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INTRODUCTION

A system in contact with heat reservoirs that, if carried
through a cyclic process, will convert part of the heat
received from the hotter reservoirs into work or available
energy, while rejecting the rest to the colder reservoirs is, by
definition, a heat engine.

Depending upon those properties of the working substance
most important to their operation, we can distinguish two types
of heat engines, mean value engines and fluctuation engines.

In the case of mean value engines most important are the
average values of such thermodynamic parameters as temperature,
pressure or volume. In this category we find all "normal" heat
engines like Otto, Diesel, Stirling or the Steam engines. We
can also classify as mean value engines, although this 1is not
immediately apparent, more subtle devices 1like the thermoionic
or the photoelectric converters.

For fluctuation engines the driving forces are the
deviations of the appropriate thermodynamic parameters of the
working substance from their average values.

If the importance of the mean value engines previously
mentioned is beyond any doubt, fluctuation engines are, at this
time, significant only as tools of understanding the physical

concepts their operation is based on.
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This is true because, as this thesis will prove, using
today's devices and technologies, reasonable efficiencies and
output powers can be obtained only at sizes and configurations
totally impractical.

As detailed analysis will show, they do not represent a
loophole in the Second Law of thermodynamics that would reveal
an inexhaustible energy source, as some had hoped. Our overall
goal is to study. the physics of fluctuation engines using
rectification mechanisms and answer the obvious questions
related to their theoretical performance and feasibility.

This thesis 1is not the first attempt to analyze the
fluctuation engines from a thermodynamically correct viewpoint,
but it is believed to be more complete and rigorous than most.
Also, a number of new results relevant to the problem are

derived and analyzed.
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. SUMMARY

From the study of Maxwell's demon, to Feynman's
educationally valuable analysis of the Ratchet-Pawl mechanism
[1] and to the optimistic evaluation of diode-diode fluctuation
engines given by Yater [2], the Second Law in the Kelvin-Planck
sense was always found to be valid. If the system operates
using only one heat reservoir, or equivalently, if all the
elements of the system are at the same temperature, there is no
macroscopic heat to work conversion. But if the system is in
contact with two or more reservoirs at different temperatures,
heat to work conversion is possible. Also, if the system does
not -include adiabatic partitions, heat flows from the hotter to
the colder reservoirs will occur.

Since our study will mainly involve glectrical fluctuation
engines we will adopt the term ™"noise" to describe the
stochastic signals encountered in electrical systems.

SECTION 2

A classical quantitative calculation ‘of the thermal noise,
or fluctuations, spontaneously generated within a linear
resistor is provided by Nyquist [3] The results obtained are
only a special case of a more powerful statement known as the
Fluctuation-Dissipation Theorem but it 1is, nevertheless,

instructive to repeat their derivation here.
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SECTION 3.

The details of the behavior of a nonlinear resistor,
including the generated thermal noise, under arbitrary
operating conditions, are very difficult to derive. However,
when the resistor operates close to thermodynamic equilibrium
important general results can be obtained. In this section a
derivation of such results, due to Gunn [15_] , is -presented
in detail.

SECTION 4,

A general thermodynamic argument can also reveal the
expected behavior of a fluctuation heat engine when operated
close to thermodynamic equilibrium.

SECTION 5.

In general, a fluctuation heat engine will consist of noise
generating dissipative devices at different temperatures. At
least one of the devices to be used will be nonlinear, and thus
will have the ability to generate a nonzero average flux when
driven by zero average fluctuations.

We will now study a fluctuation heat engine employing at
leaat one diode whose properties can be described by Gunn's
model ( see Section 3. ). This study reveals the general
properties of fluctuation heat engines when operating close to

thermodynamic equilibrium.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



SECTION 6.

However, Gunn's model for nonlinear elements is valid when
the system is only weakly nonlinear. If results concerning
strongly nonlinear systems are desired, the dissipative
elements we use have to be described by different models.

In this section we will study a fluctuation heat engine
using a simplified model of the vacuum diode due to Alkemade
and Van Kampen [16,17,/3] , and a novel kinetic model of a
linear resistor. The results obtained are checked against
results based on Gunn's model, when operating close to
thermodynamic equilibrium.

Nevertheless the results obtained here are valid under any
~operating conditionms.

SECTION 7.

If the temperature of the cold element can be neglected
when compared to the temperature of the hot element, analytical
results concerning the efficiency and output power of the
engine can be derived.

SECTION 8.

Finally, general conclusions about the performance and
feasibility of fluctuation heat engines, based on the results
of Sections 5.,6. and 7. are presented. Also the very weak
nonlinearity of practical diodes, when compared to

thermodynamic limitations, is now pointed out.
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2. NOISE IN LINEAR DISSIPATIVE ELEMENTS

2.1 Nyquist Type Analysis

Let us consider a segment of a lossless transmissian line
of real characteristic impedance Za, terminated at both ends
with ideal resistors of equal resistance (see Fig.2.) If R is
chosen equal to Zo , the line will be matched at both ends with
no ‘reflections .oc'cur'ing or standing waves developing on the
line. We assume that the whole system had been in contact with
a thermal reservoir of t:,emper'ature T , for a time long enough
to insure the establishment of thermal equilibrium.

Due to the thermal "agitation" of the electrons in the two
resistors, current fluctuations through the system are
generated. The current through each point on the transmission
line is then given by the solution of the appropriate telegraph

equations.

y(wt -z
(2.1 l:g = Ig €A( F )

w =angular frequency
I, zcurrent amplitude
t =time

p=g

¢ =propagation velocity
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If we impose the boundary condition,
on the poasible prcpagating waves then:

(2.2) [5L=27T’ﬂ

L. =length of the line

7 =positive integer

Within a bandwidth Aw a number A2 of such allowed

"modes" will propagate in each direction, with:

m=_L
(2.3) AT = 5 AL

According to the principle of equipartition of energy, the mean
energy in each mode will be, in the classical 1limit, .
This value is due to the terms quadratic in the electric and
magnetic field intensities, present in the expression of the
electromagnetic energy associated with each mode. The average
energy that will be present on the 1line, taking into

consideration the bidirectional character of the modes is:
_ AT
(24)  2f=28Tam=—aw

‘ﬁ =Boltzmann constant
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Within a time interval
(2.5) pt= .&L_

this energy leaves the 1line and is replaced by the energy
emitted by the two resistors during Af . The average thermal

power generated is therefore:

_ %€ . BT
(2:6) 5= tg. - ”Aa)

Since the system is 1in thermal equilibrium the average

power absorbed by the resistors has to be equal to the average

power emitted by them.

(27)  B=2R{(§+5) )= £Tow

Taking into account the fact that the currents i., and i_z ’
generated by the equivalent thermal current generators of the

two resistors, are uncorrelated:

9 paar[(5)) + (4))] g

The resistors being identical and at the same temperature

it is reasonable to assume:

@9 =Ky =Ci

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Then:

(2000 P <§>? ﬁ'#sw

Replacing aw in the above equation by 27maf , and solving
for {i*):
(2.11) <£2>=—L’-g—7;af

Or equivalently:

(2.12) (v >=RYi*)=4RTRaf

The power spectrum of these fluctuations 1s frequency

independent ( white noise spectrum ) and has an amplitude:

3 = 4RT
(2/) S 5
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2.2 Approach to Equilibrium

If the two resistors are initially at different
temperatures T, > TZ , the system will reach thermal
equilibrium via a heat flow from the hotter resistor to the
colder resistor. To prove it let us go back and modify our
previous analysis.

Since the 1line is matched at both ends all the power
emitted by one resistor will be absorbed by the other.
Therefore, all the power traveling rightward will be generated
by the hotter resistor and absorbed by the colder one.

This power 1is:

(215) P = 'QTMZ =BT, af

The power traveling 1leftward, generated by the colder
resistor at temperature is then:
(2.16) p=KTA- g7 of

The ﬁ7,', and respectively )%7}_ terms are the average
energies for each pr'opaga_ting mode, referred to the
temperatures at the point of generation.

The net power flow from the hot to the cold resistor is

then:

(2.17) 2, P=P -P=K(T,-T,)aF

10
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If we employ bias dependent resistors the noise they will
generate will correspond to the value of thelr resistances at
the operating point. This can be seen if we connect a bias
d_ependent resistor on our transmission line through a filter
designed to short circuit the line's DC component. If we bias
the resistor as shown in Fig.2,2,in view of the characteristies
of the filter, the value of R, at the bias point V will
determine our final results, which proves our initial statement.

A last point to be made at this time is that relation(2.)7)is
true even if our resistors are not equal. In this case for our
transmission line argument to be valid we will connect the
resistors to the 1line by appropriate impedance transformers
(Fig.23). These transformers will match the resistors to the
line without interfering with the power flows through the
system. As required by the Second Law, there 1s no. net power
flow when the two temperatures are equal. Since this power
flow occurs only when there is a temperature difference and
since it is not accompanied by performance of work, it must be
identified with a heat flow.

It is important to underline the fact, that the origin of
this heat flow is the amplitude difference between the noise

signals developed in resistors at different temperatures.

11
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3. NOISE IN NONLINEAR DISSIPATIVE ELEMENTS

3.1 Historical Notes

The above method is not valid if the resistors are
nonlinear, since there 1is no way of matching them to the
transmission 1line. A vast amount of experimental data
@,5,6,7,8,9] indicates that the results we obtained are also
invalid for this' case. If the resistors are nonlinear new
physical processes seem to play important roles in noise
generation. For example, as early as 1918, Schottky [10,11:\
pointed out that we should expect additiomal contributions to
the electric fluctuations within certain devices, arising from
the "grainy" structure of electricity. He also showed that
thermoionic diodes are one kind of generator of this type of
noise.

As experimental evidence accumulated it was found that
additional white nolse occurs in nonlinear systems only when
significant energy fluxes are preseqt or, in other words, when
the system is not in thermodynamic equilibrium. We will term
this type of flux dependent white noise fluctuations "shot
noise", in accordance with traditional electrical engineering.
By now it was clear that these new fluctuations are not
essentially related to the irreversible interactions with the

‘thermal environment, as the Nyquist fluctuations are.

15
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With the development of new nonlinear electronic devices
the study of the associated shot noise also intensified.

Experimental and theoretical studies based on detailed
analysis of carrier flows through PN Junctions showed that
shot noise is present, and is proportional to the current, a
result similar to that obtained by Shottky for thermionic
diodes. [7,8,9,12,13]. '

Nevertheless, . a general theory describing from a
thermodynamic standpoint the general connection between the
noise and the nonlinearity of dissipative elements was not in
place until 1959, when Bernard and Callen published a benchmark
paper on the subject 14 .

Because of the complexity of their analysis, an alternate
very elegant, derivation due to Gunn (even if somewhat less
general) will be used here [15]. A very interesting feature of
Gunn's work is that without assuming the charge quantized, as
Shottky did, he proves that nonlinear elements have to exhibit
shot nolse if they are to obey the laws of thermodynamies.

Because the validity of Gunn's results is limited to the
continuous charge approximation, a different approach will have
to be used for the case when this approximation does not hold.
We will then use for our dissipative elements kinetic models of
the type suggested by Alkemade and Van Kampen [16,17,18] and

we will then proceed to solve the appropriate Master Equation.

16
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3.2 Gunn Type Analysis

3.2.1 Direct Current Calculations
We will start by analysing the behaviour of a nonlinear
electric element, under the influence of a voltage consisting

of a bias value \/0 and a noise component of frequency ?

y Uplt)
(3.!) U, = VA + Uk’{t)

The current generated by such a voltage is:

(32)  G,= Ly(v)+ GOy (8) + (R 2)

We will assume that higher order terms can be neglected,
this first order nonlinearity condition being the strongest
approximation imposed by Gunn on his model. Nevertheless, the
model holds well as long as the amplitude of the noise is small
enough.to justify a quadratic approximation of the nonlinearity.

The DC part of this current, per unit frequency, is

(33) iy =i,(v%)+ 3@ vpte)y

The total DC current obtained, if the input noise voltage

is allowed to have a full frequency spectrum, will then be:

(B 1% L)+ § 400) (51D

17
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The two paramet 9 /() can be identified as
e two parameters g’(,(} and 53.'” can be ide ied a
the differential conductance of the element and respectively
half of the slope of the conductance with respect to the input

voltage:

(35)  g(p)= 9ip

%

6 )=y 55

Besides f‘reqﬁency these parameters will generally also be
functions of the applied voltage ?J_'D ,

The expression of the direct current Io can be easily
Jn Fig.31/, whe_r'e g, anf,l 3'2' are the assumed frequency
in Fig.3/, where g', and g»z are the assumed frequency
independent parameters of a diode

If the circuit is the thermal equilibrium at temperature
the principle of equipartition of energy will give for the

total average energy, on the capacitor, due to spontaneous

voltage fluctuations.

00
C S N df = BT
= Ur d =
These voltage fluctuations, according to ( 3.’1) , Will be

(/]
rectified by the diode giving a net DC current T" that could

18
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conceivably drive the small DC motor M, where:
1°= 9 kT
2 C

Thus work could be obtained using only one heat reservoir,
in contradiction to the Kelvin-Planck statement of the Second
Law. Since this cannot be allowed we will postulate the
existence of a reverse current Io , opposite to the
calculated current L o, such that when a system containing the

nonlinear element is in thermal equilibrium:
_ 0
I =1, +I =0
For the example of Fig.3.!, I, takes the value:

(3,7) Io-: - Io:_- - %_E.Cj_—_

In conclusion, the general expression for the DC current

flowing through the element is:
0

1= 4,0 + T+ )5 0o df

(38) TG0+ T+ (405, 0%

Where Su- is the power spectrum of the resulting

fluctuating voltage across the nonlinear element.

19
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3.2.2 Noise Power Spectrum Calculations

Let us now analyze the behaviour of a nonlinear resistor
connected through a 1lossless bandpass filter to a linear
resistor at a slightly different temperature (Figi32). Each
resistor 1s modeled by a noiseless c«cnductance S;J{F),{J':I,Z)
in parallel with an ideal current source of fluctuating
amplitude Z 4 The nonlinear element, which we will assume to
be a diode, is also biased by an ideal battery of voltage V.
The filter is designed to have the following properties:

a = Outside its bandwidth & ? it presents a 2zero
impedance in both direction.

b - Within the bandwidth, it acts as an impedance
transformer to match the ¢two resistors at the center
frequency P and given battery voltage V.

One immediate consequence of the properties of the filter
is that the voltage across the diode is equal to the battery
voltage, as seen by applying Kirchhoff's Voltage Law in the
diode loop.

[

If Q is the net AC heat flow through the filter, and is

the DC current flowing through the diode, if T, = 7; then

both have to be zero to satisfy the Second Law.
ir T, D T, @ net heat flow from the hotter element to the

colder one will take place, with a net rate of entropy

20
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production given by:

e § ¢ . v-I

With the assumption of small temperature differences, i.e.

(3'10) . T-I _;_Tz, & /
2

we can define AT=T, -7, and |= T;,QT . Then:

() TS=Q 4L + VI

. aT
Now we will choose 7: and V to be our thermodynamic
o
forces, with Q and I being the corresponding thermodynamic
fluxes. If is also small enough, the system will be

sufficiently close to thermodynamic equilibrium to warrant a

linear expansion of the fluxes in terms of the chosen forces.

aT
T

a7
T

Our next goal is to determine the four phenomenological

(3.!2) T = &y vV + X2

0
(3.13) Q= X V + X
parameters (X ; | (i i= 1,2) in the above equations.

21
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One immediate equality can be established by imposing the

Onsager reciprocal relations on this system [19,20]
(3- M) 0(12 = Xai

It is obviocus that the presence of a rectified current of
thermal origin, ,Q—AT_T— , will be accompanied by an additional

noise heat flow of magnitude o,V .

22
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3.2.3 Calculation of .. and X.

Within the bandwidth ’\f, the equivalent circuit of our
system is that of Fig.33, where 3,” is the conductance of the
linear resistor reflected through the filter in the diode loop
as to match '%2, . All the components of the two current
sources outside 5—P , will be shorteircuited, in the view of
the properties of the filter.

We will start by calculating the total DC current flowing
through the diode. To achieve this let us first look at the
power spectrums of the two current sources in our system.

The instantaneous AC voltage developed across the parallel

combination of ¢, and g?z is:

(3.15) vy = Lt L2

= 8+ 3.0)

The power spectrum of this voltage is then:

(3.16) == St O
=R = )+ 8all)]

The resistor noise 5&, is given by the Nyquist theoremn.
The diode noise 5[2 , on the other hand, will have to

include the yet unknown expression of the additional noise due
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to the nonlinearity of the diode,
<3'|7) SL, = t/'g 7:-%//)@

(218 S =bRT,(F)+ SH

where ES.f{ is the noise term additional to the Nyquist
value.

Recalling (3,8) the DC current through the diode will be:

(3.19) I=4,0V+ I,+&(F)S

Making the appropriate replacements:

//)Tg'u“:)l ’/[Tg’/ﬁ) J‘/(‘)O§ +

30) = I, A
( O)I 5;2(0)\/+ Lgﬁ/[{)ﬁ'dm\" ]

S M. e
¥ - Z qﬁ)5y
[ 5+ AT %

Since G.H. is only a function of T ana V ,the only
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terms in (3.7, conceivably proportional to 47T are:*

[ WET g0)+ LT 5.08)
o ; : . -y 2,
[ aulf) = 4alt) ]

When T,*".’; these terms have to vanish and therefore:

4(f)3F

llgugf'//[ﬁ)’f‘ Lfg_f; gm(’:)g (}')5(_)

(32) L= T + 3.0

Introducing I, back into the expression for I we obtain:

5291 = g0+ — 4ELGIF)F
£9(¢)+32¢):,z§f)

s. N,
[ 9.0¢) + 3,08)]

Using Onsager's reciprocal relations we also find:

.4(¢)

| RT4u(f ‘
(3’23) Xy = X = 1 9’7,{” T léz{e)
[g'u/f) “"'&L/z(p>__1
* Even if O.MN. would have a term S.Ngr 1linear inaT
T
,and I a term linear in V ’ Iov , our analysis would
not be affected since we could always lump SN 1nto the, yet

undetermined, L, , and [, into the still unknown S H.

Oy
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3.2.4 Calculation of Xz and the Net Heat Flow

The AC thermal current generated by the resistor that will

dissipate on (ﬂ'—?) is given by:
1

- ] ¢ v
(3.24) — ulf)
[ 3,06)+,0F)]
The thermal power, or heat flow carried by this current is

then:

s _Llay _ Sugalf) s
3.25 = =
(3.25) DTGl o) r Bl O

In a similar fashion the heat flow from the diode to the

resistor, within 5? is found to be:

3‘26) Y = _ ’94’2 (cj//(f) _ 5
| Qz*' [ Sule) -+ %Q/F)J?' of

If we now calculate the net heat flow from the resistor to

the diode:

(5]

(327) é: Q"I—’.’L - QZ-—OI

Or:

5.08) (= 4BFlF)- 1R G(E) T, 5 SN, 9.(F)
%) ¢ [GulP) + 9.(P)]" Pt [ 9.(8)tGulP)]*
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Since our analysis is valid only when no reflections occur
within 5? , looking back at the properties of the filter, we

find that:

i

(3.29) 3.(F)= %,00)

Then:

230 °_RT seaT s H. 5
(33 R TR Ty o sl

Recalling equation(3J3)we immediately identify:

%(F)

(53) ctu= LT 56

3.32 V=— _S:H.__ 5
(35 V== g5y OF

If in the second relation we replace C&U by its already

known expression(3.23)and using(3.23), we can solve for Eif{. :

(333) SH.=- 4ET 3(8)V

Where:
(32.34) 3(9)= 3,(F)

This relation is the central result of our analysis and is

important because it directly relates the shot noise in a

27
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nonlinear dissipative element, to the magnitude of its
nonlinearity as measured by
Our derivation is slightly different than the original one
given by Gunn, nevertheless, the answer obtained is the same.
Let us check our result by applying our model to the P-N
diode. The current - voltage characteristic of the diode is

given by the Shockley Equation [21_]:
(3.35) I=T, [explev/pr) - 1]

IS =inverse saturation current

e =electronic charge

Caleculation of %{P} yields:

I 2
(330  gp)=g Sya=g sereere(eViT)

The spectrum of the current fluctuations will then be:
(337) S, = 4BTGF) + S M.
(3:38) 5= 4RT§(F)-2 L= orp V/eT)

If we recognize that the current through the PN diode, at V
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small enough for the Gunn model to be valid, is given by:

(3-33) I = 3,/9) V= aa\/L Vo= ——“Eis ny')(f"//ﬁT)\/

(3.40) S =likTg(fF)-2el

The above résult is well known both from experimental
observations and theoretical studies based on corpuscular

approaches to the problem [9]

It is interesting to observe that 5,-_ is also given by:

(3.41) S =4RTG(Fv=0)+r2el

For forward currents, the noise generated by diodes is less
than the Nyquist r}oise associated with the value of the
conductance at the operating point, but it is larger than the

Nyquist noise at zero bias voltage.
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3.2.5 Calculation of X and the DC Current

For the sake of completeness we will conclude with the
derivation of the overall DC current I .
Replacement of the expresion found for S M. into

equation (3.22)will yield:

. YR T ulP) : AT
242 = (Plof ——=—
S | 9.(f) + é%ff’)]zgz FoF T 7

YRT 4 (F) V
L)~ T BT di

It is now easy to identify & :

(343) oy =4 00) - YET 32 () .
| [ 2.(5) + $ulf)]

Refering again to the essential impedance matching

characteristics of the filter:

(349) 4 (F)=3,(F) = &)

We can now write the final form of the flux equations
- _ ﬁTg’;/f)g vV o+
(35) 1= [ 410)- F72 05 |
RT u(F) 5p AT 47’
q,(f)

.'-
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) ,) - ~ ¢
ZYMAN T hif) 5 : T aT
(3446) (Z)=~——-———-——-ATJ:»/+)<\?\/ po—ET I g 40
] éﬁff9 gv(*J T
Let us summarize our results. If a diode or, in general, a
nonlinear dissipative element, has a voltage - current

characteristic L = f{¥), that is well approximated within

the voltage noise range by a quadratic expanssion, and if we

define the parameters f}/(f) and gz(f’) by,

(2.47) g(/(f);%_?éf__

0%
av*®

B8) 9=

then the DC current and the AC noise power spectrum for the
device are found to be

oo

(3.49) I=9@)V+ I+ 3 4(F) S, dF

(3.50) G, =hRTG(F) - 4 RT GIF)V

Szr =the power spectrum of the
resulting voltage fluctuations
across the diode

V/ =the resulting DC voltage
across the diode

T =postulated current
o
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4. THERMODYNAMICS OF FLUCTUATION HEAT ENGINES

We will study a heat fluctuation engine consisting of two
dissipative electric devices (at least one of them nonlinear)
in series with an ideal battery of voltage E (Fig.//,l). The two
devices are in contact with two Theat reservoirs of
temperatures T; and respectively E 3lightly lower than T;

As a result of the temperature difference and the presence
of the battery, heat and current flows are expected to develop.

ir QD is the rate of heat flow from device 1 to device 2
and I is the electric current flowing in the circuit, the rate
of entropy production for our system is seen to be:

(41 2e 9, IE

T TTT
Where: T=T,£ T,

N" Do

In terms of the temperature difference AT, (‘1-’) reads:

o

4.2 ~ . QAT I-E
(42 SEF—F * 7
At this point we will choose é,’-_T and E to be our

Q
thermodynamic forces with Q and I the corresponding

thermodynamic fluxes. If our engine is operating close enough
to thermodynamic equilibrium the fluxes can be linearly

expanded in terms of the forces. Therefore if -f}:_—T and £ are
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sufficiently small:

(["3) I=AE + A/;f T

0 T
(11,1/) O =AuE + Az ér

According to Onsager's reciprocal relations:

(‘/5) Am:AZ'

Substituting L and Cj from (43) and /Ll.lf) into {1«/,2) , and

using /‘/5) . S becomes:

(46) Sz —.,’7 TT(A,ZE + Apa T / E(A,,E+A,Zé7;r>

After some algebra we obtain:
(4.1) TS Aﬂ[ ( )] +2 A, - (ATZ)ZJ + A,

According to the Second Law of thermodynamics the rate of

entropy production cannot be negative:

(LI8) 5020
36
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This condition written in terms of the phenomenological

coefficients A'(} translates into:

(4.9) >0
([1'/0) A 20
(4.17) A £ Ay An

The rate of entropy production is zero only if our engine

operates in a reversible mode. Then:

12) A, [EL(éTI)T c2 8L (2D)] + A=0

The real solution of this equation, compatible

with (11,9),(1/,10) and (4. II) is given by:

saT _ An _ A

|
E T Az A

(4.13)

2
Thus if we could design our engine so that A,Z = A” ’Azz ’

A
when the battery voltage E becomes equal to - %—Tz’che

system becomes reversible. Then, according to Carnot's

37
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Theorem, the efficiency 7 of the engine will be maximum at:

. ! a7
(Af. W) =M = —

To verify this result we first observe that the system will
behave as a heat engine when the current I is negative in

order to charge the battery. The output power delivered will
then be:

(4.15) R=-EI
" With the help of (‘-I.3) the above relation becomes:

(1.16) R=-E(AE + A

By definition the efficiency of our engine is given by:

IZ‘T

LI/7 :-—--——L;-—g——ll———’-_'—'_— EL
( ) "t @ +EI g

If we use /L/S) , (QLI) and (4.5) we arrive at:

)

E(AE + A
4.8 = -
(1) LR ALE ¢ AL

b*i["

i

Equations (4./6) and (1, 18) describe the performance of our

system for any values of the parameters A[J' and any choice of
AT

forces '-7—" and E , as long as we operate close to

thermodynamic equilibrium,
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7
i

If we plot equations ("1'./-’-3,,-’ and :_"*.’,"3) , for various

3 4
voltages [‘_ , at a given temperature gradient *:;_ , the

1~

graphs of Figs. L/,/ , lf. 2 and Y4.?% are obtained.

The graphs are scaled in such a way as to have the I
and (Lj lines intersect at E-’-'O.

According to L/ /l the (j line will always intersect
the horizontal axis at the 1left of the I line unless the
equality holds.

If the voltage E is between zero and — -4'% T the
system will function as an engine with a pé)sitive output
power E . The efficiency will be maximum when the two
lines Q and I overlap. At that point the efficiency will be
equal to the Carnot limit. However, as it will be determined
later, physical engines will never reach it.

The output power delivered, as seen in Figs. [//

, Liz and L/?? , Will always have its maximum midrange

between £ =0 and EF =- :2'2’ .
" An AT .
.When E is more negative than — -z;-—_,—.—‘ the system will

operate in a refrigerating mode with both Po and the heat
flux (5 negative.

Another important question is if our system CAN reach a
state of zero rate of entropy production. Such a state would
imply that if we start with a slight thermodynamic

nonequilibrium condition, it will persist forever, since there
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are no fluxes to thermalize the system. Therefore, we will
have a system with no adiabatic partitions which is unable to
reach thermodynamic equilibrium,

The existence of such a system would contradict the
principles of basic thermodynamics and thus we conclude that
the r*afe of entropy production can approach but never reach
zero. As a consequence the efficiency of the engine can

approach but not reach the Carnot limit.

Finally let us go back to equations (L{B) and (llll)
and identify the physical significance of the phenomenological
coefficients

A“ =the equivalent conductance of the system

A, =term due to the rectification of the thermal noise

noise present in the system at nonzero temperatures

Augadditional shot noise term due to the nonlinear

character of the system

A, ZVNyquist thermal heat flow
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5. FLUCTUATION ENGINES CLOSE TO THERMODYNAMIC EQUILIBRIUM

5.1 Analysis Based on Gunn's Model for Nonlinear Devices

At this stage we are ready to employ the Gunn model for
diodes in more complex systems, specifically in electrical heat
engine configurations.

Let us look at the behaviour of two diodes at slightly
different temperatures connected in sSeries with an ideal
battery of voltage E (Fig.51)

In accordance with Gunn's results we will model each diode
as a conductance 3,(; in parallel to an ideal current source
of value Lé . For each diode LJ, will have a direct
current component I & and alternating current
components Lé? characterized by a power spectrum SL J
We also have to recognize that each diode will present an
equivalent capacitance which we will lump into the discrete
capacitors Cot' . Without much loss of generality and for
the purpose of simplifying our calculations we will assume
that g«, é‘ and graé' are frequency independent parameters.
We thus arrive at Fig.52.

Another assumption that we will use is that the length of
the. connecting wires is small enough for transmission 1line
effects to be either negligible or beyond the cutoff frequency

of the circuit.

Ly
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To better analyze our system let us separately draw the DC
and the AC equivalent circuits as shown in Fig. and
respectively Fig. , where (= C, + (,

The expressions of the direct currents I{}' can be found
by subtracting from the overall DC diode currents, as given by

equation {3. 3) , the terms corresponding to the flows

through 3:06
(5.1) I, =T, + 9,5, df
(52) Iz"‘ Ioz + 3'2280 SUC/F

Sv' =the power spectrum of the resulting AC voltage across
the two diodes

\/J =the resulting DC voltage biases across the given diodes

The expressions for the noise sources S,: A are given

by (3.50)uhich if rewritten for our two diodes read:
(53) 5;,=‘/5773'u" !-15.7—,-;2,\/;
(5:4) Sm 4B G, - 1R T Ge

Let us first calculate Jydﬁ' . The AC voltage drop

A $
f
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across the diodes at frequency ‘r is found to be:

(5..5) 1= z',p+[7p

4, + o+ 2 2mgC

J p =the frequency ;? components of the diode

currents L é

The power spectrum associated with this voltage is then:

(5.6) =< |

- [lip+ L) iip + Lg)) |
(5 7) SU" (g" N ?/z )1+ (277,?)26‘9,

Since L ! and L, are uncorrelated currents:

|< Lp-Gie)| + [<iag - i)
(5.8) Sv g’u + /f‘/z) + (Q‘Wf) c*

Or:
(5' 9) Sv= Se +z Siz —

(Yu+ 8112) *(ZV’P) C

ﬁeplacing S[, and S {a by their corresponding
expressions and performing the integral of SU-

50) § 5P BT+ & (4T V+222TVJ
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Substituting the above integral into the expressions

for I, and I2 we obtain:

GII, = To + (é%%é,’*z)[gn &, T (8 TV 3T, '2\/’)]

£5.
R A e LA AN LAV RAY)

We can also make a first evaluation of the rate of heat
transfer between the two diodes. This rate is equal to the net
real AC power flow in the system. Sincew the average real AC
power generated by the first diode is SKUp L.a;>} drp while
tge average real AC power dissipated by thea same diode is
§8” !<v;fvl'?>’d€ , the net average real AC power leavi.ng

the diode is found to be:

(513) Q= § [ i D] - 9,57 |dF

Using (5.5) , (5.9) and the fact that l:l,P and Lzﬁ

are uncorrelated:

0 r 51_"{37, +%2) . (S[{+5(:2) 2
(5:#,) Q - § [{Q’H +9/z)7;‘ (f)C* (9t 3"2)2*{”‘?)161] df

After simplifying and performing the integration:

2 St - Se, %
515 _ Sy
( ) Q 4¢ (gru + g:z)
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Substitution of 5[‘ and sz. yields:
a 6 a ,
(59) @ = ziaian) [;’,, Fo(T-T) (G BTV ~ & & T2 vzﬂ

We will next calculate the expressions for the DC bias
voltages V! and \/2 . By repeatedly applying Kirchhoff's

and Ohm's Laws to the circuit of Fig. 5.2, we find:

(517) Vi=V,+E
(5-'8) I,=I-g'uvl

(5'/9) I,=-1 A

Adding the last two equations we obtain:

(5.20) I,+I,=-%V,-4,%

Solving equations (5_./7) and (5,20) we get:

(5,2/ V= - I+ I-E %
) I I+

I,+I,+EY

(5.22) V, =- +E Gu

g'// + 3’12.
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The net current [ flowing through the system can easily be

found using, for example, equation (¢ /' :

(523)  T=1T1,+3y,

Replacing \/, from [ 5.9‘,;’/) gives:

I - II é{//z"l-: g"n F Efﬁl// f/i
471 * (gI"”

If the expressions for 1, and _7: ’ /5. N) and

(5.24)

-

5,0t i 5,00 5 22
respectively /:.’, ,'J) , are introduced in equations [ { o, y

and (5_23):

(52@\/ Lo + [02 ____ [{g'/*dl:l [é” '

%II C / =M

. £G4,
4 .
'%%7“*&Emﬂ %+ %

e Loyt 1oy _ }g/f}ﬂ olzz/ 1
/5.26) \/1 = ?/, . g'/z ({” 1‘_01)4 ljén I

”' }__ ,_E g’u
(% /}72 ’ JJ} 9;, + (312

)T =Todn=Tor By | kel Ju)
(5'2]) I gn + s C (Jlr + 9112)
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-

We now have to evaluate the reverse currents IOJ . To
do so, we will impose the condition of no thermodynamic fluxes
when thermodynamic equilibrium prevails. For our system the
conditions for thermodynamic equilibrium can be ‘found by
setting the rate of‘ entropy production to zero.

Similar to our previous calculation of the rate of entropy
production for a general electric fluctuation heat engine, we

find for our new system:

(2s) 2.9 AT, EZL
T T T
2T=T -7,
T=T<T
T o
If we choose -A_-T-_— and £ to be our thermodynamic forces, Q

and L will be the corresponding fluxes. If our system is

close to thermodynamic equilibrium:

(5.29) I=AE + A Q%I

0 T
(530) Q:Ag_’E +A22.*4“‘T:
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/4,, =phenomenological parameters
d
It is clear that we will have thermodynamic equilibrium

when the forces are 2zero, or 7:_—: T; and E=0 . Under

such conditions the identified fluxes have also to be zero.

——

ifr 7;5 7;_ and £ =0 then \/, = \,{,_ and (5./6)

becomes

C(Gut+ 3

Since the diodes do not have to be identical, g,” Y1t G %

(5:31) (j:' £V, ) (9”%2‘_%%}2&:0

, and the solution of this equation is \,/, =0 , or from (5.257:

(5‘32) I"I -+ Io_g_ 'é;z gll +%4) :-"-0

-

The condition that the current flux be also zero gives us a

second equation in Lp, and I,, - From (5,27) :

(533) Io’ 'E/Zrz - IO-Q g’// A é’C/’ (gll g’.?I - Qm f}z) =0

Solving ( 5,32) and (5, 33)

7
(s.34) I, =-— *—é*- 9,
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In a similar fashion

FToo,
(5.35) I, =~ ~ q

- -

The reverse currents thus obtaied will also cancel any
other fluxes present in the system such as ,for example, I,
and Il . This can be checked by direct substitution (see
derivation of (Z, "/) ) £

T

It is clear that the reverse current of the diode is "‘CT"QZ
regardless of the configuration of the outside circuit.
We will proceed towards our final goal, the calculation of

o
the fluxes T and Q , by first finding the expression of V; .

Replacing /5.3‘/) and (/5.35) into (5’.25) we obtain:

24 - E _ Qo + gzz i T
(5 ) \/' C(gn‘f' 3;7) {3‘2/77+227Z g//‘f'gm. [g Il+

(4 ‘ e £
‘1’9127)."(%17;\/, + L(jzz_];:v_;)‘ﬁ-'- m

If we solve {5',17) for Vo and replace it into the above

.

equation:

VY S SR ey
(s 7) \/‘ C(Qi‘fg,l) {gﬂ /+J'"'2 “ 3;, + Gz [3" /
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We can now solve for V,

n
/'/

(539) \/ _ C/4ll+ (Z ! ,.-_'_7,;;-_-';,“ ‘_g_*l/_'tglf (’}i/ T[‘ ! }12 7_,,-"‘
. = s ”—
Zg{/g%(ﬂ 17f+gllz)
£ 3/,.

t9 TE)] P

After some algebra we finally get:

bag) ) = BIT=T)(90%:: = 8,8) + E[RT3.(8, 75,
’ C(ﬁwglz}z— 5[92/4‘3‘22)/32,7,'-# 3227;)

- Cg'/z /gll + g/i)j

Introducing L) and T,,l from (5. 3%)and [5.35) into f5’.27) ’

and replacing V, byV,—£ we obtain for I .

_ 3/2 gz/ - 9// 322
(s40) I= c(g,,+3,z){ Fuda Tt ) ot 22T 5
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MIT?L 9.7, — (g T+, T )V + Gea T E J/? +
+ E gll g/:?
9y -+ "/Lz

Substituting V/ in (5,90) by the expression we found

at (5.39)

_ é T bz 2= %1292 —
(5'1”) .I_ C({9+ g/z) } 3'2 JZ' +9”65 ¢ 3“"’

:35 922 (g T4 2 ) /g/zgz/ Jé%.:)gg,le +3227—>

p ﬁ/T,_—-_E )(g// gzz - 9/2 9&/) T 5[57;00}_1/%/'*%1) —CQ,J% *52%}_,.

£fz Geo /g/z 32/ 3" gﬂ) J// 3/2
C(Gn+G2)? e+ ﬂu-fg/z 2

If we collect all the terms proportional to E and name the

sum IE H

/g(glz 9o - 31/3“)/:}2'74’ 32272.) £E322/32H gzz) -
b42) T, = Cl8+ %) (90 ) B9 )

"6312/31/+3/2)E+ ﬁtgu(ﬁmﬁm -3, 9:2) F + D 92 E
"/3217, +3T;) Cl9u+30)* In+ i
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After lengthly algebra this expression can be reduced to:

) I = k(e Ga T+ G L C GG da i) |
) d L/J”*JJ”A//!/'J )(‘/T—"A’:'i?;’)

If we call the rest of the terms in /5’,%//) » 1 o7 then:

J 12 dar nda? r/T 1212
(51/10 aT (‘/ﬁ 31){ Cj/’r}y/ i II%JT (gg g%i;//f +g ’/

+ (@m 921 =9 gzz);@zfﬁ + % 75))( /Q/'f? —75)/3// J12- 3,_2_84:)
I+ Fin C/gu+ g:z)l" E(?al t 333){92:777‘52272)

This can also be considerably simplified and as a

result (5. 44) becomes:

)T, -
C/J// + J/.?) - L/le +32:>/3217;+ Ja2 /;_)

We can now identify the two phenomenological .

parameters /4 T ' A,2 appearing in the current flux

equations (4.3):

ge) A =Bl BiT e HET) e (v i)
! ¢ /g”+ ;:;"‘*',)’L" A;(,gz/ +<g22)l/g'217; - 32272)

A 1571633/),,”/ T)"ﬁdlzcv/‘*g/'zg:)

/5.‘/7) 12 (,[/’{0(,: ] \ f/o‘z;*gzﬂ)/gziT"*gzﬂz)]
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In the view of our "close to thermodynamic equilibrium"
assumption T: />~T5 T , and the above formulas can be

reduced to:

= A)T(Q 3/4' Gu fzv) +C J//Jl' /Ju+‘},z)
Clgnt e = FT (3204 Fu0)*

(5‘/9) A -~ gT[F‘T?z:Jz-/J:HgM) C/Jm(‘? ,+J”gw)]
C[C(Q/MJ) - fT/:J +0?

[
Our next task is the evaluation of the rate of heat flow Q

(548) A

Starting with {5./6) by replacing VY, with V, -E we

obtain:

(50)() =

(3 ag[é"?ﬁ 1) ~(8:9.T 915 TV -8k |

If we substitute \// from (5. 3(]) in the above expression:

(55/) Q = g—" d’/..(r T (grz & T = Gu ‘(}227:;) *

C(%n+ 3/2)[

< E(T =T )90 oo - Y %ar)
C/gl! + glz)l"‘ ﬁ/g’zl + 922)(32;77 +2227;)

+ (g'z '*32,7; - gﬂ 3227:))(

o BT28:0(3r Fea)=C (B + G)
C (9// + gli’-)g:" f\" (gﬂ + 9«‘){3217;"’ 32271)

E- gug:z‘272 £
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9

. . L
If we call (/; the sum of the terms proportional to L-
then:

r e 7Q—IT: 32;/3117‘4‘)'
) Qe = B“”“T) C90+50 )

‘Cglz(gu‘*‘g'm) E_gg EE
-‘6/92'\“92:)(32'77'*3237;) e ]

After bringing the expression to a common denominator and

simplifying:

gE ﬁ%?za/ﬁzﬁg - C(gliz. 32'7;+gl!2322.-[;):}
553) QE }rf(?n +g/2) - /é/c(f'ﬂ t 322)[32177 + gli’-’—z)

Collecting the rest of the terms in (5 5/) and calling
(o]

the sum QAT :

(5. 5‘/) éAT :C(£+g/2) [g//glz.ﬁ; "71) +(%12,?2;7," I 9'227;))(

B(T =T ) 30 G — Gz Far)
C/3u+9) lg(gzﬂga)/&;Tv“ 2. T)

The term 7—,-—7_? can be factored out:
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. 9 - [}’/T -Ta, ; [\/J/} ,1 J,,(}“T)/g//a‘u J}z ) ]
(s55) () _ A [h/ gt C/J/ﬁj;* NN 1’9.~)/5217+J )

A final reduction ylelds:

(5'%)(:) = E/ﬂ—“f;)- Cgu9/:./5”4'3/2)—5/9/29;7, +9/:3§Tz)
6T C (Gt 92)" - BG4 8u0) (2T +8:aTe)

'Au and A:f.l of equation (LI’ l/)

Identifying

657) A =k Kool G~ (5T 4y 8:aTe)
, A7 C [(gll + 3/4.) ﬁ(?zl + a‘zz)(gu /) +321T)

553} Au ET Cg//(aflz{g/ﬁgu /5/3/2821 L+gu22271)
C(8u+3m) B9y +32)(3T) + S22

A” and Azz. can be rewritten:

Since 77’_" T:,:E T,

(559) A o FT ngzlgzz/gzﬁg:z C/3,232,+3,,g2)
S C(5//+9,- = ﬁT/gzﬂ'gzz)

5- 60) A= kT ﬁT/gIZ 31;'*3//3 z)"' CSy 3/2(9!/* g/;_)
((g” +J’2) ~ Er(gzt T gzz)

We immediately see that /4;1 = Azl as required by the

Onsager's reciprocal relations. This is not at all surprising

since compliance with the Onsager's results is built in the
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Gunn's model for nonlinear dissipative devices.

In addition A,; and ,/41; are also simply related:
| (56{) A:)_z = 'f'?Z‘AH
If we define A, = A“ and AZ = A;Q —:Az} the two

flux equations (‘/5) and (‘;"/} become:

o) T=AE +A 5
(5.63) é =A, £+ %IA‘%I

Before we continue with a detailed analysis of the above
results let us go back and calculate the averge mean square

value of the fluctuation voltage across the capacitor C .

(s64) vty =\ 6,df

Using (5,/0) and replacing Vz, by V, -E

(5.65) Cue )= }:gllT+gI2 /32'T+ 322T)V+g :}

C( 3 " ju)

If we now subsitute \/, by 1ts expression as given
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by (533) :

(566} <?J"> C(ﬁu [g// :+J 1’(32,7_—,'-3 T)

; BIT-T2)( S $ua =3 %) +( 9T, + YT, )X
C/g// +gzz)%‘£(3z; + f}p /32/7 +322T>

ng’zz/gZI'f‘g.k) C g,z (g”-fg/z) E— + 322 TE
C( I+ ) ﬁ( 9+ 2722)( Ja T + vl - :!

Again after some algebra:

2 C/ nt (gur')'g/zr)
(567) <’U<': >: C g C[g,,+ 312)

- g/gﬂ—n + 32172)2"*‘ EC(gu 9227—1"3,252177)
"5{33*322){3217; +g227;)

At thermodynamic equilibrium F=0 and T,= =T , and

N ﬁ \ C(g,/ +3;z)(gn T+ Q;zT) _g /921T+ 9227)2
(568) <U£ > - C (9// + gll)z - E/ﬁzi "‘322)@3 T+ aC/zzT)
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Or:
g LA BT

The above result is, as expected, consistant with the
principle of equipartition of energy.

If the dissipative devices in our system are

linear; gz: = gﬂ: O and:

(5.70) U= BT +GnTs)
C ( In + 3/2)
Thus the voltage fluctuations across the capacitor behave
as if the system is in thermal equilibrium at an effective
temperature T‘.’ff s independent of the bias Dbattery

voltage E .

(5.71) T, = T+ Gl
£ I + 3/2,

This result is well known from the simpler analysis of two
linear resistors at different temperatures [22] . _
If only thermal equilibrium exists, 1i.e. 77‘-'--7;.57—

» E :}:O , the excess mean square value of 'U; is directly
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proportional to the bias battery voltage E .

(5.72 N__RT BT(91 %2~ %2 %) .
57) <U;> C +C(3//+3;z)2-}§7'(3u+3u) 2
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5.2 Analysis of Results

5.2.1 General Discussion

Let us summarize the results of the previous section:

o o T
(1.2) 5=1Q ‘f;_ + =7

Thermodynamic flux equations

(5-62) I=AE +A, fl—,‘I

o
Rate of entropy production 5
E .

T

0 T
(5.63) Q’—‘A,vE + ECTA: l—;—

Phenomenological coefficients:

(5.118)A = —ET/Q',?_%ZI—#?” gizz)'f'cg’//gﬁ (9//+3/2,)
! C(ﬁwg/z)‘ - BT(4, +322)”

BT BT %e(% %) - C 30 G+ 315
(5’60)/42' C  c(q +912) - BT (Har + )zz)z

We will first briefly analyze the behaviour of the system

when the two diodes are replaced by linear resistors. If we

65

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



let gm - gﬂ s 0

(5,73‘) A' - %n e

B ‘3” + 312

(s74) A, =0

As expected, there is no net current flow due to the
temperature difference between the resistors, and there 1is no

additional "shot noise" heat flow:

__ S
(6.75) L= %n + gt: -

(5.7¢) é: ET, Gy Fo 2T
C Gut+dn T

The expression for the current is simply a restatement of

— gl/ 9/2

Ohm's Law. If we observe that B =
ClGn+ &)

nothing else but the natural bandwidth of our circuit it is

is

apparent that the expression for the heat flow is just the
Nyquist noise based heat flow within the bandwidth B We can
also point out the fact that, around thermodynamic equilibrium
the net current flow and the net heat flow in our linear system

are related, through the relation:

RaT
C E

(5.77) g =
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Going back to the nonlinear two diodes system, let us

calculate the rate of entropy production by replacing L
g
and () from (5.62) and (5.63) into (1/ 2.)

2 - T
678) &= AT (AL + ETAS ) + (AE+A ST
Multiplying by’ T and expanding:

T8-£Tp (L) v 24, L E + AE"

aT
TE

M Io = BT A X 2 A X +A

2
Dividing by E  and introducing X=

If our system 1is to obey the Second Law the rate entropy

o
production has to be positive, S >O , unless, we are in

(o]

thermodynamic equilibrium when 5 becomes zero.

(s.so)?A,XZ+ZAZX+A, >0

This inequality is satisfied for any X if and only if :

(5.81) A: >0
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and

2 gT 2
(582) A, < T_A,
If we introduce the dimensionless quantity /5 , ﬂiSZ}

translates into:

c A

5.83 = : L |

) B T A |
Substituting '/4, and A_g_ from {5,43) and (5. 60) we

obtain:

-57’(9;:3}3,,5}5)%9,, %,2/9//1‘9:2)& 0
(5.8t') C(g‘ll L g’/:’.)z - ﬁT/ng t 3’22)2 7

bos) {ET[HT9,5,(9,1%)-c(58 F o)<
AT Rris.g+%8)+ 3 %,z/zw%z)f'

Let us simplify our task by choosing similar diodes

with gu’_—l_’ 9.2 %, ad g =G =9,

Then:

(5:85) /4, = %g%
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b
o) A= 585

<

Our inequalities, for the two diodes system, become:

(588) &, >O |
(589 (3= 'QT(%)< |

The first inequality forbids, on thermodynamical grounds,
the existence of purely dissipative devices exhibiting negative
conductances when operating close to thermodynamic
equilibrium. This statement does not contradict the existance
of such negative impedance devices, like Gunn diodes or triacs,
since the mentioned devices have negative conductances only
when they function wunder conditions far from thermodynamic
equilibrium such as under large applied bias voltages.

The second inequality brings a second limitation on our
engine. If the system contains nonlinear elements, the
quantity [.5 depending on the temperature, conductance and
the degree of nonlinearity of the system, has to be smaller
than one. For our circuit C is the equivalent capacitance

of the two diodes in parallel, and therefore we obtain a limit
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for the ﬁ_b quantity associated with a single diode:

ﬁT g L )
%) fil [2)<2

C.D = capacitance of a single diode

Again this is the case as long as we do not leave the
neighborhood of the state of thermodynamic equilibrium.

It will be later shown that the condition on [3: is
automatically satisfied in the range of validity of Gunn's
model. Thus violation of this condition does not imply the
violation of the Second Law, but just that our system is beyond

the validity range of our results.

We will next study the behaviour of our system if we
replace one of the diodes by a linear resistor.
If for convenience we choose our resistor such that 3” =3,z

at the bias voltage and define 3, = g—,, = 9/2, , g.z:—.: 3,21 then:

T3 % 208}
(5'9’} /43"' ch’l_ E—,——g}

"'/gr ,2’22,
58 A= gt g g
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The inequalities {5:8[) and;?iﬁt;fbecome:

e ? Brp . -
1) AT 97 SN Py $ 1L+ 90 a°
(s9) [Rr3'a]<E A4, +208)]
We can rearrarige (5.7{>into the more convenient form:

(5.95) [67(%)] _ S[ET( 91)] L U450

This inequality is also automatically satisfied in the

range of validity of Gunn's model.

In the limit of small = gr{gi) A, and /—\ 2

reduce to:

ﬁi?é) /q: ::'_égi—

AR
(5'97) A.Z"‘_—"'Z/'Z,—' N

T
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In this approximation the flux equations become:

(5.98) I - E 2’/ _ EL-/T;:Q'—L -AI_T

v .
59) (=-£Tdp, KT8 AT
| Lc 20 T
The above relations will be later used to compare our

results with the rigorous answers provided by kinetic models of

a special type of electric fluctuation heat engine.
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5.2.2 Engine Efficiency, Power Output

Lets us start by rewriting the equations (4’.2) , (5.62)

and (5.63):

If the system is to function as an engine, considering the
sign convention we adopted, the direct current has to be
negative as to charge the battery. Then the efficiency and the

power output will be given by:

;
(5:100) m="15 = “E(AE + AT )
| ¢ AE + 5 A AT

(s.01) P =-TE =—E(A,E + A, é—;—j‘-)

The voltages E " and E » that will maximize the

efficiency and respectively the output power of the engine are
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found to be:

2,
_|[&T -1+ -2 ﬂl—
(512) E ” V C [ Vi | ] T

The efficiencies and powers at these two important
operating points are found by replacing E in / 5, 100)

and (5. l()/) succesively by E"Z and EP . We then obtain:

[s.10) :[ -1 n#‘ - B ] —ATI

2

o) Rn- R[]
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f)Z =maximum efficiency with respect to E

mE

e

Hs‘imaximum output power with respect to E.

=output power at maximum efficiency with respeet' to E

/Zé =efficiency at maximum output power with respect to E
E

If we look at the expressions of A, and Az it becomes
clear that in the range of validity of Gunn's model the

efficiency is lower than Carnot's limit

We could observe that /’ZWE and /)ZPE are monotonically
decreasing functions of [_7; on the real domain [ l, 00) , and
therefore maximum efficiencies will be obtained at P:} .

Then:

(.108) | =\EkT AT

T ¢ T
F aT
(5,109) EP_—_-E'V—ECI%:
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/YZM =zmaximum efficiency
P”L =power at maximum efficiency
Pl"l =maximum output power

’)'Zpgef‘f‘iciency at maximum power

The interesting feature of the above analysis is that the
relative relations among the phenomenological coefficients of

equations (5.62) and (5.63) are sufficient to derive the

Carnot limit.

However, by 1letting [3 approach | we already are outside

our validity range which requires /Z & | .
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5.2.3 Range of Validity

Let us start by analysing the open circuit behaviour of a
diode using Gunn's model as shown in Fig. 55,

Since the diode is assumed to be in thermodynamic
equilibrium at temperature T no flux is expected to develop
and therefore the DC current component of the current source is
expected to be zero.

The resulting DC voltage across the capacitor, \/: I / 8»,
, will also be zero. Then according to Gunn the power spectrum

of the current source is given by:

(5114) Sy =4#TH,

The power spectrum of the current L D passing through the

capacitor can then be easily calculated.

[5.15) 5 =hRTY 2 E

g +C<,\(’!‘

If we compare this result with the more rigorous answers
obtained by Van Kampen [17,18] for the Alkemade diode we
conclude that Gunn's model is definitely valid when the

quantity [ﬁ defined by ( 5, 8’3) is much smaller than one.

/$<<l

17
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For /3’ approaching one Van Kampen's results vary
drastically from ours, suggesting that Gunn's model 1s valid
only for modest nonlinearity or large capacitance. Under such
circumstances the meaning of the limit value of FB would simply
be to define the region of validity for our results. The

corresponding capacitance is then limited to:

(5.16) C»RT (%-)2

Since all technologically feasible diodes have capacitances
very much larger than the limit, and therefore [5 & | , our
general conclusions apply and we find the efficiency and output
power of such fluctuation engines totally negligible

What should we expect to happen if we could build a diode
with a capacitance small enough to approach the lower limit ?

Since our analysis is valid to the first order in Fb our
results will be valid until C? approaches the limit within one
order of magnitude. Beyond that point, as suggested by Van
Kampen's work, the power spectrum of the current source will no
longer be white and therefore our conclusions will no longer be
correct.

Nevertheless, if we want to design efficient fluctuation
engines our analysis gives us the right direction for our
effort.

We expect to reach higher efficiencies as the capacitance
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approaches the range of values around the limit, even if our
previous results are no longer rigorously valid.

As an example, if we choose for our engine PN diodes then:

eV
aq _ € o RT
(5.117) f}:w“ﬁ I, 0
2 ev
{5.“8) glpn ::2_?_.7_11‘58 T

High efficiencies are expected to occur when the
capacitance of the diode approaches its limit value which in
this case is given by:

ez
(5.“9) C -’-*z/-%-_]:

Such a small capacitance ( v [0 -8 E ) is attainable
only if the physical volume of the diode is of the order
of 10 - om 11

Therefore, high efficiency fluctuation engines are, at
least for the time being, technologically absurd.

Howover, if we want to theoretically study engines beyond
the wvalidity 1limit for our Gunn type analysis, a different

approach based on kinetic models of our dissipative elements

must be used.
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6. KINETIC ANALYSIS OF FLUCTUATION HEAT ENGINES

We will study in detail an electrical fluctuation engine
employing a linear resistor at temperature T; , connected
in series with an ideal battery of voltage £ and a nonlinear
diode at a slightly different temperature téT, (Fig.6.1). The
two terminal leads of the diode are made of materials a4 and b
characterized by "work functions Wa and respectively V/b
They connect through the junctions A and B to the rest of the
circuit, which‘ is made of the different material C
characterized by the work function W,< .

We neglect thermoelectric effects and consider only the
fluxes generated by ‘ the battery, and the thermal current
fluctuations

Since kinetic models of practical diodes are very difficult
to devise we will use for D a simplified discription of a
vacuum diode initially proposed by Alkemade [16]. The resistor
will also be kinetically modeled using a novel approach based
on the principle of detailed balance. If our study will be
correct we expect it to yield results compatible, in the limit

of large capacitance, with the Gunn type analysis.
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6.1 The Alkemade Diode [17)

We will consider a vacuum diode with two plane, parallel,
electrodes consisting of two different metals a4 and b
presenting different work functions Wa and \A/;, . The ¢two
electrodes are located very close to each other such as to
minimize the effects of the finite time of flight of the
electrons. The parallel plates present a capacitance C and
the whole diode system is in thermal equilibrium with a heat
bath at temperature T . We also assume that the plate charged
with excess electrons will operate under saturated conditions,
with the rate of electron emissions independent of the
potential difference between the plates.

Let us start with /7] electrons on the plate 4 . The rate
of electron transitions from plate a to plate b is then given

by Richardson's formula.

Wa

2 g -7
(6.1) ap(m)_-__ff_hwé“r s e M

M =electronic mass
h =Planck's constant
ﬁ =Boltzmann's constant
< =area of the elctrodes

The rate of electrons leaving the electrode b is similarly
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given by:

s

- Wh

(6,2) b(m)_ l/'/f/)’)?eﬁ T : s

But not all electrons leaving E> will reach the
electrode 4 because of the electrostatic potential difference
between the plates.

The electrostatic energy of the capacitor 1is:

em*

63) E,=%p

Then the potential barrier seen by the electrons leaving

is:
2
— e
AEm" E”)*/— Erﬂ =—C—,—-//}’(‘+ 'é')

We can now calculate the rate of electron transitions
from b to a

4 Em

'

bym) = by m)- €

W et
(&ﬂ) l) pn)_‘ qciﬂwe ﬁ;-r'556? k7' ﬁT(ﬁn .2)

Observing that,
| . W
65) ED/m) = Op(m) @ kT
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and defining the quantity & by:

66) €=

then (6.6) becomes:

wp - Wa

67)  bym)=0ym) e £ e

- &(m+ -é)

If [2(m) -is the probability of having at time %,
excess electrons on the electrode 4 , using /6-/>

and ( 6.7 ) we can write the associated Master Equation:

agi’:} = Qy(m+1) B (m+1) + b (m-1) B(m-1) -

- ap(m) /DD/”?) - by(m) B(m)

(6.8)

The first two terms correspond to gains due to transitions
down from the (Y74 electrons and up from the /7-| electrons
states. The last two terms correspond to losses because of
transitions away from the /Y7 electrons state.

We have assumed that the probability of ¢two or more
simultaneous electron transitions is negligible.

Since we are interested only in the steady state behaviour

of the diode we will seek the stationary solution of the
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derived Master Equation, EZ(M):

6.9) Qp(m+1) ES(/YH-/) + bp(/ﬂ—l) E;_ (m-1) = Qp(m) Bslm) - bb(m) }55 (m)=0

If we group the first and last terms and rearrange we

obtain:

610) Aolm+1) B (m+1) = b (m) P (m) = Gp(m) R (m) = byfm-1) P (m-1)

N

Therefore,

Ap(m+1) By(m+1) = byfm) Bs (m)

is a constant independent of 7.
In the limit of infinite /77 the probability PDS [/)’2) has

to be zero and therefore:
G1) Ay By(m+1) = byim) Bylm)= 0

We can now write the recursion relation that defines the

stationary solution of our Master Equation:

61 Pfmer)=—Lbol) P (i)

GD(/Y)-H)

If we replace QD//)? ) and bb[/)?} by their corresponding
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expressions as given by (6.1} and (6 7)

~Wh=Wo _g(m+ %)

63) Pmy=c T R.(m)

Starting with m=0:

- —————— - o =

() R=e %7 *.o7"E P )

Then for /Y] = |

W - Wa <

- = -2'3 ={o+1)E
615) Ro@)=p = ET TTE R p )

In general:

W}, - W -m & —/o+/+... +m-1)) €

bi) Rm=e T "E e R0

Or writing the sum in closed form:

_\A/L—W_a_m_g_ _mfm=r

617) Posfm) = € “T 28 “ Bl

By rearraging the exponent we find:

| (\A/a—W[, . - £ (m- Wo—\a/z,)l

(618 [.(m) = g™\ * ) Rlo)e * =ET
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Thus the stationary solution of the Master Equation 1is a

( discrete ) Gaussian centered at —\A/_Z—i—'?w_é_ , and can be
written as
g‘f‘/’” -mp)
{6.”) FDDS (/V[): -
Zp
where N
= - §(m-mp)
60 Z,= E €
Mz o0
and
- \A/b
6.21 My = Wa
6.2 b et/C

if £  is small compared with unity, the situation is
essentialy continuous, and standard results for continuous

Gausslans hold. These are:

622) (my=Mp
(623) <(m —me) = —é—-

(6.24) <vj>_—_C€i = £T

(6.25) <U;: >=_C€<m>: Wi;\&/b
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In is seen that, for small & , /\’!?‘C> is nothing
else but the contact potential due to the difference between
the work functions of the electrodes.

If e is not small compared to unity, mean values and
mean square values depart from those of the continuous Gaussian.
Thus, for example, the mean square voltage < ’Uél> is no
longer to the contact potential of (6.25) , because </ﬂ > is
no longer equa1. to /ﬂc . However, as seen from the
detailed analysis provided in Appendix A, such a voltage will
generéte a zero average current, thus preserving the validity
of the Second Law.

We note that the charge and voltage offsets are also zero,
for any & , in the special cases when /2y 1is either an
integer or a half integer.

Finally we' have to prove that the Alkemade diode has a
nonlinear asymmetric current-voltage characteristiec.

‘1_‘p obtain the current through the diode we multiply the
Mastgr- Equation /6.8) by -/M € and sum over the full range

of ‘m values:

(6.26) (- e)Zfﬂ ) _ (- e)z ap(m+1)m B(mt1 )+

)==-00 ==-0

+(.e)\“‘ B (m-1) m B (- )= (- Q)Dp(mwplm)-

m—--oO
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(- e)i ED (m)m P(m)

Mz -

For our present diode model abfm) is assumed to have a
value independent of /71 which we will call ap . Then
using (6.9) ana dp , (6. 27) becomes:

(627) (-e) %Df‘): {m):( ("e)api/ﬂ B(m+1)+

__“_/b%“./ﬁ 0 5(”7—2)
H-e)ap e g;@ m P(m-1) =
_Vh-Va o —&(mr )
_(—e)ap}:mP(M) (-e)aye Wm); me(m)

If we proceed to calculate each of the terms in the above

equation we succesively obtain:

(6.28) i m Pm) ={m

m=-oo

[629) Z:/V? P(MH) Z(MH)P(MH) ZP/M—H) </Y}>-l

n=-oo m=-o» m=-oo
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E(m-7) 'z‘g'i ~£(m-1)
(6.3 Z__ mp(m—l) Z_ (m- I)P(zn N+

v 5y e Ry =6 (me'® >+e"<'sm>

m—_w

...g(m+:_) E ) _e
(6.31) Z m BPim)=e ZQ mmig(m}-‘-

mM=-00 M= -0

_ €—§</YZ e—£m>

The Master Equation can then be rewritten:

(6.32)(-€) CK-Z =(-e) %[(/W> - '] +

rerae K€ ne e K]

Wp -Wa

Leya(my-(-e) e T e {me )

But since the term at the left hand side is the current
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through the diode the Master Equation finally becomes:

(6.33) <I> - [—@) QD[€’§<€—£(M-MD)> iy

The above expression represents the characteristic function

of the Alkemade diode.

To find the macroscopic current-voltage characteristic we

have to let C ) " and 77 D Dbecome very large in
such a way as to maintain M E Ve constant. But

since

(634) \/ = —e/?—mp)

can be identified with the externally applied voltage, we find

that the macroscopic Alkemade diode satisfies the same type of

exponential law as most known diodes (see for comparison the

Shockley equation (2 35))

(635) I=[-e) ap(e% _ ,)
o1

_oT L
We can now sSee, by calculating gl—_- —av ) 3z=ZW’ that
the quantity & previously introduced is just the discrete
counterpart of the continuous parameter f_’> defined in our

Gunn type analysis.
Given the above description of the Alkemade diode, the

physical meaning of the reverse current postulated by Gunn (
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see Section 3.2./ ) can be easily understood.

If the diode is operated close enough to thermodynamic
equilibrium, and also within the range of validity of ann's
model, then e / and the exponential of equation ( 6. 3’1)

can be approximated by its quadratic Taylor expansion:
= £ Ez 81 / 2,
(63¢) <LIp=(-e) %[— 5 - E<m-mpy+ £+ 5 (Im-mp) >+]

It is important to observe that the parameter E of
this equation is calculated at the temperature T of the
diode, while the mean square deviation of the distribution of
electrons on the equivalent capacitance of the diode is given

by a different parameter, £;:

(637) <(m —mb)2>=- é; = _%%_C_

where 7; is an equivalent temperature depending both on
the temperature of the diode and also on the temperature of the
outside system the diode 1is connected to. Therefore the

current <_T_> can be rewritten in the form:

£ * *
638)  (T)=(-e)ap[ -7 ~Er-md+ 5+ =
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Since under the given conditions,

._;E:-.:-Lf‘_’o ' <4’?-4’ZD>=O

the current through the diode can be put in the form:

(639) (I)=(-e)ap[-%+ 5%]

The second term in the above expression is the expected
rectification current of the diode, while the first term is the
reverse current postulated by Gunn in order to satisfy the
Second Law at thermodynamic equilibrium. Indeed, when T= Te
’ £ = Ee and the overall current 1s zero as required by

the Second Law.
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LTI L L LT LT T,

a

agfrz)L
T b (m)

T

SO SUSNIONRNN N NN

LLL LT 777 77 77 777

AN TN NEREEY

Fc'g 6 2

95

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6.2 Kinetic Model of the Linear Resistor

Let us study the behavior of a 1linear resistor R when
connected in series with an ideal battery of voltage E and a
capaclitor of capacitance C all in thermal equilibrium with a
heat bath at temperature | (see Fig. 6.3 ) . The
resistor, its lead wires and the battery's lead wires are made
of a material £ with work function W, , while the two plates
of the capacitor’ and the corresponding leads are made of
materials 4 and b with work functions Wa and W, . The
Junetions A and B between the material «£ and the
materials d and b are kept at the same temperature.

Our basic assumption will be that the transition rates in
both directions through the resistor are independent of each
other.

If we start our analysis with 77 excess electrons on the
plate Q@ of the capacitor, we can calculate the rates of the
electron transitions between the plates 4 and b via the
resistor-battery loop. If we replace our resistor by a short
circuit element, an electron on A , in order to reach b '

will have to overcome a potential barrier of height:

Wa - \Aé + € E
We can then expect a transition rate given by the Boltzmann

factor. We will now assume that the presence of a nonzero
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resistor in the circuit will affect the transition rate through
a, yet unknown, multiplicative factor ﬁ(m, R) . Then the
rate of electronic transitions from a to b can be

formally written as:
_ Wq‘Wc - ek
(640) aelm)=R(mR) e *T ET

The potential barrier seen by an electron on b ,when the
resistor is short circuited, is Wb"\'\/c + A Em , where AEM
is the additional electrostatic barrier due to the electrons

on a :

(64])) A E,= e/”’g’) fg:zﬁz(m-i--,i—)

Formally we then write the transition rate from b

to Q :

We-Wa & A
(642)  bafm) = ﬁ/m'g)e br ~wE(mte)

We can now set up the Master Equation for the

probability 82 (m ) of having /7 electrons on the
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plate  :

(6.43) 5?’{”): ap(me) R (ms1) + belm-1) [Rim-1) -

— Ge(m) R(m) - ba(m) Rim)

We are interested in the steady state solution of this

equation and therefore we let aBS(’") / Ot =0. Then:

aR[’VH") 7%5(07*/) - bpfm) Es (M):

= Qa(m) Pas(m) - ba(m~1)Rs(m-1)

It results that aR(M'f")PRS(MH)"bp{’n)gs(m) is a
constant independent of /Y7 , and since we must require
that BS (m ) goes to zero in the limit of large 7 , the
mentioned constant has to be zero. This yields the recursion

relation:

64 Ralimr)=; 2220 Ron)

It is evident that the stationary solution of our Master
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Equation is Jjust a restatement of the principle of detailed
balance. Using /6,1/0) and /6.‘/2) we find:

Wo-Wa eE

- - - £ +-ZL
G45) Rslmen=p ‘&7 ) el )/%(m)

2
Where: &£ = £ __
RTC
If we repeat the steps leading to /6.22) ,we find that
P?S (/Yl) is again a Boltzmann or ( discrete ) Gaussian

distribution:

2
— £(m-mp)

646)  P.(m)=—E
( Rsim) =

where o £ //n-/m:)‘
(647) Z.,=> € °
V=-o0
and
(48) me=Yarks | EC

The derived /)7& is simply the macroscopic equilibrium value
for the number of electrons on the capacitor ( the equilibrium
charge being —-€7r ).

Note that we could have started by assuming the validity
of (64’6) directly, by a thermodynamic argument, without

going through the preceding motivational arguments.

99

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In the continuum limit, </)/)> = Mg )

649 Cuty= Gm-meiy =G L= ET

C
and
_ Wa-W
(650) Quy=-§my=—L+ - E
When £ is not small, (m)—..— Mg 1is still valid

when /Yo 1s an integer or half integer. Results for other
values of /)flg are presented in Appendix A .

Expressions for UOg(m) and bR (m) can be obtained by
using the detailed balance condition (6.44 ) together with
the Boltzmann distribution /6‘/6) for 717 , and a
further condition that specifies the 1linear nature of the

resistance. This 1inear-ity condition is:

(651) 1=(-e) [bfz(’”) - QR(’")]" € _/_7?_[_2-_%’_”2
which states that the net rate of decrease of the electron
number is equal to the excess electron number /7] - </Y)> devided
by the time constant R-C . This condition can also
be expressed in terms of currents and voltages, and simply
represents Ohm's Law for a linear resistance.
Expressions for aR/m) and bR(M) can be obtained by using

(6.5/) together with
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_ E(M-Me-5
(6.52) GR/M)ZAR(M") %%%L l‘%(”?*’) e )

RS

which follows from (64"/) and (6_1/6) .
Replacing QR(/Y)) in the equation (65 I) by its

expression from (6, 52) we obtain a recursion relation

in bp(ﬁ?) :

(653)  bef) Rsim)= bylm-1) Relm-1)- 252 R m)

C RS

If we define the function BR(/n) by,

(654)  By(m)= bym) Bs(m) Z,

and recall, from (6,‘{5) , the expression of the stationary

distribution function ]%S(m) , relation (6.53) yields:

£ (m-ma)*

(655)  Bym)=Byfno)- =512 g2
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By summing we obtain the solution of the above equationi
//m‘mk)z
(6.56) Be(m) = Balm-1) - Z /m (m>
M=-c0

Writing this solution in terms of the transition

rate bR (m ) we obtain:

- glm-me)’ £m?
(6.57)  ba(m) e “C b0y T _
.-‘%(/m—/\f)ﬂ.):L

Z/m <md o

. If we now solve for bp(ﬂ? )

M -mg g{,m_. M)
(6.58) by m)= @( ””[b/) Z”’” m o * J

/’7/2

where b(O) b /0

Since when 7] goes to infinity, the transition rate from

|
plate b to plate § has to vanish, bR ( 0) is given by:

£(m-m /z - §(m-me)*
m=m+{
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Then bR (/YZ) takes the form:
- §(m ~me)*

@.60) bg //n)=€“(m ”"‘)Z /m <m>

mr=me}

Going back to (6.5/) we can calculate ak(m) :

. - <m>
6él) Q) = ER//rz) + ”?/QC z

We can now write the final expressions for the transition

rates gp/ﬂ?) and !)R/ﬂ?) of our linear resistor model:

(6.62) Qpfm2) = m </>7> Z i — 4,r,> e% ) 4 -27)

m=m+i

663) be(m) = Z'_”” <’”> e

m=mtl

%—(m—mo)(mwn’I— oy

We mentioned before that with the chosen (Jo(m )
and bp(m) Ohm's Law is automatically satisfied in the limit of
small & . We will further test our results by
calculating in the continous 1limit, the power spectrum of the
noise generated within our system.

It can be shown [35J that the power spectrum of the
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current through the resistor is given by:

(661) S, = 2 eim) + balm)

(66s) S =2 &' {2 byim)+ —’—"—};——C@ >

In the continuum 1limit the sum in / 6.63) can be

replaced by an integral

“’/m > £ (- m)(m10mn-210)

This yields in the limit of E-+0Q

(667) bn(’”} = AT

e*R
Since in this limit iz ; C<m> becomes zero,
(648) o __4kT
TR

as expected from Nyquist's theorem.
Equations (6.62)  and (6.63) can be numerically
evaluated . Results of such calculations are illustrated in

Table 6./
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e (2
10,0000 -4
10,0000 -3
10,0000 -2
10,0000 -1
10,0000 0
10,0000 1
10,0000 2
10,0000 3
10,0000 4
1,0000 wl3
1,0000 -12
1.0000 -11
1,0000 -10
1.0000 .9
1,0000 =Y
1,0000 -]
1,0000 =6
1.,0000 -5
1,0000 -4
1.0000 -3
1,0000 -2
1,0000 -1
1.0000 0
1,0000 1
1.0000 2
1,0000 3
1,0000 4
1,0000 5
1,0000 6
1.,0000 7
1,0000 8
1,0000 9
1.,0000 10
1,0000 11
1,0000 12
1,0000 13

drim)
=0 O8bB2806L42Y
“«04370Y2428E¢+10
“0,2051914K+401
=0 ,9999994E+00
040000000k +00
0,100VLVLIE+01
0,194848bE+01]
=0 43709225E410
=0,5832086E+25

VDea0107139F+30
0e2275919E425
Ve2305528E+20
0es6348605E+1S
Ue4752048E+11
OeYb0HY0BE4+OT
Ve5340729E+04
Ue2050509K+01
=0,4942579E+01
- e3943817E+01
»0,2877514E+01
“0.1743691E+01
=0,2965494E+00
U 0VOVUVOO0E+VO
U,1503451E+01
0,2256309E+01
0,3122486E+01
0.405618B3E+01
Ue5057421E+01
0,1405051E+02
0,5354729E+04
0,9608922E+07
0,4752048K+11
0,6348005E+15
Ue2305528E+20
042275919E+25
0,6107139E+30
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7
5R(n?)
=0,2283015E£+27
=0,1440098E+12
0.,00U0000E+00
0,1000000E401
0,67137952E=02
Ue59604264E=06
=),5151355E=01
=0,3709228E+10

=0,5582886E+25

0,06107139E+30
0,2275919E+25
),2305528E+20
0,6348005E+15
0.4752048E+11
0,9668922E+07
0,5354729E+04
0,1205051E+02
0,5057421E+01
0,4056183E+01
V,3122486E+01
0e2250309E+01
0,1503451€+01
D.9118BBBE+00
0.5034506E+00
0,2963093E400
0.,12248B61E+400
VU,5618286E=0]
Ve5742121E=01
0,8050509E+01
0,5347729E+04
0,9608Y914E+07
0.,4752048E+11
0.0348605E+15
0,230552BE+20
0e2275919E+25
0,6107139E+30
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&

00,1000
0,1000
061000
00,1000
0.1000
00,1000
0,1000
00,1000
0,1000
04,1000
Ue1000
00,1000
00,1000
0,1000
0,1000
VU.,1000
0,1000
01000
0.1000
0,1000
0.,1000
0.,1000
Oe.1000
00,1000
0,1000
0,1000
01000
0.1000
00,1000
0,1000
0.1000
0.1000
0,1000
0.1000
0,1000
0,1000
00,1000
00,1000
0,1000
0,1000
0,1000

w
=20
~19
-lB
=17
wio
-1lb
=14
13
-12
~11
10

-y
-y
-]
=b
-5
-4
-3
-2

]
Fey

CXE~NOUT Wi =C

CJROW)
V12608348 +04
Oelbbyd92¥01+03
041422239KE+07%

=0, 8272059E+01)
=), 110590 /KE+072
=) a1099H533b+0¢
) Y438858E+01
() B1l88204k+01
=), b896835K+01
=} ,9584509K+01
=, 4255601E+01
w(14,2910Y94Y5E401
=G,1550735E4+01
w(),1746511E400
0V,12174%65E+01
De2t25815E+4+01
U,405uUn74E+01
0eH491896E+01
0,69498Y98K+01
VeB4246064E401
0,0000000E4+00
0.1042400E+02
0,1094990K+02
0,1149190k+02
0.,1205057E+02
U,12625828+02
0,1321747TE+02
0e13825935E+02
Ue1444920L+02
0e1508900K4+02
0,1574340E+02
0,1641539E+02
0.1710316E+02
0,1781180E+02
0,1850114E+02
Ue1944467TE4+02
0,2094093KE+02
Ve2572734K+02
0.50222391+02
Ve 20492806F+03
0.13008313K+04
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beln)

U,13UbH34E+04
0,2039286E+03
Ue5022239E402
0e,25712134E+02
Ue2V0¥4093E4+02
Uel194446TE4+D2
Oel189b114E+02
0,1768118B0E+02
0,1710316kK+02
Ve1041549E+4+072
0,1574440E402
0.1508900E+02
0,1444926E+402
VUe1382535E402
0,1321747E402
Vel202582E402
0,1205U57E+U2
Ue1149190£+02

0,1094990E+402

0,1042466E+02
0,9916245E+01
0.9424664E+01
V,8949898BE+401
0.,3491896£+01
0,8U50574E+01
0,1625815E+01
V,72317/465E+01
Ue0825349E+01
U,6449265E+01
0,6089005£+401
0,57344399E+01
0e9415491E£+01%
0,5103165E+01
U.4811796E+01
0,4561142E+01
0,44446706401
U,4940933E+01
0,8727341E+01
0¢3222239E+02
VU,1859286E+03
V,128b834E+04
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E

0,0100
0,010V
00,0100
V,0100
0,0100
V,0100
0,0100
00,0100
0,0100
00,0100
0,010V
0.0100
0,0100
0,0100
00,0100
0.0100
0,0100
00,0100
0,0100
00,0100
0.,0100
0,0100
0,0100
0,0100
0,0100
0.,0100
00,0100
0,0100
0,0100
00,0100
00,0100
00,0100
0.,0100
0,0100
0,0100
0.0100
0.0100
0,0100
0,0100
00,0100
0,0100

e
-20
-19
-ly
=17
=16
=15
=14
.13
-l2
=11
=10

1T 4 0 0 ¢8 0 ¢
NWHs OO N W

- t
O N U N = C -

[
[y

[ Tl

-
C «©

20

i?g(ﬂz)
e 1024984 0+02
0De7171740E+02
Vel31800LiEE+402
0e14657a7TE+02
Ue1612999£+02
Vel7604 08+02
Ue /90BUOYE+D2
080855 7T50E402
UebB2030065E4+02
0e8351749E+02
048499Y99IE+02
0.,864B415L£+02
0,8796999E+02
0,8945744E+02
0e90940665£402
0,9243748E402
0,9392997£+02
0,9542413E+02
0,969199SL+02
0e98417406KE+0D2
0 eUUVUVOVOE+00
Ve1004175K+03
0e1009200£+403
0,1014241E+03
0a1019300E+03
Va1024375E+03
Vel293606K£+03
D,1034575E403
0e1039700E+03
0,1044842E+03
Ve1050U00E+03
0.1085175E+03
0el060307E+03
0.,106859756+03
0,1070800KL+03
V1070042403
0e1081300E+03
0,1080975K+03
0a1091800E+03
0,1097174E+03
061102498403
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UellU2498K+03
Ve lud7174k+03
Vel0UY1IHOEE+D3.
0,1U86LT5E+03
Ve1UB130VE+03
VU,1076V42E+03
0,10/0800+03
0,1005575K+03
UelVOVIBTE+03
Ue1055175E+03
0.1050000E+403
0,1044842E+03
Uel1039700E+03
VUe1034575K+03
0,1029466E403
0.1024375E403
0,1019300E£+403
0.,1V14241E+03
Va1009200E+03
0.1004175E+03
04999106061E402

We9941746E+02

Ve9BY1YISE+F+02
0,9842413E+02
049792997E+02
Ue974374BE+02
VU,9694665E+4+02
0,9645748E+02
0.9596999E+02
0,9548415E+02
049499999E+02
0,9451749E+02
) eW4U3665F+02
Ve9355/50E+02
Ue¥3UBUVOOEH02
Ve92004106E402
Ue9212999E+02
UeDP1i65747E402
04411B6b61E+02
U49071740E+02
0e9024984E+02
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00,0010
00,0010
0,0010
U,0010
00,0010
0,0010
. 040010
0,0010
040010
00,0010
0,0010
0.,0010
00,0010
0,0010
0,0010
0,0010
0,0010
0,0010
0,0010
0,0010
00,0010
0,0010
0,0010
040010
- 0,0010
0,00%10
0,0010
0,0010
0.,0010
00,0010
00010
0,0010
0.,0010
00,0010
0,0010
0,0010
0,0010
0,0010
0,0010
00,0010
0,0010

aelm)

VeYOYYaYyir+03
0e9714460E+03
VeY729429E403
U0.9744401E+03
De9759374K+03
0,9774349E+03
0,9789326E£+403
0.96804302KL403
0.9819280K+03
0,9834262E403
0.9849245K403
Ve9864229E403
0,9879216E+403
0.9894205E£403
Va9909193F+03
Ve¥924186K+03
099391 77E+03
0099541 71E403
0.9969167E403
0e9984164K+03
0, 000VV00E+0V
0e100U416E+04
0.1000917€+04
Vel0ULl417E404
Ue1001918E404
0e1002419E+04
0.,1002919¢+04
061003420404
0,1003922E+04
0.1004423E+02
0.1004Y924E£+04
0,1009426E+04
0el0UYY28E+04
0e100043VE+V4
0.10006933E+04
0,1007435E+04
0,1007937K+04
Ue100H440E+04
0.1008943E+04
U.1009446E+04
U.100U994YE+04
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ba(m)

04 1V0UYY49EFV4L
U,100Y446E+04
U,1008943K+04
Ue1008440E+04
U.1V07Y37E+04
VelUU/435E+04
0,1V000933E+04
0,1006430E+04
0.10U5Y28E404
0,10U9426E+04
0.,1008924E+04
0,1004423E404
0.,1003922E+04
0,1003420E+04
0,1002919E+404
Ue1002419E4+04
0,1001918E+04
Ue1001417E+404
0,1000917E+04
0,10004816E+04
0,9999164E+03
0.9994164E+03
0,9989167E+03
0eY984171E4+03
0,9979177E+03
0,9974186E+03
0.,996Y194E+03
0e9904205E+03
0,99959216E+03
0,9954229£+03
0.994Y245E403
0,9944262E+403
0,9939280E+03
0.9Y934302E+03
U0.9929326E403
0,9924349E+03
0,Y919374E+03
0.9914401E+403
0,9909429E+03
0e9904460£+03
0,9899493KE+03

TABLE 6.1
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6.3 Kinetic Analysis of Resistor-Diode Fluctuation Heat Engines

Now we will proceed to analyze the electrical fluctuation
engine of Fig(é.é)employing an Alkemade type diode and a linear
resistor which we will describe using the kinetic model
introduced in the previous section.

When thermodynamic equilibrium pr-evails( E=0. 77=75,.) no .
heat or current flows will occur, the macroscopic equilibrium

number of electrons on the electrode A will have the common

i

equilibrium value Wy = p =M}y  and their distribution will
be the common equilibrium distribution function for the

separate diode and resistor subsystems.

(669) B ()= Ry(n)= RB.()

If we operate the system under a temperature
difference A T= T,- "7;>0, with a nonzero battery voltage E ,
net current and heat fluxes are expected to develop. To
determine these fluxes we'll have to first calculate the new
nonequilibrium steady state distribution functions of the
electrons on the electrode < . Increases in /7 will occur
due to transitions from the b electrode both through the diode
and through the resistor. The rate b{ fﬂ) of the electronic

transitions from b ,is given by the sum of the transition

110
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rates ZDD(/)’[) and b,g[lf‘ll) .
(6 70) L//)’}) 'A /ﬂ) + );‘ )

Decreases in W are due to electronic transitions from A
to {J which have a rate equal to the sum of transition

rates aD(”z) and aR//ﬂ)
(67)  alm) = ap(n) + daln)

It is important to observe that C!R(/}’l) and AR(WZ)
are calculated at the resistor temperature 77
while (pfm) and bD /M) are computed at the diode
temperature Tq_‘ .

We can now write the Master Equation describing our system

(6.72)9(;//”): Qm+1) Plm+) + bfm-1) Pio-1) - afm) Fn) - Nm)Bim)

If we look for the steady state solution of this equation

then af?[n’l) /&{- = (J and therefore:

673)a(m+1) R(m+1)- bim) Eim ) —am) B (m)+ b-1) Brm-1)=0

11
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¥ If we group the terms as we have done before,

J

Ve
(&7) alme)Riniv1) = bim) Bfm) = a/m) Efn)- bfe-1) R(m-1)
it bhecomes c¢lear that ({//)7-/-/) E//VH—/) —_ b/fl'?) B/’ﬂ)

is a constant independent of M7 . Since R (m ) has to
become zero as /Y] goes to infinity we find that the
stationary solution of our Master Equation 1is again the

detailed balance result:

615)  Pmw) =) Py )

“alm+t)

The above solution is valid for any relative departure from
thermodynamic equilibrium and will be the basis for our
numerical analysis of fluctuation engines operating under large
thermodynamic forces.

The average electronic current flowing through our system
is given by the mean value of the difference in transition
rates, in the two opposite directions, through the resistor or

diode. For the chosen sign convention:

67%) T=(-€) 2 _Bin)|bym)-astn)]

67) T=(e)p, Rlw)[astn)= balm)]

P
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We can rewrite / 6.76 ) in the form:

=T bo/ﬁ
(6,73) 1= /'9) 2__ I_E(m)b/m) "l;/;;"))‘ - E(”?)a/m)] .

M= -ea

Using (6,75) to replace E[m)b/ﬂ?) by /?ﬁ,,f,) a//;f/f/)

we obtain:

= b,/ .,
(679) I:(—e);;w [E/mr)a/mﬂ} E’(g - Rim) %/m)]

Since for the given /27 range,

N bn) by /-
(6.80) 7 E{fﬂw‘l)d/MH)'B'?,%) =Z; R Jaim) bD//Z-g

we can write for the current:

N by [y
62) I-—-(—e),,;ﬁf“)"/’”){ ;(gfl)) ) C%)]

In a similar fashion ( 6.77 ) will translate into:

od RIM bR -
63) T=[-e)] _ E/’")a//’-’)[C;(iﬂ)) ) b(fﬁi;ﬂ

M=-0

With the intention of 1later applying perturbation
techniques, we will rearrange the above expressions into more

convenient forms. To do so let us expand the bracket
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in ( 5,81 ,\ by replacing b,,) and {7 (’?‘r?/ with their

correspoding expressions (5,70) and (6.7/ )

lop(m—-:) dpim) _ buin-i )[ap/ﬁz) +Og/m)]
(6.93) ~ 22— -
bim-1) aint) i) bim-1)

_ %(/w)[bn(m-/ )+ byim- D]
aim) b(m-1)

Or:

(6.34) bplm-1)  anim)_ agfm ) botm-1)-asm )bot-1)
bim-1)  a(m) aim) bln-1)

Finally we obtain:

(4.5 bofn-1) _ Oofm)_ __Arin)anm) | bolor-l) _ belrn-1)
7 bm-1)  afm) a /m}b//y}_,) Oy fm) aa/m)

Using a similar procedure the bracket in ( 6.82 ) yields

also.

[5,5) aR(’”) _ /JR/M"): ar(m )ap(n) 6D{m-f)__ 5/9/07—/)
a(m)  bim-1) — aim)bim-1) | apm) — agx(m)

As expected the two brackets in (58]) and (6.5’2 ) are

equal, and therefore the current through the resistor R is
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equal to the current through the diode D as required by the
conservation of charge.

Going back to the expression of the current:

= /- = Eoaem)asim) | byfn-1) _ befm-1)
bim-1)
i1 we use

Or the detailed balance relation to

replace b//y)../)‘ by P‘;”Xq Q;SML , in the view of the
3 (m-

properties of the sum:

afm+1) Am+t)  Qplme1)

(5,93) I:(_e) i; Bim )0r(m+1)apms) byin) _ befm)

To determine the heat flux we have to calculate the average
energy being transported through electronic transitions between
the resistor and the diode. For each transition through the
resistor that increases ¥} , the net change in the free energy

of the system is given by:

629) A FEy=FE,(m+1)- FEqm)

2 2
e 2 e 2
(@?0} 4 FEf 25—5(07—/7/,;21-/) - -i-'c‘"(/)’?-'/ﬂp)

VA
(69) 4 FEs=§(m-mg+ 1)
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The transitions through the resistor that decrease will

bring a net free energy contribution:

o

The net rate of heat flow out of the resistor (Qg is
then equal to the average rate of change of the free energy,

due to transitions through R alone:
o 2 o0
S -L
69 (e = a E Eim) [’:,; (m) ( M=, + f) ~Qg(m) (m M Zﬂ
M= -0

Nevertheless, the net rate of change of the free energy
also contains terms due to transitions through the diode. When
all terms are counted the net rate of chahge is found to be
zero, such as to yield the expected stationary character of the
free 'energy.

If we perform the same type of analysis on {6, 911), as we

have done for the net electric current expression, we
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succesively obtain

(6%/ Q """ [Z P(’”)b/’ﬂ) bim) (42 =g +-L)-

(i
-Z P(/n)an’l) a,e/,:))(m"mn"z‘!‘)

M= -0

(4.9) QR Ze— [i E(m#) aim+1) bg;m; (M - '*')

N=z=~0

-)_ s//ﬂ)a/m)%%’;‘))[m - Wig—A-

m=-ev

bafm-1) _ Og(m)

697)  Qu= & 2: Rim)am)(m-mg- z)[ blm-1) a/m)]

6w D=L Q(’ﬂ)qR(M)ao//ﬂ)/m-/wp—f)[bn@)_ abxm;J

C 4t bm) Qufr) o)

Rlnlaetn)antmtYor-merL)| betn)  botn)

(6. i Z e a(mDH ) : [GR;}W) Op(m+1)
Ne=-

"7
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Let us now summarize the main results we have obtained thus

far:

(6129) R+ 1)= ). i)

() T = (_e)/;;o E/oz)g;e/ﬁ:i;r)!)ao//rm) El betm) b»/rn)]

ki) qp(m+t)

a(m+t) R(M+1) ab/mu)

feio2) Q=S Z*ia/m)a,em)ab/w)( s )}:bg/m) boln)
R™ q

|

It is important to note that these results are valid for
E AT

and —=— . They are

o

also independent of the chosen diode and resistor models, as

any applied thermodynamic forces
long as the transition rates Q/’ﬂ) and b//)?)can be assumed to

be independent.

When the system is in thermodynamic equilibrium:

(6.103) RByfm)= Bim)=B(m)
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Using detailed balance:

(6.104) ba(m)  RBsln1) _ Bs(m+) __bu(m)
Apim+1)  Rs(m)  Rolm)  Oylart)
If we introduce the above results in (6,/0/) and [5,/02}, e

[+
and (9 vanish. Therefore our system satisfies the Second

Law requirement of having no fluxes in thermodynamic
equilibrium.

The sums 1in ( 6.77) and (6, 9//) generally cannot be put in
closed form and numerical methods have to be used for their
evaluation.

The results of such a calculation are shown in Table B' .

H;:wever', when the system operates close to thermodynamic
equilibrium significant conclusions about our engine can." ‘be

drawn.

119

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TTZZTA el E N I
,/ - < 0 P Wo,
/| | / D

¢ 4 ()
RE [ i
T ? W, B /// Wb
' A s 72 T
7 //// ALY 7777

120

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6.4 Resistor-Diode Fluctuation Heat Engine

Near Thermodynamic Equilibrium

We will study the operation of our fluctuation heat engine
when the applied thermodynamic forces ﬁ: and é_;;_;r are small
enough to Jjustify linear expanssions of I and (Qa '
where T is the approximately uniform temperature of the
system,

The electronic transition rates through the resistor and

diode are related through the two 1local probability

distribution functions 55[0'2) and E& (/ﬂ) :

(6.105) by(n) - Rs(m+1)
Ap(m+1)  fReim)

(6.106) belm) __Bs(m+1)
Qufwrat)  Rcfai)

Recalling the expresions of ps(/W) and ES/Y?) , (6,/05)

and respectively (6./06) become:

2

- € (/Y'!—-/YIB—F—iL)
t6.107) Do) _ o
GD/M-H) .

=z (-0t 1)

(iog) _bem) _ o

ap//”“”)

If we now expand the bracket of equation / 6,10 /) in Taylor
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. A "
(6,!09) J'PD//Y"/l . [:F’i""”’?'/ _ i by b, ()| +

- - " - - !

("D(’}} ,.1) f{,;/f';!»é // ;’0;"», fyiad e iid I,HAF()

L E50

— gfni-mg i % )| 2 /oL
+ 0 ?:;,//Y)D —/)’)a)"{-“é (’17“")70*“5)(7; T,)
2

R A S
Where: f‘ TC

LT=0
/ﬂd =M_D =/>//R
AT: aT-0
g l&f 0

L0

The first terin of the above Taylor expansion vanishes as

previously proven. Since at the equilibrium point,

by _btn) _ buain) _ botn) _ o770
ﬂoD/an) Upr [ri ,) 6’/0//}”/)

we can write our Taylor expanssion in the form:

6.1) botin) __bain) ~_ butm)
Ap(m+1)  Qgim+i) Ay(m+1)

E(MD— /Q)_g/,),z_/ﬂo_f%)%f..

122

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



If we recall that,

) = Wa = W e Wo Wi 1 C
2T e & T e

we finally obtain:

(6,/!2) byin) _ bp/m): Ag/fﬁ) -e
Qn(m+l)  Qeiwtt)  Quimti) | T

To first or*der*_ in E and _?_T , T can be obtained
from (4,/0!) by using the first order approximation [6.112 ) for
the bracket and the zeroth order approximation for the

coefficient of the bracket:

) 1 [ aenl] g

M=z - aT=Q
L =0

. /)o/nf/)}; -6 - _ _ N 9:.7:]
dofm) LT F - g(m-mr3)T

Replacing [q)(m) EL 7z

offsetting 1+ | to Y7

;) by 00/;‘/7+1)E0//;'1+/) and
-~ in our infinite series we

obtain:
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(64T =(-c) doslrt)dopit') k"\/m’l” S b gty )

" o deeliif 4 1 () ‘ LT AR

The Taylor expansion of the rate of heat flow (6.102 ) is
found in a similar way:

@ o gy ! 7 ’: %
(6 ”5) O _c L i.l/‘,‘[MH_) dafndi) } ILf [f é‘,(ﬂ/(/ﬂ a7, + :’/
=m0

almri) £t 3 Oy (M4)

x[}éi E —E(/ﬂ—n’/0+ii-)%T]

Again substituting 2,(4 + l) EO/M i /) for Ea (/)7) _l)o (/ﬂ)

(6/!6) 0 e )’ Corlaz) Aop(nt) P//ﬂ)(’}7"77a‘_§l‘

Qop )+ Az, m) *°
| AT]
Q)T

Let us define /4 0 / 74 ) by:

(6117) A ()= —Gerlt) (2]
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Then the electric current and the rate of heat flow become:

(18T = f;“ [Z A o) E () J lE+

‘_..17_ . - \ ) ~—"A T
+&-C [ 42\71./40/’7") frf:/”"')//” ~Ma= 3, J“"J:

6 = ze| L A for)n-mno=1 )E

M=~

+ %— [?‘ A /’)’?)P/m)//)’/—-/)’i —'-)j

A . .
If we now define / /IJ by:

(s120) 1, = 5 Ayim) Bi)

Nz 03

) M= APl )m-m-1)

(6.122) MHE,:; A, ) E (e ){n-mo-7
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we can rewrite our flux equations in the form:

69T -
0 3 . o 2T
(6./2‘/)0 =g M2 Zj + Z“"" /\7:, T

It is clear that the system satisfies the Onsager
reciprocal relation for any value of the parameter E
Let us look next at the rate of entropy production

exhibited by our fluctuation engine. With our sign conventions:

2

/6./25) é .—._?_ %_T + ITE.

If using /5, /2 3), /6,/—?‘/) we replace Q and T

and impose, according to the Second Law, the condition of

positive rate of entropy production we obtain:

(6r¢) M, >0
(6-’27) Maz >0

(6.128) F”I:< /\'7:1' /\/722

Since /]o{m) ’ }20 //)‘?) and (/)?—-/)"?Ow :,'—,-}L are all

positive quantities the first two inequalities are
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automatically satisfied.

To prove that the third inequality is also satisfied we

will first define the unnormalized probability distribution

function P i "Y?) :

(6. 129)  Plm)= A, //;7)}3/.5/

-1
Then y = is equal to the normalization constant

of PO(/YZ) :

Giz0) Mu=)_ A)Em)=3 Pin)

M=o M=-o0

If we rewrite /7. and M‘u in terms of Po/’ﬂ) we get:

(6.13’) /‘12_ = 2; }D‘;/YZ)(/)’/—/)?Q ".%*)

o 2.
(6.)3?) /\//22‘ - Z P;;72)/47~4“770 ”Z/)

MNzwco

In view of the definition of P 0{ ﬁ’f):
(6"33) Mz:Mn <’Y’ My - }">
(6. 131/) Mzz,= M”<(/Y] ~No~ 'é’—):>
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Then (5./0¢] becomes:

/A

| z Y e A%
(6.i35;) </}2_/;,/D’_:}> L <{f)‘/"/l,);"‘;:“/>

The above relation is always satisfied (see for
example the Schwartz Inequality). We therefore conclude that
the rate of entropy production for our engine is always

positive regardless of the value of &

Finally we will have to prove that in the continuum limit
size our results translate into the answers given by the Gunn

type analysis.
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6.5 Resistor-~Alkemade Diode Engine - Continuum Limit

The equilibrium probability distribution function for the

system under consideration was found to be given by the Gaussian
£ 2
- 5 (m-nt)

e
(681>

2
—r i - ?‘[ =)
Where: éo = E &
mz -0

In the continuum limit the infinite sum is the expression
of the normalization constant Zo , becomes an integral which

if evaluated yields:

[} _ %(M—Mo)z 5
(6.137) ZD - g e cm =\Fg

Therefore in the continuum limit:

- _5_(’4;...117 )2’
E Z ‘o
(6"38) Bo(m) =\7 €
It is also evident that in this approximation:

oy =y
Let us now proceed to evaluate the pivotal terms M‘) To

do so we will first calculate the continuum 1limit of the
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electronic transition rates (), and (ye - The equilibrium
transition rate through the diode, CI,D , 1is a constant

independent of /777 , and therefore will not be affected by the
limiting process. However, the equilibrium transition rate
througin the resistor @y 1is a function of 7, and in the

continuum limit:

v i o %(M—/rn)(rmm-’z/ﬂn)

6.139)Q, = =M g t = Mo

(6.139)@sr(m ) go T € cdm
Mg

If we perform the integration we obtain:

_&(m-mo) _ E
2. 4

(6.149) Q) = /)?Q-,_Cmo * EAC €

Since & ( m - /}70) is of the order of \[g and, in the
continuum 1limit, £ & | , a linear expansion of the

exponential is well justified. Then is we neglect g/8:

(G.WD aop[m)zgéc + 4’;-;;}20

Replacing the derived expressions of OOR[/){) and 001)(0?)

in (6,47)we find  Ap(m) to be:

‘ / M =M
(s142) A /M)__do (£RC+ RC )
4 “a | M=o

DT gge RC
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After some algebra we approximate:

l

6.13) A (m) = ————mgj t z( ”"")(I" I+ abgpc)]

Calculation of f/’,ﬂ‘ in the continuum limit yields:

ki) M= S AL B m)dn =

SQD RC
bws) M,= on () B (m)(m-% -3 )dn =
~rrigr| (- el - 4 ]

(T SAU(”) (m) (-0, )ZM/:

T )+ apeRC {D B % (’ T +,OD£QC>}<(M’MO)2> ‘*‘z’;}

I 2 ’
Observing that for our distribution function <(/‘r/—-/y}a)> = —é— ’

we can write:
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) SO
(6./‘.!1/ /\7,, T %
e ___do
(5.1%) I, 21+ 058 RC)
s aD
6.147 =
(o14%) " (1 + aysRC)

In terms

point:

(6.150) (Cip=

Then, if

get:

(.151)- M, =

of the resistance of the diode at the operating

BT 1
e* Ro

we replace (JD in the expressions of f4,j we

AT 1
e* R+ Kp
é?r' Ry
o2 (m+ PD)Z
BT !
e R+ Ry
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Substituting f"/,; into /L &) and (6, /19) we obtain
d [

for the fluxes ] and %) in the continuum limit:

(6154) T = ek Al
)I P+}3 (R Ry T

2 eR 6T aT
(6'/55/ Q=- C(R+Ry)" T iy T

If for simplicity we choose our engine such
that R= R = 9 and if we note that the nonlinearity
!

coefficient g, 2 for the Alkemade diode is given

by g F'T g, the flux equations (6./55and(6./56 )become:

—_ E% 5)7—3‘1 AT
(6.15) IT=—5 ir T

It is gratifying to observe that these equations are
identical to the flux equations (598) , (5.99) derived
on the basis of Gunn's model for the diode-resistor fluctuation

heat engine.
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7. RESISTOR-DIODE FLUCTUATION HEAT ENGINE FAR FROM

THERMODYNAMIC EQUILIBRIUM - THE CONTINUUM LIMIT

We will now explore the behaviour of our resistor-diode
engine when operating under large temperature differences.

Generally such an analysis requires the use of numerical
methods, as it will be done in Appendix B of this thesis.

However, if the temperature of the resistor is much larger
than the temperature of the diode and the conductance of the
resistor is, within the operating range, much larger than the
conductance of the diode, analytical evaluations of the output
power and efficiency of the engine are possible.

We will consider for our calculation a diode with an
exponential characteristic, such as the PN or Alkemade diodes.

If we apply Kirchhoff's Voltage Law on the DC equivalent
circuit of our system (Fig. 7.1 ), in view of the high
conductance of the resistor, we find that the DC voltage drop
across the diode is simply E

As a consequence of the operating conditions of the engine,
the noise generated by the diode can be neglected when compared
to the noise originating in the resistor.

Because of the low relative conductance of the diode, the

thermal coupling bhetween the capacitor and the diode can alsc
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be neglected.

Under the above conditions the electrons on the capacitor
will be in thermal equilibrium with the electrons in the
resistor. Then the equilibrium probability distribution
function of the voltage U~ across the diode is given by the

appropriate Gaussian:

(1) Plv)= €

ET
2m — i

We will characterize the diode by a Shockley type

exponential equation, which for our sign convention reads:

(22) i=-T,( CFQT—-W

Where: \/=’ v-E

The mean value of the output power supplied by our engine

is given by:

(13) R={-i-E

Using ( 7.1 ) ’ ('7. <) and ( 7.3) the output power becomes:

-

_ _
(74) ‘—5%% S f“F‘L:% (?f—E)J——J} e Kl
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If we define b by,

(7.5) £, = ¢

the expression of the output power finally reads:

7)) B=ELSop[5E(L- 5]

ﬁsz

In a similar ﬁay we can calculate the power dissipated on

the diode by evaluating the average:
(z7) R={-ilv-E))

Applying (" ") ’ {7.2 ) and V:'z,r— E to the above relation:

09 =L

Czr

V-——S(?I—E)?QUD (’U’—E)] I}Q KTl
C
Or after we perform the integration:

(7'(7)3‘"‘1—3[(6"1’1 E)”P 26T 'Z‘T ,{7; +E:‘

Recalling the definition of 2:—2,

()P =T,[ (67 E)op(EL-

7?‘@

75+EJ

We can now calculate the efficiency of our engine. By
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definition:

R
7.1 V4 R
() Z P+ E

)

Substituting Po and /D("l by their corresponding
expressions (7.6 )and (7. /(,"-')
e E

(112) ) = elop(82-)-1]
SEES TR e

e e )rlE T E]

After some algebra the efficiency is found to be:

) =1 - exp[ S (i7" %)

RT, &

If we define the new parameters A and X by:

eE

7./ .
(1) I
(115 _&7
) o = -
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equations {7. 6) and {7 !‘_2)‘ can be translated into:

D @[3 =)
(7. /6;3 2= — |
- E I

S
5 o {0 = 7 ) 7
(ur) M :xb - e |
The efficiency of the engine is maximum when X Dbecomes
very large and X increases towards '/.2, . In this limit
the efficiency is seen to approach 500/0 , as the relative
output power also becomes large. The general behaviour of the
relative output power o /E I, and efficiency nz with
respect to X ’ t‘of various values of the parameter & ,
are shown in Fige. 7.2 and 7.3
For our present description of the resistor-diode engine to
be valid, &, has to be much smaller than unity ( the
continuum limit ), and therefore large values of (X  are
rather unfeasible, unless the system is operated with a very
low temperature cold reservoir. The small Ez operating
range also coincides with the region which describes
technologically conceivably diodes, and thus we conclude that
that the maximum absolute efficiency of fluctuation engines
could approach, under extreme conditions 50 %
Nevertheless, for all diodes T S is highly dependent

on temperature and when the diode is very cold, such as to
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M

allow for a large efficiency, I < , and therefore
become extremely small.

As an example, for most diodes the strongest temperatu'we
dependence comes from an exponential term of the form (@ eV/k,T
where \/I is a voltage of the order of volts. If at the
limit of present technology, we could build a diode with,

_et.
AC

operate the system with the resistor at /000 K and the

& /

diode at 10K , such that A =)0 , the above

~/c0
mentioned exponential factor is then of the order of /0 ,

yielding a practically zero output power.
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8. CONCLUSIONS

8.1 General Thermodynamics of Fluctuation Heat Engines

We have studied in detail the thermodynamics of fluctuation
heat engines both from a phenomenological as well as kinetic
point of view.

At no time we have found any results in contradiction to
the Second Law. Thus, speculations about the possibility of
violating the Second Law by rectifying thermal noise, have no
physical foundation.

We have also found that, when a fluctuation engine operates
close to thermodynamic equilibrium, Onsager's reciprocal

relations are always satisfied.

8.2 Efficiency and Power Output of Fluctuation Heat Engines

We have found that the efficiency and output power of
fluctuation heat engines are strongly dependent on the
capacitance of the system under consideration. Thus the
physical size of the system will play an important role in any
engine configuration.

Reasonable efficiencies and output powers were consistently
found at system sizes beyond the reach of today's technology.

During our investigation we never found any size,

configuration or operation conditions for which the Carnot
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efficiency was reached.

Also under any conditions we never found an efficiency
higher than 573 % .

Since standard thermoelectric, thermionic and photoelectric
conversion mechanisms offer same or better efficiencies at
vastly simpler configurations, it appears to us that efforts to
develop the technology involved in manufacturing fluctuation
heat engines are unwarranted.

The behaviour of the output power and efficiency of a
resistor-diode fluctuation heat engine, with respect to various

relevant parameters, are shown in Figs. 8.,, 8.2 and 3.3 .

8.3 Maximum Nonlinearity of Diodes

When studying actual diode configurations we have found no
thermodynamic reasons for their relatively weak nonlinearity.

If we recall our Gunn type analysis of fluctuation heat
engines, macroscopic diodes will not violate the Second Law as

long as, with the proper definitions of the various parameters:

(81) _iz: (%)Q< !

Let us try to derive the characteristic equation of the

"most nonlinear diode", yet to be invented, that will not
violate the principles of thermodynamics.

In the limit of £ - | the nonlinearity

144

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



coefficient of the "most nonlinear diode" is found to be:

(e2) ¢ :\‘!/__g___ 7

Using the definition of g’ '
(8.2) g - 0%,
2T 2 v

we find for the conductance of the diode:

-
2 T ¥

(/g'Z/) gl =( €

C’ =integration constant

Recalling the definition of 3, , we find the

characteristic function of the "most nonlinear diode" to be:
2 \Fc: r
/ . I BT BT
85 = |5 +C
( ) L= 2 C @ 2
Cz = integration constant

If we require the current L through the diode to be
zero when the voltage )~  across the diode is zero, with the
obvious identification of the reverse current I [ , the

characteristic function of the "most nonlinear diode" not to

violate thermodynamics is found to be:
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Vf*:"'_t)

(&6) L=1s (Ql

Although we admit the above derivation to be highly
speculative, it indicates the possibility of creating diodes
with "extensive" nonlinearities, depending on the capacitance,

and therefore the size, of the diode.
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9. APPENDIX A

Asymmetric Gaussian Distribution Functions

In our kinetic analysis of fluctuation heat engines we have
repeatedly encountered discrete Gaussian distribution functions.

In general such functions can be written in the form,

- zé:(m—mo)’“

@A)  P(m)=2CE
Z (")
where /¥ 1is a discrete integer variable.

In this section we will study the behaviour of P/’VZ) and
related quantities with respect to the value of the real

parameter /Y7,

Let us start with the evaluation of the partition function

Z (/}70) which, by definition, is given by:

» "%(m' 0)2'
(A2)  Z (m, ):Z f ”

M=o

Because of the infinite range of the sum, Z(’Y)o ) is a

periodic function with a period equal to one.

(A.S) Z(mo+1)= £ ()
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—r f D .
We can therefore expand I / in Fourier series,

o

' —_—— <
64- Z// /{{q?" /) = ,> . ;v:-; -

A

27 miai,
41385 -:m

with C/m given by:

| .
- RTCAM Y

(/}5) le = S 6 Z(/WO)OZ/WU

. 0
Using (/‘)11') we can succesively find for the Fourier

coefficients ( i

C’ =2TMeming . ‘5/’"—0”0)9‘
he)  Cm=)¢ 2 € e,

Moo

(/}7) ()/m: Z g Qzﬁzwye’ 1‘50[

M=o
@ omimy ;‘?31' — _ 4’
Z [T 28
(48) Cm= Y € ¢ C“J‘:\;’g e

Then the partition function associated with our Gaussian
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can be written as the rapidly converging Fourier series:

LS e

_:‘;:._' o ., /'12 {". -.’ j_‘;. H
(M)Z(fﬂ) = V?Jl [l + 20 rasem 4 L0 T o L/ﬁmﬁ'"’:{

&.

By differentiating (/}9) with respect to 17, we find:

_ | _dzm)
Wo)  (my=om,+ o A

In a similar fashion we can derive the expression of the

mean square deviation of /77

2
2 ' | J Zli
) {[o=1m,) >:é T E Fy) ] /Waz )

Finally if we substitute Z/’Wa) f‘rom(Aﬂ) intow./a)
and (/}. /l) :

~t~

2
2 2 a
7 -1 _17 9

2E

m AT '
(1.2)m = m, - /13T/‘ e S-’grz/‘.,z/ , + 4 E _ﬂs};/:-?z:mm,,f-
[+2¢€ 227cos2mmy + 2 E 2 “ros §Tyt.

miS
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fnrflv B _,1_/77

8t € 7 cosdmm, + 2 € co _4’7}’/}7Q e
_ar 7=,
& [+ 2 L € g -1 (: *.sdrfm’f‘?e e’ (0 S YT, t.

(413) {lm-m,) >

m

.t
€

For /7, integer or half integer M,/Z) and /},/3)

become:

i) <mpy = my
(4.15) {m-mpy=¢2

If ", is neither an integer nor a half integer the
probability distribution function P(m) becomes
asymmetrical as seen in Figs. ﬂ.l , A.Q and ,4.?;

Finally, if ¢ is less then 10 ,(/’r./i) and (A,IB}

can be very well approximated by:

_qr
(ﬂ,lé) <m> 2m, - —%71 e z St 21T
8m” 1

(AJ?) <(m—mg> Ny - ——a—je cos 2T Mo

If we recall the kinetic models previously introduced, the
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average voltage across the open circuit diode ( or resistor )

is found to be:

<U/:Z‘ \/)L"II/O)

Or using /ﬂ,/"li :

2,

N
3

Y - ' Ve Aa
<’2)‘>.’:‘:-—{~/}--~:"“' e S 1A i rto
2 L

!

n
A

It has been speculated that, since for 7y not equal to
an integer or half integer the above relation yields a nonerr'o
open circuit voltage across the diode, methods for obtaining
electric energy from a diode in thermodynamic equilibrium can
be devised [ 24] .

However tempting, such a conclusion is false sinece no
fluxes, and therefore no electric currents, can develop in a’
system in thermodynamic equilibrium. Without generating an
electric current the diode will not generate electric power,
even if an open circuit voltage will be present.

Formally we can calculate the net current flow through a

short circuited diode by evaluating the sum,

(I)= i—i— K (m) [EDW) ”ap(ﬂ’l)]

mMN=-x

where ES/’”) , bb [ryz) and GD (/)-)) are defined in
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Section 5,’ . Then we can succesively write:

Ty =Y Bk -5 Riman

[A./?)\/I> = Z R, (m) bb{m) - Z Tfs(m:r;) dp(m+1)

w9 TH=9 [ Rl by =B fmeanims )]
Mz -w

According to the principle of detailed balance the bracket

in the above expression vanishes.

ma) (I>=0

We thus proved that a diode in thermodynamic equilibrium
cannot generate even a short circuit current, and therefore no
violation of the Second Law occurs.

Finally, from /A,lg) we see that the mean square voltage

deviation across the diode,

(A.22) {v*y= % <(/)7 -m‘o)l>
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takes the equipartition of energy value (—: only when
Yo is an integer or half integer.

In the continuum limit g0 , and regardless of the

value of ,

(4.23)  m>=m,

na) < (22-my ) = —(’C:

as expected from standard Statistical Mechaniecs.
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10. APPENDIX B

Resistor - Diode Fluctuation Heat Engines Far From

Thermodynamic Equilibrium -~ Numerical Calculations

As previously mentioned, general results concerning the
behavior of fluctuation heat engines when operating far from
thermodynamic equilibrium are very difficult to obtain.

However, if kinetic models for the dissipative elements
involved can be constructed, exact expressions for the fluxes
.developed within the engine can be derived.

If the engine employs an Alkemade diode and a linear
resistor that can be described by the kinetic model introduced
in Section 6.2, the exact expressions for the current and heat
fluxes are given by equations /6'77) and / 6~C/l/).

Using (6. I) , (6.‘/) , (6 61), (6.65) ,/6.75) ,(6.77) and (6.‘/’/_) , we
can numerically calculate the values of these fluxes, and the
results of such calculations are illustrated in Table B.1.

The various quantities involved are:
R =resistance of the linear resistor

RDgresistance of the diode at the operating point
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—-.  znormalized output current per time constant Ky, C

_¥_ Znormalized heat transfer per time constant KpC

—2 _=normalized output power per time constant RDC
’Z =efficiency

These results confirm the fact that high efficiencies and
output powers are obtained at 1large values of &£ , Or
equivalently, at small engine sizes. As the size of the system
increases, and therefore increases, the efficiency and
output power are seen to drop fast.

It is also confirmed that higher efficiencies are obtained
when the resistance of the diode at the operating point is
larger than that of the linear resistor, with the largest
calculated efficiency around 500/0 , in accordance with the
continuum case of Section 7.

At thermodynamic equilibrium (E=0 , 7, =7, ),
allowing for computer tolerance, the current and heat fluxes

are zero, as required by the Second Law.
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