENVALUES.

CALL MRQMIN

CREATE ONE VECTOR FROM 
THE PITCH, ROLL, AND YAW 
VELOCITIES.

CONVERT PARAMETERS TO 
EIGENVECTOR AND 
EIGENVALUES

COMPUTE THE PARAMETERS 
FOR MRQMIN.

F ig u re  3.5.1 F lo w ch a r t  o f  m a in  r o u t in e  o f  e x te n d e d  M ar-  
q u a r t  a lg o r i th m .
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I N 1T  C A L L ?

G O O D ?

C A L L  M R Q C O F

S E T  1N 1T A L T R Y  T O  P A R M S

C H E C K  F O R  P R O P E R  

P E R M U T A T I O N

A U G M E N T  D I A G O N A L  O F  

C O V A R I A N C E  M A T R I X

F ig u re  3.5.2 F lo w c h a r t  o f  M R Q M IN  o f  e x te n d e d  M a rq u a r t  
a lg o r i th m .



FINAL CALL?

RETURN

RETURN

OLDCHISQ < 
NEWCHISQ?,

LAMDA
CHISQ

■ 10 * LAMDA 
OLDCHISQ

LAMDA .1 • LAMDA 
OLDCHISQ » CHISQ

CALL COVSRTTO 
REARRANGE MATRIX

CALL GAUSSJ TO SOLVE 
FOR DELTA VECTOR

UPDATE PARAMETERS WITH 
NEW DELTA
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3.6 Application to Finding Parameters from Experimental Data

In  o r d e r  to  show th e  ap p l icab i l i ty  o f  the  t e c h n iq u e ,  the  
id e n t i f i c a t io n  a lg o r i th m  was ap p l ied  to  a sm all  d a ta  s e t  f rom  ex 
p e r im e n t s  done  on one m onkey  (R a p h a n  & C o h en ,  and  p e r s o n a l  
c o m m u n ic a t io n ) .  T h e  an im a l  was r igh t  s ide  down and  only  
c ro ss -co u p l in g  to  the  upw ard  p i tch  co m p o n e n t  was c o n s id e re d .  
D e s p i te  th e  sm all  d a ta  se t ,  the  m e th o d  d e v e lo p e d  is shown to 
be  a u se fu l  too l  in r e la t in g  the  th r e e  d im e n s io n a l  m o d e l  o f  the  
v e s t ib u lo -o c u la r  re f lex  to the  da ta .  I t  s u p p o r t s  the  c h a r a c ­
t e r i z a t i o n  of  the  th r e e  d im e n s io n a l  ve loc i ty  s to ra g e  in t e g r a t o r  

in te rm s  o f  i ts  e ig en v a lu es  and e ig en v ec to r s  as a fu n c t io n  of  
gravity .  B eh av io r  e x p e r im e n ts  on c ro ss -co u p l in g  to the  
dow nw ard  p i tch  c o m p o n e n t  as well  as c ro ss -co u p l in g  to ro l l  
shou ld  f u r th e r  e l lu c id a te  the  m ode l  s t ru c tu re .

W hen  the  an im a l  is t i l t e d  f rom  the  sp a t ia l  v e r t i c a l  and  
g iven  a yaw axis o p to k in e t i c  s t im u lus  ( th a t  is the  d ru m  is a lso  
t i l t e d  by the  same ang le ) ,  c ro ss -coup l ing  is p r o d u c e d  which 

g e n e ra t e s  yaw and p i tch  c o m p o n en ts  o f  OKAN (F ig u re  2 .9) .
T h e  d a t a  sam p les  n e e d e d  for  the  M a rq u a rd t  a lg o r i th m  w ere  o b ­
t a in e d  by sam pling  the  slow p hase  eye ve loc i ty  p ro f i l e s  a s ­
so c ia te d  w ith  the  yaw and  p i tch  axis of OKAN every  2 seconds .  
T h e se  sam p les  w ere  s to r e d  in a f i le  and  w ere  l a t e r  r e a d  by the  
p ro g ra m .  T h e  d a ta  va lues  are  shown as do ts  in f igu res  (3 .6.1,  
3.6.3 a-g).

As the  f i r s t  p a r t  of th e  p ro c e d u re ,  we o b ta in e d  th e  t im e  

c o n s ta n t  a s so c ia te d  w ith  th e  yaw co m p o n en t .  Th is  was ac ­
co m p l ish ed  by ru n n in g  the  one d im e n s io n a l  M a rq u a rd t  algo-



F ig u re  3.6.1 C ro ss -co u p led  p i tc h  and  yaw 
' OKAN for  a 90 d eg ree  t i l t .  T h e  d a ta  

po in ts  a re  shown as do ts .  T he  so l id  l ines  
a re  the  f i ts  found  using the  m e th o d  
o u t l in e d  above .  T h e  p i tch  t im e  c o n s ta n t  
was 5 seconds  and the  yaw t im e c o n s ta n t  
was 7.S seconds .  The  yaw axis e ig e n v ec to r  
was found  to be 9 d eg ree s  f rom  the  sp a t ia l  
ve r t ica l .
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r i th m  with the  yaw c o m p o n e n t  o f  ve loc i ty  as inpu t .  F o r  the  yaw 
.axis ve loc i ty  th e re  a re  two p a r a m e te r s ,  the  c o e f f ic ie n t  C3 3  and 
the  e ig en v a lu e  X3 . F or  a 90 d e g re e  t i l t  (F ig u re  3 .6 .1) ,  we in i ­
t ia l iz e  C3 3  to the  in i t ia l  h o r iz o n ta l  ve loc i ty  which is 33. The 
t im e c o n s ta n t  for  the  yaw co m p o n e n t  for  the  u p r ig h t  is a p ­
p ro x im a te ly  12 seconds  and  is known to d e c re a s e  g rad u a l ly  with 

t i l t  ang le .  T h e r e f o r e ,  we se t  X3 in i t ia l ly  to .1 (10 se co n d s ) .  The 
M a rq u a rd t  m e th o d  p ro d u c e s  X3 = .134 ( c o r r e s p o n d in g  to  a 7.4 
t im e c o n s ta n t ) .

To ge t  an  u p p e r  b o u n d  for x i  we ru n  the  one  d im e n s io n a l  
M a rq u a rd t  a lg o r i th m  on the  p u re  v e r t ic a l  d a ta  for  a 90 d eg ree  
t i l t  ( see  f igure  3 .6 .5e  fo r  d a ta  p o in ts ) .  This  gives us a t im e  co n ­
s ta n t  o f  a p p ro x im a te ly  10 seconds .  We run  the  th r e e  d im e n ­
s iona l  a lgo r i thm ,  th is  t im e  on the  v e c to r  va lued  fu n c t io n  
h o ld in g  C31 and X3 fixed, in i t ia l iz in g  th e  the  v e r t i c a l  e ig e n v ec ­
to r  to 10 d eg ree s  f rom  th e  sp a t ia l  v e r t ic a l .  T he  p ro g ra m  com ­
p u te s  the  in i t ia l  va lues  o f  the  p a r a m e te r s  to be  c n  =  - 157, C12 

= 187. The  a t t r i b u t e  l i s t  co r r e s p o n d in g  to the  p a r a m e te r s  is se t  
so th a t  \ 3, C31 and  C33 a re  fixed while  c n ,  C 13, and  xi a r e  a l ­
lowed to  vary. T h e  a lg o r i th m  th e n  p ro d u c es  c n  = -125, C12 =  

159, and  xi = .206. T h is  im p l ie s  th a t  th e  v e r t i c a l  e ig en v e c to r  
is t i l t e d  11.7 d e g re e s  f ro m  the  sp a t ia l  v e r t ic a l  w ith  a p i tc h  t ime 
c o n s ta n t  o f  4.8 seconds .  T he  c ro ss -co u p led  d a ta  o v e r lay ed  by 
th is  f i t  is shown in  f igu re  (3 .6 .1) .

I f  the  e ig en v a lu es  a re  f ixed and  the  yaw axis e ig en v e c to r  
is in i t ia l iz e d  to  40 d e g re e s  f rom  the  sp a t ia l  v e r t ic a l ,  th is  
m e th o d  will conve rge  to  a v e r t ic a l  e ig e n v e c to r  o f  ap p ro x im a te ly  
10 d e g re e s .  T h is  is show n in f ig u re  (3 .6 .2 ) .  N o te  t h a t  w h en  the  
e ig e n v e c to r  is fa r  f rom  th e  t ru e  va lue ,  the  p i tch  c o m p o n e n t  fits



F igu re  3.6 .2 Th is  f igure  d e m o n s t r a te s  how 
the  m e th o d  f inds the  p r o p e r  yaw axis 
e ig en v ec to r .  In  th is  example ,  the  su b jec t  is 
t i l t e d  90 d e g ree s  r igh t  e a r  down and  th e  yaw 
axis e ig e n v e c to r  is in i t i a l iz e d  to 40 d eg ree s  
f ro m  th e  s p a t i a l  v e r t ic a l .  T h e  p i tch  and yaw 
v e lo c i t ie s  for  th is  case are  below  th e  s t ick  
f igure  on the  le f t .  T h e  m e th o d  converges  to 
a yaw axis e ig e n v ec to r  o f  app rox im a te ly  10 
d eg ree s .  The s t ick  f igure  and v e loc i t ie s  
co r r e sp o n d in g  to th is  case a re  shown on  the  
r igh t .  In  b o th  cases the  p i tch  and yaw 
e ig en v a lu es  a re  he ld  f ixed at 5 and  7.5 
respec t ive ly .
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very poo r ly .  S ince th e  yaw t im e  c o n s tan t  is he ld  c o n s ta n t ,  the  
yaw ve loc i ty  fit  is the  sam e fo r  b o th  cases.

As we have shown above ,  ou r  p a r a m e te r  e s t im a t io n  p r o c e ­
d u re  c o r r e s p o n d s  well  w ith  the  e x p e r im e n ta l  da ta .  T h e  f igures  
which fo l low  (F ig u re s  3.6.3 a-g ), show how th e  p a r a m e te r s  
found  m a tch  the  e x p e r im e n ta l  d a ta  for  t i l t s  o f  20, 40, SO, 70, 
100, 120 and  130 d eg ree s .  In each  case ,  th e  s t im u lu s  ve loc i ty  
du r ing  OKN was 60 d eg re e s /s e c  to the  r igh t  ab o u t  th e  a n i m a l ’s 
v e r t i c a l  axis. T h e  s u b s e q u e n t  c ro ss -c o u p led  p i tch  and  yaw is 
shown to g e th e r  with  th e  f i t  found  us ing  th e  m e th o d  o u t l i n e d  
above.

Because  the  system  was assum ed  to be  l in e a r ,  th e  p i tch  
c o m p o n e n t ’s e ig en v a lu e  a t  each  t i l t  ang le  is th e  sam e  as the  
p i tch  e ig en v a lu e  fo r  a p u re  p i tch  s t im ulus  (F ig u re s  3.6.5 a-e) .  
F o r  t i l t s  up  to ap p ro x im a te ly  50 d eg ree s  we found  th is  to be 
t ru e  (F ig u re  3.64) .

T h e  p i tch  axis and ro l l  axis e ig en v ec to r s  r o t a t e d  with  the  
h e a d  while  th e  "yaw axis" e ig en v ec to r  s tayed  c lose  to the  s p a ­
t ia l  v e r t i c a l  r eg a rd le s s  o f  t i l t  ang le .  T h e  p a r a m e te r s  found ,  sug 
ges t  th a t  fo r  sm all  t i l t s  the  v e r t ic a l  e ig en v ec to r  is so m e t im e s  
t i l t e d  in  th e  d i r e c t io n  o p p o s i t e  to  th a t  o f  the  an im a l  t i l t  b u t  
s t i l l  c lose  to  the  sp a t ia l  v e r t ic a l  (F ig u re  3 .6 .6) .  I t  will  be 
show n how th is  fu n c t io n  will  be u t i l i z e d  in  e s t im a t in g  th e  in i ­
t ia l  e ig e n v e c to r  fo r  a rb i t r a ry  o r i e n ta t io n s  o f  the  h e a d  ( s e c t io n  
3.7)

An e v a lu a t io n  o f  the  fits shows th a t  th e  f i r s t  o r d e r  m ode l  
f i ts  the  d a ta  well  over  a wide range  o f  t i l t  ang les .  H ow ever ,  a 
q u a n t i t a t iv e  a p p ro ac h  involves  com pu ting  a "goodness  of  fit"



F ig u re  3.6.3 C ro ss -co u p led  p i tch  and  yaw 
OKAN for  t i l t s  o f  20, 40, 50, 70, 100, 120, 
and  130 d eg ree s  (a -g ) .  T h e  d a ta  p o in ts  a re  
shown as do ts .  T h e  so l id  l ines  a r e  th e  f its 
found  using the  m e th o d  o u t l in e d  above .  
Each  f igu re  shows the  p i tch  and  yaw t im e 
co n s tan ts  and the  yaw axis e ig e n v e c to r  
ang le  found  fo r  th a t  t i l t .
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EIGENVALUES FOR
COUPLED PITCH & PURE PITCH STIMULUS
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F ig u re  3.6.4 T im e co n s tan ts  ( inverse  of 
e ig en v a lu es )  a s so c ia ted  with upw ard  p i tch  for  cross  
coup led  and p u re  p i tch  s t im u lus  as a fu n c t io n  of  t i l t  
angle .



F igure  3.6.5 P u re  p i tch  OKAN for  t i l t s  of  
20, 40, 50, 70 and 90 d eg re e s  ( a -e ) .  The  
d a ta  p o in ts  a re  shown as do ts .  T h e  so l id  
l ines  a re  the  f i ts  found  using  the  n o n v e c to r  
M a rq u a r t  a lg o r i th m .  T h e  p i tch  t im e  
co n s tan ts  for  th e se  t i l t s  a re :

U pw ard  P i tch  axis 

Time constant E i g e n v a lu e ( l / t c )
20: 1.4 .71
40: 2.8 .35
50: 5.5 .18
70: 9.2 1.08
90: 10.0 1.00
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YAW AXIS EIGENVECTOR
RELATIVE TO SPATIAL VERTICAL
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F ig u re  3.6.6 Yaw axis e ig e n v e c to r  r e l a t iv e  to the  
sp a t ia l  v e r t ic a l  for  t i l t s  o f  0, 20, 40, 50, 70, 90, 100, 
120, and 130 d eg ree s .
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fu n c t io n  to  express  th e  qua l i ty  of the  d a ta  f i t t in g  p ro c e d u re .
T h e  chi s q u a re d  fu n c t io n  a lo n e  is no t  su f f ic ien t  s ince  it  is 
p r o p o r t i o n a te ly  r e l a t e d  to the  n u m b e r  of  d a ta  po in ts .  T h a t  is, 
th e  m ore  p o in ts  you have,  the  h ig h e r  the  c h i - sq u a re d  func t ion .  
R a th e r  th an  simply d iv id ing  by the  n u m b e r  of  d a ta  po in ts ,  we in ­
s te a d  co n s id e r  the  d eg ree s  of  f re e d o m  of  th e  fu n c t io n .  T h e  d e ­
g ree  o f  f r e e d o m  is the  d i f fe re n c e  b e tw e e n  th e  n u m b e r  o f  da ta  
p o in ts  and the  n u m b er  o f  p a r a m e te r s  u sed  in  th e  a lg o r i th m .
T h e  r a t io  o f  the  chi-  sq u a re d  fu n c t io n  and the  d eg re e s  o f  
f r e e d o m  has b e e n  found  to be an a d e q u a te  m e a s u re  o f  "good­
ness  o f  fit" which is in d e p e n d e n t  of  in p u t  s ize.

F o r  exam ple ,  the  chi s q u a re d  va lue  a s so c ia ted  with  the  90 
d eg ree  t i l t  is 42.73. T he  n u m b er  of  d a ta  p o in ts  used  is 24. A l­
th ough  th e re  a re  6 p a r a m e te r s ,  only th r e e  a re  used  in the  vec­
to r  va lu ed  fu n c t io n  fit .  T h e r e f o r e  th e r e  a re  21 d eg ree s  o f  
f r e ed o m .  Thus  the  "goodness  o f  fit" is found  to  be  2 .

T h e  nex t  s e c t io n  a d d re s se s  the  p ro b le m  of  se t t in g  the  in i ­
t ia l  p a r a m e te r s  for  a rb i t r a ry  o r ie n ta t io n s  to  o b ta in  good  c o n v e r ­
gence  ch a ra c te r i s t ic s .



114

3.7 Identification of Parameters for Arbitrary Orientations

In  the  p rev ious  sec t ions  we d e v e lo p ed  a m e th o d  for d e t e r ­
m in ing  the  e ig en v ec to rs  and e ig en v a lu es  f rom  c ro ss -co u p led  
d a ta  and  have ap p l ied  it  to  va r ious  su b jec t  t i l t  ang les  ab o u t  the  
ro l l  axis. T h e  m e thod  th a t  has  b e e n  d e v e lo p e d  is g e n e ra l  and 
can be  ap p l ie d  to a rb i t r a ry  o r i e n ta t io n s  o f  th e  h e a d  w ith  reg a rd  
to  gravity .  H ow ever ,  a c ruc ia l  s tep  in the  p r o c e d u r e  is a p ­
p ro x im a t in g  th e  in i t ia l  va lues  for  th e  e ig en v ec to r s  and  e ig e n ­
va lues .

We have n o te d  p rev ious ly  th a t  the  e ig en v ec to r s  a s so c ia ted  
with  the  p i tch  (x) and ro l l  (y) axes ap p ro x im a te ly  r o t a t e  with 
the  head .  This  is due  to the q u a l i ta t iv e  o b s e rv a t io n  on a small  
d a ta  se t  t h a t  th e re  is l i t t l e  or  no cross  coup l ing  f ro m  th e  v e r t i ­
cal axis to  th e  ro l l  o f  yaw axis and  l i t t l e  or  no cross  coup l ing  
f rom  th e  ro l l  axis to the  p i tch  and  yaw axis. T h e r e f o r e ,  fo r  any 
g iven  o r i e n t a t i o n  th e i r  lo ca t io n  is ap p ro x im a te ly  a long  the  

h ead  p ich  and ro l l  axis fo r  th a t  o r ie n ta t io n .  This  c o n s t i tu t e s  a 
good in i t ia l  s e t t in g  fo r  the se  e ig en v ec to rs .  H ow ever ,  the  v e r t i ­
cal e ig e n v e c to r  is known to behave  d i f fe re n t ly .  O u r  hypo thes is  
is th a t  g rav i ty  r e o r i e n t s  th is  v ec to r  so th a t  i t  m a in ta in s  som e 
sp a t ia l  in v a r ian ce  and is a fu n c t io n  o f  th e  body v e r t ic a l .

A  r e a s o n a b le  in i t ia l  a p p ro x im a t io n  to  th e  yaw axis e ig e n ­
v ec to r  is th e r e f o r e  th a t  i t  l ies  in  the  p la n e  d e t e r m in e d  by the  
sp a t ia l  v e r t i c a l  and  the  body v e r t ic a l  r e la t iv e  to  a s p a t ia l  f ram e 
of  r e f e r e n c e .  T he  in i t ia l  angle  will  be  d e t e r m in e d  b a s ed  on  the  
fu n c t ia l  r e la t io n s h ip  b e tw e en  the  ang le  o f  th e  yaw axis e ig en v ec ­
to r  and  t i l t s  a b o u t  a ro l l  axis (F ig u re  3 .7 .1) .  A l th o u g h  we do
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YAW AXIS EIGENVECTOR
RELATIVE TO SPATIAL VERTICAL 

ANGLE OF EIGENVECTOR
3 0 -
2 5 -
2 0 -

15 -
1 0 -

5 -

- 5 -
- 1 0 -

- 1 5 -
- 20 - -

0 20 40 60 80 100 120 140 160 180
ANGLE OF TILT 

 eigenvector fit + data

F ig u re  3.7.1 R e la t io n s h ip  o f  angle  of  yaw axis e ig e n v e c to r  
( r e la t iv e  to sp a t ia l  v e r t i c a l )  71 to  angle  of  t i l t  e. (F i t  with  
s ine  curve:  fe = a + b sin  (cx + d) ).
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n o t  have  d a ta  for  t i l ts  beyond  120  d eg ree s  i t  is c l e a r  th a t  th e  
b e h a v io r  is a p e r io d ic  fu n c t io n  of  the  t i l t  ang le .  N o te  the  
s im i la r i ty  w ith  F ig u re  2.10. We d e n o te  th e  fu n c t io n  which 
d e t e r m in e s  the  e ig en v ec to r  in te rm s  of  the  t i l t  ang le  by fe. By 
p r o je c t in g  th is  v ec to r  in to  h ea d  c o o rd in a te s ,  the  in i t ia l  e i g e n ­
v e c to r  is th e n  s u i ta b le  fo r  in p u t  to  th e  e x te n d e d  M a r q u a r d t  A l ­
g o r i th m .  Specif ica l ly  th is  can  be s e e n  by exam in ing  f igu re  
3.7.2.  Th is  a s su m p t io n  is ap p ro x im a te ly  t r u e  fo r  t i l t e d  and  
p i t c h e d  p o s i t io n s  of  the  h ead  ( R a p h a n  & C ohen ,  1988). T he  
m e th o d  of  f ind ing  the  in i t ia l  yaw axis e ig e n v e c to r  is as follows:

Let ,

u i  be the  o r ig in a l  v e r t ic a l  e ig en v e c to r
U2 be the  d i r e c t io n  of  the  body v e r t ic a l
v be the  new v e r t ic a l  e ig en v ec to r
7 1 be the  angle  b e tw e e n  u i  and v = fe(e)
7 2  be the  angle  b e tw e e n  v and U 2  = 0 - 7 1

0 = 7 1  +  7 2 ,  i.e . ,  0 is th e  angle  b e tw e e n  u i  and  U 2

G iv en  the  a s su m p t io n  th a t  v rem a in s  in the  p la n e  fo rm e d  
by u i  and  U2, we conc lude  tha t :

v = a i u i  + a2U2 (3 .7 .1)

fo r  som e r e a l  nu m b ers  a i  and  a 2

We are  assum ing  th a t  ui and v a re  u n i t  v ec to r s  s ince  we 
a r e  only  c o n s id e r in g  th e i r  d i r e c t io n .  We co m p le te  the  p a r a l ­
l e lo g ra m ,  to  fo rm  the  s ides  a i  and  a 2 (F ig u re  3.7.3 ).
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(e ig e n v e c to r )
V

u i  ( sp a t ia l  v e r t i c a l )

(body v e r t ic a l )  \

U2 ^  V 1

F ig u re  3.7.2 D ia g ram  of an  a rb i t r a ry  o r i e n t a t i o n  of  
su b je c t  in 3- space .  T h e  new v e r t ic a l  e ig e n v e c to r  is shown 
as v.

u i

U2
a i

a2

F ig u re  3.7.3 D iag ram  showing the  m e th o d  u se d  to 
f ind  th e  c o o rd in a te s  of  th e  new v e r t ic a l  e ig en v ec to r ,  
v.
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U sing  the  law of  s ines ,  we o b ta in :

a l / s i n  72 = l / ( s i n  ( w - e ) )  =  l / ( s i n  e)

Solving  fo r  a i ,  we have:

a i  = sin 72/s ine

and  s im ila r ly ,

a2 = sin 7 i /s ine 

S u b s t i tu t in g  back  for  v in e q u a t io n  (3 .7 .1) ,  we have:

SL = (s in  72/s ine)  u i  + (s in  71/ s in  e) U2

W ith  th is  p ro c e d u re ,  we can now ch oose  for  any o r i e n t a ­
t io n  o f  the  head ,  the  in i t ia l  va lue  o f  the  yaw axis e ig e n v e c to r .

In  ad d i t io n  to  choos ing  th e  e ig e n v e c to r s  for  a r b i t r a r y  
o r i e n t a t i o n ,  we m ust  also f ind in i t i a l  v a lu es  fo r  the  e ig en v a lu es  
as fu n c t io n  o f  gravity .  In  the  u p r ig h t  p o s i t io n  th e  v a lu e s  fo r  
th e  e ig en v a lu es  a re  known. In th is  case  th e  Q t r a n s f o r m a t i o n  is 
s imply the  id e n t i ty  m atr ix .  As the  su b je c t  is r o t a t e d ,  th e  Q 
m a tr ix  m od if ie s  the  e ig en v a lu es  a s so c ia ted  w ith  the  new e i g e n ­
v ec to rs .

O n e  of  the  o b se rv a t io n s  which can  be  m ad e  f ro m  the  
sm all  d a ta  se t  is th a t  the  p i tch  axis is a p p ro x im a te ly  the  same 
fo r  a p u re  p i tch  s t im u lus  as for  c ro ss -co u p l in g .  Thus ,  th e  ro l l  
and  p i tc h  e igenva lues  o b ta in e d  f rom  p u re  p i t c h  and ro l l  s t im u l i  
a r e  good  in i t ia l  va lues  fo r  the  M a rq u a rd t  a lg o r i th m .
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T h e  a lg o r i th m  sum m ariz ing  the  s teps  fo r  f ind ing  th e  sys­
tem  m atr ix  for  a given angle  is as follows:

1. D e te rm in e  f rom  expe r im en ts  the e igenva lues  a s so c ia ted  with  
th e  p i tch ,  ro l l  and  yaw axes for  a given o r i e n ta t io n .  Th is  is 
d o n e  by giving a co r re sp o n d in g  p u re  p i tch ,  ro l l  o r  yaw s t im u lus  
and  m easu r in g  the  inverse  o f  the  t im e  c o n s tan t  a s so c ia te d  with 
each  axis. T h ese  values  are  used  as the  in i t i a l  p a r a m e te r s  for  
d e te rm in in g  the  e igenva lues .

2. D e te rm in e  the  in i t ia l  va lue  for the  yaw axis e ig e n v e c to r  by 
us ing  the  fu n c t io n  71 = fe ( 0) (F igu re  5.1)  to  d e t e r m in e  its 
ang le  re la t iv e  to  the  spa t ia l  ve r t ica l .

3. C o m p u te  R = R(<m ,4<), the r o ta t io n  m atr ix  fo r  th e  p o s i t io n  of  
th e  h e a d  w here  <t>,0.<|>: a re  the E u le r  angles  a s so c ia ted  with  the 
r o t a t i o n  o f  the  head .

4. D e te rm in e  the  ang le  be tw een  the spa t ia l  v e r t ic a l  and  th e  body 
v e r t ic a l :

71 = fe (e)

72 *  0 -  71

5. C o m p u te  the  in i t ia l  va lue  o f  the  e ig en v ec to r :

v »  (s in  72/s ino) u i  + (s in  7 i /s ino)  U2

4. F o rm  P: ( R ( e i ) ,  R ( e 2>, x.)

w hose  co lum ns a re  the  e igenvec to rs  in a sp a t ia l  r e f e r e n c e  f ram e.
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5. R u n  the  M a rq u a rd t  p ro g ra m  to  o b ta in  the  co n ve rged  va lues  of 
.the yaw axis e ig e n v e c to r  and  th e  e ig en v a lu es .  T he  e igenva lues  
b ec o m e  the  d iagona l  o f  the  m atr ix  Q H 0 and  th e  e ig en v ec to r s  b e ­
com e the  co lum ns  o f  th e  P matr ix .

6. F o rm  H: H  *  T c a n ( R _1 ( P Q H o P '1) R)  Tcan*1
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3.8 Model Simulations and Predictions

In o r d e r  to t e s t  th e  m ode l  u n d e r  a f e e d b a c k  a r r a n g e m e n t  
and  to exam ine  the  e f fec ts  of  the  d i r e c t  pa thw ay  the  co m p u ted  
system  m atr ix  was used  in the  th r e e  d im e n s io n a l  m ode l  shown 
in F ig u re  3.8.1.  T h e  p ro g ra m  which  im p le m e n ts  th is  m ode l  was 
w r i t t e n  in F o r t r a n  and  is g iven  in A p p en d ix  C. F o r  the  s im u la ­
t ions  which  fo l low (F ig u re s  3.8 .2-  3 .8 .4)  the  an im a l  is r igh t  s ide  
down with  a s t im u lu s  ve loc i ty  of  60 d e g re e s / s e c o n d  to the  r igh t .  
T h e  l igh ts  a r?  on  for 30 seco n d s  and  th e n  a re  ex t in g u ish ed  for  
th e  d u r a t io n  of  th e  s im u la t io n .

F o r  th e  u p r ig h t  c o n d i t io n  (F ig u re  3 .8 .2)  t h e r e  is no c ross-  
co u p l in g  p r e s e n t  and  th e r e f o r e  only the  yaw eye ve loc i ty  is 
shown. T h e  yaw ve loc i ty  jum ps  to 25 a t  th e  o n se t  o f  OKN and  
bu i ld s  slowly to a s teady  s ta te  va lue  o f  ap p ro x im a te ly  47.
W hen  the  l igh t  goes  off  O K AN  is in d u c e d  and  in the  absence  of 
th e  d i r e c t  pa thway th e r e  is d ro p  to  42 and  a decay to  4 seconds  
by the  end  of  the  s im u la t io n .

F ig u re  3.8.3 shows a s im u la t io n  fo r  an  an im a l  t i l t e d  50 
d eg re e s  f rom  th e  v e r t ic a l .  In  th is  case ,  t h e r e  is c ro ss -coup l ing  
f ro m  th e  yaw to  p i tc h  axis.  N o te  th a t  th e  r a t e  o f  decay  fo r  the  
yaw O K AN  is m o re  rap id  th a n  fo r  the  u p r ig h t  (F ig u re  3 .8.2) .

T h e  O K N  r e s p o n s e  fo r  p i tc h  is som ew hat  s u p p re s s e d  b u t  th e re  
is a s l ig h t  b u i ld u p .  D u r in g  O K AN  th e r e  is r i se  in ve loc i ty  to a p ­
p ro x im a te ly  40 d eg ree s  and  th e n  a decay.  F o r  a 90 d eg ree  t i l t  
(F ig u re  3 .8 .4)  the  decay  o f  yaw ve loc i ty  is f a s t e r  th a n  for  50 
d e g re e s  (F ig u re  3 .8 .3)  and  the  c ro ss -co u p l in g  is m ore  
p r o n o u n c e d .
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Tcan*'Tcan
L S

T@

F ig u re  3.8.1 T h re e  D im e n s io n a l  M ode l  o f  th e  v isua l  in p u t  
to the  ve loc i ty  s to r a g e  in te g ra to r .  T h e  s u r ro u n d  ve loc i ty  is 
r e p r e s e n t e d  by r. T h e  r e t in a l  slip s igna l  (e) ,  is t r a n s m i t t e d  
ce n t ra l ly  to  two e l e m e n t s .  O n e  is th e  d i r e c t  pa thw ay  th a t  is 
r e s p o n s ib le  fo r  r a p id  changes  in eye ve loc i ty .  T h e  second  
is the  v isua l  co u p l in g  to the  in t e g ra to r .  T can  t r a n s fo rm s  
f rom  h ea d  to  cana l  c o o rd in a te s  and Tcan-1  is the  
t r a n s f o r m a t io n  back .  H  is the  system  m a tr ix  r e p r e s e n t in g  
th e  dynam ics  a s s o c ia te d  with  th e  i n t e g r a to r .  O t  is the  
t r a n s f o r m a t io n  th a t  co n v e r t s  l in e a r  a c c e le r a t i o n  (grav i ty )  
m e a s u re d  w ith  r e s p e c t  to  a h ea d  r e f e r e n c e  f ram e ,  in to  
com m and  s igna ls  th a t  modify  H.
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MODEL PREDICTION: OKN, OKAN
Upright

YAW EYE VELOCITY
60

50

4 0

30

20

10

0 10 20 30 40 50 60
TIME

F ig u re  3.8.2 M ode l  P re d ic t i o n  fo r  OKN and  OKAN 
for  the  u p r ig h t  co n d i t io n .  N o te  the  ab sen ce  of  p i tc h  
ve loc i ty  s ince  t h e r e  is no c ro ss -co u p l in g  fo r  th is  
case .  T h e  t im e  c o n s ta n t  a s so c ia ted  with  OKAN was 
ch o sen  to  be 13 seconds .



MODEL PREDICTION: OKN, OKAN
50 degree tilt
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F ig u re  3.8.3 M ode l  P re d ic t io n  of  OKN and  OKAN for 
a t i l t  of  50 d e g re e s .  N o te  the  c ro ss -co u p l in g  f rom  yaw 
to  p i tc h  veloc i ty .
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MODEL PREDICTION: OKN, OKAN
90 degree tilt

PITCH EYE VELOCITY
6 0

5 0

4 0

3 0

20

10

6 050403 0200 10
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0 10 20 3 0 4 0 50 6 0
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F ig u re  3.8.4 M ode l  P re d ic t i o n  of  OKN and  O K A N  for  
a t i l t  o f  90 d eg ree s .  N o te  the  p ro n o u n c e d  c ro s s -c o u ­
p l ing  f rom  yaw to p i tch  velocity .
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T h e se  s im u la t io n s  show the  feas ib l i ty  o f  th e  m o d e l  to 
p r e d ic t  O K N  and  O K AN  for  var ious  o r ie n ta t io n s .
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3.9 Discussion and Extension of the Research

In th is  d i s s e r t a t i o n  a p r o c e d u r e  was d ev e lo p ed  for  i d e n ­
t ify ing  a t h r e e  d im e n s io n a l  m ode l  o f  ve loc i ty  s to ra g e  in th e  ves 
t ib u lo -  o c u la r  re f lex .  In  p a r t i c u la r  we have found  a c losed  
fo rm  so lu t io n  for  the  system  m atr ix  in te rm s  o f  i ts  e ig en v a lu es  
and  e ig e n v e c to r s .  The  ang le  of  the  yaw axis e ig e n v e c to r  f rom  
th e  s p a t ia l  v e r t i c a l  was found  to be s ign i f ican t  in  d e te rm in in g  
th e  sys tem  m atr ix .

We d e t e r m in e d  the  form  of  the  sys tem m a tr ix  by u t i l iz in g  
th e  c o r r e c t  c o o rd in a te  f ram es .  In  p a r t i c u la r ,  by tak ing  a d ­
v an tag e  o f  the  fac t  th a t  in the  e ig en v e c to r  bas is ,  the  system 
m a tr ix  is d iag o n a l  and chang ing  its e ig en v a lu es  is th e n  
s t r a ig h t fo rw a rd .  In a d d i t io n ,  b ecause  two o f  the  e ig e n v e c to r s  
r o t a t e d  w ith  the  h ead ,  exp ress ing  the  system m a tr ix  in h ea d  
c o o r d in a te s  g rea t ly  s im p l i f ied  the  form  of  the  sys tem  m atr ix .

T h e  p a r a m e te r s  of  the  sys tem m atr ix  w ere  o b ta in e d  f rom  
the  d a ta  by a n o n l in e a r  leas t  sq u a re s  m e th o d .  T h e  M a rq u a rd t  

a lg o r i th m  (M a r q u a r d t ,  1963) was m od if ied  to  a c c o m o d a te  v e c ­
to r  v a lu ed  fu n c t io n s  so th a t  the  e ig en v a lu es  and  e ig e n v e c to r s  
cou ld  be  c a lc u l a te d  easily .

O t h e r  m e th o d s  of  n o n l in e a r  le a s t  sq u a re s  w ere  co n s id e re d  
in c lu d in g  th e  G au ss -N e w to n  a lg o r i th m  and  se c a n t  m e th o d s  
(D e n n is  & S ch n ab e l ,  1983). S evera l  f ac to rs  m ade  th e  M a r ­
q u a r d t  m e th o d  s u p e r io r  to the  d am p ed  G auss  N ew to n  m e th o d .  
W h en  th e  G au ss -  N ew to n  s te p  is too  long th e  M a rq u a rd t  s te p  is 
n e a r  th e  g r a d ie n t  d e s c e n t  d i r e c t io n  and  is o f te n  b e t t e r  th a n  the  
G a u s s -N e w to n  s te p .  A lso  the  M a rq u a rd t  a lg o r i th m  is well
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d e f in e d  w hen  the  J a c o b ia n  m atr ix  (o f  p a r t i a l  d e r iv a t iv e s )  does  
n o t  have full  co lum n ran k  w h erea s  the  G a u ss -N ew to n  m e th o d  is 
no t .

T h e  se can t  m e th o d  (D e n n is ,  Gay & W elsh ,  1981) p e r fo rm s  
b e t t e r  th a n  the  M a rq u a rd t  m e th o d  on  small  r e s id u a l  p ro b le m s  
th a t  a re  c lose  to be ing  l in e a r  (D e n n is  & S ch n ab e l ,  1983). 
H ow ever ,  even  in th e se  cases ,  the  M a rq u a rd t  a lg o r i th m  has 
few er  l ine s  of  code  and  is less  complex .

U p d a te s  th a t  have b ee n  m ade  to the  M a rq u a rd t  a lg o r i th m  
have m ost ly  im p ro v ed  its  ro b u s tn e s s  (Pow el l ,  1975; O sb o rn e ,  
1976; M ore ,  1977). F o r  o u r  p ro b le m  we a re  no t  c o n c e rn e d  w ith  
f ind ing  any local  m in im um  so w e  ca n n o t  tak e  ad v a n tag e  of  th is  
f e a tu r e .  We have in s te a d  c o n c e n t r a t e d  on choos ing  a p ­
p r o p r i a t e  in i t ia l  p a r a m e t e r  v ec to rs  in o rd e r  to co n v e rg e  to  the  
b e s t  so lu t io n .

T h e  e x te n d e d  M a rq u a rd t  p ro c e d u r e  was a p p l ie d  to  c ro s s ­
c o u p le d  d a ta  f ro m  m onkeys.  T he  p r o c e d u r e  c o n f i rm e d  th a t  the  
yaw axis e ig e n v e c to r  s tayed  ap p ro x im a te ly  sp a t ia l ly  in v a r ian t .
I t  a lso  show ed  th a t  fo r  small  t i l t s  th e  yaw axis e ig e n v e c to r  
sh i f t e d  in  the  d i r e c t io n  o p p o s i t e  to  th e  t i l t  of  th e  h e a d  c o r ­
r e s p o n d in g  to h u m an  p e r c e p t i o n  of  the  sp a t ia l  v e r t ic a l .

T h e  p ro g ra m  which was d ev e lo p e d  to ana lyze  d a ta  f rom  
m onkeys  and  f ind  th e  e ig en v e c to r s  and  e ig en v a lu es  was shown 
to  be  a u se fu l  to o l  in s tu d ie s  of  the  th r e e  d im e n s io n a l  c h a ra c ­
t e r i s t i c s  of  th e  v e s t ib u lo -o c u lo  re f lex  (D a i  e t  al , 1990). F u r t h e r  
e x p e r im e n ta l  w ork  is r e q u i r e d  to  c o m p a re  th e  r e s u l t s  fo u n d  for  
a r b i t r a r y  o r i e n ta t io n s  to da ta .  F u r t h e r  m o d e l l in g  is also e s s e n ­
t ia l  to  ac co u n t  fo r  the  up down a ssy m et r ie s  and  o t h e r  n o n ­
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l in e a r i t i e s  n o t  c o n s id e re d  h e re .  This  sh o u ld  show how th e se  
p h e n o m e n a  im pac t  on the  o rg a n iz a t io n a l  s t r u c t u r e  of  th e  ves-  
t i b u lo -o c u la r  ref lex .  In  a d d i t io n ,  th e  f i t t in g  p r o c e d u r e s  can be  
im p ro v ed  by co n s id e r in g  s p o n ta n e o u s  nys tagm us and  se co n d a ry  
nystagm us.

S ince  the  p r o c e d u re  d e v e lo p e d  in th is  d i s s e r t a t i o n  is 
m o d e l  b a sed ,  secondary  nystagm us was n o t  c o n s id e re d .  T h e  
m o d e l  is a f i r s t  o rd e r  l in e a r  dynam ica l  sys tem  and  t h e r e f o r e  
co n ta in s  m odes  of  b eh a v io r  which do  no t  p r e d i c t  se co n d a ry  nys­
tagm us.  A su rp r i s in g  f e a tu re  of  th e  m e th o d  is th e  c lo seness  o f  
th e  f i t  d e s p i te  the  s im plic i ty  of  th e  m o d e l .  In  a d d i t io n ,  the  e f ­
fec ts  of  v isua l  s u p p re s s io n  w ere  no t  d e a l t  w ith  s ince  only the  
s t r u c t u r e  o f  ve loc i ty  s to rag e  was d e t e r m in e d  as a fu n c t io n  of  
gravity .  F u r t h e r  m o d e l l in g  and  b e h a v io ra l  s tu d ie s  shou ld  el-  
lu c id a te  th e  e f fec ts  o f  th e se  p h e n o m e n a .  To d e t e r m in e  a b e t t e r  
e s t im a te  o f  p r im ary  nystagmus,  one  cou ld  add  ex p o n e n t ia l s  to 
the  c losed  fo rm  so lu t ions  and th e n  co m p are  th e  d a ta  to the  au g ­
m e n te d  fu n c t io n s .  This  w ould  c o r r e s p o n d  to  a h ig h e r  o r d e r  sys­
tem .

T h e  e f fec ts  of  m ic rograv i ty  on OKN and  O K A N  have no t  

b e e n  d e t e r m in e d  conclusive ly .  A ssum ing  o u r  h y p o th e s is  th a t  it 
is gravity  which  m odif ies  th e  yaw axis e ig e n v e c to r ,  we can co n ­
c lude  th a t  in the  absence  o f  such a fo rce ,  t h e r e  will  be  no  c ro s s ­
coup l ing .  Th is  needs  to be  ex p lo red  f u r th e r  e x p e r im e n ta l ly .

In  sum m ary ,  we have d e v e lo p ed  a c o m p u ta t io n a l  p r o c e ­
d u re  to  id e n t i fy  the  p a r a m e te r s  of  the  sys tem m a tr ix  a s so c ia ted  
w ith  ve loc i ty  s to rag e  in th r e e  d im en s io n s .  T h is  sh o u ld  h e lp  in 
f u r t h e r  s tu d ie s  of the  v e s t ib u la r  system.
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APPENDIX A

Matrices and Linear Operators:

Suppose  { e l ,e 2 , . . . , e n }  is a bas is  o f  a v ec to r  space  V over  
a f ie ld  K and, for  v V, suppose  v = a l v l  + a2e2 + ... + anen .  
T h e n  th e  c o o rd in a te  v ec to r  of v r e la t iv e  to  {ei}, which  we w ri te  
as a co lum n 
v ec to r  is:

[v] = a l  

a2 

• • 
an

M atr ix  r e p r e s e n ta t i o n  o f  a l in e a r  o p e ra to r :

L e t  T  be a l in e a r  o p e r a to r  on  a v e c to r  space  V over  a 

f ie ld  K and  suppose  {ei} is a bas is  o f  V. Now T ( e l ) , . . . , T ( e n )  
a re  vec to rs  in V and  so each  is a l in e a r  co m b in a t io n  o f  the  ele* 
m en ts  o f  th e  bas is  {ei}.

T ( e l )  ■ a l l e l  + a l 2 e 2 + . . . +  a l n e n  
T (e 2 )  -  a 2 1 e l  + a22e2 + . . . +  a2 n e n

T (e n )  = a n l e l  + an2e2  + . . . +  an n e n  

D e f in i t io n :  T he  t r an sp o s e  of  the  above m a tr ix  of  co e f f ic ien ts ,
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is ca l led  the  m a tr ix  r e p r e s e n t a t i o n  of  T r e l a t iv e  to th e  bas is  

{ei}:

[T] = a l l  a21 ... a n l
a l 2 a 22  ... a n 2

a l n  a 2 n ... ann  

Change  of  Basis:

L e t  {ei} be a bas is  o f  V, and le t  {fi} be a n o t h e r  bas is .  
Suppose ,

f l  = a l l e l  + a l 2 e 2 + . . . +  a l n e n  
f2 = a 2 1 e l  + a2 2 e 2 + . . . +  a 2 nen

fn = a n l e l  + a n 2 e 2 + . . . +  an n e n

T h e  t r a n sp o s e  of  th e  above  m a tr ix  of  c o e f f ic ien ts  is the  t r a n s i ­

t io n  m a tr ix  f rom  th e  o ld  bas is  {ei} to the  new basis  {fi}:

[P] = a l l  a21 ... a n l  
a ! 2  a22  ... a n 2

a l n  a 2 n ... ann

P f l  = a l l e l  + ... + a l n e n

Since the  co lum ns o f  P a re  im ages  o f  fi, P is a m a tr ix  with  
r e s p e c t  to the  bas is{ f i} .  So P tak es  a v e c to r  w rt  {fi} to the
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sam e v e c to r  w rt  {ei}.  N o te :  s ince  the  v ec to rs  {fi} a re  l in ea r ly  
in d e p e n d e n t ,  the  m a tr ix  P is in v e r t ib le .  In  fact ,  i ts  in v e rse  P ’1 

is the  t r a n s i t io n  m a tr ix  f ro m  the  bas is  {fi} b ack  to th e  basis  
{ei}.

T h e o re m :  L e t  P be the  t r a n s i t io n  m a tr ix  f rom  a bas is  {ei} to a
basis  {fi} in a v ec to r  space  V. T h en ,  for  any v e c to r  v e V, P[v]f
= [v]e H en c e  [v]f = P ' 1 [v]e E v en  though  P is c a l le d  th e  t r a n s i ­
t io n  m a tr ix  f rom  the  old bas is  {ei} to the  new bas is  {fi}, its e f ­
fec t  is to t r a n s fo rm  th e  c o o rd in a te s  o f  a v e c to r  in  th e  new basis  
{fi} back  to the  c o o rd in a te s  in th e  old bas is  {ei}.

T he  next  th e o re m  shows how m atr ix  r e p r e s e n t a t i o n s  of  
l in e a r  o p e r a t o r s  a re  a f f ec ted  by a change  of bas is .

T h e o re m :  L e t  P be the  t r a n s i t i o n  m a tr ix  f rom  a bas is  {ei} to a
basis  {fi} in a v e c to r  space  V. T h e n  for any l in e a r  o p e r a t o r  T 
on V, [T]f = P ' 1 [T]eP. S im ila r i ty :  Suppose  A and  B a re  sq u a re  
m a t r i c e s  fo r  which  th e r e  exis ts  an in v e r t ib le  m a tr ix  P such th a t  
B = P _1AP. T h e n  B is sa id  to  be s im i la r  to A or  is sa id  to  be 
o b ta in e d  f rom  A by a s im i la r i ty  t r a n s fo rm a t io n .  A l in e a r  
o p e r a t o r  T  is sa id  to be d ia g o n a l i z a b le  i f  fo r  som e bas is  {ei} it 
is r e p r e s e n t e d  by a d ia g o n a l  m a tr ix ;  th e  bas is  {ei} is th e n  said 
to d ia g o n a l ize  T.

T h e o re m :  L e t  A be a m a tr ix  r e p r e s e n t a t i o n  of  a l in e a r  
o p e r a t o r  T. T h e n  T is d ia g o n a l i z a b le  iff t h e r e  exis ts  an  in v e r ­
t ib le  m a tr ix  P such  th a t  P _1AP is a d iagona l  m atr ix .  T h a t  is, T 
is d ia g o n a l iz a b le  iff its  m a tr ix  r e p r e s e n t a t i o n  can  be  d ia g o n a l -  
ized  by a s im i la r i ty  t r a n s fo rm a t io n .
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Eigenvalues and Eigenvectors:

L e t  T: V - - > V  be a l in e a r  o p e r a to r  on  a v e c to r  space  V 
over  a f ie ld  K. A sca la r  x e K is c a l led  an  e ig en v a lu e  of  T  if 
th e r e  exists  a n o n z e ro  v ec to r  v e V for which

T(v)  = kT(v)  = k(xv) = x(kv)

T h e  se t  of  al l such v ec to rs  is a su b sp ace  of  V ca l led  the  
e ig en sp a ce  of x.

If  A is an n - sq u a re  m a tr ix  over  K, th e n  an e ig en v a lu e  of  A 
m eans  an e ig en v a lu e  of  A viewed as an o p e r a t o r  on K. XeK is 
an e igenva lue  of  A if, for  som e n o n z e ro  (co lu m n )  v e c to r  ve K  ,

Av = xv

In th is  case  v is an e ig e n v e c to r  of  A b e lo n g in g  to  x.

T h e o re m :  An n - s q u a re  m a tr ix  A is s im ila r  to a d ia g o n a l  m a tr ix  
B iff A has  n l in ea r ly  in d e p e n d e n t  e ig en v ec to r s .  In  th is  case 
th e  d iag o n a l  e l e m e n ts  of  B are  th e  co r r e s p o n d in g  e ig en v a lu es .
In  th is  case,  if  we le t  P be th e  m a tr ix  whose co lum ns  a re  th e  n 
in d e p e n d e n t  e ig en v ec to r s  o f  A, th e n  B = P _1AP

D e f in i t io n :  T h e  c h a ra c te r i s t i c  po lynom ia l  o f  A: d e t  ( t l  - A)

T h e o re m :  S im ila r  m a t r ic e s  have th e  sam e c h a ra c te r i s t i c  p o ly n o ­
mial .

P roof :  S uppose  A and B a re  s im i la r  m a tr ice s ,  say B = P _1AP 
w here  P is in v e r t ib le .  We show th a t  A and  B have the  sam e



c h a ra c te r i s t i c  p o ly n o m ia l

n = p-1 tip

I t l  - B | =  | t l  - P*1A P |  =  | P -1 t IP  - P - 1A P |

=  IP ’ 1 ( t l - A ) P |  = IP*1 ! | t l - A |  | P |  
= I t l  - A |
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APPENDIX B

Euler Angles:

In o r d e r  to  specify the  o r i e n t a t i o n  of  a su b jec t  in space  
we use E u le r  ang les .  T hese  ang les  d e s c r ib e  th r e e  success ive

a n o th e r .  We f i r s t  ro ta te  the  xyz se t  o f  axes, by an angle  phi 
c o u n te rc lo c k w ise  ab o u t  the  z axis. T h en ,  we r o ta t e  the  new se t  

o f  axes ab o u t  the  new x axis co u n te rc lo ck w ise  by an ang le  of  
th e ta  , to p ro d u c e  yet a n o th e r  se t  o f  axes.  F inally ,  we r o t a t e  
ab o u t  the new z, coun te rc lockw ise  by th e  angle  psi . T h e r e ­
fo re  the  ang les  ph i ,  th e ta ,  and  psi  co m p le te ly  specify  the  t r a n s ­

fo rm a t io n .  We express  this t r a n s f o r m a t io n  as th e  p ro d u c t  of 
th r e e  ro ta t io n s ,  each of which is a m atr ix .

A = BCD, where

ro ta t io n s  in  o r d e r  to t r an s fo rm  form  o n e  c o o rd in a te  system to

cos<t>
D = - s in 4> 

0

sin<(>
cos<|>
0

0
0
1

1
C = 0

0
cose
-sine

0
sine | 
cosei

cos<j> sin*
B = -sin«j> cos* 

0 0

0
0
1
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T he  p ro d u c t  A = BCD:

cos<j< cos<{>-cosesin<t>sini}i cos«|>sin<}> + cosecos<t>sin»}> s in^s ine
-sin«|» co s4>-cosesinicosi(;  -sint)#sin4» + cosecos<t>cosi|r cos+sine

sinesin<$> -sinecos<t> cose

This  p a r t i c u l a r  t r a n s fo rm a t io n  is a co n v e n t io n ,  and  is 
so m ew h a t  a rb i t r a ry .  We choose  th is  sys tem  b ec au se  it coin 
c ides  with ou r  e x p e r im e n ta l  e q u ip m e n t .

z z'

■►y

X
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APPENDIX C
C O M P U T E R  PR O G R A M  U S E D  TO  IM PL E M E N T  T H E  3-D  M O D E L

c
C / *  3D MODEL * /
C / *  DEFINE THE ROTATION MATRIX, GIVEN THE 3 ANGLES * /
C / *  P H I,T H E T A , AND P S I  (EULER ANGLES) * /
C / *  THEN GIVEN THE IN IT IA L  H MATRIX FOR THE UPRIGHT * /
C / *  CASE, CALCULATE THE NEW H , AFTER ROTATION * /
C / *  * /
C / *  THE NEW SYSTEM MATRIX ROTATES 2 OF THE * /
C / *  EIGEN VECTORS, BUT THE BODY VERTICAL * /
C / *  MAINTAINS SPA TIA L VERTICAL -  THAT I S  I T  DOES NOT * /
C / *  ROTATE AT A LL, OR VERY SLIG H TLY. * /
C
C / *  SOME ASSUMPTIONS: WE ASSUME THAT THE SUBJECTI * /
C / *  I S  PO SITIONED SO THAT THE X -A X IS  COMES OUT OF * /
C / *  LEFT EAR, THE Y -A X IS  OUT OF THE BACK OR H IS  H EAD */
C / *  AND THE Z -A X IS  OUT OF THE TOP OF H IS  HEAD. * /
C / *  FURTHERMORE, WE ASSUME THAT PO SIT IV E  ROTATIONS * /
C / *  ARE TO THE LEFT, WHEREAS NEGATIVE ROTATIONS ARE * /
C / *  TO THE RIG HT. * /
C 
C

REAL ROT( 3 , 3 )
REAL HORIG( 3 , 3 )
/ *  INVERSE ROT * /
REAL I RO T ( 3 , 3 )
REAL E l  ( 3 )
REAL E 2 ( 3 )
REAL E 3 ( 3 )
REAL H ( 3 , 3 )
/ *  FOR NEG ROTS * /
REAL HNEG( 3 , 3 )
REAL P ( 3 , 3 )
REAL P I N V ( 3 , 3 )
REAL R ( 3 , 3 )
REAL R I N V ( 3 , 3 )
REAL TCAN( 3 , 3 )
REAL TC A N I ( 3 , 3 )
REAL HCAN( 3 , 3 )
REAL V I S N ( 3 , 3 )
/ *  IN  CANAL COORD * /
REAL V I S N C ( 3 , 3 )
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REAL RETSLP(3)
REAL EYEVL(3)
REAL TEMP(3,3)
REAL TEMPV(3)
REAL HPRIME(3,3)
REAL NEWH(3,3)
REAL ROTLST(3,3)

c /* INTEGR STATE */
REAL INTSTE(3)

c /* DERIVATIVE OF X */
REAL XDOT(3)

c /* INITIAL VALUE FOR STATE */
REAL STINIT(3)

c /* STATE IN CANAL COORDINATES
REAL INTCAN(3)

c /* SURROUND VELOCITY */
REAL SURVEL(3)

c /* DRUM ORIENTATION */
REAL ALPHA
REAL BETA
REAL GAMMA-

c /* STATE OF LIGHT */
INTEGER LIGHT
REAL TIMINC
REAL XOUT(601,3)
REAL YOUT(601,3)
REAL HGOUT(240,3)
REAL PI
INTEGER I
INTEGER J
INTEGER K
REAL PHI
REAL PSI
REAL THETA

c
INTEGER INCRS
INTEGER ITIMFRS

c
INTEGER ITERS
INTEGER LENGTH
REAL INCAMT
REAL TLTDEG
REAL TLTINC
REAL MINTIM
REAL MAXTIM
REAL EVMVP



REAL EVMHP
REAL VRTLTP

C /* MAX EIGENVALUE VERTICAL */
REAL MXEWP
REAL MNEWP
REAL MXEVHP
REAL MNEVHP

C /* MAX VERTICAL EIGENVECTOR TILT */
REAL MXVTLP
REAL MNVTLP

C /* EIGENVALUES AND VECTORS FOR NEGATIVE ROTATIONS */ 
REAL EVMDVN
REAL EVMDHN
REAL VRTLTN

C /* MAX EIGENVALUE VERTICAL */
REAL MXEWN
REAL MNEWN
REAL MXEVHN
REAL MNEVHN

C /* MAX VERTICAL EIGENVECTOR TILT */
REAL MXVTLN
REAL MNVTLN
REAL XMXTIM
REAL XMNTIM
REAL ZMXTIM
REAL ZMNTIM
REAL XMXVAL
REAL ZMXVAL
REAL XMNVAL
REAL ZMNVAL
COMMON PHI, THETA,PSI, R , RINV, P, PINV, TCAN, TCANI, HCAN 
COMMON/A/VISN,TIMINC 
OPEN (5,FILE= ' ')
OPEN (6, FILE*® ' ')
OPEN (7, FILE®* ' ')

C
C
C
C /* INITIALIZATION - READ IN THE GLOBAL PARAMETERS */
C
C /* READ IN THE ORIGINAL SYSTEM MATRIX WITH THE EIGENVALUES */
C /* FOR THE UPRIGHT POSITION 
* /

1 FORMAT (G10.3)
2 FORMAT (G10.3,G10.3)



140
READ (5,3) ((HORIG(I,J),J=1,3),1=1,3)

3 FORMAT (610.3,G10.3,G10.3)
4 FORMAT (12)

C
C /* READ IN THE VISUAL COUPLING MATRIX */

READ (5,3) ((VISN(I,J),J=1,3),1=1,3)
C
C
C /* READ IN MAX AND MIN EIGENVALUES FOR POS ROTATIONS */ 

READ (5,2) M X E W P , MNEWP 
READ (5,2) MXEVHP,MNEVHP 

C /* READ IN MAX AND MIN OF VERTICAL EIGENVECTOR TILT FOR 
POS ROT */

READ (5,2) MXVTLP,MNVTLP 
C /* READ IN MAX AND MIN EIGENVALUES FOR NEG ROTATIONS */ 

READ (5,2) M X E W N ,MNEWN 
READ (5,2) MXEVHN,MNEVHN 

C /* READ IN MAX AND MIN OF VERTICAL EIGENVECTOR TILT FOR 
NEG ROT */

READ (5,2) MXVTLN,MNVTLN 
READ (5,4) ITIMFRS

C
C
C /* FORM TCAN - THE TRANSFORMATION FROM HEAD TO CANAL 
COORDINATES */
C

CALL CRROT (TCAN,0.0,-15.0,45.0)
CALL TRSPSE (TCAN,TCANI,3)
WRITE(6, 1000)

1000 FORMAT(/,' ','TCAN: TRANSFORMATION TO CANAL 
COORDINATES' )

CALL PRMAT (TCAN)
WRITE(6, 1010)

1010 FORMAT(/,' ','TCANI: TRANSFORM. FROM CANAL 
COORDINATES' )

CALL PRMAT (TCANI)
C 
C 
C

WRITE (6, 1020) MNEWP 
1020 FORMAT(/,' ','MINIMUM 

' , F 1 0 . 3 )
WRITE (6, 1030) MXEWP 

1030 FORMAT(/,' ','MAXIMUM ',F10.3 )
WRITE(6, 1040) MNEVHP 

1040 FORMAT(/,' ','MINIMUM

POS VERTICAL EIGENVALUE I S  

POS VERTICAL EIGENVALUE I S  

POS HORIZONTAL EIGENVALUE I S



' , F 1 0 . 3  )
W RITE( 6 ,  1 0 5 0  

1 0 5 0  FORMAT( / , '
' , F 1 0 .3  )

W RITE( 6 ,  1 0 6 0  
1 0 6 0  FORMAT( / ,  '

W RITE( 6 ,  1 0 7 0  
1 0 7 0  FORMAT( / , '

W RITE( 6 ,  1 0 8 0  
1 0 8 0  FORMAT( / , '  

' , F 1 0 . 3  )
W RITE( 6 ,  1 0 9 0  

1 0 9 0  FORMAT( / , '
' , F 1 0 .3  )

W RITE( 6 ,  1 1 0 0  
1 1 0 0  FORMAT( / , '

' , F 1 0 . 3  )
W RITE( 6 ,  1 1 1 0  

1 1 1 0  FORMAT( / , '
'  , F 1 0 .3  )

W RITE( 6 ,  1 1 2 0  
1 1 2 0  FORMAT( / , '

W RITE( 6 ,  1 1 3 0  
1 1 3 0  FORMAT( / , '

C
W RITE( 6 ,  1 1 4 0  

1 1 4 0  F O R M A T (/, '0  
W RITE( 6 ,  1 1 5 0  

1 1 5 0  FORMAT( / , '
CALL PRMAT (HORIG) 
W RITE( 6 ,  1 1 6 0  

1 1 6 0  FORMAT( / , '
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MXEVHP
,'MAXIMUM POS HORIZONTAL EIGENVALUE IS 

MNVTLP
,'MINIMUM POS VERTICAL TILT IS ',F10.3 ) 

MXVTLP
,'MAXIMUM POS VERTICAL TILT IS ',F10.3 ) 

MNEWN
,'MINIMUM NEG VERTICAL EIGENVALUE IS 

MXEWN
,'MAXIMUM NEG VERTICAL EIGENVALUE IS 

MNEVHN
,'MINIMUM NEG HORIZONTAL EIGENVALUE IS 

MXEVHN
,'MAXIMUM NEG HORIZONTAL EIGENVALUE IS 

MNVTLN
,'MINIMUM NEG VERTICAL TILT IS ',F10.3 ) 

MXVTLN
,'MAXIMUM NEG VERTICAL TILT IS ',F10.3 )

z'H: ORIGINAL SYSTEM MATRIX' )

,'VISN: VISUAL COUPLING MATRIX' )
CALL PRMAT (VISN)
READ (5,3) PHI,THETA,PSI 
WRITE(6, 1170)

1170 FORMAT(/,' ','EULER ANGLES, PHI, THETA, PSI: ') 
WRITE(6, 1180) PHI, THETA,PSI

1180 FORMAT(/,' ',F5.0,F5.0,F5.0 )
READ (5,3) SURVEL 
READ (5,4) LENGTH 
READ (5,1) TIMINC 

. ITERS - LENGTH/TIMINC 
WRITE(6, 1190) TIMINC 

1190 FORMAT(/,' ','TIME INCREMENT IS ',F10.3 )
WRITE(6, 1200) LENGTH

1200 FORMAT(/,' ','LENGTH OF EXPERIMENT IS ',12,'



SECONDS' )
EVMVP = ABS (MNEWP - MXEWP) *THETA/90.0 
VRTLTP = ABS(MNVTLP - MXVTLP) *THETA/90.0 
EVMHP = ABS(MNEVHP - MXEVHP) *THETA/90.0

C
WRITE(6, 1210) VRTLTP 

1210 FORMAT(/,' ','VERTICAL EVECTOR FOR POS ROT IS
TILTED',F3.0 )

EVMDVN = ABS (MNEWN - MXEWN) * THETA/9 0.0 
VRTLTN = ABS(MNVTLN - MXVTLN) *THETA/90.0 
EVMDHN = ABS(MNEVHN - MXEVHN) *THETA/90.0

C
WRITE(6, 1220) VRTLTN 

1220 FORMAT(/,' ','VERTICAL EVECTOR FOR NEG ROT IS 
TILTED',F3.0 )
C
C

WRITE( 6, 1230)
1230 FORMAT(/,'l' )

WRITE(6, 1240) THETA
1240 FORMAT(/,' ','TILT OF',F5.0,' DEGREES' )

CALL MATEQ (HPRIME,HORIG)
C /* MAKE SOME ASSUMPTlbNS FOR UPRIGHT CASE */

CALL MATEQ (H,HORIG)
C /* CHECK IF UPRIGHT - IF SO SKIP ALOT OF PROCESSING */ 

IF (.NOT.(ABS(PHI) + ABS(THETA) + ABS(PSI) .NE.O )) GOTO 490
C /* FORM THE SYSTEM MATRIX H */

CALL CRRTH (H ,ROT,VRTLTP,EVMVP,EVMHP,HPRIME)
CALL MATEQ (HPRIME,HORIG)
CALL CRRTH (HNEG,ROT,VRTLTN,EVMDVN,EVMDHN,HPRIME) 

490 CONTINUE 
C /* INPUT CHARGED */

CALL VECTEQ (STINIT,SURVEL)
C /* PUT INITIAL STATE INTO CANAL COORDINATES */
C /* CALL MULTMV (TCAN,SURVEL, INTCAN) ? */
C /* GVET VERSION IN CANAL COORDINATES */
C /* CALL MATMUL (TCAN,VISN,VISNC)? */
C /* CALL MULTMV (VISNC,INTCAN,INTSTE)? */

DO 5 1 =  1,3
XOUT (1,1) = 0 
YOUT (1,1) = 0 

5 CONTINUE
C /* CALL MULTMV (TCANI,INTSTE,TEMPV); */
C /* TEMPV; */
C
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C /* GO THROUGH THE TIME FRAMES, CALLING THE MODEL AT */
C /* EVERY ITERATION. */

DO 10 I = 1,ITIMFRS
READ (5,4) LIGHT 
WRITE(6, 1250) LIGHT 

1250 FORMAT(/,' ','LIGHT STATUS IS: ',12 )
CALL MODEL (H,HNEG,STINIT,LIGHT,EYEVL,INTSTE)

C /* STINIT « EYEVL;*/
DO 15 J = 1,3
STINIT (J) = EYEVL (J)

15 CONTINUE 
10 CONTINUE 

RETURN 
END
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SUBROUTINE CRRTH(H ,ROT,VRTTLT,EVMODV,EVMODH,HPRIME)
C /* PROCEDURE TO CREATE THE SYSTEM H MATRIX IN */
C /* CANAL COORDINATES */

REAL H(3,3)
REAL ROT(3,3)
REAL ROTLST(3,3)
REAL HPRIME(3,3)
REAL VRTTLT
REAL EVMODV
REAL EVMODH
REAL NEWH(3,3)
REAL TEMP(3,3)
COMMON

PHI,THETA,PSI,R(3,3),RINV(3,3),P(3,3),PINV(3,3),
X TCAN (3,3) , TCANI (3,3) , HCAN (3,3)

C
CALL CRROT (ROT,PHI,THETA,PSI)

C /* R IS THE ROTATION MRIX WHICH PUT US IN THE MONKEY'S 
* /
C /* COORDINATE SYSTEM */

CALL MATEQ (R,ROT)
C /* INVERSE OF R */

CALL INV (R,RINV)
C

CALL CRROT (ROTLST,PHI,VRTTLT,PSI)
CALL CRRTP (P,ROT,ROTLST)

C /* P(*,3) = ROTLST (*,3);*/
C /* ROTATE LAST COL SLIGHTLY */

WRITE(6, 1260)
1260 FORMAT(/,' O '  )

WRITE(6, 1270)
1270 FORMAT(/,' ','ROTATION MATRIX' )

CALL PRMAT (ROT)
WRITE(6, 1280)

1280 FORMAT(/, ' 0 ' )
WRITE(6, 1290)

1290 FORMAT(/,' ','P: EIGENVECTOR MATRIX' )
CALL PRMAT (P)
WRITE(6, 1300)

1300 FORMAT(/,'0' )
CALL INV (P,PINV)
CALL MATMUL (RINV,P,TEMP)
WRITE(6, 1310)

1310 FORMAT(/,.' ' ,'RINV * P' )
CALL PRMAT (TEMP)
HPRIME (1,1) - HPRIME (1,1) + EVMODV
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HPRIME (3,3) = HPRIME (3,3) - EVMODH 
WRITE(6, 1320)

1320 FORMAT(/,' ','HPRIME; EIGENVALUE MATRIX AFTER ROTATION' )
CALL PRMAT (HPRIME)
WRITE(6, 1330)

1330 FORMAT(/,' O '  )
C

CALL MATMUL (HPRIME,PINV,TEMP)
CALL MATMUL (P,TEMP,NEWH)
WRITE(6, 1340)

1340 FORMAT(/,' ','NEWH: SYSTEM H MATRIX AFTER ROTATION'
)

CALL PRMAT (NEWH)
C /* NOW PUT H MATRIX INTO MONKEY COORDINATE SYSTEM */
C /* NEWH = RINV*NEWH*R */
C

CALL MATMUL (NEWH,R,TEMP)
CALL MATMUL (RINV,TEMP,NEWH)

C
CALL MATEQ (H,NEWH)
DO 5 I = 1,3 

DO 6 J = 1,3
IF (ABS(H(I,J)).LT.0.001)H(I,J)=0.

6 CONTINUE 
5 CONTINUE
WRITE(6, 1350)

1350 FORMAT(/,' ','H: SYSTEM H MATRIX IN MONKEY FRAME' ) 
CALL PRMAT (H)

C
C /* PUT THE SYSTEM MATRIX INTO CANAL COORDINATES */

CALL MATMUL (TCAN,NEWH,TEMP)
CALL MATMUL (TEMP,TCANI,HCAN)
WRITE(6, 1360)

1360 FORMAT(/,' ','HCAN: SYSTEM MATRIX IN CANAL FRAME' ) 
CALL PRMAT (HCAN)
RETURN
END

C
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SUBROUTINE CRROT(ROT,PHI,THETA,PSI)
C
C /* CREATE ROTATION MATRIX GIVEN THE 3 EULER ANGLES */ 
C

REAL ROT(3,3)
REAL PHI
REAL THETA
REAL PSI

C
ROT (1,1) = COSD (PSI)*COSD(PHI) - 

COSD(THETA)*SIND(PHI)*SIND(PSI)
ROT (2,1) - COSD(PSI)*SIND(PHI) +

COSD(THETA)*COSD(PHI)*SIND(PSI)
ROT (3,1) = SIND (PSI) * SIND (THETA)

C
ROT (1,2) = - SIND(PSI)*COSD(PHI)

-COSD(THETA)*SIND(PHI)*COSD(PSI)
ROT (2,2) = - SIND(PSI)*SIND(PHI)

+COSD(THETA)*COSD(PHI)*COSD(PSI)
ROT (3,2) = COSD (PSI) * SIND (THETA)

C
ROT (1,3) = SIND(THETA)*SIND(PHI)
ROT (2,3) = - SIND (THETA)*COSD(PHI)
ROT (3,3) = COSD (THETA)
RETURN
END

C
SUBROUTINE CRRTP(P,ROT,ROTLST)

C
C /* CREATE THE P MATRIX - ROTATED EIGENVECTOR MATRIX */
C /* ROTATING THE VERTICAL DIFFERENTLY THAN OTHER 2
* /
C

REAL P(3,3)
REAL ROT(3,3)
REAL ROTLST(3,3)

c
c /* P(*,l) - ROT (*,1)? */
c /* P(*,2) = ROT (*,2)? */
c /* P(*,3) ■ ROTLST (*,3)?*/

DO 20 I = 1,3
P (1,1) - ROT (1,1)
P (1,2) » ROT (1,2)
P (1,3) * ROTLST (1,3)

20 CONTINUE
RETURN
END
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FUNCTION DET33(A)
C
C /* CALCULATE THE DETERMINANT OF THE GIVEN 3 3 
* /
C

REAL A(3,3)
C

DET33 =* (A(1,1)*A(2,2)*A(3,3) +
X A(1,2)*A(2,3)*A(3,1) +
X A(l, 3) *A(2, 1) *A(3, 2) -
X A(1,3)*A(2,2)*A(3,1) -
X A(1,2)*A(2,1)*A(3,3) -
X A(1,1)*A(2,3)*A(3,2) )
RETURN
END

C
SUBROUTINE HGCONV (XIN,OUT,N,M,K)
DIMENSION XIN(N,3)/OUT(M/3)
J =1
DO 10 I =1,N-K,K

OUT(J,l) = XIN (1,1)
OUT(J,2) = XIN (1,2)
OUT(J,3) = XIN (1,3)
J = J + 1 

10 CONTINUE
PRINT *,'I,J= #,I,J
RETURN
END

3 MATRIX



148
SUBROUTINE INV(A,B)
C
C /* CALCULATE THE INVERSE OF A AND PUT RESULT IN B */
C

REAL A(3,3)
REAL B(3,3)
REAL C (3,3)
REAL DET

C
DET = DET33 (A)
IF (.NOT.(DET .EQ. 0 )) GOTO 500
WRITE( 6, 1370)

1370 FORMAT(/,' ','DET IS ZERO - INVERSE CANNOT BE 
CALCULATED' )

STOP
C
C

500 CONTINUE
C /* FIND THE CLASSIC ADJOINT AND SAVE TEMPORARILY IN
B */

B ( l , 1 ) a A ( 2 , 2 ) * A ( 3 , 3 ) -  A ( 2 , 3 )  * A ( 3 , 2 )
B ( l , 2 ) a - A ( 2 , 1 ) * A ( 3 , 3 ) +  A ( 2 , 3 )  * A ( 3 , 1 )
B ( l , 3 ) a A ( 2 , 1 ) * A ( 3 , 2 ) -  A ( 2 , 2 )  * A ( 3 , 1 )

B ( 2 , 1 ) = - A  ( 1 , 2 ) * A ( 3 , 3 ) +  A ( 1 ,  3 ) *A ( 3 , 2 )
B ( 2 , 2 ) = A ( l , 1 ) * A ( 3 , 3 ) -  A ( l ,  3 )  * A ( 3 , 1 )
B ( 2 , 3 ) = “ A ( l , 1 ) * A ( 3 , 2 ) +  A ( l ,  2 )  * A ( 3 , 1 )

B ( 3 , 1 ) a A ( 1 , 2 )  *A ( 2 , 3 ) -  A ( 1 , 3 )  * A ( 2 , 2 )
B ( 3 , 2 ) a “ A ( l ,  1 )  * A ( 2 , 3 ) +  A ( l ,  3 )  * A ( 2 , 1 )
B ( 3 , 3 ) a A ( l ,  1 )  * A ( 2 , 2 ) -  A ( l , 2 ) * A ( 2 , 1 )

/ *  PUT INVERSE IN  B BY D IV ID IN G  BY DET
CALL TRSPSE (B,C,3)

C /* B » C;*/
DO 25 I =« 1,3
DO 30 J - 1,3
B(I,J) - C(I,J) 
B(I,J) - B(I,J)/DET 

30 CONTINUE 
25 CONTINUE

C
C /* B = B / DET;*/

RETURN 
END



o 
u

SUBROUTINE INTEGR( X , XDOT, TIMINC)

X(I) = X(I) + XDOT(I) * TIMINC
C

35 CONTINUE 
RETURN 
END

REAL
REAL
REAL

X(3) 
XDOT(3) 
TIMINC 
I 
J

INTEGER
INTEGER

DO 35 I = 1,3



150
SUBROUTINE MATEQ (A/B)

REAL A(3,3)
REAL B(3,3)
INTEGER I
INTEGER J
DO 40 I = 1,3
DO 45 J = 1,3
A (I,J) - B(I,J)

45 CONTINUE 
40 CONTINUE 

RETURN 
END

SUBROUTINE MATMUL(A,B,C)
REAL A(3,3)
REAL B(3,3)
REAL C(3,3)
REAL SUM
INTEGER I
INTEGER J
INTEGER K
N = 3
DO 50 I = 1/N
DO 55 J = 1,N
SUM = 0
DO 60 K = 1,N
SUM = SUM[ + A (I,K) * B

60 CONTINUE
C (I,J) = SUM

55 CONTINUE
50 CONTINUE

RETURN
END



SUBROUTINE MAXMIN(A, MAXVAL,MAXTIM,MINVAL,MINTIM) 
REAL A ( 3 )
REAL MAXVAL
REAL MINVAL
REAL MAXTIM
REAL MINTIM
INTEGER I
INTEGER N

C
MAXVAL =  A (1 )
MINVAL =  A (1 )
MAXTIM «  0 
MINTIM =  0 
N =  3

C
DO 6 5  I  =  1 ,  N
I F  ( . N O T . ( A ( I )  .G T . MAXVAL ) )  GOTO 5 1 0
MAXTIM =  I  
MAXVAL =  A ( I )

5 1 0  CONTINUE
I F  ( . N O T . ( A ( I )  .L T .  MINVAL ) )  GOTO 5 2 0
MINTIM =  I  
MINVAL =  A ( I )

5 2 0  CONTINUE 
6 5  CONTINUE 

RETURN 
END



SUBROUTINE MODEL(HPOS, HNEG,SURVEL,LIGHT,EYEVL,INTSTE)
REAL SURVEL( 3 )
REAL HPOS( 3 , 3 )
REAL HNEG( 3 , 3 )
REAL EYEVL( 3 )
REAL IN T S T E ( 3 )
REAL H ( 3 , 3 )
REAL R V ( 3 )
REAL VF ( 3 )
REAL V N ( 3 )
REAL H V ( 3 )
REAL R ETSLP( 3 )
REAL X D O T(3)
REAL TEMPV( 3 )
REAL X O U T ( 6 0 1 , 3 )
REAL Y O U T ( 6 0 1 , 3 )
REAL HGOUT( 1 2 0 , 3 )
REAL G l
INTEGER I
INTEGER LIGHT
COMMON/A/VISN(3,3),TIMINC

C
61 = 0.55 
DO 4 I = 1,3 

RV (I) = 0 
4 CONTINUE

WRITE(6, 1000) SURVEL 
1000 FORMAT(/,' ','SURVEL= ', F10.3 )

C /* XDOT = N(E) + HX */
IF (.NOT.(LIGHT .EQ. 1 )) GOTO 490
CALL MULTMV (VISN,SURVEL,XDOT)
DO 5 1 =  1,3
INTSTE(I) = 0

C /* INITIAL CASE */
VF(I) = (G1 * SURVEL(I)) / (1 + Gl) 
EYEVL(I) = VF(I)

5 CONTINUE 
490 CONTINUE

IF (.NOT.(LIGHT .EQ. 0 )) GOTO 500
DO 10 I = 1,3
XDOT(I) » SURVEL(I)
EYEVL(I) = INTSTE(I) + RV(I)

10 CONTINUE 
500 CONTINUE

DO 15 J = 1,3
RV(J) = 0
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1 5  CONTINUE 

ITER S =  6 0 1  
C / *  XOUT ( 1 , * )  =  IN TSTE? * /

DO 2 0  I  =  1 , 3
XOUT ( 1 , 1 )  =  INTSTE ( I )
YOUT ( 1 , 1 )  =  E Y E V L (I)

2 0  CONTINUE
C

DO 2 5  I  =  2 , ITERS
DO 3 0  J  *  1 , 3
V N (J )  =  IN T S T E (J )  +  R V (J )
E Y E V L (J) =  V N (J )

3 0  CONTINUE
CALL MATEQ (H ,H PO S)
CALL INTEGR (IN T ST E ,X D O T ,T IM IN C )

C / *  VERTICAL COMPONENT * /
I F  ( .N O T .( I N T S T E ( 1 )  .L T . 0 ) )  GOTO

C / *  CHANGE DYNAMICS * /
CALL MATEQ (H,HNEG)

5 1 0  CONTINUE
CALL MULTMV (H ,IN T ST E ,T E M PV )
CALL VECTEQ (XDOT,TEMPV)
I F  ( .N O T .(L IG H T  .E Q . 1  ) )  GOTO 5 2 0
DO 3 5  J  =  1 , 3
R E T S L P (J) =  SU R V E L (J) -  V F (J )  -  IN T S T E (J )  
V F (J )  =  G l  * R E T S L P (J )
E Y E V L (J) =  V N ( J )  +  V F (J )

C
3 5  CONTINUE

CALL MULTMV (V ISN ,R E T SL P,T E M PV )
DO 4 0  J  =  1 , 3
X D O T(J) «  X D O T (J) +  TEM PV(J)

4 0  CONTINUE 
5 2 0  CONTINUE

DO 4 5  J  =  1 , 3
Y O U T (I ,J )  =  E Y E V L (J)
X O U T (I ,J )  =* VN ( J )

4 5  CONTINUE 
2 5  CONTINUE

CALL PRDIAG (XOUT,YOUT)
C CALL PRMXMN

CALL HGCONV (YOUT,HGOUT,6 0 1 , 1 2 0 , 5 )
CALL PRTVEL (HGOUT,1 2 0 , 1 , TIM INC)
RETURN
END

C

510
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SUBROUTINE M ULTM V(H,X,Y)
C
C / *  MULTIPLY MATRIX H BY VECTOR X AND PUT RESULTING VECTOR 
IN  Y * /
C

REAL H ( 3 , 3 )
REAL X ( 3 )
REAL Y (3 )
INTEGER I
INTEGER J

DO 1 1 1  I  =  1 , 3
Y ( I )  =  0

CONTINUE
DO 1 1 0  I  = 1 , 3
DO 1 1 5  J  = 1 , 3
Y ( I )  =  Y ( I )  + H ( I , J )

1 1 5  CONTINUE 
1 1 0  CONTINUE 

RETURN 
END

C
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SUBROUTINE PRDIAG(XOUT, YOUT)

REAL XOUT ( 6 0 1 , 3 )
REAL YOUT ( 6 0 1 , 3 )

W RITE( 6 ,  1 3 9 0 )
1 3 9 0  FORMAT( / , '  ' , 'S T A T E X ' ,  'S T A T E Y ', 'ST A T E Z ' )

W RITE( 6 ,  1 4 0 0 )  X O U T ( l ,1 ) ,  X O U T ( l ,2 ) ,  X O U T ( l ,3 )
1 4 0 0  FORMAT( / , '  ' , ' 0  SE C S: ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )

WRITE( 6 ,  1 4 1 0 )  XOUT( 2 , 1 ) ,  X O U T ( 2 ,2 ) ,  X O U T (2 ,3 )
1 4 1 0  FORMAT( / , '  ' , ' . 0 5  SE C S: * , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )

W RITE( 6 ,  1 4 2 0 )  X O U T ( 6 1 , l ) ,  X O U T ( 6 1 ,2 ) ,
XOUT( 6 1 , 3 )

1 4 2 0  FORMAT( / , '  ' , ' 3  SE C S: ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )
W RITE( 6 ,  1 4 3 0 )  X O U T ( 1 0 1 ,1 ) ,  X O U T ( 1 0 1 ,2 ) ,

XOUT( 1 0 1 , 3 )
1 4 3 0  FORMAT( / , '  ' , ' 5  SE C S: ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )

W RITE( 6 ,  1 4 4 0 )  X O U T ( 2 5 1 , l ) ,  X O U T ( 2 5 1 ,2 ) ,
XOUT( 2 5 1 , 3 )

1 4 4 0  FORMAT( / , '  ' , ' 1 2 . 5  S E C S I* , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )
W RITE( 6 ,  1 4 5 0 )  X O U T ( 5 0 1 ,1 ) ,  X O U T ( 5 0 1 ,2 ) ,

XOUT( 5 0 1 , 3 )
1 4 5 0  FORMAT( / , '  ' , ' 2 5  SE C S: ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )

WRITE( 6 ,  1 4 6 0 )  X O U T ( 6 0 1 ,1 ) ,  X O U T ( 6 0 1 ,2 ) ,
XOUT( 6 0 1 , 3 )

1 4 6 0  FORMAT( / , '  ' , ' 3 0  SE C S: ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )
W RITE( 6 ,  1 4 7 0 )

1 4 7 0  FORMAT( / , '  ' , 'V E L O C X ', 'V E L O C Y ', 'V E L O C Z ', 'ANALX'
)

W RITE( 6 ,  1 4 8 0 )  Y O U T ( l , l ) ,  Y O U T ( l ,2 ) ,  Y O U T ( l ,3 )
1 4 8 0  FORMAT( / , '  ' , ' O S E C S :  ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )

W RITE( 6 ,  1 4 9 0 )  Y O U T ( 2 , l ) ,  Y O U T ( 2 ,2 ) ,  Y O U T (2 ,3 )
1 4 9 0  FORMAT( / , '  ' , ' . 0 5  SE C S: ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )

W RITE( 6 ,  1 5 0 0 )  YOUT( 6 1 , 1 ) ,  Y O U T ( 6 1 ,2 ) ,
YOUT( 6 1 , 3 )

1 5 0 0  FORMAT( / , '  ' , ' 3  SE C S: * , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )
W RITE( 6 ,  1 5 1 0 )  YOUT( 1 0 1 , 1 ) ,  Y O U T ( 1 0 1 ,2 ) ,

YOUT( 1 0 1 , 3 )
1 5 1 0  FORMAT( / , '  ' , ' 5  SE C S: ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )

W RITE( 6 ,  1 5 2 0 )  Y O U T ( 2 5 1 , l ) ,  Y O U T ( 2 5 1 ,2 ) ,
YOUT( 2 5 1 , 3 )

1 5 2 0  FORMAT( / , '  # , ' 1 2 . 5  SE C S: ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )
W RITE( 6 ,  1 5 3 0 )  Y 0 U T ( 5 0 1 ,1 ) ,  Y O U T ( 5 0 1 ,2 ) ,

YOUT( 5 0 1 , 3 )
1 5 3 0  FORMAT( / , '  ' , ' 2 5  SE C S: ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )

W RITE( 6 ,  1 5 4 0 )  Y O U T ( 6 0 1 ,1 ) ,  Y O U T ( 6 0 1 ,2 ) ,
YOUT( 6 0 1 , 3 )

1 5 4 0  FORMAT( / , '  ' , ' 3 0  SE C S: ' , F 1 0 . 3 , F 1 0 . 3 , F 1 0 . 3  )
RETURN
END



1 5 6

SUBROUTINE PRMAT(A)

REAL A ( 3 , 3 )
INTEGER I
INTEGER J
N =  3
W RITE( 6 ,  1 5 5 0 )

1 5 5 0  FORMAT( / , ' O' )
DO 1 2 0  I  =  1 , N
W RITE( 6 ,  1 5 6 0 )  A ( I , 1 ) , A ( I , 2 ) , A ( I , 3 )  

1 5 6 0  FORMAT( 3 F 1 5 . 1 0  )
1 2 0  CONTINUE 

RETURN 
END
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SUBROUTINE PRMXMN
C / *  PRINT OUT THE MAX AND MIN VALUES FOR THE V ELO CITIES  
CALCULATED * /
C
C CALL MAXMIN( YOUT( * , 1 ) , XMXVAL,XMXTIM,XMNVAL,XMNTIM)
C CALL MAXMIN (YOUT ( * ,  3 )  , ZMXVAL, ZMXTIM, ZMNVAL, ZMNTIM)

XMXTIM =  XMXTIM * TIMINC  
XMNTIM =  XMNTIM * TIMINC  
ZMXTIM =  ZMXTIM * TIMINC  
ZMNTIM =  ZMNTIM * TIMINC

C
W RITE( 6 ,  1 5 8 0 )

1 5 8 0  FORMAT( / , '  ' , 'MAXIMUM AND MINIMUM VALUES '  )
W RITE( 6 ,  1 5 9 0 )  THETA,XMXVAL

1 5 9 0  FORMAT( / , '  ' , ' T I L T =  ' , F 4 . 0 ,  '  VELOCITY X REACHED
MAX ' , F 7 . 2  )

W RITE( 6 ,  1 6 0 0 )  XMXTIM, XMNVAL,XMNTIM
1 6 0 0  FORMAT( / , *  • , '  AT TME ' , F 5 . 2 , '  AND MIN ' , F 7 . 2 , '  AT 

TME ' , F 5 . 2  )
W RITE( 6 ,  1 6 1 0 )  THETA,ZMXVAL

1 6 1 0  FORMAT( / , '  / , / T IL T =  ' , F 4 . 0 ,  '  VELOCITY Z REACHED
MAX * , F 7 . 2  )

W RITE( 6 ,  1 6 2 0 )  ZMXTIM, ZMNVAL,ZMNTIM
1 6 2 0  FORMAT( / , '  ' , '  AT TME # , F 5 . 2 , '  AND MIN f , F 7 . 2 , '  AT 

TME ' , F 5 . 2 )
RETURN
END

C
C
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SUBROUTINE PRTVEL(OUT, N , K,TIM INC)

REAL
REAL
REAL
REAL

DEGREE 
O U T (N ,3 )  
TIME 
TIMINC

INTEGER
INTEGER
INTEGER
INTEGER

I
J
K
N

C
DO 1 3 0  I  =  1 ,N
TIME =  ( 1 - 1 ) *TIM INC * K
W RITE( 7 ,  1 6 3 0 )  TIM E, OUT ( 1 , 1 ) , O U T ( I , 2 ) f O U T ( I , 3 )  

1 6 3 0  FORMAT( / , '  ' , F 5 . 2 , 3 F 1 2 . 2  )
1 3 0  CONTINUE 

RETURN 
END

C



o o
SUBROUTINE T R S P S E (A ,B ,N )

/ *  B =  TRSPSE (A ) * /
INTEGER I
INTEGER J
INTEGER N

C
REAL A ( 3 , 3 )
REAL B ( 3 , 3 )

C
DO 1 3 5  I  =  1 , N
DO 1 4 0  J  =  1 , N
B ( I , J )  =  A ( J , I )

1 4 0  CONTINUE 
1 3 5  CONTINUE 

RETURN 
END



SUBROUTINE VECTEQ(V,W )
REAL V ( 3 )
REAL W( 3 )
INTEGER I
DO 1 4 5  I  «  1 , 3
V ( I )  =  W ( I )

1 4 5  CONTINUE 
RETURN 
END

FUNCTION SIN D  (X )

REAL P I  
REAL X
P I  =  3 .1 4 1 9 1 5 9 2 6 5 4
S IN D  =  S IN  ( ( X * P I ) / 1 8 0 . 0 )
RETURN
END

C

FUNCTION COSD (X )

REAL P I  
REAL X
P I  =  3 .1 4 1 5 9 2 6 5 4
COSD =  S IN  ( ( ( X + 9 0 . 0 ) * P I ) / 1 8 0 . 0 )
RETURN
END



APPENDIX D
C O M P U T E R  PR O G RA M  IM PL E M E N T IN G  E X T E N D E D  M A R Q U A R D T  
A LG O R ITH M

C NONLINEAR LEAST SQUARES ESTIMATION OF PARAMETERS 
C USIN G  MODIFIED MARQUARDT-LEVENBERG METHOD 
C MODIFIED FROM PROGRAM IN  NUMERICAL RECIPES  
C
DIMENSION A ( 6 ) , X ( 1 2 0 0 ) , Y ( 1 2 0 0 ) , S I G ( 1 2 0 0 ) , L I S T A ( 6 ) ,

* C O V A R (6 ,6 ) , ALPHA( 6 , 6 )
DIMENSION

Y P ( 6 0 0 ) , Y R ( 6 0 0 ) , Y Y ( 6 0 0 ) , Y P Z ( 6 0 0 ) , YYZ( 6 0 0 ) , Z ( 1 2 0 0 )  
DIMENSION DYDA( 6 )  , L L IS T A ( 6 ) , LATR( 6 )
COMMON SIG
PRINT * , '  PLEASE ENTER INPUT PARAMETER F IL E  NAME

 PRM'
OPEN ( 5 ,  F IL E  =  ' ' )
PRINT * , '  PLEASE ENTER INPUT DATA F IL E  NAME:

 .D A T '
OPEN ( 7 ,  F IL E  =  '  ' )
PRINT * , '  PLEASE ENTER CONVERGENCE OUTPUT F IL E

NAME:  .O U T '
OPEN ( 6 ,  F IL E  =  '  ' )
PRINT * , '  PLEASE ENTER PLOTTING OUTPUT F IL E  NAME

 .O U T '
OPEN ( 8 ,  F IL E  =  '  ' )
P I  =  3 . 1 4 1 5 9 2 6 5 3 6  

C READ IN  THE NUMBER OF PARAMETERS 
READ ( 5 , 5 )  N 

5 FORMAT ( 1 3 )
C PRINT * , ' N  =  ' , N

NCA =  N 
MA =  N

C r e a d  I n  a n g l e  o f  r o t a t i o n  i n  d e g r e e s ,  a n g l e  o f  
e i g e n v e c t o r  a n d  t i m e  c o n s t a n t s

READ (5,10) RHOD
c PRINT *,'RHO= ',RHOD

READ (5,10) ETAD
c PRINT *,'ETA= ',ETAD

READ (5,10) TCI
c PRINT *,'TC1= ',TC1

READ (5,10) TC3
c PRINT *,'TC3= ',TC3

10 FORMAT (F10.3)
c PRINT *,'RH0,ETA,TC1,TC3= '
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C PRINT * , RHOD, ETAD, T C I , TC3

THETAD =  9 0 . 0  -  RHOD +  ETAD
PRINT * , 'ANGLE OF IN IT IA L  EIGENVECTOR I S  ' , ETAD 
PRINT * , ' IN IT IA L  PITCH TIME CONSTANT I S  ' ,T C 1  
PRINT * , ' IN IT IA L  YAW TIME CONSTANT I S  ' , T C 3

C c h a n g e  t o  r a d i a n s
RHO =  (R H O D * P I ) /1 8 0 .0  
ETA =  ( E T A D * P I ) / 1 8 0 .0 
THETA =  (T H E T A D * P I ) /1 8 0 .0 

C c o m p u te  t h e  c o m p o n e n t s  o f  t h e  v e r t i c a l  e i g e n v e c t o r  
( s l , s 2 , s 3 )
C s 2  i s  0 f o r  a l l  t i l t  e x p e r i m e n t s

5 1  =  COS(THETA)
5 2  =  0
5 3  =  SIN (TH ETA )
S =  S 1 /S 3

C READ IN  THE NUMBER OF PARAMETERS TO F IT
C READ ( 5 , 5 )  MFIT
C PRINT * , ' * * *  MFIT * , MFIT
C r e a d  i n  t h e  i n d e x  i n t o  p a r a m e t e r  l i s t  a n d  a t t r i b u t e s  ( 1 :  
f i t ; 0 : n o  f i t )  
c

DO 6 1 = 1 ,MA 
READ ( 5 , 7 )  L L I S T A ( I ) , L A T R (I)

C PRINT * , '  * * *  LLISTA  ' , L L I S T A ( I ) , L A T R (I)
6 CONTINUE
7 FORMAT ( 1 4 , 1 2 )

READ ( 5 , 1 0 )  DELTAT
C PRINT * , ' * * *  DELTAT ' , DELTAT
C r e a d  i n  t h e  c a l i b r a t i o n s  f o r  x , y , z  c o m p o n e n t s  

READ ( 5 , 3 0 )  XCAL,YCAL,ZCAL  
3 0  FORMAT ( 3 F 1 0 . 3 )

C PRINT * , '  * * *  CALS ' , XCAL,YCAL,ZCAL
C
C r e a d  i n  t h e  x , y , z  c o m p o n e n t s  o f  t h e  v e l o c i t y  v e c t o r  
C n o p :  n u m b e r  o f  p o i n t s  
C n e g a t i v e  v a l u e s  i n d i c a t e  e n d  o f  f i l e
C

1  =  1  
NOP =  0 

9 0 0 0  CONTINUE
READ ( 7 , 3 0 )  XVAL,YVAL,ZVAL  

C WRITE ( 6 , 3 0 )  XVAL,YVAL,ZVAL  
IF (X V A L .L T .O .O ) GO TO 9 9 9 9  
Y P ( I )  =  XVAL*XCAL 
Y R ( I )  =  YVAL*YCAL
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Y Y ( I )  =  ZVAL*ZCAL 
NOP -  NOP +  1  
1 =  1 +  1 
GO TO 9 0 0 0  

9 9 9 9  CONTINUE
C a s s u m e  t h a t  t h e r e  i s  n o  r o l l  d a t a  -  n d a t a  =  n o p * 2  : 
t o t a l  # o f  p o i n t s

NDATA =  NOP*2 
C s e t  u p  t h e  x  v a l u e s  -  t i m e  

DO 9 0 1 0  1 = 1 , NDATA 
X ( I )  =  1 - 1  

C P R I N T ,'  * * * X ( I )  ' , I , X ( I )
9 0 1 0  CONTINUE

C c o m b in e  y a w  a n d  p i t c h  d a t a  i n t o  o n e  v e c t o r  -  y  ( y p  t h e n
yy)

DO 2 6  1 = 1 , NOP 
Y ( I )  =  Y P ( I )
I F ( Y ( I ) . L T . 0 . 0 )  Y ( I ) = 0 . 0  

C P R I N T ,'  * * *  Y ( I ) =  ' , I , Y ( I )
2 6  CONTINUE 

K =  NOP+1 
L =  2*NOP  
DO 2 7  I = K , L

Y ( I )  =  Y Y (I-N O P )
I F ( Y ( I ) . L T . 0 . 0 )  Y ( I ) = 0 . 0  

C P R I N T ,'  * * *  Y ( I ) =  ' , I , Y ( I )
2 7  CONTINUE

DO 2 9  1 = 1 , NDATA 
C W RITE( 6 , 9 0 2 0 )  I , Y ( I )

9 0 2 0  FORMAT ( '  I , Y ( I )  ' , I 5 , F 1 0 . 3 )
2 9  CONTINUE

C i f  t h e r e  i s  r o l l . . .
C K =  2 * N O P + l
C L =  3*NOP
C DO 2 8  I = K ,L
C Y ( I )  =  Y R ( I )
C I F ( Y ( I ) . L T . 0 . 0 )  Y ( I ) = 0 . 0
C P R I N T ,'  * * *  Y ( I ) =  ' , I , Y ( I )
C 2 8  CONTINUE
C c r e a t e  L IST A  ( p e r m u t a t i o n  l i s t )  a c c o r d i n g  t o  w h ic h  
p a r a m e t e r s  t o  f i t  
C

M FIT =  0  
DO 8 1 = 1 , MA 

I F ( L A T R ( I ) . E Q . l )  THEN 
MFIT =  MFIT +  1
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L IS T A (M F IT ) =  L L IS T A (I )

ENDIF
8 CONTINUE

J  =  MFIT +  1  
DO 9 1 = 1 , MA 

I F  ( L A T R ( I ) . E Q . O )  THEN 
L IS T A (J )  =  L L IS T A (I )
J  =  J  +  1  

ENDIF
9 CONTINUE

DO 1 8  1 = 1 , MA 
C PRINT * , 'L I S T A  =  ' ,L I S T A ( I )

1 8  CONTINUE
C SET THE COEFFICIENTS C l l  AND C 12 AND THE PARAMETERS A ( * )  
C X I I S  THE IN IT IA L  VALUE FOR PITCH AND X3 THE IN IT IA L  
VALUE FOR YAW 
C

X I =  Y P ( 1 )
X3 =  Y Y ( 1 )
C l l  =  X I -  S*X 3  
C 13 =  S*X 3  
C 33 =  X3 
C 31 =  0  

C s e t  t h e  p a r a m e t e r s  
A ( l )  =  C l l  
A ( 3 )  =  C13  
A ( 2 )  =  - 1 . 0 / T C I  
A ( 4 )  =  - 1 .0 / T C 3  
A ( 5 )  =  C 3 1  
A ( 6 )  =  C 33  

C PRINT THE PARAMETERS COMPUTED
PRINT * , *  IN IT IA L  PARAMETERS: A ( I ) '
PRINT * , A ( 1 ) , A ( 2 ) , A ( 3 ) , A ( 4 ) , A ( 5 ) , A ( 6 )

C COMPUTE THE STANDARD DEVIATION
C CALL S E T S I6  (Y ,NDATA)
C W RITE( 6 , 1 3 ) S I 6 ( 1 )

1 3  FORMAT(* * * *  S IG =  ' , F 1 0 . 3 )
C
C i n i t i a l l y  s e t  s ig m a  t o  1  
C

DO 3 J - l ,N D A T A  
S I G ( J )  =  1  

3 CONTINUE
C
C i n i t i a l  c a l l  t o  MRQMIN
c'



1 6 5
ALAMDA =  - 0 . 0 1
CALL MRQMIN( X , Y , NDATA,A,M A, L IS T A , M FIT , COVAR, ALPHA,

* NCA,CHISQ,ALAM DA,DELTAT)
ITER S -  1 0 0
SAVCHI =  CHISQ  
DO 3 5  1 = 1 , ITERS

CALL MRQMIN( X , Y , NDATA, A , MA, L IS T A , M F IT , COVAR, ALPHA,
* NCA, CH ISQ , ALAMDA, DELTAT)

IF (C H IS Q .G T .S A V C H I) GOTO 1 0 1 0
IF (A B S (C H IS Q -S A V C H I).G E . O.OOIJGO TO 1 0 0 0  

WRITE ( 6 , 2 0 )  A ( l ) , A ( 2 ) , A ( 3 ) , A ( 4 ) , A ( 5 ) , A ( 6 )
2 0  FORMAT ( '  CONVERGED ' , 6 F 1 0 . 3 )

C
C c o m p u t e  f i n a l  v a l u e  o f  f i t  f u n c t i o n  Z 
C
C CALL SE T SIG  (Z ,Y ,N D A T A )
C CHISQ =  CHISQ /  S I G ( l )

PRINT * , ' * * *  CHISQ= ' , CHISQ  
DEGFREE =  NDATA -  MFIT  
GOODNESS =  CHISQ/DEGFREE  
PRINT * , 'GOODNESS OF F I T :  ' , GOODNESS 

C PRINT * , ' * * *  CHISQ= ' , CHISQ
C
C c o m p u t e  t h e  a n g l e  o f  t h e  v e r t i c a l  e i g e n v e c t o r  c o m p u te d  
( a r c  c o t  o f  s )  
c

S =  A ( 3 ) / X 3  
ANG =  1 . 0 / S  
THETA =  ATAN (ANG)

C c o n v e r t  b a c k  t o  d e g r e e s
THETAD =  (T H E T A * 1 8 0 .0 ) /P I  

C e t a  =  t h e t a  -  9 0  +  r h o  ( i n  m o n k e y  f r a m e )
ETAD -  THETAD -  9 0 . 0  +  RHOD

C
PRINT * , 'ANGLE OF COMPUTED EIGENVECTOR I S  '  , ETAD 

C p r i n t  t h e  p i t c h  a n d  y a w  t i m e  c o n t a n t s  c o m p u t e d  ( i n v e r s e  
o f  e i g e n v a l u e s )
C

PRINT * , 'P IT C H  TIME CONSTANT: ' , - 1 . 0 / A ( 2 )
PRINT * , ' YAW TIME CONSTANT: ' , - 1 . 0 / A ( 4 )

C
C PRINT OUT DATA FOR PLOTTING 
C

DO 5 0  J = l,N D A T A  
CALL FUNCS ( X ( J ) , A,YM OD,DYDA,M A,NDATA,DELTAT) 
Z(J)=YM O D



X (J )= X (J )* D E L T A T  
5 0  CONTINUE

DO 6 0  J = l ,N O P  
Y P Z ( J ) = Z ( J )

6 0  CONTINUE
DO 6 5  J=N O P +l,N D A T A  

K =J-N O P  
Y Y Z ( K ) = Z ( J )

6 5  CONTINUE
DO 7 0  J = l ,N O P  

W RITE( 8 , 1 0 0 )  X ( J ) , Y P ( J ) , Y P Z ( J ) , Y Y ( J ) , Y Y Z ( J )  
1 0 0  FORMAT ( 5 F 1 2 . 3 )

7 0  CONTINUE 
C f i n a l  c a l l  t o  MRQMIN 
C ALAMDA =  0 .
C CALL
M RQM IN(X,Y,NDATA, A , MA, L IS T A , M FIT , COVAR, ALPHA,
C * N C A ,C H ISQ , ALAMDA,DELTAT)
C DO 8 0  J = 1 ,M A
C PRINT VARIANCES ' , J , C O V A R ( J , J )
C 80 CONTINUE 

RETURN 
1 0 0 0  CONTINUE 
1 0 1 0  CONTINUE

SAVCHI =  CHISQ  
3 5  CONTINUE

C
RETURN
END
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SUBROUTINE COVSRT ( COVAR,NCVM, MA, L IS T A , M FIT)
C s o r t  c o v a r i a n c e  m a t r i x  a c c o r d i n g  t o  L IST A  -  p e r m u t a t i o n  
l i s t

DIMENSION COVAR(NCVM,NCVM), L IST A (M F IT )
C* TEST
C W RITE( 6 , 9 0 0 0 )
C 9 0 0 0  FORMAT( '  ENTERED COVSRT ' )
C* END TEST

MAA=MA-1 
DO 1 2  J= 1,M A A  

J J = J + 1
DO 1 1  I= J J ,M A  

COVAR ( I , J ) = 0
1 1  CONTINUE
1 2  CONTINUE 

M FIT T =M FIT -1
DO 1 4  I  = 1 ,M F IT T  

1 1 = 1 + 1
DO 1 3  J = I I ,M F I T

I F ( L I S T A ( J ) .G T .L I S T A ( I ) )
* COVAR( L I S T A ( J ) , L I S T A ( I ) ) =  COVAR ( I , J )

I F ( L I S T A ( J ) . L E . L I S T A ( I ) )
* COVAR( L IS T A ( I ) , L IS T A (J ) ) =  COVAR ( I , J )

1 3  CONTINUE
1 4  CONTINUE

SWAP =  C O V A R (l,1 )
DO 1 5  J = 1 ,M A

COVAR( 1 , J)=C O V A R (J , J )
C O V A R (J ,J )= 0

1 5  CONTINUE
COVAR( L IS T A ( 1 ) ,L I S T A ( 1 ) ) =  SWAP 
DO 1 6  J = 2 ,M F IT

COVAR( L I S T A ( J ) , L IS T A (J ) ) = C O V A R ( l ,J )
1 6  CONTINUE

DO 1 8  J = 2 ,M A  
J J = J - 1  
DO 1 7  1 = 1 , J J

COVAR ( I , J )  =  COVAR ( J , I )
1 7  CONTINUE
1 8  CONTINUE 

C* TEST
C W RITE( 6 , 9 0 1 0 )  '
C 9 0 1 0  FORMAT( '  E X IT COVSRT')
C* END TEST  

RETURN 
END
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SUBROUTINE SE T SIG  ( X , Y , N )

DIMENSION X ( N ) , Y ( N )
COMMON S I G ( 1 2 0 0 )

C WRITE( 6 , 4 0 )  N
4 0  FORMAT( '  N =  ' , 1 3 )

VAR =  0 .
DO 2 0  I  = 1 , N  

VAR =  VAR +  ( X ( I )  -  Y ( I ) ) * ( X ( I )  -  Y ( I ) )  
2 0  CONTINUE

VAR =  VAR /  N 
SIGMA =  SQRT (VAR)
DO 3 0  I  =  1 ,N  

S IG  ( I )  =  SIGMA 
3 0  CONTINUE 

RETURN 
END
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SUBROUTINE MRQMIN ( X , Y , NDATA, A , MA, L IS T A , M FIT,

*  COVAR,ALPHA,NCA,CHISQ,ALAMDA,DELTAT)
DIMENSION X (N D A T A ), Y (N D A T A ), A (M A ), ALPHA(NCA, N C A ),

*

BETA ( 6 )  ,  D A ( 6 )  , O N E D A ( 6 , 6 )  ,  L IST A  (MA) , COVAR (NCA, NCA) , ATRY ( 6 )

COMMON S I G ( 1 2 0 0 )
I F  (ALAM DA.GE.O) GO TO 1 0 3 0  

KK =  MFIT +  1  
DO 1 2  J  =  1 ,MA 

IH IT  =  0
DO 1 1  K =  1 , MFIT

I F  ( L IS T A ( K ) .E Q .J ) I H I T = I H I T + 1
1 1  CONTINUE

I F  ( I H I T . N E . 0 )  GO TO 1 0 2 0  
LIST A (K K ) =  J  
KK =  KK +  1  

1 0 2 0  CONTINUE
I F  ( I H I T . G T . l )

* PRINT IMPROPER PERMUTATION IN  L IS T A '
1 2  CONTINUE

I F  ( K K . N E . ( M A + 1 ) ) PRINT * ,  'IMPROPER PERMUTATION IN
L IS T A '

ALAMDA = 0 . 0 1  
CALL

MRQCOF ( X , Y , NDATA, A , MA, L IS T A , MFIT ,  ALPHA, BETA, NCA,
* CHISQ,DELTAT)

OCHISQ =  CHISQ 
DO 1 3  J = 1 ,M A

ATRY ( J )  =  A ( J )
1 3  CONTINUE 

1 0 3 0  CONTINUE
DO 1 5  J  =  1 , MFIT  

DO 1 4  K = 1 , MFIT
COVAR ( J , K )  =  ALPHA ( J , K )

1 4  CONTINUE
COVAR ( J , J ) = A L P H A ( J , J ) * ( 1 .  +  ALAMDA)
O N E D A (J, 1 )  =  B E T A (J)

1 5  CONTINUE
C

CALL GAUSSJ ( C O VAR,M FIT,NCA,O NEDA,1 , 1 )
DO 1 9  1 = 1 , MFIT

D A ( I )  =  ONEDA ( 1 , 1 )
C WRITE ( 6 , 8 0 2 0 )  D A ( I )

8 0 2 0  FORMAT ( • * * *  DA ' , F 1 0 . 3 )
• 1 9  CONTINUE

I F  (ALAMDA.NE.O) GO TO 1 0 4 0



170
CALL COVSRT ( COVAR, NCA, MA, L IS T A , M FIT)
RETURN 

1 0 4 0  CONTINUE
DO 1 6  J = 1 ,M F IT

ATRY ( L I S T A ( J ) )  =  A T R Y (L IS T A (J )) +  DA ( J )
1 6  CONTINUE

C P R I N T ,• * * *  ATRY ' , ATRY( 1 ) , ATRY( 2 ) , ATRY( 3 ) , ATRY( 4 )
C

CALL MRQCOF (X ,Y ,N D A T A ,A T R Y ,M A ,L IS T A ,M F IT ,
* C O V AR,DA,NCA,CH ISQ ,DELTAT)

C WRITE( 6 , 8 0 4 0 )  CHISQ
8 0 4 0  FORMAT( ' * * *  CHITRY ' , F 1 0 . 3 )

I F  (C H ISQ .G E .O C H ISQ ) GO TO 1 0 5 0  
C P R I N T ,'* * *  C H IL E ', CHISQ,O CH ISQ

ALAMDA =  0 . 1  *  ALAMDA 
OCHISQ =  CHISQ  
DO 1 8  J = 1 ,M F IT  

DO 1 7  K = 1,M F IT
ALPHA ( J , K )  =  COVAR ( J , K )

1 7  CONTINUE
BETA ( J )  =  DA ( J )
A (L IS T A  ( J )  ) =  ATRY (L IS T A  ( J )  )

1 8  CONTINUE 
GO TO 1 0 6 0

1 0 5 0  CONTINUE
ALAMDA =  1 0 .  * ALAMDA 
CHISQ =  OCHISQ 

1 0 6 0  CONTINUE 
C P R I N T ,'* * *  A 1 , A ( 1 ) , A ( 2 ) , A ( 3 ) , A ( 4 )

RETURN
END

C



SUBROUTINE FUNCS ( X , A , Y , DYDA, NA, N , DELTAT) 
DIMENSION A (N A ) , DYDA(NA)
M =  N /2
T =  DELTAT*X
I F ( X . 6 E . M )T=DELTAT*(X-M )
I F  ( X . 6 E . M )  GOTO 9 0 0 0
Y =  A ( l )  * E X P ( A ( 2 ) *T)  +  A ( 3 )  * EXP ( A ( 4 ) * T )  
D Y D A (l) =  EXP ( A ( 2 ) * T )
DYDA( 2 )  =  A ( 1 ) * T * E X P ( A ( 2 ) * T )
DYDA( 3 )  =  EXP ( A ( 4 ) * T )
DYDA( 4 )  =  A ( 3 ) * T * E X P ( A ( 4 ) * T )
DYDA( 5 )  =  0  
DYDA( 6 )  =  0  

9 0 0 0  CONTINUE
I F  ( X . L T . M )  GO TO 9 0 1 0
Y =  A ( 5 )  * E X P ( A ( 2 ) *T)  +  A ( 6 )  * EXP ( A ( 4 ) * T )  
D Y D A (l) =  0
DYDA( 2 )  =  A ( 5 ) * T * E X P ( A ( 2 ) *T)
DYDA( 3 )  =  0
DYDA( 4 )  =  A ( 6 ) * T * E X P (A ( 4 ) *T)
DYDA( 5 )  =  EXP ( A ( 2 ) *T)
DYDA( 6 )  =  EXP ( A ( 4 ) * T )

9 0 1 0  CONTINUE 
RETURN



SUBROUTINE MRQCOF( X , Y , N D A T A ,A ,M A ,L IST A , M FIT ,
* A L PH A ,B E T A ,N A L P ,C H ISQ , DELTAT)

DIMENSION X (N D A T A ),Y (N D A T A ), A L PH A (N A L P ,N A L P ),
* BETA (M A ), DYDA( 6 ) , L IS T A (M F IT ),A (M A )

COMMON S I G ( 1 2 0 0 )
DO 1 2  J = 1 ,M F IT  

DO 1 1  K = l , J
ALPHA ( J , K ) = 0 .

1 1  CONTINUE
BETA ( J )  = 0 .

1 2  CONTINUE
CHISQ =  0 .
DO 1 5  1 = 1 , NDATA 

C WRITE( 6 , 2 0 ) I
2 0  FORMAT( '  * * *  1 =  ' , 1 5 )

CALL FUNCS ( X ( I ) , A,YMOD,DYDA,MA,NDATA,DELTAT) 
S I G 2 I = 1 . / ( S I G ( I ) * S I G ( I ) )
DY = Y ( I ) —YMOD 
DO 1 4  J = 1 ,M F IT

W T = D Y D A (L IST A (J)) * S I G 2 I  
DO 1 3  K = l , J

ALPHA (J , K) =  ALPHA (J , K) +WT*DYDA ( L IST A  ( K ) )
1 3  CONTINUE

B E T A (J) =  BETA(J)+DY*W T
1 4  CONTINUE

CHISQ =  C H ISQ +D Y *D Y *SIG 2I
1 5  CONTINUE

DO 1 7  J = 2 ,M F IT  
J J = J - 1  
DO 1 6  K = 1 , J J

ALPHA ( K , J )  =  ALPHA ( J , K )
1 6  CONTINUE
1 7  CONTINUE 

RETURN 
END

SUBROUTINE GAUSSJ ( A , N , N P , B , M , M P )
DIMENSION

A ( N P , N P ) , B ( N P , M P ) , I P I V ( 5 0 ) , I N D X R ( 5 0 ) , I N D X C ( 5 0 )
C* TEST
C W RITE( 6 , 9 0 0 0 )
C 9 0 0 0  FORMAT( '  ENTERED G A U SS')
C* END TEST

DO 1 1  J = 1 ,N  
I P I V ( J ) = 0  

1 1  CONTINUE
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1010

100
1 0 2 0

12
1 0 3 0

13

1 4

1 5
1 0 4 0

2 0 0

1 6

17

DO 2 2  1 = 1 , N 
B IG = 0
DO 1 3  J = 1 ,N

I F ( I P I V ( J ) . E Q . l )  GO TO 1 0 3 0  
DO 1 2  K = 1 ,N

I F ( I P I V ( K ) . NE. O)  GO TO 1 0 2 0
IF(.A B S ( A ( J , K )  ) . L T .B IG ) GO TO 1 0 1 0  

BIG  =  ABS ( A ( J , K )  )
IROW =  J  
ICOL =  K 

CONTINUE 
I F  ( I P I V ( K ) . G T . l )

' WRITE ( 6 , 1 0 0 )
FORMAT ( 'SINGULAR M ATRIX')

CONTINUE
CONTINUE

CONTINUE
CONTINUE
IP IV (IC O L ) =  IP IV (IC O L ) +  1 
I F  ( IR O W .EQ .IC O L) GO TO 1 0 4 0  

DO 1 4  L = 1 ,N
DUM =  A (IROW, L)
A ( IROW, L) =  A (IC O L , L)
A (IC O L ,L ) =  DUM 

CONTINUE 
DO 1 5  L =  1 ,M  

DUM =  B( IROW, L)
B( IROW, L)  =  B (IC O L ,L )
B (IC O L ,L ) =  DUM 

CONTINUE 
CONTINUE

IN D X R (I) =  IROW 
IN D X C (I) =  ICOL  
I F  ( A ( I C O L , I C O L ) . E Q . O )
WRITE ( 6 , 2 0 0 )

FORMAT ( 'SINGULAR M ATRIX')
P IV IN V  =  1 . /A (IC O L ,IC O L )
A (IC O L ,IC O L ) =  1 .
DO 1 6  L = 1 ,N

A (IC O L ,L ) =  A ( IC O L ,L )* P IV IN V  
CONTINUE 
DO 1 7  L = 1,M

B (IC O L ,L ) =  B (IC O L ,L )* P IV IN V  
CONTINUE 
DO 2 1  L L = 1 ,N

I F  (L L .E Q .IC O L ) GO TO 1 0 5 0
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1 9
1 0 5 0

21
22

DUM =  A (L L ,IC O L )
A (L L ,IC O L ) =  0 .
DO 1 8  L = 1 ,N

A ( L L , L )  =  A ( L L , L )  -  A (IC O L ,L )*D U M  
CONTINUE 
DO 1 9  L = 1,M

B ( L L , L )  =  B ( L L , L )  -  B (IC O L ,L )*D U M  
CONTINUE 

CONTINUE 
CONTINUE 

CONTINUE 
DO 2 4  L L = 1 ,N  

L =  (N -L ) +  1 
I F  ( INDXR( L ) . EQ. INDXC( L ) )

DO 2 3  K = 1 ,N
DUM =  A ( K , I N D X R ( L ) )
A ( K , I N D X R ( L ) ) =  A ( K,  INDXC ( L ) )
A ( K , I N D X C ( L ) ) =  DUM 

CONTINUE 
1 0 6 0  CONTINUE 

2 4  CONTINUE 
C* TEST
C WRITE( 6 , 9 0 1 0 )
9 0 1 0  FORMAT( '  EX IT G A U SS')
C* END TEST  

RETURN

GO TO 1 0 6 0

2 3

END
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