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1. INTRODUCTION

The characteristics of a communication system
depend strongly on the kind of the channel, e.qg. HF,
tropospheric scatter, microwave, etc., Many of the channels
used for spread-spectrum communications have time-varying
characteristics. The channel considered in this work is the
HF ionospheric channel, and the spread spectrum techniqgue
considered is frequency hopping spread-spectrum. The
characteristics of such a spresad spectrum system are
determined and limited by the multipath propagation and
fading in the HF channel as well as by additive noise.

A signal trensmitted at HF propagates to the
receiver via several paths determined hy single and multiple
reflection conditions of the lionospheric layers. Since the
propagaticn time associated with each of the paths is
different due to their different optical path lengths, the
received signal suffers time spread distortion that degrades
the performance of the communication system. The heights of
the reflecting ionospheric layers are time variable, and
hence the signal is Doppler shifted on reflection, thus
causing different frequency shifts on the varicus multipath

components. The presence of ionization irregularities causes



variable diffractive fadings on each of the multipath
components and resulting fading of the composite received
signal. The frequency shift and the fadings combine to cause
frequency-spread distortion that degrades the performance of
the system,

To obtain immunity to intentional interferers one
can design a system which can hop over a very large band of
fregquencies. As a result of the large fregquency separation
between hopping frequencies we assume that each hopping
frequency propagates via statistically independent HF
ionospheric channels. For a frequency-hopping communication
system operating via the HF ionospheric channel described
above we propose an optimum receiver and acquisition scheme

whose characteristics are analyzed.



2. STATEMENT OF THE PROBLEM

In this work we deal with the analysis of a
frequency-hopped spread-spectum communication system over a
non specular Rayligh fading multipath channel. We assume
that the frequency separation between each hopping frequency
is large enough to ensure that they propagate via
statistically independent channels., This means that each
transmitted signal, with different hopping (carrier)
frequency, will suffer statistically independent time and
frequency spreading.

Suppose now that we transmit a signal sitt\ whose

hopping frequency is f This signal will propagate to the

i.
receiver via several paths. The receiver receives the signal

si!t) after the time Adelay of ?i seconds. This delay is the

propagation delay and depends on the optical path lengths
associated with each path.

The signal sj(t) with hopping frequency fj'
propagates to the receiver via several paths whose lengths
are different than the lengths in the previcus case. Thus
the propagation delays T,‘_ and 2; assoclated with the signals
sift) and sj(t) with carrier frequencies fi and fj
respectively, are different,

Let us now transmit sg(t) with carrier fregquency
fi at t, and t2.
layers are time variable, the path lenaths associated with

Because the heights of the reflecting



si(t) at tl and t2 are different.

In a frequency hopping spread spectrum system the
transmitter carrier frequency is determined by the output
sequence of a pseudo random generator. The number of
different hopping freguencies is determined by the length of
the pseuda random sequence, If the pseudo random generator

is 2 maximum length linear feedback shift register (LFSR)

generator the length is given as
L=2"-1 (2-1)

where n is the number of stages in the LFSR generator. So,

each hopping frequency will be repeated after

= - = n_ f—
T-t? t1 {2 ”Th (?2-2)

where Ty, is the hopping period. Therefore we can assume that
the time delay between the same hopping frequencies is
sufficiently large to ensure that there is no correlation
between path lengths at tl and t7.

According to these assumptions each hopping
frequency fi (1igL) will propagate to the receiver with
random delay time T;. Each ©; (1gigL) is a random variable

with probability density function

r
1
—— T .—at{tgT __+At

) 24at nd nd
P (t) = (2-3)
%

0 elsewhere
where Tnd is the nominal or mean delay time, and At is the



maximum deviation from Tod® Since any two frequencies
propagate via statistically independent channels, the random

variables Tl. and ?; are uncorrelated i.e.
EC(T - T (T~ §)i=o 143 (2-4)

Also the random variables ¥, at t; and t, are uncorrelated

i.e.

ECF e - T r Ty - Tien11=0 12-5)

The nominal delay time T in the general case,

nd’
is a function of frequency. Fig. 2-1 gives typical curves

for T,q Versus frequency for three different paths.

d

In Fig., 2-22,b,c,d and e are sketches of
measurement resulilts of the time delay of a signal
propagating via ionospheric multipath channel. As we can see
from Fig. 2-2c,d and e it is possible tgo identify typical

curves for nominal delay time T, But it is impossible to

a°
recognize the typical curves of the nominal delay time from
Fig. 2-2a and b. The reason for this is that the path
lengths are random variables and therefore the delay time
associated with each path is a random variable whose mean
value is Tnd' which of course is a function of frequency.
Suppose now that the frequency hopping rate is of
the same order as At {maximum deviatlion of the delay time

from T In such a case there will be significant

nal*
overlapping between two, three or more hopping frequencies

at the receiver side. With such overlapping of multiple



adjacent hopping frequencies, fading, and white additive
Gaussian noise, standard FH recelivers will neither acquire
or track the received signal, nor will such a receiver
detect the data with a reasonable error rate. The problem of

optimum detection and acquisition is solved in this work.
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3. REVIEW OF PRIOR WORK

The synchronization problem is extremely important
in any spread-spectrum communication system. The initial
synchronization or acquisition is the most difficult of all.
Specific synchronization requirements depend mostly on the
intended application, and often, the synchronizing scheme
has to be designed for the worst case condition. Suitable
measures of system performance are the mean time of
acquisition and the probability of successfully acquiring an
anticipated spread-spectrum signal. The scheme to be
empioyed generally depends on the application, the amount of
time allowed, and the amount of uncertainty involved. The
probability of acquisition is a suitable performance measure
in situations where the transmitter continuously emits the
spread spectrum signal that the receiver must acquire. The
mean time to acquire is a good criterfion for burst
spread-spectrum systems.

Many techniques for achieving synchronization have
evolved. Below, we review some of the frequency-hopping

acquisition schemes.



3.1 Matched filter scheme

A near-optimum Matched Filter for detection of the
frequency-hopped signal sequence is given in Fig. 3-la. Each
arm of the filter contains a mixer, a bandpass filter, a
square law detector and delay line, Assume that the
spread-spectrum signal hops over M distinct frequencies, and
that the frequency hopping sequence is f],f?,...,fM which
repeats itself. The acquisition scheme then consists of M
mixers each followed by a square law detector and delay
line. The delay lines are inserted so that when the correct
segquence appears, the maximum of the voltages vl,vz,...,vn
will occur at the same time. Therefore, the output voltage
of the adder will exceed the threshold level with bhigh
probability, indicating synchronization of the receiver to

the signal.

3.2 Stepped serial search scheme

The stepped serial search acgquisition scheme is
aiven in Fig. 3-1b. This scheme is used for acquisition of
long pseuds random codes. Tn a stepped serial acqulisition
scheme the locally generated pseudo random frequency hopped
signal is correlated with the incoming frequency-hopped
signal. When the local hopping is aligned with that of the

incoming signal, the input to the envelope detector is
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ideally a sinusoid at the intermediate frequency, 2nd the
autput aof the integrator will exceed the threshald with high
probablility.

Both schemes are analiyzed in (11!, and their
performances are given. The performance measure is the
probability that, at the end of the examination intervel,
the desired sianal cade sequence is not detected. The miss
probebilities versus signal to noise ratio for a Ricean
fading channel are given,

These two acquisition schemes are basic
acquisition schemes for frequency-hopped spread spectrum
signal. A twa level threshold scheme is alsa analyzed in 1)
and 21, In [3) and 41 the sequential estimation technique
is described.

The commonality among these analysis of
acquisition schemes is that they use the same model for the
HF channel., Tt is assumed that the propaacation delay time is
constant for all hopping frequencies and that the spreading
time is not a function of time and frequency. This
assumption is acceptable for slow frequency-hopped siqnail
where the overlapping (due to difference in delay time)
between twa adjacent frequencies can be neglected.

Next we discuss the model of the KHF channel with

constant delay time.



3.3 The chennel model

Let us denote the channel input and output signals

by s(t) and r(t) respectively. Suppose that
s(t)=Re{ult)exp(jw_t)} (3.3-1)

where U(t) is the complex envelope of s(t), Re denotes "the
real part" of the indicated guantity, and W denotes the
carrier frequency in radians per seconds.

To simulate Rayleigh fading multipath channel the
tapped delay line model shown in Fig. 3-2 is used. As
ilustrated in Fig. 3-2, ﬁft\expfjwot) is fed into delay
iine, and the signal emerging from each tap is multiplied by
a complex tap-gain function Ci(t). The resulting signals are
then added together and their real part is extracted to
obtain the channel-output signal r{(t). According to this
model the received process can be expressed in the form

N

i=!
where Ci(t) are complex functions, and N is the number of
taps.

For fading dispersive channel we can assume that
rit) and Ci(t) are zero mean Gaussian random processes. This

implies that the statistical properties of r(t) are



ﬁ(t)exp(jwot)

Fig.
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completely specified by the correlation function ertl,t ).

2
Furthermore it can be shown thet the tap gain functions
associated with different taps are uncarrelated stationary
random processes, Also the real and imaginary parts of each
C;ft) are uncorrelated Gaussian processes with the same

caorrelation function (for general discussion see 131, T14)

and [151). This implies that
E{CiftllCi(t2\]=0 (2,.3-3)

for all i, t, and t..

1 2
Usina the preceding assumptions and (3.3-3) we can

find the correlsation function ot the output signal r(t) as

ert}_,t?1=E{rft1)r{r21} {3.3=-4)

Qr

M
Rr{t],t2)=Re¥0.'§ZRc_tt'

~ ~p
& Re, —t?)uft]-Ati)u{tz-Ati)expfjwoft -t V11 (3.3-5)

1 1 72

where cht ) is the i-th tap-gain correlation function,

-t
S

that is

»
- = C I

The average power ert,t] of the output signal

rfity is given as

2
urt- ti!] (3.23-7)

N
172 z Pcff‘)
iz}

Pav = Rr(t,ti

and assuming that



2
G’tt-atiul =1 (3.3-8)

we have
N
3 -0
Pav 172 ‘E RCJOI {(3.3-9)
i=|
Since Ci(t) are Gaussian random processes with the
same variance, and assuming that P,y = 1 ve can find the

2
variance G. of each C.(t), that is,
(o i

N
2
1 = 1/2Z &; (3.3-10)
i=l
2
b, =2/nTAPs (2.3-11)

where NTAPS is the number of taps.

The Doppler shifts are modeled by the bandwidth of
Cift) where the rapidity of changes relates to the Dappler
spread. It can be shawn that a close relation exists hetween
the rapidity of fading and the Daoppler spread.

Since the functions Cirt} are random Gaussian
praoacesses, they are generated by passing the Gaussian white
noise through law pass filter whose cutoff frequency is

equal to the fading rate ]/Bd (B, is the Doppier spread).

a
The variance of the Gaussian process at the output of the

low pass filter is adjusted to the value
2
0 = 2/nTaps (3.3-12)

Pefining the multipath spread for & channel as Tm



and the Doppler spread as B another important

d 1
characteristic of a fading channel is the spread factor

L=TSBH (3.3-13)

If one, for example, attempts to determine the state of the
medium by sending & sounding pulse periodically, the periaod
between pulses must be at least Tm to avoid ambiquities. On
the ather hand, the medium changes state in a time of the
aorder ]/Bd. Hence the "instantaneaus™ state of the medium is

measurable using periodic pulses only {f

{3.3-14)

i.e., the spread factor must be well below unity. Another
important interpretation aof the spread factor is as follows,
If signal pulses are of length T, one must have T >>5 Tm to
avoid signifficant intersymbol interference, since anly then
will the energy arriving at any instant all primarily relate
to one signal pulse. On the ather hend to avoid severe
time-fading distortion of the pulse (or equivalently,
Adestruction aof cobherence aver the pulse owing to channel
phase fluctuation within ane pulse duration) one must also

have T <« l/Bd. Bath condition can be satisfied only if
T, << T << 1/8, {3.3-15)

which again requires a spread factor well below unity.



4, SUMMARY OF RESEARCH COMPLETED

In this work we propose an acquisition scheme for
a frequency-hopped SS signeal received over a Rayligh fading
muitipath channel, whose delay time versus frequency is
given in Fig. 2-2. We consider reliatively fast FH with a
hopping rate of 1 KPRz, and 127 different hopping
frequencies, We assume that the probability density function
of the channel delay time is given by (2-3), with the
maximum deviation from Thng °f 1 msec. The received sianal
is embedded in white Gaussian noise. Whiie the above problem
appears to be specific the approach given below is ageneral
and can be generalized further,

In this case, ignoring the spreading eftect, there
will be & passible overliaping between only three adjacent
frequencies. For such a case we propose an optimum receiver
and acqguisition scheme whose characteristics are analyzed
mathematicaly and by computer simulation,

We characterize the performance of the acquisition
scheme by the probability of detectjon for given probability
of false acquisition when the input signal is white Gaussian
noise only. The probability of detection is the praobability
that, at the end of the observation period, the desired

signal code sequence is detected,



5. RESEARCH

The system we consider is shown in Fig. 5.1-1. The
transmitter consists of & frequency synthesizer whose output
frequency is determined by n+m bits. The m-bits are data
bits and the n-bits are bits generated by the LFSR
generator. Actually this is a2 case of an m-ary FSK
frequency-~hopped S5 system.

When there is no input data the gqutput fregquency
is determined by the LFSR generator only. This case is

assumed when acquisition is to be performed.

5.1 Recejiver

Let us for 2 moment assume that the channel shown
in Fig. 5.1-1 consists of a variable delzy line only, and

that the nominal delay time Tn is not a function of

d
frequency, Actually we assume that the curve Tnd versus
frequency is known (Fig. 2-1}.
The transmitted signal is given by
5,/t)=A cosf (w+w.dt}  I<ICL ; 1¢ig2™ (5.1-11

For this case the received signal for at=0 is shown in Fig.
5.1-2(a) and the received signal for —Th<dt(Th Is shown in
Fig. 5.1-2(bY., In this figure A means that a frequency, say

fi can arrive advanced by A~ time as much as Th and D means
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that it can be delayed by as much as Th'

We can see from Fig. 5.)-2(b) that there is
possible averlapping between three adjacent freguencies
only. In the time interval BTh to 4Th, for example, there is
possible overliapping between fi-?' fi-l and fi. So at the
same time we can receive three signals with three different
carrier frequencies. Tn order to receive complete signal
1’ R? and
R3 whose input circuits are adjusted to fi—l' fi and fi+1

recpectively. Assuming perfect synchronization i.e. assuming

without this overlapping we need three receivers R

that we know exact time of arriveli, far ea2ch frequency, for

At=0 (no variable delay), the receiver which will detect all
signals without overlapping is shown in Fig. 5.1-3.

Synthesizers 1,2 and 3 will hop to the new

frequency each 3Th secaonds following the sequence shown in

Fig. 5.1-2(c).

Next we cajlculate the probability of error for a

receiver given in Fig, %.1-3, assuming perfect

sinchronization i.e. assuming that we know exact time of

arrival, for each frequency, for At=0,



5.2 Probability of error

We calculate the brobability of error for binary
FSK frequency-hopped spread spectrum system,

First we consider binary FSK signal with known
time of arrival, frequency and amplitude but with random

phase. Both signais

so(t)

Asin(w_t + ) 0<t<Th

A51n(wlt + 6 ) 0<t<'l‘h

s, {t)

1

are transmitted with equal probabiliity.  and & are
random phases with uniform distribution in the interval (0,2
The optimum receiver for this case accordina to the theory
of optimum detection (91 is given in Fig., 5.2-1. The ocutput
signal is sampled each Th seconds and compared with zero. If
the output voitage at Th is greater than zero we assume that
slft) has been sent, and if the output is less thsn zero we
assume that so(t) was sent.

In order to calculate the probability of error we
can assume that slft) was sent. Conditional probability of
error for this case is given as

-0
P rql) = S pofqo/q])dq0 (5.2-2)
1

where p(qo/ql} is the probability density function of q,
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when sl(t) is transmitted., Averaging over all values for 9,

we get the probability of error as

D0
P = S P fql)pqul\dq1 (5.2-3
0
or
OO0 o0
P = S pltqlidqlgpo(qo/qlidqo {s5.2-8)
o q,

Since in our case the frequency separation between two
adiacent frequencies is suffiriently large we can neglect

the spiilover and we can write that
Pofqo/q]) = Pofqo) {(5.2-5)

or substituting (5.2-5) into (5.2-4) we have that

o0 -
P, = gplfql}dq] S P, (a, )da, {(5.2-6)
(o] ql
It cean be shown [9]1 that
? ?
ql q'+fATh/?) q]ATh
pqu11 = 3 exp'l Y 110( 7 ) (5.2-7)
and
2
%o d (5,2-8
p.{a ) = ;- expl- ———) 5.2-8)
0 6; 2 6
where



6, = 2B (5.2-9)

is the variance of the noise at the output of the
integrators in Fig. 5.2-1.
Substituting (5.2-7) and (5.2-RB) in (5.2-6) we

find for the probability of error

g o 2 2 2
9,9, q° + g + (ATh/21 qJATh
dq1 — expl 3 110(-——~3—-)dq0 (5.2-10}
5"' -28'7 26..‘.
4L T

The solution of this integral is given in 91 and is

1
% = —;— exp(—E/?No) {5.2-11)
where
A2Th
E = ————— {5.2-12}
2

is the energy of the signal.

The probability of error B (5.2-11) versus signal
to noise ratio is plotted in Fig. 5.2-2.

Now we ca2lculate the probability of error for a
signal with known frequency and time of arrival but unknown

amplitude and phase. The recelved signals are



fl

s (t) A sin(w t+ ¢
e Q (5.2-13)

{t) B sin(w

s t+ 8 )

1 1

where ¢ and €& are again random phases uniformly
distributed in the interval (0,2W ). A and B are random

amplitudes with Rayleigh density functions

A %
pIA) = exp(- —e)
AS ¥
) (5.2-10)
B B
piB) = S D—
Al 282

The optimum receiver is the same as in the
previous case (Fig. 5.2-1}, 2nd the decision is made on the
same way.

Using (5.2-11) we can find the conditional

probability of error as

2

1 E ] A Th
P& fAY = — exp{~- Yy = expl- ) (5.2-15)
2 2N0 2 JNO
or averaging over all values aof A we have
L
P, = S Pg {AYP(A}AA (2.5-1/)
o
The solution of this integral is
1
P = — (8,2-17)
2+ &



where

£ = = 2Y (5.,2-18)

This probability of error P (5.2-17) is also plotted in
Fig., 5.2-2.

Now we calculate the probaebility of error for a
signal with known frequency and amplitude but unknown phase
and time of arrival. We do not know the exact time of
arrival but we know that signal has to come in the interval
fﬂ,%Th\. This would be the praobability of error for a
frequency-hopped spread spectrum system given in Fig. 5.1-1,
assuming that synchronization is perfect and that the
channel consists only of the variable delay liine. The near
aoptimum receiver is given in Fig. 5.2-]1 with the integration
period rD,3Th).

Integrating from N to RTh we will receive complete
signal as in the case with known time of arrival. Alsc, the
average value of the sample at the end of the integration
period is same as in the case with known time of arrival.
The anly difference is that the variance of this sample will
be three times greater, hecause the integration period is
3T, . Thus, taking into accaunt all these changes and using

h
{5.2-11) we find the probability of error for this case is

o
"

— expl- ) (5.2-19)



This curve (5.2-19) is also plotted in Fig. 5.2-2.
Using same reasoning we find that the prebability
of error for unknown time of arrival and Rayleigh fading is

given as

1
P = (5.2=-20)
2 + £€/7

This curve (5.2-20) Is alsc plotted in Fiag, &.2-2.

From Fig. 5.5-2 we ran see the effect aof unknown
time of arrival for a channel without and with Rayleigh
fading. If the expected time aof arrival is increased from
3Th ta dTh, STh ... that will result in further decrease of

the system performance.
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5.2 Acquisition scheme

The basic function of an acquisitiaon circuit is to
bring the incoming PN sequence and the locally generated
sequence into sufficiently close alignment so that the
difference is within the pull-in range of the
fine-acquisition (tracking) loop.

Let us again assume that the channel shown in Fig.
5.1-1 can be modeled by a variable delay line. We also
assume that during the initial acquisition no data is

transmitted, i.,e. the transmitted signal is
si(t)=h cosrwit\ nsthh, 1gigL {(5.3-1)

In this case, the receiver does not know the exact time of
arrival of the signal, but the receiver kpows that the
signal has to arrive in the time interval fraom 0 to
(2”-1)Th+2Th seconds., Also the receiver knows the seguence
of the transmitted freguencies, Thus if we are ahle to
determine the time of arrival for any frequency for At=0,
the synchronization will be perfect.

o, we have a case of detection of a signal with
unknaown time of arrival, ampiitide and phase, The optimum
receiver for this case is shown in Fig. 5.3-1(a). There are
three gquadrature receivers because there is possible
overlapping between three adjacent frequencies only. For the

transmitted seguence given in Fig. 5.3-1(b), the outputs
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UioyrYi and U, , are shown in Fig. S5.3-1(cY. The delay lines

of Th and ?Th will ensure that, for a noiseless channel, the
maxima of Ui-l'ui and Ui+1 will occur in the interval 3Th to
STh.

5.4 Acgquisition strategy

During the time interval T=(?n—1)Th+2Th the oautput

signais Ui—l'Ui and are observed continuvously and

Ui+l
campared with the threshold TR, If any output signal axceeds
the threshold TR the maximum is detected and the time of its
occurance Ti (i=1,2,3y is determined.

I1f only one maximum is detected we assume that
this maximum is due to the noise only, and we assume that
acquisition bhas naot occurred.

In the case when two maxime are detected and when
the time distance hetweern them is greater then ?Th we again
declare that acquisition has not occurred. If this distance

is less then 1T, we calculate the acquisition time as

h

ACOUISITION TIME = —0t J (5.4-1)

When 211 three maxima are detected and when the

time distance between Ti,max and Tﬁ.max (i+3) is less then
3Th we calculate the acquisition time as
T] + T? + Tq
ACDUISITION TIME = - = (5.4-2)



If T,

i,max Tj,min is greater then BTh and {f there is no

time distance between any two maxima less then 3T, ., we
declare that acquisition has not occurred. If there is such
a distance the acquisition time is calculated as in the case

with two maxima.

5.5 False-alarm probahility

The probability of false acgquisition Pracn is the
probahility that acquisition will occcur if the input signal
to the receiver of Fig. §.3-1(a) is the noise only. Before
we calculate pfacn we have to find the false alarm
probability for a system that observed the output glt) of a
guadrature receiver over an interval of time n<t<T which is
much longer than the duration of the signal. A false alarm
occurs in this system if the ocutput gft} exceeds the
threshold level TR at any time during the observation

interval, when the input to the system consists of noise

alone. Let us denote the probability of this event by P

fa*
Stated otherwise this probability is given by
Pfa =1 - PITY {5.5-1)
where
P(T) = Pr{qft)<TR, 0&tgT} (5.5-2)

is the probability that the recelver gutput qg(t) does not



appear abave the threshold TR at all during the interval
0<t<T. We can assume that at t=0, g(d)=0, {.e,, that the
receiver output will start from zero. In this case for TR>0,
P(0)=1 and P (e)=0.

The negative derivative

3P
3t

pit) = - N<t¢ oo {5.5=3)
is the so called "first passage-time probability density
function"; p(t)idt is the probability that the output git)
crosses the threshold TR from below for the first time in
the interval t to t+dt. The praoblem is to calculate the
density function p(t). This problem can be salved for only a
few types of stochastic processes,

The first passage time probability density
function can be found for the case of a one dimensional
Markav process,

It cen be shown that the ocutput of the gquadrature
receiver given in Fig. S.5-1 is a Markov process whose

transitional probability density function is

2
qy qg. + /tq? o Jt-q-9¢

expf- } (5.5-4)
0% -t 2600-pH  ° a-phEt

plg,/a) =

2
where 6 is the variance of the noise at the cutput of each
RC-filter, and/1=exp(— ¢ ). 1t can be shaown 171,81 that for
2
narmalized variance U =], (5.5-4) satisfies a Fokker-Planck

differential eguation
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2
p 1)
d = - -ji—lxlfq)p(q)l + —
dt Jq 2 g

5 szfq)p(q}} I5.5-5)

with

Kl(q) = —i— - g K?(q) = 2 (5.5-R)
q

The Fokker-Planck equation can be used to find the
probability density function p(TR,t/qO\ of the first time ¢t
that the envelope gft) crosses the threshold level g=TR
given the wvajiue q, at t=n, The first passage prablem can be
salved by the methaod of Siegert 151, Accarding to Siegert,
the Lapliace transform of the first-passage~time p.d.f.

PI(TR,t/q) is

g q?
M{(— ;1; —)
2 p)
Z{PfTRut/qo)] = 5 (5.5-7)
s TR
M{— ;1; —)
? 2

where M({a;b;2) is a confluent hypergecmetric function and

according to A1 is given by

az alta+l) z? afa+l)--- (a+n-1) zn

Mla;b;z)= + + -4 4+ {5,65=-R)
b h(b+1) 21 b(b+1)-- - {b+n-1} n!

In order to find the probability density function itself we

must find the inverse Laplace transform of (5,5-7). By the



usual technique aone can abtain a series of the form

P(TR,t/q ) =ZAnexpfSnt$ (5.5-9)
n

where the An are the residues of {5.5-7) at the roots Sn of

$l1; —) =0 I5.5=-10)

For vaelues of fTR?/2}51 the largest zero S] of

{5.5-1Nn) is greater than -1 and such that
g, > § (5.5-11)

where 82 is the second largesft zero. In this case the

eguation (5.5-9) can be approximated by
p{TR,t/qoi = A]expfslt) {5.5-121

From (5.5-2) and (5.5-3) we can find the
probability that the ocutput of a quadrature receiver from
Fig. 5.5-1 will not cross the threshold level TR during the

interval D<t<T, will be

A
P(T) = -Z L exp(S _T) (5.5-17)

n

ar using the approximation (5,5-12)

PIT)

exp(S,T) (5.5-18)

and finally using (5.5-1), the probability of false alarm is



given as

-
fa exp(s,T) (5.5-15)

Usually we need to know the value of the threshold

for 2 given probability of false alarm.

5.A Calculation of the threshald TR for a given Pia

Using (5.5-13) we can express the probability of

faise alarm as

A

pfa =1 +zi

n Sn

exp(SnT) (5.R=-1)

where A are the residues of (5.5-7) at the roots Sn of
{5.5-10), In this case the probability of false alarm is
given and the period of observation T is known. We alsc
assume that qo=n. It follows that in order to find TR we
have to determine MfS/zglgTR?/2) sa that the raoots of this
confluent hypergecmetric function and the residues of
(5.5-7) at these roots satisfy (5.6-1) for a given Pea 2nd
T.

This problem has been solved numerically since it
is impossible to find a solution in closed form.

For different values of Pfa and for T = 129 msec

the normalized threshold



TR )
TR = ———— (5.R=-2)
n b
has been calculated and iIs given in Table 1. 2and Is plotted

in Fig- S-s-lo

Table 1
P L S TReg_
0.9 I.AR% 31.4%8
0.5 4.02 3.84
0.25% 4,26 A.10
0.1 A,5R2 4,217
n.075 4.A0 4,44
c.05 a,7n 4,54
p.025% 4,86k 4,71
n.ol 5.07 4,97
0.0075 5.13 4,99
0.005 .21 5.0R
n,nnzs 5. 3R 5.22
0.0n01 5.54 5,41
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5.7 Equivalent threshold

In order to simulate the first-passaoge prablem
using digital computer and to get reasonable results we have
to introduce the equivalent threshold Tneq'

In digital simulations we deal with the samples of

anaiog signals. The sampling rate has a finite value and in

our case the sampling period is

T,

1n

-3
"

where T, is hopping period. So for T), = 1 msec the sampling
rate is 10 KHz. Suppose now that for this sampling rate we
have just the noise at the input and that we want to find
Peo for given TR and T (the observetion periocd). We will
cbserve the output of our receiver and if the ocutput signal
exceeds the threshald TR during the intervel (0,T) we say
that first passage has occurred., We make N such aobservatians

and we calculate the probability of the first passage i{.e.

the praobability of false alarm as

p, = —fP (5.7-2)
fa
N
where N is the number of the first passages occurred in N

fp

observations.



The accuracy of the simulation depends on N and
TS. If 'I‘s approaches to zero the digital approximation of an
analog signal is beter but the simulation time will go to
infinity. For reasonable values of T, we will get reasonable

simulation time, but the simulated P will be far away from

fa
the calculated value. The reason for this is that we do not
know anything about the sianal between two samples.

Let us consider the example given in Fig. 5.7-1.
We can see that the first passage has occurred but, because
of the finite sampling rate, the digital simulation will
miss this first passage. In order to keep the same
relatively low sampling rate and to be able to simulate the
first passage problem we introduce the equivalent threshold.

Let us denote the sampled values of a continuous
random proces g{t) by qfnTS). If sampled value of g(ft) at
kTS is q(kTs) and if the probability that the random proces
will cross the threshold TR during the time interval
FkTs,(k+l)Tsl is greater than 0.5 we will assume that the
first passage has occurred. Since the samplinag perion is
canstant we can find the value of TR such that if the

q

valvue of any sample is greater than TR, , the probability

q
that the randam process will cross the threshold TR, during
the next sampling period, is greater than or equal to 0.5.
From Fig. S.7-1(2) we observe that we have missed
the first passage because of the finjte sampling rate. But,

introducing the equivalent threshold 'I‘Req as we can see from

Fig. 5.7-1(b) the first passage will be detected.
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Next we calculate the value of the equivalent
threshold for given probability of false alarm. This value
is used in the simulation of the first passage and the

simuiation of the entire system.

5.8 Calculation of the equivalent threshaol?d TRE&

To find the equivalent threshaold TRe we use

g
(5.f=-1} on the following way
z An
0.5 = 1 + . exptSnTs! {5.8-1
n n
ar we can write this as
An
:E: exprSnTs) = 0.5 {R.F-2)
n S
n

Now we have to solve this equation sao that An are residues

of
) TR
M{—D ;1 €9 }
2 2
s TR™
M(—;1; }
2 2

and Sn are the roots of



This has been dane numerically and normalized value of TReq

for different values of P is given in Table 1. and is

fa
plotted in fig. 5.6-1.



5.9 Probability of false acquisitian Peacn

False acquisition will occur if the time delay
between any two maxima exceeding the threshcold is less then
or equal to 3Th, when the input signal 1s noise alaone., Let
us denote by Mi{t]) {i=1,2,3) the maximum due to noise only

accurring at t Y (3=1,2,3;i¢#j) the maximum

1’ 2
due to the noise only aoccurring at t?. The probability of

and with Mj(t

false acquisition can then be calculated as

(t,)>TR} (5.2-1)

) >TR} Psz 2

BP{Itl-tplngh} PIM, (t

Pfacn= 1

where

{5.9-2)

P{Mi(t1)>TR] = PfMjft21>TR} = Pfa

is actually the probability of false alarm. For TR=0 the

probability of faise alarm is Pfa=l and (5.9-1) becames

P } f5.0-1)

h

Facn® 3P{lt]—t?|§1T

Since the probability of false acquisition Pfacn

is usually given, we have to set up the threshold TR so that
this given condition is satisfied. Tn aorder to calculate the
threshaold TR for given Pfacn we first calculate Pea from
(5.9~1). The result is



P, = Peacn (5.9-4)
f a . -

3P{|t1-t2|<3Thl

When we have Pea for 2 given P (the normalized threshold

facn
can be found fraom Fig. 5.A-1, and by usina (5.6~2) the true

value aof the threshald cen be calculated.

5.10 Probability of detectiaon

The input signal r(t) to the guadrature receiver

of Fig, 5.5-1, is given by
rit) = st =¢) + ntt) (5.10-1)
where n{t) is Gaussian white noise and
s(t ~T) = A casiwit -T) +81 N¢LETy (5.10-2)

where @ is a2 random phase with uniform Aistribution hetween
0 and 2 and T is a random time of arrivel with

probability density function

"1
_— DeT¢T
T
pITY = < {5.10=3)
0 elsewhere
L

According to the theory of optimum detection of a
signal with random time of arrival 6! we have tao observe

the output of a guadrature receiver (Fig. 5.5-1) from 0 to

- 51 -



T, to detect the maximum and the time of its occurrence. The
maximum is to be compared with the threshald TR, and if that
value exceeds the threshold we say that signal is present
and the time at which the maximum has accurred is the time
of earrivel. The value of the threshold is to be chosen
according to the given value of false alarm probability Peye

In arder to make the calculation possible we
assume that the maximum due to the noise and signal occurs
at T +Th i.e, Th seconds after the signal appears at the

input of the guadrature receiver. The value of this maximum

is a random variable with a Ricean probability density

function
a q” + A? g
plg) = -Gj-{ EXP(T)IQ( - } (5.1n0-4)

where AO is the maximum value of the signal at the gutput
when there is no nolse at the input; ins the variance of
the noise at the gutput of the RC filter.

The probability that the signal will be detected

is given as

Pd = P{sig+noise>TR and noisec¢sig+naoise} {(5.10-5)

The probability that the niose will naot reach the value of

the envelope at t=ZT+Th during the time interval 0£t<T is

A
P(g) = —Z L exp (s T) (5.10-R)



g -~ is the value of the signal plus noise at r==?+Th and is
a2 random variable with Rice density function pi(q). Averaging
aver all values for g greater than the threshold TR we get

the probability of detection as

o
Py = SP(q)pfq)dq (5.10=-7)
or TR
[~
An
Pd = = zi exp(SnT)pfq)dq {5.10-R)
n Sn
TR

In this case An and Sn are functiens of g. Equatiaon (5,10-R)
has been solved numerically. For different values of Pfa the
probability of detection Ps has been calculated and the
calculated results have been compared with the results
obtained by computer simulation., In the simulation we have
assumed that the signal and its time of arrival are detected

if the maximum due tao both the signal and the noise is in

the interveail
T+T/2 ¢ £t T+ AT /2 {5.10-0)
is greater than any maximum due to the noise only. Simulated

and caliculated results are given in Fig. 5.10-1,2,% and 4.

5.11 Probability of acquisition

The probebility of acgquisition Pacq can be shawn

to be

3

3 (5.11-1)

1
Pacq— 3(1-Pd)Pd + P
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Calculated and simulated results are given in Fig.

5.11-1,2 and 3.

5.12 Prabability of false acguisition, Ptac

——

False acquisition will occur if at least two
detected maxime are due to the noise only when the signal is
present, and their time distance is less than ?Th. In order

ta calculate P we have tao find the probability that the

fac
noise is greater than thresheld and greater than signal plus

naise at t==?+¢h. We can write this as follows

P,.__=P{siqg+noise>TR and noise>sig+noisel +
tes (5.12-1)

P{sig+naoise<TR and noise>TR)

This probability can be calculated as
oo TR
=S (1-P(g)lp{q)da + Pfa\ pl(qg)dqg {(5.12-2)
TR °
and finally after few manipulations we have
TR oo
Pfas=rPfa—l)S pfaydg + 1 - XP(q)pfq\dq {5.12-3)

© TR
Naow we calculate the praobability of false

Pfas

acguisition Pfac as
P = (p._)20.130 (5.12-4)
fac fas tET -
o i
where 0.]139 is Pfacn for TR=0.
Calculated and simulated resulits for P and p

fas fac

are given in Fig. 5.12-1,? and Fig. 5.11-1,2,3 respectively.
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5,13 Simulation results for a Rayleigh fading multipath

channel

For a2 Rayleiagh fading multipath channel we do a
simulation to estimate the prabebility of acquisition and
the probability of false acquisition when signal is present.

The channel model of a2 Rayleigh fading multipath
channel used in this simulation is given in Fig, 5.13-1.
After each delay line we insert a variable delay line of T
secands. Fach & is a» random veriable with probability
density function given by (2-3).

Simulated results are given in Fig. 5.13-2,3 and

4, for different values of P . If we compare this results

facn
with the resvits given in Fig. 5.,11-1,2 and 3 we will see
that there is small difference for small signal to noise
ratio, and very big difference for large signal to noise
ratia. We could expect this difference, because it is known
that fadina affects the system much more at large signal to

noise ratio than at small signa2l to noise ratio. The same

effect can be seen in Fig, 5,.2-2.
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CONCLUSTON

The maximum probaehility of falise acquisition pfacn
is for TR=0, and this value is 0.139, and is same for all
values of signal to noise ratio.

As we cé&n see from the diagrams showing P4 faor
given probability of false 2larm Pfa' the difference between
simulated and calculated results is acceptable in the entire
range of signal to noise ratio. The difference is larager for
lJower signal to noise ratio. The reason for this is that for
small signal to noise ratio there is more probability that
the maximum due to the signal+noise will be shifted to the
ieft or to the right from t=f'+Th. For hiah signal to noise
ratio the difference is almost negliigible,

For the same reason, the difference between

caiculated and simulated results for P, is larger far

q
lower signal to noise ratio,

Since for a Rayleigh fading multipath channel with
variable delay time it is Impossible to calculate the
probability of acquisition Pacq and the praobability of false

acquisition P camputer simulation has been done and

fac'’

simuiated results are presented,



FUTURE WORK

Since in this work we have analyzed only the
acquisition scheme for a frequency-happed SS signal received
over an BF rhannel, the future work should include the
development and analysis of a tracking scheme. Because of
the overlaping between two, three or more adjacent
frequencies, the tracking prablem is much more difficult
than in the case of constant delay time.

With the scheme we have proposed the minimum
acaquisition time is approximately equal ta the period of
pseudorandaom sequence, For very long seguences the
acquisition time can be unacceptable, Therefore, future work
should 21sa inciude the development of rapid acauisition
schemes.

In this work we have analized the acquisition
scheme for possible overlapping of at most three adjacent
fregquencies. The casse with overlapping of more than three

frequencies (faster frequency hopping) has to be analyzed,



APPENDIX A

The first passage time probability density
function can be faund for the case of one dimensional Markov
process. For this case we derive the Fokker-Planck
differntial equatiaon.

Let xft) be a random process, and let xftl),
x(tz),...,x(tn) be 2 set of its vaiues at the cansecutive
time instants t >t.>"'>tn' Consider the probshility density

)] )
function af the vaiuve aof xft) at the most recent time t]

P.Ix(t.),eee,X{t )1
X 1 n (A-1)

P lx{t )/x(t,),..u,xit )=

px[x(t‘),...,xftn)T

2

The process x(t) is said to be Markov process {f the
conditional densiti function (A-1) depends cnly an the last
vaiue x(tz) and not on the preceding values xltB\,...,x(tn)

where t?>t?>...>tn, and hence for a Markov process we can

write

prx(t]l,x(t.)]

2

P Ix{t ) /x(t,) e, x{t Y11= {A-2)
X 1 2 n r
P, xft?11
Let us consider naw the relation
prxl,x2\ = px{xl/x2}1}(Xz) (A=3)

where px{xiW stands for prxfti)1. Integrating (A-3) over X



we have

p

xrxlj = S prxl/xzipxtxzidx2 (A-4)

To canverte (A-4) into a differential equation we chose
t,=t t,=t+? X 5=X X) =X (A=%)

and now we can write (A-4) in the form

prxT\ = X px(xr/x)prx}dx (A-K)

Let us introduce the characteristic function
W{w;x)=E{exp[jwfxT*x)]1= S expfjw!xr—x)1px(xtjx)dxr (A=)

of the random increment x,-x which occurs during the time
interval (t,t+?%1, given that x(t)=x. Substituting the

inverse transform

1

px(xtlx) = g expf—jwfxr-x1w{w;x}dw {A=R)

2T

into (A-4) we have

= — - -— - =0
EG expl aw (X, x)]wa,x)pxrx}dwdx {A=0)

b4

and using the formula for the characteristic function

oo ... N

{iw)

Wiw;x) = 1 + E —_— m_ (%) (A=-10)
n!



where mnfx) are moments
m (x) = Ef(xe—%x)") (A-11)
n T

aof the increment x_,-x. It follows that

T

- )

| . .oon
prxT)= ZE:'——-———- expl-jwixe-x)1(jw) mnfx)prxldwdx (A-172)

i
rr 2mn!

However since

1 n )
 — expl'jwfx,t.-x)1fjw)ndw=f- a V! Sexpf—jwfxr-xﬂdw}
2T dxg oW
{A-13)
3
= {- ——1) fw_-%)
3 Xr S v
we find that
o0
f } {(x)+ i ( b p f { ypli i fA=-124)
X, } = X E - m (% ® -
px [ o px - nt aIr n r 'I’.'

aor dividing by T and taking the limit T—-0 . we abtain

dpix) o 1 )
—_— = E (- ===k _x)px)} {A=15)
dt ni axt
x|
where
mn(x)

Kn(X) = 1lim (A-18&)

T+0 (o
are sa called intensity cofficients, Fquation (A-15) is
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For continuous Markov processes higher order

intensity cofficients K K are equal to zero, In this

3' 4,...
case eguation (A-15) takes form

¥ X

dpi(x)
_— = - é rKI(x)p(x}I + —l- 3

dt Bx 2 be

TK?fx)p(X)1 (A-17)

and is called the Fokker-Planck equation.



APPENDIX B

In this appendix we derive two-dimensional
probability density function of the envelope of zero mean
narrowband Gaussian noise.

Narrowband noise can be represented by
n{t) = xfticosfw_t) - y(t)sinfwot} (B-1)

where xi(t) and y({t) are quadrature components. It can be
shown that If the spectrum density function of nit}y is
symmetric around LN then x(t}Y and ytt) &re uncorrelated

random praocesses, i.e.

R (t. .t =0 =2
by B ) (B-2}

X 2

for ai) values of t] and t?. Also it can be shown that

Rx{t2—t]) = R ftz-t]) {B-3)

Y
and

2 ¥ 4 2
G = B‘x = G'y fB—d)

Let us denote by Xyr Xos ¥ and vy, the samples of
the quadrature components at the time instances t] and t?.
Alsa we denote the samples of the envelope at 1:1 and t? by
ql and q2.

First we form the joint density functian of X



X Y, and Y,

1 1
T =1
PIX. X0 YyeYa)= - expl- — X 'A "X tB-5)
11721717 (2 )n]?|A1172 5
where

X
1

X (R-6)
=172
X= y?
Yo

and the covariance matrix N\ is given as follows

62 R, 0 0

F 3
Ry, 6 0 n

A = . (B-7)

Determinant of A is found and is qiven as
4 2
det N = (§ ' - rI? (B-R)
12
and inverse matrix of A is

t _
[y Rl? 0 o
2
/\I_ ] Ry, 60 0 0 oo
- i F3 2 (B-C
67 - R o o & -rj,

2
0 o -R, 6

Substituting (B-f)} and (B-9) in (B-}) we find

i | t 2 T2 2 .22
' {2m ° ( -R ) 2¢ -R :
12 12 (B-10)

T7X X R 52y YR 1Y



Substituting

X, = g,cos8, y, = g,sin8,
1 ] ] ] (B-11)

X, = g,cas6, Y, = qzcosez

2

in (B-10Y we find

1 ]

expl-
) 2(8“-Ri?

-?R,,q,9,c0s{ 6,-6,)11 ]3]

1z 12
prql!q?lsirez)= qu]+Gq?

tzw)?(5“+nf )

2 (B=12)

where J 1is the Jacobian of this transformation of variables

and is found to be
|2l = a,q, (R-13)

In arder to find p(ql,q?} we perform the next integration
21 2w
plg,,a,) = S S pla,,a,,8,,6,a6,06, (B-14)

00
and after simple calculation we find

2, 2 2
99, b (ay+a;) Ry29;9,;
p(ql,q?]-*-r—i—expr— “ 3 ]Iof P 7 ) (B-15%
& Ry, 2(§ +Ry,) §' -ry,

which is the result that we were looking for.
Now we find the transitional probsbility density
function pfq?/qli of the enveiope

p(q?/q])s (B-14%)
’ prql)

Using (B-15) and introducing /“ as
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/( = 1: (B=17)
&

we get for transitional probability density function

2 2
4, qy+ L9, Je9,9,

3 3 expl- 11 T

1= A

1
26°0-p8 0 gra- ph

pla,/a,)=

This result has been used for calculation of the

first passage time prabability density function.
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