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Abstract

ON LOGICAL FLOW GRAPHS
by

Alessandra Carbone

Adviser: Professor Rohit Parikh

The key topic of this thesis is the notion of proof. This research considers proofs as
objects, measures their complexity with the number of lines and studies the logical relations
among the occurrences of formulas in them. We develop a theory of how the influence of a
formula spreads through a proof, based on the notion of logical flow graph (introduced by
S. Buss in 1991) and we study how the logical flow graph of a proof behaves with respect to
two basic results in proof theory: the Cut Elimination Theorem and the Craig Interpolation
Theorem.

The results are used to obtain lower bounds on the number of lines in a proof. Namely, we
applied them to the following context of Peano Arithmetic: postulating that large numbers
are not finite leads to an inconsistent extension of arithmetic which is, however, conservative
for proofs of low complexity. Thus an inconsistent theory can prove true results, as long
as the proofs are not too long. This was first proved by Parikh in 1971. In 1985, Dragalin
improves Parikh lower bounds on the complexity of the proofs of true sentences. In this
work we improve Parikh’s statement showing that if a sentence is proved using the fact that

large numbers are not finite by means of a proof with low complexity, then one can find a
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proof of it with lower complexity and not using the postulate on large numbers. Qur lower
bounds are the best possible bounds and considerably improve the ones obtained by both
Parikh and Dragalin. We then consider the consistent theory of large numbers asserting
the ezistence of some large number and show that not only is a conservative extension of
Peano Arithmetic but also that there is no speed-up by this theory over arithmetic.
Results on the complexity (intended as number of symbols) of the interpolant C for a
given sequent A — B and on the complexity (intended as number of lines) of the proofs
A — C and C — B are also studied and proofs of the classical and intuitionistic Craig’s

Interpolation Theorem based on logical flows are given.
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Chapter 1

Introduction

The key topic of this thesis is the notion of proof. The concept of provability has been fairly
well understood in logic, but still the concept of proofis not. This research considers proofs
as objects, measures their complexity in number of lines and studies the logical relations
among the occurrences of formulas in them.

Namely, we will develop further some ideas introduced by Sam Buss in [Bus91]. In his
paper, Buss uses the notion of logical flow grdph to prove that the k-provability problem
(i.e. given aformula A and an integer k, to determine if A has a proof with & or fewer lines)
for a particular first order theory is undecidable.

Concepts similar to Buss definition of logical flow graphs have been independently
and previously introduced by Jean-Yves Girard who discusses tracing the flow of formulas
through linear logic proofs ([Gir87]).

We will develop a theory and study how the logical flow graph of a proof behaves

with respect to two basic results in proof theory: Gentzen’s Cut Elimination Theorem and



CHAPTER 1. INTRODUCTION 2

Craig’s Interpolation Theorem. The third and fourth chapters in this thesis are respectively
devoted to them.

The Cut Elimination Theorem says that any proof in the sequent calculus can be trans-

-formed into a proof with good structural properties, where “good” roughly means that
one can actually understand the relations between formulas in it. We can ask, what is
‘the information content of the original proof kept by the transformation? Or analogously,
what is the “effective” contribution of a proof to the validity of a sequent? We show that
what matters in a proof are all formulas occurring in it having some precisely formalized
logical link to the formulas of the end-sequent. Nothing more. In terms of logical flow
graphs, the structure that counts turns out to be a subgraph of the complete logical flow
graph describing the proof. In chapter 3 we develop and apply this idea to the context of
arithmetic.

The Craig Interpolation Theorem speaks about the relations between formulas in the
end-sequent of a sequent calculus proof. Roughly speaking, given a sequent A — B there
is a formula C, called the interpolant, that is made up of subformulas “common” to A and
B and such that A — C and C — B are provable sequents. We can ask what the proof of
A — B says about such “common” subformulas. We show that “common” simply means
logically linked in the logical flow graph of the proof.

These are the main ideas on which the thesis is based. Let us now introduce in more

detail the content of each chapter.

Chapter 2 PRELIMINARIES
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A version of Gentzen’s sequent calculus is presented; the notion of logical flow graph is
reviewed and examples are given. In a subsection we present a proposition involving the

concept of similarity of proofs.

Chapter 3 FEASIBLE NUMBERS AND NO SPEED-UP FOR NON-STANDARD THEORIES

Postulating that large numbers are not finite leads to an inconsistent extension of arithmetic
which is, however, conservative for proofs of low complexity (intended as number of lines).
Thus an inconsistent theory can prove true results, as long as the proofs are not too long.
This was first proved by Parikh in 1971. In 1985, Dragalin improves Parikh’s lower bounds
on the complexity of the proofs of true sentences. Our result improves Parikh’s statement
by showing that if a sentence is proved using the fact that large numbers are not finite, by
means of a proof with low complexity, then one can find a proof of it with lower complexity
and not using the postulate on large numbers. Our lower bounds are the best possible
bounds and considerably improve the ones obtained by both Parikh and Dragalin. We
then consider the consistent theory of large numbers asserting the ezistence of some large
number and show that not only is it a conservative extension of Peano Arithmetic but also
that there is no speed-up by this theory over arithmetic. The whole argument is proof-
theoretical and based on the analysis of the relations between occurrences of formulas. It
points out the correspondence between the number of formulas in a proof and the existence

of non-standard numbers in models of arithmetic.

Chapter 4 INTERPOLANTS AND FLOW GRAPHS

We investigate the relations between interpolants of a sequent and the logical flow of the
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formulas in a proof of it. We present the proofs of both classical and intuitionistic version
of the Craig Interpolation Theorem based on considerations on logical flow of formulas. We
also prove two results concerning the logical complexity (i.e. the number of symbols) of the
interpolants.

It is a well known fact that the logical complexity of the interpolants for a given sequent
A — B is in general not linear in the logical complexity of 4 and B (see [Mun93]). It seems
that the reason is connected with the logical flow of the formulas in a proof. We show that
whenever A (respectively, B) does not contain pairs of subformulas logically linked (in a
precise sense defined by flow graphs) one to each other, then there is an interpolant with
logical complexity bounded by the logical complexity of A (respectively, B).

The second fact we point out concerns sequents A — B with no logical links between
formulas occurring both in A and B. Given a proof (possibly with cuts) of A — B we
“extract” a proof either of A — or of — B with smaller complexity than the complexity of
the original proof for A — B.

Note that these two facts cannot be shown as a consequence of the usual construction
used to prove the Craig Interpolation Theorem because the latter is based on the Cut

Elimination Theorem which increases the length of proofs very substantially.



Chapter 2

Preliminaries

2.1 The Sequent Calculus

This section contains a brief review of the the sequent calculus, the formulation of first order
logic due to Gentzen. For a detailed exposition the reader can refer to [Tak75] or [Gir87)
or [K1e88].

The sequent calculus is formulated in a first order language (possibly containing the
equality symbol) with logical symbols A,V,—,D,3 and V; it has free variables denoted
a,b,c,... and bound variables denoted z,y, 2,.... As usual, terms are formed from constant
symbols, free variables and function symbols; semi-terms are like terms but may contain
bound variables as well. Formulas are defined as usual with the condition that only bound
variables may be quantified and only free variables may appear free. Semi-formulas are
defined as formulas except for both bound and free variables that may appear free in it; one

can observe that a subformula of a formula is a semi-formula and in fact a subformula of a
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semi-formula is a semi-formula.

A sequent is a line of the form
Ay,..., Ay — By4,..., B

where the A;’s and B;’s are formulas; its intended meaning is A; 4; O V/; B;. We permit £
and [ to be zero. A sequence of formulas separated by commas is a cedent; in the sequent
above, A;,..., A is the antecedent and By, ..., B; is the succedent. We will often refer to
antecedents and succedents in a sequent using capital letters of the Greek alphabet. For
instance I' — A denotes a sequent. In the following we will intend a sequence A;,..., Ax to
be a maultiset of formulas, i.e. finite (possibly empty) set of formulas, in which repetitions
of some formulas are admitted; the order of formulas in a multiset is not essential but for
every member of the multiset the number of its occurrences is important. By the symbol
I, A we denote the union of the multisets I' and A (i.e. the multiset containing all formulas
in I’ and A so that if n; and n2 are the number of occurrences of a formula A in T' and
A respectively, then ny + ng is the number of occurrences of A in the union I'; A.) The
multiset A,T" is obtained from I’ by adjdining the formula A. For short we will denote I'y, I,
as Iy .

It should be pointed out that a proof in the sequent calculus is intended to be a tree of
sequents; each sequent must either be an axiom (in this case the sequent is labeling a leaf
of the tree) or be derived by one of the rules of inference we will give below (the sequent
is a label for an internal node of the tree). In a sequent calculus proof every occurrence of

a sequent in the proof other than the end-sequent is used exactly once as a premise of an
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inference. Notice that a proof could be defined as sequence of sequents; but obviously any
proof defined as such can be transformed into a tree-like proof by duplicating subproofs to
derive intermediate results multiple times.

The axioms for our sequent calculus are the following
(i) logical arioms of the form A,T' — A, 4;

(i) equality azioms of the form

et = s1,...,% = sk, P(t1,...,tx),I' = A, P(s1,...,sx) where P is a k-ary

predicate symbol;

ot = §1,...,tk = sg, ' = A, f(#1,...,t) = f(s1,...,5k) where f is a k-ary

function symbol.

The formulas occurring in the cedents I', A of the above axioms are referred to as non-
distinguished formulas of the sequent. All others are called distinguished.

The rules of inference are divided into two groups: the logical rules that introduce logical
connectives to the left and to the right side of a sequent, and the structural rules (note that
cut rule and contraction rule will be the only structural rules of the calculus.)

The logical rules are the following;:

r—AA AT = A
= left -~AT — A : = : right '+ A-4

' -A1,A Ty3— Ag,B
A : right I'y2— A12,AAB
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AT > A AT A
Ac:left AANB,T - A BAAT - A
AT —-A; B,T's— A,
V:left AV B,T13 — A2
r—AA r—AA
V : right I'-AAVB ' =A,BVA
F1—>A1,A B,Fz'—*A2
O: left AD B, T2 Ay
AT —A I'—-AA
Siright T —AADB ToABOA
A, T - A I' = A A(R)
d:left  (Fz)A(z), [ — A J:right T — A (3x)A(z)
A, —A I'— AJA(Y)
V: left (Vz)A(z),I' = A V:right T — A (Vz)A(=)

In the 3 : left and V : right inferences the free variable b is called the eigenvariable and
must not appear in the lower sequent. The variable £ must be freely substitutable into A
for all four quantifier inferences. Note that in the V : right and D: right inferences, the
formula B is not logically connected to the upper sequent of the rule.

The structural rules are

L =A, A ATy, — Ay

Cut Iy2 = Az
r—-AA4A AAT S A
Contraction r -AA AT oA

The formula occurrence, which is introduced explicitly into the lower sequent of a given
rule of inference is called the main formula of the inference, and the formula(s), which

are distinguished in the upper sequent(s) are the auziliary formula(s). For example in
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the V:left rule the formula A V B is the main formula and the formulas A and B are the
auxiliary formulas. The other formulas of a sequent (i.e. the formulas in ', A) are called
side formulas.

The cut rule has no main formulas; its auxiliary formulas are also called cut-formulas.
An application of the cut rule will simply be called a cut.

The auxiliary formulas of a contraction rule are also called contracting formulas.

We do not need the usual Weakening and Exchange rules in our calculus (as they
appear in Gentzen’s original formalization), because it uses multisets of formulas instead of
sequences. The reader familiar with Gentzen’s original formulation may like to notice that
non-distinguished formulas appearing in logical axioms and equality axioms play the role
of formulas introduced by Weakening,.

Our formalization will be referred to as LK., ignoring the slight differences from Gentzen’s
classical formalization. The symbol LK denotes the system LK, when the equality axioms

are dropped.

2.2 The logical flow graph

In [Bus91], Sam Buss introduces the notion of logical flow graph to study how the influence
of a formula spreads through a proof in LK.. Following his introduction, we present the
notion of logical flow graph formulated for our sequent theory. We will then prove that a
logical flow graph is always acyclic and we will introduce the notion of inner proof based

on subgraphs of a logical flow graph.
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Let II be a proof. An s-formula is an occurrence of a subformula of a formula in I (here,
‘s-’ stands for ‘semi-’ or ‘sub-’). It has to be emphasized that an s-formula is an occurrence
of a subformula in the proof as opposed to the subformula itself which may occur many
times in the proof. A formula A is a variant of B if A can be obtained from B by changing
sormne of the terms in B. The logical flow graph (formally defined below) is a directed graph
whose nodes are s-formulas in II; two s-formulas will be connected by an edge only if they
are variants of each other; any two s-formulas connected by an edge will bé, in (distinct)
sequents of some inference or will both be in an axiom on opposite sides of the sequent
arrow.

We define the logical flow graph by specifying the edges.

First, in an axiom A,I' — A, A there is an edge directed from the left-hand A to the

right-hand A. In an equality axiom
t1=r1,..,tk =7k P(t1,...,tx),I = A, P(r1,...,1%)

there is an edge directed from P(ty,...,%) to P(ry,...,7). In all other equality axioms
(and when P is an equality in the axiom displayed above), there is an edge from all distin-
guished equations in the antecedent to the distinguished equation in the succedent.
Second, in any logical and structural inferences listed above, there is an edge directed
from each side formula in the antecedent I in the lower sequent to the corresponding side
formula of I' in the upper sequent(s). There is an edge directed from each formula in the
succedent A in the upper sequent to the corresponding formula of A in the lower sequent.

Third, in any logical inference or in a contraction rule if A (or B) is an auxiliary formula
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which appears in the succedent of an upper sequent of an inference then there is an edge
directed from that A (or B) to the corresponding s-formula in the lower sequent. If A (or B)
is an auxiliary formula which appears in the antecedent of an upper sequent of an inference
then there is an edge directed towards that A (or B) from the corresponding s-formula in
the lower sequent.

Fourth, in a cut inference there is an edge directed from the cut formula A in the
succedent of the left-hand upper sequent to the occurrence of A in the antecedent of the
right-hand upper sequent.

Fifth, suppose there is a directed edge from an s-formula A; to A2 and suppose B is
a subformula of A;. Since A; and Az are variants there is a subformula By of A3 which
corresponds to the subformula By of Ay; the s-formulas B; and B, are, of course, variants.
If B; occurs positively in A; then there is an edge from B; to Bs. If By occurs negatively
in Ay then there is an edge from B, to B;. Recall that B occurs positively (negatively) in
A if B occurs an even (odd) number of times in the scope of a negation or in the left-hand
operand of an implication. Clearly B; occurs positively in Ay if and only if By occurs
positively in Aj. This concludes the definition of logical flow graph.

As an example consider the following proof

—'ArA-—) B—B
A—-—-ADB B—--ADB
AVB—-=-ADB,mADB
AVB—--ADB

with logical flow graph restricted to the formula A (edges for A, B and =4 O B are
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not indicated)

A formula B occurs positively (negatively) in a sequent I' — A if B occurs negatively
(positively) in a formula of T' or positively (negatively) in a formula of A. If not otherwise
indicated, in the following we will intend a positive or negative occurrence of a formula to
be defined relatively to sequents. Notice that in a logical flow graph there are four kinds of
edges: edges connecting positive occurrences, that are directed downwards; edges connecting
negative occurrences, that are directed upwards; edges defined on axioms, that are directed
from negative occurrences towards positive occurrences; edges defined on cut-formulas, that
are directed from positive occurrences towards negative occurrences.

If a proof is cut-free, its logical flow graph will contain only three kinds of edges.

We call any sequence of connected edges in the logical flow graph of I : S a path; we
call any path starting and ending with two (distinct) s-formulas occurring in S a bridge.

A logical flow graph is acyclic when there is no path starting from an occurrence of a

formula and going back to it.

Proposition 1 Let I : S be a LK-proof. The logical flow graph of Il is acyclic.

To show this proposition we need first the definition of weak occurrence of a formula in

a proof. Let IT : S be a proof and £ be a logical flow graph. An occurrence of a formula A
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in S is non-weak if there exists a variant linked to it (by a path in £) that is a main formula
of some logical inference or a distinguished occurrence in some axiom of II. A formula that
is not non-weak, is called weak.

The following two lemmas will also be used in the proof of the proposition. Their proofs

are by induction on the height of Il and we will skip them.

Lemma 2 LetII : T — A, A be a deduction and A be a weak occurrence in II. A deduction

I’ : T — A can be constructed such that, if II is acyclic then I/ is acyclic.

Lemma 3 Let I : T — A be a deduction and A, @ be multisets. A deduction ' : T',A —
A,© can be constructed where A,© are weak occurrences in II', such that if Il is acyclic

then I’ is acyclic.

Proof. (Proposition 1) Suppose ﬁrsf that II is a cut-free proof. Then there are only three
kinds of edges connecting positive and negative occurrences of formulas in it, as remarked
above. Notice that if all occurrences of formulas in a path are positive (negative) then the
edges of the path should always go upwards (downwards), and therefore the path cannot be
a cycle. Suppose there is a cycle in II. By the latter observation, both negative and positive
occurrences of formulas must occur in it. In particular we should have a way to connect
positive occurrences to negative occurrences but there are no such edges in a logical flow
graph of a cut-free proof. Therefore a cut-free proof cannot have cycles.

If I contains cuts and there is a cycle in it then the cycle must pass through a cut-
formula, because of our last observation. To show that II is acyclic, we apply the cut-

elimination procedure to II, to transform it in a cut-free proof I'. Let Hy,...,H; be the
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intermediate proofs obtained applying the procedure of cut elimination, where II; is II and
I} is II'. We will show that the cut-formula in I; (to which the procedure is applied) does
not have a cycle passing through it, for all i = 1...k.

We will consider only two steps of the cut elimination procedure. All others can be
handled following the same ideas.

Take H; be of the form

! HI
1 2

M - A1,A ATy — Ay
12 — A

A

where A in I is weak, and II;4; be of the form
I

T2 = A
)

where II{ is obtained from IIj eliminating the weak occurrence A (using Lemma 2) and
adding the weak occurrences I'z, Az to the sequent 'y — A; (using Lemma 3). Since A

is weak, all paths in the logical flow graph of IIj arriving at A originate in axioms and

-~

therefore there cannot be cycles in II; passing through such an occurrence of A.

Let II; be of the form

m I
B,[1 = A4 CTy - Ay 1A
BVC,Fl,z —+A1'2,A A,P3—>A3
BVC,Ty23— A3

A
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and II;;1 be of the form

m 16}
BJI‘I""AI;A A:P3"'*A3 HIZ
B,I'13 — A3 C,I'; —» Ay
BVC 123 — A123
3

By induction hypothesis II;;; does not contain cycles passing through the cut-formula
A. Moreover notice that the logical flow graph of ;1 is essentially the same as the logical
flow graph of II;; in fact, the only difference concerning the paths passing through A4,
consists in the extension of such paths with one more occurrence of A in II;. Therefore the

transformation could not have eliminated cycles. o

The direction of the edges in a logical flow graph can be justified by the usual notion
of soundness for axioms and logical rules. For instance, consider the edge connecting the

occurrences of a formula A in the upper and lower sequents of a = : left rule

r—-AA
—AT—- A

and suppose that A — A’ is a valid sequent. The rule obtained substituting A with A’ in

the lower sequent (as the direction of the logical edge suggests), i.e.

r—AA
-AT—=A

1s a sound rule. On the other hand
- AA
AT - A
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is not sound.

In the following, we focus on the logical relations between atomic formulas and we study
when their presence in the proof is relevant to the validity of the end-sequent. More formally,
we will work with the subgraph of a logical flow graph whose nodes are atomic formulas;
whenever we refer to s-formulas we will intend them to be atomic.

If one decides not to look at the whole logical flow graph for a proof I but at subgraphs
of it, one may observe that there are subgraphs tracing proofs involving only certain occur-
rences of formulas in II. We will refer to them as inner proofs in II. Let us illustrate the

idea with an example. Consider the following proof

A—-t=t D—-D
AVD—D,i=t

AVD—=t=t,C>D

and the portion of the logical flow graph not relying on equality

anY
A—t=t D—D
AVD —t=tD

7 ~N

AVD~t=4,C>D

It is easy to see that it describes the inner proof

D—-D
D-C>D

On the other hand, not all subgraphs of II induce a proof. For instance, consider the

subgraph
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A—t=1 D—D
ﬁVD—-rt:t,D
AVD —-t=4,CD D

Notice that a given proof may contain more than one inner proof. For instance, consider

the following very simple proof

B—-B C—-C
A—-A BVC-B,C

A,BVC—B,AANC

and the two logical flows for it

B—B C/NC B—~ B C/—\C"
— — — —
—~ S 1
Ao A BvC —B,C A—A \Btge‘ ,C
A,BVC — BJANC ABVC=B,ANC
describing respectively the inner proofs
A—-A C—-C B—-B C—-C

AC—-ANC and BvC—-C,B .

One can notice that in general the antecedent and consequent of the end-sequent of the
original proof are not necessarily implied nor do they imply the antecedent and consequent
of the end-sequent in the inner proof. For instance, consider the latter example and its
logical flow represented on the left. The antecedent of A, BVC — B, AAC does not imply
the consequent of A,C — AAC, namely 4,BVC — AAC is not a valid sequent. Notice
that this observation, brings to light a sense in which the informational content of a proof

is lost in the logical form of its end-sequent.
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The idea of inner proof is a basic intuition for what follows. It will be formally defined
by means of the notion of flow in chapter 3. Properties of logical flow graphs are presented
and motivated in chapters 3 and 4. In chapter 3 we will consider them in the context of

Peano Arithmetic, while in chapter 4 we will refer to the pure sequent calculus LK.

2.2.1 Validity and Similarity of proofs

The directionality of the edges in a logical flow graph will not usually be relevant to the
proofs of the results in this thesis. To illustrate the meaning of the directionality of a flow
graph though, we will prove a property of the structure of the proofs for the propositional
sequent system LKp (defined as LK but with no quantifier rules). Under suitable conditions
the result can be extended to the system LK.

A statement may have several similar proofs and of course, several non-similar ones.
Also different statements can be proved in a similar way. If one wants to generalize the
notion of proof, one should look for a notion characterizing similar proofs of similar conclu-
sions. There are different approaches to this question already in the literature (see [Kre71],
[Pra71], [Sza77]) and it seems that a definite mathematical concept capturing the intuition
of similarity has not been obtained yet. In the following we will consider the notion of proof-
analysis as a possible approximation of the informal notion of similarity. This concept has
been introduced by Parikh in [Par73] and appears in works by the following: Farmer (see
[Far84]; he calls this notion a skeleton), Krajicek (see [Kra89]; he calls it the type of proof),
Orevkov (see [Ore84], [Ore87]; he calls it a schema of proof). For an overview of results in

this area see [Kra87].
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A proof-analysis is a tree of sequents together with information associated to all nodes

of a tree about which inference rule or which axiom schema has been used to derive a given

sequent (i.e. the label of the node).

We say that a proof II and a tree of sequents II' are weakly isomorphic if they have
the same proof-analysis and there exists a map f that is a homomorphism on the structure
of the formulas (with respect to the structure of the proof), i.e. f is a map from formula
occurrences of II into formulas, and for each logical rule R applied in II, the main formula
of R and its image under f have the same principal connective.

If A, B are premises of a rule in I and A A B is the main formula then f should map
the occurrence of AA B as main formula, into a conjunction of the form f(A)A f(B), where
J(A), f(B) may be different from the images under f of the auxiliary occurrences A and
B in the premises. Notice that a distinguished occurrence of a formula in an axiom can be
mapped by f into an arbitrary formula of the language. We call f a weak isomorphism.

One can observe that a proof-analysis can be associated to any tree of sequents; in fact
such a tree might be not a proof in the conventional sense. We will use this fact to show

the following:

Proposition 4 Let Il : § be a proof in LKp and I' : S’ be a tree of sequents weakly
isomorphic to II with weak isomorphism f. Suppose that for all edges from A to B of
the logical flow graph of I, where either A is a positive occurrence of a formula and B
an s-formula, or A is a s-formula and B a negative occurrence of a formula, the sequent

J(A) - f(B) is valid. Then S’ is valid.
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Proof. Take II be a proof and II’ be a tree of sequents satisfying the conditions of the
statement. By induction on the height of IT we show that 5’ is valid.

Let IT be of the form A, T — A, A? (note that the superscripts indicate the occurrences
of A in II) and I’ be of the form B,I' — A’,C, where f(A') = B and f(A?) = C. Since
by hypothesis, B — C is valid, then §’ is valid.

Let R be the last rule of II. Suppose R is a A:right rule applied to the subproofs
I : Ty — Ay, A and II; : Ty — Ay, B to obtain the sequent I';;3 — Aj2,A A B. The tree

of sequents II' will be of the form

1 I,
I'h > 4A,C T'2— A, D
T2 — A1, EAF

where II} and II} are trees of sequents. We know by hypothesis that C — E and D — F are
valid sequents, therefore I'y — A3, E and 'y — Ag, F' are valid sequents, and in particular
S’ is a valid sequent (this is because f(A A B) is f(A) A f(B),i.e. EAF.)

All other rules are treated in a similar way. (]

The proposition points out that to claim a sequent to be valid, all we need is to exhibit
a proof-analysis and suitable valid sequents so that a tree structure weakly isomorphic to a

proof can be built.



Chapter 3

No Speed-up for Non-Standard

Theories

3.1 Introduction

It appears already in philosophical works by Mannoury ([Man09]), Poincaré ([Poil3]) and
Wittgenstein ([Wit78]) that there is a genuine difference between our understanding of say
the number 10 and the number 67257,

In [Ber35], Bernays observes that intuitionism as well as ordinary mathematics contains
a strong idealization in the facts that numbers such as 10 and 67257 are treated as ob jects
of the same kind, even though arithmetical operations do not have a concrete meaning for
very large numbers. He suggests strict-finitism as a conceivable position in philosophy of

mathematics.!

1Strict-finitist philosophy of mathematics insists that the meanings of all terms appearing in mathematical

21
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In [EV61], Esenin-Volpin declares his adherence to strict-finitism and starts some at-
tempts in the reconstruction of mathematics along the new lines (see also [EV70]). He
refuses the conception that natural numbers are closed under simple arithmetical oper-
ations, such as exponentiation and develops a rich and complicated theory of ‘concrete’
mathematical activity (leading for instance, as he claims, to a ‘concrete’ proof of the con-
sistency of Zermelo-Fraenkel set theory). He introduces the concept of a set of feasible
numbers closed under successor but bounded by a given natural number, say 10'2. The
notion he introduces appears to be paradoxical and indeed it is an abstract form of the
classical paradoxes of the bald man (adding one hair at a time can never turn a bald man
into a non-bald man) and the heap (by removing a single grain at a time you will still have
a heap).

The first precise proof-theoretical result about the ‘concrete’ correctness of the notion
of feasible numbers was given by Parikh ([Par71]) that proves the ‘concrete’ consistency of
the theory defined adding to Peano Arithmetic the above mentioned properties of feasible
numbers. This result has been refined by Gavrilenko (unpubiished work) and Dragalin
([Dra85]). In the present paper we will give a more natural statement of Parikh’s result and

we will show optimal complexity bounds improving the work by Dragalin.:

statements must be given in relation to constructions which we can effectively carry out, and of our capacity
to recognize in practice such constructions as providing proofs of those statements. No construction that is
too complex or too lengthy to effect in practice, is accepted by strict-finitism. In addition to the one discussed
in this introduction, several attempts to develop a formal strict-finitist theory have been made. The most
developed is the Alternative Set Theory by Vopenka ([Vop79]) and his school in Prague. See also [Saz90},
the Predicative Arithmetic by Nelson ([Nel86]) and the theory of Vague Predicates by Dummett ([Dum?78b),
[Dum78a]) and Parikh ([Par83]). For a general discussion on the strict-finitist program see [Gan82] and for
its relations with intuitionism see [Tro90].
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The theory of feasible numbers seems to be useful for constructive investigations in non-
standard model theory. In the last section we consider a consistent theory asserting the
ezistence of a non-feasible number and we present a proof-theoretical argument showing
that such a theory not only is a conservative extension of Peano Arithmetic, but in fact
has no speed-up over it. The proof points out the correspondence between the number of

formulas in a proof and the existence of non-standard numbers in models of arithmetic.

3.2 The theory of feasible numbers

In this section we will work with Peano Arithmetic, denoted PA. Actually, the following
results hold for arbitrary theories (including the Predicate Calculus). This is because no
assumption is needed on the strength of the theory?.

To the language of PA (defined by the symbols 0,s,4, ¥, <,=) add the symbol F and

to PA add the axioms3

(i) F(0)

(i) F(=z) — F(s(z))

(iii) F(z) A F(y) = F(z+y)
(iv) F(z) A F(y) = Fz *y)

(v) e=y—(F(z) - F(y))

2Note that both Parikh and Dragalin’s results need a theory to contain a rather modest portion of PA.
Namely, it is sufficient that the theory be strong enough to prove or refute any closed numerical equality or
inequality.

3Note that with the symbol PA we indicate the Hilbert style formalization of Peano Arithmetic, where
tautologies are axioms. In particular, observe that axiom (iii) can be derived from (iv),(vi) and the axioms
of PA; axiom (v) can be derived from (ii) and (vi).
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(vi) F(z)Ay <z — F(y)

(vii) =F(6)

where 6 is some fixed variable-free term in the language of PA. The value of 8 will be
indicated as val(#). Call this theory PAp. Any formula containing the symbol F' will be
called an F-formula and a formula not containing any occurrence of F' will be referred to
as F'-free.

The theory PAF is clearly inconsistent (because of the presence of axiom (vii)) but we
will show that proofs with a “small” number of formulas cannot prove inconsistency. In
fact, such proofs can only establish truths in the original language of PA.

Let a proof be a tree of formulas (i.e. each occurrence of a formula in the proof can be
used at most once as premise of a rule) and let N(II) denote the number of all formulas in

the PAp-proof II. Qur main result can be formulated as follows

Theorem 5 Let Il be a proof in PAF of the closed formula B. The formula B does not
contain F. Suppose that the number of azioms of the form (ii) — (iv) occurring in Il is n

and that val(f) > 2*. Then there is a proof ' : B in PA such that N(II') < N(II).

The lower bound 2" depends on the fact that proofs are considered in their tree-like
form. If proofs are linear (i.e. if a formula can be used more than once in the proof) then
the theorem holds with 22" as a lower bound for val().

A lower bound on the value val(8) of the term 0 (relative to the theory PAp) is computed
by Parikh using the Hilbert-Ackermann’s e-substitution method and by Dragalin using a

cut-elimination technique. Both proofs give a primitive recursive lower bound for val(6)
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but much higher than 2". If we define the function ezp;(n,0) = n, exp;(n, i+ 1) = tezr(ni)

(for some natural number ¢ > 1) then

e Parikh’s bound can be expressed as val(f) > ezpz(1, ezpa(r, § - k - (k + 1)) - n), where
k is the number of a.xéoms of the form A(t) D 3zA(z) occurring in the proof and such
that A contains the F' symbol, r is the humber of quantifiers occurring in formulas A
of the form described above and n is the number of occurrences of the special axioms

of the form (ii)-(iv) in II;*
e Dragalin’s bound is expressed as val(f) > expz(1, exps(39 - N(II), 39 - N(II))).

As one can see, Parikh’s bound depends on the complexity of F-formulas in the deduc-
tion II and on the number of some special axioms in it, while Dragalin’s bound depends
essentially only on the number of formulas in II. Qur result improves both bounds and is
sensitive only to the number of occurrences of special axioms in the proof. It can be shown
that it is the best possible bound (namely, for all @ < 1, we show that 2"° is not a bound.)

Moreover, both Parikh and Dragalin claim the existence of a proof in PA of the F-free
formula B but their construction produces a proof of very large complexity. Our result,
instead, ensures that one can construct a PA-proof with smaller or equal complexity than
the original proof II. In addition, the complexity of the formulas (intended as number of
symbols) occurring in the PA-proof turns out to be no greater than the complexity of the

formulas in II.

*For the theory of feasible numbers defined as PAr but not containing the axioms (iii) and (iv), Parikh
improves the lower bound to val(6) > n - exp(r, 3 * k - (k + 1)), while Dragalin obtains ezp;(1, exp, (30 -
N(II),30- N(1I))). Our Theorem 25 refines these results to val(§) > =.
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In section 3.3 below we introduce the sequent theory of feasible numbers T associated
to PAF (we call T the part of T associated to PA); in section 3.4 we review Buss’ notion
of logical flow graph and define the notion of “good flow” of formulas in a Tg-proof; in
section 3.5, a number of properties of good flows of formulas in Tr-proofs are studied.
Among them we show that if a Tp-proof II* is obtained applying a cut elimination procedure
to all F-formulas in a proof II, then whenever II* has a good flow of formulas then II must
have a good flow as well; moreover, we give general conditions on the existence of a good
flow for Tr-proofs containing only cuts on F-free formulas. In section 3.6, we show that
a Tr-proof II can be transformed into a suitable F-free proof II' of the same complexity
(i.e. number of sequents), whenever II has a flow. This suffices to show the version of our
Theorem 5 for the sequent theory Tr. The idea of the proof can roughly be represented
by the following diagram (where the arrows represent transformations of proofs and the

numbering represents the order of performance of the transformations)

only if Il has

a good flow
nTp inT
I 1y
3
2
I* since I* has a good flow

then II has a good flow

proof without cuts on F-formulas:
the ezistence of a good
flow is proved here

In section 3.7 we convert this result (formalized for Tr) to the original theory PAp.
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Finally we consider the consistent theory of feasible numbers asserting the ezistence of
some non-feasible number, we show it is a conservative extension of PA and that there is
no speed-up by this theory over PA. In section 3.8 we consider different directions in which

Theorem 5 can be generalized.

3.3 The sequent theory of feasible numbers Tr

We will work with a theory of sequents Ty (resp. T') associated to PAf (resp. PA) and we
will “translate” afterwards the results into PAp. In this theory, the special axioms will be
replaced by special rules: F-successor, F-plus, F-times, and so on.

Let N(I) denote the number of all sequents in the Tp-proof II. We will prove the

following

Theorem 6 Let II be a proof in Tr of the closed formula B. The formula B does not
contain F'. Suppose that the number of special rules F'-successor, F-plus and F'-times applied

in Il is n and that val(9) > 2". Then there is a proof ' : B in T' such that N(I') < N(II).

As already remarked for Theorem 5, note that a proof in Tr is a tree of sequents (see
section 2.1) and, the lower bound 2" in our theorem depends on the fact that proofs are
considered in their tree-like form. If proofs are linear, then the theorem still holds, but
with 22" as a lower bound for val(8). In this case also, the bound turns out to be the best
possible,

The axioms and the rules of inference for our sequent theory TF are formalized (without

loss of generality) for the logical connectives —,V,3. The full predicate calculus is obtained
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by taking the other connectives as being defined in terms of —,V,3. The theory PAfr can
clearly be formalized in terms of this restricted set of logical connectives together with the

non-logical symbols 0, s, +, *,=,<, F'. There are four kind of axioms
(i) logical azioms of the form A,I' — A, A (note that A may be an F-formula);
(i) equality azioms of the form

s I'=At=t

oty = 51,...,8 = 8, P(t,...,t),I' — A, P(s1,...,5;) where P is a k-ary
predicate symbol (distinct from F');

oty = 51,...,tk = s, ' = A, f(t1,..., 1) = f(s1,...,8¢) where f is a k-ary

function symbol.

(#1) PA-azioms of the form I' — A, A, where A is an arbitrary non-logical axiom of PA

(note that the formula A is F-free);
(iv) a special aziom of the form I' — A, F(0).

The rules of inference are divided into three groups: the logical rules and structural rules

(as in section 2.1}, and the special rules concerning the predicate F.

The special rules are

Iy = Ar=t Ty— Ay, F(r)
F - equah'ty P1,2 — Al,z, F(‘t)

'y — Al,t <r I'y— Az,F(r)
F — inequality T2 — A2, F()
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I'— A F(t)
F — successor  T'— A, F(s(t))

Ty — Ay, F(r) Ty — Ag, F(t)

F — plus 2 — Age, F(r +1)
Ty — Ay, F(r) Ty — Ay, F(t)
F — times D12 — Ay, F(r *t)
' - A, F(G)
F — elimination r—A

The F — elimination rule is also called the critical rule because of the special role it
plays in the theory (i.e. it makes the theory inconsistent).

The part of Tr (corresponding to PA) which does not refer to F' will be denoted just

3.4 Logical flow graphs for Tr

In the following we will use the definition of logical flow graph given in section 2.2. Since
the calculus TF is an extension of the sequent calculus of section 2.1, we need to extend the
definition of logieal flow graph as well.

First, in a P A-axiom as well as in the special axiom, there are no edges that are defined.
Second, in any special rule there is an edge directed from each auxiliary F-formula in the
upper sequent(s) to the main F-formula in the lower sequent. There is no outgoing edge
from the equality and inequality auxiliary formulas in the upper sequent of F-equality and
F-inequality, respectively.

This concludes the definition of logical flow graph for Tr-proofs. As we have already

observed in section 2.2, we will focus on the logical relations between atomic formulas
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occurring in a proof, therefore whenever we refer to s-formulas we will intend them to be
atomic.

We now define the noton of full path.

Definition 7 Let I be a proof in Tk, £ its logical flow graph, and f be a sequence of edges
in £ between s-formulas that are not F-atomic; let Cy be the formula of f with no incoming
edges (belonging to f) and C; be the one with no outcoming edges (belonging to f); f may

be empty in which case C) is C2. The sequence f is called a full path if
a. for each 7 = 1,2 one of the following conditions is satisfied

1. C; occurs in the endsequent of II;

2. C; is an s-formula occurring in some non-distinguished formula of the axioms of

IO (i.e. in the cedents I', A);
3. C; is an s-formula occurring in A4 of a PA-axiom I' — A, A4;

4. C;is an equation (inequality) and occurs as an auxiliary formula in the F-equality
(F-inequality) rule;
5. C; is an s-formula occurring in B of the main formula AV B or BV A in a V:right
application in II;
b. the formula C; (C2) does not have incoming (outgoing) edges in £.
Notice that the formula C; in a.2,a.5 does not give any logical contribution to the

proof, in the sense that the validity of the sequent in which C; appears, resides on the

logical relations concerning formulas other than C;.
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F-free atomic formulas that are nodes of a path are called active formulas in the path.
More generally we say that a formula (not necessarily atomic) is active in a set of paths

whenever some (possibly all) of its F-free s-formulas are active.

Definition 8 Let II : S be a proof and F be a set of paths in II. The ‘forgetful’ map Hx

from occurrences of formulas in II to formulas (possibly none) is defined as follows

A if A is active in F
1. if A is an atomic formula then Hr(4) =

0 otherwise

~Hr(A) if Hr(A) # 0

2. H}'(ﬂA) =
0 otherwise
(
Hz(A)V Hp(B) if Hr(A),Hr(B) # 0
3. Hr(AV B) =1 Hx(4) if Hr(B) =0
Hz(B) if Hr(A) =0
| 0 if Hr(A),Hx(B) =0

& Hy((E)A(s)) = (3z)Hr(A(x)) if Hr(A(z)) # 0
) otherwise
Let A be a formula. The formula Hz(A) when defined, is not necessarily a subformula
of A. On the other hand, not all subformulas of A can be images of some forgetful map Hr.
Take for instance A to be (3z)(P(z) V Q(=)); the subformula P(z) cannot be the image of
any forgetful map and the formula (3z)@Q(z) is not a subformula of A%ut it can be obtained

from A by forgetting P(x). Because of these properties, we will call H(A) an inner formula

of A.
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Let I be a multiset of formulas A; ... A,; with the symbol H(T') we denote the multiset
H(A1)...H(Ay). IfT, A are two multisets of formulas then H(I' — A) denotes the sequent
H(T') — H(A) where H(T'), H(A) are multisets. We will call H(T' — A) an inner sequent
of H(T' — A).

Notice that the map Hr is F-dependent (whenever confusion cannot arise, we will denote
the map Hr with the symbol H). In particular, observe that each image of a formula in
I under H is a F-free fc;l_-mula (this follows from the definition of active formulas), when
defined.

For any two sets of paths JF1, F2 let Hr, < Hyz, if Hr,(A) = 0 whenever Hr,(A) = 0
. Then define the map G to be the maximal forgetful map with respect to the order <.
Namely, the map G will forget all F-atomic occurrences in a formula and only those. Notice

that the map G is F-independent.

Definition 9 Let IT : S be a proof of height greater than 1 with last rule R. Let R be

either a binary rule applied to IIy : S, Iz : 52 or a unary rule applied to II; : 5.

1. Let f be a path in II; with an active s-formula C occurring positively (negatively) in
Si (where 17 is either 1 or 2 in case R is binary, and 1 in case R is unary). f Ris a
binary logical rule or R is a unary rule or C occurs in some side formula of a cut rule,
then a path f' in II is the natural eztension of f if it is defined by extending f with
the outgoing (incoming) edge from (to) C to (from) the variant €’ in S (in the sense

of the logical flow graph);

2. let R be a cut rule, f; be a path in II; with active subformula C occurring positively
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(negatively) in the cut-formula A of S, fo be a path in II; with the same active
subformula C' of A occurring negatively (positively) in the cut-formula of S2. Then,
a path f’ in II is the natural extension of fi, fo if it is defined by connecting fi, f2
with the outgoing (incoming) edge from (to) C in II to (from) C in II; (in the sense

of the logical flow graph).

The following definition describes sets of paths we will work with in the next section.
They will be called flows and they will be used to bring out the intuition of inner proof.
The definition is split in two cases. First we consider a proof II to be an axiom, second we
examine the last rule of inference in II and define the flow with respect to flows existing for

immediate subproof(s) of it.

Definition 10 Let II : S be a proof in Tr with last rule R (if any).

1 Suppose II is an axiom; the set of paths F for II is called a flow if it is a set of full

paths and the following conditions are satisfied

1. if I has the form A,T' — A, A, then F contains at least an edge linking two
variants in the distinguished occurrences of A (i.e. Hr(A) is not empty), and

2. if Il is a PA-axiom I' — A, A, then A is active in 71 and Hz, (A) = A, and

3. if IT is an equality axiom then all its distinguished formulas are active in Fj.

2.a Suppose R is a V-left, or F-plus or F-limes applied to the subproofs II; : S; and
IOy : S2 of II. A set of paths F for II is called a flow if the following conditions are

" satisfied
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1. there exist flows Fy, F; such that the auxiliary formulas in Sy, S5 are both active,

and exactly the natural extensions of paths in F;, F; are in F, or

2. there exists a flow JF; such that all natural extensions of paths in F; are in F
and any other (possibly none) path in F is a F-free s-formula of .S with a logical

edge to/from some side formula in S3. Similarly for Ha.

2.b Suppose R is a cut rule applied to the subproofs Iy : 51 and Iy : S2 of II. A set of

paths F for II is called a flow if

1. there exist flows F1, 5, for I3, I, such that Hr, (A) and Hz,(A) are the same
non-empty inner formulas and F is exactly the set of natural extensions of paths

in F1, %2, or

2. there exists a flow F; for II; where Hr, (A) is empty, the flow F is the natural
extension of F1 and any other (possibly none) path in F is a F-free s-formula of

S with a logical edge to/from some side formula in S2. Similarly for H,.

2.c Suppose R is a F-equalily or F-inequality applied to the subproofs II; : S; and I : S5

of II. A set of paths F for II is called a flow if

1. there exists a flow F5 for I3 such that all natural extensions of paths in F are
in F and any other (possibly none) path in F is a F-free s-formula of S with a

logical edge to/from some side formula in Sj, or

2. there exists a flow F; for II; with non-active auxiliary formula, such that all
natural extensions of paths in F; are in F and any other (possibly none) path

in F is a F-free s-formula of S with a logical edge to/from some side formula in
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Sa.

2.d Suppose R is a unary rule applied to the subproof II; : Sy of Il. A set of paths F for
Il is called a flow if there exists a_ﬂow J; for II; such that all the natural extensions
of paths in JF; are in F and in case R is V:right applied tc a sequent I' — A A to
obtain I' - A;AV B or I' = A, BV A, any other path in F is a F-free s-formula in
B.

2.e Suppose R is a contraction rule applied to II; : S3. A set of paths F is called a flow
if there exists a flow F; for I such that the following conditions are satisfied

1. both images of contracting formulas in II; are the same under Hz,, and

2. exactly all natural extensions of paths in F; are in F.

This concludes the definition of flow. Notice that a flow F on II with a binary rule R

as last rule of inference, is sometimes passing only through one of the immediate subproofs

of H. Moreover, notice that the images under Hx of the auxiliary formulas for R being a

cut rule or a contraction rule, are the same, whenever not empty.

The flow F obtained from F1,F2 (possibly only F,) is also referred to as natural exten-

ston of F1,Fo.

Proposition 11 Zet Il : S be a proof in Tp and F a flow for II. Then there exists a proof

I in T of Hx(S) such that N(I') < N(T).

To show this proposition we need a lemma on the structure of proofs. We will state it

here but prove it in section 3.5 together with other results of the same nature. Its proof is

of independent interest and not linked to this particular application.
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Lemma 12 (Addition of weak occurrences) LetIl : T — A be a deduction and A,© be
multisets. A deduction II' : T',A — A, O can be constructed such that N(II') = N(H) and if

I has a flow F' then there ezists a flow F for I with base Hr(T' — A) = Hr(T' — A).

Proof. (Proposition 11) By induction on the height of II.

R(I1} = 1 : the proof Il must be an axiom of one of the following forms:

o AT — A A: if F exists then H(A) # 0. Since H(A), H(T) — H(A),H(A) is an

axiom then let I’ be H(A), H(T') — H(A), H(A);

e an equality axiom or a PA-axiom: in this case the image under H of the axiom is an

axiom as well. Define I’ to be this image;
e I' » A, F(0): aflow F cannot exist. Hence Proposition 11 holds vacuously.

h(II) = k4 1 : assume that F is a flow for II; we can proceed by inspecting the form of the

last rule of inference R.
e —: left: let II be of the form

18]
M — A4
—lA,Pl hand A]

Apply the induction hypothesis to II; and obtain IIj such that N(II}) < N(II;). If
A is active in F then apply to II] a = : left; if not, notice that Hr(S;) is Hx(S) and

therefore II’ can be taken to be IIj. Clearly N(II') < N(II).

The —: right, 3:left, 3:right cases are handled similarly.
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e V:left: let Il be of the form

o, o,
ATy —A; BT;—A
AV B,I'1 2 — A1

If F is defined in both II; and II; then A and B are both active and the induction
hypothesis can be applied to 3,2 to find proofs I}, IT} to combine with a V : left
and obtain II'. Clearly N(II') = N(I}) + N(II3) + 1 < N(I;) + N(II2) + 1 = N ().
If F is defined only in H; (respectively in II3) then apply the induction hypothesis to
it to obtain I} and Lemma 12 to add all weak occurrences Hx(C) for C in T'z, A
(respectively T';, A;). Call the resulting proof II’. Clearly N(II}) < N(II;) and by

Lemma 12 N(I') < N(II}) < N(II).

e V:right: let I be of the form

16}
Ty — Ag, A

rh -A;,AVB

If A and B are active in F then apply the induction hypothesis to II; to obtain ITj
and the V:right to Hr(B). In case A is active and B is not, let II§ be the result of
the induction hypothesis applied to IIj. In case A is not active but B is then apply
Lemma 12 to II} (obtained by induction hypothesis) to add the weak occurrence

Hr(B). Clearly N(I}) < N(II,) and therefore N(II') < N(II).

The contraction rule is handled similarly.
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e cut: let II be of the form
I, I,
1 — M, A ATy — Ag

I'2 — Ag2

If the cut formulas are active in F then apply the induction hypothesis to I, I
to obtain the sequents Hr(I'1) — Hr (A1), Hr(A) and Hr(A), Hr(I2) — Hr(Az),
where both distinguished occurrences of Hr(A) are the same inner formula of A.

Then apply a cut rule to these sequents.

If F is active in Iy (or similarly H;) but not in the cut formula A of T; — Ay, A
(respectively, A,I'1 — A;), we can apply the induction hypothesis to obtain II; and

Lemma 12 to add the weak occurrences Hx(B) for B in I'z, Ay (respectively I'y, Ay).

e F-plus: let II be of the form

Hl Hz
L= AF(s) T—AF()
[— A F(s+1)

The flow F must be the natural extension of a flow in II; or IIy; say II;. Apply the

induction hypothesis to II; and obtain II§; let II' be ITj. Clearly N(II') < N(II).

The other F-rules are handled similarly.

The definition of flow of formulas in a Tr-proof together with Proposition 11 will play

a crucial role in the following. We illustrate this intuition with an example. Consider the
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following Tp-proof

B—B
B,~B —
BA-B,~B —
—F0) A—- A BA=B,BA-B —
A-FOAA BA-B — A=A
AV(BA-B)—=F(0)AA FO)AA—- A

AV(BA-B)— A

and the flow
B— B
T4
?,HB—r
BA-B,~B—
~ IR
— F(0) A—+A BA-B,BA-B —
T/“eu/;’/ Ty
A— FO)AA BA-B — A—vA\
W/—_—ﬂ
AV (BA-B)— FO)ANA Flo)aAA— A

k&%\:\h“ﬂ/

AV (BA-B) — A

generating the inner proof

B— B
B,-B —
BA-B,-B —
BA-B,BA—-B —
A= A BA-B —
AV(BA-B)— A A—A
AV(BA-B)— A

Notice that this latter proof does not contain the symbol F. Given a short Tr-proof of

a F-free sequent we will look for a suitable flow to prove the existence of a T-proof for that

sequent.

Before concluding this section, let us give two more definitions regarding flows.
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Definition 13 Let II : T — A be a Tr-proof. A flow F for Il is good if for all axioms S in

II, if H(S) is not empty then H(A) is G(A) for all distinguished occurrences 4 in S.

For instance, consider the sequent CV (=B A F(t)),I' — A,CV (=B A F(t)) where A is

CV (-B A F(t)) and G(A) is CV —B. The flow

e

—
CV(=BAF(#),T = A,CV (=B AF())

is good since H(A) has the form C V —B, while

CV(=BAF(t),l - A CV(—BAF(t))
is not because H(A) is C.

Intuitively a good flow is a flow where all logical axioms are either completely active
(i.e. all F-free s-formulas of their distinguished occurrences are active) or completely non-
active (i.e. there is no path in the flow passing through the axiom). Remember that special
axiom’s are completely non-active because the distinguished occurrence is a F-formula, and
P A-axioms are either completely active or completely non-active by definition of flow.

Given two flows one can define the union of them. The notion of union will be used in

subsection 3.5 to prove Lemma 21.
Definition 14 Given two flows F1,F; for a proof II : S, the union J3 U F; is defined by
induction on the height of II as follows.

Suppose II is an axiom, then Fi LI 73 is the flow where an s-formula A is active if and only

if it is active in F; or Fa.
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Suppose the last rule of inference R in II is a V-left, or F-plus or F-times applied to the

subproofs II; : Sy and My : Sy; let Fi1, 51,2, F2,1,F2,2 be the flows associated to Iy, I.

1. if both auxiliary formulas in 51, S are active, exactly the natural extensions of paths
in F13 UWF,1 and Fi g U Fo are in Fy U Fy;

2. if the auxiliary formula in Sy (respectively, S2) is not active and Fio U Fp o (re-
spectively, F13 U F3;1) is not empty, all natural extensions of paths in F15 U Fo
(respectively, 1,1 U F2,1) are in Fy L1 F2; and any formula of S with a logical edge to

some side-formula active in Sy (respectively, S2) is forced to be active in F; U Fp.

Suppose R is a cut rule applied to the subproofs II; : S; and Hy : S; of I : S; let

F1,1,F1,2, Fa,1, Fa2 be the flows associated to Iy, II;.

1. If Hr, ,ur,,(A) is not empty (notice that Hr, ,ur,,(4) is Hr yur,, (A)) then let

F1 U F be the natural extension of Hr, ,u7,,(A4) and Hr, ,ur,,(4);

2. if Hx, ,ur, ;(A) (for some i = 1,2) is empty then all natural extensions of paths in
Hr, zu7,;(A) are in Fi U Fy; any other formula of S with a logical edge to some

formula active in S; (for j # i and j = 1,2) is forced to be active in Fy U F,.

Suppose R is a F-equality or F-inequality applied to the subproofs Il; : Sy and II; : Sy of

; let F1,1, F1,2, F2,1, F2,2 be the flows associated to Iy, IT,.

1. If 71,210 F2 is not empty, define F; UF; to be the natural extension of it; moreover,
any other formula of S with a logical edge to some formula active in S; is forced to

be active in Fy U F;
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2. if 77,1 U Fy is not empty and the auxiliary formula in S; is not active, all natural
extensions of paths in F;,; LI 1 are in J7 U F2 and moreover,any other formula of S

with a logical edge to some formula active in Sy is forced to be active in Fy U Fa.

Suppose R is a unary rule applied to the subproof II; : Sy of II; let ;1,721 be the flows
associated to Ily. Define 3 UJF; to be the natural extension of F; 1 UF2 1. If Ris a V:right
rule applied to a sequent I' =+ A; A toobtainI' = AJAVBorI' = A, BV A, any s-formula

C in B is active in J; U F3 if it is active in either Fi or Fa.

Suppose R is a contraction rule applied to II; : Sy and Fy 1, F2,1 are the flows associated to

IO; then let F; U F; be the natural extension of 3, U Fa .

This concludes the definition of union of flows.

3.5 Some properties of the theory Tr

To prove Theorem 6 we need to study the logical paths of F-formulas as well as the logical
paths of F-free formulas occurring in a Tp-proof. In fact, given a Tp-proof, the analysis
of the logical graph of F-formulas in it will induce the bound 2" we are looking for, and
the analysis of the logical graph of F-free formulas will lead to find a suitable flow for the
proof from which we will generate an inner proof of the same sequent with no occurrence
of symbols F in it.

In this section, we will first discuss few properties on paths of F-formulas, and then

some lemmas concerning the relations between flows and structure of Tp-proofs.
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3.5.1 Paths of F-formulas

We start with some definitions concerning the logical flow graph of the F-formulas. Let II
be a Tr-proof and £ its logical flow graph. An F'-path is a sequence of edges in £ between

F-atomic formulas of H.

Definition 15 Let F'(t) be a s-formula occurring positively in II and f be a F-path of II
where F'(t) is the formula with no outgoing edges (belonging to f); let C be the formula of
J with no incoming edges in £. The F-path f is called a full F-path associated to F(t) if
one of the following conditions is satisfied

1. C occurs in the endsequent of II, or

2. Cis an s-formula occurring in some non-distinguished formula of the axioms of II (i.e.

in the cedents ', A), or
3. Cis F(0) and appears as a distinguished occurrence in a special axiom of I, or

4. C is an s-formula occurring in B of the main formula AV B or BV A in a V:right

application in .

Let F(t) be a s-formula occurring positively in II; the F-flow associated to F(t) is the

set of all full F-paths in II that are associated to F(t).

Definition 16 A F-flow associated to F'(f) is called complete if one of the following con-

dition is satisfied

a. tis the term 0, or
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b. there exists a variant F'(s) of F(t) (possibly F'(t) itself) belonging to the F-flow such

that
1. F(s) is a main formula of a F-successor, F-plus, F-times rule application, and
2. F(s) is the closest variant with an incoming path to F'(t) satisfying property 1
(i.e. the variants in the F-flow lying between F'(s) and F'(t) do not satisfy the
property), and
3. the F-flows associated to the parents of F'(s) (i.e. the auxiliary formulas from

which F(s) is derived) are complete.

Given a Tp-proof, the only way in which a F-atomic formula F(t) can be linked by a
F-path to a variant F(s) with val(s) > val(t) is by means of a F-successor, F-plus, F-times
rule application to F () in the proof. This fact is captured by the notion of complete F-flow

and pointed out in the following lemma.

Lemma 17 Let t be any closed primitive recursive term in the language of PA. Suppose
F(t) has a complete F-flow in a Tp-proof . Then val(t) < 2™, where n is the number of
F-successor, F-plus, F-times rules in II. Moreover, 2™ is the best possible upper bound for

val(t) in the sense that for all a < 1, 2% is not an upper bound.

Proof. By definition of complete F-flow it is enough to check what is the maximum value
that can be assigned to the root of a binary tree (not necessarily complete) with n nodes
(denoted maz(n) for short), where leaves have value 1 and the value of an internal node
is obtained applying successor, plus or times functions to the values of the parent(s). By

induction we have:
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n=1maz(1)=1<20=1;

n + 1: there are two cases. We may have a tree where the root has only one parent which
is a root of a subtree of n nodes. In this case we apply the induction hypothesis to the
subtree and obtain that maz(n + 1) = maz(n) + 1 < 2" + 1 < 27t (note that the value of
the root can increase only by 1 because there is only one parent).

Or we may have a root with two parents that are respectively roots for a subtree of k
nodes and a subtree of n — k nodes. In this case we apply the induction hypothesis to the
subtrees and obtain that maz(n + 1) = maz(k) - maz(n — k) < 25 .27k < 9n < ontl,
Notice that the hightest value of a root with two parents is obtained by multiplying the
values of the parents (for n > 2). If n = 2 then the values must be added.

To show that 2" is the best possible upper bound for val(t) given n, we can proceed
observing that in our proof, we used the fact that the number of nodes and the value of the

nodes of a binary tree, are respectively described by the functions f, g defined as follows:
f(0)=15 fk+1)=2-f(k)+1
and
o(k) = 2**

We will show that for all @ such that 0 < @ < 1 and k£ — oo the inequality g(k) > 2/(¥)*

holds, i.e.

logslogag(k)
logaf (k)
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from where we derive that 2/() > g(k) (for all k) is the best possible bound. Notice that

f(k) can be written as 15 - 2F 4+ Y°5-1 9 that is 16 - 2¥ — 1. Therefore

i=1
logzlog224'2k —  lim 24k _
k~oo loga(16- 2% —1) ~  k—oco loga(16-2F — 1) ~
lim - = i 821
koo ks B 16.2F . In2  k—oo 1628
lim 1~ 1 = 1>«

k—o0 16 . ok

Note that if the rule F-i#mes is not a special rule of T then the lemma holds for

val(t) < n.

3.5.2 Flow graphs and Tr-proofs

A number of lemmas concerning the structure of a Tr-proof and its flows are proved. The

main result of this section is Lemma 21. Let us start with a definition.

Definition 18 Let II : S be a proof in TF with endsequent S; let F be a flow in II. The

sequent H (S) induced by F is called a base for F.

We say that an occurrence of the formula A in S does not belong to the base whenever

it is not active (ie. H(A) = 0).

Lemma 19 (Substitution into a deduction) Let t be a term. Let I'(a) — A(a) be a

Tp-provable sequent in which the variable a is fully indicated®, and let I(a) be a proof of

5Let B be a formula containing k distinct free variables by,...,bg; let #;,...,t be a k-tuple of terms.
Consider A to be the formula obtained replacing all free variables b;’s with the terms t;’s. We say that a
term #; is fully indicated in A if all occurrences of #; in A are obtained by such a replacement (Cf. [Tak75]).
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I'(a) — A(a) in which every eigenvariable is different from a and not contained int. Then
II(2) (i.e. the result of replacing all a’s in II(a) by t) is a proof of I'(t) — A(t). Moreover
N((t)) = N((a)) and if H(t) has a flow F; with base Hr, (T'(t) — A(t)) then Ii(a) has a

flow F, with base Hr,(I'(a) — A(a)) = Hr, (I(t) — A(t))(t/a).

Proof. By induction on the height of II. If II(a) is an axiom then II(¢) is an axiom as well.
We must consider now the case in which II ends with a rule of inference R. It is enough to
apply the induction hypothesis to the premise(s) of R and apply to the result the rule R
again. Note that the proof II(t) is obtained by replacing all occurrences of a in I(a) with
t, hence the structure of the proof remains the same and therefore its logical flow. This
implies that N(I(a)) = N(I(t)) and that the flows of II’ are flows for II as well (and vice

versa). . =

We give now the proof of Lemma 12 (stated in section 3.4). The result essentially
says that to each sequent we can always add new weak formulas without augmenting the
complexity of the proof. In other words, the weakening rule can be simulated by the system.
Proof. (Lemma 12 - Addition of weak occurrences) By induction on the height of II. If
Il is an axiom then II' is an axiom as well. If I ends with a rule of inference R then apply
the induction hypothesis to one of the premises whenever R is binary, or to the only one
premiss whenever R is unary; apply again the rule R to the result. Notice that lemma 19

may have to be used to handle the case J:left.
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Since the structure of Il is essentially the same as the structure of II (the only difference
consists on the presence of weak occurrences A, © in II') then N(II') = N(II) and any flow of
I’ is a flow of IT as well whenever it is restricted to formulas of II (notice that the formulas
in A, © are weak occurrences, hence they do not interfere with the logical structure of II).

O

Lemma 20 (Elimination of weak occurrences) Let I : S be a deduction and A ¢ weak
occurrence of a formula in S. Let S’ be the result of omitling A from S. Then a deduction
II' : S can be constructed such that N(II') = N(U), and I has a flow F' if and only if O

has a flow F. Moreover, if ' ezists then F can be defined so that Hr(S) = Hx:(S").

Proof. By induction on the height of II. If S is an axiom then S’ is an axiom as well
(since A is a non-distinguished occurrence). The induction step is proved deleting the weak
occurrence A from a premise of the last rule of inference R of I and applying R agaiﬂ to the
resulting proof(s). This can be done because a weak occurrence cannot be a main formula
in II.

Since the structure of II' is the same as the structure of II then N(IT') = N(II). Notice
that if II has a flow F* with A active in it, then there is a flow F where A is not active
defined as F* except on the variants linked to A (in the logical flow graph): let each s-

formula of A be not active. The claim follows easily from this observation. |
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We remind the reader that the degree of a formula is defined inductively as follows:
d(P) = 1 if P is atomic, d(4 V B) = sup{d(4) + 1,d(B) + 1} and d(-A4) = d((3z)A) =

d(A) + 1. The degree of a cut is the degree of its cut-formulas.

Lemma 21 (Cut Elimination)  There exzists an effective procedure that transforms every
Tp-proof I : S into a derivation I : S with no cuts on F-formulas. Moreover if II' has a

good flow with base H'(S) then I has a good flow with base H(S) = H'(S).

Proof. If II does not contain cuts on F-formulas then the claim holds.

In the following we will describe a procedure that transforms any cut on F-formulas of
degree > 1 in II into a cut(s) of lower degree, possibly no cuts. This operation must be
repeated until every cut on F-formulas of degree > 1 has systematically been eliminated.
The proof II' will be obtained from II by a finite number (¢ > 0) of steps of reduction
transforming II; into II;+1 and where I; is II and I is II’. We say that II;+1 has been
obtained by II; if a step of the reduction procedure is applied to a cut on a F-formula in
the proof II;.

Assume that II;4; has a good flow with base H;,(S); we want to show that II; has a
good flow with base H;(S) = H;+1(S). Notice that this suffices to show the claim.

There are six kinds of reduction we must discuss:

1. the reducibility of the complexity of a cut when at least one of the cut-formulas is

weak;

2. the elimination of a cut when both cut formulas are distinguished occurrences in

axioms;



CHAPTER 3. NO SPEED-UP FOR NON-STANDARD THEORIES 50

3. the elimination of a cut when the cut formulas are F-atomic and one of them is a

distinguished formula (occurring negatively) in a logical axiom;

4. the permutation of the cut upward in case a cut-formula is passive (and not weak) on

the right (similarly, on the left);
5. the reducibility of the complexity of a cut when both cut-formulas are main formulas;

6. the reducibility of the complexity of a cut in case one of the cut-formulas is the main

formula of a contraction rule.

The reduction of kind 6 is the most problematic one; to study the flow of formulas passing
through contraction-formulas we will need to show some general properties of cut-formulas

and logical flows. This will be done in a subclaim at the end of the proof.

Let us start to discuss reductions of kind 1. Let II; be of the form
I I
= A, A ATy — A
I'ip = Ase

‘A

In this case apply Lemma 20 to the subproof where the cut-formula is weak, say for
instance IIj. Then apply Lemma 12 to the result, to add the weak occurrences 'y, Ay to
the sequent 'y — A;. Call II{ the resulting proof and define II;4; as

na'
Fi2 = A
)
By Lemma 20 if II{ has a good flow then II] has it and its base is Hr;,, (1 — Ay). Define

F; as such flow on II} and activate 'z, Ay in the sequent I'y 3 — A; 3 of I} as in TY.
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Define the flow in A of II; as in A of H;4,.

Reductions of kind 2 are treated as follows. Let II; be of the form described in case 1,
where I}, II5 are axioms and both cut-formulas are distinguished occurrences in the axioms.
The case when both Iy, II; are logical axioms and the case when II; is a special axiom and
II; a logical axiom, are the only ones can arise (here, the fact that the equality axiom for
predicates cannot be applied to the predicate F' plays a crucial role). It is easy to see that

the sequent I' — A is an axiom itself. Therefore, define I;4; to be

r—-A
A
Moreover, for every bridge (if any) from/to a formula in T' to/from a formula in A of the
sequent I' — A in II; define a corresponding edge in the axiom I' — A of II;;;. A logical
flow is obtained. This means that if I' — A in II;;; has a good flow then I' — A in II; has

a good flow with the same base. Define the flow on A of II; as in A of II;4;.

Reductions of kind 3 are treated as follows. Let I; be of the form

m
Iy — Al,F(t) F(t),[‘g — Ag,F(t)
T2 — A2, F(2)

A

Define II;4; as

Y
g2 — Ay, F(2)
)
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where II§ has been obtained app_lyjng Lemma 12 to I, to add the weak occurrences I'y, Ay
to the sequent I'y — Ay, F'(t). By Lemma 20, if I has a good flow then II} has it and its
base is Hr, ,(I'1 — Aj). Define F; as such flow on I} and activate 'z, Az in the sequent

I‘1,2 — A1,2, F(t) of H: as in H:’

We consider now the case in which cuts are not acting on main formulas (i.e. the
reductions of kind 4). Suppose we have the cut formula passive on the right (the case in
which it is passive on the left is handled similarly).

Let II; be of the form
I 1}
B,T'1 - A1,A C,I'3— Ay ]]‘fi
BVC,Fl,z — A1, 4 A, T3 — Ag
BVC,T123— A1

DY
and II;;, of the form
I, I
B:Pl_’Ale A)F3'_’A3 ]]’2
B,T'13— A3, 4 C,T2 = Ap
BVC, 123 — Ay23
A

The flow F; is defined as the natural extension of the flow F;41 in I, I, I3 respectively.
Define the flow on A of II; as in A of ;4.

All remaining cases-of right (left, respectively) subproof having a logical rule as last rule
of inference, are treated similarly. In an analogous way we also treat the permutation of

cuts upwards.
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We consider now reductions of kind 5. Suppose II; has the following form
141 1 I
Iy — A, A ATy - Ay B, '3 — Aj
F1—->A1,AVB AVB,F2,3—+A2,3
I1,23 — A123

3

and II;;, is defined as follows
o 14
Iy = A, A AT3— A3
[123 — A123

A

where II] has been obtained by applying Lemma 12 to II5.

53

By Lemma 20 if II§ has a good flow then II has it and its base is Hr;,,(4,T2 — Az).

Define F; as such flow on II{ and activate I's, Az in the sequent AV B,T';3 — Ag3 of I}

as in II7. Define J; to be the natural extension of F;41 on I}, with both occurrences of

B not active in the auxiliary formulas A Vv B. The flow must also be naturally extended

to the sequent I' — A and to A. Notice that Hi;1(I' - A) = Hi(I' — A) (therefore

H;11(S) = H;(S)) and that the flow so defined is good since Fiy; is good. Since by

hypothesis F;4; is essential, F; turns out to be essential as well by the construction.

The cases where —A and (3z)A(z) are main formulas in the upper sequents, are treated

similarly (the proof II;; relative to these cases is defined following the usual cut-elimination

procedure described in [Tak75]). Notice that Lemma 19 has to be used together with the

hypothesis that II is regular (and therefore II; by construction), for the (3z)A(z) case.

The last transformation we must discuss concerns the cuts on a contracted formula (i.e.

reductions of kind 6). Let II; be of the form
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105
H'l A) A: Iy — Ay
M — A, A AT, — A,
I2 — A2

A

and II;4; be of the form

I 16}
1 I'1—> A1, A A ATy — Ay
Iy — 41,4 AT12 — Ar2
11,2 — A2

:Contractions
I'2 — A2

D)
This case has a non-trivial definition of good flow F; based on a good flow F;4;. We

will show that

Claim  If there is a good flow F} associated to I in W1y then there is a good flow
F3 associated to Iy in II;, where the images of the contraction formulas A are the same
(whenever both not empty) and they are ezactly defined as the union of the images of A

induced by the flow Fiy1 on the occurrences of 1.

Notice that if the claim is shown then one can define the flow in ¥; to be the natural
extension of the union of the flows (in Fi41) on the occurrences IIj, and of the flow F3 for
5.

To show the claim we need to present some general properties of cut-formulas in the

cut-elimination procedure. Let II; ... IIx be the sequence of proofs obtained by applying the
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cut-elimination procedure; by induction on j = 1,...,k we define the notion of unjustified
s-formula in II;, knowing which formulas are unjustified in I;4;. Our notation will refer
back to the figures we used to describe the steps of reduction. If a reduction of kind 1 is
applied to II; we call the s-formula A in I} unjustified; if a reduction of kind 5 is applied
we call the s-formula B in the right cut-formula A V B in II; unjustified; if a reduction of
kind 6 is applied we have that the two occurrences of the proofs II} in I;;; are identified
in II; and in this case whenever a s-formula B is unjustified in one occurrence but not
unjustified in the other, let the corresponding occurrence of II} in II; be not unjustified; if a
s-formula B is unjustified in I;}1, then its corresponding s-formula B in II; is unjustified.
This concludes .the definition of unjustified formula.

Notice that by construction, given two subproofs I; : I’y — A, A and II; : A, T2 — A,
to which a cut is applied, if B occurs as unjustified s-formula in A of Iz (resp. II;) then
the corresponding B in the cut-formula A of I; (resp. I2) cannot be unjustified.

We want to show that two contraction formulas A, A? in a reduction step 6 are always
compatible, i.e. for all corresponding pairs of s-formulas B occurring in the contraction
formulas, either both occurrences are unjustified or both are not unjustified.

We proceed by induction on the reduction steps of the cut-elimination procedure. As-
sume that on step ¢ transforming II; into ;41 the claim is false. Formally, call A, A% the
two occurrences of A in II; and I}, the two occurrences of I} in M;y; which auxiliary
formulas A cut respectively A! and A2%; assume that there is a s-formula B2 in A2 that is

unjustified while the corresponding B! in A! is not.
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I3 I
H% Iy — A Al AL A2 T, — A,
[y — Ay, A? A,PI,Z - A1,2
11,2 = A1,2
:Contractions
Ii2— Ay
A

We consider three cases.

First, suppose that in 11 we have two logical paths fi, f; from a variant B* (occurring
in the cut-formula of %) logically linked to B2; one is a bridge to the end-sequent of I
and the other is not.

Notice that we have to have a path that is not a bridge because B? is an unjustified
formula. This means that II? contains a contraction application on a pair of variants C’s
(where C is a subformula of A containing B*, and possibly C is B* itself) such that the
path f; pass through one of them while f; pass through the other. Since C is a cut-formula,
the only way the contraction application could have been introduced in II? is by means of
an application of step 6 in the cut-elimination procedure generating Il;, say step j (where
J < %) transforming II; into II;4;. By induction it turns out that both contraction formulas
C in II; are compatible and moreover, their cut-formulas C should be not unjustified (hence
the s-formula B* occurring in it). This is because at least one of the contraction-formulas
has a bridge to the end-sequent. Therefore (by construction) the s-formula A? in II, has to
have B not unjustified. Contradiction.

Second, suppose that in II? we have only one logical path f; from the variant B* logically

linked to B? and that f; is not a bridge. This means that B* has been introduced in 2 by
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an V-right application or by a reduction of kind 1 (i.e. B* is a weak occurrence in II?). But
then, both occurrences of B in A!, A? respectively should be unjustified. Contradiction.

Third, suppose that in IZ we have two logical paths f;, f; from the variant B* logically
linked tc; B? and both of them are not bridges. This means that in II? there exists a
contraction of some pair of formulas C as discussed in the first case. Since both paths
are not bridges we have that B has been introduced in I? by an V-right application or a
reduction of kind 1 in the cut-elimination procedure. Arguing as in the previous case, we
deduce a contradiction.

This concludes the proof of our claim.

Now it is enough to observe that given a proof I and a good flow F for it, whenever
a not unjustified s-formula B is not active in an active occurrence A in II, one can always
define an extension of F to ' where B is active. Notice that if B is not unjustified, then it
has been introduced by an V:right application or it is a weak occurrence (this is because the
flow is good by hypothesis; notice that this assumption is crucial at this step of the proof).

This concludes the proof. a

Corollary 22 LetIl : S be a proof with n applications of F-successor, F-plus and F-times.
Let ' be the resull of a cut-elimination procedure applied to F-formulas. If F(t) is some
occurrence tn II' and I' : S has a complete F-flow associated to it then F(t) also has an

occurrence in Il and val(t) < 2.
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Proof. For each step of the cut-elimination procedure described in Lemma 21 (transforming
a proof II; into a proof II;41, where ¢ = 1...k for some k) it can be shown that if there
exists a complete F-flow associated to some F'(t) in II;41 then there exists a complete F-flow
associated to some occurrence of F(t) in II;. This is because each flow in ;41 is “preserved”
in II;.

Since by hypothesis there exists a complete F-flow associated to some F(t) in II/, then
there exists a complete F-flow in II associated to some F(t) (note that II is II; and II' is
H). By Lemma 17 applied to II, it follows that val(t) < 2". Notice that Lemma 17 cannot
be applied directly to I’ because II’ is the cut-free proof associated to II and the number
of F-successor, F-plus and F-times applications in it is generally greater than n (since the

complexity of II’ is much bigger than the complexity of II). (]

Definition 23 Let 11 : 4;,...,An — By,..., B, be a proof in Tr. A sequent IV — A’ is a
good base for II if IV, A’ are subcollections of Ai,...,An and By,..., By, (respectively), and

there exists a good flow F in II such that

1. .H}'(Al,...,An -—>B1,...,Bn) is I"—)A', and

2. for all formulas A; in Ay,...,4n, — By,..., By, either Hr(A;) is G(A;) or Hx(4;) is

empty. Similarly for B;.

Intuitively, for all atomic (that are not F-formulas) occurrences C in a formula A of S,

if H(A) is not empty then C must belong to the base (i.e. H(C) is not empty).
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Lemma 24 Let I1 : S be a proof in T and val(6) > 2" where n is the number of applica-

tions of F'-successor, F'-plus and F-times in II. At least one of the following holds

a. there ex?sts a good base for S;
b. there exists an s-formula F(t) in S
1. with a complete F-flow, or
2. with a bridge to a variant in S, or
3. with a path to an auziliary occurrence F(0) in some application of a critical rulé
i IL.
In particular, if S is F-free then S has a good base.

Proof. This proof is a consequence of Lemma 21 for which it follows that for all proofs
(possibly containing cuts on F-formulas of arbitrary degree), condition a holds whenever b
does not.

If I satisfies one of the conditions in b, we are done. Suppose it does not then we must
show that condition a holds, and for this it is enough to prove the proposition on proofs
I not containing cuts on F-formulas (and possibly containing cuts on F-free formulas). In
fact, if I is a proof with arbitrary cuts then by Lemnma 21 we know that there exists an
effective procedure transforming II into a proof I’ (with no cuts on F-formulas) such that,
if II’ satisfies a then II satisfies a as well. Moreover, it is easy to see that if I does not
satisfy b.i (for i = 1,2, 3) then I’ does not (to show it, it is enough to check that if b.7 holds
for I;4; then it holds for II; as well, where II; and II;;; are two successive steps on the

cut-elimination procedure described in Lemma 21).



CHAPTER 3. NO SPEED-UP FOR NON-STANDARD THEORIES 60

Let us suppose that there are no cuts on F-formulas in II. We proceed by induction on
the height of II.

hR(II) = 1 : 0 must be an axiom of one of the following forms

e AT — A/A: if A does not contain only F-atomics as atomic subformulas, then

condition a is satisfied with G(A4) — G(A) as good base; otherwise 5.2 holds;
e it is an equality aziom or a PA-aziom: in this case condition @ holds.
e ' —» A, F(0): condition b.1 holds.

h(II) = k 4 1: we proceed by inspecting the form of the last rule of inference R.

e —: left: let S be the upper sequent of R. If 5; satisfies a then S satisfies a; in fact,
if the good base of S is defined with respect to the good flow Fi, then the base of S

defined as the natural extension of F; must be good.

If S} satisfies b.7 then S satisfies b.i (for ¢ = 1,2, 3); in fact, all positive occurrences of
an s-formula in S, have an incoming edge from a positive occurrence of an s-formula in
51, and all negative occurrences of formulas in S5 have an outgoing edge to a negative

occurrence of an s-formula in S3. Moreover, no new bridges are created or old bridges

deleted.

The — : right, 3 : left and 3 : right cases are treated similarly;

o V : left: let 51,52 be the (left and right, respectively) upper sequents of R. If one of

them satisfies b.i (for i = 1,2,3) then S satisfies b.2. Suppose that b.: is not satisfied

[P PP R
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by 51 and by 53 then by induction hypothesis a holds for both. This means that there

exist good bases H(S1), H(Sz2) and in particular, there exist good flows Fy, Fs.

If the auxiliary occurrence of A (resp. B) is not active then let H(S) be H(S1) (resp.
H(S,)) and F be the natural extension of F; (resp. F3). If both auxiliary occurrences
A and B are active then let 7 be the natural extension of F; and F3; since F1, Fa
are good then F is good. The base H(S) is a good base because H(Si) and H(S3)

are good bases and F is good.

V : right : let 51 be the upper sequent of R. If Sy satisfies b.: (for 1 = 1,2, 3) then S
satisfies b.7; if it satisfies a then the formula A may or may not be active in Fy. If it
is not active then let F be the natural extension of Fy; H(S) is a good base because

F is good and H(S1) is a good base.

If A is active, then let F be the natural extension of F; and let all F-free s-formulas
of B be active in F; H(S) is a good base because F is good, H(S;) is a good base

and all atomic F-free subformulas of A are active in F (i.e. H(A) = G(A4)).

Cut: let II be of the form

1§ 1)
' - A3,A ATy — Ay

P12 — A2

By hypothesis, the formula A is F-free therefore I'13 — A;y satisfies b.z (for ¢ =
1,2,3) whenever at least one of I'y — Ay, A or A,T'; — A; satisfies b.z. Otherwise
'y — Ay, A and A, Ty — A; satisfy a. In particular, if the image of one of the cut

formulas A is empty, say the one relative to II;, then let F be the natural extension



CHAPTER 3. NO SPEED-UP FOR NON-STANDARD THEORIES 62

of F;. If both images are not empty they should be the same (i.e. G(A)). Define F

as the natural extension on Fy, F2 with suitable edges between the cut-formulas.

o F-plus: let II be of the form

o; I,
'y — Al,F(tl) Iz — Ag, F(12)

T2 — A2, Ft + t2)

If there exists a good base in II; or II; we are done; in fact the natural extension
would define a good base for II. If not then by induction hypothesis, some of the
F(t)sinT' —» A F(t1) or ' — A, F(t2) may satisfy b.¢ (for some ¢ = 1,2,3) and
therefore I' — A, F(t1 +t2) satisfies b.i. Notice that if .1 is satisfied by the auxiliary
occurrences F'(t1), F(t2) in II;, Mz then F(#; 4 t2) has a F-complete flow as well, and

it is associated to F(ty + t2).

The F-times and F-successor cases are handled similarly;

e F-equality: let I be of the form

I, 1D}
I‘l - Al,t =S I‘2 — Az,F(S)

T2 — Ay, F(2)

If there exists a good base in I'y — Aj or I'; — Aj of the endsequent of II; or Iy we
are done. If not then by induction hypothesis, the condition 5.z (for some i = 1,2, 3)

must hold in II; and therefore in II.

The F-inequality and F-contraction cases are handled similarly.

e [F-elimination: let I be of the form

11 51
I'— A, F(8)
r-A
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If there exists a good base for II; then II has a good base as well. If not then T' —
A, F(8) must satisfy a condition b.ifor some i = 1,2, 3. If some F(t) in I' — A satisfies
b.i then we are done. If the auxiliary occurrence satisfies b.z then it can be observed
that 0.2 is the only condition can hold. In fact, condition 5.3 cannot be satisfied by
F(8) because both occurrences of the formula #(6) have to be ending formulas of an
F-flow; therefore they cannot be linked. Condition b.1 cannot be satisfied because by

hypothesis val(f) > 2" and an F-complete flow requires val(#) < 2" by Lemma 17.

Notice that, if 5.2 is satisfied then the variant in the endsequent I' — A of II will

satisfy b.3.

3.6 From Tp-proofs to T-proofs

Using Lemma 24, we are now ready to show Theorem 8.
Proof. (Theorem 6) By Lemma 24 there exists a good base for I : S and by Proposition
11 there exists II' : H(S) where N(II') < N(II). Notice that if a formula A occurs in H(S)
then H(A) = A because H(S) is a good base and S is F-free.

If H(S) # S, by Lemma 12 we can introduce weak formulas and obtain II” : S from IV,

where N(II") < N(H). o
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Call Ty the theory TF without F-times. Similarly to Theorem 2 we can derive the

following, using the observation to Lemma 17 instead of Lemma 17 itself.

Theorem 25 Let II be a proof in Tg of the closed formula B. The formula B does not
contain F'. Suppose that the number of F'-successor and F'-plus applications in Il is n and

that val(8) > n. Then there is a proof I : B in T such that N(I') < N(II).

3.7 Non-standard elements and feasible numbers

Since we shall be té.lking about structure of proofs in PAr (resp. PA), we shall remark
on the formalization of the calculus we use. We shall assume that this formalization is
constituted by the axioms of PAf (resp. PA) together with tautologies, axioms for equality,

quantifier axioms
e JdzA(z)V —~A(t), where t is free for z in 4;
e (3z(—~AV B)V3IzA)V-zB;
e AV -3dzA, where x does not occur free in A

and modus ponens as only rule of inference.
We remind the reader that a proof in PAF is a tree where each formula except the

end-formula, is used in the proof only once as premise of a modus ponens application.

Proposition 26 IfIl : A is a proof in PAp with n occurrences of the azioms (ii)-(iv) in
it then there exists a proof ' : — A in Tr with n applications of F-successor, F-plus,

F-times.
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Proof. The proof I’ : — A can be easily built from IT : A

1. by substituting all axioms of PAr with Tr-proofs of a sequent of suitable form (for
instance (Jz(—~A V B) V 3zA) V ~3zB may be transformed in the sequent 3zB —

Jz(—AV B),3zA), and
2. by transforming all modus ponens applications in cut applications.

Notice that each occurrence of an axiom of the form (%i)-(iv) can be translated in T
with a proof of it using exactly one occurrence of the rules F-successor, F-plus, F-times

respectively. 0o

We are now ready to show our main theorem.

Proof. (Theorem 5) Consider the proof I : B in PAF and apply to it Proposition 26 to
obtain II* : — B in TF. Then, apply Theorem 6 to II* and build II** : — B in T, where
N(I**) < N(II*). The proofs II* and II** are essentially the same proof except for the
F-formulas that have been “deleted” in II** (in particular, all subproofs of II* associated
to special axioms occurring in II have been deleted). An easy transformation will produce
I’ in PA with N(I') < N(I) (note that I’ is obtained from II essentially by “deleting”
all F-formulas).

A more precise argument would be tedious. S 0O

Remark. The analogue of Theorem 5 for the theory T7 (i.e. the theory defined as T

without axiom (7v)) or for theories with many feasibilities can be proved.
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As a corollary of Theorem 5 we can show

Corollary 27 Let Ty be the theory PA plus the special azioms (i)-(vi) and (vii) 3z—F(z).
Let B be a closed formula in the language of PA. IfI1 : B is a Ty-proof then there exists a

PA-proof ' : B such that N(I') < 2. N(I).

Proof. Call Ty the theory Tp without (vii); let B be any F-free formula such that
dz—F(x) I-Z‘°_ B. Then V0.(-F(6) I—g"’; B) and taking a large enough value val(8) (with

respect to k), by Theorem 5 we have I—E ,‘? B. O

In [Kre69)] and [Par69] it is shown by model-theoretic arguments that results proved using
non-standard analysis can also be proved by standard methods. Namely, Kreisel ([Kre69])
shows that there is a recursive formal system in which the existing practice of non-standard
analysis can be codified and it is a conservative extension of the current system of analysis.
Parikh ([Par69]) shows that the Robinson’s enlargement of any first order theory T' (i.e. T
is expanded to include some non-standard apparatus) is always a conservative extension of
the standard version. Notice that Tp is an enlargement (in Robinson’s sense) of PA and
our corollary not only implies that Tp is a conservative extension of PA but that there is
not even speed-up by Tp over PA.

The fact that Tp is a consistent extension of PA is easily proved using non-standard
models of PA and interpreting F(z) as “z is a non-standard number” (see [Par71]). Nev-
ertheless our proof is syntactic and points out a correspondence between length of proofs

(intended as number of steps) and non-standard numbers.
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3.8 A generalization

In [Dra85)], the concrete consistency of a theory of feasible numbers is shown in a gen-
eralized version. Namely, Dragalin suggests to extend Parikh’s result by extending the
language 0, s, +, ¥, <,=, F' with a finite number of primitive recursive function symbols @,

say fi,..., fp and the theory PAF with the axioms
(viily F(zi)...F(zx) = F(fi(z1,...,2x)), foralli=1...p.

for all i = 1...p. Call PA% such theory (where s stands for “strong”.) Assume that the
smallest class of the Grzegorczyk Hierarchy where such functions belong is &, (for n > 2).

Theorem 5 can then be stated in the following stronger version

Theorem 28 Suppose that the functions fi,..., fp occurring in PA%-azioms of type (viii)
belong to the Grzegorczyk class &, for n > 2, then there exists a function g in £,41 such
that the following holds. Let Il be a proof in PA% of the closed formula B. The formula
B does not contain F. Suppose that the number of azioms of the form (i3), (ii7), (iv), (viii)
occurring in I is n and that val(0) > g(n). Then there is a proof ' : B in PA such that

N(I') < N(I).

We will not describe the proof. It essentially follows the steps the one we gave.



Chapter 4

Interpolants and Flow Graphs

4.1 Introduction

We give a proof of the well known Craig’s Interpolation Theorem based on logical flow

graphs

Theorem 29 (Craig’s Interpolation Theorem for LK) Let A and B be two formulas such
that the sequent A — B is LK -provable. If A and B have at least one predicate letter in
common, then there exists a formula C (called the interpolant of A — B), such that C
contains only those individual constants, predicate constants and free variables that occur
in both A and B, and such that A — C and C — B are LK -provable. If A and B contain

no predicate constant in common, then either A — or — B is LK-provable.

The interpolant will be built by steps on the complexity of the subproofs using some

easy considerations on the logical flows of the formulas in the proof. The method points

68
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out the logical relations between the s-formulas occurring in the interpolant and the ones
occurring in A and B. Based on considerations concerning such relations, in subsection 4.1.2
we study a case of “easy” to prove sequents, where the interpolant is linearly bounded; in
subsection 4.1.3 we prove that in case A and B are not “logically related” (in the sense of
the logical flow graph) then one can find either a proof of A — or a proof of — B bounded
by the complexity of the proof of A — B; in section 4.2 we present the intuitionistic
sequent calculus LJ and give the proof of the Interpolation Theorem for it. To simplify the

exposition we will work only with the connectives A, V,—,3,V.

4.1.1 The Interpolation Theorem

The theorem will be derived as a consequence of Gentzen’s cut-elimination theorem. In fact,
given a proof Il : A — B (possibly with cuts) we apply first the cut-elimination theorem
to it and obtain a cut-free proof I, : A — B. We will then build the interpolant C, for
A — B associated to II, together with the proofs 14 : A — C\ and 12 : C, — B, by stages
on the subproofs of II,. The idea consists of “extracting” from the proof II., two proofs
associated to A and B respectively. As a consequence, each part of the original proof II,
that “contributes” to the construction of the formula A (B respectively) will appear in the

proof IIA (T2 respectively).

Proposition 30 Let Il, : S be a cut-free proof in LK. For all positive (negative) oc-
currences of a s-formula D in Il., there is ezactly one positive (negative) occurrence of a

s-formula D' in S with a logical path from (to) D.
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Proof. By induction on the height of the proof II.. The result follows because all logical
and structural rules have the property that the incoming and outgoing logical paths to the
premises are naturally extended to the conclusion. For instance consider A:right be the last

rule of inference in II, and the proof II, be of the form
151 15}
P1 — A]_,A P2 - AQ,B
Iy2 — A2, AAB

Suppose D is a positive (negative) occurrépce in II,. If D is in II1, then by induction
hypothesis, there is exactly one positive (negative) occurrence of a s-formula Dj in I} —
A;, A with logical path from D. The natural extension of such path activates exactly one
formula D' in Ty 3 — Ay 3, A A B, variant of Df. If D is in T'y 2 — Aj1,2, A A B, the claim is

obviously satisfied for D’ being D. o

In the sequel we will refer to the unique path described in the above statement as the
direct logical path from (to) the positive (negative) s-formula D to the endsequent.

The property is the formulation in terms of logical paths of the well known subformula
property (i.e. each s-formula in II, is a subformula of some formula in S. See [Tak75].)

Notice that if there is a positive (negative) s-formula D in II, linked to a negative
(positive) s-formula D' in S, then there must be an axiom in II, through which a logical
path passes, inducing the change of sign for the variants D and D’. In particular, we may
have more than one negative (positive) s-formula D’ in S linked to the positive (negative) s-
formula D. This is because we have the contraction rule on our calculus that can be applied

to two variants of D occurring positively (negatively) in Il and linked to D by logical paths.
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If this is the case, notice that two different paths are actually passing through D. Since
it may happen that both of them are linked to some negative (positive) variants in the
end-sequent, the assertion follows. As a consequence of this observation we have that all
weak occurrences in a cut-free proof II, are linked to only one variant in the end-sequent,

and such a variant must be of the same sign.

Proof. (Theorem 29) Extend the first order language L with the atomic formulas T, L
and the system LK with the new axioms I' — A, T and L,I' — A. Call the new language
and the new system Lt and LK, respectively. We will build a formula C, and proofs
o4 : A — C,, I8 : C, — B, first in the language Lt and system LK *. We will then map
them into the language L and system LK. To indicate that the language of C, (i.e. the set
of symbols occurring in C) is contained in the intersection of the language of A with the
language of B extended with T, L, we will use the symbol L(C,) C* L(A)N L(B) (namely
to say that L(C.) C (L(A) N L(B))U{T,1}).

The proof is by induction on the height of II. For each subproof I of II,. with end-sequent

I'm — Ap we show that

1. there exist subcollections I'4, Aft and T'E, AE of I'yy, Ay such that

a. each formula occurrence in T4, A (TE,AB, respectively) has a direct path to
A (B, respectively), and

b. I'pis I‘ﬁ[‘ﬁ and Ay is Af}Aﬁ;
there exists a formula Cpp such that

a. L(Cn) C"" L(4) N L(B), and
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b. I‘ﬁ —_ Aﬁ, Cn and Cf, I‘g — Aﬁ are provable sequents.

Notice that if Il is I, then T'fi is A, A is 0, B is @, AE is B and A — Cp,, Ci, — B
turn out to be provable sequents.
Let us start first by considering subproofs II of II,, of height 1 of the form D,© — A, D.

There are four cases we should consider:

1. the Lh.s. (left hand side) distinguished occurrence of D has a direct logical path to
A in II,, while the r.h.s. (right hand side) distinguished occurrence of D has a direct
logical path to B; let Cpy to be D, the proof 14 be D,04 — A4,D and I be
D,0F — AB, D, where ©4, A4 and ©P, A8 are formulas of ©, A with a direct logical
path to A and to B respectively (this notation will be kept for the following). Notice
that each formula in ©, A has a logical path either to A or to B because there are no

cuts in the proof.

2. the Lh.s. distinguished occurrence of D has a direct logical path to B, while the r.h.s.

distinguished occurrence of D has a direct logical path to A4; let Cy be =D, the proof

4 be
D,eA A4 D
04 5 A4, D,-D
and IIB be
D,6B - AB D

-D,D,0PF — AP

3. both the Lh.s. and r.h.s. occurrences of D have a direct logical path to A; let Cyy be

1 and define 14 to be D,04 — A4 D, L and IIB to be 1,08 — AB.



CHAPTER 4. INTERPOLANTS AND FLOW GRAPHS 73

4. both the Lh.s. and r.h.s. occurrences of D have a direct logical path to B; let Cpp be

T, define 14 to be ©®4 — A4, T and IIZ to be T,D,08 — AB, D.
For subproofs II of height k¥ > 1 we will examine the last rule of inference R.

Suppose R is a V:left rule of the form
o, i,
D,0y— A1 E,0;— Ay
DV E,©12 — A2

By induction hypothesis there are two pairs of proofs II{l, T4 and II?, I¥ and two formulas
Cu,, Cn, such that L(Cr, ), L(Cr,) Ct L(A)N L(B). We will use this information to build

o4 : I‘ﬁ — Aﬁ, Cr and 1% : Cp, I‘ﬁ — Aﬁ , and the interpolant Cpy. There are two cases.

1. the main formula D V E has a direct logical path to A. Let Cpy be Cn, V Ci, and

define 14 to be

ng ms
D’GIA_*AIA’CFH E’®2A_*A§10H2
D,0f 5 A4,Cy, VCn, E,04 — A4,Cn, V Ch,
DVE, @{1,2 — AlA,z,CHI vV Cn,,Cn, VCh,
DVE, @‘14,2 — Af4,Cm, V Cn,

and IIB to be
up 153
CHUG{B - A{g Cl'lz)eg - AZB
Cm, VCn,, 9119,2 - Aﬁ2

where O is @{1,2, Af is A‘ﬁz, of is 9{5:2, Af is Afz. Clearly, L(Cm, V Cn,) Cct

L(A) N L(B).
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2. the main formula D V E has a direct logical path to B. Let Cn be Cn, A Cry, and

define T4 to be
o g
0f - A{,Cn, 04 - Af Cn,
eﬁz - Ai4,2) cl'h A Cl'lz

and O to be
n? g
D,Cn, ©F — AP E,Cn,, 08 — AP
D,Cn, ACn,, 0F » Af  E,Cm, AC,, 0F — AP
DV E,Cm; ACny, Cmy A Cmy, 08, — AP,
DV E,Cn, /\an,eﬁz — A119,2

H R is a A:right rule the way to build the formula Cy and the proofs associated to it is

symmetric to the case we just discussed. Let now R be a V:right rule of the form

Iy
©—AD

© - ADVE

By induction hypothesis there aré two proofs iIf : I'{ — A{,Cpy, and 1P : Cyy, , TP — AP
and a formula Cp, such that L(Ci,) Ct L(A) N L(B). We will use this information to
build 14, IT® and the interpolant Cpy (we will refer to this notation also for R being 3:left).

There are two cases.

1. the main formula DV E has a direct logical path to A. Let Cpj be Cpj, and define 14

to be
o
©4 — A4, D, Ch,
04 - A4, DV E,Cn,

and [IZ as TB.
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2. the main formula DV E has a direct logical path to B. Define Cyj to be Cry,, II4 to

be II{ and N8 as
ny
Cm,, 02 - AB|D
Cn,,02 - AB,DVE

If R is a ~uright or —:left applied to I, then Cyy is defined as Cy, and the proofs 14, II?
are built with the same ideas already used in the above cases.

Suppose R is a 3:left of the form
16}
D(b),0 — A
(3z)D(z),© — A

then we have to consider two cases.

1. the main formula (32)D(z) has a direct logical path to A. Let C be (3z)Ci(z) (where

z quantifies on the occurrences of the variable b in Cj (b), if any) and define II* to be
16y
D(b),04 — A4, Gy
D(b),04 = A4, (32)Cy
(3z)D(z), 04 — A4, (32)Cy

and OB as
ny
C.,0B 5 AB
(32)Cy,08 — AB

2. the main formula (3z)D(z) has a direct logical path to B. Let C be (Vz)Cy and define

4 to be
ng
9.4 - AA,C'1
04 — A4, (V2)Cy
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and IIB to be
oy
D(b),C1,08 — AP
D(b), (Vz)C1,08 — AB
(3z)D(z), (Vz)Cy, ©B _, AB

If R is either a J:right or a contraction rule applied to II;, then C is defined as C;. The
proofs 14, I8 are built similarly to the cases discussed above.

Call Cy, ITA, 112 respectively, the formula Cry, and the proofs of A — Cfy,,Cp, — B. To
conclude the proof, we should map Ci, H*A,H*B into C, T4, N2 expressed in the language
L. If there is a predicate common to A and B, the formula C, can be transformed into
a formula C of L as follows. Let R be a k-ary predicate letter common to A and B and
let R’ be the formula Vy; ...VyrR(y1 ... yx), where y1,...,yr are new bound variables. By
replacing T by =R’V R’ and L by its negation (i.e. =(—R'V R')), we can transform C,
into the desired interpolant C. The proofs 14 : A — C, and IIZ : C, — B can be easily
transformed into two proofs 4 : A — C and IZ : C — B, where © - A, Tand 1,0 — A
have been replaced by LK-proofs of © — A,~R'V R’ and =(—R'V R'),® — A respectively.

If there is no predicate common to A and B, then notice that Ci is constituted by T,
41 and logical symbols only. By induction on the complexity of C,, it can easily be shown
(see Lemma 35 below) that either — Cy or C. — is provable. Hence either A — or — B is
provable.

This concludes the proof. m]
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Corollary 31 LetIl : A — B,C,ITA, 1 be defined as in Theorem 29. Then, if a s-formula
D in A has a path to a variant D' of B in I then D occurs positively (negatively) in A
iff D' occurs positively (negatively) in B iff there exists a variant of D and D' that occurs

positively (negatively) in C' and has a path to D and D' in T4, 11, respectively.

Proof. This is a direct consequence of the way in which the interpolant has been built in

the proof of Theorem 29. ]

Notice that the original statement of the theorem can be strengthened considering any

arbitrary sequent I' — A. In fact this is our induction hypothesis.

Remark. Qur proof is not essentially different from the ones proposed by Girard ([Gir87])
and Maehara (see [Tak75]). We believe though that the explicit use of flows in our construc-
tion gives a better understanding of the relations between the interpolant and the formulas
in the sequent A — B. In particular, the sets of formulas used in both the mentioned
constructions turn out to be naturally justified by the use of flows. We will not point out
any detail here. The interested reader can easily find such justifications by comparing the

constructions.

4.1.2 On the complexity of the interpolants

Let the size of a formula A (denoted |A]) be inductively defined as follows: |A|is 1if A
is atomic; |AA B| = |AV B| = |A| + |B| + 1; |-A| = |(Vz)A| = |(3z)A| = |A| + 1. There

is a correspondence between the size of an interpolant for a tautology A — B and the
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complexity of a proof of it. For the first order predicate calculus with equality, it has been
proved by Meyer ([Mey80]) that there is no general recursive bound on the length of the
smallest interpolant. It is an open question whether or not the size of the interpolant in
the propositional case can be bound by a polynomial function on the size of A and B1.
The best known upper bound is exponential (see [Mun93]). We believe that properties of
logical paths, correspondingly can point out in which sense certain tautologies are “easier”
to prove than others and, why do they have simple interpolant (for a discussion concerning
related topics see [Urq92]).

In this direction, we will show that if A (respectively B) has a “relatively simple con-
struction” in II, then the size of the interpolant for A — B is linearly bounded by the size
of A. Note that the result is shown for the full predicate calculus and not only for the
propositional case.

Our claim is precisely stated as follows

Theorem 32 Let Il : A — B be a proof in LK (possibly with culs); suppose there are no
bridges from A back to A in II (from B back to B, respectively). Then there is an interpolant

C for A — B such that |C| < (2k + 5) - |A]| (1C] < (2k + 5) - | B|, respectuely), where k is

1Let T be an alphabet and regard boolean expressions as words over &. Let * be the set of words over
¥ and TAUT C Z* be the set of tautologies. In [Mun84] it is shown that one of the following sentences is
true:

1. TAUT is accepted in deterministic polynomial time (viz. NP = P);

2. TAUT is not accepted in non-deterministic polynomial time (viz. NP is not closed under comple-
mentation); -

3. interpolation is polynomially intractable, i.e. for every function ¢ : &* x &* — X*, if ¢ is computable

in deterministic polynomial time then for some tautology B — C, ¢(B, C) fails to be an interpolant
for B — C.
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the arity of some predicate symbol in A, B. Moreover, N(II*) < 4-|A| and N(IB) < N(II)

where T4 : A — C and 1B : C — B.

To show this we need some more definitions and considerations on logical flow graphs.
As for the proof of theorem 29, we will extend the first order language L in which II,
is formalized with the atomic formulas T, L and the system LXK with the new axioms
© — A, T and L,© — A. We call the new language and the new system L* and LK™,

respectively.

Definition 33 Let B be a formula in L. A wvariation B* of B is a formula in L1 obtained

by substituting in B none, one or more of its s-formulas with T or L as follows

1. if C is an s-formula that occurs positively in B then C is replaced by T;

2. if C is an s-formula that occurs negatively in B then C is replaced by L.

Clearly, there are more than one variation associated to a given formula B.

Given a variation B*, we denote *B the formula obtained from B* replacing all occur-
rences of T, L with L, T respectively. For instance, if T A B is the variation (A A B)* then
L A B will be also denoted *(A4 A B).

Notice that a variation (—B)* of ~B can also be written as —*B and the formula *(—B)

as -B*, for some variation B*.

Lemma 34 Let A be a formula in L. For all variations A* of A we have that the sequents

A— A* and*A — A are LK -provable with a proof Il such that N(II) < 4-|A|.
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Proof. By induction on the size of A

|A] =1: If A* is A then the claim is obviously satisfied since A — A is an axiom of LK;

if A*is T then *4 is L and the claim holds because A* — T and L —* A are axioms;

|Al > 1: We will discuss in detail only the case in which A is of the form —B. The other
cases can be handled similarly.

If A is of the form —B and (—B)* is an arbitrary variation of it, we want to show that
—B — (=B)* and *(~B) — —B are LK*-provable sequents.

By induction we know that B — B* and *B — B are LK T -provable sequents, for all
variations B* of B.

Then, for all pair of variations B* it is easy to derive the sequent =B — —*B from
*B — B, and the sequent ~B* — =B from B — B*. Hence, the sequents =B -+ (-B)*
and *(=B) — =B are LK t-provable for all variations (-B)*.

The bound on the number of lines of a proof of A — A* or *A — A is easy to obtain

observing that to introduce a binary connective, we need 4 rule applications. O

Lemma 35 Let A be a formula in L and A* the variation of it made up of T, L and logical

symbols only. Then the sequents — A* and *A — are LKt -provable.

Proof. By an easy induction on the complexity of A. a

Observe that in a sequent Aj ... Ar — By ... B all formulas A; (for i = 1...k) appear



CHAPTER 4. INTERPOLANTS AND FLOW GRAPHS 81

negatively in the sequent. This justifies the statement of the following lemma (with respect

to definition 33).

Lemma 36 LetII : S be a LKt -proof and let A be an s-formula in L (i.e. A is neither T
or 1) appearing negatively (resp. positively) in S. Then either there is a bridge between A

and a variant of it in S or the sequent S’ obtained by replacing A with T (resp. L) is valid.

Proof. Let A be an s-formula occurring negatively in S and suppose there is no bridge to
S starting from A. The case in which A occurs positively is handled similarly.

Transform I : S into O’ : $' by replacing A and all its variants (linked to A by the
logical flow graph) by T. The logical flow graph of Il is essentially the same as the logical
flow graph of I; the only difference concernes the sequence of edges associated to A (in II),
that in II is associated to T (because of the renaming).

We have to show that II' is a proof. We discuss only few crucial cases; the others are
treated similarly.

First, where II has an axiom C — C, II' might contain C’ — C”, where C/,C" are
obtained from C by replacing some variant of A by T. Since the logical flow in II links all
the corresponding pairs of s-formulas in the two occurrences of C, we have that C” must
be C' (then we have C' — C' that is an axiom).

Second, where II has a contraction, II’ might contain

L —>A,C,C"
T—AC"

where C’,C”,C" are obtained from the formula C replacing some variant of A by T. By

definition of logical flow graph, each s-formula positively (negatively) occurring in C™ has
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incoming (outgoing) edges from (to) the corresponding s-formulas occurring in C’ and C”.
This implies that C’, C",C" are actually the same formula and the inference in II' is a valid
inference.

Third, where II has a V:right application, I’ might contain

I'-A,B
r-ABv(C

where C’ is obtained from the formula C replacing some variant of A by T. Clearly the

inference is correct. ]

Remark. The argument we use to prove Lemma 36 is very similar to the one used by Sam
Buss to show Proposition 6 in [Bus91] (in fact, Proposition 6 could be stated with respect
to LK+ and our statement derived as a corollary from it; note that Proposition 6 is stated

for LK plus the equality axioms).

Proof. (Theorem 32) Apply Lemma 36 repeatedly to all s-formulas in A that do not have
a bridge to some variant in A — B in II. In this way one obtains the proof I’ : A* — B.
Notice that by hypothesis A does not have bridges to itself, so all s-formulas in A* are either
linked to some variant in B or their form is T, L. This means that all predicates occurring
in A* are common to A and B. By Lemma 34 we also know that A — A* is provable; and
by definition of variation, the size of A* is the same as the size of A. Now we need just to
transform A* into a formula C of the original language L. Let R be a k-ary predicate letter
common to A and B and let R' be the formula Vy; ...VyrR(y1 ... yx), where y1,. ..,y are

new bound variables. By replacing T by =R’V R’ and .L by its negation (i.e. =(-=R'V R')),
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we can transform C, into the formula C,, i.e. the desired interpolant. Since |A*| = |4|
then by the transformation we have that |C| < (2k + 5) - |A|,"where £ is the arity of some
predicate in L.

This concludes the proof. O

4.1.3 Splitting a proof

The definition of good flow given in chapter 3 will be used in this section. We work here in
the system LK that is contained in Tr. Following the steps in the proof of Lemma 21 one

can show

Theorem 37 There is an effective procedure that transforms every LK -proof Il : S into a
derivation I’ : § with no cuts. Moreover if II' has a good flow with base H'(S) then 1 has

a good flow with base H(S) = H'(S).
This result is crucial to obtain the bounds on the complexity of the proofs in the following

Theorem 38 IfII: A — B (possibly with cuts) is a proof in LK and there are no bridges
from (t0) A to (from) B then there exists either a proof W' : A — or I : — B such that

N(I') < N(ID).

Notice that whenever the languages of A and B are disjoint, the claim says that we
can alwé,ys find either a proof of A — or a proof of — B with complexity bounded by the
complexity of the original proof. This result cannot be obtained from the construction used

to prove the Craig Interpolation Theorem because the proof II may contain cuts.
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To show the theorem we need the following proposition

Proposition 39 Let Il : A — B be a cut-free proof in LK; assume there are no bridges
from A to B in I then there ezists either a good flow F2 or a good flow FB defined by all

full paths originated in A or in B, respectively.

Proof. Since there are no bridges from A to B, nor from B to A, we will show that each
subproof of II has associated to it either a flow for A or a flow for B. In particular, a flow
F4 is built if A — is provable by stages on the subproofs of I (respectively, F2 is built if
— B is provable).

Let II, be a subproof of I of height 1 of the form D,© — A,D. By hypothesis there
are no bridges between A and B therefore both distinguished occurrences D should have
a direct path either to A or to B. Suppose they have direct paths to A; then define FA
to contain all edges between s-formulas in the distinguished occurrences D and all active
formulas in ©, A with a direct path to A.

Let the subproof II, be of the form

I 1P
D,@1—>A1 E,@z—*Az
DVE,@l,z —>A1,2

where the formula D V E has a direct path to A. If both H; and I, have flows F{, F{
associated to them then we define the flow associated to the subproof II, as their natural
extension and call it F2. If both II; and II; have flows FE,FB associated to them, then
define the natural extension of F£ over II, and activate in the endsequent all s-formulas

active in @z, Ay. If II; has a flow P and I, has a flow 7§, define the flow associated to
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the subproof as the natural extension of FP and activate in the endsequent all s-formulas
active in Oy, Ay. A similar definition is given in case II] has a flow for A and II; has a flow
for B.
The flow associated to all other binary rules is defined in a similar way. In case of a
unary rule, the flow will be defined as the natural extension of the flow of the subproof.
Notice that the flow associated to a proof is defined univocally (moreover, it always

exists) and this implies that either A or B are provable, by Proposition 11. O

Proof. (Theorem 38) Let II : A — B be a proof in LK. Apply the cut elimination
procedure to it to find a cut-free proof II'. Apply Lemma 39 to I’ and define a good flow
associated to it, say F4. By Theorem 37 we can show that II has a good flow as well (notice
that the base for such flow coincides with the base induced by F4). Apply Proposition 11

and find a proof of A — with the desired bound on the complexity of the proof. ]

4.2 The Intuitionistic Sequent Calculus LJ

We can formalize the intuitionistic calculus as a subsystem of LK, which we call LJ,
following Gentzen. The system LJ is obtained from LK by imposing the restriction that in
a sequent I' — A, the cedent A consists of at most one formula. The inferences in LJ are
those in LK where the succedent of each upper and lower sequent consists of at most one

formula; thus there are no inferences in LJ corresponding to a right contraction. There is



CHAPTER 4. INTERPOLANTS AND FLOW GRAPHS 86

an exception: the intuitionistic V:left rule is formulated as

I'h,A—C TI;,B->C_C
P1,I‘2,AVB-—*C

We will show the Craig Interpolation Theorem for LJ following essentially the same
ideas introduced for the proof given for LK.
Narmely, for each subproof II of I, with end-sequent I't — Ay (where Aqy is an empty

collection or just a formula) we show that
1. there exist subcollections I'#, Aft and I'E, AE of 'y, Ap such that

a. each formula occurrence in I'f}, A (T'F, AB, respectively) has a direct path to

A (B, respectively), and

b. I'ym is TATE and Ap is ARAE;
there exists a formula Cfy such that

a. L(Cn) ct L(A)N L(B), and
b. either I — Cr and Cni, I'E — Af, or Cip, P4 — A# and T8 — Cy are provable

sequents.

For LJ the treatment turns out to be a bit more delicate than for LK because of the
restrictions on the form of the sequents. Our construction will not only be dependent on
the direct paths linking the main formula in II to A — B but also on the direct path linking
the r.h.s. formula in the end-sequent of I to A — B.

Note that whenever the formula on the r.h.s. of the endsequent of a subproof I of II,, is

linked to B, the interpolant C will appear in the r.h.s. of 14 and Lh.s. of IZ; whenever the
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formula on the r.h.s. of the endsequent of a subproof of I, is linked to A, the interpolant
C will appear in the Lh.s. of 14 and r.h.s. of 1B, The —:left and —:right rules will induce a
degree of freedom on the construction of the interpolant. Namely, whenever the cedent A is
empty, then two different choices can be made: either the interpolant C can be in the r.h.s.
cedent of TI# or in the Lh.s. cedent of 4. This decision gives rise to two different ways
to interpolate and seems to correspond to the notion of negative and positive interpolation

introduced by Schutte.

4.2.1 Intuitionistic Interpolation Theorem

We will assume that, whenever there is no r.h.s. formula in an end-sequent of a given
subproof II of II,, the formula Cyy will appear in the r.h.s. cedent in II4 and in the Lhs.
cedent in 1B,

The formula Cpy and proofs 14, I8 relative to subproofs of height 1 are built as follows.

There are four cases we should consider:

1. the Lhs. distinguished occurrence of D has a logical flow to A, while the r.hs.
distinguished occurrence of D has a logical flow to B; let Cpy to be D, the proof T4
be D, @ﬁ — D and IIB be D, @ﬁ — D, where ©4 and ©B are formulas of O with a
path to A and to B respectively (this notation will be kept for the following). Notice
that each formula in © has a logical path either to A or to B because there are no

cuts in the proof.

2. the Lhs. distinguished occurrence of D has a logical path to B, while the r.h.s.
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distinguished occurrence of D has a logical flow to A; let Cr; be D and the proof I4

be D,04 — D and 1B be D,0F — D

3. both the Lh.s. and r.h.s. occurrences of D have a logical path to A; let Cyy be T and

define 14 to be T,D,04 — D and IIZ be ©8 — T.

4. both the Lh.s. and r.h.s. occurrences of D have a logical path to B; let Cy be T and

define M to be ©4 — T and 0P be T, D, 67 — D.

For subproofs of height £ > 1 we will examine the last rule of inference R.

Suppose R is a V:left rule of the form
Iy Il
D, @1 - F E, 62 — F
DVE,©p—F

Then there are two cases. By induction there are two pairs of proofs IIf, 14 and 0¥, 2
and two formulas Chy,, Cr, such that L(C, ), L(m,) Ct L(4) N L(B). We will use this

information to build I4, I8 and the formula Cht such that

1. the main formula D V £ has a logical path to A and the formula F' on the r.h.s. of

the upper sequent of R has a path to A.

Let Cri be Cri, A Cri, and define 14 to be

ng g
1 2
CHUD)GIA'—)F CH21E162A_>F
Cu, ACn,, 0,04 - F Cn, ACn,, E,04 - F
Cn, AC,, Co, /\C’nz,DVE,@f,z - F
Ch, /\an,DVE,e‘ﬁ?, - F

——————————r— et " m s w—————n
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and IIZ to be
P nf
elB - Crh 621’9 - CI1,
eﬁz g CI'[I A CH2

where Off is ©fl; and Afj is F, OF is ©F, and AZ is 0.

2. the main formula D V F has a logical path to B and the formula F on the r.h.s. of

the upper sequent of R has a path to A.

Let Ci1 be Cry, V Cii, and define II4 to be

o¢ 15s
Cm,0f - F Cpn,, 08 = F
Ch, VC'r[,,@lA.z — F

and OB to be
144 164
DO - ¢y, E,08 — Cp,
D,0% - Cy, vCn, E,0F - Cn,VvCn,

DVE,08, - Cn, vCn,

The cases where F' has a path to B and DV FE either a path to A or to B are symmetric
to the ones we just discussed.
If R is a A:right the formula will be Cp, A Cly, and the proofs II4 and IIP associated to

it will be built similarly to the previous case. Let now R be a V:right rule of the form

15}
©—-D
©@—-DVE

Then there are two cases. By induction there are two proofs IIf and II¥ and an interpolant

Cn,.
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1. the main formula D V E has a logical path to A.

Let Cnp be Cp; and define 4 to be
iy
Cr[l,@A — D
Cn,,04 > DVE

and 2 as IP.

2. the main formula DV E has a logical path to B. This case is symmetric to the previous

one.

If R is a —:right of the form .
1
D) @1 —

©,—-D
There are two cases we should consider.

1. the main formula =D has a path to A. Then let Cy be =Cfy, , the proof I14 be of the

form
¢
D,6f - Cn,
-Ch,, D, 0 —

-Cn,, @f — D

and IIP be
Iy
Cn,,0F —
GIB — —'Crh

2. the main formula =D has a path to B. Then let Cy be Cfy,, the proof o4 be

II{ : ©f — Cpn, and the proof IIZ be of the form
oy

D, Ciy, 07 —

Cm,, QIB — =D
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The —:left case is symmetric to the —:right.

Suppose R is a J:left of the form

15}
D(b),©1 — E
(3z)D(z),01 —~ E

We have to consider two cases. By induction there are two proofs II{! and II¥ and an

interpolant Cfy, .

1. The main formula (3z)D(z) has a logical path to A and E as well.

Let C be (Vz)C and define IT“ to be
icy
D(}),Cn,,0* > E
D(b), (Vz)Cr1, 04 — E
@)D(), (v2)Cr, % — B

and TP as
oy
eB - Cp,
o8 - (Vm)Cnl

2. the main formula (3z)D(z) has a logical path to B and E has a logical path to A.

Let Cpi be (3z)Chy, and define 14 to be

i fy
Cn,, 04 — E
(3=)Cn,,04 - E

and TIZ to be
HB
1
D(b),©08 — Cn,
D(b),08 — (3z)Cn,
(3=)D(z), ©F — (Iz)Cp,
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’I‘he two cases where the E formula has a path to B are treated similarly.

If R is a J:right or a contraction rule applied to I, then the interpolant Cpj is defined
to be Cf1,. The proofs 4,18 are built with the same ideas already used in the 3:left case.

To conclude the proof, we should transform the formula C, expressed in the language L+
into a formula in L. This is done essentially as in the proof of Theorem 29 by substituting
T with =(R’' A=R'). This concludes the proof.
Remark. Note that the results proved in subsections 4.1.2 and 4.1.3 hold for the system

LJ as well.

4.3 The consistency of the sequent calculus

The consistency for LK can be derived directly from the corollary and the cut-elimination
theorem. Nevertheless notice that the following property of logical paths holds for LK-

proofs
Proposition 40 Let Il be a LK-proof. Then there exists a bridge in I1.

Proof. Let II be a proof in LK and II' be the result of the cut-elimination procedure
applied to it. By induction on the height of I’ we easily see that there is a bridge for II'.
Going backwards in the cut-elimination procedure one can show that such bridge exists in

II as well (see Theorem 37). This proves the claim. 0

Using the property, it is immediate to see that the empty sequent — cannot be derived

in LK (if it was derivable, it should have a bridge but this is impossible since the sequent
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is empty), hence LK is consistent.
This proof is of interest because based on a property of flows that holds for arbitrary
proofs, while the subformula property (on which the classical proofs are based) holds ex-

clusively for cut-free proofs.
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