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Abstract
A GENERAL POLLARD TYPE RESULT 

FOR RESTRICTED SUMS 

by

ABDELLATIF BELLAHNID 

Advisor: Professor M elvyn B. Nathanson

Let F be an arb itra ry  field. Let p be the characteristic of F in the case of finite 

characteristic and oc if F has characteristic 0. Let A and B be nonem pty finite subsets 

of F. For c € F,  let v c( A , B )  be the cardinality of the set of pairs ( a . 6) such that 

a -r b = c. and /./,(A . B )  the  cardinality of the set of elements c € .-I — B  for which 

uc{.-4. B)  is greater than  or equal to i.

In [6] C'aidiera and Dias Da Silva proved the following theorem:

T h e o r e m  1 Let .4 and B  be finite nonempty subsets o f  F.

Then fo r  t =  1 , 2 , . . . ,  min{p, |.4| +  \B\} we have

^ 2  Pi{A,  B )  >  t m in{p, \A\ +  |£ |  -  /}.
i=i

This result is an extension to an  arb itrary  field of a theorem proved by Pollard, for

F  =  Zp =  Z j p Z .  where p is a prim e number. Notice tha t the case where t =  1 is well

known as Cauchy-Davenport Theorem.
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In [2] Caldiera and Dias D a Silva proved the following results, for restricted sums, 

as an analogue of T heorem l.

Let A be a finite subset o f  F. We denote by A2A  the set

{a +  b | a , 6 6 A  and a 6}.

For c G A2.4, let

//I2* =  - | { ( a . 6) € .42, a ^  b and a +  b =  c}|

and

^ 2) =  |{c<EA2.4 |i/<2 ) > *} |.

Then, for / =  1 , . . . ,  [ | .4 | /2 J .

> 1 min{p.2(|.4| - / ) - ! } .( 2 )

A'
> = i

This lower bound is tight and the equality is a tta ined when A is an arithmetic pro­

gression.

For F  =  Z v and t =  1 we get the Erdos-Heilbronn conjecture.

In this paper I generalize this result to the restricted sum A k A  for 2 <  h < |.4j <  />.
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0.1 Introduction

Let F be an arb itrary  field. Let p be the  characteristic of F in case of finite character­

istic and oo if F has characteristic 0. Given b €  R  we write [6] ([6J) for the smallest 

integer greater than  or equal to b (the greatest integer less than  or equal to b ). For 

a €  N  let [1, a] denote the set {x  €  Ar : 1 <  x <  a}.

Let A be a  finite subset of F. We denote by AhA  the  set

{aj +  V ah | a, e  A  . a, ±  a, f o r  i ±  j }

For c € AhA.  Let v[h  ̂ be the cardinality of the  set of all h-tuples (a i  a /J  of

distinct elements of A such tha t a.\ + ■ — (- ah = c w ithout counting the permutations 

of the elements of the h-tuple. Then

uch) =  TT!{(°1 ah) €  A h. a, f  dj i =£ j ,  a,  H h cih =  c}|
hi

Denote by the cardinality of the set {c € AhA  : > i}

In this paper I prove the  following Theorem  which is a generalization of the Theorem 

proved in [2] for h =  2 by Caldiera and Dias Da Silva.

T h e o r e m  0.1 Let .4 be a finite subset o f  the field F. I f

2 < h < \ A \ <  p.

then f o r  all integers t such that

, \A \  — h + l j1 <  t < min \ A \  ' 
h -  1 I A
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we have

n \h'1 > t m in  (p, /i( |A| — t + 1) — h2 +  l )
i=i

we get the Erdos-Heilbronn conjecture in the  general case for F  =  Z p and t =  1

=  \.\hA\ >  min (p, h\A\  -  h2 +  l )
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Chapter 1

Combinatorial Background

1.1 The Classical Multinomial Ballot Numbers

The standard  basis for R h is the set of vectors {e( e / J .  where

t i  = ( 1 .0 .0 .0 ......... 0)

e2 =  ( 0 . 1 . 0 . 0 ......... 0)

eh =  (0 .0 .0 ........0.1).

The lattice Z h is the subgroup of R h generated by the set {e j e /J .  so Z h is i

set of vectors in R h with integral coordinates. Let

a =  (ao ,a i ,  • • • €  Z h

and

b =  (6q,6i, . .  •, 6 /i-i) € Z h.
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A path  in Z k is a finite sequence of la ttice points

a =  v0, v 1, . . . , v m =  b

such tha t

v_, -  Vj—i €  {el t . . . ,eA }

for j  =  1 , . . . ,  m .  Let V j - i ,  Vj be the  successive points on a  path. We call this a  step 

in the direction e, if

Vj =  Vj_ j +  e,.

The vector a  is called nonnegative vector if a, > 0 for i = 0 ,1  h — 1. We write

a <  b

If b — a is a nonnegative vector.

Let P(a.b)  denote the number of paths from a to b. T he  path function P \ u . b ) is 

translation invariant in the sense that

P(a + c, b +  c) =  P (a .  6)

for all a .b .c  €  Z h. In particular.

P(a.b)  =  P (0 ,6  — a).

The path  function satisfies the boundary conditions

P ( a ,a )  =  1,

and

P{a , 6) >  0 if and only if a < b.
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If a =  v0, v 1}. . . ,  v m =  b is a p a th  with m  >  1, then

v m_i =  b -  e,

for some i =  1 , . . . ,  h, and there  is a unique pa th  from 6 — to b. It follows tha t the 

pa th  counting function P{a,b)  also satisfies the difference equation

P(a,b)  = n£ P ( a , b - e i ).
i=i

Let a < b. For i =  0 . 1 , . . . .  h — 1, every path from a to b contains exactly 6, — a , steps 

in the direction el+1. Let
h- 1

m  =  “  a ‘ ) -  
i = 0

Every path  from a to b has exactly m steps, and the num ber of different paths is the 

multinomial coefficient

( E 'L ' o U - « . ) ) !
P{a.b) =

m!

n.=o (&<-“.)! n  ̂ ( 6, - a j !

1.2 The Strict Multinomial Ballot Numbers

Let h > 2. Suppose th a t  there are h candidates in an election. T he  candidates will 

be labeled by the integers 0 . 1 , . . . ,  h — 1. If m 0 votes have already been cast, and if 

candidate i has received a, votes, then

m o =  ao +  a i +  ’ ' '  +  u/i-i-

We shall call

Vq =  a =  (ao, a i , . . . ,  ah-i)
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the  initial ballot vector. Suppose tha t there  axe m  remaining voters, each of whom 

has one vote, and these votes will be cast sequentially. Let denote the number 

of votes tha t candidate  i has received after k additional votes have been cast. W e  

represent the d istribution of votes a t step k

V f c  =  { v 0 , k , V U k , - - - ' V h - l . k ) -

Then

Uo.jt +  t’if* +  • • • +  Vh-\,k =  k  +  mo

for k =  0 .1 ......... m.. Let

v m =  6 =  (6q .6i ..........6/1- 1)

be the final ballot vector. It follows im mediately from the definition of the ballot 

vectors that

v t - V j t - !  €  { e !  t h }

for k = 1 m. and so

a =  v 0, V i , . . . ,  v m =  6

is a path  in Z h from a to b. Therefore, the  num ber of distinct sequences of m 

votes th a t  can lead from the initial ballot vector a  to the final ballot vector b is the 

multinomial coefficient

( £ ? = * ( * - * ) ) !  m!

nfrftk-a,-)! nfco(<>.-«.)!'
Let v  =  ( r i  i'h) and w =  ( tu i , . . .  ,Wh) be vectors in R h. The vector v  will be

called increasing if

Vl < V2 < • • • < Vh
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and stric tly  increasing if

Ui <  v2 < ■ ■ ■ < l'h- 

Now suppose tha t the initial ballot vector is

a =  (0 , 0, 0 , . . . , 0)

and th a t  the final ballot vector is

b =  (60.61.........bh- 1 )•

Let

m = 60 +  61 +  • • • +  bh-1-

Let B[b0. b i ,  6/1- t )  denote the num ber of ways that m votes can be cast so that

all the k th ballot vectors are nonnegative and increasing. This is the classical h- 

dimensional ballot number. Observe

5 ( 0 , 0 ......... 0) =  L.

and th a t

B(bo,61, . . . , bh-i) > 0

if and only if (60.6 L. . . . .  bh-i)  is a  nonnegative, increasing vector. These boundary 

conditions and the difference equation

h-l
B{b0, b l l . . . , b h - i )  =  I A + i , • • • A - i )

«=o

completely determ ine the  function B(b0, 61, . . . ,  6a_i).

There is an  equivalent combinatorial problem. Suppose th a t  the  initial ballot vector

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



s

is

a* =  ( 0 ,1 , 2 , . . .  ,h  — 1]

and the  final ballot vector is

b =  (60, 6i, . . . ,  bij _ i ).

Let

m
h-l h-l / l \

-  J •

:=0 :=0 V-/

Let fi(6u.6 1 bh- i) denote the num ber of ways tha t m votes can be cast so that

all of the ballot vectors are nonnegative and strictly increasing. We shall call this 

the strict h-dimensional ballot number.

A path Vo. v i  v m in Z h will be called a strictly increasing path if every lattice

point Vk on the path  is strictly increasing. Then 5 (60. 6]  is the number of

strictly increasing paths from a'  to 6 =  (60.6 ]  b^-i )•

The strict h-dimensional ballot numbers satisfy the boundary conditions

5 ( 0 .1 , .  . . . h  -  1) =  1

and

5(6o, b i , . . . .  b h - i ) >  0

if and only if (60,6 i  , 6/,_i) is a nonnegative, stric tly  increasing vector. These

boundary conditions and the difference equation

h-i
B{b0. b i , . . . .  bh—i ) — ^  5 ( 6 o , . . . , 6t_ i ? 6{ 1 , 6t+i , . . . .  6/j_i )

i=0
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completely de te rm ine  5 (6 0, b i , . . . , bh-i).

There is a simple relationship between the  numbers B(b0, 6t , . . . ,  b h - i ) and B(bo.b\    bh-i).

The lattice point

V =  (Vo* V i , ----

is nonnegative and s tr ic tly  increasing if and only if the la ttice  point

v '  =  v  — (0 ,1 ,2  h — 1) =  v  — a '

is nonnegative and increasing. It follows that

a’ = v 0.v i .  v -2 v m =  b

is a path of str ic tly  increasing vectors from a* to b if and only if

0. V[ — a". Vi — a"  b — a'

is a path of increasing vectors from 0 to b — a ' . Thus.

fi(60, 6 i . . . .  A _ i ) =  B{bQ,bx -  1......... 6/,_i -  {h -  1)).

For 1 < i < j  < h,  let H i j  be the hyperplane in R k consisting of all vectors (J-,............r/,)

such that x, =  x. T h e re  are such hyperplanes. A path

a = v 0 . v 1?v 2, . . . , v m =  b

will be called in tersecting if there exists at least one vector on the path  such that 

v k € Hij  for some hyperplane f/,,r

The symmetric group Sh acts on R h as follows. For a  €  Sk and v  =  ( r0. r t  r / i - i ) €

Rh, let
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A path is in tersecting if and only if  there is a  transposition r  =  ( i , j )  €  Sh such that 

TVk =  Vfc for some lattice point v t  on the path.

Let / ( a ,  b) denote  the num ber of intersecting paths from a  to  b. Let J{a,b)  denote 

the num ber of paths  from a  to  b th a t  do not intersect any of the hyperplanes HitJ. 

Then

P[a,  b) =  I  (a, b) +  J (a ,b) .

L e m m a  1.1 Let a be a lattice point in Z h, and let b =  (60,  bh - i ) be a strictly

increasing lattice point in Z h. .4 path from a to b is strictly increasing i f  and only ij 

it intersects none o f  the hyperplanes H t J . and

B{b0 bh- i )  =  J ( a ’ .b).

P r o o f  Let a =  Vo.V! v m = 6  be a path, and let

Vfc =  (t>0.fc.Ui,fc, t’fc-l.fc)

for k = 0 .1  m .  If the path  is stric tly  increasing, then every vector on the path is

strictly increasing, and so the pa th  does not intersect any of the hvperplanes blUJ. 

Conversely, if the path  is not stric tly  increasing, then there exists a greatest integer 

k such th a t  the  la ttice point i’fc_! is not strictly increasing. T hen  1 <  k  <  m .  and

V j , k — 1 S  uj - l , f c - l

for some j  =  l . . . . . / i  — 1. Since the  vector Vfc is strictly increasing, we have

V j - l , k  <  V j<tc -  1.
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Since v*:_i and are successive vectors in a pa th ,  we have

u j - l , i f c - l  <  v j - l , k

and

Vj , k  ~  1  <  U j . A r - l -  

Combining these inequalities, we obtain

V j , k — 1 ^ — ^ j  — l . k  < Vj ' i t  1 fC V j ' k - l -

This implies that

L' j , k - l  —  v j - l . k - l

and so the vector Vk-i  lies on the hyperplane / / , _ i tJ. Therefore, if b is a strictly 

increasing vector, then a path from a to b is stric tly  increasing if and only if it is 

non-intersecting. It follows that J(a .b)  is equal to the number of strictly increasing 

paths from a to b, and J(a ' ,b)  is equal to the  stric t ballot number B(bo 6/1- 1).

L e m m a  1.2 Let a and b be strictly increasing vectors. Then

P ( a a , 6) =  /(era, 6)

fo r  every a  €  5/,. cr ^  id.

P r o o f .  If a is strictly increasing and cr G 5/,, a  ^  id. then a a is not strictly 

increasing, and so every path from aa  to b m ust intersect at least one of the 'hyper­

planes Hitj ,  and so P{cra,b) < I{aa,b) .  and  since / (e ra ,6) <  P(aa.b)  therefore, we 

get the equality.
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L e m m a  1.3 Let a and b be strictly increasing lattice points. Then

T .  s ig n (a ) I (a a ,b )  =  0

P ro o f .  Since a is strictly increasing, it follows tha t there  are hi distinct lattice 

points of the form aa,  where a  €  Sh • and none of these lattice points lies on a 

hvperplane Let Cl be the set of all intersecting paths th a t  start at any one of 

the hi lattice points aa  and end at b. We shall construct an involution from the set 

Q to itself.

Let a  € Sh- and let

aa — v o. v i ........ v m = 6

be a path  tha t intersects at least one of the  hyperplanes. Let k be the least integer 

such th a t  Vfc € H tJ for some i < j .  Then k  > 1 since a is strictly increasing, and 

the hyperplane H ld is uniquely determined since v*. lies on a path. Consider the 

transposition r  =  ( i , j )  6 Sh- Then

r v k =  Vfc 6  H UJ

and

r a a  7̂  aa.

Moreover

r a a  =  r v o . r v ! , . . .  , r v fc =  v fc, Vfc+ l , . . . . v m =  6

is an intersecting path  in Cl from r a a  to  b. For i =  0 , 1 , . . . , A: — 1, none of the 

vectors r v 0. r v i , . . . .  rvfc_! lies on any of the  hyperplanes, and  Hij  is still the unique 

hyperplane containing Vfc. Since r 2 is the  iden tity  perm uta tion  for every transposition
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r ,  it follows tha t if we apply the sam e mapping to this path from r a a  to b. we recover 

the original path  from aa  to b. Thus, this mapping is an involution on the set Cl of 

intersecting paths from the  hi la ttice  points aa  to  b. Moreover, if a  is an even (resp. 

odd) perm utation, th en  an in tersecting pa th  from aa  is sent to  an  intersecting path  

from r a a , where r  is a transposition and so r a  is an odd (resp. even)perm utation. 

Therefore, the num ber of intersecting paths th a t  s tart at even perm utations of a is 

equal to the num ber of intersecting paths tha t s ta r t  at odd perm utations of a, and so

y  I{aa .b)=-  y  l (aa .b ) .
sign(a)=l  • s i gn(o)=- I

This s tatem ent is equivalent to Lem m a 1.3.

[r]r denote the polynomial x ( t  — 1) • • • (x  — r +  1). If 6, and a( i )  are nonnegative 

integers, then

[&i]«r(i) =  6,(6, -  1 ) ( 6 , - (6, - <t(j') + 1)

0 if a( i)  > b,

in [1] the following result was proved:

T h e o r e m  1.1 Let h > 2  and let bo. 6t , . . . ,  bh-ibe integers such that

■ 0 <  60 <  . . .  <  bk-i ■

Then

(bo +  b\ -\ 1- bh-i — (2) ) !  i t
B(6o,i»i **-1) =  ------- . 1 . 1 K "  n
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P ro o f .  Let a* =  ( 0 , 1 , 2 , . . . ,  h — 1) and 6 — (6o, &i, . . . ,  6/1- 1) € Z h. Applying the 

preceding lemmas, we obtain 

B{bo,b i , . . .  ,bh- i )

=  J ( a m,b)

=  P {a ' ,b )  -  I {a ' .b )

=  P{am, b ) +  ^  s ign(a) I{cra ' ,b )
o € S ) , , a ^ i d

= P ( a ’ ,b) +  ^  s i g n { a ) P ( a a ’.b)
o € S h ,<T?td

=  ^ 2  s i g n ( a ) P ( a a ’ .b)

(6(H-------b 6/i-l -  ( f ) ) '
^  Sign(tr)----u h - l f . _ ^ ; n , ------

o £ S h , o a ’ <b lii=0 (6| Cr(0)-

( 6 0  +  • •  • +  b h - i  -  ( j ) ) !  ^  1 f a  !  r ;  1
=   m ~ i E i  2 -  ■Si5” (^)l6oJ<T(0)l6ijff(i) • • • l6/.-tJ<r(/i-n

b o A - ' - 'O h - l -  <,esh.cn'<b

( ° + L V — £  ^ n ( o ' ) [ 60]tr(0)[6 i]<, ( i ) - - - [ 6/l_ 1lff(/l_i)
60'6i! • • • 0/1—1 *

(60 + • • • +  6ft_! — (2))!
60!61!---6 ,_ 1!

1 [60]1 [«0j2

1 [61]! [6,]2

30\h-l

[6l] h-l

1 [6/1- i]i [6/1—1)2 ••• [6fc.il/i-i

n to-bi).
60!6i! • • • 6fc_i! o<i<j<fc—1 

T h e o r e m  1.2 Lef 6 >  2 and let 0 < bQ < bx < . . .  < 6fc_i be integers such that

0 < b 0 < b i  < . . .  < 6/,_i < p

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



15

and

bo +  b\ +  • • • +  bh-i <  f  ,-y |  +  P

Then

B(b0,bu . . . , b h - i )  £  0 (mod p)

Proof: This follows immediately from Theorm 1.1

D e f in i t io n  1.1 Let A H ’ be the h thexterior power o f  V’. Let f  be a linear operator on 

I'. W'e denote by D f  the derivative o f  f  on A H ’, defined by:

h - l

Df ( i ’o A . . .  A i 7 , _ i ) =  Y  L’o A • • • A H - i  A fivj) A H + i  A • • • A
j = o

Vo -  t’i  V h - i  €  V

In [l] the following result was proved:

T h e o r e m  1.3 Let f: be a linear operator on the finite dimensional vector spact i . 

And  let D f : . \H  —> AH"’ be the derivative o f f .  For v0 £  \ .

Define

Vi  =  P ( v o) €  V

fo r  i >  1 and let

W  =  t'0 A • • • A vh- i  €  AH ’

Then fo r  every k  >  0

(.D f ) k( W ) =  ( D f ) k(vo A • • • A Vh- i )

=  Y* B ( i 0, i i ,  • • • ,  ih- i  )t'i0 A • • • A v ih_x
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where the sum is over all integer lattice points (t’o, €  Z h such that

0 <  to <  i'i . •. <  ih-i  ^  k  +  h — 1

and

lo +  ii +  • • • +  ik - i  =  +  k

and where B ( iQJ i  ih-i )  Is the strict h-dimensional ballot number corresponding

to the lattice point (zo- ' i  h - i ) -

P ro o f .  The proof will be by induction on k. For k  = 0. we have

( Df ) ° ( w)  = w

= Vq A i’i A ■ • • A fft-i 

=  B(0.  L.2 h -  l ) t ’o A L’i A • • • A

since f i | (J .1.2 h — 1) =  1. Suppose the result holds for some integer k  > 0. Then

( D f ) k+l (ic)

= D f ( ( D f ) k(w))

= D f  (52 B{i0, i u . . . . i fl- l )vlQ A ••• A r l(1_,)

=  ' jT 'B ( io . i i ........ i h - i ) D j  (u,0 A • • • A Vih_ ^

h-i
= 5Z ^  Iq' ii-? • • • i ih—i ) 5 . (t-’io A • • • A t'iJ_1 A / ( vt j ) A i\J+1 A A i \h_l j

J=0

h-i
=  ^ 2  B(iu. 11........ l h -1) (tho A ”  • A C;J_| A l ' ,^1  A l',j+1 i \ ■■■. '. L\ h_j j

j= 0

=  52 n *0. Ii, • • • • ifc-1 H o  A • • • A i \ h_ , ,

where the last sum is over all integer la ttice points (t'o.ii H i )  € Z h such that

0 < ! O < n < - - - <  ih—i ^  k  +  h
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and  the integer C(z’o , t i ,  • • •, ih - i )  satisfies the  difference equation

h-l
C ( i o ,  *i i  • • • i i h —i ) =  'y B { i 0 , • • • i i j —i i i j  T  i j + h  • • • t i h —i )•

j= 0

This difference equation determines the s tric t h-dimensionai ballot numbers, and so

C(io. i i , . . . ,  i h - i ) =  B ( i a , h  *T-i )•

Therefore, the  result holds in the case k +  1. This completes the induction.
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Chapter 2 

M atrices Controllability and 

Invariant Factors

2.1 Invariant Factors

The following theorem  is proved in [3]. It is called the  R ational Decomposition 

Theorem .

T h e o re m  2.1 Let fb e  a linear operator on a finite-dimensional vector space I ’. Then

exist non-zero vectors  vr in V  with respective f-annihilators p \  pr such

that:

(i) V = C / ( r , ) 0  ■■■^Cj ( vr )

(ii) Pk divides p k - i-  k  =  2------, r .

Furthermore, the integer r  and the annihilators p i , . . .  ,p r are uniquely determined by

(i),(ii), and the fa c t  that no Vk is 0 .

18
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We note that p\ is the m inim al polynomial o f f  and the product f l j  Pi is the charac­

teristic polynomial o f f .  The polynomials p \ , . . .  ,p r are called the invariant factors of

f

In this paper we use P j  to  denote the  m inim al polynom ial of f  and a / , i | . . .  |o />m =  Pj

to denote the invariant factors of f by taking

1 =  p, for i =  1. . . . .  r

and

Q / , m _ 1 +1 = l f o r i  = r + l  m

( so th a t each Q / , ,  divides all subsequent polynomials Q / , 1 + i ......... cv/.m)- For every

v € \ ■ Cf(v)  is the  f-cvclic space of v . i.e

=  ( y ' u ' ) ; ' ^ 2,+)

Let F be an a rb itra ry  field and denote by F  the algebraic closure of F. Let I- #  {0} 

be an m dim ensional vector space over the field F and let f be a linear operato r on \  . 

We use <r(f) to denote th e  spectrum  of f, i.e <r(/) is the  family of the m roots of 

the  characteristic polynom ial of f in F.  Let i be a positive integer. We denote by 

m , ( / )  the  num ber of d istinct roots of  the characteristic polynom ial of f with algebraic 

m ultiplicity greater th an  or equal to i.

N otice tha t m i ( / )  is th e  num ber of d istinct roots of the  characteristic  polynom ial

and for a diagonal linear operato r f

m ,( / )  =  deg(Q/,m_t+i) i  =  1. . . . ,  m
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Indeed, f is diagonal is equivalent th a t

Pj =  ( x  -  c i ) (z  -  c2) • • • ( x  -  cfc) 

where c, i =  1, . . . ,  k  are the distinct eigenvalues of f.

( x  -  Cj )  j Q / tm - , + 1 = *  ( x - C j )  | a / , m _ i + 2  , ( x  -  Cj )  | a / , m _ i + 3  , . . . .  a n d  (x -  c j )  | a / . m

therefore (x — Cj)' divides the characteristic  polynom ial of f, then  c2 has algebraic 

m ultiplicity greater or equal to i.

Conversely, if c, has algebraic m ultip licity  greater or equal to i then (x — c, V 

divides the characteristic  polynomial of f, then

(X Cj) | Gytm j . ( J Cj) | Ct y,m — i-f-2 Cj) I ^/,m — . . . . .  Und 1.1 t  j  ) j O f,ir.

We conclude tha t:

( x  — Cj )  | «=> Cj has algebraic m ultiplicity greater or equal to i

D e f in it io n  2.1 Let a =  ( a i ,  an ) and b = (6t  bn) be two sequence* o f noneya-

tive integers. Denote by {a{___,a„)  and  (6t , ----- 6n) the reordering, in a nonincreasing

way, o f  a and b, respectively. We say that b weakly dominates a and we write a < b

if
k k

^ 2  a, <  ^ 2  b{ k  =  1, . . . .  n
i= i  «'=!

We say that b dominates a and write a ■< b if: a -<b and

n n

I >  = E bit=i !=i
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T h e o r e m  2 .2  Let V  be a finite dimensional vector space over the field F  o f  dimension  

m. Let f  be a linear operator on V. Let be positive integers. I f  there exist

i>i   v t G V  such that

U K M i f t i  r t i )
1=1

is a linearly independent ($! +  ••• +  s t )-set then

( s u . . . , s t ) -< (deg(Q /.m) , . .  . ,d e g ( a ;  ,m —( + 1 ))

For the proof of this Theorem  we need some definitions and  results.

2.2 Controllability and Indices

D e f in it io n  2 .2  Let V \ ,  vt G V and let f  be a linear operator on I*. The subspace

Cf { v l , . . . , v t ) = ( f J(vi ) : j e Z +. i =  l  t )

will be called the generalized f-cyclic subspace associated to t ' i  vt . H e say that the

p a i r ( ( c i  i't). f  ) or the generalized f-cyclic subspace is completely Controllable if:

C f { v i , . . . , v t ) =  V.

D e f in it io n  2 .3  Let f  be a linear operator on V  and let t>i, vt €  \ • .4 basis B of

. . . , t’t ) selected from  { f J[v,) : j  G Z + , i =  is nice i f  it is o f  the form:

t
B = U K / ( » ■ • ) .  f V , ) l

i= l

We say that the nonnegative integers are indices o f  B .
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in [4] the  following result is proved.

P r o p o s i t io n  2.1 Let A be an I x l  matrix and let OiIqoI • • • |q/ be its invariant factors. 

Let m be a positive integer satisfying m  > I. Let 71. . . . ,  7m be monic polynomials over 

F  such that deg{~fi~t2 • • • 7m) =  m  and  71I72I ■ • • \lm-

Then there exist C  E F (Tn-,)x, and D  €  0 such that the m x  m  matrix

A  0 

C D

has invariant factors  71, . . .  - 7m i f  and only i f  7 , |a ,  |7 ,+Tn_/ i =  1. . . . .  /

The next theorem  is proved in [0] corollary 2.2.

T h e o r e m  2 .3  Let V’ be an m -dimensional vector space over the field F. Let f  be a 

linear operator on V’ and let 7 7 , . . . , r ( be positive integers. Then there exist linearly 

independent vectors 17. . . . .  vt such that C/{t .7 , . . . ,  17) is completely controllable, and a

nice basis ofCf { i 7 ........ vt ) with indices 77, . . . .  r t i f  and only if  the following conditions

hold:

Q/,, =  1, 7 =  1 m — t

and

( r u . . . , r t) <  (deg(Q /,m) , . . . ,d e g ( Q /tm_t+i))

T h e o r e m  2 .4  Let V' be an m -dimensional vector space over the field F and let J 

be a linear operator on V'. Let 7 7 , . . . ,77 be positive integers. I f  there exist linearly

independent vectors t7 . . . .  , v t and a nice basis of C/ [  17, . . .  , v t ) with indices 77......... r,.

then

( r i , . . . , r () X (d eg (a /,m) , . . . . d e g (a / ,m—t+ l) )
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P ro o f:

Let U =  Cf ( v i ,  vt ) and let / =  d im U .  Let f u denote the  restriction of f to l \

Clearly, C/U{v i , . . .  , u£) is com pletely C ontrollable and from  Theorem  2.3 we have

■< (deg(a/ttt, ) , . . . ,  d eg (a /u)/_t+1)) (2.1)

By proposition 2.1 we know tha t:

Q/,»iQ/u.i|a /,«'+m-/ 1 =  1, . . . , /

Therefore

I — 1 ' ' ’ j  — 0......... / 1 (-■-)

Taking degrees in ( 2.2 ) we have

£ deg (a /« j-'') <  S des ( Q/-m- ‘) J = 0 ......... 1 ~  1 (2-3)
i=0 1=0

T herefore from ( 2.1). ( 2.3) and since t < I we get:

( r i , . • ■, rt) -< (deg(Q/.m) , . . . .  deg{af  ,m — t+l )) •

P r o o f  of Theorem  2.2:

Let s i , . . . ,  be positive integers and suppose th a t

U{f,./(v,)./2(t'.)....... f - ' M )
i = l

is a linearly  independent (si H (-st)-set. In  o rder to  use Theorem  2.4 we complete

this set to a nice basis of C/ ( v i , . .  - , v t). For each q  € { 1 , . . . let r ,  be the  positive 

integer such th a t

U ( U  r*-l(f,)}
U = 1 /  \«=?+l !
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is a linearly independent (r i 4 b r ,  +  s 9+i +  h St)-set and

/''(»,) e  U ( U ^K /M ./V .)..... f - ' M }

I t ’s obvious, from the definition, th a t

(2 .4 )

We now show th a t

i=i

is a m axim al linearly independent set contained in C/ ( v i ..........vt ). Assume, for a con­

trad iction , th a t for some i 6 {1. • • •, t}  and some r  € A \

/ > it i  ................ j  ■ (2-5 )

W ithout loss of generality we can suppose th a t r is the sm allest integer with thi> 

property. Then

r l (vt ) e  .........

and

using ( 2.4) we get

/ > , )  e  ( u k / m , / 2^ ,  ) . • • • ,  / " ' - ‘ ( f . ) } )

which contradicts ( 2.5). By T heorem  2.4 we conclude th a t

( n , . . . , r . )  X (deg(a/,m) , . . . ,  d e g (a /im_(+1))
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B ut since by construction, we have s,- <  r t , i =  we get from the form er

inequalities

This com pletes the  proof of th e  Theorem  2.2

P r o p o s i t io n  2.2 Given a finite subset A  C F , Let V  be a vector space over F o f

dimension  |.4|. Let f  be a linear operator on V  with spectrum  cr(/) =  .4. Then

m t{ D f )  = n[h) i 6 :V

P r o o f

Suppose .4 =  {ai  , a n }- It is easily derived from the  definitions th a t the spectrum

of Df is the  family:

<j(Df)  =  {a,0 +  a;, +  • • • +  ancI I — < • ■ ■ <  ih- i  ^  =  A ‘.4

then for i € Ar we have

m t( Df )  =  |{x €  A hA  : |{(to. • • • i ifi - i ) : 1 <  ii < • • • <  i/i-i <  «

and a tQ +  a,-, +  • • • +  a ih_, =  j } |  >  /} | =  .

T his com pletes the proof of proposition 2.2

Let f be a linear operator on V' and let v €  V  be such th a t n =  dim  C/{v)  >  2 then:

( v . f ( u ) , . . . ,  / n_1(t’)) is a b ^ is  Cf(v )- assum e th a t n < p.

D e f in it io n  2 .4  Let x  €  AkC/ (v) ,  we define the weight o f  x as the maximal element 

o f  the set

{to +  h ih - i  : 0 <  t0 <  • • • <  ih-1 <  n -  1
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and x  has non zero coefficient o f  f t0{v) A • • • A f lh~'{v)}

T he following results will allow us to evaluate th e  weight of

Zk j  =  (D f ) k ( r l (v) A f j (v)  A • • • A r +h~2(v))

for j  >  1 and k  > 0 .

Take

Vo, = r l ( v)

Vuj =

V2, j  = / J + ‘(f)

V h - i ,  =  f J+h~2[v)

By using Theorem  1.3 we get

Zkj =  E l  B( t'o* i 1..........( h -  1 ) t’lg.j A . . .  A i ih_l,J

Q ^  to ih-i < k  + h — 1

io +  • • • +  i/i-i =  +  A-

Zk,j =  E  . . . .  i h - i ) f 3+io~ l [v) A . . .  A r)

0 ^  j'o <  - - - <  t/i-i ^  A +  // — 1

i'o +  ■ • • 4- f / i - i  =  + k

For j satisfying l < j < t < n  — h + l 

We look for th e  values of k for which we can always find (t0, i i  ih-i )  such tha t:

0 <  i'o <  i'i <  • • • <  ih -i < n  -  j  < p
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io +  • ■ • +  h -1 =  ( J )  +  * < ( k̂ \  + P

Ij =  [0. n -  j ]

A hIj =

hy ) ’h (n ~  1 +  ')  _  1,1 +  (j
=  ( 9 J +  [0, h ( n  -  j  +  1) -  h 2j

Therefore for

0 <  k  <  m in{p — l , h{n  -  t + I) — h ‘ \

We can always find (i0 i h - 1) such th a t:

0 <  i0 < ••• < ih-i < » ~ j  < P

and

io H f ih- i  =  + k < ( ^  +  p

Let / J+,Q_1(r)  A . . . A  /• '+‘h~> ^ e )  be a vector that satisfies

0 <  i0 <  • • • <  i/i-i < k + h -  1

and

io +  • • • +  t/i-i — ( 9 j +  k.

if j  + {t - i  > n  for some / €  [0, A -  1] then A . . .  A /;+ * -«  ~ V )  is a

linear com bination of basis vectors of the  form

/ J0(u) A . . .  A (v)

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



where

0 <  Jo <  j i  <  • • • <  j h - i  < n  -  1

and

jo +  • • • +  j h - i  <  ^ 2 j  + k  + Mj — 1)

It follows th a t Zk j  is a linear com bination of basis vectors

f JO{v) A . . .  A /■"’- ‘(u) such tha t

0 <  j 0 <  • • • <  j h - i  <  n -  1

and

jo +  • • • +  j/i-i <  + k  + h ( j  — 1)

or (inclusive)

J ~  1 < jo < •'' < j/i-i < n  -  I

and

j o  +  ■■■ +  j h - i  =  j  +  k  +  h ( j  — 1)

in the second case the basis vector appears with a coefficient

B{jo ~ j  + 1, ji -  j  + I, ■ ■ •, jh-i  -  j  + 1 ) ^ 0  mod p 

Therefore we deduce the following theorem  

Theorem  2.5 For

1 < j  <t < n - h  + 1

and

0 <  k  <  m in(p  — 1 , h(n  — t +  1) — h2)

R e p ro d u c e d  with p erm iss ion  of  th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



2 9

the weight o f  Zk%] is:

+ k  + h ( j  -  1)

T h e o r e m  2 .6  Let F  and p be as usual, let a, b, k  €  Z + satisfy b + 2k < a < p then 

the (k  +  1) x (k  +  1) matrix over F, C( a , b , k )  =  [c,y] where

(a— j + 2)!(6+«—j)! °  f  J  -  U

0 i f  b +  2 — j  <  0

is invertible

P r o o f  YVe proceed by induction on k.

If k =  0 we have

C (a . 6,0) =  [I]

Assum e now th a t k > 1. Let J be the  (k  +  1) x (Ar +  1) m atrix , with the (/' +  I. /  

entries, i =  1 , k  equal to  1, and the  rem aining entries equal to 0 .

We have

(/*+! -  J ) C{ a , b , k )  =

■ •
1 C\2 . . . ClAr+I

0

B

0

where B  =  (6tJ) is the k  x k  m atrix  whose ( ij) -e n try  is btJ = ~ c UJ+1 +  c,+i,JT 

i , j  =  1, —  , Ar

if b +  i -  j  < 0  both  ctJ+ i and ct+iJ+1 are zero then  btJ =  0 .

i •
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if 6 +  i — j  =  0 then  ct J+ i =  0 and

bij — ct+i,j+i

_  (a — i)l(b + i)\
(a -  i — j) \ {b +  i -  j ) \

_  (a — i)\(b + i — l ) \ j (a — i — j  + I) 
( a - i - j  +  1 )\{b + i -  j ) \

_  (a — i)\[b + i — — b — 2i +  1)
{a -  i - j  + 1)!(6 +  i -  j ) \

If 6 +  i — j  > 0 we have

K =  , (° .,,H ° - <  + i)(l» + - - J )  + (t + ' ) ( ° - ' - J  + :(a - t  -  j  + l )!(6 +  i -  j ) \
(a — i)l(b +  i — 1 )\j(a  — b — 2i +  1)

(a -  i -  j  + 1 )!(6 +  i - j ) l

then there  exist two invertible m atrices P and Q such th a t

P B Q  =  C(a -  1. 6. A- -  1).

Therefore using the induction hypothesis we conclude th a t C (a.b.k) is invertible.
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Chapter 3

Main R esults

Notation : Let A be a finite subset of the field F. Recall th a t if i is a positive 

is the card inality  of th e  set { r  6 A M  : tA/1* >  /}. notice that :

=  0 f o r  i >

because if c € A*.4

h \u(ch) =  |{ ( a i ......... a h): a { + ■ ■ • +  a h = c a, ±  a, f o r  i f  j} |

K - \

<  | { ( a i , . . .  , a fc_ ! , c  — X I  a *)J a* #  aJ f or i ^  j }I

(  i-41

therefore

and

h-l
E
1=1

| ( A - 1)!

r W < ( \a \ y / i - D !
‘ - u - l /  h!

/h

31
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T h e o re m  3 .1  Let V  be a vector space o f  dimension m  over the field F. Let f  be a 

linear operator on V  with m inim al polynomial P j. I f

2 <  h < deg Pj < p

then fo r  all integers t such that

1 <  t <  m in I f ™ j , deg Pj — h +  1

we have:

Y2  deg |o d / .  -  i +  1 j  > t  min (p,/i( deg Pj -  t +  1) -  h'1 +  l)

T h e o re m  3 .2  Let A be a finite subset o f  the field F. I f

2 <  h < | .41 <  p.

then for  all integers t such that

n  '  141  ̂ 1 .1.41 - h  +  l )1 <  t < m in

we have:

— * mzn (P’MI-4| “  * +  1) — h 2 +  l)
i=i

P r o o f

Let n =  |.4| and let f be a diagonal linear operator on F n whose spectrum  is A. Then 

Df is diagonal w ith spectrum  AhA ,  then by using Proposition 2.2 we get:

_m f i D f )  =  p\
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and since D f  is diagonal:

m A D f )  =  deg ^ q D/, ^  -  * +  1

and

n =  deg Pj

therefore

t / . ! * 1 - t  « ! « * ( « / .  ( j - , +  l

and since

then for all integers t satisfying

1 <  t < m in . n — h +  1

we have by using Theorem  3.1

>  t m in (p.  h(n — t +  1) — h 2 +  l)
i=i

P r o o f  of Theorem  3.1 

Let v €  V be such th a t di m Cj{v)  =  d e g (P j) =  n and let B  the basis of \ ULj {r )  

defined by

B =  { / 1/° ( f )  A . . .  A f Uh~x {v) ;0 <  z/q <  ••• <  uh- i  < n -  1}

Let

1 <  t <  m in  , n  — ^ 1 j

and

1 < j < t

R eproduced  with perm ission o f the copyright owner. Further reproduction prohibited without perm ission.



34

Define

Z k j  =  (D f ) k { f i - \ v ) A f j (v)  A • • • A f +k- 2(v))

Let q = t m in(p, h(n  -  t +  1) -  h2 +  1) we shall prove tha t:

C =  [ Z kj : 1 <  j  < t, 0 <  k <  m in(p  -  l , / i (n  -  t +  1) -  /z2)}

is a  linear independent q-set in the  vector space A hV  of dim ension and use

Theorem  2.2 to conclude th a t:

(deg  ( Q d ;. ( ” ) )  -deg ( QD/. (™ ) -  l )  deg ( a D /. (™ ) -  ( +  l ) )

weakly dom inates the t-tuple

(m in (p, h{n -  t +  1) -  h 2 + l )  , mi n (p, h(n  -  t + 1) -  h 1 +  l) j

thereby obtaining the result.

In order to  prove th a t C is a  linearly independent set we split it into several linearly 

independent and pairwise disjoint subsets and  prove that  the linear span of C is the 

d irect sum  of the linear spans of those subsets. These subsets will be obtained by 

grouping together the elem ents of C w ith th e  sam e weight.

From Theorem  2.5 it is easy to  see th a t th e  m axim um  weight of the  vectors of C is

Af t =  ( ^ j  + h(t  -  1) +  m in(p -  l , h ( n  -  t +  1) -  h 2)

=  m in — 1) + p -  1,/m  +  ^  -  / r j

and  th e  m inim um  weight is

m t =

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



35

For r  =  m t, . . . ,  M t let S r be the index set of the subset o f the  elem ents of C of weight 

r. T h a t is:

S r =  €  Z + x N  : such th a t 1 <  j  < t ,

0 <  k  <  m in(p — 1, h(n — t +  1) — h2) and  +  h ( j  — 1) +  k  =  r}

=  |  — h( j  — 1) -  ^  j  , j j  €  Z + x Ar : such th a t ar < j  < 6r |

where

ar =  m ax 1. +  1,
+  * > - ( } )

-  n + t

and

6r =  min t, 1 + - 0

We have
M t

C = U (fc.j) 6 
" (!)

C la im l :  For any fixed r  € , the set {Zk,j ' { k . j )  €  <Sr } is linearly

independent.

P ro o f :

Let qr =  |«Sr j =  br — ar +  1. We denote by B r th e  set of those elem ents of B with 

weight r.

B r =  { f u°[v)  A . . .  A f Uh~l (v) ; 0 <  i/0 <  ■ ■ ■ <  Vh-i < n - l  and  1/0 + ----- b Vh-i =  r}

Let 7rr be th e  projection of AhC /(v )  onto <  Br >  along

fcn-Aa+ ($ )
^=(5),J^ r < B s >
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Apply 7iv on Zkj .

For (k,  j )  €  S r we get:

the sum is over all h-tuples such th a t

j  — 1 < uo < ■ ■ ■ < Vh-i <  n — 1

and

t'o +  * "  +  J'/i- 1 =  r -

We concluded also th a t: B(i/0 — j +  1, v\ — j  +  1 , . . . ,  Vh-1 ~  j  +  1) ^  0 mod p 

We order the elements of {~r(Z k ,j) : (k . j ) € <Sr } by writing

Uj =  "̂r (^k,ar — i+J )

J =  1 <lr

To prove c la im l  it is sufficient to prove:

C la im l’: { y i  yqr} is linearly independent.

yj = '$2 B  (vq — j  — ar +  2, i/i — j  — ar +  2 , . . . ,  i>h-1 — j  — ar + 2 ) / 1'0(u) A . . .  A f l/h~x ( v

j  + ar -  2 < v0 < ■ ■ ■ < Vh-i <  n -  1

ISq +  • • • +  l/h-l — r

For 1 <  j  < qr

P ro o f :

Take r  =  +  uh  +  d  where u > 0 and  0 <  d < h — 1
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Then

d — p +  1 ,h  + u — n + t + 1 — 8iar =  m ax ^1, u +  1 4- 

br =  mi n ( f , u  +  l)

where 8do is the Kronecker symbol.

we have h + u — n +  t +  1 — Sdo < t then  h + u — Sdo < n  — 1 

Take T  > 0 such th a t h + u — Sdo + T  = n — 1

do

=  (u - f  1) +  (u -h 2) +  ••• +  (u +  /i — 1) +  u  -Ft/

Since Q < d < h — l,w e can add it to  th e  first h-1 term s to  get:

=  (u +  1 t  <li) + fu 2 +  ^2 ) "!• • • + ( u + /i l + d ^ _ i )  +  u

where

di =
1 if d >  h — i

0 if d <  h — i

f o r  i =  1___   h — 1

Notice th a t T  + u + h — 1 +  dh-i = h +  u — 8do + T  =  n — 1

C a s e  1

If a r -  1 <  u - T [ h  -  1)

r  = u — T( h  — l ) - f ( u  +  l +  d i - f 7 ' ) - f - ( u + 2  +  d2 +  7’)- | - - - -  +  (u-i-/z — 1 +  d^-i  +  T )

take th e  following qr h-tuples 1/  =  (u'c, v lh_ r

i/q = u — T ( h  — 1)
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1/ 1 =  u + I + di +  T

v® ~  n *F 2 -F +  T

^ _ i  =  u + h — 1 +  < ^ -i +  T

Uq = u -  T{h -  1) +  1

uj =  u + I + cli + T  — 1

v  2 =  u +  2 +  d.2 +  T

ujl_ l = u +  h — 1 +  d h - i  +  7

j# - 1 = u - r ( / i - i )  + 9r- i

u\r 1 =  U +  l +  c / i + T  — (c/r — 1)

u\r 1 =  u +  2 +  ^2 +  T

~  u + h — 1 +  rf/i-i +  T

Notice th a t

i/‘ =  u - T ( h - l ) + i  

u\ =  ti +  1 +  d\  +  T  — i

i/j = u +  j  +  dj +  T  f o r  all 0 <  i < qr — 1 and all  2 <  j  <  A —
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and

i/'Q + ---- h u ,h_ 1 = r  f o r  0 < i < qr -  1.

Since br — ar < t — ( h + u  — n + t +  l — 8do) =  — h — u + n — l + Sdo = T  then qr — 1 <  T

i/[ = u + l + d i + T  — i > u + I + di >  u +  1 f o r  i =  0 , . . . ,  qr — 1

v'Q =  u — T ( h  — 1) +  i < u — T ( h  — l) + qr — l < u  — T ( h  — 1) +  T  < u

We conclude then:

< u\ f o r  1 =  0 , ----- qr — 1

For the h -tup le  wi th i/q > j  +  ar — 2 the coefficient of y3 over the basis vector

/"»(i’) A . . .  A f ‘/'h- l { v ), by taking x 3 =  j  +  ar -  2 is:

=  B { uq — j  — ar + 2 . v [ - j - a r + 2 , . . . , u ,h_ l - j - a r + 2)

=  B{U1Q -  Xj,l/ \  -  Xj . .  -  Xj)

(r  -  h x j -  (j))! _
=  — — -----------— -------  ]7  (u; -  )

(14 -  Xj)!' '  • M - i  "  *;)! 0<,<i<fc-i "

_  n 2<?< K .- l ( W ~ ^ )  (r — ^ X-> ~ (2))' ri(?<K/i-l;q=0 ur q=\(Uj ~ U’,)

{ v l7 ~  “  X j ) !  ( " 0  ~  -  * j ) !

Take

p ,  _  I W k a - i K  ~  r f )
3 ~  K  — ^ j ) !  - ■ • ( ^ ° _ i  - X j ) l  

(Notice C{ j )  does not depend on i) and take

(r —Ajj ~ ( 2  ) )• rio<l</i —l;a=0 or a=l -r , _  >  q
(.tf-Xj )!(*{-*,)! 11 U0  X J '  u

0 if £/q — x j <  ̂
£«j =

We found a submatrix M of the matrix of the coefficients of {t/i,. . . ,  yRr} with respect 

to the basis B r where MtJ =  C ( j )L i j  , 0 <  i < qr — 1 and 1 < j  < q r-
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We prove tha t the m atrix  M is invertible. We have

det(M ) =  C{\ )C{2)  ■ ■ ■ C( qr) det(Z )

where

and

det (L)  =  I I  & det(I> )
j=l i=0

a t =  ( r  -  A(J +  “ r -  2 ) -  ^  1 1'

a = n
q<l<h—l\q=0 or 9 = 1

Da =
T-t r}r~, jj if 1/q — X ,  > 0

0 if V Q —  X j  <  0

W here 1 < j  < qr and 0 <  i < qr -  1

vf}_l — Xj = u + h — 1 +  dh~\ -f- T  — j  — ar + 2 — n — j  —

v° — Xj = u +  2 +  d2 +  T  — j  — ar +  2

>  u +  2 +  d2 +  T  — qr — ar + 2

= u + 2 + d2 + T  — br + I

= (u + 1 — 6r ) +  d2 + T  +  2

>  1

and

1 <  uf — u° < p f o r  all 2 <  q < I < h — 1

4 0

+  1 <  n -  j  <  p
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Therefore C( j )  ^  0 m od p and well defined for all 1 <  j  < qr , then 

C ( 1)C (2) • • -C(qr) ^  0 m od p.

0 <  r  — I I — h i j  = k < p

therefore Qj ^  0 m od p  for all 1 <  j  < qr.

1 < vj — ^  < n — 1 < p f o r  all  q < I <  h — 1; q =  0 or q =  1

therefore ^  0 m od p for all 0 <  i <  qr — 1

0 if i/q — Xj < Q

W here 1 <  j  < qr and  1 <  i < qr

v f 1 -  X j  =  u -  T{h -  1) -  ar +  1 +  i -  j  = b + i -  j

by taking

b = u — T ( h  — 1) — ar +  1

u[ 1 — Xj =  u  +  1 +  di  +  T  +  1 — ar — i — j  +  2 =  a — i — j  +

by taking

a =  u +  l + d i + ! r + l  — ar

therefore

Dij  =
(a—<—j+2)!((6-H—j)! ^  ^ Z ^ -  0

0 if b +  i — j  < 0
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a,b  and  qr satisfy the  condition of T heorem  2.6 indeed:

b >  0 because u  — T ( h  — 1) >  ar — 1

and

6 +  2(qr - l ) < a & Q < ( h  + l + T h - 2 { q r -  1) 

and the  right hand side inequality is tru e  because h > 2 and T  > qr — 1

a — u +  l +  d j d ' T ' - b l  — or 

=  u +  T  +  2 +  d\ — ar

=  n — 1 — h +  5d0 +  2 +  d\ — ar

= n -  1 -  (h +  a,. -  -  di -  2 )

< p because h + ar — SdQ — d\ — 2 > 0

Then, the m a trix  C ( a ,6, qr — 1) =  C  is invertible, therefore D is invertible, because 

C  =  P D  w here P is a diagonal m a trix  such th a t Plt =  (a —i +  1)!(6 + i — 1)! 

and

a — z +  1 >  a — qr +  1

=  ■it +  l +  t / i + T ' + l  — or — qr + l  

=  (u +  1 — 6r ) +  d\ +  T  +  1 

>  0

Then

0 <  (a — i +  1) <  a <  p
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and

0 < b  + i — l < b  + qr — l < b  +  2 (qr -  1) <  a < p

then

(a -  i + 1)!(6 +  i — 1)! ^  0 m od p f o r  all 1 <  i < qr

We conclude then th a t {t / i , . . . ,  yqr} are linearly  independent.

C ase2  

If ar — 1 > u — T{h  — 1)

then 0 because ar <  br <  u +  1

r = (u + I + d\) + (u + 2 + di) + (u + h — 1 +  d h - \ ) +  u

Take w such th a t ar =  1 +  u — w , 0 <  w < T{h  — 1)

r = u + (u + I + di) + (u + 2 + d2 ) + ••• + (u + h — I + d ^ - i )

Since we can add T( h  — 1) by adding T  to each of the h-1 term s

(u -+■ 1 +  di).  (u +  2 -(- c/2) , . . . .  (u +  h — 1 +  1)

w ithout exceeding n -1,because the m axim um  te rm  is (u +  h — 1 +  dk-i  +  T  = n — 1)

then we can add all num bers less than  or equal to  w , because u' <  T (h  — 1) 

qr =  br -  ar +  1 <  u +  1 -  u -  1 +  w  +  1 =  w +  1 then  qr -  1 < w 

Therefore we can find qr h-tuples (uq, . ^ - 1 ) th a t satisfy

ar -  1 <  u\ < ■ ■ • <  <  n  -  1 and  v'0 H +  =  r

T he first coordinate j/q is defined as

i/q =  u — (w  — i) =  (i +  1) +  ar — 2 0 <  i < qr — 1
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and

v'q =  u +  q + dq +  w qi ; 1 <  q < h -  1 ,0  <  i < qr -  1

where u;,, is such th a t 5Zj=i_1 wqi = w — i. Therefore we found a  lower triangu lar 

subm atrix  M of the  m a trix  of the coefficients of {t / i , . . . ,  yqr} w ith  respect to  th e  basis 

Br and de t ( M)  ^  0 m odp, because all th e  scalaxs in the diagonal are different from 

0 m od p. In both  cases, I proved th a t { t / i , . . .  , y qr} are linearly independent.

We have
Mi

(C) = Y. ■ (k-i) e s -)
H t )

next we prove th a t this sum  is direct.

suppose th a t

then

Mi
Y  E  = °

™(J) (Me A

y i  y~! uk^M i  (Z k j) = o
r=(5) (M 6 Sr

For (k . j ) £ Sm, th e  vector Zkj has weight Q) +  h [j — I) + k  < M t and thus 

it Mi (Zk j ) =  0 then we get

^ 2  Ukj^M,{Zkj)  =  0 
(M e

From c la im l’ it follows th a t Ukj =  0 for all (k , j ) 6  S m , ■

If we repea t this procedure w ith 7TS, s =  M t — 1, Mt — 2 , . . . ,  =  Q ) we conclude tha t

1^ = 0, (k,j) € Sr r = ( ^ J , . . . ,M t

then  th e  sum  is d irect and  C is linearly independent which proves Theorem  3.1.
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