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Abstract

Anticipatory Pruning Networks and
Minimal 2LP
by

Geun-Sik Jo

Advisor : Professor Kenneth McAloon

In this thesis, the notion of the Anticipatory Pruning Network (APN) is
introduced and developed for the 2LP system; 2LP (Linear Programming
and Logic Programming) is a constraint logic programming system which
has been developed and implemented at the Logic Based System Lab at
Brooklyn College/CUNY. ‘lhlsing compilation of rules in the style of the Rete
algorithm, the APN maps program clauses into a network. The APN prunes a
search space by consistency checking and inconsistency propagation through
the network and resets itself upon backiracking. The APN extends forward
checking to continous constraint domains. Overall, the benchmarks show the
APN to be an effective forward checking mechanism for both discrete and
continuous problem domains for Simplex based constraint solvers. In partic-
ular, the APN is an effective pruning method for constrained optimization

problems.
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Chapter 1

Introduction

1.1 Constraint reasoning

Constraint reasoning is a emerging technology which can apply to many fields in Arti-
ficial Intelligence. Applications for constraint reasoning include designing expert sys-
tems [Mittal et al 1986), designing a powerful declarative language [Jaffar Lassez 87],
option trading (Lassez, McAloon, Yap] and software engineering [Gorlick et al].
[Dincbas et al 1] also introduced a logic programming language which integrates the
efficiency of constraint solving with Prolog. The constraint is solved by the term
rewriting in Bertrand [Leler] which is a general purpose constraint programming lan-
guage.

Thetre are several constraint solving techniques in use for the logic programming
environment. First is the simplex method which used to be the constraint solving
mechanism in linear programming. Although introducing the constraint solving tech-
nique in logic programming is rather recent, the Simplex Method which is used in
constraint logic programming (CLP) languages was introduced in the 1940’s. The
CLP languages include CLP(R), 2LP, CAL, Prolog IlI and CHIP. Second, there is
the Constraint Satiasfaction Problem (CSP) paradigm which can be viewed as a do-

main filtering mechanisms rather than an algebraic constraint solving mechanism.

1



CSP with the tree search strategy is used in CHIP to solve discrete combinatorial
problema. Third, there is the local propagation which can be viewed as the delay
mechanism. This technique is used in CONSTRAINTS [Sussman Steele].

Constraint reasoning in logic programming was probably a desirable property at
the dawn of Prolog because of the declarative power of constraint expression. The
CLP languages will probably replace the conventional Prolog in next few years as
[Cohen] pointed out.

1.2 Organization of the thesis

In the chapter two, we review several constraint solving techniques which are used
in the logic programming environment described in the section one. The production
system is also discussed in the section two. The Rete match algorithm which is
considered as one of the best pattern matching algorithms in production systems is
presented in detail in section two.

Constraint Logic Programming languages which utilized the constraint solving
techniques described in the previous chapter are briefly reviewed. These include
CLP(R), 2LP and CHIP. The two principal different approaches to constraint solving
in CLP languages, i.e., the Simplex method and Constraint Satisfaction Problems
(CSP), are also compared in section 3.3.

Our research concentrated on the Linear Programming and Logic Programming
(2LP) system developed at the Logic Based System at Brooklyn College. The minimal
2LP system is to design the abstract machine architecture for the efficient implemen-
tation of CLP languages. Chapter four defines the 2LP class of languages. The
theorectical aspect of constraint logic programming languages are also explored in

this chapter.



The Anticipatory Pruning Network (APN) for the 2LP system is presented in the
chapter 5. The APN is a kind of Forward Checking mechanism in 2LP language. The
compilation of a 2LP program into the linearized network is described in detail in
chapter five. The APN has two major components which are described in section 5.2.
One is consistency checking with the current environment. The other is inconsistency
propagation through the compiled network if inconsistency is found. The compilation
also can be done in terms of the stratification which is defined in the section 5.3.

The chapter six, benchmarks are presented to show the effectiveness of the APN
in the 2LP system. These benchmarks include some puzzles and real world linear pro-
gramming problems. Chapter seven describes the related works in Forward Checking
mechanisms. The APN is compared with the Forward Checking mechanism in Con-
straint Handling In Prolog (CHIP) and other mechanisms. This chapter also presents
several different problem solving techniques in existence for comparisons.

Chapter eight briefly describes the parallel implementation of the APN algorithm
for the future researches. As a conclusion, the APN is a powerful domain-independent

Forward Checking mechanism for Simplex based constraint solvers.

1.3 Thesis summary

Constraint-directed searching is assisted by using the Anticipatory Pruning Network
in the 2LP systemm. The APN is a linearized network which contains information
about the availability of rules for Prolog-like top-down processing. In the tree search
spaces, let the bottom-most nodes which have not been explored yet be called the
guick list. And as each node is visited using a depth-first search strategy, the quick
list is forced to perform consistency checking with the current environment (current

Simplex configuration). As the system finds the constraints inconsistent with the



current environment, the inconsistency is propagated through the APN. As a result
of the propagation of inconsistency, some search spaces can be pruned a priori. The
benchmarks are performed to find the effectiveness of the APN in this research. The
benchmarks show that the APN is an effective pruning method for the most of the
problems. Especially, the APN is very effective on optimization problems in cases
where the problems require implicit enumeration of the whole tree search spaces. In
conclusion, APN is a domain-independent and flexible forward checking mechanism

for Simplex based constraint solvers.



Chapter 2

Review

2.1 Constraint directed reasoning

2.1.1 Imperative versus constraint

The imperative assignment statements have dominated in conventional languages such
as Fortran and Pascal. They have used the equal sign “=" for assignment in Fortran.
The notation is often confused with the mathematical definition. A statement such as
X = X + 1 is a source of confusion to the beginning programmer and is often used in
conventional language for incrementing the variable X by 1. However, this statement,
X = X + 1, is never true if we are considering the statement in terms of mathematics.
The new notation “:= ™ for assignment is used in Pascal and Algol. In the imperative
assignment, the statement should be of the form, < Variable = Expression>, with the
condition that all the variables appearing in the expression should be grounded. The
concept of mathematical definition is used as a guard in the conditional part of the
if-statement although all the variables appearing in the conditional part should have
values for evaluation in a conventional programming language. If any of the variables
in conditional part of if-statement is not grounded, the error messages are generated
in languages such as Pascal or Fortran.

Constraint solving is a good paradigm of declarative programming since we can

5



just describe the relationship among the variables or objects instead of arranging the
assignment instruction manually to solve the problem.

Let us consider the statement, X = Y 4 Z, which is an equality constraint. To solve
this constraint using imperative assignments in conventional language, the system
should perform the following statements even if we assume that exactly two variables
are grounded among the three variables X, Y and Z.

if Y is grounded and Z is grounded then X = Y + Z else
if X is grounded and Y is grounded then Z = X — Y else
if X is grounded and Z is grounded then Y = X — Z.

If we want to have the symbolic output when only one of variables is grounded,
for example, as the constraint solver finds X = 1, the solver should cutput the re-
lationship “X = Z + 1", then the translation into an equivalent set of cases in an
imperative statements becomes much more unwieldy. In addition to that, to deal
with more than one equality constraint, the constraint solver should be able to sat-
isfy the simultaneous equations. The constraint solver should also take account for
the different relations such as disequality (#) and inequality (>) which can vary on
the domains of computation under consideration.

The computational complexity grows not only for the number of constraints which
are involved, but it is also commensurate with the relations which appear in the
constraints such as >,=,# and >.

In the subsequent sections, various different constraint solving methods are ex-
plored. Constraint solvers which are used in the logic programming environment are

explained in detail.



2.1.2 Constraint solving

The simplex method which was being mostly used in linear programming is used
nowadays to replace the syntactic unification on the Herbrand Universe of logic pro-
gramming. Variations of Simplex methods have been implemented in constraint logic
programming systems as a major engine of computation such as CLP(R), Prolog III
and CHIP. In addition to the basic concept of the Simplex method, some different
techniques of constraint satisfactions problems in Al are explained concisely in this

and the following section.

Local propagation

To preserve the concept of mathematical definition, the constraint should be of the
form, < Ezpression relation Ezpression>, which is much more general than the im-
perative assignment. Moreover, the solver should infer the value of any variables as
soon as the solver gets enough information about the values in the expressions. For
instance, if we know that Y = 4, W = 7 and Z = 0 with the given constraint X — Y
= W + Z, then the solver could infer X = 11.

The implementation of this kind of reasoning with delaying method is called local
propagation. Graphically, the statement X — Y = W 4 Z can be represented in

figure 2.1,

When the node receives a value, the value should be propagated along the arcs. After
the node receive enough information from the arcs, the solver can infer the value of
the node.

The local propagation is implemented in [Steele 1] to design a general purpose



Figure 2.1: Graphical representation for X - Y =W + Z

language based on constraints. The major disadvantage of local propagation is that
the value inference is basically local to each constraint. Therefore, the solver can not
reason with the global constraint satisfaction among constraints themselves such as
simultaneous equations.

Relaxation technique which is implemented in [Borning] is used to remedy the
disadvantage of local propagation. The solver guesses the initial value of variable
and propagates it and estimates the error which is caused by the initial guess and
can guess again based upon the estimation. However, the relaxation method is slow
even for linear equations. In non-linear equations, the relaxation technique may
not converge. Moreover, the relaxation technique can only be apply to continuous

numetrical variable.

Simplex method

Linear programming which deals with problem optimization is concerned with the

class of mathematical problems in which the relations among the variables are lin-



ear. Linear programming is mainly used to finding the best possible allocations of
resources, machines or materials, etc., under the given set of restrictions (a set of
constraints).

In general, linear programming is of such forms as the following.

Maximize (or Minimize) f{X1,X2,..... Xn)
where f(X1, X2, ... Xn) is linear.
Subject to 3° AiXj 2 Bi(i = 1,2,...m)
X5 20i=12,..,n)

The most common method of solving linear programming is known as Simplex
method which was developed by G. B. Dantizig in the 1940’s. There are also interior
point methods based on the Karmarkar algorithm for linear programming. From the
computational complexity point of view, it is interesting that the Simplex method is
a non-polynomial algorithm, where as the Karmarker algorithm is polynomial. How-
ever, the Simplex method usually runs in polynomial time. It is not clear that the
Karmarker algorithm can outperform the Simplex method in the average case. More-
over, it is currently not known how to use interior point methods in logic programming
environments.

In the Simplex method, the inequality constraint (>) is converted into equations
by introducing slack variables. For instance, let us consider an inequality constraint,
A1 X1+ A2 Xa+. . .4+ An X, < B,. By introducing a slack variable, X, 1, we can convert
the inequality constiraint into an equality constraint, A, X; + A3 X3+ ...+ A Xn +
Am4+1Xns1 = Bi. There should be m slack variables for m inequality constraints with
nonnegative constraint for each slack variables for conversion. For each iteration in

the Simplex method, one feasible solution zy,z;,...,Zn¢m moves to another feasible
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solution »},25,...,2.,,, which is better than the previous one in terms of the given
objective function. [Chvatal] is a valuable textbook for the detailed implementation

of the Simplex method.
2.1.3 Constraint satisfaction problems
Introduction

Many important Al problems can be formulated as a constraint satisfaction problems
(CSP). Examples of these problems, which have been researched for many years,
include scheduling problems, vision and scene interpretation, and configuration prob-
lems. Along with Operation Research approaches to constraint solving, the Al com-
munity is doing research on constraint satisfaction problems which for most part deal
with discrete domains of variables. However, although research in Al used to be sepa-
rate from research on the constraint solving in O.R., the two disciplines of constraint
solving recently started to merge in solving Al problems.

In standard constraint satisfaction problemas, there are initially a fixed number of
constraints which represent the binary relationship between variables. The domains
and variables are known and fixed beforehand. Those variables range over discrete
domains. CSP is different from any other constraint solver since the domain filtering
is the only computation mechanism to solve constraints instead of using algebraic
operations to reason with constraints.

Let us consider the N-Queens problem which can be perfect example for CSP since
the constraints in this problem are all binary constraints which are fixed initially and
the domain of variables are known beforehand. For simplicity, let N = 4. The 4-

Queens problems can be described as the following way in terms of CSP.



Q2

11

Q3

Figure 2.2: Constraint graph for 4-Queens problem

e Variables = {Q1, Q2, Q3, Q4}

¢ Domain Values = Q1, Q2, Q3, Q4 € [1,2,3,4]

e Constraints = {Ql # Q2, Q2 # Q3, Q3 # Q4, Q1 # Q2 — 1,
QU#Q2+1,Q1 £Q3 -2 Ql #Q3 + 2,
Ql#Q4-3,Q1#Q4+3,Q2#Q3 -1,
Q2#Q3+1,Q3#£Q4+1,Q3# Q4 — 1)

It is also possible to represent CSP problem as a constraint graph. Each node in

the graph represents the variables which ranged over the discrete domain and the

arcs denote the constraints. For instance, with 4-Queens problem, one of the possible

constraint graphs is shown in the figure 2.2. Satisfying the constraints can be viewed

as consistency checking in a constraint graph which is explained in the next section.

Extensions of the standard constraint satisfaction problem have been made by
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several people such as dynamic constraint satisfaction [Mittal, Falkenhainer] and

continuous-value CSP [Eastman) for two dimensional space planning problems.

Representation of constraints in CSP

Several researchers including Mackworth [Mackworth], Montanari and Freuder worked
on the consistency of constraint networks. In this section, the basic concept of the
representation of constraints is explored with respect to tree search algorithms.

To filter out the inconsistent value efficiently from the finite domain in the con-
straint network, the binary relation matrix is introduced. The relational matrix, Rij,
represents the binary constraint Cij where i is an entry to the i-th value in the domain
Vi and Vj represent an entry to the j-th value in the domain Vj. Furthermore, Rij(k,l)
= 0 represents the fact that the k-th value in domain the Vi is incompatible with
I-th value in the domain Vj. Rij(k, 1) = 1 represents the fact that the k-th value in
domain Vi is compatible with the l-th value in the domain Vj.

For instance, in 4-Queens problem, one of the constraint C1{Q1,Q2) = Q1 # Q2

can be represented with the following binary matrix.

C1(Q1,Q2)=0111
1011
1101
1110

How do we reason with these binary matrices 7 There are basically two operations
on the matrix which are the intersection of relations and composition of relations.
First, consider the intersection of relation with 4-Queens problem. There are three

constraint between Q1! and Q2 which are C1(Q1,Q2) is Q! # Q2, C2(Ql, Q2) is
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C1(Q1,Q2) =0111 C2(Q1,Q2)=1011 C3(Q1,Q2)=1111
1011 1101 0111
1101 1110 1011
1110 1111 1101
Therefore, C123(Q1,Q2) =001 1
0001
1000
1100

Table 2.1: The matrix computation for C123(Q1,Q2)

Ql # Q2 - 1 and C3(Q1,Q2) is Q1 # Q2 + 1. We could get the intersection of
constraint, C1(Q1, Q2) and C2(Q1,Q2) and C3(Q1,Q2) by doing “and” operations
which is shown in Table 2.1.

The second operation is to compute the arc-consistency in the network of con-
straint. The directed Arc(Vi,Vj) is consistent iff there exist any value in domain Vj
to satisfy the constraint C(Vi,Vj) for any value in domain Vi. We shouid understand
that the arc-consistency can not be always maintained after another value of a domain
is removed to maintain the consistency of the network. For instance, if there are two
arcs, Arc(Vi,Vj) and Arc(Vj,Vk), then Are(Vi,Vj) may not be consistent after some
values are removed from the domain Vj to maintain the consistency of Arc(Vj,Vk).

Consider the 4-Queens problem with the positions of Queens which is shown in
Figure 2.3. In this example, placing the first queen in the first column, second row
can remove all the domain of the second queen except the fourth row. This also does
not totally remove the domains for the rest of Queens. Therefore, all the Arcs are still
consistent. In other words, placing the first queen in the second row does not prevent

totally from placing the rest of queens in some position in each column. However, if
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Ql

Q4

Figure 2.3: 4-Queens problem

we place the second queen in the fourth column and fourth row in next move, the
domain of the second queen is removed totally. Therefore, the Arc(Q1,Q4) is not
consistent anymore.

To compute these kinds of reasoning with binary relational matrix in 4-Queens
problem, we need to compute R123'(Q1,Q4) = R123(Q1,Q4) and R123(Q1 Q2) *
R123(Q2 Q4) which is shown in Table 2.2.

Note that the second row, fourth column of R123’(Q1, Q4) is 0 which means that
placing the first queen in the first row, second column and the second queen in fourth

row, fourth column makes placing any queen in the second row impossible.

2.1.4 Constraint programming languages

Varjous kinds of inference based on constraints are investigated in the Al litera-
ture. There is also research on programming languages based on constraints. These
are mostly application oriented such as ThingLab [Borning] and Ivan Sutherland’s
Sketchpad for computer graphics. The Visicalc family of spreadsheet is also an ele-
mentary constraint based programming setup.

ThingLab, which is written in Smalltalk, is also an extension to Smalltalk-76 which
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R123(Q1,Q2) =001 1 R123(Q2,Q4) = 0101 R123(Q1,Q4) = 01
0001 1010 10
1000 101 11
1100 010 01
Therefore, R123(Q1, Q2) * R123(Q2,Q4) =111 1
1010
0101
1111

RI123'(Q1, Q4) =001 0
1010
0101
0110

Table 2.2: The binary matrix computation for R123’(Q1,Q4)

is an object-oriented programming language. In ThingLab, constraints are used to
specify the relation between objects which are integers and texts. The combination
of local propagation and relaxation techniques is implemented to solve constraints in
ThingLab.

In Guy Steele’s dissertation [Steele 1], a general purpose programming language
based on constraints was defined and designed to be implemented on special purpose
hardware. His attempt was to solve constraint by local propagation. However, the
simultaneous equation was not addressed even if it often appears in the domain of
constraint solving. Because of cyclic dependency, simultaneous equations cannot be
solved by local propagation.

On the other hand, researchers [Jaffar Lassez 86), [Colmerauer 87),[Dincbas et al 1]

recently have developed more powerful declarative programming languages than Pro-
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log by exploiting constraint solving techniques. Those three systems include CLP(R),
Prolog III and CHIP which are supersets of Prolog. These systems are using simplex-
based constraint solving which is more powerful and general than any other constraint
solving methods so far, according to my best knowledge. CSP technique is also used

in CHIP to prune the domains of the search space for efficiency.

2.2 Production systems

2.2.1 Introduction

The production systems has been the critical domain of Al research for building
expert systems and modeling intelligent human behavior. The production systems is
generally composed of a set of if-then rules, the global databases associated with the
rules and the interpreter which controls the implementation of production systems.
Each of the if-then rules, called productions, consists of conjunctions of condition
elements, which are if-part of the rules, and the actions, which are the then-part of
rules. The if-part of the rules and the then-part of the rules are called LHS (Left
Hand Side) and RHS (Right Hand Side) of the production, respectively.

2.2.2 OPSS5

In OPSS, the global database is called working memory. The working memory in
OPSS is the list of zero or more of attribute pairs associated with a constant symbol
which is called the class or type. For instance, the working memory with class name
“person” associated with the attributes such as name and age and the value of name
and age can be represented as (person Tname Geun-Sik fage 10). The changes to
the working memory are performed by propagating tokens through the network. The

tokens here are the ordered pair of a tag and a data element. The tag '+’ represents
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the addition of data elements into working memory set. The tag ‘-’ represents the
deletion of data element from the working memory set. For instance, to modify the
working memory element of (Person Tname Geun-Sik fage 10) to (Person Tname
Geun-Sik fage 20), we need to process two tokens in OPS5 such as <- (person Thame
Geun-Sik Tage 10)> and <+ (Person Tname Geun-Sik fage 20)>.

The underlying mechanism which controls the execution of the processing of tokens
over the Rete network is called the interpreter. The interpreter which is also known
as the inference engine, performs the following recognize-act cycle:

1) Match : The LHS conditions of rules are matched against the working memory
elements.

2) Conflict resolution : One of the rules is selected for execution among the satisfied
LHS of the rules. If none exists, the interpreter halts.

3) Action : The action part of the rules is performed. In this phase, the contents
of the working memories may be changed.

4) Goto 1)
2.2.3 Rete algorithm in production systems

The matching phase in production systems is critically intensive in the computation
that it can take 90 percent of the total computation time in executing production
systems even if we are considering the best known algorithm. One of the best known
pattern matching algorithms is the Rete algorithm which is proposed by Forgy in
[Forgy 79) and used in the OPS5 family of language. Forgy proposes a special internal
representation for the LHS of the rule in memory to minimize the computation in the
matching phase of the production systems.

The translation of rules into the internal representation is called the compilation
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of rules which is used in the internals of the OPS5. Therefore, the compilation in
OPSS is nothing more than translation of rules into the representation of the set of
intermediate instructions for checking a group of features in rules: Thus when the
system loads the rules into memory for execution, it compiles them into a binary
discrimination network in the form of the linearized set of intermediate instructions
and loads them into the memory for checking a set of features of patterns of the rules.
After compilation, the interpreter only performs the matching operations on the lin-
earized intermediate instructions. However, in OPS83 which is the later version of
OPSS, the rules were directly compiled into the machine executable code. Therefore,
the interpreter was not necessary for OPS83. The linearized representation of the
Rete network is considered as the abstract machine architecture for the fast imple-
mentation of production systems. What the production systems is to the linearized
Rete network, Prolog is to the Warren Abstract Machine [Warren] instructions. Fur-
ther information about rule compilation in OPS5 can be obtained from [Forgy 79],
[Forgy 82). A variation of the Rete network in the propositional case is implemented
in our research. It is well described in the chapter four.

The three advantages of the Rete matching algorithm are summarized as the
following:

First, The Rete algorithm takes advantages of the temporal redundancy of match-
ing processes occurring in the cycles of the interpreter. Only the changed working
memory elements are matched against the LHS of rules aince the rest of matched
elements are saved in the networks.

Second, The same condition elements of rules are shared to some extent by com-
pilation in order for the actual matching in production systems to be reduced during

run time.
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Third, the networks save the information about the partial conaistent bindings so
that the binding is not necessarily recomputed in the subsequent cycles.

The improvement of the Rete algorithm has been studied by several researchers
[Schor, Daly, Lee, Tibbitts). The variations of the Rete algorithm were implemented
in several different places such as IBM T.J. Watson Research Center and Columbia
University. The parallel implementation of production systems based on the Rete
algorithm was researched in [Gupta).



Chapter 3

Constraint Logic Programming

Constraint logic programming is very interesting in several different ways. The con-
straint solver in constraint logic programming is a variation of Simplex method in
linear programming which is a major field of operations research, management sci-
ence, mathematical programming, and industrial engineering. From a high-level point
of view, the Simplex based constraint solver is inputted into a logic program in the
design of languages such as CLP(R) and Prolog III.

From the programming language point of view, we can develop powerful declara-
tive and expressive computer programming language such as CLP(R) by integrating
a variation of Simplex with Horn clause logic. The constraint solver in constraint
logic programming is mainly related to the declarativeness and invertability of the
programming language. However, the purpose of using Simplex in operations research
is to optimize the given costs or profits function associated with a set of constraints.

In addition to the Simplex based constraint solver in constraint logic programming,
the concept of CSP is implemented in CHIP to combine the logic programming with

the efficiency of constraint solving.
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3.1 CLP(R)
3.1.1 Prolog vs. CLP(R)

It is widely known that Prolog is a kind of non-procedural and declarative program-
ming language. However, constraint solving is avoided in Prolog. For instance, let us

consider the following Prolog statements.

Ezrample 1) g(X) :- X >=1,X+1>= X.
Ezample 8) (X, Y, Z) :- X is Y + Z.
Ezample 8) fact(N, F) :- N >= 1, Nprime is N — 1, fact(Nprime, M)
FisN* M.
fact(0,1).

The statement in example 1) is always true in term of constraint solving, but, in
Prolog, it is true only if X has a value. Furthermore, in the second example, Prolog
systems fail to eva.lua.t:e the value of Y even if X and Z have ground values. Due to
this fact, a Prolog system could not evaluate the value of X by querying in fact(X,
6) even if the system could evaluate fact(3, F). The constraint such as N >= 1 is
of the form, < Ezpression Relation Ezpression>, and is evaluated successfully only if
every variable has a ground value. This can be viewed as the condition part of the if-
statement in conventional languages such as Pascal and Fortran. The “is” predicate in
Prolog is practically same as imperative assignment in Pascal or Fortran. Therefore,
numerical constraint solving in Prolog is as primitive as in a conventional language.
Thia argument implies that conventional Prolog is a procedural language in solving

the numerical constraints. To improve this kind of weakness in constraint solving in
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Prolog, new styles of Prolog which the constraint solver is embedded in have been
reserached and implemented. These include CLP(R), CHIP and Prolog III.

3.1.2 Overview of CLP(R)

The CLP scheme [Jaffar Lassez 87) defines a class of programming language based on
constraint solving and logic programming. The framework which Jaffar and Lassez
defined can be represented as CLP(X) where X is the domain of discourse over con-
straints. One instance of the CLP paradigm is CLP(R) where R represents the
real numbers. The prototype version of the CLP{R) interpreter was implemented at
Monash University in Australia. Later, a compiled version of CLP(R) was imple-
mented at the IBM Thomas J. Watson Research Center at Yorktown Heights.

Unification in Prolog can be viewed as solving equality constraints over the Her-
brand universe. In the CLP scheme, unification is replaced by solvability of con-
straints which is a more general computation scheme. Moreover, it yields a more
declarative programing scheme than the conventional logic programming from the
user’s point of view. To consider the examples shown in the above section, in CLP(R),
example 1 returns “true”, example 2 outputs the answer properly if we use “=" in-
stead of “is”, and example 3 with query fact(X, 6) returns X = 3.

The CLP(R) interpreter consists of three diflerent components of software mod-
ules which are the Prolog-like inference engine, the constraint solver, and the interface
between the two. The inference engine also performs simple pattern matching, rec-
ognizing the constraints and solving simple constraints. The constraint solver is a
variation of simplex method which also provides a delay mechanism for nonlinear
situation. The interface between the engine and constiraint solver is designed to

transform the constraints into a canonical form.
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The constraint solver in CLP(R) is adapted for the logic programming environ-
ment in order to manage the incrementality and backtracking behaviors of logic pro-
gramming. The relations which appear in constraints such as = and > are natural
to the simplex based constraint solver. However, the constraints which cannot be
directly managed in the Simplex based method are solved in a different way. For
instance, the nonlinear constraints are delayed until the constraints become linear,
which can be viewed as a local propagation. The strict inequality constraint, AX <
b can be rewritten into “AX > b and AX # b” which can be solved by simplex and
delay mechanism.

In considering the relatively short history of CLP(R), the system is success-
ful in both application and research aspects of new waves of programming lan-
guage. Applications of CLP(R) include option trading in a financial market
[Lassez, McAloon, Yap], software testing [Gorlick et al] and some electrical engineer-
ing problems [Heintze, Michaylov, Stuckey].

The major advantages of CLP(R) over the conventional Prolog can be summarized

as follows.

1. The invertability of a program involving mathematical variables: The input and

output are not distinguished from the user’s point of view.

2. The expressive power of the language : The system allows users to express the

implicit information as well as explicit information.

3. The relational symbolic output: Instead of just outputting the substitution of
variables as a result of unification in conventional Prolog, the system can output

the relationships of the variables.
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3.2 Constraint Handling in Prolog (CHIP)
3.2.1 Overview of CHIP

CHIP is another constraint logic programming language which is developed by Euro-
pean Computer-Industry Research Center (ECRC). In the CHIP system, the declar-
ative aspects of logic programming are combined with the efficient implementation
of constraint solving technique such as CSP by introducing the domain concept in
Prolog. The CHIP system has been implemented with several different constraint
solving techniques which depend on the computation domains which they are deal-
ing with, such as CSP for finite domain, local propagation for Boolean terms, and
Simplex for rational terms. They use multiple independent constraint solvers in
one programming language system. This is to achieve efficient implementation of
constraint solving in the logic programming environment by embedding application
specific constraint solvers in Prolog. This is somewhat analogous to the CLP scheme,
which was described in the previous section. However, each constraint solver in CHIP
system is more specific and more application oriented than those of the CLP scheme.
For instance, the CSP with tree search strategy is used for integer programming and
Boolean unification is used for digital circuit design. Comparing these two system,
i.e.,the CLP scheme and CHIP, ends up with generality versus efficiency.

The CHIP system introduced the consistency technique which is the combination
of the tree search strategy in Prolog and the concept of CSP. This is described in
detail in the next section.

CHIP is quite successful in applications [Dincbas et al 2] for integer programming;

circuit design such as circuit simulation; and microcode label assignment.
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3.2.2 Consistency technique in CHIP

The consistency technique [Van Hentenryck] in CHIP is designed to solve combina-
torial problems. In the tree search strategy in Prolog, there are three disadvantages:
(1) the continual rediscovery of same fact, (2) late detections of failure, and (3) bad
backtracking point. The motivation behind the consistency techniques is to mini-
mize some disadvantages of Prolog, like search strategy, i.e., generate and test with
backtracking.

The new features of the consistency techniques in CHIP over Prolog can be sum-

marized as the following,.
1. Domain concept is built into Prolog together with unification over the domain.

2. Implementation of CSP with tree search strategy in Prolog; The efficiency of
CHIP is mainly related to the representation of constraints over finite domains
since the operations for the active use of constraints are relational binary matrix

manipulations.

3. Several built-in inference rules such as forward checking, looking ahead and
partial looking ahead; the users can have the control over the inferences so that

they can take advantages of the system for their applications.

3.3 Simplex based constraint solving vs. Con-
straint Satisfaction Problems (CSP)

Three constraint solving techniques such as local propagation, Simplex and CSP are
used in the constraint logic programming environment. Variations of the Simplex

method are mainly used for constraint solving in systems like CLP(R), 2LP and
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Prolog II1. However, in CHIP [Dincbas et al 1], the main constraint solver is the CSP
with a Prolog like tree search strategy although CHIP provides a constraint solver
based on the Simplex method for rational terms according to their specification in
the language.

Empirical research [Van Hentenryck, Carillon) shows that the branch and bound
method in linear programming cannot be as efficient as CSP in CHIP if we are dealing
with integer programming. CSP can be much more efficient than the Simplex method
in integer programming. However, there are some limitations in CSPs. First of all,
the variables must range over a discrete domain. Moreover, the domain and variables
appearing in the constraints are known and fixed initially. The constraints here are
all static, which means that all the initially introduced variables and constraints
should be used in problem solving. However, the Simplex based constraint solver
allows us to introduce variables naturally and dynamically. There are some extensions
of the standard CSP such as dynamic constraint satisfactions {Mittal, Falkenhainer]
optimizing CSP [Navinchandra] and hierarchical-domain CSP [Mackworth], [Mittal).

However, those extensions are all separate constraint solvers for different compu-
tation domains, whereas the Simplex based method is one solver which can be used
in all the domains of computation. The Simplex based constraint solver is more flex-
ible and powerful than CSP. However, there are two fundamental disadvantages in a
Simplex based constraint solver. One is that the Simplex method in logic program-
ming environment is overly general and complex. It has been described as “killing a
rabbit with an elephant gun” in [Cohen|. This inefficiency can be resolved by means
of hardware and software development. On the other hand, is currently there any
other constraint solver which can be integrated naturally into the logic programming

environment ? The other disadvantage is that there are some relations which are
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not natural in the Simplex method. Those relations are disequality (#) and strict
inequality (>). In CLP(R) these relations can be solved effectively by introducing
delay mechanisms which can be viewed as local propagation.

Can we integrate the generality of the Simplex based constraint solver with the
efficiency of CSP 7 One of the main concerns for CLP(R) implementors is efficiently
testing the satisfiability of constraints. These implementation considerations include
incrementality, simplification of constraints, and canonical forms. From the satisfia-
bility point of view, the CSP in CHIP is efficiently and a priori to test the satisfiability
of domains by pre-ordering the satisfiability of domains or manipulating the relational
binary matrices. Some level of integration of CSP and the Simplex based constraint

solver is addressed in the APN algorithm which is explained in chapter 7.1.3.



Chapter 4

Linear Programming and Logic
Programming (2LP)

4.1 Preliminaries and Definitions

A domain D is given as a tuple D = (D, Ry,..., R, f1,..., f1,81,8;,...) where D
is a nonempty set, the R; are relations on D, the f; are operations on D and the
a; are distinguished elements of D. We also use Ry,..., Ry, f1,..., fi,a1,82,... as
symbols of the first-order language of the domain D. Terms of this language are
defined inductively: variables and individual constants are terms and f;(4,...,%.)
is a term if f; has arity n and ¢,,...,¢, are terms. A term with no free variables is
called a closed term or a ground term. Atomic formulas have the form R;(t;,...,t,)
where ¢,,...,t, are terms and R, is an n-ary relation. Atomic formulas are also called
constraints. Formulas are obtained from atomic formulas by closure under boolean
connectives and quantification. If the free variables of a formula F are X;,..., X,
we write F(X,,..., X,) for F. An assigment is a map from a finite set of variables
to D; if the assignment 8 is defined on the free variables of F we write D |= F8
iff the assignment 0 satisfies F in D. The set of closed formulas G of the form
X, ...3X.C(X,,...,X,) such that C is a conjunction of constraints and D |= G is

28
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called the constraint theory of the domain D.

In what follows, 2 denotes {0,1}, N the natural numbers, Z denotes the integers,
Q denotes the rational numbers, R the real numbers, C the complex numbers and
AN the algebraic numbers. To fix notation in the case of classical logic programming,
we consider the language with constant symbol nil and binary functor cons and let
H be the the Herbrand universe of ground terms in cons and nil. The constraint
domain of interest here is (H, =, cons,nil); a set of constraints is then solvable if the
corresponding unification succeeds.

It is also helpful to restrict the typing of certain binary operators. If f is such an
operator on a domain, we write f to restrict the firat argument of f to be an individual
constant and f to restrict the second argument of f to be an individual constant.
Thus for multiplication ¥ allows multiplication by the distinguished coefficients from
the domain. Thus for example the domain (R, =, 4+, %,0, £1,42,...) is the additive
group of the reals as a module over Z. This notation is also suitable for dealing
with complexity considerations. Thus the domain (R,=,+,—,+,/,#$,0,1,2,...) of
the reals as a field allows constraints with exponents written in binary as well as
coefficients. It also serves to obviate the need for new notation; thus, (N,=, +,1)
denotes the natural numbers with the successor operation.

In the definitions that follow, p,qi,...,q: denote uninterpreted predicate sym-
bols. Their semantics are determined by inductive definitions given in terms of logic
programming rules. A CLP language is specified by a constraint domain D and

conditions on the allowable rules to interpret predicate symbols..

Definition 1 A vanilla — CLP(D) program is given by a finite set of rules of the

form
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P(Xh ree !Xll) i cl(Yl.h rery },l,h )s v 'Icl(}/ll yoory K,b.)g
QI(ZI,M reey Zl.rm )a srey Ql(zi,ls ey Zt.m.)v

where the X,,...,Xa,Y11,...,Y.s, are variables and Z,,,...,2Z;m, are variables or

terms of the language of D.

Note that in the above definition, it is not required that the variables and terms
Xyeo s Xy gy oy Yoo 21, .-y Zym, be distinct.

The use of the qualifying term “vanilla” is due to the fact that the nota-
tion CLP(D), in particular CLP(R), is used to denote the situation where Pro-
log structures form part of the constraint domain and the language is a super-
set of Prolog. Thus if we denote by Hs* R the two sorted universe of struc-
tures and Real Numbers with = as a shared relation, then CLP(R) is vanilla-
CLP(H» R, =,cons,nil, <=,<,+,—,*,/,0,1). In [Sakai Aiba], the system CAL as
defined is vanilla-CLP(AN,=,+,—,%,0,1,...).

Complexity analysis of constraint logic programming languages with many sorted
constraints is a further topic of research.

If the constraint domain D does not have structures or lists, then vanilla.CLP(D)
will be called Datalog(D). Classical Datalog, e.g. [Maier Warren), is a superset of
vanilla-CLP(N, =,0,1,2,...).

In [Jaffar Lassez 86, (Jaffar Lassez 87) minimal model semantics for the CLP
scheme are set out and completeness theorems are proved. Moreover, all exam-
ples of constraint systems explicitly considered here are solution compact with sat-
isfaction complete theories and so the completeness results of [Jaffar Lassez 86),
[Jaffar Lassez 87) on Negation-as-Failure also hold.

A vanilla-CLP(D) program P is interpreted in its minimal model where each
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predicate symbol p(Xj, ..., X,) is interpreted as an n-ary relation p C D". We recall
the minimal model construction of [Jaffar Lassez 86): Inductively, define for each
natural number m, and for all predicate symbols p of the program an approximation
7™ as follows:

Step m = 0.

#=0

Step m = k+1.

For dy,...,d, € D, p™(d,,...,d,) holds iff #*(d,,...,d,) holds or for some rule

in P of the form

X1,  Xa) i = a(Na, Y)Y, L Y,
q‘(zl.ls reey zl.mn )9 v QQl(Zl,h seny Zt.m;)-

and some assignment § where d; = X0 fori = 1,...,n we have D |= ;0 for ; =
1,...,0 and §;*(Z;,0,...,Z;m,0) for j =1,...,t.

So finally set p = | ), p™.

Following [Jaffar Lassez 87) with appropriate change in notation, a goal is defined

to be a set of the form

cl(xi,ll- . "Xl.n)}- .- 1cr(Xr.‘h- .- 3Xr,ap)1pl(zl.l e sz‘l.ml)s' .- apl(zt.lv . yzl,m.)

where the X;; are variables and the Z,,; are terms. Suppose we are given a vanilla-
CLP(D) program P, a goal T, pi(Z;1,...,Z;m,) in T and a variant of a rule P with

no variables in common with T of the form

pj(Ul, ey U,.) P - Cl(Yl,l, vy Yl.h), ‘o ,c,(}f.'l, ey Y,J_),
QI(Tl.h e |Tl.n|)s - |Ql(7‘l.l’ sy zT,m)-
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Set @ to be the substitution {U,/Z;,,...,Un,;/Z;m,;} which replaces each U; by
the term Z;; for ¢ = 1,...,n. Then a derivation step is made by deleting

pi(Z;p,-- -1 Zjm,) from the goal T’ and inserting
cl(l,l.l)s crey “,h )o! cery ct(y’l,l grevy n.k.)ag

q1(T1.11 veey Tl.n;)os sy qt(n.h *aa vn.ﬂt)o

to form a new goal. A sequence of goals starting with an initial goal and generated
by derivation steps is called a successful derivation or simply a derivation if the
final goal consists of a set of constraints whose conjunction is satisfiable in D. In
particular, a successful derivation of a goal ¢(Z,,...,Z,) from a program P yields a

set of constraints

C1(X;,1, “ws ,X;.,‘), vee ,C,-(X,.l, “rey X,I,,)

whose conjunction is satisfiable in D and which are such that the universal closure of

the following implication holds in the minimal model of the program:

a{ Xy Xt )A A ( Xy oy X, ) = 9( 20, ..., Z0)

To fix notation, we define a gquery to be a goal of the form ¢(Z,,...,Z,) where
Z; is either a variable or a ground term, ¢ = 1,...,n; if every term is a ground
term, then the query is a ground query.. The query is accepted by the program if its
existential closure is satisfied in the minimal model of the program. So, the program
P accepts the query ¢(Z,,...,2,) if and only if for some m the approximation §™
is not empty. Similarly, the program P accepts the ground query q(ty,...,t,) if and
only if for some m, we have §™(d,,...,d,) where d; is the denotation of the closed

termt,i=1,...,n.
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Thus, given a program P and query ¢ = ¢(2),...,Zn), by the Succesful Deriva-
tions Lemma of [Jaffar Lassez 86], the existential closure of ¢ is true in the minimal
model of P if and only if there is a derivation of ¢ from P. Note that this completeness
result establishes a link between satisfiability in the minimal model of a constraint pro-
gram and alternating Turing machine computation; ¢f. [Chandra Lewis Makowsky],
[Shapiro) for the case of classical logic programming.

The query complezity of a given CLP language L is the computational complexity
of the formal language consisting of all pairs (P, ¢) such that P accepts ¢q. The ground
query complezity of a CLP language is the computational complexity of the formal
language consisting of all pairs (P, g) such that ¢ is ground and P accepts gq.

We will make use of standard complexity theoretic terminology and complexity
classes such as P, NP, PSPACE, RE (Recursively Enumerable), etc.

We summarize the discussion thus far with the following:

Theorem 1 (Completeness Theorem) Let D be a domain with constraint theory
T. Then for every vanilla-CLP(D) program P and every query q, P accepts q if and
only if there is a derivation of q from P. Moreover, if T is in RE, then the query
complexity of the language vanilla-CLP(D) is also in RE.

For further completeness results for constraint logic programming, see [Maher];
for classical logic programming see [Lloyd].

We now give a classification of CLP languages over a domain D by means of
simple syntactic criteria which turn out to be equivalent to distinctions in storage

management and in logic.

Definition 2 A minimal-CLP(D) program is given by a finite set of rules of the form
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Xy, Xn) i — aNg, Y- 6a(Yans o Vo),
(X .oy Xa)y oo @l X, ..., Xa).

where the X,,..., X, are variables and for ecach i, the Y, 1,...,Y; s, form a subset of

X1,y Xn.

Note that this means that the variables X,, ..., X,, are all global variables of the
program and that there are no local variables. The condition that the variables
appear in the same order in all the procedures of the program makes the unifications
trivial and thus the logic reduces to propositional logic. In particular a minimal-CLP
program without constraints reduces to a Proplog program. However, the presence
of constraints makes minimal-CLP much more powerful than Proplog, ¢f. Theorem
5, below. The restriction on the variables entails, however, that the storage locations
Xi1,...,Xa are the only ones that can be addressed in the course of a computation.
However, the memory is not static in the sense that the least size of solutions to the
set of constraints generated by a successful computation is not bounded a priori. On
the other hand, we show that, in the cases of interest here, the size of the storage
required for such solutions can be, in fact, bound as a function of the constraint
domain and the program itself.

We analyze the complexity of minimal CLP languages.

Theorem 2 The languages minimal-CLP(N,=,0) and Proplog have P-Complete

query complexity.
The proof is classical, {Jones Laaser).

Theorem 3 The following languages have P-Complete ground query complexity:
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minimal CLP(2,=,0,1)

minimal CLP(N, =, <=, <, +,%,%%,0,1,...)
minimalCLP(Q, =, <=, <,+,—,%,0,11,4£2,...)
minimalCLP(R, =, <=, <, +,—,%,0,+1,42,...)
minimal- CLP(C, =, +,—,*, /,#%,0,1,...)
minimal CLP(H, =, cons,nil)

Proof: Because the logic is propositional in minimal-CLP languages,
when the queries are ground, the values of X, ..., X, can be used to prune
all rules whose constraints are not satisfied by the given instantiation of
Xi,...,Xs and to eliminate the constraints from the remaining rules.

This reduces the computation to the Proplog case. O

Theorem 4 The following languages have NP-Complete query complezity:

minimal-CLF(2, <)

minimal-CLP(2,=,0,1)

minimalCLP(N, =, <=,<,+,%,0,1,...}
minimal CLP(Q,=,<=,<,+,~,%,0,+1,£2..))
minimal CLP(R, =, <=, <, +,—,%,0,+1,42,...)
minimal CLP(H, =, cons,nil)

Proof: The proof is given in [Cox, McAloon, Tretkoff]. O

We remark that the complexity of minimal-CLP(R, =, <=,<,+,-,%,0,1,...)

does not change if we allow negative constraints in the sense of [Lassez McAloon).
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These results clarify the relationship between linear and integer programming,
on the one hand, and constraint logic programming on the other. Phase I of linear
programming is minimal-CLP(Q, =, <=, +, —, %,0,1,...) with only one rule and with
only constraints on the right-hand-side. This language has PTIME query complexity.
Phase I of integer programming is minimal-CLP(N, =, <=,+,%0,1,...) with only
one rule and with only constraints on the right-hand-side. This language has NP

query complexity.
4.2 Motivation of the 2LP language

The 2LP system [McAloon Tretkoff] is designed to provide flexible and programmable
tools in solving mixed integer linear programming problems although its applications
are not limited to them. 2LP system has been implemented at Logic Based System
Lab. at Brooklyn College of the City University of New York.

More specifically, the 2LP system is designed to overcome or improve the disad-

vantages of CLP(R) which are considered as the following;

1. CLP(R) is not designed to deal with a large number of variables with many

constraints,

2. Constraint solver is a black box from the users point of view, Therefore, the

users cannot directly use the solver for their own purposes.

3. The system cannot optimize for given functions. The optimization function
which is a major feature of linear programming is abandoned in designing the

CLP(R) system.

4. The output of constraints is another problem. It is easy to lose control of the
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true inequality constraint on the problem variables because Fourier’s elimination

is expensive,

In summary of the disadvantages in CLP(R), the power of constraint solver is un-
dermined in the system although CLP(R) system has increased the declarative and
expressive power of programming language by using a variations of Simplex method
in solving constraints.

The 2LP of language is also designed to integrate the expressive power of logic with
the declarative power of constraint expressions. In our current implementation of 2LP
system, the logic is propositional and the domain is real. [Cox, McAloon, Tretkoff]
provides the hierarchy of 2LP language with a complexity analysis of constraint logic

programming in general.



Chapter 5
APN algorithm

Constraint based searching in top-down processing is assisted by the Anticipatory
Pruning Networks (APN) to minimize backtracking. The APN algorithm computes
the consequences of the constraints inconsistent with the current environment. The
APN also explicitly saves the consequences of the inconsistency in the network. Fur-
thermore, the APN algorithm can undo the processes of computing and saving the
consequences of the inconsistent constraint to meet the backtracking behavior of logic
programming.

This chapter describes implementation details of the APN algorithm including the
compilation of the rules in the 2LP system, consistency checking and the relationship

with the stratification.

5.1 Rule compilation in the 2LP system

Since there are no variables in the condition elements of the rules, the consistent
bindings are not necessary to compute in the 2LP system. However, the first and
second advantages of the Rete algorithm explained in 2.2.3 are directly applicable to
the propagation of the inconsistency in the 2LP system.

The compilation of rules in the 2LP syatem is simpler than the compilation done

38
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in the OPS3 system since we are only dealing with propagating inconsistency in
constraint solving. The condition elements of the rule here have only the name of the
class and do not have any attributes in it if we consider it in the OPS5 context.

More precisely, a 2LP program consists of a set of then-if Horn-clause rules which
have the following form;

Pe C,Cy...,Ch,Q1,Q2,...,Qn. where C; are linear constraints with n > 0
and @, > 0, are atoms.

In compilation, the constraint elements of C; are treated as another logical atomic
element to form the network from the body of the rule since the constraint is either
consistent or inconsistent with the current environment. Furthermore, the same con-
dition elements in the bodies of the set of rules are to be factored out so that the
test can be performed once during the execution time. To maximize the sharing of
the same condition elements and even the set of condition elements in different rules
and minimize the computation involved in finding the set of the same combination of
atomic elements, the condition elements of the rules are sorted before the compilation.

In APN, the rules are compiled into the data flow network which is logically
equivalent to the set of rules. However, only the LHS of rules are compiled into
networks in the Rete match algorithm. The nodes of APN are represented in a form
of von Neumann machine instructions as in OPS5. The links between the nodes are
not maintained explicitly. Rather, the successor nodes are placed at the immediate
adjacent memory location for navigating the nodes efficiently in the von Neumann
machine. The compiled APN here is represented by the linearized instruction set
which can be executed by the interpreter. However, it is not enough to design the
network by the linearization of the instructions if we consider the fact that some of

the nodes in APN have more than one predecessor and successor. Therefore, two
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Procedure table

Figure 5.1: Binary Networks for KBl

more nodes are introduced. One is the Fork node which represents the fact that the
node has more than one successor. The other one is the Merge node which represents
the fact that the node has more than one predecessor. Figure 5.1 shows an example

of the network for the set of rules, KB1 which is defined as the following:

KBl = {Q « CI, C2, P.
Q«~ C2,R.
P« C3.
P+~ C4.}
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The linearization of Lthe network in an efficient machine executable form is impor-
tant for real applications. For the basic human readable forms of linearized network

in APN, the following five different types of nodes are necessary to linearize the APN:

1. (Fork label) ; The label represents the position of a node for another suc-

cessor.
2. (EQ atomn) ; One-input node for testing for equality.

3. (AND Left-memory Right-memory) ; Two input node which has the left
memory and right memory. The left-memory takes input from the previous

node and the right memory takes input from the Merge node.

4. (Join label) ; This node is the same as the goto instruction in the von
Neumann machine architecture, but affecting only the right-memory of

the AND node.

5. (Update rule-id head) ; Update the counter of head of the rule and the list

of available rules for selections.

The illustration for the linearization of the network for the KB1 is shown in the

Table 5.1.

5.2 Anticipatory Pruning Networks

There are two functionally different components of computation in APN. One is find-
ing the constraints inconsistent with the current environment. The other is forward
reasoning with these inconsistent constraints. In testing consistency, an incremental
version of the Simplex algorithm is used. By propagating inconsistency, all determin-

istic goals are selected and resolved at once. Moreover, failure can be detected easily
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Table 5.1: Linearization of network for KB1
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if an unsolvable atom occurs in the goal list.

5.2.1 Consistency checking with the current environments

Forward checking is successfully implemented and utilized in CHIP for an application
to solve discrete combinatorial problems. CHIP introduced the domain concept in
Prolog for users to specify the range of a discrete variable. With the active use
of constraints, the problem can be pruned to reduce the search space for the given
problem. The general concept of the various searching mechanisms including forward
checking is well described in [Haralick, Elliott). The Anticipatory Pruning Networks
here is somewhat analogous to the consistency technique used in CHIP. Comparisons
of both techniques are discussed in chapter 7.

In the 2LP language, the number of constraints is fixed initially by the program-
mer. Moreover, unlike CLP(R), the 2LP system is not supposed to generate new
variables and constraints at run time. The variables appearing in a 2LP program
as well as classic linear programming are all global. In 2LP, a set of constraints is
fixed initially by the program and the systern generates a consistent subset of these
constraints to solve a problem.

Let us consider the consistency checking in the 2LP system. Let the active con-
straints (AC) be the constraints which enforced by the logic interpreter (Mission
Control module in 2LP). Let us call the set of all constraint for the given program
the quick constraints (QC). The quick constraints are also called quick hist. Finally, let
us call the constraints inconsistent with the current environment the dead constraints
(DC). Whenever the constraint is enforced by the logic interpreter, the system checks
consistency with the current environment. If the enforced constraint is consistent,

the current environment is updated. Furthermore, the constraint is removed from
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the QC and added to the AC. To find out the inconsistent constraints with the cur-
rent environment, the system performs consistency checking with the rest of the QC.
If the enforced constraint is not consistent, it is also removed from the QC and added
to the DC. Then the consistency checking in 2LP is to check the consistency of all
the constraints in QC with the newly updated environment. Therefore, everytime the
current environment is updated, consistency checking is performed.

After the system finds the inconsistent constraints within each environment, the
inconsistency is propagated through the precompiled network(APN) which is ex-
plained in the subsequent section. Some of the search tree can be pruned out a prior
as a result of the inconsistency propagation. This is called Anticipatory Pruning.

Instead of checking consistency on all the constraints in the QC with the current
environment, we can have the system choose the several different set of constraints.
One of them is to compute the relevant constraints with the goal list which are the
constraints set that can be derivable from the left most branch of the search space.
This is to detect the early failure in the current direction of search space. This is called
Partial Anticipatory Pruning. If we check the consistency with all constraints in QC,
it is called Full Anticipatory Pruning. The benchmark results for each technique are

demonstrated in Chapter 6.

5.2.2 Inconsistency propagations in APN

Since we are interested in the inconsistent constraint set to prune unnecessary search-
ing, all the two-input memories are initially set to be available, which means that every
rule is available for selection at the beginning. As the logic interpreter finds the in-
consistent constraints with the current constraint environment, the system generates

the negative token and the interpreter of APN propagates the negative token down
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to the APN. The interpreter also can undo what has been done by propagating the
positive tokens to take care of the backtracking behavior of logic programming style
of control mechanism.

One of the most significant differences between APN and production systems in
control structure is that APN does not resolve the conflict for the successful match-
ings, unlike the production system in general. Rather, APN propagates the inconsis-
tency for all the possible branches of searching to prune the search space as much as
possible. This is also computationally feasible since we are dealing with only propo-
sitional Horn clause logic. But, they have the similarity between the inconsistency
propagation in APN and the control structure in production systems.

The APN interpreter basically performs the following inconsistency propagation-

update cycles.

1. Match : The condition elements in the body of rules are matched against
the atoms which refer to the inconsistent constraints with the current en-

vironment.

2. Propagating and updating the procedure table : The successfully matched
atoms are propagated depending upon the inconsistency found in the con-
dition elements in the same rule. If the inconsistency is propagated suc-
cessfully, the counter associated with the head is decreased by 1 and the
index of the rule associated with the head is removed from the available
rule list for that head. If the backtracking occurs, the counter associated
with the head is increased by 1, and the index of the rule is added to the

available rule list.

3. Selection : The head with the counter changed to 0 or the counter changed
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to 1 from 0 is selected for the further propagation.

4. go to 1.

To perform the matching in the APN algorithm efficiently, the token pair (tag
atom) is hashed into the location of the atom in the linearized APN, where the tag =
‘4’ indicates that backtracking has occurred and tag = ‘-’ indicates that the system
has found a constraint inconsistent with the current environment. Let the set of
nodes of the linearized APN which resides in the memory be called *dna* and let the
pointer of the current node being processed be called *ctr*, which represent the node
pointer. There are two stacks which are declared globally in the interpreter. One is
named *br-stack* which has the list of unprocessed nodes. The other one is named
*selection-set* which is for the created tokens by propagating token in the previous
cycle. In the selection phase, the heads of the rules which the counter changed to
0 from 1 or changed to 1 from 0 are chosen for the further propagation update.
However, the chosen head which has the counter changed to 0 has the tag = *-’, such
as <- head>. The chosen head which has the counter changed to 1 from 0 has the
tag = ‘+’, such as <+ head>. These tokens associated with the tag are pushed into
*selection-set* for propagation to the next cycle. The description of implementation

in the APN interpreter is provided by the Lisp code in the Appendix A.

5.2.3 Early detection of failure and deterministic goal se-
lection

The APN allows the logic interpreter (in 2LP, Mission-Control module) to select
the goal deterministically by sharing the procedure table or by communicating with
the logic interpreter. The heads of the rules are sorted out so that the same atomic

elements can be shared by the same procedure table. We do not maintain the counter
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associated with each procedure in the real implementation. However, each procedure
virtually maintains the counter which indicates the number of the same head element
existing in the program. Moreover, each corresponding head has the liat of rules
which represents the availability of the rules for selection. All the rules are initially
available for selection. The data structure for each procedure in terms of Lisp syntax
is created during the compilation step such as

(atom counier (index-of-rule(l) index-of-rule(2) ... index-of-rule(n}),

where the atom represents the name of the procedure appearing in the head of the
rule and index-of-rule(i) represents the indexes of the available rules for selection for
that head. Moreover, the interpreter constantly updates the counter and the list of
available rules as the logic interpreter generates negative and positive tokens for each
cycle.

The goal list in the 2LP system consists of the collections of constraints and atoms.
This is of the form

?- C,Cyy...,Ch, AL A,,. .., A,
where C;, 0 € i < n, are constraints, A;, 0 € i < n, are atoms (procedures), n 2 0,
m2>0andn+m >0,

To resolve the goal list, we have to choose an atom among A;, 1 < i < m, for deriva-
tion and to check for the consistency with the current environment. The strategy for
choosing an atom from the goal list for derivation is called the selection strategy.
Since there are several ways of proving each atom, the system has to determine which
rule should be chosen for derivation. This is called the search strategy. By main-
taining the procedure table for each atom in APN, we can choose an atom with the
smallest counter in it. If the counter for any atom in the goal list is zero, then the

system should backtrack since it means there is no way to prove all the atoms with
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those combinations of search. We can deterministically choose an atom by selecting
an atom which has counter = 1. If a goal is deterministic, the system selects it at

once. This does not change the operational semantics of the language.

5.3 APN in terms of stratification

The rules in the 2LP system are all definite Horn-clauses and their ground atoms
are nothing but constraints. The program in the 2LP system is always stratified by
the definition of stratified program in [Apt, Blair, Walker] since there are no negative
condition elements in the program. Recently, [Lassez, McAloon, Port] extended the
stratification defined by [Apt, Blair, Walker]. Their definition allows a fine grain
stratification which accounts for recursion through positive occurrences of procedure.
We want to restrict the stratified program in such a way that there are no negative
or even positive cycles in the dependency graph of the program. If there is some
program which has such a cycle, then the APN would not have the property of truth
maintenance behavior after the inconsistency propagation and backtracking. For
instance, let us consider the program KB2 = {R + Cl, Q. Q « C2, R}. If the
system propagates the inconsistency of constraint C1 and backtracks afterward, then
the system cannot get back to the same list of available rules. If there are some rules
involving in cycles, these rules are excluded in constructing the network. Therefore,

only the remaining rules are compiled into the linearized network.

5.3.1 Compilation of stratification

The rules in the Anticipatory Pruning Network (APN) consist of the set of constraints
which can be regarded as the set of atomic assertions and the propositional rules which

are the following;



49

1. a set of atomic assertions which are constraints.

2. a non-empty set of definite Horn-clause rules
Qi - ChCIs- ceyComy Py By . Py

wheren > Qand m 2> 0.

The constraint elements C,,C;,...,C, of the above program P all lie in the same
stratum. Let > denote a reflexive relation. The strict relation (>) A > B is defined

as A > Band A # B.

Definition 8 /n Horn-clause rules in 2LP, the relation A > B means that A refers
to B such that either {A «— B} or there exists some element C such that {A — C, C

+— B} in the given program.

Definition 4 The atomic element A is called minimal if there is no element B such
that B < A in the Knowledge Base. It is called a minimal stratum if the stratum only

consists of minimal elements.

The stratification of Horn-clause propositional logic in 2LP is a reflexive and

transitive relation, <, on the elements of Horn-clauses which satisfies the following:

1. For all Horn-clause rules, Q — C,,C,,...,Cn, P, Ps,..., P,., We have the

relation Ci € Q and Pi < Q.

2. All the constraint elements are in the minimal stratum.

The two-input nodes in Rete algorithm are used to save the information about the
working memories so that the interpreter can avoid the repetitive LHS conditions
matching and computing of the consistent bindings against the working memories

between cycles. Therefore, the two-input nodes which have the left and right memory
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are initially empty. Moreover, the memories of the two-input nodes are gradually
filled with the information about the working memories as the match begins with the
initial working memories and the working memories may be created depending on
the conflict resolutions if the conditions are satisfied. Some elements of each stratum
are created as the recognize-act cycles in Rete algorithm. However, every element of
each stratum is not created in OPS5 anyway, even if we are dealing with the stratified
knowledge base, since only the actions of the most relevant rules are selected by the
conflict resolution strategy.

In APN of the 2LLP system, the joins of two-input nodes are much simpler in
computation and do not require the some amount of potential memory space for them
since the consistent bindings of left and right memories do not exist. The left and
right memory of two-input nodes in APN can be represented as a bit of each since the‘
condition elements of rules consist of only the name of class. The two-input nodes of
APN are set to be initially true and the procedure tables have the information during
compilation as if every condition on the rules were satisfied. As the inconsistencies
are found, some rules are not available for selection as determined by propagating
the inconsistencies through the network. However, it is not logically necessary to fill
the memories of two-input nodes in the network during the compilation time; but
it is done to fill the memories for efficiency reasons. We can start with the empty
memories as in the Rete algorithm, but we have to propagate all the elements of
minimal stratum during run time. Even if we start with the APN approach, all
the two-input nodes could become empty if every element of minimal stratum turns
out to be inconsistent. The following proposition holds in this context. This is a
very important property to support the truth maintenance mechanism of APN for

propagating inconsistency and to undo these propagations to take care of the logic



51

programming style of backtracking.

Proposition 1 The APN with all the provided elements of the minimal stratum as a
set of assertions and ezecuting the APN algorithm generates all the elements of each

stratum by performing the propagation-update cycle.

Proof: If all the elements of the minimal stratum are provided initially
for propagation, it means in APN that all the two-input nodes are empty
at this moment in order to make sense semantically for the APN and also
that the system is backtracking all the way to the beginning for a fresh
new start for the proving of the goal. Therefore, the tag of each token

is marked as *

+’. As the tokens are propagated, each right-memory or
left-memory of the two-input nodes is set to true. The join operations are
performed by the interpreter with the following instructions.

if (TL exclusive-or TR) and (left-memory and right-memory) then
propagation-success else propagation-fail;

where TL is the contents of left-memory before setting it and TR is
the contents of right-memory before setting it.

The condition in the above statement, (TL exclusive-or TR), is to
prevent producing the multiple copies of the same atom. Therefore, this
condition can be ignored since we are only considering the elements in
each stratum. Suppose that T, 1, 73,...,T, represent all the elements of
each stratum respectively. Then, TO is provided by the initial assumption.
Moreover, Ty, T1, T3, ..., Ts are defined as the following way.

Ty = (Some atom Q: there exist some Horn clause rules such that

(PI'Pzi""Pﬂ)_'de PhPZ"'-vPiIETO)s



T3 = (Some atom R : there exist some Horn clause rules such that
(Q1,Q3:---,Qn) = R and Q1,Q3,Qs,...,Qa € To, Th),

..., and

Tw = (Some atom L: there exist some Horn clause rules such that
(R, Ryy...,Ra » Land Ry,Ry,... Ry € To, Th,...,Th1).

Since every token with tag = ‘4’ is propagated through APN sequen-
tially, all tokens <+ P1>, <+ P2>, ..., <+ Pn> are generated and set
their memories. The join operations here in binary discrimination net-
work which are
(And ....(And (And P1 P2) P3) ...Pn)
are performed successfully for each Horn clause since P, P;,..., P, are
provided. So, T1 is generated. If there are some atoms which are not
used for generating any of T, they are saved in the network for the sub.
sequent cycles. Suppose that T;, i < n is produced. Then, consider Ti4;,
i+1 € n. To produce T;,, the join operations
(And ...(And (And Al A2) A3) ... An)
are performed where A,, A;,..., A, € T, T3,...,T; and all 4;,, 0 <i <
n, where the AND nodes here are the nodes which were not performed
successfully in the previous cycle for producing To, T, T3, - . ., T}, since the
left or right-memory of the AND node was not presented. To produce the
Ti4+1 correctly the T;, T;_,,...,T; should have been produced correctly
and been saved in the network. But, by the induction hypothesis, T is
produced in the cycle i which means that T;_;,T;_,,...,T; have been pro-
duced correctly for any KB. Since A,, A3,..., A, are some of the elements

of T;,0 < j <i, and it is set to be true and saved in the network, the join
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operations are performed successively. Therefore,T;4, is also produced.
Since we are dealing with the finite set of rules with no loops in them,

there should be some T\.yy = 8. 1

a

The stratification of the APN algorithm with partially supplied minimal elements
as the set of assertion produces at least the subset of elements of some stratum as
the system executing the propagation-upate cycle. Consider that the initial given
facts are the subset of the minimal stratum, then as it performs propagation-update
cycles, the subset of each stratum is produced and it goes to the higher stratum to
the certain point or it would produced all elements of each stratum to the top such
that the KB3 = {A = C, B — C, C — D} as S1 = {A, B} as a minimal stratum,
S2 = {C} and S3 = {D}, but with only the minimal element {A} can produce 82 =
{C} and S3 = {D}.

5.3.2 The Stratified Table

In our current implementation of APN, the Rete-based algorithm is used for the
compilation of the 2LP program as described in the above section. However, there is
another possible implementation idea which can save compilation time. There may
be some rules which are not stratified in a program. We call the stratified rules the
stratified kernel. By using the stratification algorithm which is provided in a Lisp
program in Appendix B, the stratified kernel can be extracted from the stratification
algorithm.

As the stratification algorithm finds the stratified kernal, the system can build
a stratified table which is analogous to the AND operation truth table in switching

theory. Each element of stratum, Tn,n > 0, has a stratified table except the minimal
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stratum, TO, where the stratified table Tn,n > 0, provides a listing of every possible
combination of the variables from Ty, T},...,Ts-; and lista the resulting AND oper-
ations for each combination. For instance, let us consider the following knowledge
base:

KB3={C3—-B.C1,B—=D.C1,C2—-D.D - F.}

With the given KB3, the following stratified tables are generated in Table 5.2,
where the minimal element is {C1,C2,C3}.

The top-down reasoning as in Prolog with respect to the stratification begins with
the stratum to which the query belongs. To match the query with the head of the
rule is actually equivalent to finding the stratum which has the atomic elements.
To derive the query logically in Prolog, the system should traversed down to the
lower stratum until the stratum it belongs to is finally traversed down to the minimal

stratum. Since each stratum has the set of atomic elements and in it mostly contains
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the same elements, the system has to choose one of them which leads to the different
branches of proving procedures. If the system cannot reach to the minimal stratum
with that branch or the element of minimal stratum is not provided as a fact, it has
to ba.cktl;ack and choose the same element but with a different branch for derving
it. The cost of backtracking depends upon the number of stratum it has traversed
down and also the number of the atomic elements associated with the head. Those
backtracking procedures are usually quite expensive and unavoidable.

With Anticipatory Pruning Network (APN), the backtracking is minimized in the
2LP system by propagating the negative tokens through the compiled networks and
eliminating the domain of each stratum. There are only two explicit strata in APN.
One is the stratum which consists of the set of constraints and all the elements in
(n — 1) stratum. The other one is the procedure table associated with each atomic
element. The procedure table is updated during the selection phase. The strata
among the procedures are implicitly maintained and communicated by the compiled
network.

As the 2LP system reasons in a Prolog-like top-down way, it traverses to the
lower level strata and finally gets to the minimal stratum. If the constraint, the
atomic element in the minimal stratum which the system treats, is inconsistent with
the current set of the constraint environment, then the APN propagates the negative
token through the network, which means that the negative token propagates to the
one level higher stratum than the minimal stratum. If the condition is met, i.e., a
particular atomic element disappears from the stratum, the negative token propagates
to the upper stratum. When the backtracking occurs, we undo what we have all done
by propagating the positive tokens. The result of this propagation in fact is inserting

the deleted atomic elements from each stratum back into each stratum.
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5.3.3 Maintenance of the dynamic stratification

In the context of the interactive knowledge base maintenance system, the APN can
only process atomic assertions which have already appeared in the network. The
atomic assertions always preserve the stratification since they cannot generate a new
loop among the condition elements. The APN can provide the logic interpreter with
the dynamic stratification environment. The static and dynamic stratification is
introduced in [Lassez, McAloon, Port) along with the concept of interactively building
knowledge base.

Definition 8 In the interactive case, the stratification is called static if the initial
stratum is ized and asserlions can be made only on the lowest stratum. It is called

dynamic if the initial stratum can be changed as a resull of assertions.

Proposition 2 The APN algorithm can virtually maintain the concept of dynamic
stratification by sharing the procedure table with the logic interpreter.

Proof idea As the system dynamically generates the negative tokens, the asser-
tion to the APN is made. Those assertions based on inconsistency checking on con-
straints can change the strata of the initial knowledge base. The APN behaves like
the dynamic stratification by maintaining the list of available rules and the counter
which represents the number of search branches for proving an atom from the goal
list. The APN is considered as the dynamic stratification since APN can implicitly
increase the number of strata by propagating the positive tokens and decrease the
number of stratum by propagating the negative tokens through the networks.

For example, consider the following knowledge base.

KB4 = { (r! (C3) — B) (r2 (C1 & B) — D) (r3 (C1 & C2) — D) (r4 (D) — F)}
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where the minimal elements = {C1,C2,C3} and its three strata are KB41 = {rl},
KB42 = {r2, r3}, and KB43 = {r4}.

The procedure tables maintained in APN for the above knowledge base are of
the form (B 1 (r1)), (D 2 (r2 r3)) and (F 1 (r4)). Moreover, these procedure tables
are shared with the logic interpreter. As the logic interpreter finda the inconsistent
constraint C1 with the current environment, the assertion <- Cl> will be made by
propagating the negative token through APN. As a resuit, the updated procedure
tables are (B 1 (rl1)), (D 0) and (F 0) where it has the single stratum KB4! = {r1}
which is the rule to which the logic interpreter can refer for solving the goal list. If
backtracking occurs at this point, then < 4+ C1> is propagated and the knowledge

base has three strata as before,

5.4 Efficiency considerations of APN

As described at the beginning of this chapter, there are two components of compu-
tation in APN which are consistency checking and the forward reasoning based on
that. The major computing cost is constraint consistency checking with the current
environment. Since every time the current environment is updated, the consistency
checking with the rest of the constraints (QC) should be performed. It may not be
efficient in small problems because of the overhead in the Simplex Method if we do
not compute the consistency checking in parallel.

Without the parallelism, the following new implementation can be considered for

the efficient implementation.

1. The disjunctive constraints can be detected at compilation time. If one of

the constraints among the disjunctive constraints is enforced, the rest of the



disjunctive constraints are inconsistent.

2. The system can activate the consistency checking after the size of the guick hist

(constraints which never been used) reduced to some level.
3. The different ways of choosing the relevant constraints is the another possibility.

In considering fast propagation of inconsistency, the Stratified Table described in
the section 5.3.2 is a good candidate to check. A similar research [Colomb, Chung]
has been done for the fast implementation of the propositional expert systems. They
showed that, with the special hardware support, the implementation based on the
Stratified Table can be more efficient than the Rete-based implementation. The
apecial hardware here is an inexpensive bit-serial content-addressable memory. It is
our intuition that the real speed-up by applying the Stratified Table can be very
limited unless we are dealing with the special hardware. However, we found that the
compilation into the Rete-based network is more computationally intensive than the

transformation of the rules into the Stratified Table in this case.



Chapter 6

Measurement on APN :
Simulation result and analysis

This chapter presents the effectiveness of APN in 2LP system. Some of the issue in
constraint solving are also discussed. The first section provides benchmark results
in solving some puzzles which are traditionally considered as integer programming
problems.

The second provides the benchmark results for some linear programming prob-
lems which can have integer or rational variables in the problem domains. In this
benchmark, the number of node visited is counted cumulatively during the tree search
process. The number of constraints checks is also counted cumulatively. We counted
the number of constraints appearing in the right hand side of rule and added up cumu-
latively as the rule is rewritten. The consistency checking in APN is counted as one
constraint check for each node visited. However, we regarded that the deterministic
rewriting occurs as part of APN activity at a given node.

The No APN in this benchmark is the case which the APN is not active. Therefore,
the basic search strategy is the same as the Prolog search strategy. In the the Full
APN, we check the consistency with all the bottom-most leaves which have not been

explored yet. The Partial APN is to check the consistency with the constraints set
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Queens No APN Partial APN il APN
Node nstraint Constraint § Node | Constraint

4-Queens 34 230 94

5-Queens 143 123 60

6-Quoena | 3,467 2178 | 832 1,374

{7-Queens | 499 367 | 163 2

8 Queens | 23,359 19,504 13,097 [ 4,916 8,054
Table 6.1: N_Queens Problem

that can be derivable from the left most branch of search space. Z* is the obtained

value for the given optimization function.

6.1 Puzzles
6.1.1 N-Queens Problems

Problem description N_Queens problems deal with placing N_Queens at non-
attacking positions in N * N chessboard. Queens can attack each other if they are
placed in a same columns, rows or the same diagonal.

Purpose Constraints appearing in N_Queens problem are all static and all rela-
tions appearing in constraints are disequations. Moreover, the variables are in finite
discrete domains. In considering this particular situation, the purpose is to observe

the characteristics of disequality constraints and the effectiveness of APN.
Benchmark result Table 6.1.

Remark The disequality constraints in Prolog are treated as the negation as
failure. To be more specific, the disequation in Prolog can be defined as the following

if we use the predicate “not_equal” instead of 3.

not.equal(X,Y):- X = Y, !, fail; true.
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The consequence of this is that the variables, here X and Y, are grounded at the
time of evaluation, which is quite primitive in considering the declarative power of
constraint expression.

In CLP(R), this situation is improved by providing the delay mechanisms so that
the variables are not necessarily grounded at the time of evaluation of constraints.
However, the basic principle in CLP(R) is still the negation as failure.

In our current implementation of 2LP system, the disequations, X # Y, are con-
verted into “X 2> Y + 1 or Y 2 X + 1”. The delaying mechanism can be natural here
and the pruning in the tree search space is also possible to some extent using APN.
However, one disequative constraint becomes two inequality constraints. Moreover,
the cost of resolving the logical operators “or” is not ignorable if there are many
disequality constraints in the problem. This iz actually converting static constraints
into dynamic constraints in the CSP sense. Although we can simulate the Forward
Checking in CHIP by implementing APN, it is impossible to do it in this case since
we cannot load all constraints at once because of “or” operations.

On the other hand, in CSP, it is very natural to load all the constraints before the
system explores the domain of all tree search space. With CSP, the system cannot
only test disequality constraints, but it can also prune the search space a priori. In
fact, N_Queens problem is one of the examples which is perfect for CSP. Different
representations of N_Queens problem using CSP ia explored in [Nadel 1].

In conclusion, the disequality constraints which cannot prune the search space ef-
fectively in the Simplex based method are pruned a priors using CSP very efficiently
if we are dealing with discrete domains. Therefore, in discrete domains, the consis-
tency checking which is dealing with disequality constraints in APN can be expected

to perform efficiently using the concept of CSP in 2LP aystem.
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No APN | Partial APN | Full APN
Node 1,641 144 4
traint 1,509 243 12|

Table 6.2: SEND + MORE = MONEY problem

6.1.2 Cryptarithmetic problems

Problem description “SEND + MORE = MONEY" problem is assigning different
digit from {0, 1, 2, ...., 9} to each letter which satisfies the equation.

SEND
+ MORE

MONEY.
Similarly, “GERALD + DONALD = ROBERT” problem can be also defined,

which satisfies the equation.

GERALD
+ DONALD

ROBERT

Purpose This example is to investigate the effectiveness of APN in some problems
in which the linear equality and inequality constraints exist at the same time.

Benchmark result Table 6.2, Table 6.3.
Remark In this problem, as shown in table 6.2, the number of nodes visited

and the number of constraint checks are reduced drastically. Moreover, “SEND +

MORE = MONEY” problem runs much faster than execution without APN in our
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No APNT] Partial APN
Node 11,317 1,203 438
[Constraint | 10,472 1,798 739 |

Table 6.3: GERALD 4+ DONALD = ROBERT problem

current version of implementation even without introducing parallelism in checking
consistency. In this kind of problem, the APN can be very effective since 1) there
are about 10 branching factors in each domain, and 2) the constraints appearing
in this problem (equality and disequality) are strong enough to find many of the

inconsistencies for APN.

6.1.3 Tennis puzzle

Problem description This problem is drawn from [Lauriere]. The problem is to

find out who served in the first tennis game in the following conditions;
1. Frank and George play tennis.
2. Frank beats George 6 games to 3.
3. In 4 games the server loses.

In this problem, it is asked to find all possible ways in which the situation de-

scribed in the problem could occur.

Benchmark result Table 6.4

Remark The variables appearing in this puzzle are all boolean. In this example,
we tried to find all the solutions. The logical atoms which represent constraints
are somewhat more shared here than in any other problems in these benchmarks.
Therefore, once we find the inconsistency of atoms, propagating inconsistency is very

effective for deciding deterministic goals and detecting the early failure.



64

¥ it

. " v
1 APN | onstraint | 5

‘ et _ 2

Z¢ 6 6 6 6 6 3 6 6
NO Node 2,485 | 3,087 | 3,293 | 3,504 | 3,717 | 3,823 | 4,002 | 4,222
APN [Constraint | 3,616 | 4,517 | 4,815 | 5,117 | 5,423 | 5,574 | 5,839 | 6,153 |
Parts e 760 | 964 |1,049 | 1,118 [ 1,184 [ 1,211 | 1,253 | 1,322
APN [ Conastraint | 1, 161 | 2,331 | 2,475 | 2,61 W,s 2,786 [ 2,933
e 104 | 132] 138| 149 156 161| 167 176
APN [ Constraint 842 888 | 949 998 1,027 | 1,073 [ 1,128
~ 2% 6 3 6 6 6 6 6
NO Node 4,428 | 4,534 | 4,705 | 4,890 | 5,114 | 5,320 | 5,530
APN | Consiramnt | 6,4 m—w y 1,446 [ 7,144 R
Parti Node 1,400 [ 1,438 | 1,494 | 1,564 | 1,633 ] 1,699 [ 1,774
APN [Tonstramt [ 3,002 | 3,160 (3303 [ 3430 | 3585 (3104 3,
e 182 189 195 201 212 218 224
APN [ Constraint | 1,174 [ 1,200 [ 1,255 [ 1,301 | 1,362 | 1, .

Table 6.4: Tennis Puzzle
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6.2 Linear programming problems

All the problems described in the above section can be viewed aa the integer pro-
gramming problems. However, many problems in linear programming are not pure
integer programming problems. Some examples of the mixed linear integer program-
ming problems are drawn from [Williams] for evaluating the effectiveness of APN in
2LP system. These mixed integer linear programming problems are not amenable to

the consistency technique in CHIP because of the presense of continuous variables.
6.2.1 Blending problem in food manufacture

Problem description A food is produced by refining nonvegetable and vegetable
oils and blending them together. There are two vegetable oils, i.e., Vegl and Veg?2;
and three nonvegetable oils, i.e., Qill, Qil2 and Oil3, available for processing. Assume
that the price of oils is predictable for each month and there is no loss of weight in the
refining process. There is also a restriction on hardness of the final products which
should range between 3 and 6. The hardness blends linearly in the final products and
the hardness of each oils is known initially. The detailed description of the problem
is explained in [Williams).

The problem is to maximize the profit by deciding what to buy and manufacture

in each month for a six month period of time with the following additional constraints.
1. Mixing more than three oils in any given month is not allowed.
2. If an oil is used, at least 20 tons must be used.
3. Oil3 must be used if one of the vegetable oils is used in a month.

For simplicity, the two month problem is first implemented in this example. The
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Z 18,958.7] 21,251.9] £4,276.9 | 26,575 | 29,875 | Final
Node 12 17 22 41 54 66
nstraint 31 36 43 70 89 111

Table 6.5: Two months problem with NO APN

F 4 18,959.7| £1,£51.9| £4,276.9 | 26,575 | £9,375 | Final
Node 12 17 22 37 49 58
nstraint 42 50 60 95 121 143

Table 6.6: Two month problem with Partial APN

six month problem is also implemented in order to observe the effectiveness of APN
in the larger search space.

Purpose To deal with the optimization function, it is necessary to visit the tree
search space exhaustively. This benchmark is performed to evaluate the effectiveness
of APN in this situation.

Benchmark result

Two month problem in Table 6.5, Table 6.6, Table 6.7.

Six month problem in Table 6.8.

Remark In this problem, it is impossible to figure out whether the variables are
integers or rational numbers before we actually solve them. In a blending problem,
it is very reasonable to mix 1 1/2 gallons of vegetable oil with 2 1/3 gallons of
non-vegetable oil to maximize the profit. Therefore, the concept of CSP cannot be

applied to this kind of linear programming problem. However, with APN, it does not

‘| 18,953.7| £1,251.9] 24{,276.9| 26,575 | 29,875 | Fin
Node 12 16 19 29 38 42
nstraint 51 58 66 91 115 126

Table 6.7: Two months problem with Full APN



).4d 94,879.6 | 100,287.8| 100,927.8| 101,053.5] 101,784.3

Node 32 39 4] 53 64

APN [ Constraint ~ 01 101 116 131 |
arti e 32 39 41 51 62
APN | Constraint ~122 132 | 1 180 |
¢ 32 38 39 47 52

APN [Constraint 51 160 | 197
Al 106,632.4 [ 107,181.5 [ 107,307.41 111,075 111,399.1]

— NO Node 64 71 73 140 163

Z* | 112,890.7] 112,691.7] 112,691.7] 112,718.7| 112778.7
NO Node 173 187 461 537 2.152
APN [ Constiraint 291 31 2 838 | 3,294
arti e 129 140 256 296 840
APN | Consiraint 320 358 626 711 1,9
e 107 117 232 280 722
APN | Constraint 346 3 680 i) 1,924
Z* | 118,778.7
— NO Node

Constrant

Table 6.8: Six months blending problem
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matter whether the domain is discrete or continuous, since we can use Simplex based
consistency checking. We are required to use either none or more than 20 tons of an
oil. This kind of “or” constraint can be expressed naturally by means of logic in the
2LP system.

As the searching is performed, the value of newly finds objective function is added
into linear system as an another constraint. The efore, the system found more in-
consistency as the more nodes are visited during the search. In the two months
blending problem, the number of node visited is not reduced drastically even with
the Full APN. Moreover, the Full APN needs more constraint checks than the con-
straint checks with No APN in the two months blending problem. However, in the six
months blending problem, the number of nodes visited and the number of constraint

checks are reduced drastically as shown in the table 6.8.

6.2.2 Mining problem

Problem description A mining company is considering four different locations for
continuous operations. The company can operate at most three mines out of four
mines. The company should pay royalties associated with each mine for keeping
mines open. However, they can also close down mines permanently so that they do
not need to pay royalties.

The mining company should also consider the other factors as the following;
1. The quality of ore which can be obtained from each mine.
2. The upper limit in the amount of ore which can be extracted from each mine.

3. The quality of blended ore which is obvained by mixing ores from the mines.
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4. The revenue and expenditure for future years should be discounted at a rate of

10 percent per year.

With the above constraints given, the mining company wants to maximize profit
for the next five years.

Purpose Although the number of nodes visited is reduced as the searching is per-
formed with APN, the number of constraint checks with APN is still larger than that
of the problem without APN in the two month blending problem. However, in the
six month blending problem, the number of constraint checks and nodes visited with
the APN is drastically reduced. To observe the effectiveness of APN with another

larger searching problem, this benchmark is performed.

Benchmark result Table 6.5.

Remark The mining problem here is somewhat similar to the blending problem
which is described at the above section. It is another blending problem which is
dealing with ores instead of oils. However, the size of the search space in this problem
is much larger than that of the two month blending problem. As shown in the table
5.5, the number of constraint checks and nodes visited are drastically reduced as the
searching is progressing. APN in the 2LP system is especially useful if we want to
find the existence of a solution with some lower bound on the optimizing function.
For instance, if we want to find out whether there exists a solution with the lower
bound 150 in this problem, APN can be very useful. According to my benchmark,
the 2LP system without APN fails to find the solution after 17,542 nodes are visited
and 24,670 constraints checks are performed. Whereas with APN, the system fails
find the solution only after 5,413 nodes are visited and 12,673 constraint checks are

performed. Intuitively, APN is working well in this case since the system can have
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2% [ 89.5[54.0[61.7]| 79.5]906] 99.1[99.8]1 110.9(111.6
NO Node 31| 43| 53| 61| 67| 82| 91 97 129
APN |[Constraint | 58] 15 100 | 108 1 152
arti e 28 38| 46| 52] 56| 65| 171 75 90
APN | Constraint| 19 | 1 130 | 164 1

e 28| 38] 46| 52| s6| 63| 69 72 81

APN [Constramnt| 97

27 1828 129.1 ] 189.1[ 191.5| 191.8| 151.8§| 136.6
NO Node 135 | 153 | 585 | 2,242 | 3,250 | 5,307 | 12,434

Conatraint 08| 235| 877 _5'2‘3,3 ‘_?2‘48 7343 18,154

141.2

Constraint

Table 6.9: Mining Problem

— 29 136.6 187.6| 198.9] 189.i| 189.4

 NO Node 12,890 | 14,159 | 14,657 | 15,563 | 17,367
APN [Consiraint | 18,3832 | 20, ,446 | 22,788 | 25,431 |

arts e 4,238 | 4,653 4811 5108[ 5,715

APN | Constraint | 10,870 | 11,072 | 12, 13,195 | 14,782

e 3,705 ] 4,039 | 4,173 4,400 4,912

APN [ Constraint| 9,683 | 10,588 | 10,959 | 11,576 | 12,942
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great deal of inconsistency to find because of the bigger lower bound although the
system needs to implicitly enumerate nodes in the problem space. In this kind of

situation, APN can play an important role.

6.3 Conclusions

The APN in 2LP system can be very effective in solving mixed linear integer pro-
gramming problems, especially if we are dealing with very large problems. Overall,
regardless of problem domaina, APN is a very powerful mechanism to prune the tree
search space as shown in the examples in this chapter. However, the overhead in test-
ing the consistency should be considered carefully. To minimize the overhead, there
are three different methods to consider. One is checking the consistency in parallel.
The second is that we can apply the concept of CSP for testing consistency in APN
if it is known that the variables in the problems are finite discrete domains. The
third is applying the CSP and parallelism at the same time which are described in

the section 8.1.3.



Chapter 7
Related work

7.1 Consistency technique in CHIP

CHIP is designed to integrate the tree search strategy in Prolog with the efficiency
of CSP. One of the disadvantage of Prolog-like search strategy is the passive use
of constraints. In other words, the constraints in Prolog are just used for testing
whether the current instantiation of a variable satisfies the constraints. Moreover,
the constraints cannot be tested if any variables in the constraints have not been
instantiated.

In the CHIP system, the designers remedied these problems by embedding the CSP
concept in Prolog. They used the constraints in an active way. Conceptually, this
means that once the constraints are loaded into the system with the given domain for
the variables and one of the variables are instantiated, we can rule out some domains
in the variables. For instance, in 4-Queens problem, once Q1 is bound to 1 we can
rule out the possibility of that domain for other Queens, suchas Q2 =1, Q2 =2, Q3
=1,Q3 =3,Q4 =1 and Q4 = 4. By using CSP, this is implemented very efficiently
by manipulating the binary relational matrices in CHIP.

However, if we want to implement this directly in the constraint solver in a linear

programming problem, then there are some limitations in the consistency technique

72
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in CHIP. The limitations are probably inherent to the CSP itself. One is that CSP
can only deal with the static constraints which means that all the variables and
constraints appeared in system should be used. Whereas the Simplex based solver
in 2LP system or CLP(R) can dynamically introduce the variables and constraints
naturally. Another is that CHIP cannot address the pruning of continuous domains
or implicit domains as also mentioned in section 3.3. However, many problems in
linear programming are mixed integer linear programming.

CHIP system is successfully implemented with the concept of CSP into the full
power of Prolog with finite discrete domains. One the other hand, APN in 2LP system
is dealing with the propositional logic with constraint solver. However, the consistency
technique in CHIP is implemented at the propositional level. The predicate logic in
Prolog is just used to generate the constraints and domains down to the propositional
level during run time. To be more specific, let us consider the following example of
a CHIP program which is considered as Generalized Forward Checking for 8-Queens

problem drawn from [Van Hentenryck].

sate([]).

safe([FIT]) :- noattack(F, T), safe(T).

noattack(X, Xs) :- noattack(X, Xs, 1).

noattack(X, [], Nv).

noattack(X, [YIYs], Nb) :- X =\« Y, X a\= ¥ - Nb, X =\= Y + Nb,
Nbl is Nb + 1, noattack(X, Ys, Nbi).

labeling((1).

labeling({X1Y]) :~ indomain(X), labeling(Y).

domain eight-queens(1..8).
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eight-queens({X1, X2, X3, X4, X5, X6, X7, x8]) :-
safe([X1, X2, X3, X4, X5, X6, X7, X8]),

labeling([X1, X2, X3, X4, X6, X6, X7, X8]).

The predicate “safe” here is used to generate all the constraints among 8-Queens
before starting to solve the problem. With the declaration of domain to range over 1
to 8 and the constraints, we can apply the CSP technique to 8-Queens problem. This
can be quite efficient. The domain declaration in CHIP, which is analogous to the
variable declaration in conventional language such as Pascal, is somewhat awkward
from the conventional logic programming point of view. The predicate “indomain(X)”
which is built-in in the CHIP aystem allows programmers to generate any values in
domain X. Therefore, X in this predicate should be a ground term or a domain
variable. As the “indomain” predicate enforces the variable binding, the system can
prune the search space using CSP technique described in section 2.1.2. These kinds
of constraints with the domain concept can be easily expressed in 2LP system which
basically deals with propositional logic with the constraints.

Both APN in 2LP and consistency technique in CHIP system attempted to avoid
the fatal disadvantages of Prolog style searching mechanism which are labeled as
“thrashing” behavior by Bobrow and Raphael. However, they are functionally differ-
ent. In APN, the system try to remove the domain of each stratum by propagating
inconsistency of constraints. However, the APN in 2LP system cannot prune the
search space of unstratified rules. In the consistency technique in CHIP, the system
tries to remove the domains of each variable in the problem. But, the system cannot

prune the search space with consistency techniques if the domains of variables in the
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problem are not explicit. Checking consistency in CHIP is more efficient than that of
APN. On the other hand, in APN, checking consistency is somewhat separate from
the propagation of the inconsistency. This can allow us to use any consistency check-
ing mechanism, whether CSP or Simplex based solver, depending on the problem

domain.

7.2 Forward checking through meta-interpretation
and transformation

One of the disadvantages of the consistency technique in CHIP is that the forward
checking should be performed during run time. Another way of achieving forward
checking at compilation time is investigated in [Schreye, Bruynooghe]. In this paper,
abstract meta-interpretation is used to enforce the simulation of the computation
flow that the transformed program would have under a forward checking control rule.
The transformation of a program is done by providing two library routines which are
create-domain and select-from-domain. This converts a Prolog program into another
Prolog program with domain generation.

In this approach, there are some advantages over the consistency technique in

CHIP which are summarized as following.
1. The forward checking can be provided at compile time.

2. The forward checking is not a new computation rule, while on the other hand,
the forward checking in CHIP is a new built-in inference rule in Prolog. The

forward checking in Prolog can be more portable in this approach.

3. The specification of the computation rule can easily be automated.
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There are also some disadvantages with this approach. One is that this is not as
efficient as the forward checking in CHIP. The other is that the transformation of a

program is not an easy task.

7.3 Problem solving techniques : OR versus Al

Empirical Researches [Van Hentenryck, Carilion], {Dhar, Ranganathan] were con-
ducted to compare the two different approaches, OR and Al, of problem solving
techniques. Dhar and Ranganathan compare Integer Programming with expert sys-
tems by performing a case study on generating a course schedule. Van Hentenryck
and Carillon took a case study on a warehouse location problem to compare three dif-
ferent problem solving strategy, i.e. Integer Programming, a problem specific program
based on A* algorithm and CHIP.

Of course, there is no panacea in problem solving. Each problem solving technique
has its own advantages and disadvantages for a specific problem domain. Discussing
which technique has an advantage over another is a very delicate issue. For instance,
Van Hentenryck and Carillon stated in their paper that “As far as convenience of
programming is considered, Integer Programming turns out to be the ideal solution”.
It may be true in their simplified warehouse location problem. However, it is not true
if we consider a course scheduling problem in [Dhar, Ranganathan].

The features of each problem solving technique can be generally summarized as
following;

Integer Programming (IP) : The formulation of a problem can be mathe-
matically very declarative in some problems as in the simplified warehouse location
problem. On the other hand, the modeling of IPs which are somewhat complicated,

like a course scheduling problem, is a nontrivial problem. The IP program is also
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difficult to read for the complicated problems. Moreover, as Dhar and Ranganathan
pointed out, it is very difficult to modify the program once some underlying situa-
tion has been changed. In terms of speed, it is unlikely to be efficient if we consider
the number of variables generated and the search space explored. Applying problem
specific heuristics is not feasible in many cases. Finally, using IP, it is impossible to
generate the partial solution especially if we want to get a solution which is close to
feasible. IP spends lots of time and ends up with nothing in this case.

Expert system : [Dhar, Ranganathan| used an expert system with a truth main-
tenance system (TMS) to solve a course schedule problem. In contrast to IP, this is
a symbolic way of solving problems which is a typical Al approach. Their research
shows that an expert system usually finds a solution between 1 and 2 hours while
the run time of IP is highly unpredictable, varying from a few minutes to few days.
Expert system also generates a partial solution in the form of dependency network if
it cannot find a solution. This is another good feature of expert system. By using ex-
pert system, the program can be much easier to revise than using IP if the underlying
assumption is changed.

CHIP : The system can be more efficient than the other approaches to problem
solving techniques mentioned above. However, it cannot generate a partial solution
as the expert system did if the solution does not exist. Of course, we can trace out the
activity of the program. But it is not feasible if we consider that most real problems
tend to have huge search space. Moreover, we cannot address the mixed integer linear
programming with the consistency technique in this system.

A specialized program tailored to a problem : [Van Hentenryck, Carillon)
showed that this is the most efficient problem solving technique. However, it is

difficult to modify the system after design. Moreover, it can take lots of program
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development time. In their case study of simplified warehouse location problem, the
program consists of 2,000 lines of Pascal code and took several months of development
time.

With the development of the 2LP family of languages, we are not only adding
another possibility of a problem solving technique, but we also can improve some of

the difficulty described previously, which is addressed in section 8.2.



Chapter 8

Future researches and Conclusion

8.1 Future research

8.1.1 Parallel implementation of consistency checking

As described in the previous chapters, consistency checking using CSP is very efficient
and economical in terms of memory. However, the Simplex Method is a more general
and powerful constraint solver which has more overhead in computing. Therefore,
the consistency checking in the Simplex-based method, while more general, is not as
efficient as that of the CSP.

To improve the speed in computing, we can check the consistency with the current
environment in parallel. Consistency checking is an independent enough task to
perform on several different processors. More specifically, in our implementation of

the 2LP system, the consistency checking routine is defined as the following;:

(defun consistency-checking (quick-list)
(dolist (cj quick-list)

(vhen (disallov cj) (my-pop (list cj))) ))

The disallow function here is supposed to check the consistency of constraints with the
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current environment. If the constraint is inconsistent, the inconsistency is propagated
through APN by calling the function my-pop. By using a copy of the current Simplex
configuration, the disallow function can be executed in parallel, at a degree of the
number of constraints elements in guick-list, possibly in tens or hundreds of Unix

workstations which are now widely spread throughout universities and industry.

8.1.2 Parallel implementation of inconsistency propagation

[Gupta] showed that the amount of speed-up available from the parallelism in pro-
duction systems is about 10-fold with 32.64 high performance processors and special
hardware support. The APN in 2LP aystemn can be viewed as a propositional expert
system where the working memories in APN represents the inconsistent constraints or
logical atoms with the current environment. In our current implementation of APN,
a variation of the Rete algorithm is used. However, as described in section 5.3.2,
there ia another possibility of implementation which is here referred as the Stratified
Table.

A similar research is performed in [Colomb, Chung] to implement the proposi-
tional expert system such as COLOSSUS and the Garvan ES1, thyroid assay system,
in an efficient manner using the decision table. The decision table is analogous to
the Stratified Table in APN. A case study is performed by them to compare the Rete
based implementation with the decision table based implementation in the proposi-
tional case. Although their result shows that the decision based implementation is
much faster than the Rete based implementation, their comparison basically has two
problems. One is that they compared the execution of Rete based implementation on
a Microvax Il with the execution of the decision table on a Sun 3/160 with a special

hardware (a bit-serial content-addressable memory), which is like comparing an apple
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with an orange. The other is that they translated an expert system, Garvan ES1,
into OPS5 to execute on a Microvax II. However, OPS35 is not designed for a purely
propositional expert system. Intuitively, it is acceptable that the decision based im-
plementation can be faster than the Rete based implementation without knowing how
much faster.

The OPSS interpreter based on the Treat algorithm [Miranker 1) was designed at
Colombia University to improve the disadvantages in the Rete algorithm especially
in parallel implementation of production system. The Treat algorithm dynamically
performs the join operation among working memories without saving the partial con-
sistent bindings as opposed to explicitly saving them in Rete algorithm. The disad-
vantages of Rete algorithm over the Treat algorithm are 1) the overhead in removing
the stored working memories 2) the size of the local memories in storing partial con-
sistent binding can be explosive 3) sharing nodes in the Rete algorithm is not an
advantage in parallel processing because of contention. The motivation behind the
Treat algorithm is based on the conjecture in [McDermott,Newell,Moore], to wit, “It
seems highly likely that for many production systems, the retesting cost will be less
than the cost of maintaining the network of sufficient tests.”.

What the Rete algorithm is to the Treat algorithm in predicate calculus, the Rete
based propagation network in APN is to the Stratified Table in the propositional ex-
pert system. It is currently not clear which implementation technique is more efficient
in consistency propagation in APN, just like it is a controversial issue [Miranker 2],
[Nayak, Gupta, Rosenbloom] if we have to justify which implementation technique
is more efficient, the Rete algorithm or the Treat algorithm. For future research, it
will also be interesting to figure out empirically which implementation is faster in the

propositional case, the Stratified Table or the Rete-based algorithm, with the real
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applications. However, in considering the research mentioned in this section, it is
highly likely that implementation based on stratified table will prove more efficient
than the implementation based on the propositional Rete algorithm especially if we
consider the parallel implementation.

8.1.3 The integration of the Simplex-based constraint

solver with CSP

The APN in 2LP class language can integrate the efficiency of the CSP with the
generality of the Simplex-based constraint solver. In other words, the Simplex based
constraint solver can be used as main inference engine in constraint logic program-
ming while the CSP is used as the consistency checking mechanisms for APN in
the discrete domains. More specifically, the disequality constraints which cannot be
solved efficiently using the Simplex-based method is the good candidate to investigate
for integrating the efficiency of CSP with the Simplex based method in the 2LP class
of language. For instance, in the cryptarithmetic problems, the equality constraints
can be solved by the Simplex-based method, while the consistency checking for the
disequality constraints is performed by using the efficiency of CSP in the 2LP system.
The problems which have only the disequality constraints such as N-Queens problem
can be solved using only the CSP technique.

By integrating the Simplex Method with the concept of CSP, the 2LP class of
language is expected to be a new paradigm of problem solving technique which uti-
lize the advantages of both Al and OR technique, namely generality and specificity
[Van Hentenryck, Carillon]. This work is done for simulation purposes in the 2LP
system. By integrating the Stratified Table for the inconsistency propagation, which

is described in the section 5.3.2, with the concept of CSP, the basic operations in
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pruning search spaces are all on the binary form which is potentially very efficient
and economical in terms of speed and memory. Further research for the actual im-

plementation is now under way.

8.2 Conclusions

The study of APN in 2LP system lead us to make the following conclusions.

1. The APN introduces Forward Checking mechanism for constraints over con-
tinous and discrete domain. It also provides very deep look ahead for the
Simplex-based constraint solver. This property, Forward Checking mechanisms
independent of domains, is highly desirable in linear programming environments
if we consider that many linear programming problems are mixed integer lin-
ear programming. We have shown that the tree search space can be pruned

dramatically using the APN as described in the Chapter Six.

2. By using the APN, we can exploit the OR-parallelism, i.e., parallelism in con-
sistency checking, in constraint optimization problems effectively in the 2LP
system [McAloon Tretkoff]. As we have pointed out in the section 6.2, the APN
is very useful to solve the optimization problems. Especially if we want to find
a optimization solution which is a near-failure, the APN can reduce the tree

search space drastically as shown in the section 6.2.

3. As described in the section 8.1.3, the APN, which is a domain independent
forward checking mechanism, opens a possibility of integrating the Simplex-
based constraint solver with CSP.
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4. As described in section 7.3, the expert system can generate the partial solutions
if the system cannot find a solution. This feature is considered as the one
which any other problem solving technique cannot have naturally. The APN
can address the partial solution naturally since the APN can be viewed as the
propositional expert system and the current working memories in APN are the

inconsistent constraints found so far with the current environment.



Appendix A

Code for the network interpreter

; The main routine of the network interpreter.
(defun node-interpreter (token i)
; fetches the node type for the next node from the memory.
(let ((node (get-node-type i)))
(cond
; Another Branch ?
((equal node ’'fork) (fork token i))
; Join to two input node ?
((equal node ’join) (my-join token i))
i Terminal node for the rule ?
((equal node ’update) (update token i))
; Testing for constant element.
({equal node ‘aq) (aq token i))
; And operation for two input node ?
((equal node ’and) (my-and token i))
; Else it must be compiler error.
(t ’network-compiler-error))) )

; Save the address of the branch and pass the control to the
; next node.
(defun fork (token i)
; push the another node into stack for later processing.
(push (aref #dnas i 2) sbr-stack+)
(succ token)) ; Go to the naxt node.

;Join to the right-memory of the two-input node.
(defun my-join (token i)
; Affect the right-memory if this node meet two-input
; node.
(setq *direction* ’'right)
; Branch to the node which the merge node point to.
(setq *ctre (gothnsh (aref *dpna* i 2) *indxe))
; interpret the node.
(node-interpreter token *ctrs))

;Update the associated procedure table.
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(defun update (token i)
;Update the procedure table since ve get to the terminal
;node for a rule.
(update-bucket token (aref »dna* i 2) (aref =dna* i 3))
; Gat to the unprocessed nodes.
(my~fail token)

; One-input node to test the constant.
(defun teqa (token i)
; Assign the constant of the one-input node.
(et ({(node (aref *dna* i 2)))
(cond
; If the token has the same symbol as
; the one-input node, ...
((equal (car token) node) (succ token))
; If it is a negative token and it match, ...
((and (equal (car token) ‘-) (equal (cadr token) node))
(succ token))
; Else, faili the pro ation.
(t (my-fail t:gon)) )g) pes

; Two-input node to perform the join. If the token reaches
; this node, the node need to update accordingly depending on
; the tag. The AND operation performed here for the left and
; right-memory.
(defun my-and (token i)

; Before we set anything into memory, save thesm.

(let ((t-left (aref sdna* i 2))

(t-right (aref sdna+ i 3)))

(cond
: If it is the negative token vhich means the
; deletion, ..
((equal (car token) ’-)

(cond
; Check if the node is from the left ...
((equal »direction* 'left)
i IT it is, delete the left memory.
(set? (aref »dna* i 2) nil))
; If it is from the right node, ...
(t (setq sdirections ’'left)
; Delete the right memory.
(setf (aref sdnat* i 3) nil)))
(cond
; If the previous memories, both left and right,
; are set to true, this deletion should affect to
; the next nodes.
((and t-left t-right) (succ token))
(t (my-fail token))))
; If the token is positive, then ...
; If the node is from the left parent, then ...
(t (cond ((equal *direction* ’left)
; Set it to true.
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(setf (aref #*dna% i 2) t))
i If the node is from the right parent,
(t (setq *direction* ’'left)
?i.tq (aref *dna* i 3) t)))
; If the and opsration is successful because of the new
; token, then the token propagation will be continue.
(cond ((and (excl-or t-left t-right)
(and (aref =dna¢ i 2) (aref *dna* i 3)))
(succ token))
; Othervise, it fails.
(t (my-fail token))))) ))

; Increment the node counter to reach the next node.
(defun succ (token)
(cond
(setq *ctre (+ sctrs 1))
(node~interpreter token *ctrs))

; If the failure occurs during the matching, then get a node
; Trom the stack which has the unprocessed nodes.
(defun my-fail (token)
(cond

; If the stack is eapty, halt matching.

((null *br-stacks) nilg

; Get the unprocessed node, and continue ...

(t (setq *ctre* (gethash (pop *br-stacks) sindx+))

(node-interpreter token sctrs)) ))

; In this node, the operation for updating the procedure tables
; will be performed and the selection for the further propagation
; ¥ill also be performed.
(defun update-bucket (tokem r-num head)
; Assign the procedure table to the corresponding head for
; the terminal node.
(let* ((act (gethash head procedure-table))
(cnt (car act)))
(cond
; 1f tha token is negative, ve have to decreaent
; the counter.
((equal (car token) ’-)
cond
((= cat 2) (setq *det* (cons head »dets)}))
: 1f the counter becomes zero, save the head for the
; further propagation.
({= cnt 1) (setq *selection-sete
(cons (list ’- head) *selection-get*))))
(setq *dead* (cons head sdeads®))))
; If the counter is greater than 1, decrement the counter
; and remove the corresponding rule.
(cond
((> cnt 0)
(setf (gethash head procedure-table)
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(remove r-num act)))))
; If the token is positive, ...
(t (cond
; If the counter is zero before, save the head for
; the further propagation into the stack.
((= cnt 0)
(setq *selection-sete
(cons (list head) sgelection-sets*))
(setq sdet* (cons head *det*))))
: If not, check if the counter for the head is not
; exceeding the total number of the head. In this wvay
; ¥Ye can prevent the loop.
(cond ((< cnt (gethash head sc-maxe))
; Add the rule and increment the counter.
(setf (gethash head procedure-table)
(right-insert r-num act)))))

M)

{defun right-insert (i llist)
(cond ({endp 1llist) (list i))
((< i (first 1list)) (cons i 1llist))
(T (cons (first 1list) (right-insert i (rest 1llist))))))



Appendix B

Code for the stratification

;Stratification algorithm
(defun build-st-table ()
(copy-pro-table)
(do* ((rule-no t (+ rule-mo 1))
(test (gethash rule-no shead#) (gethash rule-no =*heads)))
;loop termination condition.
{(null test) (setq *no-of-rule* rule-no))
(let»
((goal (right-hand-side-goal-list
(gethash rule~no right-hand-side-table)))
(procedures (gethash test #pro-tables)))
(cond
((null goal)
(setf (gethash test *pro-tables) (remove rule-no procedures))
(setf *mark-rule* (nconcemark-rule* (list rule-no))))
(t (setf (gethash rule-no *strat-table*) goal)
) (setq *unmark-rule* (nconc *unmark-rule* (list rule-no)))))

(defun copy-pro-table ()
(dolist (procedure *all-heads)
(setf (gethash procedure *pro-tablet)
(gethash procedure procedure-table)) ))

(defun nev-sark (head unmarks)
(dolist (mark unmarks) (mark-arule head mark)))

(defun mark-arule (head unmark)
(let ((unmark-body (gethash unmark *strat-tables))

(unmark-head (gethash unmark *heads)))
{cond

((member head unmark-body)

(let ((unmarked (remove head unmark-body)))
(cond

((null unmarked)
(cond

((null (gethash unmark-head *pro-table+))
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(setq *unmark-rule+
(remove unmark *unmark-rules))
(setq *mark-rule* (nconc *mark-rules (list unmark)))
(setq *nev-mark+ (nconc *new-mark* (list unmark))))
(t (setq *unmark-rules
(remove unmark *unmark-rules))
(setq *mark-rule* (nconc *mark-rule* (list unmark)))
(setf (gethash unmark-head spro-table*
(remove unmark
(gethash unmark-head *pro-tables*))))
(cond
((null (gethash unmark-head *pro-tables))
(setq *new-marks*
3 1) (nconc *new-mark* (list unmark))))

(set? (gethash unmark *strat-table*) unmarked)) ))))

(defun stratification ()
(compiler-initial-value)
(build-st-table)
(keep-marking *mark-rule® *unmark-rule+))

(defun keep-marking (mark-rules unmark-rules)
(marking mark-rules unmark-rules)
(let ((new *new-marke))
(setq *nev-mark* nil)
(cond
((null new) (sort *mark-rule* #’<))
(t (keep-marking nev sunmark-rule+)))))

(defun marking (mark-rules unmark-rules)
(mapcar #’(lambda (mark) (new-mark mark unmark-rules))
(1ist-of-head mark-rules)))

(defun list-of-head (rules)
(do ((heads nil)
(rules rules (cdr rules)))
((null rules) heads)
(setq heads (adjoin (gethash (car rules) *head*) heads)) ))
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