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ABSTRACT

The dynamic response of Timoshenko beams under
transverse impact 1s studied theoretically with parti-
cular emphasis on discontinuities and their propagation.

The standard eigenfunction solution to the finite
simply suppcrted span subjected to a uniform velocity
input is modified by isolating the leading discontinui-
ties into a progressing wave expansion, resulting in
improved convergence properties, Methods are developed
for obtaining the leading reflected discontinuities for
a general mixed boundary value problem involving the
Timoshenko equations.

Asymptotic results for large slenderness ratios
and times are obtained in the vicinity of the wave fronts
by stationary phase and singular perturbation analyses,

Qualitative effects of Maxwell and Kelvin damping
of the spring supports and in the material are shown.

The applicability of the elementary Euler Bernoulli

theory to the analysis of the above problems is discussed.
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CHAPTER 1

INTRODUCTION

l.a Statement of Problem

This dissertation is a theoretical investigation
of the dynamic response cf beams under transverse impact
with particular emphasis on discontinuities and their
propagation., The problem of finite and semi infinite spans
resting on spring and rigid supports is studied in detail.
The transverse impact, suggested by applications in sonic
boom and packaging problems, is imposed in the form of an

initial transverse uniform velocity.

1.b Euler Bernoulli vs Timoshenko Analysis

In the analysis of a finite beam subjected to a trans-
verse impact, a strict treatment using the theory of two
or three dimensional elasticity is complicated by the stress
wave reflections at the boundaries. Approximate models for
describing beam behavior are limited to the elementary
Euler Bernoulli theory and the Timoshenko bending mechanism.
For mixed boundary value problems such as will be
considered in this work, discontinuities arise in the solu-
tion when the initial and boundary data do not satisfy

certain consistency conditions., In the case of a rigidly

supported span subjected to a uniform initial velocity,



this lack of consistency at the boundary produces a discon-
tinuity in the solution for the velocity itself, For spring
supports, this inconsistency is not as acute and will be
shown to produce a continuous solution with a discontinuous
first derivative,

The Euler Bernoulli equation not being hyperbolic, is
inadequate in analyzing these impact and near impact conditions
.as it yields the non physical result that waves of infini-
tesimal wave length and therefore diécontinuities propagate
with infinite velocity. Prescottl showed that this elementary
theory yields satisfactory results only for the lower modes,
and therefore cannot accurately describe the response of
problemé which are greatly influenced by induced disconti-
nuities and their propagation.

The Timoshenko bending mechanism while retaining the
one dimensional nature of the elementary theory, includes
the effects of deformation due to transverse shear and
rotary inertia producing a hyperbolic system of partial
differential equations.

The Timoshenko equations will therefore be used as the
equations governing the dynamic response of the impact

problems considered in the present work.

l.¢ Timoshenko Equations

The response of a non-uniform beam subjected to a
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dynamic lateral loading QJ according to the Timoshenko ben-
ding mechanism is governed by the following four simultaneous

partial differential equations

{1-1)

-

where X is the space coordinate along the beam axis: t is
time; % and ¥ represent the deflection and rotation of a
cross section, positive in the directions shown in figure 1;
? is the density; A is the cross sectional area: Mg iz the
effective area in shear: © and G are the moduli of elasti-
city and rigidity; and T represents the moment of inertia,
The first two equations of (l-1) constitute the rela-
tionships between deformations and internal loadings assuming
plane sections remain plane while the second two describe
rotational and translational eguilibrium of a beam element.
Equations (1-1) may be put in a more convenient form
for analyzing uniform spans by differentiating the first
two equations with respect to time, producing the following

system of first order partial differential equations

(1-2)



where U and @ are the lateral and angular velocities

respectively.

Placing equations (1-2) in non dimensional form yields

Mt . wx - O

C‘Jt e \(‘aMx—V‘—:o
(1-3)

Vt - Uy + (’Q/P\x(,«) =0

U'-t"'\/x-\-CL=O

where x= %/A
t = c2k /A
= WM/eAR
= Dt fie,
V= V/AG
= r/c.
= RA/NsG
and

g B,

Ce *® —LK
' EAMA

Y = A;G

v:s T/A

The parameter ¥ is the ratio of dilatational to shear wave

speeds and Al represents the ratio of length to radius of

gyration of the cross section (slenderness ratio).

All subsequent analyses will be performed on these

non dimensionalized equations,
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Equations (1-3) may be written in the following first order

matrix form

W, + AW, + BY = G (1-4)

where A* and B'are 4x4 matrices with constant coefficients
and C and W are vectors where \W represents the four inde-
pendent variables M,w,V and v,

The hyperbolic structure of equations (1-4) as deter-

mined by the solutions to the characteristic equation
IA*-c. 1| = 0O (1-5)

reveals the equations to be totally hyperbolic with two
modes of wave transmission, having velocities c, =x¥{ and
c, =2l. ¢; and c, represent the velocities of propagation of
dilatational and shear waveé respectively.

For a uniform beam, the Timoshenko equations may also
be expressed as two second order simultaneous partial

differential equations wit* constant coefficients in % and

Y. In non dimensional form they are

L&tt 'L‘Sxx“"\"’x = O (1-6)
War = ¥ = GAF (4, = O

with
M

\

[

- Y /AN
=

The initial conditions representing a uniform velocity

(1-7)

i



are expressed by the following

For system (1-6): y(x,0)=0
¥(x,0)=0
(1-8)
Y, (x,0)=Vo

wt(x,0)=o

For system (1-4): M(x,0)=0
W(x,0)=0

(1-9)
V(x,0)=0

v(x,0)=v,

The boundary conditions for a finite beam impinging

against rigid supports are

For system (1-6):

At x=0 and x=1: y=0
(1-10)
x =0
For system (1-4):
At x=0 and x=1l: M=0
{1-11)
v=0
The case of spring supports for system (1-6) is
given by
At x=0: Y.= O
U= =t =0
At x=1;: Yy = O (1-12)

\ﬁ‘-\»«-«u&==o



where o= iﬁa or «=kY¥' and K is related to the
spring constant s by the formula K= eX®/e1.

The equivalent expressions for system (1-4) require the
following modification: In order to express the condition
of spring supports as a linear combination of the dependent

variables, the auxiliary equation

Ye -V =0 (1-13)

is added to system (1-4), resulting in a system of five

simultaneous equations. The boundary conditions are now

given by S
At x=0: =0
V-oy=0
{1-14)
At x=1: =0
V+ody=0

l.4 bPast Literature

The following summarizes the various approaches that
have been used in analyzing the Timoshenko equations to-
gether with a cross section of the problems solved,

Dengler and Goland2 used Laplace and Fourier transforms
to obtain the solution to an infinite beam subjected to an
impulsive concentrated load. The solution required the
numerical evaluation of the inverse Laplace transform ex-

cept for the non physical case of coincident velocities of
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wave propagation where a closed form solution was obtained,

Similar numerical inversions were used by Boley and
Cha03 in studying the response of semi infinite spans to
a variety of loading conditions such as step functions of
moment and shear,

Zajac4 used various expansions of the Laplace trans-
form of the solution to a semi infinite beam to obtain
term by term inverses with their corresponding regions of
validity.

Leonard and Budiansky5 considered the response of
infinite and semi infinite beams to various loadings.
Eigenfunction expansions were obtained and shown to smooth
over the response in the vicinity of the wave fronts,., Nu-
merical integration along the characteristics and in some
cases closed form solutions were carried out for the case
of equal dilatational and shear wave speeds,

Plass6 developed a numerical integration technique
which accounted for distinct wave speeds and applied it
to the solution of a semi infinite beam,

Chuo and Mortimer7 developed general finite difference
schemes which isolated the propagation of discontinuities
along characteristics. The accuracy of the procedure decrea-
ses with time and becomes laborious when reflections are
involved.

Normal mode solutions were developed by Anderson8 for

finite spans with various boundary conditions applied to
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a simply supported beam subjected to a concentrated loading
at mid span,

The method of stationary phaze was used by Jone59 in
obtaining the response of semi infinite spans sub jected to
point loadings for large times. Asymptotic expressions were
obtained for various regiors of the space-time plane.

To complete this review, it should be mentioned that
the effect of viscous damping mechanisms on the response
of the Timoshenko beam has been studied. Ebner and Billing-
ton® introduced structural damping into the Timoshenko
equations and obtained a steady state solution by means of
numerical integration., Eigenfunction expansions wefe developed
by Panll for finite spans subjected to Kelvin or Maxwell
damping.

A limited amount of experimental work has also been
performed, Odaka and Nakahara12 approximated an impact
condition by dropping an elastic bar on a simply supported
beam. Measurements of strain propagation yielded results
that were in good agreement with the Timoshenko theory
and showed the validity of the elementary theory away from
the impacted area.

In summary, among the computational methods used,
transform techniques generally require numerical inverses,
numerical integration schemes become complicated by boundaries

and yield little insight into the response, and normal mode

solutions do not yield results near wave fronts,
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l.e Difficulties in Numerical Calculations

The lack of reasonable convergence of standard normal
mode solutions of hyperbolic systems in the vicinity of
wave fronts can be directly related to the introduction
of high discontinuities, which in the cases studied in this
dissertation are due to 1nconsistent initial and boundary
data. Their existence 1s easily seen from the dependence
of the convergence of the standard eigenfunction solution
for spring supports developed in section 2.a on the magni-
tude of the spring constant.

The effect of large values of the slenderness ratio
and time proved equally troublesome as they were shown to
yield solutions near the fronts with components of high
oscillations having significant magnitudes. The coupling
of the slenderness ratio and time can be explained through
the interpretation of large 1/r as a stretching of the span,
in effect producing a large time delay between a disturbance

and a fixed point.

1.f Methods of Analysis

A primary consideration in determining the methods of
analysis used in this dissertation was not only to obtain
the actual numerical response of the system but to yield
insight into the nature of this response. While these methods
are applied only to particular mixed boundary value problems

involving the Timoshenko beam-eguations, they may be used
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in analyzing other boundary and 1initial conditions and in
most cases may be generalized to linear one dimensional
hyperbolic systems

In Chapter 2 a standard eigenfunction solution is
obtained for the finite spring supported'span yielding
results for moderate values cof the spring parameter, slender-
ness ratio and time, The effect of Maxwell damping 1s also
shown.

In Chapter 3 a progressing wave form cof solution for
first order hyperbolic initiai value problems is discussed
and shown to be equivalent to the term by term inversion of
the Laurent expansion of the Fourier transform of the solu-
tion. The finite simply supported span 18 reduced to an
initial value problem and 1ts eigenfunction solution modi-
fied by isolating its leading discontinulties into a prog-
ressing wave series, This modification results in a marked
improvement 1in convergence. The effect of Maxwell damping
in the material is shown through the attenuation of the
leading terms in the progressing wave expansion,

Methods for obtaining the reduction from a mixed
boundary value problem to an :initial value problem for the
finite spring parameter are discussed in Chapter 4., One of
these methods is then used to obtain the leading reflected
discontinuities for various boundary conditions,

In Chapter 5 the leading terms of the progressing wave

series for the simply supported span are modified to
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exhibit better behavior for large values of time, This
increases the range of reasonable convergence of the solution
to larger values of time,.

Asymptotic results for large sienderness ratios are
obtained fcr a semi infinite simply supported span in
Chapte: ©. The methods of stationary phase and singular
perturbation are used to obtain results in the vicinity
of the wave fronts. The effect of Maxwell damping on the
shear response is also shown in these regions,

Chapter 7 discusses the applicability of the elementary
Euler Bernoulli theory as a function of the slenderness ratio
and spring parameter.

A discussion of the results and conclusions are given

in Chapter 8,



CHAPTEER 2

SOLUTTON BY ETGENtTINCTTIGN EXPANSION

2.a Linear Spring Suppor-s

The response of a finite spt:ng supp.rted beam sub-
jected to a uniform velcainy irnpat 18 not expeanted to
exhibit high internsity discornt:iriin.es for a moderate
spring parameter o, and 1s therefore obtained by means of
normal modes,

Expressing the Timosherkoe equat:ions 1n their second

order form 1in matrix notation and assuming g=0 yields

where W

1
L
[+1]
=3
o
.
J
{
A
1
k4

W _t? \p’(*___(\,ﬂ’:;\z (\,\)‘,q,\

The above equations wher appl:«-d "o a finite spring
supported span represent a congervative hyperbolic system
and may be analyzed by means of a dual eigenfuncuion expan-

sion. The following eigenvalue problem may be extracted
T = o (22
with the homogeneous boundary conditions

At x=0:-— e = O
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At x=1: \P)( - 0
(ﬂx_k+‘*ddﬁ =

The operator T is self adjoint with respect to the positive

definite inner produ.ct
i -2 5_(+ N |
Wy, Up) = f W, de a A f A rN-%2 [2--4)
(-\)_z) A %\ﬁz R A ( ;) /) VT

which insures an e:renstrurture consisting of real and
positive eigenvalues and orthogenal eigenfunctions

Proposing a solution in the f.gm

_ r2.-5}
C.
and substituting into equaticn 2 2 vyields
” [
A- LA [(‘ = O
& ( RIS 2.6
@#fLP ,Juﬂ Y \C?
Thus A and F>are related by
(4}\_ PZ)()\_ \{;Z..(}l) - (’Q,/Y\)z- r>\ - C;‘ 1:2.. 7 }

Considering solutions representing symmetrin elastic lines,

equation (2-5) yields

L& D% o ﬂ \x-!/z\ e -DLC‘OSPZOL '/2.\ (:2-'8)

¥ = —D \s\n(s (,c ANS /5‘ ja Ja Pz(’x-—\/i’.\

where ¥4, and *p, represent the roots of equation f2-7),

Substitituting expressions {2--8) int¢ {2-3) yields



-D\

15
n Ve
oK cos ple- BN Ml o cos (‘3-/2.-« %i. Ny - D\ = 0
.2--9)
(N-p2) cos pra (n-p) cos pafe V.
which results in the relation
S N
A - Pg"\'&ﬂ (52/2 Jd - [5\+QV\ @\/2 o) .“2_”10:\
- ek [l
and
D= cos fafe "-‘Pi (2117
°N Cospfz  -pt ) )

This yields the eigenfunctions

W ()= Cos A (x-12y =
MR
o %W\P\hﬁ@ﬁ”

7\‘«.” " C—Oiﬁnl/ﬁ
L CES paje COSPalx-R)|
z ':_2-".12)

Pl CO3pBu/2 o
et :cs(s,_/a S [&2“'(1 /?\

where the eigenvalues \_ are obtained from the simultaneous

solution of equations :12- 7"
The eigenvalues,
mentioned,

of v within an interval of W
.

and

being real

"2-1v),

and posit.ve as previously

are numerically determined by 1solating values

. £
, @bta.ning *». and @,L from

equation- (2-7) and using the method of interval halving

on equation (2-16) tc refine the solutiorn.

Given the above orthcogona. eigenfunctions,

(2~1) reduces to solving

o)« 2ty = 0

with initial conditions

equation

(213}



le

i}

0]

$ (o)

§ (o) = (W (v, 0V g () AL (2..14)
(A0, Wi ()

where Ai represents the i'th coefficient of the eigen-

function expansion of the initial velocity

Uy (7(—)0\ = ) . (2-15)
( -
O Y

and may be determined from equations (2-4) and (2-8),

This results in the following expressions

L L v
(Ue (3,0)4 UL ) = ?.\robij,,k snfifz + ij[‘;ngm ('m/a\ [2--16)
and
A Gig, . L
(__;(7‘-\5 _%L(?L\) = '15 (&"'TQ; %\h[ﬁ."\)+ z (&4 ‘/5& '5‘“/5:;\
(‘1.
- ﬂL:-!;“P.'-‘ (/32.; 3w /e Cospu/e i cos frfe S (5\;/2\
1c¢ B ¢ i .
F YT (e o)+ g (s )
wELF: , o
+ {3:_@3_ ( @ =01) (51:/2 cosfZifz ~ @gh COos fei/fe SO /&L/a\\ (2-17
where
-l
E.= (5‘“

B o= = M-pl cos Pl

P SRS Maile
G.= ~- AM-pld cos pile
N fs. cos fai/z

Solving equation (2-13) yields
4 e
Sn,(-t\ = T)-‘,;\-;L AL s\ j?\'\_ n (2--18)

and the total solution to equation {2-1) 1is therefore
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W (x,t)= 2J" Al wi) Sim ek {2-19)

iny

or in component form

% éi.gk At (Cosp (x-v2) A Gocos f, (x vaﬂ‘SW\J%;t (2--20)

-0

v= =

wed

—é"——- B s \
JKLAL(E %hPM%Wﬂ-kFL%hFLHHEﬂSWMBlt f2-21)

Using the relationships

V = Uy -
\ 2
M = “W*x/(”ﬁ\
the corresponding expressions for the shear and moment are

o \2--22)
by i
V= - % \RL A: ( A0 /’;.L(x—‘/z\ N G S (‘JLL(’X.—‘/?,\\ SJALT
and -
. 2--23)

M= -—(*Q »-\ é_ ’)\ - \C,OS/, u—’a\*/b,_t C—OS/\a"L"h\\%mJ—‘t

As shown by equation 2-19) the oircular frequencies
of the beam are the square routs of the eigenvalues.
Figures 2 through 5 show resuits for the moment at
mid span and the shear at the support for various values of
1/r and K. The results have been plotted for non dimen-
sionalized times up to 5, that 1s, the time required for
a shear wave to travel five span iengths. As expected, the
physical quantity exhibiting the pcorest convergence 1is
the shear. Its convergence decreased with 1ncreasing l/r‘t
and K and generally worsened in the vicinity of the shear

wave fronts, These phenomena are discussed in Chapters 3
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and 6,

All calculations were performed for a value of Y=l.47,
which corresponds to a Poisson’'s ratio of .3 and a shear
coefficient (AS/Afiequal to 1.2.

For the infinite spring parameter, 1.e rigid supports,
the eigenstructure simplifies, as the vaiues of ﬁ>reduce
to n%W where n is odd,; the eigenvaiues are given explicitly
by equation (2-7) and the corresponding eigenfunctions re-

duce to

Un(x) = SN A (-t

1 2:-24 )

PV cos o (x-'2)
T

It should be noted at this point that equation (2--7)
yields two eigenvalues for each value of nmw,

The analogous eigenseries solutions for this case
exhibit unsatisfactory convergence and are of dubious
value for values of x and t representing the vicinity of
the wave fronts. This phenomenon is dealt with 1n Chapter

3.

2.b Viscoelastic Supports

The addition of a dissipative force on the linear
spring supports reduces the problem to a non conservative
system, The operator T in this case 1s not self adjoint,
introducing the practical difficulties of complex eigen-

values and non orthogonal eigenfunctions.
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Agsuming a viscoelastic effect on the springs pro-
duced by Maxwell damping, 1 .e, 9=§0+%v, the boundary

conditions become

At x=07: &Px = 0

L:S— %((US«‘ \4’\ ~ %l— (US'.L" \"\ = o

At x=1: Yy = O

Yok (8,3 (4, m0

where ’7{1=2.5'2'.9/\Y;< and 8 1s the fraction of the critical
value of an equivalent rigid span,

These boundary conditions produce eigenfunctions of
similar form to (2-12) where now the éigenvaiues must si-
multaneously satisfy equation (2-7) and the modified equa-

tion

- X : \
oA & 'LRT[,L(&(?\—Z ﬁf\—}s}-\mnﬁf % :,ﬁ.ms&%(;—zp?\\-- “[g;\am% ;
A= - 2

The complex exgehvalues 'XL are obtained from a numerical
double scanning procedure that determines the com?lgx zeros
of equation (2-26) subject to equation (2-7),

The initial data may be expanded 1n terms of the
non orthogonal eigenfunctions gi(xﬁ by means of aﬁFygtem

of simultaneous equations. Propwsing an expansion of the

initial velocity in the form
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(227

N
U (x,0) = X\R = %T Vo Ut (%)

o

-

the complex coefficients b, are determined by solving the

i
following set of N simultaneous equations

’ - 2 i |
(Ym), &0 = LZL (L0 i () (4=t.2...8)  r2.08)

The equivalent time function g{t) satisfying

'C%L(-t\ N %(t\ =0 (2-29)

with
(=0 (2-30)
é{L(O\ = by '
is
A ;
%(t\ = WX, bl Sw YRt {2-.31)

where J&i refers to the positive square root.
The N term eigenfunction solution for viscoelastic spring

supports is therefore

N
Wi = ReZogr b Wi sl e] (232

Figures 6 and 7 show the effect of this damping on
the moment and shear responses. Caiculations were performed

for a value of ©6=,10,
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CHAPTER 3

PROGRESSING WAVE EXPANSION

The dependence of the convergence of the previously
developed eigenfunction series on the spring parameter o
may be attributed to the degree of consistency between the
initial and boundary data,

Consider the Timoshenko equations in their first
order form: In the case of an infinite spring parameter «,
a discrepancy between the imposed boundary conditibn>on v
and its prescribed initial values evaluated at the boundaries
produces a 'first order 1inconsistency', i,e. a discontinuity,
in the solution for the velocity, For finite &, this incon-
sistency occurs in the first derivative of the prescribed
function (V-Ay) and will be shown %o produce a solution
which contains discontinucous first derivatives in the velo-
'ciﬁy and shear with magnitudes proportional to «. It 1s
this lack of smoothness whose intensity 1s proportional to
A, which produces the reduced rates of convergence as the
spring parameter increases.

Courant13

has shown for the nase of first order hyper-
bolic systems that the leading discontinuities may be
isolated in a progressing wave series of generalized func-
tions leaving a remainder with a milder discontinuity, In

this chapter the above method, which employs the fact that

discontinuities in hyperbolic systems are restricted to
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propagate along characteristics, 1is discussed in general

and used to modify the previous analysis.

3.a General Progressing Wave Expansion

Let the vector U(x. t) represent n dependent variables

subject to the initial vaiue problem

LUy = Ay« AUk +BU = 0 (3-1)

with

N
U (x,0) = yia gg”(x\Sy(x\ + R (%) 13.2)

where Ax,At and B are square nxn matrices; gy(x) are n
dimensional vectors of regular functions and S,(x) are
generalized functions having discontinuities at x=0 and

such that

8,60 = Dt O (3-.2)
which exhibits the fact that the generalized functions
Sy (x) are increasingly less singular as v 1ncreases. R(x)
is an n dimensional vector whose highest order singularity

is at most the same order as that of S (x).

N+1
In light of the form of the initial data which produces
singularities on the characterigtic curves(pktx,t)=0,

Courant proposed a solution to «quation (3.1} of the form

)

WA= 2 = g0 B+ Red (5o

V=
wherngk(x,t)=0 are the k characteristic curves passing

through x=0, The generalized functions Sv(qk) are determined
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by the nature of the singularities in the initial data
bleaving the coefficient vectors gvixﬂt) and the remainder
term R(x,t) whose smoothness depends on N to be determined,

The series portion of equation {3-4) 1s called a ’'prog-
ressing wave of degree N' [f this series can be extended
to a convergent series as N-=o it 18 cailed a 'compiete
progressing wave’ and represents the total sclutnion to the
initial value problem The existenze of the soiution in the
above form has been proven by Lndwigl4

In substituting equat.on (3 4) intc equaricr. [3--1}! the
generalized functions may be differert:ated as if they were
-ordinary functions. Reqguiring the resulting coeffirTients
of S,(fk) to vanish independent.y on each‘f X, L iEtonst.

Kk
yields the following recursive relat.onships for each k

A_q" = 0O {3-5)

. {_q’\ A+ A qv‘*\ =0 (V=0,1,. . N~V (3-6)

SelL{g®\+ LiRl=0 (3-7)
where Ak:ckAt+Ax is the characteristic matrix and 1s singular
and of rank {n--1) due to the assumption of distinct charac-

teristics, Define 1¥ and X

to be the left and right null

vectors of ak respectively. That is, {A=0 ard Ar=0L. The

above assumptions imply the independence of the vectors ;k
Due to the singularity of A, the linear system of

equations represented by equations i3--6) determines the

4
vectors g +1 up to modulio r. Therefore let
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g = T r e (3-8)

where the vector hv+l

may be obtained (modulo r) from
equation (3-6) and Gyﬂ'is a sralar multiplier,
Multiplying equation (3-6) by.the left nuli vector

1, and using expression /3-8) yieids

/&\_\,YQ_\: -*\'_}9-\ =0 (v=4,2.. . N1 12..9)

but

ALEr s AN (T, Gy x K (), Yy + BESY  (3.-10)

or

1’4
AL = ALV~ AR @ + AV v €y (3--11)
Using the TAllowing -lemma on differentiaticn along

characteristic curves

- \ -
5. = 3A x {3.-12)

where § . represent the independent variables and the dot

denotes differentiation along the characteristic curve

with respect to a suitable curve parameter, equation (3-11)

becomes

AL(er V= T AL(r\ + T (3-13)
and therefore equation (3-9) results in the ordinary
differential 'transport’' equation governing the deter-

mination of Q'H

T7 + TR~ ALY = 0 3-14)
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The initial data required for the solution of equation
(3~14) for each k, is obtained by resolving the given initial
data along the n characteristic curves passing through

Q(x,o) as follows

[}
v.% - v fa
% q " (%0 = q(y.\ {3--15)
or
“Z X Y L P¥ v . :
— ((T () ¥ + © (x,o\\‘—' o G 13-16

Equations (3~l6) represent a system of linear equations

which owing to the independence of the right nuil vectors

_Ek uniquely determine the initial values ‘yﬂk(x,O)-

Therefore the recursive procedure for determining

the vectors gv’k(x,t) 1s as fcllows: Go’k(

x,t) 1s directly

determined from the transport equation '3:.14) and the reso-

O’Kzoﬂ These

values are then used in equation (3-6) to determine Dl‘k

lution (3-16) since from equation (3.5), h

which determine the initial data and non homogeneous term

of the transport equation whose solution yields Gl'k, etc,
For N gufficiently large, the resulting problem
LIRY = = Swubl{gM) (3.17)

exhibits smooth initial data and a smooth non homogeneity,.

3.b Application to Rigid Supports

To analyze the finite Timoshenko beam subjected to

a uniform velocity input by means of the progressing wave



26

expansion requires the reduction of this mixed boundary
value problem to an initial vaiue problem.

For an infinite spring parameter, i.e, rigid supports,
the consideration of an infinite span with initial velocity
v(x,0) specified as Séfx; where Séfx)=vosgn(x) produces a
solution in which y and 4 are antisymmetrical and symmet -
rical respectively about x=0., This results 1n zero moment
and deflection at x=0 and therefore represents a Cauchy
~initial value problem equivaient to the semi infinite span
with a simple support at x=0, Using the principie of super -
position, the 1initial velocity equivalent to the finite
span of length 1 is expressed by vogéx) where Sotx) is
specified as

e

5,(%) = 1 0<x<1 3.18)
~1 1< x¢ 0
with a periodic extension of period 2.
Having reduced the finite problem to a Cauchy initial
value problem it may now be analyzed by the method of
progressing waves discussed in Section 3.a, The procedure
will be used to isolate the leading discontinuities 1n

M, w, Vand v in a finite progressing wave series of the

form

J' (%, 1)

[

[N} Y-
L2 oes S o

The elements of U'(x,t) representing v and w will then be

o

integrated to obtain the corresponding discontinuities
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in y and ¥ which are denoted by the vector u'. Finally,

the remainder R, which must satisfy the equation

Rie+ TR =-w {3.20)

where W = E,&#ix +wTS£—\ (3--21)

will be obtained by means of the previously developed
eigenstructure.

For convenience, The Timoshenko equations are
reduced to their canonical formﬂ Fxpressing the Timoshenko

equations in matrix form with g=0

We « Ny BW =0 13-22)

where We (M A=(o 10 0] - (0 0 0 o)
w ' o0 G © O-L O

N, oo o0 o¢ oo

L o 0 -t ol \© © oo

Solving the characteristic eguation

\A*- ¢, T\= O (3--23)

yields the four characteristic curvesc?i=x~c1t
(Pl(x,t)=x~ft
,(x, t)=x+¥t
©2 (3-24)
Q3(x, t)=x-t

@4(x,t)=x+t
Calculating the left null vectors of

ck=ck. K1 (3.-25)
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vields

(3-26)

The canonical form is obtained by the change of variables

Uiy = =W (3-27)

which yields the system ¢f equations

ITUe+ TUL+ BU =0 (3-28)
where
U= [YMrw) R=%[o o 1 -4
¥ M- O O -1 LI 504
-V a5 (Y o o
Loe+V | Wy -0 o o
and T = &\QC\&‘(‘.,-‘G‘.,‘L\-&\

This normalization has the effect cf diagonalizing the

characteristic matrices

A= 1- T (3-30)
to form

N = dwag {04 -2t (1), (1)

K= dwq Y2, o 4 (0 0 (0} 3 3

K= dnaq {le -, o 4 -2 )

K= anoq (00,064 2 4 O )



29

The corresponding left and right null vectors are

XK" if_“\-r’ (_%\K-, %zv., EY TR Sw‘] (3--32)
The initial data is now expressed by
U,y = (o] S0 {3-33)
o
Vs
| Ve

which together with equation (3-3) define the complete
set of generalized functions SV(Q), the leading terms of
which are described in Figure 8,

To obtain the first term of the progressing wave
expansion, the initial data for the transport equation

(3-14) is obtained through the resolution

4
o% -
é._ (ot = (O {3-.34)
wal s J
)
Vo
Lo
which yields
ol
-T ('L,o\=i Oy O. Wo, U Y (3-35)

Noting that,thf\-o for all k and the lack of dependence
on x reduces the characteristic curve parameter to time,
the transport equation yields _

Q__‘og. (%, &)= O (3-36)
and therefore

v =10, 0, &, WY (3-37)
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Writing the four column vectors go’k(x,t) as a single

matrix GO, the first term in the progressing wave

expansion has coefficients

= (g L5759 = Y (0 o o ) (3-38)
© o o o
© O A\ O

o o o 1]

b}'k may now be obtained from equations (3-6) and yield
\—-\L(x‘t\-'ﬁ_ weowt ,yh )= Q—_g © o -a %) (3-39)
© o0 -b o
 © O O
O o o O
where a.= (‘(‘-1\'& and ‘S (K‘-»i\'«‘\
Using expressions (3-16) to obtain the initial data
@l'k(xIO) results in

k(x)o\ﬂ \T—ail a‘o(“»—\z\"a.\:(”v-\l., o, o\ {3.-40)

Noting that Q}'k(x,t) are constants, the transport

equations for Y =1 reduce to
") = = PR () (3-41)
and therefore the values of Gl‘k(x,t) are expressed by
&% ()= W] ool e - abfitz et ek | (30 42)

Using equations (3-39) and (3-42), the vectors gl’K(x,t)

are
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&= T , bl o -/ ole ) (3--43)
o oY -z ol
o o -ab@ﬁ*h &)
| o o o obWJS%J

2. K.
In the same manner the vectors g ' ix,t) are determined

to be
Gra BUN] oo et Ret/z ok
= U | od(oww) ) . 2 QA 2 3.44)
< okt adi/z  bet/z
-l ot (ool fIERweay —alo/z
av G -ab/z (waxyﬁ;?hdﬂh

Terminating the progressing wave expansion at this
point results in the smooth part Ri{x.t) having continuous
second derivatives and therefore Liﬁ\having continuous
first derivatives. In calculating %NLﬂgf\ which 1s
required for the determination of the smoota part of the
solution, it was found that considerable simplification
results if the time dependent terms along the diagonal
of G were omitted, This has the effect of not satisfying
the transport equation for ¥ =2, which reduces the order of
smoothness of R while the smoothness of \_{R\ remains
unchanged,

In terms of the physical variables, the resulting
expressions for the leading terms of the progressing wave

expansion of U(x,t) are
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and therefore integrating equaticns 3-46 .

' 1
y'= ~5{(51 (%6405,
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¥ 2O (eEg 2
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(93 I+ G (vELN (S P4 *5) »Y’ﬂ

S, 0650\
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and (3-48)

4iW3i\
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.3--45}

{3-46)

(3-47)

(3--48)

.3-49)

(3--50)
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Equations (3-49) and (3-50) determine the vector w which

when expanded in terms cf the eigenfunctions (2-24) yieids

the solution to equation (3 .20) in the form

o2
R = 2 Sole) wn () 3-51)°

Naodd -
A t — P

where u () = = }( Zoa () v dne (e-TVAT 13-52)

o

and 7 Z.o(x) = O, ueed (3--53)

Lu.-\,u”- )

The total solution to the finite simply supported
span is therefore the sum of U' and K.
Rasults for sh=ar and moment are piotted in Figures

9 through 16 for times up to r=5,

3.c Attenuation of Progressing Waves for Viscous Damping

in the Materiail

To analyzé the eftect of viscous damping in the
material on the progressing wawe form of soiution, the
Maxwell model is studied. For the Kel!vin model, the equa-
tions are no longer hyperboiic.

To obtain the equa:iions for the viscoelastic Timoshernko
beam, the elastic moduii E and C are replaced by their
corresponding viscoelast i operators. For the Maxwell model
this yields the relatijonships

E-= 3Q/2P

: {3--54)
G- Q/2P
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where
P= 3 +a

Q= 26 3g

and 4& is the recipro<al of the stress relaxation time.

(3--55)

Using these relationships in equations (1~1) the

viscoelastic equations in non dimensional form become

My + 2 Mxw, =0

We + Y WM- V =20

Vi v+ aV-or+Wlw =0
Ve - V= O

(3-56)

Note that the principal part of the equations and therefore
the structure of the characteristics remains unchanged.

Transforming to canonical form yields

U+ T U+ BU =0 (3-57)

where U and T are as previously defined and

B = %’ L A 1 -4
A a -4 01
-0 (Y A -a
O - -a A

therefore

B = Fa for all k (3--58)
and the transpori equation (3--14) yields

o+ a0 = - QLW (3-59)

since there is no dependence on x,
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Solving equation (3--59) results in
A\ t \
-zak{ v AT
= e’ {W(x,o\-vf S NN A‘t‘} (3-60)
(]

Equation (3-60} shows the attenuation of the prog--
ressing waves due to Maxwell damping, The limit as A-0
is easily seen to reduce to the elastic case while the
other extreme, i.e. A-~-0, has no reiavant physical meaning.
For example, for V=0, equetion {3--60) yields the

coefficients analogous to (3-38) to be

-30t %At R

&°=a\q%§o\ o, et.e (3-61)

which exhibits the exponential decay associated with

viscoelastic behavior.,

3.d Relation of Progressing Wave Expansion to Fourier

Transform Solution

The progressing wave form of solution may also be
obtained by means of a Fourier transform anaiysis: For
simplicity, this will be shown for the initial value
problem v(x,O)szsgn(x) which is equivalent to the semi
infinite span with a rigid support subjected to an initial
velocity v(x,O)zvo. The method of superposition may then
be used to extend the results to the finite case,

Taking the Fourier transform of the Timoshenko egua-

tions in their second order form
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Hee = Y+ W= 0 (3-62)
Wee = ¥2 e — Y (kﬂ,- $\=0
yields two coupled second order ordinary differential
equations
e FY - Lp¥ =0 (3-63)
(Rx+*7§¢"®$C¢PQ‘¢\=C

with transformed initial conrndit ions

qcP)O\_“ < (AP)O\""' \TJ%KP\O\“' o
C{t(,‘g’o\:‘. -z /L"P

(3--64)
where . _
q ()= [;’k{(x)t\ e Ay
Fled - [Tuwmane A

Proposing a solution to eguations 3..63 which identically

(3--65)

~

satisfies the homogeneous initial conditions on ¥y and ‘&
~ +
= S\ LD ,
py ’%' {3-66)
\p = --l.”«pA%\ﬂ(;.).t.

Substituting equations (3-66) into equations (3--63) yields

-t e (Ml o
= 3-67
'(A)z'V'Y\l’f;ah-@'»-\& _@IV\Z % ( )
Hence PR
A = 33.:6.5. B (3--68)

and W must satisfy

(e V(P - N - U = © (3-69)
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The solution is therefore

q B anot +B, sinw,t
(3-70)

3

~ , 2 o2 L o
Y = ‘Lp{ P—gr' B, st + Ppa" Bg%\nwgt\
where ¢F anad co: (with W'ywi) are the two roots of

equation (3-69),
Applying the initial conditions on‘:(/t and ¥, yields

2

C‘-)\ wl B‘ ”t‘é \I-O
2, .2 (3-71)
pl_wz ?_wa =
W, Wy Ba_ o
whose solution is
2 e
. P -0y
B B - 2.\.\)- W ul_w.a
) o P I( \ l) ‘:3“72)

. oWk
Bl-.' -2V P W, (Wi-w?)

Therefore the transformed sclutions for ¥ and § are

" P ©r Pt
§= 2L poGran SO0 faEEE 0wk (3-73)
~ (g-wd)(P-wz) (P2 W) (-8
V= -2V, m SN Wt Prs (@a-wE| SinWet
Using the transform of equations (1-7)
Q , ~
- - L"P - \P
LS (3--74)
~ , —~ 2
M = Lfb#‘/(WQ\
results in the following expression for the Fourier
transform of the shear and the moment
W, (p=F) W (g 93 (3~75)

p* () DNWE * prioinr) SINWat

V2w
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~ 2 (P (prod N (P~ 08
M= L (U 2 P O, (QFOF) SN WL + ?wz(@,-wl\ wn Wk

The above transformed solutions are all of the form

F (P snwt + Fo(f\snwt (3-76)

or equivalently

\T'o'% (P\( L.Q"C LKJ\'\’.\ v, P\( L.LJ't -LQ‘\:\} (3-77)

which may be rewritten as

W - gYE pet clos(P\L —ipv
-5 \.%F\(P; e e - e \
GOV S AR T 3 (3-78)
o swyy pe -t P SR
+ Fa(p))] & ’ eP - e e \\

Equation (3-69) defines 1w, 1, as branches of a
4 valued algebraic function. The following asymptotic
expressions, valid in the complex p plane, can be derived
either from the explicit solution of equation [3-69) or

by inspection of the equation after division by p4o

MG
'-'\JP-*'E(I;\P-&O(\

('Ql\-\ \
Wa= P — 2(¢x) P * O\-‘n\

(3-.79)

These expressions show that in the cut required to make
the algebraic function single vaiuedlsﬂ the edge to e«
is unessential and therefore &, and W, are analyric outside

a circle CO containing the finite critical points. Hence
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each of the functions Fl(p)eti(q“fp)tf pz(p)eti(%rp)t is

also analytic in p for a fixed t outside CO and can be

represented by a Laurent series. Therefore expression

(3-78) may be expressed in the form

Aol® ot Adld S MO ¢ A -t = (3-80)
ST G € e e T & fgre ARER

ripft *ipt

where the multipliers e and e simply represent
a shift in the (x,t) space., Equation (3--80) may be rewrit-

ten as

Lpe gt ~ -
gi (Q\“ e + R (X (3-81)

Y=\ el
where Cy represent the characteristic velocities.

Inverting term by term yields
19
Né i A () SW’K(vf.-c‘t\ R (D (3-82)
Vao w=n
which may be shown to be identical to the progressing
wave expansion developed in Sertion 3.b as follows: |
The method of progressing waves yields a solution to the

Timoshenko equationsg in the form

J (e, %)= go :i& Egp'k(*-\ (W) + Rl (3-83)

where SO(U?(X”t)) is the highest order singularity appearing
in the solution. The functions U(x,t) being of compact
support for a given t, and having discontinuities of the

type previously described are Fourier transfcrmable. The
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terms in the progressing wave expansion have Fourier trans-
16
forms and therefore so has the remainder BN(x,t), This

transform is expressed by
W& \._?C-v.t A

Qipm= = S q @) e T :\\2“(?,1\  (3-84)

Vo ws\
while the direct Fourier transform approach yielded

AL v.% L?C‘-‘c &.
U (ex) = 2. é_ e T R e (3-85)

= V0 Wl -

To show the identity of expressions {(3-84) and (3-85)

consider their respective equivalent forms

N2 Loty

A “ . L?c‘t A
\:) ?i\ 2 Z C\ ‘{:\e- Z:;\v’u oy %E\N (-t\e (\ \No.\ - (3-—86)

and vro w
AL \,?C. NV. \.?GK
U (e6) = 2.92— N k?\’*‘ A f_ e (o \ (3-87)
Proceding by induction and assuming the terms of equations
(3-86) and (3-87) are identical up to and including /=N-1,

one obtains the relationship
G \.YC.‘_t

:éi_ o ( AhE =%
@ (g7 AT) s R-R (3-88)
which can only be satisfied if

N‘K‘- A\N)‘-

= = (3-89)
o~} ”~
R = K

since E may be shown to be o{(ip)”(N+l))l6 and‘E'is by

defintition of o((ip)"(N+l)).

Hence the identity of the progressing wave series
obtained from the method of Fourier transforms and the series
determined by the direct progressing wave expansion.,

This result is quite remarkable in view of the fact

that a term by term Fourier transformation of a Laurent
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series containing only terms of negative exponents, while
always convergent, may not converge to the transform of

the function represented by the Laurent series. The following
example illustrates this:

Consider the function
i

L3
Pira

(3-90)

in the Fourier transformed space p, where a is a real
constant., Expression (3-90) is analytic outside a circle

cf radius a and may be rewritten as

i i gy
ZQLg P-av P+QLK (3-91)
which yields an inverse transform given by
T ~2Wu\a\
X Wiy e (3-92)

However, the term by term inverse of the Laurent expan-

sion of (3-90) about p=0 which is

A '8
i =N =N
- " - (3"'93)
3 P T -
converges to
» iy -2.'“0.\-‘3
N €53;\u§ e (3-94)

which shows that the term by term inverse of the Laurent
expansion of a function, convergent outside a circle of
finite radius, will not in general be identical to the

inverse directly obtained,
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CHAPTER 4
PROGRESSING WAVE EXPANSIONS FOR GENERAL MIXED

BOUNDARY VALUE PROBLEMS

For the finite span on rigid supports the extension
of the initial data required to convert the mixed boundary
value problem is immediately apparent. In the case of a
finite spring constant or other more general boundary
conditions, however, these extensions are not readily
available. Possible methods for obtaining these functions
which represent reflections of the given initial data are
developed in this Chapter for the semi infinite span which
together with the method of superposition may be used in

the finite case,

4.a Reduction of Mixed Boundary Value Problem to

Initial value Problem

Consider the solution to the semi infinite span with

initial data in the form

SYCRNE = Q' () D) (4-1)

vzo
and sub ject to u linear homogeneous boundary conditijons,
say for example at x=0, to be composed of two parts. The
first part is determined as the solution to an infinite span
sub jected to the given initial data, This represents a

Cauchy initial value problem and will yield a progressing
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wave form of solution

o &

[ ‘,v
@ty 2o 2 9w S, (9 (4-2)
Evaluating equation (4-2) at the proposed boundary x=0
(Figure 17,.,a) and summing over k yields a generalized

function series of the form

GleR: 2. g (S, 1) (4-3)

The second part of the solution is to be taken in the

form

£ M -y
" . .
W (e = VZO ‘ZL %_ (e %) SV(‘Q (%,€) (4-4)
where‘}*is the number of characteristics whose directions
lie in the first quadrant of the (x,t) plane, The coeffi-

K.Y will be determined in the manner similar to

cients f
that for the Cauchy problem (Section 3.a) except that,

instead of using initial conditions for t=0, the initial
values are to be used for x={ {Figure 17.b). Instead of
the resolution of the initial data along characteristics

expressed by (3-17), the values of Gy‘k(ogt) will be

determined from the boundary conditions

B (W o+ Wlox)\ = © (4--5)
where Q is a Mxn operator,
The desired reflection may now be obtained by exten-
ding u''(x,t) back to the negative x axis, that is, evalua-

ting u''(x,t) at t=0.
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The proof of existence of such an extension would
require a proof of convergence of u''(x,t) which is not
attempted in this work.
A second and somewhat more direct method might be
used, Consider an infinite span subjected tc initial data

composed of two parts
= 2o () B0 + 2o A ATy (46
L_L x0)= V’Og x 4 Pz o %(7&\ ©p
where 5, (=x)=8, (x) (~1) (4-7)
and S,(x)=0 x¢0 (4--8)

The first series is the actual data existing on a semi
infinite span while the barred series represents the

unknown extension. Assume the actual initial data to con-
sist of a step input, that is, So(x):H(x), where H(x) is

the Heaviside function. The calculations for the progressing
wave expansion are carried our .n terms of the unknown

vectors '§{ and evaluated at the proposed boundary to yield

™ Ay Ve 'C v e ot
W) 22 g (0 (g, b+ 227 @ ($,et)) (42

Noting that, for the Timoshenko equations sub jected to
initial data which is independent of x,the transport equa-

wd

tion (3-14) allows only polynomial functions of t for g k(x,t)

and therefore

N S«\& (kf\c(o"t\\ = (P+d %m,v. (‘{dc\"‘\\ (4-10)
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the known (unbarred) series in equation (4--9) may be
rearranged to form a progressing wave expansion with
constant coefficients, The required extension may be assu--
med to be of similar form and therefore equation (4“9) may

be expressed by

o = 22 {8 8 (g o0 &S g ey 4V

80 e\

The)A linear homogeneous boundary conditions are again

represented by
Qlu- o)) = © (4-12)

where Q is a uxn matrix. Substituting equation (4-7) into
equation (4-11) and summing over k yields two polynomials

in t. Substituting this result into eguation (4-12) and
equating like coefficients of t (each? ) yields sets of
linear simultaneous equations in the n unknowns éﬁ

which permit (nip) degrees of freedom, These values of é;
may now be used to obtain the .eading terms in the Taylor
expansion of the required reflection, and therefore in the
limit as V-, the function itself. The leading reflected
discontinuities for various boundary conditions are obtained

using this procedure in the following section,

4.b Reflection of Progressing Waves

The discontinuities in the waves reflected from an

imposed boundary condition are characterized by the leading
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terms of the progressing wave expansion. To obtain the order
and magnitude of these reflected discontinuities for various
boundary conditions the method of matching solutions at
the boundary developed in Section 4.a will be used. Results
are obtained for the semi infinite span and their relation
to the finite beam is discussed at the end of the chaptera
As previously discussed, obtaining boundary conditions
in linear homogeneous forms for conditions other than a
simple support may require the addition of auxiliary
equations, For the physical boundary conditions considered

in this chapter, these auxiliary equations take the form

% - =0
- (4-13)
Wi~ 0=0
and when included in the basic eguations (1-3) yield
Yer PY. s FYX=0 (4-14)
where X = (M) Pa2fc Lt 0000 ¥=0 0 o0 0 oo)
L ¥ 000 00 ©o0o-1400o0
\ 0 00-L 00 oo oo o
v O 010 0O O 0 0 000
Y 0O 00000 Ooc o-L00
K% 0 00 0 o O]f 0 -0 0 0o\

These auxiliary equations introduce two additional null
characteristics into the previous family of characteristic

curves, that is,
(?5=x~c5t

Ye=%-Cgt

(4~15)
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with c5=c6=0.

The modified canonical form is

Zx* T+ DL =0 (4-16)
where
Z.= (¥Ma ) D% [0 o L -4 o o)\4-17)
Y M- o o -L L o o
-V Y (W o 0 o o
oV W -fWo o o o
4 o o -4 -\ oo
v L-Upﬁ o o © O
and
T = &ogiV,ﬁV\&;A,o‘o\ (4--18)

with the added characteristic matrices

A¥= Aol 0,-r 4 4 o o)

(4-19)
@
A= Neq §¥,-¥, 1,1, 0 o)
and their associated null vectors
~ -
2= (£ = {0 o o o1 S\
(4-20)

2= (r" - (00 o ©o

To illustrate the procedure the following two
boundary conditions will be considered:
Vertical translation restrained by a linear spring ex-

hibiting Kelvin damping represented by
V = 0\\)3*-\1\!.’ ‘ (4-21)
which in terms of the elements of the vector Z becomes

(’l"\ Z‘(W\ + (Pln\.\\ ZE&\ A ZokZ,}g\ =0 (4--22)
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and angular rotation restrained by a similar torsional

viscoelastic spring represented by

M=—(/5w+ SeN | (4--23)

which becomes

’(“%"'\\LQ\"H%-\\ZF\—zf/Bchto (4-24)

where (K,P) and (1,%) are the spring and damping coefficients
respectively. i

In terms of the six dimensional vector Z, the uniform

velocity input for the semi infinite span is represented by

Z(x,a = [0 S.(0)

o (4-25)
P
o
o
O
where s3 (x)=0 for x<0 {4-26)

while the extended initial data may be given by

Z () * Zial® Sl %5 ;: () - () (4-27)

where g__\q(’u\ = (o ‘\ 2_:’\,(—%: 1 7:(:\ (\L\‘\
o Z:(:\ (,)A (4-—-28)
A Y ARAEH)
o L9
o fm 73
= \ \,Z"“‘ ()}

s:(x)=(-15’s_;(x) (4-29)
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and the subscripts a and r denote the actual and reflected
initial data respectively.

As can be seen from the previous results for the four
dimensional vector U, the first term in the progressing

wave expansion of Z becomes

Z_: (ee\= o “ va(-\\(ﬂ %‘j—((ﬂ’:\\‘u (4--30)
o 222G )

T Dal02) 222 () S, ()
U, S 2280 S

o 220 S
o 22900 .00

Evaluating equation (4-30) at the proposed boundary x=0,
and using relationships (4-26) and (4-29) yields
o o -] N
O
2723 SN
o Sa &)
<
S
Applying the boundary conditions described by equations

(4~22) and (4-24) results in

0%+ () 270 Su(E) = ©

@ (4--32)
= (#9+) 20 SLUe) = ©
which yields
o(3) 0= -
- O\ = ‘L—»\ “0 (4-33)
ZAC:’(:\\) O\_: -

and where the value of the other elements remain arbitrary,

E



50

for simplicity say

o ('&-\ o3y

(= Z . (& (4-34)
2723 2LV = 0
Using calculations analogous to Section 3.b, the second
term of the progressing wave expansion resulting from

initial data (4-28) is obtained as

Z: ()= v [ e Sl - 3 (1 a S > = (0 LSJky)  —+
- (I o\ S\ B LS, ey » 5 AN G Sl

= H (A oo Dol

3O L)

k -

Y S oy TSI () + 3 L2 S e

(3 2 el 2 95w (4-35)
; (1) () - 5 (EN Vo Z2PES0 (U + 2 (NG I D (S (09
~ a2 e 20D () B k) & T NS ()
o200 S (Gl e RN D) & 1) (1&\% (400
-¥ (In? Z.°9\(x\%‘,_(cp-.\+ (O ZOMSHYN 4TS (r e\ D (s

X (0F 2°0 6 000 - 3 Y 2 S (4« TF et S0

where

)
A R %-\m\a{x Yt § 20 & 200\ 20 (4-36)

21U (Y Zcm A= < 2700w 27 e 220\
1 o [ (N 2Pk - 6t 20y - < °‘“m\+1 D
o ({1 2086k = & 2090 - 61 22 P AN )
| 2200 = 220 * 205 ()
=% (UA (220 (W + 228y V+ 20N (3
Evaluating equation (4-35) at x=0 and using equations (4-26)

and (4-29) together with the values ascribed to gi(o) yields
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4 (0\-{-_\: {% (pml (\m" O‘:}I‘:‘\\ SL_\E\ "'[\T’o (Q'Azt\.\a - 'ZA.,- 0\3 S uh\
Uy ( = \‘S‘ () =Tl s S (¢ (4--37)
- Q\D(mv\’- 2 g - 28 W)
Ix (qv-\‘o.\o-’t. %m(-k\
- !:P t»lvxl 1*‘ %\&l&\

L o J

Again applying boundary conditions (4-22) and (4--24) yields

\

C o N2 rza (Vo3 “v-?'-%;\\% =0

(G-vY T (4 Fn (W@ DYENTAN (4-38)

10NN 2 - 20 erg S F IS0 =0
Noting that

S leE\= ¥ () (4-39)

equations (4-38) result in

1=\
\(:\(o\? - A U‘o( "\ M-b\\" (4--40)

\(\ -
o (O) = To (164 (1Y (4 20 (g e
and the other elements of Zr(O) remain arbitrary., BAgain,

for simplicity these are assiyied the following values

29 @ 200

\ (2)

2\ = -2 ()
‘(l’\[ \ = \(G\(D\ o

(4-41)

Physically these degrees of freedom represent the
choices of reflecting the velocity or shear and the moment
or angular velocity as initial data. The above selections
represent reflections of vertical and angular velocities,

It should be noted at this point that the time depen-

dent terms in equations (4-38) cancelled identically. As
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indicated in Section 4.a this will not be the case in
general, requiring the transfer of rthese time dependent
coefficients of order ¥ to the ¥Y+1) terms via the rela-
tionship

Vv P+
)= o ) (4-42)
c]tS (ckv) (y +1)8 ( Kt

thus producing constant cocefficients for each order ¢,

The determination of Z?{o) and Ziio) may be summarized
as follows: The first two terms of the progressing wave
expansions of the required reflections invoive both the
vertical and angular velocities The functions are sketched
in Figure 182 and their reduction in the case of zero
damping in Figure 18,b. These figures reveal a discontinuous
extension of the initial velocity which reduces to a conti-
nuous function for the case of zero damping of the vertical
spring. The magnitude of the discontinuity in its first
derivative is shown to be prowp .t tional to the spring
parameter A and becomes infinite, ~orresponding to a dis-
continuous extension, in the limiting case of a rigid sup-
port.

The extension of the angular velocity is continuous
and exhibits a continuous first derivative tor a zerc value
of torsional spring damping, For finite % this extension
has a discontinuous first derivative which is independent
of o(,[s and'l.,

Having determined the required reflection for a semi
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infinite span, the method of superposition may be used to
obtain the equivalent reflectiocn for a finite beam, The
method however, becomes prohibitively tedious for large
tim;; as the procedures described above for the semi in-
finite span have to be performed for each integer multiple
of the time required for a shear or dilatational wave to

traverse the span, i.e, t=m; t={m, up to the desired

response.
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CHAPTER 5

MODIFIED PROGRESSING WAVES

As discussed in Section 3.4 the expressions for the
Fourier transforme of the physical quantities y,4,V and M-

in the semi infinite span may be expressed in the form

F(8) s ok~ Fa(p)swnw,t (5-1)

where C-Jl and Cdz are the solutions to

(P2 et (¥iph- ot = @I eo™ =0 (5-2)
A Laurent expansion of the above forms for large

values of p revealed that the terms containing the leading

discontinuities have the form

tlpocct
AW/ e

and therefore yield inverses which do not diminish with
time, This introduces numerical difficulties in isolating
these leading discontinuities, as the solution is obtained
as the difference of two large numbers representing the
discontinuous and smooth components, for large times,

By introducing quantities of the form

® TLpeyte
B (5, D/ ) e =

these terms incorporating the discontinuities may be made
to exhibit better behavior for large time, while the
smoothness of the remainder remains unaffected since the

o(p~") does not change.
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5.a Modified Expression for Shear'

Consider the expression representing the Fourier
transform of the shear developed in Section 3.,c

S\Cg‘_gg_ <2%) @Da (¢ &) <) (5-3)

BloR.oR) %\hCJ'*. A v (c,.‘.) (.\31\ [/ O

Equaticn (5-3) may be rewritten in the form

~ O (PRl , UwetHt ofst  —Llortpie ~uivt
N=-1 PRt \ & e -~ e e \

W (3803 N S e A k
* ;%%%E:Bf\(éL e -~ = )
Using the asymptotic expansions of w,and w,for large

(5-4)

values of p expressed by equations (3-79), the following

approximations are obtained

Wi (p% o S N \
PR (O oF) = Zeny S5+ O(3s

s (PL @) A 2
Pt (ol * LN S HY
L“‘J\-*?\ v
=N >

(1 + O (39 (5-5)
P - ¥ de Y EF+ O

= - b Y S - B Ee Y EYS O

(G
&L (Waprt
which reveal the terms of lowest order of (l/p). i.e.

those that lead to the highes: discontinuities, of equation

(5-3) to be of the form

L_ER T L ER oW (5-6)
(-—- iy ~ ?z A ( P e €.
where
_)ﬁ(ﬁ'»—)z

E= ETVE,

Adding and subtracting to equation (5-4) the expres-
sion

tp-ut Rt -ip-ET -yt (5-7)
?z*JJ @. * ?zﬁtﬂ (P
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and inverting yields
Y, \ O (ST T W (R N Lp- B L\:»(-t.-x\
- axrf &
el

LP2(Lt-wd) & R At e
= T o A e
I :w:"af;l S o:\:’l‘ N '\éi’ SQOt)+ e e (3c&n€x»-t\~é\g\‘m\
The two leading discontinuities have thus been isolated
in the integrated term of equation (5-8) which exhibits
exponential decay with time.

The magnitude of the next term (O(l/p3)) is propor-
tional to (l/r)4t2 which shows the dependence of the
magnitude of the remainder of equation (5-4) on l/r and
t., Note therefore, that the basic difficulty of large
values of 1/r and t remains.

A similar modification may be performed for the finite
beam when considered as an infinite span subjected to the

velocity input v(x,0)=v So(x) as defined in Figure 8, The

0
Poisson summation formula will then be used to obtain the
smooth portion of the solution im infinite series form,

The Fourier transform of the solution for the shear in the

finite span is obtained from the method of superposition

and equation (5-3):
ot 2.
~ (g <D e (R0 wm (5-9)
V=12 2. (-‘.\ % PF (cor-coB) v Wk TprioFwl Sinwi\e
M .
The Fourier transform of the progressing waves representing

the two leading discontinuities in this case are expressed

by
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i(\\ %( \ \& N (\? ?z\ -ipt “' " (5-10)

me. 2

Adding and subtracting

Ed»-’ m L?‘E.:t C?t -L.E—E-t -L?"L \ (R (5’11)
(‘h Prakt e - ?:*tz e bt
m!-"
to expression (5-10) yields
é (-pf-Et® Lot (R -BE® gt (pem
P (W oFs &+ il e }e (5-12)
w( BT e -le ~EE ot e
[t ‘?m
~ %‘J,( | o e+ gmar = e

the second series of which, represents the isolation of
the leading discontinuities in terms which decrease with
time, This being established, expression :5--11) is added

and subtracted to the integrand of (5-9) producing

E W, (p% & A

= m__”(‘\\ PHOEDR) DN OL T oAt Sinpt
Q2 (p% ) 28X

roer (RO BNWLT - 9‘ Xt C.OS?'(

lp-B% -p-Et :
» 2—- (=" % PEat et - Wtkcwm

AAAT T ?3 -tt =

Lyﬁ\ (5--13)

The Poisson summation formula states that:

If G(§) is the Fourier transform of F(y),

then

L2-a0
Applying this formula to the first series of equation (5-13)

= Fi- 2 &0 (5-14)

yields the following expression for the shear

o 2
S\h (“zv\z“ ea“\ ean((“ e\ \
\',:b'??g Tt (83 -6F) SN OE ¥ g ‘(e-e“\%\“egn’c
343, - -

\ .
* (et L=Fe enTet - Bt cos Vn‘t‘\\ cosTnx
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’t\M'L‘t\ —'t\‘\*ht\ k ( 5--15 )

-3 ni--.o %(—%cs\ﬂ (n{-"x_—'\:}&-E\ e A (%%n (MM\+E\ e

(o2 2)
where the even terms have been omitted as they represent

modes symmetric about the mid span and the change of

variables n=pAr requires that the new variables O, and

6. satisfy the equation

(vt @2 (" -ei\- (4N e, = ©

(5-16)

The first two terms in the first series of equation
(5-15) represent an alternate form of the eigenfunction
expansion for the shear develioped in Chapter 2: The last
term is the modification required by the isolation of the
leading discontinuities into functions that diminish

exponentially with time as given by the second series,

Equation (5-15) was used to extend the numerical

results for the evaluation of the shear to larger values

of 1/r and t,
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CHAPTER 6

ASYMPTOTIC ANALYSIS

In the previous methods of analysis reasonable convergence
of the series solutions is limited to moderate values of
the slenderness ratio and time. In particular, the conver-
gence of the standard eigenfunction solution worsens in
proportion te the product 1/r t while the magnitudes of

a number of the leading terms in the progressing wave
expansion are proportional to (l/r)zt.

The following asymptotic analyses are performed to
obtain the nature of the response at large values of the
slenderness ratio and time. While the methods employed are
quite génerai, the following results are limited to the

finite and semi infinite simply supported span,

6.2 Method of Stationary Phase

The nature of the shear response in the semi infinite
span in the vicinity of the wave fronts may be obtained
by stationary phase analyses of the Fourier transform of
its solution developed in Chapter 3,

The shear may be expressed in the following form

\/ = \/\“'\/2 (6-—1)
Lwt- Pxﬁ o ~L{oks ?VN
where _ - V.7 % i g ( G(re de- | G.(v\e 1 (6-2)
,‘ ) " Ll o) SN (& t*\u
2w\ | 6ume | ap- faz(?\ vl (6-3)

- W
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@, (P2 w7)

G (P)= Friien (6-4)
N (6-5)

72wl

and ), and W, satisfy the equation

(o%- o (2¢- 2 = Vw0 (6-6)
The integrals (6-2) and 6 -3) have a meaniné as ordinary functions
as can be seen from the following reasoning: The shear V can be
identified with an ordinary function of x with bounded support
(-téx¢t) and piecewlise continuous derivatives, It, therefore,
satisfies sufficient conditicns for the Fourier integral theorem
and can therefore be obtarned as the inverse Fourier transform of
the right hand side of 3./5! Each of the four integrals appearing
in Vl and V2 can be shown rto be convergent, as long as x2~t2#0,
by use of equations (5 -5) and, therefore, equation (6-1) is justified,

Consider the integral
/w W (8) e_dq(ﬁé\p (6-7)

where t 1s large and positive and g(p) is a real function of p.
According to the rethecd of stationary phase, the major contribution
to the integral arises from the values of p in the vicinity of the
stationary pcints of g/p'!. 1 e. whare %-?3(9\:0,, Applying this

criterion to equation ‘6-1) for large times yields
A,

e (O )= 0 (6-8)
()
o 3% = e (6-9)

In the vicinity of the shear wave front x/t¥l and equation
(6-9) reduces to finding the values of p for which
2 = (6-10)

Consider the integral V &), satisfies equation (6-10)

2:
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for large values of |p. The stationary points of the first
integral of V2 occurs for p-.0 while the stationary points
of the second occur for p---», Combining these two integrals
and using the asymptotic expansions for Glip) and GQ(p) de-
veloped in Section 5.a the first approximation reduces V2

to the integral9

f A bvhdﬂ ‘LEE o
where B o= (2 (r2yY (e

Integral (6-11) is tabulated and results in

Ve ¥ - 5°<2 éﬁiim ”A\ [ W RE AN (6-12)

For large values ot (l/r)zt equation (6--1/) is expressed by

\\Ia’:i (n"t(x-—t\&\\m%\n (z JE e -—“/4\ (6-13)
which reveals high oscilavory variations for large 1/r
and t with circular frequencies proportional to 1/r,

The ma jor contribution to v, occurs when,Qﬁ satisfies
equation (6-10), which is attained when ;pi=0/l1/r), This
results in the ratio

vl/VZ = O{tm%) (6-14)
and therefore V, may be neglected for large time.
An analogous procedure may be followed for the region near
the dilatational wave front. For this case (6-9) requires
i—“‘; = %Y (6.15)

whichcol satisfies for large values of |p. Using the same

asymptotic expansion for Gl(p) leads to the following
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asymptotic expression for Vl

TEL letraew LEE (6-16)
\

Vs ® o L (Pep? = e A

where g’ ﬁ%ﬁt (At

Evaluating equation (6-16)
ft-xl2 O (1 - -
Vi Y (e e (57 \\a(\}z Y W ey

which similarly contains high oscillatory variations for

large values of 1l/r.

The integral V2, having no stationary points in this
region, may be shown to be o((t(l/r))“z).

The solutions obtained represent the asymptotic
behavior of the response in the vicinity of the wave fronts
for large times and although developed for the semi infinite
span, equation (6-12) is applicable to the finite case, This
stems from the fact that, as indicated from previous resulte,
for large 1l/r the shegr response in the vicinity of the shear
fronts is dominated by the reaction to the front itself, The
resulting validity of equation (6-12) is shown in Figure 19,

Stationary phase approximations may also be used to
determine the effect of damping in the material on the leading
terms of the progressing wave expansion.

The response of a simply supported finite Timoshenko

beam with Maxwell damping subjected to a uniform velocity
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input has been obtained by Panll us ing an eigenfunction

analysis and results in the foliowing expression for the

shear
% T Q2 -T (6--18)
\/-" Z ‘j nv*@l»\ «\-Q:\fe- %\ﬂ&_ﬂtco‘.’:?ﬁ\'ﬁ(.
LT “
[£:2-%
where A= D~ 1-2 (6-19)

and Y represents the damping parameter previously defined

and ., represent the solutions to

GOt THHEN (I | o2 » 2 (we =0 (6-20)

Using the Poisson summation formula to express equation
(6~18) in integral form and considering oniy anti symmetric

modes results in

' _Ed‘ - L\'w‘ ‘A't LT“E (6"21)
- - L - ﬁLP(K'ﬂ
5 22 (R e,
[C)

which may be rewritten as

~= (6--22)
\ = e‘(Vfﬁ&\
where
S~ e el UTEg- e (k-
= 2wl ?7;} | ~(v\(€'— - e e
o ' & -odE 6-23)
. = A gk ¥ Pl —Liagt-P e ¢
Vs aw 2o [ win(= = We
\pb&\ hiwl
\‘\\(‘?\’ T (9% WS proo
urCQI

\A\z (?\“ mx‘?t* \"‘W(v’-ca’i\"\
and Q%}Jr(u%7qk) represent the roots of equation (6.-20)

with p=nt-.
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The stationary points of V. and Vg for liarge t, occur when

& K=% (6-24)
e (Na t?(‘“{’“\\ =0
or equivalently when
LN it (6--25)
a > -

In the vicinity of a given shear front, for simpli-

city let k=0, equation {6..25) reduces to

\ o (6-26)
= =14

which Qg satisfies for large \§\

In this region

VoY 2 (R
r = P T v N s O (5
(6-27)
\ \ ”
Qn,z‘ v - ("é?’? A E\.i'i.\l-‘s x O@.\;x\

and the first approximation reduces V4 to the integral

: f £ Lo (k) g;? {6 .28)
\/“ - '—f‘_': (=4 <L ,\?

where e (200N (AN (a.»la\;\

Evaluating integral [6-.28) yieids

S (6--29)

Vnﬂz—kc(aj¥hwﬁv'\wAkdi

V¢ has no stationary points in this vicinity and

the resulting contribution of Vg to the shear may be shown

-

to be negligible focr large timesi! and therefore the asym-

ptotic expression for equation
e

V= e Xu (Z\}J&(x—-\:{v\\—x { % =) (6--30)

"6-.18) 1is
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6.b Singular Perturbation

The asymptotic resuits obtained in Section 6.a which
are valid in a lcosely defined vicinity of the wave fronts
are further restricted to large times. The method of
singular perturbation is used ir. this sectior to develop
asymptotic solutions of boundary layer type which are
valid along the entire characteristic curves.

The following analysis is perfcrmed for the semi
infinite span and uses the Timoshenko equations in their

second order form

Yer "W v ¥x=0 (6--31)

€% (W~ =y = O
where & = N 16--32)

The asymptotic behavior of equatiorn (6-31) for smali
values of & represents a prcbiem in singular perturbation
since the zero'th order probzeﬁ 15 of lower crder than
the governing equation. Equartion (6--31) yields a trivial
solution for small &. unless V exhibits large gradients
which may be anticipated between the wave fronts The
following transformation to covrdinates atong the wave
fronts is therefore considered Figure 20),.

- [ 6-.
T = Jea, (- (ven T = -2 (0" (=) (6--33)

Under this transformaticn & =const. and T=const, represent

the dilatational and shear wave fronts and equations (6--31)
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become

-T2 Tz N R S T A A T
ﬁ"t w o b E - (6...34)

€ i-(w‘l\ (Fed gy 4272 € Tt oge Y- L2 7 Ygr iz Ay SN 2O
Consider the behavior of % behind the dliatational wave
fronts As previcusiy destoribed, the method of characteris-
tics reveals that junps in W ard te derivat.ves are limited
to occur across the wave frorte, v & ~herefore assumed
that these large gradie.ts ¢f'-r coour 1 .ns derivatives
exterior to the ¥ ccordinate ax:.s and therefcre a stretch
variabie of the form T=T/&d s requ.red Utiiizing the
previously obtained resu.ts whith exh bited variations with
a circuiar frequency plopocitional to & ar.d the observation
that the number of terms requited tour convergence of the
eigenfunction series soluliung seemns o be proportional
to kle, £f(t) is taken ro pe &

-

Under the streuvch 7:%/¢ equations .6-34) yieid

"2 MBI Mg - N L 2T g g s O (6-35)

e g « €2 T g Frm £ T A T Yo DN W 20

Neglectirg higher crder terms ror derivatives of each

order, the perrurbed equar,..is are -
/ e )
YRR ¢ +\\\"\~T\-g- ~ Y2 & Nen o (6-36)

€F2 T AT wyn « 7 up o (e =0

The solution to equationsg 6 .26) requires the following

data along i’ =0 and T=0:
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Y(E.O) 5 U (5,015 (5,003 Wg(¥,0) 5 (0T (6-37)
Data along T=0 may be obtained from the givern initial
conditions
Y, = (1,0) = e [1,0 =0 5 Yu(n, 0= To ogn %
since the zone between the initial Ltine and the g coor-

dinate axis represerts an undisturbed regicn. The resulting
‘ i

zero'th order data is:

-t
Y(god = (V™ & (6-38)
Yz 0\ = O (6--39)
4 (R o\ =0 (6--40)
WYy (5,0)=0 {6-41)
Ye l5,0=0 (6--42)

To obtain initial vaiues alorng =0 the [eading terms cf

the progressing wave exparnsior are used, The two jeading

terms of equation (3-50) yie.d

A el
V'(o;v\ = by v¢\~vz (6-43)

The region of validity of these terms and therefore
of the initial data (6-43) are cbserved to be 0O/&)
Equations (6-.36) may now be solved together with the
data specified by equations :6-38) thru {6-42} Integrating

equation (6-36) and using condirtions .6.40) and (6-42) yields

.«ﬁ o
%T - 4 ({‘4\-“ é\\’

(6--44)
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Substituting this relationship into the second of equations

(6~36) results in the follcwing partial differential equa-

tion for \b.
e -\
where . a.= ¥ (_Z.Q Viep? (Y‘-»-\\—\

The Laplace transform of equation :6--45) from the T to

the g space yields

g wlre 5

Using the Laplace transform of equation (6-43) to solve
for ©W(q) results in the foilowing expression for the

Laplace transform of ¥

i B &
whose inverse is

W5 e DN 6-48)
where 2= 2 SE%?

Equation (6-44) may now be integrated and together with

condition (6--38) yieid the folicw.ng expression for vy.

\ (- N ‘.
Yl (o8 e + aia € () O 16-49)

Using the relationships
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: ) A

V= u,-% 5 M= 2 /0 (6--50)

the resulting expressicns tci the moment and shear are
G G LN AN E .

M= 2 (m&(‘m' (S0 Wal2)aE (Ge) W) (651

& Sverr (é:'\"z\ \

\Y, (ﬁn‘\ = Y\T\‘i ‘ié Gt (A &"{‘2\) }3‘*(1\ -\v;(mf (Y%\XZ(L\\ 16--52)

Figures 21 and 2z show 1easonabie agreement between the
asymptotic results fcr M and V expressed by equations (6-51)
and (6-52) and the previously obtained sciutions within
the range of validity of the data, By inureasing this
range, the validity of the asymptotic soiution may be
similarly externded For example, this is performed numeri-
cally for €=1/60, by obtaining a polyromiai approximation
for W%Ddt) from the solution evaiuated at x=t . This results
in the following approximatiun for (0, T

G (omy= (€T fa T3 e o) 16:-53)
where o, = oz, Q= - 30 a.® T

k3

and whose Laplace transform 1s expressed by

3 Lol .
- _ ""F" {6--54)
¥ (o9)= 5:\ o -
where b(_ = é,a AL (':."(1\\\.

Using equation (6- 53) as data for equation {6 46) instead

of condition (6-43) yieids
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Q BACH - &% ﬂ
W'(ﬁ‘ﬁ" 2 ﬁLn e, ({6--55)

sy

and therefore

‘\_-» [

' - TeT .
(x,T\= ,é_-b; :\‘g\ \;,,a (2 (6-56)
and
Y Iz & \.~1 | |
S =i T £ S RNTRY PN (6-57)

Substituting equations '6--%6! and (6-.-57! into (6--50)

yields the modified expressions tor shear and moment

3 \\f
V'= au\-\ ( { v (1\\“ zﬁwt a2 \\ (6-58)
&:}"

= -g? §.~(~_\ \y e {\l\ﬂ‘ Y—{\‘<:\)\L,3(‘l’;\*’é Q\\ S,_:\ 1 6--59)

which are similarly plotted in Figures 21 and 22 revealing
the extended range of validity ot the solutions.

A similar analysis of the :esponse in the vicinity
of the shear wave firont may be performed. In this case
however, the resulting equations require data along the

entire T coordinate axis, which are not readily available,
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CHAPTER 7

EULER BERNOULLI THEORY

Although the eiemenrary Euler Bernoulli theory
is unable to correctly desar ibe the respcnse of the fini;e
simply supported span subjected tu a uniform velocity
input, _its applicabiiity to the case of spring supports
is studied in this chapter .

The elementary Euler Bernoulli model! of transverse

bending results in the partial differential equation

(7-1)
%’A)‘-‘LY- * (,Q[,,/‘A\l u:‘{-t = 0

while the initial arnd boundary values equivalent to the
finite spring supported span subjected to a uniform

velocity input are

For t=0: y=0

{7-2)
Y=o
For x=0: Y., =0
XX
(7--3)
Yxxx“dy=0
Forvx=l: Y., =0
xX .. :
{7--4)
yxxx+&y=0

The normal mode sclution to the above mixed boundary

value problem yields the solut.ioni8

. ez | T ¥ (7--5)
'\ﬂ%ﬂ=éi_L%N§ﬁ;Lh%m e £ Ya ()

DY
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where
coshThn (2- %) cos"In.x (7--6)
\1(%\“ cosh 4an/2 * coswRa/a '
- L ‘ . (7-7)
Lot 2l (Tnm a0 <'\'°‘“\“ Pole 4 o \f?:\/a\ '
L2 o«(ﬁl Y
(Y (30, ’K\\ = "2 \(Cosh Uanlz) +(Co‘3 "'Rnlz\ + - l(/ -8)
and the eigenvalues > ave the sclutions to the egquation
2.7 ( >
Yorh Fnfe +daninfe= E57 T o (7-9)
This results in the following expressions for the shear
and moment respectiveliy
< Yxn A  E N AN 0 YAn (2 -wn‘ (7-10)
\/ "/»-W L~ s ("/r\tﬁ Cosh™infz ¥ cos Uiz ’

o Py (SOSNVA(@  cosAnlem) .
M é &’?l"‘» Y\\ Z.Aﬁ S\ﬂ L)’\,\ ti C-O"D\ﬁl**j?\ﬂla - cos “\)7\"\/1 } { 7‘ ll )

nzing
As mentioned in the introduction. previous analyses

have shown the elementary thecry to adequatsely predict
flexural stresses for probliems vhose high frequency
components of solution produce mino; contriburions, The
results obtained from quation {7-11) are consistent with
these findings. Figure 23 reveals reasonable agreement
between the Euler Bernoulii and the Timoshenko theories
for the bending moment with a noti eable decrease in accu-
racy with increasing vaiues of the spring pa.ameter .

. Similar results were obtained for ail other values of 1/r
and & previously considered. Figure 24 shows the lack of

agreement between the resulting sh=ars which was evident

for the full range of 1/r and «.
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CHAPTER &

DISCUSSTON AND TONCLUSIONS

8.a Discussion of Resuits

The mathematicai diff.culties encountered in this
study of the Timoshenko beam sub)er-ted to transverse impact
necessitated the use of various methods of analysis

Assuming convergenne when the jast term represents a
contribution of less than te; percent of rthe solution, the
standard eigenfunct.on expansions for the tinite spring
supborted gspan were found to exhibit reasonable convergence,
e.g. a maximum of 160 terms. for moeoderate vaiues of 1/r, «
and t. In general for fixed o, the <ounvergence worsened in
direct proportion to the product ({/r)t. Fesuits for shear
were obtained for values of (/r. A ard t exterding to 60,

10 and 5 respectively Thig range was signifs;cantly—larger
for the bending moment and res . ts were obtainable for
values of 1/r extending to 2¢0. or for times up to 15 for
an 1/r ratio of 60.

Using the same convergernce <riterion. rhe eigenfun-
ction solution for the simply supported span togecther with
the finite progressing wave expansion yieided results up
to a value of (l/r!t approximately equail tc 250 for the
shear and 1200 for the bending moment A significant adverse
effect on the convergence of the shear was observed for

values of x and t representing the vicinity of the shear
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wave fronts.

The modification of the progressing wave expansion
permitting the isoiation of the leading discontinuities
of the shear in terms whi:ch dimin.sh with tTime extended
its range of convergence to iarger values of 1/r and t,

In particular, for 1/r=gp and t rangilng from 3 to 5, the
magnitudes of the isolated discontinulties were reduced
from 104 to 102 vield.ng a reduction in the number of terms
required to satisfy the wonvergen~e «riterion from approxi-
mately 160 to 60,

The asymptotic resuits for jarge z.enderress ratios,
using the methods of stationary phase and singuiar pertur-
bation revealed high osciliarions in the vicinity of the
wave fronts with frequern~ies propcrrional to 1/r and showed
gog?ﬂagreemént with previous!ly obtained soiuticons within
their limited ranges of validity.

A comparison between th- - iementary Euier Bernoulli
and Timoshenko theories reveaied consistent results for the
moment response but pooer agreement fol the shear for the
full range of parameters ccnsidered.

As for the magnitudes of the respornse, in the case of
rigid supports the moment response i1ndicated an almost
constant value of maximum flexural stress equal to
l.2(vo/b2)E, which is attairned at times less than one
quarter of the fundamentai period of the span, for values

of 1/r up to 60. The shear :esponse is observed to be
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dominated by the shear wave fronts for large values of
1/r, that is the amp.itudes are smail away from the wave
fronts with significant osciitations and magnitudes in the
vicinity of these fronts The introduation of a moderate
amount of Maxwell damping in the sprng supporrs., e€.g,
ten percent of the rritiral va.ue of an egu:valent rigid
span, provided nc gignificant redurtion in the magnitudes

of the respornse

8.b Conclusions

Knowledge of the nature of the discontinuities present
in the respornse of a Timoshenko beam were used to improve
upon standard methods of araiysis and 1in gome cases genera-
ted new approaches.

To extend the range of app!icability of the eigen-
function analysis of the Timoshenko equations to problems
exhibiting high discontinuities. procedures were developed
that theoretically aliow the reduction of mixed boundary
value problems representing finite spans to Cauchy initial
value problems ajilowing the absurption of the resulting
leading discontinuities in a separate prcgressging wave
expansjon. This reduction repregents the determination of
the reflections of the initial dara and 1n general. because
of extensive matrix manipuliations. only the leading terms

of the Taylor expansion of these required reflections are
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obtainable,

The progressing wave analysis was shown to yield
identical results to the term by term inversion of the
Laurent expansion of the Fourier transform of the solution.
However, practically speaking no compuatational! advantage
is obtained using this aiternate approach.

Asymptoti« techniques provided accurate results for
large slenderrness ratics The method of scationary phase
yielded results in a ioosely defined region ot large time
while a singular pezcurbatioﬁ ara.ysis produces boundary
layer type solutions in the vixinity of the wave fionts
which are hampered by a need for iritial data along the
characteristics.

Results obrained by means of the Fuler Bernoulli
theory were consistent with previcus invegtigations in
showing the applicability of the eiemerntary theory to
predict flexural stresses and :r& irabi1lity to predict the
shear stresses. The smoothing over of the response in the
vicinity of the shear wave fron's was also in evidence.

In summary. the study of the discontinuities and their

reflections produced by inonsisternt mixed boundary value

problems involving the Timcoshenka equations did rot by
itself eliminate all computationai problems. However it
did produce considerable information as to the nature of

these results and when used in cornjunotion with eigen-



function and asymptotic analyses yielded solutions to

particular boundary value problems.
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FIGURE 2. VARIATION OF MOMENT AT MID-SPAN; VARIOUS SPRING CONSTANT
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