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INTRODUCT ION

It is well known [11] that if & is a cocomplete abelian category

and (1 is any small category, then the functor colim :dQ -d 1is
Q

right exact; and that if ¢ has enough projectives, the left derived

functors L, colim : é.) - d exist. One is naturally led to study the
Q

vanishing of these left derived functors as a measure of the exactness

of colim : é] - d . Dually, if @ 1is a complete abelian category
Q

with enough injectives, one is interested in the vanishing of the right

op
derived functors of Lim : 6;2 - d for small .
a°P

The problem was first studied by Roos [15] who considered con-
ditions under which derived functors of colimit exist, and showed that these
functors were related to the homology of the simplicial realization of
Q0 . vUsing these results, Laudal [10] and Nobeling [13] exhibited con-
ditions on 0 under which higher derived functors vanished.

This paper explores another ufethod for determining when derived
functors of high degree vanish for (1 , a pre-ordered {-finite set.
The problem is divided into two parts:

(1) an "infinite" part which depends on the cardinality

of Q

(i1) a "finite" part which vanishes if (1 is directed.

As a first step, @ 1is embedded in the ABS5 category D(&) of
directed diagrams over (¢ . The embedding J : @< D(4) 1is shown to

be exact, Ext-preserving, and projective-preserving; but most important,

to satisfy a universal extension property.



D(@) is more or less equivalent to Grothendieck's category of

Pro-objects of ¢ [6)] and is similar to the cocontinuous extension

of d studied by Hilton [8].

If d 1is cocomplete, we apply the universal extension property

to idd: d—-d to get a coreflection Y : D(@) - d of J : d% DA

Then these two functors together give rise to a factorization of

Q
colim J
Q
co(l)im : é] - d into é)——-—-——-> D(A) —-Y——>d.
When (1 is a pre-ordered Il-finite set, we apply the Grothendieck

Two Functor theorem [5] to the above factorization of colim : GQ -d.
Q

This results in the spectral sequence EZ = (L*Y)(L*colim)(JQ(i))
Q

which converges to (L*colim)(ﬂ) . It is here that the two parts of the
Q

problem become apparent:

(i) the derived functors of Y : D(@) = d give the

"infinite" part

Q
(ii) the derived functors of colim J : J) - D(A),the
Q

"finite" part.
Finally using a generalization of a result of Osofsky [14], and

the above spectral sequence, we determine when the right derived

op
functors of Lim : de - @ will vanish. If {1 is a !-finite

Q°P
ordered set such that the cardinality of (I is less than Rn and if

Kcholim : de ~ @b vanishes for every p > k , then
Q

oQ°P
\Rq Lim): @' —@ will vanish for q >n+ 1 + k .

Q°P



CHAPTER 1

PRELIMINARIES

Section l: Projectives in J}

It is well known that if Q is a small category and d 1is co-
complete abelian category, then ﬂQ , the category of all diagrams of
type (1, i.e., covariant functors from Q to & , is a cocomplete
abelian category [11].

Most of the properties of dﬂ appear "pointwise;" e.g., if

M K' +A is a natural transformation, then ker(T) is given by

(ker (M) , = ker () : A'm +A) .

In addition, if & has enough projectives, then dﬂ will also
have enough projectives. But the definition of a projective P is
not a "pointwise" definition. Because this paper is concerned with
conditions under which functors from dﬂ to particular abelian cate-
gories preserve projectives, it is useful to understand the construc-
tion of projectives in dO .

Suppose d 1is a cocomplete abelian category and {1 is a small
category. Then for each object ® € Q , there are two associated
functors between ¢ and dﬂ .

The first is the canonical evaluation functor ev, : dﬂ +d de-
fined by evw(l-\') = A, Wwhere A€ dﬂ . It is exact since exactness
in dﬂ is "pointwise."

The second functor is Ew : d = dn which is constructed in the

following way. For each object X € 4 , let (Eug()u = || x ,

—p—

wS>p



b € ob0 and let (EX)(b) : (B X - (wam’ ,b:p+p’ in Q

be the canonical morphism such that (wa) (b)ua =u where

ua : A _U_A is the natural inclusion into the coproduct. Similarly,

wd,
for each morphism f : X ®* Y , there is a natural transformation

. -4 = .
(wa) : wa EwY defined by (wa)ua u a f .

Lemma 1.1: E : d dﬂ is the coadjoint of ev  : dﬂ - 4d.,
—_— w

Proof: It suffices to show dO(EwX,A) is isomorphic to d(x,Aw) for
X€d and A€ do . Define R : (wa,A) -+ (X,Aw) by R( = 'ﬂw © Wy
. -+ A i o - A . =

M s EX * A . Also define S : (X,Aw) (wa,A) by s(e)u u

A(a) - 0 , 6 : X*A . Then it is easily seen that R * S and S . R

are both identities, and therefore (wa,i) = (XA .

In particular, when (1 is a pre-ordered set, there can be at

most one morphism from @ to W in ( , and therefore
X if p=2w

€% = , for X €4.
b 0 otherwise

Corollary 1.2: E  : a- dn preserves projectives.

Proof: This follows immediately from the fact that Ew 1 d= J) is

coadjoint of the exact functor ev : do ~4a.

Proposition 1.3: If ¢ has enough projectives, then dﬂ also has

enough projectives.

Proof: Suppose A€ dﬂ . For each ® € 0, there is a projective Pw

and an epimorphism P, ® P - Aw . Since Ew is coadjoint to ev

w

there is an unique natural transformation Euipw : Eu,Pw + A with

(Eu)pw)w =P, and Ewa projective. Set P =_[6|_Ewpw and p =_1‘_”lkwpw .




Then p : P+A is an epimorphism with projective P , Since copro-
ducts preserve epimorphisms and projectives.

A projective 1-5 in J) is called a canonical projective if

P = _Ll EpP, - The above proposition insures that & has enough
w
canonical projectives. Therefouc, to show that a functor
é: dﬂ + C preserves projectives, it is only necessary to show that

it maps a canonical projective in dﬂ to a projective in C ,

Section 2: A Construction in the Category of Directed Ordered Sets,

The following construction in the category of directed (upward)
ordered sets and order preserving maps relates a ’directed ordered set
A to the directed ordered set &(/) , the set of all finite subsets
of A ordered by inclusion. The construction actually yields a co-
final order preserving map 6 : F(N) =+ A .

Let A be a directed (upward) ordered set. Then there is a
"multiplication” m : Ax A= A such that m(A,A) 2 2),M .
Generally, there are many such m's ; we pick one. We define "induct-

ively" set maps m B4 , 020 by:

m, = 1idy : A+ A
mo=m: Ax A=+ A
m o ) , m(mn_l({)\l,...,)\n}),...,
mn_l({)\ ,...,/)\\i,...,)\n]),...,
LI P VPP N )
It is clear that for each n 20 ,
mn()\o,...,)\n) 2\ ""’An .

Using the definition of coproduct in S , the category of sets,

: U A+ 9 A, Even though the set of
n=0

there is a unique map m,



elements of JF(A) is isomorphic to nyo An+l , the map

m, go An+1 -+ A is not generally order preserving.
n

Thus using m, , we define a new map 6 : JF(N) * A which will be

*

shown to preserve the ordering of (/) and be cofinal:

(1) 60 : A+ A is defined by eo({x}) = A and

. An+l

(ii) en : + A is defined by

({xo,...,‘ﬁi,...,k b

n

8 (INgsees A D =m @ ({N,..., N D,...,8

n n-l n-1

,...,en_lc{xo,...,xn_l}) .

From the definition of m it is clear that

% ?

A
(*) o ({h,ees A D 28 (oA, D, 084 <0

0

Set 6 = U9 : &M +» A,
nZOn

Proposition 1.4: © : F(A) -+ A is a cofinal order preserving map of

directed ordered sets.

Proof: Suppose {)xo,...,lm} = {XO""’Xn} for m <n . Without loss
of generality, we assume that {)\o,...,km} < {lo,...,km,)\m_'_l,...,)\n} .

Using formula (*) recursively n - k times, it follows that

0, (Rgaeeesh) 28 (\,eeanX 1) 2000 20 (g, M)

and therefore © is order preserving. Obviously 6 is cofinal and

onto, since O({A}) = A 2 A, for every A € A,



Section 3: A Factorization of colim dﬂ - d
Q

The factorization which is developed below, is used a number of
times in Chapter 111,
Suppose {1 is an ordered set. Then () clearly satisfies a
number of conditions:
(1) ¢ is the initial element of &) , i.e., g Su for
every u € JF(D
(11) FD is I-finite, i.e. In(u) = {v]v Su} is finite
for every u € F()
(1i1) (D is directed (upward)
(iv) if the cardinality of (1 is less than Rn , then the

cardinality of &(() is also less than Rn .

Let W : C?Q - dg(ﬂ) denote the functor which is given by

(wF\)u = colim A/u with (wﬂ):’l : (vhi)u -+ (wi)v the canonical map of
u

colimits induced by the inclusion u &« v ,

Proposition 1.5: If & is a cocomplete abelian category and Q is

an ordered set, then

P W > 2E

colim colim

Q N 3O

commutes.



a 8

w

r
> (Wﬁ)u , and (WT\)u -—Jiﬁ> cglim(wﬁ)
«D

Proof: Let A = colim K , A

Q
denote the canonical injections for each respective colimit. From the
definition of colimit, it suffices to find two morphisms

f : colim A - colim WA and g : colim WA - colim A such that f-g and

Q (D F(D Q
g'f are both identities. To define f : colim A - colim WA set
Q i 1¢9)

{w} = ~u {0} u
= . . -> . =
fw r{w} Q' Aw colim WA . Since w € u implies (WA){w} a’, q, »

O
?
it follows easily that fw,A$ = fw whenever w < w’ , Therefore, there

{0}

is a unique morphism f : colim A & colim WA such that f-pw = r{w}-g ®

Q (D

g : colim WA ~ colim A is the unique morphism defined by the property
(O Q

gru : (Wﬂ)l1 -+ colim A is the canonical morphism induced by u £ Q ,
Q

By standard arguments f.g and g-f are both identities,



CHAPTER 11
THE AB5 CATEGORY D(&)

For any category C , we shall construct an associated category
D(® , of directed diagrams over C , and an enbedding J : C <* D(O)
In particular, if & is abelian with enough projectives, D(&) 1is an
AB5 category with enough projectives., Furthermore, the embedding
J: d D(@) 1is exact, Ext-preserving and projective-preserving,
D(A) also solves the universal problem of extending right exact
functors from @ to a cocomplete abelian category 55 , to cocontinuous
functors from D(@ to 5.

Throughout this chapter, C will denote an arbitrary category with

a zero object, ¢ an abelian category.

Section 1: The Category D(C) and the Embedding J : C < D) .

We shall say that 0 is a !-finite ordered set if In(w) =
{w/]&’ <w} is finite for every ® € Q. Analgously, Q is t-finite
1f T(W) = {0 |w’ = 0} 1is finite for every w € Q.

We shall construct D(® as a quotient of a category PD() .
The objects of PD(®) are pairs (A,A) where A is a {-finite
directed ordered set with initial element O , and A : A+ C is a
diagram in GA such that Ko =0 . The morphisms of PD(® , called

pre-morphisms, are pairs (7,n) : (A,A) » ([,B) where 1T : AT is

an ordered preserving map such that T(0) = 0, and n:Aa- ﬁ-'ﬂ is a

map of diagrams in GA . Composition is given by the rule

(5,3 (M,8) = (8M,5m), Gy, = spepy°my



10

where

(T\,!-l) : (A,K) - (rvﬁ) and (gts) : (F'E) i (A,é) .

In particular, if (M,n) : (A,A) + (I',B) is a pre-morphism and
@ : AT is an order preserving map such that ¢ 2T (i.e.,
@®(N) ZMN(\) for every A€ A) and o) =0 , then

- - - - A
(cp,ncp) : (AMA) » (I',B) is also a pre-morphism where (n(p)x = B.;rg}\; - omy

In order to construct D(C) , the category of directed diagrams
over C , we introduce a congruence in PD(®) . Suppose (7,n) and
(u,m) are both pre-morphisms from (A,A) to (I',B) . Then
(u,m) ~ (M,n) if and only if n P-n® for some ¢ =2T,u . The

following technical lemma is needed to show ~ 1is actually a congruence

in PD® .

Lemma 2.1 If @ : AT and ¢ : A+ T are two order and basepoint
preserving mappings between l-finite directed ordered sets with
initial element, then there is a basepoint and order preserving mapping

€: A+T such that € 2 ¢@,¥ .

Proof: Since A 1is a {-finite ordered set,

A= U Ar where
r20

%
A

{o}

[}

{2 <A implies N =o0}

r-1
{A]AM <A implies A‘e U MY
1=0

'1:>
[

We define € : A+ [ inductively on the sets 1\r . Let €(0) =0 .

Suppose )‘r € Ar , and set F()‘r) equal to {Y(kr),cP()\r),e(l') |7\' <A} .



11
(Note that since A’ < )‘r if and only if A’ € Arl , v <r, e\)
has already been defined inductively.) 1"()\1_): I' is finite since A
is l-finite., Therefore there is an e()\r) € I’ such that G()\r) is

larger than any element of F(kr) . Let €= | €. A=2T .,
r20

€: AT 1is order preserving, for A’ < A insures that €(\) 2 e(\")
since ¢(\') € (M) . Also, from the definition of € : A= T ,

€ =20Y.

Proposition 2.2 ~ 1is a congruence in PDE)

Proof: From the definition of ~ , it is clear that ~ 1is reflexive
and symmetric. To show that ~ is transitive, suppose (7,n) ~ (u,m)
and (u.,ﬁ) ~ (p,ﬁ) are premorphisms from (A,A) to (l",ﬁ) . Then
there are order and basepoint preserving maps ¢,Y : A2 such that
- -9 =Y Y
2MNu , ¥Y2p,w, and n ' =m , M =p . The above lemma in-
sures that there is an € : A+ such that € = Y, , and therefore

€ 2T,p . But for every A€ A,

€ e(N) _ (N 9 e(N) ¢ _ _e(N)
"= BN = Ben ™ = Pen ™ = Puny™
and
€ €N e(N)_ Y (N Y __eD)
Py = Bo(mPa = By(Pa = Byn™ = Bum™

€

together imply p € .n Thus, (1,n) ~ (p,p) and ~ is tramsitive,

Suppose (N,n) ~ (u,m) with ¢ 2T,u and (E,s) : (T,B) » (A,C) .

Then &9 2 EN,% . Also (§,n.ﬁ)§‘p = (5“-5) % gince for every A €A,
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- = EP_ EN _ )
™" = Cenany S nen ™ = Sen By ™
_ ¢ _ ¢
= s‘PO\)n)\ = scp()\)m)\
_ 5 - £

@'(}\)su()\)m)\ = (sp’-m) A

Therefore (§,§)'(T],ﬁ) ~ (§,§)-(p.,l?l) . A similar argument shows that
composition on the right commutes with ~ . Thus ~ is a congruence in
PD(O

D(®) , the category of directed diagrams over «,is defined to

be the quotient category PD(O)/~ .

Remark: Actually this category is equivalent to the category whose
objects are (MA,A) where A is only !-finite and directed, and
whose morphisms do not necessarily preserve initial elements. Also
the assumption that C has a zero object is not needed. However, by
adding the basepoints, many of the constructions in the paper are
simplified.

Suppose colim A and colim B exist in C . Then a pre-morphism
A r

M,n) : (A,K) - (l",ﬁ) defines a morphism colim(T]lﬁ) : colim A - colim B
A r

in C by the rule colim('ﬂ,ﬁ)-uk = up for A € A, where

u, : A, * colim K and “Y : B\/ < colim B are canonical inclusions.

MU Ty r
Proposition 2.3: If colim A and colim B exist in C and (T,n)
A r

and (p.,ﬁ) are congruent pre-morphisms from (A,A) to (T ,§) , then
colim(T,n) = colim (u,m) .

Proof: Let ¢ = T,p such that n P-a® . Then for every A\ ,
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- _ _ 1) - _ _ ¢
colim('ﬂ,n)u)\ =Upy™) = ucp()\)nk and colim(u,m)u, = Wy = u(P(Mm)\

together insure that colim(7,n) = colim(u,m)
Furthermore, if C is cocomplete, then there is a functor
cdim : PD(®*C which is defined by setting colim (A,A) equal to

colim A and (7,n) equal to the unique morphism from colim A to
A A

colim B defined above. Proposition 2.3 shows that this functor factors
thgough D).

Lastly, we construct a functor J : C< D(® in the following
fashion. Let 1 denote the directed ordered set {0,1} with ordering
0 <1 . For each object A €C , set J(A) equal to (l,ﬁ) where
ﬁo =0 and ﬁl = A . Similarly, for each morphism f : A+ B in
C,J(£f) 1is defined to be (idl,é:‘\) , where 90 =0 and 91 =f .
Clearly, J : C“9 D(® is an embedding.

Thus, we have constructed the category of directed diagrams over
C, @ , and embedded C into D(C) . This category is equivalent
to the dual of the category of Pro-objects of P studied by
Grothendieck [6].

In the next sections, D(C) is shown to be an abelian category
whenever C is abelian. 1In fact, D(®) is actually an AB5 category.

Furthermore, the embedding J : C<+* D(®) is exact, Ext-preserving,

and projective-preserving as well as satisfying a universal extension
property.

Section 2: (¢ abelian implies D(4) is abelian and cocomplete.

Throughout the rest of this chapter & will denote an abelian

category. The fact that D(4) is abelian is demonstrated by the

following series of lemmas.
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Lemma 2.4 D(@) 1is additive; i.e., D(D ((A,A),(I,B)) is an abelian

group for every (M,A),(I',B) € D(®D .

Proof: Suppose (Tl,ﬁ) and (u,m) are pre-morphisms from (A,K) to
(I,B) . Lemma 2.2 insures that there is a ¢ : A 2 ' such that
9=TM,u . Define [(N,M] + [w,m] =[¢pn P +m B, where [ ]
denotes the equivalence class of a pre-morphism in D(&)

To show that the definition of addition is independent of the
choice of representatives and of ¢ : A+ [ , suppose (T,n) ~ (1]',1-1')
and (u,m) ~ (p.',x;') with 8 =27,M’ and @ =p,n’ such that
7%_-5% and 2° <2 . Choose ¥ : A3T so that ¥ = 9,0,9,9

Then for every A € A,

y; ’ ’
(ﬁ'cp + ﬁ'cp ){ YS)\) (n'q) m)’\cp)

¢ (N
_ Y)X) \1’5)\)
- T] K) (K)
_ ¥ 9 )y Y(N) w 1))
=Bgny B Sm *Byn B sm ™\
_ oY 90\) YN _w(h)
=Ben Brnen™ * By Bun™
- Y00, gFV,0
- ‘P(l) o(N ™A
= (I-l CP + l?l ‘P){
insures that (<p',n"p + m'(p) ~ (¢¥,n ? +m ‘;S . {(We call such an

argument a standard argument and similar arguments will be left to the

reader for the remainder of the chapter.)
Clearly [(7,0)] is a zero object, where 0 : A % B:7 ; and

[(N,-n)] is the additive inverse of [(M,n)] . Thus D(@AH 1is an
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additive category.
In the next lemma, a construction for arbitrary coproducts in
D(X) 1is given. A "proof by construction" is also needed later in

the chapter in order to show that D(&) is actually AB5 .
Lemma 2.5: D(&) has arbitrary coproducts,

Proof: Supvose {(".i,ﬂ i)iEI} is a collection of objects of D(D
It suffices to construct (A,A) € D(@ along with universal morphisms
[ehabhi: ohih » b

As a first step, define A to be {A = (M) € '];I' Ai‘)\i = 0 except
on a finite subset of I} having the natural ordering of '];T Ai .

For each A € A, let 1 be the support of A , i.e. the unique

A

finite subset such that }\i =0 if and only if i € INI, . If

A=A, them I, <1,/

A A
Clearly, (0) € A is initial. A is |-finite since for every

AME AN, In(N ETT In(?\i) is a finite set. Further A is also
i€1
A

directed because each f\i is directed and the choice of non-zero )\i's
can bhe restricted to a finite set.

Next, the diagram A : A -+ d is given by Ay = _U_ A;; for each

iEIK i
4
AEAN. 1f A<A in A, then A; : Ay * A,/ is the canonical map
"y M
21 uxi (A )X if 1 € IK
of coproducts induced by Il < I)\/ , 1.e. Ak uy = i

otherwise O

where ui : A:;'\ i é‘l A;'\ and u;'\' : A:;/ - é_l Aj);l are the canoni-
i i i€ i i i i€r,, 1

A A

cal inclusions into the coproduct.

Lastly, [(p,i,ﬁ 1y AR 1) 5 (MR 1is defined by:
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'i i i A 0, i #j
(i)u:A+A,u(xi)=(x1)=
J N4 o=
g0 1=
an al:at4i, @ i)k = ui : Ai » A
i i i i

Here u)\1 is the canonical inclusion into the coproduct which obviously
i

gives a natural transformation from the definition of A: Aaa.

To show that ((A,K),[(ui,ﬁ i)]) is a coproduct, suppose that
(I,B)€p@ and [(M,8 H7: A,AY) » (I',B) . Then it suffices to
construct [(ﬂ,ﬁ)]:(A,K)*(T,ﬁ) such that [(ﬂ,ﬁ)-(ui,ﬁ i)] = [(nioﬁ 1)]- To
this end, we first define T : A= I' inductively. Recall that A =

UA where A ={o}, N = {(AMA" <\ impries A’ =0}, and A =
r20

{(AMAY <\ implies A€ A} . Set T =0 . Foreach AEA ,

1
let T(\) be the finite subset of r,{ni(xi) ltex,l u v <a}.
Since [ 1is directed, choose Tl(A) 1larger than any of the elements of
I'(\M) . Clearly, T : A+ is an order and basepoint preserving mapping.
Next, we define n : A @ B-T by the rule

Bn()‘) . n:;\ for i € I,

0 otherwise .
Then Bn(Kl)n =n, Ax, insures that n : A ® B-T| is a map of diagrams
Ny ~h A A *

and [(M,n)] : (AA) - ([,B) such that [(ﬂ,ﬁ)-(ui,ﬁ i)] equals
[(ﬂi,ﬁ i)] in D(@) . Thus D(Z) has arbitrary coproducts.

In particular, if I is itself a finite set, then

ll(Ai,K i) = A;,K) where Kx = 14 A; .
1 i€1 i€y i

Corollary 2.6: D(J) has finite products.

Proof: The proof is immediate from the fact that any additive category
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with finite coproducts also has finite products {11].
The next lemma is a key lemma in the sense that it is used to
show not only that D(&) has kernels and cokernels, and is normal
and conormal; but also to demonstrate that short exact sequences in
D() are equivalent to short exact sequences in JA , N some

l-finite directed ordered set with initial element.

Lemma 2.7 (Lifting lemma): Suppose [(M,n)] : (AA) =+ (F',B) in DD .

Then there is a |-finite directed ordered set A with initial element
A'B’€ f , and a map of diagrams n': A’ + B’ such that (A,A) = (A,R"),
(1",1-3) = (A,ﬁ') in D(&) and [(i—dA,r_xl)] is equivalent to [(T],ﬁ)] in

D(A@) via these isomorphisms.

Proof: Suppose [(M,n)] : (MA) 2 (I',B) in D(@® . Let A be the
ordered subset A X I' whose elements are (A,y) such that T(N) <y .
Since T() =0 <0, (0,0) €A , and 4 has an initial element. For

I/

any (M\Y),(A,y’) in A , choose Aoz M) and Y oz v,y M) .
Then (\",Y’) 1is larger than (M\Y),(A',¥y'), and A is directed.
Since In(\,¥) < (In()) X In(Y)) , a finite set, for every (A,Y) € A ,
A is {-finite,

Also, there are two cofinal order preserving mappings Pp ¢ A+ A,

ppCAY) = A and g : AT, ﬁ-("’Y) =Y . Let A’ = pXA , A'(LY =
A, , and B = p’;ﬁ , BI()\’Y) = B, . Further, define n’ : A *B’ by
the rule "I(k,Y) = ¥](>\)nk ; then [.(idA,E')] : (0,A) + (4,B") in
(D) .

Next, if < :ldA,T] >: A+ A 1is the unique order and basepoint
preserving mapping given by <id,T} >(M) = (A,T(N)) , and

< 0,1% >: I'+4A is given by < O,idl..>('¥) = (0,Y) , then there is a
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commutative diagram in D(&)

(M,n)

(A,R) > (T,B)
[(<idy, )] ((0,id>,b) ]
v (14,1 v
(b,A") > (A,B)
4
where a)\ = 1dA>\ : A)\ - A ()\,T]()\)) and

b =1 4
. -
Y BY : B,Y B ©,V

In addition, [(pA,;')] , =id, and [(pr,S’)] , b’ =

4
"o T %, (¢

i : B’ B are shown, b standard argument, to be
P T Py y g srents

the respective inverses of [(<idA,T]>,;.)] and [(<0,idr>,l_))] in D@ .
Also, standard arguments show that all the choices made are independent
of the representatives, and the lemma is proved.

Thus, any morphism in D(4) can be "regarded’ as a morphism in

dA for some I-finite directed A with initial element.

Proposition 2.8 D(d) is a cocomplete abelian category.

Proof: From the above lemma, any morphism in D(&) is equivalent to
a map of diagrams in dA for some I-finite directed A with initial
element. Therefore, in order to show that D(4) has kernels, it
suffices to define a kernel for [(idA,ﬁ)] : (4,A) » (A,B) and show

that this is indeed a kernel in D(&4) . Let

0 = (4,K) M> (A,A) be the pointwise kernel of
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(idA,I_l):(A,K)*(A,ﬁ) in dA. Suppose [(5,5)]:((‘),(-2) + (A,A) 1is such

that [(mA,E)-(g,E)] =[(§,0)] . Then there is a ¢ 2 §,£’ such

= .59 ay @ Pp(w) P(w)

that (n.-s)’ = (O , and for every w € Q , B n s =B 0 =0 .
(ng'8) ™ = (0) y » By g o = Bg(w

From the pointwise definition of kernel in dA , there is a unique

c :C such that A(p(w)s Clearly, c:C- K-

o Co Ko £ 0 = ¥pw o

is a map of diagrams such that [(idA,ﬁ)-cp,(-:)] equals [(E,s)] in
D(4) . By a standard argument, all the choices above are shown to be
independent of the representatives, insuring that
_ _ (id,,k) _

ker([(idA,n) D=[0~+* (A,K) ——————> (A,A)] in D(A) .

The dual argument shows that cok [(idA,ﬁ)] in D(&) is isomorphic
to cok(ﬁ) in dA . From the pointwise definition of kernel and co-
kernel, it is clear that D(&) is both normal and conormal. Lastly,

since D(X) has arbitrary coproducts and cokernels, it is cocomplete.

Caorollary 2.9. If

t = P
(*) 0o - (A/’K') (M ,n )] > (A,K) '(n s )]> (Aﬂ’iﬂ) 40

is a short exact sequence in D(&) , then there is a |-finite directed

-t -/
ordered set 4 , with initial element, 0 - B 2>B-2>B8" 40 exact
in dA such that

[(idy,m"] [Gd,,m")]

0 —> (4,B9) > (4,B) > (A,B") —> 0

is equivalent to (¥) in D(Z) .

Proof: This is immediate from the lifting lemma and the definition of
kernels and cokernels in D(&) .

D(4) has been shown to be a cocomplete abelian category. How-
ever, in order to show that D(&) 1is AB5 , it is necessary to

actually construct the colimit for {1 , a |-finite directed ordered



set with initial element.

Section 3: D(4) is ABS .

~ _ r_e
Proposition 2,10: Suppose A = {(Aw,Am),[(ﬂz ,n::)]} is in

Q0 |-finite directed ordered set with initial element. Let

ordered set
{(w,9 I‘P € 1T AY and v <Yl in
YEIn(w)

'
¥
w i <
In(w) insures that T]Y (pY__ CpY,}

with ordering given by the rule:

14

0,9 < (w’',9’) if and only if ®w <

and ¢'/In(w) = @ .

Define A : A 4+ d by:

(1) A(w,cp) =4y

¢ 2 r 9 ?
(1) A§$ ;p;“ =) ¢ ) @)y where
! T ()

20

2@,

A Dbe the
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Then (A,K) € D(@ and (A,A) 1is isomorphic to colim(Aw,Km) in
Q

D(D
Proof: 1In order that (A,A) € D(@ , it suffices to show that A is
{-finite, directed ordered set with initial element.

Suppose (w,9) and (w’,9’) are in A . Since Q is directed,

there is an " 2 w,w' . Clearly both ¢ and cp' can be considered
as elements of T[ AY” . Define cp” € TT AY” inductively on the
vEIn(w ) Y€In(w')

usual decomposition of In(w”) =U «© n In(w”)) . Choose cp” 2,9
A o~ %%
i20

in A . For y €Q Nin(w) , let ¢ be an element of A larger
4 ’ ¢
than any element of the finite set {cpy,,tp,;,cpf(,,n,v, (<p:'(:) where Y < v} .

Then (w”,cp”) €A and (w”,tp”) 2 (w,cp),(w’,cp’) ; therefore A 1is
directed.
Further, (0,0,°) , where 0 is the initial element of Q and
OAv is the initial element of A’ , serves as the initial element of
A . For every (w,9) €4 , In{w,¥) 1is contained in the finite set
In(w) X In(®) , and A is !-finite . Therefore, (A,A) € D(D) .
For each w € Q , let [(pw,f; w)] : (A‘”,K w) -+ (A,A) be the

morphism in D(&4) defined by:

o,y ¥ w
\ A A ?
@ o) = @A) , where (X)) =
w ot vy A =W
w0y =
- W A w
(ii) P, = id 0 since A(w,)&?v = A)\ .
w A)\ w
w

1

Then [(Pw P w)]'[(nz ,I-!r))] =[(pw,1; u))] , for o <w’ .

Suppose {[(EY,5 971 : (A%2 Y » (I,B)} such that
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w’*(l)' (1)’-0.)' (.0-0)) ¢
(€ ,s HIMAM,,m )] =[C",s )] for w<w' . Let £:4T

be the order and basepoint preserving mapping defined by E(w,® =

S = Sw
9 " 5y

Then [(E,s)][ (pw,fx m)] = [(gw,é u))] . Standard arguments show that

§w(<pw) ,and S : A »B'E the natural transformation

[(E,E)] : (A,K) -+ (I‘,ﬁ) is unique and independent of the choice of

representatives. Thus {(A,T\),[(pw,ﬁ %13 Ecolim(l\w,l-\ % in D@ .
Q

For any small category © , let J® : d® - (D(d))® be the functor
defined by

® - A
T My = Iay = (LAY ,
where J : d< D(@ is the embedding given in section 1.

Corollary 2,11: If (A,A) € D(®D , then (A,A) is isomorphic to

colimJA(K) in D@D .
A

A= -
Proof: By proposition 2.10, colimJ (A) = (A,A') where

W@ a={0NoleeTTn, 9, 1is either 0 or 1,
In(d)

and tp)\ =0 if and only if cpY = 0 for every

Y <A}, and

? _ 0 if @, = 0
(ii) A g = {A ie A
A (P)\ =1 .

Then (E,s) : (A,A) » (A,A") , given by

(1) E(N) = (A, Q1)) where (1)Y =1 for every Y < A and

(ii) s, = id
A A()\)

and (M,n) : (4,A") =+ (AA) , given by
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(ii) n
are inverses of each other in D(&) . Therefore, (A,A) = colimJA(K) .
A
For any abelian category /3 , there is an associated category

Seq B , the category of short exact sequences in 5 , whose

(i) objects are 0 + B’ + B 4B’ 40 exact in B, and
(ii) morphisms are commutative diagrams

0+B/ 4B, #B #0
le? lf lf”

0+Bj +B; #B, %0

with the obvious composition.

In general, this category is not abelian.

Proposition 2.12 ., D(Seq &) and Seq (D(4)) are equivalent cate-

gories.

Proof: Define U : D(Seq &) - Seq (D(A)) by the rule:

[ (id,,m"] _ [Gig,,nM)]

0+ (AAY)

(1) UMb

- -l
where A =( A’ 2—->2 251" +0) in dA,and

Gy vd,d = CMEHLIMDILIMEYD ,

where (ﬁ,f) : (MR) » (I',B) is the commutative diagram

-4 -

0+A" 2o a2k —o0

e

-

0+81"255m2550+0 in & .

From corollary 2.9 and the definition of D(4) , U is both represent-

> (AR > (N ,&") + 0
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ative and faithful.

To show that U is full, suppose

o [W14,,59] . [aay,n"] iy
0 —> (M) — — ———> (M) ————————> (M) —— 0
: e’
(2.13) [(&’,51 [(E,9)] ;ug",s”)]
-2 - {,
-, [(idl..,m )] _ [(idI..,m )] -
0 —> (I',’) —> (I',B) > (['B") ——> 0

is a morphism in Seq (D(X)) between U(AA) and U(T,B) ; i.e.,
there are ¢ 2 §,§' and Y 2 §,§” such that (ﬁ'-g')cp = (5.5,)cp and

v =¥ - =u ¥
‘n

m”-8)" = (s ) . Filter A=U 1\r as before, and define

€ : A+ inductively as follows. Set €(0) =0 . Suppose € is

already defined on Ar- and A € I\r . Let T(M denote the finite

1

subset {¥(N,p(N,e(A)|M) <A} of T . Choose €M =2T(N .
Clearly, € : A+ is order preserving and ¢ = E/,€,€ . A standard
argument shows that ([(§',§')],[(§,§)],[(§”,§”)]) equals ([(e,g'e)],
[€6,591,[¢6,5° 9] 1in Seq (D(D) , and U is full.

Therefore U : D(seq &) - seq (D(A)) is an equivalence of

categories.
Theorem 2.14 D(@ 1is AB5 .

Proof: Suppose [ is any directed ordered set. Then
(3N ,A-8) —(—-e-&gl—> (I',A) induces an isomorphism of colimits in D(&)

where 6 : () =+ ' is the cofinal map defined in proposition 1.4 and
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X: T +*D(@ . Since ) 1is a |-finite directed ordered set with

initial element @ , it suffices to show that colim : D(d)Q <+ D(AD)
Q

is exact for Q is a l|-finite directed ordered set with initial
element,

Suppose 0 + A’ + X + X' 20 1is a short exact sequence in D(d)Q .
By Proposition 2,12,

4

0 +*X 2K +1 40) € (D(seq d))Q , i.e. for every w € Q ,

0~ K; + K, K"; 40 is isomorphic to

[ (id w,ﬁ'“’)] [ (id m,ﬁ”“’)]

0 < (A(D’Klw) A S (A‘”,Kw) A > (Aw,ﬁ”“’) 40,

and o < w' gives a commutative diagram similar to (2.13).
Therefore, using the construction for colimit in Proposition 2,10,

colim (0 -+ XY + X + X" 4 0) is isomorphic to

Q

[(1d,,09] . [e,n] -
——> (8,A) > (A,A') 0 . Thus

0 -+ (A,A0

D(@D is AB5 .

Section 4: The Embedding J : d & D(@D .

In this section, we show that J : d< D(&) 1is exact, Ext-pre-
serving, and projective-preserving. Also J : &< D(4) satisfies
a universal extension property for right exact functors from @ to
cocomplete abelian categories, Furthermore, if ¢ has enough pro-
jectives, then D(&) will also have enough projectives, so that

derived functors from D(&) can be defined.

Proposition 2,15: If ¢ 4is abelian, then J : A< D(4) is exact,
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*
projective-preserving and Ext-preserving (i.e. Ext (J(A),J(B)) =

Ext’(A,B)) .

n

Proof: J : d“ D(@ is exact since 0 -+ A’ —n—l-> A2>4A" 90
exact in ¢ insures O - (l,ﬁ') _[(_id&_]_> (l,ﬁ) —M)-J-o (l,ﬁ”) -+ 0
is exact in D(O) , by the definition of exactness there.

Suppose P € d is projective. By Corollary 2.9, it suffices to

consider
J(P)

[(E,9)]

\4

[dy,m]

(), A) > (MA") —> 0, in D@) .

Since P is projective in & , there is a s, : P such that

-+ A
E(1)
4 = -
De1)S1 = s, . Therefore, by a standard argument [(idA,n) (,s)] =
[(E,s)] , and J(P) is projective in D(D .
In order to show that J : d < D(® is Ext-preserving, it suf-

fices to extend any diagram
J(¥)
[(E,]
A

[(iay,n)]

(AR > (\LA) —> 0

in the following manner [12f.

Let
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nl
be the pullback diagram in & . Then X —> Y ——> 0 is exact in

d . Clearly,

¢
s 2B 5y - > 0
[(5,5D] [5,9]
_ (@d,,n v _
(AA) ———— (\,AT) >0

commutes in D(&) , and has exact top row.

Proposition 2.16: If < has enough projectives, then {J(P) ‘P

projective in @} is a class of small projective generators in D(J)

Proof: From the above proposition, J(P) is projective for P pro-

jective in & . To see that J(P) is small in D(J) , suppose

[(E,8)] : J(P) = %l (Ai,ﬂ j') . By Lemma 2.5, %(Ai,ﬁ 1) == (M,A)
i i

where

(1) A= {(7\1) €TT Ail}\i = 0 except on a finite subset of 1}
i

and
- i
(1) A, = ié_ll_ Ahi .
A
Clearly
I(P) > _g (MdAh
19wy
[(§.§)]

v
N
_lé‘(hi,i 1
i

commutes, where E’(1)"=" EQ1) , I§(1) is the support of §&(1) , and
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ARTIKT]
1 = 8

Next, we show that {J(P)} generate. Suppose [(T],r-x)] : (A,ﬂ) -

(I',B) is not zero, i.e., thare is a )\OE A such that n)\o: A"o -+ Bn()‘o)

is not zero. Since ¢ has enough projectives, there is a P € ¢ and

epimorphism P = A)\ —> 0 . Obviously,
o

J(®) (5,9 ] > (M, A) —Lﬂ’n—)l—> (I',B) 1is not zero, where E(1) = )\0 ,

€(0) =0 , and s, =5 .

The above proof actually shows that {J(A) |A € @} is a class of

small generators in D(Q) .

Corollary 2.17 1f d has enough projectives, then so does D(&) .

€
Proof: Suppose (A,A)€ D() , and for each A € A, let P, ——)‘—> Ay —>0

with P)\ projective in & . From the definition of colimit and the

fact D(A) is ABS ,

ey — |l 5ap > colim J(A,)
AEA AEA A

is an epimorphism in D(@) . But || J(P)) is projective and
AEA

corollary 2.11 together insure that _U_ J(P)\) —> (MA) —>0 .
AEA

Thus D(&) has enough projectives.

Theorem 2.17 (Universal Extension Theorem):

Suppose F : @+ /8 is a right exact functor from ¢ to a cocom-
plete abelian category /3 . Then there is a right exact functor
G:D(@) —> B such that G'J =F , where J: d<—> D(d) is

the canonical embedding. Furthermore, if 5 is AB5 and F: 4+ 85
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is exact, then the extension G : D(J) #+ /B 1is also exact.

A A
Proof: Suppose F : @ + /2 1is a right exact functor. Let FA cd + B

be the associated functor of diagram categories. Then we define
G : D(@ <+ B in the following fashion:

(i) for each (A,A)€ D(X) , set G(A,A) = colim FA(I-\)
A

(11) if [(M,n)] : (AR + ([,B) in D(4) , then set

F(n

G([ (M,n)]) = colim FA(ﬁ) , where colim FA(r-x)'px )\)
A

=p
A NN

A standard argument shows that the definition of G : D(X) -+ B is in-

dependent of the choice of representative. Clearly G:-J = F , since
LA A

colim F (A) = F(A;) = F(A)

By Proposition 1.5, colim A = colim WA in D(&), where O is a
® F(B)

small category. Therefore, it suffices to show G(colim A) == colim G(A w) s
Q Q

where (1 is a |-finite directed ordered set with initial element.

In this case, colim A = ((A,l_\),[(pw,ﬁ w) 1> as defined in Lemma 2.10.

Q
A= -
Therefore, it suffices to show colim F (A) = colim(co&im F (A us)) ,
iy Q A
) A AL
where ¢ : F(A, ) *colim F (A m) and r, : colimF (A m) -+
)\m )‘w I ® I

colim(col&)m FA (A (u)) are the canonical injections. Then
Q A

W
v colim(cola)m FA (A w)) = colim FA(K) defined by the rule
Q0 A A
w - A, - Aw - W,
ver = G([(p ,p ua)]) and t : colim F (A) - colim(col&)m F (A)))

A Q A

defined by the rule t's(u),cp) = rm-qcpm are inverses. Thus

G(colim A) = colim G(Aw) in B and G : D(@ =+ B 1is cocontinuous.
Q Q
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A A
Proposition 2.12, the right exactness of F : & =+, corollary

A
2.9, and the right exactness of colim : & =+ d together insure that
A

G : D{@ =+d is right exact.
The uniqueness of G : D(@) * 3 follows immediately from
Corollary 2.11, and the facts that G 1is cocontinuous and G:J = F .
If B is AB5 and F : &+ /5 is exact, then FA : dA-» BA is
exact. Therefore Corollary 2.9 and B AB5 together imply that
G : D@ + 8 is exact.

It is this unique extension property which enables us, in the

®
next chapter, to factorize colim : d@ +d into colim J : C?® -+ D(A)
® ®

and Y : D(J) * @ whenever ( is cocomplete; and to develop a spectral

sequence which is an important tool of this paper.
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CHAPTER 111

A SPECTRAL SEQUENCE FOR Colim : dn »d
Q

Section 1: & cocomplete insures & coreflective subcategory of D(&)

Suppose ¢ is a cocomplete abelian category.

Lemma 3.1: There is a cocontinuous (and consequently right exact functor)
Y : D(@)+ A defined by:

(1) if (MAE D@, Y(MA) = colim Ay
A

(i1) if (M,n) : (AA) » (T,B) is a morphism in D(&) , then

¥(7M,n) = colim (n) where colim (n):p, = p n, .
5 L A = Py

Furthermore, Y-J = idd .
Proof: This is simply Theorem 2.17 wherée F = ida + d+d.

Proposition 3,2: d 1is a coreflective subcategory of D(&) , i.e.

the functor Y ; D(@) + @ is the coadjoint of J : d & (D) .
Proof: It suffices to show
D(D)((A,A) ,J(X)) = d(¥(A,A) ,X)

for (MA)ED(A) and X € & . From Corollary 2.11, the definition of
colimit, and the fact that J : & “ D(4) is a full embedding, it
follows that
- A=
D(@)((A,A) ,J(X)) = D(A Xcolim J (A),J(X))
A

o L;‘\B‘pn(a)("(“k) ,J(X))
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> 1/.\(1)3 d(A)\,X)

=d (cokim Ay, %)

= d(¥(A,A) ,X)
Thus, @ is a coreflective subcategory of D(&) .
) ® d®
For © , a small category, let Y : D(d) - denote the canoni-

cal functor induced by Y : D(X) + & .

Corollary 3.3: If @ is any small category, then Y(colim J®(K)) o=
®

colim (A) for KGG@.
®

Proof: Since Y : D(4) + d is cocontinuous and Y-J =1id, ,

¥(colim J®(K)) = colim ¥+ J(A

)
® ® ®

> colim (A

)
® ®

== colim (A)
C)

By Corollary 3.3, colim : d® -+ d is factored into
®

colim J® : d@) 2D(@D) and Y : D@ > d. 1t is this factorization
®

for ® =Q , a {-finite ordered set, which enables us to derive the
spectral sequence which is the major tool of this thesis.

As a first step, we prove a series of lemmas to show that
co(l}im JQ : dQ <+ D(A) preserves projectives., For the remainder of this
chapter, we assume that ¢ has enough projectives so that the left

derived functors are well-defined, and that (1 is a |-finite ordered set

not necessarily directed.
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Q
Section 2: ( l|-finite ordered set insures that colim JQ : d = D(A)
preserves projectives. Q

Q
Recall that Proposition 1.3 guarantees that ¢ has enough

canonic-l projectives; i.e., projectives of the form H Ewa where
w

Ew : d - djoint to ev cIQ-» d , and P, 1is projective

in 4.

Lemma 3.4: For every ®w € (Q ,

J > D(A)

E lE
w w

Q
S SIS (DY) Q commutes.

— Q

Y

Proof: It suffices to show that
FEx, =B @36)
Wy w Y
for Y €Q and X € d . But this is true, since by definition,

0 _ i) if vy zw
TEH, = HED) = {

0 otherwise and

JX) if vy 2w
Ew(J(x))y = {

0 otherwise .

Lemma 3.5: If P € d is projective in ¢ , then JQ(EwP) = Ew(J(P))

is projective in D(d)Q .
Q Q
Proof: Since E —3 ev and evw:D(d) 4+ D(d) is exact, Ew:D(d) - D(D

Q
preserves projectives. Therefore, Ew(J(P)) is projective in (&) ,

because J : dS D(4) preserves projectives.
Lemma 3.6: 1If {xw}wEQ is any collection of objects in ¢ and Q

is a }-finite ordered set, then JQ(_Ll mew) 2_‘_[ Ew(J(xw)) .
I w
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Proof: Suppose that {xw}wEQ is given and that Y is an arbitrary

element of (2 . From the definitions of JQ : do-' D(d)Q and

Ew : d dw , it follows that

Q
3 (w'&k EX)y = J((J&[ E Xy

= J( X) .
Fnléln(v) @

On the other hand,

Q
(_u[)éﬂ TEXD),

% JEXD )

JX )
w'liln(v) v

But since In(Y) is finite, it is the maximal element of F(In(Y))

v

Therefore, using Proposition 1.5,

éil Jxp) = colim  s(}{ x)
w

n(y) u€I(In(y)) weu *
= J( X))
WeIn(y)” ’

and the lemma follows.

It is here that the utility (for this argument) of the (i's
being {-finite is apparent. The functor J : & < D(J) 1is not
necessarily cocontinuous, i.e., J : d <+ D(@) does not necessarily

commute with arbitrary coproducts.

Q Q
Corollary 3.7: J : dn-' D(d) preserves canonical projectives, i.e.

Q
J( EP)?—‘I!E(J(P))
al»'Ln‘“’ W w w

Proof: This is immediate from lemma 3.5, lemma 3.6, and the fact that

the coproduct of projectives is projective.
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Q
Proposition 3.8: co(]iim J dn-' D() preserves projectives, whenever

QQ is a {-finite ordered set.

Proof: Both co%}im : D(d)Q <+ D(A) and JQ : dQ-+ D(d)Q , by lemma

3.7, preserve projectives, and therefore their composition,

Q
colim JQ : d - D(d) , also preserves projectives,

0

Q
Section 3: The Spectral Sequence for colim : d -7 .
Q

Theorem 3.9. If Q is a |-finite ordered set, ¢ is cocomplete

- Q
abelian category, with projectives, and A € & , then there is a first

quadrant spectral sequence with

Q-
2 -
E pa = (Lp‘l’) (Lq c0(1)im) (J )

converging to

(Lp+q cog.)im) (A)

Proof: The hypotheses of the 'Grothendieck Two Functor Theorem" [5]

are satisfied since Y-colim JQ(K) > colim (A) , A € dﬂ , Y: D@+ d
Q Q

Q
is right exact, and colim J : dO-O D(A) preserves projectives.
Q

Therefore, applying this theorem of Grothendieck and Corollary 3.7,

there is a spectral sequence with

_— -
E pq = (Lp‘l’) (Lq cog.)im) (JO(A))

converging to

(Lp + cocl)im) A .

Q . .
Since D(@) is AB5 and JQ: a *D(d)o is exact, we have
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the following corollary:

Corollary 3.10: If A is a |-finite directed ordered set, & is a

- A
cocomplete abelian category with projectives, and A € & , then

(Lp‘i’) (colim JQ(E)) = (Lp colim) (A) for every p 20 .
Q

Q
0 0 JQ) -
Proof: Since colim J : d <+ D(A) 1is exact, (L_ colim (A) =0
- Q 1 q
for q >0 . From the definition of convergence of a spectral sequence,

it follows that

(L_¥) (colim IR = (L_ colim) (A)
p Q P q

Section 4: An Alternative Form for the Spectral Sequence.

Q
Recall that W : & - GE(Q) is the functor defined by

(WA) = colim A/u , where J() 1is the !-finite directed ordered set
u
u

consisting of all finite subsets of (1 . Proposition 1.5 shows that

(i) colim (WA) = colim (A) in & , and

(D Q
(ii) colim ng’ (WA) = colim JQ(K) in D(@)
FD Q

Using these facts, we are able to evaluate the derived functors of

colim JQ : dQ-’ @ , and express the spectral sequence in an alternative
Q

fornm.

Lemma 3.11: If Q is a l-finite ordered set, then

(Lq colim JCS (A) = colim 5D
Q

((L_W) (A))
k1(s) a

> colim J ((L_colim) (A/u))
u€F(Q) 1 4

for every A € dﬂ .
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€ -

Proof: Suppose (X,¢) = (... *P, P, * P, —> A #0) is a projective

resolution of A in dn . Since colim JQ(K) = colim Jg(ﬂ)
Q bk 1(0)]

3D, FD DD

(Wa) ,
H,(colim P& = H, (colim PO WD . But colim J

Q F( F(D
exact, insures that

H*(colim Jo(i)) = colim JE(Q)
Q

H, (WX)
3D *

since homology commutes with exact functors. By definition,

H *(wi)u = L*(wix)u = (L*colllim) (A/v) ,

and the result follows.

Theorem 3.12: If ¢ 1is a cocomplete abelian category with projectives,
- {1
Q1 is a |-finite ordered set, and A € & , then there is a first

quadrant spectral sequence with

E2

pa (ch:_o’;t él)n) (chol];im) (A/u)

(L_colim) (L _W) (A)

converging to L colim K
ging (p+q 4 ) (A)

Proof: By Theorem 3.9, there is a first quadrant spectral sequence
with

2 _ -
qu = (Lp‘i’) (Lq cog_.)im JQ) a)

converging to (Lp_..q colim) (&) . Using Lemma 3.11, we substitute
Q

colim Js(ﬂ) (L W) (A) for ((L_ colim J(S (A)) to get
D 1 1 q

8 1¢0)

E2 = {L ¥)(colim J ((Lq") (A)))

Pq P (D
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Lastly, since &) is a I-finite directed ordered set, we are able

to apply Corollary 3.10 to get

2 £ A
qu = (Lp c;ﬁtg)n) (LqW) (A)

Thus, from the factorization

a’

co%]im JQ / \ cobim
7 N
> d

D(d) _—L- ’

we get a spectral sequence which involves derived functors of colimit
over a directed ordered set, namely &({) . In the next chapter, we
develop a method, based on the cardinality of the directed ordered set,
of determining when higher derived functors of colimit vanish over
directed ordered sets, Since the cardinality of &(() is the same as
that of {0 when {I is infinite, the above spectral sequence, in
various cases, will tell us when higher derived functors of

colim : dn-bd vanish.
Q
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CHAPTER 1V

CARDINALITY, DIRECTED ORDERED SETS AND

DERIVED FUNCTORS OF LIMIT

In this chapter, it is shown that knowledge of the cardinality of
directed ordered set A 1is enough to determine when higher derived

A
functors of colim : @ -+ d vanish. We shall suppose that ¢ is an
A

AB4 category with injectives.

To show this, we first generalize a lemma of M. Auslander [2],
dealing with dimension of modules, to homological dimension in an ABS
category with projectives. From this lemma, we are able to prove a
generalization of a result of B,L, Osofsky [14] which insures that the

homological dimension of colim X)\,(Xh projective in d for every
A

A € A), is zero in high degrees.
Finally, using these results and the definition of limit in &b ,
it follows that if ¢ is AB4 category with enough injectives and

A 1is a directed ordered set with [[Al| <R , then (cholim)(l_\) =0
A

for p>n +1.
Because the proofs in this chapter depend on an understanding of

homological dimension, we recall that the homological dimension of

A€d, h.d@®, is defined to be the least non-negative integer such

-+ -+ -+ -+ - - -
that 0 Pn Pn_1 Pl PO + A0 is exact with Pi pro

jective in @ , 0 <1 S n ; if no such integer exists, then h.d(A) is

defined to be «® . P 1is projective if and only if h.d.(P) =0 .

Furthermore, h.d.(A) =n if and only if Ext"(_,A) ¥+ 0 and
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Ext®*(_,A) = 0 for every k >0 . Therefore, 0 #A 4B +C + 0

exact in & insures:
(i) 1if h.d(B)= h.d(A), then h.d() <1 + h.d.@A) and

(i1) if h.d(B)< h.d(A), then h.d.€)=1 + h.d(A).

Section 1: M. Auslander's Lemma.

In this section, we assume that & is an AB5 category with

projectives.

Lemma 4.1. (M. Auslander): Let A € &, I be a non-empty well-ordered
. v
set and {AJ}JEI be a family of sub-objects of A,A‘j C———‘L> A , such

j
\'4
that if i <j in 1,4 C—2>A, . If A= UA, and
i J J-e[.]

h.d.(A/ UA,) <=n for every j €1 , then h.d.(A) <n .
J i
i<j
for every j €I . Since A is

Proof: Let B, denote A/ UA

3 iyt

AB5 , for every j € I , there is a short exact sequence

(4.2) o-+ U A

i<j 1

+A +B-+0 in 4.
J J

The proof is by induction on the homological dimension of the BJ'S.

First consider the case when n =0 , i.e. h.d.(B)) =0 and B, is

J J
projective for every j € 1 . Then the short exact sequence (4.2)
splits with retraction w,Z : B, A, , and A, =B _ ® U A, , for every
S IR T 3Ty

j €1 . Thus it suffices to show that A = U AJ is isomorphic to
J€1

B, , because B, is projective and h.d.( ||B) =0 = h.d.(A) .
%L J %L J ja

Since d is AB5 and B, is a sub-object of U A, via
J j€1 J
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vw, : B, U A, for every jEI,llB is a subobject of A ,
J

i.e., “ Bjc-' U A, . Next, suppose | Aj = A 1is not a subobject
FLa: j€r €1
of J_L B, . Let JO be the minimal element of I such that A is
& 3o
not included in _l_é BJ . {(One exists since 1 1is well-ordered.)
j€x

Then for every 1 < jO,Aic"" _U_ B;j . d AB5 again insures that
J

UAi is a subobject of lé]BJ . But AJ =B, ® U Ai is a sub-
i<J0 k] 0 Jo 1630

object of _l% BJ , which yields a contradiction. Therefore, A 1is a
Je1

subobject of B, and A= || B, .
J =5 J
J J
We now assume that the lemma is true in the cases when

h.d(BJ)S n-1. For each j €1 , there is a commutative diagram

(4.3) 0 > K B > 0

oL

with exact bottom row and XJ projective.

Using (4.3), we construct a commutative diagram.
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0 0 0
v J/ al J’
) > U K > _|_| X, _—) oy A > 0
i<j i<j 1<j
W J’ o NV
0 —— K > || x I a > 0
3 iy 9 3
(4.4)
i P
N/ v B \'/ J
0 > K’ > X J_. B —_— 0
J J J
\/ 7
0 0 0

o
where Kj = ker ( ll XJ ——J-—> Aj) . It is clear that all the columns

isj
and the bottom row are exact. In particular, KS == (KJ/ V) Ki) . A trans-
i<y
finite induction shows that aj : ll XJ nd A‘j is an epimorphism, and

1<
therefore the middle row is exact. The "nine lemma" applied to (4.4),

insures that the top row is exact, i.e.,

a/
0-————>UK———>HX——J———>UA1———>0
i>j I i<y J 1<y

is exact for every j €1 .

Define K = ker( _!ilxj -+ A) , and consider {KJ}JGI . It

i < j, then xi‘-*x by construction since Ai'-’-—»A . But  AB5

J J

implies that
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(4.5) O*UKJ-’J_L X;% U A =0
' j€1 3<1 j€1
is exact in ¢ since
o
0——>KJ——-—>_U.XJ 1o a > 0
1<) J
is exact for every j € I . By definition, K = U K, . Furthermore,
j€1 J
since h.d.(BJ) <n for every j €1 and
0 —> K’ > X B‘j>13 > 0
J J J

is exact, with X projective,

J

h.d. K./ U k,) =h.d.(®K)<n-1.
Vg 9

Therefore, {K J} satisfies the inductive hypothesis and h.d.(g) <n -1
But H X‘j projective and (4.5) together insure that

i€
h.d.(A) = h.d.(K) +1 <n , and the induction is complete.

The above lemma is actually used in a slightly different form.

Corollary 4.6: Suppose 1 is well-ordered, A € d and {AJ}JEI is a

family of subobjects of A such that A = U A;j , 1 =3 implies
J€1

A, “*A,, and j a limit ordinal implies A, = U A, . If

i 3 3 1<y 1

h.d.(AJ) <n, forevery j €I , then h.d.(A) <n +1 .

Proof: By hypothesis,
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A if =3 +1
ua, = {7

i<y 1 A, if j 1is a limit ordinal .

J

Therefore,

A,/ . /A, if j:j'+1
By=A/(U Ap = 34
J i< 0 if j is a limit ordinal.

From the exact sequence (4.2), it follows that h.d.(B,)) <n + 1 for

J

every j € 1 . Therefore {A satisfies the hypothesis of lemma

J}JEI
4.1, and h.d.(A) <n + 1 .

Section 2: Osofsky's Proposition

Using Auslander’s lemma for R-modules and a lemma of I. Ber-
stein [3], M.B. Osofsky showed that if A is a directed ordered
set with HAH < Rn , and {M)\} is a directed system of groups such

that each M is a R,-module, then h.d.R(colim M}\) < n+l + sup h’d‘R

A A

A

where R = colim R, [14].
A

) ,
A N

We prove a more general version of this proposition for ABS cate-

gories with projectives. The proof is done by induction on the cardin-
ality of the directed (upwards) ordered set A, HA” < Rn . As a first
step, we generalize Berstein's lemma to get the case for n =0 ,

Il <%, .

Lemma 4.7: (Berstein) Suppose H Al SRO and X EaA such that X,

is projective in ¢ for every A € A. Then h.d.(colim X)) =1.
A

Proof: If [[A]| < RO , then A is a finite directed ordered set and

A has a maximal element )\OE A . Therefore, colim X, = Xx and
A 0
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and h.d. (colim X)\) = h.d. (Xx) =0 .
A 0

Next, suppose ”AH = RO . Then there is a totally ordered cofinal
subset A’ S A such that [[A’]] = No .  Without loss of generality, we
+

_ suppose that A= {0,1,2,...} ==z

For every integer s ,

o}
s
(4.8) 0o — |[x, > {|x —>x, —>0
r<s <s
r+l
is exact in ¢ where o0 -u_=u, - u X ,u:X-*_l;X the
s r r r+ r r r r

rss
canonical injection. It is clear that the exact sequences (4.8) define
A

an exact sequence of diagrams in ¢ . Since & is AB5 and A 1is
directed, 0 + || X_ % || X_ -+ colim X_+0 is exact in & . Therefore

’ s - s s :

s s A

h.d.(colim X ) <h.d. (]| X)) +1 . But ||X_ projective insures that

A 8 s ° s °

h.d.(colim X ) <1 .
A s

A set theoretic lemma of Osofsky [14] is stated here without

proof. It is used to complete the induction.

Lemma 4.9: Assume n >0 and A= {yly < Rn} . Then there exist di-

rected subsets {Ayh <Rn} of A such that:

) A= U
YR o
n
(1) A s A for y <y’

(111) “Ay” =R | for all Y <N .

Proposition 4.10 (Osofsky): Suppose A is a directed ordered set with
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- A
cardinality less than or equal to Rn . 1f X €d with X, pro-

A

jective for every A € A, then h.d.(colim X)) Sn+1.
A

Proof: The first step of the induction was done in lemma 4.7. Suppose
the proposition is true for the case n -1 . Let A= {Yl\' < Rn} .

By lemma 4.9, A= U A'Y where each I\Y is directed with HAYH = R

Y<§1 n-l

For each Y < Rn’ define AY = colim )-(/FY , where T = U 1\B .

Y <
FY B<y

Since HI‘YH = Rn , the inductive hypothesis applies to }E/f‘Y , and

-1
therefore h.d. (AY) <n.

Next, set

/

A
B = U ImCu, -u,s X, ) and
Y 'sr A AT
Y
Al
B = U Im(ux - u)\l x)\ ) ’
AN S A

where u}\ : X)\-ﬁ _Ll xY and u, XY -+ _U_ X)‘ are the canonical
kEI"Y AEA

inclusions into the coproduct.

For Y <Y' , BYC—O BY' since I"Y < I‘Y/ . d AB5 insures that

B = colim B = U

B, .
Y Y
'Y<Rn ‘Y<Rn

If a 1is a limit ordinal less than Rn » then T = V AY =y T ,
y<oa y<a Y

implies B_= U B_ . Furthermore, for each Y € A, h.d.(BY) <n -1
@ ey ¥

since 0 - BY -+ )\# XA - AY 4+ 0 1is exact with )\_QL!A x)‘ projective.
Y Y
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Therefore {B } N with B = U B satisfy the hypothesis of
Y'Y< h y<N Y
n

Corollary 4.6 and h.d.(B) <n .

From the definition of colimit,

O-OB-O_léX)\-#colimX)\-OO
rEA A

is exact with _|_[x>\ projective. Therefore
AEA

h.d. (colim X
A

)\) =1 +h.d.(B) <1 +n .

Section 3: The Result for @b .

In this section, we will use the Osofsky proposition to show that
if A is directed, ||Al| SRn , then quLim) : dbA + db, is zero for
A

every q >n + 1.

First we show that the right derived functors of Lim : dbQ -+ db ,
Q

1 a small category, can be characterized in terms of Ext-functors.
Lemma 4.11: Suppose A€ dbQ and Q is the constant diagram over

{1 with value Z , Then
(R“Lgi)m) (&) =Exti(®R,X) for every q 20 .

Proof: Let A : db = de be the functor which assigns to each
G € db the constant diagram 6 : Q-+db , By definition

A
: db - dbﬂ is the coadjoint of Lim : dbQ +db , i.e.,
Q

abo(e,ﬂ) = @b(G,Lim A)
Q

Since «b(Z,H) ~H for every H € &b ,

av® ®,) = dZ,Lim A) =Lim A .
Q Q
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Furthermore Q injective in dbQ insures that Extq(&,a) =0 for
all q > 0 . Therefore,

Extq(&,ﬂ) = KRqLim>(K) , for every q 20 ,
Q

We use this fact to prove the following proposition.

Proposition 4.12: Suppose A is a directed (downward) ordered set

A
of cardinality Rn . Then RqLim : @b -+ db is zero for every
A

q~>n+1

A
Proof: Recall that if E, : db -+ db is the coadjoint of

A
ev, : dbA-H b , evaluation at A , then E, : db -+ dh preserves

A A
projectives. 1In particular, E,X € db is projective in &b for
every A € A, since X is projective in b .

2 op
Furthermore, it is clear that colim E, Z=2 , and AP =
Al =R . Therefore, since ({E,Z} and A% satisfy the hypothesis

of Osofsky's proposition,

A
h.d. (X = h.d. (colim E;\Z) <sn+1.
£oP

From the definition of homological dimension and lemma 4.11, it follows

that (R"Lim)(i) -0 for q>na+1 and A E€apl.
A

Section 4: Generalization to AB4 Category d with Injectives.

The theorem developed in this section shows that the vanishing

of higher derived functors of colim : dA-O ad , N directed, depends
A

only on the cardinality of A .

Suppose { 1is an AB4 category with injectives.
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Lemma 4.13: If B € d such that &(B,Q) = 0 for every injective

Q€E€d, then B =0 .

Proof: Since d has enough injectives, there is an injective Q in
d and a monomorphism B : B + Q. But d(B, ) : &+ db left exact
insures that 0 —> {(B,B) M> d(B,Q) 1is exact in db . Since
dB,Q) =0 , 0 = d(B,B)-idB = B-idB ; and P : B < Q a monomorphism
implies that idB =0 or B=0.

Theorem 4.14: If A is a directed (upwards) ordered set, HAH < Rn ,
then

(L colim) (A) = O
1 ;A

- A
for every q>n +1 and A€dJ .

Proof: Since d is AB4 , the results of J.E. Roos [15] apply, i.e.,

ire A " " n
for every A € d , there is a "coflabby" resolution of A ,

_LL.(K-’K-’O where (_Uqﬂ))\=

A}\ , 1s such that

)\S)\O<,,,<}\q q
H*(colim _]_L A) = (L* colim) (A)
A A
Suppose Q € & is injective. Since d(_,Q) : &P + @b is exact,
a, cokim) (A),Q = 1" (a(co}\m o, .
A duality argument shows that
- * _ A
d(cO}\im Ao = 11‘\‘1’5' Tao,
ry " " ry & A
where W(A,& is the canonical "flabby" resolution of (A,Q € &b

Therefore,

AL _colim (B, = RILim (A, .
LY Aop

;
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Since A is a directed (upward) ordered set, HAH < Rn,AOP is a
directed (downward) ordered set with ||A°p|| < Rn . Thus applying
proposition 4.12,

0 = RqLim(ﬂ,e) = @((L _colim) (A) ,Q)
1P 1A

for every q > n + 1 . Finally lemma 4.13 insures that (cholim) (A) =0
A

for q>n +1 .

The hypothesis that & has enough injectives is stronger than
is needed. For instance, the following weaker hypothesis on ¢ might
be used: For each A € dA , there is a full exact small abelian subcate-
gory &(A) € d such that:

(1) A and colim _U_*ﬂ are contained in J(A) .

(i1) there is a collection {Qp lp 2 0} of objects in Hd) with

(2) d(_,Qp) : #d) + db exact for every p 20 ,

a
(b) O =~ (cholim)ﬂ - Y Qp existing in #(d) for
A

every p 20 ,

(¢) d(L_colim K,Qp) =0 for every p 20 .,
P

In this case, the necessary embeddings into @b would exist and the

above theorem would follow similarly.
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CHAPTER V
CONCLUSIONS
In this chapter, the results of the last chapter are applied to
the spectral sequence developed in Chapter III to give a concrete way

of determining when higher derived functors of limit and colimit

vanish.

Section 1: Finiteness Lemma.

The following lemma develops a way of determining when the higher

derived functors of colim : dQ-O d vanish, based on when the higher
Q

derived functors of co%_)im : dbn-+ db vanish.

Suppose @ is an AB4 category with a generating class of small

projectives.

Lemma 5.1: Suppose (I is any small category such that L colim : abn -+ db
{l

is zero for every p > k , then \cholim): JQ* d 1is also zero for
Q

every p > k .

Proof: Suppose A € dQ and |||K <+ A +0 is the canonical coflabby

resolution of A , 1.e.,
(‘LlpA)w =-U-Aw0 o L PR ¢

where
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Let P be any small projective in the generating family. Then
A - A =
(P, “' A) @ (P,A) # 0 1is the canonical coflabby resolution of

A - Q
(P,A) €db" since (P, ) : 4+ db is exact and commutes with coproducts.

A - A =
Therefore, (L _colim) (P,A) = H (colim l (P,A)) 1is isomorphic to
P q P g —*

P ,Hp (colim |

A) = d(P,(cholim) (A)) , again using the fact that P
Q

Q

A -
is small and projective. By hypothesis, (cholim) (P,A) =0 for p >k .
Q

Therefore d(P,(cholim) (A)) 1is also zero for every p > k and for
Q

every small projective generator P in & ; and it follows that

(cholim) (A) = 0 for every p > k .
Q

Section 2: The Vanishing of Higher Derived Functors of Limit and Colimit.

Theorem 5.2:
Suppose ¢ 1is an AB4 category with projectives and injectives.
If (1 is any !-finite, ordered set with HQH £ Nn such that

9!
cholim : de + db is zero for every p >k , then L colim : a +d
Q Q

is zero for every r >k +n + 1
Proof: By Theorem 3.9 and Theorem 3.12, there is a first quadrant

spectral sequence with

2 -
qu = (Lp‘i’) (cho(l)im J(S a)

> (L_colim) (L_W) (A)

- - Q
converging to (mecolim) (A) for every A €4 .
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First hold p constant. Since D(&) has a generating class of
small projectives and is ABS5 , lemma 5.1 applies and

Q -
(Lp‘l’) (cholim) (J (A)) 1is zero for every q > k . (Note that this
Q

slightly different form for E° is possible since JQ : dQ -+ (D(C?))Q
preserves projectives and is exact.)

Next, let q be held constant. ||Qf| < X implies that 3] < R
Since @ 1is AB4 with injectives, &({) is a directed (upward)

ordered set and (LqW) (A) € 03(0) , Theorem 4.14 applies; and

E;q = (chgté;n) . W) (A) =0 for p>n +1

Thus the spectral sequence yields (cholim) (A) =0 for
Q

r >k +n+1

For the convenience of the reader, the dual statement is included.

Theorem 5.3 (Dualization):

*
Suppose d is an AB4 category with projectives and injectives.

If Q is a t-finite ordered set, such that |[Q] < R~ and

op
1(1)!61) : dbO + @ is zero for every q > k , then

(L co
1 q

(RrLim) : dn-’ d is also zero for every r >k +n + 1
Q

In particular we can apply this Theorem to the case when & = b

to get the following result promised in the Introduction.

Corollary 5.4: If Q 1is any t-finite ordered set with ||} < Rn

QP
such that cho‘l)ri,m : db + db is zero for every q > k , then
Q

Q
(RrLim) + db +db is also zero for every r > k +n + 1
Q
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Section 3: The Homological Dimension of Constant D;ggpams.

Suppose that (Q is a t-finite ordered set and 7/& the AB5
category of modules over a ring R .
In this section, we show that the homological dimension of a

A
constant diagram of R-modules, M : {1 - 7’&2 , depends on the cardinality

of (0. As in the case when R and 77% = dbh , we get the following
lemma.

- A
Lemma 5.5: Suppose A € 7/& and R is the constant diagram over Q

* - * A -
with value R . Then (R Lim) (A) = Ext (R,A)
Q

For the remainder of this section, we assume that (1 represents
P
a !-finite ordered set such that HQH < Rn and (cho%%,m) : dbﬂo +db
Q

is zero for every q > k .

A
Corollary 5.6: h.d{(R)<k +n +1

Proof: This is immediate from the definition of homological dimension,

Theorem 5.3, and lemma 5.5.
A
Lemma 5.7: If P 1is a projective R-module, then h.d. (P) <k +n +1

Proof: If F is a free R-module, then F =® R . Therefore, from
I

corollary 5.6,

h.d(9)=h.d.(@a) = sup h.d.(ﬁ) <k +n +1.
I 1

If P is a projective R-module, then P is a direct summand of
a free R-module, i.e., F =P ® P’ . Since homological dimension of a
direct sum is the maximum of the homological dimensions of the summands,

A A A A
end F =P®P , h.d.(P)<h.d. Sk +n + 1.
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A
We note that even though P 1is a projective R-module, P is not

Q
necessarily projective in 7’% .

Theorem 5. 8:

A
Suppose M is any R-module, then h.d.(M) <k +n + 1 + h.d,_(M) .

R

Proof: The proof is by induction on h.d._(M) . The case when

R
h.d.R(M) =0, i.e., M 1is projective, has been done in Lemma 5.7.

A
Suppose that h.d.(M’) <k +n +1 + h.d (M') whenever

R
h.d.R(M ) sSr -1,

Let M be an arbitrary R-module with h.dR(M) <£r . Then there
is a short exact sequence
0+M *P+M~0

in 7/&I with P a projective R-module., In particular,

h.dR(M') <h.d.R(M) , Since h.dR(M) =1 + h.dR(M') . Further, since

A : 7’5.‘1 *71&? is exact,

0-»M ~

Q A
is exact in 7 . By inductive hypothesis, h.d.(M") <k + n +1 + h.d.R(M')

and therefore

A A
h.d.(M) <1 +h.d.M) <k +n +1 + h.d. (0 .
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