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Abstract

Phase locking in laser arrays 

by

Jingwen Xu

Advisor: Professor Ying-chih Chen

A two-element laser array is used as a simple experimental model for studying the 

physics of phase locking in evanescent-coupled laser arrays. The array consists o f two 

closely-spaced lasing filaments created in a monolithic Nd:YAG etalon by photo-pumping. 

With photo-pumping, the key parameters of the laser array can be controlled and 

continuously varied for exploring the various phenomena of phase locking over a wide 

range o f coupling strength for comparison with previous theoretical calculations. The 

study revealed discrepancies between the experimental results and previous theoretical 

predictions based on the coupled-oscillator model. These discrepancies include: 1) 

Contrary to previous predictions of slow locking process and the existence o f instability, 

the time of phase locking is observed to be as fast as the lasing process without a slow 

evolutionary process. There is also no optical instability in the presence of a frequency 

detuning between the two elements. 2) The experimentally measured frequency detuning 

for phase locking is much larger than the theoretical predictions. There exists a complex 

modal patterns in the vicinity o f the boundary o f phase locking which can not be



synthesized by the coupled-oscillator model. The fast locking and lack o f instability can be 

attributed to the presence of a large imaginary part o f the coupling strength not properly 

taking into account in previous theoretical modeling. However, the range of phase locking 

and the complex transitional behavior can not be explained by the coupled-oscillator 

model. Our analysis shows that a two-element laser array is not a two-mode system, but 

can posses numerous eigenmodes, each having a different frequency. For a given 

frequency, the resonance condition in each branch determines the field strength in that 

branch and the modal pattern for the composite waveguide can be calculated numerically. 

The lasing mode is the one with the highest modal gain. With this new understanding, we 

have successfully explained the complex modal patterns in the vicinity of the transition 

region and the magnitude o f frequency detuning tolerance for phase locking. Another 

important implication of our new understanding is that the temporal behavior o f the laser 

array can not be synthesized by the linear superposition of the temporal behavior of the 

individual elements because the dynamics in the laser array is not a deterministic process.
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Chapter 1 

Introduction

A commonly used method of increasing the output power of lasers is by combining 

the output of a number of lasers to form a laser array1*4. If a mechanism is provided so 

that a time-independent fixed phase relation is established in the electric field of the 

individual elements, the output beam is spatially coherent, resulting a far-field power 

density that is proportional to the square of the number of elements.

There are a number o f techniques of initiating phase locking in a laser array. The 

most commonly used method is the evanescent coupling. In this scheme, a number of laser 

elements are placed in close proximity to one another so that a small amount of field 

coupling exists between the nearest neighbors. One- and two-dimensional phase-locked 

semiconductor laser arrays containing a large number of elements have been 

demonstrated5*7. The evanescent-coupled array geometry has also been used for 

producing high powers in Nd:YAG and C 02 lasers. Other coupling methods include 

diffraction coupling and optical feedback from a common external cavity3-8-9 .

Earlier studies of semiconductor phased arrays were mainly focused on their 

spatial modal structures under the steady-state operating condition and on techniques to 

ensure the operation in the fundamental mode. The application of the coupled-mode 

theory to the evanescent-coupled waveguide system has led to the description o f spatial 

eigenmodes of the coupled system, known as the supermodes. The predicted spatial



profiles o f the supermodes have been observed and well understood10-13. According to the 

supermode theory, an N-element evanescent-coupled laser array has N supermodes, each 

being the linear superposition of the eigenmodes of the individual elements. The lowest- 

order supermode is characterized by adjacent elements operating in the same phase, so 

that the far field pattern has a Gaussian-like pattern with a small beam divergence. The 

highest-order supermodes is characterized by adjacent elements having a phase difference 

of 71, or out-of-phase, so that the far-field pattern has a dark fringe at the center. In 

semiconductor laser arrays, the out-of-phase mode has the largest modal gain. As a result, 

the array operates in the out-of-phase mode unless a modal selection mechanism is 

introduced. Various techniques for ensuring the in-phase mode operation have been 

studied. Nonetheless, little study has been done about the temporal behavior of such 

phase-locked laser arrays. Only until recently, have there been a few theoretical papers 

addressing the dynamical property of the phase-locked laser array14-19.

These analyses, mostly numerical simulation, were based on the time-dependent 

coupled-mode theory. According to this theory, the phase-locking laser arrays were 

treated as coupled oscillators. Phase synchronization among the oscillators is reached 

through a self-organization process. A group of lasers with arbitrary initial phases can 

achieve phase locking through injection locking of evanescent waves. It was also predicted 

that phase synchronization is not always possible. For an N-element laser array coupled 

through any one of the means, there are 3N coupled dynamical equations of field 

amplitudes, phases, and population inversions16-17. For a ten-element laser array, there are 

30 variables! Clearly, the dynamics in such system is very complex and rich in
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phenomenology. The numerical simulation has led to the conclusion that the laser arrays 

are intrinsically unstable and can develop irregular temporal behaviors such as self­

sustained pulsations and chaos. The theory predicts that the period of the pulsation and the 

time scale of phase locking are inversely proportional to the coupling strength between the 

array elements16’17. Indeed, the predicted irregular behavior appears to have some 

experimental support. For example, the streak camera measurement of the time series of 

phase-locked semiconductor laser arrays revealed the existence of a sustained spiking 

phenomenon in the output of individual elements.20 These spikes, 100-200 ps in duration at 

a repetition period of 300-400 ps, resembled the patterns predicted by some numerical 

simulations20. However, the predicted time scale of phase locking is much longer than the 

experimental observation. According to coupled-oscillator model, the time constant is on 

the order o f 10 ns before the phase-locked state can be fully established in semiconductor 

laser arrays17. In contrast, the experimentally observed time constant of phase locking is 

less than 100 ps19, which is three orders of magnitude smaller than the theoretical 

prediction. Despite the extensive numerical simulations, few systematic experimental 

studies has been done to verify the predicted temporal behavior. This is because the 

semiconductor laser arrays used in the experimental study contain 10 elements or 30 

dynamical variables for the field amplitude, phase, and population inversion. The 

complexity o f the system makes it difficult to relate the observed phenomena to the 

theoretical parameters.

Another important question that has not yet been addressed is the inter-element 

separation and the frequency detuning over which two laser elements can remain phase



4

locked through the evanescent waves. In the past, the separation between adjacent 

elements of phase-locked semiconductor laser arrays is empirically chosen to be about 10 

pm for gain-guided lasers and about 5 pm for index-guided lasers21 >22. To the extent that 

phase locking can be viewed as injection locking through the evanescent waves, the 

maximum lateral distance for phase locking is presumably determined by the requirement 

that the injected field be larger than the field of spontaneous emission in the individual 

elements. Other factors such as the cavity Q-value, and the frequency detuning of 

individual elements can also affect the phase locking. The issue of tolerance of detuning is 

of interest because, there are frequency differences among the elements due to inevitable 

variations in cavity length and temperature.

These discrepancies and questions have prompted us to study phase locking in a 

simple laser array with well-controlled parameters. A two-element laser array is the 

simplest array with the least number of dynamical variables, namely, six. The requirement 

that the phase difference between adjacent elements is time independent further reduces 

the number of independent variables to five.

In general, there are three time constants (or scales) involved in the phase-locking 

process of a laser array. One is the phase-locking time, which we would like to determine. 

The other two are intrinsic to the type of lasers involved, namely, the upper level decay 

time and the photon lifetime. Of course, there is another time scale which is the delay 

feedback time in a system involving an external cavity. In order to reduce the complexity 

of the problem, and to bring about the essence of phase locking, we conduct the study in 

evanescent-coupled laser array which does not involve delayed feedback. Furthermore, in



order to avoid any two of the three time scales to have the same order of magnitude, so to 

avoid any confusion as to which time scale, thus which dynamical variable, maybe 

dominant for the phase-locking process, we would like to "slow down" substantially the 

upper level decay time. Thus, a laser array with much slower upper level decay time can 

be chosen. Many solid-state and gas lasers are good candidates. It has become clear that 

miniaturized diode-pumped solid-state lasers are good choices for studying phase locking. 

Moreover, it was indicated by the coupled-mode modeling that while semiconductor laser 

arrays demonstrate stable phase-locked operation only over a small range o f operating 

parameters17 due to the strong amplitude-phase coupling and accompanied instability, 

solid-state laser arrays may exhibit stable phase-locking over a much wider range of 

coupling and operating parameters. Therefore it is of great interest to examine, both 

experimentally and theoretically, the coherence and phase dynamics o f two-element 

evanescent-coupled solid-state laser arrays.

We have made experimental study of phase locking in a two-element evanescent- 

wave-coupled Nd:YAG laser array. It is important to note the similarities and differences 

between solid-state lasers and semiconductor lasers. For both of them, the polarization 

dynamics may be adiabatically eliminated when continuous wave (CW) operation is 

considered. Thus the lasers are well described by coupled rate equations for the complex 

field and population inversion. In both cases, the decay rate of photons in the cavity, 

1
—InR 1 +a 
L

, where c is the speed of light in vacuum, n is the refractive index of

the media, L is the cavity length, R  is the effective reflectivity of end mirrors, and a  is the 

internal loss, is larger than the decay rate of the population inversion y , . For Nd:YAG



lasers yc =106 s '1 and y  ̂= 4x l03 s_1, respectively, while for a semiconductor lasers, the

corresponding values are yc =1012 s_1 and yj= 109 s-1, respectively. This means that while

solid-state laser dynamics may be studied with conventional detectors, streak cameras are 
6

often necessary for studies of semiconductor laser arrays dynamics. For the present study 

we have simply used avalanche photo-diodes and a video camera system. Another 

important distinction between solid-state and semiconductor laser media is the large value 

of the "linewidth enhancement factor", a , for semiconductors (a=3-5) compared with a«0 

for solid-state lasers. The a  factor originates from the changes in real part of refractive 

index in semiconductors accompanying changes in the imaginary part. The nonzero a  

factor is a source of optical instability in semiconductor lasers because the field amplitude 

fluctuation is accompanied by frequency fluctuation which, through field coupling, leads to 

further field amplitude fluctuation. We will discuss this issue in greater detail later. 

Another novelty in our experimental technique is that the two-element laser array is photo­

pumped by two semiconductor lasers. Technically, with photo-pumping, the separation 

between the elements can be continuously varied by adjusting the positions of the pumping 

beams. This enables us to investigate the dynamics of the array for a wide range of the 

coupling strength. In our experimental study, the two-element laser array is created in a 

Nd:YAG etalon by photo-pumping. The use of a monolithic cavity eliminates the need of 

optical alignment and greatly improves the stability and reproducibility. By introducing a 

small wedge angle in the etalon, a small and controllable frequency detuning between the 

two elements can be created for studying its effect on the locking range. Furthermore,
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diode-pumping also enables us to momentarily interrupt one or both elements and to 

record the time series of the phase recovery process.

This thesis is arranged as follows: in section II we will briefly review the 

theoretical foundations of laser arrays, including the supermode theory, the time- 

dependent coupled-mode theory, and prediction of laser instability based on the coupled- 

oscillator model. Section III describes our experimental setup and experimental results. In 

section IV we will summarize and discuss the discrepancies between the experimental 

results and previous theoretical predictions based on coupled-mode model. Also we 

present numerical modeling for the laser. The simulated patterns are compared with the 

measured mode profile. The experimentally determined boundary of phase-locking has 

been compared with the result calculated by a simple model based on mode competition 

theory. In section V, we analyzed the modal behavior in a gain-guided two-element 

semiconductor laser array. And finally in our last section, we conclude the important 

implication from our new understanding of the dynamics of laser array.



Chapter 2 

Background
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2.1 Laser array

Diode laser arrays have been widely used for applications that require high power 

or high brightness. The development of mirror damage limits the power density o f a 

single-element semiconductor laser to about 1 MW/cm2. Methods for increasing the 

power output have been to either enlarge the light emitting area using a single "broad- 

area" lasers or to fabricate several narrow-stripe diode lasers closely spaced on a common 

substrate so that they operate at a constant relative phase. The first phased array radiators 

at optical wavelength was reported in 1979 by Scifres et al5. A typical laser array, shown 

in Figure 1, consists of ten narrow-stripe lasers with a center spacing of 10 pm. Phase 

synchronization is achieved through the overlapping of evanescent waves with the nearest 

neighbors. Today, 1-D and 2-D diode laser arrays offering extremely high power levels 

have been used in applications such as illumination, solid-state laser pumping, and 

harmonic generation. In the meantime, theoretical models have been developed to analyze 

the experimental phenomena. Scifres et al. were the first to analyze the behavior o f phase- 

locked arrays using so-called "simple diffraction theory"10. The modal patterns o f a phase- 

locked laser array were treated as the interference fringes of a multiple slit. Butler et al. 

have reported the first coupled-mode analysis for an array of N coupled, identical 

elements23. They found that an array of N emitters has N normal modes or eigenmodes,
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Figure 1 Schematic of a coupled multiple stripe laser.



which they chose to call array modes or supermodes. Shortly after, other research groups 

published independent work on coupled-mode formalisms applied to laser arrays24-25.

2.2 Supermode theory

The optical characteristics, such as the near- and far-field intensity distribution of 

the eigenmodes, of a laser array can be understood in terms of the supermodes24, i.e., the 

eigenmodes of the composite array waveguide. Consider an array of N coupled waveguide 

lasers as shown in Figure 2. The electric field of the array can be written as

Ey(x,y,z) = Y .6i(x’y)Ai(z>exP(iPiz) 0 )i=i

where e l(x ,y )exp (ifl,z ) , / = 1.2---N is the single, transverse electric field, spatial mode 

of each individual laser waveguide when isolated from its neighbors, /?, is the complex 

propagation constant of each individual element, A ,(z)  is the z dependent amplitude due 

to the interaction among the array elements. Assuming that the coupling exists between 

the nearest neighbors, the coupled-mode equation for one element of the N-channel array 

can be written in the form

— iPiEi + ikiME M + ikii_]E i_l , i —1,2"-N  (2)

where ktj is the coupling coefficient between the nearest neighbors. The set o f equations 

can be combined into the matrix form as
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Figure 2 Schematic illustration o f an N-channel laser array with coupling between nearest 
neighbors. After Kapon et al., Opt. Lett., Vol 10, 125 (1984)
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where E  is a vector whose elements are Et = A, exp(ip,z)  and the only nonvanishing

elements of the matrix M are M ,, = /?,, with /  = 1,2— N  and M u+l = ku+I, M l+U = kM I,

with I = 1,2— N  - 1 .

The supermodes of the array are, by definition, the eigensolution of Eq (3), i.e., 

those vectors that satisfy

where (5V is the propagation constant of the vth supermode. Substitution of Eq. (4) into 

Eq. (3) gives

where I is the unit matrix.

Solution of Eq. (5) yields the N eigenvalues and the N supermodes E v, 

v = 1,2"- N . Each such eigenmode consists o f a unique phase-locked combination o f the 

individual channel amplitudes EJ with a propagation constant

The eigenvalues of a given N-channel array can be found by solving Eq (5) 

numerically. In the special case of identical channels with identical coupling coefficient 

k, = / ( , / ? ;= / ? ,  the solution is

E v(z )  = E v(0)exp(iPvz) (4)

( M  -  fi  VI  ) E V = 0 (5)

(6)

P V=P  + 2 k I  = 1,2-• ■ N (7)



JcThe splitting between the propagation vectors o f adjacent modes is on the order o f — . 

From (1) and (4), we can write the near field of the vth supermodes as

E v(x ,y ,z )  = f dA?el(x ,y )e (‘M  (8)
1=1

The field distribution in the far field, in the case of identical individual elements, is the 

Fourier transform of (8).

F v(0 )  = E0(Q)Y^ A;e'k",ss,"° (9)
1=0

where E0(ff) is the pattern o f a single element, s is the separation between adjacent 

elements and 0 is measured from the normal to the exit plane.

Figure 3 shows schematically the near-field and far-field patterns of the 

supermodes in a five-element array when the coupling coefficient is uniform.24

A special case of interest is the two-element laser array. The eigenvectors have the

form

E ,(z )  = 

E2( z)  =

-1
1

1
e

e - i ( P o - \ k \ ) z

(10)
■l(Po+W*

E x(z) is thus the anti-symmetric mode, whereas E2(z) is the symmetric mode. The modal 

patterns are depicted in Figure 4.
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Figure 3 Schematic illustration of supermodes in a five-element array and uniform
coupling, (a) near-field and (b) far-field
After Kapon et al., Opt. Lett., Vol 10, 125 (1984)
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Figure 4 The transverse (x) modal field distribute of the supermodes of a two-element 
laser array whose real and imaginary parts of the refractive profile are shown at the top.
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It is observed experimentally that semiconductor laser arrays tend to operate in 

the antisymmetric mode. This is because the antisymmetric mode has the largest modal 

gain due to the larger overlapping factor with the gain medium. Since the optical field 

goes through a null between the elements, the antisymmetric-mode also experience smaller 

absorption loss in the unpumped region. Unless a modal selection mechanism is built into 

the cavity, the array normally operates in the antisymmetric mode whose far-field has a 

dark fringe at the center.

2.3 Time-dependent coupled-mode theory

Recently, the temporal behavior and stability in laser arrays, especially in 

semiconductor laser arrays, have been modeled using the time-dependent coupled-mode 

theory which is essentially the coupled-mode theory in the time domain.

Spatial-dependent coupled-mode model has been widely used to analyze the 

passive waveguide arrays. In particular, modeling a passive structure using the coupled­

mode analysis can predict a splitting of the propagation constant, leading to a 

determination o f the eigenmodes o f the composite structure. To model an active structure, 

such as a laser, both the gain and the refractive index distributions which affect the array 

mode characteristics must be included. The coupling leads to splittings in both the 

frequency, and the modal gain of the array modes. The gain splitting is important because 

it determines which of the supermodes can oscillate. The time-dependent coupled-mode 

theory has been used to analyze the dynamics o f two resonators coupled through a
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common end mirror, injection locking, as well as directional-coupled guided waves. 

However the validity in applying the time-dependent coupled-mode model to laser arrays, 

in which the eigenmode of the composite waveguide has different resonant frequency from 

that o f individual waveguide, has never been tested experimentally.

In the following we will describe the time-dependent coupled-mode theory, its 

basic assumptions, mathematical equations, and predictions based on numerical 

simulations.

We will consider a laser array consisting of two identical emitters placed side-by- 

side and coupled through the evanescent waves. The isolated emitter is assumed to 

support only the TE00 mode. We use a complete set o f rate equations to describe the 

system. This analysis is based on the semiclassical laser theory modified to include terms 

that describe evanescent-wave coupling between adjacent elements o f the array. We start 

from the rate equations of the electric field of the first element by adding the electric field 

from the second one. The equation can be written as:

^ - [ E I(t)e i(n‘‘+M,))J  = {i(ol + { g ' ( l - i a ) ( N l ~ N J } E l(t)e i<n‘t+*‘<t» + 
at 2 (.11;

iKE2(t)e ‘w + ^ <,)}

where N j  is the population inversion, E j  is the field amplitude of the individual lasers, and 

and <|>i are the frequency and phase of the electric field, g ' is the differential gain, k  =

is the coupling coefficient, Nti, is the threshold population inversion, a  is the line

width enhancement factor. Here the coupling coefficient is complex, the real part being 

related to the splitting of the frequency of the modes and the imaginaiy part being
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proportional to the splitting o f the modal gains of the array modes. Following Ref[26], the 

coupled-mode theory can be used to calculate coupling strength ti, as shown in Figure 5.

Kab = ”c (x )  ~ " l (  x )Je(y >e (y ,dx (12)
ba a

where the transverse Junction sy(x) is taken as 

*

C exp(-qx)
s y = ■ C[cos( h x ) - ( q /  h)  sin( hx)\ (13)

C\cos( ht) + ( q / h )  sin( ht j \  exp[ p (x  + tj\

and

h = (n \k 2 - p 2 f 22r
2 „2u2 \U2q = (P  - n \ k  )' 

p  = (P 2 - n 23k 2) 1/2 
k = co /c

The normalization condition gives

C = 2h
cop

P (t + -  + - ) ( h 2 +q2)  
<1 P

1/2

(14)

(15)

Separating the real and the imaginary part in Eq (11), we obtain two equations on 

the magnitude and phase of the electric field, respectively.

= - g ' ( N , -  N„,)Et + [  E2 sin( Acot + A<j>)] - — [  E2 cos( Acot + A<j>)]
dt 2 n n ^

= ^ h . cos(A m  + Atj>) + ^ —— sinfAcot + A<j>) - ^ - ( N l - N J  
dt n E, n E, 2
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Figure 5 Spatial variation of refractive index for uncoupled waveguides na(x) and nb(x) 
and for a coupled waveguide nc(x).
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where A(J)=(j>r <}>2 , and in YAG lasers, we assume fijwcoj. A usual form of rate

equation has been adopted for population inversion, which can be expressed, assuming 

appropriated normalization for field amplitude E, as

^ -  = P - ^ L - r —  + g ' ( N , - N J J B f  (17)
«  Ts Tp

where xs is the lifetime of the excited state, xp is the photon lifetime, and P  is the pumping 

rate. The equations for the second element are identical to those o f the first one. With 

proper variable replacement, the complete set of coupled-mode equations for a two- 

element laser array are:

= ~ r ( N , - N J E ,  + ^ - [ E 2 sin(A<t>)]-^£[E2cos(A<t>)] (18)
dt 2 n n

~  = ~ ( N 2 ~ N J E 2 - ^ [ E ,  sin(Atj>)]- ^ -[ E ,c o s (A \f)]  (19)
dt 2 n n

d [ M .  = N )  + Aa) + !£&£ [ ! L  _ E l jcos(A,fi)
dt 2 n E, E2

+ s in (A j)  
n E, E2

(20)

M L  = P - ! L - [ ±  + gi '( N i - N J j E f  (21)
d t  Tp

= + - N J J E ]
d t  T s T p

(22)



21

The linewidth enhancement factor a , defined as the ratio o f the changes in the real 

part o f the refractive index to the imaginary part o f the refractive index with changing 

population inversion, represents the amplitude-to-phase coupling in a laser. In a laser with 

nonzero a , any change in the amplitude of the laser is accompanied by a shift in laser 

frequency. Through interference effect, the shift in laser frequency leads to further changes 

in the amplitude, resulting in complicated dynamics. In semiconductor lasers, a  ranges 

from 1-5. For solid-state lasers, a  can be considered as zero.

This set o f equations contains five independent variables. The time series of the 

field amplitude and relative phase can be obtained by direct integration o f Eq (18)-(22). In 

general, in a N-element system, the time-dependent coupled-mode equations become

~ j r  ~ ^ r (N , -  N J E t + ^ - [ E i+l sin(Ao)tt + AtjtJ -  E,_, s in (A o i^t + A<f> 
at 2 n

/c* c— — [ Em  cos(A cOjt + A(f>{)  + Et_, cos(A tu^t + Atfi^ )]  
n

(23)

i. ~ ( •m-'dt 2 n
E  E— cos( Aojtt + AQ J-v—̂ c o s f  A a ^ jt  + At}.
E, Et

K j C

n

j —i *-i

—zr~sin( Ao),t + A$t)  — ^ - s m (  A to ^ t + A ^ t_,
. Ei Ei

(24)

dN,!- = P - ^ - ( - L  + g ,( N , - N , t » E l  (25)
d t  T s T p

where Acol = coi -Q)M , Atf>, = tj), - 0 i+l

Through numerical integration, it has been predicted that a laser array is 

intrinsically unstable and phase synchronization is not always be reached. When phase
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synchronization fails, the time series of the amplitude and phase can exhibit a variety of 

dynamics, including sustained regular pulsation and irregular pulsation, and even chaos.

Previous numerical modeling predicts that laser array is dynamically unstable in 

three cases,4>16>17>27

(a) N>2 or

(b) N>2 and a^O, or

(c) N=2 and Aoo*0

The instability of case (a) is a result of increased dimension in a nonlinear system. 

An example of the calculated irregular time-series of the field amplitudes and phase of the 

individual elements is shown in Figure 6 for a five-element array. The presented instability 

can be regarded as self-induced phase turbulence because the intensity fluctuation of 

individual emitters is negligibly small while the chaotic evolution of relative phases 

persists. This inherent dynamics was attributed to the destruction of phase locking of 

multiple emitters due to population dynamics.

Case (b) applies to semiconductor lasers in which the amplitude-phase coupling is 

large and the phase self-organization process is interrupted by the changing frequency of 

the individual elements during the interaction. The computed time-series of amplitude and 

relative phase of a two-element semiconductor laser array are shown in Figure 7 using the 

parameters o f Ref 17. The relative phase is found to undergo sustained oscillation between 

tc/2 and -tt/2. The oscillating phase also leads to conclusion that beam scanning may be 

taking place in semiconductor laser arrays27. This prediction, first proposed by Ref 16,
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Figure 6 Calculated chaotic time series of (a) relative phase, and (b) time-dependent far- 
field patterns in a five-element coupled-waveguide laser.
After Otsuka, Phys. Rev. Lett., Vol 65, 329 (1990).
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a two-element semiconductor laser array in the unstable regime.
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was the basis of the notion that semiconductor laser arrays are intrinsically unstable, the 

facinating laser dynamics motivated our research project.

Case (c) represents a realistic situation in all types of laser arrays in which the 

individual elements do not have the same resonance frequency due to variations in cavity 

length, temperature, and population inversion. An example of this type of optical 

instability is shown in Figure 8 for a two-element Nd:YAG laser array with a frequency 

detuning o f 5 MHz.

So far, there has been no systematic experimental verification of the predicted 

instability in laser arrays. The only phenomenon that was widely cited as the evidence of 

instability was streak camera study of irregular pulsing behavior in a ten-element 

semiconductor laser array20. Briefly, the time series of the output intensity of one of the 

elements was found to exhibit irregular pulsations in the 100-ps time scale while the total 

output is relatively “quiet” . This self-sustained pulsing behavior was attributed to the type

(b) instability caused by amplitude-phase coupling. The numerical modeling based on the 

coupled rate equation seemed to support the existing of instability. However, it is also 

well-known that semiconductor laser arrays normally operate in multiple longitudinal 

mode. The sustained pulsing could also found explanation from the beating among the 

longitudinal modes. These questions can be answered only through a systematic study 

with well-controlled experimental conditions. The predicted instability in the amplitude of 

the lasing field can be detected from the intensity fluctuation of the laser output in the near 

field. The instability in the relative phase leads to beam scanning and can be detected from
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Figure 8 Calculated (a) irregular oscillation of electric field amplitude and (b) 
unbounded phase evolution in a two-element Nd:YAG laser array with frequency 
detuning of 5 MHz.



the intensity fluctuation in the far field. In the following sections, we will present 

expriment designed to test these predictions.
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Chapter 3 

Experiment

3.1 Diode pumped Nd:YAG laser array

The experimental setup for studying the phase locking process of the evanescent- 

coupled lasers is shown in Figure 9 and 10. Two spatially-separated parallel lasing 

filaments are created by end-pumping a monolithic Nd.YAG etalon using two 

AlGaAs/GaAs quantum-well diode lasers. The two-element diode-pumped Nd:YAG laser 

array provides us with a simple and stable system to study the phase-locking. The diode 

lasers are temperature regulated to generate outputs at 809 nm, the wavelength of the 

absorption peak of the Nd3+ ions in the Nd:YAG crystal. For a cavity length of 5mm, 

approximately 98% of the pump energy is absorbed. The pumping beams from the 

quantum-well diode lasers are linearly polarized, with the polarization direction lies in the 

junction plane. The two beams are combined by a polarizing beam splitter, which transmits 

one polarization and reflects the orthogonal polarization. In order to combine the two 

beams without loss, a half-wave plate is placed in the path of one of the pumping beams to 

rotate the polarization of that beam by 90°. The light emitting area of the active layer of 

diode is 60 pmxl pm. The asymmetry in the dimension makes the light emitted from 

diode highly asymmetric. The beam divergence angles in the vertical (Y) and horizontal 

(X) directions are 45° and 10° respectively. The pumping beams are focused on to the 

YAG crystal by two collimating lenses, one for each branch, with a focal length o f 6.5
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Figure 9 Schematic of diode-end-pumped two-element laser array in a Nd: YAG etalon
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Figure 10 Schematic of experimental setup
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mm, they are followed by a common cylindrical lens with a focal length of 2.5 cm. Each of 

the two collimating lenses is mounted on a 3-dimensional (3-D) translation stage, while 

the position o f the diode lasers are fixed. The focusing in the X direction is determined by 

the common collimating lens while the focusing in the Y direction is determined by the 

individual focusing lenses. The position o f cylindrical lens can be adjusted along the z 

direction to produce smallest spot at the center of the crystal. The pumping beams are 

quite uniform inside the crystal and expand by less than 8 pm in the y-direction throughout 

the crystal and by less than 600 pm in the x-direction. Fine tuning of the separation with 

an accuracy of 0.5 pm is achieved by displacing the laser diode using a piezoelectric 

transducer. Thus the coupling strength between the two laser elements in the array can be 

continuously varied without affecting the alignment by adjusting the position o f one of the 

pumping beams.

The Nd:YAG crystal is 5-mm in length and 5-mm in diameter. The two end 

surfaces are polished flat and parallel to within 1 arcsecond. The end facing the pumping 

beams is coated for high reflectivity (R>99.9%) at 1064 nm and high transmission 

(T>90%) at 808 nm. The output end is coated for 95% reflectivity at 1064 nm. The crystal 

is mounted on an angular orientation stage. The lowest threshold pumping power for CW 

operation, 110 mw, is achieved when the axis of the crystal coincides with the propagation 

axis of the pumping beams. The residual wedge results in a slight difference in the 

individual operating frequencies of the two elements due to the small cavity length 

difference. This detuning frequency can be detected from the frequency of beat waves
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when the two elements are unlocked. The frequency detuning can be controlled by 

rotating the etalon about the axis o f propagation.

Both the near- and far-field intensity distributions are monitored using two infrared 

video cameras. For the near-field observation, the magnified image of the intensity 

distribution o f the array at the output mirror is projected onto one o f the cameras. After 

calibration, the separation between the two waveguides can be measured directly from the 

screen of the video monitor. The diameter of the pumping beams is about 50 pm at the 

crystal.

For the far-field distribution observation, the detection setup is arranged as 

following: A small area avalanche Ge detector is used to detect the output light. In 

between the output mirror and the detector, two lenses and a pinhole are inserted. The 

beam is first expanded by a long focal length lens. And then a pinhole, mounting on a 3-D 

translation stage, is placed enroute to select the portion needed. Finally another lens is 

used to focus the light onto the detector. Also a small part of the beam is reflected into a 

second video camera after passing through the pinhole to be monitored.

3.2 Wave-guiding properties in Nd^+:YAG laser array

The wave-guiding mechanism in the array is determined by the combination o f the 

thermally-induced reffactive-index change and gain-induced wave-guiding. In Nd:YAG 

the refractive index increases with respect to temperature is about 7xlO'6/K 28 The real 

part of the refractive index step Anr, caused by the thermal effect, can be estimated 

experimentally using the following procedures. The magnitude of the thermally-induced
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refractive index step can be estimated by the frequency shift o f the beat waves o f two 

unlocked elements when the power o f the pumping beam of one of the elements is varied. 

The power of pumping beam is controlled by the injection current o f the semiconductor 

laser. For example, if the injection current o f one of the semiconductor lasers is increased 

by 81, the beat frequency will change by 5f correspondingly, due to the change of

refractive index 8n. Thus, by using -5f7ft=5n/n, where f=3xl014Hz, n=1.8, we can relate

the change of refractive index 8n with the small change of the current 81. We have found 

that as one of the pumping current changes by 10 mA, the beat frequency changes by 8 

MHz, corresponding to 5n=4.8xl0'8. To the extend that the temperature increase is 

proportional to the pumping current, the total change of refractive index would be lxlO '6 

for a typical CW pumping current of 200 mA. Although the refractive-index profile o f the 

waveguide is expected to be bell shaped, to simplify the analysis, we assume a rectangular 

profile with an index step of real 2x1 O'6 in height and 50 pm in width in the theoretical 

calculation. The calculated full-width-half-maxima (FWHM) of the eigenmode of the 

waveguide is about 150 pm. This calculated value is in close agreement with the 

experiment.

The imaginary part of the refractive index step can be estimated from the gain and 

loss of the cavity by:

A/i =  (26)
' 4 m 0

where g is the gain coefficient in cm 1, X =1.06 pm is the wavelength of Nd:YAG laser in 

vacuum, and n0 =1.8 is the refractive index of YAG, and Y  is the modal overlapping factor



34

with the pumped gain medium. Because the reflectivity of the two mirrors are 95% and 

100%, respectively, the round-trip loss is 5%. The imaginary part o f the modal index at 

threshold is calculated to be about 4.8xl0-7. Taking into account the confinement factor 

of 27%, the imaginary part of the refractive index step is 2x1 O'6. Although the real and 

imaginary part of the refractive index step are comparable, numerical calculation shows 

that the electric-field profile calculated with and without the imaginary part has only 

negligible difference. Thus this waveguide can be considered as index-guided. The real and 

imaginary parts of the refractive-index steps and the calculated modal profiles are shown 

in Figure 11. The parameters for Nd3+:YAG used in the text are summarized in Table I. 

When the two elements are separated by a large distance, the coupling is weak and the 

two individual laser elements operate independently. For pumping area of 50 pm, the 

beam diameter is 190 pm in the near field and the beam divergence is 0.07 degree in the 

far field. The far-field pattern has a Gaussian-like pattern which is the incoherent addition 

of the intensity of the two elements. When the separation is less than 600 pm, phase 

locking is observed. At this point, the far-field pattern exhibits the typical two-lobed 

pattern with a dark fringe at the center, characteristic of the antisymmetric mode. This 

anti-symmetric mode is dominant because the overlap of the optical field with the lateral 

spatial gain distribution is maximized for this mode. The optical intensity goes through null 

between the two elements, so that the mode “avoided” the region of low optical gain. For 

example, for an inter-element of 300pm, the overlapping factor with gain region is T=25% 

for the symmetric mode and T=31% for the antisymmetric mode respectively.
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Figure 11 The refractive index profile of the (a) real part and (b) imaginary part of a 
two-element laser array and (c) computed modal profile.
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Table I The parameters for Nd:YAG laser array

Parameters Values

Cavity length 5 mm

Crystal diameter 5 mm

Coating Input: HR@1064 nm & HT@809 nm 

Output: 95%@1064 nm

Pumping area 50 |am x 50 pm

Near-field 190 pm

Far-field divergence angle 0.07 degree

Change of nr 2X10-6

Change of ni 2x1 O'6

For separations less than 200 pm, the laser is found to operate in mixed symmetric 

and antisymmetric modes. The mixed mode operation is characterized by a reduced fringe 

contrast and a beating pattern at the frequency corresponding to the frequency difference 

of the two modes. Shown in Figure 12 are the photographs of the far-field o f locked state 

(a) and unlocked state (b).



Figure 12 Photographs of the far-field patterns of (a) phase-locked state in the 
antisymmetric mode and (b) the unlocked state.
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3.3 Temporal evolution of phase locked mode

One o f the main objectives of this study is to observe the instability and transitional 

behavior of phase locking. We are interested to see if the relative phase of the two 

elements undergoes a time-dependent transition. The best way to monitor such transition 

is to carry out a measurement of the time series in the far-field. The far-field intensity at 

any given position can be approximated by [E ,+  E2eĤ Mt)) ] 2 where Ej and E2 are the 

field amplitudes of individual element, <J>o is the relative phase at the steady state, and A<j>(t) 

is the time-dependent phase deviation from the steady state. Thus any transient relative 

phase oscillation about the steady-state values as predicted in Ref 17, would result in an 

intensity oscillation. Such intensity oscillation, if any, can be observed by placing a small 

area detector at the center of the far-field pattern.

In order to observe the dynamics of phase locking after the laser is turned on, the 

CW laser array is momentarily turned off for a short period and the recovery of phase 

locking is monitored by a photo-diode in the far-field. In our experiment, the pump beam 

can be turned off by superimposing a negative current pulse to the positive CW current of 

diode laser. The independent power supply provides a convenient way to interrupt one or 

both pumping beams. The turn-off period is about 250 ns which is short enough not to 

cause any heating effect or affect the waveguide and long enough to completely turn off 

the laser (the photon lifetime of our system is 1.2 ns). The laser operates in the 

fundamental transverse mode with CW pumping current slightly above the threshold.

When the laser is operating in the out-of-phase mode, we adjust the size of pinhole 

to select only the dark center and focus the light on to the fast detector. By moving the
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pinhole to the valley and peak o f the far-field pattern, the time series of the intensity of the 

peak and valley are recorded. Figure 13 shows the time series o f intensities measured at 

the peak and valley of the far-field distribution. If the phase locking is a slow evolutionary 

process, we would expect to see the oscillatory behavior in the time series as shown in 

Figure 14. However, we have found that when the laser is turned on, the intensity 

undergoes a damped relaxation oscillation and its damping time constant is comparable to 

that of the relaxation oscillation of the individual laser. Most importantly, the intensity at 

the center of the far-field pattern is zero as soon as the lasing begins and maintains 

throughout the process. This observation indicated that phase locking is developed as fast 

as the occurrence of first peak o f the relaxation oscillation and the development of phase 

locking does not undergo a slow-evolutionary process as predicted by the coupled 

oscillator theory. Furthermore, once the coupling is strong enough to ensure phase 

locking, the time it takes for this fast locking process is found to be independent o f the 

coupling strength. The fast locking is also independent of whether one or both elements 

are interrupted.

3.4 Detuning characteristics of laser arrays

The frequency detuning is the difference between the resonance frequencies o f the 

oscillating modes of the individual elements. In general, the frequencies o f the individual 

elements in the array when operated in the absence of the other are not exactly the same 

due to variations in the effective cavity length caused by variation in cavity length,
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Figure 13 Time series of intensities measured at the peak (upper trace) and valley (lower 
trace) of the far-field distribution. The 250 ns turned-off period is not resolved in this time 
scale.
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Figure 14 Time series of intensities at the valley (a) and peak (b) of the far-field 
intensities calculated using coupled-oscillator model.
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temperature, cross-sectional area and population inversion. It is of interest to see how 

these elements with different frequencies become phase locked and to measure how large 

a detuning the system can tolerate when phase locking is maintained.

The experimental setup is similar to the one described in Figure 9, except that a 

10-seconds wedge angle between the two-end mirror surfaces is deliberately introduced. 

The wedge results in a small difference in the round-trip optical path for the array elements 

and, therefore, a small difference in their individual operating frequencies. By rotating the 

NdrYAG rod along the axis o f the propagation, the detuning between the two elements 

can be “tuned” from the minimum to maximum for a fixed separation between the two 

elements. The difference in the oscillation frequency manifests itself as the beating waves 

when the two elements are unlocked. The beat wave can be detected by an avalanche 

photo-diode placed in the far field and its frequency can be measured using a Tektronix 

7L13 spectrum analyzer. On the other hand, when the two elements are phase locked, the 

array operates in a single frequency without beat waves. Thus the occurrence of beat 

waves signifies the breaking of phase locking.

To generate the map of the boundary o f phase locking, the two lasing elements are 

brought close to each other so that phase locking is established. At this point, the far field 

intensity distribution has a two-lobed profile with a dark fringe at the center. These two 

elements are then pulled away continuously until a beat note appears on the screen of the 

spectrum analyzer. The frequency of the beat waves, as they first appear, is considered as 

the maximum tolerance of the detuning for phase locking. At this point the corresponding 

separation between the elements is recorded. The procedure is then repeated for different
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wedge angles in the etalon. The detuning frequencies are then plotted as a function of the 

separations. The data are shown in Figure 15. The detuning frequency at which the 

transition takes place range from 200 MHz for d=300 pm to 2 MHz for d=600 pm. In our 

experiment the separation at 600 pm appears to be the maximum distance for phase 

locking. No phase-locked mode is observed for separations larger than 600 pm.

The modal patterns and the transitional behavior in the vicinity of the boundary is 

worth noting. For small inter-element separation and large detuning, the transition from 

the phase-locked to unlocked states is abrupt as the boundary is crossed along line A in 

Figure 15. As the boundary is crossed the occurrence of the beat wave is accompanied by 

a distinct change in the modal patterns from the two-lobed far-field profile, shown in 

Figure 16(a), to the single-lobed profile shown in Figure 16(b). For large inter-element 

separation and small detuning, the transition is gradual and the phenomenon is more 

complex. As the two elements are pulled away following path B (in Figure 15), the 

occurrence of the beat wave is accompanied by a gradual reduction of the contrast ratio in 

the two-lobed far-field pattern, as shown in Figure 17(b). As the separation is further 

increased, the patterns undergo an evolution from the two-lobed profile to the three-lobed 

profile with a peak at the center, as shown in Figure 17(c), and for further increase of 

separation, to the broad single-lobed profile as shown in Figure 17(d).
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Figure 15 The boundary o f phase locking in the space of detuning and separation. 
The closed circles are the experimental data.
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measured at points (a) A and (b) A'.
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4.1 Comparison with the predictions of coupled-

osciilator model

At first, we attempted to model the array dynamics by treating the effect by a 

coupling term between electric fields o f two identical lasers follow the equations (18)- 

(22). The parameters are: 

xs= 2 0 0  jxs

_  n
%p ~ c ( a - l / l l n y j R , R 2)

where n is the refractive index o f media, c is the speed of light in vaccum, a«0  is an 

average distributed loss constant per round-trip, Rj  and R2 are the mirrors' reflectivity 

R jR2~0 95, and /  =10 mm is the round-trip cavity length. xp calculated to be 1.2 ns. g'  and 

Nth satisfies ̂ W</lXp=l.

For convenience we introduce the following normalized variables and parameters:

X ^ ^ g ' x J ^ E ,

Zt = ( I / 2 ) g ' N thxp( N i / N th- I )

p  = ( l / 2 ) g ' N thxp( P / P th- J )  (27)

x\ = (K.c/n)xp

T = x s / x p



Then for a two-element array, the coupled-mode equations become

- y -  = z,x, + sinO -  r\jX2 cosd (28)
ax

dx7 _
-  z2x2 -  ii„xi sin0 -  rjjX, cosQ (29)

ax

d® a x2 . x, . . n
—  = Aco + 1 1 , /—-------- ) c a v 0  4 -r) ,^ — +  — J.S///0 (30)
ax x2 x, x, x2

T ~ h = P ~ z i ~ ( 1 + 2z , )x f  (31)

T ~  = p - z 2 - ( l  + 2z2) x 22 (32)

Following the spirit of Ref 15-16, we tried to use the above Eq. (19)-(23) with 

only real part of coupling coefficient to simulate the phase-locking process after the laser 

array is turned on. In Figure 14(a) and (b), we show the calculated | Efi- E2ei012 and I E r  

E2ei012, corresponding to the minimum and maximum intensities of the two-lobed far- 

field pattern. The time constant for the establishment of the phase-locked state is on the 

order of 300 ps. Also, the recovery process from below the threshold to the steady-state 

intensity has been simulated when one of the element is turned off for 250 ns, Figure 18. 

The perturbation is found to transmit from one element to the other and back, the time 

constant is /  xp. In the two-element the calculated time-constant is on the order of

several ps.
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Figure 18 The calculated recovery process from below the threshold to the steady-state 
intensity when one of the elements is turned off for 250 ns.
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The experimentally observed fast locking and lack of a slow evolutionary process 

and slow energy transfer between the elements arc not consistent with previous prediction 

based on the coupled oscillator model. This discrepancy can be in part removed by 

introducing a large imaginary part of the coupling strength. The imaginary part of the 

coupling strength and its effect on phase locking time was not properly taking into 

account in most earlier literatures on the dynamics in laser arrays. We have found that 

even a small imaginary coupling strength can result in a fast locking that may explain the 

fast locking and lack of a slow evolutionary process. Figure 19 shows a calculated time 

series of the |E ,+E2ei0| 2 and |E r E2ei0| 2 evolution with rp 0, defined as

-of -  Jl/lflSC )  *

71' 2 h n (nsnlglc)

Based on the coupled-oscillalor model, the phase-locking process is treated as an 

injection locking process. The tolerance of detuning and the locking range is determined 

by the coupling strength. The imaginary part of the coupling strength decreases nearly 

exponentially with the separation, shown in Figure 20. Thus we would expect a 

corresponding decrease in the tolerance of detuning as the separation increases. A 

numerical simulation is carried out to determine the tolerance of detuning for phase 

locking. The system is considered to be phase locked if, alter periods of transient 

oscillations, the amplitude and the relative phase reach a steady state and the two elements 

operated in same frequency. The system is considered unlocked if the relative phase 

increases linearly with time, creating a beating phenomenon of two independently operated 

lasers. The locking range and locking dynamics are strongly influenced by the magnitude
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Figure 20 The calculated coupling strength between the two waveguides as a function 
of separation d.
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of r|j and, to a much less degree, by r|r. If r|j is neglected, the calculated boundary of stable 

phase-locking for our experimental condition is plotted in Figure 21 line(a). The calculated 

detuning frequencies of stable phase locking are five orders magnitude smaller than the 

experimental values. In the vicinity of the boundary, there also exist a region in which the 

laser amplitude and phase exhibit irregular oscillations. If r|j is set to be Ag/2g, where Ag 

is the difference of the numerically calculated modal gains of the symmetric and 

antisymmetric supermodes, the calculated boundary of stable phase-locking, ranging from 

23 MHz for r)| = 0.1 at d = 300 pm to 3 MHz for rjj = 0.03 at d = 600 pm, plotted in 

Figure 21 line(b). Compare with the theoretical calculation, the predicted detuning 

tolerance is one order of magnitude less than the observed.

Using the coupled-oscillator model, the magnitude of the electric fields in the two 

branches for a phase-locked mode are nearly equal, regardless of the detuning. Thus the 

far field pattern of the phase locked mode should be two lobed, at all times. This certainly 

can not account for the complex modal pattern in the transition region.

4.2 Re-examination of coupled-oscillator model

According to the coupled-oscillator model, phase locking is a result of phase 

synchronization between two oscillators. When the locking fails, the system becomes two 

individual elements, each operating in their respective frequencies with nearly equal 

amplitudes. Thus the state of operation is determined by the competition of four modes: 

the eigenmodes of the individual waveguides and the symmetric and antisymmetric modes 

of the composite waveguide.
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Figure 21 Calculated detuning frequency for the strong coupling (filled circles) and 
weak coupling (squares) regimes for comparison with the experimental data (open 
circles), the solid curve is calculated using coupled-oscillators equations.
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The experimentally observed modal pattern and mode competition is certainly 

more complex than predicted by the coupled-oscillator model. For example, the three- 

lobed profile, shown in Figure 17(c), can not be synthesized by the linear superposition of 

two eigenmodes of the individual waveguides with equal amplitude. Thus we need to find 

an alternative approach to treat the problem of phase locking.

Our study reveals that a system of a two-element laser array with detuning, such as 

the one depicted in Figure 22, is not a two-mode system but can possess numerous 

eigenmodes each having a different frequency. The key point here is the detuning between 

the two arms due to the uneven length. Each arm has its resonance frequency. However, 

once the system is phase locked, there only exists one single frequency electric field. The 

question is: since the resonance frequency is differ from point to point along the transverse 

direction, at which frequency can the system be locked together.

In the following we will show that for a given frequency launches into the two- 

element array, there exists a distinct transverse distribution of the electric field and a 

characteristic modal gain. To quantitatively describe the electric-field profile, numerical 

calculation was carried out using the beam propagation method in an active waveguide. 

The laser is treated as a Fabry-Perot (F-P) etalon with gain. For an initial field of arbitrary 

amplitude and phase distribution, Eei(P, the waves undergo multiple bounces in the cavity. 

The number o f bounces is determined by the mirror reflectivity of the F-P cavity. In the 

process of the propagation in the cavity, two effects must be taken into account. One is 

the amplification o f the electric field in the gain media that must be considered if any active 

waveguide is simulated. Secondly, we must consider the Fabry-Perot effect by repeatedly
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adding the electric field of earlier multiple bounces. These steps are crucial in determining 

the electric field in our situation due to the wedged etalon we used. At the branch where 

its cavity length is resonant with the frequency of the wave, the constructed interference 

occurs. In the branch where the given frequency does not match the frequency of the 

wave, the resultant electric field is partially canceled by an amount depending on the 

detuning frequency. The steady-state field is obtained by the summation of the output 

electric field over the coherence time as:

E (x )  = £  Eme*jx ) ( l  -  ry fê e-""/r (33)
m

where x  is along transverse direction, z  is longitudinal direction, Em and <pm are the 

amplitude and phase of electric field inside cavity after the m"' round trip, k  is the wave 

number which is equal to an integer multiple of 2ti/A, where the integer is chosen so that 

the wavelength corresponds to the peak of Nd:YAG gain curve, and x is the photon 

lifetime. The factor e~ml/t (m is the integer, representing the number of round trips) is 

introduced to make the series convergent, since the addition of the electric field lasts over 

a period that is equal to the coherence time of the laser. The magnitude of the coherence 

time is equal to inverse of the laser linewidth. The laser linewidth measured from the 

spectrum analyzer is about 200 kHz, which corresponds to a coherence time of 30 (is.

Figure 23 illustrates the calculated near-field modal intensity patterns representing 

three different resonance conditions for an etalon with 15 MHz detuning between the 

elements. For the purpose of later discussion, only the antisymmetric modes with one node 

are generated for each frequency. The commonly known phase-locked mode, denoted as
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Figure 23 Calculated near-field patterns for waves resonant with (a) the left branch, (b) 
the composite waveguide, and (c) the right branch. The inter-element separation of 550 
pm and detuning of 15 MHz.
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mode C has a frequency that is resonant with the averaged cavity length /<~(// + hi)/2 of 

the composite waveguide. The waves propagating in the two branches of the waveguide in 

the wedged etalon are slightly off resonance by an equal amount and the resultant fields in 

the two branches are equal in magnitude, as shown in Figure 23(b). For any other 

frequencies, the waves propagating in the two branches of the waveguide experience 

different interference conditions, resulting in an asymmetric field distribution. Modes I and 

II, in Figure 23(a) and 23(c), correspond to frequencies nearly resonant with the cavity 

lengths // and ///, respectively. For the detuning frequencies of interest in our experiment,

o
the difference in the length of the gain medium in the two branches is less than 10 A . Thus 

these two asymmetrical modes have nearly the same modal gain and can exist 

simultaneously, resulting in a beat wave at the detuning frequency.

The existence of these modal patterns was not appreciated before. The uneven 

intensity distribution can not be synthesized by using the coupled-mode equation with 

identical elements. If the detuning is sufficiently large, the waves propagating in the off- 

resonant branch experience large losses, and nearly all the intensity of modes I and II 

resides in one of the element, as shown in Figure 24 for a detuning of 350 MHz. These 

patterns resemble those predicted by the C-0 model with identical elements.

As we have discussed above, taking the Fabry-Perot effect into account during the 

formation of the laser will result in a competition among the modes based on their modal 

gain. In the following, we will show that this competition model can fully explain the 

observed modal patterns and transitional behavior. The lasing mode is the eigen modes of
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the composite waveguide with the largest modal gain. (The modal gain is the imaginary 

part of the modal index.) Mode C is favored over Modes I and II if 

exp{2gc( A c o ) l } R ( l - a c(Aa>))>exp{2gi(Aa>)l}R(I-a i(Aco)) i=I, II (34)

where g  is the modal gain, I is the cavity length, R  is the mirror reflectivity, a  is the 

coupling coefficient per reflection at the mirror. Both g  and a  are functions of the 

detuning frequency, Ago. For small detuning frequencies, Mode C is favored owing to its 

higher modal gain. Depending on the detuning frequency at the boundary, two limiting 

regions are discussed separately as following.

1. Strong coupling

For small inter-element separations, the coupling coefficients can be as large as 

0.1. The breaking of phase locking typically occurs at large detuning frequencies as we 

have discussed in section 3.4, the modal patterns of phase locked and unlocked modes are 

distinctly different. The competition took place among the eigen modes of distinctly 

different intensity distributions shown in Figure 24. The abrupt transition is due to the 

switching from Mode C, shown in Figure 24(b), which gives rise to a two-lobed far-field 

profile, to Modes I and II, shown in Figures 24(a) and 24(c), which give rise to a broad 

single-lobed far-field profiles. In this regime, modal gain of single-lobed profiles (Modes I 

and II) can be approximated by those of the single element laser. The effect o f unequal 

length between the two elements created by the wedge angle of the etalon is to introduce a 

position-dependent phase shift across the wave front and accompanied loss after each 

round trip inside the cavity. Assuming that the phase shift occurs near the wedged mirror,
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Figure 24 Calculated near-field patterns for wave resonant with (a) the left branch, (b) 
the composite waveguide, and (c) the right branch. The inter-element separation is 350 
pm and the detuning frequency is 350 MHz.
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the coupling coefficient a(Aco) upon reflection from the mirror can be calculated from the 

overlapping integral of the wavefunctions of the incident and reflected waves:

a ( A a )  = |J y/ei2kA2(x)ii/ * d x f  (35>

where Az(x) =xtan0 and 0, the wedge angle, is related to the detuning frequency by Aco=(fi 

d//)tan0 where d  is the separation between the two waveguides, Q  is the laser frequency, 

and / is the cavity length. For a given wedge angle, the coupling loss is larger for a beam 

with larger effective cross section. Thus the coupling loss, 1-a, of the Mode C increases 

more rapidly with the wedge angle than those of Modes I and II. The calculated loss, 

( 1 - a ) ,  as a function of wedge angle for various inter-element separation is shown in 

Figure 25. For sufficiently large wedge angle, the difference in the coupling loss can 

eventually offset the difference in the modal gain, resulting in switching of operation from 

mode C to modes I and II. In this calculation, the wavefiinction o f mode C is the eigen 

function of the waveguide and those of the mode I and II are approximated by the 

wavefunction of the individual waveguide. The calculated cross-over points, 

corresponding to the boundary of the phase locked and unlocked states, are plotted in 

Figure 21 by the solid line with filled circles. Hence in the regime of small inter-element 

separation, the calculated detuning frequencies at the boundary of phase locking are 

remarkably close to the experimental values for small inter-element separations 

considering that there is no adjustable parameters in the calculation. The calculated 

boundary for large inter-element separation deviates from the experiment data because, in
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this regime, the approximation of the wavefunctions of modes I and II by those of the 

individual element is no longer valid. We will discuss it further in the following paragraph.

2. W eak coupling

For large inter-element separation, the breaking of phase locking occurs at small 

detuning frequencies. The modal competition near the boundary involves the type of 

modes shown in Figure 23. The same calculation described in the previous section 

indicates that, for a detuning frequency on the order o f several MHz, the loss caused by 

the wave front tilt at the wedged mirror is negligible. This is also illustrated in Figure 25, 

(1-a) changes with wedge angle approximately in 0 2 and for 0 in the range of 0-10 

second, the loss is less than 2 x 10-5. The main effect of increasing detuning is to cause 

changes in the modal gain due to redistribution of intensity between the two elements. To 

calculate the modal gain, the effect o f a small detuning frequency in the Fabry-Perot cavity 

is assumed to cause a steady-state effective mirror reflectivity, y , in each branch given by

( 1 - r ) 2 
1 + r 2 - 2 r  cos(2kd)y = - ( 36)

where d  is the cavity length, r is the reflectivity of the output coupler, k  is the wave 

number. The y factor is 1 for on resonance and is less than 1 for off resonance. The loss 

(1-y) is then incorporated into the refractive index profile of the waveguide by adding 5ni 

= ln(y)/4ur to the imaginary part of the refractive index steps where T is the overlapping 

integral o f the modal intensity with the gain medium. The modified refractive-index 

profiles are then used for calculating the modal gains. For Mode C, the two branches 

experience the same loss,
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( l - r /
Y > =  y * ~ ~ n ~ 2  9 — — f*7 + r  -2 rco s(2 k ll u )

the detuning results in a rapid decrease in the modal gain due to deviation from resonance 

in both branches. For Modes I and II,

s i  <1 ~ r >2
1 + r2 -2 rco s(2 k ljj)

or vise versa, the effect of detuning is to shift the intensity from the element that is off- 

resonance toward the element that is closer to resonance, resulting a slower decrease in 

the modal gains with increasing detuning frequency. The calculated cross-over points are 

plotted by the solid line with triangles in Figure 21. This calculation predicts a much 

smaller tolerance of detuning in closer agreement with the experimental measurement. 

Furthermore, the features of the modal patterns in the vicinity of the transition can also be 

explained by this modeling. Figure 26 shows the calculated near-field and far-field modal 

patterns of the operating modes when the separation is increased for a given wedge angle. 

The phase-locked mode has a contrast ratio of 1 as shown in Figure 26(a). As the 

boundary is crossed, the onset of two independent asymmetric modes results in reduced 

contrast ratio, as shown in Figure 26(b). For larger separation, a three-lobed pattern 

occurs due to the intensity addition o f two modes with highly uneven intensity distribution 

in the two elements as shown in Figure 26(c). For further increase in separation, a broader 

single-lobed profile is obtained as shown in Figure 26(d).

The absence o f phase locking for separation greater than 600 pm can be attributed 

to the time-varying detuning which is comparable to the detuning tolerance. In our
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Figure 26 Calculated modal patterns of near-field and far-field of the dominant 
operating modes for various inter-element separations. The solid and dashed curves 
represent the eigen modes resonant with one of the elements o f the composite 
waveguide.
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experiment, the beat frequency of two unlocked laser has a short-term fluctuation of 1 

MHz over a 1 ms period. This corresponds to a relative temperature variation of 3x1 O'4 K.
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Chapter 5 

Studies on semiconductor laser arrays and three- 
element solid-state laser arrays

5.1 Locking range of semiconductor laser arrays

Based on the understanding gained in the study of solid-state laser arrays, we now 

apply the same approach to analyze the locking range in semiconductor laser arrays in the 

presence of frequency detuning. This problem is of great practical importance and yet has 

not been investigated before.

In monolithic semiconductor laser arrays, the adjacent elements have the same 

physical cavity length. However, variations in temperature, carrier density, and stripe 

width caused by the uncertainty of microelectronic fabrication processes inevitably exist. 

For example, the red shift in lasing wavelength caused by increasing temperature is 0.05 

nm/K. Thus a temperature difference o f 0.01K between adjacent elements can cause a 

frequency detuning of 250 MHz.32 Variation in the lateral dimension of waveguide can 

also causes variation in the oscillation frequency.

In the following, we will first establish the waveguide parameters for a typical 

semiconductor laser array.

(1) Real-part of the refractive index profile

In semiconductor lasers, the real part of the refractive-index profile is determined 

by the temperature gradient across the stripe and by the gradient of carrier density. The
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refractive index increases with increasing temperature and decreases with increasing 

carrier density. The combination of these two effects is quite complex. To simplify the 

analysis without losing generality, we will treat the case for pulsed operation and neglect 

the effect of heating. The real part of refractive index is then related to the carrier density 

through 

A nr = -aAw,

where Awr is the change of the real part of refractive index of gain media caused by the 

carrier-density fluctuation, Aw, is the change of imaginary part of the refractive index, and 

a  is phase-amplitude coupling constant. Since the carriers density is higher at the center of 

the stripe, the waveguide has an antiguiding (defocusing) effect for pulsed operation.

Consider a semiconductor laser created by optical pumping, the carrier density has 

a Gaussian-like distribution. For the sake of later discussion (current density rather than 

carrier-density is used by the reference curve), we equivalent the carrier-density into 

current-density, which satisfy the same distribution and can approximated by

where N  is current density, No is the maximum density, cr is the Full-Width-Half- 

Magnitude (FWHM) and x0 is the origin o f x-coordinate(can be set to zero). According to 

our experimental condition, we choose the FWHM to be 7 pm and the threshold pumping 

current to be 100 mA. Therefore

N  = N 0e ( A / c m 2) (37)

a  = 7pm

pj _ I  _ 100mA
0 S  7/um x 500jm

2.8 x 103 ( A /  cm2)
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where S  is the cross-section area.

(2) The imaginary part o f the refractive index profile

The relation between the gain and the current density does not follow a simple 

analytical relation. In quantum-well lasers, the gain typically increases following a linear 

relation for small current density (less than 121 A/cm2) and following a parabolic function 

for current density greater than 121 A/cm2. We approximate the gain-current density 

relation by

N  = N 0 + bg + ag2, when g  > 0 

N  = a 'g  + N 0 , w hen g < 0

where N  is the current density and g  is the gain and a, b, a’ are coefficients determined by 

curve fitting using the gain-current relation published in Ref [33]. Thus the above formula 

can be rewritten as:

g  = 5.9 J N  -1 1 9  -  8.2 (1/cm) for Wte 121.2 (A/cm2) (38)

g  = 0.825N  - 100 (1/cm) for A/< 121.2 (A/cm2) (39)

By combining Equations (36) (37) and Equations (38) (39), the gain profile can be 

expressed as

g  = 5.942.8 x jo 3e-° 0566x2 -1 1 9  -  8.2 (1/cm) for Ate 121.2(A/cm2) (40)

g  = 0.825 x 2.8 x 7 0 -V o < w  - 100 (1/cm) for N  < 121,2(A/cm2) (41)

The eigenmode of the waveguide is calculated numerically. The calculation is done 

by dividing the waveguide into 6 regions with linear ramp-type distribution. These ramp- 

type lines have end points, calculated by inserting the jc, into the above equations, at
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lateral distance (x pm) Imaginary of index (A//,) 

3.5 3x1 O'4

0 2.1X10-4

-4  0

-7 -3.3X10-4

-7 -3.4x1 O'4

This imaginary part of refractive index is shown in Figure 27(a). The corresponding Anr is 

plotted in Figure 27(b) for a  = 1.

The refractive index profile of the waveguide for the two-element semiconductor 

laser array is shown in Figure 28. As shown in Figure 27, the individual element is an 

“gain-guided” antiguide laser. When two antiguide lasers are placed in closed proximity to 

each other, the region between the elements becomes a “waveguide” which draws the 

modal field away from the gain region and thereby reduces the modal gain. For larger 

separation, the field distribution of the eigenmode of the composite waveguide can be 

highly distorted with most o f the energy propagating outside the gain region. Two 

examples of the modal field distribution for two different separations are illustrated in 

Figure 29. The antiguiding results in a rapid decrease in the modal gain as the inter­

element separation is increased.

As discussed in section 4.2, the effect of frequency detuning between the two 

branches of the waveguide is to introduce a larger effective mirror loss to the branch
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whose frequency does not match the frequency o f the wave. The loss (1-y) is then 

incorporated into the refractive-index profile of the waveguide by adding 8//( = Iny /  4T 

to the imaginary part of the refractive index steps and by subtracting a  x 5//, from the real 

part of the refractive index steps where T  is the overlapping integral of the modal intensity 

with the gain medium. The modified refractive-index profiles are then used for calculating 

the modal gains. The calculated boundary for phase locking in the detuning vs separation 

space are plotted in Figure 30. The largest detuning frequency such system can tolerant is 

30 GHz and it decreases rapidly to zero. The cut-off is mainly caused by the distortion of 

the modal profile in the antiguide laser array when most of the modal energy is pulled 

toward the region between the gain region. Thus although the coupling strength is still 

quite large, “phase-locked mode” is not favored due to reduced overlapping with the gain 

regions.

5.2 Modal behavior of a three-element laser array with 

parallel coupling

The study o f phase locking is extended to a three-element laser array. The three- 

element array is of interest because, according to theoretical predictions based on the C-0 

model, it was unstable and could not form a phase locked mode due to the large number 

o f dynamic variables in the system14. The three elements can be arranged to form a linear 

array with series coupling in which the coupling takes place between adjacent elements, or
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a triangular array with parallel coupling in which each element is coupled to every other 

elements in the system. We have studied the triangular array, as shown in Figure 31.

The experimental setup is similar to that shown in Figure 10 except that a third 

semiconductor laser is added as the pump source and the Nd:YAG etalon is 1-nun thick.

A three-element laser array with parallel coupling is expected to have two 

eigenmodes with minimum coupled intensity characterized by phase difference of 2rc/3, 

and -2tc/3. These two configurations can be explained as following. The Gaussian-like 

field amplitude g„ with unit mode radius centered on (x„o, y no ) is given by

where a„ is real amplitude constant and <j>n is the phase. Assuming that the intensity for all 

modes is unit and the distance between the elements is 2d. The intensity o f the 

superposition o f the three elements can be expressed as

= 3 + 2exp[-2d2]{cos(<j>; -fy2) + cos(fy2 - § 3) + cos(i|>3 - § ,)}

Defining the phase difference between elements Ai as,

A, = <j); -  <j)2 + 2n,re

^ 2 = ^ 2  — *̂5 2n2% (44)
A,, = <j>3 -  <|)/ + 2n3%

where w, denotes arbitrary integer.

The minimum can be found by setting the partial derivatives o f coupling intensity 

to zero. Namely,

■a„ e x p [ i ( + § J ] e x p [ - ( x -  x„0) 2 - ( y -  y n0) 2] (42)

I / d ) =  f d x f  dy\g, +g 2 + g3\2
(43)
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Figure 31 Schematic of the three-element laser array.
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dl— — = -2  exp[ -2 d  ]  (sin A, -  sin A 3)  = 0 
oA,
dl (45)— — = -2  exp[-2d2 ](sin A2 -  sin A 3)  = 0 
dA2

Equation (45) is satisfied by either 

A, = A2 = A3 = ± ^ - ,0 ,n

or, any combination of 0, it, it for Ai. (One of the Aj is 0 and the other two are it). It is 

obvious that ±2ji/3 gives the minimum coupled intensity. The coupled intensity is 

proportional to the laser output from the cavity, and also proportional to the input. So 

minimization the coupled intensity means that the lowest threshold is achieved. From this 

consideration, the mode with 2it/3 or -2it/3 phase relation is most favored due to the 

highest gain. The spatial patterns for ±27i/3 are same.

As the first order approximation, we assume that the electric field in each element 

has a Gaussian distribution and the modal field of the laser array is produced by linear 

superposition of eigenmodes of a fixed phase difference. We assume the three individual 

lasers are identical, each with field amplitude Eo and waist ooo. The far-field intensity at any 

point (x, y, z) in space can be expressed as following:

E (  X, y , z )  = Yu E o ~ 7 —, exP { ~ j [  fe - n (  z ) ]  ~  ri [  —rr~ \ +“ 7 (o(z) co ( z )  2R (z)

z 2where co2( z )  = (o20( l  + — )
Zn

■x\(z) = icm-‘( — )
Zn

(46)
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R ( z ) = z ( i+ 4 ;
z o

rt = ^ x f + y f + z f

main
z° = —

Shown in Figure 32 is the calculated far-field pattern corresponding to phase relation of 

2 n / 3 . The parameters used in Figure 32 are ©o = 200 pm, z=100 cm, and A,=1.06 pm.

Shown in Figure 33 is our experimentally observed far-field pattern o f three- 

element parallel coupled laser array. The pattern is donut shaped with the center in total 

darkness, indicating that it is the mode with phase difference 2rc/3.

Although the near- and far-field patterns are rather stable and reproducible, the 

polarization o f the pattern as viewed through a linear polarizer is unstable. Various 

polarization states, from nearly linearly polarized state to other undetermined polarization 

states, have been observed from time to time. We attribute this unstable polarization 

property o f the system to the sensitivity to external perturbation in the three-element 

system. Unlike the two-element system, in which a preferred interaction axis lies along the 

line connecting the two elements, three-element system with parallel coupling do not have 

a preferred axis. Therefore any inadverdently introduced and time varying perturbations, 

such as detuning, uneven temperature distribution, and pumping energy etc. between the 

elements, could easily break the symmetry and determine the momentarily polarization 

states.
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Figure 32 Calculated far-field patterns of a three-element phase-locked Nd:YAG laser array 
The phase difference between the elements is 2rc/3.
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Figure 33 Photograph o f far-field pattern of three-element parallel coupled laser array



Chapter 6 

Summary and Conclusion
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This study was motivated by the various interesting predictions o f optical 

instability and nonlinear dynamics in laser arrays. These predictions were based on the 

calculation by treating the laser arrays as a coupled oscillators. We hoped that, using a 

controlled experimental condition, the dynamics of phase-locking can be observed as a test 

of the coupled-oscillator model.

We have used a two-element laser array as a testing model for studying the 

mechanism of phase locking in an evanescent-coupled laser array. The two-element laser 

array is created in a monolithic Nd:YAG etalon by photo-pumped with two quantum-well 

diode lasers. With the photo-pumping technique, the separation and frequency detuning 

between the two elements can be controlled and continuously varied for a wide range of 

coupling strength. We also studied the tolerance of frequency detuning in the array using a 

Nd:YAG etalon with a wedged angle that allows us to create a controllable frequency 

difference between the elements.

We found discrepancies between the experimental results and theoretical 

predictions. According to previously published calculations based on the coupled- 

oscillator model, the phase locking time in the Nd:YAG laser system is on the order of 

300 ps. Our experiment reveals that the phase locking is as fast as the on-set of lasing (<1 

ps) without any observable slow evolutionary process. The experimental data also show 

that the frequency detuning for phase locking is five-order o f magnitude larger than
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calculated from the original coupled-oscillator model which was done without introducing 

the imaginary part o f coupling strength. Although the calculated phase locking time can be 

reduced and the magnitude o f the frequency detuning for phase locking increased by 

taking into account the imaginary part of the coupling strength, the range of phase locking 

still can not be explained by the coupled-oscillator model. The observed modal behavior in 

the vicinity o f the boundary between phase locked and unlocked regions is, by far, much 

more complex than predicted by the coupled-oscillator model. We have also observed 

modal pattern that can not be synthesized by the linear superposition of the electric fields 

of the eigenmodes of the individual waveguide. These disagreements call for re­

examination of the coupled-oscillator approach.

Based on the coupled-oscillator model, the temporal evolution of the eigenmodes 

of a two-element laser array is described by the linear superposition of two eigenmodes of 

the individual elements whose temporal behaviors are governed by the rate equations. For 

a given initial condition, the time series of the electric field is deterministic.

Our analysis shows that a two-element laser array is not a two-mode system and 

can not be adequately described by superposition of the two eigenmodes of the individual 

elements. In fact, a two-element laser array can possess numerous eigenmodes, each 

having a different frequency. Our numerical calculation shows that, for a wave of a given 

frequency launched into the two-element waveguide laser array, the steady-state 

magnitude of the electric field in each element is determined by the resonance condition in 

that element. The commonly known symmetric and antisymmetric modes are special cases 

when the frequency of waves is such that the resonance conditions in the two branches are
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identical. When the resonance conditions in the two branches are not identical, the field 

magnitudes in the two branches are not the same, resulting in various modal patterns, such 

as the three-lobed far-field patterns, that can not be synthesized by the coupled-mode 

calculation.

Based on this new understanding, we have carried out numerical calculations for 

the modal patterns and the tolerance o f frequency detuning in the two-element laser array 

with a detuning. The agreement between the theory and experiment is remarkable.

We have also analyzed the modal behavior in a gain-guided two-element 

semiconductor laser array. The gain-guided array, most commonly used structure in 

semiconductor laser arrays, has a negative real part of refractive index step, under the 

stripe. In a gain-guided “antiguide” laser, considerable modal distortion can arise as the 

separation between elements increased. We have shown that distortion results in reduction 

in the modal gain of the phase locked state. Thus phase locking can be broken although 

the “coupling” between the elements is still large. This is an example that a large coupling 

strength between the elements does not always guarantee phase locking.

An important implication from the new understanding achieved in this study is that 

the dynamics in a laser array is not a deterministic process. The temporal instability as 

predicted by coupled rate equations can result in a temporal variation in the modal gain of 

the launched field to become either higher or lower than the steady state value. When the 

modal gain is momentarily lower than the steady state value, the onset of more favorable 

modes, which are not eigenmodes o f the coupled-oscillator equations with different 

frequencies, whose profiles overlap better with the gain profile can overpower the
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nonlinear dynamics predicted based on the deterministic model. Indeed, throughout this 

study, we have found no experimental evidence of optical instability in laser arrays.
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