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CHAPTER I .  INTRODUCTION

§ 1 . H i s to r i c a l  Remarks

A lg e b ra ic  Number T heory may be th o u g h t o f  a s  t h a t  b ran c h  o f  number 

th e o ry  where th e  m yste ry  o f  prim e numbers ta k e s  th e  form o f  q u e s tio n s  a b o u t 

prim e i d e a l s .  Many o f  th e  m ajor theorem s o f  t h i s  s u b je c t  d e a l  w ith  th e  

s p l i t t i n g  p r o p e r t ie s  o f  p rim e id e a l s  in  a  h ig h e r  f i e l d .  H i lb e r t ,  f o r  ex ­

am ple , c o n s id e re d  th e  p rob lem  o f c o n s t r u c t in g  an  e x te n s io n  L o f  an  a lg e ­

b r a ic  number f i e l d  K su ch  th a t  a l l  th e  prim e id e a l s  in  th e  u n i t  c l a s s  o f  

th e  c l a s s  group o f  K s p l i t  c o m p le te ly  in  L . L a te r  Weber c o n s id e re d  

more g e n e ra l  ty p e s  o f  i d e a l  c la s s e s  o f  K and c o n je c tu re d  th a t  f o r  each  

su ch  id e a l  c l a s s  th e re  e x i s t s  a u n iq u e  a b e l i a n  e x te n s io n  L o f  K such  

t h a t  a l l  th e  prim e id e a l s  o f  th e  g iv e n  id e a l  c l a s s  s p l i t  c o m p le te ly  in  K . 

T a k a g i, in  1920, proved W eb er's  c o n je c tu r e  and showed t h a t  th e  G a lo is  g roup  

o f  such  an  e x te n s io n  i s  iso m o rp h ic  to  th e  c o rre sp o n d in g  i d e a l  c la s s  g ro u p . 

A r t in  l a t e r  p roved  t h i s  isom orphism  was induced  by th e  F ro b e n iu s  a u to ­

m orphism . T hus, by 1927, th e  m ajo r r e s u l t s  o f  c l a s s  f i e l d  th e o r y ,  a s  th e s e  

i n v e s t ig a t io n s  were now c a l l e d ,  w ere p ro v ed .

§ 2 . T h is  D i s s e r t a t i o n

In  t h i s  d i s s e r t a t i o n  I  do n o t  a tte m p t to  add to  th e  "g rand  s t r u c tu r e "  

o f  c l a s s  f i e l d  th e o ry . R a th e r I  t r y  to  c o n s t r u c t  many o f  th e  o b je c ts  o f  

c l a s s  f i e l d  th e o ry  f o r  s p e c i a l  b a se  f i e l d s ,  v i z .  th e  f i e l d  o f  r a t i o n a l e  

and r e a l  q u a d ra t ic  f i e l d s .  I  do t h i s  f o r  two re a s o n s :  a ) to  g a in  a

b e t t e r  u n d e rs ta n d in g  o f  th e s e  o b je c t s  and th u s  th e  th e o ry  a s  a w hole , 

and b ) to  d e r iv e  some r e s u l t s  w hich  though  s p e c ia l iz e d  a re  o f  i n t e r e s t  

in  th e m se lv e s .
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The m ajor em phasis i n  t h i s  p a p e r  i s  th e  c o n s t r u c t io n  o f  c l a s s  g roups 

( i . e . ,  id e a l  g ro u p s)  f o r  th e  above-m en tioned  base f i e l d s .  I  u se  a  known 

fo rm ula  fo r  c a l c u l a t i n g  th e  o rd e r  o f  ray  c l a s s  g ro u p s . T h is  fo rm u la  has 

on ly  one f a c t o r  t h a t  i s  d i f f i c u l t  to  d e te rm in e  fo r  th e  c a se  o f  r e a l  

q u a d r a t ic  f i e l d s .  The d i f f i c u l t  f a c t o r  in v o lv e s  th e  o rd e r  o f  th e  fu n d a ­

m en ta l u n i t  m odulo th e  m odulus o f  th e  ray  c la s s  g roup . We o b ta in  v a lu e s  

fo r  t h i s  f a c t o r  f o r  v a r io u s  ty p e s  o f  p r im e s . Then knowing th e  o rd e r  o f  

th e  r a y  c la s s  g roup  we f in d  i t s  s t r u c tu r e  f o r  prim e powers by re d u c in g  

th e  p roblem  a s  much as  p o s s ib le  to  th e  r a t i o n a l  c a se  where we can  use  

p r im i t iv e  r o o ts  a s  g e n e r a to r s .  Then knowing th e  s t r u c t u r e  f o r  prim e pow ers 

we f in d  a  r e c u r r i n g  p a t t e r n  o f  subgroups among th e  sequence  o f  ray  c l a s s  

groups w ith  s u c c e s s iv e ly  h ig h e r  powers o f  a  prim e power m odu lus. T h is  

a llo w s  us to  c a l c u l a t e  th e  number o f  id e a l  groups w ith  prim e power co n ­

d u c to r  in  r e a l  q u a d r a t ic  f i e l d s .

A long th e  way to  t h e s e  r e s u l t s  I  g ive  some exam ples o f  c l a s s  f i e l d s  

and i n  so  d o in g  i l l u s t r a t e  some o f  th e  m ajo r theorem s o f  c l a s s  f i e l d  

th e o ry .  I  a l s o  d e r iv e  n e c e s s a ry  and s u f f i c i e n t  c o n d it io n s  f o r  s o l v a b i l i t y  

o f some s p e c i f i c  r a t i o n a l  co n g ru en ces  u s in g  g e n e ra to r s  o f c l a s s  f i e l d  

e x te n s io n s .

I  assume th e  r e a d e r  h as  a knowledge o f  A lg e b ra ic  Number T heo ry , 

e s p e c i a l l y  some know ledge o f  r e a l  q u a d ra t ic  f i e l d s .



CHAPTER I I .  BASIC DEFINITIONS. FACTS. AND THEOREMS OF CLASS FIELD THEORY

§ 1 . M o d u li. I d e a l  G roups, and C onducto rs

N o te : F o r a l l  o f  th e  d e f i n i t i o n s  and many o f  th e  s ta te m e n ts  o f

theorem s in  t h i s  c h a p te r  I  fo llo w  Janusz  [ 12].

We c o n s id e r  an  a lg e b r a ic  number f i e l d  K and i t s  r i n g  o f  a lg e b r a ic  

in te g e r s  R . The i d e a l  group I ,, o f  K i s  th e  g roup o f  f r a c t i o n a l  R-l\

id e a l s  o f  K . I t  i s  th e  f r e e  a b e l ia n  g roup  w ith  th e  f i n i t e  p rim es a s

g e n e r a to r s .  The m u l t i p l i c a t i v e  group o f  n o n zero  e le m en ts  i n  K i s  d e -
'fc 'fc

n o ted  by K . T here  i s  a  n a tu r a l  map i  w hich sen d s  K in to  1^ by

m apping an  e le m en t a  in  K o n to  th e  p r in c i p a l  i d e a l  (a )  = o?R = i ( a ) .

The k e rn e l  o f  i  i s  th e  group UR o f  u n i t s  in  R . The s t r u c t u r e  o f

U i s  g iv e n  by D i r i c h l e t 's  u n i t  th eo rem . The c o k e rn e l  o f  i  i s  by d e f -

i n i t i o n  th e  c l a s s  group o f  K , d en o ted  by CR . We know t h a t  CR i s  a

f i n i t e  g ro u p . We sunm arize  th e s e  f a c t s  w i th  an  e x a c t  s e q u e n c e .

1 -  UR -  K* -  ^  -  CR -  1 .

d e f i n i t i o n : A m odulus f o r  K i s  a fo rm a l p ro d u c t m = II pn ^  ta k e n
P

o ver a l l  p rim es  p o f  K in  w hich  n (p )  i s  a n o n n e g a tiv e  i n te g e r  and 

n (p )  >  0 f o r  o n ly  a f i n i t e  number o f  p . F u rth e rm o re  n (p )  = 0 o r  1 

when p i s  a  r e a l  i n f i n i t e  p rim e and n (p )  = 0 when p i s  a  com plex 

i n f i n i t e  p rim e .

A m odulus m may be c o n s id e re d  a  p ro d u c t n'Qn,00 w i th  th e

p ro d u c t o f  th e  f i n i t e  p rim es a p p e a r in g  w i th  p o s i t i v e  ex p o n en t in  m and

th e  p ro d u c t  o f  th e  r e a l  p rim es in  m . Then nig i s  i d e n t i f i e d  w ith

an  i n t e g r a l  i d e a l ; t h a t  i s  an  id e a l  in  R .

One ca n  e x te n d  th e  n o t io n  o f  cong ruence  betw een  two e le m en ts  o f  R
*

modulo a n  i d e a l  to  a  n o t io n  o f  cong ruence  betw een  e le m en ts  o f  K modulo
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a  m odulus.

L e t p d e n o te  a  r e a l  p rim e o f  K . Then p c o rre sp o n d s  to  a  r e a l

i  *c o n ju g a te  x -* x  f i e l d  o f  K ., For e le m e n ts  a ,p  in  K we w r i te

a  = 3 mod p i f  (a/P)*" > 0 . I f  p i s  a f i n i t e  prim e and a ,  3 a r e  in

K th e n  a  = a / c ,  3 = b /d  w here a , b , c , d  a r e  in  R . Then we w r i te

a = 3  mod pn i f  a / 3  = a d /b c  i s  in  th e  v a lu a t io n  r in g  o f  p ( i . e . ,

V p (a /P ) s  o) and t h i s  e le m e n ts  i s  c o n g ru e n t to  1 mod pn  ; i . e . ,

a d -b c /b c  i s  in  pn .
*

Some c a re  m ust be ta k e n  w ith  co n g ru en ces  d e f in e d  f o r  e le m en ts  o f  K 

b e c au se  th e y  can  be m u l t ip l i e d  b u t n o t a d d ed . By t h i s  we mean a^ s 3^ 

and a  s  p^ mod pn im p lie s  <xi° i2 ~ ^1^2 m0<* ^  ^Ut ^  nee(* n o t 

t h a t  + a 2 = ^1 + ^2 m0<* * ^ ° r  examP^e » w ith  K = Q and p a

prim e we ta k e  a  = 1 /p  , 3 = P + l/p  • Then 3/cr = p+1 = 1 mod p and so

a s p  mod p . However, we do n o t have a - a  = P -a  mod p b ecau se  

P*-a = 1 ^ 0  mod p .

D e f i n i t i o n : F o r a , 3 in  K we w r i te  a s p  mod m i f  a s p  mod pn ^

f o r  a l l  p rim es p w ith  n (p )  > 0 .

D e f i n i t i o n : = { a / b |a , b  in  R, aR, bR r e l a t i v e l y  prim e to  m^) .

K , = {a i n  K , a  = 1 mod m} . 
m, i  tn

N o tic e  t h a t  depends o n ly  upon th e  f i n i t e  p rim es d iv id in g  IRq and

n o t upon t h e i r  e x p o n e n ts .

The group K  ̂ i s  som etim es c a l l e d  th e  " ra y  mod m" .
g

F or a  s e t  S o f  p r im e s , l e t  I  d e n o te  th e  p a r t  o f  th e  i d e a l  group

g e n e ra te d  by p rim es o u t s id e  S . L e t I*” d e n o te  1^ w here S i s

th e  s e t  o f  p rim es d iv id in g  IRq . Thus I*1* does n o t  depend upon th e  ex ­

p o n e n ts  o f  th e  p rim es  d iv id in g  m . C le a r ly  th e  image u nder i  o f  K



o r  K , la n d s  in  I*11 . The q u o t ie n t  l^ /iO C  n) i s  c a l l e d  th e  ray  m ,l

c l a s s  group mod m and th e  c o s e ts  o f  *n t h i s  q u o t ie n t  a r e  th e

ra y  c la s s e s  mod m .

F a c t  1 : L e t be p a irw is e  r e l a t i v e l y  prim e m odu li and l e t  m

d e n o te  th e  p ro d u c t m = m, . . .  m . The n a tu r a l  map from  K i n to  th ei n  m

C a r te s ia n  p ro d u c t IIK. in d u ces  an  isom orph ism  K /K  , = IIK /K  . .
mi  Rt Rl| X x i  ̂

F a c t  2 : F a c t 1 i s  e q u iv a le n t  to  th e  f a c t  t h a t  g iv en  th e  r e l a t i v e l y  prim e

m oduli m, . . . .  and (3. in  K we can  f in d  an  a  in  K to  s o lv ei n  i  m

th e  co n g ru en ces  a  = 0  ̂ mod .

F a c t  3: For any modulus m, th e  g roup K_/K_ , i s  f i n i t e .  J m tn ,l

F a c t 4 : I f  m = m„m__ and n = r  + 2s th e n  K../K.. , has o rd e r  0 00 m m ,l

2r N(m ) II (1 -  (1 /N ( p ) ) )  .
M«n0

F a c t 5 : Each c o s e t  o f K , in  K c o n ta in s  an  e le m en t r e l a t i v e l y  m ,l m

prim e to  any g iv en  id e a l .

F a c t  6 : For any f i n i t e  s e t  o f  p rim es S , th e r e  i s  a  n a tu r a l  isom orph ism :

CR = I S/ ( I Sn i(K *)) .

F a c t  7 : L e t m be any m odulus. Then th e  ra y  c la s s  group i m/ i ( K n i s

a  f i n i t e  g roup .

F a c t  8 : h„  d iv id e s  h f o r  any m odulus m .  k m

D e f in i t io n : A subgroup H o f  I R i s  c a l l e d  a  cong ruence  subgroup  i f

th e r e  i s  a m odulus m such  t h a t  i (K  ) = H = I  .W e say  H i s  d e f in e dm, 1

mod m . Suppose n i s  a  m odulus and n |m  . Then I01 i s  a  subgroup  o f

i n . T here  may (o r may n o t)  be a  cong ruence  subgroup  H° d e f in e d  mod n

such  t h a t  H = I01 D rf1 . When t h i s  does h o ld  we say  H i s  th e  r e s t r i c t i o n
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o f  h” to  I0* . The f i r s t  lemma shows H0 i s  u n iq u e ly  d e te rm in e d  by H 

and n .

Lenina 1 : L e t n|m and be congruence  subgroups d e f in e d  mod m and

n . Suppose i f  = f n  H0 . Then

(a )  I*1/ #  = l n /rf* (b) H° = rf"i(K  ) .n , i

D e f in i t i o n ; We say  i s  e q u iv a le n t  to  ( w r i t t e n  ~  1^) i f

a m 3 ^  n i m = h2 n i m .

I t  i s  e a sy  to  s e e  t h i s  i s  an  e q u iv a le n c e  r e l a t i o n .

Lemma 2 ; L e t be d e f in e d  mod be d e f in e d  mod m2 and suppose
m3

th e y  have a  common r e s t r i c t i o n  fl I  , i  = 1 ,2  . L e t m be th e

g r e a t e s t  common d i v i s o r  o f  ttL and m_ . Then th e r e  i s  a  cong ruence  su b -
m

group H d e f in e d  mod m such  t h a t  H f l l  = H , i  = 1 ,2  .

D e f in i t i o n : An e q u iv a le n c e  c la s s  o f  congruence  subgroups i s  c a l l e d  an

id e a l  g ro u p . I f  H d e n o te s  an  i d e a l  group and m a  m odulus f o r  w hich  

some cong ruence  subgroup  mod m b e lo n g s  to  H , we s h a l l  d e n o te  t h a t  

(u n iq u e )  subgroup  by H*11 .

D e f in i t i o n : Lemma 2 shows us w henever Htn and if1 b e lo n g  to  th e  i d e a l

g roup H , th e n  a l s o  if” i s  in  H f o r  m' = g r e a t e s t  common d i v i s o r  

o f  m and n . T h is  im p lie s  th e r e  i s  a u n iq u e  m odulus t  such  th a t  

in  H and rf*1 i n  H im p lie s  t  |m . C le a r ly  f i s  th e  g . c . d .  o f  a l l  

m f o r  w hich i s  in  H . T h is  m odulus i s  c a l l e d  th e  c o n d u c to r  o f  H.

F a c t 9 : (From H o l i e r ) : I f  h' 1 fl 1?" -  H and II I*  -  ^  and

L e t K be any number f i e l d  and H ,J  two id e a l  groups f o r  K .
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We say  H c  j  i f  f o r  some m odulus m , we have H01 £  J01 .

P r o p o s i t io n : H01 £  i ”1 f o r  one m odulus m im p lie s  th e  same I n c lu s io n  f o r

any m odulus d i v i s i b l e  by th e  c o n d u c to r  o f  H and th e  c o n d u c to r  o f  J  .

P r o o f : F i r s t  n o te  (1) t h a t  i f  € H and y |x  th e n  3 HX € H ( i . e . ,

HX ~  Hy ) v i z .  HX = Hy H I X . Let f ,T '  be th e  c o n d u c to rs  o f  H, J  re s p e c ­

t i v e l y .  The c la im  i s  t h a t  i f  f o r  some tt, f | n  and T ' | t l  th e n  £  j n .

L et s  = l . c .m .  ( f , T ' ) .  Then s |m  ( th e  l . c .m .  d iv id e s  a l l  common m u l t ip l e s ) .
Then by

(1) a  H8 , j 8 ( v iz .  H8 = n I s ; j 8 = fl I s ) 3 H8 ~  h"1, /  ~  y" .

So by Lemma 1 (b ) H8 = rf" i (K  . )  ; J® = J01 i (K  . )  . S in c e  we a r e  g iv ens , 1 s , I

we have HS £  . Now i f  T| n and t ' | n  th e n  s |n  so  by

(1) 3 H11, /  3 H* ~  H8 and j "  ~  J® , v i z .  h" = H8 fl l n ; j"=  J 8 (1 i "  .

S in ce  H8 £  J 8 we have H° £ J °  / /

§ 2 . The A r t in  R e c ip ro c i ty  Theorem and th e  C l a s s i f i c a t i o n  Theorem

L e t L/K be a  f in i te - d im e n s io n a l  G a lo is  e x te n s io n  w ith  G a lo is  group

G . L e t p d e n o te  a  p rim e id e a l  o f  K and l e t  i t s  d e c o m p o s itio n  in  L

be p = 08, . . .  8  )® . S e t a  = a .  and G(a) = [a  € G |a ( a )  = 8 } . We
1 g 1

c a l l  G(a) th e  d e c o m p o s itio n  group o f  a  . L e t q be th e  o rd e r  o f  th e

r e s id u e  f i e l d  R/p .

F a c t  1 0 : T here  i s  a  u n iq u e  autom orphism  a  6 G (a) w hich  s a t i s f i e s

o (x )  * x^ mod a  , x € R ' . T h is  au tom orphism  i s  c a l l e d  th e  F ro b e n iu s

au tom orphism  o f  a

F a c t 1 1 : I f  L/K i s  a b e l i a n ,  th e n  th e  F ro b e n iu s  autom orphism  i s  th e  same

f o r  a l l  th e  8 ^ d iv id in g  p and th u s  r e a l l y  depends o n ly  on p . Thus

we d e n o te  i t  by [L/K /  p ] .
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D e f in l t l o n ; L e t S d en o te  a  f i n i t e  s e t  o f  p rim es o f  K in c lu d in g  a l l

th e  p rim es which ram ify  in  L . For e a ch  e lem en t SI in  I  we s h a l l

d e f in e  an  elem en t cp /V(8I) in  G . F i r s t  f a c t o r  SI as  81 = II
p

and th e n  s e t  = ^  Pr0( û c t  *-s w e ll  d e f in e d  b ecau se

g
G i s  a b e l i a n .  The fu n c t io n  ^ / K  3 homomorP*1*-sm I  in to  G

and i s  c a l l e d  th e  A r t in  map f o r  th e  e x te n s io n  L/K .

D e f in i t i o n : We say  th e  r e c i p r o c i t y  law h o ld s  f o r  th e  t r i p l e  (L,K,m) i f

G(L/K) i s  a b e l ia n  and i ( Km £  k e r  'Pl / k •

The A r t in  R e c ip ro c ity  Theorem : L e t L/K be an  e x te n s io n  w ith  a b e l ia n

G a lo is  group G . L e t m be a  m odulus f o r  K d i v i s i b l e  by a l l  p rim es

w hich ram ify  in  L and assum e th e  e x p o n en ts  o f  th e  prim e d iv i s o r s  o f  m

a re  s u f f i c i e n t l y  l a r g e .  Then th e  A r t in  map maps 1^ on to  G and

th e  k e rn e l  is

F ac t 1 2 : A fundam en ta l p ro p e r ty  o f  th e  A r t in  map i s  t h a t  = 1 e  P

s p l i t s  c o m p le te ly  in  L . Thus th e  i d e a l  group ^ l /K^^L^ 1^ c o n ta in s

a l l  p rim es t h a t  s p l i t  c o m p le te ly  in  L .

A g a in  suppose L/K i s  an  a b e l i a n  e x te n s io n .  L e t m be a m odulus

such  t h a t  th e  r e c i p r o c i ty  law  h o ld s  f o r  (L,K,m) . Then th e  k e rn e l  o f  

a c t i n g  on I**1 i s  a co n g ru en ce  subgroup  w hich  we s h a l l  d eno te  by 

rf"(L/K) . I f  m' i s  a n o th e r  m odulus su ch  t h a t  th e  r e c i p r o c i ty  law h o ld s  

fo r  (L ,K ,m ') th e n  H01 (L/K) and ^ ( L /K )  have a  common r e s t r i c t i o n  in  

i n'Kl . T h is i s  im m ediate b e c a u se  k e r ( c p ^ ^ |i m) H I tnn = k e r  ( c p ^ ^ |lR*n ) =

ker(cpL/ Kl im ) H
jitm'

D e f in i t i o n : The above im p lie s  th e r e  i s  a  u n iq u e  i d e a l  group — d en o ted

by H(L/K) — c o n ta in in g  I^CL/K) . T h is  id e a l  g roup i s  c a l l e d  th e  c l a s s
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group to  L and L i s  c a l l e d  th e  c l a s s  f i e l d  to  H(L/K) . The c o n d u c to r  

o f  H(L/K) i s  d e n o te d  by f (L/K) .

The C l a s s i f i c a t i o n  Theorem : L e t K be any a lg e b r a ic  number f i e l d .  The

co rre sp o n d en c e  L -* H(L/K) i s  a  o n e - to -o n e  in c lu s io n  r e v e r s in g  c o rre s p o n ­

dence betw een  th e  c o l l e c t i o n  o f  f i n i t e  d im e n s io n a l a b e l i a n  e x te n s io n s  

L/K and th e  c o l l e c t i o n  o f  id e a l s  g roups o f K .

T his i s  th e  m ain  theo rem  i n  c l a s s  f i e l d  th e o r y .  I t  g iv e s  th e  c l a s ­

s i f i c a t i o n  o f  a l l  a b e l i a n  e x te n s io n s  o f  K i n  term s o f  o b je c t s  d e f in e d  

by th e  i n t e r n a l  s t r u c t u r e  o f  K .



CHAPTER I I I .  CLASS GROUPS OF Q AND THEIR CORRESPONDING CLASS FIELDS

§ 1 . C ongruence Subgroups D efined  mod 12”  and mod 20°°

Now we w i l l  look  a t  some exam ples o f  th e  c o n c e p ts  in tro d u c e d  in  

C h ap te r I I .  T hroughout th e  rem a in d e r  o f  t h i s  p a p e r  we w i l l  u se  s l i g h t l y
Mi 1

d i f f e r e n t  n o t a t io n  from  th a t  in  C h ap te r I I .  Q  =  I  , 2  =  i(K  - )  .jn v m tit, l

N o te : In  t h i s  c h a p te r  we c o n s id e r  e x te n s io n s  K/Q (K = L o f  C h ap te r I I ) .

Q has 1 i n f i n i t e  r e a l  p r im e , d en o ted  s im p ly  by 00 . 

a  = b mod p“  «  a  = b mod p , (a b ,p )  = 1 and a /b  > 0 .

★ 1
Example 1 : m = H ”0 . S te p  1 : C o n s tru c t  9 y i ^ \ 2 ,x‘ ' ^ o te  t h a t  th e  "®"

*  *  *
i s  alw ays d ropped  from  5 s in c e  5__  = $  ) . T h is  w i l l  be a  f i n i t em m“  m

a b e l i a n  g ro u p , indeed  s in c e  k = Q , 9 ^ 9 ^  = (Z /(m )) . 9 - t f j 9 \ 2® =

{ (1) (5) (7 ) (11) 3^2oo * s u b s c r ip t  on th e  r ig h t - h a n d  e x p re s s io n  i s  th e  

" p re l im in a ry "  e x p la n a t io n  m odulus.

S te p  2 : In  o r d e r  to  f in d  th e  c o n d u c to r  o f  th e  i d e a l  group to  w hich

G = { (1 ) (5) (7) (11) } ^ J 2oo b e lo n g s  we m ust f in d  th e  cong ruence  subgroup  

w ith  th e  s m a l le s t  e x p la n a t io n  m odulus w hich  i s  e q u iv a le n t  to  G . In  t h i s  

c a se  i t  i s  e a s y ;  G = { (1 ) s in c e  G(1 = i  ^  ^  ^ 12® • Thus

f = 1 and s in c e  G i s  o f  in d ex  1 in  ^ 2 ^ 12°° th e  c l a s s  f i e l d  K

s a t i s f i e s  | k/Q | = 1 w hich  im p lie s  K = Q . S im i la r ly  i f

G = { (1 ) (7) } 9i2<x> > G “  ̂  ̂ 9 300 and G i s  n o t  e q u iv a le n t  to  any con ­

g ru en ce  subgroup  w ith  low er e x p la n a t io n  m odu lus, t h e r e f o r e  T = 300 . Now 

we use some m ajo r th eo re m s, v i z .

Theorem A : The p rim es t h a t  d iv id e  th e  d i s c r im in a n t  o f  an  e x te n s io n  K/k

a r e  th e  p rim es t h a t  ra m ify ;  and

Theorem B: A prim e d iv id e s  f i t  d iv id e s  th e  d i s c r im in a n t  [ 1 2 ] , p . 189 .

Thus th e  c l a s s  f i e l d  K has th e s e  p r o p e r t i e s ;  i t  i s  o f  d e g re e  2 o v e r Q, 

i t  i s  im ag in a ry  s in c e  00 r a m i f i e s ,  ( c f . [ 1 2 ] ,  p . 94) and 3 i s  th e  o n ly

- 1 0 -
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f i n l t e  prim e t h a t  r a m if ie s  (o r  e q u iv a l e n t ly ,  a p p e a rs  in  d ) . Thus 

K = Q C ^ 3 ) .

N ext l e t  G = { ( 1 ) (1 1 )}  . We can  low er th e  e x p la n a t io n  m odulus

o n ly  from  12“  to  12 , i . e . ,  { ( 1) (11 ) } ^ | 2oo s  { ( 1) ( 11) } ^ * 2 and f = 1 2 .

K th e n  has th e  p r o p e r t i e s ,  | k/ q | = 2 , i t  i s  r e a l ,  and 2 and 3 a re  th e

on ly  p rim es t h a t  r a m ify ;  w hich im p lie s  K = QC73). N e x t, l e t

G = I (1) (5 )}  s \ 2co . g : { ( 1 ) I ^ b . Thus f -  4“  and K has th e

p r o p e r t i e s  | k/Q | * 2 , i t  i s  im ag in a ry  and 2 i s  th e  o n ly  f i n i t e  prim e

t h a t  r a m i f i e s ;  th u s  K = Q(s/-1 ) .  L a s t l y ,  l e t  G = { (1 )}  A r t in

R e c ip ro c i ty  and th e  f a c t  t h a t  { (1 )}  _ c o n ta in s  p r e c i s e ly  th o s e  p rim es
JL  £.

2TTi
w hich  s p l i t  c o m p le te ly  in  Q(exp P* 327, we co n c lu d e  t h a t

K = Q (exp Y j i )  .

Example 2 : m = 20“  ^ 20 ^ 2 0 “  = 1 (1) (3 ) (7) (9) ( U )  (13) (17) (19) }20“  S * (1) \

w here = d e n o te s  e q u iv a le n c e  o f  congruence  su b g ro u p s . T hese two con-
*  *

g ru en ce  subgroups a r e  e q u iv a le n t  s in c e  th e r e  e x i s t s  a  #  ( v iz .  ^ 2q) 

su ch  t h a t  { (1 ) (3 ) (7) (9) (11) (13) (17) (19) # 2()cc D ? * Q = { (1) ^  D . 

S in c e  { (1 )}  i s  in  th e  i d e a l  group th e  c o n d u c to r  f = 1 and th e  

c l a s s  f i e l d  i s  an  e x te n s io n  o f  d e g re e  1 , v i z .  Q i t s e l f .  Now we con-

s id e r  a l l  th e  subg ro u p s o f  ^ 2 0 ^ 2 0 a> arU* a s c e r t a *-n t h e i r  s m a l le s t

e x p la n a t io n  m odu lus, i . e . ,  t h e i r  c o n d u c to r .

{ (1) (9) (13) (17) } ^  = { (1 )3  s in c e  { (1) (9) (13) (17) } ^  D

= { (1 )}  D 2 *  . I t  can  shown t h a t  f = 4“  ( i . e . ,  { (1 )}  i s  n o t

e q u iv a le n t  to  any cong ruence  subgroup  w ith  low er e x p la n a t io n  m o d u lu s) .

A lso  by th e  C l a s s i f i c a t i o n  Theorem th e  c l a s s  f i e l d  K h as  d e g re e  

i£20/ t ( l ) ( 9 ) ( 1 3 ) ( 1 7 ) }  P 20J  = 2 o v e r Q ‘ The faC t t h a t  ! c o n ta in s  

th e  i n f i n i t e  prim e o f  Q means K i s  im a g in a ry , and th e  f a c t  t h a t  2
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1s th e  o n ly  f i n i t e  prim e t h a t  d iv id e s  f means t h a t  2 i s  th e  o n ly  f i n i t e  

p rim e t h a t  r a m i f i e s .  Thus QCy/-l). We now c o n s id e r  a n o th e r  subgroup  o f

^20^20® ° f index 2; v iz * G= t (1) (9) 0-1) 0-9) )20cb 2 

? = 5 . (N o tic e  t h a t  th e  i n f i n i t e  prim e i s  n o t  n e c e s s a ry  s in c e  w henever 

(x ) e G , (20 -  x) e G ). Thus K i s  r e a l ;  5 i s  th e  o n ly  prim e th a t

r a m i f i e s ,  th e r e f o r e  K = QC/5) . The l a s t  subgroup  o f  in d ex  2 to  be

c o n s id e re d  i s  G = { ( 1 ) ( 3 ) ( 7 ) ( 9 ) }  P^Oco * S in c e  G i s  n o t  e q u iv a le n t  t o  

any cong ruence  subg roups w ith  s m a l le r  e x p la n a t io n  m odulus, f = 20® .

Thus | k/Q j = 2 , K i s  im ag in a ry  and 2 and 5 a re  th e  o n ly  f i n i t e

p rim es t h a t  r a m ify . Thus K = QCT-5 ) .  Now we c o n s id e r  subgroups o f 

in d ex  4 . F i r s t  G =  { (1 ) (9 ) } ^Qco • **** ^20®/G iS th e  KLein 4‘

group  and f = 20® w hich  im p lie s  K i s  im a g in a ry ; 2 and 5 a r e  th e  

o n ly  f i n i t e  p rim es w hich  ram ify  and K/Q has G a lo is  group iso m o rp h ic  to  

th e  K le in  4 -g ro u p . Thus K = QCv/5, */-5 ) . F o r th e  f i n a l  th r e e  subgroups

{  ( 1 )  ( 1 1 )  } ^ 2 0 co = { ( ! > }  ^ 5 0 0  « * <1 9 > 3 ^ 2 0  a n d  { ( 1 )  3 ^ 2 0 ®  W e a g a l n  r e f e r

to  A r t in  R e c ip ro c i ty  and th e  f a c t  t h a t  th e  s e t s  o f  p rim es w hich  s p l i t  

c o m p le te ly  in  Q(exp and Q (cos — a r e  { ( 1 ) )  and { (1 ) (m-1) ]p^

r e s p e c t i v e l y ,  to  c o n c lu d e  K = Q(exp ~ ^ ) ,  Q (cos j ^ ) ,  Q(exp ^ o )  

r e s p e c t i v e l y .  N o tic e  th e  l a t t i c e  o f  c l a s s  f i e l d s  whose i n c lu s io n  r e l a t i o n s  

a r e  in v e r s e  to  th e  in c lu s io n  r e l a t i o n s  o f  th e  c o rre s p o n d in g  c l a s s  g ro u p s .
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Q(exp - g - )
Q (c o s—v

Q

§ 2 . Number o f  Id e a l  Groups o f  Q w ith  C onductor f

N ext we g ive  some g e n e ra l  r e c u r s iv e  fo rm u la s  f o r  c a lc u l a t i n g  , 

th e  number o f  id e a l  g roups in  Q w ith  c o n d u c to r  f . Then we p r e s e n t  

a t a b l e  w h ich  g iv es  th e  f i r s t  few congruence  subgroups in  a l l  th e  i d e a l  

g roups in  Q w ith  f ^ 10°° . B a sse , in  [ 9  ] ,  has a  more e x te n s iv e  t a b l e  

w ith  more em phasis on th e  in c lu s io n  r e l a t i o n s  among th e  subg roups and l e s s  

em phasis on th e  e x p l i c i t  d e s c r i p t i o n  o f  e a ch  id e a l  g ro u p .
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RECURSIVE FORMULAS FOR CALCULATING , THE NUMBER OF IDEAL GROUPS 

WITH CONDUCTOR f .

A = 1 A. = 0 A = 0 A = 0 A. = 0 A = 1 1 1“  2 2°> 4 400

i f  t  ^ 3 A t  = 1 A = 2
2 2 00

I f  p i s  an  odd p rim e we have

A t  ■ V m - ;  T O’- 1 ’p oo

A t  ■ v - £ r ) T (p- x ) -  8 »
p

w here t (n) = number o f p o s i t i v e  d i v i s o r s  o f  n

6l t  = 1 i f  t  = 1; 8 = 0 i f  t  >  1 .

2K || (P -1 )  .

A = A  = 0  .
2 p 2p 00

F or 1 ,^ “  n o t o f  ty p es  g iv e n  above we have

+ A . = (number o f  subg ro u p s o f  0 t )  ) " ?  +
» " ’ r> I f 00n |f°  

n  < T

IN Q

noo •
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TABLE OF IDEAL GROUPS OF Q WITH ! £ I P

NUMBER OF
CONDUCTOR IDEAL GROUPS DESCRIPTION

1 1 1 ^ =

1® 0

2 0

2®  0

3 0 *

3» 1 H3o>= £ { ( 1 ) }3oo, C ( 1 ) 36oo, £ ( 1 ) W  (7) }9ao, { ( 1 ) (7) }12eo,

{ (1) (13) (4) (7) }15oo> { (1 ) (7) (13) }lg00,

t (1 ) (4) (10) (13) (16) (19) )21eo,

{ (1 ) (7) (13) (19) }24oo, . . . }

4® 1 ĤJ.00 = { { (1) }400, { (1 ) (5) )8eo, { (1 ) (5) }12oo,

( (1 ) (5) (9) (13) }16oo, { (1 ) (9) (13) (17) }20oo, 

{ (1 ) (5) (13) (17) )24oo, . . . }

: { ( i )  (4) )5 , { ( i )  (4) }5co, { ( i )  (9) )10 ,h5 = [ { ( 1)

{ (1) (9) } i0oo, l  (1) C4) (11) (14) }15 ,

[ (1) (4) (11) (14) }15eo, { (1) (9) (11) (19) }2Q> 

S  n  \  /'ci'V ^11 ^ 1£ (1) (9) (11) (19) }2Qoo,

{ (1 ) (4 )  ( 6) (9 )(1 1 )  (1 4 ) (1 6 ) ( 1 9 ) (2 1 ) (2 4 )  )25>

5» i  h5oo= {£ (i) )5eo,{ (i) }10oo,£ (i)  (ID }15oo,

t  (1 ) ( 11) )20a>, { ( 1) ( 6) ( 11 ) (16) (2 1 ) }25a>, . . .  }

6®

n7H-, = {{(1);{ (1 ) (6 ) 3 7 ,£ ( 1 ) ( 6 )  }7oo,{ ( 1 ) ( 1 3 )  }14 ,

{ (1) (13) }14oo, t (1) (8 ) (13) (20) 32 1 , . . .  }
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CONDUCTOR

7“

800

9 

900

10 

10“

NUMBER OF 
IDEAL GROUPS

1

1

0

0

DESCRIPTION

S ,  * »  U> ) 7„ .  { <1> }14„ ,  { (1) (6) )21„ ,  . . .  )700

v  -  t t (  

t (  

= {{( 

{( 

{<

H,

H,8“
U (

v  t {(

H„

{(  

= {{(

ÔO

) (2 ) (4) }7oo, { ( l )  (9) (11) }14co,

) ( 2 ) ( 4 )  (8 ) (11) (16)

) (7) }8 ,{ ( 1 ) ( 7 )  }goo,

) (7) (9) (15) }16 , ( (1) (7) (9 ) (15) }16oo 

) ( 7 ) ( 1 7 ) ( 2 3 ) )2 4 , . . . l  

) 38oo, { (1 ) (9) 3, Aoo, c (1) (17) 3 , ^ , . . .  3'16“ 24“ ’

) (3) L  ,{ ( 1 ) ( 3 )  (9) (11)} 16“ ’

) ( 1 1 ) ( 1 7 ) ( 1 9 )  }24“ ’ }

) (8 )  }0 , ( d ) ( 8 )  }0co, { a ) d 7 ) } 18 , . . - 3

hq = ( ( d ) } Qm, ( d ) } 18“ ’

9®

. . . }



CHAPTER IV. GLASS GROUPS OF PL/E) AND THEIR CORRESPONDING CLASS FIELDS

§ 1 . S ig n a tu r e :  D is c u ss io n  o f  Ray C la s s  Groups f o r  tn °  ( 2 ) t

F a c ts  a b o u t QCTs): C la s s  number = 1 , Fundam ental U n it = e *= ( l - b / S ) / 2  ,

Ne = -1  ,  & = [ l , e ] g  . Powers a r e  € a r e  F ib o n a c c ia n , i . e . ,

K the = F - + F e w here F i s  th e  K F ib o n a c c i num ber. S in c e  m ost o fK* 1 K l\

th e  c a l c u l a t i o n  in v o lv e d  i n  com puting  th e  o rd e r  and s t r u c t u r e  o f  ra y  c la s s  

g roups in v o lv e s  pow ers o f  th e  fu ndam en ta l u n i t ,  any s im p le  r u l e  f o r  com­

p u t in g  th e s e  powers i s  v e ry  h e lp f u l .  Of c o u r s e ,  r e c u r s iv e  fo rm u la s  e x i s t  

f o r  com puting  pow ers o f  e f o r  any r e a l  q u a d r a t ic  f i e l d ;  th e  F ib o n a c c i 

fo rm u la s  b e in g  th e  s im p le s t .

Method f o r  F in d in g  th e  O rder o f  Ray C la s s  G roups: We use a  fo rm u la

from  Cohn [ 4  ] ,  p . 2 .6 ,  v i z .  ^ w here I  (m) =
m m [& V ]

m

N(m) • II (1 -  (1 /N (p ))  . Here in i s  an  a r b i t r a r y  m odulus p o s s ib ly  co n - 
p Im

t a i n in g  i n f i n i t e  p r im e s , and $ ( g e n e r a l iz e d  E u le r  <p) and N ( th e  norm)

a r e  f u n c t io n s  from  th e  group o f  i d e a l s  o f  Q (v^) to  Z . S in c e  we a re

d e a l in g  e x c lu s iv e ly  w ith  r e a l  q u a d r a t ic  f i e l d s  th e r e  a r e  two r e a l  ( i n f i n i t e )

p r im e s ;  r^  i s  0 , 1 , o r  2 d e p en d in g  on w h e th e r th e  m odulus m c o n ta in s

no i n f i n i t e  p r im e s , 1 i n f i n i t e  p r im e , o r  b o th .  We s h a l l  a b b r e v ia te

00 = 0 0  ̂ . 00̂  # Once a  m odulus i s  g iv e n  we can  r e a d i ly  c a l c u l a t e  th e  two

e x p re s s io n s  in  th e  n u m e ra to r . However, to  c a l c u l a t e  th e  d en o m in a to r we

m ust lo o k  a t  s u c c e s s iv e ly  h ig h e r  pow ers o f  e u n t i l  we f in d  th e  lo w e s t 
2

power Z  ̂ i  s i  mod m . The o n ly  u p p er bound f o r  Z i s  th e  c a r d i n a l i t y

* 1 _o f  th e  n u m e ra to r . (® i s  th e  g roup  o f  u n i t s ;  & th e  g roup  o f  u n i t s  = 1 mod p 00) .poo

Method f o r  C o n s tru c t in g  Rav C la s s  G roups: L e t us suppose t h a t  m = (p)

w here (p ) i s  an  i n e r t  prim e i d e a l .  Then f i r s t  we m ust f in d  a  s e t  o f  

r e p r e s e n t a t i v e s  o f  &/ (p) . T here  w i l l  be * (p) c o s e t s .  Then fo llo w in g
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Ribenboim  [1 5 ] , P . 120 we can  e a s i l y  f in d  a  sy s te m  o f  r e p r e s e n ta t i v e s  

o f  © / ( p ) t  . F o r exam ple i f  m = (2 )^  , 4 (2 ) = 3 and & /(2 ) * [ l , e , l + § J .  

6 / ( 4 )  has * (4 )  « 12 e le m e n ts ;  ® /(4 )  = { l , 3 , e , l + e , 2+ e , 3+ 6 , 1+2 6 , 3+2 6 , 3 6 , 

l+ 3 e , 2+ 3 e , 3+ 3 6 } . The m ost d i f f i c u l t  p a r t  comes now; we t r y  t o  f in d  th e  

number o f  d i s t i n c t  ra y s  g e n e ra te d  by e le m e n ts  o f  6/ (4) . For exam ple 

s in c e  - 3 = 1  mod 4 , ( - 3 ) ^  = ( l ) P ^  • O b v io u sly  s in c e  6 ,1+ 6 ,1+ 26 ,2+ 36  

a r e  u n i t s  ( e ) f *  = ( 1 ) ^  = ( l + e ) ^  = ( l + 2 e ) ^  = ( 2+ 3 e ) ^  . S in ce

2+ e s  -(2+3e)m od 4 , ( 2+ 6) ^  = (1 )^ ^  . A lso  s in c e  3e = - 6  mod 4 , 3+e =

mod 4 , ( 3 e ) ^  = ( 3 + 6 ) ^  = ( 1 ) ^  . S im i la r ly  f o r  th e  re m a in in g  e le m e n ts . 

Thus f a l  = [1}

S ig n a tu r e : I f  th e  m odulus m c o n ta in s  one o r  b o th  o f  th e  r e a l  i n f i n i t e

p rim es th e  s i t u a t i o n  becomes more c o m p lic a te d . F o r exam ple,

( - 3 ) ^ ^  ^ (l)<5̂ oo b e c au se  - 3 ^ 1  mod 4“  and th e r e  does n o t e x i s t  a
7 7

u n i t  + e 9 ( -3 )0 +  e ) = 1 mod 400 . More g e n e r a l l y ,  (x )#^ w = (y)<?^oo °
7

3 Z 3 x * ( + e ) s y  mod 400 . I f  x ,y  a r e  i n  & th e n  x = y mod 400 <=>

x = y mod 4 and x and y have  th e  same s i g n a t u r e ,  i . e . ,  th e  same s ig n

p a t t e r n  f o r  th e  two c o n ju g a te s  o f  QCv/5) • Thus i f  x = (a + l \ /5 ) /2  > 0 and 

x* = (a -b v /5 ) /2 >  0 we say  x i s  t o t a l l y  p o s i t i v e ,  w r i t t e n  e i t h e r  x »  0 

o r  x i s  ++ . I f  x >  0 and x ' < 0 , x  I s  + -  . I f  x < 0  and 

x ' > 0 , x  i s  - + .  F i n a l l y ,  i f  x <  0 and x 1 < 0 x i s  -  -  .

N ote  t h a t  i f  N(x) = x x ' > 0  th e n  x i s  e i t h e r  ++ o r  -  - and i f

N (x) < 0 th e n  x i s  e i t h e r  + -  o r  -  + .

Subgroure o f  th e  Ray C la s s  G roup: L e t us now exam ine a  ray  c la s s  group

f o r  m = (2)^°° = ( 8 ) 00 . One can  e a s i l y  c a l c u l a t e  = 8 and

= { (1 )(1 + 4 6 )}  X { ( 1 ) ( - 7 ) }  X { (1 )(1 + 8 6 )}  . T h is  group has s t r u c t u r e
o o00

2^ © . The l a s t  two c y c le s  a r e  p r e s e n t  o n ly  becau se  o f  th e  in -
^ 1

f i n i t e  p rim es c o n ta in e d  in  m , i . e . ,  ^ g /^ g  = £ ( 1 ) ( l+ 4 e ) } . L e t  us



-1 9 -

*
c o n s id e r  some cong ruence  subg roups o f  and th e  c l a s s  f i e l d s  c o r r e s -o

pond ing  to  t h e i r  c l a s s  g ro u p s , b e t  G =  { (1 ) ( -7 )  ( l+ 8 e )  ( l - 8 e )  Jp*O®
*

G i s  o f  in d ex  2 in  th u s  th e  c l a s s  group to  w hich  G b e lo n g s  ( th e

e q u iv a le n c e  c la s s  o f  cong ruence  su b g ro u p s) c o rre sp o n d s  to  a  c l a s s  f i e l d  

K o f  d e g re e  2 o v e r th e  b a se  f i e l d  Q(\/5) . In  o rd e r  to  d e te rm in e  K

we sh o u ld  f i r s t  d e te rm in e  th e  c o n d u c to r  o f  th e  c l a s s  group to  w hich  G

b e lo n g s . The c o n d u c to r  f i s  a  d iv i s o r  o f  800 = S00̂ 0^  • ^  we look

c lo s e ly  a t  th e  id e a l s  c o n ta in e d  in  G we se e  G i s  th e  group o f  id e a l s  

g e n e ra te d  by e le m en ts  l + ( 8) w hich have a l l  p o s s ib le  s ig n a t u r e s .  S in ce  

a l l  p o s s ib le  s ig n a tu r e s  a r e  r e p re s e n te d  no i n f i n i t e  p rim es w i l l  a p p e a r  in  

f . And b e c au se  t h i s  g roup  o f  id e a l s  co u ld  n o t  p o s s ib ly  be d e f in e d  

mod ( 1 ) , ( 2 ) ,  o r  ( 4 ) ,  f = 8 . S in ce  (2) i s  th e  o n ly  prim e w hich  d iv id e s  

T i t  i s  o n ly  prim e w hich  d iv id e s  d = d i s c  K /Q (/5) and th u s  th e  on ly  

p rim e w hich  r a m if ie s  in  t h a t  e x te n s io n .  S in c e  f c o n ta in s  no i n f i n i t e

prim es K m ust be r e a l .  Thus K = . L e t us now c o n s id e r

H = I (1) (9-H4 e) . H i s  o f  in d ex  4 in  , th u s  th e  c l a s s  group

w hich  c o n ta in s  H c o rre sp o n d s  to  a  f i e l d  o f  d eg ree  4 o v e r  Q(v*5) . S in ce  

H c o n ta in s  a l l  i d e a l s  g e n e ra te d  by ++ e le m en ts  from  th e  c o s e t  l + ( 8 )

and by ++ e le m en ts  from  th e  c o s e t  l+ 4 e + (8 ) , we se e  im m ed ia te ly  t h a t

f m ust c o n ta in  th e  two i n f i n i t e  prim es and s in c e  H can  be d e f in e d

mod (4) b u t n o t mod (2) ,  T = 4001002 . Thus K m ust be im ag in ary  f o r

b o th  c o n ju g a te s  o f  /̂E and (2) m ust be th e  on ly  prim e t h a t  r a m if ie s  in

K/QCv/5) . A lso  s in c e  ^ g /H  = Z2 © Z2 th e  G a lo is  g roup o f  K/QCv/5) =

Z2 © Z2 . Thus K = Q(\/5,-s/®W^®) • For a  com ple te  t a b l e  o f  a l l  sub -

groups o f  and t h e i r  c o n d u c to rs  and c o rre s p o n d in g  c la s s  f i e l d ,  se e

below . We have c o n s tr u c te d  c la s s  f i e l d s  h e re  o n ly  to  i l l u s t r a t e  th e



- 2 0 -

c o n n e c tio n  betw een  th e  m ajo r s t r u c t u r e s  o f  c l a s s  f i e l d  th e o r y .  For th e  

rem a in d e r o f  th e  p a p e r  we w i l l  c o n c e n t r a te  on d e s c r ib in g  th e  c la s s  groups 

f o r  r e a l  q u a d r a t ic  f i e l d s .
*

The P a t t e r n  o f  Subgroups o f  J? „  : When d e a l in g  w ith  m odu li m_ K 2 00
w hich a r e  powers o f  a  g iv e n  p rim e (p) we can  f in d  th e  number o f  c l a s s

Kgroups w ith  T = (p ) by s t a r t i n g  w ith  K = 1 and w ork ing  up . T hat i s ,
2

f i r s t  we lo o k  a t  cong ruence  subg roups d e f in e d  mod p00 , th e n  mod p 00 ,

3 Kth e n  mod p 00 , e t c .  Some o f  th o s e  d e f in e d  mod p 00 may be e x p la in e d  by

a  s m a lle r  m odulus and by s t a r t i n g  w ith  K = 1 we ca n  d e te rm in e  e x a c t ly  

how many cong ruence  subgroups can  be e x p la in e d  by low er m o d u li. We d i s ­

co v e red  som eth ing  q u i t e  s u r p r i s i n g  ( to  us) f o r  (m) = ( 2 ) tw . A f te r

c o n je c tu r in g  th a t  $  “  Z r ® ® Z9 » t  ^ * we f ° unt* t h a t
2 2 00 2

t h i s  seq u en ce  o f  g roups has th e  fo llo w in g  n ic e  p ro p e r ty :

Theorem : Z © Z © Z f o r  t  s  2 has 7 subgroups o f  in dex  2 ;
21 2 2

11 subg roups o f  in d ex  4 , . . . , 2 t  ; 7 subg roups o f  in d ex  2C ^ , and 1 

subgroup  o f  in dex  2 t+2 .

P r o o f : C o n sid e r a  subgroup  G o f  in d ex  2 . Then G i s  o f  th e  form

Z © Z © Z o r  Z © Z„ . We u se  a c o u n tin g  argum ent found in  
2 2 2 2 t

C arm ichae l [ 2 ] ,  p . 108. The number o f  g roups o f  th e  f i r s t  form  i s

t  ™ 2 fc~ 1
.' / t l  -Q.*^ _ i  . o f  th e  second  form  th e r e  a re  ^  ^ = 6 . I f

(2 - 4 ) .6 - 4  (2*2 )*2

t  = 1 th e r e  a re  = 7 subgroups o f  form  Z © Z0 . We now c o n s id e r3*2 L

subgroups G o f in d ex  4 . G can  have e i t h e r  th e  form
(2 t _ 3 * 4 )* 6 .4

Z © Z © Z Z © Z o r  Z . T here  i s  t _3   = 1
2 2 2 2 2 2 (2 - 4 ) .6 - 4

4*2t_ 2 .6subgroup  o f  th e  f i r s t  ty p e ;  ---------- —  = 6  o f  th e  second  ty p e  and
2 .2  -2
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4 .2 t_1 —-r- = 4 o f  th e  t h i r d  ty p e .  I f  t  * 1 th e r e  a r e  no g roups o f  th e
2

f i r s t  ty p e ,  and 7 o f  ty p e  . I f  t  = 2. th e r e  a r e  7 g roups 

© Z2 and 4 o f  ty p e  Z^ . More g e n e r a l ly  f o r  in d ex  4 , . . . , 2 t  * 

th e r e  i s  one subgroup  o f  ty p e  Z ^  © Z2 © Z2 , 6 o f  ty p e  Z © Z2

and 4 o f  ty p e  Z _ , 1 ^ r  ^  t - 2  . T here  a r e  a lw ays 7 subgroups
2

o f  o rd e r  2 . / /
*

From t h i s  th eo rem , i t  f o l lo w s , assum ing  o u r c o n je c tu r e ,  t h a t  y  „
2 *

t  * t+2has 4 co n g ru en ce  subgroups o f  in dex  2 w ith  f = 2 , 6 o f  index

2 t+1 w ith  T* -  2 t+2 ,  and 1 o f  in d ex  2t+ 2  w ith  T* = 2t+ 2  , w here

f = f i n i t e  p a r t  o f  f . More p r e c i s e ly  $  +_ lias * cong ruence
2 00

£+2 t+ 2  t+ 2  t+ 2
subgroup  o f  ty p e  Z^ © Z2 f o r  f = 2 , 2  “ 2 ’2 ^ ^ pe

Z2 w ith  f = 2 t+ 2®^°°2 , 1  o f  ty p e  Z2 f o r  ? = 2 t+ 2 °°  ̂ , 2 t+ 2 ®g , and

1 o f ty p e  { l  3 w i th  T = 2 co\° 2  * ^ r s t  s ta te m e n t  becomes c l e a r

by s im p ly  lo o k in g  a t  th e  d iag ram  below :

Number o f  Subgroups o f  Index  I

I  = 32 16 8 4 2

1 £  7 S 11 £  11 £ 7 £  ^

1 £  7 £  11 E 7 £  £ * 6

1 £ 7  C 7 ££ $1

The l a s t  s ta te m e n t  fo llo w s  from  th e  f a c t  t h a t  i f  th e  s ig n a tu r e  subgroup  

i s  d e n o te d  by { ( 1 ) ( b ) } X { ( l ) ( c ) }  w ith  b = - ( 2 t - l )  and c = l+ 2 fce , 

th e n  i f  (c )  b e lo n g s  to  a  cong ruence  subgroup  t h a t  subgroup  w i l l  n o t  have 

an  °°2 in  i t s  c o n d u c to r ;  i f  (be) b e lo n g s  to  a co n g ru en ce  subgroup  

th e r e  w i l l  be  no .
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* 1Congruence Subgroups o f  ^ g /^ 8oo and T h e ir  C la ss  F ie ld s  

9̂ /9̂  = { ( 1 ) 0 + 4 6 ) }  X { ( 1 ) ( “ 7)}  X { ( l ) ( l + 8 e ) }  <-----> Q(^5) , T

7 subgroups o f  index 2 :

{ ( l ) ( l + 4 e ) ( - 7 ) ( i - 4 e ) } —> < 3 ( 7 5 ,^ )  , = 800 00 1 2

{ ( 1 ) ( l+ 4 e )( l+ 8 e ) (9 + 4 e )} <------ —> Q0\/5,7 -  e) i = 4°°^

{ ( l ) ( l + 4 e )  ( l - 8 e )  (-7 -4 6 )3 O' > qcTs ,7 2  e ) i = 8®2

{ ( l ) ( - 7 ) ( l + 8 e ) ( l - 8 e ) } <------ > q ( 7 § , ^ )  , = 8

{ ( l ) ( l - 4 e ) (1 + 8 6 )(-7 -4 6 )} <------—> qcTs . T ^ )  , = 8" l

{ ( l ) ( 9 + 4 e )  ( -7 )  ( -7 -4 e )3 <------ > q (75 ,7= T ) , — 4oo oo 
1 2

{ ( l ) ( l - 8 e ) ( l - 4 e ) ( 9 + 4 e ) 3 <------—> Q (7 5 ,7 s )  , 2

7 subg ro u p s o f  in d e x  4 :

{ (1 )  (1+46)3 <------—> qcTs . T ^ . T 1̂ ) , -  " “ l * !

{ ( D ( - 7 ) 3 <------—> Q (7 S ,v ^ ,7 r T) , -  » ”i “ 2

f ( l ) ( l + 8 e ) 3 <------—> Q (7 5 ,7 2 ,7 r e ) » = 8 - 1

{ ( l ) ( l - 4 e )3 <------—> q (7 5 ,7 -  2,7® ) > = 8" l " 2

{ ( i ) 0 + 4 e ) 3 <------—> Q C j5 ,J e ,^ e )  ,

8i—̂
411i>—

{ ( 1 ) ( l - 8 e )3 <------—> Q (75>v̂ , 7 e )  . = 8*2

{ (1 )  ( -7 -4 e )3 <— —> q (7^  ,7 -  i  .7 2 e) i = 8C°1 °° 2

1 subgroup o f  index 8 : 

f ( l ) }  <-------- > t = 8 * ^ 2
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Subgroups o f  P i q / P I qb

^ l e ^ i e ®  = f ( l ) ( l + 4 e ) ( l + 8 e ) ( l + 1 2 e ) }  X { ( 1 ) ( - 1 5 ) }  X f ( l ) ( l + 1 6 e ) }  .

Let a  = (1 + 4 6 ) ,  a 2 = ( 1 + 8 6 ) ,  a3 = ( l + 1 2 e ) ,  b = ( - 1 5 ) ,  c = ( l + 1 6 e )

2 3Then t h i s  g roup  can  be r e p r e s e n t e d  a s  = f l , a , a  , a  ,

2 3 2 3 2 3ib ,b a , b a  ,b a  , c , c a , c a  ,c a  , b c ,b c a ,b c a  ,b c a  j  .

7 subgroups  o f  in d e x  2 :

2 3 2 3,l , a , a  , a , b , b a , b a  ,b a  j

2 3 2 3,l , a , a  , a , c , c a , c a  , c a  j

2 2 2 2, l , a  ,c a  , ba  , c , b , b c , b c a  j

2 3 . .  . 2 ^ 3 ,l , a , a  , a , b c ,b c a ,b c a  ,b c a  j

2 3 2 3,l , b a , a  ,b a  , c , c b a , c a  , cba  j

2 3 2 3,l , c a , a  , c a  , b , c b a , b a  ,c b a  j

2 3 ^ ^ 2 3,l , c a , a  , c a  , b c ,b a ,b c a  ,b a  j

11 subgroups  o f  in d e x  4 :

2 3,l , a , a  , a  }

l , b , c , b c }

2 2 , l , b a  ,c a  ,b c j

2 3,l , b a , a  ,b a  j

2 3i l , c a , a  ,c a  j

l , b , a 2 , a 2b}

l , c , a 2 , a 2c}

2 3,l , b c a , a  ,b c a  j

2 2 ,l , a  b , c , a  bcj

2 2 ,l , a  c , b , a  bc j

2 2 ,l , b c , a  ,a  bc j

Z4 © Z2 T = „ V 2

Z4 © Z2 f = 4°°1

ts to © Z2 ® Z2 T = 8

Z4 © Z2 f = 00 8 (0

Z4 © Z2 f = ^ l

Z4 © Z2 f  = M
8 to

Z4 © Z2 T = 400 2

Z4 T = 8"Y°2

Z2 © Z2
f = 16

z 2 © Z2 T = * ”2

Z4
f =

8"l"°2

Z4
f = 4 0 0  00 

1 2

z 2 © Z2 f = 16“  “  1

z 2 © Z2 T = 8»1.

Z4 t  = 8" l " 2

z 2 © Z2 f = 16®

z 2 © Z2 f  =
® V s

z 2 © Z2 f = 16»2
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7 subgroups  o f  in d ex  8

Cl,a2}

f l , b }

C i .b a 2;

f l . c }

C1, c a 2' 

{ 1 ,be)

( l , b c a  }

=  1 6»1» 2 

= ie«y»2

= 16°o 00 
1 2

= 16®,

■ 8v 2 

= 16®„

= 16“ 1®2

1 subgroup  o f  in d e x  16

Cl) T = 16®1®2

§ 2 . Ray C la s s  F i e l d s  Over Q(J3)  Fo r  Prim es p and S o l v a b i l i t y  o f  

Congruences

Example A: p = (11) = p p ' in  QCs/5) ; P = ( 3+2 6) ,  p '  = ( 5-2  e ) ,

I = 1 and bp/^Joo 1 = 2 * CSee C h a p te r  V f o r  r e l a t i o n s h i p

betw een  x , and x , „ )  . S in c e  th e  e x t e n s i o n  K c o r r e s p o n d in g  t o
1 » P  1>P

th e  l a t t e r  c l a s s  group i s  q u a d r a t i c  we can  t r y  to  f in d  a  s im p le  g e n e r a to r
A

f o r  i t ,  say  *J\ where (? )  = p = ( 3+2 e) and ? = a  mod 4 . The l a t t e r

c o n d i t i o n  i s  n e c e s s a r y  s i n c e  o th e r w is e  a  f a c t o r  o f  (4) would e n t e r  t h e

d i s c r i m i n a n t ;  [ c f .  H i l b e r t  [ 1 0 ] ,  p .  3 7 4 ] ,  Because o f  th e  ®^ , I  m ust

be n e g a t i v e  b u t  5 '  must be p o s i t i v e .  Thus we look  f o r  a  u n i t  such
2

t h a t  ( 3 + 2 s ) « u n i t  = a  mod 4 . 5the s q u a re s  o f  th e  r e s i d u e  c l a s s e s  mod 4

2 4have as  r e p r e s e n t a t i v e s  1 ,  6 ,  and e , Thus we need o n ly  s o lv e
3

(3+2e) = u n i t  mod 4 . U n it  = - ( l + 2 e) = - e  i s  a  un ique  s o l u t i o n  mod 4 .  

Thus ? = - ( 3 + 2 6) / s = - 3 / e  -  2 = 1 -  36 = ( - l - 3 / 5 ) / 2  . We se e  t h a t
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§ < 0 and S ' >  0 . Thus K = . We can  now o b t a i n  an

I n t e r e s t i n g  r e s u l t  r e g a r d in g  th e  s o l v a b i l i t y  o f  cong ruences  i f  we r e c a l l  

t h a t  by A r t i n  R e c i p r o c i t y  t h e  prim e i d e a l s  p w hich s p l i t  i n  a  c l a s s  f i e l d

e x te n s i o n  a r e  th o s e  w hich a r e  = 1 mod f . S in c e  th e  r i n g  o f  i n t e g e r s

& f o r  QCyS) i s  a p r i n c i p a l  i d e a l  domain we can  r e p r e s e n t  p as  

(tt) . L e t  us assume t h a t  we have a  r a t i o n a l  prim e p su ch  t h a t  

( p /5 )  = 1 so t h a t  t h e r e  e x i s t  a , b  i n  Z 3 p = ((a+by/5)/2) ( ( a - b \ / 5 ) / 2 ) .

We would l i k e  t o  f in d  c o n d i t i o n s  on a  and b such  t h a t

((a+t>y5)/2) = 1 mod (3+2 e)<»^ . S in ce  h i  mod (3+2 s ) 00̂  we have 5 

p o s s i b i l i t i e s .

(1) ^  • 1 = (a -b  ) / 2 + b e  = 1 mod (3+2e)°°^ . E q u iv a le n t ly  — '- + b e

i s  an  e lem en t  o f  ( 3+2 e) . But t h e  e le m en ts  o f  th e  i d e a l  (3+2e) have

t h e  form (c+ de)(3+ 2e)  = (3c+2d) + (2c+ 5d)e  where c and d a r e  i n  Z. 

Thus we must s o lv e  th e  l i n e a r  sy s tem  (a» ^ ^  = 3c+2d; b = 2c+5d .

c = ( ( 5 / 2 ) ( a - b - 2 ) - 2 b ) / l l  and c i n  Z =» ( 5 / 2 ) ( a - b - 2 )  -  2b s  0 mod 11 »

a -4 b  = 2 mod 11 . d i n  Z im p l ie s  th e  same c o n d i t i o n .

( 2 ) (S±kZZl . e = i  mod ( 3+2 e )00̂  »  ( » -b ) / 2  + b e =  - e '  s  - 1+ e . c , d  in

Z =* a -4 b  = 6 mod 11 .

(3) (a+ b /5 )  . =  ̂ ^ a - 4b s  7 mod 11 .

(4) (4+h/5) . e3 = !  . c>d i n  z =, a _4b = 10 mod 11 .

(5) (a+b /5 )  . g4 _ ^ ^ a _4b = 8 mod 11 .

2 2S in c e  4p = a  -5b  a l l  t h a t  i s  r e q u i r e d  f o r  th e  °°̂  c o n d i t i o n  t o  h o ld  

i s  t h a t  a be p o s i t i v e  ; b may be p o s i t i v e  o r  n e g a t i v e .  Thus we have 

t h a t  p = 1 mod (2+3®)°°^ °  a + 4b = 2 , 6 , 7 , 8 , 1 0  mod 11. But

from  a n o th e r  p o i n t  o f  v iew , i n  o r d e r  f o r  a  prim e (o f  d e g re e  1 ) i n
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QCv/5) t o  s p l i t  i n  K we must have (§ /p )  = 1 , i . e . ,  ■" = x^ mod p

2 2f o r  some x i n  Z . T h is  i s  e q u i v a l e n t  to  (2x +1) = 45 mod p b e in g

s o l v a b l e .  Thus we have:

Theorem 1 : L e t  p be a  prim e 3 (p /5 )  = 1 ( i . e . ,  p = 1 ,9  mod 10)

2 2p f4 11 . L e t  a  and b be p o s i t i v e  i n t e g e r s  3 4p * a -5b  . Then

(2x^+1)^ = 45 mod p i s  s o lv a b l e  »  a  + 4b = 2 , 6 , 7 , 8 , 1 0  mod 11 ( i . e . ,

i f  and o n ly  i f  one o f  t h e s e  t e n  c o n d i t i o n s  i s  s a t i s f i e d ) .

Exam ples:

(1) p = 19, 4p = 76, a  * 9 ,  b = 1 ,  a+4b = 2 mod 11 .

2 2(2x +1) = 45 = 7 mod 19 i s  s o l v a b l e ;  s o l u t i o n  x = 9 .

N o te : S o l v a b i l i t y  i s  d e te rm in e d  u s in g  th e  Legendre  symbol.

(2) 4p = 124, a  = 12, b = 2 ,  a+4b = 9 mod 11, a -4 b  s  4 mod 11.

2 2(2x +1) = 45 mod 31 i s  u n s o lv a b l e .

Example B: For (19) = (5 -e ) (4 + e )  = pp ’ , I « 1 and | = 2;

th u s  th e  p ro c e d u re  f o r  f i n d i n g  £ i s  t h e  same as  above . I t  i s  e a s i l y  s e en

t h a t  6, = - l - 2 \ / 5  s a t i s f i e s  th e  t h r e e  r e q u i r e m e n ts , (£>) = (5 -e )  ,

5 = a 2 mod 4 ,  and § >  0 , § '  <  0 . Thus K = Q ( /5 ,  J - l - Z j l )  . S in ce  
9

e s  1 mod ( 5 - e ) 00̂  we have 18 p o s s i b l e  c o n d i t i o n s  f o r  a  and b .

Theorem 2 : L e t  p be a  prime 3 (p /5 )  = 1  ( i . e . ,  p = 1 ,9  mod 1 0 ) ,

2 2p j* 19 . L e t  a  and b be p o s i t i v e  i n t e g e r s  such  t h a t  4p = a -5b 

Then (x^+1)^ = 20 mod p i s  s o lv a b l e  «  a + 9b = 2 ,3 ,8 ,1 0 ,1 2 ,1 3 ,1 4 ,1 5 ,1 8  

mod 19 ( i . e . ,  i f  and o n ly  i f  any o f  t h e s e  18 c o n d i t io n s  i s  s a t i s f i e d ) .

E xam ples:

(1) p * 11, a  = 7, b = 1 ,  a+9b = 16 mod 19, a -9 b  = 17 mod 19 .

2 2(x  + 1) = 20  mod 11 i s  u n s o lv a b l e .
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(2) p *= 29 , a  = 11, b = 1 ,  a+9b * 1 mod 19, a -9 b  s  2 mod 19,

(x2+ l ) 2 = 20 mod 29 i s  s o l v a b l e .

Example C; p = (29) = ( 5 + e ) ( 6 - e ) ,  I = 2 ,  l ^ p / ^ p I = A . Thus
2

we can c o n s t r u c t  a  " to w e r" o f  q u a d r a t i c  e x t e n s i o n s .  S ince  5+e = O' mod 4 ,  

we can  choose £> = 5+e . There  i s  no s ig n  r e s t r i c t i o n  on £ s in c e  t h e r e  

i s  no i n  th e  f i r s t  c o n d u c to r .  = Q(<\/5,*/5+*) and we a r e  le d  t o  a

-heorem as  b e f o r e .

Theorem 3 : L e t  p be a  prim e such  t h a t  (p /5 )  = 1 ( i . e . ,  p = 1 ,9  mod 10)

2 2p ^ 29. L e t  a and b be p o s i t i v e  i n t e g e r s  such  t h a t  4p = a  -  5b 

Then (2x2- l l ) 2 = 5 mod p i s  s o lv a b l e  °  + a  + 18b = 2 ,3 ,1 1 ,1 4 ,1 7 ,1 9 ,2 1

mod 29 ( i . e . ,  i f  and o n ly  i f  one o f  t h e s e  28 c o n d i t io n s  i s  s a t i s f i e d ) .

Exam ples:

(1) p = 11, a  = 7 , b = 1 ,  -a+18b = 11 mod 29 , congruence  s o l v a b l e .

(2) p ■ 59, a  = 16, b = 2 ,  a+18b = 2 3 ,  a -18b  = 9 ,  -a+18b = 20 ,

-a -1 8 b  = 6, cong ruence  u n s o lv a b l e .

L e t  us now c o n s id e r  th e  c l a s s  f i e l d  c o r r e s p o n d in g  . S in ce

s  we have . Assume th e  g e n e r a to r  f o r  t h i s  q u a d r a t i c

= . Then i f  K /Q ( ^ 5 )  i s  to  bee x te n s io n  i s  o f  th e  form £ -  .... ,

r e l a t i v e l y  a b e l i a n  must c o n ta i n  a l l  c o n ju g a te s  o f  £ . Thus

T] * = VX-p*/5+e i s  i n  o r  e q u i v a l e n t l y  £ £ 1 = '/x^-p ,^ /5+ e  i s i n  r  .' = i s  i n  o r  e q u i v a l e n t l y  £ £ 1 = Vx^-p/

( £ £ ' )  = Cv/5+e) s in c e  £ £ '  € . Thus */x2 - p 2 (5+e) = ,/5+e . ( u n i t )

We see  t h a t  u n i t  = e , X = 5+e, p = 2 i s  a  s o l u t i o n .  Thus

K, = Q(y/5,<y5+6,/\/5+€ + 2V5+®). I t  c a a  be shown £ f  A2 mod 4 by u s in g
'  r i "■ ■

th e  f a c t  t h a t  t h e  r i n g  o f  i n t e g e r s  i n  Q(V5+ e) = [ 1, — wher e  

R = (5 . Thus t h e r e  i s  a  f a c t o r  o f  (4) in  th e  d i s c r im in a n t  o f
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U sing  th e  m u l t i p l i c a t i v i t y  o f  d i f f e r e n t s  t o  compare d i s c r i m i n a n t s  o f  th e

4 t *1 d e g re e  e x t e n s i o n  w i th  t h e  tow er o f  2 q u a d r a t i c  e x te n s io n s  we see

t h a t  th e  d i s c r i m i n a n t  o f  K^/QCy/5) a l s o  c o n ta in s  a  f a c t o r  o f  (4) .

We now make a  c o n je c tu r e  s i m i l a r  to  t h a t  made i n  th e  l a s t  s e c t i o n .  We

c o n j e c t u r e  t h a t  \$ v  / ^ v  | = 2K and t h a t  $  „  / ^ v  i s  c y c l i c  f o r
2 >  2 >  2 >  2 >

a l l  K . T h is  i s  a  pow erfu l  a s su m p tio n  w hich im p l ie s  t h e r e  i s  e x a c t l y

one c l a s s  g roup , v i z .  ^ v  w i th  c o n d u c to r  2*S) f o r  a l l  K ^  2 . With
2 %

t h i s  c o n je c tu r e  we a g a in  u se  th e  f a c t  t h a t  th e  p rim es w hich  s p l i t  com­

p l e t e l y  i n  a  c l a s s  f i e l d  e x te n s i o n  a r e  th o s e  which a r e  = 1 mod f , in  

t h i s  c a se  f = 4p . Such p rim es (o f  d e g re e  1) must s p l i t  i n  , 

i . e . ,  ( (5 + e ) /p )  = 1 and m ust s p l i t  i n  th e  e x te n s i o n  from t o  ,

i . e . ,  (C /p) = 1 . Thus we have

P r o p o s i t i o n : (Assuming c o n je c tu r e )  L e t  p be a p rim e such  t h a t

(p /5 )  = 1 ( i . e . ,  p = 1 ,9  mod 1 0 ) ,  p ^ 29. L e t  a and b be p o s i t i v e

2 2i n t e g e r s  such  t h a t  4p = a -  5b . Then th e  c a s c a d in g  sequence

2 2 _ 2 _ 2x ^ = 5 mod p ,  2X2 -  11 = x^ mod p ,  X2 + 2X2 = mod p i s  s o lv a b l e  »

+ 3a + 4b = 4 ,5 ,6 ,9 ,1 3 ,2 2 ,2 8 ,3 3 ,3 4 ,3 5 , 3 8 , 4 2 , 5 1 , 5 7 , 6 2 , 6 3 , 6 4 , 6 7 , 7 1 , 8 0 ,

8 6 ,9 1 ,9 2 ,9 3 ,9 6 ,1 0 0 ,1 0 9 ,1 1 5  mod 116 and , l e t t i n g

a 1 = ( s i g n  in  f r o n t  o f  3a)*a

b '  = ( s i g n  in  f r o n t  o f  4b)*b
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-  l i b '  h 214 mod 232 i f  + 3a + 4b 

1 0 8 ,1 6 6 ,2 2 4

£ 2

3 2 ,1 4 8 ,2 0 6

1 4 ,7 2 ,1 8 8

162

222

4 0 ,1 5 6 ,2 1 4

50

118

90

130

46

4 8 ,1 6 4 ,2 2 2

98

166

= 4 mod 116 

£ 5 

£ 6 

£ 9 

£ 13 

= 22 

£ 28 

= 33 

£ 34 

= 35 

£ 38 

s  42 

£ 51 

£ 57 

£ 62 

£ 63

-  l i b ' £ 118 mod 232 

£ 206 

£ 14 

£ 46 

£ 106 

2 214 

2 166

2 6 0 ,1 1 8 ,1 7 6  

2 206 

2  14

2 4 6 ,1 0 4 ,2 2 0  

2 222

i f  + 3a + 4b = 64 mod 116 

£ 67 

£ 71 

£ 80 

£  86 

£ 91 

£ 92 

£ 93 

£ 96 

£  100 

£ 109 

£ 115

Exam ples:

(1) p = 11, a = 7 , b = 1 ,  -3 a -4 b  £ 91 mod 116. Thus a '  = - 7 ,  b '  = 1 

a ' - l l b '  £ 214 mod 232 and sequence  i s  s o l v a b l e .  (Using Legendre  

symbol t o  t e s t  s o l v a b i l i t y ) .
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(2) p = 19, a  = 9 ,  b = 1 ,  - 3a+4b s  93 mod 116. Thus a '  = - 9 ,  b '  -  -1  

a 1 - l i b 1 = 2 mod 232 and sequence  i s  n o t  s o l v a b l e .

I f  our  c o n je c tu r e  i s  c o r r e c t  th e n  t h e r e  i s  an  i n f i n i t e  tow er o f
•Jf M

c l a s s  f i e l d s  , o f  QGv/5) e ach  a  q u a d r a t i c  e x te n s i o n  o v e r  i t s  p r e d e c e s s o r ,  

v i z .  Kp £  £  Kgp c  *4.6^ 5 '** * It; shoul d be  p o s s i b l e  to  c o n s t r u c t

g e n e r a to r s  f o r  e a c h  e x t e n s i o n  a l th o u g h  we le a v e  th e  prob lem  h e re  b e c au se  

o f  c o m p u ta t io n a l  d i f f i c u l t i e s .

*
T h is  c l a s s  f i e l d  tower sh o u ld  n o t  be confused  w i t h  t h o s e  d i s c u s s e d  by 
Golod and S h a f a r e v ic h  where e a c h  f i e l d  i s  a c l a s s  f i e l d  o f  i t s  p r e d e c e s s o r .



CHAPTER V. CLASS GROUPS MOD m OF REAL QUADRATIC FIELDS FOR m * ( p ) t

§ 1 .  G ene ra l  D e f i n i t i o n s  and P r o o f s ;  N o rm a l i ty .  S k ip p in g

D e f i n i t i o n : An A - f i e l d  i s  a  r e a l  q u a d r a t i c  f i e l d  i n  w hich N(6) * -1

a  B - f i e l d  i s  a  r e a l  q u a d r a t i c  f i e l d  in  w hich  N(e) = +1 .

E xam ples ; QCv/2) ,Q ( /5 )  ,Q(*/To) a r e  A - f i e l d s ;  Q ^ )  ,Q(v/6) ,Q0n/7 )  ,QCn/ u ) 

a r e  B - f i e l d s .

N o te : In  th e  f o l lo w in g  r e s u l t s  when we sa y  mod p we r e a l l y  mean

mod (p) where (p) i s  an  i d e a l  i n  Q(\/d) and p i s  an  odd prim e o f

D e f i n i t i o n : x^  i s  th e  s m a l l e s t  power x o f  th e  fundam en ta l  u n i t  <

x ksuch  t h a t  e = 1 mod p

Lemma 1 : L e t  r  6 Z  and ex h r  mod p .  I f  N (e) = -1  th e n  r  = + 1
2

i f  x i s  even  and r  = -1  mod p i f  x i s  odd. I f  N(c) = 1 th e n  

r  = + 1 mod p r e g a r d l e s s  o f  th e  p a r i t y  o f  x .

P r o o f : Case l a . N(e) = - 1 ,  x even , e s  r  mod p =» ( t a k i n g  norms)

( e ' ) x  = r  mod p =* ( e * e ' ) x = r  mod p =» r  = +  1 mod p .

x 2Case l b . N(e) = - 1 ,  x odd . We have as i n  l a .  ( e . e ' )  s  r  mod p ;
2 _

-1  = r  mod p ( t h i s  c a s e  can  o ccu r  on ly  i f  p = 1 mod 4 ) .

x x 2 2Case I I : N(e) = l .  e = r  mod p = > ( e « e ' )  = r  mod p =» 1 = r  mod ]

r  = + 1 mod p . / /

Thus i f  N(e) = -1  powers o f  e can  be c o n g ru e n t  to  a t  most 4 

r a t i o n a l  i n t e g e r s  mod p ; i f  N (e)=  +1 a t  most two.

Now we p rove  a  c o n v e rs e  o f  Lemma 1 , w hich r e q u i r e s  t h a t  we d i s ­

t i n g u i s h  betw een  i n e r t  and s p l i t t i n g  p r im es  p i n  QW^) . For an

i n e r t  p rim e p , th e  r e s i d u e  c l a s s  d e g re e  f  = 1©/(p)/2Z / (p) 1 = 2 =>
2

& /(p )  i s  a f i e l d  w i t h  p e le m e n ts .  L ik e  any f i n i t e  f i e l d  i t s  m u l t i

p l i c a t i v e  group i s  c y c l i c  and hence has e x a c t l y  one e le m en t  o f  o r d e r
-3 1 -

Z.

mod p
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name l y  -1  . For a  s p l i t t i n g  p rim e p ,  i . e . ,  (p) * p p '  , & /(p )  = &/p x

& /p ' ( c f .  G o ld s te in  [ 7  ] ,  p .  29) and s in c e  f  = |<5/p /  2 Z / ( p ) |  = 1 ,

<s/(p) * Z © Z and G>/(p) th u s  has  t h r e e  e le m e n ts  o f  o r d e r  2 .
P P

Lemma 2 :  I f  N (e) = -1  th e n  x_ i s  ev en .  F u r th e rm o re  i f  p i s
------------  l . P

^X1i n e r t  th e n  % x . i s  even  and e * = -1  mod p . I f  p = 1 mod 4 ,
i  »P

k  x.
3 r € E 3 e  , p == r  mod p .

x .
P r o o f : e **p = 1 mod p => ( e 1) ^ ’ p = 1 mod p =» (N (e ))  ^*p = 1 mod p =>

%x
x , i s  even =» e *p = -1  mod p ( s i n c e  -1  i s  t h e  o n ly  e le m e n t  o f  

l . P

^X1 ^X1 
o r d e r  2) => ( e 1) »p == -1  mod p => (N (e))  *p = 1 mod p => %x^ i s

be.
even  => 3 r  € Z  3 6 * r  mod p i f  p = 1 mod 4 ,  s i n c e  6 / (p) i s

c y c l i c .  / /

D e f i n i t i o n : L e t  (+) d e n o te  an  e le m en t  o f  & = 1 mod p w i t h  s i g n a t u r e

+ -  . I t  i s  c l e a r  t h e r e  a lw ays e x i s t s  such  a n  e le m e n t .

Lemma 3: "The E q u iv a le n c e  Lemma" . Case l a  o f  Lemma 1 «  ( r )  € (1 )  £ poo .

Case lb  «  ( r )  € (+) . Case I I  «  ( r )  € .

P r o o f : ex = r  mod p 1 = r ( e  x ) mod p . I f  x i s  even  o r  N (e)  = +1 , 

e x  i s  t o t a l l y  p o s i t i v e  ( a b b r e v ia t e d :  + +) so  1 = r ( e  x ) mod p°° <=>

( r )  € (1) ^  . I f  N (e) = -1  and x i s  odd th e n  e” x i s  + -  sopco

i f  we m u l t i p l y  by (+) we g e t  1(+) = r * e  x mod p00 , i . e . ,

M  6 <t> ^  ■ "

I n e r t  P rim es £r  # N(p) n ( 1 - ( 1 / N( p ) )

I f  p I .  I n e r t  -  — i l i ------------------ -
[® : & J  [6 : ® Jpooj L p00J
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4 ^p (where ©* i s  t h e  group  o f  u n i t s ;  t h e  group  o f

p
u n i t s  = 1 mod p® . )

P r o p o s i t i o n  1 : For i n e r t  p r im es p in  A - f i e l d s ,  l ^ p / ^ ^ l  = E ( p - l )

where E i s  in  Z+ , E odd . Fo r  i n e r t  p r im es p in  B - f i e l d s ,  

b * / ^ p j  = 2 E ( p - l )  where E i s  i n  Z+ .

P r o o f : From C hap te r  I I  we know t h a t  th e  d e c o m p o s i t io n  group o f  th e

i d e a l  (p) in  QCv/d) (which e q u a ls  th e  G a lo is  group G = {1 ,cr} o f

Q Cs/d) over  Q f o r  i n e r t  p r im es)  i s  isom orph ic  t o  t h e  G a lo is  group of

<5/ (p) over  Z/  (p) . The l a t t e r  G a lo is  group i s  g e n e ra te d  by x -* x ** ;

th u s  th e  isom orphism  im p l ie s  t h e r e  i s  a un ique  autom orphism  t i n  th e

d e c o m p o s i t io n  group which s a t i s f i e s  t (x ) = x^ mod (p) ; x € © , T b e in g

th e  F ro b e n iu s  autom orphism  o f  (p) . C l e a r l y  T -  o  f o r  i n e r t  p r im e s .

L e t  us den o te  cr(x) by x '  as u s u a l .  L e t  Tj be a p r i m i t i v e  r o o t  which
2

g e n e ra te s  th e  c y c l i c  m u l t i p l i c a t i v e  group (o f  o r d e r  p -1 )  o f  th e

r e s i d u e  c l a s s  f i e l d  & /(p )  . L e t  e = T)x mod (p) . Then e '  = 0 ] ' ) X mod p

and N(e) = (TJ»TJ*) mod (p) . The F ro b e n iu s  autom orphism  s t a t e s

TT s  T1P mod (p) ; th u s  N(e) = (T]1* 1) *  mod (p) . I f  N (e) = -1 , th en

(T]p+1) x h - i  mod (p) im p l ie s  x = ( ( p - l ) / 2 ) - K  , K i n  Z , K odd.

I f  N(e) = +1 , (T]p+*')x = 1 mod (p) im p l ie s  x = ( p - l )* K  , K in  Z .

I f  N(e) = -1 , th e n  x . = 2 ( p + l ) /K  . I f  N(e) « +1 , x- « (p + l ) /K .
* >P 1>P

2
Thus i f  N(e) = -1  , [&* ; = 4 ( p + l ) /K  and b * / ^ J  -  -

K*(p-1) where K i s  i n  Z , K odd. I f  N(e) = +1 , [& ; <&Vl =

2 (p+1) /K and = 2*K (p - l)  , K i n  Z . / /
P P
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N um erical e v id e n c e  i s  t h a t  E = 1 f o r  many i n e r t  p r im es i n  bo th  

A and B - f i e l d s .

D e f i n i t i o n ; An i n e r t  prim e p i s  norm al i f  E = 1 . I f  E > 1 i t  i s  

c a l l e d  s p e c i a l .

E xam ples:

FIELD NORMAL INERT PRIMES SPECIAL INERT PRIMES

QCv/2) 3 ,5 ,1 1 ,1 3 ,1 9 ,3 7 2 9 ,5 9 ,1 9 7 ,5 7 4 1 ,3 3 4 6 1

Q (a/3) 7,17 5 ,1 9 ,2 9 ,4 1 ,4 3 ,5 3

QCv/5) 2 ,3 ,7 ,1 3 ,1 7 , 2 3 , 3 7 , 4 3 , 5 3 , 4 7 ,1 0 7 ,1 1 3 ,2 3 3 ,1 5 9 7 ,2 8 6 5 7

73

Q(*/6) 7,17 1 1 ,1 3 ,8 3 ,8 9 ,1 0 9

QCs/7) 5 ,1 1 ,1 3 17 ,2 3 ,1 2 7

qo/ i o ) 7 ,1 1 ,1 7 1 9 ,103 ,131

Q(v/U) 3 ,1 3 ,1 9 9

2k 2
We now w ish  t o  examine I = — ( l " d / P  ) )  ^

p p 00 ; © K J
p 00

•k 1
In  o r d e r  t o  c a l c u l a t e  [& : & „  ] we need th e  f o l lo w in g  p r o p o s i t i o n .

p 00

2
P r o p o s i t i o n  2 ; L e t  p be a  p rim e t h a t  does n o t  d iv id e  2 ( s - e ' )  . I f

X | | . x l , P l . K-X
P lK e - 1) t h e n  x K,p = P • Xl , p  •

P r o o f ; T h is  fo l lo w s  from a  r e s u l t  o f  Lucas c a l l e d  th e  law o f  r e p e t i t i o n

o f  prim es ( s t a t e d  i n  Dickson [ 5  ] ,  p .  3 9 6 ) .  T h is  law s t a t e s  t h a t  i f

u = ( en—(6 * )n ) / ( s - e ' )  and u ,  i s  t h e  f i r s t  te rm  c o n ta i n in g  t h e  prime n 1

f a c t o r  p t o  th e  power X th e n  u ^  i s  th e  f i r s t  te rm  d i v i s i b l e
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, X+l  j  . , X+2 »/by p and n o t  by p . / /

ie ^
Using P r o p o s i t i o n  2 and Lemma 2 we se e  t h a t  [& :& ^  ] =

P 00
K« \  * 1

p • [& :© . N um erica l  e v id e n c e  i s  t h a t  X = 1 f o r  m ost p . I f

- ■

P P

P ^ M p ^ L l  f o r  a l l  K i n  Z+ .

f o r  a  g iv e n  p , X = 1 , t h e n  xR p = p * x l  p and ^  K  ̂ =

P P00

D e f i n i t i o n ; I f  X = 1 we sa y  p does  n o t  s k ip  o r  p i s  a  n o n - s k ip p in g  

p r im e .

For some prim es we do n o t i c e  a  " s k ip p in g "  phenomena; i . e . ,  X > 1

w hich im p l ie s  x„  = x , f o r  K = 2 , . . .  X . T h is  im p l ie s  
K,p 1 ,P

i9 * J 9 l yi I = P2(K -1) bp/Ppcol f o r  th o s e  v a lu e s  o f  K , and |^*K/P 1R I -  
p p c o  P P  p p o o

px' 2+Kl •

Exam ples:

In  QCv/2) I = 12 = p-1  ; | /  J ? 1 ,  | = 12-132 = ( p - l ) p 2
u  13 13 “

In  QCs/6> I ^ L l  = 2 -6  = 2 (p -1 )  ; | = 2 .6*49 = 2 ( p - l ) p 2
7 7 “

P r o p o s i t i o n  3 : I f  N (e) = -1  , E ( p - l ) p K * d i v id e s   ̂ *
P P 00

I f  N(e) = 1 , 2 E ( p - l ) p K_1 d i v id e s  R I •
P P 00

P r o o f ; Fo llow s e a s i l y  from P r o p o s i t i o n s  1 and 2 . / /

N o te ; We have c o n s id e re d  t h e  " ra y  mod p00" r a t h e r  th a n  th e  " ra y  mod p" 

because  o f  i t s  somewhat more i n t e r e s t i n g  ra y  c l a s s  group and th e  con­

n e c t i o n  o f  w i th  t h e  c l a s s  number o f  q u a d r a t i c  forms o f  d i s -
2

c r im in a n t  dp t o  be d i s c u s s e d  l a t e r .  However, f o r  th e  sa k e  o f
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co m p le te n e ss  we In c lu d e  t h e  c o n n e c t io n  w i th  | .
P P

A - f l e l d s :  *= 2 • ( s i n c e  t h e r e  a lw ays  e x i s t s  a  z 3 ez =

-1  mod p)

. * l  , i * I .  4 i f  ?  z 5 «Z = ' I  ™>d p
B - f i e l d s : b / ^ l  -  \ t l \ \  • ^  1£ a  „ 5 s* ,  _x mod p .

S p l i t t i n g  prim es p (p “  p p ' )

I _ A ,£2 a - ( ,l/p).).2 = 41e -1 1 2
D °  1 ”  , * 1 , r * 1p p [® : © ] [© :© ]

P P

\ n * , a \  I = P(l - (ljp)) = _£=i____
1 , * 1 , , * 1 ,

p P [© :© ] [© :© ]

D e f i n i t i o n : L e t  p = p p 1 . p i s  normal i f  b p / ^ p  I = 1 5 P *s s p e c i a l  i f

If \ > » \  I > 1 •

Exam ples:

FIELD NORMAL SPLITTING PRIMES SPECIAL SPLITTING PRIMES

QCs/2) 7 ,1 7 ,2 3  41 ,13 7 ,1 9 9

QC/3) 1 1 ,1 3 ,2 3  7 1 ,9 7 ,1 8 1 ,1 9 3

QCv/5) 1 1 ,1 9 ,3 1 ,4 1 ,6 1  29 ,89

Q(76) 5 ,19  97

QCT7) 3

QCs/lO) 3 13 ,37

QCn/11) 5 ,7  19

In  th e  d e f i n i t i o n  above we c o n s id e r e d  th e  " r a y  mod p" r a t h e r  th a n  

th e  " ra y  mod p" s i n c e  p i s  a prim e i d e a l  i n  Q(\/d) and (p) i s  n o t .
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However, i n  t h e  n e x t  two s e c t i o n s  we w i l l  work e x c l u s i v e l y  w i th  

\? W  \ . Thus i n  t h i s  s e c t i o n  we m ust e s t a b l i s h  t h e  r e l a t i o n s h i p  

betw een I anc* \9^/5^a,\ • A lso  in c lu d e d  i s  th e  r e l a t i o n s h i p  to

\ f I . F i r s t  however we need some f a c t s  a b o u t  u n i t s .
P "P00!

xP r o p o s i t i o n  4 : I f  x i s  even o r  N(e) = +1 th e n  ( e  = 1  mod p «  

ex = 1 mod p 1) and (e X = -1  mod p «  ex = -1  mod p ' )  . I f  x i s  odd

and N(«) = -1  th e n  ( «X = 1 mod p »  eX = -1  mod p ' )  .

P r o o f : 6X = 1 mod p (® ')X = 1 mod p '  «  ( e ' . e ) x = ex mod p ' o  sx  =

(N ( e ) ) x mod p '  . / /

Remark: I f  6 = 1  mod p and i f  x i s  even  o r  N (e) = +1 , t h e n  x

c a n n o t  be s m a l l e r  th a n  x . (x. i s  th e  lo w e s t  power o f  e c o n g ru e n t
1 > P 1»P

X  X  xt o  1 mod p) s in c e  e = 1 mod p and e s  1 mod p ' =» e s i  mod p .

S i m i l a r l y  i f  ex = -1  mod p , x c a n n o t  be s m a l l e r  th a n  t h e  lo w e s t  power

o f  6 c o n g ru e n t  t o  -1  mod p .

P r o p o s i t i o n  5 : I f  y = 2w i s  th e  lo w e s t  even power o f  e such t h a t

ey s  -1  mod p th e n  ^  = -1  mod p and y i s  t h e  lo w e s t  such  power.

P r o o f :  Suppose e = -1  mod p w i t h  z <  y and z i s  t h e  lo w e s t  such  

power w i th  t h e s e  p r o p e r t i e s .  Then z must be odd by P r o p o s i t i o n  4 .

z z(S ince  i f  z i s  even th e n  e = -1  mod p '  and e = -1  mod p) . y i s

z 2 2k,a m u l t i p l e  o f  z , i . e . , y = 2 * z * k .  Thus e = -1  mod p => ( e  ) s

( - l ) ^ k  mod p => ey s  i  mod p . C o n t r a d i c t i o n .  / /

R e l a t i o n s h i p  betw een  I and [ in  A - f i e l d s
r P P P

P r o p o s i t i o n  6 : I f  Ne = -1  , [&*:&*] =
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P r o o f : N o t ic e  t h a t  i f  e = + 1 mod p th e n  z m ust be even s in c e

z ze = + 1 mod p =* (N (e))  = 1  mod p . So t h e r e  a r e  two c a s e s

i )  The f i r s t  power o f  e c o n g ru e n t  t o  a r a t i o n a l  mod p i s  c o n g ru e n t

1t o  1 mod p and th e  power i s  ev e n ;  and e ’ = 1 mod p and no low er 

power has  t h i s  p r o p e r t y .  (Here ^x, must be odd , o th e r w is e

%X1 De *p = 1 mod p by P r o p o s i t i o n  4 ,  b u t  t h i s  c o n t r a d i c t s  d e f i n i t i o n  o f  

x- ) .
l . P

i i )  An even power o f  e , say  z i s  c o n g ru e n t  to  -1  mod p so

o b v io u s ly  ez = -1  mod p =» - e z = +1 mod p ; however no low er power has

t h i s  p r o p e r ty  by P r o p o s i t i o n  5 .  / /

P r o p o s i t i o n  7 ; I = bpA ?pcJ 1 2 (P"1> •

P r o o f :  b .  t? }  I = by P r o p o s i t i o n  6 ,  b u t
P P :CTJpoo

(«*/«! I = 4 .p2 (i - q / E )) i  * = _ i --------- =»

p P“  4 ( P - D 2

I / / / J  = 2 (p -1 )  = ^ s L  . „
P P 4 (p -1 )  2 (p -1 )

R e l a t i o n s h i p  betw een I and l^p/^poo I i n  A - f i e l d s
1

I # * *  I -  • I 2 £or “ 5e 1 ln  P r»I><>8itl‘>n 6
p “ 1 r  P ^  f o r  c a se  n  i n  P r o p o s i t i o n  6

R e l a t i o n s h i p  betw een 1 an(* l^p/^pool i n  B - f i e l d s

P r o p o s i t i o n  8 : I f  Ne = +1 , th en
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i )  [G> i f  ?  z 3 eZ = -1  mod pD poo *

i l )  [(5 :©J] = %[& :©^_] i f  3 z 3 ez = -1  mod p .
P P

P ro o f :  i )  Suppose 3 x 3 +  eX = 1 mod b and x < x . . Then-  r l , p

Ne = +1 =» + ex = l  mod p 1 th u s  + ex = 1 mod p . C o n t r a d i c t i o n .

i i )  O bv iously  -*sZ = 1 mod p . I f  + ew £ 1 mod p f o r  w ^ z th e n

+ eW = 1 mod p ' =* + eW = 1 mod p =* w = z . /  /

P r o p o s i t i o n  9 : Case i )  I = P<̂ ~ = ^ p ^ p" '

Case i i )  I = — £

P P C® ’% J  P - 1)

\5*/Gl  I * , ^ i i  V V 1

> P 2 ( p - l )

P r o o f : F o llow s im m ed ia te ly  from P r o p o s i t i o n  8 . / /

R e l a t i o n s h i p  betw een  I and l^v/^vjoo I i n  B - f i e l d s
r r 1

2 f o r  c a se  i )  i n  P r o p o s i t i o n  8

^ p ^ p o o   ̂ ” ^ p ^ p   ̂ l l  f o r  c a se  i i )  i n  P r o p o s i t i o n  8 .

§2. S t r u c t u r e  o f  t h e  C la s s  Group; Number o f  C la s s  Groups o f  Given C onductor

For th e  tim e b e in g  we r e s t r i c t  o u r s e lv e s  to  normal i n e r t  p r im e s ,  i . e . ,

i n e r t  p su c h  t h a t  / ^ _ I  = M • (p -1 )  where M = 1 f o r  A - f i e l d s
P P

and M = 2 f o r  B - f i e l d s .  We know from C h ap te r  4 t h a t  (1) ^  =
P

( p - 1 ) ^ ^  f o r  such p . We a l a r  know t h a t  = (i)^pco i s  im p o s s ib le

f o r  1 < r  <  p -1  . Thus i f  s i s  a  p r i m i t i v e  r o o t  mod p (p r a t i o n a l )  

th en  ( 1 ) ^  , (s )«?p0O>’ - * ( s ^P" 3^ / 2 ) ^pa, a r e  d i s t i n c t  r a y s  fo rm ing  a  c y c l i c  

subgroup o f  t h e  r a y  c l a s s  g roup . T h is  subgroup has o r d e r  ( p - l ) / 2  ; th u s  

we have a  f a c t o r  o f  2 to  a c co u n t  f o r  i n  th e  c a s e  o f  A - f i e l d s  and a
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f a c t o r  o f  4 i n  th e  c a se  o f  B - f i e l d s .  We know t h a t  (d) r a m i f i e s  in  

QCv/d) ; (d)= (Jd) 2 .

P r o p o s i t i o n  10 : ( r /d )# ^  4 ( r ) ^  f o r  any r a t i o n a l  r  .

P r o o f : Suppose we have e q u a l i t y .  Then Jd  = r * e Z mod p00 => ->Jd =

z 2 zr * ( e ' )  mod p00 => -d  s  r  * (N (e))  mod p00 . 00 c o n d i t i o n  => N (e) = -1  and
2

z odd =* d = r  mod p which c o n t r a d i c t s  f a c t  t h a t  p i s  i n e r t .  / /

S in c e  (p ,d )  = 1 3 k such  t h a t  d = s mod p . I f  k i s

x 2
even , sa y  k = 2x we have d = (s ) mod p w hich  c o n t r a d i c t s  th e  f a c t  

t h a t  p i s  i n e r t .  Thus k i s  odd, say  k = 2:d-l . Thus 

( d y j o .  = = ( s ) 2x+1 . T h is  im p l ie s  t h e r e  i s  a  r a y  o f  o r d e r

p-1 , v i z .  ( \ /d /s X) . Thus we have a c c o u n te d  f o r  th e  f a c t o r  2 f o r

A - f i e l d s  and we c o n c lu d e :

P r o p o s i t i o n  1 1 : In  A - f i e l d s  a  ra y  c l a s s  group  mod a  norm al i n e r t  prime

has s t r u c t u r e  Z , .p-1

We s t i l l  have a  f a c t o r  o f  2 t o  a c c o u n t  f o r  i n  th e  c a s e  o f  B - f i e l d s .

We c la im  t h a t  t h e r e  i s  a subgroup  o f  o r d e r  2 g e n e ra te d  by (+)^p00 where 

(+) d e n o te s  an e lem en t  o f  Q(Vd) w hich  i s  = 1  mod p and has s i g n a t u r e  

+ -  . We need to  show t h a t  (+ )^ 1 i s  n o t  a l r e a d y  c o n ta in e d  i n  th e  mainpoo

c y c l i c  su b g roup . Note t h a t  e v e ry  e le m en t  i n  th e  m ain  c y c l i c  subgroup can

be e x p re s s e d  i n  th e  form (v/d)^ • ( r ) £ ^  w here L i s  0 o r  1 and r
P

i s  a  r a t i o n a l  i n t e g e r .

P r o p o s i t i o n  12: In  B - f i e l d s  i s  n o t  in  t h e  main c y c l i c  subg roup .  _ poo

P r o o f : Suppose (+ )^p00 = . Then 3 z 3 (+) = >Jd . r * €  mod p00 =»

(^)  5 (-fl/d)^*!:* ( e ' ) Z mod p00 => ( - )  = ( - d ) ^ » r 2 * (N (e ))  mod p00 . I f  L = 0 ,

® c o n d i t i o n  => N(e) = -1  , z odd. I f  L = 1 , “  c o n d i t i o n  =» N (s)  = +1



- 4 1 -

2o r  z even  and congruence  re d u c e s  t o  -1  = d* r  mod p . But we a l s o

2 2z -1  2
have 1 s  d* r  *e mod p => d = ( r  • € ' )  mod p w hich c o n t r a d i c t s  th e

f a c t  t h a t  p i s  i n e r t .  / /

T h is  a c c o u n ts  f o r  th e  e x t r a  f a c t o r  o f  2 i n  B - f i e l d s .  We conc lude

w ith j

P r o p o s i t i o n  1 3 : In  B - f i e l d s  a  ra y  c l a s s  group mod a  normal i n e r t  prime

has s t r u c t u r e  Z , © Z_ .p-1  2
* / 1We now c o n s id e r  th e  s t r u c t u r e  o f  $  /$  where p i s  a normal
P P "

i n e r t  prim e t h a t  does n o t  s k i p .

P r o p o s i t i o n  1 4 : $ ' = Z . f o r  A - f i e l d s ;
p C p C»  ( p - l ) p C_A

= Z © Z f o r  B - f i e l d s .
( p - l ) p t_ 1  2

t  *P r o o f :  We use  th e  f a c t  t h a t  (Z /(p )  ) i s  c y c l i c  f o r  p odd and

f o r  a l l  t  . L e t  b be a p r i m i t i v e  r o o t  mod p fc (p r a t i o n a l ) .  Then 

we s im ply  r e p e a t  th e  above argum en ts  w i th  b r e p l a c i n g  s , t h e  p r i m i t i v e  

r o o t  mod p . In  t h i s  way we c r e a t  p fc A t im es  a s  many d i s t i n c t  ra y s

s in c e  ( r ) ^ 1 = im p l ie s  r  = + 1 mod pfc . Thus by th e  e q u i -
P 05 p 05

v a le n c e  lemma th e  newly c r e a t e d  r a y s  a r e  d i s t i n c t .  / /
1

L e t  us now c o n s id e r  subgroups  o f  $  t  . P r o p o s i t i o n  14 t e l l s
P P 00

us th e  ra y  c l a s s  group has t h e  form Z - i n  A - f i e l d s .  S ince
(P -1)P

t h i s  i s  a c y c l i c  group t h e r e  i s  e x a c t l y  one subgroup o f  o r d e r  x f o r

each  x d i v i d i n g  ( p - l ) p t - 1  . As i s  c o n v e n t io n a l  l e t  t (y) be

d e f in e d  as th e  number o f  p o s i t i v e  d i v i s o r s  o f  y . Then Z 1
(P -1 )P

has t •t (p -1 )  su b g ro u p s .  A l l  o f  t h e s e  subgroups a r e  e x p la in e d  by a
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low er modulus e x c e p t  t h e  congruence  subgroups  o f  o r d e r s  1 ,

u 2>u 3 . . .  uT (p _ i)  = P“ 1 where the  u^ a r e  th e  p o s i t i v e  d i v i s o r s  o f

p-1  . Thus we have

P r o p o s i t i o n  1 5 : There a r e  t  (p -1 )  - 8  c l a s s  g roups  w i th  f* = (p )* ,
I X

t  i n  Z+ , f o r  (p) a  norm al i n e r t  n o n - s k ip p in g  prime i n  an  A - f i e l d .

The c o r r e s p o n d in g  c l a s s  f i e l d s  have d e g re e s  p fc \  pfc ^ ^ . . . . . p * '   ̂(p -1 )

*ove r  k  . Here , ? i s  d e f in e d  as  th e  f i n i t e  p a r t  o f  th e  c o n d u c to r  j . / /  

I n  B - f i e l d s ,  th e  r a y  c l a s s  group has t h e  form Z © Z0 . By
( p - 1 ) .p  2

a p p ly in g  C a r m ic h a e l 's  method f o r  c o u n t in g  subgroups  o f  v a r io u s  o r d e r s ,

we see  t h a t  th e  number o f  subgroups o f  index  1 , ^ , . . .  , u ^ , . .  . p , 2  (p -1 )  ,

. . .  2 ( p - l ) p t - ^ (where th e  u^ a r e  t h e  p o s i t i v e  d i v i s o r s  o f  2 ( p -1 ) )

i s  th e  same f o r  Z . © Z and Z © Z . Thus our
(P -1 )P  1 2 (P -D P  2

c o u n t in g  p roblem  i s  red u c e d  t o  a n a ly z in g  th e  subgroup p a t t e r n  o f

Z , © Z_ . L e t  M be th e  number o f  odd d i v i s o r s  o f  p-1  . Then th e  p-1  2

number o f  subgroups o f  ® ^2 2M+-3(t (2 (p -1 ) )  -  2M) =

3 T ( 2 ( p - l ) )  -  4M .

P r o p o s i t i o n  1 6 : I f  p i s  a normal i n e r t  n o n - s k ip p in g  prim e i n  a B-

f i e l d  t h e r e  a r e  3 T ( 2 ( p - l ) )  -  4M -  c l a s s  g roups w i t h  f* = (p )*  ,

t  i n  Z+ . The c o r r e s p o n d in g  c l a s s  f i e l d s  have d e g re e s

p t - \  p t _ ^U2 , . . .  p t - ^ « 2 ( p - l )  over  k ; t h e r e  b e in g  3 such  c l a s s  f i e l d s  

f o r  each  d e g re e  u n le s s  u^ o r  2 ( p - l ) / u ^  i s  odd in  w hich c a se  t h e r e  

i s  o n ly  1 .

* / 1L e t  us now c o n s id e r  th e  s t r u c t u r e  o f  f ° r  norm al s p l i t t i n g

prim es p . F o r  such  p i n  an  A - f i e l d  x- = p-1 , i n  B - f i e l d s
A »P

x , = % (p-l)  f o r  Case i )  o f  p r e v io u s  s e c t i o n ,  x.. = p-1  f o r  Case i i )
l , p  J-iP



- 4 3 -

o f  p re v io u s  s e c t i o n .  We know t h a t  ® /(p )  = ©/& X & /p ' = Z © Z . A lso
P P

i f  x = ( a ,b )  , x* = ( b , a )  where x € & . Thus ( a ,b )  i s  a  u n i t  mod p

on ly  i f  ab = + 1 mod p . The r a t i o n a l s  mod p a r e  imbedded as  ( r , r )  .

There  a r e  e x a c t l y  2 (p -1 )  e le m e n ts  o f  Z^ © Z^ w hich s a t i s f y  ab = + 1 

mod p b u t  th e  c y c l i c  group g e n e ra te d  by th e  fundam en ta l  u n i t  o f  a  p a r ­

t i c u l a r  f i e l d  w i l l  com prise  a t  most p-1  o f  t h e s e .

Lemma 4 : I f  A - f i e l d s  x^ ^ = p -1  im p l ie s  i )  i f  p = 1 mod 4 3 z 3

z ze = -1  mod p and i i )  i f  p = 3 mod 4 2 z 3 e = - 1  mod p .

X1 J 1P r o o f : I f  p = 1 mod 4 l e t  e ,p  = ( a ,b )  . We know ab = 1 mod p
2 2

s i n c e  x1 /2  = ( p - l ) / 2  i s  e v e n .  A lso  we have a  = b = 1  mod p . Thus

( a ,b )  = ( - 1 , - 1 )  and s in c e  ( - 1 , - 1 )  i s  i d e n t i f i e d  w i th  -1  we have

x /  2 zl , p  = -1  mod p . I f  p = 3 mod 4 , e = -1  mod p im p l ie s  z odd

w hich  c o n t r a d i c t s  Lemma 1 o f  S e c t io n  1 . / /

P r o p o s i t i o n  1 7 : ( V ^ ) ^ ^  = ( r )<?poc f o r  some r a t i o n a l  r  »  p = 3 mod 4

and N (e) = -1  .

2 zP r o o f :  From th e  p ro o f  o f  P r o p o s i t i o n  1 we see  -d  = r  *(N (e))  mod p00 .

00 c o n d i t i o n  im p l ie s  N (e) = -1  and z odd . But >Jd s  r » e z mod p°°

2 2 2 zim p l ie s  d = r  *e z mod p00 w hich  im p l ie s  e s i  mod p00 . But z odd

2 zand e s i  mod p00 im p l ie s  p -  3 mod 4 . / /

P r o p o s i t i o n  1 8 : (+)<?poo ^ i n  A - f i e l d s  where p = 3 mod 4 and

in Case i  B - f i e l d s .  (Here L = 0 o r  1 and r  i s  r a t i o n a l ) .

P r o o f : Suppose we have e q u a l i t y .  From th e  p ro o f  o f  P r o p o s i t i o n  12 we

s e e  t h a t  i f  L = 0 , 00 c o n d i t i o n  im p l ie s  N(e) = -1  , z odd and con-

2 zg ruence  re d u c e s  t o  r  = -1  mod p . But (+) = r * e  mod p00 im p l ie s

2 2z 2z z "1r  • e = 1 mod p => e = -1  mod p =» p = 1 mod 4 and e s  i  r  m0(  ̂ P •
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(Note t h i s  type  o f  prime i s  = 5 mod 8 ) .  I f  L = 1 00 c o n d i t i o n  =»
_ 2

N (e) = +1 o r  z even  and congruence  re d u c e s  to  -1  = d * r  mod p b u t

2 2 z 2 zwe a l s o  have 1 = d * r  »e mod p w hich im p l ie s  e = -1  mod p . I f

N (e) = +1 , t h i s  c o n d i t i o n  d e f i n e s  a Case i i  B - f i e l d .  I f  N(e) = -1 ,

th e n  s in c e  z i s  even  we o b t a i n  p = 1 mod 8 . / /

We now have g e n e r a to r s  f o r  1 o f  th e  2 ty p e s  o f  c l a s s  groups

w hich o ccu r  f o r  normal s p l i t t i n g  p rim es i n  A - f i e l d s ,  and s i m i l a r l y  f o r

B - f i e l d s .

* 1P r o p o s i t i o n  19 ; For normal s p l i t t i n g  p r im es  in  A - f i e l d s ,  has

s t r u c t u r e  Z , © Z„ i f  p = 3 mod 4 .p -1  2 r

P r o o f ; Using th e  E q u iva lence  Lemma and P r o p o s i t i o n s  14 and 15 we o b t a i n

{ (1) (2) . . .  (p-1)} X £ (1) <+) } . / /

* 1
P r o p o s i t i o n  2 0 ; Fo r  normal s p l i t t i n g  p r im es  i n  B - f i e l d s ,  „  has

s t r u c t u r e  Z © Z„ © Z i f  2  z 3 eZ = -1  mod p (Case i  B - f i e l d ) .
p -1  2 2

P r o o f ; U sing  P r o p o s i t i o n s  15 and 16 we have { (1 )  . . .  ( p -1 )}  X

{ (D C v /d / t )}  X £ (1) (■+•) } where t 2 = d mod p . / /

We now t r y  t o  f in d  th e  m is s in g  g e n e r a to r  f o r  th e  one ty p e  o f  A and

B - f i e l d s  n o t  c ove red  by th e  above p r o p o s i t i o n s .  We would l i k e  t o  f in d  an

i d e a l  (a?) w hich i s  n o t  g e n e ra te d  by ( v /d ) ( r ) ,  r  r a t i o n a l ,  b u t  whose

s q u a re  i s  so g e n e r a te d .  We c o n s id e r  th e  e a s i e r  c a se  o f  B - f i e l d s  f i r s t .

L e t  s be a  p r i m i t i v e  r o o t  mod p , p r a t i o n a l .  Then we c la im

( s P 2 , s )  i s  a u n i t  mod (p) i f  Ne -- +1 and x . = p-1  . C e r t a i n ly
1 »P

s P" 2 . s  = 1 mod p and when Ne = +1 and x 1 = p-1  t h i s  c h a r a c t e r i z e s

th e  u n i t s  s in c e  t h e r e  a r e  e x a c t ly  p -1  e le m e n ts  ( a ,b )  s a t i s f y i n g

p** 2ab = 1 mod p . N o t ic e  t h a t  ( l , s )  = (s , s ) ( s , l )  and we have
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2 p- 2( s , s )  = ( 1 , 8 ) ( s , l )  = ( 8 ,1 )  (s  , s ) . S in c e  s i s  i d e n t i f i e d  w i th  

t h e  r a t i o n a l  s we have f o r  Case i i  B - f i e l d s  ( s ) ^ , , ,  ■ ( ( s , l ) ) ^  .

P r o p o s i t i o n  2 1 ; ( ( s . l ) ) ^ *  4 C\/d)L ( r ) ^ 1 i n  B - f i e l d s .
P P

P r o o f : Suppose we have e q u a l i t y .  Then s q u a r in g  we g e t  ( s ) ^ ^  =

2 1 L 2 z(d) ( r )  £ w hich  im p l ie s  s = d - r  «e mod p . Tak ing  norms we g e tp»
2 2L 4 2s = d *r mod p . S in ce  d = t  mod p f o r  some r a t i o n a l  t  we g e t

2 4 2 4s = r  mod p o r  s = ( t r )  mod p d epend ing  on w h e th e r  L = 0 o r  1 .

E i t h e r  congruence  c o n t r a d i c t s  t h e  f a c t  t h a t  s i s  a  p r i m i t i v e  r o o t

mod p . / /

P r o p o s i t i o n  2 2 : For norm al s p l i t t i n g  p r im es  i n  B - f i e l d s  where
' fc  1

3 z 3 ez = -1  mod p , 5 19 m has  s t r u c t u r e  Z . © Z0 .P P p - 1 2
3

P r o o f : Using P r o p o s i t i o n s  15 and 19 we g e t  {(1 ) ( ( s , l ) )  ( s ) ( ( s , l ) )  . . .

( ( P - D / 2 ) }  X { ( l ) ( V d / t ) ]  . / /

We now show t h a t  ( ( s , l ) )  a l s o  s e rv e s  a s  th e  " m is s in g  g e n e r a to r "  

f o r  A - f i e l d s  where p = 1 mod 4.

P r o p o s i t i o n  2 3 : ( ( s >l))^pco ^ ( ' /d )L( r ) ^ p 00 i n  A - f i e l d s  when p = 1 mod 4 .

,-L z
P r o o f : Suppose we have e q u a l i t y .  Then ( s , l )  = yd  « r . e  mod p00 .

L 2 zTaking  norms we g e t  ( s , s )  = s = ( -d )  *r * ( -1 )  mod p . S in ce  -1  and 

d a r e  s q u a re s  o f  r a t i o n a l s ,  t h i s  congruence  c o n t r a d i c t s  th e  f a c t  t h a t  

s i s  a  p r i m i t i v e  r o o t  mod p . / /

P r o p o s i t i o n  2 4 : ( ( s , l ) ) ^  = (s )  ( \ / d / t )  where d s  t^  mod p ,

t  r a t i o n a l .

P r o o f : We c la im  t h a t  ^ /d / t  = ( 1 , - 1 )  . L e t  = ( a , b )  . Then s q u a r in g

we g e t  d = ( a ^ ,b ^ )  . T ak ing  norms we g e t  -d  = (a b ,a b )  . C o n s id e r
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r~ 2 2 2-v/d/t = ( a / t , b / t )  . S in c e  ( a / t )  = ( b / t )  = 1 mod p and a b / t  = -1  mod p
2

we see  ( a / t , b / t )  = ( 1 , - 1 )  . One e a s i l y  checks t h a t  ( s , l )  =
_^2 p^2

( s , s ) ( 1 , - 1 ) ( s , - s  ) and ( s , - s  ) i s  a u n i t  s in c e  i t  i s  n o t  a  s q u a re

and i t s  norm i s  -1 . ( In  A - f i e l d s  when x, = p-1  th e  u n i t s  a r e  a l l
1 »P

e le m en ts  w i th  norm 1 w hich  a r e  sq u a re s  and a l l  e le m en ts  w i th  norm -1 

w hich  a r e  n o t  s q u a r e s ) .  / /

P r o p o s i t i o n  2 5 : For norm al s p l i t t i n g  primes i n  A - f i e l d s  where
ie 1

p = 1 mod 4 , $  has s t r u c t u r e  2 . © Z .
u  p a  poo p - 1 2

P r o o f : ( ( s , l ) )  has o r d e r  p-1  s in c e  (s)  has  o r d e r  ( p - l ) / 2  and

Cv/d/t) has  o r d e r  2 . Thus we have { (1) ( ( s , 1) ) ( s )  CTd/t) . . .

( ( p - l ) / 2 ) ( v S / t ) }  X { (1) C ^d /t)  } . / /

* 1We now c o n s id e r  th e  s t r u c t u r e  o f  $  where p i s  a  normal
P P “

s p l i t t i n g  prim e t h a t  does  n o t  s k i p ,  i . e . ,  x„ = p*xv . V K ,k., p K.- i  , p

P r o p o s i t i o n  2 6 : $  = Z .. © Z i n  A - f i e l d s  o r  i n  Case i i
p* p * -  ( p - l ) p t _ i  2

B - f i e l d s .

= Z © Z„ © Z i n  Case i  B - f i e l d s  .
(P -1 )P  2 2

P r o o f : See p ro o f  o f  P r o p o s i t i o n  14. / /

•Jlf
L e t  us now c o n s id e r  subgroups  o f  ^  t  . F o r  A - f i e l d s  o r

P P 00

Case i i  B - f i e l d s  we have a l r e a d y  d e s c r ib e d  t h e  r e s u l t s  i n  P r o p o s i t i o n  

16.

P r o p o s i t i o n  2 7 : I f  p i s  a normal s p l i t t i n g  n o n - s k ip p in g  prime i n  an

A - f i e l d  o r  a  Case i i  B - f i e l d  t h e r e  a r e  3 T ( 2 ( p - l ) )  -  4M -  5l t  c l a s s  g ro u p s  

w i th  T* = ( p ) fc , t  i n  Z+. The c o r re s p o n d in g  c l a s s  f i e l d s  have d e g re e s
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pfc * , p fc ^U2 >. . . , p t  * • 2 (p -1 )  o v e r  K ; t h e r e  b e in g  3 su ch  c l a s s  

f i e l d s  f o r  each  d e g re e  u n l e s s  o r  2 ( p - l ) / u ^  i s  odd i n  w hich  c a se

t h e r e  i s  o n ly  1 . / /

For Case i  B - f i e l d s  we a g a in  use  C a rm ic h a e l 's  method and red u c e  

th e  problem  t o  a n a ly z in g  th e  s t r u c t u r e  o f  ^ © Z2 © . I f  u^ or

4 ( p - l ) / u ^  i s  an  odd d i v i s o r  o f  4 ( p - l )  (we c a l l  t h e s e  type  1 d i v i s o r s )  

th e n  t h e r e  i s  o n ly  1 subgroup  o f  o r d e r  u^ . L e t  M be th e  number o f  

ty p e  1 d i v i s o r s .  I f  2 ||u^ o r  2 | | 4 ( p - l ) / u ^  (we c a l l  t h e s e  ty p e  2

d i v i s o r s )  th e n  t h e r e  a r e  e x a c t l y  7 subgroups  o f  o r d e r  u^ . L e t  N be

th e  number o f  ty p e  2 d i v i s o r s .  In  a l l  o t h e r  c a se s  ( i . e . ,  4 |u ^  and

4 | 4 ( p - l ) / u ^ )  t h e r e  a r e  e x a c t l y  11 subgroups o f  o r d e r  .

P r o p o s i t i o n  2 8 : I f  p i s  a  normal s p l i t t i n g  n o n - s k ip p in g  prim e i n  a

Case i  B - f i e l d  t h e r e  a r e  1 1 (t (4 ( p -1 ) )  -  (MfN)) + M + 7*N -  6 =

11*t (4 ( p - l ) )  -  10M -  4N -  6 c l a s s  g roups  w i th  f* = (p )* ,  t  i n  Z+ . The

c o r r e s p o n d in g  c l a s s  f i e l d s  have d e g re e s  p*" pfc ^ * 4 ( p - l )

ov e r  K ; t h e r e  b e in g  11 su ch  c l a s s  f i e l d s  o f  e a ch  d e g re e  u n l e s s  u^ 

i s  a  ty p e  1 d i v i s o r  i n  w hich  c a se  t h e r e  i s  o n ly  1 o r  a  ty p e  2

d i v i s o r  i n  w hich  c a se  t h e r e  a r e  7 . / /

We rem ind th e  r e a d e r  t h a t  most o f  ou r  i n v e s t i g a t i o n s  have d e a l t  

w i th  a  r e s t r i c t i v e  c l a s s  o f  p r im e s ;  i . e . ,  normal p rim es t h a t  do n o t  s k ip .  

There  a r e  o b v io u s ly  a t  l e a s t  t h r e e  problem s t h a t  need f u r t h e r  s tu d y  : 

f i n d i n g  th e  s t r u c t u r e  o f  t h e  r a y  c l a s s  group f o r  s p e c i a l  p r im e , s k ip p in g

prim e and "non -p r im e"  m o d u li .  We e n c lo s e  "non -p r im e"  i n  q u o te s  s in c e

th e  i d e a l  (p) where p i s  a s p l i t t i n g  prime o f  Q i s  o b v io u s ly  n o t  a

prim e i d e a l  o f  QCv/d) . We chose  to  s tu d y  c l a s s  groups o f  c o n d u c to r  

( p ) C r a t h e r  th a n  pC s i n c e  f o r  norm al p , + 1 = 1 • However,
P P
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i t  would c e r t a i n l y  be w o r th w h i le  t o  s tu d y  c l a s s  groups o f  c o n d u c to r  

where p i s  n o t  norm al and from t h e r e  to  s tu d y  a l l  p o s s i b l e  m o d u li .

§ 3 .  A C onnec t ion  t o  Q u a d r a t i c  Forms

We need th e  f o l lo w in g  d e f i n i t i o n s  and f a c t s  w hich a r e  t a k e n  from 

Cohn [ 4  ] ,  p .  3 .2 3 .  View th e  r i n g  o f  i n t e g e r s  o f  a q u a d r a t i c  f i e l d  a s  a 

Z -m odule ;  & = [ 1 , ud] .

D e f i n i t i o n : A q u a d r a t i c  r i n g  R i s  a r i n g  o f  th e  form R = [l,fou]

where f  € Z + .

F a c t : R = { a |  a  € & and a  = r  mod f  , r  € Z } .

D e f i n i t i o n : R00 = {ct?| a  € & and a  = r  mod f 00 , r  € Z  } .

D e f i n i t i o n : A r i n g  i d e a l  group mod R , i s  d e f in e d  by

= { ( a / 3 )  k 3  € R )

A r i n g  i d e a l  group mod R”  ,

= { ( a / 3) | a , 3  € R00} .K°°

F a c t :  = £  c  ^  .

D e f i n i t i o n : 5 Hrco s  ^f/^Rco •

R i s  u n iq u e ly  d e te rm in e d  by i t s  d i s c r i m i n a n t

I* f \  .  f 2 i ;  m 2 = f 2d .'1 fu) 1 '1 U) 1

2 + 2Hence and a r e  u s u a l l y  l a b e l l e d  H(f d ) , H ( f  d) w i th  o r d e r s

2 + 2h ( f  d) , h ( f  d) r e s p e c t i v e l y ,  I t  c an  be shown t h a t  and a r e

n o th in g  b u t  th e  c l a s s  groups o f  q u a d r a t i c  forms under  weak and s t r i c t  

e q u iv a l e n c e ,  r e s p e c t i v e l y ,  and th u s  h ( f  d ) , h ( f  d) a r e  t h e  c o r r e s p o n d in g
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c l a s s  num bers.

U sing  th e  f o l lo w in g  fo rm u la  from Cohn [ 4 ] ,  p .  3 .27  we w i l l  c a l c u l a t e  

+ 2 t  +h (p d ) / h  (d) f o r  v a r io u s  ty p e s  o f  p rim es p .

. 0  £ n (1 - « d / p ) ? / p ) ) u + ( f )
h ( f  d) = _ i l | ____________ t __________

h+(d> »: . &
^  I ^

where u ( f )  = c a r d { r | 0  =£ r  < f  , r  I n  Z ; r  s  u) mod f 00 , u> 6 .

Case I : f  = p*" where p i s  a  n o rm a l ,  n o n - s k ip p in g  i n e r t  p r im e . R e c a l l

t h a t  f o r  n o rm a l ,  n o n - s k ip p in g  i n e r t  prim es :

* * f_ i  ,4 in  A - f i e l d s
[6 :& t  ] = p (p+1) • ^  in  B_ f i e l d s  #

p 00

* * * * i  i n  A - f i e l d s
S in ce  [&„:© t  ] = [6 :© fc ] • B - f i e l d s  We have

p 00 p 00

hy 2 t i i  -  - v >  -  u+ ( p > .  2 .
h (d)

Case I I : f  = p C w here p i s  a  n o rm a l ,  n o n - s k ip p in g ,  s p l i t t i n g  p r im e .

R e c a l l  t h a t  f o r  n o rm a l ,  n o n - s k ip p in g ,  s p l i t t i n g  p r im es  :

* *  ^ ,1 i n  A - f i e l d s ,  o r  B - f i e l d s  where 3 z 3 e s  -1  mod p
[6 .6  t  ] 2p (p 1) B - f i e l d s ,  where ?  z 3 ez = -1  mod pp 00 * »

+ .  2 t , .  2 in  A - f i e l d s ,  o r  i n  B - f i e l d s  where
Thus we have --------  = u (p ) • ^  J  z 3 ez = -1  mod p

^  ^  1 in  B - f i e l d s  w here 3 z 3 ez = -1  mod p .

Using Lemma 4 , we see

, + . 2 t , v 4 in  A - f i e l d s  i f  p = 1 mod 4
h AE . -S l  = J
, + U. i n  A - f i e l d s  i f  p = 3 mod 4 o r ,  i n  a l l  B - f i e l d s .
h (d)
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