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ABSTRACT

STUDIES IN DENSITY FUNCTIONAL THEORY
by
Yili Liu

Adviser: Professor Joseph B. Krieger

The method proposed by Krieger, Li and Iafrate (KLI) for
the construction of the optimized effective potential (OEP) is
examined to determine whether it can be significantly
simplified while still retaining its high accuracy. The need
for simplification arises because the KLI method may be
difficult to employ in multi-atom calculations.

We construct a simplified KLI(SKLI) potential by
approximating the Vv, corresponding to the core electrons by
the corresponding expression in the local spin density (LSD)
approximation or the LSD with self interaction correction
(SIC) while employing the HF Vi, only for the occupied valence
electron states. We show analytically that such an
approximation continues to maintain the important analytic
properties of both the OEP and KLI. The SKLI makes only a

modest improvement over the LSD (or LSDSIC) in the calculation
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of the total energy. However, calculations of €mosr the energy
eigenvalue of the highest occupied single particle state, and
of <r’>, are nearly identical to the OEP and KLI results
demonstrating that the behavior of the valence electrons,
which are important in molecular binding calculations, can be
accurately predicted by this approximation. These conclusions
are substantiated by performing similar calculations on
negative ions.

We investigate correlation energy by extending the
exactly soluble Laufer-Krieger model to the case of two
electrons with parallel spin We find the exact value of the
total energy, the exchange-correlation enerqgy, the exchange
~correlation potential as well as the separate exchange and
correlation contributions to these quantities and compare
these results to various approximations. In exchange only
case, the LSD,LSDSIC and the KLI method which constructs the
OEP single potential from the effective single particle HF
exchange potentials are examined. Also we test exchange
-correlation functionals. we use the LsSD, LSDSIC and HF to

calculate the exchange energy and add the correlation energy
by invoking the LSD, LSDSIC, GGA and GGA with SIC. The KLI
method (with Correlation) is employed to construct the OEP
potential as the sum of the effective HF exchange potential
and the LSD, LSDSIC, GGA, GGASIC correlation potential

respectively.

iv
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O Lord, how manifold are thy works! In wisdom hast thou made

them all; the earth is full of thy creatures.

----- Psalms 104:24

Give all my loves to my Creator.
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CHAPTER 1

Introduction
1.1 General Survey

The solution of the appropriate Schrodinger equation, in
principle, provides the basis for the study of the properties
of quantum many particle systens. -In atoms, molecules and
solids, an exact solution entails an accurate treatment of
interparticle potentials, including the electron-electron, and
electron-proton Coulomb interactions. However, for a system
containing N electrons, the Schrodinger equation is a 3N
dimensional differential equation and analytic solutions are
generally unavailakle for N>1. In fact, we are still not
able to obtain an exact solution for even the two electron
system, the helium atom, let alone an analytic result for
solids containing electrons with N the order of 10%.

Therefore various approximations have been developed.
Among these, the Thomas-Fermi®(TF), HartreeP!, Hartree
-Fock (HF)¥, configuration interactions(cI)®®® and density
functicnal theory(DFT)"®! are regarded as the most fundamental
and useful ones.

Thomas and Fermi realized that statistical considerations
can be used to approximate the distribution of electrons.
The relation between n, (the number of electron per unit
volume) and K; (the Fermi momentum) derived for a homogeneous

electron gas is employed for an inhcmogeneous electron gas by
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replacing n, by n(r) and X; by Ke(r) i.e. n(r)={1/(37%) 1K (x).
The corresponding kinetic enerqgy, T;;, becomes

Tr=(3/10) (3n2)2’3fn(r)5’3dr, a functional of the density only.
Dirac considered the exchange interaction between the
electrons and thus the method was further improved as the
Thomas-Fermi-Dirac method (TFD) . Thomas-Fermi and related
models constitute a direct approach for the calculation of the
kinetic energy. This results in considerable simplicity---
instead of a 3N dimensional wave function, the basic function
in describing the system involves n(r) alone (only three
dimensions). However, due to the fact that the highly non-
local kinetic energy is replaced by a local functional of the
density n(r), the traditional Thomas~Fermi model is only a
first approximation and it is difficult to systematically
improve --- i.e. the resulting density does not exhibit the
usual shell structure of the atom.

In the Hartree approximation, one solves the original
Schrodinger equation by applying the variational principle and
assuming a product wavefunction composed of single particle
wavefunctions. The Pauli pPrinciple is satisfied by allowing
only one electron to occupy each electron state. Each
electron is considered as moving in the sum of the external
potential and the average Coulomb field due to all other
electrons. On the other hand, the Hartree-Fock method is
derived by using the same technique except assuming the

wavefunction to be a determinant of the single particle
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wavefunctions. The wavefunction here is antisymmetric and it
automatically satisfies the Pauli exclusion principle.
Consequently the corresponding exchange enerqgy, which arises
from the reduction of the probability of two electrons with
the same spin from approaching each other, only occurs in the
HF method. As a result, the electron-electron Coulomb
repulsion energy is reduced and the total energy is lowered.
However, since the exXchange potential in HF involves non-local
terms, it is much more difficult to solve for the single
particle wavefunctions in this case than in the Hartree case.
Both Hartree and Hartree-Fock approximations correctly
describe the shell structure of atoms.

When one is interested in higher accuracy, one finds
that the exact wavefunction for a system of many interacting
electrons is never a single determinant or a simple
combination of a few determinants. The calculation of the
error in the energy, which exists in HF, is called the
correlation energy. The correlation energy arises because,
due to the electron-electron repulsion, the total energy of
the system will be reduced if electrons tend to avoid each
other. Although the amount of correlation energy is usually
small compared to the exchange energy in atoms, it becomes
significant in many problems in which accurate quantitative
results are required. The configuration interaction method
will include the exchange and correlation interactions by

expanding the wavefunction as a sum of many determinantal
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wavefunctions with undetermined constants. The constants are
obtained from employing the variational principle for the
energy. In principle, this method is exact when the number
of determinants in the expansion approaches infinity. However,
it is impractical to employ on systems with a large number of
electrons.

Thus, the above approximations for treating a multi--
electron system are either not exact in principle or not
practical to employ on systems consisting of a large number of
electrons.

More recently, Hohenberg and Kohn"” and Kohn and Sham®
(KS) developed a new way to calculate the ground state density
and ground state energy, called density functional theory. In
this theory, instead of the complicated N-electron
wavefunction, the electron density will be employed as the
basic variable describing the system. Although the original
idea comes from the Thomas Fermi approximation, DFT is
significantly improved---it is in principle exact and it has
been turned into a practical tool for rigorous calculations.
Hohenberg and Kohn proved that the ground state energy of any
system containing electrons moving in an external potential is
a functional of the electron density. In particular they
showed that the energy of the ground state of a many-electron

system can be obtained as the minimum of the enerqgy functional

E[n] =fn(.r) V() dr+F[n] e (1.1)
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where v(r) is a given external potential and F[n] is a
universal functional of the density n(r). F[n] is the sum of
the kinetic energy functional T[n] and electron-electron
interaction energy functional V.[n] which are also universal

functionals of the density n(r).

F[n] =T[n] +V99[n] ............ (1,2)

In 1965, Kohn and Sham developed an ingenious indirect
approach to calculate T[n]. They thereby turned density
functional theory into a practical tool for various
calculations. Kohn and Sham invoked a corresponding
noninteracting reference system which shared the same total
electron density n(r) with the original interacting system.
The kinetic energy in the noninteracting system is T,[(n] and
it is T[n] in interacting systen.

We can write (1.2) as:

Fln]l =T¢[n] +J[n] +Eyo[n] e (1.3)

where J[n] is the classical coulomb energy functional i.e.

_1rn(zx))n(x) T
JTn]maf__T;:;ﬁ——dfdr (1.4)

The exchange-correlation energy functional Ey.[n] can be

written as:

Eyc[n]=T(n] -T,[n] +V  [n] -J[n] e (1.5)

The exact ground state energy of the interacting system is
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calculated from single particle orbitals describing
noninteracting electrons moving in a local effective potential

Vg(r), i.e.

[—%W+Veff(r)](pi(r) =€iq’i('r) ............ (1.6)

Vore (X)) =v(Z) +V, [n(2) ] +V [0 (L) ] e (1.7)

n(r)=§:iq|¢i(r)p ............ (1.8)

v(r) is the external potential, Vy[n(r)] is the Hartree
potential, V. [n(r)] is the functional derivative of the
exchange-correlation energy with respect to the density n(r)

and is a universal function of n(r).

_f n(x) ]
v,,-f Ir-r’ldr (1.9)
E
ch[n(r)]=‘5 ’gcn[lzz(_f)] (1.10)

The total energy of the system can be written as:

/
E=E€1+Exc[n]-foc[n(r)]n(r)dr-%ff—%—)—drdr ------ (1.11)

Kohn sham theory merely provides for the existence of
Exc[n(r)]. However, it does not prescribe a method for its
exact construction. So the search for an accurate Exc[n]

becomes the greatest challenge in the density functional
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theory. As a first approximation to its'construction, Kohn
and Sham introduced a local density approximation (LDA)[I,

In this approximation, electronic properties are determined
as a functional of the electron density by applying local
relations appropriate for a homogeneous electron systen. In
the LDA, the total exchange and correlation energy of the
electrons are approximated by results for the homogeneous
spin-compensated electron gas. Vy in LDA equals 2/3 of the
usual Slater exchange potentialll. The LDA method was further
improved by Von Barth and Hedin!"” to include spin effects in
a local spin density (LSD) approximation. Improved accuracy
was obtained by employing a gradient expansion approximation
(GEA) U2 i early work.

Recently, Perdew et all'¥! showed that the maximum
occupied KS orbital energy eigenvalue is equal to the negative
of the ionization energy of the system. Therefore, much
effort has been devoted toward constructing Vy. which results
in accurate calculations of the total energy E, the highest
occupied eigenvalue €, and the density n(r). In order to
accomplish this, in addition to LSD and GEA, the LSD with self
interaction correction(LSDSIC)! and generalized gradient
approximation (GGA)" developed by Perdew and coworkers are
also often used. On the other hand, an accurate spin-
polarized exchange only Kohn Sham potential V,, can be obtained

from a consideration of the Optimized Effective Potential (OEP)

method , 161171
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Recently, Krieger, Li and Iafrate!® analyzed the OEP
intergral equation for the exchange only case and obtained a
set of conditions which are satisfied by the exact Optimized
Effective Potential. These conditions were employed to
construct a very accurate approximation to the OEP, which we
shall refer to as the KLI potential which is a single (spin
polarized) potential and also an explicit functional of KS
orbitals. This potential reduces to the exact KS result in
the homogenous electron gas limit; it approaches -1/r as
r-ol®; it yields highest occupied orbital eigenvalues ¢, that
satisfy Koopmans'theorem;" and exhibits an integer
discontinuity when considered as a function of fractional
occupancy of the highest energy occupied single potential
state of a given spin projection™ and €, nearly exactly
satisfies Janak's theorem??, The KLI potential is a
remarkably accurate approximation to the exact OEP. The
results provided by this method make a significant improvement
in total energy, highest occupied energy eigenvalues and
average of r?, which is highly weighted by the density of
valence electrons. They are in excellent agreement with both
HF and exact OEP results.

The OEP method may be extended to find the optimized
potential for any assumed form of E,;[¢;]. In addition, the
KLI method for accurately approximating the corresponding OEP
is easily extended to this case as well so that it is now

possible to construct accurate orbital dependent
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approximations to Eyc.

In 1986, Laufer and Krieger?! gave an exactly soluble
model consisting of two electrons with anti-parallel spin
attracted to a common center by harmonic-oscillator forces
with mutual Coulomb repulsion between electrons. They obtained
the exact exchange and correlation energy and related
potentials. The results can be used as a test of the efficacy

of various functionals of Eyc.

1.2 Thesis Outline

The KLI method for exchange only provides a very accurate
approximation to the exact OEP. However, it requires the
calculation of all the HF overlap integrals thereby limiting
its application in multi-atom calculations. On the other
hand, the LSD is a simple and accurate approximation for core
electrons. But it becomes less accurate when it is used to
treat the valence electrons.

In chapter 2, we will develop a new simplified KLI (SKLI)
approximation which is a simple and accurate approximation to
the KLI method. 1In the exchange only case, we construct the
simplified KLI potential by combining KLI with LSD---
corresponding to core electrons i.e. for inner orbitals,we

make use of the LSD; we treat outer orbitals i.e. valence

electrons according to the KLI prescription. We have
performed calculations for atoms from 2=3 to 2=56. The
9
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results demonstrate that the total energy is moderately
improved compared with LSD, and that the calculations of
the highest occupied eigenvalues, the average value of r? are
very close to the exact HF and KLI values.

We employ the SKLI method for the calculation of negative
ions and compare these results to those obtained by using the
HF, OEP,KLI methods.™ In the application of this method, the
electron affinity (EA), which is defined as the difference
between the total ground state energies of the corresponding
atom A and the ion A-, the highest occupied energy eigenvalue
and the total ground state energy of negative ions are
obtained. We have shown that in atomic calculations, the
SKLI method does yield results that are very close to those of
HF, OEP and KLI with a significant reduction in the
calculation of HF type overlap integrals.

In chapter 3, we will study the correlation energy. It
has been known that although the correlation energy is
generally much smaller than the exchange energy, it plays a
significant role in describing the behavior of the valence
electrons.

The HF method and OEP, KLI in exchange only approximation
fail to give accurate electron affinity (EA) for many atoms.
Sometimes these methods provide EA as a negative number?®l
which implies that corresponding negative ion do not exist in
nature even in those cases for which it has been

experimentally observed.

i0
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This happens because of the fact that in those
calculations correlation has been neglected. We have
attempted to add the effect of correlation in both HF and KLI
approximations. The results show that the existence of
negative ions can be predicted correctly. EA, €, and the
total energy in the ground state are improved and are closer
to the value provided by experiment than those obtained using
the exchange only theory.

In Laufer and Krieger's paper,?! the exact
correlation potential was obtained by considering an exactly
soluble model consisting of two electrons with antiparallel
spin attracted to a common center by harmonic-oscillator
forces with mutual Coulomb repulsion between the electrons.
Recently O0.V. Gritsenko and G.M.Zhidomirov®! pointed out that
the contribution of electrons with antiparallel spin to the
correlation energy in atoms is much larger than the
contribution of electrons with parallel spin.

In chapter 4, we will extend Laufer-Krieger model to find
the ground state of a similar harmonic force system which
consists of two electrons with parallel spin. The model is
completely soluble. The exact ground state energy, exchange
potential, correlation potential, KS single particle enerqgy
eigenvalues, exchange energy and correlation energy can be
calculated.

Our calculation demonstrates that the contribution to the

correlation energy from electrons with parallel spin is about

11
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1/6 of the total correlation energy found by Laufer and
Krieger. We choose r={3/4mn(r)]"® as a variable, graph
Vi[n(r)) vs r, and V,[n(r)] vs r, for various spring constants,
K. We find that they are very similar in shape to V, and V,
corresponding to antiparallel spin.

For the system consisting of two electrons with parallel

spin, the KS equation is:

[_%VZ+U(I) +ch[n(r)]]¢l(z) =€1‘PJ(I) ......... (1-12)
u n(r!) drl.e. 1.13
(I') V c(_l') +f |r z[l r ( )
n(r) =3 @ (x) [en (1.14)

Each different approximation provides a different V.
The equation can be solved by employing self-consistent
calculations. We investigate the accuracy of LSD and LSDSIC,
including exchange, correlation energy and related potentials
by comparing them with the exact solutions. The accuracy of
the KLI method is also tested for this two particle system. We
take the HF exchange potential and the HF exchange potential
plus the LSD, LSDSIC, GGA and GGASIC correlation potential
respectively to construct the KLI single potentials (KLI in
exchange only case and exchange-correlation case). The

comparison of the results obtained by the KLI and the exact

12

Reproduced with permission of the éopyright owner. Further reproduction prohibited without permission.



solutions are given in thesis.

13
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CHAPTER 2

Accurate Approximation For the Kohn-Sham Exchange Potential

Using the SKLI Method

2.1 overview of the OEP and the KLI

The major problem in applying density functional theory
for the calculation of the ground state properties of
interacting electrons subject to an external potential is in
obtaining an accurate exchange and correlation potential
Vxc(r), which is the functional derivative of the exchange--
correlation energy function Ey.[n(r))] with respect to.the
electron density n(r). Although Hohenberg and Kohn!" have
proved that Ey-.[n] exists, none of the Ey.[n] that have been
proposed results in accurate calculation of Vy-(r) in the
region occupied by the valence electrons and beyond i.e. it is
known that in the large r limit Vyc-->-1/r, whereas the
proposed Ey. lead to Vy. which approach zero exponentially
fast.

Earlier, Sharp and Horton!'® provided an alternative
approach which we refer to as the Optimized Effective
Potential method. In this method, the Optimized Effective
Potential, V°, is defined such that when V° is employed in a
single particle Schrodinger equation, the Slater determinant
of the occupied eigenfunctions minimizes the expectation value
of the total hamiltonian. 1In the spin polarized case, the

optimized effective potential (OEP) V°, is spin dependent and

14
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the single particle eigenfunctions satisfy

.._%_VZ(poio (r) ""Voo(.l') (poi0=€o.ioq)oia<r) ...... (2.1)

Vo (Z) =V(Z) + V0 (2) +Vygy (2) e (2. 2)

If we only consider exchange, (2.2) will be:

Va (T) =V (2) +V, () +V2(Z) o (2. 3)

The Hartree-Fock exchange energy can be represented by

using the eigenfunctions v,> of (2.1):

o / o= I\ 0 o
Einfsof [ @0 (21) @70 (x") 9% (2) @5, ()

HF __1
Ey [(Pgu] _—Ezozi] ietjo I-r"rll

dr'..(2.4)

where f,_ is the fractional occupancy of the ic state. In the
exchange only case, we minimize the total energy with respect
to the optimized effective potential V°((2.3)), and obtain the
original equation for the optimized effective exchange

potential generalized to the spin polarized case including

fractional occupancy.

Bi£ 1, [V () =viy (29165 (27, ) 92 (£') 92, (£) dE'+C. C. =0 (2. 5)

here v,(r) is the effective HF single-particle potential given

by
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1 SEg P50 (X)) 9% (2) 934 (2
x =_zjquf Jo

v (X)) =
o £15950(X) 3¢5 (x) lr-z/|@%a (2)

and G,° (r°,r) is the Green's function

o Iy o O*
G. (r/'r)=z/.q’ja(z)q’ﬂ(r) ......... (2.7)
lq J eo. —eo. . ’
jo~Eig

where the sum is over all state for which €joo & Eigo -
If we approximate &," in equation (2.7) by some mean energy &
and assume ¢;,° -¢,° =Ag,, is independent of i, we obtain the

approximation to G, (x', r):

1

Gio(r’,r)er 20, (2) @, (£) =2

Ae,

(8(x,2) =@ (2)) @io (2) T oon (2.8)

for non degenerate { P}

When eq (2.8) is substituted for G, in eqg(2.5), Krieger, Li
and Iafrate!”® have shown that eq (2.5) may be exactly
rewritten as:

Eliovio (xr) + Z;n,, (vxoi--‘;ia) v (2, 9)

Vo (5 = L0y, (x) Z;n,,(z)

where the average values of V, and v, are both taken over the

io state.

Then, if we require that V,--->0 as r---> o , it follows

that:
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where mo denotes the highest energy occupied orbital with spin

projection o. So that eq (2.9) may be written

E~ ; ; {,' L. —v-.'——:- . .
_ &30,V (X) +2_H;,(V4“ Vig) (2.11)
L0y, (2) Z;n;,(2)

It can be shown that eq (2.11) is consistent with eq
(2.10) i.e. multiplying both side of (2.11) by n,(r)= £,|e,]|>
and integrating over r, we obtain eq (2.10).

On the other hand, analyzing the OEP equation in the

exchange only case, we have:

Eq (2.10) and eq (2.12) result in a series of important
properties which are preserved by both the OEP and the KLI
method: the highest occupied orbital eigenvalue €, is exactly
equal to the expectation value of the single particle HF
hamiltonian corresponding to the mo orbital €. . In
addition, ¢, is equal to the difference in the expectation
values of the total energy for N particles and N-1 particles
(for unrelaxed orbitals) ,thus Koopmans' theorem is satisfied
here. In the uniform electron gas limit, the exchange
potential of the OEP, KLI, LSD and Slater will be related by

Vew=Vso - =V,,"P=2/3V S.  Janak's theorem for the highest energy

occupied orbital eigenvalue is valid in the OEP and
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approximately satisfied in the KLI approximation. Both V,° and
V,Hee>=1/r as r-->w,

The KLI is an accurate approximation of OEP and it yields
precise results”®. However, unlike the Kohn-Sham theory, in
which the exchange-correlation potential is a functional of
n(r) alone (or of n, in a spin polarized theory) the
calculation of v, (r) for each orbital is needed for its
construction. That is time consuming and may limit its
application for multi-atom systenms.

The further development of the KLI method will be

provided in this chapter.

2.2 Simplified KLI Method (SKLI):

We recall the local spin density (LSD) approximation
which is an orbital independent approximation has been widely
used. The LSD will take less time as compared with the KLI.
However, when it is employed atomic calculation, two regions
should be distinguished. These are:

1. The core region comprising orbitals of tightly bound
electrons. This is a high density region with Vn, /Kin, in
which the LSD approximation is expected to be accurate.

2. The "surface" of atoms corresponding to the region
occupied by the valence electrons. In this region the LSD can
produce significant errors in the energy eigenvalue of the

highest energy occupied orbital (for some atoms, above 40%
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error) .

Similarly, in the overlap regions of molecules, the LSD is
less accurate than when it is employed to describe the
electron distribution localized about the atomic nuclei.

In the atomic calculation, we can take advantage of the
strength of both the LSD and the KLI method by combining the
LSD with the KLI in a proper way. We show that using the KLI
method to construct the OEP potential, accurate results can
even be obtained by merely choosing v,(r) for the core states
as those given by the exchange potentials of the LSD, whereas
the valence states v, (r) continue to be those of HF. Here we
get rid of the LSD approximation in the region where it fails
by developing the KLI method to which we shall refer as
Simplified KLI method (SKLI). In the SKLI, accurate results
can also be achieved by replacing the LSD with self
interaction correction (LSDSIC) potential to the LSD potential
in the core region.!™

In the exchange only case, the spin polarized potential
in the SKLI, V,,is constructed in a way which is similar to

that of the KLI:

Z 0y, (x) V10 (Z) + zgnio(vxoi-ﬁio)
L0y, (x) B0y, (2)

Vo (Z) = (2.13)

here,

for the inner orbitals:
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T3 =VEP () v (2. 14)

for the outer orbitals:

Vie=Vig (L) (HF) o (2.15)

and (2.16) is exactly the relation which the KLI potential and

the OEP satisfied in (2.10) and (2.11)
We will prove (2.16) as follows:

Multiplying both sides of (2.13) by
I’J°=Ei ni0=zi f.idq);" (r) (pid (r)

and integrating over r, we apply (2.14) and (2.15) to core

part and valence part separately,

. ~ D _
i ; = V=D . V.
E.i (core) £ Vo +Ei (valence) Li0Vxo1 Zi (core) f1aVio Ei (valence) £i0Vie
EJ_ {core) .10 qu. E ie ) Efi (valence) ( Vxﬂ.i -Vio)

We simplify the equation as:

~

) SR .17
El (valence) fl" Vx"l 21 (valsnce) ic Ei (valence) fio ( onz 10) ( 2

the second term of equation (2.17) is the summation of all

valence states except the highest occupied orbital. Equation
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(2.17) is valid provided:

fmo anm= fmo vmo
for any £,>0, thus
anm=€:m ............ (2.18)

Let's substitute V,, into the OEP equation:

[‘%thexc (2) +V (1) + T, (2) 1 @1, (T) =€;,0 4, (T)

Since these wavefunctions are solutions obtained by employing

V., we should denote them by ¢,, and eigenvalue by ¢ and €.,

io?

satisfies:

€no=[@no (2) [-%va(z) +V, (x) +T (2) ] @, (£) I

Using the relation in (2.18),

"-na:fq,;(r) [——;—V"fVm(z) +V,(2) +V (2) 1 @ (X) d.r=f<p.‘,, (rYh¥Fp,, (£) dr=e=.-(2.19)

Where the single particle Hamiltonian corresponding to the
orbital is evaluated using {¢,} that are obtained by taking V,,
as the exchange potential and (2.19) is valid only for the
highest energy occupied orbital ¢,, of spin projection o .

In addition, it follows from:

E(N) ~E,(N-1) = [ @1, (£) s ¢, () dE
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where E(M) is the expectation value of total energy for the M
particle system that E(N)-E,(N-1)=¢_. The subscript u
indicates the value calculated using the same orbitals as
employed in the N particle calculation with the mo orbital
missing (unrelaxed). Thus Koopmans' theorem is satisfied for
the highest occupied state in the SKLI.

Comparing (2.18) and (2.12), we see that the important
property for the highest occupied orbital will be valid in
both the KLI and the SKLI. The other properties derived from
the above property will still be true -- Janak's theory will
be approximately satisfied in the SKLI; in the uniform gas
limit, v, =V =V, YP=2/3v S and V,_-->-1/r as r-->o. Thus the
SKLI maintains some important analytic properties satisfied by
V' and V. In order to determine whether it can serve as an
accurate approximation to the OEP, it is necessary to perform
numerical calculations on systems for which accurate OEP and

KLI results exist.

2.3 Numerical Results

We have applied the SKLI method to calculate the
properties of atoms whose atomic numbers range from 2=3 to
Z2=56 (for 2Z=2, the HF,OEP,KLI and SKLI are all identical). To
each atom, the two states with the same spin projection as the
highest occupied energy state and the same states with the
opposite spin projection that are occupied are chosen as

valence states, the HF exchange potential v, (r) (HF) are
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employed. The rest of the atom is considered as the core
state. Two different approximations -- the LSD potential and
the LSD with self interaction correction (LSDSIC) potential
Table (2.1) gives the total energy of all atoms by
applying the SKLI method with the LSD in the core states.
Table (2.2) gives the comparison of overestimates of total
energy in the OEP, KLI, LSD, SKLI approximations. The results
in table (2.1) and (2.2) show that the total energy calculated
by employing the SKLI method is moderately improved compared
with the LSD approximation (except Ga).The conclusion can be
well understood -- changing the prescription for valence
states from the LSD to HF will improve the energy, but the
improvement would not be significant,because we still treat
the core states in the LSD approximation which is highly
weighted in total energy. Similarly, table (2.3) and (2.4)
give the total energy and the comparison of overestimate of
total energy in the OEP,XLI,LSDSIC and SKLI approximation with
the LSDSIC in the core state. Figure 2.1 and Fig.2.2 display
the relative overestimate in ppm of the total energy compared
with the HF total energy according to table (2.2) and (2.4).
Fig.(2.3) and Fig.(2.4) are graphs of various exchange
potential V,. We can observe that exchange potential of the
KLI is very close to those of the OEP. The exchange potential
of the LSD is nearly too weak everywhere and approaches to

zero too rapidly. The V, of LSDSIC is too deep. However, the
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exchange potential of the SKLI in the region where is close to
core is almost identical to the V. of the LSD or the LSDSIC,
Viy of SKLI coincide with KLI in the outer region.

However, the calculations of €, using the SKLI method are
a significant improvement over the LSD results. As previously

emonstrated by Krieger, Li and Iafrate, unlike the results of

LsSD,the €, given by the KLI method are very close to both the
€m,’ and €,°. Since the SKLI method treats the highest
orbital exactly the same as the KLI method, the €, value in
the SKLI is extremely close to those obtained in the KLI
calculation, no matter whether we use the LSD or the LSDSIC
approximation for the core states in the SKLI method.

Table(2.5) gives the results of €, for different
approximations. The SKLI here describes the core state by
employing the LSD potential. The similar table(2.6)
corresponds to the LSDSIC potential in the core states.
Obviously, from tale(2.5) we find that the LSD makes a large
error (around 40%) in ¢,. It thus fails in describing the
valence electrons which are important for chemical binding.

Similarly, from table (2.6) we use that the €_, given by
the LSDSIC are a significant improvement over the LSD
results,being generally only a few percent from the € and
€ - However, they are significantly in error when compared
with the ¢, ' results as well as the SKLI results for €, when

the LSDSIC is employed only in the core state.
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Furthermore, it is interesting to observe that the € o
calculated in the SKLI approximation are often closer to Emo ¥
than those given by the KLI method. This arises because the
KLI method tends to slightly overestimate the Hartree
potential thus making €, too small in magnitude. However, the
LSD and LSDSIC approximations tend to be slightly too weak in
the core region which results in a slightly weaker Hartree
potential which tends to cancel the overestimate of V, given
by the KLI prescription.

Fig.(2.5) and Fig.(2.6) are the €n /€T curves for
halogen atoms corresponding to different approximations (the
OEP, KLI, LSD(LSDSIC) and the SKLI). In Fig.(2.5) the SKLI
method chooses the LSD potential in the core states, whereas
in Fig.(2.6) the SKLI corresponding to the LSDSIC in the core.
We can see from Fig.(2.5) and Fig.(2.6) that ¢, obtained from
the SKLI method is almost identical to those obtained from the
KLI and OEP (<0.2%). However,the error in €, is around 40% to
50% in the LSD and 5% to 10% in the LSDSIC respectively.
Similar curves are shown in Fig.(2.7) and Fig.(2.8) for the
atoms in the second column of periodic table (group IIa).
These show that the difference between the OEP, KLI and SKLI
is less than 0.6 %. However, for the LSD approximation, the
eérror can be as large as 45%; for the LSDSIC approximation,
the largest error is about 10%.

These results strongly support the conclusion that the

SKLI method treats the valence states accurately. So the
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highest occupied eigenvalues in the SKLI method are as
accurate as the KLI and OEP.

We may also compare the accuracy of various
approximations by examining the expectation value of <r?>
which is sensitive to the behavior of the density far from the
nucleus.i.e. depends heavily on the valence charge
distribution.

Table(2.7) and (2.8) are compilations of <r?> calculated
by applying different approximations. As we mentioned before,
the SKLI potentials in table (2.7) and (2.8) choose the LSD
and the LSDSIC as the core state potentials respectively. The
results show that the OEP, KLI and SKLI give accurate results.
If we compare the SKLI calculations for <r?> with those of HF
we find that the SKLI provides less than 0.14% difference for
halogens and less than 0.66% difference for the atoms in group
IIA. But both the LSD and the LSDSIC approximations produce
much larger errors of unpredictable sign.

The Fig.(2.9) and Fig.(2.10) (<r®» for halogens) and
Fig.(2.11) and (2.12) (<r®> for the group IIA atoms)
demonstrate those errors. In halogens, the maximum error of
<r’>/<r’>;; is 7.3% in the LSD and 1.5% in the LSDSIC. However,
in group IIA, the maximum error is 4.2% in the LSD and the
LSDSIC.

To sum up, we see that by using the SKLI method, the
approximate OEP potential can be easily constructed and the

results are significantly improved comparing with the LSD and
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the LSDSIC. Thus the SKLI provides a prescription for the
calculation of the approximate OEP potential that maintains
the high accuracy of the KLI method when applied to properties
sensitive to the valence states i.e. the €¢_ and <r?>, while
producing modest improvements in the calculation of the total
energy given by the LSD or LSDSIC approximation. As such it
has the potential of providing an accurate but simple

construction of the OEP for multi-atom calculations.
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CHAPTER 3

Study of Negative Ions

An important test for any approximate density functional
theory is its application to the negative ions. Earlier
studies®™! show that the LSD approximation fails for most of
the negative ions; it even can not yield a self-consistent
field solution in those cases. The reason this is true is due
to the fact that the valence electrons are weakly bound in
many negative ions and the LSD approximation provides a large
error when it is used to describe them. On the other hand, if
we include the self-interaction correction in the LSD
approximation (LSDSIC), a convergent result can be obtained.
But LSDSIC is an orbital dependent multi-potential method
rather than a single potential technique.

Krieger, Li and Iafrate have reported® that by employing
the KLI single potential, the results are very close to those
of HF and the OEP for negative ions.

In this chapter, we will apply the SKLI method to the

negative ions and study the effects of the correlation energy

in them.

3.1 The SKLI Method and Negative Ions

The most important property associated with the negative
ions is the electron affinity (EA). The definition of EA is
the difference between the total ground state energies (E4,)

of the corresponding atom A and negative ion A-.
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EA=E’5°C(A) —ECOC(A—) ......... (3.1)

If the ion is stable, EA should be positive and EA is obtained
by calculating E_(A) and E,(A-) separately.

If we use HF theory to calculate EA from (3.1), the
results are far from accurate, sometimes even predicting the
wrong sign for EAPP1,  This happens because of the fact that
in HF theory, only the exchange energy has been included and
the correlation energy, which plays a very important role in
describing the behavior of the valence electrons, has been
neglected. For the same reason, exchange only KS theory like
the OEP and the KLI will not be able to provide an accurate
approximétion to EA for negative ions.

It has been shown™ that in exact KS theory, the negative
of the highest occupied energy eigenvalue -¢,, is exactly equal

to EA, i.e.

In exchange only KS theory, (3.2) will not be satisfied
exactly. However, according to Koopmans' theorem -¢_, still can
be considered as the removal energy without relaxation.

Nevertheless, one can always regard -¢,, as an
approximation to EA in the exchange only case and calculations
have shown® that in general -e_, is a better approximation to
EA than that given by(3.1).

Krieger, Li and Iafratel® applied the KLI method for the
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calculation of the negative ions which include alkalis,
halogens and some stable negative ions with incomplete 2p and
3p shells. We also apply the SKLI method to the corresponding
negative ions. The highest occupied energy eigenvalues, the
total energies and the electron affinities calculated from
(3.1) for various negative ions are obtained. The results
demonstrate that the SKLI method provides very close results
for ¢,, to those of HF, the OEP and KLI. In addition, whereas
the total energies of negative ions are higher in the SKLI
than those of the HF, OEP and KLI, the EA of corresponding
negative ions in the SKLI are still very close to those
obtained by the HF, OEP and KLI. This result follows from
the fact that the overestimate of the total energy for the
atom and corresponding negative ions are nearly equal so the
cancellation of these overestimates, in calculating EA by
employing (3.1) will make the results of EA in the SKLI close

to those of the HF, OEP and KLI.

3.2 Results and discussion

In table (3.1) we tabulate the highest occupied
eigenvalues (-¢, ) obtained by applying the HF, LSDSIC, OEP,
KLI, SKLI(LSD in core) and SKLI(LSDSIC in core) in the
exchange-only approximation. For H~, the same results are
obtained in all calculations since in this case OEP, KLI and
SKLI are all exactly the same as the single HF V,. For

alkalis, we see that €, of the SKLI are within 0.3% of the

30

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



KLI, within 1.7% cf the OEP, and within 1.5% of the HF. But
the LSDSIC are different from the above by as much as 12%.
For halogens, the SKLI results are within 0.7% of the KLI,
within 0.5% of the OEP, within 0.9% of the HF. Whereas the
LSDSIC are, at most, 18.5% away from the above approximations.
For ions with incomplete 2p and 3p shells, the SKLI results
are all within 0.8% of the KLI, within 0.9% of the OEP and
3.9% (corresponding, however, to a difference of only
0.0016Ry) of the HF. But the maximum difference from the
above of the LSDSIC is 24.8%. Since the valence states

have been chosen by employing the HF prescription in the
SKLI, the highest occupied eigenvalues, €,,, which mainly depend
upon the valence states contribution to the exchange potential
are also very close to those of the HF, OEP and KLI.

As an approximation to EA, we can see that for alkalis,
all -€,, in the SKLI are too small compared with the
experimental value. This is alsc true for LSDSIC. For
halogens and ions with incomplete 2p and 3p shells, all -€.,
in the SKLI are too large.

On the other hand, in the LSDSIC approximation, all -¢,,
for halogens underestimate EA except for F- and they
overestimate EA in ions with incomplete 2p and 3p shells
except Si-~ and s-.

Table (3.2) lists the total energy calculations of the
negative ions. 1In alkalis (exeept Li) and halogens, the

overestimate in the SKLI method are smaller than the LSDSIC if
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either LSD or LSDSIC is employed to calculate the single
particle potentials of the core electrons. But in the atoms
with incomplete 2p and 3p shells, the overestimate in the
LSDSIC is generally larger only if LSDSIC is employed in the
core. The total energy overestimates in both the LSDSIC and

In table (3.3), we display the calculation EA by using
(3.1). Since HF fails to give an accurate value due to the
neglect of the correlation energies, the OEP, KLI and SKLI
which are using the same HF functional fail too. 1In those
cases in which the negative ion has a higher energy than the
neutral atom in the exchange-only approximation,the wrong sign
(negative sign) for EA has been given.

Regardless of the accuracy of all the approximations to
the exact results, if we only compare the SKLI results with
the calculations of the HF, LSDSIC, OEP and KLI, we find that
EA obtained by the SKLI method are closer to those of the HF,
OEP and KLI than those obtained by the LSDSIC approximation.

Table (3.4) gives the comparison of <r?> obtained by the
HF, OEP, KLI and the SKLI. For alkalis <r?> of the SKLI are
within 0.36% of the KLI, within 0.15% of the OEP and 1.5% of
the HF. Whereas the LSDSIC are different from the above by as
much as 10.3%.

For the halogens, the SKLI are within 0.3% of the KLI,
within 0.1% of the OEP, 0.2% of the HF. But the LSDSIC gives

a 4.0% difference from the above approximations. Similar
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results are shown for the ions with incomplete 2p and 3p
shells. 1In these cases <r?> of the SKLI are within 0.6% of
the KLI, within 0.6% of the OEP and 0.65% of the HF.
However,the maximum difference from the above in the LSDSIC is
14%.

Comparing table (3.1) and table (3.3) with the EA

obtained from experiment as tabulated in table 3.5, we can

see that in exchange only case, ~¢_, is a better approximation

to EA than those obtained by using (3.1). While for alkalis,
all -€,, are too small to account for EA, they are too large
for halogens and atoms with incomplete 2p and 3p shells. For
S-, all -€,, in the HF, OEP, KLI and SKLI are in good agreement
with the experimental EA, but -¢_,, in the LSDSIC is too small.

Fig. 3.1 is the comparison of the total energy for the
negative ions by employing the KLI, SKLI(LSDSIC in core) and
LSDSIC. We can see that the SKLI and LSDSIC approximation
overestimate the total energy more than the KLI. But the SKLI
method improves the total energy moderately compared to the
LSDSIC results.

Fig. 3.2 and Fig.3.3 corresponds to €, /€y for alkalis
and halogens respectively. The €, given by the SKLI method
is in good agreement with those given by the KLI method. 1In
both figure whereas, the LSDSIC provides as much as an 18%
error. For the halogens the highest occupied eigenvalues ¢,

of the LSDSIC are lower than those in the SKLI and KLI, But
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in alkalis , the reverse is true.

Fig.3.4 and fig.3.5 are average values of r?
corresponding to alkalis and halogens. We find the similar
results: <r’> of the SKLI and KLI are very close to each
other, but <r?> calculated by the LSDSIC approximation are

significantly farther from the HF values.

3.3 Correlation Energy in Negative Ions

In the HF theory and the corresponding KLI method, the
correlation energy has been neglected. As a result, when they
are applied to negative ions, EA obtained from (3.1) are far
from accurate. Even the wrong sign is sometimes predicted
(see table3.3 )

To study the effects of correlations in negative ions,
the LSD and LSDSIC correlations are added to the HF exchange
energy. While the KLI potential will be constructed by using
HF with the LSD correlation and HF with the LSDSIC correlation

respectively.

In the LSD approximation, the correlation energy E,[n]

can e written as:

E,[n]=Y fn,, (z)e.[n, (x),n,(x)ldr

For e, we use the Ceperly and Alder P results as

parameterized by Perdew and Zunger!™ i.e.
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ei=A%n(r,) +Bi+Cir In(r,) +Dir (£ <1)

ecf:-.:r;:/ (1+'Bi‘/-r—s+p;) ......... (rs>1)

Here, coefficients were given by Perdew and Zunger. r, is

s

defined by:
n=(4anrl/3)

with n being the electron density and i can represent

polarized and unpolarized cases.

For intermediate values of polarization, we employ the

von-Barth-Hedin interpolation formulaPd:

e.(n(x),{(r)) =e.(n, {=0) +[e (n,{=1) -e (n,{=0)] F({(z))

here, the interpolation equation function is:

FQ(x)) = (148(x) )32+ (1-{(x) ) 4/3-2
2(213-1)

We also add the LSD correlation with self-interaction-
correction(LSDSIC) to the HF and KLI.

Table (3.5) gives the highest occupied energy eigenvalues
-€y,, (including the effects of LSD and LSDSIC correlation
respectively). Table (3.6) lists the total energy including
correlation. Table(3.7) shows the electron affinity EA
including the effects of the correlation energy. Here EA is

given by employing (3.1).
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From table(3.5) to (3.7) the following conclusions can be
drawn:

(1) Compared with table(3.1) to table(3.3), we can see
that the correlation energies make total energies
significantly lower. Alsc table (3.6) demonstrates that the
LSD correlation energy is larger in magnitude compared with
the LSDSIC correlation results.

(2) After adding the correlation energies, the sign of EA
is positive for all negative ions. Therefore, unlike in'the
exchange only case, the existence of negative iocns can be
consistently predicted.

(3) Compared with the experimental values, we can see
from table (3.7) that the electron affinity EA in halogens and
the ions with incomplete 2p and 3p shells are closer to those
values than -¢,, in table (3.5). 1In alkalis, however, the -e¢_,
calculated with LSDSIC correlation are slightly closer to the
EA than the EA given by equation(3.1). Generally speaking,
when correlation energies are added , the results of EA from
equation (3.1) will be a better approximation to the electron
affinity than those of -¢_,.

(4) Comparing the calculations with LSD correlation and
those with LSDSIC correlation given in table 3.7, we find that
in alkalis and most halogens the electron affinity obtained by
employing the LSDSIC correlation are closer to the

experimental values than those with LSD correlation, whereas,

in the ions with incomplete 2p and 3p subshells, the LSD
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correlation makes the electron affinity somewhat closer to the
experimental results, especially for the light ions. This
arises because of cancellation of errors in the overestimate
of the total energy of both atoms and corresponding ion when
LSD correlation is employed. However, from table 3.5 we see
that in all cases, -¢,, given by LSDSIC correlation is a better
approximation to EA.

(5) The KLI is an accurate approximation of the OEP and
also an accurate approximation of the HF. The results from
table (3.5) to (3.7) demonstrate that in the calculation of
negative ions, the results obtained by adding correlation in
the KLI prescriptions are still very close to those of the HF

plus correlation.

37

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4

Test of Exchange-Correlation Functionals

in an Exactly Soluble Model

As we saw in previous chapters, accurate calculational
implementations of the density-functional theory are far from
easy to achieve, because of the fact that no exact E.[n] has
yet been proposed. To evaluate the various approximations,
Laufer and Krieger® have given a comparison between LDA and
the solution in an exactly soluble model consisting of two
electrons with antiparallel spin attracted to a common center
by harmonic-oscillator forces with mutual coulomb repulsion
between the electrons. In this chapter, we extend the Laufer-
Krieger model to find the exact solution of a similar harmonic
force system which consists of two electrons with parallel
spin. The solution will be used to study the contribution of
electrons with parallel spin to the correlation energy and to
evaluate the accuracy of various correlation functionals which
include the local spin density (LSD) correlation, the LSD with
self-interaction-correction (LSDSIC), the Generalized Gradient
Approximation Correlation (GGA) and the GGA with self-
interaction correction (GGASIC) correlation.

In each case in which the approximation for the exchange
and/or correlation energy is orbital dependent, we employ the
KLI method to construct the approximate OEP potential. The

application of the various exchange-correlation energy
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functionals is then compared to the exact results.

4.1 The Model

We apply the same Laufer-Krieger model to two electrons
with parallel spin attracted to a force center by a harmonic-
oscillator potential. The hamiltonian of this system is:

ﬁz

—— ez A
2m

H=- (V§+V§)+%K(rf+r§)+_l_r_l. ......... (4.1)

Here r; are the coordinates of electron i(i=1,2) and K is a

measure of the strength of the attractive center. To solve
the above Schrodinger equation, we make a transformation to
center of mass coordinate R and relative coordinate r. Here
R=(x,+r;) /2, r=r,-r, and r? +r,’=[ (2R)2+r?]/2, the reduced mass is

u=m/2 and the total mass is M=2m .

I

¥(r;, r;)=y(R,r)

- h? hi2 1 e?
H(rll 1-2) —H(R, r) =—?ﬁ R-_VI+ZK(r2+4R2) +_l‘_"‘

2p
Separating variables

¥(r,R)=f(r)g(R)

and substituting into the previous equation and dividing both

sides by ¥(r,R) yields,

[—é’;{v;»rxzm g(R) =E_g(R)
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[—5—2V§+1Kr2+ﬁi] f(r)=¢

2[1 a r relf(r)

where E=E_+¢&,,.

In atomic units,e’=h=m=1,these equations can be written as

[——Z—Vﬁuaaz]g(g) =E G (R) e (4.2)

[_Vi.{._i_KrZ.,.%]f(r) =g, F(Z) e (4.3)

We can consider the wavefunction as a product of a spin part
and a space part. In the Laufer-Krieger case (S=0) the spin
state is antisymmetric, the space part of the wavefunction is
symmetric, so the wavefunction of the system is still
antisymmetric and the Pauli principle is satisfied. But in our
~case, for two electrons with parallel spin, S=1. The spin
part of the wave function is symmetric, so the space part
should be antisymmetric, so that the system still satisfies
the Pauli principle. Since interchanging r, and r, leaves R
unchanged, the ground state corresponding to S=0 or S=1 must
correspond to the ground state of (4.2). Equation (4.2) is

the equation of a spherical harmonic oscillator®?). Thus
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g(R) =cexp (-K*/?R?)

Under interchange of r, and r,, r-->-r. Therefore in
order to ensure that the total wavefunction is antisymmetric
under interchange of electron coordinates we take for the
solution of eqg(4.3) the lowest odd solution i.e. the lowest
lying p state.

If we take f(r)=f(r)Y(0,¢), then corresponding to a p
state there are 3 degenerate states for Y: Y, (0,¢), ¥;(0,9)
and Y,,(0,9). They are equally weighted. The one dimensional
equation for f(r) can be obtained by separating f(r) and

Y(0,0):

_l d[ zdf(r)]+[lKrz+l l(l+l)]f(r) =¢

Iz dr dr zelf(r)

Since 1=1 corresponds to a p state,

_1 d[rzdf(r)]+[l

l 2 =8 L[ U L ) e
L dr = Kr +r+?]f(r)-ezelf(r) (4.4)

The probability density that an electron is at r, is given by

P(r,) =f|‘|’ (zy, 1) |?dr,

Thus the electron density is given by:
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n(z,) =2[£2(z) g*(R) dr,

where r=r;,-r,. For a fixed r,, dr,=dr so

i ST

I Zopp3 ta, X227 1
n(.r,) =2ff2(r)gz(§+x‘,)d:=c2ff3(r)e 2K !z |dr=cze-21c z,fe Z 2K "'"f’(z)d.r
£2(x)=f?(r)

Substituting f?(r) into n(r,), and simplifying we obtain:

1

i legZy2

1
oK 2r.2 - —K2 .
n(r,) =A%e™¥ ’2f e 2 e 2K rneos8 2 (1) r25inOdBdedr
space

where A is a constant . We can obtain n(r,) by performing the

angular integrals which yields

-qr?

- 2 o J__ _
n(r,) =B*(e % /qf.’z)f0 f2(r)e 4 [eFFi-g F%2] rdr.... (4.5)

where g=(4K)'?%,
In the two electron case, the normalization factor B? is
obtained from {n(r)4mnr’dr=2.

We employ a numerical calculation to solve equation (4.4)

to obtain ¢4 and f£(r). Then:

1
Eoace=Ecpt€,6171.5K 2 HE s (4.6)

gives the exact total energy of electrons with parallel spin

which includes both the exchange and correlation energy.
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Also, equation(4.5) provides the exact electron density n(r).

On the other hand, we can apply the KS equation to a

system of two electrons with parallel spin.

[—%W+Veff(r)]¢i(r) =6 (F) oo (4.7)

If we write ¥;(r)=R,(r)Y,,(8,¢) and u,(r)=rR,(r), equation (4.7)
may be written:
1
L 2

+Veff(r) +_:Z(l_r+j“)_] u

d2 =
E;z' n1=€n1ln;
In our system, we only consider two orbitals. For 1=0, u,=u;;

for 1=1, u,~/u,. Equation (4.7) will be :

_1 42
[2

dI2+Veff(r)]u1=elul ......... (4.8)

2
[—;;;.?ci—_z.-i-veff(_r)4—.1:}_2]uz=32u2 ......... (4.9)

from (4.8) Vg(r)=e,+(1/2u,) (d%u,/dr’). Substituting Vg4(r) into

(4.9), we have

2 2
4,1, 1 44
2

[-L 1
2 dr?2 r? 2u, dr?

lu,=(e,-¢,) u,~(4.10)

here 1=1 (p state). Also
n(r) =g (r) +$2(r) =ul/r2+ul/r2.... (4.11)
Substituting for u,(r)in eq(4.10) in terms of u,(r) and n(r)
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from equation (4.11), equation(4.10) can be solved self-
consistently for &=g,-¢, and u,(r) by employing the exact n(r)
given by eq(4.5).

Since é&_,~¢&,=E(N=2)-E(N=1)" and E(N=2) and E(N=1) are
known exactly, then ¢, is known exactly and consequently once

€=g,~¢, is obtained, €, is known exactly. Then from

......... (4.12)

we may obtain the exact exchange correlation potential V,,

exactly i.e.

/
ch=veff—%Krz— n(r) ..(4.13)

|z-x/|

Equation (4.13) provides the exact exchange -correlation
potential for this two electron problem. We may consider V_
as the sum of V, and V, which can be separately obtained as
follows. We obtain the exact KS exchange potential V, by
first solving the HF equations for the exact HF exchange
energy E, and density, n"™(r). Using this density and the
condition that the eigenvalue corresponding to the highest
exchange-only KS occupied orbital satisfies &,*=¢,'F, we may
obtain the exact KS V, by performing the analogous procedure
described by equation 4.7 through 4.13 for the exchange-only
case. Then, by subtracting E, and V, from E_, and V,,

respectively the exact E, and V, are obtained.
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4.2 Exact E,E,V, and V,

The exact correlation energy for various K is tabulated
in table 4.1. The data demonstrate that although K changes by
several orders of magnitude, the ratio of the correlation
energy from parallel spin to those from the antiparallel spins
as obtained by Laufer and Krieger is around 1:6, nearly
independent of K. A similar result was observed by 0.V.
Gristenko and G.M. Zhidomiro(GZ)™! for atoms. This suggests
that the major part of the correlation energy for systems
having electrons with both spin projections can be considerea
as arising from the interaction of the electrons with
antiparallel spin.

In figure 4.1 and 4.2 we present the exact exchange
potential V, and correlation potential V.. The shapes of V;
and V, are similar to those of the antiparallel case but less
negative in magnitude. Table 4.2 gives the overlap integral
of the exact wavefunction and the wavefunction in the
exchange only case. We can see the correlation potential
plays a minor role in calculating the wavefunction.

This can be understocod in view of the fact that electrons
with parallel spin are forced to stay apart due to the Pauli
principle whereas electrons with anti-parallel spin can more
effectively reduce their repulsive coulomb energy by having
their positions correlated in such a way that their relative

distance are greater than in an uncorrelated state.
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4.3 Test of Exchange-Correlation Functionals

In this section, the LSD, LSDSIC, GGA and GGASIC
correlation energy functionals are added to the exchange
energy functional of the system consisting of two electrons
with parallel spin. The results are compared with the exact
result for total energy, exchange and correlation potential,
highest occupied energy eigenvalue, <r?> and the electron
density.

First, we study the system of two electrons with parallel
spin in the exchange only case. Here, the LSDX, LSDSICX
represent the corresponding approximation in the exchange only
case whereas the KLIX represents the approximation which
constructs the OEP singlé potential from the effective single
particle HF exchange potential. (see eq.2.6)

Fig.4.3 gives us the percentage error in total energy for
the exchange energy. The greatest error in the KLIX is only
0.006%. 1In the LSDSICX it is 0.09% whereas in the LSDX the
error can be as great as 4.7%.

Fig.4.4 gives a graph of the highest occupied eigenvalue,
for which the KLIX produces a maximum 0.2% error. However,
the greatest error in the LSDSICX is 3.5%, whereas in the LSDX
is about 20%(X=0.01).

The comparison of <rx?> in the exchange only case are
shown in Fig.4.5. <r?> in the KLIX approximation is almost
identical to that of the exact value -- Four significant

figures after decimal point are identical in K=1,10,100; three
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significant figures after decimal point are identical in
K=0.01,0.1. <r?> in the LSDSICX are very close to the KLIX
whereas the greatest error in K=0.01 is 0.1%. In the LSDX
approximation, the maximum error is 3.03%.

These results are consistent with the conclusion which we
arrived at in the previous chapter---in the exchange only
case,the KLI is a very accurate approximation, the LSD
approximation produces the largest error in the above three
approximations.

In the LSD approximation the correlation energy E, can be
obtained by the formula discussed on page 35.

If we consider the self-interaction-correction(SIC) in
the LSD correlation the LSD correlation energy functional with

self interaction correction, ESPS€, will be given by
EéSDSIC=EéSD [n',nl] _E“ Eé‘SD [n“,, 0]
Perdew and Wang P2 have developed a Generalized Gradient

Appreoximation (GGA) which adds a non-local correction to the

LSD approximation. ES°* (PW 91) will be:

ES®(Pwo1) (n,,n,) =fd3rn le.(rg. &) +H(t, r,,8)]

where
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ry=(3/4nn) 3, K.=(3n2n) /3, K = (4K;/®) Y2, §=(n,-n)) /n
g=[(1+§)2/2+(1-§)?/?1 /2, t=|Vn|/2gK,n
The function H equals Hj+H,

2 2a t2+At4
H=g?Pi1n[1+20  EE+AL?
0=9" Zg 10l B 1+At2+a2¢tt

Hy=Y [C,(z,) =C,(0) =3C,/7] g>t2e 200¢" (Ke/RA1 €2
where
®=0.09, C,(0) =0.004235,C,=-0.001667,y=(16/m) (3n2)*/*, p=yC.(0)

_ 20 1
AB Tenr 0/
e 2eec%a: -1

Accurate analytic representations are available for €. (r,, )

and C(r,)"3.

Similarly, if we apply the SIC method to the GGA, the GGA

correlation energy functional can also be ocbtained from:
ESSIC2ESA[n,, n,] —E% ES® [n,,, 0]
The correlation potential V, can be obtained for E=E.[n,] from
V.= 8E.[n,]
¢ 8n,

The correlation potential for orbital dependent E. can be
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obtained by solving the OEP integral equation.
We test the exchange-correlation functionals as follows:

we use the LSD,LSDSIC and HF to calculate the exchange energy.

We calculate the correlation energy by invoking the LSD,
LSDSIC, GGA and GGASIC. The LSDC, HFC correspond to the
LSD,HF approximation(for exchange) with the LSD correlation
respectively. LSDSICXC and HF(SICC) correspond to the LSDSIC
and HF approximation (for exchange) with LSDSIC correlation.
However, KLIC, KLI(SICC) KLI(GC) and KLI(SICGC) correspond to
an approximation which constructs the OEP potential as the sum
of the effective HF exchange potential and the LSD, LSDSIC,
GGA, GGASIC correlation potential respectively.

Fig.4.6 is a graph of the ratio of the calculated
correlation energy in various approximations to the exact
correlation energy(E,/E,(exact)) versus various K. In the HFC
and KLIC, E/E (exact) varies from 0.49 to 28. These results
imply that the LSD correlation is a very inaccurate
approximation. In the HF(SICC) and KLI(SICC), the E /E (exact)
is about 0.53 to 0.69 and 0.52 to 0.68 respectively. We
observe that the LSDSIC correlation for two electrons with
parallel spin is much better than the LSD. But it is slightly
weak.

The KLI(GC) generates E,/E (exact) from 3.1 to 4.7.
Therefore the GGA correlation is stronger compared with the

exact result. E,/E (exact) in the KLI(SICGC) varies from 0.73
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to 1.10. Especially, when we consider the region from K=1 to
K=10 (that is the region similar to atomic density),
E./E,(exact) varies from 0.93 to 1.02. We can conclude that the
GGASIC correlation energy is significantly more accurate than
any of the other approximations for this two electron problem.

Fig.4.7 and Fig.4.8 give the percentage error in the
calculation of the total energy. All three approximations with
the LSD correlation produce larger errors than those with the
LSDSIC correlation functional. In the KLI method, KLIC has
the greatest KLI(GC) has less error, KLI(SICC) is even
more accurate, and KLI(SICGC) has the smallest error. The
GGASIC correlation produces the most accurate results in total
exchange-correlation energy. As we mentioned before, the HF
and the KLIX are very accurate in the exchange only case. But
HFC and KLIC produce a large error due to the inaccuracy of
the LSD correlation. The LSD correlation is too deep, it
cancels part of the error obtained in the LSD exchange only
case and reduces the error in the total energy.

Fig.4.9 and 4.10(10.1,10.2) give the comparison of V, and
V. respectively. V, in KLIX is very close to exact V,. V, in
LSDX is too weak everywhere. V., of the LSDSIC correlation is
close to exact V.. However, V. of the LSD is far from the exact
V.. V., of the GGA correlation is better than those of the LSD,
but it is still not as close as V, of the LSDSIC. V, of GGASIC
oscillates but its average is better than V., of the GGA.

Fig.4.11 and Fig.4.12 are the graphs of the ¢, /¢ (exact)
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versus K in exchange and correlation case. Various
approximations with the LSD correlation generate maximum 16%
error. Approximations with the LSDSIC correlation produce as
great as 3% error. The greatest error in the KLI(GC) is 3%
whereas it is 2% in the KLI(SICGC).

Fig.4.13 and 4.14 are graphs of comparison of <r*> for
exchange and correlation. The approximations wh the LSD
correlation produce as great as 1.6% error. However, the
greatest error in approximations with the LSDSIC, GGA, GGASIC
is less than 0.7%.

Fig.4.15, Fig.4.16 and Fig.4.17 are comparison of
electron density. The electron density of the KLIC, KLI (SICC),
LSDSICXC, KLI(SICGC) are larger than exact value in the core
part. The electron density of the LSDC is smaller than the
exact value. The electron density of HFC, HF(SICC) and
KLI(GC) are close to the exact value.

From the above discussion, the conclusion can be arrived
at as follows:

The LSD correlation produces the largest error; the GGA
correlation has improved the LSD correlation; the LSDSIC
correlation generates less error than the above; the GGASIC
correlation produces the smallest error among these

correlation energy functions.
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Table 2.1 Total Energy Calculated in Various Approximations
(HF,OEP,KLI,LSD,SKLI(LSD in Corej))

%z | ATOM | -EWF ~EOFP ~EKU -ELP ~gSKU
(LSD)

3 Li 7.4328 7.4325 7.4324 7.4286 7.4324

4 Be 14.5730 14.5724 14.5723 14.5681 14.5723

5 B 24.5293 24.5283 24.5281 24.5228 24.5248
6 c 37.6900 37.6889 37.6887 37.6817 37.6853
7 N 54.4045 54.4034 54.4030 54.3933 54.3996
8 0 74.8136 74.8121 74.8117 74.8000 74.8081
9 F 99.4108 99.4092 99.4088 99.3948 99.4051
10 Ne 128.5471 128.5454 128.5448 128.5275 128.5410
11 Na | 161.8590 161.8566 161.8559 161.8413 161.8514
12 Mg 199.6146 199.6116 199.6107 199.5973 199.6060
13 al 241.8768 241.8733 241.8723 241.8593 243.8688
14 Si | 288.8546 | 288.8507 288.8495 288.8364
15 340.7193 340.7150 340.7137 340.7000 340.7035
16 397.5063 397.5016 397.5002 397.4861 397.4902
17 cl 459.4826 459.4776 459.4760 459.4614 459.4662
18 Ar | 526.8175S 526.8122 526.8105 526.7949 526.8C07
19 K 599.1649 599.1591 £99.1571 599.1426 599.1467
20 Ca | 676.7582 676.7519 676.74%7 676.7358 676.7397
21 Sc | 759.7359 759.7277 759.7249 759.7092 759.7115
22 Ti | 848.4066 | 848.33972 848.3942 848.3748 848.3813
23 v 942.8856 | 942.8760 942.8729 942.8501 942.8602
24 Cr 1043.3568 | 1043.3457 | 1043.3422 1043.3091 | 1043.3315
25 Mn | 1149.8698 | 1149.8600 | 1149.8569 1149.8264 | 1149.8447
26 Fe 1262.4500 | 1262.4380 | 1262.4344 1262.4026 | 1262.4218
27 Co | 1381.4186 | 1381.4056 | 1381.4018 1381.3662 | 1381.3896
28 Ni 1506.8732 | 1506.8598 | 1506.8560 1506.8171 | 1506.8441
29 Cu 1638.9642 | 1638.9523 | 1638.9481 1638.8958 | 1638.9371
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Table 2.1 Continued

z | ATOM -EMF -EOEP -gkU o “had ~ESKU
(LSD)
30 Zn 1777.8481 | 1777.1111 | 1233.1234 | 1234.1234 | 1223.1233
31 Ga 1923.2612 | 1923.2487 | 1923.2454 | 1923.2046 | 1923.2043
32 Ge 2075.3603 | 2075.3483 | 2075.3453 | 2075.3088 | 2075.3095
33 As 2234.2399 | 2234,2281 | 2234.2251 | 2234.1914 | 2234.1934
34 Se 2399.8691 | 2399.8573 | 2399.8543 | 2399.8228 | 2399.8253
35 Br 2572.4418 | 2572.4300 | 2572.4269 | 2572.3970 | 2572.4001
36 Kr 2752.0550 | 2752.0430 | 2752.0398 | 2752.0108 | 2752.0149
37 Rb 2938.3576 | 2938.3455 | 2938.3421 | 2938.3152 | 2938.3180
38 sr 3131.5457 | 3131.5334 | 3131.5299 | 3131.5042 | 3131.5074
39 Y 3331.6846 | 3331.6710 | 3331.6670 | 3331.6418 | 3331.6429
40 zr 3539.0117 | 3538.9970 | 3538.9925 | 3538.9651 | 3538.9686
41 Nb 3753.6006 | 3753.5855 | 3753.5807 | 3753.5515 | 3753.5570
42 Mo 3975.5530 | 3975.5371 | 3975.5320 | 3975.4998 | 3975.5084
43 Tc 4204.7946 | 4204.7793 | 4204.7741 | 4204.7422 | 4204.7512
44 Ru 4441.5409 | 4441.5245 | 4441.5190 | 4441.4843 | 4441.4961
45 Rh 4685.8822 | 4685.8656 | 4685.8600 | 4685.8242 | 4685.8371
46 Pd 4937.9210 | 4937.9060 | 4937.9016 | 4937.8555 | 4937.8815
47 Ag 5197.6989 | 5197.6815 | 5197.6758 | 5197.6328 | 5197.6529
48 cd 5465.1331 | 5465.1144 | 5465.1084 | 5465.0702 | 5465.0861
49 In 5740.1694 | 5740.1514 | 5740.1455 | 5740.1094 | 5740.1104
50 Sn 6022.9325 | 6022.9149 | 6022.9092 | 6022.8750 | 6022.8769
51 sb 6313.4870 | 6313.4697 | 6313.4639 | 6313.4336 | 6313.4339
52 Te 6611.7856 | 6611.7683 | 6611.7625 | 6611.7344 | 6611.7349
53 1 6917.9814 | 6917.9642 | 6917.9582 | 6917.9297 | 6917.9313
54 Xe 7232.1384 | 7232.1210 | 7232.1150 | 7232.0859 | 7232.0893
55 Cs 7553.9338 | 7553.9165 | 7553.9103 | 7553.8838 | 7553.8853
56 Ba 7883.5438 | 7883.5226 | 7883.5201 | 7883.4922 | 7883.4963
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Table 2.2 Comparison of Overestimate of SKLI(LSD in Core)
Total Energy With the Other Approximations

z | AToM | -E ECFP-gHF | gKU-pgO®F | EWSD-gORF | gSKH(LS
D) - EUEP
3| Li 17.4328 0.3 . 3.9 0.1
4| Be |14.5730 0.6 0.1 4.3 0.1
5| B 24.5293 1.0 0. 5.5 3.5
6| C 37.6900 1.1 0.2 7.2 3.6
7| N 54.4045 1.1 . 10.1 3.8
8| o 74.8136 1.5 0.4 11.7 4.0
9| F 99.4108 1.6 0. 14.4 4.1
10 | Ne |128.5471 1.7 0. 17.9 4.4
11 | Na |161.8590 2.4 . 15.3 5.2
12 | Mg | 199.6146 3.0 . 14.3 5.6
13 | Al [ 241.8768 3.5 . 14.0 12.4
14 | si | 288.8546 3.9 . 14.3 11.8
15 340.7193 4.3 . 15.0 11.5
16 | s 397.5063 4.7 . 15.5 11.4
17 | Cl | 495.4826 5.0 . 16.2 11.4
18 | Ar |526.8175 5.3 . 17.3 11.5
19 | K 599.1649 5.8 2.0 16.5 12.4
20| ca |676.7582 6.3 . 16.1 12.21
21| Ssc | 759.7359 8.2 . 18.5 16.2
22 | Ti |848.4066 9.2 . 22.6 16.1
23 | V 942.8856 9.6 . 25.9 15.8 “
24 | cr |1043.3568 11.1 . 36.6 14.2 “
25 | Mn |1149.8698 9.8 3.1 33.6 15.3 |
26 | Fe |1262.4500 12.0 3.6 35.4 16.2
27 | Co |1381.4186 13.0 3.8 39.4 16.0
28 | Ni |1506.8732 13.4 3.8 42.7 15.7
29 | Cu |1632.9642 11.9 4.2 56.5 15.2
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Table 2.2 Continued

Z |ATOM | -EWF ECFP-EFF | EXU-EOFP | pLSD_EORP | pSKU(1g

D) ~ECEP
30| 2Zn_|1777.8481 13.7 3.7 51.0 15.1
31| Ga |1923.2612 12.5 3.3 44.1 44.4
32 | Ge |2075.3603 12.0 3.0 39.5 38.8
33 | As | 2234.2399 11.8 3.0 36.7 34.7
34 | Se |2339.8691 11.8 3.0 34.5 32.0
35 | Br | 2572.4418 11.8 . 33.0 29.9
36 | Kr |2752.0550 12.0 3.2 32.2 28.1
37| Rb | 2938.3576 12.1 3.4 30.3 27.5
38 | sr_ | 3131.5457 12.3 3.5 29.2 26.0
39| ¥ 3331.6846 13.6 . 29.2 28.1
40 | 2r | 3539.0117 14.7 4.5 31.9 28.4
41 | Nb | 3753.6006 15.1 4. 34.0 28.5
42 | Mo |3975.5530 15.9 5. 37.3 28.7
43 | Tc  |4204.7949 15.6 . 37.1 28.1
44 | Ru | 4441.5409 16.4 5.5 40.2 28.4
45 | Rh | 4685.8822 16.6 . 41.4 28.5
46 | Pd | 4937.9210 15.0 . 50.5 25.5
47 | Ag | 5197.6789 17.4 . 43.0 28.6
48 | cd | 5465.1331 18.7 . 44.2 28.3
49 | In | 5740.1694 18.0 . 42.0 41.0
50 | sn_ | 6022.9325 17.6 5.7 39.9 38.0
51| Sb | 6313.4870 17.3 5.8 36.1 35.8
52 | Te | 6611.7856 17.3 . 33.9 33.4
53 | 1 6917.9814 17.2 . 34.5 32.9
54 | Xe |7232.1384 17.4 . 35.1 31.7
55| Cs 17553.9338 17.3 . 33.7 31.2
56 | Ba | 7883.5438 21.2 2.5 30.4 26.3
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Table 2.3 Total Energy Calculated in Various Approximations
(HF,OEP,KLI,LSDSIC,SKLI(LSDSIC in core))

7 | aToM ~gHF —EOEP —gkU —glsoic —@SKLI
(LSDSIC)
3 Li 7.4328 7.4325 7.4324 7.4322 7.4324
4 Be 14.5730 14.5724 14.5723 14.5717 14.5723
5 B 24.5293 24.5283 24.5281 24.5272 24.5279
6 C 37.6900 37.6889 37.6887 37.6869 37.6884
7 N 54.4045 54.4034 54.4030 54.3999 54.4027
8 ) 74.8136 74.8121 74.8117 74.8022 74.8113
9 P 99.4108 99.4092 99.4088 99.4044 99.4083
10 Ne 128.5471 128.5454 128.5448 128.5390 128.5443
11 Na 161.8590 161.8566 161.8559 161.8495 161.8549
12 Mg 199.6146 199.6116 199.6107 199.6037 199.6091
13 Al 241.8768 241.8733 241.8723 241.8650 241.8663
14 Si 288.8546 288.8507 288.8495 288.8416 288.8436
15 P 340.7193 340.7150 340.7137 340.7048 340.7078
16 S 397.5063 397.5016 397.5002 397.4%09 397.4942
17 Cl 459.4826 459.4776 459.4760 459.4661 459.4701
18 Ar 526.8175 526.8122 526.8105 526.7996 526.8044
19 K 599.1649 599.1591 599.1571 599.1458 599.1503
20 Ca 676.7582 676.7519 676.7497 676.7381 676.7430
21 Sc 759.7359 759.72717 759.7249 759.7126 759.7141
22 Ti 848.4066 848.3972 848.3942 848.3799 848.3836
23 v 942.8856 942.8760 942.8729 942.8440 942.8625
24 Cr 1043.3568 | 1043.3457 1043.3422 1043.3221 1043.3324
25 Mn 1149.8698 | 1149.8600 1149.8569 1149.8361 1149.8469
26 Fe 1262.4500 | 1262.4380 1262.4344 1262.4128 1262.4240
27 Co 1381.4186 | 1381.4056 1381.4018 1381.3881 1381.3917
28 Ni 1506.8732 | 1506.8598 1506.8560 1506.8297 1506.8462
29 Cu 1638.9642 | 1638.9523 1638.9481 1638.9203 1638.9392
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Table 2.3 Continued

Z | ATOM ~EWF -EOFP -EKU -ESD ~gSkd
(LSD)
30 Zn 1777.8481 | 1777.8344 | 1777.8207 | 1777.8006 | 1777.8214
31 Ga 1923.2612 | 1923.2487 | 1923.2454 | 1923.2172 | 1923.2181
32 Ge 2075.3603 | 2075.3483 | 2075.3453 | 2075.3181 | 2075.3196
33 As 2234.2399 | 2234.2281 | 2234.2251 | 2234.1983 | 2234.2008
34 Se 2399.8691 | 2399.8573 | 2399.8543 | 2399.8280 | 2399.8309
35 Br 2572.4418 | 2572.4300 | 2572.4269 | 2572.4010 | 2572.4045
36 Kr 2752.0550 | 2752.0430 ] 2752.0398 | 2752.0138 | 2752.0182
37 Rb 2938.3576 | 2938.3455 | 2938.3421 | 2938.3166 | 2938.3206
38 Sr 3131.5457 | 3131.5334 | 3131.5299 | 3131.5048 | 3131.5094
39 Y 3331.6846 | 3331.6710 | 3331.6670 | 3331.6422 | 3331.6433
40 Zr 3539.0117 | 3538.9970 | 3538.9925 | 3538.9665 | 3538.9689
41 Nb 3753.6006 | 3753.5855 | 3753.5807 | 3753.5528 | 3753.5571
42 Mo 3975.5530 | 3975.5371 | 3975.5320 | 3975.4997 | 3975.5083
43 Tc 4204.7946 | 4204.7793 | 4204.7741 | 4204.7425 | 4204.7508
44 Ru 4441.5409 | 4441.5245 | 4441.5190 | 4441.4861 | 4441.4958 i
45 Rh 4685.8822 | 4685.8656 | 4685.8600 | 4685.8254 | 4685.8367
46 Pd 4937.9210 | 4937.9060 | 4937.9016 | 4937.8646 | 4937.8824
47 Ag 5197.6989 | 5197.6815 | 5197.6758 | 5197.6369 | 5197.6524
48 cd 5465.1331 | 5465.1144 | 5465.1084 | 5465.0691 | 5465.0854 ||
49 In 5740.1694 | 5740.1514 | 5740.1455 | 5740.1085 | 5740.1086 “
50 Sn 6022.9325 | 6022.9149 | 6022.5092 | 6022.8737 | 6022.8741 “
51 Sb 6313.4870 | 6313.4697 | 6313.4639 | 6313.4293 | 6313.4307
52 Te 6611.7856 | 6611.7683 | 6611.7625 | 6611.7289 | 6611.7305
53 I 6917.9814 | 6917.9642 | 6917.9582 | 6917.9255 | 6917.9275
54 Xe 7232.1384 | 7232.1210 | 7232.1150 | 7232.0828 | 7232.0855
55 Cs 7553.9338 | 7553.9165 | 7553.9103 | 7553.8787 | 7553.8816
56 Ba 7883.5438 | 7883.5226 | 7883.5201 | 7883.4890 | 7883.4926
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Table 2.4 Comparison of Overestimate of SKLI(LSDSIC in Core)

Total Energy With the Other Approximations

z | aToM —EHF ECEP_EHF | pKLI_pOEP | pLSDSIC_ ESKU (ST
FOEP C) -E°FP
3 Li 7.4328 0.3 0.1 0.3 0.1
4 Be 14.5730 0.1 0.7 0.1
5 B 24.5293 1.0 0.2 1.1 0.4
6 Cc 37.6900 1.1 c.2 2.0 0.5
7 N 54.4045 1.1 0.4 3.5 0.7
8 o 74.8136 1.5 0.4 9.9 0.8
9 F 99.4108 1.6 0.4 4.8 0.9
10 Ne 128.5471 1.7 0.6 6.4 1.1
1z Na 161.8590 2.4 0.7 7.1 2.0
12 Mg 199.6146 3.0 0.9 7.9 2.5
13 Al 241.8768 3.5 1.0 8.3 7.0
14 Si 288.8546 3.9 1.2 9.1 7.1
15 340.7193 4.3 1.3 10.2 7.2
16 397.5063 4.7 1.4 10.7 7.4
17 Cl 495,4826 5.0 1.6 11.5 7.5
18 Ar 526.8175 5.3 1.7 12.6 7.8
19 K 599.1649 5.8 2.0 13.3 8.8
20 Ca 676.7582 6.3 2.2 13.8 8.9
21 Sc 759.7359 8.2 2.8 15.1 13.6
22 Ti 848.4066 9.2 3.2 17.5 13.8
23 \4 942.8856 9.6 3.1 32.0 13.5
24 Cr 1043.3568 11.1 3.5 23.6 13.3
25 Mn 1149.8698 9.8 3.1 23.9 13.1
26 Fe 1262.4500 12.0 3.6 25.2 14.0
27 Co 1381.4186 13.0 3.8 17.5 13.9
28 Ni 1506.8732 13.4 3.8 30.1 13.6
29 Cu 1632.9642 11.9 4,2 32.0 13.1
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Table 2.4 Continued

7 ATOM ~EHF EOEP_EHF | pKLI EOEP | pLSDSIC_ROEP | pSKLI gy

C) ~EOEP
30 Zn 1777.8481 13.7 3.7 33.8 13.0
31 Ga 1923.2612 12.5 3.3 31.5 30.6
32 Ge 2075.3603 12.0 3.0 30.6 28.7
33 As 2234.2399 11.8 3.0 29.8 27.3
34 Se 2339.8691 11.8 3.0 29.3 26.4
35 Br 2572.4418 11.8 3.1 29.0 25.5
36 Kr 2752.0550 12.0 3.2 29.2 24.8
37 Rb 2938.3576 12.1 3.4 28.9 24.9
38 Sr 3131.5457 12.3 3.5 28.6 24.0
39 Y 3131.6846 13.6 4.0 28.8 27.7
40 Zr 3539.0117 14.7 . 30.5 28.1
41 Nb 3753.6006 15.1 4.8 32.7 28.4
42 Mo 3975.5530 15.9 5.1 37.4 28.8
43 Tc 4204.7949 15.6 . 36.8 28.5
44 Ru 4441.5409 16.4 . 38.4 28.7
45 Rh 4685.8822 16.6 .6 40.2 28.9
46 Pa 4937.9210 15.0 . 41.4 23.6
47 Ag 5197.6989 17.4 .7 44.6 29.1
48 cd 5465.1331 18.7 6.0 45.3 28.7
49 In 5740.1694 18.0 5.9 42.6 42.8
50 Sn 6022.9325 17.6 5.7 41.2 40.8
51 Sb 6313.4870 17.3 5. 40.4 39.0
52 Te 6611.7856 17.3 . 39.4 37.8
53 I 6917.9814 17.2 .0 38.7 36.7
54 Xe 7232.1384 17.4 . 38.2 35.5
55 Cs 7553.9338 17.3 . 37.8 34.9
56 Ba 7883.5438 21.2 2.5 37.6 34.0
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Table 2.5 Comparison of Highest Occupied Eigenvalue Obtained

in SKLI(LSD in Core) With Other Approximations

2 | ATOM e g% gkd gt gSKu_
3 Li 0.3927 0.3926 0.3924 0.2009 0.3924
4 Be 0.6185 0.6185 0.6177 0.3401 0.6177
5 B 0.5219 0.6194 0.6191 0.2402 0.6216
6 C 0.8711 0.8705 0.8698 0.3920 0.8713
7 N 1.1418 1.1423 1.1409 0.5526 1.1417
8 0 1.0187 1.0153 1.0138 0.4193 1.0158
9 F 1.3475 1.3469 1.3449 0.6519 1.3456
10 Ne 1.7008 1.7014 1.6988 0.8861 1.6987
11 Na 0.3644 0.36426 0.3640 0.1924 0.3649
12 Mg 0.5061 0.5060 0.5048 0.2843 0.5059
13 al 0.4200 0.4189 0.4171 0.1724 0.4189
i4 Si 0.5947 0.5933 0.5915 0.2872 0.5932
15 P 0.7842 0.7831 0.7810 0.4066 0.7825
16 s 0.7281 0.7273 0.7253 0.3485 0.7270
17 Cl 0.9467 0.9460 0.9436 0.5083 0.9449%
18 Ar 1.1820 1.1816 1.1786 0.6676 1.1795
19 K 0.2953 0.2954 0.2954 0.1609 0.2958
20 ca 0.3911 0.3913 0.3901 0.2227 0.3908
21 Sc 0.4331 0.4354 0.4381 0.2658 0.4412
22 Ti 0.4203 0.4191 0.4161 0.2406 0.4176
23 v 0.4317 0.4307 0.4272 0.2461 0.4286
24 Cr 0.4441 0.4483 0.4551 0.3021 0.4557
25 Mn 0.4521 0.4512 0.4472 0.2560 0.4484
26 Fe 0.4843 0.4845 0.4835 0.2876 0.4857
27 Co 0.5111 0.5113 0.5108 0.3123 0.5123
28 Ni 0.5371 0.5374 0.5366 0.3337 0.5373
29 Cu 0.4793 0.4810 0.4880 0.3176 0.4884
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Table 2.5 Continued

Z | ATOM et | O eXu gl g™
30 Zn 0.5850 0.5855 0.5837 0.3707 0.5843
31 Ga 0.4176 0.4150 0.4116 0.1703 0.4226
32 Ge 0.5758 0.5734 0.5706 0.2789 0.57%0
33 As 0.7404 0.7382 0.7355 0.3858 0.7422
34 Se 0.6708 0.6688 0.6669 0.3317 0.6722
35 Br 0.8550 0.8532 0.8509 0.4682 0.8555
36 Kr 1.0484 1.0468 1.0440 0.5997 1.0480
37 Rb 0.2762 0.2766 0.2768 0.1528 0.2771
38 Sr 0.3569 0.3573 0.3564 0.2055 0.3570
39 Y 0.4103 0.4144 0.4168 0.2588 0.4192
40 Zr 0.4125 0.4189 0.4256 0.2802 0.4255
41 Nb 0.4321 0.4378 0.4446 0.2911 0.4438
42 Mo 0.4461 0.4512 0.4582 0.2991 0.4571
43 Tc 0.4061 0.4055 0.4031 0.2348 0.4037
44 Ru 0.4437 0.4474 0.4534 0.2930 0.4529
45 Rh 0.4427 0.4458 0.4513 0.2892 0.4511
46 Pd 0.6720 0.6702 0.6725 0.2379 0.6705
47 Ag 0.4420 0.4443 0.4490 0.2831 0.4492
48 cd 0.5297 0.5310 0.5301 0.3357 0.5302
49 In 0.3954 0.3932 0.3904 0.1689 0.3984
50 Sn 0.5315 0.5295 0.5272 0.2650 0.5332
51 Sb 0.6715 0.6694 0.6673 0.3571 0.6718
52 Te 0.6022 0.6004 0.5992 0.3095% 0.6029
53 I 0.7554 0.7537 0.7521 0.4234 0.7551
54 Xe 0.7146 0.9129 0.9109 0.5314 0.9133
55 Cs 0.2478 0.2483 0.2486 0.1388 0.2486
56 Ba 0.3151 0.3155 0.3148 0.1828 0.3150
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Table 2.6 Comparison of Hi
in SKLI(LSDSIC

ghest Occupied Eigenvalue Obtained

in Core) With Other Approximations

z | aToM eHF_ gOF gkl e e
3| i 0.3927 0.3926 0.3924 0.3913 0.3924
4 | Be 0.6185 0.6185 0.6177 0.6164 0.6177
s | B 0.5219 0.6194 0.6191 0.5794 0.6199
6 | c 0.8711 0.8705 0.8698 0.8248 0.8702
71 N 1.1418 1.1423 1.1409 1.0726 1.1410
s | o 1.0187 1.0153 1.0138 0.9577 1.0140
9 | F 1.3475 1.3469 1.3449 1.2904 1.3448
10 | Ne 1.7008 1.7014 1.6988 1.6156 1.6984
11 | wa 0.3644 0.36426 0.3640 0.3729 0.3647
12 | Mg 0.5061 0.5060 0.5048 0.5122 0.5058
13 | a1 0.4200 0.4189 0.4171 0.3830 0.4176
14 | si 0.5947 0.5933 0.5915 0.5494 0.5920
15 | P 0.7842 0.7831 0.7810 0.7164 0.7813
16 | s 0.7281 0.7273 0.7253 0.6875 0.7260
17 | c 0.9467 0.9460 0.9436 0.8945 0.9440
18 | ar 1.1820 1.1816 1.1786 1.0986 1.1787
19 K 0.2953 0.2954 0.2954 0.3075 0.2958
20 Ca 0.3911 0.3913 0.3901 0.4010 0.3907
21 Sc 0.4331 0.4354 0.4381 0.4575 0.4406
22 Ti 0.4203 0.4191 0.4161 0.4306 0.4173
23 \'4 0.4317 0.4307 0.4272 0.4421 0.4283
24 Cr 0.4441 0.4483 0.4551 0.4755 0.4552
25 Mn 0.4521 0.4512 0.4472 0.4630 0.4481
26 Fe 0.4843 0.4845 0.4835 0.5071 0.4852
27 Co 0.5111 0.5113 0.5108 0.5415 0.5119
28 Ni 0.5371 0.5374 0.5366 0.5415 0.5373
29 Cu 0.4793 0.4810 0.4880 0.5373 0.4882
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Table 2.6 Continued

z | AToM CL g0 ek, esP o, g5,
30 Zn 0.5850 0.5855 0.5837 0.6242 0.5843
31 Ga 0.4176 0.4150 0.4116 0.3808 | 0.4158
32 Ge 0.5758 0.5734 0.5706 0.5296 0.5740
33 As 0.7404 0.7382 0.7355 0.6711 0.7382
34 se 0.6708 0.6688 0.6669 0.6382 0.6691
35 Br 0.8550 0.8532 0.8509 0.8069 0.8528
36 Kr 1.0484 1.0468 1.0440 0.9683 1.0456
37 Rb 0.2762 0.2766 0.2768 0.2905 0.2771
18 S 0.3569 0.3573 0.3564 0.3690 0.3569
39 Y 0.4103 0.4144 0.4168 0.2588 0.4193
40 Zr 0.4125 0.4189 0.4256 0.4586 0.4259
41 Nb 0.4321 0.4378 0.4446 0.4785 0.4442
42 Mo 0.4461 0.4512 0.4582 0.4943 0.4574
43 Tc 0.4061 0.4055 0.4031 0.4269 0.4038
44 Ru 0.4437 0.4474 0.4534 0.4965 0.4532
45 Rh 0.4427 0.4458 0.4513 0.4965 0.4514
46 Pd 0.6720 0.6702 0.6725 0.6687 0.6708
47 Ag 0.4420 0.4443 0.4490 0.4966 0.4494
48 cd 0.5297 0.5310 0.5301 0.5714 0.5303
49 In 0.3954 0.3932 0.3904 0.3629 0.3959
50 Sn 0.5315 0.5295 0.5272 0.4887 0.5316
51 Sb 0.6715 0.6694 0.6673 0.6063 0.6706
52 Te 0.6022 0.6004 0.5992 0.5758 0.6021
53 I 0.7554 0.7537 0.7521 0.7124 0.7551
54 Xe 0.7146 0.9129 0.9109 0.8416 0.9128
55 cs 0.2478 0.2483 0.2486 0.2624 0.2487
56 Ba 0.3151 0.3155 0.3148 0.3277 0.3151
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Table 2.7 Comparison of <r?> Calculated in SKLI (LSD in Core
With the Other Approximations

z | atom <r’>yp <r’>gpp <r¥>y, <r®> ¢ <r®>gay
3 Li 6.2080 6.2145 6.1974 6.4685 6.1974
4 Be 4.3297 4.3316 4.3255 4.4809 4.3255
5 B 3.1674 3.1690 3.1724 3.3918 3.1614
6 o 2.2966 2.2967 2.2969 2.4543 2.2918
7 N 1.7252 1.7253 1.7240 1.8461 1.7215
8 o] 1.4029 1.4032 1.4039 1.5108 1.4015
9 F 1.1386 1.1386 1.1385 1.2211 1.1371
10 Ne 0.9372 0.9372 0.9367 1.0036 0.9358
11 Na 2.4673 2.4708 2.4574 2.4506 2.4531
12 Mg 2.4676 2.4693 2.4610 2.4575 2.4567
13 al 2.5756 2.5772 2.5798 2.6668 2.5695
14 Si 2.3037 2.3042 2.3068 2.3788 2.2996
15 P 2.0173 2.0174 2.0188 2.0856 2.0139
16 s 1.8267 1.8269 1.8281 1.8847 1.8240
17 cl 1.6264 1.6265 1.6273 1.6774 1.6242
18 Ar 1.4464 1.4465 1.4467 1.4889 1.4445
19 K 2.6936 2.6939 2.6785 2.6087 2.6755
20 Ca 2.8283 2.8282 2.8174 2.7503 2.8143
21 Sc 2.5334 2.5258 2.5057 2.4788 2.5012
22 Ti 2.2838 2.2792 2.2581 2.2367 2.2538
23 \ 2.0721 2.0693 2.0502 2.0317 2.0471
24 Cr 1.5691 1.5529 1.5226 1.6059 1.5203
25 Mn 1.7325 1.7313 1.7167 1.7041 1.7148
26 Fe 1.5869 1.5832 1.5595 1.5543 1.5544
27 Co 1.4608 1.4584 1.4336 1.4277 1.4299
28 Ni 1.3504 1.3485 1.3254 1.3187 1.3224
29 Cu 1.1074 1.1020 1.0741 1.1148 1.2277
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Table 2.7 Continued

Z ATOM 3 - <r®>ge; <r®>g, <r®*> <r¥>ga;
30 Zn 1.1660 1.1648 1.1453 1.1392 1.1431
31 Ga 1.3218 1.3223 1.3188 1.3448 1.3129
32 Ge 1.2999 1.2997 1.2990 1.3264 1.2941
33 As 1.2436 1.2432 1.2433 1.2736 1.2396
34 Se 1.2130 1.2130 1.2135 1.2377 1.2102
35 Br 1.1582 1.1581 1.1588 1.1803 1.1561
36 Kr 1.0981 1.0980 1.0985 1.1196 1.0964
37 Rb 1.8422 1.8409 1.8298 1.7712 1.8296
38 Sr 2.0016 2.0006 1.9923. 1.9294 1.9896
39 Y 1.8841 1.8765 1.8699 1.8404 1.8665
40 Zr 1.5449 1.5318 1.5301 1.5828 1.5276
41 Nb 1.4374 1.4285 1.4210 1.4643 1.4191
42 Mo 1.3420 1.3355 1.3245 1.3647 1.3231
43 Tc 1.4832 1.4818 1.4737 1.4572 1.4724
44 Ru 1.2294 1.2252 1.2097 1.2358 1.2094
45 Rh 1.1749 1.1715 1.1558 1.1745 1.1553
46 pd 0.9265 0.9268 0.9292 0.9987 0.9288
47 Ag 1.0750 1.0728 1.0577 1.0666 1.0571
48 cd 1.1325 1.1312 1.1180 1.1065 1.1172
49 In 1.2549 1.2544 1.2512 1.2587 1.2500
50 Sn 1.2602 1.2594 1.2586 1.2702 1.2567
51 Sb 1.2356 1.2349 1.2350 1.2511 1.2331
52 Te 1.2275 1.2272 1.2277 1.2387 1.2258
53 I 1.1977 1.1973 1.1980 1.2081 1.1964
54 Xe 1.1602 1.1600 1.1607 1.1716 1.1592
55 Cs 1.7776 1.7757 1.7662 1.7017 1.7641
56 Ba 1.9399 1.9384 1.9309 1.8597 1.9294

65

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 2.8 Comparison of <r?> Calculated in SKLI (LSDSIC in
Core With the Other Approximations

Z | ATOM <r®> <r®>opp 3% <r®> spsic <r*>e
3 Li 6.2080 6.2145 6.1974 6.2594 6.1974
4 Be 4.3297 4.3316 4.3255 4.3457 4.3255
5 B 3.1674 3.1690 3.1724 3.1£99 3.1697
6 C 2.2966 2.2967 2.2969 2.3143 2.2954
7 N 1.7252 1.7253 1.7240 1.7476 1.7233
8 [¢) 1.4029 1.4032 1.4039 1.4217 1.4033
9 F 1.1386 1.1386 1.1385 1.1554 1.1382
10 Ne 0.9372 0.9372 0.9367 0.9509 0.9365
11 Na 2.4673 2.4708 2.4574 2.3918 2.4538
12 Mg 2.4676 2.4693 2.4610 2.4129 2.4571
13 Al 2.5756 2.5772 2.5798 2.6022 2.5761
14 Si 2.3037 2.3042 2.3068 2.3372 2.3041
15 P 2.0173 2.0174 2.0188 2.0566 2.0169
16 S 1.8267 1.8269 1.8281 1.8558 1.8261
17 Cl 1.6264 1.6265 1.6273 1.6508 1.6257
18 Ar 1.4464 1.4465 1.4467 1.4701 1.4445
19 K 2.6936 2.6939 2.6785 2.5770 2.6762
20 Ca 2.8283 2.8282 2.8174 2.7289 2.8147
21 Sc 2.5334 2.5258 2.5057 2.4469 2.5004
22 Ti 2.2838 2.2792 2.2581 2.2076 2.2531
23 \'4 2.0721 2.0693 2.0502 2.0050 2.0465
24 Cr 1.5691 1.5529 1.5226 1.5365 1.5206
25 Mn 1.7325 1.7313 1.7167 1.6805 1.7144
26 Fe 1.5869 1.5832 1.5595 1.5315 1.5548
27 Co 1.4608 1.4584 1.4336 1.4070 1.4301
28 Ni 1.3504 1.3485 1.3254 1.2997 1.3226
29 Cu 1.1074 1.1020 1.0741 1.2058 1.0726
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Table 2.8 Continued

%Z | ATOM <r*>ue <r?>qp <r¥>y, <r*> opsic <r?>g,
30 Zn 1.1660 1.1648 1.1453 1.1226 1.1432
31 Ga 1.3218 1.3223 1.3188 1.3140 1.3132
32 Ge 1.2999 1.2997 1.2990 1.3072 1.2949
33 As 1.2436 1.2432 1.2433 1.2608 1.2402
34 Se 1.2130 1.2130 1.2135 1.2258 1.2110
35 Br 1.1582 1.1581 1.1588 1.1710 1.1568
36 Kr 1.0981 1.0980 1.0985 1.1124 1.0969
37 Rb 1.8422 1.8409 1.8298 1.7560 1.8274
38 Sx 2.0016 2.0006 1.9923 1.9217 1.9900
39 Y 1.8841 1.8765 1.8699 1.8213 1.8656
40 Zr 1.5449 1.5318 1.5301 1.5396 1.5276
41 Nb 1.4374 1.4285 1.4210 1.4302 1.4189
42 Mo 1.3420 1.3355 1.3245 1.3365 1.3229
43 Tc 1.4832 1.4818 1.4737 1.4434 1.4718
44 Ru 1.2294 1.2252 1.2097 1.2100 1.2092
45 Rh 1.1749 1.171S 1.1558 1.1516 1.1551
46 Pd 0.9265 0.9268 0.9292 0.9606 0.9290
47 Ag 1.0750 1.0728 1.0577 1.0474 1.0569
48 cd 1.1325 1.1312 1.1180 1.0945 1.1169
49 In 1.2549 1.2544 1.2512 1.2431 1.2478
50 Sn 1.2602 1.2594 1.2586 1.2611 1.2555
51 Sb 1.2356 1.2349 1.2350 1.2458 1.2323
52 Te 1.2275 1.2272 1.2277 1.2340 1.2253
53 I 1.1877 1.1973 1.1980 1.2049 1.1959
54 Xe 1.1602 1.1600 1.1607 1.1695 1.1589
55 Cs 1.7776 1.7757 1.7662 1.6950 1.7636
56 Ba 1.9399 1.9384 1.9309 1.8586 1.9288
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Table 3.1 Highest Occupied Eigenvalue (€, 1in Ry)
SKLI SKLI
z ION HF OEP KLI LSD in LSDSIC LSDSIC
Core in Core
Hydrogen
1 H- .09244 .09244 .09244 .09244 .08244 .09244
Alkalis
3 Li- .02908 .02905 .02891 .02891 .02891 .02918
11 Na- -02670 .02667 .02634 .02642 .02639 .02786
19 K- .02064 .02065 .02031 .02036 .02034 .02229
37 Rb- .01906 .01911 .01876 .01880 .01878 .02102
Halogens
9 F- .03620 .03620 .3609 .3605 .3606 .3207
17 Cl- .3006 .2995 .2987 .2989 ° .2986 .2523
35 | Br- .2787 .2765 .2759 .2778 .2763 .2305
53 I- .2583 .2559 .2557 .2570 .2564 .2106
Ions with incomplete P Shells
5 B- .05314 .05252 .05257 .05299 .05269 .04193
6 | C- .1562 .1588 .1556 .1559 .1557 .1278
8 | o- .1434 .1427 .1421 .1426 .1421 .1286
13 | a1- .04124 .03992 .03654 .03975 .03962 .03101
14 | si- .1241 .1221 .1219 .1221 .1219 .09444
15 S- .1551 .1539 .1535 .1539 .1536 .1341
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Table 3.2 Total Energy (in Ry) (=E.u)
SKLI SKLI
7 ION HF OEP KL! LSD in !..SDSIC LSDSIC
Core in Core
Hydrogen
1 H- 0.9759 0.9759 0.9759 0.9759 0.9759 0.9759
Alkalis
3 Li- 14.8565 14.8557 14.8556 14.8556 14.8556 14.8486
11 Na- 323.7103 323.7050 323.7034 323.6942 323.7006 323.6892
19 K- 1198.3238 1198.3117 1198.3075 1198.2867 1198.2938 1198.2830
37 Rb- 5876.7098 5876.6850 5876.6780 5976.6297 5876.6350 5876.6248
Halogens
9 F- 198.9189 198.9155 198.9144 198.9068 198.9134 198.9022
17 Cl- 919.1539 919.1433 919.1401 919.1199 919.1279 919.1170
35 Br- 5145.1254 5145.0477 5145.0413 5144.9871 5144.9959 5144.9857
53 I- 13836.1518 13836.1162 13836.1040 13836.0500 13836.0423 13836.0355
Ions with incomplete P Shells
5 B- 49.0386 49.0366 49.0360 49.0291 49.0356 49.0322
6 C- 75.4206 75.4183 754177 75.4107 75.4171 75.4109
8 o- 149.5862 149.5829 149.5820 149.5744 149.5811 149.5726
i3 Al 483.7575 483.7502 483.7481 483.7249 483.7359 483.7315
14 Si- 577.7801 577.7716 577.7692 577.7475 577.15M 577.7500
15 S- 795.0789 795.0691 795.0661 795.0457 795.0540 795.0451
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Table 3.3 Electron Affinities as Calculated From
EA=E, (A) ~Ey (A-)

SKLI SKLI
z ION HF OEP KLI LSD in I_.SDSIC LSDSIC
Core in Core
Hydrogen
1 H- -.0241 -.0241 -.0241 -.C241 -.0241 -.0241
Alkalis
3 Li- -9.04 -9.26 ~9.30 -9.30 -9.30 ~-9.28
11 | Na- -7.64 -8.30 -8.44 -8.56 -8.53 -9.81
19 K- ~-5.90 -6.54 ~-6.72 -6.73 -6.74 -8.60
37 | Rb- ~5.36 ~6.00 -6.24 -6.16 -6.20 -8.36
Halogens
9 | F- .0972 .0971 . 0969 .0966 .0969 .0934
17 | c1- .1887 .1880 .1880 .1875 .1877 .1848
35 | Bz- .1889 .1887 .1875 .1870 .1871 .1838
53 | I- .1890 .1878 .1875 .1873 .1872 .1844
Ions with incomplete P Shells
5 | B- -.0200 -.0201 -.0202 -.0206 -.0203 -.0222
6 | C- . 0406 .0405 . 0404 .0402 .0404 .0371
8 | o- -.0411 -.0412 -.0414 -.0418 -.0414 -.0317
13 | Al- .0039 .0035 .0035 .0031 .0033 .0015
14 | Si- .071 .0703 .0702 .0697 .0700 .0667
15 | s- . 0664 .0658 .0658 .0653 .0655 .0634
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Table 3.4 Expectation Values of <r?> Under Total Densities

as Obtained From HF, OEP, KLI,

SKLI and LSDSIC
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SKLI SKLI
2 ION HF OEP KLI LSD in LSDSIC LSDSIC
Core in Core
Hydrogen
1 H- 9.4111 9.4111 9.4111 9.4111 9.4111 §{ 9.4111
Alkalis
3 | Li- 22.043 22.077 22.112 22.112 22.112 21.861
11 | Na- 8.769 8.796 8.819 8.787 8.795 8.254
19 | K- 8.079 8.089 8.106 8.087 8.091 7.354
37 Rb- 5.036 5.034 5.038 4,959 4.972 4.516
Halogens
9 | F- 1.598 1.598 1.599 1.597 1.599 1.662
17 | Cc1- 2.135 2.135 2.140 2.136 2.138 2.219
35 | Br- 1.484 1.484 1.489 1.483 1.486 1.536
53 | I- 1.479 1.478 1.483 1.479 1.479 1.517
Ions with incomplete P Shells
5 | B- 6.6660 6.6649 6.7012 6.6541 6.6890 7.3150
6 | C- 3.7331 3.7310 3.7401 3.7291 3.7373 3.9622
8 | O- 2.1582 2.1582 2.1633 2.1577 2.1623 2.2493
13 | Al- 5.4514 5.4717 5.5530 5.5218 5.5439 6.2144
14 | si- 3.6551 3.6562 3.6839 3.6697 3.6791 3.9519
15 | s- 2.5583 2.5586 2.5683 2.5614 2.5651 2.6664
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Table 3.5 Highest Occupied Eigen values (-¢, in Ry)
(Including Correlation)
HF with | HF with KLI with KLI with | experi-
Z | ION | LSD LSDSIC LSD Corr. | LSDSIC mental
Corr. corr. Corr. Value
Hydrogen
1 H- | .1570. .1250 .1570 .1250 . 0554
Alkalis
3|Li- | .07181 .05024 .07162 .05001 .04542
11| Na- | .06830 .04733 .06776 .04687 .04027
19 | K- .05842 .03931 .05792 .03889 .03686
37 | Rb- | .05577 .03720 .05533 .03684 .03571
Halogens
9\ F- .4573 .4190 .4561 .4180 .2498
171 Cl- ] .3869 .3527 .3848 .3509 .2658
35 | Br- | .3622 .3293 .3592 .3265 .2473
53| I- .3385 .3073 .3357 .3047 .2248
Ions with incomplete P Shells
5| B- .09811 .06959 .09733 .06881 .0204
6| C- .2059 .1731 .2053 .1724 .0928
81 0- .2613 .2248 .2598 .2233 .1074
13} Al- | .07865 .05385 .07667 .05205 .0324
14 | Si- | .1684 .1396 .1660 .1373 .1018
15| S~ .2495 .2175 .2477 .2158 .1527
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Table 3.6 Total Energy (-E,, in Ry) (Including Correlation)
HF with HF with KLI with KLI with
Z | ION | LSD Corr. LSDSIC LSD Corr. LSDSIC
Corr. Corr.
Hydrogen
1| H-| 1.1260 1.0529 1.1260 1.0529
Alkalis
3| Li- 15.2235 15.0448 15.2225 15.0439
11 | Na- | 325.3696 324.6524 325.3637 324.6474
19 | K- 1201.3506 1200.0645 1201.3343 1200.0629
37 | Rb- | 5883.4478 5880.7315 5883.4160 5880.7290
Halogens
9| F- 200.3017 199.7119 200.2972 199.7075
17 | C1- | 921.8929 920.7354 921.8791 920.7347
35 | Br- | 5151.4803 5148.9230 5151.4492 5148.9028
53 | I- 13846.3737 | 13842.3445 13846.3262 13842.3376
Ions with incomplete P Shells
51 B- 49.6660 49.3652 49.6635 49.36227
6| C- 76.1848 75.8148 76.1819 75.8120
8| O~ 150.7643 150.2513 150.7601 150.2472
13 | Al- | 485.7137 484.8564 485.7067 484.8559
14 | Si- | 579.8942 578.9622 579.8843 578.9602
15| s- .2495 .2175 2477 .2158
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Table 3.7 Electron Affinities E,=E,, (A)~E,,(A-)
(Including Correlation)

HF with | HF with KLI with KLI with | experi-
2] ION | LSD LSDSIC LSD Corr. | LSDSIC mental
Corr. Corr. Corr. Value
Hydrogen
1 H- | .0812 .0546 .0812 .0546 .0554
Alkalis
3| Li- .0572 .0382 . 0568 .0379 .04542
11 | Na~- .0546 .0360 .0538 .0354 .04027
19 | K- .0488 .0315 .0480 .0315 .03686
37 | Rb- .0472 .0290 .0462 .0302 .03571
Halogens
91| F- .2037 .1703 .2034 .1700 .2498
17 | Cl~ .2828 .2495 .2821 .2530 .2658
35 | Br- .2795 .2418 .2781 .2501 .2473
53 | I- .2754 .2288 .2740 .2476 .2248
Ions with incomplete P Shells
5| B- .0273 .0032 .0272 .0030 .0204
6| C- .0934 .0653 .0932 .0651 .0928
8| O~ .0725 .0416 .0722 .0413 .1074
13 | Al- .0403 .0165 .0423 .0213 .0324
14 | Si- | .1165 .0868 .1157 .0913 .1018
15} s- .1662 .1400 «1655 .1384 .1527
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Table 4.1 Exact Correlation Energies for Various K

K 0.01 0.1 1.0 4.0 10.0 100.0
o 0.15 .47434 1.5 3.0 4.74342 15.0

=1.5K"?
E", .40317 1.07354 3.01508 | 5.73513 8.83434 26.66458
E' .55317 1.54788 4.51508 | 8.73513 13.57776 | 41.66459
B .55917 1.55461 4.52228 | 8.74252 13.58524 | 41.67223
E“ —_
B -.0060 -.00673 ~.00720 | -.00739 -.00748 -.00764
E'yg
EY, .3500 .86171 2.23012 | 4.05786 6.09034 17.44864
E' .5000 1.33605 3.73012 | 7.05786 10.83376 | 32.44865
EYyr .52904 1.37218 3.77146 } 7.10146 10.87853 | 32.49553
E'le= -.0291 ~-.03613 ~.04134 | -.04360 -.04477 -.04688
E“ -
E'yr
E'. 4.843 5.366 5.746 5.904 5.987 6.134
ENC

Table 4.2 Overlap of Wavefunction
(Exchange Only and Exact KS)

K=0.01 K=0.1 K=1.0C K=40.0 K=100.0

1s 0.999940 | 0.999981 | 0.999994 | 0.999998 | 0.999999

2P 0.999935 | 0.999980 | 0.999994 | 0.999998 | 0.999999
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