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ABSTRACT

ESSAYS IN FINANCIAL ECONOMICS

by

Yingiu Lu

Advisor: Professor Salih N. Neftci

Essayl: In this essay, we investigate the theoretical and empirical differences be-
tween the convexity adjustment method and the LIBOR market model in pricing
two-period constant maturity swap (CMS). Using daily data, we obtain the differ-
ences (spreads) between the two-period CMS rates calculated from the convexity
adjustment and those from the LIBOR market model. The convexity adjustment
method yields higher CMS rates than the LIBOR market model does. The spreads

are correlated with the cap volatilities and the yield curves.

Essay 2: Developing countries need flexibility in borrowing from the international
capital markets, and are susceptible to liquidity risk when foreign capital flow re-
verses. Contingent credit lines (CCL) contract could be used to inject liquidity
and back the exchange reserves held in the central banks. This essay presents a
pricing method for the CCL contract signed by sovereign borrowers and banks.
CCL can be modelled as a reverse knock-out option whose underlying instrument
is credit spread. We apply the LIBOR market model under survival measure to

price CCL for three countries: Argentina, Brazil and Mexico.
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Essay 3: This essay introduces a conditional volatility estimator based on the
skewed fat-tailed generalized error distribution (SGED) within a discrete-time
GARCH model. The information content of the SGED-GARCH volatility esti-
mators is compared with those of the implied volatility index (VIX) and the fitted
realized volatility models for 1-day-ahead and 20-day-ahead forecasts of the S&P
100 index volatility. The in-sample and out-of-sample performance results based
on the R? and the mean absolute percentage errors imply superior performance
of the SGED-TGARCH and the VIX in capturing time-series variation in realized
volatility. The results also suggest that nearly all information is provided by the
SGED-TGARCH, the VIX, and the sum of the squared five-minute returns. There
is little incremental information in the traditional volatility estimator based on the

absolute demeaned daily index returns.
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Part 1

Essay 1: Convexity Adjustment
and LIBOR Market Model, Case

of Constant Maturity Swap
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1.1 Introduction

The purpose of this paper is to use the LIBOR* market model to price instruments
that require convexity adjustment. The instrument we choose is constant maturity
swap (CMS), a popular interest rate derivative. We compare its price calculated
from two methods. One is the LIBOR market model, and the other is the standard
convexity adjustment method.

We use daily data from April, 1991 to January, 1998 to conduct an empirical
investigation on the performances of these two methods in pricing CMS. Our results
indicate that for a two-period CMS, there is a significant price difference (spread)
between these two methods. We define spread as the CMS rate calculated using the
convexity adjustment minus that calculated using the LIBOR market model. The
spread reaches 8.49 basis points in some dates. Since the LIBOR market model
is more exact in pricing, we conclude that the standard convexity adjustment,
although fairly close to the exact price, is still not a substitute for the LIBOR
market model.

In addition to this general conclusion we show that the spread is always positive,
implying that the convexity adjustment yields higher CMS rate than the LIBOR
market model does. Finally, we show that the spread of the CMS rates is highly
related with the underlying cap volatilities.

The paper is organized as follows. The following section provides a framework
to price CMS. Section 3 has two parts. The first part discusses CMS and the

convexity adjustment. Second part introduces the LIBOR market model. Section

1 Abbreviation for London InterBank Offered Rate.
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4 shows the pricing results using daily data. The last section concludes the paper.

1.2 Framework

Three components are required to construct a CMS. The structure of the CMS is
based on a default-free environment with zero credit risk.

First we need an m-period forward fixed-payer interest rate swap with swap
rate s(to, t1,tnt1), Drice fixed at ty, start date ¢;, settlement beginning at time ¢,
and ending at t,,;. d is the year fraction between ¢; and ¢,,1, ¢+ = 1,...,n. This
interest rate swap is shown in the figure 1.1. We assume the period [t; — to] is also
equal to d. The {t1,...,t;, ..., t,} are the reset dates when the relevant LIBOR rates
{Ltys ..., Ly, .., Ly, } will be determined.

The second component is the n + 1 default-free zero-coupon bonds whose prices
at to are B(to,t;)’s, i =1,...,n,n + 1. These prices are the amounts to pay at ¢ in
exchange of receiving 1 dollar at the maturity dates ¢;,, ¢ = 1,...,n,n + 1. Hence,

B(to, t;) is the discount factor for the time period [to, ¢;], and

In general, B(t;,t;),t; < t;, is the discount factor determined at ¢; for the time
period {t;,1].

The last component is a sequence of forward rate agreements (FRA), which is
shown in the figure 1.2. The figure shows the cash flow diagrams of n — 1 paid-
in-arrears FRAs. The FRAs determine the forward rates F'(to,t;, ti41)’s for the
future periods [t;,ti41], ¢ = 1,...,n. These forward rates are known at ty. As
to approaches t;, F(to,t;,t;11) approaches F'(t;, ts,tii1). F(ts, ti,tiy1) = Ly, is the

LIBOR rate known at ¢; for the time period [t;,¢;+1]. For each FRA, a floating
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payment is made against a fixed payment with the result of a net payment of
[Lt, = F(to, ti, tip1)] 6 at tipy.
Arbitrage-free relationship between the forward rates and the corresponding

LIBOR rates implies the following equality:
Flto,titign) = B2 (L] Vi=1,..,n, (1.2)

where the probability p'+! represents the t;,; forward measure using B(tg, t;11) as
the numeraire. (1.2) shows that the forward rate is an unbiased forecast of the
relevant LIBOR rate under proper forward measure.

Using these relationships we can obtain the following arbitrage-free value of the

forward swap rate

Z B(to, tiy1) F(to, ti, tit1)
i=1

s(to, t1, tng1) =

> Blto, tis1) (1.3)
=1

n =
— Z wiF'(to, tiytiv1),
=1

where
B<t07 ti—l-l)

= " !
Z B(to, tiv1)
i=1

(1.3) shows that the swap rate is a weighted average of paid-in-arrears FRA rates.

Wy

The weights, w;’s, are obtained from the zero coupon bond prices, which are func-

tions of the forward rates:

1
B(to, t:) = — (14)
T10 +6F (o, t, t551)
g=0
and
B(thti)
1 (5Ft ti,ti )= 57T . N 1.
-+ (07 +l) B(to,ti+1) ( 5)
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ot

(1.5) leads to

1 [ Blto,t;

Substituting (1.6) into (1.3), we can get

B(to, t1) — B(to, tni1)
n+1

523(150, ti)
1=2

For a forward swap that makes n payments with the start date t; and the settlement

S(to,tl,trrﬁ_l) = . (17)

date beginning at ¢;11, we have

B(to,t;) — B(to, tnts)

n+j

5 Y Blto,t:)

t==g 41

. (1.8)

s(to, tj, tnrg) =

Its relevant swap rate with price determined in the future (“future” swap rate) is

B(t;,t;) — Bltj, tny)

n+j

§ > Bt t:)

i=j+1

S(tj7tjatn+j) = : (19)

Forward swap rate is an unbiased forecast of the relevant (future) swap rate

under the proper forward swap measure p:

s(to, tj, tjn) = Biy [5(t5, 15, t0n)] (1.10)

CMS is a generalized vanilla interest rate swap. For a vanilla swap, in each
settlement period, a fixed swap rate is exchanged against a floating LIBOR rate,
the rate for that settlement period. For a CMS, in each settlement period, a fixed
leg is also exchanged against a floating leg. Nevertheless, this floating leg has
a longer maturity than the LIBOR rate has. FEach floating leg is a spot swap
rate s(t;,t;,tj4n) With reset date ¢;. t;4, is the maturity date. For example, for

the two-period CMS shown in the figure 1.3, its two floating legs are s(ty,1%1,t3)
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and s(tg, to,t4) which have reset dates t1, and to; and maturity dates ¢3, and ¢4.
These “future” swap rates are the functions of the underlying forward rates as
(1.9) and (1.4) indicate. The conditional expectation of one “future” swap rate is
the relevant forward swap rate under one proper forward swap measure as (1.10)
shows. Nevertheless, this statement does not apply to more complex swaps, such
as CMS. Since the conditional expectation of each floating leg of a CMS is based
on different forward swap measure, the CMS’s fixed leg is not a simple weighted

average of its floating legs.

1.3 Pricing Convex Interest Rate Instruments

In practice, there are at least two methods to price convex interest rate instruments.
The first method calculates the forward swap rate for each floating CMS leg and

then adjusts for the convexity to get the expected value of the “future” swap rate
§(tj, tj, tj—l—n) = S(to, tj, tj—f—n) -+ ,u(to . O'tj,tj),

where §(¢;,¢;,t;1n) is the expected value of the “future” swap rate s(¢;,t;,¢;4n)
known at t;, and pu(to : 0y, ;) is the adjustment factor dependent on the volatility
oy;, and the reset date ;.

The second approach employs the LIBOR market model to obtain the arbitrage-
free trajectories of the forward LIBOR rates under one measure, and then calculate
the CMS rate. Convexity adjustment is not needed since the “future” spot swap
rates, i.e., floating legs, are expressed as the functions of these forward LIBOR

rates under the same measure.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.3.1 Market convention: the convexity adjustment

This section has two parts. The first part obtains a convexity adjustment using
PV01 as the numeraire, and then obtains the expected “future” swap rate. The

second part computes the CMS rate using these rates.

Convexity adjustment to forward swap rate

This section follows the methodology outlined in Section 2. The derivation below
follows Hagan (2002). We repeat the following relationships derived before

B(to, t;) — B(to, tnty)

n_;’_j

Y Z B(to, ;)

i=j+1

S(to, tj, tn+j) =

)

B(t;,t;) — B(tj, tny;)
n+j !

§ > Bltj,t:)

i=j+1
PVO01(ty) and PVO01(¢;) are the numerical durations known at ¢y and ¢;:

CMSﬂoatms( )— S(t t tn+j) =

n+j

PVO1(tg) £ Y Blto, 1),

i=j+1
(1.11)

n+j
PV01(t,) & ZBfJ,t

i=j+1

We define s(to, t;,tny;) 88 54, and s(t;,t;,tne ;) as 8. If s¢; were known, the g
value of the CMS floating leg reset at t; would be CMSg, . (t;) = 51, B(to, t;11).”

Nevertheless, s, is unknown at to. Using PV01(Z;) as the numeraire, we can rewrite

the expected value of CMSfﬁ)amg (t;) under the forward swap measure as
10 R ~ St,B(t‘,t'_’_l)
CMSﬂoating(tj) = Sth(fo, J+1) PVOl(to)Eﬁ) |:-—__—JPVOJ],(;) (].].2)
j

>The payment is made at #;11.
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This equation presents the tg value of the CMS floating leg. By doing this, we can

adjust all the forward swap rates based on the information set available at t.

Since

E?

and

[Stj] =

to

Stg

to

p {B(tj)tjﬂ)} _ Bty tj11)
PVOL(,)

~ PVO01(t) ’

by using the simple statistical identity E[AB] = E[A]E [B] + Cov [AB], we can

obtain
et -
CMSﬁOoating (tj ) = PV01 (tO)Efo I:

= StoB(tOv tj+1)

+StOB(t0, tj+1)Ef0 I:

_ Stj — 8
= StoB(t()?thrl) {1 +Ef0 [ St : <PV01(t')B(t0 ?Lj)
0 J T

Assuming flat yield curve, we can rewrite

PVO1(t,)

B(t(b tj) a

and

PVO1(t;) =

st; B(tj, 1)
PVOL(t,)

(8t; — 1) (B(tjatj-f-l)PV()l(tO)
Blio, ) PVOL(1,)

)
)

(1.13)

Sty

PVO1(to)

01(to)
————= and PV01(¢;
Blio.t,) an (t;) as

n+j 5

i§1 (1 + Gs,) )

(1.14)
(14 ds)" — 1
Sto(l + (581;0)77’ ’
> vy
i=j+1 (14 Gsy,) =9
(1.15)

(1+8s,)" — 1
St].(l + 5Stj)n '
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The Taylor approximation of s;; around sy, is

Stj (1 + 5Stj )'n

PVOl(to) 4 (1 -+ 55tj)n -1 _
PVOl(tJ)B(t(),tJ) - Sto(l +5St0)n
(L4 bsg) — 1 (1.16)

I

(1 . istO ) (Stj — Sto)
(1 + 53t0> [(1 + 55t())n - 1] Sto .

Hence, before discounting to tg, the convexity adjusted CMS floating rate reset at

t]' is
e . nd sy 5 [(se, — s60)°
CMSgoating(t;) = 8. =8¢, 1+ (1 — 0 E? | —
et =350 {1+ (1= (s ) o [
(1.17)
Since (14 ds4)™ — 1 = ndsy, for small dsg,, and
o 2 t; )
[ [
‘Sto 0
we can finally write &, as
. 5s? —
i, = s+ T ;oStOTjg;., (1.18)

where 7} is the time interval between ¢y and t;, and (7_32 is the average variance of
the forward swap rate during 7j.
According to this derivation, the accuracy of the convexity adjustment depends

on:

1. The level of s;,. The smaller this forward swap rate, the better the approxi-

mation of (1 + ds;,)™ — 1 = nds,,.

2. The size of |s;; — s¢|. The smaller the size, the better the Taylor approxi-

mation.
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3. The smoothness of the instantaneous volatility o; If the instantaneous volatil-

ity shows spikes over time, then the convexity adjustment will deteriorate.

4, The flatter the yield curve, the more accurate the convexity adjustment due
to the assumption of flat yield curve. The approximation will deteriorate if

the yield curve becomes steep.

The last point is especially important for CMS since market participants use
CMS to take a view on the slope of the yield curve. Nevertheless, when the slope

is expected to steepen, the convexity adjustment will deteriorate.

CMS rate using convexity adjustment

We consider a two-period CMS shown in the figure 1.3 where a fixed CMS rate,
CMSfixed, is paid at £ and t3 against the floating two-period swap rates reset at
t1 and ts.

The arbitrage-free relationship shows

0 = CMSfixea(B(to, t2) + Blto, ts)) — (8(t1, t1,t3)B(to, t2) + 8(t2, 2, ta) B(to, ts)),

(1.19)
hence
${ty,t1,13)B(tg, t: $(ta, to, 14)B(tg, t
CMSﬁxed — S( 1501, J) (Oa 2)+S( 2,02, 4) (07 3)’ (120)
B(tg, tg) + B(to, t3)
where 5 2( )
. s°(to, t1, 13 —
ti,t1,t3) = s(to, t1,t: - Tio?
5( 1,41, 3) S( 0, L1, 3)+ 1+58(t0,t1,t3) 1071,
(1.21)

(382(750, t27 t4)

Tyo3.
1 + 5S(t07 t?) t4) 299

and §(ta,t2,t4) = s(to,t2,ta) +

Ty = [to, t1], and Ty = [to, t5]; o2 and o2 are the average variances of the forward

swap rates in 77 and 7T3. Since a forward swap rate can be expressed as a function
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of discount bonds indicated in (1.8), the convexity adjustment makes the CMS
rate a function of the discount bonds, the average covariance of the forward swap

rates and the time intervals.

1.3.2 Market procedure: the LIBOR market model

Each forward LIBOR rate is an unbiased forecast of the relevant LIBOR under
a proper forward measure. Pricing CMS rate needs more than one forward rate.
Hence, we will first select a “working” forward measure, and then convert each
forward LIBOR process to an arbitrage-free process under this working measure.
This is the LIBOR market model, first introduced by Brace, Gatarek, and Musiela
(1996).

Once the stochastic differential equation (SDE) of each forward rate is written
under a single forward measure, Monte Carlo paths can be generated to evaluate
any desired expectation expressed by these forward rates.

There are three parts in this section. In the first part, an example of CMS shows
that CMS rate can be derived from a group of forward rates. The second part
introduces the arbitrage-free SDEs of the forward rates. The last part discusses

the Monte Carlo simulation method used to derive the price of the CMS.

Pricing CMS using forward rates

We consider the same two-period CMS introduced before.® Under the ¢4 forward

measure, the arbitrage-free relationship can be expressed as

3Since we are generating the forward rates separately using the forward measure,
we cannot use a bond pricing equation and obtain the values of zero coupon bonds
from an arbitrage pricing formula.
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O - Ept4 { xio - 8(t17 tl) t3)
(U4 6Ly ) (1 + SF (ty, t1,t0))
(1.22)
+ Ly — S(tQat27t4) }
(L4 0L )(1 4+ 0F (1,1, t2))(1 + F (ta, ta,t3)) ’
where zy, is the fixed CMS rate. After rearranging (1.22), we have
Ep [ s(t1,t1,t3) n s(t2,to,t4) ]
- " L4 0Le) (1 +8F (b1, t1,t2)) (14 6L4)(1 4+ 6F (81,81, t2)) (1 + F (to, 2, t3))
0T 1 1 !
EY!
¢ {(1 + 0Lt ) (1 + 6F(t1,11,t2)) + (1+ 6L )(1 + 6F(t1,t1,t2))(1 + 5F(t2,(t2, tg))):|
1.23

where
s(ty,tr,t3) = W F(ty,t,te) + wh F(ty, ta, t3),

and s(tq, to, ty) = WF(ty, tg,t3) + W F(ts, ts, ty).
The weights wy,wy are not fixed, depending on the forward rates as we have seen
in the case of convexity adjustment.

(1.23) shows that this CMS rate is determined by the LIBOR rates F'(t1,t1,t2),
F(tg, ta,ts) and F(ts,t3,t4) known at t1, to, and t3. We need to simulate the
dynamics of the LIBOR processes F(t,t1,t2), F((t,t2,t3) and F(t,t3,t4) in order to
get the CMS rate. We choose the same t4 forward measure, p* to simulate these

dynamics.

Arbitrage-free SDE for FRA rate

We use a one-factor model, and assume the forward rate F(t,t;,t;.1), V t € [0,¢;],

follows the SDE
dF(t, t;, ti+1) = [LiF<fJ, t;, 1';7;+1)Clt + (J’iF(t, t;, ti+1)th7 (124)

where p; F'(t,t;, t;41)dt is the drift, W, is a Wiener process, and o; is the volatility.

We use the volatility of i-year cap to approximate the volatility of the forward rate
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in the simulation. 4

The two forward rates’ SDEs are

dF(t, ti—1, tf',) = [l,i_lF(t, ti_1, ti)dt + 0'7;_.1F(t, ti1, tz)th\V/ te [t(), ti—l],

(1.25)
dF(t,ti, tiga) = k't b, tiga)dt + 03 F (L, Ly, tir ) AW, Vi€ [to, ).
The forward rate F(t,t;,t;41) for the period [t;, t;41] is given by:
. B(t,t:)
+ ( ) +1) B(t,ti+1)_ ( )

Under the t;,, forward measure, p'i+1, and B(tp, t;;1) as the numeraire, the ratio on
the right hand side is a martingale, which means that F'(¢,¢;,t;.1) is a martingale.

For some small, but non-infinitesimal, time interval At we can write
F(t + At ts tig) = F(t,ti, tin) + 0 F(t ts, ti ) AW (1.27)

Under different measure: the t; forward measure, p', and B(t, t;) as the numeraire,

the SDE of F(¢,1;_1,t;) is also driftless
F(t + At, t;_1, tl) = F(t, ti_1, tz) + (Ii_lF(t, tio1, ti)AWZ—l. (128)

We have the following expectations under different measures:
pti f—
EV' [AW/] = 0,
B AW = 0, (1.29)
and Eftm [AWf"l] = )\ii“At,
where AW ™! = WA, — Wi, and AW} = Wi ., — Wi A is a correction

that has to be made for the Wiener increment AW}A, which is evaluated under

4Because of the inherent time structure of the volatility of forward, it is not
appropriate to use cap volatility to approximate a forward rate volatility. Never-
theless, this short-term simulation justifies this approximation.
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a different measure than its own forward t; measure, p'. See appendix for the
description of measure change.
After applying the mechanics of measure change, we get the following two
dynamics
dF(t,ti ti) = o F(t, b, ti1)dW],

8o F'(t,ti, tiv1)
1+ 0F(t, b, tirt)

01 F(t, i1, ) dW}.

AF(t,tic1,t;) = —oi1F(t,ti1,t;)

dt (1.30)

They are arbitrage-free and can be easily exploited using Monte Carlo simulation.
Since both dynamics are expressed under the same measure, the set of SDEs of
the forward rates can be applied in pricing all sorts of interest rate instruments,

including CMS.

Monte Carlo simulation of CMS swap

The two-period CMS rate can be calculated using Monte Carlo simulation. The

right hand side of (1.23) can be approximated as:

_}_i { s(t, ta, t3)’ N s(ta, t2, 14)! }
M L+ 0Ly ) (L4 0F (#1, 81, 12)7) (14 0L ) (1 + SF (b1, 11, 22)7) (1 + 5F (b2, £2, 83)7)

Tty =

M ’
R 1 1 J
M ; li(l + 5Lt0)(1 -+ 5F(t1,t1,t2)j) + (1 + 5Lt0)(1 -+ 5F(t1,ﬁ1,t2)j)(1 + (5F(7f2,t2, tg)j)
(1.31)
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where

F(tlatlth)j F(tg,tz,tg)j

— + - -
st b, ta)) = (1+5LmX1ffF@hth®V) (1+5Lmﬂl+5F@ht%hVX1+5F@mt%QV)

(50011 0P, b1, t2)) | (L+ 0Lu) (L4 0F (t1, b1, 2)7) (L + 0F (b2, ta, £3)7)

F(ty,t1,t2)7 (1 + F (ta, ta,t3)7) + F(t2, ta, t3)!

2 + 5F(t27t2a t3)]

F(tg, ta, t3) (1 + 8F (t3,t3,t4)7) + F(t3, t3,t4)’
2+ 6F (t3,t3,ta)7 ’

s(ta, o, t4)) =

More paths, i.e., larger M, more accurate, but at the expense of speed. This is a
dilemma encountered in simulation.
The dynamics of F(t,t1,t2), F(t,t2,t3), and F(t,t3,t4) are

4 8o F(t, g, t3)
dFtt_t]:—‘Fttt‘} j
(t,t1, 1) b ) Rt

(1.32)
i b3 F(t,t3,ta)
L+ 0F(t,t3,t4)

“O’lF(t,tl,tg) +0'1F(t,t1,t2)det3,

003 F(t,t3,t4)7 j
i DBI I W o (e, tayaW?, (139)

dF(t,ta,1s)' = —oF (b2, t5)’ 7 SF(t,ts, g)]

and
dF(t,t5,t4) = o3 F(t,t3,t,) dW}. (1.34)
Since F(t1,t1,t2)" is known at ¢y, F(ta,t2,t3)’ at s, and both are known earlier
than F(ts,ts,t4)?, we have to set stopping time for F(t1,t1,t2)7 and F(ts,ts,t3)7 in
the simulation. This means that at #;we stop the simulation of F(ty,#1,t2)’, while
keep simulating F(ts, t2,t3)7 and F(ts,t3,t4)?. At to, the simulation of F(ts, 2, ¢3)’

is over. F'(t3,t3,t4)"’s ends at ts.
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1.4 Results

We examine a sample consisting of 1,688 daily data of forward swap rates, forward
LIBOR, and cap volatilities in the period from April, 1991 to January, 1998. We
obtain two groups of two-period CMS rates from two methods: the convexity
adjustment method and the LIBOR market model. Figure 1.5 shows the spreads
of the CMS rates. The spread is CMSgyeq — Z1,: CMS rates calculated using the
convexity adjustment minus those calculated using the LIBOR market model.
Figure 1.5 shows that the spread is positive in most cases, and reaches 8 basis
points in some cases, implying that the CMS rate calculated using the convexity
adjustment is higher than that using the LIBOR market model. Since the LIBOR
market model is more exact, we can say that the standard convexity adjustment

overestimates the CMS rate.

1.4.1 Convexity adjustment and yield curve slope

In the following, we use statistical tests to show the deterioration of the convexity
adjustment as the yield curve slope increases. First, for all the trading days in
the data sample, we calculate the spread between these two methods. Second, we
calculate the slope. We use s(tg, t2,t4) — s(to, t1,t3) as a substitute for the slope of
the yield curve. Finally, with the help of the Nadaraya-Watson kernel estimator,
we can investigate the correlation between the difference and the yield curve slope.

We define the kernal as

K(h,p,a)=
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and the data series
X = s(to, t2,ta) — s(to, t1, t3),
and Y = CMSfged — T,

-where X and Y are two T' x 1 vectors, T' = 1,688. The Nadaraya-Watson kernel

estimator can be expressed as

> K(h, X(5), X)), x Y(5)

Faw(i) = =

L i=1,..T. (1.35)

]~

K(h, X(5), X(4))

1

.
i

The results are displayed in the figure 1.4. We see a very strong positive cor-
relation between the spread and the slope of the yield curve. The spread increases
as the slope becomes steeper. This verifies that convexity adjustment deteriorates
as yield curve steepens. It is reasonable to conclude that for longer maturity CMS
the spread will be larger, since longer maturity means larger convexity in yield

curve in most cases.

1.4.2 Other results

We are also interested in the relationship among spread, volatility, and swap rate.
Granger causality tests are carried for the spread, the two-year cap volatility and
the two-year forward swap rate. 3-day, 5-day and 100-day lags are used in these
causality tests. The results are listed in the table 1.1. All the 3-day, 5-day and
100-day lags demonstrate that the spread is highly dependent on the volatility and
the swap rate. The calculated linear correlation coefficient between the spread and
the one-year cap volatility is 0.8750, and that between the spread and the two-year

cap volatility is 0.7939.
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1.5 Conclusion

In this paper, we investigate the theoretical and empirical differences between the
standard convexity adjustment method and the LIBOR market model. Numeraire
and martingale play important roles in both methods. The estimated CMS rates
using the former method are higher than those using the latter one. We conclude
that the standard convexity adjustment, although fairly close to the rate estimated
from the LIBOR market model, overestimates the CMS rate and is still not a
substitute for the LIBOR market model. A two-period CMS is applied in this
paper. It is reasonable to believe that the spread will be larger for longer maturity
CMS, since longer maturity and more settlements mean larger convexity in most

cases. Furthermore, the spread is highly dependent on the volatilities.
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Table 1.1: Granger Causality Probabilities among the Spread, Two-year Cap

Volatility and Two-year Forward Swap Rate

3-day lag Granger causality probabilities

Dependent variables || Spread | Volatility | Swap
Spread 0.00 0.00 0.00
Volatility 0.54 0.00 0.66
Swap 0.99 0.21 0.00

5-day lag Granger causality probabilities

Dependent variables || Spread | Volatility | Swap

Spread 0.00 0.00 0.00
Volatility 0.34 0.00 0.11
Swap 0.95 0.04 0.00

100-day lag Granger causality probabilities

Dependent variables || Spread | Volatility | Swap
Spread 0.00 0.00 0.00
Volatility 012 0.00 0.56
Swap 0.82 0.06 0.00
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Figure 1.3: A Two-period CMS

22



14
-3

x 10

12

10

T
1
6
Slope

-4

x 10

4.5+

peaidg

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Figure 1.4: Kernel Smooth of the Slope and the Spread
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Appendix: The Mechanics of Measure Changes

We use the following discrete expression of the expectation of AW/ with K

individual states:

By [aW = Wit i 1]

L1 [ B tin) Bt ti)?] 4,
WZ 17, ) ? |y ti
Ul [B(t’ti-l—l) B(ti, ti1)? Py (A1)

i Bltty) 1 "
=3 aw; bHfg(t,tt))B(ti,tm)"]pl 7]

=T M =T ]
b >

B tz', ti . . . B t; ti 5
since pt[j] = (t:, i) p'*t1[j]. By deleting Q, we can get®

B(ti, tiy1) B(t,t;)
K ‘ A
STAWT ) [1 4+ 8F(t ti, 1)) 9 ] = 0, (A.2)
=1

where p' 7], and p'+? [j] are the probabilities associated with the individual states

j=1,..., K. Rearranging and writing (A.2) in expectation notation, we can get
(T o it .
EY AW = —6EF [F(t 6, i) AW (A.3)

The left hand side is the desired expectation of the AW; ! under the new proba-
bility pli+t.

Multiplying both sides of

F(t+ Aty ti, ti1) = F(t, ti, tia) + 0B (t, iyt ) AW (A.4)

SWe can eliminate the constant term Bl;(’f ;:)6) since there is no ¢ term in it.
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by AW;~! and taking expectations, we have

EY [t b, t41) AW
— F(t,t;, tip ) ED [AW[ ] + o F (¢, £ )EP [awiaw] (A9)

= SF(t, i, i )BT [t b, b ) AWITY + 00 F (8, 1, 141 ) A

(A.3) and (A.5) lead to

s ‘ F (bt b)) AL
pt +1 F ttt A/Vl_l _ a; y Uiy bi+1 A6
BET Lt i) AW, ] 14 6F(t, ti tiy1)’ (4.6)
and
pli G ) ZF t,ti,ti ] At
B [awi ] = 22l ) (A7)

EE A

Now we can rewrite the other SDE as

F(t+ Aty tioq,t;)

= F(t,t; 1, t:) + o 1 F(t tiog, 1) AW
(SO'iF(t, ti, tH_l)At

= F(t, ti1,t) — o F(t,tic1, ts) T 6F (b fary)

+ o F(t tioa, t) AWY,

(A.8)
) 0o F(t,t;, ti1) AL .
where AW} = GLACUIUESY + AW/ and its expected value is zero under
) 1+ 5F(t, ti, ti—i—l) k
pti+l.
Therefore, we obtain the two dynamics
dF(t,ti,tig1) = 0F(t, b, tip)dWY,
o F(t,t;, t;
and dF(t,ti_i,ti) B ——O‘i_lF(t,ti_l,ti) g ( : +1) dt (Ag)

L+ 0F (L, L, tiv1)
+0i 1 F(t, timy, t)dWY.
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2.1 Introduction

Contingent credit lines (CCL) contract is also called loan commitment, which is
widely used by companies to prevent liquidity crisis in the commercial paper (CP)
market. The CCL contract commits to lending up to a certain amount of money
to a borrower under prespecified terms. A 2003 survey by the US Federal Reserve
shows that almost three-quarters of bank lending is done using commitment con-
tracts. As of March 2003, the outstanding loan commitments of the US firms were
close to $1.6 trillion, more than doubling those in 1990.

Companies use lines of credit for three general reasons. First, many lines of
credit are issued as the backstop facilities that give flexibility to issuers in the
capital markets. For example, companies with unused loan commitments will avoid
borrowing in the CP market when CP rates temporarily spike in the market due to
unforeseen events. Second, having a credit line in place signals that the company
has the ability to pay for specific transactions and hence reduces credit risk on
short-term borrowing. Third, opening a credit line with a highly reputable bank
usually sends a positive signal to other financial market participants. It reduces
information asymmetries between the company management and the market about
the company’s financial condition (see Fama (1985)).

Developing countries also need flexibility when borrowing in the international
capital markets, and they face liquidity risk when the markets shut the door to
them. Developing countries could use CCL contracts to gain the flexibility and
back their foreign exchange reserves. One pioneer in this area is Argentina. On
December 20, 1996, the Central Bank of Argentina agreed with 14 international

banks on a firm commitment of $6.1bn liquidity option. Other countries, for ex-
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ample, Mexico, Indonesia, and South Africa had reached similar agreements with
international banks. In September 1998, Mexico drew $2.66bn from its loan com-
mitment signed with international banks. Nevertheless, the use of CCL contracts
by developing countries is rather limited.

The reasons can be analyzed from both sides of the demand-supply relation-
ship. From the demand side, the major concern of the developing countries is
that applying CCL would send a negative signal to the market showing their vul-
nerability to financial crisis. Moreover, a country’s eviction from a CCL contract
would trigger even larger adverse consequences. As the major suppliers of the
CCL contracts, the international banks feel uneasy about writing blank checks to
countries, especially to some developing countries vulnerable to crisis. There is
no bankruptcy law for sovereign debtors. In early 2005, Argentina’s success in
forcing its creditors to accept the lowest recovery rate in the history of sovereign
defaults shows the thin restraints on sovereign borrowers. Moreover, compared
with a company, a country has much more intricate and volatile economic and
political environment, which makes analyzing a sovereign country cumbersome.

The lack of a simple and transparent pricing method for CCL could also be
another reason. Instead of using macroeconomic data to analyze and price CCL
for sovereign countries, we use the market data, i.e., Eurobond yields which have
embedded credit risk. In this paper, we apply the popular term-structure model,
the LIBOR market model to the sovereign credit spread and price CCL for 3 Latin
American countries: Argentina, Brazil, and Mexico.

This paper is organized as follows. The next section discusses a simple CCL
structure. Section 3 presents the pricing model. Section 4 discusses the data.

Section 5 shows the pricing results. Section 6 concludes the paper.
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2.2 CCL Structure

2.2.1 Fee structure

A typical structure of a CCL contract specifies that the facility provider would
lend a certain amount of money to a sovereign country at a fixed markup as long
as that country’s Eurobond credit spread doesn’t reach a certain barrier level. If a
country’s credit spread is above this fixed markup, it can draw the CCL at a lower
cost than it could otherwise get from the market. The barrier level, knock-out, is
written in the Material Adverse Change (MAC) clause. During the contract period,
if the credit spread jumps above that barrier level, the CCL contract terminates
automatically. The CCL contract gives the prospective borrower the right, but not
the obligation, to borrow money at a fixed mark-up. This contract is an option;
and as an option, it must have a price.

The fees of the CCL contract include a commitment fee, an annual fee, and
a usage fee. The future borrower has to pay an up-front commitment fee when
signing the contract. During the maturity of the CCL contract, it has to pay an
annual fee on the used amount, and a usage fee on the available unused amount.
It also has to pay interest on the used amount, which is composed of two parts.
One is the London InterBank Offered Rate (LIBOR) and the other is a mark-up,
the rate depending on the creditworthiness of the borrower. This mark-up could

be either a floating or a fixed rate. In this paper, we assume a fixed mark-up rate.

2.2.2 A simplified CCL contract

Before we present the pricing model, we put froward some assumptions and expla-

nations on the CCL contract:
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e The CCL contract in our paper matures at 7;. The borrower can make a
decision on whether to use the credit line at 77 and pay back at T5, which
makes the CCL contract a European-style option. The difference between
European-style option and American-style option lies in that the latter can
be drawn at any business day before the maturity date. The assumption
of a European-style structure instead of an American-style structure is to
prevent the borrower from drawing the commitment with the knowledge
that his credit spread could jump above the barrier level in the coming days.
If allowed to happen, the banks wouldn’t have any protection. In order to
circumvent the restrictions on fixed drawing date and meet future liquidity
requirement, the borrower can write a series of CCL contracts with different

maturity dates.

e If the borrower decides to draw the line, it has to draw the total amount to

simplify the calculation.

e We are interested in deriving the CCL price, which is defined as the sum
of commitment fee, annual fee, and usage fee. We won’t derive a specific
price for each of the above three since this is beyond our method. CCL fee
structures vary from company to company. We refer Ergungor (2001) for
the interested readers. The commitment fee is an up-front fee, the annual
fee is applied to the used amount, and the usage fee is levied on the unused
amount. With the assumption of full percentage draw, the borrower has to
pay the up-front commitment fee, and either the annual fee when drawing
CCL or the usage fee when not. We combine the up-front commitment fee

and the present value of either the annual fee or the usage fee as the CCL
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price. These fees are expressed as a fraction of the CCL loan amount.

2.2.3 Payment in a CCL contract

CCL contract is a contract between a bank and a sovereign country, signed at time
to and matures at T;. The maximum loan amount, N,% which is the maximum
amount that can be drawn at 7. If the sovereign couﬁtry chooses to draw at 71,
it has to pay back principal plus interest at T3. The interest rate is the sum of
the LIBOR for the borrowing period [T1, T3], L(T1,T3), and a fixed mark up, s(to),
which is specified at . Sovereign country’s forward credit spread at ¢, ¢t € [to, T1],
is ¢(t, Ty, T»). This is the difference between the risky forward rate f(¢, 73, T3), and
the risk-free forward rate F'(¢,7},T). When ¢ reaches Ty, F(T1,T1,Ts) becomes
the LIBOR rate for the period [T1,T3): L(T31,T3).” We write them as c(t,T1),
f(t,T1), F(t,Th), and L(Ty). The contract also contains an MAC that specifies
the termination condition of the contract. For example, before T}, triggered by the
downgrade of the borrower’s credit rating, the contract could terminate. In stead
of credit rating, the contract could specify a credit spread threshold, i.e., H(to). If
c(t, Ty) exceeds Hy before Ti, the contract terminates and the contract’s payoff is
ZEr0.

Suppose c(t,T1) doesn’t exceed Hp during [tg, 71]. We will have two possible
outcomes. One is that ¢(Ty,T1) > s(to) at 71 (in the money), and the other is
c(T1,Th) < s(tg) (out of the money). If ¢(T1,T1) > s(ty), the country could draw
the line at a lower price than it could get from the market, and the contract yields

a payofl of (Ty — T1)(c(T1,T1) — s(to)) at Ty. If (T, Th) < s(to) at T3, it will not

SN = 1.
"LIBOR is the funding cost for an AA-rated firm. Nevertheless, the LIBOR
market model assumes LIBOR contains zero credit risk.
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choose to draw, ending with zero payoff.

Since H(ty) > s(to), we can see that if ¢(t,Th) > H(to), c(t,T1) must exceed
s(ty). So its payoff structure shows that CCL has the reverse knock-out character-
istic, getting knocked out when it is in the money. The strike is s(to), and H(to)
is the barrier level. The payoff of a CCL contract is shown in the figure 2.1. The
CCL contract can also be classified as credit derivatives, since it is written on the

credit risk specified by the credit spread.

2.3 Modelling CCL as a Credit Derivative with Reverse

Knock-out Characteristic

Credit derivatives are financial instruments with credit risk as the underlying vari-
able. There are two types of credit derivatives. The first type is the default class
whose payment is contingent on the default event. Credit default swaps, and total
return swaps fall into this class. In the second type, the payment is determined
by the changes in the credit quality of the borrower rather than the default event.
Spread derivatives and rating-based derivatives are of this type. CCL belongs
to the second type, since its payment depends on the changes in the borrower’s
creditworthiness.

There are two well-established approaches to modelling credit risk. One is
structural model, or asset value model, following the seminal paper by Merton
(1974). The structural model views the debt as a contingent claim written on the
borrower’s assets. The lower the debt to asset ratio, the longer the distance to
default. Obtaining an accurate value of the borrower’s asset is a difficult step,

which is magnified in the case of sovereign borrower. Valuing asset involves how
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to define a country’s asset. No sovereign bankruptcy law ever exists. Even if a
country’s asset can be clearly identified, to model the change of its asset is beyond
management bacause it could involve variables such as trade deficit, budget deficit,
exchange rate movement, growth rate, and inflation rate, etc.. The obstacles force
us to resort to the other method, the reduced-form approach. With the combi-
nation of term-structure model, it directly models the credit process of a risky
debt. A default event is modelled by a jump intensity process. Since the under-
lying pricing methodology has already been used in the risk-free term-structure
models, the reduced-form approach is more tractable than the structural model
as demonstrated by Das and Tufano (1996), Jarrow and Turnbull (1997), Lando
(1998), Madan and Unal (1998), and Duffie and Singleton (1999). Maksymiuk and
Gatarek (1999) shows that by substituting hazard rates for interest rates, default
can be priced in an Heath-Jarrow-Morton (HJM) framework. Pugachevsky (1999)
extends the work of Maksymiuk and Gatarek by adding correlation between in-
terest rate and default risk to the HIM framework. Schonbucher (2000) presents
a credit risk model based on the LIBOR market model, a popular term-structure
model. Schonbucher (2004) shows that credit default swap can be priced using de-
faultable assets as the numeraires. Here, we use the Schonbucher (2000) framework

to price the CCL contract.
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2.3.1 The model

Risk-free forward rate

We first consider a risk-free environment. Under the LIBRO market model, we

can define the risk-free froward rate for the period [T, 75] as

F(t,Ty) = % (ig% - 1) , (2.1)

where P(t,T1) and P(t,T3) are the prices of the risk-free zero coupon bonds with
maturity 77 and T5. § is the year fraction between 77 and T5.

According to the LIBOR market model, using P(t, T3) as the numeraire, F'(¢,T1)
is a martingale

dF(t,T\) = F(t, T\)o dWa(t) (2.2)

under T, forward measure. of is the instantaneous volatility of the risk-free for-
ward rate. Wa(t) is a Wiener process under Ty forward measure, p’2. Changing

measure using Girsanov’s theorem, dWs(t) can be expressed as
dWs(t) = dWo(t) + ag, (t)dt, (2.3)

where o, (t) is defined as the minus volatility of the risk-free bond P(, Tz). dW(t)
is a Brownian motion under the spot measure, which is a forward measure associ-
ated with initial date to. g, (t) can be expressed recursively as

OF(t,T1) f
() = )+ ———0;, 24
0612() aTl()+1+5F(t,T1)Ut ( )
where a,, (t) is the minus volatility of the risk-free bond P(t, T1).
Hence, the dynamic of F'(¢,77) can also be expressed under the spot measure

as

dF(t,T1) = F(t, T )o; [0, (t)dt + dWo(t)] - (2.5)
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Risky forward rate

Now let us look at the case of the risky market where exists default probability.

The time of default is denoted as 7. Let
I(t) = 15y (2.6)

be the survival indicator function, which is one before default, and zero if default
happens. The prices of the risky zero coupon bonds with maturity 77 and 75 are
P(t,Ty), and P(t,T5)

P(t,Ty) = I(t)B(t, T»), (2.8)

where B(t,T)) and B(t,T») are the pre-default bond prices, which do not need to
be zero at default, since I(t) would jump to zero, making the risky 2610 coupon
8

bond worth zero.

The risky forward rate can be expressed as

FLT) = % (?gg _ 1) . (2.9)

As Schonbucher (2000) points out, under the T, survival measure, and risky bond

B(t,T) as the numeraire, f(¢,7}) is a martingale
df (1, Ty) = f(t, Ty)of dWa(t), (2.10)

where o/ is the instantaneous volatility of the risky forward rate.

After changing measure, dWs(t) can be expressed as

AW, (t) = dWo(t) + a,, (t)dt, (2.11)

8We assume zero recovery rate.
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where &, (t) is the minus volatility of the risky bond B(t, T3), and can be expressed

recursively as

6f(t7T1) f

G, (1) = &, (t) + m% ;

(2.12)

where &, (¢) is the minus volatility of the risky bond B(t, T1).

The dynamic of f(¢,7}) can also be expressed under the spot measure as

df (¢, T1) = f(t,TV)of (G, (t)dt + dWy(t)] . (2.13)

Dynamics of credit spread

From (2.3) and (2.11) we can conclude that
dWa(t) = dWs(t) + (ay, () — (1)) dt. (2.14)

This equation links two measures: the T forward measure and the T3, survival
measure. We can make either F'(t,77) or f(¢,77) martingale. We choose to use

the ‘Tg survival measure, under which f(¢,7}) is a martingale
df (¢, 1)) = f(t, T2 )of dWa(2), (2.15)

and
_ F L (4 — (& _
dF(t,T)) = F(t,T})o! [dWZ(t) (6, (1) — auy, (1)) dt} ~ 216
= — (@, (t) — oy, (1) F(t, T )af dt + F(t, Ty)o; dWa(t).
Since de(t,T1) = df (t,T1) — dF(t,T1), we can express the forward credit spread,
c(t, 1), as
de(t, Th) = (G, (1) — o, (6)) F(t, T dt + (f(8,T)of — F(t, Tl ) dWa).
(2.17)
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2.3.2 Application to CCL contract

(2.17) shows that as long as we know the volatilities of both the risk-free and
risky forward rates, and the initial values of both the risk-free and risky forward
rates, we can get the dynamics of the forward credit spread under the T3 survival

measure. The price of CCL contract at ¢y can be expressed as

CCL = B(ty,T3) * E [N Max {(c(T1,T1) — 5(t0)), 0} Lieqery)<(to), tot<tr}]
(2.18)
under the Ty survival measure and B(ty, %) as the numeraire.

When we apply this model to sovereign countries, we make several assumptions:

e Since &, (t) and a,, (¢) (k = 1,2) are derived recursively, we have to set
&, (t) and o, (¢) equal to zero. The shorter the time interval between ¢ and

Ty

T1, the more justified this assumption is.

e We assume that [tg, 71] is one year, and [to, T3] is two years. This assumption
follows banking practices. During 2002-2003, 60 percent of US CCLs were
marketed as one year (364-day) facilities. As long as the facility is not drawn,
a commitment with maturity shorter than one year carries zero risk weighted
capital in bank’s balance sheets. For commitment with maturity longer than
one year, a bank is required to put aside 4% capital on the commitment
amount. This explains the bank’s preference for maturity shorter than one

year.
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2.4 Data

The data sets we use are the risk-free forward rates and risky forward rates. The
risk-free forward rates are the USD Forward Rate Agreements (FRA), which can be
obtained from Reuters. The sovereign countries we are interested in are Argentina,
Brazil, and Mexico. We can obtain these countries’ benchmark yields of global
borrowing from Reuters. Applying the piecewise cubic Hermite interpolation, we
can obtain the 1-year forward rates for these three countries. The daily data
extend from September 3, 2002 through January 31, 2005. Each data set has 620
observations. We list some descriptive statistics of the USD FRA and the risky
forward rates of three countries in the table 2.1.

The “Mean” column of the table 2.1 shows that Argentina has the highest
borrowing cost among the three countries. During that period, Brazil's average
cost of borrowing is similar to Mexico’s. We plot the extrapolated one year forward

rates of Argentina, Brazil and Mexico in the figure 2.2.

2.5 Parameter Calculation and Simulation Results

2.5.1 Parameter calculation

The dynamics of the credit spreads and the pricing formula of the CCL show that
the instantaneous volatilities of the risk-free and the risky forward rates, the initial
values of these rates, and the risky discount factors (bond prices) are required to
price the CCL contract. The initial values and the discount factors can be easily
extracted from the yields. Volatilities are difficult to get. For the risk-free forward

rates, we can obtain the instantaneous volatilities from the caplet data. But caplet
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market based on risky forward rates doesn’t exist, which makes the historical data
the only choice. We calculate the annual volatility of the risky forward rate by
annualizing the standard deviation of the logarithmic changes of the risky forward
rate. To be consistent, we use the same method to get the annual volatility of the
risk-free forward rate.

On January 31, 2005, the risky forward rates of Argentina, Brazil and Mex-
ico are 67.80%, 5.27%, and 8.84%. The annualized historical volatilities on the
logarithmic daily changes of these rates are 28.27%, 112.43%, and 24.89%. The
discount factors are 33.56% for Argentina, 93.56% for Brazil, and 84.03% for Mex-
ico. The historical volatility of the logarithmic change of the risk-free forward rates

is 51.44%,° and the one year risk-free forward rate is 3.98% on January 31, 2005.

2.5.2 Simulation results

Using the calculated parameters, we can simulate one year dynamics of the credit
spreads with start date January 31, 2005, the last date in the sample period for
three countries. On January 31, 2005, the forward credit spread ¢(tg) of Argentina,
Brazil and Mexico is 63.82%, 1.29% and 4.86%. CCL price also depends on the
strike price s(to) and the threshold H(to). Nevertheless, the credit spread differ-
ences between Argentina and the other two countries are too large to use the same
set of s(tg) and H(ty). Hence we use two sets of combinations of s(tg) and H(t).
One is for Argentina, and the other is for Brazil and Mexico. The s(ty) and H (o)
set for Argentina is s(tg) = [0.5: 0.001 : 1],'% and H(¢s) = [0.5: 0.001 : 1]. The set

for Brazil and Mexico is s(ty) = [0.01 : 0.0001 : 0.1], and H(¢y) = [0.01 : 0.0001 :

9The volatility from caplet price is 22.45% on January 31, 2005 from Reuters.
1010.5:0.001:1]=[0.5,0.5001,0.5002,...,1].
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0.1]. We can compare the CCL prices of Brazil and Mexico under the same s(tg)
and H(ty) range. For H(t) < s(ty), the CCL contract is meaningless with price
Zero.

The dynamics of ¢(t) are path-dependent on H(ty). We resort to the Monte
Carlo simulation to obtain the CCL prices based on (2.17) and (2.18). There
are 3 possible cases. One is that ¢(t) doesn’t hit H(¢y) before T3, and it ends in
exceeding s(tp) at T1. In this case, the borrower will draw the CCL at 77, and pay
back the total amount plus interest at 75. The second is that ¢(¢) hits the barrier
H{ty) before Tj, leading to the termination of this CCL contract. The last case
is that c(t) is always below s(ty) during [to, T3], and the CCL terminates without

drawing. For each country, we draw 100,000 paths of c¢(¢) with the finite time

interval of year. We do this for each combination of s(ty) and H(ty). After

10,000
discounting the expected payoff, we can get the CCL price.

Figure 2.3 shows the graph of the CCL price for Argentina. Figure 2.4 and
figure 2.5 show those for Brazil and Mexico. These figures show that as the strike,
s(tg), increases, the CCL price decreases. Opposite relationship holds for H (%)
and the CCL price. The reasoning is that the lower the s(fy), the higher the
probability that the CCL contract will end in the money. On the contrary, the
lower the H(ty), the higher the possibility that the CCL contract will be knocked
out.

In order to see the effects of country’s creditworthiness on the price of CCL, we
put the CCL prices of Brazil and Mexico under the same set of H(¢g) and s(to).
On January 31, 20035, the spreads for Brazil and Mexico are 1.29%, and 4.86%,
respectively. Mexico’s credit spread is higher than Brazil’s. From the figures we

can see that under the same s(tg) and H(tg) the CCL price of Mexico is higher
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than that of Brazil. One interesting thing of Mexico’s CCL price is that after
H{(to) reaches a level between 0.05 and 0.06, the CCL price doesn’t depend on
H (ty). The reason is that the volatility of Mexico’s forward rate is 25.18%, which
is lower than that of the risk-free forward rate, 51.15%. The probability of Mexico’s

credit spread jumping to H(ty) or higher is almost zero.

2.6 Conclusion

In this paper, we apply the LIBOR market model in pricing CCL contracts for three
Latin American countries. The CCL contract is modelled as a reverse knock-out
option. The pricing results demonstrate that the CCL price is determined mainly
by the credit spread, the interest rate mark-up and the MAC.

This paper shows that, instead of using macroeconomic variables to price CCL,
we can use market data and interest rate derivative models to price CCL for
sovereign countries. The shift of the yields on the sovereign country’s bonds re-
flects the market expectation on the default risk and provide policymaker with
updated information on his country’s creditworthiness. The banks can also use
this information to price the creditworthiness into CCL contract, and design an

appropriate fixed markup and a barrier level.
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Table 2.1: Descriptive Statistics

This table shows the descriptive statistics for the FRA, and the forward rates of
Argentina, Brazil and Mexico. The time period extends from September 3, 2002
through January 31, 2005, yielding a total of 620 daily observations. p; represents

the autocorrelation coefficient of order j.

FRA Argentina Brazil Mexico

Maximum  0.0424 0.7017  0.3103 0.1091

Minimum  0.0158 0.4342 0.0279 0.0599

Mean 0.0296  0.5900 0.0882 0.0816

Std. Dev.® 0.0324  0.0178  0.0708 0.0157

o, 0987 0982 0992  0.993
P, 0975 0965 0985  0.987
P, 0.963  0.947 0979  0.980
P, 0951 0930 0972 0974
Py 0.940 0914 00966  0.969
P 0.888  0.832 0937  0.940

%They are based on the logarithmic daily changes of the rates.
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Figure 2.1: Reverse Barrier Option
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Figure 2.4: CCL Price for Brazil
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3.1 Introduction

The volatility of equity returns is one of the cornerstones of the theory of modern
finance. Volatility is central to capital asset pricing and portfolio analysis, plays
a pivotal role in the pricing of contingent claims, and has an important role in
the hypothesis testing inherent in event and market microstructure studies. In
addition, stock return volatility is an underlying asset for financial derivatives
known as volatility swaps. These are the forward contracts on future realized stock
volatility, and provide an easy way for investors to gain exposure to the future level
of volatility. Investors can use these instruments to speculate on future volatility
levels, to trade the difference between realized and implied volatility, or to hedge
the volatility exposure of other positions or businesses.

Given these facts, many researchers have been led to model and estimate the
conditional distribution of stock returns and stock return volatility for the last two
decades. Following the introduction of ARCH processes by Engle (1982) and their
generalization by Bollerslev (1986), there have been numerous refinements of this
approach to modelling conditional volatility. Most of these refinements have been
driven by three empirical regularities of stock prices. First, equity returns are fat-
tailed and this leptokurtosis cannot be eliminated by the time-varying variances
of GARCH processes because even allowing for changing variances, there remain
too many very large events.

A second empirical finding especially for weekly, daily, or higher-frequency

returns is volatility clustering: large (small) changes in short term stock returns
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are followed by large (small) changes of either sign. This type of behavior has
been successfully captured by the standard GARCH model of Bollerslev (1986)
that models conditional variance as a moving average of lagged squared residuals
and the absolute value GARCH model of Taylor (1986) that models conditional
standard deviation as a moving average of lagged absolute residuals. A shortcoming
of these symmetric GARCH processes is that positive and negative information
shocks of the same magnitude produce the same amount of volatility. In other
words, these models cannot cope with the skewness of equity returns.

The third stylized fact, asymmetry, seems to be responsible for the plethora of
extant GARCH models. Following Black’s (1976) exploration of this phenomenon,
it is now commonly referred to as the leverage effect: changes in stock prices tend
to be negatively related to changes in volatility. In the absence of a good theo-
retical model for this asymmetry, the GARCH literature has searched for econo-
metric ways to describe the asymmetry. Models such as the Asymmetric GARCH
(AGARCH) process of Engle (1990), the Exponential GARCH (EGARCH) in-
troduced by Nelson (1991), the Square-root GARCH (SQR-GARCH) process of
Heston (1993), the Nonlinear GARCH (NGARCH) and VGARCH processes of En-
gle and Ng (1993), the Threshold GARCH models of Glosten, Jagannathan, and
Runkle (GJR-GARCH, 1993) and Zakoian (TGARCH, 1994), and the Quadratic
GARCH (QGARCH) process of Sentana (1995) are among the most popular asym-
metric GARCH models.*!

Although many studies show that the parameters of different ARCH models are

highly significant in-sample, there is mixed evidence that they provide good out-

UFor a comprehensive survey on ARCH models, see Bollerslev, Chou and Kroner
(1992), Bollerslev, Engle and Nelson (1994), Hentschel (1995), Ghysels, Harvey and
Renault (1996), Palm (1996), Pagan (1996), Duan (1997), and Bali (2000).
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of-sample forecasts of the equity return volatility. Some studies examine the out-
of-sample predictive ability of ARCH models, and find that a regression of realized
volatility on estimated volatility yields a low R? value. Andersen and Bollerslev
(1998a,b) show that regression methods will produce low R? values when realized
volatility is measured by the daily squared returns, even for optimal GARCH
forecasts, because squared daily returns are noisy estimates of volatility. They
show that intraday returns can be used to construct a realized volatility series that
climinates the noise in measurements of realized volatility. They find remarkable
improvements in the forecasting performance of ARCH models when they are used
to forecast the new realized series, compatible with theoretical analysis.

An alternative approach to GARCH volatility forecasts is to use implied volatil-
ities from options. Day and Lewis (1992) and Lamoureux and Lastrapes {1993)
examine implied volatility (IV) as a source of information. Both studies find that
IV contributes a statistically significant amount of information about volatility
over the short-term forecasting horizon covered by the models, but they also find
that IV does not fully impound the information that the model is able to extract
from historical prices. Day and Lewis conclude that IV performs as well but no
better than forecasts from ARCH models, and mixtures of two forecasts outper-
form both univariate forecasts. Lamoureux and Lastrapes examine forecasting
volatility through option expiration and find that IV alone is less accurate in 8
out of 10 cases than the models that incorporate historical prices. Canina and
Figlewski (1993) provide contrary evidence, and indicate that implied volatilities
are poor forecasts of volatility, and simple historical volatilities outperform implied
volatilities. Christensen and Prabhala (1998) show for a much longer period that

while implied volatilities are biased forecasts of volatility they perform better than
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historical volatility models. Fleming (1998) also provides evidence that implied
volatilities are more informative than daily returns in forecasting equity volatility.

The importance of intraday returns for measuring realized volatility is demon-
strated by Andersen and Bollerslev (1998a.,b), Andersen et al. (2001a,b; 2003),
Barndoff-Nielsen and Shephard (2001; 2002a,b), and Andreou and Ghysels (2002).*2
They take the sum of squared high-frequency intraday returns as an approxima-
tion to the daily volatility. The estimate of this quadratic variation is referred
to as integrated or realized volatility. Blair et al. (2001) explore the incremental
volatility information of high-frequency (5-min) stock index returns. They answer
some important empirical questions for the S&P 100 index. Based on their in-
sample analysis of low-frequency (daily or weekly) data using GARCH models,
Blair et al. find no evidence for incremental information in daily index returns
beyond that provided by the implied volatility index (VIX). Their extension of
the historical information set to include high-frequency intraday returns suggests
that there is only minor incremental information in high-frequency returns, and
this information is almost subsumed by implied volatilities. Their out-of-sample
comparisons of volatility forecasts show that VIX provides more accurate forecasts
‘phan either low- or high-frequency index returns, regardless of the definition of
realized volatility and the horizon of the forecasts.

There is substantial empirical evidence that the distribution of stock returns
is typically skewed to the left, is peaked around the mode (leptokurtic), and has

fat tails. The leptokurtosis is reduced, but not eliminated, when returns are stan-

2The integrated volatility has also been used in foreign exchange and equity
markets by Andersen and Bollerslev (1997a,b), Taylor and Xu (1997), Blair et al.
(2001), Maheu and McCurdy (2001), and Areal and Taylor (2002).
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dardized using time-varying estimates for the conditional means and variances.'®

To accommodate skewness, kurtosis, and higher-order moment dependencies, this
paper uses a skewed fat-tailed distribution and tests its ability to model the condi-
tional volatility of stock market returns within a discrete time GARCH framework.

It is well known that the residuals from any return generating process within
the class of ARCH models with normally distributed errors are non-normal. This
result led to the use of fat-tailed distributions in modelling the conditional volatility
of financial time series. Bollerslev (1987) and Bollerslev and Wooldridge (1992)
use the standardized Student ¢ distribution in estimating conditional variances and
covariances. Hsieh (1989) and Nelson (1991) use the fat-tailed generalized error
distribution (GED) to model the empirical distribution of exchange rates and stock
market returns. It is important to note that both the standardized ¢ and GED
are symmetric fat-tailed distributions. Hansen (1994) introduces a generalization
of Student ¢ distribution where asymmetries may occur, while maintaining the
assumption of a zero mean and unit variance. Theodossiou (2002) introduces an
asymmetric (or skewed) version of the generalized error distribution (SGED), which
adds an additional moment - skewness - to the GED formulation. Bali (2003) uses
SGED and extends the standard option pricing models with lognormal forward
rates to accommodate significant kurtosis observed in the interest rate data. Bali
and Theodossiou (2003) use SGED to estimate value at risk and expected shortfalls
in an unconditional risk management context.

SGED has so far not been used to model the time-varying conditional mean
or conditional variance of financial return serics. This paper compares the in-

sample and out-of-sample performance of the SGED-GARCH models with implied

13See Bollerslev, Engle, and Nelson (1994) and the references therein.
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and realized volatility models for forecasting the S&P 100 index volatility. The
information content of the alternative volatility estimators is examined, and several
important questions for forecasting stock market volatility are answered.

The paper is organized as follows. Section 2 provides the alternative volatility
models. Section 3 describes the data on daily and 5-minute index returns, and
daily realized, implied and SGED-GARCH volatilities. Section 4 presents the
estimation results and discusses the in-sample and out-of-sample performance of

the alternative volatility models. Section 5 concludes the paper.

3.2 Alternative Volatility Models

3.2.1 Realized volatility

The empirical performance of the alternative volatility models can be evaluated
using a measure of the latent volatility process. Since the actual volatility process
is not observed, researchers have to use a variety of methods to calculate ex post
estimates of volatility, often called realized volatility. The most common method of
computing a realized volatility is to square or take the absolute value of the inter-
period returns. For example, if one intends to forecast daily volatility, the realized
measure is the squared or absolute demeaned daily returns. Nevertheless, Andersen
and Bollerslev (1998a,b) show that this method yields inaccurate forecasts for
correctly specified volatility models. By sampling more frequently and producing
a measure based on intraday data, they find that the noisy component of the
rcalized measurc diminishes and that in theory the realized volatility based on the
high-frequency data is then much closer to the volatility during a day.

Following a recent set of articles by Andersen and Bollerslev (1998a,b), An-
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dersen et al. (2001a, 2001b, 2003), Barndoff-Nielson and Shephard (2001, 2002a,
2002b), and Andreou and Ghysels (2002), we assume the sum of squared high fre-
quency intraday returns provides a reliable approximation to the daily volatility.
We use the 5-minute returns from the S&P 100 index to calculate a measure of
realized (or integrated) volatility. To construct the daily realized volatility, we
square and then sum the 5-minute returns for the period from 9:30 EST to 16:00

EST.

3.2.2 Implied volatility

Expected future volatility plays a central role in finance theory, and an accu-
rate estimation of this parameter is crucial to financial decision-making. Finance
researchers generally use the past behavior of asset prices to develop expecta-
tions about volatility, modelling movements in volatility as they relate to the prior
volatility and/or variables in the investors’ information set. An alternative ap-
proach is to use reported option prices to infer volatility expectations. Since option
value depends critically on the expected future volatility, the volatility expectation
of market participants can be recovered by inverting the option valuation formula.

Implied volatilities are considered to be the market’s forecast of the volatility
of the underlying asset of an option. To calculate an implied volatility an option
valuation model (such as the Black-Scholes (1973) model) is needed as well as
inputs for that model (price of the underlying asset, strike price, risk-free rate,
time-to-expiration, dividends) and an observed option price.

Following Fleming et al. (1995), we use an implied volatility index (VIX) that
mitigates the problems caused by the use of inappropriate option valuation model

and relatively infrequent trading of the stocks in the index. VIX is constructed so
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that it represents a hypothetical option that is at-the-money and has a constant
22 trading days (30 calendar days) to expiration. VIX is a weighted index of
American implied volatilities calculated from eight near-the-money, near-to-expiry,
S&P 100 call and put options. VIX is constructed in such a way as to eliminate
mismeasurement and smile effects. This makes it a more accurate measurement
of implied market volatility.!* Even though VIX is robust to mismeasurement,
it is still a biased predictor of subsequent volatility. As indicated by Blair et al.
(2001), bias occurs because of a trading time adjustment that typically multiplies'

conventional implied volatilities by approximately 1.2.1

3.2.3 SGED-GARCH models

Subbotin (1923) introduces the generalized error distribution (GED) as a general-

ized case of Laplace, normal distributions. The symmetric GED density is given

as
1
vex — 1=
, P73
f(gt; U) + 1 y
Ima2-r —)
v
where ¢; = i ’u, R; is the return, x4 and ¢ are the mean and standard deviation

+o0
parameters of the GED. I'(a) = / 2% Ye*dz is the Gamma function, IT =
0

MVIX uses pairs of near-the-money exercise prices, that are just above the cur-
rent index price and just below it. It also uses pairs of times to expiry, one that is
nearby (at least eight calendar days to expiration) and one that is second nearby
(the following contract month). For a detailed explanation of the construction of
the VIX index, see Fleming et al. (1995).

BYIX multiplies the conventional implied volatility by (N,/N;)%%, with N, and
Ny, calendar and trading days until expiry.

6Our empirical analysis uses the original version of VIX. The new VIX, intro-
duced by the CBOE on September 22, 2003, is obtained from the S&P 500 index
option prices and incorporates information from the volatility skew by using a
wider range of strike prices rather than just at-the-money series.
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2t
[Ts)“] , and v > 0 is the tail-thickness parameter. For v = 2, the GED

v
reduces to normal distribution has. If v > 2, the density has thinner tails than

normal distribution, whereas for v < 2, it has thicker tails. For v = 1, it reduces
to Laplace distribution.

The GED is used by Box and Tiao (1962) to model prior densities in Bayesian
estimation, Nelson (1991) to model the distribution of stock market returns, and
Hsieh (1989) to model the distribution of exchange rates. Theodossiou (2002)
introduces an asymmetric (or skewed) version of GED. The skewed generalized
error distribution (SGED) adds an additional moment, skewness, to the GED

formulation. The probability density function for the SGED is

lRt —u+ 5(7|U
[1+sign(R; — p + do)A]vgvov |’

f(Rey;p,0,u0,0) = %exp {—- (3.1)

SNOLOINION

where R, is the return, p = E[R;] is the mean of R, &, = Ry — pt+ 00, and o is the

standard deviation of Ry. Sign(-) is the sign function, which is 1 for positive value
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and -1 for negative value. v > 0 is the tail-thickness parameter. —1 < A < 11is
the skewness parameter to control the rate of descent of the density around R;’s
mode, which is g — do. In the case of A > 0, the density function is skewed to
the right side (long right tail). This is because R, is weighted by a greater value
than unity for R, < p — do; and by a value less than unity for R, > y — do. This
means that the probability of R; < p — do is lower than that of B, > y— do. The
opposite is true for negative A\. Note that A and § have the same sign, thus, in case
of positive A and ¢, Mode(R;) is less than p. The parameter ¢ is called Pearson’s
skewness. The SGED distribution reduces to GED distribution for A = 0, Laplace
distribution for A = 0 and v = 1, and normal distribution for A = 0 and v = 2.
Most asset pricing models postulate a positive relationship between stock mar-
ket expected return and risk modelled by the variance (or standard deviation) of
returns. The following GARCH-in-mean process is used to model the conditional

mean and the conditional volatility of the stock market returns:
Rt = U — 2)\95’“10'1; + &, & = 0%y,

floy) = hov_1,€-1; Bo, Br, Bs) + B2 f(o4-1),
f(o,) = oy, o2, or Ino?,

where A, ©, S, and § = 2A\QS ™" are defined in (3.1). R is the S&P 100 index return
for the period t. p — 2X2S~ 1o, is the conditional mean and o, is the conditional
standard deviation of the returns based on the information available at time ¢ — 1.

We use 10 GARCH models to estimate the volatility of S&P 100 returns:

1. AGARCH: Asymmetric GARCH model of Engle (1990)

0f = By + Bi(er1 + B3)” + Baoi_y;
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2. EGARCH: Exponential GARCH model of Nelson (1991)

2 -
- \ﬁ) + Balnot, + By (-&—1) ;
T O1—1

3. GARCH: Linear symmetric GARCH model of Bollerslev (1986)

Et—1

Ot—-1

lnaf=ﬂo+ﬂ1<

U? = o+ ﬂlfg_l + ﬁ20t2_13

4. GJR-GARCH: Threshold GARCH model of Glosten, Jagannathan, and Run-
kle (1993)

ol = o+ Pet, + Baoi_| — [7'31;—15?71

1, ,=1ifg_; <0, and 1,_, = 0 otherwise;
5. NGARCH: Nonlinear asymmetric GARCH model of Engle and Ng (1993)
o} = Po + Bi(er-1 + B301-1)? + Bao} 35
6. QGARCH: Quadratic GARCH model of Sentana (1995)
0} = Bo + Bier_y + Baor) + Paeri;

7. SQR-GARCH: Square-Root GARCH model of Heston (1993)

Et—-1

2
Utz =fo+ 0 < + ,330t—1) + /32(%2_1;

O¢—1
8. TS-GARCH: The specification proposed by Taylor (1986)

oy = Po + P |er—1| + Ba0i—1;

9. VGARCH: A version proposed in Engle and Ng (1993)

2
o =fo+ A (;t_l + ﬁ3> + B0l 4

t—1
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10. TGARCH: Threshold GARCH model of Zakoian (1994)

o =0+ b |5t—1| + (2041 + /331;1&—1
1, , =1ifg_1 <0, and 1,_, = 0 otherwise,

where By > 0, 0 < ;1 < 1,0 < B < 1. (B3 < 0 because of skewness. We
use the SGED distribution to capture the fat tail and the skewness in the error
terms. Based on the SGED density in (3.1), we can estimate the parameters in

the SGED-GARCH models by maximizing the log-likelihood function

n

N - lRt — M -+ (SO't|‘U
LogL,. ., =nlnC ;111 o ; {[1 T Sen(R — i+ S0\ 0T | (3.2)

where C, 6, 6, A\, v are given by (3.1). u, B, 51, B2 and (5 are the parameters in

the conditional mean and volatility of the alternative SGED-GARCH models.

3.2.4 Fitted volatility

The traditional measure of volatility, based on the squared or absolute daily re-
turns, has been criticized in the recent literature (see, e.g., Andersen and Bollerslev
(1998a,b) among others), which advocates the use of the sum of squared intraday
returns as an essentially model-free and unbiased estimator of volatility. While
there certainly are sound reasons to focus on volatility derived from intraday re-
turns, in certain applications, it may be of interest to forecast volatility based
upon squared (or absolute) daily returns, and not the integrated volatility. We
also think that it would be interesting to see how important the selection of the
measure of realized volatility is in evaluating the predictive accuracy of volatility
forecasts with skewed-fat tailed distributions. Therefore, we generate the tradi-
tional realized volatility measure, which is calculated as the absolute demeaned

returns, |R, — R|, where R; is the daily index return and R is the sample mean.
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We forecast the realized volatility based on the 5-minute returns and the tra-
ditional volatility based on the daily returns directly. We use an ARMA(p, q)
process to generate the fitted value of the realized and traditional volatility mea-
sures and compare the empirical performance of the ARMA-fitted volatility model
with the implied and SGED-GARCH volatility estimators. Specifically, the follow-
ing ARMA(5,5) specifications are used to genc;rate the fitted volatilities based on

the daily realized and the traditional volatility models:

5 5
INTRA; = ag + » _ oiINTRA_; + Y _wigr—; + &1, (3.3)
i=1 i=1
5 5
TR,ADt = Qg+ Z (XzTR,ADt_l + Z Wi + &, (34)
=1 =1

where INTRA; is the sum of squared five-minute returns in day ¢ and TRAD; is
the absolute demeaned daily return for day t. Following Andersen et al. (2003),
we use the lag polynomials up to 5 days, but the qualitative results remain the

same when we use the lag polynomials up to three and six days.

3.3 Data

We use three data sets in this paper: daily S&P 100 index returns, daily implied
volatility, and 5-minute index returns. The first data set contains daily closing
levels of the S&P 100 index. To compute the stock market returns (R;), we use
a formula: R; = In P, — In P,_{, where P, is the value of the stock market index
for time ¢. The time period of investigation for daily index returns extends from
January 2, 1987 through December 31, 2002, yielding a total of 4,029 daily obser-
vations. This data set is used to estimate the conditional volatilities based on the

alternative GARCH models with SGED density. Because of the autoregressive of
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order one process in the GARCH models, the 4,029 daily index return generate a
time-series of 4,028 daily volatilities from January 5,17 1987 through December 31,
2002.

The second data set includes the Chicago Board Options Exchange (CBOE)’s
implied volatility index (VIX) from January 2, 1987 to December 31,2002, yield-
ing a total of 4,029 daily observations. VIX provides investors with up-to-the-
minute market forecasts of expected volatility by using real-time OEX index op-
tion bid/ask quotes. OEX options are American-style options written on the S&P
100 index, and can be exercised on any business day before the expiration date.
The CBOFE’s volatility index is calculated by taking an average time to maturity
of 22 trading days (or 30 calendar days). In this study, daily implied volatilities
are computed from an annualized implied volatility index as VIX/+/252.

The third data set contains high-frequency intraday data from January 2, 1987
through December 31, 2002, giving a total of 315,263 5-minute returns. These
5-minute returns are constructed from index levels recorded every 15 seconds. We
use these 5-minute returns from the S&P 100 index to calculate a measure of
realized (or integrated) volatility following Blair et al. (2001). To construct the
daily realized volatility, we square and then sum 5-minute returns from 9:30 EST
to 16:00 EST for each trading day.

Table 3.1 shows the descriptive statistics for the 5-minute returns on the S&P
100. The unconditional mean of the 5-minute returns is about -0.0035% with a
standard deviation of 0.1027%. The maximum and minimum values are about
2.7989% and -1.7339%. The skewness and kurtosis are reported to test the as-

sumption of normal distribution. The skewness (0.2348) for the 5-minute returns

17January 3 and 4, 1987 are weekends.
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is positive. The kurtosis (20.4349) is large and significant at the 1% level, implying
that the distribution of the 5-minute returns has much thicker tails than normal
distribution has. The Augmented Dickey-Fuller (ADF) statistic indicates strong
rejection of the null hypothesis of a unit root for the 5-minute returns. The au-
tocorrelations of the 5-minute returns are generally small and not systematically
positive or negative.

Table 3.1 also presents the descriptive statistics for the daily returns on the S&P
100 index. The unconditional mean is about 0.0339% with a standard deviation of
1.2043%. The maximum and minimum values are about 8.5307% and -23.7805%.
The skewness (-2.0636) for the daily returns is negative and statistically significant
at the 1% level. The kurtosis (45.0103) is considerably large and significant at the
1% level, implying that the distribution of daily returns has much thicker tails
than normal distribution has. The ADF statistic shows strong rejection of the null
hypothesis of a unit root for the daily returns. Like those of the 5-minute returns,
the autocorrelations of the daily returns are small and not systematically positive
or negative.

Table 3.1 also provides the descriptive statistics for the daily realized, implied
(VIX) and SGED-TGARCH volatility measures. The unconditional means of the
realized, VIX, and SGED-TGARCH volatility measures are 0.8524%, 1.3629%
and 1.0851%. Their unconditional standard deviations are 0.5217%, 0.5347% and
0.4485%. The (maximum, minimum) values of the realized, VIX and SGED-
TGARCH volatility measures are (10.2525%, 0.0747%), (9.4611%, 0.5695%), and
(8.4677%, 0.0996%). The skewness and kurtosis of these volatility measures imply
that the volatility distribution is skewed toward right and has much thicker tails

than normal distribution has. The ADF statistic indicates the rejection of the null
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hypothesis of a unit root for these volatility estimators. The autocorrelations of
these volatility estimators are significant and systematically positive, implying the

existence of a strong serial correlation in each of the volatility estimators.

3.4 Empirical Results

3.4.1 Estimation results and model comparisons

Table 3.2 shows the maximum likelihood parameter estimates of the alternative
GARCH models with SGED density. The intercept (i) of the conditional mean
equation, u — 2X2S7 1oy, is not statistically significant at the 5% level in 6 out of
the 10 GARCH models according to the t-statistics given in parentheses.

In the conditional standard deviation, variance, or log-variance of the alterna-
tive GARCH models, f(o;) = h(oi-1,&i-1; B0, 51, B3) + Baf(0¢-1), where f(o,) =
o¢,02%, or Ino?Z, the parameters (3y, 81, 52) are all significant at the 5% level. This
result confirms the presence of conditionally heteroskedastic volatility effects in the
stock return process. Specifically, the conditional volatility parameters are positive
(61 > 0,082 > 0), and the sum of 3, and (3, is around one for all the SGED-GARCH
models. This implies the existence of substantial volatility clustering and persis-
tence in stock market volatility. (3’s are all significantly negative, which implies
that an unexpected negative return shock (£,-1 < 0) will have a greater impact on
f(0¢) than the positive return shock (g,_; > 0) of the same magnitude will. These
results are consistent with the former research on asymmetric GARCH models.

The maximum likelihood estimates of the skewness parameter A and the tail-
thickness parameter v in the SGED distribution are not only statistically signifi-

cant, but also confirm our observation of the negative skewness and tail-thickness
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of the empirical return distribution. The estimates of A turn out to be negative
and significant at the 5% level in 8 out of the 10 GARCH models. This implies
negative skewness in the S&P 100 index returns, which can be viewed as the phe-
nomenon that, after the returns have been standardized by subtracting the mean,
positive returns of a given magnitude have higher probabilities than negative re-
turns of the same magnitude. Another notable point in the table 3.2 is that the
degrees of freedom (or tail-thickness) parameter v is estimated to be in the range
of 1.15 to 1.27, and they are all statistically significant at the 1% level. Normality
requires that the estimated v be equal to 2. From the ¢-statistics that tests the
null hypothesis of v = 2, the estimates of v turn out to be statistically less than 2
for all the GARCH models, which indicates tail-thickness in the empirical return
distribution.

Overall, the maximum likelihood parameter estimates imply that the condi-
tional distribution of the stock index returns is skewed to left, and has fatter tails
than normal distribution has. The t-statistics of the parameters A and v reject gen-
eralized error distribution, Laplace, and normal distributions in favor of skewed
generalized error distribution.

We use the determination coefficient (R?) and the mean absolute percentage
error (MA%E) to compare the in-sample forecasting performance of the alternative
volatility models. The alternative models include the 10 SGED-GARCH models,
the implied volatility index (VIX), and the ARMA-fitted volatility. We label the
realized volatility as INTRA;, which is calculated by taking square root of the sum
of squared 5-minute returns on the S&P 100 index. We also use the traditional
measure of realized volatility, the absolute demeaned daily index return. Since this

is a traditional way of calculating volatility, we label it as TRAD; or |R; — R)|.
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We report the R? values from the following two sets of regressions:

TRADt = ag+ a0¢ + &,
(3.5)

TRADt = Qg+ A10¢—1 + &t

INTRAt = g -+ a10¢ =+ &,
(3.6)

INTRA; = ag+ a10:_1 + &,
where ¢; and o; 1 are the current and lagged estimated SGED-GARCH, ARMA-

fitted, and VIX implied volatilities. The MA%E is calculated by

N |INTRA, or TRAD, — o,

Ot

N

MA%E = =5

% 100%, (3.7)

where N = 4,029, and ¢ begins from 6 because the fitted volatility is the forecasted
value of the ARMA(5,5) process.

The first four columns of the table 3.3 present the R? obtained from the re-
gression (3.5) and the MA%E. The R?’s from the contemporaneous and predic-
tive regressions show that the VIX is the best volatility model. Nevertheless,
when we look at the mean absolute percentage errors, the VIX is eclipsed by the
SGED-GARCH and the fitted volatility models. The MA%E shows that the fitted
volatility performs best. The last four columns of this table report the R? from
the regression (3.6) and the MA%E. Based on the contemporaneous and predic-
tive relations between the realized and the alternative volatility estimators, the
VIX again outperforms all the other volatility models. In the GARCH models,
the R? value shows that the TGARCH model performs best, and it provides a
better forecast than the fitted volatility does. The R? values show that the SGED-
TGARCH model provides best forecasts among the GARCH models. Since the

TGARCH model performs best, we choose it to represent the SGED-GARCH fam-
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ily to compare its forecasting performance with the VIX and the fitted volatility

in the following sections.

3.4.2 Comparing in-sample forecasting performance

This section compares the information content of the SGED-GARCH, VIX, tra-
ditional, and integrated volatility models for forecasting stock market volatility.
The empirical analysis is based on seven different specifications of the conditional

volatility process.

Traditional volatility

We first consider traditional volatility. Assuming that the SGED density approxi-
mates the empirical return distribution, the conditional mean and the alternative

conditional volatility models can be written as

Mean: Ri= pu—2XS"1o; + &,

TGARCH: or = o+ Filer 1| + Baor 1 + Psmax[e; 1,0,

VIX: or = fo+ BVIX;_,

TRAD: or= o+ Ps| Rt — R,

VIX-TRAD: o= Bo+ BuVIXi_q + Bs|Ri—1 — R},

VIX-TARCH: or = Bo+ Pilei—1| + Poor—1 + Bamax[e;_q, 0] + B4 VIX;_q,

TGARCH-TRAD: o= By + filet—1| + feoi—1 + Osmax[e;_1, O]
+0s| Ry — R,

GPMyraq: or= Lo+ Bilet—1]| + G211 + Bzmax[e;—1, O]
+04VIX; 1 + Bs|Re-1 — R,
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where the general parametric model (GPM) nests SGED-TGARCH, VIX| and the
forecasted traditional volatility models, as well as their possible combinations.

Table 3.4 presents the maximum likelihood parameter estimates, the asymp-
totic t-statistics, and the maximized log-likelihood values. For all the specifications
of the conditional volatility processes, the skewness parameter A is found to be neg-
ative and statistically different from zero, indicating negative skewness in the S&P
100 index returns. '® The tail-thickness parameter v is in the range of 1.08 to 1.39.
v’s are significantly less than 2. These results confirm our earlier finding that the
empirical distribution of stock index returns is skewed to the left, and has fatter
tails than normal distribution has.

In all these models, the coefficient on VIX () is positive and highly significant.
In the VIX and VIX-TRAD models, 84 is close to 0.88, whereas it reduces to 0.43
in the VIX-TGARCH model and further reduces to 0.27 in the GPM;,.q. A notable
point is that £, is significant at the 1% level in all the cases. The coefficients of
the TGARCH model indicate significant information content in the past absolute
shocks and asymmetric volatilities. Moreover, as shown in the VIX-TGARCH
model, when SGED-TGARCH is added to the VIX model, the maximized log-
likelihood (Log-L) value increases by 14 points. In the TRAD-model, the coefficient
on the absolute demeaned returns (0s) is significant, suggesting useful information
content of the traditional volatility estimator in forecasting the S&P 100 index

volatility. Nevertheless, the estimates from the VIX-TRAD model imply that there

18The only exception is the TGARCH-TRAD model. We should note that it is
difficult to interpret results from the TGARCH-TRAD and GPM,.q models when
the traditional volatility estimator and the SGED-TGARCH model are used as
explanatory variables in the same volatility specification because there is strong
multicollinearity between the absolute demeaned returns, |R;,_; — R|, and the ab-
solute information shocks, |e;_1].
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is no incremental information in the absolute demeaned daily returns and nearly
all information is provided by the VIX index. This can be seen from the maximized
log-likelihood values as well. When the traditional volatility information is added
to the VIX model, the log-likelihood value increases only by 0.03 points.

Overall, the results in the table 3.4 indicate significant information content of
the implied volatility index and the SGED-TGARCH model, and almost none or
very minor incremental information in the absolute demeaned daily returns.

We use the R? and the MA%E values to compare the relative performance of
the alternative volatility models used to forecast the conditional volatility of the

S&P 100 index returns. We report the R? values from the regression
TRADt = qg + G10¢ + &, (39)

and the MA%E is calculated from

N

>

MA%E = =

TRADt — Oy

T

N x 100%,

where N = 4,029, and ¢ starts from 2 because of the autoregressive of order one
process in the alternative volatility models. The first three columns of the table
3.6 report the estimated R* and MA%E values. The results show that among
the VIX, TRAD;, and TGARCH models, the traditional volatility estimator has
the lowest R? and highest MA%E values, whereas the implied volatility index
has the highest R? and lowest MA%E values. The R? and MA%E values show
that the SGED-TGARCH model performs almost as well as the VIX model. As
expected, the GPM;,,q model yields the highest £? and lowest MA%E values since

it incorporates all the explanatory variables.
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Realized volatility

We now consider the integrated (or realized) volatility. Assuming that the SGED
density approximates the empirical return distribution, the conditional mean and

the alternative conditional volatility models can be defined as

Mean: R, = p—2X25"1o; + &4,

TGARCH: or = Po+ Pilet-1| + Peoi1 + famax(e,_q, 0],
VIX: or = Bo+ BuVIXey,

INTRA: or = fo+ FINTRA; 4,

VIX-INTRA: o= Bo+ BuVIXi_1 + BsINTRA; 1,

VIX-TGARCH: o, =  fo+ Biler1] + faor_1 + Bsmax(e,_1, 0] + B4 VIX, i,

TGARCH-INTRA: o, = [y + Biles—1]| + G201 + fzmax[e,1, 0]
+0:INTRA; 1,

GPMiyira: or= o+ Piler—1| + Paoi—1 + fsmax[es_1, 0]

+04VIX;_y + B5INTRA,_;.
(3.10)

Table 3.5 presents the maximum likelihood parameter estimates, the asymp-
totic t-statistics, and the maximized log-likelihood values. For all the specifications
of the conditional volatility processes, the skewness parameter A is found to be neg-
ative and statistically different from zero, indicating negative skewness in the S&P
100 index returns. The tail-thickness parameter v is in the range of 1.18 to 1.40.
v’s are significantly less than 2. These results are very similar to those in the
table 3.4.

Table 3.5 also shows that the coefficient on VIX (8;) is positive and highly

significant. When the implied volatility index is added to the TGARCH and
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the TRAD models, the maximized log-likelihood value increases substantially, in-
dicating the significant incremental information content in the SGED-TGARCH
model. When SGED-TGARCH is added to the VIX, and the INTRA models
respectively, the maximized log-likelihood value increases by 14 and 103 points.
In the INTRA-model, the coefficient on the integrated volatility estimator (8s) is
highly significant, suggesting strong information content of the high-frequency in-
traday returns in forecasting the S&P 100 index volatility. Similarly, the estimates
from the combined VIX-INTRA and TGARCH-INTRA models imply the signif-
icant incremental information in the five-minute returns. This can be seen from
the maximized log-likelihood values as well. When the integrated volatility infor-
mation is added to the VIX and the SGED-TGARCH models, the log-likelihood
value increases by 9 and 101 points, respectively. Overall, the results in the ta-
ble 3.5 indicate significant information content of the implied volatility index, the
integrated volatility estimator based on the five-minute index returns, and the
SGED-TGARCH model.

We use the R? and the MA%E values to compare the empirical performance
of the alternative volatility models for forecasting the conditional volatility of the

S&P 100 index returns. We report the R? values from the regression
INTRAt = Qag + 410 + &, (3].1)

and the MA%E is calculated from

N

INTRA; — o}

0,

MA%E = x 100% (3.12)

N

where N = 4,029. The last three columns of the table 3.6 report the estimated

R? and MA%E values. A notable point is the superior performance of the SGED-
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TGARCH model. Based on R? the TGARCH model outperforms the VIX and
INTRA models. Adding VIX and integrated volatility information to TGARCH
model does not significantly increase R%. The R? and the MA%E values show that
the integrated volatility estimator performs worst, whereas the SGED-TGARCH

and the GPM;u,, models are among best.

3.4.3 Out-of-sample performance of alternative volatility

models

The out-of-sample performance of alternative volatility models is evaluated based
on their 1-day-ahead and 20-day-ahead forecasts of the S&P 100 index volatility.
The rolling window is set to be about half of the entire sample period. Specifi-
cally, the in-sample period is from 1/2/1987 to 12/30/1994 providing 2,019 daily
observations, followed by the out-of-sample period from 1/3/1995 to 12/31/2002,
yielding 2,010 1-day-ahead and 1,991 20-day-ahead forecasts.

Time-series forecasts are obtained from rolling maximum likelihood estimation
of volatility models given in the equations (3.8) and (3.10). Each conditional stan-
dard deviation model is estimated initially over the 2,019 days of the in-sample
period from 1/2/1987 to 12/30/1994, and the forecasts of the S&P 100 index
volatility are made for the next day, say ¢ + 1, using the in-sample parameter
estimates. The model and data are then rolled forward one day, deleting the
observation(s) at time ¢ — 2018 and adding the observation(s) at time ¢ + 1, reesti-
mated and a forecast is made for time ¢ + 2. This rolling method is repeated until
the end of the out-of-sample forecast period. The 1-day-ahead forecasts provide

predictions for 1/3/1995 to 12/31/2002 providing time-series of length 2,010. On
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each day, forecasts are also made for 20-day volatility.
Two measures of realized volatility are predicted. The first measure is the

absolute demeaned daily index returns, and the forecasts are made at time ¢ of

20
|Ri11 — R| for 1-day-ahead and Z(Rt+j — R)? for 20-day-ahead.

j=1
These quantities are predicted because a correctly specified GARCH model pro-
vides optimal forecasts of (R;y; — R)? for variance and |Ryy1 — R| for standard
deviation. The second measure of realized volatility is INTRA which uses 5-minute

returns. Forecasts are produced at time ¢ for

20
INTRA; 1 for 1-day-ahead and ZINTRA? +; for 20-day-ahead.

j=1

Table 3.7 presents the R? values from the regressions of traditional and realized
volatilitics on the alternative volatility estimators. These R? values measure the
models’ predictive accuracy of the 1-day-ahead and 20-day-ahead forecasts of the
S&P 100 index volatility. As shown in the first three columns of the table 3.7,
when the realized volatility is measured by the demeaned daily index returns for
both the 1-day-ahead and 20-day-ahead forecasts, the VIX implied volatility index
performs better than the SGED-TGARCH and traditional volatility estimators.
Nevertheless, the difference between the predictive powers of VIX and TGARCH
is not substantial based on the R? values. The R? of the traditional volatility
estimator is much inferior to those of the VIX and TGARCH models.

A notable point in the table 3.7 is that the R? values of all the models are much

higher when the realized volatility is measured by the square-root of the sum of

YWe follow the forecasting methodology of Blair et al. (2001) to generate 1-day-
ahead and 20-day-ahead forecasts of the TGARCH, implied, and realized volatility
models.
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squared 5-minute returns instead of the absolute demeaned daily returns.?® The
results in the last three columns of this table indicate superior performance of the
VIX and the TGARCH volatility estimators against the INTRA in capturing time-
series variation in realized volatility. The R? of the VIX and TGARCH models are
very similar. Specifically, the R? values from 1-day and 20-day-ahead forecasts are
38.40% and 15.15% for the VIX, and 38.10% and 13.76% for the SGED-TGARCH
model. The R? values are 31.97% and 9.40% for the INTRA. Overall, the results
indicate that the performance of the SGED-GARCH model is not influenced by
different measures of realized volatility and the evidence for incremental forecasting

information in traditional and integrated volatility estimators is not significant.

3.5 Conclusion

To accommodate skewness, kurtosis, and higher-order moment dependencies, this
paper uses a conditional skewed fat-tailed generalized error distribution and tests
its ability to model the conditional volatility of stock market returns within a
discrete-time GARCH framework. The paper compares the in-sample and out-of-
sample performance of the SGED-GARCH models with the implied volatility index
and the ARMA-fitted volatility models for forecasting the S&P 100 index volatility.
The information content of the alternative volatility estimators is examined, and
two important questions for forecasting stock market volatility are answered: (1)

How does the predictive power of volatility forecasts from the SGED-GARCH

“This confirms the findings of Andersen and Bollerslev (1998a,b) who indicate
that the traditional measures of realized volatility are poor estimators of day-by-
day movements in volatility, as the idiosyncratic component of daily returns is
large. They show that as the observation frequency increases from a daily to an
infinitesimal interval, this measure converges to a genuine measurement to the
latent volatility factor.
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models compare with forecasts from models that use information contained in
implied volatility and intraday returns? (2) How important is the selection of the
measure of realized volatility in evaluating the predictive accuracy of volatility
forecasts with skewed-fat tailed distributions?

The in-sample and out-of-sample performance results based on the R? and the
mean absolute percentage errors imply superior performance of the VIX index
and the asymmetric GARCH models with SGED density in capturing 1-day and
20-day-ahead forecasts of the S&P 100 index volatility. The results also suggest
that nearly all information is provided by the SGED-TGARCH model, the VIX
index, and the sum of squared five-minute returns. Hence there is little incremental
information in the traditional volatility estimator based on the absolute demeaned

daily index returns.
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Table 3.1: Descriptive Statistics

7

This table shows the descriptive statistics for the 5-minute returns on the S&P 100 index, daily logarithmic returns

on the S&P 100, and for the daily realized, implied (VIX), and SGED-TGARCH volatility estimators. The time

period of investigation extends from January 5, 1987 through December 31, 2002, giving a total of 4,028 daily

observations. The number of 5-minute returns in the sample period is 315,263. The skewness and kurtosis statistics

are reported for testing the distributional assumption of normality. ADF denotes the Augmented Dickey-Fuller

(ADF) unit root statistic with a 1% critical value of -3.44. p; represents the autocorrelation coefficient of order j.

5-min Return  Daily Return  Realized VIX SGED-TGARCH
Maximum 2.7989% 8.5307% 10.2525%  9.4611% 8.4677%
Minimum -1.7339% -23.7805% 0.0747%  0.5695% 0.0996%
Mean -0.0035% 0.0339% 0.8524%  1.3629% 1.0851%
Std. Dev. 0.1027% 1.2043% 0.5217%  0.5347% 0.4485%
Skewness 0.2348 -2.0636 4.3052 3.3015 4.5068
Kurtosis 20.4349 45.0103 47.6869 35.1147 48.8335
ADF statistic -61.4686 -47.7236 -9.9937 -5.5044 -10.8616
Py 0.123 -0.017 0.686 0.951 0.915
P 0.011 -0.053 0.601 0.910 0.843
03 0.001 -0.031 0.539 0.894 0.778
P4 -0.003 -0.025 0.511 0.875 0.717
P -0.004 0.018 0.492 0.855 0.676
Pro -0.001 0.005 0.407 0.764 0.508
Py 0.008 -0.010 0.321 0.674 0.367
Pas 0.001 0.016 0.201 0.479 0.239
P26 -0.001 -0.012 0.173 0.382 0.189
Pa00 -0.001 -0.003 0.143 0.357 0.121
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Table 3.2: Maximum Likelihood Estimates of SGED-GARCH Models

This table displays the maximum likelihood estimates of the alternative GARCH models with SGED density.
The results are based on the daily S&P 100 index returns that extend from January 2, 1987 through December
31, 2002 (number of observations = 4,029). Because of the autoregressive of order one process in the alternative
GARCH models, the 4,029 daily index return generate a time-series of 4,028 daily volatilities from January 5,
1987 through December 31, 2002. The parameter estimates with asymptotic t-statistics are shown in parentheses

for each model. The maximized log-likelihood values are reported in the last column.

Ry =p— QAQS_I(H + €t, €t = 0124,

2 1\~ N S —
where (2:1‘(7) [F(—)] {1(—)] and S = /14 3A2 — 40272
v

v v

flot) = h{ot—1,8t-1; Bo, B1, B3) + B2 f(os—1),

where f(oi) = oy, a?, or Inof.

Models @ Bo B B2 Ba A v Log-L
0.0002 1.246e-6 0.1018 0.8675 -0.0049 -0.0496 1.2667
AGARCH 12945.52
(1.4956)  (1.7060)  (10.2517)  (83.6638)  (-6.3794)  (-3.0801)  (-25.3220)¢
0.0004 -0.2001 0.1845 0.9774 -0.0655 -0.0279 1.1957
EGARCH 12928.87
(3.0377)  (-4.9440) (14.9267) (225.2147)  (-6.4961)  (-1.9523)  (-60.1002)

0.0003 2.991e-6 0.1046 0.8751 -0.0803 1.2519
GARCH 12926.54
(2.2074)  (9.6171)  (10.8518)  (93.0204) (-4.7961)  (-25.6265)

GJR- 0.0007 3.445¢-6 0.0331 0.8729 -0.1316 -0.0313 1.2712
12945.84
GARCH  (3.9200)  (11.0766)  (2.6668)  (88.2812)  (-7.5172) (-1.9516)  (-25.3746)

0.0002 3.357e-6 0.0909 0.8327 -0.7232 -0.0486 1.2736
NGARCH 12956.91
(1.5590)  (10.2024)  (9.1254)  (69.1557)  (-6.2747)  (-2.8075)  (-25.1399)

0.0002 3.668¢-6 0.1014 0.8681 -0.0010 -0.0497 1.2665
QGARCH 12945.52
(1.5672)  (10.4026) (10.2719)  (83.9557)  (-7.2092)  (-3.0910)  (-25.3358)

SQR- 6.5266e-5 2.7838e-6  6.7636e-6 0.8105 -127.0316  -0.0233 1.2122

12883.67
GARCH  (0.4104)  (9.5601)  (6.5606)  (43.5854)  (-6.7183)  (-1.3887)  (-25.1399)
TS- 0.0004 0.0010 0.1720 0.7850 -0.0596 1.1529

12860.07
GARCH  (1.9320)  (16.1559) (12.2735)  59.7494 (-3.6130)  (-29.4016)

0.0001 -3.447e-6  7.636e-6 0.9081 -0.9346 -0.0178 1.2066
VGARCH 12875.09
(0.7176)  (-2.5699)  (6.9060)  (90.9887)  (-6.9941)  (-1.0956)  (-31.2161)

0.0002 0.0010 0.2396 0.7942 -0.1795 -0.0314 1.1796
TGARCH 12895.05

(1.3800)  (17.1448) (13.2199) ~ (58.0286)  (-9.1221)  (-1.8123)  (-29.3574)

“report t-statistics from testing the null hypothesis Hy: v = 2.
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Table 3.3: R? and MA%E from Regressions of Traditional Volatility and Realized
Volatility on Alternative Volatility Models

TRAD; is the traditional volatility and defined as the absolute demeaned daily returns, |[R; — R|. INTRA; is the
square root of the sum of squared 5-minute returns on the S&P 100 index. Fitted volatility is the forecasted value

of the ARMA(5,5) process of the traditional and realized volatility, respectively. We run two sets of regressions:

TRAD: = ag+ a10t + &,
TRAD: = ag+ai10¢—1 + ¢4,

INTRA; ag + ai1ot + €,

INTRA: = ag+ai1op—1 + Et,

where o4 and o¢—1 are the current and lagged implied, fitted, and SGED-GARCH volatility models. R? and

MA%E are reported.

Regression of TRAD; on estimated volatility Regression of INTRA; on estimated volatility

R? R? MA%E R? R? MA%E
Explanatory Variables Explanatory Variables
(ore—1) (ot) (7e-1) (o¢)

VIX 19.54% 28.71%  56.23% VIX 49.42% 57.05%  40.39%
FITTED 14.15%  16.72%  66.68% FITTED 42.68% 53.03%  25.60%
AGARCH 14.71% 17.12%  58.00% AGARCH 37.60% 48.70%  30.35%
EGARCH 16.17% 18.27%  57.75% EGARCH 39.87% 50.28%  30.65%
GARCH 13.89% 16.05% 58.17% GARCH 36.38%  46.60%  30.63%
GJR-GARCH 14.17% 16.83%  58.03% GIJR-GARCH 36.25% 47.80%  30.11%
NGARCH 15.78% 18.27%  57.83% NGARCH 38.86% 49.98%  30.09%
QGARCH 14.76% 17.11%  58.00% QGARCH 37.58% 48.66%  30.34%
SQR-GARCH 13.95% 15.91%  58.54% SQR-GARCH 34.59%  44.20%  31.72%
TS-GARCH 14.63%  16.05%  58.49% TS-GARCH 37.98% 49.38%  31.98%
VGARCH 13.46% 15.37%  58.72% VGARCH 34.62% 44.60%  31.94%
TGARCH 16.63%  18.88%  57.96% TGARCH 40.18%  54.25%  31.03%
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Table 3.4: Maximum Likelihood Estimates of Alternative Models with SGED and

Traditional Volatility

Mean: Ry = p— 20085 oy + ey,

TGARCH: ot = Bo+ Piler—1] + P20t 1 + Bamax[es 1, 0]

VIX: oy = Po + BaVIX;—1

TRAD: o1 = Po+ fs|Re—1 — R

VIX-TRAD: o1 = fo+ BaVIXi_1 + Bs|Ri—1 — R

VIX-TARCH: oy = Po + Biler—1} + Baor—1 + Psmax[er—1,0] + Fa VIX;_1

TGARCH-TRAD: ot =B+ A Isf,_ll + Boor—y1 + ﬁglnax[st_] s 0] + /35|Rt—1 - R’

GPMyraqg: ot = fo + Pilet-1] + P2ot-1 + Pamax[es1, 0] + B4 VIXs—1 + F5|Re—1 — R
1 1
where Q@ =T (£> [I‘ (1” o [F (ﬁ)] % and 5= /15 332 _ 4a2az
v v (9

Parameters TGARCH VIX TRAD VIX-TRAD VIX-TGARCH TGARCH-TRAD GPMg¢ypaa
0.0002 0.0003 0.0002 0.6003 0.0003 0.0006 0.0003

g (1.3800) (2.0423)  (1.3749) (2.0402) (2.0606) (5.3700) (2.3898)
0.0010 -0.0015 0.0090 -0.0015 -0.0005 0.0001 -0.0002

#o (17.1448)  (-5.0202)  (44.6061)  (-4.3252) (-2.5727) (4.8258) (-1.5977)
0.2396 0.1106 -0.9681 -0.2769

o (13.2199) (7.1688) (-3.0323) (-1.6991)
0.7942 0.4663 0.9370 0.6385

o (58.0286) (10.0564) (126.6523) (10.1749)
-0.1795 -0.1809 -0.1202 -0.2185

o (-9.1221) (-8.5773) (-8.0355) (-9.6240)
0.8829 0.8785 0.4297 0.2688

P (32.3516) (23.7516) (10.6591) (5.1016)
0.2673 0.0051 1.0929 0.4204

. (12.8860)  (0.3172) (3.4315) (2.5360)
-0.0314 -0.0609 -0.0394 -0.0609 -0.0536 0.0062 -0.0409

g (-1.8123)  (-3.2269)  (-2.4703)  (-3.2265) (-2.8611) (0.6709) (-2.3885)
1.1796 1.3506 1.0763 1.3518 1.3765 1.3193 1.3894

Y (-29.3574)%  (-25.7818)  (-36.3797)  (-22.1002) (-18.4694) (-26.7135) (-18.6066)
Log-L 12895.05 13022.96 12688.84 13022.99 13036.97 12993.85 13043.46

“report t-statistics from testing the null hypothesis Hy: v = 2
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Table 3.5: Maximum Likelihood Estimates of Alternative Models with SGED and

Realized Volatility

Mean:
TGARCH:
VIX:

INTRA:
VIX-INTRA:
VIX-TGARCH:

TGARCH-INTRA:

Re = 1t — 2008 1oy + g4,

ot = Bo + Bilei—1| + P2oi—1 + Bamax|es—1, 0]

ot = Po+ B4 VIXi

ot = o+ BsINTRA;

ot = Po + BaVIXi—1 + BsINTRA¢

ot = fo+ Pile—1] + P20t 1 + Bamax(er1,0] + B4 VIX;

ot = Po + Piler—1| + B2o1-1 + Pamax(es—1, 0] + S5INTRA; 1

GPMintra: ot = Po + Prler—11 + Baot—1 + Bamax|er—1,0] + B4 VIX; 1 + B5INTRA;
1 1
where =T <3) [P (1)] 2 [F <3>] 7 and S = V14352 —402a2
v v v

Parameters TGARCH VIX INTRA  VIX-INTRA VIX-TGARCH TGARCH-INTRA GPMinira
0.0002 0.0003 0.0002 0.0003 0.0003 0.0003 0.0003

g (1.3800) (2.0423)  (1.7049) (1.7213) (2.0606) (2.1803) (2.0790)
0.0010 -0.0015 0.0036 -0.0012 -0.0005 0.0003 -0.0004

po (17.1448)  (-5.0202)  (14.6085) (-3.6905) (-2.5727) (3.2906) (-2.3408)
0.2396 0.1106 0.0614 0.0503

o (13.2199) (7.1688) (3.8796) (2.4242)
0.7942 0.4663 0.7543 0.4976

- (58.0286) (10.0564) (45.5357) (10.0114)
-0.1795 -0.1809 -0.1331 -0.1586

P (-9.1221) (-8.5773) (-7.8614) (-7.5030)
0.8829 0.7334 0.4297 0.3124

o (32.3516) (16.9293) (10.6591) (7.1124)
0.8380 0.2018 0.2718 0.1868

7 (23.4434) (5.4890) (16.3227) (5.1938)
-0.0314 -0.0609 -0.0499 -0.0609 -0.0536 -0.0493 -0.0565

g (-1.8123)  (-3.2260)  (-2.8578) (-3.2418) (-2.8611) (-2.8138) (-2.9679)
1.1796 1.3506 1.2791 1.3801 1.3765 1.3358 1.3956

’ (-29.3574)¢  (-25.7818)  (-23.4685)  (-20.5711) (-18.4694) (-22.4684) (-17.912)
Log L 12895.05  13022.96  12893.10 13032.00 13036.97 12996.60 13048.59

sreport ¢-statistics from testing the null hypothesis Hy: v = 2
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Table 3.6: In-sample Forecasting Performance of Alternative Volatility Models

This table presents the R? values from the regressions of the traditional and realized volatilities on the alternative volatility
estimators, and the mean absolute percentage errors. TRAD; is the traditional volatility and defined as the absolute

demeaned daily return, |R; — R|. INTRA, is the square root of the sum of squared 5-minute returns on the S&P 100 index.

The explanatory variables are the volatility forecasts obtained from alternative volatility models with different information.

Regression of the traditional volatility on estimated volatility | Regression of realized volatility on estimated volatility
Explanatory Variables R? MA%E Explanatory Variables R? MA%E
VIX 19.52% 57.25% VIX 49.43% 29.30%
TRAD 6.57% 61.81% INTRA 47.03% 31.01%
TGARCH 18.77% 58.49% TGARCH 54.16% 31.20%
VIX-TRAD 19.54% 57.25% VIX-INTRA 53.26% 28.42%
VIX-TGARCH 20.57% 57.07% VIX-TGARCH 52.23% 28.92%
TGARCH-TRAD 18.66% 57.66% TARCH-INTRA 54.33% 28.91%
GPMi;ag 20.72% 57.00% GPMintra 54.18% 28.31%

&3]
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Table 3.7: Out-of-sample Forecasting Performance of Alternative Volatility Models

This table presents the R? values from the regressions of the traditional and realized volatilities on the alternative volatility
estimators. The R? values measure the models’ predictive accuracy of the 1-day ahead and 20-day ahead forecasts of the
S&P 100 index volatility. TRAD; is the traditional volatility and defined as the absolute demeaned daily returns, |R; — R)|.
INTRA; is the square root of the sum of squared 5-minute returns on the S&P 100 index. The explanatory variables are

the volatility forecasts obtained from the alternative volatility models with different information.

Regression of the traditional volatility on estimated volatility | Regression of realized volatility on estimated volatility
Explanatory R? R? Explanatory R? R?
Variable (1-day ahead) (20-day ahead) Variables- (1-day ahead) (20-day ahead)
VIX 18.16% 7.89% VIX 38.40% 15.15%
TRAD 5.58% 2.24% INTRA 31.97% 9.40%
TGARCH 17.31% 6.49% TGARCH 38.10% 13.76%
VIX-TRAD 18.19% 7.90% VIX-INTRA 41.31% 15.31%
VIX-TGARCH 19.45% 8.17% VIX-TGARCH 40.70% 14.56%
TGARCH-TRAD 18.49% 8.12% TARCH-INTRA 43.43% 14.52%
GPMirad 19.50% 8.16% GPMiptra 43.40% 14.75%

€8



84

BIBLIOGRAPHY

[1] Ammann, M., 2001. Credit Risk Valuation: Methods, Models, and Applica-
tions, 2nd Edition. Springer: Berlin.

[2] Andersen, T. G., and T. Bollerslev, 1997a. “Heterogeneous Information Ar-
rivals and Return Volatility Dynamics: Uncovering the Long-run in High Fre-
quency Returns”. Journal of Finance 52, 975-1005.

13] Andersen, T. G., and T. Bollerslev, 1997b. “Intraday Periodicity and Volatility
Persistence in Financial Markets”. Journal of Empirical Finance 4, 115-158.

[4] Andersen, T. G., and T. Bollerslev, 1998a. “Answering the Skeptics: Yes,
Standard Volatility Models Do Provide Accurate Forecasts”. International
Economic Review 39, 885-905.

[5] Andersen, T. G., and T. Bollerslev, 1998b. “Deutsche Mark-dollar Volatility:
Intraday Activity Patterns, Macroeconomic Announcements, and Longer Run
Dependencies”. Journal of Finance 53, 219-265.

[6] Andersen, T. G., T. Bollerslev, and S. Lange, 1999. “Forecasting Financial
Market Volatility: Sample Frequency vis-a-vis Forecast Horizon”. Journal of
Empirical Finance 6, 457-477.

[7] Andersen, T. G., T. Bollerslev, F. X. Diebold, and H. Ebens, 2001a. “The
Distribution of Realized Stock Return Volatility”. Journal of Financial Eco-
nomics 61, 43-76.

[8] Andersen, T. G., T. Bollerslev, F. X. Diebold, and P. Labys, 2001b. “The
Distribution of Realized Exchange Rate Volatility”. Journal of the American
Statistical Association 96, 42-55.

[9] Andersen, T. G., T. Bollerslev, F. X. Diebold, and P. Labys, 2003. “Modeling
and Forecasting Realized Volatility”. Econometrica 71, 579-625 .

[10] Andreou, E., and E. Ghysels, 2002. “Rolling-Sample Volatility Estimators:
Some New Theoretical, Simulation and Empirical Results”. Journal of Busi-
ness and Economic Statistics 20, 363-376.

[11] Areal, N. M. P. C., and S. J. Taylor, 2002. “The Realised Volatility of FTSE-
100 Futures Prices”. Journal of Futures Markets 22, 627-648.

[12] Bali, T. G., 2000. “Testing the Empirical Performance of Stochastic Volatility
Models of the Short Term Interest Rate”. Journal of Financial and Quanti-
tative Analysis 35, 191-215.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[13] Bali, T. G., 2003. “Modeling the Dynamics of Interest Rate Volatility: Pricing
Implications for Interest Rate Options”. Baruch College, City University of
New York. Working paper.

[14] Bali, T. G., and P. Theodossiou, 2003. “Risk Measurement Performance of
Alternative Distribution Functions”. Baruch College, City University of New
York. Working paper.

[15] Barndorff-Nielsen, O. L., and N. Shephard, 2001. “Non-Gaussian OU Based
Models and Some of their Uses in Financial Economics”. Journal of the Royal
Statistical Society B, 63, 167-241.

[16] Barndorff-Nielsen, O. L., and N. Shephard, 2002a. “Econometric Analysis of
Realised Volatility and its Use in Estimating Stochastic Volatility Models”.
Journal of the Royal Statistical Society B, 64, 253 -280.

[17] Barndorf-Nielsen, O. L., and N. Shephard, 2002b. “Estimating Quadratic
Variation Using Realised Variance”. Journal of Applied Fconometrics 17, 457-
477.

[18] Benhamou, E., 2000. “Pricing Convexity Adjustment with Wiener Chaos”.
London School of Economics. Working paper.

[19] Bjork, T., 1997. “Bond Market Structure in the Presence of Marked Point
Processes”. Mathematical Finance 7(2), 211-223.

[20] Black, F., and M. Scholes, 1973. “The Pricing of Options and Corporate
Liabilities”. Journal of Political Economy 81, 637-659.

[21] Black, F., 1976. “Studies in Stock Price Volatility Changes”. Proceedings of
the 1976 Meeting of the Business and Economics Statistics Section. American
Statistical Association, 177-181.

[22] Blair, B. J., S-H. Poon, and S. J. Taylor, 2001. “Forecasting S&P 100 Volatil-
ity: The Incremental Information Content of Implied Volatilities and High-
Frequency Index Returns”. Journal of Econometrics 105, 5-26.

(23] Bollerslev, T., 1986. “Generalized Autoregressive Conditional Heteroscedas-
ticity”. Journal of Econometrics 31, 307-327.

[24] Bollerslev, T., 1987. “A Conditionally Heteroscedastic Time Series Model for
Security Prices and Rates of Return Data”. Review of Fconomics and Statis-
tics 59, 542-547.

[25] Bollerslev, T., R. Y. Chou, and K. F. Kroner, 1992. “ARCH Modeling in Fi-
nance: A Review of the Theory and Empirical Evidence”. Journal of Econo-
metrics 52, 5-59.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



86

[26] Bollerslev, T., and J. M. Wooldridge, 1992. “Quasi-Maximum Likelihood Es-
timation and Inference in Dynamic Models with Time-Varying Covariances”.
Econometric Reviews 11, 143-172.

[27] Bollerslev, T., R. F. Engle, and D. B. Nelson, 1994. ARCH Models. In: R. F.
Engle, D. L. McFadden (Eds.), Handbook of Econometrics, Vol. 4, 2959-3038.
Elsevier: Amsterdam.

[28] Brace, A., D. Gatarek, and M. Musiela, 1996. “The Market Model of Interest
Rate Dynamics”. Mathematical Finance 7, 127-154.

[29] Brace, A., M. Musiela, and E. Schlogl, 1998. “A Simulation Algorithm Based
on Measure Relationships in the Lognormal Market Models”. Preprint.

[30] Canina, L., and S. Figlewski, 1993. “The Informational Content of Implied
Volatility”. Review of Financial Studies 6, 659-681.

[31] Christensen, B. J., and N. R. Prabhala, 1998. “The Relation Between Implied
Volatility and Realized Volatility”. Journal of Financial Economics 50, 125
150.

[32] Day, T. E., and C. M. Lewis, 1992. “Stock Market Volatility and the In-
formational Content of Stock Index Options”. Journal of Econometrics 52,
267-287.

[33] Das, S., and P. Tufano, 1996. “Pricing Credit-sensitive Debt When Interest
Rates, Credit Ratings and Credit Spreads Are Stochastic”. Journal of Finan-
cial Engineering 5(2), 161-198.

[34] Das, S., 2000. “The Surprise Element: Jumps in Interest Rates”. Santa Clara
University. Working paper.

[35] Duan, J. C., 1997. “Augmented GARCH(p,q) Process and its Diffusion
Limit”. Journal of Econometrics 79, 97-127.

[36] Duffie D. and K. Singleton, 1999. “Modeling Term Structure of Defaultable
Bonds”. Review of Financial Studies 12(4), pp 687-720.

[37] Dumas, B., J. Fleming, and R. E. Whaley, 1998. “Implied Volatility Functions:
Empirical Tests”. Journal of Finance 53, 2059-2106.

[38] Engle, R. F., 1982. “Autoregressive Conditional Heteroscedasticity with Esti-
mates of the Variance of United Kingdom Inflation”. Econometrica 50, 987-

1007.

[39] Engle, R. F., 1990. “Discussion: Stock Market Volatility and the Crash of
'87". Review of Financial Studies 3, 103-106.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



87

[40] Engle, R. F., and V. K. Ng, 1993. “Measuring and Testing the Impact of News
on Volatility”. Journal of Finance 48, 1749-1778.

[41] Ergungor, O. E., 2001. “Theories of Loan Commitments: A Literature Re-
view”. Federal Reserve Bank of Cleveland, Economic Review 37(3), 2-19.

[42] Fama Eugene F., 1985. “What’s Different about Banks?”. Journal of Mone-
tary Economics, 15(1), pp.29-39.

[43] Federal Reserve Board, 2003. “Survey of Terms of Business Lending”. Federal
Reserve Board Statistical Releases, E.2.

[44] Fleming, J., B. Ostdiek, and R. E. Whaley, 1995. “Predicting Stock Market
Volatility: A New Measure”. Journal of Futures Markets 15, 265-302.

[45] Fleming, J., 1998. “The Quality of Market Volatility Forecasts Implied by
S&P 100 Index Option Prices”. Journal of Empirical Finance 5, 317-345.

[46] Geman, H., N. E. Karoui, and J. C. Rochet, 1995. “Changes of Numeraire,
Changes of Probability Measures and Pricing of Options”. Journal of Applied
Probability 32, 443-458.

[47] Ghysels, E., A.C. Harvey, and E. Renault, 1996. Stochastic Volatility. In: G.
S. Maddala and C. R. Rao (Eds.), Handbook of Statistics, Vol. 14, 119-191.
Elsevier: Amsterdam.

[48] Glosten, L. R., R. Jagannathan, and D. E. Runkle, 1993. “On the Relation
Between the Expected Value and the Volatility of the Nominal Excess Return
on Stocks”. Journal of Finance 48, 1779-1801.

[49] Hagan, P., 2002. “CMS Convexity Correction”. Normura Global Financial
Products, INC. Working paper.

[50] Hansen, B. E. 1994. “Autoregressive Conditional Density Estimation”. Inter-
national Economic Review 35, 705-730.

[51] Heath, D., R. Jarrow, and A. Morton, 1992. “Bond Pricing and the Term
Structure of Interest Rates: A New Methodology”. Econometrica 60, 77-105.

[52] Hentschel, L. E., 1995. “All in the Family: Nesting Symmetric and Asymmet-
ric GARCH Models”. Journal of Financial Economics 39, 71-104.

[53] Heston, S. L., 1993. “A Closed-Form Solution for Options with Stochastic
Volatility, with Applications to Bond and Currency Options”. Review of Fi-
nancial Studies 6, 327-343.

[54] Hsieh, D. A., 1989. “Modeling Heteroscedasticity in Daily Foreign Exchange
Rates”. Journal of Business and Economic Statistics 7, 307-317.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



88

[55] Hull, J., and A. White, 2000. “Valuing Credit Default Swaps I: No Counter-
party Default Risk”. Journal of Derivatives 8(1), 29-40.

[56] Hull, J., 2003. Options, Futures, and Other Derivatives, 5th Edition. Prentice
Hall: New Jersey.

[57] IMF Survey, 2001. “ Interview: Calomiris Commends Recent IMF Reforms
But Urges Further Rethinking of Policies, Facilities”. Sep. 3, 286-288.

[58] Jamshidian, F., 1989. “An Exact Bond Option Pricing Formula”. Journal of
Finance 44, 205-209.

[59] Jamshidian, F., 1997. “LIBOR and Swap Market Models and Measures”.
Finance and Stochastics 1, 293-330.

[60] Jarrow R., D. Lando and S. Turnbull, 1997. ¢ A Markov Model for the Term
Structure of Credit Risk Spreads”. Review of Financial Studies 10(2), 481-523.

[61] Jorin, P., 1988. “On Jump Processes in the Foreign Exchange and Stock Mar-
kets”. The Review of Financial Studies 1(4), 427-445.

[62] Lamourex, C. G., and W. D. Lastrapes, 1993. “Forecasting Stock-Return Vari-
ance: Toward and Understanding of Stochastic Implied Volatilities”. Review
of Financial Studies 6, 293-326.

[63] Lando, D., 1998. “On Cox Processes and Credit Risky Securities”. Review of
Derivatives Research 2(2/3), 99-120.

[64] Loukoianova, E., S. Neftci, and S. Sharma, 2003. “Pricing and Hedging of
Contingent Credit Lines”. Working paper.

[65] Madan, D. B., and H. Unal, 1998. “Pricing the Risks of Default”. Review of
Derivatives Research 2(2/3), 121-160.

[66] Maheu, J. M., and T. H. McCurdy, 2001. “Nonlinear Features of Realised FX
Volatility”. Review of Economics and Statistics 84, 668-681.

[67] Maksymiuk, R., and D. Gatarek, 1999. “Applying HIM to Credit Risk”. Risk
May, 67-68.

[68] Merton, R., 1976. “Option Pricing When Underlying Stock Returns Are Dis-
continuous”. Journal of Fiancial FEconomics 3, 125-144.

[69] Musiela, M., and M. Rutkowski, 1998. Martingale Methods in Financial Mod-
eling. Springer: Berlin.

[70] Nelson, D. B., 1991. “Conditional Heteroscedasticity in Asset Returns: A New
Approach”. Fconometrica 59, 347-370.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



89

[71] Oksendal, B., 2000. Stochastic Differential Equations: An Introduction with
Applications, 5th Edition. Springer: Berlin.

[72] Pagan, A., 1996. “The Econometrics of Financial Markets”. Journal of Em-
pirical Finance 3, 15-102.

[73] Palm, F. C., 1996. GARCH Models of Volatility. In: G. S. Maddala and C. R.
Rao (Eds.), Handbook of Statistics, Vol. 14, 209-240. Elsevier: Amsterdam.

[74] Pugachevsky, D., 1999. “Generalising with HIM”. Risk August, 103-105.

[75] Pugachevsky, D., 2001. “Forward CMS Rate Adjustment”. Risk March, 125-
128.

[76] Rebonato, R., 2002. Modern Pricing of Interest-Rate Derivatives: The LIBOR
Market and Beyond. Prentice Princeton University Press: New Jersey.

[77] Schonbucher, P., 2000. “A LIBOR Market Model with Default Risk”. Univer-
sity of Bonn. Working paper.

[78] Schénbucher, P., 2004. “A Measure of Survival”. Risk August, 79-85.

[79] Sentana, E., 1995. “Quadratic ARCH Models”. Review of Economic Studies
62, 639-661.

[80] Subbotin, M. T., 1923. “On the Law of Frequency Error”. Matematicheskit
Shornik 31, 296-301.

[81] Tavakoli, J. M., 2001. Credit Derivatives & Synthetic Structures: A Guide to
Instruments and Applications, 2nd Edition. John Wiley & Sons.

[82] Taylor, S. J., 1986. Modeling Financial Time Series. John Wiley & Sons.

[83] Taylor, S. J., and X. Xu, 1997. “The Incremental Volatility Information in
One Million Foreign Exchange Quotations”. Journal of Empirical Finance 4,
317-340.

[84] Theodossiou, P., 2002. “Skewness and Kurtosis in Financial Data and the
Pricing of Options”. Rutgers University. Working Paper.

[85] Tirole, J., 2002. Financial Crises, Liquidity, and the International Monetary
System, Princeton University.

[86] Zakoian, J.-M., 1994. “ Threshold Heteroscedastic Models” . Journal of Eco-
nomic Dynamics and Control 18, 931-995.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



