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Abstract
The derivative of intersection local time in the plane
by

Gregory Markowsky

Advisor: Professor Jay Rosen

We begin by introducing Brownian motion, intersection local time, and
symmetric stable processes. We then state some basic results concerning
intersection local time and its derivative. The remainder of the thesis is
devoted to the proofs of the main theorems, which pertain to the asymptotics
of a family of integrals related to the intersection local times of Brownian
motion and symmetric stable processes in R%. These integrals depend on a
parameter ¢, and we show that, upon dividing by a suitable function of ¢,
these integrals converge in law to a one dimensional Brownian motion as ¢

converges to 0.
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1 Introduction

Brownian motion is a random process which is fundamental to probability
theory. It is named for British botanist Robert Brown, who in 1827 observed
particles within liquid undergoing a seemingly random, jerky motion. At the
time, the hypothesis that matter was made of atoms was not as universally
accepted as now, and debate continued on this subject throughout the 1800’s
and early 1900’s. In 1905, Albert Einstein published a paper concerning this
motion, in which he argued that such motion was in fact predicted by theory.
Heat in a substance is the jiggling and movement of the molecules composing
the substance, and a particle in a liquid will be constantly struck from all
directions by the molecules of the liquid. The effect on the particle of each
collision between the particle and a liquid molecule is very small. However,
the sum of many such collisions can account for Brownian motion. This
explanation is now generally accepted.

The mathematical theory of Brownian motion was first rigorized by the
American mathematician Norbert Wiener in 1921 (it is for this reason that
Brownian motion is sometimes referred to as the Wiener process). Wiener
showed that there is a probability measure, now known as Wiener measure,

on the space of continuous paths which give a satisfactory realization of



Brownian motion. This theory has grown extensively since that time, and
has developed applications in fields far removed from physics, perhaps most
notably in mathematical finance.

Brownian motion in one dimension is defined to be a random process
B, = By(w) with the following properties:

1) If t > s then By — Bs ~ N(0,t — s), where N(0,t — s) is a normally
distributed random variable with mean 0 and variance ¢t — s.

2) B, has independent increments. That is, if t; < ... < t,, then By,, (B, —
Byi,), ..., (B, — By, _,) is a set of independent random variables.

3) On a set of probability 1, the function ¢ — B; is continuous for all .

Brownian motion in n dimensions is simply the process obtained by as-
signing an independent Brownian motion to each coordinate. It is not trivial
to show that Brownian motion exists, but by now there are many construc-
tions of the process. Perhaps the most intuitive way is to obtain Brownian
motion as the limiting process of random walks properly scaled. In fact, some
theorems about Brownian motion can be proved by proving the correspond-
ing statement for a random walk and then passing to the limit. The reverse
technique also can be used.

Countless properties of the Brownian paths have been developed over the

years. One that is relevant to this thesis is the fact that, for any y, the set



{t : B; = y} has Lebesque measure 0 a.s. This is a simple consequence of

Fubini’s theorem, as

(1.1) E[/ 1y dl] = / ElLyp_yy)dt = / 0dt = 0
0 0 0
This opens the possibility of defining a process L{, called the local time at 0,

as

t
(1.2) L} = limO fe(Bs — a)ds
e—0 Jo

provided that the limit exists, where f.(x) = 1f(%), and f is a measurable

function with [ f = 1. We can also write

(1.3) Lo — /(:6(33 ~ a)ds

where § denotes the Dirac delta function. (1.3) is a formal equation which
is equivalent to (1.2). In fact, for Brownian motion in one dimension the
limit in (1.2) does exist for all ¢ on a set of probability 1, and defines a very
useful process. The most commonly used application of L, is the following

Occupation time formula, valid for any positive Borel function f:

(1.4) / " F(X)ds = [ f(a)Lida



In two dimensions it is not difficult to show that for any nonzero z € R?
we have P(B; = z for any t) = 0, and this eliminates the possibility of
the same type of local time in R?. However, instead of placing a measure
on the set {t : B; = y} in R? we can do an analogous thing with the set
{(t,s) : By — Bs =0}

The intersection local time (abbreviated henceforth as ILT') is defined in

any dimension d as

(1.5) hmﬁfﬁwfﬂwws

e—0

provided that such an integral exists. Again, we can formally write

(1.6) ff&&—mmm
0 Jo

with the understanding that (1.5) and (1.6) are equivalent. Just as the local
time puts a random measure on the set {s: B; = 0} in R, the intersection
local time puts a measure on the set {u < s : B, = B,} in R3. We remark
here in passing that the reason for stipulating that u < s is that we will later
examine (1.5) with ¢ replaced with ¢’. As ¢’ is an odd function this integral
would be zero if taken over the entire region {s,u < t}.

In one dimension the ILT exists, though is perhaps not especially inter-



esting, as it can be expressed in terms of the local time via the occupation

times formula (1.4). The formal calculation, using (1.6), is:

¢t
(1.7) / / 3(B, — By)duds
0 Jo
¢
_ / / 5(Bs — y)LYdyds
0o JR
_ _NTYTE
—//R2 d(z —y)L{ Ly dxdy
= / (LY)*dy
R
In two dimensions things get more interesting. It turns out that the
integral (1.5) is not defined, as it blows up near the set {s = u}. However,

it was shown by Varadhan in [6] that, if we let f. be a family of functions

converging weakly to 0 and let

(18) 0o(0) = [ [ 1B, ~ Buyduds

then we have

Theorem 1 a.(T) — E[a.(T)] converges pathwise as € — 0 to a finite

random variable, known as the renormalized self-intersection local time.

Brownian paths do not self intersect in dimensions greater than 3, so

the only other dimension in which Brownian ILT could exist would be 3.



In [7] Yor dealt with this question. Before stating his result, let us give
some more terminology. C(R™) denotes the space of continuous paths with
the topology generated by the uniform norm. By convergence in law (also
known as convergence in distribution) we mean weak convergence on C'(R™).
Yor proved the following theorem (with a.(7") defined by the same equation

(1.8) but in 3 dimensions instead of 2):

Theorem 2

1
(1.9) {kMU@@gn—mem)Tzq

converges in law as € — 0 to the process {ﬁBT,T > 0}, where Br is a

one dimensional Brownian motion.

A similar result was obtained by Rosen in [4] involving symmetric stable
processes. The symmetric stable process of index 1 < 3 < 2 is the process

with independent increments and transition function

1 ipzftpﬁ 2
(1.10) filz) = )2 /e d“p

f depends on 3, but we hide the  in the notation just to keep the expression

simple. Rosen considered the process

(1.11) %nzfﬂﬂm—&mﬁ



where now X is a symmetric stable process. He proved the following:

Theorem 3 [f4/3 < 3 < 2, then a.(T) — Ela.(T)] converges pathwise as

e — 0 to a finite random variable. If f = 4/3, then

(1.12) {bgl(l/e)(aE(T) — Bla.(T))),T = 0}

converges in law as € — 0 to {k(B)Br,T > 0} where k(B) is a constant

which depends on . Finally, if 1 < 3 < 4/3, then

(1.13) {20732 (T) = Ela.(T)]),T > 0}

converges in law as € — 0 to {k(8)Br, T > 0} where k(B) is a constant

depending on (3.

If 5 = 2 then X is Brownian motion, and this gives a different proof of
Varahdan’s renormalization. The method employed by Rosen in this paper
also gives an alternate proof of Theorem 2.

In this thesis we will consider a similar question to the one which Rosen
solved. In [5] Rosen introduced the notion of the derivative of the intersection

local time of Brownian motion in R!. It is defined formally as

t s
(1.14) @;:/0 /0 §'(B, — By)duds



Rosen was able to show that this integral converges, and proved an occupa-
tion time formula, as well as some other facts about «}. A natural question
is whether this will work in R?, or whether, perhaps, we could do something
along the lines of Varadhan’s renormalization. The main result in this paper,
however, is that for the derivative of intersection local time in R? we in fact
obtain a theorem very much like Theorem 2.

Specifically, we begin, as in [4], by letting f. be the function on R? defined

by

1

(1.15) Joo) = o

/ oipr—ep’ &p

where X, is a two dimensional Brownian motion. Two abbreviations of nota-
tion occur in the above, namely p* denotes |p|? and ipx denotes i(p-x). These
notations will be used throughout where convenient. The expression for f.
is in fact equal to the Gaussian density function with mean 0 and variance ¢,
as it is the inverse Fourier Transform of e~7°. It will be easier to work with
in this form. For ease of notation, let f! denote the partial derivative of f

with respect to xq, where x = (x1, z3). So

(1.16) fi(x) = (2;)2 / prePT @



where p = (p1,p2). For any set A C R3 we let

(1.17) // FL(Xs — X,)dsdt

and we set o(T) = oL(D(T)), where Dy denotes the triangle {(s;,¢;)|0 <

s; <t; < T}. We will show that o (T) does not approach a random variable

as ¢ — 0. In fact, we will prove

Theorem 4 {(log(l/g)) Yo/ (T), T > O} converges in law to {W‘/%WT,T >

0} as € — 0, where Wr 1s a one-dimensional Brownian motion.

Remark: f! is an odd function, so F[al(T")] = 0, which is why we need
not subtract the expectation to obtain convergence.
We also will prove an analogous theorem about symmetric stable pro-

cesses. We let X; be a symmetric stable process of index § with 1 < 3 < 2,

and let f. be defined as in (1.10). Then

(118) t,(x> _ (27?‘-‘-)2/pleipx—tp5d2p

Again we will consider

(1.19) // FL(Xs — X,)dsdt

We will let o(T') = o (Dr), and we will prove the following:
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Theorem 5 {35732/ (T), T > 0} converges in law to {c(3)Wr,T > 0} as
e — 0 where Wr is a one-dimensional Brownian motion and c((3) is given

by

e~ @+ o dnd +//1 1 e~ @+ o dnd

(1.20)

Included in the proof is the definition of the second integral in the defi-
nition of ¢(/3). This integral does not converge absolutely for 3 > 3/2, so we

must clarify what is meant by it. The details will be covered in section 6.
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2 Outline of the proof

The outline of the proof of Theorem 4 follows closely the proofs of Theorems
1, 2, and 3 given in [4], though the details, given in sections 3 and 4 below, are
quite different. The reader may refer to that paper to see a slightly different
presentation of the ideas of this section. We will show first that the moments

of aL(T)(log(1/€))~" converge to the moments of a Brownian motion times

V5 We have
T/ 128v/2
in e 2 T (XX T
Blal(T)) = oo [ [ e R g B =) T dsydty®p,
(2m)2 Jm2)n oy j=1 j=1 j=1
(2.1)

This is obtained by combining n copies of the integral in (1.17), using the
definition (1.16) of f.. Now, if n is odd, then the integrand is an odd function
of p, and the expectation is therefore 0. Since all odd moments of Brownian

motion are 0, we need only show that the even moments converge to the right

values. The 2n-th moment of Brownian motion at time 7' is (22[2!! T, so we

will show that

22) Bl = ZH 5 (10g(1/2))"T" + oflog(1/2))™

2l /19842




12

This expectation is given by (2.1) with n replaced by 2n. The expectation
on the right side of (2.1) will depend on the ordering of the s;’s and ¢;’s in
D2Z'. By independence, the expectation will factor into the product of several
expectations, each corresponding to a component of the set U;[s;,t;]. Each
of these resulting expectations are then integrated separately. Following [4],
we will say that a component consisting of m intervals [s;, ;] is of order m.
As in [4], it turns out that the dominant contribution comes from regions
consisting of n components of order 2. Suppose, for the time being, that we
are integrating over only such regions. We will hold fixed the initial points
of the components r; < ... < r,. In this case we will show(Section 3) that
each of the n components contribute

(2:3) ( (log(1/2)))* + o(log(1/¢))*

5
72128v/2

The contribution of each configuration with n components of order 2 to (2.1)

is therefore

(2.4) ((7T21258\/§(10g(1 J2))? + oflog(1/2))" | i,
T /52
= lo €
ot el1/2)

= (o Qo1 /) + ollog1/e))*

" + o(log(1/¢))*"
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where we have used the identity

/ dry...dr, =T"/n!
0<r <..<rp<T

There are (2n)! different ways to order the set {si,...,$2,}, and each con-

tributes (2.4), so the total is

(2n)! /5

(25) it Uo7 (10B(L/2)" T+ oflog(1/2))

which is, in fact, what we were aiming for. We must therefore show that
the contribution from all regions which have other than n components of
order 2 is o(log(1/€))?*". We will do this in Section 4 by showing that each
component of order m with m > 3 contributes o(log(1/¢))™. Note that any
component of order 1, or indeed of any odd order, will in fact contribute 0,
since the integrand is an odd function. It will follow from all of this that the
moments of (log(1/e))'al(T) converge to the right values. We will prove

that the processes (log(1/e))'al(T) are tight in Section 5, so that there

£

is a limiting process which has all of the same moments as V5, In

m/ 1282

addition, this process has independent increments, as will also be shown in

Section 5. These facts, taken together, will prove Theorem 4.
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3 Components of order 2

Here we will deal with the aforementioned components of order 2. We'll

begin by proving
Proposition 1

(3.1) Elog(T)?] = T'log(1/e)*(

10
128+/272 +oll))

To begin the proof, we write

1

3.2) Elol(T)) = ~ .

/ / efs(p2+q2)E[eip(th — Xy )+ig(Xey ,st)]
D3

P1q1 d25d2tdpdq

where Dr denotes the triangle {(s;,%,)|0 < s; < t; < T'}. For simplicity
we’ll assume for the time being that 7" = 1. To handle the expectation in
the integrand, we must consider different orderings of the s’s and t’s. By
symmetry, we may assume s; < Sp. We'll suppress the ﬁ in front of the

integral for the time being.
Case 1: 51 < 59 <19 <ty

We rewrite the exponent in the expectation as ip(X;, — Xy, )+i(p+q) (Xp, —
Xs,) + ip(Xs, — X, ), and then factor the expectation using independence.

As a result, the expectation becomes
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(3.3) o P (a+o)—(p+q)®b

where a = t; — t3, b = t5 — s9, and ¢ = s3 — s1. Upon making this linear

transformation, the integral in question becomes

T
(3.4)/0 [///+b+ ., dadbdc//e_p2(“+C+5)e_(p+q)2be_q2€p1q1dpdq dt,

Case 2: 51 < 59 <t <19

We rewrite the exponent in the expectation as iq( Xy, — Xy, )+i(p+q) (X, —
Xs,) +ip(Xs, — Xg, ), and proceed as in Case 1. The integral in question here

is then

T 2 2 2
(3.5)/0 [///er+ ., dadbdc//e_p (c+e)g=(p+a)be—a"(ate), o dpdyg| di,

where now a =ty —t1, b =1, — s, and ¢ = s9 — S1.
Case 3: 51 <t; < S9 < 19

Here the expectation factors, and since the integrand of (3.2) is then an

odd function of p, the contribution to (3.2) of this case is 0.

Remark: Before we begin, let us clear up a technical point that will be

necessary later. To do the computations, we will in fact integrate da, db, and
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dc first. However, if we were to begin with dp and dq, so that the integrals

in cases 1 and 2 were of the form

(3.6) (2;1)4 / / / / h(a, b, ¢, t)dadbdedt

then h would be everywhere negative. Intuitively, this is because when p; and
¢ are the same sign, |p + ¢| is larger than when they are opposite signs. In
order to rigorously prove this, just note that the map ¢((p1,p2), ((¢1,¢2)) =
((p1,p2), (—q1, g2)) is a linear isometry which maps U = {p1¢q; > 0} bijectively
onto V = {p1qx < 0}, and the function |p + ¢| is greater at (p,q) € U than

at ¢(p,q) € V. It will be pointed out later where we have used this fact.

We'll attack case 1 first. In order to compute the required integral, we’ll

first examine the following:

(3.7) ///0< ) <1dadbdc//e_pQ(a+C+5)e_(p+Q)2be_q26p1q1dpdq

Upon integrating da,db, and dc, we obtain

1—ep 2(1 —e 0y

(3.8) / / ol ) o<+, gy dpdg
_eP /8 1 — e~ @ta)?/e)

B / / ( (p+q)? )e ®*+0)p, g1 dpdg

Upon converting to polar coordinates, with p = re?, ¢ = se’®, we arrive at
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(3.9) /// ") 282608(¢)6—(r2+52)

(1—e \re’9+se"f>| /e)
/0 e + 5ci ]2 cos(0)dOdpdrds

We’ll isolate the df integral. We may replace 6 with 6 4+ ¢. Note that

(1 _ e—\rei(9+¢)+sei¢|2/8>

1/e i i
0

|reif+e) + gei¢|?

so the df integral is

1/e p2m i ih12
(3.11) / / oI O+ a0 4 8 dfd
0 0

- /01/E /027r e "5 cos(0)cos(9) — sin(0)sin(¢)]d0d

We expand this and pull the cos(¢) and sin(¢) terms outside of the df
integral. Integrating the sin(¢) term with the cos(¢) term already present
outside the df integral gives 0. Integrating the cos(¢) together with the other
cos(¢) term already present gives /2. We have therefore eliminated ¢ from

(3.9). The contribution of (3.10) to (3.9) is therefore equal to

1/e 2m
(3.12) g/ e_(T2+82)x/ e~ 2rszeos®) o5 (0)dfdx
0 0
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By [2] (p. 958, 8.431.5 with v = 1, replace § with 6 + 7), what remains of
the df integral is equal to -27 [ (2rsx), where I; denotes the modified Bessel

function of the first kind. Thus, (3.9) is equal to

0o oo plfe (1 — e 7/e)2 -
(3.13) —7T2/ / / ( 62 ) §2e "D [ (9 sx)drdrds
o Jo Jo

r

co roo pl/e pl/e
= —7T2/ / / / e V(1 — e )P T [ (9 sa) dydadrds
o Jo Jo Jo

Expand this into two integrals, and rewrite the first one as

oo rl/e rl/e 9 9] 9
(3.14) —7T2/ / / e * ($+1)32/ e~ WD [ (2rsx)drdrdyds
o Jo Jo 0

By [2] (p. 711,6.618.4) the dr integral is equal to

(3.15) VT (252)2 (2s7)?

T T el

2V +y+1 )

82‘22
This is 7=, since 11 5(2) = —2—=(e* — e™*) by [2] (p.967 8.467). Thus,
(3.13) is
2.2
—q2 oo plfe plle (ez‘%ﬂ —1)
316 [ e T ) g
(3.16) V2 Jo Jo Jo ‘ N x rayas

—m2 1 1 oo =
= \/7% / /6/ /81/ 8(6_82(”1_?;“) —6_82(m+1))d3dydx
o Jo xJo
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Since

(3.17) /0 T s ds = (1/2)b7!

we see that (3.14) is

1'2

(3.18) 2_\7/% /OM /OM i((m Pl ) () dady

—7m2 M M P
_2\/5/0 /o (z+1D)(zy+2v+y+1)

dxdy

where we have substituted M = 1/e to simplify what follows. This last
integral is explicitly computable, but it is easier to calculate the derivative
and then apply L’Hospital’s rule. To do so, we’ll make use off the following

lemma:

Lemma 1 If h(z,y, M) is bounded, continuous in x and y on {z,y > 0},

differentiable in M with bounded derivative, then

d M M M
dM Jo Jo 0
M M M ]
+/ Bz, M, M)dx+/ / (g, M)dedy
0 o Jo dM

In the case of (3.18) the integrand does not depend on M, so the last term

is 0. We include the last term because it will be used later. By the lemma,
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the derivative with respect to M of (3.18) is

—m? dy

M M
2\/§[M+1/o (M+1)y+2M+1
+/o (z+1)((M+2)z+ M+1) J
_—7T2[ M /M dy N
T oV2lM 1) (M 4+1)y+2M +1
/M 1 M+1
0

x+1) ((M+2)x+M+1)dx]

(3.20)

Performing the integration gives

(3.21) —7 {( M . ((M+1)M+2M+1

221 (M +1 2M +1 )+log(M+1)
(M +1) (M +2)M + M +1
(M +2) os ( M1 )]

The expression inside the brackets is asymptotic to 21"%. This is an imme-

diate consequence of the following easily verified facts:

M 1 1
1) Mtz M T O(32)

2) log (%) =log M + O(1)

3) log(M + 1) = log(M) + O(ﬁ)

4) log (M#) =log M + O(+;)

M+1 1 1 1
5) EM+2§ =l-mwm=1-ut O(3)-
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Thus, (3.20) is equal to 1°§4M(_T’T; +0(1)), and it follows from 1'Hospital’s

rule that (3.18) is equal to (log M)Q(;—:/’; + 0(1)). Recall that we split (3.13)
into two integrals. We must now deal with the second, namely
oo rlje rl/e 5 oo 5
(3.22)—7?2/ / / e’ (x+1)82/ e~ WS I (9 sz drdedyds
o Jo Jo 0

We can follow steps (3.14)-(3.18) exactly, with the only difference being that

we have y + M in place of y. We get

132

(:>).23)2_\7/T§ /OM/oMglc((””+ s s e r I CR R R L

dxdy

:2_\/5/0 /0 (@+ D@y +2r+y+1+ Mz +1)

where, again, M = 1/¢. We take the derivative as before, using Lemma 1,

and this time the integrand depends on M:

—7T2{ M /M dy
202lM+1Jo (M+1Dy+2M+1+ M(M+1)
M x
d
+/0 (x+1)((2M 4+ 2)z +2M + 1) v

(3.24)

_/0 /0 (zy + 22 +y+ 1+ M(x + 1)) wdy|

The first term
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dy

M M
(3.25) /
M+1Jo (M+1)y+2M+1+ MM+ 1)

is bounded above by

M dy 1

(3.26) o MO

We may ignore it, as it is o(log M/M). The second term

/0 (z+ 1)((2M + 2)z + 2M + 1)dm
M1 oM + 1 i
_/0 (z+1)  (2M +2)x +2M + 1)

(3.27)

is the same as the second integral in (3.20), with 2M replacing M. We can
follow steps (3.20) and (3.21), and use fact (3) above along with

6) log (M%) =log M + O(3;)

(M+1) _ 1 _ 1 1
) an? = 1= @y =1 — o +OGR)

to see that this term is asymptotic to (1/2)log(M)/M. The third term

3.28 Y i dxd
(3.28) /0 /0 (wy+2x+y+1+M(w+1))2zy

is bounded above by

(3.29) /OM /OM MQC(ZSJCJC?W — O(1/M)
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and may also be ignored. Thus, (3.22) is (log(l/s))Q(g—\j; +0(1)). We have

found the asymptotics for (3.22) and (3.14). They are

oo rlje rl/e 5 00 5
(3.30)—#2/ / / e* (HI)SQ/ e " WHeD I (9 sx)drdxdyds
o Jo Jo 0
2

= <1og<1/s>>2<2‘j§ +o(1))

and

1/e 1/6 5
(3.31)— / / / (a+1) 2/ e~ WY T (9 sx)drdrdyds

2

- <1og<1/e>>2<8§E +o(1))

Combining these as in (3.13), we see that (3.7) is 10g(1/<€)2(_83—\}%2 +0(1))

Now let us consider

(3.32) /// dadbdc//e p*(atete) o= (0+0) b qeplqldpdq
0<a,b,c<t

By a simple scaling we now show that this is equal to (10g(t/€))2(;37f; +0(1)).

The scaling is as follows:

(3.33) ///o< - dadbdc//e_p2(“+C+€)e_(p+q)2be_q25p1q1dpdq
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_ / / /0 ., dadbde / / (P it ) o oo

¢/ /O<abc<1 dadbde | [ e Hoes0 =0 00 (i) (vigy ) dpdg

Now replace (p,q) with (p/v/t,q/v/t). The t? in front of the integral is can-

celed, and we are left with

(3_34)///0< o dadbdc//e*p2(a“*E/t)e*(p”)zbe*qQ(E/t)plqldpdq
T )

= <log<t/e>>2<8f§ +o(1))

We must now examine the same integral, but over the region {a+b+c < ¢}
rather than {0 < a,b,c < t;}. However, the remark following Case 3 shows

that if U C V, then

(3.35)

Lol =1
a,b,ceU a,b,ceV

(Recall that both are negative) We also note that

5.36) (1og(t/2))

We can then write

(3.37) <

/Cl+b+c<t1

»/a,b,c<t1

[N E
a,b,c<(t1/3)
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The first and last integrals are both (log(l/e))Q(j\’}T; +0(1)), and it follows

that the middle one is as well. Thus, the integrand in the dt; integral (3.4)

is (10g<1/8))2(;?\7; + 0(1)), with the o(1) term uniformly bounded on {0 <

d <ty <T}. We will split up (3.4) as:

T
(3.38)/0 ///er+ ., dadbdcdtl// e_pz(a+c+5)e_(p+Q)2be_q2ap1q1dpdq

0 T
:/ h(tl,&f)dt1+/5 h(tl,&f)dtl
0

where h denotes the result after doing the integrals in the other variables. We

know that, for the second integral, h(t;,e)(log(1/¢))™? — ;i’}g uniformly.

Thus, the second integral is (T—(S)(log(l/g))Q(j\’}T; +0(1)). The first integral

is bounded above in absolute value by(assuming 6 < 1)

6 2 2 2
(3.391/0 ///+b+ <1dadbdcdt1//e_p (atete) o= (p+a)"bp—g 6plqldpdq’
- 2

- 6<1og<1/e>>2<83j}§ +o(1))

By letting 6 — 0, we may finally conclude that the contribution from Case

1is

—372

82

(3.40) T(log(1/¢))*( + 0(1))



26

Similar techniques will yield Case 2. We'll give only the outline here.

Recall that we are evaluating

g —p2(ete) ,—(p+a)b,— g2 (a-te)
(3.41)/0 ///er+ ., dadbdcdtl//e e e p1q1dpdg
a c<ty

As before, we begin by changing the domain to {0 < a,b,c < 1} and inte-

grating da, db, and dc. We arrive at

1—eP)(1=e7) (] —e Pra)?
(342) // ( pi ) ( i ) ( € )6—5(p2+q2)p1qldpdq

q (p+a)
e P/ (1 — e /2) (1 — e~ PHa)*/e . o
B // ¢ ! (p+4q)? ) e+ 'prqudpdy

We convert to polar coordinates again:

(3.43) /// 1_ -r /5 82/6)008(¢)6—(r2+52)
(1—e Ire”’+se“¢>| /¢
s

|rei? 4 sei?|?

cos(6)dOdpdrds

We follow the same steps for the df integral as before(steps (3.9)-(3.13)) to

arrive at

(3.44) _W/ / /1/5 e (1 — o)

e~ (P48 @+) (2rsx)dxdrds



We’ll expand this into 4 integrals and do each separately. The first is

co rl/e 5 00 5
(3.45) —7T2/ / e’ (“1)(/ e’ (“1)[1(27’3:c)dr)dxds
o Jo 0

5222
xz+1 —

The dr integral, as in step (3.15), is equal to (éﬁﬁl), and we obtain:

2.2
_ 72 oo pl/e e ol 1
(3.46) — / / ) it N
\/§ 0 Jo ST

We use the identity

a:LQl 2 zfl —1
(3.47) s/ gy )
0 s
And the integral in question becomes
_7r2 1/6 1 chfl o .2 1—¢
(3.48) 7 / = / / e=* @ s dsdtda
o xJo 0

27

Note that ¢ < 2= < z + 1, which implies (z + 1 —¢) > 0, so there’s

r+1

no problem with convergence. Tackling this integral again reduces to basic

calculus. Begin by substituting u = s?(x + 1 — t) to get

R A 1 oo
R LY B N,
2v/2Jo xJo wx+1-—to
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—m? e ] fTQl 1
:i/ f/ — dtde
2v2Jo xJo xz+1-t
—m? /e ] x+1
o

:2\/§o z r+1—22/(z+1)

)da

If M = 1/e, then, by the fundamental theorem of calculus, ﬁ of the above

18

(3.50) —n 1 (i)
. 75 v
Since
M+1
. = log(M 1
(3.51) log<M+1_M2/(M+1)> og(M) + O(1)

we see that (3.50) is 282 (=12 4 (1 , and thus our original integral (3.45
M \2v2

is (log M)Q(Z—j/r; + 0(1)). Recall that (3.44) was divided into four integrals.

The remaining three give a contribution of

(352) —7'('2 /OO /OO /1/8(_6_7'2/5 _ 6—82/6 + 6—7’2/56—52/5)
0 0 0

e~ TN 1 (9 sa)dwdrds

The integral corresponding to the first and second term will be identical, and

so if we follow steps (3.45) through (3.49) we get
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2 e
(3.53) 2\7/T§ 01/ ;log(x—i-l—kl/itlx:—/lx/‘il—l—l/s )do
+22\/_/1/£l0 x+1f1+/§_+;/f )de
1/51
2\/_/ x+1+1/g 2)dx
2 1/e
a 27:/5 0 ilog(l_(wrl )z + 14 1/¢) )dx

Each of these integrals is O(log(1/¢)). To see this, note that the absolute
values of the integrands are bounded above by g(z) = =* log(1 —2?) on {0 <
z < 1}. g(x) is bounded on this interval, so the integral over {0 < z < 1} is
bounded. For {z > 1} the integrand is bounded by =!log(3), since 1/e > z,
and it follows from this that the integral is O(log(1/¢). This proves that
(3.43) is 10g(1/5)2(£ +0(1)). The remainder of the proof that the integral
we began with in case 2, namely (3.5), is log(l/e)Q(ﬁ; +0(1)) is identical to
the steps (3.35) through (3.40).

Combining our work in cases 1 and 2, and reinserting the constant ﬁ
which was suppressed throughout, we see that

(3.54) E[o(T)?] = Tlog(1/¢)*( +0(1))

5
¢ 128+/272

We assumed at the outset that s; < s, so this must be multiplied by 2 to

obtain the correct answer. 0
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Corollary 1. The contribution to (2.1) of any component of order 2 is
log(l/@%ﬁ +o(1)). That is, if r; is the left endpoint of a component of
order 2, and rjiy is the maximal right endpoint(see (2.4)), then the integral

over this region is log(l/e)Q(m +o(1))(rj41 —1j).

Proof: Suppose that the component of order 2 is composed of [s, t;] and

[skr, tir]. Then the integral in question is

(2_1>4 // [ ]efs(p2+q2)E[eip(th_Xsk)+iQ(th/_XSk/)]plqldQSthdpdq
T Skslh Skt st €[T5,Tj4+1

(3.55)

We can write X;, — X

Sk

as (X, — X)) — (X

s — Xr,;), and likewise for

Xy, — X, Since X, — X, is itself a Brownian motion we see that (3.55)

is equal to (3.2) with D7 replaced by D O

Ti41mTy
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4 Components of order n > 3

We now turn to components of order n, where n > 3. We’ll show

Proposition 2 The contribution to (2.1) of any component of order n > 3
is o(log(1/e)™).

This entire section is devoted to the proof of this proposition. Suppose
that a component of order n is can be formed by a specific arrangement
of intervals [s,t1], ..., [Sn, ts] corresponding to the variables p,...,p,. Let
{r1,...,m2,} be a relabeling of the s;’s and ¢;’s so that 0 :=ry <73 <7y <
... < 19y. We split up the expectation in the integrand by independence and
change coordinates as we did in the order 2 case. The contribution of this

arrangement of intervals is then given by the integral

(4.1) Jes 2t o . TLe ILde;) TL dv

i 2G<T ™ j i
where ¢; = r; —r;_; and, as before, (p;); denotes the x-coordinate of p,. Each
u; is a linear combination of p;’s, and is ordered in the natural way. That is,
U; = p1, Uz = P1 + Pa, Uz = Pa OT Py OF Py + P + p3, etc. For each j, either
Uj — Uj_; = p; Oor u; —uj_; = —p; for some ¢. In the first case we'll refer
to u; as increasing (abbreviated as w; T) and in the second case we'll say u,;

is decreasing (abbreviated as u; |). To simplify some of the notation that
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follows, let ug = ug, = 0. We will suppose first that our component contains
no isolated intervals. That is, there does not exist an interval [s;, t;] such
that ty, si, & (s;,t;) for all k. In this case, we may obtain a sufficient bound
for (4.1) by replacing the integrand with the absolute value of the integrand.
We may then also replace the region > ¢; < T with 0 < ¢; < T for all j and

use the simple fact that

42 L mweg kB
_ U5 Jo. <
(4.2) fy e <

for a constant k£ to reduce our problem to bounding

e e 27 ] |py
) s e

We will eventually need the following lemmas:

Lemma 2

(4.4) /. (16:|Z|)2d2u _ O(log(1/e))

Proof: Replace u with u/y/e and the integral becomes

02

(4.5) /. (\E:Wd?u

The integral over |u| > 1 is clearly O(1), and for |u] < 1 it suffices to bound
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1 2
(4.6) S T

Converting to polar coordinates this is

|

(4.7) o /01 (\/E:T)er < 27?/0 ey =Ollog(1/2)

Lemma 3 There is a constant ¢ < oo such that, independently of €,a and

n > 1, we have

2
—eu
€

d*u <
/32 A+ 21 +]atu)r "¢

(4.8)

Proof: We can ignore the numerator. By Holder’s inequality the integral

is bounded by

1 o \2/3 1 o \1/3
(4.9) </(1+|u’)3du) (/(1—|—|u—|—a|)3”du) <c< oo

These lemmas motivate the intuition behind our approach, which we first
describe informally. The lemmas essentially say that a square in the denom-

inator gives a log, whereas a cube or higher gives a constant. We will write
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(4.3) in such a way that we can cancel the I] |p;| in the numerator with pow-
ers in the denominator. We will use the Cauchy-Schwarz inequality to cut
down on the number of different terms in the numerator, and we will change
variables by a linear transformation. After all of this we will obtain a product
of a collection of integrals of the form in Lemma 2 with at least one integral
in the form of Lemma 3. Each one of the type in Lemma 2 contributes a
log(1/¢), whereas the Lemma 3 type doesn’t. When we multiply everything
out, the power of log(1/e) will be less than n. (As a side note, Lemma 2
also indicates why we are initially not considering the case of the isolated
intervals. In that case there is some p; which is only present as a term in one
uj, so that if we were to put the absolute value inside the integral as we are
doing here, we would have only a square of p; in the denominator with a |p|

present in the numerator. This would essentially give us

(4.10) / i 4
. Di
1+ |pil

And this is only O(y/1/¢), which is not good enough.)
To make good on this approach, we will need a way to make sure that,
after we cancel the terms in the numerator, we have enough terms left in the

denominator to obtain adequate convergence. In terms of the sheer number
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of powers in the denominator there is no problem. Lemma 2 suggests we
need more than 2n powers on the bottom, but there are n powers on top
versus 4n — 2 on the bottom, for a total of 3n — 2 on the bottom. This is
enough since n > 3. The tricky part is making sure that we have a proper
assortment on the bottom. The details are rather involved, so we first will
prove several technical lemmas. To state the first lemma, we need another
bit of terminology: We will say that p; is t-free if there is no t; contained in
(si,t;). Note that if p; is t-free and [s;,¢;] is not an isolated interval, then at
least one sy, is contained in (s;, ;). We have the following lemma, which was

proved in [5].

Lemma 4 The span of the decreasing u;’s is equal to the span of the set of
all p;’s which are not t-free. Furthermore, suppose that for each t-free p; we
chose u(p;) to be any one of the increasing u;’s which contains p; as a term.
Then, if we let D = {set of decreasing wu;’s} U{set of all u(p;)’s}, D spans

the entire set {p1,...,pn}

Proof: To begin with, suppose that p; is t-free. Then p; only appears
as a term in increasing u;’s, and so is not in the span of the decreasing u;’s.
Conversely, suppose we have a configuration of intervals such that the set

of decreasing u;’s does not span the set of all p;’s which are not t-free. Let
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pi, be the non-t-free p with largest s value which is not in the span of the
decreasing u,’s. That is, if s; > s, and p; is not t-free, then p; is in the span of
decreasing u;’s. Now, let u;, be the u with largest j value which contains p;,,
i.e. such that u;, —w;,+1 = p;,. Then u;, 41 is decreasing, and we will obtain
a contradiction if we can show that u;, is in the span of decreasing u;’s. If u;,
is decreasing there is nothing to prove, so suppose u;, is increasing. Let v > 0
be chosen as small as possible so that w;,_, is decreasing. The fact that p;,
is not t-free implies that p;, appears as a term in w;,_,. Furthermore, we can
write pi, = wj,—p + (Wjy—vt1 = Wjy—o) + - + (W5, — Uj,—1) — Uj,41. Now, uj,
and u;, 41 are decreasing, and the terms (u;,—y41 — Ujy—y); ..., (Wj, — wj,—1) are
all equal to p;’s which have the properties that (i) they are not t-free, because
they appear as a term in u;, 41, and (ii) they have larger s values than p;, .
We conclude that they are in the span of the decreasing u;’s, which means
that p;, is as well. This is a contradiction, and establishes the first part of
the lemma. To prove the second part, just note that u(p;) contains p; as a
term as well as several other p,’s which cannot be t-free. These p;’s are in

the span of D then, and thus p; is as well. ]

In order to state the next lemma, we must consider (4.3) again. Let

. . s . o
Uj,, ..., uj, be the increasing u’s in order. That is, u;, — uj;,—1 = p;. We see
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that (4.3) is bounded by

et P H(|“J | + |UJ 1))

Expand the numerator completely, and break this integral into the sum of
many integrals, each of which we do individually. Each of these integrals
has a product of |u|’s in the numerator, but no u can appear more than
twice. This allows us to cancel all of the v’s in the numerator with «’s in the
denominator(Note: The word ”canceling”, in this context, means replacing

1J|:L|‘u| with 1). We arrive at the following integral:

,EZP
(412) /H2n 1 1+ ]uj])mj Hdpz

where m; = 0,1, or 2, depending on what power of u; appeared in the
numerator. The following lemma relates m; with the properties of u; in the

configuration of intervals.

Lemma 5 1. Ifu; | then mj,m;_y > 1.
2. If u; | and mj =1, then ujp1 T and mjpq > 1.

3. If uj, ujq1 | then mj = 2.

Proof: Each term in the numerator is of the form (|u;| + |u;_1|) where

u; 1. We see that we can only have m; = 0 if u; appears in two terms in
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the numerator, and this can only happen if both u; and w;;; are increasing.
This proves (1). If u; | then u; appears at most once in the numerator in
the term (|ujy1| + |u;]) where ujq must be increasing. Furthermore, ;44
can appear in at most one other term, and so if m; = 1 then m;;; > 1. This
proves (2). As for (3), if u;, uj1q1 | then u; does not appear in the numerator

at all, so m; = 2. |

We now turn our attention to (4.3). Suppose that we can form sets

A={ay,...,a,} and B = {by, ..., b5} with the following properties:

i) Each of ay, ..., a, and by, ..., by are equal to some u;.
ii) A and B each span {p1,...,p,}.
iii) If a; = u; or b; = u;, then m; > 1.

iv) If a; = by, = u;, then m; = 2.

Note that if we can find such sets we can, simply by deleting elements
if necessary, find two sets A, and B, which satisfy the above properties and
which each have n elements. So in the calculations which follow we’ll assume
that n = s = r, even though when we eventually construct A and B they
may have more than n elements. Given two such sets, we could bound (4.12)

by
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=0’
(4.13) /K(al,...,an) Az oy L

where K is of the form (1 + |u;|) for some j. Recall that we have 3n — 2
powers of u’s in the denominator, so there will always be at least one term
left over after choosing our sets A and B. This term will contain a linear
combination of p;’s, but since A spans {pi, ..., p,} we may write it as a linear
combination of a;’s. It is irrelevant what the linear combination present in
K actually is, except that it must be nonzero, of course. Now, we can apply

the Cauchy-Schwarz inequality to bound (4.13) by

erp 1/2
(4.14) /K oy (1+| jDQHdpi)

1/2
/H 1+\b|2H p’)

There is a constant ¢ > 0 so that > p? > ¢Y a? and 3 p? > c¢Yb?; this is

because the functions 3~ a? and Y b? are homogeneous of degree 2 in the p;’s

and bounded on 3" p? = 1. Thus, (4.14) is bounded by

750261 1/2
4.1 ;
( 5) /K ah“ Gn ' (14_‘% 2Hdpz>
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Now, we apply a linear change of coordinates to these integrals so that we
are integrating with respect to a; and b; instead of p;,. Relabel if necessary
so that a; is one of the a’s which appears as a term in K (ay,...,a,). We see

that the first integral in (4.15) is bounded by a constant times

2

@) [(f Klar a2 (L [a])? dar) [ 1+ o, 2™

Jj=2

By Lemma 3 the inner integral is O(1) and by Lemma 2 the others are
all O(log(1/¢)). Lemma 2 also shows that the second integral in (4.15) is
O(log"(1/¢)). We see that (4.15) is O((log(1/))"~(1/2)| and this shows that
(4.1) is o((log(1/£))™), which is what we set out to prove.

All that remains, then, is to show that we can always find sets A and B of
this form. For this, we’ll use Lemmas 4 and 5. Lemma 4 gives us a good first
initial candidate for A and B. We can let A be equal to the set of (distinct)
decreasing u;’s together with elements u(p;) for each t-free p; (Recall that
all decreasing u;’s have m; > 1). The possible problem with this is that
every increasing u;, and in particular each possibility for u(p;), appears at
least once in the numerator of (4.11), so that we need to make sure that we
really can appropriately choose the u(p;)’s. Nevertheless, as will be shown
below, this works for A. B cannot be chosen the same way, however. This

is because if u; is decreasing but u;;, is increasing, then u; appears exactly
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once in the numerator of (4.11) and we may have m; = 1, so that u; cannot
be in both A and B. B will have to be formed in a different manner.

In order to eventually create the set B, we’ll begin by creating an increas-
ing collection of sets B, by considering decreasing u;’s for increasing values
of j. Start with the smallest j such that u; is decreasing. If m; = 2, then let
By = {u;}. If m; =1, then we know from Lemma 5 that u;, is increasing.
We can then choose d > 0 such that u; = uj41 — (€j1q — Ujya41); d is simply
chosen to be the largest value such that u;, 4 contains p; = u;;1 —u; as a term.
let By = {41, Ujtd, Ujta+1 }- We will essentially repeat this for each decreas-
ing u;. Suppose that the set B,, has already been formed. Let j be as small
as possible so that u; ¢ span{B,} and u; is decreasing. If m; = 2, then let
Byi1 = B, H{u;}. If m; =1, thenlet B,y = B, U{wj1, Ujrd, Ujrar1 F\{u;},
where again d is such that w;;q11 — uj4+q = uj41 — u;. The reason for sub-
tracting the set {u;} is that it may already be in the set B,,, having having
been of the form w44y or wu;yiz41 for an earlier j°. Repeat this process
through all of the decreasing u;’s. The final set obtained, say By, will span
the set of decreasing u;’s. To see this, suppose to the contrary, and let u;,
be the u; with largest j value which is not in the span of By. Clearly then
m;, = 1, which means that an earlier B,, must have contained wu; 1, u;, +4,,

and uj,4q,+1. Any of these elements which are increasing must be present
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in By, and any decreasing ones have larger j values than u;,, which means
they are in the span of By. Thus, u;, = uj,+1 — (4j,+d, — Uj,+d,+1) is also
in the span of By, a contradiction. The set By also satisfies property (iii)

above. This will be shown using the following lemma:

Lemma 6 1. Ifu; is in By then u; is either decreasing or else neighbors on
a decreasing interval(i.e. at least one of u;—1 and u;y1 is decreasing).
2. If u;, w1 are both increasing and u; € By then u;—1 |, m;_y =1, and

Proof: If u; is increasing and in BN then u; must be of the form
Ujt1, Ujtd, OF Ujqq1 for some j where j and d are as in the construction of the
set B" above, i.e. u; is decreasing, m; = 1, and u; = uj11 — (Ujd — Ujtdas1)-
It is always true that ;441 is decreasing, so this cannot be u;. (1) is proved
by noting that u;;1,u;14 are neighbors to the decreasing intervals u;, uj4q41
respectively. If, in addition, the situation in (2) arises then w; cannot be of
the form w4 since in that case uj;q411 would be decreasing. Thus, u; is of
the form wu;1;. In order for u;4; to be included in B’ it was necessary that

uj | and m; = 1. By part 2 in Lemma 5 m; > 1. ]

If u; € By then either u; |, in which case m; > 1 by part 1 of Lemma 5, or

u; T in which m; > 1 by part 1 of Lemma 5 or part 2 of Lemma 6, depending
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on whether u;y | or 7. Thus, By satisfies (iii) as claimed. Let B’ = By
and A’ be the set of all decreasing u;’s. We know from the discussion above
that B’ satisfies (i) and (iii). A’ clearly satisfies (i), and satisfies (iii) by part
1 of Lemma 5. A" and B’ together satisfy (iv) because of the way that B’
was constructed, and both span the set of all decreasing u;’s. We need now
only extend them to sets A and B which span all of {py,...,p,}. A" and B’
already span the set of all non-t-free p;’s, by the first part of Lemma 4. In
light of the second part of Lemma 4, all that remains is to show that, for any
t-free p;, we can always choose wu;(p;), uz(p;) which contain p; as a term, and
which we may include in A and B respectively without violating rules (iii)
and (iv).

Suppose p; is t-free, and k is chosen as large as possible so that s; <
Sit1 < ... < Sipx < t;(Note: k here is not the same as d above; they differ
by 1). Let u; — uj—1 = p;. The term p;pit1...pitx in (4.1) becomes (Ju;| +
|wj—1])...(Jtjpn] + |tj—1]) in (4.11), with uy, ..., u;+x DOt appearing anywhere
else in the numerator. If £ > 1 we can just note that, upon expanding
this expression, the sum of the powers of u;; and w1, in the numerator
is at most two. This means that m;,; + m 1,1 must be at least 2, and
we can choose ui(p;), us(p;) as some combination of w;i, and wjir—1. It

is possible that w;,; is already in B’, and so we must make sure that if
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w1 (pi) = wjpr # ua(p;) that we interchange u(p;) and us(p;), so that w;iy
is not in both A and B, so as to not violate (iv). Note that if £ > 1 then
ujyk—1 ¢ B’ by Lemma 6, since u;ji_1 T and neighbors only on increasing
intervals. In the case that & = 1 we still have m; +m;; > 2, but now it is
possible that both w; and u;4, are in B’, since both neighbor upon intervals
which may be decreasing. However, if this is the case then, since u;, u;+1 T,
we have by Lemma 6 u;—; | and m;_; = 1. Recall that we have the term
(|us] + wj—1])(Jwj+1| + |u;|) in the numerator, with w;_1,u;, uj41 appearing
nowhere else in the numerator. The sum of the powers of u;_;,u;, and w;q;
is two, and thus m;_; + m; +m;41 = 4. Since m;_; = 1, one of m; and m;;
is 2. We can then let ui(p;) = u2(p;) = u; or u;q, depending on whether
m; or mjiq is 2. This handles the case k = 1. (If £ = 0 then we would have
an isolated interval, and this argument doesn’t work. This is the only place
where we used the fact that we had no isolated intervals.) Doing this for
each t-free p; we create the sets A and B, which are guaranteed by Lemma
4 to satisfy the property (ii). A and B also satisfy properties (i), (ii), and
(iv) by construction, so we have completed the proof in the case where no
isolated intervals are present.

Now for the isolated intervals case. Recall that the integral which gives

us the contribution from this configuration is
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(1) [e XA ), 10 ( Jo e Tl at) TLdp
=1 ILH<T i

As mentioned before, here we cannot replace the integrand with its absolute
value, for in that case each isolated interval would contribute a m to the
integral. Cancelation occurs in the integral, however, since the integrand is
positive in some regions and negative in others. It turns out that it is enough
to integrate each of the variables corresponding to isolated intervals first, and
then to bring the absolute value inside the integral. After we have "removed”
the initial set of isolated intervals in this fashion, we will have created a new
configuration of intervals, which may again contain isolated intervals. We
can remove these isolated intervals by a different method than was used for
the first set. This brings us to a new configuration, which may again have
isolated intervals, which we again remove, etc. After a finite number of steps
we either have removed all intervals or we have arrived at an arrangement
with no isolated intervals. In the second case we are reduced to the case we
have already done, and the first is handled easily in a slightly different way.

Let us bring in some definitions in order to make this rigorous. Let our
initial configuration of intervals be denoted K, and let K,, be the configu-
ration of intervals obtained upon removing the isolated intervals from K, ;.

We will say p; € K, to mean that the interval (s;,t;) appears in the con-
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figuration K,,, and we will define the order of K,, to be the number of p;’s
in K,,. Let ugn), .., Upmn,) e the linear combinations of p;’s which ap-
pear in the configuration K,,, ordered from left to right. Let us define I, to
be the set of all j values corresponding to isolated intervals in K,,; that is,
Iy = {J : U@m,j) = pi where (s;,t;) contains no s or ¢, in K, }. A p will refer
to the p associated to an isolated interval. That is, if j € [, and p; is the p

which appears only in w, ;), label p; as p,, ;. We can bound (4.17) by

£P{o, P ( Do, ) ?0,j>tjdtjdﬁ(07j)’ H dtj> Hdpi

Jje€lo J¢lo

[T mil( /He

(4.18)

The first and last products over all ¢ such that p; # p ;) for all j. We will
get a good bound on the dt;dp; integrals. Note that we have suppressed the
region of integration in t;, since it may be quite complicated. We do know
that the upper limit of integration is bounded above by 7', and this allows

us to get a sufficient bound, as the following lemma shows.

Lemma 7 For any a with 0 < a < T and any k € R?, we have

(4.19) | / /0 " prem @ dtdp| = [k|O(log(1/:))

independently of a.



47

Proof:

(4.20) // e~ pre~ P gedp
0

- /0“ (/6_6])?]?16_(”1%1)%@1/6_6p§€_(p2+k2)2tdp2>dt

Now, for p,k € R% (p+ k)> =p*> + k* + 2p - k, so this is

(4.21) /“ —k%(/ et e~ itk gy / —ept (PR 2meka)t gy, )d

1242

_ / k2es+t /7(s+t)(p1+5+t prdpy / —(e+)(p2+2%) dp2) dt

kit
_/ —k%t ekgft /6*(5+t)P% (p1 _ 1 )dpl /e*(5+t)P§dp2>dt

e+t

We now split the p; integral into two pieces, and we see that the first one,

(4.22) / e~ EHPip dp,
is 0 by symmetry (this is what will give us the extra convergence). We use

the fact that, for d = 1,2 we have

c
4.23 / e~ ETPidp, =
(4.23) b= e
2,2
for some constant c. We'll also replace — —; and e” Rte'S by the trivial bound

of 1. This shows us that we can bound (4.21) by
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a1
4.24 2|k /—dt
( ) C“' 0o €+t

Since a < T', this is |k|O(log(1/¢)), independently of a. O

We integrate the py;’s first, and by the previous lemma each one gives
lug,j—1]0(log(1/€)) (|ug j—1| is the u; which appears immediately before and

after the isolated interval corresponding to py ;). (4.18) is thus

(4.25) O(log(1 /<))l / [

pi| H |U(0,j)|

PiFD(0,5)VJ (J+1)el
w2t
(/ [Te e [Tdt;) I dp
J¢lo J¢lo PiFD(0,5)VJ

Since the integrand is now positive we can extend the region of integration

for the ¢;’s to be 0 < t; < T and use (4.2) to bound (4.25) by

(426) Oflog(/z)" [ TT el TI

PiFD(0,5) V7 (G+1)elo

1
woal 7o~ 11 dp

J¢lo (0,5) pi#b(o,5)¥i
Suppose that u,, ; is an isolated interval in K,,. Then w,, j—1 = ty, j+1. We
will say in this case that u,, j_; contains w, j. If Uy, j = Uy j, where m > m/,

and u,y j41 is isolated in K/, we will also say that u,, ; contains . j;1. We



49

will let [, ; denote the total number of isolated intervals which the interval
Up,; contained in all K,,’s, where m’ < m. Each wu; ; which contained one
or more isolated intervals in Ky will appear to a power [; ; in the numerator
of (4.26) as a result of Lemma 7, but the term (14 ;) will also appear an

extra [y ; times in the denominator. We see that (4.26) is

e 2 _ 1
O(log(1/€))|10‘/€ L P Il il TI luapl™ 220, II dpi

pieKy  1<5<m (L4 up j)) pieka
(4.27)

We must have some idea how the integral (4.26) can be bounded as we remove
successive stages of isolated intervals, and Lemma 9 below gives us that. The

following lemma prepares us to prove Lemma 9.

Lemma 8

428) [ Dl = (14 H)O() + Ol (1/2)

1+ |k +p))™

if m =3, and is (1 + |k])O(1) if m > 3.

Proof: (4.28) is bounded by

1

(429) J &I o+ ) g
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Divide this into two integrals. The one with |k| in the numerator is bounded

by

1
(4:30) bl [ o rdp = [KlO(1)
(1+ [p))™
The other is bounded by

2 1
4.31 C/G_E(p_k) —d
3 I

Again if m > 3 this is O(1). If m = 3, divide the region into {|p| > 2|k|}

and {|p| < 2|k|}. On {|p| > 2|k|} we can bound the integral by

(4.32) / efpg/Qlij — O(log(1/2))

by Lemma 2. On {|p| < 2|k|} we can bound it by

1
4.33 / dp < log([k| +1) < |k
(1.3 e Tl < lor(k 1) <
These bounds combine to prove the lemma. ]

Lemma 9 Suppose that K,, contains isolated intervals. Then (4.17) is

(4.34) Ollog(1/z))el+--+inl [ SRRCCSTL | Y

Pi€Km+t1
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Im i
IT (U g+ s L dpi

1<j<nm41 (1 + u(m+1,j) ) Pi€Km+1

Proof: By induction. We know that it is true for m

Assume that it is true for m — 1, so (4.17) is

(4.35)  O(log(1/e))folt-HIn-l / e Zmemn® [ |pi

p'LEKm
_ 1
II (1+|U(m,j)|)lm”Tm IT dvi
1<j<nm (L + Ui )™ ) pickm
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0(see(4.27)).

We will integrate the variables in K, corresponding to isolated intervals. We

can rewrite the integral in (4.35) as

2

—€ s 4 1 m.i lm,j
(4.36) /e ZpieKm,iezmpz H ’pl| H ( +‘u( J)')

2+2lm7j
pieKmyi¢Im ]glm (1 + u(mv])

A~ — €Dy 7 1+ um,‘ lm’j A~
(11 / [P jle hd (2+Jz)zB,j dpms) I dp

j€Im (1+ U(m,j) ) pi€EKmidin,

It is simply to verify that

(1 + |u(m7j)|)lm’j <K 1

242l ; T,
(1 + w7 (1 + g 577)

(4.37)

For some constant K depending on [, ;. Each p,, ; integral is

(4.38) (1 + [um ;= Pm ;) O(log(1/€))

)
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by Lemma 8. Plugging this into (4.36) and relabeling the u’s with index

m + 1 instead of m gives (4.34). O

To complete the proof of Proposition 2, let us consider several cases.

Recall that order refers to how many intervals [s;, t;] make up a configuration.

Case 1: There is a K, of order greater than or equal to 3 which contains

no isolated intervals.

In this case our integral in (4.34) is almost the same as what would
have been obtained if we had started with the configuration K,,. The only
difference is the presence of the extra powers [,, ;, which in fact cause greater
convergence. Thus, by what we did earlier in this section, the remaining

|Kom]

integral is o(log(1/¢)) Since

(4.39) |Io| 4+ ... + | L] + | K] =n
we see that (4.17) is o(log(1/¢))™, which is what we set out to prove.
Case 2: There is a K, of order 2 with no isolated intervals.

As before we get O(log(1/e))Hol++m-1l times an integral nearly identical
to what we would have had if starting with K,,. Again there will be extra
factors which aid convergence. The integral in question can be bounded by

one of the following integrals:
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1
ao) | | e TS

1 2 2
—e(p*+4°) dnd
// (1+|p)2(1 + |q)*(1 + |p—|—q|)2€ Ipllg|dpdg

]' 2 2
—e(p*+4°) dnd
// (1+ |p))3(1 +|q))2(1 + !p+q|)2€ pllg|dpdq

2,2
e D pl|gldpdg

And therefore the following lemma completes the proof in this case.

Lemma 10 FEach of the integrals in (4.40) is o(log(1/¢))?

Proof: This is fairly straightforward to calculate using Lemmas 2 and 8.
For example, by the Cauchy-Schwarz inequality and symmetry we can bound

the first integral by

1 2 2
441 k// —<0*+4®) |l gl dpd
(4.41) T+ asrprap: | Pllddpdg

The dq integral is (1 + [p|)O(1) 4+ O(log(1/¢)) by Lemma 8, and thus 4.41 is

A2RON) [ [ e o+ 0llox(1/2) [ [ e o

which is O(log(1/¢)) by Lemma 2 and the fact that m S

The second and third integrals are identical with p and ¢ interchanged,

so we need only do one, let us say the second one. This is bounded by
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1 2 2
4.43 k// e~ dpdyg
(4.43) T+ AP A< a)y

By Cauchy-Schwarz, this is bounded by

1 2, 2 1/2 1 2, 2 1/2
—e(p*+q )d d // —e(p°+q )d d
(//<1+|p|>2<1+|q|>26 pa) " ( T+ 1aD2(0+ p+a)** )

(4.44)
This first integral is O(log(1/¢))? by Lemma 2, and the second one is O(log(1/¢)),

using Lemma 2 in conjunction with the fact that

1
(4.45) /u+m+dwm=mn

As a simple alternate proof, one can recall our proof for the case with no
isolated intervals where we constructed the sets A and B. Here it is simple
to verify in each case that we can form two sets with the same properties.
The lemma is then proved by the reasoning in steps (4.13) through (4.16)

above. 0

Case 3: There is a K, consisting of just one interval.

Here we must examine in closer detail the proof of Lemma 9. First of

all, if there was ever an isolated interval in some K,, which contained two
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or more isolated intervals in K, _1, then the variable corresponding to that
interval, say Uy j), would have had [, ; > 2. In that case, by Lemma 8,
the contribution to (4.36) of the p,, ; integral is O(1)(1 + @y j) — D j)|-
We see that we can replace the term O(log(1/e))fol++lIm-1l in (4.34) with
o(log(1/¢))Hol++m-1l "wwhich will finish the proof. Thus we need only con-
sider the case where s; < s9 < ... < 5, < 1, < ... < ty < t1. In this case,
consider what happens as we remove the first three intervals (recall that we
are assuming that there are at least three intervals). After removing (s,,t,)

and then (s,_1,t,_1) we have

(4.46) O(log(1/¢)) / I
1<i<n—2
1
(1 + Ju@n—2)| + O(log(1/e))) H 1 2 H dp;
1<i<m (L UG ) 1cicn s

Note that ug,—2 = p1 + ... + pp—2. We can expand this into two integrals,

namely

(4.47) O(log(l/g))/(375219@—25"12 H |pi]

1<i<n—2

(1+ luen-sl) TI II dpi

152 (L Ug) 1<igna

1

and
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(4.48) Ollog(1/2))* [ Xizzea? [T |p|

1<i<n—2

0 gy I

1<j<ns (2,4)) 1<i<n—2
The integral in (4.47) is O(log(1/€))"~% by the same technique as was used
to prove Lemma 9. Thus, (4.47) is O(log(1/¢))""!. As for (4.48), when we
remove the next interval, (S,—2,t,-2), we have no powers of |us, o] in the
numerator, and by Lemma 8 we do not pick up an O(log(1/¢)) term. Thus,

(4.48) is o(log(1/e))™ as well. This completes the proof of Proposition 2.
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5 Completing the proof

All that remains is to prove that the processes al(7") are tight and that the
limit process has independent increments. Both are essentially corollaries of

the following lemma:

Lemma 11 Ifb < ¢, then (log(1/¢)) *al([a,b] x [c,d]) — 0 in L™, for any

n > 3.

Proof: To compute E[al([a,b] X [c,d])]", we multiply the integrals to-
gether as before (see (2.1)). Now, however, we have s; < b < ¢ < ¢t; for all
7, and it follows from this that the only configurations of intervals that can
appear here are ones containing just one component of order n. We have
shown that these components contribute o(log(1/¢)) to the the expectation,

and this is enough to prove the lemma |

Now that we have this lemma, we can show that the processes o/ (T')(log(1/¢)) ™!

are tight. We will show that
(5.1) E|(log(1/e)) ™ (aL(T) — ae(S)]™" < k(T — 5)"

where k£ depends on n > 2 but can be chosen independently of ¢, .S, and T,

provided they are sufficiently small. This will prove tightness by, for example,
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Theorem 12.3 in [1]. We can rewrite the left side of (5.1) as

(52)  E[(log(1/2))" (al([0, 8] x [S,T]) + a(Dr ({s.t = S}))™"

We know by the lemma that (log(1/¢))~*al([0,S] x [S,T]) — 0 in L*", so

that (5.2) is bounded by

(5:3) kE[(log(1/)) " al(Dr ({s, t = SHI™"

Suppressing the log for the time being, this is given by

(=" =Y AT T (Xe X T 2
5.4 // e i1 ] pjn E ||€sz( t;=Xs5) [T ds;dt;d*p;
( ) (27T)4n D2 ({545} J,1 [j:1 ] gty J

7=1 7=1
If we rewrite X, — X, as (Xy, — Xs) — (X, — Xg), and let 8 = X5, — Xg

be a new Brownian motion this is

(_1)71 e 2 n n ip: (Br. —Ba. n
(5:5) (27?)4”//13(1’ 5)25 2t 11 piaEl1] Pt =01 I1 ds;dt;d’p;
- Jj=1 j=1

Jj=1

which is equal to(reinserting the log)

(5.6) kE[(log(1/)) ™ al(T — 8)*"
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And this is O(1)|T" — S|*, as we showed earlier. This establishes tightness.

We can write

(5.7) (log(1/e))" (al(T) — a(S))

= (log(1/2)) " (al([0, 8] x [$,T]) + e (Dr (V{s. t = 5}))

Since (log(1/¢))~1a’ ([0, S]x[S,T]) — 0 and o.(Dr N{s,t > S}) € U{o(X;—
X,): 8 < s,t <T}, we see that (log(1/¢)) '’ (T) has asymptotically inde-
pendent increments. This shows that the limit process, Wr, has independent

increments, and completes the proof of Theorem 1.



60

6 Symmetric stable processes

We will now prove Theorem 5. The proof of this theorem is, naturally, very
similar to the proof in the Brownian motion case, so we will in many cases
just refer to steps undertaken in the previous proof. In particular, the general
outline (Sections 2 and 5) is identical in both cases; the only difference lies
in some of the calculations.

The main difficulty is in showing that the integrals corresponding to com-
ponents of order two converge. Proceeding as in section 3, the first integral

18

(1—e?)(1—e ) (1 —e @) —e(pP+qP)
(6.1) // e 7 P+ )7 e p1q1dpdg
B e B /e _ B/e
- 5376/[3// Q-erRi-erha e ) 0" +0°) g, dpdg
p? q° (p+q)°

In order to prove that this integral converges as ¢ — 0, it is enough to show

that

1 1 1 (BB
(P +4°)
(6.2) //pﬁl " (p+ q)ﬁe v

converges, and then to apply the dominated convergence theorem. We need

only consider the integral over {|pl,|¢q| < 1}, for in order to evaluate the
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integral over, say, A = {|p| > 1} we may divide A into the disjoint union of
B=A{lqgl <1/2}NA, C={lp+q <1/2}NA, and D = A— (BUC). The
integrals over B and C' are both bounded because § < 2 i.e. we have only
integrable singularities. And the integral over D is bounded by a constant

times

(6.3) //e’(pmqﬁ)dpdq < o0

So we must consider the integral

1 1 1
6.4 / / dpdq
(6.4) {pllal<1} PP~ g% (p + ¢)f

We manipulate the integral as follows:

1 1 1
6.5 / —/ — _ _dqd
(6.5) i<t PP Jjaicry 7L (p+ q)f

B 1 / 1 1 dqdp
<1 P72 Jyai<y (¢/|p])P=1 (p/|pl + q/Ip|)?

The argument of p (thought of as a complex number) is irrelevant, so we may

replace p/|p| by 1, and substitute ¢’ = ¢/|p| to get

1 1 1
66 [ w——
(6.6) Ipl<1 pw*‘*( {al<1/1ply ¢°~1 (1 + ¢)? q) b
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If 5 > 3/2 then the dq integral is bounded independently of |p| (since then

qﬁ T (Hq)ﬁ € L'), so that (6.4) is bounded by a constant times

1
6.7 / g
(6.7) (pl<y p32 7

which is finite, as f < 2. If § < 3/2 (resp. # = 3/2), then the dq integral in
(6.6) is O(|p])?°=3 (resp. O(|log |pl|)), so that (6.4) is bounded by a constant

times

(68) [ 3
' {Ipl<1}y P81

when 3 < 3/2 and

| log(|p])|
6.9 / L=\ VAN
(6.9) i<y p2 7

when [ = 3/2. These integrals are both finite.

The second configuration of intervals gives rise to the following:

(1—e? /E 1 — e~ (ta)’/e
©10) [ / S T )e=0%+4) g dpdg

This integral is more difficult as for some 3 the integrand is not in L' were we

to remove the terms involving ¢ (there is a non-integrable singularity at p = 0
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when § > 3/2). We will first show that (6.10) is bounded independently of

€. We isolate the dq integral:

1 — e~ (ta)f/e
(6.11) /( TEPIE )e_qﬁqldq

We will show that this is |[p|O(1) (the O here refers to €). Because we will
refer to this result later, we isolate it as a lemma (which we state in slightly

greater generality).

Lemma 12 For any a with 0 < a < T and any p € R?, we have

’/ 1 — e~ (pta)’a/e

(612) (p+q)°

e’ qudg| = [p|O(1)

independently of a.

Proof: We can drop the e~ #t9°9/¢ term. (6.12) is bounded by

1
(6.13) ‘/qﬂe_(q_p)ﬁ(ql —pl)dq’

Expand the (¢; — p1) term. The second term is bounded by

1
(6.14) ol [ e g

The integrand is bounded by the function
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1 (VB
(6.15) qul{|q|<1}+€ @ g1

which is bounded in L! independently of p. Thus, (6.14) is |p|O(1). To bound

the first term we subtract

1
(6.16) /qﬁe_qﬁqldq

which is 0 by symmetry. This gives us

1
(6.17) ‘/qﬁ(e(qp)ﬁ B €7q6)q1dq‘

1
g e
qP

We split this up into the integral over the region {|q| < 2|p|} and {|q| > 2|p|}.

The integral over the first region is bounded by

(6.18) k[ el g
{lal<2lpl}

2|p|
= k/ r2=Pdr
0

= k|p[*”

Here k is a constant which may change from line to line. This is (|p| +

Ip|2)O(1). On the region {|q| > 2|p|} suppose first that e~ (@7 > ¢~
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Then

(6.19) |e_(q_p)ﬁ —e?

< o—Ud=1p)? _ ,~a°

lal
e /B/ :Lﬁflefxﬁdil?

ql—Ipl

1 —(lagl—1nN\8
< k:|p||q|/6 1o=(lgl=IpD)

The last inequality is the length of the interval being integrated over multi-
plied by a term which bounds the integrand. Plugging this into (6.17) gives

a bound of

(620) Kol f e~ ld=1P)" gg < k|p| | e~ 19727 dq = O(|p|)

q|>2|p| ql>2|p|

In the case e=@ P’ < ¢=4° we have

(6.21) e~ (@P) _ o=’

< elal® _ o—=(lal+Ip))?

la|+Ip|
= ﬁ/ 2P e=" dp
|

q|

1 —lalB
< klp|(lg| + [p])? e

Since |g| > 2|p| this is k|p||g|?Le~19"” Thus, the contribution to (6.17) of this



66

region is bounded by

(6:22) lpl [ e7dq = plo()

This shows that

1
(6.23) | 5o ada = (ol + o))

It is also O(1), however, since the integrand is bounded by

1 (g—p)B
(6.24) F1{|Q|<1} + e (ap)

which is bounded in L' independently of p. So (6.23) is |p|O(1) for p small,

and O(1) for p large. We conclude that (6.23) is |p|O(1) for all p. m

This lemma allows us to see that (6.10) is bounded by

1— —pB/e\2
(6.25) kS (;%)e"’ﬁ [pPPdp

The extra powers of p in the numerator are enough to convert our singularity

at 0 into an integrable one, and it follows that (6.25) is bounded by

1
(6.26) k/pme—p‘ﬂpmp < 0
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We have showed that (6.10) is bounded independently of €. This alone does
not show that (6.10) converges. However, convergence is proved using the
same ideas, as follows. Let the value of (6.10) be denoted by A(e). We will
show that, for any § > 0, there is an ¢ > 0 such that if 0 < g1,e5 < &’ then
|A(e1) — A(e2)| < 6. This will prove convergence. We will assume below that

0<e; <eg<é. We have

(6.27) Aley) — Ales)
= // ((1 — e—p5/51)2 (1 — e_(P-HJ)B/el) _ (1 — e_p5/62)2 (1 . e_(p+q)ﬁ/a2)>
. o P (p+q)°

(BB
e~ (PP +a )p1Q1dpdq

We will rewrite the difference

(6.28) (1— e P /o)2(1 — em@H?/or) — (1 — emPP/e2)2(] — o= (PH0)/e2)

as

(6.29) (1— e*pﬁ/sl)Q[(l _ 6*(p+q)"/51> —(1- ef(erQ)’B/@)]

(1 - e—p5/81)2 —(1- e—pﬂ/@)?](l _ e—(p+q)ﬁ/52)



68

and handle each term in this sum separately. The first one gives rise to the

integral

(1—e /81 —(p+9)?/e2 _ ,—(p+q)?/e1
(6.30) / / er) (e ¢ ) =0 +4°)p, dpdg

(p+q)P

As in step (6.13) the dg integral is

e=1/e2(1 — g=dP/esy
(6.31) / | ¢ e (g — p)dg

where g3 = 22 > 0 This is in turn bounded by

11— e/
(6.32) /e—qﬁ/s Te—(q—l?)ﬁ(ql — p1)dg

We may now follow steps (6.13) through (6.26), and it is straightforward to
verify in each case that the extra e=7"/¢" term allows us to replace the O(1) by

o(1) (the o now refers to £’). This implies that (6.30) can be made arbitrarily

small by choosing ¢’ sufficiently small. As for the second integral

1— —pB/e1y2_ 1— —pB/e2)2
(6.33) I/ (2 —e )p%( ) 44 g

We can rewrite ((1 — e‘fgﬁ/fl)2 —(1— e—PB/efz)?) as

(6.34) (1 - e—Pﬁ/El) +(1— e—pﬂ/az))e—p"/az(l _ e_pﬁ/a‘g)



69

and we see that we can bound (6.33) by

—pf/e’ p? —(p+q)P /=2
(6.35) k/e |p|e \/ TP >eqﬂq1dq’dp

We have shown above that the dg integral is (|p| + [p|*)O(1), and that this
implies that the entire integral converges. Furthermore, as & — 0, the dom-
inated convergence theorem implies that the value of the integral approaches
zero. Again we see that if we choose € sufficiently small we can make (6.33)
arbitrarily small. This shows that if ¢, is a sequence converging to zero then

A(e,) converges. Thus, lim._,y A(e) exists, and we define

1 1 (BB
(6.36) //p%(p—l—q)ﬁe #py qudpdg

to be this limit. This completes the calculation for components of order 2.

For a component of order n > 3 we have the following integral:

—& ﬁ —u@c-
(6.37) /e 27, H(pi>1</ [Te % T de;) I1 dps
i > <T j j i
We must show that this is o(e=("/#=37/2)) " This would be a bit of a chore

were it not that we have done almost all of the work already in the Brownian

motion case. For instance, suppose we have a configuration with no isolated

intervals. Then (6.37) can be bounded by(see (4.3))



70

_621)
2n 1 H|pl QHd
1 (1 Juy]

n/B—2n— @anpz
(3 /ﬁ 2 1 /HQTL - | ﬁHde

(e + |u,l)

(6.38)

We are done if we can bound this integral effectively. We know from ear-
lier work that if 3 were replaced by 2 in this integral then it would be
O(log(1/¢e))", which is certainly good enough. We can bound as follows

using Holder’s inequality:

Sopf
(6.39) / He Lled gy,

(e fuyl)?

<(/ e—Zng\pi| 2 Hdpi)w(/e_ngH‘pi’Hde(z—m/z

e+ |uyl)

A quick examination of the proofs of Lemmas 2, 3, 8, and 10 will show that
the conclusions of these lemmas remain valid if any e ?”’s in the hypotheses
are replaced by e?”. We can conclude that (6.39) is O(log(1/¢))", and this
component is therefore sufficiently bounded. We do the same thing in the
isolated interval case, with Lemma 7 replaced by Lemma 12. This completes

the proof of Theorem 5.
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