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INTRODUCTION

It is well known [ll] that if d is a cocomplete abelian category 

and Cl is any small category, then the functor colim : d^ — d is

right exact; and that if d has enough projectives, the left derived

functors colim : cf* -* d exist. One is naturally led to study the
Q

vanishing of these left derived functors as a measure of the exactness 

of colim : cP -» d . Dually, if d is a complete abelian category
n

with enough injectives, one is interested in the vanishing of the right

The problem was first studied by Roos [15] who considered con­

ditions under which derived functors of colimit exist, and showed that these 

functors were related to the homology of the simplicial realization of 

0 . Using these results, Laudal [10] and Nobeling [13] exhibited con­

ditions on Cl under which higher derived functors vanished.

This paper explores another method for determining when derived 

functors of high degree vanish for Cl , a pre-ordered 1-finite set.

The problem is divided into two parts:

(i) an "infinite" part which depends on the cardinality

(ii) a "finite" part which vanishes if 0  is directed.

As a first step, d  is embedded in the AB5 category D(d) of 

directed diagrams over d  . The embedding J : d°* D(d) is shown to 

be exact, Ext-preserving, and projective-preserving; but most important, 

to satisfy a universal extension property.

derived functors of Lim : -* d for small Cl .

o f ci
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D(d) is more or less equivalent to Grothendieck1 s category of 

Pro-objects of d [6 ] and is similar to the cocontinuous extension 

of d studied by Hilton [8 ].

If Cl is cocomplete, we apply the universal extension property 

to id^ •. d -* d to get a coreflection Y : D(C7) -* d of J : d D(d) •

Then these two functors together give rise to a factorization of
0colim J

colim : cP -* d into — > D (CD -¥— > d .
ft

When 0 is a pre-ordered 1-finite set, we apply the Grothendieck

Two Functor theorem [5] to the above factorization of colim : cP -»d .
n

2 ft -This results in the spectral sequence E = (LJ)(L colim)(J (-A))
* ft

which converges to (L colim)(A) . It is here that the two parts of the
ft

problem become apparent:

(i) the derived functors of Y : D(d) -* d give the 

"infinite" part

(ii) the derived functors of colim : cP -* D(C7),the
ft

"finite" part.

Finally using a generalization of a result of Osofsky [14], and

the above spectral sequence, we determine when the right derived
ftopfunctors of Lim : db — db will vanish. If ft is a i-finite

ftop

ordered set such that the cardinality of ft is less than ^  and if

(l colim): dtP — db vanishes for every p > k , then 
p ft

\ ft°PLim): db — db will vanish for q > n + 1 + k .
ft°p



CHAPTER I

PRELIMINARIES

Section 1 : Projectives in P .
It is well known that if ft is a small category and d is co­

complete abelian category, then P , the category of all diagrams of 
type ft , i.e., covariant functors from ft to G , is a cocomplete 

abelian category [1 1 ].

Most of the properties of P appear "pointwise;" e.g., if 

T) : A* A is a natural transformation, then ker(T|) is given by 

(ker(T))) ̂  = kerC^ : A ^  -» A ^  .

In addition, if G has enough projectives, then P will also 

have enough projectives. But the definition of a projective P is 

not a "pointwise" definition. Because this paper is concerned with 

conditions under which functors from P to particular abelian cate­

gories preserve projectives, it is useful to understand the construc­

tion of projectives in P  .

Suppose G is a cocomplete abelian category and ft is a small 

category. Then for each object U) € ft , there are two associated 

functors between G  and P .
The first is the canonical evaluation functor ev^ : P *♦ G  de­

fined by ev^CA) = A^ where A € P  . It is exact since exactness 

in P is "pointwise."

The second functor is E^ : G -* P which is constructed in the

following way. For each object X € G  , let = 11 X ,
^ a(D— >p,



R

(X € obfl and let (E^X) (b) : (E X)|j, ■+ (E^X)^/ , b : p, -» p # In 0 ,  

be the canonical morphism such that (E X)(b)u = ufaa where 

u : A •* JJa Is the natural Inclusion Into the coproduct. Similarly,
U) ̂  |i

for each morphism f : X *♦ Y , there is a natural transformation

(E f) : E X -♦ E Y defined by (E.f)u = u • f .
0) a) uu ' ' <u ' a a

Lemma 1.1: E i & •* cP is the coadjoint of ev : cP -> a .  0)
Proof; It suffices to show </\eu ̂X,A) is isomorphic to ̂(X.A^) for

X € a and A € <P . Define R : (E X,A) -♦ (X,A) by R(TD = • u
U)

T1 : E^X -* A . Also define S : (X.A^) -» (E^A) by S(6)^ • u& =

A(a) • 9 , 0 : X -* A^ . Then it is easily seen that R • S and S

are both identities, and therefore (E^XjA) = (X^A^) .

In particular, when Q is a pre-ordered set, there can be at

most one morphism from V to |t in 0  , and therefore

fx if p, 2  <u 
(E X) = 4 , for X € a .

^ 10 otherwise

Corollary 1.2; E^ : G -* cP preserves projectives.

a -» <PP
YU

coadjoint of the exact functor ev^ : cP •* d .

Proposition 1.3: If C7 has enough projectives, then cP also has

enough projectives.

Proof: Suppose A € cP . For each u> € n , there is a projective P 

and an epimorphism : P^ -* A^ . Since E^ is coadjoint to ev^ , 

there is an unique natural transformation Eyjp̂  : E ^^ -» A with 

<V<s>u> ~ P(i) and V u )  P^jective. Set P and p =J!Vu>
U) ID

Proof: This follows immediately from the fact that E \ d -* u is

. ..<P + a.U)

(V



Then p : P -» A is an epimorphism with projective P , since copro­

ducts preserve epimorphisms and projectives.

A projective P in cP is called a canonical projective if

P = J_[ EujPy, • The above proposition insures that has enough
(D

canonical projectives. Therefor, -o show that a functor 

$ : Ct1 -* C- preserves projectives, it is only necessary to show that 

it maps a canonical projective in cP to a projective in G- .

Section 2; A Construction in the Category of Directed Ordered Sets.

The following construction in the category of directed (upward) 

ordered sets and order preserving maps relates a directed ordered set 

A to the directed ordered set 3(A) , the set of all finite subsets 

of A ordered by inclusion. The construction actually yields a co­

final order preserving map 8 : 3(A) -» A .

Let A be a directed (upward) ordered set. Then there is a 

"multiplication" m : A x A -* A such that m(A ,Aj) £ •

Generally, there are many such m's ; we pick one. Wo define "induct­

ively" set maps m^ : An + 1 -» A , n £ 0  by:

mQ = idA : A -► A 

m ^ = m ; A x A - * A

mn : An + 1 -» A , m > ̂n3) , ■ • • •

®n _^(l Aq ,.. . , A^, ,  A^}),...,

mn-l({\) V l }) •
It is clear that for each n ^ 0 ,

mn(Xo V  2 X0’- " ,Xn *
Using the definition of coproduct in S , the category of sets,

there is a unique map m. : U An+X A . Even though the set of
n^O



elements of 3(A) is isomorphic to U An+1 the mapn2 0

m. : li An+1 ■+ A is not generally order preserving.* n^o
Thus using m^ , we define a new map 9 : 3(A) -» A which will be

shown to preserve the ordering of 3(A) and be cofinal:

(i) 0Q : A -» A is defined by 0Q({X}) = X and

(ii) 0 : An+1 -» A is defined byn

0R ({ ̂-q , • • • , _ mn (®n-l ̂ ^ 1  *'' ’ * »• • • *0n-l ̂ \ )  * * * * »• • • »

' • ’̂ l-l^O*’ *' ,Xn-l^ ‘

From the definition of m^ , it is clear that

<*) 0n(iXO*--,»Xn5) * 0 * 1 * n

Set 0 = U  9 : 3(A) -♦ A .. „ n n^O

Proposition 1.4: 0 : 3(A) -* A is a cofinal order preserving map of

directed ordered sets.

Proof: Suppose c for m S n  * without loss

of generality, we assume that ''^m'Nn+l*'* * '

Using formula (*) recursively n - k times, it follows that

0n(X0»-• • * V  * 0n-l(XO»*' * 'Ni-l* ^ S 8m(X0*' ‘ * » V  *

and therefore 0 is order preserving. Obviously 0 is cofinal and 

onto, since 0({X}) = X ^ X , for every X € A .



Section 3; A Factorization of colim : a  -»an

The factorization which is developed below, is used a number of 

times in Chapter 111.

Suppose 0 is an ordered set. Then 3(0) clearly satisfies a 

number of conditions:

(i) 0  is the initial element of 3(0) , i.e., 0  E u  for

every u € 3(0)

(ii) 3(0) is 1-finite, i.e. Xn(u) = {v |v £ u} is finite

for every u € 3(0)

(iii) 3(0) is directed (upward)

(iv) if the cardinality of 0  is less than , then the 

cardinality of 3(0) is also less than K .

Let W : denote the functor which is given by

(WA) = colim A/u with (WA)V : (WA) -* (WA) the canonical map of 
u u U

colimits induced by the inclusion u £ v .

Proposition 1.5: If & is a cocomplete abelian category and 0 is 

an ordered set, then

<P H >

colimcolim

a

commutes.



p q r
Proof: Let A — — > colim A , A. — — > (WA) , and (WA) — ^-> colim(WA)

® n ® u u 3(Q)

denote the canonical injections for each respective colimit. From the

definition of colimit, it suffices to find two morphisms

f : colim A -* colim WA and g : colim WA -* colim A such that f*g and 
0 3(0) 3(0) 0

g*f are both identities. To define f : colim A -+ colim WA set
0 3(0)

f0) = : AU) WA • Since ® € U in,PlieS (WA)^}.q^ = q“ ,

(D /it follows easily that f /A = f whenever u) ^ ou . Therefore, there(V U> U) ’
- - foulis a unique morphism f : colim A -* colim WA such that f• p = rr y 8  •

0 3(0) 1 J

g : colim WA -* colim A is the unique morphism defined by the property 
3(Q) 0

gr^ : (WA)u *♦ colim A is the canonical morphism induced by u c 0 .

By standard arguments f>g and g*f are both identities.
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CHAPTER II 
THE AB5 CATEGORY P{2)

For any category C✓ , we shall construct an associated category 

D(<2) , of directed diagrams over (3 , and an enbedding J : <3 ̂  D((3)

In particular, if 2 is abelian with enough projectives, D(2) is an

AB5 category with enough projectives. Furthermore, the embedding 

J : 2°-* P(2) is exact, Ext-preserving and projective-preserving.

D(C?) also solves the universal problem of extending right exact 

functors from 2 to a cocomplete abelian category S , to cocontinuous

functors from D(C7) to 6 .

Throughout this chapter, (3- will denote an arbitrary category with 

a zero object, 2 an abelian category.

Section 1; The Category D(0) and the Embedding J : (3 D(Q .

We shall say that 0 is a 1-finite ordered set if In(u)> =

{(D7 |ti/ £ id} is finite for every id 6 ft . Analgously, ft is t-finite

if T(uo) = {u/ |<d' s u)} is finite for every u> € ft .

We shall construct D(<3) as a quotient of a category PD(0) .

The objects of PD(C) are pairs (A, A) where A is a J-finite

directed ordered set with initial element 0 , and A : A -» (3 is a

diagram in <3̂  such that AQ = 0 . The morphisms of PD(C) , called

pre-morphisms, are pairs (T|,n) : (A,A) -♦ (r,B) where T1 : A -* T is

an ordered preserving map such that 7](0) = 0 , and n : A -» B* T] is a

nap of diagrams in . Composition is given by the rule

(S,s )-c n» n> =  (»7j* 5 ) x  = s 71(X) n A ,



where

<71,n) : (A,A) -» (T.B) and <§,5) : <r,B) -» (A,C) .

In particular, if (71,n) : (A,A) -» (T,B) is a pre-morphism and

cp : A -» T is an order preserving map such that cp 2: 71 (i.e. ,

cp (\> s 71 (\) for every A € A ) and cp(o) = 0 , then
-cn. » - -cp 9 (A)(cp,n̂ } : (A,A) -» (r,B) is also a pre-morphism where ( n ) ̂  = B^j^ •

In order to construct D(<3) , the category of directed diagrams

over C- , we introduce a congruence in PD((2) . Suppose (71, n) and

(p,,m) are both pre-morphisms from (A,A) to (T,B) . Then

(|0,,m) ~  (71,n) if and only if n ̂  = m ^ for some cp s 71,jx . The

following technical lemma is needed to show ~  is actually a congruence 

in PD(C) .

Lemma 2.1 If cp : A -» r and  ̂: A -» r are two order and basepoint

preserving mappings between 1-finite directed ordered sets with 

initial element, then there is a basepoint and order preserving mapping 

e : A -♦ T such that e s cp,Y .

Proof: Since A is a i-finite ordered set,

A = U A where 
r^o r

^  -  to}

Â  = £ X | X7 < X implies X'= 0 }
r- 1

A a {X |X7 < A inqjlies X7e U A } .
r 1 = 0 1

We define e : A ■» T inductively on the sets A^ . Let e(0) = 0 .

Suppose Xf € A^ , and set T(Ar) equal to {Y(Ar> ,cp(Ar) , e(A/) | A7 < A} .
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(Note that since X7 < X̂  if and only if X7 € A / , r' < r , e(X/)

has already been defined inductively.) T T  is finite since A

is I-finite. Therefore there is an c(^r) € F such that e(X-r) is

larger than any element of F(X ) . Let e = (J e : A -* T .
r r^O r

e : A -* T is order preserving, for X7 < X insures that e(X) £ e(X7)

since e(X7) € F(X) . Also, from the definition of e : A -» T ,

e £ cp,Y .

Proposition 2.2 ~ is a congruence in PD(2-) .

Proof: From the definition of ~  , it is clear that ~  is reflexive

and symmetric. To show that ~ is transitive, suppose 0],n) ~ (u,m) 

and (p.,m) ~  (p,p) are premorphisms from (A,A) to (r,B) . Then

there are order and basepoint preserving maps 9,^ : A -* T such that
-cp — cp - Y  — Y 9 ^ ijjp, , Y ^ p,U) , and n = m  ,m = p  . The above lemma in­

sures that there is an e ; A -» T such that e s ¥ , 9  t and therefore

e ^ T),p . But for every X € A ,

„ e  _  r ® < X > „  _  o e ( X > n C<> n e(X)m'P -  R e ( X ) mnX “ T)(X) X " 9(X) X = 9(X) X “ p,(X)m X

and

® _ n e<X)n - R 6<X> » Y - R €(X)m Y - R e(X>mpX - p(X)pX “ BY(X)pX - B'f(X)mX ~ p,(X) X

— 6 — € — — together imply p = n . Thus, (T),n) ~  (p,p) and ~  is transitive.

Suppose (T],n) ~  (p,m) with 9  ^ T],p, and (§,s) : (r,B) •* (A,C) 
Then § 9  ^ §T],5p, . Also (s-.n)^^ = (s *m)^ since for every X € A ,p,



Therefore (§,s)'(T],n) ~ (S,s)*(n,m) . A similar argument shows that 

composition on the right commutes with ~ . Thus ~  is a congruence in 

PD(C) .

D(C) , the category of directed diagrams over d , is defined to 

be the quotient category PD(C)/~ .

Remark: Actually this category is equivalent to the category whose

objects are (A,A) where A is only l-finite and directed, and 

whose morphisms do not necessarily preserve initial elements. Also 

the assumption that <3 has a zero object is not needed. However, by 

adding the basepoints, many of the constructions in the paper are 

simplified.

Suppose colim A and colim B exist in <2- . Then a pre-morphism
a  r

Cn.n) : (A,A) -» (T.B) defines a morphism colim(T)tn) : colim A -» colim B
a  r

in C- by the rule colim(T|,n) *u^ = u ^ ^ n ^  for \ € A , where

u. : A^ -♦ colim A and ik ; R -* colim B are canonical inclusions.
A r

Proposition 2.3: If colim A and colim B exist in C- and (Tljn)

and ((i,m) are congruent pre-morphisms from (A,A) to (r,B) , then 

colim(T),n) ^ colim (p,,m) .

- cp - cpProof: Let cp s T|,(j, such that n = m T . Then for every \ ,
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colimCn.nJu^ = U71(X)n X - Ucp(X)nXn I and colim<M.,ra)ux = u^(X) = u ^ m j

together Insure that colim(T|,n) ^  colim(|j,,m) .

Furthermore, if <3 is cocomplete, then there is a functor 

cxiim : PD(3)“*3 which is defined by setting colim (A,A) equal to 

colim A and (T],n) equal to the unique morphism from colim A to

colim B defined above. Proposition 2.3 shows that this functor factors
r

through D(3).

Lastly, we construct a functor J : D((3) in the following

fashion. Let 1 denote the directed ordered set {o,l} with ordering 

0 < 1 . For each object A € <3 , set J(A) equal to (1,A) where

Aq = 0 and ^  = A . Similarly, for each morphism f : A -* B in

<3,J(f) is defined to be (id^,ib , where ^  = 0 and J = f .

Clearly, J : D(<3) is an embedding.

Thus, we have constructed the category of directed diagrams over 

<3 , D(<3) , and embedded (3 into D((3) . This category is equivalent 

to the dual of the category of Pro-objects of <3°̂  studied by 

Grothendieck [6 ].

In the next sections, D(<3) is shown to be an abelian category 

whenever 3 is abelian. In fact, D((3) is actually an AB5 category. 

Furthermore, the embedding J : D((3) is exact, Ext-preserving,

and projective-preserving as well as satisfying a universal extension 

property.

Section 2; d abelian implies D(g?) is abelian and cocomplete.

Throughout the rest of this chapter d will denote an abelian 

category. The fact that D(d) is abelian is demonstrated by the 

following series of lemmas.

A A



Lemma 2.4 D(d?) is additive; i.e., D(£?) ((A,A) , (T.B)) is an abelian

group for every (A,A),(r,B) € D(cJ) .

Proof: Suppose (11,n) and Oi,m) are pre-morphisms from (A,A) to

(T.B) . Lemma 2.2 insures that there is a cp : A -* T such that

cp ^ TJ,(j, . Define [(11,n)] + [(;x,m)] = [(<P,n ^ + m ] , where [ ]

denotes the equivalence class of a pre-morphism in D(<^ .

To show that the definition of addition is independent of the

choice of representatives and of cp : A -» T , suppose (T],n) ~  (11/,n/) 

and (|i.,m) ~  (p/,11/) with 9 ^ T|.T]' and u) ^ such that

n ® = n/® and m° = m /U) . Choose Y : A -* F so that ¥ ^ 0 cp, tp/ .

Then for every X. € A ,

argument a standard argument and similar arguments will be left to the 

reader for the remainder of the chapter.)

Clearly [(11,0)] is a zero object, where 0 : A -♦ B*T| ; and 

[(11,-n)] is the additive inverse of [01,n)] . Thus D(C?) is an

insures that (cp/,n/̂ > + m /Ĉ  ) ~  (cp,n ^ + m %  . (We call such an
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additive category.

In the next lemma, a construction for arbitrary coproducts In

D(C?) is given. A "proof by construction" is also needed later in

the chapter in order to show that D(£?) is actually AB5 .

Lemma 2.5: D(Ct) has arbitrary coproducts.

Proof: Suppose {(A1-,A i)igj3 is a collection of objects of D({J) .

It suffices to construct (A,A) € D(<3) along with universal morphisms

S] : (A1,A S  -» (A,A) .

As a first step, define A to be {X = (Xi) € l̂ f A^jXi = 0 except

on a finite subset of i} having the natural ordering of A* .

For each X 6 A , let 1 ^ be the support of X , i.e. the unique

finite subset such that X̂  = 0 if and only if i € I\I^ . If

X £ X/ , then 1  ̂^ 1 /̂ .

Clearly, (0) 6 A is initial. A is i-finite since for every

X 6 A , ln(X) ^ Tt In(X ) is a finite set. Further A is also 
i Q X

directed because each A^ is directed and the choice of non-zero X 's

can be restricted to a finite set.

Next, the diagram A : A -* Gl is given by A^ = _]_[ A^ for each
i € l/i

1
X € A . if X ^ X' in A , then A, : A, -* A, / is the canonical map

K  K  K  - v /

...i ,.ViX' j[
of coproducts induced by 1 ^ C I^i , i.e. A^ u^ = <

u ( A  ). if i 6 I.x i  xt

^otherwise 0

where u^ : A^ •* I I A^ and u^' : A^/ -* 1 1 A, /
Xi Xi i t u  Xi X i X i i ^ / i

are the canoni-
\  * < * < .A H

cal inclusions into the coproduct.

Lastly, S  ] : (A1,A S  -* (A,A) is defined by:



16A.
(i) (j,1 ; A1 -» A , ni(X1) = (XA) =

0 , i * j

A '  1 = J
(ii) u 1 : A1 -* A , (u i) , = n\ : -♦ .

\  \  \  \

Here u,* is the canonical inclusion into the coproduct which obviously

gives a natural transformation from the definition of A : A -* G .

To show that ((A,A) ,[ (p.i,u S  ]) is a coproduct, suppose that

(r,§)€ D«7) and [ (T)1,n *) ] : (A1,A i) (r,B) . Then it suffices to

construct [ (Tl,n) ]: (A,A)-*(r,B) such that [(T|,n)«((j, ,u )] = [(T] ,n )]. To

this end, we first define T| : A -* r inductively. Recall that A =

U A where A = {o} , = [xjx* < X implies X# = o} , and A^ =
r^O r
{X-lx/ < X implies X € A^ } . Set 11(0) = 0 . For each X € Â  , 

let T<X) be the finite subset of r.Cn^CX^) |i € 1 }̂ U {TKX7) |X7 < X} . 

Since T is directed, choose 11(X) larger than any of the elements of 

T(X) . Clearly, T) : A -♦ T is an order and basepoint preserving mapping.

Next, we define n : A *♦ B*7) by the rule
n 1  ^  < C  TB . • n, for i fc I.

1 1 n k >  •B\ \  - { m v  1
otherwise .

TI(X/'> X7 _ _ _Then B^j|^ n^ = n A ^  insures that n : A -* B*T| is a map of diagrams

and [(Tl,n)] : (A,A) -» (r,B) such that [ (7],n) • (p,1 ,u i) ] equals 

[ (Tli,n A) ] in D(<7) . Thus D((7) has arbitrary coproducts.

In particular, if I is itself a finite set, then 

11 (A1 ,A i) = (Tf A1,A) where A, = J1 A^ .
I i€ I K i£l i

Corollary 2.6: D(67) has finite products.

Proof: The proof is immediate from the fact that any additive category
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with finite coproducts also has finite products [1 1 ].

The next lemma is a key lemma in the sense that it is used to

show not only that D(£7) has kernels and cokernels, and is normal

and conormal; but also to demonstrate that short exact sequences in 

D(<3) are equivalent to short exact sequences in ch , A some 

1-finite directed ordered set with initial element.

Lemma 2.7 (Lifting lemma) : Suppose [ (T],n) ] ; (A,A) -» (r,B) in D(C?) .

Then there is a i-finite directed ordered set A with initial element 

A7,B7 € d  , and a map of diagrams n7: A 7 -» B' such that (A,A) (A,A7) ,

(r,B) CA,B7) in D(£?) and [(id^,n7)] is equivalent to [(1],n)] in

D(tf) via these isomorphisms.

Proof: Suppose [Cn,n)] : (A,A) -* (r,B) in D(£7) . Let A be the

ordered subset A X T whose elements are (X,y) such that 11(X) ^ y . 

Since T|(0) = 0 ^ 0 ,  (0,0) € A , and A has an initial element. For 

any (X,y) ,(X7,y 7) in A , choose X" £ {X,X7} and y" £ {y ,Y 7 ,T)(X757) } . 

Then (X7/,y77) is larger than (X,y) ,(X7,y 7) , and A is directed.

Since In(X,y) £ (In(X) X ln(Y)) , a finite set, for every (X,Y) € A ,

A is I-finite.

Also, there are two cofinal order preserving mappings : A -* A , 

PA(X.y) = X and : A r * =Y . Let A' = p* A , A /(X,Y) =

A^ , and B = p* B , B 7^ y )  = By * Further> define n 7 : A 7 •* B ' by

the rule n'^y) = BT|(X)nX ' then C^idA»” ^  : <A,§7) ln
D(<2) .

Next, if < > : A -♦ A is the unique order and basepoint

preserving mapping given by <id,T] >(X) = (X,T)(X)) , and 

< 0,idp > : T -» A is given by < 0 ,idp>(Y) = (0 ,Y<) , then there is a
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commutative diagram In D(£7)

(A,A) ------------ > (r,B)

[(<0 ,ldr>,b)]

V — i v
(idA»n >(A,A') ---------- ---------- > (A,B')

where a^ = id^ : A^ - a '(M(X)) and

b = id ;
Y Y : BY ■* B (0,Y) .

In addition, [(p^.a')] , a'^  ̂ = idA and [(pr,b')] , b/(X>
* X Y)

IdL : B* B A are shown, by a standard argument, to be(\,Y) Pr(A,Y)

the respective inverses of [(<ddA ,T)>,a) ] and [ (<0 ,idjP>,b) ] in D(Ct) . 

Also, standard arguments show that all the choices made are independent 

of the representatives, and the lemma is proved.

Thus, any morphism in D(.C7) can be "regarded" as a morphism in 

<3̂  for some 1-finite directed A with initial element.

Proposition 2.8 D(<J) is a cocomplete abelian category.

Proof: From the above lemma, any morphism in D(Gt) is equivalent to
.Aa map of diagrams in Cl for some I-finite directed A with initial 

element. Therefore, in order to show that D(<7) has kernels, it 

suffices to define a kernel for [(ldA ,n)] : (A,A) ■+ (A,§) and show 

that this is indeed a kernel in D(67) . Let

0  -* (A,K) —^ > (A,A) be the pointwise kernel of
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(id^,n) ; (A,A)-*(A,B) in Cl̂  . Suppose [(S,s)]:(Q,C) -» (A,A) is such

that [ (id^.n) • (§,s) ] = [(^.O)] . Then there is a cp s such

that (n-’S) ^ 5 = (0 ) ̂  , and for every w € Q B ^ ^ n -  s = B ? ^ * 0  = 0 . § J ’ §(cu). §(o)) u> §(u>)
From the pointwise definition of kernel in ch , there is a unique

c : C -> K , . such that A ? ! ^  = k . 'c . Clearly, c : C -» K-cpU) U) cp(iu) §(U)) ID cp(u)) <D 3 ’ T
is a map of diagrams such that [ (id^,k) • cp,c) ] equals [(§,s)] in

D(<7) . By a standard argument, all the choices above are shown to be

independent of the representatives, insuring that
(idA .k)

ker([(idA ,n)])= [0 -> (A,K) --------- > (A,A)] in D(tf) .

The dual argument shows that cok [(id^,n)] in D(C7) is isomorphic

to cok(n) in (jh . From the pointwise definition of kernel and co­

kernel, it is clear that D(<7) is both normal and conormal. Lastly,

since D(d7) has arbitrary coproducts and cokernels, it is cocomplete. 

Corollary 2.9. If

(*) 0 -♦ (A",A') -LiJLJLLL> (A,a) (A",a") -* 0

is a short exact sequence in D(C7) , then there is a i-finite directed 

jred

in ch such that

— // -//

ordered set A , with initial element, 0 -» B / > B -2—> §" -* 0 exact

[(idA ,m')] _ [(id ,m")] _
0  > (A,B )  - > (A,B) ---- = > (A,B ) -- > 0

is equivalent to (*) in D(C7) .

Proof: This is immediate from the lifting lemma and the definition of

kernels and cokernels in D((7) .

D(c7) has been shown to be a cocomplete abelian category. How­

ever, in order to show that D(67) is AB5 , it is necessary to 

actually construct the colimit for (1 , a J-finite directed ordered
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set with initial element.

Section 3: D(6?) is AB5 .

Proposition 2.10; Suppose A = {(AU),AUJ) ,[ (T]̂  ,n^)]} is in D(67)^ ,

Q 1-finite directed ordered set with initial element. Let A be the 

ordered set

{(cu,cp) |cp € XT AY and Y < y ' in 
Y€ln(<D)

v'In(u)) insures that T|̂ ^ «p /}

with ordering given by the rule:

(ou.cp) £ (u/,cp') if and only if tu £ u/

and <pVln(iD) ^ cp .

Define A : A -♦ 67 by:

<» V.w “ *1 • “d
(11) =((A'",> "h6re

U) \l)

(U),cf) ^ (u/.cp') , i.e.

V
/

aU>
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Then (A,A) € D(C?) and (A,A) is isomorphic to colimCA^.A ***) in
Q

D(0) .

Proof; In order that (A,A) € D(c3) , it suffices to show that A is

i-finite, directed ordered set with initial element.

Suppose (u>,cp) and (u)/,cp') are in A . Since ft is directed,

there is an 10" s (D.u/ . Clearly both cp and cp' can be considered

as elements of XT ^  • Define cp" 6 "J"f A^ inductively on the
y€ln(iu") y€ln(u>")

usual decomposition of In(u>") = U  (ftj H In(u>")) . Choose cp" s cp ,cp'
i^O

in A . For y € ft̂ f! In(iu") , let cp" be an element of Â  larger

than any element of the finite set (9^') where Y < y} .

Then (u>" ,cp") € A and (u>",cp") s (in,cf) ,(u/jCp7) ; therefore A is

directed.

Further, (0,0^*) , where 0 is the initial element of ft and 

0 °̂ is the initial element of A , serves as the initial element of 

A . For every (u>,cp) € A , In(in,cp) is contained in the finite set

In(iD) X In(c0 , and A is l-finite . Therefore, (A,A) 6 D(C3) .

For each in € ft , let [ 

morphism in D(C?) defined by

For each in € ft , let [(p^.p ^  ] : (A^.A ^  -* (A,A) be the

0,y * «)
A ,y = u) 

0 "
(ii) p^ = id , since A(u>,A) = Ax .

w A^ in
in

_  r , U> -  sr,® _ u ) v n  r / *  ‘  ^  /Then [(p ,p ) ] •[ (71̂  ,n ^ ) ] = [ (p ,p ^  ] , for in < u> .

Suppose {[(S^.s ***) ] : (A^.A ^  -* (T.B)} such that
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[ < f \ 5  U>/)]-[<Tl“/,n “ )] = [(f,s '")] for a) < <«' . Let § : A -» T

be the order and basepoint preserving mapping defined by §(co,c0  =

^(cp ) , and s : A -* §• § the natural transformation s ^  ^  = s^ .

Then [ (|,s) ][ (p^.p ^  ] = [ ( ^ s  *) ] • Standard arguments show that 

[(§»s)] • (A,A) -♦ (I\B) is unique and independent of the choice of
r - ll) - m.. . m _ U)representatives. Thus l(A,A),[(p ,p )Jj — colim(A ,A ) in D(U) .

a
©  J9  — ©For any small category © , let J : Cl -* (D(u)) be the functor

defined by
© -

where J : d D((J) is the embedding given in section 1.

Corollary 2.11; If (A,A) € D(Ct) , then (A,A) is isomorphic to

colimJ^(A) in D(d) .
A

Proof: By proposition 2.10, colimJ^(A) == (A,A*) where

(1) A = {(X,qJ> |cp 6 "ft 1 , cp is either 0 or 1 ,
In(\) y

and cpx = 0 if and only if cp̂ = 0 for every 

V < A} , and

(ii) A'a,«> " {°
if cpx = 0

Ax i f  'Px = 1 -

Then (§,s) : (A,A) -» (A,A7) , given by

(i) l(̂ ) = (^»(1)) where (1 )^ = 1 for every y £ \ and

(ii) sx = id
x A(X)

and (71,5) : (A,A*) -» (A,A) , given by

(i) Tl(A,cf) = tpx and
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(il) n(X,<f!> = idA »
\

are inverses of each other in D(c2) . Therefore, (A,A) 2* colimJ^CA) .
A

For any abelian category B , there is an associated category 
Seq B , the category of short exact sequences in B , whose

(i) objects are 0 ■* ■> B ■* B* -» 0 exact in B , and

(ii) morphisms are commutative diagrams

0 -» -* Bj -» Bj -» 0

If7 If If"

0 -♦ Bg -* Bg -» Bg -» 0

with the obvious composition.

In general, this category is not abelian.

Proposition 2.12 . D(Seq d) and Seq (D(£?)) are equivalent cate­

gories.

Proof; Define U : D(Seq d) -» Seq (D(6?)) by the rule:

[(idA,n7)] _ [(idA,^)]
(i) U(A,X) = 0 -» (A,A7) -----  > (A,A) ----------- > (A",A ) -» 0

" / _ "// A
where X = (0 -* A 7 — — > A — — > a" 0) in U , and

(ii) U(Tl,f) = ([ (Tl,f 7) ] ,[ (T],f) ],[ (T],f ") ]) ,

where (T),f) : (A,A) -* (r,B) is the commutative diagram
- 1 - / /„ — t n - n -a „0 -* A -- > A -- > A  > 0

|*< |f |f'

0 -♦ B7,,n -%-> B-T| -HL> B.1) 0 in

From corollary 2.9 and the definition of D({J) , U is both represent-
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ative and faithful.

To show that U is full, suppose

0

(2.13)

o  > (r,B') -> (r,B)
_ [(idr,m")]

-> (r,B") ----> o

is a morphism in Seq (D(<2)) between U(A,A) and U(r,B) ; i.e.,

e : A -» T inductively as follows. Set e(o) = 0 . Suppose e is

already defined on A , and X € A . Let r(X) denote the finiter- 1  r

subset {¥(X) ,cp(X), e(X/) |\/ < X} of T . Choose e(X) £ T(X) .

argument shows that ([ (I*,s*) ],[ (§,s) ],[(§" ,s") ]) equals <[(e,s/€)],

in Seq (D(tf)) , and U is full.

Therefore U : D(seq 67) -» seq (D(67)) is an equivalence of

categories.

Theorem 2.14 D(C?) is AB5 .

Proof; Suppose T is any directed ordered set. Then

(3(D ,X-6 ) ^  > (r,A) induces an isomorphism of colimits in D(6?)

where 9 : 3(f) -* T is the cofinal map defined in proposition 1.4 and

there are cp £ and ¥ ^ §,§* such that (m,,s / ) t*5 = (S'n*)^ and

(m^-s)^ = . Filter A = U Af as before, and define

Clearly, e : A -♦ r is order preserving and e ^ . A standard
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K : T *♦ D((2) . Since 3(D is a l-finite directed ordered set with

initial element 0  , it suffices to show that colim : D(.2)̂  ■+ D(2)
n

is exact for Q is a l-finite directed ordered set with initial 

element.

Suppose 0 -» TL* -* K -» A" -» 0 is a short exact sequence in D(£?)̂  , 

By Proposition 2.12,

(0 -» fl7 -» X -» -» 0) € (D(seq , i.e. for every ou € Q ,

0 -> -» Sjjy -* -* 0 is isomorphic to

[(id U),n/U)) ] [(id U),n//U)) ]
o <A*\a'") ------ > (A“*,r*) -----£------- > ( A V " )  0  .

and U) ^ u/ gives a commutative diagram similar to (2.13).

Therefore, using the construction for colimit in Proposition 2.10,

colim ( 0  -* A 7 -* K -* X" -* 0 ) is isomorphic to
n

[(id / ) ]  _ [(id ,5')]
0 -» (A,A ) ---- =----- > (A,A) ---- -------> (A,A ) -» 0 . Thus

D(<2) is AB5 .

Section 4; The Embedding J : 2 D(2j .

In this section, we show that J : 2 D(.Cl) is exact, Ext-pre- 

serving, and projective-preserving. Also J : 2 C~* V{2) satisfies 

a universal extension property for right exact functors from 2 to 

cocomplete abelian categories. Furthermore, if 2 has enough pro- 

jectives, then D(<J) will also have enough projectives, sotiiat 

derived functors from D(6?) can be defined.

Proposition 2.15: If 2 is abelian, then J : 2 D(j2) is exact,
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projective-preserving and Ext-preserving (i.e. Ext (J(A),J(B)) a? 

Ext*(A,B)) .

Proof: J : Cl*--* D(d) is exact since 0 ■* A

exact in d insures 0 ■* (l.A7) ^  > (1,A) [(idf” > 3 >

is exact in D(Ct) , by the definition of exactness there.

Suppose P € d is projective. By Corollary 2.9, it suffices to 

consider
J(P)

[(1,3)]

A//*

_ [ (idA,n) ]
(A,A)  > (A,A ) — > 0 , in D(tf) .

Since P is projective in d , there is a : P ■* such that

n|(l)Sl = S 1 ' Therefore» by a standard argument [(idA>n)][(|,s')] =

[(§*s)] , and J(P) is projective in D(d) .

In order to show that J : d *-* D(Ct) is Ext-preserving, it suf­

fices to extend any diagram

J(Y)

v
_ [ <idA,n) ]

(A,A) ----------- > (A,A ) — > 0

in the following manner [1 2 f|. 

Let
/

-> Y

S1

A §(1) '  A//?(1)
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be the pullback diagram in Cl . Then X — A—> Y 

(2 . Clearly,

-> 0  is exact in

J(X) -■ — > J(Y) -> 0

[(5,5')]

(A, A) (idA»n)■> (A,a") ---- > 0

commutes in D(<5) , and has exact top row.

Proposition 2.16; If Cl has enough projectives, then {j(P) |p 

projective in Cf\ is a class of small projective generators in D(C7)

Proof; From the above proposition, J(P) is projective for P pro­

jective in (7 . To see that J(P) is small in D({7) , suppose 

[(5,5)] : J(P) -* Ĵ. (A1,A S  . By Lemma 2.5, _[^(Ai,A A) s: (A,A)

where

(i) A = {(A ) € TT A^A = 0  except on a finite subset of i} 
i

and

Clearly

J(P) 5> II (A1,A i)
A Id)

commutes, where S^l)''^' 5 (1) , is the support of 5 (1) , and
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Next, we show that {j(P)} generate. Suppose [(T],n)] : (A,A) -♦

(T,B) is not zero, i.e., there is a X £ A such that n^ : A, -* B-.^ .
0 0 1 0

is not zero. Since d has enough projectives, there is a P € d and
s ^epimorphism P -- > — > 0 . Obviously,

J(P) —LLiiSU—> (A,a) -LiHillLL,> (r,B) is not zero, where §(1) = XQ ,

5 (0 ) = 0 , and ŝ  = s .

The above proof actually shows that {«J(A) |a € d} is a class of 

small generators in D(Cl) .

Corollary 2.17 If Cl has enough projectives, then so does D(d) .

*XProof: Suppose (A,A)€ D(jCT) , and for each X € A , let P^ -> A^ — >0

with P^ projective in d . From the definition of colimit and the

fact D(tf) is AB5 ,

]J_ J(PX) ----> 11 J(A^) --- > colim J(A^)
X€A X€A A

is an epimorphism in D({7) . But J1 is projective and
X€A

corollary 2 . 1 1  together insure that J1 J(P^)  > (A,A) -- > 0 .
X€A

Thus D{CD has enough projectives.

Theorem 2.17 (Universal Extension Theorem):

Suppose F i d •* B is a right exact functor from d to a cocom­

plete abelian category 13 . Then there is a right exact functor

0 : D(d) --- > B such that G’J = F , wher.e J : d ^---> D(d) is

the canonical embedding. Furthermore, if B is AB5 and Fi d -* B



is exact, then the extension G : D(d7) -* B is also exact.

^  a  A „AProof: Suppose F : u -» B is a right exact functor. Let F : u -* B

be the associated functor of diagram categories. Then we define 

G : D(C?) -» B in the following fashion:

(i) for each (A,A)€ D(67) , set G(A,a) = colim f\ a)
A

(ii) if [ (Tl,n) ] : (A,A) -* (T.B) in D(67) , then set

G([(Tl,n)]) = colim F^(n) , where colim F^(n)-p. = P-tw^ ' F O O
A A }

A standard argument shows that the definition of G : D(£?) -* B is in­

dependent of the choice of representative. Clearly G*J = F , since 

colim f\a) = F(^) = F(A) .

By Proposition 1.5, colim A ^ colim WA in D(£7), where ® is a
0 5(0)

small category. Therefore, it suffices to show G(colim A ) =; colim G(A
n n

where Q is a l-finite directed ordered set with initial element.

In this case, colim A = ((A,A) ,[ (p ® ,p  ®) ]) as defined in Lemma 2.10.
n

A A®Therefore, it suffices to show colim F (A) == colim(colim F (A ®)) ,
A D A

AU A0)
where q. : F(A? ) -* colim F (A ®) and r™ : colim F (A ®) -*

(!) u) A® A
A®colim(colim F (A ®)) are the canonical injections. Then

Q A®
aU) aA - u) A -v : colim(colim F (A )) -+ colim F (A) defined by the rule

Q A A
.(0(l) - in  ̂ A — A - (A)v.r = G([ (p ,p ) ]) and t : colim F (A) -» colim(colim F (A ))

® A 0 A®

defined by the rule t 's/U) crt = r 'qco are inver8es> Thus* Tjjj

G(colim A) == colim G(A®) in B and G : D(c7) •* B is cocontinuous.
n a
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Proposition 2.12, the right exactness of -* <7 , corollary

2.9, and the right exactness of colim : <7̂  ■* Cl together insure that
A

G : •* (2 is right exact.

The uniqueness of G : D{&) B follows immediately from

Corollary 2.11, and the facts that G is cocontinuous and G-J = F .

If B is AB5 and F •. (7 -* B is exact, then F^ : <7̂ -* B is

exact. Therefore Corollary 2.9 and B AB5 together imply that 

G : D(tf) -* B is exact.

It is this unique extension property which enables us, in the

next chapter, to factorize colim : (7 into colim : (P -» D((7)
© 0

and ¥ : D((7) Cl whenever (7 is cocomplete; and to develop a spectral

sequence which is an important tool of this paper.
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CHAPTER III 

A SPECTRAL SEQUENCE FOR Colim : (P -* d
n

Section 1: d cocomplete insures d coreflective subcategory of D(d)

Suppose <2 is a cocomplete abelian category.

Lemma 3.1: There is a cocontinuous (and consequently right exact functor)

Y : D(d) -» d defined by:

(i) if (A,A)€ D(Jd), Y(A,A) = colim A,
A A

(ii) if (T),n) : (A,A) •* (r,B) is a morphism in D(jd) , then

Y(7].n) = colim (n) where colim (n)-p, = Pr,,wn\ .A A A H(A) A

Furthermore, Y-J = id^ .

Proof; This is simply Theorem 2.17 wherfe F = id^ : d -» d .

Proposition 3.2; d is a coreflective subcategory of D{d) , i.e.

the functor Y : D(d) -* d is the coadjoint of J : d *-* D(d) .

Proof: It suffices to show

D«7)((A,A),J(X)) a: d(V(A,A) ,X)

for (A,A)€ D(d) and X € d . From Corollary 2.11, the definition of 

colimit, and the fact that J id*-* D (d) is a full embedding, it 

follows that

D(d)((A,A) ,J(X)) ^D(dX colim JA(A),J(X))
A

~ Lim D(^)(J(A,) , J(X))Aop A
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hs Lim <7(A, ,X)A°p X-

(2 (colim A, ,X)
A k

= C7(¥(A,A) ,X) .

Thus, (7 is a coreflective subcategory of D(<7) .
@ @ fi)For 0 , a small category, let ¥ : D(c7) -* CT denote the canoni­

cal functor induced by ¥ : D{(2) -* <2 .

© —Corollary 3.3: If © is any small category, then ¥(colim J (A)) s:
©

colim (A) for A € (P .
©

Proof: Since ¥ : D{(2) -» <2 is cocontinuous and ¥• J a: id^ ,

¥(colim J®(A)) a colim ¥• J(Afi)
© © a

5! colim (AQ)
© 8

2? colim (A) .
©

By Corollary 3.3, colim : cP -* (2 is factored into
©

colim J® : (P •* D(.(2) and ¥ : D((2) ■* <2 . It is this factorization
©

for © = Cl , a l-finite ordered set, which enables us to derive the 

spectral sequence which is the major tool of this thesis.

As a first step, we prove a series of lemmas to show that 

colim : cP -» D{<2) preserves projectives. For the remainder of this
n

chapter, we assume that (2 has enough projectives so that the left 

derived functors are well-defined, and that Q is a l-finite ordered set 

not necessarily directed.



Section 2 ; Q 1 -finite ordered set insures that colim ; G^ -» D(G) 
preserves projectives. ft

Recall that Proposition 1.3 guarantees that cf* has enough 

canonical projectives; i.e. , projectives of the form where

: G ■ djoint to ev^ : Cp -* G , and P^ is projective

in G .

Lemma 3.4: For every uo € Q ,

a  ------ > d (tf)
sU)E I E

a  *  0
cP  ^ > (D(<J7))a commutes.

Proof: It suffices to show that

= V ,W)v
for Y ^ Q and X £ & . But this is true, since by definition,

A e X) = ,«E X) ) - 1J<» if Y * »
ID V (i) V otherwise and

V J(X))Y = 1J(X> lf Y ̂  *io otherwise .

Lemma 3.5: If P € G is projective in G , then J^E^P) = E (J(P))

is projective in D(jG)P .

Proof; Since E^ — 4 ev^ and ev^iDC#)^ -* D(G) is exact, Ê :D(.G") -* D(G)̂

preserves projectives. Therefore, E^JCP)) is projective in D{Gp , 
because J : G ** D(G) preserves projectives.

Lemma 3.6; If £x 3^^^ is any collection of objects in G and Q 

is a i-finite ordered set, then J^( 1 1 E X )  — 11 EUU(J(X(1I])) •
0) U)
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Proof: Suppose that is 8 iven 80:1(1 that y is an arbitrary

But since In(y) is finite, it is the maximal element of 3(In(V)) • 

Therefore, using Proposition 1.5,

and the lemma follows.

It is here that the utility (for this argument) of the Q ’s 

being l-finite is apparent. The functor J : G D((7) is not 

necessarily cocontinuous, i.e., J : Cl D (,&) does not necessarily

commute with arbitrary coproducts.

Proof: This is immediate from lemma 3.5, lemma 3.6, and the fact that

the coproduct of projectives is projective.

element of Q . From the definitions of 

: <3 •* (f* , it follows that

and

jtl< J  W v  - J<<^  W

On the other hand,

colim
u€3(In(Y))

Corollary 3.7: preserves canonical projectives, i.e.
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Proposition 3.8: COQ*m ^  5 ^  preserves projectives, whenever

Q is a l-finite ordered set.

Proof: Both colim : D(<7)^ ■+ D(d) and -+ D(d7)^ , by lemma
  n
3.7, preserve projectives, and therefore their composition,

colim : cf* -* D(d) , also preserves projectives.
0

QSection 3: The Spectral Sequence for colim id -* d .
n

Theorem 3.9. If 0 is a l-finite ordered set, d is cocomplete 

abelian category, with projectives, and A € cf* , then there is a first 

quadrant spectral sequence with

Es = <L ¥><L colim) (J°(A))
pq p q Q

converging to

(I. colim) (A)p+q n

Proof: The hypotheses of the "Grothendieck Two Functor Theorem" [5]

are satisfied since ¥' colim J^(A) ^ colim (A) , A € cf* , ¥ : D(jd) -* d
Q Q

is right exact, and colim -+ D(d) preserves projectives.
n

Therefore, applying this theorem of Grothendieck and Corollary 3.7, 

there is a spectral sequence with

Es = (L ¥) (L colim) ( A a )) pq P q Q

converging to

(L colim) (A) .p+q n

Since D{d) is AB5 and : d^ D(d)^ is exact, we have
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the following corollary:

Corollary 3.10: If A is a l-finite directed ordered set, G is a 

cocomplete abelian category with projectives, and A 6 G^ , then 

(L ¥) (colim J^(A)) — (L colim) (A) for every p ^ o .
p a  p o

Proof: Since colim : G^ D (jG) is exact, (L_ colim Ĵ ) (A) = 0
0  q 0

for q > 0 . From the definition of convergence of a spectral sequence, 

it follows that

(L Ti (colim JQ(A)> ^ (L colim) (A) .
p o p n

Section 4: An Alternative Form for the Spectral Sequence.

Recall that W : G^ -* is the functor defined by

(WA) = colim A/u , where 3(0) is the l-finite directed ordered set 
u u

consisting of all finite subsets of 0 . Proposition 1.5 shows that

(i) colim (WA) 2: colim (A) in G , and 
3(0) Q

(ii) colim (WA) ss colim J°(A) in D(tf) .
3(0) 0

Using these facts, we are able to evaluate the derived functors of

colim G , and express the spectral sequence in an alternative
0

form.

Lemma 3.11: If 0 is a l-finite ordered set, then

(L colim / W )  — colim ^ ^ ( ( L  W)(A)) 
q 0 3(0) q

— colim J ((L colim)(A/u)) 
u€3(Q) q u

for every A € G ^ .
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_ € —Proof: Suppose (X, €) = (. . . -* P2 -» P^ -* PQ — > A -* 0) is a projective

resolution of A in cf̂  . Since colim J^(A) a; colim J3" ^  (WA) ,
Q 3(0)

H (colim J°(X)) a: h (colim J3̂  (WX) . But colim D(i7)
Q *

exact, insures that

* G * 3(G) 3(0)

H (colim J^(X)) a: colim J3 (C!)H. (WX)
0 3(0)

since homology commutes with exact functors. By definition,

H+(WX)u = (WA)u = (L^colim)(A/u) ,
u

and the result follows.

Theorem 3.12; if (2 is a cocomplete abelian category with projectives, 

0 is a l-finite ordered set, and A € cf* , then there is a first 

quadrant spectral sequence with

E8 = (L colim)(L colim)(A/u) 
pq p 3(G) q u

= (L col im) (L W) (A) 
p 3(G) q

converging to (L colim)(A) .
p+q 0

Proof: By Theorem 3.9, there is a first quadrant spectral sequence

with

Es = (L Y) (L colim J°) (A)
pq p q o

converging to (L colim)(A) . Using Lemma 3.11, we substitute
p+q G

colim J3* ^  (L W) (A) for ( (L colim Ĵ ) (A)) to get 
3(Q> q q G

E8 = (L Y) (colim J5 (q)(a„W)(A))) . 
pq p 3(G) q
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Lastly, since 3(0) is a l-finite directed ordered set, we are able 

to apply Corollary 3.10 to get

EL  - colim) (L W)(A) .
pq p 3(0) q

Thus, from the factorization

cF

.0 colimcolim J

Y ->

we get a spectral sequence which involves derived functors of colimit 

over a directed ordered set, namely 3(0) . In the next chapter, we 

develop a method, based on the cardinality of the directed ordered set, 

of determining when higher derived functors of colimit vanish over 

directed ordered sets. Since the cardinality of 3(0) is the same as 

that of 0  when 0  is infinite, the above spectral sequence, in 

various cases, will tell us when higher derived functors of

colim : cF -» Cl vanish.
0
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CHAPTER IV

CARDINALITY, DIRECTED ORDERED SETS AND 

DERIVED FUNCTORS OF LIMIT

In this chapter, it is shown that knowledge of the cardinality of

directed ordered set A is enough to determine when higher derived
Afunctors of colim : G  -» G  vanish. We shall suppose that G  is an

A
AB4 category with injectives.

To show this, we first generalize a lemma of M. Auslander [2], 

dealing with dimension of modules, to homological dimension in an AB5 

category with projectives. From this lemma, we are able to prove a 

generalization of a result of B.L. Osofsky [14] which insures that the

homological dimension of colim X.,(X. projective in (2 for every
A

X € A), is zero in high degrees.

Finally, using these results and the definition of limit in G b  , 

it follows that if G  is AB4 category with enough injectives and 

A is a directed ordered set with ||A|| ^ , then (Lpcolim)(A) = 0

for p > n + 1 .

Because the proofs in this chapter depend on an understanding of

homological dimension, we recall that the homological dimension of

A € G  , h.d.($ , is defined to be the least non-negative integer such

that 0 -» P -»P P, -♦ P. -»A-*0 is exact with P. pro-n n - 1  1 0  i

jective in G  , 0 ^ i ^ n ; if no such integer exists, then h.d(A) is

defined to be ® . P is projective if and only if h.d.(P) = 0 .

Furthermore, h.d.(A) = n if and only if Extn( ,A) + 0 and
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n +kExt (_,A) = 0 for every k > 0 . Therefore, 0 - * A “*B-*C-*0 

exact in <2 insures:

(i) if h.d(B) = h.d(A) , then h.dj(C)^l + h.d.(A) and

(ii) if h.d(B)< h.d(A) , then h.d.C)=l +h.d(A).

Section 1: M. Auslander's Lemma.

In this section, we assume that (2 is an AB5 category with 

projectives.

Lemma 4.1. (M. Auslander) : Let A € <2, I be a non-empty well-ordered

v
set and {Aj }j ĵ be a family of sub-objects of A,Aj ̂ — “—> A , such

vithat if i ^ j in I , A, ^— — > A, . If A = U A. andi j j6l J

h.d.(A / U  A.) ^ n for every j € I , then h.d.(A) ^ n .
J i<j 1

Proof: Let B denote A / U A, for every j € I . Since A isj J i<j
AB5 , for every j € I , there is a short exact sequence

(4.2) 0 -+ U  A.-»A.-»B -»0 in a .
i<j J J

The proof is by induction on the homological dimension of the Bj's.

First consider the case when n = 0 , i.e. h.d.(Bj) = 0 and Bj is

projective for every j € I . Then the short exact sequence (4.2)

splits with retraction w : B -* A , and A s: B © U A , for everyj j j J J j J

j € I . Thus it suffices to show that A = U A is isomorphic to
j€l J

, because Bj is projective and h.d. ( ^B^) = 0 = h.d. (A) .

Since & is AB5 and B. is a sub-object of U A. viaj j€l J
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v w : B e—» U  A for every j € I , J_[ B is a subobject of A ,
J j j i€j j j J

i.e., || B ^  U  A . Next, suppose U A = A is not a subobject
j£l J j€l J j€l

of B. . Let j. be the minimal element of I such that A J is
jh 3 0 o

not included in M B . (One exists since I is well-ordered.)
jfcl J

for every i < j ^ A , ^  B - d AB5 again insures that
j J

A. is a subobject of J| B . But A. = B © U  A. is a sub- 
jQ jtl J J 0 J 0 i€j0

object of 11 B , which yields a contradiction. Therefore, A is a 
J Q  J

subobject of Jl B^ and A 2: B^ .
j ̂1 j

We now assume that the lemma is true in the cases when 

h.d(B )^ n - 1 . For each j € I , there is a commutative diagram
J

a j

Then

u
i<j

->(4.3) 0  > K'  > X'---- ---- > B4  > 0

V
0

with exact bottom row and projective.

Using (4.3), we construct a commutative diagram.
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(4.4)

V
-> U  K. 

i<j

-> K . J

V
-> K

V
0

-> Ji xi 
i<j

“> 11 x 

>1/
-> X ,

\!/
0

a ,

■i >  U  A.
i<j

s/
“> A.

i  PJ
->  B .

N/
0

->  0

->  0

01where K . = ker (11 X — “— > A .) . It is clear that all the columns J i ̂ j J J

and the bottom row are exact. In particular, K * == (K / U  K ) . A trans-
J i<j

finite induction shows that a. : _M. X -» A is an epimorphism, and
3 iSj 3

therefore the middle row is exact. The "nine lemma" applied to (4.4), 

insures that the top row is exact, i.e.,

a
-> U K

i>j ' i<j J
J > u

i<j

is exact for every j € I .

Define K = ker( J_[ -» A) , and consider • If
J

i ^ j , then K j ^ K j  by construction since A ^  A^ . But G AB5 

implies that
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(4.5) 0 -* U K.-»J_1 X -» U A. - * 0
j€l 3 jtl 3 j€l J

is exact in d since

is exact for every j 6 I . By definition, K = U K . Furthermore,
j€l J

since h.d.(Bj) ^ n for every j € I and

e,
0 --- > K7.  > x — “—> B ---- > 0

vl «J «J

is exact, with X projective,
J

h.d. (K ./ U k.) = h.d. (k7) ̂  n - 1 .
3 i<j 1 3

Therefore, [k } satisfies the inductive hypothesis and h.d. (g) - 1

But || X projective and (4.5) together insure that 
j?I 3

h.d.(A) = h.d.(K) + 1 ^ n , and the induction is complete.

The above lemma is actually used in a slightly different form.

Corollary 4.6; Suppose I is well-ordered, A € d and is a

family of subobjects of A such that A = U A. , i ^ j implies
j€l 3

A. Cmm* A. , and j a limit ordinal implies A. = U A . If1 J J i<:j

h.d. (Aj) ^ n , for every j € I , then h.d. (A) £ n + 1 .

Proof; By hypothesis,
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A y  if j = j +1

Aj if j is a limit ordinal .

Therefore,

A y +]/Ay if j = j + 1

if j is a limit ordinal.

From the exact sequence (4.2), it follows that h.d.(B ) £ n + 1 for%}
every j € I . Therefore satisfies the hypothesis of lesaa

4.1, and h.d. (A) £ n  + 1 .

Section 2; Osofsky's Proposition

Using Auslander's lemma for R-modules and a lemma of I. Ber- 

st e i n [3], M.B. Osofsky showed that if A is a directed ordered 

set with ||A|| ^ , and {m^} is a directed system of groups such

that each is a R^-module, then h.d.R(colim M^) ̂ n+1 + sup (M̂ ) ,
A X

where R = colim R, [14].

We prove a more general version of this proposition for AB5 cate­

gories with projectives. The proof is done by induction on the cardin-

A

ality of the directed (upwards) ordered set As a first

step, we generalize Berstein's lemma to get the case for n = 0

Lemma 4.7: (Berstein) Suppose and € G^ such that XX
is projective in G  for every X € A . Then h.d.(colim X^) £ 1 .

Proof: If ||Aj| < , then A is a finite directed ordered set and

A has a maximal element XQ€ A . Therefore, colim X^ = X^ and



and h.d. (colim X,) = h.d.(X, ) = 0 .
A Ko

Next, suppose ||A|| = . Then there is a totally ordered cofinal

subset A7 £ A such that ||A/|| = . Without loss of generality, we

suppose that A = {o,l ,2,.. . } = Z  + .

For every integer s ,

CT
(4.8) 0 --- > II X — — > II X  > X  ----> 0n r sr<s r <s

is exact in (2 where a -u = u - u , Xr + 1  , u : X -» U  X thes r r r+ 1 r r r rrss

canonical injection. It is clear that the exact sequences (4.8) define
_A _an exact sequence of diagrams in <2 . Since (7 is AB5 and A is

directed, 0 -» II X r* Jlx -» colim X -♦ 0 is exact in Cf . Therefore -L-L s -*-1- s . ss s A

h.d.(colim X ) ^ h.d.(II X ) + 1 . But II X projective insures thatA S s ss s

h.d.(colim X ) £ 1 .
A 8

A set theoretic lemma of Osofsky [14] is stated here without 

proof. It is used to complete the induction.

Lemma 4.9: Assume n > 0 and A = [\ |\ < Nn} . Then there exist di­

rected subsets {Ayi"Y < of A such that:

(i) A = U A,
Y<fc Yn

(ii) Ay c Ay / for Y < y '

(iii) ||Ay|| = for all Y < «n •

Proposition 4.10 (Osofsky): Suppose A is a directed ordered set with
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- —Acardinality less than or equal to « If X c u with X. pro-n A.

jective for every X € A , then h.d.(colim X.) £ n + 1 .
A K

Proof: The first step of the induction was done in lemma 4.7. Suppose

the proposition is true for the case n - 1 . Let A = {y|y < .

By lemma 4 .9 , A = U A where each A is directed with ||A || = K .V Y Y

For each y < N , define A = colim X/r , where r = U • 
n rY P<Y

Since ||r || =  ̂ » the inductive hypothesis applies to X/r^ , and

therefore h.d. (Â ) ^ n  .

Next, set

B., = U Im(u, - u. / X. ) and

B = U Im(u, - u./ X. ) ,
X<\'=A

where u^ : X^ *♦ JJ_ X^ and u^ : X^ -+ J_[ X^ are the canonical
xer x€AY

inclusions into the coproduct.

For y < y ' , By , since ^  £ ry / . (7 AB5 insures that

B = colim B.( = U .y<n y yctf n n

If a is a limit ordinal less than N , then T = U A = U T ,
y<a * y<at ’

implies B = U B . Furthermore, for each Y 6 A , h.d. (B ) ^ n - 1
“ Y<a

since 0  -* B^ - » ^ X x -»Ay-»° is exact with ^  X̂  ̂ projective



47

Therefore with B = U B satisfy the hypothesis of

Corollary 4.6 and h.d.(B) ^ n .

From the definition of colimit,

0 -» B -* I I X. -> colim X. -» 0
X6A A

is exact with X, projective. Therefore
O h  x

h.d.(colim X.) = 1 + h.d.(B) ^ 1 + n .
A X

Section 3: The Result for (7b .

In this section, we will use the Osofsky proposition to show that 

if A is directed, ||A|| £ , then ^RqLim^ : (7b ̂  -* (7b , is zero for

every q > n + 1 .

First we show that the right derived functors of Lim : -* Ctb ,
Q

Q a small category, can be characterized in terms of Ext-functors. 

Lemma 4.11: Suppose A € (7b ̂  and ^ is the constant diagram over

Q with value Z . Then

(RqLim) (A) 2: Extq$,A) for every q £ 0 .
x n '

Proof; Let A : db -* (7b̂  be the functor which assigns to each

G € (7b the constant diagram 6  : 0 -* (7b , By definition

A : C7b -* (7b̂  is the coadjoint of Lim : (7b^ -* (7b , i.e.,
£1

(7bn(G,A) — (7b(G,Lim A)
n

Since (7b(Z,H) == H for every H € (7b ,

(7b° (4,A) a: (7b(Z,Lim A) ss Lim A .
n n



48

Furthermore Q injective in <7bP insures that Extq(&,Q) = 0 for 

all q > 0 . Therefore,

Extq(^,A) — lRqLim)(A) , for every q £ o .
n '

We use this fact to prove the following proposition.

Proposition 4.12; Suppose A is a directed (downward) ordered set

of cardinality X . Then RqLim : (7b1 -» (7b is zero for every 
n A

q > n + 1 .

Proof: Recall that if E^ : (7b -» (7b̂  is the coadjoint of

ev^ : (7b , evaluation at \ , then E^ : (7b -* (7b̂  preserves

. _ A - Aprojectives. In particular, E^X c (7b is projective in (7b for

every \ € A , since X is projective in (7b .

Furthermore, it is clear that colim E, X a: ̂  , and ||A°P|| =Aop \ 11 11

J|A|( = N . Therefore, since 0^*3 Aop satisfy the hypothesis

of Osofsky's proposition,

h.d. (̂ ) ^ h.d. (colim E-.Z ) ^ n + 1 .
Aop K

From the definition of homological dimension and lemma 4.11, it follows

that (RqLimJ(A) = 0 for q > n + 1 and A € <7b^ .
A

Section 4 : Generalization to AB4 Category (7 with Injectives.

The theorem developed in this section shows that the vanishing

of higher derived functors of colim : <7̂  -» (7 , A directed, depends
A

only on the cardinality of A .

Suppose (7 is an AB4 category with injectives.
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Lemma 4.13: If B 6 G such that 6?(B,Q) = 0 for every injective

Q € G , then B = 0 .

Proof; Since G has enough injectives, there is an injective Q in

G and a monomorphism P : B -* Q . But <7(B,_) : G ~+ Gb left exact

insures that 0 -- > G(B,B) b,Q) is exact in G b . Since

G{B.Q) = 0 , 0 =  G(B,P)-id = p- id ; and P : B -+ Q a monomorphismB B
implies that id^ = 0  or B — 0 .

Theorem 4.14: If A is a directed (upwards) ordered set, ||A|| ^ K ,

then

(L colim) (A) = 0
q A

for every q > n + 1 and A € <7^ .

Proof: Since G is AB4 , the results of J.E, Roos [15] apply, i.e.,

for every A € G^ , there is a "coflabby" resolution of A ,

where ( 1 | A) ̂  , is such that
A ^ 0 <...<Aq q

H+(colim A) s (L^ colim)(A) .
A A

Suppose Q € G is injective. Since G(_,Q) : (P® -* Gb is exact,

<7(<L colim) (A) ,Q) a HQ«2(colim JJ^A) ,Q)) . 
q A A

A duality argument shows that

<7(colim 1L a ,Q) — Lim "fT*(A,Q) ,
A A p

where is the canonical "flabby" resolution of (A, &  € Gbh

Therefore,

<7((L colim) (A) ,Q) s (RqLim) (A,Q) 
q A A°P
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Since A is a directed (upward) ordered set, ||A|| ^ Nn,Aop is a 

directed (downward) ordered set with ||A°P|| ^ Nn . Thus applying 

proposition 4.12,

o A0 = R Lim(A,Q) 2= G((L colim) (A) ,Q) 
A°P q A

for every q > n + 1 . Finally lemma 4.13 insures that (L colim) (A) = 0

for q > n + 1 .

The hypothesis that G  has enough injectives is stronger than

is needed. For instance, the following weaker hypothesis on G might
- „ Abe used: For each A t a , there is a full exact small abelian subcate­

gory JKA) € G such that:

(i) A and colim JJ^A are contained in MA) .

(ii) there is a collection {Qp Ip s °} °* objects in M.G) with

In this case, the necessary embeddings into Gb would exist and the 

above theorem would follow similarly.

(a) <̂ (_»Qp) : MG) -» Gb exact for every p s 0 ,
a

(b) 0 -» (L colim)A — E— > q existing in MG) for
p A *

every p ^ 0 ,

(c) G(h colim A,Q ) 
P A T>
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CHAPTER V

CONCLUSIONS

In this chapter, the results of the last chapter are applied to 

the spectral sequence developed in Chapter III to give a concrete way 

of determining when higher derived functors of limit and colimit 

vanish.

Section 1: Finiteness Lemma.

The following lemma develops a way of determining when the higher

Suppose (2 is an AB4 category with a generating class of small 

projectives.

Lemma 5.1: Suppose Q is any small category such that L colim : CftP •* <2b

derived functors of colim
0

vanish, based on when the higher

derived functors of colim : -* Cb vanish.
n

is zero for every p > k , then (l colim): cf* 
p Q

is also zero for

every p > k .

Proof: Suppose and is the canonical coflabby

resolution of A , i.e.

where

0
-* to = A,toP P
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Let P be any small projective in the generating family. Then 

(P, I 1 A) *♦ (P,A) 0 Is the canonical coflabby resolution of

(P,A) € d\P since d(P,_) : d -* db is exact and commutes with coproducts.
A - I I A -Therefore, (L colim)(P,A) = H (colim |L(P,A)) is isomorphic to

p n p n

(P,H (colim II. A)) = <7(P,(L colim)(A)) , again using the fact that P
p q p n

is small and projective. By hypothesis, (L colim)(P,A) = 0 for p > k .
p n

Therefore d{P,(L colim)(A)) is also zero for every p > k and for
p Q

every small projective generator P in d ; and it follows that

(L colim)(A) = 0 for every p > k . 
p 0

Section 2: The Vanishing of Higher Derived Functors of Limit and Colimit.

Theorem 5.2:

Suppose d is an AB4 category with projectives and injectives.

If Q is any J-finite, ordered set with ||o|| s such that

L colim : d\P -* db is zero for every p > k , then L colim : d -* d
p n r a

is zero for every r > k + n + 1 .

Proof: By Theorem 3.9 and Theorem 3.12, there is a first quadrant

spectral sequence with

E2 = (L T)(L colim J°) (A)PQ P q n

2: (L colim) (L W) (A)
P 3CCI) q

converging to (L col im) (A) for every A 6 d^ .P+q
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First hold p constant. Since D(G) has a generating class of

small projectives and is AB5 , lemma 5.1 applies and

(L Y)(L colim)(J^(A)) is zero for every q > k . (Note that this
p q n

slightly different form for E2 is possible since : G^ -» (D(C7))̂

preserves projectives and is exact.)

Next, let q be held constant. [|Q|| £ implies that ||3(G) || ^

Since G is AB4 with injectives, 3(G) is a directed (upward)

ordered set and (L W)(A)€ ^(G> , Theorem 4.14 applies; andq

E2 = (L colim)(L W) (A) = 0 for p > n + 1 . 
pq p 3(G) q

Thus the spectral sequence yields (L colim)(A) = 0 for
G

r > k + n + 1 .

For the convenience of the reader, the dual statement is included. 

Theorem 5.3 (Dualization) :
*Suppose a is an AB4 category with projectives and injectives. 

If G is a t-finite ordered set, such that ||G|| £ and

G°P(L colim) : Gb -* Gb is zero for every q > k , then 
q Gop

(RFLim) ; -* G is also zero for every r > k + n + 1 .
G

In particular we can apply this Theorem to the case when G = Gb 
to get the following result promised in the Introduction.

Corollary 5.4: If G is any t-finite ordered set with ||G|| £

Gopsuch that L colim ; Gb -» Gb is zero for every q > k , then 
q Qop

r(R Lim) : Gb -* Gb is also zero for every r > k + n + 1 .
G
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Section 3: The Homological Dimension of Constant Diagrams.

Suppose that Q is a t-finite ordered set and 27̂  the AB5 

category of modules over a ring R .

In this section, we show that the homological dimension of a
A _ „constant diagram of R-modules, M : U -» 7/L , depends on the cardinality 

of 0 . As in the case when R = Z and 77̂  = <7b , we get the following 

lemma.

Lemma 5.5: Suppose A € 77̂  and R is the constant diagram over Q
*  -  *  A  -with value R . Then (R Lim)(A) — Ext (R,A) .
Q

For the remainder of this section, we assume that Q represents
Qop

a t-finite ordered set such that 1|q|| ^ X and (L colim) : C7b -* (2 b" 11 n q ^op

is zero for every q > k .

ACorollary 5.6: h.d{R)^ k + n + 1 .

Proof: This is immediate from the definition of homological dimension,

Theorem 5.3, and lemma 5.5.

Lemma 5.7: If P is a projective R-module, then h.d. (P) ^ k + n + 1 ,

Proof: If F is a free R-module, then F — © R . Therefore, from
I

corollary 5.6,

h. dd?) = h.d. (0 R) = sup h. d. (R) ^ k + n +1 .
I I

If P is a projective R-module, then P is a direct summand of 

a free R-module, i.e., F = P © P / . Since homological dimension of a

direct sum is the maximum of the homological dimensions of the summands,

and § = P © p' , h.d^(P)£ h.d. (F) * k + n + 1.
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AWe note that even though P is a projective R-module, P is not 

necessarily projective in 171 .

Theorem 5.8:

Suppose M is any R-module, then h.d.(M) ^ k + n + 1 + h.d. (M) .K

Proof: The proof is by induction on h.d.„(M) . The case when

h.d. (M) = 0 , i.e., M is projective, has been done in Lemma 5.7.R
Suppose that h.d. (M7) £ k + n + 1 + h.d^(M7) whenever

h.d. (M7) ^ r - 1 .R
Let M be an arbitrary R-module with h.d^(M) ^ r . Then there 

is a short exact sequence

o-»m 7 -»p-»m-»o

in with P a projective R-module. In particular,

h.dft(M/) <h.d^(M) , since h.dR(M) = 1  +h.dft(M7) . Further, since 

: VL -» 77L is exact,

A , A A 0-*M -»P-»M-»0

is exact in . By inductive hypothesis, h.d^M^) ^ k + n + 1 + h.d.R(M7)

and therefore

h.d. (M) =£ 1 + h.d. (M7) ^ k + n + 1 + h.d.R(M) .
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