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Abstract

Averaging and bounding of anisotropic elastic constants
By
Guoyu Yang
Adviser: Stephen C. Cowin

Many materials are anisotropic and inhomogeneous due to the varying
composition of their constituents. The analysis of the elastic constant
measurements for these materials is difficult because the problem of the
identification of the type of elastic symmetry is complicated by the varying
composition of the material and vice versa. These two factors are intertwined and
each complicates the other. A solution to this problem in which these two
aspects are separated and analyzed independently is presented here.

This solution is illustrated here by application to human cancellous bone,
hardwoods and softwoods. The solid volume fraction (or apparent density) is the
compositional variable for the elastic constants of these natural materials. The
solid volume fraction-dependent anisotropic Hooke's law for cancellous bone and
a density-dependent one for hardwoods and softwoods are established. The
analysis leading to this form of Hooke's law shows that human cancellous bone
has orthotropic elastic symmetry at the 95% confidence level and it provides
expressions for all elastic constants as functions of the bone solid volume
fraction (or apparent density) and orientation only; no measures of trabecular

structural architecture are involved. The squared correlation coefficients between
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mode! and data are in a range that is about one-third higher than those obtained
with previous models based upon volume fraction only, and are approximately
the same or higher than those obtained with models involving volume fraction
plus the measures of architecture.

The identification of the best elastic symmetry representation for these
natural materials is accomplished by measuring the closeness of two
symmetries. Bounds on the effective elastic constants of a material with any
anisotropic elastic symmetry in terms of lower symmetry elastic coefficients are
constructed to measure the closeness. An interesting result obtained from the
applications of this bounding method shows that cancellous bone, generalily
considered to have orthotropic symmetry, may be considered to have
transversely isotropic symmetry with a small error. A similar conclusion applies
for hardwoods and softwoods. It is also shown that human cancellous bone has

lesser degrees of anisotropy than hardwoods and softwoods.

v
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|. Introduction

Many materials are anisotropic and inhomogeneous due to the varying
composition of their constituents. The analysis of the elastic constant
measurements for these materials is difficult because the problem of the
identification of the type of elastic symmetry is complicated by the varying
compoasition of the material. A solution to this problem in which these two aspects
are separated and analyzed independently is presented in this dissertation. This
solution is illustrated here by application to an extraordinary data base of
cancellous bone elastic constants and woods. The solid volume fraction (or
apparent density) is the compositional variable for the elastic constants of these
natural materials.

As a primary structural element of the human body, bone supports the
gravitational load on the body and allows skeletal motions necessary for survival.
The ability of a bone element to carry loads and transmit stress depends on the
mechanical properties of its material. Bone tissue consists of two distinct
structural types, cortical and cancellous bone. The material properties of cortical
bone tissue are determined by the organization and arrangement of its
components, including mineral crystallite, collagen fibers, blood vessels, lamellae
and Haversian systems (Katz, 1984). Cancellous (or trabecular) bone is the
spongy, open celled and porous material consisting of an interconnected lattice
of bony plates and columns. Variability in pore size contributes to the differences

in volume fraction, and variability in pore shape and orientation contribute to the
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differences in structural anisotropy. The main objective of this dissertation is to
study the mechanical properties of human cancellous bone.

During the lifetime of a human being, there are gradual changes in bone
structure and bone mass after the age of 30, especially for women. This
condition of bone loss, combined with deteriorated bone structure, called
osteoporosis, results in over a million fractures in the US alone annually (Phillips
et al., 1988). With osteoporosis, it is widely agreed that there are reductions in
trabecular apparent density, average trabecular width and connectivity and these
are associated with major reductions in modulus and strength (Carter and Hayes,
1976 and 1977; Gibson, 1985; Rice et al., 1988).

It has long been known that bone adapts its structure in response to loading
(Wolff, 1892; Currey, 1984), although the mechanism is not yet completely
understood. When an implant is placed in bone, there are significant changes in
the local mechanical properties of cancellous bone. Since most of the bone
replaced by an implant is cancellous, an improved understanding of the
parameter-property relationship for cancellous bone helps the design of artificial
bone with properties close to the bone it replaces.

The precise relationships between mechanical properties and morphological
parameters of cancellous bone are in the process of being developed. In most of
the early studies, the only parameter used to determine the mechanical
properties of cancellous bone was apparent density. Lumping bovine and human
data for both cancellous and cortical bone together, Carter and Hayes (1976)

proposed a relationship in which the effective isotropic Young's modulus was

~
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proportional to the cube of volume fraction. Rice et al. (1988) showed that there
was species dependence in the data on the relationship between the Young's
modulus and volume fraction and, more importantly, the inclusion of the data on
cortical bone was the source of the cubic dependence. When the data for cortical
bone were removed, the dependence of the Young's modulus of cancelious bone
was upon the square of the volume fraction. Recent work has assumed a
dependence of the anisotropic elastic constants upon the square of the volume
fraction as well as measures of the local architecture of the cancellous bone
(Turner et al., 1990; van Rietbergen et al., 1996,1997). The architecture (or
fabric) measurements (Harrigan and Mann, 1984; Whitehouse, 1974) have been
considered as a method to approach the anisotropic properties of cancellous
bone. Mean intercept length (MIL) is commonly used to measure the fabric
tensor, based on the number of bone-marrow intersection measures in a linear
grid of parallel lines, as a function of the grid orientation (Whitehouse, 1974,
Harrigan and Mann, 1984; Odgaard et a/., 1996). A mathematical model, which
relates the anisotropic mechanical properties to volume fraction and fabric tensor
was proposed by Cowin (1985). The model implies a polynomial relationship
between the compliance tensor on the one hand and a fabric tensor and nine
functions of volume fraction on the other.

The mechanical properties of an anisotropic material, such as cancellous
bone and wood, are reflected in the anisotropic elastic constant matrices. In
chapter two a new method of averaging the data on the anisotropic elastic

constants of a material is first presented. The anisotropic elastic constants are
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represented by the elasticity tensor which is expressed as a second rank tensor
in a space of six dimensions. The method consists of averaging eigenbases of
different measurements of the elasticity tensor, then averaging the eigenvalues
referred to the average eigenbasis. The eigenvalues and eigenvectors are
obtained by using a representation of the stress-strain relations due, in principle,
to Thomson (1856,1878). The formulas for the representation of the averaged
elasticity tensor are simple and concise. The applications of these formulas are
illustrated using previously reported data, and contrasted with the traditional
analysis of the same data by Hearmon (1952). An interesting result that emerges
from this analysis is a method dealing with variable composition anisotropic
elastic materials whose elastic constants depend upon the particular
composition. In the case of porous isotropic materials, for example, it is
customary to regress the Young’s moduius against porosity. The result of this
chapter suggests a structure or paradigm for extending to anisotropic materials
this empirical method of regressing elastic constant data against composition or
porosity. That result is extended here to three natural materials, cancellous bone,
hardwoods and softwoods. Solid volume fraction (or apparent density) is the
compositional variable for the elastic constants of these materials. The solid
volume fraction-dependent anisotropic Hooke’s law for cancellous bone and a
density-dependent one for hardwoods and softwoods are obtained in chapter
three. The method of analysis in chapter three also identifies the type of elastic
symmetry possessed by the material. No assumption as to the type of elastic

symmetry is made. The type of symmetry is identified from the character of the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



eigenvectors that are calculated. For example, the analysis shows that human
cancellous bone has orthotropic symmetry at the 95% confidence level. However
the database we employ for wood incorporated the assumption of orthotropic
material symmetry so this feature is not illustrated by the analysis of wood data.
in chapter four the implications of a new, anisotropic, volume fraction-
dependent form of Hooke's law for human cancellous bone are explored. The law
provides expressions for all the orthotropic elastic constants as functions of bone
solid volume fractior: (or apparent density) only.This form of Hooke's law is
obtained from the analysis of a database consisting of 141 human cancellous
bone specimens. This data base, reported by van Rietbergen et al. (1996 and
1998) and Kabel et al. (1997a), is superior to previous data bases because the
authors provide the entire set of anisotropic elastic‘ constants without an a priori
assumption of a particular material symmetry and without an assumption of the
direction in which the maximum Young's modulus occurs. This data base is
unique in many different ways, the most important of which is the large number of
specimens and its method of construction, but particularly because it is not based
entirely on measurements of real specimens. The data base of elastic constants
of 141 human cancellous bone specimens employed here was constructed by
imaging real specimens, then computationally determining their elastic constants.
We believe that this cyberspace method of construction is more accurate than
the conventional mechanical testing procedures for evaluating the elastic
constants of human cancellous bone. The determination of the elastic constants

of cancellous bone by conventional mechanical test procedures is very difficuit.
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The basic problem is that, due to the size of the human body, it is difficult to
obtain specimens of cancellous bone that are more than a 5mm cube. The
logical way to test small cubes such as these is compression testing. However
compression testing is highly inaccurate for cancellous bone because of (1) the
frictional end effects of the platens, (2) it is almost impossible to identify, a priori,
the grain directions in a bone specimen and it is therefore almost impossible to
cut a specimen in the grain directions, (3) the stiffening effect of the platens on
the bone near the platens and (4) the unpredictable inhomogeneity of the
specimen. These and other difficulties in the mechanical testing of cancellous
bone are described in Keaveny (1997).

The construction of the data base of elastic constants of 141 human
cancellous bone specimens employed here was a breakthrough because it
provided a relatively inexpensive method of determining the full set of anisotropic
elastic constants for a small specimen of cancellous bone by a combination of
imaging the specimen (Odgaard et al., 1997; Kabel et al., 1999a) and
subsequent evaluation of the effective elastic constants using computational
techniques based on the finite element method (van Rietbergen et al., 1996,
1998; Hollister et al.,1991). This method makes no assumption conceming the
type of elastic symmetry characterizing the material. In this method the actual
matrix material of the trabeculae comprising the bone specimen is assumed to
have a axial Young's modulus E;. The tissue modulus E, is a scale factor that
magnifies or reduces all the elastic constants. The inverse of the tissue modulus

1/ E; multiplies each component in the elastic compliance matrix. The value of E;
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may be fixed from a knowledge of the axial Young's modulus E; itself. The elastic
constant results are presented here as multiples of E;. For purposes of numerical
calculation E, was taken to be 1 GPa (van Rietbergen et al., 1996, 1998;
Odgaard et al., 1997).

Once the image of the specimen was in the computer and a finite element
mesh was generated, a sequence of loadings were applied to the specimen and
the responses determined. The loadings were sufficient in number to determine
all 21 elastic constants. Thus no material symmetry assumptions were made in
the determination of the constants. Quantitative stereological programs were
used to determine the solid volume fraction ¢ of each specimen. These are the
data employed in the analysis reported here.

The squared correlation coefficients (R?) between model and data are in a
range that is about one-third higher than those obtained with previous models
based upon volume fraction only. In fact, the squared correlation coefficients (R?)
are approximately the same or higher than those obtained with models involving
volume fraction plus quantitative stereological measures of architecture. Since
architecture measures require either invasive techniques or very expensive non-
invasive techniques, this model provides the basis for the development of a
superior cancellous bone stress analysis and superior non-invasive inexpensive
clinical quantification of cancellous bone fracture risk for osteoporosis. This latter
end might be accomplished by employing the new representation of Hooke's law

for evaluation of local cancellous bone stiffness and strength from a knowledge
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of the local volume fraction of bone (determined for example, by DXA) and a
knowledge of the trabecular grain of the local bone structure.

In chapters five and six the best elastic symmetry representations for natural
materials, such as human cancellous bone and woods, are accomplished by
measuring the closeness between the symmetry of a material and any higher
symmetry.

Hill (1952, 1963) showed that it was possible to construct bounds on the
effective isotropic elastic coefficients of a material with triclinic or greater
symmetry. In Hill (1952) the material with triclinic or greater symmetry is a
polycrystalline material and in Hill (1963) it is a composite material. Hill noted that
the triclinic symmetry coefficients appearing in the bounds could be specialized
to those of greater symmetry, yielding the effective isotropic elastic coefficients
for a material with any elastic symmetry. We show in chapter four that it is
possible to construct bounds on the effective elastic constants of a material with
any anisotropic elastic symmetry in terms of higher or equal anisotropic elastic
symmetry. These results are obtained by combining the approach of Hill (1952,
1963) with a representation of the stress-strain relations due, in principle, to
Kelvin (1856, 1878), as well as extensions of the uniform strain and uniform
stress bounds of Voigt (1928) and Reuss (1929) from the isotropic case to the
case of the crystalline symmetries characterized by finite symmetry groups. In
this chapter specific bounds are given for the effective elastic coefficients of

cubic, hexagonal, tetragonal and trigonal symmetries in terms of the elastic
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coefficients of triclinic symmetry (or any higher symmetry). By using these resuilts
we can determine the effective symmetry of natural materials.

One application of the results described in chapter five is to determine the
best elastic symmetry representation for non-crystalline or textured anisotropic
materials, such as cancellous bone and woods. Given the values of the
components of a fourth rank elasticity tensor of a material relative to a known, but
arbitrary, coordinate system, Cowin and Mehrabadi (1987) showed how to
determine the elastic symmetry using the techniques of linear algebra. However,
this method is not robust with respect to the input values of the components of a
fourth rank elasticity tensor; slight errors in the data could cause a
misidentification of the symmetry. The method only works well when the data
were exact. For example, cubic symmetry is characterized by ihree distinct
elastic constants, say c11-C12 and Cas; however if 2css=c11+C12, the material is
isotropic. Thus if the data for an isotropic material have a value of 2c44 given by
2ca4=C11+C12+ a small error term, the material will be mistakenly identified as
cubic.

For human and whale cancellous bone, hardwoods and softwoods, the
effective isotropic and transversely isotropic elastic constants are determined
from orthotropic symmetry data in chapter six. For the effective Voigt and Reuss
isotropic bounds on the eigenvalues or bulk and shear moduli of human and
whale cancellous bones, the biggest percentages in differences are 27% for
human cancellous bone and 9.6% for whale cancellous bone. The Voigt and

Reuss isotropic bounds on the elastic constants of hardwoods and softwoods are
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much larger, 115% for hardwoods and 150% for softwoods. These results show
that human and whale cancellous bone has lesser degrees of anisotropy than
hardwoods and softwoods because the differences of Voigt and Reuss bounds
for human cancellous bone are much smaller than those for hardwoods and
softwoods. The differences of Voigt and Reuss transversely isotropic bounds on
eigenvalues for these three materials are much smaller than those for isotropic
bounds: 8% for human cancellous bone, and 20% for hardwoods and softwoods.
The results show that human and whale cancellous bone, aithough generally
considered to be orthotropic, is in fact very close to transversely isotropic in their
material symmetry. A similar conclusion applies for hardwoods and softwoods.

Chapter seven contains a summary of results.

10
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ll. Averaging anisotropic elastic constant data
Il — 1. Introduction

A method of averaging the data on the anisotropic elastic constants of a
material is presented in this chapter. The method is based on the idea of
averaging the eigenbases of different measurements of the elasticity tensor, then
averaging the eigenvalues referred to the average eigenbases. The elasticity
tensor may be expressed either as a fourth rank tensor, with components C,n, in

a space of three dimensions or as a second rank tensor, with components ¢, ,

in a space of six dimensions. The averaging processes are applied here to the
six eigenvalues of the matrix ¢ and to the eigenbases of ¢ ; or, equivalently, to
the inverse of ¢, the compliance tensor s. This averaging process is, basically,
an averaging process for the simultaneous invariants of ¢ and s.

The second rank tensor ¢ in the six dimensions whose components are ¢,,

appears in a representation of the stress-strain relations due, in principle, to
Kelvin (1856, 1878), but expressed by Rychlewski (1984) and Mehrabadi and
Cowin (1990) in contemporary linear algebra notation. In the next section the
Kelvin formulation of the generalized Hooke's law is summarized.

The method proposed here for the averaging of elastic constant data treats
the individual measurement as a measurement of a tensor instead of as a
collection of individual elastic constants or matrix element measurements,
recognizing that the measurements by different authors will reflect the systematic
invariant tensorial properties of a material, like eigenmodes and eigenvalues.

This proposed method for averaging different measurements of the anisotropic

11
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elastic constants for a special material has advantages over the traditional
method of averaging the individual matrix components of the elasticity or
compliance matrices. Averaging invariants removes the effect of the reference
coordinate system in the measurements (Wu et al., 1973), while the traditional
method of averaging the components may induce errors due to the various
reference coordinate systems and may distort the nature of the symmetry. Our
averaging process explicitly retains the orthonormality of the eigenbases. In
application of the method we have employed statistical methods to exclude some
measurements from a measurement set by establishing confidence intervals.

Over a period of several decades R.F.S. Hearmon constructed an extensive
data base of the anistropic elastic coefficients of many materials. Significant parts
of the data base are Hearmon (1946, 1948 and 1961); the most encompassing
and inclusive summary of these data by Hearmon appears in the reference work
‘Zahlenwerte und Funktionen aus Naturwissenchaften und Technik’, edited by
Landolt and Bornstein (1979). We have selected the data in the brief work of
Hearmon (1952) on crystals exhibiting piezoelectricity to initially illustrate the
theoretical results described above because in this work Hearmon discussed his
criteria for the inclusion or exclusion of data in the averaging process.

A result of great interest was the discovery of materials (softwoods,
feldspar) for which the eigenvectors, but not the eigenvalues, were relatively
independent of material composition. This result suggests a paradigm for
extending the empirical method of regressing Young’s modulus data against

composition or porosity in an isotropic material to anisotropic materials. Recall,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



for example that in the case of porous isotropic materials it is customary to
regress the Young's modulus against porosity. Our results suggest that one may
be hopeful that the eigenvectors of a material of varied composition will not
depend upon the varied composition, permitting all the compositional

dependence to be represented by the eigenvalues.

il — 2. A Tensorial Presentation of the Kelvin Formulation
The anisotropic form of Hooke's law is often written in indicial notation as
T, = Cyim Een, where the C,m are the components of the elasticity tensor. Written

as a linear transformations in six dimensions, Hooke's law has the representation

T=cE or

L - - - -
T Cu Ci2 C3 Cis Cs Cis En
T2 Ci2 €22 €3 Cu Cxs C% E>»
Ts3 Cis €3 €33 Cis Cis Ci Ess

= (17 -1)

T Cis Ca Cu Cau Css Css||2En
T3 Cis Cxs Cis Css Css cse| | 2Eus

[ T12] Lcwe c3 C% cis Cse cosl L2 Ernl

in the notation of Voigt (1928). The relationships of the components of C,.» to the

components of the symmetric matrix ¢ are given in Table Il -1. Introducing new

notation, (/7 -1) can be rewritten in the form T =¢E where the shearing

components of these new six-dimensional stress and strain vectors, denoted by
T and E respectively, are multiplied by J2,and ¢ is anew six-by-six matrix

(Mehrabadi and Cowin, 1990). The matrix form of T = ¢E is given by

13
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C o e @ Ve Eas el g
T2 (g} c» s V2 C V2 Cas 2 C% Ex

Tss a3 c3 e V2 Cis 2 Cis 2 C3e Es 5

V2T i V2eu V2ex V2en Cas Cas Ca6 V2 s

V213 V2es V2exs V2ess Cas Css Cs6 V2E0

'ﬁle' ;\E oo V2ex V2es Cs6 Cs6 Ces ‘Ji B

The matrix ¢ is called the matrix of elastic coefficients and its inverse s,

-

E =$T.§ =¢"' is called the compliance matrix. A chart relating these various

notations for the specific elastic coefficients is given in Table Il -1. The symmetric
matrices ¢ and s can be shown to represent the components of a second rank
tensor in a six-dimensional space, whereas the components of the matrix ¢
appearing in (/7-1) do not form a tensor (Mehrabadi and Cowin, 1990). The
orthogonal transformation in six dimensions is represented by Q, whichisa
second rank tensor in six dimensions that is directly related to an associated
orthogonal second rank tensor in three dimensions (Mehrabadi and Cowin, 1990;
Cowin and Mehrabadi, 1995); thus the tensor transformation law for ¢ and s to a

new or primed. coordinate system is

¢=QeQ" . §=Qs5Q7 . I - 3)

14
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Table Il - 1. The elasticity and compliance components in different notations. Row 1

ililustrates the Voigt notation of these quantities as fourth rank tensor components in a

three-dimensional Cartesian space. Row 2 represents the Voigt matrix or double index

notation. Row 3 illustrates the Kelvin-inspired notation for these quantities as second

rank tensor components in a six-dimensional cartesian space.

1 Ci1 Cz22 Caazs Cuzz Crias Czas Caazz Ciziz Ciaiz Ciazs Caanz
2 Cis C22 Ca3 Ci2 Ci3 Ca3 Cas Css Ces Css4 Css
3 Ci1 (077) C33 C12 C13 C23 Cusl2 Cs5/2 Cesl/2 Cs4l2 Cs6/2
1 S1111 S2222 Sazaas Si1izz Stiza Sz Sz Siaiz S22 Stz Saanz
2 S11 S22 Sa3 S12 S13 S23 Sus Sss Ses Ss4 Sse
3 S11 S22 Si33 S12 S13 S23 Sy l2 Sss 12 Ses 2 Ss4 2 Ss6/2
1 Cizzz Czsi1 Cian Cizin Cazszz Ciaz Cizzz Cazaz Cizas Coass
2 Cea Ca1 Cs1 Ce1 Ca2 Cs2 Cs2 Ca3 Cs3 Ce3
3 Co4 12 CqiN2 Cs5i#N2 CgiIN2  CqalN2 Cs5aN2  CgalN2 Caa/N2 Cs3VN2  CeV2
1 Si223 Sa311 Siann Si211 S22 Sizzz S22 S2333 Siaas Siaas
2 Se4 Sa1 Ss1 Se1 Sa2 Ss2 Se2 Sa3 Ss3 Se3
3 Ses /2 SqilN2  S5iN2  SgiIN2  SqaV2  SsdN2 SN2 Se3N2  SsiN2Z  SealN2
The eigenvalues of the matrix ¢(s)are the six numbers A (1/A) satisfying the
equations

€-ADN=0. (G-(1/ADN=0). (I1- 4)

15
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where the vectors N represent the normalized eigenvectors of ¢ or § . The

normalized N is expressed in terms of the six-dimensional strain and stress

vectors by

a ~

E=N|E|, T=N|T|. |[Ef=E-E, |T?=T-T, N-N=1 (I - 5)

Since ¢ (or s§) is positive definite it has six positive eigenvalues. These
eigenvalues are called the Kelvin moduli and are denoted by A, i=1, 2, ..., 6, and
are ordered (if possible) by the inequalities A1 >=... Ag>0.

The eigensystems for various anisotropic elastic symmetries are described
in Appendix A. Since there are, at most, six distinct eigenvalues, and since the
number of distinct elastic constants exceeds six for several symmetries, the
question of the role played by the other distinct elastic constants arises. These
other elastic constants are called efasticity distributors (Rychlewsk 1984; Cowin

and Mehrabadi 1992). The role they play is to specify the ratio of the components

for eigenvectors N . Geometrically they represent the ratio of relative extensions
in perpendicular directions and/or the amount of shear in an eigenmode. Since
Poisson’s ratios represent the ratio of relative extensions in perpendicular
directions in an axial (tensile or compressive) test situation, there is some
similarity between the two concepts. However, distributors are associated with

eigenmodes and Poisson’s ratios are associated with the axial test situation. If

the eigenvector N for a particular symmetry is independent of the particular

value of the elastic constants for that symmetry, it is said to be a simple

16
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eigenmode. Thus simple eigenmodes are independent of the distributors. If an
eigenmode is not simple, it is said to be a distributor dependent eigenmode or,
simple, a distributor eigenmode.

In the case of triclinic symmetry, the sum of the number of distinct
eigenvalues and the number of distributors equals to 18; the other three
parameters to make 21 are arbitrary in the sense that they depend upon the
choice of the coordinate system selected to express the elasticity tensor, see
Feaorov (1968) or Cowin and Mehrabadi (1995). It is known that there are 18
invariants of Cy., for triclinic symmetry and Rychlewski (1984) identifies one set
of these invariants as the six distinct eigenvalues A;,i=1, 2. ..., 6, and the twelve
distributors. The twelve distributors consist of t[N"] , k=1. 2. ..., 6, and
tr[NYNSN® k=1, 2. .... 6, where the N®, k=1, 2, ..., 6, are subject to the
normalized conditions tr [N¥N*] =1, k=1, 2, ..., 6.

The resuits of the preceding paragraphs above show that there exist six
eigentensors of stress, denoted by T’ .k =1,2,....6, in the six-dimensional

space, or by T*' in 3-dimensional spaces, and six eigentensors of strain, denoted

by E* and E®, k=1.2, ..., 6.respectively, which are related by the six equations

-i-m — Ak[::m or T(k) =AkEm .k =1,..6. (1]- 6)

Further, they show that T,E. ¢ and § have the representations

17
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T=ST® =T AED =S AN, [EW].
k=1

k=1 k=1
BE-YE® -y Ljoog Ly o ar-7)
=2 -Z,—\k— -Zj\'k‘ AT

and

N, ®N,, (I - 8)

where we denote the eigenvectors by N,‘ L k=1,2,..,6, both as quantities with

an index (k) and a quantities that have vector character. This notation is
customarily employed for the elements of a basis of a vector space, which indeed
this set of orthonomal eigenvectors is for the six-dimensional space of interest.

To establish a method of quantifying the difference between the
eigenmodes associated with two elasticity matrices, say ¢* and ¢?, we introduce

the six-dimensional orthogonal transformation Q* that carries the eigenvectors

of symmetry B, N7, into the eigenvectors of symmetry 4, N/, thus
(I-9)

Where 0% =N; -N2 . This is, of course, a change of basis in the six-dimensional

space of interest. If the eigenvalues are not distinct, so that more than one

18
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eigenvector lies in an eigensubspace, they will be made distinct in the analysis

by analyzer.

Il - 3. Constructing an Average Elasticity Tensor

Given a set of M measurements of the elastic constants for the same

14

material, or the materials with different compositions, ¢,¢” ,...,¢" , we wish to

construct a tensor ¢*'“ representing the average of the set. The tensor ¢’
representing the Yth measurement can be expressed in terms of its reference

basis as

o
"
3
~-H
®
(« v}
I

Cl.b,®b ®b, &b, . (1-10)

where the b; . i=1,2,3 represent a set of three-dimensional base vectors and the

B,, i=1,...,6, represent the corresponding set of six-dimensional base vectors

(Mehrabadi and Cowin,1990 ; Cowin and Mehrabadi ,1995),

(b, ®b,; +b, ®b,),

-

(b, ®b, +b, ®b,),

B, =b, ®b,, ﬁb=—%(b,®b2+bz®b,). ar-11)
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One can think of the six-dimensional base vectors B, , i=l, ..., 6, either as vectors

in the six-dimensional space (1,0,0,0,0,0), ..., (0,0,0,0,0,1) or as special second

rank tensors in three dimensions,

100 010
1

0 0 0| —=|1 0 0 (1-12)
V2

000 000

The eigenvalues A’ k=1, 2. ..., 6, ¥=1,2....M and the eigenvectors N! , k=1,

.... 8, Y=1,..., M for each measurement are determined from the given elastic

constant data. Consistent with (/7 - 8) above, an invariant representation is then

possible for the tensor ¢’ ,

6 -~ . ~ .
¢"=> AIN; ®N;|. (I1-13)
The six-dimensional orthogonal transformation Q’ that carries B, into the

N! is given by

(1-14)
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where 0! =N’ -B,, . The typical member of the set of six-dimensional
orthogonal transformations Q" that carry the eigenvector basis N’ into the

eigenvector basis N! is given by

Ny =QLN,, (7 -15)
where 0¥ =N/ .N}.
The entire set of eigenvalues and eigenbases represent an irreducible set
of invariants of the elasticity or compliance tensor. The typical representation (/I -

13) of the elasticity matrix has the properties that all of the eigenvalues are

positive (Af >0 forall Y=1.2...,M and all k=1, 2, ..., 6) and each set of
eigenvector N', Y=/, 2, ... M, forms an orthogonal basis in the six-dimensional
space (N' .N' =4, ). An average eigenbasis N;* is defined for a set of

measurement data by

I‘V:“’ EJ.\'AN:'A , (I -16)

where the nominal average, N}, of the eigenvector bases N{ and the inverse

square root J** of the positive definite tensor | >, N* ® N} |, are defined by

g NA
N

AL . a . L , A L. B
%ZN,’,. J = (YNH @R (1 =17)
Y=l

k=1
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The determination of N*®, k=1, ..., 6, defined by (// -16) is the first step in

understanding this averaging process and, from a practical viewpoint, its
determination is the first step in an analysis of a data set. It is shown in Appendix
Bthat N*C k=l, ..., 6, defined by (I -16) is the basis that is, on average, the
closest to all the eigenvector bases that are determined from the set of elastic
constants measurements N! N” . N¥ _This basis is the particular basis whose
orientation minimizes the square of the distance between itself and the A bases
NI NP NY.

it remains then to average the eigenvalues. Each set of eigenvalues
corresponding to each eigenbasis is transformed to the average eigenbasis
N9 Thus > A} (N} -N")? represents the eigenvalues transformed to the
average eigenbasis and these eigenvalues are then averaged leading to the

definition

A

b

™M
M-

AP = 1 AT (NZ ,Q‘:;c. ). I -18)

q

~
]

i

=
n

1

AIG

11G gatisfies the condition that A, 9> 0 for

It is easy to see that this formula for A,

all &=1,..., 6, and that A,"'°24,* is the nominal average (N4) of the eigenvalues

AN EII/I-ZA’;, (I -19)
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defined by

unless N’ -NfT = 5, ( For all the examples we investigated, either
N!.N;% =5 or N! -N{*“ = ). The average elasticity matrix ¢*“ is then

defined in a manner that preserves the structure of the spectral decomposition

(1-8),

[1]

6 -~ - ~ P
me =ZA.Z:'GN::L QNI (I -20)
k=1

Equations (/7 -16) to (/I -20) represent the key algebraic results in this
averaging process. In the next section it is specialized to isotropic and cubic
symmetries and, in the section after next, it is specialized to tetragonal, trigonal

and hexagonal (transverse isotropy) symmetries.

[l - 4. The Average Eigenvectors for Isotropic and Cubic Symmetry

Recall that if the eigenvector N for a particular symmetry is independent of
the particular value of the elastic constants for that symmetry, it is said to be a
simple eigenmode. Thus for a simple eigenmode N! =N? =..=N¥ and it

follows that for isotropic and cubic symmetry, which have only simpie

eigenmodes as may be seen in Appendix A, the nominal average (NA4) of the

eigenvector basis N * is equal to any and all of the eigenvectors in the data set,
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1‘1{ , Y=1,2,...,.M, associated with the same ith mode. It also follows that, since the
eigenbasis for each data set is orthonormal, the nominal average (NA4) of the

eigenvector basis N} is orthonomal; hence | >_:_ Ni* ® N} |=1 and thus, from

(I1-17), 3% =1 and from (/7 -19) and (/I -20) it follows that N:*¢ =N for any

simple mode and therefore for isotropic and cubic symmetry,

AFYG = A M and NT =N¥ (171 -21)

il = 5. The Average Eigenvectors for Tetragonal, Trignal, and

Hexagonal (Transversely Isotropic) Symmetry

Consider next tetragonal, trigonal and hexagonal (transversely isotropic)
symmetries which have combinations of simple eigenmodes and distributor
eigenmodes as may be seen in Appendix A. The average eigenvalues and
eigenvectors for the simpie eigenmodes can be obtained by employing (/7 - 21).
For the simple eigenmodes of tetragonal, trigonal and hexagonal symmetry it

may be seen from an inspection of the eigenmodes given in Appendix A that

J* =1 for these three symmetries. It follows that

NG = N I - 22)

for these symmetries and that A«*"C is given by (/7 -18).
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table il - 2. Classification of the elastic coefficients for the various anisotropic

symmetries

Symmetry Numberof  Number of Number of  Number of Number of

Distinct Distinct Distributors  Simple Distributor
Constants __ Eigenvaiues Eigenmodes _eigenmodes
Triclinic 18 6 12 0 6
Monoclinic 12 6 6 2 4
Orthotropic 9 6 3 3 3
Tetragonal 6 5 1 3 2
Trigonal 6 4 2 1 4
Hexagonal 5 4 1 2 2
Cubic 3 3 0 3 0
{sotropic 2 2 0 2 0

These results will now be illustrated for tetragonal symmetry. Tetragonal
symmetry has four simple eigenmodes and two distributor eigenmodes (the
eigenmodes are correlated with the elastic constants). The single distributor a in
tetragonal symmetry is associated with the two distributor eigenmodes. The

average of the two distributor modes of (47) is given by the first two distributor

modes of (47) with the angle a replaced by the angle «*V¢, where

@' =tan (2 ). (11 -23)

It follows then automatically that the set N:‘U is orthonormal, thus the average

eigenbasis for tetragonal symmetry is orthonormal. Similar resuits hold for

trigonal and hexagonal symmetry. For trigonal symmetry the associated

eigenvectors N’ and N‘® coincide with two distributor eigenmodes of tetragonal

symmetry (given by (47)) and the other four are given by (411). The average of
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eigenvectors for these distributor modes using result (/7 - 23) is again given by
the eigenvectors of the first two distributor modes of (47) with the angle o

replaced by the angle a V¢, and the last four distributor modes (411) with the

angle B replaced by the angle p*C, the angle B*V® defined analogously o #V¢.

The result for hexagonal symmetry is obtained in the same way as the one for
tetragonal symmetry since these two symmetries have the same eigenbasis. This
illustrates that the result (/7 - 22) for the average eigenbasis, combined with the
definitions for the angles a *V© and B"V¢, does indeed yield the average

orthonormal eigenbasis for tetragonal, trigonal and hexagonal symmetries.

Il — 6. An Application of the Results to the Data Employed by

Hearmon

The elastic constants of a material measured by different authors may well
differ from each other by a certain amount because of different coordinate
systems. Measurements differing greatly from the average of the measurements
must be deleted from the averaging process. Hearmon (1952) averaged elastic

constant tensor components referred to a convenient coordinate system,

Co = LMZ:'_I C!.. . and excluded particular measurements from the data set on

ykm

the basis that they influenced the coefficient of variation (which is 100 times the
standard deviation divided by the mean).
In contrast to this traditional method, we suggested above an invariant

averaging procedure consisting of two steps. First, an averaging process of the
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orthonormal eigenvector bases (/7 -16) in which a confidence interval criterion is
used rejects measurements in the data base. Second, an averaging process of
the Kelvin moduli (Kelvin, 1878), referred to the average eigenbasis constructed
in the first step, is accomplished and a second confidence interval criterion is
applied. The resuits are then reassembled using formula (/7 -20). In this section
we employ the same data employed by Hearmon (1952), the data given in Table
It - 3. The surnames in Table |I - 3, and the text below, refer to the authors of the
articles, cited by Hearmon, reporting the data.

For materials with some simple eigenmodes like tetragonal, trigonal and
hexagonal symmetries or all simple eigenmodes like isotropic and cubic
symmetries, the averaging process consists only of averaging the eigenvalues,
which is described in the following paragraph. For distributor eigenmodes, the
eigenbases must also be averaged, and this is the first step in the data analysis.
Confidence intervals (Blank, 1980; Daniel, 1978) are employed to determine the
admissibility of measurements for the averaging process. Specifically, we employ
a criterion of failed eigenbasis coincidence, for the elimination of measurements
in the process of averaging the eigenbasis. To measure the coincidence of the
eigenbases of different measurements we employ the method described in

section [-3 to establish the average eigenbasis. From Equation (B1) of Appendix
B, note that the matrix Q** is just the components of N referred to the basis
NI, N6 =04 N! The criterion for the coincidence of the eigenbasis of the th

individual measurement and the average eigenbasis is that the six-dimensional

orthogonal tensor Q" , O;'~" = N#7 .N’ | representing the transformation

km
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Table Il - 3. The elastic constant data from Hearmon (1952) (units are 10"'dynes/cm?)

Rochelle sait Ci1 Cz2 Ca3 Cas Css Ces Ci2 Cia Cz3
_(orthotropic)
Mandell 346 473 801 164 0327 125 -0.78 3.14 -3.42
Hinz 6.28 10.31 9.66 1.01 0297 0848 683 638 7.83
Mason 425 515 6.29 125 0304 0996 296 357 342
Sundara Rao 406 52 6.4 122 03 095 256 346 3.2
Hutington 255 3.81 3.71 1.34 0321 0.979 1.41 1.16 1.46
ADP (Tetragonal) C14 Cas Caa Ces Ci2 Ci3
Mason 7.58 2.96 0.87 0.614 -2.43 1.3
2Zwicker 6.17 3.28 0.85 0.592 0.72 1.94
Price & Huntingtcn 6.89 3.35 0.856 0.5985 0.4 1.89
Bechmann 6.77 3.38 0.868 0.608 0.58 1.99
KDP (Tetragonal) ¢y, Cas Cas Ces Ci2 Ci3
Mason 7.8 7.7 1.27 0.61 3.23 3.48
Zwicker 6.91 5.56 1.29 0.6 -0.6 1.22
Bantle 7.08 5.84 1.28 0.633 -0.383 1.55
Price & Huntington 7.14 5.61 1.27 0.628 -0.49 1.29
Quartz(Trigonal) Ciy Cas Cas Ci2 Cia Cia
Voigt 8.51 10.55 57 0.7 1.41 -1.69
Atanasoff & Hart 8.67 10.68 579 0.69 1.13 -1.8
Mason 8.61 10.71 5.87 0.51 1.05 -1.83
Bhagavantam 8.69 10.68 5.76 0.69 1.56 -1.74
Bechmann 8.67 10.72 5.8 0.71 1.19 -1.78
Nomoto 8.64 10.46 5.66 0.79 1.36 -1.73

between the eigenbasis of Ith individual measurement and the average
eigenbasis, must differ from the unit tensor 1 in six dimensions by a very small
amount. In Appendix C it is shown that this condition is satisfied if 2V is small,

where

(EVTTY = 26— QY. (11 - 24)
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Table II - 4. The confidence coefficients at the probability level 5%

N, the number of 1 2 3 4 5 6 7 8 9 10

measurements

tor2 127 43 318 278 257 245 237 231 226 223

Table Il - 5. Analysis of the data on the measure £*V®" of the difference of

Q**%~' from the unit tensor 1 in six dimensions. The boxes with star indicate data

excluded by the confidence interval criterion for the measure £*VY
Rochelle salt
Author Mandell Hinz Mason Sundara Rao  Huntington .,
(EAVEY)2 0.675 0.078 0.124 0.25 0.065 0.552
ADP
Author Mason Zwicker Price Bechmann Us
(EAVEYY2 0.002 0.0007 0.002 0.009 0.103
KDP
Author Mason Zwicker Bantle Price U
(EAVEYy2 0.002 0.001 0.002 0.001 0.108
Quartz
Author Voigt Hart Mason Bhagavantam Bechmann Nomoto L
(EAVSM2  0.003 0.004 0.012 0.006 0.003 0.007 0.0763

A
The standard deviation in AV Yis s, = \[X/{—l—lZ(g'“'G"') ? . The confidence

Y=l
interval is given by u, =1,,,s. /NM , here ty» is a value of the Student's ¢

distribution and « is the significance level. The value ¢, as a function of M, the
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number of measurements, is given in Table Il - 4. The analysis of the data for
Rohcelle salt and quartz (Table Il - 5) that the measurements of Mandell in
Rochelle sait should be excluded. This completes the first averaging process.
In the second averaging process we also employ confidence intervals to
determine the admissibility of measurements for calculating A4,**“. From the

remaining M measurements A, Y=/, 2, ..., M, the average A;*'“ is determined by

M
(I -18), the standard deviation from s, = Jﬁl—TZ(A’ -AY%)? and the half-
—Ly=l

width of the confidence interval is given by u, =1, ,,s. / VM , where t, is a value

of the Student’s t distribution and a is the significance level. The value ., as a
function of M, the number of measurements, are given in Table Ii - 4. The interval
between the individual measurement and the averaged one is defined as
La'=1 AF-A4*C|. The following criterion is then applied: all of the A
measurements A;’, Y=1, 2, .... M, satisfying x> L' are retained and those that
do not are deleted from the set of measurements. Examples of the application of
this criterion are presented for Rochelle salt, ammonium dihydrogen phosphate
(ADP), potassium dihydrogen phosphate (KDP) in Tables Il -6, 1l - 7, [l -8 and |}
- 9, respectively. Application of the criterion for the eigenvalues excluded
Mason's measurements for ADP and KDP, shown with stars in Table Il - 7 and |l
- 8.

For the anisotropic materials for which the elastic constant data are

contained in Hearmon (1952), the averaged elastic constants data are found by

using Equation (/I - 20) with A4,**° and N:*® given by (/I -18) and (I/ -16). Table Il
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-10 shows the average elastic constants determined by the method proposed in
this chapter as well as the one used by Hearmon (1952). We return to this in the

discussion.

Table II - 6 Analysis of Rochelle salt eigenvalue data (orthorhombic symmetry)

The data of Li‘ for each A4, k=1,2,3, are shown with parentheses. The data with stars

indicate the measurement excluded by the confidence interval criterion for eigenvalues

Mandell Hinz Mason Sundara Huntington Average Standard Confidence
Rao Deviation interval
Ay 1458 1.432 1.435 1.558 1.579 1.501 0.078 0.126
(0.047) (0.069) (0.086) (0.057) (0.078)
A, 3.368 2.124 2181 246 2.151 2.248 0.148 0.237
(0.828)* (0.125) (0.067) (0.212) (0.022)
Ay 11374 23.025 11.898 11447 6.097 13.117 7112 11.415

(1.463) (9.908) (1.218) (1.67) (7.02)

Table Il - 7. Analysis of ammonium dihydrogen phosphate (ADP) eigenvalue data

(tetragonal symmetry). The data of Li‘ for each A, k=1,2,3, are shown with

parentheses. The data with stars indicate the measurement excluded by the confidence

interval criterion for eigenvalues

Mason Zwicker Price Bechmann Average  Standard Confidence

Huntington Deviation Interval

A, 1001 5.45 6.49 6.18 7.032 2.033 2.826
(2.978)* (1.583) (0.543) (0.853)

A, 6.188 8.367 8.633 8.813 8.00 1.265 1.759
(1.88)*  (0.361) (0.636) (0.857)

Ay 1913 1.8 1.998 1.922 1.908 0.085 0.119
(0.003) (0.11) (0.098) (0.012)
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Table Il - 8. Analysis of potassium dihydrogen phosphate (KDP) eigenvalue data

(tetragonal symmetry). The data of L.Y\A for each A, k=1,2,3, are shown with

parentheses. The data with stars indicate the measurement excluded by the confidence

interval criterion for eigenvalues

Mason Zwicker Bantle Price and Average  Standard Confidence
Huntington Deviation interval

Ar 457 7.51 7.463 7.63 6.793 1.484 2.06
(2.223) (0.717) (0.67) (0.837)

Ay 14.531 7.692 8.489 8.02 9.683 3.249 4515
(4.848)* (1.991) (1.194) (1.663)

Az 4.161 4.165 4.029 4229 4.148 0.083 0.118
(0.015) (0.019) (0.117) (0.093)

Table Il - 9. Analysis of the quartz eigenvalue data (trigonal symmertry). The data of

L, for each A, k=1,2,3, are shown with parentheses. No data has been excluded by

the confidence interval criterion for eigenvalues (AVG: Average; SD: Standard; DV:

Deviation)

Voigt Hart Mason Bhaga- Bech- Nom- AVG 8D Confidence
Vantam mann oto Dv interval

Ay 7763 8.276 8.181 7.71 8.226 7.954 8.013 0.246 0.494
(0.25) (0.263) (0.167) (0.304) (0.212) (0.089)

A, 11863 11728 11.529 12.297 11.843 11.892 11.88 0.256 0.512
(0.088) (0.147) (0.346) (0.422) (0.033) (0.017)

Az 936 9.565 9.8 9.583 9.619 9.435 9.577 0.159 0.318
(0.217) (0.079) (0.226) (0.006) (0.042) (0.142)

Ay 4139 4.114 4.167 4.176 4.141 4.074 4.136 0.037 0.085
(0.003) (0.022) (0.031) (0.04) (0.005) (0.061)
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Table 1l -10. Comparison of the present data analysis with the analysis of Hearmon

(1952)
Rochelle salt
Rochelle salt Ci1 C22 Cas Cas Css Css Ci2 Ci3 C23
The present analysis 4.269 5.941 6472 121 0305 0945 3418 3.623 4.042
Hearmon’'s analysis 442 6.117 6.515 1.21 0305 0945 344 3463 3978
ADP
ADP C11 Ca3 Cas Css Ci2 Ci3
The present analysis 6.609 3.335 0.585 0.598 0.569 1.94
Hearmon'’s analysis 6.61 3.34 0.585 0.598 0.57 1.94
KDP
KDP C11 Ca3 Cas Ces Ci2 Ci3
The present analysis 7.042 5661 1.28 0.62 -0.492 1.352
Hearmon's analysis  7.043 5.67 1.28 0.62 -0.491 1.353
Quartz
Quartz C11 C33 Cas C12 Ci3 Cis
The present analysis 8.604 10.601 5.763 0.654 1.278 -1.762
Hearmon's analysis 8.632 10.633 5.763 0.682 1.283 -1.762

Il — 7. An Application of the Results to Composition-Dependent Data

in this section we undertake the analysis of elastic constant data in which

the variation in composition of the material causes variation in the elastic

constants. The two examples are soft wood data, which have been reported as

functions of material density, and feldspar.
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We begin with the data on feldspar as a function of composition, compiled
by Hearmon and reported in Landolt and Bornstein (1979). Hearmon did not
attempt to average these elastic constant data due to the scatter that their
compositional dependence creates in the elastic constants. Fortunately for us he
reported all the individual measurements and the associated composition of the
specimens. Feldspar is a material with monoclinic symmetry, a constituent of
crystalline rocks that forms much of the earth’s crust. It is composed of
potassium-, sodium-, and calcium-aluminum silicate minerals (orthoclase, albite,
and anorthite) and their isomorphic mixtures. The compositions of the specimens
tested are given in Table il -11 where the numbers in curly brackets refer to the
reference citation in Landolt and Bornstein (1979). The eignvalues of the seven
feldspar specimens are given in Table Il -12 and show a strong dependence on
composition. An analysis of these data in the manner described in previous
section shows, not surprisingly, that the varied composition of the specimens
causes many of the data to lie outside the confidence intervals. For the
eigenvectors, the opposite pattern emerged. In spite of the varied composition of
the material specimens, none of the eigenvectors were outside of the confidence
intervals, suggesting that the eigenvectors were far less dependent on material
composition than were the eigenvalues (see Table Il -13). The components of the
averaged eigenvectors are listed in Table Il -12. From this analysis it is possible
to construct a representation of the form (/7 - 20) for the composition-dependent
feldspar elasticity tensor once the dependence of the eigenvalues on

composition has been accomplished.
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Table I -11. Feldspar constituents in the seven specimens. The numbers in curly

brackets are the citation in Landoit and Bornstein (1979)

Feldspar constituent 1{2} 2{42} 3{43} 4{60} 5{61} 6{209} 7{215}
(Wt%)

Orthoclase, KAISi;O4 78.5 75 66.6 53.5 64.9 74 60.7
Albite, NaAISi;Oq 19.4 22 28.6 346 26.6 189 356
Anorthite, CaAl,Si,Og 2.1 _ 9.15 3.6 195 164
Table Il -12. The average eigenvectors of the Feldspar specimens

Mode 1 Mode 2 Made 3 Mode 4 Mode § Mode 6
0.808 -0.548 0.192 -0.045 0 0

0.371 0.223 -0.851 0.287 0 0

0.442 0.791 0.41 0.038 0 0

-0.091 -0.122 0.248 0.945 0 0

0 0 0 0 0.994 -0.112

0 0 0 0 0.112 0.994

Table Il -13. eigenvalues of the seven Feldspar specimens, indicated for model 1 to 6,

and the measure &2V of the difference of Q%" from the unit tensor 1 in six

dimensions. Note that all the values of square of £*Y>Y are well within the confidence

interval of 4=0.234. As in the case of Table Il -11, the numbers in curly brackets are the

criterion in Landolt and Bornstein

Eigenvalues  1{2} 2{42}) 3{43) 4{60} 5{61} 6{209} 7{215}

Mode 1 205.049 172556 172.988 199.650 188.989 187.621 183.112
Mode 2 115.566 101223  96.992 100.305  98.012 99.746 110.695
Mode 3 40.926  36.996  36.112  32.868  37.449 33628 46.799
Mode 4 16.986 14.302 15.221 21629 16.7 17.18 15.442
Mode 5 13.962 13473  11.989 9.836 13.61 13.858  13.439
Mode 6 37.735 3261 34706  35.85 37.281 3623  34.331
g2 0.06 0.033 0.05 0.111 0.034 0.047 0.075
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This result was one of great interest and it was further expiored with the
objective of discovering whether there were other materials in which the
eigenvectors, but not the eigenvalues, were relatively independent of material
composition. Strong candidates were the softwoods, particularly spruce for which
there is much data in the literature. We found that the same result held, not only
for spruce, but for the softwoods for which we could find density dependent data.
In fact we found that all the softwoods for which we could find density dependent
data shared the feldspar property described above. The very high degree of
coincidence of the eigenvectors of the various softwoods is illustrated by the
results of the analysis of the eigenbasis rotation data in Table Il -15. The
components of the averaged eigenvectors for the softwoods are listed in Table Il
-14.

Table Il -14. The average eigenvectors of the softwood specimens

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5§ Mode 6
0.035 0.491 -0.865 0 0 0
0.998 -0.057 0.008 0 0 0
0.046 0.864 0.492 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
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Table Il -15. Eigenvalues of the seven softwood data sets, indicated for model 1 to 6,
and the measure £*Y%Y of the difference of Q**°~" from the unit tensor 1 in six
dimensions. Note that all the values of square of V> are well within the confidence

interval of u=0.302. The numbers following the name of the softwood are the specific

gravity for that softwood data set. Data from Landolt and Bornstein (1979)

Eigenvalues  Spruce Spruce Spruce Spruce Douglas Douglas Pine

(0.44) (0.43) (0.39) (0.50) -F (0.59) -F (0.45) (0.54)
Mode 1 16.294 14.106 11.983 17.253 17.086 16.13 16.99
Mode 2 0.84 1.214 1.098 1.165 2.181 1.416 1.649
Mode 3 0.356 0.418 0.454 0.513 0.705 0.63 0.494
Mode 4 1.234 1.442 1.498 1.25 2.348 1.767 1.742
Mode 5 0.072 0.064 0.078 0.07 0.16 0.176 0.132
Mode 6 1.52 1.0 1.442 1.706 1.816 1.766 1.344
gz 0.037 0.025 0.038 0.041 0.035 0.045 0.025

Il — 8. Discussion

The method proposed in this chapter for the averaging of elastic constant
data treats the individual measurement systematically as a tensor instead of as a
collection of individual elastic constant or matrix element measurements. This
proposed method for averaging different measurements of the anisotropic elastic
constants for a specific material has advantages over the traditional method (i. e.,
Hearmon's) of averaging the individual matrix components of the elasticity or
compliance matrices. Averaging invariants removes the effect of the reference
coordinate system in the measurements, while the traditional method of
averaging the components may induce errors due to the various reference

coordinate systems and may distort the nature of the symmetry.
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In application of the method we have employed statistical methods to
exclude some measurements from a measurement set by establishing
confidence intervals. The methods we employ have an advantage over the
traditional method in that they provide a rational basis to including or excluding
measurement data. Hearmon (1952) excluded particular measurements from the
data set on the basis that their inclusion led to coefficients of variation in the
average stiffness of over 50% to 100%. Even after the application of this method,
Hearmon expressed concern over the size of the coefficients of variation and
concluded that he was less confident in the results for the elasticity tensor ¢ than
the resulits for the compliance tensor s, even though these data came from the
same authors. A second advantage of the present method, not related to the
arguments above, is that we are averaging the joint eigenvalues and eigenbasis
of ¢ and s. Hearmon (1952) found that the coefficients of variation were very
small for the compliance matrix compared to those for the elasticity matrix.
Hearmon employed the six-by-six matrix ¢ (non-tensorial) notation of Voigt
(1928), illustrated by Equation (I7-1). He suggested that the coefficients of
variation in elasticity matrix components being larger than those in compliance
probably came from the inherent variability of the material. This problem does not
appear in our method because we are averaging the joint eigenvalues and
eigenbases of ¢ and s. Our analysis reflects this result.

The analysis of the data for Rochelle salt and quartz showed (Table il - 5)
that the measurements of Mandell in Rochelle salt should be excluded, both by

the method of the present analysis and in the judgment of Hearmon (1952).
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However, the measurement of the elastic constants of Rochelle salt by Hinz,
excluded by Hearmon, cannot be eliminated by our method. Hearmon excluded
these measurements of Rochelle salt stiffness from the averaging process
observing that their inclusion led to coefficients of variation in the average
stiffness of over 50% to 100%. He also noted that he was less confident in these
individual measurements because their associated stiffness was quite different
from the stiffness of other measurements. The measurements of Mandell and
Hinz were determined by a static mechanical testing method. By similar
arguments Hearmon excluded the measurements by Mason for ADP and KDP.
After excluding the measurements above, Hearmon obtained the resuits with low
coefficients of variation and he considered that the reduced set of measurements
provided better results. However, he still expressed concern over the size of the
coefficients of variation, especially for Rochelle salt.

The numerical differences in the results produced by our method and the
results produced by the method of Hearmon (1952) of the same data are almost
insignificant (Table Il -10). We believe that the agreement in the values of the
average elastic constants determined by the different methods is due to good
coincidence in the eigenbasis of the data set employed. Note that the analysis of

AVG-Y
g

measure (of the difference of Q%" from the unit tensor 1 in six

eAVEY values between

dimensions) for the materials in Table |l - 5 shows that the

all the Y individual measurements and the average of the measurements are very
small. Since the transformation Q" differs from 1 only by a term proportional

to £AYEY (Appendix C), the transformation law (/7 - 3) for ¢ and § will produce
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changes in the elastic constant tensor components that will differ from the

original elastic constant tensor component values only by terms muitiplied by
£AVGY under the transformation Q*°~" . We conclude that Hearmon’s method of

averaging the elastic constant data produce almost the same resuits as the
presently proposed method if the eigenbasis of each of the individual
measurement is very close to the averaged eigenbasis, as shown in the
examples of Rochelle salt, ADP, KDP and quartz (Table Il - §). Our contribution
is that of an invariant method of data analysis that employs a rationale process
for data exclusion.

A result of great interest was that, for some materials with varied
composition (softwoods, feldspar), the eigenvectors, but not the eigenvalues,
were relatively independent of material composition. This result suggests a
paradigm for extending the empirical method of regressing Young’'s modulus
data against composition or porosity in an isotropic material to anisotropic
materials. Recall, for example that in the case of porous isotropic materials it is
customary to regress the Young’s modulus against porosity. Our results suggest
that one may be hopeful that the eigenvectors of a material of varied composition
will not depend upon the varied composition, permitting all the compositional

dependence to be represented only by the eigenvalues.
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lil. The anisotropic Hooke’s law for cancellous bone and wood

I = 1. Introduction

Many materials are anisotropic and inhomogeneous due to the varying
composition of their constituents. The identification of the type of elastic
symmetry is complicated by the variable composition of the material. This makes
the analysis of the elastic constant measurement data difficult. A solution to this
problem in which identification of the type of elastic symmetry and the analysis of
variable composition are separated and analyzed independently was described
in chapter ll. The method consists of averaging eigenbases, that is to say the
bases composed of the orthogonal sets of eigenvectors of different
measurements of the elasticity tensor, in order to construct an average
eigenbasis for the entire data set. This is possible because the eigenbases,
composed of eigenvectors, are independent of composition while the
eigenvalues are not. The eigenvalues of all the anisotropic elastic coefficient
matrices can then be transformed to the average eigenvector bases and
regressed against their compositional parameters. This method treats the
individual measurement as a measurement of a tensor instead of as a collection
of individual elastic constants or matrix element measurements, recognizing that
the measurements by different authors will reflect the systematic invariant
tensorial properties of a material, like eigenvectors and eigenvalues. This method
for averaging different measurements of the anisotropic elastic constants for a
specific material has advantages over the traditional method of averaging the

individual matrix components of the elasticity or compliance matrices. Averaging
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invariants removes the effect of the reference coordinate system in the
measurements, while the traditional method of averaging the components may
induce errors due to the various reference coordinate systems and may distort
the nature of the symmetry. This averaging process explicitly retains the
orthonormality of the eigenvector basis.

An interesting result that emerged from the analysis in chapter |l was a
method dealing with variable composition anisotropic elastic materials whose
elastic coefficients depend upon the particular composition of the material. In the
case of porous isotropic materials, for example, it is customary to regress the
Young's modulus against the solid volume fraction and obtain an expression for
Young's modulus E as a function of the solid volume fraction ¢; for example
E = (constant) ¢". The resuits in chapter Il provided a means to extend this
empirical method to anisotropic materials. in chapter |l this method was applied
to feldspar and it was discovered that the eigenvectors, but not the eigenvalues,
were relatively independent of material composition. That result is extended here
to three natural porous materials, cancellous bone, hardwood and softwood. The
previous results and the present work establish this method of analysis as a valid
approach to the construction of anisotropic stress — strain relations for other
compositionally dependent materials.

This new method of analysis also identifies the type of elastic symmetry
possessed by the material. No assumption as to the type of elastic symmetry is
made. The type of symmetry is identified from the character of the eigenvectors

that are calculated. For example, in the present work the analysis shows that
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human cancellous bone has orthotropic elastic symmetry at the 95% confidence
level. However the data base we employ for wood incorporated the assumption
of orthotropic material symmetry so this feature is not illustrated by the analysis

of the wood data.

[l - 2. Trabecular Grain

The anisotropic Hooke's law was described in chapter {l. The symmetry of
(linearly elastic) materials may be characterized by the number and orientation of
the planes of mirror, or reflective, symmetry (Cowin and Mehrabadi, 1987). The
material symmetry of wood is an appropriate example; it has three perpendicular
planes of mirror symmetry. One plane is generally perpendicular to the long axes
of the three trunk, another is perpendicular to the tangent to the growth ring, and
the third is perpendicular to the radial direction associated with the growth ring. In
colloquial speech, by the “grain of the wood” we mean the direction along the
long axis of the wood fibers, fibers that are generally coincident with the long axis
of the three trunk. Here we define “wood grain” as a set of three orthogonal,
ordered directions, the first of which coincides with the local “colloquial” grain
direction, which is locally the stiffest direction; the second and third directions are
directions orthogonal to each other in the plane perpendicular to the “colloquial”
grain direction and also represent directions of extrema in stiffness in the local
region of the wood. These directions are the directions tangent and perpendicular
to the growth rings. The existence of these three perpendicular planes of mirror

symmetry, and no others, mean that wood has orthotropic material symmetry.

43

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We refer to the symmetry coordinate system for an orthotropic material as the
“grain” coordinate system. In the grain coordinate system the compliance matrix

may be expressed as

1/E, -v,/E -v,I/E 0 0 0
-v,/ E; 1/E, -vy,/E, 0 0 0
g___—vu/El -v,/E, l/E 0 0 0 (1)
0 0 0 1/(2G,;) 0 0
0 0 0 0 1/2G,3) 0
0 0 0 0 0 1/2G,,) |

The orthotropic elastic coefficients in the compliance matrix (//I-1) may be
considered either as the components of a fourth-rank tensor in a space of three
dimensions or as a second-rank tensor in a space of six dimensions (Mehrabadi
and Cowin, 1990; Cowin and Mehrabadi, 1995).

For cancellous bone we refer to the grain coordinate system as the
trabecular grain to distinguish it from the wood grain. By trabecular grain we
mean a set of three ordered orthogonal directions, the first one of which lies
along the local predominant trabecular direction, which is locally the stiffest
direction; the second and the third directions are orthogonal to each other in the
plane perpendicular to the first direction and represent directions of extrema in
stiffness in the local region of the cancellous bone, see Figure 1. We know that
these three directions are orthogonal because it has been shown that cancellous
bone has orthotropic elastic symmetry (shown by the present data analysis to be

at 95% confidence level for 141 specimens), that is to say, three perpendicular
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planes (or, alternatively, axes) of mirror or reflective symmetry, in each local

region of the bone tissue.

Ill = 3. The Elastic Constant Data Bases

In this section we describe the source of the elastic constant data we
analyze. The results for cancellous bone presented in this work are based upon
an analysis of a data base consisting of 141 human cancellous bone specimens.
This data base, reported by van Rietbergen et al. (1996,1998) and Kabel et al.
(1999b), is superior to previous data bases because the authors provide the
entire set of anisotropic elastic constants without an a priori assumption of a
particular material symmetry and without an assumption of the direction in which
the maximum Young’s modulus occurs. This data base is unique in many
different ways, the most important of which is the large number of specimens and
its method of construction, but particularly because it is not based entirely on
measurements of real specimens. The data base of elastic constants of 141
human cancellous bone specimens employed here was constructed by imaging
real specimens, then computationally determining their elastic constants. We
believe that this cyberspace method of construction is more accurate than the
conventional mechanical testing procedures for evaluating the elastic constants
of human cancellous bone. The determination of the elastic constants of
cancellous bone by conventional mechanical test procedures is very difficult. The
basic problem is that, due to the size of the human body, it is difficult to obtain
specimens of cancellous bone that are larger than 5mm cube. The logical way to

test small cubes such as these is compression testing. However compression
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testing is highly inaccurate for cancellous bone because of (1) the frictional end
effects of the platens, (2) it is almost impossible to identify, a priori, the grain
directions in a bone specimen and it is therefore almost impossible to cut a
specimen in the grain directions, (3) the stiffening effect of the platens on the
bone near the piatens and (4) the unpredictable inhomogeneity of the specimen.
These and other difficulties in the mechanical testing of cancellous bone are
described in Keaveny (1997).

The construction of the data base of elastic constants of 141 human
cancellous bone specimens employed here was a breakthrough because it
provided a relatively inexpensive method of determining the full set of anisotropic
elastic constants for a small specimen of cancellous bone by a combination of
imaging the specimen (Odgaard et al., 1997; Kabel et al., 1999a, 1999b) and
subsequent evaluation of the effective elastic constants using computational
techniques based on the finite element method (van Rietbergen et al., 1996,
1998; Hollister ef al.,1991). This method makes no assumption conceming the
type of elastic symmetry characterizing the material. In this method the actual
matrix material of the trabeculae comprising the bone specimen is assumed to
have an axial Young's modulus E;. The tissue modulus E; is a scale factor that
magnifies or reduces all the elastic constants. The inverse of the tissue modulus
1/ E; multiplies each component in the elastic compliance matrix. The value of E;
may be fixed from the knowledge of the axial Young's modulus E; itself. The

elastic constant results are presented here as multiples of E,. For purpose of
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numerical calculation E; was taken to be 1 GPa (van Rietbergen et al., 1996,
1998; Odgaard ef al.; 1997, Kabel et al., 1999a).

Once the image of the specimen was in the computer and a finite element
mesh was generated, a sequence of loadings (van Rietbergen et al., 1996, 1998)
were applied to the specimen and the responses determined. The sequence of
loading was sufficient in number to determine all 21 elastic constants. Thus no
material symmetry assumptions were made in the determination of the constants.
Quantitative stereological programs were used to determine the solid volume
fraction ¢ of each specimen. These are the data employed in the analysis
reported here.

The source of the elastic constant data on hardwoods and softwoods is
easier to describe; it was taken from Hearmon (1948). These data (Table 1lI-1 &
[1i-2) are relatively unique because they included both the elastic constants and
the apparent density of the specimens. Note that the data on cancellous bone
are given as function of solid volume fraction ¢, while those for hardwoods and
softwoods are given as function of bulk or apparent density, p. These two
quantities are related by p = y¢ where y is the density of the actual solid matrix

material (y = 1.9 gram/cc for human bone). y is considered to be a constant for

these materials, so p is proportional to ¢.
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Tabile [l - 1. The elastic constants of hardwoods from Hearmon (1948). The units of p

are g/cc and the units of the elastic constants are GPa = 10'? dynes/cm?

Species P G, €y R T Cn €y Gy Co
Quipo 0.1 0.045 0.251 1.075 0.027 0.033 0.025 0.226 0.118 0.078
Quipo 0.2 0.159 0.427 3.446 0.069 0.131 0.178 043 0.28 0.144
White 0.38 0.547 1.192 10.041 0.399 0.360 0.555 1.442 1.344 0.022
Khaya 0.44 0.631 1.381 10.7250.389 0.520 0.662 1.80 1.196 0.42

Mahogany 0:50 0.952 1.575 11.996 0.571 0.682 0.79 1.96 1.498 0.638

Mahogany 0.53 0.765 1.538 13.01 _0.655 0.631 0.841 1.218 0.938 0.3

S.Germ 0.54 0.772 1.77212.24 0.558 0.53 0.871 2.318 1.582 0.54
Maple 0.58 1.451 2.565 11,482 1.197 1.267 1.818 2.46 2.194 0.584
Walnut 0.59 0.927 1.76 12.4320.707 0.936 1.312 1.922 1.4 0.46
Birch 0.62 0.898 1.623 17.173 0.671 0.714 1.075 2.346 1.816 0.372
Y.Birch 0.64 1.084 1.697 15.288 0.777 0.883 1.191 2.12 1.942 0.48
Oak 0.67 1.35 2.983 16.678 1.007 1.005 1.463 2.38 1.532 0.784
Ash 0.68 1.135 2.142 16.958 0.827 0.917 1.427 2.684 1.784 0.54
Beech 0.74 1.659 3.301 15.437 1.279 1.433 2.142 3.216 2.112 0.912
Ash 0.80 1439 2439170 1.037 1.485 1.968 1.720 1.218 0.50

Table 1l - 2. The elastic constants of softwoods from Hearmon (1948). The units of p are

g/cc and the units of the elastic constants are GPa = 10" dynes/cm?

Species p ¢y €1 Cy3 ¢ir C3 Ca3 Cas  Cys Ces
Balsa 0.2 0.127 0.36 6.38 0.086 0.091 0.154 0.624 0.406 0.066
Spruce 0.39 0.572 1.03 11.95 0.262 0.365 0.506 1.498 1.442 0.078
Spruce 0.43 0.594 1.106 14.055 0.346 0.476 0.686 1.442 1.0 0.064
Spruce 0.44 0.443 0.77516.286 0.192 0.321 0.442 1.234 152 0.072
Douglas fir 0.45 0.929 1.173 16.095 0.409 0.539 0.539 1.767 1.766 0.176
Spruce 0.50 0.755 0.963 17.221 0.333 0.549 0.548 1.25 1.706 0.07
Pine 0.54 0.721 1.405 16.929 0.454 0.535 0.857 3484 1.344 0.132
Douglas fir 0.59 1.226 1.775 17.004 0.753 0.747 0.941 2.348 1.816 0.16
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[l — 4. Analysis of Data

The data on the elastic constants of cancellous human bone and their
volume fraction were analyzed in five steps. A detailed example for a particular
human cancellous bone specimen is given in appendix D. First, the eigenvalues
and eigenvectors associated with the six-by-six matrix of elastic constant data
were determined for each specimen. Second, the average of the 141 eigenbases
was determined (see the Appendix D for details). Third, observing that the
elements in the averaged eigenbases associated with other than orthotropic
symmetry were near zero, the eigenvector basis was statistically tested for the
closeness to orthotropic symmetry. It was found that the set of 141 bone
specimens had orthotropic symmetry at the 95% confidence level. Fourth, the
data for each specimen were referred to the common eigenvector basis. The
orthogonal transformation law for Cartesian second rank tensors was employed
to transform the elasticity tensor from its original coordinate system which
reflected no symmetry to the common average eigenvector basis where it
reflected orthotropic symmetry system except for a few small deviations. The
elastic constants that were associated with other than orthotropic symmetry were
near zero and were neglected. The error associated with the neglect of these
near-zero terms was less than 3.5% of the largest eigenvalue and the maximum
error was 4.4% for specimen 36. This result demonstrated that the common
average eigenvector basis was indeed common and almost independent of the
volume fraction, paralleling the result noted by Cowin and Yang (1997) that the

eigenvectors for wood and feldspar were independent of the composition of
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those materials (the proof of that result in Cowin and Yang follows a different
numerical argument, however). Fifth, the six compositional invariants were
regressed against their volume fractions by using linear log-log relations. The
rationale for the selection of log-log relationships is given in Hodgskinson and
Currey (1990). The results of this analysis, the dependence of the eigenvalues
upon the solid volume fraction, are shown in Table [l - 3. Iin Table |l - 3 the
squared correlation coefficients (R?) for the correlation of that eigenvalue with the
corresponding set of the eigenvalue of the original data is shown next to the
eigenvalue. A plot of the data on the first eigenvalues versus solid volume
fraction is presented in Figure 2. Then, using the spectral representation of the
matrix of elastic coefficients in terms of its eigenvalues and eigenvectors, where
the eigenvalues are compositionally dependent and the eigenvectors are not, the
strain-stress relations were constructed. These relations reflect the explicit
dependence upon volume fraction ¢. The elastic constants obtained are given in
the second column of Table [l - 4 as a function of the solid volume fraction ¢ and
a multiple of E,. E, has the dimension of stress and other numbers multiplying all
¢'s raised to a power are dimensionless. The squared correlation coefficients (R?)
for the orthotropic elastic coefficients are as follows: for 1/E4, R? = 0.934; for 1/E;,
R? = 0.917; for 1/E3, R = 0.879; for 1/(2Gz3), R? = 0.870; for 1/(2G13), R? = 0.887;
for 1/(2G1,), R? = 0.876; for -v1,/E4, R? = 0.740; for -v43/E;, R? = 0.841; for
-v12/E,, R? = 0.666.

The elastic coefficient for human bone is quite interesting and contains

revealing insights. The Young’s modulus of human cancellous bone plotted as a
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function of direction at the volume fraction ¢ = 0.35 is shown in Figure 3. This
three-dimensional closed, peanut shell shaped surface refiects the three
orthogonal pianes of mirror symmetry associated with orthotropy. For an isotropic
material the surface shown in Figure 3 would be a sphere. As the solid volume
fraction of cancellous bone changes, the overall average shape of the surface in
Figure 3 stays the same, but the intercept values of the surface with the three
principal directions increase or decrease with the volume fraction; that is to say
the plot in Figure 3 is simply enlarged or reduced. it is interesting to note that the
anisotropy ratios (E1/E2, E1/E3, E2/E3) calculated are mildly decreasing with
increasing volume fraction, thus the more dense material is associated with less
pronounced anisotropy.

The data on the hardwoods and softwoods were analyzed in a manner
similar to that for cancellous bone. The dependence of the eigenvalues for the
wood types upon the apparent density is shown Table [l - 3. The elastic
constants obtained are given in the third and fourth columns of Table Ill - 4 as
functions of the apparent density. The results for woods are not as strong as the
results for the cancellous bone. The reason for this difference is the difference in
the quality of the original data base. The data set on the cancellous bone is high
quality data in that it contains all 21 elastic constants and the solid volume
fraction for 141 specimens. The results concerning these data are strong
because of the large number of specimens; the central limit theorem states that
the difference between the true mean and the estimated mean depends inversely

upon the number of specimens. Thus the true mean and the estimated mean
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Table Ill - 3. Results of the linear log-log regression of the eigenvalues against volume

fraction ¢ for cancellous bone and the linear log-log regression of the eigenvalues

against apparent density p for hardwoods and softwoods.

| Eigenvalues (R?) Cancellous bone Hardwood (GPa) Softwood (GPa)
A+ (R?) 1460E, ¢'72 (0.911) | 28.44 p"** (0.968) | 32.56 p*% (0.941)
Az (R?) 871E,¢'% (0.905) | 6.11p"%*(0.936) | 3.92p"*® (0.874)
Az (R?) 493E,¢'%2 (0.868) | 0.86 p°’°(0.684) | 1.79p'™ (0.894)
As (RD) 533E, > (0.879) | 3.94 p'# (0.893) | 4.55p'% (0.704)
As (R?) 973E:¢'% (0.902) | 3.14p"¥ (0.875) | 4.01 p"* (0.824)
As (R?) 973E.¢'* (0.889) | 0.83p"?'(0.453) | 0.166 p*% (0.271)

Tabie 11l - 4. The functional dependence of the orthotropic elastic constants of bone upon

solid volume fraction, ¢, and the functional dependence of the orthotropic elastic

constants of the hardwoods and softwoods upon apparent density, p.

Elastic Constant Cancellous bone Hardwood Softwood

E, 1240 E, ¢'%° 1.307 p°* (GPa) | 2.05p'"" (GPa)
E, 885 E, ¢'*® 2.97p"° (GPa) | 3.14p'* (GPa)
Ea 528.8 E, ¢"% 27.63p'*" (GPa) | 32.01p'°" (GPa)

2 Gz 533.3 E, ™ 3.94p'"2 (GPa) | 4.56p'% (GPa)

2Gu3 633.3E,¢'Y 3.14p"¥ (GPa) | 4.10p"* (GPa)

2Gy 972.6 E, ¢"*® 0.825p'2?' (GPa) | 0.166 p°% (GPa)
Va3 0.256 E, $°°° 0.024 p° "3 0.028 p*®®

Vi 0.153 E, 2% 0.227 p°® 0.286 p®*°

Vis 0.316 E; ¢°'® 0.016 p°7¢ 0.019p*%"

Vi 0.135 E, % 0.345 p0% 0.300 p?°

V12 0.176 E, % 0.724 p*%%° 0.269 p°'7

V2 0.125 E, ¢°'® 1.645 p**%° 0.412 p°%

approach each other as the number of specimens increases. The quality of the

data on woods, given in Table lll - 1 and Il - 2, is easily seen to be about one-
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tenth the number of cancellous bone. In addition, the assumption of orthotropic
symmetry was incorporated into the data base for wood, while the data base for
human cancellous bone is independent of any assumption concerning elastic

material symmetry.

It - 5. Discussion

The superiority of this model for representing the volume fraction
dependence of the elastic constants is established by comparing it with the
results obtained using other models. The widely employed axial Young's
modulus model assumes that the axial Young's modulus E is proportional to the
solid volume fraction ¢ raised to a power, E = (constant) ¢". When this model is
employed (Rice et al., 1988; Cowin, 1989; Hodgskinson and Currey, 1990a,b)
the squared correlation coefficients (R?) are in the range of 0.4 to 0.7; with
present model the squared correlation coefficient (R?) is 0.934 for the largest
Young's modulus, about one-third higher. However the reader should keep in
mind that the squared correlation coefficients we report were not obtained
directly from experimental data as were the earlier ones. By reminding the reader
of this fact we do not mean to imply that the method employed to obtain the
elastic constants reported in van Rietbergen et al. (1996, 1998) and Kabel et al.
(1997a) is any less accurate, only different. In fact, we believe that the data
reported by van Rietbergen et al. (1996,1997) and Kabel et al. (1997a) are
superior to previous data because they provide the entire set of anisotropic

elastic constants without an a priori assumption of a particular symmetry and
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without an assumption of the direction in which the maximum Young's modulus
occurs. The data bases employed by Rice et a/.(1988) (see also Cowin, 1989)
consisted generally of uniaxial compression tests of small cubes of cancellous
bone in which only the Young’s modulus was reported. In these studies the
direction of the maximum Young's modulus was assumed or estimated.

The results presented here establish the method of analysis developed in
Cowin and Yang (1997), in which the identification of the type of elastic symmetry
to be accomplished independently of the examination of the variable composition
of the material, as a valid approach to the construction of anisotropic stress-strain

relations for other compositionally dependent materials.
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IV. Human Cancellous Bone Elastic Constants Dependence
upon Solid Volume Fraction

IV - 1. Introduction

There has been a great deal of study aimed at specifying the relationship
between the elastic constants of cancellous bone and volume fraction. Lumping
bovine and human data for both cancellous and cortical bone together, Carter
and Hayes (1976) proposed a relationship in which the effective isotropic
Young’s modulus was proportional to the cube of volume fraction. Rice et al.
(1988) showed that there was species dependence in the data on the
relationship between the Young’s modulus and volume fraction and, more
importantly, the inclusion of the data on cortical bone were the source of the
proposed cubic dependence. When the data for cortical bone were removed, the
dependence of the Young's modulus of cancellous bone was upon the square of
the volume fraction. Recent work has assumed a dependence of the anisotropic
elastic constants upon the square of the volume fraction as well as measures of
the local architecture of the cancellous bone (Turner et al., 1990; van Rietbergen
et al., 1996,1997).

In an anisotropic material such as cancellous bone the value of Young's
modulus changes as a function of direction from a fixed material point. It depends
not only upon direction but also upon the solid volume fraction of the cancellous
bone in the region of the material point. Experimental determination of the
Young's modulus for cancellous bone has been hampered in the past by the

inability to separate or distinguish the directional dependence from the solid
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volume fraction dependence. In chapter lll it was shown that the solid volume
fraction dependence can be separated from the directional dependence,
analyzed independently, then re-endowed with its directional character. The
representation of the anisotropic Hooke's law for human cancellous bone
presented in chapter il could ultimately lead to a method for the evaluation of
bone stiffness directly from solid volume fraction (or apparent density) and
anatomical location, a method that can be used for a more accurate and non-
invasive assessment of the structural integrity of cancellous bone. This
representation of the anisotropic Hooke's law provides a relationship between the
axial Young's modulus of human cancellous bone and volume fraction that has a
squared correlation coefficient (R?) of 0.924. This means that the present mode/
can explain all but approximately 8% of the total variation in the axial Young's
modulus of the data base. The highest squared correlation coefficients (R?) for
axial Young's modulus against (only) volume fraction for previous models against
other database are generally under 0.70 (Rice et al., 1988; Hodgskinson and
Curry, 1990a). Moreover the representation provides all the elastic constants, not
just the axial Young’s modulus, with similar high squared correlation coefficients
(R?).

This representation is a breakthrough based on several pieces of very
recent research and some previously well-established results. The first recent
result is the development of a relatively inexpensive method of determining the
full set of anisotropic elastic constants for a small specimen of cancellous bone

by a combination of imaging the specimen (Odgaard et al., 1997; Kabel et al.,
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1997a) and subsequent evaluation of the effective elastic constants using
computational techniques based on the finite element method (van Rietbergen et
al., 1996, 1997; Hollister et al., 1991). The second recent resuit is a method of
averaging the compositionally dependent anisotropic elastic constants (Cowin
and Yang, 1997). The important previously established result is the strong
correlation between stiffness and strength for cancellous bone (Currey 1969,
1984; Rice et al., 1988).

In the next section we illustrate the implications and features of the
anisotropic Hooke's law for cancellous bone. In the two sections that follow, the
Hooke's law is compared with the axial Young's modulus model and the fabric
model, respectively. The final section is a discussion of the significance of this

result against a background of previous work.

IV - 2. The implications and Features of This Hooke's Law

In the grain coordinate system, based on the results of Chapter lli, the

anisotropic Hooke's law for human cancellous bone has the representation

en1 =1/E¢ [ 1/(1240 ') o1, - 1/(7056 6>*®) 622 — 1/(3929 ¢'**") 613],

€22 = 1/E, [-1/(7056 $**®) o1, + 1/(885 6'%¥) 525 — 1/(3456 ¢'77) 533].
€33 = I/E( [ -1/(3929 ¢'**") o1, — 1/(3456 ¢'°7*) 622 + 1/(528.8 ¢'°'°) 533],
€23 = 1/E, [1/(533.25 ¢***®%) 613,

€13 = 1/E, [1/(633.34 ¢'°"%) o3,

€12 = 1/E, [1/(972.63 ' ®*) o512, {dv-1
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where ¢ is the (dimensionless) solid volume fraction, E; (tissue Young’s modulus)
has the dimension of stress and the other numbers are dimensionless.
(Sometimes these elastic constants are presented as functions of the bulk or
apparent density, p, which is related to by p = y¢ where y is the density of the
actual solid matrix material (y = 1.9 gram/cc for human bone). The squared
correlation coefficients (R?) of this model with the original data are given in Table
V-1.

The representation (/7 - 1) of the elastic coefficients for human bone is quite
interesting and contains revealing insights. The Young’s modulus of human
cancellous bone of the average representation (/V - 1) plotted as a function of
direction at the volume fraction ¢$=0.35 is shown in Figure 3. This three-
dimensional closed, peanut shell shaped surface reflects the three orthogonal
planes of mirror symmetry associated with orthotropy. For an isotropic material
the surface shown in Figure 3 would be a sphere. As the solid volume fraction of
cancellous bone changes, the overall average shape of this surface stays the
same, but the intercept values of the surface with three principal directions
increase or decrease, that is to say the plot in Figure 3 is simply enlarged or
reduced. It is interesting to note that anisotropy ratios (E+/E;, E+/E3 and E2/E3)
calculated from (V- 1) are mildly decreasing with increasing volume fraction,
thus the more dense material is associated with less pronounced anisotropy.

The data on human cancellous bone were from six anatomical sites. The

results of the analysis of the data are grouped on the basis of six anatomical
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sites (the vertebral, the calcaneus, the proximal tibia, the distal femur, the
proximal femur and the proximal humerus). For most of the sites the shape of the
plot of Young’s modulus as a function of direction is similar to that for the
average representation (/I - 1) shown in Figure 3, aithough the values of the
intercepts along the axes may change. The site that produces the plot of Young's
modulus as a function of direction which is most different from that illustrated in
Figure 3 is the distal femur. The plot of Young’'s modulus as a function of
direction for the cancellous bone from the distal femur is shown in Figure 4. Note
that the shape of the surface representing the directional dependence of Young’s
modulus in Figure 4 is slightly different from the average representation (V- 1)
shown in Figure 3, and that both surfaces have a three-dimensional peanut shell
shape. The difference between these figures reflects a difference in the
directional dependence of the average Young’s modulus in the cancellous bone
of the distal femur from the anatomically averaged directional dependence of the
Young's modulus of cancellous bone model represented by (/V- 1). The
purpose of this illustration is to show that these differences in shape exist, but
they appear to be minor.

The plot of the 141 specimen average Poisson’s ratios against volume
fraction for human cancellous bone is shown in Figure 5. Note that the values of
these Poisson’s ratios are all greater than zero and less than one half, the
customary range of the Poisson'’s ratios for isotropic materials (note that v4; is
larger than 0.5 for very low volume fractions). The permitted value range for

orthotropic material is much larger than for isotropic materials. Note that, for
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human bone, there is a consistent trend of decreasing Poisson'’s ratio as an
increasing volume fraction. While anisotropy is reflected in Poisson’s ratios, it is
not exaggerated as the values of the Poisson’s ratios all stay in the range of

those for isotropic materials.

IV = 3. Comparison with Other Models

The superiority of this model for representing the volume fraction
dependence of the elastic constants by comparing it with the results of axial
Young's modulus models were shown in Chapter .

If we compare the results of the present mode! with the more sophisticated
fabric tensor model, the squared correlation coefficients (R?) that are slightly
higher are obtained, but the fabric model has the cost of additional information
that are difficult to obtain. The fabric model employs a representation of the
elastic constants that involves a dependence both upon volume fraction and
upon a quantitative stereological measure of trabecular architecture called the
fabric tensor (Cowin, 1985; Turner et al., 1990; van Rietbergen et al., 1996,

1998; Odgaard, 1997; Odgaard et al., 1997; Kabel et al., 1997a). Four types of
fabric tensors are considered by Odgaard et al. (1997). Recall that the
“trabecular grain” consisted of the ordered set of three principal (orthogonal) axes
of orthotropic elastic symmetry, ordered by the magnitude of the elastic constants
in the three directions. These grain axes coincide with the principal axes of fabric
tensor in the models under consideration. The difference between the trabecular

grain and the normalized fabric tensor is two ratios that are part of the fabric

60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



tensor, the ratios of the maximum to minimum and maximum to mini-max values
of the architectural feature (i. e., the normalized eigenvalues of the fabric tensor).

Regression of the human cancellous bone data against the present model
produces the squared correlation coefficients (R?) shown in Table IV - 1. These
data have been regressed against the fabric model by van Rietbergen et al.
(1996, 1998), and Kabel et al. (1997b). Regression of the data against the
present model produces slightly higher squared correlation coefficients (R?) than
does a regression against the fabric model employed by van Rietbergen et al.
(1996, 1998), as shown in Table IV - 1. In the case of Young's moduli of human
bone the difference is between 0.924 and 0.85, the present model being more
effective.

Table IV - 1. Comparison of the correlations of the data on cancellous human bone with
two different models. The table presents the squared correlation coefficients (R?) for this
data base with the present model and with the fabric model. The present model
assumes a dependence upon the trabecular grain plus the volume fraction to a variable
power in a reference coordinate system. The fabric tensor model assumes a
dependence upon the fabric tensor and takes all terms to be proportional to the inverse
of volume fraction squared. The squared correlation coefficients (R?) for the fabric tensor

model are taken from work of Kabel et a/. (1999a).

Elastic Constants | Regression Lumped Elastic Present Model Fabric Model
Coefficients Constants
1/E; 0.934
1/E; 0.917 1/E; 0.924 0.85
1/E; 0.879
1/G 0.87
11Gqa 0.887 1G; 0.834 0.83
1/Gs2 0.876
-V12/E1 0.74
-Vi/E4 0.841 -vi/E; 0.755 0.67
-Vao/E, 0.666
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The squared correlation coefficients for both the present model and the
fabric model are lowest for the correlation of the Poisson’s ratios divided by the
various Young's modulus as may seen from Table IV - 1. In particular the
squared correlation coefficients (R?) for the present model with the data base for
-v13/E+ and -va3/E; are significantly lower than that of the other seven squared
correlation coefficients (R?) given in Table IV - 1. We know of no reason why the
squared correlation coefficients (R?) for the present mode! with the data base for
-v12/E4 and -v22/E; should be lower than squared correlation coefficients (R?) for

-v13/E4, the Young’'s moduli and the shear moduli.

IV — 4. Discussion

We conclude that, for whale and human cancellous bone data, the volume
fraction plus the trabecular grain are slightly better predictors of the elastic moduli
than the fabric tensor models currently in use. When taken as independent
variables the volume fraction plus the trabecular grain explain all but 8% of the
variance in the Young's modulus data, all but 11% of the variance in the shear
modulus data, and all but 12% of the variance in the Poisson’s ratio divided by
Young's modulus data (Tables IV - 1). Considering only Young's modulus data,
Hodgskinson and Currey (1990b) reported that when the apparent density, fabric,
marrow connectivity and mineral volume fraction are taken as independent
variables all but 7% of the variance in the Young's modulus data is explained.

In addition to the assumption of the dependence upon fabric, the current

fabric models assume a dependence upon the square of volume fraction (or
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apparent density). This conclusion of the current superiority of the present model
means that a more accurate representation of these cancellous bone data may
be possible using both a fabric tensor and allowing the various matrix
components to depend upon the volume fraction to different powers. Alternatively
it may mean that the only aspect of a fabric measure that is significant for this
cancellous bone tissue is the trabecular grain. This latter resuit wouid suggest
that trabecular architecture is strongly correlated with solid volume fraction or
apparent density. There are suggestions in the literature that this might be the
case. For example, Hodgskinson and Currey (1990b) and Odgaard (1997) note
the dependence of marrow connectivity on apparent density. There have been
other reports suggesting a strong dependence of trabecular architecture upon
volume fraction. Fyhrie ef al. (1992) and Fyhrie et al. (1993) have demonstrated
a linear dependence of the inverse of the fabric tensor upon volume fraction.
These two results are consistent and strongly suggest the dependence of the
trabecular architecture upon volume fraction. Investigators who have studied
cancellous bone samples note that specific specimens can have different
architectures but the same apparent density. These data and their observations
suggest that cancellous bone specimens can have different architectures with the
same volume fraction. Our results suggest the possibility that, in spite of the non-
uniqueness of architecture at the same volume fractions, the elastic constants
are the same for the differing architectures at the same volume fraction.

From a clinical viewpoint our result suggests that more information

concerning cancellous bone competence can be extracted from DXA data and
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textbook data on local cancellous bone structure (i.e., the primary direction data).
From a biomechanics perspective the model provides the most accurate
representation of the elastic coefficients of cancellous bone achieved to date.
The proposed enhancement of the evaluation of a person’s risk for
osteoporosis would be based on a knowledge of the local cancellous bone
volume fraction and a knowledge of the anatomically established, and previously
recorded, trabecular grain. If it is assumed that the bone structure at the site in
question is “normal,” the application of the model based on the data analyzed in
this chapter is possible. If the bone structure at the site in question is not “normal”
(for example, it has bone disease, or has been subjected to significant
reorientation of its local trabecular directions due to remodeling) then this method
offers no advantage as the trabecuiar grain woulid have to be determined as it
would have to be for other methods. If the bone at the site is normal, these data
would be combined using the method described here to evaluate the fracture risk
in a local cancellous bone mass. There are some difficuities with this proposed
risk evaluation for osteoporosis. First, the correlation between bone elastic
constants and the strength is not 100%, but methods are under study to improve
this correlation along the lines of the present study. Second, there is the
precision of the DXA to consider. Third, there is the question of how accurately
the trabecular grain can be evaluated from an anatomical data basis. incremental
improvement is possible in all these areas, and the combination may well be

significant.
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The representation of the anisotropic (orthotropic) stress-strain relations as
a function of volume fraction (/7 - 1) contains much interesting information. Recall
that this 141 specimen data base for human cancellous bone shows that human
cancellous bone has orthotropic elastic symmetry at the 95% confidence level
and that this was demonstrated without making an a priori assumption of
orthotropy. That result, which is incorporated in the representation (/V-1), is
strong. It is strong because of the large number of specimens; the central limit
theorem states that the difference between the true mean and the estimated
mean depends inversely upon the number of specimens. Thus the true mean
and the estimated mean approach each other as the number of specimens
increases.

The results reported here shed light on earlier work. Hodgskinson and
Currey (1990a,b) reported data that showed that the mean of the three Young’s
moduli had high correlation with the apparent density. One would expect that
result on the basis of the present work because the mean of the three Young's
moduli is an invariant of the compliance tensor, thus independent of coordinate
system. Light was also shed by the present work on why certain traditional
mechanical tests have been difficult to accomplish for cancellous bone. The high
degree of anisotropy in Young's modulus has been the problem with its
experimental evaluation using the traditional method of compression testing of
small specimens of cancellous bone. One of them is well illustrated by Figure 3.
If one desires to measure the largest Young's modulus in a cancellous bone

mass, the specimen must be selected so its sides align with the trabecuiar grain.
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If the specimen does not exactly align with the trabecular grain, the error in
determining the Young’s modulus can be significant as can be seen from Figure
3 (or Figure 4). These Figures show that the curved ends of the peanut shell
shape associated with the largest Young's modulus are the most highly curved
ends, slight angular deviations of the specimen from alignment with the
trabecular grain can cause a significant underestimate of the value of the largest
Young's modulus. Those doing this type of mechanical testing (Snyder and
Hayes, 1990; Keaveny, 1997b) have observed this fact. It is likely that this
alignment feature was the prime difficulty associated with the methodology in the
measurement of the cancellous bone elastic constants measured by Snyder

(1991).
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V. Bounds on the effective anisotropic elastic constants

V. - 1. Introduction

Hill (1952,1963) constructed bounds on the effective isotropic coefficients of
a material with triclinic symmetry using energy theorems from classical elasticity
and the uniform strain and uniform stress isotropic bounds of Voigt (1928) and
Reuss (1929). For an extensive review and extension of these bounds to general
boundary conditions, see section 2 of Nemat-Naser and Hori (1993) and
Balendran and Nemat-Nasser (1995). We present here the bounds on the
effective elastic constants of a material with any anisotropic elastic symmetry in
terms of triclinic symmetry elastic coefficients. It is then possible to specialize the
triclinic symmetry coefficients appearing in the bounds to those of a greater
symmetry. These results are obtained by combining the approach of Hill (1952,
1963) with a representation of the stress-strain relations due, in principle, to
Kelvin (1856, 1878), as well as extensions of the uniform strain and uniform
stress bounds of Voigt (1928) and Reuss (1929) from the isotropic case to the
case of the crystalline symmetries characterized by finite symmetry groups.

The proof of these results involves strain energy inequalities cast as
inequalities of quadratic forms. There are two key points that permit the analysis
presented to be successful. The first is an extension of this well known linear
algebra result: Given two symmetry N by N matrices A and B that satisfy the
inequality of quadratic forms, x*Ax < x*Bx, for all vectors x in the N-dimensional

space, then the eigenvalues of A and B, A" and A.B, a=1,...,N, respectively,

satisfy the inequalities A.* < A2, a=1,...,N if the principle axes (i.e., the
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orthonormalized eigenvectors) of B and A coincide. The requirement that the
principal axes coincide is referred to as the strong coaxiality requirement. It is
shown here that this result also holds under weaker conditions, namely, if the
principal axes of B are rotated from the principal axes of A by a small amount.
This is called the weaker coaxiality requirement; it is the first key to our extension
of known results. A proof of the weak coaxiality theorem is given in Appendix E.
The second key point is the demonstration that the principal directions
associated with the uniform strain bounds of Voigt differ by a small rotation from
the principal directions associated with the uniform stress bounds of Reuss for all
real materials considered. Thus all the materials considered, which may well
include all materials, allowed the weaker coaxiality requirement.

In the next section the Kelvin formation of the generalization of the Hill
inequalities for simple Kelvin eigenmodes are summarized. The Kelvin
eigenmodes are two types, simple Kelvin eigenmodes of a particular material
symmetry contain no coefficients that depend on the elastic constants, while
distnbutor Kelvin eigenmodes do. The eigenmode coefficients that depend on the
elastic constants are called distributors to indicate their role in proportioning an
eigenmode. The development of bounds on the effective cubic elastic coefficients
of a material triclinic symmetry is presented in V. - 3. Cubic and isotropic
symmetries contain only simple Kelvin eigenmodes. In V - 4 a proof that Hill
inequalities are also valid for distributor Kelvin eigenmodes is presented. It is
then possible to develop all the bounds on the effective coefficients for

symmetries other than cubic and isotropy. The development of bounds on the
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effective tetragonal elastic coefficients of a material with triclinic symmetry is
presented in V. - 5 and the development of bounds on effective trigonal
(hexagonal) elastic coefficients of a material with triclinic symmetry is presented
in V. - 6. For each set of bounds developed, it is possible to specialize the triclinic
symmetry coefficients appearing in the bounds to those of a great symmetry. In
V. - 7 there is a discussion of the results. The Kelvin eigenmodes and moduli for
the crystalline symmetries are recorded in Appendix A. The uniform strain and
uniform stress bounds of Voigt (1928) and Reuss (1929) for the crystalline
symmetries are recorded in Appendix E. Appendix C contains a representation
theorem for N-dimensional orthogonal transformations in the case of small
rotation while Appendix F contains the proof of the weak coaxiality theorem

mentioned above.

V. - 2. Generalized Hill Inequalities

There are two approaches to the generalized Hill inequalities, one is to
assume that the averaging processes are being applied to a polycrystalline
material (Hill, 1952) and the other is to assume the averaging processes are
being applied to a composite material (Hill, 1963). Following Hill (1963) we
consider a mixture of two anisotropic phase bonded together into a single solid.

There are no restrictions on the shape or concentration of the two phases. Let v4
and v, denote the concentrations of the two phases (vi+v.=1), T and T the

stresses of the phases, and E”and E® the strains of the two phases. Let the

superscript A stand for averaging over the volume of the indicated phase or the
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entire volume, whichever is appropriate. By averaging we mean integration over
the volume divided by the volume. Thus T represents the volume average of

the stress and E* the volume average of the strain. The stresses and strains in

the phases and entire volume are related by the following formulas:

T.-l = VlT(I)A + VZT(Z)A E.-( = V‘E“)A + V:E(ZH ] (V_ 1)

2

Within each of the phases the stresses and the strains at each point are related

by

TO = gVED TP = gPED  ED =TV E? =§2T? | (V-2)
We employ the methods of approximation of Voigt and of Reuss. The Voigt
approximation is to assume that the strains is uniform throughout the mixture,
thus EV* =E®* =E* and, from (V- 2) and (V- 1)
TAJ' = érf':"' . é;' - Vlé(lm + V’é(Z)A , (V- 3)
where the superscript V indicates the uniform strain assumption of Voigt. The

Reuss approximation is to assume that the stress is uniform throughout the

mixture, thus T"* = T»* = T* and, from (V- 2) and (V- 1)
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a

EA.R =§RTA , §R = Vlg(l)A +V2§(2)A , (V- 4)

where the superscript R indicates the uniform strain assumption of Reuss.

Hill (1963) noted that the average strain energy in any region can be
caculated from the average stress and the average strain when the surface
constraints are of a prescribed kind (see Gurtin (1972) and Nemat-Nasser and

Hori (1993) for general theorems). Hence, for the prescribed (constant) strain

E“, and the prescribed (constant) stress T*, the average strain energy has the

dual representation

22.4 =ﬁ.4 'éeﬁt:i -i~.-1 _gqf-i-.-( ) (V— 5)

where the definitions of ¢ and s have been employed,

T'=¢TE* E* =37T". (V-86)

Now, still following Hill(1963), the principles of minimum potential energy and

minimum complementary energy are employed to show that

E'.¢TE* <E*.¢'E* and T -7 T* <T*-5°T", (V-7)

respectively. This same result was obtained by Hill (1952) for a polycrystalline

material is a simple manner because the material contained only one phase.
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In his application of these results Hill (1952,1963) considered the

macroscopic symmetry, that of ¢ (87 ), to be isotropy. Since, in general, the

symmetry of ¢ and s is not isotropy, Hill employed the Voigt (1928) averaging
process over all orientations to obtain the orientational average “isotropic” elastic
constants. Voigt (1928) applied this process to the elasticity tensor and Reuss
(1929) applied it to the compliance tensor. Since the symmetry group
characterizing isotropy is the infinite group, it was necessary to integrate in order
to average all orientations; thus the Voigt and Reuss averages for isotropy are

integrals given by

~R.Iso

é"""’:éz— [[[@¢" (@ 1sin0 a6 dpdy . § =§er [fjQs" Q7 1sin6do dedy . (V-8)

where Q's are the orthogonal transformations of the infinite isotropic group and

0, ¢ and y are spherical coordinates. The symmetry group of all crystalline elastic
symmetries are finite (and also proper), hence the Voigt and Reuss averagees
for the crystalline elastic symmetries are averages over the finite set of
orthogonal transformations in the crystalline symmetry group. Let the symmetry
group be denoted by Grp, where Grp indicates either the Iso(tropic), Cub(ic),
Hex(agonal), Tri(gonal), Tet(ragonal), Ort(hotropic), Mon(oclinic) or T(riclinic)
symmetry groups. The average for the isotropic symmetry is given by (V' - 8). The

average for the finite symmetry groups are given by

72

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



N - No. -
él»,Grp = %ZQ(M&;' [Q(n)]r , §R,Glp = _;_ZQ(n)gk[Q(n)]T (V- 9)
n=1 n={

where Q's are the orthogonal transformations of the finite symmetry group Grp
and N is the order of the group Grp. The &' and §*“7 for the crystalline elastic
symmetries are given in Appendix E. The orientational averaging processes (V -
8) and (V' - 9) are applied to ¢ and §* in (V - 7) so that the symmetry of ¢’ and

§® coincides with the symmetry of ¢ and §7 ; thus
t.—l ’étff.Grpﬁ.-! < tft ’él'.(}rpt.-l and -i~.-l .geﬂ'.Grp-i-.-l S—iu{ _gR.Grp-i-.-l ' (V' 10)

where we have introduced the superscript Grp on ¢ and s to emphasized
that the symmetry groups of ¢' , §*, ¢ and s must be the same.

The strain energy, following by (/7 - 8), can be expressed in terms of strain,

or in terms of stress, as

2z=iAk[t-1<r“]2 and 2z=i [T-N*“7? (V- 11)

=
n
x~
_ll_
:>I._.
ES

When the representation (I - 11) is used for ¢"97 , §%97  ¢€S7 and 797

it follows from (V" -10) that
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iAzkﬂ_Gm[ﬁA -N“"] <ZA» Grp[E N(k)]
K=l
(V-12)

Z Afﬁ Grp [TA ‘Nm] - ARc;rp [TA Nm]

6
K=1 K=1

If all the modes are simple eigenmodes, N'*’ and N’ are equal. This is

equivalent to noting that the strong coaxiality condition is automatically satisfied

for simple eigenmodes. Thus, for simple eigenmodes, we may therefore select

N to coincide with the equal N}*’ and N ; thus (V' -12) becomes

i eﬁ(:rp[E-i N(k)] <ZAI Grp[E-l Nl{;) 2.

K= &K=t

(F-13)

6

6
-l llu 4 (k)
Z Aaff f:rp N Z \R orp N*'f

Note that, in the special case of isotropic and cubic symmetry, all the modes are

simple eigenmodes. The results (V- 13) must hold for each eigenmode, thus

AT < AT L < fore=12.6. (V-14)

° Aeff.(irp - AI;.(irp

The two inequalities in (V' - 14) may be combined in the final result,

ARGP < AT 5P < AV for k=1,....6. (¥ - 15)
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Nemat-Nasser and Hori (1993) also obtained formulas of the type (V' - 15). Their
result is more general in one aspect and less general in another. Their result is
more general in that they obtain these results for uniform tractions and linear
displacement data and ours is less general in that we have assumed uniform
strain or uniform stress. However, uniform strain or uniform stress is the situation

of our present interest. Their result is less general in that they obtained these
results by assuming that ¢ and $*® are coaxial, i.e., that N\’ and N'¥’ are equal

they make the strong coaxiality assumption. As we indicate above, the
assumption of strong coaxiality for ¢ and s® is appropriate for isotropic and
cubic symmetry (symmetries whose modes are all simple) as we have known
above, but it is too strong for the material symmetries with distributor Kelvin

eigenmodes. In V - 4 a proof of the result (V' - 15) for distributor Kelvin
eigenmodes is given for the situation when the eigenvectors N'*' and N’ are
“close” to each other, rather than equal. This weaker coaxiality result of ours is

more general than the strong coaxiality assumption for ¢ and s* employed by
Nemat-Nasser and Hori (1993). The weaker coaxiality assumption is the key to
permit us to construct bounds on the effective elastic constants of material
symmetries with distributor Kelvin eigenmodes, hence for any anisotropic elastic
symmetry.

Hill (1952) presented a result that illustrates the theory presented above in
the case of isotropy, a result we review in the present notation. In the case of

isotropic symmetry there are two distinct eigenvalues of the elasticity or

75

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



compliance tensor - one has a multiplicity of one and the other has a multiplicity
of five (Mehrabadi and Cowin, 990). The eigenvalue with a multiplicity one is
three times the bulk modulus X, and the eigenvalue with a multiplicity of five is
twice the shear modulus G. Thus, for effective isotropic symmetry, (V' -14) takes

the form

K <K? <K' .G?"<G? <G". (V- 16)

where the values of the Voigt and Reuss bounds on K and G, determined by

use of the macroscope orientational averaging process (}”-8), are given by

K =@ véh i)+ 2@ vl +el).
L l T AT L ATy’
(S)) + 535 +555)+ 2(5)5 + 555 +55,)
G* =%<a{, vel +éT -l —al, —c‘;)+%(514 +ElL+él), v -17)
and
G* = !

4 Ar AT AT Ar Ar AT 2 Ar AT AT
l_s“(sn + 83 #8355 =813 — Sy —S3) + < (54, + S5 + Se6)
D

and where the bounds are in terms of a matrix ¢’ representing the ¢ matrix for a
triclinic material. The inequalities (V - 16) appear in the paper of Hill (1952). The

inequalities (V' - 15) are referred to here the generalized Hill inequalities.
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I11-3. Bounds for Any Less Symmetry by Cubic Symmetry

in the case of cubic material symmetry there are three distinct eigenvalues:
they are of multiplicity one, two and three and are given by (Appendix A)

Cub _ A - Cub _ A _ A Cub A _
Agy =€ 42015, Ay =€ —Cps Agsg) =Cass (V-18)

respectively. The bounds on the eigenvalues of the ¢ ““ matrix,

—élzzlf Cub égf Lub élcg Cub 0 0 0 ]
é lf{ Cub C‘: Itlrf Cub éle:ﬂ Cub 0 O 0
éeﬂ'.(’ub _ c‘;leg.(‘uh c-;lz:zf.('ub Elelj.(’ub 0 0 0 (V- 19)
0 0 0 éd 9 o |’
0 0 0 0 ef 0
0 0 0 0 0 g

follow directly from the generalized Hill inequalities (" - 15); thus

R.Cub eff Cub ¥ .Cubd R.Cub eff Cub 1".Cub R.Cub eff Cub 1" .Cub
A! s Al s Al ’A(2.3) s A(I.S) < A(Z.Sl ’A(4.5.6) s A(4.5,6) s A(4.5,6) * (V- 20)

where, from (E2), the elements of ¢ ““ and §*“in the Voigt and Reuss

eigenvalues are expressed in terms of the elements of the triclinic elastic

coefficients ¢’ by
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vcub _ L AT AT ATy, 2 AT L AT , aT
e ='3‘(Cn +¢l, +C33)+5(Cl2 +él +¢él),

vcup _ L aT AT AT AT AT A v _ L oar AT AT
A ='§(Cn +Cyp +C33—Cy —Ca3 —Cy1) 5 Aise) = 3("44 +Cs5 +Ce5)+

1 loar o ary,2,ar AT 2T
AR ='5(Sn +S5n +533)+§'(sz + S5y +55).

1 Voot ar _ar _ar _ar _ar 1 1 ar ar | ar

wer =8N 450 55 =5, =853 —53)) c—peg =7 (54 + S5 + 566 )-
A(2.3) A(4.5.6)

V-21)
-~ - - -~ .l

If ¢80 =g Cub _zef S the matrix (V - 16) becomes the matrix for ¢ In the

case of isotropic material symmetry there are two distinct eigenvalues, one with a
multiplicity of one and one that has a muitiplicity of five. The eigenvalues with a

multiplicity of one is three times the bulk modulus X,

~ Isc - s I -
A =3k =l 428k =l w2l =32+ 24, (¥-22)

and the eigenvalue with a multiplicity of five is twice the shear modulus G,

Al(sg.sg.s.m =2G=¢ = 2‘—'20 =2u, (V- 23)

where A and p are Lame’ moduli. The bounds (¥ - 20) given above for cubic
symmetry reduce to the bounds given for isotropic symmetry by Hill (1952) if
Voigt and Reuss isotropic eigenvalues are related to the Voigt and Reuss cubic

eigenvalues by
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Vaso _ AV.Cub AV.so _ 2 V.Cub 3 V" .Cub
A(,, —m ’A(z.s.a.s.c»——‘\(z.s) +"A(4,s.6) *
5 5
1 2 1 3 1
AR.ISO - AR.CHb

) () " cRiso =T ARCw ' e ARCuw °*
Agsaser dNas 3 Asse

(V- 24)
respectively. This reduction of the bounds (¥ - 20) may be used, in conjunction
with (V- 22) and (¥ - 23), to derive the inequalities (V" - 16) obtained by Hill

(1952).

IV — 4. The Principal Result for Distributor Eigenmodes

As noted, in the case of cubic and isotropic symmetry the bounds on the
effective eigenvalues follow in a sample and direct manner from the generalized
Hill inequalities (V' - 15) because the eigenmodes are simple and the strong
coaxiality assumption is appropriate. In this section we show that the principal

result, the generalized Hill inequalities of equation (¥ - 15), also holds for
distributor eigenmodes if the eigenmodes associated with ¢' 7 differ from those

associated with s*°7 by only a small amount, that is to say under the weaker

coaxility requirement. To establish the criterion for this near coincidence of
eigenmodes we consider the §*°7 eigenvectors, N*“’* | and the &7

eigenvectors, N, to be basis of the six-dimensional space denoted by N! and
N ¥, respectively, and introduce the six-dimensional orthogonal transformation

Q'® that carries the N? into N}, thus
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N = O/FNR | (V - 25)

where OiF =N* .N* =N*.N". To formulate a restriction on Q' for near
coincidence of eigenmodes we employ the result of Appendix C. If a six-

dimensional orthogonal tensor Q'* satisfies the condition that 42* be small

compared to £%/2, where £2=2(6-trQ'%), then Q' has the representation in terms

of a skew-symmetric tensor,

OF ~1+EW'F (V- 26)

where W'? satisfies the conditions

Wm + (WW)T:O ' tr[Wl’R(WK'R)T]=1 ) (V— 27)

The orthogonal transformations Q% ® and Q*"* are defined by

< cff - R Aeft b ngb
N =07 "N, =07 N

km m !

(V- 28)

from which it may be seen that N\ = 97 07*N# ; from (V' - 25) it follows that
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Qefr.k = Qeﬂ'.l' Qm ) (V- 29)

It follows from (V' - 26) that Q7 ® and Q“*" may be expressed as

Q,_g,k = i+ Q:me ' Qeﬁ.;' = i- g.,vwm (V- 30)

Where both & and &, are small and &g + &=¢ thus from (V- 28):

-

Ne= N -t W NY Ny = N7+ WFNT | (V- 31)
Due to the fact that W'® is skew-symmetric, and hence N W,? NZ =0, it

follows that W.* N7 is perpendicular N7 in the six-dimensional space. To

obtain representations of the equations (V' - 12) in terms of N;” only, (V- 30) is

substituted into (V' - 12), thus

ZAe]f (zrr[E~l Nuf] < ZAK Qrp[E4 eﬁ +§[ EA (wl’RNeﬂ' )] (V' 32)
k=1
: \ L : ¢ -
S TN T < Y (B RT v T OWIRYE. (0-39)
k=1 ¢ k=t
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We reconsider now the arguments leading from (V- 13) to (¥ - 15), using
equations (¥ - 32) and (V - 33) in place of (V- 13). In the passage from (V' - 32)
and (V- 33) to (V - 14) it is argued that, since (V' - 32) and (¥ - 33) hold for all
possible strain states, they must hold for each mode when all other modes are
zero. In this case the terms involving W,:f in (V- 32) and (V - 33) play no role
due to the fact that W' N7 is perpendicular to N7 in the six-dimensional
space, hence W/* N7 is zero when all modes except N¥ are zero. Thus the
terms involving WX N in (¥ - 32) and in (¥ - 33) do not enter the final

argument. (Note that the proof given above is a double application or the weaker
coaxiality theorem given in Appendix C.) The equation (¥ - 14) then follows, as
does (V' -15) by the same arguments that were used in chapter V - 3, and the
desired resuit has been obtained. This resuit may be summarized as a theorem:

The inequalities (V' - 15) also hold when the six-dimensional orthogonal

transformation Q'F that carries §*°” eigenvectors, N?, into the &7
eigenvectors, N' , satisfies the condition that 4£°, F=2(6-trQ'? ), be a small
quantity compared to £/2, and we select N7 to be a system intermediate to N?
and NY in the sense that 4&5°, £2=2(6-tr(Q7* ), and 4&/*, £7=2(6-tr(Q7"")),

are small quantities compared to &&%/2 and &,%/2, respectively.
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V - 5. Bounds for Any Less Symmetry by Tetragonal Symmetry

Tetragonal symmetry is the first symmetry with a distributor that will be deait
with it has one distributor and five distinct eigenvalues. The five distinct
eigenvalues are given by (46) and the single distributor is the angle a given by
(48). Note that the distributor appears in the expressions for the eigenmodes as

shown by the first equations of the set (47). In order to apply the criterion that 4zt

be small compared to £%/2, £2 is calculated for tetragonal symmetry,

£%= 4[1-cos(av-ar)] - (V- 34)

The criterion is satisfied if av-ag is small. If ar < ay (av < ar )we select the angle

aeff SO that

oy < QefiS AR (OR < CLeff< Q). (V- 35)

Using the expression for a in terms of the elastic coefficients (A8) for tetragonal

symmetry, the inequality (V' - 35) is written as

~eff Tet ~eff Tet ~eff Tet
(Cff’ +Cllﬂ -ng )

<
tarlzaR S 7-\/§égﬂ"rzl -_— tan zal.
et 13
(V- 36)
(C';lelﬁ’,Tel + éle"tf.Tel _C‘:}eg'.fel)
< = <
(tan2a, < 5o <tan2a,).
13
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The generalized Hill inequalities are then

A};!J‘a (aR) < Ae'ﬂf« (a{ﬂ ) < A;l-.Ta (ar )’ Al;.Ter (ak) < A'_‘-,ﬂ"rﬂ (aeﬂ) < AF;.T(I (az') (V - 37)

for the distributor eigenmodes and

R, . b, . . L. . . V.Ie
A;T“ SA‘_{ Ter $A3Tel ,AI:_,T;', SAegsT;l SANT;')’ A’; Ter SAeﬁﬁ'Tel < As et (V_ 38)

for the simple eigenmodes. Using the expression for the eigenvalues in terms of

the elastic coefficients (A6) for tetragonal symmetry, it follows from (V- 37) that

4

aT | ar T T 2T | aT
Sy + 53 + 25, +255; +2J2(5], +5,;)sec(2a,)

IA

Aeff T ~ett Te ~eff Te seff T
ETT 4 G T 4 8T £ 242677 secRa,, ) .
3 < (V-39)

¢l + ¢l +28] +280 £ 2426, + éL)sec(2a,.)
2 .

and, from (V' - 34) that

2 R . | -
7 7 Scf('m —Cfg'm 57,'(‘-'11 +Cy _2clr2)
S; + 8y, — 25, 2
(V- 40)
~eff et AT AT 1 ~eff et AT
7 S2C5 T SCu +Css, 77 SCe " SCe .
Sy + Sss 66
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Note that the two relations (V' - 39) may be summed to yield the inequalities

AT ur AT AT
8(5“ +S:2 "2512 +2S33) < ~eff Tet + aeff Tet + seff Tet .
T AT T L 5T \2 7 T 2 =Cn ¢y €3 =
(S1, + 83 — 25, +255;)° —8(5); +533)

(V- 41)

1 ¢ r T
-~ ~ P AT
;(c“ +Cyy +2¢), +2¢53).

Examples of bounds of the effective tetragonal elastic constants are
presented in Table V - 1. The bounds of the effective tetragonal eigenvalues, the
least and the greatest terms occurring in the inequalities (¥ - 37) and (V" - 38), for
the orthotropic woods (spruce, Douglas fir, pine and maple) as weli as orthotropic
bone are given in the first eight rows of Table V - 1. The wood data are from
Kolimann and Cote (1968) and the bone data are from Cowin (1989). The
bounds for the effective tetragonal eigenvalues for four materials possessing
monoclinic symmetry are presented in the last four rows of Table V - 1. The data
for these materials are taken from Hearmon (1956). There are a number of
features of Table V - 1 that are worthy of note. First, from the next to last column

it may be seen that the condition that ay -ar be small is easily satisfied. Second,

from the last column the condition that 42* be small compared to £/2 is easily
satisfied. Third, note the rightness of the bounds by comparing the value of the
upper bound in column 3 with the corresponding lower bound value in column 4.

85

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table V - 1. Examples of bounds of the effective tetragonal elastic constants.

Material

A1R A4R

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

C11 Ca4 C12 C14 Cs6 ay
Cz2 Css Ci13 Cz A AsY AR AR g2
Caz Css C23 Cas AV A [ AR AR [ow
Spruce 0.443 0617 0.192 0 0 16.29 1.377 | 16.27 1.362 | -1.501
0.775 0.760 0.321 0 0.782 1.377 | 0.719 1.362 0.000005
16.28 0.036 0.442 0 0.417 0.072 | 0.383 0.072 | -1.506
Douglas Fir | 1.226 1.174 0.753 0 0 17.096 2.082 | 17.06 2.048 | -1.41
1.775 0.900 0.747 0 2.15502.082 | 2.062 2.048 0.000012
17.00 0.080 0.940 O 075 016 |0.717 0.16 | -1.418
Pine 0.721 1.742 0.454 0 0 16.07 1.205 | 1597 0.967 | -1.436
1.400 0.672 0.535 0 1.447 1205 | 1.273 0.967 0.000064
16.93 0.065 0.857 0 0.606 0.066 | 0.530 0.066 | -1.454
Maple 1.450 1.220 1.197 0 0 12.03 2.325 | 11.72 2.317 | -1.086
2.565 1.100 1.267 0 2655 2.325 | 2.403 2.317 0.000072
11.94 0.292 1.820 0 0.815 0.580 | 0.719 0.580 | -1.146
Human 17.98 6.230 9.935 0 0 4299 11.84 | 42.88 11.81 | 0.048
21.09 5610 10.14 0 13.02 11.84 | 13.47 11.81 0.000002
Femur 27.51 4.530 10.70 O 9.108 9.060 | 9.068 9.36 | 0.045
Canine 1897 6670 9678 0 0 4673 12.35 | 4662 1227 | 0.017
22.09 5.680 11.90 0 13.02 12.35 | 12.92 12.27 0.000007
Femur 29.58 4.680 11.93 0 10.80 9.36 | 1069 9.36 | 0.011
Bovine 14.00 6.990 6.327 0 0 3220 13.78 | 31.53 13.77 | -0.147
18.43 6.290 4.830 0 15.33 13.78 | 15.28 13.77 0.000097
Femur 25.00 5.290 6.97 0 9.870 10.58 | 9.633 10.58 | -0.169
Human 11.40 4.910 7.726 0 0 3042 856 | 30.09 8.37 | -0.105
- 14.12 3.650 5.986 0 12.38 8.56 | 12.29 8.37 0.000072
Tibia 22.35 2.410 6.742 0 5055 4.82 | 4.965 4.82 |-0.124
Sodium 0.295 0.107 0.181 0.098 -0.027 | 0.731 0.082 | 0.722 0.036 | 0.035
) 0.332 0.057 0.171 0.022 0.222 0.082 0.081 0.036 0.00049
Thiosuphate | 0.459 0.060 0.188 -0.068 0.133 006 | 0.074 0.047 | -0.015
Di-Po 0.396 0.110 0.173 0.004 0.005 | 0.773 0.099 | 0.715 0.092 | -0.036
0.307 0.088 0.162 0.032 0.308 0.099 | 0.294 0.092 0.001
(DKT) 0.558 0.082 0.165 0.076 0.179 0.082 | 0.170 0.082 | 0.0001
Lithim 0.706 0.242 0.263 0.259 -0.026 | 0.997 0.191 | 0.839 0.159 | 0.296
0.548 0.139 0.171 0.065 0.512 0.191 | 0.443 0.159 0.009
Suphate 0.619 0.114 0.269 -0.052 0.364 0.269 | 0.341 0.264 | 0.199
Tartaric 0.193 0.082 0.139 -0.040 0014 | 1.163 0.082 | 0.756 0.066 | -0.26
) 0.465 0.081 0.202 -0.004 0.235 0.082 0.208 0.066 0.00013
Acid 0.930 0.106 0.367 -0.12 0.190 0.106 | 0.132 0.104 | -0.273
86




V — 6. Bounds for Any Less Symmetry oy Trigonal Symmetry

Trigonal symmetry is a symmetry with two distributors and four distinct
eigenvalues. The first distributor and the first two eigenvalues are the same as
the distributor and the first two eigenvalues of tetragonal symmetry, hence the
results (V - 35), (V- 36), (V- 37), (V- 39) and (V - 41) also apply to trigonal
symmetry although they were originally obtained for tetragonal symmetry. The
new distributor in trigonal symmetw is the angle B given by (412). The other two

distinct eigenvalues are given by (410). In order to apply the criterion that 4t be

small compared to £%/2, £ is calculated for trigonal symmetry:

£2 = 4[3-cos(ay -ar) — 2cos(Bv - BRr)]. (v - 42)

In the case of trigonal symmetry the criterion is satisfied if ay -ar and fv - fr are
small, hence (/V - 35) applies for aer and the angle Ser is selected so that gy > 5
et 2 Prif Bv> frOr Br 2 ferr = Pvif fr Puv. Using the expression for the angle B in
terms of the elastic coefficients for trigonal symmetry (412), the inequality Sy 2

Beti 2 fr (Pr 2 B e 2 Pv) is rewritten as

2 zéle'lﬁjn
tan2ﬂR < c‘;eﬂ'.Tn _ el In _c‘;e_ﬂ'.Tn s tanzﬂ'
11 12 44
(v - 43)
2R
(tanzﬂ‘ s aeff Tn -eﬂ.;n aeff Trt Sta'nz‘BR)
Ch —C° —Cy
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The generalized Hill inequalities, in addition to (V' - 37), are then

Ao (Be) SAT L (Bg) S Ao (Be) - ANo(Br) S AT (Bg) < N5 (B).(V - 44)

(3.6)

Using the expressions for the eigenvalues in terms of the elastic coefficients

(410) for tetragonal symmetry, it follows from (V - 44) that

§ho+5L =287 +25T + 25T + 25 22 (5], - 51, — (251 )esc(28:)
é‘e_lrf n C“lqzﬂ'.fn “e[f Tn , Cey Irn CSC(Zﬂeﬁ)
> <
¢l +¢5, =28 +2¢1, + 265 + 28 £2\J2(¢], - ¢l 25 )ese(2,)
2 :

(V - 45)

Note that the two relations (7 - 45) may be summed to yield the inequalities

16(5], + 5L, = 28], + 257, + 251 +25%)
aT a A
(8], +55, —28], + 28], + 251 +25)* -8(5], - «/—ssé) csc” (ZﬂR
¢l +el -2¢], +2¢], «!—.‘Zc55 +26%
4

~eff T el . Tr aeff . Tn
C'” —Cl’ '1"C'_M <

(V' - 46)

Examples of bounds of the effective trigonal elastic constants are presented
in Table V - 2. The bounds of the effective trigonal eigenvalues for materials

possessing monoclinic symmetry are given in column 3 and 4. These bounds
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Table V - 2. Examples of bounds of the effective trigonal elastic constants.

C11 C4s Cr2 C14 /\1V A1R
- 2

Material Cz2 Css C13 C2¢ |AY AR ay Bv a
Ciz Ces C23 C3as | A5V AR aRr Br
Cse A4V A4R
0.295 0.107 0.181 0.098 | 0.731 0.722

Sodium 0.332 0.570 0.171 0.022 | 0.222 0.081 0.035 0.698

Thiosuphate | 0-459 0.060 0.188 -0.068 | 0.13 0.106 0.0055
-0.027 0.048 0.028 0.015 | 0581
0.193 0.082 0.139 -0.04 | 1.163 0.756

Tartaric 0.465 0.081 0.202 -0.004 | 0.235 0.208 -0.521 -0.535

Acid 0.930 0.106 0.367 -0.12 | 0.153 0.133 0.0035
0.014 0.076 0.062 0547 | -0.721

Lithim 0.542 0.168 0.184 0.062 | 0.914 0.905

Sophate 0.552 0.140 0.153 0.021 | 0.364 0.344 0.342 0.198

(Bechmann) | 0.547 0.277 0.213 -0.027 | 0.322 0.313 0.00042
-0.005 0.152 0.147 0.312 0.157

Lithim 0.706 0.242 0.263 0.159 | 0.997 0.939

Sophate 0.548 0.139 0.114 0.065 | 0.512 0.443 0.296 0.316

(Bechmann) | 0.619 0.269 0.165 -0.052 | 0.332 0.315 0.0045
-0.026 0.175 0.155 0.19 0.242

Ethylene 0.564 0.087 0.503 0.087 | 3.013 1.825

Diamine 0.887 0.053 0.710 0.159 | 0.176 0.122 -0.261 -0.636

Tartrate 1.960 0.057 1.228 0.227 | 0.148 0.078 0.006

(Mason) 0.0006 0.062 0.055 -0.131 -0.409

Ethylene 0.397 0.106 0.108 -0.004 | 0.598 0.559

Diamine 0.416 0.052 0.138 0.075 | 0.092 0.088 0.368 -0.258

Tartrate 0.175 0.052 0.127 0.040 | 0.183 0.088 0.0005

Bechmann) | -0-001 0.072 0.064 0.393 -0.222

Di-Po 0.396 0.110 0.173 0.004 | 0.773 0.715

(TDK) 0.307 0.088 0.162 0.032 | 0.309 0.294 -0.036 -0.335

(Bechmann) | 0.558 0.082 0.165 0.076 | 0.135 0.115 0.002
0.005 0.095 0.089 0.00013 | -0.398

Di-Po 0.565 0.135 0.149 0.057 | 1.001 0.85

(TDK) 0.305 0.084 0.435 -0.014 | 0.285 0.276 -0.13 0.297

(Mason) 0.782 0.096 0.116 0.080 | 0.199 0.137 0.001
-0.005 0.101 0.097 0067 | 0.293

correspond to the least and the greatest terms occurring in the equalities (V - 37)

and (V - 44). The data for these materials are taken from Hearmon (1956) and

the surnames Mason and Bechmann after the material names refers to the

author who reported the indicated values (Hearmon, 1956). There are a number

of features of Table V - 2 that are worthy of note. First, from the fifth and sixth
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columns it may be seen that the conditions that av -ar and Sy - Br, respectively,
be small are easily satisfied. Second, from the last column the condition that 4&*
be small compared to £%/2 is also easily satisfied. Lastly, note the tightness of the
bounds by comparing the value of the upper bound in column 3 with the
corresponding fower bound value in column 4.

The bounds of the effective transversely isotropic or hexagonal elastic
constants are obtained from the trigonal bounds given above by allowing ¢ ™ to
vanish. As in the case of trigonal symmetry, there are four distinct eigenvalues
for transversely isotropic or hexagonal symmetry. Since ¢7 ™ and hence the
angle g defined by (412) vanish, the third through sixth eigenvalues of (410)
reduced to those given by (413). These are simple eigenmodes and the bounds
on ¢ Hex ¢ He and &7 " are given by (V - 40) if the Ter superscript is
replaced by Hex.

Examples of bounds of the effective hexagonal elastic constants are
presented in Table V - 3. The remarks concerning the bounds of the effective
trigonal elastic constants presented in Table V - 2 apply to the effective

hexagonal elastic constants also.

V - 7. Discussion

It has been shown that it is possible to construct bounds on the effective
elastic constants of any anisotropic elastic symmetry in terms of triclinic

symmetry elastic coefficients. Specific bounds have been presented for the
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effective elastic coefficients of cubic, hexagonal, tetragonal and trigonal

symmetries in terms of the elastic coefficients of triclinic symmetry.

Table V - 3. Examples of bounds of the effective hexagonal elastic constants.

C11 C4q C12 Cis A1V A1R
i 2

Material C» Css C13 Coa A AR av £
Ciz Ces C23 Cas | A,V A aRr
Cse A4V A4R
0.296 0.107 0.181 0.088 | 0.731 0.722

Sodium 0.333 0.570 0.171 0.022 | 0.222 0.081 0.035

Thiosuphate | 0460 0.060 0.188 -0.068 | 0.096 0.058 0.0005
-0.027 0.082 0.036 -0.015
0.194 0.082 0.139 -0.04 | 1.163 0.756

Tartaric 0.466 0.081 0.202 -0.004 | 0.235 0.208 -0.521

Acid 0.931 0.106 0.367 -0.12 | 0.148 0.116 0.00003
0.014 0.082 0.066 -0.547

Lithim 0.543 0.168 0.184 0.062 | 0.914 0.905

Sophate 0.553 0.140 0.153 0.021 | 0.364 0.344 0.342

(Bechmann) | 0.549 0.277 0.213 -0.027 | 0.32 0.311 0.000045
-0.005 0.154 0.148 0.312

Lithim 0.707 0.242 0.263 0.159 | 0.997 0.939

Sophate 0.550 0.139 0.114 0.065 | 0.512 0.443 0.296

(Bechmann) | 0.620 0.269 0.165 -0.052 | 0.317 0.298 0.002
-0.026 0.191 0.159 0.19

Ethylene 0.566 0.087 0.503 0.087 | 3.013 1.825

Diamine 0.888 0.053 0.710 0.159 | 0.176 0.122 -0.261

Tartrate 1.961 0.057 1.228 0.227 | 0.14 0.077 0.00084

(Mason) 0.0006 0.07 0.056 -0.131

Ethylene 0.398 0.106 0.108 -0.004 | 0.598 0.559

Diamine 0.417 0.052 0.138 0.075 | 0.092 0.088 0.368

Tartrate 0.176 0.052 0.127 0.040 | 0.176 0.087 0.00012

(Bechmann) | “0-001 0.079 0.065 0.393

Di-Po 0.397 0.110 0.173 0.004 | 0.773 0.715

(TDK) 0.308 0.088 0.162 0.032 | 0.309 0.294 -0.036

(Bechmann) | 0-559 0.082 0.165 0.076 | 0.13 0.1 0.000263
0.005 0.099 0.092 0.00013

Di-Po 0.567 0.135 0.149 0.057 | 1.091 0.85

(TDK) 0.306 0.084 0.435 -0.014 | 0.285 0.276 -0.13

(Mason) 0.783 0.096 0.116 0.080 | 0.191 0.132 0.0008
-0.005 0.1 0.10 -0.067

The elastic coefficients of triclinic symmetry may be specialized to any greater

symmetry, the symmetry as great as the symmetry of the effective coefficients.
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The method applies to all the material symmetries of linear elasticity, with
necessary modifications for the greatest and least symmetries, but it was only for
the cubic, hexagonal, tetragonal and trigonal symmetries that algebraic
expressions for the bounds on the effective elastic constants can be easily
constructed. In particular the method aiso applies to materials with orthotropic
and monaoclinic symmetry, but it is easier to apply the formulas numerically due to

the occurrence of solutions to cubic and quadratic equations in the analysis.

92

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



VI. On the selection of the anisotropic elastic symmetry
representation for a textured material

V1 - 1. Introduction

The question of the identification of the best elastic symmetry representation
for a non-crystalline or textured anisotropic material occurs frequently for natural
materials (Cowin and Mehrabadi, 1989). Cowin and Mehrabadi (1987) presented
a solution to the problem given the values of the components of a fourth rank
elasticity tensor of a material relative to a known, but arbitrary, coordinate
system, they showed how to determine the elastic symmetry using the
techniques of linear algebra. However, this method is not robust with respect to
the input values of the components of a fourth rank elasticity tensor; slight errors
in the data could cause a misidentification of the symmetry. The method only
works well when the data was exact. For example, cubic symmetry is
characterized by three distinct elastic constants, say c11- 12 and cas; however if
2Cas = C11 - Cq2, the material is isotropic. Thus if the data for an isotropic material
has a value of 2c4s given by 2¢4s = €11 - €12 + a small error term, the material will
be mistakenly identified as cubic.

It has been shown in chapter V that it is possible to construct bounds on the
effective elastic constants of a material with any anisotropic elastic symmetry in
terms of a higher or equal anisotropic elastic symmetry. in that work specific
bounds are given for the effective elastic coefficients of cubic, hexagonal,

tetragonal and trigonal symmetries in terms of the elastic coefficients of triclinic
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symmetry (or any higher symmetry). Here we use these results to determine the
effective symmetry of natural materials.

Four natural materials, human and whale cancellous bone, hardwoods and
softwoods, are considered. These materials were selected for three reasons.
First, our long term research concerns cancellous bone, a material whose elastic
constants are strongly dependent upon volume fraction. Second, the data on
wood provides illustrative contrasts with the cancellous bone data because wood
is more strongly anisotropic. Three, the dependence of the elastic constants
upon composition, or volume fraction, provides elastic constants that are
functions rather than single numerical values to be analyzed. These functions of
composition are the basis for stronger resuits than could be obtained for a
material without a compositional dependence. The data on the dependence of
the anisotropic elastic constants of human cancellous bone as functions of
volume fraction are taken from chapter Ill. The data on the elastic constant
matrices of hardwoods and softwoods, recorded with the specimen density, are
taken from Hearmon (1948). Bounds on the effective isotropic and transversely
isotropic elastic constants are determined from these orthotropic symmetry data
in the present work. It is shown that human and whale cancellous bones,
although generally considered to be orthotropic, are in fact very close to
transversely isotropic in their material symmetry. A similar conclusion applies for
hardwoods and softwoods.

After a section on the notaticn we employ for the generalized Hooke's law,

the previous work on the anisotropic elastic constant bounds is summarized. In
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the section that follows isotropic and transversely isotropic bounds for human
cancellous bone are presented. The isotropic and transversely isotropic bounds
for the elastic constants of whale cancelious bone are briefly discussed in section
VI - 5. In section VI - 6 some of resuits for hardwoods and softwoods are

presented. in section VI - 5 there is a short discussion of results.

VI - 2. Notation for the Generalized Hooke's Law

Voigt (1928) wrote the anisotropic form of Hooke's law in matrix notation as

T=cEor
i T, 1- -Cn a: 3 Cs Qs as| [ Ev]
Tn{ |2 cn €3 Cu € Ck Exn
Ts3 Ci3 €3 €33 Cx C3s  C36 Ess

T Cly C2a C33 Cias Cas Ces 2523

T C1s Cis Cis Cis Css cs6| | 2Ens

T Cls Cx Ci Cis Cs6 Ces) L2 Eia]

where T, E and c represent the stress tensor, the strain tensor, and a non-

tensorial matrix of elastic coefficients, respectively. Introducing new notation, (V7

- 1) can be rewritten in the form T =¢E where the shearing components of these

new six-dimensional stress and strain vectors, denoted by T and E respectively,
are multiplied by J2, and ¢ is a new six-by-six matrix (Mehrabadi and Cowin,

1990). The matrix form of T = ¢E is given by
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T cu cn2 ci3 */icu ﬁcls \/ECI(, [ Eu]
Tn o cn 3 V2c V2cs V2es Ex
Ty Ci3 cx3 C33 \/5 Cis \/E C3s "/5036 Es

= (VI-2)
J_Z-TB \/_2-(.‘14 \/5624 \/5634 Cas Cas Cs6 \/EEB

ﬁTlS ‘[2—(.‘15 \[?—.czs \/ECB Cas Css Cs6 ﬁEls
_\/-?:sz_ _\/5 Cil6 \/ECze \/5 Cs6 Ci6 Cs6 Cé66 “\/—2- E'Z‘

The matrix ¢ is called the matrix of elastic coefficients and its inverse s,
E =$T.$=¢" is called the compliance matrix. The symmetric matrices ¢ and §

can be shown to represent the components of a second rank tensor in a six-
dimensional space, whereas the components of the matrix ¢ appearing in (V7 - 1)
do not form a tensor (Mehrabadi and Cowin, 1990).

The eigenvalues of the matrix ¢(s) are the six numbers A(1/A) satisfying the
equations

€-ADN=0, (G-(1/A))N=0), (VI-3)
where the vectors N represent the normalized eigenvectors of ¢ or § .
Since ¢ (or s) is positive definite it has six positive eigenvalues. These

eigenvalues are called the Kelvin moduli and are denoted by A;, i = 1,2, ..., 6, and

are ordered (if possible) by the inequalities A1 > =... Asg>0.
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The eigensystems for various anisotropic elastic symmetries are described

in Mehrabadi and Cowin (1990). There exist six eigentensors of stress, denoted

by T, k =1, 2, .... 6, in the six-dimensional space, or by T® in 3-dimensional

spaces, and six eigentensors of strain, denoted by E*' and E®, k=1.2, .... 6.

respectively, which are related by the six equations

TO=AE® or TV =AE®, k=1,...6. (VI-4)

Further, they show that T,E, ¢ and § have the representations

6 . 6 l . 6 . ,
E=ZE(I:» - — T = Z-j_\l_Nk lT(k) R (I’I— 5)
k

and

N, ®N,, (VI-6)

Finally the superscript Grp stands for the symmetry group. In this paper we
employ the following short notation for the indicated symmetry group:

Transversely Isotropy = T/, Orthotropic = Orr, and Triclinic = T. Thus the notation
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¢’ represents the ¢ matrix for a triclinic material and ¢” represents the ¢ matrix
for a transversely isotropic material in its symmetry coordinate system. Where
appropriate, the components of these matrices also carry the superscript Grp

notation, as do the eigenvalues.

VI — 3. Generalized Formulations of Bounds on Anisotropic Elastic

Constants

Hill (1952) showed that it is possible to construct bounds on the effective
isotropic elastic constants of a material with triclinic or greater symmetry. Hill
noted that triclinic symmetry coefficients appearing in the bounds could be
specialized to those of a greater symmetry, yielding the effective isotropic elastic
coefficients for a material with any elastic symmetry. It was showed in chapter V
that it is possible to construct bounds on the effective elastic constants of a
material with any anisotropic elastic symmetry in terms of triclinic symmetry
elastic coefficients. In chapter V we noted that it was then possible to specialize
the triclinic symmetry coefficients appearing in the bounds to those of a greater
symmetry. Specific bounds for the effective elastic coefficients of cubic,
hexagonal, tetragonal and trigonal symmetries in terms of the elastic coefficients
of triclinic symmetry are also given in chapter V. These results were obtained by
combining the approach of Hill (1952) with a representation of the stress-strain
relations due, in principle, to Kelvin but recast in the structure of contemporary
linear algebra. Hill (1952) employed the Voigt (1928) averaging process over all

orientations to obtain the orientational average “isotropic” elastic constants. Voigt
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(1928) applied this process to the elasticity tensor and Reuss (1929) applied it to
the compliance tensor.

It was showed in chapter V that the six eigenvalues of the Voigt bound
elasticity tensor, A, k =1, ..., 6, and the inverse of the six eigenvalues of the
Reuss bound compliance tensor Af, k=1, ..., 6, constituted upper and lower
bounds on the values of the six eigenvalues of the effective elasticity tensor
AT, k=1,..6,

R.Grp eff Grp ".Grp
AP < ATOP < A,

, for k=1,...,6. Vr-17)

Hill (1952) obtained this result in the case of isotropy; a result we review in the
present notation. In the case of isotropic symmetry there are two distinct
eigenvalues of the elasticity tensor or compliance tensor - one has a multiplicity
of one and the other has a multiplicity of five (Mehrabadi and Cowin, 1990;
Appendix A). The eigenvalue of multiplicity of one is three times the bulk modulus
K, and the eigenvalue of multiplicity of five is twice the shear modulus G. Thus,

the isotropic symmetry, (VI - 7) takes the form
Kf*<K? <K', G*R<G" <G", (VI - 8)

where the values of the Voigt and Reuss bounds on X and G are given by

R | 2
; AT AT T AT | aT  aT
K =§(c” +¢5 +c33)+—9-(cu +Cy +C3y),

99

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1

K® =
AT , aT , aT T , AT , 2Ty’
(S + 855 +5535) +2(5), + 555 +55)

. . " . . . N 1 . - .
G =%(c,f,+c;+c;-cg RGN CATATAY (VI-9)
and
Gf = 1

4 .r T r T T r 2 .
2 A - a a a : aT | aT
E(S“ + 85y + 833 = 85 —Sa3 —531)+§(s“ + 855 + S5 )

and where the bounds are in terms of a elasticity matrix ¢’ representing the ¢
matrix for a triclinic material. The inequalities (V7 - 8) appear in the paper of Hill
(1952). The inequality (V7 - 7) are referred to here as the generalized Hill
inequalities.

There are four distinct eigenvalues for transversely isotropic symmetry and
one additional parameter called a distributor (Mehrabadi and Cowin, 1990).
Before introducing the triclinic bounds associated with this symmetry we

introduce the notation

V ar o ar . ar ar |z ar\ a7 ar
—(c) +cp)+6 —Cy 5(s17;+sll)+sll =S5
tan2¢,. = ,tan2a, =
2\2(E, +C1) 2\/5(.9{3 +51,)
and
seff TT , neff Tl Aeff.Tl
¢ +c¢ZH ~¢
tanza‘ﬂ— =( il 12 33 ). (V[- 10)

220"

The expressions for the bounds of the transversely isotropic eigenvalues in terms

of the triclinic symmetry coefficients are given by the following inequalities:
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4 <
ST 457 +257 + 25 £22G7, +55)sec(Ra,)
Sy Sy tas +45; 13t Sy R

ER AU S S ch’f"sec@a,ﬁ)s (V1-11)
2

AT LA A - AT AT
EL + 8L + 287, + 280, +242(8], +¢1)sec(2a,.)

*

4
and
2 Neff T _ eflT o l .7 .7 AT
Y NY; ST —E T S (6 + 65y —20)
Sy + 83 — 25/, 2
(VI-12)
1
~eff T AT T eff .11 T
————— <207 <él +é5.=<éf " <é
Sy F s Seo

The bounds associated with the additional parameter, the distributor, are either

~eff JI ~eff J1 ~efl TI
AR S Sl
tan2g, < —4 _)‘/_'Mﬁ —32—~ <tan2a,
or (VI - 13)
- T! ~eff T
(Cr{f eyt ey
< )
tan2qa,. < 2\/_‘4 - <tan2a,
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VI - 4. Bounds on the Effective Isotropic and Transversely Isotropic

Elastic Constants of Human Cancellous Bone

in chapter Ill we analyzed a 141 specimen data base consisting the
elasticity matrices of human cancellous bone as functions of volume fraction. The
elastic constants were measured relative to arbitrary coordinate systems; no
material symmetry was assumed. The full set of anisotropic constants were
obtained by first imaging the specimen (Odgaard et al. 1996) and then
evaluating the effective elastic constants using a homogenization procedure in a
finite element model (van Reitbergen et al., 1996,1997). It was also established
in Chapter Il that human cancellous bones had orthotropic symmetry at a
confidence level of 95% using statistical methads. The elasticity matrices of
human cancellous bone were constructed as functions of volume fraction, using
the fact that the eigenvalues of the elastic coefficient matrix are strongly
dependent upon volume fraction (Table IlI - 3) and the eigenvectors are almost
independent of the solid volume fraction.

The Voigt and Reuss bounds on elastic constants of a material with a
certain material symmetry by a higher symmetry (Chapter V) provide a measure
of the closeness between the two symmetries of the material. The closeness is
represented by the Voigt and Reuss bound differences in the eigenvalues or
Young's moduli. For instance, the Voigt and Reuss bounds on eigenvalues of a
material are identical if the bounds are calculated for the same symmetry, that is
to say the higher and lower symmetries are taken to be the same and to have the

same values for the elastic constants. Since orthotropic elastic human cancellous
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bone data is employed, the bounds on the elastic constants by any higher
symmetry are in terms of orthotropic elastic constants. in the application of the
results (VI-9), (VI-10), (VI-11), (VI- 12) and (VI - 13) are replaced the elastic
constants superscript T by Or:.

The isotropic bounds on the bulk modulus and shear modulus of human
cancellous regressed against solid volume fraction were accomplished (Figure
6). The range of the solid volume fraction is from 0.05 to 0.35. Voigt and Reuss
bounds on the effective bulk modulus and effective shear modulus have high
squared correlation coefficients (over 0.919). The differences between the Voigt
and Reuss eigenvalues of human cancellous bone are not very large. The
biggest percentage in difference is 17.3% (the difference between the
eigenvalues of Voigt and Reuss divided by the mean of Voigt and Reuss).

The Voigt and Reuss bounds on the transversely isotropic eigenvalues of
the elasticity matrix of human cancellous bone are plotted against solid volume
fraction in Figure 7. These bounds are obtained using the formulas (J'7 - 10)
through (V7 - 13) with the set of triclinic elastic constants replaced by the set of
orthotropic elastic constants. Although we have demonstrated in Chapter Il that
human cancellous bone has orthotropic symmetry, the difference between the
orthotropic and transversely isotropic symmetries is small (below 7.9% in the
Voigt and Reuss bounds of the eigenvalues). Thus, the symmetry of human

cancellous bone, although orthotropic, is close to transversely isotropic.
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VI - 5. Bounds on the Effective Isotropic and Transversely Isotropic

Elastic Constants of Whale Cancellous Bone

The orthotropic elastic coefficient matrices of 29 whale cancellous bone
specimens were also obtained by using the same method as that used for human
cancellous bone in chapter lll. The resuits of linear log-log regression of the
eigenvalue invariants against solid volume fraction for whale cancellous bone are
shown in Table VI - 1. The bounds on the isotropic bulk and shear moduli as a
function of solid volume fraction are shown in Figure 8, and the bounds on the
four transversely isotropic eigenvalues are shown in Figure 9. The results are
similar to those for human cancellous bone. The error in the isotropic bounds for
the bulk and shear moduli (see Figure 8) is below 9.6%. The error is under 3% in
the case of the transversely isotropic eigenvalue bounds (Figure 8). The material
symmetry of whale cancellous bone data employed here is much closer to
transversely isotropic symmetry than is the human cancellous bone data.

Table VI - 1. Results of the linear log-log regression of the eigenvalue invariants

against volume fraction ¢ for cancellous whale bone.

| Eigenvalue Ay Ag Az As As As
MPa 2199E:¢' ° | 1004E, ¢ 2 | 341E, ¢ 340E: ¢ 2 | 792E. 6 2 | 1250E ¢ =2
R 0.982 0.935 0.948 0.913 0.946 0.964

VI — 6. Bounds on the Elastic Constants of Hardwoods and

Softwoods by Isotropic and Transversely Isotropic Symmetries

The data on wood was taken from Hearmon (1948). It consisted of the

orthotropic elastic coefficient matrices of 15 hardwoods and 8 softwoods
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specimens and the material density associated with each (Tables Il - 1 and Iii -
2). We found, by employing the same procedures as those for cancellous bones,
namely decomposing the elastic constant matrices into eigenvalues and
eigenvectors, that the eigenvalues were strongly dependent upon density and the
eigenvectors are almost independent of density. The eigenvalues of the
orthotropic elastic matrices of hardwoods and softwoods regressed as functions
of material density are shown in Tables il - 3. The isotropic bounds on the bulk
and shear modulus of the hardwoods and the softwoods are shown in Figures 10
and 11. From these figures it is easy to see that the differences between the
Voigt and Reuss bounds are significant (over 80%) in the case of isotropy. For
the transversely isotropic bounds on the elastic constants (eigenvalues) of
hardwoods (Figure 12), the first and third Voigt and Reuss eigenvalues are very
close, but the second and the fourth eigenvalues differ by 20%. For the
transversely isotropic bounds on the elastic constants (eigenvalues) of softwoods
(Figure 13), the first, second and third Voigt and Reuss eigenvalues differ by less

than 20%, but the differences of the fourth Voigt and Reuss eigenvalue are large.

VI - 7. Conclusion

Upon the basis of the data analyzed, we conclude that, although human and
whale cancellous bones are orthotropic materiais, there is only a small error in
considering them to be transversely isotropic, especially for whale cancellous
bone. A similar conclusion applies for hardwoods and softwoods. Although

human and whale cancellous bone, hardwoods and softwoods are orthotropic
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materials, their degrees of orthotropy or anisotropy are different. These
differences are reflected by the differences of Voigt and Reuss bounds for bulk
and shear moduli. We conclude that human and whale cancellous bone has a
lesser degree of orthotropy or anisotropy than hardwoods and softwoods
because the differences of Voigt and Reuss bounds for human and whale
cancellous bones are much smaller than those for hardwoods and softwoods.
This may be verified by the inspection of Figures 6, 8, 10, and 11.

We aiso observe that the differences in Voigt and Reuss bounds increase
with increasing the solid volume fractions for cancellous bones or density for
woods. This suggests that the natural materials like cancellous bones and woods
will become more anisotropic with increasing volume fraction or density. Human

and whale cancellous bones are more isotropic at lower solid volume fractions.
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VII. Summary

Over the last decade, the study of bone morphology has evolived into a new
field of research. It has been proposed that it is possible to predict the
macrostructural mechanical properties of bone tissue from microstructural
parameters. In the most recent studies, the evaluation of bone mechanical
competence from its architecture has been recognized as a reasonable approach
for the determination of bone quality. In this dissertation it is suggested that the
key factor controlling the mechanical properties of cancellous bone is the solid
volume fraction or apparent density. in the second and the third chapters of this
thesis we provide a theoretical basis and an analysis of experimental data to
support this conclusion.

The method proposed in the second chapter for the averaging of elastic
constant data treats each measurement data set systematically as a tensor
instead of as a collection of individual elastic constant or matrix element
measurements. This proposed method for averaging different measurements of
the anisotropic elastic constants for a specific material has an advantage over
the traditional method (e.g., Hearmon'’s) of averaging the individual matrix
components of the elasticity or compliance matrices. Averaging invariants
removes the effect of the reference coordinate system in the measurements. The
traditional method of averaging the components may induce errors due to the
various reference coordinate systems, thus distorting the nature of the symmetry.

The application of this result to several data bases showed that, for some

materials with varied composition (softwoods, feldspar), the eigenvectors, but not
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the eigenvalues, were relatively independent of material composition. This resuit
suggests a paradigm for extending the empirical method of regressing Young'’s
modulus data against composition or porosity in an isotropic material to
anisotropic materials. Our results suggest that one may be hopeful that the
eigenvectors of a material of varied composition will not depend upon the varied
composition, permitting alf the compositional dependence to be represented only
by the eigenvalues. The eigenvectors carry information on the material
symmetry.

When the method mentioned above was applied to human and whale
cancellous bones (chapter three), we found that the elasticity matrices of human
and whale cancellous bone data had the properties expected: the eigenvectors of
the elastic constant matrices are relatively independent of volume fraction, but
the eigenvalues are strongly dependent on the volume fraction. It was shown that
a knowledge of the volume fraction and the trabecular grain explained all but 5%
of the variance in the Young'’s modulus, and all but 7% of the variance in shear
modulus data. These results are superior to those results obtained in previous
studies by other researchers. This study provided the first statistical proof that
human and whale cancellous bones have orthotropic symmetry. The confidence
level was 95%. It was concluded that, for these human and whale cancellous
bone data, the volume fraction plus the trabecular grain are slightly better
predictors of elastic constants than the fabric tensor models currently in use. The

fabric tensors are elementary measures of the cancellous bone architectures.
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It is shown in chapter four that it is possible to construct bounds on the
effective elastic constants of any anisotropic elastic symmetry in terms of triclinic
symmetry elastic coefficients. In this chapter the generalized Voigt and Reuss
bounds on eigenvalues are developed, expanding the result of Hill (1952, 1963)
who constructed bounds only on the effective isotropic elastic coefficients of a
material with triclinic symmetry.

An application of these bounds is presented in chapter five. In this chapter
we show that aithough human and whale cancellous bones are orthotropic
materials, there is only a small error in considering them to be transversely
isotropic. A similar conclusion applies for hardwoods and softwoods. We also
show that the degrees of anisotropy for human and whale cancellous bones are
lesser than those for hardwoods and softwoods. These conclusions are
demonstrated by the differences in the Voigt and Reuss bounds on Young's

moduli and shear moduli.
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Figure 1. Trabecular grain
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Figure 2. Human cancellous bone
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Figure 3. Young's modulus as a function of direction

Human bone (average) at ¢ = 0.35
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Figure 4. Young’s modulus as a function of direction
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Figure 6. Human cancellous bone, isotropic bounds
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Figure 7. Human cancellous bone, transversely isotropic bounds
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Figure 8. Whale cancellous bone, isotropic bounds
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Figure 9. Whale cancellous bone, transversely isotropic bounds
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Figure 10. Hardwood, isotropic bounds
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Figure 11. Softwood, isotropic bounds
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Vv, and R,

21

16

Reproduced with permission of the copyright owner.

Figure 13. Softwood, transversely isotropic bounds
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Appendix A. Eigenmodes for the Various Linear Elastic Symmetries

In this section the eigenmodes of the various linearly elastic symmetries will
be summarized. The modes were determined by Kelvin (1856), Rychlewski
(1984), Mehrabadi and Cowin (1990), Cowin and Mehrabadi (1992) and Cowin et
al. (1991).

We begin with the eigenmodes for cubic symmetry, and those for isotropic
symmetry will be obtained as a special case. The eigenproblem is expressed for
cubic symmetry by using the representation for ¢ in a cubic symmetry coordinate

system, thus

éh—=A &, ¢ 0 0 0o [~
ba G =M &, 0 0 0 |IN,
@E-ApN=| iz Gamh 0 0 O {145 | o, (Al)
0 0 0 é4-A 0 o ||~
0 0 0 0 éu-A 0 |IN,
|0 0 0 0 0 éu-AJ|N,]

The eigenvalues of (41) are of multiplicity one, two and three and are given by

-~

Agy =€ +205,A 05, =6, —Cas Ayse =Cu

(

or

A1y=C11+2C12 , A2.3=C11-C12 , A(4.5.6=Caas, (42)
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respectively, and a set of eigentensors of (41) corresponding to these eigenvalues

is
-1 0 0 -1 0 0
N __._\/1’__31’ N =__L 0 -1 0|, N©® =-l—2 0 1 0},
6 0 0 2 0 00
, 0 0O 0 01 | 010
N"’=-—2— 0 0 1}, N‘S)—L 0 0O .N‘6)=—2-1 0 0], (43)
010 21 00 0 00

respectively. These results for cubic symmetry readily reduce to those for isotropic

symmetry when ¢é,, =¢,, —¢,,. The eigenvalues for isotropic symmetry are of

multiplicity one and five and are given by

Ay, =€, +205,A 15456 =Cii —Cra =Cyys (44)

respectively.
The eigenproblem is expressed for tetragonal symmetry by using the

representation for ¢ in a tetragonal symmetry coordinate system, thus
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(é-ADN =

éll 513
éu -A 513

éu 533 -A

0 0

0 0

0 0

0 0 0 1IN,

0 0 0 || N,

0 0 0 A?’ =0. (45)
Cy—A 0 0 N,

0 éu-A 0 |IN,

0 0 Ge—AJN]

The eigenvalues of (45) are of multiplicity one, one, one, two and one are given by

- - - a2 - - ~ 2
AgysAy, ==(c, +¢), +6‘33)i\/86‘” +(C; +¢,,=C33)° ],

1
2

Agy =61 =€ Ayqy =Coy s Ay =€

(46)

respectively, and the eigentensors corresponding to these eigenvalues are

N(l) =

NlZ)

1 .
5(cosa +sina)
0

0

%(sin a-—cosa)

0

0

0
i .
;)-(cosa +sina)

0

0
1 .
—(sina —cosa
2

0

0
0 )
—1—(co<a—sina)
V2 i
0
0 (A7)
—(cosa +sina)
2 ]
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F -
— 0 0
V2 , [fooo
N?=| 0 -— 0|, N =—]0 0 1|,
2 2
, 0 01 | 010
N®=—0 0 0|, N =—|1 0 0] ,
‘51 0 0 V2 0 0O
respectively, where
tan 20 = 1+ =) (48)
2\/5"13

This definition of the angle a is twice the angle a defined by Mehrabadi and Cowin
(1990) in their equation (5.11).
In the case of trigonal symmetry the eigenproblem is expressed by using the

representation for ¢ in a trigonal symmetry coordinate system, thus

A Ci3 Cis 0 0 N,

élZ én -A 513 _éu 0 0 Nz
- : ¢ s=A 0 0 0 N
@-ADN=| ‘. O . Vilo0. (49)

Cis -Cy 0 Cy —A 0 0 N,
0 0 0 0 é,-A 24, |N,

| 0 0 0 0 \[2—5[4 én —élz —A- _Né_
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The eignevalues of (49) are of multiplicity one, one, two and two and are given by

.. ———
Agy-A =§[(Cn +Cp '*'css)i\/scls +(Cyy +6;, —C33)° ),

1 . " " " - ~ . 3
A =5[(cn —Cp; +c_“)+\/8c124 +(¢, —¢p—Cyu) 1.

l_ . - . ~ - - r—
A ='£[(cn —Cn +c44)"\/80f4 +(c, —C,—Cy) 1, (410)

respectively. The first two eigenvalues are the same as those for tetragonal
symmetry given by (46), the associated eigentensors N and N @ are given by

(A7) and the value of the angle o by (48). The eigentensors corresponding to the

other eigenvalues are

| [cos B 0 0 ] [ 0 cosp sing
N =ﬁ 0 —<':os,8 sinf|. N =71_2— c?sﬂ 0 0
| 0 sin 8 0 | | sin B 0 0
: —sinf 0 0 ] , [0 ~sinf cos B
N =f 0 Sinﬂ COSﬂ . N©® =:/_§' —Sil’lSﬂ 0 0 ’ (4l1)
Lo cosfp 0 | | cos 0 0
where
2/2¢
tan2/ = “‘/;‘“ . (A12)

(€ — €3 =€)

The eigentensors and the eigenvalues for transversely isotropic or hexagonal
symmetry are obtained from those of trigonal symmetry by allowing the elastic

constant ¢,, vanish. As in the case of trigonal symmetry, there are four distinct
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eigenvalues for transversely isotropic or hexagonal symmetry. Two are associated
with different dilatational modes and two of multiplicity two are associated with
different isochoric modes. The two dilatational modes, being identical to those of
tetragonal or trigonal symmetry, are as described above orin

the section on tetragonal symmetry. However, since the elastic constant ¢,, and

hence the angle B defined by (412) vanishes, the third through sixth eigenvalues of

(410) reduce to

—a _A A n
Aie =€ —Cras Aysy=Cyy - (A13)

The eigentensors are identical to those given by (47) for tetragonal symmetry.

The details of the eigenmodes for the triclinic, monoclinic and orthotropic
symmetries are not recorded here in detail but may be found in Mehrabadi and
Cowin (1990) or Cowin and Mehrabadi (1992). Orthotropic symmetry has the three
isochoric modes that are designated as N, N and N ©® in Equation (A3) as well
as three dilatational modes like N ") and N @ in Equation (47). Monoclinic
symmetry has the two isochoric modes that are designated as, say N ® and N©®
in Equation (47) as well as four dilatational modes. Triclinic symmetry has, in ge

neral, six dilatational modes, of which nothing can be said.

Appendix B. Derivation of the Formula for the Average Eigenbasis
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We seek to define a basis N;'° that is, on the average, the closest to all the
eigenvector bases N! , N L, N | for each measurement determined from the

given elastic constant data. Let the unknown §;'“ be introduced by

N{©=Q¥ N, (B1)
and it is required to form an orthonormal basis:

The vector difference between the average eigenbasis ﬁf'“ and the typical

eigenbasis N, is given by

Ny N =(Q - Qo) N, (B3)

The sum over all k vectors of the square of the distance between the kth vector of

the Y measurement and the ith vector of the average eigenbasis is

(N} -N&9)-(N -NP0)= 000 + 0500 -2 00 O (B4)
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The sum over all measurements ¥ of the sum over all k vectors of the square of

the distance between the ith vector of the Y measurement is
M - n R N Mo “ R - N Mo
DN NSO (NY -N{") = > 000 + MOE QO 2043 i (B5)
¥=1 Y=l F=i

This sum may be rewritten as
A n . " § . " . — " R
D(NY -NJO) (N —NJ'%) = MC - 2MN{ -NJ* + MNJ'O -NJ'O, (B6)
¥=1

or

Moo . . R R . N " R
$ (N R (V] — K%)= MC - 2O Ay + MOSOL.
Y=i

where we have introduced the definitions

-

1 M - " . a
=2 (NN . 4, =N} N[, (B7)
Y=I1

where
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In order to minimize the square of the distance between the sum of the ith
vectors of all the measurements and the kth vectors of the average eigenbasis, an
objective function y, equal to the sum over all measurements of the square of the

distance between the two sets of six vectors and constrained by Lagrange

multipliers A - contracted with the constraint condition (B2), is introduced:

M - . ~ AL, -~ n - -
W=Z(Ni =NPO) (N =N+ M 7 (O O - Sim)- (B8)
-

It is important to note that, since the constraint 00" =5,, is a symmetric

mq -
matrix equation, the Lagrange multipliers 4 ,,, contracted with the constraint
condition (B2) will necessarily be symmetric ( A,,, = A,,) to effect the constraint.

An alternative expression for the objective function y is obtained when (36) is

substituted into (B8):
w=MC-2M O A, + M OEOY + M R (OF 0 - 51m) - (B9)

The condition that the first derivative of (B9) with respect to Q;f’ vanish leads

to the following relation between the matrix A ,Q* and A:

Ay = {6 m+A, )02 o 4,07 =65,%An - (B10)
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Since the skew-symmetric part of the Lagrange multiplier A must be zero, it

follows that

4,00 =40 . A@Y)Y=0"A) | (B11)

(A =1+A (B12)

In order to formally solve (B12) to obtain the matrix Q* as a function of the
matrix A, we recall the polar decomposition theorem for matrices (cf., e. g.,
Ogden, 1984). For any non-singular second order tensor A there exist unique
positive definite second order tensors U and V, and an orthogonal second order

orthogonal tensor R such that

A =RU=VR, (B13)

where

U?=ATA, V'=AA", R=AU"'=V A, (B14)

Substituting (B13) into (B12), we obtain the condition
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VRQY)" =Q¥(R)'V =1+A, (B15)

which may be uniquely satisfied by the selection

~ ~ -

OY=R=AU"'=V'A, V=1+A. (B16)

a result that is a matrix prescription for the determination of QY:

R  a N N Moo
QAI:(A.AT)-(UZ)A~ AE%ZQ”- (317)
Y=i

The result of this section, the value of §* for any symmetry, is obtained by

substituting Q'“ given by (B17) into (B1). Rewriting that result in terms of vectors,
we obtain (B16) and (B17) with the inverse square root term given by the second

of (B17).
It is fair to show that Q% given by (B17) is a minimizer of the objective

function y. The second derivative y is given by

i .
207304 ;,Q.u =2M65:(5m* An) (B18)
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which, from (B18) and (B16) , has the form

%Y __—oms.V,. (B19)
80 80,

Since the matrix V is positive definite , it follows from (B818) that

_8v 5. (B20)
00, 80
Appendix C. Representation Theorem for Small Rotations

It is known that if A is a skew-symmetric matrix, A+A"=0, then the matrix

given by the exponential function of matrices

n

(cn

et =iA

n=1 n!

Is orthogonal, e*[e*]"=1 (Mehrabadi et al.,1995). Note that since A is skew-
symmetric, then AA™=-A?, tr[AA"] is nonnegative and tr[A?] is nonpositive. We

specialize this result to six dimensions and introduce £ and W such that

E=r[AAT], A=¢W; (C2)
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Then {WW']=1 and we can write (C1) in the form

-~ 2 -~ ~ 2 a " b
Q=¢e™" =l+§-W+£2-'—W3+---+§—'W" e (€3)
! n!

tr()=6—£+rr[w‘]£—
2 2

- 4
2 (C4)

-

Note that the trace of (C3) is given by

Since i[W"]=0 forodd n, [W"]=1 and tr[W?]=—tr[(WW')] = -1. Using the

fact that #[W"] =1 requires the sum of the squares of the off diagonal terms of

W be equal one half, a not very sharp upper bound on ir [W"y% of 4 1/16 may be

established. Thus if terms of the order 45* are small compared to 22, then

£ =26 -1r(Q). (C5)

We conclude that if a six-dimensional orthogonal tensor Q satisfies the condition

that 4 times 2(6 - Q) squared is a small quantity compared to (6-1rQ), then Q

has the representation
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Q=1+&W (C6)
where

W+W=0, n[WW'}=1. (CT)

Appendix D. Analysis of the data of human cancellous bone

The purpose of this appendix is to present a step-by-step summary of the
numerical analysis performed on the human cancellous bone data by describing
the analysis performed on one specimen. The specimen selected was the sixth
specimen, a vertebral specimen. The specimen was imaged, a finite element
model of the trabecular structure was constructed (van Reitbergen, 1996,1998),
and, by the analysis of the response of the model to various loading situations, the
matrix of elastic constants (i.e., the elasticity matrix) for that particular specimen
was determined. The actual specimen is shown in Figure 1. For the sixth
specimen this compliance matrix of Voigt notation is given in the original

coordinate system by:

[ 0.141 -0.041 -0.035 -0.018 0.027 0.076]
-0.041 0219 -0.033  0.05 -0.0093  0.05
g 1]-0035 -0033 0129 0026 -0.0058 -0.013 01)

E 1-0.018 0.05 0.026 0429 0.113 -0.036
0.027 -0.0093 -0.0058 0.113  0.309 0.016

L 0.076 0.05 -0.013 -0.036 0.016 0.408._
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where E;, is the tissue modulus and equal to 1 Gpa. The elasticity matrix in Voigt

notation is obtained from (D1) by inversion, thus

986 2773 3.147 -0.115 -0.581 -2.072]
2773 5952 2346 -0926 0.382 -1.267
3.147 2.34 935 -0.851 0315 -0.662
c=s"'=E 6 3 8 i (D2)
-0.115 -0926 -0.851 2.805 -1.08 0.399
-0.581 0.382 0.315 -1.08 3.712 -0.168

[-2.072 -1.267 -0.662 0.399 -0.168 3.016.

The double index Voigt notation employed in these two equations does not
produce a tensor and the analysis to be performed requires tensors. The elasticity
matrix as a second rank tensor in six dimensions may be obtained from the matrix

above by multiplying the three-by-three matrices in the upper right and lower left

corners of the six-by-six matrix by J2 and the three-by-three matrix in the lower
right hand corner of the six-by-six matrix by 2 (Mehrabadi and Cowin, 1990; Cowin

and Mehrabadi, 1995; Cowin and Yang, 1997), thus

9.86 2.773 3.147 -0.162 -0.821 -2.93]
2773 5952 2346 -1.309 0.54 -1.791
3.147 2346 935 -1.204 0445 -0.936
-0.162 -1.309 -1204 561 -2.159 0.798
-0.821  0.54 0.445 -2.159 7425 -0.335
[ -2.93 -1.791 -0.936 0.798 -0.335 6.032]

>
!
M

(D3)
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This elasticity matrix is the matrix of components of a second rank tensor in six
dimensions rather than the elasticity matrix in the Voigt notation and follows the
conversion rules outlined above. The elasticity matrix was sorted so that

¢, > ¢, >¢5, . This was accomplished by a sequence of coordinate transformations

that permuted the axes' labels, e.g., 1->2, 2->3, 3->1, etc. For the sixth specimen

the permutation was 1->1, 2->3, 3->2, thus

-

9.86 3.147 2773 -0.162 -293 -0.821]
3.147 935 2346 -1204 -0936 0.445
2.773 2346 5952 -1.309 -1.791  0.54
[-0.162 -1.204 -1.309 561 0.798 -2.159
-2.93 -0936 -1.791 0.798 6.032 -0.335
[-0.821 0445  0.54 -2.159 -0.335 7.425

[ })
I
try

(D4)

Step 1. Find the eigenvaiues and eigenvectors:
Using standard contemporary mathematical analysis programs such as

MathCad, the eigenvalues and eigenvectors of (A4) are calculated:

A1=18.75, A2 =6.958, A3 = 3.69, Ay =4.515, As=3.922, Ag = 9.396,
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[ 0.64] [-0.278] -0.238]
0.542 0.773 0.0068
i 0.396 .. |-0.117] . 0.602
N(l)= ) N(-)= , Nm:
-0.162 -0.11 0.712
-0.333 0.5 -0.039
[ 0.047 [-0.223_ | 0.268]
" 0.472] [ 0.313] [-0.368]
0.036 -0.287 0.157
-0.511 0.441 .106
i A= L (DS)
0.398 -0.216 -0.499
0.242 0.76 0.026
| 0.546] | 0.019 | 0.761]

After this sorting operation the eigenvectors for this specimen were similar in
structure to the eigenvectors calculated for other specimens. By similar we mean
that each set of eigenvectors followed a similar pattern. The typical pattern was
that the first three components of the first eigenvector are all positive, the second
component of the second eigenvector and the third component of the third
eigenvector are positive and greater in magnitude than any of the other
components of that eigenvector. For the fourth, fifth and sixth eigenvectors the
fourth, fifth and sixth components, respectively, are the nearest to the value 1 and
the other components are quite small. In a few cases these pattern guidelines
were not satisfied and some judgment was needed in the arrangement of the

eigenvectors.

Step 2. Find the average eigenvectors:
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The nominal average (N4) of the eigenvectors, N 4, associated with a

particular eigenmode, is the sum of all 141 eigenvectors associated with that

- . 141
particular eigenmode divided by 141, N, = Elt—lz NI
Y=l

The results for all six eigenmodes are:

[ 0.791 ] - 0.365 [ -0.137 ]
0.396 0.703 -0.238
A 0.237 A 0.144 A 0.759
N (A;/')4 = . N (‘;': = s N(‘;(;‘ =
0.0017 0.026 0.011
0.031 -0.035 0.033
0.0067 | | -0.032 | —0.0006 |
[ 0.0018 ] [-0.039] [~ 0.032]
-0.0064 0.028 0.02
-0.015 ~ -0.05 A 0.0048
NG = LNy = LN = (D6)
0.797 -0.029 -0.026
0.014 0.753 0.0008
| —0.0064_ | -0.003 | 0.773 |

The nominal average N;* of eigenvectors given above is not, in general, an

orthonormal basis. To obtain the average orthonormal eigenbasis, N;*° , nearest

in a least squares sense, to the eigenbases of all individual 141 specimens, Cowin

and Yang (1997) (equation 16) show the nominal average must be mulitiplied by a
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tensor which is the inverse square root of the tensor or open product of N M with

~ o 6 ~ .
itself N'¢ = (Zl N ®NY)
po

1
- _—
2

thus from (C6) the N*© are given by

[ 0.867] -0.468] [ -0.16]]
0.417 0.863 -0.282
) 0269 . 0.181| . 0.944
S T e R ,
0.0035 0.022 0.014
0.04 -0.044 0.053
L 0.015_ [ -0.041_ | -0.0027
[0.0078]] [ -0.047] [-0.033]
-0.015 0.036 0.029
-0.02| . -0.052| . 0.0061
~ AVG _ AVG _ AVG _
Ny ™ MR * Ve : (D7)
0.999 -0.028 -0.021
0.028 0.996 0.0014
L 0.021_ | -0.0042 | 0.999_

Step 3. Determine the type of elastic symmetry of these bone specimens:

There are eight possible types of linear elastic material symmetry (Cowin
and Mehrabadi, 1995). To find the type of elastic symmetry characteristic of these
141 specimens we compare the eight eigenbases of these symmetries with the
average eigenbasis (D7). The result of this comparison of the eight candidate
eigenbases of these symmetries given in Mehrabadi and Cowin (1990), or Cowin

et al. (1891), showed that elastic material symmetry with the closest eigenbasis is
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orthotropy. In fact the eigenbasis (D7) is so close to that of orthotropic symmetry
that any further mathematical quantification of this result is unnecessary; it wouid
be easy and trivial to justify this result statistically. The fact is that the eigenbases
for the other linear elastic symmetries are very different from (D7) so there is no
subjectivity in this section. The eigenbasis for orthotropic symmetry has the form

(Mehrabadi and Cowin, 1990);

T a1 ] a1 ] (At ]

N Na Na)
a2 -2 2
Ny N N3y
N{'ﬂfm= I:L}u s N(ogm= I:L}z\ . 1\.1?3[:"{= 1;1(33) .
0 0 0
0 0 0
| o] Lol L 0]
-07 '07 -07
0 0 0
0 0 0
~ ORTH __ - _ - —
4) - 1 LI :)SI:TH - O ’ .Nr((iR)TH - 0 L] (D8)
0 1 0
| 0] 10 L 1]

where
(N:m) )2 + (qum) )2 + (N(Sm) )2 =1 Form=1 ,2,3.

Comparison of (D7) with (D 8) shows that, in order for the average eigenbasis
(D 7) to be orthotropic, we may neglect components in (D7) whose values are very

small to obtain the following estimate of the average (4VGEST):
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[0.867 [-0.468] [ -0.16]
0417 0.863 -0.282
et _ 02691 . ygesr _| 0181} ugesr _ 0.944
(n 0 * IV 0 Y 4V(3) 0 :
0 0 0
L 0l L 0] L 0]
(0] 0] 0]
0 0 0
N(jt)cssr = 0 ) N‘.;x’z;a'r = 0 i N(.zl)’GEST = 0 . (D9)
1 0 0
0 1 0
L0 L0 | 1]

The neglect of these small terms to obtain the eigenbasis for orthotropic symmetry
is justified by use of a one-sided student z test, with known standard deviation, at
the 95% confidence level. This test was applied to rotational difference measures
described in Cowin and Yang (1997). This result is of considerable significance
because the type of elastic symmetry was not assumed a priori; the type of elastic
symmetry was obtained by matching the eigenbasis obtained from the data to the
typical form of the eigenbasis for orthotropic symmetry. This demonstrates that
these 141 specimens of human cancellous bone have elasiic orthotropic symmetry

at the 95% confidence level.

Step 4.Transformation of the matrix of elasticity tensor components to the
143
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canonical coordinate system for orthotropic symmetry:

The matrix of elasticity tensor components (D4) for the sixth specimen will be
transformed to the average eigenbasis N/'C given by (D7) by the tensor

transformation rule for a Cartesian second rank tensor, a transformation rule that

employs the orthogonal transformation from the original basis used for specimen
six to the basis N;*° given by (D6). The tensor transformation rule is & =Q0¢Q" ,
where the orthogonal tensor Q is obtained from the open or tensor product of the

bases N/, given by (D 5) and N/ given by (D7), thus

[ 0.725 0.088 -0.131 0458 0.355 -0.338]
0.116 0.884 0.307 0.065 -0.296 0.136
0.272 -0.078 0.643 -0.523 0471 0.101

o= (D10)
-0275 -0.202 0648 0.429 -0.176 -0.498
-0.552 0329 -0.079 0223 0.73 0.0006
| 0.083 -0.235 0.219 0.528 0.031 0.781
and ¢' is given by
(13.477 3.034 2533 -0.006 0472 0.032]
3.034 8228 1.867 0.064 0.088 0.125
. 2. 867 4.668 0.0041 0.093 0.058
é=E 533 1.86 0.0041 0.0 (D11)

-0.006 0.064 0.0041 4.521 0.024 -0.104
0472 0.088 0.093 0.024 3946 0.033
. 0.032 0.125 0.058 -0.104 0.033 9.395.
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Neglecting the elements with small values in the three-by-three matrices in the
upper right and lower left hand comers of the six-by-six matrix (D11) as well as the
off-diagonal elements in the three-by-three matrix in the lower right hand corner of
the six-by-six matrix (D11), the transformed elastic matrix in the canonical

coordinate system for orthotropic symmetry is given by

[13.477 3.034 2.533 0
3.034 8228 1.867 0
e | 2533 1.867 4.668 0
0 0 0 4.521
0 0 0 0 3.946
0 0 0 0 0 9.395]

0
0
0 (D12)
0

© O © O O

This result could also have been obtained by calculating the value of the
eigenvalues referred to the ¥,"* eigenbasis and then employing the spectral

representation of in terms of its eigenvalues and eigenvectors,

6 . -
¢ET =D A NPT QNPT | to obtain the result (D12) .
k=1

In order to evaluate the accuracy of the representation (D12) for (D11) we

investigate the difference

A $ - P - 6 -~ o ~ o
D= ZAI‘N:KGEST ®A;I;-U'GEST —ZAkNI:”(' ®N;”G (D1 3)
k=1

k=l
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The criterion we employ to evaluate the accuracy of the representation (D12) for

(D11) is to say that (D12) is a good representation for (D11) if the largest
component of D divided by the largest eigenvalue of (D11) is small. The value of

D for specimen six is given by:

-0.02 0.017 -0.0066 0.006 -0.472 -0.032]
0.017 -0.014 0.004 -0.064 -0.088 -0.125
-0.0066 0.004 -0.012 -0.0041 -0.093 -0.058
0.006 -0.064 -0.0041 -0.0063 -0.024 0.104
-0.472 -0.088 -0.093 -0.024 -0.024 -0.033

[ -0.032 -0.125 -0.058 0.104 -0.033 0.0012]

o>
[l

(D14)

The biggest number in this matrix is 0.472. If we divide this number by the largest
eigenvalue, 15.75, the estimate of error is 3%. Employing the same method we
found that the maximum error for all 141 specimens was 4.4% and it occurred in
the data for specimen 36. The error for the data from most of the specimens was
less than 3.5%. The calculation of error has presented a problem because it can
be done in many different ways. For example, the estimate of maximum error for
this specimen is 12.8% if we consider the error relative to the smallest eigenvalue.
Thus, a statement about error only has meaning relative to the method of
calculation. It appears reasonable to us to base our estimate of error on the largest
eigenvalue because that number will likely be the most significant in most
situations. Another method of caiculating the error was employed by van
Rietbergen et al. (1996). Using van Rietbergen's method we found that the
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maximum error is 47 % and occurred for specimen 39, although for all but 5 of the
141 specimens, the error was less than 25%. Van Rietbergen’s method employs a

matrix norm which includes

Step 5. Analysis of the eigenvalue dependence upon volume fraction and the
final representation:
The six compositionally dependent invariants were regressed against their
volume fractions using linear log-log relationships. The results of this analysis, the
dependence of the eigenvalues upon the solid volume fraction, are shown in Table

Il - 3. Then using the spectral representation of the matrix of elastic coefficients in

6 -~ -~
terms of the eigenvalues and eigenvectors, ¢ =Y A, V'™ @ N'®", where the
k=l

eigenvalues are compositionally dependent and the eigenvectors are not, the
strain-stress relations were constructed. These relations reflect the explicit
dependence upon volume fraction. The squared correlation coefficients (R?) for
the orthotropic elastic coefficients are as follows: for 1/E;, R? = 0.934; for 1/E,, R?
= 0.917; for 1/E3, R? = 0.879; for 1/(2G,3), R? = 0.870; for 1/(2G13), R? = 0.887; for
1/(2G12), R? = 0.876; for -v1o/Eq, R? = 0.740; for -v43/E4, R? = 0.841; for

-v12/E4, R? = 0.666.

Appendix E. Extended Voigt and Reuss Averages

The purpose of this appendix is to record the values of the matrices ¢"“7 for

the crystalline elastic symmetries. Recall that Crp indicates either the Cub(ic),
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Hex(agoanl), Tri(gonal), Tet(ragonal), Ort(hotropic), Mon(oclinic) or T(riclinic)
symmetry greoup. The values of the corresponding $*“7 matrices are obtained
from the associated ¢'°” matrices by replacing the kernel letter ¢ by s and
superscript ¥ by R (it is to e noted that the ability to do this is a distinct advantage
of the present notation over that of Voigt, 1928). The formulas of ¢'“7 for the
various crystalline elastic symmetries are calculated by averaging a matrix ¢”
representing the ¢ matrix for a triclinic material over the finite set of orthogonal
transformations in the associated crystalline group, as indicated by (//-9). The

finite set of orthogonal transformations in each crystalline symmetry group

employed in obtaining the results listed below are those given by Cowin and
Mehrabadi (1995). For example, by averaging a matrix ¢’ representing the

¢ matrix for a triclinic material over the group of twenty-four orthogonal

transformations associated with cubic symmetry (given by Cowin and Mehrabadi,

1995) ¢'“* is found to be given by

= al* . al® ‘l' -
é lll.c N llz.('ub 11'( uh 0 0 0
R - s
Clll.(uh Cll‘.(ub C‘-,' ub 0 0 O
al"Cub AbVCub AV .Cub
~vcub | €12 12 Ch 0 0 0
¢ - Al Cub (E1)
0 0 0 &k 0 0
0 0 0 0 & 0
Al Cub
0 0 0 0 0 &y

where
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. 1 . 1 -
strCub _ Loar AT AT avcu _ L ar AT AT
i "‘g(cn +Cy +C33) , €y _5(6I2+c23+c31)’

gy cub =%(C‘-L +ésrs +¢L), (E2)

For isotropic symmetry, the resuit for ¢**° was given by Voigt (1928) and the
associated §'** was given by Reuss (1929). The ¢"*° for isotropic symmetry is a
special case of the resuit for cubic symmetry given by (E1) when

AV Cub _ AV.Cub _ AV.Cub

€ =0y —Cp

In the case of tetragonal symmetry ¢' ™ is given by

T A I .p .
l(C,Tl +c§2) ¢l —(¢); +Cy) 0 0 0
2 2
¢l %(é,’,+c‘£) %(é,@+é;) 0 0 0
[
e _ §(c1§+c;) 5(clr3+c;) én 0 0 0| (3
0 0 0 L@+ 0 0
- Ui
0 0 0 0 —(@L+ék) O
0 0 0 0 0 k|

and for orthotropic symmetry ¢"°" is given by
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¢ e, ¢ 0 0 0]
ch ¢ ey 0 0 O
T T r
aron _ €3 €3 €3 0 0 0 (E4)
0 0 0 ¢, 0 0
0 0 0 0 c O
0 0 0 0 0 ck]
For trigonal symmetry ¢"’" is given by
[ . Tn n T T 7
oy en cy O 0 0
cn Czrsn - CIT 0 0
n In T
artn €3 Cn Cn 0 0 0 (E5)
- Tn Tn n
Cs e 0 cy 0 0
0 0 0 0 e V2
0 0 0 0 N2 o -chy
where
atrgn _ L an - - attn _ L T AT AT T
o= E(JC‘T’ +2¢L +3¢L +285), ¢, = —8-(c” +6¢], +¢l, -28L)
e = (ClJ +é3), &5 =—(c|4 -é}, —ﬁé;
R . TR R -
e =el, & =-2—(c"f4 +C5). (E6)
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The result for hexagonal symmetry may be obtained by setting ¢/ = ¢"-%* in (E5)

and (E6) and then setting ¢/ = 0. For monoclinic symmetry ¢ is given by

T T T .
&y €6y 63 ¢ 0 0
T T T
Ch €y €y Cy 0 0
T T T T
~iMon _ | €13 €3 C33 Cyy 0 0 E7
¢ - T T T (E7)
Cy Cyy C3 Cy 0 0
r T
0 0 0 0 ci cg
T T
0 0 0 0 cf C

Appendix F. The Weaker Coaxiality Theorem
Theorem: Given two symmetric N by N matrices A and B such that
(a) x-Ax < x-Bx for all vectors x in the N-dimensional space and
(b) The principal axes (i.e., the orthonormalized eigenvectors) of B are
rotated from the principal axes of A by a small amount given by the orthogonal
transformation (C6) where W=-W', rf WW') =1, £2 <<1, then the eigenvalues of A

and B, A.* and AR, a=1,2.....N respectively, satisfy the inequalities

A <AL a=12,...N. (F1)

Proof: The spectral decompositions of A and B,
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N N
A=) A(a”" ®a%), B=) A%(b” ®b7), (F2)

a=1 a=|

are representation of A and B in terms of their eigenvalues, A.* and A,
a=1,2.....N, respectively, and their orthonormalized eigenvectors, a* and b“,

o=1,2.....N, respectively. Since the principal axes of B are rotated from the principal

axes of A by a small amount given by the orthogonal transformation

Q=1+:W, where W=-W'. t(WW") =1, £? <<1, it follows that
b* = Qa® = a®+:W a*, a=1,2,...N . (F3)

Substituting this representation for b® into the spectral representation (F2) for B, it

follows that

N N
B=) A2(a®®a®)+&) A%(a®” @ Wa® + Wa® ®a”)+

a=l a=|
&S A% (a" ®a%), (F4)
a=|

thus
N N N ,
x-Bx=) AS(x-a%)’ +&D AS(x-a%)(x-Wa®)+& D Al (x-Wa®)'. (F5)
a=l a=l a=l
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Employing (F2) and (F4) the inequality x-Ax < x-Bx (for all vectors x in the N-

dimensional space) may be written in the form

i:A‘:,(x-a")2 < iAﬁ(x-a“)z +§iAi(x-a“)(x-Wa“)+
a=1 a=i a=1

gziAi(x-Wa“)z. (F6)
a=1

Finally, since this result must hold for all x, it must hold when x = a% a=1,2.....N,
and since a% a®=1, a=1.2,...N and a®*W a®=0, a=1,2.....N (which follows from W=-

W) the inequality (71) follows.
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