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Abstract
A GENERAL POLLARD TYPE RESULT
FOR RESTRICTED SUMS

by
ABDELLATIF BELLAHNID

Advisor: Professor Melvyn B. Nathanson

Let F be an arbitrary field. Let p be the characteristic of F in the case of finite
characteristic and oc if F has characteristic 0. Let A and B be nonempty finite subsets
of F. For c € F. let v.(A, B) be the cardinality of the set of pairs («¢.b) such that
a +b = c. and p;(A. B) the cardinality of the set of elements ¢ € A = B for which
v.(4. B) is greater than or equal to /.

In [6] Caldiera and Dias Da Silva proved the following theorem:

Theorem 1 Let A and B be finite nonempty subsets of F.
Then fort =1,2,...,min{p, |A| + |B|} we have

Y wi(A, B) >t min{p, |A| +|B| - t}.

=1
This result is an extension to an arbitrary field of a theorem proved by Pollard. for
F =2Z,=Z/pZ. where p is a prime number. Notice that the case where ¢t = | is well

known as Cauchy-Davenport Theorem.
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In (2] Caldiera and Dias Da Silva proved the following results, for restricted sums.

as an analogue of Theoreml.

Let A be a finite subset of F. We denote by A%A the set
{a+b|a,be Aanda # b}.
For c € A%A, let
YD) = é—|{(a.b) € A% a#banda+b=c)

and

w = {ee A2/ 20},

Then. for t = 1,...,[|Al/2].
! 2
Z,uf') >t min{p.2(|4| - t) - 1}.
=1

This lower bound is tight and the equality is attained when A is an arithmetic pro-
gression.
For F =Z, and t = 1 we get the Erdos-Heilbronn conjecture.

In this paper I generalize this result to the restricted sum A*4 for 2 < A < 4| < p.
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0.1 Introduction

Let F be an arbitrary field. Let p be the characteristic of F in case of finite character-
istic and oo if F has characteristic 0. Given b € R we write [b] (|b]) for the smallest
integer greater than or equal to b (the greatest integer less than or equal to b ). For
a € N let [1,a] denote the set {z € N : 1 <z < a}.

Let A be a finite subset of F. We denote by A*A the set
{ay+--+anla, €d.a,#a, fori#J}

For ¢ € A"A. Let v® be the cardinality of the set of all h-tuples (a;..... ap) of
distinct elements of A such that a; +--- + a5 = ¢ without counting the permutations

of the elements of the h-tuple. Then

1 C,
v = ml{(al ..... ap) €A @i #Fa, i #Fj a+-+a, =}

Denote by u'*) the cardinality of the set {c € \*A : b > i}
In this paper I prove the following Theorem which is a generalization of the Theorem

proved in [2] for h = 2 by Caldiera and Dias Da Silva.
Theorem 0.1 Let 4 be a finite subset of the field F. If
2<h<|A[ <P

then for all integers t such that

1<t< min(l(hlf|l)/hJ JAl=h+ 1)
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we have

4
S u >t min (p,h(JA] =t +1) = K2 + 1)
=1
we get the Erdos-Heilbronn conjecture in the general case for F' = Z, and t = |

/,t(lh) = |A*4| > min (p,hIAI -h*+ 1)
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Chapter 1

Combinatorial Background

1.1 The Classical Multinomial Ballot Numbers

The standard basis for R* is the set of vectors {e,..... €x}. where

e, = (1.0.0.0.....0)

e2 = (0.1.0.0.....0)

en = (0.0.0.....0.1).

The lattice Z" is the subgroup of R* generated by the set {e,..... €n}. so Z* is the

set of vectors in R* with integral coordinates. Let
— Zh
a = (ag,a1,---,an-1) €

and

b= (b07b11"-7bh—1) € Zh'
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A path in Z" is a finite sequence of lattice points

a=vVyVy,...,Vm = b

such that

VJ' -_— Vj-—l € {61,...,€h}

for j =1,...,m. Let v;_;, v, be the successive points on a path. We call this a step
in the direction ¢, if

VJ = Vj_l =+ €;.
The vector a is called nonnegative vector if a; > 0 for : =0, 1..... h —1. We write

a<b

If b— a is a nonnegative vector.
Let P(a.b) denote the number of paths from a to b. The path function P{a.b) is

translation invariant in the sense that

Pla+c,b+c) = P(a.b)

for all a.b.c € Z". In particular.

P(a.b) = P(0.b— a).

The path function satisfies the boundary conditions

P(a,a) =1,

and

P(a,b) > 0if and only if a < b.
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Ifa =vq,vy,...,v;y = bis a path with m > 1, then
Vme1 =b—¢;

for some i = 1,...,h, and there is a unique path from b — ¢; to b. It follows that the

path counting function P(a,b) also satisfies the difference equation

h

P(a,b) =3 P(a,b—¢,).

=1
Let a <b.Fori=0.1,....h—1, every path from a to b contains exactly b, — «a, steps

in the direction €,4,. Let
h—1

m= Z(b,- - a,).

=0

Every path from a to b has exactly m steps. and the number of different paths is the

multinomial coefficient

h—1

i=o (bi — a,))! m!
)

Pla-b) = “per Ta T Mo (h — el

1.2 The Strict Multinomial Ballot Numbers

Let h > 2. Suppose that there are h candidates in an election. The candidates will
be labeled by the integers 0.1,...,h — 1. If mg votes have already been cast. and if

candidate i has received a; votes, then

mo=ag+a+---+ aup-1.

We shall call

Vo =a = (ag,ay,.--,8h-1)
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the initial ballot vector. Suppose that there are m remaining voters. each of whom
has one vote, and these votes will be cast sequentially. Let v, denote the number
of votes that candidate i has received after k additional votes have been cast. We

represent the distribution of votes at step k

Vi = (Voks Ut ks« - -« Uh=1.k)-
Then
Vok+ ik F U1k =k +mg
for k=10.1..... m.. Let

Vm =b=(bobl ..... bh—l)

be the final ballot vector. It follows immediately from the definition of the ballot

vectors that

is a path in Z* from a to b. Therefore. the number of distinct sequences of m
votes that can lead from the initial ballot vector a to the final ballot vector b is the

multinomial coefficient

(Zhas (b “ai))! 3 m!
b —a)t T IS (b —a)t
Let v =(v,....,vs) and w = (wy, ..., ws) be vectors in R*. The vector v will be

called increasing if
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and strictly increasing if

U KV <+ < Vp.

Now suppose that the initial ballot vector is

a=1(0,0,0,...,0)

and that the final ballot vector is

Let

m=nbg+b +-+br.

Let B(bg.by,....by_1) denote the number of ways that m votes can be cast so that
all the k** ballot vectors are nonnegative and increasing. This is the classical h-

dimensional ballot number. Observe

B(0.0..... 0)=1
and that
B(bg,by,...,bn-y) >0
if and only if (bg.b,.....bn-1) is a nonnegative, increasing vector. These boundary

conditions and the difference equation

h-1
B(bOvblv'- '1bh—1) = Z B(b01"'1bi—l7bi - 1,b§+1,...,bh-])

i=0
completely determine the function B(bg, b;,...,b0s-1).

There is an equivalent combinatorial problem. Suppose that the initial ballot vector
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is

e"=(0,1,2,...,h=1)

and the final ballot vector is

b= (bOvblw-"vbh-—l)'

Let
h-1
m= Z b; — 1) Z b; ( )
1=0 1=0
Let B(by.by..... bn-1) denote the number of ways that m votes can be cast so that

all of the ballot vectors v, are nonnegative and strictly increasing. We shall call this

the strict h-dimensional ballot number.

A path vy.vy..... vm in Z% will be called a strictly increasing path if every lattice
point v on the path is strictly increasing. Then E(bo.b] ..... by -1} 1s the number of
strictly increasing paths from a¢” to b = (bg. b;.. ... bu_1).

The strict h-dimensional ballot numbers satisfy the boundary conditions

and

E(bo,b]_,...,bh_l) >0

if and only if (bo,b1....,bs-1) is 2 nonnegative, strictly increasing vector. These

boundary conditions and the difference equation

B(botblv-"‘bh—1)= B(bo, bi—lvbi—lvbﬂ'lv""bh—l)
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completely determine é(bo, biy.onybroy).
There is a simple relationship between the numbers B(bg, b, . ..,bs-1) and é(bo. by....,

The lattice point

v= (U01v17"',vh-1)

is nonnegative and strictly increasing if and only if the lattice point
vi=v-(0.1.2..... h—1)=v-a"

is nonnegative and increasing. It follows that

~

B(bo,bl,...,bh..l)=B(bo.b1—1 ..... bh_l—(}l—l)).

Forl <i < j < h,let H;; bethe hyperplane in R" consisting of all vectors (r;...... rs)

such that r; = r, There are (g) such hyperplanes. A path

will be called intersecting if there exists at least one vector v, on the path such that
v € H;, for some hyperplane H, ;.

The symmetric group S actson R" as follows. Foro € S, and v = (vo.vy..... Uho1) €
Rh, let

OV = (Vg(0)s Va(1)s - - - + Vo (h—1))-
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A path is intersecting if and only if there is a transposition 7 = (z,7) € Sk such that
TV, = vy for some lattice point v, on the path.

Let I(a,b) denote the number of intersecting paths from a to b. Let J(a,b) denote
the number of paths from a to b that do not intersect any of the hyperplanes H;,.
Then

P(a,b) = I(a,b) + J(a,b).

Lemma 1.1 Let a be a lattice point in Z*, and let b = (bg,....by_y) be a strictly

increasing lattice point in Z". A path from a to b is strictly increasing if and only if

it intersects none of the hyperplanes H, . and

Bbg.....ba_y) = J(a".b).

Proof Let ¢ = vg.vy..... vV, = b be a path. and let
Vi = (VokULke- - Uh-1.k)
for k=0.1..... m. If the path is strictly increasing. then every vector on the path is

strictly increasing. and so the path does not intersect any of the hyperplanes H, ;.

Conversely. if the path is not strictly increasing, then there exists a greatest integer

k such that the lattice point vi_; is not strictly increasing. Then 1 <k < m. and
Vjk-1 S Vjol k-1

for some j = 1.....h — 1. Since the vector vy is strictly increasing, we have

Vj—1k S v — 1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11
Since v,_; and vy are successive vectors in a path, we have
Vjmt k=1 S Uj_yk

and

Uik = 1 < Ukt
Combining these inequalities, we obtain
Vjk=1 S Umth=1 S o1k S Uk — 1 S vk
This implies that
Ujpk=1 = Uyt k-1

and so the vector vi_; lies on the hyperplane H,_;,. Therefore. if b is a strictly
increasing vector. then a path from a to b is strictly increasing if and only if it is
non-intersecting. It follows that J(a.b) is equal to the number of strictly increasing

paths from a to b, and J(a",b) is equal to the strict ballot number Blb..... br-1).
Lemma 1.2 Let a and b be strictly increasing vectors. Then

P(oca,b) = [(ca,b)
for every o € Si. o # id.

Proof. If a is strictly increasing and o € S, ¢ # id. then oa is not strictly
increasing, and so every path from ca to b must intersect at least one of the hyper-
planes H;;, and so P(oa,b) < I(ca,b). and since [(oa,b) < P(ca.b) therefore, we

get the equality.
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Lemma 1.3 Let a and b be strictly increasing lattice points. Then

Z sign(o)l(oa,b) =0

oES,

Proof. Since a is strictly increasing, it follows that there are h! distinct lattice
points of the form oa, where ¢ € S,. and none of these lattice points lies on a
hvperplane H;,. Let Q be the set of all intersecting paths that start at any one of
the h! lattice points oa and end at b. We shall construct an involution from the set
Q to itself.

Let o € Si. and let

oa=Vy.Vi..... Vo, =b

be a path that intersects at least one of the hyperplanes. Let k be the least integer
such that v, € H,, for some i < j. Then A > I since a is strictly increasing. and
the hyperplane H,, is uniquely determined since v lies on a path. Consider the

transposition 7 = (i,7) € Sp. Then
TV = Vi € H;,

and

Toa # oa.

Moreover

TOA=TVQ.TV]y.. ., TVk = Vi, Vigly.oo s Vi = b

is an intersecting path in Q from 7oa to b. For i = 0,1,...,k — 1, none of the
vectors Tvg.TVy...., TVi_ lies on any of the hyperplanes, and H; ; is still the unique

hyperplane containing vi. Since 72 is the identity permutation for every transposition
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7, it follows that if we apply the same mapping to this path from roa to b, we recover
the original path from oa to b. Thus, this mapping is an involution on the set Q of
intersecting paths from the A! lattice points ca to b. Moreover, if o is an even (resp.
odd) permutation, then an intersecting path from oa is sent to an intersecting path
from Toa, where 7 is a transposition and so 7o is an odd (resp. even)permutation.
Therefore, the number of intersecting paths that start at even permutations of a is

equal to the number of intersecting paths that start at odd permutations of a, and so

Z [{(ca.b) = Z [{ca.b).

cES,. sign(o)=1 oESy. sign(o)=-1
This statement is equivalent to Lemma 1.3.
[z]. denote the polvnomial x(r — 1)---(zx —r + 1). If b, and o(/) are nonnegative

integers, then

by = bb, = 1)(b, =2)--- (b, —0cli)+ 1)
s o) <o,

0 if (i) > b,

in [l] the following result was proved:

Theorem 1.1 Let h > 2 and let by. by, ..., bu_1be integers such that

: 0Sb0<b1...<bh-1.

Then

~ bO b oot biq — h !
B(bﬂ’blv-'-vbh—1)=( - lb:;b;!jb:_:! (2))

II b -b)

0<i<j<h-1
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Proof. Let ¢ = (0,1,2,...,h — 1) and b = (b, b1,...,bs-1) € Z*. Applying the

preceding lemmas, we obtain

~

B(bO’blv° . '1bh—1)

= J(a",b)
= P(a".b)— I(a".b)

= P(a",b)+ Z sign(c)l(ca”,b)

oE€ESy,o#id
= P(a",b)+ Z sign(c)P(oa”.b)
ﬂesh.d¢id
= Z sign(o)P(oa™.b)
cES,
S sign )(bu+---+bh-l—(’;))!
= sign(o ;
g€Sp,ca°<h I ?;Ol(bi_a(l))!
(bo + -+ baoy = (3))! | |
= = TN : ,(2) Z sign(o){bole(o)[b1]e1) -+ b= t]ain-1)
bo'bl' T bh‘l : gESK. 0a*<b
(bo+"‘+bh-1—(§))! .
_ - sign (o) boleoBla) + rorogie
AT ag,, ign(a)[bolo(0)[01]a(1) - - [ba=1]o(a-1)
I [l [bo)2 .- [bou-s
_ (bo+ - +buoy = (AL e (ol bfae
- bo!bl!"'bh_ll
1 [ba=tli [ba-1]z .. [br=i]n—1
(bo+ -+ broy = ()
= = T, ! : 1(2) IT -5
bolby! - - bp—y! 0<i<)<hol

Theorem 1.2 Let h > 2 and let 0 < by < by < ... < by be integers such that

0<b<b<...<bp1 <p
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and

h
bo+b 4+ +bpoy < ()> +p

Then

~

B(bo,bl,. . ,bh—l) ; 0 (mod p)

Proof: This follows immediately from Theorm 1.1

Definition 1.1 Let A"\’ be the httexterior power of V. Let f be a linear operator on

1. We denote by Df the derivative of f on AV, defined by:

h—1
Df(vgN...Avp_y) = Z oA AU A fU) A AL Aty
) =0

In {1] the following result was proved:

Theorem 1.3 Let f: be a linear operator on the finite dimensional vector spuce 1.
And let Df : ARV — ARV be the derivative of f. Forvg €17,
Define

v = fi('vo) c ‘

for i > 1 and let

W =1vg A A thoy eA;\"L‘

Then for every k >0

(DAY W) = (Df)¥(woA-+ Avny)

= ZB(io’il""vih—l)'vio /\ NIRAY ’v"h_x
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where the sum is over all integer lattice points (ig,...,1h-1) € Zh such that

0Sio<i1...<ih-1$k‘+h—l

and

. : h

ottt F = |, +k
and where Blig.iy..... in_1) is the strict h-dimensional ballot number corresponding
to the lattice point (ig.1)..... lh=1)-

Proof. The proof will be by induction on k. For k& = 0. we have

(DfH%(w) = w
= oAU /\"'/\l’h_l
= B(0.L.2.....h=lwoAvy A Ay,
since B0 1.2... .. h—1) = L. Suppose the result holds for some integer & > (. Then
(DY)
= (ZBLo,zl,....ih_l)v‘o/\--'/\L'lh_l)
= ZB(toll ..... ih—l)Df(Uio/\"'/\Uih_l)
~ h~1
= Z B(lo il, e ’ih—l) (v,'o AN A Ui, A f(l"x',) A Uiy Ao A L'u._\)
=0
R h—1
= Z B(lu I.l ..... ih—l) (‘U‘o A A L’;‘J_l A U,].H A l.',”,I AN A L"h-l)
1=0
= Z C(loll. e ih_l)vga Ao A Vip_1s
where the last sum is over all integer lattice points (ig.2;..... ih-1) € Z% such that

0<ipg<i1 < <th1 <k+h
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and
. . ) h
ottt -t =1, +k+1

and the integer C(io,1;,...,15_;) satisfies the difference equation

h—1
Clioy ity -rin-1) = 3 Blioy- s ijoryij = Lidje1y .o ihmn)-
j=0
This difference equation determines the strict h-dimensional ballot numbers, and so

C(io.il.....ih_l) - B(io,il.....i;l_l).

Therefore. the result holds in the case £ + 1. This completes the induction.
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Chapter 2

Matrices Controllability and

Invariant Factors

2.1 Invariant Factors

The following theorem is proved in [3]|. It is called the Rational Decomposition

Theorem.

Theorem 2.1 Let f be a linear operator on a finite-dimensional vector space V. There
exist non-zero vectors v..... v, in V' with respective f-annihilators p,..... p- such
that:

(i) V =Cplv) E - & Cp(vy)

(ii) pr divides pe—y. k=2....,T.

Furthermore, the integer r and the annihilators p,,...,p, are uniquely determined by

(1),(it), and the fact that no vy s 0.

18
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We note that p, is the minimal polynomial of f and the product [} p; is the charac-

teristic polynomial of f. The polynomials py,...,p, are called the invariant factors of

f

In this paper we use P; to denote the minimal polynomial of fand ay,}...|asm = P

to denote the invariant factors of f by taking

Qfm-it1 =pi for i=1.....r
and
Qpmoi¢1 =1 fori=r+1..... m
( so that each ay,; divides all subsequent polynomials ajf.4i..... aym). For every

v € V7. Cylv) is the f-cyclic space of v . i.e
Cile)=(J'w):ie27)

Let F be an arbitrary field and denote by F the algebraic closure of F. Let V" # {0}
be an m dimensional vector space over the field F and let f be a linear operator on \'.
We use o(f) to denote the spectrum of f, i.e o(f) is the family of the m roots of
the characteristic polynomial of f in F. Let i be a positive integer. We denote by
m;(f) the number of distinct roots of the characteristic polynomial of f with algebraic

multiplicity greater than or equal to i.

Notice that m;(f) is the number of distinct roots of the characteristic polynomial

and for a diagonal linear operator f

m;(f) = deg(afm-it1) t=1.....m
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Indeed, f is diagonal is equivalent that
Pr=(z—-a)z—c) (7 —ck)

where ¢; 1 = 1,...,k are the distinct eigenvalues of f.

(r=¢;) | apmoiv1 = (T —¢;) | Qpmoiv2 (T —¢j) | Qpmoita .....and (z — ¢;) | aym

therefore (r — ¢;)* divides the characteristic polynomial of f, then ¢, has algebraic
multiplicity greater or equal to i.
Conversely, if ¢; has algebraic multiplicity greater or equal to i then (r — ¢}

divides the characteristic polynomial of f, then
(2 —¢)) | afmait1-(r —¢)) | @pmeaiz2 (T —¢j) | Qpm=rs3 .o and (r —c¢,)iar,
We conclude that:
(r —¢j) | @fm=-i+1 © c, has algebraic multiplicity greater or equal to i

Definition 2.1 Leta = (a;,....a,) and b= (b;..... b,) be two sequences of nonega-
tive integers. Denote by (@;.....@,) and (81,....ba) the reordering. in a nonincreasing
way, of a and b, respectively. We say that b weakly dominates a and we write a < b
if

k ko

ZE,- SZb, k=1,....n

1=1 =1
We say that b dominates a and write a < b if: a < b and

n

zn:a,‘ = Zb,
=1

=1
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Theorem 2.2 Let V' be a finite dimensional vector space over the field F of dimension
m. Let f be a linear operator on V. Let sy,...,s, be positive integers. If there erist

Vi...., 0 € V such that

U{viyf(vi)e fz(vi)v R 7fs‘_l(vi)}

is a linearly independent (sy + -+ + s;)-set then
(s1,...,8¢) < (deg(asm).....deg(asm—t4+1))

For the proof of this Theorem we need some definitions and results.

2.2 Controllability and Indices

Definition 2.2 Let vy,....v; € V" and let f be a linear operator on V. The subspace
C/(vl,...,v,)=<f’(v,'):j€Z+.i:l ..... t>
will be called the generalized f-cyclic subspace associated to v,.. ... v;. We say that the
pair ((vy..... ). f) or the generalized f-cyclic subspace is completely Controllable if:
Cr(vry... v) =1
Definition 2.3 Let f be a linear operator on V and let vy,....v, € V. 4 basis B of
Crlvy. ... v) selected from {f!(v;):j € Z%, i =1,...,t} is nice if it is of the form:

B = U{wi, f(vi), f(vi), .o, S (i)}

=1

We say that the nonnegative integers ry,...,7, are indices of B.
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in [4] the following result is proved.

Proposition 2.1 Let A be anlx| matriz and let o |aa| - - - |y be its invariant factors.
Let m be a positive integer satisfyingm > |. Letvy,,...,¥m be monic polynomials over
F such that deg(miv2 - Ym) =m and m|y2| -+ |vm-

Then there ezxist C € Fm=0xl gnd D € Fm=0Wx(m=0) sych that the m x m matrir

A0
C D
has invariant factors yy.....vn if and only if vilai|yiem-1 1 = 1,....1

The next theorem is proved in (5] corollary 2.2.

Theorem 2.3 Let V' be an m-dimensional vector space over the field F. Let f be

linear operator on V' and let ry,...,r, be positive integers. Then there exist linearly

independent vectors v). ..., v, such that Cs(vy,...,v;) is completely controllable. and a
nice basis of Cp(vy.. .., ve) with indicesry,. ... r. if and only if the following conditions
hold:

api=1. 1=1..... m~—t
and

(rl’ v 7rt) j (deg(af.m)v R} deg(a],m—t+l ))

Theorem 2.4 Let V be an m-dimensional vector space over the field F and let f
be a linear operator on V. Let ry,...,7¢ be positive integers. If there exist linearly
independent vectors vy, ..., v; and a nice basis of Cy(vy,. .., v;) with indices ry... .. re.

then
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Proof:
Let U = Cy(vy,....v,) and let [ = dimU. Let f, denote the restriction of f to U.

Clearly, C; (v1,...,v:) is completely Controllable and from Theorem 2.3 we have
(ri;..-me) X (deglay, 1), - .., deglay, i—t41)) (2.1)
By proposition 2.1 we know that:
apilagilesiem-t 1=1....,1
Therefore
QO =1 " Oful=j | CfmQfmo1* Qfm_, J=0..... [—1 (
Taking degrees in ( 2.2) we have
J J
;deg(afu.z-a) < ;deg(a,,m_‘-) j=0....0-1 (2.3)
Therefore from ( 2.1). ( 2.3) and since t < [ we get:

(r1y....re) < (deglafm),....deg(Qfm-rs1))-

Proof of Theorem 2.2:

Let s,....,s; be positive integers and suppose that
t
U{v,~.f(v,—).f2 Videwnns e}
1=1

is a linearly independent (s; +--- + s;)-set. In order to use Theorem 2.4 we complete
this set to a nice basis of Cf(vy,...,v). For each q € {1,...,t}. let r, be the positive

integer such that

i=q+1

q \ t
(U{l’j-.f(‘vj)-fz(vj)w--sf"’l(vj)}) U( U {v fw). fowi)... . f"“(vi)})

Jj=1
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is a linearly independent (r) + -+ + 1y + Sq41 + -+ - + S1)-set and

f(vg) € <(U{Ujvf(vj)»f2(vj) ----- f”'l(vj)}) U ( U v, flei), ). f"“(v,)})>

1=1 1=q+1

It’s obvious, from the definition, that

(<U{v! fz(vJ) vfr'—l(vi)}>) c <U{‘U,‘,f(v,’),f2(v,'),...,fr‘—l(v,)}>

i=1 i=1
(2.4)
We now show that
O {vio fle), Fru) e 7 e))
i=1
is a maximal linearly independent set contained in Cy(v;.. ... v,). Assume. for a con-

tradiction, that for some : € {1....,t} and some r € N,

o
Qv
~—

¢ <L:J{Ui7f(vi)vf2(vi) ----- fr'_l(vi)}>- (2.

Without loss of generality we can suppose that r is the smallest integer with this

property. Then

€ <U{L',~.f(vx).f2(ut) ..... f""(v.-)}>
=1

rorer (e o o)

and

using ( 2.4) we get

(i & (U . P, S (w})

=1

which contradicts ( 2.5). By Theorem 2.4 we conclude that

(r1,...,7:) < (deg(afm),-...deg(asm—t+1))
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But since by construction, we have s; < r;, ¢ =1,...,t, we get from the former
inequalities
(510-++25¢) < (deg(@sm)s- -+ deg(afmots1))

This completes the proof of the Theorem 2.2

Proposition 2.2 Given a finite subset A C F, Let V be a vector space over F of

dimension |A|. Let f be a linear operator on V with spectrum o(f) = A. Then
my(Df) =p" ieN

Proof
Suppose 4 = {a,....,an}. It is easily derived from the definitions that the spectrum

of Df is the family:
o(Df)={ai, +ai, + - +a,_ andl <ig< - < iy <n}p=\"A
then for : € N we have
mdDf) = {r € APA: |{lig... ., inct): 1<y <o <dpmy S

and aj, +a;, +--+ai,_, = l}l > i} = #Eh)'

This completes the proof of proposition 2.2
Let f be a linear operator on V and let v € V' be such that n = dim Cy(v) > 2 then:

(v. f(r),..., f*Y(v)) is a basis of Cy(v). We assume that n < p.

Definition 2.4 Let £ € A*C;(v), we define the weight of  as the mazimal element
of the set

{io+ - +in1:0<ig < <ipoy Sn—1
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and z has non zero coefficient of fP(v) A--- A fr-1(v)}
The following results will allow us to evaluate the weight of
Zij = (DI (/71 0) A fi(u) Ao A FIH72(0))

for 3 > 1and k£ > 0.

Take
o, = fj-l(‘U)
LI_/ = fJ(L)
U').,_; = fj+l(‘-')
vher, = )

By using Theorem 1.3 we get

Zi; =Y Blig-11..... o)y N oo Aty
0_<_l'0<...<l.h_[Sl€+/l-l
. . h
g+ "+ th-1 = ; +A
Ziy =3 Bligeite. i) PO e) A LA fI )
0<ig<...<tp1 <k+h-1
) . h
l0+"'+zh-—l= 9 +k

For j satisfying 1 <j<t<n-h+1

We look for the values of k for which we can always find (ig.1;..... {n-1) such that:

0<ig<i) <" <tp-1 <n—j<p
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and

I
-

Therefore {or

0<k<min(p—1.h(n—t+1)—h?)

We can always find (:..... in_y) such that:
0<ig< <1 <n—j3<p

and

h h
i+ + o1 = (9)+k< (7) +p

Let frtie=lie)A ... A f7+5~1=1(¢) be a vector that satisfies
0<ig<...<ip1 <k+h-1

and

h
i0+...+z‘h—l= <.)+k_

if 7+14 ~1 > n for some [ € [0.h — 1] then fF*o~}v) A ... A frrn-i7l(r) is a

linear combination of basis vectors of the form

fR) A A R (v)
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where

0<jo<n<-<jpa1sn-—-1
and

2) +k+h(j—1)

. ) h

Jo+ o+ Jr-1 <
It follows that Zj, is a linear combination of basis vectors
fo(r)A...A fh=t(v) such that

0<jo< "< jp-1 Sn—1

and

. . h .

Jot o F I < |, +k+h(j-1)

or (inclusive)

J=1< < < <n—-1
and
. X h }
Jot ot =, +k+h(j-1)

in the second case the basis vector appears with a coefficient

~

B(]O —]+ 1]1 _J+ 17"*7jh-1 —]+ 1) ?O modp
Therefore we deduce the following theorem

Theorem 2.5 For

1<j<t<n-h+1

and

0 <k <min(p—1,h(n—t+1)—h?)
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the weight of Zy ; is:

h .
(2) +k+h(7-1)
Theorem 2.6 Let F and p be as usual, let a, b, k € Z* satisfy b+ 2k < a < p then
the (k+ 1) x (k + 1) matriz over F, C(a,b, k) = [ci;] where

(a—i+1)1(b+i=1)t - L
(a—i—7+2)(bFi—1)! ifb+i—-520

cij =
0 ifbti—j<0

is invertible
Proof We proceed by induction on k.

If £k =0 we have

C'(a.b,0) = [1]

Assume now that k > 1. Let J be the (kK + 1) x (k + 1) matrix. with the (¢ + 1.7)

entries. { = 1....,k equal to 1, and the remaining entries equal to 0.
We have i i
Lic2 ... i
0
(lx41 — J)C(a,b k) =
B

0

where B = (b;,) is the k x k matrix whose (i,j)-entry is b;; = —ci;+1 + Cit1,71-

L,7=1,...,k

if b+ 1 —j <0 both ¢; ;41 and ciy1 ;41 are zero then b;; = 0.
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if b+ 17— 7 =0 then ¢; j+1 = 0 and

bij = cisrit1
(@ —1)l(b+1)!
@a—i—j)b+i—3)
(a—-)b+i-—1lyla—i—-j+1)
@a—i—j+ 0 b+iJ)
(a=—i)(b+i—1)jla—b—2i+1)
a—i— 7+ 1)(bti-j)

Ifb+1—7>0 we have

_ (a—ib+i-Dt o o
b, = (a—i—j+1)!(b+i—j)![ (a—i+D)b+i—J)+(b+iMa—i—~j+1)]
(@a—i)l(b+i-1)jla=b-2+1)

(@—i—-j+0)b+i—J)

then there exist two invertible matrices P and Q such that

PBQ=C(a—1.b.k-1)

Therefore using the induction hypothesis we conclude that C(a.b.k) is invertible.
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Chapter 3

Main Results

Notation : Let A be a finite subset of the field F. Recall that if i is a positive integer.

p™ is the cardinality of the set {r € A"4: (" > i}. notice that:
, A
ufh) =0 for :> (hl—ll)/h

because if c € A" A4

RM = |{(a;.....an): a1+ +ap=c a; #a, for i # j}|

h—1

< |{(a1,...,ah_1,c—zai);ai # a; for i # j}|

i=1
_ (AN,
(e
(h) |A] \ (R —1)!
ve 5<h-1) 3

uﬁ"’ < (thll) [k

31

therefore

and
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Theorem 3.1 Let V be a vector space of dimension m over the field F. Let f be a

linear operator on V with minimal polynomial Py. If
2<h<degP;<p
then for all integers t such that
) m
1<t mln((h),deng -h+ 1)
we have:
4 m .

Zdeg (an. (h) -1+ l) >t min (p.h(deg P;—t+1)-h*+ 1)

=1
Theorem 3.2 Let A be a finite subset of the field F. If

2<h <A< p.

then for all integers t such that

1 <t< min (Khi'ﬂl)/h" A=k + 1)

t
S uM > t min (ph(JA] =t +1) ~ h* +1)

1=1

we have:

Proof
Let n = | A| and let f be a diagonal linear operator on F™ whose spectrum is A. Then

Df is diagonal with spectrum A" A, then by using Proposition 2.2 we get:

my(Df) = p™
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and since Df is diagonal:

n .
m;(Df) = deg (an, (h) -1+ l)

and
n= deg P/
therefore
t t
(h) _ n . _ . n
gyi = ;deg (aD/. (h) -1+ 1) t=1,2..... (/z)
and since

then for all integers t satisfying

osen([( )] rore)

we have by using Theorem 3.1

t
Z,uf-h) > tmin (p.h(n —t+1)—h*+ l)

=1
Proof of Theorem 3.1

Let v € V" be such that dim Cj(v) = deg(P;) = n and let B the basis of \"Cr(v)

defined by

B={f")N...Af* " (v) ;0<S v < <V <n-1}

15t§min((rz>,n—h+l)

1<j<t

Let

and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



34

Define

Ziy = (DAFFT )N P 0) A A fH72 ()

Let ¢ = t min(p,h(n —t + 1) — h%? + 1) we shall prove that:

C={&ﬁ1§jgtnggmm@—LMn—th—H”

m

is a linear independent g-set in the vector space A"V of dimension ( ,’l) and use

Theorem 2.2 to conclude that:

(o oo () e oo (1) 1) oo o (7) o)

weakly dominates the t-tuple
(min (p,h(n =t +1) = h* +1) ..., min (p,h(n =t + 1) = k* + 1))

thereby obtaining the result.

In order to prove that C is a linearly independent set we split it into several linearly
independent and pairwise disjoint subsets and prove that the linear span of C is the
direct sum of the linear spans of those subsets. These subsets will be obtained by
grouping together the elements of C with the same weight.

From Theorem 2.5 it is easy to see that the maximum weight of the vectors of C is

A,

(};) +h(t—1)+min(p—1,h(n —t + 1) = h?)

= min((ﬁ) +h(t=1)+p—-1,hn+ (/;) -h2>

and the minimum weight is
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Forr =my,..., M, let S, be the index set of the subset of the elements of C of weight

r. That is:
S, = {(k,j)€Z*xN: suchthat 1<j<t,
. 2 h : _
0 < k£ <min(p-1,h(n—t+1)—h*)and 5 +h(j-1)+k=r}

= {(r—h(j—l)— (2),}) € Z* x N :such that a, < j Sb.-}

4

where
h _(h
a, = max (l. [r—p-{—l— (2) +1, [M} -n+t>
h h
and
_(h

m=mmGJ+r,FW)

We have

.’\r’ t

C= U {Zu: (kj)€S)

=(2)

Claim1: For any fixed r € [(;’),M,], the set {Zi,;: (k.j) € S.} is linearly
independent.

Proof:
Let ¢ = |S,] = b, — a- + 1. We denote by B, the set of those elements of 5 with

weight r.
B, ={f°(v)A...Af"(v) ;08 < <y <n—1and g+ -+ vhoy = 1}
Let 7. be the projection of A*C;(v) onto < B, > along

hn-h24(h
@p@§9<&>
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Apply 7 on Zy ;.

For (k,j) € S, we get:
t(Zi) =Y Bluo—j+ 1L —j+1,....ovaer =+ DfP(0) AL A ()
the sum is over all h-tuples such that
j—1<py< <, <n-1
and
Vot -+t =T
We concluded also that: B(vy—j+ 1,y —j+1,....vho1 —j+1) 0 mod p

We order the elements of {7.(Zx;) : (k.J) € S;} by writing

Y, = Tr(Zrar—14,)

To prove claiml it is sufficient to prove:

Claiml” {y,..... Yq, } is linearly independent.

~

yJ=Z B (VO—j—ar'i'?"yl_j—ar+21"-7yh—l—j_ar+2)fuo(v)/\"'/\‘fuh—x(v)
_j +a,-—2$l/0<"'<l/h-1sn—1
vg trt UL =T

For1<j;<g¢

Proof:

Take r = (}) +uh + d whereu >0 and 0 < d < h -1
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Then

d—p+1
h

I

a, max(l,u+1+[ ],iz+u—n+t+l—5d0>

b, = min(t,u+1)

where d40 is the Kronecker symbol.
wehave h+u—n+t+1—-6p<tthenh+u—38p<n—-1

Take T > Osuch that h+u—34gp+T =n-1
r={(u+1)+(u+2)+--+(u+h-1)+u+d
Since 0 < d < h — 1,we can add it to the first h-1 terms to get:
r=(u+l+d)+u+2+d)+ -+ (u+h=-1+diy)+u
where

1 ifd>h—1
d; = fori=1....,h =1

0 fd<h-—1

Noticethat T+ u+h—14+dssy =h+u—684+T =n-1

Case 1

Ifa, -1 <u-T(h-1)
r=u—-T(h-1)+(u+1+d+T)+(u+2+d2+T)+ - +(u+h=1+dsy +T)
take the following g, h-tuples v = (44,...,v4_,)

v = u—-Th-1)
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I/? = u+l+di+7T

z/g = u+2+dy+T

u,?_, = u+h—=-14+ds 1 +T

vg = u—=T(h-1)+1
vi = u+l+d+T -1

vy = u+2+dy+7T

Vi, = uth-l+dp +T
it = u-Th=-1)+¢ -1
Wl = w4 di + T - (g-—1)

yg'_l = u+2+do+T

Vit = u+h=14di +T
Notice that

vi = u=T(h—-1)+1i
vi = u+l+d+T—i

y; = u+j+d;+7T forall0<i< g —landall2<j<h-1
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and

vi+--+uvi_ =7 for 0<i<gq —1.

Sinceb, —a, <t—(h+u—-n+t+1—=084)=-h—u+n—14+38s=Tthengqg -1<T
Vi=u+l+di+T-i>2u+14+d >2u+l fori=0,...,¢ —1
vi=u—-Th-1)+i<u-Th-1)4¢-1<u-Th-1)+T <u

We conclude then:

vy<wv for 1=0,....¢—1

For the h-tuple with v} > j + a, — 2 the coefficient of y; over the basis vector

FA(e) A .. A f=1(v), by taking £, = j + a, — 2 is:

= Byi—-j—a+2v —j—a+2... v, —j—a +2)

= B(V(‘J - Iu”i - IJ""’U;l—l - IJ)
(vo — ;) (Whoy — ;) 0<q<igh-1

. . h 1 r IR
[la<qaicn (V) — 1) (r — hz, - (2))'nq<lsh—l:q=0 or =t (V] = 1)

(v = ;)1 (Whoy = 7)) (v — 2, (v — z,)!

Take

Cyj) = PZSKIS;;_I(VIO - 0)

(B —z) e (vhy — )

(Notice C'(j) does not depend on 1) and take

(r_hIJ-(g))!l-Iq<l<h—l;q=0m-q=l(”l-"¢l) lf Ui —7.>0
L. = (vg—z;) (v} —2,)! 0 J
] —

0 ifvy—z;<0
We found a submatrix M of the matrix of the coefficients of {y,...,y, } with respect

to the basis B, where M;; = C(j)Lij ,0<t1< g —1and 1<) <g,.
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We prove that the matrix M is invertible. We have

det(M) = C(1)C(2)--- C(gr)det(L)

where
qr gr—1
det(L) = Ha,- H G; det(D)
j=1 =0
and

h
a; = (r—-h(j+a,—2)— (2))?

g = M wi-v
g<i<h=1;9=0 or ¢=1

1 H S S
m lfllo .1‘_,20

D,'J' =
0 ifyy—1,<0

Where 1 < j<¢gand0<:<¢g —1
I/,?_l—l‘,'=u+/l—l+dh_1+T—j—ar+2=n—j—a,+lSn—j<p
W-z, = u+2+d+T-j—a +2
2 u+2+d2+T—Qr"ar+2

= u+2+4+d2+T -6 +1

= (u+1l=b)+do+T+2

and

1<y =l <p forall 2<g<i<h-1
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Therefore C(j) # 0 mod p and well defined for all 1 < 5 < g, then

C(1)C(2)---C(q;) #0 mod p.

03r—(§>—h1j=k<p

therefore a; #0 mod p for all 1 <7 < g,.

lgu,‘—u;_<_n—l<p forallg<!l<h-1;qg=00rg=1

therefore J; 20 modpforall0 < < g —1

1

: t—1
(v~ =2 =z, )! ifrg” —2,20
D,; =

0 if it =z, <0

Where1 < j<g.and 1 <:1< g
Wl-zj=u-Th-1)—a +1+i-j=b+i—j

by taking

b=u-T(h-1)—a, +]

vil—r=u+l+di+T+1-a —-i—j+2=a—-i—j+2

by taking
a=u+1+d+T+1—a
therefore
1 . . .
{a—i—j+2)1((b+i—3)! ifb+i-720
D;; =
0 ifb+1—3<0
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a,b and g, satisfy the condition of Theorem 2.6 indeed:

b>0 because u —T(h—1) > a, — 1
and

b+2(¢-1)<ae0<d+1+Th—-2(q - 1)

and the right hand side inequality is true because h > 2and T > ¢, — 1

a = u+l+di+T+1—a,
= u+T+2+d —a,
= n—-1—-h+dép+2+d, —a,
= n—-1—(h+a —dgp—d; —2)

< p because h+a, —8g—d; —220

Then. the matrix C(a,b,q- — 1) = C is invertible. therefore D is invertible. because

C = PD where P is a diagonal matrix such that P, = (a =7+ 1)l(b+ 1~ 1)!

and
a—-1+1 2 a—¢+1
= u+l+d+T+1—-a,—¢g +1
= (u+1—b,.)+d1+T+1
> 0
Then

0<(a—-i1+1)<a<p
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and

0<b+i—-1<b+g—-1<b+2(¢-1)<a<p

then

(a—i+DI(b+i—-1)!#0 modp foralll <:1< g

We conclude then that {yi,...,y, } are linearly independent.
Case2
Ifa, -1 >u—-Th-1)

then T # 0 because a, < b, <u+1
r=(u+l+d)+(u+2+d)+-+(u+h—1+duy)+u
Take wsuch thata, =1 +u—-w ,0<w < T(h-1)
r=u+(u+l+d)+(u+2+d)+---+(u+h-1+dn)
Since we can add T(h — 1) by adding T to each of the h-1 terms
(u+14+d)(u+2+d),.... (u+h—-1+dysy)

without exceeding n-1,because the maximum termis (u+h—1+dpy +T =n—1)
then we can add all numbers less than or equal to w, because w < T'(h — 1)
¢ =b—a+1<u+l-u-l+w+l=w+ltheng-1<uw

Therefore we can find g, h-tuples (¢4, ...,v5_,) that satisfy
a,—-1<vi<---<vj_;<n~-1 and Vid oty =T
The first coordinate 1f) is defined as
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and

visu+qtditwe;l<g<h—1,081<¢g -1

where wy; is such that 22:'['1 wy; = w — i. Therefore we found a lower triangular

submatrix M of the matrix of the coefficients of {y1, ..., ¥y, } with respect to the basis
B. and det(M) # 0 modp, because all the scalars in the diagonal are different from
0 mod p. In both cases, I proved that {yi,...,y, } are linearly independent.

We have
M

€= 3 (Zki: (kj) € S)
r=(z)
next we prove that this sum is direct.

suppose that
M,

Z Z uijkj =0

r=(}) (k)€ Sr

then

M,
Yo Y ukima(Zi,) =0

r=(?) (k)€ S,

For (k.j) ¢ Sm, the vector Zy; has weight (%) + h(j — 1) + k < M, and thus
7, (Zk;) = 0 then we get

Y. ukmm(Zis) =0
(kvj)e ‘SM,

From claiml’ it follows that u,; = 0 for all (k,J) € Su,.

If we repeat this procedure with 7,, s = M; -1, M, -2,...,= ('2‘) we conclude that

h
u; =0, (k,7)€ S r=(2),---,Mz

then the sum is direct and C is linearly independent which proves Theorem 3.1.
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