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CHAPTER I. INTRODUCTION

s ctt—

§1. Historical Remarks

Algebraic Number Theory may be thought of as that branch of number
theory where the mystery of prime numbers takes the form of questions about
prime ideals. Many of the major theorems of this subject deal with the
splitting properties of prime ideals in a higher field. Hilbert, for ex-
ample, considered the problem of constructing an extension L of an alge-
braic number field K such that all the prime ideals in the unit class of
the class group of K split completely in L . Later Weber considered
more general types of ideal classes of K and conjectured that for each
such ideal class there exists a unique abelian extension L of K such
that all the prime ideals of the given ideal class split completely in K ,
Takagi, in 1920, proved Weber's conjecture and showed that the Galois group
of such an extension is isomorphic to the corresponding ideal class group.
Artin later proved this isomorphism was induced by the Frobenius auto-
morphism. Thus, by 1927, the major results of class field theory, as these

investigations were now called, were proved.

§2. This Dissertation

In this dissertation I do not attempt to add to the 'grand structure"
of class field theory. Rather I try to construct many of the objects of
class field theory fcr special base fields, viz. the field of rationals
and real quadratic fields. I do this for two reasons: a) to gain a
better understanding of these objects and thus the theory as a whole,
and b) to derive some results which though specialized are of interest

in themselves.
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The major emphasis in this paper is the construction of class groups
(i.e., ideal groups) for the above-mentioned base fields. I use a known
formula for calculating the order of ray class groups. This formula has
only one factor that is difficult to determine for the case of real
quadratic fields. The difficult factor involves the order of the funda-
mental unit modulo the modulus of the ray class group. We obtain values
for this factor for various types of primes. Then knowing the order of
the ray class group we find its structure for prime powers by reducing
the problem as much as possible to the rational case where we can use
primitive roots as generators. Then knowing the structure for prime powers
we find a recurring pattern of subgroups among the sequence of ray class
groups with successively higher powers of a prime power modulus. This
allows us to calculate the number of ideal groups with prime power con-
ductor in real quadratic fields.

Along the way to these results I give some examples of class fields
and in so doing illustrate some of the major theorems of class field
theory. I also derive necessary and sufficient conditions for solvability
of some specific rational congruences using generators of class field
extensions.

I assume the reader has a knowledge of Algebraic Number Theory,

especially some knowledge of real quadratic fields.



CHAPTER II. BASIC DEFINITIONS, FACTS, AND THEOREMS OF CLASS FIELD THEQORY

§1. Moduli, Ideal Groups, and Conductors

Note: For all of the definitions and many of the statements of
theorems in this chapter I follow Janusz [12].

We consider an algebraic number field K and its ring of algebraic
integers R . The ideal group IK of K 1is the group of fractional R-
ideals of K . It is the free abelian group with the finite primes as
generators. The multiplicative group of nonzero elements in K 1is de-
noted by K* . There is a natural map 1 which sends K* into IK by
mapping an element o in K onto the principal ideal (@) = oR = 1(@).
The kernel of 1 1is the group UK of units in R . The structure of
UK is given by Dirichlet's unit theorem. The cokernel of 1 1is by def-
inition the class group of K , denoted by CK . We know that CK is a

finite group. We summarize these facts with an exact sequence.
1-U, - K c, =1
K IK K *

n(p)

befinition: A modulus for K is a formal product m=1 p taken

P

over all primes p of K in which n(p) 1is a nonnegative integer and

n(p) > 0 for only a finite number of p . Furthermore n(p) =0 or 1
when p 1is a real infinite prime and n(p) = 0 when p 1is a complex
infinite prime.

A modulus m may be considered a product momw with mo the
product of the finite primes appearing with positive exponent in m and
m_ the product of the real primes in m . Then m, is identified with
an integral ideal; that is an ideal in R .

One can extend the notion of congruence between two elements of R

*
modulo an ideal to a notion of congruence between elements of K modulo
~3-



a modulus.
Let p denote a real prime of K, Then P corresponds to a real
*
conjugate x — xi field of K., For elements o, in K we write

o=Bmodp 1if (oz/B)i >0, If p is a finite prime and o,B are in

*
K then o = a/c, B =b/d where a,b,c,d are in R . Then we write

o = B mod pn if a/Pp = ad/bc 1is in the valuation ring R_ of p (i.e.,

p

Vp(d/B) 2 0) and this elements is congruent to 1 mod pn ; L.e.,

ad-bc/bc 1is in pn .

*
Some care must be taken with congruences defined for elements of K

because they can be multiplied but not added. By this we mean al = Bl

and @, = 62 mod pn implies a, = BIB2 mod pn but it need not follow

that al + @, = B1 + Bz mod pn . For example, with K=Q and p a

prime we take a = 1/p , B = p+tl/p . Then B/a = p+l

1 mod p and so
=B mod p. However, we do not have «a-a = B-a mod p because
B =1 #0mod p .

*

Definition: For o,B in K we write ¢ =P modm if « = B mod pn(p)
for all primes p with n(p) > 0.

Definition: Km = {a/bla,b in R, aR, bR relatively prime to mO} .

1 mod m} .

1}

Kn,1 = o in K, @

Notice that Rh depends only upon the finite primes dividing my and
not upon their exponents.

The group Kh,l is sometimes called the '"ray mod m" .

For a set S of primes, let IS denote the part of the ideal group
IK generated by primes outside S . Let Im denote IS where S 1is

the set of primes dividing m Thus Im does not depend upon the ex-

0 .
ponents of the primes dividing m , Clearly the image under i of K.m
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or K , lands in I™ . The quotient Im/i(Kh ) 1s called the ray
H s

class group mod m and the cosets of i(K.m 1) in this quotient are the
]

ray classes mod m .,

Fact 1: Let Myseee,My be pairwise relatively prime moduli and let m
denote the product m = myoees mn . The natural map from K.m into the

Cartesian product HK.m induces an isomorphism l<.m/K.m

= IK_ /K
i m

)1 S m,l

Fact 2: Fact 1 is equivalent to the fact that given the relatively prime

moduli Myseee,My and Bi in Khi we can find an o in Kh to solve

the congruences « = Bi mod m, .

Fact 3: For any modulus m, the group Km/Km 1 is finite.

3

Fact 4: If m = My, and n =r + 2s then K.m/l(.m,1 has order

2rN(m0) I @1- Q/me))) .
P lmy

Fact 5: Each coset of K.m’1 in K.m contains an element relatively
prime to any given ideal.

Fact 6: For any finite set of primes S, there is a natural isomorphism:
¢, = /a®n 1y .

Fact 7: Let m be any modulus. Then the ray class group Im/i(Km,l) is
a finite group.

Fact 8: hK divides hm for any modulus m ,

Definition: A subgroup H of IK is called a congruence subgroup if

m
there is a modulus m such that 1(Km 1) SHSI . We say H 1s defined
mod m . Suppose n 1s a modulus and n|m « Then Im is a subgroup of
1" . There may (or may not) be a congruence subgroup H' defined mod n

such that H = Im n e . When this does hold we say H 1is the restriction
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of H' to I". The first lemma shows H' 1is uniquely determined by H

and n .

Lemma 1: Let n|m and Hm,Hn be congruence subgroups defined mod m and

n . Suppose # = N H' . Then

(@ /a1 ) H = Hmi(Kn D -

Definition: We say Hl is equivalent to HZ (written Hl'v HZ) if

Emd H N 1"‘=H2n .

It is easy to see this is an equivalence relation.

Lemma 2: Let H1 be defined mod m1 R H.2 be defined mod m, and suppose

2
m
they have a common restriction H3 = HiiW I 3 , 1 =1,2 , Let m be the
greatest common divisor of m and m, . Then there is a congruence sub-
m
group H defined mod m such that HN I i H, , 1i=1,2,

i
Definition: An equivalence class of congruence subgroups is called an
ideal group, If H denotes an ideal group and m a modulus for which
some congruence subgroup mod m belongs to H , we shall denote that

(unique) subgroup by " .

Definition: Lemma 2 shows us whenever Hm and K belong to the ideal
group H , then also Hm' is in H for m' = greatest common divisor
of m and n . This implies there is a unique modulus | such that HT
in H and K" in H implies Tlm . Clearly { 1is the g.c.d. of all

m for which Hm is in H . This modulus is called the conductor of H,
Fact 9: (From Holzer): If HTl n = Ha and lﬁb nrr- Hb and
H S B then i, 15 -

Let K be any number field and H,J two ideal groups for K.
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We say H< J 1if for some modulus m , we have e,

Proposition: e for one modulus m implies the same inclusion for

any modulus divisible by the conductor of H and the conductor of J.

Proof: First note (1) that if P € H and y|x then T HX €H (i.e.,
B ~'Hy) viz. g =u¥ NI*. Let f.f' be the conductors of H, J respec~
tively. The claim is that if for some n, Tln and T'ln then Hn < Jn .

Let s = l.c.m, (Y,¥'). Then s|m (the 1.c.m. divides all common multiples).
Then by

Q) HHS,J’S(viz.HS=HYﬂIS;JS=JTﬂIS) SE~H, F~ .

So by Lemma 1(b) i

" i(K ) ; r=r i(K. ,) . Since we are given
8,1 s,1

H'c ™ we have H° < J° . Now if T|n and T"n then sln so by

(1) = H.n,Jn SH ~H and T~ J° , viz, =8n1" ; = 2n 1",

Since H < J° we have H' & J //

§2. The Artin Reciprocity Theorem and the Classification Theorem

Let L/K be a finite-dimensional Galois extension with Galois group
G . Let p denote a prime ideal of K and let its decomposition in L

be p= (B ...mg)e. Set B =8, and G@®) = {0 € G|o®) =B} . We

1
call G(B) the decomposition group of B . Let q be the order of the

residue field R/p .

Fact 10: There is a unique automorphism ¢ € G(B) which satisfies

o(x) = x1mod 8, x € R' . This automorphism is called the Frobenius
automorphism of B .

Fact 11: If L/K 1is abelian, then the Frobenius automorphism is the same

for all the Ei dividing p and thus really depends only on p . Thus

we denote it by [L/K/ p] .
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Definition: Let S denote a finite set of primes of K including all
the primes which ramify in L . For each element U in ° we shall

define an element mL/KGH) in G . First factor YU as U =1 pa(p)

P
and then set QL/KGH) =] [Légja(P) . The product is well defined because
p

G 1is abelian. The function wL/K is a homomorphism from ° into G
and is called the Artin map for the extension L/K .

Definition: We say the reciprocity law holds for the triple (L,K,m) 1if

=
G(L/K) 1is abelian and 1(Km’1) ker ¢L/K .

The Artin Reciprocity Theorem: Let L/K be an extension with abelian

Galois group G . Let m be a modulus for K divisible by all primes
which ramify in L and assume the exponents of the prime divisors of m
are sufficiently large. Then the Artin map ¢L/K maps I: onto G and
the kernel is N /K(r{‘)i(xm’l) .

Fact 12: A fundamental property of the Artin map is that ¢L/K(p) =1®p
splits completely in L , Thus the ideal group NL/K(Ig)i(Km,l) contains
all primes that split completely in L .,

Again suppose L/K 1is an abelian extension. Let m be a modulus
such that the reciprocity law holds for (L,K,m) . Then the kernel of
wL/K acting on ™ is a congruence subgroup which we shall denote by
Hm(L/K) . If m' 1is another modulus such that the reciprocity law holds
for (L,K,m') then Hm'(L/K) and Hm(L/K) have a common restriction in

[ ] ) L
™ . This is immediate because ker(¢L/KlIm) n ™ - ker(@L/K|f“n )

ker(q:L/Kll’“') n ™ .

Definition: The above implies there is a unique ideal group -- denoted

by HQL/K) -- containing dn(L/K) . This ideal group is called the class
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group to L and L 1is called the class field to H(L/K) . The conductor

of H(L/K) is denoted by f{(L/K) .

The Classification Theorem: Let K be any algebraic number field. The
correspondence L — H(L/K) 1is a one-to-one inclusion reversing correspon-
dence between the collection of finite dimensional abelian extensions
L/K and the collection of ideals groups of K.

This is the main theorem in class field theory. It gives the clas-
sification of all abelian extensions of K 1in terms of objects defined

by the internal structure of K ,



CHAPTER III. CLASS GROUPS OF Q AND THEIR CORRESPONDING CLASS FIELDS

§1. Congruence Subgroups Defined mod 12® and mod 20«

Now we will look at some examples of the concepts introduced in
Chapter II. Throughout the remainder of this paper we will use slightly
different notation from that in Chapter II. 9; = s y; = i(Kh,l) .

Note: 1In this chapter we consider extensions K/Q (K =L of Chapter II).
Q has 1 infinite real prime, denoted simply by <« .

a=bmod p>*a=bmod p, (abyp)=1 and a/b >0 .

Example 1: m = 12» , Step 1: Construct 9:2‘912w . (Note that the "="
is always dropped from 9; since 9;@ = ?;> . This will be a finite
abelian group, indeed since k =Q , 9;/9}",0 = @/ . ?leﬂizm =
{(1)(5)(7)(11)}1200 . The subscript on the right-hand expression is the
"preliminary" explanation modulus.

Step 2: In order to find the conductor of the ideal group to which

¢ ={GYMAan} giZQ belongs we must find the congruence subgroup
with the smallest explanation modulus which is equivalent to G . In this
case it is easy; G = {(1) ]1 since GN 9;200 ={Q) ]1 n 2:200 . Thus
Y=1 and since G is of index 1 in 9:2/212w the class field K
satisfies |K/Q| = 1 which implies K =Q . Similarly if

¢ ={)m} ?iZw , 6= {]} 9§m and G 1s not equivalent to any con-
gruence subgroup with lower explanation modulus, therefore §{ = 3= . Now
we use some major theorems, viz. o

Theorem A: The primes that divide the discriminant of an extension K/k
are the primes that ramify; and

Theorem B: A prime divides F ® it divides the discriminant [12],p. 189.
Thus the class field K has these properties; it is of degree 2 over Q,

it is imaginary since « ramifies, (cf.[12], p. 94) and 3 1is the only

-10-
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finite prime that ramifies (or equivalently, appears in d). Thus
K = Q(/-3).

Next let G = {(1)(11)} 9{2m . We can lower the explanation modulus
only from 12 to 12 , i.e., {(1)(1)} ?izm = {man] ?iz and § = 12,
K then has the properties, IK/QI = 2 , it is real, and 2 and 3 are the
only primes that ramify; which implies K = Q(/3). Next, let
¢={W®} gt

120 °
properties lK/Ql = 2 , it is imaginary and 2 1is the only finite prime

¢={} yiw . Thus § = 4 and K has the

that ramifies; thus K = Q(¢/-1 ). Lastly, let G = {l ;iZw . By Artin
Reciprocity and the fact that { (1)} 912@ contains precisely those primes

which split completely in Q(exp %gi), (1], p. 327, we conclude that

k1)
K = Q(exp -i—zl) .

* ~
Example 2: m= 200 g, /g% = (D3N ADANAD AN = (1))

20'720= 20 1
where = denotes equivalence of congruence subgroups. These two con-

* *
gruence subgroups are equivalent since there exists a ﬁm (viz. 920)
1 * * *
such that  {(1)(3) (N (9 AV AN AN AN W, 0, N Fp = (W], 7,0 7, -
Since {()} 91 is in the ideal group the conductor § =1 and the
class field is an extension of degree 1, viz. Q 1itself. Now we con-
*
sider all the subgroups of QZO/Q;OQ and ascertain their smallest
explanation modulus, i.e., their conductor.
1 - 1 1
(W @a3anl 7,,, = {1 7,, since (WO AHANT Fo, N
* 1 * 1
25 = {(@)} ?amﬂ 55 . It can shown that | = 4= (i.e., {(1)]} ‘?400 is not
equivalent to any congruence subgroup with lower explanation modulus).
Also by the Classification Theorem the class field K has degree
*

l?zo/{(l)(9)(13)(17)} ;;Oml =2 over Q . The fact that Y contains

the infinite prime of Q means K 1is imaginary, and the fact that 2
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is the only finite prime that divides { means that 2 1is the only finite
prime that ramifies. Thus QOJ:T). We now consider another subgroup of
9;0/92000 of index 2; viz. G ={M AN} = {MW], . Here
T=5. (Notice that the infinite prime is not necessary since whenever

(x) eG, (20 - x) ¢ G). Thus K 1is real; 5 1is the only prime that
ramifies, therefore K = QC/E) . The last subgroup of index 2 to be
considered is G = {(1)(3) () (9} ?;Om . Since G 1is not equivalent to

any congruence subgroups with smaller explanation modulus, | = 20« ,

Thus |K/Q| = 2 , K is imaginary and 2 and 5 are the only finite

primes that ramify. Thus K = QQ/:E). Now we consider subgroups of

index 4 . First G = {(1)(9} g;Om . Here 9;0m/c is the Klein 4-

group and | = 20 which implies K is imaginary; 2 and 5 are the

only finite primes which ramify and K/Q has Galois group isomorphic to

the Klein 4-group. Thus K = QO/g, VCE). For the final three subgroups
{wanl g, = {lwl g, , (a9} 7, ad (M) 7y, we again reter
to Artin Reciprocity and the fact that the sets of primes which split
completely in Q(exp Zgi) and Q(cos %E) are {(1)} Q;W and {(1)(m-1)]9;"°°
respectively, to conclude K = Q(exp ggi), Q(cos %g), Q(exp Zg%
respectively. Notice the lattice of class fields whose inclusion relations

are inverse to the inclusion relations of the corresponding class groups,
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Q(exp %)
Q(exp ?) /
Q(cosg-
20 Q(/5,/-5)
- ‘4::::::j::,ff”i::::::::;7’
WS Q(/~5)

Q

§2. Number of Ideal Groups of Q with Conductor ¥

Next we give some general recursive formulas for calculating AT .
the number of ideal groups in Q with conductor | . Then we present
a table which gives the first few congruence subgroups in all the ideal
groups in Q with § < 10« ., Hasse, in [ 9 ], has a more extensive table
with more emphasis on the inclusion relations among the subgroups and less

emphasis on the explicit description of each ideal group,
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RECURSIVE FORMULAS FOR CALCULATING AT , IHE NUMBER OF IDEAL GROUPS IN 0Q

WITH CONDUCTOR § .

If p 1is an odd prime we have

I
Ae “\w1/ 70D

K. N
t - Rei) T D) -8y

LS
\

where T(n) = number of positive divisors of n

51t=1 if t=1;61t=0 if t>1 .,
K

2 || @1 .

A = A = 0

2pt 2ptm

For {,Y® not of types given above we have

*
A. + ATco = (number of subgroups of (1%) ) - nZ An + Anco

T |T°°

n<f¥§
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TABLE OF IDEAL GROUPS OF Q WITH § S 10w

NUMBER OF
CONDUCTOR IDEAL GROUPS DESCRIPTION

1 1 o= {9],05005ens)

1l 0

2 0

2w 0

3 0 .

3e0 1 Hy, = {{<1>}3w,{(1)]6m,{<1)(4)(7)}gm,{(1>(7)}12w,
(WA MY, @adl 4.
{ (1) (4) (10 (13) (16) 19) },;
f@ananl,,.....}

4 0

4o 1 H, = ({1 ], 1@ ) I, L) () ) 5o

(@)@ U, WMD),
e ananl,,,,...]

5 1 Hy = (L@ 1, 1) @ I, T 9 ),
O} el @anasnl,,
()@ a1 vl .1 O an anl,,

(O an a9l
{(1) (4) (6) (9) (11) (14) (16) (19) (21) (24) 5, -«
5% 1 Hy, = ({1 I gl anl .,
{manl..lmeanae enl,.,...}
6 0
6= 0
7 1 i, = {©eL,imE),tamanl,,

{wanl loEanenl,,...)
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NUMBER OF
CONDUCTOR IDEAL GROUPS DESCRIPTION

70 2 H7m = {{(1) }7‘”,{(1) ]14“,:{(1) (8) }21“”.'.}

iy, = (L@@ L, IO and,,.,
(@@ Eanasl, ...}
8 1 B = LAY 3, T (D g,
(@D a5}, W@ O],
fwmanenl,,,...}
8 2 He = HD gl @ ). lmyand,,.....
H, = ({1 ) ], [V AD )
fmanananl,,....}

9 1 Hy = {{ @ 1, () ®) g, [ AN i,
9 1 Ho,, = (L) }geal (W gene 0}
10 0

10 0



CHAPTER IV, CLASS GROUPS OF Q{AZEZ AND THEIR CORRESPONDING CLASS FIELDS

§l. Signature; Discussion of Ray Class Groups for m = (2 t

Facts about 5): Class number = 1, Fundamental Unit = ¢ = (14/5)/2

Ne= -1, 6 = [l,e]Z . Powers are ¢ are Fibonaccian, i.e.,

eK = F + F_e where F is the Kth Fibonacci number. Since most of

K-1 K K
the calculation involved in computing the order and structure of ray class
groups involves powers of the fundamental unit, any simple rule for com-
puting these powers is very helpful. Of course, recursive formulas exist
for computing powers of ¢ for any real quadratic field; the Fibonacci

formulas being the simplest.

Method for Finding the Order of Ray Class Groups: We use a formula

*, 1 n,
from Cohn [4 ], p. 2.6, viz. lgm/yél = %g;:ié?l where &(m) =
m

Nm)+ II (1 - (1/N(p)) . Here m is an arbitrary modulus possibly con-
tainiggminfinite primes, and ¢ (generalized Euler ¢) and N (the norm)
are functions from the group of ideals of QQ/E) to Z . Since we are
dealing exclusively with real quadratic fields there are two real (infinite)
primes; Ty is 0,1, or 2 depending on whether the modulus m contains
no infinite primes, 1 infinite prime, or both. We shall abbreviate

©E @2 Once a modulus is given we can readily calculate the two
expressions in the numerator., However, to calculate the denominator we
must look at successively higher powers of ¢ until we find the lowest
power 2 3 ez = 1 mod m . The only upper bound for Z 1is the cardinality

* 1 . =
of the numerator. (& is the group of units; @pw the group of units = 1 mod p®).

t
Method for Constructing Ray Class Groups: Let us suppose that m = (r)

where (p) 1is an inert prime ideal. Then first we must find a set of

representatives of ©/(p) . There will be ¢(p) cosets. Then following

-17-
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Ribenboim [15], P. 120 we can easily find a system of representatives
of @/(P)t . For example if m = (2)2 , #(2) =3 and 6/(2) = {1,e,1+¢/.
6/(4) has #(4) = 12 elements; 6/(4) = {1,3,¢,1+¢,2+¢,3+6,1+2¢€, 3+2¢, 3¢,
1+3€,2+3€,3+3€} . The most difficult part comes now; we try to find the
number of distinct rays generated by elements of 6/(4) . For example
since =3 = 1 mod 4, (-3)?2 = (1)22 . Obviously since ¢€,1+6,1+2€,2+3¢
are units (6)7, = Wy, = (1+e);2 - (1+2¢)y:; = (2+39)7, . Since
2+€ = «(2+3€)mod 4 , (2+€)¢Z = (1)9: . Also since 3¢ = -¢€ mod 4, 3te =
65 mod 4 , (3e)gi = (3+e)gz = (1)92 . Similarly for the remaining elements.
Thus 92/941, = {1}

Signature: If the modulus m contains one or both of the real infinite
primes the situation bacomes more complicated. For example,
(-3)gzm # (1)2‘1’0° because =3 # 1 mod 4~ and there does not exist a
unit + e 3 (-3 ez) = 1 mod 4° . More generally, (x)me = (y)?ico @

823 x-(+ €Z) Zymod 42 . If x,y are in 6 then x = y mod 4= @

it

x =ymod 4 and x and y have the same signature, i.e., the same sign
pattern for the two conjugates of QQJE) . Thus if x = (a+b/5)/2 > 0 and
x' =(a~b/5)/2> 0 we say x 1is totally positive, written either x >> 0
or x is + . If x>0 and x'<0, x is+-. If x<0 and
x'>0, x is -+ . Finally, if x<0 and x'<0 x is - - .

Note that if N(x) = xx' > 0 then x 1is either + or - - and if

N(x) < 0 then x 1is either + = or -+ ,

Subgroups of the Ray Class Group: Let us now examine a ray class group

*
for m= (2)300 = (8) . One can easily calculate lgslgéml = 8 and
*
ﬂs/ﬂém = {@a+e)} x {EDY x {(1)(+8¢)} . This group has structure
22 C>22 C)Z2 . The last two cycles are present only because of the in-

*
finite primes contained in m , i.e., 98/2; = {(1)(+4€)} . Let us
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consider some congruence subgroups of ?; and the class fields corres-
ponding to their class groups. Let G = {(1)(-7)(1+8e)(1-8€)}91°° .

G 1is of index 2 in ?;m thus the class group to which G belongs (the
equivalence class of congruence subgroups) corresponds to a class field
K of degree 2 over the base field QCJE) . In order to determine K
we should first determine the conductor of the class group to which G
belongs. The conductor § is a divisor of 8= = 8°°1°°2 . If we look
closely at the ideals contained in G we see G 1is the group of ideals
generated by elements 1+(8) which have all possible signatures. Since
all possible signatures are represented no infinite primes will appear in
f . And because this group of ideals could not possibly be defined

mod (1),(2), or (4), T = 8 . Since (2) 1is the only prime which divides
f it 1s only prime which divides d = disc K/Q(/5) and thus the only
prime which ramifies in that extension. Since Y contains no infinite
primes K must be real. Thus K = QQ/E,/E) . Let us now consider

H = {(1)(9+4€)19;w . H 1is of index 4 in Q;w , thus the class group
which contains H corresponds to a field of degree 4 over QG/5) . Since
H contains all ideals generated by <+ elements from the coset 1+(8)
and by ++ elements from the coset 1+4¢+(8) , we see immediately that

f must contain the two infinite primes and since H can be defined

mod (4) but not mod (2) , ¥ = 4m1®2 . Thus K must be imaginary for

both conjugates. of M5 and (2) must be the only prime that ramifies in

* ~
K/QCJ;) . Also since 98/H = 22 ® Z, the Galois group of K/Qc/g) =

2
22 C>22 . Thus K= Q6/§¢/EM/-€) . For a complete table of all sub-

*
groups of st and their conductors and corresponding class field, see

below. We have constructed class fields here only to illustrate the
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connection between the major structures of class field theory. For the
remainder of the paper we will concentrate on describing the class groups

for real quadratic fields.

The Pattern of Subgroups of Q*K : When dealing with moduli m
cY

which are powers of a given prime2 (p) we can find the number of class
groups with Y = (p)K by starting with K =1 and working up. That is,
first we look at congruence subgroups defined mod p® , then mod pzw ,
then mod p3°° , etc., Some of those defined mod pr may be explained by
a smaller modulus and by starting with K =1 we can determine exactly
how many congruence subgroups can be explained by lower moduli. We dis-
covered something quite surprising (to us) for (m) = (2)t°° . After
t 21 we found that

* ~
conjecturing that g t+2/91t+2 =z, ® Z, @z
2 ©

2 2
this sequence of groups has the following nice property:

2 ]

Theorem: 2 ¢ ® 22 €>22 for t 22 has 7 subgroups of index 2;
2
t t+l
11 subgroups of index &4,...,2 ; 7 subgroups of index 2 , and 1

subgroup of index 2t+2 .

Proof: Consider a subgroup G of index 2 . Then G 1is of the form

Z -1 @ 22 ® 22 or 2 ¢ @z We use a counting argument found in

2 2
Carmichael [ 2], p. 108. The number of groups of the first form is

t-2 t-1
. . . ! L4 !.
iZE:E”ﬂl_Q;& = 1 ; of the second form there are 4 2t-1 6 . 6
(27 "+4)-6-4 (2:27 .2

t =1 there are %;g = 7 subgroups of form 22 @ Z2 . We now consider

subgroups G of index 4 . G can have either the form
z, .®2,02 ,2,. 02 z There 1o Zti):6:4 _
t-2 2P % 0 L1 P h 0 OF L0 TNE

2 2 2 (2573.4) .6-4
4.252.6

2.2572.2

2 .

. If

subgroup of the first type; = 6 of the second type and
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4.2%"1

Tl 4 of the third type. If t =1 there are no groups of the
2

first type, and 7 of type 22 . If t =2 there are 7 groups

Z2 @Z2 and 4 of type Z4 . More generally for index 4,...,2t-1
there is one subgroup of type Zzn®z2 @ 22 s 6 of type er+1 @ 22
and 4 of type 2 +2 ? 1l =r s t-2, There are always 7 subgroups

2
of order 2 . //

*
From this theorem, it follows, assuming our conjecture, that J

22,
t * t+2
has 4 congruence subgroups of index 2~ with § = 2 , 6 of index
* *
2% uieh 77 =22, and 1 of index 2%Y% with 1 = 2%%? | where
* *
¥ = finite part of | . More precisely J e+2 has 1 congruence
2 -
subgroup of type 22 @)22 for [ = 2t+2 , 2t+2m1,2t+2m2,2t+2w1m2, 4 of type
t+2 t+2 t+2
22 with ¥ =2 ®1% » 1 of type 22 for 1=2 ®1 2 ®g s and

1 of type {1} with ¥ = 2t+2°°1°°2 . The first statement becomes clear

by simply looking at the diagram below:

Number of Subgroups of Index I

I = 32 16 8 4 2

*
1e7c11e11c7¢g,
*

1«7 €117¢ 916

*
1 €7 €77,

The last statement follows from the fact that if the signature subgroup

is denoted by {()()} x {(1)(c)} with b = -(2%-1) and ¢ = 1+2%
then if (c) belongs to a congruence subgroup that subgroup will not have
an @, in its conductor; if (bc) belongs to a congruence subgroup

there will be no wl .
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*
Congruence Subgroups of QS/Q;Q and Their Class Fields

9’;/9;,,, = {()a+e)} x fWED} x {()+8e)} «—>qQG5) , T=1

7 subgroups of index 2 :
A+ NDA-40)}  <—> QW52 , T = 8o
{)(1+4e) (1+8e)(9+4€)] <—> QGB/~e) , T =4
{ (1) (1+4e) 1-8e)(-7-4¢)} <—> QG5,W/2e) , T =8~
{(1)(-7)(1+8¢) (1-8¢)} <—> Q(5,/2) ,

{ (1) (9+4€) (-7) (-7-4¢)} <“—> QG5,/~1) ,

¥
{(1)(1-4¢€) (1+8¢) (-7-4¢)} <——> QG/5,,/~2€) , f = 8o

\

\

{ (1)(1-8¢) (1-4¢€) (9+4€)} <

> Q&s./e)

7 subgroups of index 4 :

{ 1) +4e)} < > QG5./~2,4/-¢), T = g o,
{(1)(-7)} < > Q(Jgtﬁr’\/;—l) , ¥ = 8‘”1“2
f)(1+8¢)] <> QG5,/2,/-e) , | = 8

{ (1) (1~4¢)} < > QWBNFZNE) L T = 8o,

{ () (9+40)} <> QLB , T = e,
{ma-se) <> QG524 , T =8>,
{(1)(-7-4)} < > QWBAFINZE), T = 8o,

1 subgroup of index 8 :
{(1)} > Q(‘\/.s-,ﬁt‘\/es’\/__é)) T = 8°°1°°2
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*

1
Subgroups of ?1 6/?1 -

Ty e/ Frew = [ (1) (1446) (1486) (141260} X { (V) (-15)} x {(1)(1+160)] .

Let a = (1+4¢), aat2 = (1+8¢€), a3 = (1+412¢), b = (~15), c = (1+16¢) .
2 3
Then this group can be represented as Z4® Z2® zZ, = {1,a,2%,a",
2 2 2
b, ba, ba ,ba3,c,ca,ca ,cas,bc,bca,bca ,bca3} .

7 subgroups of index 2 :
3 2

2 3
{1,2,2a%,2",b,ba,ba”,ba"} Z,® 2, T =8oo,
{l,a,az,as,c,ca,caz,cas} Z4® z, §f= )
{1,az,caz,baz,c,b,bc,bcaz} Z2 @ Z2 @ z2 f=28
{1,a,az,as,bc,bca,bcaz,bcas} Z4 @ Z2 f= 8°°2
{1,ba,a2,ba3,c,cba,caz,cba3} Z4 ® Z2 f= 8°°1
2 3 2 3
{1,ca,a”,ca”,b,cba,ba”,cba”} z4® z, § = 4,
2
{1,ca,a ,cas,bc,ba,bcaz,bas} z4@ z, f= 4m2
11 subgroups of index 4 :
{lparazyas Z4 = 8°°1°°2
f1,b,c,bcl z,® 1z, =16
{l’bazlcazybc} Z @ Z T = 8w
2 2 2
{1,ba,32,ba3} Z, § = g @,
2
{1,ca,a ,ca3} Z, § = =,
{l,b,az,azb} z, ® 1z, i= 160,
2 2
{1,c,a%,a%]} ZZC'D Z2 ¥ = 8°°1~
{1,bca,a2,bca3} Z, i=geo
{1,a2b,c,a2bc} z, ® 2z, =16
1,a2c,b,azbc} 72 @7 f = 80
2 2 12
2
{1,bc,a ,azbc} z, ® z, T =16,
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7 subgroups of index 8 :

2
{lra } f= 16‘”1”2
{lyb} T = 16&1&)2
2
{1,0a“} f= 162 @,
{1,c} V=162
2
{1,ca”} f= 8w1®2
{1,bc} T =16,
2
{1,bca”} P =160,
1 subgroup of index 16 :

§2. Ray Class Fields Over Q(/5) For Primes p and Solvability of

Congruences
Example A: p = (11) = pp' in QG/5); p = (3+2¢), p' = (5-2¢),
|?;A?;I =1 and I}:Aﬁ;m | =2 . (See Chapter V for relationship
between xl,p and xl,p)l. Since the extension K corresponding to
the latter class group is quadratic we can try to find a simple generator
for it, say .JE where (E) = p = (3+2¢) and E = o? mod 4 . The latter
condition is necessary since otherwise a factor of (4) would enter the
discriminant; [cf. Hilbert [10], p. 374]. Because of the ® » § must
be negative but §' must be positive. Thus we look for a unit such
that (3+2€)-unit = 02 mod 4 , %he squares of the residue classes mod 4
have as representatives 1, 62, and 64 . Thus we need only solve

(3+2€) = unit mod 4 . Unit = -(14+2¢€) = -63 is a unique solution mod 4.

Thus E = -(3+2€)/¢ = =3/€ = 2 = 1 - 36 =(-1-3/5)/2 . We see that
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E<0 and &' >0, Thus K = Q&ngJ 1; /5 ) . We can now obtain an

interesting result regarding the solvability of congruences if we recall
that by Artin Reciprocity the prime ideals p which split in a class field
extension are those which are = 1 mod ¥ . Since the ring of integers

6 for QQ/E) is a principal ideal domain we can represent Jp as

(M) . Let us assume that we have a rational prime p such that

(p/5) = 1 so that there exist a,b in Z > p = ((a+b/5)/2) ((a-b/5)/2) .
We would like to find conditions on a and b such that

((a+by/5)/2) = 1 mod (3+2€)°°1 . Since 65 = 1 mod (3+2€)°°1 we have 5

possibilities.
(1) a+g!5 V1= (a-b)/2+'be = 1 mod (3+23)w1 o Equivalently a-g-z + be

is an element of (3+2€) . But the elements of the ideal (3+2€¢) have
the form (c+de) (3+2€) = (3c+2d) + (2¢+5d)€¢ where ¢ and d are in 2.

Thus we must solve the linear system 12:%:21 = 3c+2d; b = 2c¢t5d .

c = ((5/2)(a-b=2)-2b)/11 and ¢ in Z = (5/2)(a-b=2) - 2b = 0 mod 11 «

a=4b = 2mod 11 . d in 2Z implies the same condition.

(2) ‘—">Q8+2 2) e =1 mod (3#2e)° = (8-b)/2 + be = -¢' = -l+c . c,d in

Z= a=4b = 6 mod 11 .

(3) 2 e€=1;¢c,d in Z = a=4b = 7 mod 11 .
(4) a+2 2 .3 = ; cod in Z = a-4b = 10 mod 11 .,
(5) a+2 5 '€4 =1 ; c,d in Z = a-4b = 8 mod 11 .

Since 4p = az-sz all that is required for the wl condition to hold

is that a be positive ; b may be positive or negative. Thus we have

that p = ‘Eigzg;) £ 1 mod (2+3€)”1 ©a+ 4b = 2,6,7,8,10 mod 11. But

from another point of view, in order for a prime (of degree 1) in
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Q(/5) to split in K we must have (§/p) =1 , i.e., -1-2 2 = x2 mod p
for some x in Z ., This is equivalent to (2x2+1)2 = 45 mod p being
solvable. Thus we have:

Theorem 1: Let p be a prime > (p/S5) =1 (i.e., P = 1,9 mod 10)

p#1li. Let a and b be positive integers 3 4p = az-5b2 . Then

(2x2+1)2 = 45 mod p 1is solvable ©® a + 4b = 2,6,7,8,10 mod 11 (i.e.,
if and only if one of these ten conditions is satisfied).
Examples:
(1) p=19, 4p=76, a =9, b=1, atdb = 2 mod 11 .
(2x2+1)2 =45 = 7 mod 19 1is solvable; solution x = 9 ,

Note: Solvability is determined using the Legendre symbol.

(2) 4p =124, a =12, b = 2, at4b = 9 mod 11, a-4b

i

4 mod 11.

(2x2+1)2 = 45 mod 31 1is unsolvable.
Example B: For (19) = (5-€)(4+€) = pp' , L?:/?;l =1 and l?;/?;m | = 2;
1

thus the procedure for finding & 1is the same as above. It is easily seen
that & = -1-2/5 satisfies the three requirements, (§) = (5-¢) ,

§=0’mod 4, and £E>0, §' <0 . Thus K=QQ/§,A/-1-Z\/§). Since

¢ =1 mod (5-€)= we have 18 possible conditions for a and b .

Theorem 2: Let p be a prime > (p/5) =1 (i.e., P = 1,9 mod 10),
p#19 . Let a and b be positive integers such that 4p = a2-5b2 .
Then (x2+1)2 = 20 mod p is solvable < a + 9b = 2,3,8,10,12,13,14,15,18
mod 19 (i.e., if and only if any of these 18 conditions is satisfied).
Examples:

(1) p=11,a=7,b =1, at9b = 16 mod 19, a-9 = 17 mod 19 .

(x2+1)2 20 mod 11 is unsolvable.

il
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(2) p=29,

]

=11, b=1, at9b ® 1 mod 19, a~9% = 2 mod 19,

_(x2+1)2

il

20 mod 29 1is solvable,

* *
Example C: p = (29) = (5+€) (6-6), l?p/,?;l =2, |94p/yipl =4 . Thus
we can construct a "tower'of quadratic extensions. Since 5+¢€ = az mod 4,

we can choose & = 5+€ ., There is no sign restriction on § since there

is no ® in the first conductor. Kp = Q6/§y¢5+6) and we are led to a

heorem as before.

Theorem 3: Let p be a prime such that (p/5) =1 (i.e., p = 1,9 mod 10),
p#29. Let a and b be positive integers such that 4p = a% - sp2 .
Then (2x2-11)2 = 5mod p is solvable ® + a + 18b = 2,3,11,14,17,19,21

mod 29 (i.e., if and only if one of these 28 conditions is satisfied).

Examples:

[}
]

(1) p=11,a=17, b=1, -a+tl8b = 11 mod 29, congruence solvable.

(2) p=59, a=16, b = 2, atl8 = 23, a-18b = 9, -at+l8b = 20,
-a-~18b = 6, congruence unsolvable.

Let us now consider the class field corresponding Qip . Since

gzp e g; we have Kb c th . Assume the generator for this quadratic

extension is of the form { = VAHu/5+r€¢ . Then if Knp/QQJg) is to be

relatively abelian KAp must contain all conjugates of { . Thus

N' = NA-p/5+€¢ is in K4p or equivalently ((' = Jaz-ugjg:z is in Kap'
Now (CC') = Q/;:E) since §C' € Kp . Thus J%? -u2(5+€) = J/5+€ «(unit).
We see that wunit = € , A = 5+€, u = 2 1is a solution. Thus

K4p = QG/gyfg:E, 5+€ + 2/5+€). It can be shown [ # A2 mod 4 by using

the fact that the ring of integers in QW/5+e) = [1,—632[55—5‘]R where

R =6 . Thus there is a factor of (4) 1in the discriminant of K4P/Kb .
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Using the multiplicativity of differents to compare discriminants of the
4th degree extension with the tower of 2 quadratic extensions we see
that the discriminant of K4p/QOJ§) also contains a factor of (4) .

We now make a conjecture similar to that made in the last section. We

*
2K and that J

* 1 1
197, | = / 1 lic f
l?ZKp yZKb 2R¥ QZKP s cyclic for

all K . This is a powerful assumption which implies there is exactly

conjecture that

one class group, viz, ﬂlxp with conductor 2Kp for all K =22 ., With
this conjecture we againzuse the fact that the primes which split com-
pletely in a class field extension are those which are = 1 mod | , in
this case § = 4p . Such primes (of degree 1) must split in K¥ ’
i.e., ((5+€)/p) = 1 and must split in the extension from Kp to Kap ,
i.e., €/p) =1 . Thus we have

Proposition: (Assuming conjecture) Let p be a prime such that

®/5) =1 (i.e., p=1,9 mod 10), p # 29. Let a and b be positive
2 2

integers such that 4p = a =~ 5b°~ . Then the cascading sequence
- 2 - 2 _ .2
x, = 5 mod p, 2x2 - 11 = X mod p, x, + 2x2 = X4 mod p 1is solvable ©

+ 3a + 4b = 4,5,6,9,13,22,28,33,34,35,38,42,51,57,62,63,64,67,71,80,
86,91,92,93,96,100,109,115 mod 116 and, letting

al

(sign in front of 3a)-a

bl

(sign in front of 4b)-b



a' - 11b!

a' - 11b'

Examples:
L p

fl

a'-11b' = 214 mod 232

]

1]

]

M

M

m

]

m

]

Il

U

m

1

i

]

]

U]

I}

]

I

214 mod 232
108,166,224
2
32,148,206
14,72,188
162

222
40,156,214
50

118

90

130

46
48,164,222
98

166

118 mod 232
206

14

46

106

214

166
60,118,176
206

14
46,104,220
222

symbol to test solvability).

-29-

if

if

+ 3a + 4b

+ 3a + 4b

]

t

il

i

i

1

]

W

1

)

"

"

1Y

M

n

]

W

1

m

i

1

W

m

4 mod 116

5

6

9

13
22
28
33
34
35
38
42
51
57
62
63

64 mod 116

67
71
80
86
9
92
93
96
100
109
115

11, a=7, b =1, -3a-4b = 91 mod 116.

and sequence is solvable.

Thus a' = -7, b'

(Using Legendre

1
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93 mod 116. Thus a' = -9, b' = -1

W

(2) p=19,a=9,b=1, -3atbb
a' -11b' = 2 mod 232 and sequence is not solvable.

If our conjecture is correct then there is an infinite tower of
class fields*, of QQJE) each a quadratic extension over its predecessor,
viz. Kp < K&p < K8p < K16p S ... . It should be possible to construct
generators for each extension although we leave the problem here because

of computational difficulties.

*
This class field tower should not be confused with those discussed by

Golod and Shafarevich where each field is a class field of its predecessor.



CHAPTER V. CLASS GROUPS MOD m OF REAL QUADRATIC FIELDS FOR m = (p)t

§1. General Definitions and Proofs; Normality, Skipping

Definition: An A-field is a real quadratic field in which N(¢&) = -1 ;

a B-field is a real quadratic field in which N(€) = +1 ,

Examples: Q(/2),Q(/5),QW10) are A-fields; Q4/3),Q(/6),04/7),QW11)
are B-fields.

Note: 1In the following results when we say mod p we really mean

mod (p) where (p) 1is an ideal in QGd) and p is an odd prime of Z.

Definition: X p is the smallest power x of the fundamental unit €
Hd

€ =1 mod pk

such that
Lemma 1: Let r € Z and €x-=-rmodp. If N(€) = -1 then r =+ 1 mod p
if x is even and r2 = -1mod p if x 1is odd., If N(€) =1 then

r =4+ 1 mod p regardless of the parity of x .

Proof: Case Ia. N(€) = -1, x even. &

it

r mod p @ (taking norms)

(e')x = rmod p= (e-e')x

m

r2 mod p=r1r =+ 1 mod p .

Case Ib, N(e) = -1, x odd, We have as in Ia. (e-e')x = r2 mod p ;

1i

-1 = r2 mod p (this case can occur only if p = 1 mod 4).

X

r mod p = (e-e')x = r2 mod p=1= r2 mod p =

m

Case II: N(e) =1 . ¢
r=+1modp. !/

Thus if N(€) = -1 powers of € can be congruent to at most 4
rational integers mod p ; if N(e)= +1 at most two.

Now we prove a converse of Lemma 1, which requires that we dis-
tinguish between inert and splitting primes p in Q(/d) . For an
inert prime p , the residue class degree f = lo/ey/z/(p) | = 2=
6/(p) 1is a field with p2 elements, Like any finite field its multi-

plicative group is cyclic and hence has exactly one element of order 2,
-31~
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namely -1 . For a splitting prime p , i.e., (P) = pp' , 6/(p) = 6/p X
6/p' (cf. Goldstein [7 ], p. 29) and since f = lo/p 1 Zz/7p)| =1,

6/(p) = Zp @ Zp and 6/(p) thus has three elements of order 2.

Lemma 2: If N(€) = -1 then x1 p is even. Furthermore if p 1is
’
, %xl >
inert then % Xy P is even and ¢ =-lmod p. If p=1 mod 4,
b
¥ x
dr€2Z 35 ¢ l’pErmodp.
1 X1 X1
Proof: € *P = 1 mod p= (e') 'P = 1 mod p = (N(€)) 'P =1 mod p =
%xl
Xy p is even = € *P = 1 mod p (since -1 1is the only element of
>
%) 5%, p
order 2) = (e') *P = 1) mod p = (N(€)) ** =1 mod p = 35x1 p is
]
x

even =28 r €2Z 3 ¢ 1’p’érmodp if p =1 mod 4, since G6/(p) 1is

cyclic, //

Definition: Let (-j_-) denote an element of G = 1 mod p with signature

+ - , It is clear there always exists such an element.

Lemma 3: "The Equivalence Lemma" . Case Ia of Lemma 1 @ (r) € (1) Q;m .

Case b = (r) € (1) 7o, . Case II ® (r) € I -

]

Proof: € = r mod p*®1 r(e-x) mod p. If x 1is even or N(€) = +1 ,

e* is totally positive (abbreviated: + +) so 1 = r(e-x) mod p*® &
(r) € (1) ?rl,w . If N(¢) = -1 and x 1is odd then € * is + - so

re€ ™ mod p® , i.e.,

"

if we multiply by (+) we get 1(%)

@ €W T

Inert Primes 2"« N(p) T (1-(1/N(p)) 2 2
* a1y plp = & =4
If p is inert lyp/,?p‘,l = 1 1

*
(6 :@pm] (6 :®p°°]
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_ 4(p2-1)

*

= (where 6 is the group of units; Gl the group of

* 1 pm
) :Spaj

units = 1 mod px® . )

*
Proposition 1: For inert primes p 1in A-fields, lgp/y:ml = E(p-1)
where E is in 21 , E odd. For inert primes p in B-fields,

* +
lyp/y;ml = 2E(p-1) where E is in Z .,

Proof: From Chapter II we know that the decomposition group of the
fdeal (p) in QG/d) (which equals the Galois group G = {1,0} of
QO/E) over Q for inert primes) is isomorphic to the Galois group of
6/(p) over Z/(p) . The latter Galois group is generated by x — xP :
thus the isomorphism implies there is a unique automorphism T in the
decomposition group which satisfies 7T(x) = xP mod (p) ; x €6 , T being
the Frobenius automorphism of (p) . Clearly 7 =0 for inert primes.

Let us denote o(x) by x' as usual. Let T be a primitive root which
generates the cyclic multiplicative group (of order p2-1) of the

residue class field 6/(p) . Let € = ﬂx mod (p) . Then ¢€'= (ﬂ')x mod p
and N(€) = (n.n')x mod (p) . The Frobenius automorphism states

1" = 1P mod (p) ; thus N(€) = (np+1)x mod (p) . If N(€) = -1, then
(T]p+1)x = -1 mod (p) implies x = ((p-1)/2)-K, K in Z , K odd.

If N(e) = +1 , (np+1)x = 1 mod (p) 1implies x = (p-1)-K, K in 2.

If N(e)

-1 , then X1 p = 2(p+1)/K . If N(e) = +1 , X p " (p+1) /K.

2
- * ol *gl | 2 471 _
Thus 1f N(¢) = -1, [ : 6] = 4(p+1)/K and lyp/ypwl % D) 7K
*
K°(p-1) where K is in 2, K odd. If N(e) =+1 , [6 : G;w] =

2(p+1)/K and I}:/ﬂ;wl = 2+K(p-1) , K in 2Z . //
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Numerical evidence is that E =1 for many inert primes in both
A and B-fields.
Definition: An inert prime p 1is normal if E=1, If E>1 it is

called special,

Examples:

FIELD  NORMAL INERT PRIMES SPECIAL INERT PRIMES

Q(?2) 3,5,11,13,19,37 29,59,197, 5741, 33461

Q¢/3) 7,17 5,19,29,41,43,53

QW3) 2,3,7,13,17,23,37,43,53, 47,107,113,233,1597,28657
73

Q(/6) 7,17 11,13,83,89,109

QW?) 5,11,13 17,23,127

QW10)  7,11,17 19,103,131

Q(/11) 3,13,199

2K 2
* L ] -
We now wish to examine |J K/QIK | = 4*9 (i (1/p))
P P [@ : 6 K J
p [« <]

*
In order to calculate [6 : GIK ] we need the following proposition.

[-2]

Proposition 2: Let p be a prime that does not divide 2(€-€')2 . If

x
pXH(e 1’p-l) then x = pK-k

e X .
K,p 1,p

Proof: This follows from a result of Lucas called the law of repetition
of primes (stated in Dickson [5 ], p. 396). This law states that if

u = (e"-(6")™)/(e-€') and u, is the first term containing the prime

i

factor p to the power A then upi is the first term divisible
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A
by p)\+1 and not by p +2 . //

*
Using Proposition 2 and Lemma 2 we see that [0 :GIK ] =
pa)

- *
pK A - [6 :G;m] . Numerical evidence is that A =1 for most p . 1If

- *
for a given p, A =1, then x = pK bk and |g RfﬂlK l
p P®

K,p 1,p

a1 %
PK 1|§p[9;w| for all K in 2Z' .

Definition: If A =1 we say p does not skip or p 1is a non-skipping

prime.

For some primes we do notice a "skipping" phenomena; i.e., A > 1

which implies x = x for K= 2,... A . This implies
K,p *1:P N
. % -
|7 /yl | = p2(K l)ly /yl | for those values of K , and |7 A?l l
K7 K p/? peo K7 x

P P® P |
A~2+Ky %, 1

P Iyp/;pml for. K>\,

Examples:

In QWD |4y 4/9) 50l = 12 = b1 ; l?;z/?;z | = 12137 = (p-1)p?

m QW8 19/73.] = 206 = 26-1) ; l;:z/,?;z | = 20649 = 2(p-1)p7

- *
Proposition 3: If N(e) = -1, E(P-l)PK 1 divides |? K/glk l .
p co
- *
If N(e) =1, 2E(p-1)pK 1 divides l? K/QIK l .
p pe®

Proof: Follows easily from Propositions 1 and 2 . //

Note: We have considered the 'ray mod p®" rather than the 'ray mod p"

because of its somewhat more interesting ray class group and the con-
*
nection of l?p/?;ml with the class number of quadratic forms of dis-

criminant dp2 to be discussed later. However, for the sake of
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*
completeness we include the connection with l?p/?;l .

* *
A-fields: l?pﬁyém| =2 Iﬂp/?;| (since there always exists a z d € =

-1 mod p)
4 if ¥ 25 ¢ =-1modp
* 1 *, .1 j
B-fields: l;p/,?pml = lﬁp/?pl "L oif T2 = 1mdp .

Splitting primes p (p = pp')

2 2 2
* 1 40 1- 1 4 -1
gL | - g o) 4oLy

p/7pe 1 * 1
(9p] [6 .@p]
lorgt| - RQ=(le)) _ -l
PR e :(9;] (© :(9; ]

Definition: Let »p

*, 1
lyp/ypl >1 .

*
pp' . p 1is normal if lyp/ygl =1 ; p 1is special if

Examples:

FIELD NORMAL SPLITTING PRIMES SPECIAL SPLITTING PRIMES
QW2) 7,17,23 41,137,199

Q(/3) 11,13,23 71,97,181,193

QG/5) 11,19,31,41, 61 29,89

Q4/6) 5,19 97

QWD) 3

Q(/10) 3 13,37

Q(/11) 5,7 19

In the definition above we considered the 'ray mod p" rather than

the "ray mod p" since p 1is a prime ideal in QOJE) and (p) 1is not.
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However, in the next two sections we will work exclusively with

* ok
l?p/?pm‘ « Thus in this section we must establish the relationship

* 1 * 1
between |?p/§pl and l?p/?pwl . Also included is the relationship to

*
‘ﬂp/J;m l . First however we need some facts about units.
1

Proposition 4: If x 1is even or N(€) = +1 then (éx = 1mod p &

€ =1modp') and (€= -1mod pe € =-1modp'). If x is odd

and N(€) = -1 then (Gx = 1mod p ® € = -1 mod Y.
p p

Proof: € = 1mod p (6')° =1 mod p' & ('.€)* = ¥ mod p' & & =

(N(e))* mod p' . /!

Remark: If € = 1 mod p and if x 1is even or N(€) = +1 , then x

cannot be smaller than Xy P (x1 p is the lowest power of € congruent
’ b

to 1 mod p) since € =1 mod p and € = 1 mod p' = e = 1 mod P .

Similarly if € = -1 mod P , x cannot be smaller than the lowest power

of € congruent to -1 mod p .

Proposition 5: If y = 2w 1is the lowest even power of € such that

¢ = -1 mod P then ¢ = -1 mod p and y 1is the lowest such power,

Proof: Suppose ¢ = -1 mod p with z<y and 2z 1is the lowest such

power with these properties. Then 2z must be odd by Proposition 4.

M

(Since if 2z 1is even then € = -1 mod p' and e? -lmod p) . ¥y 1is

a multiple of z , i,e., y = 2+z+k . Thus ¢ = -1 mod p= (ez)2k =

2k

(-1)"" mod p = & = 1 mod p . Contradiction. /]

* *
Relationship between ‘QP/Q;I and l}p/};w‘ in A-fields

* *
Proposition 6: If Ne= -1, [6 :@;] = %[5 :S;m] .
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Proof: Notice that if ez

i

+ 1 mod p then 2z must be even since

? = + 1 mod p= (N(€))® =1 mod p . So there are two cases

i) The first power of € congruent to a rational mod p 1is congruent
to 1 mod p and the power is even; and e%xl’p =1 mod p and no lower
pgwer has this property. (Here %xl,p must be odd, otherwise

€ xl’p = 1 mod p by Proposition 4, but this contradicts definition of

l,P) :

ii) An even power of € , say 2z 1s congruent to -1 mod p so
obviously e = -1 mod p = -€% = +1 mod p ; however no lower power has

this property by Proposition 5. //

VLI SR | .
Proposition 7: lgp/ypl = Iyp/;pwl / 2(p-1) .

Proof: lﬂ:ﬂ?;l = Riliﬁl{RII by Proposition 6, but
(6 :6 ]
* 1

|2*/?1 | = 4.p2 (1= (1/p))* - lgp/‘gp"ol = +__=

P p® [@*:Gl ] h(p-l)2 (6 :Glm]

pP® p
*x, 1 * 1

|77 &l = 20p-1) - ‘;p/g";‘ = lg"/zp‘”l . /1

L 4(p-1) 2(p-1)

* *
Relationship between l?p/9;‘ and Iﬂp/?;w | in A-fields
1

* .1 - la®sql . 42 for case i 1in Proposition 6
/o | = 125/%, {

poo1 for case ii in Proposition 6 .

* * .
Relationship between ijlgél and \gp/g;ml in B-fields

Proposition 8: If Ne = +1 , then
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% *
e :@;] = 6%0 ) 1f ¥ 23 = -1modp

1) (670 = 36™6l ] if T25 = -lmodp .

Proof: 1) Suppose ¥ x 3 + ¢ = 1 mod p and x < X, p * Then
]
Ne=+1=+ ¢ =1modp' thus + € = 1mod p. Contradiction.

11) Obviously -¢“=1mod p . If + € =1mod p for w<z then
+ € = 1 mod p' = + € =1 mod pPw=2, //
* 1
* - \7 19> _|
Proposition 9: Case i) lgp/g;| = p(i (i/p)) = PP~
(6 :@pw] 4(p-1)
7 19
* o
Case ii) Igply‘l)l i
2(p-1)
Proof: Follows immediately from Proposition 8. //

Relationship between lg:/Q;\ and lgS/Q;m | in B-fields
1

2 for case i) in Proposition 8

* 1 NP N
lyplypwll = gl - 4y

for case ii) in Proposition 8 .

§2. Structure of the Class Group; Number of Class Groups of Given Conductor

For the time being we restrict ourselves to normal inert primes, i.e.,
*
inert p such that ‘?p/?;w‘ =M. (p-1) where M =1 for A-fields
and M =2 for B-fields. We know from Chapter 4 that (1) Q;w =
(P‘l)?;w for such p . We alsc know that (r)?rl)°° = (1),?11’oo is impossible
for 1 <r<p-1. Thus if s 1is a primitive root mod p (p rational)
1 - 1

then (1)211)oo R (s)?pw,...(s(P 3)/2)?pw are distinct rays forming a cyclic
subgroup of the ray class group. This subgroup has order (p-1)/2 ; thus

we have a factor of 2 to account for in the case of A-fields and a
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factor of 4 in the case of B-fields. We know that (d) ramifies in

QG/A) ; (@)= (A/c_l)2 .

Proposition 10: 0/§)§;m # (t'),?:;aD for any rational r .

Proof: Suppose we have equality. Then JE = r- € mod p® = qJE =

r2-(N(€))z mod po , © condition = N(€) = =1 and

Il

r-(e')z mod p® = -d

z odd = d = r> mod p which contradicts fact that p is inert. !/
Since (p,d) = 1 q k such that d = sk mod p. If k 1is

even, say k = 2x we have d = (sx)2 mod p which contradicts the fact

that p 1is inert, Thus k 1is odd, say k = 2xtl . Thus

(d);;a° = 0/5)2 9;w = (s)2x+1 Q;w . This implies there is a ray of order

p-1 , viz. W/d/s™ ﬁtm . Thus we have accounted for the factor 2 for

A-fields and we conclude:

Proposition 11: In A~fields a ray class group mod a normal inert prime

has structure 2 .
p-1
We still have a factor of 2 to account for in the case of B-fields.
We claim that there is a subgroup of order 2 generated by (f)}im where
(t) denotes an element of QQ/E) which is = 1 mod p and has signature
+ - . We need to show that (t)?im is not already contained in the main
cyclic subgroup. Note that every element in the main cyclic subgroup can

be expressed in the form Q/E)L . (r)?ll;m where L is 0 or 1 and r

is a rational integer,

Proposition 12: 1In B-fields (f)?;m is not in the main cyclic subgroup.

Proof: Suppose (f)?;w = Q/E)L(r)yiw . Then 8 z3 (4) = VGL-I-GZ mod px =
(@ = (WDt () mod po = (O) = (=) er?. (N())? mod pe . If L =0,

 condition ® N(¢) = -1 , z odd. If L=1, ® condition = N(¢) = +1
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or z even and congruence reduces to -1 = d-r2 mod p . But we also
- 2 2z _ .=l \2
have 1 = d°r +«€ "mod p=d = (r "+€')" mod p which contradicts the
fact that p 1is inert. //
This accounts for the extra factor of 2 in B-fields. We conclude
with!

Proposition 13: 1In B-fields a ray class group mod a normal inert prime

has structure Z @ Z2 .

p-1
*
We now consider the structure of % t/glt where p 1is a normal
P P
inert prime that does not skip.
* ~
Proposition 14: Z /91 =2 for A-fields;
t t t-1
P ® (p-Dp
=2 -1 @ 22 for B-fields.
(p-Lp

Proof: We use the fact that (Z/(p)t)* is cyclic for p odd and

for all t . Let b be a primitive root mod pt (p rational). Then

we simply repeat the above arguments with b replacing s , the primitive
root mod p . In this way we creat pt_1 times as many distinct rays

since (r)}lt = (1)?1t implies r = + 1 mod pt « Thus by the equi-
pCD pm
valence lemma the newly created rays are distinct. !/

* 1
Let us now consider subgroups of t[? ¢ + Proposition 14 tells

P P°

us the ray class group has the form 2 -1 in A-fields. Since
(p-)p

this is a cyclic group there is exactly one subgroup of order x for
each x dividing (p-l)pt“1 . As is conventional let T(y) be

defined as the number of positive divisors of y . Then Z t-1
(p-Dp

has t+T(p-1l) subgroups. All of these subgroups are explained by a
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lower modulus except the congruence subgroups of orders 1,
UgsUg «o. uT(p-l) = p~1 where the u, are the positive divisors of

p-1 . Thus we have

Proposition 15: There are T(p-1) ~ 61t class groups with T* = (p)t,

t in Z+, for (p) a normal inert non-skipping prime in an A-field.

The corresponding class fields have degrees pt-l, pt-luz,...,pt-l(p-l)

*
over k . Here, § 1is defined as the finite part of the conductor §f . //

In B-fields, the ray class group has the form 2 e-1 C>22 . By
(p-1).p

applying Carmichael's method for counting subgroups of various orders,
we see that the number of subgroups of index l,uz,...,ui,...p,Z(p-l),

.o 2(p-1)pt-1 (where the u, are the positive divisors of 2(p-1))

i

is the same for 2 -1 C>Zz and Z ¢ @ 22 « Thus our
(p-Dp (p-L)p

counting problem is reduced to analyzing the subgroup pattern of
Zp-l C>Z2 . Let M be thc number of odd divisors of p-1 , Then the
number of subgroups of Zp_ltO 22 is 2MF3(T (2(p-1)) - 2M) =

31(2(p-1)) - 4M .

Proposition 16: If p 1is a normal inert non-skipping prime in a B-

field there are 37(2(p-1)) - 4M~ 61t class groups with T* = (p)t ,

t in 2¥. The corresponding class fields have degrees

pt-l, pt-luz,... pt-1-2(p-1) over k ; there being 3 such class fields

for each degree unless u, or 2(p-1)/ui is odd in which case there

i

is only 1 .

* 1 .
Let us now consider the structure of gp/ypm for normal splitting

primes p . For such p in an A-field X, P = p-1 , in B-fields
2

Xy p = %(p-1) for Case i) of previous section, Xy p = p~1 for Case ii)
?
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of previous section. We know that O/(p) = 6/p x 6/p' = Zp C>Zp . Also
if x = (a,b) , x' = (b,a) where x €6 . Thus (a,b) 1is a unit mod p
only if ab =+ 1 mod p . The rationals mod p are imbedded as (r,r) .
There are exactly 2(p-1l) elements of Zp(O Zp which satisfy ab =+ 1
mod p but the cyclic group generated by the fundamental unit of a par-

ticular field will comprise at most p-1l of these.

Lemma 4: If A-fields Xy
P
z

€©=-1lmodp and i1) if p=3mod 4 £ z 3 € = -1 mod p .

/2
= (a,b) . We know ab = 1 mod p

since xy p/2 =(p-1)/2 is even. Also we have az = b2 =1mod p. Thus
)

= p=1 implies i) if p =1l mod 4 ¥ z 3

X
Proof: If p=1mod &4 let € 1,p

(a,b) = (-1,-1) and since (-1,-1) is identified with -1 we have

x, /2

1,pp"=-1lmodp. If p=3mod 4, €? = -1 mod p 1implies 2z odd

il

€

which contradicts Lemma 1 of Section 1. //

Proposition 17: CJE)?;m = (r)?é°° for some rational r ® p = 3 mod 4

and N(e) = =1 ,

i

Proof: From the proof of Proposition 1 we see =-d rzo(N(G))z mod p® .

o condition implies N(€) = -1 and 2z odd. But vﬁ = r.e® mod p®

implies d = r2_62z mod p® which implies ezz =1 mod po ., But 2z odd

and €22

1 mod p» implies p = 3 mod 4 . //

Proposition 18: (f)?;m ¥ Q/E)L(r)yém in A-fields where p = 3 mod 4 and

in Case i B-fields. (Here L =0 or 1 and r is rational).

Proof: Suppose we have equality. From the proof of Proposition 12 we

see that if L =0, » condition implies N(€) = -1 , z odd and con-

m

gruence reduces to r

r2.e2z =1 mod p = 622 =l mod p=p=1mod 4 and e = + r-l mod p .

-lmod p. But (4) = r*e® mod p® implies

]



A
(Note this type of prime is = S mod 8). If L =1 o condition=
N(e) = +1 or 2z even and congruence reduces to -1 = d-r2 mod p but

2z

€2z mod p which implies €~ = -1 mod p . If

we also have 1 = d-rzo
N(e) = +1 , this condition defines a Case ii B-field. If N(e) = -1 ,
then since 2z 1is even we obtain p = 1 mod 8 . //

We now have generators for 1 of the 2 types of class groups
which occur for normal splitting primes in A-fields, and similarly for

B'fields.

*
Proposition 19: For normal splitting primes in A-fields, yp/g;w has

"

structure 2 ®z, if »p

p-1 2 3 mod 4 .,

Proof: Using the Equivalence Lemma and Propositions 14 and 15 we obtain

{fwe ... e-vIx {w»Hl.

*
Proposition 20: For normal splitting primes in B-fields, yp/};m has

structure zp-l @ Z2 ® Z2 if Az 3 & = -1 mod p (Case i B-field).

Proof: Using Propositions 15 and 16 we have @ ... (-1)} x

(WA} x (W@} vhere ¢

]

d mod p . /!

We now try to find the missing generator for the one type of A and
B-fields not covered by the above propositions. We would like to find an
ideal (o) which is not generated by QJE)(r), r rational, but whose
square is so generated. We consider the easier case of B-fields first,
Let s be a primitive root mod p , p rational, Then we claim

(sp-z,s) is a unit mod (p) if N€ = +1 and x = p-1 . Certainly

1,p
p~2

s 8 = 1 mod p and when Ne = +1 and Xy p = p-1 this characterizes
H]

the units since there are exactly p-1 elements (a,b) satisfying

ab = 1 mod p . Notice that (1,s) = (sp-z,s)(s,l) and we have
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(s,8) = (1,8)(s,1) = (s,l)z(sp-z,s) . Since s 1s identified with

the rational s we have for Case ii B-fields (s),?:;°° = ((s,l))2 Q;m .

Proposition 21: ((s,l))?:w# (~/§)L(r),911)‘,° in B-fields.

Proof: Suppose we have equality. Then squaring we get (s)?ém =

L, .2 .1
@ (0" 7

P

s2 = dZL-r4 mod p . Since d = t2 mod p for some rational t we get

2 r4 mod p or 82 = (tr)4 mod p depending on whether L = 0 or 1.

» Which implies s = dL-rzoez mod p . Taking norms we get

]

s
Either congruence contradicts the fact that s 1is a primitive root

mod p . //

Proposition 22: For normal splitting primes in B-fields where

*
25 ¢ =-1modp ’ 9p[§;m has structure Zp__1 @ 22 .

Proof: Using Propositions 15 and 19 we get {(1)((8,1))(5)((3,1))3 ces

(-1)/2)} x {MGE/v)}d . /!

We now show that ((s,l)) also serves as the "missing generator'

for A-~fields where p = 1 mod 4.

Proposition 23: ((s,l))?;w # QJE)L(r)Q;m in A-fields when p = 1 mod 4.

Proof: Suppose we have equality. Then (s,1) = VGL-r.ez mod p= .

Taking norms we get (s,s) = s = (-d)Lorzo(-l)Z mod p . Since -1 and
d are squares of rationals, this congruence contradicts the fact that
s 1is a primitive root mod p . !/

Proposition 24: ((s,l))2 ?;w = (s) Wd/t) 9;@ where d = t mod p R

t rational.

Proof: We claim that d/t = (1,-1) . Let /d = (a,b) . Then squaring

we get d = (az,bz) . Taking norms we get -d = (ab,ab) . Consider
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2 _ 2 _ 2 _
~ﬂi/t = (a/t,b/t) . Since (a/t)” = (b/t)" =1 mod p and ab/t” = -1 mod p
we see (a/t,b/t) = (1,-1) . One easily checks that (s,l)2 =
(s,s)(l,-l)(s,-sp-z) and (s,-sp-z) is a unit since it is not a square

and its norm is -1 . (In A-fields when x = p-1 the units are all

L,p
elements with norm 1 which are squares and all elements with norm -1

which are not squares). /1l

Proposition 25: For normal splitting primes in A-fields where

- * .1
P=1 mod 4 , ;p/?pw has structure Zp_1 ® z, .

Proof: ((s,1)) has order p-1 since (s) has order (p-1)/2 and
(/d/t) has order 2 . Thus we have [(1)((3,1))(s)c/a/t) ces
((p-1)/2) /d/t) } x { ) (Jd/e)} . /1

*
We now consider the structure of J tﬂﬁlt where p 1is a normal
p P
lited ime that d t ski i.e. = p- VK.
sp ng prime oes not skip, i.e., xy o p Xg-1,p
* ~
Proposition 26: /J /91 =2 @ Z, in A-fields or in Case ii
t t t-1 2
P P® (p-Dp
B-fields.
=12 -1 @ Z2 @ 22 in Case i B-fields .
(p-Dp
Proof: See proof of Proposition 14, //
* 1
Let us now consider subgroups of t/? £ For A-fields or
[==]

Case ii B-fields we have already described the results in Proposition

16.

Proposition 27: If p is a normal splitting non-skipping prime in an
A-field or a Case ii B-field there are 37(2(p-1)) - 4M - 61t class groups

*
with § = (p)t , t in zt. The corresponding class fields have degrees
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t-1 t-1 t-
P » P UyyeeesP 1 e 2(p-1) over K ; there being 3 such class
fields for each degree unless u, or 2(p-1)/u1 is odd in which case

there is only 1 . /77
For Case i B-fields we again use Carmichael's method and reduce

the problem to analyzing the structure of Zp_1 Q)Zz(® Z2 . If u, or

i
4(p-1)/ui is an odd divisor of 4(p-1) (we call these type 1 divisors)

then there is only 1 subgroup of order u Let M be the number of

i
type 1 divisors. If ZHui or 2”4(p-1)/ui (we call these type 2

divisors) then there are exactly 7 subgroups of order u Let N be

i
the number of type 2 divisors. 1In all other cases (i.e., 4‘ui and
4|4(p-1)/u1) there are exactly 11 subgroups of order wu, .
Proposition 28: If p is a normal splitting non-skipping prime in a
Case i B-field there are 11(T(4(p-1)) - (MN)+ M + 7N - 51t =

111 (4(p-1)) - 10M - 4N - 61t class groups with | = (p)t, t in z*. The
corresponding class fields have degrees pt-l, pt-luz,...,pt-l-h(p-l)
over K ; there being 11 such class fields of each degree unless ug
is a type 1 divisor in which case there is only 1 or a type 2
divisor in which case there are 7 . //

We remind the reader that most of our investigations have dealt
with a restrictive class of primes; i.e., normal primes that do not skip.
There are obviously at least three problems that need further study :
finding the structure of the ray class group for special prime, skipping
prime and "non-prime' moduli. We enclose "non-prime' in quotes since
the ideal (p) where p 1is a splitting prime of Q 1s obviously not a

prime ideal of QQJE) . We chose to study class groups of conductor

*
(p)t rather than pt since for normal P , lﬂ t/gltl = 1 , However,
PP
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it would certainly be worthwhile to study class groups of conductor pt

where p 1is not normal and from there to study all possible moduli.

§3. A Connection to Quadratic Forms

We need the following definitions and facts which are taken from

Cohn [4 ], p. 3.23. View the ring of integers of a quadratic field as a

Z -module; 6 = [1,0] .

Definition: A quadratic ring R 1is a ring of the form R = [1,fw]

where f € Z T .

rmod £ , r €Z1}.

iy

Fact: R = {a| €0 and «

Definition: R = {al ®€6 and ¥ =rmod fo , r € Z} .

n

Definition: A ring ideal group mod R , ?1

R is defined by

7 = {(@/B) |o,B € R)
A ring ideal group mod R ,

Irw = [@/B) |a,B € R=] .

1 1 1 1 1
Fact: ;f;yR;yf 3 gfmgngggf hd

- 1 _ 1
Definition: H, =3./Jp 5 Hp, =7./9z,
R 1is uniquely determined by its discriminant

ll fw 2 - f2|1 w 2 - f2d
1 fw l w *

2 + 2
Hence HR and HRoo are usually labelled H(£f°d), H (f°d) with orders
h(fzd) . h+(f2d) respectively, It can be shown that HR and HR°° are
nothing but the class groups of quadratic forms under weak and strict

2 +,.2
equivalence, respectively, and thus h(f"d), h (£°d) are the corresponding
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class numbers.

Using the following formula from Cohn [ 4], p. 3.27 we will calculate

+
h (pztd)/h+(d) for various types of primes p .

£ 0 (1 -¢@/p),/p)u’ (£)
ptee?a) ol 2

R @

*

*
[Gw : wa]

*
wmod f* , w € @m} .

where u+(f) = card{r‘O Sr<f,r in 2 ;r

t
Case I: f =p where p 1is a normal, non-skipping inert prime. Recall
that for normal, non-skipping inert primes :

* % 4 in A-fields

o otel
[ .@th] =P D) Yy in B-fields

¥ in A-fields

* % * *
Since [@m.Gptm] = [6 :Gptm] . i% in B-fields we have
+, 2t
d _ t
b d) -utph 'y =2 .
h (d)

Case II: f = pt where p 1is a normal, non-skipping, splitting prime.
Recall that for normal, non-skipping, splitting primes :

1 in A-fields, or B-fields where & z 3 € = -1 mod p

*
1& in B-fields, where ¥ z 3 ¢ = -1 mod P .

* t-1
[6:6 1=2p "(p-1) -
poo
+, 2t .2 in A-fields, or in B-fields where
Thus we have h e d) u+(pt) . { 223 € =-1modp

+
h'(d) 1 in B-fields where & z 3 e

1

-1 mOd P .

Using Lemma 4, we see

1 mod 4
3mod 4 or, in all B-fields.

]

h+: th: ) 4 1in A-fields if p
XZ in A-fields 1if p

n' ()

m
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