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Abstract

FINSLER OPTIMAL CONTROL THEORY

by

Srikanth Gottipati

Adviser: Professor Sergei Artemov

This thesis is a contribution to solving problems of extracting optimal controls

for complex systems. Its novelty consists of a detailed examination of Finsler

geometry based control by connections as proposed by Kohn and Nerode and

its relation to Pontryagin’s maximum principle. The long term hope is that these

methods will form the underpinning of the applications of control of hybrid systems.

Any advances in mathematical and algorithmic techniques for solving such prob-

lems would have wide application in business, industry, and science. The widespread

use of Bellman’s dynamic programming, Dantzig’s linear programming, Kalman’s

optimization with linear quadratic cost functions, demonstrate this. But sym-

bolic and numerical techniques historically have fallen well short of yielding effi-

cient computation procedures to obtain near optimal controls for complex systems.

Most investigations have been based on Pontryagin’s geometric representation of

optimal control and his maximum principle. Kohn and Nerode have proposed a

different problem formulation aimed at extracting robust controls as a function of

state (synthesis problem with a robustness requirement) in the context of a Finsler
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geometry corresponding to the optimal control problem. This leads to the study

of geometric, symbolic, and numerical methods for solving geodesic equations for

connections in Finsler Geometry. A principal result of this thesis is the determina-

tion of the relations between the Finsler and Pontryagin formulations of optimal

control, and the transformation from one to the other. A second principal result is

establishing the relations between robustness and curvature. Curvature is used to

quantify the spread of geodesics due to disturbances. Finally, the thesis concludes

with numerical integration schemes for computing controls and local connections.
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Chapter 1

Introduction

1.1 Hybrid Systems

Hybrid systems are complex dynamic systems composed of an interacting net-

work of subsystems with continuous dynamics (we refer to them as plants) and

subsystems with discrete dynamics (we refer to them as digital controllers). The

continuous and discrete dynamics interact. Changes occur in the plant states in

response to changes in the environment and changes in states of the digital con-

trollers. Changes in the states of the digital controllers occur due to changes in the

plant state and the environment. The digital controllers are finite state real time

input-output devices, the plant evolutions are governed by differential or difference

equations. The hybrid system is the coupled system of discrete and continuous el-

ements (see Figure 1.1).

1
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Hybrid systems arise in many contexts, both in man-made systems and in nature.

Continuous systems which have a phased operation, such as walking robots, insect

motion, or biological cell growth and division, are well-suited to be modelled as

hybrid systems, as are continuous systems which are controlled by a discrete logic,

such as a chemical plant controlled with valves and pumps, or the autopilot modes

for controlling an aircraft. Hybrid systems are also natural models for systems

comprised of many interacting subsystems or processes, such as air or ground

transportation systems. In these examples, the continuous dynamics model system

state evolution, biochemical or chemical reactions, while the discrete dynamics

control the sequence of contacts or collisions in the gait cycle, cell divisions, valves

and pumps switching, and coordination protocols. In all of these examples, the

system dynamics are complex enough that traditional analysis and control methods

based solely on differential equations have not been computationally feasible for

complex systems. Another important way in which hybrid systems arise is from

the hierarchial organization of complex systems. In these systems, a hierarchial

organization helps manage complexity and higher levels in the hierarchy require less

detailed models of the functioning of the lower levels, necessitating the interaction

of discrete and continuous components. Example of such systems include flexible

manufacturing and chemical process control systems, intelligent highway systems,

air traffic management systems, etc.

To understand the behavior of hybrid systems, to simulate, and to control these sys-
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tems, theoretical advances and analytical tools are needed. Recent developments

include building theory and analytical tools, and applying them to interesting and

large scale systems which are currently not known how to analyze, control, or

simulate like an automated air traffic system, biological control circuit, etc.

Continuous Dynamics

Automata/Logic

AD DA

Digital Controller

Plant(System)

Exogenous Inputs

Exogenous Inputs

Sensor Measurements Control

Digital OutputsDiscrete Inputs

Interface

Figure 1.1: Hybrid system.

The predominant model being used in the literature for hybrid systems is to par-

tition the entire state space into finite regions, possibly overlapping, where each

region has its own invariant. Once the evolved state of the system in a particular

region violates this invariant condition, the state of the system is thrown by the

digital control program into a different region with possible reset of the state. From

then on the system evolves according to the state dynamics specified for that other
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region, as long as the invariant for that region is maintained.

The other modeling perspective is that the state space has a finite number of open

regions which are represented by logical propositions which involve systems of

differential equalities and inequalities. When the state enters one of these regions,

one of the logical rules might fire in which case the system dynamics and constraints

might change. This in effect is reflected in the change in control policy. When

several of the rules fire, there is supposed to be consistent behavior.

The analysis of the behavior of classes of hybrid systems has become quite popu-

lar. We are primarily interested in extraction of controls which guarantee epsilon

optimal control relative to a cost function and constraints. We are less concerned

with taking a given hybrid system (with controls given too) and trying to figure

out its behavior as a dynamical system, which is a principal focus of much current

research.

1.1.1 History of Control

Here is some background. We first recapitulate some of the evolution of control

theory for continuous plants. The modern control of industrial devices by feedback

goes back at least to the steam engine governor of James Watt (1787), the feedback

linear amplifiers of E. H.Armstrong’s patent (1914), the theory of stability of linear

feedback amplifier developed at Bell Labs by H. S. Black(1927), H. Nyquist (1932),

H. W. Bode (1940) (Laplace transform frequency domain analysis), the theory
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of linear servomechanisms, developed at MIT Radiation labs, during World War

II, emerging in the book ”Theory of Servomechnisms” by James, Nichols, and

Phillips, 1947. Complex interacting linear systems can be represented in matrix

form, giving rise to linear control theory. In 1960, Kalman gave a straightforward

matrix calculus algorithm for finding optimal linear controllers for linear models

with a linear quadratic cost function when they exist, based on simple facts about

matrices and quadratic forms. This remains the principal optimal control tool for

the control engineer to this day, especially for process control.

For non-linear optimization in the 1950’s Richard Bellman invented dynamic pro-

gramming for finding paths satisfying constraints and minimizing a cost function

assuming his ”principle of optimality”, based on backwards search for an optimal

trajectory starting at the goal. In the 1950’s, L.S. Pontryagin developed a differ-

ential equation necessary condition for optimal trajectories subject to differential

equality and inequality constraints. His maximum principle can be expressed in

terms of an associated symplectic geometry. His principle, earlier discovered by

Hestenes in 1950, in the context of the calculus of variations, is a local necessary

condition for a minimum, just as in calculus setting a derivative equal to zero is a

local necessary condition for a minimum. The purpose of local necessary conditions

is to cut down the set of controls that have to be considered to find an optimal

control. Pontryagin’s maximum principle plays for optimality the same role that

the first and second derivative tests for minima do in calculus. It is a variant and
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generalization of the first and second variation necessary tests of the calculus of

variations. Most calculus of variation books explore local necessary conditions and

local sufficient conditions for minima, but go no further.

What are the mathematical theorems that prove the existence of optimal curves

from start to goal? In calculus, we use Weierstrass’s sufficiency theorem where the

variational operator operates on f and converges to a point where the minimum

is achieved (Specker, 1959). But if we say that in practice, we only need to be

within epsilon of the minimum, there are algorithms, even efficient algorithms when

some smoothness is assumed. The situation is similar in the calculus of variations

and optimal control. Hilbert’s ”direct method” (1901) proves the existence of

curves minimizing from start to goal by application of Arzela-Ascoli lemma on

uniformly bounded equicontinuous families. Application of this to suitable function

spaces produces a compact function space such that, on applying the theorem that

an upper semicontinuous function on a compact set attains its minimum, one

gets the minimizing curve. Compactness is achieved by extending the space of

piecewise smooth curves to a completion using the method first introduced in the

calculus of variations by E. J. MacShane (1939-41). These are the ”weak solutions”,

also called relaxed solutions, or measure valued solutions according to the Riesz

representation theorem. This was developed further by L.C. Young, Pontryagin,

and their followers. Here too algorithms do not exist which will in general compute

optimal measure-valued controls. But, just as in calculus, if one asks only for
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controls which yield trajectories with cost within a prescribed epsilon of optimal

cost, there are such algorithms yielding piecewise smooth epsilon optimal control

functions, and becomes a question of developing efficient algorithms. Wolf Kohn

and Anil Nerode in 1992-4 began the development and implementation of efficient

real time algorithms for epsilon optimal control of complex systems. They founded

a company, Clearsight Systems, which has demonstrated the real time feasibility

of using such chattering approximations to optimal control for many applications

such as logistics enterprise systems, financial analysis, and many other areas.

What does this have to do with hybrid systems? The algorithms for real time

epsilon optimal control for a fixed epsilon extract a finite state digital controller

automaton from the system equations, constraints, and cost function. This au-

tomaton senses system state, and on the basis of its state, changes state and issues

a chattering control to the actuators to control the system. This was the mo-

tivation for Kohn-Nerode defining hybrid automata in the 1992 volume ”Hybrid

Systems”, LNCS, [53]. So hybrid automata and hybrid systems emerge when one

extracts epsilon optimal control for continuous non-linear systems and implements

it.

There is a second place where the hybrid system concept is important. In many

complex systems, behavior is constrained by logical rules. If an order is given by

a commander to troops or by a high business administrator to his organization,

the course of action must satisfy doctrine, regulations, and other constraints which
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are expressed in logic. Traditional control theory simply does not deal with this.

Those who study planning do deal with this, but primarily by logical deduction of

a plan meeting logical constraints and achieving a goal. Prolog is suited to this.

But when the system being controlled is a physical system like an airplane or a

chemical process plant, we now have purely digital rules in logical form interacting

with an evolving physical dynamical system, a hybrid system. The Kohn-Nerode

approach converts the logical constraints and goals into (generally non-convex)

continuous constraints and goals, and couples the continuous constraints on the

controlled physical system with the continualization of the discrete constraints.

Our intention, following Kohn-Nerode [44], [53], is to cut down the search space

and to improve the algorithms for computing optimal trajectories using Finsler

geometries associated with optimal control problems, specifically to introduce use

of Finsler curvature formulas to guide computations. This entails an extensive

analysis of Finsler geometry in control theory.

1.1.2 Plant Dynamics

The dynamics of the plant are governed by control systems which are either ordi-

nary differential equations(ODE) or differential-algebraic equations(DAE). A con-

ventional continuous controlled dynamical system is described by the vector field

ẋ = f(x, u, t), (1.1)
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which depends on the continuous state x, the continuous control input u, and time

t. The above equation represents a non-autonomous system, where, the vector field

depends on time t explicitly. However, autonomous control systems are represented

as

ẋ = f(x(t), u(t)), (1.2)

where time enters implicitly in the state and control inputs. These control systems

given a control function u(t) for a given time interval respect the usual existence

and uniqueness theorems of ODEs. However, in some practical applications the

control system is given by the following DAE

F (x, ẋ, u, t) = 0. (1.3)

These kind of systems are very difficult to study as the existence and uniqueness

theorems of ODEs no longer hold.

In large scale systems however, obtaining the differential equation for the plant

is often a difficult task unlike in physical systems where the equations of motion

could be easily derived. Hence modeling happens to be one of the crucial issues

in Hybrid systems literature. These models have to be updated quite frequently

owing to changes in its environment.

1.1.3 Continualization

How does one model the interaction between physical laws governed by differential

equations and logical rules which are discrete? Our method is to continualize, that
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is to replace the discrete constraints and rules by continuous ones. There have

been several continualization techniques proposed in the literature of Jeroslow [38]

and Williams [74]. One can represent the standard connectives of propositional

logic by the following equality or inequality constraints:

X1 ≡ x1 = 1

¬X1 ≡ x1 = 0

X1 ∧X2 ≡ x1 + x2 ≥ 2

X1 ∨X2 ≡ x1 + x2 ≥ 1

X1 → X2 ≡ x1 − x2 ≤ 0

X1 ↔ X2 ≡ x1 − x2 = 0

along with the additional constraints

xi(1− xi) = 0, xi ∈ [0, 1], i ∈ {1, 2}.

There are numerous ways of continualizing other than the above mentioned one,

see [27] for more continualization methods. The numerical technique involved in

solving the inference problem depends on the particular continualization method

chosen.

Williams proposes the following method to transform propositional logic state-

ments into mixed-integer linear inequalities involving integer and continuous vari-

ables. This transformation has also been used in the piecewise affine models for
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hybrid systems, see [11]. In [11], mixed logical dynamical systems were devel-

oped by a combination of linear dynamic equations for continuous variables and

propositional logic statements and automata for discrete variables. The key idea

of this approach consists of embedding the logic part in the state equations by

transforming Boolean variables into 0-1 integers, and by expressing the relations as

mixed-integer linear inequalities. The following correspondence between a Boolean

variable X and its associated binary variable δ will be used: X = true ⇔ δ = 1

and X = false ⇔ δ = 0. Boolean variables can be defined from linear-threshold

conditions over the continuous variables as follows:

[X = true]↔ [ax ≤ b], x, a ∈ Rn, b ∈ R,

with (a′x− b) ∈ [m,M ].

This condition can be equivalently represented by the following mixed-integer in-

equalities:

ax− b ≤M(1− δ)

ax− b > mδ

IF X THEN z = a1x− b1 ELSE z = a2x− b2,
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can be expressed as

(m2 −M1)δ + z ≤ a2x− b2

(m1 −M2)δ − z ≤ −a2x+ b2

(m1 −M2)(1− δ) + z ≤ a1x− b1

(m2 −M1)(1− δ)− z ≤ −a1x+ b1

where, assuming that x ∈ X ⊂ Rn and X is a given bounded set,

Mi ≥ sup
x∈X

(aix− bi), mi ≤ inf
x∈X

(aix− bi), i = 1, 2,

are upper and lower bounds, respectively, on (ax − b). Note that the above set

of inequalities represents the hybrid product z = δ(a1x − b1) + (1 − δ)(a2x − b2)

between binary and continuous variables.

Example 1. Consider the following system

x(t+ 1) =











0.8x(t) + u(t) if x(t) ≥ 0

−0.8x(t) + u(t) if x(t) < 0

(1.4)

where

x(t) ∈ [−10, 10], and u(t) ∈ [−1, 1].

The condition x(t) ≥ 0 can be associated with a binary variable δ(t) such that

[δ(t) = 1]↔ [x(t) ≥ 0]
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By using the above mentioned transformation we could rewrite it as

x(t+ 1) = 1.6z(t)− 0.8x(t) + u(t)

subject to

z(t) ≤ Mδ(t)

z(t) ≥ mδ(t)

z(t) ≤ x(t)−m(1− δ(t))

z(t) ≥ x(t)−M(1− δ(t))

1.1.4 Hybrid Automata

There have been various models which have been proposed for hybrid systems.

One of the most prevalent model in Hybrid systems literature is that of the Hybrid

automaton, see [18], [34], [53]. Another model is that of the switched systems which

consist of a family of subsystems and a possibility to switch between them. Such

systems were considered in [48]. Another important hybrid systems models are the

piecewise affine models, see [11], [12], [17]. These are one of the simplest extensions

of linear systems that can model a variety of nonlinear systems arbitrarily well.

Discrete-time PWA systems in the presence of linear constraints also allow to

completely synthesize feedback controls thus partitioning the state-control space

into polyhedral regions. Other models include the timed-automata model [1], and

the time-event driven models in manufacturing systems, see [21],[22].
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In [34], a hybrid automaton H is defined as a collection

H = (Q,X,Ωu,Ωµ, f, Inv,G,R).

The pair (x, q) ∈ X × Q, consisting of the continuous state x and the discrete

state q, is called the state of H . The possible evolutions of the automaton can be

described as follows: Starting at an initial state, (x0, q0) ∈ X×Q, given the inputs

u ∈ Ωu and µ = Ωµ, the continuous state x evolves according to ẋ = f(x, q, u)

while the discrete state remains constant. Continuous evolution can go as long as

(x, q, u, µ) ∈ Inv. If the situation arises during the evolution that (x, q, u, µ) ∈ G,

a transition is possible to a new state. The set of possible new states is given by

R(x, q, u, µ). The transition from the old state (x, q) to the new state (x′, q′) is

called a jump if x′ 6= x and a switch if q′ 6= q. After the transition, there are either

new transitions or the continuous evolution resumes and whole process is repeated.

The following example gives a flavor of the continualization technique and the

associated hybrid automaton.

Example 2. Let us begin with a simple example of a thermostat controlling the

temperature of a room by turning on and off a heater. The real-valued variable x

denotes the temperature and the system has two control modes: off and on. When

the heater is off the temperature of the room falls according to the differential

equation

ẋ = −Kx
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and when on, the temperature rises according to

ẋ = K(h− x),

where h is a constant.

off

ẋ = −Kx
x ≥ 70

on

ẋ = K(h− x)
x ≤ 75

x < 70

x > 75

x = 72

Figure 1.2: Hybrid Automaton: Thermostat

1.2 Optimal Control : Synthesis

Optimal control theory could be viewed as a generalization of Calculus of Variations

problems. The problem of optimal plant control is that of constructing a control

law or policy u(t) ∈ U , where U is the set of admissible controls, which will drive

the plant from its initial state, x0 ∈M , into some set of goal states, G ⊂ M , along

an optimal path x(t). Optimality is generally formulated as minimizing some cost

functional on paths, which we label J(x). In this proposal, the cost functionals

will always be assumed to be of the form

J(x) :=

∫ t1

t0

L(x(t), u(t))dt, (1.5)
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where L is the cost function. In practice, moreover, the plant dynamics are con-

strained to take place on a constraint sub-manifold N ⊂ M . In our work, N is

determined by differential-algebraic constraints of the form F (x, ẋ, u) = 0. These

constraints arise from dynamic concerns and from performance specifications. For

a particular problem we will have to specify the set of admissible paths from which

we will draw candidates for optimality. We shall work with piecewise smooth

paths. We shall also assume controllability, i.e., we will assume the existence of a

path on the constraint sub-manifold which connects x0 to G.

In conventional optimal control theory two methods for computing optimal con-

trols stand out. One is the Bellman’s Hamilton-Jacobi-Bellman(HJB) method and

the other is the Pontryagin’s Maximum Principle method. From an engineer’s

perspective, the HJB framework is preferred for solving optimal control problems

since it naturally leads to a design of optimal feedback (or closed-loop) controllers,

i.e. control laws as a function of state. However, except for some very simple

problems, this approach is beset with major theoretical and numerical difficulties.

The alternative framework avoids the pitfalls associated with the HJB theory but

generates open-loop controls, i.e. control laws as a function of time. However, it

has been known since the birth of optimal control that if open-loop controls can

be generated in real-time, they are basically equivalent to feedback controls. In

modern terminology this is model-predictive control(MPC) with the horizon be-

ing time-to-go. In a later chapter we shall give a full account of the state-of-art
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methods for computing optimal controls for practical nonlinear systems.

With respect to types of Hybrid models that we described above, they require

only open-loop controls if we have full knowledge of the system at the time of

computation of optimal controls. With any unforeseen contingencies, for exam-

ple disturbances or changes in the logic database, one needs to develop feedback

controls. Control laws are implemented via a finite state machine. The follow-

ing simple example shows how the feedback law could be represented by a hybrid

automaton.

Double Integrator problem

Consider the control system

d2x

dt2
= u, (1.6)

where u is a real control parameter constrained by the condition that |u| ≤ 1. In

the phase coordinates x1 = x and x2 = dx/dt, this equation may be rewritten in

the form of the following system:

dx1

dt
= x2,

dx2

dt
= u. (1.7)

Let us consider the problem of getting to the origin (0, 0) from a given initial state

x0 in the shortest time. In other words, we shall consider the time-optimal problem

for the case where the origin (0, 0) is the terminal position x1. The feedback control
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ẋ1 = x2 s−1
ẋ2 = −1

ẋ1 = x2

ẋ2 = 1
s1

ẋ1 = 0
ẋ2 = 0

s0

x1 < −1
2x2|x2|

x1 > −1
2x2|x2|

x1 = 0 ∧ x2 = 0x1 = 0 ∧ x2 = 0

Figure 1.3: Hybrid Automaton: Double Integrator

for the double integrator problem is given by

u(t, x1, x2) =







































−1 if x1 > −1
2
x2|x2|

1 if x1 > 0 and x1 = −1
2
x2|x2|

1 if x1 < −1
2
x2|x2|

−1 if x1 < 0 and x1 = −1
2
x2|x2|

(1.8)

As seen in the above example the optimal feedback control law partitions the state

space to assign optimal controls for each of these partitions. In order to practically

implement digital controllers, sensors, actuators, and control logics one needs to

quantize the state and/or control space in such a way that the derived control laws

upon quantization closely approximate the continuous optimal control laws derived

from solving the optimal control problem. Another purpose of the quantization

could be regarded as a reduction in the complexity of the control task, mainly in

terms of computation and communication requirements.
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The quantization problem could formally be posed as following:

Problem 1.2.1. Given an optimal control problem, find the quantization function

q,

q : D ⊂M → Q,

where D is a domain of the state manifold M and Q = {Q1, . . . , Qn} is a finite set

of regions of the state space M such that ∪Qi = D and a mapping

p ◦ q : D ⊂ M → U

such that the trajectories derived from the quantized control system

ẋ = f(x, p ◦ q(x))

are ε-close to the continuous optimal trajectories of the given optimal control prob-

lem.

Current numerical techniques for the Dynamic Programming method cannot be

implemented to problems of high dimensions due to the “curse of dimensionality”.

Hence numerical computation of feedback control laws seems to be a far-fetched

proposition at the moment. We need more information on the geometric structure

of our optimal control problem. The hope is that it would be possible to derive

feedback controls from geometrical objects like curvature, torsion, etc which are

measures of deviation from flat Euclidean spaces. Physics has especially benefited

from the study of curved manifolds through Riemannian geometry. However, op-

timal control problems do not lie on Riemannian manifolds but on more general



20

spaces called Finsler spaces. Recently there has been an abundance of literature in

geometric optimal control theory, see [2],[16],[39],[54], however they mostly take the

symplectic view and not that of Finsler geometry. Studying the exact transforma-

tion of optimal control problems into Finsler spaces and deriving the geometrical

objects for numerical computation is the main goal of this thesis.

The other objective of this thesis is to come up with a symbolic algorithm as much

as possible keeping in view the design and modelling aspects of control systems.

Most numerical methods for optimal control problems do not take the design view

at all into consideration. They simply compute optimal controls of a given control

system without any verification that the controls generated are indeed optimal.

What is also required in real-life situations is an analysis of the control system

upon change in design parameters and the variations in the model itself. Hence

symbolic algorithms make a strong case for design and modelling of control systems.

Of course we note that symbolic algorithms alone cannot solve the control problems

entirely and hence numerical methods will eventually come into play.

1.3 Thesis Contribution

Optimal control in a coordinate free manner on manifolds has been carried out

by several authors, notably Sussmann [67], [68], who stated the Pontryagin Max-

imum Principle in a coordinate independent notation. There the variational and
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the adjoint equations of the maximum principle are exactly the parallel transport

equations of vectors and covectors, respectively, of local connections defined as Lie

brackets. Another method mentioned in that literature is the iterated Hamiltonian

lift, which has a symplectic flavor. Finsler methods for formulating optimal control

have been suggested by several people, including [49], [71]. Lopez [49], suggests

that indicatrices are the primary objects of study, possibly because bang-bang

controls appear as holes on the indicatrices. But this does not yield computation

techniques. Udriste [71] proposed using the Okubo technique(see [4], [8], [28]) for

generating metrics. None of these investigations has yet led to algorithms for com-

puting optimal controls, but then coordinate free methods are more for beauty,

understanding, generality than for computation.

In 1992-94 Kohn and Nerode observed that every optimal control problem gives

rise to a Finsler metric ground form on a suitable manifold. They began the de-

velopment of optimal control theory based on Finsler Geometry in [43], [44], [45]

with the goal in mind of computing near optimal controls in real time. Optimal

trajectories are Finsler geodesics, optimal controls are Finsler connections. The

principal problem is to compute them, preferably by real time algorithms. How-

ever, the Finsler metric derived here is for the Lagrangian with fixed control and

hence they were only solving calculus of variations problems and not that of opti-

mal control problems. In order to deal with optimal control problems, the metric

has to simultaneously take into consideration, the state, the controls, and the ad-
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joint variables. The development of a metric for optimal control problems is the

main contribution of this thesis.

This thesis incidentally establishes the exact relations between the Finsler geodesic

formulation and the Pontryagin maximum principle. We explicitly derive the

geodesic equations in the presence of state equality constraints and further de-

velop symbolic and numerical computation tools for determining connections and

curvature terms for the eventual purpose of computing close to optimal control for

real systems

Connections, covariant derivatives, parallel transport, are equivalent notions which

were introduced into the geometry of manifolds by Ricci and his student Levi Civita

in about 1900 to give meaning to the notion that a tangent line at one point on a

curve is parallel to a tangent line at another point on that same curve. There can be

many connections on a manifold. The notion cannot be defined in terms of intrinsic

manifold structure alone or in terms of a metric ground form such as in Riemannian

geometry, where the metric ground form is positive definite, or in terms of the

metric ground form ds2 = dx2
1 + dx2

2 + dx2
3 − dt2 of Einstein’s four dimensional

space-time. Einstein used a connection defined by a ”covariant differentiation” to

transfer notions of length and angle from one point to another along space time

trajectories. In the 1970’s, connections became ubiquitous in physics as the proper

expression of the notion of physical field. The current abstract coordinate-free

definition was given by Kozul in the 1950’s(see [51]).
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The oldest example, from Levi Civita, is the Euclidean connection on an open

subset U in Euclidean space Rn, is defined as a ”covariant derivative”

DuV
∣

∣

x
=

(

ui∂V
1

∂xi
, . . . , ui∂V

n

∂xi

)

,

where V = (V 1, . . . , V n) : U → Rn is a C∞ vector field on U and u = (u1, . . . , un) ∈

TxU = Rn is a tangent vector at x ∈ U .

The Euclidean connection for a manifold embedded in Euclidean space may be

thought of as dragging a tangent vector parallel to itself along the curve. But this

description is dependent on the embedding of the manifold in Euclidean space.

To get an intrinsic definition, Levi Civita looked at parallel transport by the con-

nection of the coordinate lines of a Euclidean coordinate system at a point on a

curve to an infinitisimally close point of the curve. It is an infinitisimal rotation.

Integrating the equations for that rotation gave the equations of parallel transport.

They describe how Euclidean coordinates change as one moves along a curve by

a semigroup of invertible linear transformations along the curve. The covariant

derivative can be so described.

In studying the change of the vector field V ∈ C∞(TM) along a given curve C

we have to consider two factors as we pass from p to q, where p, q ∈ M . First,:

the change dV i = dV i

dt
dt in V i(t) which depends solely on the definition of the

vector field V i and is independent of the metric of the space. Second, the change

in metric from tangent space TpM to tangent space TqM . In the optimal control,
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the variational equation and the adjoint equation of the Pontryagin Maximum

Principle are parallel transport equations for vectors and covectors, respectively.

In this thesis, we derive the Finsler versions which allow us to transport controls

along state trajectories.

In order to derive control laws in presence of disturbances one needs to derive

controls as a function of state, u(x), which are usually called feedback controls.

The synthesis problem for optimal controls remains a principal problem. However,

if one assumes that the disturbances in the system dynamics are small in magni-

tude and bounded then one should be able to derive those optimal controls as a

function of those disturbances of state. In this thesis, we deal with this problem of

synthesizing controls which takes into account the geometry of the given optimal

control problem. We do not synthesize for the whole state space(globally) but only

for trajectories close(locally) to the optimal trajectories.

The derivation a Finsler metric for a given optimal control problem and its cor-

responding affine connection, gives us a way of differentiating vector fields on this

manifold along a given direction. We show how this connection gives us certain

geometric properties of the manifold in terms of torsion and curvature which are

third and fourth order tensors respectively.

On Riemannian manifolds there exists an unique affine (Levi-Civita)connection

which is torsion free and metric compatible. The curvature tensor which is an in-

trinsic object of the manifold helps in studying geodesic flows. In Euclidean spaces
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the curvature term always vanishes since the derivatives ∂i∂j always commute, i.e.,

∂2

∂xi∂xj
=

∂2

∂xj∂xi
.

However this is not the case on Riemannian manifolds, as the commutator of co-

variant derivatives defined by the Levi-Civita connection, [Di, Dj] does not vanish

and is given by the following index free notation

R(U, V )W = (DUDV −DVDU −D[U,V ])W, (1.9)

where U , V , and W are vector fields on M .

In Finsler geometry the curvature tensor not only depends on the position but also

the direction. Here we derive the curvature tensors from the Chern connection

using Cartan’s structural equation. We do not have just one curvature but have

two different objects known in literature as Riemann and Chern curvatures. The

Riemann curvature gives us a measure of the the dispersion of the geodesics with

different initial conditions. The Chern curvature can be derived from Cartan’s

torsion, which is defined in Minkowski space. Since every tangent space on a

Finsler space is a Minkowski space, Cartan torsion is defined for a Finsler space.

We outline the derivation of these two curvature tensors in the thesis and study

how they affect the spread of the optimal controls for neighboring points on the

manifold.

The other main contribution of this thesis is the utilization of the geometric objects

we have derived for a given optimal control problem to compute optimal controls.
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In this regard the Taylor expansion method is used as the numerical integrators

for the geodesic equations. This leads to expressing them in terms of Riemannian

curvature and the geodesic deviation. Using curvature terms in the computation

of controls and errors is a novelty of this thesis.

Typical numerical methods for optimal control problems can be classified into di-

rect and indirect methods. There exists many good surveys and books for these

methods in the literature, see [14],[60],[70]. Indirect methods use the necessary con-

ditions to compute optimal controls. Usually if the switching structure is known

apriori then the indirect methods lead to a greater degree of accuracy. They focus

on obtaining a solution to the classical necessary conditions for optimality which

take the form of a two-point boundary value problem. One of the common varia-

tions on the indirect method is the steepest descent algorithm. In this method, the

state equation is integrated forward using a guess for the control profile, and then

the costate equation is integrated backward. The maximality condition is then used

locally to find a steepest descent direction for u at a discrete number of points, and

globally as a termination criterion. Backward integration of the costate equations

may be avoided by using a direct shooting method (see [14],[15],[69]), in which

initial values of the adjoint variables are guessed initially, and updated iteratively.

There are some problems with this method, including a small region of convergence

to the optimum, the need to formulate the costate equations, and the difficulties in

choosing reasonable initial guesses for the adjoint variables. The multiple shooting
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method (see [40, 62]) was proposed to extend the small convergence region of the

direct shooting method. Multiple shooting algorithms transform the problem into

a multi-point boundary value problem for the state and adjoint variables. Ho-

motopy methods [72] have also been proposed as a response to the small region

of convergence. Other indirect techniques have been the finite-difference method

[46] which is essentially a low-order collocation method, and standard collocation

techniques [6].

On the other hand, direct methods are a result of discretization of the original

problem and recasting as a finite-dimensional optimization problem, typically a

nonlinear program (NLP), see [42]. They are used especially for tackling large-

scale problems by using standard techniques from nonlinear programming. There

are two general strategies within the framework of the direct method: sequential

method and simultaneous strategy methods. In the sequential method often called

control parametrization, the control variables are discretized over finite elements

using polynomials or in fact any suitable basis functions (see [14],[15],[70]). The

coefficients of the polynomials and the size of the finite elements then become

decision variables in a master nonlinear program. Function evaluation is carried out

by solution of an initial value problem of the original dynamic system, and gradients

for a gradient-based search may be evaluated by solving either the adjoint equations

or the sensitivity equations. In the simultaneous strategy both the controls and

the state variables are discretized using polynomials on finite elements, and the
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coefficients and elements sizes become decision variables in a much larger NLP (see

[75]). Unlike control parametrization, the simultaneous method does not require

the solution of initial value problems at every iteration of the NLP.

There are other methods like the ε-method by Balakrishnan [7] where the dynamic

constraints are entirely removed by a combination of penalty function methods and

Rayleigh-Ritz type expansion methods. It has been shown that the optimal values

of the penalized problem converge to the optimal value of the relaxed problem.

Techniques such as gradient methods in function spaces using penalty function

methods and feasible directions methods can be found in [55],[56],[60]. Iterative

methods which are essentially based on solutions of the Riccati differential equa-

tions appearing in linear quadratic optimal control problems are also used in com-

puting optimal controls, see [41], [37]. Such methods solve the original nonlinear

problem through a sequence of linear quadratic optimal control problems which

are suitably formulated as the accessory optimal control problems to the original

one. This method exhibits fast convergence properties. However for large scale

problems it is avoided due to derivative computations.

Finally, the Hamilton-Jacobi-Bellman equation which is derived from Bellman’s

principal of optimality has its own set of techniques. However this is a partial

differential equation and in practice it is very difficult to solve except in certain

fortuitous cases, see [10], [9]. There has been a lot of research in computing optimal

controls in the aerospace, chemical processes, and recently finance communities.
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Unlike the above mentioned algorithms, we start with an initially known control

law, which transports the system from the current state to the desired goal in an

optimal fashion. Our algorithm begins with a subdivision of the total cost V 0 of

the initial path into N intervals with nodes

0 < s1 < s2 < · · · sN−1 < sN = V 0.

The algorithm first finds a geodesic between the state nodes x
(0)
1 and x

(0)
3 which

could be done by the simple shooting method. The next step involves transporting

the midpoint x
(0)
2 of the initial trajectory to the new geodesic and rename it x

(1)
2 .

This process is continued by obtaining the geodesic between nodes x
(1)
2 and x

(0)
4

and choosing the midpoint as x
(1)
3 . In this way we get a new trajectory x(i)(s) after

each iteration. The numerical integrators for the geodesics are in turn developed

using the curvature terms for the given problem. Furthermore, since the geodesic

equations derived from the Finsler metric for a given optimal control problem

consist of differential equations for the state, control, and the adjoint variables

simultaneously, and with the knowledge of the local costs along the geodesics

between local nodes, we could introduce better adaptive techniques which other

algorithms do not consider.

The thesis follows with a chapter introducing the calculus of variations and optimal

control and tieing them up together by pointing out how optimal control problems

are a generalization of the calculus of variations problems. It also details the

existing literature on lifting the optimal control problems to geometry. Chapter
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3 devises a Finsler metric for optimal control problems and derives the necessary

conditions for a control function to be optimal. It also derives necessary conditions

for several sample control vector fields. Chapter 4 introduces control sprays and

defines Finsler metrizability for control sprays. Chapter 5 derives the neighboring

optimal controls for control systems in the Finsler setting which involves the use

of Riemann curvature terms. Chapter 6 presents numerical methods to compute

optimal controls using the curvature terms. Finally, Chapter 7 concludes with my

future research plans and further questions instantiated by this thesis.



Chapter 2

Optimal Control, Calculus of

Variations, and Geodesics

2.1 Calculus of Variations

The calculus of variations is a 300 year old subject, developed by many famous

mathematicians in many directions. Optimal control is a 50 year old subject

developed through the efforts of Pontryagin and his successors. Either subject

can be formulated in terms of the other, although the exact problems experts in

each field have studied are not identical. Because of the vast variational literature,

it is desirable to be able to shift rapidly from one point of view to the other.

In this chapter we explain why the Pontryagin maximum principle, a necessary

condition for the controls to be optimal, is roughly equivalent to the conjunction

31
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of the usual necessary conditions of the calculus of variations taken, namely Euler-

Lagrange, Hamilton-Jacobi, and the Weierstrass sufficiency. Finsler geometry gives

yet a third language for these problems. We deal with this separately. Different

formulations make different symbolic formulas and algorithms float to the surface.

The calculus of variations deals mainly with optimization problems involving a

function, usually called the Lagrangian,

(x, ẋ) 7→ L(x, ẋ, t)

of ”position, velocity, and time”. The position or state x is usually taken to be

a vector x = (x1, . . . , xn) in n-dimensional Euclidean space Rn, and the velocity

ẋ = (ẋ1, . . . , ẋn) is then also a vector in Rn.

The objective of a typical calculus of variations problem is to find a curve t 7→ ξ(t)

in x-space that minimizes the integral

I(ξ) =

∫ b

a

L(ξ(t), ξ̇(t), t)dt

of the Lagrangian, among all curves in Ξ, where

Ξ := {ξ : [a, b]→ x(t) ∈ Ω | ξ(a) = xa and ξ(b) = xb},

where Ω and open region in Rn is called the state space (set of all possible values of

x), and for the time being can be considered to be an open subset of n-dimensional
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Euclidean space Rn. Let us now make the velocity vector ẋ an independent vari-

able by renaming it as u which makes the Lagrangian L as a function of three

independent variables (x, u, t), i.e.,

L : Ω×Rn × [a, b]→ R.

2.1.1 Euler-Lagrange equation

We now look for necessary conditions for a given curve t 7→ ξ∗(t) to be a solu-

tion to the calculus of variations problem. The general condition known today as

the ”Euler-Lagrange equation” was derived by Leonhard Euler and Joseph-Louis

Lagrange. The Euler-Lagrange equation says that the identity

E(x, x′, t) :=
d

dt

∂L

∂ui
− ∂L

∂xi
= 0, i = 1, . . . , n (2.1)

must be satisfied along the curve ξ∗. This necessary condition for an optimum is

derived by looking at the first variation δI of the cost functional I, and requiring

that δI = 0, i.e., by linearizing the inequality

δI(u0) =

∫ b

a

L(t, x0 + δx, (x0 + δx)′)− L(t, x0, x
′
0) ≥ 0. (2.2)

with respect to an infinitesimal small and localized variation

δx =











ρ(t) if t ∈ [t0, t0 + ε],

0 otherwise

(2.3)

Here ρ(t) is a smooth function that vanishes at points t0 and t0+ε and is constrained

as follows:

|ρ(t)| < ε, |ρ′(t)| < ε, ∀t ∈ [t0, t0 + ε].
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Linearizing and integration by parts of inequality (2.2), we have

δI(x0) = ε

∫ b

a

E(x, x′, t)δx+
∂L

∂x′
δx

∣

∣

∣

∣

t=b

t=a

+ o(ε) ≥ 0. (2.4)

The second term vanishes because the boundary values of x are given and their

variations are δx|t=a = δx|t=b = 0

Theorem 2.1.1. Assume n is a positive integer, Ω is an open subset of Rn, a, b are

real numbers such that a < b, L is a real-valued function on Ω × Rn × [a, b], and xa

and xb are given in Ω. Assume that L is a function of class C2. Let ξ∗ : [a, b]→ Ω be

a curve of class C1 which is a solution of the minimization problem P (L, a, b, xa, xb)

in the space of all curves of class C1. Then the Euler-Lagrange equation

E(x, ẋ, t) = 0

holds for all t ∈ [a, b].

In addition to being a solution to the Euler-Lagrange equation, the true minimizer

satisfies necessary conditions in the form of inequalities. These conditions dis-

tinguish the trajectories that correspond to the minimum of the functional from

trajectories that either correspond to its maximum or to a saddle point stationary

solution. We now look at two such conditions which help us to understand the

maximum principle.
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2.1.2 The Legendre condition

The next natural step is to look at the second variation of I, and this was done by

Adrien-Marie Legendre, who found an additional necessary condition for a mini-

mum which states that the Hessian matrix { ∂2L
∂ui∂uj }1≤i,j≤n has to be nonnegative

definite, i.e.,

n
∑

i,j=1

αiαj ∂2L

∂ui∂uj
(ξ∗(t), ξ̇∗(t), t) ≥ 0 for all α = (α1, . . . , αn) ∈ Rn. (2.5)

2.1.3 Hamilton’s form

Suppose a curve t 7→ ξ∗(t) is a solution of the Euler-Lagrange equation. Define

a function (x, u, p, t) 7→ H(x, u, p, t) of three vector variables x, u, p in Rn, and of

t ∈ R, by letting

H(x, u, p, t) = 〈p, u〉+ L(x, u, t), (2.6)

and call it the control Hamiltonian. Here we depart from the Hamiltonian that

Hamilton actually defined. Then if we define the momentum, ζ(.) : [a, b]→ p(t) ∈

Rn by

ζ̂(t) = −∂L
∂u

(ξ∗(t), ξ̇∗(t), t). (2.7)

Differentiating the control Hamiltonian (2.6) with respect to the momentum vari-

able p gives us

∂H

∂p
= u,
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from which it follows that along the curve ξ∗:

ξ̇∗(t) =
∂H

∂p
(ξ∗(t), ξ̇∗(t), p(t), t). (2.8)

Similarly, differentiating the control Hamiltonian with respect to the state vector

x gives

∂H

∂x
= −∂L

∂x
. (2.9)

From the Euler-lagrange equation it then follows that

ζ̇(t) +
∂H

∂x
(ξ∗(t), ξ̇∗(t), ζ(t), t) = 0. (2.10)

Finally, differentiating with respect to the control u gives

∂H

∂u
= p+

∂L

∂u
, (2.11)

and since we have defined the momentum vector p by equation (2.7) we have

∂H

∂u
(ξ∗(t), ξ̇∗(t), ζ(t), t) = 0. (2.12)

So we have shown that the Euler-Lagrange equation (2.1) can be written in the

form

dx

dt
=
∂H

∂p
,

dp

dt
= −∂H

∂x
,

∂H

∂u
= 0. (2.13)

We now show what Hamilton actually wrote down as the Hamiltonian system and

how it is different from the control Hamiltonian which leads us to the maximum
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principle. We begin with Hamilton’s hamiltonian H which is a function (x, p, t) 7→

H(x, p, t), defined by the formula

H(x, p, t) = 〈p, ẋ〉+ L(x, ẋ, t), (2.14)

which is similar to the control Hamiltonian but differs in that the velocity vector ẋ

is considered to be a dependent variable and is defined implicitly by the equation

p =
∂L

∂ẋ
(x, ẋ, t). (2.15)

This leads to the Hamiltonian system of equations

dx

dt
=
∂H
∂p

,
dp

dt
= −∂H

∂x
, (2.16)

which is equivalent to the system if the map (x, ẋ, t) 7→ (x, p, t) defined by equation

(2.15) can be inverted, i.e., if we can solve for ẋ as a function of x, p, t. So the

classical Hamiltonian system only makes sense when the transformation can be

inverted, at least locally, while the control Hamiltonian is equivalent to the Euler-

Lagrange system under more general conditions. This transformation is called

traditionally the Legendre transform.

Furthermore, since the control Hamiltonian is equal to L(x, u, t) plus a linear

function of u, its clear that the Legendre’s condition is equivalent to

∂2H

∂u2
(ξ∗(t), ξ̇∗(t), ζ(t), t) ≤ 0 (2.17)

Now if we rewrite the equations (2.12) and (2.17) together

∂H

∂u
= 0, and

∂2H

∂u2
≤ 0, (2.18)
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it is immediately clear that the Euler-Lagrange and Legendre conditions are on the

critical points with respect to the velocity variable u of the control Hamiltonian

H . One can see that the Euler-Lagrange and Legendre conditions are first and

second order conditions about critical points of the same function H . The critical

point conditions of the Lagrangian L and the Hamilton’s H do not satisfy the

Euler-Lagrange and Legendre conditions.

2.1.4 Weierstrass excess function

We now look at the test which detects stability of a solution to a variational

problem against strong local perturbations. Weierstrass introduced what is known

as the Weierstrass excess function,

E(x, ū, u) = L(x, u)− ∂L

∂u
(x, ū) · u. (2.19)

This function depends on three sets of independent variables, namely, x, ū, and u,

i.e., E is a function of position and two velocity vectors. Weierstrass then proved

his side condition which states that: for a curve s 7→ ξ∗(S) to be a solution of

the minimization problem, the excess function E has to be ≥ 0 when evaluated for

x = ξ∗(s) , ū = ξ̇∗(s), and a completely arbitrary u. By the homogeneity property

of the Lagrangian in the velocity vector, we have

L(x, u) =
∂L

∂u
(x, u) · u. (2.20)
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Therefore, the excess function could now be written as

E(x, ū, u) = L(x, u)− ∂L

∂u
(x, ū) · u− (L(x, ū)− ∂L

∂u
(x, ū) · ū). (2.21)

The variation used in the Weierstrass test is an infinitesimal triangle supported on

the interval [t0, t0 + ε] in a neighborhood of a point t0 ∈ [a, b]:

δx(t) =



























0, if t /∈ [t0, t0 + ε],

v1(t− t0), if t ∈ [t0, t0 + ε],

v1αε+ v2(t− t0 − αε), if t ∈ [t0, t0 + ε],

(2.22)

where the parameters α, v1, and v2 are related by

αv1 + (1− α)v2 = 0.

The Weierstrass variation is localized and has an infinitesimal absolute value if

ε→ 0, but its derivative δx′ is finite, unlike the variation in (2.3):

δx′ =



























0, if t /∈ [t0, t0 + ε],

v1, if t ∈ [t0, t0 + ε],

v2, if t ∈ [t0, t0 + ε].

(2.23)

Using the momentum variable ζ(t) where

ζ(t) =
∂L

∂u
(ξ∗(t), ξ̇∗(t), t), (2.24)

we see that

E(ξ∗(t), ξ̇∗(t), u, t) = (L(ξ∗(t), u, t)− 〈ζ(t), u〉)− (L(ξ∗(t), ξ̇∗(t), t)− 〈ζ(t), ξ̇∗(t)〉),

(2.25)
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which could alternately be rewritten using the control Hamiltonian H as

E(ξ∗(t), ξ̇∗(t), u, t) = H(ξ∗(t), ξ̇∗(t), ζ(t), t)−H(ξ∗(t), u, ζ(t), t). (2.26)

So the Weierstrass condition in control Hamiltonian form says that: along an

optimal curve t 7→ ξ∗(t), if we define ζ(t) by equation (2.24)then for every t the

value u = ξ̇∗(t) must maximize the Hamiltonian H(ξ∗(t), u, ζ(t), t) as a function of

t. Furthermore, we do not need to define ζ(t) by (2.24), as maximizing the control

Hamiltonian with respect to u gives us a first order condition which is equivalent

to (2.24). So we drop (2.24) altogether and rewrite the optimality condition as if a

curve t 7→ ξ∗(t) is a solution of the minimization problem. Then there has to exist

a function t 7→ ζ(t) such that the following three conditions hold for all t:

ξ̇∗(t) =
∂H

∂p
(ξ∗(t), ξ̇∗(t), ζ(t), t),

ζ̇(t) = −∂H
∂x

(ξ∗(t), ξ̇∗(t), ζ(t), t),

H(ξ∗(t), ξ̇∗(t), ζ(t), t) = max
u

H(ξ∗(t), u, ζ(t), t).

The above conditions can be viewed as the Pontryagin maximum principle for

the calculus of variations problem. It quite neatly simplifies three different neces-

sary conditions of Euler-Lagrange, Hamilton, and Weierstrass into just one set of

conditions.
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2.1.5 Nonconvex Variational Problems : Relaxation

In most difficult applications, the Lagrangian L(t, x, x′) is nonconvex with respect

to the velocity variable x′. In this case, the Weierstrass test fails, and the problem

becomes ill-posed. Suppose the Lagrangian L(t, x, x′) is bounded from below (say,

by zero),

L(t, x, x′) ≥ 0, ∀t, x, x′;

and satisfies the condition

lim
|x′|→∞

L(t, x, x′)

|x′| =∞.

Then the infimum I0

I0 = inf
x
I(x), I(x) =

∫ b

a

L(t, x, x′)dt (2.27)

is nonnegative, I0 ≥ 0.

There is of course a minimizing sequence {xi} such that I(xi) → I0. However,

since L(., ., x′) is not convex, this minimizing sequence will not in general converge

to a piecewise smooth curve in the limit. Otherwise it would have satisfied the

Euler-Lagrange equation and the Weierstrass test, but the last requires convexity

of L(., ., x′). But such a minimizing sequence converges to a ”generalized curve”

which consists intuitively of infinitesimal zigzags. The limiting curve can have a

derivative with a dense set of points of discontinuity. A detailed explanation of this

phenomenon can be found in Young [76] and Warga [73]. The existence theorem

involved goes back to McShane 1939-40 in the calculus of variations.
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Example 3. Consider a simple variational problem that yields to the generalized

solution:

inf
x
I(x) = inf

x

∫ 1

0

G(x, x′)dt,

where

G(x, z) = x2 + min{(z − 1)2, (z + 1)2}, x(0) = x(1) = 0.

(Intuition: The Lagrangian G attaches a penalty to the trajectory x when it has

speed |x′| different from ±1. It also attaches a penalty to the trajectory for any

deflection of the trajectory x from zero. These contradictory requirements cannot

be met by a piecewise smooth trajectory.)

A minimizing sequence for the above problem can be constructed in the following

way. Consider a set of functions x̃(t) that belong to the boundary of the forbidden

interval x̃′(t) = 1 or x̃′(t) = −1 of the nonconvexity of G(., z). The second term

in the Lagrangian vanishes when these function are substituted, and the problem

becomes

I(x̃, x̃′) =

∫ 1

0

x̃2dt.

(Observation: the term x̃ oscillates near zero if the derivative x̃′ changes its sign

on intervals of equal length. The cost I(x̃, x̃′) depends on the density of switching

points and tends to zero when the number of these points increases. Therefore a

minimizing sequence can be defined as a sequence of saw-tooth functions x̃. The

the minimizing sequence {x̃i} does not converge to any piecewise smooth function,
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but rather to a measure valued function. For nonconvex problems, the classical

variational technique based on the Euler-Lagrange equations in their usual form

fails to work. But optima exist as weak solutions which are measure valued in a

suitable completion of the space of ordinary solutions .)

Convex Envelope

Consider a variational problem with a nonconvex Lagrangian L. We shall replace

this problem with a new one which describes infinitely rapidly oscillating minimiz-

ers in terms of averages. This will be done by constructing the convex envelope of

nonconvex Lagrangian.

Definition 2.1.2. The convex envelope co L is a solution of the following minimal

problem:

co L(v) = inf
ξ

1

b− a

∫ b

a

L(v + ξ), ∀ξ :

∫ b

a

ξ = 0. (2.28)

This definition determines the convex envelope as the minimum of all parallel

secant hyperplanes that intersect the graph of L. To compute the convex envelope

co L, one can use the Caratheodory’s theorem. This theorem allow us to replace

the integral in the right-hand side of the definition of co L by the sum of n + 1

points which leads to the following optimization problem:

co L = min
mi∈M

min
ξi∈E

n+1
∑

i=1

miL(v + ξi), (2.29)
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where

M =

{

mi : mi ≥ 0,
n+1
∑

i=1

mi = 1

}

(2.30)

and

E =

{

ξi :

n+1
∑

i=1

miξi = 0

}

. (2.31)

The convex envelope co L(v) of a function L(v) at a point v coincides with either

the function L(v) or the hyperplane that touches the graph of the function L.

The hyperplane remains below the graph of l except at the tangent points where

they coincide. The convex envelope could also be defined as the greatest convex

function that does not exceed L(v) at any point v:

co L(v) = maxφ(v) : ∀v, φ(v) ≤ L(v), and φ(v) is convex.

Relaxation

To deal with a nonconvex problem, we ”relax” it. Relaxation means that we

replace the problem with another one that has the same cost but whose solution

is stable against fine-scale perturbations; particularly, it cannot be improved by

the Weierstrass variation. The relaxed problem has a classical solution and the

infimum of the functional in the initial problem coincides with the cost of this

classical solution.

Consider the extremal problem (2.27) and the corresponding solution x0(t). Let

us fix two neighboring points A = (t0, x0(t0)) and B = (t0 + ε, x0(t0 + ǫ)) on this
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solution. Using Taylor expansion we can represent the point B as

B = (t0 + ε, x0(t0) + εx′(t0) + o(ε)).

The new cost due to this interval could be written as

Iε(x0) =

∫ t0+ε

t0

L(t, x0, x
′
0) = εL(t, x0(t0), x

′
0(t0)) + o(ε).

Let us examine a local variation of the solution x0(t) by replacing it with a zigzag

piecewise linear curve xε that passes through the points A and B. Consider a con-

tinuous curve xε that contains p−1 subintervals of the constancy of the derivative

v = x′ε. The derivative x′ε is given by

x′ε(t) = x′0(t0) + vk, if t ∈ [t0 + ε
k
∑

i=1

mi, t0 + ε
k+1
∑

i=1

mi], (2.32)

where k = 1, . . . , p− 1. The saw-tooth curve xε is then

xε(t) = x0(t0) +

∫ t

t0

(x′0(t0) + v(t))dt. (2.33)

We require that any admissible solution xε passes through point B, i.e., its value

at the point t0 + ε must be equal to x0(t0 + ε) up to the terms of the order of o(ε),

xε(t0 + ε)− x0(t0 + ε) =

p
∑

i=1

mivi = o(ε).

Let us now estimate the integral of L(t, xε, x
′
ε) over this interval, up to the order

of o(ε):

L(t, xε(t), vi + x′0(t0)) = L(t0, x0(t0), x
′
0(t0) + x′ε(t)) + o(ε),
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for any t ∈ [t0, t0+ε]. The Lagrangian is piecewise constant in the interval [t0, t0+ε].

The impact of Iε(xε) becomes

Iε(xε) = ε

p
∑

i=1

miL(t0, xε(t0), x
′
0(t0) + vi) + o(ε). (2.34)

Calculate the minimum of (2.34) with respect to the arguments v1, . . . , vp and

m1, . . . , mp, which are subject to the constraints

mi(t) ≥ 0,

p
∑

i=1

mi = 1,

p
∑

i=1

mivi = 0. (2.35)

This minimum coincides with the convex envelope of the original Lagrangian with

respect to its velocity argument and moreover due to Caratheodary’s theorem, it

is enough to split the interval into p = n + 1 parts.

Comparing the costs Iε(x0) and Iε(xε) corresponding to the smooth solution x0

and to the zigzag solution xε, we obtain the following inequality:

1

ε
(Iε(x0)− Iε(xε)) = L(t0, x0(t0), x

′
0(t0))− co L(t0, xε(t0), x

′
ε(t0)) + o(ε) ≥ 0.

We see that the zigzag solution xε corresponds to lower cost in the regions of non-

convexity. Passing to the variational problem in the whole interval [0, 1] we can

rewrite the relaxed problem as

I = min
x

∫ 1

0

co L(t, x(t), x′(t))dt.

The curve xε converges strongly to the curve x0 in the sense that:

‖xε − x0‖L∞[0,1] → 0, as ε→ 0,
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but its converges to x′0 only weakly in Lp,

∫ 1

0

φ(x′ε)− x′0)→ 0, ∀φ ∈ Lq[0, 1],
1

p
+

1

q
= 1.

This pointwise convergence for all φ in a function space is weak convergence. It

is useful for proving the existence of optimal controls in more general contexts.

Approximations in this convergence can be used as implementable controls with

near optimal performance. A good reference for the analysis is Shilov [66].

2.2 Optimal Control

2.2.1 Control System

In optimal control theory we are given a system whose dynamics follow the follow-

ing under-determined system of ordinary differential equations:

ẋ = f(x, u), for x ∈M ⊆ Rn, u ∈ U ⊆ Rm, (2.36)

where x = (xi) represents the state space variables, u = (ui) represents the control

variables and f : M × U → TM is a function. We assume that, for each x0 ∈ Rn,

the map u 7→ f(x0, u) is an embedding of Rm into Rn, i.e., the controls should

appear non-degenerately in the equations.

From the geometric point of view, it can be understood as a fibred mapping

X : U→M (2.37)
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from a control fibre bundle (U, κ,M) over the state manifold M to the tangent

bundle (TM, π,M). Here the fibres of the control fibre bundle (U, κ,M), κ−1(x),

x ∈M denote the state dependent input spaces. The above geometric description

can be best described by the following commutative diagram:

U TM

M

X

κ π1

Figure 2.1: Control System

In local coordinates (xi) in M , adapted coordinates (xi, uj) in U , and natural

coordinates (xi, vi) in TM , the coordinate expression for X is

X(x, u) = f i(x, u)
∂

∂xi
, or

vi = f i(x, u),

the family of control equations. In many cases the fibre bundle κ : U → M is

a trivial bundle, i.e., equals a product M × U for some input space U . The set

of available controls are no longer state dependent. In this case an alternative

but equivalent global description of the continuous time nonlinear control system

(2.36) is provided by a family of vector fields on the state space manifold M ,

parameterized by the inputs u ∈ U .
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A common point of view in the literature of geometric optimal control theory is to

think of a control system as a family of assigned vector fields on a manifold

F = {Fu(·) = f(·, u)}u∈U . (2.38)

We now need the concept of an admissible control and of trajectory of a control

system.

Definition 2.2.1. The set

U[0,T] = {u : [0, T]→ Ux(·)
∣

∣ u(·) is piecewise smooth, Ux = κ−1(x)}

denotes the collection of all admissible controls.

Definition 2.2.2. A trajectory of (2.36) corresponding to u(·) is a map γ(·) :

[0, T] → M , Lipschitz continuous on every chart, such that (2.36) is satisfied for

almost every t ∈ [0, T].

Definition 2.2.3. The set

Rx0(T) := {x ∈M : ∃t ∈ [0, T] and γ : [0, t]→M such that γ(0) = x0, γ(t) = x}

is called the reachable set within time T > 0.

We introduce performance measures which are defined as cost functionals on

the state-control trajectory, as follows

J(x(.), u(.)) :=

∫

T

0

L(x(t), u(t))dt.
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The optimization of these measures biases the search of feasible trajectories towards

cost-efficient trajectories. The above cost functional is called a Lagrange functional.

Cost functionals of the type

J(x(.), u(.)) := φ(x(T), u(T))

where the optimizer receives a payoff at the terminal-time are called Meyer func-

tionals. Allowing both gives Bolza functionals.

Problem 2.2.4. (Optimal Control Problem) Given the state dynamics ẋ = f(x, u),

find a control trajectory u(t), t ∈ [0,T] among all admissible control trajectories

which minimizes the functional J(u) and the corresponding solution xu(t) of the

Cauchy problem satisfies the boundary condition xu(T) = xT. The problem can be

stated mathematically as following:

ẋ = f(x, u(t)), x ∈M, u(t) ∈ U[0,T] (2.39)

x(0) = x0, (2.40)

x(T) = xT (2.41)

min
u(t)

J(u) = min
u(t)

∫ T

0

L(x(t), u(t))dt (2.42)

2.2.2 The Maximum Principle

To formulate the theorem, we shall consider, in addition to the fundamental sys-

tem another system of equations known as the conjugate system in the auxiliary
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variables ψ0, ψ1, . . . , ψn:

dψi

dt
= −

n
∑

α=0

∂fα(x, u)

∂uα
ψα, i = 0, 1, . . . , n.

This system has the following geometric interpretation: In the space of vectors

(ψ0, ψ1, . . . , ψn) dual (conjugate) to the space of vectors x0, x1, . . . , xn, consider

the hyperplane
n
∑

α=0

ψαx
α = c = const

passing through the initial point (0, x1
0, . . . , x

n
0 ). Then the conjugate system de-

scribes the transport of this hyperplane along the trajectories corresponding to

solutions of the state system. In other words, if the ψi satisfy the conjugate sys-

tem and the xi satisfy the state equations for t0 ≤ t ≤ t1, then

n
∑

α=0

ψαx
α = c t0 ≤ t ≤ t1.

If we choose an admissible control u(t), t0 ≤ t ≤ t1, and have the corresponding

phase trajectory x(t) of the fundamental system with initial condition x(t0) = x0,

then the adjoint system takes the form

dψi

dt
= −

n
∑

α=0

∂fα(x(t), u(t))

∂uα
ψα, i = 0, 1, . . . , n.

This system is linear and homogeneous. Therefore, for any initial conditions, it

admits the unique solution

ψ = (ψ0, ψ1, . . . , ψn)
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for the ψi. Just as the solution x(t) of the fundamental system, the solution of

the adjoint system consists of continuous functions ψi(t) which have everywhere,

except at a finite number of points, continuous derivatives with respect to t.

Rx(t+ δt)

Rx(t)

ψ(t)

ψ(t+ δt)

•x

Figure 2.2: Reachable set

We shall now combine the fundamental system and the adjoint system into one en-

try. To do so, we introduce the HamiltonianH of the variable x1, . . . , xn, ψ0, . . . , ψn, u
1, . . . , ur:

H(ψ, x, u) = (ψ, f(x, u)) =
n
∑

α=0

ψαf
α(x, u).
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We can rewrite the Hamiltonian in the form of the Hamiltonian system:

dxi

dt
=
∂H
∂ψi

, i = 0, 1, . . . , n, (2.43)

(2.44)

dψi

dt
= −∂H

∂xi
, i = 0, 1, . . . , n. (2.45)

Thus, taking an arbitrary admissible control u(t), t0 ≤ t ≤ t1, and the initial condi-

tion x(t0) = x0, we can find the corresponding trajectory x(t) = (x0(t), . . . , xn(t)).

After that we can find the solutions of the Hamiltonian system

ψ(t) = (ψ0(t), ψ1(t), . . . , ψn(t))

corresponding to the functions u(t) and x(t).

For fixed values of ψ and x, the function H becomes a function of the parameter

u ∈ U . Let us denote the least upper bound of the values of this function by

M(ψ, x):

M(ψ, x) = sup
u∈U

H(ψ, x, u).

If the continuous function H achieves its upper bound on U , then M(ψ, x) is the

maximum of the values of H, for fixed ψ and x. We now state the necessary

condition for optimality, whose principle content is called the Maximum principle.

Theorem 2.2.5. Let u(t), t0 ≤ t ≤ t1, be an admissible control such that the

corresponding trajectory x(t) which begins at the point x0 at the time t0 passes,

at some time t1, through a point on the line Π. In order that u(t) and x(t) be
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optimal it is necessary that there exist a nonzero continuous vector function ψ(t) =

(ψ0(t), ψ1(t), . . . , ψn(t)) corresponding to u(t) and x(t), such that:

1. for every t, t0 ≤ t ≤ t1, the function H(ψ(t), x(t), u) of the variable u ∈ U

attains its maximum at the point u = u(t):

H(ψ(t), x(t), u(t)) =M(ψ(t), x(t));

2. at the terminal time t1 the relations

ψ0(t1) ≤ 0, M(ψ(t1), x(t1)) = 0

are satisfied. Furthermore, it turns out that if ψ(t), x(t), and u(t) satisfy the Hamil-

tonian system, and condition (1), the time functions ψ0(t) and M(ψ(t), x(t)) are

constant. Thus, condition (2) may be verified at any time t, t0 ≤ t ≤ t1, and not

just at t1.

2.2.3 Maximum principle for minimum-time problem

We shall now derive an analogous necessary condition for the minimum-time prob-

lem. To do this, it is only necessary to set f 0(x, u) equal to 1. The hamiltonian H

then takes the form

H = ψ0 +
n
∑

α=1

ψαf
α(x, u).
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Introducing the n-dimensional vector ψ = (ψ1, . . . , ψn) and the function

H =

n
∑

α=1

ψαf
α(x, u),

we can write the corresponding Hamiltonian system

dxi

dt
=
∂H

∂ψi

, i = 1, . . . , n, (2.46)

(2.47)

dψi

dt
= −∂H

∂xi
, i = 1, . . . , n. (2.48)

For fixed values of ψ and x, H is a function of u. We denote the upper bound of

the values of this function by M(ψ, x):

M(ψ, x) = sup
u∈U

H(ψ, x, u).

Because H(ψ, x, u) = H(ψ, x, u)− ψ0, we obtain

M(ψ, x) =M(ψ, x)− ψ0,

and therefore

H(ψ(t), x(t), u(t)) = M(ψ, (t), x(t)) = −ψ0 ≥ 0.

Thus we obtain the following theorem.

Theorem 2.2.6. Let u(t), t0 ≤ t ≤ t1, be an admissible control which trans-

fers the phase point from x0 to x1, and let x(t) be the corresponding trajectory,

so that x(t0 = x0), x(t1) = x1. In order that u(t) and x(t) be time-optimal

it is necessary that there exist a nonzero, continuous vector function ψ(t) =

(ψ0(t), ψ1(t), . . . , ψn(t)) corresponding to u(t) and x(t), such that:
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1. for all t, t0 ≤ t ≤ t1, the function H(ψ(t), x(t), u) of the variable u ∈ U

attains its maximum at the point u = u(t):

H(ψ(t), x(t), u(t)) = M(ψ(t), x(t));

2. at the terminal time t1 the relation

M(ψ(t1), x(t1)) ≥ 0

are satisfied. Furthermore, it turns out that if ψ(t),x(t), and u(t) satisfy the

Hamiltonian system, and condition (1), the time function M(ψ(t), x(t)) is con-

stant. Thus, condition (2) may be verified at any time t, t0 ≤ t ≤ t1, and not just

at t1.

Moreover all optimal control problems could be reduced to minimum-time prob-

lems by re-parameterizing time t with arc-length. Furthermore one can derive the

necessary conditions for state and control constrained problems. These constraints

are given as algebraic equality or inequality constraints:

g(x, u, t) = 0, (2.49)

h(x, u, t) ≤ 0, (2.50)

which are path constraints, i.e., they hold true in the interval [t0, tf ]. Some of these

constraints could be of boundary type, namely

φ(tf , x(tf )) ≤ 0, (2.51)
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where tf is the final time.

2.3 Geodesics

2.3.1 Riemannian Metric

Suppose M is a smooth manifold, and G is a symmetric covariant tensor field of

rank 2 on M . If (U ; xi) is a local coordinate system on M , then the tensor field G

can be expressed as

G = gij(x) dx
i ⊗ dxj, (2.52)

on U , where gij = gji is a smooth function on U , usually defined to be
〈

∂
∂xi ,

∂
∂xj

〉

∣

∣

∣

∣

x

.

G provides a bilinear function on TxM at every point x ∈ M . Suppose X, Y ∈

Γ(TM), then

G(X, Y ) = 〈X, Y 〉

=

〈

X i ∂

∂ui
, Y j ∂

∂uj

〉

= X iY j

〈

∂

∂ui
,
∂

∂uj

〉

= gijX
iY j. (2.53)

We say that the tensor G is nondegenerate at the point x if, whenever v ∈ TxM

and

G(v, w) = 0, for all w ∈ TpM, (2.54)
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it must be true that v = 0. This implies that G is nondegenerate at x iff the

system of linear equations

gij(x) v
i = 0, 1 ≤ j ≤ n (2.55)

has zero as its only solution, i.e., det gij(p) 6= 0. If for all v ∈ TxM we have

G(v, v) ≥ 0, (2.56)

and the equality holds only if v = 0, then we say G is positive definite at x, which

implies that G is necessarily nondegenerate.

For a generalized Riemannian manifold M , G specifies an inner product on the

tangent space TxM at every point x ∈M . For any X, Y ∈ TxM , let

X · Y = G(X, Y ) = gij X
iY j. (2.57)

When G is positive definite, it is meaningful to define length of a tangent vector

and the angle between two tangent vectors at the same point, i.e.,

‖X‖ = (gij X
iY j)

1
2 , (2.58)

cos ∠(X, Y ) =
X · Y
‖X‖ · ‖Y ‖ . (2.59)

Thus a Riemannian manifold is a differentiable manifold which has a positive

definite inner product on the tangent space at every point. The inner product is

required to be smooth, i.e., if X, Y are smooth tangent vector fields, then X · Y is

a smooth function on M .
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The differential 2-form

ds2 = gij dx
idxj (2.60)

is independent of the choice of the local coordinate system and is usually called the

metric form or Riemannian metric. ds is precisely the length of an infinitesimal

tangent vector, and is called the element of arc length.

Suppose C : xi = xi(t), t0 ≤ t ≤ t1, is a continuous and piecewise smooth

parameterized curve on M . Then the arc length of C is defined to be

s =

∫ t1

t0

(

gij

dxi

dt

dxj

dt

)
1
2

dt. (2.61)

Theorem 2.3.1. There exists a Riemannian metric on any n-dimensional smooth

manifold M .

Isomorphism

With the help of a fundamental tensor, we may identify a tangent space with a

cotangent space, and hence a contravariant vector and a covariant vector can be

viewed as different expressions of the same vector. In fact, if X ∈ TxM , let

αX(Y ) = G(X, Y ), Y ∈ TxM. (2.62)

Then αX is a linear functional on TxM , i.e., αX ∈ T ∗
xM .

Conversely, since G is nondegenerate, any element of T ∗
pM can be expressed in the

form αX . Thus α establishes an isomorphism between TxM and T ∗
xM . Compo-
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nentwise, if

X = X i ∂

∂xi
, αX = Xidx

i, (2.63)

then we obtain from (2.62) that

Xi = gijX
j, Xj = gijXi. (2.64)

In general, if (tijk) is a (1, 2)-type tensor, then

tijk = gilt
l
jk, tijk = gjltilk (2.65)

are (0, 3)-type and (2, 1)-type tensors, respectively.

2.3.2 Levi-Civita Connection

Metric-compatible connection

Definition 2.3.2. Suppose (M,G) is an n-dimensional Riemannian manifold, and

D is an affine connection on M . If

DG = 0, (2.66)

then D is called a metric-compatible connection on (M,G).

Condition (2.66) means that the fundamental tensor G is parallel with respect

to metric-compatible connections. If the connection matrix of D under the local
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coordinates xi is ω = (ωj
i ), then

DG = (dgij − ωk
i gkj − ωk

j gik)⊗ dxi ⊗ dxj.

Thus (2.66) is equivalent to

dgij = ωk
i gkj − ωk

j gik,

= ωij + ωji (2.67)

The geometric meaning of metric-compatible connections is that parallel transla-

tions preserve the metric. In particular, on a Riemannian manifold, the length of

a tangent vector and the angle between two tangent vectors are invariant under

parallel translations.

In fact, if X(t), Y (t) are parallel vector fields along the curve C : xi = xi(t), (1 ≤

i ≤ n) with respect to a metric-compatible connection, then

dX i

dt
+ Γi

jkX
j dx

k

dt
= 0, (2.68)

dY i

dt
+ Γi

jkY
j dx

k

dt
= 0. (2.69)

Hence

d

dt
(gijX

iY j) =
dgij

dt
X iY j + gij

(

dX i

dt
Y j +X idY

j

dt

)

,

=

(

dgij

dt
− gikΓ

k
jh

duh

dt
− gjkΓ

k
ih

duh

dt

)

X iY j, by (2.68), (2.69),

= 0, using (2.67).
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Therefore, along C, we have

gijX
iXj = const . (2.70)

Torsion-free connection

The torsion tensor T of the affine connection D is (1, 2)-type tensor. Being a

(1, 2)-type tensor, T can be viewed as a map

T : Γ(TM)× Γ(TM)→ Γ(TM).

Suppose X, Y are any two tangent vector fields on M , then T (X, Y ) is a tangent

vector field on M with local expression

T (X, Y ) = T k
ijX

iY j ∂

∂uk
.

From which it follows that

T (X, Y ) = DXY −DYX − [X, Y ] . (2.71)

Definition 2.3.3. If the torsion tensor of an affine connection D is zero,i.e.,

DXY −DYX = [X, Y ] , (2.72)

the connection is said to be torsion-free (or symmetric).
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Theorem 2.3.4. ( Fundamental Theorem of Riemannian Geometry ). Suppose

M is an n-dimensional generalized Riemannian manifold. Then there exists a

unique torsion-free and metric compatible connection on M , called the Levi-Civita

connection of M , or the Riemannian connection of M .

Proof. SupposeD is a torsion-free and metric compatible connection onM . Denote

the connection matrix of D under the local coordinates ui by ω = (ωj
i ), where

ωj
i = Γj

ikdu
k.

Then we have

dgij = ωk
i gkj + ωk

j gki,

Γj
ik = Γj

ki.

Denote

Γijk = gljΓ
l
ik, ωik = glkω

l
i.

Then it follows that

∂gij

∂uk
= Γijk + Γjik,

Γijk = Γkji.

Cycling the indices, we get

∂gik

∂uj
= Γikj + Γkij,

∂gjk

∂ui
= Γjki + Γkji.
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We then obtain

Γikj =
1

2

(

∂gik

∂uj
+
∂gjk

∂ui
− ∂gij

∂uk

)

Γk
ij =

1

2
gkl

(

∂gil

∂uj
+
∂gjl

∂ui
− ∂gij

∂ul

)

.

Thus we see that the torsion-free and metric-compatible connection is determined

uniquely by the metric tensor.

Conversely, the Γk
ij defined above indeed satisfy the transformation equation for

connection coefficients under a change of local coordinates. Hence they define

an affine connection D on M . Thus D is a torsion-free and metric-compatible

connection on M .

Riemannian connection in Arbitrary Frame Fields

Here we redo the Riemannian connections in arbitrary frame field instead of the

natural frame field. Suppose (e1, . . . , en) is a local frame field with coframe field

(θ1, . . . , θn). Let

Dei = θj
i ej,

where θ = (θj
i ) is the connection matrix of the connection D with respect to the

frame field (e1, . . . , en). Hence by structure equations of connections we know that

the statement that:

1. D is a torsion-free connection is equivalent to the statement that the θi
j satisfy
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the equations

dθi − θj ∧ θi
j = 0.

2. D is a metric-compatible connection is given by

dgij = θk
i gkj + θk

j gik,

where gij = G(ei, ej), and the metric form is ds2 = gijθ
iθj .

Theorem 2.3.5. Suppose (M,G) is a generalized Riemannian manifold, and {θi, 1 ≤

i ≤ n} is a set of differential 1-forms on a neighborhood U ⊂ M which is linearly

independent everywhere. Then there exists a unique set of n2 differential 1-forms

θk
j on U such that

dθi = θj ∧ θi
j ,

dgij = θk
i gkj + θk

j gik,

where the gij are the components of G with respect to the local coframe field {θi},

i.e.,

G = gijθ
i ⊗ θj .

2.4 Optimal Control on Manifolds

So far, the state spaces have been open subsets of Euclidean spaces, and the

formulations of the Maximum Principle have depended on this fact. We now
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survey some of the literature that lift the Maximum Principle on to manifolds,

intrinsically. Sussmann [67], [68], mainly describes the Hamiltonian lift which

is symplectic in nature and connections along curves expressed in terms of Lie

brackets, Lopez [49], introduces local Finsler metrics on the tangent space in the

presence of control constraints, and Udriste [71], improves upon [49], by applying

Okubo’s method for deriving metrics. We now give a brief outline of each of these

techniques.

2.4.1 Hamiltonian Lift

One way to prove invariance of the adjoint equation is to use the canonical symplec-

tic structure of the of the cotangent bundle T ∗M of a manifold M . This structure

gives rise to a canonical fiber-preserving isomorphism J : T ∗(T ∗M) → T (T ∗M),

which enables us to assign to every covector ω ∈ T ∗
z (T ∗M) a tangent vector

Jz(ω) ∈ Tz(T
∗M). In particular, if H : T ∗M → R is a function, and z ∈ T ∗M

is a point where H is differentiable, then there is a well defined tangent vector

~H(z) ∈ TzT
∗M , given by ~H(z) = Jz(dH(z)).

Now suppose that we are given a control system ẋ = f(x, u, t) on a manifold

M , and a reference trajectory-control pair γ∗ = (ξ∗, η∗) such that fη∗ satisfies a

C1-Caratheodary condition near ξ∗. For each u, t, define

Hu,t(x, p) := H(x, u, p, t) = p · f(x, u, t). (2.73)
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Then the function Hη∗(t),t is of class C1 for almost every t. The system

ξ̇(t) = f(ξ(t), η∗(t), t), (2.74)

−ψ̇(t) = ψ(t)
∂f

∂x
(ξ(t), η∗(t), t) (2.75)

is then equivalent to

ζ̇(t) = ~Hη∗(t),t(ζ(t)), (2.76)

where ζ = (ξ(t), ψ(t)).

Suppose if Σ = (M,U, I,U , f) is a control system on a manifold M , such that

for every η ∈ U the corresponding vector field fη satisfies a C1-Caratheodary

condition, then we can define

f ∗(z, u, t) = Hu,t(z), for (z, u, t) ∈ T ∗M × U × I, (2.77)

and obtain a new control system Σ∗ = (T ∗M,U, I,U , f ∗) with state space T ∗M ,

called the Hamiltonian lift of Σ. Then the necessary condition given by the Max-

imum Principle can be viewed as stating that the reference trajectory-control

pair γ∗ = (ξ∗, η∗) must be the projection of a reference trajectory-control pair

Γ∗ = (γ∗, η∗) of the Hamiltonian lift such that Γ∗ has some special properties,

namely, non-triviality, Hamiltonian maximization, and the transversality condi-

tion.
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2.4.2 Connections along curves

We now define a connection along a curve ξ, such that ξ̇(t) = f(ξ(t), t) for almost

every t. If ξ is an integral curve of a time-varying vector field f(x, t), then the

pair (ξ, f) gives rise in a canonical way to a connection ∇ξ,f along ξ (such that if

X is a smooth vector field on M , and X ◦ ξ is the vector field along ξ defined by

(X ◦ ξ)(t) = X(ξ(t))) given by

∇ξ,F (X ◦ ξ)(t) = [ft, X] (ξ(t)), for a.e. t ∈ D(ξ). (2.78)

Relative to a local coordinate chart , we then have

(∇ξ,f(X))j =
d

dt
(Xj ◦ ξ)(t)−

n
∑

i=1

(

∂f j
t

∂xi
X i

)

(ξ(t)), for a.e. t, (2.79)

=
∂Xj

∂xi
ξ̇(t)−

n
∑

i=1

(

∂f j
t

∂xi
X i

)

(ξ(t)), (2.80)

where ξ̇(t) = f(ξ(t), t).

A connection along a curve induces an operator of ”parallel translation” along the

curve. Precisely, if ξ : [a, b]→M is a curve and ∇ is a connection along ξ, then a

vector field θ along ξ is ∇-parallel if

∇θ ≡ 0. (2.81)

If t ∈ [a, b] and v ∈ Tξ(t)M , then there is a unique vector field θ along ξ which is

∇-parallel and satisfies θ(t) = v.

Furthermore, a connection ∇ along a curve, which is defined as a differential op-

erator on vector fields, induces in a standard way differential operators on fields of
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covectors and on fields of higher-order tensors. Similarly, if ζ ∈ Γ(T ∗M, ξ), and X

is a vector field near ξ(t), we have

(∇ξ,fζ).X(p) =
d

ds

∣

∣

∣

∣

s=t

ζ(s).X(ξ(s))− ζ(t).(∇ξ,fX) (2.82)

=
d

ds

∣

∣

∣

∣

s=t

ζ(s).X(ξ(s))− ζ(t).[ft, X](ξ(t)). (2.83)

If θ is a field of vectors and ω a field of covectors along ξ, then the product rule

d

dt
(ω(t) · θ(t)) = ∇ω(t) · θ(t) + ω(t) · ∇θ(t), (2.84)

holds. In particular, if θ and ω are parallel transported, then the product ω(t)·θ(t)is

a constant along ξ.

If ξ is an integral curve of a time-varying vector field f , and ∇ = ∇ξ,f , then

the equations ∇θ = 0 and ∇ω = 0 are the variational and adjoint equations

along (ξ, f), respectively. In the setting of the maximum principle, when f is the

vector field fη∗ corresponding to the reference control η∗, the adjoint equation that

appears in the maximum principle is precisely the equation

∇ξ∗,fη∗
ψ ≡ 0. (2.85)

2.4.3 Metrics on Tangent Spaces

In [49] Finsler metrics on the tangent space of optimal control problems were

constructed. Let M be an n-dimensional C∞ manifold(state space), (U, κ,M) be



70

a control fibre bundle, and (TM, τ,M) be the tangent bundle. Let xi, i = 1, . . . , n

be the components of the point x ∈ M , called state variables. Then (xi, ua), i =

1, . . . , n; a = 1, . . . , k are adapted coordinates in U, where uα are the controls, and

(xi, vi) are natural coordinates in TM .

Let X : U → TM , X = X i(x, u) ∂
∂xi be a C∞ fibred mapping, over the identity in

the state manifold M , which produces a continuous control system

dxi

dt
= X i(x, u), i = 1, . . . , n, (2.86)

The evolution of the state manifold M is totally characterized by the image set

S = Im(X) ⊂ TM which is described by the control equations (refeq:lopez1).

Pointwise we have the set Sx = {v | ∃u ∈ Ux = κ−1(x), v = f(x, u)}.

The chief objects involved in the metric construction are the set of allowed direc-

tions, a cone bundle V ⊂ TM , and a Finslerian (homogeneous) function defined

on F . These objects are defined at each point of the state space M . Once the

state x is fixed, the maximality condition of the Maximum Principle determines a

subset U∗
x of Ux = κ−1(x) of possible optimal controls

U∗
x = {(x, u0) ∈ Ux | ∃(x, p) ∈ T ∗

xM such that H(x, p, u0) ≥ H(x, p, u), ∀u ∈ Ux} ,

(2.87)

from which the optimal control U∗(x, p) is determined for every p.

The image subset S∗
x = X(U∗

x) ⊂ Sx contains some of the longest allowed velocity

vectors, because for a given momentum covector pidx
i, the Hamiltonian is maximal
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for the vector f i(x, u) ∂
∂xi with the greatest projection, max〈p, f(x, u)〉, i.e., the

longest in some particular ray direction. Upon reparametrization one need to only

look at unit vectors in each direction, the set of all unit vectors form the indicatrix.

So we define S∗
x as follows

S∗
x = X(U∗

x) = {(x, v) ∈ TxM | v ∈ Sx and λv /∈ Sx, ∀λ > 1} . (2.88)

The invariance under reparametrization needed to define a metric can be obtained

by considering the cone Vx of rays generated by elements of Sx

Vx =
{

(x, v) | ∃(x, v0) ∈ S0
x such that v = λv0, λ > 0

}

. (2.89)

The norm of the velocity is now defined to obtain a length equal to the original

cost; we associate to every (x, v) ∈ Vx the norm λ, which is the factor between it

and the element of S0
x in the same ray

Fx : Vx → R+, Fx(v) = λ, where v = λv0, with v0 ∈ S0
x. (2.90)

An optimal curve ρ(t) = (x(t), u∗(t)), with cost
∫ T

0
dt = T , will have, once arbi-

trarily reparametrized by t(τ) ( dt
dτ
> 0), the length is given

∫

F (x(τ), v(τ))dτ =

∫

λ(τ)dτ =

∫

dt

dτ
dτ =

∫

dt = T, (2.91)

because

v(τ) =
dx

dτ
=
dx

dt

dt

dτ
= v0

dt

dτ
, so that F (x, v) = λ =

dt

dτ
.

The set Sx ⊂ Vx is the indicatrix of the defined metric.
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Example 4. Here we describe construction of the metric for the following two-

dimensional time optimal control problem:

dx

dt
= 2 + u1 cos(u2),

dy

dt
= u1 sin(u2), 0 ≤ u1 ≤ 1, u2 ∈ S1. (2.92)

It is quite obvious that for any given point (x0, y0) ∈ R2, the subset S(x0,y0) is

the unit disk centered at (2, 0). The subset of possible optimal allowed velocities

S∗
(x0,y0)

is determined by u1 = 1 and −2π
3
≤ u2 ≤ 2π

3
, the boundary of the disk

made of the longest vectors. D(x0,y0) is determined by the conditions | vy

vx
| ≤ 1√

3
and

vx > 0. The Finslerian function, the factor between elements of D(x0,y0) and the

elements of S0
(x0,y0)

on the same ray, is explicitly given by

F(x0,y0)(vx, vy) =
v2

x + v2
y

2vx +
√

(v2
x − 3v2

y)
, (2.93)

Okubo’s Technique

Let f : TM → R be a C∞ function on TM \ {0}, whose restriction v → f(x, v)

has no critical point. Then

Ix : f(x, v) = 0 (2.94)

is a hypersurface of TxM , for each x ∈ M . On the other hand, there exists an

implicit function F : TM \ {0} → R which is C∞ and positive homogeneous of

degree one with respect to v such that Ix : F (x, v) = 1. In this sense Ix is an

indicatrix. Okubo [51], has shown that the implicit function F is a solution of the

equation

f

(

x,
v

F (x, v)

)

= 0. (2.95)
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Conversely, given the Finsler function F there exists at least two different functions

providing the same indicatrix.

Udriste [71], improves upon [49] by devising the Finsler metrics on local tangent

spaces in the following way: let Vx be a cone in TxM , i.e., Vx is a subset of TxM

which is invariant with respect to positive homotheties. If

f(x, v) =











f1(x, v), v ∈ Vx ⊂ TxM

f2(x, v), v ∈ TxM \ Vx

(2.96)

has suitable properties, then one can produce a Finsler function F =
√

(F 2
1 +F 2

2 ),

which satisfies

f

(

x,
v

F (x, v)

)

= 0, ∀v ∈ TxM (2.97)

via

f1

(

x,
v

F1(x, v)

)

= 0, ∀v ∈ Vx (2.98)

f2

(

x,
v

F2(x, v)

)

= 0, ∀v ∈ TxM \ Vx. (2.99)

With respect to a time-optimal control problem, the cone Vx is as given in (2.89),

then the function F1 is defined as follows

F1x : Vx → R, F1x(v) = λ, where v = λv0, v0 ∈ S1x (2.100)

where λ is the factor between v with v ∈ Vx and v0 with v0 ∈ S1x in the same ray.

If there exists a suitable function f1x : Vx → R with S1x = f−1
1x (0), then F1 is a

solution of (2.98). A second arbitrary indicatrix S2x : f2(x, v) = 0 in TxM \Vx and

a positive homogeneous function of degree one F2(x, v) given by equation (2.99).
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Example 5. Continuing Example 4, the image set S is given by

S : (vx − 2)2 + v2
y ≤ 1; (2.101)

and the indicatrix S1 by

(vx − 2)2 + v2
y = 1, vy ≥

3

2
, (2.102)

which can be written in controls as u1 = 1, u2 ∈
[

−2π
3
, 2π

3

]

. The cone Vx is given

by

Vx :

∣

∣

∣

∣

vy

vx

∣

∣

∣

∣

≤ 1√
3
, vx > 0. (2.103)

The positive homogeneous solution of

(

vx

F1
− 2

)2

+

(

vy

F1

)2

= 1 (2.104)

is

F1(vx, vy) =
v2

x + v2
y

2vx +
√

(v2
x − 3v2

y)
. (2.105)

On TxM \ Vx, one can build an arbitrary positive homogeneous function F2 of

degree one, and finally F =
√

(F 2
1 + F 2

2 ) is a homogeneous function of degree one

on TxM .



Chapter 3

Geometric Optimal Control

Theory: Finsler Approach

3.1 Introduction

Riemannian geometry is based on a family of positive definite quadratic forms,

one defined at each point x on a manifold M. The family is called the Riemannian

metric ground form

ds2 = gij(x)dx
i ⊗ dxj, (3.1)

where the xi are the local coordinates and gij(x) are smooth functions of position

x. This encapsulates the idea of a locally Euclidean metric for measuring distance,

one which varies smoothly with the point x.

In contrast Finsler geometry is based on a family of positive definite quadratic

75
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forms, one defined at each point (x, ẋ) of the tangent bundle of a manifold M .

The family is called the Finsler metric ground form

ds2 = gij(x, ẋ)dx
i ⊗ dxj , (3.2)

where the form and distance vary smoothly as (x, ẋ) varies over the tangent bundle

of M .

A Riemannian metric is locally Euclidean on M , a Finsler manifold is locally

Euclidean on the tangent manifold of M . Infinitisimal Finsler length ds varies

smoothly with position x and direction ẋ, while infinitisimal Riemannian length

ds varies smoothly based on position x alone.

Let M be an n-dimensional differentiable manifold with coordinate functions {xj :

j = 1, . . . , n} on a coordinate neighborhood U . The tangent vector of a smooth arc

γ : [t0, t1] → U , referred to a parameter t, has components vj = dxj/dt. Given a

smooth nonnegative function F on the tangent bundle TM of M , an ”arc-length”

may be assigned to the curve γ, namely

s =

∫ t1

t0

F (x1, . . . , xn; v1, . . . , vn)dt. (3.3)

In the language of optimization we refer to F as a cost function and s as the total

cost of traversing the curve γ starting at time t0, ending at time t1. We assume that

the function F is homogeneous of the first degree in the directional arguments {vj},

that is for positive λ,. F (x1, . . . , xn;λv1, . . . , λvn) = λF (x1, . . . , xn; v1, . . . , vn).

Under these circumstances F is called a Finsler metric function.
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The first example of a non-Riemannian Finsler geometry is due to Riemann in his

Inaugural lecture of 1851 as he defined Riemannian Geometry on manifolds for

the first time. His example was based on quartic forms and does not appear there

as connected with the calculus of variations. C. Caratheodory [24], [25] used the

Finsler indicatrix, the hypersurface

F (x1, x2 . . . , xn; v1, . . . , vn) = 1

in the tangent space TpM of a point p ∈ M with coordinates {xi} in the inves-

tigation of discontinuous solutions to variational problems. The classical excess

condition of Weierstrass for the integral (3.3) implies the convexity of the indi-

catrix. The indicatrix generalizes the unit sphere in Riemannian geometry. The

metric is essentially determined by the indicatrix. The relation between convex

bodies centered at zero and metrics is basic to Minkowski’s Geometry of Numbers.

The first systematic investigation of the local geometry of manifolds whose tangent

spaces are endowed with such indicatrices was carried out in 1918 in the disserta-

tion of P. Finsler [31] under Caratheodory. Concepts such as angle, curvatures of

curves and of surfaces were defined by Finsler in terms of a general metric function.

Optimal control in a coordinate free manner on manifolds has been carried out

by several authors, notably Sussmann [67], [68], who stated the Pontryagin Max-

imum Principle in a coordinate independent notation. There the variational and

the adjoint equations of the maximum principle are exactly the parallel transport
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equations of vectors and covectors, respectively, of local connections defined as Lie

brackets. Another method mentioned in that literature is the iterated Hamiltonian

lift, which has a symplectic flavor. Finsler methods for formulating optimal control

have been suggested by several people, including [49], [71]. Lopez [49], suggests

that indicatrices are the primary objects of study, possibly because bang-bang

controls appear as holes on the indicatrices. But this does not yield computation

techniques. Udriste [71] proposed using the Okubo technique(see [4], [8], [28])

for generating metrics. None of these investigations has yet led to algorithms for

solving for optimal control, but then coordinate free methods are more for beauty,

understanding, generality than for computation.

In 1992-4 Kohn and Nerode observed that every optimal control problem gives

rise to a Finsler metric ground form on a suitable manifold. They began the

development of optimal control theory based on Finsler Geometry in [43], [44], [45]

with the goal in mind of computing near optimal controls in real time. Optimal

trajectories are Finsler geodesics, optimal controls are Finsler connections. The

principal problem is to compute them, preferably by real time algorithms.

This thesis develops further symbolic and numerical computation tools for de-

termining connections, curvature, torsion, volumes for the eventual purpose of

computing close to optimal control for real systems. It incidentally establishes

the exact relations between the Finsler geodesic formulation and the Pontryagin

maximum principle.
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In section 2 we summarize Pontryagin’s necessary conditions and describe the

Problem of Lagrange and the usual transformation of optimal control problems

into the calculus of variations In section 3 we derive the fundamental properties

of Finsler spaces along with Finsler Geometry. In section 5 the necessary condi-

tions for the transformed optimal control problem are derived as Euler-Lagrange

equations for these metrics. Further theorems for efficient computation of these

conditions in symbolic form are proved. In the last section we explicitly derive the

geodesic equations in the presence of state equality constraints.

3.2 Lagrange and Pontryagin

3.2.1 Maximum Principle

In optimal control theory we are given a system whose dynamics follow the follow-

ing under-determined system of ordinary differential equations:

ẋ = f(x, u), for x ∈M ⊆ Rn, u ∈ U ⊆ Rm, (3.4)

where x = (xi) represents the state space variables, u = (ui) represents the control

variables and f : M × U → TM is a function. We assume that, for each x0 ∈ Rn,

the map u 7→ f(x0, u) is an embedding of Rm into Rn, i.e., the controls should

appear non-degenerately in the equations.

From the geometric point of view, it can be understood as a fibred mapping

X : U→M (3.5)
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from a control fibre bundle (U, κ,M) over the state manifold M to the tangent

bundle (TM, π,M). Here the fibres of the control fibre bundle (U, κ,M), κ−1(x),

x ∈M denote the state dependent input spaces. The above geometric description

can be best described by the following commutative diagram:

U TM

M

X

κ π1

Figure 3.1: Control System: Fibre Bundles

In local coordinates (xi) in M , adapted coordinates (xi, uj) in U, and natural

coordinates (xi, vi) in TM , the coordinate expression for X is

X(x, u) = f i(x, u)
∂

∂xi
, or

vi = f i(x, u),

the family of control equations. In many cases the fibre bundle κ : U → M is a

trivial bundle, i.e., equals a product M × U for some input space U . The set of

available controls are no longer state dependent. In this case an alternative but

equivalent global description of the continuous time nonlinear control system (3.4)

is provided by a family of vector fields on the state space manifold M , param-

eterized by the inputs u ∈ U . The optimal control problem could be stated as

follows:
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Problem 3.2.1. (Optimal Control Problem) Given the state dynamics ẋ = f(x, u),

find the control trajectory u(t), t ∈ [0, T] among all admissible control trajectories

which minimizes the functional J(u) and the corresponding solution xu(t) of the

Cauchy problem satisfies the boundary condition xu(T) = xT. The problem can be

stated mathematically as following:

ẋ = f(x, u(t)), x ∈M, u(t) ∈ U[0,T]

x(0) = x0,

x(T) = xT

min
u(t)

J(u) = min
u(t)

∫

T

0

L(x(t), u(t))dt

Pontryagin’s maximum principle [58] gives a set of necessary conditions for a state-

control trajectory pair (x(t), u(t)) to be optimal; by introducing a Hamiltonian

function

H(x, λ, u) = L(x, u) + λif
i(x, u), (3.6)

where the variables λi are adjoint variables. The optimal curves (x(t), u∗(t)) must

satisfy the control system equations

dxi

dt
=
∂H

∂λi
= f i(x(t), u∗(t)), (3.7)

and there must exist a solution curve for the adjoint differential equations

dλi

dt
= −∂H

∂xi
= − ∂L

∂xi

∣

∣

∣

∣

(x(t),u∗(t))

− λj

∂f j

∂xi

∣

∣

∣

∣

x(t),u∗(t))

(3.8)

with the optimal control u∗ satisfying the algebraic condition of maximality

H(x, λ, u∗) ≥ H(x, p, u), ∀u ∈ Ux = κ−1(x). (3.9)
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Equations (3.7), (3.8), and (3.9) together form the maximum principle. For very

simple problems one could solve the maximum condition (3.9) to get the controls

u ∈ U as a function of state and adjoint variables. This is a nontrivial operation

and usually one resorts to numerical computations.

Our method of introducing a Finsler metric circumvents part of this problem by

working on a higher dimensional space whose tangent space includes the tangent

space of the original state space, the controls, and the lagrange multipliers. In

this way we interpret the controls and adjoint variables as in the tangent space

of this higher dimensional space. Once the metric is formed one can derive the

Finsler geodesic equation which then become the Euler-Lagrange equations in the

Finsler space. It is important to note that the Pontryagin’s Maximum Principle

are first order necessary conditions in the primal-dual space and hence are neither

Euler-Lagrange equations nor the Hamiltonian- Jacobi equations. However, in the

augmented space that we propose here (we think for the first time) we can interpret

them to be Euler-Lagrange equations. Then we show that these Euler-Lagrange

equations are exactly the equations of the Pontryagin’s Maximum Principle.

3.2.2 The Problem of Lagrange

In this section our aim is to formulate the optimal control problem as a standard

Calculus of Variations problem. This reduction to a CoV problem is to facilitate the

introduction of a metric for the optimal control problem which otherwise wouldn’t
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be possible because of the maximization condition in the Pontryagin’s Maximum

Principle. However, it should be noted that the PMP was derived for admissible

controls being measurable and for arbitrary choice of the space of controls U which

is why PMP deviates from the ordinary CoV problems, as traditionally, the ad-

missible curves in CoV problems were piecewise smooth. Although L.C.Young has

devised the notion of generalized curves with respect to CoV problems, we pursue

in this thesis only the case of piecewise smooth curves. There seems to be little

difficulty in extending to the more general case, but we do not do this here.

Following Caratheodory’s work [23] on the CoV problems with side-conditions

known as the Problem of Lagrange (PoL), we now augment the state space in the

following manner. Given an autonomous control system ẋ = f(x, u), where the

states x = (x1, . . . , xn) ∈ M ⊂ Rn and controls u ∈ U ⊂ Rm, we introduce an

augmented state space x = (x1, . . . , x2n+m) ∈ R2n+m so that the states x, controls

u, and the costate variables λ = (λ1, . . . , λn) ∈ T ∗
xM of the PMP are redefined in

the following way

xi = x
i, i = 1, . . . , n,

ui = ẋ
n+i, i = 1, . . . , m,

λi = ẋ
n+m+i, i = 1, . . . , n,

where the controls u ∈ U and the costate variables λ ∈ T ∗
xM are now the time

derivatives of the augmented state space x while the state variables are simply the

new states.
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We thus have our new state space x = (xi, xn+j, xn+m+k), where i, k = 1, . . . , n, and

j = 1, . . . , m, of dimension 2n+m. We now formulate the problem of Lagrange as

following:

Problem 3.2.2. ( Problem of Lagrange ). Given the following Lagrangian

L(x, ẋ) = L(x, ẋ) +
n
∑

i=1

ẋ
n+m+i(ẋi − f i(x, ẋ)) (3.10)

find a curve t 7→ x
∗(t) that minimizes (or maximizes) the following integral

I(x(t)) =

∫

T

0

L(x, ẋ)dt (3.11)

among all curves x : [0, T]→ R2n+m such that x(0) = x0 and x(T) = xT.

We now find the Euler-Lagrange solution of the above CoV problem, i.e., the

extrema x
∗(t) solve the equation

d

dt

∂L

∂ẋi
(x, ẋ) =

∂L

∂xi
(x, ẋ), i = 1, . . . , 2n+m. (3.12)

Theorem 3.2.3. The necessary conditions of the Problem of Lagrange are equiv-

alent to that of the Pontryagin Maximum Principle of the regular optimal control

problem, i.e.,

PMP ≡ PoL

Proof. Evaluating the above Euler-Lagrange equation (3.12) for each state variable



85

we get the following:

d

dt





























ẋ
n+m+i

0

ẋ
i − f i(x, ẋ)





























=





























∂L
∂xi (x, ẋ)− ẋ

j ∂fj

∂xi (x, ẋ)

∂L
∂ẋi (x, ẋ)− ẋ

j ∂fj

∂ẋi (x, ẋ)

0





























(3.13)

Plugging back the original variables ui, λi for ẋ
n+i, ẋ

n+m+i, respectively, we get

the following set of equations:






















































dλi

dt
= ∂L

∂xi (x, u)− λj ∂fj

∂xi (x, u), i = 1, . . . , n

0 = ∂L
∂ui (x, u)− λj ∂fj

∂ui (x, u), i = 1, . . . , m

dxi

dt
= f i(x, u), i = 1, . . . , n.

(3.14)

We find that the above set of equations (3.14) are exactly the necessary conditions

attained by the PMP. Hence we have proved the theorem.

Relax the assumption that the control space U is open and that the boundary of the

set U can be expressed analytically as a function of state, i.e., the set of admissible

controls consists of all bounded, piecewise continuous functions u : [0, 1] → Rm

that satisfy a set of equality and inequality constraints:

gi(t, x, u) = 0, i = 1, . . . k, (3.15)

hi(t, x, u) ≤ 0, i = 1, . . . l, (3.16)
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where k ≤ m for the problem to be meaningful.

In the case of inequality constraints we can always turn them into equality con-

straints by introducing slack variables in the following way:

Hi(x, u, w) ≡ hi(x, u) + w2
i = 0, i = 1, . . . l, (3.17)

so that the slack variables w ∈ Rl become additional control variables. In this way

we have the following set of equality constraints

Ωi =



























Fi(x, u, w) ≡ ẋi − f i(x, u) = 0, i = 1, . . . , n,

Gi(x, u, w) ≡ gi(x, u) = 0, i = 1, . . . k,

Hi(x, u, w) ≡ hi(t, x, u) + w2
i = 0, i = 1, . . . l,

(3.18)

The augmented Lagrangian would now be

L(x, ẋ, u, w, λ, µ, ν) = L(x, u) + λiF i(x, ẋ, u) + µiGi(x, u) + νiHi(x, u, w) (3.19)

Now in the case of bounded controls our augmented space x is defined in the

following way:






































































xi = x
i, i = 1, . . . , n,

ui = ẋ
n+i, i = 1, . . . , m,

wi = ẋ
n+m+i, i = 1, . . . , l,

λi = ẋ
n+m+l+i, i = 1, . . . , n,

ωi = ẋ
2n+m+l+i, i = 1, . . . , k,

µi = ẋ
2n+m+l+k+i, i = 1, . . . , l,

(3.20)
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In the new augmented state space, the augmented Lagrangian could be rewritten

as

L(x, ẋ) = L(x, x) +

n+k+l
∑

i=1

ẋ
n+m+l+iΩi(x, ẋ) (3.21)

Furthermore, at a point t where ẋ(t) has a jump discontinuity, the so called

Weierstrass-Erdmann corner conditions must hold:

∂L

∂ẋ

∣

∣

∣

∣

t−

(x, ẋ) =
∂L

∂ẋ

∣

∣

∣

∣

t+

(x, ẋ) (3.22)

(

ẋ
∂L

∂ẋ
− L

)
∣

∣

∣

∣

t−

(x, ẋ) =

(

ẋ
∂L

∂ẋ
− L

)
∣

∣

∣

∣

t+

(x, ẋ). (3.23)

3.3 Finsler Geometry

Having reduced the optimal control problem into a calculus of variations problem,

we shall now introduce Finsler geometry, which was essentially motivated by the

Calculus of variations problem. It is characterized by

ds = F (x1, . . . , xn ; dx1, . . . , dxn), (3.24)

where F (x ; dx), known as the Finsler function, is a smooth, non-negative function

in the 2n variables, and has the value zero only when dx = 0. We now state further

conditions on the metric F .

Definition 3.3.1. Let M be an n-dimensional smooth manifold. A Finsler struc-

ture of M is a function

F : TM → [0,∞)
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with the following properties:

1. Regularity: F is C∞ on the entire slit tangent bundle TM \ 0.

2. Positive homogeneity: F (x, λv) = λF (x, v) for all λ > 0 and v ∈ TxM .

3. Strong convexity: the n× n Hessian matrix

gij :=

(

1

2
F 2

ẋiẋj

)

is positive-definite at every point of TM \ 0.

Given a manifold M and a Finsler structure F on TM , the pair (M,F ) is known

as the Finsler manifold.

Let (x1, . . . , xn) = (xi) : U → Rn be a local coordinate system on an open subset

U ⊂M . As usual, { ∂
∂xi} and {dxi} are, respectively, the induced coordinate bases

for TxM and T ∗
xM .

Definition 3.3.2. Let M be an n-dimensional smooth manifold. It is said to be a

Finsler manifold if the length s of any curve t 7→ (x1(t), . . . , xn(t)), a ≤ t ≤ b, is

given by an integral

s =

∫ b

a

F

(

x1, . . . , xn;
dx1

dt
, . . . ,

dxn

dt

)

dt, (3.25)

where the function F has the properties specified in definition (3.3.1).
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The positive homogeneity property of the Finsler function F plays a crucial role in

the development of the metric. Hence we first state and prove the Euler’s lemma

for homogeneous functions which we are going to use repeatedly in the sequel.

Theorem 3.3.3. (Euler’s Lemma for homogeneous functions): Suppose a real-valued

function H on Rn is differentiable away from the origin of Rn. Then the following

two statements are equivalent:

• H is positively homogeneous of degree r. That is,

H(λy) = λr H(y) for all λ > 0. (3.26)

• The radial directional derivative of H is r times H. Namely,

yiHyi(y) = r H(y). (3.27)

Proof. Suppose H satisfies H(λ y) = λr H(y) for all positive λ. Fix y. Differenti-

ating this equation with respect to the parameter λ gives

yiHyi(λ y) = rλr−1H(y). (3.28)

Setting λ equal to 1 gives the criterion sought.

Conversely, suppose yiHyi(y) = r H(y). Fix y and consider the function H(λ y)

with λ > 0. By the chain rule, we have

d

dλ
H(λ y) = yiHyi(λy) =

1

λ
(λ y)iHyi(λ y). (3.29)
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Using our supposition, we see that the last term equals 1
λ
rH(λy). Since we have

not assumed that H is nonzero away from the origin, we cannot read the above as

d
dλ

logH(λ y) = r
λ

= d
dλ

log λr. Instead, we rewrite it as the ODE

d

dλ
H(λ y)− r

λ
H(λ y) = 0. (3.30)

The integrating factor 1
λr then gives H(λ y) = Cλr, where C is some constant that

depends on our fixed y. Setting λ = 1 shows that C = H(y).

3.3.1 Metric Properties

Let F be a Finsler function on TM . Then, for (x, ẋ) local coordinates in TM , we

have

Fv(x, λv) = Fv(x, v), λ > 0,

Fvv(x, λv) =
1

λ
Fvv, λ > 0.

From Euler’s theorem on homogeneous functions we then have the following rela-

tions of the Finsler function F .

Lemma 3.3.4. If F is positive homogeneous of degree 1 in ẋ, then the following
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relations hold

ẋi · Fẋi(x, ẋ) = F (x, ẋ) (3.31)

ẋj · Fẋiẋj(x, ẋ) = 0 (3.32)

ẋk · Fẋiẋj ẋk(x, ẋ) = −Fẋiẋj (x, ẋ) (3.33)

ẋl · Fẋiẋj ẋkẋl(x, ẋ) = −2Fẋiẋj ẋk(x, ẋ) (3.34)

for (x, ẋ) ∈ TM .

Proof. Equation (3.31) follows from (3.27) by setting r equal to 1 as the Finsler

function F is positive homogeneous of degree 1. Secondly, upon differentiating

both sides of (3.31) w.r.t. ẋj , we then have

Fẋiẋj (x, ẋ) · ẋi + Fẋj(x, ẋ) = Fẋj(x, ẋ)

from which equation (3.32) follows

Fẋiẋj (x, ẋ) · ẋi = 0, ∀j = 1, . . . , n.

Similarly, upon differentiating equation (3.32) and (3.33) with respect to ẋk and

ẋl, we end up with equations (3.33) and (3.34), respectively.

From equation (3.32) we deduce the identity

det |Fẋẋ| = 0. (3.35)
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Because of the relation (3.35), we are forced to choose our metric as the Hessian of

the square of the Finsler function F . We now derive some properties of this met-

ric which will be used later to derive the geodesic equations and other geometric

properties.

Lemma 3.3.5. Given a Finsler function F , the following relations hold true for

its square, F 2,

ẋi · F 2
ẋiẋj(x, ẋ) = 2F (x, ẋ)Fẋj(x, ẋ) (3.36)

ẋi · ẋj · F 2
ẋiẋj(x, ẋ) = 2F 2(x, ẋ) (3.37)

for (x, ẋ) ∈ TM .

Proof. First, we derive the Hessian of the square of the Finsler function F 2, i.e.,

1

2
F 2

ẋiẋj =
1

2
(2FFẋi)ẋj ,

= FẋiFẋj + FFẋiẋj . (3.38)

Multiplying equation (3.38) with ẋi on both sides and using equations (3.31) and

(3.32) we prove relation (3.36)

1

2
F 2

ẋiẋj · ẋi = (FẋiFẋj + FFẋiẋj ) · ẋi

= Fẋj(Fẋi · ẋi) + F (Fẋiẋj · ẋi)

= FFẋj . (3.39)
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Upon multiplying equation (3.36) with ẋj on both sides and using equations (3.39)

and (3.31) we have the following

1

2
F 2

ẋiẋj ẋiẋj = ẋi

(

1

2
F 2

ẋiẋj ẋj

)

= ẋiFFẋi

= F (Fẋiẋi)

= F 2 (3.40)

Equation (3.37) suggests us that the metric gij should indeed be of the form

gij =
1

2

∂F 2

∂ẋi∂ẋj
(x, ẋ) (3.41)

which is a consequence of the Finsler function F being positive homogeneous of

degree 1. Furthermore, from equation (3.37), it follows that

gij(x, ẋ)ẋ
iẋj = F 2. (3.42)

Since the metric gij(x, ẋ) is positive homogeneous of degree zero in ẋ, we have

gij(x, v)v
ivj = 1, (3.43)

where vi = ẋi

F
are unit vectors.

Theorem 3.3.6. Let F be a non-negative real-valued function on Rn, then we have

the following conclusions:
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• (Positivity)

F (x, ẋ) > 0, whenever ẋ 6= 0. (3.44)

• (Fundamental inequality)

wi · Fvi(x, v) ≤ F (x, w) at all v 6= 0, (3.45)

and equality holds if and only if w = α v for some α ≥ 0.

Proof. Positivity: Consider equation (3.41), the hypothesized strong convexity of

F says that the left-hand side is positive whenever ẋ 6= 0, thus F is strictly positive

on Rn \ 0.

Fundamental inequality: The consequences of Euler’s theorem are used repeatedly

here. When w = α v̇ for some α ≥ 0, both sides equal αF (x, v). When w is a

negative multiple of v, the inequality is strict because its left-hand side becomes

a negative multiple of F (x, v). The case w 6= 0 but v = 0 is disallowed. Lastly,

suppose v, w are linearly independent, then so are v and ξ := v − w. Inequality

(3.45) now reads

F (x, w) > F (x, v)− Fvi(x, v)(vi − wi),

> wi · Fvi(x, v)

which readily reduces to the strict part of (3.45). We thus have completed the

proof.
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Theorem 3.3.7. (Positive-Definiteness) Suppose F (x, v) is a Finsler function. Then

Fvivj is positive semi-definite, i.e.,

Fvivj · wi · wj ≥ 0, ∀ w ∈ Rn,

Fvivj · wi · wj = 0, if w = λv, λ > 0.

Proof. At each point v ∈ Rn \ 0, the matrix gij defines an inner product. So we

have the Cauchy-Schwarz type inequality

[

gij(x, v)w
iuj
]2 ≤

[

gij(x, v)w
iwj
]

·
[

gij(x, v)u
iuj
]

∀ w, u ∈ Rn, (3.46)

where equality holds if and only if w and u are collinear. Setting ui = vi and using

(3.42), we obtain

[

gij(x, v)w
ivj
]2 ≤ F 2(x, v) ·

[

gij(x, v)w
iwj
]

∀ w ∈ Rn, (3.47)

where equality holds if and only if w and v are collinear. On the other hand, the

formula (3.41) for gij leads us to

Fvivj (x, v)wiwj =
1

F 3(x, v)

{

F 2(x, v)
[

gij(x, v)w
iwj
]

−
[

gij(x, v)v
iwj
]2
}

(3.48)

which, in conjunction with (3.47), gives

Fvivj (x, v)wiwj ≥ 0 ∀ w ∈ Rn. (3.49)

In the above equation, equality holds if and only if v and w are collinear.
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Theorem 3.3.8. (Triangle inequality) If v, w ∈ TxM , then

F (x, v + w) ≤ F (x, v) + F (x, w). (3.50)

Proof. Suppose u, v ∈ TxM are two non-collinear vectors, then by the second

mean-value theorem, we have

F (x, u) = F (x, v)+Fvi(x, v) · (ui−vi)+
1

2
Fvivj (x, θv+(1−θ)u) · (ui−vi) · (uj−vj).

(3.51)

for some 0 < θ < 1.By applying equation (3.31) to the second term of RHS we get

F (x, u) = Fvi(x, v) · ui +
1

2
Fvv(x, θv + (1− θ)u) · (ui − vi) · (uj − vj). (3.52)

Since u, v are linearly independent, by the fundamental inequality (3.43) we deduce

that

F (x, u) ≥ Fvi(x, v) · ui. (3.53)

Let v = u+ w, where u, w ∈ TxM . Then

Fvi(x, v + w) · vi ≤ F (x, v) (3.54)

Fvi(x, v + w) · wi ≤ F (x, w). (3.55)

Summing these two inequalities we get

Fvi(x, v + w) · (vi + wi) ≤ F (x, v) + F (x, w). (3.56)
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Substituting equations (3.54) and (3.55) in (3.56), we have

F (x, v + w) ≤ F (x, v) + F (x, w).

3.3.2 Geometry of Finsler Manifolds

In this section we shall outline the geometry of Finsler manifolds and introduce

metrics for the tangent and cotangent spaces. At each point x of the manifold M

we consider the tangent spaces TxM and T ∗
xM , of the contravariant and covariant

vectors at x respectively. Corresponding to each contravariant vector vi ∈ TxM

there is defined a covariant vector yi ∈ T ∗
xM and vice versa. A concrete picture

of this mapping can be given in terms of certain hypersurfaces in the two tangent

spaces.

Before we introduce these hypersurfaces it is convenient to assume the following

condition on the Finsler function F :

F (xi, v) > 0, for all (x, v) ∈ TM \ 0.

This condition holds true only for this section in order to present a clear geometric

picture.

Indicatrix

We shall now derive an appropriate metric on the tangent space TM of the Finsler

manifold M with a given Finsler function F (x, v).
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Definition 3.3.9. The indicatrix is an (n− 1)-dimensional hypersurface in TxM

defined by

F (x, v) = 1, for all v ∈ TxM. (3.57)

•

F−1(1)
Indicatrix

v

S

Figure 3.2: Indicatrix

Theorem 3.3.10. The set S = {v ∈ TxM | F (x, v) ≤ 1} is convex.

Proof. Let u ∈ TxM . Then λu intersects the hyper-surface S in one and only one

point. By positive definiteness property F (x, v) ≥ 0 and by homogeneity every

vector λu for an appropriate λ will intersect the hypersurface at one point.

To prove the above assertion we assume that vectors λv and µv intersect the surface

S, then

F (x, λv) = λF (x, v) = 1,

F (x, µv) = µF (x, v) = 1.

From which it follows that, 0 = (λ−µ)F (x, v) = F (x, (λ−µ)v) which contradicts

(3.57).
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Now let u, w be such that F (x, u) ≤ 1 and F (x, w) ≤ 1. Let v = θu + (1 − θ)w

with θ ∈ [0, 1]. Then by applying Theorem (3.3.8),

F (x, v) ≤ F (x, θu) + F (x, (1− θ)w), (3.58)

and by homogeneity

F (x, v) ≤ θF (x, u) + (1− θ)F (x, w). (3.59)

It follows that

F (x, v) ≤ 1.

Therefore, v ∈ S. Since u and w are two arbitrary points of S, the result follows.

Metric Tensor

It is to be noted that, the metric

ds = F (x, v), v ∈ TxM (3.60)

on the Finsler manifold M gives rise to a metric or measurement of length in

each tangent space in a unique manner. The length or norm of a tangent vector

v ∈ TxM is given by

|v| = F (x, v). (3.61)

Geometrically, this is simply the ratio OQ/OR where R is the point at which OQ,

elongated if necessary, intersects the indicatrix and O is the origin of the tangent
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space TxM . The length of a vector joining two points v, w ∈ TxM , is given by

F (x, v − w). It is clear therefore, that the indicatrix plays the role of the unit

sphere in the geometry of the tangent vector space TxM . As defined earlier we

•

S = F−1(1)

Indicatrix

w

v

w · gv(v,w) · v = 1

Figure 3.3: Hyperplane to Indicatrix

have the quantities gij as

gij(x, v) =
1

2

∂2F 2

∂vi∂vj
(x, v). (3.62)

In view of the homogeneity condition, the function F 2 is positively homogeneous

of second degree in tangent vector v, and hence we have

F 2(x, v) = gij(x, v)v
ivj. (3.63)

So all lengths in the tangent space TxM may now be expressed in terms of the gij.

The equation of the indicatrix of TxM may now be written in the form:

F 2(x, v) = gij(x, v)v
ivj = 1. (3.64)
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A tangent hyperplane to the indicatrix at a point (x, w) for w ∈ TxM satisfies the

following equation

Fv(x, w)(v − w) = 0, for all v ∈ TxM (3.65)

with F (x, w) = 1.

Proposition 3.3.11. The hyperplane equation (3.65) is equivalent to

wT · g(x, w) · v = 1. (3.66)

Proof. Expanding equation (3.65), we get

Fv(x, w)v = Fv(x, w)w. (3.67)

But from equations (3.36) and (3.57), we conclude that

Fv(x, w)v = 1. (3.68)

Using (3.36) we have

w · 1
2
F 2

vv(x, w) = Fv(x, w) (3.69)

Post-multiplying equation (3.69) by v and using (3.31) we have

w · F 2
vv(x, w) · v = Fv(x, w) · v = 1 (3.70)
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Having thus defined a metric in each tangent space TxM of the Finsler manifold

M , we may conversely assert that the metric in a tangent space TxM determines

the local metric of M in the immediate vicinity of the point x ∈ M . For strictly

speaking, the expression F (x, v) represents the length of a vector v of the tangent

space TxM , which we can interpret as an element ds of length on M , namely as a

first-order approximation.

Fundamental Inequality

The fundamental inequality could be viewed as an extension of the Euler’s theorem,

from an equation to an inequality, i.e., the fundamental inequality

wiFvi(x, v) ≤ w, (3.71)

becomes the Euler’s theorem (3.31) for the metric F when w = α v for some α ≥ 0.

Furthermore, by adding equation (3.31) to the fundamental inequality (3.43), we

have

F (x, v) + Fvi(x, v) · (wi − vi) ≤ F (x, w), (3.72)

where equality holds only when w = α v with α ≥ 0. If one thinks of v as

being fixed and w as the independent variable, then the left-hand side is the linear

approximation of the value of F (w). So, at any fixed (v, F (x, v)) on the graph of

F , the tangent hyperplane touches the graph only along the ray (α v, αF (x, v)),

α ≥ 0. Everywhere else, the tangent hyperplane lies below the graph of F . This is

depicted in Figure 3.4. Thus the graph of F is a convex cone at the origin of our
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Minkowski space. Since F (x, v) > 0 for v 6= 0, we can multiply the fundamental

Minkowski Plane

Indicatrix S = F−1(1)

Origin Graph of F•

Figure 3.4: Indicatrix

inequality by F (x, v) to get

wi F (x, v)Fvi(x, v) ≤ F (x, v)F (x, w). (3.73)

Now substituting the relation vigij(x, v) = F Fvi in equation (3.73), we have

gij(x, v) w
i vj ≤ F (x, w)F (x, v). (3.74)

One can view equation (3.74) as a generalization of the Cauchy-Schwarz inequality,

from inner products to Minkowski norms. When written in the metric form, we

have

[

gij(x, v)w
i vj
]2 ≤ [ gpq(x, w)wpwq ] · [ grs(x, v) v

r vs ] . (3.75)
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Figuratrix

In the Finsler geometry the momenta variables pi cannot be defined in the usual

way in classical mechanics, i.e.,

pi =
∂F (x, ẋ)

∂ẋ
, (3.76)

because of the homogeneity property we cannot express the velocity vectors ẋ as

functions of (xi, pi). We now show the corresponding canonical variables yi and

the Hamiltonian function H(xi, yi) for the Finsler function F (xi, ẋi).

We now define alternative quantities yi by the relation

yi = gij(x
k, ẋk)ẋj , (3.77)

which play the role of the canonical momenta in the Finslerian case. Using the

definition of the metric tensor gij, we can write the momenta variables as

yi = F
∂F

∂ẋi
. (3.78)

Thus one can see that the momenta variables pi in the nonhomogeneous case and

the momenta variables yi in the Finsler case differ by a multiplicative factor F .

The relations (3.77) can be solved uniquely for the velocity variables ẋi as functions

of (xi, yi) as a result of the condition

det gij(x
k, ẋk) 6= 0. (3.79)
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◦
•

TxM T ∗
xM

ψ−1 Figuratrix

F ∗ = 1
Indicatrix

F = 1

ψ−1(v)
v

Figure 3.5: Legendre Transform

By differentiating the momenta yi with respect to the velocity ẋk, we have

∂yi

∂ẋk
=

∂gij

∂ẋk
ẋj + gijδ

j
k

= gik. (3.80)

Thus the Jacobian of the momenta is simply the matrix gij , and hence we may

write

ẋi = ψi(xj , yj). (3.81)

Furthermore, the metric gij possesses an inverse gij. In the later we substitute

from (3.81), thus obtaining a matrix gij(x, y), such that

gij(xk, yk) gih(x
k, ẋk) = δj

h, (3.82)

whenever ẋk and yk are related by equation (3.77).



106

It follows from (3.78) that the momenta yi are positively homogeneous of the first

degree in ẋj . The converse must necessarily hold for the inverse equation (3.81).

Thus, since (3.80) may now be used to solve the equations (3.77) explicitly for ẋi

in the form

ẋi = gij(x, y) yj, (3.83)

where the gij are positively homogeneous of degree zero in the momenta y.

The identity (3.82) suggests that we should define the Hamiltonian functionH(x, y)

by the relation

H2(x, y) = gij(x, y)yiyj. (3.84)

We shall now give justification for this form of the Hamiltonian but later we shall

use the Legendre transformation to actually derive this form.

Firstly, on differentiating (3.82) with respect to ẋl and applying (3.80), we obtain

∂gij

∂yk

yi = 0. (3.85)

Secondly, if we substitute from (3.77) for yi and yj in (3.84) we deduce from (3.82)

that

H2(x, y) = gij(x, ẋ)ẋ
iẋj = F 2(x, ẋ). (3.86)

Strictly speaking, equation (3.86) should be expressed as

H(x, y) = F (x, ψ(x, y)), (3.87)
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where we have replaced ẋ by (3.81). Equation (3.77) together with its inverse

(3.83), represents a continuous 1-1 mapping of the two tangent spaces TxM and

T ∗
xM .

3.4 Optimal Control Geodesics

3.4.1 Weierstrass’s side condition

Weierstrass considered the problems of Calculus of Variations with Lagrangians L

such that L(x, ẋ) is positively homogeneous with respect to the velocity ẋ and does

not depend on time, i.e.,

L(x, αẋ) = αL(x, ẋ), for all (x, ẋ) ∈ TM, and α > 0. (3.88)

In order to use the Finsler approach we need our Lagrangians L to be positive

homogeneous of degree one. However the Lagrangians for the calculus of variations

problems are not in general homogeneous in ẋ, the following theorem gives us a

method of forming Lagrangians L which are positive homogeneous in ẋ of degree

1.

Let γ be a parameterized curve in the manifold M :

γ : t ∈ [0, 1]→ γ(t) ∈M.

The curve γ has an analytical expression of the form:

γ ≡ x(t) = (x1(t), . . . , xn(t)), t ∈ [0, 1].
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The Tangent lift of the curve γ to the tangent space TM of the Finsler manifold

M is given as

(γ(t), γ̇(t)) = (xi(t), ẋi(t)), t ∈ [0, 1], i = 1, . . . n.

In homogenizing the Lagrangian L(x, ẋ), we move from our configuration space

x = (x1, . . . , xn) to the space of events x = (t, x) = (x0, x1, . . . , xn), where x0 = t

and xi = x
i for i = 1, . . . n. The dimension of our new event space would then

be n + 1. We now parameterize the curve γ(t) with a new parameter τ by the

following transformation function σ: τ = σ(t), and its inverse ρ ≡ σ−1 exists such

that σ and ρ are 1-1 differentiable monotone maps in the domain [0, 1].

The tangent lift of a curve in the space of events (xi, x′i) := (t, xα, t′, x′α), where

t′ := dρ

dτ
(σ(t)), x′α := dxα

dτ
(σ(t)), i = 0, 1 . . . , n and α = 1, . . . , n. Here τ can be

considered as ”pseudo-time”.

Let us now introduce a new Lagrangian function Λ such that

Λ ≡ Λ

(

ρ(σ(t)), x(σ(t)),
dρ

dτ
(σ(t)),

dx

dτ
(σ(t))

)

= L

(

ρ(σ(t)), x(σ(t)),
dx

dτ
(σ(t)) ·

(

dρ

dτ
(σ(t))

)−1
)

dρ

dτ
(σ(t)) (3.89)

The following theorem shows that the Lagrangian Λ is positive homogeneous of

degree 1 in x′.
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Theorem 3.4.1. Let τ be an arbitrary parameter and the Lagrangian, L(t, x(t), ẋ(t)),

not necessarily positive homogeneous of degree 1 in ẋ, then the Lagrangian Λ de-

fined by Λ(x, x′) ≡ L(t, x, x′/t′) t′ is positive homogeneous of degree 1 in x′.

Proof. For α > 0 we have,

Λ(x, αx′) = Λ(t, x, t′, x′)

= L(x,
αx′

αt′
) · αt′

= αL(x,
x
′

t′
)t′

= αΛ(τ, x, t′, x′) ≡ αΛ(x, x′)

Hence the new Lagrangian, Λ, is positive homogeneous of degree 1 in x′.

Theorem 3.4.2. The following minimization problems are equivalent:

arg min
x

∫ 1

0

L(x, ẋ)dt = arg min
x

∫ σ(1)

σ(0)

Λ(x, x′)dτ,

for x(0) = x0, x(1) = x1.

Proof.

∫ 1

0

L(x, ẋ)dt =

∫ 1

0

L(t, x,
dx

dt
)dt

=

∫ 1

0

L

(

t, x,

(

dt

dτ

)−1
dx

dτ

)

dt

dτ
dt

=

∫ σ(1)

σ(0)

L

(

t, x,

(

dt

dτ

)−1
dx

dτ

)

dτ

=

∫ σ(1)

σ(0)

Λ(t, x, t′, x′)dτ
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So far we have left the parameter τ arbitrary as long as there exists a diffeomor-

phism between the parameter τ and time t. From now on we shall interpret our

homogenizing parameter τ to be arc-length, i.e., τ = s, as we show below that there

exists a diffeomorphism between arc-length s and time t. Indeed, the arc-length

function s = σ(t), t ∈ [0, 1], given by

s(t) =

∫ t

0

L

(

x(τ),
dx

dt
(τ)

)

dτ, t ∈ [0, 1], (3.90)

is derivable, having the derivative:

ds

dt
= L

(

x(τ),
dx

dt
(τ)

)

> 0, t ∈ (0, 1), (3.91)

since we consider only positive Lagrangians in its domain. So the function s =

σ(t), t ∈ [0, 1], is invertible and also differentiable by the fundamental theorem

of calculus. Let t = ρ(s) be its inverse. Then we have ρ(σ(t)) = t, which upon

differentiating with respect to t, we have

dρ

ds
(σ(t)) · dσ

dt
(t) = 1. (3.92)

Therefore, it follows that

dρ

ds
(σ(t)) =

1
dσ
dt

(t)
> 0, (3.93)

The change of parameter t→ s, given by s = s(t), has the property

F

(

x(s),
dx

ds
(s)

)

= 1. (3.94)
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Our new arc-length element ds is therefore given as

ds = Λ

(

xi,
dxi

dτ

)

dτ, i = 0, 1, . . . , n, (3.95)

where

Λ

(

xi,
dxi

dτ

)

= L

(

xi,
dxα

dx0

)

dx0

dτ
α = 1, . . . , n. (3.96)

and by interpreting the parameter τ to be arc-length s, we have

ds

dτ
= Λ

(

xi,
dxi

dτ

)

≡ 1, (3.97)

and from equation (3.96) it follows that

(

dx0

ds

)−1

=

(

dt

ds

)−1

= L

(

xi,
dxα

dt

)

. (3.98)

Upon differentiating equation (3.97) with respect to arc-length s, we have

dΛ

ds

(

xi,
dxi

ds

)

= 0. (3.99)

Theorem 3.4.3. (Parameter Independence of Length) Let γ : [a, b] → M be a

piecewise smooth curve segment defined in the closed interval [a, b], where M is a

Finsler manifold. Let σ : [α, β] → [a, b] be a diffeomorphism. Then the curves γ

and γ ◦ σ : [α, β]→M have the same arc-length; namely, the following holds:

I(γ) = I(γ ◦ σ),
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where

I(γ) =

∫ b

a

Λ(γ(τ), γ̇(τ))dτ.

Proof. We use the fact that σ is a differentiable monotone map, i.e.,

dσ

ds
> 0.

We then have

I(γ̃) =

∫ β

α

Λ(γ̃(τ), ˙̃γ(τ))dτ

=

∫ β

α

Λ

(

(γ ◦ σ)(τ),
d(γ ◦ σ)

dτ
(τ)

)

dτ

=

∫ β

α

Λ

(

γ(σ(τ)),
dγ

dσ
(σ(τ)) · dσ

dτ
(τ)

)

dτ

=

∫ β

α

Λ

(

γ(σ(τ),
dγ

dσ
(σ(τ))

)

dτ · dσ
dτ

=

∫ b

a

Λ

(

γ(σ),
dγ

dσ
(σ)

)

dσ

= I(γ).

As we have seen in the previous section that one defines a Finsler metric for

the optimal control problem by first defining a new coordinate system x = x(s) ∈
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M ⊆ R2n+m+1 parameterized by arc-length and an element of the tangent bundle

of M is given by (x, x′) = (x, (t′(s), y′(s), c(s), p(s))) ∈ TM ⊆ R4n+2m+2. Given a

Lagrangian and the control system for the optimal control problem, the metric is

defined as

gij(x, x
′) =

1

2

∂2F

∂x′
i∂x

′
j

(x, x′), i, j = 1, . . . , 2n+m+ 1 (3.100)

where

F (x, x′) = L̃(x, x′)2 (3.101)

L̃(x, x′) = L
(

y,
c

t′

)

+
p

t′
·
(

y′

t′
− f

(

y,
c

t′

)

)

. (3.102)

The metric gij which is a symmetric matrix of dimension 2n+m+ 1× 2n+m+ 1

is given as follows

G(x, ẋ) =











































[Ft′t′ ]1×1

[

Ft′y′i

]

1×n
[Ft′ci ]1×m

[

Ft′pi

]

1×n

[

Fy′it′
]

n×1

[

Fy′iy′j

]

n×n

[

Fy′iuj

]

n×m

[

Fy′ipj

]

n×n

[Fcit′ ]m×1

[

Fciy′i

]

m×n
[Fcicj ]m×m

[

Fcipj

]

m×n

[

Fpit′
]

n×1

[

Fpiy′j

]

n×n

[

Fpicj

]

n×m

[

Fpipj

]

n×n











































(3.103)
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3.4.2 Finsler Geodesics

We shall now derive the Euler-Lagrange equations for locally minimizing curves in

a Finsler space (M,F ). Let c : [a, b]→M be a constant speed piecewise C∞ curve

F (c, ċ) = λ = constant. By definition, there is a partition of [a, b],

a = t0 < · · · < tk = b,

such that c on each [ti−1, ti] is C∞. Fix the above partition and consider a piecewise

C∞ map H : (−ǫ, ǫ)× [a, b]→ M such that

1. H is C0 on (−ǫ, ǫ)× [a, b];

2. H is C∞ on each (−ǫ, ǫ)× [ti−1, ti], i = 1, . . . , k;

3. c(t) = H(0, t), a ≤ t ≤ b.

V (t)

c(t) = H(0, t)

Figure 3.6: Variation

Then the vector field

V (t) = V i(t)
∂

∂xi

∣

∣

∣

∣

c(t)

:=
∂H

∂u
(0, t)
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is called the variation field of H . The length of cu(t) := H(u, t) is given by

L(u) :=

∫ b

a

F (cu(t), ċu(t))dt =
k
∑

i=1

∫ ti

ti−1

F

(

H(u, t),
∂H

∂t
(u, t)

)

dt

Since the first variation should vanish for the curve c(t) to be an extremal we now

compute

L′(0) =

∫ b

a

1

2F

{

F 2
xkV

k + F 2
ẋk

dV k

dt

}

dt

=

∫ b

a

{

1

2F
F 2

xkV
k − d

dt
(

1

2F
F 2

ẋk)

}

V kdt+

k
∑

i=1

1

2F
F 2

ẋkV
k

∣

∣

∣

∣

ti

ti−1

=

∫ b

a

1

2F

{

F 2
xk − F 2

xlẋk ċ
l − F 2

ẋkẋl c̈
l
}

V kdt+

k
∑

i=1

1

F
gjkċ

jV k

∣

∣

∣

∣

ti

ti−1

= −
∫ b

a

1

F
gjk

{

c̈l + 2Gj(c, ċ)
}

V kdt+
k
∑

i=1

1

F
gjkċ

jV k

∣

∣

∣

∣

ti

ti−1

(3.104)

where

Gi(x, ẋ) =
1

4
gil
[

F 2
xkẋl ẋ

k − F 2
xl

]

. (3.105)

The geodesic curvature of the geodesic c at c(t), κ(t), is given by

κ(t) :=
1

F 2

{

c̈i + 2Gi(c, ċ)
} ∂

∂xi

∣

∣

∣

∣

c(t)

. (3.106)



116

We can now express the first variation in index-free form as follows:

L′(0) = −λ
∫ b

a

gċ(κ, V )dt+
1

λ
gċ(b)(ċ(b), V (b))− gċ(a)(ċ(a), V (a))

(3.107)

+
1

λ

k
∑

i=1

{

gċ(t−i )(ċ(t
−
i ), V (ti)− gċ(t+i )(ċ(t

+
i ), V (ti))

}

where λ = F (c, ċ) is a constant by assumption.

Assuming that c has minimum length, it then follows that

L′(0) = 0

for any piecewise cure C∞ variation H of c fixing endpoints. First, we take an

arbitrary C∞ variation H of c with H(u, ti) = c(ti), i = 0, . . . , k, i.e., V (ti) = 0.

By (3.107), we obtain

L′(0) = −λ
∫ b

a

gċ(κ, V )dt = 0, (3.108)

which implies that the geodesic curvature vanishes,

κ(t) = 0.

Now for any 1 ≤ io ≤ k − 1 and v ∈ Tc(tio )M , we take a piecewise C∞ variation H

of c, that fixes two endpoints of c with

V (tio) = v, H(u, ti) = c(ti), i 6= io. (3.109)
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By (3.107), we obtain

L′(0) =
1

λ

k
∑

i=1

{

gċ(t−io )(ċ(t
−
io
), v)− gċ(t+io )(ċ(t

+
io
), v)

}

= 0. (3.110)

It is easy to prove that if gv(y, w) = gv(v, w) for y, v, w ∈ TxM , then y = v. From

this observation, we conclude that

ċ(t−io) = ċ(t+io).

That is, c is C1 at each ti. In local coordinates, κ = 0 is equivalent to the following

system of second order differential equations:

c̈i + 2Gi(ċ) = 0. (3.111)

The local functions Gi in (3.111) are called the geodesic coefficients and the vector

field that they generate on TM \ {0}

G := vi ∂

∂xi
− 2Gi(x, v)

∂

∂vi
(3.112)

are called sprays induced by the metric F . We now show how these geodesic equa-

tions are similar to ones of Riemannian geometry but only differ in the Christoffel

symbols. First we derive the covariant metric gij for our new homogeneous La-

grangian Λ(x, x′). The Finsler metric is defined as

gx′ix′j :=
1

2

∂2Λ2

∂x′i∂x′j (x, x′), i, j = 0, 1, . . . , n. (3.113)
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As usual the Lagrangian Λ(x, x′) can be written using the metric gij(x, x
′) as fol-

lows:

Λ2(x, x′) = gjk(x, x
′)x′jx′k. (3.114)

Differentiating the Finsler function Λ2 as given above, with respect to x′i and xi,

we have

2Λ
∂Λ

∂x′i = 2gjk(x, x
′)
∂x′j

∂x′i x
′k +

∂gjk

∂x′i (x, x′)x′jx′k,

= 2gjk(x, x
′)δj

i x
′k

= 2gik(x, x
′)x′k

∂Λ

∂x′i (x, x
′) =

1

Λ
gik(x, x

′)x′k. (3.115)

Similarly, by differentiating equation (3.114) with respect to xi, we have

∂Λ

∂xi
(x, x′) =

1

2Λ

∂gjk

∂xi
(x, x′)x′jx′k. (3.116)
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Substituting the above terms in the Euler-Lagrange equation, we have

d

ds

(

∂Λ

∂x′i

)

− ∂Λ

∂xi
=

d

ds

(

1

Λ
gik(x, x

′)x′k
)

− 1

2Λ

∂gjk

∂xi
(x, x′)x′jx′k

=
1

Λ

{

gikx
′′k +

(

∂gih

∂xj
− 1

2

∂gjh

∂xi

)

x′jx′h
}

− 1

Λ2

dΛ

ds
gikx

k

=
1

Λ

(

gikx
′′k + Γijhx

′jx′h − 1

Λ

dΛ

ds
gikx

′k
)

,

=
1

Λ
gik

(

x′′k + Γk
jhx

′jx′h − d log Λ

ds
x′k
)

, (3.117)

where Γijk and Γi
jk are the usual Christoffel symbols of the first and second kind,

respectively.

Since it follows from equation (3.117) that dΛ
ds

= 0 and the condition that the

inverse metric gij exists, we have

d2xi

ds2
+ Γi

jk

(

x,
dx

ds

)

dxj

ds

dxk

ds
= 0, (3.118)

gij

(

x,
dx

ds

)

dxi

ds

dxj

ds
= 1. (3.119)

Equation (3.118) together with constant speed condition (3.119) is called the

Finsler geodesic equation.

Computing the inverse metric gij and the Christoffel symbols Γi
jk in the above

geodesic equation is no easy task for a general problem. We now prove some the-
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orems which facilitate in reducing the complexity of their computation.

Theorem 3.4.4. Given the metric gij(x, ẋ) of the Finsler manifold (M,F ), the

determinant of the metric is given by

det(gij) = −F n−1 · det







Fẋiẋj Fẋi

Fẋj 0






(3.120)

where Fẋiẋj is the Hessian of the Finsler function F and n is the dimension of the

manifold.

Proof. From equation (3.41), we have

det(gij) = det (F Fẋiẋj + FẋiFẋj ) (3.121)

= det







F Fẋiẋj + Fẋi Fẋj Fẋi

0 1






(3.122)

= det







F Fẋiẋj Fẋi

−Fẋj 1






(3.123)

= −F n−1 det







Fẋiẋj Fẋi

Fẋj −F






(3.124)

= −F n−1 det







Fẋiẋj Fẋi

Fẋj 0






(3.125)
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In the above derivation, we subtract suitable multiples of the last column of equa-

tion (3.122) from the remaining columns to derive equation (3.123), from which we

factor out F to obtain equation (3.124). Equation (3.125) is derived by applying

equations (3.31) and (3.32) to (3.124).

The condition that the metric gij be nonsingular implies that the matrix Fẋiẋj has

rank (n− 1). This means that the relation can be further simplified as follows.

det







Fẋiẋj Fẋi

Fẋj 0






= F · det





















Fẋ2ẋ1 · · · Fẋ2ẋn

...
. . .

...

Fẋnẋ1 · · · Fẋnẋn

Fẋ1 · · · Fẋn





















(3.126)

= F 2 · det















Fẋ2ẋ2 · · · Fẋ2ẋn

...
. . .

...

Fẋnẋ2 · · · Fẋnẋn















(3.127)

= F 2 · detH11 (3.128)

Hence, the determinant reduces to

det gij = −F n+1 · detH11. (3.129)

Theorem 3.4.5. The inverse metric gij(x, ẋ) of the Finsler function F is given
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by

gij(x, ẋ) =
(−1)i+j+1

F 3

det







Fẋkẋl Fẋk

Fẋl −F







k 6=i, l 6=j

det

[

Fẋkẋl

]

k 6=i, l 6=j

(3.130)

Proof. The inverse metric gij which is the induced metric on the cotangent space

T ∗M , is given by

gij =
1

det gij

adj gij (3.131)

where

adj gij = (−1)i+j detH ij

The elements of the adjoint matrix could be written

[ adj G ]ij = (−1)i+j det





































g11 · · · g1(i−1) g1(i+1) · · · g1n

...
. . .

...

g(j−1)1 g(j−1)(i−1) g(j−1)(i+1)

g(j+1)1 g(j+1)(i−1) g(j+1)(i+1)

...
. . .

...

gn1 · · · · · · gnn




































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= (−1)i+j det







F Fẋkẋl + FẋkFẋl Fẋk

0 1







k 6=i, l 6=j

(3.132)

= (−1)i+j det







F Fẋkẋl Fẋk

−Fẋl 1







k 6=i, l 6=j

(3.133)

= (−1)i+j+1 · F n−2 · det







Fẋkẋl Fẋk

Fẋl −F







k 6=i, l 6=j

(3.134)

Theorem 3.4.6. The geodesic coefficients Gi(x, v) of the geodesic equation derived

from the metric gij(x, v) are given by

Gi =
1

2

(

vj[F 2]xjvi − [F 2]xi

)

(3.135)

Proof. The Christoffel symbols of the first kind γijk are given as follows

γjik =
∂gij

∂xk
− 1

2

∂gjk

∂xi

The geodesic coefficients can now be written as

Gi =
∂gij

∂xk
vjvk − 1

2

∂gjk

∂xi
vjvk
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From equation (3.38), it follows that

∂gij

∂xk
vjvk = (FFvivj + FviFvj )xk v

jvk

= FxkFvivjvjvk + FFxkvivjvjvk + FxkviFvjvjvk + FviFxkvjvjvk

= FxkviFvk + FviFxkvk

= 2vk[F 2]xkvi

The second term is given by equation (3.115)

∂gjk

∂xi
vjvk = 2FFxi

and hence we have proved the theorem.

3.4.3 Geodesics of Optimal Control Problems

As before the Finsler geodesics are given by the following equation:

d2x

ds2

i

+ Γi
jk

(

x,
dx

ds

)

dx

ds

j dx

ds

k

= 0, (3.136)

where Γi
jk are Christoffel symbol’s of the second kind and i, j, k = 1, 2, . . . , 2n +

m + 1. The Finsler geodesics for the Optimal control problem can be written in
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terms of the variables (t′, y′, c, p) as following

Time

d2t

ds2
= −Γ0

00

dt

ds

dt

ds
−
[

n
∑

k=1

Γ0
0k

dy

ds

k

+

m
∑

k=1

Γ0
0kc

k +

n
∑

k=1

Γ0
0kp

k

]

dt

ds

−
n
∑

j=1

[

n
∑

k=1

Γ0
jk

dy

ds

k

+

m
∑

k=1

Γ0
jkc

k +

n
∑

k=1

Γ0
jkp

k

]

dy

ds

j

(3.137)

−
m
∑

j=1

[

m
∑

k=1

Γ0
jkc

k −
n
∑

k=1

Γ0
jkp

k

]

cj

−
n
∑

j=1

n
∑

j=1

Γ0
jkp

kpj

States i = 1, . . . , n

d2y

ds2

i

= −Γi
00

dt

ds

dt

ds
−
[

n
∑

k=1

Γi
0k

dy

ds

k

+

m
∑

k=1

Γi
0kc

k +

m
∑

k=m

Γi
0kp

k

]

dt

ds

−
n
∑

j=1

[

n
∑

k=1

Γi
jk

dy

ds

k

+
m
∑

k=1

Γi
jkc

k−n +
n
∑

k=1

Γi
jkp

k

]

dy

ds

j

(3.138)

−
m
∑

j=1

[

m
∑

k=1

Γi
jkc

k +
n
∑

k=1

Γi
jkp

k

]

cj

−
n
∑

j=1

n
∑

j=1

Γi
jkp

kpj
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Controls i = 1, . . . , m

dc

ds

i

= −Γi
00

dt

ds

dt

ds
−
[

n
∑

k=1

Γi
0k

dy

ds

k

+

m
∑

k=1

Γi
0kc

k +

n
∑

k=1

Γi
0kp

k

]

dt

ds

−
n
∑

j=1

[

n
∑

k=1

Γi
jk

dy

ds

k

+

m
∑

k=1

Γi
jkc

k +

n
∑

k=1

Γi
jkp

k

]

dy

ds

j

(3.139)

−
m
∑

j=1

[

m
∑

k=1

Γi
jkc

k −
n
∑

k=1

Γi
jkp

k

]

cj

−
n
∑

j=1

n
∑

j=1

Γi
jkp

kpj

Costates i = 1, . . . , n

dp

ds

i

= −Γi
00

dt

ds

dt

ds
−
[

n
∑

k=1

Γi
0k

dy

ds

k

+
m
∑

k=1

Γi
0ku

k +
n
∑

k=1

Γi
0kp

k

]

dt

ds

−
n
∑

j=1

[

n
∑

k=1

Γi
jk

dy

ds

k

+
m
∑

k=1

Γi
jkc

k−n +
n
∑

k=1

Γi
jkp

k

]

dx

ds

j

−
m
∑

j=1

[

m
∑

k=1

Γi
jkc

k −
n
∑

k=1

Γi
jkp

k

]

cj−n (3.140)

−
n
∑

j=1

n
∑

j=1

Γi
jkp

kpj
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General Problem

Given an optimal control problem with the following data

min

∫ b

a

l(x, u)dt

subject to

ẋ = f(x, u),

we wish to find the corresponding geodesic equations. While one could compute

the geodesic equations using the metric gij it is a computationally inefficient tech-

nique when one deals with problems of large dimension in states, controls, and

constraints, we instead make use of the above derived formulas for the metric

inverse gij and the geodesic spray coefficients Gi. We begin with constructing

the Lagrangian Λ for the above optimal control problem in the augmented state

tangent space (x, x′) as follows

Λ(x, x′) := t′ · l
(

y,
c

t′

)

+
1

t′

〈

p⊤ , y′ − t′ · f
(

y,
c

t′

)〉

. (3.141)

We now compute some useful derivatives for the computation of metric inverse and

spray coefficients which lead to the geodesic equation.

Theorem 3.4.7. Given an optimal control problem with metric (3.141), the dual

variables are given by

yzi =
Λ

t′
pi, czi =

Λ

t′
Hci, pzi =

Λ

t′
(y′i − t′f i), (3.142)
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Proof.

Λx′i =





















Λt′

Λy′i

Λci

Λpi





















=





















l − 1
t′
pjy′j − c

t′2
(t′lt′ − pjf j

t′)

1
t′
pi

1
t′
(t′lci − pjf j

ci)

1
t′
(y′i − t′f i)





















(3.143)

Since the dual variables are given by

zi = gijx
′j = Λ

∂Λ

∂x′i (3.144)

we have

zi = Λ





















l − 1
t′
pjy′j − c

t′
Ht′

Hx′i

Hci

Hpi





















(3.145)

The Hessian of the Lagrangian Λ in the tangent space x′ is given by

∂2Λ

∂x′∂x′ =





















2 p
t′3

(y′ − cft′) + c2

t′4
(t′lt′t′ − pft′t′) − 1

t′
[p] [lt′ci − pft′ci ] − 1

t′
[y′ − t′ · ft′ ]

− 1
t′
[p] [0]n×n [0]n×m [I]n×n

[lt′ci − pft′ci ] [0]m×n [t′lcicj − pfcicj ]m×m − [fci ]m×n

− 1
t′
[y′ − t′ · ft′ ] [I]n×n − [fci ]n×m [0]n×n





















(3.146)

Theorem 3.4.8. Given the optimal control problem the metric gij is invertible iff

detHcicj 6= 0, (3.147)
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where

Hcicj = [ t′lcicj − pfcicj ] . (3.148)

Proof. We use the above computed Hessian of the Lagrangian in the tangent space

x′ to compute the determinant of the metric gij as follows

det gij = −Λn+1

t′n
det















[0]n×n [0]n×m [I]n×n

[0]m×n [t′lcicj − pfcicj ]m×m − [fci ]m×n

[I]n×n − [fci ]n×m [0]n×n















(3.149)

= −Λn+1

t′n
det [t′lcicj − pfcicj ]m×m (3.150)

From the determinant of the metric gij, it is quite evident that

det gij 6= 0 ⇔ det [ t′lcicj − pfcicj ] 6= 0. (3.151)

Hence, we require that the matrix t′lcicj − pfcicj be nonsingular.

From the following matrices we compute the geodesic coefficients Gi of the

optimal control problem with the metric Λ as follows:

Λxi =





















0

t′lyi − pfyi

0

0





















(3.152)
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Λx′ixk =





















0 lyi − c
t′2

(t′lyit′ − pfyit′) 0 0

0 0 0 0

0 lyick − pjf j

yick 0 0

0 −fk
yi 0 0





















(3.153)

We then use Theorem 3.4.6 and equations (3.152) and (3.153), we have

tG0 = ΛΛt′yky′k + Λt′Λyky′k

= Λ(lyk − c

t′2
(t′lykt′ − pfykt′))y

′k + (l − 1

t′
pjy′j − c

t′2
(t′lt′ − pjf j

t′))(lyk − pjf j

yk)y
′k

yGi = Λy′iΛyky′k − ΛΛyi

=
pi

t′
(lyk − pjf j

yk)y
′k − Λ(lyi − pjf j

yi)

cGi = ΛΛciyky′k + ΛciΛyky′k

= Λ(lykci − pjf j

ykci)y
′k + (lci − pkfk

ci)(lyk − pjf j

yk)y
′k

pGi = ΛΛpiyky′k + ΛpiΛyky′k

= −Λf i
yky

′k + (y′i − t′f i)(lyk − pjf j

yk)y
′k
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Example 6. Linear-Quadratic Problem:The Linear Quadratic Optimal control can

be described as follows:

min
u

∫

T

0

x⊤Rx+ u⊤Pu

given the linear control system

ẋ = Ax+Bu, x(0) = x0 and x(T) = xT.

Here the matrices P and R are positive-definite. The augmented Lagrangian for

the LQR problem is then given by

Λ(x, x′) :=
1

2t′
[

c⊤P c + t′2 y⊤Ry
]

+
1

t′
〈

p⊤ , y′ − t′Ay − Bc
〉

(3.154)

Computing the Hessian

∂2Λ

∂x′∂x′ =
1

t′





















1
t′2

(c⊤P c + p(y′ − Bc)) − 1
t′

− 1
t′
(c⊤P + P c− pB) − 1

t′
(y′ − Bc)

− 1
t′

[0]n×n [0]n×m [I]n×n

− 1
t′
(c⊤P + P c− pB) [0]m×n [P ]m×m − [B]m×n

− 1
t′
(y′ − Bc) [I]n×n − [B]n×m [0]n×n





















(3.155)

and the determinant of the metric

det gij = −Λn+1

t′n
det















[0]n×n [0]n×m [I]n×n

[0]m×n [P ]m×m − [B]m×n

[I]n×n − [B]n×m [0]n×n















(3.156)

we can conclude that

det gij 6= 0 ⇔ detP 6= 0. (3.157)
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Since the matrix P be is positive definite we conclude that the metric gij is invert-

ible.

We first compute the following matrices to

∂Λ

∂x′ =





















1
t′2

(c⊤P c + p(y′ − Bc))

1
t′
p

− 1
t′
(c⊤P + P c− pB)

− 1
t′
(y′ − t′Ay −Bc)





















(3.158)

∂Λ

∂x
=





















0

t′

4
(y⊤R +Ry)− p⊤A

0

0





















(3.159)

to get the geodesic coefficients for the Linear Quadratic Optimal Control Problem

which are given by

tG0 = Λ(lyk − c

t′2
(t′lykt′ − pfykt′))y

′k + (l − 1

t′
pjy′j − c

t′2
(t′lt′ − pjf j

t′
))(lyk − pjf j

yk)y
′k

yG =
1

t′
p(y⊤R +Ry − p⊤A)y′ − Λ(y⊤R +Ry − p⊤A)

cG = (c⊤P + P c− pB)(y⊤R +Ry − p⊤A)y′

pG = −ΛAy′ + (y′ − t′Ay − Bc)(Ry − pA)y′
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Example 7. Given the Linear Quadratic optimal control problem

l =
1

2
u2 + x2,

ẋ = x+ u

we wish to compute its geodesic equations. Notice that the above problem could be

written as a Calculus of Variations problem with the following Lagrangian

L =
1

2
(ẋ− x)2 + x2

=
1

2
(ẋ2 − 2xẋ+ 3x2)

Its quite evident that the Euler-Lagrange equation for the above Calculus of Vari-

ations problem is given by

ẍ = 3x.

If however, we were to derive the Finsler geodesics for the above Calculus of Vari-

ations problem then its clear that the Lagrangian is not positive homogeneous in ẋ

of degree 1. Hence we homogenize L in the following way:

Λ(t, x, t′, x′) =
1

2

(

x′2

t′2
− 2x

x′

t′
+ 3x2

)

· t′

From which the metric is derived first

G(t, x, t′, x′) =









1/4 3 x′4−4 x′3x t
′+9x4

t
′4

t ′
4 −1/2 2 x′3−3 x x′2t ′+3x3

t
′3

t ′
3

−1/2 2 x′3−3 x x′2t ′+3x3
t
′3

t ′
3 1/2 3 x′2−6 x x′ t ′+5x2

t
′2

t ′
2








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The geodesic equation is then derived

t′′ = 2

(

x′2 − 6 x x′ t ′ + 3 x2t ′2
)

t ′2

x′2 − 2 x x′ t ′ + 3 x2t ′2

x′′ =

(

2 x′3 − 9 x x′2t ′ + 9 x3t ′3
)

t ′

x′2 − 2 x′ x′ t ′ + 3 x2t ′2

Let us now derive the controls for the original optimal control problem. The ho-

mogenized augmented Lagrangian is given as

(

1

2

u2

t′2
+ x′2 +

p

t′

(

x′

t′
− x− u

t′

))

t′. (3.160)

From the above Lagrangian we derive the geodesic equations as follows:

t′′ = 2

(

p x′ + 2 x2t′2 − 4 x′ x t′ − p x t′
)

t′2

u2 − 2 u p− 2 p x t′ + 2 p x′ + 2 x2t′2

x′′ =

(

2 u2x t′ − u2p + u2x′ − 4 p x t′ u− 2 p x′ u + 2 u p2 − 8 x′2x t′
)

t′

u2 − 2 u p− 2 p x t′ + 2 p x′ + 2 x2t′2

+

(

2 p2x t′ − 6 p x2t′2 + 4 p x′2 + 6 x2t′2x′ − 2 p2x′ + 4 x3t′3
)

t′

u2 − 2 u p− 2 p x t′ + 2 p x′ + 2 x2t′2

u′ =

(

2 u2xt′ − u2p + 2 px′ u− 8 ux′ xt′ + 4 x2t′2u + 2 p2u− 6 upxt′
)

t′

u2 − 2 up + 2 px′ − 2 pxt′ + 2 x2t′2

−
(

2 p2x′ + 4 px′ xt′ + 4 x3t′3 + 2 p2xt′ − 6 px2t′2
)

t′

u2 − 2 up + 2 px′ − 2 pxt′ + 2 x2t′2

p′ =

(

2 u2xt′ − u2p− 4 p x t′ u + 2 p2u− 2 p x2t′2 − 4 p x′ x t′ + 4 x3t′3
)

t′

u2 − 2 u p− 2 p x t′ + 2 p x′ + 2 x2t′2
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In Figure 3.7 we have shown the optimal trajectories of the state y(s) and the

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
0

1

2

3

4

5

6

y
L
p
c

Figure 3.7: Optimal Trajectories of Example 7

controls c(s) and adjoint trajectory p(s) with boundary conditions x0 = 0 and

xtf = 5.3. We also show the trajectory for the Lagrangian L which remains

constant throughout the interval.

3.5 Constrained Geodesics

So far we have computed the geodesics for optimal control problem with the con-

trol space being an open set, however in many problems of interest the control

space is closed and bounded. In this section we obtain the geodesic equations

under constraints. As usual we shall deal with both state and control equality and

inequality constraints.

Before we do any computations we need to look carefully as to how to homoge-
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nize our augmented Lagrangians in the presence of constraints. The augmented

Lagrangian in the presence of an equality constraint is written as follows:

L̂

(

t, x,
dx

dt

)

= L

(

t, x,
dx

dt

)

+ λiF
i

(

t, x,
dx

dt

)

+ µic
i

(

t, x,
dx

dt

)

As before, we shall now homogenize the Lagrangian in ẋ of degree one, and the

homogenized Lagrangian Λ̃ is given by

Λ̃ = Λ(x, x′) + µic
i

(

t, x,
dx

ds
·
(

dt

ds

)−1
)

dt

ds
,

= Λ(x, x′) + µi(s)C
i (x, x′) ,

where

Ci(x, x′) = ci

(

t, x,
dx

ds
·
(

dt

ds

)−1
)

dt

ds
.

The problem can now be stated as

s = min

∫ t1

t0

(

gij(x, x
′)
dxi

ds

dxj

ds

)
1
2

ds, (3.161)

subject to

Ck(x, x′) = 0, for k = 1, . . . , r < n. (3.162)
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3.5.1 State Equality Constraints

We now construct the Lagrangian for the above optimization problem with La-

grange multipliers µi, for i = 1, . . . , r1, as following

L(x, x′) = (gijx
′ix′j)

1
2 +

r1
∑

i=1

µiH
i(x). (3.163)

From the Euler-Lagrange equation for the above Lagrangian we obtain

gikx
k
ss −

1

2

[

∂gkl

∂xi
− ∂gik

∂xl
− ∂gil

∂xk

]

xk
sx

l
s = µpH

p
i , (3.164)

where

Hp
i =

∂Hp

∂xi
.

Substituting the Christoffel symbols into equation (3.164), we have

xi
ss + Γi

klx
k
sx

l
s = µqg

ikHq
k . (3.165)

However the Lagrange multipliers are still unknown in the above constrained

geodesic. We now compute µi by the requirement that the second derivatives

of the constraint function with respect to arc-length vanish along the geodesic,

i.e.,

Hp
ss = Hp

klx
k
sx

l
s +Hp

kxk
ss

= 0. (3.166)



138

We now eliminate xi
ss from the equation (3.165) and compute µi as follows

(gklHp
kH

q
l )µq = Hp

i xi
ss + Γm

klH
p
mxk

sx
l
s,

= −Hp
klx

k
sx

l
s + Γm

klH
p
mxk

sx
l
s, (3.167)

We now introduce the symmetric matrix hpq as

hpq = gklHp
kH

q
l (3.168)

which represents the inner product of the normals to the constraint surfaces and

define the contravariant form hpq as

hprhrq = δp
q . (3.169)

From equation (3.167) we obtain the explicit expression for the Lagrange multipli-

ers

µp = −hpq(Hp
klx

k
sx

l
s − Γm

klH
p
mxk

sx
l
s). (3.170)

Substituting the Lagrange multipliers back into constrained geodesic equation

(3.165), we get the geodesic equation free of the Lagrange multipliers, i.e.,

xi
ss + Γi

klx
k
sx

l
s = −hpqαpβq (3.171)

where

αp = gikHp
k , (3.172)

βp = (Hp
kl − Γm

klH
p
m)xk

sx
l
s. (3.173)
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We further note that the constrained geodesic equation (3.171) can be written as

xi
ss + Γ̃i

klx
k
sx

l
s = 0, (3.174)

where

Γ̃i
kl = Γi

kl + hpqgikHp
k(Hp

kl − Γm
klH

p
m).

3.5.2 State-Control Inequality Constraints

In the case of optimal control problems subjected to inequality constraints of the

form

Ci(t, x, u) ≤ 0, i = 1, . . . , r,

one usually introduces a slack variable α and convert the inequality constraint into

an equality constraint, i.e.,

C(t, x, u, α) ≡ C(t, x, u) + α2 = 0.

Note that the slack variables now become controls and hence the dimension of the

control space is now m + r, where r is the number of inequality constraints. We

can then form a new Lagrangian with the control variables as v = (u, α). Some

simple forms of these type of constraints are

ui ≥ ui
min i = 1, . . .m,

or

ui
min ≤ ui ≤ ui

max, i = 1, . . . , m.
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In these special cases, one can introduce new unbounded controls in the following

way

u = umin + α2

and

u = umin + (umax − umin) sin2(α).

As the number of inequality constraints increases the computation of geodesics

in this formalism becomes increasingly complex. So it is probably worthwhile to

partition the state space and construct a possibly singular local Finsler metric on

the tangent bundle. This technique of constructing metrics on the tangent space

in the presence of inequality constraints was considered in [49]. We would like to

continue on their work and construct local metrics instead of global metrics. This

kind of constructing local Euler-Lagrange equations is also done in problems of

calculus of variations when the Lagrangian is nonconvex in the velocity variable.



Chapter 4

Parallel Transport of Controls

4.1 Introduction

Connections, covariant derivatives, parallel transport, are equivalent notions which

were introduced into the geometry of manifolds by Ricci and his student Levi Civita

in about 1900 to give meaning to the notion that a tangent line at one point on a

curve is parallel to a tangent line at another point on that same curve. There can be

many connections on a manifold. The notion cannot be defined in terms of intrinsic

manifold structure alone or in terms of a metric ground form such as in Riemannian

geometry, where the metric ground form is positive definite, or in terms of the

metric ground form ds2 = dx2
1 + dx2

2 + dx2
3 − dt2 of Einstein’s four dimensional

space-time. Einstein used a connection defined by a ”covariant differentiation” to

transfer notions of length and angle from one point to another along space time

141
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trajectories. In the 1970’s, connections became ubiquitous in physics as the proper

expression of the notion of physical field. The current abstract coordinate-free

definition was given by Kozul in the 1950’s(see [51]).

The oldest example, from Levi Civita, is the Euclidean connection on an open

subset U in Euclidean space Rn, is defined as a ”covariant derivative”

DuV
∣

∣

x
=

(

ui∂V
1

∂xi
, . . . , ui∂V

n

∂xi

)

,

where V = (V 1, . . . , V n) : U → Rn is a C∞ vector field on U and u = (u1, . . . , un) ∈

TxU = Rn is a tangent vector at x ∈ U .

The Euclidean connection for a manifold embedded in Euclidean space may be

thought of as dragging a tangent vector parallel to itself along the curve. But this

description is dependent on the embedding of the manifold in Euclidean space.

To get an intrinsic definition, Levi Civita looked at parallel transport by the con-

nection of the coordinate lines of a Euclidean coordinate system at a point on a

curve to an infinitisimally close point of the curve. It is an infinitisimal rotation.

Integrating the equations for that rotation gave the equations of parallel transport.

They describe how Euclidean coordinates change as one moves along a curve by

a semigroup of invertible linear transformations along the curve. The covariant

derivative can be so described.

In studying the change of the vector field V ∈ C∞(TM) along a given curve C

we have to consider two factors as we pass from p to q, where p, q ∈ M . First,:
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the change dV i = dV i

dt
dt in V i(t) which depends solely on the definition of the

vector field V i and is independent of the metric of the space. Second, the change

in metric from tangent space TpM to tangent space TqM . In the optimal control,

the variational equation and the adjoint equation of the Pontryagin Maximum

Principle are parallel transport equations for vectors and covectors, respectively.

In this chapter we derive the Finsler versions which allow us to transport controls

along state trajectories.

Unlike the case of manifolds given embedded in Euclidean space, where the embed-

ding gives a preferred affine connection, the Levi-Civita or Euclidean connection,

there is no such preferred choice in Finsler manifolds. Many connections have been

introduced in the literature. It was Ludwig Berwald who first introduced the no-

tion of connection for Finsler metrics. The best known connections are the Cartan

connection (see [26],[64]), the Chern-Rund connection (see [8]), and the Berwald

connection (see [13], [65]). The last mentioned connection is defined on sprays

which are integral curves of second order ordinary differential equations(SODES)

which have homogeneous right hand sides of degree 2. The first two connections

are metric based connections. The Cartan connection is metric compatible and not

torsion free. The Chern-Rund connection is torsion free but almost metric com-

patible. That each optimal control problem gives rise to a corresponding notion

of geodesic and connection in Finsler Geometry was noted by Kohn-Nerode in the

volume Hybrid Systems II (1994) and exploited in later papers and applications. In
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the Pontryagin formulation local connections were studied by Sussmann(see [67],

[68]). Sussmann has used Lie brackets as connections along curves. Parallel trans-

port using these connections then give the usual variational and adjoint equations.

In this chapter we deal with Chern-Rund connection for optimal control problems.

4.2 Sprays

We notice that Finsler geodesics are given as solutions of second order differential

equations(SODEs). These are in particular a homogeneous system of SODEs which

are known in the differential geometry literature as sprays. One can study such

SODEs which are more general than the geodesic equations obtained from Finsler

metrics. We first define a spray as follows:

Definition 4.2.1. Let M be a manifold. A spray on M is a smooth vector field

G on TM \ {0} expressed in a standard local coordinate system (xi, vi) in TM as

follows

G = vi ∂

∂xi
− 2Gi(x, v)

∂

∂vi
, (4.1)

where Gi(x, v) are local functions on TM satisfying

Gi(x, λv) = λ2Gi(x, v), λ > 0. (4.2)

A manifold with a spray is called a spray space.

Definition 4.2.2. A regular curve c in M is called a geodesic of G if it is the

projection of an integral curve of G. We shall call Gi the spray coefficients of G.
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A spray G on a manifold M determines a collection of parameterized curves

(geodesics) in M . Conversely, a collection of parameterized curves with certain

properties induces a spray. Let G be a collection of C∞ parameterized curves

σ : (a, b)→M with the following properties:

1. For every vector v ∈ TxM and any t0, there is a curve γ : (a, b) → M in G

with t0 ∈ (a, b) and γ̇(t0) = v;

2. For any two curves γ(t), a < t < b and σ(t), c < t < d, if at some t0 ∈ (a, b)

and t1 ∈ (c, d), γ̇(t0) = σ̇(t1), then

γ(t0 + t) = σ(t1 + t), t ∈ (a− t0, b− t0) ∩ (c− t1, d− t1).

3. For any curve γ : (a, b)→M in G and any t0 ∈ R, λ > 0 the curve

γ̃(t) := γ(λt+ t0),
a− t0
λ

< t <
b− t0
λ

is still in G;

The pair (M,G) is called a path space. For a vector v ∈ TxM , let γ : (−ε, ε)→

M be the curve in G with γ̇(0) = v. Define

Gi(v) := −1

2

d2γi

dt2
(0), (4.3)

where (γi(t)) are the local coordinates of the curve γ(t) and Gi(v) are positive

homogeneous of degree 2 in v. It is then easy to prove that any curve c : (a, b)→ M
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in G satisfies the following system,

d2γi

dt2
+ 2Gi

(

dc

dt

)

= 0. (4.4)

Coordinate Transformation

Consider local coordinate changes on M , say

xi = xi(x̃1, . . . , x̃n),

and their inverses x̃p = x̃p(x1, . . . , xn). They induce transformations on the man-

ifold TM , as follows: observe that the tangent bundle of the manifold TM has a

local coordinate basis that consists of the bases ∂
∂xj and ∂

∂vj . However, under trans-

formation on TM induced by a coordinate change on M , the vectors ∂
∂xj transform

in a somewhat complicated manner,

∂

∂x̃p
=
∂xi

∂x̃p

∂

∂xi
+

∂2xi

∂x̃p∂x̃q
ṽq ∂

∂vi
(4.5)

The second term on the right hand side of (4.5) is not tensorial. On the other

hand ∂
∂vj transform ordinarily

∂

∂ṽp
=
∂xi

∂x̃p

∂

∂vi
. (4.6)

Similarly, the cotangent bundle of TM has a local coordinate basis {dxi, dvi}.

Here, under a coordinate transformation, the dxi behave simply while the dvi do
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not.

dx̃p =
∂x̃p

∂xj
dxi (4.7)

dṽp =
∂x̃p

∂xi
dvi +

∂2x̃p

∂xi∂xj
vjdxi (4.8)

The remedy lies in replacing ∂
∂xi by

δ

δxj
:=

∂

∂xj
−N i

j

∂

∂vi
(4.9)

and dvi by

δvi := dvi +N i
jdx

j, (4.10)

where

N i
j(x, v) := Γi

jkv
k =

∂Gi

∂vi
(x, v).

Its clear that the objects δ
δxj and dxj are the natural duals of each other, similarly,

the objects ∂
∂vi and δvi are dual to each other. All these objects lie on TM \

{0}. While dxi is holonomic, the rest are non-holonomic. We now show how

these objects split the tangent and cotangent spaces of TM \ {0} and introduce a

nonlinear connection on it.

Decomposition of T (TM \ {0}) and T ∗(TM \ {0})

Let M be an n-dimensional manifold and TM \{0} denote the slit tangent bundle.

Take a standard local coordinate system (xi, vi) in TM . Let { δ
δxi ,

∂
∂yi} denote the
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local frame dual to {dxi, δyi}, that is

δ

δxi
:=

∂

∂xi
−N j

i (x, v)
∂

∂vj
. (4.11)

Let

VTM := span

{

∂

∂v1
, . . . ,

∂

∂vn

}

(4.12)

VTM is a well-defined sub-bundle of T (TM \ {0}). We call VTM the vertical

tangent bundle over TM \ {0}. There is a canonical vector field on TM \ {0}

defined by

Y := vi ∂

∂vi
. (4.13)

Y is called the vertical radial field which is a section of VTM . Given a spray on

M ,

G = vi ∂

∂xi
− 2Gi ∂

∂vi
. (4.14)

Let

N i
j :=

∂Gi

∂vj
. (4.15)

We call N i
j the connection coefficients of G. The homogeneity condition (4.2)

implies

N i
j(x, λv) = λN i

j(x, v), ∀λ > 0, (4.16)

and

Gi(x, v) = N i
j(x, v)v

j. (4.17)

Let

HTM := span

{

δ

δx1
, . . . ,

δ

δxn

}

(4.18)
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where

δ

δxj
:=

∂

∂xj
−N i

j

∂

∂vi
(4.19)

HTM is a well-defined sub-bundle of T (TM \ {0}). We call HTM the horizontal

tangent bundle over TM \ {0}. It follows from (4.19) that

G = vi δ

δxi
. (4.20)

Therefore G is a horizontal vector field which is a section of HTM . We therefore

obtain a direct decomposition of the tangent bundle of T (TM \ 0),

T (TM \ {0}) = HTM ⊕ VTM. (4.21)

Let

H∗TM := span
{

dx1, . . . , dxn
}

(4.22)

and

V∗TM := span
{

δv1, . . . , δvin
}

(4.23)

where

δvi := dvi +N i
jdx

j (4.24)

HTM and V TM are well defined sub-bundles of T ∗(TM \ {0}). We obtain a

decomposition for T ∗(TM \ 0), which is dual to (4.21),

T ∗(TM \ {0}) = H∗TM ⊕ V∗TM. (4.25)

Given a spray G on a manifold M . We can construct lots of sprays from G using

the vertical radial field Y . Let Q = Qi(v) ∂
∂vi be a vertical vector field on TM \{0}

which has the following properties:



150

1. Q is C∞ on TM \ {0},

2. the coefficients Qi(v) are positively homogeneous of degree two, i.e., Qi(λv) =

λ2Qi(v), λ > 0.

Defining G̃ as

G̃ = G− 2Q, (4.26)

then G̃ is also a spray. Furthermore, G and G̃ have the same geodesics as point

sets. That is every geodesic of G, after reparametrization, becomes a geodesic of

G̃, and vice versa.

4.2.1 Finsler Sprays

When the spray

G := vi ∂

∂xi
− 2Gi(x, v)

∂

∂vi
(4.27)

is induced by a Finsler metric F we call them Finsler sprays. As shown in a

previous chapter that the geodesic coefficients Gi are given by

Gi(v) :=
1

4
gil
[

F 2
vlxkv

k − F 2
xl

]

(4.28)

and from the homogeneity of F , we have

Gi(x, λv) = λ2 Gi(x, v), λ > 0. (4.29)

The geodesics of G are called the geodesics of F . The spray coefficients Gi of G

are also called the spray coefficients of F .
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Let G be a spray induced by the metric F , then the connection coefficients N i
j and

the Christoffel symbols Γi
jk are given by

N i
j(x, v) :=

∂Gi

∂vj
(x, v), (4.30)

and

Γi
jk :=

∂2Gi

∂vj∂vk
(x, v). (4.31)

The homogeneity of Gi, (4.2), then implies that

N i
j = Γjki(x, v)vk, and 2Gi(x, v) = N i

j(x, v)v
j = Γi

jk(x, v)v
jvk. (4.32)

Lemma 4.2.3. For any Finsler metric F on a manifold

δ

δxk
F = 0. (4.33)

Hence

G(F ) = vk δ

δxk
F = 0. (4.34)

For a Finsler metric F on a manifold M , there is a canonical 1-form ω on

TM \ {0}, defined by

ω := gij(x, v)v
jdxi. (4.35)

The form ω is called the Hilbert form. Furthermore, let

θ := gij(x, v)dx
i ∧ δvj. (4.36)

We then obtain the following lemma.
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Lemma 4.2.4. The Hilbert form ω and the Finsler spray G are related by

ω(G) = F, θ(G, ·) =
1

2
dF. (4.37)

4.3 Non-Riemannian quantities

In Riemannian geometry the main geometric objects are the Riemannian curvature

and sectional curvature. However in Finsler geometry and the geometry of sprays

there are additional geometric objects which vanish in the Riemannian case. We

now describe these quantities which will be helpful in the derivation of connections.

4.3.1 Cartan Torsion

Let (M,F ) be a Finsler manifold. For a vector y ∈ TxM \ {0}, let

Cijk(y) :=
1

4
[F 2]yiyjyk(y) =

∂gij

∂yk
(y) (4.38)

Define the map Cy : TxM ⊗ TxM ⊗ TxM → R by

Cy(u, v, w) = Cijk(y)u
ivjwk, (4.39)

For each v ∈ TxM \ {0}, Cv is a symmetric multi-linear form on TxM \ {0}. The

homogeneity of F implies

Cv(v, a, b) = 0, a, b ∈ TxM \ {0}. (4.40)

The family C = {Cv}v∈TxM\{0} is called the Cartan torsion. It is a trivial result

that the Cartan torsion vanishes if and only if F 2 is quadratic.
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The mean Cartan torsion is defined by the following map, Iy : TxM → R by

Iy(u) = Ii(y)u
i (4.41)

where

Ii(y) := gik(y)Cijk(y). (4.42)

It again follows from homogeneity that

Iy(y) = 0. (4.43)

4.3.2 Berwald Curvature

Upon change in coordinate system from (xi) to (x̃i), the Γi
jk change according to

Γ̃p
qr =

∂x̃p

∂xi

∂xj

∂x̃q

∂xk

∂x̃r
Γi

jk +
∂x̃p

∂xi

∂xi

∂x̃q∂x̃r
(4.44)

It is easy to see that the Γi
jk’s are not tensors, however, upon differentiating (4.44)

with respect to vl, we have

∂Γ̃p
qr

∂ṽs

∂x̃s

∂xl
=
∂x̃p

∂xi

∂xj

∂x̃q

∂xk

∂x̃r

∂Γi
jk

∂vl
(4.45)

We now see that
∂Γi

jk

∂vl are the coefficients of a tensor on TM \ {0}.

Setting

Bi
jkl(x, v) :=

Γi
jk

∂vl
(x, v) =

∂3Gi

∂vj∂vk∂vl
(x, v) (4.46)

we now define a new geometric quantity called Berwald curvature. It was Berwald

who first noticed that the third order derivatives of Gi give rise to an invariant of
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Finsler sprays. For a tangent vector v ∈ TxM \ {0} , define

By : TxM ⊗ TxM ⊗ TxM → TxM (4.47)

by

By(u, v, w) := Bi
jkl(x, v)u

jvkwl ∂

∂xi
|x, (4.48)

By(u, v, w) is symmetric in u, v, and w. Furthermore, the homogeneity of Gi

implies

By(y, v, w) = 0. (4.49)

Let

Ejk :=
1

2
Bm

jkm(x, v) =
1

2

Γm
jk

∂vm
(x, v) =

1

2

∂3Gm

∂vj∂vk∂vm
(x, v) (4.50)

This set of local functions give rise to a tensor on TM \ {0}. For a tangent vector

v ∈ TxM \ {0}, define

Ey : TxM ⊗ TxM → R (4.51)

by

Ey(u, v) := Ejk(y)u
jvk. (4.52)

E is called the mean Berwald curvature. Ey(u, v) is symmetric in u and v and

can be viewed as the trace of By. It further follows from homogeneity of spray

coefficient that

Ey(y, v) = 0. (4.53)
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4.3.3 Landsberg Curvature

Let (M,F ) be a Finsler space. For a tangent vector y ∈ TM \ {0}, define

Ly(u, v, w) := −1

2
gy(By(u, v, w), y). (4.54)

In local coordinates

Ly(u, v, w) := Lijk(x, y)u
ivjwk (4.55)

where u = ui ∂
∂xi

∣

∣

x
, u = ui ∂

∂xi

∣

∣

x
, u = ui ∂

∂xi

∣

∣

x
∈ TxM and

Lijk(y) := −1

2
ymgml(y)B

l
ijk(y) = −1

2
ymgml(y)

∂3Gl

∂yi∂yj∂yk
. (4.56)

L := {Lv}v∈TxM\{0} is called the Landsberg curvature. Lv is a symmetric multi-

linear form. It

Ly(y, v, w) = 0. (4.57)

Let c(t) be an arbitrary geodesic in (M,F ). Take arbitrary parallel vector fields

U(t), V (t),W (t) along c. We then have

Lċ(t)(U, V,W ) =
d

dt
Cċ(t)(U, V,W ). (4.58)

Thus the Landsberg curvature measures the rate of change of the Cartan torsion

along geodesics.

4.4 Connections

We first define the general notion of connections, affine connections, and the

torsion-freeness condition.
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Definition 4.4.1. A connection ∇ on M is a family of maps

∇ := {∇y : TxM × C∞(TM)→ TxM, y ∈ TxM \ {0}, x ∈M}

which has the following properties

1. ∇λy
u V = ∇y

uV ;

2. ∇y
u(fV ) = u(f)V + f∇y

uV ;

3. ∇y
u(U + V ) = ∇y

uU +∇y
uV ;

4. ∇y
fuV = f∇y

uV ;

5. ∇y
u+vV = ∇y

uV +∇y
vV ;

6. ∇Y
UV −∇Y

V U = [U, V ];

where λ > 0, u, v ∈ TxM and Y, U, V ∈ C∞(TM).

Let ∇ be a connection on a manifold M . In a standard local coordinate system

(xi, vi) in TM , define a set of local functions Γi
jk(v) on TM by

Γi
jk(v)

∂

∂xi

∣

∣

∣

∣

x

:= ∇y
∂

∂xi

∂

∂xi
, y ∈ TxM. (4.59)

Property (6) in Definition 4.4.1 implies

Γi
jk = Γi

kj. (4.60)

In this sense, ∇ is torsion-free. For any u = ui ∂
∂xi

∣

∣

∣

∣

x

and V = V i ∂
∂xi ,

∇y
uV = {u(V i)(x) + V j(x)Γi

jk(y)u
k} ∂
∂xi

∣

∣

∣

∣

x

. (4.61)

When ∇y is independent of y ∈ TM \ {0}, ∇ is called an affine connection.
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4.4.1 Berwald Connection

There is a canonical connection for every spray. Let

G = vi ∂

∂xi
− 2Gi(x, v)

∂

∂vi
(4.62)

be a spray on a manifold M . The Christoffel symbols of G are defined by

Γi
jk(v) :=

∂2Gi

∂vj∂vk
(v). (4.63)

The Berwald connection is defined by the map ∇y : TxM × C∞(TM) → TxM

given by

∇y
uV =

{

u(V i)(x) + V j(x)Γi
jk(y)u

k
} ∂

∂xi

∣

∣

∣

∣

x

(4.64)

Clearly this connection is torsion-free.

On a Finsler space (M.F ), the Berwald connection ∇ is the unique connection on

TM satisfying

∇Y
UV −∇Y

V U = [U, V ] (4.65)

W [gY (U, V )]− gY (∇Y
WU, V )− gY (U,∇Y

WV ) = 2CY (U, V,∇Y
WY )

− 2LY (U, V,W ) (4.66)

where U, Y, V,W ∈ C∞(TM). Equation (4.65) is equivalent to torsion freeness.

4.4.2 Chern connection

The Chern connection differs from the Berwald connection only by a term called

Landsberg curvature. Let (M,F ) be a Finsler space. For a vector y ∈ TxM \ {0},
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the Landsberg curvature Ly : TxM × TxM × TxM → R determines a bilinear

symmetric form Ly : TxM ⊗ TxM → TxM by

gy(Ly(u, v), w) = Ly(u, v, w). (4.67)

and by (4.57), it follows that

Ly(y, v) = 0 (4.68)

The Chern connection C∇ is defined from the Berwald connection ∇ as follows:

define a map C∇y : TxM × C∞(TM)→ TxM by

C∇y
uV := ∇y

uV − Ly(u, v), (4.69)

where u, v ∈ TxM and V ∈ C∞(TM) with Vx = v. C∇ = {C∇y}y∈TM\{0} is called

the Chern connection.

In a standard local coordinate system (xi, vi) in TM , let

CΓi
jk(v) := Γi

jk(v)− Li
jk(v), (4.70)

where Li
jk := gilLjkl, then the Chern connection can be expressed as

C∇y
uV =

{

u(V i)(x) + V j CΓi
jk(y)u

k
} ∂

∂xi

∣

∣

∣

∣

x

. (4.71)

The Chern connection is characterized by the following equations

C∇Y
UV − C∇Y

VU = [U, V ], (4.72)

w[gY (U, V )]− gY (C∇Y
wU, V )− gY (U, C∇Y

wV ) = CY (U, V, C∇Y
wY ), (4.73)
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where w ∈ TxM and U, V, Y ∈ C∞(TM). (4.72) is the torsion-freeness condi-

tion and (4.73) is almost metric-compatibility condition. In the differential forms

notation the Chern connection can be written as shown in the following theorem:

Theorem 4.4.2. Let (M,F ) be a Finsler manifold. The pulled-back bundle π∗TM

admits a unique linear connection C∇v, called the Chern connection. Its connection

forms ωi
j are characterized by the structural equations:

d(dxi) = dxj ∧ ωi
j, (4.74)

dgij = gkjω
k
i + gkjω

k
i + 2Aijk

δvk

F
. (4.75)

Torsion freeness is equivalent to the absence of dvk terms in ωi
j; namely

ωi
j = CΓi

jkdx
k, (4.76)

together with the symmetry

CΓi
kj = CΓi

jk. (4.77)

Almost metric-compatibility then implies that

CΓi
jk = Γi

jk − gil

(

Aljs

N s
k

F
− Ajks

N s
l

F
+ Akls

N s
j

F

)

(4.78)

which could be written as

CΓi
jk = gis

(

δgsj

δxk
− δgjk

δxks
+
δgks

δxj

)

. (4.79)
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Chern Curvature

The Chern connection gives rise to the following quantity

P i
jkl := −

∂CΓi
jk

∂vl
= − ∂3Gi

∂vj∂vk∂vl
+
∂Li

jk

∂vl
. (4.80)

Note that

P i
jkly

l = 0, P i
jkly

j = −Li
kl. (4.81)

For a vector y ∈ TxM \ {0}, define Py : TxM ⊗ TxM ⊗ TxM → TxM by

Py(u, v, w) := P i
jkl(x, y)u

jvkwl ∂

∂xi

∣

∣

∣

∣

x

(4.82)

and P := {Pv}v∈TxM\{0} is called the Chern curvature.

4.4.3 Covariant Derivatives Along Geodesics

Let G be a spray on an n-manifold and Γi
jk the Christoffel symbols of G in a

standard local coordinates on TM . Let c : [a, b] → M be a C∞ curve. A vector

field V = V (t) along c is a family of vectors

V (t) = V i(t)
∂

∂xi

∣

∣

∣

∣

c(t)

,

where V i(t) are C∞. Hence the tangent vector field of c,

ċ(t) =
dci

dt
(t)

∂

∂xi

∣

∣

∣

∣

c(t)

,

is a vector field along c.
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By fixing a vector field V = V (t) along c and given a vector field U(t) along c, we

can define the following connection along c:

∇V
ċ(t)U(t) :=

{

dU i

dt
(t) + U jΓi

jk(V (t))
dck

dt
(t)

}

∂

∂xi

∣

∣

∣

∣

c(t)

. (4.83)

At a point c(t0) where ċ(t0) = 0, reduces to

∇V
ċ U(t0) :=

dU i

dt
(t0)

∂

∂xi

∣

∣

∣

∣

c(t0)

(4.84)

which does not depend on the vector field V .

When the vector field V (t) is the coincides with the ċ(t) along the curve c, then

we define the differentiation of the vector U along c by

DċU(t) := ∇ċ
ċU(t), (4.85)

=

{

dU i

dt
(t) + U jΓi

jk(ċ(t))
dck

dt
(t)

}

∂

∂xi

∣

∣

∣

∣

c(t)

. (4.86)

DċU(t) is called the covariant derivative of U(t) along the curve c.

Given the following optimal control problem

min
u∈U

∫ tf

t0

L(x, u)dt (4.87)

subject to the control system

ẋ = f(x, u) (4.88)

the geodesic spray in the tangent space (x, x′) = (x, (t′, y′, c, p)) is given by

G = x′ ∂

∂x
+ tGi(x, x′)

∂

∂t′
+ yGi(x, x′)

∂

∂y′i + cGi(x, x′)
∂

∂ci
+ pGi(x, x′)

∂

∂pi
. (4.89)
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The covariant derivative for the spray (4.89) is then defined using the Chern con-

nection to be

Df,L
u V :=

{

u(V i)(x) + V j ∂Gi

∂x′j∂x′k (u)uk − V jLi
jk(u)u

k

}

∂

∂xi
(4.90)

From these connections one can define the covariant derivatives and parallel trans-

port equations as follows.

4.4.4 Parallel Transport

Along the curve c the covariant derivative of its tangent vector ċ is given by

Dċċ =
{

c̈i + ċ(t)N i
j(ċ(t))

} ∂

∂xi

∣

∣

∣

∣

c(t)

, (4.91)

=
{

c̈i + 2Gi(ċ)
} ∂

∂xi

∣

∣

∣

∣

c(t)

(4.92)

It is quite obvious that c is a geodesic if and only if

Dċċ = 0. (4.93)

Definition 4.4.3. A vector field V = V (t) along c is said to be parallel if

DċV = 0. (4.94)

Let p = c(a) and q = c(b), then the parallel transport Pc : TxM → TxM of a vector

V (t) ∈ Tc(t)M along the curve c is defined by

Pc(v) := V (b), v ∈ TpM (4.95)
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where V (t) is a parallel vector field along c with V (a) = v. This map is a linear

map.

In the context of the optimal control problems, parallel transport of a vector V

along the curve c is given by the equation

Df,L
ċ V = 0 (4.96)

where

Df,L
ċ V =

{

ċ(V i)(x) + V j ∂Gi

∂x′j∂x′k (ċ)
dck

dt
− V jLi

jk(ċ)
dck

dt

}

∂

∂xi
(4.97)

In the next chapter, we use these connections to derive the curvature operators

which determine the spread of geodesics for small time.
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Chapter 5

Curvatures and the Spread of

Optimal Controls

In order to derive control laws in presence of disturbances one needs to derive con-

trols as a function of state, u(x), which are usually called feedback controls. The

synthesis problem for optimal controls remains a principal problem. However, if

one assumes that the disturbances in the system dynamics are small in magnitude

and bounded then one should be able to derive those optimal controls as a func-

tion of those disturbances of state. In this chapter we deal with this problem of

synthesizing controls which takes into account the geometry of the given optimal

control problem.

In the previous chapters we have found that, given an optimal control problem one

could devise a Finsler metric. We further defined the notion of an affine connection

165
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on this Finsler space (M, g) which gives a way of differentiating vector fields on

this manifold along a given direction. We now show how this connection gives

us certain geometric properties of the manifold in terms of torsion and curvature

which are third and fourth order tensors respectively.

On Riemannian manifolds there exists an unique affine (Levi-Civita)connection

which is torsion free and metric compatible. The curvature tensor which is an in-

trinsic object of the manifold helps in studying geodesic flows. In Euclidean spaces

the curvature term always vanishes since the derivatives ∂i∂j always commute, i.e.,

∂2

∂xi∂xj
=

∂2

∂xj∂xi
.

However this is not the case on Riemannian manifolds, as the commutator of co-

variant derivatives defined by the Levi-Civita connection, [Di, Dj] does not vanish

and is given by the following index free notation

R(U, V )W = (DUDV −DVDU −D[U,V ])W, (5.1)

where U , V , and W are vector fields on M .

In Finsler geometry the curvature tensor not only depends on the position but also

the direction. Here we derive the curvature tensors from the Chern connection

using Cartan’s structural equation. We do not have just one curvature but have

two different objects known in literature as Riemann and Chern curvatures. The

Riemann curvature gives us a measure of the the dispersion of the geodesics with

different initial conditions. The Chern curvature can be derived from Cartan’s
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torsion, which is defined in Minkowski space. Since every tangent space on a

Finsler space is a Minkowski space, Cartan torsion is defined for a Finsler space.

We outline the derivation of these two curvature tensors in this chapter and study

how they affect the spread of the optimal controls for neighboring points on the

manifold.

5.1 Curvature

5.1.1 Curvatures from the Chern Connection

We now use exterior differential algebra to derive curvature quantities from the

connection. The Chern connection is uniquely determined by

dωi = ωj ∧ ωi
j (5.2)

dgij = gkjω
k
i + gikω

k
j + 2Aijs

δvs

F
. (5.3)

The curvature 2-forms of the Chern connection Ωi
j are defined as

Ωi
j := dωi

j − ωk
j ∧ ωi

k. (5.4)

Since {Ωi
j} are a set of local 2-forms on TM \ {0}, they can be expanded in the

following form

Ωi
j =

1

2
Ri

jkldx
k ∧ dxl + P i

jkldx
k ∧ δv

l

F
+

1

2
Qi

jkl

δvk

F
∧ δv

l

F
, (5.5)
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where one can assume that the following relations hold

Ri
jkl +Ri

jlk = 0 (5.6)

Qi
jkl +Qi

jlk = 0. (5.7)

Exterior differentiation of the torsion freeness condition dxj ∧ ωi
j = 0 gives

dxj ∧ dωi
j = 0. (5.8)

Since the term dxj∧ωk
j ∧ωi

k vanishes by torsion freeness, it can be subtracted from

the left hand side of equation (5.8) to obtain the following equation

ωj ∧ Ωi
j = 0. (5.9)

Substituting equation (5.5) for Ωi
j into the above equation we get

1

2
Ri

jkl dx
j ∧ dxk ∧ dxl + P i

jkl dx
j ∧ dxk ∧ δv

l

F
+

1

2
Qi

jkl dx
j ∧ δv

k

F
∧ δv

l

F
= 0, (5.10)

and by the antisymmetric properties of the 3-forms in the above equation we have

Ri
jkl +Ri

klj +Ri
ljk = 0, (5.11)

Pjkl = P i
kjl, (5.12)

Qi
jkl = 0. (5.13)

The curvature 2-form (5.5) then simplifies to

Ωi
j =

1

2
Ri

jkldx
k ∧ dxl + P i

jkldx
k ∧ δv

l

F
. (5.14)
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5.1.2 Formula for R and P in natural coordinates

By Chern’s connection(torsion freeness) we have,

ωi
j = Γi

jkdx
k =

(

∂2Gi

∂vj∂vk
− Li

jk

)

dxk.

from which it follows that

dωi
j = dΓi

jk ∧ dxk (5.15)

Since the differential dΓi
jk is a 1-form on TM \ {0}, it can be expanded in terms

of dxk and δvk

F
as follows

dωi
j =

δΓi
jl

δxk
dxk ∧ dxl − F

∂Γi
jl

∂vk
dxk ∧ δv

l

F
. (5.16)

Furthermore we have

−ωh
j ∧ ωi

h = ωi
h ∧ ωh

j

= Γi
hk Γh

jl dx
k ∧ dxl. (5.17)

Substituting equations (5.16) and (5.17) into Ωi
j , we have

Ω =

(

δΓi
jl

δxk
+ Γi

hk Γh
jl

)

dxk ∧ dxl − F
∂Γi

jk

∂vl
dxk ∧ δv

l

F
. (5.18)



170

Equating (5.14) and (5.18), we obtain

Ri
jkl =

δΓi
jl

∂xk
−
δΓi

jk

∂xl
+ Γm

jl Γi
mk − Γm

jk Γi
ml (5.19)

=
∂Γi

jl

∂xk
−
∂Γi

jk

∂xl
+
∂Γi

jk

∂vm
Nm

l −
∂Γi

jl

∂vm
Nm

k + Γm
jl Γi

mk − Γm
jk Γi

ml (5.20)

P i
jkl = −

∂Γi
jk

∂vl
= − ∂3Gi

∂vj∂vk∂vl
+
∂Li

jk

∂vl
(5.21)

By homogeneity of F , we obtain

Ri
k = 2

∂Gi

∂xk
− vj ∂2Gi

∂xj∂vk
+ 2Gj ∂2Gi

∂vj∂vk
− ∂Gi

∂vj

∂Gj

∂vk
(5.22)

P i
kl = −Li

kl (5.23)

Exterior differentiation of the almost metric compatibility of the Chern connection

dgij − gkjω
k
i − gikω

k
j = 2Aijs

δvs

F
(5.24)

we have

Ωij + Ωji =
1

2
(Rijkl +Rjikl)dx

k ∧ dxl + (Pijkl + Pjikl)dx
k ∧ δv

l

F
(5.25)

= −(AijuR
u
kl)dx

k ∧ dxl − 2(AijuP
u
kl + Aijl|k)dx

k ∧ δv
l

F

+ 2(Aijk;l − Aijkℓl)
δvk

F
∧ δv

l

F
(5.26)
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The following abbreviations were introduced in (5.26)

Ri
jk := ℓjRi

j kl (5.27)

P i
kl := ℓiP i

j kl (5.28)

The following identities result from equating equations (5.25) and (5.26)

Rijkl +Rjikl + 2AijuR
u
kl = 0 (5.29)

Pijkl + Pjikl + 2AijuP
u
kl − 2Aijl|k = 0 (5.30)

Aijk;l − Aijl;k = Aijkℓl − Aijlℓk. (5.31)

By using equation (5.29) one could derive the following relations for Ri
jkl.

1. vigipR
p
kl = 0.

2. Rp
ik = Rp

ki − R
p
ik.

3. gipR
p
k = gkpR

p
i .

Similarly, by (5.30), the following relations hold true for P i
jkl

gipP
p
jkl = −CijpP

p
kl − CjkpP

p
il − CikpP

p
jl

− Cijl|k − Cjkl|i − Cikl|j.

Furthermore, by (5.30), we can easily obtain the following

1. Likl = −gipP
p
kl,

2. Likl = vjgjpP
p
ikl,

3. vjgjpP
p
kl = Liklv

i = 0.
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5.1.3 Riemann Curvature

The Riemann curvature of a Finsler space is a family of linear transformations on

tangent spaces. From the structural equations for Finsler metrics we saw that the

Riemann curvature was due to the commutation operator over the sections. We

now show how it could be derived via the variations of geodesics and this derivation

gives us the geometric intuition. Let (M,F ) be a Finsler space. Consider a geodesic

c(t), a ≤ t ≤ b. A C∞ map H : (−ǫ, ǫ) × [a, b] → M is called a geodesic variation

of c if

1. H(0, t) = c(t);

2. for each u ∈ (−ǫ, ǫ), the curve cu(t) := H(u, t) is a geodesic.

For any geodesic variation, the variation field J(t) := ∂H
∂u

(0, t) satisfies a special

system of second order ordinary differential equations. The following theorem

states this result.

Theorem 5.1.1. Let (M,F ) be a Finsler space. There is a family of transfor-

mations Rv : TxM → TxM , v ∈ TxM \ {0}, such that for any geodesic variation

H of a geodesic c, the variation vector field J(t) := ∂H
∂u

(0, t) along c satisfies the

following equation

DċDċJ +Rċ(J) = 0. (5.32)

Proof. By assumption, each cu(t) = H(u, t) is a geodesic. Thus

∂2H i

∂t2
+ 2Gi

(

H,
∂H

∂t

)

= 0. (5.33)



173

For simplicity, let

T = T i ∂

∂xi
:=

∂H

∂t
U = U i ∂

∂xi
:=

∂H

∂u
. (5.34)

Equation (5.33) becomes

∂T i

∂t
+ 2Gi(H, T ) = 0 (5.35)

Note that

∂T i

∂u
=

∂

∂u

(

∂H i

∂t

)

=
∂

∂t

(

∂H i

∂u

)

=
∂U i

∂t
(5.36)

Differentiating (5.35) with respect to u yields

∂2U i

∂t2
= −2Uk ∂G

i

∂xk
(H, T )− 2

∂U j

∂t

∂Gi

∂ẋj
(H, T ) (5.37)

Observe that

∂

∂u
[Gi(H, T )] = Uk ∂G

i

∂xk
+
∂U j

∂t

∂Gi

∂ẋj
(5.38)

∂

∂t

[

∂Gi

∂ẋj
(H, T )

]

= T k ∂2Gi

∂xk∂ẋj
+
∂T k

∂t

∂2Gi

∂ẋj∂ẋk

= T k ∂2Gi

∂xk∂ẋj
− 2Gk ∂2Gi

∂ẋj∂ẋk
(5.39)

From the above equations (5.38) and (5.39), one obtains

DTDTU = DT

[(

∂U i

∂t
+ U j ∂G

i

∂ẋj

)

∂

∂xi

]

(5.40)

= −Uk

{

2
∂Gi

∂xk
− T j ∂2Gi

∂xj∂ẋk
+ 2Gj ∂2Gi

∂ẋj∂ẋk
− ∂Gi

∂ẋj

∂Gj

∂ẋk

}

∂

∂xi
(5.41)

= −UkRi
k(H, T )

∂

∂xi
, (5.42)
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where

Ri
k(x, v) := 2

∂Gi

∂xk
− T j ∂2Gi

∂xj∂ẋk
+ 2Gj ∂2Gi

∂ẋj∂ẋk
− ∂Gi

∂ẋj

∂Gj

∂ẋk
(5.43)

For every vector v ∈ TxM \ {0}, we define a linear transformation

Rv = Ri
k(x, v)

∂

∂xi
⊗ dxk

∣

∣

∣

∣

x

: TxM → TxM. (5.44)

We then obtain

DTDTU +RTU = 0.

Restricting the above equation to the curve c, we obtain an equation for J(t) :=

U(0, t),

DċDċJ +RċJ = 0, (5.45)

which completes the proof.

The geodesic variations give rise to a family of transformations

R = {Rv : TxM → TxM | v ∈ TxM \ {0}, x ∈M}. (5.46)

We call it the Riemann curvature. It has the following properties

1. From equation (5.43) it follows that

Rv(v) = 0. (5.47)
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2. Rv is self-adjoint with respect to gv,

gv(Rv(u), w) = gv(u,Rv(w)), u, w ∈ TxM. (5.48)

3. From equations (5.47) and (5.48) it follows that

gv(Rv(u), v) = gv(u,Rv(v)) = 0. (5.49)

5.1.4 Flag Curvature

The flag curvature is a geometrical invariant that generalizes the sectional cur-

vature of Riemannian geometry. From the point of view of this chapter the flag

curvature is very important as its sign tells us if two geodesics starting at a point

with different initial controls diverge or converge.

Let P ⊂ TxM be a tangent plane. For a vector v ∈ P \ {0}, define

K(v, P ) :=
gv(Rv(u), u)

gv(v, v)gv(u, u)− gv(v, u)gv(u, v)
, (5.50)

=
ui(vjRjiklv

l)uk

gv(v, v)gv(u, u)− gv(v, u)2
(5.51)

where u ∈ P such that P = span {v, u}. The number K(v, P ) is called the flag

curvature of the flag (v, P ) in TxM . The geometric interpretation of flag curvature

K(v, P ) is that along the vector v ∈ TxM \ {0} another vector u := ui ∂
∂xi ∈ P

is taken such that it is transverse to the vector v. There is no loss of generality
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in choosing only transverse edges u that are g-orthogonal to v as any arbitrary

vector w can be decomposed as w = u + ξℓ, where g(ℓ, u) = 0 and ξ is a scalar

multiple. So the flag curvature K(v, P ) could alternately be denoted by K(v, u).

It is very trivial to prove that the flag curvature equation (5.51) does not change

upon substituting the given direction v by the unit vectors ℓ in that direction such

that g(ℓ, ℓ) = 1, i.e.,

K(v, u) = K(ℓ, u).

•x

M

flagpole v
ℓ

transverse edge u

TxM

flag P

Figure 5.1: Flag on TxM

When n = dimM = 2,

K(v) := K(v, TxM), v ∈ TxM \ {0} (5.52)

is a scalar function and is called the Gauss curvature. For a vector v ∈ TxM \ {0},

there are infinitely many tangent planes P ⊂ TxM containing v. The flag curvature

K(P, v) depends on the tangent plane containing v. A Finsler metric F on a
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manifold M is said to be of scalar curvature K(v) if K(v, P ) = K(v) is independent

of the tangent plane P containing v for all v ∈ TxM . This is equivalent to the

following

Rv(u) = K(v){gv(v, v)u− gv(v, u)v}, v, u ∈ TxM \ {0}. (5.53)

The following object is algebraically a predecessor of the flag curvature;

K(ℓ, u, w) =
ui(ℓjRjiklℓ

l)wk

gℓ(u, w)− gℓ(ℓ, u)gℓ(ℓ, w)
(5.54)

=
uiRikw

k

gℓ(u, w)− gℓ(ℓ, u)gℓ(ℓ, w)
(5.55)

from which the following identities follow easily:

1. K(ℓ, u, u) = K(ℓ, u),

2. K(ℓ, u, w) = L(ℓ, w, u),

3. K(ℓ, u, w) = 1
4
K(ℓ, u+ w)− 1

4
K(ℓ, u− w).

5.2 Dispersion

5.2.1 Geodesic Variations

Let (M,F ) be a Finsler space. Let c : [a, b]→ M be a geodesic and H : (−ε, ε)×

[a, b] → M a geodesic variation of c, namely, each cs(t) := H(s, t) is a geodesic.

Let J(t) := ∂H
∂s

(0, t). By Lemma (5.1.1), we know that J(t) satisfies the Jacobi
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equation

DċDċJ +RċJ = 0. (5.56)

Conversely, for every vector field J(t) along c satisfying the Jacobi equation, there

is a geodesic variation H of c whose variation field is equal to J(t). Thus we call a

vector field J(t) along c satisfying (5.56) a Jacobi field. Fix a unit vector v ∈ TxM

tv
3v

tw

3w

On TxM

o

c(t, 0)

c(3, 0)

J(t)

3J(t)

On M

x

expx

Figure 5.2: Geodesic Variations

and let c(t) := expx(tv), 0 ≤ t ≤ a. Consider a special geodesic variation

H(s, t) := expx[t(v + sw)], 0 ≤ t < a, |s| < ε. (5.57)

By Lemma (5.1.1),

J(t) :=
∂H

∂s
(0, t) (5.58)

is a Jacobi field along c.
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Lemma 5.2.1. The Jacobi field J(t) in (5.58) is C∞ along c(t) = expx(tv), 0 ≤

t < a. It satisfies the following initial conditions:

J(0) = 0, DċJ(0) = v. (5.59)

5.2.2 Small time Geodesic Spread

Let c : (−ε, ε) → M be a unit speed geodesic with ċ(0) = v ∈ TxM . For a vector

w ∈ TxM , let J be the Jacobi field along c satisfying

J(0) = 0, DċJ(0) = w. (5.60)

Consider the following function

f(t) = ‖J(t)‖2 := gċ(t)(J(t), J(t)), (5.61)

which defines the length squared of the variation vector field J(t) = exptv(tw).

f(t) measures the rate at which the s-th geodesic is deviating from c(t).

We now look at the power series expansion of the function f(t) for small time t.

It is to be noted that derivative the metric g along a geodesic c is given as follows

d

dt
gċ(V,W ) = gċ(DċV,W ) + gċ(V,DċW ). (5.62)

We use the above equation repeatedly to compute the higher-order derivatives of
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f(t).

f (1)(t) = gċ(DċJ, J) + gċ(J,DċJ)

= 2gċ(J,DċJ) (5.63)

f (2)(t) = 2gċ(DċJ,DċJ) + 2gċ(J,DċDċJ),

= 2gċ(DċJ,DċJ)− 2gċ(J,R(J, ċ)ċ), (5.64)

In the above equation we have used the Jacobi equation

DċDċJ +Rċ(J) = 0,

where Rċ(J) = R(J, ċ)ċ.

f (3)(t) = 2gċ(DċDċJ,DċJ) + 2gċ(DċDċJ,DċJ)

+ 2gċ(DDJ,DJ) + 2gċ(J,DċDċDċJ)

= 6gċ(DċDċJ,DċJ) + 2gċ(J,−DċRċ(J)− Rċ(J))

= −8gċ(Rċ(DċJ), DċJ)− 2gċ(RċJ, J) (5.65)

We have used the following relation

DċDċDċJ = −DċRċ(J)− Rċ(J).
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which we get by differentiating the Jacobi field equation.

f (4)(t) = 8gċ(DċDċDċJ,DċJ) + 6gċ(DċDċJ,DċDċJ) + 2gċ(J,DċDċDċDċJ)

= −8gċ(Rċ(DċJ), DċJ) + 8gċ(Rċ(J), Rċ(J))

− 12gċ(Ṙċ(J), DċJ)− 2gċ(R̈ċ(J), J). (5.66)

At the initial time, t = 0, we have the following data

J(0) = 0, (5.67)

DċJ(0) = J ′(0) = w, (5.68)

DċDċJ(0) = 0, (5.69)

DċDċDċJ(0) = −R(w, ċ)ċ. (5.70)

Substituting the initial data (5.67-5.70) in the derivatives of f(t) given by equations

(5.63-5.66) we have

f(0) = 0,

f (1)(0) = 0,

f (2)(0) = 2gċ(w,w),

f (3)(0) = 0,

f (4)(0) = −8gċ(R(w, ċ)ċ, w).

Hence the following proposition easily follows:
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Proposition 5.2.2.

gċ(t)(J, J) = gv(w,w)t2 − 1

3
gv(Rv(w), w)t4 +O(t5), (5.71)

gċ(t)(DċJ, J) = gv(w,w)t− 2

3
gv(Rv(w), w)t3 +O(t4). (5.72)

•

•

•

tw

J(t)

tv

J(t)

c(t, 0)

c(t, 0)

On TxM On M

K < 0

K > 0
gv(v, v) = 1

gv(w,w) = 1 and gv(v, w) = 0

o

x

x

Figure 5.3: Geodesic Dispersion

From the definition of flag curvature K(v, u), it is easy to see that

gv(Rv(w), w) = K(v, w)
[

gv(v, v)gv(w,w)− gv(v, w)2
]

. (5.73)

By choosing the vector v such that gv(v, v) = 1 and the vector w such that

gv(w,w) = 1 and gv(v, w) = 0, and using (5.73), equation (5.71) can be writ-

ten as follows:

gċ(J, J) = t2 − 1

3
K(v, w)t4 +O(t5). (5.74)
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It can be observed from equation (5.74) that if the flag curvature at x is positive,

then the geodesic trajectories emanating from x spread apart more slowly than

the corresponding rays in TxM . If the flag curvature is negative, then geodesic

trajectories spread apart much faster than the corresponding rays in TxM . Figure

5.3 depicts the spread of geodesics.

5.2.3 Neighboring Optimal Control

In order to derive control laws in presence of disturbances one needs to derive

controls as a function of state, u(x), which are usually called feedback controls.

The exact synthesis problem in optimal control theory remains one of the unsolved

problems till date. However, if one assumes that the disturbances in the system

dynamics are small in magnitude and bounded then one should be able to derive

those optimal controls as a function of those disturbances of state. In this chapter

we deal with this problem of synthesizing controls which takes into account the

geometry of the given optimal control problem.

Analogous to the literature in Riemannian geometry of taking the second variation

of the energy function, we compute the second variations of the energy function of

the optimal control problem on Finsler manifolds. This in turn gives us a method to

approximate optimal controls with respect to a corresponding reference trajectory.

Given the corresponding optimal control problem on Finsler manifolds with a met-
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ric Fx(x
′) on the tangent space x′ = (t′, x′, c, p), we compute the geodesic equations

as shown in the previous chapter as ,

x′′i + Γi
jk(x, x

′)x′jx′k = 0, for i = 1, . . . , 2n+m+ 1. (5.75)

As shown in the previous chapter, we compute the optimal controls c(s) by solving

the two-point boundary value problem by appropriate numerical techniques shown

therein. The corresponding optimal state trajectory y(s) is called the reference

trajectory connecting the initial point y(0) = y0 and the goal x(T ) = xT .

Given a geodesic x(s) corresponding to state conditions x(0) = x0, x(tf ) = xT ,

call it the reference geodesic. We now suppose a congruence of geodesics which

are parameterized by two parameters s, p, X i := X i(s, p), where s is the usual

arc-length and p is a variation parameter such that X i(s, 0) = xi(s), i.e., when

there is no variation we retrieve our reference geodesic xi(s).

As we want to compute the corresponding optimal controls u(s, p) which steers

the state from an initial point X(0, p), close to the initial point of the reference

trajectory X(0, 0) = x0, to the goal xT with optimum cost(time), we would like to

know how a small change in the parameter p ofX(s, p) reflects in the corresponding

optimal controls u(s, p).

Given the geodesic equations in the variables (y, y′, c, p), we would like to find out

the relations between their variations (δy, δy′, δc, δp) so that the they satisfy the

new geodesic equations. It is very easy to show that when the covariant derivative



185

in the Jacobi equation (5.32) that we derived earlier is expanded then we shall

obtain the geodesic deviation equation that we show below. The procedure that

we show here is an easier way of getting the same result.

We first obtain Taylor expansions of the Christoffel symbols of the neighboring

geodesic as follows:

xi(s, p) = xi(s, 0) + δxi(s) +
1

2!
δ2xi(s) +

1

3!
δ3xi(s) + · · · (5.76)

x′i(s, p) = x′i(s, 0) + δx′i(s) +
1

2!
δ2x′i(s) +

1

3!
δ3x′i(s) + · · · (5.77)

x′′i(s, p) = x′′i(s, 0) + δx′i(s) +
1

2!
δ2x′′i(s) +

1

3!
δ3ẍi(s) + · · · (5.78)

Γi
jk(x(s, p), x′(s, p)) = Γi

jk(x(s, 0), x′(s, 0)) +
∂Γi

jk

∂xl
δxl +

∂Γi
jk

∂x′l δx
′l + · · · (5.79)

By substituting the above expansions in the geodesic equation (5.75) and collecting

terms of the order o(ǫ), we have the following geodesic deviation equation:

d2δxi

ds2
+ 2Γi

jk

dxj

ds

dδxk

ds
+
∂Γi

jk

∂xl

dxj

ds

dxk

ds
δxl +

∂Γi
jk

∂xl
s

dxj

ds

dxk

ds

dδxl

ds
= 0. (5.80)

The above equation can also be written in the spray notation as follows

d2δxi

ds2
+
∂Gi

∂xj
δxj +

∂Gi

∂x′j
dδxj

ds
= 0. (5.81)

Notice that the only difference from the Riemannian case is the last term of the
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L.H.S of the above equation which accounts for a change in the Christoffel symbol

due to a change in the velocity vector.

When substituted in the geodesic equations and collecting terms of the first order

in δ on the both sides we get

d2δxi

ds2
= Γi

jk

(

2y′j dδy
k

ds
+
dδyj

ds
ck +

dδyj

ds
pk

)

+ Γi
jk

(

2pjδpk + cjδpk + +y′jδpk
)

(5.82)

+ Γi
jk

(

2cjδck + δcjpk + y′jδck
)

+

(

∂Γi
jk

∂yl
y′jy′k +

∂Γi
jk

∂yl
y′jck +

∂Γi
jk

∂yl
y′jpk +

∂Γi
jk

∂yl
cjck +

∂Γi
jk

∂yl
cjpk +

∂Γi
jk

∂xl
pjpk

)

δyl

+

(

∂Γi
jk

∂y′l y′jy′k +
∂Γi

jk

∂y′l y′jck +
∂Γi

jk

∂y′l y′jpk +
∂Γi

jk

∂y′l cjpk +
∂Γi

jk

∂y′l cjck +
∂Γi

jk

∂y′l pjpk

)

dδyl

ds

+

(

∂Γi
jk

∂cl
yjy′k +

∂Γi
jk

∂cl
y′jck +

∂Γi
jk

∂cl
y′jpk +

∂Γi
jk

∂cl
cjck +

∂Γi
jk

∂cl
cjpk +

∂Γi
jk

∂cl
pjpk

)

δcl

+

(

∂Γi
jk

∂pl
y′jy′k +

∂Γi
jk

∂pl
y′jck +

∂Γi
jk

∂pl
y′jpk +

∂Γi
jk

∂pl
cjck +

∂Γi
jk

∂pl
cjpk +

∂Γi
jk

∂pl
pjpk

)

δpl

We obtain similar geodesic deviation equations for u and λ, with the only difference

being the term on the LHS, which are dδui

ds
and dδλi

ds
. So the Geodesic deviation
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equations can be written in a compact form as follows

d2δt

ds2
= tD

(

t, y,
dt

ds
,
dy

ds
, c, p ; δt, δy,

dδt

ds
,
dδy

ds
, δc, δp

)

(5.83)

d2δy

ds2
= yD

(

t, y,
dt

ds
,
dy

ds
, c, p ; δt, δy,

dδt

ds
,
dδy

ds
, δc, δp

)

(5.84)

dδc

ds
= cD

(

t, y,
dt

ds
,
dy

ds
, c, p ; δt, δy,

dδt

ds
,
dδy

ds
, δc, δp

)

(5.85)

dδp

ds
= pD

(

t, y,
dt

ds
,
dy

ds
, c, p ; δt, δy,

dδt

ds
,
dδy

ds
, δc, δp

)

(5.86)

In the above equations the variables t(s), y(s), t′(s), y′(s), c(s), p(s), are known

as they are computed by solving the two-point boundary value problem for the

reference geodesic. δy(0), and δy′(0) are also given at the initial point as they

refer to the initial points of the neighboring geodesic we wish to compute. So that

leaves us with solving for the variations in state trajectory, control trajectory and

the adjoint variables trajectory from the optimal trajectories y(s), c(s), p(s) of the

reference geodesic, given the initial variations in the state δy(0) and δy′(0). So the

problem can be stated as follows:

Problem 5.2.3. Given the optimal trajectories (y(s), y′(s), c(s), p(s)) of the ref-

erence geodesic, and the initial variation in the position and velocity of the state

δy(0) = δy0, and δy′(0) = δy′
0, solve the below geodesic deviation equations for the
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optimal variations (δx, δẋ(s), δu(s), δλ(s))

d2δt

ds2
= tD

(

δt, δy,
dδt

ds
,
dδy

ds
, δc, δp

)

(5.87)

d2δy

ds2
= yD

(

δt, δy,
dδt

ds
,
dδy

ds
, δc, δp

)

(5.88)

dδc

ds
= cD

(

δt, δy,
dδt

ds
,
dδy

ds
, δc, δp

)

(5.89)

dδp

ds
= pD

(

δt, δy,
dδt

ds
,
dδy

ds
, δc, δp

)

(5.90)

However we do not know the length of the optimal trajectory of the neighboring

geodesic beforehand. Hence when solving geodesic deviation equations we might

end up short of the goal for the neighboring geodesic, in which case it seems prac-

tical to extend the optimal trajectory of the reference geodesic and then compute

the geodesic equations until we hit the goal.



Chapter 6

Numerical Computation of

Finsler Geodesics

6.1 Introduction

The main objective of this chapter is to utilize the geometric objects that we have

derived in the previous chapters to compute optimal controls. In this regard the

Taylor expansion method is used as the numerical integrators for the geodesic

equations. This leads to expressing them in terms of Riemannian curvature and

the geodesic deviation. Using curvature terms in the computation of controls and

errors is a novelty of this thesis.

Typical numerical methods for optimal control problems can be classified into di-

rect and indirect methods. There exists many good surveys and books for these

189
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methods in the literature, see [14],[60],[70]. Indirect methods use the necessary con-

ditions to compute optimal controls. Usually if the switching structure is known

apriori then the indirect methods lead to a greater degree of accuracy. They focus

on obtaining a solution to the classical necessary conditions for optimality which

take the form of a two-point boundary value problem. One of the common varia-

tions on the indirect method is the steepest descent algorithm. In this method, the

state equation is integrated forward using a guess for the control profile, and then

the costate equation is integrated backward. The maximality condition is then used

locally to find a steepest descent direction for u at a discrete number of points, and

globally as a termination criterion. Backward integration of the costate equations

may be avoided by using a direct shooting method (see [14],[15],[69]), in which

initial values of the adjoint variables are guessed initially, and updated iteratively.

There are some problems with this method, including a small region of convergence

to the optimum, the need to formulate the costate equations, and the difficulties in

choosing reasonable initial guesses for the adjoint variables. The multiple shooting

method (see [40, 62]) was proposed to extend the small convergence region of the

direct shooting method. Multiple shooting algorithms transform the problem into

a multi-point boundary value problem for the state and adjoint variables. Ho-

motopy methods [72] have also been proposed as a response to the small region

of convergence. Other indirect techniques have been the finite-difference method

[46] which is essentially a low-order collocation method, and standard collocation

techniques [6].
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On the other hand, direct methods are a result of discretization of the original

problem and recasting as a finite-dimensional optimization problem, typically a

nonlinear program (NLP), see [42]. They are used especially for tackling large-

scale problems by using standard techniques from nonlinear programming. There

are two general strategies within the framework of the direct method: sequential

method and simultaneous strategy methods. In the sequential method often called

control parametrization, the control variables are discretized over finite elements

using polynomials or in fact any suitable basis functions (see [14],[15],[70]). The

coefficients of the polynomials and the size of the finite elements then become

decision variables in a master nonlinear program. Function evaluation is carried out

by solution of an initial value problem of the original dynamic system, and gradients

for a gradient-based search may be evaluated by solving either the adjoint equations

or the sensitivity equations. In the simultaneous strategy both the controls and

the state variables are discretized using polynomials on finite elements, and the

coefficients and elements sizes become decision variables in a much larger NLP (see

[75]). Unlike control parametrization, the simultaneous method does not require

the solution of initial value problems at every iteration of the NLP.

There are other methods like the ε-method by Balakrishnan [7] where the dynamic

constraints are entirely removed by a combination of penalty function methods and

Rayleigh-Ritz type expansion methods. It has been shown that the optimal values

of the penalized problem converge to the optimal value of the relaxed problem.
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Techniques such as gradient methods in function spaces using penalty function

methods and feasible directions methods can be found in [55],[56],[60]. Iterative

methods which are essentially based on solutions of the Riccati differential equa-

tions appearing in linear quadratic optimal control problems are also used in com-

puting optimal controls, see [41], [37]. Such methods solve the original nonlinear

problem through a sequence of linear quadratic optimal control problems which

are suitably formulated as the accessory optimal control problems to the original

one. This method exhibits fast convergence properties. However for large scale

problems it is avoided due to derivative computations.

Finally, the Hamilton-Jacobi-Bellman equation which is derived from Bellman’s

principal of optimality has its own set of techniques. However this is a partial

differential equation and in practice it is very difficult to solve except in certain

fortuitous cases, see [10], [9]. There has been a lot of research in computing optimal

controls in the aerospace, chemical processes, and recently finance communities.

6.2 Initial Value Problem: Geodesics

We consider Taylor series type numerical integrators for the initial value problems.

This gives us an entirely symbolic method to integrate the geodesics and further-

more we can use all the geometric quantities that we have obtained before in the

series expansion. All the terms in the series in the Taylor expansion can be written

in terms of the curvature operator. We first give an outline of Taylor polynomial
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solution to ordinary differential equations.

6.2.1 Taylor Methods

Let E be an open set in Rn, x0 ∈ E and f : E → Rn be analytic. Consider the

initial value problem

ẋ = f(x), x(0) = x0, (6.1)

and let J be the maximal interval of existence of the solution. Then the solution

x(t) is analytic on J and can be expanded in the power series

x(t) =

∞
∑

k=0

xkt
k, t ∈ (−R,R) ⊂ J (6.2)

where R > 0 is the radius of convergence of the series and

xk =
dk

dtk
x(t)

∣

∣

∣

∣

t=0

, k = 0, 1, . . . (6.3)

are the Taylor coefficients of the solution curve. It is well-known that the derivative

ẋ(t) is analytic as well and

ẋ(t) =
∞
∑

k=0

(k + 1)xk+1t
k, −R < t < R. (6.4)

Let

f(x(t)) =
∞
∑

k=0

fkt
k, −R < t < R (6.5)

be the power series expansion of f along the curve x(t). Then comparing the

coefficients in the equation ẋ(t) = f(x(t)) gives the following recurrence relation
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for the Taylor coefficients {xk}:

xk+1 =
1

k + 1
fk, k = 0, 1, . . . . (6.6)

Taylor Series of degree 1

Consider an interval In = [tn, tn+1] with a uniform stepsize tn+1 − tn = h. Then a

Taylor series of first degree expanded about tn for (6.1) is given by the equation

x(tn+1) = x(tn) + hf(tn, xn) +
h2

2
f ′(ξn, x(ξn), tn < ξn < tn+1 (6.7)

from which one obtains the explicit(forward) Euler’s method

xn+1 = xn + hf(tn, xn) (6.8)

The error may also be expressed by the expansion

en+1 := x(tn+1)− xn+1 =
h2

2
f ′

n +
h3

3
f ′′

n +
h4

4
f ′′′

n + · · · (6.9)

where f ′
n := f ′(tn, xn), and similarly for f ′′

n and f ′′′
n .

If the series is expanded about tn+1, one obtains the backward Euler method

xn+1 = xn + hf(tn+1, xn+1), (6.10)

where xn+1 must be obtained implicitly. By expanding f(tn+1, xn+1) in a Taylor

series about (tn, xn), one derives from (6.10) the discretization error

en+1 := x(tn+1)− xn+1 = −h
2

2
f ′

n −
h3

3

(

2f ′′
n + 3

∂fn

∂x
f ′

n

)

(6.11)

−h
4

4

(

3f ′′′
n + 8

∂fn

∂x
f ′′

n + 12
∂f ′

n

∂x
f ′

n

)

+O(h5)



195

Both the forward and backward Euler methods provide a linear approximation to

x on In := [tn, tn+1]. This approximation can be written as

x̃n = xn+µ + (t− tn+µ)f(tn+µ, xn+µ), tn ≤ t ≤ tn+1, (6.12)

where µ ∈ {0, 1}, respectively. If we define tn+µ := t+ µh, where 0 ≤ µ ≤ 1, then

equation (6.12) becomes a generalized approximation to x on In. In this case the

approximation will pass through the intermediate point xn+µ which is unknown.

By observing that x̃n must equal xn when t = tn, one can see that xn+µ must be

determined from

xn+µ = xn + µhf(tn+µ, xn+µ). (6.13)

Note that this is just the backward Euler method for the partial step from tn to

tn+µ. Once xn+µ is determined from (6.13), one sets t = tn+1, x̃n = xn+1 in (6.12)

to obtain

xn+1 = xn+µ + (1− µ)hf(tn+µ, xn+µ). (6.14)

One observes that this is just the forward Euler method for the partial step from

tn+µ to tn+1. Thus, two steps are required to advance the solution to tn+1, i.e.,

a backward Euler intermediate step followed by a forward Euler final step. To
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determine an optimal expansion point tn+µ, one obtains the truncation error for

(6.13). Since (6.13) is the backward Euler method with stepsize µh, one uses (6.11)

to obtain an expansion for xn+µ, which may then be substituted into (6.14). One

gets from (6.11),

xn+µ = xn + µhfn + (µh)2f ′
n +

(µh)2

2

(

f ′′
n +

∂fn

∂x
f ′

n

)

+O(h4). (6.15)

Upon expanding f(tn+µ, xn+µ) about (tn, xn), and evaluating powers of (xn+µ−xn)

by way of (6.15), one obtains from (6.14)

xn+1 = xn + hfn + µh2f ′
n + µ2h

3

2

(

f ′′
n +

∂fn

∂x
f ′

n

)

+O(h4). (6.16)

The error expansion for (6.13-6.14) is then given by

en+1 := x(tn+1)− xn+1 = (1− 2µ)
h2

2
f ′

n +
h3

6

[

(1− 3µ2)f ′′
n − 3µ2∂fn

∂x
f ′

n

]

(6.17)

Several other marching schemes can be obtained from the generalized approxima-

tion (6.12).

Taylor Series of degree 2

Taylor series of second degree expanded about the point tn+µ approximates x on

the interval In by

xn = xn+µ + (t− tn+µ)f(tn+µ, xn+µ) +
(t− tn+µ)

2

2
f ′(tn+µ, xn+µ). (6.18)

As in the previous section, the expansion coefficient µ defines a family of marching

schemes. Choosing µ = 0 and setting t = tn+1, zn = xn+1, one obtains the explicit
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Taylor series method of order 2

xn+1 = xn + hf(tn, xn) +
h2

2
f ′(tn, xn) (6.19)

with local error

en+1 =
h3

6
f ′′

n +
h4

24
f ′′′

n + · · · . (6.20)

Similarly, choosing µ = 1 and setting t = tn, zn = xn, one obtains the implicit

method

xn+1 = xn + hf(tn+1, xn+1)−
h2

2
f ′(tn+1, xn+1) (6.21)

with local error

en+1 =
h3

6
f ′′

n +
h4

24
(3f ′′′

n + 4
∂fn

∂x
f ′′

n) + · · · . (6.22)

When 0 < µ < 1, (6.18) leads to a two-half step, implicit/explicit marching scheme.

The implicit half step is given by

xn+µ = xn + µhf(tn+µ, xn+µ)− (µh)2

2
f ′(tn+µ, xn+µ), (6.23)

and the explicit half step is given by

xn+1 = xn+µ + (1− µ)hf(tn+µ, xn+µ) +
[(1− µ)h]2

2
f ′(tn+µ, xn+µ). (6.24)

The error is given by

en+1 = (1− 3µ+ 3µ2)
h3

6
f ′′

n +
h4

24

[

(1− 6µ2 + 8µ3)f ′′′
n + 4µ3∂fn

∂x
f ′′

n

]

(6.25)
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6.2.2 Taylor Series Integration of Geodesics

As we have seen that the geodesic equation is given by

d2xi

ds2
+ 2Gi

(

x,
dx

ds

)

= 0, (6.26)

where the Gi are the geodesic coefficients which are positively homogeneous of

degree 2 in dx
ds

. Now let us consider a geodesic C through a fixed point O with

coordinates ai
0, its tangent atO being denoted by Consider the initial value problem

xi
s = yi (6.27)

yi
s = −Γi

jky
jyk (6.28)

xi(0) = xi
0 (6.29)

yi(0) = yi
0 (6.30)

The Taylor’s series series expansion of a curve C at a point p given by xi = xi(0)

with initial direction x′i = x′i(0) is given by

xi(s) = ai
0 + ai

1s+ ai
2(0)

s2

2!
+ ai

3

s3

3!
+ . . . (6.31)

where ai
0 = xi(0) and ai

1 = x′i(0). One can compute the coefficients {ai
j}, j = 2, . . .

by taking higher order derivatives of the geodesic equation (6.26) and obtaining

them as a function of (ai
0, a

i
1). The coefficients ai

j upto j = 4 are then given as
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follows:

ai
0 = xi(0) (6.32)

ai
1 = xi

s(0) (6.33)

ai
2 = −2Gi(a0, a1) (6.34)

ai
3 = −2 al

1

∂Gi

∂xl
(a0, a1) + 2Gl(a0, a1)

∂Gi

∂ẋl
(a0, a1) (6.35)

ai
4 = −2

∂Gi

∂xl
al

1a
m
1 + 4

∂2Gi

∂ẋm∂xl
al

1G
m − 8

∂2Gi

∂ẋm∂ẋl
GlGm

+2
∂Gi

∂ẋl

∂Gi

∂xl
al

1 − 4
∂Gi

∂ẋl

∂Gi

∂ẋm
Gm + 4

∂Gi

∂xl
Gl

= Ri
kG

m − 2
∂Gi

∂xl
al

1a
m
1 (6.36)

When we substitute the above derivatives in Taylor series (6.31), we get

xi(h) = ai
0 + ai

1h− 2Gih
2

2!
+

(

− 2 al
1

∂Gi

∂xl
+ 2Gl ∂G

i

∂ẋl

)

h3

3!

+4

(

Ri
kG

m − 2
∂Gi

∂xl
al

1a
m
1

)

h4

4!
+O(h4) (6.37)
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In the optimal control setting, given an initial value for the adjoint variable λ and

the position x0, we derive the control u by solving the maximality condition in

the Pontryagin’s Maximum Principle. We then use this control to calculate the

initial direction ẋ = f(x, u) and the reparametrization of time with respect to arc-

length s by computing t′(s) = 1/L(x, u). We then recompute our initial values of

velocity, controls, and adjoint variables as a function of arc-length. This procedure

is outlined in the following algorithm.
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Algorithm 1 GeodesicIVP

Require: x(0) and λ(0)

1: λ(0)← λ0

2: t′(n)← 1/L(x(n), u(n))

3: dx
ds

(0)← f(x(0), u(0))

4: Compute u(0)← arg minuH(x(0), u, λ(0))

5: a0(0)← (x(0), 0, 0)

6: a1(0)← (ẋ(0), u(0), λ(0))

7: while n ≤ N do

8: while i ≤ 2n+m+ 1 do

9: ai
0(n+ 1) = ai

0(n) + ai
1(n)h− 2Gi h2

2!
+

(

− 2 al
1(n) ∂Gi

∂xl (n) + 2Gl ∂Gi

∂ẋl (n)

)

h3

3!

10: ai
1(n+ 1) = ai

1(n)− 4Gi h
2!

+ 3

(

− 2 al
1(n) ∂Gi

∂xl (n) + 2Gl ∂Gi

∂ẋl (n)

)

h2

3!

11: ei(n+ 1) = 4

(

Ri
k(n)Gm(n)− 2∂Gi

∂xl (n)al
1(n)am

1 (n)

)

h4

4!

12: i← i+ 1

13: end while

14: n← n+ 1

15: end while
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Notice that in the Taylor series expansion we need to calculate the derivatives of

inverses of the metric gij which appears in the geodesic equation

gij x
j
ss = Gi (6.38)

Let us write the above geodesic equation in the following matrix notation

g xss = G.

We now derive the derivatives of the state x with respect to arc-length s as

α = g−1G (6.39)

α
′

= −g−1g
′

g−1G+ g−1G′ (6.40)

= −X1G + g−1G′

α
′′

= −[g−1g
′′

g−1 − 2(g−1g
′

)g−1(g
′

g−1)]G− 2g−1g
′

g−1G′ + g−1G′′ (6.41)

= −[X2 − 2X1gX1]G− 2X1G
′ + g−1G′′

α′′′ = −[g−1g
′′′

g−1 − 3[(g−1g
′′

)g−1(g
′

g−1) + (g−1g
′′

)g−1(g
′′

g−1)] + 6g−1g
′

g−1g
′

g−1g
′

g−1]G

+3[2g−1g
′

g−1g
′

g−1 − g−1g
′′

g−1]G′ − 3g−1g
′

g−1G′′ + g−1G′′′ (6.42)

= −[X3 − 3[X2gX1 +X1gX2] + 6X1gX1gX1]G+ 3[2X1gX1 −X2]G
′ − 3X1G

′′ + g−1G′′′
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where

X1 = g−1g
′

g−1

X2 = g−1g
′′

g−1 (6.43)

X3 = g−1g
′′′

g−1

In the above computations, a lot of matrix multiplications are involved. In order

to avoid these computations we first compute the derivatives without inversion and

then derive the following recurrence relations

gα = G (6.44)

gα
′

= −g
′

α +G
′

(6.45)

gα
′′

= −g
′′

α− 2g
′

α
′

+G
′′

(6.46)

gα
′′′

= −g
′′′

α− 3g
′′

α
′ − 3g

′

α
′′

+G
′′′

(6.47)

gα
′′′′

= −g
′′′′

α− 4g
′′′

α
′ − 6g

′′

α
′′ − 4g

′

α
′′′

+G
′′′′

(6.48)

(6.49)

This set of computations involves a the same number of derivatives and compar-

atively less number of matrix multiplications. The higher order derivatives of the
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metric g are given as follows

g = [F 2]x′ix′j

g′ =
∂gij

∂xk
ak

1 +
∂gij

∂vk
ak

2

g g′ = g
∂gij

∂xk
ak

1 +
∂gij

∂vk
Gk

g g′′ =
∂2gij

∂xk∂xl
ak

1a
l
1 + 2

∂2gij

∂vk∂xl
ak

2a
l
1 +

∂2gij

∂vk∂vl
Gka

l
2

+
∂gij

∂vk

∂Gk

∂xl
al

1 +
∂gij

∂vk

∂Gk

∂vl
al

2

One could now recompute the coefficients ai
j without the inversion of the metric:

gil a
l
2 = −2Gi(a0, a1) (6.50)

gil a
l
3 = −gil

∂gjk

∂xm
am

1 a
l
2 −

∂gjk

∂ẋm
Gm

−2 al
1

∂Gi

∂xl
(a0, a1) + 2Gl(a0, a1)

∂Gi

∂ẋl
(a0, a1) (6.51)
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6.3 Boundary-Value Problem

In the boundary-value problems one seeks a solution y(x) of a system of n-ODEs,

y′ = f(x, y),

where

y =

[

y1 . . . yn

]T

, and f(x, y) =

[

f1(x, y) . . . fn(x, y)

]T

satisfying a boundary condition of the form

Ay(a) +By(b) = c,

where a 6= b are given numbers, A, B square matrices of order n, and c a vector in

Rn.

6.3.1 Simple Shooting Method

In this section we show how to implement the simple shooting method for the

following boundary-value problem

x′′ = G(x, x′), x(a) = α, y(b) = β, (6.52)

with separated boundary conditions. The initial-value problem

x′′ = G(x, x′), x(a) = α, x′(a) = q (6.53)

in general has a uniquely determined solution x(s) ≡ x(s; q) which of course de-

pends on the choice of the initial value for q for x′(a).
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To solve the boundary value problem (6.52), we must determine q = q̃ so as to

satisfy the second boundary condition, y(b) = y(b; p̃) = β. In other words, one has

to find a zero p̃ of the function F (q) := x(b; q)− β.

Since x(b; q), and hence F (q), are in general continuously differentiable functions

of q, for determining a zero q̃ of F (q), one can use the Newton’s method. Starting

with an initial approximation q(0), one then has to iteratively compute values q(i)

according to the prescription

q(i+1) = q(i) − (∇F (q(i)))−1 · F (q(i)) (6.54)

In each iteration step, therefore, one has to compute F (q(i)), the Jacobian matrix

∇F (q(i)) =

[

∂Fj

∂q(k)

]

q=q(i)

,

and the solution di := q(i) − q(i+1) of the linear system of equations

∇F (q(i)) · di = F (q(i)).

For the computation of F (q(i)) = r(q(i), x(b; q(i))) one must determine x(b; q(i)),

i.e., solve the initial value problem (6.53) for q = q(i).

In view of the the mere local convergence of the (approximate) Newton’s method,

it will in general diverge unless the starting vector q(0) is already sufficiently close

to a solution q̃ of F (q) = 0. Hence, this method is not very useful in practice,
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and for this reason, one replaces the Newton’s method by the modified Newton

method, which usually converges even for starting vectors that are not particularly

good, of course if at all the BVP is solvable.

Algorithm 2 GeodesicBVP

Require: x0, Z
1

1: i⇐ 1

2: while |Z i+1 − Z i| ≤ ε do

3: Integrate the IVPs to obtain x and z

4: GeodesicIVP(a0, a1) x
′′(s) +G(x, x′) = 0 subject to a0 = x(0), a1 = Z i.

5: GeodesicIVP(0, 1) z′′(s)+ ∂G
∂x
z+ ∂G

∂x′
z′ = 0 subject to z(0) = 0 and z′(0) = 1.

6: Compute Φ(Z i) = x(1, Z i)

7: Solve the linear system J(Z i)Si = Φ(Z i) where J(Z i) = ∂x(1,Zi)
∂s

=

z(x(0), x′(0), 1)

8: Determine Z i+1 = Z i + Si

9: end while

6.3.2 Multiple Shooting

In a multiple shooting method, the values

q̃k = x(sk), k = 1, 2, . . . , m,

of the exact solution y(x) of a boundary problem

x′′ = G(x, x′), r(x(a), x(b)) = 0,
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at several points

a = s1 < s2 < · · · < sm = b

are computed simultaneously by iteration.

Let x(s; sk, qk) be the solution of the initial value problem

x′′ = G(x, x′), x(sk) = qk.

The problem now consists of determining the vectors qk, k = 1, 2, . . . , m, in such

a way that the function

x(s) := x(s; sk, qk) for x ∈ [sk, sk+1), k = 1, 2, . . . , m− 1,

x(b) := qm,

pieced together by the x(s; sk, qk), is continuous, and thus a solution of the dif-

ferential equation x′′ = G(x, x′), and in addition satisfies the boundary conditions

r(x(a), x(b)) = 0.

This yields the following nm conditions:

x(sk+1; sk, qk) = qk+1, k = 1, 2, . . . , m− 1,

r(q1, qm) = 0.
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These system of equations could be written in the vector form as

F (p) :=





















F1(q1, q2)

...

Fm−1(qm−1, qm)

Fm(q1, qm)





















:=





















x(s2; s1, q1)− q2
...

x(sm; sm−1, qm−1)− qm

r(q1, qm)





















= 0

in the unknowns

p =















q1

...

qm















.

The above optimization problem can be solved iteratively using Newton’s method,

qi+1 = qi −DF (qi)−1F (qi), i = 0, 1, . . . .

In each step of the method one must compute F (q) and DF (q) for q = qi. The

Jacobian matrix DF (q) has the form

DF (q) =





























G1 −I 0 0

0 G2 −I
. . . 0

0 Gm−1 −I

A 0 0 B





























,
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where the n×n matrices A,B,Gk, k = 1, . . . , m−1, in turn are Jacobian matrices,

Gk := Dqk
Fk(q) ≡ Dqk

x(sk+1; sk, qk),

B := DqmFm(q) ≡ Dqmr(q1, qm),

A := Dq1Fm(s) ≡ Dq1r(q1, qm).

(6.55)

One thus finds

△q2 = G1△q1 + F1,

...

△pm = Gm−1Gm−2 · · ·G1△q1 +

m−1
∑

j=1

( m−1
∏

l=j+1

Gl

)

Fj ,

and from this finally, by means of the last equation,

(A+BGm−1Gm−2 · · ·G1)△p1 = w,

where

w = −(Fm +BFm−1 +BGm−1Fm−2 + · · ·+BGm−1Gm−2 · · ·G1F1).

This is a system of linear equations for the unknown vector △q1, which can be

solved by means of Gaussian elimination. Once △q1 is determined, one obtains

△q2, △q3, . . . ,△qm successively from.

The memory required by this algorithm is essentially m · n2. The computational

cost is dominated by the accumulation matrix E as an (M − 1)-fold product of
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(m,n)-matrices. Together with decomposition of E this results in a cost ofO(m·n3)

operations.

In the case of m = 3 which is what we shall be interested as we would also like to

compute the midpoint of the obtained geodesic, we have

(A+BG2G1)△q1 = −r −B(F2 −G2F1)

△q2 = G1△q1 + F1

△q3 = G2△q2 + F2

We shall now use the Taylor integrators for IVPs and the shooting method for

BVPs to develop a method to compute optimal controls.

6.4 Computing Optimal Controls

So far we have developed the tools for solving initial value and boundary value

problems. We now use these tools to compute optimal controls. In general com-

puting global optimal controls is a nontrivial task. Their existence itself is hard

to answer. We therefore settle for small time geodesics and piece them together if

global ones are at all possible. The idea is to choose(guess) a control function u(s)

which takes us to the goal starting from an initial point x. So the job is: given an
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initial guess of the control function u(0)(s) from the set of admissible control func-

tions U[0,T ], we need to find a sequence of control functions u(j)(s) which converge

to the optimal control function u∗(s), such that

|V i+1 − V i| ≤ ε, (6.56)

where

V i :=

∫ T

0

L(x(t), u(i)(t))dt. (6.57)

Our algorithm begins with a subdivision of the total cost V 0 of the initial path

into N intervals with nodes

0 < s1 < s2 < · · · sN−1 < sN = V 0.

Let the state and velocity take values

(x
(i)
j , x

′(i)
j )

at j-th node and i-th iteration.

The algorithm first finds a geodesic between the state nodes x
(0)
1 and x

(0)
3 which

could be done by the simple shooting method. The next step involves transporting

the midpoint x
(0)
2 of the initial trajectory to the new geodesic and rename it x

(1)
2 .

This process is continued by obtaining the geodesic between nodes x
(1)
2 and x

(0)
4

and choosing the midpoint as x
(1)
3 . In this way we get a new trajectory x(i)(s) after

each iteration. This technique is illustrated in the following figures.
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Figure 6.1: Incremental Geodesic Algorithm: a
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Figure 6.2: Incremental Geodesic Algorithm: b

It should be noted that trajectories starting from iteration 2 are local geodesics.

Due to this fact we are in a situation where we can estimate the geodesic spread

for small time as the geodesics of each iteration generate a Jacobi field. Recalling

from the previous chapter that the spread given by gċ(J(t), J(t)) can be estimated

for small times. So curvature operators give us a good estimate of what initial

directions one should choose based on small time geodesic spread. This method is

outlined in the following algorithm.
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Algorithm 3 OptControls

Require: u

1: j ← 0

2: n← 1

3: while |V n+1 − V n| ≤ ε and |un+1 − un| ≤ ǫ do

4: while j ≤ N − 1 do

5: x(s)← GeodesicBV P (x
(n+1)
j , x

(n)
j+2)

6: x
(n+1)
j+1 ←MidPoint(x(s))

7: j ← j + 1

8: end while

9: n← n+ 1

10: end while
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Figure 6.3: Incremental Geodesic Algorithm: c
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Chapter 7

Future Research Plans

Symmetries and Conservation Laws of Optimal Control Geodesics

The Norwegian mathematician Sophus Lie pioneered the study of continuous Lie

transformation groups that leave systems of differential equations invariant. As

a result of Lie’s work, diverse and ad hoc integration methods for solving special

classes of differential equations came under a common conceptual umbrella. The

classical Lie symmetry group of a system of differential equations is a local group

of point transformations, meaning diffeomorphisms on the space of independent

and dependent variables, which map solutions of the system into other solutions.

Conservation laws are an extension of lie symmetries in the sense that we not

only consider point transformations but also transformations involving higher or-

der derivatives. These generalized transformations are known as Lie-Backlund

transformations. Emmy Noether was the first mathematician to study conserva-
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tion laws, however, she only dealt with transformations upto first order derivatives.

The symmetries and conservation laws involving higher order transformations are

known as generalized symmetries and conservation laws. We also investigate con-

servation laws derived from Killing equations which are derived from invariance

of the Lie derivative of covariant 2 metric tensor with respect to the infinitesimal

transformations. Here the Lie derivative involves tensors which are also a function

of vectors, i.e., gij(x; x
′).

Having derived the Finsler geodesics of optimal control problems, we intend to in-

vestigate the Lie symmetries of these geodesic equations. Usually these symmetries

are used to find closed form similarity solutions or reduce the differential equations

to lower-order ones or be completely integrated via group theoretic techniques. We

however, are not of the opinion that these geodesics can be completely solved in

closed form but would like to investigate how these symmetries and conservation

laws could be useful in the numerical computation of optimal feedback controls.

Infinite Dimensional Linear Programming

Optimal control problems can be reformulated as infinite dimensional linear pro-

gramming problems. J.E. Rubio [63] has studied such transformations. Let F ∈

C(Ω),Ω = I × X × U , C(Ω) is the class of real-valued continuous functions and

consider the mapping

Λp : F ∈ C(Ω)→
∫

I

F (t, x(t), u(t))dt ∈ R (7.1)

where p = (x(), u()) be an admissible pair.
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Problem 7.0.1. Among the positive linear functionals on C(Ω) of the type Λp we

seek the one for which the number Λp(L) is a minimum, i.e.,

min I(p) = min Λp(L) (7.2)

Λp(φ
f) = ∆φ, φ ∈ C ′(B) (7.3)

Λp(ψj) = 0, j = 1, 2, . . . , n, ψ ∈ D(J0) (7.4)

Λp(g) = ag, g ∈ C1(Ω). (7.5)

Similar transformations have been studied by Dantzig [30], Hernandez-Lerma and

Lasserre [35], Pullan [59] in various applications. There are no efficient numerical

techniques for such infinite dimensional LP problems. We wish to couple numerical

analysis and symbolic Finsler geometry to try to obtain more efficient algorithms

for feedback controls.

Multi-Agent Coordination via Connections

The algebra of connections can be viewed as an algebra of feedback controls. Vari-

ous agents compute feedback controls in their local neighborhoods. When stitched

together in an appropriate fashion, they yield possible feedback controls for dis-

tributed systems. We would like to study how to integrate the information from

individual local sensors of system state, and what levels of communication are

required among the agents to improve performance measures.
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