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Abstract

SIMULTANEOUS STATE AND PARAMETER ESTIMATION
IN LINEAR SYSTEMS

Teymuraz Eliazov

Adviser: Professor Frederick Thau

[n this work we consider the simultaneous state and parameter estimation problem of a linear
discrete-time system subject to an arbitrary known input. and random input {(driving noise), and
with noisy output observations. A simultaneous state and parameter estimation problem is
formulated as a least squares minimization problem. The special structure of the least squares
minimization problem, allows separation of the original problem into two subproblems that are
explicitly coupled: a nonlinear functional minimization to obtain parameter estimates and 2 linear
least-squares problem to obtain state estimates. A new, computationally economical and robust
algorithms are derived based on the proposed method. A theoretical and experimental study of

the asymptotic properties of the parameter and state estimates are presented.

An adaptive control system for fine pointing of a flexible spacecraft is designed. Derived
algorithms are used to simultaneosly identify unknown states and parameters of a discrete-time
lumped-parameter model of the flexible structure. The identified states and parameters form the
input to a bung-off-bang control law that, in conjuction with the identification zlgorithm, results
in an adaptive system whose response closely approximates that of a system with known

parameters. Simulation studies demonstrate the response achievable with the proposed approach.
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Simultaneous State and Parameter Estimation

in Linear Systems

by
Teymuraz Eliazov

1. Introduction

In recent years the problem of simultaneously estimating the state vector and
parameters of a dynamic process has received a great deal of attention
[(6,12,18,22,38,39,45,46]. The adaptive scheme (Figure 2) using the identifier and
controller has wide application in design of adaptive control based on linear state
space model. The applications reported most recently include process control [47],
industrial robots [39] and satellite attitude control [48,53]. In practice most of the
existing on-line algorithms for simultaneous state and parameter estimation suffer
computational complexity and robustness problems or are limited to certain

canonical state-space models.

Thus, a need for robust and computationally economical algorithms for a

general state-space model clearly exists.

The combined parameter and state estimation problem was originally posed
as a nonlinear estimation problem [15] by augmenting the state vector with the
unknown parameters of the state space equations. Kopp and Orford [15], and
Farison et al. [23] proposed the extended Kalman filter (EKF) to solve the
resulting nonlinear filtering problem; however, the extended Kalman filter, while

being computationally feasible, is prone to divergence. The convergence analysis




given in [13] shows that if the noise characteristics of the model (2.1) are chosen
ad hoc (as, apparently, is usually done) then the system parameter estimates will in
general be biased. The reason for divergence is traced to the fact that the effect
on the Kalman gain K of a change in a parameter vector 8 is not taken care of in
the usual EKF impiementation. This lack of coupling between K and 0 in the
algorithm may, as demonstrated in [13], lead to divergence of the estimates, even

for simple cases, where only the system parameters are unknown.

In practical applications of the EKF, "manual" adjustments of the noise
covariances are ofteﬁ used to make the algorithm work. This is called "tuning of
the filter". Several modifications to the algorithm have been suggested to improve
convergence properties. Schmidt [49], Neal [50] and Ljung [13,45] proposed the
addition of terms to the gain K to prevent divergence, but the approach follows
from a heuristic discussion. One disadvantage with such a modification of the
EKF is that it will require an amount of computation that may be forbidding for

higher order systems.

Thus the EKF method either requires extensive "tuning" or adds to the
computational complexity, either of which is a disadvantage in practical on-line

applications.

The simultaneous state and parameter estimation problem for linear systems
is inherently a nonlinear filtering problem. A straightforward use of the best
known non-linear filters often leads to computational problems and to poor
estimation. In [19,39] a nonlinear filter is introduced that suffers less from these

problems. It is based on the Bayesian maximum a posteriori estimation technique.




A relationship with EXF-type filters is shown. It is further shown that the filter
can be applied to simultaneous state and parameter estimation problems. The
filter has been used by the authors in a real application to a heavy hydraulic
manipulator which is digitally controlled by a two-level microcomputer system.
However, the method assumes that distrubances are zero mean Gaussian stochastic
processes with known covariance matrices. In addition, method is limited to
systems with known nominal values for parameters, states and inputs. The
convergence rate of parameter estimates is slow and depends on the choice of

nominal values.

Bar-Shalom [7] obtained the optimal maximum likelihood solution to the
problem; however, he only obtained the result for the single-input single-output
case. Furthermore, his method requires calculating and storing all of the smoothed
state estimates at each step. In [18] an algorithm is derived as a recursive solution
to 2 maximum likelihood estimation problem. The algorithm has a partitioned
structure into three distinct components: A Kalman filter state estimator, a
recursive least squares parameter identifier, and a sensitivity matrix estimator.
However, this algorithm assumes the system equations are jointly linearizable in
the state and parameter vectors about known reference values at each stage, and
may not be appropriate for identification Bf system dynamics with poor apriori

initial estimates.

A frequently used and very reasonable sub-optimal estimation scheme for
simultaneous estimation of parameter vector 8 and state vector x(k) is to

implement two coupled estimation algorithms as now described. In estimating 0,




x(k) is replaced by an estimate of x(k) from the state estimator, and in estimating
x(k), 6 is replaced by an estimate of 6 from the parameter estimator. Many
schemes for adaptive estimation in the engineering literature including "equation-
error” or "series-paralle]” schemes-and "output-error” or "paralle]” schemes have
the general structure of the above sub-optimal arrangement. The suboptimal
estimators as described above have been limited to a certain classes of state space
models. In [6] a narrow a class of models is introduced for which suboptimal
estimators can be implemented. The associated adaptive estimators specialize to a
known and novel adaptive algorithms. The convergence analysis is given via
martingale convergence theorems. The passivity condition and persistently exciting
conditions on the noise and state estimates are shown to guarantee almost sure
convergence results. In [16] a suboptimal parameter and state estimator is
presented for a particular canonical form for the state-space equations of a linear
system which allows parameters and states to be estimated separately using two
linear estimators. The system is assumed to be completely controllable and
observable. It is also assumed that the random processes are Gaussian and
statistics are known. The Luenberger canonical form has been utilized in {20] to
separate the non-linear state and parameter estimation problem into two linear
problems. However the approach is limited to only deterministic systems and to
systems with equal state and measurement disturbances. Simulation experiments

demonstrated that the state estimator is prone to divergence.

The simultaneous state and parameter estimation has often been approached

through adaptive observer techniques [47,51,52]. In these approaches, the state




variables are linear combinations of delayed inputs and outputs, with the unknown
system parameters as coefficients. This however introduces the problem of
choosing a gain matrix to stabilize a non-linear estimation loop, due to products of
estimated variables in the real time system model for observer. In [46] an
approach is presented that solves this problem, however it is derived for

deterministic systems and may have singularity problems.

A recursive parameter esti;nation algorithm for general state-space models is
derived in [45] as special case of a prediction error algorithm. For the algorithm
developed in [45] the adaptive state estimate is obtained as an automatic by-
product of a recursive identification algorithm. The algorithm is robust and
convergence to a local minimum of a performance criterion which is a quadratic
function of the prediction error has been established. However, computational
complexity considerations make the algorithm forbidding for higher order systems.

It is also assumed that the statistics of the random processes are known.

In this work we have derived a simultaneous state and parameter estimation
method for general state-space models of multivariable discrete-time linear

systems.

A simultaneous state and parameter estimation problem is formulated as a
least squares minimization problem. The special structure of the least squares
minimization problem, allows separation of the original problem into two
subproblems that are explicitly coupled: a nonlinear functional minimization to
obtain parameter estimates and a linear least-squares problem to obtain state

estimates. A robust and efficient adaptive scheme that follows from such




separation is shown in Figure 1. It is obtained for a general state-space model,
while in all previous reports [6,11,16,45] such adaptive schemes were derived only
for certain canonical forms of the state-space médel. Another advantage of the
least-squares approach is that the derived algorithm does not require knowledge of
the statistics of the random disturbance processes. However, if available, this

information can be easily incorporated.

We have obtained specific algorithms for on-line parameter and state
estimation for general state space models of linear discrete-time multivariable
systems subject to an arbitrary known input, a random input (driving noise), and
with noisy measurements. A theoretical and experimental study of the asymptotic

properties of the parameter and state estimates appears in Section 7.

The contribution of this research rests in the development of the least squares
method for simultaneous state and parameters estimation of state space model.
The method is developed for a general state space model and does not require
knowledge of the disturbance characteristics; the necessary condition in all the
previous works. A new, computationally economical and robust alogrithm is
derived based on the proposed method. The derived algorithm has been applied to

an adaptive control system for fine pointing of flexible spacecraft.

In section 2, we consider the simultaneous state and parameter estimation
problem for a discrete-time dynamic system described by a general state-space

model.

In section 3, we present a least squares formulation of the simultaneous state

and parameter estimation problem. Then the original problem is separated into




two explicitly coupled subproblems by using a variable projection algorithm, and

the structure of the adaptive estimator is then defined.

In section 4, we derive algorithms for on-line simultaneous state and
parameter estimation of a general state space model. Two different approaches

have been applied to obtain parameter estimation algorithms.

In section 5, we consider the convergence properties of these parameter
estimation algorithms. Local convergence for an iterative continuation algorithm is
established. We also demonstrate that the general convergence results for
prediction error algorithms [45] apply to the recursive parameter estimation

algorithm derived in section 4.

In section 6, we give a description of computational details for the derived

algorithms. The implementation of the variable projection method which makes

extensive use of orthogonal transformations is presented.

Simulation studies to demonstrate properties of the derived algorithms and to

compare their performance with other algorithms is given in section 7.

In section 8 an adaptive control system for fine pointing of a flexible
spacecraft is designed. The identification algorithm derived in section is used to
simultaneously identify unknown states and parameters of a discrete-time lumped-
parameter model of the flexible structure. The identified states and parameters
form the input to a bang-off-bang control law that, in conjunction with the
identification algorithm, results in an adaptive control system. Simulation studies

demonstrate the adaptive system response achievable with the proposed approach.




In sections 9 and 10 we give conclusions and recommendations for further

research.




2. Problem Statement
Consider linear discrete-time dynamic systems modeled by

x(k+1) = A(8)x(k) + By(0)u(k) + v(k) (2.1)

y(k) = C(0)x(k) + w(k) | (2.2)

where x(k) is an nX 1 state vector, u(k) is an rX 1 deterministic input vector, y(k)
is an m X 1 measurement vector, 8 is a pX 1 parameter vector, v(k) is an nX 1 state

disturbance vector, w(k) is an m X 1 measurement disturbance vector (k=1, 2..... ).

The Ay (0), By(8) and Cy(0) are matrices of appropriate dimension and
depend on a parameter vector 6 in an arbitrary way. It is assumed, though, that

the matrix elements are continuously differentiable functions of parameter vector

0.

The problem is to determine the parameter vector estimate @ and state
estimates X(k), of *hz model (2.1) on-line based upon processing of the

measurements of inpui-output data.
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3. Least Squares Approach To The Joint Parameter/State Estimation
3.1 A Variable Projection Algorithm

A least squares problem is called separable if the fitting function can be
written as a iinear combination of the functions involving further parameters in a
nonlinear manner. Golub and Pereyra [3] have recently proposed an algorithm for
solving the separable nonlinear least-squares problem in which, for given data
(ypt), i=1,2,...,m and given functions d)j(a.,t), j=1,2...,n, (m>n) where
a = (ag, @y,... ayp), the vectors &« and a = (a; a,,..., a,) are determined which

minimize the nonlinear functional
r(a,a) = Iy — ®(a)a |12 (3.1.1)

where Q(a)i’j = d)j(a,ti). The approach of [3] to the solution of this problem is to
modify the functional r(a,a), in such a way that consideration of the linear

parameters is deferred.

Define ®*(a) as the Moore-Penrose pseudoinverse of matrix ¢ (a)

[Appendix B], then for each a, the linear operator
Po) = ®(a)® (@) (3.1.2)

is the orthogonal projector on the linear space spanned by the columns of the
matrix ®(a). We denote the linear operator (I — Pgy)) by P,. The operator P, is

the projector on the orthogonal complement of the column space of ®(a).
For any given a we have the minimal least squares solution

i(a) = ®*(a)y (3.1.3)
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Thus,

min r(a,a) = 1(d,a) = 1y — ®(a)® (a)y 112

v

=1P_yl?.  (3.1.4)

The modified functional is called the variable projection functional and can be
rewritten as

r(a) = 1P, ylIZ, (3.1.5)

Once a critical point (or minimizer) & is found for this functional, then 4 is

obtained by replacing a by & in (3.1.3). The justification for employing this

procedure is given by the following Theorem [3].

Theorem 2.1

-Let r(a,a) and ro(a) be defined as above. We assume that in the open set

QeRk, ®(a) has constant rank r = min (m, n).
(a) If & is a critical point (or global minimizer in ) of r,(a), and
i=o"(a)y, (3.1.6)

then (4, &) is a critical point of r(a, @) (or a global minimizer for aefl}) and

r(d, a) = ry(a).

(b) If (4, &) is a global minimizer of r(a,a) for aef2, then & is a global minimizer
of ry(e) in @ and ry(@) = r(4, @). Furthermore, if there is a unique 4 among

the minimizing pairs of r(a, a), then 4 must satisfy (3.1.6).
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Krogh [24] has extended this results to the more general models
Iy — ¥(a) — ®(a)a 112 (3.1.7)
In [4] Kaufman introduced modifications to variable projection approach
based on the trapezoidal decomposition of a matrix. According to this

decomposition (see [25] and [26]) there exists an orthogonal matrix Q and a

permutation matrix P such that for any given m X n matrix ® of rank r

R S
Q&P = [o 0] (3.1.8)

where R is an r X r nonsingular upper triangular matrix. Then if the Q matrix in

(3.1.8) is partitioned into

o
Q= Q (3.1.9)

2

It is shown [4] that one can solve (3.1.1) by finding & which minimizes
r3(a) = Il Qy(a)y I, (3.1.11)

and then determining 4 by (3.1.3). This modification leads to a computationally

more efficient algorithm.
3.2 Least Squares Formulation of The Identification Problem

A least squares approach to joint state and parameter identification is

obtained by writing (2.1) as

0= x(k+1) — A(0)x(k) — By(0)u(k) — v(k) (3.2.1)
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Consider system (2.1) at a sequence of time instances k+1, k,..., k—M.
Then for any particular time moment k+1, combine Eqs. (3.2.1, 2.2) in way

suggested by Duncan and Horn [1] to form one large overdetermined system.

ya+n || _
0 I A [x(k+1)
y(k) Cu(®) x(k)
0 —I Ayp_(0)
= +
' _ x(k—M)
y(k—M) Cr-m(8) | )
. i L
i i : )
0 . . . ... 0 w(k+1)
B,(8) 0 ... .0 : : v(k)
0 0 ... .0 “(t)_l
0  B,_y6) 0 . u(k=1)
+ |. 0 0. . .. ' +

- . ’ k_M

By® | 1PETMD
- . 0 | o(k—M) |

(3.2.3)
Equation (3.2.3) can be written more bricfly as

Y(k+1) = Fi 1(0)X(k+1) + G 1(8)U(k+1) + N(k+1) (3.2.4)

though in the future we will usually drop the subscript.
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Then based on Eq. (3.2.4) the joint state and parameter identification

problem is formulated as a least-squares minimization problem.

. - _ 2
}1(1(11:1){\J| Y (k) F(O)X(k) G@®U)II (3.2.5)
Let
r(X(k), 8) = 11 Y(k) — F(8)X(k) — G(8)U(k) 1% (3.2.6)

Then at any particular time k, X (k) the optimum estimate of state sequence

vector X(k), and 6k the optimum estimate of parameter vector 8, are given by

(X(k), 6 = arg )r{r(lki)ne r(X(k), 8) (3.2.7)

3.3 Joint State and Parameter Estimator

The estimator for simultaneous state- and parameter estimation is derived
based on formulation (3.2.7) and the variable projection method [3]. According to

[25, 26] there exists orthogonal matrix Q such that

R
0

(3.3.1)

Q
QF(8) = Q, F(8) =

where R = R(0) is upper-triangular and Q = Q(0). Since the second norm is

unaffected by orthogonal transformations,

r(X(k), 8) = 1l Q(Y(k) — G(8)U(k)) — R(0)X(k) 12
+ 11 Qu(Y(k) — G(8)U(k)) 112 (3.3.2)

Hence, functional (3.2.6) has been split into a sum of quadratic forms. For
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any given 8 we have the minimal least-squares solution

X(k, 8) = R™IQ(Y(k) — G(8)U(k)) (3.3.3)

Thus,

min (X (k), 6) = 1(X(k), 0) |
I Qa(8)(Y(k) — G(8)U(k)) 112 (3.3.4)

Then, the minimization problem (3.2.5) is reduced to the minimization of
modified functional that depends on parameter vector  only. The modified

functional may be rewritten as

12(8) = 11 Qx8)(Y(k) — G(8)U(k)) 112 (3.3.5)

Once the estimate 6 is obtained by minimization of (3.3.5), the estimate )Z(k)
is obtained by replacing 6 by 8 in (3.3.3). Thus the original minimization problem

is separated into two subproblems that are explicitly coupled:

A

1) The minimization of nonlinear functional r,(8) to obtain estimates 6 of

parameter vector 8, and
2) a linear least-squares problem to obtain state vector X (k) estimates.

This separation defines structure of joint state parameter estimator as two

estimators coupled together. The proposed estimator is shown in Figure 1.
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4. Algorithms For Simultaneous State And Parameter Estimation
4.1 Recursive State Estimation Algorithm

The generalized state X(k+ 1) estimation problem is a linear least squares
minimization problem given by (3.3.4). Let us denote by ék+1 the parameter
vector estimate available at the k+1 time instant. Then for 0 = 6,,, the

generalized state vector estimate )t(k-i- 1) is from (3.3.3) given by

X(k+1) = R4 - QF MY (k+1) = Gpyq - Uk+1)] (4.1.1)
where
Qf* = Qubrsp), Grir = G(byyy - (4.1.2)
Ri+1,x+1(0) Ryi1(0)
Reu(0)  Ryx-1(0)
Rys1 =

- Ry-M-1x-M-1(8) Ry pM-1x-M

Rk-M,k—M(e)J 8 = 04y

where R;(0) - is {rXr} nonsingular, upper triangular matrix.

and
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R(k) b(k—1)
X(k+1) = |. ' ,QFM Y (k+1) — G‘k+1U(k+1)] = |. (4.1.4)
R(k=M) : | ;b(k—M)J-

Based on (4.1.1), (4.1.3) and (4.1.4) the recursive state estimation algorithm

is given by

R(k+1) = (Rps41(8)) T B(K) — Rypq1(0) * R(K) g, (4.1.5)

44.2 Smoothed State Estimation

The least squares formulation of the identification problem, together with a
moving data-window approach can be used to obtain smoothing algorithms for

state estimates of the system (2.1). Let us define initial state estimate as (1)

d(1) = x(1) + v(1) (4.2.1)

Then for any particular time k combine Eqs. (4.2.1), (3.2.1) and (2.2) to

describe one large overdetermined system.

Y(k) = Fi(0)X(k) + Gk(B)U(k) + N(k) (4.2.2)

where




Y(k) =

[ac1) |
y(1)
0
y(2)
Uk) =
0
ly(k) |
Fi(9) =
G(0)
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.x(l)

[ u(1)
(u(2) x(2)
X(k) = N(k) =
_u(k— l)j _x(k) ]
-1
C4(8)
A8) -1
C2(0)
Ay8) I
A qy(8) -
Ci(0) |
0 . 0
0 0
B4(8) 0
0 0 ...
= . Bz(e) 0..
0
. . By_y(8)
0 0 0.0

v(1)
w(1)
v(2)
»(2)

vk—1)
o (k)

[4.2.3)

(4.2.4)

(4.2.5)
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Based on Eq. (4.2.2), the linear least squares estimate of stafe vector X(k),

obtained by the variable projection approach is

X(k) = Ryl QY (k) — G U(K)]

(4.2.6)

where Y(k) and U(k) are defined by (4.2.3), G, = G(6,) and G(0) is defined by

(4.2.5).

[R11(0) Rix(8)

~>
=
I

R (1)
RK(2)

X(k)

R(k—=1)
_ﬁk(k)

R2(8) R3(8)

. Ry_1x-1(0) Ry_14(8)
Ry (0)

QXY () - 6, U®K)] =

[ b(1)
b(2)

b(k—1)

| b(k)

(4.2.7)

(4.2.8) .

where R,(j) means the linear least squares estimate of state vector x(j) at time j,

given y(1), y(2),... y(k), the observations up to time k. Thus, £;(j),j=1,... k—1

are smoothed estimates, R (k) is a filtered estimate. The filtered value, and as
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many smoothed values as are needed, can be found from (4.2.6) by back
substitution using the fact that R (4.2.7) is an upper triangular bidiagonal matrix.
For parameter estimatcs 6(k), the algorithms (4.1.1) and (4.2.6) will give optimal

estimates of the generalized state vector )‘i(k).
4.3 Recursive Parameter Estimation Algorithm

At any particular time moment k (k = M), the parameter estimates can be

obtained by minimizing r, (8) in (3.3.5),

moin ry(0, h(k)) = moin HQ(8)(Y(k) — G‘(())U(k))ll2 (4.3.1)
where
Y (k)
h(k) = U(k)] 4.3.2

Since the value of the function ry(9, h(k)) is random, it is natural to select 0,

so that criterion

- B0, h(k)) . (4.3.3)

is minimized. Where E-denotes expectation over all h(k), for fixed values of

model parameter vector 0.

Criteria such as (4.3.3) can be minimized recursively from observations using
a stochastic approximation approach. The function ry(8, h(k)) is quadratic in the

prediction error vector f(8, h(k)):
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(8, h(k)) = £1(0, k)f(0, k) (4.3.4)

where

£(8,k) = Y(k) — Y(k/0) (4.3.5)

Y(k|0) - a prediction of Y(k) using fixed model parameter 0 is'computed directly

by

£(0,k) = Q2(8)(Y(k) — G(8)U(k)) (4.3.6)

The gradient of the f(8,k) is the matrix { (0, k),

T
d
P(0.,k) = [de f(O,k)] (4.3.7)

can be computed as

$7(0,k) = - Qz{D[F(O)]X(k) + D[G(O)]U(k)} (4.3.8)

where D[F(0)], D[G(0)] are Frechet derivatives of F(08), G(0), respectively (see

section 6, below for computational details). .

Since ro(0, h(k)) is quadratic in f(8, k) the stochastic approximation approach
can be applied to minimize criteria (4.3.3). Using (4.3.6) and (4.3.8) will result in
a recursive Gauss-Newton type prediction error algorithm of the type described in

[45]:
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4

f(8(k—1), k) = Qx6(k—1)[Y(k) — G(6(k—1))U(k)]

1R(k) = R(k—1) + y(k)[P(Bd(k—1), k)#;:T(é(k—l), k) — R(k—1)] (4.3.9)

6(k) = 6(k—1) + y(K)R "X k)P(b(k—1), k) - f(b(k—1), k)
where the gain sequence {y(k)} satisfies

-] [ -]

v(k) = 0, T yk) = , 3 yk) < .
k=1 k=1

4.4 Iterative Parameter Estimation Algorithm

In this section we describe iterative continuation process for parameter
estimation. We consider deterministic nonlinear least squares minimization
problem (4.3.1) at each stage of iterative continuation process. Then various

algorithms, developed for such problems can be applied for parameter estimation.

At any particular time moment k, parameter estimation prolblem is stated as
minimization problem given by (3.3.5) or (4.3.1). To solve problem one usually
takes advantage of the fact that objective function is a sum of squares of nonlinear
function. Doing this gives the Gauss-Newton method or modifications thereof.
Recent theoretical and practical invéstigations [28,29,31] have shown the viability
of the Gauss-Newton algorithm for nonlinear least 'squares problems. It is also the
algorithm of choice in standard treatises on parameter estimation, for example, the

work of Bard [30].
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The Gauss-Newton algorithm applied to problem (4.3.1) with k a fixed

observation time is summarized as follows:

67 = o°
Airl Al (4.4.1)
81 = 6l + agyk)
where
dyk) = — K;" - £(84, k) (4.4.2)

and Kj+ is the Moore-Penrose pseudo-inverse (defined in Appendix B) of the

matrix

K; = ¥(8, k) (4.4.3)

where 111(612, k) is defined by (4.3.8). Let us write the iterative process (4.4.1) in

the form

64! = 164, k) (4.4.4)
where

J(6L, k) = 6) + adyk) (4.4.5)

In general under conditions described in section 5.2 Below, every sequence
{6&}, k fixed, j = 1,2,..., obtained by process (4.4.5), will converge to a critical
point of ry(8, k) which by the definition of r,(0, k) is independent of k, and is the
true constant parameter vector 0*. To obtain parameter estimates, on-line, we

consider following iterative continuation process: for a sequence of the iterative
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processes {J(0,k)} k= 0,1, ... specified by (4.4.5) choose corresponding

sequence of integers {j,} k = 1, 2,.. such that points 5,’; satisfying

\

84" = 1(8}, 0

i=0,1,2,..5¢ t (4.4.6)

Ao _ Ajk o_
Op41 = 0 87 = 90}

are well defined.

Clearly (4.4.6) may be implemented on-line, by setting all j, = 1. It will be
shown in the section 5 that under local conditions described there, the following

convergence result holds,

lim 6% = o+ (4.4.7)
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5. Analysis of Parameter Estimation Algorithms
5.1 Convergence of Recursive Parameter Estimation Algorithm

In this section, we shall analyze asymptotic properties of the recursive
parameter estimation algorithm (4.3.9). The algorithm minimizes the quadratic
prediction error criterion and is a special case of the Recursive Prediction Error
algorithm [45] described in Chapter 3. The convergence result to be established
below is an application of theorem 4.3 in [45] and implies that estimates 6(k) will

converge to local minimum of criterion

Ery(0, h(k)) (5.1.1)

where

Er,(8, h(k)) = li

N
i S Ery(8, h(k)) (5.1.2)

1
N g

48

To demonstrate the convergence result we shall impose a number of
conditions on the algorithm. Nothing is assumed about the true system, other than

data generation be stable and "asymptotically mean stationary.”

We shall also make the following assumption on the state space model (2.1),
(2.2);
M2: This matrices A(0), B(8) and C(0) are continuously differentiable with
respect to the model parameters 0.

When we consider algorithm (4.3.9) we must introduce two smoothness

conditions for the function 1(k,8,f) = ry(08, k) and H(k,R,0,f,¢) = R(k) — ¥(9, k)
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t]:T(O, k). These are as follows.

Cr2: H(k,R,0,f,¢) is differentiable w.r.t. R, 0, f and ¥ such that for some C < o,

|H(k,R,0,£0) | = C(1 + [£]2+ |W|2+ R (5.1.3)

|[Hp(k,R,0,f,4)| + [Hy(k,R,0,f,4)| = C(1 + |f)>+ |¥|?
and

[He(k,R,0,6,0) | + [Hy(k,R,0,f,4)] = C(1 + [f| + |¢])

Cr3: The function 1(k,8,f) is twice-continuously differentiable w.r.t. 8 and f and

[1o(k,8,6) | + |lgp(k,8,0) | = C(1 + [f])2, (5.1.4)
1k,0,0) | + |lg(k,0,0) | = C(1 + |f]),

l1:(k,0,6)| = C

In the algorithm (4.3.9) the inverse of the matrix R(k) is used. To ensure

that no problems arise here, we introduce the following condition.
R1: The generation of the matrix R(k) by (4.2.9) is such that R(k) is symmetric
and R(k) = 8I ¥ for some & > 0.

In practice any implementation of Gauss-Newton should always include the

following modification
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R(k) = R(k—1) + v()[¥(8, k)$™(8, k) — R(k—1)],

{E(k) if R(k) = &8I
R(k) = (5.1.5)

R(k) + My(k) otherwise

where Mg(k) is chosen so that R(k) = 8I. A modification of this sort is required

to ensure good numerical behavior.

Regarding the gain sequence {y(k)}, we shall impose the condition:
Gl: lim k- y(k) = p > 0.

This condition restricts the choice of y(k) to asymptotically behave like p/k.

We shall introduce conditions on the observed data {h(k)} . At first, we
require the data generation to be exponentially stable. Let us denote h¥ - data set
made up of h(1), h(2), - - - h(k). Then this condition is expressed formally as

follows.

S1: For each k, s, k = s, there exists a random vector hf(k) that belongs to the o -
algebra generated by h* but is independent of h® ( for s = k take hso(k) = 0), such

that

Elhk) - hdK|*<C A C>0 ,r<1.

That is to say that what happened before tirﬁe s has very small influence on

what is going on at time k, k = s.

This appears to be a reasonable condition for most data sequences. The only




- 28 -

“situation where it is not realistic to assume S1 a priori is when generation of {h(k)}

may depend on past estimates.

We introduce the following condition
A3: The limits V(8) , $(8), ®(0) define by
V(8) = Ef1(0, k)f(8, k)

$(8) = EY(0, k) - f(8, k)  &(8) [= - v '(e)]T) . (5.1.6)
@(0) = EY(0, k)Y(9, k)

are assumed to exist.

We have introduced a new condition on the criterion function. This condition

will hold when the data sequence is asymptotically mean stationary.

We can now formulate the following theorem.

‘Theorem. Consider the algorithm (4.3.9). Assume that condition M2 holds, that
the data generation process is exponentially stable (condition S1) and
asymptotically mean stationary (condition A3). Then {06(k)} will converge to a

local minimum of criterion.

Ery(0.k) (5.1.7)

Proof. For this case, it is easy to demonstrate that Cr2 and Cr3 are satisfied.

Cr2: From H(k,R,8,f,¢) = R(k) — ¢ (8,k)¥T(8, k) we find
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H| = R-y¥T| s ca + |fI>+ |[w|*+ |R]

[Hr| + [Hol = [1] + |0] s Cc1 + |f)2+ |¢|D

¥

and

Ho| + [Hy| = [0] + [2¢] = ca + [f] + [¥])

Here Hy denotes the partial derivative w.z.t. 8, etc.

Condition Cr3: From 1(k,0,f) = ry(0, k) we find

£l = c(1 + [f]

1] = C

Condition R1: We would use modification (5.1.5) to ensure this condition.

Condition G1: This is a condition on choice of y(k), that can be easily satisfied.

Then, theorexﬁ 4.3 [45] can be applied, with the result that 6(k) will converge

to a local minimum of (5.1.7).
5.2 Convergence of Iterative Parameter Estimation Algorithm

Consider nonlinear least squares parameter estimation problem

moin r(0, k) (5.2.1)

where k is fixed. The algorithm to solve (5.2.1) is the Gauss-Newton algorithm
defined by (4.4.1-4.4.2). We shall analyze the convergence behavior of this

algorithm.
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By the definitions of F(8) and G(8) and assumptions on A(0), B(8) and C(9)

the £f(0, k) = QE(Y(k) — G(8)U(k)) is continuously differentiable.

Let us denote L°_= L°(r2(e°, k)) the path connected component of the level

set L(ry(8%k)) which contains 6° itself.

L(r,(8°% k)) = {8eN [ry(0, k) = ry(8°, k)} (5.2.2)

Suppose that there is 8% so that L% is compact. Assume, further that

rank D[f(0, k)] = p (5.2.3)

.(p-dimension of parameter vector 0) for all 8eL® and that the functional r(0,k)

has unique critical point 0*eL.

Then by theorem 14.4.4 [36] there exists aj,j =0,1,2, ... such that
sequence {95} obtained by (4.4.1) is well defined and remains in L and

lim 6 = 6*. We choose some admissible steplength algorithm for aj, say Curry-

j—oo
Altman.

Hence, the convergence of the iterative process (4.4.1) (k = const) has been

established.
5.3 Local Convergence Analysis For Iterative Contunation Process

In this section, we analyze convergence of the iterative continuation process
from the local or asymptotic viewpoint. The resulting local theorem is important
because it characterizes the theoretical behavior of the process in the neighborhood

of a solution. We first analyze asymptotic properties of the (4.4.4), where k is
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fixed. Then the behavior of the iterative continuation process (4.4.6) is

considered.

Lemma 1.

LetJ:N X Ny C R? X R™~ R"and assume

a) Jg(8, h) is strong at 8e int (N)

b) p(Jg(8°, h)) < 1

for all heNy

Then for any sequence {h(k)} C N, such that for all k=1,2...

Ilh(k+1) — h(k)ll < 8, 8§ > 0, there exists a norm such that

13g(8°, h(k) < 1 (5.3.1)
fork = 0, 1, 2... '

Proof:
For h(0) arbitrary, h(0)eNy, by the assumption p(Jé(O', h(0)) < 1.

Then for given € > 0, Lemma 2.2.8 [36] ensures the existence of norm on R®

for which

HIg(8", h(O))Il = & + € - (5.3.2)
where

o = p(Je(8', h(0))) (5.3.3)
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Choose € such that o + € < 1, then from (5.3.2)

113(8", h(O)1l < 1 (5.3.4)

Since Jé(e', h) is strong for ¥ heNy, then for h(k) arbitrary h(k)eNy, and given

€ > 0, there exists S(h(k),5) 8§ > 0, such that

113g(8", h(k+1)) — Jo(8", h(k))Il < e (5.3.5)
whenever

h(k+1) € S(h(k), 8)

It follows from (5.3.5) that

)
| 13g(87, h(k+ 1)) — 11348, h(k)I | < e

whenever f (5.3.6)

Ith(k+1) — h(k)Il < &
If we assume that IIJ; (0‘, h(k)H < 1 it follows from (5.3.6) that

1Tg(6°, h(k+ 1)1l < 1 (5.3.7)
Then based on (5.3.4) and (5.3.6) by induction Lemma 1 follows.

Theorem 1

For J:N X Ny C R® X R™ = R™ and 0" ¢ int(N) such that 8" = J(8", h) for
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all heNy, assume that the collection of mappings J,: N C R®*~R™ @ e N, heN,,

is such that
a) J(;(O', h) is strong.

b) p(Je(8", h)) < 1 for all heNy

(p-denotes the spectral radius of Jé(e, h)

Then there are sets SI(O‘, 8) and S,(h(0), 8) Yh(0)eNy, such that for any

8% e S; and any sequence {h(k)} e S, the interates {6%} given by

o+l = j(o%, h(k)) (5.3.8)
are well defined and converge to 0.
lim ok = 9" (5.3.9)
Proof:
For h(0) arbitrary, h(0) € N, by the assumption
p(Je(8", h(0)) < 1 (5.3.10)

Then given € > 0, Lemma 2.2.8 [36] ensures the existence of a norm on R%,

for which
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g8, h(O)Il < o + € (5.3.11)
o = p(Jo(8°, h(0))) (5.3.12)

In this norm by the definition of strong derivative for a given € > 0, there is

a & > 0 so that

HI(0%, h(k)) — J(8", h(k)) — Jo(8", h(0))(6X—08")Il =<

ellok—971 (5.3.13)
whenever Ilh(k) — h(0)Il < &, 118¥—0"1l =< 5.

It follows from (5.3.13) and triangle inequality:

138, h(k)) — 8711 =< 1J(B%h(k)) — J(8", h(k)) — J4(8", h(0))(65—0")1I

+ 11Tg(8", h(0))(8%—08")1I (5.3.14)

and

113(6%, h(k)) — 8711 =< €l10X—0"11 + 11J4(8°, h(O)!I 116X—08"11  (5.3.15)
or

HI(8%, h(k)) — 0711 = (e + 113g(8", h(0))I1)116¥~ 811 (5.3.16)
for all heS§,

We may assume that e satisfies

o+ 2e<1 ‘ (5.3.17)
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Then (5.3.11) implies e + IIJO' (8", h(0))I1 < 1, and it follows from (5.3.16)

and Lemma 11.1.2 [36] that lkim ok = 19",

Theorem 2

For J:N X Ny C R*XR™~ R™ and 8" e int (N) such that 8" = J(8", h) for

all heN;. Consider the collection of mappings

Jo: N C R®=R® 9eN, heN,

Jy = J(8, h)

assume:

a) 48", h) is strong.

b) pJe(85, h)) < 1

for all heNy,.

Then there is an open neighborhood S(8°, 3) of 8" such that for any 8’eS, and
any sequence {h(k)} eNy such that Ith(k) — h(k—1)Il < & k = 1, 2..., the iterates

{6%} obtained by

0x*1 = 3(9%, h(k)) (5.3.18)

are well defined and converge to 0

lim6¥=19". (5.3.19)

k-
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Proof:

By the definition of a strong derivative for a given € > 0, there isa & > 0 so

that

1138, h(k)) — J(8°, h(k)) — J4(8°, h(k—1)) (8¥—0")II =

ellok—o" (5.3.20)

whenever

Ilh(k) — h(k—=1)I1 < &, 1105—0"I1 < 5 (5.3.21)

for all h(k) C Dy, k= 1,2... Then base'd on (5.3.20), (5.3.21) and triangle
inequality

113(8%, h(k)) — 8711 = 1I(8X, h(k)) — J(8", h(k)) — J4(8", h(k—1)) (65—0")II

+ 111g(8", h(k—1)) (8%—0")1I (5.3.22)

or

113(6%, h(k)) — 8°1t < 113(8°, h(k—1))11 1185=8"11 + el16*—0"1I (5.3.23)

13(8%, h(k)) — 8°1l =< (e + 111g(8°, h(k—1))11)110X—8"1I (5.3.24)
for any h(k)eNy k = 1, 2... whenever (5.3.21) holds.

It follows from Lemma 1 that for any sequence {h(k)} CNy, satisfying (5.3.21)

there exist a norm such that
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138", h()II < 1 (5.3.25)
for all h(k)eNy,.

Since (5.3.25), we may assume that e satisfies

€ + 1Ty0°, h(k)N < 1 (5.3.26)

for all h(k)eNy, and it follows immediately from (5.3.24) and 11.1.2 [36] that

lkim ok =9 (5.3.27)
=00

Assume that F(8), G(8) are twice continuously differentiable at 8". Then

f(0, h(k)) will be two times Frechet differentiable in a neighborhood of 9" and

DIf(8", h(k))] £(8", h(k)) = 0 (5.3.28)

Assume further that rank D[f(8°, h(k))] = p.

Then [36] there exists a ball S(O', 8), 8 > 0, such that the Gauss-Newton

iteration function

J(9, h(k)) = 0 — K*f(0, h(k)) (5.3.29)

is well defined; moreover J(0, k) is Frechet differentiable at 9', and
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J'(8°, h(k)) = — {DI[f(8", h(k)ITD[f(8", h(k))1}*

- £7(8°, h(k)) - £(8", h(k)) (5.3.30)

If in addition

p(J'®°, h(k) =o < 1 (5.3.31)

then 0" is a point of attraction for the iterative process (4.4.4) or

lim o/ = ¢° (5.3.32)
J®
where 6/ are obtained by (4.4.4), and p(J'(8, h(k))) is the spectral radius. From
assumptions on F(0), G(0) and (5.3.30) follows that J'(B', h(k)) is continuous at

9.

From (5.3.28) and (5.3.29) follows that

30", h(k)) = 0" (5.3.33)

We established sufficient conditions for convergence of iterative process (4.4.4)

with h(k) fixed, Theorem 10.2.1 [36].

Next, we consider convergence of the iterative continuation process. Let us
denote by Ny set of vectors h, such that for any heNy, sufficient conditions for

convergence of iterative process (4.4.4) are satisfied. Then we formulate the
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following theorem.
Theorem.

For iterative continuation process (4.4.6) there exists an open neighborhood
S(8°,8) of ", such that for any 0%S, and any sequence {h(k)} C Ny such that
||In(k) = h(k—1)]| = 8, the iterative continuation process, J(6%, h(k)), (4.4.6) is

well defined and lim X = 9",

ko
Proof:

The iterative continuation process may be viewed as a collection of mappings
I(0, k) = J(0, h(k)) characterized by vector h(k). By the definition of Ny, for all
h € Ny, J(e', k) exists and is continuous at ®". Then by Theorem 3.2.10 [36]
J'(O', h(k)) is strong for all heNy,. Conditions (5.3.31) and (5.3.33) are also

satisfied for all heN by assumption. Then proof follows from Theorem 2.
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6. Computational Details

In this section, we give computational details of implementing algorithms

described in section 4. The most significant part of the implementation is the

computation of the derivative of the prediction error vector, P(0, k).

The

derivative is derived based on the results of Kaufman [4] for derivatives of

orthogonal matrices and (4.2.6). Each component i of tensor D[f(8, k)] is given

by

DilQx(Y (k) — G(0)U(k))] =

399—_ {Qz(Y(k) - G(«»U(k))} =

'aT QY (k) = GOUE)) + Qp 7= (Y(K) = GOU(K)) =

aG(0)

- @ 0 Ry (Y (W) - G®UM) - @, Ly -
- - Qzla‘;g‘” (k) + 299 U(k)]

DIf(k)] = Qz{DtF(ébl)‘c(k) + D[G(GE)JU(k)}

(6.1)

(6.2)

where D[F(é)], D[G(8)] are the Frechet derivatives of F(6), G(é) respectively.
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Our implementation, is similar to that proposed by Krogh [24], and takes
advantage of the sparsity of F(0), G(0). An outline of the procedure for

computing the gradient of prediction error is as fol.lows:
1. Compute F(0), G(8) and D[F(0)], D[G(98)].

2. Factor F(0) using Householder transformations

0

where R is (M Xn) X (M Xn) nonsingular, upper triangular matrix.

QF =

3. Setv = Q(Y—GU) with

vi}} MXn
V= \D) } MXm
The £(8, k) = v,

4. Solve RX = v, for X

A

X-vector of generalized state estimates.

5. Set
W = — Q(DIF(8)] - X + D[G(8)]U)

See Golub and Pereyra [3] concerning the multiplication of a vector by a

tensor.
.. i W;) }Mxn
6. Partition W into W = -vvz- } Mxm
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The matrix

T8, k) = W,

Note that matrix Q need never be formed in full nor stored.

For the recursive algorithm (4.3.9) the gain vector is given by

L(k) = y(k)R “(k)¥(0, k) (6.3)
R(k) = R(k=1) + y(k)[¥(8,k)y7(8,k) — R(k—1)] (6.4)

To compute L(k) without inverting large matrices in each step, the matrix

‘inversion lemma is used [45], which gives

P(k) = [P(k—1) — P(k—1) ¥ (0, k) S"!(k) $T (8, K)P(k—1)I/A(k)  (6.5)

S(k) = $7(0, k) P(k—1) y(k) + A(K)I (6.6)
where the time-varying forgetting factor A(k) is related to the gain sequence {y(k)}

by

Ao = T 11— y00) (6.7)

Then the gain vector is easily found to be
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L(k) = P(k) $(k) = P(k—1) $(k) $7}(k) (6.8)

In case of the algorithm (4.4.4) the increment d,(k) is computed by linear least

squares algorithm based on Householder transformations.
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7. Simulatior Studies of the Algorithms
7.1 Properties of the Algorithms

This section presents the results of some numerical experiments which

demonstrate some of the properties of the derived algorithms.

The following second-order linear system that represents a state space model

of the first flexible mode in a modal model for a free-free beam,

0 1 1
x(k+1) = [-1.4 —0.45] x(k) + [0.7] u(k)

y(k) = [1 0] x(k) + v(k)

The disturbance v(k) was obtained as v(k) = € - £(k), where &(k) was
simulated using a random number generator with uniform distribution on [-1, 1]

and 0 < € = 1. The input u(k) is also random process with the following statistics:
E {u(k)} = 0 E {u¥k)} = 1.0

and is independent of £(k).

"We denote as Algorithm I the recursive Gauss-Newton algorithm given by
(4.3.9) and as Algorithm II the iterative estimation algorithm given by (4.4.6), and
mw-denotes the size of the moving data-window. The parameter € was varied in

the interval (10”1 = 107%.

In case of Algorithm I the forgetting factor A(k) was computed as
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A(k) = 0.99 - N(k—1) + 0.01, A(0) = 0.95

and
P(0) = pI , p = 500.

The evolution of the estimates of the parameters for both algorithms are plotted in
Figures 3a-11a, and residual norm for generalized state vector estimates X (k) are
shown in Figures 3b-11b where the true parameters are a(l) = 1.4, a(2) = 0.45,
b(1) = 1 and b(2) = 0.7. The performance of both algorithms is quite good. For
all practical purposes the estimates converge after fewer than 10 iterations. The
Algorithm I appears more robust with respect to disturbances. The CPU time for

run of 500 samples was 82.94 sec for Algorithm I and 242.59 sec for Algorithm II.

All simulation experiments have been implemented on VAX 11-780

computer, under VMS operating system.
7.2 Comparison with other Algorithms

In this section we will compare an algorithm derived in section 4 with two
other algorithms for simultaneous state and parameter estimation of the general
state-space model: The Recursive Prediction Error algorithm given in Appendix B
and the Extended Kalman Filter given in Appendix A. The algorithm of section 4
is the of recursive parameter estimation algorithm (4.3.9), and the state estimation
algorithm (4.2.6) coupled together in a manner shown in Figure 1. For further

convenience we shall refer to the later as the algorithm of section 4.
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When comparing different recursive algorithms key issues are speed of

convergence, computational complexity and robustness.

The RPE algorithm and algorithm of section 4, are both a special case of the
general prediction error algorithm derived in [45]. Therefore, asymptotic
properties of the recursive algorithms are the same. The computational complexity
of this family of recursive algorithms is determined by the gradient of the
prediction error. The RPE algorithm is clearly more complex and time consuming
then the algorithm of section 4. For the RPE algorithm, the predictor is given by
(B.4), where K(k) is the time-varying Kalman gain. The gradient of the prediction
can be computed by equations (B.6-B.8). Since the Kalman gain K(k) is not a
direct function of 0, the components of K(k) are obtained by differentiating the
Riccati equation. That gives a straightforWard but lengthly set of equations, the
number of equations in (B.14) is n?-d, and that may be forbidding for higher
order problems. As for the algorithm of section 4, the least sduares formulation
allows computation of the prediction error directly and the variable projection
algorithm [4] gives equations for the gradient of the prediction error. Thus the

main difference between two algorithms is in computational complexity.

The Extended Kalman Filter is widely used in practice for recursive
identification of parameters and states for a general state-space model. The
extended Kalman filter can be seen as a recursive prediction error algorithm,
where the term corresponding to the coupling between the parameters and the
Kalman gain K(k) has been neglected. Hence the major computational burden of

the RPE algorithm is eliminated in the EKF. The penalty, however, is in the loss
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of certain convergence properties. The lack of coupling between K(k) and in the
algorithm may, as demonstrated in [13] lead to divergence of the estimates, even
for simple cases. The interpretation is consistent with observations in practical
applications, that the behavior of the EKF often i's worse when residuals are large

and/or the inputs are small. In such cases the coupling term obviously becomes

more important.

Therefore, the simultaneous state and parameter estimation algor‘ithm derived
in section 4 has the computational complexity that is significantly less than that of

RPE, and convergence properties superior to those of the EKF.

To compare the speed of convergence and robustness of the algorithm of
-section 4 with the EKF we have conducted a series of simulation experiments. The

following second order system was considered

x(k + 1)

1
x(k) + [_1] u(k)
-1.5 -0.7

y(k) = -1 0] x(k) + v(k)

The disturbance v(k) and input u(k) were obtained similar to that of section 7.1.

The simulation experiments demonstrated that both algorithms perform quite
well for a low level of measurement noise. The algorithm of section 4 converges
in fewer iterations as shown in Figures 12a and 12b. But when we increase the

level of measurement noise or when estimates of the covariance matrices are not
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perfectly matched, or the initial values for state and parameter estimates are far
from true values, the EKF generates parameter and state estimates that are
unstable and diverge, while algorithm of section 4 does not require knowledge of
covariance matrices and is insensitivtho initial values of parameters and states. A
sample simulation run for the EKF for a high level of measurement noise, is given
in Figure 13a. Note that the parameter estimates are biased and the speed of
convergence is slow, while the algorithm of section 4, under the same experimental

conditions, generates stable and consistent estimates as shown in Figure 13b.
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8. An Adaptive Contrel System for Fine Pointing of Flexible

Spacecraft

A flexible spacecraft positioning control system was proposed in [46]. A
lumped-parameter dynamic model with control actuators mounted on a central
rigid body was assumed for a single axis where the transfer function between the

control acceleration u and the pointing error @ was written as

%(s)=A—°+§——Aj— (8.1)
=1

s? $*+ w?

where w; is the free natural frequency of jth mode and A;is a constant parameter
j= 1,...m. No damping was included, since, in practice, damping factors are very
low (of the order of 10"3), precise values being difficult to predict. The control
law was assumed to provide the necessary damping actively. A state space
representation of the dynamic system given by eqn. (8.1) was utilized to derive
control law a bang-off-bang for actively controlling the flexure modes together
with the mean spacecraft angle and rate. Switching times were calculated using the
parabolic time-optimal switching boundary of the rigid body part, the origin of this
switching boundary being changed according to the motion of flexure modes. The
resulting bang-off-bang control function compromised a sequence of double pulses
with zero time integral, separated by periods of zero control. The observations

were obtained by sampling a rate integrating gyro angle output.

The above control law assumes that the parameters and states of the
spacecraft are perfectly known. Therefore practical implementation of the control

system requires solution of the identification problem for the flexible spacecraft.
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8.1 Identification of Flexible Spacecraft

The discrete time state space model of the dynamics of a single axis

represented by eqn. (8.1) may be written as

x(k+1) = A(w,h) x(k) + B(w,h) u (k)

y(k) = Cx(k) + v(k)

(8.2)

where x(k) is the state vector of dimension 2(m+1) with components, x;(k) the

mean spacecraft angle; x,(k), the mean spacecraft rate; Xjj,1(k) the jth flexural

mode displacement; x2j+2(k) the jth flexural mode rate (j=1,...m).

y(k) is the

measurement vector of dimension n, u(k) is the input vector of dimension r,v(k) is

measurement noise, and h is the sampling interval.

O
-

coswi h sin w1 h/w,
—w; sinw;h cos w; h

.cos wp h sin w, h/wy,
—o, sin oy, h coswp h

o

K

0
(1—cos wy h)/w?
sin (OF] h/w1

(1—cos wp, h)/m,f1
sin o, h/o,

J

C is the output matrix whose elements are determined by the physical

structure of the particular spacecraft.

The adaptive control system for fine pointing of a flexible spacecraft

(Figure 2) requires the solution of the following identification problem: For a
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dynamic system described by eqn. (8.2) obtain on-line estimates for state vector
x(k) and parameter vector w = (wj,wy," 'wy,) from measurements of the output

vector y(k) and input vector u(k) (k = 1,2,---*).
8.2 Adaptive Control System for Flexible Spacecraft

An adaptive control system for fine pointing of a.flexible spacecraft is
represented in the block diagram of Figure 2. The identifier contains the
algorithms (4.3.9) and (4.2.6) for on-line state and parameter estimation presented
above. The controller utilizes a control law similar to that generated by Dodds and
Williamson [46] fo.r the purpose of correcting pointing error of a flexible

spacecraft.

The control function is a bang-off-bang function comprising a sequence of
double pulses, positive (negative) level followed by negative (positive) level, with
zero time integral, separated by periods of zero control. A non-linear state-
variable feedback control law provides pulse start and finish times as function of
the estimates of the pointing error, mean spacecraft rate, modal frequences, modal

amplitudes and rates.

The control is calculated using a switching boundary in the (x;, x;) plane
which is similar to the double integrator time-optimal switching boundary but
displaced along the x; -axis by an amount x3 which is changed according to the

motion of the flexure modes. The switching times 7 are calculated by
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. 172
|2u. (x1 (K) = xg) = x3 (k)
Tk = I

E x| (8.3)

E—(um - ﬁ-u) U,

where u, is the constant control level to be applied and u, is the constant control

level occurring immediately after the switch.

The offset x( is updated by the following rule

Xg = %— (xl(k) - Sl(k)) whenever
S, (k) changes sign

where

S; (k) = 1_:1_ lEn X2i+1(K)

(X3i42(k) — x5(k))

1 m
(0= — 3

8.3 Simulation Experiments

To demonstrate thé performance of the adaptive control system described
above, we present results of computer simulations of the dynamic response of a
flexible spacecraft which contains dominant vibration modes. The simulations
show adaptive control loop responses with various modal frequences for the same
initial conditions. Simulation runs with one and two dominant flexible modes are

presented.

The spacecraft is initially at rest but with a pointing error of 100 arcsec. The

2

magnitude of the control acceleration is 50 arcsec s~ in all cases, a typical figure

obtained with low-level cold gas thrusters. The modal frequences typical of those
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experienced with solar arrays on communications satellites has been utilized as in
[46]. The sampling interval between measurements in all experiments was 0.25

sec.

Figure 14 and 15 show responses of the spacecraft with one dominant mode.
The true values for modal frequencies are 0.1 rad s~} for.the experiment of Figure
14 and 0.3 rad s~! for the experiment of Figure 15. Initial values for modal
frequencies are 0.15 and 0.45 respectively. The state variables have been bfought
nearly to zero.

Figure 16a shows the dynamic response in the case of a spacecraft with two
flexible modes with initial guesses for modal frequency of estimates of 0.15 rad s™1

and 0.25 rad s~1. Figure 16b shows the performance of the parameter estimation

process.

Figures 17a and 17b show results similar to those of figures 4a and 4b but for
a different set of modal frequency. Initial values for modal frequencies are 0.15

rad s”1and 0.45 rad s~ 1.

The simulation experiments demonstrate the ability of the proposed adaptive

system to correct pointing error of a flexible spacecraft.
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9. Conclusions

A least-squares, simultaneous state and parameter estimation method for a
general state space model of multivariable discrete-time linear system has been
presented. This method separates state aﬁd parameter estimation functions based
on the special structure of the least squares problem. A robust and efficient
adaptive scheme follows from this separation. Another advantage of the least
squares approach is that, it does not require knowledge of the statistics of random

processes.

We have obtained specific algorithms for on-line state and parameter
estimation of general state-space models for multivariable discrete-time linear
systems subject to an arbitrary known input, random input (driving noise), and
with noisy measurements. These algorithms have been shown to be

computationaily efficient and robust when compared with other algorithms.

Asymptotic properties of the parameter estimates have been established.
Simulation studies demonstrated the robustness of the derived algorithms under

various experimental conditions.

We have considered the problem of designing an adaptive control system for
fine pointing of a flexible spacecraft. The on-line simultaneous state and
parameter estimation algorithm was used together with a bang-off-bang type
control law. Simulation experiments demonstrated the ability of the adaptive
control system to control initial pointing errors and at the same time to identify

spacecraft parameters.
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10. Recommendations for Further Research

The least squares approach to simultaneous state and parameter estimation
shows the essential nature of the problem and opens the way for further
developments in estimation techniques. Specifically the following

recommendations are made for further investigations in line with this work.

1. Our analysis of the derived estimates has been limited to open loop systems,

it appears that this approach can be extended to closed loop systems.

2. The least squares formulation can be extended to a weighted least squares
formulation, when the statistics of the process are available. An analysis of
the estimates obtained by such a modified algorithm would be of interest.
One should also consider the relationship of least squares approach to other

statistical approaches to the problem.

3. The separation of variables in the original optimization problem may be made
into more than two sets. Then the separation theorem 2.1 can be applied
recursively and the original problem will be decomposed into a sum of less
complicated least squares minimization problems. This will result in a

multistage least squares estimation scheme.

4. The techniques for separable nonlinear least squares have been extended [44]
to the separable nonlinear least squares problem subject to separable
nonlinear equality constraints. This may be used to incorporate a priori
information on the parameters and on the system into the formulation of the

identification problem.
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Appendix A. The Extended Kalman Filter Algorithm

In this appendix we give the algorithm that résults when the extended Kalman
filter is applied to the simultaneous state and parameter estimation problem for

linear discrete-time system modeled by (2.1).

Rk + 1) = Ap R(k) + Byu(k) + K(k)[y(k) — Cy #(k)],
X(0) = 0;
6(k) = 8(k — 1) + L(k) [y(k) — Cy_1 R(K)],
8(0) = 0,

K(k) = [AkPl(k) cf + M PJk) cf

+ AyPyl) DY + MyPy() DF + Ryp| 577

Sy = Cy Py(k) CF + C Po(k) DT + Dy PJ(k) CF

+ Dy P3(k) Dy + Ry;

L(k) = [Pz‘"(k) CL, + Py(k) DE] St
Pyk + 1) = Ay Py(k) Al + AL Pyk) MY
+ M PJ(k) AT + M, Py(k) M{ — K(k) S, KT(k) + Ry,
P1(0) = Il (6y) ;

Py(k + 1) = A Py(k) + M, Py(k) — K(k) S, LT(k),




~ Here

with

and

with
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P,(0) = 0;

Pyk + 1) = P4(k) — L(k) S LT(k),

P3(0) = Po .

I, R(K), u(®) )

- -3}

—u

=
|

M (6, x, u) = a@x+ BOuI |,

D,=D (6(k-— 1), i(k)]

p (6.x) - 3‘%—[0 0 x1 |y 5
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Appendix B. An RPE Algorithm for a General State-Space Model

In this appendix we give the formulas for the recursive prediction error

algorithm for a general state-space model (2.1, 2.2).

f(k) = y(k) — 9(k), (B.1)
R(k) = R(k—=1) + y(k) ['l!(k)S'l(k) WT(k) - R(k— 1)] , (B.2)
8(k) = 8(k—1) + y(k) R™Y(k) ¥(Xk) S™1(k) f(k) , (B.3)
R(k+1) = A, (k) + By u(k) + K(k) (k) (B.4)
y(k+1) = ¢ x(k+1) (B.5)
Mg =M [6(1:), x(k), u(k)] + Ky - £(k) , (B.6)
W(k+1) = [Ak - K(k) ék] W(k) + M" - K, Dy (B.7)
WEk+1) = WIk+1) ¢F + pT [é(k), i(k+1)) (B.8)

here
K(k) = [Ak P(k) CF + Rlz(k)] s7hk) , (B.9)
Pyik+1) = A, Pyk) AT + Ry(k) — K(k) S(k) KT(k) , (B.10)
S(k) = G Py(k) €y + Ry(k) A (B.11)

and
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K = ;%‘ AyPyx) 6+ A P cT +

9
l(k) T Ck oi RIZ] |0=é(k)

- K(k) o s7Y(x)

o) = [% C,Pyk) T + ¢, I T
i

d
* CuP 1(k)a_e-cl‘ 20, }2| lo=s0
9 .
00 = |55 AcPi) AL + AP AT
/i
+ APk - A+ 2R
. 30; X7 g9, !

D sk) KT(k) — K(k) o KT(k)

- K(K) S(k) ] lo= 600

where D[6,x], Dy are defined in Appendix A.

(B.12) -

(B.13)

(B.14)
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Appendix C. Definitions of Pseudo-Inverse, Frechet Derivative, Level
Set and Mean Value Stationary Process

Theorem. [The Penrose Conditions] [5]

The nXm matrix A" is the unique matrix X that satisfies the following

conditions:
a) AXA = A
b) XAX =X

) (AX)T= AX
d) xXA)T=xaA

Because this unique generalized inverse had previously been studied (though
defined in a different way) by E. H. Moore, it is commonly known as the Moore-

Penrose pseudoinverse, and is denoted by A *.

Definition. The mapping F: D C R® - R™ is Frechet - differentiable at xe int

(D) if there is an A € L(R™R™) such that

lg‘r%(l/,,hll) Il F(x+h) — f(x) — Ah Il = 0.
The linear operator A is again denoted by F'(x) and is called the Frechet -

derivative of F at x.

Definition. The Frechet derivative of F : D C R® - R™ at x? C D is strong if,
given any € > 0, there is a 8 > 0 so that §(x°,8) C D and
Il F(y) — F(x) — F'(x% (y=x) 1= € lly—x ||, ¥x,y € S(x°,3).
Definition. If g: D C R®~ R}, then any nonempty set of the form L(y) =

{xeD |g(x) =y}, veR} isa level set of g. .-
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Definition. A stochastic process is mean value stationary if the mean value is

not a function of time such that

(k) = E{X(k)} = const.
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