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Introduction
Let P be a partial differential operator in n real variables of

n
the form P = I A,

5 -87 , where the coefficients A
J=1 J

are analytic

J

functions in a neighborhood of some point Py Let N be an n-l
dimensional surface containing Py which is non~characteristie with
respect to P , i.,e. if N is expressed locally as N = {:p(x) =0, @ real}
then P¢ + 0 . We know from the Cauchy-Kovalevsky theorem [4, Chapter 5]
that given any function % defined and analytic on N in a neighborhood
of p0 we can always solve the analytic initial value problem locally,
i.e. we can find a neighborhood U C ) of Py and an analytic function
u on U such that

Pu=0 on U

u=f on NNU.

Suppose £ 1is not analytic but merely ¢ on N ina neighborhood
of p0 « Can we find a C°° solution to the initial value problem? In
fact, can we even find a Cm solution to the one-sided initial value
problem i.e. for any given function f which is c® on N can we find

a neighborhood U of po and a function u € CQ(U) such that

Pu=0on (NU {one side of N in ln})ﬂU

u=f on NNU.

In Section 1 of this paper, using the method of characteristic

curves, we reduce the problem of solving the ¢” initial value problem

: n
for the general operator with analytic coefficients P= £ A 3 a%- at
. Jj=1 J

1
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p0 with initial surface N , to one of solving the C°° initial value

3 n-l1

, ;3 ’ <
problem for an operator P’ of the form P’ = 5t * iji; bj(t'xl”"’xn-l)ij

at the origin with initial surface t = 0 . Here all the bj's are real
and analytic., If all the coefficients of our original operator, P , have
real ratio, i.e. %ﬁ- is real for all j and k in a neighborhood of Py »
then our problem reduces to one of solving the initial problem of

P’ = 5{ at the origin with initial surface t =0 . We can always solve

the ¢~ initial value problem for this operator with the solution

u(t,x ""’xn-l) = f(xl,...,x ) . Thus, as is well-known, we can

1 n-1
always solve the c¢® initial valué problem when the coefficients of our
operator have real ratio in a neighborhood of Py o But, suppose this is
not the case. Then we shall prove that in the 2 and, with one exception,
3 dimensional case and in specific higher dimensional cases no solution
can be found to the Cm initial value problem. Although it seems that
this is probably true in the general n~dimensional case, we have not yet
been able to prove it. But, we shall discuss results of Andreotti and
Hill [1] and [3] which strengthen our belief that the ¢® initial value
problem cannot be solved for an n-~dimensional operator whose coefficients
do not have real ratio.

In Section 2, we prove that the one-sided C°° initial value problem
cannot be solved in the 2-dimensional case using an idea due to Lewy [4].

We need only look at operators of the form

3

P= SE-+ i b(t,x) g% b #0 in a neighborhood of the origin.

We see that if vy, is a C°° solution of Pu = 0 such that



u
—32(0) + 0 then u, maps a sufficiently small neighborhood U of lz

onto a neighborhood V of ) invertibly. This gives rise to a one to
one correspondence between functions on U and functions on V , Under
this correspondence every Cw solution of Pi = 0 dis associated with

an analytic function on V . Using this fact and the Schwarz Reflection
Principle we prove that we cannot solve the one-sided c” initial value
problem in the 2-dimensional case whenever the initial value, f , is real

valued, C°° , but not analytic.

In Section 3, we look at the 3-dimensional case P = g%-b
2 d
i Zb,(tx ,x,) == ; where b, and b_ are not both identically equal
g1 302 1 2

to zero in a neighborhood of the origin., If [P,ﬁ] s the Lie bracket

of P and its complex conjugate P s is a linear combination of P and
P ina neighborhood of the origin then, using Frobenius' Theorem, we
find that our problem reduces to a problem in the 2-dimensional case.
Thus, the one-sided initial value problem cannot be solved. If [P,P]
is not a linear combination of P and P in 0 X Q where Q is any
neighborhood of the origin in 12 we have, from a result of Hans Lewy
[5], that if u0 and vy are two independent solutions of Pu = 0
then the pair (uo,vo) maps a neighborhood U of 13 invertibly onto
a 3-dimensional surface S of Ez , and every solution u of Pu =20
is in one to one correspondence with a function u ’ on S which can be
extended to be analytic, as a function of Ez s On one side of S .
Using this fact and the Schwarz Reflection Principle we prove that the

(2~sided) initial value problem cannot be solved when our initial

function £ is real valued, C°° , but not analytic.
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In Section 4, we look at operators of the form P = é%-+
n-1l 3
— 'g =
i JE; bj(t’xl""’xn-l) axj with not all bj s =0 in a neighborhood

of the origin, such that the Lie algebra generated by P and P has
dimension <3 . We use Frobenius' Theorem to reduce such operators to
3-dimensional ones. Thus, except when the Lie algebra generated by P
and P does not have dimension 2 in a whole neighborhood of the origin
but has dimension 2 on 0 X Q for all neighborhoods of the origin in
lz s we prove that the c” initial value problem is not solvable for
these operators.

In Section 5, we state results of Andreotti and Hill [1] and [3]
in n-dimensions. We prove that Lewy's result follows as a special
3-dimensional case ‘of the combined results of the two papers. It seems
probable that [1] and [3] imply a result analagous to Lewy's in higher
dimensions; in Section 6 we discuss the problem we encountered trying to
prove the analogous result in the 4-dimensional case.

Before beginning with the main part of this work, we would like to
discuss a method which can be found, for example, in Duff [2], for re-
ducing the study of a linear partial differential equation with real
coefficients to that of an ordinary differential equation. We use this
method, the method of characteristic curves, often.

Suppose P igs a linear partial differential operator with real

n
¢” coefficients in n real variables, P= X A (xl,...,x ) - .
j=1 3 n oxg

Let T: (xl,...,xh) - (yl,...,yn) be an invertible transformation of

variables. Then u(ki,...,xn) is a solution of A1 = 0 if and only



2
if Pu’ =0 where u,(yl""’yn) = u(xl""’xn) , Aj'(yl,,..,yn) =

n oy . n 3
T A (X, 5eeesx) =L, and P'= T A'(y,,...,¥) ==~ . The vector
k=1 5 1 noon j=1 91 n° 0y
A1
A= . of the coefficients is called the characteristic vector.
A
n

Any curve in ln whose tangent is the characteristic vector at every

ol &
2| 8

point, i.e. any curve (xl(t-),...,xn(t)) such that

A,j (xl(t.),...,xn(t)) , is called a characteristic curve. From the
existence and uniqueness theorems for solutions of ordinary differential
equations we know that through each point in ln there exists one and

only one characteristic curve, A function u is a solution of the

n
original partial differential equation if and only if ZA.(xl,...,x )—QP-= 0.
j=1 oy
qu_ 2 xu du
Since 3 = J_Z:lA 3 ()5 0005%)) B;j where = is the derivative of u

along any characteristic curve, we have that u is a solution of
Pu=0 if and only if u is constant along every characteristic curve.
Locally, k" can be described in terms of the characteristic curves
and an n-1 dimensional hypersurface, V , which intersects each
characteristic curve transversally. In fact, let yl""’yn—l be
local. coordinates on V in a neighborhood of X5 . We suppose V is
given by the equation x = x(y) , with xo = x(yo) . We define x(y,t)
for sufficiently small t , to be the solution of -:—:% = A(x) with
x(y,0) =x(y) . If, at t=0, y= Yo » We have



-t -1
ot ayl
i

i
AN

Al(xl, .u.,xn)

An(xl, coe ,Xn)

0xy

BYl

i
ayl

40

(which says only that A is not tangent to V), then the transformation

T: (£,¥500055, 1) = (X5¢00,% ) 1s invertible in a neighborhood of

XO.

neighborhood.

Thus, solving Pu= 0 is equivalent to solving

da _
H = 0 in this



I. Preliminary Reduction of the Problem
Given an analytic n-l dimensional hypersurface N in " , locally

represented by (x) = 0 and a first order linear partial differential

2 d 2 d
2 a, =+ 1 & b, = with real valued
g1 35 g I

operator P = X + iY

analytic coefficients, and assuming that N dis not characteristic for
P, i.e. Pp #0 , can we locally solve the ¢” initial value problem,
that is given an arbitrary c” function, £ , on N can we find a
locally defined function w such that Pw=0 and w={f on N ?
In this section we shall put P in a more convenient form. Let
us assume that ¢(0) = 0 , otherwise a linear change of variable will

produce this., We know there exists J , 1 <J <n such that

%J(O) # 0 and aJ(O) + ibJ(O) 0 , For simplicity of notation,
assume J =1 , Due to the analyticity ( C’ is obviously sufficient)
of ¢ and the coefficients a; + ib, we have -g%:—l(x) +0 and
al(x) + ibl(x) # 0 in some neighborhood U of the origin.
First, we shall perform an analytic change of variables
T: (xl,xz,...,xn) -»(9,1]1,...,7111_1)
defined by 0 = (p(xl,...,xn)

T]j = XJ.+1 j=1,ooo’n-1 .

Since the jacobian associated with the transformation is:

& 20
ax1 ax2 axn
1
J’.l‘ = . 0
o .
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we have IJTI = l g£i| #0 in U . Thus, the noncharacteristic plane,
N , in the new variables is 0 =0 . We define P’ = d;(eyﬂl,...,ﬂn_l)sg
n-1 / 5} 7 7
+ ji; dj(e,ﬂl,...,ﬂn_l) Eﬁ% by PTw (0T eees ) = PHCK s een,X)
where (e’ﬂl""’nn-l) = T(xl,...,xn) and w’ e T =w, or; setting
v=w, P(veT) = P’v « T, Since %{-(vv’l‘)= %? —g%- J=1
3 1
-aﬁ i-i' .@l j—z n
— ’...’
axJ. e aﬂj_l
by the chain rule, a simple calculation gives
‘ b 9
dg °T= I (ag+ib) &
J=1 J
7 .
dj T = aj+1 + ib'j+1 J=1,.4.,n=1 .

Since y is not characteristic for P at O and ¢ and the coef-

. . 1
ficients of P are analytic, we have do(e,ﬂl,...,ﬂn_l) = Pq(xl,...,xn) 0

in some neighborhood of the origin. Let P’ = %u P’ , Then 9 =0 is

1
still noncharacteristic for P’ and any solution w of P'w=0 is

o

also a solution of P’w=0 . P is now of the form

P’ = g’—e L3 @Y + 1b7) 2
i=1 T%

where a’ and b; are real valued analytic functions of (e,ﬂl,...,ﬂn_l) .

J
Now, we again perform an analytic change of variables S: (e,nl,...,ﬂn_l)

- (t,yl,...,yn 1) . This time we use the method of characteristic curves
- n-1
on the real part of the operator p’ , that is, on =— + I a” Ji .
00 3=1 J anj

The variable t shall be our parameter for the characteristic curves.



an
Thus, g%-; 1, §EJ'= 33”(9’“1’°"’“n-1) . Our n-l dimensional hyper-

surface which intersects characteristics transversally will be the
surface t =0 , yj = ﬂj s J=1,...,n-1 . We know that we can perform
this change of variables in a neighborhood of the origin provided that

the following determinant

® 2 20
ot Byl Trrert ayn_l

aﬂl anl '

ot ay1 y does not vanish at the origin.

de.mkd... amrl
E Y

n-1

But, at the origin we have

/4 0 0
al(O)1
. . - 1
I.l L 2
0
a (0 1

Thus, this change of variables is well defined.

We define c¢. , j=1,...,n~1 real valued analytic functions of

J
(t9y1’ e ’yn-l) by

n-1 oy
C (b, rreees¥. ) = E B8, M yenesTl ) == .
joo7a? "n-1 =1 k 1 Tln 1 ank
Let P =2+ i nE? 9 d defi " by Wit )
e = §F+ o1 cj gj- an eline w y ,yl, ...,yn_l

= w'o S-l(t,yl,---,yn_l) . Then we have PW”(tsyl""’yn-l) =
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PYw (8, s eees ) for SC8,TpseeesT o) = (t,¥,,.00,5 1) . Note

that if the ratios of all the original coefficients were real , then

H

bk =0 forall k=1,...,n~1 and thus P would be of the form
5 = é% . The surface t = 0 is the noncharacteristic hypersufrace N

in these new variables.
Thus, given any C°° function for N there exists w such that

Pw=0 and w=£f on N if and only if there exists w” such that

14

P’ =0 and w' =¢£ ) =

on t =0, where f”(yl,...,yn_1

£o T L, S-l(yl,...,yn_l) . Thus, without loss of generality, we may

assume P dis of the form

3 n-1 3
P==—4+1i T b, =
3t o1 3

where the bj's are real and N is of the form t =0 ,
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II. The 2-dimensional Case

Let us now assume that P is an operator in two variables. From
the preceding section we see that we need only consider operators of
the form P = Sa; + ib(t,x) 'aa_x where b is real analytic in a neighbor-
hood of the origin. We shall prove the following:

Theorem. Given P = 38%- + ib(t,x) % where b 1is real analytic in a
neighborhood of the origin and b #ZO0 in any neighborhood of the origin.
Then we cannot always solve the one-sided Cm initial value problem

for P, i.e, there exists £ € Cm(ﬂ-'e), 0o €q’ C,ll , such that no

T, O, w exist with 0 €QCQ’, T>0 , w €C([0,T) x &) such that

Pw=0 on {0, x Q
w(0,x) = £(x) =x €0,
Here Cm([o,'.l‘) X () is defined to be the set of functions
u € Cm((O,T) X ) which may be extended, along with all their deriva-
tives so as to be continuous on [O0,T) X Q.
Before beginning our proof we shall prove a fact observed by Hans
Lewy [4]:

Suppose P is an operator of the form

) d
P = Al(ozl,Olz) ajq + Az(dl,dz) -B_Q’-z'

where al,az are real variables and A, and A_ are two continuous

1 2
functions on lz with a non-real ratio at some point (oLi,ag) i.e.
A 0 0
‘_Ai = Bl + iB2 with Bz(al,ozz) +#0 . Let uo(OLl,az) be a continuously
2

differentiable solution of the homogeneous equation Pu0 =0 din a
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0 0 My 0 0
neighborhood of («,,w,) such that —— (o,,®,) *#0 . Then, associated
1’72 aa.l. 1°72
with every continuously differentiable solution w(ozl,ozz) of Pw=20
' in a sufficiently small neighborhood U of (ag,ag) is a function w’

which is defined on uO(U) c I:l by

W) = we us () oz € uy(0)

and is analytic on uO(U) « In other words, w'e u0 =w and if
uo = u; + iu2 then “w’ satisfies the Cauchy-Riemann equations with
respect to ul and tx'z .

Proof: Let P = A 9 + A 2 and u. be as in the hypothesis,

1 3 2 aozz 0
with uo(cel,ozz) = ul(ozl,az) + iuz(al,ozz) . We can consider u, asa

mapping from 12 into lz « Considered in this way, the jacobian of

uo, Jd is ]
/ oy ouy
3 oa,
5= { % 2
|
\\ aal aozz
au0 auo
since Pu0 = 0 , we have Al aTl + A2 Sa;: 0 . Therefore,
A1 aul + auO = 0 and _A_]._ = B1 + iB2 where Bl,B2 are continuous in
A2 acvl aozz Az

0
a neighborhood of (afo,ag) . Bz(dl,cxg) +0 and hence B, £0 in a

00) - h Baul_B auZ_i’aul_o
neighborhood of (011,0’2 . us we have B, aal 2 ooy 90, -
au1 a“z alZ
— —g e = 0, £
and B2 3 + Bl St Bcvz Therefore,
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duy du,
B RE R
Jd =
E’;iz__Bf’_“i-B&
aal zaal ozl
au, 2 u, du, 3w 2
bl=2,(5) -3 2 TP 3 ( )
5 T W e
au':"z"'-" 3 2
- (3) (3],
ou

0 O 0 0 0
Since Bz(al,ozz) 0 and -a-a-I(al,otz) +0, IJI(a ,a) 0, Let w

be any continuously differentiable solution of Pw = 0 in a neighbor-

hood of (ag,ag) . Then we can define a continuously differentiable

function w’ in a neighborhood of uo(q&_o,ag) by: w’'(z) = we ual(z)

i.e. wloy,ay) = W'(uo(al,afz)) = w'(ul(al,ozz) + du(,a,)) . We want

w' . oow'
to prove: =—— + i =— =0 , We know that Pw =0 thus
8u1 du !
. dw . dw aw’ W' n
0= (B,+iB,)) =— + =— = (B,+iB)) [ 1+ == ]
1 2 adl 8&’2 1 2 aul aozl Buz aal
PRN-LARNY- VIR - P
au1 acvz auz oy
7 4
ou u du
—-—[(Bm)a“ F 37,3 P o[(-iB+B) T2 -1 T2
aozl aotz Buz 2 aozl a
/
w’ Su oSuy o M2 . 5B S
iB_ =Ll + B T+1 [B +
au[ZB('xl 2 3o du,, 2 3oy zaor.l]
’ ’ . '
=[3W+13W 1 [iB __J.au+ —--2.al ]:[——-+1§'u—][iB][
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3u
But, B2 does not vanish in a neighborhood oI (ag,ozg) and -2 and
3y 00
hence a— does not vanish in a neighborhood of (c>z1 ,ozz) « Therefore,
14 ’

F o1y -0 ina neighborhood of u (ozo,ao) . Thus, w’ 4is analytic
Bul auz 0 2
when considered as a function of uo in a neighborhood of (ozg,o:g) .

2

In fact, with P, u0 as above then for any function £ of R
defined and continuously differentiable in a neighborhood of (ozg,ag)

we can define f’ by £’ = fo u:l and we will have

df  _3f ot/ af’] [ du du
B B = i , iR ~=1. i
(B + iBy) aozl+ 3, u, ¢ ou, zaa1+Bz S04 .
Therefore, if £’ is an analytic function of U, then Pf =0 .
P 9 -
Thus, given P = A 50, + A2 EE as above and u, such that Puo =0

and %;ﬂ +0 , a function w satisfies Pw =0 if and only if the
1

function w’ = we u is an analytic function of u

0 0 °

We return to our original problem and first prove the following
Theorem. Let P = -a%- + ib(t,x) 'é% where b 1is real analytic in a
neighborhood of (0,0) and b(0,0) 0 ., Suppose f is real valued,
£ € Cm(Q") and Q' Cll is a neighborhood of O such that £ is
not analytic in any neighborhood of the origin. Then there does not

exist (, T, w such that 0 € QC ol , W€ c™[0,T) x O and

Pw=0 on [0,T) xQ
)
w(0,x) = £(x) on Q

Proof: The outline of the proof is as follows:

We shall argue by contradiction and assume that there exist
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Q, 'i‘, w such that (1) holds. Using the fact we just proved, we
shall show that there exists a function w’ which is analytic on some
neighborhood in IL'l bounded by the real axis and such that on the real
axis w/(x) = £(x) . We shall then use the Schwarz Reflection Principle
and extend w’ to be analytic in a neighborhood of Cl contai ning the
origin, But, this would imply that £ is analytic in a neighborhood
of the origin which would contradict the hypothesis.

We now begin the proof. From the Cauchy-Kovalevsky Theorem we
know that there exist ', ¢/, T' and u. such that 0 € Q' € ', u

(¢}
is analytic in (-¢/,T") x ', P, =0 on -¢’,7) x Q' and

(0]

uo(O,x) =x on ' . Since 3’%;!{—(8,0) =1 and b(0,0) £0 and both
functions are analytic, we can choose ol , €/, T’ small enough so that
b(t,x) ¥+0 and % (t,x) £0 in (-e’,T) x ' . Now we suppose
there does exist , T, w such that 0 € Qc ' < Q’, 0 <T <T’,
wEcC” ([0,T) X ) and (1) 4is satisfied, Then, in particular,

Pw =0 on (0,7) X Q. Let U, =u, o+ :i.u2 . For each point

@2, e ©0,m xa, e’ 2o, i“g% %,x%) #0 , and

P = 5% + ib(t,x) a%:' . Thus, we are in a position to use the fact we
just proved. That is, if we define w’ on uo([O,T) XD cc’ by
w'(u1+iu2) = wo u(;l(u1+iu2) sup+iu, € u ([0,T) x D then w’ is an
analytic function of u1+iu2 in a neighborhood of uo(to,xo) for each
%" € 0,» xa.

Since u,(0,0) = 0 , u, is analytic, and {z Gl!]', Re z € "} is

1¢ 0
a neighborhood of 0 € l!l , we can shrink (), ¢, T sufficiently so
that Q is connected and u ((-¢,T) X D < {z €rt,Re z € 0’} . Let

U0 = uo((O,T) X0 . U0 c El and is open since by the inverse function
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theorem, ugl is analytic. w’ is analytic on U° .

Let U = u ([0,7) x Q) Wcvcfzec), ez ¢ 0"} . since
-é%g- $0 on (-¢/,7) x Q' , u,
thus, for (t,x) €[0,T) x Q, u (t,x) =y € (' if and only if t =0

is injective on (-~¢’/,T’) X Q" and

and x =y . Therefore U - W c {z € ¢1, z real, z € Q} and
© n {real axis} = 6 . Since U’ is connected and does not intersect
the real axis either U° C {z € etz > 0} or WP c {z € e Inz <o} .
Assume UO c {z: Imz > 0} . (A symmetric argument can be used to treat
0

the case U C {z: Im z <0},)

Let U={z €€ 2 €U} and 00 = {z €¢* %z €°} .

Let V=UUTU = U0 U (U—Uo) U I-I'O « Then V is a symmetric region with
respect to the real axis. If we define V+ by V+ =V N {z: Im z =2 0}

then V' = U . We claim that w’ is continuous on V' = U « In fact,

w' is analytic on Uo , and is, therefore, continuous there. Thus, we

must only show that w’ is continuous on U - UO . Let x € U-UO s

then x €Q . Let 2z, €U, z

-1
4x lim w/(z.) = 1lim we u Z . Since
5 . (J) 0 (J)

J j Fro

-1 -1

u, is analytic, ]:im u, (zj) = ugl(x) = (0,x) €[0,T) X Q.
o
w € Cm([O,T) X ) . Therefore, lim we ual(zj) = w(lim ugl(zj)) =

Jeo Jeo

w(0,%x) = w’o uo(o,x) = w/(x) . Thus lim w'(zj) =w/(x) and w’ is
J-»e

thus continuous on U = V+ » Moreover, we have from the above string of
equalities, that w/(x) = w(0,x) = £(x) . £(x) is real and thus w’

0
takes on real values on VN {z: Imz=0}=0U -0 ,

Therefore, we can use the Schwarz Reflection Principle to extend
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w’ to be analytic on all of V . But then for x real, x € Q0 we

have x € uo([O,T) X ) J Therefore, x €V and thus w'(x) is
analytic on Q ., But w'(x) = £(x) for x € Q implying that £ is
analytic on (2 . This contradiction completes the proof.

We now turn to the case where P is again of the form P =
3—?: + ib(t,x) Sa-}-{-
hood of the origin and b #Z 0 in any neighborhood of the origin. We

but with b(0,0) = 0 , b real analytic in a neighbor-

shall prove

Theorem. Let P be as above. Suppose £ is real valued, £ € C“kQ')
o’ C:ll a neighborhood of 0 such that £ 4is not analytic in any sub-
neighborhood of Q' (see Appendix), then there does not exist Q, T, w

with 0 €QC Q' and w € C([0,T) x () such that (1) holds.

Proof: This proof is also done by contradiction. We shall assume that
), T, w exist such that (1) holds, Since b # 0 in any neighborhood
of the origin, there exists some point (to,xo) € (-t,T) x0Q, t >0,

such that b(to,xo) + 0 . We shall consider this condition in two

cases:
Case 1: to = 0, Case 2: to +£0 , In Case 1 the same argument as was

used for b(0,0) +0 will be used to lead to the contradiction that
£ dis analytic in a neighborhood of g% . ;In Case 2, we shall find .
some derivative of b with respect to t, Bk(t,x) such that Bk(O,xo) 0
for some Xy € 0 . Then, after a change of variables, the proof of this
case will follow as in Case 1.

We now begin the proof.

We assume there exists (), T, w such that (1) holds., By the

Cauchy-Kovalevsky Theorem there exists 0”, T’, €, u, such that



18

oeq cq , u_ is analytic on (~¢T% x o , Pu0 =0 uo(O,x) =x

()
and % (t,x) £0 on (-¢T") X Q” .

Case 1. Suppose, first, that b(0,x) Z0 on (I . ‘fhus, there exists
%y € Q" such that b(0,x)) #0 . From the analyticity of b we know
that we can shrink e, T’ sufficiently and choose U a neighborhood of

x in E ,Ucq’ , such that b(t,x) $0 on (-¢T”) XU . Define

0
w’ on uo([O,T) X U) by

-1
7 = wo s
w (u1+iu2) = we u, (u1+1u2) u, +iu,, € uo([O,T) X U)

Applying Lewy's observation of [4] at the point (0,x0) , we have that
w’ is analytic in u((0,T) X U) . Since £ is real valued and

w/(x) = we ual = w(0,x) = £(x) , we have that w’ is real valued on

o~

the real axis. Using the Schwarz Reflection Principle as above, we can
extend w’ to be analytic in a whole complex neighborhood of Xy . ‘
This implies that £ is real analytic in U which contradicts the
hypothesis,
Case 2. Now we suppose that b(0,x) =0 on Q' . since b is
analytic in a neighborhood of the origin, we can express b , in a
neighborhood of the origin as b(t,x) = bo(x) + bl(x)t + bz(x)t2 + eee o
Thus, bo(x) =0 on ( . But since b #0 in any neighborhood
of O , there exists a positive integer k such that b =0 on o R
J <k but b £0 on (" . Therefore, there exists %y € Q' such
that bk(xo) # 0 . Since b is analytic, we can shrink e, T’
sufficiently and choose U a neighborhood of X in ll , UC o

such that

B(t,®) = b (" + b T L. (6,0 € (-6T) XU

k+1
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Thus, on (-¢T’) X U we can express b as b(t,x) = thk(t,x)

where Bk(O,x) #0 and B, is real analytic.

k

K+l
Consider the change of variables [0,T) - [0, % ) defined
k1l -
by t4+s= e Let uo(s,x) = uo(t,x) ’ Be(t,x) = w(t,x) .

Since Pu, = 0 , u(0,x) = x and % 9%51 k we have

Sy tk + itk B (8,%) %= 0 and ﬁ'o(o,x) =x , Thus, if

and W satisfy Sﬁo

~

=PWi=0 on
le+1

T ) XU) and

) XU . w(O,x) = £(x) , ﬁo,i € &([o,

o, K+l
K+l
k+1

T/k+1
"Tkel

a5 ect ) xW . on & ([0,

T K+l

(0, — ) X U) define W’ by

v“i’(u1+iu2) = We gt u+iu, €4 ([0, =——) XU . We again have, by

0 12 " 0ot ket

Lewy's observation of [4] that &’ is analytic on u ((0 ) Xxum .

! k+1

Since W/(x) = We ﬁgl W(0,x) = £(x) , ¥'(x) 1is real valued on the
real axis., Again using the Schwarz Reflection Principle we arrive

at the contradiction that £ is real analytic in U ,
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III, The 3-dimensional Case

Now we look at the operator in 3 dimensions P = 'ait

2
+1i Z b.(t,xl,xz) i with b, real valued and amalytic in a neigh-
j=1 J ij J

borhood of the origin in 13 .

In the 2-dimensional case, P2 = -5%+ ib( 4, x) % s wWe assumed
b £#0 , i.e. given any neighborhood of the origin U2 o= 12 there exisgts
a subneighborhood Uz' c U2 on which P2 and 1-52 (the conjugate of P )

are linearly independent. We shall first prove that, in the 3-dimen-~
sional case, if bl and b2 are not both identically O in a neighbor-
hood U C 23 of (0,0,0) , but [P,P] (the Lie bracket of P and P )
is a linear combination of P and P in U then, by using the Frobenius
Theorem, the 3-dimensional case reduces to the 2-dimensional one. Thus,

we shall prove the following
2

) d
Theorem, Let P = 5T+ i j;Z!lbj(1:,x1,x2) axd with bj real analytic

and not both identically zero in a neighborhood of the origin in ls R
Suppose [P,ﬁ] is a linear combination of P and P in a neighborhood
of the origin. Then there exists a function £ € C (Q’) , Q’ a neigh-
borhood of the orxrigin in l.z such that no T, , w exist with

w € Cm([O,T) X, 0 €EQcQ’ and such that

Pw=0 on [0,T) X Q
2
w(O,xl,xz) = :E(xl,xz) on Q.

Proof: The Lie algebra generated by P and P is the same as the Lie

algebra generated by the analytic real vector fields X = —a%-; and
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2 3
Y= Zb (t,xl,x ) =—— . From the hypothesis we have that X and Y

j=1 9 2 oxy
form an involutive system of real analytic vector fields in a neighbor-
hood of the origin, i.e. all Lie products of X and Y are linear
combinations of X and Y .

Frobenius' Theorem states: Suppose Xl ’ ...,Xs is an involutive
system of (:J (or analytic) vector fields on M . Then given any

p €M there exists a neighborhood of p in which we can find local

coordinates T,,...,T_ such that
1 n

s
Xj_j=1 z;v.:j aq_k J=l,eee,8 &

Thus, in our case, we can find an analytic, invertible, change of

coordinates H(t,xl,xz) = (s,yl,yz) in a neighborhood U of (0,0,0)

_ ) d 9
such that X = al(s,yl,yz) P + az(s,yl,yz) ayl and Y = cl(s,yl,yz) =
) ' _ 0 )
+ cz(s,yl,yz) ayl . Letting P’ = (a1+ic1) 3 + (a2+ic2) %’ we have

Pu=P'u’ where u’¢eH=u.
0 0 O . 0 0 O
Let (t ,xl,xz) be any point in U at which bJ.(t ,xl,xz) +0

for some j , j=1,2 . Then,' at such a point the dimension of the Lie

0 0 0

algebra generated by P and P is 2. Therefore, at H(t ,xl,xz)

the dimension of the Lie algebra generated by P’ and P’ is 2 , and,

thus, the coefficients a,+ic, and agtic, have non real ratio at

such a point,
To complete our proof we assume that given any £ € c”(Q’) there

exist , T, w with (,T taken sufficiently small so that [0,T) xQCU

0 0 0 0.0 0
and such that (2) holds. Let (¢t ,xl,xz), ("1"‘2) €EN,0s¢ <T,
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be a point at which bj(to,xg,xg) 0 for some j . Define f on
[0, x Q' by f(t,xl,xz) = f(xl,xz) . Define f’ € CGZH(Ox(D) by

~ —1 *
£'’=f - H , Let N=H(x(Q) . N is a non-characteristic hyper-

surface for P’ . Let w’' = we H-lon H([0,T)IX D . w’'E€ CGYH([O,T) X 0) .
Then Pw’ =0 on H([0,7) X Q) and w'=£f’ on N . Let

V= (0, X D) X 0,1 x D) where e st

Trj(xl,xz,x3) = % j=1,2,3 . On V, let Pé = [al(s,yl,y(z)) +

icl(s,yl,yg)] -a% + [az(s,yl,yg) + icz(s,yl,yg)] 'a% , and w.(s,y,) =

) 0 ’ _p? 0 e
w (S,yl,yz) . Let fz(s,y) = £ (s,yl,yz) on T X ﬂz(N)_ «. Then:.:n

Pé wé =0 on V and wé = fé on T X ﬂé(N}-, a non-characteristic

7

5 But since the mapping £ - fé from kaQ) to

hypersurface for P

CakT&-X ﬂé(N)) is onto, we have that we can always solve the c”
initial value problem for Pé . But this contradicts the theorem we
have already proven.

We now continue to look at the operator in 3 dimensions but,
this time we shall assume that P, P and [P,P] are all linearly
independent in a neighborhood of the origin. Our results will not be
as strong as in the 2-dimensional case. We shall prove the following:

d 2 d
Theorem. Let P = S?'+ i jz; bj(t,xl,xz) = with bj real valued

and analytic in a neighborhood U’ of the origin in 13 « Suppose

b,,(0,0,0) a—g-% (0,0,0) % b,(0,0,0) -a_ba_% (0,0,0) . Then, there exists

f € Caka , {1 a neighborhood of the oxrigin in 12 for which there

exist no U and w with (0,0,0) €EUCU/’, m,(U) X U ©Q, and
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@
w € ¢ (U) such that:

Pw=0 on U
3
w(O,xl,xz) = f(xl,xz) on né(U) X T%(U)
i.e., such that w is a two-sided Cco solution to the initial value

problem,

In the 2-dimensional case we have only a one-dimensional solution

space, i.,e., given w ,v such that Pu0 = on = 0 then Vuo is pro-
portional to vvo . If u, is a solution such that §%% (0,0) %0
then u maps a neighborhood of the origin in 12 onto a neighborhood

0
of Cl invertibly. In order to prove our theorem in the 2-~dimensional

case, we used the fact that every solution w of Pw = 0 has a corres-

ponding function w’ which is an analytic function of u In the

0 L[]
3-dimensional case we have a 2-dimensional solution space. Let uo,vO

be two solutions such that Vuo and Vvo

Lewy has shown [5], that if P, P and [P,P] are all linearly

are linearly independent.

independent in U &< 13 then there is a result analagous to the f?ct
used in the 2-dimensional case: Let S = {uo(ai,aé,aﬁ), Vo(oi,oé,oh) H
(al,az,aa) €U} then s C cz, dim, § = 3 and if w is any c”
solution of Pw = O then associated with w is a function w’ on §
which can be extended to be analytic (as a function of Ez ) in a
neighborhood on one side of S , which side depends on S - not on w .

We shall discuss Lewy's method of proof later. Now we shall use Lewy's

results to prove our theorem.

Proof: We want to apply Lewy's result in a neighborhood of the origin,

Therefore, we need that P, P and [ P,P] are linearly independent in
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3
some neighborhood of the origin, i.,e. if P= Z a - ,
4 J oo,
- J=1 J
= 2 d - 3 d
P= I a, =, and [P,P] = X ¢, =— we need that (a,,a_,a)),
. o 1’72’73
j=1 9 %% j=1 J 9%

- - - 3 .
(al,az,a3), and (cl,cz,ca) Span f in a neighborhood of the origin,
Thus for our operator, P , we need that D # 0 in a neighborhood of

the origin where

1 0
oL, .
- —oq L1
ibl(t,xl,xz) ibl(t,xl,xz) 2i St (t,xl,xz)
D(t,xl,xz) = ‘ ab'
ib, (. % 1%,) ~iby(%,%;,%,) -2 55 (6%, %))

= - ba by gb1 b2,
But, D = 4b1 = + 4b2 vl By assumption bz(O) <% (0) #bl(O) 5t (:))

and since bl’b are analytic we have that D #+ 0 in a neighborhood of

2
the origin. Thus we have P, f, [P,f] are linearly independent in a
neighborhood of the origin. Either bl(O) +0 or bz(O) 0., We
shall assume bl(O) %0 (if not a simple change of variables

(xl,xz) - (xz,xl) will yield this result).

By the Cauchy-Kovalevsky Theorem we know that there exist

v, Uys V, such that (0,0,0) €U’ cu’,Pu, =Pv, =0 on U”,uo, v

0 0o 0

. " - —
are both analytic in U" and uo(O,xl,xz) = xl,vo(O,xl,xz) = %, for

r/4 /4
(Xl,xz) € né(U ) X T%(U ) .

Let uy =y + iuz, Vo = Vqy F iv2 .
Vuo(0,0,0) = -ibl(o,o,O) vvo(0,0,0) = -ibz(0,0,0)
1 (0]
0 . 1

Therefore, Vuo, vvo are linearly independent at the origin.
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Since vuo, WO, bl and b2 are all analytic, we can shrink v’

sufficiently so that Vuo and Vvo are linearly independent,
o '
bl(t,xl,xz) +0 and D(t,xl,xz) 0 in U ,
Let S = {(uo(t,xl,xz), vo(t,xl,xz)): (t,xl,xz) €U’} . We dofine

the matrix M(t,xl,xz) by:

Uy o (s %1,%)) Uy x, (Er%11%9) Uy, (Er %1%
MGt %)) = Upp (BaXyrXp) gy (ByXpXp)  uy, (E,3,%p)
Y4 (t,xl,xz) !lxl (t,xl,xz) lez (t 2%y ,xz)
vzt(t,xl,xz) v2x1 (t,xl,xzi v2xa(t,x1,x2)
where u, = % . Then, since M(0,0,0) = 0 1 0
b, (0,0,0) 0 (]
0 0 1
b,(0,0,0) 0 0

we have that the rank of M at the origin is 3 . We can shrink U’
further so that the rank of M is 3 on U’ . Thus S is a three
dimensional surface in I!z .

Consider the map ¢ v’ o+ 23 given by
tp(t,xl,xz) = (ul(t,xl,xz), uz(t,xl,xz), vl(t,xl,xz)) .

Then the Jacobian, Jcp , associated with ¢ is

U1t ulxl u1x2
J‘.‘&P = u ot ule u 2xa
Vit Vix, Vix,

and we have determinant J&(O) = -bl(o) 0 ., Shrinking again, if
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necessary, we may assume that det(J'(b) #0 on U’ ,

By the inverse function theorem there exists an analytic function

(p_l » the inverse of ¢ on v = <p(U”) . We can characterize S in

another way:

¥/
S = {(zl,zz). (Re z,,Im z,,Re zz) €V

and

-1
Im z, = Vy° @ (Re zl,Im z

2 »Re zz)} .

1

Let £ Ehcm(Q) be such that f(O,xz) is real valued and is not
analytic in any neighborhood of the origin. Suppose there exist U
and w with (0,0,0) €UCU’, M@ X W) <Q, w € c“(v) and
such that (3) holds. Using Lewy's results and the Schwarz Reflection
Principle in a method analogous to the 2~dimensional case, we shall

arrive at a contradiction.

Since ¢, ¢ are analytic and ¢(0,0,0) = (0,0,0) we can shrink
U sufficiently so that ¢®(U) = V 1is an open connected set in 13

such that T, VC U’ . Define S’'C S by

l .
s’ = {(zl,zz). (Re z,,Im z,, Re z,) €V

l ’
and

o oL
Im Z, =V, @ (Re zl,m zl,Re zz)} .

-1
’ ’ ’ — wo
On S’ we define w° by w (zl,zz) =we ¢ (Re zl,Im zl,Re zz) .
From Lewy's results we have that w’ can be extended analytically on
one side of S’ .

For (Re z,,Im z._,Re zz) €U we have (zl,zz) ison S’ if and

1 1 ,
-1
only if Im Zy = Vpt @ (Re zl,Im zl,Re 22) . Thus, the two sides of

s’ are Im z, > V,° cp-l(Re z,,Im z,,Re zz) and Im};'rf‘2 ﬁvé°<p-1(Re Z) s

Im zl,Re zz).
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We shall assume that w’ can be extended analytically on the side
In z, > v2° qJ—l(Re zl,Im zl,Re zz) (the other case can be handled in a

symmetric manner):' For z. = 0 and Re zz € 'rr2 U” we have

1
¢(0,0,Re zz) = (0,0,Re zz) . Thus, for (0,0,Re zz) €V,

Vy© <p-1(0,0,Re zz) = vz(0,0,Re zz) = 0 . Therefore, w'(O,zz) may be

extended so as to be an analytic function of =z in a neighborhood of

2

the form

{zz:RezzéTr U, a>Imz_>0}

3 2

Let W= {z EEI:RGZGT%U, -a<Imz <a} . W is a symmetric

region. Let W' = w N {z Gd:l: a>Imz >0}, W =wn {z GE]': -a <Imz <0},

G = W0 {z € ¢t Inmz =0} .For z €W U o, define w, by

W, (2) = w/(0,x%) . Wy is analytic on W . As Imz 20",

wo(z) = w'(0,z) »w’/(0,Re z) = we (0,0,Re z) = w(0,0,Re z) = £(0,Re z) .
Thus, %o is continuous on wh Uo, and since £ is real valued, Yo

is real valued on 9% °* By the Schwarz Reflection Principle we can
extend LA to all of W by wo(z) a= wO(E) for z €W . Defined in
this way Yo is analytic in W and, therefore, has a convergent Taylor

series on the real line. But then £ must be real analytic in its
second variable. This contradicts the way £ was chosen and the
proof is complete,

There is one case remaining in 3 dimensions., That is the case

y aggy - 310y - dba _y B
where bl(O) -a?(o) b2(0) a1:(0) =0 but bl % b2 St is not

identically zero in any neighborhood of the origin. We do not have

results for this case in general. But, we have

5} o Q
Theorem. Let P = 3t + ibl -;1 + al.b2 -a;z where bl and bz are real
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valued analytic functions in a neighborhood of the origin. Suppose
b, (0,0,0) _a_g% (0,0,0) - b,(0,0,0) %’i— (0,0,0) = 0 but
b, (0,x x)gbi(Ox x) - b_(0,x x)%(Ox x.) 20 in any neigh-
1777717727 ot T2 277771727 At T2
2
borhood of the origin in R . Then there exists a function £ € Cm(()) ’

2 a neighborhood of (0,0) in 12 for which no U,w exist with

(0,0,0) €U C 13, Tb(U) X T%(U) cQ we€ Cm(U) such that (3) holds,

Proof: Let f € Cw(O) such that £ 1s real valued and not analytic

in either variable in any subneighborhood of (2 (see Appendix)., We
suppose that there exists U,w with (0,0,0) €U C 13 , Tl'z(U) X 113CU) cQ,
w € Cm(U) such that (3) holds. Shrinking U , if necessary, we can
find u, = u1+iu2, Vo = v1+iv2 analytic solutions of Pu=0 on U

such that uo(O,xl,xz) =%y vo(O,xl,xz) = x, on T)‘z(U) X T%(U) and

Vlll, Vuz, Wl are all linearly independent on U .
We define D(t,xl,xz) as above by:
1 1 0
ib. (t,x. ,x_) -ib_ (t,x, ,X,) —21 Pt x ,x)
1\ 01 %1% 10 %% St ¥ ¥y
D(t,x ,x.) =
1772
ib,(t,x, ,%.) -b_(t,x, ,%.) -21 P20t x ,x.)
2 !xll 2 2 ? 11 2 at ? 1’ 2

we have D(0,0,0) = 0 but there exists (xg,xg) € 112("0) X 113(U) such
0.0
that D(O,xl,xz) # 0 , Our proof now follows as in the preceeding case

with a neighborhood of (0"‘(1)”‘2) in place of a neighborhood of the

origin.
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IV? Special n-~dimensional Cases

n-1
Now we look at the n-dimensional case., P = Jé-+ i Zb,(t,x ,.0.,
ot 3=1 J 1 n-1

with bj s J=1,...,n~1 real and analytic in a neighborhood of the origin
in X% . For this operator can we solve the initial value problem (one
or two-sided) when not all the bj's are identically zero in a neighbor-
hood of the origin? We camnot treat the general case. But, we can use
Frobenius' Theorem to treat cases where P reduces to a lower dimensional

operator. We have
d n-1 d
Theorem., Let P=—+ i I bj(t’xl""’xn-l) —— with b, real and

0 3 3

analytic and not all identically zero in a neighborhood of the origin in
Rn . Suppose the Lie algebra generated by P and P has dimension < 2
in a neighborhood of the origin., Then there exists a function £ € CGYQ'),

Q' a neighborhood of the origin in lp-l

such that we cannot solve the
one-sided C* initial value problem for P with £ as the initial
value.
Proof: This proof follows exactly as the proof in 3-dimensions. The
Lie algebra generated by P and P is the same as the Lie algebra
generated by the analytic real vector fields X = g% and Y = ij 52— .
J
X and Y form an involutive system of analytic vector fields in a
neighborhood of the origin. From Frobenius" Theorem we have that we

can find an invertible, analytic change of coordinates H(t,xl,...,xn )

-1
= (s,yl,...,yn_l) in a neighborhood of the origin such that

) )
X= al(s,yl,...,yn_l) 5=t az(s,yl,...,yn_l) 3;;

and
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5} e}
—_ { \——— —
Y =c {8,500 ¥ ) 5 F cz(s,yl,...,yn_l) ;-
' - a a . a a — 2.7
Letting P’ = a, > + a, ; + i(c1 = + e, 5 1) we have Pu = P“u

where u’c H=u .

Let (to,xg,...,xg_l) be any point in the domain of H \for which

bk(to,xg,...,xg_l) %0 for some t . In a neighborhood of such a

point the Lie algebra generated by P and P , and, hence by X and Y ,
0.0 0 0.0 0.

has dimengion 2 . Let (s ,yl,...,yn_l) = H(t ,xl,...,xn_l) and let

P2 be the operator on CQ?U) , U a sufficiently small neighborhood of

(so,yg) defined by

; 0 0 d . 0 0 d
Pz - al(s'yl’yz""’yn-l) as + az(s’yl’yZ’.'-’yn-l) ayl
. 0 0 ) 0 0 9
+ 1cl(s,y1,y2,...,yn_1) = * icz(s,yl,yz,...,yn_l) ayl .

Any solution of the c” initial value problem for P gives rise to a

gsolution of the Cco initial value problem for P’ (as in the 3-dimen-~

2
sional case)., But Pé does not always have such a solution. Therefore,
P does not always have a solution.
In the same manner we can prove
3 n-1 3
Theorem. Let P = i i jE; bj(t’xl""’xh-l) 3;; with bj ’

j=1,...,n-1 1real and analytic and not all identically zero in a neigh-
borhood of the origin in © . Suppose the Lie algebra generated by

P and P has dim <3 in a neighborhood of the origin. Suppose

also that given any neighborhood (2CZln~1 of the origin there exists

a point in 0 X 1 at which the dimension of the Lie algebra is 3 .,

Then there exists a function £ € Cakﬂ'), Q’ a neighborhood of the
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origin in Ip-l such that we cannot solve the 2~sided C°° initial
value problem for P with £ as the initial value.

Note that in order to prove both of these theorems we must restrict
our attention to a neighborhood on which the Lie algebra generated by

P and P is constant and maximal.
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V. Discussion of Results of Andreotti and Hill, Hill, and Lewy

We now discuss Lewy's paper [5] and generalizations of it which

are found in Andreotti and Hill's work [1] and Hill's work [2].

n

Given P= I A, -a—z— ) By €c™(0) , Q& , then there are at
J=1 J

most n-1l 1linearly independent complex valued solutions Qj(oi,...,ah) ’
j=1,...,n=-1 of the homogeneous problem. That is, there exist at most
n-1 functions Cj such that PQJ = 0 and (vcl,...,vgn_l) form a
linearly independent set. As in [1] we shall call such gj's character-
istic coordinates. If the coefficients of P , the Aj's s, are all

analytic, then by the Cauchy-Kovalevsky Theorem we know there exist

analytic functions Qj s J=1,...,n=1 such that

Pg =0
(4) J

gj(o,dz,--.,dn) = aj-l-l .

Thus, in the analytic case all n-l independent characteristic co-
ordinates exist. This is not true in general. Niremnberg constructs an
example [6] of an operator P in 3-dimensions with P, P, [P,P]
linearly independent in a neighborhood of the origin such that if w

is any C°° solution of Pw = 0 in a neighborhood of the origin, then
w(0,0,0) = 0 . If there exist ¢® functions QJ such that (4)

holds for j=1,...,n-1 , then all n-1 independent characteristic
coordinates exist. Since we are tryiasg to prove that there exist Cm
functions, £ , for which there exist no ¢” solution to the homogeneous
problem with initial value £ , we can assume all n-l1 independent

characteristic coordinates exist. Otherwise, for some k , 1 <k <n-1
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no ¢~ function, { , would exist such that P[ = 0 and 5(0,02,...,011)
= ozk . Thus £ = ozk would be the function whose existence we wished
to establish,

Let {'31"”’%-1} be the set of n-~l1 independent characteristic

n
coordinates associated with P = Z A _B__ . Define a surface
g=1 3%

s c gt by:

S = (El(al,...,dn), Gz(dl,--.,afn), coey Cn_l(al,...,an)) .
What is the real dimension of the surface S ? Lewy [5] proves that
for n=3 if P and P are linearly independent, then the real dimen-
sior of the surface S is 3 . Andreotti and Hill [1] generalize

this and prove:

n
Theorem. Let P = I A a—3— where A, are ¢” functions. Let
J=1 J

1 <j <n-1 be n-1 independent, c” , characteristic coordinates
J!
associated with P , and define S < En-l as above. If P and P ’

the complex conjugate of P , are linearly independent, then diml S=n.

Dim, S = dim,(Re ¥C,,Im V{,,...,Re ¥ _,,Im ¥ _,)

where {gl,...,gn_l} are the characteristic coordinates., Thus we can
find a small enough neighborhood Q C ln such that there is a 1-1
correspondence between a point in (1 and a point in ((Q) €S C " -} .
Following is a discussion of some results of Andreotti and Hill [1].
n-1
Let p €S, let U be a neighborhood of p in € . We
can express S NU as the null set of the system of 2(n-1) - n = n-2

real functions defined on E£° -1 , 1.e.
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SsNu

(zl’uan’zn_l) GU: fj(zl,o'o,zn_l) = 0, j-—.l,.c-,n-z
where the £ j's are real valued C° functions and
Lf, N...Nat ) *0,8 €T

Definition: A complex valued tangent vector to S8 at apoint p €S NU

is a vector X of the form:

n-1 3 n-1 3
X= ¥ a, =—+ T b, === a,b, €L
1 J azJ. 1 J azj 3

such that ij(p) =0, j=l,...,n=2 .

The set of complex valued tangent vectors to S at a point

P € S NU is independent &¢f the choice of the functions £ 3

o]
Suppose {gl goe .,gn_z} are another set of C real valued functions

with the same properties as the fj's , then for any 1 <k <n-2
SNU = (zl,...,zn_l) € u: gk(zl”"’zn-l) =0

and fj(zl,...,z ) = 0 ’ J=1’i.a’n-2 .

n-1

Since diml(SﬂU) = n we must have that the rank of

1

— ai o000 afn-g
oZ3 3z oz,
& o .
0z, _ 0z, _ 0z, _
-1 n-l B-i is n-2 at each q €ESNU,
& 3 s
3z oz, 0z,
2y 3t o

X
&
&
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But (d:l!1 Ne.ee N dfn_z) + 0 and thus the rank of

At ua
&1 a0 & 1

l?ﬁ
I;%

X
&

is n -2,

(2
lﬂ%

% ... 8

1 af. 2
azn-l azu'l

|=

k

Therefore for each k there exists real valued functions c:ll_{,...,cn_2

on S NU such that ag =k (p) = z c“(p) —{‘ (p) and %g—“- (p) =
oz 3 3

n-2 of
k )

Z c,(p) =* (), j=1,...,n-1 , p €ESNU . Let Tf(s), #5(s) denote
177 P P

4=1
the set of complex valued tangent vectors to S at a point p associated

with the £.'s and g.'s wrespectively. Let X ET;(S) . Then, for

J J
each k ,
n-1 n-1 &k
= X b
xgk(p) ) a, azj (p) +;2.." 5 azd (p)
n-1
af
= E c&(p) [nﬁl ay 3{; () + f b;j =, (D)]
n-
= I c(p)x (p) =0 .
4=1 L

Thus, T:(S) CTg (8) . The same argument shows that T§ (8) CT;(S) .

Therefore, 'I‘Ig)(s) = T;(S) and this space is denoted Tp(S) .
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Definition: The holomorphic tangont vectors to S§ at a point p are

n
the tangent vectors of the form X = X a 2 y i.e. b, =0, j=1,...,n=-1 ,
1 J azJ J
The space of holomorphic tangent vectors to S at p is denoted HTp(S) .

Definition: The antiholomorphic tangent vectors to S at p are the

n-1
tangent vectors of the form X = X b —_§_- , i.e. a,6 =0, j-1,...,n~1 ,
=1 I J

J

Since f{,(gl(al’""an)""’l:’n-l(al’""an)) =0 for 1 <4 <n-1,

of
we have —L =0 for 1 <4 £n~2, 1 £3j <n . Dimm(Tp(S)) =n .

aozj
n-1 - n~]1 =
Therefore,-a—a;= z (%g—k-) 'é—g—'-{- z (%QL) -Sz-ar-,l £J <n span
Y k=1 ¥p P k=1 * O%p P

the full complexified tangent space to S at a point p . Every tangent

vector to S at a point p is thus of the form:

n n n-1
X= I ¢, -al = X c z ( EL —a"
g=1 9 9% ga1 Joger N Oy
n n-1 o
+ T e, = ( “)-9—
3= J ka1 O 3
n=-1 3
where cJ €L, j=1,...,n . Avector X= I bk —=— i3 an antiholo-
k=1 azk
n ——
morphic tangent vector to 8 at p if and only if b_= I ¢ (QGL)
k J \ o
J=1 p
n e
and 0= 3 ¢ (@S.’_‘.) for some vector c=(c.>€|:“. That is,
j=1 J N ooy n
p
b -a-rfi o« 0. oLy c
1 adl BOln 1

. and

n-1 -E-“-La— =l -L“—J-a— = n
adl ao"n

T oese
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0 E(’_l % c
aai aan 1
0 agn"l * & o & e o xn,-']. )
| — c
adi o, n

Let xr(p) = d:l.mm (the antiholomorphic tangent vector space to

S at p ). Then

® | 2 %y (1) = 1
rp) = n - ra —_— s e e e Om—— =n - (n- = .
0 o
a~€n--1 a":n-l )
aozl aan

Thus r(p) =1 Vp€E€ESNU.

Since [.,...,( are all characteristic coordinates, we have:
1 n-1

of ¢
1 1 A (0 ,enn,a)
0 - —_— yecey
. . L] . 1 1
oy 3 n
0 al‘;n-l e .. agn-l An(cxl, ...,%)
oay 3o,
Therefore,
n n-1 , 3 n-1
k 9 = 9
X= Z A(0,eces0) X —_—) =— = I P() —
d=1 J dl, n k=1 ( adj) azk k=1 k aZk

is an antiholomorphic tangent vector to S. Since r(p) =1, X is
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the only antiholomorphic tangent vector to S up to a constant.
| P operates on functions defined on l:n . But given a sufficiently
small neighborhood O C " we have a one to one correspondence between
functions defined on 1 and functions defined on (()) € 8§ C g® -1
given by

!
u(dl,...,ozn) = u (5(“1""’%)’""Gn-l("‘l""’“n)) .

We can define an operator P’ which operates on functions defined on

Q(Q) by P'u'.—.Pu .

n n n-1 ) n ’ =
m=zA,Q=zAzﬂ--§Q‘-+ZA-&_‘—%ﬁ
g=1 9% g T P %% 5 e 9
n-1 n n~1 n - ’
= ):Aja“g“+2 2AJ%§5«§5—
k=1 j=1 O O k=1 j=1 'y %%
n-1 ; n-1 7 n~1 ’
3u - Ju ou 1.7
= ZP(G)_"‘EP(E)—H-—- ZP(Q)-_—:Pu .
k=1 K %% g K ¥ g K E
n-1
Thus, P’ is of the form £ P({ ) <2~ and is, therefore, the anti-
k=1 &

holomorphic tangent vector to S at every point of ([(Q) .
In general, if M is a submanifold of wn of real dimension 4

and p €EM and U is a neighborhood of p with

MNU= zZ = (zl,...,zn): fk(zl,...,zn) = 0, k=1,2,...,2n~{

]
where fk s are real valued and dfl n... n den-L +0

in U

we define an antiholomorphic tangent vector to M at p to be a vector

n

of the form X = X b -3_5— such that Xf (p) =0, k=1,2,...,2n~4 .
j=1 3 oz k

J
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We denote this space by }-ITp(M) . Let x(p) = dimc(ﬁ'rp(M)) . If

X € ﬁTp(M) , then X € HTp(M) where HTp(M) is the set of holomorphic
tangent vectors to M at p . Conversely, if X € HTp Q@1 , then-

Xe ii'rp(M) « Thus r(p) = dim,(HT (D) . ﬁ'rp(M) NHL () =0 and
l-iTp ) U HTp m c Tp (M) , where Tp (M) is the set of complex valued
tangent vectors to M at p . Therefore, 2 dimm(ﬁTp(M)) sdime Tp(M)

= J . On the other hand,

% L] L] L] . afg-n i:
azl azl
r(p) = n - rank : ; 2n-(2n4) =4 ~-n,
My ... af_an A
oz, az,

Thus 4-n <r(p) < [ -'{'2-] . If X € ﬁ’l‘p(M) is of the form

n n
X = ij'+b3' with bj,bj real then r(b) = :2 5-3-’%—— izb”ay_a'
J=1 j=1 3 =1
SR S 3
and i(b) = % bj = + X b;;'F are real tangent vectors to M at
J=1 J  i=1 J
2n S 3, wa
p when M is considered as a subget of R . If Zc, ? + Z dJ g—
je1 3 &y g=1 3
n
is a real tangent vector to M at p then I (Gj-ld ) € HT Qn
J=1 J
o 3 . . d
ifandonly if &£ -4d =—+ X ¢, — 1is also a real tangent vector
=1 3% g 1

to M at p . Thus, }-{Tp(M) is isomorphic to the maximal complex sub-
space contained in the real tangent space to M at p .

By the way ﬁT (M) is defined, we have that the 2n-{ vectors

(é'fi()"'-, )’_“(afan- (p)’_”,a_:nzﬁ (B)) in € span the
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space perpendicular to the set

n
: b= -2 cq K
L= {b €e’: b= (bl,...,bn),j:..‘lbj =3 em'p(m)} .

Therefore, 1f Xu(p) = 0 for every X € ﬁTp(M) , then u(p)

2n=-4, _ - n 38 .-
= Iz cJ afj(p), c‘j € & , where we define df = I --dzj .
j=1 J=1 azj

Let U € En be an open neighborhood of p . Suppose x(q) = r

is constant for q €EM NU

Definition 1: 1If Xl,...,Xr forms a basis for ﬁTq(M), qgEMNU,

then the system of r equations in one unknown u :

(5 Xu=0 in MNU, j=1,...,r u€ c W)

is called the system of tangential Cauchy-Riemann equations to M at
each point in M NU ,

We wish to give an equivalent definition of the system of tangential
Cauchy-Riemann equations to M on M NU , First we need some defini-

tions.
Definition: If X is a complex analytic manifold and zl,...,zn are

local holomorphic cooxrdinates, any differential 1l~form may be written

as linear combinations of the dz and dz j=1,...,n . Differential

J i’

l-~forms which are linear combinations of the dz alone are said to be

J

of type (1,0) . Differential 1-forms which are linear combinations of
the dﬁs alone are said to be of type (0,1) [4,Chapter 2].
As in [3], we define the set 10’1(Mrun to be the ideal of C°

forms on U generated by fJ and 5£J , 3=1,...,2n~4 . That is:

0,1 3
IO = gfa' 9y §B°’ of : ¢, are forms of type 0,1)

on U and 8§, € C2() .
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Definition 2: The system of tangential Cauchy-Riemann equations to M
on M NU is the system of equations in one unknown u which arises

from the condition
6) u=0md I Ny u € (v

To prove Definition 1 is equivalent to Definition 2, we must prove
that (5) is equivalent to (6) to show that (5) => (6) : Suppose

Xju=0 in MNU, j=1,...,n . Then Xju(p)=0 for each p EM NU ,

Thus Xu(p) = 0 for all X € ﬁTp(M), p €M NU , which implies that

_ 2n-4 _
u) = £ c° 3(p) with cf
j=1 I J

p EMNU , and extend Bj so as to be C_ in all of U . We have

- _ 2n-~4, _ _ 2n-4, _
BJEC(U) and au-Jfl Bj BfIMnU=0. Thus, Bu-Jfl B;j of 1is

€C . Define BJ by Bj(p) = cg ,

a (0,1) form which vanishes on M N U . Hence, there exist (0,1) forms,

- 2n-{ 2n-4,
¢, ,on U such that 3u - Z B, of= I £
J j=1 9

satigfies (6) . (6) => (5) : Suppose u satisfies (6) . Then there

. Therefore, u

i %

exist cpj, (0,1) forms on U , and BJ € Cm(U) such that u =
2n-4, 2n~{,

L £ CPJ + X Bj 51'3 . Since cp‘j is a (0,1) form for each j ,
j=2 9 4=1
n 2n-4 2n-4 of
we have 9 = ch;d . Thus,if-: z ch§+ z B,jak
k=1 azk j=1 =1
n
xl,...,xr be a basis for HTq(M),qEM ﬂU,Xm= ‘_21 b;-a-g—.,
- k
n n 2n-4,
1 <m<r, ThenXu:Em-—ia‘—l=E z fck+ jaf"]
m e B ¥, g1 Kby 3 =1 %z
2n~-4{ n 2n-4{ n m 3t

K
DI 4 Ebc+ZB Zh ==
PR R T



2n-4, nooo ok 2n-~{,
= ;13:1 f, k=21 by ©5 + 3?1 By BEy
2n-{
Thus xmulM ny = ji:l By X1, IM . =0 and u satisfies (5) .

The Cauchy-Riemann operator 3 on En induces an operator

-5MonM.

Definition: We define an operator on M , called the tangential Cauchy-
Riémann operator on M and denoted by SM , as follows:

If u € Cm(M) , SM“ =0 on MNU means that (5) is satisfied
by any extension u € Cw(U) of uIM nu

The following Remarks can be found in [3].
Remark: If condition (5) (or (6) ) holds for one such extension

u of uIM nu then it holds for all. In fact, if 4 and & are two

2n-4
such extensions, then u - G"M nu=09. Thus, §-&= = gy fj ,
J=1

gy €cC (U) , and for XmEHTq(M),q. EMNU. Xmﬁ'lmnu’xmrflmnu=

N 2n-4 2n-{
Xm(u—ﬁ) IM nu = [jfl fj Xm g‘j .+ jfl; gj Xm fj:llM . = 0 ., Thus,

Xmulan=0 if and only if XmutMﬂU=o'
Remark 2: For u Gcm(M), 5Mu= 0 on MNU 4if and only if there

exists an extension 1 € Cw(U) of such that SGIM nu = 0.

M nu
In fact, by the definition of EMu we have that for any extension
¢ me) of ulM nv X = 0 mod Io’l(MnlD . Thus o¥ =

2n-{, 2n-4, _

Jfl fJ th+J=1 Bj afj where ¢, are (0,1) forms on U and
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-] 2n-4 o
B, EC(U) . Let U = §- = B, f,. Then § is another C
J 3= J 73
extension of u IM nu and
_ _ 2n-4_ _ 2n—{[ _
5 = 3 - 351 [38)2 48, afj] - -551 cpj-asj:] .
Thus SGIM ng=9-

Remark 3: By using a partition of unity we have: If u € Cw(M) then
'5Mu =0 on M if and only if there exists an extemsion U € Cm(nbh. M)

such that 'a'ﬁlM =0 .

Definition: A function u € Cm(M) which satisfies SM“ =0 on M is
said to be a Cauchy-Riemann (or CR ) function on M, and is denoted
by u € CR(M) .

Thus, we have the following:

Theorem. Given any partial differential equation of the form

n
P= ZTA —a- where P, P are linearly independent, suppose (. ,
j=1 9 9% J

j=1,...,n-1 are n-l independent, smooth, characteristic coordinates
assoclated with P . Then, for Qcx? sufficiently small and

S = (l;l(ﬂ), ...,gnm)), dim_ S =n and S 1is in a one to one correspondence

R

with Q. There also exists a one to one correspondence between Cm(Q)

«® ’
and C (S) given by u(ozl, coe ,oon) =u (Ql(al, ces ,cvn) yoo .,C,n_l(ozl, ces ,qn)) .
We can define an operator P’ on Cw(S) by (P wmef{=Pu on Q.

0

P’ 1is a basis for ﬁTq(s) forall q €S . For u’ €C(S) Bsu'
if and only if Pu’=0 on sS. Thus, we have P’/ = 38 and u is a

solution of Pu =0 if and only if u’ € CR(S) , where u’(gl,...,gn_l)

= u(dl,...,o{n) .
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In [3], Hill proves that under certain geometric conditions, every

CR function on a manifold Mb can be extended to be a CR function on

a manifold M , where M is a manifold of one dimension higher than

MO and Mb is contained in M as part of its boundary. We shall define

the geometric conditions that M0

that in Lewy's special case, with S playing the role of M0 and one

and M must satisfy. We shall see

side of S playing the role of M , these geometric conditions are satis-
fied. Thus, Lewy's result[5] is a special case of the results of the two
papers [1] and [3].

We first need some definitions.
Definition: Let Q be a Cco n-dimensional manifold. A disconnected
k-dimensional submanifold N of Q 1is called a foliation of Q if
every point of Q is in N , and if around every point p € Q@ there is
a coordinate system (x,U) with x(U) = (-¢€) X ... X (-€,€) such

that the components of N NU are the sets of the form
k k k k+2 n n
fg €uU: x +1(q) = a +1,x +2(q) =até ., x%q) = a"}

where |ai| < e, i=zk+l,...,n . Each component of N 1s called a leaf
of the foliation N , and we say that Q 1is foliated by the leaves of
N [8].

For what follows, let X be a complex analytic manifold of complex
dimension n . Let MO,MQ be locally closed differentiable submanifolds
of S, where a set is said to be locally closed if it is a relatively
closed subset of some open set. Let Mp cu’ ' Mo open in M’ and
dimlMO = dim M’ =4 . Let M be the closure of M° in M’ and let

0

M0 =M - Mo . For any subset A‘cM’. A" and A shall be defined



45
by 2% - a'na® ,A=A'NM .,

Definition: The pair (M;M’) has a top hat foliation in X 1if and
only if:

i) M’ 1is foliated into connected differentiable submanifolds
L’ and each leaf L’ is itself foliated into connected complex analytic
submanifolds ¢’ of X with dim’=1 .

ii) FEach leaf L’ has a neighborhood U in M’ , which is a
union of the L's and such that the foliation of U by the {'s can
be defined by a single holomorphic coordinate system for X . That is,

U has a neighborhood E in X in which there is a holomorphic coordi-
nate system (zl,...,zn) such that each 4’ in U can be described as

{an open subset of the =z -plane} n {(zz,...,zn) = constant} .

1
ii1) 4 cc 4’ for each leaf 4’ .
iv) Each L’-I. is connected and contains a non-void open set in
L’ which is the union of certain leaves 4’ from the foliation of L’ .
v) Given any sufficiently smooth function u <that satisfies
ab,u =0 in ¢’'cL’ , the vanishing of u dis some open connected sub-
set w of ¢’ implies that u 1s identically zero in the connected

eomponent of w in ¢’ . (This property is called the unique continua-

tion property for SL, )

Definition: Let Mb = M-Mo , then Mb is a holomorphically transverse

hypersurface in M’ if and only if:

1) M is a closed c” differentiable submanifold of M’ , of

0

real codimension one in M’ , which has two sides in M’ , one of them

being Mp .
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¢
2) d:lm':HTp(Mo) = dimcHTp(M) ~-1Vp € MO and dimeTp(Mo) and

dim (M) are both constant for p €M, .
o) 0

If Mo is a holomorphically transverse hypersurface in m’ s We

have that for p € MO there exists U , a neighborhood of p in X,
in which there are Cm real valued functions :f,fk 1 <k <2n-{ such

that:
M'Nu =::~.{fk =0, 1 €k <2n~-{}

: s
dflAdeA"'Aden-L*o on M"NU

M,NU={£=0, £ =0,1=k < 2n~4}

df/\dfl AL.. Adf

Q)

Zn-{,*o on MoﬂU

The main result of Hill's paper [3] is the following:

0
Theorem. If (M,M') has a top hat foliation in X and M0 = M-M is
a holomorphically transverse hypersurface in M’ then the restriction

map: -
CR(M) - CR(M)

is an isomorphism.

Now we want to show that Lewy's results, [5], follow from [1] and

1 d ® 3 -
3]. We have P = —— Qc nd P,P
[3] 351 Aj BOIJ , AJE c (), R and we assume P,
and [P,ls] are linearly independent in a neighborhood dffi some point in
l3 , which, for simplicity, we will assume to be the origin., Let u_, v

0" 0
be two independent characteristic coordinates for P such that

uo(0,0,0) = v(0,0,0) = 0 . Define a surface S C Cz by:
S = .{(uo(cxl,az,aa), vo(al,ozz,d3)): (dl'az"ys) €ql.

Dimls = 3 . There exists a neighborhood of 0, v’c Ez and a real

valued function £ € Cm(U Y with df 0 on U’ NS such that we can
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express S NU’ by
14 — I. —
snNu’= {(zl,zz) eEv’: f(zl,zz) =0} .

Let u be amlution of Pu= 0 , We can define a function u’ on

S associated with u by
uCoey ,,,00) = u’(uy (e, 0,0, voloy,a,,0)) .

We want to show that there exists U cC U’ , & neighborhood of the origin
such that we can extend u’ to u’ , an analytic function on
st = {(zl,zz) € U: f(zl,zz) >0} . From [1] we know that u’ € CR(S) .
We shall show that there exists U such that if we define S+ by
8¢ = {(zl,zz) € U: f(zl,zz) 20}, then (5+,U) has a top hat foliation
and S NU 4is a holomorphically transverse hypersurface in U , The

/

results of [3] would then immediately yield that u’ can be extended

to u’ € CR(S+) ., st ig an open set in Ez . Therefore, CR(S+) = get

of all analytic functions on st . This leads to the conclusion that
u’ is an analytic extension of u’ to one side of S .
We know that if P’ is the operator on Cm(S) associated with

P, then P’ = 3 Thus, from the definition of the tangential Cauchy-

S .
Riemann operator, we know that P’ is of the form P’ = bl SS— + b2 azl
1 2

and that P’f =0 on SNU . Since df *0 at the origin, either

—?—f(o) 0 or -—Q:E(O) +0 ., Without loss of generality, we can assume
azl 822

that —25(0) #0 . Thus, on S NU’, P’f = b, 2, b, 2.0, ang,
3z oz oz
2 1 2
- I
ba 'a"z'1 azl
in a neighborhood of the origin, 1—): =—sF Let o0 = -5 =
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of of
- X1 e oy1 where z,6 = x, + 1 j=1,2 P’ is, therefore
af . i af J - .j y:j’ itk . s : ?
O%Xn g
_ .9 o) 9 5}
some multiple of the operator H = —=— 4 i —— 4 o~ 4 j = | in a
ax1 ay1 ax2 ayz

neighborhood of the origin. Let P’ be the operator on Caks) associ-

ated with P , Then, P'=b 2 & b =2~ and is some multiple of H
1 oz, 2 &z,

in a neighborhood of the origin. The condition that P,B, [P,P] are

independent at the origin is equivalent to the condition that P, ﬁ',

[P’,P’] are independent at the origin. And, this is equivalent to the

fact that the matrix MP, defined by

1 1 0
i ~i 0 ‘
MP' = _ _ has rank 3 at the origin.
(o] (o} Ho-Ho
ol -ol -Hoi-Hoi

MP' has rank 3 at the origin if and only if either (Ho-Ho)(0) =

(1 ImHG) (0) 0 or -Hoi - Hol = (~iRe HG)(0) # 0 , i.e. if and only if
Ho(0) #0 . H is a multiple of 55 . Thus, the condition that P, B,
[P,ﬁ] are independent at (0,0,0) becomegs the condition:

- -2t

oz
(® dg —af-l— © *0 .

3z,
The above is true for any two independent characteristic coordinates

of P, i.e. we could have chosen for u., and v

o 0 any two independent

linear combinations of uo and v0 . This would result in new variables

z{ and z; which would each be an independent linear combination of
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zl and z2 .

We shall define new variables, as in [5], in which Condition (8)

becomes a simpler expression. Define z‘l' = z1 . z“z' =

_ of
[fx1 0 -1 fyl (0)]z1 + [fxa(O) -1i fyz(o) ]22 where foz == Since
-—a:-E-(O) +0, £ (0) ~if_ (0) #0 , and the new variables are independent
&z, Xo ¥a

in a neighborhood of the origin. If we define H’ by

|

1
Q/
b

H =

%’LQJ
N

9.
_' '
2y

mﬁl;"lei - ll

we still have

'
8" "’ 1 () %0 .

i _
It z, = 0 then [fxl(O) -1 fyl(O)]z1 + [fxz(O) i fyz(O)]z2 =0

and thus (fx1 (o)x1 + (fy1 (o»‘y1 + (fxa(O))xz + (fyl(o))y2 =0,

But, this means that the plane z;' = x'2'-+ ‘i y; = 0 , considered as a

real two-dimensional plane x’2' = 0, yz' = 0 , is in the real tangent space

to S . After this change of variables we have _a;:_ (0) 0, but
v

%y

£ ,0) = £ , (0) =0 and, therefore, -933 0) = -E (0) =0, We now
Xy AT N -

1 az1
have that
£ -4
aZI A 5 az;:
"’ > ) = = > SE (0) =
P 1 az:"
2 2
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£/ 4112 /1[~F + 1 £ 4 UL s+ L2102
L2, Iyt yix?] [,/ RISCHAEE L W)
32 0) + ) .
£o+1¢% £ if
( x4 yé ( xé + Yé)

Therefore, (8’) reduces to the Condition

(9) [fX{X{ + fylyl](O) 0 .,

Now we shall change variables again by a rotation of the coordinate

7 v " [f (0) -1 £ [(0)] 1
z2 . Let z1 = z1 s 22 = Vs Xo z2 .

Then £ .~(0) =
£.,01% + [£ ,0012 v
[ @17+ 12y,
and f #(0) 0 . For simplicity of notation, let =z, = z”, z, = z" .
Yo 1 2 2 2
We now have £ (0) =f (0) =£ (0) =0, £ (0) ¥0 so that the
Xy ¥ X3 Y2

ordinary real tangent plane to S at the origin is given by

y2 = constant.

We shall change variables once more, as in [5], and with these new
iabl = =
variables Z1 X1 + i Y1 ’ Z2 Xz + 1 Y2 , Condition (9) will imply

that the surface S 1is strongly pseudo-convex at 0 , i.e.

2
(10) fxlxl (0) fY1Y1(O) - (flel(O)) >0, fxl(o) = le(O) =

Let Z Z, =z, + Brif (zl)2 , where Bl and B, are

1° %1y 497 %y 2

fx1y1(0) B = 1x1( ) - Y1Y1(0)
£ () ' "2 FR ()] ‘
Y2 Ya

defined by Bl = We have

£ 0) = = =0 = =
xl( ) le(O) fxz(o) ’ fya(o) fya(o) 0 , fxl (0) 0,

£ 0 0 0 d £ 0) + 0) = £ 0 £ .
gk, @ "Iy @ =0 and fy @+ 2y O =L O+ (0

And thug, as in [5],



51
‘ 2
4((fxlxl (0) fY1Y1 (o) - (fxlvl oN

2 2
0) + £ (0))" - (£ ) - fY Y, (0))

= Y,Y, X, X,

E Xy

- Ay ONF =2, @ 42 (©0)

and we have that Condition @)==> Condition (10)

A; was shown in [5], Condition (10), strong pseudo convexity of §
at 0 , implies that there exists U0 , a neighborhood of the origin such
that on U0 , fx1x1 leYl >0 and the surface S N UO intersects the
plane Z2 = 0 only at the origin. This 1s proved by contradiction.
Suppose we cannot find U, sufficiently small so that S N Uoﬂ{Z2 =0}=0.

Then we must have a curve through the origin which lies on S and on

=0, Since £ =0 on S, we have, for any parameter t for which

(Elcl> (le) ¥ 0 at the oxigin,

0= (LL Tl (o>> %, © (dX1)2 + 21y g (O )
iy, @ (dgi) :

2
But, this happens if and only if (flel(O)) - fxlxl(O) fY1Y1(O) >0 .

Thus (10) dimplies that such a curve cannot be found.

Condition (10) also implies that £ ) £
1

>0
¥,Y, (1)) and thus

XX

fxlxl o) + fY1Y1(0) %0 . For simplicity, we shall assume that

X X 0) + f (0) <9 (a symmetric argument can be used in the other
181 ¥y

case), Since f 1is Cm we can shrink U0 sufficiently so that

1 £ + £ <0 on U_ .
(an XX, Y,Y, 0

We shall assume that u0 and vo are independent characterigtic
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coordinates for P such that if (zl,zz) = (uo(ai,oé,ah), VO(Qi’aé’ah)) ’

then Conditions (10) and (11) are satisfied,

a"“o My auo
o o, o,

DimE HTO(S) = 3 - rank 1 2 3 =3 -2=1
avo avo avo

\\ Boi oy Boé
Dimm HTp(S) =1 for all p in some neighborhood Q’ Cil3 of the origin.

Let U CIU0 N U be a neighborhood of (0,0) € Ez such that for all
(zl,zz) €U NS, (zl,zz) = (uo(ai,az,aé), Vo(al’az'aé)) with
(ai,aé,ab) €Q’., As in [5], on U we can put S into the form

2]
S = {(zl,zz): ¥, + q(xl,yl,xz) = 0} where ¢ is C on the set

3 a—
W=Re mU X Im MU X Re mU <R, ¢(0,0,0) = 0, cpxl(O) = <py1(0) =

<0, and 2 %y, *2) %0 W
“Pya(o) = 0, (lexl(O) + ¢Y1Y1(0) y 8n 3("1:3’1:"3) on .

Using the implicite function theorem as in [5], we can express the set
{(xl’yl’xz): qkl(xl,yl,xz) = qyl(xl,yl,xz) =0} on W as a curve

(xl(xz),yl(xz),xz) depending on x, . We have qkl(xl(xz),yl(xz),xz)

= q;l(xl(xz),yl(xz)xz) = 0 . Thus, for each value o of X, 5 We know

that ¢ haé a maximum point at (xl(aé),yl(az),aé) . We shall now
show that we are in a position to use the results of [3] to prove Lewy's
results [5].

Let S+, §+ be defined as above, i.e.

§" = {(zl’zz) € U: f(zl,zz) >0}

-+ = .
§ = {(zl,zz) € U: f(zl,zz) 20}
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Since U is an open set in Gz s HTp(U) =2 forall p €U , There-
fore, S N U is a holomorphically transverse hypersurface in U . Let
§*

L'=U,L=L'ﬂ§+= . We foliate L’ by planes 4’ of the form

z 9 = constant. Since L“' is a neighborhood in Ez, Conditions 1), ii),
and v) of a top hat foliation are satisfied by (?,U) . For any

constant ¢ =c, +ic,, 2! = {(zl,c): (z;,0) €Evul, £ = {(zl,c): (z,,0) €V

and (x c) = cz} , we have

1’y1’

If c, > ..((xl(cl),yl(cl),cl) , £ =@ , In particular, if

02 >0, £ =@ and thus Condition iv) is sgtisfied.
If c, = (p(xl(cl),yl(cl),cl) p b= (xp(eg) + 4 yl(cl),c) "
If c, <.cp(x1(c1),y1(c1)cl) then the set c, = cp(xl,yl,cl) is a
closed Jordan curve, J , in T&_U = {zl €L (zl,zz) €U for any z, € g}

about the point xl(cl) +1y,(c;) . Thus, 2= {(zl,c): z, 1is inside or
on J} . Thus, Condition iii) is satisfied and (§+,U) has a top hat
foliation., Therefore we can apply the results of [3] and obtain that any
u’ € CR(S) can be extended to u’ € CR(ST) , i.e. any u’ € CR(S) can
be extended to u’ which is analytic on one side of S . This is ‘

Lewy's result [5].
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VI, The 4-dimensional Case

In 4 dimensions our operator P is of the form P =

3
o) . 5]
o ~2— wh th ' i
St 4+ i jZ;bj(t,xl,xz,xs) ’ where e bj s are real and analytic in a

neighborhood of the origin. We had hoped to be able to use the results of
[1] and [3] to show that if P,P, [P,P] and [P,[P,P] are linearly
independent in a neighborhood of the oxigin, then the ¢” initial value
problem does not always have a solution for our operator P .

Let u

0! Vor ¥, be three independent analytic characteristic

0’ 0

coordinates for P , Let

§ = {lug(tyxy, %5205 Vo (t,%7,%,,%)y W (8% 1%y, %000 (X,K75 %50 %)
in a neighborhood of the origin}

From [1] we have S CZI:3 and diml S =4 . We can characterize S as

0} where fl,fz are

— ool _ a2
S = {(Zl,zz,z3). £ (zl,zz,zs) = £ (zl,zz,z3)

{(zl,zz,za): fj(zl,zz,zs) =0},

real valued analytic functions. Letting Sj
j=1,2 , we have two hypersurfaces Sl and S2 in E3 such that
S = Slﬂ S2 . We know that any solution u of Pu = 0 corresponds to

u,a CR functionon S ., Let

{(zl,zz,za): fj(zl,zz,zs) >0}

u?i u?h

{(zl,zz,zs): fj(zl,zz,zs) =0},

Our idea was to find an appropriate change of coordinates in which
the pairs (§’1" Ns, UNS) and (§I ns,, 's"l’ N ) would have a

top hat foliation, where U is a neighborhood of the origin

in m3 . Then, once we have proved that dimE HTp(EI n SZ) = 2 for



55

all p € §I n S2 , we would have, from [3], that every function u’
which safisfies Ssu'= Oz.has a unique extension which is complex analytic
on S; n S; . We could then use this fact and the Schwarz Reflection
Principle to prove that for initial values £ which are real valued,
C°° , but not analytic no Coo solution, u could be found. -

Our assumption on P that P,P , [P,P] and [P,[P,P]] are

linearly independent becomes, on § , the assumption that the matrix

1 -1 0 0
i -i 0 0
o o 21Im(340,) zios(lma—scl) -[ 3 aS] _°1
M= - - - - - - Re
o i -5, ~21RE(340;) -213¢ (Reascl) -i[ 3g? aS] o
a, o, 21Im(ascrz) 2i as (Imascz) -[ as, aS] c,
| 0'21 -0,i -ZiRe(ascz) -ZiaS(ReaSo‘z)-i[as,as]oz
\
has rank 4 , where
ff f:_L_ - ff f_z_ f]_' ff - f_l_ fi
o - 1 *3 %1 %3 o 1 %2 * %
e o o R AT o
Zg Zy %z Zy Zg 23 Zg Zg
and
[5.,3.] = 21 m(3.0,) <2~ - 2i Re(3.5,) =
S’"s S1 ax2 S°1 ay2
o) 9

+ 2i Im(aSOé) ——;;

ox

- 2i RB(BSOE) = .

RE)

We have not been able to understand all the conditions imposed on the
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geometry of S1 and S, by rank M=4 , Rank M =3 Zforces Sk to

2

be strongly pseudo convex at the origin for one k , as in [5].

Agssuming k = 1 , we have

1
Sl {(zllzzlzs)' -yz + (‘P (xl!ylilexs’yS) - 0}

2
sz - {(21922123)' -y3 + (P (xl’y1!x2,y2’x3) = o}

where z‘_j = x.j + i g‘j and q; are real valued and analytic and

1 1 1 2
cpxlxl(o) qaylyl(o) (cpxlyl(o)) >0,

We have a 3-dimensional surface, depending on x ,x3, and Yg

2
in S1 of the form:'

1
() (o33, ¥g) s ¥y (Kps%ga¥g) s %ps @ 0%y (p%5,¥9) s 73 (Rpr %5033
x2)x3’y3)s x3,y3)
1 1 1
on which 9 = q& = 0 . But, due to the fact that ¢ depends on
1 1

V3 and q? depends on Yo as well as on xl,yl,x2 and x, , we

3
cannot find a suitable foliation for (§I n S, U N Sz) . We hope to

be able to return to this.
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VII. Appendix

In this section we wish to construct a function £ € Ca"((-l,l))
such that f is not analytic in any subneighborhood of (-1,1) .
Let {rk} , k=1,...,° be the set of all rationals in (-1,1)

ordered in some fashion., Define f by

1
- T =t =
f(x) = = — 1k (x-1}) xFry , b=1,2...,
Jj=12" 3 k! e
© _ 1
-1, )2
z k 1k S x=1r ,m any positive integer.
j=12" 3 k! e
k3m

f € C((-1,1)) since the series converges uniformly. Assume that we

can take derivatives under the summation sign; then

(n) © 1 - 1 n 1

£ x) = z - ' (x-r,)2 Z c(j,n) (n-rk)“+!3 y X F TL’ £=1,...,®
k=1 2° 3" k! e 3=0

1
12) ® Gro® n

£ Ee(i,m) rmtgy X = T
k=1 25 F k! e 3=0 Gemr) ™+ n
k4m

where ¢(0,0) =1, ¢(j,00 =0, j $#0 , and

c(j,n) = 2¢(j-1,n~1) - [n+2j-1] c(j,n-1), j=1,2,...,n
c(jn) =0, j <0, j>n
n n
T |eti,m | s z2le(d-1,n-1) | + (@+2§-1) |e(3,n-1) |
=1 J=1
n-1 n-1 n-1
= 28 le(d,n-1) | + (@-1) £ |ed,n-1) |+ 2 Z jled,n-1) |
3=1 j=1 3=1
n-1 n-1

< (o¢1) T Jed,n-1) |+ (2n-2) T |e(j,n-1) |
J=1 J=1
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M3

n~l
le¢a,m) | < Bn-1) T |e¢d,n-1) |
j=1 j=1

n
T le(i,n) | s (30) (3(n-1)) (3(n-2)) ... 3 = 3"n!
=1

Thus the series on the right-hand side of (12) converges uniformly

for each fixed n and thus £ € Cak(-l,l)) , and term by term dif-
1

x %0

- X
ferentiation is justified. Since { o o

} is not analytic

in any neighborhood containing a rational in (-1,1) , Thus £ is not
analytic on any subinterval of (-1,1) .

In general, if Q’ 1is any neighborhood of the origin in z" ’
Q< (-1,1) + ... X (-1,1) , we can define g € kaﬂ') such that g

is not analytic in any variable in any subneighborhood of o’ by

g(xl,...,xn) = f(xi) + f(xz) + aee * f(xn)

with £ defined as above.
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