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INTRODUCTION

I f  a f i n i t e  num ber o f  n o n c o l l i n e a r  p o i n t s  i n  t h e  e u c l i d e a n  

p l a n e  e a c h  l i e  on t h e  b o u n d a ry  B o f  t h e i r  co n v ex  h u l l ,  t h e n  t h e  

(u n iq u e )  s h o r t e s t  c i r c u i t  t h r o u g h  t h e  p o i n t s  i s  d e t e r m in e d  by 

B ( c f . [ 7 ] ) .  The g e n e r a l  p ro b lem  o f  f i n d i n g  t h e  s h o r t e s t  c i r c u i t s  

t h r o u g h  n  g iv e n  p o i n t s  i n  e u c l i d e a n  s p a c e  o f  d im e n s io n  N ^  2 

h a s  m et w i t h  l i t t l e  s u c c e s s .  I t  i s  u n d e r s to o d  t h a t  t h e  i n t e n t  

o f  t h i s  p ro b le m  i s  t o  f i n d  a more e f f i c i e n t  p r o c e d u r e  t h a n  ex am in ­

in g  a l l  o f  t h e  p o s s i b l e  ^ ( n - l ) I  c i r c u i t s .  N ote  t h a t  by aA

c i r c u i t  we e x p l i c i t l y  mean:

D e f i n i t i o n  0 . 1 : A c i r c u i t  on  n p o i n t s  i n  e u c l i d e a n  s p a c e

i s  a s e t  o f  n  l i n e  s eg m en ts  ( e d g e s )  s u c h  t h a t  ( i )  e a c h  g iv e n  

p o i n t  i s  an  end p o i n t  o f  e x a c t l y  two e d g e s  and  ( i i )  t h e  o r d e r i n g  o f  

t h e  p o i n t s  in d u c e d  by t h e  s e t  i s  c y c l i c ,  ( c f .  f i r s t  p a r a g r a p h  § 1 ) .

O ver  a d e c a d e  a g o ,  F re d  S u p n ic k  p o i n t e d  o u t  [9 ]  t h a t  " i t  

would be  d e s i r a b l e  t o  o b t a i n ,  i f  p o s s i b l e ,  f u r t h e r  r e s u l t s  o f  t h e  

t y p e  e x e m p l i f i e d  by t h e  co n v ex  c a s e "  b e c a u s e  t h i s  p o v e r t y  o f  

ex am p les  i s  " u n d o u b te d ly  a b o t t l e n e c k  t o  i n s i g h t . "  I n  t h a t  p a p e r  

he  c o n s t r u c t e d  what i s  a p p a r e n t l y  s t i l l  o n l y  t h e  se c o n d  s u c h  exam ple  

i n  t h e  p l a n e ,  c o n s i s t i n g  o f  s e t s  w hose p o i n t s  f u l f i l l  c e r t a i n  

" h y p e r b o l i c "  r e l a t i o n s .  He a l s o  gav e  two o t h e r  ex am p les  i n  e u c l i d e a n  

N s p a c e  f o r  w hich  i t  was n e c e s s a r y  t h a t  N ^  n ,  r e s p e c t i v e l y  n  -  1 .

The f i r s t  r e s u l t  i n  t h i s  p a p e r  i s  t h e  e s t a b l i s h m e n t  ( s e e  §1) 

o f  a b ro a d  c l a s s  o f  ex am p les  w hich  i s  t h e  f i r s t  t o  a p p ly  w i th o u t



r e s t r i c t i o n  on t h e  d im e n s io n  N.

Theorem 0 . 1 :  G iv en  any n e c k l a c e  o f  n  c l o s e d  s p h e r e s  i n  e u c l i d e a n

N s p a c e ;  t h a t  i s ,  g iv e n  a  c o n n e c te d  c o l l e c t i o n  o f  s p h e r e s  s u c h  t h a t  

e a c h  s p h e r e  i n t e r s e c t s  p r e c i s e l y  two o t h e r s ,  t h e n  t h e  c i r c u i t  t h r o u g h  t h e  

s p h e r e  c e n t e r s  d e t e r m in e d  by t h e  n e c k l a c e  o r d e r i n g  i s  t h e  u n iq u e  s h o r t e s t  

o f  a l l  c i r c u i t s  on  t h o s e  n  p o i n t s .

N o te  i f  N >  2 t h e  n e c k l a c e  may b e  w e i r d l y  k n o t t e d .  T h i s  " n e c k l a c e ” 

th e o re m  was f i r s t  s t a t e d  by A rn o ld  R e in h o ld  [ 8 ] ;  h o w e v e r ,  t h e  p r o o f  he  

gav e  was v a l i d  o n l y  f o r  t h e  c a s e  t h a t  t h e  s p h e r e s  a l l  had  t h e  same 

r a d i u s .  We e x te n d  th e o re m  0 .1  t o  a w id e r  c l a s s  o f  p o i n t  d i s t r i b u t i o n s  

t h a t  do n o t  n e c e s s a r i l y  h av e  u n iq u e  s h o r t e s t  c i r c u i t s .

D e f i n i t i o n  0 . 2 : A s p h e r e  c l u s t e r  w i l l  mean i n  t h i s  p a p e r

a f i n i t e  c o l l e c t i o n  o f  s p h e r e s  ( s p h e r e s  w i l l  a lw a y s  b e  t a k e n  t o  

b e  s o l i d  and c l o s e d )  w i t h  a t  l e a s t  o n e  " c o n s i s t e n t ”  c i r c u i t :  t h a t  

i s ,  a c i r c u i t  o n  t h e  c e n t e r s  o f  t h e s e  s p h e r e s  s a t i s f y i n g  ( i )  e a c h  

ed g e  o f  t h e  c i r c u i t  j o i n s  t h e  c e n t e r s  o f  i n t e r s e c t i n g  s p h e r e s  and 

( i i )  e a c h  l i n e  segm ent n o t  i n  t h e  c i r c u i t  d o e s  n o t  j o i n  t h e  c e n t e r s  

o f  s p h e r e s  whose i n t e r i o r s  m e e t .  Then

Theorem 0 . 2 : G iv en  a s p h e r e  c l u s t e r  i n  e u c l i d e a n  N - s p a c e ,

t h e  m in im a l c i r c u i t s  on  t h e  s p h e r e  c e n t e r s  a r e  p r e c i s e l y  t h o s e  

c i r c u i t s  w h ich  a r e  c o n s i s t e n t .

The f u l l  s t r e n g t h  o f  e u c l i d e a n  g e o m e try  i s  n o t  n e e d e d  t o  

p ro v e  t h i s  th e o re m ; i n  f a c t ,  t h e  th e o re m  r e m a in s  t r u e  i n  any 

g e o d e s i c  m e t r i c  s p a c e  ( s e e  th e o re m  2 . 1 ) .

P e r h a p s  t h e  m ost n a t u r a l  q u e s t i o n  r a i s e d  by th e o re m s  0 . 1  and

0 . 2  i s  t h e  q u e s t i o n  o f  w h e th e r  n a r b i t r a r i l y  g iv e n  p o i n t s  w i l l
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a lw a y s  form  t h e  c e n t e r s  o f  some n e c k l a c e  o r  s p h e r e  c l u s t e r .  T h i s  

q u e s t i o n  i s  an sw ered  i n  t h e  n e g a t i v e  by an  exam ple  o f  s i x  p o i n t s  

i n  t h e  p l a n e  ( s e e  exam ple  3 , 1 )  an d ,  i n  a d d i t i o n ,  i t  i s  shown t h a t  

no s m a l l e r  number o f  p o i n t s  w i l l  f u r n i s h  s u c h  a c o u n te r e x a m p le  

( s e e  rem ark  3 , 1 ) .  A n o th e r  exam ple  on  e i g h t  p o i n t s  (exam ple  3 .4 )  i s  

a l s o  g i v e n  t o  show t h a t  i t  i s  n o t  a lw a y s  p o s s i b l e  t o  f i n d  a  s p h e r e  

c l u s t e r  f o r  t h o s e  p o i n t  d i s t r i b u t i o n s  i n  w h ich  t h e  m in im a l  

c i r c u i t  h a s  l e n g t h  no l o n g e r  t h a n  t h e  l e n g t h  o f  any  " m u l t i - c i r c u i t ” 

e a c h  o f  whose " s u b c i r c u i t s "  i s  on a t  l e a s t  t h r e e  o f  t h e  g i v e n  

p o i n t s  ( c f .  t h e  p a r a g r a p h  p r e c e d i n g  exam ple  3 ,4 )  w here  we mean by 

t h i s  t e rm in o lo g y :

D e f i n i t i o n  0 , 3 : A m u l t i - c i r c u i t  i s  t h e  g e n e r a l i z a t i o n  o f  a

c i r c u i t  o b t a i n e d  by o m i t t i n g  ( i l )  from  d e f i n i t i o n  0 , 1 .  T h u s ,  a 

m u l t i ' - c i r c u i t  on  a s e t  S o f  n  g i v e n  p o i n t s  c a n  be  t h o u g h t  o f  

a s  a u n io n  o f  c i r c u i t s  ( c a l l e d  s u b c i r c u i t s )  on d i s j o i n t  s u b s e t s  

o f  S whose u n io n  i s  S.

The q u e s t i o n  o f  f i n d i n g  maximal c i r c u i t s  t h r o u g h  a g i v e n  f i n i t e  

num ber o f  p o i n t s  h a s  p ro v e d  ev en  more i n t r a c t i b l e  t h a n  f i n d i n g  m in im a l 

c i r c u i t s .  F o r  i n s t a n c e ,  i t  was n o t  u n t i l  1965 t h a t  t h e  m axim al c i r ­

c u i t s  w ere  d e s c r i b e d  f o r  t h e  convex  c a s e  i n  t h e  p l a n e  ( s e e  [1 0 ] , [ 1 1 ] X  

And, i n  f a c t ,  t h e  o n ly  o t h e r  c o n f i g u r a t i o n s  w i t h  i d e n t i f i e d  m axim al 

c i r c u i t s  a r e  t h e  tw o ex am p les  i n  e u c l i d e a n  N s p a c e  w here  N ^  n ,  

n  -  1 by S u p n ick  [9 ]  r e f e r r e d  t o  e a r l i e r ,  b e c a u s e  t h e i r  m in im a l 

c i r c u i t s  a r e  known. The f o l l o w i n g  d u a l  t o  t h e  s p h e r e  c l u s t e r  th e o re m  

g i v e s  a n o t h e r  c l a s s  o f  e x a m p le s .

Theorem 0 ,3 , ; G iven  a c o l l e c t i o n  o f  s p h e r e s  i n  e u c l i d e a n  N s p a c e  

w i t h  a t  l e a s t  one c i r c u i t  on t h e  s p h e r e  c e n t e r s  s a t i s f y i n g  ( i )  t h e



i n t e r i o r s  o f  tw o s p h e r e s  do  n o t  i n t e r s e c t  i f  t h e r e  i s  an e d g e  o f  t h e  

c i r c u i t  j o i n i n g  t h e i r  c e n t e r s  and ( i i )  two s p h e r e s  do m eet i f  t h e r e  i s  

no ed g e  o f  t h e  c i r c u i t  j o i n i n g  t h e i r  c e n t e r s ,  t h e n  a l l  c i r c u i t s  s a t i s f y ­

in g  ( i )  and ( i i )  and o n l y  t h e s e  c i r c u i t s  a r e  maximal on  t h e  s p h e re  

c e n t e r s .

N o te  i f  ( i )  i s  w eakened by o m i t t i n g  ’’t h e  i n t e r i o r s  o f ” , t h e n  an  

a n a lo g u e  o f  th e o re m  0 ,1  i s  o b t a i n e d  a s s u r i n g  a u n iq u e  m axim al c i r c u i t .

The e x i s t e n c e  o f  c o l l e c t i o n s  o f  s p h e r e s  s a t i s f y i n g  t h e  h y p o th e s e s  o f  th eo rem

0 . 3  i s  n o t  n e a r l y  a s  e v i d e n t  a s  t h e  e x i s t e n c e  o f  n e c k l a c e s  and s p h e r e  

c l u s t e r s  w ere i n  t h e  m in im a l  c a s e ,  e s p e c i a l l y  f o r  lar§@; e v e n  num bers

n  = 2m o f  s p h e r e s .  However, t h a t  s u c h  do e x i s t  f o r  a r b i t r a r i l y  l a r g e  m 

h a s  b e e n  shown by  W arren B e c k e r  i n  [ 1 ] ,

We a l s o  n o t e  t h a t  a l t h o u g h  t h e  e x i s t e n c e  o f  a n e c k l a c e  on  n p o i n t s ,  

l i k e  t h e  convex  c a s e  i n  t h e  p l a n e ,  so  n a t u r a l l y  d e t e r m in e s  a m in im a l 

c i r c u i t  t h a t  i t  r a i s e s  t h e  q u e s t i o n  o f  w h e th e r  n e c k l a c e s  m ig h t  n o t  a l s o  

d e t e r m in e  maximal c i r c u i t s  i n  t h e  same way a s  i n  t h e  co n v ex  c a s e  ( s e e

[ 1 0 ] , [ 1 1 ] ) .  An exam ple  i s  g iv e n  o f  s e v e n  p o i n t s  (exam ple  4 . 1 )  t o  show 

t h i s  hope  i s  u n fo u n d e d .

The s p e c i a l  c a s e  o f  t a n g e n t  n e c k l a c e s  and t a n g e n t  s p h e r e  c l u s t e r s ;

1 . e . ,  n e c k l a c e s  and s p h e r e  c l u s t e r s  whose s p h e r e s  i n t e r s e c t  o n ly  i n  

( e x t e r n a l )  t a n g e n c i e s ,  a r e  c o n s id e r e d  b e c a u s e  t h e  c o n s i s t e n t  c i r c u i t s  o f  

t h e s e  hav e  t h e  p r o p e r t y  t h a t  t h e i r  l e n g t h  i s  n o t  o n ly  m in im a l  among a l l  

c i r c u i t s  b u t  a l s o  among a l l  " n o n t r i v i a l "  m u l t i - c i r c u i t s  ( c f . ( 5 . 2 ) ) ,  t h a t  

i s  among m u l t i - c i r c u i t s  none o f  whose s u b c i r c u i t s  c o n s i s t s  o f  o n ly  a 

s i n g l e  g i v e n  p o i n t  ( c f .  d e f i n i t i o n  0 . 3 ) .  (S h o u ld  a s u b c i r c u i t  p a s s  th r o u g h  

j u s t  tw o o f  t h e  g iv e n  p o i n t s  p , q  i t s  l e n g t h  i s  c o u n te d ,  o f  c o u r s e ,  a s  th e  

d i s t a n c e  from p t o  q and b ack  t o  p . )  T h u s ,  when a s k in g  does  a f i n i t e



d i s t r i b u t i o n  o f  p o i n t s  n e c e s s a r i l y  form  t h e  c e n t e r s  o f  a t a n g e n t  s p h e r e  

c l u s t e r ,  t h e  a n sw e r  c a n n o t  p o s s i b l y  be  a f f i r m a t i v e  u n l e s s  t h e  m in im a l 

c i r c u i t s  on  t h e  p o i n t s  a r e  a l s o  m in im a l among a l l  n o n t r i v i a l  m u l t i ­

c i r c u i t s .  However, i n  t h i s  c a s e  a t a n g e n t  s p h e r e  c l u s t e r  w i l l  in d e e d  

e x i s t  ( c f ,  (5 .3)) . .  F u r t h e r ,  i t  w i l l  be  s e e n  t h a t  t h i s  c a s e  i s  p r e c i s e l y  

t h e  s i t u a t i o n  t h a t  a t  l e a s t  one  s o l u t i o n  t o  t h e  p e r s o n n e l  a s s ig n m e n t  

p ro b le m  on  th e  c o r r e s p o n d i n g  d i s t a n c e  m a t r i x  ( w i th  s u i t a b l y  l a r g e  

d i a g o n a l  e n t r i e s  i n s e r t e d )  o f  t h e  g iv e n  p o i n t  d i s t r i b u t i o n  i s  a l s o  a 

s o l u t i o n  t o  t h e  t r a v e l i n g  s a le s m a n  p ro b le m  ( c f .  ( 5 .4 )  ) .

P a r t  I I  o f  t h i s  p a p e r  d e a l s  w i th  t h e  p o s s i b i l i t y  o f  t h e  s e l f - i n t e r -

s e c t i o n  o f  m in im a l c i r c u i t s  on  a f i n i t e  number o f  g iv e n  p o i n t s  i n  a 

m e t r i c  s p a c e .  The q u e s t i o n  h a s  im m ed ia te  m ean ing  o n ly  f o r  g e o d e s i c  

m e t r i c  s p a c e s ;  h o w e v e r ,  s u c h  c o n c e p t s  a s  a s e l f - i n t e r s e c t i n g  c i r c u i t  

and c o g e o d e s i c  p o i n t s  a r e  e x te n d e d  n a t u r a l l y  t o  make s e n s e  i n  any 

m e t r i c  s p a c e  ( s e e  d e f i n i t i o n s  7 . 1  and 7 . 2  and t h e  f o l l o w i n g  d i s c u s s i o n )  

and t h e  m ain  r e s u l t  ( s e e  th e o re m  7 . 1 )  i s  p ro v e d  i n  t h i s  c o n t e x t .  F o r  

g e o d e s i c  m e t r i c  s p a c e s  t h i s  t a k e s  t h e  fo rm :

Theorem  0 . 4 : I n  a g e o d e s i c  m e t r i c  s p a c e ,  g i v e n  d i s t i n c t  n o n ­

c o g e o d e s i c  p o i n t s  P1 Pn- su c h  t h a t  i f  E i s  any  g e o d e s i c  j o i n i n g

p and p  and E 7 i s  any  g e o d e s i c  j o i n i n g  p .  and  p t h e n  e i t h e r
1  J  J  K

e  n e '  = {PJ  o r  p . , p . , p .  a r e  c o g e o d e s i c ;  t h e n  i t  i s  t r u e  t h a t  i f  P J i  j  k  — ”

i s  any  m in im al c i r c u i t  on  t h e  n  p o i n t s ,  i t  f o l l o w s  t h a t  P i s  n o t  

s e l f - i n t e r s e c t i n g .

The p r e c i s e  m ean in g  o f  a c i r c u i t  i n  a g e o d e s i c  m e t r i c  s p a c e  a p p e a r s  

to w a rd  t h e  b e g in n in g  o f  §2 w here  i t  i s  p o i n t e d  o u t  t h a t  t h e r e  may c o r r e s ­

pond many c i r c u i t s  t o  a f i x e d  c y c l i c  p e r m u t a t i o n  o f  t h e  g i v e n  p o i n t s ,  and 

t h e r e f o r e  i n  p a r t i c u l a r  t o  a m in im iz in g  c y c l i c  p e r m u t a t i o n .  The i n t e n t



o f  t h e  th e o re m  i s  t h a t  any  s u c h  c i r c u i t  i s  n o t  s e l f - i n t e r s e c t i n g .  

A l th o u g h  t h e  c o n v e r s e  o f  th e o re m  0 . 4  i s  f a l s e  ( c f .  exam ple  7 . 2 ) ,  t h e  

c o n d i t i o n  g i v e n  t o  i n s u r e  t h e  n o n s e l f - i n t e r s e c t i o n  o f  m in im a l c i r c u i t s  

i n  m e t r i c  s p a c e  i s  r e a l l y  t h e  b e s t  p o s s i b l e  ( c f .  th e o re m  7 . 2 ) .
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I .  EXTREMAL CIRCUITS ON THE CENTERS OF CERTAIN COLLECTIONS OF 

SPHERES

§1. M in im al c i r c u i t s  i n  e u c l i d e a n  s p a c e .  Theorems 0 . 1  and 

0 . 2  a r e  p ro v e d  a s  s p e c i a l  c a s e s  o f  th e o re m  1 .1  s t a t e d  be low , i n  

o r d e r  t o  u n d e r s t a n d  w here  t h e  g e o m e try  o f  e u c l i d e a n  space  i s  u s e d .  

The p ro b le m  o f  f i n d i n g  t h e  s h o r t e s t  c i r c u i t s  on n  g iv e n  d i s t i n c t  

p o i n t s  i n  e u c l i d e a n  s p a c e  d ep en d s  o n ly  on t h e  d i s t a n c e s  b e tw ee n  

th e  i n ( n - l )  p a i r s  o f  p o i n t s .  T h a t  i s  c o m p le te  i n f o r m a t i o n  i sa

c o n t a i n e d  i n  an n X n sy m m e tr ic  m a t r ix  whose d i a g o n a l  e l e m e n t s  

a r e  a l l  z e r o ,  o r  u n s p e c i f i e d  s i n c e  th e y  w i l l  be im m a t e r i a l .  I f  

t h e  ( n - 1 ) .’ c y c l i c  p e r m u t a t i o n s  o f  th e  f i r s t  n p o s i t i v e  i n t e ­

g e r s  a r e  i d e n t i f i e d  i n  p a i r s  u n d e r  sy m m e tr ic  r e a r r a n g e m e n t

( i . e .  ( i  i  . . . i  ) = ( i  i „  = ( i  i  i  . . . i  ) th e n  t h e r e1 z n n n - l  1 i n  n -1  2

i s  a o n e -o n e  c o r r e s p o n d e n c e  b e tw ee n  th e  ^jj-(n-l) .' c y c l i c  p e rm u -
a

t a t i o n s  and  th e  c i r c u i t s  on  th e  n  p o i n t s  w here  we t h i n k  o f  t h e

c i r c u i t  c o r r e s p o n d in g  t o  P = ( i  i  . . . i  ) a s  t h e  s e t  o f  n e d g e sx a n

( l i n e  seg m en ts )  c o r r e s p o n d in g  t o

6(P) = {{i^ig},,.. ,

( c f .  d e f i n i t i o n  0 . 1 ) .  Thus  th e  p ro b le m  o f  f i n d i n g  s h o r t e s t  c i r ­

c u i t s  on n  p o i n t s  i n  e u c l i d e a n  sp a c e  c a n  be c o n s i d e r e d  a s p e c i a l  

c a s e  o f  t h e  sy m m etr ic  m a t r i x  f o r m u l a t i o n  o f  t h e  t r a v e l i n g  s a le s m a n  

p ro b lem : g iv e n  an n X n sy m m e tr ic  m a t r i x  ( a i j )  o f  r e a l  num­

b e r s  f i n d  among a l l  X(n _ i ) ; c y c l i c  p e r m u t a t i o n s  P = ( i  i  . . . i  )
a l  2 n

o f  t h e  f i r s t  n p o s i t i v e  i n t e g e r s  th o s e  w h ich  m in im iz e

L(?) = {i,j}S€ 6(P) aij = ai i + "* + ai i + ai i '1 2 n - l  n n 1



N o te  t h a t  t h e  e n t r i e s  on t h e  d ia g o n a l  o f  t h e  m a t r i x  a re

i r r e l e v a n t  s i n c e  t h e y  can  n e v e r  e n t e r  i n t o  t h e  sum L (P) .

A m a t r i x  a n a lo g u e  o f  t h e  e x i s t e n c e  o f  s p h e r e  c l u s t e r s  i s  

o b t a i n e d  th ro u g h :

D e f i n i t i o n  1 . 1 : A c y c l i c  p e r m u t a t i o n  P i s  "Cr ] / , , r n ] -

c o n s i s t e n t  w i th  t h e  n X n r e a l  sy m m e tr ic  m a t r i x  ( a  ) "  a b b r e -
«*■ J

v i a t e d  " [ r ] - c o n s i s t e n t "  i f  t h e  m a t r i x  i s  u n d e r s t o o d ,  w henever
K

( i )  a £  r  + r .  i f  { i , j }  € 6(p) and ( i i )  a  * r  + r  i f
i j  i  J i j  i  J

b o t h  { i , j }  4 6(P) and  i  4= j  .

I f  r J >  0 ,  r  , >  0 ; d . . i s  t h e  d i s t a n c e  b e tw ee n  p.  and p ,
i  j  i j  i  • j

(p 4= p . ) ;  S and S are r e s p e c t iv e ly  th e sp h eres about p.
J* J 1 J 1

and p , w ith  r a d i i  r .  and r .  then
j  l  j

( 1 .1 )  SjL (1 S 4= cp d AJ £ r ± +

( 1 . 2) I n t  S, 0 I n t  S = cp d, , ^  r  + ri  j  i j  i  j

Thus  g iv e n  a s p h e r e  c l u s t e r  on n p o i n t s ,  l e t t i n g  r i > - , *»r n be

th e  sphere r a d i i ,  c o r r e sP°nding d is ta n c e  m atrix  o f

t h e  n p o i n t s  and P be t h e  c y c l i c  p e r m u t a t i o n  c o r r e s p o n d in g  t o

t h e  c o n s i s t e n t  c i r c u i t ;  t h e n  P i s  [ r ] - c o n s i s t e n t  w i th  ( a  ) ,
K 1 J

and  m o reo v e r  a c i r c u i t  w i l l  be c o n s i s t e n t  w i t h  t h e  g iv e n  s p h e re

c l u s t e r  i f  and o n ly  i f  t h e  c o r r e s p o n d in g  c y c l i c  p e r m u t a t i o n  i s

[ r ] - c o n s i s t e n t  w i t h  ( a  .) . Theorem  0 . 2  t h e n  i s  e s t a b l i s h e d  as
K 1 j

a s p e c i a l  c a s e  o f  t h e  f o l l o w i n g  th e o re m  1 . 1 .  N ote  th e o re m  0 .1  i s  

a c o r o l l a r y  o f  th e o re m  0 . 2  b e c a u se  a  n e c k l a c e  i s  a s p h e r e  c l u s t e r  

w i t h  e x a c t l y  one c o n s i s t e n t  c i r c u i t .

Remark 1 . 1 : An exam ple  o f  e i g h t  p o i n t s  i s  g iv e n  i n  §3

(exam ple  3 .3 )  w h ich  c a n n o t  be th e  c e n t e r s  o f  any s p h e r e  c l u s t e r



u n l e s s  some s p h e r e s  a re  p e r m i t t e d  t o  have  r a d i u s  z e r o .  Thus we

w ould  l i k e  t o  p ro v e  th e o re m  0 . 2  a l lo w in g  t h i s  p o s s i b i l i t y  a l s o .

However t h e  p r e c e d i n g  argum ent d o es  n o t  h o ld  b e c a u s e  h a l f  o f

e q u i v a l e n c e  ( 1 ,2 )  f a i l s .  F o r  i n s t a n c e  i f  r .  = 2 r ,  = 0 d. . = 1
i  j  i j

th e n  I n t  S. D I n t  S . = I n t  S . = 9  does  n o t  im p ly  i ,  ^  r . + r  . .
i  J J i j  i  J

I n  f a c t  th e o re m  0,2 as  s t a t e d  f a i l s  ( i n  e s s e n t i a l l y  o n ly  th e  one  

c a s e  h e r e )  i f  z e r o  r a d i i  a r e  a l lo w e d ,  F o r  c o n s i d e r  i n  t h e  p l a n e  

t h e  p o i n t s  p 1 = (0 ,0) p g = (3 ,0) p g = ( 5 , 0 ) p4= ( 7 ,0) and 

s p h e r e s  c e n t e r e d  a t  t h e s e  p o i n t s  w i th  r e s p e c t i v e  r a d i i  6 , 2 , 0 , 2  . 

Then t h e s e  f o u r  s p h e r e s  form  a  s p h e re  c l u s t e r  w i th  c o n s i s t e n t  c i r ­

c u i t  p p p p b e c a u se  I n t  S D I n t  S = I n t  S = 9  , However1 a u 4 X o o

p p„p  .p i s  a l s o  m in im a r~ b u t n o t  c o n s i s t e n t  b e c a u se1 U 4 A

I n t  0  I n t  S4 4= 9  . Theorem 0 . 2  w i l l  be t r u e  ev en  p e r m i t t i n g  

z e r o  r a d i i  i f  c o n d i t i o n  ( i i )  i n  d e f i n i t i o n  0 .2  i s  ch an g e d  t o  ( i i ' )  

e a c h  l i n e  segm ent n o t  i n  t h e  c i r c u i t  does  n o t  j o i n  t h e  c e n t e r s  o f  

s p h e r e s  w h ich  i n t e r s e c t  i n  more t h a n  b o u n d ary  p o i n t s .  F o r  s p h e r e s  

o f  p o s i t i v e  r a d i u s  ( i i )  and ( i i * )  a re  e q u i v a l e n t  b u t  f o r  i n s t a n c e  

i n  t h e  p r e c e d i n g  exam ple c i r c u i t  p . p 0p „ p A d o es  n o t  s a t i s f y  ( i i ' )1 A U 4

b e c a u se  S and S i n t e r s e c t  i n  ( 5 ,0 )  w hich  i s _ a n  i n t e r i o r  1 o

p o i n t  o f  . The v a l i d i t y  o f  th e o re m  0 . 2  a l lo w in g  z e r o  r a d i i

f o l l o w s  a s  a s p e c i a l  c a s e  o f  th e o re m  3 . 1 .

Theorem 1 . 1 : G iven  a r e a l  sy m m etr ic  n X n m a t r i x

p e r h a p s  w i t h  u n s p e c i f i e d  d i a g o n a l  e n t r i e s ,  and r e a l  num bers

r , , „ . , , r  such  t h a t  t h e r e  i s  a t  l e a s t  one Tr, ] - c o n s i s t e n t  c y c l i c  I  n L k J

p e r m u t a t i o n ,  th e n  su ch  and o n ly  su c h  m in im ize  L among a l l  c y c l i c  

p e r m u t a t i o n s .
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P r o o f :  L e t  P be any [ r , ] - c o n s i s t e n t  c y c l i c  p e r m u t a t i o n

f o r  ( a  ) and  l e t  Q be  any c y c l i c  p e r m u t a t i o n .  We show t h a t  

L(P) <  L(Q) i f  Q i s  n o t  [ r ] - c o n s i s t e n t  and t h a t  L (P )  = L(Q)
K

i f  Q i s  [ r ] - c o n s i s t e n t .  L e t  D = { { i , j }  : i  + j  and
K

a, . <  r . + r  .3 t h e n  an e q u i v a l e n t  s t a t e m e n t  o f  ( i i )  i n  d e f i n i t i o n  
i j  i  J

1 .1  i s  D c  6 (p )  . F u r t h e r  n o t e  t h a t  a  c o n se q u e n c e  o f  ( i )  and

( i i )  i n  d e f i n i t i o n  1 .1  i s  {i , j } € 6 (p) -  D im p l i e s

a. . = r .  + r  . . L e t  B = 6(Q) fl D . Then B c  D c  6(P) and
J 1 J

6(P) i s  a d i s j o i n t  u n io n  o f  B, D -  B, and 6(p) -  D . We have

“  6(P) a i j  “  B a i j  + D-B a i j  + 6(P) -D a i j

= B a i j  + D-B a i j  + 6 (P )-D  ( r i  + r j )

^  2  a . . + 2  ( r .  + r . )  + . 2  ( r .  + r  .)
B i j  D-B i  j  6 (P )-D  i  3

and t h e  l a s t  ^  i s  r e a l l y  <  u n l e s s  B = D , w h ich  i s  e q u i v a l e n t ,  

u s in g  t h e  d e f i n i t i o n  o f  B , t o  D c  6(Q) , w h ich  i s  e q u i v a l e n t  t o  

Q s a t i s f y i n g  c o n d i t i o n  ( i i )  i n  d e f i n i t i o n  1 .1  f o r  [ r ] - c o n s i s t e n t
K

p e r m u t a t i o n s .  C o n t in u in g :

2  a. . + 2  ( r ,  + r  .) + . 2  ( r .  + r  ) = 2  a .  . + - 2  ( r .  + r  .)
B D-B 1 J 6(P) -D x j  B i j  6 (P )-B  i  j

= 2  a + . 2  ( r  + r  .)
B i j  6(Q) -B i  J

^  E a + . 2  a
B i j  6(Q)-B i j

th e  l a s t  s t e p  b e c a u se  o f  t h e  d e f i n i t i o n  o f  D and b e c a u se

6(Q) -  b = 6(Q) -  D , F u r th e rm o re  t h i s  ^  i s  r e a l l y  <  u n l e s s

a = r  + r .  f o r  a l l  £ i , j } € 6(Q) -  D , w h ich  i s  e q u i v a l e n t  t o  
1J 1 J
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{ i r j3  ^ 6(Q) im p l i e s  a ^  r .  + r .  , w hich s a y s  Q s a t i s f i e s
J ^ J

c o n d i t i o n  ( i )  f o r  [ r ] - c o n s i s t e n t  p e r m u t a t i o n s .  C o m p le t in g  t h eK

c h a i n :

2  a  + I! a  = 2  = l (Q)
B i j  6(Q) -B i j  6(Q)

Thus L (P) <  L(Q) , u n l e s s  t h e  two c o n d i t i o n s  a r e  f u l f i l l e d  w h ich

make Q an [ r ^ ] - c o n s i s t e n t  p e r m u t a t i o n ,  and i n  t h i s  c a s e

L (P )  = L(Q) .

We re m a rk  t h a t  f o r  a g iv e n  sy m m etr ic  m a t r i x  a p a r t i c u l a r  

[ r ] - c o n s i s t e n t  c y c l i c  p e r m u t a t i o n  P m igh t n o t  a l s o  be [ r * ] -K K

c o n s i s t e n t ,  f o r  i t  i s  s u r e l y  p o s s i b l e  t o  p i c k  r i > , , J , r n so i ^ e r e

a r e  no [ r * ] - c o n s i s t e n t  c y c l i c  p e r m u t a t i o n s .  However i f  t h e r eK

d o e s  e x i s t  some [ r ^ ] - c o n s i s t e n t  c y c l i c  p e r m u t a t i o n  Q , t h e n  P 

i s  a l s o  [ r ’ ] - c o n s i s t e n t .  B ec a u se  we hav e  L(P) ^  L(Q) byK.

th e o re m  1 .1  f ro m  P b e in g  [ r ] - c o n s i s t e n t ,  b u t  i f  P i s  n o t
K

a l s o  [ r / ] - c o n s i s t e n t  t h e n  a n o t h e r  a p p l i c a t i o n  o f  t h e  th e o re m
1C

y i e l d s  t h e  c o n t r a d i c t i o n  L(Q) <  L(P) . Thus f o r  a  p a r t i c u l a r  

sy m m e tr ic  m a t r i x  t h e  s e t  o f  [ r  ] - c o n s i s t e n t  c y c l i c  p e r m u t a t i o n s
1C

c o i n c i d e s  w i t h  t h e  s e t  o f  [ r ^ ] - c o n s i s t e n t  c y c l i c  p e r m u t a t i o n s
1C

u n l e s s  one o f  t h e s e  s e t s  i s  em pty  and t h e  o t h e r  i s  n o t .  F o r  t h i s  

r e a s o n  we w i l l  o c c a s i o n a l l y  j u s t  r e f e r  t o  c o n s i s t e n t  c y c l i c  p e rm u ­

t a t i o n s  w i t h o u t  e x p l i c i t l y  m e n t io n in g  f o r  w h ich  r i > ' * ‘ »r n *

§2. M in im al c i r c u i t s  i n  g e o d e s i c  m e t r i c  s p a c e s . We e x t e n d  

th e o re m  0 .2  t o  g e o d e s i c  m e t r i c  s p a c e s ,  t h a t  i s  t o  any m e t r i c  sp a c e  

su c h  t h a t  e a c h  p a i r  o f  p o i n t s  i s  j o i n e d  by an a r c  o f  l e n g t h  e q u a l  

t o  t h e  d i s t a n c e  b e tw ee n  th e  p o i n t s .  Exam ples  o f  g e o d e s i c  m e t r i c
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s p a c e s  can  be c o n s t r u c t e d  f ro m  any co m p ac t,  f i n i t e l y  a r c  c o n n e c te d  

(m ean ing  t h a t  g i v e n  any two p o i n t s  t h e r e  i s  an a r c  o f  f i n i t e  

l e n g t h  j o i n i n g  them) m e t r i c  s p a c e  (M ,d) b e c a u se  a s  Menger h a s  

shown (p g .  4 9 2 ,  [ 5 ] )  such  s p a c e s  have  f o r  e a c h  p a i r  o f  p o i n t s  a 

g e o d e s i c  ( a r c  o f  m in im a l l e n g t h )  j o i n i n g  them. D e f i n i n g  M p,q) = 

t h e  l e n g t h  o f  any g e o d e s ic  j o i n i n g  p and q w here  p , q  a r e  

d i s t i n c t  p o i n t s  i n  M and ^ ( p , q )  = 0  i f  p = q , i t  c an  be 

v e r i f i e d  ( c f .  p g .  4 9 6 , - 7  [ 5 ] )  t h a t  X i s  a new m e t r i c  on M and 

i n  f a c t  (M,^-) i s  a g e o d e s ic  m e t r i c  s p a c e .  We re m a rk  t h a t  t h e  

g e o d e s i c  m e t r i c  X and th e  o r i g i n a l  m e t r i c  d a r e  n o t  n e c e s s a r i l y  

e q u i v a l e n t  i n  t h e  s e n s e  o f  p r o d u c in g  t h e  same to p o l o g y  ( s e e  p g .  497 

[ 5 ]  o r  p g .  4 3 , 4 4  [ 2 ]  a l th o u g h  t h e  r e l a t e d  f o o t n o t e  p g .  44 o f  [ 2 ]  i s  

i n  e r r o r ) .

The m ean ing  o f  a c i r c u i t  i n  e u c l i d e a n  s p a c e  i s  n a t u r a l l y  

e x t e n d e d  t o  g e o d e s i c  m e t r i c  s p a c e s  by r e p l a c i n g  th e  te rm  l i n e  s e g ­

m en ts  i n  d e f i n i t i o n  0 .1  by g e o d e s i c s .  However u n l i k e  e u c l i d e a n  

s p a c e ,  b e c a u s e  t h e r e  can  be many g e o d e s i c s  j o i n i n g  t h e  same two 

p o i n t s  i n  an a r b i t r a r y  g e o d e s i c  m e t r i c  s p a c e ,  t h e r e  may c o r r e s p o n d  

t o  a p a r t i c u l a r  o r d e r i n g  o f  t h e  g iv e n  p o i n t s  num erous c i r c u i t s .

B ut t h e y  a l l  h av e  t h e  same l e n g t h  and we w i l l  n o t  u s u a l l y  w ant t o  

d i s t i n g u i s h  b e tw ee n  them. Sphere  c l u s t e r s  and c o n s i s t e n t  c i r c u i t s  

i n  a g e o d e s i c  m e t r i c  sp a c e  (M,X) a r e  a l s o  d e f i n e d  e n t i r e l y  

a n a lo g o u s ly  t o  t h e  e u c l i d e a n  c a s e .  A s p h e re  c l u s t e r  i s  a c o l ­

l e c t i o n  o f  s p h e r e s ,  i . e .  s e t s  o f  th e  fo rm  {q : ^ ( p , q )  ^  r}  , 

w i th  a t  l e a s t  one c o n s i s t e n t  c i r c u i t ,  t h a t  i s  a c i r c u i t  th r o u g h  

t h e  s p h e r e  c e n t e r s  s a t i s f y i n g  ( i )  eac h  g e o d e s ic  i n  t h e  c i r c u i t
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j o i n s  t h e  c e n t e r s  o f  i n t e r s e c t i n g  s p h e r e s ,  and ( i i )  e a c h  g e o d e s ic  

n o t  i n  t h e  c i r c u i t  ( a n d  n o t  j o i n i n g  a p a i r  o f  p o i n t s  a l r e a d y  

j o i n e d  by a g e o d e s i c  i n  t h e  c i r c u i t )  d o e s  n o t  j o i n  t h e  c e n t e r s  o f  

s p h e r e s  w h ich  i n t e r s e c t  i n  more th a n  b o u n d a ry  p o i n t s .  N ote c o n d i ­

t i o n  ( i i )  h e r e  i s  t h e  a n a lo g u e  o f  ( i i ' )  i n  rem a rk  ( 1 .1 )  and 

s p h e r e s  o f  r a d i u s  z e r o  a r e  a l lo w e d .  However r ^  < 0 ,  i . e .  = 9 ,

c a n n o t  o c c u r  i n  any s p h e r e  c l u s t e r  b e c a u s e  p^  i s  j o i n e d  by a

g e o d e s i c  i n  any  c o n s i s t e n t  c i r c u i t  t o  some o t h e r  c e n t e r  p suchK

t h a t  D m ust be nonem pty . Now

Theorem 2 . 1 : G iv en  a s p h e r e  c l u s t e r  i n  a g e o d e s i c  m e t r i c

sp a c e  (M,X) , t h e n  t h e  c i r c u i t s  o f  m in im a l l e n g t h  t h r o u g h  th e

s p h e re  c e n t e r s  a r e  p r e c i s e l y  t h o s e  c i r c u i t s  w h ich  a r e  c o n s i s t e n t .

P r o o f ; As i n  t h e  e u c l i d e a n  c a s e ,  by t a k i n g  th e  d i s t a n c e

m a t r i x  ( a .  .) = M p . , p . )  o f  t h e  s p h e re  c e n t e r s  p  ,p  and?. j l  j  l  ’ n

l e t t i n g  *’! * • • •  >r n t h e  r a d i i  o f  t h e  c o r r e s p o n d in g  s p h e r e s

S . , . . . , S  t h i s  th e o re m  f o l l o w s  from  th e o re m  1 .1  once  we show s u b -  1 n

j e c t  to  r^ and r̂ . n on n egative and i  4= j th a t

( 2 .1 )  \ ( p  ,p  ) <: r  + r  <=> S fl S *  <p
1 J 1 J 1 J

( 2 . 2 )  \ ( p  ,p ) ^  r  + r  ^  ( I n t  S U  I n t  S ) fl (S (1 S )
i j l j  1 J ^ - J

=  <P

To p r o v e  h a l f  o f  t h e  f i r s t  e q u i v a l e n c e  n o te  i f  p E S, (1 S ,  t h e n
1 J

^■ (P ^P j)  ^  ^(P^>P) + ^ ( P j , p )  ^  r i  + r j  • C o n v e r s e ly  v/e can  assume

i n  a d d i t i o n  t o  ^ ( p . , p . )  ^  r .  + r .  t h a t  ^ ( p . , p . )  >  r .  , b e c a u se
i  J i  3 i  j  i

o t h e r w i s e  p .  € S. fl S .  . N ote  we have  i m p l i c i t l y  u s e d  h e re  t h a t
J 1 J

r ^  ^  0 . Now i t  can  be s e e n  t h e r e  e x i s t s  a p o i n t  q a d i s t a n c e

r ^  ( u s i n g  r ^  ^  0) from  p^ a lo n g  any g e o d e s ic  g o in g  from p^
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t o  p . . T h e r e f o r e  q € S. and f u r th e r m o r e
J i

X(p ,q )  = ^ ( p . , p . )  -  r  r  so  q € S . R e s t a t i n g  ( 2 . 2 )  i n  th e
J J J J

fo rm ; X(p. , p . )  <  r .  + r  . i f  and  o n ly  i f  S. fl S .  c o n t a i n s  a
i  j  i  J  i  J

p o i n t  q i n t e r i o r  t o  a t  l e a s t  one o f  S and  S , t h e  p r o o f  i s
•*» J

e n t i r e l y  s i m i l a r .  F i r s t  i f  q i s  i n t e r i o r  t o  o r  and

Toi n  t h e  o t h e r  t h e n  M p . , p . )  ^  M p .  >q) + M p . jQ) <  + r  .
i  j  i  J J

p ro v e  th e  c o n v e r s e  we c a n  assume i n  a d d i t i o n  t o  ^ (p .  . p . )  <  r . + r J
i  j  i  j

t h a t  r .  ^  ^ ( p . , p . )  b e c a u s e  o t h e r w i s e  r_, >  A- (p . , p . )  so  p .  i s

i n t e r i o r  t o  and i n  . Then t h e r e  i s  a p o i n t  q a d i s ­

t a n c e  r ^  away from p^  a lo n g  any g e o d e s i c  g o in g  from  p^ to

p .  . T h i s  q i s  i n  S. and s i n c e  M p . , q )  = M p . iP . )  -  r .  <  r.,j  i  J l  j  l  j

q i s  i n t e r i o r  t o  S . c o m p le t in g  th e  p r o o f .  We n o te  t h a t  t o g e t h e r
J

( 2 .1 )  and ( 2 . 2 )  y i e l d  ^ ( p ^ , P j )  = r i  + r j  anc* on l y  and

S j  do meet b u t  o n ly  i n  b o u ndary  p o i n t s .

B oth  th e o re m  0 .2  and  i t s  g e n e r a l i z a t i o n  th e o re m  2 .1  w ere  

e s t a b l i s h e d  by c o n s i d e r i n g  th e  d i s t a n c e  m a t r i x

g iv e n  p o i n t s .  A l l  such  m a t r i c e s  b e s i d e s  h a v in g  z e ro  o r  u n s p e c i ­

f i e d  d ia g o n a l  e n t r i e s  and  b e in g  sy m m e tr ic  w i l l  have  p o s i t i v e  ( o f f
i

d ia g o n a l )  e n t r i e s  and s a t i s f y  t h e  t r i a n g l e  i n e q u a l i t y  ( i . e .  f o r

i . i . k  d i s t i n c t  a J . + a ^  a . , )  a However i t  i s  n o t  t r u e  t h a ti j  j k  l k

g iv e n  an n X n  m a t r ix  w i t h  t h e s e  p r o p e r t i e s  t h a t  i t  m ust be th e

d i s t a n c e  m a t r i x  o f  some n p o i n t s  i n  e u c l i d e a n  s p a c e .

/ -  8 8 8 \
-  8 4Example 2 . 1 ; L e t  ( a  ) =

J
-  4

E n t r i e s  a1 2 , a1 3 ,

V -J
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and a„ d e te r m in e  t h e  v e r t i c e s  p , p 0 ,p_ o f  an e q u i l a t e r a l  t r i -AU 1 A O

a n g le  and t h e r e f o r e  a two d im e n s io n a l  p l a n e  i n  e u c l i d e a n  N s p a c e .

E n t r i e s  a^  and a ^  d e te rm in e  a  p o i n t  p ^  b i s e c t i n g  edge

PgPg . Then t h e  e n t r y  a ^  i s  i n c o m p a t i b l e  w i t h  t h e  g e o m e try  o f

th e  e u c l i d e a n  p l a n e .

Remark 2 . 1 : I t  i s  t r u e ,  ho w ev er ,  t h a t  e v e r y  r e a l  sy m m etr ic

m a t r i x  M w i th  p o s i t i v e  ( o f f  d i a g o n a l )  e n t r i e s  s a t i s f y i n g  t h e

t r i a n g l e  i n e q u a l i t y  does  a lw a y s  r e p r e s e n t  t h e  d i s t a n c e  m a t r i x  o f  a

f i n i t e  number o f  p o i n t s  i n  a  g e o d e s i c  m e t r i c  sp a c e  M7 .

P r o o f : Suppose th e  o r d e r  o f  M i s  n and  t h a t  e > 0 i s  a

s m a l l e s t  ( o f f  d i a g o n a l )  e n t r y .  Choose any n p o i n t s  i n  a d i s k  i n

.  e
th e  e u c l i d e a n  p l a n e  o f  d i a m e te r  ^  — . C onnec t  t h e s e  p o i n t s  byA

sm ooth n o n i n t e r s e c t i n g  a r c s ,  e x t e n d i n g  i n t o  t h r e e  s p a c e ,  o f  l e n g t h s

c o r r e s p o n d in g  t o  t h e  m a t r i x  e n t r i e s .  T h i s  c o l l e c t i o n  o f  a r c s  i n

t h r e e  sp a c e  w i th  d i s t a n c e  g i v e n  by o r d i n a r y  e u c l i d e a n  a r c  l e n g t h

i s  t h e  m e t r i c  s p a c e  M7 t h a t  i s  s o u g h t .  We n o t e  t h a t  t h i s  rem a rk

i s  a l s o  e s t a b l i s h e d  a s  an im m ed ia te  c o r o l l a r y  o f  th e o re m  X I I I . 5 . 2 ,

pg . 286 [ 3 ]  r e f e r r e d  t o  a t  t h e  end o f  t h i s  s e c t i o n .

Remark 2 . 2 ; G iven  P^>««>rn - n a g e o d e s i c  m e t r i c  s p a c e  ( p e r h a p s

i n  p a r t i c u l a r ,  e u c l i d e a n  s p a c e )  , l e t  c o r r e s p o n d in g

d i s t a n c e  m a t r i x  t h e n  p , , . . . , p  w i l l  be t h e  c e n t e r s  o f  some1 n

s p h e r e  c l u s t e r  i f  and o n ly  i f  (a\ j ^  ^ as a c o n s i s t e n t  c y c l i c  

p e r m u t a t i o n .

P r o o f : The " o n ly  i f "  h a l f  was e s t a b l i s h e d  i n  t h e  p r o o f  o f

th e o re m  2 . 1 .  To g e t  t h e  c o n v e r s e  su p p o se  P i s  a c y c l i c  [ r  ] -  

c o n s i s t e n t  p e r m u t a t i o n  f o r  ( a ^ j )  a n d d e f i n e  s p h e r e s  w i th
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c e n t e r s  and  r a d i i  r ^  f o r  i  = l , . . . , n  . I t  w i l l  f o l l o w

from  ( 2 . 1 )  and ( 2 . 2 )  t h a t  th e  s e t  o f  t h e s e  fo rm  a s p h e r e

c l u s t e r  on  p  ,p o n ce  we show t h a t  e a c h  r . ^  0 . T h i s  n eed1 n i

n o t  be t r u e  i f  n ^  3 b u t  i n  t h e s e  c a s e s  i t  i s  c l e a r  t h a t  t h e r e

i s  a s p h e r e  c l u s t e r  on  th e  g iv e n  p o i n t s .  I f  n >  3 w r i t e

( l i . . . j )  f o r  t h e  [ r ] - c o n s i s t e n t  c y c l i c  p e r m u t a t i o n  and  suppose
K

r  < 0 . Then r .  + r . >  ( r .  + r  ) + ( r . + r  ) s  a + a  ^  aX 1 J 1 1  J J. XX X JJ * J

^  r .  + r  . . C o n t r a d i c t i o n .  N o te  t h a t  a, . + a. . ^  a. . i s  t h e
i  J l i  l j  i J

o n ly  u s e  made i n  t h e  a rgum en t o f  t h e  f a c t  t h a t  ( a .  .) was n o t  an
J

a r b i t r a r y  sy m m etr ic  m a t r i x  b u t  a r o s e  as  t h e  d i s t a n c e  m a t r i x  o f

p o i n t s  i n  a m e t r i c  s p a c e .  A p p a r e n t ly  no u s e  was made o f  t h e  f a c t

t h a t  t h e  ( o f f  d i a g o n a l )  e n t r i e s  o f  ( a .  .) a r e  p o s i t i v e ,  b u t  t h i s
J

p r o p e r t y  i s  a l r e a d y  i n c l u d e d  i n  t h e  t r i a n g l e  i n e q u a l i t y .  B ecause

i f  a. . <  0 t h e n  t a k i n g  any a . ,  ^  a, . t h e  t r i a n g l e  i n e q u a l i t y  x j  j k  k i

i s  v i o l a t e d  a .  . + a . ,  <  a, . .i j  j k  k i

Remark 2 . 3 ; We o b s e r v e  t h a t  m a t r i c e s  w h ich  a r e  t h e  d i s t a n c e  

m a t r i c e s  o f  f i n i t e  num bers o f  p o i n t s  i n  a n o n g e o d e s ic  m e t r i c  

sp ace  (M,d) can  be c o n s i d e r e d  i n  th e o re m  1 . 1 .  And i f  su c h  a 

m a t r i x  = d ( p ^ , P j )  ^ as  3X1 [ r k ] - c o n s i s t e n t  c y c l i c  p e r m u ta ­

t i o n  P th e n  i t ,  among a l l  c y c l i c  p e r m u t a t i o n s  w i l l  m in im ize  L . 

By th e  p r e c e d i n g  r e m a rk ,  we know t h a t  t h e s e  r i ’ * , , »r n wm  

n o n n e g a t i v e  so we can  a g a in  c o n s i d e r  t h e  c o r r e s p o n d in g  s p h e r e s  

= {p : d ( p ^ , p  ) ^  r ^ }  . However t h e s e  do n o t  n e c e s s a r i l y

form  a s p h e r e  c l u s t e r .  A lth o u g h  a. . ^  r .  + r .  im p l i e s  S . ,  S J
i j  i  j  i  j

m eet a t  m os t i n  b o u n d ary  p o i n t s  ( c f .  p r o o f  o f  ( 2 . 2 ) ) ,

a .  . ^  r .  + r .  does  n o t  n e c e s s a r i l y  im ply  t h a t  Sj f) S ,  4= cp .x j  x j  j * j i  j
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J u s t  t a k e  any n e c k l a c e  i n  t h e  p l a n e ,  remove th e  s e t  I  o f  i n t e r ­

s e c t i o n  p o i n t s  o f  two a d j a c e n t  s p h e r e s  and l e t  (M,d) be t h e  

s u b m e t r i c  s p a c e  c o n s i s t i n g  o f  t h e  p l a n e  m inus  I  . I t  i s  n a t u r a l  

t o  a sk  w h e th e r  su ch  c o u n te r e x a m p le s  a lw ays  a r i s e  i n  t h i s  way, by 

t h e  a b s e n c e  o f  p o i n t s  t h a t  " c o u ld "  have  b e e n  t h e r e .  More 

p r e c i s e l y  we a sk  i f  g iv e n  a m e t r i c  sp a c e  (M,d) can  i t  be 

em bedded i s o m e t r i c a l l y  i n  some s p a c e  (M/ , d / ) su c h  t h a t  i f  t h e  

d i s t a n c e  m a t r i x  o f  any n p o i n t s  i n  M ( o r  f o r  t h a t  m a t t e r  M^) 

h a s  a  c o n s i s t e n t  p e r m u t a t i o n  th e n  t h e  c o r r e s p o n d in g  s p h e r e s  i n  M/ 

fo rm  a  s p h e r e  c l u s t e r ,  i . e .  ( 2 .1 )  and ( 2 . 2 )  h o ld .  The answ er i s  

y e s ,  b e c a u s e  any m e t r i c  s p a c e  can  be i s o m e t r i c a l l y  em bedded i n  a 

g e o d e s i c  m e t r i c  space.* G iven  (M,d) l e t  M/ = t h e  s e t  o f  bounded  

c o n t in u o u s  r e a l  v a l u e d  f u n c t i o n s  on M and  l e t

d 7( f ,  g) = sup | f ( x )  -  g (x )  | . Then (M,d) can  be i s o m e t r i c a l l y  
x t  M

em bedded i n  (M/ , d / ) , s e e  pg .  286 [ 3 ] ,  and i t  c a n  be v e r i f i e d  

s t r a i g h t f o r w a r d l y  t h a t  (M/ , d / ) i s  a g e o d e s i c  m e t r i c  s p a c e .

§3. N o n n e c e s s i t y  o f  s p h e r e  c l u s t e r s ; I t  i s  c l e a r  when a s k ­

in g  w h e th e r  any n p o i n t s  i n  e u c l i d e a n  sp a c e  w i l l  be t h e  c e n t e r s  

o f  some n e c k l a c e ,  t h a t  t h e  answ er m us t be no b e c a u s e  t h e  e x i s t e n c e  

o f  a n e c k l a c e  g u a r a n t e e s  a u n iq u e  s h o r t e s t  c i r c u i t .  B u t ev en  

among p o i n t  s e t s  w i t h  u n iq u e  m in im a l c i r c u i t s  i t  i s  s t i l l  n o t  t r u e  

t h a t  t h e r e  m ust be a n e c k l a c e  o r  e v e n  a s p h e r e  c l u s t e r  c e n t e r e d  on 

t h e  p o i n t s .

Exam ple 3 . 1 :  I n  t h e  e u c l i d e a n  p l a n e  l e t  p ,  = ( 0 ,1 )  p 0 = ( 0 , 0 )  ' 1 «

P 3 = ( 0 , - 1 )  p 4 = ( 5 ,1 )  p 5 = ( 5 ,0 )  p g = ( 5 , - 1 )  . The b o u n d a ry
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P1P 2P3P6P 5P4 ° f  t h e  convex  111111 o:f th e  s i x  p o i n t s  i s  a u n iq u e

s h o r t e s t  c i r c u i t  and t h e r e f o r e  by th e o re m  0 . 2  t h i s  c i r c u i t  m ust be

c o n s i s t e n t  i n  any s p h e r e  c l u s t e r .  T h a t  means t h e  r a d i i  o f  t h e

s p h e r e s  a t  p.  ̂ and p 4 m ust be no more th a n  2 s i n c e  t h e i r

i n t e r i o r s  c a n n o t  meet t h e  s p h e r e s  a t  p and p r e s p e c t i v e l y ,3 6

and y e t  t h e s e  two s p h e r e s  a t  p^ and p 4 m ust i n t e r s e c t ,  d e s p i t e  

t h e  d i s t a n c e  b e tw een  p^ and p 4 b e in g  5 . Thus t h e r e  c a n  be 

no s p h e r e  c l u s t e r  on t h e  above s i x  p o i n t s .

We now show t h a t  i t  was n o t  f a l s e  g e n e r a l i t y  i n  t h e  p r e c e d i n g  

exam ple  t o  show th e  n o n e x i s t e n c e  o f  s p h e re  c l u s t e r s  i n s t e a d  o f  j u s t  

t h e  n o n e x i s t e n c e  o f  n e c k l a c e s ,  b e c a u s e  i t  i s  p o s s i b l e  t o  h av e  a s e t  

o f  p o i n t s  w h ich  a re  t h e  c e n t e r s  o f  a s p h e r e  c l u s t e r ,  b u t  n o t  o f  any 

n e c k l a c e ,  and w h ich  h av e  a u n iq u e  s h o r t e s t  c i r c u i t .

Example 3 . 2 :  I n  t h e  e u c l i d e a n  p la n e  l e t  p ,  = ( 0 , 4 )  p„  = ( 0 , 0 )
' '  1 A

p3 = ( 0 , - 4 )  p 4 = ( 8 ,4 )  p 5 = ( 8 ,0 )  p 6 = ( 8 , - 4 )  . Then PLP 2P3P6P 5P4 

i s  t h e  u n iq u e  s h o r t e s t  c i r c u i t  and th e  c o r r e s p o n d i n g  s p h e r e s  w i th

r a d i i  r  = 5 r r, = 2 r _ = 3 r . = 3 r _ = 2 r = 5  fo rm  a s p h e re  X Ct O 4 5 D

c l u s t e r  on  t h e  g iv e n  p o i n t s .  But t h e r e  c a n  be no n e c k l a c e  on  th e

p o i n t s  b e c a u s e  t h a t  r e q u i r e s  t h a t  S and  S do n o t  meet ( i . e .X u

r ^  + r 3 8) , S4 and Sg do n o t  m eet ( i . e .  r 4 + r g <  8 ) ,  and

S do m eet ( i . e .  r  + r  ^  8) , and  S_ and S .  do m eet ( i . e .o l b  3 4

r  + r  ^  8) . The f i r s t  two i n e q u a l i t i e s  im p ly  r  + r  + r  + r  < 16 *5 4 1 3 4 6

and t h e  l a s t  two th e  c o n t r a d i c t o r y  r e l a t i o n  r ,  + r „  + r „  + r  ^  16 .
1 3 4 6

Now th e  exam ple  p ro m is e d  i n  §2 o f  a s e t  o f  p o i n t s  f o r  w hich  

t h e r e  i s  no s p h e r e  c l u s t e r  u n l e s s  z e r o  r a d i i  a r e  a l lo w e d  i s  g iv e n :  

Example 3 . 3 ; I n  t h e  e u c l i d e a n  p la n e  l e t  p^ = ( - 3 , 0 )

P 2 = ( - 3 , 2 )  p 3 = ( - 3 , 3 )  p 4 = ( - 3 , 6 )  p 5 = ( 3 ,6 )  p g = ( 3 ,3 )  p ?  = ( 3 , 2 )
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Pg = ( 3 ,0 )  . Then = 3 r 2 = 1 r g = 0 = 3 r g = 3 r 0 = 0 r ?  = 1

r  = 3 g i v e s  a s p h e re  c l u s t e r  on t h e  e i g h t  p o i n t s .  To s e e  t h e r eO

a re  no s p h e r e  c l u s t e r s  on  t h e s e  p o i n t s  w i t h o u t  z e r o  r a d i i  a t  p o

and p o b s e r v e  t h a t  s i n c e  p p 0P 0P,iPePeP^Po t s  t h e  u n iq u e  s h o r t -  6 1 a o 4 5 6 7 o

e s t  c i r c u i t  we m ust h av e  S and S m eet i n  no more th a n1 o

b o u n d a ry  p o i n t s  ( i . e .  r  + r  ^  3) , S and S m eet i n  no more1 3  6 o

t h a n  b o u n d a ry  p o i n t s  ( i . e .  r  + r  ^  3 ) ,  and  S and  S m eet6 O 1 8

( i . e .  r  + r  ^  6) . Then f ro m  r  ^ 0 ,  r  s  0 ,  and1 8  3 b

6 ^  r  + r  ^  r .  + r  + r  + r_  ^  6 i t  f o l l o w s  t h a t1 8  1 3  6 8

r 3 + r 6 = 0 o r  r 3 = r 6 = 0 .

We re m a rk  t h a t  t h e  f i r s t  exam ple  g iv e n  i n  t h i s  s e c t i o n  i s  t h e  

s i m p l e s t  p o s s i b l e  i n  t h e  s e n s e  t h a t  t h e r e  a r e  no p o i n t  s e t s  o f  

o r d e r  ^ 5  i n  e u c l i d e a n  sp a c e  w h ich  c a n n o t  be t h e  c e n t e r s  o f  a

s p h e re  c l u s t e r .  I n  f a c t  we show more g e n e r a l l y :

Remark 3 . 1 : G iven  any r e a l  sy m m etr ic  m a t r i x  o f  o r d e r  ^  5

t h e r e  e x i s t s  a c o n s i s t e n t  c y c l i c  p e r m u t a t i o n .

P r o o f ; F i r s t  we show t h a t  i f  a r e a l  sy m m e tr ic  m a t r i x  o f  o r d e r  

^  5 h a s  a  u n iq u e  m in im al c y c l i c  p e r m u t a t i o n  P , t h e n  P s a t i s ­

f i e s  c o n d i t i o n s  ( i )  and ( i i )  i n  d e f i n i t i o n  1 .1  w i th  s t r i c t  

i n e q u a l i t y .  The f i r s t  n o n t r i v i a l  c a s e  i s  n = 4 so  assume t h a t  

P = (1234) , t h a t  i s  assume

ai 2  + a23 + a34 + a 41 < a i 2  + a24 + a43 + &31

ai 2  + a23 + a34 + a41 < a i 3  + &32 + a24 + a41

o r  e q u i v a l e n t l y  su p p o se  a23 + a14 < a13 + ag4 and  a12 + ag4

< a 13 + a24 . Then we m ust f i n d  r i > r 2 »r 3»r 4 su c h  t h a t
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“l 2  < r i  + r 2 “23 <  r 2 +- r 3 “34 <  r 3 + r 4 “l 4  <  r l  + r 4

“24 > r 2 + r4 “13 > r i  + r 3 ' I£  we l e t

e = m in (a 24  + a 13 -  a23  -  a 1 4 , a24  + a13  -  a12  -  a34) t h e n  e >  0

and i t  c an  e a s i l y  be v e r i f i e d  t h a t  t h e  f o l l o w i n g  c h o i c e s  f o r  t h e  

r ’ s w i l l  s u f f i c e :

r ,  =
a i 2  + a i 3  " a 23 e

1 2 8

a i 2  ” S13 + a 23 36
r2 “  2 +  8

=
ai 2  + a i3. + a23 6

3 2 8

ai 2  + a i 3  "  a 23 56
r 4 "  a24 + 2 “ 8

The c a s e  n = 5 i s  more com plex . I t  c a n  be s e e n  t h a t  a ssum ing  

P = (12345) i s  e q u i v a l e n t  t o  t h e  t e n  i n e q u a l i t i e s :

ai 2  + a45 ai 4  + a25 ai2  + a34 + a51 314 + S25 + &31

a23 + a51 a25 + a31 a45 + 312 + a34 a42 + &53 + &14

a34 + ai 2  a31 + a42 a23 + a45 + ai 2  < a25 + a31 + a42

a45 + a23 < a42 + a53 351 + &23 + a45 < **53 + &14 + &25

a51 f  a34 <  a53 + ai 4  a34 + &51 + &23 &31 + a42 + a53

I t  i s  e a s i l y  p ro v e d  t h a t  o f  t h e  f o l l o w i n g  f i v e  i n e q u a l i t i e s :

a51 + a23 * al2  + a53

a45 + ai 2  * S51 + a42 ai 2  + a34 ^ a23 + ai4

a + a ^  a + a  a + a ^  a + a34 + 51 45 31 23 45 34 + 25
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no two a d j a c e n t  on  th e  p e n ta g o n  c a n  h o l d  w i t h o u t  c o n t r a d i c t i n g  one 

o f  t h e  p r e c e d i n g  t e n  i n e q u a l i t i e s .  Thus t h e r e  i s  no l o s s  i n  

g e n e r a l i t y  t o  a ssu m in g  i n  a d d i t i o n  t o  t h e  o r i g i n a l  t e n  i n e q u a l i t i e s  

t h a t  a l s o

a l 2  + a34 <  a 23 + a i 4  

a34 + a 51 <  a45 + a 31

a45 + a i 2  <  a 51 + a 42

L e t t i n g  e be t h e  minimum o f  t h e  d i f f e r e n c e  b e tw e e n  t h e  l a r g e r  and 

s m a l l e r  s i d e s  o f  t h e s e  t h i r t e e n  i n e q u a l i t i e s ,  so  e > o , and 

w r i t i n g  a12 f o r  m ax(a1 2 , a 51 + a ^  -  a ^ ) ,

a _ .  = m a x ( a _ . , a . _  + a00 -  a__) ; i t  can  be v e r i f i e d  t h a t  P i s  a34 3 4 ’ 45 23 25

c o n s i s t e n t  p e r m u t a t i o n  f o r  t h e  f o l l o w i n g  c h o i c e s  f o r  r . , r _ , r _ , r  , r _ ;
1 & o 4 5

r i  = 2 ( a i 2  "  a23 + a 34 "  a45 + a 51* + ~7

r 2 = 2 ( a 23 ~ a34 + a45 ” a 51 + a i2 *  + 7

r 3 ~ 2 ( a 34 ” a45 + a 51 “ &12 + a23^ + 7

1 — 3 C
r 4 = 2 ( a 45 " a 51 + a i 2  "  a 23 + a34^ + ~7

r 5 “  2 ( a 51 "  a i 2  + a 23 "  a34 + a45* " 7

-  46 -  46 .
F o r  i n s t a n c e :  r 1 + r 2 = a i 2 + ~7  a i 2  + ~  a i 2

r 2 + r 5 ”  a23 “ a34  + a45  7 “  &23 + a45 ~ m ax(a3 4 ,

6 G
a45 + a23 ” a25^ " 7 ^  a25 "  7 <  a25



To c o m p le te  t h e  a rg u m e n t ,  s a y  f o r  t h e  c a s e  n = 5 , assume f o r  t h e  

m a t r i x  ( a  .) t h a t  P = (12345) i s  one o f  s e v e r a l  m in im a l c y c l i c
J

p e r m u t a t i o n s .  Then f o r  e a c h  O' >  0 P w i l l  be a  u n iq u e  s o l u t i o n  o f  

t h e  m a t r i x  w i t h  e n t r i e s

mi j  = a i j  "  a  i f  ^

mi j = a i j  i f  u , j }  * 6(p>

and by t h e  above f o r  e a c h  su c h  m a t r i x  we can  f i n d  r  (O') so t h a t
K

P i s  [ r  (O') ]- c o n s i s t e n t .  I t  can  be c h e c k e d  t h a t  as  ot 0 , t h e  

r  (O') -* l i m i t s ,  s a y  r  , and t h e r e f o r e  P w i l l  be [ r  ] - c o n s i s t e n t
K  K  K

f o r  t h e  m a t r i x  ( a  ) .X J

F u r t h e r  u n d e r s t a n d i n g  o f  when a s e t  o f  p o i n t s  w i l l  form  t h e  

c e n t e r s  o f  a s p h e r e  c l u s t e r  i s  g a i n e d  from  t h e  o b s e r v a t i o n  t h a t  t h e  

ty p e  o f  p e r m u t a t i o n s  th e o re m  1 . 1  r e a l l y  a p p l i e s  t o  a r e  t h o s e  w h ich  

we w i l l  c a l l  " n o n d o u b le t o n s . "  P r e c i s e l y  we c o n s i d e r  a l l  p e r m u ta ­

t i o n s  o f  t h e  f i r s t  n p o s i t i v e  i n t e g e r s  w h ich  c o n t a i n  no c y c l e s  

o f  one o r  two e l e m e n t s ,  and i d e n t i f y  t h o s e  P , P 7 f o r  w hich  

6 (p) = 6 ( p 7) ; w h ich  i s  e x a c t l y  t h e  i d e n t i f i c a t i o n  made b e f o r e  f o r  

t h e  c y c l i c  p e r m u t a t i o n s .  Then t h e  same p r o o f  g iv e n  f o r  th e o re m  1 .1  

e s t a b l i s h e s ;

Theorem 3 . 1 : G iven  a r e a l  sy m m e tr ic  n X n m a t r i x  >

p e r h a p s  w i t h  u n s p e c i f i e d  d ia g o n a l  e n t r i e s ,  and r e a l  num bers
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r  s u c h  t h a t  t h e r e  i s  a t  l e a s t  one n o n d o u b le to n  p e r m u t a t i o n
1 n

P s a t i s f y i n g  ( i )  a ^  ^  r ^  + r ^  i f  f i , j } € 6 (p )  and  ( i i )  

a ^  r  + r  i f  b o th  { i , j }  4 6(P) and i  *  j  t h e n  t h e s e  and
* J  *J

o n ly  t h e s e  m in im iz e  L among a l l  n o n d o u b le to n  p e r m u t a t i o n s .

We n o te  t h a t  P and  Q i n  t h e  p r o o f  o f  th e o re m  1 .1  m ust n o t

hav e  any one e le m e n t  c y c l e s  b e c a u s e  t h e n ,  f o r  i n s t a n c e ,

L (P) = . 2  a . . i s  u n d e f in e d  s i n c e  t h e  d ia g o n a l  e n t r i e s  o f  ( a .  .)
o(P) i j  i j

may n o t  ev en  be  s p e c i f i e d .  Even i f  t h e y  a r e  s p e c i f i e d  t h e  s t e p

H s f - D  ( r i  + r j ) S 6 (q F -d  a i j  u s e s  { i ' j )  S 6(Q) 1” p l i e s  1 *  J •

(The s t e p  6 (p £_D , = 6(p)2_D ( r ,  + r  .) u s e s  { i , j )  € 6<P)

i m p l i e s  i  + j  b u t  t h i s  can  be a v o id e d  by r e d e f i n i n g  D w i th o u t

t h e  c o n d i t i o n  i  + j )  . D ro p p in g  i  4= j  from  ( i i )  i n  th e o re m  3 . l a n d

rem o v in g  th e  p o s s i b i l i t y  o f  u n s p e c i f i e d  d i a g o n a l  e n t r i e s ,  w ould

a l lo w  t h e  i n c l u s i o n  o f  p e r m u t a t i o n s  w i t h  s i n g l e  e le m e n t  c y c l e s ,  b u t

t h a t  i s  a n o t h e r  r e s u l t .  S i m i l a r l y  i f  P o r  Q had  any  two e le m e n t

c y c l e s  t h e n ,  s a y  L(Q) = a w ou ld  be a sum w i th  s t r i c t l y  l e s s

th a n  n  e l e m e n t s .  R e a s o n a b le  c o n v e n t io n s  c o u ld  be made ab o u t

c o u n t in g  tw ic e  some e l e m e n t s  o f  6( P ) , 6( q ) ,D ,  6( p ) - D ,  e t c . ,  b u t

t h e n  t h e  s t e p  p  + r j )  ^  6(Q^ D a i j  c o u ld  f a i l  b e c a u s e

6( q ) - d  and D m ig h t n o t  be d i s j o i n t .  I n  f a c t  t h e  c o n d i t i o n s  ( i )

a. . <  r  + r  . i f  £ i , j } € 6(P) and ( i i )  a . . >  r .  + r .  i f
i j  i  J i  J i  J

£ i »J 3 4 6(p) a r e  n o t  s u f f i c i e n t  t o  g u a r a n t e e  P m in im a l among

p e r m u t a t i o n s  w h ich  i n c l u d e  t h o s e  w i t h  two e le m e n t  c y c l e s ,  as  th e
11 9 \

9 11 .
12 3 1

12/
12 3

f o l l o w i n g  exam ple  i l l u s t r a t e s .  L e t  ( a  ) = /  12
U
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I f  r  = r  = r  = r  = 5 , t h e  c y c l i c  p e r m u t a t i o n  P = (1234)
1 a o 4

s a t i s f i e s  ( i )  and  ( i i ) . Y et L (P ) = 12 <  24 = L(Q) w here

Q = ( 1 4 ) ( 2 3 )  .

From th e o re m  3 .1  i t  f o l l o w s  u s i n g  ( 2 .1 )  and ( 2 .2 )  t h a t  t h e  

e x i s t e n c e  o f  a  s p h e r e  c l u s t e r  on n  g iv e n  p o i n t s  g u a r a n t e e s  t h a t  

some c i r c u i t  i s  m in im a l n o t  o n ly  among a l l  c i r c u i t s  b u t  among a l l  

m u l t i - c i r c u i t s  ( s e e  d e f i n i t i o n  0 . 3 )  w h ich  c o r r e s p o n d  t o  n o n ­

d o u b le to n  p e r m u t a t i o n s ,  i . e .  a l l  m u l t i - c i r c u i t s  e a c h  o f  whose 

s u b c i r c u i t s  i s  on  a t  l e a s t  t h r e e  o f  t h e  g iv e n  p o i n t s .  Thus t h e r e  

can  be  no s p h e r e  c l u s t e r  on th e  p o i n t s  o f  exam ple  3 .1  b e c a u s e  t h e  

m u l t i - c i r c u i t  p ^p 2^ 3 ’ P 4^5P6 iS  ° f  s t r i c 'fcly s h o r t e r  l e n g t h  t h a n

t h e  c i r c u i t  P P P P P P . S i m i l a r l y  exam ple  3 .2  i s  e l u c i d a t e d .
X A U b t) 4

The n a t u r a l  q u e s t i o n  now i s  w h e th e r  t h e r e  m ust be a s p h e r e  c l u s t e r

on any f i n i t e  p o i n t  s e t  whose m in im a l c i r c u i t s  a r e  a l s o  m in im al

among a l l  m u l t i - c i r c u i t s  w i th  e a c h  s u b c i r c u i t  c o n t a i n i n g  a t  l e a s t  

t h r e e  o f  t h e  g iv e n  p o i n t s .  The answ er  i s  no .

Example 3 . 4 :  I n  t h e  e u c l i d e a n  p l a n e  l e t  p ,  = ( 3 , 0 )  p 0 = ( 6 ,5 )1 “ “ ' 1 1 A

p 3 = ( 9 ,1 0 )  p 4  = (1 2 ,1 5 )  p 5 = ( - 1 2 ,1 5 )  p6 = ( - 9 ,1 0 )  p ?  = ( - 6 , 5 )  

p g = ( - 3 ,1 0 )  . Then P1P 2P 3P4P5P6P 7P8 i s  n o t  o n l y t h e  s h o r t e s t  

c i r c u i t ,  i t  can  be v e r i f i e d  t h a t  i t  i s  s h o r t e r  t h a n  any m u l t i ­

c i r c u i t  w i th  e a c h  s u b c i r c u i t  c o n t a i n i n g  t h r e e  o r  more p o i n t s .

(The c h i e f  c o n t e n d e r s  a r e  P jP g P g P ^  PgPgPyPg and P2PgP4 , 

P 5P6P 7P 8P1^ ‘ ^ e r e  can  ke no sP her e c l u s t e r  on t h e s e  e i g h t

p o i n t s  b e c a u se  and c a n  m eet o n ly  i n  b o u n d a ry  p o i n t s

( i . e .  r 2 + r 4  ^  2 /3 4 )  , and can  m eet o n ly  i n  b o u n d a ry
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p o i n t s  ( i . e .  r ^  + r ^  ^  3 /3 4 )  , and m ust meet ( i . e .

r  + r 2 ^  / 3 4  . Thus r  ^  2 /3 4  . S i m i l a r l y  r g + r ?  ^  V 3 4  ,

r_  + r_  ^  3 /3 4  , and  r _  + r _  ^  / 3 4  . Thus r_  ^  V 3 4  . But t h e n
D o .  7 o 5

r . + r „  ^  4 /3 4  < 24 c o n t r a d i c t s  t h a t  S . and S„ m ust m ee t.
4 5 4 5

I  b e l i e v e  t h e r e  i s  no exam ple  su c h  as  t h i s  i n v o l v i n g  fe w e r

p o i n t s .  However t h e  ty p e  o f  a rgum en t em ployed  i n  d e m o n s t r a t i n g

re m a rk  3 .1  becom es to o  cumbersome i n  t h e  c a s e s  n = 6 , n  = 7 .

§4. Maximal c i r c u i t s  i n  e u c l i d e a n  s p a c e . The r e s u l t  on

m axim al c i r c u i t s  d u a l  t o  th e o re m  0 . 2  can  be p ro v e d  s i m i l a r l y  a s  a

s p e c i a l  c a s e  o f  a r e s u l t  on m a t r i c e s .

Theorem  4 . 1 :  G iven  a r e a l  sy m m e tr ic  n  X n m a t r i x  ( a . .) ,
--------------------  i j

p e r h a p s  w i th  u n s p e c i f i e d  d ia g o n a l  e n t r i e s ,  and  r e a l  num bers

r i , . . . , r n su c h  t h a t  t h e r e  i s  a t  l e a s t  one c y c l i c  p e r m u t a t i o n  P

s a t i s f y i n g  ( i )  a ^  ^  r_  ̂ + r ^  i f  £i , j ) € 6 (p )  and ( i i )

a. . ^  r  + r . i f  b o th  £i , j } ^  6 (p) and i  + j  ; t h e n  t h e s e  and
1 J 1 J

o n ly  t h e s e  m axim ize  L among a l l  c y c l i c  p e r m u t a t i o n s .

P r o o f ; J u s t  r e v e r s e  a l l  i n e q u a l i t i e s  i n  t h e  p r o o f  o f  th e o re m

1 . 1 .

Theorem  0 . 3  f o l l o w s  from  th e o re m  4 .1  by ( 1 .1 )  and ( 1 . 2 ) .  

R e a l i z a t i o n s  o f  th e o re m  0 . 3  f o r  l a r g e  n a r e  n o t  e a s y  t o  f i n d .

I f  n i s  odd  an exam ple  i n  t h e  p l a n e  can  be g iv e n  by t a k i n g  p o i n t s  

u n i f o r m ly  p l a c e d  on t h e  c i r c u m f e r e n c e  o f  a c i r c l e  and c h o o s in g  th e  

s p h e r e  r a d i i  a l l  t o  be t h e  same v a l u e  o f  a p p r o p r i a t e  s i z e  so t h a t  

e a c h  s p h e r e  m e e ts  a l l  t h e  o t h e r s  b u t  t h e  two m ost n e a r l y  d ia m e t ­

r i c a l l y  o p p o s i t e .  A r e a l i z a t i o n  f o r  any e v e n  n due t o  W arren 

B eck e r  [ 1 ]  a l s o  h a s  t h e  p r o p e r t y  t h a t  n o t  a l l  t h e  p o i n t s  l i e  on  th e
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b o u n d a ry  o f  t h e i r  co n v ex  h u l l .

We n o t e  t h a t  i f  n  = 5 any n e c k l a c e  a l s o  s a t i s f i e s  t h e  

h y p o th e s e s  o f  th e o re m  0 . 3  and t h a t  m o reo v e r  t h e  r e l a t i o n s h i p  

b e tw een  t h e  maximal and  m in im a l c i r c u i t s  i s  t h e  same a s  f o r  t h e  

convex  c a s e  f o r  odd  n  ( c f .  [ID ] )  , i . e .  t h a t  e a c h  p o i n t  i s  c o n ­

n e c t e d  i n  t h e  m axim al c i r c u i t  by  e d g e s  t o  t h e  two p o i n t s  f u r t h e s t  

away, n o t  n e c e s s a r i l y  i n  d i s t a n c e ,  b u t  a s  d e t e r m in e d  by t h e  

o r d e r i n g  o f  t h e  p o i n t s  a c c o r d in g  t o  t h e  m in im a l c i r c u i t .  The hope 

t h a t  t h i s  m ig h t g e n e r a l l y  be t r u e  i s  f a l s e .

Exam ple 4 . 1 : I n  t h e  e u c l i d e a n  p l a n e  l e t  = ( 0 ,0 )

p 9 = / 3 J 3  -  3 . 9 \  p., = ( 1 0 , - 1 0 )  p A = ( 9 ,9 )  p 5 = ( - 9 , 9 )  p0 = ( - 1 0 ,1 0 )-2 = P3 -  <1 0 . - 10> P4

/ — 3 9 — 3 g \
p ^  = ^ c o r r e s p o n d i n g  s p h e r e s  hav e  r a d i i

r .  = 2 . 5  r  = 1 . 4  r_  = 9 r  = 1 0 .0 3  r c = 1 0 .0 3  r  = 9 r  = 1 . 4  .
1 2 3 4 5 6 7

I t  c an  be c h e c k e d  t h a t  t h e s e  s p h e r e s  fo rm  a  s p h e re  c l u s t e r  w i th

u n iq u e  c o n s i s t e n t  c i r c u i t  p . P „P oP.P ,-P„P„ • However
1 Z o 4 5 b 7

P = P^P5P2P6P3P 7P 4 i s  n o t  m axim al b e c a u se  L (P ) < L(Q) w here

Q = P1P6P 2P 5P 4P 7P 3 '

§5. T a n g e n t  s p h e r e  c l u s t e r s . S in c e  i n  t h i s  s e c t i o n  t h e

p e r m u t a t i o n s  o f  t h e  f i r s t  n p o s i t i v e  i n t e g e r s  t h a t  w i l l  be c o n ­

s i d e r e d  w i l l  n o t  be n e c e s s a r i l y  c y c l i c ,  we w i l l  u se  t h e  n o t a t i o n  

[ i j ^ i g . . . ^ ]  f o r  t h e  p e r m u t a t i o n  s e n d in g  1 i n t o  1 , . . . , n  i n t o

i  . I f  P = [ i , . . . i  ] t h e n  Y(P) w i l l  d e n o te  t h e  s e t  o fn L 1 n J

o r d e r e d  p a i r s  {[ 1 i, ] , .  . . , [ n i ^ ] 3 ant* g iv e n  any n X n  m a t r i x

( w i th  d ia g o n a l  e n t r i e s  s p e c i f i e d  and p o s s i b l y  a sy m m etr ic )  L (P)

w i l l  be t h e  sum a . . + . . .  + a . = . £  a ,  . . N ote  i f  P i s
n i n Y(P) i j
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c y c l i c  t h i s  n o t a t i o n  f o r  L (P ) i s  i n  a g ree m en t  w i t h  t h e  p r e v i o u s

d e f i n i t i o n  u s e d .

W ith  t h e s e  a g re e m e n ts  we c a n  s t a t e  a  r e s u l t  known i n  l i n e a r

p rogram m ing  t h e o r y :

Theorem A: G iven  any r e a l  n X n  m a t r i x  ( c i j )  t h e r e  e x i s t

r e a l  num bers u , , . .  . ,u  and v , , .  . . , v su c h  t h a t  c .  J ^  u ,  + v .1 ’ ’ n 1 ’ ’ n i j  i  j

f o r  a l l  i , j  and t h e  p e r m u t a t i o n s  P m in im iz in g  L a r e  e x a c t l y

t h o s e  s a t i s f y i n g  c .  . = u .  + v .  w h enever  r i »J 1 € Y(P) .i j  i  j

T h i s  th e o re m ,  o r  a t  l e a s t  a c o n s t r u c t i v e  p r o o f  o f  t h e

e x i s t e n c e  o f  t h e  u^ and v^ , i s  a s o l u t i o n  .to t h e  p e r s o n n e l

a s s ig n m e n t  p ro b le m ,  i . e .  t h e  p ro b le m  o f  f i n d i n g  a  p e r m u t a t i o n  P

t h a t  m in im iz e s  L (among a l l  p e r m u t a t i o n s )  f o r  a  g iv e n  m a t r i x

( c .  .) . A know ledge  o f  l i n e a r  p rogram m ing  m ethods  i s  n o t  n e c e s s a r y  
^ 0

t o  p ro v e  th e o re m  A. Once t h e  u .  and v . a r e  o b t a i n e d  i t  i s
i  J

c l e a r  t h a t  any P s a t i s f y i n g  c ,  . = u ,  + v . w henever
i j  i  j

[ i , j ]  6 Y(P) i s  m in im a l b e c a u s e  i f  Q i s  any o t h e r  p e r m u t a t i o n

L(p> = YC& ° i d  “  Y ( ? ) ( u i  + V  = J l  " i  + J l  v j  = Y<§) <Ui  + ’ j )  5

v , &  c .  . = L(Q) . And s i n c e  t h e r e  i s  o n ly  one i n e q u a l i t y  i n  t h e

p r e c e d i n g  l i n e  i t  a l s o  f o l l o w s  t h a t  u n l e s s  Q s a t i s f i e s

c  = u .  + v .  w henever  [ i , j ]  ^  Y(Q) t h e n  Q i s  n o t  m in im a l .
J ^ J

The p ro b le m  t h e n  i s  t o  f i n d  u^ and v^ w i t h  t h e  d e s i r e d  p r o p e r ­

t i e s ,  b u t  t h i s  i s  e s s e n t i a l l y  j u s t  t h e  a l g o r i t h m  due t o  Kuhn 

( c f . [ 4 ]  o r  [ 6 ] ) .

Our i n t e r e s t  i n  t h e  p r e c e d i n g  th e o re m  i s  t h a t  i t  can  be 

s p e c i a l i z e d  t o  t h e  f o l l o w i n g ,  w here  t h e  te rm  " n o n s i n g l e t o n "  perm u­

t a t i o n  w i l l  be u s e d  f o r  a p e r m u t a t i o n  w i t h o u t  any s i n g l e  e l e m e n t
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c y c l e s ,  i . e .  any [ i  . . , i  ] s a t i s f y i n g  i  4= k f o r  a l li  n k

k = 1 , . . . , n  .

Theorem  B: G iven  a  r e a l  sy m m e tr ic  n  X n m a t r i x  ( a  ) ,

p e r h a p s  w i th  u n s p e c i f i e d  d i a g o n a l  e n t r i e s ,  t h e r e  e x i s t  r e a l  num bers

r ,  , . . .  , r  s u c h  t h a t  a .  . ^  r . + r  . f o r  a l l  i , j  , i  *  j  and th eI  n  i j  i  j

n o n s i n g l e t o n  p e r m u t a t i o n s  P  m in im iz in g  L among a l l  n o n s i n g l e t o n

p e r m u t a t i o n s  a r e  e x a c t l y  t h o s e  s a t i s f y i n g  a  = r ^  + r^. w henever

[ i >j ]  ^ Y(P) .

P r o o f :  A pply  th e o re m  A t o  t h e  m a t r i x  ( c .  .) w here  c .  . = a . .
------------------------------------------- i j  i j  i j

i f  i  4= j  and c = K i f  i  4= j  w here K i s  s u f f i c i e n t l y  l a r g e ,

L e ts a y  K = 1 + J ?  Jc^  |  , t o  g e t  u 1 , . . . , u n  and v x ............vn

r i = l ( u i + V  £ o r  1 = ! . • • • . “  • “ i j  = ° i j  = c j i  =

l ( c l j  + c j i>  S l ( u i  + v j  + u j  + v i ) = r i  + r J ; f o r  311 1 *  J  '

B ecau se  c = K was c h o s e n  so  l a r g e ,  t h e  n o n s i n g l e t o n  p e r m u t a t i o n s

m in im iz in g  L f o r  a r e  e x a c t l y  t h e  m in im iz in g  p e r m u t a t i o n s

f o r  ant* t h e r e f o r e  by th e o re m  A e x a c t l y  t h o s e  P s a t i s f y i n g

c . . = u  + v .  w henever  [ i , j ] € Y(P. , t h a t  i s  t h o s e  n o n s i n g l e t o n  
^ J 0

P s a t i s f y i n g  a = r .  + r .  w henever [ i , j ]  € Y(P) . The l a s t
i  J J

s t e p  b e c a u s e  [ i , j ]  6 Y(P) i m p l i e s  a .  =  c  = i- (u  + v .  + u .  + v . )
i j  t j  ^ 1 J J 1

= r  + r  . .
i  J

We n o te  t h a t  we c o u ld  i n  th e o re m  B, a s  i n  th e o re m  3 . 1 ,  i d e n t i f y  

a l l  p e r m u t a t i o n s  w i t h  t h e  same " e d g e "  s e t  6 (p) = f f l , i } , . . . , fn , i  }} 

The more s u b s t a n t i a l  d i f f e r e n c e s  be tw een  t h e  two th e o re m s  a r e  t h a t  

th e o re m  B, by r e s t r i c t i n g  t h e  i n e q u a l i t y  i n  c o n d i t i o n  ( i )  o f  th e o re m  

3 .1  t o  e q u a l i t y  a s s u r e s  t h a t  any p e r m u t a t i o n  s a t i s f y i n g  ( i )  w i t h  

e q u a l i t y  and ( i i )  o f  th e o re m  3 .1  w i l l  be m in im a l n o t  o n ly  among th e



n o n d o u b le to n  p e r m u t a t i o n s  b u t  a l s o  among t h e  n o n s i n g l e t o n s .  And 

t h a t  i n  t h e  p r e s e n t  c a s e  t h e  e x i s t e n c e  o f  r i > , - - »r n c a n  

a s s e r t e d  i n s t e a d  o f  b e i n g  a  h y p o t h e s i s  ( c f .  exam ple  3 .4 )

I f  t h e  sy m m e tr ic  m a t r i x  i n  th e o re m  B i s  t a k e n  a s  t h e  d i s t a n c e  

m a t r i x  o f  n p o i n t s  i n  e u c l i d e a n  s p a c e ,  t h e  n o n s i n g l e t o n  p e r m u ta ­

t i o n s  c o r r e s p o n d  t o  t h e  n o n t r i v i a l  m u l t i - c i r c u i t s  on t h e  p o i n t s .

Once we know t h a t  r , , . . . , r  i n  th e o re m  B- a r e  n o n n e g a t iv e  t h e n  by1 n

t a k i n g  s p h e r e s  w i t h  t h e s e  r a d i i  c e n t e r e d  a t  t h e  c o r r e s p o n d in g  

p o i n t s  we h av e  by ( 2 . 1) and ( 2 . 2) w ha t we w i l l  c a l l  a " m u l t i p l e  

s p h e r e  c l u s t e r , "  t h a t  i s  a c o l l e c t i o n  o f  s p h e r e s  whose o n ly  p a i r ­

w is e  i n t e r s e c t i o n s  a r e  ( e x t e r n a l )  t a n g e n c i e s  and w hich  have  a 

" c o n s i s t e n t "  n o n t r i v i a l  m u l t i - c i r c u i t ,  i . e .  a n o n t r i v i a l  m u l t i ­

c i r c u i t  on  t h e  s p h e r e  c e n t e r s  e a c h  o f  whose e d g e s  j o i n s  t h e  c e n t e r s  

o f  t a n g e n t  s p h e r e s  ( c f .  d e f i n i t i o n  0 . 2 ) .  To p ro v e  r i > , , , »r n a r e

n o n n e g a t iv e  i f  ( a  ) i s  a d i s t a n c e  m a t r i x  o f  n p o i n t s ,  we assume
i  J

some r  sa y  r^  <  0 . I n  a m in im a l p e r m u t a t i o n  P = [ i  . , . i n ] o f

( a .  .) , t a k i n g  j  = i ,  and k  such  t h a t  i ,  = 1 , t h e ni j  1 k ’

r , + r  = a , , , r .  + r  . = a. . and  a ^  r  . + r ,  >  ( r .  + r  .) + ( r .  +1 k  l k ’ 1 j  l j  j k  j  k  1 j  1

= a ^ j  + a ^  ^  a ^ .  C o n t r a d i c t i o n  ( c f .  p r o o f  o f  re m a rk  2 . 2 ) .  The o n ly  

p ro b le m  w i t h  t h i s  argum ent i s  t h a t  i t  d o e s  n o t  c o v e r  t h e  c a s e  j  = k 

i . e .  t h a t  ( l j )  i s  a two e le m e n t  c y c l e  i n  P . (The c a s e  1 = j  = 

d o e s  n o t  o c c u r  s i n c e  P i s  a  n o n s i n g l e t o n ) . I n  f a c t  i f  ( 1 j )  i s  a 

two c y c l e  i n  P i t  i s  p o s s i b l e  t h a t  r ^  <  0 , b u t  we show u n d e r

t h e s e  c i r c u m s t a n c e s  we can  p r e t e n d  t h a t  we s t a r t e d  w i th  t h e  p o s i t i v e
—r  r

/ l  /  1v a l u e s  r ,  = ——  and r  . = r  . + —  i n s t e a d  o f  r ,  and r  . . N ote1 2  r  J J 2 1 j

r '  >  0 s i n c e  r J + ^ > r . + r ,  = a. . >  0 . F u r t h e r  J j  2 j  1 l j
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r i  + r j  = r i  + r j  -  a u  and  r j  + r k £  r j + r k  £  a j k  (k  * J )  •

Thus i t  r e m a in s  t o  show r /  + r ,  ^  a , , (k  + 1) . B u t i f  n o t ,  i . e .1 k  l k
" r l  r ii f  ——  +  r ,  >  a , , th e n  a d d in g  w i t h  r  . + —  >  a ,  . g i v e s  2 k  l k  j  2 l j

r ,  + r .  >  a , ,  + a, , ^  a ,, c o n t r a d i c t i n g  t h a t  r ,  , . . . , r  s a t i s f i e d  k j  l k  l j  j k  °  1 ’ n

t h e  c o n d i t i o n s  o f  th e o re m  B.

Theorem  B t h e n  t r a n s l a t e s  i n t o  t h e  f o l l o w i n g  f a c t s  ab o u t  

e u c l i d e a n  s p a c e ,  o r  f o r  t h a t  m a t t e r  any g e o d e s i c  m e t r i c  s p a c e :

( 5 .1 )  G iv en  any f i n i t e  p o i n t  d i s t r i b u t i o n  w h a te v e r ,  t h e r e  i s  a 

m u l t i p l e  s p h e r e  c l u s t e r  w i t h  t h e s e  p o i n t s  f o r  t h e  s p h e r e  c e n t e r s .

( 5 .2 )  The l e n g t h  o f  any c i r c u i t  d e t e r m in e d  by a t a n g e n t  n e c k ­

l a c e  ( t a n g e n t  s p h e r e  c l u s t e r )  i s  m in im a l among th e  l e n g t h s  o f  a l l  

n o n t r i v i a l  m u l t i - c i r c u i t s .

( 5 .3 )  I f  t h e  m in im al c i r c u i t s  o f  a  f i n i t e  s e t  o f  p o i n t s  a re  

a l s o  m in im a l among th e  n o n t r i v i a l  m u l t i - c i r c u i t s  t h e n  th e  p o i n t s  

w i l l  be t h e  c e n t e r s  o f  some t a n g e n t  s p h e re  c l u s t e r .

( 5 .4 )  Those f i n i t e  p o i n t  d i s t r i b u t i o n s  whose m in im a l c i r c u i t s  

a r e  i d e n t i f i e d  by t h e i r  b e in g  t h e  c o n s i s t e n t  c i r c u i t s  o f  a  t a n g e n t  

s p h e re  c l u s t e r  on  t h e  g iv e n  p o i n t s  a r e  p r e c i s e l y  t h o s e  p o i n t  d i s ­

t r i b u t i o n s  such  t h a t  a t  l e a s t  one s o l u t i o n  t o  t h e  p e r s o n n e l  a s s i g n ­

ment p ro b le m  on t h e  c o r r e s p o n d in g  d i s t a n c e  m a t r i x  ( w i th  s u i t a b l y  

l a r g e  d i a g o n a l  e n t r i e s  i n s e r t e d )  i s  i n  f a c t  a l s o  a s o l u t i o n  t o  t h e  

t r a v e l i n g  s a le s m a n  p ro b lem .
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I I .  NONSELF-INTERSECTION OF MINIMAL CIRCUITS IN CERTAIN 

METRIC SPACES

§6 . D i s c u s s i o n  o f  p r e v i o u s  wo r k  on t h e  p ro b le m . F lo o d  s t a t e s  

(p g .  64 [ 4 ] )  " i n  t h e  e u c l i d e a n  p l a n e  t h e  m in im a l t o u r  d o e s  n o t  i n t e r ­

s e c t  i t s e l f ,  and  t h i s  i n t e r s e c t i o n  c o n d i t i o n  g e n e r a l i z e s  e a s i l y  f o r

a r b i t r a r y  a Q" .  A p p a r e n t ly  t h e  i n t e n d e d  m eaning  o f  s e l f - i n t e r s e c -
Q 'P

t i o n  o f  t o u r s  ( i . e .  c y c l i c  p e r m u t a t i o n s )  i n  t h i s  m a t r i x  c o n t e x t  i s  

t h a t  t o u r

[ i  . . . i  i  . . . i  i  , • . . i  ]1 p- 1  p q q+1 n

i s  s e l f - i n t e r s e c t i n g  i f  t o u r

[ i , . . . i  . i i  , . . . i i  _ . . . i  ]L 1 p- 1  q q- 1  p q+1 n J

i s  o f  s t r i c t l y  s m a l l e r  l e n g t h .  I t  t h e n  f o l l o w s  im m e d ia te ly  t h a t  min­

im a l  t o u r s  a r e  n o t  s e l f - i n t e r s e c t i n g ,  how ever t h i s  d e f i n i t i o n  d o es  

n o t  a g r e e  w i t h  t h e  u s u a l  m ean ing  o f  a s e l f - i n t e r s e c t i n g  c i r c u i t  i n  

t h e  p l a n e .  F o r  i n s t a n c e  i f  p 1 = ( - 1 , - 3 )  p 2 = ( 0 , 0 )  p g = ( 1 , - 3 )

p .  = ( 1 , 1 ) p_ = ( - 1 , 1 ) t h e n  c i r c u i t  [ p _ p ^ P - P .p . ]  d o e s  n o t  i n t e r -  
4 5 x £» o  4 o

s e c t  i t s e l f ,  y e t  [ p .P o P ^ P .P , . ]  i s  o f  s t r i c t l y  s h o r t e r  l e n g t h .1 O Z 4 O

A p r o o f  t h a t  a m in im a l c i r c u i t  on  a g iv e n  f i n i t e  s e t  o f  non­

c o g e o d e s i c  p o i n t s  i n  t h e  e u c l i d e a n  p la n e  o r  on  t h e  two d im e n s io n a l  

e u c l i d e a n  s p h e r e  ( n o n s o l i d ,  u n l i k e  s p h e r e s  i n  p a r t  I )  c o u ld  n o t  be 

s e l f - i n t e r s e c t i n g  i s  g iv e n  by Q u in t a s  and S u p n ick  [ 7 ] .  M o t iv a te d  by 

t h i s  p a p e r ,  R e in h o ld  [ 8 ] i n v e s t i g a t e d  t h e  q u e s t i o n  i n  (n o t  n e c e s s a r ­

i l y  g e o d e s i c )  m e t r i c  s p a c e s ,  g i v i n g  d e f i n i t i o n s  f o r  s e l f - i n t e r s e c t ­

in g  p o ly g o n s  (w h ich  we a d o p t ,  s e e  d e f i n i t i o n  7 . 2 )  and f o r  c o l -  

l i n e a r  p o i n t s  (w h ich  we do n o t  u s e ,  c f .  d e f i n i t i o n  7 . 1 ) .  The te rm  

p o ly g o n  on t h e  p o i n t s  ?]_»•• * , Pn be u s e d  f o r  t h e  c y c l i c  p e r ­

m u t a t i o n s  o f  t h e  p o i n t s  i d e n t i f i e d  i n  p a i r s  u n d e r  sy m m e tr ic  r e ­
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a r r a n g e m e n t  ( t h u s  [ p _ p 0 . . . p 1  = [P „P „  , - • • ? , ]  = [ P , P  • • - P0] )  , w h i lel  a n n n- 1  1 _ i  n ^

t h e  te rm  c i r c u i t  w i l l  be r e s e r v e d  f o r  any o f  t h e  s e t s  o f  n g e o d e s i c s  

w h ich  c o r r e s p o n d  t o  a g iv e n  p o ly g o n  i n  a m e t r i c  s p a c e .  R e in h o ld  

p ro v e d  f o r  a c e r t a i n ,  c l a s s  o f  m e t r i c  s p a c e s  t h a t  any m in im a l p o ly ­

gon on  a f i n i t e  s e t  o f  n o n c o l l i n e a r  p o i n t s  was n o t  s e l f - i n t e r s e c t ­

in g .  We w i l l  c o n s i d e r a b l y  augm ent t h i s  c l a s s  t o  t h e  l a r g e s t  p o s s i b l e  

( s e e  th e o re m  7 . 2 ) .

We f i r s t  s t a t e  and  d i s c u s s  R e i n h o l d ' s  th e o re m  ( b u t  i n  a n o ta ­

t i o n  d i f f e r i n g  fro m  h i s ) .  I n  a m e t r i c  s p a c e  M, w i t h  t h e  d i s t a n c e  

b e tw ee n  two p o i n t s  p and  q d e n o te d  by pq , l e t  S (p  p p )
1 A U

mean t h a t  P1 >P2 , P 3 a r e  d i s t i n c t  and  s a t i s f y  p^-Pg = P j P ^ P ^ f ^  • 

R e in h o ld  d e f i n e s  t h r e e  p o i n t s  p , p „ , p  a s  " c o l l i n e a r "
1 M U

C(P1 ( P 2 , P 3 ) i f  t h e r e  i s  some o r d e r i n g  o f  p ^ p ^ P g  such

t h a t  S(q  q 0q ) ;  and  d e f i n e s  d i s t i n c t  p o i n t s  p .  , P „ , .. . . ,P  n >  3 1 a  o 1 2 n

a s  " c o l l i n e a r "  C (p ,  , p ol . . . , p ) i f  e a c h  t r i p l e  p . ,  p.,, p. o f  them1 2, n  i  j  k

i s  c o l l i n e a r , .  W ith  t h e  same d e f i n i t i o n  o f  s e l f - i n t e r s e c t i o n  u sed  

l a t e r  h e r e ,  h i s  r e s u l t  i s :

Theorem  R: I f  M i s  a m e t r i c  sp a c e  s a t i s f y i n g  f o r  any p o i n t s

p , q , r ,  s  i n  i t :  ( i )  S ( p r s ) ,  S ( q r s )  and -p -*  q => S (p q s )  o r  S (q p s )

( i i )  S ( p q r )  and  S ( q r s )  =» S ( p r s )

( i i i )  C ( p , q , r )  and C ( s , q , r )  =* C ( p , s , q )  

t h e n  a m in im a l p o ly g o n  on a f i n i t e  n o n c o l l i n e a r  s e t  o f  p o i n t s  i s  

n o t  s e l f - i n t e r s e c t i n g .

R e in h o ld  re m a rk s  t h a t  t h e  in d e p e n d e n c e  o f  c o n d i t i o n s  ( i ) ,  ( i i ) , 

( i i i )  i s  o p en .  I n  f a c t  t h e  t h r e e  c o n d i t i o n s  a r e  r e d u n d a n t  w i th
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f ( i i ) , ( i i i ) }  b e i n g  t h e  o n ly  p r o p e r  s u b s e t  e q u i v a l e n t  t o  t h e  t h r e e .  

T h i s  f o l l o w s  f ro m  ( i i i )  &  ( i ) ,  ( i i i )  A  ( i i ) ,  ( i )  an d  ( i i )  ( i i i ) .  

P r o o f  ( i i i )  =» ( i ) ; Assume ( i )  f a i l s , i e , t h a t  t h e r e  e x i s t  d i s t i n c t  

p , q , r , s  s a t i s f y i n g  S ( p r s ) , S ( q r s ) , n O t - S ( p q s ) ,  and  n o t - S ( q p s ) .

By ( i i i )  S ( p r s )  and S ( q r s )  =* C ( p , q , s )  . C ( p , q , s )  means S (p q s )  

o r  S (q p s )  o r  S (p sq )  . S in c e  t h e  f i r s t  two h av e  b e e n  e x c lu d e d  

p s  + sq = pq , b u t  from  S ( p r s )  and S ( q r s )  we know

p s  = p r  + r s ,  q s  = q r  + r s  so pq = p r  + r s  + r s  + q r  ^  pq + r s  + r s .  

T hus  r s  = 0, i . e .  t h a t  r  = s c o n t r a d i c t i n g  p , q , r , s  d i s t i n c t .

Then  i t  i s  e a s y  t o  ch eck  t h a t  M i s  a m e t r i c  sp a c e  and t h a t  o f  a l l

C (p3 , p 4 , p 1) ,  and  C (p 1 , p 2 , p 4 ) so  ( i i i )  h o l d s ,  b u t  ( i i )  f a i l s  by

S (P 1P 2P3 ) and S (P 2P3P4^ bUt n o t " " S( P i P3P4> '

P r o o f  ( i )  a nd ( i i )  &  ( i i i ) : L e t  M = { P1 , Pg, Pg, P4} w i th

S (P i P jP k ) we h av e  o n ly  S ( p 2P 1Pg) and  S (p 2P4Pg) . T h e r e f o r e

(i) and (ii) hold vacuously and (iii) fails by C(Pj£>g,Pg) and 

C(P2,P3,P4) but not— C(p]L,P2,P4) .

We n o t e  t h a t  R e i n h o l d ' s  th e o re m  d o e s  n o t  subsume t h e  work o f  

Q u in ta s  and S u p n ick  [ 7 ]  r e f e r r e d  t o  e a r l i e r ;  b e c a u s e  t h e  two dim en­

s i o n a l  e u c l i d e a n  s p h e r e  w i t h  t h e  a r c  l e n g t h  m e t r i c  f a i l s  t o  s a t i s f y

( i i )  and ( i i i ) .  I n  f a c t ,  a s  we s h a l l  s e e  s h o r t l y ,  o n ly  c o n d i t i o n

P r o o f  ( i i i )  &  ( i i ) :  L e t M = { p . , p , , p _ , p j  w i t h  ( p . p . )

p o s s i b i l i t i e s  SCPjPjPjj) we h av e  o n l y S ^ P g P g ) , S ( p 2PgP4) ,  

S (P 3P4P1) ,  and  S (p  p p ) . T h e r e f o r e  C (p ]L, P g , P g ) , C (p 2 >P g , p 4 ) ,1 ’ 2 ’ 3 2 , y 3 ’ y 4

Then M i s  a  m e t r i c  sp a c e  and  o f  a l l  p o s s i b l e
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( i )  i s  n e e d e d  i n  t h e  h y p o th e s e s  o f  th e o re m  R.

We a l s o  rem ark  t h a t  R e i n h o l d ' s  d e f i n i t i o n  o f  t h e  c o l l i n e a r i t y  

o f  n p o i n t s  i s  a  l i t t l e  t o o  g e n e r a l .  F o r  i n s t a n c e  t a k i n g  t h e  

u n i t  c i r c l e  i n  t h e  p l a n e  w i t h  a r c  l e n g t h  m e t r i c  and t a k i n g  f o u r  

p o i n t s  on  t h e  c i r c l e  w h ich  d i v i d e  i t  i n t o  f o u r  e q u a l  s e c t i o n s ,  

t h e n  a m in im a l  c i r c u i t  t h r o u g h  t h e s e  f o u r  p o i n t s  i s  n o t  s e l f -  

i n t e r s e c t i n g .  B ut R e i n h o l d ' s  r e s u l t  w i l l  n o t  a p p ly  b e c a u s e  a c c o r d ­

i n g  t o  h i s  d e f i n i t i o n  t h e s e  f o u r  p o i n t s  a r e  c o l l i n e a r .  ( R e i n h o l d ' s  

r e s u l t  i s  a l s o  i n a p p l i c a b l e  b e c a u s e  t h i s  m e t r i c  sp a c e  d o e s  n o t  

s a t i s f y  c o n d i t i o n s  ( i i )  o r  ( i i i ) ) .  R e i n h o l d ' s  d e f i n i t i o n  o f  c o l ­

l i n e a r i t y  f u r t h e r  h a s  t h e  somewhat s t r a n g e  e f f e c t  i n  t h i s  s i t u a t i o n  

t h a t  i f  any one o f  t h e  f o u r  p o i n t s  i s  d i s p l a c e d  i n  e i t h e r  d i r e c t i o n ,  

t h e  new s e t  o f  f o u r  p o i n t s  i s  no l o n g e r  c o l l i n e a r .

§7 . D e f i n i t i o n s  and  s t a t e m e n t  o f  r e s u l t s . We now w r i t e  
  n- 1  ____

(<3, •••<! ) w h e n e v e r  q , q  = 2  q, q, , . I n  d i s t i n c t i o n  w i t h  t h e1 n I n  , , ^ k k +1k = l

n o t a t i o n  S(q  q Dq „ )  u s e d  p r e v i o u s l y  we no l o n g e r  demand t h a t  t h e1 A O

q̂ , be d i s t i n c t ,  o n ly  t h a t  a t  l e a s t  two a r e  d i f f e r e n t .  I t  i s  t h e n

t r u e  t h a t  f o r  any p * q we have  ( p q ) ;  a l s o  ( q , . . . q  )$=> (q . . . q , ) ;I n  n 1

and i f  we know t h e  q^ a r e  d i s t i n c t ,  f o r  any o t h e r  a r r a n g e m e n t  o f

t h e  q i  b e s i d e s  q R. . .q.^ we hav e  ( q ^  . . q n ) ss> n o t  — (q i  . . . q i  ) .
1 n

F u r th e rm o re  i f  t h e  q_̂  a r e  d i s t i n c t ,  ( q ^ - . q ^  => (q.^ . . . q . ^  )
1 r

w here  r  ^  2  and 1 £  i  < .  . <  i  £ n .
1 r

D e f i n i t i o n  7 .1 :  The p o i n t s  q , , . . . , q  w i l l  be c a l l e d  " c o --------------------------- 1 n

g e o d e s i c "  i f  t h e r e  i s  some o r d e r i n g  o f  t h e  q^ su ch  t h a t  (q^ . . , q^ ) .
1 n

I t  f o l l o w s  t h a t  i f  q ^ . ^ . q  a r e  c o g e o d e s i c  by t h i s  d e f i n i t i o n ,
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t h e n  th e y  a r e  c o l l i n e a r  by R e i n h o l d ' s  d e f i n i t i o n ,  b u t  n o t  c o n v e r s e l y ,  

a s  f o r  i n s t a n c e ,  t h e  f o u r  p o i n t  exam ple  i n  t h e  l a s t  p a r a g r a p h  o f  

§6  shows.

D e f i n i t i o n  7 . 2 :  G iven  a p o ly g o n  [ p  . . . p i  ] on t h e  v e r t i c e s
1 Xn

P , ( . - . . P  we w i l l  r e f e r  t o  a d j a c e n t  p a i r s  o f  v e r t i c e s  p p
1 n  Ak W

i n  t h e  o r d e r i n g  ( i n c l u d i n g  p^ p^ ) a s  " e d g e s "  o f  t h e  p o ly g o n .  In
n  1

a p o ly g o n  [ . . . a b . . . c d . . . ]  i n  m e t r i c  s p a c e  M we w i l l  sa y  edge  

ab  " i n t e r s e c t s "  ed g e  cd  i f  t h e r e  e x i s t s  x  € M so  (a x b )  and  

(c x d )  . N ote  i t  i s  a l lo w e d  t h a t  x m ig h t  *  a , b , c ,  o r  d b u t  

we u n d e r s t a n d  by t h e  n o t a t i o n  [ . . . a b . . . c d . . . ]  t h a t  a , b , c , d  a r e  

d i s t i n c t .  A d ja c e n t  e d g e s  ab ,  be i n  t h e  p o ly g o n  [ . . . a b c . . . ]  w i l l  

be  s a i d  t o  " i n t e r s e c t "  ( n o n t r i v i a l l y )  i f  t h e r e  e x i s t s  x  € M, 

x + b so  t h a t  ( a x b )  and  ( b x c ) .  A gain  x m ig h t  = a o r  c b u t  

i t  i s  u n d e r s to o d  a , b , c  a r e  d i s t i n c t ,  A p o ly g o n  i n  a m e t r i c  sp a c e  

w i l l  be s a i d  t o  be " n o n s e l f - i n t e r s e c t i n g "  i n  t h a t  sp a c e  i f  no p a i r  

o f  i t s  e d g e s  i n t e r s e c t .

The p r e c e e d i n g  d e f i n i t i o n s  o f  a s e l f - i n t e r s e c t i n g  p o ly g o n  and 

o f  c o g e o d e s i c  p o i n t s  a r e  r e a s o n a b l e  b e c a u s e  t h e y  a r e  c o n s i s t e n t  

w i t h  t h e  n a t u r a l  m e an in g s  o f  t h e s e  te rm s  i n  g e o d e s i c  m e t r i c  s p a c e s .

I t  i s  c l e a r  t h a t  i f  a c i r c u i t  on  n p o i n t s  i n  a g e o d e s i c  m e t r i c  

s p a c e  (M,X) i s  s e l f - i n t e r s e c t i n g  th e n  t h e  c o r r e s p o n d i n g  p o ly g o n  

i s  a l s o .  C o n v e r s e ly ,  how ever ,  i f  a p o ly g o n  i n  (M,X) i s  s e l f -  

i n t e r s e c t i n g  n o t  a l l  o f  t h e  c o r r e s p o n d in g  c i r c u i t s  m ust b e .

Example 7 . 1 :  L e t  M be t h e  s u b s e t  o f  t h e  p l a n e  c o n s i s t i n g

o f  t h e  p o i n t s  p x = ( - 1 , 1 ) p g = ( 1 , 1 ) pg = ( 1 , - 1 ) P4 = ( - 1 , - 1 )
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x  = ( 0 , 0 ) y = ( 0 , 2 ) and  t h e  seg m en ts  P ^ g .  P jP 4 > P 2P3 ’ P 2P4 '

p y ; and l e t  X  be t h e  a r c  l e n g t h  m e t r i c ,  i . e . ,  \ ( p . , q )  = l e n g t h  o fA

t h e  s h o r t e s t  p a t h  i n  M j o i n i n g  p and  q . Then  (p  x  p ) and
X  o

(p  x  p ) so  p o ly g o n  [ p  p _ p _ p . ]  i s  s e l f - i n t e r s e c t i n g  i n  e d g e s  
A  4  1  A  U  4

p p and  P0P .  . However c o r r e s p o n d i n g  c i r c u i t  p . y p 0p„x p  i s
1  o  & 4  1  a  u  4

n o t  s e l f - i n t e r s e c t i n g ,  a l t h o u g h  c o r r e s p o n d i n g  c i r c u i t  P jX p2P3x p 4 

i s .

I t  i s  t r u e ,  how ever ,  t h a t  i f  a p o ly g o n  i s  s e l f - i n t e r s e c t i n g ,  

t h e n  a t  l e a s t  one o f  t h e  c o r r e s p o n d i n g  c i r c u i t s  m ust be a l s o ,  T h i s  

i s  an  im m e d ia te  c o n s e q u e n c e  o f  t h e  d e f i n i t i o n  o f  s e l f - i n t e r s e c t i o n  

o f  a p o ly g o n  and t h e  f o l l o w i n g :

Remark 7 . 1; I n  a g e o d e s i c  m e t r i c  s p a c e ,  ( a b c )  h o l d s  i f  and

o n ly  i f  t h e r e  i s  a g e o d e s i c  from  a t o  c c o n t a i n i n g  b .

The " o n ly  i f "  p a r t  o f  t h i s  rem ark  i s  c l e a r ,  and t h e  " i f "  p a r t  

f o l l o w s  from  a s l i g h t  e x t e n s i o n  o f  t h e  a rg u m en t u s e d  t o  v e r i f y  

t h a t  X ( p , q )  = l e n g t h  o f  any  g e o d e s i c  j o i n i n g  p t o  q s a t i s f i e s  

t h e  t r i a n g l e  i n e q u a l i t y  ( c f .  p g ,  4 9 6 ,-7 ;  a l s o  pg . 495 [ 5 ] ) .

S e v e r a l  a p p l i c a t i o n s  o f  rem ark  7 . 1  a l s o  show t h a t  t h e  p o i n t s  

o f  a  f i n i t e  s e t  S a r e  c o g e o d e s i c  i n  a g e o d e s i c  m e t r i c  sp a c e

a c c o r d i n g  t o  d e f i n i t i o n  7 . 1  i f  and  o n ly  i f  t h e y  a r e  c o g e o d e s i c  i n

t h e  n a t u r a l  s e n s e  o f  t h e r e  e x i s t i n g  a  g e o d e s i c  c o n t a i n i n g  S ,

R e t u r n in g  t o  n o t  n e c e s s a r i l y  g e o d e s i c  m e t r i c  s p a c e s  we s t a t e  

o u r  m ain  r e s u l t :

Theorem  7 .1 :  G iv en  d i s t i n c t  n o n c o g e o d e s ic  p o i n t s  

i n  a m e t r i c  sp a c e  M s a t i s f y i n g :

( 7 . 1 )  ( p i xp j )  and  ^p i xpk^ ^  ^Pi Pj Pk^ ° r  (p i Pk Pj ^  w here

p . ,  p , p._, x a r e  d i s t i n c t  and  x € M i  j  k
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t h e n  any  m in im a l p o ly g o n  on  p , . . . , p  i s  n o t  s e l f - i n t e r s e c t i n g .  
  1 n

The p r o o f  o f  t h i s  th e o re m  i s  g iv e n  i n  §8 . We d i s c u s s  now t h e  

s t r e n g t h  o f  t h e  th e o re m  and  i t s  c o n s e q u e n c e s .  F i r s t  n o te  t h a t  t h e  

c o n v e r s e  t o  th e o re m  7 . 1  a s  f o r m u l a t e d  i s  n o t  t r u e .

Example 7 . 2 : L e t  M be t h e  s u b s e t  o f  t h e  p la n e  c o n s i s t i n g

o f  t h e  f o u r  l i n e  se g m e n ts  fo rm in g  t h e  s i d e s  o f  t h e  s q u a r e  on 

P 2 = ( 1 , 1 ) P2 = ( - 1 , 1 ) P3 = ( - 1 , - 1 ) P4 = ( 1 , - 1 ) and  t h e  segm ent 

j o i n i n g  p_ = ( 1 , 0 ) t o  x = ( 0 , 1 ) ;  and l e t  X be t h e  a r c  l e n g t h  

m e t r i c .  Then [ p PoPoP^Pc1 i s  n o t  s e l f - i n t e r s e c t i n g .  However1 a O 4 d

t h e  h y p o th e s e s  o f  th e o re m  7 .1  do n o t  h o ld  b e c a u se  we have  (p ..xp )X £t

and (P 4*P 2) b u t  n o t -  ( p ^ P g )  and  n o t -  ( p ^ P g )  .

The r e a s o n  t h e  c o n v e r s e  t o  th e o re m  7 . 1  f a i l s  i s  t h a t  t h e  

h y p o th e s e s  o f  t h e  th e o re m  r e a l l y  g u a r a n t e e  t h a t  any m in im a l p o ly g o n  

on  any s u b s e t  o f  n o n c o g e o d e s ic  p o i n t s  o f  { p ^ , . . . , P n 3 i s  n o t  s e l f -  

i n t e r s e c t i n g .  I n  t h e  above ex am p le ,  f o r  i n s t a n c e ,  t h e  m in im a l  p o ly ­

gon on  { p n , p 0 , p . }  i s  s e l f - i n t e r s e c t i n g  and  g e n e r a l l y  i f  t h e  m in-1 A 4

im a l  p o ly g o n s  on e a c h  n o n c o g e o d e s ic  s u b s e t  o f  p , , . . . , p  a r e  n o t1 n

s e l f - i n t e r s e c t i n g ,  t h e n  ( 7 . 1 )  h o l d s .  B ec a u se  i f  ( p J x p . ) ,  ( p .x p ,  ) ,i  j  i  k

n o t - ( p .  p p . ) ,  and n o t -  (p  p p ) f o r  some d i s t i n c t  p ,p  ,p  , x  t h e n  i j k  i k j  i j k

a l s o  n o t - ( p  p .p .  ) ,  f o r  o t h e r w i s e  from  ( p .x p  ) ,  ( p .x p  ) ,  andj  1 K i  j  i  K

( P j p i pk ) we g e t  p j p k = p J p A + p^pk = p j x  + xp^ + jTjx + xpj^ S 

2xp + P .P . w h ich  c o n t r a d i c t s  x  * p . . However n o t - ( p  p . p . ) ,X j  K X j  X K

n o t - ( p .  p .p .  ) and  n o t - ( p .  p, p . )  means p . , p J ,p.  a r e  n o t  c o g e o d e s i c  i j k  i k j  i j k

and t h e  m in im a l ,  i n  f a c t  o n ly  p o ly g o n  on  t h e s e  t h r e e  p o i n t s  h a s  an

i n t e r s e c t i o n  o f  e d g e s  P j P j  and  p i pk •

From th e o re m  7 .1  and t h e  d i s c u s s i o n  i n  t h e  p r e c e e d in g  p a r a g r a p h  

we h av e :
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Theorem  7 , 2 ; I n  a m e t r i c  s p a c e  M t h e  p r o p e r t y  ( a b c )  and

(a b d )  im p ly  ( a c d )  o r  ( a d c )  f o r  any f o u r  d i s t i n c t  a , b , c , d  6 M

h o l d s  i f  and o n ly  i f  any m in im a l  p o ly g o n  on  a f i n i t e  number o f

d i s t i n c t  n o n c o g e o d e s ic  p o i n t s  i s  n o t  s e l f * ' i n t e r s e c t i n g .

The d i s c u s s i o n  i n  t h e  p a r a g r a p h  p r o c e e d in g  th e o re m  7 . 2  a l s o

shows t h a t  c o n d i t i o n  ( 7 . 1 )  i s  e q u i v a l e n t  t o  ( p .x p  ) and  ( p .x p  )i  j  l  k

im p ly  p . , P . , p .  c o g e o d e s i c  f o r  d i s t i n c t  P., >P. , P t »x . Thus 1 j  K 1 j  K

th e o re m  0 . 4  i s  a c o r o l l a r y  o f  th e o re m  7 .1  by t h e  d i s c u s s i o n  f o l ­

lo w in g  d e f i n i t i o n s  7 .1  and  7 . 2 .

§ 8 . P r o o f  o f  th e o re m  7 . 1 . We w i l l  d e m o n s t r a t e  t h e  contra™ 

p o s i t i v e ,  i . e .  we w i l l  assum e t h a t  we h av e  a p o ly g o n  Q on t h e

v e r t i c e s  p , , . . . , p  w h ich  i s  s e l f - i n t e r s e c t i n g  and  th e n  p ro d u c e  1 n

a n o t h e r  p o ly g o n  P on p , , . . . , p  w h ich  i s  o f  s t r i c t l y  s h o r t e r
1 n

l e n g t h .  We c o n s i d e r  f o u r  c a s e s ;

C ase  1 ; Suppose Q = [ , . . a b . . . c d . . . ]  h a s  an  i n t e r s e c t i o n  o f  

e d g e s  ab and  c d  w here  a , b , c , d  a r e  d i s t i n c t  and n o n c o g e o d e s i c .  

T hen  we c l a i m  t h e  p o ly g o n  P = [ . . . a ( b . . . c ) d . . . ]  i s  s t r i c t l y  s h o r t e r ,  

w here  t h i s  n o t a t i o n  i s  m eant t o  s t a n d  f o r  t h e  p o ly g o n  r e s u l t i n g  

fro m  Q when t h e  o r d e r  o f  t h e  v e r t i c e s  f ro m  b t o  c  i s  r e v e r s e d  

w h i l e  t h e  o r d e r  o f  t h e  o t h e r  v e r t i c e s  i s  u n a l t e r e d .  To e s t a b l i s h  

t h i s  c l a im  we c o n s i d e r  two s u b c a s e s .

C ase  lev: x = a  w here  x  i s  t h e  i n t e r s e c t i o n  p o i n t  o f  ab

and c d ,  i . e .  we have  ( c a d ) .  T hen  ab  + cd  = ab  + c a  + ad £ c a  + bd .

To p ro v e  l e n g t h  Q >  l e n g t h  P we n eed  i n  f a c t  ab + cd  > c a  + bd

b u t  we g e t  t h i s  b e c a u s e  i f  e q u a l i t y  w ere  t o  h o l d  i n  p r e c e d i n g

s e n t e n c e  t h e n  ( b a d ) ,  ( c a d )  by ( 7 . 1 )  i m p l i e s  (b e d )  o r  (c b d )
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w h ic h  i m p l i e s  (b e a d )  o r  (c h a d )  c o n t r a d i c t i n g  a , b , c , d  n o n c o g e o d e s ic .

C ase  1|3: x # a w here  a g a i n  x  i s  t h e  i n t e r s e c t i o n  p o i n t  o f  

ab  and  cd ,  and we can  f u r t h e r  assum e x * b , x + c ,  x + d  b e c a u s e  

t h e  c o n t r a r y  o f  any  one o f  t h e s e  i s  r e a l l y  t h e  same a s  c a s e  l a 1 by 

a s u i t a b l e  ch an g e  i n  n o t a t i o n .  T hus  we h av e  ( a x b ) , ( c x d )  and

a , b , c , d , x  a r e  a l l  d i s t i n c t .  Then a g a i n  P = [ . . . a ( b . . . c ) d , . . ]  

i s  s t r i c t l y  s h o r t e r  t h a n  Q, b e c a u s e  ab  + cd  = ax  + xb  + cx  + xd  ^  

ac  + bd , I f  t h i s  w ere  n o t  r e a l l y  a s t r i c t  i n e q u a l i t y  i n  t h e  l a s t  

s t e p ,  t h e n  ( a x e )  and ( b x d ) ,  B u t ( a x e )  and ( a x b )  im p ly  

( a x b c )  o r  ( a x e b ) ;  (dxb )  and  (d x c )  im p ly  (d x b c )  o r  (d x cb )

H av in g  t o g e t h e r  ( a x e b )  and (d x b c )  i s  i m p o s s i b l e  b e c a u s e  (x e b )  

and  (x b c )  a r e  i n c o m p a t i b l e  w i t h  b + c . S i m i l a r l y  ( a x b c )  and

(d x c b )  c a n ' t  h o ld  s i m u l t a n e o u s l y .  B u t ( a x b c )  and  (d x b c )  im p ly  

( a x e )  and  (d x c )  im p ly  ( a d x c )  o r  (d a x c )  i m p l i e s  (a d x b c )  o r

( d a x b c ) .  S i m i l a r l y  ( a x e b )  and  (d x c b )  l e a d  t o  a , b , c , d  cogeo ­

d e s i c ,  a g a i n  c o n t r a d i c t i n g  o u r  i n i t i a l  a s s u m p t io n  f o r  c a s e  1.

We now c o n s i d e r  t h e  s i t u a t i o n  Q •- [ . . .  ab .  . , c d .  . .  ] h a s  an 

i n t e r s e c t i o n  o f  e d g e s  ab  and cd  w here  a , b , c , d  a r e  d i s t i n c t  

and c o g e o d e s i c .  The c o g e o d e s i c  o r d e r i n g  o f  a , b , c , d  c a n  b e  assum ed 

t o  be one  o f  ( a b e d ) ,  ( a b d c ) ,  ( a c b d ) ,  ( a c d b ) ,  ( a d b c ) ,  o r  ( a d c b )  by 

a p p r o p r i a t e l y  w r i t i n g  Q . We n o t e  t h a t  t h e  f i r s t  o r d e r i n g  i s  

i n c o m p a t i b l e  w i t h  t h e  a s s u m p t io n  t h a t  ab and cd  i n t e r s e c t  

b e c a u s e  l e t t i n g  x  be t h e  i n t e r s e c t i o n  p o i n t ,  w h e th e r  x  i s  d i s ­

t i n c t  from  a , b , c , d  o r  n o t ,  ad  = ab + be  + cd  = ax  + xb + be + 

c x  + xd  ^  ad  + bx + be  + cx  i m p l i e s  be = 0 i m p l i e s  b = c .

S i m i l a r l y  (a b d c )  i s  i m p o s s i b l e ,
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Case 2; Q = [ . . . a b . . . c d . . . ]  h a s  an  i n t e r s e c t i o n  on  e d g e s  

ab  and  c d  w h e re  a , b , c , d  a r e  d i s t i n c t  and  ( a c b d )  o r  ( a c d b ) .

Then P = [ . . . a ( b . . . c ) d . . . ]  i s  s t r i c t l y  s h o r t e r  t h a n  Q b e c a u se

i f  ( a c b d ) :  ab  + cd  = a c  + cb  + bd >  ac  + bd . And s i m i l a r l y  

i f  ( a c d b ) .

Case 3: Q = [ . . . a b . . . c d . . . ]  h a s  an  i n t e r s e c t i o n  on  e d g e s  ab

and  cd  w here  a , b , c , d  a r e  d i s t i n c t  and ( a d b c )  o r  ( a d c b ) .  Note 

we c a n  a l s o  assum e i n  t h i s  c a s e  t h a t  Q h a s  no i n t e r s e c t i o n s  o f

ty p e  1 o r  2, i . e .  o f  t h e  k in d  i n  c a s e s  1 and  2 . B u t b e f o r e  c o n t i n u ­

i n g  w i t h  t h i s  c a s e  l e t  u s  f i r s t  se e  w h a t o t h e r  p o s s i b l e  k i n d s  o f  

i n t e r s e c t i o n  m ig h t  re m a in .

Case  4 : Q = [ . . . a b c . . . ]  h a s  an  i n t e r s e c t i o n  p o i n t  x 4= b on

e d g e s  ab  and  be  w here  a , b , c  a r e  d i s t i n c t .  Suppose x * a ,  

x  4= c .  Then ( a x b ) ,  (b x c )  im p ly  ( a c b )  o r  ( b a c ) .  S uppose  x  = a

(x  = c  w i l l  be s i m i l a r ) .  Then ( b a c ) .  S in c e  by a s s u m p t io n  a l l

t h e  v e r t i c e s  o f  t h e  p o ly g o n  a r e  n o t  c o g e o d e s i c ,  we can  a s s e r t  t h a t

t h e r e  m ust be  a n o t h e r  v e r t i x ,  say  Q = [ . . . a b c v . . . ]  i f  ( a c b ) ,  

o t h e r w i s e  s a y  Q = [ . . . u a b c . . . ]  i f  ( b a c ) .  I n  t h e  f i r s t  s i t u a t i o n

e d g e s  ab  and  c v  i n t e r s e c t  i n  c ;  i n  t h e  s e c o n d  s i t u a t i o n  e d g e s  

ua  and  be  i n t e r s e c t  i n  a . I f  we assum e, a s  we may, t h a t  a l l

i n t e r s e c t i o n s  o f  t y p e s  1 and 2 h av e  b e e n  e l i m i n a t e d  t h e  i n t e r s e c t i o n

we hav e  j u s t  p ro d u c e d  m ust be  o f  ty p e  3. Thus  a l l  t h a t  r e m a in s  i s  

t o  r e t u r n  and a rg u e  c a s e  3.

Suppose t h e n  t h a t  Q = [ . . . r  ab q ,  . ,  .q , c d r , . . .  ] , t h a t  ab  andm l  1

cd  have  an i n t e r s e c t i o n  o f  t y p e  3 and  t h a t  a l l  i n t e r s e c t i o n s  o f  

t y p e s  1 and 2 h av e  a l r e a d y  b e e n  removed by t h e  m e thods  p r e v i o u s l y
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i n d i c a t e d .  We w i l l  a rg u e  by e x a m p le .  Say ( a d b c ) .  Then  bq^ and

cd  i n t e r s e c t  i n  b and  s i n c e  t h e  i n t e r s e c t i o n  m ust be  o f  t y p e  3,

e i t h e r  (dbq c )  o r  . (dbcq  ) .  I f  (dbq  c )  t h e n  q . q 0 i n t e r s e c t s  
1  X  X  X a

cd  a t  q and  t h e r e f o r e  e i t h e r  (dq q c )  o r  (dq cq ) . I f
X  X  a  X  a

( d b c q . )  t h e n  bq i n t e r s e c t s  q . c  a t  c and  e i t h e r  (b cq  q )
X X  *v X  &

o r  ( b c q . q , ) .  C o n t i n u i n g  i n  t h i s  m anner  e v e n t u a l l y  t h e  q ' s  w i l l . b e  
X

e x h a u s t e d  and an i n t e r s e c t i o n  o f  ty p e  4 w i l l  be  r e a c h e d ,  e i t h e r

(q , q  , q  ) o r  (q , q  „ q ) .  The same p r o c e d u r e  c a n  be  ru nHv+1  v - l Mv Mv - l ^ v + l  v *

t h r o u g h  t h e  r ' s  a l s o  u n t i l  a n o t h e r  i n t e r s e c t i o n  o f  t y p e  4 i s  r e a c h ­

e d ,  e i t h e r  ( r  r  r  ) o r  ( r r  r  ) . T h i s  a rgum en t p ro d u c e s  
|X |X +  X |X ~  X  [X [X™ X  |X +  X

a new o r d e r i n g  o f  t h e  v e r t i c e s ,  s o m e th in g  p e r h a p s  l i k e

[ V  • • r 2 V l rm 8 r l  db q l q 2 °  V s V l V j - % 1 whiCh We c a l1  P •

By t h e  c o n s t r u c t i o n ,
m- 1  _______ ___  __  __ v - 1 ______ ____ ____

l e n g t h  o t  P  = L r k r k+1 + r ma  + ab  + b q 1 + ^  q kq fc+1 + q ^

Com paring t h i s  t o  l e n g t h  Q, we s e e  l e n g t h  P <  l e n g t h  Q i f  and

o n ly  i f
  l - l  _______ ____  _    n - l ________

qv rh <  , 2  qkqk+l  + q4 °  + cd + d r l  + = rk V l  •k=v k = l

B ut a g a i n  by t h e  c o n s t r u c t i o n  o f  P e q u a l i t y  c o u ld  h o ld  b e tw ee n
ir-1  __________________        ( l - l_______

and ,.s  V m  + qt c + c d  + d r i  + ,.z ,  V w  o n l y  1£^ k=v k = l

a l l  t h e  v e r t i c e s  w ere  c o g e o d e s i c  b e tw e e n  q^ and  r ^  . T h i s  com*- 

p l e t e S  t h e  p r o o f .
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[1 0 ]  F re d  S u p n ick  and L.V. Q u in t a s ;  "E x trem e  H a m i l to n i a n  c i r c u i t s ,  

r e s o l u t i o n  o f  t h e  c o n v e x -o d d  c a s e " ;  A m erican  M a th e m a t ic a l  

S o c i e t y  P r o c e e d i n g s ,  V o l.  1 5 (1 9 6 4 ) ,  p p . 4 5 4 -4 5 6 .

[1 1 ]  F re d  S u p n ick  and  L.V. Q u in t a s ;  "E x trem e H a m i l to n i a n  c i r c u i t s ,  

r e s o l u t i o n  o f  t h e  c o n v e x -e v e n  c a s e " ;  A m erican  M a th e m a t ic a l  

S o c i e t y  P r o c e e d i n g s ,  V o l.  1 6 (1 9 6 5 ) ,  p p . 1 0 5 8 -1061 .
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AUTOBIOGRAPHICAL STATEMENT

D av id  S a n d e r s  was b o rn  O c to b e r  2 0 ,  1937 , t h e  f i r s t  c h i l d  t o  

one  o f  t h e  b e s t  h i g h  s c h o o l  m a th e m a t ic s  t e a c h e r s  a ro u n d  and  a 

woman who n e v e r  f a i l e d  t o  s u b s t i t u t e  f e m a le  i n t u i t i o n  f o r  l o g i c a l  

t h i n k i n g .  F iv e  y e a r s ,  f i v e  m o n th s ,  f i v e  d a y s ,  and  f i v e  h o u r s  

l a t e r  t h e  t h i r d  m a th e m a t ic ia n  e n t e r e d  t h e  f a m i ly  ( c u r r e n t l y  com­

p l e t i n g  h i s  d o c t o r a t e  a t  Y a le )  and  h i s  m other,  w i t h  t h e  a f o r e ­

m e n t io n e d  p e r c e p t i o n  d e c i d e d  t h a t  was enough c h i l d r e n .

D av id  d i d  h i s  u n d e r g r a d u a t e  w ork  a t  P r i n c e t o n  U n i v e r s i t y  

(B.A. 1959) and  c o n t i n u e d  t o  s tu d y  m ath  a t  H a rv a rd  (M.A. 1 9 6 0 ) .  

L e a v in g  t h e  acad em ic  womb t o  l e a r n  more abou t t h e  n o n m a th e m a t ic a l  

w o r ld  he  t a u g h t  f o r  a l i v i n g  and d e c i d e d  he  w a n te d  t o  become a 

t e a c h e r .

On C h r i s tm a s  Day 1963 he met Ju d y  R ose. F o u r  m onths  l a t e r  

i n  an a rb o re tu m  a t  t h e  dawn o f  a  sunny  s p r i n g  d a y ,  t h e y  w ere  

m a r r i e d .  A f t e r  g e t t i n g  h i s  d o c t o r a t e ,  D av id  l o o k s  fo r w a r d  t o  a 

d i v e r s i f i e d  c a r e e r  t e a c h i n g  m a th e m a t ic s ,  maybe e v e n  t o  t h e  l o t  o f  

l i t t l e  g e n i u s e s  Judy  h a s  p ro m is e d  him.


