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ABSTRACT
MULTICOLOR RAMSEY NUMBERS FOR DISJOINT UNIONS OF GRAPHS
by

Saoping Loo
Adviser: Stefan A. Burr

Let G4,G2,...,G. be simple graphs, i.e., graphs without loops or multiple edges. The
Ramsey number r(G1,G2,...,G.) is the smallest integer n such that if the edges of
the complete graph K, are colored arbitrarily with ¢ colors, then for some i, the
subgraph in color ¢ contains a copy of G;. Let mG denote m disjoint copies of
some graph G. In this thesis we study the 3-color Ramsey numbers for large disjoint
unions of graphs. Results are given which, in principle, permit the Ramsey numbers
r(n1G1,G2,G3), r(n1G1,n2G2,Gs), and r(n1Gq,n2G2,n3G3) to be exactly evaluated
when G; are connected non-bipartite graphs, provided that the n; are sufficiently large.
‘Such evaluations are often possible in practice, as shown by several examples. For instance,
when n;,n2,n3 are sufficiently large,

r(n1K3,n2K3,n3K3) = 3(n1 + n2 + n3).
Also in this thesis, when n is sufficiently large, results are given which, in principle, permit

the Ramsey numbers r(nF,nG,nH) to be evaluated exactly for a large class of connected
graphs F, G, and H, where, some or all of these graphs may be bipartite.
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1. INTRODUCTION

Let G and H be simple graphs. The Ramsey number r(G, H) is defined to be the smallest
integer n such that, if the edges of the complete graph K,, are colored red and blue, either
the red subgraph contains a copy of G or the blue subgraph contains a copy of H. An
important case is that in which G and H are disjoint unions of graphs chosen from some
fixed finite set G of connected graphs. Various special cases of this have been considered,
but those general results that are known are contained primarily in {1], [2] and [5]. The
most general results are contained in [2]. In [2], when G is a disjoint union of m graphs
and H is a disjoint union of n gr.a.phs chosen from G, then r(G, H) is exactly determined
when m and n are large. We will state the main results after introducing a few notation
and definitions. In general, we will use the notation of Harary[11]. In particular, p and
represent the order and the vertex independence number, respectively. We use V(G) and
E(G) to denote the sets of vertices and edges of a graph G. For any subset S of V(G),
the symbol (S) represents the subgraph of G induced by the vertex set S. For any two
subsets S, Sz of V(G), 5152 denotes the set of edges of G joining S; to S3. We use
zy to denote the edge connecting vertices z and y, and use S denote the set of edges of

G joining z to S.

In this thesis, when we say a c-coloring of some graph we always mean a coloring of the

edges of that graph with ¢ colors. We often just will say coloring instead of c—coloring.

A c—coloring of K, is called (Gy,Ga2,...,G:)~good if for all i, 1< i < ¢, the monochro-

matic subgraph in color ¢ contains no copy of G;.

A (G;,Gz,...,Gc)—tje is a c—colored graph M such that for each i, 1 < ¢ 5 ¢, the

monochromatic subgraph in color ¢ contains a copy of G;.

A (G1,G3,...,Gc)-good coloring of K, is called (G1,Ga,...,G¢)—critical if n =
r(Gi,Ga,...,G.) — 1.

Define a c-canonical coloring of K,, to be a coloring for which the vertices may be par-
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titioned into ¢ sets Vi, Vz,..., V., where all the edges of (V;) are the'same color, and all
edges joining V; to V; are the same color. We call the edges joining V; to V; the connect-
ing edges of V; and V;. We note that in such a canonical coloring, one or more V; may be

empty.

Define & nearly-canonical coloring of K, with ezceptional set X to be a c—coloring such
that (V(K,) — X) is canonically colored, with all the edges joining any single vertex of
X to each V; being in one color different from color :. We will be concerned with cases
in which the size of X is small. We will often designate a nearly canonical coloring by the
tuple (C1,C5,...,C.,X). This is slight abuse in language, since the coloring of (X) is

often unspecified, but no confusion should arise.
Here are three results from 2-color case:

Theorem 1.1 ([1]). Given a finite set G of graphs, there is a constant cp such that if G

and Wt unions of graphs from G, then

p(G)+ p(H) — min(f\F), B(H)) - 1 < (G, H) < p(G) + p(H) — min(B(G), B(H)) + co. B

Theorem 1.2 ([3]). Given G, there is a constant ¢; for which the following holds: Let G
and H have m and n components, respectively, the components all being chosen from G.
If m and n are sufficiently large, then there is a (G, H)-critical coloring which is nearly
canonical, with the exceptional set X satisfying |X| < ¢;. |

This theorem is so powerful that from it some exact Ramsey numbers can be determined

easily. For example, a consequence of this theorem is the following:
Theorem 1.3 ([3]). If k¥ and [ are fixed, then if m and n are large, with m < n,

r(mKg,nK)) = (k- 1)m +In+ r(Ki—y1,Ki-1) — 2. (]

Proofs of the above theorems can be all found in [2].
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For multicolor cases, the early works can be found in [12], [13], and [14]. The main results

of these papers are stated as follows:
Theorem 1.4 ([13]). If n,,...,n. are positive integers and n; = max{ni,...,n.} then

[~
r(ni Py,... ,nch) =n1+1+ Z(ng -1). [ |

i=1
Theorem 1.5 ([12]). If d < p, p > 2, and n;,...,nq are positive integers, then

d
r(Kp,ang,.. . ,ndPg) =p-+ 22(12.' - 1). [ ]

i=1

Theorem 1.6 ([12]). f d>p>2and n3 2 n2 > :-- > nqg >0 then

p—1 d
r(K,,ang,...,ndPg)=p+Z(n.- —1)+Z(n,- -1). W
=1 i=1

Theorem 1.7 ([14]). If ¢, p1,...,p. are positive integers, all greater than 2, then there
are constants A; and }\2 (depending only on ¢, p1,...,p;) such that

c c
Zpim.' + A1 S r(maKp,,...,mKp,) < Zpim.' + A2

=1 =1

for all positive integers my,...,m,. ]

In this thesis we concentrate oﬁ 3—color case though o;xr results of Section 2 through
Section 4 can be easily generalized to c—color cases for ¢ 2 8. Our main attention is on the
Ramsey number r(n; F,n,G,n3H) for large ny,n2,n3. We will see that when F,G, H are
connected non-bipartite graphs, without too much difficulty, similar results of [1], [2], and
[5] are obtained mostly by using the techniques developed in these papers. But it becomes
complicated if one or more of F,G, H is bipartite. In such cases, the problem of determing
the Ramsey number r(n; F,n;G,nsH) is not completely solved at this stage, and it is not
clear what can be done in general. However, similar results are obtained for a fairly large

class of connected graphs F, G, and H, even when some are bipartite.
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In Section 2 we discuss the Ramsey number r(nF, G, H) for large n and connected non-
bipartite graphs G, H. We have:

Theorem 2.1. Let F' be a connected graph, n > 1 be a positive integer, p = p(F'), and
let G, H be connected non-bipartite graphs. Then there is a constant cz such that

np < r(nF,G,H) < np+ca. _ =
The proof of this theorem is easy and will be omitted. Actually, we will give the proof of
the similar Theorem 3.1, from which one can easily draw the proof of this theorem.

Theorem 2.2. Let F,G, H be as in Theorem 2.1, and let r = r(nF,G, H). Then there
is a (nF, G, H)—critical coloring, (4,0,0,X), of K,_; which is nearly canonical, with the
exceptional set X having the property that no red F' contains a vertex of X. B

As a special case of this theorem, we have:
Theorem 2.3. If n is sufficiently large, then

r(nKs, K3, K3) = 3n + 10. [ ]

This theorem can be generalized.
Theorem 2.4. If n is sufficiently large, then

!‘(ﬂK,,K3,K3) =3n+ 2(1‘(KP,K3) -1). n
In Section 3 we discuss the Ramsey numbers r(n; F,n2G, H) for connected non-bipartite
graphs F,G, H and large n;, = 1,2. We get:

Theorem 3.1. Let F,G,H be connected non-bipartite graphs, with p(F) = p;, p(G) =
P2, P(H) = p3. Then for n; > 1, 1<i < 3, there is a constant c; (depending only on
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F, G, H) such that

3 3
Zn.-p.- < r(niFyn2G,n3H) < Zn.-p,- + c3. - |

=1 =1

Theorem 3.2. Let F,G, H,p,,p; be as in Theorem 3.1, and let r = r(n; Fyn2G, H), then
there is a (n31F,n2G, H)—critical coloring, (A, B,C, X), of K,-;which is nearly canoni-
cal, with the exceptional set X having the property that no red F' or blue G in the

K, _; contains a vertex of X. ]
As a very special case of Theorem 3.2, we have:

Theorem 3.3 If n;,n; are sufficiently large, then
T(ans, n2 K3, K3) = 3(n, + nz) + 5. [ ]

In Section 4 we discuss the Ramsey numbers r(n1 F, noG,n3H) for large n; and connected

non-bipartite graphs F, G, H. We get:

Theorem 4.1. Suppose F, G, H are connected non-bipartite graphs.

Let r = r(niF,n2G,n3H). Then if n;, nz, ns are sufficiently large, there is a
(n1 F,noG, n3 H)~critical coloring, (4,B,C,X), of K,_;which is nearly canonical, with
the excepfiona.l set X having the property that no red F, blue G, or green H contains a
vertex of X. u

This is one of our main theorems; the significance of this theorem is that it permits us to
get exact evaluations in some particular cases. As an illustration of what can be done, we

have the following very special case:

Theorem 4.2. If n;, ng, n; are sufficiently large, then

r(n1 K3,n: K3, TI3K3) =3(n1 +ny + n3). '

In Section 5 we still discuss the 3—color Ramsey numbers but where we do not require

F, G,H to be non-bipartite. In other words, one or more of them may be connected
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bipa.rtite graphs. In this section, more general results are given, but to state those results,
many new definitions need to be introduced. This takes a lot space, so we don’t state them

here and leave it to the section.

In Section 6 are some closing remarks.

2. THE RAMSEY NUMBER r(nF,G,H)

Lemma 2.1. Suppose Q(A, X) is a c—colored complete bipartite graph with parts A and
X. Then there is a subset A’ of A, where |A'| > zll{;ll" such that the edges joining any

given vertex of X to the vertices of A’ are monochromatic.

Proof. Let [X| = l. Label the vertices of X by z;, 1 <1t <. Partition A into c subsets
A11,42,1,...,A., such that the edggs joining z; to each of these sets are monochromatic.
Let A; be the largest set (if the largest sets are not unique, arbitrarily choose one of them).
Then the size of 4; is at least 1%1. Partition A; into c subsets A;2,A422,...,A4.2 such
that the edges joining z; to each of these sets are monochromatic. Let A2 be the largest
set. Then the size of A; is at least lﬁl. Repeat the above procedure. This, finally, reaches
a set A; such that the edges joining z; to A; are monochromatic, i = 1,...,I, and

{A] > ];;A-l. Then A’ = A; is the desired subset of A. B

Theorem 2.1. Let F' be a connected graph of order p, and let G, H be connected

non-bipartite graphs. Then there is a constant ¢; such that for n > 1

np < r(nF,G,H) < np + c.

The proof of this theorem is easy and is omitted.

Theorem 2.2. Let F,G,H be as in Theorem 2.1, and let r = r(nF,G,H). Then if n is
sufficiently large, there is an (nF, G, H)—critical coloring of K,_; which is nearly canonical,
with the exceptional set X having the property that no red F contains a vertex of X.
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Proof. Suppose x is a (nF,G, H)—critical coloring of K,—,. Let V = V(K,-1). From
Theorem 2.1, we know r > np;, where p; = p(F). I n is sufficiently large, the K,_; must
contain a red complete graph K,, on a set of vertices A;, where m will be chosen (im-

plicitly) later. In fact, we need only that r > r(X,,, G, H).

Find as many disjoint red F' as possible in the graph (V — A,), denoting the vertices of
these F' by Ti. Let X3 = V — 4; — Ti. Clearly, |Xj| < r(F,G, H), since (X;) cannot
contain a red F, and by the hypothesis on ¥, the entire K,_; does not contain a blue G
or green H. Suppose now that some vertex of X, is joined by red edges to at least §(F)
vertices of A;. Then this vertex and some p; — 1 vertices of A; span a red F. Transfer
these vertices to T1, and continue this process as long as possible. This yields three sets
A2, Ty, X, such that no vertex of X, has as many as §(F) réd edges going to A;, (T3)
can be partitioned into disjoint red F, and (A43) is a red complete graph. if n was chosen
large enough, A, is still large compared to X2, since no more than r(F,G,H)(p; — 1)

vertices have been removed from A;.

Move those vertices of A; that have red edges going to X, to T%; if necessary, move
additional vertices so that the total number of vertices moved is a multiple of p;. This
yields three new sets A3, T3, X3 such that there are no red edges between A3 and X3, (T3)
can be partitioned into disjoint red F, and (A3) is a red complete graph. if n was chosen
large enough, Aj is still large compared to X3, since fewer than r(F,G, H)(6(F) — 1) +pi

vertices have been moved from A,.

Let I = |X3|. Label the vertices of X3 by z;, i =1,...,l. By Lemma 2.1, if A3 is large
enough, there is a subset Ay of A3, where |44 > J-_;,%l, such that the edges joining any
given vertex of X4 to vertices of A3 are in one color(either blue or green). 'i[‘ra.nsfer all the
vertices of A3 that are not in A, to T, along with sufficient vertices of A4 so that the
number of vertices moved is a multiple of p;. This yields two sets A*, T* such that all the
edges joining any single vertex of X3 to the vertice of A* are in the same color, {T*) can
be partitioned into disjoint red F, and (A*) is a red complete graph. This graph is still

large if n was chosen large enough. X3 is not affected, but set X = X3 for consistency.
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Because  is critical, the total numberof red F' in (A*UT™) is lessthan n. Let A = A*UT*.
We now give a new coloring ' to (V) = (AU X). Color (A) red. For any z € X, color
all the edges joining z to the vertices of A by whatever color (z,A*) was in {A* U X)
under x. Also, we leave the coloriﬁg of (X) unchanged. Then under the new coloring x'
the K,_ contains no red nF, since all the red F are in (A). In order to prove that x'
is (nF,G, H)-good, we need to show that K,_; contains no blue G or green H. Suppose
that K,.,has a blue G under x'. Then this blue G cannot lie entirely in (X U A*), for
otherwise K,_; would have the same blue G under x already. So this blue G must use
some vertices of A which are not in A*. Let S = A* — V(G). If A* is large enough, S is
still large. For any vertex v of V(G)A that is not in A* U X, we can replace it by a vertex
in S, and get a new blue G, because under the new coloring, for any vertex y € V and
any two vertices u;,u2 of A, uj #y, uz # y, the edge u;y has the same color as uyy. If
we had made A*, and therefore S, large enough, then we can continue the above replacing
process until we get a blue G that has no vertex outside A* U X. That is, we will have
a blue G' which lies entirely in (X U A*), a contradiction. This shows that under x’ the
K, _.; contains no blue G. The same argument proves that the K,_; contains no green H.

Hence x' is the desired coloring. B
Applying Theorem 2.2, we can now prove Theorem 2.3.
Theorem 2.3. If n is sufficiently large, then

r(nK;;,K:;,Ka) = 3n + 10.

Proof. Let s = 3n + 10, r = r(nK3,K3,K3). We first prove r > s by exhibiting an
(nKa,Ka,Ka)—gmd coloring of K,.;. Partition V = V(K,~;) into three sets: V = AU
B UC where |A| = 3n~1, |B| =|C|= 5. Color (A) red, AB green and AC blue.
Since r(X3,K3) = 6, we can find a 2—coloring x of (B) by red and blue that contains no
monochromatic triangles. Label the vertices of B and C by ¥;, ¢;, 1 < i < 5, respectively.
Color (C) as follows:

cicj isred <= x(bib;) isred, cic; is green <= x(b;b;) is blue. Because (B) contains
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no monochromatic triangles, (C) contains no monochromatic triangles. Now color BC as

follows: Color bic; by the same color that b;b; has,i # j, 1<1i,j <5. Color b;c; green.

We claim that the graph Q = (BUC) colored above contains no monochromatic triangles.
It is obvious that @ has no green triangles. Since b;c; has the same color as b;, @
contains no monochromatic triangles in the form b;b;ck, for otherwise b;b;bx would be a
monochromatic triangle in (B). Since there is no blue edge in (C) and @ has no green
triangles, if @ contains a monochromatic triangle in the form b;cjci, it must be a red
one. But this is impossible because if cjck, bicj, bicx are red, so are b;jbx, bsb; b;b:.
Summarizing the above, we have proved that @ contains no monochromatic triangles.
Since AB is green, and (B) has no green edges, then the K,.; contains no monochromatic
triangle in the form ab;b;, where a € A, b;,b; € B. The K,_; contains no monochromatic
triangle in the form acic; where a € A, c;,c; € C. It’s obvious that K,_; contains no
monochromatic triangle in the form abic; with a € A b; € B ¢; € C. Hence K,_; colored
above contains n — 1 red triangles but no blue or green triangles. Thus we have proved

r>s.

Next we prove r < s. By Theorem 2.2, we may suppose (4, X) is a (rK3, K3, K3)- nearly
canonical critical coloring x of K,_;, where (A) is red, there is no red edge between A
and X, and (X) contains no monochromatic triangles. Then all the red triangles are in
(4), hence |A] < n—1. Let v be a vertex of A. Partition X into two sets Y, Z such that
all the edges joining v to the vertices of Y are blue and those joining v to the vertices of
Z are green. Since under ¥ K,_; contains no blue or green triangles, there are no blue
edgesin (Y) and no green edges in (Z). Thus (Y) and (Z) are 2—colored subgraphs. Since
(X), and therefore (Y') and (Z), contain no monochromatic triangles, |Y| <5, |Z|< 5,
hence |X| £ 10. Then

r—153n—1+IXIS3n—1+10, so r<3n+10. [ ]

Using the same method one can easily generalize this result:
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Theorem 2.4. If n is sufficiently large, then

r(nK,,K3,K3) = np + 2r(Kp, K3) — 2.

3. THE RAMSEY NUMBER r(n, F,n,G, H)

In this and the next section, we suppose that F, as well as G and H, are connected

non-bipartite graphs, and we set p(F) = p1, p(G) = p2, p(H) = ps.
We state Theorem 3.1 in the form suitable in this section as well as in the next section.

Theorem 3.1. Suppose F, G, H are connected non-bipartite graphs, with p(F) =
p1, p(G) = p2, p(H) = p3 thenfor n; > 1, 1<1i<3, thereis a constant ¢ (depending
only on F, G, H) such that

ni1p1 + n2pz + naps < r(niFynoGynzH) < nypy + napz + naps + cs. (*)

Proof. Let n = nyp; +nape + n3ps — 1. To prove the left-hand side of (*), we need to give
a (n1 F,n2G,n3H)-good coloring of K.

We mention that if n were replaced by n — 2, the coloring in question would be almost
trivial(it would be 3—canonical), but we will work a bit harder to get a better lower bound.
First, consider K5, the complete graph on 5 vertices. Label the vertices as a,b,c,z,y.
Color the edges of K5 as follows: ab green, bc red, ac blue, zy red, az blue, ay green,
bz green, by red, cz red, and cy blue. Then under this coloring, Ks has the following
properties:

(1). It contains no red F', no blue G or green H.

(2). vertices a, b, ¢ are incident to no red, blue, green edges respectively. Replace vertex
a by a complete red graph with n;p; — 1 vertices. Join every other vertex of the K5 to
each vertex of the red graph by an edge of whatever color that vertex was originally joined
to a. The new graph @ contains n; —1 red F, but no blue G or green H. In Q replace b
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by a complete blue graph with nyps —1 vertices. Join every vertex of @ to each vertex of
the blue complete graph by an edge of whatever color that vertex was originally joined to
b. The new graph Q1 contains n; —1 red F, nz —1 blue G but no green H. In @, replace
vertex ¢ by a complete green graph with n3ps — 1 vertices. Join every other vertex of @
to each vertex of the green graph by an edge of whatever color that vertex was originally
joined to c. The new graph @, contains n; — 1 disjoint red F, ng — 1 disjoint blue G,

and n3 — 1 disjoint green H, but no more. The number of vertices of this graph is
2+ (rup1 — 1) + (n2p2 — 1) + (n3ps — 1) =n.
Hence we get a (n1F,n2G, n3 H)-good coloring of K,.
For the right-hand side of (%), use the obvious fact
r(n;Gl, o siGiy i i Gi) < r(n1 Gy, .. (05 — 1)Gy, .., nkGr) + |G,

where n; > 2. Employ induction one by one on integers n;,n2 and ns, starting from the

trivial fact r(F,G,H) < r(F,G, H). This leads to
r(miFyn2G,n3H) < (ng - 1-)p1 + (n2 — 1)p2 + (n3 — 1)ps + r(F, G, H).
In the above inequality, let
c3 =r(F,G,H) — (p1 + pz + ps3)-
This gives us the right-hand side of (*). |
Next we present three lemmas that are heeded to prove Theorem 3.2 and Theorem 4.1.

Lemma 3.1. Let Q@ be a 3—colored graph that contains a red r.an,A a blue myG, and
a green m3H, where the order of @ is less than m;p; + mgps + maps — c3, and let r =
r(n1F,n2G,n3 H). Then any (n; F,nyG,n3 H)~ critical coloriﬁg of K,_; cannot contain a

subgraph isomorphic to Q.
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Proof. Let x be a critical coloring of K,—;. Suppose to the contrary that under x the
K,_1 contains a subgraph isomorphic to ¢. Delete the vertices of this subgraph from the
K,_1. From Theorem 3.1 we know that the remaining graph S has at least

(ny —ma)p1 + (ng — mz_)pz + (n3 — ms)ps +c3

vertices. Again by Theorm 4.1, S must contain a red (ny —m;)F, a blue (n2 —m2)G, or
a green (n3 —m3)H. If S contains a red (n; — m;)F, these red F together with the m,
red F of @ yields a red n; F in the original K,_;, a contradiction. A blue (nz — m2)G

or a green (n3 —mg)H in S give similar contradictions. _ |

Lemma 3.2. Let k£ > 1 be given, and let r = r(n1F,nG,n3H), then when n; are
sufficiently large, 1 < ¢ < 3, any (n1F,n2G,n3H)—critical coloring of K,., contains a
canonically colored subgraph with red, blue and green set each of order k. Furthermore, we
can require that all the edges connecting the red and blue se:ts are green, those connecting

the blue and green sets are red, and those connecting the red and green sets are blue.

Proof. For large n;,n2,n3, let y be the largest integer such that
r — 12 max{r(Ky,n2G,n3H),r(n, F, Ky,n3H),r(n1 F,n2G, K,)}. (**)

By Theorem 3.1, we know that r > n;1p; + nap; + naps, and if n;,nz,n3 are large enough,
y can be made as large as we wish. Let x be a (n) F,n,G, n3‘H )—critical coloring of K,_;.

Then the K,_; contains no red n1F, blue nG or green n3H.

Because of (**), K,-; must contain red, blue, and green complete subgraphs each of
order y. Let A, B, C denote the vertex sets of the red, blue, and green complete graphs,-
respectively. Any two of these three sets may have at most one vertex in commom, if
so, delete those commom vertices from these séts, this reduces each set by at most 2. So
when y is big enough, we may assume that A, B, and C are disjoint. From a well known
theorem (8], the 3—colored complete bipartite graph Q(A, B) joining A to B must contain
a monochromatic complete bipartite subgraph @(A;, B:), with each part of order at least

logz y. If y is large enough, log; y is still large compared to any given constant.
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Next we want to show that Q(A4;,B;) must be green. Suppose to the contrary that
Q(A, B) contains a red complete bipartite subgraph K,, » with m large. Let g = B(F)

be the independence number of F. Let

o =min {| =], |51, | 2]},

Then this red Km,m together with the red and blue K,, on the two parts of it must
contain a (aF,aG)-tie M that has

a(p1 + p2 — B) = ap1 + apz — af

vertices. This means that the cljitically colored K,_; con!:a.ing a subgraph M which con-
tains a red oF and a blue aG, and the order of M is ap; + ap; — af. When m is
large enough that af > c3, we get a result that contradicts Lemma 3.1. Hence when y
is sufficiently large Q(A, B) cannot contain a large red complete bipartite subgraph. This
means that when y is large, @(A4;, B1) cannot be red. The same arguement shows that it

cannot be blue either. Hence it must be green.

Arbitrarily choose a subset C; of C such that |C;| = min{|Ai],|B1|}. Then the 3—colored
graph Q(Ai1,C) contains a complete monochromatic bipartite subgraph Q(A4z,C?2) with
each part of size at least log; |C1]. If logs |C1] is large, we can use the above method to
show that the complete bipartite graph Q(A2,C2) must be blue.

Arbitrarily choose a subset By of B; such that |B;| = |C2|. Then the 3-colored com-
plete bipartite graph Q(B:,C2) contains a monochromatic complete bipartite subgraph
Q(Bs3,C;) with each part of size at least log; |C2|. When log; |C2| is large, Q(B;,C3)

must be red.

Finally, arbitrarily choose a subset A3 of A, such that |A3] = min{|B;|,|Cs|}. The
subgraph (A3 U B3 U C3) has the following properties:

(1). min{|As|,|B3][,|C3|} > log; log; log; y.

(2). (A3) red, (Bs) blue, and (C3) green.

(3). A3 B3 green, B3C3 red, andC3A4; blue.
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Let k = log, log; logs y. Then graph (A3 U B3 UC3) contains a subgraph that satisfies the

requirement. |
- By-using the same method as in the proof of Lemma 3.2 we immediately get:

Lemma 3.3. Let k > 1 be given, and let r = r(n F,n,G, H ), then for n; sufficiently
large, 1 < i <2, any (n1 F, naG, H)—critical coloring of K,_; contains a canonically colored
subgraph (A U B) with (A) red, (B) blue, all the edges joining A to B green, and
|A| = |B| = k. |

Theorem 3.2. Let F, G, H be connected non-bipartite graphs with p; = p(F), p; =
?(G), and let r = r(n1F,nG,H), then if ni, n; are sufficiently large, there is a
(n1F,n,G, H)—critical coloring x of K,—; which is nearly canonical, with the exceptional
set X having the property that no red F or blue G in the K,_, contains a vertex of X.

Proof. Let x be a (n;3F,n,G, H)—critical coloring of K,_;, and let V = V(K,—;). Our
plan is to partition V into sets A, B, T, X, where T is spanned by disjoint red F' and blue
G, and where @y = (AUB U X) has a nearly—canonicel coloring that no red F or blue G
in Qo contains a vertex of X. We will then show that this nearly- canonical coloring can

be extended to a complete graph on r — 1 vertices, yielding the desired critical coloring.

By Lemma 3.3, the 3—colored K,_;must contain two large sets 4; and B; of vertices
such that (A; UBi) is canonically colored, with red A;, blue B;, A;B; green, and |4;] =
| B1| = k. This k can be made as large as we wish by providing sufficiently large n;, i = 1,2.
In the remainig graph (V — 4; — B;) find as many disjoint red F' and blue G as possible
and denote the vertices of these red F' and blue G by Ty. Let X; =V - 4; - B, — Ty,
Then |X;| < r(F, G, H), since (X;) contains no red F, blue G, or green H.

We will now reduce X3, 4;, and B; in several steps, adding red F and blue G to T,
ultimately arriving at the 4, B, T, X described at the begining of the proof. As a first step,
suppose that X; contains a vertex with at least §(F) red edges joining it to A;, then it

is easy to see that this vertex, together with some vertices of A;, form a red F. Remove
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such red F' in turn, moving them to Ij. This yields new sets of vertices Az, T2, X5. If we
have chosen n;,n;, and therefore A;, B;, large enough, then A; and B; = B, are still

large compared to X;.

Similarly, if some vertex of X, has at least 6(G) blue edges going to B;, then this vertex,
together with some vertices of B, form a blue G. Remove such blue G in turn, moving
them to T3. This yields new sets of vertices B3, T3, X3. If n;,n, are large, then A3 = A,

and Bj are still large compared to Xj.

At this point, fewer than §(F')|X3| red edges join X3 to A3, and fewer than 6(G)|X;| blue
edges join X3 to Bs. Hence, for all but at most §(F')|X3| special vertices of A3, only blue
and green edges join a vertex of A3 to X3; and for all but at most § (‘G)IX 3| special vertices
of B3, only red and green edges join a vertex of B3 to X3. Each of these special vertices
of As, and indeed any vertices of A3, are part of a red F' that lies in (A3). Likewise,
each of these special vertices of B3 are part of a blue G that lies in (B3). Transfer all
these special vertices of 43 and B; to Ts, along with sufficient other vertices of A3 and
B;, in the form of disjoint red F and blue G. This yields new sets A4, By, Ty; X3 is not
a.ﬂ‘eéted, but set X4 = X3 for consistency.

If n;,n, are large enough, then A4 and B, are still large compared to X4, and by
construction, all edges between X4 and A4 are either blue or green; all edges between X

and B, are either red or green; and all edges between 44 and B; are green.

If there is a red F' using some vertices of X and some vertices of By, move the vertices of
this red F to Ty. Repeat this procedure until there is no such a red F. If there is a blue
G using some vertices of Ay and some vertices remaining in X4, move the vertices of this
blue G to T;. Repeat this procedure until there is no such a blue G left. This yields new
sets As, Bs, Ty, X5.

¥ n;,n; are large enough, then As and By are still large compared to X5, and by the

construction, all edges between As and Bs are green, all edges between As and X5 are
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either blue or green, and all edges between Bs and X5 are either red or green, and there
is no red F or blue G in (4s U Bs U X5) contains a vertex in Xs. Furthermore, Ts is
spanned by disjoint red F' and blue G.

Starting from sets As,Bs,Ts,Xs, using a method similar to that used in the proof of
Theorem 2.2, we get a new partitionof V: V = AUBUTUX, where 4, B, X are
subsets of the sets As, Bs, X5 respectively, and T is obtained from Ts by -adding the
vertices of some disjoint red F' and blue G to Ts. The new sets A, B,T, X have the same
properties as As, Bs,Ts,X5. and in addition, all the edges joining any single vertex of X
(if any) to the vertices of A are in the same color, and all the edges joining any single

vertex of X to the vertices of B are in the same color.

Hence, (A U BU X) has a nearly-canonical coloring with exceptional set X, and with no
red F or blue G in (AU B U X) having a vertex in X. Furthermore, T is spanned by
some disjoint red F' and blue G. If n;,n2 were chosen large enough, A and B will be

large relative to X.

We will now give a nearly-canonical coloring of (V) = K,_,, essentially by expanding 4
and B while eliminating T. Let (T') contains j disjoint red F' and [ disjoint blue G.
Move all the j red F to A and move all the I blue G to B.

This yields new sets Ag, Bg; X is still not affected. No vertex remains in 7. Now we have
a new partitionof V: V = A¢UBgUX. Give K,.a nearly canonical coloring, x/, with
Ag, Bg and X being the red, blue, and the exceptional sets respectively, with green edges
between Ag and Bg. The color of the edges from any vertex of X to the vertices of Ag is
the same as the color of the edges from this vertex to the vertices of A under coloring y;
the color of the edges joining any vertex of X to the vertices of Bg is the same as the color
of the edges joining this vertex to the vertices of B under x. Also, we leave the coloring

of (X) unchanged. It remains to show that this coloring is (n; F,n,G, H)-good.

First it is easy to see that the number of of disjoint red F in (4g) is less than n;, for
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otherwise Ky—1 would conta.iﬁ a red n; F under x. For the same reason, the number of
disjoint blue G is less than n;. Because there are no red edges between X and Ag, there
is no red F' that uses vertices of both Ag¢ and X. So any additional red F' other than
those in (Ag) must be in (Bs U X). Let B¢ = B U C. Suppose under x’ there is a red F'
in (Bg U X). This red F' cannot lie entirely in (B U X), since otherwise this would also
be a red F under x that lies in (B UX). So this red F' must use some vertices of C. Let
D denote these vertices. In this case, under the new coloring x', all the vertices of Bg are
in the same position; that is, the color of the edge joining a vertex y of Bg to some other
vertex v of V is exactly the same as the color of the edge joining any other vertex z of
Bg to v. Hence, as long. as B — V(F) contains enough vertices, we can replace D by the
same number of vertices of B — V(F) and get a red F that lies entirely in (B U X), a
contradiction. This shows that under the new coloring, the K,_; contains no red F outside
(A¢), hence it contains no red n F, and there is no red F that contains a vertex of X.
A similar argument will prove that under x' the K,_; contains no blue G outside (Bg),
and therefore it contains no blue n,G, and there is no blue G' that has a vertex in X.
By the hypothesis, the K,_; contains no green H under x. By the construction and the
new coloring of (X), it contains no green H. The similar argument will show that the
K,_; cannot have a green H that uses vertices of X, Ag or Bg. Since H is not a bipartite
graph, there is no green H in (Ag U Bg). Thus under x' K,-1contains no no green H
at all. Then x' is (ny F,n2G, H)-good. [ |

Theorem 3.3 If n;,n, are sufficiently large, then
r(n1K3,n2K3, K3) = 3(n1 + nz) + 5.

Proof. Let r = r(n; K3,n2K3, K3), and let s = 3(n; + n2) + 5. We first prove r > s by
exhibiting a (n)K3,n; K3, K3)-good coloring of the K,_;. Let V = V(K,_;). Partition
V into sets A, B,X—, with |4] =3n; — 1,|B] = 3n; — 1, and |X| = 6. Label the vertices
of X by z;,¥i,2i, t=1,2. Color all the edges of (A4) red, all the edges of (B) blue, AB
green, all the edges joining z;,y; to the vertices of A blue, all the edges joining z; to the
vertices of A green, all the edges joining y;, z; to the vertices of B red, and all the edges
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joining z; to the vertices of B green. Also color z1z2 red, y1y2 green, 2122 blue, z1y
and zoy2 red, z1y2 and z2y1 green, y¥;2z; and Y222 blue, y122 and y,2; green, z1z; and
z222 blue, and z;322 and z22; red. It is easy to check that (X') contains no monochromatic
triangles under this coloring. Because there is no red edge between A and the rest of the

vertices, and (A) is red, there is no monochromatic triangle that uses two vertices of A

and one vertex outside A. The same is true for B. There is no monochromatic triangle

auv with a € A,u,v € X, since there is no blue edge in (z;,z2,y1,y2) and 21z, is blue.
There is no monochromatic triangle of the form buv with » € B,u,v € X, since there is
no red edge in (y1,¥2,21,22) and z;z; is red. There is no monochromatic triangle abu
with a € 4, beBendueX , since all the edges between A and B are green and there
is no vertex u € X such that both ua and ub are green for some a € A, b € B. Hence all
the nomochromatic triangles are in (4) and (B). But (A) contains only n; — 1 disjoint
red triangles but no blue or green ones, (B) contains only ns — 1 disjoint blue triangles

but no red or green ones. Hence the above coloring is (n; K3, n2 K3, K3)-good.

Next we use Theorem 3.2 to prove r < s. By Theorem 3.2 we know there is a nearly-
canonical coloring, (4, B, X), of the K,_; whichis (n1K3,n2Kj3, K3)-good, with (4) red,
(B) blue, all the edges between A and B green, and there are no red edges between X
and A, no blue edges between X and B, and there is no red or blue triangle that contains
a vertex of X. Let v be a vertex of A. Partition X into two sets Y and Z so that the
edges joining v to the veri':ices'(if any) of Y are blue, and the edges joining v to the
vertices (if any) of Z are green. Since all the edges between A and B are green, and
all the edges between v and Z are green, no edge between B and Z can be green, for
otherwise the K,_; would contain a green triangle, which contradicts the fact that the
given coloring is (n; K3,n: K3, K3)-good. Hence all the edges between B and Z are red.
Because there is no red or blue triangle that contains a vertex of X, and because all the
edges between Z and A are green and those between Z and B are red, there are no red or
green edges.in (Z). Thus (Z) is monochromatic. But there is no monochromatic triangle
in (X), so |Z] < 2. Let b be a vertex of B. Partition Y into two sets ¥;,Y2 such that

all the edges joining b and the vertices of ¥; are red, and those joining b and the vertices
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of Y, are green. Now since all the .edges between v and Y; are blue, and all the edges
between b and Y; are red, there is neither a blue nor a red edge in (Y;), for otherwise the
K,—1would contain a monochromatic triangle that uses vertices of X which contradicts
our hypothesis. Then (Y;) is monochromatic. Since (¥} cannot contain a monochromatin

triangle, |Y7]| < 2. The same argument proves that |Y2| < 2. Then
|X| =1 UY2U 2| = 11|+ [Yz| + |2| < 6.
Thus
r(an;;,nng,Ks) -1=|AUBUX|=|A|+|B|+|X| < (3n1 — 1)+ (3nz — 1) +6.

That is,
r(n1Kj3,n2K3, K3) < 3(n1 + n2) + 5. n

This theorem can be generalized in several directions. The proof of such generalizations is

complicated, we do not introduce them here.

4. THE RAMSEY NUMBER r(n; F,n,G,n3H)

Theorem 4.1. Suppose F, G, H are connected non-bipartite graphs.

Let » = r(niF,n:G,n3H), then if n;, ny, n; are sufficiently large, there is a
(n1F,n2G,ng H)—critical coloring of K,_; which is nearly canonical, with the exceptional
set X having the property that no red F, blue G, or green H contains a vertex of X.

Proof. Consider any (n;F, n2G, n3 H)—critical coloring, x, of K,—; by red, blue, and green.
denote the vertices of K,.1by V. Oor plan is to partition V into five sets 4,B,C,T, X,
where T is the vertex set of some disjoint red F, blue G and green H, and under this
coloring @ = (AU BU C U X)) is nearly canonically colored with exceptional set X, such
that any red F, blue G, or green H in @ contains no vertex of X, and the edges joining
any vertex of X to vertices of each of A, B, and C are in one color. We will then show
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that this nearly canonical coloring of @ can be extended to a complete graph on |V/|

vertices, yielding the desired critical coloring.

By Lemma 3.2, the K,._; contains three large vertex sets A, B,C each of size k such that
(AUBUC) is canonically colored, with {A4) red, (B) blue, (C) and AB green, BC red
and AC blue. -

In W=V - (AUBUC), find as many disjoint red F, blue G, and green H as possible.
Use T to denote the vertex set of all these red F, blue G, and green H. Let X = W -T.
Then by the definition of T and X, there is no red F, blue G, or green H in (X). Hence
we have |X| < r(F,G, H). Since k can be made as large as we wish if n;, na, n; are large

enough, we can assume that |X| is very small compared to k.

In X, if any vertex has at least §(F') red edges to A, move this vertex to T along with
enough vertices of A to form a red F. Repeat this procedure as long as possible. This
yields new sets A4;, X;, T, corresponding to A, X, T, respectively. Now in Xj, if some
vertex has at least §(G) blue edges to B, move this vertex to T} along with enough vertices
of B to form a blue G. Repeat this procedure as long as possible. This yields new sets
B;, X3, T>. Now in X;, if some vertex has at least §(H) green edges to C, move this
vertex to T, along with enough vertices of C' to form a green H. Repeat this procedure
as long as possible. This yields new sets Cy, X3, T5. If we have chosen n; large enough,

A,, By, C; are still large compared to Xj.

Now we have a new partition: V = 4; UB; UC} U X3 UT;, where T3 is spanned by some
disjoint red F, blue G, and green H, and (X3) contains no red F, blue G, or green H.
Furthermore, there is no vertex of X; that has 6§(F) red edges going to A;, §(G) blue
edges going to B;, or 6(H) green edges going to C.

Let @1 = (A UB; UC1 U X;3). If Q; contains some red F, blue G, and green H that

use some vertices of X3, move the vertices of a maximal set of disjoint such red F, blue

G, and green H to T3. This yields new sets A3, Bz, C2, X4, Ty. If n; are large enough,
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A, B_z, C, are still large compared to X4 since the total number of vertices moved from
@1 cannot exceed |X3|max{p1,p2,p3}, and |X3| < |X| < r(F,G, H) is a constant. We
have a new partition: V = A, U B, U C, U X U Ty, where (A2) is red, (B;) is blue, (C3)
is green, A2 B; is green, B2C, is red, and C2A; is blue; T} is spanned by disjoint red F,
blue G, and green H.

Let Q2 = (A2 UB2UC2 U X,). Then @, contains no red F, blue G, or green H that
uses a vertex of X;. Since A2B; is green, A;C> is blue, and F' is not bipartite, Q2
contains no red F' that uses a vertex cutside Ay; i.e., any red F' of @2 must be entirely
in (A;). Similarly, any blue G of @Q; must be in (B;), and any green H of @, must be
in (C3). Furthermore, there is no vertex of X, that has §(F) red edges going to A, or
6(G) blue edges going to Bs, or §(H) green edges going to C2. So the total number of
red edges between A; and X is no more than |X4|(6(F) — 1), the total number of blue
edges between B; and X, is no more vhan |X4|(6(G)—1), and the number of green edges
between C, and X is no more than |X4|(6(H) —1). Move the vertices of Az to Ty that
have red edges joining to X4, if necessary, move additional vertices of A to T so that
the total number of vertices moved is a multiple of p;. Perform similar operation to sets
B; and C,. This procedure yields new sets Az, B3, Ci, Ts; X, is not affected, but we

set X5 = X, for consistency.

Let Q3 = (A3 UB3 UC3U X;5). In @3, there is no red edge between X5 and As, no blue
edge between X5 and Bj, and no green édge between X5 and Cjs. If n; are large enough,
A3z, B3, C3 are still large compared to X;5. Let |X5| = I. By Lemma 2.1, there are subsets
A4, By, C4 of sets Az, B3, Cs respectively, such that |44] > J%?l, |Bs| > L?,’-l, |Cs| >
J—zc-'?-l, and the edges joining any given vertex of X5 to vertices of each of the sets A4, By,

and C; are monochromatic.

Move all the vertices c_sf Aj; that are not in A4 to Ty, along with some vertices of 44 so
that the total nuﬁzber of vertices moved from A; is a multiple of p;. We use As denote
the remaining part of A4. Then |A4s] > %‘ﬂ — p1 + 1. We can make |Aj3| sufficiently large
so that As is still large compared to Xj. .

21




Applying the above steps to B; and Cj3, reducing By by at most p; — 1, and reducing
C, by at most p3 — 1, we get new sets Bs and Cs. If ny,n2,n; are large enough, By and
Cs are still large compared to X5. This process produces a new set T5 corresponding to

Ts. Ts is also spanned by a set of disjoint red F, blue G, and green H.

Let Qs = (A5 U Bs U Cs U X5). Then from the construction of Qs, we know that Qs is
nearly canonically colored with red set As, blue set By, green set Cs, and exceptional set
Xs. As, Bs ,Cs are still large compared to Xs. furthermore, AsBs is green, BsCs is
red, and A5C5 is blue.

Now we have a new partition:
V=AsUBsUC; UXsUTs,

where T5 is spanned by disjoint red F, blue G, and green H. Suppose there are m;
disjoint red F, my disjoint blue G, and m3 disjoint green H in (T3). Since Y is a critical
coloring of K,_;, the number of disjoint red F' in K,_; is less than n;, the number of

disjoint blue G is less than ny, and the number of disjoint green H is less than nj.

Now add all the vertices of the m; disjoint red F of (T5) to As and denote the set by
V1, add all the vertices of the m; disjoint blue G to Bs and denote the this new set by
V2, and add all the vertices of the m3 disjoint green H to Cs and denote this new set by
V3. By the construction of T5, we know that after the above procedure, there is no vertex

left. Hence we get a new partition of V :

V=WhuVKUVUX;.

Now we Give a new coloring of K,_; as follows:

Color (Vi) red, (V2) blue, (V3) green, V1V, green, VoV3 red, and V5V; blue. Also we
leave the coloring of (Xs) unchanged. The edge zv; has the same color as zAs had under
X, wheré z€Xs, v €N

The edge zv; has the same color as zBs had under y, where v; € V5.

The edge zv; has the same color as zCs had under x, where v3 € V3.
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We claim that the above coloring x’ of K,-1is (n3F,n,G,n3H)—critical coloring which
satisfies our requirement.
First, by the construction we can see that (V) contains fewer than n; disjoint red F, (V3)

contains fewer than n; blue G, and (V3) contains fewer than n3 green H.

Next, there is no red edge between X5 and V; since there was no red edge between X5 and
As under x. For the same reason, there is no blue edge between X5 and V2, no green edge
between X5 and V3. Then there is no red edge joining V; to the rest of the K ,_1; no blue
edge joining V2 to the rest of the K,_;, and no green edge joining V3 to the rest of the
K,—1. Since (Xs) contains no red F, blue G, or green H, if under x' the K,_; contains
a red F that is not entirely in (V;), it must use some vertices of X5, some vertices of
V2, and some vertices of V3. Suppose the K,—; contains a red F' that is not in (V1). Let
V(F) denote the vertex set of thisred F, and set V(F)NX; =S, V(F)NV, = S;, and
V(F)N V3 = S3, where S; and S; are not both empty. S; cannot be empty because F
isnot a bipa.rtii;e graph. Let

Sz = (S2 N Bs) U(S; N (V2 — Bs)), S3 = (S3 N Cs)U(Ss N(Va = Cs)).

Then because Bs, Cs are large sets, we can replace S; N (V2 — Bs) by the same number
of vertices from Bs — S7 and replace S3 N (V3 — Cs) by the same number of vertices from
Cs — S; and get another red F. But this red F' uses vertices only in X5, Bs, Cs, this is
impossible because under x s contains no red F' outside (A4s). This proves that under
x' K,-1 contains no red F' outside (V;). The same argument shows that the K,_;
contains no blue G outside (V2), and no green H outside (V;). Hence under x' the K,_;
contains no red n; F, no blue n;G, and no green n3H. Furthermore, any red F, blue G,
or green H in K,—; contains no vertex of X5. Hence X' is a nearly canonical coloring of

. K,-1 that satisties our requirement. . |
Theorem 4.2. If n;, ny, n3 are sufficiently large,then

r(n1K3,n2K3,n3K3) = 3(ng + n2 + n3).

Proof. By Theorem 3.1, we have r(n;K3,n3K3,n3K3) > 3(ny + ng + n3). Let r =
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r(n1K3,n2K3,n3K3). By Theorem 4.1, there is a (n;K3,n2K3,n3K;3)—critical coloring
x of K,—; which is nearly canonical with the exceptional set X having the property that
no monochromatic triangle in the K, uses a vertex of X. Suppose x is such a coloring
based on the partition V= AUBUCUX. Here A, B,C, and X are the red, blue, green,
and exceptional sets respectively, and AB is green, BC is red, and AC is blue. Besides,
under x, no monochromatic triangle in K,_; contains a vertex of X, and there is no red
edge between X and A, no blue edge between X and B, and no green edge between X
and C. From this we can see that all the red triangles are in (A), all the blue triangles
are in (B), and all the green triangles are in (C). Since chi is a critical coloring of the
K,_1, we must have |4| < 3n; —1, |B|<3n;—1, |C|< 3n3—1. From the above facts

we have:
r(n1K3,n2K3,n3K3) < 3(n1 + n2 + n3) + | X| - 2.

Since r(ny Ks,n3Ks3,n3K3) 2 3(n1 + n2 + n3), thus |[X| > 2.
Next we want to show that |X| = 2, so that r(n;Kj3,n2K3,n3K3) = 3(n1 + na2 + n3).

Suppose to the contrary that |X| 2> 3. Let z,y, 2z be three vertices in X. From of Theorem
4.1, we can further require that z4, yA, 2A are each monochromatic. The same is true
for the blue set B and green set C. Let Y = {z,y,2}. We first show that AY, BY, or CY
cannot be monochromatic. Without loss of generality, suppose to the contrary that AY
is monochromatic. Then AY is either blue or green. If it is blue, since AC is also blue,
can be no blue edge between C and Y, for otherwise we would have a blue triangle which
uses some vertex of Y. So CY must be red. Then since BC is red, can be no red edge
between B and Y, so BY is green. But in this case whatever color the edge (z,y) has
we will get a monochromatic triangle that contains z and y, a contradiction. The same
argument proves that AY cannot be green.

Next we show that among the following nine sets of edges
zA, yA, zA, =B, yB, 2B, zC, yC, zC

no four of them can be in the same color. Without loss of generality, suppose that zA4, yA
are both blue. Since AC is blue, zC, yC' must be both red. Since CB is red, zB, yB
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must be both green. Because zA4, yA, 24 cannot be all in one color, z4 must be green.
For the same reason, 2B is red and 2C is blue. Hence we know for the above nine edge
sets, no four of them can be in the same color. Thus if t4, yA are blue, we must have
zC, yC, zB are all red,

zA, yA, zC are all blue,

zB, yB, zA are all green.

But in this case whatever color the edge zy has, we will have a monochromatic triangle
which uses z and y, a contradiction. Summarizing all the above, we have proved that

|X| = 2. Therefore r(ni1 K3,n2K3,n3K3) = 3(n1 + nz + n3). B

5. THE GENERAL CASE.

In this section, we suppose that F,G,H are connected graphs, p(F) = p1, p(G) =
p2, p(H) = ps, B(F) = B, B(G) = Bz, B(H) = fs, and p1 2 pz > ps. Some or all
of these graphs may be bipartite.

Define the (F,G, H)-balance number to be the largest integer t such that the following
hold:

(1). Thereis a 3—ca.nonica1'coloring, X, of the complete graph K;that contains a red F, a
blue G, and a green H; and .

(2). Under coloring x, the removal of any vertex of Kleaves a graph no longer having all
of the three: a red F, a blue G, and a green H. '

Such a canonical coloring x is called an (F,G, H)-balanced coloring. We use (4, B,C)
to denote the canonical coloring of a complete graph K, on n vertices, where under this
coloring (A) is red, (B) is blue, (C) is green, and the edges between any two of the three
sets are monochromatic.

If a 3—canonically colored complete graph K, has the above two properties for some given
graphs F,G and H, we say the K, has property MM ("maximum-minimum”) over
(F,G,H), or simply that K, has property MM when it’s clear. It is obvious that the
(F,G, H)-balance number t exists for any given connected graphs F, G, H.
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For example, as in Section 4, suppose F, G and H are connected non—bipartite graphs,
then the (F, G, H)-balance number is p(F) + p(G) + p(H), there is a unique (F,G, H)-
balanced coloring given by the partition (A4, B,C), where |A| = p(F), |B| = p(G), |C|=
p(H), with AB, BC, and AC being green, red, and blue respectively.

Let x be a canonical coloring of a complete graph K, with red, blue, and green sets A, B,
and C. By increasing the size of the sets A, B, and C, we get a canonical coloring x' of

some complete graph K, where ¢ > s. We call x' an extension of x to K.

Let x be a (F, G, H)-balanced coloring of the K;given by the partition V=AU BUC,
where t is the (F,G, H)-balance number. For any positive integer m, let x,, be the
extension of x to the complete graph K,,¢, with the red, blue and green sets A,,, B, and
Cm, where |Ap| = m|A|, |Bm| = m|B|, |Cn| = m|C|. If under xm the Ky, contains
exactly m disjoint red F, m disjoint blue G, and m disjoint green H, and the removal
of any vertex of the K,,; would destroy the above property, then we call Xm the balanced
extension of x to degree m. If for every positive integer m the extension x,, of x is
balanced, then we call the coloring x of K,is expandable. Otherwise x is not expandable.
It’s not difficult to find an example of an (F, G, H)-balanced coloring for some connected
graphs F,G, H that is not expandable. The following is such an example: Let F = G =
K3, and let H = K, 4, the complete bipartite graph with each part having 4 vertices.
Partition the vertex set of Ky4 into three sets A,B,C such that |A| = |B| = 3, |C| = 8.
Let (4,B,C) be a canonical coloring, x, of the K14 with (A4) red, (B) blue, (C) green,
AB green, BC red, and AC blue. It’s trivial to verify that x is a (F, G, H)-balanced

coloring, but it is not expandable.

By the special use of this section, we modify the definition of a tie graph. Let ¢ be the
(F,G, H)-balance number, an (F,G, H)-tie is a 3—colored graph @ that contains a red
F, ablue G, and a green H, with |Q] <t. The graph @ is not required to be a complete
graph.

Under the above definitions, we have:
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Lemma 5.1. Suppose x is a expandable (F, G, H)-balanced coloring of K with partition
V(Ki) = AUBUC. Then any red F in the K;must use all the vertices of A, any blue G

must use all the vertices of B, and any green H must use all the vertices of C.

Proof. Without l;)ss of generality, suppose to the contrary that there is a red F' in the
K, that uses only k < |A] vertices of A. Because x is an expandable (F,G, H)-balanced
coloring of the K, then the complete graph K¢ under coloring xm, the balanced exten-
sion of x on K, contains exactly m disjoint red F, m disjoint blue &, and m disjoint
green H, but no more. On the other hand, in the same K,,; we can find m disjoint red
F which uses mk vertices of A,,, the extension of the red A. Remove these m red F
from Kp:; then there are m(|A| — k) > m vertices in the remaining set of the red A,,.
If m > p;, we can find at least one more red F in the remaining graph. This means that
under xm,m Km: contains at least m + 1 disjoint red F, a contradiction. This shows that
under x any red F' in K,must use all vertices of A. By symmetry, under x any blue G
in Kymust use all of B, and any green H must use all of C. [

Lemma 5.2. Let k¥ > 1 be given. Suppose ¢ is the (F,G, H)-balance number, where
t > p1 + p2. Then if n is sufficiently large, any 3—coloring of K, where v = nt — 3, must
contain a red nF, a blue nG, a green nH, or a canonically colored subgraph with red,

blue and green sets each of order k.

Proof. Let v = nt — 3, and consider any 3-coloring of K,. Remove a maximal set of
disjoint blue G, and then remove a maximal set of disjoint green H. If this yields n blue
G or green H, we are done. Suppose not. We use M to denote the remaining graph. Then
since ¢ > p1 + p; > p; + ps, at least n vertices remain that do not induce a blue G or a
green H. Let | be the largest integer for which r(Ki;,G,H) < n; then M contains a red
Ki. If n is large enough, then ! can be made as large as we please (although perhaps much
smaller than n). The same argument will show that the graph contains a blue K; and a
green K;. It may happen that the red K; shares a cﬂmmon vertex with each of the blue
and green K;. And the blue K; may also share a vertex with the green K. If so, delete

these common vertices, reducing ! by at most 2.
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The same method used in the proof of Lemma 3.2 will show that the 3-colored Kj;,; that
joins the red, blue and green K; contains a subgraph Kj,;,; with j > log; log; log,  such
that the edges joining any two parts of this complete 3-partite graph are in the same color.
That is, the red, blue and green K each contains a K; such that the complete bipartite
graph that joins any two of the red, blue and green K is monochromatic. Therefore, if n,
and hence [, is large enough, we can make j > k. Then the Kj ; ; is the desired subgraph.
n

Using the above two lemmas we now prove:

Theorem 5.1, Suppose t is the (F,G, H)-balance number, where t > p; + p;, and

suppose that x is an expandable balanced coloring of K;given by partition V(K;) =

AUBUC. Then |
nt —2 < r(nF,nG,nH) < nt + ¢4,

where ¢4 is a constant depending only on F, G and H.

Proof. For the lower bound, consider the balanced extension ), of x on the complete
graph K, with partiton V(Ky,:) = A, U B, U Cp,. Then by the definition of x,, this
K, contains exactly n disjoint red F, n disjoint blue G, and n disjoint green H, but no
more. By Lemma 5.1, any red F' must use at least |A| vertices of A,, so any n disjoint
red F' must use at least n|A| = |A,| vertices of A,. That is, any n disjoint red F must
use all the vertices of A,. Thus if we delete one vertex from A,, the remaining graph
no longer contains n disjoint red F. The same results are true for the blue G and green
H. Now remove one vertex from each of A,,By,Chr; then the remaining graph contains

no red nF, blue nG, or green nH, and it has nt—3 vertices. Thus rnt—2 < r(nF,nG,nH).

We now prove the upper bound. Given a positive integer k, let ng be the minimum integer
corresponding to this k¥ in Lemma 5.2, so that if a 3—colored complete graph on ngt — 3
vertices contains no red noF, blue noG, or green noH, then it must contain a canonically

colored subgraph with each part of order k. It is obvious that no is a constant which
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depends only on F,G,H and k. Find ¢4 so that the inequality holds for all n < ng, and
now apply induction. Consider any 3-coloring K,, where v = (n + 1)t + ¢4; we need to
show the existence of a red (n+ 1)F, a blue (n + 1)G, or a green (n+ 1)H. Here n > ny,
and we know that r(nF,nG,nH) < nt + ¢4.

By Lemma 5.2, this 3—colored complete graph must contain one of the following: a red
(n+1)F, a blue (n+1)G, a green (n+ 1)H, or a canonically colored subgraph with each
part of order k, and if n is large enough, this k can be made as large as we wish. If any
but the last case happens, we are done. So suppose that the 3—colored complete graph
contains a canonically-colored subgraph @ with each part of order k. Then if k£ 2 p;, this
Q contains a subgraph that contains exactly one disjoint red F, one disjoint blue G, and
one disjoint green H. Let @; be a minimal subgraph of @ that has the above property,
i.e., the removal of any vertex from @Q; will make the remaining graph either contain no
red F, no blue G, or no green H. Then by the definition of £, this @, has no more than ¢
vertices. Delete @; from the K,. Then the remaining graph has at least nt + ¢4 vertices.
By the induction hypothesis, this graph must contain a red nF, a blue nG, or a green
nH. In each of these three cases, the corresponding case holds in the original K,. By the
induction principle, we know that r(nF,nG,nH) < nt + ¢4 is true for all n. B

To get the main theorem of this section, we need three more lemmas.

Lemma 5.3. Let ¢t be the (F,G,H)-balance number, where ¢ > p; + p2, and let r =
r(nF,nG,nH). Suppose there exists an expandable balanced coloring of the K;. Let ¢4
be the constant occurring in Theorem 5.1. Let @ be a 3—colored graph such that, for some
m, @ contains a red mF, a blue mG and a green mH, but p(Q) < mt — ¢4 — 3. Then if

n is sufficiently large, no (nF,nG,nH)-critical coloring of K,_; can contain a copy of Q.

Proof. We will show that the desired result holds for all n > m. Suppose the contrary,
so that some (nF,nG,nH)—critical coloring of K,_;, contains a copy of Q. By Theorem
5.1, r —1 > nt — 3. Delete the vertices of the @ that occurs in this K,_;, yielding a K,,
where s > (n — m)t + c4. This K, cannot contain a red (n — m)F, a blue (n —m)G, or

a green (n —m)H, for such a graph, together with graphs in @, would yield a red nF, or
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a blue nG, or a green nH in our K,_;. But this contradicts Theorem 5.1, since s is too

large. v [ |

Lemma 5.4. Let t be the (F, G, H)-balance number, where ¢ > p; + p2. Suppose there
is an expandable balanced coloring x. Then there is a y, depending only on F,G, H, such
that the following holds: For any n > y, any 3—coloring of K, where v = nt —3, contains
a red nF, or a blue nG, or a green nH, or n —y disjoint (F,G, H)-ties.

Proof. Let v =nt — 3. Set k = p;, take ngy to be the minimum n so that the Lemma 5.2
holds for this k. That is, any 3-colored K,,t—3 contains a red noF, or a blue noG, or a
green ngH, or a canonically colored subgraph with each part of order k. Set y = ng + 3.
We proceed by induction on n. The case n = y is trivil, so assume the theorem to have
been proved for n — 1. Consider a 3-colored K,. For n > ng, by Lemma 5.2, this K,
must contain a red nF, a blue nG, or a green nH (if any of these happens, we are done,)
or a canonically colored subgraph with each part of order k. But it is staightforward that
such a canonically colored subgraph contains a (F, G, H)-tie which has at most ¢ vertices.
Remove this tie, leaving at least (n — 1)t — 3 vertices. By the induction hypothesis, the
remaining graph contains either a red (n — 1)F, a blue (n — 1)G, a green (n — 1)H, or
n —y—1 disjoint (F, G, H)-ties. In each of these four cases, the corresponding case holds
in the original K,. [

Lemma 5.5. Let t be the (F, G, H)-balance number, with ¢ > p; + p;, and let x be an
expandable-balanced coloring of K,given by partition (A4,B,C), then any red F cannot
use all the vertices of B or C, any blue G cannot use all the vertices of A or C, and any

green H cannot Ause all the vertices of A or B.

Proof. Let x be an expandable (F,G, H)-balanced coloring of K;given by partition
(A,B,C), where t is the (F,G, H)-balance number. We only prove that any red F in

this K;cannot use all the vertices of B or C; the other cases follow in the same way.

First, we prove that any red F' in the K;cannot use all the vertices of B. Suppose to the
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contrary that there is a red F' which uses all the vertices of B. By Lemma 5.1 we know
that this red F must also use all the vertices of A. Then p; > |A|+ |B|. But |C| < p3, so
t=|A|+|B|+|C| < p1 + ps < p1 + p2, a contradiction. The same argument shows that

any red F' cannot contain all the vertices of C. [
Now we are ready for the main theorem of this section.

Theorem 5.2. Let ¢ be the (F,G, H)-balance number, where ¢t > p; + p2, and let
r = r(nF,nG,nH). Suppose every (F,G,H)-balaced coloring of K;is expandable. Then
if n is sufficiently large, there is a (nF,nG,nH)—critical coloring of K,_; which is nearly
canonical, with red set A, blue set B, green set C, and the exceptional set X having the
properties that no (F,G, H)-tie contains a vertex of X.

Proof. Let n be large, and consider any (nF,nG,nH )—critical coloring of K,_1. By The-
orem 5.1, we know that r > nt—2. Denote the vertex set of this K,_; by V. Our plan is to
partition V into sets A’, B',C',T', X', where T' is spanned by a set of (F, G, H)-ties, and
where M = (X' U A' U B’ UC") has a nearly canonical coloring, with no (F, G, H)-tie in
M having a vertex in the exceptional set X'. We will then show that this nearly canonical
coloring can be extended to a complete graph on |V| = r — 1 vertices, yielding the desired

coloring.

By Lemma 5.2, we have three sets A;, By, C) of vertices each of order k such that Q =
(A1 U B; U C,). is canonically colored, with red set Az, blue set B;, and green set C;. %
can be made arbitrarily large if n is large enough, although it may be much smaller than
n. First we claim that the coloring on @ is an extension of some (F,G,H)-balanced
coloring x on K. Suppose to the contrary that the coloring on @ is an extension of a
canonical colering x’' on a complete graph K; which contains a red F, a blue G and
a green H, and x' is not a (F,G, H)-balanced coloring. We may require ! to be the
minimum with the above properties. That is, the removal of any vertex from this K;
leaves a graph no longer containing all the following three: a red F, a blue G, and a green
H. Then by the definition of the (F, G, H)-balance number, ¢, we have ! <t — 1. Hence
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the Q contains a subgraph Q; which contains a red mF, a blue mG, and a green mH
for some integer m, and |@1| < ml < m(t — 1) = mt — m. If we have chosen n, and
therefore k, large enough, m is larger than ¢4 — 2. This means that the critically colored
K,.; contains a subgraph @; which has at most rﬁt — ¢4 — 2 vertices and which contains
a red mF, a blue mG, and a green mH. This contradicts Lemma 5.3. This shows that
the coloring on @ is an extension of an (F,G,H)-balance coloring x on K. Let the
balanced coloring x of K:be given with red sef Y1, blue set Y3, and green set Y3. Set
[Yi| = a, |Y2| = b, |Y3| = ¢, then a + b+ ¢ = t. We now reduce the size of 4;, Bj, and

C; so that so that |A;| = ma, |B;| = mb, |Cy] = mc, where m is as large as possible.

Next we apply Lemma 5.4 to (V — A; — B; — C). From the the size of A;, By, C1, we
see that (V — A; — By — C1) has at least (n — m)t — 3 vertices, and it cannot contain a
red (n —m)F, a blue (n —m)G, or a green (n —m)H. Therefore, it must contain at least
n—m—y (F,G, H)-ties, where y does not depend on m. Let T; denote the vertices of a
maximh.l set of these ties, and set X; =V — A4, — B; — C; —Ti. Since |V| < nt + ¢4, where
¢4 is as in Theorem 5.1, we have |X;| < yt + ¢4, a constant. So |X;| is much smaller than

m if m was made large enough. It is possible that X; is empty.

We now reduce A4,,B;,C) and X; in several steps, adding ties to T;, ultimately arriving
at the A',B',C',T", X' described at the beginning of the proof. As a first step, suppose
that X; contains a vertex with at least A(H) green edges joining it to C;. I so, then
from the condition ¢ > p; + p2 and Lemma 5.5, it is easy to see that this vertex, together
with some vertices of 4,, By, and C), span an (F,G, H)-tie, and indeed a join. Remove
such ties in turn, moving them to Tj. Call the altered sets of vertices Az, B2, Cs, T3, X3.
If we have chosen n, and therefore A;, B;, and C}, large enough, A, B, and C; are

still large compared to X,.

At this point, fewer than A(H)|X2| green edges join X; to C:. Hence, for all but at
most A(H)|X:] special vertices of Cz, only red and blue edges join a vertex of Cs to X,.
Each of these special vertices of O3, and indeed any of the vertices of C3, are part of a

tie, using other vertices of A3, Bz, and C,. Transfer all of the exceptional vertices to Tj,
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along with sufficient other vertices of Ay, B3, and Cj, in the form of ties. This yields new
sets A3, B3,C3,T3; X, is not affected, but we set X3 = X, for consistency.

If n is large enough, then A3, B3, and C3 are still large compared to X3, and by the
construction, all the edges between X3 and Cj3 are either red or blue. It is easy to see
that any vertex of X3 with at least A(G) blue edges joining it to B; is part of a tie
which uses only this vertex and some vertices of Az, B3, and C3. So we proceed similarly
to. the last two steps. We first remove any vertex of X3 with A(G) blue edges joining it
to B; by incorporating it in a tie and moving the tie to T3. This process yields new sets
A4, B4, C4, Ty, Xy. Then, remove any vertex of By joined to any vertex of X3 by a blue
edge in a similar manner, yielding new sets As, Bs,Cs, Ts, X5s.

If n is large enough, then A;, Bs, and C5 are still large compared to X5, and by con-
struction, all the edges between X5 and Cs are either red or blue, all the edges between
Xs and Bs are either red or green. At this stage; we also know that any vertex of X5
with at least A(F) red edges joining it to As is part of a tie which uses only this vertex
and some vertices of As,Bs, and Cs. So we can proceed similarly to the above steps. We
first remove any vertex of X5 with A(F) red edges joining it to As by incorporating it
in a tie and moving the tie to T5. This process yiclds new sets Ag, Bs, C¢, Ts, X¢. Finally,
remove any vertex of Ag joined to any vertex of X by a red edges in a similar manner,

yielding new sets A7, B7,Cq,T7,X5.

T; is spanned by a set of ties. If n is large enough, then A7, By, and C7 are still large
compared to X7. Let I = |X7|. By Lemma 2.1, there are subsets As, Bs, and Cj of the
sets A7, By, and C7 such that

A B C
sl 2 21, 1y > 121, iy 2 1%,

and the edges joining any given vertex of X7 to vertices cf each of the sets Ag, Bg and Cs
are monochromatic. Transfer all the vertices of A7 that are not in Ag, all the vertices of
B that are not in Bg, and all the vertices of C7 that are not in Cj, to T, along with
sufficient vertices of Ag,Bs and Cjs, in the form of (F, G, H)-ties. This yields new sets
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Ag, By, Cy, Ty; X7 is not affected, but we set Xy = X7 for ‘consistency.

If n is large enough, then Ay, By, and Cy are still large compared to Xy, and by con-
struction, we see that P = (A9 U By U Cy U Xy) has a nearly canonical coloring with

exceptional set Xy. Ty is spanned by a set of ties.

Finally, if P contains (F, G, H)-ties that use some vertex of Xy, move all the vertices
of such ties to Ty, this yields new sets Ajg,B10,C10,T10 and Xy0. If n is large enough,
A19, B1o and Cjo are still large compared to X19. The graph P; = (A10UB1oUCoUX10)
has all the properties as P, but in addition, there is no (F,G, H)-tie in P; that contains
a vertex of Xjo. Tio is spanned by disjoint (F,G, H)-ties. Therefore we may set

A= Aio, B' = By, C' = Cho, T = Tho, X' = X0,

since (A',B',C’',T',X') represents the partition of V we sought at the beginning of the

proof.

We now give a nearly-canoni‘caI coloring of (V) = K,_;, essentially by expanding A4', B
and C' while eliminating T'. Let T' contain o disjoint (F,G,H)-ties, each tie has at
most ¢ = a+ b+ c vertices, hence T' has at most at vertices. Extend the nearly canonical
coloring of the graph § = (4'UB'UC' U X') to the complete graph W on ¢ = |A'| +
|B'| + |C'| + |X'| + ot vertices simply by increasing the red set by aa vertices, the blue
set by ba vertices and the green set by ca vertices. Denote the new red, blue, and green

set by A, B, and C respectively, X’ is not affected, set X = X' for consistency.

It is easy to see that ¢ > |V|, and it is clear that no (F, G, H)-tie in W contains a vertex
of X. We need to show that this coloring is (nF,nG,nH)~good.

We claim that the number of disjoint red F' in W is no more than that in the original
graph (V)=K,_;. Suppose S contains z disjoint red F. Of course K,_; contains at least
z + a disjoint red F. If we can show that the number of disjoint red F' in W is no more
than z + a, then our claim is proved. To the contrary, suppose that W contains at least

z 4+ a+ 1 disjoint red F. Choose such a set of red F, and let R denote those members of
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the set which have a vertex in X. Let Y denote the set of vertices of the members of R,
together with any remaining vertices in X. Let R have z members. Then (V(W) —Y)
is canonically colored, with red, blue, and green sets A*, B*, and C*, respectively (say).
This graph contains z + a + 1 — z disjoint red F. Since |Y| < p1|X | is a constant, if we

have chosen n, and therefore A', B', and C’, large enough, we have
|A*| > aa, |B*| 2 ba, |C*| > ca.

Thus we may delete aa,ba and ca vertices from A*, B*, and C* respectively, without
exhausting them. Call these reduced sets A}, Bf and Cf. The graph (A} U By UCY) is
still canonically colored, and it contains (z + a+1—2) — a = 2 + 1 — 2 disjoint red F.
Now, L = (Y U A} U B} UC}) is colored isomorphically to § = (4' U B'UC' U X'). But

L, and hence S, contains z + 1 disjoint red F, a contradiction.

Hence we have proved that W has no more disjoint red F' than (V). Similar argument
shows that W contains no more disjoint blue G or green H than (V). Since the coloring
of (V) is (nF,nG,nH)—critical the coloring of W is (nF,nG,nH)-good. Furthermore,
since |W| 2 |V|, the coloring of W must also be critical (and in fact |W|=|V}). B

It seems that this theorem is a direct generalization of Theorem 4.1, but if we read the
statements of both theorems carefully, we see that the result of Theorem 5.2 is slightly
weaker than Theorem 4.1. In fact, in Theorem 4.1 we say that there is no red F, blue G,
or green H that contains a vertex of the exceptional set. But in Theorem 5.2 we cannot
guarantee this. Instead, we only can say that there is no (F,G, H)-tie that contains a

vertex of the exceptional set.

In practice, the balance number for some special connected graphs F, G, and H is often
not hard to determine. In most cases, it is also not difficult to check that every (F,G, H)-
balanced coloring is expandable since the number of non-isomorphic balanced colorings is
small, often not exceeding 4. We can apply Theorem 5.2 to such special triples. In fﬁct,
in determining the Ramsey number r(nF,nG,nH) for specifically-given graphs F, G, H,

the most difficult work is often to determine the size and coloring of the critical exceptional
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set X. As an example, we prove the following;
Theorem 5.3. If n is éuﬁiciently large, then

r(nK;;,hKa,nK;,g) =8n—2.

Proof. Let r = r(nK3,nKs,nkK; 2), ¢ = 8n —2, where n is large. We first prove r > ¢ by
exhbiting a (nK3,nK3,nK; 2)-good coloring of K;—;. We claim that the (K3, K3, K1,2)-
balance number ¢ = 8. We will give a (K3, K3, K),2)-balanced coloring and show it is
expandable, and therefore by applying Theorem 5.1 we have r > ¢q. Let V = V(Kj3).
Partition V into three sets A, B, and C, where |A| = |C| =3, |B| = 2. Now color Kj as
follows: (A), (B), and (C) being colored red, blue, and green respectively, AB and AC
are blue, and BC is red. It is easy to see that the K3 colored this way contains exactly
one red triangle, and one disjoint green 2—star, K, >. Since |B| =2, AB is blue, but BC
is red, this K3 contains one disjoint blue triangle. If we delete one vertex from A, the
remaining graph contains no red triangle; if delete one from B, then the remaining graph
contains no blue triangle; if delete a vertex from C, then the remaining graph contains
no green 2-star. It is trivial to verify that any canonical coloring of Kj doés not have

property M M. Thus we have t = 8.

It is also easy to check show that the above coloring x of Kg is expandable. There are
only two non-isomorphic (K3, K3, K 2)-balanced colorings of K. One is x. The other
one, X', is given by the coloring (B, A, C), with (B) red, (4) blue, (C) green, BA, AC
red, and BC blue. chi' is also expandable. Thus we have proved- that ¢+ = 8 and every
(X3, K3, K;,2)-balance coloring is expandable. So by Theorem 5.1, r > 8n — 2.

Now we apply Theorem 5.2 to prove that r < 8n — 2. Here, we have F =G = K3, H =
Ki;2, and p1 = p; = p3 = 3. Hence the condition t > p; + p; is satisfied, and by
the above results, we know that every (K3, K3, K;,2)-balanced coloring is expandable.
Then by Theorem 5.2, there is a (nK3,nK3,nK; 2)~ critical coloring, 7, of K,_; which

is nearly canonical with red, blue, green, and exceptional sets A’, B' ,C’, and X', and
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with no (K3, K3, K;,2)-tie having a vertex in X'. Furthermore, the canonical coloring of
@ = (A" UB'UC') is an extension of some (K3, K3, K 2)-balanced coloring. Without
loss of generality, suppose the coloring of @ is an extension of x. Then A'B' and A'C'
are blue, and B'C' is red. Now let = be a vertex of X' (if any). A’ cannot be green, for
otherwise, under coloring 7, K,—; contains a (K3, K3, K 2)-tie that uses z, a contrdiction.
So zA’ must be blue. Since A'B’, A'C’, and zA’ are blue, 2B’ or C' cannot be blue, for
otherwise K,_; contains a blue triangle that uses z, then we get a (K3, K3, K; 2)-tic that
uses z, contradiction. But B’ or C' cannot be green either. Hence zB’ and zC' must
be red. This is also impossible, because B'C’ is.red, and if zB' and zC' are red, then
K1 contains a red triangle, and therefore a (K3, K3, K; 2)-tie that uses . Summarizing
all the above, we know that X' must be empty. Since 7 is (nK3,nKj3,nK; 2)-critical,
|A'1<3n-1, |C'|£3n—1, |B'| <2n—1. Then

r—1=|A'|+|B'|+|C'| <8rn -3, sgo r<8 -2 [

This is our first example in which the critical exceptional set is empty. Most of the time
this doesn’t happen. This example also shows that the lower bound given by Theorem 5.1

is best possible.

It is often possible to get the Ramsey number directly without using Theorem 5.2, as
shown by the next theorem. The interesting part of the next theorem is that the result
given by Theorem 5.2 even holds for all n > 1. The reader can refer [5] for a similar result

and proof of the next theorem.
Theorem 5.4. For n > 1, r(nK;3,nKi2,nKi12)="Tn—2. ‘

Proof. Let r = r(nK3,nK12,nK12), 8= Tn —2. We first prove r > s by exhibiting an
(nK3,nK; 2,nK) 2)-good coloring of K,—;. Let V = V(K,_;). Partition V into three
sets A, B, and C, where [4| =n—1, |B|=|C|= 3n—1. Give a 3-canonical coloring
(4,B,C) of K, as follows: (4) red, (B) blue, (C) green, and AB, BC, and AC being
all red. It is easy to verify that the above coloring of K,-;is (nK3,nKj2,nK; 2)-good.
Thus r > Tn — 2.
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Next we prove r < Tn — 2 by using induction on n. When n =1, 7n ~ 2 = 5. Consider
any 3-coloring of Ks. If it contains no blue or green 2-star, then it has at most four blue
and green edges, then it has at least six red edges, hence it must contain a red triangle.

So when n = 1, the theorem is true.

Suppose the theorem is true for all' 1 <n < N.
Now for n+ 1, we need to show that any 3—coloring of the complete graphon 7(n+1)—2
vertices must contain a red (n+1)Kj, or a blueor a green (n+1)Kj 2. Let 8’ = 7(n+1)—2,
and consider any 3—coloring of K,. Our plan is to find a subgraph @ of this K, that
contains each of a red triangle, a blue and a green 2-star, and that has no more than 7

vertices. Then delete this @ from K, , and apply the induction hypothesis to the remaining

graph.

If this K, contains a red (n + 1)X3, or a blue or green (n + 1)K; 2, we are done, so
sﬁppose not. Since n 2 1,7(n +1)—2 > 12 > 5, K, must contain a red triangle, a
blue or a green 2-star. Without loss of generality, suppose it has a green 2-star. Delete a
maximal set of disjoint green 2-stars from the K,/, denote the remaining graph by M. M
has has at least 7(n +1)—2—3n +1 = 4n + 6 > 10 vertices. Hence W must contain a
red triangle or a blue 2-star. Without loss of generality, suppose it contains a blue 2-star.
Delete a maximal set of disjoint blue 2-stars from M, and denote the remaining graph by
M,;. This graph has at least 4n 4+ 6 — 3n = n + 6 vertices. Hence it must contain a red

triangle.

We have proved that K, contains a red triangle, a blue and a green 2-star, and they are
all disjoint. Let a;, a2, as be the vertices of a red triangle X, b1, b, b3 the vertices of
a blue 2-star Y, and ¢;, ¢z, c3 the vertices of a green 2-star Z, where all these vertices
are distinct. Consider the graph P = ({ai,a2,as, by, b2, b3,¢1,¢2,¢c3}). We claim that P
contains a subgraph with at most 7 vertices that contains a red triangle, a blue and a green

2-star.

Consider the edges between X and Y. If there are at least 4 blue edges among them, then
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some vertex of ¥ must have 2 blue edges going to X. In this case, P contains a subgraph
with 4 vertices that contains a red triangle and a blue 2-star, and this subgraph uses one
vertex of Y and all three vertices of X. This subgraph together with the green 2-star form
a subgraph of P with at most 7 vertices that contains a red triangle, and blue and green

2—stars. In this case our claim is true.

If there is at least one blue edge between X and Y, say a;b;, then P has a subgraph
with 5 vertices which contains a red triangle and a blue 2-star, and this subgraph uses all
the vertices of X and two vertices of Y. In this case, consider the edges between X and
Z. I there is at least one green edge between X and Z, it is easy to see that P has a
subgraph which uses all three vertices of X and two vertices of each of Y and Z, and
- which contains each of a red triangle, a blue and a green 2-star, again, our claim is true.
So suppose there is no green edges between X and Z. In this case, if there are at least
three blue edges between X and Z, then there is either a blue 2-star between X and Z,
or a blue edge incident to a;. In the first case P has a subgraph that only uses all the
vertices of X and all vertices of Z, and, which contains a red triangle, and blue and green
2-stars; in the second case, P contains the desired subgraph that uses all the vertices of
X and Z, and vertex b of Y. So in both cases, our claim is true. Now suppose there are
at most two blue edges but no green edge between X and Z. Then there are at least seven
red edges between X and Z. In this case, at least one vertex of Z, say c;, is joined by
red edges to all vertices of X. Then P contains the desired subgraph that uses all vertices

of Z, two vertices of X including a;, and two vertices of ¥’ including b;.

Summarizing above we see that if there is a blue edge beween X and Y, P contains the
desired subgraph. Similarly, if there is a green edge between X and Z, P contains the
desired subgraph.

Now suppose that there is no blue edge between X and Y, and no green edge between X
and Z. If there are four green edges between X and Y, or four blue edges between X and

Z, as proved above P contains the desired subgraph.
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So there are at most three disjoint green edges between X and Y. Then there are at least
six red edges between X and Y, so P contains a subgraph that contains a red triangle
and a blue 2-star, this subgraph uses all the vertices of ¥ and two vertices of X. Let
ai1,az, T, by, by be the five vertices of this subgraph, where T = (21,432, ) is a red triangle,
and where (z,b;,b;) contains a blue 2-star. Consider the edges between T and Z. If
there are at least three blue edges between T' and Z, then either there is a blue 2-star,
or a blue edge incident to z; as proved before, in each of these two cases, P contains the
desired subgraph. If there is at least one green edge between 7" and Z, P also contains
the desired subgraph. Hence sﬁppose there are at most two blue edges, and no green edge
between T' and Z. Then there are at least seven red edges between T' and Z. In this case,
at least one vertex of Z, say c, is joined to each vertex of T' by red edge, then thereisa
red trié,ngle that uses c;,z, and one of the vertices ai1,az. Then it is easy to see that in
this case P contains the desired subgraph which uses all the vertices of Z, and all vertices

z,b;,b2 and one of a3,a;. Our claim is still true.

Summarizing all the above we see that our claim is true; that is P, and therefore K,
contains a subgraph @ of order at most 7, and @ contains a red triangle, and blue and

green 2-stars.

Delete @ from K, . The remaining graph M’ has at least s’ — 7 = Tn — 2 vertices. By
the induction hypothesis, M' must contain a red nKj, a blue or a green nKj 9, in each
of these three cases, the corresponding case holds in the original K,/. Hence the theorem

is true for n + 1. By the induction principle, the theorem is true for all n > 1. -]
Using the methods of Theorem 5.4, one can easily prove:
Theorem 5.5. Forall n 21, r(nKj,nK;32,K;2)=4n+1. B

Note that in this theorem the third graph is K ,, instead of nkK; ».
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6. CLOSING REMARKS

The results given in Section 2 through Section 4 can be generalized to c—color cases for
any ¢ 2> 3. The techniques to generalize these results are all contained in this thesis. It
would be possible to give further exact values in practice, but we will not do so here. It
might be worthwhile to do so elsewhere, but even more valuable would be to extend the
theory, improving Theorem 5.1 and 5.2. It would be very desirable to solve the problem of
determining the Ramsey number , r(nF,nG,nH), for large n and for all connected graphs
F, G and H, completely. |

Another significant question is that of how large nj,n2,n3 and n must be for Theorem
2.2, 3.2, 4.2 and 5.2 to hold. It is not hard to show that it suffices to take n;,nz,n3 and n
no larger than a triple exponential, respectively, involving the order of F, G and H. On
the other hand, as in Theorem 5.4, the long-run behavior can begin at very small n for

some special cases, usually 1 or 2.
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