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Abstract

A NUMERICAL SOLUTION TECHNIQUE FOR
THREE~-DIMENSIONAL MUILFIPARTICLE STOKES FLOWS
by

Peter Ganatos

Adviser: Professor Sheldon Weinbaum
Co=Adviger: Professor Rovert Pfeffer

This thesis contains a numericai solution technique
for three-dimensional bounded or unbounded strongly inter-
acting multiparticle low Reynolds number flows with pPlanar
symmetry. The solution technique is based on an extension
of the collocation technigue previously developed for
treating both bounded and unbounded axisymmetric multi-
particle Stokes flow problems.

The first part of the thesis examines in detail the
strong hydrodynamic interaction between two or more
closely spaced identical spheres in a plamne. The various
two-sphere configurations provide a convenient means of
carefully testing the accuracy and convergence of the
numerical solution technique for three dimensional flow
with known exact spherical bipolar selutions.

Phe important difficulty encountered in applying the
collocation technique to multiparticle asymmetriclflows
is that the selection of boundary points is rather sen-
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sitive to the flow orientation. Despite this shortcoming
one 1s able to obtain solutions for the quasi-steady part-
icle veloclities and drag for as many as 15 spheres in less
than 30 sec. on an IBM 370/168 computer. The method not
only gives accurate global results, but is able to pre-
dict the local fluid velocity and to resolve fine features
of the flow such as the presence of separated regions of
¢losed streamlines. Time-dependent numerical solutions
are also presented for various three and four sphere
assemblages falling in a vertical planme. These solutions,
in which %he motion of each sphere is traced for several
hundred diameters, are found to be in very good agreement
with experimental measurements.

In the second part of the thesis, the present collo-
cation technique is extended to the treabment of three-
dimensional bounded Stokes flow problems with planar
symmetry. In particular a solution is presented for the
arbitrary slow motion of a sphere in a viscous fluid
bounded by two plane parallel walls. The accuracy of the
new technique is tested by detailed comparison with the
exact solutions for the drag and torque on a sphere moving
parallel or perpendicular to a single plane wall, rotating
adjacent to the wall, or in the presence of a shear field.
The converged collocation solutions are in perfect agree-
ment with exact solutions for all spacings tested. The

new collocation solutions obtained in the presence of two
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walls show that values for the drag on the sphere available
in the literature as predicted by the method of reflections
to be as much as 40 percent lower than "exact® values when
the walls are spaced twe sphere dismeters apart and one
order of magnitude lower at a spacing of 1.1 dlameters.
Solutions are alse obtainéd for the motion of a neutrally
buoyant sphere in two-dimensional poiseuille flow or simple

shesr flow between the two walls,
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PART T

A NUMERICAL-SOLUTION TECHNIQUE FOR THREE-DIMENSIONAL
STOKES FIOWS, WITH APPLICATION TO THE MOTION OF STRONGLY
INTERACTING SPHERES IN A PIANE
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I-l. Introduction

The purpose of part I of this thesis is to develop
the rudiments of an efficient numerical solution technique
which could be used to treat a wide variety of previously
unsolved non-axisymmetric creeping-motion problems with
planar symmetry where the boundaries conform to more than
a single orthogonal coordinate surface. Some salient
examples of such motion include the settling of three or
more closely spaced spheres in a plane, the arbitrary
off-axis motion of a sphere in a circular cylinder or a
channel, the tumbling of a spheroid near a planer boundary,
and the entrance motion of a sphere into a circular pore
or a two~-dimensional slit. Problems with strong hydro-
dynamic interaction of this nature are not easily tractable
by perturbation or method-of-reflection techniques. The
two principal difficulties are the slow algebraic decay
of three-dimensional disturbances in Stokes flow and the
slow convergence properties of an iterative solutior scheme
wvhen the leading term differs greatly from the desired
converged solution.

In the past few years several important advances have
been made in the numerical treatment of some of the more
complicated boundary-value problems ir Stokes flow. These
advances, with the exception of the numerical investigation
of Youngren & Acrivos (1975), have been limited to axisym-

metric motions. For these motions the simplification
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afforded by the Stokes stream function allows one to reduce
the governing equation for quasi-steady creeping motion to
the compact form D2D2y = 0. The first highly accurate
numerical solutions of this equation by coellocation tech-
niques were presemted by Skalak and co-workers for several
different flow pfoblems involving an infinite array of
identical particles periodically spaced along the axis of
a circular cylinder. Approximate collocafion procedures
had previously béen used by O'Brien (1968) and others with
varying degrees of success. Wang & Skalak (1969), Chen &
Skalak (1970) and Hyman & Skalak (1972) considered periodic
coaxial arrays of spheres, spheroids and spheroidal bubbles
respectively., This problem was then further generalized

to an infinite periodic array of arbitrarily shaped axi-
symmetric particles using a finite-element approach in
Skalak, Chen & Chien (1972). These studies of bounded
periodic cells were largely motivated by an attegpt to
model the flow of red cells in the microcirculation.

For flow problems involving time-dependert multipar-
ticle Stokes flow interactions, one needs to rapidly cém—
pute the flow field and quasi-steady drag resulting from
the instanteneous interaction of a finite array of partic-
les with arbitrary spacing and velocity. The collocation
technique developed by Gluckmen, Pfeffer & Weinbaum (1971)
and Leichtberg, Weinbaum, Pfeffer &n»@ltéikmum:(¢1976%:is
ideally suited for this purpose. The technique developed
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is capable of calculating in a few seconds on an IBM 370/
168 computer both the instantaneous drag and the instanta-
neous velocity field for as many as 100 spheres or 15
spheroids in unbounded flow with an accuracy for the drag
on each perticle of better than 0,1% (Gluckman et al 1971).
For unbounded axisymmetric flow the selection of boundary
points is not critical except for very close spacings
(less than C.1 diameters), where a judicious selection
of boundary points near the axis (Leichtberg, Weinbaum,
Pfeffer & Gluckman 1976) allows extension of the range of
validity to less than 10~ diameters with little change
in computational time. The method has recently been
extended to an arbitrary coaxial array of spheres in a
circular cylinder (Leichtberg, Pfeffer & Weinbaum 1976),
but the computational times required are about two orders
of magnitude larger than for the equivalent unbounded case,
The great rapidity with which the unbounded quasi-
gteady solutions can be obtained for small sphere clusters
(in about 102 sec for three or four spheres on an IBM 370/
168) has made it possible to follow the time-dependent
interaction of small coaxial groupings of spheres over
hundreds of diameters and carefully document the impor-
tance of both the unsteady virtual-mass force and the
Basset force (the force which arises from the time history
of the dV/0t term in the unsteady Stokes-flow equation)

in multiparticle flows when the flow configuration is
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slowly changing owing to particle interactions (Leichtberg,
Weinbaum, Pfeffer & Gluckman 1976).

In another biologically related psper, Leichtberg,
Weinbaum & Pfeffer (1976) studied the time-dependent
multiparticle hydrodynamic interaction leading to the
aggregation of identical red cells (reouleaux) in the micro-
capillaries by following the time-dependent motion of
identical spheres along the axis of an unbounded Poigeuille
profile,

The particles in all the foregoing axisymmetric in-
vestigations have been represented by a truncated series
of internal singularities derived from the separable solu-
tions of D2D2y = O in the appropriate coordinate system.
For an arbitrary boundary shape one must resort to either
finite-difference or finite-eclemeht solutions of the en-
tire flow field or represent the body by a surface dis-
tribution of singularities (Gluckman, Weinbaum & Pfeffer
1972; Youngren & Acrivas 1975). In Gluckman et al (1972)
the flow past an arbitrary convex body of revelution is
treated using a surface distribution of spheroidal singu-
larities of vanishing aspect ratio. The integral equation
describing this surface distribution is solved using a
collocation procedure equivalent to that previously de-~
veloped by Gluckman, Pfeffer & Weinbaum (1971) for axi-
symmetric mnltipartiéle flow. TYoungren & Acrivos (1975)

present the first numerical solution procedure capable of
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handling the creeping flow past an arbitrary isolated
three~dimensional body. The flow disturbance produced
by the body is formulated as an integral equation whése
kernel is the fundamental Stokeslet solution of the
creeping-motion equation in three dimensions. This in-
tegral equation is solved numerically by dividing the
body durface into a finite number of discrete elements
in each of which the Stokeslet strength is assuned
constant.

The integral-equation technique of Youngren and
Acrivos is a very promising new approach for treating
irregular boundary problems in creeping motion such as
the flow past deforming flexible particles and bubbles.,
However, for a wide variety of three-dimensional prob-
lems in Stokes flow when each bouandary conforms to a
different orthognnal coordinate surface (such as the
various examples cited at the beginning of this intro-
duction), it is computationally more efficient to de-
velop collocation technigues similar to those just sum-
marized for axisymmetric flow. This appf&ach would take
advantage of the various known separable solutions of
the Stokes equations in three dimensions. The basie
departure from axisymmetric flow is that the fundamental
solutions are given in terms of the components of the
velocity field rather than a Stokes stream function.

These fundamental solutions for the velocity field are
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known for rectangular, cylindrical, spherical (Lamb 1945,
P. 594) and spheroidal (Jeffery 1922) coordinates. In
theory, the present method could be applied to bounded
flow problems where the particles do not conform to natural
coordinate surfaces using the extensions developed in
Gluckman et al (1972) for axisymmetric flow. However,
in practice compﬁtation times would be prohibitively long.
The more general integral-equation approach of Youngren &
Acrivos would be more practical for these problems.

A cardinal rule for the successful application of the
collocation technique is that the velocity disturbance
produced by each coordinate boundary may be represented
by an ordered sequence of fundamental solutions appropriate
to the constant orthogonal coordinate surface to be des-
cribed. As demonstrated in the appendix to Gluckman et al
(1972), the numerical solutiomn can oscillate unstably as
the number of collocation points is increased if an in-
appropriate set of fundamental solutitons is used.

Many previously unsolved three-dimensional flows can
be constructed from a superposition of two or more trun-
cated series of fundamental solutions from the four basic
coordinate systems mentioned in the last parsgraph. Only
minor modifications of the basic collocation scheme des-
cribed herein for multiple spheres are required to treat
spheroids instead of spheres or to combine spheres of

different sizes; see Gluckman et al (1971), where the
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equivalent problem is treated for axisymmetric flow. Also,
as outlined in the concluding section, the important ex-
tension from unbounded to bounded flow, while very 1labo-
rious because of the coordinate transformations involved,
is straightforward and follows the same general procedure
as has already been performed for axisymmetric flow in
Leichtberg, Pfeffer & Weinbaum (1976). The exact no-slip
boundary conditions are imposed along the boundaries of the
system, whether they be that of a plane, channel or cir-
cular c¢ylinder, and the problem is reduced to a collecation
procedure applied along the bourndaries of each particle..
For all the above reasons, the logical starting point in
the development of a collocation technigue for three-
dimensional flows is the basic interaction between two

or more spheres using Lamb's (1945, p.594) spherical-
harmonic series solutions for each e@phere. The two-

sphere problem is itself of special importance since it
enables one to carefully examine the accuracy and conver-
gence of the three-dimensional collocation technique by
comparison with exact spherical bipolar solutions. This
comparison is essential since the difficulty in constructing
a collocation technique is not its formulation, which is
conceptually simple, but the detailed development of the
truncation. While there is no assurance that the treatment
of boundary peints for two spheres can be carried over to

three or more spheres, the detailed comparison with ex-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



I"'9 .

periment (described in section I-5) and with previous
mgltisphere axisymmetric solutions provides some con-
fidence that this is indeed the case.

Although the primery motivation of part I is to lay
the foundations for a more general numerical treatment
of bounded three-dimensional creeping motions, it is
worth mentioning that the current study is, to the
author's knowledge, the first strong-interaction theory
for the non-axisymmetric metion of three or more spheres.
Many of the flow configurations described in section I-5
have been observed experimentally by Jayaweera, Mason &
Slack (1964) and studied theoretically in a qualitative
manner using a weak-interaction first-order reflection
theory by Hocking (1964).

Section I-2 contains the mathematical formulation
of the basic collocation technique for an arbitrary planar
configuration of N spheres. In section I-3 solutions
obtained by this method are compared with the exact
solutions of Stimson & Jeffery (1926) for two equal
spheres moving parallel to their line of centers and
Goldman, Cox & Bremner (1966) for two equal spheres in
an arbitrary orientation., Solutiens for instantaneous
configurations of three or more spheres aré presented
in section I-4, In section I-5 quasi-gteady time-
dependent solutions are presented for the trajectories

of three or four spheres settling iﬁ a vertical plarne
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starting from various initial configurations. Finally,

in section I-6, the extension of the collocation technique
to bounded three~dimensional flows with planar symmetry is
digcussed. Most of the material presented in part I has
appeared in Ganatos, Pfeffer & Weinbaum (1978).
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I-2, Formulation for multiple spheres
In accord with the comments in the introduction, con-

sider the slow motion of a finite number of equal spheres
in an arbitrary asymmetric planar configuration. The

steady-state creeping-motion governing equations are

/‘A/VLV'.‘ VP ; V'V = 0. (I‘eola,b>

where the symbols have their usual meaning. The fundamen-
tal solution of (I-2.1) which is capable of describing an
arbitrary disturbance on the surface of a sphere of radius

a is given in Happel & Brenner (1973, p. 65):

2 LvxF i)+ V8

-(n+1)
_ (n-2) 2 (n+1)
/2N (z2n-) VP“"") S (en- ') - ’IH] (1-2.2)

Here:x_(n+1), §LCn+1) and P—(n+1) are solid spherical har-
monic functions of order ~-(n+l) and T is the radial POS-
ition vector, whose origin is at the ceater of the sphere.
For the simplest case of N spheres moving slowly in
an unbounded quiescent fluid, the linear superposition of

N solutions for an individual particle yields
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— N oo -
v ¢ Z [Vx (Y:,-/?:t"+’)(ng-)9)~'¢),) + Vé_m“)()’;,c?j, 4?)
J=1 n=y
_ (n-2) e
/‘VZV)(Z/) |) J VP‘(W-H) ¢)
(n+1)
+/vr7(2n -1) 1>~Uv+f) “9//¢)] (I-2.3)

where Tss Gj and ¢j are spherical coordinates measured
from the center of the jth sphere. Equation (I-2,3) will
be generalized in section I-6 to include an incident stream
and confining walls.

In general, t@e three solid spherical harmonic fun-

ctions in (I-2.3) have the following form:

¥ ~—
X—(n-ﬂ) A)'”m Bjmn
““., Z P (; C)'wm cos M4;,+ Djm 5;’;7"1@. ; (1_2.4)
P..(,q,,,,) | Ej»m anw _
where Pm is the associated Legendre function, [j = €08 93
and Ajmn’ ceny Famn are unknown constants which are deter-

mined from boundary conditions.

If the N spheres are now restricted to fall freely
uﬁder gravity in the vertical plane y = O as shown in
figure I-1, the symmetry of the flow about this plane re-

quires that

s = Dymn = Fimn = O (1-2.5)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1'13 ®

To perform the operations indicated by (I-2.3) the Ty 93
and ¢J are expressed in terms of & single rectangular

coordinete system as shown in figure I-1, i.e,

rj."= (x-b,-)z+)’1+ (Z--a{)')z, (;-2.6a)

z-d; 2-d;
- 5 = . h) I-206b
4 Y [(x-b,)* + y*+ (2-d;)* ] " ( )
tan ¢ = X_Vb. ) (I-2.6¢)

J

where bj and dzi are the x and z coordinates of the jth
sphere's center respectively.

If u, v and w denote the components of the fluid
velocity V in the x, y and z directions respectively, the
no-slip boundary conditions which must be satisfied on

the surface of each sphere are

u fea = U, + GLLUJ' Cos 5)' ) (I-2.7a)
v (= = 0 , (I-2.7p)
er:a. = Wj - a u)J- Sin 9)- cos ¢J. ) (I-2,7¢)

where a is the radius of each sphere and U;j’ WJ and wJ
represent the unknown horizontal, verticel and angular

velocity of the jth sphere respectively.
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The hydrodynamic force and torque exerted on the jth
sphere are given by Happel & Brenner (1973, p. 67) as

F=-4mV(?P,) (1-2.82)
and
T, = - g p v (")'3 2’-2) : (I-2.8b)

Substituting (I-2.4) - (I-2.6) into (I-2.8) gives the

simple result

F=-4w[EnT+E,% ] (1-2.98)
and
T, = - S po BJ-,, 3\ (I-2.9b)

The balance between buoyancy and Stokes drag requires
A A 4 3 N
-— . (3 . — -— - -2. O
T[E;, T+ By, & |+ 2 (p-p)g k= 0 (T-2.108)
while the condition of zero torque yields

- 8-"-/4/ B)” - 0. (I""2010b>

Equations (I-2.10) allow 3N of the unknown constants in
(I-2.4) to be determined, i.e.
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1 =
EJ.”: 0, Ejoizga(ﬁ,-f)jl B = Q0

(j = 1’ 2, 3’ soey N)o (1-2.11)

This is exactly equal to the number of unknown velocities
introduced by (I-2.7).

wow, if the three no-slip boundary conditions are
satisfied at M points on each of the N spheres and the
inner two series in (I-2.3) are truncated to yield a total
of 5M terms, then a set of 3xNx M simultaneous linear
elgebraic equations results for the 3x N x M unknown
constants: Bjmn (m # 1 when n = 1), cjmn’ Ejmn (m£0, 1
when n = 1), Uj, Wj and aﬁ. For each point on the sur-
face of the jth sphere at which the three no-slip boundary

conditions are satisfied the following equations are

obtained:
N 4] , ,
u‘l = Z Z Z_ [B)mn Bjmn + ijn ijr; +
i=a j=1 M3 meo
| g ——
M terms
Ejmn Ejomn | = Uy + aw; cos &, , (I-2.12a)
N n 1] H
V} = Z Z Z [Bi’”" Bjmv) + ijv) C)'mn +
ri sa J':l nzl mz=o
Sy ———
M +erm$ .
. " = 1“2012
Ejinm E,-..,.,] 0, ( b)
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14 n
/Uf' = = Z Z [Bj’”" B:”mn + ijn C-"f +

J %

"
B Ejrn | = W, = @ siné cosg. . (I-2.12¢)

Equations (I-2,12) form the fundamental matrix equation
of the collocation technique for planar multiple-sphere
configurations. The primed coefficients of the constants

B and E.  depend only on the geometry of the

Jjmn? cjmn Jmn
flow configuration and are given by

I ' _
B-my,'-: ‘l";:;;'["s,-.,, 9J. 51"%.%52_{2 - m#;

J .
Y} J

ym 24 P (§)Ca5m¢)] (1-2.138)

o0 6

!

e . dB (5 .
C)mn Y}.le— (("‘H) .F,,, (Sj)"' S'l Jgj 4 )Sln 6’/- c05¢1. cos m%

twm 51 ¢ F, (GJ) 5/ mzp] (I-2.13%b)

SIV)

) |
E)'mn =

zfotzn-:)vj-" [((VH-!)F (§)+ n-2 5 ._Sg(_gd)

XSy 9] cos ‘ﬁ,' cosmé - ﬁ(:-Z) :"" ;)/ _P:(;j) ot e ]’
126, J

(I-2.13%¢)
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n - 4] )
Bjmn ') T [mn G cos 4; ‘Jj )lg/) sin m 4;

+ wm Sra d)f

B(%) cesmg. |, (1-2.134)

aw&j

n

Cjma = ;—'m[ ((VHUP (§)+§ L1AEY) sin B sm¢ cosm¢

) AS;
- ;:45 P (Sj S1e m¢] (I-2.13e)
"o 1 ”
Ejmm = Y [(ene) B15)+ 222 5,;’;’ )
.Iné- [ . Lo -”1.(.:7_:_2_2. Co . ™ '
X 50 51»43 csm,&}.-r ” ;T:%’ P., (5)')5/‘7:”4}!.])
(I-2.13f)
1 -
ij,n' - : cos m@ ; (I-2.13g)
n \ m
C)‘»m = r) n+z (M—n-') Pn-n (51') ces ”’é‘ ) (I-2-13h)
nt ‘ ]
Ej»m = o P ';‘" [Z(Mﬂ) g P (5])+ (n-2)(n-m+1)
P, (5;) ] cos g, (I-2.151)
and
Jeris) _ ) 8 BI) — o) P 15) (I-2.14)

d5, I-SJ'L

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



I-18,

The system of linear equations described by (I-2.12) and
(I-2.13) can be solved by any standard matrix reduction
technique. It should be noted that, for m = O,

Thus for m = O the Bjmn terms contribute nothing to the
solution and should be replaced by the terms of next
higher order in the series in order to conserve an equal
number of equations and unknown quantities. Thus the

sequence in which the terms in (I-2,12) are taken for each

sphere is Cyn15 Byo10 Bj110 Cj110 Fj110 Cyo20 Ejoze Bjizo

6312’ Ejle’ L 2R A I}
In computing and presenting the results for the

multiple sphere problem, it is convenient to non-dimension-
alize the physicai quantities involved by using the sphere
radius as the basic unit length and the terminal settling
velocity Ut of a single isolated sphere as the character-

istic velocity:
2a"(g,-¢)9
e

Denoting the dimensionless variables with a tilde, the

U{. = (1-2015)

non-dimensional horizontal, vertical and angular velocities

are defined as
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v; = Ui/ Vg W;= W /U, &= aw/u, (I-2,.16)

and the dimensionless time as
t: U t/a. (1-2.17)

The hydrodynamic force exerted on the Jjth sphere in
the presence of all the other spheres can alternatively

be expressed as

-

Fj

m

._67T/va.[l}j Apj L+ W, Ay, K]) (I-2,18)

where ZH,j and ZVJ are the horizontal and vertical drag
correction factors defined by (I-2.18). Comparing this
equation with (I-2.19a) and using (I-2.11), (I-2.15) and
(I-2.16) one finds that

ZHJ' = E‘).”/,,g/vau). =0 Wwhen IJ;j = 0, (I-2.193)
Avj = Fm/tﬁ‘/«awj = '/WJ (I-2.,19b)

In subsequent sections )V;j will be denoted simply as /73
since, from (I-2.19a), ’?Hj = 0,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1-20.

I-3. Two-sphere solutions

In this section, the accuracy and convergence of the
basic collocation technique described in section I-2 will
be carefully examined by comparing the present results
with the exact two-sphere solutions of Stimson & Jeffery
(1926) and Goldman et al (1966). Also, the semsitivity
of the solution to the selection of boundary points will
be explored.

When specifying the points along the boundary of
each sphere where conditions (I-2.7) are to be exactly
satisfied, it is necessary to choose 2 pattern which is
synmetric about both the equatorial plane 93 = TI/2 and
the meridional plane ¢j =T/2. Owing to the symmetry
about the plahe y = O only the flow in the region y 2 0
need be considered. Thus the range for Bj and ¢J is
between O and T and the points chosen should lie on this
hemisphere.

Trials using up to twelve boundary points on each
hemisphere were made for two equal spheres falling per-

- pendicular and parallel to their line of centers at
various spacings. The sphere spacing d12 is defined as
the center-to-~center distance between two equal spheres
megsured in sphere diameters. The only solutions found
to give meaningful results were the M = 2,4 and 12 solu-
tions. Intermediate values of M were unsuccessful owing

t0 one or a combination of the following reasons:
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(a) Locating points at 65 = 0, /2, T or ¢5 = 0, /2,
7+ in many cases produces a singular matrix, so that the
symmetry requirements outlined in the previous paragraph
cannot be met for odd values of M.

(b) The system of equations (I-2.12) produces an
ill-conditioned matrix, i.e. a near-zero determinant, for
certain configurations of points.

(¢) ®he series (I-2.12) cannot be arbitrarily trun-
cated at any point. Apparently, when certain terms are
retained in the series, they require the presence of other
terms for the series to converge uniformly. Thus, in
contrast te axisymmetric flow, where boundary points
could simply be added irn symmetric pairs, the truncation
of the matrix equation (I-2,%2) following the particular
ordered sequence described in section I-2, and consequently
the number of boundary peints taken on each sphere, pro-
ceeds in jumps,

Figure I-2(a) shows the positions of the points used
for two equal spheres falling parallel to their line of
centers., In this case, the flow is axisymmetric and the
solution is independent of the ¢J coordinate of the points.
However, no point should be located at ¢j =0, T/2 o TT
since this produces a singular matrix. The results for
the drag correction factor at various spacings are com-
pared with the exact values in table I-1l. Rapid con-

vergence toward the exact solution is obtained as the num-
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ber of points is increased., The maximum error, for the
case of touching spheres with only two boundary points on
each sphere is only 2.8%. This is in sharp contrast to
the method of reflections, which gives an error of 26%
at this spacing.

Figure I-2(b) shows the positions of the points used
for two equal spheres falling perpendicular to their lime
of centers. The two-point solution shown was found to be
independent of the 93 coordinate of the points. The
results for the vertical drag correction factor and the
angular velocity at various spacings are compared with
the exact values in table I-2. Examination of table I-~2
shows general convergence to the exact selutioh:as the
number of boundary points is increased, except for a small
deviation for the angular velocity predicted by the four-
point solution at very close spacings. This deviation fer
close spacings is not surprising since, as observed-in
Leichtberg, Weinbaum, Pfeffer & Gluckman (1976), one needs
more boundary points in the vieinity of contact if one is
adequately to satisfy the no-slip boundary conditions in
the near-collision limit. I+ is interesting in this regard
that the error in the twelve-point solution for beth ﬂd and
25 is only about 0.4% when the gap between the spheres is
0.0025 diameters. However, the solution fails to predict
zero angular velocity when the spheres touch.

Equally accurate quasi-steady solutions for a straight
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chain of two or more spheres at any orientation B (see
figure I-3) may be obtained using formulas (I-4.1) -
(I-5.3) in the next section, which are based on the
highly accurate truncation solutionz for aaj, 2”3 and
Ayje These formulas can obviously not be applied to
the arbidtrary planar motion of three or more spheres
when the sphere configuration is continuously changing
owing to particle interactions. For this purpose the
truncation of (I-2,12) is now examined assuming that
(I-4,1) - (I-4.3) cannot be used.

The solutions shown in tables I-1 and I-2 for the
vertical and horizontal two-sphere configurations
exhibit both rapid convergence properties as the number
of boundary points is increased from 2 to 4 to 12 and
insensitivity to small changes in the location of the
boundary points shown in figures I-2(a) and (b). Un-
fortunately, this behavior does not extend to the set-
tling of two spheres at an arbitrary orientation f if
(I-4,1) - (I-4,3) are not used. The difficulty is not
the selection of boundary points for a given flow
orientation (the selection of boundary points is not
a sensitive function of sphere spacing for a given
orientation except for small gap widths) but the fact
that for each angle P a different set of boundary points
should be used. This feature of the collocation tech-

nique is its most important shortcecoming.
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To overcome this difficulty, the angle £ may be
divided into several different ranges between O and /2,
and a different set of boundary points used in each range
to keep the error in the horizontal drift and angular
velocities within acceptable limits., However, satis-
factory results may be obtained more conveniently by
finding a single optimum configuration of points which
can be used for all orientations. To this end more than
6000 solutions were tested by varying the configuration
of points and the orientation angle f. These tests showed
that, while a given éonfiguration of points produced good
results over a certain range of B, the same set of points
could produce substantial errors outside this range. The
four-point solution found to give the smallest maximum
percentage error at any orientation is shown in figure
I-2(¢c). The percentage error in the drag, angular velo-
city and horizontal drift velocity for this positioning
of the points is presented as a function of orientation
for various spacings d12 in figure I-4. ™he maximum
error in the vertical drag correction factor occurs in
the central range of the orientation angle for all spac-
ings. For spacings of about 1.3 or greater, the maximum |
error in the horizontal drift velocity and angular velo-
¢ity occurs when the line of centers is nearly horizontal
or vertical., At closer spacings the maximum error in

angular velocity and horizontasl drift velocity occurs
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at orientations of roughly 20° and 45° respectively. Even
though the percentage errors in the drift and angular velo-
cities seem large for c¢lose spacings, it should be kept in
mind that the magnitude of these quantities is small and,
therefore, their actual deviation is small, The maximum
values for the drift and angular velocities at any spacing
or orientation are less than 6 and 10% respectively of the
vertical velocity component (Goldman et al 1966). Never-
theless concern about the cumulative effect of small errors
for long-time interactions was one of the reasomns for per-
forming the experiments presented in section I-5,

The four-point solutions shown in figure I-4 can be
substantially improved over most of the range of P by go-
ing to twelve-point solutions. This increases the number
of matrix equation to be solved for each sphere from 12 to
56, Thus for btime-~dependent multisphere interactions
involving a thousand or more quasi-steady solutions this
improvement is not practical and, as seen at the end of
section I-5, comparison with experiment shows that such
improvement is unwarranted. However, for the singie,
bounded, non-axisymmetric sphere calculations described
in section I-6 such improvement would certainly be
desired.

A natural question to ask at this point is how accu-
rately the collocation technique can predict the local
fluid velocity. Table I-3 shows values of the local fluid
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velocity'§; relative to the sphere settling velocity W for
two spheres settling axisymmetrically at a center-to-center
spacing of three diameters. This configuration was chosen
since the exact local velocity field can easily be computed
from the Stimson & Jeffery solution. The M = 4 and 12
collocation solutions correspond to those shown in figure
2(a). Examination of ¥able I-3 shows that the relative
velocities predicted by the collocation solutions are con-
sistently accurate to within about 1% for M = 4 and 0,01%
for M = 12 except immediateiy adjacent to the spheres.

The accuracy of the M = 12 solution near the sphere axis

is very good in light of the fact that there are no
boundary points in that vicinity.

Another point of interest is to determine whether the
collocation technique is capable of predicting fime
features of the flow such as the presence of separated
regions of closed streamlines. Davis et al (1976) have
used the Stimson & Jeffery solution to show that, for
steady, exisymmetric, uniform flow past two equal spheres,
separation of the flow from the spheres occurs for center-
to-center spacings of less than 1.79 diameters. As the
spacing is further decreased, the two separated flow
regions adjacent to each sphere coalesce and the filwid
in the réegton between the two spheres robates in one or
more ring vortices. To see whether the collocation tech-

nigue can predict this behavior, values of the relative
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local fluid velocity were obtained for two spheres settling
under gravity at a spacing of 1.7 diameters for the plane
midway between the two spheres (Z = 0) and along the axis
(tables I-4(a,b) respectively). Results are shown for two
sets of twelve-point collocations: one as in figure I-2(a)
and one in which two sets of boundary points were placed
near the axis, i.e. at 65 = 1° and 179° for three arbitrary
values of ¢3 with the remsining six points placed at

65 = 45° and 135° in a scheme similar to that used by
Leichtberg, Weinbaum, Pfeffer & Gluckman (1976) to improve
the accuracy of the solution in the near-collision limit.
Table I-4(a) shows that both collocation schemes are in
good agreement with the exact solution with a maximum
local error of about 1%. Table I-4(b) shows that both
collocation schemes predict the presence of the separated
flow region in accord with the exact solution. However,
the extremely small relative velocities adjacent to the
sphere are obscured by the relatively larger slip velocity
incurred by using the collocation in figure I-2(a). A
substantial improvement is observed as the slip velocity
is eliminated in this viecinity by placing boundary points
near the axis R = 0. This modification also produces a
considerable improvement in the solution in the vicinity
of the other side of the sphere (i.e. for Z > 2.7). The
12-point collocations also exhibited the wvarious vortex

patterns described by Davis et al (1976) at closer spacings.
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I-4, Multiple-sphere configurations
The solutions for the vertical and horizontal two-~

sphere configurations shown in figures I-2(a),(b) are
readily extended to vertical and horizontal arrays of any
number of equally spaced spheres, the only limitation
being the size of the matrix (I-2.12) that the computer
can handle., Although these flow configurations are
transitory, they do shed important light on the order

of magnitude of particle interactions in larger chains,
particle shielding effects and the effect of relative
spacing and orientation. The results are also the first
presented for the angular velocity of three or more
closely spaced spheres,

Figure I-5 shows the drag correction factor AMJ for
straight chains containing 3, 5, 7, 9, 11, 13 and 15
equally spaced spheres falling parallel to their line of
centers at a spacing of 2 diameters. The central sphere
is denoted by j = O. Results are shown for only half of
the chains since values for the other half are symmetric
about j = O, Solid lines connect solutions through
individual spheres in a chain, which are represented by
the points shown. The dashed lines connect spheres of the
same number takea from the outermost sphere. The error in
ﬂ”j for these four-point solutions is believed to be about
0.3% on the basis of the results in table I-1 and a com-

parison with the axisymmetric collocation theory of
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Leichtberg, Weinbaum, Pfeffer & Gluckman (1976).

Figures I-6(a) and (b) show the vertical drag cor-
rection factor %&j and the angular velocity'ﬁid for the
same chains falling perpendicular to their line of centers.
The meaning of the dashed and solid lines is the same as
in figure I-5., The estimated error for the four-point
configuration used is about 0.02% for the verticsl drag
correction factors and 0.09% for the angular velocities;
see table I-2, The three-, five~ and seven-sphere
chains were also run using the twelvew-péiant:cellocstieon
(figure I-2b) and confirm this estimated accuracy of the
four-point solution.

Comparisén of figures I-5 and I-6(a) shows that the

relative difference between j],. and JLJ grows progressively

13
larger as the chain length islincreased. One might con-
Jjecture that the ratio of ﬂl_to 2” approaches the value 2
in accord with slender-body theory as the chain length
becomes infinite., Aimarked reduction in drag per sphere
as the size of the chain is increased is clearly evident
in these figures. (The fifteen-sphere vertical chain
falls ?oughly three times as fast as an isolated sphere.)
Examination of figure I-6(b) shows how the angular velo-
city increases as one moves to the outer spheres in a
horizontal chain and that for larger chains, as shown by

the dashed lines, this variation in angular velocity is

very small. Spheres to the left of j = O rotate clock-
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wise, while spheres to the right rotate counterclockwise.
The computation times required to determine the drag and
velocity field varied from about 0,75 sec for a three-
sphere chain to about 30 sec for the fifteen-sphere chain
using an IBM 370/168 computer.

Figures I-7 and I-8(a,b) examine the effect of sphere
spacing and end effects on a seven sphere horizontal and
vertical chain, These solutions were obtained using the
twelve-point configurations shown in figure I-2(a,b). The
maximum probable error for the drag correction factor is
0.03% for the vertical chain and 0.4% for the horizontal
chain, The error in the angular velocities is less than
5% at the 1.,0025 spacing and less than 0.08% at a spacing
of 2. These errors decrease rapidly as the spacing is
increased. Comparison of figure I-7 and I-8(a) shows that
at large spacings, for a given spacing, le is equal to

Z 3
end effects are more predominant for a chain falling

at twice that spacing. Furthermore, at large spacings,

vertiéally while at small spacings, end effects are

stronger if the chain is falling horizontally. Figure I-8(b)
shows that the angular velocity of each sphere ih the hori-
zontal chain increases rapidly as the spacing is decreased
until a maximum angular velocity is achieved for very small
gaps in the lubrication-theory limit. This meximum is
observed to occur at a spacing of about 1.05 diameters for

two spheres (see table I-2) and decreases as more spheres
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are added to the chain.

The solution for a straight chain of spheres falling
in any arbitrary orientationf may be obtained by combin-
ing the solutions for a vertical chain and a horizontal
chain with the same spacing as was done for the case of
two spheres by Goldman et al (1966). If the acute angle
between the line of centers and the horizontal is P (see
figure I-3) the horizontal drift, angular velocity and

vertical drag correction factor are given by

U) = 2.LJ - 2”.) 5"‘/) Z.ﬁ 5 (I-q‘.l)
2 4. /7Hj :
Wy = Wy cos B, (I-4.2)
/7). - 2 4., A1 "y , (I~i+.3)

(A, + 23!)') ~ (/7.1.J' ’]uj) cos2p

where values of A ST /71);1 and Em may be obtained from
figures I-5 - I-8. As mentioned previously, these
formulas based on Z‘V’J.;j’ /L_ j and 2”3 are considerably more
accurate than the more general four-point solutions shown
in figures I-4(a), (b) and (e¢).

An interesting configuration involving three spheres
in a vertical plahe is shown in figure I-9. The line of
centers of spheres 1 and % is horizontal and sphere 2 is
equidistant to the other two., If ’f)’/ﬁ is small, sphere 2

interacts directly with both 1 and 3 and, therefore, falls
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faster. On the other hand, if D/B is large, spheres 1 and
3 act as a doublet and fall faster than sphere 2. This
suggests that for a given value of 5} there is a critical
value of'ﬁ/ﬁ’for which the vertical velocity component of
the spheres is equal. Theoretical values of this critical
value were obtained using the four point configuration -
shown in figure I-2(c). At close spacings this critical
value is a very strong function of B. At large spacings,
the spheres act like point forces and'ﬁ/ﬁ approaches the
asymptotic value 3.735. It should be observed that this
configuration is unsteady since spheres 1 and 3 possess

a horizontal drift wvelocity tending to bring them together.
Due to the reversibility of Stokes flow, the same critical
spacing curve shown in figure I-9O may be used if sphere 2
lies above 1 and 3. In this case, the horizontal drift
velocities are reversed. However, the spheres continue

to rotate in the same direction as before.

Another intriguing behavior may be observed from a
study of the three sphere configuration shown in figure
I-9. For a given value of‘g; if the critical value of
D/B is exceeded, the vertical distance D decreases.
However, despite this, spheres 1 and 3 continue to
approach each other and to rotate in the direction shown
in figure I-9, This behavior may be analyzed qualita=
tively by considering the individual interactions between

pairs of spheres. The interaction between spheres 1 and
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2 results in sphere 1 rotating clockwise and drifting to
the right. In the absence of sphere 2, sphere 3 causes
sphere 1 to rotate clockwise and fall vertically without
drifting. Superposition of these two motions results in
sphere 1 rotating and drifting to the right. The same
considerations may be made for sphere 3.

An interesting {our-sphere configuration is obtained
by adding a fourth sphere above sphere 1 and 3 so that it
is a mirror image of sphere 2 as shown in figure I-10,
Due to symmebtry of Stokes flow, sphere 4 cancels the
horizontal drift velogity caused by sphere 2 on 1 and 3.
Furthermore, the settling velocities of spheres 1 and 3
are equal as are the settling velocities of spheres 2 and
4, Iflf/g is large, spheres 1 and 3 form a doublet and
fall faster than 2 and 4. If, on the other hand,'5/§ is
small, spheres 2 and 4 form a doublet and fall faster than
1l and 3. Again, for a given value of ﬁ; there is a crit-
ical value of D/B where all four spheres fall with the
same velocity, This critical value of 3/§'as a function
of B is shown in figure I-10, Similar to the three-sphere
case, the critical value of 37§'is a very strong function
of spacing. At large spacings 57§'approaches the asymp-
totic value of 2. The shaded region in figure I-10 in-
dicates values of‘ﬁ/ﬁfwhich are physically impossible
since the spheres would overlap. Unlike the three-sphere

configuration, none of the spheres in the diamond con-
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figuration possess a horizontal drift velocity. Thus, at
the critical spacing, the diemond configuration is steady.
However, it will be shown in the following section that
this configuration is unstable.

Another interesting behavior may be observed for the
diamond configuration. If the four spheres are at or
near the critical spacing and sphere 1 is displeced to the
left, one at first would suspect that spheres 2 and 4
rotate clockwise since they are closer to sphere 3 than
they are to 1. However, the theory shows just the opposite
to be true. In fact, for large spacings, spheres 2 and 4
continue to rotate counterclockwise until sphere 1 has
been displaced a distance about equal to B. The reason
for this can again be qualitatively deduced by considering
the interactions between pairs of isolated spheres. The
solution for two spheres falling in any arbitrary orien-
tation shows that their angular velocity is a function of
both the spacing and the orientation. In the absence of
spheres 1 and 3, 2 and 4 fall vertically without rotation.
Sphere % causes 2 and 4 to rotate clockwise while sphere
1 causes them to rotate counterclockwise. Even though
sphere 4 is closer to 5 than to 1 the inclination of the
line of centers betweemn spheres 3 and 4 is greater than
that between spheres 4 and 1. Rotation of a pair of spheres
is caused by the component of gravity perpendicular to their

line of centers. This component is greater for the pair
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formed by spheres 1 and 4 than by 3 end 4, Thus the coun-
terclockwise angular velocity of sphere 4 caused by the
presence of sphere 1 is greater than the clockwise angular
velocity of 4 caused by 3 and the net effect is that &
rotates clockwise., The same analysis may be applied to

sphere 2.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



I-36

I-5. Time~dependent settling of three or four spheres in

a_vertical plane
In general, a cluster of three or more spheres falling

asymmetrically in a vertical plane cannot achieve a stable
steady-state configuration even after the initial quasi-
steady settling velocity is achieved, since the quasi-steady
Stokes drag on each sphere continues to vary because of
multiparticle interaction effects that continually change
as a function of particle spacing and velocity. As a
result, the solutions presented in the previous section
are valid for those particular configurations which exist
at one instant of time except for certain special cases
where the velocity of all the particles is the same and
the configuration does not change.

Unsteady multiparticle creeping motions are complic-
ated by the appearance of Basset, virtual-mass and accel-
eration forces and by the difficulty of calculating
fluid-particle interactions for three or more closely :
spaced particles. ILeichtberg, Weinbaum, Pfeffer &:
Gluckman (1976) have presented a theoretical and experi-
mental investigation exploring the importance of each of
these complicating features by examining in detail the
hydrodynamic interaction between three or more spheres
falling under gravity alémg a common axis parallel to
their line of centers. The results of this investigation

indicated, in general, that the Basset force is the most
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important unsteady force in gravitational flow at low
Reynolds numbers in which the flow configuration is slowly
changing owing to fluld-particle interactions. Virtual-mass
and particle acceleration, on the other hand, were shown

to be of negligible importance except for a short-lived
initial transient period. Nevertheless, even with the
complete omission of the unsteady forces, the qualitative
behavior of the problem was preserved snd agreement bet-
ween theory and experiment was reasomnable, especially

for runs of short duratioﬁ in which Re £ 0.1,

Although a complete theoretical analysis of the set-~
tling of clusters of spheres should include all the un-
steady forces present, the computations required for
including these forces for non-axisymmetric flow are
prohibitively time-consuming on present computers. If
the unsteady forces are omitted (i.e. at each instant of
time it is assumed that the quasi-steady Stokes drag
balances the gravitational buoyany forces on each sphere),
the numerical integration procedure used to determine the
trajectory and rotation of each sphere for a typical run
requires that the system of equations given by (I-2.12)
and (I-2.,13) be solved between 1000 and 3000 times for
runs of the order of 1000 sphere diameters. To accomplish
this for a three-sphere run in whieh the ne-slip boundary
conditions are satisfied at four points on the surface of

each sphere requires between 10 and 30 min of IBM 370/168
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accounting time.

The numerical integration procedure used in this
study is basically the same as that used by ILeichtberg,
Weinbanm, Pfeffer & Gluckman (1976). With the omission
of the unsteady forces, the spheres may not be started
from rest. Instead, the initial velocities are the
quasi-gteady velocities obtained from (I-2.12) and
(I-2.13) for the initial configuration. The trajectory
of each sphere in a vertical planar cluster of spheres

is determined by integrating

z =
ﬁi' = VU7, (I-5.1)

-~

he s ‘% 1

i+ Ej‘i ig the instantaneous distance of
the center of the jth sphere from the origin of a rect-

angular coordinate system which is at rest and

CARS 1+ W, k is the translational velocity of that
sphere., Its angle of 1*:«31:811;:’:.?.::1f><c,j is obtained by inte-~-
grating
Aoy | W (I-5.2)
At J

wheretxd is measured in radians and is positive in the
counterclockwise direction. The numerical integration
is carried out as féllows. If %; is an arbitrary time

and At is a finite but small time interval, the position
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and velocity of the jth sphere at time‘%o + A% may be ob-

tained in terms of the solation at %o by a Taylor expan-
sion about %;.

— A~ > ~ 2 ey~ =
T (§.+4f) = sj( .) + s (T.) AT + -’gsj- (+.)(4t)
J
V=~ ~ 3
— +
+ésJ.(.,)(A'c)

(I-5.4)

Solving (I-5.4) for ﬁ%(%;), substituting into (I-5.,3) and
neglecting terms of higher order than (A%)3 yields

el
&+
+
o
ol
N
]
e
iy

T @raB)[aT + EE) s

where

= ~
EJ (:Eo): - ;li_ flj; ( o) (A'l:) (I-5.6)
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is a correction used solely to estimate the error incurred
by neglecting terms of order higher than (A?:)a. A gimilar

equation may be obtained for the angle of rotation

; (+,+ %) = ;s (t.) + ﬁ‘[% (t,) +

W; (F+ 0%) | 0 + & (%.) (1-5.7)
where
1 A ~ ~\ 3
&y (+o)= — 2 Wy (t.) (at) (I-5.8)

The velocities ﬁ%(%; + 4%) and 25(36 + A%) are computed
simultaneously by an iterative procedure which alternately
solves for the positions and angles from equations (I-5.5)
and (I-5.7) and for the translational and angular veloc-
ities from equations (I-2.12) and (I-2.13) using the
collocation technique until convergence is achieved.
Usually, only two iterations at each time step are re-
quired. Following convergence of the iteration procedure,
the error for the displacement and rotation is estimated
from (I-5.6) and (I-5.8) written in finite difference
form. If any of these errors exceed pre-set error limits,
the time interval is halved and the computations repeated.
If, on the other hand, none of these errors exceed ten

percent of the pre-set error limits, the time interval A%
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is doubled before proceeding with the next time step
computations. By doing this, computer time is kept to a
minimum while the desired accuracy is maintained. All of
the numerieal solutions to be presented in this section
are based on the four-point collocation of (I-2.12)
(figure I-2c¢).

The simplest unsteady non-axisymmetric motion of a
finite number of particles is that of three equal spheres
settling freely in a vertical plane. Figure I-11l shows
&8 series of three-sphere numerical runs relative to a
stationary reference frame in which the spheres begin
from a horizontal-~chain configuration. In all cases, the
initial center-to-center distance between the two outer

spheres is six diameters while the ratio

center-to-centér distance from
central to right outer sphere B
C = = (1_5‘9)
center~-to-center distance from A
central to left outer sphere

is varied from 1.0 o 2.0 in increments of O.1l. These
conditions were chosen since they correspond to the ex-~
perimental studies of Jayaweera et al (1964). Bach figure
is drawn to scale and the arrows indicate the instantaneous
direction of the angular velocity of each sphere. The
numbers to the left of each configuration indicate the

total elapsed time T and the distance 33 fallen by the
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upvermost sphere measured in sphere radii.

Kynch (1959) discusses a special arrangement of three
spheres in a vertical plane in which one sphere is midway
between and above the other two, whose line of centers is
horizontal, If the particles are equal, the two outer
ones separate to allow the central sphere to pass between
them and then close up behind it. Because of the revers-
ibility of Stokes flow, the trajectory of the particles
after they have formed a horizontal chain is a mirror image
of the trajectory before. Thus it is necessary to comsider
only the motion of the spheres when they sre released in
a horizontal chain, i.e. C = 1 (figure I-lla). As shown
in figure I-11(a), the central sphere initially falls
faster as the two outer spheres approach one another. A
point is reached (E = 107.8) where the three spheres fall
with the same vertical speed; see figure I~9, However,
because of the non-vanishing horizontal drift, the outer
spheres ccntinue moving closer together. The outer spheres
now form a doublet and begin falling faster than the
central sphere. When the gép between the outer spheres
reaches 0,1 diameter (%.= 158.3) the four-point collocation
breaks down. However, qualitative results may be obtained
beyond this point by artificially constraining the spheres
from moving closer or rotating while allowing them to move
apart and resume rotation when this is indicated., This

extended solution shows that there is no tendency for the
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doublet formed by the outer spheres to separate, and the
vertical distance between the doublet and the central
sphere closes until a spacing is reached where all three
spheres fall with equal velocity, creating a steady
corfiguration. The run was discontinued after the ratio
D/B (see figure I-9) was within 0.01% of the critical
value. It should be noted that the critical value of
D/B for B = 1.1 shown in figure I-11(a) at T = 277.0 is
3.567. This differs from the critical value of D/B =
2,715 given by figure I-9, since in the former case the
two spheres forming the doublet have been artificially
congtrained from rotating or moving closer to each other.
A check on the overall accuracy of the numerical
integration procedure may be made by running the three-
sphere problem in the previous paragraph in its entirety,
i.e. beginning with B = = 1.101 for a horizontal doublet
and placing a third sphere midway between and above the
other two with D = 4,787, which is the mirror image of
the configuration shown in figure I-11(a) (¥ = 158.3).
Under these conditions the central sphere falls slower
than the doublet. However, the leading pair spreads apar’,
alloﬁing the central sphere to catch up such that the
three spheres form a horizontal chain. If the run is
carried out for a time period equal to twice the time re-
quired for the three spheres to form a horizontal chain,

the final configuration should be s mirror image of the
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initial configuration. It was found that the total accum-
ulated error for B and D at the end of the run was 0.08%
and 0.13% of the initial values respectively, while the
error in the angle of rotation of the outer spheres was
~-0,05% of twice the value when the spheres formed & hori-
zontal chain.,

Hocking (1964) has presented qualitative results
similar to those shown in figures I-11(b-i) using a single-
reflection weak-interaction theory in which the rotation
of the spheres is neglected in an attempt %0 explain the
qualitative experimental observations of Jayaweera et al
(1964) for several of the flow configurations shown in
figure I-11l. In the experiments it was concluded that,
for all values of C tested, one sphere in the cluster
eventually remains behind the other twe. These results
as well as those of the present study are presented in
table I-S.* In general the agreement between the present
theory and experiment is very good, especially censidering
the duration of some of the runs. Differences occur only
for marginal values of C. The present study also shows
that there are at least two narrow bands in the range of
C, near C = 1.5 and 1.8, for which the final configuration
obtained_from the numerical integration procedure indic-

* Jayaweera et al (1964) present their results in terms
of ranges of values of C. It is not known whether

their experiments were carried out for the specific
values indicated in table I-5.
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ates that the two leading spheres are very slowly spreading
apart, which may eventually allow the trailing sphere to
catch up after a long time period. These cases are labelled
inconclusive in table I-5. A run was made for C = 1,33 and
clearly showed that sphere 2 was left behind. The run for

C = 1.4 was discontinued after spheres 2 and % reached a

gap of less than 0.1 diameter. The result shown for C = 1.4
in table I-5 is for A + B = 10 diameters.

While the qualitative agreement with experimental
observation shown in table I-5 is very encouraging, a
quantitative comparison between the theoretical results
and experimental measurements, especially of the small
horizontal drift velocity, would be very reassuring owing
to the uncertainty in the accuracy of the four-point
collocation solutions for this velocity component as dis-
cussed in relation to figure I-4(b). Thus, as part of a
larger experimental study of multiparticle Stokes flow
interactions, Randall Wu and Zeev Dagan conducted a series
of careful measurements corresponding to the initial con-
figuration depicted in figure I-1ll(a). The experimental
apparatus and the spheres used as well as the measurement
technique are described in Leichtberg, Weinbaum, Pfeffer
& Gluckman (1976, pp. 600-601). Unfortunately, these
commercially made nylon spheres had tiny internal bubbles
with sufficient eccentricity to preclude accurate measure-

ments of the small hydrodynamically generated angular
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velocities, After many trials three spheres with virtually
identical quasi-steady settling velgcities were obtained.
Figure I-12 compares theory and experiment for the
time-dependent variation of the relative horizontal and
vertical spacings ﬁ-and ﬁ'as sketched in figure I-9. Two
sets of theoretical curves are shown., one in which the
spheres are free to rotate and one in which the spheres
are artificially constrained from rotating. The latter
corregsponds to the self-stabilizing configuration achieved
in an internally eccentric sphere when the center of grav-
ity of the sphere lies below its center of buoyancy. These
two situations bracket the experimental conditions. The
small differences in angular velocity involved are observed
to have a small effect on the vertical spacing'ﬁ, which
grows with time, and an almost negligible effect on the
horizontal spacing'ﬁ. Optical distortion resulting from
the curved walls of the settling tank introduces a measure-
ment error of about 0.2 sphere diameters. The agreement
between theory and experiment is good for both the hori-
zontal and vertical spacing for the entire duration of the
experimental runs. The time scale shown is the same as
that used in figure I-11, the measured runs corresponding
to rowghly the first 6 frames of figure I-11(a). The length
of the run, approximately 150 sphere diameters, was limited
by the size of the apparatus and the spheres used. As

noted in figure I-12(b), there was a tendency for the vert-
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lcal-spacing measurements to lag the theoretically pre-
dicted curves at the larger times in the experiments. This
behavior might be attributed té the omission of the Basset
force in the numerical solution. In Leichtberg, Weinbaum,
Prfeffer & Gluckman (1976) it is shown that these forces

can cause discrepancies in vertical spacing which grow as

a Re t (Re = 0.011 for the experiments shown) with increas-
ing time. This effect would be much smaller for the hori-
zontal drift because of the much smaller velocities and
accelerations involved.

Figure I-13 examines the stability of the four-sphere
diamond shaped configuration discussed in the previous
section for B = 3. In figure I-13(a) the horizontal pair
was displaced outward by 0.1% while in figure I-13(b), the
horizontal pair was displaced inward by the same amount.

In the first case the top and bottom spheres form a verti-
cal doublet leaving behind a horizontél doublet formed by
the other two spheres. In the second case, the bottom
three spheres form a cluster leaving‘behind the top sphere.
In both cases, the run was discontinued after the gap
between any two of the spheres became less than 0.1

diameter.
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I-6. Some comments on the extension of the present technigue
to bounded £lows

The multiple-sphere collocation technique described
herein can be extended to a variety of bounded flow problems
with both periodic and arbitrary particle spacing and planar
symmetry using procedures very simiiar to those already
developed in Wang & Skalak (1969) and Leichtberg, Pfeffer
& Weinbaum (1976) respectively for axisymmetric flow. In
either case one first transforms the boundary-value prob-
lem for the collocation technique to a form that is entirely
equivalent to that already treated in the present study for
planar multiple-sphere configurations. This procedure is
briefly outlined below.

In place of (I-2.3), the fundamental equation for the
velocity field for a system of N spheres lying in a plane
of symmetry, with an arbitrary symmetric upstream flow

and planar or cylindrical boundaries is given by the linear

superposition
M vV
- - - -
= -+ . i
V=V, JZ;' ij + J_Z;'%' [VX (v, )’_M“) + vf_“w)
(1-2) : (n+1)
—__——— . Y.
Z/V"(Z"") ! VR("+')+/"'7 {zn-1) Yy -(n-n)] (1-6.1)

where in view of the planar symmetry see (I-2.4) and (I-2.5)

2 (n+1) o jn
" 3
ln-H) Z P (Q:)) r ""‘ Cymn\ Cos m¢)- +4{ o Slnmg/, (I-6.2)
E.‘.
13-Uq-n) L Jmn 1o}
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Here ?; is the specified flow at upstream infinity and'?;a
the velocity disturbance due to each confining boundary.
The latter is a Fourier series or integral of the funda-
mental separable solutions of the Stokes-flow equation
written in rectangular or cylindrical coordinates depending
on the shape of the boundary and the particle geometry.

For an infinite periodic array of spheres with arbit-
rary spacing aligned at any normal distance from, but
parallel to, the confining walls the expression for ?;j
is an infinite series containing three sets of unknown
nj? an i The harmonic functions
(I-6.,2) representing the velocity disturbance due to each

coefficients F and Hn
sphere are now written in the coordinate system correspond-
ing to the boundary chosen and the total velocity'?'set
equal to zero to satisfy the no-slip boundary conditions
along the entire coordinate surface of each confining
boundary present. These no-slip conditions provide three
equations, one for each velocity component, which are to

be satisfied at every point along the confining boundary.
This is accomplished by multiplying each of the three
boundary equations by the infinite set of appropriate
orthogonal functions and integrating over the interval

of periodicity. This procedure leads to an infinite
ordered system of three linear algebraic equations in

Gn

which sets of F and Hn‘ are related to linear mat-

nj* "nj J
rices involving sums of the unknown sphere coefficients
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Bjmn’ ijn and Ejmn’ The solutions for the F Gn and

th

Vli in (I-6.1) and the no-slip boundary conditions satis-

el

nj? "nj
are now substituted back into the expressions for the

fied at discrete points on the surface of each sphere as
described in section (I-2). The resulting set of equations
is entirely equivalent to the linear matrix equation (I-2,12)

for the unknown sphere coefficients B Cc and Ej

Jmn? Y jmn mn

obtained in the present study.

The treatment of a confined system of spheres in an
arbitrary planar configuration of spheres is similar in
concept to that just outlined for periodic flow geometries,
but mathematically more involved. The velocity disturbance

-5

ij describing each confining boundary is a Fourier integral

involving a continuous distribution of unknown Fourier
coefficients Fj(t), Gj(t) and Ej(t), where t is the trans-
form variable., The procedure for determining these
coefficients in terms of the unknown sphere coefficients
Bjmn’ cjmn Jmn
conditions along the surface of each confining boundary

and E by employing the no-slip boundary

is the same as that just described for periodic confined
flows except that one has to evaluate the Fourier integral
transform of the wall disturbance. While it is possible
to perform these integrations analytically for simple
coordinate geometries and thus find closed-form solutions
for Fj(t), Gj(t) and Hjét) the evaluation of the inversion

integrals is very laborious and must be performed numeric-
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ally. The same difficulty arises for axisymmetric flow
and is described in detail in Leichtberg, Pfeffer & |
Weinbaum (1976). All the preceding comments apply equally
well if the particles are spheroids instead of spheres
except that (I-6.2) is replaced by spheroidal harmonic
functions (Jeffery 1922). One interesting biological
problem in this regard is the tumbling of a red ecell near
& planar boundary.

The collocation technique used to solve the matrix
equation which replaces (I-2.12) for bounded systems is
virtually identical té that described herein for unconfined
spheres. In essence, the undetermined coefficients in the
series solution for each sphere are used to reduce to zero,
on the surface of the sphere, the velocity disturbance
produced by the incident stream, and all other boundaries,
whether they originate from another sphere or a confining
wall. Thus the general guidelines for the selection of
boundary points are .ndt altered. The arbitrary planar motion
of a single confined sphere or periodic array of spheres
relative to infinite straight boundaries can:be separated
into motions parallel and perpendicular to the confining
wall, Thus, for these cases the highly accurate truncation
techniques described for the purely horizontal or vertical
motion of two spheres in section I-3 can be expected to n
apply equally well. On the other hand, for the planar asym-—

metric motion of finite arrays of two or more spheres one

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



I-52,

would expect to find equivalent truncation difficult.ies
to those described herein for the settling of two or more
spheres at an arbitrary orientation.

Part II of the thesis contains an application of the
procedure outlined in this section to the arbitrary motion

of a sphere between two plane parallel boundaries.,
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Table I-l. Comparison of the solutions obtained by the
collocation technique with the exact solution
for two equal spheres falling parallel to their
line of centers.

Drag Correction Factor, jj

1 Exact

Spacing S»lution M = 2 pdirts M = 4 points M = 12 points
10 0.93036 0.93045 0.93040 0.93026
9 0.92325 0.92336 0.22331 0.22325
8 0.91454 0.91469 ! 0.91461 0.21434
7 0.90360 0.90381 { 2.50371 0.920380
3] 0.88949 0.38978 0.88966 0.88949
5 0.87060 C.87103 0.87083 0.87060
4 0.34412 0.84477 0.34462 0.84412
3 0.80472 0.80559 0.80573 0.80470
2 0.74226 0.74200 0.74438 0.74216
1.8884 0.73325 0.73247 l 0.72380 0.73314
1.5431 0.70245 0.69854 } 0.70575 0.70229
1.3374 0.68205 0.57450 ! 0.68320 0.568192
1.127¢6 0.65963 0.64623 E 0.56371 0.65963
1.0453 0.63037 0.63391 i 0.65443 0.55043
1.0050 0.64372 0.62758 5 0.64973 0.64581
1.0025 0.64543 0.82717 | 0.64943 0.64552
1 0.64514 0.62678 ! 0.64914 0.64524
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Table I-2., Comparison of the solutions obtained by the
collocation technique with the exact solution
for two equal spheres falling freely side-by-
side at various spacings.

Vertical Drag Correction Faztor, ).
Exact o
Spacing Solution M = 2 points M = 4 points M = 12 points
10 0.96380 0.96384 0.96380 0.96380
9 0.95992 0.95998 0.95992 0.95992
8 0.95511 0.95520 0.95511 0.95511
7 0.94899 0.94911 0.94899 0.94899
6 0.94092 0.94111 0.94092 0.94092
5 0.92981 0.93013 0.92981 0.92950
4 0.91348 0.91410 0.91349 0.91347
3 0.88709 0.88850 0.83711 0.88708
2 0.83680 0.84113 0.83694 0.83677
1.8884 0.8281% 0.83324 0.82836 0.82815
1.5431 0.79454 0.80301 0.79490 0.79445
1.3374 0.76751 0.77934 0.76804 0.76739
1.1276 0.73271 0.74887 0.73288 0.73282
1.0453 0.71771 0.73470 0.71648 0.71917
1.005C 0.71255 0.72721 0.70786 0.71523
1.0025 0.71292 0.72673 0.70739 0.71513
1 0.72469 0.72626 0.70676 0.71507
Anqular velocitv, ":ﬁj
Exact
Spacing Solution M = 2 ooints M = 3 noints M = 12 points
10 | ¢.0018750 | 0.0018633 0.0018759 0.0018750
9 | 0.0023143 | 0.0022970 0.0023161 0.0023143
8 | 0.0029297 | 0.0029013 0.0029318 0. 0029297
7 | 0.0038255 ! 0.0037731 0.0038300 0.0038265
6 | 0.0052082 ] 0.0051190 0.0052146 0.6052081
5 { 0.0074997 { 0.0073157 0.0075120 0.0074994
4 | 0.011717 0.011273 0.011744 0.011716
3 | 0 020824 0.019452 0.020886 0.020813
2 | 0.04669% 0.040249 0.046735 0.046660
1.8884 | 0,052204 0.044336 0.052288 0.052262
1.5431 | 0.077498 0.06llal 0.076940 0.077470
1.3374 | 0.10101 0.075186 0.099645 0.10116
1.1276 | 0.13141 0.093124 0.13120 0.13150
1.0453 | 0.13664 0.10101 0.14534 0.13119
1.0050 | 0.11576 0.10435 0.15220 0.11019
1.0025 | 0,10825 0.10320 0.15262 0.10778
1 0 0.105453 0.15303
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Table I-3a., Comparison between exact Stimson and Jeffery
soclution and collocation solutions for the
local fluid velocity relative to the sphere
settling velocity at a spacing of 3 in_the
Plane midway between the two spheres (Z = 0).

Radial Distance We - ® We - W We - ®
(radii) Exact M=4 M= 12
Solution
0 0.30180 0.29854 0.30195
0.1 0.30281 0.29946 0.30286
0.2 0.30553 0.30222 0.30558
0.3 0.31002 0.30677 0.31007
0.4 0.31624 0.31206 0.31623
0.5 0.32409 0.32100 0.32414
0.6 0.33350 0.33051 0.33354
0.7 0.34434 0.34147 0.34439
0.8 0.35650 0.35375 0.35655
0.9 0.36985 0.36723 0.36989
1.0 0.38425 0.38175 0.38429
1.5 0.46712 0.46519 0.46717
2.0 0.55677 0.55519 0.55681
3.0 0.71744 0.71604 0.71747
4.0 0.83512 0.83368 0.83516
5.0 0.91648 0.91493 0.91651
6.0 0.97328 0.97175 0.97331
7.0 1.01418 1.01264 1.01422
8.0 1.04466 1.04310 1.044693
9.0 1.06809 1.06858 1.06813
10.0 1.08661 1.08505 1.08664
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Table I-3b., Comparison between exact Stimson and Jeffery
solution and collocation solutions for the
local fluid velocity relative to the sphere
settling velocity at a spacing of 3 along the
aXiS (R = 0).

Axial Distance We - W Wf - W Ne - W
(radii) Exact M=4 M= 12
Solution

0 0.30190 0.29854 0.30195
0.1 0.3011¢0 0.29773 0.30115
0.2 0.29871 0.29530 0.29876
0.3 0.29470 0.29123 0.29475
0.4 0.28906 0.25549 0.28910
0.5 0.28173 0.27804 0.28178
0.6 0.27269 0.26884 0.27273
0.7 0.26186 0.25781 0.26190
0.8 0.24920 0.24490 0.24924
0.9 0.23464 0.23004 0.23468
1.0 0.21813 0.21315 0.212815
1.1 0.19960 0.19418 0.1989%962
1.2 0.17906 0.17309 0.17907
1.3 0.15653 0.14991 0.15653
1.4 0.13216 0.12474 0.13213
1.5 0.10624 0.097838 0.10618
1.6 0.07937 0.06990 0.07926
1.7 0.05261 0.04190 0.05244
1.3 0.02785 0.01587 0.02760
1.9 0.00839 -0.00455 0.00806
2.0 0 ~0.01269 ~0.00038
4.0 0 -0.01614 -0.00032
4.1 0.01359 -0.00105 0.01333
4.2 0.04443 0.03147 0.04424
4.3 0.08317 0.07178 0.08303
4.4 0.12486 0.11485 0.12477
4.5 0.16689 0.15805 0.16683
4.6 0.20786 0.20001 0.20783
4.7 0.24707 0.24005 0.24706
4.8 0.28422 0.27790 - D.28422
4.9 0.31920 0.31347 0.31922
5.0 0.35204 0.34680 0.35206
6.0 0.5353720 0.58436 0.58724
7.0 0.72150 0.71934 0.72154
8.0 0.30790 0.80601 0.80794
9.0 0.36842 0.86666 0.86646
10.0 0.91338 0.91169 0.91342
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Table I-4a., Comparison between exact 3timson and Jeffery
solution and twelve-point collocation solutions
for the local fluid velocity relative to the
sphere settling velocity at a spacing of 1.7
:}.g the)plane midway between the two spheres

Z = O °

We - W e - o We - W
Radial Distance Exact boundary points boundary points
{radii) Solution placed as in placed near point
fig.F2a. of interest

0 0.01255 0.01203 0.01288
0.1 0.01456 0.01410 0.01486
0.2 0.02066 0.02034 0.02085
0.3 0.03093 0.03082 0.03093
0.4 0.04549 0.04561 0.04521
0.5 0.06437 0.06471 0.06375
0.6 0.08751 0.08802 0.08647
0.7 0.11468 0.11532 0.11318
0.8 0.14550 0.14620 0.14352
0.9 0.17945 0.18016 0.17699
1.0 0.21592 0.21659 0.21302
1.5 0.41376 0.41415 0.40950
2.0 0.39564 0.59589 0.539112
3.0 0.84764 0.84788 0.84333
4.0 0.99070 0.99097 0.98653
5.0 1.07697 1.07725 1.07284
6.0 1.13339 1.13367 1.12928
7.0 1.17286 1.17314 1.16875
8.0 1.20194 1.20222 1.19784
3.0 1.22423 1.22452 1.22014
10.0 1.24139 1.24217 1.23778
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Table I-4b. Comparison between exact Stimson and Jeffery
solution and twelve-point collocation solutions
for the local fluid velocity relative to the
sphere settling velocity at a spacing of 1.7
along the axis (R = 0).

e - ¥ Me - B e -
Axial Distance Exact boundary points boundary points
2 (radii) Solution placed as in placed near peint
fig.l-2a of interest
0 0.01255 0.01203 0.01288
0.1 £.011381 0.01124 0.01216
0.2 0.00974 0.00898 0.01014
0.3 0.00673 0.00563 0.00717
0.4 0.00345 0.00184 0.00391
0.5 0.00818 -0.00148 0.00121
0.6 ~0.,000260 -0.00336 -0.000069
0.62 -0.000262 -0.00351 -0.000123
0.64 -0.000211 ~0.00358 -0.000122
0.66 -0.000127 -0.00359 ~0.000083
0.67 ~0.000082 ~0.00357 -0.000057
0.68 ~0.000041 -0.00356 -0.000032
0.69 -0.000012 -0.00353 ~0.000012
0.7 0 -0.00350 0.00000
2.7 0 -0.00272 0.00000
2.71 0.000188 -0.00251 0.000137
2.72 0.000736 ~0.00194 0.000736
2.73 0.00162 -0.00102 0.00162
2.74 0.00231 0.00022 0.00282
2.76 0.00605 0.00355 0.00606
2.78 0.01029 0.00790 0.01030
2.8 0.01541 0.01313 0.01541
2.9 0.05035 0.04866 0.05024
3.0 0.09420 0.09302 0.09388
4.9 0.49626 0.49650 0.49359
5.0 0.71365 0.71895 0.71515
6.0 0.85104 0.35134 0.84724
7.0 0.93882 0.93911 0.93489
8.0 1.00150 1.00179 0.99751
9.0 1.04864 1.04892 1.04461
10.0 1.03545 1.08573 1.08140
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Table I-5. Sphere left behind for & horizontal chain of three unequally spaced
spheres settling under gravity (A + B = 6 diameters).

C=B/A 1.1} 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 >2.0
[focking (L964)

(theorxretical) 1 1 2 1 3
Jayaweera et al.

(1964) 1 2 2 1 3 2 2 2 2 2 3
(experimental)
Present Study |1 1 2% 1%% | 3 2 2 - 2 3 3
* inconclusive

*% A + B = 10 diameters
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FPigure I-2. Position of points for spheres falling (a)
parallel to their line of centers, (b) per-
pendicular to their line of centers and (c)
in any arbitrary orientation.
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Figure I-4(c).
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Percentage error in angular velocity of two equal spheres as
a function of orientation at various spacings.
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Figure I-11(a-c¢). Horizontal chains of three unequally
spaced spheres settling freely under
gravity (A + B = 6 diameters).
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Figure I-11(d-g). Horizontal chains of three unequally
spaced spheres settling freely under
gravity (A + B = 6 diameters).
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Figure I-12(a).
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Comparison between theory and experiment for the dimensionless
horizontal sphere spacing B. Experimental Re = 0,01l; o, run 1;
o, run 2§ A, run 33 ——, numerical solution; ---, gap of
doublet artificially constrained from becoming smaller than 0.1
sphere diameter in numerical solution.
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PART II

THE SLOW MOTION OF A SPHERE OF ARBITRARY SIZE AND POSITION
BETWEEN TWO PLANE PARALIEL WALLS
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II-1. Introduction

The motion of a sphere of arbitrary size and position
between two planar parallel walls has important biological
and engineering applications. The theory is needed to pro-
vide the hydrodynamic interaction parameter for modelling the
diffusion of plasmalemma veslicles across endothelial cells
lining the artery wall (Weinbaum & Caro 1976, Arminski,
Weinbaum & Pfeffer 1979). Another application is found in
the diffusion of solute and small protein molecules along the
interstitial channels between adjacent cells that have been
observed in electron microscopic studies of endothelial and
epithelial membranes. In this context the hydrodynamic re-
sistance of the »narticle is a basic input inte numerous ex-
isting studies of capilliary permeability., This theory is
also needed to provide the expressions for the filtration
coefficient in Kedem-Katchalsky membrane theory (Curry 1974).

The earliest theoretical treatment of this problem was
presented by Faxen (1923%), details of which are giver in
Happel & Brenner (1973, pp. 322-327). Faxen considered the
problem of a sphere translating between two plane parallel
walls for the special cases where the sphere is either mov-
ing along the centerline or in a plame at 1/4 the distance
between the two walls., Faxen obtained expressions for the
force and torque acting on the sphere by the method of re-
flections using the five leading terms in the iterative
series solution. This iterative method, which alternately

satisfies boundary conditions on the sphere and on the walls
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gives accurate results only if both walls are far removed
from the surface of the sphere. At close particle-to-wall
spacings, the higher order interaction effects become sig-
nificant and the leading terms of the iterative series give
a poor description of the particle-~wall interactions.
Wakiya (1956) used a similar approach to treat the problem
of a neutrally buoyant sphere suspended in a simple shesar
flow or two-dimensional poiseuille flow bounded between two
walls. The solution he presents is also only for the case
where the sphere is at 1/4 of the distance between the two
walls. Brenner (1961) obtained an exact solubtion for the
motion of a sphere perpendicular to a single plane wall,
Goldman, Cox & Brenner (1967a) used a solution by 0'Neill
(1964) to obtaim exact numerical results for the translation
and rotation of a sphere parallel to a single plane wall,
The method used by these authors for a single wall, however,
cannot be applied when two walls are present since the solu-
tion is based on the limiting case of a spherical bipolar
series expansion in which one of the spheres is takem as in-
finitely large. Halow & Wills (1970) simply added the con-
tribution of two individual walls in order to obtain an es-
timate of the force acting on a sphere at any posiﬁion be~
tween the two walls. At best, this approach gives only a
first-order approximation to the true drag on the sphere.
The most complete study to date of this problem is the
work of Ho & Leal (1974). These authors used a perturbation
method to study the lateral migration of a neutally buoyant
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rigid sphere due to inertia effects when suspended in a fluid
which is undergoing either simple shear flow or two~dimensional
poiseuille flow between two infinite plane boundaries., Their
zeroth order perturbation solution, which corresponds to the
inertia~free Stokes flow solution, was obtained by the method
of reflections using two reflected fields. Solutions are
presented for the motion of a sphere both parallel and per-
pendicular to the two plene walls at an arbitrary position
between them. However, since only the first two reflected
fields were obtained, the accuracy of the results presented
when the sphere is either close to one of the walls or of
dimensions larger than sbout 0.1 of the spacing between the
planes is limited.

The purpose of the present work is two-fold. The fiest
objective is to determine the feasibility of extending the
collocation technique presented in part I for unbounded asym-
metric flows to bounded asymmetric flows. The second objec~
tive 1s to develop a solution for the arbitrary slow motion
of a spherical particle between plane parallel boundaries
which includes higher order interaction effects.

The arbitrary planar motion of s sphere relative to two
parallel walls can be separated into motlions parallel and
perpendicular to the confining boundaries. For translation
perpendicular to the walls, the fluid motion is purely axi-
symmetric and the problem may be treated by a collocation
procedure similar to that used by Leichtberg, Pfeffer &
Weinbaum (1976) for flow past a finite chain of eqgual SPheres
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at the centerline of a circular cylinder. The collccation
technique outlined in section I-6 is ideally suited for non-
axisymmetric motions such as translation of the sphere in a
direction parallel to the walls or rotation sabout an axis
which is parallel to the walls and@ perpendicular to the
direction of motion.

Part II is presented in nine sections. Section II-2
contains the formulation for the motion of a sphere perpen-
dicular to two plane parallel walls. In section II-3, the
accuracy and convergence characteristics of the collocation
technique are examined by detailed comparison with exact pub-
lished results for the motion of a sphere perpendicular to a
single plane wall., Solutions for the axisymmetric motiecn of
a sphere between two plane parallel walls are presented in
section II-4, Section II-5 contains the formulation for
translation or rotation of the sphere along an axis parallel
to the walls in the presence of a unidirectional flow between
the walls. In section II-6, the solution obtained in section
I1I-5 is tested against exact published results for a single
wall. Solutions for the force and torque acting on the sphere
in the presence of two walls are presented in section I1II-7,
In section II-9 the solutions obtained for motion of the
sphere perpéﬁdicular to the walls and parallel to the walls
are combined to yield the solution for the planar arbitrary
nmotion of a sphere between the two walls, Finally, section
II-9 contains some comments about the application of the

solution technique in future research.
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II-2. Formulation for the motion of a sphere pegpendiculat

to two plane parallel walls
This section contains the formulation for the slow

motion of a solid sphere of radius a moving with a constant
velocity W in a viscous fluid perpendicular te swo infinite
Plane parallel rigid boundaries whose distance from the
center of the sphere is b and ¢ as shown in figure II-1l.

The governing equations for the fluid motion are
W v*V=vp, V-V=0, (II-2.1a,b)

where the symbols have their usual meaning. Due to the
axisymmetric nature of the flow, it is convenient to
introduce the stream function Y” satisfying (II-2.1b),

which is given in e¢ylindrical coordinates by

:-—Lg :—'—2.%- "‘2029
Vet .5%., R r (II-2.22,b)

where U} and v; are the radial snd axial components of

the fluid velocity respectively. From (II-2.la), the

governing equation satisfied by the stream function is
p?(0?p) = o, (1I-2.3)

where D2 is the generalized axisymmetric Stokesian opera-

tor given by
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2 2
D: __‘__;?__’_9

2
Jet € Je 2zt

(I1-2.4)

For the geometry of the problem at hand, the stream

funetion is linearly composed of two parts:

- II-2,.
AN (12-2.5)

WE represents an infinite series containing all the simply
separable solutions of (II-2.3) in spherical coordinates
which yield a vanishing fluid velocity as r—>w and is given

by Happel and Brenner (1973, p. 136) as

Qo

y, = ) [ B, PR D, r‘”*s] I, (%) t(11-2.6)
n=2
Here r and 6 are spherical coordinates measured from the
center of the sphere, (see figure II-1) U = cos ¢ and
In(z) is the Gegenbauer function of the first kind of
order n and degree -1/2. B, and D, are unknown constants
wvhich will be determined by satisfying the no-slip
boundary condivions on the surface of the sphere in the
presence of the confining walls.
%’g represents an integral of all the separable solu-

tions of (II-2.3) in terms of cylindrical coo®dinates

which produce finite velocities everywhere in the flow
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field and is given by the Fourier-Bessel integral
e 2 -« o2
y/w=$ [A((x)e + B)e +C(x)xze
(4
—a¢2 ]
+D) a2 € | @ Ti(ap) ol (11-2.7)

Here A(X) - D(x) are unknown functions of the separation
variable X and J; 1s the Bessel function of the first
kind of order 1. The integral rather than the infinite
series form of the solution in cylindrical coordinates is
required due to the infinite non-periodic extent of the
two planar boundaries. By proper choice of the unknown
functions, the solution (II-2.7) is capable of exactly
cancelling the disturbances produced by the sphere along
the two confining walls.

Equation (II-2.5) is written in mixed coordinates;
the cylindrical coordinate system (e,z) and spherical
coordinate system (r,8). In order to differentiate
(IT-2.6) and (II-2.7) and apply the no-slip boundary
conditions along the two walls, it is necessary to relate
the spherical coordinates to the cylindrical coordinate
system., Using figure II-1 the coordinate transformation

is given by

Y.z__ €z+ 21_ 6 ~1 2z
- =€0S . II-2.8a,b
) J;E::;; ( 8,b)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



II"9 ]

Using (II-2.2), (II-2.5) - (I1-2,8), the properties
of Gegenbauer and Legendre functions and the chain rule,
the radial and axial velocity components of the flow field

are obtained

_ ___L. g‘ll _ 1 [}
V= "% 37 0 2 [B.Bage) » DD n)]
+ So Ex)2) « TJytx,0) oo, (I1~2.9a)
v - N 2-1} i ) n "
N ¢ Jp g'z [ &~ B ‘¢,2) + D. D, (Cé)J
+ S Fle,2) = 7o£°(,() o ot (I1-2,9b)
o y
where

I
B, tp2)-= 1 = Im' (-—2—-———-) (II1-2,102)
5 ,

o) § Jpi+2t
D,,,( '2') = 2 ‘ In+ z
f/ (FZ ) )"—" f } (‘/_(??TZ_—;:)
2 2 Z
- —_— = T, (II-2.10p)
et ()

" \ Z ) (II-2.100)
)

" 2 z
Dn (CI%) B (ez_,,_zz)g;:"' Ih (\/_f_z:_-;i)
L p (E ) (1I-2.104)
(ez,,_zz) - " (‘}cti—fz )
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- oed .
E(w,2) = —A ) e+ Bl)E “2 @) (1+22)E€ - D) (1-02) € (II-2.11a)

-~Xg
Fey2)= AE BOE™S Coyuwz €4 Dz € (II-2.11b)

and Pn are lLegendre functlions of order n.

Application of the boundary conditions v% = v; = 0

along the two walls results in

SE(OLI§>OCT11°(()) dx = — ”Z__Z[B,,B,:(e ¢)+D, D.,' (e 5)]

S F(e, g)o( Jo (oce) dx = - Z, [B,, B,,”(f, §) + D, Dn”((’, 5)]
o h=2

£ =-b, ¢ (II-2.12)

where each of the above integral relation is applied at z = §
where £ has the values -b and ¢ corresponding to each wall.

The right hand sides of (II-2.12) represent the disturbances
produced by the sphere and felt on the two planar boundaries.
These disturbances are functions only of the radial coordinate
g Inspection of (II-2.12) shows that the unknown functions
E and F evaluated at the two walls are simply Hankel trans-

forms of these disturbances. These egquations may be inverted

to give

B 5) 7 ~[t ) [B,B](435) +0.D, (t,5)] 7t ot

1 E v

Fis)= =+ 5 [B.8 (t,5) + DD 145)] T ) ot

£ =-b, ¢ (I1-2.13)
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The integrals required in (II-2.13) are performed
analytically as féllows. Using the polynomial representa-
tions of the Gegenbauer and Legendre functions together

with the result given by Erdelyi (1954, vol. 2, p. 24)

1}
o0 Viz

J' (Xi:‘a.z)/v“ J-)’ (X]) (le) e OIX

a” y K

. (ay)

y-p
2 T (ot 1)

3 (I1-2.14)
Re a0, y>0, -I<Rev< ZRe/w*-z,

where Ky is the modified Bessel funetion of the second kind,

one may show by induction that

- ]VH —_—} T, 4 0/2‘
So (‘tz'f gz) /2_ ) ( -fz.;. g?—) (°< )

) « |3l Y -«lg]
(n+1) ! €

(II-2.,15a)

gm“‘l““ﬁ':'f‘ I, (ﬁ%ﬁ"? J‘,(oz'é)o/{’

f,,w(,(igz)”"'- P ( igz) T, (ot oft

( lgl)"’ P 15] (II-2.15¢)
: |
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Sj(%-*-,,_;;_- P, ( 2 ) T, («t) At

'+ 5*) Ve g
-x)§)
- ') [(zn-nalg) - n-)"] € (I1-2.154)
¢ - 5 - oAt
50 (*2+§Z)g{,’, -Lh (’{‘7*;1)\)0 t&-{)
n 3 Ig'
i ) [ o-y-«ig]] (II-2.15¢)

Direct application of these results to (II-2.13) gives

Ex,35) : "Z_ [B.,B: (x,5) + D., ﬂ:m,g)]

Fre5) s 2 182 Brs) + Dy B, 5)]

£ =-by, ¢ (1I-2.16)

where

ﬁn (“lg) = So + B;({Ig) J-)U({) 0/7-‘

o l il BV
Y ("‘;l) e % (II-2.178)

I ws) = - g“f D. (4,8) Tuxt) At

\

_A  x13)\n-3 -
nl (*g‘“) [(zn-3)x18l -1(1-2)] € #
(II<2,17b)

1
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B8 = - [Tt By 14,8) 3, et t
_ (Iél)" o1l

nl! g

11}

(II-2.17¢)

Bwg) = = (Tt D)45) T gut) At

o173

]

. "
(—’;-’) [ema)alshornrs)e (Tr-2.172)

Equations (II-2,16) and (II-2.17) give the E and F
functions evaluated at the two walls im terms of the as yet
unknown spherical coefficients Bn and Dn‘ To obtain these
functions at any value of z one must determine the unknown
functiong A(X), ..., D(x) in (II-2.11a,b). The expressions
for E(x,%) and F(«,5) obtained from (II-2.16) are substituted
into (1I-2.11) whose right hand sides are evaluated at the
two walls z = -b, ¢c. This gives rise to four linear alge-
braic equations which may be solved simultaneously to yield
the unknown functions Alt), ..., D(x). Once these funetions
are obtained, they are substituted back into (II-2.11la,b) to
givé the E and F functions at any value of z. After a con-

siderable amount of algebraic manipulation the result is

E(a2) = 63(059) E(=b) = 6o (n,r) Ex,c)
-6, (o-,;;) F(ol,—b) + 6‘, (*7,0‘) F(o(, ¢) (I1-2.18a)

Fiogy2) = = G,(0;0) E,b) 4 G, (nr) Etx,c)
* Gy (30) F(#7B) = 64 (7 ) Fuwyc) (FE-2380)
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where

G-,’z(r,,y)-; 4Try[5;ﬁr + 5"“7_2; 5"1‘)1}]/0/\ (11_2.19a)
T y

L

6'3,4 (/V,V)= 4T {V[Co-;l,/,‘,_ sinh T 5:»;[;)/]

T Y

:l:/«[ﬁ'/":fr: _ 5’:;1”? cosh V]} /" (II-2.19b)

The subscripts 1,3 and 2,4 refer to the plus and minus sign
in the right hand sides of (II-2.19) respectively,/~fand g
are dummy variables,

2 2 I1-2.20
J = q-[sf'n") T -7 ]) ( )
o= x(2+b) 7= (2-c) (II-2.21a,b)
and
T=x(b+c), (II-2.21c)

The expressions for E(x,z) and F(x,z), still in
terms of the unknown spherical coefficients Bn and Dn’
are substituted into (II-2.9) to yield the local fluid
velocity at any point in the flow. After some rearrang-

ing the result is

'U'% = "Z;z{B,, [Bn’(f, 2) + B’:(ﬂ %)]

+ D,' [ D,,: (()I 'Z‘) -+ Dl: ((' z.)]} (1I-2.2218)
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] n
Ve~ nZ=z {Bn [ ©. (f/%) * 05” (CIE)]
d 1]
where
) - B, («,~b) Bt c
@' F2) | = G o) ~ G5 (9,0 )
3’) (6.2) A nﬁ'., (M;‘L) cb:,*(x,c)
%% ¥
) o,
-G, loyy) (B.,*:x, ) +6,9,75) P #:K 9 X 7, (oze) oA
ﬁv} («,-b) @;, (x,c)
| (I1-2.2%a)
n d ¥ W
B (2| _6, o) @., (a,~b) + 6, 00) B, w,e)
Do 2| J, @.,*(«,—L) B Y w,e)

xe o
t G4 (714) &’*:«’ 2 =64 (%0) P i"") X o () dx
v (“,"L) ﬁh*fd,C)

The solution (II-2.,22) satisfies the no-slip boundary
conditions all along the two planar boundaries for each

value of the index n for any values of the coefficients Bn
and D . The integrals indicated by (II-2.23) must be

performed numerically. In this regard, it should be noted
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that the expressions for the Gi functions given by
(II-2.19) - (II-2.21) are prone to large roundoff errors
as & > 0 and should be computed by their Taylor series
for small values of x., Moreover, for large values of X,
equations (II-2.,19) - (II-2.21) produce machine overflows
and their asymptotic formulas should be used.

Phe boundary conditions to be satisfied on the sur-
face of the sphere, r = a, are

Ve =0 v, = W (11-2.24a,b)
where W is the velocity with which the sphere is translating
perpendicular to the walls. The collocation technigue
presented by Gluckman, Pfeffer & Weinbaum (1971) for
applying boundary conditions on the sphere surface in
axigymmetric flow is ideally suited for this purpose.

To satisfy the boundary conditions (II-2.24a,b)
exactly on the surface of the sphere would require the
solution of the entire infinite array of unknown
coefficients B, and D . The collocation technique sat-
isfiea the boundary conditions at a finite number of
discrete points* on the sphere's generating arc and trun-
cates the infinite series into a finite one. The two
* Rach boundary point actually represents a ring on which

the no-slip boundary conditions are satisfied due to
the axisymmetric nature of the problen.
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unknown coefficients in each term in (II-2,22) permit
one to satisfy the exact no-slip boundary at one discrete
point on the sphere. If the no-slip boundary corditions
are to be satisfied at M points on the generating arc of
the sphere, the infinite series in (II-2,22) are truncated
after the Mth term., This results in a set of 2M simul-
taneous linear algebraic equations for the 2M Bn.and Dn
unknown coefficients of the truncated solutiom which may
be solved by any standard matrix reduction technique.
Once these constants are determined, the solution for
the stream function (II-2.5) and the velocity field
(I1-2.9) is completely known.

The force exerted by the fluld on the sphere is
shown in Happel and Brenner (1973, p. 115) to be

T

2
E - /"Wf s/ b 9—[9 y ]rolﬁ (II-2.25)

dvilirtsinid
(/]

Performing the above integration, using (II-2.5) - (ITI-2.7)
and the orthogonality properties of the Gegenbauer fun-

ctions results in the simple relation
The drag force on the sphere transiating perpendicular to

the two confining walls can alternately be expressed

using the drag correction factor;? as
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F = 67al A (11-2.27)

where / represents the ratio of the force that the sphere
experiences in the presence of the confining walls to the
force it would experience moving with the same velocity
through an unbounded quiescent fluid. Equating the two

expressions for the drag force yields

D2 .
1.5 a W

(II-2.28)
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II-3. Solutions for the motion of a sphere perpendicular
to a single plane wall

In this section, the accuracy and convergence

characteristics of the collocation procedure applied to
(II-2.22) will be determined by comparing solutions
obtained by the present method to the exact solutions

of Brenner (1961) for translation of a sphere perpendicular
to a single plane wall. In order to make this comparison,
the influence of the second wall may be removed from the
more general two-wall solutidn given in the previous
section by taking the limit as ¢ > in (II-2.17) and
(I1-2,19). The functions required in the solution
(IT-2.23) reduce %o

G, (7 7->-oo)==ro-e'°‘) 6.2 (gr-co,) =0 (II-3.1a,b)

G3,q4 (07, p>-) = (1¥0) C-r) G4 (q—a—ao’a—)=0 (IT-3.1c,d)
* ¥
Bn,c>w)= T, (x,c>a) =0 (II-3.2a,b)
- - o - (11-3.2¢,d)
ﬁ” (K,c—>2) = &y (£,c—>2) = O, ocC,

There are several schemes which may be used to select
the boundary points on the sphere on which the no-slip
boundary conditions are exactly satisfied. Two such schemes

will now be examined in detail.
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The most accurate lowest order truncation solution
for the wviscous drag force is obtained by choosing the
boundary point 6 = /2., This point is the most advantageous
since it controls the projected area of the sphere normal
to its direction of motion and also satisfies the no-slip
boundary conditions on the largest ring (6 = constant)
around the sphere, Unfortunately, an examination of the
system of linear algebraic equations for the Bn and Dn
coefficients shows that when the 0 = T/2 point is used,
the coefficient matrix (II-2,22) becomes singular. To
overcome this difficulty, the point 6 = /2 may be replaced
by two closely adjacent points 6 =g + J o« The optimum
value of J is found by obtaining solutions for a single
wall at various sphere-to-wall spacings with the boundary
conditions being satisfied exactly at only the two points
0 = g +d (M = 2) for a sequence of diminishing values of
J . The largest wvalue of c/‘ for which convergence to a
desired accuracy is obtained is them chosen. The results
of these runs are presented in table II-l. The bipolar
coordinate parameter & in Brenner (1961) is related to the
sphere spacing via X = cosh-l(b/a). Examination of table II-l
shows that the drag correction factor A conmverges to five
significant digits for all spacings when /< 0.01°, Con-
sequently, J was taken as 0,01° in the conputations which
follow. Additional points were selected as mirror-image

pairs about the plane € = T/2 in order to preserve the
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geometric symmetry of the boundary about this plane.

One scheme for spacing these additional points is to
divide the half-arc of the sphere into equal segments
(e.g. for M = 6 use 6 = 30°, 60°, 89.99°, 90.01°, 120°,
150°), This scheme, which was used by Leichtberg, Pfeffer
& Weinbaum (1976) for the problem of flow past a finite
length chain of spheres at the centerline of a circular
cylinder, favors the larger rings on which the no-slip
boundary conditions are exactly satisfied by not specifying
a boundary point at ¢ = 0 or 77, Using this collocation
scheme, solutions for /] were obtained for wvarious M and «
and compared with the exact solutions of Brenner (1961).
These results are presented in table II-2. The table shows
that the collocation solutions converge monotonically to
the exact solution to five significant figures at all
spacings tested. Convergence is very rapid at the larger
spacings but becomes slow when the sphere is located
immediately adjacent to the wall.

Another possible scheme for spacing the boundary
points would be to include a boundary point at 6 = O
(and 7). The role of this point should be of increasing
importance as the gap between the sphere and the wall is
made very small., Leichtberg, Weinbaum, Pfeffer &
Gluckman (1976) used this collocation scheme to obtain
solutions in the near collision limit for two adjacent

spheres in a chain. Unfortunately, the coefficient
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matrix (II-2,22) again becomes singular if the points
f = O or T are used. To overcome this problem a new set
of trial runs were made with 4 = J/, -g:i: Sy = (M= 8)
for various values of /'. The results of these runs are
shown in table II-3. Again, it was found that A converges
to five significant digits for all spacings tested when
a’ﬁ 0.01°, Additional boundary points are chosen in
pairs as before (e.g. for M = 6 use € = 0,01°, 45°, 89,99°,
90.01°%, 135°, 179,99°). The results of this collocation
scheme for various M are compared to the exact single
wall solutions at wvarious spacings in table II-4, Exam-
ination of table II-4 reveals oscillatory convergence of
A to the exact solution to five significant digits for all
spacings tested. Comparison between tables II~2 and II-4
shows that convergence of the latter collocation scheme
is as rapid or more rapid than the previous one at all
spacings.  Bven at « = 0.5 (b/a = 1.12) only fourteen
points are required to obtain the drag to an accuracy of
0.005%, At larger spacings, convergence is even more
rapid, Accuracy to four significant figures is achieved
with only eight points at % = 1 (b/a = 1.54) and four
points at X = 2 (b/a = 3.,76).

In light of the above numerical tests, it appears
that the second collocation scheme is the more efficieant
one and consequently Qill be used for the two-wall

solutions to be presented in the next section.
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IT-4, Solutions for the motion of a sphere perpendicular
t0_two plane parallel walls

In the previous section, solutions for the motion
of a sphere perpendicular to a single plane wall were
presented, tested for convergence and compared to exact
published results., In this section, solutions will be
presented for the motion of a sphere perpendicular to two
plane parallel walls. To the best of the author's know-
ledge, the only solutions currently aveilable for this
problem are those ebtained by the approximate method of
reflections technique (Ho and Leal 1974),

A study will now be presented to determine how the
rate of convergence is affected by the introduction of
the seccnd plsmar boundary. The spherical solution
(II-2,6) is now required to cancel the disturbances simul-
taneously produced by the presence of both walls on the
surface of the sphere. It is therefore expected that more
terms in the series (II-2.6) will be required to accomplish
this especially at close spacings where the disturbances
are strongest. Table II-5 shows the rate of convergence
as a function of sphere-to-wall spacing b/a and sphere
position s = b/(b + ¢). 8 = O corresponds to the single-
wall solution while s = 0.5 corresponds to the sphere
being located midway between the two walls. Each config-
uration is solved a number of times with inereasing M

until convergence is achieved to four significant figures.
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The starting value of M for a given case in table II-5 is
the minimum value of M in table II-4# which gives conver-
gence to four significant figures. Examination of table
II-5 shows that introduction of the second wall has a
surprisingly small adverse effect on the rate of conver-
gence. The slowest rate of convergence is found at s = 0,5,
b/a = 1.1 where the second wall is closest to the sphere
and only four additional points are required on the sphere
to achieve four digit accuracy for A. For b/a 2 2, no
additional points are required.

Table II~-6 examines the effect of the position of the
second wall for various sphere-to-wall'spacings b/a. The
solutions for A shown are converged to four significant
figures, Examination of table II-6 shows a dramatic rise
in the drag force on the sphere at very close spacings.
For the purpose of comparison, the results for s = 0 and
s = 0,5 are also plotted in figure II-2 together with the
exact results of Brenner (1961) for a single wall (s = 0)
and the approximate method of reflectioms results of
Ho and Leal (1974) for two walls (s = 0.5). Also shown
is the method of reflections result obtained by Lorentz
(1907) for the motion of a sphere perpendicular to a
single plane wall, i.e.

2 = |+ zi a (II-4,1)
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Examination of figure II-2 shows agreement among all
theories to be fairly good at large spacings with a
discrepency of sbout 2% at a spacing b/a = 10. At closer
spacings, the results of the present study are consistent
with the exact results of Brenner (1961) for s = O,
Results for 4 obtained by the method of reflections are
found to be up to 40% below the converged collocation
solutions at a spscing b/a = 2 and up to a full order of
magnitude lower for b/a = 1l.l.

For the sake of completeness, converged values of
are presented in table II-7 for various wall-to-wall
spacings d/a = (b+c¢)/a and sphere positions s.

The calculations for the results presented in this
section were performed on an AMDAHL 470/V6 computer. The
bulk of the computation time was used in the evaluation
of the integrals (II-2.23). Actual running times for
the solution of one problem were found to be % M2.sec.
at most spacings. At the largest sphere-~-to-wall spacings,
computation times increased by about a factor of three

due to the slower convergence of the integrals.
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IT-5, Formulation for the motion of a sphere parallel to

to two plane walls
In this section, the formulation will be presented

for the following basic asymmetric flow problems involving
a sphere of arbitrary size and position between two plane
parallel boundaries:

(a) Translation without rotation of the sphere

parallel to two stationary walls.

(b) Rotation without any translation of the sphere,

(¢) Shear flow past a rigidly held sphere induced

by the motion of one of the boundaries.

(d) Poiseuille flow past a rigidly held sphere in

a channel,
Solutions for any combination of these motions may be
obtained by a simple superposition of solutions. The
resulting motion of the sphere when it is not rigidly
held in place may also be readily obtained from these
basic solutions.

The geometry of the flow configuration is shown in
figure 1I-3, A sphere of radius»a moves parallel to the
two confining walls with constant velocity U. The fluid
motion far removed from the sphere is unidirectional and
parallel to the walls, Bretherton (1962) has shown that
for such a unidirectional flow, there is no lateral force
acting on the sphere in the Stokes flow limit. The

equations of motion for the fluid are:
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pw VIV -Vp , V-V=0.  (II-5.1aD)

For the geometry of the problem at hand, it is cen-
venient to introduce rectangular (x,y,z) and spherical
(r,0,$) coordinate systems whose origins coincide at the
sphere center, The velocity field V is decomposed into

three parts:

> = - ->
V=V, + 7, +7, (II-5.2)

-

V,, represents the unidirectional velocity profile
between the two platves far removed from the sphere. This
profile independently satisfies (II-5.1) and the no-slip

boundary conditions on the walls. For poiseuille flow

4 V. (2#—5)(2'-6) ?
(b+c)L

-
Vo =

(II-503a>

where Vc is the centerline velocity. For the shear flow

resulting when the wall at 2z = ¢ is in motion
-—> A :
Vo=  S(zrb) t (II-5.3Db)

where S represents the velocity gradient which is constant.

-

VS represents an infinite series containing all the

simply separable solutions of (II-5.1) in spherical
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coordinates which have planér synmetry about the plane

¥ = O and vanish as r—+>ew. This solution was obtained by
Lamb (1945) and has the form given by (I-2.12) and (I-2.13).
For the problem at hand, in which translational motion of
the sphere occurs only along the x-axis and rotation only
about the y-axis, only terms containing m = 1 are required
to describe the spherical disturbances., Thus the spherical

solution reduces to

?S = ug 1. v, 3 + Wy % (II-5.4)
where
g ] ] )
= 7 [AnAu+ BB, +C.C | (TI-5.50)
n=y
v, = Z [AuA. * B, B, +C,C)' ] (12-5.5p)
o I, n | "
M, = Z [,q,,A,q +B,B, +¢, C, ] (II-5.5¢)
n =y
and

A, Z'L;n[zmczvz—v)smg F.,’(S')caszzf +(n-2) R:, (8) ces 24

n

"‘I’)(VI'-H)(VI"Z) P")'I(g)] (I1-5.6a)

J

B., -*«;—;;:; [R,,,, (§) cos 24 - n(ut) B, lé)] (II-5.6b)
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! | 2
Cn = “Z'FH[PV, (8)cos 2 +n(ut) P, (5)] (II-5.6¢)
A, = ﬁ:[ﬁ(znﬂ)sfna E:(g)

+(n-2) P, (3)] cosderin ¢ (II-5.,64)

B < =~y Pory (8) cos g sing (1I-5.6€)
" z .
C") = -’:"::H Ph (;) ('05¢ S| ¢ (II"5.6£)

A+ [ 5 RS
— (n+1))(m-2) P,,i, (5)] ces ¢ (1I-5.6g)

1

B.,

1
)

)
;—;ﬂ h P (8)cosd (1I-5.6h)

7y

C,

¥

gy ’
ey F, (%) cos g (II-5.61)

Here Pg is the associated Legendre function of order n
and degree m and G = cosf. A, B, and C_ are unknown
constants which will be determined by satisfying the no-
slip boundary conditions on the surface of the sphere in
the presence of the confining walls.

V; represents a double integral of all separable
solutions of (II-5.1) which produce finite velocities

everywhere in the flow field in terms of rectangular
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coordinates and is given by the double Fourier integral

> N Al A
Ve =9, 1+ Vg d Wk (II=5,7)
where
“—wzg f D:W,P,%) oo od X cos ﬁy a/o(;(/g (1II-5.8s)
7 (" Drtepie) sinsx sinfy dudf (xresien)

oW, :)bj‘b D (¢, P12) sivax casﬂ/ oot o//g (II-5.8¢)

D, (d.h2)=[A*(l+f§e)—A"f’-‘£ z -AY"x z] eKé

£ 2 "ok ras - k2
+[B (|-°.é—‘&)+. :(QE-E -B«x2 |e (II"5098)

3 xv; - B rY RT.
Do, f2)=|~A" L2+ A" (L2 )+A" pe]e

-k

) “ il @ *x X
+_B*‘°(E£2 +8" ( Ti‘)‘\B pe|e (II-5.9b)
-~ P k2
93(4,(3,13)=[ﬁ*o(-2-—l\ p2+A (I- K-a)] e
5 ) & adr ):l c—zi’-
- +tke#
f[ee-Bpert O (I1-5.9¢)
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and k2 =o<2 + @2. Here, the starred A and B coefficients
are unknown functions of separation variables « amnd 3.

By proper choice of these functions, 7; is capable of
exactly cancelling the disturbances produced by the sphere
along the two planar boundaries.

Equation (II-5.2) is written in mixed coordinates,
the spherical coordinate system (r,#,4) and rectangular
system (x,¥,z). In order to apply the no-slip conditions
along the two walls, it is necessary to relate the
spherical coordinates to the rectangular system. The

coordinate transformation is (see figure II-3)

re= x*+y + 2" (1I-5.10a)
cos f = (x’“+y’+ ) v (II-5.10b)
+q %] ¢ = _-y-_ (II-S. 100)

X

In terms of rectangular coordinates, the primed

spherical coefficients given by (II-5.6) are

o Covaran)
(3 n ? 1+21 Y2
A;= n(zn-1) = T XTry )
(Rryret) = (X +y?)72
= 2
+3 (n-2) Xy i (()(’+}"*-zz)'/z
z (X 7+22)‘Vi "
vy (x*+y?)
X - : 2
7 nnt)(n Z) (Xz+y2"7?'z) v, Ph-l (lxz+),?+_22)72)
(I1-5.11a)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11-320

2 z
8le L x5—y* Fors ((xz+y1—!£z)"")
» 2. n42
(x1+y’-&-22) = (Xz+)'z)
' |
+ = hn (h-H) - (.___2'___-—-———
z (x2+)'2+-2’)_"‘% P‘”" (x’+yz-o-z")'/") (I1-5.1
2 =
, | xz—yz Py, ((x?+y'l+_22)yl)
C, = 7 Y T
2 (xT+y T 2?) = (xl+yz)
\ \ =
+ 5 n(n+ Ty ( !
= )(x’+y’*z")% E (X’+y’+21)/‘) (II-5.1:
\ 2
A.::: nizwn-1) ~Z yal " (lxz*')’l*'?z)’/z)
1, U 22
(Xi+y+2%) "= (X*+y?)z
h 2
()(24}17-0 -?7') z (X 14_),1) (II-5.1]
2 Z
B,= - X/ 5T i <‘>“+y’+é‘)"‘
(x2+_774_21) -y (X1+),1) (11I-5,11
2 (=
" X '
C, = 277 5 Pw <(X1tz’7+-2z)/"
(X*+yT+2t) 7= (< y?) (1I-5.11
| Z
" P ( —
A = n (2n-1) XZ - v (xz*_),v_,__zz)/z)
(x7+)’2*'22) * (x1+-)/’-) 43
'
gy 2 Rl (o
ta)ln-2) oy, Foyy)
(x? _‘_),z)'/z_ (I1-5,11
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|.< 2 >
" % P"*‘ (X +y'12") 7 )
= - T . (I1-5.11h
B, 4 (Xz*')’?"' 2%) az= (Xz-t')/z) /2
! z
P ( 2 '/)
W \(XP+y+2%) 72
C,,m= -t ntl 7 7 (II-5.111)
oLt = 2 2 )72
X4y +27) (X*+y*)

Application of the three boundary conditions u = Ve o
v = 0 and w = O along the two walls yields

Sj(MD,(«,,@,S) cos X cos Py dou 4 5

(4

T gf [A,,,A.: (XI)// g) t B, B"” (x')l/ §)+Chc"’ (X'); g)J

Skrozm,,a,g) SlwsX S'n By dudp

4

Qo
" 2 [AA w5y BB oy 5000 )]
=)

ff;Dﬂx,/}, £) sr o x cos By Ao o B

-

T2 [AA 0y, ) BB g ) sy, 9]

£ = -b, ¢ (II-5.12)
where £ is the value of z at the two walls z = -b, c.
The right hand sides of (II-5.12) represent the spherical
disturbances as felt by the two planar boundaries.,

Equations (II-5.12) reveal that the unknown D; functions
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evaluated at the two walls are simply double Fourier
transforms of these disturbances. These equations may

be inverted to give

Dt ,5) = - &, rr{f [AnAsts,t,5)+ BB, (3,4,5)

n:y

'%C.,,C.: (s, t, §)J} cos «&s cos ft ds A7

D (4,f,5) = -%S”f“{ > [Aa A ts,,5) + B Bt5,1,5)

+c.¢."ts,4, g)]} Sivy XS si'v B A oAt

P9z = 2 ("

T

S Mf f [A.A, (54,5) ¥ B., B, (5% 5)
o nwsz)
+ChC,,’”(5/'{r 5))} Sivas c‘oS/gZL o/s t/z(

£ = -b, ¢ (II1-5.13)

Analytic evaluation of the double integrals required
in (II-5,13) for arbitrary n is based on expressing the
associated Legendre function by its polynomial represent-
ation

2 Nn-2g-m
”'/Z [LJ (-‘)Z(Zn_Zz)./ 5 2

" (1-5%)
P™(T) - = ZZ_O 31 (o] tneg-my] | (T1-5.14)

Here the square bracket [x] represents the largest whole
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integer which is less than or equal to x. Once this sub-
stitution is made, the first integration may be performed
using the integral representations of the modified Bessel
fuanctions of the second kind. These representations are
found in Erdelyi (1954). The second integration, now
invqlving Fourier transforms of modified Bessel functions
of the second kind may also be performed using results
given in the above reference. The required results of

these integrations are given below.

Fllo(lplgl "/M) =

Ph'(-—*i-——~y)

50@ Sﬁa ' T i (5244 -!S’) 2 Co 55 cog/ﬁ‘f ,Iso/-f
® 0 (574{74 gl) z (51"'{2)“’/2

o ow iyt
= )4 120 Sy (8) (e151) * K, s 1) (175,350

Fz(n(,ﬁ, g,VI,m) = :
2 [ e T E‘:’, \(5?.'_{1 gz)l/>
S 3 (3
5» 5 ) E e espt dsof?t

, 2] g -3
=T ) Sumg (8) i8)) & [ Kooy cx151).
370

z

)

2 n-j =
‘o(zg (Klil) K,n—i-_:.:. (K'El)] (II"5015b)
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Eitd'pl 5)”/”’) =

w £}
to [a P —r e\t
st ;0 (s+4+5°%) ' :
g,, £<s’+{‘+ ) (stT) e bt
(s n-9-%
L «plg) gsmz(ﬂ(*’?’) i _i-_és“"f’) (1I-5.15¢)
F;("‘lfslgl"/m)=
Z
oo w PLSXL ?‘o/ o/f
S f N £ ((sw;) " i
o (5%+4 *g)
_3
= ._o<l€l 5:6.,.,,2 15)('451) t -Z-gfk'ﬂ) (II-5,15d)
g0 :
where
23"
Snnﬂ(g) = (Tr) nt+m (II—S'IG)

(-2)* g1 (n-zg-m)! g

and K, is the modified Bessel function of the second kind
of order y. Application of these results to (II-5.13)

gives’

Dit«,f8) = Z.‘,[A"A:(“»P/ £)+ By B:“‘,P, £) 46"8'1* 0":#;?)]

D:x,fy5) = > [AA, wp5) BB w A5+, T 5))

Dyx8,5) = 2 [A A e 5)+BB @851 T, s 5)]
nz=)

§ = =by ¢ (I1-5.17)
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where
Ay wfg)= -2 {nzzn VE (<,£,5,9,1)+ + (n-2)
X[Fz(“'ﬁlgl”"’:z)-Fz(le:"‘,f,‘?-’,z)]

--'2—_ n(lq-H)(W"Z)F'("()p,g/”"'o):, (1I-5.18a)

ﬁ:w,ﬁé)' -4 § [F( by Bl 2) = Fp (B, 5, nt, z)]

+Lnmn) F, (2, é,w,o)} (II-5.18b)

Co,5)= -2 2 s [Rens )= Feas, me)]

s h) F(«,B 5, n,a)} (1I-5.18¢)

/q’";"( f};g)' -4 [h(zn ) F, (“Iﬁlghl)

¥ m-2) Fyla,f g,n-1,2) ] (11-5.184)

@ M,P, %)= F f“,ﬁ,? n+l,2) (II-5.18¢e)
Gy 8)= =& Foix,p,5,m,2) (II-5.18¢)
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¥¥¥

ﬂ” (,p3) = —%—1 [n(zv:—o) 13 F;m,ﬂ,§,*;, 1)

‘-(VH")(‘?‘Z) F.;("(/ﬂ; §,‘7_’; ‘)] (11-50188)
rax
B, «ps)- T%z n By (B 5,040,0) (11-5.18h)
kK
. 4
T, («p,3) T e (<,5,0,)) (I1-5,181)

Equations (II-5.17) and (II~5.18) give the D; functions
evaluated at the two walls in terms of the as yet unknown
spherical coefficients A, B, and C,+ These functions
may be obtained for any value of 2z by applying (II-5.9)
at the two walls z = -b,c. This procedure generates six
linear algebraic equations which may be solved simultan-
eously to yield the six unknown functions A*, A**, A***,
B, B andB  contained in (II-5.9). Once this is
done, these functions are substituted back into (II-5,9)
to give the Di functions at any value of z. The process

is very tedious but straightforward. The final results

are

Ditet,f2) = Ggty) Ditg,p-b) =~ 6.(e7) Dytx,p, )
+ Gy (6, 97) ::—,_ [d D («,f=b) ~ 7 Dz"‘;/ﬁf"é)_-]
o ) 2 [ Pitapre) - Detp, o) ]
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+G,(7) & Dytx,p)-b)

4G, (4,r) L Dy, frc) (I1-5.19a)

D,(x,2)= -G, (a-!])————- [p,z«,,e, />)+°‘ D, (,f,~ é)J
+ 6 (1, 0) —’; [Dix,8,c) + 5 Dalxfd) ]
t6,(r, ) Datt,B=b) = G tp 1) Dol c)
=Gy (7y) -f- Ds(«,p,-t)
t6, (9 7) _Ei D3 (%, ¢) (II-5.19b)

Ds,p,2) = G, (o) [ % Dyen,f-b) -£ Dy tx,f,-4)]
“G2tg,0) [ 5 Piibre) ~L D, 0]
t 6y (9) Dyl«, B -b)
~64(7,0) Dstx,frc) (11-5.19¢)

where

_ sinh p sinhT sinby
G‘,lzl/«;y)—‘fl'/uy[ e + = > ]/o/‘z (II~-5,20a)

1=ty [ [y - 242 by |
Gos )= 4T [5/” z

sinh b T
r[rp s coslyy }// (II~5.20Db)
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Gsip) = (-2 sinh ) /o (I1-5.20¢)

L

G, (/~,v)= gT* 2/«/ 5":_1”2' [?:/Lf - _._____SCL‘:'Z'T Coqu yJ

+ylzﬂ£( sh o - 5"’"”)}/,// (11-5.204)

In the above equations, the subscripts 1,3 and 2,4 refer to
the plus and minus signs on the right hand SideS,/y and Y

are dummy variables,

2 27 (II-5.21a,b
o, = Z.sa'nk?f, 0/;_"" 4[5”’177:'7:.] ( 20

)
orxk(2+b) , H=k(2-c) (I1-5.22a,b)
and

T = k(bte) (II-5.22¢)

The expressions for the Di functions, which are still in
terms of the unknown spherical coefficients An, Bn and
G, are substituted into (II-5.8) to yield V..

The double integrals required in (II-5.8) cannot be
performed analytically. However, instead of carrying out

the integration for 0 SX £ w, 0< P £ w the substitution
X=xcosy Prrsing (II-5.23a,b)

transforms (II-5.8) into
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o

w sV
Uy, :g f K Dyt f,2) c0s (kX s ) cos(kysivy ) ”’/ A (II-5.24a)

fo TT/Z
Vw 5 f& Dz(t,/,.g) sl (kX ws’) siu(ky S/'hi) J/#(K (II-5.240)
0

4

oo 17/’-
,Hf.v : 50 gak D‘B (l:,,l-z) sin (kX (o‘,‘/) cos (lf/ S/'t;/)o&/lﬁ (II-5.24¢c)

where the D; functions are now functions of k and & The
advantage of this form is that the inner integration with
respect to X may be performed analytically using results
for Fourier transforms found in Erdelyi (1954). The re-
Quired formulas are summarized in the appendix. The
outer integrals with respect to k must still be performed
numerically.

After performing the integration with respect to Y
and substituting (II-5.5) and (II-5.24) into (II-5.2),
the following expressions for the local fluid velocity

are obtained:

- A
V=uvi+vj+wk (II-5.25)

where

W=V, + i {A[ A, 0y 2) + A, 0ng,2)]
+ B.. [BJ(X,'/,?) + 65.:0(,)/,2) J

+ C., [Cn'cx,y,e)-r C,,l(x,y, z)]} (II-5.26a)
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3

V= Z i [A., Xy, 2) +/¥ (x )/,?3)]
+ B,,[B., (x,),2) + (B‘:'(x,y,z):)

+ Cy; [CHH(X')/,?)-" E') (x'/,-Z)J} (II"5.26b)

MW= Z g [ n (X,),2) +ﬁ (X, y,e)]
+B,, [ B, '(x,)',z) t ﬁ;"(x,y,e)]

4 n
cy,[ . (x,y%)a—l' (x,)’,e)]} (1I-5.26¢)

Here the primed An, Bn and (‘:n functions are given by
(II-5.11). The primed.ﬁg, @n and C; functions are given
by

/

Ar= § fectn) hob) = 6, o) i)
+ G i) H, b)) =6, ty,0) Hy (0
r T M3 ) =6, ) Hy ()] Ak (11-5.27a)

@»7, = fo {G—;(‘]) Hq. ("/D) "65— (o) Hq(C)
+6 (75 7) He (-b) = Ge(4,07) M5 (<)
tGilo) Ko (-h) =6 1y, "'”/é“)} dx (II-5.27b)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



/

Cn = So 565(7) H—, (-b) - G—;(U’) H? (¢)
+ G (539) Hy(-b) - G, 1y,0) Hg(c)
61 (53 4) Hyl-b) =Gy (,e) Hy )} di

H

G S,, Z% @) K, (-b) = 64 17,0) H,, (<)
+ G (539) Hy (-b) =G5 t9,) B, (O
+ 6 (9) B (-6) -6 t9,0) K, (C)}ajk

n_ g
ﬁh - fo {6'6 (07‘7) /7’13(’6) —65/7/0") ﬂ;3(‘)
t G5 (73 9) 'L//q.("é) "&'3(‘7,0") /7114(C)
+6~,(0",7) #15(“5)—6'1(7,”')/7(/5'(6)} 0/K

"

2o
C = T T e 4) ~64 1,00 B 00
+6’3 (0—;‘7) Hl? (‘A) '"6'3 {7/0") Hn(l)
+61(74) Hi5(-h) -6, (4,0) H/g(C)} oA

A, = f $ 6otor) By () ~Gotnoy b ()

o

*6q(14) Hyy (-b) = 6y (4,0) Hy, () § ol

B (S 6ot n) By (-8) -6 () 00
'*6’4 [6‘, 7) sz("A) ~6_‘}(‘7/0") Ht?(f)} JK

¢, - ( §620039) Hs (8) = Gat1,0) By ()

4

'f’G'q_ Cr;"]) //24 ("[J) - 6'%(7/0") Hz4 (c)} D/K

II-43,

(I1-5.27¢)

(I1-5.274)

(II-5.27¢)

(II-5.27¢)
(1I-5.27g)
(II-5.27h)

(II-5.271)
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where

H ()= -n(zn- i)f J0“‘(’) B" hie )
+n(24y- l)%_; Bl B";';Zl’ (g)
—-;.- (m-2)(y*-x*) BZ BW",212;3 (g)
+ = () (n-2) Jo tep) Bn-;,o, 2,) (5)

H2(§)=‘{"’ (2u-~1y) gl [Bn"',’olé) - B‘?;bzﬂlg)]
+3 (n-2) " By a2 (5)
+ -‘a— n(nti)(n-z) Bn-l,o,o,llg)} '?2'

i) [-zn-n 5 B, | 05)

+(nh)ln-2) B,,,,,,,(g)] 3 B,
e*

Hql5)= E‘f[‘)’z"‘l) B. B»m,z,z,s (%)
-n(+y) 70(&() Bm_' 05 | (§)]

hsls): - %] 5'B

h+),2,2,]

(§)+n(n+))B, o f@]%

2
His)= n 2. B B (5)

fz 'H‘l,', ')0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

I1i-44,

(II-5.28b)

( II""S . 280 )

(1I1-5.284)

(II"so 283)

(II-5.,28¢)
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H, (5) = “'é [(yz“xz) B, 8»7,2,2,3 (%)
+0(111) Totkp) Bunyo,0,) (5] (II-5.28g)

Hs(g) : .21..[27- By,,Z,Z,' (§) ’h/l’)-H)Bn,olo,’(g)J% (II-5.,28h)
He(5)= 5° B0 (5) —?‘; (II-5.281)

Hol3) = Xy Ba[—nlzn»') Bu,,nz (§)=+ (n-) E ., (3)

1] 121

g (5] s
Hy (5)= Xy & [”’(2‘7") Bn,l,Z,B (5)
Hr-2) B,y g5 (5) ] (1I-5.28Kk)

H,(5)= Xy Bz["’(z"’“’)g B'f;,l,)/z (5)

+ ("7+l)(‘7'2) B‘)",'/ 4 {g)] (II-50281)

H'3(§) = % Xy Bz[ Bn-n,z, 2.,3 (g)
- n(n+r) g'; Bu+1,0,0,3 (§)] (1I-5.28m)

Hp4(§)= - xy BZ BH-H,Z, 2,3 (g) (II-5.28n)
hs(5)= nxy B, ,, (5) (11-5.280)

Hic(g) - *z' Xy 51[80,2,2,3 (3)

+")(VHI) - B;,lo,ols (§)]

52 (1I-5.28p)
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tha (5)= Xy B, Bn,z,z,s (5) (11-5.28q)

H’,g(é) = X} Bz Bh,;,)lz (g) (11-5.281')

o — y Jilke)
Hl‘i{g)' X —;—gL {”(ZM—')[B"/U')Z {g)—B"I'/?/3{§)J
3 012) By s (5)- & mimein)

\

* —g—z B‘?—', 0,0,3% 15)} (11-5'288)

Hw( z - 3!“‘) -
2)= — X _k___f; [n(zn ) 3 5"',’,,z{§)

“tttv-2) B, | I,zlg)] (II-5.28t%)

Hz ( = __.‘..x Itk )
1(3) z -T(:L [B”'H)ZIZ;B (g)
N .
+ 1 (n+1) gt B,,_“’ 0,0,% (§)J (II-5.28u)

Hy (5) = mx 20 0¢e) B, 1,12 (5)

\¢ ¢ (I1-5.28v)
_ A j\(lﬂ )
Hzalg)' z X —E_é_e— [Bn,z,z,s (5)
— n(n+1) _g)'? Bn,o,o,; (E)J (I1-5.28w)
Hoq (5) = X 3;("(’) Bu,i,i,2 (5) (II-5.28%)

¢
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B.= X* Jocrp) + (y2-x7) L0 (1I-5.298)
<€
I _ J, tkp) -5,
B, = kzet[:uw(;) 2 ‘TJ(I‘C‘ ] (11-5.29b)
2 2\,
p= (XT+y)™ (II-5.30)
and [a C o
2 n—z-})-’i
B, .. (5)= ) Samg () (xls) K (xis]) (11-5.31)
namets) gz0 : h-g-t-g

where J, is the Bessel function of the first kind and K,
is the modiefied Bessel function of the second kind.

The solution (II-5.25) satisfies the no-slip
boundary conditions all along the two walls for each
value of n for any value of the constant coefficients 4,
B, and C,. The integrals indicated by (II-5.27) must be
performed numerically. All of the precautions noted for
the numerical evaluation of the integrals in the axi-
symmetric case (section II-2) must also be followed for
the integrals in (II-5.27).

The boundary conditions remaining to be satisfied

on the sphere surface, r = a, are
u = U, vV = 0, w = 0 (II—5.32a,b,c)

where U is the velocity with which the sphere is trans-
lating parallel to the walls. The collocation technique
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presented in part I of the thesis may now be used for this
purpose., At r = g, boundary conditions (II-5.32) are
applied at M points on the surface of the sphere and the
series solution (II-5.26) is truncated after M terms,
This genetates a system of 3M linear algebraic equations
for the 3M unknown coefficients An, B, and C of the
spherical solution. The solution for the velocity
field is completely known once these coefficients ars
determined.

The hydrodynamic force and torque acting on the sphere
are found from (I-2,9) to be

- Val -> A
F = -SWmAl i T = -8ww01 J (II-5.3%a,b)

Using the notation of Goldman, Cox & Brenner (1967)
for the four problems outlined at the beginning of this
section, the force and torque acting on the sphere are

given by

N

= A P 2t 4
F - enpelFy i, T - 87 ULy (II-5.34a,b)

for a sphere translating with velocity U in the x-direction.,

For a sphere rotating with angular velocity JL about the

y-axis
—> N - A
F = Ggpa%AFg i, T = SqraéﬂT; 5.  (1I-5.35a,b)
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For shear flow past a rigidly held sphere induced by the
steady motion of the boundary at z

s A —> 3 s /N
- EpabSES 1, T = 47mea’srS (1I-5.36a,b)

while for poiseuille flow past a rigidly held sphere
between two stationary walls

5 1 r 2 p
The non-dimensional force and torque coefficients defined

by (II-5.33) - (II-5.37) are found using (II~5.33), i.e.

t
3 4 A —t c
Fl=~-2% ) e II-5.38a,b
X 3 al 'y a*V (11-5.382,P)
12 v
R -2 A T, = - S (II-5.3%,b)
a“ /L .
5
Foe -4 A TS5 . _2¢; (II-5,408,b)
ab5 ’ a* s
P Al P </
FPo_a A T, = - 2 (II-5.41a,b)
X 3 a V. a2 V.

where the Al and Cl coefficients are determined from the

collocation of (II-5.26) with the appropriate boundary
conditions.
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II-6. Solutions for the motion of a sphere parallel to

a single plane wall
In this section, the accuracy and convergence char-

acteristics of the collocation procedure applied to
(II-5.26) will be tested by comparing solutions obtained
by the present method to the exact results of Goldman,
Cox & Brenner (1967a) for translation without rotation
of a sphere parallel to a single plane wall and for
rotation about an sxis parallel to the wall without any
translation. The collocation solutions will also be
compared against the exact solutions of Goldman, Cox

& Brenner (1967b) for shear flow past a rigidly held
sphere in the presence of a single plamar boundary.

For the purpose of making the comparison, the effect
of the second wall may be removed from the more general
two-wall solution presented in the previous section by
taking the limit as ¢-»>«» as was done in section II-3 for
the axisymmetric flow case. Using (II-5.20) and (II-5,28),
the functions required in (II-5.27) reduce to:

. .
6",’2 (07)?-—9-00)2 Foe , Gya(y>-2,0)z0 (I1I-6.1la,b)

o

Gaq (059> -2)= (I—'Fa")é ,

6’3‘4. (‘7-" -oo,;r-) =0 (II‘G‘lc,d)
cr;(q—a-oo).-g“") Gs (07) = O (II-6.1e,f)
Gy ty=-2,0-)= 0 (1I-6.1g,h)

G'é(d'}r(—-, -z )T —D'C’o;
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Hi(c»aw) =0, 1=1; 24 (1I-6.2)

Careful examination of (II-5.26) shows that when the
no-slip boundary conditions are applied on the surface of
the sphere r» = a, the solution of the coefficient matrix
generated becomes independent of the ¢ coordinate of the
boundary points., Thus, in contrast to the more general
collocation procedure presented in part I in which the
no-slip boundary conditions were satisfied at discrete
points on the sphere surface, for the problem at hand, when
the no-slip conditions are satisfied at the point r = 1,

6 = const., ¢ = const., the boundary conditions are act-
ually satisfied on the ring r = a, 6 = const., 0< ¢ < 2w,
Thus in selecting the boundary points, any value of ¢ may
be used except ¢ = 0, T/2 or T since the coefficient matrix
becomes singular for these values. In effect, the collo-~
cation procedure to be applied to (II-5.26) is equivalent
to that used for the axisymmetric case with the exception
that there are three no-slip boundary conditions te be
satisfied and three sets of unknown constants instead of
two.

As in the axisymmetric case, the most advantageous
point to choose is 6 = T/2 since this point has the
greatest control of the projected area of the sphere

normal to its direction of motion and also satisfies the
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no-slip boundary conditions exactly on the largest ring
around the sphere. Unfortunately, as in the axisymmetriec
case, the coefficient matrix becomes singular if this
point is used. Convergence trials for the force and torgue
coefficients using two adjacent points g = ‘rzr +/ as />0
are shown in table II-8 for various spacings. Convergence
for all six coefficients to five significant figures is
obtained for J/'< 0,01° at all spacings. Additional points
are selected as mirror-image pairs about the plame O = T/2,
In the first scheme used for spacing the additional
boundery points, the semi-circular ar¢ r = a, 0<6H< T,
¢ = const., was divided into equal segments (e.g. for M = 6,
6 = 30°, 60°, 89.99°, 90,01°, 120°, 150%°). Solutions for
the force and torque coefficlents with increasing M at
various spacings are compared with the exact results of
Goldman, Cox & Bremner (1967a,b) in table II-9. Convergence
of Fz, T§, F: and T; is quickly achieved to four significant
digits at all spacings tested and solutions obtained are in
perfect agreement with exaet values. Solutions for Tg and
F_ are within 0.1% of the exact solutions at the closest
spacing & = 0,5 (b/a = 1.13) for M = 14, Unfortunately,
the execution time required to obtain solutions for M > 16
(approximately 30 min. on an AMDAHL 470/V6 computer)was
prohibitively long. The error in the last digit of the
converged value of Tt for ®{ = 3 is believed t0o be due to

J
roundoff errox.
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At this point it would be of interest to determine
how placing a boundary point near the wall 6 = 0,7 would
affect the rate of convergence especially at close spaecings,
The singularity of the coefficient matrix at 6= O, is
avoided by using the points 6 = f, g £ d's T-J and taking
the limit as o/‘ -> 0 until convergence is achieved to the
desired number of digits. The results of these convergence
tests are presented in table II-10. Again, convergence
to five significant digits is achieved feor all spacings
for / < 0,01°, With additional points egqually spaced along
the arec 0< 6 < 7T on the sphere, (e.g., for M = 6, ¢ = 0,01°,
45°, 89,99°, 90,01°, 135°, 179.99%) the rate of convergence
with increasing M is examined in table II-1l1l. In contrast
to the axisymmetric case, comparison of table II-11l with
table II-9 shows very little improvement in the rate of
convergence. Aprarently, significant improvement in the
rate of convergence occurs only in the head-on collision
of two solid bodies and not when one boundary is sliding
over another,

The collecation scheme used in table II-11 converges
to the exact solution to four significant figures at all
spacings for M £ 16 except for the last digit in Fg for
X = 0,5, All six force and torque coefficients converge
to four significant figures with M 2> 10 at X= 1,0
(b/a = 1.,54), M > 8 at K = 2,0 (b/a = 3.76) and M 2 6

at X = 3.0 (b/a = 10,1). The converged value of T; for
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K = 3 1s the same as that obtained using the first collo-
cation schene,

In light of the above numerical results, the secord
collocation scheme in which boundary vpoints are placed
near € = O, 1is slightly more efficient and will be used
in the remainder of this study.
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II-7. Solutions for the motion of a sphere parallel to two

plane walls
In the previous section, collccation solutions were

obtained for the force and torque acting on a sphere in
the presence of a single wall and compared with exact
results. In this section, collocation solutions involving
two walls will be presented for the four problems oﬁtlined
at the beginning of section II-5, To the best of the
author's knowledge, the only solutions available for these
two-wall problems were obtained by the approximate method
of reflections technique,

A serious practical limitation in chtaining the
asymmetric bounded flow solutions contained herein is the
computation time required to generate the coefficient
matrix (II-5,26). Computer running times for the two-wall
asymmetric configurations were found to be roughly
one order of magnitude higher than for the corresponding
axisymmetric case. There are three reasons for the
increase in computation time. First, due to the fact that
there are three no-slip boundary conditions to be satisfied
at each boundary point and three sets of unknown coefficients
to be determined instead of two, the number of matrix
elements (and the number of numerical integrations to be
performed per run) increases from 4 M2 to 9 ME. Second,
the expressions for the integrands in the asymmetric case
(II-5,27) = (II=-5.31) are considerably more involved than
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the corresponding expressions (II-2.23) and (II-2.17) for
the axisymmetric case. Finally, since some of the force
and torque coefficients in the asymmetrie case are small
in magnitude, the numerical integrations must be carried
out at a tighter tolerance in order to compute these
coefficients accurately. In view of these considerationms,
an upper limit of twelve poimnts was placed to keep
execution times within reasonable limits. The degree
of convergence of the M = 12 solutions was determined by
comparing with the corresponding results for M = 14. All
solutions to be presented in this section are believed to
be converged to the number of significant figures shown,

It should be noted that since the primed coefficients
in (II-5.26) depend only on the geometry and not on the
boundary conditions satisfied on the sphere or V,, the
force and torque coefficients (II-5.28) may be determined
in a single computer run for a given geometry for all four
of the problems outlined at the beginning of section I-5
with a negligible increase in the computation time which
would be required for a single problem.

Table II-12 examines the effect of the position of
the wall at z = ¢ for various sphere-~to-wall spacings
b/a. 8 = O corresponds to the single-wall solutions while
s = 0,5 corresponds to the sphere being located midwsay
between the two walls. It is interesting to note that

the FL and p¥

y coefficients change sign indicating that
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there is a second position other than midway between the
two planes for which a sphere translating parallel to
the walls will experience no torque or a sphere rotating
about an axis parallel to the walls will experience no
force.,

A number of formulas for the various force and torque
coefficients have been obtained by method of reflections
techniques for special configurations involving a sphere
between two plane parallel walls and are summarized in
Happel & Brenner (1973, pp. 322-329). For the purpose
of comparison, the relevant formulas will now be presented.

For s = 0,25 Faxen obtained the formulas

t i |
F =~ (II-7.1)
T T az26 (3] 01475 (0.1 () avean(B et
A
~t_ _0.925 (%) II-7,2
Ty - ( 7' )

— K
| — 0.¢52¢6 (F)

while for s = 0.5 he ebtained

Fe= - : _ (11-7.3)
) J=1.004 (£)+ 0.418(%)*+o.2l (B)*-o0.1e9 (%)f

For s = 0,25 Wakiya obtained the formulas

[
F$= II"’?oq"
X ;-—o.eszc(f)+ 0.‘1—003(%;)3‘0-277(%)* ( )

T, = | + 0.0506 (%) +0.023 (%)L (II-7.5)
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P '43-‘[""7"(%),.]

- 11“706
L |- 0.6526 (§)+0.31¢0 (%) -0.242(£)* ( )
Typ = i‘ -eb-. [ |+ ¢.075§ (i—_)+0.047 (_QB_)"'-] (II‘?.?)

The results of these formulas are compared to the

collocation solutions of the present study and the method
of reflections results of Ho & Leal (1974) in table II-13,
At large spacings, the results of Faxen and Wakiya are in
close agreement with the collocation solutions. At closer

spacings, the discrepency increases but agreement is still
t

good except for a substantial error in the results for Ty

The results of Ho & Leal for F;"are consistently low at
all spacings however their solution approaches the results
of Faxen and the collocation solutions of the present
study at larger spacings.

For reference, converged values of the force and
torque coefficients are presented in table II-14 for

various wall-to-wall spacings d/a and sphere positions s,
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II-8, Arbitrery motion of a sphere between two plane

parallel walls
In this section, solutions for the arbitrary

quasi-steady planar motion of a sphere betweern two

plane parallel walls in the presence of a unidirectional
flow will be obtained by combining the solutions for |
motions parallel and perpendicular to the confining walls,
Due to the linearity of the governing equations for Stokes
flow, the total force and torque acting on the sphere is
simply the vector sum of the individual contributions, i.e.

F= GTrrva.{[U Fetan R+ V. ET+bSE T+ W) Q} (I1-8.1)
:F= s'n'/vaz[u-ryt.,. a__rl_"ryr-}- VCTYP-}—;:“ST’S] \/)\ (II—B.Z)

Here Vc represents the centerline velocity far from the
sphere in the absence of the shear flow and S = vw/(b+c)
where Vw is the velocity of the wall at z = ¢. Values of
the force and torque coefficients at various wall spacings
and particle positions may be obtained from tables II-6,
I1-7, 1II~12 and II-14. Some special cases of these
eguations will now be examined.

For a sphere settling freely under gravity in a
quiescent fluid bounded by two stationary plane walls
which are inclined at an angle P (see figure II-4) a

force and torque balance yields
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-g-‘rra.‘a((s-f)j [sin Pl +cospl ]
+£7rfua.{[(/r—‘x*+4_n_ Fxr]f+ W]Q} =0 (11-8.3a)
sTwa” [UT, +a L T, ] = 0 (1I-8.3b)

Simultaneous solution of these equations for the trans-

lational and angular velocity yields

v Ty\r siw P

l/f - TyV‘ Fx‘t - F;‘V' Ty-t (II-8.48.)
W o _ _ces P (II-8.4D)
Ug Y

t .
af . _ Ty 5w f (II-8.4¢)
“ R
where
Za.Z

represents the terminal settling wvelocity of the sphere
in an unbounded quiescent fluid.

A second case of special interest is that of a
neutrally buoyant sphere being carried by two-dimensional
poiseuille or simple shear flow between the two walls,
The conditions of zero force and torgque on the sphere

require
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VR + a N Fy +V. F{ +bSE" =0 (1I-8.6a)
VTt +a Ty +V. TP+ L aST, =0 (11-8.6b)

Simultaneous solution of these equations for pure shear

flow (\7c = Q) yields

\ r—.s S v
v 2(%)':’( ’;‘FxTr (I1-8.78)
b Fxf Tyr - Fxr Tyt )
N 2(E)RT-RT

S5 Fxt Tyv‘ _ Fxr Tr'l:

wn

"

(11-8.7b)

N

while for pure two-dimensional poiseuille flew (S = 0)

FvTP'" FPTY
l\f. e (I1-8.8a)
¢ Fe Ty -~ R Ty
Pt t -+~ P
T, = K"
afl . By =% Ty (1I-8.8b)

Ve Fx'l' T}'v - Fxr T;'t

Of particular interest is the slip velocity of a

neutrally buoyant sphere

Viip = U= Ve (I;-s;‘9)

For pure shear flow
r s 5 v
Vsiip - %(%) Fe Ty — Fe Ty
" _
S Fx‘t TyV‘ _ F;(Y T}+

-] (11-8.10)
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while for two-dimensional poiseunille flow

v P P—=Y
Vsiy _ KT, -FK T, (II-8,11)
--——F-v —— p— Fsi-3) *
< X y - FX 'y
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II-9. Conclud remarks

Part I1 of the thesis has demonstrated that the
collocation technique presented in part I for quasi-
steady unbounded multi-particle Stokes flows with planar
symmetry may be extended to treat bounded flow problems
with high aceuracy., The success of the technique depends
in large part on the ability to perform the integral
transform of the diéturbances felt on the crnfining
boundaries amalytically. Many of these definite integrals'
which are required for the more common coordinate systems
may be found in the literature for Fourier and Hankel
transforms., A serious limitation of the technique is the
long computation time required for the evaluation of the
inversion integrals for the non-axisymmetric case. FExtreme
care must be taken in writing the program to save repeatedly
needed calculations in memory in order to keep execution
time at a minimum., Since the bulk of the computation
time is used in the numerical evaluation of the integrals,
it is vitally important that the integrating subroutine
be as efficient as possible.

In closing, it 1s the author's hope that the
numerical solution technique presented in this study
will be a valuable aid in the solution of many unsolved

asymmetric bounded and unbounded Stokes flow problems.,
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Appendix
This appendix contains a summary of the formulas used
in performing the inner set of integrals required by
(I1-5.23). These formulas were obtained using results
and general formulas for Fourier transforms found in
Brdelyi (1954).
In the formulas which follow, a and b are positive
b2)1/2

constants, u = (a2 + and J, and J, are Bessel

functions of the first kind of order O and 1 respectively.

T/,
S cos(qcosa«)cos(b 5.14)/) o/‘)' = __v;_r_ Jelu) (A=1)

o

g'-/zosz, cos ( a Cosi) C05(b 5,'.,7[)0/),

o

_ T 2 b-a* -
= 3 [a_ Jolu) + m Jl{“)J (a=2)

gxcosq'(’f cos (4 cos),) cos (b 5!'»/) a//

o

=T Tab- 30t 40 1,‘+,342y-31,4] T tu)
2Uu
-5 [a%-3a%-2 a*b 41927 b*- 307 b%- 3%
Xj' (’4) (-A"'3)

2
f 5".«,2(}4 ces(a cos/)coa(bﬁl'nj)ﬂ((}’
6 T . _ P2t

L pTw- £ 3, ] (a-4)
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T2
S 5:-'02), cas’-l cos (a 505/) Cas[bs/.”/) ,I/
22]—:- 2at+atb -1 bt ra £4+31>‘*]J,,/u)

+Z-Tl—'(-7- [aé—sﬁbz—éah%azéa—éé"
-—S'b‘*az'f’/;é:} T, tu) (A=5)

Ti/2
S cos y 5/17()/ sin(a cesy) st (b Sl'nj) a//

“‘: [30(‘4} ~ -f-? 7, (u)J (4-6)

-—
—

LN
2

e Tz
S Cossf L s19 (a eos}/) si'v (b s/'n/)o//
= T‘ al: [(—q +12a° —at bt ‘Isz) Jo(u)

+ (5a. ~244% +zavb + 245“36"') d':‘) :1 (A=7)

/2

S, 56«;3{ cos f sim (@ cosay) sinlbsr, J) ,/,

:1;’— —3—’% [(—[,4.;. 12[,2'—a71>z*12az)70(‘4)

+(5bY- 245 + 22K + 2425 - 2a*) 7:,{(“)] (4-8)

T/,
g cosf ) (CL cas(}') es ([9 5"‘7/) a{/

/]
= E— & [
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A
g 6053)’ S1v (a cos,) cos( b SIL)J') 0{/

m a
=7 F[(da-%z)lm)

+(at-22"+ 2t b+ ¢ k) Z';(:Q] (A-10)

/2
S 5,;}2, (05/ SI'V) (Q CasJ,) C’S(Z)Sih])o//

4

= - & [ (@3t 70 1)

— 2 21t 2 J’“&)
(b¥-¢b* +a'b"+2a") " ] (4-11)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



II-67.

Table II-1. Drag correction factor for a sphere trans-
lating perpendicular to a single plane wall,

M = 2. Convergence tests for optimum /.
X = 0,5 X = 1,0 X = 2,0 X = 3,0
b
I 2-13 | Boas | Ro3s | B0
10° -3 .5674 -2.5251 -1.4039 -1,1249
1° -3,4885 -2,5000 -1.4030 -1,1249
0.1° -3 4877 -2,14998 ~1,4030 -1.1249
0.01° -3, 4877 -2,4997 ~1,40%0 -1.,1249
0,001° -3,4877 -2,4997 ~1.4030 -1.1249
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Table II-2. Convergence of A for single wall at
various sphere-to-wall spacings. Sphere
translating perpendicular to wall.
X = 0,5 X = 1,0 |[X=1,5 |X= 2,0 |X= 2,5 |X= 3,0
b | b _ b b b b
M a = 1913 a = 105"’ a = 2.35 "5 = 3076 "é" = 6.13 "a' = 10.1
2 | =3.4877 | -2.4997 |-1.7728 |-1.4030 |-1.2202 |-1,1249
b 1 -6,3569 | -2.9842 | ~1,8559 |~-1.,4128 |-1,2220 |-1,1252
6 | -7.8%347 | -3.,0309 |-1,8374 |-1.4129 |-1,2220 |=-1,1252
8 | -8.6423 | -3,0356 |-=1,8375 |-1.,4129
10| -9,0189 | =3,0360 | ~1,8375
12} -9.,1693 | -3,0361
14| -9.2237 | -3.0361
16| -9.2424
18| -9.2486
20| -9.2507
22 "'902514
24| -9.2516
26 "902517
281 -9,2518
50 -902518
EXACT | =-9,2518 | =3.0%61 | =1,8375 |-1.1429 |-1.2220 |-1,1252
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Table II-3, Drag correction factor for a sphere trans-
lating perpendicular to a single plane wall,
M = 4. Convergence tests for optimum o,

°(=O.5 “:1.0 “5'—'200 x=300
b _ b _ b _ b
I 2 = 1.13 2= 1.54 | 2=376| 2=10.1
10° -20,434 -3,1592 -1.4131 -1,1252
1° ~33.195 -3,1948 -1.4132 -1,1252
0.1° -33 ,407 -3,1952 -1,4132 -1.1252
0.01° -33 409 -3,1952 ~1.4132 -1.1252
0.001° -33,409 -3,1952 -1,41%2 -1.1252

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



I 1-700

Table II-4, Convergence of A for single wall at

' various sphere-to-wall spacings with
boundary points placed near 6 = 0, T,
‘Sphere translating perpendicular to wall.

u:OOS R = 1.0 0(:.' 1.5 A = 2.0 °<=205 O(a 3.0
b b_ b_ b _ b b

M 2 1.13 2 ~ 1.54 e 2.35 2 = 3.76 - 6.13% -t 10,1

4 | =23,409 | =-3,1952 | -1.8428 |~1.4132 |-1,2220 |-1.1252

6 | 14,902 | -3,0399 | -1.8374 |-1.,4129 |=1.2220 {-1.1252

8 | =2.8%23 { =3,0360 | =1.8575 | ~1.4129

10 -90 3260 -5 [} 0561 -l ] 8375

12| -9.2603 | -3,0361

14| -9,2513

16 "9o2511

18] -9,2515

20| =9,2517

22| =9,2517

241 -9,2518

26| -9.2518

BEXACT| -9.2518 | ~3,0361 | =1.8375 | -1.4129 | -1.2220 |-1.1252
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Table II-5. Convergence of two-wall solutions at various
gghere positions 8 and sphere-to-wall spacings
Ge

b/a H B=0.l 8=0.2 820025 S'—‘-OQB 8=004 B=005

1.1 16| =11.46 =11,50 =11.56 <-11l.69 =12.48 21,00
18| -11.46 =-11.50 =11.56 =11,69 -12,48 ~21,02
20| -11.46 =11.50 -=11.56 ~11,69 -~12.48 <21,03
22| =11.46 =11.50 =11.56 -11.69 -12.48 -21,03

105 8 -3.206 -3.223 "3.253 -30513 -30619 "40 779
10| =3.206 =3.225 =3,253 =3.313 =3%.619 -4.780
12| =3.206 =3.22%3 =3,253 =3.313 =3.,619 -4,780

20| 6| =2.126 =~2.135 =-2,151 =2.182 =2.335 -2,789
8| =2.126 =2.135 =2.,151 =2.182 =2.335 =2.789
5. 0 4 “'1 L) 285 "1 ) 287 "'1 o 290 "l L) 296 -1 L) 325 "1 L) 397
6| -1.285 ~1.,287 -1,290 =-1,296 =1.325 =1.397
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Drag correction factors for a sphere trans-

lating perpendicular to two plane parallel
walls for various sphere-to-wall spacings

b/a and particle pesitions s.

(s =0

corresponds to single-wall solution),

b/a s=0 8=0.1 8=0.2 8=0,25 8=0.3 s=0.4 8=0,5
1,1 | -11.46 -1ll.46 =-11.50 -11.56 -11.69 =12.48 -21,03
1.25] =5.305 =5.306 =5.333 -5.379 -5.473 -5.988 -8.840
1.5 | =3.205 =3,206 <=3.223 =3.253 =3,313 =3,619 <4,780
2,0 | =2,126 =2,126 =2.,135 =2.,151 -2.,182 -2.335 -2.789
3.0 | -1.569 =~1.569 =~1.573 -1.581 -1.595 -1.663 -1.840
4,0 | -1.380 =1.380 =1.385 =1.387 =1.396 =1.437 -~1.541
5.0 | -1.,285 =1.285 -1l.287 =1,290 -1,296 -1.3%325 =1,3%97
6.0 | -1.228 =-1,228 =1.229 =l1.2%32 =1.236 =1.259 -1.313
8.0 | -1.163 -1.163 =l.165 =-1.165 -1,168 -1.183% -1,219

10.0 | -1.126 -1.126 =l.1l27 -1.128 -1.131 -l.142 -1.169
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Table II-7. Drag correction factors for a sphere trans-
lating perpendicular to two plane parallel
walls for various wall-to-wall spacings d/a
and particle positions s.

d/a | 820.1 8=0,2 8=0.25 8=0,3 8=0,4 8=0,5

3.0 - - - - - 4,780
4-. 0 - - - "’60 527 "3 . 201 “'2 . 789
5.0 - - =5.379 =3.313 =2,335 =2,149

6.0 - -6,371 <=3,253 =2,470 -1.95% -1,840
8,0 - -2,864 ~2,151 ~1.849 <1,601 -1,541
10.0 - -2.135 =1.772 =1.595 <=1l.437 <=1,397
12,0 | -6.342 =1,816 -~1,581 <~1.457 -1.343 -1,313
15,0 | 3,206 =~1,573 =~1l.422 =1.339 ~l.259 -1,237
20,0} -2,126 -1,383% -1.290 -1,236 -1.185 -1,169
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Table II-8.

Force and torque coefficients for translation or rotation of
a sphere parallel to a single plane wall or in the presence

of a shear flow parallel to the wall, M = 2, Convergence
tests for optimum ./,

o = 0.5 K = 1.0 o = 2,0 ® = 3.0

I LSRN b1 LINERE b-10a

% & x % % % % %
10° -1.9214 0,044701 | -1.4716 0.011423 | ~1.1692 53,7911 x 10~* | -1.0566 8.1918 x 10™°®
1° | -1.7055 0,045281 | ~1.4651 0,011991 | -1.1688 4,0466 x 10 |-1,0588 8.7167 x 10~°
0.1° | -1.7053 0.045286 | -1.4651 0.011996 | -1,1688 4.0491 x 10™% |-1.0588 8.7220 x 10~
0.01° |-1,7053 0.045287 | -1.4651 0.011996 | -1.1688 4.0492 x 10™% |-1.0588 8.79220 x 10~
0,001° | -1.7053 0.045287 | -1.4651 0.011996 | -1.1688 #.0492 x 10~* | ~1,0588 8,7220 x 10~°

r b od r r r b od ) ol WD
10° 0.19835 -1.2123 | 0,053319 ~1,0802 | 1.4895 x 10™2 -1.0057 {2.9061 x 10~> -1.0003
1° 0,20409 -~1,2048 | 0.05585) ~1,0785 | 1.5777 x 10~3 ~-1.0057 | 35,0762 x 1072 -1,0003%
0.1° |o0.20415 -1.2047 | 0.055876 -1.0785 {1.5786 x 10™> ~1.0057 | 3.0779 x.10"% -1.0003
0.01° | 0,20415 ~-1.2047 | 0.055876 ~1.0785 |1.5786 x 10™> -1,0057 | 3.0779 x 10~2 -1.0003
0.001° | 0.20415 -1.2047 | 0.055877 -1.0785 |1.5786 x 1077 -1.0057 | 3,0779 x 10> -1,000%
] ] ) 8 8 8 s T
Px %3 Fx % Fx o Fy Ty

10° 1.5649 0.9888% | 1.5208 0.97955 {1.3953 0.98141 | 1,0585 0.99984%
1° 1.5142  0.97986 | 1.3919  0,98110 {1,1628 0.99725 | 1,0585 0.999383
0.1° |1.5141 0.97986 | 1.3918 0.98110 |1.1628 0.99725 | 1,0585 0.99983
0.01° | 1.5141 0.97986 | 1.3918 0.98110 |1.1628 0.99725 | 1.0585 0,99983
0.001°] 1.5141 0.97986 | 1.7918  0.98110 | 1.1628 0.99725 | 1,0585 0.99983
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Table II-9a., Convergence of F; for single wall at

various sphere-to-wall spacings.

o4 3005 “2100 °(=105 “3200 “3300
b_ b_ b b b_
M 8.—1.15 3-1.54 a=2.55 8—3076 8—10.1
2 -1,705 -1.465 -1.285 -1.169 -1,059
4 -2,031 -1.560 ~1.307 -1.,174 -1.059
6 -2.,121 =1.567 -1.308 -1.174
8 -2.144 ~1.567 -1,508
10 -2,149
12 -2.151
14 -2.151
EXACT ~2.151 ~1.567 -1,308 -1,174 -1.059

Table II-Ob. Convergence of T; for single wall at
various sphere-to-wall spacings.

u’-’oos “=100 «=105 d=2.0 q:;.o
b_ b_ b_ b_ b .
M 2-1.13 | 2.5 | 22,35 B_3.76 2_10.1
2 0.04529 | 0.01200 | ©0.002402 | 0.0004049 | 8.722 x106
4 0.06357 | 0.01336 | 0.002554 | 0.0004165 | 8.761 x10~°
6 0.07073 | 0.01455 | 0.002641 | 0.0004216 | 8.775x107°
8 0.07235 | 0.01464 | 0.002642 | 0.0004216 | 8.775x107°
10 0.07315 | 0.01465 | 0.002642
12 0.07352 | 0.,01465
14 0.07365
EXACT | 0.,07372 | 0.01465 | 0.002642 | 0.0004216 | 8,774 x10°°
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Table II-9c. Convergence of F; for single wall at

various sphere-to-wall spacings,

II-760

0(30.5 0‘31.0 0‘81.5 °‘=2.° 0‘33‘0
b_ b_ b, b_ b_
M 3 1.1% a-1.54 a—2.55 a'5‘76 a‘le'l
2 0.2041 0.05588 | 0.01027 | 0.0001579 | 3.078x10"
4 0.1232 0.02229 0.003705| 0.,0005726 | 1.173x10
6 0.1041 0,01978 0.00%530| 0,6005623 | 1,170x10”
8 0.09961 0.01956 0.00%3523| 0,06005621 | 1.170x10
10 0.09868 0,01954 0.00%523 | 0,0005621
12 0.09844
14 0.0983%6
EXACT 0,09829 0.01953 0.00%523 | 0,0005621 | 1.,170x10"
Pable II-9d. Convergence of E§ for single wall at
various sphere-to-wall spacings.
o« =0,5 K=1.0 X =1.5 o¢=2,0 X=3,0
b b_ b_ b_z o b_
M ;31013 3—1054 3-2.55 8—3076 a—lool
2 '10205 '1.079 -10923 -1.006 '1.000
4 -1.346 -1.099 '10025 -10006 -1.000
6 ‘10380 ‘1.100’ -1.025
8 *1038? -10100
10 -1.3%88 '
12 -1.,388
EXACT -1.388 -1,100 -1,025 -1.006 -1,000
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Pable II-e. Convergence of Fo for single wall at
various sphere~to-wall spacings.

o =o.5 ot:l.O & =1.5 «=2.0 “=300-
b b b b s o b
M E=l.13 '531054 E=2035 "a"=3076 Ezlool
2 1.514 1.392 1.262 l.lé3 1.059
4 l1.614 1.438 1.278 1.167 1.059
6 1.616 1.43%9 1.278 1.167
8 1.616 1.439
EXACT | 1.616 1.439 1.278 1.167 1,059
Table II-9f. Convergence of T; for single wall at
various sphere-~to-wall spacings.
0(:0.5 “=1oo “=1.5 0(3200 B Ol=3.0
b b b b 2 oe b
M .5.:1.13 'a'=105‘|' '5:2035 §=3o76 a=1001
2 oo 9799 00 9811 o' 9913 00 9972 0 e 9998
4 0.9548 0.9748 0.9903 0.9971 0.9998
6 0.9535 0.9742 0.9901 0.9971
8 0.9537 0.9742 0.9901
10 0.9537
EXACT 0.9537 0.9742 0.9901 0.9971 0.9998
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Table 1II-10,

Force and torque coefficients for translation or rotation of
a sphere parallel to a single plane wall or in the presence

of a shear flow parallel to the wall, M = 4. Convergence
tests for optimum .
0( = 005 0( = 1.0 0( = 200 O‘ = 3'0
b b
& 2 = 1,13 2 - 1.5 b. 3. 2.0
t b % & ©
P t
102 ~3.1125 -0.13301 |-1.5911 1.2147 x 107> [-1.1739 4,1464 x 10~* | _1.0591 8.7552 x 10~°
1% | ~4.0681 -0.57644 | ~1.5979 1.1188 x 102 |-1.1740 4.1180 x 10~% | -1.0591 8.7472 x 1076
0.1° | ~4,0841 -0.38062 | -1.5980 1.1177 x 1072 | -1,1740 4.1177 x 10~% | -1.0591 8.7471 x 10°°
0.01° | -4.0842 -0,58067 | -1,5080 1.1177 x 1072 | -1.1740 #.1177 x 10~* | -1.0591 8.7471 x 10~©
0.001 -4,0842 -0.38067 }-1.5980 1.1177 x 10‘2 -1.1740 4,1177 x 107% -1.,0591 8,7471 x 10‘6
P r r r T r .
Fx Ty Fx i ’x o B 3
1o: -1.1104 -1.8281 |5.2442 x 1072 -1,1057 {5.2778 x 10~% -1.0059 | 1.1613 x 10~2 -1.0003
19 | -2.5220 -2,2574 9,5982 x 10~% -1.1074 |5.1811 x 107% -1.0059 | 1.1589 x 10™° -1.0003
0.1° | -2,5063 -2,2646 |9.1413 x 10°% -1.207% {5.1811 x 107% -1.0059 | 1.1589 x 10~? -1.0003
0.01 | -2-5u68 -2.2647 9.1368 x 10~+ -1,1074% |5.1811 x 10™* -1.0059 | 1.1589 x 10~2 -1.0003
0.001° | -2.5466 -2.2647 |9.1368 x 10~% ~1,207% |5,1811 x 107* -1.0059 | 1.1589 x 10~% -1.0003
8 8 B 8 g 51
Tx Ty Ty o x o ¢ F Ty
10° 1.6231  0.95360 1.4614 0.97322 1.1672 0.99713 1.0589 0.99983
1° 1.6317 0.95790 1.4420 0.97298 1.1672 0.99715 1.0587 0.99983
0,1° 1.6318 0,95799 1.,4420 0.97298 1.1672 0.99715 1,0587 0,99983%
0.01° {1.6319 0.95799 1.4420 0.97298 1.1672 0.99715 1.0587 0.99933
0.,001° { 1.6319 0.95799 1.4420 0,97298 1.1672 0.99715 1.0587 0.99)83
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Table II-11la.

II"790

Convergence of F; for single wall at
various sphere~to-wall spacings.

0(=0.5 0(=1.0 d-’:los d=200 °(=3.0
b_ b_ b, b_3. g b,
M a-1e13 a"1°54 a-2.35 a=Je 70 a“lo'l
4 -4 ,084 ~1.598 -1.310 -1,174 -1.059
6 -2 . 176 "'1 * 567 “l [} 508 -1 L) 174 "'l o 059
8 ~2.,140 -1.567 -1,308
10 -2,148
12 -2,151
14 -2,151
EXACT -2.151 -1,567 ~-1.508 -1.174 -1.059

Teble II-1llb.

various sphere-té-wall spacings.

Convergence of 5.‘; for single wall at

d=0.5 °<=1.0 Nzlos d=200 “’-:3.0
b b_ b_ b 3.9 b_
H 321013 E—losq' a~2055 3—3'76 a-lO.l
4 -0,3%807 0.,01118 0.002478 | 0,0004118| 8,747 x 10-6
6 0.08567 | 0.01504 0.002651 | 0,0004218} 8,775x 10-6
8 0.07882 | 0,01465 0.,002642 | 0,0004216{ 8,775 10.6
10 0.07518 | 0,01465 0.,002642 | 0,0004216
12 0.07398
14 0.073%5
16 0.07372
EXACT 0.07372 | 0.01465 0.002642 | 0,0004216| 8.774x 10-'6
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Table II-1llc. Convergence of F, for single wall at
various sphere-to-wall spacings,

% =0,5 X =1,0 X =1.5 ®=2,0 X=3.,0
b_ b.,,5 boo: b b_
M a-1e13 a=Lleo% B=RedD ra il 5=10.1
4 ~2¢ 547 0.0009137 0.002577 0.0005181 13159;:19’5
6 0.09606 | 0.02017 0.003536 | 0,0005624 1.170}{10"E
]
8 0.1116 0.01956 0.003523 | 0,0005621 { 1.170x10"-

10 0.1017 0.01953 0.003523 | 0.0005621
12 0.0989% | 0.01953
14 0.098%9
16 0.09830

EXACT 0.09829 | 0,01953 0.003523 | 0,0005621 | 1l.170x 10"'E

Table II-11ld. Convergence of T§ for single wall at
various sphere-to-wall spacings.

™ =0.5 ®=1.0 ®=1.5 ®=2,0 X =3,0
b_ ] b_ b_ b_ b_
M ==1.13. | 2=1.5% 2=2435 ==3.76 ==10.1
4 2,265 1,107 -1.025 -1.006 -1.000
6 "1 o 578 "1 e 099 -1 [ 025 "'1 [ 006 "'1 ® 000
8 ~1,381 -1.100
10 -1.386 -1.,100
12 -1.387
14 ~-1.3%88
16 -1.3%88
EXACT | -1.388 -1,100 -1.025 -1.006 ~1,000
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Table II-lle., Convergence of F; for single wall at

various sphere-to-wall spacings.

ol =005 “=l.0 °(=105 “‘:200 D(=5.0
b_ b_ b_ by | D
| a3 | 2a.s | Zoazs | Rzge | Ra10a
4 l1.63%2 1.442 1.279 1.167 1.059
6 1.616 1.439 1.278 1.167 1.059
8 1.616 1.439 1.278
EXACT | 1.616 1.439 1.278 1.167 1.059

Table II-11lf.

Convergence of Tg for single wall at

various sphere~to-wall spacings.

°‘=0.5 “3100 °<=1.5 °<=2.0 °<=300
b b b b . b

M -5:1.15 Z=l.54 '5';2035 '535 076 'a"=10.1
4 0.9580 0.9730 0.9903 059971 0.9998
6 0.9529 0.9743 0.9901 0.9971 0.9998
8 0.9535 0.9742 0.9901

10 0.9537 | 0.9742

12 0.9537

EXACT | 049537 0.9742 0.9901 0.9971 0.9998
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Table II-12a.

parallel to two plane walls with no rotation

X

Force coefficlent Ft for spvhere translating

at various sphere~to-wall spacings b/a and
positiocns s,

-uoissiwiad noyum pauqiyoud uononpoJidas Jayun4 "JSUMO yBLAdoo 8y} Jo uolssiwiad Uum paonpolday

s=0 8=0,1 8=V 8=0.295 8=0,3 8=0.4 8=0,5
l.1 | =2.26 -2,28 =239 -2.48 ~2,61 -2.99 -3.94
1.5 | -1.596 -1.607 -1.668 -1.723 ~1.797 ~2.011 ~243577
2.0 | -1.383 -1.390 -1.429 -1.463 ~1.510 -1.641 -1,
3.0 | -1.227 -1.231 -1.253% ~l.,272  ~1.297 -1.3%6%7 =1.471
4.0 | -1.162 -1.165 ~1,179 -1.192 -1.210 -1.256 =1.324
8.0 | -1.075 -1.077 -1.083 -1,089 -1,096 ~-1.115 ~1,342
Table II-12b, Torque coefficient T; for sphers translating
| parallel to two plane walls with no rotation
at various sphere-to-wall spaciungs b/a and
positions s.
b/a s=0 8=0,1 8=0,2 830025 53003 8=0,4 S‘-‘Oos
1,1 | 0.089 0,085 0.0€9 0.058 0.049 0.040 (o)
1.25 | 0.03956 0,0%3626 0.02352 0.01564 0,00881 0.00387 O
1.5 | 0.01657 0.,01439 0.,00588 0.000594 -0,00%964 -0,00653 O
2,0 | 0,005025 0.00387 -0.0006245 -0.003417 -0,005802 -0,006750 O
3,0 | 0.001020 0.000547 -0,001301 -0,002439 <0,00%395 -0.,00351% O
4,0 | 0,000%3318 0.000077 -0.0009157 -0,001523 -0,002026 -0,002097 O
8,0 | 0.00002178 -0.000038 -0.0002679 -0.0004069 -0.0005196 -0,0005204 O
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b/a

Table II-12e. Force coefficient Fz for rigidly held sphere
in shear flow between two plame parallel walls
at various sphere-to-wall spacings b/a and
positions s,

8=0

83001

83002

820,25 8=0e3 8=0.4
1.1 1.633 1.658 1,785 1,900 2.054 2.539 3.940
1.251 1.551 1.571 1.670 1.758 1.8%77 2.238 3.019
1.5 | 1.453% 1,467 1.537 1.599 1,683 1.929 2.377
2.0 1.332 1.340 1.382 1.420 1.470 1.614 1.846
3,0 1.213 1,218 1.240 1.261 1.287%7 1.361 1.471
4,0 1.156 1,159 1.174 1.188 1.205 1.254 1.324
8.0 | 1,075 1,076 1.082 1.088 1.095 1.115 1.142
. Pabls II-12f. Torque coefficient mg for rigidly held sphere

in shear flow between two plane parallel walls

at various sphere-to-wsll spacings b/a and

positions s. \
b/a | 8=0 3=0,1 8=0,2 8=0,25 S=0.3 s=0.4 8=0,5
1.1 0.9518 0.9642 1,011 1.039 1.065 1.101 1.3%6
1.25| 0.9613 0.9715 1.010 1,054 1.055 1.0%79 1.149
1.5 0.9727 00,9805 1.010 1.028 1.045 1.059 1.064
2.0 | 00,9854 0.9906 1.010 1.023 1.034 1.040 1,021
3.0 0.9947 0.9977 1.009 1.017? 1.023 1.025 1.005
4,0 0.9975 0.9997 1,008 1.01% 1.017 1.018 1.002
8.0 0.9997 1,001 1.004 1.007 1.008 1.008 1.000
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Table II-12g., Force coefficient Fg for rigldly held sphere

in two-~dimensional poiseuille flow betwesn

two statlionary plane parallel walls at

various sphere-to-wall spacings b/a and
positions s,

b/a 8=0.1 8=042 8=0.25 S=003 8=0,.4 8=005
1.1 |0.5882 1.100 1.347 1.590 2.060 2,481
1.25 | 0.5587 1,0%6 1,261 1.479 1.892 - 2.253
1.5 0.5232 0.9614 1.161 1.351 1.698 1.989
2.0 ]0.4795 0.8723% 1.044 1.202 l.476 1.685
3.0 (0.4371 0.7884 0.93564 1.067 1.278 1.416
4,0 |0.4166 0.7485 0.8853 1.005 1.188 1.296
8.0 |0.3872 0.6919 0.814%7 0.9182 1.067 1.137
Pable II-12h., Torque coeffisient T? for rigldly held sphere
in two dimensional poiseuille flow between
two stationary plane parallel walls at
various sphere-to-wall spacings b/a and
positiona s.
b/a | s=0.1 8=0,2 8=0,25 58=0,3 8=0.4 520,5
1.1 0.1390 0.2174 - 0.2%3%3 0,2306 0.1599 0
1l.25 | 0.1235 0.1923% 0.2058 C.2031 0.1415% o)
1.5 0.1042 0.1611 0.1718 0.1691 0.1177 0
2,0 |0.,07911 0.1214 0.1287 C.1260 0.08729 0
3.0 | 0,05319 0,08095 0,08531 0.,08500 (0.05689 4]
4,0 0.03%998 0.06062 0.063%68 0.06174 0.04204 O
8.0 | 0.02001 0,0501% 0.03156 0.,03044 0.02050 0
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Table II-13.

II-86,

Comparison of values for force and torque
coefficients obtained by the present
collocation technique to wvalues obtained
by method of reflections theories at
special values of s.

(a) FE (s = 0.25)
collocation Faxen
b/a theory eq. (II-7.1) Ho & Leal
1.1 -2048 -2.58 "’1059
1.25 -2,0%2 -2,089 ~1,522
1.5 -1.723 -1,741 -1,43%5
2.0 "’1.“‘63 ""104’66 —10326
3.0 -1,272 ~1,272 -1,218
4 . 0 "l ® 192 "'1 [ 192 '1 [ 163
800 -1.089 "'10089 "10082
(b) Ty (s = 0.25)
collocation Faxen
b/a theory eq. (II-7.2) Ho & Leal
1.1 0,058 0,051 -0,021
1.25 0.01564 0,055%48 -0,0162
1.5 0.,000594 -0,01967 -0,011%
2.0 -0,03417 -0,009277 -0,0063%3
5.0 -0,00243%9 -0,003550 -0,00281
4,0 -0,001523 -0,001867 -0,00158
8.0 -0,0004069 -0,000425% -0,000%96
(¢) Py (s = 0.5)
collocation Faxen
b/a theory eq. (II-7.3) Ho & Leal
1.1 -3,94 -2,27 -1,.961
1 . 25 "'3 . 0]9 -2 . 265 -1 ° 803
105 -20377 "’20111 "10669
200 "10846 -10792 -1.502
3.0 =1.471 ~1.465 -1,335
‘-I-.O "'10324 -1.322 "1.251
8 ' O -1 [ 142 "“1 L] 142 "1 ® 126
(continued)
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Table II-13. (continued)

(@) F5 (s =0.25)

collocation Wakiya
b/a theory eq. (II-7.4)
1.1 1.900 1,982
1,25 1.758 1.782
1.5 1.599 1,600
240 1.420 1.418
3.0 l.261 1.260
4,0 1.188 1.188
8.0 1.088 1.088
S ——
(e) ?x (s = 0.25)
collocation Wakiya
b/a theory eq. (II-7.5)
1.1 1,039 1.073
1,25 1.0%4 1.061
1.5 1.028 1,048
2,0 1.023% 1.034
5.0 1,017 1.021
4,0 1,013 1.015
8.0 1.007 1.007
(£) F2 (s = 0.25)
collocation Wakiya
b/a theory eq. (II-7.6)
1.1 1,347 1.422
1.25 1.261 1.289
1.5 1.161 1.167
2,0 1.044 1.045
3.0 0.9364 0.9362
4,0 0.8858 0.8858
8,0 0.8147 0.814%7

(continued)
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Table II~-13. (continued)

(8) g (S = 0.25)

collocation Wakiya
b/a theory eq. (II-7.7)
1.1 0.2%3%3% 0,2521
1.25 0.,2058 0.2184
1.5 0.1718 0.1787
2.0 0.1287 0.1313
3.0 0,08531 0,08589
4,0 0.06368 0.06388
8.0 0.03156 0.03157

II-88,
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I1-89.

Table II-14. Force and torgue coefficients at various
wall-to-wall spacings d/a and sphere
positions s.

d/a | s=0,2 5=0.,25 §=043 ‘8=0,4 85=0.5
| 10.0] -1.429 ~1.343 -1.,297 ~1,256 ~1.246
F;| 15.0| -1.255 -1,208  -1.183 -1,159 -1.15%
2000 -1.179 "1. 145 -10132 ""10115 —1.111
¢| 10.0| -0.0006245 -0.003076 -0,003393 -0,002097 0
?°| 15,0 | -0,001301" -0,001704 -0.001620 -0,0009339 0
Y| 20,0} -0.0009159 ~0,001013 -0,0009233 -0,0005204 0
p| 10.0 -0,0008326 ~0,004102 -0.004524 -0,002797 o
F>| 15.0| -0.001734 -0,002273 -0.002160 <0,001245 0
20,0 | -0.001221 -0.001351 -0.001231 -0,0006939 0
~| 20,0} -1.043 -1.021 -1.012 -1,006 -1.004
rT] 15,0 -1,012 1,006  -1.,004 -1,002 -1,001
| 20,0 | -1.005 -1.003 -1.002 -1,001 -1.,000
.| 10,0 1.382 1.322 1.287 1.254 1,246
FS| 15.0| 1,240 1.202 1.180 1.158 1.15%
20,0| 1.17% C1.247 ° 1.130 1,115 1.111
| 10,0} 1.010 1.019 1.023 1,018 1.001
2| 15.0{ 1.009 1.014% 1.015 1,012 1.000
J! 20,0 1.008 1.010 1.011 1.008 1,000
p| 10.01 0.8723 0.9785 1.067 1.188 1.2%0
FP| 15.0| 0.7884 0.8957 0.9849 1.106 1.146
20.0| 0.7485 C.8567 0.9461 1,067 1.107
10.0| 0.1214  0,1027 0.08300  0,04204 0
Pl 15,0| 0.08095 0.06799  0.05472 0.02757 0
Il 20,0 0.,06062 0,05077 0,04078 0.02050 0
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Figure II-1. Geometry for the axisymmetric flow
configuration.
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20 S=005 -
collocation solution‘
10 k- —-—Ho & Leal (1974) i
2 [ ———Torentz (1907) .
7
o
2 5
4
5
2
1 { | | 1 | I N N
1l 2 3 4 5 6 78910
b/a '

Figure II-2. Comparison between solutions for A obtained
by the collocation technique and the method
of reflections. (Solid line for s = O also
corresponds to the exact solution for a
single wall, Brenner 1961).
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Figure II-3. Geometry for the asymmetric flow configuration,
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Figure II-4, Sphere settling freely under gravity in a
quiescent fluid betweer two plare parallel
walls inclined at an angle p.
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