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Ill

A b s tra c t

S IM U L T A N E O U S  S T A T E  A N D  P A R A M E T E R  E S T IM A T IO N  

IN L IN E A R  SY STEM S

by

T e y m u ra z  EHazov

Adviser: P rofessor F reder ick  T h a u

In th is  work we consider  the  s im u l ta n eo u s  s t a te  and  p a ra m e te r  e s t im a tio n  problem  of a l inear 

d isc re te -t im e sy s te m  su b je c t  to  an  a rb i t ra ry  known inpu t ,  and ran d o m  in p u t  (driving noise), and 

w ith  noisy o u tp u t  observa tions.  A s im u lta n eo u s  s t a te  and  p a ra m e te r  es t im a tion  problem  is 

fo rm u la ted  as a least squares  m in im iza t ion  problem . T h e  special s t ru c tu re  of  the  least squares 

m in im iza tion  p roblem , allows separa t ion  of the  original p rob lem  in to  tw o subp rob lem s  th a t  are 

explicitly coupled : a nonlinear  func tiona l  m in im iza tion  to  ob ta in  p a ra m e te r  e s t im a tes  and  a  linear 

least-squares  p rob lem  to  o b ta in  s t a t e  es t im a tes .  A new. co m pu ta t iona l ly  econom ical and  robust  

a lgori thm s are derived  based on th e  proposed m e thod .  A theore tica l  and  expe r im en ta l  s tudy  of 

the  a sy m p to t ic  p roper tie s  o f  th e  p a r a m e te r  and s ta te  e s t im a te s  are p resen ted .

An ad a p t iv e  con tro l  sy s tem  for fine po in ting  of a  flexible spacecraf t  is designed. Derived 

a lgori thm s are  used to  sitnu ltaneosly  identify  unknow n s ta te s  and p a ra m e te rs  of a  d isc re te -t im e 

lu m p e d -p a ra m e te r  model of th e  flexible s t ru c tu re .  T h e  identified s ta te s  and p a ra m e te rs  form the 

in p u t  to  a bang-off-bang con tro l  law th a t ,  in con juc tion  w ith  the  identification a lgori thm , results 

in an a d a p t iv e  sys tem  whose response closely ap p ro x im ates  t h a t  of a  sys tem  with  known 

param ete rs .  S im ula tion  s tud ies  d e m o n s t r a te  the  response ach ievable  w ith  the  proposed approach .
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Sim ultaneous State and Param eter Estim ation 

in L inear Systems

by

Teym uraz Eliazov

1. Introduction
In recent years the problem  of simultaneously estimating the state vector and 

param eters  o f  a dynamic process has received a great deal o f attention 

[6,12,18,22,38,39,45,46]. The adaptive scheme (Figure 2) using the identifier and 

controller has wide application in design o f adaptive control based on linear state 

space m odel. The applications reported  most recently include process control [47], 

industrial robots [39] and satellite attitude control [48,53]. In practice most of the 

existing on-line algorithms for simultaneous state and param eter estimation suffer 

com putational complexity and robustness problem s or are limited to certain 

canonical state-space models.

Thus, a need for robust and computationally economical algorithms for a 

general state-space m odel clearly exists.

The combined param eter and state estimation problem was originally posed 

as a nonlinear estimation problem  [15] by augmenting the state vector with the 

unknown param eters  o f  the state space equations. Kopp and O rford  [15], and 

Farison et al. [23] proposed the extended Kalman filter (EK F) to solve the 

resulting nonlinear filtering problem ; how ever, the extended Kalman filter, while 

being computationally feasible, is prone to divergence. The convergence analysis



given in [13] shows that if the noise characteristics o f  the m odel (2.1) are chosen 

ad hoc (as, apparently , is usually done) then the system param eter estimates will in 

general be biased. The reason for divergence is traced to the fact that the effect 

on the Kalman gain K o f a change in a param eter vector 0 is not taken care of in 

the usual E K F  im plem entation. This lack of coupling between K and 0 in the 

algorithm may, as dem onstrated  in [13], lead to divergence o f the estimates, even 

for simple cases, where only the system param eters are unknow n.

In practical applications o f the E K F , "manual" adjustments o f  the noise 

covariances are often used to m ake the algorithm work. This is called "tuning of 

the filter". Several modifications to the algorithm have been suggested to improve 

convergence properties. Schmidt [49], Neal [50] and Ljung [13,45] proposed the 

addition o f terms to the gain K to prevent divergence, but the approach follows 

from a heuristic discussion. One disadvantage with such a modification of the 

EK F is that it will require an am ount o f  computation that may be forbidding for 

higher o rder systems.

Thus the EK F m ethod either requires extensive "tuning" or adds to the 

com putational complexity, either of which is a disadvantage in practical on-line 

applications.

The simultaneous state and param eter estimation problem for linear systems 

is inherently a nonlinear filtering problem . A straightforward use o f the best 

known non-linear filters often leads to com putational problem s and to poor 

estimation. In [19,39] a nonlinear filter is introduced that suffers less from these 

problem s. It is based on the Bayesian maximum a posteriori estimation technique.



A relationship with EK F-type filters is shown. It is further shown that the filter 

can be applied to simultaneous state and param eter  estimation problems. The 

filter has been used by the authors  in a real application to a heavy hydraulic 

m anipulator which is digitally controlled by a two-level m icrocom puter system. 

H ow ever, the m ethod assumes that distrubances are zero mean Gaussian stochastic 

processes with known covariance matrices. In addition, m ethod is limited to 

systems with known nom inal values for param eters , states and inputs. The 

convergence rate o f  param eter  estimates is slow and depends on the choice of 

nom inal values.

Bar-Shalom [7] obtained the optim al maximum likelihood solution to the 

problem ; how ever, he only obtained the result for the single-input single-output 

case. F u rtherm ore , his m ethod requires calculating and storing all of the smoothed 

state estimates at each step. In [18] an algorithm is derived as a recursive solution 

to a maximum likelihood estimation problem . The algorithm has a partitioned 

structure into three distinct components: A Kalm an filter state estimator, a

recursive least squares param eter  identifier, and a sensitivity matrix estimator. 

H ow ever, this algorithm assumes the system equations are jointly linearizable in 

the state and param eter vectors about known reference values at each stage, and 

may no t be appropriate  for identification o f system dynamics with poor apriori 

initial estimates.

A frequently used and very reasonable sub-optimal estimation scheme for 

simultaneous estimation o f  param eter  vector 0 and state vector x(k) is to 

im plem ent two coupled estimation algorithms as now described. In estimating 0,



x(k) is replaced by an estimate o f x(k) from the state estim ator, and in estimating 

x(k), 0 is replaced by an estimate o f 0 from the param eter  estim ator. Many 

schemes for adaptive estimation in the engineering literature including "equation- 

error"  or "series-parallel" schemes and "output-error" or "parallel" schemes have 

the general structure o f the above sub-optimal arrangem ent. The suboptimal 

estim ators as described above have been limited to a certain classes of state space 

models. In [6] a narrow  a class o f  models is introduced for which suboptimal 

estim ators can be im plem ented. The associated adaptive estimators specialize to a 

known and novel adaptive algorithms. The convergence analysis is given via 

m artingale convergence theorem s. The passivity condition and persistently exciting 

conditions on the noise and state estimates are shown to guarantee almost sure 

convergence results. In [16] a suboptimal param eter and state estimator is 

presented  for a particular canonical form for the state-space equations of a linear 

system which allows param eters  and states to be estimated separately using two 

linear estimators. The system is assumed to be completely controllable and 

observable. It is also assumed that the random  processes are Gaussian and 

statistics are know n. The Luenberger canonical form has been utilized in [20] to 

separate the non-linear state and param eter estimation problem  into two linear 

problem s. H ow ever the approach is limited to only deterministic systems and to 

systems with equal state and m easurem ent disturbances. Simulation experiments 

dem onstrated  that the state estim ator is prone to divergence.

The simultaneous state and param eter estimation has often been approached 

through adaptive observer techniques [47,51,52]. In these approaches, the state



variables are linear combinations o f delayed inputs and outputs, with the unknown 

system param eters  as coefficients. This however introduces the problem of 

choosing a gain matrix to stabilize a non-linear estimation loop, due to products of 

estimated variables in the real time system m odel for observer. In [46] an 

approach is presented that solves this prob lem , however it is derived for 

deterministic systems and may have singularity problems.

A recursive param eter  estimation algorithm for general state-space models is 

derived in [45] as special case o f a prediction e rro r  algorithm. For the algorithm 

developed in [45] the adaptive state estimate is obtained as an automatic by­

product o f a recursive identification algorithm. The algorithm is robust and 

convergence to a local minimum o f  a perform ance criterion which is a quadratic 

function of the prediction e rro r  has been established. H ow ever, computational 

complexity considerations m ake the algorithm forbidding for higher o rder systems. 

It is also assumed that the statistics of the random  processes are known.

In this work we have derived a simultaneous state and param eter estimation 

m ethod for general state-space models o f  multivariable discrete-time linear 

systems.

A simultaneous state and param eter estimation problem is form ulated as a 

least squares minimization problem . The special structure o f the least squares 

minimization problem , allows separation o f the original problem into two 

subproblem s that are explicitly coupled: a nonlinear functional minimization to 

obtain param eter  estimates and a linear least-squares problem to obtain state 

estimates. A robust and efficient adaptive scheme that follows from such



separation is shown in Figure 1. I t  is obtained for a general state-space model, 

while in all previous reports  [6,11,16,45] such adaptive schemes were derived only 

for certain canonical forms o f  the state-space model. A no ther  advantage o f the 

least-squares approach is that the derived algorithm does not require knowledge of 

the statistics o f the random  disturbance processes. H ow ever, if  available, this 

inform ation can be easily incorporated.

W e have obtained specific algorithms for on-line param eter and state 

estimation for general state space m odels of linear discrete-time multivariable 

systems subject to an arbitrary  known input, a random  input (driving noise), and 

with noisy m easurem ents. A theoretical and experim ental study o f the asymptotic 

properties of the param eter and state estimates appears in Section 7.

The contribution o f this research rests in the developm ent o f the least squares 

m ethod for simultaneous state and param eters  estimation of state space model. 

The m ethod is developed for a general state space m odel and does not require 

knowledge o f the disturbance characteristics, the necessary condition in all the 

previous works. A new , computationally economical and robust alogrithm is 

derived based on the proposed m ethod. The derived algorithm has been applied to 

an adaptive control system for fine pointing of flexible spacecraft.

In section 2, we consider the simultaneous state and param eter estimation 

problem for a discrete-time dynamic system described by a general state-space 

model.

In section 3, we present a least squares formulation o f the simultaneous state 

and param eter  estimation problem . Then the original problem is separated into



two explicitly coupled subproblem s by using a variable projection algorithm, and 

the structure o f the adaptive estim ator is then defined.

In section 4, we derive algorithms for on-line simultaneous state and 

param eter  estimation o f a general state space model. Two different approaches 

have been applied to obtain param eter  estimation algorithms.

In section 5, we consider the convergence properties of these param eter 

estimation algorithms. Local convergence for an iterative continuation algorithm is 

established. W e also dem onstrate  that the general convergence results for 

prediction e rro r  algorithms [45] apply to the recursive param eter estimation 

algorithm derived in section 4.

In section 6, we give a description o f com putational details for the derived 

algorithms. The im plem entation o f the variable projection method which makes 

extensive use o f orthogonal transform ations is presented.

Simulation studies to dem onstrate  properties o f  the derived algorithms and to 

com pare their perform ance with o ther algorithms is given in section 7.

In section 8 an adaptive control system for fine pointing of, a flexible 

spacecraft is designed. The identification algorithm derived in section is used to 

simultaneously identify unknown states and param eters  o f  a discrete-time lumped- 

param eter m odel o f  the flexible structure. The identified states and param eters 

form the input to a bang-off-bang control law that, in conjunction with the 

identification algorithm , results in an adaptive control system. Simulation studies 

dem onstrate  the adaptive system response achievable with the proposed approach.



In sections 9 and 10 we give conclusions and recom m endations for further 

research.



2. Problem Statement

Consider linear discrete-time dynamic systems m odeled by

x (k +  1) =  A k(8)x(k) + Bk(0)u(k) +  v(k) (2.1)

y(k) =  C k(8)x(k) + co(k) (2.2)

where x(k) is an n x  1 state vector, u(k) is an r x  1 deterministic input vector, y(k) 

is an m x  1 m easurem ent vector, 0 is a p x  1 param ete r  vector, v(k) is an n x  1 state 

disturbance vector, <o(k) is an m x  1 m easurem ent disturbance vector ( k = l ,  2 ...... ).

The A k(0), Bk(8) and C k(0) are matrices o f appropriate dimension and 

depend on a param eter  vector 0 in an arbitrary way. It is assum ed, though, that 

the m atrix  elem ents are continuously differentiable functions of param eter  vector 

0 .

The problem  if to determ ine the param eter vector estimate 0 and state

estimates x(k), o f  m odel (2.1) on-line based upon processing o f the

m easurem ents  o f inpul-output data.
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3. Least Squares Approach To The Joint Parameter/State Estimation

3.1 A Variable Projection Algorithm

A least squares problem  is called separable if the fitting function can be 

written as a linear combination o f the functions involving further param eters in a 

nonlinear m anner. Golub and Pereyra [3] have recently proposed an algorithm for 

solving the separable nonlinear least-squares problem in which, for given data 

(yi,ti), i =  1, 2 , . . . ,m  and given functions <}>j(a,t), j =  1, 2 . . . ,n ,  (m > n )  where

a  =  ( a j ,  a 2,.. .  ajj), the vectors a  and a =  (a! a2  a„) are determ ined which

minimize the nonlinear functional

r ( a ,a )  =  II y -  <t>(a)a II2 (3.1.1)

where <E>(a)j j =  <f>j(ot ,tj). The approach of [3] to the solution o f this problem is to 

modify the functional r ( a , a ) ,  in such a way that consideration of the linear 

param eters  is deferred .

Define <I>+( a )  as the M oore-Penrose pseudoinverse o f matrix $ ( a )  

[Appendix B], then for each a ,  the linear operator

P®(«) =  $(ct)S>+( a )  (3.1.2)

is the orthogonal projector on the linear space spanned by the columns o f the

matrix <!>(a). W e denote the linear opera tor (I -  P$(ap  by Px. The operator Px is

the projector on the orthogonal complement o f  the column space o f <&(a).

For any given a  we have the minimal least squares solution

£ (a )  ■  <&+(a )y  (3.1.3)



- 1 1  -

Thus,

min r (a ,a )  =  r ( a , a )  =  II y -  <l>(a)<I>+(a )y  II2
a

=  II Px y II2 . (3.1.4)

The modified functional is called the variable projection functional and can be 

rew ritten as

Once a critical point (or minimizer) a  is found for this functional, then a is

obtained by replacing a  by a  in (3.1.3). The justification for employing this

procedure is given by the following Theorem  [3],

Theorem  2.1

Let r ( a ,a )  and r 2(a )  be defined as above. W e assume that in the open set

f le R k, <£(a) has constant rank r s  min (m , n).

(a) If  a  is a critical point (or global minimizer in f l)  o f  r 2( a ) ,  and

then (a, a )  is a critical point of r(a , a )  (or a global minimizer for a e f l )  and 

r(a ,  a )  =  r 2(a ) .

(b) I f  (a, a )  is a global minimizer o f  r ( a ,a )  for a e f l ,  then a  is a global minimizer 

o f  r 2(a )  in f l  and r2(a )  =  r(£, a ) .  F urtherm ore , if there is a unique a among 

the minimizing pairs of r (a ,  a ) ,  then & must satisfy (3.1.6).

r 2(a )  =  IIPXyll2 . (3.1.5)

£ =  $ +(d )y  , (3.1.6)



Krogh [24] has extended this results to the m ore  general models

II y  — ¥ ( a )  — <t>(a)a  II2 (3.1.7)

In [4] K aufm an introduced modifications to variable projection approach 

based on the trapezoidal decomposition o f a matrix. According to this 

decomposition (see [25] and [26]) there exists an orthogonal matrix Q and a 

perm utation  m atrix P such that for any given m x  n matrix <l> o f  rank r

where R is an r x  r nonsingular upper triangular matrix. Then if the Q matrix in

(3.1.8) is partitioned into

and then determ ining a by (3.1.3). This modification leads to a computationally 

m ore efficient algorithm.

3.2 Least Squares Formulation of The Identification Problem

A least squares approach to joint state and param eter  identification is 

obtained by writing (2.1) as

(3.1.8)

(3.1.9)

It is shown [4] that one can solve (3.1.1) by finding a  which minimizes

r 3( a )  =  II Q 2(a )y  H2 (3.1.11)

0 =  x(k + 1) -  A k(0)x(k) -  Bk(0)u(k) -  v(k) (3.2.1)
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Consider system (2.1) a t  a sequence o f time instances k + l , k  k - M .

Then for any particular time m om ent k + 1 ,  combine Eqs. (3.2.1, 2.2) in way 

suggested by Duncan and H orn  [1] to form one large overdeterm ined system.

x (k+  1) 

x(k)

y ( k + i )
C k+1(0)

o - I  A k(0)

y(k) C k(0)

0
=

- I  A ^ O )

y ( k - M ) Ck-M(®)
x ( k - M )

0 . ...................0 co(k + 1)
Bk(0) 0 . . .  . 0 r n v(k)

0 0 . . . .  0 u(k)

0 Bk_!(0) 0 . . u ( k - l )

0 0 . .
•

+

. . .  . Bk_M(0)
u ( k - M )

. . .  . 0 co (k -M )

(3.2.3)

Equation  (3.2.3) can be written m ore briefly as

Y (k +  1) =  F k+1( 0 ) X ( k + l )  +  G k+1( 0 ) U ( k + l )  + N (k + 1 )  (3.2.4)

though in the future we will usually drop the subscript.



Then based on E q . (3.2.4) the joint state and param eter  identification 

problem  is form ulated as a least-squares minimization problem .

mini | Y(k) -  F(0)X (k) -  G (0 )U (k ) ll2 (3.2.5)
x ( k ) , 0

Let

r (X (k ) ,  0) =  II Y(k) -  F (0)X (k) -  G (0)U (k) II2 (3.2.6)

Then at any particular time k , X(k) the optimum estimate of state sequence 

vector X (k ),  and 0k the optimum estimate of param eter vector 0, are given by

(X (k ) ,  0k) =  arg min r(X (k ) ,  0) (3.2.7)
X ( k ) , 0

3.3 Joint State and Parameter Estimator

The estimator for simultaneous state and param eter estimation is derived 

based on formulation (3.2.7) and the variable projection m ethod [3]. According to 

[25, 26] there exists orthogonal matrix Q such that

R
(3.3.1)

where R = R (0) is upper-triangular and Q =  Q (0). Since the second norm is 

unaffected by orthogonal transform ations,

r (X (k ) ,  0) =  II Q i(Y (k) -  G (0)U (k))  -  R (0 )X (k )  II2

+ II Q 2(Y (k) -  G (0)U (k)) II2 (3.3.2)

Q i R
Q F(0) =

Qz
F(0) = 0

H ence, functional (3.2.6) has been split into a sum of quadratic forms. For
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any given 8 we have the minim al least-squares solution

X (k , 0) = R " 1Q 1(Y (k) -  G (0 )U (k ))  (3.3.3)

Thus,

min r (X (k ) ,  0) =  r (X (k ) ,  0)

=  II Q 2(0)(Y (k) -  G (0 )U (k »  II2 (3.3.4)

Then, the minimization problem (3.2.5) is reduced to the minimization of 

m odified functional that depends on param eter vector 0 only. The modified 

functional may be rewritten as

r 2(0) =  II Q 2(0)(Y (k) -  G (0 )U (k »  II2 (3.3.5)

Once the estimate 0 is obtained by minimization o f (3 .3 .5), the estimate X(k) 

is obtained by replacing 0 by 0 in (3 .3 .3). Thus the original minimization problem 

is separated into two subproblem s that are explicitly coupled:

1) The minimization o f nonlinear functional r 2(0) to obtain estimates 0 of 

param eter  vector 0, and

2) a linear least-squares problem  to obtain state vector X(k) estimates.

This separation defines structure o f joint state param eter  estimator as two 

estimators coupled together. The proposed estim ator is shown in Figure 1.
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4. Algorithms For Simultaneous State And Parameter Estimation

4.1 Recursive State Estimation Algorithm

The generalized state X (k + 1 )  estimation problem is a linear least squares 

minimization problem  given by (3 .3 .4). Le t us denote by 0k+1 the param eter 

vector estimate available at the k + 1  time instant. Then for 0 =  0k+1 the 

generalized state vector estimate X (k + 1 )  is from (3.3.3) given by

X (k + 1) =  R k+V Q i k+1[ Y (k + l )  -  G k+1 • U (k +  1)] (4.1.1)

where

Q k+1 =  Ql(®k+l)» ®k+l =  G (0 k+1) (4.1.2)

R k+l

R k+l ,k+ l(®)  R k+l,k(®)

R k,k(®) R k ,k- l (®)

R k—M—l,k—M—1(®) R k - M - l , k - M  

R k-M,k-M(®) 0 = 8

(4.1.3)

where Rjj(0) - is {rXr} nonsingular, upper triangular matrix.

k + l

and



* ( k + l ) 'b(k)
*(k) b ( k - l )

X(k + 1) = V , Q i +1[Y (k+  1) -  G k+1U ( k + l ) ]  = •

* ( k - M ) b ( k - M ) .

Based on (4.1.1), (4.1.3) and (4.1.4) the recursive state estimation algorithm 

is given by

* ( lc + l)  = (Rk+i,k+1(® ))"1[b(k) -  Rk+lfk(8) ■ ^ (k )]0=gk+i (4.1.5)

4.2 Smoothed State Estimation

The least squares form ulation o f the identification prob lem , together with a 

moving data-window approach can be used to obtain sm oothing algorithms for 

state estimates o f  the system (2.1). L et us define initial state estimate as u ( l)

d ( l )  =  x( 1) +  v ( l)  (4.2.1)

Then for any particular time k  combine Eqs. (4 .2 .1), (3.2.1) and (2.2) to

describe one large overdeterm ined system.

Y(k) =  F k(0)X(k) + G k(0)U (k) +  N(k) (4.2.2)

where
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Y(k)

m ) v ( l)
y (D u ( l ) x ( l) co(l)

0 (u(2) x(2) v(2)
y(2) o>(2)

■ U(k) = • X(k) = . N(k) = •

. u ( k - l ) x(k) v ( k - l )
0 L J <o(k)

.yoo .

Fk(0) =

C!(8)

A^O) - I  

C2(0) 

A 2(0) - I (4.2.4)

A k- 1.(0) - I
Ck(0)

Gk(0) =

0 0
0 0 .

Bj(0) 0 •

0 0 .

• b 2(0) 0

• 0 •

. • . Bk_i(0)

0 0 0 0

(4.2.5)



Based on E q . (4 .2 .2), the linear least squares estimate o f state vector X (k), 

obtained by the variable projection approach is

X(k) =  R jT1 • Qi[-Y(k) -  G kU(k)] (4.2.6)

where Y(k) and U (k) are defined by (4 .2 .3), G k =  G k(0k) and G k(0) is defined by 

(4.2.5).

R n O )  R 12(0)

R 22̂  ® ) R 23(®)

R k—l,k—1( ®) R k-l,k(®)

R k(k(0 )

(4.2.7)

0 = 0,

X(k) =

*k(D b( 1)

xk(2) b(2)

• Q h Y (k )  -  G kU (k)] = •

* k ( k - l ) b ( k - l )

*k(k) b(k)

(4.2.8)

where £k(j) m eans the linear least squares estimate of state vector x(j) at time j, 

given y ( l ) ,  y (2 ) , . . .  y (k), the observations up to time k- Thus, ^k(j), j =  1 ,...  k - 1  

are sm oothed estimates, £k(k) is a filtered estimate. The filtered value, and as



many sm oothed values as are needed , can be found from (4.2.6) by back 

substitution using the fact that R (4.2.7) is an upper triangular bidiagonal matrix. 

For param eter  estimates 0(k), the algorithms (4.1.1) and (4.2.6) will give optimal 

estimates o f  the generalized state vector X (k).

4.3 Recursive Parameter Estimation Algorithm

A t any particular time m om ent k (k  >  M ), the param eter estimates can be 

obtained by minimizing r2 (0) in (3 .3 .5),

min r 2(0, h(k)) =  min IIQ2(0)(Y (k) -  G (0 )U (k )) l l2 (4.3.1)
e e

where

h(k) =
Y(k)
U(k) 4.3.2

Since the value of the function r2(0, h(k)) is random , it is natural to select 0, 

so that criterion

y E r 2( 0 ,h ( k ) )  * (4.3.3)

is minimized. W here E-denotes  expectation over all h (k ),  for fixed values of 

m odel param eter vector 0.

Criteria such as (4.3.3) can be minimized recursively from observations using 

a stochastic approximation approach. The function r 2(0, h(k)) is quadratic in the 

prediction e rro r  vector f(0 , h(k)):
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r 2(0 , h(k)) =  fT(0, k )f(0 , k) (4.3.4)

where

f(0 ,k) =  Y(k) -  Y(k/0) (4.3.5)

Y (k |0 )  - a prediction o f Y(k) using fixed m odel param eter 0 is computed directly 

by

fO .k )  =  Q 2(0)(Y (k) -  G (0)U (k))  (4.3.6)

The gradient o f  the f(0 ,k) is the matrix tji (0, k),

^(©.k) =  -

can be com puted as

k  f ( e ’ k )

(4.3.7)

, |D [F (0 )]X (k )  + D [ G (0 ) ] U (k ) |i|iT(0,k) =  -  C M D [F(0)]X (k) + D [G (0)]U (k) \  (4.3.8)

where D [F(0)], D [G (0)] are Frechet derivatives o f F (0 ), G (0 ) ,  respectively (see 

section 6, below for com putational details).

Since r2(0, h(k)) is quadratic  in f(0 , k) the stochastic approximation approach 

can be applied to minimize criteria (4 .3 .3). Using (4.3.6) and (4.3.8) will result in 

a recursive Gauss-Newton type prediction e rror algorithm o f  the type described in 

[45]:



f ( 0 ( k - l ) , k )  =  Q 2( 0 ( k - l ) ) [ Y ( k )  -  G (0(k  — l))U (k )]

■ R (k )  =  R ( k — 1) + -/(k )N »(0(k- 1), k)i|iT( 0 ( k -  1), k) -  R ( k -  1)] (4.3.9) 

0(k) =  0 (k — 1) + y ( k ) R -1(k)i|i(0(k— 1), k) • f ( 0 ( k - l ) ,  k)

where the gain sequence {^(k)} satisfies

7(k) -  0, 2  y (k) = °° , 2  7 2(k) <  “ ■
k=l k=l

4.4 Iterative Parameter Estimation Algorithm

In this section we describe iterative continuation process for param eter 

estimation. W e consider deterministic nonlinear least squares minimization 

problem  (4.3.1) at each stage o f iterative continuation process. Then various 

algorithms, developed for such problems can be applied for param eter estimation.

A t any particular time m om ent k , param eter estimation problem  is stated as 

minimization problem  given by (3.3.5) or (4.3.1). To solve problem one usually 

takes advantage o f the fact that objective function is a sum of squares o f  nonlinear 

function. Doing this gives the Gauss-Newton m ethod or modifications thereof. 

Recent theoretical and practical investigations [28,29,31] have shown the viability 

of the Gauss-Newton algorithm for nonlinear least squares problems. It is also the 

algorithm of choice in standard treatises on param eter estimation, for exam ple, the 

work o f Bard [30].



The Gauss-Newton algorithm applied to problem (4.3.1) with k a fixed 

observation time is summ arized as follows:

ok° = 0°
fii+l =  9J + otjdj(k)

(4.4.1)

where

d}<k) =  -  Kj+ • f(e£, k) (4.4.2)

and Kj+ is the M oore-Penrose pseudo-inverse (defined in Appendix  B) of the

matrix

Kj =  * ( e j ,  k) (4.4.3)

where »}i(0j[, k) is defined by (4.3.8). Let us write the iterative process (4.4.1) in

the form

§J+1 =  J (e i ,  k) (4.4.4)

where

J (0 j ,  k ) =  + ttjdj(k) (4.4.5)

In general under conditions described in section 5.2 below, every sequence

{0j[}, k fixed, j =  1 ,2 ,. . . ,  obtained by process (4 .4 .5), will converge to a critical

point o f  r 2(0, k) which by the definition o f r2(0 , k) is independent o f k, and is the 

true constant param eter vector 0*. To obtain param eter estim ates, on-line, we 

consider following iterative continuation process: for a sequence o f the iterative
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processes {J(0, k)} k =  0, 1, ... specified by (4.4.5) choose corresponding 

sequence o f integers {jjJ k =  1 ,2 , . .  such that points §1 satisfying

0j+1 =  J (0 j ,  k) 

j =  0 ,1 ,2 , . .jk

Q  0  —  a j k  q 0    o

w k + l  -  w k  W 1  -  ° 0

(4.4.6)

are well defined.

Clearly (4.4.6) may be im plem ented on-line, by setting all j k =  1. It will be 

shown in the section 5 that under local conditions described there , the following 

convergence result holds,

lim 0ik =  0*
lC-a>

(4.4.7)



5. Analysis of Parameter Estimation Algorithms

5.1 Convergence of Recursive Parameter Estimation Algorithm

In this section, we shall analyze asymptotic properties of the recursive 

param eter  estimation algorithm (4.3.9). The algorithm minimizes the quadratic 

prediction error criterion and is a special case o f the Recursive Prediction E rro r  

algorithm [45] described in C hapter 3. The convergence result to be established 

below is an application o f theorem  4.3 in [45] and implies that estimates 0(k) will 

converge to local minimum of criterion

E r 2(0, h(k)) (5.1.1)

where

E r 2(0, h(k)) = lim |  E r 2(0, h(k)) (5.1.2)
N -  N k=1

To dem onstrate the convergence result we shall impose a num ber of 

conditions on the algorithm. Nothing is assumed about the true system, o ther than 

data generation be stable and "asymptotically mean stationary."

W e shall also make the following assumption on the state space model (2.1), 

( 2 .2);

M2: This matrices A (0 ) ,  B(0) and C(0) are continuously differentiable with

respect to the m odel param eters  0.

W hen we consider algorithm (4.3.9) we must introduce two smoothness 

conditions for the function l(k ,0 ,f)  =  r 2(0, k) and H(k,R,0,f,»Ji) =  R (k) — i}i(0, k)



t|/T(0, k). These are as follows.

Cr2: H (k ,R  ,0,f,»|i) is differentiable w .r.t .  R ,  0, f  and <|i such that for some C <  oo,

|H (k ,R ,0 ,M O | C(1 + | f | 2 +  |,ji|2 + |R |) (5.1.3)

|H R(k,R  ,0,f,i|») | +  |H e( k ,R .0 ,M O | s  C(1 + |f  |2 + I* |2)

and

|Hf(k,R ,0,f,i|i) | +  |H^(k,R.0,f,t|#) | =s C(1 + | f |  + \ty\)

Cr3: The function l(k ,0 ,f)  is twice-continuously differentiable w .r .t .  0 and f and

|le(k ,0 ,f)  | +  |lee( k ,0 ,f) | =£ C(1 + |f  | )2, (5.1.4)

|lf(k,0,f) | +  |lfe(k ,0 ,f)  | =£ C(1 + |f  |) ,

| lf l(k ,0 ,f) | =s C

In the algorithm (4.3.9) the inverse o f the matrix R (k) is used. To ensure 

that no problem s arise here , we introduce the following condition.

R l :  The generation o f the matrix R (k) by (4.3.9) is such that R (k) is symmetric 

and R (k) ^  81 Me for some 8 >  0.

In practice any im plementation o f  Gauss-Newton should always include the 

following modification



R (k) -  R ( k - l )  +  y(k)Wi(8> k)i|iT(0, k) -  R ( k - l ) ]  ,

|R ( k )  if R (k) a  81 
“  |R ( k )  +  M 8(k) otherwise (5.1.5)

where Mg(k) is chosen so that R (k) ^ 8 1 .  A modification of this sort is required 

to ensure good numerical behavior.

R egarding  the gain sequence (y(k)}, we shall impose the condition:

G l:  lim k • y(k) =  p. >  0.
k-<»

This condition restricts the choice o f 7 (k) to asymptotically behave like |x/k.

W e shall introduce conditions on the observed data (h(k)} . A t first, we 

require  the data generation to be exponentially stable. Let us denote h k - data set 

made up o f h ( l ) ,  h(2), • • • h (k ). Then this condition is expressed formally as 

follows.

SI: For each k, s, k S: s, there exists a random  vector h®(k) that belongs to the o- - 

algebra generated by h k but is independent of h® ( for s =  k take h°(k) =  0), such 

that

E |h(k) -  h 8°(k) |4 <  C • \ k-s ,C >  oo , \  <  l .

That is to say that what happened before time s has very small influence on 

what is going on at time k, k ^  s.

This appears to be a reasonable condition for most data sequences. The only



- 28 -

situation w here it is not realistic to assume SI a priori is when generation o f {h(k)} 

may depend on past estimates.

W e introduce the following condition 

A3: The limits V(0) , <j»(0) , $ ( 0 )  define by

are assumed to exist.

W e have introduced a new condition on the criterion function. This condition 

will hold when the data sequence is asymptotically m ean stationary.

W e can now form ulate the following theorem .

T h e o re m . Consider the algorithm (4 .3.9). Assume that condition M2 holds, that 

the data generation process is exponentially stable (condition SI) and 

asymptotically m ean stationary (condition A3). Then (0(k)} will converge to a 

local minimum of criterion.

Proof. For this case, it is easy to dem onstrate that Cr2 and Cr3 are satisfied. 

Cr2: From H (k,R ,0 ,f,4O  = R (k) -  <|i (0,k)iJ»T(0, k) we find

V(0) =  E fT(0, k )f(0 ,  k)

* (0 )  =  Eiji(0, k) • f (e ,  k) 4>(0)

$ ( 0 )  =  Ei|»(0, k)<J»T(0, k)

(5.1.6)

/

E r 2(0,k) (5.1.7)
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|h  | =  | R - * * T | =s C ( i  +  |f  |2 -t- | * | 2 +  |R |) 

|H r | +  |h 0I =  111 + |o| <; C(1 + | f | 2 +  | * | 2)

and

|H 0 1 + IH^I =  |0 |  +  |2 * |  =s C(1 + | f |  + H )

H ere  H e denotes the partia l derivative w .z.t.  0, etc.

Condition Cr3: From  l(k ,0 ,f)  =  r2(0, k) we find

| f |  C(1 + | f | )

111 *  c

Condition R l :  W e would use modification (5.1.5) to ensure this condition.

Condition G l:  This is a condition on choice o f  7 (k), that can be easily satisfied.

T hen , theorem  4.3 [45] can be applied, with the result that 0(k) will converge 

to a local minimum of (5.1.7).

5.2 Convergence of Iterative Parameter Estimation Algorithm

Consider nonlinear least squares param eter estimation problem

min r2(0, k) (5.2.1)
e

where k is fixed. The algorithm to solve (5.2.1) is the Gauss-Newton algorithm 

defined by (4.4.1-4.4.2). W e shall analyze the convergence behavior of this 

algorithm.



By the definitions of F(0) and G(8) and assumptions on A (0 ),  B(0) and C(0) 

the f(0 , k) =  Q j(Y (k )  — G (8)U (k))  is continuously differentiable.

Let us denote L° = L°(r2(00, k)) the path connected com ponent o f  the level

set L ( r2(0°,k)) which contains 0° itself.

L (r2(0°, k)) =  {0®N |r2(0, k) == r2(0°, k)} (5.2.2)

Suppose that there is 8° so that L° is compact. A ssum e, fu rther that

rank D [f(0 , k)] =  p (5.2.3)

(p-dimension o f param eter vector 0) for all 0eL°, and that the functional r 2(0,k) 

has unique critical point 0*€L°.

Then by theorem  14.4.4 [36] there exists a y j =  0 , 1 , 2 ,  ... such that

sequence {0*} obtained by (4.4.1) is well defined and rem ains in L°, and
A j

lim 0J = 0*. W e choose some admissible steplength algorithm for a.-, say Curry-
j —00 *

Altm an.

H ence, the convergence o f  the iterative process (4.4.1) (k =  const) has been 

established.

5.3 Local Convergence Analysis For Iterative Contunation Process

In this section, we analyze convergence o f the iterative continuation process 

from the local or asymptotic viewpoint. The resulting local theorem  is important 

because it characterizes the theoretical behavior o f the process in the neighborhood 

of a solution. W e first analyze asymptotic properties o f the (4 .4 .4), where k  is



fixed. Then the behavior o f  the iterative continuation process (4.4.6) is 

considered.

Let J : N x  N h C R n x  R m -► R n and assume

a) Je(6, h) is strong at 0*e int (N)

b) p (Je(B \ h)) <  1 

for all hcN],

Then for any sequence (h(k)} C N h such that for all k =  1, 2 ... .  

I lh (k+1) -  h(k)11 <  8, 8 >  0, there exists a norm such that

for k =  0, 1, 2 ...

Proof:

For h(0) arb itrary , h (0)€N h, by the assumption p(Je(0*, h(0)) <  1.

Then for given € >  0, L em m a 2.2.8 [36] ensures the existence o f norm on R n 

for which

Lem m a 1.

11J ©CO*, h(k))ll <  1 (5.3.1)

IIJe(0*, h(0))ll =£ a  +  c (5.3.2)

where

cr =  p(Je(0 ', h(0))) (5.3.3)



Choose e such that a  +  e <  1, then from (5.3.2)

I IJe( 0  , h ( 0 ) ) l l  <  1 (5.3.4)

Since J e(0  , h) is strong for VheN^, then for h(k) arbitrary  h(k)€N|,, and given 

e >  0, there exists S(h(k),8) 8 >  0, such that

I IJ6(0  , h ( k + l ) )  -  J e(0  , h ( k ) ) l l  <  €

w henever

h ( k +  1) e S ( h ( k ) ,  8)

It  follows from  (5.3.5) that

(5.3.5)

| I I Je (0 ’ , h ( k + l ) ) l l  -  I IJe(0*, h ( k ) ) l l  | <  e

whenever

l l h ( k + l )  -  h(k)11 <  8

(5.3.6)

If  we assume that HJe (0  , h(k))ll <  1 it follows from (5.3.6) that

I IJ0(O , h ( k +  1 ) ) | |  <  1 (5.3.7)

Then based on (5.3.4) and (5.3.6) by induction Lem m a 1 follows.

Theorem  1

For J  : N x  C R x  R m -* R n and 0 e int(N) such that 0 =  J ( 0  , h) for



all h€N h, assume that the collection o f mappings J h : N C R n -* R n 0 c N , heN h 

is such that

a) Je(0* ,  h) is strong.

b) p ( J e ( 0 * f h)) <  1 for all heN^

(p-denotes the spectral radius o f  Je(0, h)

Then there are sets S^Q*, 8) and S2(h(0), 8) V h(0)€N h, such that for any 

0° € Sj and any sequence {h(k)} € S2 the interates {0*} given by

0k+t = J (0 k h(k)) (5.3.8)

are well defined and converge to 0*.

lim 0k = 0* (5.3.9)k»oo

Proof:

For h(0) arb itrary , h(0) e N h, by the assumption

P(i;(0*, h(0)) <  1 (5.3.10)

Then given e >  0, Lem m a 2.2.8 [36] ensures the existence o f a norm on R n,

for which
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l l j j o " ,  h ( 0 ) ) l l  =S or +  € ( 5 . 3 . 1 1 )

cr =  p d iO * .  h(0))) (5.3.12)

In this norm by the definition o f strong derivative for a given e >  0, there is

a 8 >  0 so that

I I J ( 9 k, h ( k ) )  -  J ( 8 \  h ( k ) )  -  J e (0 * f h ( O ) ) ( 0 k- 0 * ) l l  <

c110k 0*11 (5.3.13)

w henever l l h ( k )  — h ( 0 ) l l  :S 8 ,  110k— 9*11 :£ 8.

It follows from (5.3.13) and triangle inequality:

11J(9k» h ( k ) )  -  0*11 =£ I U ( 0 k, h ( k ) )  -  J (0 * ,  h ( k ) )  -  Je (0* ,  h ( O ) ) ( 0 k- 0 * ) l l

+  IIJe(0*, h ( O ) ) ( 0 k- 0 * ) l l  ( 5 . 3 . 1 4 )

and

I I J ( 0 k, h ( k ) )  -  0*11 s  e l I0k— 0*11 +  I I J e ( 0 \  h ( 0 ) ) l l  I l0k— 0*11 ( 5 . 3 . 1 5 )

or

IIJ(0k, h(k)) -  0*11 S  (e + IIJe(0*, h(O))ll)H0k- 0*11 (5.3.16)

for all heS2

W e may assume that e satisfies

a  +  2e <  1 (5.3.17)
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Then (5.3.11) implies e +  IlJe (6*, h(0))ll <  1, and it follows from (5.3.16) 

and Lem m a 11.1.2 [36] that lim 0k =  0*.
k"*oo

*
Theorem  2

For J : N x  N h C R n x R m -  R n and 0* € int (N) such that 0* =  J ( 0 \  h) for 

all h eN h. Consider the collection o f  mappings

J h : N C R “ - R “ 0eN, h eN h 

Jh = JO.h)

assume:

a) Je(0*, h) is strong.

b) p(Je(©e, h)) <  1 

for all heNj,.

Then there  is an open neighborhood S(0*, 8) o f 0* such that for any 0*cS, and 

any sequence (h(k)} «Nh such that llh(k) -  h (k —1)11 <  8 k =  1, 2 . . . ,  the iterates 

{0k} obtained by

0k+1 =  J (0 k, h(k)) (5.3.18)

are well defined and converge to 0*

lim 0k = 0 (5.3.19)



Proof:

By the definition o f a strong derivative for a given € >  0, there is a 8 >  0 so

that

IIJ(0k, h (k)) -  J ( 8 \  h(k)) -  Je(0*, h ( k - l ) )  (0k-0 * ) l l  =s 

£ 110k— 0*11 (5.3.20)

w henever

llh(k) — h ( k —1)11 <  8 , 110k— 0*11 <  8 (5.3.21)

for all h(k) C D h k = 1, 2... Then based on (5 .3 .20), (5.3.21) and triangle 

inequality

IIJ(0k, h(k)) -  0*11 =£ IIJ(0k, h(k)) -  J(0*, h(k)) -  Je(0*, h ( k - l ) )  (0 k-0 * ) l l

+  IIJe(0*, h ( k - l ) )  ( 0 k- 0 * ) l l  ( 5 . 3 . 2 2 )

or

IIJ(0k, h(k)) -  0*11 =s IIJe(0*, h (k — l))ll  Il0k-0 * ll  +  e ll0k— 0*11 (5.3.23)

I I J ( 0 k, h ( k ) )  -  0*11 <; (€  +  111^(0*, h ( k — l ) ) l l ) M 0 k— 0*11 ( 5 .3 .2 4 )

for any h(k )€N h k =  1, 2 ... whenever (5.3.21) holds.

It follows from Lem m a 1 tha t for any sequence {h(k)} C N h satisfying (5.3.21) 

there exist a norm such that



IIJe(9 , h(k))ll <  1 (5.3.25)

for all h (k )eN h.

Since (5 .3 .25), we may assume that e satisfies

€ + IIJe(0*, h(k))ll <  1 (5.3.26)

for all h (k )€N h, and it follows immediately from (5.3.24) and 11.1.2 [36] that

lim 0k = 0* (5.3.27)
k-«ao

Assume that F (0 ),  G(0) are twice continuously differentiable at 0 . Then 

f(0, h(k))  will be two times Frechet differentiable in a neighborhood o f 0* and

D [ f ( 0 \  h(k))] f(0*, h(k)) =  0 (5.3.28)

Assume further that rank D[f(0*, h(k))] =  p.

Then [36] there  exists a ball S(0*, 8), 8 >  0, such that the Gauss-Newton 

iteration function

J(0 , h (k)) =  0 -  K +f(0 , h(k)) (5.3.29)

is well defined; m oreover J (0 ,  k) is Frechet differentiable at 0*. and



l '(0*. h(k))  =  -  {D[f(0*, h (k ))]T D[f(0*, h (k ))]} "1

• f"(0*, h(k)) • f(0*, h(k)) (5.3.30)

I f  in addition

p ( j ' (© \  h(k)))  =  a  <  1 (5.3.31)

then 0* is a point o f  attraction for the iterative process (4.4.4) or

lim 0j = 0* (5.3.32)j-»40

where 0* are obtained by (4 .4 .4 ),  and p(J (0, h(k))) is the spectral radius. From

assumptions on F (0 ),  G(0) and (5.3.30) follows that J (0*, h(k)) is continuous at
*

0 .

From (5.3.28) and (5.3.29) follows that

J ( 0 \  h(k)) =  0* (5.3.33)

We established sufficient conditions for convergence o f iterative process (4.4.4) 

with h(k) fixed, Theorem  10.2.1 [36].

N ext, we consider convergence o f the iterative continuation process. Let us 

denote by N h set o f  vectors h ,  such that for any h€Nh, sufficient conditions for 

convergence o f iterative process (4.4.4) are satisfied. Then we formulate the



following theorem .

Theorem .

For iterative continuation process (4.4.6) there exists an open neighborhood 

S(9*,8) o f 0*, such that for any 0°eS, and any sequence (h(k)} C N h such that 

| |h(k) -  h (k — 1) 11 s  8, the iterative continuation process, J (0 k, h (k )) ,  (4.4.6) is 

well defined and lim 0k =  0*.
k-co

Proof:

The iterative continuation process may be viewed as a collection of mappings 

J(0 , k) =  J (0 ,  h(k)) characterized by vector h(k). By the definition o f  N h, for all 

h e N h, J(0*, k) exists and is continuous at 0*. Then by Theorem  3.2.10 [36] 

J (0*, h(k)) is strong for all hcNj,. Conditions (5.3.31) and (5.3.33) are also 

satisfied for all h€N h by assumption. Then p roof follows from Theorem  2.



6 . Computational Details

In this section, we give com putational details o f  implementing algorithms 

described in section 4. The m ost significant part o f  the implementation is the 

com putation of the derivative o f the prediction e rro r  vector, i}i(0, k). The 

derivative is derived based on the results o f K aufm an [4] for derivatives of 

orthogonal matrices and (4 .2 .6). Each com ponent i o f  tensor D [f( 8 , k)] is given

by

Di[Q 2(Y (k) -  G (9)U (k))]  = (6 .1 )

Q 2(Y(k) -  G (0)U (k))

- Q 2(Y(k) -  G (0)U (k))  + Q 2  (Y(k) -  G ( 0 )U (k))  =
OVj OOj

R ^ Q itY C k )  -  G (0)U (k))  -  Q 2 U(k) =
0 0 :

0G(8)

Thus

D[fj(k)] =  Q 2 |D [F (0 i) ]X (k )  +  D [G (0 j)]U (k) j  (6.2)

where D [F(0)], D[G(0)] are the Frechet derivatives o f  F (0 ),  G(0) respectively.



O ur im plem entation, is similar to that proposed by Krogh [24], and takes 

advantage o f  the sparsity o f  F (0 ),  G (0). An outline o f the procedure for 

com puting the gradient o f  prediction e rror is as follows:

1. Com pute F (0 ),  G(0) and D [F(0)], D[G(0)].

2. Factor F(0) using H ouseholder transform ations

See Golub and Pereyra [3] concerning the multiplication o f a vector by a

R
Q F =  o

where R is ( M x n )  x  ( M x n )  nonsingular, upper triangular matrix.

3. Set v = Q (Y  —GU) with

v
} M X n 
} M x  m

The f(0 , k) =  v 2

4. Solve RX =  vj for X

X-vector o f  generalized state estimates.

5. Set

W =  -  Q (D [F(0)] • X + D [G (0)]U )

tensor.

( W ,  ) } M x n
6 . Partition W into W = I  I , . .  v[ W 2 J } Mx m



The matrix

^ t ( 8 , k) =  W 2

N ote that matrix Q need never be form ed in full nor stored.

For the recursive algorithm (4.3.9) the gain vector is given by

L(k) =  7 < k )R - 1( k ) + ( e ,k )  (6.3)

R (k) =  R ( k - l )  +  7 (k )[ iK e ,k )V r(e .k )  “  R ( k - l ) ]  (6.4)

To compute L(k) without inverting large matrices in each step, the matrix

inversion lem m a is used [45], which gives

P(k) =  [ P ( k -  1) -  P ( k - l )  v|i (0 , k) S- 1(k) »JiT (0 , k )P (k — l ) ] / \ ( k )  (6.5)

S(k) =  i|iT(0, k) P ( k - l )  »|i(k) +  X(k)I (6 .6 )

where the time-varying forgetting factor \ ( k )  is related to the gain sequence (*y(k)} 

by

X(k) =  7(k.~ [1 -  7 (k)] (6.7)
7(k)

Then the gain vector is easily found to be
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L(k) =  P(k) ^i(k) =  P ( k - l )  * 0 0  S - ^ k ) ( 6 .8)

In case o f the algorithm (4.4.4) the increm ent dj(k) is com puted by linear least 

squares algorithm based on H ouseholder transform ations.



7. Simulation Studies of the Algorithms

7.1 Properties of the Algorithms

This section presents the results o f  some num erical experim ents which 

dem onstra te  some o f the properties  o f the derived algorithms.

The following second-order linear system that represents  a state space model 

of the first flexible m ode in a m odal m odel for a free-free beam ,

0  1 1
x (k +  1 ) = - 1 . 4  - 0 .4 5 x(k) + 0.7

y(k) = [ 1  0 ] x(k) + v(k)

The disturbance v(k) was obtained as v(k) =  c • £(k), where fj(k) was 

simulated using a random  num ber generator with uniform  distribution on [-1 , 1 ] 

and 0 <  e s  1. The input u(k) is also random  process with the following statistics:

E {u(k)} =  0 E {u2(k)} = 1.0

and is independent o f | ( k ) .

We denote  as Algorithm I the recursive Gauss-Newton algorithm given by 

(4.3.9) and as Algorithm II the iterative estimation algorithm given by (4.4.6), and 

m w-denotes the size o f the moving data-window. The param eter e was varied in 

the interval ( 1 0 _ 1  — 1 0 “ 4).

In case o f Algorithm I the forgetting factor X(k) was computed as
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X(k) =  0.99 • X ( k - l )  +  0.01, X(0) =  0.95

and

P(0) = pi , p =  500.

The evolution o f the estimates o f  the param eters  for both algorithms are plotted in 

Figures 3 a - l la ,  and residual norm for generalized state vector estimates X(k) are 

shown in Figures 3 b - l lb  where the true param eters  are a ( l )  =  1.4, a(2) =  0.45, 

b( 1) =  1 and b(2) =  0.7. The perform ance of both algorithms is quite good. For 

all practical purposes the estimates converge after fewer than 10 iterations. The 

Algorithm I appears m ore robust with respect to disturbances. The CPU time for 

run o f 500 samples was 82.94 sec for Algorithm I and 242.59 sec for Algorithm II.

All simulation experim ents have been im plem ented on VAX 11-780 

com puter, under VMS operating system.

7.2 Comparison with other Algorithms

In this section we will com pare an algorithm derived in section 4 with two 

o ther algorithms for simultaneous state and param eter estimation of the general 

state-space model: The Recursive Prediction E rro r  algorithm given in Appendix B 

and the Extended Kalman Filter given in Appendix A. The algorithm of section 4 

is the of recursive param eter  estimation algorithm (4 .3 .9), and the state estimation 

algorithm (4.2.6) coupled together in a m anner shown in Figure 1. For further 

convenience we shall refer  to the later as the algorithm of section 4.
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W hen com paring different recursive algorithms key issues are speed of 

convergence, com putational complexity and robustness.

The R P E  algorithm and algorithm of section 4, are both a special case o f the 

general prediction e rro r  algorithm derived in [45]. T h e re fo re ’ asymptotic 

properties o f  the recursive algorithms are the same. The com putational complexity 

of this family o f recursive algorithms is determ ined by the gradient o f  the 

prediction e rror. The R PE  algorithm is clearly m ore complex and time consuming 

then the algorithm of section 4. For the RPE algorithm , the predictor is given by 

(B .4), where K(k) is the time-varying Kalman gain. The gradient o f the prediction 

can be com puted by equations (B .6 -B.8 ). Since the Kalman gain K(k) is not a 

direct function o f  0, the com ponents o f  K(k) are obtained by differentiating the 

Riccati equation. That gives a straightforward but lengthly set o f  equations, the 

num ber of equations in (B.14) is n 2  • d, and that may be forbidding for higher 

order problem s. As for the algorithm of section 4, the least squares formulation 

allows computation o f  the prediction error directly and the variable projection 

algorithm [4] gives equations for the gradient o f  the prediction e rror. Thus the 

main difference between two algorithms is in com putational complexity.

The Extended Kalman Filter is widely used in practice for recursive 

identification o f param eters  and states for a general state-space model. The 

extended Kalman filter can be seen as a recursive prediction e rror algorithm, 

where the term corresponding to the coupling between the param eters  and the 

Kalman gain K(k) has been neglected. Hence the m ajor com putational burden of 

the R PE  algorithm is eliminated in the EK F. The penalty , how ever, is in the loss



of certain convergence properties. The lack o f coupling between K(k) and in the

algorithm m ay, as dem onstra ted  in [13] lead to divergence o f the estimates, even

for simple cases. The interpretation is consistent with observations in practical
*

applications, that the behavior o f  the E K F  often is worse when residuals are large 

and/or the inputs are small. In such cases the coupling term obviously becomes 

m ore im portant.

T herefo re ,  the simultaneous state and param eter estimation algorithm derived 

in section 4 has the com putational complexity that is significantly less than that of 

R P E , and convergence properties  superior to those o f the E K F .

To com pare the speed o f  convergence and robustness o f the algorithm of 

section 4 with the E K F  we have conducted a series o f simulation experim ents. The 

following second o rder system was considered

The disturbance v(k) and input u(k) were obtained similar to that o f  section 7.1.

The simulation experim ents dem onstrated  that both algorithms perform  quite 

well for a low level o f m easurem ent noise. The algorithm of section 4 converges 

in fewer iterations as shown in Figures 12a and 12b. But when we increase the 

level o f  m easurem ent noise or when estimates o f  the covariance matrices are not

x(k + 1) =
0  1

1 ) =
- 1 . 5  - 0 . 7 .

1
x(k) + _ j  u(k)

y(k) =  [ l  o] x(k) +  v(k)



perfectly m atched, or the initial values for state and param eter estimates are far 

from true values, the E K F  generates param eter and state estimates that are 

unstable and diverge, while algorithm of section 4 does not require  knowledge of 

covariance matrices and is insensitive to initial values o f param eters  and states. A 

sample simulation run for the E K F  for a high level o f  m easurem ent noise, is given 

in Figure 13a. Note that the param eter estimates are biased and the speed of 

convergence is slow, while the algorithm of section 4, under the same experimental 

conditions, generates stable and consistent estimates as shown in Figure 13b.



8. An Adaptive Control System for Fine Pointing of Flexible 

Spacecraft

A flexible spacecraft positioning control system was proposed in [46]. A

lum ped-param eter dynamic m odel with control actuators m ounted  on a central 

rigid body was assumed for a single axis where the transfer function between the 

control acceleration u and the pointing e rro r  a  was written as

® v Ao , j? Aj ..
—  ( s )  r  +  2  1 7 2  (8 1 >
u  S j = i  S + 0 )

where o>j is the free natural frequency o f jth m ode and Aj is a constant param eter 

j =  l , . . .m .  No dam ping was included, since, in practice, damping factors are very 

low (of the o rder o f 10-3), precise values being difficult to predict. The control

law was assumed to provide the necessary damping actively. A state space

representation o f the dynamic system given by eqn. ( 8 . 1 ) was utilized to derive 

control law a bang-off-bang for actively controlling the flexure m odes together 

with the mean spacecraft angle and rate. Switching times were calculated using the 

parabolic tim e-optimal switching boundary o f the rigid body part ,  the origin of this 

switching boundary  being changed according to the motion o f flexure modes. The 

resulting bang-off-bang control function compromised a sequence o f double pulses 

with zero time integral, separated by periods o f zero control. The observations 

were obtained by sampling a rate integrating gyro angle output.

The above control law assumes that the param eters  and states of the 

spacecraft are perfectly know n. Therefore  practical im plementation o f the control 

system requires solution of the identification problem for the flexible spacecraft.



8.1 Identification of Flexible Spacecraft

The discrete time state space m odel o f  the dynamics o f a single axis 

represented  by eqn. ( 8 . 1 ) may be written as

x ( k + l )  =  A(a>,h) x(k) + B(o>,h) u (k) (8.2)

y(k) =  Cx(k) +  v(k)

where x(k) is the state vector o f  dimension 2 ( m + l )  with com ponents, x ^ k )  the 

m ean spacecraft angle; x2(k ),  the m ean spacecraft rate; x2j+1(k) the jth flexural 

m ode displacement; x2 j+2(k) the jth flexural m ode rate ( j = l , . . .m ) .  y(k) is the 

m easurem ent vector o f  dimension n , u(k) is the input vector o f dimension r ,v (k) is 

m easurem ent noise, and h is the sampling interval.

1 h 0

0  1 0

cos &>! h sin h/eaj ( 1  —cos a) 1 h)/coi
— sinco! h cos u)j h sin a> 1 h/co 1

B =

. cos com h sin o>n h/a)m ( 1 - c o s  a)m h)/a>£
— a)m sin a)m h cos com h sin to m h/a)m

C is the output matrix whose elements are determ ined by the physical 

structure o f the particular spacecraft.

The adaptive control system for fine pointing o f  a flexible spacecraft 

(Figure 2) requires the solution of the following identification problem: For a



dynamic system described by eqn. ( 8 .2 ) obtain on-line estimates for state vector 

x(k) and param eter  vector &> =  ( o>t o2, m) from m easurem ents o f  the output 

vector y(k) and input vector u(k) (k =  1 ,2 , — ).

8.2 Adaptive Control System for Flexible Spacecraft

An adaptive control system for fine pointing o f a flexible spacecraft is 

represented in the block diagram of Figure 2. The identifier contains the 

algorithms (4.3.9) and (4.2.6) for on-line state and param eter estimation presented 

above. The controller utilizes a control law similar to that generated by Dodds and 

Williamson [46] for the purpose o f correcting pointing error of a flexible 

spacecraft.

The control function is a bang-off-bang function comprising a sequence of 

double pulses, positive (negative) level followed by negative (positive) level, with 

zero time integral, separated by periods o f zero control. A non-linear state- 

variable feedback control law provides pulse start and finish times as function of 

the estimates o f  the pointing e r ro r ,  mean spacecraft ra te ,  m odal frequences, m odal 

amplitudes and rates.

The control is calculated using a switching boundary in the (x^  x2) plane 

which is similar to the double integrator time-optimal switching boundary but 

displaced along the Xj -axis by an am ount x0, which is changed according to the 

motion o f the flexure modes. The switching times t  are calculated by
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T k  =
2 u* (xj (k) -  x0) -  x2  (k)

u,(u* -  u j

1/2

u* + x2  (k) —  (8.3)
u*

w here u* is the constant control level to be applied and u* is the constant control 

level occurring immediately after  the switch.

The offset x0  is updated by the following rule

x0  =  ~  |x j(k )  — S^k) j  whenever

S2  (k) changes sign

where

Sj (k) =  —  2  x2 i+1(k) 
m  i=1

„ „  . 1 ® (x2 i+2(k) ~  x2(k))
(k) — x

m i = 1  coj

8.3 Simulation Experiments

To dem onstrate  the perform ance o f the adaptive control system described 

above, we present results o f  com puter simulations o f  the dynamic response of a 

flexible spacecraft which contains dom inant vibration m odes. The simulations 

show adaptive control loop responses with various m odal frequences for the same 

initial conditions. Simulation runs with one and two dom inant flexible m odes are 

presented.

The spacecraft is initially at rest but with a pointing e rro r  o f  100 arcsec. The 

m agnitude o f the control acceleration is 50 arcsec s - 2  in all cases, a typical figure 

obtained with low-level cold gas thrusters. The m odal frequences typical o f  those



experienced with solar arrays on communications satellites has been utilized as in 

[46]. The sampling interval betw een m easurem ents  in all experim ents was 0.25 

sec.

Figure 14 and 15 show responses o f the spacecraft with one dom inant mode. 

The true values for m odal frequencies are 0.1 rad s - 1  for the experim ent of Figure 

14 and 0.3 rad s - 1  for the experim ent o f Figure 15. Initial values for modal 

frequencies are 0.15 and 0.45 respectively. The state variables have been brought 

nearly to zero.

Figure 16a shows the dynamic response in the case o f a spacecraft with two 

flexible m odes with initial guesses for m odal frequency o f estimates o f  0.15 rad s - 1  

and 0.25 rad s -1 . Figure 16b shows the perform ance o f the param eter estimation 

process.

Figures 17a and 17b show results similar to those o f figures 4a and 4b but for 

a d ifferent set o f  m odal frequency. Initial values for m odal frequencies are 0.15 

rad s - 1  and 0.45 rad s -1 .

The simulation experim ents dem onstrate the ability o f  the proposed adaptive 

system to correct pointing e rro r  o f  a flexible spacecraft.



9. Conclusions

A least-squares, simultaneous state and param eter  estimation m ethod for a 

general state space m odel o f  multivariable discrete-time linear system has been 

presented. This m ethod separates state and param eter estimation functions based 

on the special structure o f  the least squares problem . A robust and efficient 

adaptive scheme follows from this separation. A no ther  advantage o f the least 

squares approach is that, it does not require knowledge o f the statistics of random 

processes.

W e have obtained specific algorithms for on-line state and param eter 

estimation o f general state-space models for multivariable discrete-time linear 

systems subject to an arbitrary  known input, random  input (driving noise), and 

with noisy m easurem ents. These algorithms have been shown to be 

computationally efficient and robust when com pared with o ther algorithms.

Asym ptotic properties o f  the param eter estimates have been established. 

Simulation studies dem onstrated  the robustness o f  the derived algorithms under 

various experim ental conditions.

W e have considered the problem  of designing an adaptive control system for 

fine pointing o f  a flexible spacecraft. The on-line simultaneous state and 

param eter estimation algorithm was used together with a bang-off-bang type 

control law. Simulation experiments dem onstrated the ability of the adaptive 

control system to control initial pointing errors and at the same time to identify 

spacecraft param eters.



10. Recommendations for Further Research

The least squares approach to simultaneous state and param eter  estimation 

shows the essential nature  of the problem  and opens the way for further 

developm ents in estimation techniques. Specifically the following 

recom m endations are m ade for further investigations in line with this work.

1. O ur analysis o f the derived estimates has been limited to open loop systems,

it appears that this approach can be extended to closed loop systems.

2. The least squares form ulation can be extended to a weighted least squares 

form ulation , when the statistics o f  the process are available. An analysis of 

the estimates obtained by such a m odified algorithm would be o f interest. 

One should also consider the relationship o f least squares approach to other 

statistical approaches to the problem .

3. The separation o f variables in the original optimization problem  may be made

into m ore than two sets. Then the separation theorem  2.1 can be applied

recursively and the original problem will be decom posed into a sum of less

complicated least squares minimization problems. This will result in a 

multistage least squares estimation scheme.

4. The techniques for separable nonlinear least squares have been extended [44] 

to the separable nonlinear least squares problem subject to separable 

nonlinear equality constraints. This may be used to incorporate a priori 

information on the param eters  and on the system into the formulation of the 

identification problem .



Appendix A. The Extended Kalman Filter Algorithm

In this appendix we give the algorithm that results when the extended Kalman 

filter is applied to the simultaneous state and param eter estimation problem for 

linear discrete-time system m odeled by ( 2 . 1 ).

*(k + 1) =  A k *(k) + Bku(k) + K(k)[y(k) -  C k *(k)], 

*(0 ) =  0 ;

0(k) =  0(k -  1) +  L(k) [y(k) -  C ^ j i tC k ) ] ,

§(0 ) =  0 O

K(k) »  [a ^ O O  C f  + M k P j (k )  c £

+ A k P 2 (k) D j  + M k P 2 (k) D k + R 12] S f 1

Sk =  C k Pi(k) C j  + Ck P 2 (k) D ?  +  D k P 2T(k) C ?

+ D k P 3(k) D j +  R 2 ;

L(k) =  [p j (k )  C j_ !  +  P 3(k) D f ]  Sk 1 ;

P j(k  +  1) =  A k Pj(k) A f  + A k P 2(k) M f

+ M k P j (k )  A j  + M k P 3(k) M j  -  K(k) Sk K T(k) +  R j  ,

pi(0) = n 0 (0O) ;
P 2(k + 1) = A k P 2(k) +  M k P 3(k) -  K(k) Sk L x(k),
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H ere

with

and

with

P 2(0) =  0 ;

P 3(k + 1) =  P 3(k) -  L(k) Sk L T(k), 

P 3(0) =  P 0  •

A k =  A (§ (k ))

Bk =  B (§ (k ))

C k =  C (§ (k ))

M k =  M (e(k ) , *(k), u (k ) )

M (e , x , u )  =  [A(0)x + B(0)u] |e

D k =  D ( © ( k - l ) ,  * (k ))

°  >X) = ~dQ [C (8) X] le = «
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Appendix B. An RPE Algorithm for a General State-Space Model

In this appendix we give the formulas for the recursive prediction error 

algorithm for a general state-space m odel ( 2 . 1 , 2 .2 ).

f(k) =  y(k) -  ? (k ) ,  (B .l)

R (k )  =  R ( k - l )  +  7 (k) [<Kk)S_ 1(k) * T(k) -  R ( k - l ) ]  , (B.2)

6 (k) =  6 ( k - l )  +  7 (k) R - 1(k) ¥ ( k )  S- 1(k) f(k) , (B.3)

* ( k + l )  =  A k *(k) +  Bk u(k) + K(k) f(k) (B.4)

y (k +  1) =  C k x (k +  1) (B.5)

M k = M (e (k ) ,  x(k), u ( k ) )  + Kk • f(k) , (B .6 )

W (k + 1 )  =  [A k -  K(k) C k] W (k) + M* -  K k D k (B.7)

i | i (k + l)  =  W T(k +  1) C j  + D t  (§(k), * (k +  1)) (B .8 )

here

K(k) =  [A k Pi(k) C f  + R 12(k) ] S- 1(k) , (B.9)

P 2(k + 1 )  =  A k Pi(k) A ?  + R j(k) -  K(k) S(k) K T(k) , (B.10)

S(k) =  C k Pi(k) Ck + R 2(k) ( B . l l )

and



k p - ■j^AkPrfk) c kT + A k n f > c kT +

A k Pi(k) c f  + R j 2
30j dOi U  = 0(k)

-  K(k) c tP  S_ 1(k)

• ^ c ^ o o  c j +  c knk® c kT

+ Ck P,(k) - ^ - c j  +  - ^ - r 2 le = e(k)

n S i  =
30j

A k Pj(k) A k + A k n ^  A ?

-  k j p  S(k) KT(k) -  K(k) <r£> K T(k)

-  K (k) S(k) (*£>) le =  e(k)

where D [0,x], D k are defined in Appendix A.

(B.12)

(B.13)

(B.14)



Appendix C. Definitions of Pseudo-Inverse, Frechet Derivative, Level 
Set and Mean Value Stationary Process

Theorem . [The Penrose Conditions] [5]

The nX m  matrix A + is the unique matrix X that satisfies the following 

conditions:

a) AXA =  A

b) XAX =  X

c) (A X )t =  AX

d) (X A )t =  XA

Because this unique generalized inverse had previously been studied (though

defined in a d ifferent way) by E . H . M oore , it is commonly known as the M oore-

Penrose pseudoinverse, and is denoted by A + .

Definition. The m apping F : D C R n - R m is Frechet - differentiable at xc int 

(D) if there is an A e L (R n,R m) such that

lim (l/ | |h ll) II F(x + h) -  f(x) -  Ah II =  0.
h-0

The linear operator A is again denoted by F (x) and is called the Frechet - 

derivative o f F at x.

Definition. The Frechet derivative o f F : D C R n -* R m at x° C D is strong if, 

given any e >  0, there is a 8  >  0 so that S(x°,8 ) C D and

II F(y) -  F(x) -  F (x°) ( y - x )  ll=£ e l l y - x  11, Vx,y € S(x°,8 ).

Definition. I f g : D  C R 1 -*R 1, then any nonem pty set o f  the form L(y) =

{ x e D | g(x) ^  y }, 7  e R 1, is a level set of g.
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Definition. A stochastic process is m ean value stationary if the m ean value is 

not a function o f time such that

p.x(k) =  E{X(k)} =  const.
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