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Introduction

Let P be a partial differential operator in n real variables of

n athe form P = 2 A . -r—  , where the coefficients A . are analytic
> 1  J 8o3 J

functions in a neighborhood of some point pQ . Let N be an n-1 

dimensional surface containing pQ which is non-characteristic with 

respect to P , i.e. if N is expressed locally as N = {<p(x) =0, «p real}

then Pep 4= 0 . We know from the Cauchy-Kovalevsky theorem [4, Chapter 5]

that given any function £ defined and analytic on N in a neighborhood 

of pQ we can always solve the analytic initial value problem locally, 

i.e. we can find a neighborhood U c £n of pQ and an analytic function 

u on U such that

Pu = 0 on U 

u = f  on NflU.
GOSuppose f is not analytic but merely C on N in a neighborhood

of pQ . Can we find a C°° solution to the initial value problem? In

fact, can we even find a C°° solution to the one-sided initial value 

problem i.e. for any given function f which is C°° on N can we find
COa neighborhood U of pQ and a function u € C (U) such that

Pu = 0 on (N U {one side of N in £n}) f| U

u = f  on N D U .

In Section 1 of this paper, using the method of characteristic
00curves, we reduce the problem of solving the C initial value problem

n g
for the general operator with analytic coefficients P = 2 A. —• at

j=l 3 6 i

1



COpQ with initial surface N , to one of solving the C initial value
/ B n—1 ^problem for an operator P 7 of the form P 7 = —  + i 2 b . (t*xot j_i J 1 n-x oXj

at the origin with initial surface t = 0 . Here all the b.'s are real
3

and analytic. If all the coefficients of our original operator, P , have 
A Areal ratio, i.e. -J- is real for all j and k in a neighborhood of p , Ak °

then our problem reduces to one of solving the initial problem of

P ' = -rr at the origin with initial surface t = 0 . We can always solveo'toothe C initial value problem for this operator with the solution

u(t,x,,...,x ,) = f(x,,...,x ,) . Thus, as is well-known, we can’ 1 n-1 1 n-1
always solve the C°° initial value problem when the coefficients of our 

operator have real ratio: in a neighborhood of pQ . But, suppose this is 

not the case. Then we shall prove that in the 2 and, with one exception, 

3 dimensional case and in specific higher dimensional cases no solution 

can be found to the C°° initial value problem. Although it seems that 

this is probably true in the general n-dimensional case, we have not yet 

been able to prove it. But, we shall discuss results of Andreotti and

Hill [1] and [3] which strengthen our belief that the C* initial value

problem cannot be solved for an n-dimensional operator whose coefficients 

do not have real ratio.
COIn Section 2, we prove that the one-sided C initial value problem 

cannot be solved in the 2-dimensional case using an idea due to Lewy [4].

We need only look at operators of the form

P = + i b(t,x) b £ 0 in a neighborhood of the origin.o*̂  ox

We see that if 1̂  is a C°° solution of Pu = 0  such that



^^0 2 —^(0) + 0 then Ug maps a sufficiently small neighborhood U of S

onto a neighborhood V of B invertibly. This gives rise to a one to 

one correspondence between functions on U and functions on V . Under 

this correspondence every C solution of Pii = 0 is associated with 

an analytic fmiction on V . Using this fact and the Schwarz Reflection 

Principle we prove that we cannot solve the one-sided C°° initial value

problem in the 2-dimensional case whenever the initial value, f , is real
00valued, C , but not analytic.

Q
In Section 3, we look at the 3-dimensional case P = tte +aT

2 a
i E b (t,x ,x ) —  ; where b and b are not both identically equal
j—1

to zero in a neighborhood of the origin. If [P,P] , the Lie bracket

of P and its complex conjugate P , is a linear combination of P and

P in a neighborhood of the origin then, using Frobenius1 Theorem, we
find that our problem reduces to a problem in the 2-dimensional case.
Thus, the one-sided initial value problem cannot be solved. If [P,P]

is not a linear combination of P and P in 0 X Q where ft is any
2neighborhood of the origin in £ we have, from a result of Hans Lewy

[5], that if Uq and Vq are two independent solutions of Pu = 0
3then the pair (Ug,v^) maps a neighborhood U of K invertibly onto

2a 3-dimensional surface S of C , and every solution u of Pu = 0

is in one to one correspondence with a function u ' on S which can be
2extended to be analytic, as a function of (C , on one side of S .

Using this fact and the Schwarz Reflection Principle we prove that the 

(2-sided) initial value problem cannot be solved when our initial 
function f is real valued, C°° , but not analytic.



In Section 4, we loo£ at operators of the form P = —  +d-t
n"1 g

i E b (t,x , ...,x ) -r—  with not all b.'s = 0 in a neighborhoodj=1 j 1 n-1 BXj j

of the origin, such that the Lie algebra generated by P and P has

dimension £ 3 . We use Frobenius' Theorem to reduce such operators to

3-dimensional ones. Thus, except when the Lie algebra generated by P

and P does: not have dimension 2 in a whole neighborhood of the origin

but has dimension 2 on 0 X fl for all neighborhoods of the origin in
2 00 1 , we prove that the C initial value problem is not solvable for

these operators.

In Section 5, we state results of Andreotti and Hill [l] and [3]

in n-dimensions. We prove that Lewy's result follows as a special

3-dimensional case of the combined results of the two papers. It seems 

probable that [1] and [3] imply a result analagous to Lewy's in higher 

dimensions; in Section 6 we discuss the problem we encountered trying to 
prove the analogous result in the 4-dimensional case.

Before beginning with the main part of this work, we would like to 

discuss a method which can be found, for example, in Duff [2], for re­

ducing the study of a linear partial differential equation with real 

coefficients to that of an ordinary differential equation. We use this 

method, the method of characteristic curves, often.

Suppose P is a linear partial differential operator with real
n .COC coefficients in n real variables, P = E AJ(x_,...,x ) -—  .

3=1 J ^  n

Let T: (x ,...,x ) *♦ (y_,...,y ) be an invertible transformation of l n i n
variables. Then u(x^,...,xn> is a solution of Hi= 0 if and only



if p'u' = 0 where u '(y.̂  ... ,yn) = u ^ , ... ,xn> , A '(3̂ ,... ,yn> =J
n By n
E A (x ,...,x ) , and P 7 = E A (y , ...,y ) r-~ . The vectork 1 n 3xk j=i j i n Byj

of the coefficients is called the characteristic vector.

Any curve in ln whose tangent is the characteristic vector at every
dXjpoint, i.e. any curve (x^(t) ,... ,xn(t)) such that =

Aj(x^Ct),..,,xn(t)) , is called a characteristic curve. From the

existence and uniqueness theorems for solutions of ordinary differential

equations we know that through each point in ln there exists one and

only one characteristic curve. A function u is a solution of the

n duoriginal partial differential equation if and only if E A . ( x l  , ... ,xj=1 j 1 n Bxd

du n Bu duSince -rr = E A, (x. ,... ,x ) 4—  where -rr is the derivative of udt= ^ Aj(xl» •**,xn) 3x. where dT is j 1 J
along any characteristic curve, we have that u is a solution of

Pu = 0 if and only if u is constant along every characteristic curve.

Locally, En can be described in teims of the characteristic curves

and an n-1 dimensional, hypersurface, V , which intersects each

characteristic curve transversally. In fact, let y^,...,yn_^ be

local coordinates on V in a neighborhood of xQ . We suppose V is

given by the equation x = x(y) , with xq = x(y^) . We define x(y,t)
dxfor sufficiently small t , to be the solution of —  = A(x) with

x(y,0) = x(y) . If, at t = 0, y = y_ , we have
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9xl axx a*i A1 (x^ f • • • p x^)
*1 • • • 3x-
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•
•
•
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•
•
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•
•
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•
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•
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•
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•
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•
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•
•

^ n

•
•

axn
at ayx Byn-1 *1 ay in-1

(which says only that A is not tangent to V), then the transformation 

■+ (x^,...,xn) is invertible in a neighborhood of
/111xQ . Thus, solving Pu = 0 is equivalent to solving —  = 0 in this 

neighborhood.



I. Preliminary Reduction of the Problem 

Given an analytic n-1 dimensional hypersurface N in Rn , locally

represented by cp(x) = 0 and a first order linear partial differential

n S n 3operator P = X + i Y =  E a. -—  + i S b ——  with real valued
3=1 3 3=1 3

analytic coefficients, and assuming that N is not characteristic for
00P , i.e. Pep * 0 , can we locally solve the C initial value problem,

COthat is given an arbitrary C function, f , on N can we find a 

locally defined function w such that Pw = 0 and w = f on N ?

In this section we shall put P in a more convenient form. Let 

us assume that cp(0) = 0 , otherwise a linear change of variable will 
produce this. We know there exists J , 1 £ J ^ n such that

(0) 4= 0 and a_(0) + ib_(0) 4= 0 . For simplicity of notation, dxT J J
v

assume J = 1 . Due to the analyticity ( C 7 is obviously sufficient)
Byof cp and the coefficients a, + ib. we have —  (x) 4= 0 and T 1 1  ax^

a^Cx) + ib^x) 4= 0 in some neighborhood U of the origin.

First, we shall perform an analytic change of variables 

T: (x^jXg,. • • ,Xjj) 

defined by 0 = cp^,..., xq)
T)j = 3=1,..., n-1 .

Since the Jacobian associated with the transformation is:



we have | | = | J  4= 0 in U . Thus, the noncharacteristic plane,

N , in the new variables is 0 = 0. We define p' = , ,J)u x n-x qo
n-1 t a

+ S d'(0,11 , ...,71 ,) rs by P ' w'(0,7L,...,7) ) = Pw(x ,...,x )j=1 J 1 n-l ol|j 1 'n-1 1 n

where (9,7]̂ ,... ,71n_̂ ) = T(x^,...,xn> and w' <> T = w , or; setting

v = w , P(v°T) = P v  » T . Since (v°T) = ( j=l
j I 1

<*, 8(f aij.,

by the chain rule, a simple calculation gives
n

d' « T = 2 (a ,+ib .)
0 d-i 3 3

• T = V i + lbj+i 3=1...........I" 1 •

Since y is not characteristic for P at 0 and cp and the coef­

ficients of P are analytic, we have d^O,!) ,... = PtpOĉ i • • • >xn) 4= 0

in some neighborhood of the origin. Let p" = P y , Then 0 = 0  is
dl

still noncharacteristic for p" and any solution w of P 7w = 0 is

also a solution of P7/w = 0 . p" is now of the form
> n—1

P* = + £ (a* + it)") -|-
> 1  3 3 *)

where a^ and b^ are real valued analytic functions of (0,T)̂ ,... ,7]^^) • 

Now, we again perform an analytic change of variables S: (0,71̂ ,...

(t,y_,...,y ) . This time we use the method of characteristic curves
l „ n-1// 9 // 9on the real part of the operator P , that is, on —  + 2 a —  .99 J=1 j o7|j

The variable t shall be our parameter for the characteristic curves.



Be
Bt

BT11
Thus, ■ = 1 , = a^z/O,^,... ,7]̂  . Our n-1 dimensional hyper­

surface which intersects characteristics transversally will be the 

surface t = 0 , ŷ  = 7]̂ , j=l,...,n-l . We know that we can perform 

this change of variables in a neighborhood of the origin provided that 

the following determinant

30
By.n-1

30 30
Bt 3yx

at ay.

aV i  sV i  .. a\-i
at ay! a y ^

does not vanish at the origin.

But, at the origin we have

a"(0)0 1 1

<  i<0)0n—1

= 1

Thus, this change of variables is well defined.

We define c , j=l,...,n-l real valued analytic functions of
J

by
n-1 By,

Cj(t,yl,,,,,yn-1) " ,.S, bk(e,V ," ’\-l) 97̂  *k=l
n-1

Let P — rr + Bt

-1

i E c, and define w" by w/7(t,y ,... ,y )
j=l J 1 n_1

= w'<< S (t^,...^ j) . Then we have Pw (t, yj,..., yn-1) =
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P w (0,^,...,^) for S(9,1]^,..,,T|^^) = • Note

that if the ratios of all the original coefficients were real , then

b^ = 0 for all k = l,...,n-l and thus P would be of the form 
3 •P = t t . The surface t = 0 is the noncharacteristic hypersufrace N ot

in these new variables.
00Thus, given any C function for N there exists w such that

Pw = 0 and w = f on N if and only if there exists w/; such that

Pw" = 0 and w* = t" on t = 0 , where f^ty,,...,y ,) =1 n-1
f« T S ^y ,....  ,) . Thus, without loss of generality, we mayl n-l
assume P is of the form

> 11-1 *P = —  + i S bat J=1 j  a*,

where the b ’s are real and N is of the form t = 0 .
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II. The 2-dimensional Case

Let us now assume that P is an operator in two variables. From

the preceding section we see that we need only consider operators of
9 9the form P = —  + ib(t,x) —  where b is real analytic in a neighbor-0*t u3C

hood of the origin. We shall prove the following:

9 9Theorem. Given P = + ib(t,x) —  where b is real analytic in a" ot ox
neighborhood of the origin and b £ 0 in any neighborhood of the origin.

00Then we cannot always solve the one-sided C initial value problem 

for P , i.e. there exists f 6 C°°(Q*), 0 € cr I* , such that no 

T, Q, w exist with 0 T > 0  , w € C  ([0,T) X H) such that

Pw = 0 on [0,T) X 0 

w(0,x) = f(x) x € Ci .

Here C ([0,T) X Q  is defined to be the set of functions 

u 6 C°°((0,T) x 0) which may be extended, along with all their deriva­

tives so as to be continuous on [0,T) X Q .

Before beginning our proof we shall prove a fact observed by Hans 

Lewy [4j:

Suppose P is an operator cf the form

P = A^o^o^) — ■ + A2(oL,a2) —

where are real variables and A^ and A^ are two continuous
° \  4, o r 2 )  i.e.

A1 = B]L + iB2 with B^qP.qP) +° • Let u^a^a^) be a continuously 
A2
differentiable solution of the homogeneous equation PuQ = 0  in a

2 , 0 functions on £ with a non-real ratio at some point (cxT
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du

neighborhood of such that (c^,^) £ 0 . Then, associated

with every continuously differentiable solution w(â ,a?2) of Pw = 0 

in a sufficiently small neighborhood U of (0̂ ,0̂ ) is a function w 7 
which is defined on uq(U) cz by

w'(z) = w ” uĵ Cfc) z ^ uo ^

and is analytic on uQ(U) . In other words, w 7 ° uQ = w and if

uQ = u^ + iu2 then 'w7 satisfies the Cauchy-Riemann equations with 

respect to u and u .X A

Proof: Let P = A, + A„ and u„ be as in the hypothesis,  1 dâ  2 ba2 0
with u0(a'1,a'2) = + iu (Oj^c^) . We can consider uQ as a

2 2mapping from £ into E . Considered in this way, the jacobian of

uQ, J is j \

J =  ,

/ fjl
9q-2

*2
\ *L 9Qf2

* 0 . . 9u

A1 “̂l + ^0 = 0 and A1 = + iB2 where B1>B2 are continuous in
A2 âl ^*2 A2
a neighborhood of (o®,qP) • B2(q̂ ,qP) 4= 0 and hence Bg 4= 0 in a

0 0 ^1  ^ 2  ^1neighborhood of (a^o^) . Thus we have - B2 ■ggj- + ■gjj- - 0

and B„ —-=• + B, + rr-=- = 0 . Therefore,2 1 dc^ 9a,2
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J =

- B  + B ^1 50^ 2 90̂

*2
90^ 2 90^ 1

Ijl-.E - B  ^  ^ £ + B  ^  ^ i - B' * 2\ 9a, / 1 9a, 9a, 1 3a, to, 2 \ ,9a./

90^ > 

0 0, 9u,
Let wSince B^dj*,^) *° and (ô jQfg) +0, |j|(a°,a2) +0 .

be any continuously differentiable solution of Pw = 0 in a neighbor- 
,0 0.hood of (â jOfg) • Then we can define a continuously differentiable 

function w ' in a neighborhood of uQ(o^,ô ) by: w'(z) = w° U q 1 ( z )

i.e. wCa^a^) = w'(^(a^c^)) = w'(u^a^o^) + lu^a^a^)) . We want

to prove: r̂i ̂ Tvaj *: t-—  + i t-—  = 0 . We know that Pw = 0 , thus9u. ’9u

0 = (B +iB ) |s + |s = (B +1B ) [ |Sl |£l + &2. ]1 2 90^ 9a2 1 2 5ux 9q^ 9u2 90^ j

9w' 9u, 9w ' 9Uq
9“x ^*2 *̂*2 ̂ 2

  9w p. 9u. 9ui i . 9w r f .p .T, \ 9Ufl j Su- aq; C^-UB b) + ̂  ] + i gj- [(-1B1+B2) 3 ^  - i g;

[IB. ̂ -  + B,9u. 9o^ 2 9o^ 9u2 l "2 9^  2 90^ ]

_  r ^ 1 +  i ^ L - l  TiB ^ . +  B ? i ]  =  [ ^ + i ^ ]  C ^ B  IE -  L ~  + 1 J L“ 2 Bq^ 2 3^ ^ 2  23a-,
3uo
9 ^  •
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0 0 ^0But, B does not vanish in a neighborhood of (a.,o' ) and ——  and^ 1 2  oof.

o ohence does not vanish in a neighborhood of (q^, .  Therefore,

9w ̂ Sw ̂ 0 0 /——  + i *r;—  s 0 in a neighborhood of u (a, ,o0) • Thus, w is analyticoUĵ  0 1 «

when considered as a function of u^ in a neighborhood of (ĉ ,Qfg) •
2In fact, with P, uQ as above then for any function f of X

defined and continuously differentiable in a neighborhood of (â jafg)

we can define i* by f/ = f » u *  and we will haveo

<Bi + 1B2> a f£ * -  r  h i + 1 r is ^  + r  dugfi
'x  9 a 2  “  L  9 u 1  3ii2 J  L  2  Bofi 2  B a : ^  .

Therefore, if f ' is an analytic function of uQ , then Pf = 0 .
b bThus, given P = A -—  + A„ r—  as above and u. such that Ri„ = 0Bofi 2 dĉ  0 0

and 4= 0 , a fimction w satisfies Pw = 0 if and only if the

function w / = w° uQ is an analytic function of uQ .

We return to our original problem and first prove the following

9 bTheorem. Let P = + ib(t,x) —  where b is real analytic in a

neighborhood of (0,0) and b(0,0) 4=0 . Suppose f is real valued, 

f € C^Q') and Cl' ̂  is a neighborhood of 0 such that f is 

not analytic in any neighborhood of the origin. Then there does not

exist n, T, w such that 0 6 ft c ft1 , w 6 C°°([0,T) X U) and

Pw = 0 on [0,T) X

w(0,x) = f(x) on Cl

Proof; The outline of the proof is as follows;

We shall argue by contradiction and assume that there exist
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0, T, w such that (1) holds. Using the fact we just proved, we 

shall show that there exists a function w 7 which is analytic on some 

neighborhood in CD1 bounded by the real axis and such that on the real 

axis w 7(x) = f(x) . We shall then use the Schwarz Reflection Principle

and extend w 7 to be analytic in a neighborhood of C1 containing the

origin. But, this would imply that f is analytic in a neighborhood

of the origin which would contradict the hypothesis.

We now begin the proof. From the Cauchy-Kovalevsky Theorem we 

know that there exist d', e7, T 7 and uQ such that 0 6 fi77 c ft7, uQ

is analytic in (-e7,T7) X d' , P = 0  on (-e7,T7) X d' and
- uo

u (0,x) = x on Q77 . Since -2^(0,0) = 1 and b(0,0) 4= 0 and bothU qX

fimctions are analytic, we can choose d', e7, T 7 small enough so that

b(t,x) 4=0 and (t,x) 4=0 in (-e7,T7) X d! . Now we supposeax
there does exist Q, T, w such that 0 6 Q c  c n 7, 0 < T  < T 7 ,
w 6 C°° ([0,T) X H) and (1) is satisfied. Then, in particular,

Pw = 0 on (0,T) X Cl . Let u = u + iu . For each point0 1 6

(t°,x°) 6 (0,T) X Cl , b(t°,x°) 4= 0 , (t°,x°) 4= 0 , and

P = + ib(t,x) . Thus, we are in a position to use the fact weot ox
just proved. That is, if we define w 7 on uQ([0,T) X fi) cc '  by

w 7(u^+iu2) = w« uQ1(u1+iu2) ,1̂ +iUg 6 uQ([0,T) X 0) then w 7 is an 

analytic function of u^+iu in a neighborhood of u0(t°,x°) for each 

(t°,x°) € (0,T) X Cl .

Since u^(0,0) = 0 , uQ is analytic, and {z € , Re z € ft77} is

a neighborhood of 0 € C*- , we can shrink 0, e, T sufficiently so 

that Q is connected and Ug((-e,T) X Q) c  {z € E*-,Re z € £/} . Let 

= u^((0,T) x fi) . U° c and is open since by the inverse function
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theorem, Uq1 is analytic, w 7 is analytic on U° .

Let U = uQ([0,T) X CO U° c  U c {z € C 7, Re z € flf} . Since

4=0 on (-e'jT') X 0" , uQ is injective on (-e',T7) X Cl77 and 

thus, for (t,x) 6 [0,T) X fl , uQ(t,x) = y 6 ff if and only if t = 0

and x = y . Therefore U - U° c {z € J1, z real, z 6 fl} and

U° ("I {real axis} = 0 . Since U° is connected and does not intersect 

the real axis either U° c: {z g flj1; im z > 0} or U° c  {z 6 J1; In z < 0} . 

Assume U° c (z: Im z > 0} . (A symmetric argument can be used to treat 

the case c {z: Im z <0},)

Let U = {z € (C1: z 6 U} and U° = {z 6 ff1: z € U°} .

Let V = U U U  = U ° U  (U-U^) U U° . Then V is a symmetric region with

respect to the real axis. If we define V* by V+ = V D {z: Im z s 0}
+ y +then V = U . We claim that w is continuous on V = U . In fact,

w 7 is analytic on , and is, therefore, continuous there. Thus, we
, 0 ^ 0  must only show that w is continuous on U - U . Let x c U-U ,

then x € Q . Let z. 6 D, z . •* x lim w 7(z.) = lim w® u„^(z.) . Since
J J j-»00  ̂ £r*C°

u ^  is analytic, lim uQ1(z ) = uQ*(x) = (0,x) 6 [0,T) X . 
j-*00

oo -1 -iw 6 C ([0,T) X CD . Therefore, lim w® uQ (z.) = w(lim u_ (z.)) =
j-*° J J-ko J

w(0,x) = w 7® u (0,x) = w 7(x) . Thus lim w 7(z.) = w 7(x) and w 7 is
j-+°° J

thus continuous on U = V . Moreover, we have from the above string of

equalities, that w 7(x) = w(0,x) = f(x) . f(x) is real and thus w 7
takes on real values on V fl (z: Im z = 0} = U - u V

Therefore, we can use the Schwarz Reflection Principle to extend



w / to be analytic on all of V . But then for x real, x  € fl we 

have x € uq([0,T) X Q  Therefore, x £ V and thus w 7(x) is 

analytic on Q . But w 7(x) = f(x) for x € fl implying that f is 

analytic on Q . This contradiction completes the proof.

We now turn to the case where P is again of the form P =
3 9■g- + ib(t,x) —  but with b(0,0) = 0 , b real analytic in a neighbor­

hood of the origin and b £ 0 in any neighborhood of the origin. We 

shall prove
00 .Theorem. Let P be as above. Suppose f is real valued, f 6 C (Q ) 

n '  c l1 a neighborhood of 0 such that f is not analytic in any sub­

neighborhood of Q / (see Appendix), then there does not exist 0, T, w 

with 0 € 0 c ft' and w 6 C°°([0,T) X 0) such that (1) holds.

Proof: This proof is also done by contradiction. We shall assume that

Q, T, w exist such that (1) holds. Since b ^ 0 in any neighborhood 

of the origin, there exists some point (t0,xQ) € (-t,T) x fl, t > 0 , 
such that b(tQ,x0) 4= 0 . We shall consider this condition in two 

cases:

Case 1: tQ = 0, Case 2: tQ 4= 0 . In Case 1 the same argument as was

used for b(0,0) 4= 0 will be used to lead to the contradiction that 

f is analytic in a neighborhood of . • In Case 2, we shall find

some derivative of b with respect to t, B^(t,x) such that Bfc(0,xQ) 4= 
for some x^ € fl . Then, after a change of variables, the proof of this

case will follow as in Case 1.

We now begin the proof.

We assume there exists fl, T, w such that (1) holds. By the

Cauchy-Kovalevsky Theorem there exists (/, T 7, e , u^ such that
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0 € d! cr Q , uQ is analytic on (-e,T7) x d' , PuQ = 0 uQ(0,x) = x

and (t,x) +0 on (-e,T') X d' .

Case 1. Suppose, first, that b(0,x) 0 on Cf . i&us, there exists

xQ 6 d! such that b(0,x̂ ) + 0 . From the analyticity of b we know 

that we can shrink e, T 1 sufficiently and choose U a neighborhood of

xQ in I1 , U c d! , such that b(t,x) +0 on (-e,T-/) X U .  Define

w 7 on Uq([0,T) X U) by

w'O^+iUg) = w° Uq1 (u^+iUg) ui+iu2 ^ U0([°»T  ̂ x u)

Applying Lewy's observation of [4] at the point (0,Xq) , we have that 

w ' is analytic in u((0,T) X U) . Since f is real valued and 

w 7(x) = w° uQ  ̂= w(0,x) = f(x) , we have that w / is real valued on 

the real axis. Using the Schwarz Reflection Principle as above, we b'an 

extend w ' to be analytic in a whole complex neighborhood of xQ .

This implies that f is real analytic in U which contradicts the 

hypothesis.

Case 2. Now we suppose that b(0,x) = 0 on d! . Since b is

analytic in a neighborhood of the origin, we can express b , in a
2neighborhood of the origin as b(t,x) = bQ(x) + b1<x)t + b^CxJt + ... .

Thus, bQ(x) = 0  on C/ . But since b ^ 0 in any neighborhood

of 0 , there exists a positive integer k such that b = 0  on d' ,
j

j < k but bfc £ 0 on d! . Therefore, there exists Xq 6 d! such
that bk(xQ) ^ 0 . Since bfc is analytic, we can shrink e,T'

sufficiently and choose U a neighborhood of xQ in I1, , U C  d'

such that

b(t,x) = bk(x)tk + bk+1(x)tk+1 .... (t,x) 6 (-e,T') x U
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Thus, on (-e,T') X U we can express b as b(t,x) = t1̂  (t,x)K
where B (0,x) £ 0 and B is real analytic.K JcC _ _

TConsider the change of variables [0,T ) •+ [0, — r-=- ) definedKt X
tk+1by t -♦ s = . Let uQ(s,x) = uQ(t,x) , B e(t,x) = w(t,x) .

Since PuQ = 0 , u(0,x) = x and = 2̂2. tk we have

tk + itk Bk(s,x) = 0 and uQ(0,x) = x . Thus, if

P = -J-j- + i^k(s ,x) , uQ and w satisfy PuQ = Pw = 0 on
T T /k+1

(°, ) X U . w(0,x) = f(x) , uQ,w € ® ([0 ,  k+—  ) X U) and

1 m /k+1 m /k+l
ffQ,w € t ((Q, k+1 ) X U) . On U q ( [ 0 , — X U) define w' by
^ _1 ip /k+1
w'Cu^+iUg) = w» u0 ui+iu2 ^ ̂ 0 [̂Q,"k+l- ̂  X * We again have» by

/ ~ TLewy’s observation of [4] that w is analytic on uQ((0, ^ ) X U) .

Since w y(x) = w® u”̂  = w(0,x) = f(x) , w 7(x) is real valued on the 

real axis. Again using the Schwarz Reflection Principle we arrive 

at the contradiction that f is real analytic in U .
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III. The 3-dimensional Case

Now we look at the operator in 3 dimensions P = — rO t
2 s+ i 2 b.(t,x_,x ) —  with b. real valued and analytic in a neigh-J=1 j 1 2 dxj j

3borhood of the origin in £ .
9 9In the 2-dimensional case, P_ = rrr + ib( t,x) —  , we assumed

& O “ ox
. 2 b f 0 , i.e. given any neighborhood of the origin U c E there exists

A

a subneighborhood U ' c: u o on which P and P (the conjugate of P )A A 6 2
are linearly independent. We shall first prove that, in the 3-dimen­

sional case, if b^ and bg are not both identically 0 in a neighbor­

hood U cz I3 of (0,0,0) , but [P,P] (the Lie bracket of P and P )

is a linear combination of P and P in U then, by using the Frobenius

Theorem, the 3-dimensional case reduces to the 2-dimensional one. Thus, 

we shall prove the following

a 2 aTheorem. Let P = ^  + i Zb.(t,x,,xJ —  with b., real analytic1 o t j J. 2 dXj j
3

and not both identically zero in a neighborhood of the origin in E . 

Suppose [P,P] is a linear combination of P and P in a neighborhood
<D » .of the origin. Then there exists a function f € C (ft ) , Q a neigh-

2borhood of the origin in E such that no T, 0, w exist with 

w € C^fO.T) X fl), 0 € fi cz n7 and such that

( Pw = 0 on [0,T) X fi
(2) j

/ w^Xj^Xg) = f(x1,x2) on n .

Proof: The Lie algebra generated by P and P is the same as the Lie 

algebra generated by the analytic real vector fields X = ~  and



2 a
y s E b (t,x_ ,x ) -—  . From the hypothesis we have that X and Y j=1 j T. 2 dx̂

form an involutive system of real analytic vector fields in a neighbor­

hood of the origin, i.e. all Lie products of X and Y are linear 

combinations of X and Y .
1 sFrobenius' Theorem states: Suppose X ,...,X is an involutive

system of (or analytic) vector fields on M . Then given any

p E M  there exists a neighborhood of p in which we can find local

coordinates t ,..., T such that 1 n

JT* = S a1? j=l,...,s .
j=l J BTk

Thus, in our case, we can find an analytic, invertible, change of 

coordinates H(t,x^,x2> = (.s,ŷ ,ŷ ) in a neighborhood U of (0,0,0)

such that X = a^s.y^yg) ^  + a^s.y^y^ ^  and Y = c^s.y^y^ ^

+ c2(s,y;i,y2) . Letting P 7 = (a^ic^ A. + (a2+ic2) ^  , we have

Pu s= P 7u ' where u 70 H = u .
Let (t0,xj,x°) be any point in U at which bj(t®,x^,x2) 4= 0

for some J , j=l,2 . Then, at such a point the dimension of the Lie

algebra generated by P and P is 2 . Therefore, at H(t^,x?,x^)1 3
the dimension of the Lie algebra generated by P 7 and P 7 is 2 , and, 

thus, the coefficients a1+iC]L and a2+ic2 have non real ratio at 

such a point.
00 /To complete our proof we assume that given any f € C (0 ) there 

exist 0, T, w with Q,T taken sufficiently small so that [0,T) X Q c  

and such that (2) holds. Let (t̂  ,x^,x2), (x^,x2) € 0 , 0 ^ t < X ,



0 0 0 ~be a point at which b (t ,x ,x ) +0 for some j . Define f onj 1 2
[0,T) X ft7 by f(t,x1,x2) = ffr^x^ . Define f7 € c“(H(0xfi)) by 

f 7 = f • H ̂  . Let N = H(OxQ) . N is a non-characteristic hyper­

surface for P 7 . Let w 7 = w® H-1on H([0,T)x O  .. w 7 6 C°°(H([0,T) X O)
Then P 7w 7 = 0 on H([0,T) X fl) and w 7 = f 7 on N . Let

V =  t^(H([0,T) x q »  x  t%j(H([0,T) X n>) Where t t  : £3 -► I1 ,

TJ(X1,X2,X3) = Xj d=1»2»3 • 0n V » let P2 = +

iCl(s’yl'y2)] » 2(s’yi’y2) + iC2(s>yl'y2)] F  ’ 3nd =

w 7(s,y1,y2) . Let f2(s,y) = f /(s,y1,y2) on X tt2(N) ., Then . n

P2 w2 = 0 on V and w2 = ^2 on *1 X ffgCN) , a non-characteristic
• 00hypersurface for P2 . But since the mapping f -» f2 from C (0) to

CO 00C (t̂  X tt2(N)) is onto, we have that we can always solve the C 

initial value problem for P 7 . But this contradicts the theorem we4U

have already proven.

We now continue to loolf: at the operator in 3 dimensions but, 

this time we shall assume that P, P and [P,P] are all linearly 

independent in a neighborhood of the origin. Our results will not be 

as strong as in the 2-dimensional case. We shall prove the following:

a 2 aTheorem. Let P = —  + i 2 bJ(t,x,,x„) -—  with b4 real valued  at j=i j -1 2 axd j

and analytic in a neighborhood U 7 of the origin in 1 . Suppose

b2(0,0,0) — L (0,0,0) + b^(0,0,0) (0,0,0) . Then, there exists

oo 2f € C (0) , Q a neighborhood of the origin in £ for which there 

exist no U and w with (0,0,0) 6 U C U 7, tt2(U) X ^(U) <- 0 , and
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w € C°°(U) such that:

( Pw = 0 on U
(3) j

( w(0,x^,x2) = fCx^Xg) on tt2(U) x tt3(U)

i.e. such that w is a two-sided C°° solution to the initial value 

problem.

In the 2-dimensional case we have only a one-dimensional solution 

space, i.e. given w ,v such that Pu^ = Pv^ = 0 then is pro­

portional to W n . If un is a solution such that -̂ 2. (0,0) +0U U oX
2then uQ maps a neighborhood of the origin in S onto a neighborhood 

of invertibly. In order to prove our theorem in the 2-dimensional

case, we used the fact that every solution w of Pw = 0 has a corres­

ponding function w ' which is an analytic function of uQ . In the

3-dimensional case we have a 2-dimensional solution space. Let uQ,vQ 

be two solutions such that VuQ and W q are linearly independent.

Lewyhas shown [5], that if P, P and [PJP] are all linearly
3independent in U £ 1 then there is a result analagous to the fact

!
used in the 2-dimensional case: Let S = {UqCĉ ,or2,Q^), v0 Q̂i»a2,ff3̂  :

2 oo(Qi , c*2»®3) € U} then S <= C , dim^ S = 3 and if w is any C

solution of Pw = 0 then associated with w is a function w 7 on S
2which can be extended to be analytic (as a function of (C ) in a

neighborhood on one side of S , which side depends on S - not on w .

We shall discuss Lewy’s method of proof later. Now we shall use Lewy's 

results to prove our theorem.

Proof: We want to apply Lewy's result in a neighborhood of the origin. 

Therefore, we need that P, P and [ P,P] are linearly independent in
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some neighborhood of the origin, i.e. if P = S a. -—  ,
j=l J h0lj

-  3 - a 3 a
p = 2 aj acT 9 and p̂,p  ̂“ 2 °j a”  we need that âi,a2,a3)* j=i j j
— — — 3(a.,a ,a„), and (c ,c ,c ) Span 1C in a neighborhood of the origin.1 A U 1 A O

Thus for our operator, P , we need that D 4= 0 in a neighborhood of 

the origin where

D(t,xlfx2) =

3L,it^Ct.x^Xg) -ib1(t,x1,x2) -2i (t.x^Xg)

ab5ib2(t,Xl,X2) -ib^t.x^x^ -2i (t^jXg)

But, D = ^bj^ — 2. + 4bg . By assumption b2(0) (0) 4= b^O) (0)

and since b ,b are analytic we have that D 4= 0 in a neighborhood ofX A
the origin. Thus we have P, P, [P,P] are linearly independent in a

neighborhood of the origin. Either b (0) +0 or b (0) 4= 0 . We1 2
shall assume b^CO) 4: 0 (if not a simple change of variables 

(Xl,X2  ̂ X̂2,X1  ̂ wil1 yield this result).
By the Cauchy-Kovalevsky Theorem we know that there exist 

u", uQ, v q  such that (0,0,0) 6 u" c U ' , PuQ = PvQ = 0 on u",^, vQ 

are both analytic in v" and Uq(0,x^,x ) = x^,Vq(0,x^,x2) = x2 for 

(Xĵ .Xg) € t^(U//) X TTgOl") .

Let uQ = U]L + iu2, vQ = V± + iv2 .

VUQ(0,0,0) = i ^  (0,0,0) (0,0,0) = / -ib„(0,0,0)\

\
0
1 J

Therefore, vû , W q are linearly independent at the origin.
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Since VUq, Wq, and are all analytic, we can shrink u"

sufficiently so that VUq and Vv^ ate linearly independent, 

b^t.x^Xg) +0 and DCt.x-^x^ *0 in u "  .

Let S = {(uQCt.^jXg), vQ(tyx^,Xg)): (t.x^Xg) € u " }  . We define 

the matrix MCtjX^Xg) by:

MCtjX^X^ =

/  "it^’V 3̂
u2t(t,Xi,X2)

Ulx (t»xi»xo> ui ~ (*»x, , x0)1 2 lx- 1 2
U2x. u0v (t,x1fx0)1 ’ 2 2x-

V Vlt(t»*l»*2)
V2t(t’Xl>X2y

IT, (t,x, ,x„) lx-, v ’ 1’ 2
v2x (t'x^ xo>1 2

lx.

2x.

l ’~2'

where uff = ^  . Then, since M(0,0,0) = / 0

^(0,0,0)

b2(0,0,0)

(t,
3

1
0
0
0

* 1 - V  /

° \
0
1

0 1

we have that the rank of M at the origin is 3 . We can shrink U

further so that the rank of M is 3 on Xj" . Thus S is a three
2dimensional surface in <C .
// 3Consider the map cp: U -* £ given by

CpCtjX^X^ = (Uj^t.X^Xg), U2(t,XlfX2), V ^ t j X ^ X ^ )  .

Then the Jacobian, J , associated with cp is

JV = <P

ult “lxl Ulx;

U2t U2x1 u2x.

Vlt Vlxi vlx.

and we have determinant J^(0) = -b^ (0) =t= 0 . Shrinking again, if
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necessary, we may assume that det(J/) +0 on U* ,

By the inverse function theorem there exists an analytic function 

cp , the inverse of cp on V* = cp(U//) . We can characterize S in 

another way:

S = {(zlfz2): (Re z^Im z^Re zg) 6 v"
and

Im z2 = v2 ° cp (Re z^Im z^Re z2) } .

COLet f € C (Q) be such that f(0,x2) is real valued and is not

analytic in any neighborhood of the origin. Suppose there exist U

and w with (0,0,0) € U c u" , ^(U) X t̂ (U) cr fl , w £ c°°(U) and

such that (3) holds. Using Lewy's results and the Schwarz Reflection

Principle in a method analogous to the 2-dimensional case, we shall

arrive at a contradiction.

Since cp, cp-1 are analytic and cp(0,0,0) = (0,0,0) we can shrink
3

U sufficiently so that cp(U) = V is an open connected set in S 

such that TTg V c: . Define S 7 c S by

S 7 = {(z1,z2): (Re z^Im z±, Re zg) 6 V
and

Im z2 = v2° cp 1(Re Zj^M z^Re zg) } .

On S 7 we define w 7 by w 7(z^,z2) = w° cp 1(Re z^,Im z^,Re z2) .
From Lewy's results we have that w 7 can be extended analytically on

one side of S 7 .
For (Re z^,Im z^,Re zg) € U we have (z.̂ z.g) is on S 7 if and

only if Im z = v • cp ^(Re z ,1m z ,Re z ) . Thus, the two sides of2 2 1 1 2
S 7 are Im zg > v2° cp 1(Re z^Im Z-^Re z2) and Im zg < v 2 »cp”1(Re z^Im z^Re z^.
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We shall assume that w ' can be extended analytically on the side

Im z > v ° cp ̂ (Re z , Im z ,Re z ) (the other case can be handled in aa a 1 1 a
symmetric manner). For z^ = 0 and Re z^ € tt̂ U* we have 

cp(0,0,Re z2) = (0,0,Re Zg) . Thus, for (0,0,Re z2> 6 V ,
v ° cp_1(0,0,Re z ) = v (0,0,Re z ) = 0 . Therefore, w 7(0,z ) may be2 2 a a a
extended so as to be an analytic function of z in a neighborhood ofa
the form

{z2: Re zg € tt3 U, a > Im zg > 0}

Let W={z€ffi1: R e z € T ^ U ,  - a < Im z < a] . W is a symmetric

region. Let W+ = W fl [z 6 ffi3-: a > Im z > 0}, W = W f) {z € C1: -a < Im z < 0},

CJ0 = W D {z € (C1: Im z = 0} .For z € W+ U Cq define wQ by

wQ(z) = w 7(0,z) . wQ is analytic on W+ . As Im z -> 0+ ,

Wq(z) = w 7(0,z) -»w7(0,Re z) = w° cp(0,0,Re z) = w(0,0,Re z) = f(0,Re z) .
Thus, Wq is continuous on W+ U cr , and since f is real valued, wQ 

is real valued on ctq . By the Schwarz Reflection Principle we can 

extend w0 to all of W by wQ(z) •■=? wQ(z) for z € W . Defined in 

this way wQ is analytic in W and, therefore, has a convergent Taylor

series on the real line. But then f must be real analytic in its

second variable. This contradicts the way f was chosen and the 

proof is complete.

There is one case remaining in 3 dimensions. That is the case

where b^O) ^f(0> - b2<0) % ( 0> = 0  but ^  “ t>2 %  »°t

identically zero in any neighborhood of the origin. We do not have 

results for this case in general. But, we have

Theorem. Let P = ^  + ib, + ib where b, and b are real------------  St 1 axj 2 9x3 1 2
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valued analytic functions in a neighborhood of the origin. Suppose 

bl<0’°’0) (0’°’0) " b2(0’°’0) (0’°’0) = 0 but

b ^ O ^ x ^  ^  ( O ^ x ^  - b2(0,xi,x2) 2|b. (0,X;L,x2) P 0 in any neigh-
2 00 borhood of the origin in £ . Then there exists a function f 6 C ( f i t )  ,

ofi a neighborhood of (0,0) in £ for which no U,w exist with
n  jg

(0,0,0) € U c £ , T̂ (U) X T̂ OJ) c Q, w 6 C (U) such that (3) holds.
00Proof: Let f t C (fi) such that f is real valued and not analytic

in either variable in any subneighborhood of fi (see Appendix). We 

suppose that there exists U,w with (0,0,0) , tt2(U) X TTgOO c
COw € C (U) such that (3) holds. Shrinking U , if necessary, we can 

find uQ = û j+iUg, vQ = v.j+iv2 analytic solutions of Pu = 0 on U 

such that u^O.x^Xg) = x1 , vQ(0,x1,x2) = x2 on T̂ (U) X ^(U) and 

Vu., VU0, Tv, are all linearly independent on U .i A 1
We define D(t,x^,x2) as above by:

1 1 0
ib (t,x ,x ) -ib (t,x_,x) -2i ^|r(t,x ,x )

D(t,Xl,x2) = 1 1 1 2 1 1 2  3t 1 2
i b ^ t . x ^ )  -b2(t,xlfx2) -2i ^ ( t , Xl,x2)1 » V  J

0 oxwe have D(0,0,0) = 0 but there exists (x ,x ) € t t  (U) X t t  (U) such1 J A U
0 0that D(0,x“,x2) 4= 0 . Our proof now follows as in the proceeding case

with a neighborhood of (0,x® x°) in place of a neighborhood of the1 2
origin.



IV. Special n-dimensional Cases

a n_1Now we look at the n-dimensional case. P = rr+ i Zb,(t,x ,t..,x )ot j—1 n—1

with bj , j=l,...,n-l real and analytic in a neighborhood of the origin 

in En . For this operator can we solve the initial value problem (one 

or two-sided) wben not all the b.'s are identically zero in a neighbor- 

hood of the origin? We cannot treat the general case. But, we can use 

Frobenius* Theorem to treat cases where P reduces to a lower dimensional 

operator. We have

Theorem. Let P = ~  + i E b_. (t,x„ ,... ,x ,) with b, real and— — —  0*t j~l  ̂ OXj J

analytic and not all identically zero in a neighborhood of the origin in 

!n . Suppose the Lie algebra generated by P and P has dimension ^ 2
00 iin a neighborhood of the origin. Then there exists a function f € C (Q ), 

a neighborhood of the origin in En  ̂ such that we cannot solve the 

one-sided C°° initial value problem for P with f as the initial 

value.

Proof; This proof follows exactly as the proof in 3-dimensions. The

Lie algebra generated by P and P is the same as the Lie algebra
d Sgenerated by the analytic real vector fields X = —  and Y = Zb. — —  .ov J oXj

X and Y form an involutive system of analytic vector fields in a

neighborhood of the origin. From Frobenius’* Theorem we have that we

can find an invertible, analytic change of coordinates H(t,x^,...,x _̂ )

= (s,y„,...,y ,) in a neighborhood of the origin such that 1 n-1
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a , _ , s aV =  y ^ )  o2(s,y1 7n_j> .
> N > pv

Letting P 7 = a, —  + a t— + i(c. -r— + c„ — — ) we have Pu = P 'u 1 9s 2 9y 1 9s 2 93̂
where u /o H = u .

Let (t̂ ,x!̂ ,... be any point in the domain of H \for which

b (t°,x^,...,x° _) +0 for some t . In a neighborhood of such a k x n—x
point the Lie algebra generated by P and P , and, hence by X and Y ,

has dimension 2 . Let (s°,y!j\ ... = H(t°,x^,... jX^^) and let

P be the operator on C°°(U) , U a sufficiently small neighborhood ofA
(s°,y^) defined by

„/ , 0 ° . 9 0 0 . 9
2 =  V l ’ &  + V S>J,l'y2....yn-l} 3 ^

• , 0 0  ̂ a . , o o - 9+ xc1(s>y1,y2....y ^ )  ic2(sfylfy2,... .y^) .

COAny solution of the C initial value problem for P gives rise to a

solution of the 0°° initial value problem for P^ (as in the 3-dimen­

sional case). But P 7 does not always have such a solution. Therefore,
a

P does not always have a solution.

In the same manner we can prove

9 n_1 9Theorem. Let P = + i 2 bJ (t,x,,... ,x_ ,) with b^ ,gx .   j x ox • jJ=x j

j=l,...,n-l real and analytic and not all identically zero in a neigh­

borhood of the origin in Xn . Suppose the Lie algebra generated by

P and P has dim £ 3 in a neighborhood of the origin. Suppose
_ n-lalso that given any neighborhood 12 cz x of the origin there exists 

a point in 0 X 0  at which the dimension of the Lie algebra is 3 .

Then there exists a function f 6 C ^ O 7), fl7 a neighborhood of the
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n—X 00origin in Z such that we cannot solve the 2-sided C initial

value problem for P with f as the initial value.

Note that in order to prove both of these theorems we must restrict

our attention to a neighborhood on which the Lie algebra generated by

P and P is constant and maximal.
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V. Discussion of Results of Andreotti and Hill, Hill, and Lewy

We now discuss Lewy's paper [5] and generalizations of it which

are found in Andreotti and Hill's work [1] and Hill's work [3],
n m

Given P = E A -—  , A. 6 C (fi) , fi c: £ , then there are at
i=l d J

most n-1 linearly independent complex valued solutions Cj (o^,... , ar̂) , 

J=l,...,n-1 of the homogeneous problem. That is, there exist at most 

n-1 functions such that P£^ = 0 and . • •,^ n_̂ ) form a

linearly independent set. As in [1] we shall call such Cj’s character­

istic coordinates. If the coefficients of P , the A 's , are all
J

analytic, then by the Cauchy-Kovalevsky Theorem we know there exist

analytic functions Q , j=l,...,n-l such that
J

PC, = 0
(4) J J

Cj(0,a2 aT? = “j+l ’

Thus, in the analytic case all n-1 independent characteristic co­

ordinates exist. This is not true in general. Nirenberg constructs an 

example [6] of an operator P in 3-dimensions with P, P, [P,P] 

linearly independent in a neighborhood of the origin such that if w
GOis any C solution of Pw = 0 in a neighborhood of the origin, then 

Vto(0,0,0) = 0 . If there exist 0°° functions £ such that (4) 

holds for j=l,...,n-l , then all n-1 independent characteristic
00coordinates exist. Since we are trying to prove that there exist C

COfunctions, f , for which there exist no C solution to the homogeneous 

problem with initial value f , we can assume all n-1 independent 

characteristic coordinates exist. Otherwise, for some k , 1 £k £ n-1 ,
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no C” function, £ , would exist such that P£ = 0 and Q(0,a ,... ,a )
A U

= . Thus f = would be the function whose existence we wished

to establish.

Let be the set of n-1 independent characteristic
n 9coordinates associated with P = E A, tr—  . Define a surface 

S c fl? -1 by:

j=l J aQJ

S — (C-̂ (ô i • • • >Q̂ )f • • • > ̂n) » •••* ^n_ i »• * • ’̂ n^ ’

What is the real dimension of the surface S ? Lewy [5] proves that 

for n=3 if P and P are linearly independent, then the real dimen­

sion of the surface S is 3 . Andreotti and Hill [l] generalize 

this and prove:

n aTheorem. Let P = Z A. t—  where A. are C functions. Let
------  j=i 3 iai 3

£ , 1 s j in-1 be n-1 independent, 0°° , characteristic coordinates «J
associated with P , and define S c  (Dn  ̂ as above. If P and P , 

the complex conjugate of P , are linearly independent, then dim^ S = n .

Dim^ S = dinijg(Ro ^^,Im ... ,Re ^ n —1̂

where {£^,... ,£n ^} are the characteristic coordinates. Thus we can 

find a small enough neighborhood fic: in such that there is a 1-1
correspondence between a point in fi and a point in £(fi) e s c ff11  ̂.

Following is a discussion of some results of Andreotti and Hill [l].

Let p 6 S , let U be a neighborhood of p in C** 1 . We

can express S O U  as the null set of the system of 2(n-1) - n = n-2
real functions defined on B11 * , i.e.
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(z ̂ > • • • > € U: f (ẑ , •. • »zn_ĵ  — 0» j=l,...,n-2\

where the f 's are real valued C functions and

\  w 1 fl ... fl dfQ_2) * 0, g € U
/

Definition: A complex valued tangent vector to S at a point p € S fl U

is a vector X of the form:
n-1 - n-1 j.

X = 2 a. -S_ + 2 b4 -J=r a ,b 6 <C
1 ** j 1 J * 3 3 3

such that Xf (p) = 0, j=l,...,n-2 .
%)

The set of complex valued tangent vectors to S at a point 

p € S flU is independent of the choice of the functions f .
J

Suppose {g >•••>£ 0] are another set of C real valued functions

with the same properties as the f.’s , then for any 1 £ n-2J
S n u = ^  (z^...^^) 6 U: = 0

and fj (z^,... tzn_i) = 0 f j=l,...,n-2 .j 

Since dim (SCIU) = n we must have that the rank of

V\ m ,

dgk Mi
Szx

• •
• •
• •

agk Mi
azn_x 3zn-

agk afi
3zx

•

Bzx
•

•

•

M jl

•

•

Mi
aZn-X SZn-:

â S.9zx

as,
a®n-l
M„.a
3z,

9£„-JUL2.
a®.-!

is n-2 at each q 6 S fl U
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But (df^ n ... D df ) =f= 0 and thus the rank of

dfl
Mi

M n -  g 
Mi

Mi
SZn-l
Ml
dzx

Mi
3®«-i

Mn- a
a*n-i
M r a
Mi

M -a
3®«-i

is n - 2 .

k kTherefore for each k there exists real valued functions c ,. ,.,c 0l

on S f l  U such that (p) = E cf(p) (p) and (p) =M  j v oz j Mj
n-2 Sgk
JU=1

n-2 M
2  c/ p) ^  <P), J=l» , P € S H U  . Let T (S), ^(S) denote

JU= 1 M

the set of complex valued tangent vectors to S at a point p associated
fwith the fj's and gi's respectively. Let X € T(S) . Then, for

O *} r
each k ,

n-1 n-1 _
X (p) = 2 a4 # ( p )  + E t f  (p)
gk j=1 3 azj 1

n-2 rJi-1
j M

n"2 k, . r11"1 . n“1 M ^  -]
= * °t(p> L f x ^ 7  <p) + f bi 3 7  (p> j<fc=l

n'2 k = E c.(p) X. (p) = 0 .
<fc=l * -L

Thus, T*(S) cii^CS) . The same argument shows that T^CS) C  /(s) . P P P P
Therefore, T®(S) = T^(S) and this space is denoted T (S) .P P P
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Definition: The holomorphic tangent vectors to S at a point p are
n 3the tangent vectors of the form X = E a . -—  , i.e. b. = 0, j=l,...,n-l .1 J oZj J

The space of holomorphic tangent vectors to S at p is denoted HT (S) .P

Definition: The antiholomorphic tangent vectors to S at p are the
n_1 g

tangent vectors of the form X = E b ——  , i.e. a = 0, j-l,...,n-l .
j=l 3 J

Since f (^(c^,... ,0̂ ) ,... ... ,0̂ )) = 0  for 1 <; l <; n-1 ,
df,we have -r-“ = 0 for 1 £ £ n-2, 1 £ j £ n . Dim_(T (S)) = n .dc*. B p

Therefore, ^  = "t ( &■) J- * ^d o r . k=l ( T ~  + 2 ( jp') • 1 * 3 * n span' a°Vp k=l ' 9°Vn

the full complexified tangent space to S at a point p . Every tangent 

vector to S at a point p is thus of the form:

n-1n n
X = E c.-a-s S c .  S ( |&) -J- 

j=l 3 j=l 3 k=l ' 9aJ'p k

s  c  n ? ( | ^ ) 4 -  
=1 3 ic=i ' hay a®k

n-1
where c € C , j=l,...,n . A vector X = S b

=i k a*,.k=l
is an antiholo­

morphic tangent vector to S at p if and only if bfe = E ĉ   ̂faf)

n  i ^

and 0 = S c  ( for some vector c = ( ) € C** . That is,
d=i J ' v

V n-1
V

aei
9oi * ‘ ’

•

5Cn-l • • 4 -
So?i

k

/
and
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V 0 * 2 *
9a,

5 i9a_

^ n -1
9a,w V c\ n

Let r(p) = dim (the antiholomorphic tangent vector space to (L
S at p ). Then

r(p) = n - rank

V  3oi

• • • 9ql

*n-i
9a

= n - (n-1)

n / ‘P

Thus r(p) = 1 T p  6 S flU .

Since are characteristic coordinates, we have:

5 i9a,

^ n -1
9a,

aCj
9a_n

acn-1
9a,

/ V v - o,n>

An(oi....“n* J

Therefore,
n n-1 / 9£ x n-1

= S A,(a,,...,a) E ( - = - = 2  P(CJ
j.1 J ^  n k=l V 3afj/ fcl k 9Zk

is an antiholomorphic tangent vector to S. Since r(p) = 1 , X is



the only antiholomorphic tangent.vector to S up to a constant.

P operates on functions defined on En . But given a sufficiently 

small neighborhood fl c in we have a one to one correspondence between 

functions defined on fi and functions defined on £(fl) c S c (Cn_1 
given by

u(q^, ...,<v̂) = u (£(o^,. •. ,ot̂) , . . . , i • • • > •

We can define an operator P 7 which operates on functions defined on

£(fl) by P 7u 7 = Pu .
n . n n-1 , / n .. / -

Pu= E A . — = £ A. £ ~  | ^  + 2 a . 
j=l 3 j=l J k=l k 9“j j=l J
n-1 n _ / n-1 n - _ ,

= S S £ A
k=l j=l J daj 9zk k=l j=l J

=S p(Ck) k +S  p(c"k> ̂ = H  p(c"k> t1=p/u/ •k=l k k=l °^k k=l k

n-1 _  .
Thus, P 7 is of the form £ P(C) r=— and is, therefore, the anti-

k=l k

holomorphic tangent vector to S at every point of £(fl) .

In general, if M is a submanifold of (E11 of real dimension t 

and p € M and U is a neighborhood of p with

M fl U — | z — (z^,. •.,ẑ ) ” f^(z^,...,z ) — 0, k=l,2,.«», 2n-£

where fk 's are real valued and df^ fl ... fl d f ^ ^  + 0
in U

we define an antiholomorphic tangent vector to M at p to be a vector
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We denote this space by HT (M) . Let r(p) = diin (HT (M)) . IfP ® p
X € HTp(M) , then X € HTp(M) where HTp(M) is the set of holomorphic

tangent vectors to M at p . Conversely, if X € HT (M) , then
P

X € HT (M) . Thus r(p) = dim„(HT (M)) . HT (M) Cl HT (M) = 0 and P ffi p p p
HT (M) U HT (M) cr t (M) , where T (M) is the set of complex valuedP P P P
tangent vectors to M at p . Therefore, 2 dim (HT (M)) £ dim_ T (M)C p C p
= t . On the other hand,

r(p) = n - rank

• • • • \_n_i
Sz=i

5fsn..A /J
S n - (2n~t) = Kj - n .

Thus l-n r(p) 5 [ §] • If x € HTp(M) is of the form

n n n
X = E b ' + h". with b',bj real then r(b) = E b .7 —  E b* -5— ^j=l J i 1 5 i=1 J <*, J=1 J 9y

n // a n aand i(b) = E b, r—  + E b' -r—  are real tangent vectors to M at
j=l J j=l J Syj

2n n a n ap when M is considered as a subset of £ . I f  E c . + 2d.
J=i J ^  j=ij 

■> a
is a real tangent vector to M at p then E (c -id ) € HT (M)

j=1 J J *3 P

n a n aif and only if E - d -—  + E c. r—  is also a real tangent vectorj=i J *j j=i 3 3yd
to M at p . Thus, HT (M) is isomorphic to the maximal complex sub-P
space contained in the real tangent space to M at p .

By the way HTp(M) is defined, we have that the 2n-<£, vectors

(|£i. (p),...,|§i. <p)),...te£|j£i (p),...,^a=l (?)) in jP span the ' azx azn *  ̂ azx azn /



space perpendicular to the set

L a { b € l ^ : b a ( b 1 € HTp(M)}

Therefore, if Xu(p) = 0 for every X € HT (M) , then 3u(p)
tr

2 ‘
S c 3f.(p), c € E , where we define 3f = 2

j=l J J J J=]

Let U € C11 be an open neighborhood of p . Suppose r(q) = r 

is constant for q € M D U

Definition 1: If X_,...,X forms a basis for HT (M), q € M  D U-----------  1» » r q
then the system of r equations in one unknown u :

(5) XjU = 0 in M f l  U, j=l J • • • tr u 6 c"(U)

is called the system of tangential Cauchy-Riemann equations to M at 

each point in M f l  U  ,

We wish to give an equivalent definition of the system of tangential 

Cauchy-Riemann equations to M on M H O .  First we need some defini­

tions .

Definition: If X is a complex analytic manifold and z-±’''" >zn are

local holomorphic coordinates,, any differential 1-form may be written
as linear combinations of the dz and dz , j=l,...,n . DifferentialJ J
1-foxms which are linear combinations of the dz^ alone are said to be

of type (1,0) . Differential 1-forms which are linear combinations of

the dz alone are said to be of type (0,1) [4,Chapter 2],
J

As in [3], we define the set I^’’*'(MriD) to be the ideal of C°° 

forms on U generated by f and Bf , j=l,...,2n-£ . That is:

I0 , 1 ( M n u )  = cpa + SP^Bf^: cpa are forms of type (0,1)
a a
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Definition 2: The system of tangential Cauchy-Riemann equations to M

on M flu is the system of equations in one unknown u which arises 

from the condition

(6) 9u S O  mod I0’1 (MOD) u € C°°(U)

To prove Definition 1 is equivalent to Definition 2, we must prove

that (5) is equivalent to (6) to show that (5) = >  (6) : Suppose

XjU = 0  in M 0 U, j=l,... ,n . Then X^u(p) = 0 for each p €M D U  .

Thus Xu(p) = 0 for all X 6 ifTp(M), p € M fl U , which implies that
2n-l

9u(p) = Z Cj df(p) with Cj € C . Define pj by = cj »
j 1

_ COp tM f l u  , and extend p so as to be C in all of U . We have
J

00
2n--l 2n-t

Pj € C (U) and du - Z p̂  Sf |M ^ w = 0 . Thus, 8u - Z p̂  9f is
j=l j 1

a (0,1) form which vanishes on M D U . Hence, there exist (0,1) forms,
2n—t _ 2n-<{/

cp , on U such that 9u - Z p 3f = Z f cp . Therefore, u
J j=l 3 j=l 3 J

satisfies (6) . (6) = >  (5) : Suppose u satisfies (6) . Then there

exist cp , (0,1) forms on U , and p € C°°(U) such that 9u =
J J2n--t 2n~t

Z f cp + Z p Sf . Since cp is a (0,1) form for each j ,
j=l j=l 3

n k a, 2n-t 2n-t „ 9f
we have cp. = 2 c. dz . Thus, —=■ = Z f c + Z

3 k=l k j=l J 3 j=l
* . _k . f i  _

k *  ' '

n -
X, ,... ,X be a basis for HT (M) , q 6 M f l  U , X = Z b™ ——  >
^  r « ra k=i k azk

.2n-t , 2a—t_  tti rfli   mii <;i

Let

n
Z b“ ?!

k=l k ^k k=l
2a-l 
Z f.,

j=l J k=ik 1



2n—t
Thus X u L n = E P. X f | = 0  and u satisfies (5) .; u L, « „  = A  p. a  x | 

m b n B  J «  j |M n  „
The Cauchy-Riemann operator 3 on Cn induces an operator 

\  on M •

Definition: We define an operator on M , called the tangential Cauchy-

Riemann operator on M and denoted by 2^ , as follows:

If u 6 C^M) , S^u = 0  on M fl U means that (5) is satisfied
m 00

by any extension u € C (U) of u |u p jj '

The following Remarks can be found in [3].

Remark: If condition (5) (or (6) ) holds for one such extension

u of u |M p u then k°lds f or • In fact, if u and tf are two
2n~L

such extensions, then u-u'jM p u = 0 * u - §* = E gj f  ̂ ,

gj 6 C°°(U) , and for Xm 6 HTq(M), q. € M D U . XmU|M p „ - x / ^  p u =
_ 2n-l 2n—6

X (u-u) i„ n = E f X g + E ; g X f j = 0 . Thus,m |M 0 U i. J ® J • j=l |M n U

x U i _ tt = 0 if and only if X u l ,  0 .m | M D U  m (M fl U

Remark 2: For u € C°°(M), S^u = 0 on M flU if and only if there
*■*» CO — ^

exists an extension u € C (U) of u |jj p ̂  sucl1 that |m f) U ~ ° *

In fact, by the definition of c^u we have that for any extension

0s € C°°(U) of U|ji n u  §§* = 0 mod I0,1(MniI> . Thus 35* =

2n-<t, 2n—t
E f 9 + E p 3f where 9 are (0,1) forms on U and

j=l J J J=1 J J J
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2n-t

(3 6 C^CJ) . Let u = S* - 2 p f . Then u is another 0°°
3 j=l J J

extension of u |jj p ̂  and
2n-£_ -j 2n-^_ —<

au. a- - ̂  Sfj = ̂  [<Pj-3eJ •

T1” s & |h nu = 0 •
ooRemark 3: By using a partition of unity we have: If u € C (M) then

— m - CO5^u = 0  on M if and only if there exists an extension u t C (nbh. M) 

such that 3u ̂  = 0 .

Definition: A function u € C (M) which satisfies 2 û = 0  on M is

said to be a Cauchy-Riemann (or CR ) function on M, and is denoted 

by u € CR(M) .

Thus, we have the following:

Theorem. Given any partial differential equation of the form
n -sP = 2 A where P, P are linearly independent, suppose £ ,
j=l J a“j J

j=l,...,n-l are n-1 independent, smooth, characteristic coordinates

associated with P . Then, for Cl c: £n sufficiently small and

S = (^(Q), ... ,£n(fl)) , dim^S = n and S is in a one to one correspondence
00with Cl . There also exists a one to one correspondence between C (fl)

and C°°(S) given by uCo^,... ,o:̂ ) = u ... ,arn) ,... , £ ^ ^ 0̂ ,... ,0̂ )) .

We can define an operator P 1 on C^S) by (P 7u ') •£ = Pu on Cl .

P ' is a basis for HT (S) for all q 6 S . For u ' € C (S) d u ' = 0q b
if and only if P \i' = 0 on S . Thus, we have P y = d and u is ab
solution of Pu = 0 if and only if u' € CR(S) , where u 7(£ ,...»C j)

= u(o;̂ ,. . . , 0̂ ) .
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In [3], Hill proves that under certain geometric conditions, every 

CR function on a manifold MQ can be extended to be a CR function on 

a manifold M , where M is a manifold of one dimension higher than 

Mq and Mq is contained in M as part of its boundary. We shall define 

the geometric conditions that and M must satisfy. We shall see

that in Lewy's special case, with S playing the role of MQ and one 

side of S playing the role of M , these geometric conditions are satis­

fied. Thus, Lewy's result [5] is a special case of the results of the two 

papers [1] and [3],

We first need some definitions.
CO

Definition: Let Q be a C n-dimensional manifold. A disconnected

k-dimensional submanifold N of Q is called a foliation of Q if

every point of Q is in N , and if around every point p € Q there is

a coordinate system (x,U) with x(U) = (-e, e) x ... X (-®,®) such

that the components of N flD are the sets of the form

r „ k+1, . k+1 k+2, v k+2 n, N n->la € U: x (q) = a ,x (q) = a ,...,x (q) = a j

where la* | < e, i=k+l,...,n . Each component of N is called a leaf 

of the foliation N , and we say that Q is foliated by the leaves of 

N [8] .
For what follows, let X be a complex analytic manifold of complex 

dimension n . Let M°,M^ be locally closed differentiable submanifolds 

of S , where a set is said to be locally closed if it is a relatively 

closed subset of some open set. Let M° ctm"', open in Mv and

dim^M^ = dim^M"7 = -t . Let M be the closure of in Mj/ and let

MQ = M - M° . For any subset A 1 c . A^ and A shall be defined
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by A° = AyD M° , A = A'fl M .

Definition; The pair (M,M') has a top hat foliation in X if and

only if:

i) M' is foliated into connected differentiable submanifolds

L ' and each leaf L ' is itself foliated into connected complex analytic 

submanifolds t' of X with dim̂ -t/ = 1 .

ii) Each leaf L ' has a neighborhood U in M ' , which is a 

union of the L's and such that the foliation of U by the V  a can 

be defined by a single holomorphic coordinate system for X . That is,

U has a neighborhood U in X in which there is a holomorphic coordi­

nate system (z^,...,ẑ ) such that each -t/ in U can be described as

{an open subset of the z -plane} fl {(z ,...,z ) = constant} .
1  A Q

iii) c. c JL' for each leaf ' .

iv) Each L '-L is connected and contains a non-void open set in 

h* which is the union of certain leaves <£/ from the foliation of L y .

v) Given any sufficiently smooth function u that satisfies

cl̂ ,u = 0 in c ‘ cz L ‘ , the vanishing of u is some open connected sub­

set w of c ' implies that u is identically zero in the connected

component of w in c ‘ . (This property is called the unique continua­

tion property for 3^/ .)

Definition: Let = M-M^ , then is a holomorphically transverse

hypersurface in M 1 if and only if:

1) Mq is a closed C°° differentiable submanifold of M ; , of

real codimension one in M * , which has two sides in M 7 , one of them
being M° .
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2) dimcHTp(M()) = dim^HT^M') - l i p  6 Mfl and dimjCHTp(M()) and

dlnijjHTp(M/) are both constant for p € Mg .

If MQ is a holomorphically transverse hypersurface in M / , we

have that for p € MQ there exists U , a neighborhood of p in X ,

in which there are C°° real valued functions f,f, 1 ^ k £ 2n-i suchk
that:

m' n u  =■-■-- {f =0, 1 £ k <: 2n--t}K
df, A df_ A ... A df , 4= 0 on M' fl U1 2 2n-£
M n U = {f = 0, f. = 0, 1 £k i 2n-l]0 K
df A dfĵ  A ... A df2 n + 0 on M0 n U

The main result of Hill's paper [3] is the following:

/ 0 Theorem. If (M,M ) has a top hat foliation in X and MQ = M-M is

a holomorphically transverse hypersurface in M / then the restriction

( 7 )

map:
CR(M) -» CR(M0)

is an isomorphism.

Now we want to show that Lewy's results, [5], follow from [l] and

[3], We have P = £ A. , A.€ C^O), fi c £3 and we assume P,Pj3L j BQfj j
and [P,P] are linearly independent in a neighborhood df some point in 
31 , which, for simplicity, we will assume to be the origin. Let uQ, vQ

be two independent characteristic coordinates for P such that
ou (0,0,0) = v(0,0,0) = 0 . Define a surface S ci c by:

S = KuqCo^,^,^), v0(q̂ ,Q'2,q'3)): (^,a2,Q-3) € £)} .
2

DinigS = 3 . There exists a neighborhood of 0, U c IE and a real

valued function f € C°°(Uwith df 4= 0 on U / D S such that we can
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express S O U 7 by

snu' = tfvV €u/-' f(zi,z2) = *
Let u be a salution of Pu = 0 , We can define a function u 7 on 

S associated with u by

"‘W V  = v0(aiL»a2,Qr3)) *

We want to show that there exists U a u 7 , a neighborhood of the origin 
such that we can extend u 7 to u 7 , an analytic function on
S+ = {(z^Zg) € U: fCz^Zg) > 0] . Prom [1] we know that u 7 € CR(S) .

We shall show that there exists U such that if we define S+ by

S+ = {(z^Zg) € U: f (z^Zg) ^ 0} , then (S+,U) has a top hat foliation

and S flU is a holomorphically transverse hypersurface in U . The 

results of [3] would then immediately yield that u 7 can be extended 

to u 7 € CR(S+) . S+ is an open set in ID2 . Therefore, CR(S+) = set

of all analytic functions on S+ . This leads to the conclusion that

u 7 is an analytic extension of u 7 to one side of S .
/ 00 We know that if P is the operator on C (S) associated with

P , then P 7 = 8 . Thus, from the definition of the tangential Cauchy-s
Riemann operator, we know that P 7 is of the form P 7 = b, — + b — —1 dz 2 az 1 2
and that P 7f = 0 on S fl U . Since df 4= 0 at the origin, either

— (0) 4= 0 or — (0) 4= 0 . Without loss of generality, we can assume*i as2
that — (0) 4= 0 . Thus, on S D U 7 , P 7f = b. -Or + b. = 0 , and,

oz2 2
_ ___

ba dzi _ 9ziin a neighborhood of the origin, —  = — § f ” * a ~ ££ =
8z2 8zs
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*  + i  *
1 where z = x + iy , j=l,2 . P 7 is, therefore, o1 , j Qi J J j

c*2 + dy3

some multiple of the operator H = + i — + oT + i —^-1 in a9^ Zy1 L 9x2 9y2J

neighborhood of the origin. Let P 7 be the operator on C (S) associ-
—  mm , mm mmated with P . Then, P = b + b„ ■——  and is some multiple of H1 dZĵ  2 9z2

in a neighborhood of the origin. The condition that P,P, [P,P] are 

independent at the origin is equivalent to the condition that P 7, P 7, 

[P7,P7] are independent at the origin. And, this is equivalent to the 

fact that the matrix Mp / defined by

1 1  0
i -i 0

M , = I | has rank 3 at the origin,
a a Ha-Ha

oi -ai -Hoi-Hoi

Mp7 has rank 3 at the origin if and only if either (Ha-Ha) (0) =

(i ImHa) (0) 4=0 or -Hoi - Hoi = (-iRe Ha) (0) 4=0 , i.e. if and only if

Ha(0) 4= 0 . H is a multiple of 9 . Thus, the condition that P, P,5
[P,P] are independent at (0,0,0) becomes the condition:

(8) df
9z3

(0) 4= 0 .

The above is true for any two independent characteristic coordinates 

of P , i.e. we could have chosen for uQ and vQ any two independent 

linear combinations of u^ and v^ . This would result in new variables 

z 7 nnri z' which would each be an independent linear combination of1 A
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and z2 .
We shall define new variables, as in [5], in which Condition (8)

becomes a simpler expression. Define z^ - . Z2 =
df

fV°> " 1 V ° )]zi + CV 0) ' 1 fy3<0)Iz2 "here f« = 1w • Since

df
Sz„(0) 4= 0 , f (0) - i f (0) 4= 0 , and the new variables are independent

X 3 y  3

in a neighborhood of the origin. If we define H by

H 7 = -4- + 
*1

-df
dz;/
df

^2
dz.

we still have

(8 0 H

-df

df

-  *2

(0) 4= o .

If z_7 = 0 then [f (0) - i f  (0)]z + [f (0) - i f  (0)]z = 02 Xi x x 2 y 2 ^

and thus (1^ ( 0^  + (f^O))*^ + (fx (0))x2 + (1̂ ( 0))y2 = 0 .

But, this means that the plane z„ = x07-f 1 y„7 = 0 , considered as a2 *  2
real two-dimensional plane x 7 = 0, y 7 = 0 , is in the real tangent space2 2

to S . After this change of variables we have df
dz;

(0) 4= 0 , but

f /(0) = f / (0) = 0 and, therefore, (0) = —— ■ (0) = 0
Xi yi dz7 dz"0*1 o*!

We now

have that

dz
df
JL

H df (0) =
dzv ^1

df
7dzi

df
dz*

(0) =
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[f / + i f /3r-f / / -f- i f /  /] i[f / + i f z][-f / 7 + i f / /]xg y r L xjxj yixi xa ys yixi yiyi
 « (0) +  =  (0) .

(fx/ + ii /) (f / + 1 fi ,)xs y2 2 yg

Therefore, (8 ') reduces to the Condition

(9) [f , / + f / /](0) 4= 0 . xixi yiyi

Now we shall change variables again by a rotation of the coordinate

z' . Let z" = z^ , z" = f̂y ^ 0) ~ 1 z* • Then *^"(0) = 0
[f /(0)]2 + [f ,(0)]22 y2

and f //(0) 4= 0 . For simplicity of notation, let z. = z , z0 = z" . y2 j. z z z

We now have f (0) = f (0) = f (0) = 0 , f (0) 4= 0 so that the xi yi x2 y2
ordinary real tangent plane to S at the origin is given by 

y^ = constant.

We shall change variables once more, as in [5], and with these new 

variables + i , z2 = X2 + * Y2 ' C0™ 11*1011 wil1 ^P^-y
that the surface S is strongly pseudo-convex at 0 , i.e.

.2(10) £XiXi(0) ^  Yl(0) “ (̂ X1Y1 (0)) > 0  ’ fXl(0) = = ° •

8 *f i B 2Let Z1 = z , Z2 = z2 + (Zĵ ) , where ^  and are

f (0) f (0) - f (0)
defined by ^  • We have

y2 y2

fY (0) = f (0) = f (0) = 0, f (0) = f (0) 4= o , f (0) = 0,
Ai 2 xs y3 aixi

fy (0) - f (0) = 0 and f (0) + f^ (0) = f (0) + f (0) .
*ixi yixi xiAi yi*i xixi yxyx

And thus, as in [5],



and we have that Condition &)— > Condition(10)

As was shown in [5], Condition (10), strong pseudo convexity of S

at 0 , implies that there exists , a neighborhood of the origin such

that on U » f f > 0  and the surface S fl U intersects the 11 11
plane Z = 0 only at the origin. This is proved by contradiction.A
Suppose we cannot find U sufficiently small so that S D U 0{z = o] = 00 U A
Then we must have a curve through the origin which lies on S and on

Z^ = 0 . Since f = 0 on S , we have, for any parameter t for which

d r )  + (t |) * 0 at tke 01181,1 ■
0 = ( S  (0)) ' 1x1x1<°>(!l-)2 + 2

But, this happens if and only if (f (0))2 - f (0) f (0) > 0  .*11 x ix i Y ix i

Thus (10) implies that such a curve cannot be found.

Condition (10) also implies that f (0) f (0) > 0 and thus
x ix i Y iY i

fXiXi(0) + fYly (0) 4= 0 . For simplicity, we shall assume that

fv v (0) + f v (0) < 0 (a symmetric argument can be used in the other
x ix i Y iY i
case). Since f is C we can shrink UQ sufficiently so that

<u > fxA  + V i  < “ °n °o •
We shall assume that uQ and vQ are independent characteristic
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coordinates for P such that if (z^.z^) = (u()(a'1,a2,a'3), ^(a^ag.afg)) , 
then Conditions (10) and (11) are satisfied.

Dim^ HTq (S) = 3 - rank \ ) = 3 - 2 = 1

9u0 au0
9al 9Q?2 aa3

* 0 *0
**2 9^3

Dim HT (S) = 1 for all p in some neighborhood Q* c £ Qf the origin. 0/ p
Let U c Dp fl U be a neighborhood of (0,0) £ (D3 such that for all

(Z1,Z2) € U n s» (zi»z2) = ( ' V W V ’ V W ' V *  W±th
(q^,^,^) € Q' . As in [5], on U we can put S into the form

S = f(z1>z2): -y2 + ^ xi,yi,x2  ̂= where 'P is c°° on the set 
W = Re t^U X Im t^U X Re t^U <= I3, cp(0,0,0) = 0, cpx (0) = =

9(9x »9V »x2)
cp (0) = 0, cp (0) + cp (0) < 0, and * 0 on w •7a »i*i Viyi b(xl>yi,xa)

Using the implicite fimction theorem as in [5], we can express the set 

{(x^y^Xg): <PX fc^.y^x^ = cPyi<x1>y1,X2) = °n W as a CUrV®
(x1(x2),y1(x2),x2) depending on x2 . We have cp (x^x^ .y^Xg) ,x2)

= cp (x (x ),y (x )x ) = 0 . Thus, for each value a of x , we know X 2 4* 2 2 2 2
that cp has a maximum point at (x (ar2) ,ŷ (Qr2) >a2? ' We sha11 now
show that we are in a position to use the results of [3] to prove Lewy’s

results [5].
*f“Let S , S be defined as above, i.e.

S+ a {(alfz2) € U: f(zlfz2) > 0}

S* = {(z1,z2) 6 U: f(z1,z2) SO}
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2Since U is an open set in <D , HT (U) = 2 for all p € U . There-P

fore, S D U is a holomorphically transverse hypersurface in U . Let 

L 7 => U, L = L 7 fl S* = S1" . We foliate L 7 by planes <67 of the form 

z = constant. Since L ' is a neighborhood in CD , Conditions i), ii),
A _and v) of a top hat foliation are satisfied by (S ,U) . For any 

constant c = ^  + i , l' = {(z^c): (z^c) € U}, I = {(z^c): (z^c) €U

and cpCx^y^Cj) ^ c^} , we have

If c2 > T(x;L(c;]L),y]L(c;L),c;L) , 1 = 0 .  In particular, if

co > 0, -1=0 and thus Condition iv) is satisfied.
A

If c2 = c p ^ ^ )  jyjCCĵ ) .C^ , I = (x1(c1) + i y ^ c ^ c )  .

If c2 < ,<p(x (c^.y^c^Cj) then the set cg = cpCx^y^c.^ is a

closed Jordan curve, J , in r^U = {z^ 6 C: (z^,z^) € U for any z2 6 ff}

about the point x (ĉ ) + * yi^cî  * Thus, l> = {(ẑ ,c): z^ is inside or

on j} . Thus, Condition iii) is satisfied and (S+,U) has a top hat

foliation. Therefore we can apply the results of [3] and obtain that any 

u 7 € CR(S) can be extended to u 7 6 CR(S+) , i.e. any u 7 € CR(S) can 

be extended to u 7 which is analytic on one side of S . This is 

Lewy's result [5],
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VI, The 4-dimensional Case 

In 4 dimensions our operator P is of the form P =
a 3 a—  + i Eb (t.x, ,x„,x„) where the b.'s are real and analytic in a
at j=i j 1 2 3 3

neighborhood of the origin. We had hoped to be able to use the results of

[l] and [3] to show that if P,P, [P,P] and [P,[P,P] are linearly
COindependent in a neighborhood of the origin, then the C initial value 

problem does not always have a solution for our operator P .

Let Uq , Vq , wq be three independent analytic characteristic 

coordinates for P . Let

S =  {(UjjCt.x^Xg.Xg), v0(t,x1,x2,x3), WQCt.x^Xg.Xg)): (t,x^,x2»x3) 
in a neighborhood of the origin} .

3From [1] we have S c B and dim^ S = 4 . We can characterize S as

S = {(z^ZgjZg): f1(z1>z2,z3) = f2(z1,z2,z3) = 0} where fX,f2 are

real valued analytic functions. Letting = {(z^z^Zg): fJ (Z^»Z2*Z3  ̂=
3

j=l,2 , we have two hypersurfaces and S2 in (C such that

S = S,fl S . We know that any solution u of Pu = 0 corresponds toX A
u , a CR function on S . Let

Sj = {(W z3)r ^ l ’V V  >0} 

sj = {(z1,z2,z3)r f^Zj^.Zg.Zg) so} ,

Our idea was to find an appropriate change of coordinates in which

the pairs (S* f) S , U f) S ) and (Ŝ  D S , ?  flD) would have a 1 a 2 X 2 X
top hat foliation, where U is a neighborhood of the origin

3in 1C . Then, once we have proved that dim_ HT (S.. D S ) = 2 forQ# p X 2
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all p 6 st n S , we would have, from [3], that every function u 'i A
which satisfies cLu'= 0 has a unique extension which is complex analytic s

x xon S (1 S . We could then use this fact and the Schwarz Reflection X 2
Principle to prove that for initial values f which are real valued,
00 COC , but not analytic no C solution, u could be found.

Our assumption on P that P,P , [P,P] and [P,[P,P]] are 

linearly independent becomes, on S , the assumption that the matrix

/ 1 -1 0 0 \

/ I -i 0 0 '

°1 2ilm(d,ga1) 2iV ImW _cV as]oi
M =

01
-RiRECdgC^) ^ ( B e ^ J - i t a g . ^ ] ^

*2
2iIm(3sCT2) 2iag(ImBgO-2) -[ 5g, Sg] cr2

I V -2iRe(3gCT2) -2iSs(ReBg52)-i[Bg,3g]a2

has rank 4 , where
f2 f1 - f1 f2 f2 - f* f*
Z1 Z3 Z1 Z3 Z1 z2 zi z2

°1 = f2 f1 - * CT2 " f 2 f1 - f 1 f2
Z3 Z2 Z3 Z2 Z3 Z2 Z3 Z2

and

[3g,as] = 21 1.(3^) - 21 £
2 2

+ 21 3 ^  - 21 Re<5SC2> 3 ^

We have not been able to understand all the conditions imposed on the
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geometry of S- and S0 by rank M = 4 . Rank M = 3 forces S to 
X a  K

be strongly pseudo convex at the origin for one k , as in [5],

Assuming k = 1 , we have

si = t(w z3): ~y2 + = 0}

S2 = £(W Z3): "y3 + = 0}

where z = x + i g  and cp® are real valued and analytic and 
J J  J

i x . co) ' ‘i y / 0” 2 > 0 •
We have a 3-dimensional surface, depending on X2»X3> and

in of the form:1

( W V V ’ yi(X2>X3’y3)lX2' * ^ l ^ W V ’ yi(*2>X3’y3) ’ 

x2,x3>y3), x3,y3)

on which cp- = 9" = 0 . But, due to the fact that cp- depends onxi Yi
2y3 and cp depends on yg as well as on x^y^Xg and xg , we

cannot find a suitable foliation for (S* fl S„, U fl S ) . We hope to
X 2 2

be able to return to this.
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VII. Appendix

In this section we wish to construct a function f € Ĉ CC-l,!.)) 

such that f is not analytic in any subneighborhood of (-1,1) .
Let {r } , k=l,...,«° be the set of all rationals in (-1,1)K

ordered in some fashion. Define f by

100 i ” (v-rj Sf(x) = E ^  rk; x 4= r. , I = 1,2,... ,oo
j=l 2 3 k'. e

- 1
2 ^------  (x rk)s x = r , m any positive integer.

2 3s ki e
k4m

f € C((-l,l)) since the series converges uniformly. Assume that we

can take derivatives under the summation sign; then
f \ “ l ~ 1 n 1f (x) = E -r— r  (x-rk)2 E c(j,n) (n-rk)n+5J , x * r , I = 1,..

k=l 2 3 kl e j=0
_ 1

(12) oo (x-rk)2 n
^ k k ^ c(J>n) fx-r )n+zJ ’ x = rmk=l 2 3 ki e j=0 CX + “

k4m

where c(0,0) = 1, c(j,0) = 0 , j + 0 , and
c(j,n) = 2c(j-l,n-l) - [n+2j-l] c(j>n-l), j=l,2,...,n
c(j,n) = 0 , j 5 0 , j > n 

n n
E |c(j,n) | 5 E 2|c(j-l,n-l) | + (n+2j-l) |c(j,n-l) | 

j=l j=l

n-1 n-1 n-1
= 2E |c(j ,n-l) | + (n-1) E |e(j,n-l) | + 2 Ej |c(j,n-l) |
d=l J=1 j=l

n-1 n-1
S (n+1) E |c(j,n-l) | + (2n-2) E |c(j,n-l) |

d=l
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n n-1
Z |c(j,n) 1 £ (3n-l) 2 |c(j,n-l) |

j=l d=l
n
S |c(j,n) | S (3n) (3(n-l)) (3(n-2)) ... 3 = 3 n ’. 

j=l

Thus the series on the right-hand side of (12) converges uniformly
COfor each fixed n and thus f € C ((-1,1)) , and term by term dif-

1

ferentiation is justified. Since ^ x = oj is DOt analytic
in any neighborhood containing a rational in (-1,1) . Thus f is not 

analytic on any subinterval of (-1,1) .
In general, if fl7 is any neighborhood of the origin in Xn ,

O7 ci (-1,1) + ... X (-1,1) , we can define g € C°°(Q7) such that g 

is not analytic in any variable in any subneighborhood of Q7 by

g(x1,...,xn) = f(Xj) + f(x2) + ... + f(xQ) 

with f defined as above.
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