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INTRODUCT ION

Given categories with product C and C ' , and a product-preserving
cofinal functor F: Zf - t;' , there is, according to Heller [3 ], a five-
term exact sequence

K (0) —> K (") —> K @F) —> K (L) —> K ()

where &F 1is a new category constructed from F called the fibre of F.

For A a commutative ring, we denote byJ?\f the category whose
objects are finitely generated projective A-modules and whose maps are
isomorphisms of these modules. If A 1is an integral domain with quotient
field k, and MA:3>i ”JD£ the functor defined by tensor product over A
with k, the fibre category QMA has as objects triples (F,x,Q) where
P,Q € ob@lf\) and x: k® P~k ® Q 1is an isomorphism in\Pi .

Identifying P with 1® P and Q with 1® Q, for some A # 0,
A‘x(P) € Q. In this manner one constructs out of the triple (P,x,Q) a
torsion module ~- indeed a collection of torsion modules, one for each
element of the ideal Ix = {Xll-x(P) c Q). 1In some sense we spiinter the
k-equivalence x into this collection of torsion modules, and there are
of course relations among these which derive from the situation in which
they originate. Such a collection of torsion-modules together with ad-
ditional structure given in the text proper will be called a torsion-layer.
Once a splintering of an object of QMA into a torsion-layer occurs, it
is not possible, in general, to recover the original (P,x,Q). Indeed, A
a complete discrete valuation ring seems to be the only non-humpty-dumpty
case,

Our original desire was to probe the extent to which certain fibie

categories could be replaced with categories involving torsion objects,
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at least insofar as the Grothendieck group is concerned. Specifically,
we were interested in the fibre of SA: S(}>i) nd S(})ﬁ) where S(j)x)
is the category whose objects are non-degenerate symmetric bilinear forms
on the objects of.y)i and whose morphisms are isometries of these forms.
It should be mentioned that Karoubi [ 6] has dealt with this question in
a satisfactory fashion.

Now it proves that the fibre category QSA can be regarded as what
we will call the category of generalized hermitian forms on %M, . The
necessary ingredients for a generalized hermitian situation are a pair of
involutions on a category, one covariant and the other contravariant.
This is developed in Section IV.

Let S} A denote the category of torsion-layers, and ZA: QMA - E}A
the functor which associates with each (P,x,Q) its splintering into a
torsion-layer. QMA admits a covariant involution, denoted j , defined
by j(®,x,Q) = (Q,x-l,P). We construct an involution J on E}A with
the property that ZA is equivariant with respect to these involutions.
The definition of J and the verification of its involutory nature is
rather intricate and will occupy us throughout Section II.

The category QMA has a multiplicative structure defined by
(®,x,Q) ° (Q,y,R) = (P,y°x,R). The analogue of this multiplicative
structure proves to be an extensional structure on E}A . This exten-
sional structure admits a twisted involution compatible with the functor
J. These topics are treated in Section III.

If A is a finite dimensional algebra over A, A a complete dis-
crete valuation ring, we denote by(YnJA/A the category of A-modules

which when considered as A-modules are finitely generated and projective.



-3-
We then have a functor AWTLA:qnlA/A‘leru&A/k and from th;s a functor
QAmA d BA/A where:}A/A is the full subcategory of 3» A consist~
ing of finite torsion-layers. In Section V we show that this is an
equivalence of categories.

Finally, we provide assorted general results on equivalences of
certain torsion-layer categories. Alas, the core of the text, which is
the construction of the torsion-layer category together with its in-

volution and extensional structure, remains an apparatus in search of

wider application.



§1. Oriemtational Remarks.

For A an integral domain, we will denote by A the commutative
monoid of non-zero elements of A, A submonoid I of I will be called
an ideal of A provided that Y € ”X and A € I implies that YA € A%,
Note that no mention is made of the additive structure on A,

We observe that Ax may be regarded as a category, also to be de-
noted Ax, whose objects are the elements of Ax. The set of morphisms
from o to B, e (2,B), is empty provided that « does not divide B,
and consists of a single element if «a does divide PB. In the latter -
case B = a-Y , where Y 1is unique since N is a cancellation monoid,

and we write

o X B
for this single element of g (a,B).

We recall the definition of the category &M, . The objects of
¢M, are triples (P,x,Q) where P,Q € ob(Plf\),,and x: KP — k&,Q is an
isomorphism. A morphism with source (P,x,Q) and target (P',x’,Q') 1is
a pair (f,g) where f: P~ P’, g: Q = Q' are morphisms in :P lf\ , with
the property that (1k ® g)ox = x'°(1k ® f).

Given an object (P,x,Q) of &M, we identify P with the A-sub-
module of k ®A P generated by 1 ® P and Q with that generated by
1®Q in k® Q. Let I ={\€ N |hex() € Q). Since P and Q are
finitely generated, Ix is non-empty and it is clearly an ideal of Ax .
We note that Ix can be considered a full subcategory of AX.

Denote by g)\ the morphism
Aex

P >Q,K€Ix

- X
so that, with this notation, x = A le g) » and g, = awg, , € N,
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-1,-1 -1 -1,-1
since o "A " ® Bl = A ® g, = ¢ ANT® ogy . We now define a functor
Tx’ depending on x, with domain the category Ix and taking values in
Tors, , the category of torsion A-modules. For A€ L, Tx(h) = Q/ng,

and for A % a.A, T (A 8 g\) is defined by
X

2]
0 > P > Q > Q/g)\P > 0
1.1 l la J/'r(a)
0 > P > Q > Q/ga)\P —> 0
B\

In what follows we will suppress the dependence upon x and write
T = Tx . Also we will write T(a) for Tx(k - a)) when no confusion
is possible.

Similarly, we define a functor T: = T*: qun——-> TorsA where

* *
T (M) =T() and T (A~ oAr) is defined by

Ea
0 > P > Q > Q/g,)\P > 0
1.2 dil l?*(a)
2
0 > P > Q > Q/g)\P > 0

where as before we abbreviate T*(X = al) to T*(d), when there is no
danger of confusion. We write T, for T(N) in the sequel.

Thus, associated with each (P,x,Q) of QMA is a pair (T,T*) of
functors, T covariant, T* contravariant, where Tk = Ti and for
‘A= oA, T(e) is monic and T*(d) is epic. We will refer to tkis pair
as the torsion-layer associated with x, and denote it T = Tx , suppres-
sing the T* .

As mentioned in the introduction, QMA admits the covariant involution
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j, where j(P,x,Q) = (Q,x-l,P) and j(f,g) = (g,f). As above there is
the torsion-layer associated with x-l, defined on the category I -1

X

We write xn1 = p,-l ® hp‘ where p € 1 -1 and hl»l- = u.-x-l considered

X

as a morphism from Q to P. Note that since x-x-l =1, for A€ Ix R
b € Ix_1 . hu'g}\ = )\plp and ghhp‘ = MIQ .

In addition to the covariant involution j, QMA admits a contra-
variant involution or a duality, as we shall call it. Since the category
?i has a duality, namely that given by P -~ HomA(P,A) = P* -- gsee, for
example, Jans [ 4], we have immediately the duality @: oM, ~ 3M, de-
fined by o@(P,x,Q) = (Q*,x*,P*) and og(f,g) = (g*,f*). As before x*
has associated with it a torsion-layer which we denote by &3(’1‘). The

* ok k

* - *
associated ideal is I , = L and since x = A le g) » @(T)}\ =P /gQ =
X

1
ExtA(T)\,A).
Let us examine this more closely. Beginning with the short exact
sequence

&)
0 > P > Q > Ty > 0

and applying the functor HomA(-,A), we get the exact sequence
*

* 8 *
> HomA(T}\,A) > Q > P

1
0 > ExtA(T)\,A) —_—> 0

where HomA(TA,A) =0 since T, is torsion and A a domain. Indeed,
writing down the diagrams defining T(a) and T*(a') given above, and
applying @ to these diagrams we see that (&T) (@) = &(T*(d)) and
(A @ = A .

Before considering the category QSA we need a definition. For

P an object of (P If\ , a non-degenerate symmetric bilinear form on P

* *
is an isomorphism E§: P = P such that § = § , where P 1is identified
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with P** in the usual manner. In general, we'll refer to sucha £ as
a A-form, all the additional adjectives being understood.

An object of the fibre category QSA is a triple (P 8 P*,x,Q 1 Q*)
where & and 1 are A-forms, x: k® P~ k® Q is an isomorphism, and

the following diagram commutes

k® P E—sk®Q
1®E J/ 191
*
k® P < — k® Q
X

that is, it is a pair of A-forms together with a k-equivalence of their
k-form images.
We now associate with such an object an isomorphism of the torsion
-1 *
layer of x and that of x . For A€ Ix NI .1 » We can write
b3

-1

x = )\-1

* - *
®h) and x = vl g) - From the above commutative diagram,

*
§°hl = gk"'ﬂ , and we have the commutative diagram with exact rows:

0 > Q > P >T ;M) > 0
X
A A
0 > Q* e P* >(@ﬂ‘x))\ > 0

Denoting the torsion-layer of x-l by JI, we have a family of isomor-

phisms
T\

Loty >RAhhernr -
X

It 18 a trivial calculation that the diagrams



r r
g, —2— Pr, JT, A DT,
IT (@) @@ I @) T T DT (@)
Hak r > @Tak JTa)\ I >06Ta)\
aA 2

are commutative. If we consider the restrictions of JT and &T to
Ix niI -1 0 then the collection {Fk] provides us with what we would
X
think of as an isomorphism of torsion-layers. In fact, we shall consider
"germs' of torsion-layers rather than the torsion-layers as we have con-
structed them, and T = {Fk} will be an isomorphism of such germs once
we have written down the definitions.
In summary, arising out of the situation defined by an object
(8,x,M) of QSA is an isomorphism of the torsion-layer of x-1 with
that of x*. Now, if we had an isomorphism of Tx with T , it would be
natural to regard this as a bilinear form. But instead we ﬁave here an
isomorphism of the image of Tx under a covariant involution with the
dual of Tx . Such an object we will call a generalized hermitian form.
Our goal now will be to cut the moorings of a torsion-layer from its
origins in the fibre category situation in which it arose, and to construct

from a torsion-layer T another torsion-layer, denoted J(T), which will

play the role of JT above. This we do in the following section.
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§II. Torsion-Layers and Their Involution.

2.1. Definition of torsion-layers.

We will make our definitions and constructions in a more general
context than that indicated by what has preceded. In the sequel, A will
denote a comnmutative cancellation monoid, Oban abelian category, and
c(a) the center of OL , i.e,, the commutative ring of endomorphisms
of the identity functor. Let m: A — ¢( OL)X be a morphism of A into
the multiplicative monoid of c( (l); m will remain fixed throught
this section. It now makes sense to speak of A -):'A for A € ob Ol/ .
where we mean A M A, The m will be suppressed in order to al-
leviate the notation.

We will say that A is A-torsion if A -)-" A 1s the zero~-morphism,
A 1is said to be m-torsion if it is A-torsion for some A € A . Torsm
will denote the full subcategory of d,consisting of mtorsion modules.

As in Section I, A and its ideals will be regarded as categories.

Definition: By a pre-torsion-layer we will mean a pair of functors

T: I~ TorsmOL, T*: °P - Torsm OL, where I 1is an ideal of A ,
satisfying the following properties:

(©) T() =T () for A > 1. The notation A > 1, read 'A large’,
means 'for A in a sufficiently small ideal of A'. From this point on
we will write T), for T(A) and T*(A).

1) For A %oh, TA S oA) is monic, T (A $oA) is epic and
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commutes for A >> 1. We note that the notation T(a) is potentially
ambiguous, but the domain and range will be clear whenever this ab-
breviated notation is used.

In the coomutative diagram

T(o)

0 > TB)‘ > TQBA
™ @) l ()
0 > T\ =@ Ta)

(=
o=

the induced morphisms of the kermels and cokernels are isomorphism for
A > 1, Indeed, either of these morphisms being an isomorphism implies,
by the nine~-lemma, that the other is also,

We will usually relax our language and say Ythe pre-torsion-layer T'
and suppress the T* . Two pre~torsion~layers T: I — TorsmOL and

T" I' - TorsmOl/ are said to be equivalent if there is some non-empty

ideal J < 1N I* such that 7|3 = T/|7 . An equivalence class of

pre~torsion-layers will be called a torsion-layer. So torsion-layers

are germms of pre-torsion-layers.
If S and T are torsion-layers, thenm a morphism S —-T is a

)
collection {su L >t} , I some ideal in A , such that

B HEL
{(pu} is a natural equivalence of the covariant functors S and T.
More precisely, a morphism is defined when we choose pre~torsion-layer
representatives of S and T with a common domain and a natural

equivalence of these. We identify two such morphisms if they coincide

on some smaller domain, We will later show that such a {cpu} is also
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* *
a natural equivalence of S and T .
3. n_ '3- will denote the category whose objects are torsion-layers

and whose morphisms are the morphisms of torsion-layers as defined above.

2,2, Primary example.

In the special case where OL is the category of A-modules, A a
commutative ring, the center of OL can be identified with A . So we
X X
have the morphism 1 x* A = c( OL) ; We will assume that A 1is an

A
integral domain in order that Ax be a cancellation monoid, and write

3 A for B'IAX . )
In Section I we associated with an object (P,x,Q) in QMA a

pair of functors (Tx,Tx*).

Proposition 2,1, The pair ('rx,Tx*) is a pre-torsion-layer and

r,x,Q) — (Tx,Tx*) defines a functor I: @MA —'S'A .

*

Proof: (0) is clear. That T(» % o)A) is monic and T (A S o)) is

epic follows easily from the defining diagrams 1.1 and 1.2, That the
* *

compositions T (¢)T(w) and T(x)T (¢) yileld the appropriate x is

equally clear,

Considering the coomutative diagram with exact rows

0 ——> o/Bg,P — 2> /o, P ——> Q/2q ——> 0

@) ™ (8) ”

0 —> Q/g,‘P —W Vg P ———> Q@ ———> 0

we see that (2) is satisfied. Note that T(a)[q] = [oq] and

T*(B)[q] = [q] where [ ] means coset class and q € Q. The action

of &£ on morphisms is transparent.
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2.3. Derived kernel and cokernel torsion-layers.

If T is a torsion-layer, property (2) provides us with isomorphisms
Cok T(BA = aBA) = Cok T(M = oA) and Ker T*(k - BA) = Ker T*(dl - o))
for A > 1, Fixing o and B, via these isomorphisms we identify the
cokernels (kernels) and denote this common cokernel (kernel) by the
symbol Ca(T)(KB (T)). VWe will omit the T when only one torsion~layer
is under consideration.

We define morphisms C(o B, of) and C*(a , oB) by means of the

commutative diagram

0 > Ty LGRS T > Cy >0
l'rce) 1/0(8)

0 > T, T(‘”a),s-rdm > C o >0
B \LT*(B) J/C*(B)

(4] > T > T > C > 0

From the nature of the identifications it follows that C(B) and
C*(B) are independent of the particular A, provided only that
A >> 1., That C(oB) = C(®)C(B) and C (o) = C (B)C (@) follows
from the corresponding properties of (T,T*). Observe that C(B) 1is
monic, C*(B) epic, and that their compositions yield the appropriate
B .

This enables us to define a functor pair C: A - TorsmOL ,
C*: A°P o TorsmOL which satisfies conditions (0) and (1). This parti-
cular functor pair has an additional property from which (2) will fol-

low,



Lemma 2,1. The sequence

is exact.

Proof: We have the commutative diagram with exact rows and columms

{ I

0 > Ty >Tafl ’Ca >0
l c(d)

0 >T)‘ >TQ'BA >CO’B > 0
l be
Cs ja
0 0

At this point we inaugurate the convention that the morphism TX - chl
without any special indication above the arrow is T(MA — aA) and
imilarl - i T* A = aA
s arly, Tcrk T 1is ( al).
*
It remains to verify that 6 1is C (o) and this follows from the

known commutativity of four of the faces of the wedge diagram

—_—> 0

aﬁi T e“{\c: <:;
C / i ‘ \Icﬂ/ |

B

and the exactness of the top line.

*
Proposition 2,2, (C,C ) defines a torsion-layer.

Proof: It remains only to prove (2), and we have the commutative




diagram with exact rows

*
C(a) C (By)
0 > be —> CBBY > qy > 0
c*®) c*®) e,
0 —>C ——>C > C >0 .
Yoo Yt o

where the commutativity of the left hand square follows immediately
*
from the corresponding square for (T,T ).
In a similar fashion we define morphisms K(x — off) and

*
K (@ = aB) by means of the commutative diagram

0 > Kd o J Tdk > Tx > 0
x(B)l l'r(s) l/B

07 Bp—> To > >0
K" @) l/T ®)

0 > Kd —> de > TK > 0

*
where K(B) and K (B) are independent of A for A >> 1 and we
have
Lemma 2.1'. The sequence

*
o RO {() K (a)y

>
o - KdB

KB > 0

is exact.

Proof: The relevant diagram is
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i i
Ke=———————— K
o o
w $

v o

>
K" (@) l
\
0 >\11(/B —> Tg, > T, >0

0 0

and that ¢ is K(P) follows from a diagram similar to that in the
proof of Lemma 2,1.

We merely state

*
Proposition 2.2°. The functor pair K: A - TorsmOL, K: AP~ TorsmO]J

defines a torsion-layer,

2,4, Preliminaries.

We proceed with several lemmas which are needed for the construc-

tion of the involution J .

Lemma 2.2, If C 1is the torsion-layer cokernel of some T, Ca is

a~torsion,

Proof: Referring to the diagram

de
/ la
> Tcd

>
0 ﬁTl

—2 s

1;
> C
o

e
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%k
we have aee = e°ay = e°T(o)°T (o) = 0, and e epic implies that o 1is

the zZero-morphism on Ca .
Lemma 2.3, For T a torsion-layer, TA is Xz-torsion, A>1 .,

Proof: For €I, Tu is torsion, so for some v, Tu Yo'ru is the

zero-morphism, We then have the short exact sequence

v
<]

0O—>T —>T > C
K uv v

where the end objects are v-torsion, from which we can conclude that

Tp.v is vz-tors:l.on, hence (u.\))2 torsion.

For A > 1, T)\ )\z-torsion implies that the composition

Tk - Tks ~ T}\ is the zero~-morphism and we denote by )\X the complex

ceoe

0—->T)\——>T;\3 —->TK_'>O_> oo

where T)@ is taken as the degree zero term and we note that the

homology of this complex is concentrated in degree zero. We will

generally omit the zeros in writing such a complex.
Lemma 2,4, The chain map
Toa 7 Tops —> Ty, A

X
o
written J/ i
o
X

is a quasi-~-isomorphism, i.e., it induces an isomorphism on homology
HGX) HGX) .
Proof: Expressing the homology as the kernel of the morphism from dual

cycles to boundaries, we have
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0 —> HGX,) > Cya > Ty >0

\Li(a)

0 —> H(X) — Cya

>TA__>0

and i(a), which we will write for H(ia) is an isomorphism by the

five-lemma,

Lemma 2.5. The chain map

——> T

Tod > T g BA A o
” T T written TJB

is a quasi-isomorphism,

Proof: Expressing the homology as the cokernel of the morphism from

the boundaries to cycles we have

0 —> Tal

0——q>'l‘a)\—->K

—> K a3 —> HGE) —> 0

“d TJ ®)

43— HGX) —> 0

and j(8), which we write for H(jB), is an isomorphism by the five~

lemao

2.5. Definition of the functor J.

For T a torsion-layer we will define JTA as the homology of
the complex ,X, A> 1. From Lemma 2.,4. and 2.5. we have a canonical

1 somorphi sm J@)1) ! : H(,X) -’H()\XE’) . 1In the special case o = P
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we write Ga = J«r)°i(a)-1 .

We have chain maps

—_—> T —_— T

o?A® ah

| ”

A T T T T

!
EAT N N

ak Tar‘ AS Ty

LY Tarl

A

and we observe that cpd is such that . _H(cpd), which we denote o(x),
is a monomorphism and that H(*a), denoted VY(a), is an epimorphism.
Their composition, in either order, yield the appropriate «o . Re-
marking that JTX = H(xx) , JTQX = H(akx) , we define JT(A - o)) as
P(@)°6_ =and IO »a\) as e;l o ¥(@) .

In what follows we will be lax about distinguishing between
torsion—-layers and representative pre-torsion layers of these. This
shouldi't lead to any confusion.

We must now verify that the JT thus defined is a torsion-layer.
Once again some preliminaries are necessary. We consider the chain
maps

AX <—il- X L XS , and

2y A%y A

X

Pl

>
Tl >

T | I
) o
Toh — Togd = Tpa A o

where it is hoped that the diagrams will provide some insight into
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the accompanying notation, We will be somswhat fuzzy notationwise and
use ia' JB for different chain maps, where the specification of
domain and range will serve to distinguish these from the other 10, ja.
ia and JB are to be thought of as referring to certain operations
rather than specific morphisms -- they are modes of passing from one
complex to another, The same remarks apply to wa and *a . Compar-
ing the notations with the notated should give the reader a feeling for
the inflexions of the symbols.

In the sequel we frequently deal with morphisms obtained by passing
to homology and inverting certain morphisms. Given a finite connected
sequence of chain maps, say A «~ B = C , and another such, say A - D« C
with the same right end complexes and left end complexes, we write
A“B—"*C~A~—-D+~ C to mean the following: if we pass to homology
and reverse the left-pointing arrows, the compositions obtained co-
incide. It is understood that the left-pointing arrows are quasi-iso-
morphisms; ~ will be read 'equivalent'.

i
Lemma 2.6. X <%

3 i i
B g . o
x’%‘"‘“’x"g“xx ’xxa xxz .

Proof: A trivial calculation shows that

J i i J
B a _ o B
an —> lxg > le - Xx& > Xx > XXB

and passing to homology we have i1(a)j(B) = j(B)i(a). Since these are
all isomorphisms, j(B)°i(a) = 1(a)s ej(B), which is the content of
the assertion,

1 i )

P
o B ~ B o
Lemma 2,7. xxg—>ax"<—ax"a x"g“—x"zﬂ""""ax"s .

Proof: One checks without difficulty that



® 1 i )
a _ B o o
AXZB X = x"ge —_— x"g > %y

and, as in the previous lemma, this is equivalent to the assertion
of the lemma.

Note that in the proofsriﬂt is remarked that jsoia = id°JB and
15°9, = @°lg - In addition, idﬁ =1, = iB°1a and Jaﬁ = 3,008 =
‘jﬁoja . These relations are transparent when written out. In order
to demonstrate the functorial nature of JT we need JT(aB) =

JT(x)°JT(B) . This is precisely the statement that

i L} i J ®
B B o o o
AX < 2% > f% >paX < %y > g3%y —>,aa%
is equivalent to
J P
o B of XQ'B of
kx S xXda > K QB PN i, 3 dka o

This equivalence is a straight-forward application of Lemmas 2,6, 2.7,
the remark following Lemma 2.7, and the observation that <de = cpaocps =
-]
P8°%%
Similarly, for the operation ¥, *Q'B = "a"*s = *Bwa , vaoiB =
i .o
B ¥

easily conclude

o and ‘#ao‘jB = JBWG . From the last of these relations we

Vo Y i
Lemma 2.7%. x"g“‘— x"a"—‘>xxga”ax"g—>xng<_xxgs°

* * * *
The functorial nature of JT , that JT (of) = JT (B)°JT (o)

amounts to the equivalence of

v, o 3, 1, ¥g 3 1
X——>a% X~k £ ﬁ% 25 zX

aBA

and



2]
i

¥ J
of xaﬁ af of

oB\
Again this is a follow=your-nose calculation that we omit,
x*
That the pair (JT,JT ) satisfies (0) and (1) is immediate.

Only the proof of (2) remains. The fact that

JT
@)
JTBX —_— JTaﬁl
ITie) ¥ @)
JT(«:v)

ITy —— >\

commutes follows by a lengthy but trivial use of the arrow calculus
found above. Using our canonical identifications, we write
Tgr = BB, IT, = B(,%5), ITgy = Bl X and J7y = 1GXD)
That making these identifications is hamless enough follows from the
commutative nature of the arrow calculus in this case., Indeed, we
might well call it a "calculus of identification justification”, and
we will refer to it rather than use it.

The chain map Pyt xgﬁ - kxg induces JTX - JTal and we have

Aof
the commutative diagram

0 —> T gy ——> K g35 ——>JT, ——> 0

k JT(A—))

R
N
R
oe<—eg<
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where the rows and columns are exact and z, is an isomorphism by the

nine-lemma. The chain map thg - ale induces JTBX - JTQBI‘ and

Rygere ——— ITgy

we obtain a similar diagram of which we embed a section in
*
Ky /
> JT,

K&El? J/
/

Kepre | —— or

oBA,
v/

K2 ga2 _—J/__> T
\4

/ KCY
K ~
zC!

[«3

K(o)

<
<

)
> Cok JT(BA — aB))

V

> Cok JT(A — @A)

which is commutative, and we see that we can identify the cokernels, so

(2) is verified. In sum, we have

Proposition 2.3. The construction J defines an endofunctor of :}-m .

2,6. The involutory nature of J.

In the proof of Proposition 2.3, we made use of an isomorphism

KU(T) > Ca(JT), where we have again identified all the a-cokernels,

2a

Proposition 2.4. {za} defines a morphism of torsion-layers z: K(T) - C(JT).

Proof: Consider
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WT@WQ /? Tapa

Sppe T J}fax

KOlﬂ > CorB (JT)
Vv ////1;zZr)<e)
Ka z > Cd(J'r)
Y
0

The known commutativity of five faces and the exactness of the front-
left edge gives us the commutativity of the bottom face.

Preparatory to the proof that J 1is an involution we require some

lemmas,

Lemma 2.8. If b}‘(T): Ty * K)z is induced by T, - T)s for A>>1,

then
T ()
T)\ —_— Ta)\
by (D) b, ()
Kyg ——> K 5.2
N K(c?) o2 N
commutes.

Proof: This follows from the chain map

Ty > Tya > Ij“(
T(a) T(a?) \Loﬁ
To:)\ > Toahg > '1‘)\



which induces
*
i)‘—_——> Ker T (® = })

*
T~ Ker T @8 =N

and making our usual identifications we have
*
Ker T (0B® —> LA) = Ker T*(cr")c" —> o) = Keyz

which yields the diagram of the lemma.

Lemma 2,9. If dA(T): JT, - C)? is induced by JT, = Cok(T)s ~ TA)

for A >> 1, then

JT .——EL‘.L> JTQX

A
d, (T da N (¢9)

Cx To@ 2

Proof: Writing C;“ for the cokernel of Tk - T)‘H » Wwe have by the

definition of JT(®)

. 0 > JT)\ —> Cf > Tl > 0

1 () ’l‘ uf “

o’

0 > JT > Coy > Ty > 0

JT (@) J(d)\l/ ¢ \L
0 > A > Cai)\a —> T A > 0

Vo U’
Vv o e

. 0 > na)\ > Cax - To:k > 0

where u 1is an identification map, and provides us with the diagram of

the lemma.

Theorem 2.1. The functor J is an involution on '}m , 1L.e., there

exists a natural equivalence Id:}m 4 J2 .
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Proof: From the commutative diagram with exact rows

0 > T, > Kyg —> JT,, > 0
w z 1
[ e
2
0 —— J'T) > Cy2 (JT) >JT, > 0

where the induced wy is an isomorphism. We need only check that

{wl} is a morphism of torsion-layers., That follows from the diagram

% ‘-> JZT/ \La

Kig = Cy2 1)

where the sides are commutative by Lemmas 2.8 and 2,9, along with the
defining diagram for wy . The bottom face is commutative since 2z is
a morphism of torsion-layers, and the fact that dx(JT) is monic implies

that the top face of the cube is commutative, which proves our assertion.

2.7. Primary example.
In Proposition 2.1, we defined a functor L: QMA - E}A . QMA admits

the involution j defined in Section I and the involution J that we

have constructed is compatible with Y . We have

Proposition 2.6.
z A

o, — =517

JJ/ \LJ

A

s}

commutes up to natural equivalence.
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Proof: Let (P,x,Q) be an object of &M, . We will write simply x for
this object and refer to Section I for the notation. (Zej) (x))\ = P/h)‘Q
and (JoX) (x))\ is the homology of

T () T (R)
Q/g)\P —X— s /2 g\P S SRS Q/g)\P

which is equal to g)\P/)?Q « Then @)‘; P/h)Q - g)‘P/)@Q is an isomorphism
where 2)\ is the morphism induced by g, , recalling that g,h, = 2. 1Q .

That {/é)\] defines a natural transformation follows from the commutativity

of A
g
P/hyQ > g,P/¥Q
T(a)=3 Q2=JT(a)
A
o

P/oh,Q > g P/ ¥2Q
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§III. The Extensional Structure.

3.1. Extensional Structures

In [ 3] Heller introduces the notion of an extensional structure
in a category with product. For the convenience of the reader we recall
the definition. LetJ(/ be a category with product 1 , and
P,,P,,P: K xX = K  be defined by P, (A,B) = A, P,(4,B) = B, and

P(A,B) = A L B,

Definition 3.1. An extensional structure in a category K consists of

a category Ke together with functors P{,P;,P': Ke —*K and a fun-

ctor v:K xK, -k, satistying P{v=P ,i=1,2 snd PV=P.
We note that B—m is a category with product given by direct sum
in the category TorsmOL . We would like to define an extensional

structure in 3— m .

Definition 3.2. If T’ and T are torsion-iayers, by a left-morphism

T’ = T 4is meant a collection of morphisms

’ .E
T)\ > T}\P
defined for A >> 1, p >> 1 satisfying:
P
Ll pf— N g
Ll A Ao
T(x
WNl ()
Tod
and
A 1! a > T
L2 A N
! () \L \L T(a)
T'
(7% > T
ad,u oM

commute.
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We obtain some immediate properties of left-morphisms.

Lemma 3,1. If {cp}"'j Ti - TM} is a left-morphism, then

P
4 _&_>
*
o l’ J/ T (@)
1! > T
A
¢k’p N
and
¢
Y} O’)\|E
L4 Tk ” TO‘}"' *
" (0) L T (@)
1! > T
> cp}‘sl-" e
commute, .

*
P f: L3 T = = = b
roo L3 ()T (a)¢k,au amk,ou wk,au o T(a)¢k’ua y L1 and

T(2) monic implies that T*(a)wh,au = ¢N,u'a ;

L_i : T(01)'1?*(01)&9‘,,)\,u gl W Y T <Pa)\;“T'(0!)-T'*(a) =
T(2)gy ,T (@ by L2 and T(2) monic implies that T @, =
‘P)\,HT*(Q’) .

Definition 3.3. If T and T are torsion-layers, by & right-morphism

T - T is meant a collection of morphisms

¥
T _____).‘.IE..> T”
M b
defined for A >> 1, u >> 1, satisfying:
YA ,
Rl T, —ab 7
== M M
'r(a)l li” (@)

TOIM ——-——“’W > '1"0“

and



commute.
i/
Lemma 3.2. If HA,H‘: TM - T;} is a right-morphism, then

___*lxi&__.> T
n

and
\ ,
Bﬁ Ta)\p, ._.lg‘."’__> TIQp,
l " (o)

commute.,
° = [} = [ -]
) T(x)eT (@) = % A, a=a 1';’ T (¢) by R2 and

Proof: R3 : *oz
]

epic implies ¥, “°T(Ol) = 0"’*)\’“ ;
?

R4 : identical with proof of L&4.

Some examples of left-morphisms are

.
.

(1) K(T) k—"l:---> T which is derived from the exact sequence
*
k T @)
s g, Rl :
0 —> K, > Ty, > T, >0 ;

LT
> T where l’k,p =T(A~ M) .

(1) T

Corresponding to these we have the right-morphisms

C
L C(T) which is defined by the exact sequence

(111) T

T" (@)



and

Tp

(iv) T > T where r, m = T*()\ - M) .

Definition 3.4. By a c-extension is meant a triple (T',T,T”) of
torsion-layers together with a left-morphism {cp}‘ % T;\ - TM} and a
b}

right-morphism “k,u: T)\H - T;] such that for A>> 1, p > 1 ,
. A ¥ ,
o—>r}\—'ﬁ>r}u—ﬂ"—>r&——>o

is an exact sequence in Torln (j[/.

For a c-extension the following diagrams are commutative with exact

rows.
(A) 0o —> Ti > TNJ- > 'r': > 0
R
0 —> T;)\ — TO!M- —_— '1“’; — 0
(B) o—>ii >\EM >f > 0
0 —> 'r;\ >'ra)v ——>1“é“ —> 0
(©) 0 —> I;‘ >I/am S I/”m —>0
0 —> T;\ > TM > '1':1 > 0
(D) 0 —>QI/&)‘ _— I‘W' > -1H:" > 0
0 —> T;\ > TM > 1’; > 0
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This is just a restatement of the exactness condition along with an im-
mediate application of Rl-4 and Li-4. If no designation of a morphism
is given in a diagram, it can be assumed to be the only one guaranteed
by the context.

Associated with any torsion-layer T we have two c-extensions:

r L C
KkT>T T o7 and T——>T—2>c¢.

Let E} : be the category whose objects are c-extensions; a morphism

’

(r’,1,7') ~ (s’,8,8") is a triple of morphisms 1n:}‘“ , T = s, T-s,

and T' = 8° such that the diagrams

0 >I/;‘ >TM >'r;1 > 0
0 >s;\ >s)u '>s; > 0

commute for A,u >>1 .,
We have three functors Pl,PZ,P:i}-: *':}m defined, for X = (1’,T,T7"),
by P, (X) = T/, P,(X) = T and P(X) = T. We will now define a functor
. m m " " =
Jc. :}c. E}c which is "twisted" with respect to J, i.e., Pl(Jc(x))

IR, (X)), By(I (X)) = I(P, (D) and P (X)) = I(EX) .

3.2. Construction of the functor Jc .

We will associate with each c-extension

P\

1]
{r! hp e A T:.}‘

N

a new c-extension

(Jo) 61))
()~ g —wh i}

We begin with a series of lemmas.



-32-

Lemma 3,3. We have the following exact sequences
“ s o
—_— —_—D —_—>0
(a) 0 —> (Tu)d —_— ca ca (T:")

where ('r;)a = Ker(a) and ('ra)“' = Cok(a), and c; = cd('r'), c, = ¢,

and d(;= c ')

(b) o-—->ca—2'->cg——->o

? 7 &.Q
(c’) 0 —> (1)), —>K, —> K/a —> (1)) —>0
(d) 0—>k’ >k —>0 .

[« 4 o

Proof: (a),(b),(c),(d) result from the application of the serpent

lemma to (A), (B), (C), and (D) respectively. The morphisms are the in-

duced morphisms,

Lemma 3.4. Given a c-extension CT‘,T,T”), for p > 1 there is an
exact sequence

/4 Y 4 ¥/
M ue M

Proof: Applying (a) with o = p? , while choosing u >> 1 so that

T is p?-torsion, we have the exact sequence

/1 ' /7
O —>T ~—>C > C >T —>0,
" w2 u? "

From this we know that Ook[Ta - c;a] = Ker{C 5 - T:']. By (b)

C, =, and
T T
Ca

4] \
. ————> 1
w? M

commutes by‘gg and R4 .
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Since the kernel of the horizontal arrow is J'l‘:' we have the result.

pDefinition 3.5. If T 1is any torsion-layer, for A > 1, D{ " denotes
H]

the homology of the complex O - Tl - Tlau.z - TX -~ 0. We note that

this is concentrated in one degree.
Lemma 3.5, For A >> 1, there is an exact sequenace

T
T Asu A

Proof: We have the diagram

0 0
i }
C c
2 n2
| } c(A®)
T
*
Cc 12)
' |
0 0

the right hand square commutes since C)‘zuz - TK is induced by

*
T*(kzua) and CXa - TA by T (A2), The middle row is the expression
of the homology as the kernel of the morphism from dual cycles to

boundaries. The other morphisms are those determined by commutativity.

¢
Lemma 3.6. For a c-extension (T',T,T”), A > 1 and denoting D{ w
—_— ]

’
by D",u , We have an exact sequence

0—>1 —>p! —>Jr, —>0 .
M ALp Au

Proof: Consider the commutative diagram with exact rows and columns
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0 —>p > 03 2 > Ty >0
o
yH
)4 \
~
0 > JTy | > Crayzs —> Ty, —> 0
*K,u
\ Y
0 l 7
M H
vV
0 0

where the middle column is provided by (a) in the case « = A2u? and
the other parts are definitions. The column on the left with the

induced morphisms is the desired sequence. From these building materials

we construct a diagram

H<—o
'-l§<——- ©

l/u 1/”‘
? 2 2
0O —> ¢ > > JT > 0
\Lua \Tj‘:p' A
“ > JT -—-H>JT;——->0

o@———l’

from which we will conclude
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Proposition 3.2. Given a c—-extension (T',T,T”) there exists an

exact sequence
(Jo) y)
Ly A Wy A
0 ~—> -> >4 >
JT:» JTy, ITy 0

for A,p > 1,

g_mgf;: We need only prove that the above diagram has commutative top
square and exact columns and middle row., The middle row is given by
Lemma 3.5 applied to the torsion~layer T' , the left hand column by
Lemma 3.4, and the middle column by Lemma 3.6. We need only check the

commutativity of the top square. Tﬁ - c;‘z is induced by

T(u?) W
~y B e
Mo e S T

v M g

’ ]
C - D is induced b
e W v

¢ (A3)

T (W) % 2 T’ (A2)
. A,u A2 w2 s
'r’u < Ty, > Ty, <2 o f Tyys — Tys 2
TO%) /@u
Tlaua

and the lower trajectory defines 'r’; - D{ .

We begin the proof of

Proposition 3.3. (JT°,JT,JT’) together with { (Jcp)u x} and {Jt)u ,‘}
? ?
define an element of S»m .
[ o]

Since the exactness has been demonstrated in Proposition 3.2, it
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remains only to prove that {(Jcp)u X} and {(Jt)u X} are left and

right morphisms respectively.

We need some components in order to assemble a proof and we begin
by taking a closer look at Dl,p. . First we observe that Lemmas 2.4 and
2.5 immediately generalize to ensure that the complex Th - TK"Y - TA
has homology canonically isomorphic to that of Tcxl - aBAS Y I TBK
for A>> 1 and Yy arbitrary. We will write AY for Tk —.Tlsu.z -.TA
where the presence of | is not stressed simply to unburden the nota-

tion. We pursue a path nearly identical to that of Section II and

obtain a morphism
D

-2 >5p
Dy, o\,u
defined by i j ®
e @ a o
AY A Yy Al ——> aAY

x*
where as before, the degree zero component of ia and *a is T (o),

i .
that of ja and cpd s T(x)

Lemma 3.7. If T 41is a iorsion-layer

D
Dy, > Do,
I 3@ T

commutes where the vertical morphisms are those of Lemma 3.5.

Proof: D - JTA is induced by the chain map

A
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ue ¥ w?)
written VK
TA > Tka > TA xx

and the assertion of the lemma follows from the commutative diagram

Y 10’ v Jd S YG’ tpcv Y

\Y < Ay > 2o > o
YA J/ Yok
A% A 2 Xy —>Ja 2% _——>(pa Ax

where the intermediate morphisms are obvious, the top row inducing
Dcv , the bottom row inducing J‘T(a).

Lemma 3.8. In our c~extension situation

¢

Aot Dok s

JTr, ———————> JT
A IT() oA

commutes where the vertical maps are those of Lemma 3,6,

2
Proof: D - JT is induced by the chain ma
Ap A y P

’ . s -~ 4
R Ty T T
CP)\;U' %‘aua,u cp)\’u

and the remainder of the proof consists of a mimicry of the proof of

Lemma 3,7,
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e
g(xy \g(a’ A2)
Dk,p, Dd > Da)\,p.

commites where the downward morphisms are those of Lemma 3.5, and where

Lemma 3,9,

C(\3) 1is induced by

Proof: Considering Da , the degree zero morphism of its inducing
chain map is

*
T (@) T(?)
Tya u? < T3 u2 ——> T 3)3 w2

The T*(d) contribution is subsumed in the identificational structure
of Cug , and recalling the definition of C(a), the commutativity is
clear,

We return to the proof of Proposition 3.3, Oonsider the diagram

Dl

Dy Q > Dy
’ d ’

1

> JT

JT)‘u / oAp
@, ,‘\ RN

)u’ Ve
"

The back face commutes by Lemma 3.8, the top face by Lemma 3.9, and
the remaining two faces commute by the definition of J¢. Since

C|13 - J'r"l is epic we conclude that the bottom face commutes and this

is precisely condition E.

By Lemnas 3.7 and 3.8, two of the square faces of the diagram



D,

Dé{,]/l’u\

>

(2) JT, =~ !
Ap ‘J*)u,x A

'
JTaku oY) > JTaX

B,k

commute and the two triangular faces commute by the definition of JV.

The fact that D; " - JTXu is epic permmits us to conclude the commuta-
’

tivity of the bottom square, which is condition R1,

At this point we will sketch another route to the exact sequence

(Jo) 619
0 —> JT; Ay Iy ey JT{ —_—>0.

One objective is to indicate the duality inherent in the axiom structure.
The other is to provide proofs of L2 and R2., The lemmas which follow
will be given primes and the numbering refers to the numbering of the
corresponding earlier lemmas. The explanations will be minimal as these

primed results mirror their unprimed alter egos.

Lemma 3.4’. Given a c~extension (T‘,T,T”), for A > 1, there is an

exact sequence

0o —> JT{ —>K; > T{ >0 .

Proof: Applying (c) with a = A2, while choosing A >> 1 so that T{

is A2-torsion, we have the exact sequence

¢ J [
0 > Ty > Kya — Kz > Ty >0.

From Cok(T{ - Klg) = Ker(l()l\a - T{) and the commutativity of



-40-

x{s ——:—/> K, 2
’\ |
T

we obtain the required sequence.

Lemma 3.5'. For any torsion-layer T, and A > 1 there is an exact
sequence

0 —> JT, —> D —> K5 —>0.
A Al W

Proof: The relevant diagram is

(M

— >R —>0
™

\Y
o

\Y

0 > T, 2

Vv
———%>$§
[
=

0 > TA

\Y

Ok
©
v

o>y —P—=m —>0
T

>0

>

We remark that Dk " is here used in its manifestation as cokernel
1
of the morphism from boundaries to cycles, whereas before Dk was

’

utilized as the kernel of the morphism from dual cycles to boundaries,

Lemma 3.6°. For a c-extemsion (T%,T,T') and A > 1 we have an
exact sequence

0 —> —_>p , —>T1] —>0.

Proof: The sequence in question is located in the commutative diagram
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0 > 1" > ;‘aua———>o”>‘———>o

where the middle column is (c) with o = A%p2 |

Another derivation of Proposition 3.2 results when we splice to-
gether the exact sequences of these lemmas, namely that given in the

commutative diagram with exact rows and columns

0

0 —> JT ———> JTy ————
] l/)'u
0--—>JTI|1————->D:‘X———>

:

T

v

0

Vv
‘&———'g'<r-°
>e
l
o

NEA

L3

>0

[«
>

o

and an easy calculation shows that it coincides with the other. We
here use the kernel representation of JT qua homology whereas in
the other derivation we used the cokernel representation. The com-

mutative diagrams mirroring (1) and (2) are



~42-

1)

2’ JT

u.l/ v
D”/ T’

from which we conclude that R2 and L2 hold, and Jyp and Jy are
morphisms of the requisite type. The proof of Proposition 3.3 is

complete.

3.3. Jc is an involution.

Using the natural transformation I = J2 we obtain

Proposition 3.4. Given a c-extension (Tl,T,T”) the diagram

P ¥
& k:u A,H > 4 >0
0 > Ty > T, 'rL >
(D’ 0.)”
0 —> y2pd 3 _— 32 30
> I3y > J°T, J 'r;

commutes.

Proof: Consider the commutative diagram
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“h
AL ‘
1. >y21! l/
A v - | A
/ szua \L g c"zu"’ @)
. /ﬁ
x{, A > €y @t

where the front and back faces are the defining diagrams of w{ and

wku respectively. ¢ is given by

v K(u?

where v is the isomorphism given by (d) and induced by ¢k§ w
?
® and T are defined so as to make the diagram commutative, i,.e.,

1

0 = ngua °o @ o Z{ "% , and threading our way through the preceding

constructions we find that ® 1is given by

' 2

where v’/ is the isomorphism induced by @GP, e -
?

If we can show that [ = (J3¢)A b we have half the proof. Con-
’

sider
7] L /
Cy2 (OT") > D, \GT)
nll 1 n2
(J20) \
) oA
Jz'rx > J‘aTx "
'
dy, d&u
\
Cka (JT‘) @ > Ckzug (JT)

where the top commutative square is the defining diagram for (J2¢)u A *
H
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If we can show that the bottom square commutes we will have our con-
clusion, and this will be the case if the rectangle commutes, since
ﬂl is epic.
Examining the constructions, we see that { is induced by JT”(ua),
ﬂz by (Jw)u?lz,l , dlu is an inclusion, d{°ﬂ1 is induced by

¥, 33 ° WPz, 5 - S0 ®°d{°'ﬂ1 is induced by

(G ) . (6) I JT(u?)
= >JT>Pu = >JT>:3 : 2 JTA"u

> ITys ;8
and dluonZOL is induced by

/3 JT” (ua ) s (JQ)AQ 3
_—_ JTkzua —-—————E-LL> JTk?u?

JTKQM
and that these coincide is condition L2 for J¢ .
The other part of the proof, the commutativity of the right hand

square, is handled in a dual manner, using kernels where there were co—-

kernels and vice-versa. We omit the details.

3.4. The multiplicative structure of QMA .

$M, admits a multiplicative structure [3 ] provided by the

A
relations of the form (P,x,Q)°(Q,y,R) = (P,y°x,R) .

Proposition 3.5. Given x,y as above, there is a c-extension

(x),Z(y°x),L(y)) where I: QMA -'E}A is the splintering functor

defined in 2.2 .,

-1 -1
Proof: If x=A ®g>‘,y=u. ®fu,where AETx,p.EIY and
yox = ().|.1.)-1 ® fu°gh , then associated with

g £
p">q L >R




is the exact sequence

0 —> Cok —> Cok(f °gy) —> Cok f ——> 0 .
g;‘ (ugh w

This follows from the three-~-lemma and the fact that fu is monic.

Written out, we have

o 1]
0 —> Q/g,P LTI R/ (£, °8) )P LTI R/ Q —> 0

R
a left-morphism follows from the relations of = f and £ og =
b Tom b ook

wh is induced b f and b 1. . That is
ere ‘px’u y m *X,u y {%‘,u}

fau°gh and that {cpx u} is a right-morphism is transparent. We
s
observe that the natural equivalence of Zej and Je°X is compatible

with the extensional structure, i.e., for x and y as before,

0 —> T(j(y))y —> E(J(Y°x))>\u —> Iy (X))u —>0

;

0—> J(E(Y))x —_—> J(E(Y°x))m —_— J(E(x))l —>0

commutes. Written out we have

A
f 2
0 ——>Qk R A > P/hlkun P > P/th —_—>0
2 o .
" b EA X

0

3 o 2,2 2p ——>
> qu/u R /XB >'fu gxP/K H°R W;‘P/}\ R 0
b §

M
where we have written the inducing morphism with a 'A' over it. That

the bottom sequence is the one obtained by carrying out the processes

of 3,2 is a straightforward verification.

3.5. The extensional structure in 9_"‘ .

C} : will demote the category of triples (T,,T, ® T,,T,) where
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Tl and T2 are objects of 3—“ and morphisms are given by

’
T1-°'1‘1,T

m m_"m '}m
in 3. . We let }e = I}c J_I_ s and this provides us with an ex-
m m m m
tensional structure in 3— where V: '3' X3 -'B'e is the obvious

m
functor into 3 g °

E} : is a somewhat divided household consisting of the relations
one would like to divide out by in the definition of the Grothendieck
group Ko(gm ,3:) . In working with the category QMA , which has
a multiplicative structure, the relevant functor is K# which forms
the free abelian group on the isomorphism classes of QMA and then
divides out by the relations defined by direct sum and those defined

m m
by composition, Sc plays the role of the latter, 3‘8 that of the

former.
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§IV. Generalized Hermitian Forms.

4,1, Hermitian situations.

The concept of hermitian form in the classical case of a vector
space over a field K provided with an involution (denoted -) can be
formulated as follows. Letting CDK denote the category of finite
dimensional K-vector spaces, we have two involutions on 'UK . One
is @ = Hom(~,K) which is contravariant and the other is /e}:vx —'CUK
where ﬁ(v) = vconj where vconj has the same underlying abelian
group as V with the action of K defined by k X V = l-cov, where -
denotes the action on V. 1In this framework a hermitian form (non-
degenerate) is an isomorphism ¢« ‘}(V) - ﬁ(v) such that ’f}(a) = 06(0!).

This formulation admits of ready generalization. Given a category

0{/ with a pair of functors F: OL -*OL, G: 01013 - OL such that
F 2 1d, G® =~ 1d, and F°G - G°F , i.e., carrying a pair of commuting
involutions, ome covariant and one contravariant, we will call (a,F,G)

a hermitian situation. A hermitian form with respect to this situation

is given by an object A in Ol, together with an isomorphism o: F(A) -
G(A) such that F(a) = G(x) .
The category we are especially interested in is QSA , an object of

x*
which is given by a pair of symmetric bilinear forms P 5 P,

*
Q n Q and a k-isometry o of these forms, i.e., such that the

diagram o
KSP ~—————> k3Q

18€ 18

commutes.
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Now, o 1is an object of QMA and with a slight twist of viewpoint
the above diagram can be interpreted as giving a morphism (7,§) from
JjC) to (@), where j(a) = cv-l and (%(d) = a* . The action of j
and &5 on morphisms is given by J(M,%8) = (§,M) and H(N,8) = &1 s
the condition that j(0,€) = fﬁ(n,g) is equivalent to £ = E* and
M= ﬂ* . We will identify QSA with (QMA’J’éa)’ the category of
hermitian forms with respect to the involutions j and ({3 .

4.2, Hermitian forms on torsion~layers.

One of our goals was to be able to speak of hermitian forms on
torsion-layers in order to investigate the torsion nature of @SA .

We consider a slightly more general situation which will be relevant
later.

Let A be a finite dimensional algebra over a domain A . In
the introduction we defined the category Qxynﬁ whose objects are
(P,x,Q) where P and Q are finitely generated A-modules which are
projective as A-modules. We denote by Tors A/A the category of
finitely generated A~-modules which are A-torsion and as A-modules are
of homological dimension <1 .

If we assume in addition that A possesses an involutory anti-
automorphism as part of its structure we can identify left A~-modules
with right A-modules. An example is A(G), the group ring over A of
the group G , with an involution 6 defined by 6(g) = g—l . In
this case HomA(P,A) is an A-module via the action (a-f)(p) = f£(p-a),
and T - Exti(T,A) gives us a duality on Tors A/A .

Letting E}'Q/A denote the category of torsion-layers with values

in Tors A/A , we can define a duality on E}—?/A via that given on
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Tors A/A . It is also clear that I: QA'm‘A - C}:‘/A makes sense and

that @oz S 2 @ where @ denotes the induced duality.

Proposition 4.1. The restriction of J to 3’ ;VA » which we also

denote by J , defines an involution on 3'?/A .

Proof: This simply amounts to showing that JTX is of homological

dimension <1 for A >> 1 . Resolving Tys With A-projectives we

have the commutative diagram with exact rows

0 >p > Q > Ty ——> 0
Lo e

0 >spl 2 > > 1, >0
l/ Lv T(M\)

0 >p >Q ——> Ty ——> 0

where P’ 1is also A-projective. From this we see that JTA is

isomorphic to oP’/A2Q for A >> 1 so that there is the exact

A2 ?
0 —>Q > oP sJ’l‘>‘——---->0

and we are done,
Now, since 0&) is exact and J is defined by means of homology,
Joﬁ < 06 °J and we can consider the hermitian situation defined by

( 3’?/1\ .J,&)) and the category 42{{( EQ/A’J’ @ ) =%A/A of

hermitian forms on A/A torsion-layers.
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§v. Torsion-Layers for Complete Discrete Valuation Rings.

5.1. Special subcategories of E}A .

In the previous section we saw that I could be regarded as a
functor taking its values in the category E}? and indeed we can in

general 1imit the range category even more.

Definition 5.1. A torsion-layer T in E} A will be said to be bounded

if there exists an integer n such that for A > 1 we can find an

epimorphism §A: AR - T, -

E}g will denote the full subcategory of E}‘Q whose objects are
bounded torsion-layers. It is clear that : @MA - E}g makes sense.
For any torsion-layer T we can fom lim T where the inverse

*
system is defined by the T (A - al).

Definition 5.2, A torsion-layer T in [J A is tinite 1f IimT s

finitely generated as a A-module.
A A
9‘F will denote the full subcategory of (} 1 consisting of finite
torsion-layers. It is clear that any finite torsion-layer is bounded.

The converse is not in general true.

Lemma 5.1, If A is a discrete valuation ring, any torsion-layer T
in :3-A is bounded. Furthermore we can construct a family of epi-
morphisms {§k: A ~'TA} which is compatible with the inverse system

*
defined by T .

n
Proof: For some fixed A, A > 1, choose an epimorphism §h: A - T, -

This is possible since TA is finitely generated, Let T denote a

uniformizer for A so that (77) is the unique maximal ideal of A.
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*
Since A" 1is free and T (A = m\) 1is epic there is a morphism

1}

§“A: AR - T such that T*(n)ognx §x . We claim that gﬂk is also

epic. Consider the diagram

LU
Tnk = > TnA/(n)T
™

§V
N
Ty

o~

A" ¥ m =

ﬁn)\ > TA/(n)T)\ —— 0

* ~
- k1) = v -
Since (")Tnx T(MT (n)TnX T( )TX we have Cﬂ Tnk/(ﬂ)Tnl for
A >> 1. In the above diagram ﬂx and nnk are the canonical maps
onto the cokernel. The commutativity of the above diagram implies
th . =
at nﬂk°§nk is epic. Thus im(§nx) + (")Tnl Tnk and applying
". 3
Nakayama's lemma we conclude that T o im gﬂk , 1.e., gﬂl is epic.
Continuing in this fashion we can produce a compatible family of epi-
morphisms {§_,,.: L .
mA ™A’ JEZ
From this lemma we see that for A a discrete valuation ring we
n g AN
have a morphism A 1im T such that if 1im T ‘TA is a canonical
morphism of the inverse limit, ¢1°§ = ix , where {gx} is the collec~

tion of compatible morphisms constructed in the proof of Lemma 5.1.
Lemma 5,2, If A is a complete discrete valuation ring, then
E}A - E}A

F B’

Proof: We must show that every bounded torsion-layer is finite., From

the structure theorem for finitely generated torsion modules over A
n i

we know that Tk is isomorphic to a coproduct JJ_ A/ M k where
k=1

9, = (7) and the i are positive integers. Now, since

k
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* *
T(MT (")Tn}\ = T and T(7T) is monic we have that Ker T (1) is
*
precisely the m—torsion of TTTK and since Tnx/xer T (M) 1is iso-
morphic to Tk we conclude that T - must be of the form
n 1k +1
11 v, ® || A,
k=1 E
where E 1s some finite index set. By means of these identifications
x
we can regard T (1) as the morphism
n ik + 1 n 1k
M,0): J_[A/% ® || ap — 1L vm
k=1 E k=1

where T 1is the canonical epimorphism induced by 1A . We choose
i

n
§)‘: A" - TX to be the morphism AR —'_l_l_ A/;m,k defined by the canonical
k=1

morphism onto the quotient in each factor. By the previous lemma E)‘
lifts to a morphism Eﬂx which must also be an epimorphism., Thus the
indexing set E must be the empty set. From this representation of

the functor T and the definition of completeness, we see that lg_m T

is isomorphic to A" and we are done.

Lemma 5,3. If T is a non-trivial torsion~layer in 9_1\ y then 1im T

is torsion free.

Proof: First observe that since T 1is non~trivial and the defining

*

T (x)'s of the inverse system are epic we can conclude that 1.1;m T 1is
not the zero module, We suppose the conclusion of the lemma to be
false. Then there isan x# 0 in 1imT and an o # 0 in A such
that «o-x = 0 , Suppose xu # 0 1is the p~component of x = (xx) in

*x*

1im T . Then x # 0. But ox =0 and o'x_ = T(@)T (¥)x_ =
- o o ap ( ( o

T(a)xu . Now, T(d) is a monomorphism which implies that xu =0 and
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this is a contradiction.

5.2, Algebras over complete discrete valuation rings.

We consider the case where A 1is a finite dimensional algebra
over a complete discrete valuation ring. Referring the reader to the

. - an h
introduction for notation we have A'YYLA.(WLA/A (rn/kﬁh/k d the

functor Z A° m B-Ax_* . As before we write '}A/A for
[} A -A .

Proposition 5.1. If A is a finite dimensional algebra over a complete

discrete valuation ring, EA/A is an equivalence of categories.

Proof: We define a functor L: SA/A - @A(m/A as follows. By Lemma 5.3
1im T is torsion free as a A-module. Since A 1is hereditary we
conclude that 1im T is a A-projective. By Lemma 5.2 it is finitely

generated. Thus for A >> 1 we have a short exact sequence

1 P
A’lg_mT )‘>TA > 0

0 >

P
where @, is the canonical morphism from the inverse 1imit. Then
l.i;m T and PA are finitely generated A-projectives and we define
L(T) to be the triple (p)\,)\'1 ® 1, ,1im T). 1In order to show that

this triple is essentially unique we consider the diagram

? ?

P, 3> p
7\ ‘oﬁ\
o—>11m'r.._.__>11m'r 1 >c, >0
5 b Y
> T, STOA >c, 0
} '

0 0
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The lower right hand square commutes since ¢dx°a = a°¢al = T(a)T*(a)Qa =

limT ° TBe
=

T(a)¢x and it is clear from this that l%p T(A 2 o)) = 01
middle row is obtained by taking the inverse limit over exact sequences
of the form of the lower row and the sequence of the middle row will be
exact provided that 1T 1is epic, But this is immediate since fhe T*(a)
are epic so that the first derived functor of 1lim evaluated at T 1is
zero. Applying the nine-lemma we conclude that q is an isomorphism

and via q we can identify P&A with PA and ial with aix . That

L°Z is isomorphic to IdQ WYL is immediate from the construction of
AlTua

L . The isomorphism of ZI°L with 1d is equally transparent.
3 a/n

Since I is an equivalence of categories which up to natural

A/A

isomorphism commutes with the involutions involved, we have as an

immediate consequence

Proposition 5.2, If A 1is a complete discrete valuation ring, then

(3 WYL , J.&g ) is equivalent to ( A/A, J, ).
A'YA

5.3. The multiplicative and extensional structures.

We have seen that for any composable pair x,y in QXYH/A we have
a c-extension (X(x),X(y°x),Z(y)). 1In the case where A 1is a complete
discrete valuation ring the c-extensional structure provides a faithful
image of the multiplicative structure oa @XYH/A . More precisely, we

have

Proposition 5.3. Given a c-extension (T‘,T,T”), where T',T,T” are

torsion-layers in E}.A/A , A a complete discrete valuation ring, it is

possible to identify L(T) with L(T")eL(T’) .
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Proof: From condition (d) of the c-extension axioms we obtain the com-

mutative diagram with exact rows and columns

0 0
/ }
] e
—_—
3! Px ~ qu
A !
\ Hmg ,
0 —> 1im T ———> 1im T > T ——> 0
A A
\l \ /7
0 > T >T > T >0
A @ A "
Ly J/
V
0 0

As in the proof of Proposition 5.1 the exactness of the middle row
Tollows from the epic nature of the structure maps of the inverse system
’ -1 ’
of T . Then L(T) = (P ®1i 1lim T and L(T ) =
) = (B ) A 1 T) "
(p{,k'l ® i;‘,l.i;m ') .
For fixed A consider the inverse system

b g . o k)
t,‘={... Ty, >Tx—-—>'l‘>‘} .

It is clear that 1im tl is zero since no element of TX is infinitely
divisible other than zero. Furthermore since Tk is finitely generated

and torsion, the system tl satisfies the Mittag-leffler condition so

),

that 1im is zero, Applying this information to the diagram for

A
condition (8) of the c~extension conditions, when we pass to the limit

we have that
lim ¢ : 1im T —> 1im 7
E x,u [= =

is an isomorphism, We now identify 1im T and 1im T' via this



-56~
isomorphism and write
-1
L) = Am 1/, u ® 1imo, 1im T)
where lim o is the morphism given in the diagram above. Then
L )eLer’) = @, )l ® (lim 901f),1im T)
- A,( u' ( ,_m w A ’ .__m
]

which is equivalent to L(T) via the isomorphisms 6: PA - Phu and

1lim T
=

5.4. Certain @Grothendieck groups of generalized hermitian forms,

An example of the type of situation in which we are interested
is the following. Let Qp denote the ring of p-adic integers for
P#2, 2nd let M be a finite dimensional free Qﬁ-module with an
action of a finite group II, together with a [l~equivariant non-degenerate
symmetric bilinear form. Associated with the study of such objects
is the five-term exact sequence of K groups which appeared on the
first page of the introduction. The content of Propositions 5.2 and
5.3 is that the study of the fibre category of the sequence can be
replaced with a study of the generalized hermitian forms on torsion-
layers in
y S‘ Qp[n}/gp .
The sequence in question involves the functor K, which is

#
molded to react to the multiplicative structure of the fibre category.

% ) } ﬁp(H)Ap)

the appropriate functor is the Grothendieck group of a category with

For the category

an extensional structure.
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K# of a category with product and a multiplicative structure is
defined to be the quotient of the free abelian group generated by
isomorphism classes of objects of the category modulo the relations
given by the product and multiplicative structure. KO of a category
with an eirtensional structure is similar but we form the quotient
modulo the relations of the extensional structure. We refer the reader
to [ 3] for details,

Denote by ’(y A/A the equivalence of categories the existence of
which is asserted in Proposition 5.2. Let % (92//\) denote the
category of generalized hermitian forms constructed with respect to the
hermitian situation (EQ/A,Je, @e) . In an obvious way this defines
an extensional structure in ﬁ(\v}A//\) . In this language, Propositions
5.2 and 5.3 immediately yield

Theorem 5.1. If A is a finite dimensional algebra over a complete

discrete valuation ring, g}/A//\ induces an isomorphism

o k,(fh@ M, —> xS, (G4
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§Vi. cComputational Observations.

We close with two rather clear remarks, labeled lemmas, which
would be of use in certain calculations. They generalize the following
two suspicions. The first is that if we wanted to describe '3.‘ where

Z denotes the ring of rational integers it would suffice to describe

- x>

9’ ®) for all primes p, where z(p) denotes the rational

integers localized at the prime p. The second is that the category

'z <>,

B— (® is equivalent to '3 ®) , where <p> denotes the

monoid of non-negative powers of the prime p.

Lemma 6.1. If the abelian category is expressed as the coproduct

-U-Oli where the O[i are themselves abelian categories, then
i

91\ 2> C(Ol)

is isomorphic to

p,.°m
-Ll. B‘A —j;——> c( O[i)
Proof: Since c(O’]‘) is isomorphic to Tf c(mi) , the monoid morphism
i

A -L> c(Ol) is equivalent to the specification of a family of
morphisms {A _ﬂi__) c(mi)} where m, = p,°om , P, being the pro-
jection onto the ith factor. Then the sundry projections onto ax.ld in-
jections into provide us with our isomorphism of categories.

For A a commutative cancellation monoid let U(A) denote the
group of units in A. A/U(A) will be the quotient under the action of

U(A) which admits an evident monoid structure. We have the natural



map NA: A - A/UQN) .

Lemma 6.2, If NA has a section SA: A/U\) = A, then sA induces an

equivalence of categories
g:}Agc(OL)—o}mosA .

Proof: The functor j& is given by )&(T)u = TS w) ’ J(T)(p. —'u.'-u.) =
A

s, ') L Hm @ - ufu) = T"(8, (")), We think of the section s,

as a choice of a submonoid MA

non-units of A so that each A in A has a unique expression of the

of A consisting of 1 and certain

form A = “7\'“‘7\ where u, € U(A\) and Ky, € MA . Thus j& is es-

sentially the functor which restricts a torsion-layer to a submonoid.

Ay =5

Define

by
I 4 ’ o
= - = —— ’
DOy =T, DM ~ad) T T
and
7
4 @A~y =10y .

The verification that this defines a torsion-layer is trivial. Then

: ‘
28 °é = Id and ;8 °)8 = ud where the natural trans-
9m° SA 3 m

T(u)‘)
formation & is given by TLJ- _>TK .
A
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