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INTRODUCTION

A system  in  c o n ta c t  w ith  h e a t  r e s e r v o i r s  t h a t ,  i f  c a r r i e d  

th ro u g h  a c y c l i c  p ro c e s s ,  w i l l  c o n v e r t p a r t  o f  th e  h e a t  

re c e iv e d  from th e  h o t t e r  r e s e r v o i r s  i n t o  work o r  a v a i l a b l e  

e n e rg y , w h ile  r e j e c t i n g  th e  r e s t  to  th e  c o ld e r  r e s e r v o i r s  i s ,  by 

d e f i n i t i o n ,  a  h e a t  e n g in e .

D epending upon th o s e  p r o p e r t i e s  o f  th e  w orking s u b s ta n c e  

m ost im p o r ta n t to  t h e i r  o p e r a t io n ,  we can  d i s t i n g u i s h  two ty p e s  

o f  h e a t e n g in e s ,  mean v a lu e  e n g in e s  and f l u c t u a t i o n  e n g in e s .

In  th e  c a se  o f  mean v a lu e  e n g in e s  m ost im p o r ta n t a r e  th e  

av e ra g e  v a lu e s  o f  such  therm odynam ic p a ra m e te rs  a s  te m p e ra tu re , 

p r e s s u re  o r  volum e. In  t h i s  c a te g o ry  we f in d  a l l  "norm al" h e a t  

e n g in e s  l i k e  O t to ,  D ie s e l ,  S t i r l i n g  o r  th e  Steam  e n g in e s . We 

can a l s o  c l a s s i f y  a s  mean v a lu e  e n g in e s ,  a l th o u g h  t h i s  i s  n o t 

im m ed ia te ly  a p p a re n t ,  more s u b t l e  d e v ic e s  l i k e  th e  th e rm o io n ic  

o r  th e  p h o to e l e c t r i c  c o n v e r te r s .

For f l u c t u a t i o n  e n g in e s  th e  d r iv in g  fo rc e s  a re  th e  

d e v ia t io n s  o f  th e  a p p r o p r ia te  therm odynam ic p a ram e te rs  o f  th e  

w orking s u b s ta n c e  from t h e i r  av e rag e  v a lu e s .

I f  th e  im p o rtan ce  o f  th e  mean v a lu e  e n g in e s  p r e v io u s ly  

m en tioned  i s  beyond any d o u b t, f l u c t u a t i o n  e n g in e s  a r e ,  a t  t h i s  

tim e , s i g n i f i c a n t  o n ly  a s  to o l s  o f  u n d e rs ta n d in g  th e  p h y s ic a l  

co n c e p ts  t h e i r  o p e r a t io n  i s  based  on .

1
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T h is  i s  t r u e  b e c a u se , a s  t h i s  t h e s i s  w i l l  p rove , u s in g  

to d a y ’s  d e v ic e s  and te c h n o lo g ie s ,  r e a s o n a b le  e f f i c i e n c i e s  and

o u tp u t pow ers can be o b ta in e d  o n ly  a t  s i z e s  and c o n f ig u ra t io n s  

t o t a l l y  im p r a c t i c a l .

As d e t a i l e d  a n a l y s i s  w i l l  show, th e y  do n o t r e p re s e n t  a

lo o p h o le  in  th e  Second Law o f  therm odynam ics t h a t  would r e v e a l  

an in e x h a u s t ib le  en e rg y  s o u rc e ,  a s  some had hoped . Our o v e r a l l  

g o a l i s  to  s tu d y  th e  p h y s ic s  o f  f l u c t u a t i o n  en g in es  u s in g  

r e c t i f i c a t i o n  m echanism s and answ er th e  o b v io u s  q u e s t io n s  

r e l a t e d  to  t h e i r  t h e o r e t i c a l  p erfo rm an ce  and f e a s i b i l i t y .

T h is  t h e s i s  i s  n o t th e  f i r s t  a t te m p t to  a n a ly z e  th e

f lu c t u a t i o n  e n g in e s  from  a  th e rm o d y n am ica lly  c o r r e c t  v ie w p o in t, 

b u t i t  i s  b e l ie v e d  t o  be more com ple te  and r ig o r o u s  th a n  m ost. 

A lso , a  number o f  new r e s u l t s  r e l e v a n t  to  th e  problem  a re

d e r iv e d  and a n a ly z e d .

2
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SUMMARY

From th e  s tu d y  o f  M ax w ell's  demon, to  Feynm an's 

e d u c a t io n a l ly  v a lu a b le  a n a ly s i s  o f  th e  R a tch e t-P aw l mechanism 

p] and to  th e  o p t i m i s t i c  e v a lu a t io n  o f  d io d e -d io d e  f l u c t u a t i o n  

e n g in e s  g iv en  by Y a te r  [ 2]  , th e  Second Law in  th e  K e lv in -P la n c k  

se n se  was alw ays found to  be v a l id .  I f  th e  system  o p e ra te s  

u s in g  o n ly  one h e a t  r e s e r v o i r ,  o r  e q u iv a le n t ly ,  i f  a l l  th e  

e lem en ts  o f  th e  system  a r e  a t  th e  same te m p e ra tu re , th e re  i s  no 

m acro sco p ic  h e a t  to  work c o n v e rs io n . But i f  th e  system  i s  in  

c o n ta c t  w ith  two o r  more r e s e r v o i r s  a t  d i f f e r e n t  te m p e ra tu re s ,  

h e a t  to  work c o n v e rs io n  i s  p o s s ib le .  A lso , i f  th e  system  does 

n o t in c lu d e  a d i a b a t i c  p a r t i t i o n s ,  h e a t  flow s from th e  h o t t e r  to  

th e  c o ld e r  r e s e r v o i r s  w i l l  o c c u r .

S in c e  o u r s tu d y  w i l l  m a in ly  in v o lv e  e l e c t r i c a l  f lu c t u a t i o n  

e n g in e s  we w i l l  ad o p t th e  te rm  " n o ise "  to  d e s c r ib e  th e  

s to c h a s t i c  s ig n a l s  en co u n te red  in  e l e c t r i c a l  sy stem s.

SECTION 2

A c l a s s i c a l  q u a n t i t a t i v e  c a l c u la t io n  o f  th e  th e rm a l n o is e ,  

o r  f l u c t u a t i o n s ,  s p o n ta n e o u s ly  g e n e ra te d  w ith in  a l i n e a r  

r e s i s t o r  i s  p ro v id e d  by N y q u is t C 3 ]  . The r e s u l t s  o b ta in e d  a re  

o n ly  a  s p e c ia l  c a se  o f  a  more p o w erfu l s ta te m e n t known a s  th e  

F lu c tu a t io n - D is s ip a t io n  Theorem b u t i t  i s ,  n e v e r th e le s s ,  

i n s t r u c t i v e  to  r e p e a t  t h e i r  d e r iv a t io n  h e re .

3
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SECTION 3 .

The d e t a i l s  o f  the  b e h a v io r  o f  a  n o n lin e a r  r e s i s t o r ,  

In c lu d in g  th e  g e n e ra te d  th e rm a l n o is e ,  under a r b i t r a r y  

o p e ra t in g  c o n d i t io n s ,  a re  v e ry  d i f f i c u l t  to  d e r iv e .  However, 

when th e  r e s i s t o r  o p e ra te s  c lo s e  to  thermodynamic e q u i l ib r iu m  

im p o rta n t g e n e ra l  r e s u l t s  can be o b ta in e d . In  t h i s  s e c t io n  a  

d e r iv a t io n  o f  such  r e s u l t s ,  due to  Gunn [J 5 j  , i s  p re s e n te d  

i n  d e t a i l .

SECTION 4 .

A g e n e ra l  therm odynam ic argum ent can a l s o  r e y e a l  th e  

e x p e c te d  b e h a v io r  o f  a f lu c t u a t i o n  h e a t en g in e  when o p e ra te d  

c lo s e  to  therm odynam ic e q u il ib r iu m .

SECTION 5.

In  g e n e r a l ,  a  f lu c t u a t i o n  h e a t eng ine  w i l l  c o n s i s t  o f  n o is e  

g e n e ra t in g  d i s s i p a t i v e  d e v ic e s  a t  d i f f e r e n t  te m p e ra tu re s .  At 

l e a s t  one o f  th e  d e v ic e s  to  be used w i l l  be n o n l in e a r ,  and th u s  

w i l l  have th e  a b i l i t y  to  g e n e ra te  a  nonzero  av e ra g e  f lu x  when 

d r iv e n  by z e ro  a v e ra g e  f l u c t u a t i o n s .

We w i l l  now s tu d y  a  f lu c t u a t i o n  h e a t en g in e  em ploying  a t  

l e a s t  one d io d e  whose p r o p e r t i e s  can be d e s c r ib e d  by G unn 's 

m odel ( s e e  S e c t io n  3. ) .  T h is  s tu d y  r e v e a ls  th e  g e n e ra l

p r o p e r t i e s  o f  f l u c t u a t i o n  h e a t  en g in es  when o p e ra t in g  c lo s e  to  

therm odynam ic e q u i l ib r iu m .
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SECTION 6 .

However, G unn 's  m odel f o r  n o n lin e a r  e lem en ts  i s  v a l id  when 

th e  system  i s  o n ly  w eakly  n o n l in e a r .  I f  r e s u l t s  c o n c e rn in g  

s t r o n g ly  n o n l in e a r  sy stem s a r e  d e s i r e d ,  th e  d i s s i p a t i v e  

e lem en ts  we use  have to  be d e s c r ib e d  by d i f f e r e n t  m odels .

In  t h i s  s e c t io n  we w i l l  s tu d y  a  f lu c t u a t i o n  h e a t  en g in e  

u s in g  a  s im p l i f ie d  m odel o f  th e  vacuum d io d e  due to  Alkemade 

and Van Kampen ^16,17,18~J , and a  n o v e l k i n e t i c  m odel o f  a  

l i n e a r  r e s i s t o r .  The r e s u l t s  o b ta in e d  a r e  checked a g a in s t  

r e s u l t s  b ased  on G u n n 's  m odel, when o p e ra t in g  c lo s e  to  

therm odynam ic e q u i l ib r iu m .

N e v e r th e le s s  th e  r e s u l t s  o b ta in e d  h e re  a r e  v a l id  u n d er any 

o p e ra t in g  c o n d i t io n s .

SECTION 7 .

I f  th e  te m p e ra tu re  o f  th e  c o ld  e lem en t can be n e g le c te d  

when compared to  th e  te m p e ra tu re  o f  th e  h o t e lem en t, a n a l y t i c a l  

r e s u l t s  c o n c e rn in g  th e  e f f i c i e n c y  and o u tp u t power o f  th e  

e n g in e  can  be d e r iv e d .

SECTION 8 .

F i n a l l y ,  g e n e ra l  c o n c lu s io n s  ab o u t th e  p erfo rm ance  and 

f e a s i b i l i t y  o f  f l u c t u a t i o n  h e a t  e n g in e s ,  based  on th e  r e s u l t s  

o f  S e c t io n s  5 . , 6 . and 7 . a re  p r e s e n te d .  A lso th e  v e ry  weak 

n o n l in e a r i t y  o f  p r a c t i c a l  d io d e s ,  when com pared to  

therm odynam ic l i m i t a t i o n s ,  i s  now p o in te d  o u t .

5
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2 . NOISE IN LINEAR DISSIPATIVE ELEMENTS

2.1  N y q u is t Type A n a ly s is  

L e t us c o n s id e r  a  segm ent o f  a  l o s s l e s s  t r a n s m is s ia n  l i n e  

o f  r e a l  c h a r a c t e r i s t i c  im pedance Z 0 , te rm in a te d  a t  b o th  ends 

w ith  id e a l  r e s i s t o r s  o f  e q u a l r e s i s t a n c e  (se e  F i g .2.1) I f  R i s  

chosen  e q u a l to  Z 0 , th e  l i n e  w i l l  be m atched a t  b o th  ends w ith  

no r e f l e c t i o n s  o c o u rin g  o r  s ta n d in g  waves d ev e lo p in g  on th e  

l i n e .  We assum e t h a t  th e  w hole system  had been in  c o n ta c t  w ith  

a  th e rm a l r e s e r v o i r  o f  te m p e ra tu re  T , f o r  a  tim e lo n g  enough 

to  in s u r e  th e  e s ta b l is h m e n t  o f  th e rm a l e q u i l ib r iu m .

Due to  th e  th e rm a l " a g i t a t i o n "  o f  th e  e l e c t r o n s  in  th e  two 

r e s i s t o r s ,  c u r r e n t  f l u c t u a t i o n s  th ro u g h  th e  sy stem  a r e

g e n e ra te d .  The c u r r e n t  th ro u g h  each  p o in t  on th e  tr a n s m is s io n

l i n e  i s  th e n  g iv e n  by th e  s o lu t i o n  o f  th e  a p p r o p r ia te  te le g r a p h  

e q u a t io n s .

(2 .i) Le =  r e  e  '

U) £ a n g u la r  freq u en cy  

= c u r r e n t  am p litu d e  

■t = tim e

C s p r ’o p a g a tio n  v e lo c i ty

6
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I f  we im pose th e  boundary  c o n d i t io n ,

ip( t ,o)  =  Le ( t , D

on th e  p o s s ib le  p ro p a g a tin g  waves th e n :

(z.z) p L^zirn

L s l e n g t h  o f  th e  l i n e  

7i  = p o s i t iv e  in t e g e r

W ith in  a  bandw id th  AU) a  number ATI o f  su ch  allow ed  

"modes" w i l l  p ro p a g a te  in  each  d i r e c t i o n ,  w ith :

(Z 3 )  =

A ccord ing  to  th e  p r in c i p l e  o f  e q u i p a r t i t i o n  o f  en e rg y , th e  mean 

en e rg y  in  each  mode w i l l  b e , i n  th e  c l a s s i c a l  l i m i t ,

T h is  v a lu e  i s  due to  th e  te rm s q u a d r a t ic  in  th e  e l e c t r i c  and 

m a g n e tic  f i e l d  i n t e n s i t i e s ,  p r e s e n t  in  th e  e x p re s s io n  o f  the  

e le c tro m a g n e tic  en erg y  a s s o c ia te d  w ith  each  mode. The average  

en e rg y  t h a t  w i l l  be p r e s e n t  on th e  l i n e ,  ta k in g  in to  

c o n s id e r a t io n  th e  b i d i r e c t i o n a l  c h a r a c te r  o f  th e  modes i s :

(Z .H)  & j f = 2 6 T A ' n * - j t l r Au>

ik =  Boltzm ann c o n s ta n t

7
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W ith in  a tim e i n t e r v a l

t h i s  energy  le a v e s  th e  l i n e  and i s  re p la c e d  by th e  en erg y  

e m itte d  by th e  two r e s i s t o r s  d u rin g  A"t . The av e ra g e  th e rm a l 

power g e n e ra te d  i s  th e r e f o r e :

( Z 6 )  P  -  Auj&  -
K '  8 ~ A t . “  7T

S in ce  th e  system  i s  in  th e rm a l e q u i l ib r iu m  th e  av e ra g e  

power abso rbed  by th e  r e s i s t o r s  has to  be eq u a l t o  th e  av e ra g e  

power e m itte d  by them .

( 2 - 7 )  5 - a

Taking in to  a c c o u n t th e  f a c t  t h a t  th e  c u r r e n t s  Lt and i^  , 

g e n e ra te d  by th e  e q u iv a le n t  th e rm a l c u r r e n t  g e n e ra to r s  o f  th e  

two r e s i s t o r s ,  a r e  u n c o r r e la te d :

m  s . « r < f j p j v  m > 7T

The r e s i s t o r s  b e in g  i d e n t i c a l  and a t  th e  same te m p e ra tu re  

i t  i s  re a so n a b le  t o  assum e:

M  < c > = < c K O

8
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Then :

(2 .1 ° )  £  { Q -.

R ep lac in g  in  th e  above e q u a tio n  by 2iTA f  , and s o lv in g

f o r

( Z I Q

Or e q u iv a le n t ly :

( 2 . / Z )  < v 1> = R a' < i 1 ) = 4 ^ r R ^ P

The power spec trum  o f  th e se  f l u c t u a t i o n s  i s  freq u en cy  

in d e p en d en t ( w h ite  n o is e  spec trum  ) and h as  an a m p litu d e :

(*■*) = ^

Or:

M )  SV= * * T R

9
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2 .2  Approach to  E q u ilib r iu m  

I f  th e  two r e s i s t o r s  a r e  i n i t i a l l y  a t  d i f f e r e n t  

te m p e ra tu re s  T , > T Z , th e  system  w i l l  re a c h  th e rm a l

e q u i l ib r iu m  v ia  a  h e a t  flow  from  th e  h o t t e r  r e s i s t o r  t o  th e  

c o ld e r  r e s i s t o r .  To p ro v e  i t  l e t  us go back  and  m odify  ou r 

p re v io u s  a n a ly s i s .

S in c e  th e  l i n e  i s  m atched a t  b o th  ends a l l  th e  power

e m it te d  by one r e s i s t o r  w i l l  be ab so rb ed  by th e  o th e r .

T h e re fo re ,  a l l  th e  power t r a v e l in g  r ig h tw a rd  w i l l  be g e n e ra te d  

by th e  h o t t e r  r e s i s t o r  and ab so rb ed  by th e  c o ld e r  one.

T h is  power i s :

(2.(5; p. =

The power t r a v e l i n g  le f tw a r d ,  g e n e ra te d  by th e  c o ld e r

r e s i s t o r  a t  te m p e ra tu re  i s  th e n :

( 2 . / 6 )
2- 4  "t

The $ 7 7 , and r e s p e c t iv e l y  $  Tz te rm s a r e  th e  av e ra g e  

e n e r g ie s  f o r  each  p ro p a g a t in g  mode, r e f e r r e d  to  th e  

te m p e ra tu re s  a t  th e  p o in t  o f  g e n e ra t io n .

The n e t  power flo w  from  th e  h o t to  th e  c o ld  r e s i s t o r  i s  

th e n :

(2 .17) t T p s  p t -  p^ $ ( t , - tz ) * F

10
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I f  we employ b ia s  dependen t r e s i s t o r s  th e  n o is e  th e y  w i l l  

g e n e ra te  w i l l  co rre sp o n d  to  th e  v a lu e  o f  t h e i r  r e s i s t a n c e s  a t  

th e  o p e ra t in g  p o in t .  T h is  can be seen  i f  we c o n n e c t a  b ia s  

d ependen t r e s i s t o r  on o u r t r a n s m is s io n  l i n e  th ro u g h  a  f i l t e r  

d e s ig n ed  to  s h o r t  c i r c u i t  th e  l i n e ' s  DC com ponent. I f  we b ia s  

th e  r e s i s t o r  a s  shown in  F ig .  2.Z , i n  v iew  o f  th e  c h a r a c t e r i s t i c s  

o f  th e  f i l t e r ,  th e  v a lu e  o f  R 2, a t  th e  b ia s  p o in t  V w i l l  

d e te rm in e  o u r  f i n a l  r e s u l t s ,  w hich p ro v es  o u r  i n i t i a l  s ta te m e n t .

A l a s t  p o in t  to  be made a t  t h i s  tim e  i3  t h a t  r e l a t i o n ( 2 J $ i s  

t r u e  even i f  o u r r e s i s t o r s  a re  n o t e q u a l .  I n  t h i s  c a s e  f o r  o u r 

tr a n s m is s io n  l i n e  argum ent to  be v a l id  we w i l l  c o n n e c t th e  

r e s i s t o r s  to  th e  l i n e  by a p p r o p r ia te  im pedance tr a n s fo rm e rs  

(F ig .2.3). These t r a n s fo rm e rs  w i l l  m atch th e  r e s i s t o r s  to  th e  

l i n e  w ith o u t i n t e r f e r i n g  w ith  th e  power flo w s th ro u g h  th e  

sy stem . As r e q u ir e d  by th e  Second Law, t h e r e  i s  no. n e t  power 

flow  when th e  two te m p e ra tu re s  a r e  e q u a l .  S in c e  t h i s  power 

flow  o c c u rs  o n ly  when th e r e  i s  a  te m p e ra tu re  d i f f e r e n c e  and 

s in c e  i t  i s  n o t  accom panied by perfo rm ance o f  w ork, i t  m ust be 

i d e n t i f i e d  w ith  a  h e a t  f lo w .

I t  i s  im p o r ta n t to  u n d e r l in e  th e  f a c t ,  t h a t  th e  o r i g i n  o f  

t h i s  h e a t  flow  i s  th e  a m p litu d e  d i f f e r e n c e  betw een th e  n o is e  

s ig n a l s  dev elo p ed  i n  r e s i s t o r s  a t  d i f f e r e n t  te m p e ra tu re s .

11
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3. NOISE IN NONLINEAR DISSIPATIVE ELEMENTS

3.1  H i s t o r i c a l  N otes 

The above method i s  n o t v a l id  i f  th e  r e s i s t o r s  a r e  

n o n l in e a r ,  s in c e  th e r e  i s  no way o f  m a tch in g  them to  th e  

t r a n s m is s io n  l i n e .  A v a s t  amount o f  e x p e r im e n ta l d a ta  

£ , 5 , 6 , 7 , 8 , 9]  in d i c a t e s  t h a t  th e  r e s u l t s  we o b ta in e d  a re  a l s o  

in v a l id  f o r  t h i s  c a s e .  I f  th e  r e s i s t o r s  a re  n o n lin e a r  new 

p h y s ic a l  p ro c e s s e s  seem to  p la y  im p o r ta n t r o l e s  in  n o is e  

g e n e r a t io n .  F o r exam ple, a s  e a r l y  a s  1918, S c h o ttk y  £ l 0 , l l ]  

p o in te d  o u t  t h a t  we sh o u ld  e x p e c t a d d i t i o n a l  c o n t r ib u t io n s  to  

th e  e l e c t r i c  f l u c t u a t i o n s  w ith in  c e r t a i n  d e v ic e s , a r i s i n g  from 

th e  " g ra in y "  s t r u c t u r e  o f  e l e c t r i c i t y .  He a l s o  showed t h a t  

th e rm o io n ic  d io d e s  a r e  one k in d  o f  g e n e ra to r  o f  t h i s  ty p e  o f  

n o is e .

As e x p e r im e n ta l ev id en ce  accum ula ted  i t  was found th a t  

a d d i t io n a l  w h ite  n o is e  o c c u rs  in  n o n lin e a r  sy stem s o n ly  when 

s i g n i f i c a n t  en e rg y  f lu x e s  a r e  p r e s e n t  o r ,  i n  o th e r  w ords, when 

th e  system  i s  n o t in  therm odynam ic e q u i l ib r iu m . We w i l l  te rm  

t h i s  ty p e  o f  f lu x  dependen t w h ite  n o is e  f l u c t u a t i o n s  " s h o t 

n o is e " ,  in  acc o rd an ce  w ith  t r a d i t i o n a l  e l e c t r i c a l  e n g in e e r in g .  

By now i t  was c l e a r  t h a t  th e s e  new f l u c t u a t i o n s  a r e  n o t 

e s s e n t i a l l y  r e l a t e d  to  th e  i r r e v e r s i b l e  i n t e r a c t i o n s  w ith  th e  

th e rm a l en v iro n m en t, a s  th e  N y q u is t f l u c t u a t i o n s  a r e .

15
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W ith th e  developm ent o f  new n o n lin e a r  e l e c t r o n i c  d e v ic e s  

th e  s tu d y  o f  th e  a s s o c ia te d  s h o t  n o is e  a l s o  i n t e n s i f i e d .

E x p e rim e n ta l and t h e o r e t i c a l  s tu d ie s  b ased  on d e t a i l e d  

a n a l y s i s  o f  c a r r i e r  f lo w s th ro u g h  PN ju n c t io n s  showed th a t  

s h o t  n o is e  i s  p r e s e n t ,  and i s  p r o p o r t io n a l  to  th e  c u r r e n t ,  a 

r e s u l t  s im i l a r  to  t h a t  o b ta in e d  by S h o ttk y  f o r  th e rm io n ic

d io d e s .  [ 7 , 8 , 9 , 12 , 13] .

N e v e r th e le s s ,  . a  g e n e ra l  th e o ry  d e s c r ib in g  from  a 

therm odynam ic s ta n d p o in t  th e  g e n e ra l  c o n n e c tio n  betw een th e  

n o is e  and th e  n o n l i n e a r i t y  o f  d i s s i p a t i v e  e le m e n ts  was n o t in  

p la c e  u n t i l  1959, when B ern ard  and C a lle n  p u b lis h e d  a  benchm ark 

p a p e r  on th e  s u b je c t  14 .

B ecause  o f  th e  c o m p lex ity  o f  t h e i r  a n a l y s i s ,  an a l t e r n a t e  

v e ry  e l e g a n t ,  d e r iv a t io n  due to  Gunn (even  i f  somewhat l e s s  

g e n e ra l )  w i l l  be u sed  h e re  [ 15]  . A v e ry  i n t e r e s t i n g  f e a tu r e  o f  

G u n n 's  work i s  t h a t  w ith o u t assum ing th e  c h a rg e  q u a n tiz e d , as  

S h o ttk y  d id ,  he p ro v e s  t h a t  n o n l in e a r  e lem en ts  have to  e x h ib i t  

s h o t  n o is e  i f  th e y  a r e  to  obey th e  law s o f  therm odynam ics.

B ecause th e  v a l i d i t y  o f  G unn 's r e s u l t s  i s  l im i te d  to  th e  

c o n tin u o u s  c h a rg e  a p p ro x im a tio n , a  d i f f e r e n t  ap p ro ach  w i l l  have 

to  be u sed  f o r  th e  c a s e  when t h i s  ap p ro x im a tio n  does n o t  h o ld . 

We w i l l  th e n  u se  f o r  o u r d i s s i p a t i v e  e lem en ts  k i n e t i c  m odels o f  

th e  ty p e  su g g e s te d  by Alkemade and Van Kampen [1 6 ,1 7 ,1 8 ]  and 

we w i l l  th e n  p ro c e e d  to  s o lv e  th e  a p p ro p r ia te  M a s te r  E q u a tio n .
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3.2 Gunn Type Analysis

3 .2 .1  D ir e o t  C u rre n t C a lc u la t io n s  

We w i l l  s t a r t  by a n a ly s in g  th e  b eh av io u r o f  a  n o n lin e a r  

e l e c t r i c  e le m e n t, under th e  in f lu e n c e  o f  a  v o lta g e  c o n s is t in g  

o f  a  b ia s  v a lu e  V0 and a  n o is e  component o f  freq u en cy  f?

. V f ( t )  :

(3 .1) =  \/0 +■ U p ( t )

The c u r r e n t  g e n e ra te d  by such  a  v o l ta g e  I s :

(3.2) iJ V J t  %(?)Vj(t)+ ZJW ff t )

We w i l l  assum e t h a t  h ig h e r  o rd e r  te rm s can be n e g le c te d , 

t h i s  f i r s t  o rd e r  n o n l i n e a r i t y  c o n d i t io n  b e in g  th e  s t r o n g e s t  

ap p ro x im a tio n  im posed by Gunn on h i s  m odel. N e v e r th e le s s ,  th e  

model h o ld s  w e ll  a s  lo n g  a s  th e  a m p litu d e  o f  th e  n o i3e  i s  sm a ll 

enough to  j u s t i f y  a  q u a d ra t ic  ap p ro x im a tio n  o f  th e  n o n l in e a r i t y .  

The DC p a r t  o f  t h i s  c u r r e n t ,  p e r  u n i t  f re q u e n c y , i s

(3.3) +

The t o t a l  DC c u r r e n t  o b ta in e d ,  i f  th e  in p u t  n o is e  v o lta g e  

i s  a llo w ed  to  have a  f u l l  freq u en cy  sp ec tru m , w i l l  th en  be :
CO

(aw i 0̂ijvo)+\im(vtH)y
o
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The two p a ra m e te rs  ^j (f)  and : f  J can  be i d e n t i f i e d  a s

th e  d i f f e r e n t i a l  cond u c tan ce  o f  th e  e lem en t and r e s p e c t iv e l y  

h a l f  o f  th e  s lo p e  o f  th e  co nductance  w ith  r e s p e c t  to  th e  in p u t  

v o lta g e :

B esid e s  freq u en cy  th e s e  p a ra m e te rs  w i l l  g e n e r a l ly  a l s o  be 

f u n c t io n s  o f  th e  a p p l ie d  v o l ta g e  ,
—r" 0

The e x p re s s io n  o f  th e  d i r e c t  c u r r e n t  J- can be e a s i l y  

shown to  be in c o m p le te . To prove i t  l e t  us lo o k  a t  th e  c i r c u i t

in d e p e n d e n t p a ra m e te rs  o f  a  d io d e

I f  th e  c i r c u i t  i s  th e  th e rm a l e q u i l ib r iu m  a t  te m p e ra tu re  

th e  p r in c i p le  o f  e q u i p a r t i t i o n  o f  en erg y  w i l l  g iv e  f o r  th e  

t o t a l  av e ra g e  e n e rg y , on th e  c a p a c i to r ,  due to  sp o n tan eo u s  

v o lta g e  f l u c t u a t i o n s .

i n  P ig . 3,1, where ^  and ^  a r e  th e  assumed fre q u e n c y  

These v o lta g e  f l u c t u a t i o n s ,  a c c o rd in g  to  (3 .  , w i l l  be

T °r e c t i f i e d  by th e  d io d e  g iv in g  a  n e t  DC c u r r e n t  i .  t h a t  co u ld

18
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conceivably drive the small DC motor M, where:

- T -

Thus work c o u ld  be o b ta in e d  u s in g  o n ly  one h e a t  r e s e r v o i r ,

in  c o n t r a d ic t io n  to  th e  K e lv in -P la n c k  s ta te m e n t o f  th e  Second

Law. S in c e  t h i s  can n o t be a llow ed  we w i l l  p o s tu la te  th e

e x is te n c e  o f  a  r e v e r s e  c u r r e n t  I 0 , o p p o s ite  to  th e
T o

c a l c u la te d  c u r r e n t  L  , su ch  th a t  when a  system  c o n ta in in g  th e  

n o n lin e a r  e lem en t i s  in  th e rm a l e q u i l ib r iu m :

1  =  1 0 +  T ° = 0

F or th e  exam ple o f  F ig .3 . / ,  I Q ta k e s  th e  v a lu e :

( 3 . 7 )  i o = - r = - & i- | L -

In  c o n c lu s io n , th e  g e n e ra l  e x p re s s io n  f o r  th e  DC c u r r e n t  

f lo w in g  th ro u g h  th e  e le m e n t i s :

I = i j v 0) + I 0 + W

Or:

(3.8) 1=  i B(Va) + I o +
o

Where S  xr i s  th e  power sp ec tru m  o f  th e  r e s u l t i n g  

f l u c t u a t i n g  v o l ta g e  a c r o s s  th e  n o n lin e a r  e le m e n t.
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3.2.2 Noise Power Spectrum Calculations

L et us now a n a ly z e  th e  b e h a v io u r  o f  a n o n lin e a r  r e s i s t o r  

c o n n ec ted  th ro u g h  a  l o s s l e s s  bandpass f i l t e r  to  a l i n e a r  

r e s i s t o r  a t  a  s l i g h t l y  d i f f e r e n t  te m p e ra tu re  (Fig.3,.2,). Each 

r e s i s t o r  i s  m odeled by a  n o i s e l e s s  co n d u c tan ce  ( j--K'z')

in  p a r a l l e l  w ith  an id e a l  c u r r e n t  so u rc e  o f  f l u c t u a t i n g  

am p litu d e  Lj . The n o n l in e a r  e le m e n t, w hich we w i l l  assum e to  

be a  d io d e , i s  a l s o  b ia s e d  by an id e a l  b a t t e r y  o f  v o l ta g e  V  .

The f i l t e r  i s  d e s ig n e d  to  have th e  fo llo w in g  p r o p e r t i e s :

a  -  O u ts id e  i t s  bandw id th  s ?  i t  p r e s e n ts  a  z e ro  

im pedance in  b o th  d i r e c t i o n .

b -  W ith in  th e  b an d w id th , i t  a c t s  a s  an im pedance 

tra n s fo rm e r  to  m atch th e  two r e s i s t o r s  a t  th e  c e n te r  

f req u en cy  p  and g iv e n  b a t t e r y  v o l ta g e  V.

One im m ediate consequence o f  th e  p r o p e r t i e s  o f th e  f i l t e r

i s  t h a t  th e  v o l ta g e  a c ro s s  th e  d io d e  i s  e q u a l to  th e  b a t t e r y  

v o l ta g e ,  a s  seen  by a p p ly in g  K i r c h h o f f 's  V o lta g e  Law in  th e  

d io d e  lo o p .
O

I f  Q i s  th e  n e t  AC h e a t  flow  th ro u g h  th e  f i l t e r ,  and i s  

th e  DC c u r r e n t  f lo w in g  th ro u g h  th e  d io d e , i f  Tj = 7 ^  th e n  

b o th  have to  be z e ro  to  s a t i s f y  th e  Second Law.

I f  Tj > a  n e t  h e a t  flo w  from  th e  h o t t e r  e lem ent to  th e  

c o ld e r  one w i l l  ta k e  p la c e ,  w ith  a  n e t  r a t e  o f  en tro p y
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p ro d u c tio n  g iv e n  by:

M )
>Z » 1

W ith th e  assu m p tio n  o f  sm a ll te m p e ra tu re  d i f f e r e n c e s ,  i . e .

(3 . 10)  T < -T & . «  I
' z

we can d e f in e  A T  -  T , ~ ~rz  and T h T ^ - T ,  . Then:

(3 . 11)  T S  =  Q - y -  +  V - 1

a  7“ w
Now we w i l l  choose j T  and v  to  be our therm odynamic

O
f o r c e s ,  w ith  Q and X b e in g  th e  co rre sp o n d in g  thermodynamic 

f lu x e s .  I f  i s  a l s o  sm a ll enough, th e  system  w i l l  be 

s u f f i c i e n t l y  c lo s e  to  therm odynam ic e q u i l ib r iu m  to  w a rra n t a 

l i n e a r  ex p an s io n  o f  th e  f lu x e s  in  te rm s o f  th e  chosen f o r c e s .

(3.12) r = ■*» v + Af-

(3.13) Q -  °< i iV  +

Our n e x t g o a l i s  to  d e te rm in e  th e  fo u r  phenom enological 

p a ra m e te rs  C< ij (  L ,£-  >>2 )  i n  th e  above e q u a t io n s .
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One im m ediate e q u a l i ty  can be e s ta b l i s h e d  by im posing th e  

O nsager r e c ip r o c a l  r e l a t i o n s  on t h i s  system  £ l9 ,2 o J

( 3 .Ik) o<a = c x u

I t  i s  obv ious th a t  th e  p re sen ce  o f  a r e c t i f i e d  c u r r e n t  o f  

th e rm a l o r ig i n ,  oClz- ^ T  , w i l l  be accom panied by an a d d i t io n a l  

n o is e  h e a t  flow  o f  m agnitude 0(i:iV  .

22
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3.2.3 Calculation of ''■'X;, and 'X.>

W ith in  th e  bandw idth  d [ , th e  e q u iv a le n t  c i r c u i t  o f  o u r  

system  i s  t h a t  o f  F ig  33, where ^  i s  th e  cond u c tan ce  o f  th e  

l i n e a r  r e s i s t o r  r e f l e c t e d  th ro u g h  th e  f i l t e r  in  th e  d io d e  lo o p

a s  to  m atch (i- . A ll th e  com ponents o f  th e  two c u r r e n tiZ
s o u rc e s  o u ts id e  S P  , w i l l  be s h o r t c i r c u i t e d ,  in  th e  view  o f  

th e  p r o p e r t i e s  o f  th e  f i l t e r .

We w i l l  s t a r t  by c a l c u l a t i n g  th e  t o t a l  DC c u r r e n t  f lo w in g  

th ro u g h  th e  d io d e . To a c h ie v e  t h i s  l e t  us f i r s t  lo o k  a t  th e  

power sp ec tru m s o f  th e  two c u r r e n t  so u rc e s  in  our sy stem .

The in s ta n ta n e o u s  AC v o lta g e  d ev e lo p ed  a c ro s s  th e  p a r a l l e l  

co m b in a tio n  o f  ^  and i s :

( 3 . / 5 )  v f * L' f U
%,(?)+M )

The power sp ec tru m  o f  t h i s  v o l ta g e  i s  th e n :

( S J ‘ )

The r e s i s t o r  n o is e  S i ,  i s  g iv e n  by th e  N y q u is t theo rem . 

The d io d e  n o is e  > on th e  o th e r  hand , w i l l  have to

in c lu d e  th e  y e t  unknown e x p re s s io n  o f  th e  a d d i t i o n a l  n o is e  due
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to  th e  n o n l in e a r i t y  o f  th e  d io d e ,

M  S t, = ^  77 %,l?)

( ^ 8 )  S i 7= Li f c l % P( ? ) +  S . H .

w here S . h j .  i s  th e  n o is e  te rm  a d d i t i o n a l  to  th e  N y q u is t 

v a lu e .

R e c a l l in g  f 3 .8 )  th e  DC c u r r e n t  th ro u g h  th e  d io d e  w i l l  b e :

(3 .1 9 ]  l * $ a ( 0 ) V +  I 0 +  % ( ? ) S V S ?

Making th e  a p p r o p r ia te  re p la c e m e n ts :

♦  n f e r i m

S in ce  S.  /V. i s  o n ly  a  f u n c t io n  o f  ~f  and V  , th e  on ly

24
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terms in (3:-.-^ conceivably proportional to £ " T  are:*

i 0 +
[  ((■) -r Au( \ )  J

When th e s e  te rm s have to  v an ish  and th e r e f o r e :

<«■>

In tro d u c in g  J.0 back  in to  th e  e x p re s s io n  f o r  I  we o b ta in :

(3 .2Z ) J  =  % J o ) \ / +  — - . 1 1  £  %‘( ? W  +

+ - U i f i f m ^ FV
U sing O n sa g er’ s  r e c ip r o c a l  r e l a t i o n s  we a l s o  f in d :

/c t 0 3 I cx  _  -x  = _____ k M Z ib d J tl-----  a ( f )

( - }  "  [ U ? ) + Z n ( ? ) T V  '

* Even i f  S. hi. would have a  term  S.N.&J l i n e a r  in  AT
r

,an d  Xa a  te rm  l i n e a r  in  V  , T o v , o u r a n a ly s i s  would 

n o t  be a f f e c t e d  s in c e  we co u ld  alw ays lump S  > ye ^
T

u n d e te rm in e d , X 0 , and ^-qv i n t o  th e  s t i l l  unknown S.H. .
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3.2.4 Calculation of and the Neb Heat Flow

The AC th e rm a l c u r r e n t  g e n e ra te d  by th e  r e s i s t o r  t h a t  w i l l  

d i s s i p a t e  on f y j? )  i s  g iv e n  by:

(3.24) [n — ;=— k<JhiL£l— _

The th e rm al pow er, o r  h e a t  flow  c a r r i e d  by t h i s  c u r r e n t  i s  

th e n :

2 5 ) (1 -  ^ L' ^

In  a s im i la r  fa s h io n  th e  h e a t flow  from th e  d iode to  th e  

r e s i s t o r ,  w ith in  i s  found to  be:

(3.26) A 57
L s „ m  2-,i t ? ) ]

I f  we now c a l c u l a t e  th e  n e t  h e a t  flow  from th e  r e s i s t o r  to  

th e  d io d e :

Or:

(3 28) (1 = cy p  , ____ 5.H. %u(?) ^ p
v [%/?) + [$„(?)+ShtMT
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S in ce  our a n a ly s i s  i s  v a l id  o n ly  when no r e f l e c t i o n s  occur 

w ith in  , lo o k in g  back a t  th e  p r o p e r t i e s  o f  th e  f i l t e r ,  we

f in d  t h a t :

(as?) a  i?)= %<?)*%(?)
Then:

(3.3o) q - M - L - --------- -  d f
1 J y  8 i (P )  T  L , % , ( f )

R e c a ll in g  e q u a tio n  (3.>3)we im m ed ia te ly  i d e n t i f y :

{33l) °6 l= ~ f S r ° rp

(3.32) c<z,V =  o f
1 h % ( ? )

I f  in  th e  second r e l a t i o n  we r e p la c e  by i t s  a l re a d y

known e x p r e s s i o n ^ .2s)and u s in g (3.2.9), we can  s o lv e  f o r  S . H. :

(3-33)  S . H = -  H8 t & ( ? ) V

W here:

(3.39) %(f) s  g, (?)

T his r e l a t i o n  i s  th e  c e n t r a l  r e s u l t  o f  o u r a n a ly s i s  and i s  

im p o rta n t b ecau se  i t  d i r e c t l y  r e l a t e s  th e  s h o t  n o is e  in  a
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n o n lin e a r  d i s s i p a t i v e  e le m e n t, to  th e  m agnitude o f  i t s  

n o n l i n e a r i t y  a s  m easured by

Our d e r iv a t io n  i s  s l i g h t l y  d i f f e r e n t  th an  th e  o r i g i n a l  one 

g iv e n  by Gunn, n e v e r th e le s s ,  th e  answ er o b ta in e d  i s  th e  same.

L e t us check our r e s u l t  by a p p ly in g  our m odel to  th e  P-N 

d io d e . The c u r r e n t  -  v o lta g e  c h a r a c t e r i s t i c  o f  th e  d io d e  i s  

g iv e n  by th e  S hock ley  E q u a tio n  j ^ 2 l j :

I f  we re c o g n iz e  t h a t  th e  c u r r e n t  th ro u g h  th e  PN d io d e , a t  V

( 3.3 5)  1 = Js ( e V / g T ) -  IJ

T ^ in v e r s e  s a tu r a t i o n  c u r r e n ts
q s e l e c t r o n i c  charge

C a lc u la t io n  o f y i e ld s :

The spectrum  o f  th e  c u r r e n t  f l u c t u a t i o n s  w i l l  th e n  be :

s £= H8t %(?) + s.H.
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sm a ll enough f o r  th e  Gunn model to  be v a l i d ,  i s  g iv en  by:

(3.31) I = %(?) V= = - |^ e i p ( e%T)V

Then

(3.ho) S i = Ll ^ r ^ i( ? ) - Z e  I

The above r e s u l t  i s  w e ll  known b o th  from e x p e rim e n ta l 

o b s e rv a t io n s  and t h e o r e t i c a l  s tu d ie s  based  on c o rp u s c u la r  

ap p ro ach es  to  th e  problem  ^ 9 j

I t  i s  i n t e r e s t i n g  to  o b se rv e  t h a t  S i .  i s  a l s o  g iv e n  by:

( 3 A i )  S t = Li 8 T 3 , ( P , v = o ' ) + 2 e  I

F or fo rw ard  c u r r e n t s ,  th e  n o is e  g e n e ra te d  by d io d e s  i3  l e s s  

th a n  th e  N y q u is t n o is e  a s s o c ia te d  w ith  th e  v a lu e  o f  th e  

co n d u c tan ce  a t  th e  o p e r a t in g  p o in t ,  b u t i t  i s  l a r g e r  th a n  th e  

N y q u is t n o is e  a t  z e ro  b ia s  v o l ta g e .
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3.2.5 Calculation of &(it and the DC Current

For th e  sak e  o f  co m p le te n ess  we w i l l  conclude  w ith  th e  

d e r iv a t io n  o f  th e  o v e r a l l  DC c u r r e n t  I  .

R eplacem ent o f  th e  e x p re s io n  found f o r  5 .^ / .  i n t o  

e q u a tio n  (3 .22) w i l l  y i e ld :

( 3 M )  I  =
a T

T
+

I t  i s  now easy  to  i d e n t i f y  Ĉ ,, :

(3M) =
[  %»(?) +

R e fe r in g  a g a in  to  th e  e s s e n t i a l  im pedance m atching  

c h a r a c t e r i s t i c s  o f  th e  f i l t e r :

(3-«) %„(?)=%(?)*&/?)
We can now w r i te  th e  f i n a l  form o f  th e  f lu x  e q u a tio n s  :

(3.45) I = _S-(o)- J .I  % ft) S?
1

■v +

, x e  _ A I

9,If) r
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L et us summarize our r e s u l t s .  I f  a d iode  o r ,  in  g e n e ra l ,  a 

n o n lin e a r  d i s s ip a t iv e  e le m e n t, has a v o lta g e  -  c u r r e n t  

c h a r a c t e r i s t i c  L -  t h a t  i s  w e ll approx im ated  w ith in

th e  v o lta g e  n o is e  range  by a  q u a d ra t ic  e x p a n ss io n , and i f  we 

d e f in e  th e  p a ram e te rs  and $ 2^ )  b y ’

( 3 .47;  L .

(aw)

th en  th e  DC c u r r e n t  and th e  AC n o is e  power spec trum  f o r  th e  

dev ice  a re  found to  be

00

(3.M) I = a (0) \ / + Xo +  ̂ a (?) dp
1 0 ^

(3.50) 5 . = W T % ( p ) - l i % T $ i (f,) V

Q  s t h e  power spectrum  o f  th e
-'TX

r e s u l t i n g  v o lta g e  f l u c t u a t i o n s

a c ro s s  th e  d iode

y  = th e  r e s u l t in g  DC v o lta g e

a c ro s s  th e  d io d e

T  = p o s tu la te d  c u r r e n t  
o
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Fig 3.1
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Flq 3.2 .
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4. THERMODYNAMICS OF FLUCTUATION HEAT ENGINES

We w i l l  s tu d y  a h e a t  f lu c tu a t io n  en g in e  c o n s is t in g  o f  two

d i s s i p a t i v e  e l e c t r i c  d e v ic e s  ( a t  l e a s t  one o f  them n o n lin e a r )

in  s e r i e s  w ith  an id e a l  b a t te r y  o f  v o lta g e  E ( F ig .4,/). The two

d e v ic e s  a r e  in  c o n ta c t  w ith  two h e a t  r e s e r v o i r s  o f

te m p e ra tu re s  T, and r e s p e c t iv e ly  Tj, s l i g h t l y  low er th a n  7 1

As a r e s u l t  o f  th e  te m p e ra tu re  d i f f e r e n c e  and th e  p resen ce

o f  th e  b a t t e r y ,  h e a t and c u r r e n t  flow s a r e  e x p e c te d  to  develop . 
o

i f  Q  i s  th e  r a t e  o f  h e a t flow  from d ev ice  1 to  d ev ice  2 

and I  i s  th e  e l e c t r i c  c u r r e n t  flow ing  in  th e  c i r c u i t ,  th e  r a t e  

o f  en tro p y  p ro d u c tio n  f o r  our system  i s  seen  to  be :

m  s * 4 - 4
' Z 'I

Where: ~ f  =  T ,

In  te rm s o f  th e  te m p e ra tu re  d i f f e r e n c e  A T  , ^ / .O r e a d s :

(W) s  a Q a T  , I F
~h

a t  —

At t h i s  p o in t  we w i l l  choose —  and c  to  be our
O

therm odynam ic fo r c e s  w ith  Q and X  th e  co rre sp o n d in g

therm odynam ic f lu x e s .  I f  our eng ine i s  o p e ra t in g  c lo se  enough

to  therm odynam ic e q u i l ib r iu m  the  f lu x e s  can be l i n e a r ly

expanded in  te rm s o f  th e  f o r c e s .  T h e re fo re  i f  and E  a re
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sufficiently small:

i = a „ e +  A  a - f

M Q - - A u  E  + A 22 y ~

A ccord ing  to  O n sa g e r 's  r e c i p r o c a l  r e l a t i o n s :

( t s )  A ^ A z,
o

S u b s t i t u t in g  I  and Q from and in to  ^ . 2 ) ,  and
0

u s in g  (*1.5) , 5  becom es:

M) s= T- + ̂ 4=9 + A i A"E+A AT
UZT

A fte r  some a lg e b ra  we o b ta in :

M  ^  = Azz Jl (AT L £ I T
( a T  
T

+  A i

A ccording  to  th e  Second Law o f therm odynam ics th e  r a t e  o f  

e n tro p y  p ro d u c tio n  can n o t be n e g a t iv e :

(*•*)

36

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



T h is  c o n d i t io n  w r i t t e n  in  te rm s o f  th e  phenom eno log ical 

c o e f f i c i e n t s  A  t r a n s l a t e s  i n t o :

M  a , * o

( ‘l-io) h a > ,0

(* / . / / )  / ^ 4 / V ^ h .

The r a t e  o f  e n tro p y  p ro d u c tio n  i s  z e ro  o n ly  i f  ou r en g in e  

o p e ra te s  in  a  r e v e r s ib l e  mode. Then:

The r e a l  s o lu t io n  o f  t h i s  e q u a t io n , co m p a tib le  

w ith  (!{' 9 ) ,  (H. !0)  and (H. It) i s  g iv e n  by:

A/. I2>) I — _ Aiz _ _ An
E  T  A 22 A n

Thus i f  we co u ld  d es ig n  ou r en g in e  so t h a t  An -  A(( 'Azz ,
/\t* 47*

when th e  b a t t e r y  v o lta g e  fc becomes e q u a l to  — -j~ th e  

system  becomes r e v e r s ib l e .  Then, a c c o rd in g  to  C a r n o t 's
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Theorem, th e  e f f i c i e n c y  /Tj7 o f  th e  en g in e  w i l l  be maximum a t :

A T

r
To v e r i f y  t h i s  r e s u l t  we f i r s t  o b se rv e  t h a t  th e  system  w i l l  

behave a s  a  h e a t  e n g in e  when th e  c u r r e n t  X  i s  n e g a t iv e  in  

o rd e r  to  c h a rg e  th e  b a t t e r y .  The o u tp u t power d e l iv e r e d  w i l l  

th e n  be :

[ VS)  P. — E I

W ith th e  h e lp  o f  (H- 3 )  th e  above r e l a t i o n  becomes:

A T
>'Z T

By d e f i n i t i o n  th e  e f f i c i e n c y  o f  our e n g in e  i s  g iv en  by:

{h.n) = E I  „  E l

q + e i  Q

I f  we u se  /^/. 3 )  > and ( Ll, 5 )  we a r r iv e  a t :

(*•«») " i - ' f ' z z  7"

E q u a tio n s  and (lj, 18) d e s c r ib e  th e  perfo rm ance  o f  ou r

sy stem  f o r  any v a lu e s  o f  th e  p a ra m e te rs  A(j  and any c h o ic e  o f  
A T

f o r c e s  -j~ and t  > a s  lo n g  a s  we o p e ra te  c lo s e  to  

therm odynam ic e q u i l ib r iu m .

38

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission



I f  we p lo t  e q u a t io n s  f'V./'.> j and ( 3  '$) , f o r  v a r io u s

c Tv o lta g e s  L  , a t  a g iv e n  te m p e ra tu re  g r a d ie n t  t p -  , th e  

g ra p h s  o f  F ig s .  E I  , 3  and 3  a r e  o b ta in e d .

The g ra p h s  a r e  s c a le d  in  such a  way a s  to  have th e  X 

and Q l i n e s  i n t e r s e c t  a t  E - 0 .
O

A ccord ing  to  3  II th e  Q  l i n e  w i l l  a lw ays i n t e r s e c t  

th e  h o r iz o n ta l  a x is  a t  th e  l e f t  o f  th e  X l i n e  u n le s s  th e  

e q u a l i ty  h o ld s .
f— A fj A X

I f  th e  v o lta g e  E- i s  between ze ro  and — -A—  - th e
An T

system  w i l l  fu n c t io n  a s  an en g in e  w ith  a p o s i t i v e  o u tp u t 

power Po . The e f f i c i e n c y  w i l l  be maximum when th e  two
O

l i n e s  Q and X o v e r la p .  At t h a t  p o in t  th e  e f f i c i e n c y  w i l l  be 

e q u a l to  th e  C arno t l i m i t .  However, a s  i t  w i l l  be d e te rm in ed  

l a t e r ,  p h y s ic a l  e n g in e s  w i l l  n ev e r re a c h  i t .

The o u tp u t power d e l iv e r e d ,  a s  seen  in  F ig s .  3  f 

, 4.2 and 4 . 3  , w i l l  alw ays have i t s  maximum m idrange

betw een E = 0  and E — ~ A  iz

^  " Azz &T
. When E i s  more n e g a t iv e  th a n  — th e  sy stem  w i l l

o p e ra te  in  a  r e f r i g e r a t i n g  mode w ith  b o th  P0 and th e  h e a t
O

f lu x  Q n e g a t iv e .

A nother im p o rta n t q u e s t io n  i s  i f  ou r system  CAN re a c h  a 

s t a t e  o f  z e ro  r a t e  o f  e n tro p y  p ro d u c tio n . Such a  s t a t e  would 

im ply th a t  i f  we s t a r t  w ith  a  s l i g h t  therm odynam ic 

n o n e q u ilib r iu m  c o n d i t io n ,  i t  w i l l  p e r s i s t  f o r e v e r ,  s in c e  th e re
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a r e  no f lu x e s  to  th e rm a liz e  th e  system . T h e re fo re , we w i l l  

have a system  w ith  no a d ia b a t i c  p a r t i t i o n s  w hich i s  u n ab le  to  

re a c h  therm odynam ic e q u il ib r iu m .

The e x is te n c e  o f  such a system  would c o n t r a d ic t  th e  

p r in c i p le s  o f  b a s ic  therm odynam ics and th u s  we co n c lu d e  t h a t  

th e  r a t e  o f  e n tro p y  p ro d u c tio n  can approach  b u t n e v e r  re a c h  

z e ro . As a  consequence th e  e f f i c i e n c y  o f  th e  e n g in e  can 

ap p roach  b u t n o t re a c h  th e  C arnot l i m i t .

F in a l ly  l e t  us go back to  e q u a t io n s  ( h.3 )  and 4 )  

and i d e n t i f y  th e  p h y s ic a l  s ig n i f ic a n c e  o f  th e  phenom eno log ica l 

c o e f f i c i e n t s

/4/( = th e  e q u iv a le n t  conductance o f  th e  system  

/\ u te rm  due to  th e  r e c t i f i c a t i o n  o f  th e  th e rm al n o is e  

n o is e  p r e s e n t  in  th e  system  a t  nonzero  te m p e ra tu re s

A = a d d i t i o n a l  s h o t  n o is e  term  due to  th e  n o n lin e a r
'  21

c h a r a c te r  o f  th e  system

,4 s H y q u is t  th e rm a l h e a t  flow
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5. FLUCTUATION ENGINES CLOSE TO THERMODYNAMIC EQUILIBRIUM

5 .1  A n a ly s is  Baaed on Gunn’s  Model f o r  N o n lin e a r  D evices 

A t t h i s  s ta g e  we a re  ready  to  employ th e  Gunn model fo r  

d io d e s  in  more com plex sy stem s, s p e c i f i c a l l y  in  e l e c t r i c a l  h e a t  

e n g in e  c o n f ig u r a t io n s .

L e t us look  a t  th e  b eh av io u r o f  two d io d e s  a t  s l i g h t l y

d i f f e r e n t  te m p e ra tu re s  connec ted  in  s e r i e s  w ith  an id e a l

b a t t e r y  o f  v o lta g e  E  ( F ig .5.1)

In  acc o rd an ce  w ith  G unn's r e s u l t s  we w i l l  model each d iode  

as  a  conductance  Q,:  in  p a r a l l e l  to  an i d e a l  c u r re n t  so u rc e
<7

o f  v a lu e  . F o r each d io d e  L j  w i l l  have a  d i r e c t

c u r r e n t  component X and a l t e r n a t i n g  c u r r e n t

com ponents i f  c h a r a c te r iz e d  by a  power spectrum  5  LJ .

We a l s o  have to  re c o g n iz e  t h a t  each  d io d e  w i l l  p re s e n t  an

e q u iv a le n t  c a p a c ita n c e  which we w i l l  lump in t o  th e  d i s c r e t e

c a p a c i to r s  Ej  . W ithout much lo s s  o f  g e n e r a l i ty  and f o r

th e  pu rp o se  o f  s im p lify in g  our c a l c u l a t i o n s  we w il l  assume

th a t  X • and g. • a re  fre q u e n c y  in d e p e n d e n t p a ra m e te rs .
c 4

We th u s  a r r i v e  a t  F i g .5,2.

A nother assu m p tio n  th a t  we w i l l  u se  i s  t h a t  th e  le n g th  o f  

th e  co n n e c tin g  w ire s  i s  sm a ll enough f o r  tra n s m is s io n  l i n e  

e f f e c t s  to  be e i t h e r  n e g l ig ib le  o r  beyond th e  c u to f f  freq u en cy  

o f  th e  c i r c u i t .
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To b e t t e r  a n a ly z e  o u r system  l e t  us s e p a r a t e ly  draw th e  DC 

and th e  AC e q u iv a le n t  c i r c u i t s  a s  shown in  F ig .  and 

r e s p e c t iv e ly  F ig .  , w here C. — C, +  C2.

The e x p re s s io n s  o f  th e  d i r e c t  c u r r e n t s  can be found

by s u b t r a c t in g  from  th e  o v e r a l l  DC d io d e  c u r r e n t s ,  a s  g iv e n  by 

e q u a t io n  (?>'&) > th e  te rm s c o rre sp o n d in g  to  th e  flo w s

th ro u g h  Q  .a

oo

M  I.=  T0, +
o
00

(52) I , - ! «

C  = th e  power sp ec tru m  o f  th e  r e s u l t i n g  AC v o lta g e  a c ro s s
J  IT ~~'ir

th e  two d io d e s

\J.  ^ th e  r e s u l t i n g  DC v o lta g e  b ia s e s  a c ro s s  th e  g iv e n  d io d e s

The e x p re s s io n s  f o r  th e  n o is e  so u rc e s  ^  I^ a r e  g iv e n  

by (3 .50)  w hich i f  r e w r i t t e n  f o r  ou r two d io d e s  re a d :

( 5 .3 )  St,  =  ^ T, 4  H

( s . h)  ^  ^

oc
L et us f i r s t  c a l c u l a t e  ^  ^  ->j (Jf- . The AC v o lta g e  d rop

o
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across the diodes at frequency 'r is found to be:

L^p =  th e  f re q u e n c y  com ponents o f  th e  d io d e

c u r r e n t s  L£

The power sp ec tru m  a s s o c ia t e d  w ith  t h i s  v o lta g e  i s  th e n :

V = K vp < > !
■ W  *  '  I

(5.6)

(5.7)

S in ce
1
L, and

(5.8) S .=

O r:

(*• V s ,=
Set + S c z

\2-S- i

R ep lac in g  Si, and S bY t h e i r  c o rre sp o n d in g  

e x p re s s io n s  and p e rfo rm in g  th e  i n t e g r a l  o f  S y -  :

(s.io) J +
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S u b s t i t u t in g  th e  above i n t e g r a l  i n t o  th e  e x p re s s io n s  

f o r  1 ,  and X x  we o b ta in :

m = J w  +  7 & k ) [ § '’ T > + j

We can a l s o  make a  f i r s t  e v a lu a t io n  o f  th e  r a t e  o f  h e a t  

t r a n s f e r  betw een th e  two d io d e s .  T h is  r a t e  i s  e q u a l to  th e  n e t

r e a l  AC power flow  in  th e  sy s tem . S in ce  th e  av e rag e  r e a l  AC
00

power g e n e ra te d  by th e  f i r s t  d io d e  i s  S \ ( vp £ • ? ) !  w h ile
0

th e  av e ra g e  r e a l  AC power d i s s ip a t e d  by th e  same d io d e  i s
oj

th e  n e t  a v e ra g e  r e a l  AC power le a v in g  

th e  d io d e  i s  found to  b e :

(5/3) Q = S [ K 'vf ' $>1'
0

U sing ( 5 .5 )  , ( 5 . ^ )  and th e  f a c t  t h a t  and I i f

a re  u n c o r r e la te d :

( 5 llA _  C r  + S i z )  ffi// J p
[ v  v "  H  ( % ( u  a r

A fte r  s im p l i fy in g  and p e rfo rm in g  th e  in t e g r a t i o n :

(5.15) f) =
K } y  H C ( 3 n + & )
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S u b s t i t u t io n  o f  —?/ and S i ,  y ie ld s :

(5.16) Q  = %< afe (T, -  X ) - (h  %T, K -  $. K)

We w i l l  n e x t c a l c u l a t e  th e  e x p re s s io n s  f o r  th e  DC b ia s  

v o l ta g e s  and V4 . By r e p e a te d ly  a p p ly in g  K ir c h h o f f 's

and Ohm's Laws to  th e  c i r c u i t  o f  F ig . 5 . 3  , we f in d :

M  V = v^ + e

(5. is) x, = r -  $„ v,

M )  i 2=-i-3*V 3.

Adding th e  l a s t  two e q u a t io n s  we o b ta in :

(520) I, + I Z = -$„V, Vj,

S o lv in g  e q u a t io n s  ( ^ l ? )  and ( 5 . 2 0 )  we g e t :

(5.21) 

(5.2, Z)

V, = -

' 4 = -

X, + l z - E £ , z  

Sii + 3~a 

I ,  t  I  2 + E Qll 

%  +  $ 1 1

HQ
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The n e t c u r r e n t  1 f lo w in g  th ro u g h  th e  system  can e a s i l y  be 

found u s in g , f o r  exam ple, e q u a tio n  ,\f :

(s.n) z = l ,  + %y,
R ep lac in g  V, from (5. y '} g iv e s :

(s.ih) 1  =

I f  th e  e x p re s s io n s  f o r  3  j and T.j y ( S .  !l) and 

r e s p e c t iv e ly  (b. }'l) , a r e  in tro d u c e d  in  e q u a tio n s  ( 5 . 21;  , ( 5 . 2 2  

and (5.2. 5 )  :

=
Tqi £02

% + % £(%■*&)
% , 3 +

rv, + a,vv221 '1 vi
£  £ /2 .

%  + Qil

fa) V[ = __ It, 1 I  Xo-j. _  ^ ( 2  t t}n) 

%, + %  C(’i> 1  _

1 1/  +  a  t  1/  "l I -  v, + 4 ,', ^)|

^ 2 7} T  — Jq/cl/a ~~ ^  <311 _i_ $(%izcki 3n ihi)

% o Q tz  C  it + &  1 2 )
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r—

We now have to  e v a lu a te  th e  r e v e r s e  c u r r e n t s  . To

do s o ,  we w i l l  im pose th e  c o n d i t io n  o f  no therm odynam ic f lu x e s  

when therm odynam ic e q u i l ib r iu m  p r e v a i l s .  F or ou r system  th e  

c o n d i t io n s  f o r  therm odynam ic e q u i l ib r iu m  can be found by 

s e t t i n g  th e  r a t e  o f  e n tro p y  p ro d u c tio n  to  z e ro .

S im ila r  to  o u r p re v io u s  c a l c u la t io n  o f  th e  r a t e  o f  e n tro p y  

p ro d u c tio n  f o r  a  g e n e ra l  e l e c t r i c  f l u c t u a t i o n  h e a t  e n g in e , we 

f in d  f o r  o u r new sy stem :

(5 .1 s) s = 4 - — + - ^ -
'  '  T  T  T

T  =

_T o
I f  we choose ~=- and £  to  be our therm odynam ic f o r c e s ,  Q  

and X  w i l l  be th e  c o rre sp o n d in g  f lu x e s .  I f  our system  i s  

c lo s e  to  therm odynam ic e q u i l ib r iu m :

(5-w) x  = / „ £  + A ;-fX

( 5 . 30)
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A ^ p h e n o m e n o lo g ic a l p a ram e te rs
J '

I t  i s  c l e a r  t h a t  we w i l l  have therm odynam ic e q u i l ib r iu m  

when th e  fo rc e s  a r e  z e ro ,  o r =  7 ^  and E  =  0  . Under 

such  c o n d i t io n s  th e  i d e n t i f i e d  f lu x e s  have a l s o  to  be z e ro .

I f  X ~ \  and E  = 0  th e n  \Jt =  V2 and ( S J 6 )  

becomes

(5.31 j Q  -

S in ce  th e  d io d e s  do n o t have to  be i d e n t i c a l ,  i =-Q’,2.% ./

, and th e  s o lu t io n  o f  t h i s  e q u a tio n  i s  \lt ~ 0  » or from  (5.25^'

The c o n d i t io n  t h a t  th e  c u r r e n t  f lu x  be a l s o  ze ro  g iv e s  u s  a  

second  e q u a tio n  in  X p/ and X ^  . From (S.Z7J :

( * 3 3 )  I ol %  - 1 , M % ,  +  f  & /  -  %. % )  -  0

S o lv in g  (5 .3 2 )  and ( ’

( s . ? 1/ )  =
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In a similar fashion

(5.35) r „ . =  -  - ~ 7 ~ - 1
'—*

The re v e r s e  c u r r e n t s  th u s  o b ta ie d  w i l l  a l s o  c a n c e l  any 

o th e r  f lu x e s  p r e s e n t  in  th e  system  such  a s  , f o r  exam ple, 

and T a . . T h is  can be checked by d i r e c t  s u b s t i t u t i o n  (s e e  

d e r iv a t io n  o f  (3. 7 )  )
i f

I t  i s  c l e a r  t h a t  th e  r e v e r s e  c u r r e n t  o f  th e  d io d e  i s  — irk  
r e g a r d le s s  o f  th e  c o n f ig u r a t io n  o f  th e  o u ts id e  c i r c u i t .

We w i l l  p ro cee d  tow ards our f i n a l  g o a l ,  th e  c a l c u l a t i o n  o f  

th e  f lu x e s  X  and Q  , by f i r s t  f in d in g  th e  e x p re s s io n  o f  .

R ep lac in g  (s .  and ( 5 . 3 5 )  in to  ( 5 . 2 5 )  we o b ta in :

(’ x )

, « ) ] } +

I f  we s o lv e  ( 5 ,1 7 )  f o r  and r e p la c e  i t  i n t o  th e  above

e q u a tio n :
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We can now solve for V/ :

(5.13) V, =

u- a- '1  I 7  T
<fsl 'l 1 3 //+ %?-

!Z

A fte r  some a lg e b ra  we f i n a l l y  g e t:

-  -  ^ ( Ti ' ~ T L ) l 3 n332 ~ %u3fzi)  +  £

' c ( ^ u + 2 ^ -  ^ 1^ 2 ,  +  ^ f e v T , * 3 ^ 1 )

~  C & i z t  3 it +■ J

In tro d u c in g  X 0/ and J (;, from /'5.3V)and ( 5.35) in t o  ( 5 . l l )  , 

and re p la c in g  b y l / ,—£ we o b ta in  f o r  X  :

, i m ;  r ‘ ? s h y
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9 J , +  r , + ^ „ t ) v ,  +  g ^ F ' p ,  - t

E  % n %
-t

%n  +  % z

S u b s t i t u t in g  V/ i n  (S.^O) by th e  e x p re s s io n  we found 

a t  (5,3*)) :

e *>  r - c s s r ! - U T ' U T ‘ , J T ?

-  %  %1 ! q  T  , a  t  ) + ( % * % - 9 "  <Z x ) ( % T ,  -h $22TZ)  .
+  g /4 1 "  ' +  $ , i

i/T 7 -T z )(g,i3-22- %  % ) + E [ ^ T S J S » + 3 - s^ -cgj% +& H -

+  %*- ( %'Z %2' ~  3 »  f f 2 " )  £T , $ / /  3 /2  r-

C O l + f r j 1 +  ^  '

I f  we c o l l e c t  a l l  th e  te rm s p r o p o r t io n a l  to  t- and name th e  

sum X f -  ’

(s m \ t  =  %  % t l  U ( ^ < +

~  C $ t d + 3'^) C" , k l z ^ z z i ^ ^ Z l  ~ QllQzzl C  ^// £

* f a T , + % i )  C ( %  + 3 u f
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After lengthly algebra this expression ean be reduced to:

I f  we c a l l  th e  r e s t  o f  th e  te rm s in  [ z . m j ,  Jl &T ^ en :

, \ i ’ )" n r, T q  ̂ T ' ^  6/.
M  3)( + g , 2 f

%  + $*. C(%, + / -  £/§*, + $ S % ,T ,^

T h is  can a l s o  be c o n s id e ra b ly  s im p l i f ie d  and a s  a

r e s u l t  / 5 - ^ j  becom es:

a r  ^  +  & J 2 -  + f e ) ^ , T  +

We can now i d e n t i f y  th e  two phenom eno log ica l

p a ra m e te rs  // » a p p e a r in g  in  th e  c u r r e n t  f lu x

e q u a t io n s

IsUl A ~ ^ ^ &■’^  + -  3" (%»f S'1-)
' '  c ( h + $ K f - m ^ a v X M + k i r j

(m 7) » c [c ($ » + 3 e f -  M . , + m » T , + 3 » % n
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In  th e  view o f  o u r " c lo s e  to  therm odynam ic e q u il ib r iu m "  

assu m p tio n  ^ 77= T” , and th e  above fo rm u la s  can  be 

red u ced  to :

{ s M 1 A » ~  - W i % ^ % F F ~

($.^1 j \  — ^ ^  C *%2i) ~ C ( J::i + %„ Siij]

O
Our n e x t ta s k  i s  th e  e v a lu a t io n  o f  th e  r a t e  o f  h e a t  flow  Q  

S t a r t i n g  w ith  ( 5. /&) by r e p la c in g  \4 w ith  V, -  E we 

o b ta in :

I f  we s u b s t i t u t e  V/ from ( S. 33) i n  th e  above e x p re s s io n :

Q =w A o i  I" & U * - 0 + (9* t x -  %»%zt) *L i J r i i + d u j L

X 1 /^ 7  - 7 1  y  ?// & z -  $/<Shil_________l  / q  q 7- a Q -rV

+  ( ^  J

x $ 7g (^n + Qiz)_r; — Q Q, T~ F
€ ( % > , +  % z f - k  ( %  + i z T >  " Z
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If we call Q r  the sum of the terms proportional to C

th e n :

it
C(%+!ir .)  L ^  ( dH* f a )  ~

-  C %U ( ctn 12)_________ - E

A fte r  b r in g in g  th e  e x p re s s io n  to  a  common denom inator and 

s im p l i f y in g :

Ke &. %%A,+10)T, \  - c ( $ , l  22, T , + %
€('}« +%, y - -  $ ( $ 2, + $ i 2)(% iT, + 3i." h )

C o lle c t in g  th e  r e s t  o f th e  te rm s in  ( 5 .  5 t )  and c a l l i n g  

th e  sum Q a t  :

k*) Q«r =_ &
C ( %  t d a )

V J M - tO) + ( %  CL Z

________

The term  T ,-%  can be f a c to r e d  o u t:
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0 - T j  I f  k'/Sil ck' 'HiirhiTiVS/ju

cfa *$* )H('h +$s#*vM,

A f i n a l  r e d u c t io n  y ie ld s :

fc *,) /-> _ ^ - t.) _ C  ̂9«) - £/g« +■ ^ tJ

I d e n t i f y in g  / Y |  and A - , i of> e q u a t io n  ■ ll') :

(5.57) /I _ , j*' JL Atzitiit * 3ii)7~i72 ~ C(fyn$zi Â <jn Y?? Y~)
31' c c(%+%tf- k(% + MSuTi + & * £ )

(rss) A _ ^ . .  C ^ J ^  + U - ^ X T + ^ T z )  na c C (9n + 3  a f - g f a , +%)(%%+ $ZZTZ)

S in ce  T ^ ^ X = T ,  and /U z . can  be r e w r i t t e n :

[5 - 5 -o\ /\ ~ k T  k T%2i '3m (9.2i + $22)  ~C($12 §21 ̂ ^1/ %:)
z' ~  c * C ( ^ , ^ z f - $ T ( ^ ^ % i ) z

(5 60) A — ^ ~ + C$11 $12(911+3iz)
““ c cfatW-trfSv+dtzf

Ws im m ed ia te ly  see  t h a t  / ]  iz ~  A i \  a s  r e q u ire d  by th e  

O n sa g e r 's  r e c ip r o c a l  r e l a t i o n s .  T h is  i s  n o t a t  a l l  s u r p r i s in g  

s in c e  com pliance w ith  th e  O nsager’ s  r e s u l t s  i s  b u i l t  in  th e
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G unn 's model f o r  n o n l in e a r  d i s s i p a t i v e  d e v ic e s .

In  a d d i t io n  A ti and f \Z2 a r e  a l s o  s im p ly  r e l a t e d :

I f  we d e f in e  and A t. =  A l =  A z l  th e  two

f lu x  e q u a t io n s  (H - i )  and M  becom e:

, a T
(s.bi) X  = A, E  + A ~ f ~

( f . 0 )  Q  = A i E

B efo re  we c o n tin u e  w ith  a  d e t a i l e d  a n a ly s i s  o f  th e  above 

r e s u l t s  l e t  us go back and c a l c u la te  th e  a v e rg e  mean sq u a re  

v a lu e  o f  th e  f l u c t u a t i o n  v o l ta g e  a c ro s s  th e  c a p a c i to r  Q ,

OJ

M i  <V> = $ s^Jf

U sing ( 5 J 0 )  and r e p la c in g  \/  ̂ by V, -  B  5

I(s.0)  +  3*Tt -(9»T, +

I f  we now s u b s i tu t e  Vt by i t s  e x p re s s io n  a s  g iv e n
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by (53  j )  :

(5,66)  j  3 "  ^  812  Tz f  ($ 2 lTf + %”z7z) *

§(T L ^ )(M x-h % !> l — +(SvT, + 'Stir^

$21)  ~ C %iz (%ti+9>z) rt  . q  t ; £

c ( % + % z f - £ { % > + % 2 ) ( % T y i 2 \

Again after some algebra:

(5  6 7 )  / ?  r l \  -  ^  C I  % \ +  9tz) ( < h i T +  9izTz  )' C/>" c * C(Sn+%*)''-
~  $($2lTl j- % J l )  +  E -C (8'ltd,2l7l~$iZql’2l'Fi )  

- f i h i t  +  h z y & i T i  + % i £ )

At thermodynamic equilibrium £ = 0  and TJ =■ Tj, =  T ” 1 and

fsah  < V S  = ^  C($„+%z)(%r+$,zT)-U32,T+%jf
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O r:

M  < y > = i l
c

The above r e s u l t  i s ,  as e x p e c te d , c o n s i s t a n t  w ith  th e  

p r in c i p l e  o f  e q u i p a r t i t i o n  o f  en e rg y .

I f  th e  d i s s i p a t i v e  d e v ic e s  in  our system  a r e

l i n e a r ,  =  § 2 1 = 0  and:

(s.io)
J c(gK + fa)

Thus th e  v o l ta g e  f l u c t u a t i o n s  a c r o s s  th e  c a p a c i to r  behave

a s  i f  th e  sy stem  i s  in  th e rm a l e q u i l ib r iu m  a t  an e f f e c t iv e

te m p e ra tu re  , in d e p en d en t o f  th e  b ia s  b a t te r y

v o lta g e  £  .

(5.7/) ~T _  3i l Tj  %,iTz

T h is  r e s u l t  i s  w e ll known from th e  s im p le r  a n a ly s i s  o f  two 

l i n e a r  r e s i s t o r s  a t  d i f f e r e n t  te m p e ra tu re s  022 J  .

I f  o n ly  th e rm a l e q u i l ib r iu m  e x i s t s ,  i . e .  Ti
, £  £ 0  t th e  e x c e ss  mean sq u a re  v a lu e  o f  i s  d i r e c t l y
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p r o p o r t io n a l  to  th e  b ia s  b a t t e r y  v o lta g e  E .

(5.7a)  A r A _  $ T  . & / 4 & J  r
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5.2 Analysis of Results

5 .2 .1  G enera l D isc u s s io n  

L e t us sum m arize th e  r e s u l t s  o f  th e  p re v io u s  s e c t io n :

R ate  o f  e n tro p y  p ro d u c tio n  f5>
o

h . i )  +

Thermodynamic f lu x  e q u a t io n s

f r a )  I = A £ T  + A Z ~  

( s . 6 i )  Q - A i E

P henom eno log ica l c o e f f i c i e n t s :

fcuQ) A — ~~$T j  <j'iz<ki + & 1 1  3sz Cfy// (§n i  3,z)
1 C t e u  + S , #  -  g ~ T ( & ,  +  3 A ?

it in) a  -  l i  ^ T % j a I& / + % )  -  c / %, +
■ c ( %  + + d z i ) :L

We w i l l  f i r s t  b r i e f l y  a n a ly z e  th e  b e h a v io u r  o f  th e  system  

when th e  two d io d e s  a re  re p la c e d  by l i n e a r  r e s i s t o r s .  I f  we
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l e t  c f21 ~  3 22 0  '

(5.73) A, = — S jlI ii—  
n ' §» + &

(S.1H) A ^ O

As e x p e c te d , th e r e  i s  no n e t c u r r e n t  flow  due to  th e  

te m p e ra tu re  d i f f e r e n c e  betw een th e  r e s i s t o r s ,  and th e re  i s  no 

a d d i t io n a l  " sh o t n o is e "  h e a t  flo w :

k 7 ! )

(5.76) Q -  $T  %II thz aT
c  + %  r

The e x p re s s io n  f o r  th e  c u r r e n t  i s  sim ply  a  r e s ta te m e n t o f

p  =  9u 9rr. 
' C(»u + »a)

n o th in g  e l s e  b u t th e  n a t u r a l  bandw id th  o f  ou r c i r c u i t  i t  i s

Ohm's Law. I f  we o b se rv e  t h a t  fc5 — . v "  — r-  i s

a p p a re n t t h a t  th e  e x p re s s io n  f o r  th e  h e a t flow  i s  j u s t  th e  

N y q u is t n o is e  based  h e a t  flo w  w ith in  th e  bandw idth Q .  We can 

a l s o  p o in t  o u t th e  f a c t  t h a t ,  around therm odynamic e q u i l ib r iu m  

th e  n e t  c u r r e n t  flow  and th e  n e t  h e a t  flow  in  our l i n e a r  system  

a r e  r e l a t e d ,  th rough  th e  r e l a t i o n :

/• \ 6
(,J’> A ' - h r
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Going back to  th e  n o n l in e a r  two d io d e s  system , l e t  us 

c a l c u la t e  th e  r a t e  o f  e n tro p y  p ro d u c tio n  by r e p la c in g  X  

and Q  from ( 5.6Z) and in to  ( •

M ) S - - + - - f  ( t f *  f A - f ) + - f ( X E + / v £ )

M u ltip ly in g  by T  and ex p an d in g :

T s , | r A ( 4 r ; + 2^ f £ . A E ‘

_  2- A T
D iv id in g  by £ .  and in t ro d u c in g  =

T E

M ^ L = - p L , A , X % 2 A t X  + A ,

I f  o u r system  i s  to  obey th e  Second Law th e  r a t e  e n tro p y
O

p ro d u c tio n  has to  be p o s i t i v e ,  S  0  , u n le s s ,  we a r e  in
O

therm odynam ic e q u i l ib r iu m  when £5 becomes z e ro .

( s . s o j p ^ A . X 1  +■ Z A z X  - t  A ,  > 0

T h is  in e q u a l i ty  i s  s a t i s f i e d  f o r  any X  if> and o n ly if>

/er.g/) A, > 0
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and

m  k < - P ^ a :
I f  we in t ro d u c e  th e  d im e n s io n le ss  q u a n t i ty  j b  , 

t r a n s l a t e s  in to  :

S u b s t i t u t in g  / \ [  and from (5 ,^% )  and ( 5-&Q)  we

o b ta in :

f r  ob)  ~  £ t ( + ) + C % i ( % j  + %2 ) 1~ y. n

C (h  + %*)1 - b T f l u t h * ) 1 

(s.eS) )]j<

< &[- &r(&& % &)+c %«fr/9 »+%0] z

L e t us s im p l i fy  ou r ta s k  by ch o o sin g  s im i la r  d io d es

“ith S#s 2a B % a n d  •

Then:

fast) ,4  = 1 ;z
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( s * i )  A ,  -  -

Our inequalities, for the two diodes system, become:

(5 8 *; 2f,>o

The f i r s t  in e q u a l i t y  f o r b id s ,  on therm odynam ical g ro u n d s , 

th e  e x is te n c e  o f  p u re ly  d i s s i p a t i v e  d ev ice s  e x h ib i t i n g  n e g a t iv e  

co n d u c tan ces  when o p e r a t in g  c lo se  to  therm odynam ic 

e q u i l ib r iu m . T h is  s ta te m e n t does n o t c o n t r a d ic t  th e  e x is te n c e  

o f  such  n e g a t iv e  im pedance d e v ic e s ,  l ik e  Gunn d io d e s  o r  t r i a c s ,  

s in c e  th e  m en tioned  d e v ic e s  have n e g a tiv e  co n d u c tan ces  o n ly  

when th e y  fu n c t io n  u n d e r c o n d i t io n s  f a r  from  therm odynam ic 

e q u i l ib r iu m  su ch  a s  u n d er la r g e  a p p l ie d  b ia s  v o l t a g e s .

The second  in e q u a l i t y  b r in g s  a  second l i m i t a t i o n  on o u r 

e n g in e . I f  th e  sy stem  c o n ta in s  n o n lin e a r  e le m e n ts , th e

th e  d eg ree  o f  n o n l i n e a r i t y  o f  th e  system , has to  be s m a l le r

o f  th e  two d io d e s  in  p a r a l l e l ,  and th e r e f o r e  we o b ta in  a  l i m i t

q u a n t i ty depend ing  on th e  te m p e ra tu re , co n d u c tan ce  and

th a n  one. F o r o u r c i r c u i t  (2 i s  th e  e q u iv a le n t  c a p a c i ta n c e
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q u a n t i ty  a s s o c ia te d  w ith  a s in g le  d io d e

( '̂ s c a p a c i t a n c e  o f  a  s in g le  d iode

A gain t h i s  i s  th e  c a s e  as  long  a s  we do n o t le a v e  th e  

ne ighbo rhood  o f  th e  s t a t e  o f  therm odynam ic e q u ilib r iu m .

a u to m a t ic a l ly  s a t i s f i e d  in  th e  ran g e  o f  v a l id i t y  o f  G unn 's 

m odel. Thus v io l a t i o n  o f  t h i s  c o n d it io n  does n o t im ply  th e  

v io l a t i o n  o f  th e  Second Law, b u t j u s t  t h a t  ou r system  i s  beyond 

th e  v a l i d i t y  ran g e  o f  o u r r e s u l t s .

We w i l l  n e x t s tu d y  th e  b eh av io u r o f  our sy stem  i f  we 

r e p la c e  one o f  th e  d io d e s  by a  l i n e a r  r e s i s t o r .

I f  f o r  conven ience  we choose o u r r e s i s t o r  such t h a t  ^  

a t  th e  b ia s  v o lta g e  and d e f in e  ^  ^  ^  th e n :

I t  w i l l  be l a t e r  shown th a t  th e  c o n d itio n  on i s
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(s

The in e q u a l i t i e s  / 5 81) and ■' r>. become:

,n \ A l i i l i -  A 0

» r

n.

M ‘i) [ - / i T Z ' g + z c a ^
7,

We can  re a r ra n g e  ($• in to  th e  more co n v en ien t form:

(s-K) i r / i i t  c U , /

- a

- 5 $ T (2i
C I 9, + if >0

T h is  in e q u a l i ty  i s  a l s o  a u to m a tic a l ly  s a t i s f i e d  in  

ran g e  o f  v a l i d i t y  o f  G unn 's  m odel.

Ctrf  a/*
In  th e  l i m i t  o f  sm a ll 

red u ce  to :
? ' £ ( £ }  A a n d A

(w )  A, = - j £ -

(zn) /U = -
HC
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In this approximation the flux equations become:

M )  I  -  £  f -  -  ‘f

(5.W)  n - - i l i i  * T
*  k c  2 C  T

The above r e l a t i o n s  w i l l  be l a t e r  u sed  t o  com pare our 

r e s u l t s  w ith  th e  r ig o r o u s  an sw ers  p ro v id e d  by k i n e t i c  m odels o f  

a  s p e c ia l  ty p e  o f  e l e c t r i c  f l u c t u a t i o n  h e a t  e n g in e .
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5.2.2 Engine Efficienoy, Power Output

L e ts  us s t a r t  by r e w r i t i n g  th e  e q u a t io n s  ( ^ .2 )  , ( 5 . 6 2 )

and (  5. £ 3 ) :

m  s  -4 f  + ^ r ~

(S.6i) T = A | E  +  A z  j -

a &T a AT
(5.&) Q -  A  F  + c" A  T

I f  th e  system  i s  to  f u n c t io n  a s  an e n g in e , c o n s id e r in g  th e  

s ig n  c o n v e n tio n  we a d o p te d , th e  d i r e c t  c u r r e n t  h as  to  be 

n e g a t iv e  a s  to  ch a rg e  th e  b a t t e r y .  Then th e  e f f i c i e n c y  and th e  

power o u tp u t w i l l  be g iv e n  by:

(5.,00) =
1 ' 6 Q  Az E + A, 4 £ -

(S.M) Po = - i E = - E ( A , E  +  A z ¥ )

The v o lta g e s  and E  P t h a t  w i l l  m axim ize th e

e f f i c i e n c y  and r e s p e c t iv e l y  th e  o u tp u t  power o f  th e  en g in e  a r e
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found to be:

( S M)  E ,= i/1 7' [ ]
a t

T

v As & T
(5 . 103)  - -

The e f f i c i e n c i e s  and powers a t  th e s e  two im p o rta n t 

o p e ra t in g  p o in t s  a r e  found by r e p la c in g  EL in  (5 . 100J 
and ( 5.101)  s u c c e s iv e ly  by E ^  and E p  . We th e n  o b ta in :

- 1  + i i  -  p

fp

AT
T

frios) -I + fT- /s 
¥

. 2.  , , z
A z faT\

(ZI06)  ^  ( J

( 5.107)  m  _  a t  f t
lpb 27" a  -  p.

74

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



'Xl ^maximum e f f i c i e n c y  w ith  re s p e c t  to  £

P  s o u tp u t  power a t  maximum e f f ic ie n c y  w ith  re s p e c t  to  El 
"le

g. ^maximum o u tp u t power w ith  re s p e c t  to  £!

^ e f f i c i e n c y  a t  maximum o u tp u t power w ith  r e s p e c t  to  E.

I f  we lo o k  a t  th e  e x p re s s io n s  o f A  j and A z  i t  becomes 

c l e a r  th a t  in  th e  ran g e  o f  v a l id i t y  o f  G unn 's model th e  

e f f ic ie n c y  i s  low er th a n  C a rn o t 's  l im i t

We cou ld  o b se rv e  t h a t  rf. and M  a re  m o n o to n ic a lly
t'PE

d e c re a s in g  f u n c t io n s  o f  fb on th e  r e a l  domain j^l ) °°)  > an<^

th e r e f o r e  maximum e f f i c i e n c i e s  w i l l  be o b ta in e d  a t  I .

Then:

(s. io8) r  = ]T J t Al 
% l~C~ T

(%m)

(5.no)

ls.m) 

(s .u t) F> = - ~ j j
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0 ^ ^  =  maxiraum e f f ic ie n c y  

p  =power a t  maximum e f f i c i e n c y  

Pjvj =maximum o u tp u t power

= e f f ic ie n c y  a t  maximum power

The i n t e r e s t i n g  f e a t u r e  o f  th e  above a n a ly s i s  i s  t h a t  th e  

r e l a t i v e  r e l a t i o n s  among th e  phenom eno log ica l c o e f f i c i e n t s  o f  

e q u a t io n s  (5 .60* )  and ( 5 . 6 3 )  a re  s u f f i c i e n t  to  d e r iv e  th e  

C arno t l i m i t .

However, by l e t t i n g  approach  I we a l re a d y  a re  o u ts id e  

ou r v a l i d i t y  ran g e  w hich r e q u i r e s  A <C< I .
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5.2.3 Range of Validity

L e t us s t a r t  by a n a ly s in g  th e  open c i r c u i t  b e h a v io u r  o f  a 

d io d e  u s in g  G unn 's  model a s  shown in  F ig .  5. 5  .

S in ce  th e  d io d e  i s  assumed to  be in  therm odynam ic 

e q u i l ib r iu m  a t  te m p e ra tu re  no f lu x  i s  ex p ec ted  to  d ev e lo p  

and th e r e f o r e  th e  DC c u r r e n t  com ponent o f  th e  c u r r e n t  so u rc e  i s  

ex p ec ted  to  be z e r o .

The r e s u l t i n g  DC v o lta g e  a c ro s s  th e  c a p a c i to r ,  V = -E /
, w i l l  a l s o  be z e r o .  Then a c c o rd in g  to  Gunn th e  power sp ec tru m  

o f  th e  c u r r e n t  s o u rc e  i s  g iv e n  by:

f 5  . m )  S l  = H T $ ,

The power sp ec tru m  o f  th e  c u r r e n t  p a s s in g  th ro u g h  th e

c a p a c i to r  can th e n  be e a s i l y  c a l c u la te d .

I f  we com pare t h i s  r e s u l t  w ith  th e  nlore r ig o ro u s  answ ers 

o b ta in e d  by Van Kampen ^ 1 7 ,1 8 ^  f o r  th e  Alkemade d io d e  we 

co n c lu d e  t h a t  G unn 's  model i s  d e f i n i t e l y  v a l id  when th e  

q u a n t i ty  ^  d e f in e d  by ( 5 . 8 3 )  i s  much s m a l le r  th a n  one.

( * > «  I
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For j=> ap p ro a c h in g  one Van Kampen's r e s u l t s  v ary  

d r a s t i c a l l y  from o u r s ,  s u g g e s t in g  t h a t  Gunn’ s  model i s  v a l id  

o n ly  f o r  m odest n o n l i n e a r i t y  o r  la r g e  c a p a c i ta n c e .  Under such  

c irc u m s ta n c e s  th e  m eaning o f  th e  l i m i t  v a lu e  o f  jb  would sim ply  

be to  d e f in e  th e  r e g io n  o f  v a l i d i t y  f o r  ou r r e s u l t s .  The 

c o rre sp o n d in g  c a p a c i ta n c e  i s  th e n  l im i te d  to :

(S-H6) C » & t (-J )

S in c e  a l l  t e c h n o lo g ic a l ly  f e a s i b l e  d io d e s  have c a p a c ita n c e s  

v e ry  much l a r g e r  th a n  th e  l i m i t ,  and th e r e f o r e  <£4. / , o u r

g e n e r a l  c o n c lu s io n s  ap p ly  and we f in d  th e  e f f i c i e n c y  and o u tp u t 

power o f  su ch  f l u c t u a t i o n  e n g in e s  t o t a l l y  n e g l ig ib l e

What sh o u ld  we e x p e c t to  happen i f  we c o u ld  b u ild  a  d io d e  

w ith  a  c a p a c i ta n c e  sm a ll enough to  ap p ro ach  th e  lo w er l i m i t  ?

S in ce  o u r a n a ly s i s  i s  v a l id  to  th e  f i r s t  o rd e r  in  fb o u r 

r e s u l t s  w i l l  be v a l id  u n t i l  C  a p p ro ac h es  th e  l i m i t  w ith in  one 

o rd e r  o f  m ag n itu d e . Beyond t h a t  p o in t ,  a s  su g g es ted  by Van 

K am pen's work, th e  power sp ec tru m  o f  th e  c u r r e n t  so u rce  w i l l  no 

lo n g e r  be w h ite  and th e r e f o r e  o u r c o n c lu s io n s  w i l l  no lo n g e r  be 

c o r r e c t .

N e v e r th e le s s ,  i f  we w ant to  d e s ig n  e f f i c i e n t  f lu c t u a t i o n  

e n g in e s  o u r a n a ly s i s  g iv e s  u s  th e  r i g h t  d i r e c t i o n  f o r  o u r 

e f f o r t .

We e x p e c t to  re a c h  h ig h e r  e f f i c i e n c i e s  a s  th e  c a p a c ita n c e
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ap p ro ach es  th e  ran g e  o f  v a lu e s  around th e  l i m i t ,  even i f  o u r 

p re v io u s  r e s u l t s  a r e  no lo n g e r  r ig o ro u s ly  v a l id .

As an exam ple, i f  we choose f o r  our en g in e  PN d io d e s  th e n :

High e f f i c i e n c i e s  a r e  ex p ec ted  to  o c c u r when th e  

c a p a c ita n c e  o f  th e  d io d e  a p p ro ac h es  i t s  l i m i t  v a lu e  w hich in  

t h i s  c a se  i s  g iv e n  by:

k.m) c -- jff-
Such a  sm a ll c a p a c ita n c e  ( 10 ~IG F ) i s  a t t a i n a b l e

on ly  i f  th e  p h y s ic a l  volume o f  th e  d iode  i s  o f  th e  o rd e r

,n ~ '5  3o f  10 cm !!

T h e re fo re ,  h ig h  e f f i c i e n c y  f lu c tu a t io n  e n g in e s  a r e ,  a t

l e a s t  f o r  th e  tim e  b e in g , te c h n o lo g ic a l ly  a b su rd .

However, i f  we want to  t h e o r e t i c a l l y  s tu d y  en g in e s  beyond

th e  v a l i d i t y  l i m i t  f o r  o u r Gunn type  a n a l y s i s ,  a  d i f f e r e n t

ap p roach  based  on k i n e t i c  m odels o f  ou r d i s s i p a t i v e  e le m e n ts

m ust be u sed .
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6 . KINETIC ANALYSIS OF FLUCTUATION HEAT ENGINES

We w i l l  s tu d y  in  d e t a i l  an e l e c t r i c a l  f l u c t u a t i o n  en g in e  

em ploying  a  l i n e a r  r e s i s t o r  a t  te m p e ra tu re  Tt , co n n ec ted

in  s e r i e s  w ith  an  i d e a l  b a t t e r y  o f  v o lta g e  E  and a  n o n l in e a r  

d io d e  a t  a  s l i g h t l y  d i f f e r e n t  te m p e ra tu re  ( F i g .^ J ) .  The

two te rm in a l  l e a d s  o f  th e  d io d e  a r e  made o f  m a te r ia ls  CL and h 

c h a r a c te r i z e d  by work fu n c t io n s  and r e s p e c t iv e ly  .

They co n n ec t th ro u g h  th e  ju n c t io n s  A and B to  th e  r e s t  o f  th e  

c i r c u i t ,  w hich i s  made o f  th e  d i f f e r e n t  m a te r ia l  £  

c h a r a c te r i z e d  by th e  work f u n c t io n  W * .

We n e g le c t  th e r m o e le c t r ic  e f f e c t s  and c o n s id e r  o n ly  th e  

f lu x e s  g e n e ra te d  by th e  b a t t e r y ,  and th e  th e rm a l c u r r e n t  

f l u c t u a t i o n s

S in c e  k i n e t i c  m odels o f  p r a c t i c a l  d io d e s  a r e  v e ry  d i f f i c u l t  

to  d e v is e  we w i l l  u se  f o r  D a s im p l i f ie d  d i s c r i p t i o n  o f  a 

vacuum d io d e  i n i t i a l l y  p ro p o sed  by Alkemade [ l 6 j . The r e s i s t o r  

w i l l  a l s o  be k i n e t i c a l l y  m odeled u s in g  a  n o v e l app ro ach  b ased  

on th e  p r i n c i p l e  o f  d e t a i l e d  b a la n c e . I f  ou r s tu d y  w i l l  be 

c o r r e c t  we e x p e c t  i t  t o  y i e l d  r e s u l t s  c o m p a tib le , in  th e  l i m i t  

o f  la r g e  c a p a c i ta n c e ,  w ith  th e  Gunn ty p e  a n a l y s i s .
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6.1  The Alkemade Diode [ l7 ]

We w i l l  c o n s id e r  a  vacuum d io d e  w ith  two p la n e ,  p a r a l l e l ,  

e l e c t r o d e s  c o n s is t in g  o f  two d i f f e r e n t  m e ta ls  Q and b 
p r e s e n t in g  d i f f e r e n t  work fu n c t io n s  Wo and \ a / ( , . The two 

e le c t r o d e s  a r e  lo c a te d  v e ry  c lo s e  to  each  o th e r  such  a s  to  

m inim ize th e  e f f e c t s  o f  th e  f i n i t e  tim e o f  f l i g h t  o f  th e  

e l e c t r o n s .  The p a r a l l e l  p l a t e s  p r e s e n t  a c a p a c ita n c e  C  and 

th e  w hole d io d e  system  i s  in  th e rm a l e q u i l ib r iu m  w ith  a  h e a t  

b a th  a t  te m p e ra tu re  T . We a l s o  assume t h a t  th e  p l a t e  ch arg ed  

w ith  e x c e ss  e l e c t r o n s  w i l l  o p e ra te  under s a tu r a t e d  c o n d i t io n s ,  

w ith  th e  r a t e  o f  e l e c t r o n  e m iss io n s  in d e p e n d e n t o f  th e  

p o t e n t i a l  d i f f e r e n c e  betw een th e  p l a t e s .

L e t u s  s t a r t  w ith  e l e c t r o n s  on th e  p l a t e  CX . The r a t e  

o f  e l e c t r o n  t r a n s i t i o n s  from  p la t e  a  to  p l a t e  b i s  th e n  g iv e n  

by R ic h a rd s o n 's  fo rm u la .

W o

( u )  a P M = - » f T l s  < ? ~ * T
h

ffYle s e l e c t r o n i c  mass 

k  = P la n c k 1s  c o n s ta n t  

$  sB o ltz m a n n 's  c o n s ta n t  

3  s a r e a  o f  th e  e lo t r o d e s  

The r a t e  o f  e l e c t r o n s  le a v in g  th e  e le c t r o d e  b i s  s im i l a r l y
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g iv e n  by:

(6.2) t£(*)=Mpzfrls e &

But n o t a l l  e l e c t r o n s  le a v in g  b  w i l l  re ac h  th e  

e l e c t r o d e  Q because  o f  th e  e l e c t r o s t a t i c  p o t e n t i a l  d i f f e r e n c e  

betw een th e  p l a t e s .

The e l e c t r o s t a t i c  energy  o f  th e  c a p a c i to r  i s :

f a )  £ .  =

2 a.ear
2C

Then th e  p o t e n t i a l  b a r r i e r  seen  by th e  e le c t r o n s  le a v in g

i s :

A El M ~ EEm+t ~ El ft/

We can now c a l c u l a t e  th e  r a t e  o f  e le c t r o n  t r a n s i t i o n s  

from  b> to  Q. :

Em

bDfm)= blM- €  kl
_ u 4  e

( « )  * V ® "  *
h

O bserv ing  t h a t ,

V/q

(C5) ^ M  = a , ( m ) e rT 
&
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and defining the quantity fc. by:

( « )

th e n  (&•£>) becom es:

u/b -  Wq / j \

(«.rj e  * T e  ' d

I f  i s  th e  p r o b a b i l i t y  o f  h av in g  a t  tim e t  , /y}

e x c e ss  e l e c t r o n s  on th e  e l e c t r o d e  Q. , u s in g  f6 - l )

and f  6 -~j) we can  w r i te  th e  a s s o c ia te d  M aste r E q u a tio n :

(6.8) =  5 (™+<) +  b p f m - i )  ~

The f i r s t  two te rm s c o rre sp o n d  to  g a in s  due to  t r a n s i t i o n s  

down from th e  /77-f-/ e l e c t r o n s  and up from t h e / ? ? - /  e l e c t r o n s  

s t a t e s .  The l a s t  two te rm s co rre sp o n d  to  lo s s e s  because  o f

t r a n s i t i o n s  away from th e  /)? e l e c t r o n s  s t a t e .

We have assum ed t h a t  th e  p r o b a b i l i t y  o f  two o r more

s im u lta n e o u s  e l e c t r o n  t r a n s i t i o n s  i s  n e g l ig ib l e .

S in ce  we a r e  i n t e r e s t e d  o n ly  in  th e  s te a d y  s t a t e  b e h a v io u r 

o f  th e  d io d e  we w i l l  seek  th e  s t a t i o n a r y  s o lu t io n  o f  th e

85

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



derived Master Equation ,

(63) i- bDfa-0%sfa-i) - Qj>(w) %,s("i)-b(M)̂ fa)=0
I f  we g roup  th e  f i r s t  and l a s t  te rm s and re a r r a n g e  we 

o b ta in :

(6.10) t f p / W / J g . ( /» + / ) -  h^fm) % ( ” ? ) =  W  g  f a )  - 4  f a - 0 % » - ' )

T h e re fo re ,

Q » f a + > ) % s { m i - 0 - t > 2>f a ) B s

i s  a  c o n s ta n t  in d ep en d en t o f  M  .

I n  th e  l i m i t  o f  i n f i n i t e  fY} th e  p r o b a b i l i t y  (fY?) h as

to  be z e ro  and th e r e f o r e :

(6.U)  O p(M + l)  J ^ f a  + 0  -  l % f a )  ? s  f a )  =  0

We can now w r i te  th e  r e c u r s io n  r e l a t i o n  t h a t  d e f in e s  th e  

s t a t i o n a r y  s o lu t io n  o f  o u r M aste r E q u a tio n :

I f  we r e p la c e  Qq(m )  and ^ ( ' V )  by t h e i r  c o rre sp o n d in g
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expressions as given by I 6 . 1 ) and ( 6 1 )

(6 .-3 ) % ( , * , ) =  e  * T '  ? s r « ;

S t a r t i n g  w ith  /Yl — O '

_  V\//> -  W fl   j £

(6.n) & ( 0 = e  *r  "

Then f o r  fYl =  I :

0 ~^a o £

(6.15) P„(2) = e~ ~Tt  "  ’x. e (ti,isW
In  g e n e r a l :

~/7? - -<r? — ~fo+l+...i(/fi-t))£
(6 . i6 )  e

Or w r i t in g  th e  sum in  c lo s e d  form :

-  -  /T7 f -  _

(6.i7) pss(m) = e *r e a %jo)

By r e a r r a g in g  th e  ex p o n en t we f in d :

I fWa -Wbf  -  £ ( „ j _ Wa-Wfc 'j2-
n  / t £t J n  / » ^ z ' £&t /

(6.is)  J £ H  =  e  %/<>)■ e
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Thus th e  s t a t i o n a r y  s o lu t io n  o f  th e  M aste r E q u a tio n  i s  a

( d i s c r e t e  ) G au ssian  c e n te re d  a t  i , and can be
£ k T

w r i t t e n  as

M ; ---------------

where
CP

(6-2o) z n  = >  e
tYl--oo

and

& i )  ^ = - ~ y / c ~

I f  £  i s  sm a ll compared w ith  u n i ty ,  th e  s i t u a t i o n  i s  

e s s e n t i a ly  c o n tin u o u s , and s ta n d a rd  r e s u l t s  f o r  co n tin u o u s  

G au ssian s  h o ld .  These a r e :

(& .z i)  ( m y  =  <Wj>

(6.23) 4 m - m s f } =  i

(6M) < ^ > = ^ - 1 = 1 r

(6 .25)  < i / c > =  e ^ >  =
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In  i s  seen  t h a t ,  f o r  sm all £  , *s n o th in g

e l s e  b u t th e  c o n ta c t  p o t e n t i a l  due to  th e  d i f f e r e n c e  betw een 

th e  work fu n c tio n s  o f  th e  e l e c t r o d e s .

I f  £  i s  n o t sm a ll compared to  u n i ty ,  mean v a lu e s  and 

mean sq u are  v a lu e s  d e p a r t  from th o se  o f  th e  c o n tin u o u s  G au ssian . 

T hus, f o r  exam ple, th e  mean sq u a re  v o lta g e  i s  no

lo n g e r  to  th e  c o n ta c t  p o t e n t i a l  o f  (6.2.5) , because  i s

no lo n g e r  e q u a l to  . However, a s  seen  from th e

d e t a i l e d  a n a ly s i s  p ro v id ed  in  A ppendix A, such a  v o lta g e  w i l l  

g e n e ra te  a z e ro  av e ra g e  c u r r e n t ,  th u s  p re s e rv in g  th e  v a l i d i t y  

o f  th e  Second Law.

We n o te  th a t  th e  ch a rg e  and v o lta g e  o f f s e t s  a r e  a ls o  z e ro ,  

f o r  any £  , in  th e  s p e c ia l  c a s e s  when M g  i s  e i t h e r  an

in t e g e r  o r a h a l f  in t e g e r .

F in a l ly  w e1 have to  prove th a t  th e  Alkeraade d iode  has a  

n o n l in e a r  asym m etric c u r r e n t - v o l ta g e  c h a r a c t e r i s t i c .

To o b ta in  th e  c u r r e n t  th ro u g h  th e  d io d e  we m u l tip ly  th e  

M aste r E quation  (6 .& )  by -  ffl Q and sum ov er th e  f u l l  ran g e  

o f  -ftt v a lu e s :

( 6 .2 6 )  ^  ( - e ) Y ^  ChifMi-OM 0 +
!Y) ~ - 0 0  0  £

<K>

+(-e)T~
L —
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oo

- ( - e j y  bj<n)m
M ■=.-<*>

F o r o u r p r e s e n t  d io d e  model QpflY}) i s  assum ed to  have a  

v a lu e  in d e p e n d e n t o f  Cfi w hich we w i l l  c a l l  $ jp  . Then

u s in g  (6.9) and , (6.2-7) becom es:

< - f } A
• flO - 1  CO

Y~ m m ^(m+i)*
L-tr)=-co m=-ao

+(-e)civ e

CK>

-(-e)QDy . ' y7$(» /)-(-e)aJ>e  2 _ £  mVM
Ŷi=-oo W--™

I f  we p ro cee d  to  c a l c u l a t e  each  o f  th e  te rm s in  th e  above 

e q u a t io n  we s u c c e s iv e ly  o b ta in :

ao

(6.3S) )  =
K\--O0

00 °o OO

( L * )  Y Z m = $ ( * + ') -Z L  )*<«>>-(7) = -cw /V) = -e*> /n=-oo 0

90

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



oo

(6.30) 2_ e rfl t
W--00

£ oo

t y r - o o

+  e - ^  e £ l n " l} 5 i M  =  a < e
<y)=-co

oo

(6.31)
Of?-"00

=  e  " < (^ e /

The M aste r E q u a tio n  can  th e n  be r e w r i t t e n :

«»[</*,>-i] +

Wt, — Wa p  — JL cas\ -  £  —,

+ (-e)aDe~ *r [<? y * e Xe' £n,)]~
_ Vfe-U/h _  |  , - f / m

-(-e)<h<my-(-e)Q],e ^  e (we )

B ut s in c e  th e  te rm  a t  th e  l e f t  hand s id e  i s  th e  c u r r e n t
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through the diode the Master Equation finally becomes:

fan)  <(l)> ~ ( -e )a a

The above e x p re s s io n  r e p r e s e n t s  th e  c h a r a c t e r i s t i c  f u n c t io n  

o f  th e  Alkemade d io d e .

To f in d  th e  m acro sco p ic  c u r r e n t - v o l ta g e  c h a r a c t e r i s t i c  we 

have to  l e t  C  > M  and become v e ry  l a r g e  in

such  a  way a s  to  m a in ta in  —CfL c o n s ta n t .  Butc
s in c e

(6.W) \J - -elm-m)
can be i d e n t i f i e d  w ith  th e  e x t e r n a l l y  a p p l ie d  v o l ta g e ,  we f in d  

t h a t  th e  m acro sco p ic  Alkemade d io d e  s a t i s f i e s  th e  same ty p e  o f  

e x p o n e n t ia l  law a s  m ost known d io d e s  (se e  f o r  com parison  th e  

S hock ley  e q u a t io n  (3. ?>5))

(as) i  =(-e)as( e
eV
7ST

-  • ; .a^  jr*
We can now s e e ,  by c a l c u l a t i n g  ^  =  -s^ -  ) thafc

th e  q u a n t i ty  £  p r e v io u s ly  in tro d u c e d  i s  j u s t  th e  d i s c r e t e  

c o u n te rp a r t  o f  th e  c o n tin u o u s  p a ra m e te r  d e f in e d  i n  our

Gunn ty p e  a n a ly s i s .

G iven th e  above d e s c r ip t io n  o f  th e  Alkemade d io d e , th e  

p h y s ic a l  m eaning o f  th e  r e v e r s e  c u r r e n t  p o s tu la te d  by Gunn (
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see  S e c t io n  3.2./ ) can be e a s i l y  u n d e rs to o d .

I f  th e  d io d e  i s  o p e ra te d  c lo s e  enough to  therm odynam ic 

e q u i l ib r iu m , and a l s o  w ith in  th e  range  o f  v a l i d i t y  o f  Gunn’s 

m odel, th e n  /  and th e  e x p o n e n tia l  o f  e q u a tio n  (6 .3 ^ )

can be app rox im ated  by i t s  q u a d r a t ic  T ay lo r expansion :

i  z

(6.16)  < l > = / - e K [ - 1  ~ + f  + 1

I t  i s  im p o r ta n t to  o b se rv e  t h a t  th e  p aram eter o f

t h i s  e q u a tio n  i3  c a lc u la te d  a t  th e  te m p e ra tu re  T " o f  th e  

d io d e , w h ile  th e  mean sq u a re  d e v ia t io n  o f  th e  d i s t r i b u t i o n  o f  

e l e c t r o n s  on th e  e q u iv a le n t  c a p a c ita n c e  o f  th e  d iode  i s  g iv en  

by a  d i f f e r e n t  p a ra m e te r , Eq  •

L= &Te C 
:e

w here i s  an e q u iv a le n t  te m p e ra tu re  depending b o th  on

(6 V )

th e  te m p e ra tu re  o f  th e  d io d e  and a l s o  on th e  te m p e ra tu re  o f  th e  

o u ts id e  system  th e  d io d e  i s  co n n ec ted  to .  T h e re fo re  th e  

c u r r e n t  can  be r e w r i t t e n  in  th e  form :

( l i t )  < i >  = (- e) aD [ -  f  -  e + f -  + ^  ]
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S in ce  und er th e  g iv e n  c o n d i t io n s ,

2,

JL . ~  0  , <(sy? -  = . 0
8

th e  c u r r e n t  th ro u g h  th e  d io d e  can  be p u t in  th e  form :

M  <*>=(-*)** [-x + ;rfc]
The second te rm  i n  th e  above e x p re s s io n  i s  th e  e x p e c te d  

r e c t i f i c a t i o n  c u r r e n t  o f  th e  d io d e , w h ile  th e  f i r s t  te rm  i s  th e  

re v e r s e  c u r r e n t  p o s tu la te d  by Gunn in  o rd e r  to  s a t i s f y  th e  

Second Law a t  therm odynam ic e q u i l ib r iu m . In d e e d , when T= *7g 
, £  =  H e  and overa11  c u r r e n t  i s  z e ro  a s  r e q u ir e d  by

th e  Second Law.
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6 .2  K in e t ic  Model o f  th e  L in e a r  R e s is to r

L et u s  s tu d y  th e  b e h a v io r  o f  a  l i n e a r  r e s i s t o r  R when 

co n n ec ted  in  s e r i e s  w ith  an  i d e a l  b a t t e r y  o f  v o lta g e  E  and a  

c a p a c i to r  o f  c a p a c i ta n c e  C  a l l  in  th e rm a l e q u i l ib r iu m  w ith  a  

h e a t  b a th  a t  te m p e ra tu re  ~T ( s e e  F ig .  6.  3  ) . The

r e s i s t o r ,  i t s  le a d  w ire s  and th e  b a t t e r y 's  le a d  w ire s  a r e  made 

o f  a  m a te r ia l  C w ith  work fu n c t io n  Wc , w h ile  th e  two p l a t e s  

o f  th e  c a p a c i t o r '  and th e  c o rre s p o n d in g  le a d s  a re  made o f  

m a te r i a l s  d  and b  w ith  work f u n c t io n s  and . The

ju n c t io n s  A and B betw een th e  m a te r ia l  C and th e

m a te r i a l s  d  and b  a r e  k e p t a t  th e  same te m p e ra tu re .

Our b a s ic  assu m p tio n  w i l l  be t h a t  th e  t r a n s i t i o n  r a t e s  in  

b o th  d i r e c t i o n s  th ro u g h  th e  r e s i s t o r  a r e  in d ep en d en t o f  each 

o th e r .

I f  we s t a r t  o u r a n a l y s i s  w ith  rfl ex ce ss  e l e c t r o n s  on th e  

p l a t e  0. o f  th e  c a p a c i to r ,  we can  c a l c u l a t e  th e  r a t e s  o f  th e  

e l e c t r o n  t r a n s i t i o n s  betw een th e  p l a t e s  d  and b v ia  th e  

r e s i s t o r - b a t t e r y  lo o p . I f  we r e p la c e  o u r  r e s i s t o r  by a  s h o r t

c i r c u i t  e le m e n t, an  e l e c t r o n  on , i n  o rd e r  to  re a c h  t> ,
w i l l  have to  overcom e a  p o t e n t i a l  b a r r i e r  o f  h e ig h t :

Wa -Wc + eE

We can  th e n  e x p e c t a  t r a n s i t i o n  r a t e  g iv en  by th e  Boltzm ann 

f a c t o r .  We w i l l  now assume t h a t  th e  p re sen ce  o f  a  nonzero
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r e s i s t o r  in  th e  c i r c u i t  w i l l  a f f e c t  th e  t r a n s i t i o n  r a t e  th ro u g h  

a ,  y e t  unknown, m u l t i p l i c a t i v e  f a c t o r  Then th e

r a t e  o f  e l e c t r o n i c  t r a n s i t i o n s  from d  to  b can be 

fo rm a lly  w r i t t e n  a s :

_ e £

( m o )  a « ( /» )=■  $ ( w , R ) e  * T

The p o t e n t i a l  b a r r i e r  seen  by an e l e c t r o n  on b ,when th e  

r e s i s t o r  i s  s h o r t  c i r c u i t e d ,  i s  V b — V\/£ +  A  > where A £/yj

i s  th e  a d d i t i o n a l  e l e c t r o s t a t i c  b a r r i e r  due to  th e  e l e c t r o n s  

on Cl :

(Ml) a i*C^<L('n + i )
1 '  m  z c  Z C  C  1

F o rm ally  we th e n  w r i te  th e  t r a n s i t i o n  r a t e  from b 
to  Q :

/ /i Wfc-W> QZ (Mx ! \

(m i) e  ^  *TC

We can now 3 e t up th e  M aster E q u a tio n  fo r  th e

p r o b a b i l i t y  F% [ffl)  o f  hav in g  ffl e l e c t r o n s  on th e
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p la t e  CL :

(bMi) = aR(m+i) f% (oi+i) + k(m-i) B(m-i) -
a t .

-  -  b R(m ) H M

We a r e  i n t e r e s t e d  in  th e  s te a d y  s t a t e  s o lu t io n  o f  t h i s  

e q u a tio n  and th e r e f o r e  we l e t  d P ^ H / d t ^ O -  Then:

Q r ( M + i)  H s f m * 1)  -  Id r M T ^  ( /» )= :

=  Q R (n )P f& (M )  -  b d w - r i H s f a - i )

I t  r e s u l t s  t h a t  0 ft (fll + 1) / ^ s (<Y) + /)  -  bp (#?) /ps f a )  i s  a 

c o n s ta n t  in d e p en d en t o f  , and s in c e  we m ust r e q u i r e

t h a t  f p s ( w )  goes to  z e ro  in  th e  l i m i t  o f  la rg e  ffl  , th e  

m entioned  c o n s ta n t  h a s  to  be z e ro . T h is  y ie ld s  th e  r e c u r s io n  

r e l a t i o n :

(6M) W

I t  i s  e v id e n t th a t  th e  s t a t io n a r y  s o lu t io n  o f  o u r M aste r
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E q u a tio n  i s  j u s t  a  r e s ta te m e n t  o f  th e  p r in c i p l e  o f  d e t a i l e d  

b a la n c e . U sing  (6 .hQ )  and we f in d :

—  / V<a _  & E \  c(m  4.  — )
m  / ? s ^ + , ) = p  (  ^  r

p 4
W here: =

I f  we r e p e a t  th e  s te p s  le a d in g  to  ((,. 2 2 ^ ,  we f in d  t h a t

i s  a g a in  a  B oltzm ann o r  ( d i s c r e t e  ) G au ssian

d i s t r i b u t i o n :

-  k f a - w p f

where

m  Z r U e * '
W=-<x>

and

£♦«; *»«s +■

The d e r iv e d  07  ̂ i s  s im p ly  th e  m acro sco p ic  e q u i l ib r iu m  v a lu e  

f o r  th e  number o f  e l e c t r o n s  on th e  c a p a c i to r  ( th e  e q u i l ib r iu m  

c h a rg e  b e in g  -  €/Y!r ) .

N ote t h a t  we co u ld  have s t a r t e d  by assum ing  th e  v a l i d i t y  

o f  (&,*{&) d i r e c t l y ,  by a therm odynam ic argum ent, w ith o u t 

g o in g  th ro u g h  th e  p re c e d in g  m o t iv a t io n a l  a rg u m en ts .
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In  th e  continuum  l i m i t ,  =: >

(tM ) < v >  - $ < ( ^ t >
and

(6.50) = - E
When £  i s  n o t s m a l l ,  /7?r  i s  s t i l l  v a l id

when /)? £  i s  ah i n t e g e r  o r  h a l f  i n t e g e r .  R e s u lts  f o r  o th e r  

v a lu e s  o f  <77  ̂ a r e  p re s e n te d  i n  A ppendix A .

E x p re s s io n s  f o r  Qr (m ) and  can  be o b ta in e d  by

u s in g  th e  d e t a i l e d  b a la n c e  c o n d i t io n  ( 6 . ^ ^ )  to g e th e r  w ith

th e  Boltzm ann d i s t r i b u t i o n  ( 6 M )  f o r  *Yl * and a 

f u r t h e r  c o n d i t io n  th a t  s p e c i f i e s  th e  l i n e a r  n a tu re  o f  th e

r e s i s t a n c e .  T h is  l i n e a r i t y  c o n d i t io n  i s  •.

(6.si) l - ( - e ) \ _ b RM  - Qr( * ) ] -  e m - < ^ >

RC

w hich s t a t e s  t h a t  th e  n e t  r a t e  o f  d e c re a s e  o f  the  e l e c t r o n  

number i s  e q u a l to  th e  e x c e s s  e l e c t r o n  number /77 — devi ded 

by th e  tim e  c o n s ta n t  R'C • T h is  c o n d i t io n  can  a l s o

be e x p re s s e d  in  te rm s o f  c u r r e n t s  and v o l t a g e s ,  and sim p ly  

r e p r e s e n t s  Ohm’ s  Law f o r  a  l i n e a r  r e s i s t a n c e .

E x p re s s io n s  f o r  Qfi,(ff)) and bg(<Y)) can  be o b ta in e d  by u s in g  

( 6 .5 1 )  to g e th e r  w ith
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(6.5Z) Qdn) = - 2 i
% s ( * )  *  C

w hich fo llo w s  from (6.tyty)  and )  •

R ep lac in g  flft(ffl) in  th e  e q u a t io n  ( 6 . 5 1 )  by i t s  

e x p re s s io n  from we o b ta in  a  r e c u r s io n  r e l a t i o n

in  bfi(frt)  :

(6.53) bRM 1 i s M =  btfa-ORsfw-,)-

I f  we d e f in e  th e  fu n c t io n  % ( m )  by ,

(*■&) B R ( m ) = b R( m )  PK $( ' y > ) 2 . R

and r e c a l l ,  from  (6 .^ 6 )  , th e  e x p re s s io n  o f  th e  s ta t io n a r y  

d i s t r i b u t i o n  fu n c t io n  f#$(/Yl)  > r e l a t i o n  (6 .5 % )  y ie ld s :

( 6 3 5 )
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By summing we obtain the solution of the above equation:

B t ( m )  --- B ^ - 0  - 1  # ' ! w W
/m=~co

W ritin g  t h i s  s o lu t io n  in  term s o f  th e  t r a n s i t i o n  

r a t e  we o b ta in :

M  M e * " 1 -

_ 00 y  v -
_ / W -  v w >  z

R Cw - i  ^

i v W  :I f  we now so lv e  f o r  _

Where t fc (o )  =  b R/ 0 )  <?

c  2
- f w *

S in ce  when Cfl goes to  i n f i n i t y ,  th e  t r a n s i t i o n  r a t e  from 

p l a t e  b to  p l a t e  Q h as  to  v a n is h , b^(o) i s  g iv e n  by:

. 1 1 .  > v -(6.51} L(o)= e 2 -  rc e
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Then takes the form:

M  k h b e * /WrrtHJ

Going back to  (6.51)  we can  c a l c u l a t e  QR(tYl}

We can  now w r i te  th e  f i n a l  e x p re s s io n s  f o r  th e  t r a n s i t i o n  

r a t e s  and o f  ou r l i n e a r  r e s i s t o r  m odel:

M  Q d t n U
W=M + t ’

m  kh)^rL-% - ^  e
om=fr)H r< C

We m en tioned  b e fo re  t h a t  w ith  th e  chosen  Qn(n) 
and Ohm’ 3 Law i s  a u to m a t ic a l ly  s a t i s f i e d  i n  th e  l i m i t  o f

sm a ll £  . W e  w i l l  f u r th e r  t e s t  o u r r e s u l t s  by

c a l c u la t in g  in  th e  c o n tin o u s  l i m i t ,  th e  power sp ec tru m  o f  th e  

n o is e  g e n e ra te d  w ith in  ou r sy stem .

I t  can be shown [ j3 S j  t h a t  th e  pow er sp ec tru m  o f th e
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c u r r e n t  th ro u g h  th e  r e s i s t o r  i s  g iv e n  by:

(m )  _  2 e X Q a ( w )  -f- b z M ' y

(us) S,- -  2 e‘ < 2 K (”)+ - y

In  th e  continuum  l i m i t  th e  sum in  ( 6 . 6 $ )  can  be

re p la c e d  by an i n t e g r a l

(6 .U) \ e  d m
M + -£

T h is  y ie ld s  in  th e  l i m i t  o f  E - + 0  :

(U7) bR(m) = - i l -

00 -  < ''?)>S in ce  in  t h i s  l i m i t  — ---- ------ -—  becomes z e ro ,
PC

M  5 ,  =  - £ & -
R

a s  e x p e c te d  from N y q u is t’s  theo rem .

E q u a tio n s  ( 6 . 6 2 )  and ( 6 * 6 3 )  can  be n u m e ric a lly

e v a lu a te d  . R e s u lts  o f  such  c a l c u l a t i o n s  a r e  i l l u s t r a t e d  in

T ab le  6.1
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£
< n

1 0 . 0 0 0 0 -4
1 0 , 0 0 0 0 - 3
1 0 , 0 0 0 0 - 2
1 0 , 0 0 0 0 - 1
1 0 , 0 0 0 0 0
1 0 , 0 0 0 0 1
1 0 , 0 0 0 0 2
1 0 , 0 0 0 0 3
1 0 , 0 0 0 0 4

1 , 0 0 0 0 - 1 3
1 , 0 0 0 0 - 1 2
1 , 0 0 0 0 - 1 1
1 , 0 0 0 0 - 1 0
1 , 0 0 0 0 - 9
1 , 0 0 0 0 - 8
1 , 0 0 0 0 -  /
1 , 0 0 0 0 - 6
1 , 0 0 0 0 - 5
1 , 0 0 0 0 - 4
1 , 0 0 0 0 - 3
1 , 0 0 0 0 - 2
1 , 0 0 0 0 - 1
1 . 0 0 0 0 0
1 , 0 0 0 0 1
1 , 0 0 0 0 2
1 , 0 0 0 0 3
1 , 0 0 0 0 4
1 , 0 0 0 0 5
1 , 0 0 0 0 6
1 , 0 0 0 0 7
1 , 0 0 0 0 8
1 , 0 0 0 0 9
1 . 0 0 0 0 10
1 . 0 0 0 0 11
1 , 0 0 0 0 12
1 , 0 0 0 0 13

Q r ('k )
-U . 58b2B8bfc : +2b  
- 0 , 3 7  0 9 2 2 0 E + l o  
- 0 . 2 0 5 1 5 1 4 E + 0 1  
- o , 9 9 9 9 9 9 4 E + o o  

O.OOQUOOOK+OO
o . i o o u u o i e + oi
0 . l 9 4 8 4 8 b E + 0 1

- 0 . 3 7 0 9 2 2 8 E+ 1 0
- 0 . 5 8 8 2 8 8 6 E + 2 5

0 . 6 1 0  7139E + 30  
o.22 /byiye+25 
0 . 2 3 0 5 5 2 8 E + 2 0  
0 , o 3 4 6 6 0 5 E + 1 5  
0 . 4 7 5 2 0 4 8 E  + U  
o.ybbwyobE+oy 
O , 5 3 4 0 / 2 9 E + 0 4  
U . 2 U 5 0 b U 9 E + 0 1  

- 0 , 4 9 4 2 b 7 9 E + 0 1  
- 0 , 3 9 4 3 3 1 7 E + 01  
- 0 . 2 8 7 7 5 1 4 E + 0 1  
- 0 . 1 7 4 3 6 9 1 E + 0 1  
- 0 . 4 9 6 5 4 9 4 E + 0 0  

U.OOOOOOOE+OO 
0 , 1 5 0 3 4 5 1 E + 0 1 
0 . 2  2 5 b  3 0 9 E + 0 1 
0 , 3 1 2 2 4 8 6 E + 0 1 
0 . 4 0 5 6 1 8 3 E + 0 1  
0 , bOb7 4 2 1 E + 0 1 
0 , 1 4 0 b 0 5 1 E + 0 2  
0 . 5 3 5 4 7 2 9 E + 0 4  
0 , 9 6 6 8 9 2 2 E + 0 7  
0 , 4 7  5 2 0  4 8 E + 1 1 
0 . 6 3 4 8 6 0 5 E + 1 5  
0 , 2 3 0 5 5 2 8 E + 2 0  
0 . 2 2 7 5 9 1 9 E + 2 5  
0 , 6 1 0 7 1 3 9 E + 3 0

i>R(rt)
- 0 , 2 2 8 4 0 1 b £ + 2 7  
- 0 , 1 4 4  0 0 9 b E + 12  

O.OOUOOOOE+OO 
0 , 1 OOOOOOE+Ol  
0 , 6  73 / 9 5 2 E - 0 2  
0 , b 9 6 0 4 6 4 E - 0 6  

- 0 , 5 1 b l 3 b 5 E - 0 1  
- 0 . 3  7 0 9 2 2 8 E + 1 0  
- 0 . 5 8 8 2 8 8 6 E + 2 5

0 . 6 1 0 / 1 39E+3Q 
0 , 2 2 / 5 9 1 9 E + 2 5  
0 , 2 3 0 5 5 2 8 E + 2 0  
0 . 6 3 4 8 6 0 5 E + 1 5  
0 , 4 7 5 2 0 4 8 £ + 1 1  
0 , 9 6 6 8 9 2 2 E + 0 7  
0 . 5 3 5 4 7 2 9 E + 0 4  
0 , 1 4 0 b 0 5 1 E + 0 2  
0 , 5 0 5  7 4 2 1 E + 0 1  
0 ,  4 0 5 6 1 8 3 E + 0 1  
0 ,  J 1 2 2 4 8 6 E + 0 1 
0 . 2 2 b b 3 0 9 £ + 0 1  
0 , 1 5 0 3 4 5 1 E + 0 1 
0 , 9 1 1 8 8 8 8 2 + 0 0  
0 , 5 0 J 4 5 0 6 E + 0 0  
0 , 2 5 6 3 0 9 3 £ + 0 0  
0 , 1 2 2 4 8 6 1 E + 0 0  
0 , 5 6 1 8 2 8 6 E - 0 1  
0 , 5 7 4 2 1 2 1 £ " 0 1  
0 ,  8 0 5 0 5 0 9 E + 0 1 
0 , 5 3 4 7 7 2 9 E + 0 4  
0 , 9 6 b 8 9 l 4 E + 0 7  
0 . 4 7 5 2 0 4 8 E + 1 1  
0 . 6 3 4 8 6 0 5 E + 1 5  
0 , 2 3 0 5 5 2 8 E + 2 0  
0 , 2 2  7 5 y i 9 £ + 2 5  
0 , 6 1 0 7 1 3 9 E+30

T A B L E  6 - 1
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£ rn h f i ( m )

0 10 00 - 2 0 0 1 2 b h b  3 4 E + 0 4 0 1 3 0 6 H 3 4 E + 0 4
0 1 0 0 0 - 1 0 0 1 bb9  2'8b£ + 03 0 2 0 4 9 2 8 6 1 1 + 0 3
0 1 0 0 0 - l b 0 1 4 2 2 2 3 9 E + 0 2 0 5 O 2 2 2 3 9 E + 0 2
0 1 0 0 0 - 1 7 - 0 b 2 7 2 b S 9 E + U l 0 2 3  7 27 3 4 E + 0 2
0 1 0 0 0 -  1 0 — 0 11 0 5 9  0 7E + 02 0 2 0 9 4 0 9 3 E+02
0 i o o o - l b - 0 1 0 5 3 3 3 3 E + 0 2 U 1 9 4 4 4 6 7 E + 0 2
0 1 0 0 0 - 1 4 - 0 y 4 3 8 « 5 b E + 0 1 0 1 b b b l 1 4 E + 0 2
0 1 0 0 0 - 1  3 - 0 a i a a 2 0 4 f c ; + o i 0 1 7 8 1 1 BOE+02
0 1 0 0 0 - 1 2 - 0 b 8 9 b b  35E + 0 1 0 I 7 1 0 3 1 6 K + 0 2
0 1 0 0 0 - 1 1 - 0 5 5 8 4 5 0 9 E + 0 1 0 1 b 4 1 5 4 9 E + 0 2
0 1 0 0 0 —  1 0 - 0 4 2 S 5 6 0 1 E + 0 1 0 1 5 7 4 4 4 0 E+0 2
0 1 0 0 0 - 9 - 0 2 9 i u y y b t ; + o i 0 i 5 o a y o o E + 0 2
0 1 0 0 0 - b - 0 1 5 5 0  7 3 5 E + 0 1 0 1 4 4 4 9 2 6 E + 0 2
0 1 0 0 0 - 7 - 0 1 7 4 6 5 1 1 E+0 0 0 1 3 8 2 5 3 5 E+02
0 1 0 0 0 - b 0 1 2 1 7 4 b b E + 0 1 0 1 3 2 1 7 4 7 E+02
0 1 0 0 0 - 5 0 2 b 2 b b l b f c + 0 1 0 1 2 b 2 3 8 2 E + 0 2
0 1 0 0 0 - 4 0 4 0 5 0 3  / 4 E + 0 1 0 1 2 0 5 0 5 7 E + 0 2
0 i o o o - 3 0 3 4 y i a y b f c + 0 1 0 1 1 4 9 1 9 0 E + 0 2
0 1 0 0 0 - 2 0 o y 4 y b y B K + o i . 0 1 0 9 4 9 9 0 E + 0 2
0 i o o o - 1 0 8 4 2 4 6 6 4 E + 0 1 0 1 0 4 2 4 6 6 E + 0 2
0 i o o o 0 0 o q o u o u o e + o o 0 9 9 1 6 2 4 5 E + 0 1
0 1 0 0 0 1 0 1 0 4 2 4 b b E + 0 2 0 9 4 2 4 6 6 4 E + 0 1
0 1 0 0  0 2 0 1 0 9 4 9 9 0 E + 0 2 0 8 y 4 9 b 9 8 E + 0 1
0 1 0 0 0 3 0 i i 4 9 i y o t ; + o 2 0 8 4 y i B 9 b £ + 0 1
0 1 0 0 0 4 0 1 2 0 5 0 5 7 E + 0 2 0 8 0 5 0 5 7 4 E + 0 1
0 1 0 0 0 b 0 1 2 6 2 5 8 2 E+02 0 7 6 2 5 8 1 5 E + 0 1
0 i o o o b 0 1 3 2 1 7 4 7 E + 0 2 0 721  / 4 6 5 E  + 01
0 i o o o 7 0 1 3b 2 3  3 3 E + 0 2 0 b 8 2 5 3 4 9 E + 0 1
0 i o o o a 0 1 4 4 4 9 2 t » E  + 02 0 6 4 4 9 2 6 5 6 + 0 1
0 i o o o y 0 1 5 0  8 9 0 0 K + 0  2 0 bObVOObE+Ol
0 1 0 0 0 10 0 1 5 7 4 4 4 0 E + 0 2 0 57  4 4 3 9 9 E + U 1
0 i o o o 11 0 1 b 4 1 5 4 9 E + 0  2 0 5 4 1 5 4 9 1 E + 0 1
0 i o o o 12 0 1 7 1 0 3 1 b E + 02 0 5 1 0 3 1 6 5 C + 0 1
0 1 0 0 0 13 0 1 7 « l l b O t : + 0 2 u 4 8 1 1 7 9 6 E + 0 1
0 1000 14 0 1 8 5 O 1 1 4 E + 0 2 0 4 5 6 1 1 4 2 E + 0 1
0 i o o o 15 0 1 9 4 4 4 6 7 E + 0 2 0 4 4 4 4 6 7 0 6 + 0 1
0 1000 l b 0 2 0 9 4 0 9 3 E + 0 2 0 4 9 4 0 9 3 3E+01
0 i o o o 17 0 2 5 7 2  734E + 02 0 8 / 2 / 3 4 1 6 + 0 1
0 i o o o l b 0 5 0 2 2  2 3 9 E + 0 2 0 3 2 2 2 2 3 9 E + 0 2
0 i o o o i y 0 2 0 4 9 2 8 b E  + 03 0 1 8 5 9 2 8 6 E + 0 3
0 i o o o 20 0 1 3 0 6 8 3 4 K + O 4 0 1 2 8 b b 3 4 E + 0 4

TABLE 6-1
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£ cfl Q z ( fV l )
0 , 0 1  0(1 - 2 0 l' J 0 2 4 9 8 4 E + 0 2 0 1 1 O 2 4 9 8 E + 0 3
0 , 0 1 0 0 - 1 0 0 / 1  7 1 7 4 0 E + 0 2 0 1 U 9 7 1 7 4 E + 0 3
0 , 0 1 0 0 - 1 0 0 7 3 1 B b O i E+ 0 2 0 1 0 9 1 H 6 6 E + 0 3
0 , 0 1 0 0 - 1 7 0 7 4 6 5 7 4 7 E + 0 2 0 1 0 8 6 5 7 5 E + 0 3
0 , 0 1 0 0 - l b 0 7 6 1 2 9 9 9 E + 0 2 0 1 0 8 1 JOOE+03
0 , 0 1 0 0 - 1 5 0 /7bU41t>E + U2 0 1 0 / 6 0 4 2 E + 0 3
0 , 0 1 0 0 - 1 4 0 / 9 0 8 0 0 0 K + 0 2 0 10  / 0 8 0 0 E + 0 3
0 , 0 1 0 0 - 1 3 0 8 0 5 5 / 5 0 E + 0 2 0 1 0 6 5 5 7 5 E + 0 3
0 , 0 1 0 0 - 1 2 0 8 2 0 3 b b 5 E + 0 2 0 1 0 6 0 3 6 7  E+0 3
0 , 0 1 0 0 - 1 1 0 0 3 5 1 7 4 9 E + 0 2 0 10  5 5 1 7 5 E + 0 3
0 , 0 1 0 0 - 1 0 0 8 4 9 9 9 9 9 E + 0 2 0 1 0 5 0 0 0 0 E + 0 3
0 . 0 1 0 0 - 9 0 8 6 4 8 4 1 5 E + 0 2 0 1 0 4 4 8 4 2 E + 0 3
0 , 0 1 0 0 - a 0 d 7 9 6 9 9 9 E  + 02 0 10 39  7 OOE+O 3
0 , 0 1 0 0 - 7 0 8 9 4 5 7 4 8 E + 0 2 0 1 O 3 4 5 7 5 E + 0 3
0 , 0 1 0 0 - 6 0 9 0 9 4 6 b 5 E + 0 2 0 1 0 2 9 4 6 6 E + 0 3
0 , 0 1 0 0 - 5 0 9 2 4 3 7 4 8 E + 0 2 0 1 O 2 4 3 7 5 E + 0 3
0 , 0 1 0 0 - 4 0 9 3 9 2 9 9 7  E + 0 2 0 1 0 1 9 3 0 0 E + 0 3
0 , 0 1 0 0 - 3 0 9 5 4 2 4 1 3E + 02 0 1 0 1 4 2 4 1 E + 0 3
0 , 0 1 0 0 - 2 0 9 6 9 1 9 9 5 E + 0 2 0 1 0 0 9 2 0 0 E + 0 3
0 , 0 1 0 0 - 1 0 9 8 4 1 7 4 6 E + 0 2 0 1 0 0 4 1 7 5 E+ 0 3
0 , 0 1 0 0 0 0 OOOOOOOE+OO 0 9 9 9 1 6 6 1 E + 0 2
0 , 0 1 0 0 1 0 1 0 0 4 1 7 5 E + 0 3 '0 9 9 4 1 7  4 6 E + 0 2
0 , 0 1 0 0 2 0 1 0 0 9 2 0 0 E + 0 3 0 9 8 9 1 9 9 5 E + 0 2
0 , 0 1 0 0 j 0 1 0 1 4 2 4 1 E+0 3 0 9 8 4 2 4 1 3 E + 0 2
0 , 0 1 0 0 4 0 1 0 1 9 3 0 0 E + 0 3 0 9 7 9 2 9 9 7 E + 0 2
0 , 0 1 0 0 5 0 1 0 2 4 3 7 5 E + 0 3 0 9 7 4 3  7 4 8 E + 0 2
0 , 0 1 0 0 b 0 1 0 2 9 4 6 6 E + 0 3 0 9 6 9 4 6 6 5 E + 0 2
0 , 0 1 0 0 7 0 1 0 3 4 5 7 5 E + 0 3 0 9 6 4 5  / 4 8 E + 0 2
0 , 0 1 0 0 0 0 1 0 3 9  / 0 0 E + 03 0 9 5 9 6 9 9 9 E + 0 2
0 , 0 1 0 0 9 0 1 0 4 4 8  4 2 E + 0 3 0 9 5 4 8 4 1 5 E + 0 2
0 , 0 1 0 0 10 0 1 0 5 0 0 0 0 E + 0 3 0 9 4 9 9 9 9 9 E + 0 2
0 . 0 1 0 0 11 0 1 0 5 5 1 7 5 E + 0 3 0 9 4 5 1 7 4 9 E + 0 2
0 , 0 1 0 0 12 0 1 0 6 0 3 6 7 E + 0 3 0 9 40  3 6 6 5 E + 0 2
0 . 0 1 0 0 13 0 1 0 & 5 5 7 5 S + 0 3 0 9 3 5 5  / 5 0 E + 0 2
0 . 0 1 0 0 14 0 1 0 7  Ob OOE+ 03 0 9 3 O 8 U 0 0 E + 0 2
0 . 0 1 0 0 15 0 107  t>042E + 0 3 0 9 2 6 0 4 1 6 E + 0 2
0 , 0 1 0 0 16 0 1 0 8 1 3 0 0 E + 0 3 0 9 2 1 2 9 9 9 E + 0 2
0 , 0 1 0 0 17 0 1 0 8 1> 5 7 5 E + 0 3 0 9 i b 5 / 4 7 E + 0 2
0 . 0 1 0 0 18 0 1 0 9 1 b b b E + 0 3 0 9 1 1 8 b 6 1 E + 0 2
0 , 0 1 0 0 19 0 1 0 9 7 1 7 4 E + 0 3 0 9 0 7 1 7 4 0 E + 0 2
0 , 0 1 0 0 20 0 1 1 0 2 4 9 8 E  + 03 0 9 0 2 4 9 8 4 E + 0 2

Tft&LB 6 - \
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£ r a
0 . 0 0 1 0 - 2  0
0 , 0 0 1 0 - i y
0 . 0 0 1 0 - 1 8
0 . 0 0 1 0 - 1  7
0 . 0 0 1 0 - 1 6
0 , 0 0 1 0 - 1 5
0 . 0 0 1 0 - 1 4
0 , 0 0 1 0 - 1 3
0 , 0 0 1 0 - 1 2
0 , 0 0 1 0 - 1 1
0 . 0 0 1 0 - 1 0
0 . 0 0 1 0 - 9
0 , 0 0 1 0 — 8
0 , 0 0 1 0 - 7
0 . 0 0 1 0 - 6
0 , 0 0 1 0 - 5
0 . 0 0 1 0 - 4
0 . 0 0 1 0 - 3
0 , 0 0 1 0 - 2
0 . 0 0 1 0 - 1
0 . 0 0 1 0 0
0 , 0 0 1 0 1
0 . 0 0 1 0 2
0 , 0 0 1 0 3
0 , 0 0 1 0 4
0 , 0 0 1 0 5
0 . 0 0 1 0 b
0 . 0 0 1 0 7
0 . 0 0 1 0 8
0 . 0 0 1 0 y
0 . 0 0 1 0 10
0 , 0 0 1 0 i i
0 , 0 0 1 0 12
0 . 0 0 1 0 13
0 , 0 0 1 0 14
0 , 0 0 1 0 15
0 , 0 0 1 0 16
0 . 0 0 1 0 17
0 , 0 0 1 0 18
0 , 0 0 1 0 19
0 , 0 0 1 0 2 0

Q h (W ')
u . y&yy'*y j e  + 03  
0 , 9 7 1 4 4 6 0 8 + 0 3  
o . y / 2 y 4 2 9 8 + o 3  
o. 9 7 +4 4 0 1 8 + 0 3
0 . 9 7 5 9 3 / 4 8 + 0 3  
0 , 9 7 7 4 3 4 9 8 + 0 3  
0 . 9 7  89  32 6 E+0  3 
0 . 9 b 0 4 3 0 2 8 + o 3  
0 . 9 8 1 9 2 8 0 8 + 0 3  
0 , 9 8  3 4 2 6  21:1+03 
0 . 9 8 4 9 2 4 5 8 + 0 3  
0 , 9 8 6 4 2 2 9 8 + 0 3  
0 . 9 8 7 9 2 1 6 8 + 0 3  
0 . 9 8 9 4 2 0 5 8 + 0 3  
0 , 9 9 0 9 1 9 4 8 + 0 3  
0 , 9 9  2 4 1 8 6 8 + 0 3  
0 . 9 9 3 9 1 7 7 K+03  
0 , 9 9 5 4 1 7 1 8 + 0 3  
0 , 9 9 b y 1 6 7 8 + 0 3  
0 . 9 9 8 4 1 0 4 8 + 0 3  
0 , 0 0 0 0 0 0 0 8 + 0 0  
0 , 1 0 0 0 4 1 O 8 + 0 4  
0 . 1 0 0 0 9 1 7 8 + 0 4  
0 , 1 0 0 1 4 1 7 8 + 0 4  
0 , 1 0 0 1 9 1 8 8 + 0 4  
0 , 1 0 0 2 4 1 9 8 + 0 4  
0 . 1 0 0 2 9 1 9 8 + 0 4  
0 , 1 0 0 3 4 2 0 8 + 0 4  
0 , 1 0 0 3 9 2 2 8 + 0 4  
0 . 1 0 0 4 4 2 2 8 + 0 4  
0 . 1 0 0 4 9 2 4 8 + 0 4  
0 . 1 0 0 5 4 2 b 8 + 0 4  
0 , 1 0 0 5 9 2 8 8 + 0 4  
0 , i 0 0 b 4 3 0 8 + 0 4  
0 , 1 0 0 6 9 3 3 8 + 0 4  
0 . 1 0 0 7 4 3 5 8 + 0 4  
0 . 1 0 0 7 9 3 7 8 + 0 4  
0 . 1 0 0 8 4 4 0 8 + 0 4  
0 . 1 0 0 8 9 4 3 E+0 4  
0 . 1 0 0 9 4 4 6 8 + 0 4  
0 . 1 0 U 9 9 4 9 E + 0 4

b p  (m )
0 , 1 0 0 9 9 4 9 8 + 0 4  
0 ,  1 0 0 9 4 4 6 8 + 0 4  
0 , 1 0 0 8 9 4 3 8 + 0 4  
0 , 1 0 0 8 4 4 0 E + 0 4  
0 . 1 0 0 7 9 3 7 E + 0 4  
0 ,  1 0 0 / 4 3 5 8  + 04  
0 , 1 0 0 b 9 3 3 E + 0 4  
0 , 1 0 0 b 4 3 0 8 + 0 4  
0 . 1 0 0 5 9 2 8 E + 0 4  
0 , 1 0 0 5 4 2 6 E + 0 4  
0 , 1 0 0 4 y 2 4 E + 0 4  
0 , 1 0 0 4 4 2 3 8 + 0 4  
0 . 1 0 0 3 9 2 2 8 + 0 4  
0 . 1 0 0 3 4 2 0 8 + 0 4  
0 , 1 0 0 2 9 1 9 8 + 0 4  
0 , 1 0 0 2 4 1 9 E + 0 4  
0 , 1 0 0 1 9 1 8 8 + 0 4  
0 , 1 0 0 1 4 1 7 8 + 0 4  
0 , 1 0 0 0 9 1 7 8 + 0 4  
0 , 1 0 0 0 4 1 6 8 + 0 4  
0 , 9 9 9 9 1 6 4 E + 0 3  
0 , 9 9 9 4 1 6 4 8 + 0 3  
0 , 9 9 8 9 1 6 7 8 + 0 3  
0 , 9 9 8 4 1 7 1 E + 0 3  
0 . 9 9 7 9 i 7 7 E + 0 3  
0 , 9 9 7 4 1 8 6 E + 03  
0 , 9 9 6 9 1 9 4 8 + 0 3  
0 . 9 9 6 4 2 0 5 E + 0 3  
O , 9 9 5 y 2 1 b E + 0 3  
0 , 9 9 5 4 2 2 9  E+'O 3 
0 , 9 9 4 9 2 4 5 8 + 0 3  
0 , 9 9 4 4 2 6 2 E + 0 3 
0 , 9 9 3 9 2 8 0 8 + 0 3  
0 . 9 9 3 4 3 0 2 8 + 0 3  
0 . 9 9 2 9 3 2 6 8 + 0 3  
0 , 9 9 2 4 3 4 9 8 + 0 3  
0 . 9 9 1 9 3 7 4 E + 0 3  
0 . 9 9 1 4 4 0 1 E + 0 3  
0 , 9 9 0 9 4 2 9 8 + 0 3  
0 . 9 9 0 4 4 6 0 8 + 0 3  
0 . 9 8 9 9 4 9 3 8 + 0 3

TABLE 6.!
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6.3 Kinetic Analysis of Resistor-Diode Fluctuation Heat Engines

Now we w i l l  p ro ceed  to  a n a ly ze  th e  e l e c t r i c a l  f lu c t u a t i o n  

e n g in e  o f  F ig /6 6 )e m p lo y in g  an Alkemade ty p e  d io d e  and a  l i n e a r  

r e s i s t o r  which we w i l l  d e s c r ib e  u s in g  th e  k in e t i c  m odel 

in tro d u c e d  in  th e  p re v io u s  s e c t io n .

When therm odynam ic e q u il ib r iu m  p r e v a i l s /E~0* Tj-Tz.) no 

h e a t  o r c u r r e n t  f lo w s w i l l  o c c u r , th e  m acro sco p ic  e q u i l ib r iu m  

number o f  e l e c t r o n s  on th e  e le c t r o d e  Cl w i l l  have th e  common 

e q u i l ib r iu m  v a lu e  -  /Y?j> = (Y10 and t h e i r  d i s t r i b u t i o n  w i l l  

be th e  common e q u i l ib r iu m  d i s t r i b u t i o n  fu n c t io n  f o r  th e  

s e p a r a te  d io d e  and r e s i s t o r  subsystem s.

M  Pk M =  ? J * )

I f  we o p e ra te  th e  system  u nder a  te m p e ra tu re  

d i f f e r e n c e  & ~f~S -  77 w ith  a nonzero  b a t t e r y  v o lta g e  ,

n e t  c u r r e n t  and h e a t  f lu x e s  a re  ex p ec ted  to  d ev e lo p . To 

d e te rm in e  th e s e  f lu x e s  we111 have to  f i r s t  c a lc u la te  th e  new 

n o n e q u ilib r iu m  s te a d y  s t a t e  d i s t r i b u t i o n  fu n c tio n s  o f  th e  

e l e c t r o n s  on th e  e le c t r o d e  CX . I n c r e a s e s  in  ffl w i l l  o c c u r  

due to  t r a n s i t i o n s  from  th e  b  e le c t r o d e  b o th  th ro u g h  th e  d io d e  

and th ro u g h  th e  r e s i s t o r .  The r a t e  b ( m )  o f  th e  e l e c t r o n i c  

t r a n s i t i o n s  from  h> , i s  g iv e n  by th e  sum o f  th e  t r a n s i t i o n

110

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



r a t e s  b  ̂  (ffl )  and I’gj/'rl) .

( 6 . 7 0 )  l ( m )  =  I t j i ' n )  + V W

D ecreases in  Of? a r e  due to  e l e c t r o n i c  t r a n s i t i o n s  from CL 

to  I) which have a  r a t e  eq u a l to  th e  sum o f  t r a n s i t i o n

r a t e s  and Q k M

(6 -7t) O t(n i) = C *s(m ) +■ $ r ( w )

I t  i s  im p o r ta n t to  o b se rv e  t h a t  anc* bf t( fy )

a r e  c a lc u la te d  a t  th e  r e s i s t o r  te m p e ra tu re  7^ 

w h ile  and b p f t f l )  a r e  computed a t  th e  d iode

te m p e ra tu re  .

We can now w r i te  th e  M aste r E quation  d e s c r ib in g  o u r system

aimn) P(n*i) + bfw-i) ffv)-i(n) ffaj
d i

I f  we lo o k  f o r  th e  s te a d y  s t a t e  s o lu t io n  o f  t h i s  e q u a tio n  

th e n  d U ( m )  /d ir  = 0  and th e r e f o r e :

(m)Q(m+\) i/m) %(m) -q(m) Pjm)+ b(M-i) fc(M-l)s0
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1 I f  we g roup th e  te rm s a s  we have done b e fo r e ,

i ^ )
(6.7) a (r t+ -0 B (/n + ))-b (M ) %{#?)=: Q M  T>{m) -  b(r>}~>)P / a i- i)

i t  becomes c l e a r  t h a t  Cf (ffl-t-l) Rf/ t f-h l)  — b f ^ l )  Ts(n l )  

i s  a  c o n s ta n t  in d e p e n d e n t o f  . S in ce  R (/Yl J h as  to

become z e ro  a s  fY( goes to  i n f i n i t y  we f in d  t h a t  th e  

s t a t i o n a r y  s o lu t io n  o f  o u r M aster E q u a tio n  i s  a g a in  th e  

d e t a i l e d  b a la n c e  r e s u l t :

The above s o lu t io n  i s  v a l i d  fo r  any r e l a t i v e  d e p a r tu r e  from 

therm odynam ic e q u i l ib r iu m  and w i l l  be th e  b a s i s  f o r  o u r 

n u m e ric a l a n a ly s i s  o f  f l u c t u a t i o n  e n g in e s  o p e ra t in g  u nder la rg e  

therm odynam ic f o r c e s .

The av e ra g e  e l e c t r o n i c  c u r r e n t  f lo w in g  th ro u g h  o u r system  

i s  g iv e n  by th e  mean v a lu e  o f  th e  d i f f e r e n c e  i n  t r a n s i t i o n  

r a t e s ,  in  th e  two o p p o s ite  d i r e c t i o n s ,  th ro u g h  th e  r e s i s t o r  o r  

d io d e . F o r th e  chosen  s ig n  c o n v e n tio n :

(6.76) l = ( - e )  J Z  [bDh ) -
O r:

(b.77) I  =
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We can rewrite (b. 76) in the form:

OO  —  I ' f r  )

(611) I = ( - e ) J _ _  ?Jm)b(m) -j“ - ~

U sing {(3. 75 )  to  r e p la c e  )  by a f M f l )

we o b ta in :

(639) I = ( - e ) J Z  ^ 0 )  ~
4/Z-A?

S in c e  f o r  th e  g iv e n  tfl  ra n g e ,

we can w r i te  f o r  th e  c u r r e n t :

00

(6.8i) J =  ( - ? )  2 Z  a («*)
rfl=-oo

In  a  s im i la r  fa s h io n

00

t b / w - i )  _  g p (m )

_ b (m - i)  a(w)_

(6.17)

(6.8Z) Z - ( - e ) T Z -  ? N aH

w i l l  t r a n s l a t e  i n t o :

QRfa) _  b g / w - i j  

_Q(m) b(m-0

W ith th e  i n t e n t i o n  o f  l a t e r  a p p ly in g  p e r tu r b a t io n  

te c h n iq u e s ,  we w i l l  r e a r r a n g e  th e  above e x p re s s io n s  in to  more 

c o n v e n ie n t fo rm s. To do so  l e t  u s  expand th e  b ra c k e t
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in  (h , # / )  by r e p la c in g  b iO i- i )  and •U w ith  t h e i r

c o r re sp o d in g  e x p re s s io n s  (£>.70) and { 6 . 7 1)

/$ %z) bp(M~i) _  Qbfw) _  b r j v - l j f p  #(■*?■)
b(rf-i) Crf*1) Oh?) bfw-i)

Q(/rl) b(ni-i)

Or:

k  5 4 ' ;  btjro-i) Q b M -  Onf/it) bij/it-l) -an /w jbe fm -l)  
1 V  b(m-D  "  M )  c t f v j b W - i )

F in a l ly  we o b ta in :

br>/M-l) bfifa-l)f/ge) bpfa-1) _ Oj>fiyr)= C(%(n/)ctr)(rn) 
bfa-0 afn) Q(M)brfri-l) f y f w )  $ « ( * )

U sing  a  s im i l a r  p ro c e d u re  th e  b ra c k e t  in  (6.82) y ie ld s  

a l s o .

b b fa -0  bizfa-f)  I(6.&>) _  bfz(/Yi-i)__ Qk(m)c\\)(m)
Q(m) bf/n-i) a(M)b(M'i)

As ex p ec ted  th e  two b ra c k e ts  i n  (6.%() and (6. SZ) a r e  

e q u a l ,  and th e r e f o r e  th e  c u r r e n t  th ro u g h  th e  r e s i s t o r  R i s

Qbf*1)  C tRfM )J
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e q u a l to  th e  c u r r e n t  th ro u g h  th e  d iode  D as  r e q u ire d  by th e  

c o n s e rv a t io n  o f  c h a rg e .

Going back to  th e  e x p re s s io n  o f  th e  c u r r e n t :

Or i f  we u se  th e  d e t a i l e d  b a lan ce  r e l a t i o n  to

To d e te rm in e  th e  h e a t  f lu x  we have to  c a l c u la te  th e  average  

en e rg y  b e in g  t r a n s p o r te d  th ro u g h  e l e c t r o n i c  t r a n s i t i o n s  betw een 

th e  r e s i s t o r  and th e  d io d e . F o r each  t r a n s i t i o n  th ro u g h  th e  

r e s i s t o r  t h a t  in c r e a s e s  rfl , th e  n e t  change in  th e  f r e e  energy  

o f  th e  system  i s  g iv e n  by:

r e p l a c e b y  ^  i  ^ L L  t in  th e  view  o f
\)

in  th e  view  o f  th e

p r o p e r t i e s  o f  th e  sum:

R (a? )c h fm i)a n h H )  h h i )  _  W W
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The t r a n s i t i o n s  th ro u g h  th e  r e s i s t o r  t h a t  d e c re a se  

b r in g  a  n e t  f r e e  energy  c o n t r ib u t io n :

(6.92) - f a - n k - l ) ' -  $ 7 fa -M l)

w i l l

2 C

z.
(M i) A F t j = - g - f w  -/W« -£ )

The n e t  r a t e  o f  h e a t  flo w  o u t o f  th e  r e s i s t o r  i s

th e n  eq u a l to  th e  av e ra g e  r a t e  o f  change o f  th e  f r e e  e n e rg y , 

due to  t r a n s i t i o n s  th ro u g h  R a lo n e :

gfa)[k('n)(/»~WA+i) ~

^  M=-‘°

N e v e r th e le s s ,  th e  n e t  r a t e  o f  change o f  th e  f r e e  energy  

a l s o  c o n ta in s  te rm s due to  t r a n s i t i o n s  th ro u g h  th e  d io d e . When 

a l l  te rm s a r e  co u n ted  th e  n e t  r a t e  o f  change i s  found to  be 

z e ro ,  such  a s  to  y ie ld  th e  ex p ec ted  s t a t i o n a r y  c h a r a c te r  o f  th e  

f r e e  en erg y .

I f  we perfo rm  th e  same ty p e  o f  a n a l y s i s  on (6t9^)t aa we 

have done f o r  th e  n e t  e l e c t r i c  c u r r e n t  e x p re s s io n ,  we
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succesively obtain

—  00

(us> a = f  m  fa -  y

<V\- - C O

h ( w )

a <w
^  P  ^ —  «-w > / \ /  , \  Ufa-*)  Qfi(tn)

m  &  =  £  I _  P , M o ( * - { )  J ^ 7 0 -

( s m )

(6.99 Q f .

2 .

e
90

) R fa  )QfdM)Ob('n)(lv-/Y)a-£) U M a M
C L____

' H r - o o
h fo i- t) Q/ifrti) Qd(v +)

z
e

oo
y Rh)da +L 5

^

i Ufa)
C L _ _ _ _ _

- H r -  co
0 (m n )
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L e t us now sum m arize th e  m ain r e s u l t s  we have o b ta in e d  th u s

f a r :

/Y f  — ~ o o

I t  i s  im p o r ta n t to  n o te  t h a t  th e se  r e s u l t s  a r e  v a l i d  f o r

rany a p p l ie d  therm odynam ic f o r c e s  £L and r p r  . They a re  

a l s o  in d e p e n d e n t o f  th e  chosen  d iode and r e s i s t o r  m odels , a s  

lo n g  a s  th e  t r a n s i t i o n  r a t e s  Q(ffl) and b (ffl)can be assum ed to  

be in d e p e n d e n t.

When th e  system  i s  i n  therm odynam ic e q u i l ib r iu m :

(6-loi) Hj/n) -  = P„fr)
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U sing d e t a i l e d  b a la n c e :

(6.loty) b M  _ R ifr+ i)_ Bsfw+O ^ by(m)
Q f i ( m i )  F£s (m ) %<(w )  Q rJm 'O

I f  we in t ro d u c e  th e  above r e s u l t s  in  (6. lof) and (SAoZ'jt X  
0

and Q v a n is h .  T h e re fo re  ou r system  s a t i s f i e s  th e  Second 

Law re q u ire m e n t o f  hav ing  no f lu x e s  in  therm odynam ic 

e q u i l ib r iu m .

The sums in  (6.77)  and (6.^^)  g e n e r a l ly  cannot be p u t in

c lo se d  form  and n u m e ric a l m ethods have to  be u sed  f o r  t h e i r

e v a lu a t io n .

The r e s u l t s  o f  such  a  c a l c u la t io n  a re  shown in  T ab le  S. I . 
However, when th e  system  o p e ra te s  c lo s e  to  therm odynam ic 

e q u i l ib r iu m  s i g n i f i c a n t  c o n c lu s io n s  ab o u t our en g in e  can  be

drawn.
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6 .4  R e s is to r -D io d e  F lu c tu a t io n  H eat Engine 

N ear Thermodynamic E q u ilib r iu m

We w i l l  s tu d y  th e  o p e ra t io n  o f  o u r f l u c t u a t i o n  h e a t  en g in e
A T

when th e  a p p l ie d  therm odynam ic f o r c e s  £ . and tp r  a r e  sm all
' O

enough to justify linear expanssions of X and Q ,
where ~T~ is the approximately uniform temperature of the
system.

The e l e c t r o n i c  t r a n s i t i o n  r a t e s  th ro u g h  th e  r e s i s t o r  and

d io d e  a r e  r e l a t e d  th ro u g h  th e  two lo c a l  p r o b a b i l i t y

d i s t r i b u t i o n  fu n c t io n s  fp5 ( v i ) and

[6.105) b p fa ) -B s fa+ l)

(6Jo6j b/?hi) _
Qtf(rrUl) f?. s (n ! )

R e c a l l in g  th e  e x p re s io n s  o f  bpcJfYl) and , ( 6 . f 0 5 )

and r e s p e c t iv e l y  (6.I0&) become:

(6.107) V W  -  £  ‘
O rj fa f l )

~Fr,c 0

I f  we now expand th e  b ra c k e t  o f  e q u a t io n  f  6 , l 0  f j  i n  T ay lo r
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series around the equilibrium point - O  , A  T  - 0

(6. 103)  1L'h/O'/j h i ' } / I _  | ± i h ) _  _

ChjOr'i iJ ij  •••'/) Op : I/IAT̂ O
^B-0

+

+ e
z

<r- e—W here:

AT=0

A T z q  
■ 0

ATr0 
L ■■ 0

The f i r s t  term  o f  th e  above T a y lo r  ex p an s io n  v a n ish e s  a s  

p r e v io u s ly  p ro v en . S in c e  a t  th e  e q u i l ib r iu m  p o in t ,

(a nr)) U p (m ) _  b op jA i)  __ b o h / )  _  £ )  m ° + ^

a on(w-hi) GtQfifrm) Qol^tt)

we can w r i te  our T a y lo r  ex p an s3 io n  in  th e  form :

bD/m )  _ b&(m) „  b 0h i )

flpf/ri+i) Q f th f i )  o 0 (/rt-ti)
£(My> - M r )  -  £  (w 'Mo + £■) -f" j
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If we recall that,

f*"h y/^-u4 L C. 
'  r / c *  "  2

we f i n a l l y  o b ta in :

(6. Ill) b^lni)  _  b n fa )=  by(m)
O t - J ^ + i )  a #  f a - n )  Q 0 ( m + i )

- e

f c r
-  £  (nr/ - M 0 + j  J y -

To f i r s t  o rd e r  in  BB. and > -T can be o b ta in e dAT X

from  (6,/ol) by u s in g  th e  f i r s t  o rd e r  ap p ro x im a tio n  (6. II?-) f o r  

th e  b ra c k e t  and th e  z e ro th  o rd e r  a p p ro x im a tio n  f o r  th e  

c o e f f i c i e n t  o f  th e  b r a c k e t :

CO r-

(6.113) j = / ' - e ) E 1
err-o
r.

g H -

b0h )

O o l ^ i )

- e  
L h r

B- -  £ [ r a  —fY?o + f
a t

R e p la c in g  )  f̂ 0(/)()  by O0(/'/lh}) jBf0 (a-i + i)  and

o f f s e t t i n g  ry)-f- j to  /)■') in  o u r i n f i n i t e  s e r i e s  we 

o b ta in :
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The T a y lo r  ex p an sio n  o f  th e  r a t e  o f  h e a t flow  (6.102.J i s  

found in  a  s im i la r  way:

Z

(6M) 4 = f  Esy* - -oo i—

:'-/a'(AU-l) J  $(■>!■? i j j H o (w )  b j v  ^  ±  j ̂
C t ( r Y h - l )  % ( n U l )

L j iT$ - E  +
V

Again s u b s t i t u t i n g  i I i l) for R0 (m)  b0 f /ft)

(6.116) /S) _ e ^ S~ aM(m)a<,h(m I)
v  ~c L-Jl'W+w) W r - 7I°~>)iYi=-W Qoefa) + ^ ( r t )

* [ ~ ^ r ~  +  ^ |//}/ ~n?° ~ ^  ~l

L e t u s  d e f in e  A 0 f ^ )  by ;

Z&//7J /] A ? ) =
1 '  ' lo '  * w - « )
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Then the electric current and the rate of heat flow become

r—  CO

 «y; - - co J

-f- c *(P
r

r

= £e r 4 W - j ) £ +

n e
r, ' -  oo

I f  we now d e f in e M n by:

fc/2<9j Hti =  231 A / * )  S ^ )

/y\ - -os

oo 5
&«*) /l^ Z T A M

nnz-oo
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we can rewrite our flux equations in the form:

M l  * £  f t  E h s e l l ,
$T 1 1

0 K „ £ P Z hSl
(uvijQ = ee M, t. + fin. Y

I t  i s  c l e a r  t h a t  th e  system  s a t i s f i e s  th e  O nsager 

r e c ip r o c a l  r e l a t i o n  f o r  any v a lu e  o f  th e  p a ra m e te r  E

L et us lo o k  n e x t a t  th e  r a t e  o f  e n tro p y  p ro d u c tio n  

e x h ib i te d  by o u r f l u c t u a t i o n  e n g in e . W ith o u r s ig n  c o n v e n tio n s :

(6.125) S = f  f  +

I f  u s in g  (6.123), {6. f ^ )  we r e p la c e  Q and X  , 

and im pose, a c c o rd in g  to  th e  Second Law, th e  c o n d i t io n  o f  

p o s i t i v e  r a t e  o f  e n tro p y  p ro d u c tio n  we o b ta in :

fc-M) M„ >  o

f u n )  t h i > 0

( 6 .w j

Since Ao/'n )  , i'u  ) and (  VI - / ) ! u -  4r j  a r e  a l l  

p o s i t i v e  q u a n t i t i e s  th e  f i r s t  two i n e q u a l i t i e s  a r e
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a u to m a t ic a l ly  s a t i s f i e d .

To prove t h a t  th e  t h i r d  i n e q u a l i t y  i s  a l s o  s a t i s f i e d  we 

w i l l  f i r s t  d e f in e  th e  unn o rm alized  p r o b a b i l i t y  d i s t r i b u t i o n

fu n c t io n  P  :

(6.M)  =

Then n ;  i s  e q u a l to  th e  n o rm a l iz a t io n  c o n s ta n t  

o f  P f a )  :

(6. no) = £ 3  h J m) ’%0(n> )-JZ- P fa )
c>.’ iTJr-oo

I f  we r e w r i te  and Mzz  in  te rm s o f  ? ’( * )  we g e t :

oO
o

W --00

(6.m) /V 22 =•. X I  -  z )

In  v iew  o f  th e  d e f i n i t i o n  o f  P°(m)

(*■!*) ( < * - « ! o - {
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Then ( 6 . :  V becomes:

1 V 
2 / ’>

The above r e l a t i o n  i s  alw ays s a t i s f i e d  ( s e e  f o r

exam ple th e  S chw artz  I n e q u a l i ty ) .  We th e r e f o r e  co n c lu d e  t h a t  

th e  r a t e  o f  e n tro p y  p ro d u c tio n  fo r  our en g in e  i s  alw ays 

p o s i t i v e  r e g a r d le s s  o f  th e  v a lu e  o f  £ . .

F in a l ly  we w i l l  have to  prove th a t  in  th e  continuum  l i m i t  

s i z e  o u r r e s u l t s  t r a n s l a t e  i n t o  th e  answ ers g iv e n  by th e  Gunn 

ty p e  a n a l y s i s .
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6 .5  R esis to r-A lk em ad e  Diode E ngine -  Continuum  L im it 

The e q u i l ib r iu m  p r o b a b i l i t y  d i s t r i b u t i o n  fu n c t io n  f o r  th e  

sy stem  un d er c o n s id e ra t io n  was found to  be g iv e n  by th e  G aussian

— x  (w-Mq)

Where: ^  ==. Q

0
oo -  ( >7-n70 )

In  th e  continuum  l i m i t  th e  i n f i n i t e  sum i s  th e  e x p re s s io n

o f  th e  n o rm a liz a t io n  c o n s ta n t  2 ^  , becomes an i n t e g r a l  w hich

i f  e v a lu a te d  y i e ld s :

°°c

(6.127) 2  “  ̂ j  ^ dm -
— OQ

T h e re fo re  in  th e  continuum  l i m i t :

(S .B8)

I t  i s  a l s o  e v id e n t t h a t  in  t h i s  a p p ro x im a tio n :

L e t us now p ro ceed  to  e v a lu a te  th e  p iv o t a l  te rm s • To

do so we w i l l  f i r s t  c a l c u la t e  th e  continuum  l i m i t  o f  th e
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e l e c t r o n i c  t r a n s i t i o n  r a t e s  0 oq and The e q u i l ib r iu m

t r a n s i t i o n  r a t e  th ro u g h  th e  d io d e , CLj) > i s  a  c o n s ta n t  

in d e p e n d e n t o f  Oft , and th e r e f o r e  w i l l  n o t be a f f e c t e d  by th e  

l i m i t i n g  p ro c e s s .  However, th e  e q u i l ib r iu m  t r a n s i t i o n  r a t e  

th ro u g h  th e  r e s i s t o r  @qq i s  a  fu n c tio n  o f  Oft , and in  th e

continuum  l i m i t :

( i . m ) Q 0A( m ) =  ^  -  e  d m

I f  we perfo rm  th e  i n t e g r a t i o n  we o b ta in :

_  2-lM-rto) _ J L

(u>o) 0 m M = o L ^ + 1 Lf i r e

S in c e  B.(oft -  Oft0)  i s  o f  th e  o rd e r  o f  ] f s  and , in  th e

con tinuum  l i m i t ,  £  / , a  l i n e a r  ex p an sio n  o f  th e
9

e x p o n e n t ia l  i s  w e ll  j u s t i f i e d .  Then i s  we n e g le c t  &/& :

I . W - M o
(6-W)  G o f i M "  £ %C ’ £ £ £

R e p la c in g  th e  d e r iv e d  e x p re s s io n s  o f  and Qob(wi)

i n  (6JI?Jvb f in d  A q(w )  to  b e :

(  t | m  -  W o )
( 6 m )  A l M ) s < h > \ £ * t  +  f ic  J _

D T  £  R C f i c
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After some algebra we approximate:

(i . m )  A 0h )  =
d p

+

I

C a lc u la t io n  o f  M n  in  th e  continuum  l i m i t  y ie ld s :
e

oo

(6.W) M„= 5 4
- CO

oO

& m )  M ! =  [  A 0M  f 0 -{■)<&* =

Qb
I + QvERC

oo

Z
L I -

4“

(&M) f~)z z=  C\ ( n )  g  fm)(w-/>}„-x)cOr/ =
-C O

__  O p _ _ _  C
/  +  ^ x i £  R C ( _

1 - 7  / -
I

/  t < 7 0 £ f t C ,

O bserv in g  th a t  f o r  ou r d i s t r i b u t i o n  fu n c t io n  ^ j W - z Y b f ^  =  —  » 

we can  w r i te :
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<7j>

i +- Ot>£ R •“

m  n *  - q r ^ c )

(6.IH) f t ,  21 — .- ^ ----------- ^
1 ■** z f l t Q p g R C )

In  te rm s o f  th e  r e s i s t a n c e  o f  th e  d io d e  a t  th e  o p e ra t in g  

p o in t :

(6JS0) a»--£r.-L
Then, i f  we r e p la c e  in  th e  e x p re s s io n s  o f  M  , j  we

g e t :

(6 .lsz)  M i  =  

(6.151) [1U =

i r  i
ez R +R.D
kr &ea- (n + Pj>f
2 2 

& TC I
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S u b s t i t u t in g  / ' f , /  in to  (6-  ) and (6 . } ! ^ )  we o b ta in
' o

f o r  th e  f lu x e s  X  and Q in  th e  continuum  l i m i t :

(6.154) T=—- _____________*1-
/  x  R i - P z  c ( f ! + l> bf  T

k  i k ) n  e R  +  k T  —
'  /  V  C(R+^  C(g+Zs )  T

I f  f o r  s im p l i c i ty  we choose our engine such

th a t  ^  = /<jj — and i f  we n o te  t h a t  th e  n o n l in e a r i ty
o\

c o e f f i c i e n t  f o r  th e  Alkemade d iode  i s  g iv en

by ^  -  —  a  th e  f lu x  e q u a t io n s  (1 /5j>Ĵ nd f6.l56)become:
AT

( l , u )

tu s l)

I t  i s  g r a t i f y in g  to  o b se rv e  th a t  th e s e  e q u a tio n s  a re  

i d e n t i c a l  to  th e  f lu x  e q u a t io n s  (S .  tyB) > /V. 9  9 J d e r iv e d

on th e  b a s is  o f  G unn 's model f o r  th e  d io d e - r e s i s t o r  f lu c tu a t io n  

h e a t  e n g in e .
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7 . RESTSTOR-DIODS FLUCTUATION HEAT ENGINE FAB FROM

THERMODYNAMIC EQUILIBRIUM -  THE CONTINUUM LIMIT

We w i l l  now e x p lo re  th e  b eh av io u r o f  ou r r e s i s t o r - d i o d e  

e n g in e  when o p e r a t in g  u n d er la r g e  te m p e ra tu re  d i f f e r e n c e s .

G e n e ra lly  such  an a n a ly s i s  r e q u i r e s  th e  u se  o f  n u m e ric a l 

m ethods, a s  i t  w i l l  be done in  Appendix B o f  t h i s  t h e s i s .

However, i f  th e  te m p e ra tu re  o f  th e  r e s i s t o r  i s  much l a r g e r  

th a n  th e  te m p e ra tu re  o f  th e  d io d e  and th e  co n d u c tan ce  o f  th e  

r e s i s t o r  i s ,  w ith in  th e  o p e ra t in g  ra n g e , much l a r g e r  th a n  th e  

co n d u c tan ce  o f  th e  d io d e , a n a l y t i c a l  e v a lu a t io n s  o f  th e  o u tp u t  

power and e f f i c i e n c y  o f  th e  en g in e  a r e  p o s s ib le .

We w i l l  c o n s id e r  f o r  o u r  c a l c u la t io n  a  d io d e  w ith  an 

e x p o n e n t ia l  c h a r a c t e r i s t i c ,  such  as  th e  PN o r  Alkemade d io d e s .

I f  we a p p ly  K i r c h h o f f 's  V o ltag e  Law on th e  DC e q u iv a le n t  

c i r c u i t  o f  ou r system  (F ig .  1A ) ,  in  v iew  o f  th e  h igh  

co n d u c tan ce  o f  th e  r e s i s t o r ,  we f in d  t h a t  th e  DC v o l ta g e  drop 

a c ro s s  th e  d io d e  i s  s im p ly  £L

As a  consequence  o f  th e  o p e ra t in g  c o n d i t io n s  o f  th e  e n g in e , 

th e  n o is e  g e n e ra te d  by th e  d io d e  can be n e g le c te d  when com pared 

to  th e  n o is e  o r ig i n a t i n g  in  th e  r e s i s t o r .

B ecause o f  th e  low r e l a t i v e  co n d u c tan ce  o f  th e  d io d e ,  th e  

th e rm a l c o u p lin g  betw een th e  c a p a c i to r  and th e  d io d e  can  a l s o
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be n e g le c te d .

Under th e  above c o n d i t io n s  th e  e l e c t r o n s  on th e  c a p a c i to r  

w i l l  be in  th e rm a l e q u i l ib r iu m  w ith  th e  e l e c t r o n s  in  th e  

r e s i s t o r .  Then th e  e q u i l ib r iu m  p r o b a b i l i t y  d i s t r i b u t i o n  

fu n c t io n  o f  th e  v o l ta g e  I T  a c ro s s  th e  d io d e  i s  g iv e n  by th e  

a p p r o p r ia te  G au ss ian :

We w i l l  c h a r a c te r i z e  th e  d io d e  by a  S h o ck ley  ty p e  

e x p o n e n t ia l  e q u a t io n ,  w hich f o r  o u r s ig n  c o n v e n tio n  r e a d s :

The mean v a lu e  o f  th e  o u tp u t power s u p p lie d  by o u r e n g in e  

i s  g iv e n  by:

C v l

W here: V -  ^  t-

U sing ( 7 . 1 ) , (7 : Z )  and ( l .  %) th e  o u tp u t  power becom es:

OO CJL

I T
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(7.5)

If we define by,

e "
*■„ ==

th e  e x p re s s io n  o f  th e  o u tp u t  power f i n a l l y  re a d s :

In  a  s im i la r  way we can c a l c u la te  th e  power d i s s ip a t e d  on 

th e  d io d e  by e v a lu a t in g  th e  a v e ra g e :

(-7 .7 ) P j - < ( - i ( v - E ) /

A pply ing  ( 7 . 1) , (7.2 j and \j~V- E to  th e  above r e l a t i o n :

OO C v

Or a f t e r  we p erfo rm  th e  i n t e g r a t i o n :

(7 ^  ^  ~ ^ s j c  ' x ~  e Y P ( i £tz C tz

R e c a ll in g  th e  d e f i n i t i o n  o f  :

77 e r  \
f a i l

+ E

N  Pci = TS
We can now c a l c u l a t e  th e  e f f i c i e n c y  o f  o u r  e n g in e . By
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definition:

(7.11) rq H

R  + R i

S u b s t i t u t i n g  R  and R /  by t h e i r  c o rre sp o n d in g

e x p re s s io n s  (7 .  6 )  and ( 7- i i*)

f i l l )  m  -  _

f  I "  I ~b

A fte r  some a lg e b ra  th e  e f f i c i e n c y  i s  found to  be:

(7 (3;  0 2  =
e £ r s z T  (  e E  i

I f  we d e f in e  th e  new p a ra m e te rs  DC and  (X  by:

( 7.(5;
<V =

e £

77

I
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equations (/. 6 )  and [ 7 .  13 J

T) (s'. )
(7./6} -  0  _ |

can be t r a n s l a t e d  in to

The e f f i c i e n c y  o f  th e  en g in e  i s  maximum when C< becomes

o u tp u t power a l s o  becomes l a r g e .  The g e n e ra l  b e h a v io u r  o f  th e

r e s p e c t  to  DC , f o r  v a r io u s  v a lu e s  o f  th e  p a ra m e te r  0(  , 

a r e  shown in  F ig s .  7! Z  and 7. 3

For ou r p r e s e n t  d e s c r ip t io n  o f  th e  r e s i s t o r - d i o d e  e n g in e  to  

be v a l id ,  h as  to  be much s m a l le r  th a n  u n i ty  ( th e

continuum  l i m i t  ) ,  and th e r e f o r e  la rg e  v a lu e s  o f  C>C a r e  

r a t h e r  u n f e a s ib le ,  u n le s s  th e  system  i s  o p e ra te d  w ith  a  v e ry  

low te m p e ra tu re  c o ld  r e s e r v o i r .  The sm a ll o p e ra t in g

ra n g e  a l s o  c o in c id e s  w ith  th e  re g io n  w hich d e s c r ib e s  

te c h n o lo g ic a l ly  c o n c e iv a b ly  d io d e s , and th u s  we co n c lu d e  th a t  

t h a t  th e  maximum a b s o lu te  e f f i c i e n c y  o f  f l u c t u a t i o n  e n g in e s  

co u ld  ap p ro ac h , under ex trem e c o n d i t io n s  5 0  / 0

N e v e r th e le s s ,  f o r  a l l  d io d e s  I s i s  h ig h ly  dep en d en t

on te m p e ra tu re  and when th e  d iode i s  v e ry  c o ld ,  such  a s  to

v e ry  la rg e  and X  in c r e a s e s  tow ards V z  • In  t h i s  l i m i t

th e  e f f i c i e n c y  i s  seen  to  ap p ro ach  , a s  th e  r e l a t i v e

r e l a t i v e  o u tp u t power B  /  E l V and e f f i c i e n c y w ith
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a llo w  f o r  a  la rg e  e f f i c i e n c y ,  T r  , and th e r e f o r e  ,

become ex tre m e ly  s m a ll .

As an exam ple, f o r  m ost d io d e s  th e  s t r o n g e s t  te m p e ra tu re
e v f a r

dependence comes from  an e x p o n e n t ia l  te rm  o f  th e  form  ^  ,

w here i s  a  v o l ta g e  o f  th e  o rd e r  o f  v o l t s .  I f  a t  th e

l i m i t  o f  p r e s e n t  te c h n o lo g y , we co u ld  b u i ld  a  d io d e  w ith ,

AC.
o p e ra te  th e  system  w ith  th e  r e s i s t o r  a t  /  0 0 0  fc and th e

d io d e  a t  IO°K  , su ch  t h a t  C< =  / O  , th e  above
—too

m entioned  e x p o n e n t ia l  f a c t o r  i s  th e n  o f  th e  o rd e r  o f  10 ,

y ie ld in g  a  p r a c t i c a l l y  z e ro  o u tp u t pow er.
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8. CONCLUSIONS

8 .1  G en e ra l  Thermodynamics o f  F l u c t u a t i o n  H eat E ng ines

We have s tu d ie d  in  d e t a i l  th e  therm odynam ics o f  f l u c t u a t i o n  

h e a t  e n g in e s  b o th  from a  p h en o m en o lo g ica l  a s  w e l l  a s  k i n e t i c  

p o in t  o f  view.

At no t im e  we have found any r e s u l t s  i n  c o n t r a d i c t i o n  to  

t h e  Second Law. Thus, s p e c u l a t i o n s  a b o u t  th e  p o s s i b i l i t y  o f  

v i o l a t i n g  th e  Second Law by r e c t i f y i n g  th e rm a l  n o i s e ,  have no 

p h y s i c a l  fo u n d a t io n .

We have a l s o  found t h a t ,  when a  f l u c t u a t i o n  eng ine  o p e r a t e s  

c lo s e  to  thermodynamic e q u i l i b r i u m ,  O n sa g e r ’s  r e c i p r o c a l

r e l a t i o n s  a r e  a lw ays  s a t i s f i e d .

8 .2  E f f i c i e n c y  and Power O u tpu t o f  F l u c t u a t i o n  Heat E ng ines

We have found t h a t  t h e  e f f i c i e n c y  and o u tp u t  power o f

f l u c t u a t i o n  h e a t  en g in e s  a r e  s t r o n g l y  dependen t on th e  

c a p a c i t a n c e  o f  th e  system  u n d er  c o n s i d e r a t i o n .  Thus th e

p h y s i c a l  s i z e  o f  th e  system  w i l l  p la y  an  im p o r ta n t  r o l e  i n  any 

en g in e  c o n f ig u r a t io n .

R easonab le  e f f i c i e n c i e s  and o u tp u t  pow ers were c o n s i s t e n t l y  

found a t  system  s i z e s  beyond th e  r e a c h  o f  t o d a y ’ s  te ch n o lo g y .

D uring  our i n v e s t i g a t i o n  we n e v e r  found any s i z e ,

c o n f ig u r a t i o n  o r  o p e r a t i o n  c o n d i t i o n s  f o r  which th e  C arno t
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efficiency was reached.
A lso  under any c o n d i t io n s  we n ev e r  found an e f f i c i e n c y  

h ig h e r  th a n  5 3

S in c e  s ta n d a rd  t h e r m o e l e c t r i c ,  th e rm io n ic  and p h o t o e l e c t r i c  

c o n v e r s io n  mechanisms o f f e r  same o r  b e t t e r  e f f i c i e n c i e s  a t  

v a s t l y  s im p le r  c o n f i g u r a t i o n s ,  i t  a p p e a rs  to  us t h a t  e f f o r t s  t o  

deve lop  th e  te c h n o lo g y  in v o lv e d  in  m a n u fa c tu r in g  f l u c t u a t i o n  

h e a t  e n g in e s  a r e  u n w a rra n te d .

The b eh av io u r  o f  th e  o u tp u t  power and e f f i c i e n c y  o f  a  

r e s i s t o r - d i o d e  f l u c t u a t i o n  h e a t  e n g in e ,  w i th  r e s p e c t  t o  v a r io u s  

r e l e v a n t  p a r a m e te r s ,  a r e  shown i n  F i g s .  8.1 ,  8 . Z  and 8. 3  .

8 .3  Maximum N o n l in e a r i t y  o f  D iodes

When s tu d y in g  a c t u a l  d iode  c o n f i g u r a t i o n s  we have found no 

thermodynamic r e a s o n s  f o r  t h e i r  r e l a t i v e l y  weak n o n l i n e a r i t y .

I f  we r e c a l l  our Gunn ty p e  a n a l y s i s  o f  f l u c t u a t i o n  h e a t  

e n g in e s ,  m acro sco p ic  d io d e s  w i l l  n o t  v i o l a t e  t h e  Second Law a s  

lo n g  a s ,  w i th  th e  p ro p e r  d e f i n i t i o n s  o f  th e  v a r io u s  p a ra m e te r s :

H  £ ( - £ ) ' <  I
L e t  us t r y  t o  d e r iv e  th e  c h a r a c t e r i s t i c  e q u a t io n  o f  t h e  

”m ost n o n l i n e a r  d io d e ” , y e t  to  be in v e n te d ,  t h a t  w i l l  n o t  

v i o l a t e  th e  p r i n c i p l e s  o f  therm odynam ics.

I n  th e  l i m i t  o f  \ th e  n o n l i n e a r i t y
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coefficient of the "most nonlinear diode" is found to be:

(g.z) a J / _ £ _  a

U sing th e  d e f i n i t i o n  o f

f a )  2  =
c ) 3 /

'2- Z d v
we f i n d  f o r  th e  c o n d u c tan ce  o f  th e  d io d e :

'

H  % =  c, e
C t s i n t e g r a t i o n  c o n s ta n t

R e c a l l i n g  th e  d e f i n i t i o n  o f  Q  , we f i n d  th e  

c h a r a c t e r i s t i c  f u n c t i o n  o f  th e  "most n o n l i n e a r  d iode"  t o  be:

C  s i n t e g r a t i o n  c o n s ta n t

I f  we r e q u i r e  th e  c u r r e n t  L th ro u g h  th e  d io d e  to  be 

z e ro  when th e  v o l t a g e  7J~ a c r o s s  th e  d io d e  i s  z e r o ,  w i th  th e  

obv ious  i d e n t i f i c a t i o n  o f  th e  r e v e r s e  c u r r e n t  X c ,  » th e  

c h a r a c t e r i s t i c  f u n c t i o n  o f  th e  "most n o n l i n e a r  d io d e "  n o t  to  

v i o l a t e  therm odynam ics i s  found to  be:
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Although we adm it th e  above d e r i v a t i o n  to  be h ig h ly  

s p e c u l a t i v e ,  i t  i n d i c a t e s  th e  p o s s i b i l i t y  o f  c r e a t i n g  d iodes  

w i th  " e x te n s iv e "  n o n l i n e a r i t i e s ,  depending  on th e  c a p a c i ta n c e ,  

and t h e r e f o r e  th e  s i z e ,  o f  th e  d io d e .
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9 . APPENDIX A

Asymmetric G au ss ian  D i s t r i b u t i o n  F u n c t io n s

I n  o u r  k i n e t i c  a n a l y s i s  o f  f l u c t u a t i o n  h e a t  en g in es  we have

r e p e a t e d ly  e n c o u n te re d  d i s c r e t e  G au ss ian  d i s t r i b u t i o n  f u n c t i o n s .

I n  g e n e r a l  such  f u n c t i o n s  can  be w r i t t e n  in  th e  form,

-

(A I) P in ) x - f -------------
Z M

where Cfl i s  a  d i s c r e t e  i n t e g e r  v a r i a b l e .

I n  t h i s  s e c t i o n  we w i l l  s tu d y  th e  b eh av io u r  o f  'P (w ) and 

r e l a t e d  q u a n t i t i e s  w i th  r e s p e c t  to  the  v a lu e  o f  th e  r e a l  

p a ra m e te r

L e t  us  s t a r t  w i th  th e  e v a l u a t i o n  o f  the  p a r t i t i o n  f u n c t i o n  

w hich, by d e f i n i t i o n ,  i s  g iven  by:

/  \ —* ~  r  ( '" -W o t
(a z )  £

oo

B ecause o f  th e  i n f i n i t e  ran g e  o f  the  sum, Z f a )  i s  a  

p e r i o d i c  f u n c t i o n  w i th  a  p e r io d  e q u a l  t o  one.

M  z f a o + o *  £ ( » * > )
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We can th e r e f o r e  expand (r,l: j  i n  F o u r ie r  s e r i e s ,

£~i ftV rf}0

(m )  Z ^ o)  =  ) ■- fT. ! L
W :  -  A)

w ith  C m  g iv e n  by:

1 -  STfiArin/^

0

U sing (fl. V j  we can s u c c e s iv e ly  f i n d  f o r  th e  F o u r ie r  

c o e f f i c i e n t s  C/yyf :

I -2 r tn n < r ,z  »

(ft.6)  C m  — j  2 _  €  d w *
0 /Vr-CO

/  V .  ^ 2  T> t  / f t ?  u  -  ,

fa) e Je 4
/^ r -  w I

^  2irim.!y  - ' - f ^  1—

(is) c m - S e  ^ c/r \ r  e

Then th e  p a r t i t i o n  f u n c t i o n  a s s o c i a t e d  w ith  our G aussian
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can be written as the rapidly converging Fourier series:

i ■+ z  c
Z 'lpr• r  lJU\

n /■■> •?/ ■ —
r 0:. Pir/i/. I / A '  1 !■9W A  •■

By d i f f e r e n t i a t i n g  ( /] .% )  w ith  r e s p e c t  t o  <YJ0 we f in d :

(n o ) =  +

In  a s i m i l a r  f a s h io n  we can d e r iv e  th e  e x p re s s io n  o f  th e  

mean s q u a re  d e v i a t i o n  o f  f f i ’

( u )  ((m  -m 0f> = A  + ~i*r

F i n a l l y  i f  we s u b s t i t u t e  ~AL(pflo') from^A.^)  i n t o  fato) 
and (/)• 11) ’•

. i t . * ?

( i w K / n ) = / » . -  e  “ 5  W ± l _ e  * « * . . .

I ~h 2  €  z£ COS2TTWq f  2  €  z£ COsffiMo*"
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-  h i >

'/yj ^  f  X i _ §77" (f ' CÔTf/y?, t 2 6  cos tjr/ffn f.,„
WoJ /  -  _ 2 - i Z i / - ’- ,

^  6 '*  I -7 £  <§ W - IJ'(o s2 rm 0 + Z € ~ !? '2co£

fy'12-) and(/l,!3)For fif)0 i n t e g e r  o r  h a l f  i n t e g e r  

become:

( k / f j  ( w  )  ~  m 0

(a.! 5)  <C7 >;- ^ ) ) > = £

I f  rrfQ i s  n e i t h e r  an i n t e g e r  n o r  a  h a l f  i n t e g e r  th e  

p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  1? )  becomes

asy m m e tr ic a l  a s  seen  i n  F ig s .  / .  / , /j. 2 and

F i n a l l y ,  i f  £  i s  l e s s  th e n  10 and ( / l . / S )

can be v e ry  w e l l  approx im ated  by:

_  5

(A.li) <(m')S£<V0 -  4 ^  £  ** S irt Z wr>1t>

077-3'(a n) < fa -/w/> = Mo-jz-e COS z r m 0

I f  we r e c a l l  t h e  k i n e t i c  m odels  p r e v io u s l y  i n t r o d u c e d ,  t h e
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a v e ra g e  v o l t a g e  a c r o s s  th e  open c i r c u i t  d io d e  ( o r  r e s i s t o r  ) 

i s  found t o  be:

Or u s in g  (fi, Ifr) :

I t  h as  been s p e c u la te d  t h a t ,  s i n c e  f o r  <7? n o t  eq u a l  t o  

an i n t e g e r  o r  h a l f  i n t e g e r  th e  above r e l a t i o n  y i e l d s  a  nonzero  

open c i r c u i t  v o l t a g e  a c r o s s  th e  d io d e ,  methods f o r  o b ta in in g  

e l e c t r i c  energy  from a  d io d e  i n  thermodynamic e q u i l ib r iu m  can 

be d e v ise d  .

However te m p tin g ,  such  a c o n c lu s io n  i s  f a l s e  s in c e  no 

f lu x e s ,  and t h e r e f o r e  no e l e c t r i c  c u r r e n t s ,  can  develop  i n  a '  

system  i n  thermodynamic e q u i l i b r i u m .  W ithou t g e n e r a t in g  an 

e l e c t r i c  c u r r e n t  th e  d io d e  w i l l  n o t  g e n e r a t e  e l e c t r i c  power, 

even i f  an open c i r c u i t  v o l t a g e  w i l l  be p r e s e n t .

F o rm ally  we can c a l c u l a t e  th e  n e t  c u r r e n t  f low  th rough  a  

s h o r t  c i r c u i t e d  d iode  by e v a l u a t i n g  th e  sum,

<X> = Z T  1/Yl= -cw

where and a r e  d e f in e d  i n

153

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Section o » i  . Then we can succesively write:

A ccord ing  to  th e  p r i n c i p l e  o f  d e t a i l e d  b a la n c e  th e  b r a c k e t  

i n  th e  above e x p r e s s io n  v a n i s h e s .

M <x>=o
We th u s  p roved  t h a t  a  d io d e  i n  thermodynamic e q u i l ib r iu m  

c a n n o t  g e n e r a te  even a  s h o r t  c i r c u i t  c u r r e n t ,  and th e r e f o r e  no 

v i o l a t i o n  o f  t h e  Second Law o c c u rs .

F i n a l l y ,  from f / j , I S )  we see  t h a t  th e  mean sq u a re  v o l t a g e  

d e v i a t i o n  a c r o s s  th e  d io d e ,

(A.22)

154

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



only  whenp'T
t a k e s  th e  e q u i p a r t i t i o n  o f  energy  v a lu e  

^Y)q i s  an  i n t e g e r  o r  h a l f  i n t e g e r .

In  t h e  continuum  l i m i t  0  , and r e g a r d l e s s  o f  th e

v a lu e  o f  ,

(a. a s )  < V ) -  nr}c

_L
£(AW)

a s  e x p ec ted  from s ta n d a rd  S t a t i s t i c a l  Mechanics.
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1 0 .APPENDIX B

R e s i s t o r  -  Diode F l u c t u a t i o n  H eat Engines F a r  From 

Thermodynamic E q u i l ib r iu m  -  N um erical C a lc u la t io n s  

A3 p r e v io u s l y  m e n tio n ed ,  g e n e r a l  r e s u l t s  c o n c e rn in g  th e  

b e h a v io r  o f  f l u c t u a t i o n  h e a t  en g in e s  when o p e r a t in g  f a r  from 

thermodynamic e q u i l i b r i u m  a r e  ve ry  d i f f i c u l t  t o  o b t a in .

However, i f  k i n e t i c  m odels  f o r  th e  d i s s i p a t i v e  e lem en ts  

in v o lv e d  can be c o n s t r u c t e d ,  e x a c t  e x p r e s s io n s  f o r  th e  f lu x e s  

developed  w i th i n  th e  eng ine  can be d e r iv e d .

I f  th e  en g in e  employs an Alkemade d io d e  and a  l i n e a r  

r e s i s t o r  t h a t  can be  d e s c r ib e d  by th e  k i n e t i c  model in t ro d u c e d  

i n  S e c t io n  6 .2 ,  th e  e x a c t  e x p r e s s io n s  f o r  t h e  c u r r e n t  and h e a t  

f lu x e s  a r e  g iv e n  by e q u a t io n s  (6.77) and ( .

U sing [6. 1) , (6-*f) , (6 61) , ( 6 .6 $  > (6 J 5 )  , (6.77)  and , we

can n u m e r ic a l ly  c a l c u l a t e  th e  v a lu e s  o f  t h e s e  f l u x e s ,  and th e  

r e s u l t s  o f  such  c a l c u l a t i o n s  a r e  i l l u s t r a t e d  i n  T ab le  B .1 .

The v a r io u s  q u a n t i t i e s  in v o lv e d  a r e :

f t  = r e s i s t a n c e  o f  th e  l i n e a r  r e s i s t o r

r e s i s t a n c e  o f  t h e  d io d e  a t  th e  o p e r a t i n g  p o i n t
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—  -normalized output current per time constant L

^ n o rm a l iz e d  h e a t  t r a n s f e r  p e r  time c o n s t a n t  RdC.
&Tv

P—~  ^ n o rm a l iz e d  o u tp u t  power p e r  tim e c o n s t a n t  R d C
£ Id

= e f f i c i e n c y

These r e s u l t s  con firm  th e  f a c t  t h a t  h ig h  e f f i c i e n c i e s  and 

o u tp u t  powers a r e  o b ta in e d  a t  l a r g e  v a lu es  o f  £1 , o r

e q u i v a l e n t l y ,  a t  sm a l l  e n g in e  s i z e s .  As th e  s i z e  o f  th e  system  

i n c r e a s e s ,  and t h e r e f o r e  i n c r e a s e s ,  the e f f i c i e n c y  and

o u tp u t  power a r e  seen  t o  d rop  f a s t .

I t  i s  a l s o  confirm ed  t h a t  h ig h e r  e f f i c i e n c i e s  a r e  o b ta in e d  

when th e  r e s i s t a n c e  o f  th e  d io d e  a t  th e  o p e r a t in g  p o i n t  i s

l a r g e r  th a n  t h a t  o f  th e  l i n e a r  r e s i s t o r ,  w ith  t h e  l a r g e s t  

c a l c u l a t e d  e f f i c i e n c y  a round  5 0 /  , i n  accordance  w i th  th e

continuum c ase  o f  S e c t io n  7 .

At thermodynamic e q u i l i b r i u m  ( E  = Q , T, = 7^ ) ,

a l lo w in g  f o r  com puter t o l e r a n c e ,  th e  c u r r e n t  and h e a t  f l u x e s

a r e  z e r o ,  a s  r e q u i r e d  by th e  Second Law.
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