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Abstract

Forms of Generic Common Knowledge
by

Evangelia Antonakos

Advisor: Sergei Artemov

In multi-agent epistemic logics, common knowledge has been a central
consideration of study. A generic common knowledge (G.C.K.) system is
one that yields iterated knowledge I(y): ‘any agent knows that any agent
knows that any agent knows...¢’ for any number of iterations. Generic

common knowledge yields iterated knowledge

G.C.K.(p) — I(p)

but is not necessarily logically equivalent to it. This contrasts with the
most prevalent formulation of common knowledge C' as equivalent to iterated
knowledge. A spectrum of systems may satisfy the G.C.K. condition, of
which C'is just one. It has been shown that in the usual epistemic scenarios,

G.C.K. can replace conventional common knowledge and Artemov has noted



that such standard sources of common knowledge as public announcements
of atomic sentences generally yield G.C.K. rather than C'.

In this dissertation we study mathematical properties of generic common
knowledge and compare them to the traditional common knowledge notion.
In particular, we contrast the modal G.C. K. logics of McCarthy (e.g. M4) and
Artemov (e.g. S47) with C-systems (e.g. S49) and present a joint C'/G.C.K.
implicit knowledge logic 542 7 as a conservative extension of both. We show
that in standard epistemic scenarios in which common knowledge of certain
premises is assumed, whose conclusion does not concern common knowl-
edge (such as Muddy Children, Wise Men, Unfaithful Wives, etc.), a lighter
G.C.K. can be used instead of the traditional, more complicated, common
knowledge. We then present the first fully explicit G.C.K. system LP,(LP).
This justification logic realizes the corresponding modal system 547{ so that
G.C.K., along with individual knowledge modalities, can always be made

explicit.
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Chapter 1

Introduction

Imbuing a formal logical theory with knowledge semantics has been a subject
of intense study since the mid-20th century. Most of these epistemic logics
have been modal logics, in which the formula K¢ is interpreted as ‘yp is
known’ or K;p as ‘agent ¢ knows ¢.” The modality K is assigned axioms
which reflect some approximation of the nature of knowledge, such as K¢ —
©, ‘whatever is known, is true.’

The start of the 21st century has seen a related field of justification logic
take root and flourish. Applying epistemic semantics to these logics gives
formulas of the form t: ¢ the reading ‘¢ is known due to justification ¢’ or ‘¢
is a proof of ¢.” Individual proof terms such as ¢ are not themselves modals
but collectively play a similar role. Accepting Plato’s definition of knowledge
as justified, true belief ([Pla]), these logics can be seen to address the missing

component of justification absent from the modal logic approach, which is
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generally seen as modeling knowledge as true belief (JAF11]). We distinguish
these two considerations of knowledge, referring to epistemic modal logics
as systems of “implicit knowledge” and to justification logics as those of
“explicit knowledge.”

In systems of multiple knowers, or agents, it is natural to consider what
information is publicly known. The most investigated such concept is that
of common knowledge. Informally, if a sentence or proposition ¢ is common
knowledge, C'¢, then everyone knows it, and everyone knows everyone knows
it, and everyone knows everyone knows everyone knows it, etc., i.e., iterated
knowledge of ¢, I¢. Common knowledge has overwhelmingly been formal-
ized as an equivalence of C'¢ and [¢ via a finite set of axioms; this ill-defined
infinite conjunction of I is not essential. In each multi-agent system, C' is
unique. However, there is an alternate conception of common knowledge,
generic common knowledge, G.C.K. While G.C.K.is sufficient to yield iter-
ated knowledge, it is not necessarily equivalent to it. This approach offers a
broader view of common knowledge as it allows for a choice between multi-
ple logically non-equivalent common knowledge operators. Both notions have
been used to analyze classic epistemic scenarios such as Muddy Children.

After a development of background material in this chapter, in the follow-

ing chapter we compare C and G.C.K.systems, 545 and S4i , in the implicit



CHAPTER 1. INTRODUCTION 3

setting, and present and explore a joint implicit C'/G.C.K.system 545‘7. The
third chapter will address generic common knowledge in a fully explicit set-
ting for the first time, in LP,(LP), and provide a Realization Theorem which

shows this system to be a direct explicit counterpart to S4.
1.1 Multi-Agent Modal Logics

We begin with an introduction to modal logics with epistemic semantics.
Whereas in propositional modal logic Oy is often read ‘g is necessary,’ it is
standard when modeling knowledge to use K as the modality and read K¢
as ‘i is known,’ or ‘¢ is knowable.” We consider multi-agent systems as they
are a natural context for common knowledge. The modal logics T,,, S4,,, and
S5,, are ones in which each of the finitely many (n) agents has a knowledge
operator K; which is a modality of the logic T, or S4, or S5 respectively. We
will only consider cases where all agents’ modalities are of the same logical

strength.

Definition 1. The language Ls4, is an extension of the propositional lan-
guage:

Loy :={Var,A\,V,—, -, K;}

fori e {1,2,...,n} where Varis the set of propositional variables. Formulas
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are defined by the grammar

p=ploNo|loVe|lpo—=p| 0| Ky

where p € Var.

The formula K;Ksp has the intended semantics of ‘agent 1 knows that
agent 2 knows ¢.” The languages and formulas of T, and S5, are those of
S4,,.

Definition 2. The azioms and rules of S4,:
CLASSICAL PROPOSITIONAL LOGIC:
A. axioms of classical propositional logic
Rl. Fp—=¢Y)ANp=F1 modus ponens
S4-KNOWLEDGE AXIOMS FOR ALL AGENTS K;, i € {1,2,...,n}:
K. Ki(e—=v)— (Kip — Ki) each agent can do modus ponens
T. Ko — ¢ agents can know only true propositions
4. Kip — K, K;p agents have positive introspection
MODAL NECESSITATION RULE FOR ALL AGENTS:

R2. Fo=FKp.
For the logic T,, omit axiom 4. For Sb,, add the negative introspection

axiom b: ~K;p — K;—=K;p.

Note that while the axioms of these logics do not involve more than a

single modality, their formulas may. In particular, repeated uses of R2 to
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the axioms yields that each agent knows that the others are also S4-type
agents, e.g. Ky(Kijp — K1Kjp). Multi-agent systems are enhanced by the
addition of modalities which take into account agents’ shared knowledge or
public knowledge, such as common knowledge and generic common knowl-
edge. These will be discussed in subsequent sections. The T axiom is a
requirement of any system of epistemic logic. Without it, it would be pos-
sible to “know” false propositions, thus logics without factivity (T) such as
K4, (S4, without T) may be seen to model belief but not knowledge. How-
ever, such systems, too, may be made more expressive by the addition of a
common knowledge modality.

The following derived rule R3 is useful and also holds for the modalities
that will be introduced: C' for common knowledge and J for generic common

knowledge.

Proposition 1. R3 is a derived rule in any normal modal logic, i.e. one

built on classical propositional logic with K and R2.

R3. Fa—p8 =FKa— K.

Proof.

1. a—=p

2. Ki(a—p) from 1. by R2
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3. Kijla— p)— (Ka— K;p) K
4. K,a— K0 from 2. and 3. by R1.
O

Definition 3. A Kripke model M for S4, is M = (W, Ry, Ry, ..., R,,IF)

where for i € {1,2,...,n}
e IV is a non-empty set of worlds;
e R, C W x W is reflexive and transitive;
o |- C W x Var so that for w € W, p € Var, wlk piff p holds at w ;

e |- is extended to correspond with Boolean connectives at each world
and so the accessibility relations correspond to the modalities: R; cor-

responds to K; so that in M,

ulk K iff (Vo € W)(uRv = vk o) .

The accessibility relations R; in T,-models are reflexive while in S5,-
models they are equivalence relations.

The worlds {v | wR;v} are those states agent i considers possible when at
world w. This semantics of epistemically possible worlds is due to Hintikka
([Hin62]). While these logics are complete with respect to their respective
models, it is of course also possible to have a model of a logic exist on a frame

(= model/IF) that is not “its own.”
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Theorem 1. T,, S4,, and S5,, are sound and complete with respect to their

models (see [BARVO1)], or [Kri5d] for the original single-agent proof).

We show a standard completeness proof for S4,, as it is a basis for others

we will present.

Proof of Soundness. Let M be an arbitrary S4,-model. We want to show
S4,F x = M I+ x. Assume x is provable. To show x holds in each world
of M, it is enough to show that all the axioms and rules of S4,, are valid, by

induction on Y.

e Y is a propositional variable: wu I y for all worlds in the model M

implies x is valid by definition.

e x="¢|pAY|pVi)|p— . If yis formed by Boolean connectives,

it is valid by the definition of these connectives at each world.

e modus ponens: Suppose u I ¢ — 1. Then by the definition of the
connectives, either u If ¢ or u IF ¢. If also u IF ¢, then u I %. So if

@ — 1 and ¢ hold at any world, so does 1.

o Kaxiom: x = K;(p = ¢) = (Kip = Kiv) = (Ki(¢ = ¥) AN Kip) —

K;v. Suppose u IF K;(¢ — ¥) A K;p, then for all v such that uR;v,
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vk @ — 1 and v IF ¢. So as modus ponens is valid v IF v, and hence

u I K. Therefore u IF K;(¢ — ¢) — (Ko — K1) is valid.

e T axiom: y = K;po — ¢. Suppose u |- K;p, then for all v such
that uR;v, v IF ¢. Since R; is reflexive, uR;u, and so u I . Thus

ulF K;o — ¢ is valid.

e 4 axiom: Suppose u IF K;p, then for all v such that uR;v, v IF ¢. As
R; is transitive, for all w such that vR;w, uR;w and so w IF ¢ and so

v Ik K;p and hence u |- K; K;p. Therefore u I- K;po — K;K;p is valid.

e modal necessitation: Assume ¢ is valid in M, then it is true at each
world so u IF ¢, and for all worlds v such that vR;u, v IF ¢. Thus
ulF K;p. As the world u was arbitrary, K;¢ holds at all worlds and so

is valid in the model. Therefore - ¢ = F K, is valid. [

Proof of Completeness. To show that S4,, is complete, we must show that
each valid formula is provable, or the contrapositive, that each ¢ not provable
in S4,, is not valid, i.e., fails to hold in some world of some S4,-model. A
usual approach is to construct the “canonical model” which witnesses all

provable formulas.

Definition 4. The canonical model for S4,, is M' = (W, Ry, ..., R,,IF) where
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o W ={I' | I' is a maximally consistent set of S4,-formulas} ;
e TRAIMI T CA, where I :={p | K;p €T} ;
o |[FCW x Var such that ' lFpiff pe T

Proposition 2. M’ is indeed a model of S4,,.

Proof. As each T' is maximally consistent and S4, - Ko — ¢ (T), " C T
so 'R;I'; thus R; is reflexive. Suppose I'R;A and AR;0. For each ¢ in
I, Kip € I'" as well, since S4, F K;p — K;K;p (4) and T' is maximally
consistent. Thus as ['R;A, not only I'" C A but also I'* C A%, so as AR;0,

we have ['R;0 as well, showing that R; is transitive. O

Lemma 1 (Truth Lemma). M’ satisfies the Truth Lemma: for all T’
M ThFpesepel .
Proof. By induction on ¢.

e base case: ¢ = p for p € Var. Holds by definition of IF.

e Boolean cases: by extension of I, the induction hypothesis, and maxi-

mality of T'.

e modal case: ¢ = K;p (<) Assume K;p € I'. Then for all A such that

I'R;A, ¢ € A so by the induction hypothesis, A IF . Thus K;p IFT.
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(=) Assume K;p ¢ T'. Then I' U {—¢} must be consistent by the
maximality of T", for otherwise ¢ would be provable and hence (by
necessitation) so would K;p, which would contradict the consistency

of I'. If A is any maximally consistent set containing I'* U {—}, then

I'R;A by definition of R;. So I' I K;p. ]

To finish completeness, assume S4, I/ ¢. As {—¢} has some maximal consis-

tent extension ®, by the Truth Lemma, ® IF —¢ and so @ Iff ¢. ]

1.2 Common Knowledge and Generic Com-
mon Knowledge

Common knowledge is one standard tool for analyzing epistemic scenarios
to determine what pieces of knowledge may be concluded by each agent
in a particular situation. Three typical such scenarios are those of Muddy
Children, Wise Men, and Unfaithful Wives. A history of these in particular
is presented in opening chapter of [FHMV95].

In Muddy Children, a (finite) group of kids is playing outside and some of
them get dirty. Everyone can see everyone else but they do not know whether
they themselves are dirty. A parent says to them all, “At least one of you has
a muddy forehead.” This statement is interesting because (except in the case

of only one dirty kid) despite saying something they already know, this fact
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is now common knowledge, which it was not before. The parent then asks,
“Do you know whether or not you are dirty?” They each say “yes” or “no”
in unison and also hear everyone’s answers. The parent asks the question
again, and the children reply again, repeatedly, until eventually each child
knows whether or not they themselves are dirty. The puzzle in this case is
to determine how this happens in each set-up with £ > 1 kids, m > 1 of
whom are muddy. Of course, we assume that these children are proficient at
epistemic reasoning and have a long attention span. We analyze a minimal
form of this puzzle with two children in §2.2.1.

All of these classic puzzles involve nested knowledge operators, e.g., x
knows that (y knows that (z knows that (x knows ¢))) and typically employ
common knowledge of some fact to start the chain of reasoning.

The name generic common knowledge was suggested by Artemov to cap-
ture a state of a multi-agent epistemic system that yields iterated knowledge
I(p): ‘any agent knows that any agent knows that any agent knows. .. ¢’ for
any number of iterations. The generic common knowledge of ¢, G.C.K.(p),
yields I(yp),

G.C.K.(p) = I(p)

but is not necessarily logically equivalent to I(y). Modal logics with G.C. K.
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were suggested by McCarthy and Artemov and will be analyzed in the next
chapter. These are in contrast to the prevalent formulation of Common

Knowledge C' due to Aumann in [Aum?76] for which

Cp) < () -

The ‘if” direction is secured for C' as it is subject to the induction rule

Feo—=EWAp) =F¢o—Co

([Bar88]), where F¢ is ‘everybody knows ¢.” It has been shown that in the
usual epistemic scenarios cited, G.C.K. can replace the conventional com-
mon knowledge C' (JAnt07]). Artemov noticed that such epistemic actions as
public announcements of atomic sentences, generally speaking, yield G.C.K.
rather than the conventional common knowledge ([Arti2b]) and argues in
[Art10] that in the analysis of perfect information games in the belief revi-
sion setting, Aumann’s “no irrationality in the system” condition is fairly
represented by a generic common knowledge rather than conventional com-
mon knowledge, and that this distinction lies at the heart of the well-known
Aumann—Stalnaker controversy. We assume that the aforementioned argu-
ments provide sufficient motivation for mathematical logical studies of the

generic common knowledge and its different forms.
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In this work, in addition to comparing these two forms of common knowl-
edge in the implicit setting, we will describe a logic with explicit G.C.K.and
show that it has a corresponding modal system, i.e., the G.C.K. modality

along with the individual knowledge modalities, can be always made explicit.
1.3 Implicit and Explicit Knowledge

In modal logics, propositions and sentences may be known, but their reasons
are not and so they model implicit knowledge. By contrast, in justification
logics, we have formulas ¢: ¢ where propositions and sentences ¢ are known
explicitly by their proofs encoded in the proof term t. The oldest justification
logic LP, logic of proofs, was developed with arithmetic provability seman-
tics (JArt01], with preliminary work in 1995). Modals have been studied
since Aristotle; the formalizations and axioms we will be using are from the
early 20th century ([Ball0]). There is a close relationship between these two
approaches: several modal logics can be said to have a direct explicit coun-
terpart. If, in a justification logic all proof term are replaced by K, modal
formulas result. If this is done for LP, the results are all S4-compliant. A
deeper result is that the other direction, realization, is also possible ([Art01]):
by examining a modal derivation, proof terms can be recovered from modali-

ties in such a way that a result is a theorem of a particular justification logic.
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By Realizing S4 in LP, Artemov provided the exact provability semantics for

S4, and hence for intuitionistic propositional logic, that Goédel had sought

([AztoT)).



Chapter 2

C and G.C.K. in Modal Logic

Here we consider the relative strengths of three formal approaches to public
knowledge: any fool knowledge by McCarthy et alia [McSHI7g|, common
knowledge as presented by Halpern and Moses [HM90], and justified knowl-
edge by Artemov [Art04]. We show that epistemic systems with the com-
mon knowledge modality C' are conservative with respect to generic common
knowledge systems with modality J on sentences of the form x A Cp — 1,
where x, ¢, and ¢ are C-free, i.e. those which assume but do not conclude
common knowledge formulas.

The formalization of common knowledge reflected in [HM90] traces back
to Aumann in [Aum76] and has become standard in game-theoretic literature.
Lewis’s presentation of common knowledge in [Lew69], though informal, is
reflected by McCarthy et alia and Artemov. These latter two turn out to be

equivalent, though they arose from different developments and motivations.

15
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This is the form we will refer to as generic common knowledge.

Look to §1.1 for multi-agent epistemic systems that will serve as the basis
for the various common knowledge systems now presented. We will compare
their logical strengths, semantics, and complexity, and will see that justified
knowledge (J) systems are sufficient to solve classical epistemic scenarios, a

role usually designated for common knowledge (C').
2.1 Common Knowledge

The most recognized concept of public knowledge is common knowledge,
and the literature addressing it, both philosophical and mathematical, is
vast. The initial investigation was philosophical: Lewis’s book [Lew69] on
convention. The intuition behind the informal definition of common knowl-
edge below derives from Aumann’s oft-cited [Aum76], where it was used in
the context of agents having common priors. McCarthy’s ‘any fool” operator
of 1970 ([FHMV93], p. 13) is closely related to common knowledge and his
systems in [McSHI78] may have been the first to address it axiomatically.
Rigorous work on common knowledge in the context of multi-agent systems
was done by Halpern and Moses in [HM90] (an expansion of a 1984 work
of the same title) and Lehmann [Leh84]. Much of the work by Halpern and

Moses appears in [FHMV95]. Common knowledge continues to be actively
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investigated.
Informally, the epistemic operator C'p, to be read ‘p is common knowl-

edge,’ is equivalent to the infinite conjunction iterated knowledge I(y):

CoI(p) = ANEQANEEpNE*oN---ANE™oA---

where Fp = Kip A Ko A --- A K, ‘everyone knows ,” and K; is an indi-
vidual agent’s knowledge operator corresponding to T, S4, S5, or other logic
as appropriate. One formal characterization which [FHMV95] and [vBS04]

take is via the Fixed Point Axiom
Co < E(pNCp) (2.1)
and the Induction Rule

o= E(p A1)
o —=Cyp

yielding C'p as the greatest fixed point solution to X +» E(pAX) [FHMV95,
vBS04]. Common knowledge does not take into account the means by which
the knowledge is acquired. As we will see, this is in contrast to justified knowl-
edge. The distinction between the infinite conjunction, the fixed point axiom,
and how common knowledge is achieved is addressed in [Bar88|. [Gea92] too,
provides a survey with examples but does not include a distinct formalism.

There is also an equivalent axiomatic formulation of common knowledge in
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[MvdH95] which replaces the induction rule with the induction axiom which,

for technical convenience, we will use.

Definition 5. The azioms and rules of S45":

CLASSICAL PROPOSITIONAL LOGIC:
A. axioms of classical propositional logic
R1. modus ponens
S4 AXIOMS FOR ALL AGENTS K;, i € {1,2,...n}:
K. Kilp = v) = (Kip = Ki)
T. Kip—op
4. Ko — K, K;p
AXIOMS FOR COMMON KNOWLEDGE ("
K. Cleg—=¢) = (Co— CY)
T. Cp—op

C. Cyp— E(Cyp), where Eop = /\ K;p is read everybody knows ¢

i=1

A, oANC(p— Ep) — Cyp induction axiom
NECESSITATION FOR ALL MODALS O € {C, K;}:

R2. Fp=FOp.

For T¢ or 555, the K; are all T or S5 modalities, respectively.

Definition 6. A model M for 545 is M = (W,Ry,Ro,..., Ry, R, IF)

where

o M = (W,Ry, Ry, ..., R, IF)is an S4, model;



CHAPTER 2. C AND G.C.K. IN MODAL LOGIC 19

is the transitive closure of all agents’ relations;

e | forcing relation is extended to all formulas so R corresponds to C:

ulk Co iff (Yo e W)(uRcv = vl o) .

R¢ is reachability in the model; if you can get from w to u via a path of
some R; at each step, then wRou. Models of TS or S5¢ are obtained when

M is a model of T,, or S5,,, respectively.

Theorem 2. TC, S4¢ and SSS are sound and complete with respect to their

n?’

models (cf. [FHMYV95)], p. 70ff, [MvdH95], p. 47ff).

The agents’ logic plays a role in determining the strength of the common
knowledge operator C. In the systems defined above, C' is always at least as
strong as K;. Showing that in TS, 545, and 555, C satisfies the T, S4, and
S5 axioms, respectively, is given as an exercise in [FHMV95], p. 93.

Recall the claim that common knowledge C'is iterated knowledge I. This
has even been considered definitional in limited situations, e.g. [FHMV95| p.
417. Tt is simple to see that C'y implies each conjunct of iterated knowledge

by using T for C, the following claim, and necessitation for all K.

Claim. T¢ + Cyp — Fop.
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Proof.
1. Cop—=op T for C'
2. KCp— K;p from 1. by R3 for K;
3. Cp— K;Cop from C by definition of £
4. Cyp — K;p, for all i from 3. and 2.
5. Cp — FEyp from 4. by definition of E.
This proof is sufficient for S4¢ and S5 as well. O

That C'yp implies Iy can also be seen semantically by Rqo. Assume u |-
Cy, then ¢ holds at all reachable worlds. This immediately secures u IF ¢
as R¢ is reflexive, and u IF Fy as each R; C Re. As ¢ holds in all worlds
v reachable from w, it holds in all worlds w reachable from u via v. So as
each R; C R¢, vIF Ep and hence u IF EEgp. Considering that ¢ holds in all
world reachable in m steps guarantees u |- E™p.

To show that Iy implies C'p we can again take two approaches. Seman-
tically, this again arises from the definition of Ro and syntactically, from
consideration of the induction axiom (or rule). Semantically, suppose that
iterated knowledge holds at u so that u IF E¥p holds for all £ > 0. Then
E*1p holds at all worlds v accessible from u, for all R;, and E*~2¢ must
hold at all worlds reachable from those v in one step by all R;, or from u
in two steps by all combinations of any R; followed by any R;. Extending

this idea, we can see that by following all paths of length [ from world u we
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find ourselves in a world w at which E*~'p holds. As each R; is reflexive,
[ is unbounded, as is £ unbounded. Thus these worlds w are precisely the
cluster of worlds reachable from u, i.e. {w | uRw, R = ( Lnjl Ri)TC ~ Re).
As u - E*p, w I ¢ for all w such that uRw = uRcw, thusiby completeness

ul- Cop.
2.2 Generic Common Knowledge

The formalism of generic common knowledge we first present was originally
called justified knowledge. Justified knowledge was introduced by Artemov
in [Art04, [Art06] as the ‘forgetful projection’ of evidence-based knowledge
represented by an adaptation of LP (Logic of Proofs). LP was the first in the
now flourishing area of justification logic. In hybrid modal-LP systems (such
as T,LP, S4,LP, S5,LP) each formula may have both knowledge modalities
and proof terms, such as in v A Ka(p V s: ) — t: (Kyx). Modal justi-
fied knowledge systems (such as T, S47 S57) are ones in which all proofs
are ‘forgotten’ and identified as one, so that the previous formula becomes
YA Ko(pV J) = J(Ki1x). Whereas C'y asserts that ¢ is common knowl-
edge, Jy asserts that ¢ is common knowledge arising from a proof of ¢ or
other agreed-upon acceptable set of evidences. Though the proof of ¢ is not

explicitly presented with the assertion Jy, it is reproducible. This is due to
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the important Realization Theorem which provides an algorithm to recon-
struct LP proof terms in S4,LP from S4; derivations (and likewise for T, and
S5,) ([Art06]). Chapter 3 builds on this result with an algorithm to realize

all K; modalities, not just J, into an LP setting.

As with the logics with C| the construction of the generic common knowl-
edge systems T/, S4,‘1, and 55;{ builds on the multi-agent logics. In C-systems,
the agents’ logic determines the strength of C' while in J-systems, the strength
of J may be chosen independently to be weaker, stronger, or the same as that
of the agents’. In the aforementioned logics, J will be chosen to be an S4

modality unless otherwise specified.

Definition 7. The azioms and rules of S4;

CLASSICAL PROPOSITIONAL LOGIC:
A. axioms of classical propositional logic
R1. modus ponens
S4 PRINCIPLES FOR ALL K;, i€ {0,1,2,...n}:
(J may be used in place of Kj):
Ki(p = ¢) = (Kip = Ki)
T. Ko — ¢
4. Ko — K, K;p
R2. Fe=FKp
CONNECTION PRINCIPLE:

Con. Jp = Kip.
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For T/ or SSZ , the K; are all T or S5 modalities, respectively, while J remains

an S4 modality.

At this point we can see a distinction between C' and .J in that the axioms

for J may be chosen independently from the logical strength of the K.
Definition 8. A model M for S4” is M7 = (W, Ry, R, ..., R,, Ry, IF) where

e M = (W,Ry, Ry, ..., R, IF)is an S4, model;

n

e R; C W x W is reflective and transitive such that Ry D ( U R:
=1

)TC

e | forcing relation is extended to all formulas so R; corresponds to J:

ulk Jop iff (Vo e W)(uRv= vl ).

Models of T/ or S5/ are obtained when M is a model of T, or S5,, respec-

tively.

To distinguish R; from R, consider a model M of S4, with two discon-
nected components. Adding a relation Rc to M would keep it disconnected
but adding R; to M allows for connections between worlds in different com-
ponents. If R; is the total relation, we refer to that generic common knowl-
edge as universal knowledge. If C'is the greatest fixed point of X <> E(pAX)
([FHMV93]), and J is any solution (see Proposition 6), then universal knowl-

edge can be seen as the least fixed point.
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Theorem 3. T/, S4i, and 557{ are sound and complete with respect to their

models, as shown in [Art06].

Proof of Soundness. Soundness for S47 follows easily from the proof of The-

orem 1. It only remains to check the connection principle.

e Con axiom: xy = Jyp — K;p. Suppose u IF Jp so that for all v such
that uRj v, v IF . For all i, R; C R; by definition, so for all w such

that uR;w, also uR;w and so w IF ¢, thus u |- K;p. O]

Note that to fully illustrate soundness of SS;i, the soundness of axiom 5
would also need to be shown. This is straightforward when recalling that
the R;s in S5 are symmetric. For completeness of S5/, Artemov in [Art06]
demonstrates a modal approach while for T/ and 545 , completeness is shown
via equivalence to an appropriate Gentzen sequent system, which is needed
for other purposes. For thoroughness, we here present the modal approach

to the completeness proof of S4i.
Proof of Completeness. We demonstrate S4i—completeness via its canonical

model.

Definition 9. The canonical model for S4” is M7 = (W, Ry, ..., Ry, Ry IF)

where for i € {1,2,...,n}
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o W ={I"|I' is a maximally consistent set of S4,-formulas} ;

o TRAIMF T CA where I :={p | Kijp €T} ;

o TRyAMTY CA, where IV :={p | JpeT};

e |[F CW x Var such that I' IF piff p € T for p € Var .
Proposition 3. M7 is indeed a model of S4..

Proof. As in the S4,, case, the R;, and now R, are transitive and reflexive.
It remains to be checked that R; C R;. Note that 545 FJp — K;Jp as a
direct consequence of the 4 and Con axioms. Suppose I'R;A and Jy € T.
Then as I' is maximally consistent K;Jo € I' and so Jo € A. By the T

axiom and the maximal consistency of A, ¢ € A. Thus 'R A. O

The Truth Lemma for M7 states M7, T IF ¢ iff p € T for any S4/-
formula . As before, the proof is by induction on the complexity of ¢ with
the additional modal case for J which is analogous to that of K.

To finish completeness, assume S4; I/ ¢. As {—=¢} has some maximal

extension ®, by the Truth Lemma, ® |- —¢ and so ® Iff ¢. O

n

Recall that in common knowledge models, Ro = ( U Ri)TC and so Ro C
i=1

Rj;. Thus in a context where we can compare the two, i.e. a hybrid model

with both Res and Ry, it would seem that, if ¢ contains no Js, Jo — Cyp
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but not the converse. This will be Proposition 8 at the end of the chapter

but in this context we now we have the following proposition.
Definition 10. Let ¢ be ¢ with each instance of a .J replaced by a C.
Proposition 4. (S4/)t © S4% but (S47)t # S4¢ .

Proof. 1t needs to be shown that the f-translation of each each rule and
axiom of S47 is provable in S4¢ see Section 7 of [Art06] which uses the

equivalent axiomatization of S4¢ from [FAMV95]. Tt is only the induction

axiom of S4¢ which is not provable in (S47), yielding strict inclusion. [

Indeed, from Proposition 4, (S47)" + (Jp)t = S4 F Cy , but not the
converse.

Recall from the discussion at the end of §2.1 that C'y implies iterated
knowledge Ip. The same arguments hold to show J¢ implies I, or use the
above proposition showing that (Jp)' implies Cp. Iterated knowledge does
not, however, imply generic common knowledge as I <+ Cp /4 (Jo)T.

An analog of Proposition 4 for T and S5 holds as well. An S5 justified
knowledge logic where J is an S5 modality, i.e. SSZ(S5), is considered in
[Rub06] where she names it S5,55. An S5/®%-model is like an S5/ model

except that R; will now be an equivalence relation.
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Corollary 1. Let IA be the induction axiom ¢ A C(¢ — E¢) — Cp. Then
S4¢ = (SaNt HIA . TO=(T)H)T +1A, and S5¢ = (S5/9)F +IA .

Proof. The strict inclusion of the J systems follows from Proposition 4 and
the observation that C' satisfies the 4 axiom in T¢ and the 5 axiom in S5 .

When the induction axiom is added, the equivalence is clear. O

2.2.1 Muddy Children example

We now work through an instance of the Muddy Children scenario in S4;
in which there are two children, called a and b, both of whom are muddy.
Assume at the start neither knows they are muddy though they can see that
the other is. A parent sees them and says, “At least one of you is muddy. Do
you know whether or not you are muddy?” to which they both answer, “No, I
don’t know.” The derivation below shows how after hearing these statements,
child a is able to conclude that she is muddy. Let A be the proposition that
a is muddy and B be the proposition that b is muddy.

The context S for child a after they both declare, “I don’t know,” is:
S=J(AV B)NJ(Ky-AV KyA) N J(-KyB) A J(-K,—B) .

In derivations from X, S47, the only postulated rule is modus ponens
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(R1), while Necessitation (R2) is, generally speaking, not admissible. Oth-
erwise, epistemic soundness can be violated, e.g., by assuming X we mean
that X" is true, which does not justify concluding that X" is known, JX.
However, in this case, since all conjuncts in & are modalized by J, for
derivations in S, S4; the rule of Necessitation for all the modalities O €
{K1, Ky, J} is admissible and we will use them freely. This can be justified
by a straightforward induction on the derivations in S, S4;. Indeed, if X is
an axiom of S47, then OX is derivable in S, S4;. If X is S, then S4; derives
X — OX (here we rely on the specific structure of this §), hence given X
we can conclude OX by just modus ponens. Finally, if X is obtained from
Y and Y — X by modus ponens, by the .H., OY and O(Y — X) are also

given, hence by 5S4 reasoning, 0X.

Claim. Given S, child a can conclude she is muddy: S,S4] F K, A.

Proof.
1. (AVB)— (-A— B) propositional tautology
2. J(AVB)— J(—~A— B) from 1. by R3 for J
3. J(AVB) from S
4. J(-A — B) from 2. and 3. by R1
5. Ky(—A — B) from 4. by Con and R1
6. Ky,—A— KB from 5. and K for K, by R1

7. -KyB — —K,—-A from 6. by contraposition
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8. K, ,(~KyB) = K,(—K,—A) from 7. by R3 for K,
9. J(—KyB) from S
10. K,(—K,B) from 9. by Con and R1
11. K,(-Ky—A) from 8. and 10. by R1
12. (Ky—AV KyA) = (KA — KyA) propositional tautology
13. J(KpyAV KyA) — J(- KA — KyA) from 12. by R3 for J
4. J(KyAV KyA) from §
15. J(—Ky—A — K,A) from 13. and 14. by R1
16. K,(-Ky—A — K,A) from 15. by Con and R1
17. K, (—Kpy—A) = K, (K,A) from 16. and K for K, and R1
18. K, (KpA) from 11. and 17. by R1
19. K,(KyA) —» K, A by R3 on T axiom for K
20. K A from 19. and 20. by R1 .

[

From Corollary 1, a similar derivation could be made in S4¢ (chang-
ing Js to Cs), and in fact this derivation only made use of Ty. Of course
there are assumptions made when modeling these classic puzzles such as a’s
ability to reason about what b knows. The parent’s statement to a and b
together is a public announcement of a fact. Such public announcements are
the standard method of obtaining common knowledge. Here we relax this
to generic common knowledge as it is sufficient for the derivation. At the

end of the chapter, we will see conservativity results which state that J is
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sufficient whenever we just want to use, and not conclude, C. In [Art12b],
Artemov points out that public announcements, far from producing common
knowledge, actually yield universal knowledge.

The evidence-based common knowledge semantics for J systems are en-
riched by the Realization Theorem mentioned at the start of the section.
This gives a constructive approach to recovering, Realizing, the full proof

terms for J in hybrid implicit/explicit evidence-based knowledge systems.

Theorem 4 (Realization Theorem). (Artemouv) There is an algorithm that,
given an S4!-derivation of a formula @, retrieves an Sh,LP-formula 1, a

realization of ¢, such that ¢ is 1°, where ° replaces all proof terms with J,

and S4,LP proves 1.

Both Theorem 4 and a theorem for realizing S5; in S5, LP are established
in [Art06]. A Realization Theorem for S5/ is given in [Rub06]. The
first such Realization Theorem appears in [ArtO1] and shows LP to be the
exact explicit analog of S4. Theorem 12 builds on Theorem 4, realizing each
modality K, as well as J, in a new logic LP,,(LP).

In addition to the semantic and axiomatic distinction between J and
C, there is the issue of complexity. In systems with .J, the cut rule can

be eliminated ([Art06]) but not for those with C' (J[AJ05]). The complexity
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of S4, for n > 1 is PSPACE-complete and 545 for n > 2 is EXPTIME-
complete ([FHMV93]). The complexity S47 is PSPACE-complete [Dem00],
but some experts conjecture that the complexity for n > 2 might be lower
than EXPTIME. These features are exploited by Bryukhov in [Bry05|] to

develop an automated theorem prover for S47.
2.3 Any Fool’s Knowledge

McCarthy’s modeling of common knowledge via “any fool knows” apparently
traces back to 1970 ([FHMVO95], p. 13), though its first published appearance
is in [McSHI7S]. In this epistemic multi-agent system, the modality for each
agent is denoted by S, with an additional virtual agent, “any fool” denoted
by O. In [McSHIT78| p. 2, whatever any fool knows, “everyone knows that
everyone else knows,” and so someone knows. Thus we may add an additional
axiom linking the fool to the other people: Op — Sp. Call this the linking
axiom. This corresponds exactly to Artemov’s connection principle: J¢ —
K;p. When McCarthy et alia use subscripted modals, S;, i € {0,1,...,n}, to
specify individual agents, Sy is the distinguished any fool operator O. Thus
we see that the “fool” is a particular agent, hence in any axiom, we may

replace all S modals by Os, though not vice versa.

Definition 11. The McCarthy et alia systems are built from:
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CLASSICAL PROPOSITIONAL LOGIC:
A. axioms of classical propositional logic
R1. modus ponens

KNOWLEDGE AXIOMS:
link. Op — Sy what any fool knows, anyone knows
KO. Sp — ¢ if someone knows it, it is true
K1. OS¢ — )  any fool knows that only true propositions can be known

K2. O(Op — OSy) any fool knows what he knows he knows anyone knows

K4. O

(

K3. O(Se AS(p = ) — S) any fool knows anyone can do modus ponens
(Sp — SSp) any fool knows anyone can do positive introspection
(

K5. O(=Syp — S=Sp) any fool knows anyone can do negative introspection.

We will look at three systems identified in [McSHI78] given by the link
axiom and KO0-K3, K0O-K4, or KO—K5.E] These will be referred to as MT, M4,
and M5 respectively. Model semantics and completeness results for a variant
of M5 is stated in [McSHI7S8]. From this and Lemma 3 below, it follows that
55;% s also sound and complete.

These logics immediately lend themselves to epistemic scenarios, of which
Wise Men and Unfaithful Wives are addressed in [McSHI78]. These particu-

lar axioms do not seem to be built on standard formulations of modal logics

! In [McSHI7S], KO is omitted from these lists. Given other statements in the paper,
this clearly is just an oversight.
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but engineered for these scenarios, and yet we can see that Artemov’s jus-
tified knowledge operator J plays a role equivalent to McCarthy’s any fool

operator O. In particular, we have the Theorem 5.

Definition 12. Let ¥ be ¢ with each instance of a J replaced by an O and

each K replaced by S;.
Theorem 5. (T/)! = MT, (S47)f = M4, and (S5.5)f = M5 .
Proof. Immediate from Lemmas 2—4 which follow. m

Lemma 2. (T))¥ =MT .

Proof. Recall that J is an S4 modality while the K; are T modalities.
(<) To show (TJ)* D MT, T/ must satisfy MT axioms (K0-K3 and link

axiom), where Os are Js and S;s are K;s.

link: T/ F Jo — Kip ; Con
KO: T+ Kip— o; T for K;
Kl: T+ J(Kip — o) ; J necessitation of T of K;

K2 TI+ J(Jp — JKp)

To b Jo— JJp 4 for .J
T bEJp — Kip Con
ToEJJp — JKip from 2. by R3
T)FJo = JKp from 1. and 3.
TIEJ(Je = JKip) ; from 4. by J necessitation

K3: Tk J(KipANKi(p—v) = K); J necessitation of K for K.
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As mentioned above, “any fool” is a particular agent so in any axiom all, the

Ss may be replaced by Os. Consider KO'-K3’ and link’ where we do just that:

link': T/ = Jp — Jo ; propositional tautology
KO: T/FJp—gp; T axiom for J
KU: TIFJ(Je—9); J necessitation of T axiom for J
K2: T/ FJ(Jo— JJp); J necessitation of 4 axiom for .J

K3: T/EJ(JpAJ(p—1)— J); J necessitation of K axiom for J.

(=) (TJ)} € MT. We must show that MT satisfies the (T)* axioms and

rules. Remember that “any fool” O is a particular S agent.

S axioms:
Ki MTESpAS(e— o) — Sy ; by K3, link, KO
T: MTESp— ¢; KO.
O axioms:
T: MT - Op — ¢ ; by KO, O is a particular S
K: MTEOpAO(p =) = Oy by K for S, O is a an S
4. MT = Op — OO ; by K2, T for O, O is an S
Con: MTFEF Op — Sy ; link.
O necessitation: This follows as each S and O axiom is necessitated.
K axiom for S and O is necessitated by K3.
T axiom for S and O is necessitated by K1.
4 axiom for O is necessitated by K2.
S necessitation: This follows from O necessitation and link. O]
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Lemma 3. (S47)f = M4 .

Proof. Recall that J and K; are S4 modalities.

(<) (S47)* 5 M4 follows from Lemma 2 and
K4: 54;{ FJ(Kp — KiKp) ; by J necessitation of 4 for K;

K4': K2'.

(=) (S47)* c M4 follows from Lemma 2 and

S axioms:

4: M4+ S — SSp; by K4, T for O.

O necessitation: 4 for S is necessitated by K4. O
Lemma 4. (S5/C%)f = M5 .

Proof. Recall that J and K; are S5 modalities.

(<) (S575%)t 5 M5 follows from Lemma 3 and
K5: 557{(55) FJ(—Kp = Ki-Kip) by J necessitation of 5 for K;.

K5': S5/0% b J(=Jp — J-Jyp) ; by J necessitation of 5 for J.

(=) (S5759)t ¢ M5 follows from Lemma 3 and

S axioms:

5. MbF =Sy — S=Sp; by Kb, T for O

O axioms:

5: M5+ =0Op — O-0¢ ; by K5, T for O, O is an S.
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O necessitation: 5 axiom for O and S necessitated by K5 and link. m

Lemma 4 completes the proof of Theorem 5. Despite quite different
motivations, McCarthy’s “any fool” and Artemov’s justified knowledge ap-
proaches lead to the same multi-modal logics. It is interesting to compare
the semantics for syntactically equivalent operators: whereas O is considered
a fool, the lowest common denominator, J can be viewed by the other agents

as a reliable authority, a trusted source of proofs.

Corollary 2. There is a Realization Theorem for MT, M4, and M5 providing

evidence-based semantics for McCarthy’s “any fool” knowledge operator O.

Artemov’s evidence-based approach to common knowledge leads to the
same multi-modal logic systems as McCarthy’s any fool axiomatic approach.
This points towards applications for J and endows the O systems with a con-
structive, evidence-based semantics via the Realization Theorem and shows

O, also, to be a generic common knowledge modality.
2.4 Limited Conservativity

A logic L with language L is a conservative extension of a logic L' with
language £' C L if for sentences ¢ of L', L proves ¢ if and only if L’ proves

¢. Recall 1 of Definition 10 which renames J to C. As the logics (547)" and
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547? have the same language and yet are not equal, it is clear that 545 cannot
be a conservative extension of (S47)%, it is however a conservative extension
over all formulas in which C occurs only negatively. Following the standard
terminology, a symbol or subformula X occurs negatively in a formula F if,
when [ is rewritten to have no implication symbols, X is in the scope of an
odd number of negation symbols. For example, X occurs only negatively in

these first two formulas and both positively and negatively in the last:
X—=Y, ((ANX)—=B)—=Y, ANX—>BVX.

Theorem 6. If ¢ is a formula of 547{ such that all occurrences of J in ¢ are

negative, then (S4)+ (o)t o S47+ .

In some sense this result is tight, as by Corollary 1 the induction axiom
(o A C(p = Eyp) — Cy) which distinguishes (S47)t from S4¢ has, along

with a negative occurrence of C, a single positive occurrence of C.

Proof. (=) is secured by the inclusion (S47)" c S4¢ of Proposition 4.

(<) This direction is a consequence of the Sign Lemma which follows. We
show this direction by proving the contrapositive. Suppose ¢ is a formula
of S4/ such that all occurrences of J in ¢ are negative and S4. I/ ¢. By

completeness, there is a model M and a world x such that M, x IF —¢. By
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the Sign Lemma, M x IFt —(¢)!, hence S4¢ F (p)f, since M (with Ry

ignored) is a model for S4¢. O

Lemma 5 (Sign Lemma). Let M be a S4.-model. Add the relation Ro of
reachability along Ry, ..., R, to M and get the augmented model M, where
-t coincides with |- on variables, and the modality C' corresponds to Re. Let
@ be a formula of S4.. Then

if all occurrences of J in @ are positive, then x - o = x I ()T ;

if all occurrences of J in o are negative, then x I ¢ =z T (p)T .
Proof. By induction on ¢.

e base case: ¢ = p is secured by the definition of IFf .

e Boolean case: p =1 — 6.

— All occurrences of J in ¢ are positive and z I ¢. Then x I ¢ or
x IF 0. In the former case all occurrences of J in ¢ are negative
and, by the induction hypothesis, x [T (1)T. In the latter case, all
occurrences of J in 6 are positive and, by the induction hypothesis,

z IFT ()1, In either case, z IFT ()T

— All occurrences of J in ¢ are negative and x Iff . Then z I+

and x | 6. Since all occurrences of J in ¢ are positive and all
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occurrences of J in 6 are negative, by the induction hypothesis,

z IFT ()T and 2 IFT (0)T, hence x T (o).
e modal case: p = K;1.

— All occurrences of J in ¢ are positive and x I+ ¢. Then all occur-
rences of J in 1 are positive and y IF v, for all y such that xR;y.
By the induction hypothesis, y IFT (1) for all y such that xRy,
hence x IFT (K;9)T, ie., o IFT (o).

— All occurrences of J in ¢ are negative and z Iff ¢. Then for

some y such that xR;y, y If ¥. Since all occurrences of J in v

are also negative, by the induction hypothesis, y [T (1), hence

2 (), e o P (o).
e modal case: ¢ = Ji.

— All occurrences of J in ¢ are positive and x I+ . Then all occur-
rences of J in ¢ are also positive and y IF ¢, for all y such that
xR y. Since Rc C Ry, y IF 1, for all y such that zRcy. By the
induction hypothesis, y I (¥)T for all y such that zRcy. Hence

zIFT C ()T, i, o IFT (JY)T, ie., o IFT (p)T.

— ‘All occurrences of J in ¢ are negative and x I ¢’ is impossible,
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since ¢ = J1 and the displayed occurrence of J is positive in

J. O
Corollary 3. If x, ¢ and 1 are formulas in the language of S4,,, then
SACF YACp =1 = SA F A Jp =) .
Proof. As per Theorem 6, x A Jo — 1 has J only in negative position. [J

Corollary 4. If x, ¢ and ¥ are formulas in the language of T,,, then
TR xACo =T ExAJp =1 .

Proof. Analogous to the proof of Theorem 6 if the Sign Lemma starts with

T/-models (J is an S4 modality) and completeness for T7. O

Corollary 5. If x, ¢ and @ are formulas in the language of S5,,, then
SSng/\C’gp—m/J@SS,{(SS) FxAJp—.

Proof. Analogous to the proof of Theorem 6 if the Sign Lemma starts with

$5,%_models (J is an S5 modality) and completeness for 55,5, O

In fact, in Corollary 5, the justified knowledge system can be weakened

to S5/

n?

where J is an S4 modality. Note that in the proof of Theorem 6,

the case of ¢ = Ji requires only that R C R; and not that R; be of



CHAPTER 2. C AND G.C.K. IN MODAL LOGIC 41

the same logical strength. The proof actually applies to any modality whose
accessibility relation contains Ro. However, if J is to be knowledge, R;
is semantically required to be reflexive and transitive. Thus for all formulas
with only negative occurances of C, S5¢ is a conservative extension of (557)1.

This conservativity of C' over J limited to formulas with C' in negative
position suggested the use of J in place of C' in situations in which common
knowledge is applied or assumed, rather than derived or concluded. In the
Muddy Children example, the children’s answers are justified by J after each
round of questioning; we are not interested in concluding that anything is
common knowledge for these children.

We may also care to consider whether conservativity holds for a larger
class of formulas and what benefits there may be to considering a logic which

contains both J and C modalities. This we do now.
2.5 A joint logic of C and G.C.K.

A multi-agent epistemic logic S4S 7'is defined which weds S4¢ and S47 so
that there are mixed formulas involving the common knowledge operator C'
and the generic common knowledge operator J. Completeness for this logic
is shown, allowing for a direct comparison of the deductive strength of J and

C' and easing comparisons when considering typical applications of common
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knowledge such as in scenarios previously mentioned.

2.5.1 Axiomatization of S4¢7

We construct S47 which encompasses the languages of and logics of 543 and
S47. As it has J and C' modalities, we can consider formulas which contain

them both, and both of them with K; modalities. The next subsection shows

cJ cJ
4n 4n

the soundness and completeness of S with respect to S4,;”-models and

some corollaries.

Definition 13. The azioms and rules of 545‘], fori € {1,2,...,n}:

CLASSICAL PROPOSITIONAL CALCULUS:
A. axioms of classical propositional calculus
R1. modus ponens
S4 AXIOMS FOR ALL MODALITIES K;, J, C
S4 ADDITIONAL KNOWLEDGE AXIOMS:
Con. Jyp— K;p
ConC. Cyp — K;p

IA. oA C(p — Ep) — Cyp, where Ep = N\ K,
i=1

NECESSITATION FOR ALL MODALITIES, O € {K;, J, C}:

R2. Fo=FOp.

Compare the following with Proposition 4.

Proposition 5. S457 - Jp — Cyp .
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Proof. Reasons from propositional calculus are not listed.

1.
2.
3.

10.

Jo—= EJp from 4 and Con, definition of F

C(Jp — EJp) from 1. by R2 for C'

Jp— C(Jp — EJyp) from 2.
Jo — Jop

Jop—= JoNC(Jp — EJyp) from 3. and 4. .
JoNC(Jp = EJp) = CJyp IA on Jp
Jo—ClJyp from 5. and 6.

Jo— ¢ T for J

CJp — Cyp from 8. by R3 for C'

Jo — Cyp from 7. and 9.

That the converse does not hold must wait till Proposition 8, after LP,,(LP)

is shown to be sound and complete.

Proposition 6. Both Cp and Jy satisfy X in (2.1), the Fized Point Aziom,

Proof. Jo <> E(p N Jp):

1.
2.
3.

X EpenX).
JJo = EJp from Con and definition of
Jo — JJp 4 for J
Jo— EJp from 2. and 1.
Jo— Ep from Con and definition of £
Jo — (Ee N EJp) from 3. and 4.

Jo— E(pANJp) from 5., normal modalitie commute with A
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1. E(pNJp)—= EpNEJp normal modalities commute with A
2. EoNEJp— EJp

(<) 3. EJp— K, Jp definition of F
4. KiJp—= Jy T for K;
5. E(eNJp) = Jp from 1. — 4.

As each J axiom or rule is also a C' axiom or rule, since J satisfies the

fixed point axiom, so does C'. O

We will use the following proposition in the completeness proof.
Proposition 7. S457 - Cyp — ECy. This is aziom C of S4 .

Proof. Just as lines 1. — 3. in forward direction of proof of Proposition 6. [

2.5.2 Completeness of S4¢7

Definition 14. A model M€’ of 542‘] is M¢7 = (W,Ry,...,R,,Re, Ry, IF)

such that
o (W Ry,...,R,, Rc,IF) is a model of 545 ;
e R; C W x W is reflexive and transitive and Rc C R ;

e |- is extended so that R; corresponds to J:

ulk Jo iff (Vo e W)(uRv= vl ).
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Theorem 7. 545‘] is sound and complete with respect to M’ models.

Soundness. Let M be an arbitrary S4gJ-model. Assume x is provable and
show it holds in each world of M. It is enough to show that all the axioms
and rules are valid. This follows from the proof of Theorem 3. It remains to

check:
e ConC: Analogous to the proof shown for J following Theorem 3.

o IA: x =pANC(p = Ep) — Cyp. Suppose u Ik ¢ A C(p — Ep). Then
for all v such that uRcv, v I ¢ — FE¢ (x%). We want to show u IF Cop,
i.e. v IF ¢ for all v reachable from u. Proceed by induction on length
of path [ along R;s from u to v. It is sufficient to show this for paths
of length [ along the R;s as then the Ro paths are of length < [ (and
in fact of length 0 or 1 along R¢).

—If [ = 0 then v = v and by assumption, u IF ¢.

— induction hypothesis: Assume s |- ¢ holds for worlds s reachable
from u by a path of length [.

— Suppose that v is reachable from u by a path of length { + 1. Then
there is a world ¢ reachable from w in [ steps and tR;v for some i. By
the induction hypothesis, ¢ I ¢ but also by (x%) and modus ponens,

tIF Ep. But tR;v, so v Ik ¢. Thus u I- Cy. [l
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To show completeness, the usual approach would be to construct the
canonical model. However, here the canonical structure turns out not to be
a model of S457. So, instead of a single large model which acts as a counter-
model for all non-provable ¢, for each non-provable ¢ we construct a finite
model with a world at which ¢ does not hold. We use the canonical structure
and filtration techniques to construct these counter-models. The remainder
of the proof of Theorem 7 is delayed until the end of this subsection after the

presentation on filtrations.

Definition 15. The canonical structure for S457 is M7 =

<W, Rl, e ,Rn, RC7 RJ, ”‘> where
o W ={I'| T is a maximally consistent set of S4°” formulas} ;
e |[F CW x Var such that I' IFpiff p € T for p € Var ;

IFR,AMf TP C A, where T := {p | K;p €T} ;

FR;A M TY C A, where I :={p | Jp €T} ;

TRcAff TY C A, where I'C :={p | Cp €T} .

It follows from completeness proofs of $47 and S4¢ that M7 also satisfies

the Truth Lemma: M°” TlIFp < el .
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Corollary 6. As a consequence of the Truth Lemma, any mazimal consistent

set of formulas is satisfiable in M.

Thus S457 - ¢ = MY/ T IF ¢, so soundness holds for the canonical
structure.
Lemma 6. The canonical structure M7 is not a model of S4S7 (cf. [MudH95]
p. 50).
In M€Y ', all accessibility relations are reflexive and transitive and Rc C
" TC " TC o'
R;. However, R # ( U Ri) as we only have ( U RZ-) C Rg, thus M
=1 =1

is not a model of S45”.

)

Proof. Tt suffices to show that Ro ¢ ( Ri)TC. Consider a set of formulas
=1
® = {Ep, EEp, EEEp, ...} U{-Cp}

for some p € Var and abbreviate EEEp as E3p, etc.
Claim. ® is S457-consistent.

Proof of Claim. Suppose ® is inconsistent. Then there is a finite A C ¢
which is already inconsistent so say A = {EFMp, E*p, ... Efp | k; <
ki1 for i <m}uU{=Cp}. (If A were already inconsistent, including {-Cp}
would keep A inconsistent.) Consider the model N = (W, Ry, Ry, Rc, Ry, IF)

where
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o W =N,;

Ry ={(n,n) | neN}U{(n,n+1),(n+1,n) | n € Nand n even} ;

Ry ={(n,n) |neN}U{(n,n+1),(n+1,n) | n € Nand n odd} ;

[ RJ:RC:(RlLJRQ)TC;

rlFpiff x <k, +1.

Figure 1 shows the frame of N with the reflexive arrows of Ry and Ry sup-
pressed. For this model R¢ is an equivalence relation with one class, mRon

for all m,n € N.

R = <>
@ 6 6 ® 6

U U
Figure 1.

But N,1 IF A. To see why, consider an example where k,, = 3 thus
1,2,3,4 IFp,
1,2,3 IFKip A\ Kop A\ Ep though 4 IF = Kip ,
1,2 IF K\EpANKyEp A\ EEp though 3 IF =K Kp
1 FKGEEp N KeEEp AN EEEp  though 2 IF -K Ky Kyp , and
1 IF=CpasblF—pand 1R:5 .

Since 1 IF E3p A =C'p, this A is satisfied and hence is consistent. Since

no finite subset A is inconsistent, ® is consistent. O claim
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We now finish the proof of Lemma 6. Since ® is consistent, it is contained
in some maximal consistent set . Let © = {-p} U {0 | CO € &'}. Note
that © is consistent. As {6 | C0 € &'} C &’ which is maximal consistent,
© could only be inconsistent if -p Ap € ©. As -Cp € &, Cp is not in
®’  so p is not in O, so O is consistent, and so contained in some maximal
consistent set ©’. Observe that ®¢ C ©’ so that in M’ /, ®'R-O’. However
(®,0) & (61 Ri)TC as for each m, E™p € ®', but -p € ©'. Therefore,

M7 is not a model of S457. O

Essentially, M%7 fails to be an appropriate model because Cp 4 Ip,

where [ is iterated knowledge.

Filtrations: the general modal case

Filtration is an established technique for producing a finite model from an
infinite one so that validity of subformulas is maintained. As in M’ there
are already only a finite number of R;, a finite model must be one in which
W is finite. Each world in the finite model will be an equivalency class of
worlds in the original model. We look first at a general modal case, where
our modality is ‘0O." In the following section we apply these techniques to
M7 o produce finite counter-models to those formulas not provable in

545‘7, concluding the proof of completeness.
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Definition 16. For a given set of formulas ®, say two worlds in a model M

are equivalent if they agree on all formulas in ®:

s =g tiff (Vi € O)(M, sk < M,tI- )

and define an equivalence class of worlds

(sl :=={t | s =o t},

or simply [s] if ® is clear.

Note that =¢ is indeed an equivalence relation.

Definition 17. A model N = (S, T}, ..., T,,IFy) is a filtration of M through

¢ if M is a model (W, Ry, ..., R,,IF) and the following hold:

® is a finite set of formulas closed under subformulas;

S = {[w] | w € W}, which is finite as ® is finite;

wlkp < [w]lky pfor p € VarN® and Iy is extended to all formulas;

Each relation T; satisfies the following two properties for all modals O:
min(T;/R;) - (V[s], [t] € S)(if S R;t’, s’ € [s], and t' € [t], then [s]T;[t])

maz(T;/R;) = (V[s], [t] € S)(if [s]T;[t], then
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(VO € ®)[M, s IF O = M, t I )) .

The condition min(7T;/R;) ensures that T; simulates R; while maz(T;/R;)
permits adding pairs to 7; independently of R; if it respects O. Note that
a filtration will always exist as you can define the T; by reconsidering either
condition as a bi-implication. This will give the smallest and largest (not

necessarily distinct) filtrations, respectively ([BARVO1]).

Theorem 8. Let N be a filtration of M through ®, then

(Vo) € D) (Vs € W) (M, sIF b < N, [s] Iy 1) .

Proof. By induction on the complexity of ¢ € ®.

e ) = p: by definition of IFy.

e [LH.: As @ closed under subformulas, M, s IF ¢ < N, [s] IFy 9 holds

for ¢ of lower complexity.

o) = Mslk - < Mslf ¢ < (by LH.) N,[s] Fn ¢ &

N, [s] IFn —.

e ) = pANY: Msly o AN & M,slky ¢ and M,s by ¢ &

(by IL.H.) N,[s] IFxy ¢ and N, [s] IFx @' < N, [s] IFxy o A ¢
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e ¢y = Op: (=) Suppose M, s IF Op. Let [t] be such that [s]T[t]. By
max(T/R), M,t I . By LH. N,[t] IFx . As [t] was arbitrary,
N, [s] IF, D
(<) Suppose N, [s] IFy Ogp, so V[t] such that [s]T[t], N,tIFy ¢. Let
u € W be any state such that sRu, then by min(T/R) [s]T[u] so that
N,[u] IFx ¢. By LH. M,u I ¢ and since v was an arbitrary world

accessible from s, M, s IF Op. O
Filtrations: the canonical structure M¢’' case
4C7

We now consider filtrations in the context of S

Definition 18. A formula ¢ has a suitable set of subformulas ¢ if & =

O U Py U Py U Dy where for i € {1,...,n}:
&) = {¢, ) | ¢ is a subformula of p} ;
Oy = {Ki Ky, ~ KK | Kt € @1}
O3 = {KiJ, =K JY, Kith, = Kp | J € ®1}
Oy = {KiCY, ~K;CY, Kih, ~Kyp | Cp € @1} .
Crucially, a suitable set is finite and closed under subformulas.

Corollary 7. Let ® be a suitable set for p and M a model such that M, s |- ¢.

If N is a filtration of M through ®, then N, [s| lFx .
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Proof. By Theorem 8 and ¢ € . m
Definition 19. For M¢7" = (W, Ry, ..., Ry, Rc, Ry, IF), the canonical struc-

ture of S45”7 and a suitable set ® for a consistent formula ¢, define a model

N={(ST,...,T,,Tc, Ty, IFn) such that, for i € {1,2,...,n}:

S = {[w] | w € W}, which is finite as ® is finite;

wlkp< [w]lky pfor p € VarN® and Iy is extended to all formulas;

T; C S x S such that [s|T;[t] iff (s |k K¢ = tIF 1)) for those K1 € ®;

)

'To:(nTi)TC;
=1

T; C S x S such that [s]T;[t] iff (sIF J¢ = tIF 1) for those Jy € P.

We now drop the subscript on Iy to simplify notation. As worlds in N

are equivalency classes, it will be clear as to which model is in question.
Lemma 7. N is a model of S457 (see Definition 14).

Proof. All accessibility relations are reflexive and transitive and T; C T C

Ty.

e T; is reflexive: For an arbitrary s € [s], (s IF K;¢ = s |- ) always

holds. If the antecedent is true, then by the definition of IF and the
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reflexivity of R;, the consequence follows. If the antecedent fails, the
implication is vacuously true. Thus for all [s] € S, [s]T;i[s], so T; is

reflexive.

e T; is transitive: Suppose [s]T;[t] and [¢t]T;[u] and s IF K9 for K¢ € .
As ® is suitable, also K;K;v € ®. As R; is transitive, the 4 axiom
is sound so we have (s |+ K;v0 = s I K;K;1), so as [s]T;[t] and
KiKiap € ®, (s IF K;Kpp = t |- Ki). Since Kip € @ and [t]T3[u],
(tI- Kyp = wlkF ) so u - . Thus for K¢ € @, (s - Kb = ul- )

holds so [s|T;[u], hence T; is transitive.

o T¢ isreflexive as for every [s] € S, [s]T;[s] and T; C T¢. T¢ is transitive

by definition.

e T is reflexive and transitive by the same reasoning as for T;. It must
also be shown that Tx C T);. Suppose [s|T;[t], then we want to show
[s]Ty[t], ie. for Jy € @, (s |- J = t IF @) holds. If Jy € P,
then as & is suitable, K;Ji¢ € ®. Suppose s I Jy, then as Me
is sound and S457 + Jo — K;Jp, s |- K;Jp. Then since [s|T}[t],
(s Ik K;Jy = t - Jy) holds, so t I Jp holds, and since Rj is reflexive,
t Ik 4. Thus for Jiyp € ® and [s]|T;[t], (s IF J¢ = t IF ) holds, so

[S]TJ[t]T. Since E Q TJ, TC Q TJ. ]
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Lemma 8 (Definability Lemma). Let S = {[s] | s € W} for some suitable
set ®. Then for each subset D C S there is some characteristic formula xp
such that for all [s] € S, sk xp iff [s] € D . Note that all D are finite as S
18.

Proof. Let the set A\{s} be the conjunction of all ¢ € ® that are true at s.

By definition of [s], ¢t IF A{s} iff [s] = [t]. Let xp = \ (A{s}).

[tleD

sl-xp < sl \/ (/\{3}) & sk /\{t} for some t € [t] € D

[tleD

& [s]=[t] forsomet e ftje D [s]e D .

]

Theorem 9. N of Definition 19 is a filtration of M”" through ® (cf.

[MudH95)).
A relation T is a filtration of R if it satisfies min(T/R) and maz(T/R).

Proof. 1t needs only to be confirmed that the accessibility relations T}, T,

and T’y meet the conditions min(T/R) and max(T/R).

e T, : T, satisfies max(T;/R;) by definition so it remains to check min(7T;/R;).

Suppose [s],[t] € S with ' € [s] and t' € [t] such that s'R;t’. For
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.TJZ

Ky € ® we have

sEFEKpp o s K=t =tk

Thus [s]T;[t] by definition, satisfying min(T;/R;).

T; is a filtration of R; by the same reasoning as in the T} case, thus

min(T;/R;) and max(Ty/R;) are satisfied.

To see that T satisfies min(T¢/Rc¢), suppose that sRot. Let D =
{lw] € S| [s]Tc[w]}, the set of worlds reachable from [s] by T¢. It is
sufficient to show

sl Cxp , (2.2)

as then sR¢t gives ¢ IF xp and so by definition of xp, [t] € D and so

[s]T¢[t]. Now we show (2.2).

As IA is valid in the canonical structure,

sl-C(xp — Exp) — (xp = Cxbp) . (2.3)

To see that s IF C(xp — Exp) holds, consider the following. Suppose
for some w, sRcw and w IF xyp. We want to show w I- Exp, i.e., for
all i, w Ik K;xp, i.e. for all u, wR;u, u Ik xp. Since w Ik xp, [w] € D

so [s]T¢[w]. This means there is a path of length [ from [s] to [w] along
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the union of T;s. As each T; is a filtration of R; we also have for all
those worlds u accessible from w, [w]|T;[u]. Thus there is a path of
length [ 4 1 along the T}s from [s] to [u] and so [s]T¢[u]. This means
that u IF xp, so w IF Exp. Since the antecedent of (2.3) holds, we have
sl xp — Cxp so in order to conclude (2.2), we must show s |- xp.

which we have by the reflexivity of T¢>. Thus T satisfies min(T¢/Re).

T must also satisfy maxz(Te/Re). Suppose that [s]T¢[t] and for some
s € [s], s Ik Cy for Cyp € &. We must show that ¢ IF ¢). Note that
as ® is suitable, for each ¢, K;Cv, i.e. ECY € & as well. Recall from
Proposition 7 that 545‘7 F CvY — EC1 so by soundness, s IF Cy = s I+
EC%. As [s]T¢[t] and T is built from filtrations of the R;s, there is a
path of length [ along the R;s from s to t. As s |- ECY and ECy € P,
C1) also holds at the next world on this path towards ¢, for whichever
R; used. By induction on the length of the path we get t I- Ci. Since

Te is reflexive we have t |- 1. Thus T¢ satisfies maz(Te/Re). O

We can now finish the proof of Theorem 7 that 545 7 is sound and complete

cJ
4n

with respect to S4,”-models. Soundness was shown already.

Proof of Completeness. Suppose 545‘] t/ ¢. Then {—} is contained in some
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maximal consistent set © and for the canonical structure M’ we have M’, © I+
—@. Defining a suitable set ® of subformulas of =y, we can construct an
S4%/_model N (Lemma 7), which, as it happens to be a filtration of M’
through ® (Theorem 9), agrees with M’ on formulas of ® (Theorem 8) and

so N, [O] IF ¢. O

Corollary 8. 545‘] ezhibits the Finite Model Property and is decidable.
Soundness yields the following two propositions.

Proposition 8. 545‘] H Cyp — Jo, as was promised before Definition 10.

Proof. Consider a model of S45” with W = {a,b} such that R, = Ry =
Re = {(a,a), (b,b)} and R; = {(a,a),(b,b),(a,b)}. Let only a IF p and all
other propositional variable fail at both worlds. While a IF Cp, a I Jp so

alf Cp — Jpsoalk —~(Cy — Jy), so by soundness S457 I/ (Cp — Jp). O
Proposition 9. S47 is a conservative extension of both S47 and S4C.

Proof. Conservativity of S457 over S47:

We need to show that for each S47-formula F, if S457 - F, then S4/ - F.
By contraposition, suppose S4i t# F. Then, by the completeness theorem
for S47. there is a S4/-model M such that F does not hold in M. Now we

transform M into an S4nCJ—model M’ by adding the reachability relation Rc.
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This can always be done and leaves the other components of M unaltered.
Since the modal C' does not occur in F, the truth values of F' in M and
in M’ remains unchanged at each world, hence F' does not hold in M’. By
soundness of S457, S4°7 (/ F.
Conservativity of S457 over S4¢:

Let G be an S4%-formula not derivable in S45. We have to show that G
is not derivable in S45” either. By completeness of S45 there is an S4¢-
countermodel N for G. Make N into an S45/-model N’ by the addition
of Ry as the total relation (alternatively, we could put R; = R¢). As G
contains no J, at each world, these models agree on the valuation of G, thus

G does not hold in N’ either. By soundness, S45” I/ G. O



Chapter 3

G.C.K. in Justification Logic

The characteristic feature of G.C.K. is that it implies, but is not equiva-
lent to, iterated knowledge I. Logics with this type of common knowledge
have already been seen ([Lew69, McSHI7S, [Art06]), but this new terminol-
ogy introduced in [Art12b] clarifies this distinction. While generic common
knowledge can appropriately be applied in many contexts where C' has tra-
ditionally been used, there is also a technical advantage in that the cut rule
can be eliminated [

In the generative justification logic LP, the logic of proofs, knowledge and
reasoning are made explicit with proof terms representing evidence for facts
and new logic atoms t: F' are introduced with the reading ‘t is (sufficient)

evidence for knowing F’ or simply ‘¢ is a proof of F.’

1See details in [AJ05] as to why the finitistic cut-elimination in traditional common
knowledge systems may be seen as unsatisfactory.

60
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We define a justification logic with multiple knowers and generic com-
mon knowledge. As the standard example, we assume that all agents as
well as their G.C.K. system are confined to LP. We call the resulting sys-
tem LP,,(LP) which symbolically indicates n LP-type agents with an LP-type
common knowledge evidence system.

Multi-agent justification logic systems were first considered in [Yav(0],
but without any common knowledge component. Systems with the ex-
plicit equivalent of the traditional common knowledge were considered in
[BKS11l, Bucl2]; capturing common knowledge explicitly proved to be a se-
rious technical challenge and the desirable realization theorem has not yet
been obtained.

We take the next step from Theorem 4 (Realization Theorem) by offering
a realization of the entire G.C.K. system S4;{ in the corresponding explicit
G.C.K. system LP,(LP). All epistemic operators, not only .J, become explicit

in such a realization of S4; ([Ant13]).
3.1 An explicit epistemic system with G.C. K.

Here we introduce an explicit generic common knowledge operator into jus-
tification logics in the context of a multi-agent logic of explicit justifications

to form a logic LP,(LP). The “(LP)” corresponds to G.C.K.
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Definition 20. Lip,wp, the language of LP,(LP), is an extension of the

propositional language:

Lip,wpy = { Var, pfVar, pfConst, vV, \, =, —,+,-,1,:} .

Var is propositional variables (p,q,...). Justification terms (Tm) are built
from pfVar and pfConst, proof variables (x,y,z,...) and proof constants

(c,d,...), by the grammar

te=x|c|t+t]|tt|t.

Formulas (Fm) are defined by the grammar, for i € {0,1,2,...,n},

=ploVe|loNp|lo—=e|p|typ,

where p € Var and t € Tm.

The formulas ¢ :; ¢ have the intended reading of ‘¢ is a justification of ¢
for agent ¢.” Index ¢ = 0 is reserved for explicit generic common knowledge,

for which we will also use the alternative notation [t]p for better readability.

Definition 21. The azioms and rules of LP,(LP):
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CLASSICAL PROPOSITIONAL LOGIC:
axioms of classical propositional logic
modus ponens
LP AXIOMS FOR ALL m + 1 AGENTS, i € {0,1,2,...,n}:
L1. ty(p—=1) = (sup— (t-8) 1)
L2, tyo—(t+s)upandto— (s+1)u¢
L3. ty0o—= ¢
L4, tyo =ty (the)
CONNECTION PRINCIPLE:

C. [tlje—=tup.

(132

Term operators mirror properties of justifications: is application for

deduction; “4,” sum, maintains that justifications are not spoiled by adding

44'77

(possibly irrelevant) evidence; and is inspection and stipulates that jus-
tifications themselves are justified. This last operator appears only in justi-
fication logics with L4, whose corresponding modal logic contains the modal
axiom 4 (Op — OOp), as shown in [Art08]. A multitude of justification
logics of a single agent corresponding to standard modal logics have been

developed ([Art08]). Yavorskaya has investigated versions of LP with two

agents in which agents can check each other’s proofs ([Yav06, [Yav08]).

Definition 22. A constant specification CS; for each agent, i € {0,1,...,n}
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is a set of sentences of type c:; A where ¢ is a constant and A an axiom of
LP,(LP). Let

CS ={CS,...,CS,}

and CSy C CS; foralli € {1,2,...,n}. By LP, ¢s(LPcs,) we mean the system
with the postulates A, R, L1-L4, C above, plus CSy and CS; as additional
axioms. As formulas in a constant specification are taken as axioms, they

themselves may be used to form other formulas in a CS so that it’s possible

to have c:1(d:gA) € CSy if d:g A € CSs.

The constant specification represents assumptions about proofs of basic
postulates that are not further analyzed. If CS; = (), agent ¢ is totally
skeptical; no formulas are justified. If this is so for all agents, the logic
would be denoted LP, (9 (LPy). Constant specifications of different types
have been studied: schematic, injective, full, etc. and have been defined with
various closure properties. See [Art08] for a fuller discussion of constant
specifications. The total constant specification for any agent, TCS;, is the
union of all possible CS;. In a TCS, any axiom may be justified by any proof
constant, or finite string of proof constants, e.g. ¢o: A and ¢, : (- co: (e
(co:A))), with each ’ indexed by any i. Henceforth we will assume each

agent’s constant specification is total and will abbreviate this to LP,(LP).
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Definition 23. A modular model of LP,,(LP)is M = (W, Ry, Ry, ..., Ry, *,IF)
where for i € {0,1,2,...,n},

1. e I/ is a nonempty set;

o R CW x W are reflexive and Ry is the designated accessibility

relation for G.C.K_;
o x:W x Var — {0,1} and »: W x {0,1,2,...,n} x Tm — 2I'™
i.e., for each agent i at node u, *(u,,t) is a set of formulas ¢ justi-

fies. We write ¢ for *(u,4,t). We assume that G.C.K. evidence is

everybody’s evidence:

t=0 C o for i€{0,1,2,...,n}.

u

2. For each agent ¢ and node u, * is closed under the following conditions:

Application:  s%' 5" C (s-1)5"
Sum:  sHTULH C (s 4 1)
Inspection:  {t:;p | ¢ € (£} C (1t)5"
where s*-t* = {¢ | ¢ — 1 € s* and ¢ € t* for some @}, the set of
formulas resulting from applying modus ponens to implications in s*

whose antecedents are in ¢*

3. For p € Var, we define forcing IF for atomic formulas p at node u as
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u |- pif and only if *(u, p) = 1. To define the truth value of all formulas,

extend forcing I to compound formulas by Boolean laws, and define

ulFtyp & pcethh.

4. ‘justification yields belief” (JYB), i.e., for i € {0,1,2,...,n}, ul-t:¢

yields v IF ¢ for all v such that uR;v.

Modular models, first introduced for the most basic justification logic in
[Art12al, are useful for their clear semantical interpretation of justifications
as sets of formulas. For modular models of some other justification logics,
refer to [KS12]. For a detailed discussion of the relationship between modular
models and Mkrtychev-Fitting models for justification logics, see [Art12al.

A model respects CSy, . ..,CS,, if each c¢:; A in these constant specifications

holds (at each world «) in the model.
Theorem 10. LP,, ¢s(LPcs,) is sound and complete. Fori € {0,1,2,...,n}:
LP,cs(LPes,) F F iff F' holds in any modular model respecting CS; .

Proof of Soundness. By induction on F', for i € {0,1,2,...,n}.

e constant specifications: If ¢:; ¢ € CS;, then u IF ¢:; ¢ as the model

respects CS;.
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e Boolean connectives: hold by definition of the truth of formulas.

e application: Suppose u IF s (F — G) and u IF ¢ :; F. Then by
assumption, (F — G) € s&" and F € t%'. Then G € s&-t%" C (s-1)5%

thus u IF (s-1) 5 G.

e sum: Suppose u - t:; F. Then F € &' and so F € sh'Uth" C (s+1¢)5".

Thus u I (s +t):; F. Likewise, u l- (t 4 s):; F.

e modus ponens: Suppose u I F' — G. Then by the definition of the

connectives either u Iff F' or u IF G. So if also u I+ F', then u I- G.

e factivity: Suppose u IF t:; F'. By the ‘justification yields belief’ condi-
tion, v |- F' for all v such that uR;v. As each R; is reflexive, uR;u, so

also u I+ F.

e inspection: Suppose u I- t:; F. Then F € t%" so t:;; F € (It)*". Thus

e connection principle: Suppose u I+ t:g F. Then F € ¢*° C ' so

wl-t:; F. [

Proof of Completeness. By the maximal consistent set construction. For ¢ €

{0,1,2,...,n}, let
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e I/ the set of all maximal consistent sets;

o IR iff T%# C A where I'"# = {F | t;F €'} ;

e For p eVar, x(I',p) =1iff pe T ;

ot ={F|ty;FecTl} (ie, for X =p,t;F, TIFXiff X €T). O

To confirm that these comprise a modular model, the R; need to be reflexive,
the G.C.K. and closure conditions must be checked, and the model must
satisfy ‘justification yields belief.” As each world is maximally consistent
['“# C T, hence I'R;I" by L3, so each R; is reflexive. The G.C.K. conditions
0 C 5 for i € {0,1,2,...,n} follow from the C axiom t:g F' — t:; F for
i €{1,2,...,n}. Closure conditions for -, 4+, and ! follow straightforwardly
from the axioms L1, L2, and L4. It remains to check the JYB condition,

following the Truth Lemma.

Lemma 9 (Truth Lemma). I' IF X iff X € ', for each T and X.

Proof. Induction on X. The atomic and Boolean cases are standard. The
only interesting case is X = t:; F'. Note that I' IF t:; Fiff F' € t;’i by the
definition of modular models. Moreover, under the evaluation particular to

this model, Fet;’i iftt;, Fel. ThusI-t,; Fiff t; Fel. [
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Now to see the JYB condition, suppose I' I t:; F' and consider an arbi-
trary A such that 'R;A. By the definition of this model, ¢:; F' € T', hence
F € I'*# hence F € A. By the Truth Lemma, A I- F.

To finish the proof of completeness, let LP, ¢s(LPcs,) I/ G, hence {-G}
is consistent and has a maximal consistent extension, ®. Since G ¢ ®, by

the Truth Lemma, ® I G.
Corollary 9. The canonical model of the completeness proof is transitive.

Proof. Suppose 'R;A and AR,©. If t;; F € ', then !t:; (t:; F) € ' as I is
maximal consistent. As !t:; (¢ F) € I' and I'R;A, by the definition of the
Ri,t; FeA Ast; Fe Aand AR,O, FF € ©. Thusif t:; FF € I', then
I € O that is, 'R;0, hence R; is transitive in the model of the completeness

proof. O]
Corollary 10. Modular models for LP (i.e., LPo(LP)) are M = (W, R, *,IF)

where

1. o W is nonempty;
o R is reflexive;

o x: W x Var—){O,l},*:Wme—>2Fm.

2. x closure conditions for -, +, and ! .



CHAPTER 3. G.C.K. IN JUSTIFICATION LOGIC 70

3. ulk p < x(u,p) =1 and forcing b extends a truth value to all formulas

by Boolean laws and wl-t:F < F €t} .

4. justification yields belief (JYB): u |k t: F yields v |- F for all v such

that uRv .

These modular models for LP differ from those by presented in [KS12] as
no transitivity is required of R, which enlarges the class of modular models
for LP. Artemov suggests (personal communication) this modular model for
L Py which satisfies Definition 4 and is not transitive and hence ruled out by

the formulation offered in [KS12]:

o W =/{a,b,c};

o R = {(aa), (bb), (cc), (ab), (bc)} ;

*
a’

e x is arbitrary on propositional variables, ¢, t;, 7 are all empty.

Of course, one could produce more elaborate examples as well, e.g., on
the same non-transitive frame, fix a propositional variable p and have t; :
to:...:t, :p hold for all proof terms ti,...,t,, for all n, at any node (in
particular, make p true at a, b, ¢).

While it does not appear to be warranted to confine consideration a priori

to transitive modular models, the exact role of transitivity of accessibility
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relations in modular models is still awaiting a careful analysis.
3.2 Realizing S4! in LP,(LP)

We show that LP,(LP), a logic of explicit knowledge using proof terms, has a
precise modal analog in 54;{ , an epistemic logic with G.C.K. Recall that J is
indeed generic as Jp — Cp while Cp 4 Jyp, as illustrated by Propositions
5 and 8.

In Kripke models, a distinction between generic and conventional common
knowledge is clear. The accessibility relation for C', R, is the exact transitive
closure of the union of all agents’ accessibility relations R;. On the other
hand, R, the relation for J, is any transitive reflexive relation which contains

the union of all other agents’ relations, thus
Reex = Ry 2 Re .

Speaking generally, there may be flexibility in choosing R; while Ro is
uniquely determined by the agents’ R;s. This is paralleled in the explicit
case where we also have options for generic common knowledge: there may
be many evaluations * such that t*° satisfies t+° C t** for all 1.

We now have LP,(LP) and S4;1 , each is a multi-agent epistemic logic with

generic common knowledge, where all justifications are explicit in the former
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and implicit in the latter. By proving Theorem 12, we will establish that

LP,,(LP) is the exact explicit version of S47.
Definition 24. The forgetful projection is a translation
o: Lip,wp) — ES%
defined inductively as follows:
e p°=p, forpe Var;

(=9)° = =(¥°) ;

e o commutes with binary Boolean connectives: () A ¢)° = 1° A ¢° and

(Y V) =9V
[ J (t:iw)o = Kz<wo) for ¢ € {0, 1, R ,n} .
Proposition 10. [LP,(LP)]° C S4/ .

Proof. The o translations of all the LP,,(LP) axioms and rules are easily seen

to be theorems of S47. O

We want to show that these two logics are really correspondences and
that

S47 C [LP,(LP)]°
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also holds. This is much more involved. Theorem 12 shows that a derivation
of any S47 theorem o can yield an LP5(LP) theorem 7 such that 7° = . This

process, the converse of the o-translation, is a Realization r.

Definition 25. A realization r is normal if all negative occurrences of modal-

ities, whether a K; or J, are realized by distinct proof variables.

To provide an algorithm r for such a process, we first give the Gentzen

system for S4;7 and the Lifting Lemma (Proposition 11).

Definition 26. S4/G, the Gentzen version of S47, is the usual propositional
Gentzen system (e.g. Glc in [T'S96]) with addition of n + 1 pairs of rules,

where O is J or some K;:

o, I' = A (0.=) and JIVOA = ¢ (>.0)
Op,I' = A JU,O0A = Op
As usual, capital letters are multisets and O{p1, ..., ¢} = {0¢1,...,Op,}.

In the special case that A is empty, the second rule can be read as

JI' = ¢
JI' = Op

(=0,

where O may be J or some K;. If instead I' is empty, the second rule becomes

the usual (=, 0) rule for 54,G.
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Theorem 11. S4/G is equivalent to S4/ and admits cut-elimination.
Proof. See Theorem 3 in [Art06]. O

Let ' = {m1,...,Ym}, & = {01,...,0,} be finite lists of formulas, and
y, Z finite lists of proof variables of matching length, respectively. Then

1T = [y, [Ymlym and 2435 = 21500, -+ 200, 1 € {0,1,2,...,n}.

Proposition 11 (Lifting Lemma). In LP,(LP), for: € {0,1,2,...,n} and

each I', 3,9, Z,
[y, 245 F o

for the corresponding proof term f(y,Z).

In the special case where 3 is empty, we have, for i € {0,1,2,...,n},

[GITF
T (@)

where as if T is empty, we have, for i € {1,2,...,n} but noti =0,

Proof. By induction on the derivation of .

e (is an axiom of LP, (LP), then as LP,,(LP) has TCS, for any constant c,
ciipsolet f(y,2) =c. AsFip,py ciip, also [ [T, 253 Fip, ey ¢t .

(Here, any CS in which each axiom has a justification would suffice.)
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o ¢ is [y;]y; for some [y;]v; € [y T, then [ ]I, 243 Fip, ey Y5175

hence [g]Fa ZuyX |_LPn(LP) [!yj]([yj]%’) )
and [ 10, 255 e, ey s (lys])
So [T, 258 Fp, )y, i for any i,

so we can put f(v, 2) =ly;.

@ is 2305 for some z;;;05 € 2758, then [ [T, 25X Fip, ) 25505
hence [g]F,ZZZ l_LPn(LP)!Zj v (zj:iaj) .
So [0, 25X Fp, ey 2t

so let f(y,2) =!z;.

@ is derived by modus ponens from v and ¥ — ¢. By the induction
hypothesis, there exist ¢:;¢ and u:; (¢ — @) (where t = f,(7, Z) and
u = fu(y,Z)). Since u: (v — p) = (¢ — (u-t) @), by modus

ponens (u-t):p. So let f(¥,2) = (u-t).

piscy; AeCS;. Since ci; A = ley (e A) and Fep py ¢35 A, also

l_LPn(LP) le ] (C i A) thus

]l 245 "LPn(LP)!Ciz’SD .

So let f(y,2) =le. O

Corollary 11 (Internalization). Given LP,(LP) F ¢, foreachi € {0,1,... ,n}
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there is some proof term p such that LP,(LP) F p:; .

Proof. This is a special case of the Lifting Lemma. Each CS; is required to
contain, for all axioms A, c¢:; A, for some constant c. These p are ground
terms, built only from proof constants by application and inspection (and

not sum). O

Theorem 12 (Realization Theorem). If S47 ¢, then LP,(LP)  ¢" for

some normal realization r.

Though there have now been many realization algorithms presented in the
literature for various justification logics, some more efficient, some semantic
(e.g. in [Fit05]), this proof follows the structure of the original one from

[Art01].

Proof. 1f S47 + ¢, then by Theorem 11 there is a cut-free derivation D of
the sequent = ¢ in S47/G. We now construct a normal realization algorithm
r that runs on D and returns an LP,, (LP) theorem ¢" = 1) such that ° = .

In ¢, positive and negative modalities are defined as usual. The rules of
S47G respect these polarities so that (=, 0) introduces positive occurrences
and (O, =) introduces negative occurrences of O, where O is J or some K.
Call the occurrences of O related if they occur in related formulas in the

premise and conclusion of some rule: the same formula, that formula boxed
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or unboxed, enlarged or shrunk by A or V, or contracted. Extend this notion
of related modalities by transitivity. Classes of related O occurrences in D
naturally form disjoint families of related occurrences. An essential family is
one in which at least one of its members arises from the (=, ) rule, these
are clearly positive families.

Now the desired r is constructed by the following three steps so that
negative and non-essential positive families are realized by distinct proof
variables while essential families will be realized by sums of functions of

those proof variables.

Step 1. For each negative family and each non-essential positive family,
replace all O occurrence so that Ja becomes [x]a and K;a becomes y :; a.

Choose new and distinct proof variables  and y for each of these families.

Step 2. Choose an essential family f. Count the number ny of times the
(=, 0) rule introduces a box to this family. Replace each O with a sum of

proof terms so that for i € {0,1,2,...,n}, K;a becomes

(w1+w2+---+wnf) g Qo

with each w; a fresh provisional variable. Do this for each essential family,

choosing new provisional variables. The resulting tree D’ is now labeled by

LP,,(LP)-formulas.



CHAPTER 3. G.C.K. IN JUSTIFICATION LOGIC 78

Step 3. Now the provisional variables need to be replaced, starting with the
leaves and working toward the root. By induction on the depth of a node
in D' we will show that after the process passes a node, the sequent at that

level becomes derivable in LP,,(LP) where
I'= A

is read as provability of

I'Fip, e \/ A

Note that axioms p = p and L = are derivable in LP,(LP). For each
move down the tree other than by the rule (=,0), the concluding sequent
is LP,,(LP)-derivable if its premises are; for rules other that this one, do not
change the realization of formulas. For a given essential family f, for the j**
occurrence of the (=, 0) rule, for O some K;, the corresponding node in D’

is labeled
210, ¢4 = «
20, @5 = (ur + -+ Uy, )

I

where the zs and ¢s are proof variables and the us are evidence terms, with
u; a provisional variable.
By the induction hypothesis, the premise is derivable in LP,, (LP). By the

Lifting Lemma (Proposition 11), construct a justification term f(Z,q ) for a
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where

[Z]Fv (j’LE = f(’ZJ)zOC .

Now we will replace the provisional variable u; as follows

(20, X F (un+ - Fujor + f(2) + i+ )

Substitute each u; with f(Z,¢ ) everywhere in D’. There is now one fewer
provisional variable in the tree as f(Z,¢ ) has none. The conclusion to this
j*™ instance of the rule (=, O) becomes derivable in LP,,(LP), completing the
induction step.

Eventually all provisional variables are replaced by terms of non-provisional
variables, establishing that the root sequent of D, ¢", is derivable in LP,, (LP).

The realization constructed in this manner is normal. ]
Corollary 12. S47 is the forgetful projection of LP,,(LP).
Proof. A straightforward consequence of Proposition 10 and Theorem 12. [

We see that the common knowledge component of LP, (LP) indeed cor-
responds to the generic common knowledge J and hence can be regarded as

the explicit G.C K.
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3.3 Realization Example

We demonstrate a realization of an S4y theorem in LPy(LP).
Proposition 12. S4) - J-¢ — Ky~ K .

Proof. Here is an S47G derivation of the corresponding sequent.

_ =9 o,
Ki¢p = (=)
_‘¢7 K1¢ = 7 (=,-)
¢ = K¢ © ;)
T~6 = —Kig O
Jo¢p = Ky-Ki¢p = —)
= Jo¢p — Kym K¢ '

]

Now we follow the realization algorithm to end up with an LP5(LP) theo-
rem. In the sequent proof, the J in the root is in negative position and all the
Js in this derivation are related and form a negative family. The occurrences
of the K} modality are all related and they, too, form a negative family. The
two occurrences of K, form an essential positive family with ny = 1 as there

is one use of the (=, 0) rule.
Step 1. Replace all J occurrences with ‘[z] and K; occurrences with ‘y:; .’

Step 2. Replace all Ky occurrences with a ‘w:y,” with w a provisional vari-

able. Since here ny = 1, a sum is not required. At this stage the derivation
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tree looks like this, where ‘=’ is read as ‘" in LP5(LP):

¢

(@,=)

(ﬁ»:>)

Y Ejﬁ)

Y@

w:g (—y Q)

(]2 — wiz (Y1 0)

0,=)

(=,0)

(=, =) .

5
AR AN

Step 3. The one instance of the (=, 0) rule calls for the Lifting Lemma to

replace w with f(x) so that

[z]=¢ = f(2):2(my19)

in LPy(LP). The proof of the Lifting Lemma is constructive and provides a
general algorithm of finding such f. To skip some routine computations we
will use the trivial special case of Lifting Lemma, Internalization, without
specifying g.

Consider the following Hilbert-style derivation in LPy(LP), line 7 in par-

ticular.
1. yuo— ¢ L3 axiom for agent 1
2. ¢ — Yo from 1. by contraposition
3. [9](=p = —y:19) for some ground term g

4. [g](=¢ = —y:10) = ([x]-0 — [g-z]7y:1 b) L1 axiom for G.C.K.
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5. [x]=¢ — [g-z]-y: ¢ from 3. and 4. by R1

6. [g-z]y:d— (g:) o connection principle

7. [x]0¢ = (g-x)0 Ty o from 5. and 6.

So, it suffices to put f(x) = g-x where g is a ground proof term from line
3| and [2]-¢. Note the forgetful projection of the LP,(LP) theorem line 7.,
[z]=¢ = (9-2) 2 ~y:1 9]° = J=¢ = Kom K6,

is the original S47 theorem which was realized.

2Here g = c-d where [d](y:; ¢ — ¢) and [c]((y :: ¢ — ¢) = (¢ — —y i ¢)). The
particular constants ¢ and d depend on CSj.
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Conclusions

The family of justification logics offers a robust and flexible setting in which
to investigate explicit reasons for knowing: ¢ : ¢, ‘@ is known for reason
t,” in contrast to a modal approach in which Oy or K¢ represent implicit
knowledge of ¢, where reasons are not specified. The addition of generic
common knowledge opens these systems to numerous epistemic applications
([Ant07, [Art10, [Art12D]). The Realization Theorem for S4; presented here
allows for all modalities, including generic common knowledge (J), to be
made explicit in LP,,(LP), enabling reasoning to be tracked.

The construction of LP,(LP) can serve as a template to build other multi-
agent explicit justification logics with G.C.K., even in cases where not all the
agents’ reasoning may be factive. If other justification logics such as J, JT,
and J4 ([ArtO8]) were augmented with G.C.K. to form the logics J,,(LP),

JT,.(LP), J4,(LP), it is assumed that they, too, would correspond to implicit

33
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modal logics, presumably to K/, KTZ K47 respectively, but this has yet to be
shown. There are also justification logics such as J45, JD45, and JT45 to con-
sider, with the negative introspection axiom (—t:; F' —7t:;(—t:; F')), whose
forgetful projection is the modal 5 axiom —~K;F — K;(—K;F) ([Art08]). On
the modal side, G.C.K. must be strong enough to be considered knowledge
(usually S4), but possibly S5. While there are realization theorems for S5,
such as Fitting’s clean approach in [Fit08a], it may be more delicate to estab-
lish correspondences between these multi-agent G.C.K.systems with negative
introspection.

In the LP, (LP) case presented here, all agent reasoning represents knowl-
edge. While it is useful to track these justifications, in the knowledge domain,
each justification is a proof and so yields truth. However, in a belief setting,
justifications are not necessarily sufficient to yield truth. In these situations,
it may become even more crucial, indeed essential, to track specific evidence
in order to analyze its reliability and compare justifications arriving from
different sources. Logics of belief with G.C.K. can be constructed. With-
out factivity (L3), belief, rather than knowledge, is modeled. Investigating
multi-agent logics of belief with G.C.K. will likely also yield a rich source of
models in which to analyze several traditional epistemic scenarios and may

also offer an entry to considering an explicit version of common belief.
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Even within the knowledge context, it may also be worthwhile investi-
gating other levels of group knowledge in an explicit setting. In [FHMV95],
a hierarchy of group knowledge is presented, from distributed knowledge at
the weakest, to “everybody knows,” to finite iterative knowledge, and finally
to common knowledge. Understanding these from a justification logic stand-
point could enrich the field. However, we currently see that generic common
knowledge is a useful choice for modeling many epistemic situations and we
have here presented what has yet to be shown for conventional common
knowledge: that a modal epistemic logic with generic common knowledge
can be made fully explicit. This is done through the introduction of the jus-

tification logic LP,(LP) with explicit G.C.K. and the Realization algorithm.
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Appendix: Muddy Children
realized

To consider another instance of a realization, we return to the Muddy Chil-
dren example of §2.2.1 to obtain a theorem of LPy(LP) under an explicit

context analougus to the modal S47 context
S=JAVB)ANJ(KyAV Ky—A) AN J(—-K,B) N J(~K,—B) .

This realization is done “by hand” and not via the algorithm presented in

Theorem 12. The LP2(LP) context will be
T =1[d)(AV B)AN[d](p: AV q:=A) A [d"](—z: B) A [d")(—y:—B) .

Here, as each conjunct is G.C.K., is to be considered an axiom of this system

@, ”

for any proof terms p, ¢, x, and y. Here corresponds to b’s justifications,

“” toa’s and [-] to J's. While we are assuming that all constant specifications

36
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are total, distinguishing the proof constants can clarify the process of this
derivation. We also note that some steps can be eliminated by sensitively
adjusting the conjuncts of 7. This is precisely because justification logics
are not closed under substitution of equivalent formulas; equivalent sentences
may, depending on the constant specification, have different proof terms.
We consider propositional tautologies, not only propositional axioms, to be

axioms of LPy(LP).

Claim. Given T, child a can prove she is muddy: for some proof term t,

T, LPy(LP) - £:A .

Proof. T,LPo(LP) F t;A where t = ¢3-((co-d')-(g-d")) is built from proof
constants are as follows: e3;(p: A — A), co;(p: AV a:—-A) = (-x:-A —
p:A), g;(=(c1-d)-x: B — —x:-A), and d";(—(ci-d)-x: B). The term g is
not a proof constant itself but a ground term provided for by Internalization
(Corollary 11).

The ground term g of line 10. is built by @ mimicking the same reasoning
in the earlier lines. She justifies any axiom with some constant (7CS). If
she wants to duplicate b’s or J’s modus ponens step she first needs to justify
the appropriate L1 statement.

This derivation parallels the modal proof in §2.2.1.
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© % N o

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.

(AvB)— (mA— B) propositional tautology
[c1]((AV B) —» (mA — B)) TCS
[d](AV B) T

[c1]((AV B) = (mA — B)) — ([d][(AV B) = [c1-d](-A — B)) L1

[c1-d](-A — B) from 4., 2., and 3. by R twice
¢-d:(—A — B) from 5. by C
c1-d:(mA — B) = (x:=A = (¢;-d)-z:B) L1
r:2A = (¢-d)-x: B from 6. and 7. by m.p.
“(c1-d)-x: B — —~(x:—A) contrapositive of 8.
g;(=(c1-d)-z: B — —x:—A) for g a ground term, see above
[d"](=(¢c1-d)-x: B) T
d"(=(c1-d)-z:B) from 11. by C

g;(=(c1-d)-z: B — —x:=A) — (d";(—(c1-d)-x: B) — g-d”; (—z:—A)) L1

g-d";(mx:—A) from 13., 10., and 12. by R twice
(p:AVz:=A) = (mx:0A — p:A) propositional tautology
[eo)(p:AVx:=A) = (—x:—mA — p:A)) TCS
[d](p: AV z:=A) T
[co-d|(—mz:mA = p: A) from 16., 17., L1, and R
co-di(mx:mA = prA) from 18. by C
(co-d)-(g-d");(p: A) from 19., 14., L1, and R
A= A L3
c3i(prA— A) TCS

cs3-((ea-d)-(g-d"));A from 22., 20., L1, and R. O
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