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INTRODUCTION

Given c a te g o r ie s  w i th  p ro d u c t and £  * , and a  p ro d u c t-p re s e rv in g  

c o f in a l  f u n c to r  F: £  — X/* > th e r e  i s ,  a c c o rd in g  to  H e lle r  [ 3  J , a  f i v e -  

te rm  e x a c t sequence

V£> —> —> V*F) —> VO —> V£'>
where $F i s  a new c a te g o ry  c o n s tru c te d  from F c a l l e d  th e  f i b r e  o f  F .

For A a  com m utative r i n g ,  we d e n o te  t *le c a te g o ry  whose

o b je c t s  a r e  f i n i t e l y  g e n e ra te d  p r o je c t iv e  A-m odules and whose maps a re  

isom orphism s o f  th e s e  m odu les . I f  A i s  an  i n t e g r a l  domain w i th  q u o t ie n t  

f i e l d  k , and t *ie f u n c to r  d e f in e d  by te n s o r  p ro d u c t over A

w ith  k , th e  f i b r e  c a te g o ry  has a s  o b je c t s  t r i p l e s  (F ,x ,Q ) where

P,Q € o b ( J ^ )  and x : k ® P -* k ® Q i s  an  isom orphism  in  ^  .

I d e n t i f y in g  P w ith  1 ® F and Q w ith  1 ® Q, f o r  some X ^ 0 , 

X*x(P) c  Q. In  t h i s  m anner one c o n s t r u c ts  o u t  o f  th e  t r i p l e  (P ,x ,Q ) a 

t o r s i o n  m odule — indeed  a c o l l e c t i o n  o f  t o r s i o n  m odu les, one f o r  each  

e lem en t o f  th e  i d e a l  I  = [X |X .x (P ) c: q J . in  some s e n se  we s p l i n t e r  th e  

k -e q u iv a le n c e  x i n to  t h i s  c o l l e c t i o n  o f  t o r s i o n  m odu les , and th e r e  a r e  

o f  c o u rse  r e l a t i o n s  among th e s e  w hich d e r iv e  from  th e  s i t u a t i o n  in  w hich 

th e y  o r i g i n a t e .  Such a  c o l l e c t i o n  o f  to rs io n -m o d u le s  to g e th e r  w i th  a d ­

d i t i o n a l  s t r u c tu r e  g iv en  in  th e  t e x t  p ro p e r  w i l l  be c a l l e d  a  t o r s i o n - l a y e r .  

Once a  s p l i n t e r i n g  o f  an o b je c t  o f  in to  a  t o r s i o n - l a y e r  o c c u rs ,  i t

i s  n o t  p o s s ib l e ,  in  g e n e r a l ,  to  re c o v e r  th e  o r i g i n a l  (P ,x ,Q ) . In d eed , A 

a  com plete  d i s c r e t e  v a lu a t io n  r in g  seems to  be th e  o n ly  non-hum pty-dum pty 

c a s e .

Our o r ig i n a l  d e s i r e  was to  p robe  th e  e x te n t  to  w hich  c e r t a i n  f i b i e  

c a te g o r ie s  co u ld  be r e p la c e d  w ith  c a te g o r ie s  in v o lv in g  to r s io n  o b je c t s ,
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a t  l e a s t  I n s o f a r  a s  th e  G ro th en d ieck  group i s  c o n c e rn e d . S p e c i f i c a l l y ,  

we w ere i n t e r e s t e d  in  th e  f i b r e  o f  S^: S ( J ^ )  “* S C j^ )  w here S C P ^) 

i s  th e  c a te g o ry  whose o b je c t s  a r e  n o n -d e g e n e ra te  sym m etric  b i l i n e a r  form s 

on th e  o b je c t s  o f  5^ ^  and whose morphisms a r e  is o m e tr ie s  o f  th e s e  fo rm s. 

I t  sh o u ld  be m en tioned  t h a t  K aroubi [ 6 ]  has d e a l t  w i th  t h i s  q u e s t io n  in  

a  s a t i s f a c t o r y  f a s h io n .

Now i t  p ro v es  t h a t  th e  f i b r e  c a te g o ry  $S^ can  be re g a rd e d  a s  what 

we w i l l  c a l l  th e  c a te g o ry  o f  g e n e ra l iz e d  h e rm it ia n  form s on $M^ . The 

n e c e s s a ry  in g r e d ie n t s  f o r  a  g e n e ra liz e d  h e rm it ia n  s i t u a t i o n  a r e  a  p a i r  o f  

in v o lu t io n s  on a  c a te g o ry , one c o v a r ia n t  and th e  o th e r  c o n t r a v a r i a n t .

T h is  i s  d e v e lo p ed  in  S e c tio n  IV.

L e t d e n o te  th e  c a te g o ry  o f  t o r s  i o n - l a y e r s , and E^: -•

th e  f u n c to r  w hich  a s s o c i a te s  w ith  each  (P ,x ,Q ) i t s  s p l i n t e r i n g  in to  a 

t o r s i o n - l a y e r .  ad m its  a  c o v a r ia n t  in v o lu t io n ,  d e n o te d  j  , d e f in e d

by j(P » x ,Q ) = (Q*x * ,P ) .  We c o n s t r u c t  an  I n v o lu t io n  J  on w ith

th e  p ro p e r ty  t h a t  E^ i s  e q u iv a r ia n t  w ith  r e s p e c t  to  th e s e  I n v o lu t io n s .  

The d e f i n i t i o n  o f  J  and th e  v e r i f i c a t i o n  o f  i t s  in v o lu to ry  n a tu r e  i s  

r a t h e r  i n t r i c a t e  and w i l l  occupy us th ro u g h o u t S e c tio n  I I .

The c a te g o ry  has a  m u l t i p l i c a t i v e  s t r u c t u r e  d e f in e d  by

(P ,x ,Q ) 0 (Q ,y ,R ) = (P ,y ° x ,R ) .  The an a lo g u e  o f  t h i s  m u l t i p l i c a t i v e

M As t r u c t u r e  p ro v es  to  be an  e x te n s io n a l  s t r u c t u r e  on j -  . T h is  e x te n ­

s io n a l  s t r u c t u r e  ad m its  a  tw is te d  in v o lu t io n  c o m p a tib le  w i th  th e  f u n c to r  

J .  T hese to p ic s  a r e  t r e a te d  in  S e c tio n  I I I .

I f  A i s  a  f i n i t e  d im e n s io n a l a lg e b ra  o v e r  A, A a  co m p le te  d i s ­

c r e t e  v a lu a t io n  r i n g ,  we d e n o te  by th e  c a te g o ry  o f  A -m odules

w hich  when c o n s id e re d  as  A-modules a r e  f i n i t e l y  g e n e ra te d  and p r o j e c t i v e .
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We th e n  have a  fu n c to r  -* '^ / k8A /k an<* ^rom fhl®  a  f u n c to r

"* 3 ^ ^  where 3 * ^ ^  *8 t *ie f u l l  s u b c a te g o ry  o f  ^  ^ c o n s i s t ­

in g  o f  f i n i t e  t o r s i o n - l a y e r s . In  S e c tio n  V we show t h a t  t h i s  i s  an  

e q u iv a le n c e  o f  c a te g o r i e s .

F i n a l l y ,  we p ro v id e  a s s o r te d  g e n e ra l  r e s u l t s  on e q u iv a le n c e s  o f  

c e r t a i n  t o r s i o n - l a y e r  c a t e g o r i e s .  A la s ,  th e  c o re  o f  th e  t e x t ,  w hich i s  

th e  c o n s t r u c t io n  o f  th e  t o r s i o n - l a y e r  c a te g o ry  to g e th e r  w i th  i t s  i n ­

v o lu t io n  and e x te n s io n a l  s t r u c t u r e ,  rem ain s  an  a p p a ra tu s  in  s e a rc h  o f  

w id e r  a p p l i c a t i o n .



[
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§ I .  O r ie n ta t io n a l  R em arks.
X

For A an  i n t e g r a l  dom ain , we w i l l  d e n o te  by A th e  com m utative

monoid o f  n o n -z e ro  e le m e n ts  o f  A. A subm onoid I  o f  A w i l l  be c a l l e d

an  id e a l  o f  A* p ro v id e d  t h a t  Y € A* and X € I  im p lie s  t h a t  \X  € A* .

N ote t h a t  no m en tio n  i s  made o f  th e  a d d i t iv e  s t r u c tu r e  on A.
)(

We o b se rv e  t h a t  A may be re g a rd e d  as  a  c a te g o ry ,  a l s o  t o  be d e -

X Xn o ted  A , whose o b je c t s  a r e  th e  e le m en ts  o f  A . The s e t  o f  m orphism s
X

from  O' to  3 , A ( a , 3 ) ,  i s  empty p ro v id e d  t h a t  a  does n o t d iv id e  3 ,

and c o n s i s t s  o f  a  s in g l e  e lem en t i f  a  does d iv id e  3 . In  th e  l a t t e r

c a se  3 = 0!‘Y , w here Y i s  un ique  s in c e  A i s  a c a n c e l l a t io n  m onoid ,

and we w r i te

or —̂ — >  3 

f o r  t h i s  s in g le  e lem en t o f  A * (a ,3 ) .

We r e c a l l  th e  d e f i n i t i o n  o f  th e  c a te g o ry  . The o b je c ts  o f

a re  t r i p l e s  (P ,x ,Q ) w here P,Q € o b ( iP ^ ) .  and x : i s  an

isom orphism . A m orphism  w ith  so u rc e  (P ,x ,Q ) and t a r g e t  (P / , x , ,Q / ) i s  

a  p a i r  ( f ,g )  w here f : P -* P #, g : Q ”* Q* a r e  morphisms in  J-* A , w i th  

th e  p ro p e r ty  t h a t  (1^ ® g )° x  = x #0( l j t ® f ) .

G iven an  o b je c t  (P ,x ,Q ) o f  we i d e n t i f y  P w ith  th e  A -sub-

m odule o f  k ®A P g e n e ra te d  by 1 ® P and Q w ith  t h a t  g e n e ra te d  by

1 ® Q in  k ®A Q. L e t I  = {X € AX |X .x (P) c  q }. S in ce  P and Q a r e
x

f i n i t e l y  g e n e ra te d ,  I  i s  non-em pty and i t  i s  c l e a r l y  an  id e a l  o f  A .
x

We n o te  t h a t  I  can  be c o n s id e re d  a  f u l l  su b c a te g o ry  o f  A .

Denote by g^ th e  m orphism

X*x
P ---------- > Q , X € I x

•1  Xso  t h a t ,  w i th  t h i s  n o t a t i o n ,  x  « X ® g^ > and g ^  = o*g^ , a  € A ,
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s in c e  or ^X * 8aX
,-1

8X a - H - 1 "8x We now d e f in e  a functor

T ^, d ep en d in g  on x ,  w ith  dom ain th e  c a te g o ry  I  and ta k in g  v a lu e s  in  

T o rs^  , th e  c a te g o ry  o f  t o r s i o n  A -m odules. For X 6 1^ , T^(X) = Q /g^P, 

and f o r  X ar»X , T (X ^  a \ )  d e f in e d  by

1.1

8X■> P -------- >  Q  >  Q/g^P  > 0

O'

-> P - >  Q

8aX

T(<y)

->  0

In  w hat fo llo w s  we w i l l  su p p re s s  th e  dependence upon x and w r i te  

T = T . A lso  we w i l l  w r i t e  T (o) f o r  T (X -* aX) when no c o n fu s io nX X

i s  p o s s ib l e .
f

S im i la r ly ,  we d e f in e  a  fu n c to r  = T : I  ■*

T (X) = T(X) and T (X -• o?X) i s  d e f in e d  by

-> T o rs , w here

1. 2

^ X
-> P -------- >  Q

O'

->  P

Q/8 aXP

T * (a )

-> Q  > Q /gxP

->  0

->  0

w here a s  b e fo r e  we a b b r e v ia te  T (X -* aX) to  T (a ) ,  when th e r e  i s  no

d an g e r o f  c o n fu s io n . We w r i t e  f o r  T(X) in  th e  s e q u e l .

Thus, a s s o c ia te d  w ith  e ach  (P ,x ,Q ) o f  §M^ i s  a  p a i r  (T ,T  ) o f

f u n c to r s ,  T c o v a r ia n t ,  T c o n t r a v a r i a n t , w here T^ •  T^ and f o r

X -* Qf*X , T(Qf) i s  monic and T (or) i s  e p ic .  We w i l l  r e f e r  to  t h i s  p a i r

a s  th e  t o r s  i o n - l a y e r  a s s o c ia te d  w ith  x , and d e n o te  i t  T * T , su p p re s -  
*

s in g  th e  T

As m en tioned  in  th e  i n t r o d u c t i o n ,  §M^ ad m its  th e  c o v a r ia n t  in v o lu t io n



j ,  where j (P ,x ,Q ) -  (Q ,x 1 ,P ) and j ( f , g )  ■ ( g , f ) .  As above th ere  i s

th e  t o r s i o n - l a y e r  a s s o c ia te d  w ith  x  d e f in e d  on th e  c a te g o ry  I  .
x

We w r i te  x * = |i ® h w here u, €  I  . and h * u»x ^ c o n s id e re dU, - 1  LLX

a s  a  m orphism  from  Q to  P . N ote t h a t  s in c e  x*x = 1 , f o r  X € I  ,

» 6 1  - i  * v *  “  and g A > = •

I n  a d d i t io n  t o  th e  c o v a r ia n t  in v o lu t io n  j ,  §M^ ad m its  a  c o n t r a -

v a r i a n t  in v o lu t io n  o r  a  d u a l i t y ,  a s  we s h a l l  c a l l  i t .  S ince  th e  c a te g o ry

^  has a  d u a l i t y ,  nam ely t h a t  g iv e n  by P Hom^(P,A) * P - -  s e e ,  f o r

exam ple, Jans [ 4 ] ,  we have im m ed ia te ly  th e  d u a l i t y  -* d e -

f in e d  by <£)(P,x,Q ) = (Q ,x  ,P  ) and o£)(f,g ) = (g , f  ) .  As b e fo re  x

has a s s o c ia te d  w ith  i t  a  t o r s i o n - l a y e r  w hich  we d e n o te  by o t)(T ). The

a s s o c ia te d  i d e a l  i s  1 ^ = 1  and s in c e  x « X ® , oQ(T)^ = P /g^Q
x

ExtJ(Tx ,A ).

L e t us exam ine t h i s  more c l o s e l y .  B eg in n in g  w ith  th e  s h o r t  e x a c t  

sequence

0 ------->  P — —> Q ------->   >  0

and a p p ly in g  th e  fu n c to r  H o m .(-,A ), we g e t  th e  e x a c t  sequence
*

0 -------- > HomA(Tx ,A) -------- >  Q* — - >  P *  > B x tJ(T x,A) -------> 0

where Hom^CT^jA) = 0 s in c e  i s  t o r s i o n  and A a  dom ain. In d ee d ,
4k

w r i t i n g  down th e  d iag ram s d e f in in g  T (o) and T (o ) g iv en  ab o v e , and

a p p ly in g  to  th e s e  d iag ram s we se e  t h a t  (o^T) (a )  = ^ ( T  ( a ) )  and

< ^ T )*  (o ) -  <£>(T(cO ) .

B e fo re  c o n s id e r in g  th e  c a te g o ry  we need a  d e f i n i t i o n .  For

P an  o b je c t  o f  A , a  n o n -d e g e n e ra te  sym m etric  b i l i n e a r  form  on P
4k 4k

i s  an  isom orph ism  § : P P su ch  t h a t  I  ■ § ,  w here P i s  i d e n t i f i e d



w ith  P in  th e  u su a l manner. In g e n e r a l, w e ' l l  r e fe r  to  such a I  as

a  A -form , a l l  th e  a d d i t io n a l  a d je c t i v e s  b e in g  u n d e rs to o d .

, 5 *  71An o b je c t  o f  th e  f i b r e  c a te g o ry  i s  a  t r i p l e  (P P ,x ,Q  4  Q )

where § and T] a r e  A -fo rm s, x : k < 8 > P ~ * k ® Q  i s  an  isom orph ism , and

th e  fo llo w in g  d iag ram  commutes

- >  k  ®  Q

1 <8> §
'V

k 8  P <- k  <8> Q

t h a t  i s ,  i t  i s  a  p a i r  o f  A-form s to g e th e r  w i th  a k -e q u iv a le n c e  o f  t h e i r  

k -fo rm  im ages.

We now a s s o c i a te  w i th  su c h  a n  o b je c t  an  isom orphism  o f  th e  t o r s i o n
-1  * 

la y e r  o f  x and t h a t  o f  x  . F o r A 6 I  D I  , we c a n  w r i te
x

•  1 . 1 'fc — ^
x" = A” ® h ^  and x = A ® g^ . From th e  above com m utative d iag ram , 

|° h ^  = g^°T| , and we have th e  com m utative d iag ram  w ith  e x a c t  row s:

-> Q

71
V

- >  P -> T _X(A) 
x

->  0

-> Q *
8\

-> p
V

->  o

- lD eno ting  th e  t o r s i o n - l a y e r  o f  x by JT , we have a  fa m ily  o f  isom or­

phism s p

{ J T , _ >  < 8 T A } A €  I  n  I  •x -1

I t  i s  a  t r i v i a l  c a lc u l a t i o n  t h a t  th e  d iag ram s
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JT (of)

JT,

Y
JTorX

■ 0Tx

$ T )  (O') JT*(of)

JT,

J T a X
arX QfX

$ t V )

•c b * aX

a r e  c o m n u ta tiv e . I f  we c o n s id e r  th e  r e s t r i c t i o n s  o f  JT and T to

I  n  I  _1 , th e n  th e  c o l l e c t i o n  1 ^ )  p ro v id e s  us w i th  w hat we would 
x

th in k  o f  a s  an  isom orphism  o f  t o r s i o n - l a y e r s .  In  f a c t ,  we s h a l l  c o n s id e r  

"germ s" o f  t o r s i o n - l a y e r s  r a t h e r  th a n  th e  t o r s i o n - l a y e r s  a s  we have con­

s t r u c t e d  them , and T = 3 w i l l  be an  isom orphism  o f  su ch  germs once

we have w r i t t e n  down th e  d e f i n i t i o n s .

In  summary, a r i s i n g  o u t o f  th e  s i t u a t i o n  d e f in e d  by a n  o b je c t

(§ ,x ,T l) o f  i s  an  isom orphism  o f  th e  t o r s i o n - l a y e r  o f  x  ^ w ith
*

t h a t  o f  x  . Now, i f  we had an  isom orphism  o f  T w i th  T # i t  would be
x

n a tu r a l  to  r e g a rd  t h i s  a s  a  b i l i n e a r  fo rm . But in s te a d  we have h e re  an  

isom orphism  o f  th e  image o f  T^ u n d er a  c o v a r ia n t  in v o lu t io n  w ith  th e  

d u a l o f  T^ . Such an  o b je c t  we w i l l  c a l l  a  g e n e ra l iz e d  h e rm i t ia n  form .

Our g o a l now w i l l  be to  c u t  th e  m oorings o f  a  t o r s i o n - l a y e r  from  i t s  

o r ig i n s  in  th e  f i b r e  c a te g o ry  s i t u a t i o n  in  w hich  i t  a r o s e ,  and to  c o n s t r u c t  

from  a  t o r s i o n - l a y e r  T a n o th e r  t o r s i o n - l a y e r ,  d e n o ted  J ( T ) ,  w hich  w i l l  

p la y  th e  r o l e  o f  JT ab o v e . T h is  we do in  th e  fo llo w in g  s e c t io n .
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§11. T o rs io n -L a y e rs  and  T h e ir  I n v o lu t io n .

2 .1 .  D e f in i t io n  o f  t o r s i o n - l a y e r s .

We w i l l  make o u r  d e f i n i t i o n s  and  c o n s t r u c t io n s  in  a  more g e n e ra l  

c o n te x t  th a n  t h a t  i n d ic a te d  by w hat h a s  p re c e d e d . I n  th e  s e q u e l ,  A w i l l  

d en o te  a  com m utative c a n c e l l a t io n  m onoid, an a b e l ia n  c a te g o ry , and 

c ( 0 [ )  th e  c e n t e r  o f  , i . e . ,  t h e  com m utative r in g  o f  endom orphism s 

o f  th e  i d e n t i t y  f u n c to r .  L e t m: A -* C( (% )X be a  morphism o f  A i n t o  

th e  m u l t i p l i c a t i v e  m onoid o f  c (  (X); m w i l l  rem ain  f ix e d  th x o u g h t 

t h i s  s e c t io n .  I t  now makes se n se  t o  speak  o f  A ^  A f o r  A 6 ob O b  » 

where we mean A A . The m w i l l  be su p p re sse d  i n  o r d e r  t o  a l ­

l e v i a t e  th e  n o t a t io n .

We w i l l  say  t h a t  A i s  X - to r s io n  i f  A A i s  th e  zero -m orph ism .

A i s  s a id  t o  be m - to r s io n  i f  i t  i s  X - to r s io n  f o r  some X € A . T o rs m

w i l l  d e n o te  th e  f u l l  su b c a te g o ry  o f  0 ( ,  c o n s i s t in g  o f  ra - to rs io n  m odu les. 

As in  S e c tio n  I ,  A and i t s  i d e a l s  w i l l  be re g a rd e d  a s  c a te g o r i e s .

D e f in i t io n : By a  p r e - t o r s i o n - l a y e r  we w i l l  mean a  p a i r  o f  f u n c to r s

T: I  -♦ Tors^ „ 0 b .  T*: i op -• T o rs^  O b  f w here I  i s  an i d e a l  o f  A , 

s a t i s f y i n g  th e  fo llo w in g  p r o p e r t i e s :

(0 ) T(X) = T*(X) f o r  X »  1 . The n o ta t io n  X »  1, re a d  ’X l a r g e ' ,  

means ' f o r  X i n  a  s u f f i c i e n t l y  sm a ll i d e a l  o f  A '.  From t h i s  p o in t  on 

we w i l l  w r i te  T^ f o r  T(X) and T (X ).

(1 ) F o r X ^  orX , T(X (y\) i s  m onic, T*(X ^  orX) i s  e p ic  and

T(<y)
>  T

T (or)

■> T
T(ff)
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commutes f o r  X »  1 . We n o te  t h a t  th e  n o ta t io n  T ( a )  i s  p o t e n t i a l l y  

am biguous, b u t t h e  dom ain and range  v i l l  be c l e a r  w henever t h i s  a b ­

b r e v ia te d  n o ta t io n  i s  u s e d .

In  th e  com m utative d iagram

-> T,

T*(&)

V
-> T\

0X

V

T(a) -> Tcf i \

T *(P)

T ^O fi >  T OfX

th e  in d u ce d  m orphism s o f  th e  k e rn e ls  and c o k e rn e ls  a r e  isom orph ism  f o r

X »  1 . In d ee d , e i t h e r  o f  th e s e  m orphism s b e in g  an isom orph ism  im p l ie s ,

by th e  n ine-lem m a, t h a t  th e  o th e r  i s  a l s o .

We w i l l  u s u a l ly  r e l a x  o u r  lan g u ag e  and say  ' t h e  p r e - t o r s i o n - l a y e r  T 1

and s u p p re s s  th e  T* . Two p r e - t o r s i o n - l a y e r s  T: I  -* T o rsm0 | ,  and

T*: I*  -♦ T o rs  . a  a r e  s a id  to  be e q u iv a le n t  i f  th e r e  i s  some non-em pty in

id e a l  j  c  i  n I*  such  t h a t  t | j  = T# | j  . An e q u iv a le n c e  c l a s s  o f

p r e - t o r s i o n - l a y e r s  w i l l  be c a l l e d  a  t o r s i o n - l a y e r . So t o r s i o n - l a y e r s

a r e  g e m s  o f  p r e - t o r s i o n - l a y e r s .

I f  S and T a re  t o r s i o n - l a y e r s ,  th e n  a  morphism S -* T i s  a
9

c o l l e c t i o n  f s  — ------ > T } , I  some i d e a l  i n  A , such  t h a t
1 |i. M- p.€l

{cp^} i s  a  n a tu r a l  e q u iv a le n c e  o f  th e  c o v a r la n t  f u n c to r s  S and  T .

More p r e c i s e l y ,  a  m orphism  i s  d e f in e d  when we choose p r e - t o r s i o n - l a y e r  

r e p r e s e n t a t i v e s  o f  S and T w ith  a  common domain and  a  n a tu r a l  

e q u iv a le n c e  o f  t h e s e .  We i d e n t i f y  two such  m orphism s i f  th e y  c o in c id e  

on some s m a l le r  dom ain. We w i l l  l a t e r  show t h a t  such  a  {cp } i s  a ls o
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* *
a n a tu r a l  e q u iv a le n c e  o f  S and T

m = ^ -  w i l l  d e n o te  th e  c a te g o ry  whose o b j e c t s  a r e  t o r s i o n - l a y e r s  

and  whose m orphism s a r e  th e  m oiphism s o f  t o r s i o n - l a y e r s  a s  d e f in e d  above .

2 .2 .  P rim ary  exam ple .

I n  th e  s p e c ia l  c a se  w here i s  th e  c a te g o ry  o f  A -m odules, A a

com m utative r in g ,  th e  c e n te r  o f  Q[y can  be i d e n t i f i e d  w ith  A . So we

have  th e  m orphism  1 : A* -» c (  Q j,)*  ; we w i l l  assum e t h a t  A i s  an

^ Xi n t e g r a l  dom ain in  o r d e r  t h a t  A be a  c a n c e l l a t i o n  m onoid, and w r i te

3 A f o r  J V  .

I n  S e c tio n  I  we a s s o c ia te d  w ith  an  o b je c t  (P ,x ,Q ) i n  §M  ̂ a 

p a i r  o f  f u n c to r s  ^ x ^ x * ^ '

P r o p o s i t io n  2 .1 . The p a i r  iS  & P r e - t o r s i o n ” l a ye r  and
M A(P ,x ,Q )  -* CTx>Tx*) d e f in e s  a  f u n c to r  E: $M  ̂ -*3" *

P ro o f:  (0 )  i s  c l e a r .  T h a t T(X ^  cyX) i s  m onic and T*(X ^  arX) i s

e p ic  fo llo w s  e a s i l y  from  th e  d e f in in g  d iag ram s 1 .1  and  1 .2 .  T h a t th e
* *

c o m p o s itio n s  T (a)T (cr) and T(of)T (or) y i e l d  th e  a p p r o p r ia te  x i s

e q u a l ly  c l e a r .

C o n s id e rin g  th e  com m utative d iag ram  w ith  e x a c t  rows

0 ---------->  Q /P g ^ P  — T — Q / o P g ^ P  >  Q /arQ  >  0

T * (P )

V
T * (P )

0 -------- >  Q /g^P T(cyy >  Q /a g ^ P --------------> Q /a Q ------------>  0

we se e  t h a t  (2 )  i s  s a t i s f i e d .  N ote t h a t  T(Qf)[q] = [o q ]  and 

T ( P ) [ q ]  = [ q ]  w here [ ] means c o s e t  c l a s s  and  q € Q. The a c t io n

o f  £  on m orphism s i s  t r a n s p a r e n t .



-1 2 -

2 .3 .  D e riv ed  k e rn e l  and c o k e m e l  t o r s i o n - l a y e r s .

I f  T i s  a  t o r s i o n - l a y e r ,  p ro p e r ty  (2 )  p ro v id e s  u s  w i th  isom orph ism s 

Cok T(0X  -* oP X ) ^  Cok T(X  -* arX) and K er T*(X  -* 0X ) 21 K er T*(arX -* a 0 X ) 

f o r  X »  1 .  F ix in g  or and 0 ,  v ia  th e s e  isom orph ism s we i d e n t i f y  th e  

c o k e rn e ls  ( k e r n e ls )  and d e n o te  t h i s  common c o k e m e l  ( k e r n e l )  by th e  

symbol CQ|(T )(K g (T )) . We w i l l  om it th e  T when o n ly  one t o r s i o n - l a y e r  

i s  u n d e r  c o n s id e r a t io n .
6 ft B

We d e f in e  m orphism s C(a  ^  or0) and C (a  <*P) by means o f  th e

com m utative d iag ram

->  T,
T (o ) >  T > c.

T (O 0 )

T (0 )

-> 0

>  0

■> 0
T(ff)

From th e  n a tu r e  o f  th e  i d e n t i f i c a t i o n s  i t  fo llo w s  t h a t  C (0 )  and 
♦

C ( 0 )  a r e  in d e p e n d e n t o f  th e  p a r t i c u l a r  X, p ro v id e d  o n ly  t h a t

X »  1 .  T h at C(oP) = C ( » ) C ( 0 )  and C*(<*0) = C *(P )C *(a) fo llo w s
*

from  th e  c o rre s p o n d in g  p r o p e r t i e s  o f  (T ,T  ) .  O bserve  t h a t  C (0 )  i s
ft

m onic, C ( 0 )  e p ic ,  and  t h a t  t h e i r  c o m p o s itio n s  y i e l d  th e  a p p r o p r ia te

P .
T h is  e n a b le s  u s  t o  d e f in e  a  f u n c to r  p a i r  C: A -» T o rs  U u  ,m

C*: A °P — T o rs  O L  w hich  s a t i s f i e s  c o n d i t io n s  (0 )  and ( 1 ) .  T h is  p a r t i -  m

c u l a r  f u n c to r  p a i r  h a s  an  a d d i t io n a l  p ro p e r ty  from  w hich  (2 )  w i l l  f o l ­

low .
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Lemma 2 .1 . The sequence  

0 ----- > C
O' 0(3

C*(a )>  c,3
->  o

i s  e x a c t .

P ro o f: We have th e  com m utative d iag ram  w ith  e x a c t  rows and  colum ns

->  T ,

->  T,

0

4-
-> T

-> T

I
o \

>

/
« ,
o3X

/

I O’ - >  0

CO)

V

O ff

0

- >  0

'3

V

A t t h i s  p o in t  we in a u g u r a te  th e  c o n v e n tio n  t h a t  th e  m orphism  Tx -  T«X
w ith o u t  any s p e c i a l  i n d i c a t i o n  above th e  a rrow  i s  T(X -* a r\) and

*  *s i m i l a r l y ,  T ^ T\  i s  T (X -* oX ).
. *

I t  rem ain s  t o  v e r i f y  t h a t  0 i s  C (or) and t h i s  fo l lo w s  from  th e  

known c o m m u ta tiv ity  o f  f o u r  o f  th e  f a c e s  o f  th e  wedge d iag ram

•> C

C (o )

»  0

and th e  e x a c tn e s s  o f  th e  to p  l i n e .

*
P r o p o s i t io n  2 .2 . (C,C ) d e f in e s  a  t o r s i o n - l a y e r .

P ro o f :  I t  rem ain s  o n ly  t o  p ro v e  ( 2 ) ,  and we have th e  com m utative
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d iag ram  w ith  e x a c t  rows

-> C ^Y
C(o) C *Q y )

c*(P)
V

->  c .

oPy
~>  c

c*(P)
V

a
l .

-> o

V
a

C(o)
-> C - 3 ---------->  C

“V c  (Y) “
> 0

w here th e  c o m m u ta tiv ity  o f  th e  l e f t  hand sq u a re  fo llo w s  im m ed ia te ly
★

from  th e  c o rre s p o n d in g  sq u a re  f o r  (T ,T  ) .

In  a  s im i l a r  f a s h io n  we d e f in e  m orphism s K(o -* oP) and
♦

K (a -* oP) by means o f  th e  com m utative d iagram

-> K

K(P)
o

-> K

K*(P)
‘op

V
->  Ko

-> ToX
TCP)

->  TopX
T*(P)

-> ToX

-> T,

V
■> Ty

-> T,

-> 0

->  0

-> 0

where K(P) and K (P) are independent o f X for  X >> 1 and we 

have

Lemma 2 .1 / . The sequence  

0 — a ‘oP «P
-> 0

i s  e x a c t .

P ro o f :  The r e le v a n t  d iag ram  i s



and t h a t  cp i s  K (0) fo llo w s  from  a d iag ram  s im i l a r  t o  t h a t  i n  th e  

p ro o f  o f  Lemma 2 .1 .

We m ere ly  s t a t e

d e f in e s  a  t o r s i o n ^ l a y e r .

2 .4 .  P r e l i m i n a r i e s .

We p ro ce e d  w ith  s e v e r a l  lemmas w hich  axe needed  f o r  th e  c o n s tr u c ­

t i o n  o f  th e  in v o lu t io n  J .

Lemma 2 .2 .  I f  C i s  th e  t o r s i o n - l a y e r  c o k e m e l o f  some T , i s

at- t o r s i o n .

P ro o f:  R e f e r r in g  t o  th e  d iag ram

P r o p o s i t io n  2 .2 The f u n c to r  p a i r
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we have a ° e  = e°df = e °T (a )°T  (or) = 0 , and e  e p ic  im p l ie s  t h a t  or i s  

th e  ze ro -m orph ism  on  .

2
Lemma 2 .3 .  F o r T a  to r s io n ^  l a y e r ,  i s  X - t o r s i o n ,  X »  1 .

P ro o f :  F o r  p, € I ,  T i s  t o r s i o n ,  so  f o r  some v , T ^  T i s  th e
  H M> M-
zero -m o rp h ism . We th e n  have th e  s h o r t  e x a c t  sequence

-> T
|XV

->  0

w here th e  end o b j e c t s  a r e  v - t o r s i o n ,  from  w hich  we can  c o n c lu d e  t h a t

(XV
2 2 i s  v - t o r s i o n ,  hence  (p.v) t o r s i o n .

2
F o r X »  1, T, X - t o r s i o n  im p l ie s  t h a t  th e  c o m p o s itio n

Tj  ̂ -• T ^ 3  -» i s  th e  zero -m orph ism  and we d e n o te  by th e  com plex

. . .  0 TX3 -> T, 0

w here T ^ 3  i s  ta k e n  a s  th e  d e g re e  z e ro  te rm  and we n o te  t h a t  th e

hom ology o f  t h i s  com plex i s  c o n c e n tra te d  in  d e g re e  z e ro .  We w i l l  

g e n e r a l ly  om it th e  z e ro s  i n  w r i t i n g  such  a  com plex.

Lemma 2 .4 .  The c h a in  map

Q»X T<yX3

>/ V
->  TX3

w r i t t e n

->  T,

\ x X o'

V  1<y
X

i s  a  q u a s i- iso m o rp h ism , i . e . ,  i t  in d u c e s  an  isom orphism  on hom ology

HW  5 HV> •
P ro o f :  E x p re ss in g  th e  homology a s  th e  k e rn e l  o f  th e  m orphism  from  d u a l

c y c le s  t o  b o u n d a r ie s , we have



and i ( a ) ,  w hich  we w i l l  w r i te  f o r  H (i ) i s  an isom orphism  by th e
Of

f iv e -lem m a.

Lemma 2 .5 .  The c h a in  map

w r i t t e n

i s  a  q u a s i- iso m o rp h ism .

P ro o f ; E x p re ss in g  th e  homology a s  th e  c o k e rn e l  o f  th e  m orphism  from  

th e  b o u n d a r ie s  t o  c y c le s  we have

and  j ( 0 ) ,  w hich  we w r i te  f o r  H ( jQ) ,  i s  an  isom orphism  by th e  f i v e -
P

lemma.

2 .5 .  D e f in i t io n  o f  th e  f u n c to r  J .

F o r  T a t o r s i o n - l a y e r  we w i l l  d e f in e  JT^ a s  th e  hom ology o f  

th e  com plex ^X , \  >> 1 . From Lemma 2 .4 .  and 2 .5 .  we have a  c a n o n ic a l  

isom orph ism  j ( 3 ) ° i ( a )  1 ; H(^X) -* H(^X^) . I n  th e  s p e c ia l  c a s e  a  = P
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we w r i te  0^  = j(< y)°i(aO  

We have  c h a in  maps

- 1

\ a

orX

oik

a \

a \

->  T
oP X3

I
QfX

i '
V x 3 > * a \

I 1
‘V ' X 3 >  T a X

and we o b se rv e  t h a t  ep  ̂ i s  such  t h a t .  H(cp^), w hich  we d e n o te  cp(of), 

i s  a  monomorphism and t h a t  H(ir ) ,  d e n o ted  t  (a )  , i s  an  ep im o iph ism .O'

T h e i r  c o m p o s itio n , i n  e i t h e r  o r d e r ,  y i e l d  th e  a p p r o p r ia te  a . Re­

m arking  t h a t  JT^ -  H(^X) , JT ^ = H (^ X )  , we d e f in e  JT(X -* arX) a s

tp(a0#9 and JT*(X -* cyX) a s  G^1 » + (<*) .

I n  w hat fo llo w s  we w i l l  be la x  a b o u t d i s t i n g u i s h in g  betw een 

t o r s i o n - l a y e r s  and r e p r e s e n t a t i v e  p r e - t o r s i o n  l a y e r s  o f  t h e s e .  T h is  

s h o u ld n 't  le a d  t o  any c o n fu s io n .

We m ust now v e r i f y  t h a t  th e  JT  th u s  d e f in e d  i s  a  t o r s i o n ^ l a y e r .  

Once a g a in  some p r e l im in a r i e s  a r e  n e c e s s a ry .  We c o n s id e r  th e  c h a in  

maps

,X  <——  ^  , .X  — £— > .X^ , andX X a  X a  X a

a \ ->  To0X LpX

"x3 X X

y N/
-----> 1

*0X X

T
J

0/

a

w here i t  i s  hoped t h a t  th e  d iag ram s w i l l  p ro v id e  some i n s i g h t  i n to
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t h e  accom panying n o t a t i o n .  We w i l l  be somewhat fu zz y  n o ta t lo n w ls e  and

r a t h e r  th a n  s p e c i f i c  m orphism s — th e y  a r e  modes o f  p a s s in g  from  one

in g  th e  n o t a t io n s  w ith  th e  n o ta te d  sh o u ld  g iv e  th e  r e a d e r  a  f e e l in g  f o r  

th e  i n f l e x io n s  o f  th e  sym bols.

In  th e  s e q u e l we f r e q u e n t ly  d e a l  w i th  m orphism s o b ta in e d  by p a s s in g  

t o  hom ology and i n v e r t i n g  c e r t a i n  m orphism s. G iven a  f i n i t e  co n n e c te d  

seq u en ce  o f  c h a in  m aps, say  A *- B -* C , and a n o th e r  su ch , say  A -* D *- C 

w ith  th e  same r i g h t  end com plexes and l e f t  end com plexes, we w r i te  

A ‘- B - * C ~ A - * D * - C  t o  mean th e  fo llo w in g :  i f  we p a s s  t o  homology

and r e v e r s e  th e  l e f t - p o i n t i n g  a rro w s , th e  c o m p o s itio n s  o b ta in e d  co­

i n c i d e .  I t  i s  u n d e rs to o d  t h a t  th e  l e f t - p o i n t i n g  a rro w s a r e  q u a s i - i s o ­

m orphism s; ~  w i l l  be re a d  'e q u i v a l e n t ' .

and p a s s in g  t o  hom ology we have  i ( a r ) J (P )  = j  (0 ) i  ( a ) . S in ce  th e s e  a re

u se  i  , J a f o r  d i f f e r e n t  c h a in  m aps, w here th e  s p e c i f i c a t i o n  o f  at p

dom ain and ran g e  w i l l  s e rv e  to  d i s t i n g u i s h  th e s e  from  th e  o th e r  i  , j Q.ot p

i  and j Q a re  t o  be th o u g h t o f  a s  r e f e r r i n g  to  c e r t a i n  o p e r a t io n s  a  p

com plex t o  a n o th e r .  The same rem arks a p p ly  to  cp  ̂ and t|r  ̂ . Compar-

Lemma 2 .6

P ro o f :  A t r i v i a l  c a l c u l a t i o n  shows t h a t

a l l  iso m o rp h ism s, j ( 3 ) ° i ( a )  * = i ( a r ) ° 1#j(P )»  w hich i s  th e  c o n te n t  o f

th e  a s s e r t i o n

Lemma 2 .7 .

P ro o f: One ch e ck s  w ith o u t  d i f f i c u l t y  t h a t



and , a s  in  th e  p re v io u s  lemma, t h i s  i s  e q u iv a le n t  to  th e  a s s e r t i o n  

o f  th e  lemma.

N ote t h a t  i n  th e  p ro o fs  i t  i s  rem arked t h a t  j Q° i  = i  ° j Q and
p a  O' P

y < p a  = v i p  • I n  a d d i t l o n « * *  =  i a ° 1 p =  y 1 *  a n d  J „ p  =  y j p  =
J o ° J  • T hese  r e l a t i o n s  a r e  t r a n s p a r e n t  when w r i t t e n  o u t .  In  o r d e r
P  O'

to  d e m o n s tra te  th e  f u n c t o r i a l  n a tu r e  o f  JT  we need  JT (oP ) = 

J T (q,) ° JT (P )  • T h is  i s  p r e c i s e l y  th e  s ta te m e n t t h a t

X <~ - —  iX o  — - — >  rX ?  — - — > Q. X  < — - —  D. X  — ~ — >  — 2 - >  Q,XX ^  >  X3̂  > P X X pX Xo- >  pX : a  o P X 5

i s  e q u iv a le n t  to

„  ^  „  J o P  ^  _<*P *0$ ^
\ X <--------  XXc*P---------> X oP -------- * aPX *

T h is  e q u iv a le n c e  i s  a  s t r a ig h t - f o r w a r d  a p p l i c a t i o n  o f  Lemmas 2 .6 ,  2 .7 ,

th e  rem ark fo llo w in g  Lemma 2 .7 ,  and th e  o b s e rv a t io n  t h a t  cp „ = <p °cp0 =
CXP O' P

V ’ a  *

S im i la r ly ,  f o r  th e  o p e r a t io n  ♦» » t a o l p =

i 0 °4 and ilf ° j Q = j D°1' . From th e  l a s t  o f  th e s e  r e l a t i o n s  wep T0f T<x P P Tcx
e a s i l y  co n c lu d e

Lemma 2 .7 * . ,X ? <  - P AX„ ^  ■> ~  _Ax£ ,X ° f  - ^ X ^ .<  a X 3̂  X a P  ~  a X b  X o p  X ^ y p

sfc $ jfc Jf*
The f u n c t o r i a l  n a tu r e  o f  JT  , t h a t  JT (crP) = JT (P )°JT  (or) 

am ounts t o  th e  e q u iv a le n c e  o f
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o p r
faP

*  x’S  xxoe
c*P

^ X X

A gain  t h i s  I s  a  fo llo w -y o u r-n o s e  c a l c u l a t i o n  t h a t  we o m it.

ft
T h a t th e  p a i r  ( JT ,JT  ) s a t i s f i e s  (0 )  and  (1 )  I s  Im m ediate . 

Only th e  p ro o f  o f  (2 )  re m a in s . The f a c t  t h a t

JT
JT,

j t ! p >

ex
(a )

-»  JT

JT
JT , (a ) V

-> JT

afpX

JT *(P )

QfX

commutes fo llo w s  by a le n g th y  b u t  t r i v i a l  u s e  o f  th e  arrow  c a lc u lu s  

found  above . U sing  o u r  c a n o n ic a l  i d e n t i f i c a t i o n s ,  we w r i te

•"■eex -  " W * ) '  -  ® W b>' " bx ■ “ ‘e x #  “ d " x  = h<xi^ b> •
T h a t m aking th e s e  i d e n t i f i c a t i o n s  i s  h a rm le s s  enough fo llo w s  from  th e  

com m utative n a tu r e  o f  th e  arrow  c a lc u lu s  i n  t h i s  c a s e .  In d ee d , we

m igh t w e l l  c a l l  i t  a  " c a lc u lu s  o f  i d e n t i f i c a t i o n  j u s t i f i c a t i o n " ,  and

we w i l l  r e f e r  to  i t  r a t h e r  th a n  u s e  i t .

The c h a in  map cp^: -* ^  in d u c e s  JT^ JT ^X and we have

th e  com m utative d iag ram
0

\l"
->  T<*ex -> K

-> Toex

K(or)
y

 >  K

aBX8

0

I
-> JT , ->  0

V

K (c*ex»)
■c^ex8 ->JT

V

QfX
->  0

Y

Of Of
->  Cok j T ( X - o r X )

V
0



where th e  rows and colum ns a r e  e x a c t  and z^  I s  an  Isom orphism  by th e

<ynine-lem m a. The c h a in  map cp :̂ -* Induces -• and

we o b ta in  a  s im i la r  d iag ram  o f  w hich  we embed a  s e c t io n  in

■> JT,
K ( 3 )

■> JT

Y

•> -"aX

■> Cok JT(3X Q?3 )̂

V
K ■> Cok JT(X -  QfA)

O f z

w hich i s  com m utative , and we se e  t h a t  we c a n  I d e n t i f y  th e  c o k e rn e ls ,  so  

(2) i s  v e r i f i e d .  In  sum, we have

P r o p o s i t io n  2 .3 . The c o n s t r u c t io n  J  d e f in e s  an  e n d o fu n c to r  o f  m .

2 ,6 .  The in v o lu to ry  n a t u r e  o f  J .

In  th e  p ro o f  o f  P r o p o s i t io n  2 .3 ,  we made u se  o f  an  isom orphism  

K (T) -------- > C ( J T ) , w here we have a g a in  i d e n t i f i e d  a l l  th e  a - c o k e r n e l s .
Qf 2  Of 9

O f

P r o p o s i t io n  2 .4 . {z^} d e f in e s  a  m orphism  o f  t o r s i o n - l a y e r s  z : K(T) -• C (JT ).

P ro o f :  C o n sid e r
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JT

■> Ca (JT)K

The known c o n m u ta t iv i ty  o f  f iv e  fa c e s  and th e  e x a c tn e s s  o f  th e  f r o n t -  

l e f t  edge g iv es  us th e  c o n m u ta t iv i ty  o f  th e  bo ttom  fa c e .

P re p a ra to ry  to  th e  p ro o f  t h a t  J  i s  an  in v o lu t io n  we r e q u i r e  some 

lemmas.

Lemma 2 .8 . 

th en

I f  b ^ ( T ) : T^ “* K^g i s  in d u ced  by -* T^a f o r  X »  1 ,

T (a )

b X<T>

-> Ta \

V
-> K

K(a?)
a2 X2

commutes.

P ro o f :  T h is  fo llo w s  from  th e  c h a in  map

-> T

T (a ) K o 8 )

V V

aX -> T

->  I ,

a 3

Y
-> T,
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w hich in d u ce s

-> Ker T (X3 -  X) 

1
a \ -> Ker T (a8 X3 -  X)

and m aking o u r u s u a l  i d e n t i f i c a t i o n s  we have

Ker T*(a8  >  X) = Ker T*(oP X3  > aX) = K•q8 ^

w hich  y i e l d s  th e  d iag ram  o f  th e  lemma.

Lemma 2 . 9 . I f  d ^ (T ):  JT^ -* C ^  i s  induced  by JT^ -* Cok(T^ 3  “* T^) 

f o r  X »  1 , th e n

d X<T>

JT. JT(oQ
-> JTaX

V
d*X<T)

JXS CCo8 ) ->cQ8 X8

P r o o f ; W ri t in g  f o r  th e  c o k e rn e l  o f  T^ -* T ^  , we have by th e

d e f i n i t i o n  o f  JT (a)

0 -------- > JT,

i (a )

JT (a)

-> JT '

J(<*) 

o  >  j t !
V

\  / w
-> JTaX

. -X*

u f

.aX

i x 3 V
-> c  . — 
) I0*

---- >  T

V
"> QfX ---- > T

->  0

->  0

aX

oX

->  0

->  0

w here u i s  an  i d e n t i f i c a t i o n  map, and p ro v id e s  us w i th  th e  d iag ram  o f  

th e  lemma.

Theorem 2 . 1 . The f u n c to r  J  i s  an  in v o lu t io n  on m , i . e . ,  th e r e  

e x i s t s  a  n a tu r a l  e q u iv a le n c e  Id
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P ro o f :  From th e  com m utative d iag ram  w ith  e x a c t  rows

-> T-v

■> j 2t .

-> Kxa ------

C^2 (JT)

-> JT,

Y
->JT

-> 0

JT .

->  0

w here th e  induced  u>̂  i s  an isom orph ism . We need o n ly  check  t h a t  

{u>^} i s  a  m orphism  o f  t o r s i o n - l a y e r s .  T ha t fo llo w s  from  th e  d iag ram

a \

V  /

(JT)

w here th e  s id e s  a r e  com m utative by Lemmas 2 .8  and 2 .9 ,  a lo n g  w ith  th e  

d e f in in g  d iag ram  f o r  . The bo ttom  fa c e  i s  com m utative s in c e  z i s  

a  m orphism  o f  t o r s i o n - l a y e r s ,  and th e  f a c t  t h a t  d ^ (JT ) i s  m onic im p lie s  

t h a t  th e  to p  fa c e  o f  th e  cube i s  c o m n u ta tiv e , w hich p ro v es  o u r  a s s e r t i o n .

2 .7 .  P rim ary  exam ple.

In  P r o p o s i t io n  2 .1 ,  we d e f in e d  a  f u n c to r  £ : -* 3 "^  • a d m its

th e  in v o lu t io n  j  d e f in e d  in  S e c t io n  I  and th e  in v o lu t io n  J  t h a t  we 

have c o n s tr u c te d  i s  c o m p a tib le  w ith  Y . We have 

P r o p o s i t io n  2 . 6 .

 >■+■$M,

$M.

Vr-
->C: .a

commutes up to  n a tu r a l  e q u iv a le n c e .
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P r o o f :  L e t (P ,x ,Q ) be an  o b je c t  o f  . We w i l l  w r i te  s im p ly  x f o r

t h i s  o b je c t  and r e f e r  to  S e c tio n  I  f o r  th e  n o t a t i o n .  ( £ ° j ) ( x ) ^  * 

and ( J ° L ) ( x ) x i s  th e  homology o f

T (X2 )
Q/gvP

T*CW*0
-> Q/X2 gxP — -------- > Q /g xP

w hich  i s  e q u a l to  gxP/X2 Q . Then gx ; P /h xQ -♦ g xP/Xa Q i s  a n  isom orphism  

w here gx i s  th e  m orphism  induced  by g x , r e c a l l i n g  t h a t  gxhx X2
Q *

T h a t £gx 3 d e f in e s  a n a tu r a l  t r a n s fo r m a t io n  fo llo w s  from  th e  c o m m u ta tiv ity

o f

T(Qf)=a

P/hxQ

A
g\ g x P /X s Q

y
P /« h xQ

A
g*x

a^JT C ar)

y
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§111. The E x te n s to n a l S t r u c t u r e .

3 .1 .  E x te n s io n a l  s t r u c tu r e s

I n  [ 3 ]  H e l le r  In tro d u c e s  th e  n o t io n  o f  an  e x te n s lo n a l  s t r u c tu r e  

in  a  c a te g o ry  w ith  p r o d u c t .  For th e  co n v en ien ce  o f  th e  r e a d e r  we r e c a l l  

th e  d e f i n i t i o n .  L e t be a  c a te g o ry  w ith  p ro d u c t J. , and 

P1*P2*F : be d e f in e d  by * A, P2 (A,B) = B, and

P (A, B) = A ± B .

D e f in i t io n  3 .1 . An e x te n s io n a l  s t r u c t u r e  in  a  c a te g o ry  c o n s i s t s  o f

a  c a te g o ry  to g e th e r  w i th  fu n c to r s  P * ,P 2 ,P / : and a  fu n “

c to r  " tX e  s a t i s f y i n « = P£ » * = 1 »2 and = P *

We n o te  t h a t  m i s  a  c a te g o ry  w ith  p ro d u c t g iv en  by d i r e c t  sum 

in  th e  c a te g o ry  T ors Q |y . We would l i k e  to  d e f in e  an  e x te n s io n a l  

s t r u c t u r e  in  ^  m .

D e f in i t io n  3 .2 . I f  T# and T a re  t o r s i o n - l a y e r s ,  by a  l e f t - morphism 

T# -• T i s  m eant a  c o l l e c t i o n  o f  morphisms

t a >  %

d e f in e d  f o r  A »  1 , p, »  1 s a t i s f y i n g :

LI ■> T

T (a)

and

L2
T ^ a )

Tak

'PxalL -> TAp,
T (o)

V

cpo'A,p
-> TaAp,

conm ute.
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We o b ta in  some im m ediate p r o p e r t ie s  o f  le f t -m o rp h is m s . 

Lemma 3 .1 . I f  {cpx ^ -* i s  a  le f t-m o rp h is m , th e n

L3 TX > T«Ap

a
\/

T * ( a )

and

L4
T '* (o )

T#La \
^aX

-> TAp,

jUi— > T
<

N/

OfAp *
T (O')

*X
-> TAp,

commute.

P ro o f :  L3 ; T (a )T  ( < * > 9 ^  = = cpX>Q̂ - «  = T<aOcpx # <* by L I and
*

T (a )  m onic im p lie s  t h a t  T (Qf)cpx ^  = cpx ^-Qf ;

★ *
T(Qf)cpx (a )  by L2 and T (o) monic im p lie s  t h a t  T (a )c p ^  ^ =

cpx ^ T* (« )  •

D e f in i t io n  3 .3 . I f  T and T" a r e  t o r s i o n - l a y e r s ,  by a r i g h t - m orphism  

T T* i s  m eant a  c o l l e c t i o n  o f  morphisms

Ap,
_L*U-> x" 

M-

d e f in e d  f o r  X »  1 , p »  1 , s a t i s f y i n g :

R1

T(Qf)

Ap
’± & ----- > x"

T* (a)
V

----------------> T"
A, Op,

and
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R2

T* (Of)

commute.

Lemma 3 .2 . I f  -* Y } i s  a  r ig h t-m o rp h ism , th e n

R3

T (o )

iL i i  > y '

Y
■> t "

and

R4 T _• 
arty, op,

T*(Qf)
V

l "  ( a )

commute. 

P r o o f :  R3 fa r \ ,p

LY  * x ,n  >  ^

4r 4r
T (a r)°T  ( a )  »  = a ° ^ f \  ( a ) by  M  a n d  T

e p ic  im p lie s  ♦crx# oT(<0  -  0,0* \ #  *

R4 : i d e n t i c a l  w i th  p ro o f  o f  L4.

Some exam ples o f  le f t-m o rp h ism s  a re  :

( i )  K(T) -----> T w hich  i s  d e r iv e d  from  th e  e x a c t  sequence

k x u T* ^ >
0 — > KX  * - >  — > 0 ;

( i i )  T — i —■> T w here t ,  „ ■ T(X -  fc )  .A.,P

C o rresp o n d in g  to  th e s e  we have th e  r ig h t-m o rp h ism s  

CT( i i i )  T  >  C(T) w h ich  i s  d e f in e d  by th e  e x a c t  sequence
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- > T ^  >  TV  — ^ - >  — >  0

and
*( iv )  T  —>  T where r ,  = T (X. -  )p ) .

A»M>

D e f in i t io n  3 .4 . By a  c - e x te n s io n  i s  m eant a  t r i p l e  (T/ ,T ,T //) o f  

t o r s  i o n - l a y e r s  to g e th e r  w i th  a  le f t-m o rp h is m  {cp  ̂ ^ -• } and a

r ig h t-m o rp h ism  -* i f  } su ch  t h a t  f o r  X. »  1 , p. »  1 ,

0 -----> T j — t , — t" -----> 0A. Ap p

i s  an  e x a c t  sequence  in  T or^

F or a  c - e x te n s io n  th e  fo llo w in g  d iag ram s a r e  com m utative w ith  e x a c t

ro w s . 

(A) -> T, ->  TXp

\ /
-> TaXp

-> t" ----->  0
t*
a

V
-> T" ----->  0

M-

(B) ->  T

-> T I

-> TXp

V 
-> TorXp

_> T "

V
-> T" op

-> 0

— >  0

(C) o — >

V
-> T 1

-> TaXp

V  
-> TXp

->  T* QU

Y
-> T" ->  0

(D) -> Ta \
a

Y
-> T x

-> TQfXp

Y 
-> TXp

->  T?

-> r  
n
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T h ls  i s  j u s t  a  r e s ta te m e n t  o f  th e  e x a c tn e s s  c o n d i t io n  a lo n g  w ith  a n  im­

m ed ia te  a p p l i c a t i o n  o f  R l-4  and L l - 4 . I f  no d e s ig n a t io n  o f  a  m orphism  

i s  g iv en  in  a  d iag ra m , i t  can  be assum ed to  be th e  o n ly  one g u a ra n te e d  

by th e  c o n te x t .

A s s o c ia te d  w i th  any t o r s i o n - l a y e r  T we have two c - e x t e n s io n s : 

r TK — 4— >  T — -— >  T and T — -— >  T — -— > C .

L e t ^  ™ be th e  c a te g o ry  whose o b je c t s  a re  c - e x te n s io n s ;  a  morphism  

(T#,T ,T " )  -  (S# ,S ,S " )  i s  a t r i p l e  o f  morphisms i n ^ - m , T* -  s', T -  S ,

and T" — s" su c h  t h a t  th e  d iag ram s

0 -------> T j -------> T, -------> t "   > 0

I T jr
o  > s f  > -----> s"----- > 0A. Ap, p,

commute f o r  A.,p, »  1 .

We have th r e e  fu n c to r s  P ^ ,P 2 ,P :  3" ™ “* d e f in e d ,  f o r  X = (T ^ T jT * ) ,

by P^(X) = T* , P2 (X) = l"  and P(X) = T. We w i l l  now d e f in e  a  f u n c to r

J  : T -m -* T -m w hich  i s  " tw is te d "  w ith  r e s p e c t  to  J ,  i . e . ,  P ( J  (X)) = c W C  c 1 c

J (P 2 (X )) , P2 ( J C(X)) = J (P X(X)) and P ( J c (X »  = J (P (X )) .

3 .2 .  C o n s tru c t io n  o f  th e  f u n c to r  J  .—  c

We w i l l  a s s o c i a t e  w ith  e ach  c -e x te n s io n

{T{ >  T }
A Ap, p '

a  new c -e x te n s io n
(J<P) v (J+ ) x

[ jt "  u£— >  j t  -----^ -------> j t Mp Ap, A„

We b e g in  w ith  a  s e r i e s  o f  lemmas.
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Lemma 3 .3 . We have  th e  fo llo w in g  e x a c t  se q u en ces

( a )  0  >  ( t " )   >  C*  > C   >  (T* ----- > 0M. a  at a  m-

w here (T* = K er ( a )  and O'" )“  = Cok ( a ) ,  and = C^(T#) , = C^CT),

and ( f  = C (T*)a  a

(b )  0   >  c —^ ->  <f  > 0of a

( „ )  0  — >  — >  Ka  — >  K *  >  ( X { f  — >  0

(d )  0  >  K* — ^ - >  K ------- > 0 .a  oi

P r o o f : ( a ) , ( b ) , ( c ) , ( d )  r e s u l t  from  th e  a p p l i c a t i o n  o f  th e  s e rp e n t

lemma t o  ( A ) ,( B ) ,( C ) ,  and (D) r e s p e c t iv e ly .  The m orphism s a r e  th e  in ­

duced  m orphism s.

Lemma 3 .4 . G iven a  c - e x te n s io n  (T# ,T ,T //) ,  f o r  ^  1 t h e r e  i s  an  

e x a c t  sequence

0 ------->  t "   >  C*s   > j t "   >  0 .
H M-2 M-

P r o o f : A p p ly in g  ( a )  w i th  a  = M>3 , w h ile  c h o o s in g  n »  1 so  t h a t

t" i s  M>8“ t o r s i o n .  we have th e  e x a c t  sequence
M-

0 -------> t "   >  C*s  --------> C a  >  t " -------->  0 .
M- M- M- M-

From t h i s  we know t h a t  Cok[T* -* 0 % ] — K er[C  a t" ] .  By (b )
\ i  p* p .

C a -* C*a an<*V? M.

commutes by R2 and R4 .
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S in ce  th e  k e rn e l  o f  th e  h o r iz o n ta l  arrow  i s  JT* we have th e  r e s u l t .
M-

TD e f in i t io n  3 .5 .  I f  T i s  any to r s io n r - la y e r ,  f o r  X >> 1, D, d e n o te s— — — — — p.

th e  hom ology o f  th e  com plex 0 -* -* T^3 ^2 -* T^ 0 . We n o te  t h a t

t h i s  i s  c o n c e n t r a te d  i n  one d e g re e .

L e m m a  3 .5 . F o r  X >> 1, t h e r e  i s  a n  e x a c t  s e q u e n c e

0 ----- > C a ----->  D?  >  JT ,  >  0 .
M1

AX,M>

P ro o f:  We have th e  d iag ram

0 
i

C 2\lS
I

-> D,

V
0 ---------> JT*

4
0

1—

M*

— >

0
;
C a 
M-

I c(X2 )

c  (p. )

°x3
i
o

-> T,

-> T,

- >  0

- >  0

th e  r i g h t  hand  sq u a re  commutes s in c e  C^a^a “* T\  i s  induced
♦ ♦

T <X3n3 ) and Ĉ 2 by T (X3 ) . The m id d le  row i s  th e  e x p re s s io n

o f  th e  homology as  th e  k e rn e l  o f  th e  m orphism  from  d u a l c y c le s  to  

b o u n d a r ie s . The o t h e r  m orphism s a re  th o s e  d e te rm in e d  by c o m m u ta tiv ity .

Lemma 3 .6 .  F o r  a  c - e x te n s io n  (T * ,T ,T * ) ,  X >> 1 and d e n o tin g  D. 
  A , |J L

by » we have an e x a c t  sequence

0 -----> t*  >  Df  >  JT 4\i X,p, - >  0

P ro o f: C o n s id e r  th e  com m utative d iag ram  w ith  e x a c t  rows and colum ns
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V Y
T* 0

v.
> D ^

v
-> JT Xp,

v/

V

_> c \* v *

V
_> ° X V

T
t" =

V
0

V
-> T

V
-> T

X

Xp.

jT
P-

- >  0

->  o

w here th e  m idd le  colum n i s  p ro v id e d  by ( a )  i n  th e  c a se  (x = Xa p,2 and 

th e  o t h e r  p a r t s  a r e  d e f i n i t i o n s .  The colum n on th e  l e f t  w ith  th e  

in d u ced  m orphism s i s  th e  d e s i r e d  se q u en ce . From th e s e  b u i ld in g  m a te r i a l s  

we c o n s t r u c t  a  d iag ram

P<

c ' ,
p.3

->JT

V
t "

-> D M

V
-> JT

(Jc p )

M

Xp,

->  JT*

->  JT,
( J * ) ,M-.X

V

-> 0

->  0

from  w hich  we w i l l  co n c lu d e
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P r o p o s l t io n  3 .2 . G iven a c - e x te n s io n  (T# ,T ,T * ) t h e r e  e x i s t s  an 

e x a c t  sequence
( J cp ),L x  ( J U ,  x

0 _ >  J T ^   1 < - >  J l j  — >  0

f o r  X,p »  1 .

P ro o f :  Ve need  o n ly  p rove  t h a t  th e  above d iag ram  h a s  com m utative to p  

s q u a re  and e x a c t  colum ns and m idd le  row. The m id d le  row i s  g iv e n  by 

Lemma 3 .5  a p p lie d  t o  th e  t o r s i o n - l a y e r  T* , th e  l e f t  hand colum n by 

Lemma 3 .4 ,  and th e  m id d le  colum n by Lemma 3 .6 .  Ve need  o n ly  check  th e

c o m m u ta tiv ity  o f  th e  to p  s q u a re . T* C* a i s  in d u ced  by
M* M'

r ti   V s ’

C o -♦ D, i s  in d u ced  by 
M> X.M- .

t '(X8 )
T\ n 3  > TX V  '

and using 9 ^ 2 ^  ° t '  (Xs ) = T(X2 >9 ^ 2  ^  we have

T" < ^
T\p

2 t >  T.>  T.

and th e  lo w er t r a j e c t o r y  d e f in e s  T* -* d/  •

We b e g in  th e  p ro o f  o f

P r o p o s i t io n  3 .3 .  (JT * , J T , j r * )  to g e th e r  w i th  { (Jcp) *} and { J t ) M 

d e f in e  an e lem en t o f  .

S in c e  th e  e x a c tn e s s  h a s  been  d e m o n s tra te d  i n  P r o p o s i t io n  3 .2 ,  i t
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rem a in s  o n ly  t o  p rove  t h a t  { (Jcp) .}  and { ( J t )  .}  a re  l e f t  and
M,»'> A

r i g h t  m orphism s r e s p e c t iv e ly .

Ve need  some com ponents i n  o r d e r  t o  assem ble  a p ro o f  and we b e g in

by t a k in g  a c l o s e r  lo o k  a t  D, . F i r s t  we o b se rv e  t h a t  Lemmas 2 .4  andA >M|

2 .5  Im m ed ia te ly  g e n e r a l iz e  t o  e n s u re  t h a t  th e  com plex -* 

h a s  homology c a n o n ic a l ly  iso m o rp h ic  t o  t h a t  o f  -* T^g^a y Tp \

f o r  X »  1 and Y a r b i t r a r y .  We w i l l  w r i t e  f o r  -* ^X3 ^ 8 TX

w here th e  p re se n c e  o f  ^ i s  n o t s t r e s s e d  s im ply  to  unburden  th e  n o ta ­

t i o n .  We p u rsu e  a p a th  n e a r ly  i d e n t i c a l  to  t h a t  o f  S e c tio n  I I  and 

o b ta in  a morphism

D
D — °L—> d  .

X ,p , QfA.H

d e f in e d  by .

.Y  <— - —  . Y — - — > .Y * — — >  . Y ,X \  a A or arA

*
w here a s  b e fo re ,  th e  d e g re e  z e ro  com ponent o f  i ^  and t  i s  T ( a ) ,

t h a t  o f  j  and cp i s  T(Qf).a  Ta

Lemma 3 . 7 . I f  T i s  a  t o r s i o n - l a y e r

DaD  >  D
A ,H  a A .fj ,

^ X  JT(cv) >

commutes w here th e  v e r t i c a l  m orphism s a re  th o s e  o f  Lemma 3 .5 .

P ro o f: D. JT . i s  in d u ced  by th e  c h a in  map  \ ,H  X
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-> T
X V  “

T (p>2 )

V

-> TX X

w r i t t e n

-> T» -> T»lX " AX3 '  l \  V

and th e  a s s e r t i o n  o f  th e  lemma fo llo w s  from  th e  com m utative d iag ram

, Y <- a

XX ^ i

XYar

v

i ?a a <y—----->  . Y ----- — > ,YX O' a\

\ a  j  O' a
, x"

v

X or cp1 ia

V
■ * « x x

crX

w here th e  in te r m e d ia te  m orphism s a re  o b v io u s , th e  to p  row in d u c in g

D , th e  bo ttom  row in d u c in g  JT (o ') .
0/

Lemma 3 .8 . In  o u r  c - e x te n s io n  s i t u a t i o n

AX ,p , -2— >  d '.a X ,p ,

Y
JT Xp - >  JTorXpJT (ff)

commutes w here th e  v e r t i c a l  maps a r e  th o s e  o f  Lemma 3 .6 .

P ro o f:  D? -* JT . i s  in d u ced  by th e  c h a in  map
" A. 9 |JU Ap»

>  T

'PX.M-

X lXa p8

^ x V .p
Y N\ 1
lXp ->  TX3p3 -> T

X

"’x , ,

Xp,

and th e  re m a in d e r  o f  th e  p ro o f  c o n s i s t s  o f  a m im icry o f  th e  p ro o f  o f  

Lemma 3 .7 .
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C (X a )

X,M>

/
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C a

C(a/*\a )

-> D
a

oX.p,

commutes w here th e  downward m orphism s a re  th o s e  o f  Lemma 3 .5 ,  and w here 

C(X2 ) i s  in d u ced  by

c  c <*g > ^  cV  y x 2 *

P ro o f;  C o n s id e rin g  , th e  d e g re e  z e ro  m orphism  o f  i t s  in d u c in g

c h a in  map i s

lx v
T * (o )

orX3 p,2 y \ 3 n8  •

The T ( a )  c o n t r ib u t io n  i s  subsumed i n  th e  i d e n t i f i c a t i o n a l  s t r u c t u r e  

o f  C 2 » and r e c a l l i n g  th e  d e f i n i t i o n  o f  C(a) ,  th e  c o m m u ta tiv ity  i s  

c l e a r .

We r e t u r n  t o  th e  p ro o f  o f  P r o p o s i t io n  3 .3 .  C o n s id e r  th e  d iag ram

(1 )

JT,

JT"

The back  f a c e  commutes by Lemma 3 .8 ,  th e  to p  fa c e  by Lemma 3 .9 ,  and 

th e  re m a in in g  two f a c e s  commute by th e  d e f i n i t i o n  o f  Jtp. S in c e

C*n JT" i s  e p ic  we c o n c lu d e  t h a t  th e  bo ttom  fa c e  commutes and  t h i s

i s  p r e c i s e l y  c o n d i t io n  L I .

By Lemmas 3 .7  and 3 .8 ,  two o f  th e  sq u a re  f a c e s  o f  th e  d iag ram



commute and th e  two t r i a n g u l a r  f a c e s  commute by th e  d e f i n i t i o n  o f  J ^ r .

The f a c t  t h a t  Df "* JT , i s  e p ic  p e m i t s  u s  t o  c o n c lu d e  th e  commuta- X, p. Xp,

t i v i t y  o f  th e  bo ttom  s q u a re , w hich i s  c o n d i t io n  R l.

A t t h i s  p o in t  we w i l l  s k e tc h  a n o th e r  ro u te  to  th e  e x a c t  sequence

(Jc p )  * ( J t )  %
0 --------->  j t "   l i A - >  J T .   j t /  --------->  o  .M> X,ja X

One o b je c t iv e  i s  to  i n d ic a te  th e  d u a l i t y  in h e r e n t  in  th e  axiom  s t r u c t u r e .  

The o t h e r  i s  t o  p ro v id e  p ro o fs  o f  L2 and R2. The lemmas w hich  fo llo w  

w i l l  be  g iv e n  p rim es and th e  num bering r e f e r s  to  th e  num bering o f  th e  

c o rre s p o n d in g  e a r l i e r  lemmas. The e x p la n a tio n s  w i l l  be m inim al a s  th e s e  

p rim ed  r e s u l t s  m ir r o r  t h e i r  unprim ed a l t e r  eg o s .

Lemma 3 . 4 ' . G iven  a  c - e x te n s io n  (T, ,T ,T //) ,  f o r  X »  1 , th e r e  i s  an 

e x a c t  sequence

o  >  j T j J  >  k^ 2 --------->  T j[  > 0 .

P ro o f :  A p p ly in g  ( c )  w i th  a  = X3 , w h ile  ch o o sin g  X »  1 so t h a t  T^

i s  X2- t o r s i o n ,  we have th e  e x a c t  sequence

o  ------->  ^   > 4 ,  ------->  Tj; — > 0 .

From Cok(T {  -  kX3 > -  Ker(K^s -* T^) and th e  com m utativity  o f
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■> K.

T.

we o b ta in  th e  r e q u i r e d  seq u en ce .

Lemma 3 .5 *. F o r any t o r s i o n ^ l a y e r  T, and X »  1 th e r e  i s  an e x a c t  

sequence

0 ----- >  JT , ----- > D.X X,|J.

P ro o f:  The r e le v a n t  d iag ram  i s

- >  0  .

-> T,

->  T,

0A

5*t
L a  oX VA

-> ^X2

o

K

-> D.
AX,M*

-> JT ,

f  f

- >  0

- >  0

We rem ark t h a t  D, i s  h e re  u se d  in  i t s  m a n i f e s ta t io n  a s  c o k e rn e l  K,\l

o f  th e  morphism from  b o u n d a r ie s  t o  c y c le s ,  w h ereas  b e fo re  D. was
x,p>

u t i l i z e d  a s  th e  k e rn e l  o f  th e  m orphism  from  d u a l c y c le s  to  b o u n d a r ie s . 

Lemma 3 .6 * . F o r a c - e x te n s io n  (T ^ .T .T * ) and X »  1 we have an

e x a c t  sequence

->  JT ,lXn > V x  ^ xX ‘

Proof: The sequence in  q u e s t io n  i s  lo c a te d  in  th e  commutative diagram

- >  0  .
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VJ.
-> T,

Xp,

->  t"
M-

V

= T

Y 
->  K

V,

X

X3 (Xs

>  * X V

Y.

N f

Y
-> JT,Xp,

Y„
->  D' \p,X

V.

-> 0

-> 0

w here th e  m id d le  colum n i s  (c )  w i th  a  = X3 p,3 .

A n o th e r  d e r iv a t io n  o f  P r o p o s i t io n  3 .2  r e s u l t s  when we s p l i c e  t o ­

g e th e r  th e  e x a c t  seq u en c e s  o f  th e s e  lemmas, nam ely t h a t  g iv e n  i n  th e  

com m utative d iag ram  w ith  e x a c t  rows and colum ns

0  0

-> JT

->  j t ' 
M-

I
-> JT

I

A

Xp,

t
i-

n 
> »p,,X

-> j t ;

«x3

cT x
t

-> o

- >  0

0 0

and an e a sy  c a l c u l a t i o n  shows t h a t  i t  c o in c id e s  w ith  th e  o th e r .  Fe 

h e re  u s e  th e  k e rn e l  r e p r e s e n t a t i o n  o f  JT qua homology w hereas in  

th e  o t h e r  d e r i v a t i o n  we u se d  th e  c o k e m e l  r e p r e s e n ta t i o n .  The com­

m u ta tiv e  d iag ram s m ir r o r in g  (1 )  and  (2 )  a re
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(1 ) JT . <-A(1
JT

V
D \  p , X

^ r r ' ^JT-v
V

op,,X

(2) JT

•JT".

j t "op.

from  w hich  we c o n c lu d e  t h a t  R2 and L2 h o ld , and Jcp and Jijr a re  

m orphism s o f  th e  r e q u i s i t e  ty p e .  The p ro o f o f  P r o p o s i t io n  3 .3  i s  

c o m p le te .

3 .3 .  J  i s  an in v o lu t io n ,  
c  ----------------------------

U sing  th e  n a tu r a l  t r a n s fo r m a t io n  i s j  we o b ta in  

P r o p o s i t io n  3 .4 .  G iven  a c - e x te n s io n  (T* ,T ,t " ) th e  d iag ram

_> - «  -  J l j ± _ > t //X Xp. -> 0

(1)
%

j 2 l \ '  — » J , W

(l)
V-

J 2T"  X)
M*

commutes.

Proof: C onsider th e  comm utative diagram
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Y
CX3

w here th e  f r o n t  and back  f a c e s  a re  th e  d e f in in g  d iag ram s o f  u)  ̂ and

u)  ̂ r e s p e c t iv e ly ,  § i s  g iv e n  by

K

w here v i s  th e  isom orphism  g iv en  by (d )  and in d u ced  by cp.3 .A , (J,

© and T a re  d e f in e d  so a s  t o  make th e  d iag ram  com m utative , i . e . ,  

. /  - 1 , and th re a d in g  o u r  way th ro u g h  th e  p re c e d in g

c o n s t r u c t io n s  we f in d  t h a t  © i s  g iv e n  by

C ^ C J T ')  < -^-----  Cx a (JT ) C-ty,3)> Cxs a (JT )

w here v* i s  th e  isom orph ism  in d u ced  by ( J f )  -3 .|i>, A

I f  we can  show t h a t  T = ( J 3cp). , we have h a l f  th e  p r o o f .  Oonr-A,p.

s i d e r

ICys ( J T " )

Y (Jacp)
J"TX

y

H,x

cX3(j t ' )

■0 . D |1  X<JT*>

V
->  J®T

Y
C% 2 a (JT )

Xp,
• V

'X V

w here th e  to p  com m utative sq u a re  i s  th e  d e f in in g  d iag ram  f o r  ( J 3cp) .M»i a



I f  we can  show t h a t  th e  bo ttom  sq u a re  commutes we w i l l  have o u r  con­

c lu s io n ,  and t h i s  w i l l  be th e  c a s e  i f  th e  r e c ta n g le  commutes, s in c e  

Tjj i s  e p ic .

E xam ining th e  c o n s t r u c t io n s ,  we see  t h a t  I  i s  in d u ced  by J t "  (p.2 ) ,  

^ 2  by ^ P ^ x ®  X ’ dXp iS  811 i n c l u s io n » i s  in duced by

( j * V a 3 0 (Jcp)\ 2p \ ' 80 @0< ° \  i s  induced  by

(Jcp)\2 p , x  (Jcp)p,xa  / ^ (jcp)p.x3 ™  JT(li8)____J T X2p J T X3 p ^ X 3 JTX3 p >  ^ X V

and dX|Ji0^ 2 0^  i s  in tluced  by

JTXaU -------------> JTX V   " x V

and t h a t  th e s e  c o in c id e  i s  c o n d i t io n  L2 f o r  Jcp .

The o t h e r  p a r t  o f  th e  p ro o f ,  th e  c o m m u ta tiv ity  o f  th e  r i g h t  hand 

s q u a re , i s  h a n d le d  i n  a d u a l m anner, u s in g  k e r n e l s  w here th e r e  w ere co­

k e r n e l s  and v i c e - v e r s a .  We om it th e  d e t a i l s .

3 .4 .  The m u l t i p l i c a t i v e  s t r u c tu r e  o f  §M  ̂ .

a d m its  a m u l t i p l i c a t i v e  s t r u c t u r e  [ 3  ] p ro v id e d  by th e  

r e l a t i o n s  o f  th e  form  (P ,x ,Q )° (Q ,y ,R )  = (P ,y °x ,R )  .

P r o p o s i t io n  3 .5 . G iven  x ,y  a s  above , th e r e  i s  a c - e x te n s io n  

(E(x) ,E(y°x) ,E(y)) w here E: ±s th e  s Pl i n t e r l n £  f u n c to r

d e f in e d  in  2 .2  .

P ro o f: I f  x  = X-1 ® gK , y = p 1 ® f . , w here X € T_, p € In and    a |x * y

y«x = (Xp) 1 ® f  ®g. , th e n  a s s o c ia te d  w ith
|X A
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i s  th e  e x a c t  sequence

0 ----- >  Ook g. ------->  C ok(f °g. ) ------- > Cok f   >  0 .
A  |X  A  [ i

T h is  fo llo w s  from  th e  th ree-lem m a and th e  f a c t  t h a t  f  i s  m onic.
P

W ri t te n  o u t ,  we have

0 ----- > Q /g .P  — R/ ( f  ° g .) P  — > R /f  QK Pi Ai |J, - >  0

w here (p. i s  Induced  by f  and by 1 . T h a t [<p. } i s
Kt\i A  y j J L  R  A  f p*

a le f t-m o rp h is m  fo llo w s  from  th e  r e l a t i o n s  a f  = f  and f  °g % =
p . o p ,  p .  Q f a

f  °g. and t h a t  ftp. } i s  a  r ig h t-m o rp h ism  i s  t r a n s p a r e n t .  We
CtyJl A  n > ) J k

o b se rv e  t h a t  th e  n a tu r a l  e q u iv a le n c e  o f  E ° j and J ° £  i s  c o m p a tib le  

w i th  th e  e x te n s io n a l  s t r u c t u r e ,  i . e . ,  f o r  x and y a s  b e fo r e ,

0 -----> E ( j ( y ) ) x------> E(j (yox)) .  ---- > E ( j ( x ) ) ti  > 0

o  >  J ( E ( y ) ) x -----> J (E ( y o x ) ) j^  ----- > J ( E ( x ) ) x ------>  0

commutes. W r i t te n  o u t we have

ft. ft
0 --------->  Q /k R ---------- >  P /h . k R ---------------   >  P /h . Q  >  0

p ,  A, p ,  A
A
f

P
f  #g ,p, A.

A
g\

V Y Y
0 --------->  f  Q/p,a R ^  > f ogxP/Xs p,a R  >RxP/X3 R  >  o

p X8 p

P
w here we have  w r i t t e n  th e  in d u c in g  morphism w ith  a 'A ' o v e r  i t .  T h a t 

th e  bo ttom  seq u en ce  i s  th e  one o b ta in e d  by c a r r y in g  o u t  th e  p ro c e s s e s  

o f  3 .2  i s  a s t r a ig h t f o r w a r d  v e r i f i c a t i o n .

3 .5 .  The e x te n s io n a l  s t r u c tu r e  in  ^ . m .

™ w i l l  d e n o te  th e  c a te g o ry  o f  t r i p l e s  (Tj^T^ © T g .T g) w here
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T j and a r e  o b j e c t s  o f  ^ - m and m orphism s a re  g iv e n  by

~  ~  /
T l -  T j , T 2  -  T 2

*» r  • w * l e t  ™ and t h i s  p ro v id e s  u s  w i th  an  ex ­

t e n s io n a l  s t r u c t u r e  i n  m w here V: 3 'm x J J ”1 _* 3 ’ e  i s  th e  o b v io u s

f u n c to r  i n t o  3  ”  .

' 7  m i s  a somewhat d iv id e d  h o u se h o ld  c o n s i s t in g  o f  th e  r e l a t i o n sN-' e

one w ould l i k e  t o  d iv id e  o u t by i n  th e  d e f i n i t i o n  o f  th e  G ro th en d ie ck

g roup  , r4 ni) • I n  w ork ing  w ith  th e  c a te g o ry  $M. , w hich  h as0 e A

a  m u l t i p l i c a t i v e  s t r u c t u r e ,  th e  r e l e v a n t  f u n c to r  i s  w hich form s
ft

th e  f r e e  a b e l i a n  g roup  on th e  isom orphism  c l a s s e s  o f  $M  ̂ and th e n  

d iv id e s  o u t  by th e  r e l a t i o n s  d e f in e d  by d i r e c t  sum aud th o s e  d e f in e d  

by c o m p o s itio n . 3 ™  p la y s  th e  r o le  o f  th e  l a t t e r ,  3"™ t h a t  o f  th e  

fo rm e r.
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§IV. G en era lized  H erm itian  Forms.

4 .1 .  H e rm itia n  s i t u a t i o n s .

The c o n c ep t o f  h e rm i t ia n  form  i n  th e  c l a s s i c a l  c a se  o f  a  v e c to r  

sp ace  o v e r  a  f i e l d  K p ro v id e d  w ith  an in v o lu t io n  (d en o te d  ) can  be 

fo rm u la te d  a s  fo l lo w s . L e t t in g  d e n o te  th e  c a te g o ry  o f  f i n i t e

d im e n s io n a l K -v e c to r  s p a c e s , we have  two in v o lu t io n s  on . One
K

i s  (^) = Hom (-,K) w hich  i s  c o n t r a v a r i a n t  and th e  o th e r  i s  f o i ' D — ~*Cl) v
JL

w here ' j (V) = vcon j  w here vconj  h a s  th e  same u n d e r ly in g  a b e l i a n  

g roup  a s  V w ith  th e  a c t io n  o f  K d e f in e d  by k X V = k<>V, w here 

d e n o te s  th e  a c t io n  on V. In  t h i s  fram ew ork a h e rm i t ia n  form  (non­

d e g e n e ra te )  i s  an isom orphism  a :  ^ ( V )  -* f f< v )  such  t h a t  “f^(<*) = 0 0 ( a ) .  

T h is  fo im u la t io n  a d m its  o f  read y  g e n e r a l i z a t i o n .  G iven a  c a te g o ry  

0 i j  w ith  a p a i r  o f  f u n c to r s  F: G: Q [ ° P “* 0{/ such  t h a t

S® -  I d ,  G3 -  Id ,  and  F°G -  G°F , i . e . ,  c a r r y in g  a p a i r  o f  commuting

in v o lu t io n s ,  one c o v a r ia n t  and one c o n t r a v a r i a n t ,  we w i l l  c a l l  (0 [ ,F ,G )

a h e rm it ia n  s i t u a t i o n . A h e rm i t ia n  form  w ith  r e s p e c t  to  t h i s  s i t u a t i o n  

i s  g iv e n  by an o b je c t  A i n  (J l  t o g e th e r  w i th  an  isom orphism  a: F(A) -*

G(A) su ch  t h a t  F (a )  = G(or) .

The c a te g o ry  we a r e  e s p e c i a l l y  i n t e r e s t e d  i n  i s  , an o b je c t  o f

C *w hich  i s  g iv e n  by a p a i r  o f  sym m etric  b i l i n e a r  form s P *  P ,

n *Q -* Q and a k - is o m e try  a  o f  th e s e  fo rm s, i . e . ,  such  t h a t  th e  

d iag ram
k& P  -------- >  k&Q

1®§

k ® P  <  j   kSSQ

1®T1

*

a

commutes.
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Now, o’ i s  an  o b je c t  o f  $M  ̂ and w ith  a s l i g h t  t w i s t  o f  v ie w p o in t 

th e  above d iag ram  c a n  be i n t e r p r e t e d  a s  g iv in g  a m orphism  (T],§) from  

j(aO  t o  (or), w here j ( a )  = o  1  and = a* . The a c t io n  o f  j

and (£) on m orphism s i s  g iv e n  by j(T ) ,5 ) = (§,T1) and = ( I* ,I ]* )  so

th e  c o n d i t io n  t h a t  j(T ] ,5 ) = <0 O1 i 5 ) i s  e q u iv a le n t  t o  § = 5 * and 

T] = 71* . We w i l l  i d e n t i f y  w ith  ( $ M ^ , j ,S ) ,  th e  c a te g o ry  o f

h e rm i t ia n  form s w ith  r e s p e c t  t o  th e  i n v o lu t io n s  j  and .

4 .2 .  H e rm itia n  form s on to r s io n - L a y e r s .

One o f  o u r  g o a ls  was to  be a b le  to  speak  o f  h e rm i t ia n  form s on 

to r s i o n ^ l a y e r s  i n  o r d e r  t o  i n v e s t i g a t e  th e  t o r s io n  n a tu r e  o f  .

We c o n s id e r  a s l i g h t l y  more g e n e ra l  s i t u a t i o n  w hich w i l l  be r e le v a n t  

l a t e r .

L e t A be a f i n i t e  d im e n s io n a l a lg e b r a  o v e r  a dom ain A . In  

th e  in t r o d u c t io n  we d e f in e d  th e  c a te g o ry  A  whose o b j e c t s  a r e  

(P ,x ,Q )  w here P and Q a re  f i n i t e l y  g e n e ra te d  A -m odules w hich  a re  

p r o j e c t i v e  a s  A -m odules. We d e n o te  by T o rs  A/A th e  c a te g o ry  o f  

f i n i t e l y  g e n e ra te d  A -m odules w hich  a re  A - to r s io n  and a s  A -m odules a re  

o f  h o m o lo g ica l d im en sio n  ^  1  .

I f  we assum e i n  a d d i t io n  t h a t  A p o s s e s s e s  an in v o lu to r y  a n t i ­

autom orphism  a s  p a r t  o f  i t s  s t r u c t u r e  we can  i d e n t i f y  l e f t  A -m odules 

w i th  r i g h t  A -m odules. An exam ple i s  A(G), th e  g roup r in g  o v e r  A o f  

th e  g ro u p  G , w i th  an in v o lu t io n  0 d e f in e d  by 0 (g )  = g 1  . In  

t h i s  c a s e  Hom^CP.A) i s  an  A-m odule v ia  th e  a c t io n  ( a * f ) ( p )  = f ( p - a ) ,  

and T -♦ E x t* (T ,A ) g iv e s  u s  a  d u a l i t y  on T o rs  A/A .

L e t t i n g  3 "  d e n o te  th e  c a te g o ry  o f  t o r s i o n - l a y e r s  w i th  v a lu e s

i n  T o rs  A/A , we can  d e f in e  a d u a l i t y  on v ia  t h a t  g iv e n  on
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T o rs  A/A . I t  i s  a ls o  c l e a r  t h a t  E: "* 3" makes se n se  and

t h a t  3  »E r  Eo $ w here d e n o te s  th e  in d u ced  d u a l i t y .

P r o p o s i t io n  4 .1 . The r e s t r i c t i o n  o f  J  t o  3 ” • w hich  w® a l s o

n  a/ ad e n o te  by J  , d e f in e s  an in v o lu t io n  on

P r o o f ; T h is  s im p ly  am ounts t o  showing t h a t  JT^ i s  o f  h o m o lo g ica l 

d im en sio n  <: 1  f o r  X »  l  . R e so lv in g  T^ 3  w i th  A - p r o je c t iv e s  we 

have th e  com m utative d iag ram  w ith  e x a c t  rows

0 --------->  P

T (X8  )

>  0

>  0

>  0

w here P* i s  a l s o  A - p r o je c t iv e .  From t h i s  we se e  t h a t  JT^ i s  

iso m o rp h ic  to  a P / /X8Q f o r  X »  1  so  t h a t  th e r e  i s  th e  e x a c t

Q — — > aP* JT \

and we a r e  done .

Now, s in c e  0 8  i s  e x a c t  and J  i s  d e f in e d  by means o f  hom ology, 

J °  ~ 0 0  ° J  ancl we can  c o n s id e r  th e  h e rm i t ia n  s i t u a t i o n  d e f in e d  by

( 3 ^  ,J » ^  > and the category ^  ^  * =

h e rm it ia n  form s on A/A t o r s i o n - l a y e r s .

A/A o f
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§V. T o rs io n -L a y e rs  f o r  Com plete D is c r e te  V a lu a tio n  R in g s .

5 .1 .  S p e c ia l  d u b c a te g o r ie s  o f  .

In  th e  p re v io u s  s e c t io n  we saw t h a t  E c o u ld  be re g a rd e d  a s  a
j A

f u n c to r  t a k in g  i t s  v a lu e s  in  th e  c a te g o ry  and in d e e d  we can  in

g e n e ra l  l im i t  th e  range  c a te g o ry  even  m ore.

n  A
D e f in i t io n  5 . 1 . A t o r s i o n - l a y e r  T i n  J -  w i l l  be s a id  to  be bounded

i f  th e r e  e x i s t s  an  i n t e g e r  n  such  t h a t  f o r  X »  1  we can  f in d  an

epim orphism  An -* .

w i l l  d e n o te  th e  f u l l  su b c a te g o ry  o f   ̂ whose o b je c t s  a re

bounded t o r s i o n - l a y e r s .  I t  i s  c l e a r  t h a t  E : -* makes s e n s e .

F o r any t o r s i o n - l a y e r  T we can  form  lim  T w here th e  in v e r s e
$

system  i s  d e f in e d  by th e  T (X -* orX).

n  AD e f in i t io n  5 .2 . A t o r s i o n - l a y e r  T i n  T- i s  f i n i t e  i f  lim  T i s

f i n i t e l y  g e n e ra te d  a s  a  A - m odule.

p w i l l  d e n o te  th e  f u l l  su b c a te g o ry  o f  0 " ^ c o n s i s t in g  o f  f i n i t e  

t o r s i o n - l a y e r s .  I t  i s  c l e a r  t h a t  any f i n i t e  t o r s i o n - l a y e r  i s  bounded. 

The c o n v e rse  i s  n o t i n  g e n e ra l  t r u e .

Lemma 5 . 1 . I f  A i s  a  d i s c r e t e  v a lu a t io n  r in g ,  any t o r s i o n - l a y e r  T

Ai n  T- i s  bounded. F u rth e rm o re  we can  c o n s t r u c t  a fa m ily  o f  e p i -

m orphism s { An -* T jJ  w hich  i s  c o m p a tib le  w i th  th e  in v e r s e  system  

*
d e f in e d  by T .

P ro o f: F o r some f ix e d  X, X 1, choose  an  ep im orphism  A -* Tj  ̂ •

T h is  i s  p o s s ib le  s in c e  T^ i s  f i n i t e l y  g e n e ra te d .  L e t tt d e n o te  a 

u n i fo r m iz e r  f o r  A so  t h a t  ( t t ) i s  th e  u n iq u e  maximal i d e a l  o f  A .
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S in ce  i s  f r e e  and T*(X -* ttX) i s  e p ic  th e r e  i s  a morphism

An -» such  t h a t  T*(Tr)o5 ^  = . we c la im  t h a t  5 ^  i s  a ls o

e p ic .  C o n s id e r  th e  d iagram

ttX

T (TT)

> 0

>  0

S ince  (tt)T tt^ = T (tt)T  ( t t J T ^  = T (tt)T ^ we have -  Ttt^ / ( t t )Tttx f o r  

X »  1 . In  th e  above d iag ram  T]  ̂ and T )^  a r e  th e  c a n o n ic a l  maps 

o n to  th e  c o k e m e l .  The c o m m u ta tiv ity  o f  th e  above d iag ram  im p lie s  

t h a t  i s  e p ic .  Thus im C ? ^ )  + ( ^ T ^  = and a p p ly in g

NakayamaV lemma we co n c lu d e  t h a t  = im , i . e . ,  i s  e p ic .

C o n tin u in g  in  t h i s  f a s h io n  we can  p roduce  a  c o m p a tib le  fa m ily  o f  e p i-  

m orphism s { 5 ^ :  A° -  T ^ }  j 6 z  .

From t h i s  lemma we see  t h a t  f o r  A a d i s c r e t e  v a lu a t io n  r in g  we

n C Vhave a  m orphism  A ^  lim  T such  t h a t  i f  l im  T — i s  a c a n o n ic a l

m orphism  o f  th e  in v e r s e  l i m i t ,  > w here ( 5 ^ 3  i s  th e  c o l l e c ­

t i o n  o f  c o m p a tib le  m orphism s c o n s tr u c te d  in  th e  p ro o f  o f  Lemma 5 .1 .

Lemma 5 . 2 . I f  A i s  a com p le te  d i s c r e t e  v a lu a t io n  r in g ,  th e n

H  A _ r r  A 
O’ F O’ B

P ro o f:  We m ust show t h a t  e v e ry  bounded t o r s i o n - l a y e r  i s  f i n i t e .  From

th e  s t r u c t u r e  theo rem  f o r  f i n i t e l y  g e n e ra te d  t o r s i o n  m odules o v e r  A

“  i kwe know t h a t  i s  iso m o rp h ic  t o  a c o p ro d u c t J j[  A /  rWi w here
A k= l

= ( t t) and th e  i .  a re  p o s i t i v e  i n t e g e r s .  Now, s in c e
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*  *
T ( tt)t  = TTT^ and T (tt) i s  monic we have t h a t  K er T (tt) i s

♦
p r e c i s e l y  th e  n - t o r s i o n  o f  and s in c e  T ^ / K e r  T ( t t )  I s  i s o ­

m orph ic  t o  T^ we co n c lu d e  t h a t  m ust be o f  th e  form

n i  + 1

1 1  a /< m ,k ©  j !  A/rm  .
k= l E

w here E i s  some f i n i t e  in d e x  s e t .  By means o f  th e s e  i d e n t i f i c a t i o n s  
*

w e  c a n  r e g a r d  T ( t t )  a s  t h e  m o r p h i s m

n + 1  n 
(71,0): J 1  A/cyy^ © J 1  A / ^  -----> J 1  A/071,

k = l  E  k = l

w here T] i s  th e  c a n o n ic a l  epim orphism  in d u ce d  by 1. . We choose

n n n *kA -* t o  be th e  m orphism  A “* 1 1  d e f in e d  by th e  c a n o n ic a l

m orphism  o n to  th e  q u o t ie n t  i n  e ach  f a c t o r .  By th e  p re v io u s  lemma 

l i f t s  t o  a  m orphism  5 ^  w hich  must a ls o  be an ep im orph ism . Thus th e  

in d e x in g  s e t  E m ust be th e  empty s e t .  From t h i s  r e p r e s e n ta t i o n  o f  

th e  f u n c to r  T and th e  d e f i n i t i o n  o f  c o m p le te n e ss , we se e  t h a t  lim  T 

i s  iso m o rp h ic  t o  A° and we a r e  done.

L e m m a  5 .3 . I f  T i s  a  n o n ^ t r i v i a l  t o r s i o n - l a y e r  i n  ,  t h e n  l i m  T

i s  t o r s i o n  f r e e .

P r o o f : F i r s t  o b se rv e  t h a t  s in c e  T i s  n o n - t r i v i a l  and th e  d e f in in g

♦
T (o’) ' s  o f  th e  in v e r s e  system  a re  e p ic  we can  c o n c lu d e  t h a t  l im  T i s  

n o t  th e  z e ro  m odule. We suppose  th e  c o n c lu s io n  o f  th e  lemma to  be 

f a l s e .  Then th e r e  i s  an  x ^  0 in  lim  T and an Of ^  0 i n  A such

t h a t  Qf*x = 0 . Suppose x^ /  0 i s  th e  p-com ponent o f  x  = (x ^ )  in
)|t

l im  T . Then x  /  0 . But o*x = 0 and oi-x = T(ar)T (ar)x =«- ap. op. ap. aip.

T ( a )x  . Now, T (a )  i s  a monomorphism w hich  im p l ie s  t h a t  x = 0 and
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t h i s  i s  a c o n t r a d ic t io n .

5 .2 .  A lg e b ra s  o v e r  c o m p le te  d i s c r e t e  v a lu a t io n  r i n g s .

We c o n s id e r  th e  c a s e  w here A i s  a f i n i t e  d im e n s io n a l a lg e b ra  

o v e r  a  com p le te  d i s c r e t e  v a lu a t io n  r in g .  R e fe r r in g  th e  r e a d e r  t o  th e  

in t r o d u c t io n  f o r  n o t a t io n  we have T ^k& A /k an<* th e

f u n c to r  ^a^ ^ A  ^  * As l)e fo re  we wri t e  f o r

P r o p o s i t io n  5 . 1 . I f  A i s  a  f i n i t e  d im e n s io n a l a lg e b r a  o v e r  a com p le te  

d i s c r e t e  v a lu a t io n  r in g ,  i s  “  e q u iv a le n c e  o f  c a te g o r i e s .

P ro o f : We d e f in e  a f u n c to r  L: “* ^ \T ^ A  &S f o l lo w s * Lemma 5 .3

lim  T i s  t o r s i o n  f r e e  a s  a  A -m odule. S in ce  A i s  h e r e d i t a r y  we 

c o n c lu d e  t h a t  lim  T i s  a A - p r o je c t iv e .  By Lemma 5 .2  i t  i s  f i n i t e l y  

g e n e ra te d .  Thus f o r  X »  1  we have  a  s h o r t  e x a c t  sequence

±X
0 ---------> P^ — - — > lim  T — -— > Tj  ̂ --------> 0

w here cp̂  I s  th e  c a n o n ic a l  m orphism  from  th e  in v e r s e  l i m i t .  Then 

lim  T and P^ a re  f i n i t e l y  g e n e ra te d  A - p r o J e c t iv e s  and we d e f in e  

L(T) to  be th e  t r i p l e  (p \> ^  * ® » l£m T ) . In  o r d e r  t o  show t h a t

t h i s  t r i p l e  i s  e s s e n t i a l l y  u n iq u e  we c o n s id e r  th e  d iag ram

? f

r<*
0 ---------> lim  T — %----->  l im  T  2— >  C  >  0

Y  T ( a )

or

- >  t  - - - - - - - - - - - - - - - >  t  .  - - - - - - - - - - - - - >  C  >  0
K a \  a

4 4

0  0
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The lo w er r i g h t  hand  s q u a re  commutes s in c e  cp ^ °o  = o °cp^  = T (o )T  (o )cp ^  

TCaOtp, and i t  i s  c l e a r  from  t h i s  t h a t  lim  T ( \  -» <yX) = cyl . The
X  1im T

m idd le  row i s  o b ta in e d  by t a k in g  th e  in v e r s e  l im i t  o v e r  e x a c t  seq u en ces  

o f  th e  f o n t  o f  th e  lo w er row and  th e  sequence  o f  th e  m id d le  row w i l l  be 

e x a c t  p ro v id e d  t h a t  T1 i s  e p ic .  B ut t h i s  i s  im m ediate s in c e  th e  T (o )  

a r e  e p ic  so  t h a t  th e  f i r s t  d e r iv e d  f u n c to r  o f  lim  e v a lu a te d  a t  T i s  

z e ro .  A pp ly ing  th e  n ine-lem m a we co n c lu d e  t h a t  q i s  an isom orph ism  

and v ia  q we c a n  i d e n t i f y  Pa \  w i th  P^ and i  ^ w i th  o i^  . T h a t

L°E i s  isom oxphic  to  I d ,  <yy| i s  im m ediate  from  th e  c o n s t r u c t io n  o f
A I*"A

L . The isom orph ism  o f  E°L w ith  Id  ^  i s  e q u a l ly  t r a n s p a r e n t .

S in ce  i s  an e q u iv a le n c e  o f  c a te g o r ie s  w hich up t o  n a tu r a l

isom orph ism  commutes w ith  t h e  in v o lu t io n s  in v o lv e d , we have  a s  an 

im m ediate consequence

P r o p o s i t io n  5 .2 . I f  A i s  a co m p le te  d i s c r e t e  v a lu a t io n  r in g ,  th e n  

^ ( «aU a . j*<® ) i s  e q u iv a le n t  to  ^  > J >ot)

5 .3 .  The m u l t i p l i c a t i v e  and  e x te n s io n a l  s t r u c t u r e s .

We have se e n  t h a t  f o r  any com posable p a i r  x ,y  i n  we have

a  c -e x te n s io n  (E (x ) ,E (y < > x ) ,E (y )) . In  th e  c a se  w here A i s  a co m p le te  

d i s c r e t e  v a lu a t io n  r in g  th e  c - e x te n s io n a l  s t r u c t u r e  p ro v id e s  a  f a i t h f u l  

im age o f  th e  m u l t i p l i c a t i v e  s t r u c t u r e  on • More p r e c i s e l y ,  we

have

P r o p o s i t io n  5 . 3 . G iven  a  c - e x te n s io n  (T * ,T ,T ,/) ,  w here T# ,T,T* a re  

t o r s i o n - l a y e r s  i n  , A a co m p le te  d i s c r e t e  v a lu a t io n  r in g ,  i t  i s

p o s s ib le  t o  i d e n t i f y  L(T) w ith  L (T *)°L (T / ) .
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P ro o f:  From c o n d i t io n  (d ) o f  th e  c - e x te n s io n  axiom s we o b ta in  th e  com­

m u ta tiv e  d iag ram  w ith  e x a c t  rows and colum ns

u

1 .

0

v
->  p.Xp,

l im  cp
0 --------->  lim  T — - --- > l im  T

iXp,

V
->

V
%

-> T

V
0

-> T

->  0

-> 0

As i n  th e  p ro o f o f  P r o p o s i t io n  5 .1  th e  e x a c tn e s s  o f  th e  m idd le  row 

fo llo w s  from  th e  e p ic  n a tu r e  o f  th e  s t r u c tu r e  maps o f  th e  in v e r s e  system  

o f  T* . Then L(T) = (P. , (Xp,)"1 <g> i .  , lim  T) and L ( t ' )  =A,|J| Ap, * -

(pJ.X"1 ® i j . l i m  T*) .

F o r  f ix e d  X c o n s id e r  th e  i n v e r s e  system

rr TT
-> T, -> T» > T X} .

I t  i s  c l e a r  t h a t  lim  t ^  i s  z e ro  s in c e  no e lem en t o f  i s  i n f i n i t e l y

d i v i s i b l e  o t h e r  th a n  z e ro .  F u rth e rm o re  s in c e  i s  f i n i t e l y  g e n e ra te d

and t o r s i o n ,  th e  sy stem  t ^  s a t i s f i e s  th e  M i t t a g - L e f f l e r  c o n d i t io n  so  

t h a t  l i m ^ ^ t ^  i s  z e r o .  A p p ly in g  t h i s  in fo rm a tio n  t o  th e  d iag ram  f o r  

c o n d i t io n  ( 0 ) o f  th e  c -e x te n s io n  c o n d i t io n s ,  when we p a s s  t o  th e  l im i t  

we have t h a t

lim  *. : l im  T -------> l im  t"
T  -

i s  an  isom orph ism . We now i d e n t i f y  lim  T and l im  T" v ia  th i s
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isom orphism  and w r ite

L (T ") = ( lim  T/ , |i 1  ® lim  cp, l im  T )

w here l im  cp i s  th e  m orphism  g iv e n  i n  th e  d iag ram  above. Then

L ( t " ) ° L ( t ' )  = (P ^ (X p i ) " 1  ® ( l im  cp» ij[),lim  T) 

w hich  i s  e q u iv a le n t  t o  L(T) v ia  th e  isom orph ism s 0: -* P. and

1lim  T *4—

5 .4 .  C e r ta in  Q ro th e n d ie c k  g roups o f  g e n e ra l iz e d  h e rm i t ia n  fo rm s .

An exam ple o f  th e  ty p e  o f  s i t u a t i o n  i n  w hich we a re  i n t e r e s t e d

a c t io n  o f  a  f i n i t e  g roup  II, t o g e th e r  w i th  a  II-eq u i v a r i a n t  non-degene  r a t e  

sym m etric  b i l i n e a r  form . A s s o c ia te d  w ith  th e  s tu d y  o f  such  o b je c t s  

i s  th e  f iv e - te r m  e x a c t  sequence  o f  K g ro u p s  w hich  a p p e a re d  on th e  

f i r s t  page o f  th e  in t r o d u c t io n .  The c o n te n t  o f  P r o p o s i t io n s  5 .2  and 

5 .3  i s  t h a t  t h e  s tu d y  o f  th e  f i b r e  c a te g o ry  o f  th e  sequence  c a n  be 

re p la c e d  w ith  a  s tu d y  o f  th e  g e n e r a l iz e d  h e rm i t ia n  form s on t o r s i o n -

m olded t o  r e a c t  t o  th e  m u l t i p l i c a t i v e  s t r u c t u r e  o f  th e  f i b r e  c a te g o ry . 

F o r  th e  c a te g o ry

th e  a p p r o p r ia te  f u n c to r  i s  th e  G ro th en d ie ck  g roup  o f  a  c a te g o ry  w ith  

an e x te n s io n a l  s t r u c t u r e .

i s  th e  f o l lo w in g . L e t X d e n o te  th e  r in g  o f  p - a d ic  i n t e g e r s  f o r
P

p ^ 2 , and l e t  M be a f i n i t e  d im e n s io n a l f r e e  X^-module w i th  an

la y e r s  i n

The sequence  in  q u e s t io n  in v o lv e s  th e  f u n c to r  w hich  i s
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Kj. o f  a  c a te g o ry  w ith  p ro d u c t and a m u l t i p l i c a t i v e  s t r u c t u r e  i s  
tt

d e f in e d  t o  be th e  q u o t ie n t  o f  th e  f r e e  a b e l i a n  g roup  g e n e ra te d  by 

isom orphism  c l a s s e s  o f  o b j e c t s  o f  th e  c a te g o ry  modulo th e  r e l a t i o n s  

g iv e n  by th e  p ro d u c t and m u l t i p l i c a t i v e  s t r u c t u r e .  KQ o f  a  c a te g o ry  

w ith  an e x te n s io n a l  s t r u c t u r e  i s  s i m i l a r  b u t we form  th e  q u o t ie n t  

modulo th e  r e l a t i o n s  o f  th e  e x te n s io n a l  s t r u c t u r e .  We r e f e r  th e  r e a d e r  

t o  [ 3 ]  f o r  d e t a i l s .

D enote by /A th e  e q u iv a le n c e  o f  c a te g o r i e s  th e  e x is te n c e  o f
a/ a

w hich  i s  a s s e r t e d  i n  P r o p o s i t io n  5 .2 .  L e t d e n o te  th e

c a te g o ry  o f  g e n e r a l iz e d  h e rm it ia n  fo rm s c o n s tr u c te d  w ith  r e s p e c t  to  th e

h e rm it ia n  s i t u a t i o n  , ^ )  ) • In  an o b v io u s  way t h i s  d e f in e su  e e  e

an  e x te n s io n a l  s t r u c t u r e  i n  * *n t h i s  lan g u ag e , P r o p o s i t io n s

5 .2  and 5 .3  im m ed ia te ly  y i e l d

Theorem 5 .1 .  I f  A i s  a  f i n i t e  d im e n s io n a l a lg e b ra  o v e r  a com p le te  

d i s c r e t e  v a lu a t io n  r in g ,  in d u c e s  an  isom orphism

fi: K <#(|<«A% A) ) — > K 0 ( | | ( | } A/A) ,  ( 3 - f A»
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§VI. C o m p u ta tio n a l O b s e rv a t io n s .

Ve c lo s e  w ith  two r a t h e r  c l e a r  rem arks, la b e le d  lem mas, w hich

w ould be o f  u se  in  c e r t a i n  c a l c u l a t i o n s .  They g e n e r a l i z e  th e  fo llo w in g

r-f Ztwo s u s p ic io n s .  The f i r s t  i s  t h a t  i f  we w anted  t o  d e s c r ib e  4- w here

Z d e n o te s  th e  r in g  o f  r a t i o n a l  I n te g e r s  i t  w ould s u f f i c e  t o  d e s c r ib e  

Z
'  * '  -f a  w» o i l  n r i  m na n  nrVtA tvs

J . - *
f o r  a l l  p r im e s  p , w here Z r _x d e n o te s  th e  r a t i o n a l

i n t e g e r s  l o c a l i z e d  a t  th e  prim e p . The second  i s  t h a t  th e  c a te g o ry

n  > n <p>*!f )[4- i s  e q u iv a le n t  t o  j  p , w here <p> d e n o te s  th e

m onoid o f  n o n -n e g a tiv e  pow ers o f  th e  prim e p .

Lemma 6 .1 .  I f  th e  a b e l i a n  c a te g o ry  e x p re s s e d  a s  th e  co p ro d u c t

-U -O ji  whe r e  t h e Q j ^  a r e  th e m se lv e s  a b e l ia n  c a t e g o r i e s ,  th e n

r ^ A  c ( Q )

i s  iso m o rp h ic  to  „  „P m .
— ~— > ^ ( 0 1 ^  >

P ro o f :  S in ce  i s  iso m o rp h ic  to  *p|” c (01^) • th e  m onoid m orphism

A —2— > c (  0 |  ) i s  e q u iv a le n t  to  th e  s p e c i f i c a t i o n  o f  a  fa m ily  o f

m orphism s {A  — ------>  0 ( 0 ^ ) }  w here = p ^ m  , p 4  b e in g  th e  p ro ­

j e c t i o n  o n to  th e  i * * 1 f a c t o r .  Then th e  sundry  p r o je c t io n s  o n to  and inr- 

j e c t i o n s  i n t o  p ro v id e  u s  w i th  o u r  isom orphism  o f  c a t e g o r i e s .

F o r  A a com m utative c a n c e l l a t i o n  monoid l e t  U (A ) d e n o te  th e  

g roup  o f  u n i t s  in  A . A /U (A )  w i l l  be th e  q u o t ie n t  u n d e r  th e  a c t io n  o f  

U (A ) w hich  a d m its  an  e v id e n t  m onoid s t r u c t u r e .  We have th e  n a tu r a l
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map N ^ : A -* A /U (A )

Lemma 6 .2 . I f  h a s  a  s e c t io n  S^: A /U (A )  -* A , th e n  in d u c e s  an

e q u iv a le n c e  o f  c a te g o r i e s

^ . n  a S <=<0U  -  ^ . - s A .

P r o o f : The f u n c to r  ^  i s  g iv e n  by (T )^  = Tg ^  , j$ (T ) (p  -» p**p)

T(Syy((J./ ) )  , j^ )(T )* (p  -* p*p) = T * ( S ^ ( |j / ) ) .  We th in k  o f  th e  s e c t io n  

a s  a  c h o ic e  o f  a  subm onoid o f  A c o n s i s t in g  o f  1  and c e r t a i n

n o n - u n i t s  o f  A so  t h a t  e ach  X i n  A h a s  a  u n iq u e  e x p re s s io n  o f  th e  

form  X = w here u^ € U (A ) and . Thus ^  i s  e s ­

s e n t i a l l y  th e  f u n c to r  w hich r e s t r i c t s  a  t o r s i o n - l a y e r  to  a  subm onoid. 

D e fin e  . m°S..  ̂ IU- £>a m

by
/  q /  u  T (p  )

I  (* h  = V  ’ i>  (T)<X '  “x > " V .  t t | t m
W

•|*X

and

^  (T)*(X -* orX) = T*(pa ) .

The v e r i f i c a t i o n  t h a t  t h i s  d e f in e s  a  t o r s i o n - l a y e r  i s  t r i v i a l .  Then

J i  o = Id  „ and f )  ° x j  -  Id _  w here th e  n a tu r a l  t r a n s -XJ JCJ f^m °Syy ^  m

T (u x )
fo rm a tio n  § i s  g iv e n  by T ---------- »  T» .

PX A
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