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Abstract

SOME GENERALIZATIONS OF ONE-RELATOR GROUPS

by
Katalin A. Bencsath

Adviser: Professor Gilbert Baumslag

In this work, a parallel is drawn between certain one-rela-
tor quotients of free products arising as homomorphic images
of surface groups and the surface groups themselves. After
extending G. Baumslag's theorem that ¥-groups are free-by-
cyclic to further classes of one-relator groups, the Frei-
heitssatz, residual finiteness and having 1locally free
derived group are established for the mentioned guotients.
A constructive proof is given for the solution of the word-

problem in these groups.
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INTRODUCTION.

The motivation for the present investigation that turned out
to be more special than one would wish for, came from the
desire to at least begin an atfempt to carry over some of
the one-relator gheory to groups with several defining rela-

tions.

The theory of one-relator groups‘relies greatly on the pres-
ence of many free subgroups in them as conjectdred by M.
Dehn and proved by W. Magnus in the Freiheitssatz [18]. The
cyélically pinched one-relgtor groups, forming an important
subclass of one-relator groups that contains the fundamental
groups of 2-dimensional orientable compact manifolds, are
residually finite. - Lead by this, we are concerned here with
manifestations of freeness, such as being residually finite;
having free subgroups; obeying an analogue of the Frei-

heitssatz.

In [11]), G. Baumslag considers ¥-groups, a class of one-rel-
ator groups containing the surface groups, and proves that
they all are free-by-cyclic as subgroups of cyclic exten-
sions of finitely generated free groups. The éxtensiops of
this result, descr;bed' in Section 1 of Chapter II., were
obtained by employing his methods to further classes of

one-relator groups containing the surface groups.

In the rest of Chapter II., motivated by E. Rapaport's

work [26] on certain one-relator quotients of surface
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groups, we investigate a clasé of onefrelator gquotients of
free products of freexabelian groups, establish for them a
sharper version of the analogue of the -Freiheitssatz given
by Lyndon_[lﬁ]'and Pride (2] for certain free products,
solve the word problem constructively and f£ind that their
derived groups are locally free. This seems to indicate
that the guotients of surface groups obtained by introducing
computing relations between certain generators inherit many

of the properties of surface groups.



Chapter I. frelimiparies.
Section 0: Notational convaptions.

Let G be any group, g and h elements of G. Unless expressly
otherwise indicated, gihigh, the commutator of g and h 1is
abbreviated by [g,h]. '

If X and Y are sets, YCX means that Y is a (not necessarily

proper) subset of X. If X i1s a subset of G,

gp(X) stands for the intersection of all the subgroups of G
containing X. It is termed the subgroup of G generated by
X3 '

QR@(K) stands for the intersection of all the normal sub-
groups of G containing X. It is termed the normal subgroup
of G generated by X (as a normal subgroup) and 1is also

referred to as the normal closure of X in G.

The symbols HSG, HYG mean that H 1s a subgroup or a normal

subgroup,'reépectivelya of G.

If HSG, K<G then [H.K]=gp([h,k]|hEH,kex). If m is a posi-
tive integer, fm'(;:[rn_‘G,G]. by agreement -hG=G H
G"=gp (3™19€G) .

If p is a fixed prime, m,n positive integers, G any group
then G(m,n) is used to denote the subgroup 1h§GF\.

If © is a homomorphism from G into some group H then the



image of g€G in H is denoted by go.

But(G) stands for the group of automorphisms of G.

If HEG then the subset % of G is a [right-trangyversal for H

in G if 1és and J contains exactly one element from each
right-coset Hg (g€G), called the coset representative of

x€Hg and denoted by X (when H is clear from the context).

If X is any set, H4d(X) 1is the set of all finite strings
formed from the elements of X and their formal inverses. If
Y 1s any set, x=D>y (x8X) a fixed mapping, w(x)E€Wd(X) then
wgz) is the element of WA(Y) obtained by replacing every
X-symbol of w(g) by its image in Y. If x€X, weHda(X) then
exp(x,w) is the sum of the exponents of all occurrences of x

in w (interpreting x to have exponent 1).

Let P be any property of graups preserved under isomorphisms
(e«g. freeness, finiteness etc.). The group G is said to
be locally P 1f every finitely generated subgroup of G has
P; G 1s-residua11y P if for every non-trivial element geG,
the image of g is non-trivial in some homomorphic image of G

with property P.

The remainder of this chapter rather informally reviews some
of the definitions and most important theorems used in the

sequel.



sSection 1: Free aroyps.
Let F be a group, X a set, n: X>=-=>F an injection:

Definition:

F is a free group with free basis X or shortly F is free on

X if

i) =gp (X))

ii) for every group H and set mapping

| 6: X=—>H there exists a (unigue) homomorphism ©: F=—=>H
such that (xn)6=x6 i.e. the diagram

X o F

11
o\ /P
H

It is customary to identify X and Xf and consider X as a

is commutative.

subset of F. The cardinality of the basis X is an invariant
of F called the free rank of F. .Eor any set X, there exists
a free group with basis X, uniquely determined up to iso-
morphism. By conventlop, tne free group on the empty set is

the trivial group.

Let k21 be an integer, X a generating set of ‘the'group F,
i.e. F=gp(ﬁ). A . preduct of the form
% (1" DPx (17D ceox ("™ witn x1EX, VDT (71,00 k)
is (freely) reduced if V(I #0 (3=1,.cok) and x(14y)¥x(i;)

(J=1,e00k~1),

Let f€F be given by the product



(m)

)
Fu-.oX(lﬁJ“ .

(
T

x(1,)

. If we drop pairs of adjacept elements that are inverses to
each other and join together the adjacent occurrences of the
same element into a single power then repeat these steps
until neither can be performed any more, we arrive at the
empty product or else a reduced X-product. This product
will still be equal to £ so if the procedure ended up with

the empty product fhen f=1.

A reduced X-product is a ppsitive word if every exponent in
it is positive. By agreement, 1 is considered a positive

word.

A characterization of great importance is given for free

groups by

Iheorep 1 (Normal Form Theorem for Free Groups):

Suppose XcF, F=gp(X). Then F 15 free on X if and only if
every reduced X-product is different from 1 in F. Equiva-
lently, X is a free basis for the free group F if and only
if every non-trivial element £ 1is uniquely represented by a
reduced X-product called the redyced or free group norial
form of £ (with respect to X).

If £=x(11)ﬂnx(11)“m ....x(ik_)ym. in reduced form then the

lenath ef £ (with respect to X) is
RAE)=IVA)I+1V(2) [*eee*|V(K) |. By definition, %(1)=0.



(
BB @™ 1s an initial ses-

pept of the product x(j.i)‘"n'

R =V(2), p()=Y(2)s eoe ,Ip(r) ISIV(r) | and p(r).~(x)20.

The product x(i 1)’““ x(i,)
X (1z)v‘2)o seX (1k)v(k) if rSk »

If F is free on X, HCF, then there exists a right Schreler
transversal for H in F, i.e. a right transversal § for H in
F that 1s closed under taking initial segments: for each
14s€3, every initial segment of (the reduced form of) s also

belongs to %.

Subgroups of free groups are again free, in fact the Sub-

group Theorem for Free Groups 1is:

Iheorem 2 (Nielsen-Schreier):
If F is free on X, HCF and § is a right Schreier-transversal
of H in F then H is also a free group for which the set

Y = {sx SX-1 | s€8, x€X, sxSX -1#1}

is a free basis.



Section 2: Eree products.

Refiniticn.

Suppose that | {Gy411eT} and G are disjoint groups and
n4: G{>—>C (i€I) are nonbuérphisms with the property that
Ging nGrqj-={1}'whenever 1#3- i.jel. G 1is sald to be the
free product of the {Gj]1BI} - in notation

G = ]—I'#Gj_ - if

iel

1) = G' ')
gptike)r i)

1i) G has the universal mapping property:
For every groﬁp H and collection of homomorphisms
84: Gy—>H (1€I) 'there exists a homomorphism ©O:G~—>H
such that (Gjn)8=G;8; (1€1).

It is customary to 1deht1£y the subgroups Gjni of G with Gy

and thus consider Gj as subgroups of G.

Note that for any collection {GiliEI} of disioint groups
le Gi exists and is uniquely determined up to isomorphism.
The G;'s are termed the free (product) factors of G.

Let k21 be an integer, {GjIi€I} subgroups of G with fhe
property GiﬂGi=(1} (1%3) . A product g(i )g(i,)...g(iy) 1is
reduced in the free product sense if g(ij)#l (1=1,.+,Kk) and
1”4$1, (J=1,¢05k-1). For clarity, we refer to such a prod-

uct as sreduced product.
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Suppose fhat g€G 1s given by the product g(14)9(13)+..g(iy) .
If we replace adjacent'elements that cbne from the same sub-
group by the element of that subgroup that is their product
and drop all the 1identity elements occurring then repeat
these steps until neither can be performed any more, we
arrive at the empty product or else a *reduced product.
This product, of course, 1s equal to g so if the procedure

ended with the empty product then g=l.

Free Products are also characterized in terms of “normal

forasY:

Theorep 3 (Normal Foram Theorem for Free Products):

Suppose {Gi|1€I} are subgroups of G such that G,l]G,={1} for
1#3 (1,3€I) and G=gp(}§431). Then G=|CIGi if and only 1if
every *reduced product 1s different from 1 1in G. Equiva-
lently, G=l IGi if and only if every non-trivial element g
i€l '
is uniaup] represented b a *reduced roduct called the
freeprodgct Y TeP Y P

free-product pormal form or Xreduced form of g.

If g=g(iy) 9(ijp) .. .g(ly) in *reduced form then 1¥(g) the

(Exse-product) length of g is k and g(iy) (1£3<k) are the
svllables of g. The *reduced form above is cyclically

reduced 1f either k=1 or else 11#ik.

A group G is termed freely dJdecomposable if it is the free

product of some of its subgroups, none of which are trivial.

A free garoup F of rank at least 2 is freely decomposable:
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if F is free on X={x(i)[1ieI} with |X|22 and <x(i)> denotes
the free group on [x(i)i (infinite cyclic group generated by

x(1)) then r.-'=l I<xu)>.

i€l '
Also, taking the free groups Fi on [x|xex,} (3J=1l,000e,m)
where X,*l. ngﬂ and the xj's are pailrwise disjoint, we

have

e TT &, -

=1
More generally, we have

Theorem & (Grushko-Neumann): o

If F ‘1§.a free group, O:F=—>> II G; an epimorphism, then
' i€

there exist FisF (1eI) so that F=!el F; and Gj=F;® (1€I)

(i.2. free decompositions of epimorph images of free groups

can be "pulled back").

" The subgroup theorem for free groups can be obtained also

from

Iheozen 3 (Kurosh Subgroup Theorem): _

Let G=T_T*Gi and suppose that H<G. Then H itself is a free
product::eI

H = F%( Hj) where F is a free group and each Hi is the

intersection of H with a conjugate of some factor Gy.

When G is the free product of two of its subgroups G, and

G,, we also write G=G,*Gjy.
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Section 3: Generalized free products.

Refinition:
Let G,G4, Gy be groups, ULGi, V<Gq, ¢:U>¥->>V an isomorph-
ism, 4364 >>G (1=1,2) monomorphisms with the property

Q= GngN Gy = Uny = Vi,

G is the free product of G4 and Gy amalgamating U and V
under ¢ if |
1) G=gp(GynUG,n,) .
1i) for every group H and pair of hdmomorphisms
Oy :Gy—==>H, ©O,:Gy=>H with the property UBL=V91. there
exists a (unique) homomorphism 0:G~>H such that

(Gifli) 9=Gi 91 (i=1,2).

It is customary to identify the subgroup Gjn; of G with G4
and consider Gy (i=1,2) as subgroups of this group G denoted
by G={G,*G,;U#=V}, or G={G,%G,;Q}.

Note that given Gy, Gz, U, V and ¢ the free product with
amalgamation exists and G={G, *G,;U¢=V} is unique up to iso-
moxphism. The kernel of the ¥obvious” homomorphism
8:Gy *G, ~> (G, *G, ;U$=V} induced Sy the identity maps on G,
and G, is the normal subgroup in Gx*Gz generated by the set
{uvd jueU,vEeV ,up=v}. Let k21 be an integer, G3,G, subgroups
of G with the property G¢/1G,=Q. A *reduced product
9(11)9(1s) «eeg(ly) " is strictly altermatina if g(ij)4Q
' (1j9{1.2hj=1.---.k)-
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Suppose now that in both Gy and G, right transversals for Q

have been chosen.

A normal form is a product of a single factor q (g€Q) or of
the form t{1)t(2) ...t(k)g (3€Q,k2l1l) where t(l)t(z)...t(k) is

a strictly alternating product of coset-representatives.

Let g€G be given by the #reduced product g=p(1)p(2) «e«p(m) .
Since the representative of Q in both G, and G, is 1, no
confusion arises from simply denoting thé representative of
any pEGUG, by P- Then we have p(J) = p(Da(d) (a(IEQ) u-
niquely. If we replace sach of the syllableg p(3) of g by
p(3)qg(j) then replace every q(J)p(j+1)g(3j+1) subproduct by
the elgment equal to it in the factor containing p(j+1) and
#reduce the result then repeat these steps until neither of
them can be performed any more, we arrive at a normal form
or else an empty producte. In the latter case, g9=1 holds.

The significance of this procedure is indicated in

Iheorem € (Normal Form Theorem fpr Generalized Free Pro-
ducts):

Suppose Q, Gy, G, are subgroups of G such that G{lG,=0Q,

G=gp(¢1UGz). G={G4*G,3;Q) 1f and only 1if every strictly

alternating product is different from 1 in G. Equivalently,

G={Gy %G, Q) if and only if every non-trivial element g is

uniguely represented by a normal form once right-transver-

sals for Q in both G, and G, have been chosen.
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If g=t(1)t(2)...t{k)q 1ﬁ normal form then Kk is 1its
Lrepresentative lenath rl(g). For geQ, rl(g)=0. If g€G-Q
then the nuasber of syllables of any strictly alternating
product representing g equals rl(g);
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Sectjion 4: Presentation Qﬁ groups.

Let G be a group,:-X a basis of the free group F, Qs F—>G a
homomorphism, RCF sdch'thap ker ngpF(R). If gp(xQ)=G,
<X;R> is termed a presentation for G (under the presentation
map ). '

If 9: G—>G1 'is an isomorphism then‘?1=ee is a homomorphism
F=—>G: with gp(x91)=ct and Kker Ql=gpF(R). Thus <X;R> 1is
also a presentation for G! (under the presentation-map ?l).

With abuse of notation we write G=<X;R>.

If ¢ is free on X, G=F/N where N=gpr(R) for some R<F and
YV:F=—>>G is the natural homomorphism then G=gp (XV) »
gpF(R)=ker”9 so <X3R> is a presentation for G (undervy).
Therefore every group has a presentation and every pair of
sets (X,R) ' with RcWd(X) can be viewed as a presentation
<X:R> for (fhe groups in the isomorphism class of) the gquo-
tient of the free group F on X by the normal closure N of
{the image of) R. Most of the time, the presentation map Q

is suppressed.

If G=<X;R>, X is termed a set of generators for G and R a
set of (defining) relators for G. Since rQ=1 (r€R) in G,
the alternative notation G=<X; {r=1|r€R}> is used as well and
=1 is termed a relation‘in G; relations of the type rsi1=1

are also written as r=s (r,s€R). Elements wEgpF(R)-R are

called conséguences of R.
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A presentation <X;R> is finite if both X and R are finite
sets, finifely generated 1f X is finite, finitely related if
R is finite.

A group G 1s':1n11311 presented if some presentation for G
is finite; G 1is finjitely generated or finitely related if

some presentatlion for G has the resgective property.

If 6:G—~>T is a homomorphism, ker 9=ngjS) and G=<X3;R> then

T=<X 3 RUS>. The very useful converse is

Lheorem 7 (von Dyck):
Suppose G=<X;3R>, T=<X;R> where X and X are equally indexed
sets and w(g)eﬁ whenever w(z)ER. Then x—>X (xE€X) is a

homomorphism of G onto T.

This theorem and the next one are important tools in the
process of gathering information about groups given by pres-

entations.

Zheorem 8 (Tietze):
Suppose that the presentation <X;R> turns into the presenta-

tion <X;R> by a finite number of steps T1--T4 (called Tietze
transformations) listed below. Then the groups G=<X;R> and
G§<i:ﬁ> are isomorphic. ‘Furthermore, two finite presenta-
tions <X;R> and <X;R> define isomorphic groups 1if and only
if a finite number of Tietze transformations 1lead from one

presentation to the other.
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The steps mentioned are:
T1: Replace <X3;R> by <X;RUS> where S is a set of conse-
quences of R. '
T2: Replace
<X3RUS> by <X;R> 1f § is a set of conseguences of R.
I3: Replace <k:R> _ by <X U Y;RU{Ly () w()2}]i€J} where
Y={y(j)1jJeJ}) 1is any indexed set disjoint from X and
W={w(j) 1J€J} is any subset ofrwd(X) indexed by the same set
Je
I4: Replace G=<XVY;RU{y(}w(d)t1i€J}> by <KX;R> provided
that none of the elements of R involve any of the Y-symbols

and {w(J) |jeJp<=wa(x).

Since WA(X) 1is countable when X is a finite set, R must be
countable in every finitely generated presentation <X;R>.

More is true for finite presentations:

Iheorenm 9 (B.H. Neumann):
If G is a finitely presented group and X is finite, R is
countable in G=<X;R> then also G=<X;R> for some finite sub-

set R of R.

Thus every finite generating set of a finitely presented
group G is the set of generators in some finite presentation

for G.

It is often necessary to find a presentation for a subgroup
H of a group G from a given presentation G=<X;R>. Following

the Reidemeister-Schreier rewriting procedure, this can be
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accomplished by first finding a Schreier transversal § and,
~as 1ﬁd1cated by Theorem 2., a generating set for Ho, the
pre~image ' of H in the free group F on X. Then it is possi-
ble to nethodi&ally re-express ' every conjugate srsti
(sél.reR) as a.product of these generators e(srst) and a

presentation fof H is given by H=<Y ; a(srs‘)lses;ren>.

Details of the method can be found in either of [17, p. 103]
or [20, p. 87J.
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Section 5: Special presentations, further constructions.

Split extensiong (or semidirect products).

Let G,B,T be groups, q1:T¥-9G. q#;B-—DG\mononorphisms. G is
" termed the gplit extension of B by T 1if

1) G =gp(InUBny),

i1) B, 9 G,

1ii) Tq,nBn,= {1}.

As usval, we identify T and B with their injected images in
G and write G=BD<T. Then T acts on B via conjugation.
Given any hononofphisn p:T—DAut (B), the split extension of
Bby T in which the action of T on B coincides with the
action of T¢ on B exists, is uniquely determined up to iso-
norphism and is denoted by BQFI. Ig is easy to see that
every non-trivial element 1$9€G of the split extension of B
by T has a unique expression of the form g=tb (t€T,beB),

termed its gplit extension or semidirect normal form.

If 8=<X;R>, T=<¥;S>, G=B>§r and =y SAut(B) then

6 =<XUY 3 RUS U {ytxy=xJIxex}> .
yeY

Direct limit of garoups.
Let G, Gi (i=1,2,...) be groups, n;:Gi=—>G, ¢;:G{—>G
(1=1,2,...) monomorphisms with the property that G:l"l:lscm'liu

and the diagrams
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O
Gy~——> Gl

i Niut
G commute for all 1=1,2,c¢e¢ «

Then G 1is the ascending union of its subgroups
Giny (1=1,2,.ee)s G 1s termed the gdirect 1imit of the
groups {Gi11=1,2,...} with connecting isomorphisms
{#111=1,2,.0} Glven {Gjl1i=1,2,...} and {$111=1,2,...} the
direct 1imit exists and, up to isomorphism, is hniquely
determined. We write G=lEJTGg. once {$;§i=1,2,+..} is spec-
ified. .

If Gi = <Xy 3Ry> (1=1,2,¢44), G=\_{tG; with connecting iso-
ie
morphisas {§; |1=1,2,...} then '

G =< X 3 Ry U Ix(1)=x(i+1) Ix(1)EX4}> ,
191 1 L=)1 1 1L=)1 ._ 1

where x (1) ¢;=x(i+1)€Xy 4

If Gy(i=1,2,...) are f{free groups then the direct 1limit
L=il‘4161 is a locally free group, i.e. every finitely gener-

ated subgroup of L is free.

We now list some other "standard™ presentations.

If F is the free group on X then F=<X3p>.

If A is the free abelian group on X then A=F/F' where F* is
the commutator subgroup of the free group F on X and
A=<X; {{x,¥ JIx,¥YEX}>. We also use the notation A=<X;abel.>.
If G;=<X;;R{> (i€I) and G=I:rci then t;=<§§)1 xi*}é“ﬁ-

If G=<X3;R> is any group, Y a set disjoint from G and
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SCHA(XUY) .then the abbreviation <G,¥;S> stands for
<XUY;RUSD>. If H=<XX:R> and weWd (X) then the group G=<H;w>
is termed a one-relator quotient of H; when R=¢g, G is called

a one-relator groupe.

HNN extensions (or Britton extensions).
Suppose that G=<X;R>, H,K<{G and ¢:H>—>>K 1s an isomorphism.

Let {t} be disjoint from G. The group with presentation
G¥=<G,t ; ttht=h¢{hEH> is called the HNN (short for Higman-
Neumann-Neumann) .or Brittpon extepsion of G with stable let-
ter t and assocliated subgroups H and K under ¢. Without

going into detalls, we record

Iheorem 10 (Higman, Neumann, Neumann):
The Yobvious" mapping g~—>g from G into c* 1s an embedding.

Also, upon choosing right-transversals for H in G and K in
G, normai forms can be introduced for the elements of d*.
One consegquence of Britton’s lemma 1is that every element in
d'has a unique norpal form. Detailed description of HNN-ex-

tensions can be found in [17, p-. 11aj.
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mnm u’ m.

&ss;inn‘l: Cne=relator generalizations of surface grouyps.

In [11], G. Baun;lag points out that it is possible to embed
any countable free group into a free group of rank two such
a way that positive words get mapped into positive words.
Using this information, he shows that ¥-groups, i.e.
1-relator groups with the type of presentation
<a,b,ses,c3[0,v]=1> yhere u and v are positive words, are
all cyclic eitensions of free groups. As a conseguence,
¥-groups turn out to be residually finité and they have free
derived groups - properties they share with the fundamental
groups of compact two#ﬂimensional orientable manifolds,
shortly referred to as surface groups. 'Although there are
one-relator groups <a,b,...,c3[u,v]> that are not free-by-
cyclic (see[11]), we can generalize the guoted result for
two classes of groups both of which also contains the sur-
face groups. We put'! for the class of groups with presen-
tations of the type
(1) <(Byo0esb} U (Cseee,dIUS 5 [u,vIN=1>

where the sets {a,eee,b}, {(C,ve+,4} are disjoint from S anad
each other, u=u(a,ess,b), v=v(C,es¢.,d) are non-trivial posi-

tive words and weWd(s).

Similarly, we put ¥§o for the class of groups with presenta-
tion of the type
(2, ({a....,b}U{c...-,d}US ’ [U.V][q,w]=1>



22
where the sets of generators, a, v and w satisfy the

‘'conditions above and g=q(a,...,b) is a positive word.

The embéddings of tﬁe free'groups Fo on {a.-;,.b] and F?! on
{Cresa,4d} into .the two-generator free groupé on, say,
{a'.b'}.and {c*,d'} which napﬁpositivg words 1into positive
words give rise to an embedding of fhe ¥-group '
Cla,sse, 0}V {C,0es,d0J)S ; [u,v]Iw=1>
into the 9-group
{a',b*,c',A*'JIJS 3 [u*,v! Iw=1> .
Similarly, the mentioned embeddings of F©° and F! give rise
to an embedding of the §O%-group
K{@s000,b} J{Cheee, ) JS 3 {u,viig,w]=1>
into the y9-group _
<{a’,b?,c',d'}JS ;s [u,v' fq',wi=1> .

First we aim at proving

Theorem 11:
Let G be a P-group as given by (1). Then G 1is free-by-

cyclic i.e. an extension of a free group by a cyclic group.

Broof .
Since the property of being free-by-cyclié is inherited by

subgroups, we may, withodt loss of generality, assume that
the P-group G 1is
G=<{{a,b,c,d\JS ; [u,vIN=1D> ,

Put b=xa, c=ya, d=ta and obtain the alternative presentation
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G = <a,x,y,t,S s [u(a,xa),v(ya,ta) w=1>,

As the relator has 0 exponent sum on a, G is an extension of

N=ng(x.y.t.S) by the infinite cyclic group generated by a.
With the notation

x(1)=aixal , y(l)=alyal, t(i)=altal, ... , h(i)=alhal,
S(1)={h (1) |hesS} for all i€z,
N=gp (x (1) .,y (1) ,t (1) ,5 (1) 1182) .

Let r denote the relator expressed in terms of these gener-
ators for N To prove that N is free it suffices to show
(see e.g. [19]) that in r the smallest and largest labels
of at least one of x,y,t are. different and occur exactly
once. Straightforward computation leads to the following

useful results:

Lempa 12:

If | u (a,b) sV g2 B jxtm) with
B(1)30,c00,8(m)>0,%(1) 50,000 ,%(m-1) >0,%(m)20 then u(a,b) can
be put in the form

aﬁ’(1)*“(1"’"?’13("'”“(“').
X (B(1) 46((1) 400 o #B(m) +X(D)) «0s X (14X(1) +B(2) +00 o +A(m) +ax(m))
X(B(2) +0(2) *o0atBM +0R(M)) «ou X(1+X(2) +B(3) +osotB(m) +0i(m) )

x(p(m)+u(m))-x(ﬁ(m)-1+u(m))'... x{(1+ot{m)) .
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Leama 13:
If u(a,b) -a“u) AD adm .o .bm“' b a“('" | with
(1) So. ee s, X(m~1) >0,%(m) 20,A(1)>0,e0.,3(m~1)>0 and we inter-

pret p=1 as u(a,b)=a®" then u(a,b) can be put in the form

a&(l)*ﬁ(l) *(2) +eeetfB(m-1) +ol(m)
X (B (1) +R(2) +e oo +B(m-1px(m)) eoe X(1+%(2) +seo+B(m-1) +oi(m))
X (P (2) +K(3) +. & o*ﬁ(lﬂ"l)"u(m) ) eece X(14+X(3)+. oo"ﬁ(m"l) +oi(m) )

X ([3 (m=-1)+x(m) ) X (p(n-—l) -1'+u(m) )} eoe X(lex(m)) .

If  u(a,b)=a*bP  with «>0, B0, 1its form 1is
2" 8. x (p) x (B-1) eeox (1) .

Lempa 14:

If v(c.d) =c*m d'(l) oo cm’d;(m with
1-(1)>o,,...,1'(n)>o,d'(1)>o.....d‘(n-1) >0,8(n) 20 then v(c,d) can
be put in thé fofm -

a—f(l) +d(1)+..0+F(n-1) +d‘(n)

Y (F(1) 4 (1) +e et (N) +6(N)) coeey (1+d'(1) +4(2) + e .+ F(N) +d(N) )
(T (1) +4(2) +e et f(n) +d(N)) eoe t(1+7(2) +ecotf(n) +d(n))
Y(T(Z)*d(i)*---*'r(n)*'d'(n)) oo Y(i+d'(2)*1'(3)+---*'1'(n)+d'(n))
Y (f(n) +d(n)) - y(}(n-1)-1+d(n)) ... y(1+d(n))

t (d (n)) . t (d(n) -1) £(1) .
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Lemma 15: _ '
If v(c,a) =g D 10D S0 with
d(1) >0,ee0,d(n-1)>0,d(n)20,7(1)>0,.ee,F(n-1)>0  and ve
interpret nél as‘v(c.d)=d‘“’ then v(e,d) can bé put in the
form
45(1)+4(1) +ecesfn-1) +d(n) | |
t(d(1) +4(1) +eee+f(n=1) +d(N)}) - e.. t (A+4(1)+d(2) +...+d(N))
y(t(l)*6(2)+...+11n-1)*d}n)) ese Y(1+d(2)+T(3)*eeetd(n))
t(S(2) +1(2) *eeat F(N-1) +S(N)) oo t(1+§(2)+(3) +e0otd(n))

Y (f(n-1) +(n)) -y ({(n~1) ~1+d(n))} «.. y(1l+d(n))
t(d(n,) . t(d'(n’ -1) Y t(l) .

To summarize: In every case , once all the a-occurrences
have been moved ‘to the left, the exponent of a is exactly
the sum of all the eﬁponepts of the word in question, tﬁere-
fore it is positive. If more than one label is present,
the labels form a strictly decreasing sequence of positivg
integers. Moreover, the expression v(c,d) contains always

at least one label.

So if i,! denote the respective Ya-free¥ segments of the
re-axpressed u(a,b) and v(c,d) and 1f,' for. every integer 1
X(1), Y(1) are the words obtained from X,Y by adding i to
each label and finally if

k = exp(a,u) ¢ exp(b,u) , J = exp(c,u) + exp(d,u)
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then k%0, j$0 and we have

[u(a,b),v(c,d) ] = ¥ak Yia-d akXal ¥ = X¥21Y(k)2X(j) ¥ .
Since none of the letters of Y are present in w, the small-
est label of any letter of Y occurs exactly once in r (on
account_of Y) and the largest label of such letter also
occurs exactly once (on account of ¥Y(k)1). Hence N is free,

indeed, and the theorem is true.

With some further inspection, we can read more out of this

analysis and verify

Zheoren 16

Let G be a ¥o-group as given by (2). Then G is free-by-
cyclic.

Broof _

We may again restrict our attention  -to

G=<{a,b,c,d\JS ; [u,vIg,w])=1>. Keeping the former nota-
tions we express q(a,b) as suggested by Lemmas 12 and 13, so
that g(a,b) becomes a®Q where e=exp(a,q) +texp(b,q) and Q 1is
a (possibly empty) x-word. Then we obtain

[u(a,b),v(c,d) g(a,b),w] =
RIY (k)X (J)Y Qtaewiat Q w =
F1Y (k)1X (§) ¥ de(é)-l Qw .

The letters of Y still do not occur beyond Y so at least one
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letter of Y has its smallest label once only in Y, its maxi-
mum subscript once only in Y (k). Thus this group 1is also

free-by-cyclic, proving the theorenm.

Residual finiteness.‘ too, 1is a property inherited by
subgroups. Since finitely generated cyclic extensions of
free groups are residually finite by a theorem of G. Baum~

slag [8], we have the

-gcorollary 17:
If 5 is a ¥-group or a Po-group then G has free derived

group and G is residually finite.

Thus ¥ and Jo9-groups share these properties of X groups.
The surface group <x,yY,Z,t 3 [x,2YY.,t]=1> is clearly both a
P and a td-group. So Corollary 17 is an extension of the
corresponding theorems on ¥-groups in (11] to the classes ¥

and Yo,
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sectlon 2: An apaloaue of the Erelheitssatz.

The fundamental role that Magnus®' Freiheitssatz plays in the
gquite expansive theofy of one-relator groups has been an
inspiration to establish a number of extensions and sharper
versions; for an assessment, see e.ge [17]). In [16], R.C.
Lyndon extends the Freiheitssatz for free products of sub-
groups of the additive group of real numbers by showing that
all of the free factors that contribute a syllable to a
given cyclically reduced element r, must also contribute a
syllable to every non-trivial element in the normal closure
of r. These groups include the free products of free abe-
lian groups for which the property also follows from the
extension of the Freiheitssatz. proven by B. Baumslag and Se
Pride [2] for the one-relator guotients of free products of

locally residually free groups.

Prompted by a conjecture of Papakyriakopoulos (24]; E. Rapa-
port [26] investigated certain one-relator guotients of the
fundamental groups of compact orientable manifolds of finité
genus and found them torsion-free. This gave motivation to
consider the class of B-groups, 1.e. groups with presenta-
tion of the type
<(a,b,ess,c,d;abel.), (a,b,e..,c,d7abels)
[a,a)[bsbJece[c,c)d,d 1> ,

a beginning of an attempt to carry over some of the aspects
of the one-rélator theory. Of course, p4groups are one-rel-

ator quotients of free products of free abellan groups. We
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state an appropriately sharpened versjion of the extensions

of the Frelheitssatz mentioned before as

Zheorem 18: 4
Let k,a(1) ,n{(1) ,m(2) ,N(2) ,eee.,m(k) ,n{k) be positive integers
satisfying a(J)<n(I) (J=1,¢+.,K). Let X= jk?‘xj be a dis-

joint union where

fa(l) ,+.e,a(n(l))},
{b(1)seessb(n(2))},

o]
-
H

(a(l),eee,a(m(1))), X,
Xy = {(B(1),eee,b(m(2))}, Xy

Xy = (1) ,ece,d(@(i))), Xp= A(1),e0e,d (),

and -let %, disjoint from X, be also a disjoint union

g= SEKEA.

Suppose that Y is a subset of X and that the group G is
given by the presentation

' 2k
G = <XU%; LJ(gaabel-) (Xiabel.)lj{r}>
AcA i=1
where
- m(1 m(2 m (K}
r = I [ [a(m),3M)] [b(h),B(h) ] .. [d(h),3Mm)] .

= h=1 =
If ¥ omits at least one generating symbol of X that 1s pres-
ent in r, then the subgroup of G generated by YUZ is a free
product of free abelian groups. Indeed, when Y=X-{t} (t

present in r) and texjm (1<J(t)<2k) then
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2k
' &
gp (Y) = <x',i(§) - {t} ;abel .>% .,;I <x1;abe1.> .
J¥i(t)

Rroof
Clearly, G=gp(X)¢A A.<za;abelu>. The fact, that in a free
€

product, subgroups of the free factors generate their own

free product allows us to assune A:l! i.e.

1) G = < szk C)k' >
(1) = X3 (X; abel.);r> ,
g 1 ga

and Y=X-{t} (t present in r). Furthermore, without loss of
generality, we may assume thaf t, the omitted symbol is in
X;UXy » For otherwise Tlietze transformations can replace r
4 by 1its cyclic permutation which begins with the full

[x(h) ,X(h) ] subproduct of r corresponding to the set
xj:‘;,i whose element t originally was. Once so arranged, the
appropriate relabeling of the sets xj produces the desired
type of presentation of G. Thé proof now consists of show-
ing that G is - an HNN extension of the "right kind of a

group"e.

Case 1: tEeX,, say t=a(s) 1<s<m(1)

Introduce the notation
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[a(1),8(1) ] «eo [a(s-1),8(s-1)] ,
v = [a(s+1),a(s*1)] ... [a(m(1)),8(m(2))]

m{2) m (k)
[(b¢h),b(h) ] ... (ach),d¢h)] .

h=1 =3

u

Then r=1 is of the form u[ t,a(s) Jv=1 or, egquivalently,
(e) tia(s)t = A(s)vu
and here tpe right hand side does not involve a(s) (=t).

After the Tietze transformation that replaces r=1 by (e),
the only other relations involving t=(a(s)) are [a(h),t])=1
or, eguivalently, tta(h)t=a(h) (h#s).

This yields the presentation

2K
(2) 6 =<Xy-{a(x)H U jL_J2 Xj U {t}s

2k
J (xjabel.).(x,—{a(s)} abel.),

I=2 .

tta(h)t = a(h) (h#s,a(h)€X,), tA(s)t = E(s)vud> .

Now put w=a(s)vu and observe that in

2k

- . %* .
P=<a(1),...,a(s-1).a(s+1),...,a(m(1));abel.)*T—r <xj;abe1.>
: J=2

wl$1 (i$0) because one of the following holds:
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a(1)! - (vhen k=1,m(1) =1,s=1)

t
.
n

(B(s)[a(s+1) ,E(5+1) ] «.o [a(m(1)),A(m(1))]
[a(1),8(1)] +s0 [a(s-1),3(s-1) ]
(vhen k=1,m(1)#$1,s$1) '

(B (1)[a(2),8(2) ] +0o (a(n(1)).E(R ()]

) m (k)
[b(h),b(h) ] «co TT [d(h),a(h) ])1 ’
h=1 h=1

(when k#1,m(1)#1,s=1)
or

(a(s)[a(s+l),a(s+*1) ] ... [a(m(1)).,a(m(1))]

[b(h),b(h) ] ... [d(h),d(h) ]

h=1 h=1
[a(1),8(1) ] «es [a(s-1) ,E(s-1)
(wvhen k#1,m(1)#1,s5%1) .

Besides lack of cancellations, wi begins and ends with free
abelian basis elements in P, none of which is amongst
{al) yeee,a(s-1) ,a(s*l) ,eee,a(m(l))}. Hence G is the HNN

extension of P wi;h its subgroups

<Xy ~{a(s)};abel.>*<a(s)> and <Xgj-{a(s));abel.d>*<w>
associated as in (2).
Noy gp(P)=gp(Y) in G and this takes care of Case 1.

The procedure is analogous for

Case 2: t€X, say t=3(s).
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Then 1<s¢m(1) since @(s) 1is supposed to be present in r.
With u,v as before, use that r=1 |is equiéalent to

ufa(s),tiv=l i.e. tla(s)t=a(s) (vu)-1=a(s)uivi,

We put now w'=a(s)uivi and by a duplicate of the previous
argument (with the trivial changes involved) G proves to be
the HNN extension of

2k
P = <X, -{A(s) } sabel.>* I I <Xj;abe1.>
. =1
I%2
with the subgroups

<X, -{a(s)};abel.>*<a(s)> and (Xz-{ﬁ(s)}:aﬁe1.>#<w'>

associated as in the presentation

(3) G = <(Xy-ta@(s)})U( jé; XjyUit})s
I#2
2k _
jg (X abel.) , (X, -{a(s)} abel.) ,
j¥2

tIE(M)t = 3(h) (h#s,E(h)EX,), tla(s)t = a(s) (vu)id.
This completes the proof.

Hith the notation

2K
% g
H = I l <X{ jabel.> » | |-<§z;abe1.>.
i=1 ABA °

G=<{H;r> is a one-relator gquotient of a free product of free
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abelian groups, r is cyclically reduced when read as an ele-

2k
ment of H. Put Y¥Y'= x, when ¢t is the only omitted sym-
) _
bol. According to Cogollary 1in([25],

2k
* *
gp(Y'UB) = | | <Xy jabel.> ® | | <8, ;abel.> .
j=1 AeA
31 (t)

Note that Y' is a proper subset of Y. In particular, Theo-
rem 18 impliles for the g-groups G generated by
X={a,b,ece,c,d,8,b,¢..,6,d} that the natural homomorphism
from the free-lproduct of the £free abelian groups A on
{a,byeee,c,d} and & on {a,b,...,5,d3) into G=<A=R;r> is an
injection on all subgroups of A®A generated by a proper sub-
set of X. : Consequently, HA-groups have “many* free sub-

gIroups.
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section 3: & desgmnesl:lgn theoren.

In this section, we unfold a generalized free product struc-
ture of p-groups that éarallels a similar property of sur-
- face groups. This will also pave the rbad to demonstrating
further properties in the later sections. The notations
introduced and used in this section will be carried over and

employed in sections % and 5 as well.

iheorem 19:
The group G given by the presentation

G = <(a,b,ess,d3abels.), (2a,D,eee,d;abel.);
[a,a)b,bleeelc,cI[d,d]1=1>

is the generalized free prosduct of two groups, each a free

product of finitely generated free abelian groups.

Proof
Put

A=<a,b,...,c,d:abelo> ’ -n=<s.6,oot'a=ab61.> s

so A and A are finitely generated free abelian groups of
equal rank r. Let ¢ and & be aiso finitely generated free

abelian groups of equal rank r-1, say
%=<x,y,...;z;abe1-> . §=<i,f,oot.§:abelo> .

Now let
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U=sRA=*g, v=_h= g,

N = gpt,(b,...,cl,d,x,y.oo.,'z). M= gpv(i,s,.-.,a.i,i,.u,i).

Then [ailieZ}. {HiIIEZ}'are respective transversals for N in
Uand M 1in V and the Reidemeister-Schreier rewriting gives
that

gp({brecerc,dt U U ix(1),y (1) yeeerz(®)}), -
ie2

gD (@BeBrecerdtU U R1).F(),eea2(D)])
iez g

where

x(:l.)=aixa"1 ’ 1r(i)=ai-'ya"i ..;.. z(:u_=ai'za"j (1e2) .,
f=aizal , jy=atyal ,..., sw=dzal ez .

- In fact, Tietze transformations yield

1 i
N=<b,...,c.d;ab91¢> % -eTz <x(1) ..oo,Y(i’ PY 4 (1) ;abE1-> »
i

o
“=<5,5.....E;abell> * —-I- <i (1, '.O..?(i, .2(1) :abe]..) L]
: iez

Observe that in N

pe =
]

gP(byeeerc,d,Xx(0) 000,y (0),2(0),x(0)x(1)?) =
gp(byeee,c,d,x(0) yeee,¥(0).,2(0),x(1)) =
<b.....c,d;abe1.>*<x(0},..Q.y(Ol,z(O);abel.)*(x(1)> =

Cb,ees,C,d3abeled>*Xx(0) ,eee,¥Y(0),z(0)sabel.>*<x (0)x(1)1>

and in M
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gp (8,54 00e,C0K(0),000,7(0),Z(0),

_ [E,F(0) Jeool BuX(0) JZ(0) Z (1))
GP(E,6s00esE,K(0) 4000, F(0),2(0),2(1)) =
<5,5..-.,é;abel.>#<§(0),....i(O),E(O);abel.)?(i(l))

=
n [}
" H

€3,06,e004,C3abel>¥<X(0), . ...,_ii (0) ,Z (0) ;abel.>
#C[X(0) ,DJeeo[¥(0),EIZ(0)Z (1)1 &

Therefore,

8 2 b==DX(0),e00, CrDF(0), d=—=DzZ(0) ,
X (0)==D8 ,eee, Y (0)—Db, 2z (0)=>C ,
x(0) x (1)t =>[X(0),5]e.s[¥(0),E1Z(0)Z ()2

defines an isomorphism between H and K, so G={U*V ;HO=K}

exists.

If we perform Tietze transformations on the ready-made pres-
entation (from the generalized free-product structure) for

G, we obtain:

G = (a,b.....c.d,x,y,...,2,5,5,..,,E,ﬁ.i,?,...,i:
(a,b,...,c.d:abgl.),(x.y;....z:abel.),
(a,b,ees,C,d3abel.), (X,¥,eee,Z3abels),

X=b, ¥2C,eee, z=d,
X=a, Y=b,eee, Z=C,

xaxAad=[ 7,5 oo o[ F,5 325434

v
[}
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= (a,-b,..-',c,d.'a'.ﬁ,.-.,E,a: (a.b.....c,d;ahelo) ’
(aispO'O.E'agabelo) ¢

aagtat=[b,bJees[Cc,cfd,d]> =

.= ((a'b. [ X N J .C.d;&belo) ” (5.5. ...'E'a;abelo) F
(a,a)b,bJeeelc,c)d,d]=1> = G.
Consequences of this decomposition will be discussed in the

sections to fellow.
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Section 4: Ihe residual finiteness of E-aroups.

The generalized free product decomposition of p-groups ar-
rived ﬁt in Section 3, allows us to take use of G.Baumslag's
result [4; Proposition 2] that provides criteria for the re-
sidual finiteness of generalized free products. Thus resid-
ual finiteness 1s another property p-groups share with the
surfade groups. We will first prepare grdunds by establish-

ing two preliminary results.

Lepma 20:

Let p be a prime; H=5%D where S and D are residually finite
pP~groupse. Then if h(l),...,h(r) &S, there exists a finite
p-group epimorph of H in which the images of nt1),...,h(rf

are not in the image of S.

Broof

First observe that withoutvloss of generality, we may assume
that S,D are finite p-groups. For let s(1),ess,s(m),
d(1) ,eee,d(n) be the non-trivial syllables present in the
*reduced forms of h(l) ,ese,0 (L) _Since S and D are residu-
ally finite p-groups, there exist normal subroups M of index
apower of p in S and N of index a power of p in D with
S)EM (1=1,ee4,m) and a(J)¢N (3=1,e0e,N) . But then the
pair of natural homomorphisms S—>>S/M=S, D—>>D/N=D extends
to an epimorphism of H onto H=52D under which none of the
syllables in the B (1) °s will be trivial hence R (1), .., (r)
will still not be in S.



40

Now if S,D are finite p-groups then following from the fact
that the free products of finite p-groups are residuvally
finite-p (13}, we can £find a normal subgroup K of index a
power of p in H=S*D that avoids each element in the finite
set (h(i)s*|1#s€S,1=1,...,r}. Hence, under the natural
homomorphism, the image of h(i) 1in H/K will not belong to
the image of S (i=1,...,1).

Proposition 21:

. Let p be a prime. Suppose that G=S*(DxE) where S,D,E are
residually finite p-groupse. Then for any element
g € gp(S,D0) there exists a finite p-group epimorph of G in
which the image of g is not in the image of gp(s,DL

Proof
Let g¥gp(S.,D) be given. #irst notice that without loss of

generality, we may again assume that S,D,E are finite
p-groups. For, let s(1),5(2),eee,s(m), d(1),d(2),.s.d(n),
e(l),e{(2) ,es+,2(k) be the non-trivial S-, D-, E-syllables
present in the *reduced form of g after feplacing the-
. (DxE) -syllables by their direct product normal form. To
have gfgp(S,D), k21 must hold. As S,D,E are residually
finite é-groups, we can f£ind subgroups M of index a power of
P in S excluding each of 5(1),3(2)....,s(m). N of index a
power of p in D excluding each of d(l),3(2),«es,d(n) and K
of index a powér of o] in E excluding ' each of

e(l) ,e(2) ,e0e,2(k)o Then the natural homomorphisms
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S=>>S/M=S, D—>>D/N=D, E-—>>E/K=F extend to a homomorphism
$:G—>>5» (DxE) =G under aﬁ;cﬁ =gd®gp (3.0) for § has non-
trivial syllables B(1) peee.S(m), d(1) ,ee0,d(n),
€(1)seee,f (k).

So assume now that S,D,E are finite p-groups. Following
from the properties of free products, ih G=S*(DxE) ,
gp (S,D)=5*D, gp(D,E)=DxE. Put P=S%D, I=DxE, G=(P*T;D} with
D amalgamated under the identity. Then in G, gp (5.D)=5%D,
gp(D,E)=DxE. Let % be the homomorphism from G onto G deter-
mined by fhe identities on S and on DxE. Since the homo-
morphisms 81:P—>G and 92=r-9¢ defined by the identity maps
on $,0,E coincide on D, they extend to a homomorphism © of
G onto G. But w®=1;y and & =13 so o,0 are invertible proving
G=G i1.e. G=(P#T;D}={(5*D)*(DxE);D}.

Since é and D are finite, there exists, by Lemma 20, some
normal subgroup M of index a power of p in P with sM§DM
(1$s€S) . P/M is a finite p-group fherefore nilpotent, say
of exponent p" and of nilpotency class m. Then P (m,n) CM
(23, Thee 14.23, pe. 12] thgrefore»sP(m,n)eDP(m.n) (1#588)'
also holds, in particular s#l mod P(m,n) (1%s€S). Since S

and D are both retracts of P,
sN P@,m =s@n , 0N P(m,m) =Dmm) ,
so in P=P/P(m,n),

§=SP(m.n)/P(m,n) 2 s/S(m,n), 3=DP(m.n)/P(m.n) = p/D (m,n)=D.
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Let ¢ be the natural homomorphism p=—>>D. Since ¢ is in
fact an isomorphism, E%fF#(DxE):5=D} exists and is c;early a
homomofphic image of G. Since § $1 (1#s€S) aﬁd at least one |
T-syllable of the %*reduced forﬁ.of geG-gp (S,D} had to have a
non-trivial E-component in its direct product normal form,
SeP. Now D is a retract in DxE and the finite p-group P is
a retract of G. Thus the image of § is separate from the
image of P in some finite p-group epimorph of Eﬁ this yields
the desired epimorph of G.

We are now ready to prove

Iheorem 22:
B-groups are residvally finite.

Broof

We continue with the notations introduced in Section 3. Let
p be any fixed prime. Since U and V are free products of
free abelian groups; all their subgroups are residually

finite p-groups.

For r2l integer, put
I(r)={-§ﬁl+1,...,-1'0'1'...'pr_pbi,'

N(r) =Cb,Creen .d:abej.o)* I I <x (1, 'Y(i) I YEXXYY ] (1) ;ab31o>
1eI(r)

M(T)=CE,B,000,85abelad% | | <X(L),9(1) sooe,2(i) abeled
| 1€I(r)

Then N(r), M(r) are finitely generated,
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N=N(r)*| I Cx(1),y(1),e00,2(1) ;abel.>,
18I (xr)

M=M(r)*| I KK (L) ,F(1),e0e,Z(1);abeled.
ifI(xr)
Recall that

H= <b,C,eess,d3abel.D>*{x(0) ,¥(0) s0e.,Z(0);abel.>*<x(1)>

K= <a,b,ece,E5abels>%<X (0) ,7 (0) yee.,Z(0) sabel.>*<2(1)>
and put
H*=<b,c,ce.,d;abele>*<x (0) ,¥ (0) , e« ,Z(0) ;abel.s> -
$<X (1) ¥ (1) o ooe 02 (1) jabeled,
K¥=<a,b,e0.,C5abel>%#<X(0) ,¥(0) ,e00,Z (0) 3abel.d

#CR (1) oF (1) 4 ees,Z (1) sabel.d.

Then for all r, H*. K* are free factors of N(r) and M(r) and
HSHS N(r), K € K¥C M(r). Comparison with the splitting
extension of N(r) by the automorphism of order p*¥ of N(r)
that is the identity on gp(b,c,es.,d) and is otherwise the
¥circular action" induced by the permutation 1 =—>i+1
(-pLeag1¢pt —prY), pf —pf! —=>-p™l41 shows that the natural
homomorphism from U onto U(r)=<U:aﬂ.=1> is one-to-one on
N(r) . Similarly, the natural homomorphism from V onto
v (r) =<v;aP'=1> is one-to-one on M(r).

In the case of N(r), we simplify the notation by writing
N(r.j,t)_instead 6f N(r) (J,t) (see p. 3). The same will be
done for M(r), u(r), v(r). Note that ﬁ(r.j.t). being fully
invariant in N(r), is a normal subéroup in U(r). Similarly,

M(r,j.,t) is a normal subgroup in V(r).
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Write now H*=S#(DxE) and K*+=5%(DxE) where
S=¢b,C,ese,d3abel >%<x(0) ,Y(0) ,e¢+Z (0) ;abel.>,
=<x (1) D, =<y (1) se e +,2 (1) abel.>,
§=C8,Bp000,G5abel DRCE(0) ,7(0) »oo o (0) abelad,
b=<z (1) >, E=CX (1) yeee,¥ (1) sabele.>.

Then H=gp(S,D) and K=gp(35,D).

Proposition 21 applied to H¥, K* yields that Hf/H*(j.t),
K*/K+(j,t) are finite p-groups,

rW Ht (3,t)=1, N K*(3,t) =1,
1.t R
) #u* a6y =, () kk*(3,t) =K.
1.t R

Furthermore, since H(j,t)0=K(j,t), HARY(3,t)=H(I,t),
KNK+(3,t) =K (3,t), the fanilies'{u*(j.t)}. {k*(j,t)} are
(H,X,0) -compatible, i.e. hH* (§,t) => (hB)K+(f,t) is an iso-
morphism between the images of H and K in H¥/H*(j,t) and
K¥/K¥+(9,t) .

However, H¥, K* are free product factors in N(r), M(r), so
N(r,3,t)1 H¥=H*(3,t), M(r,3,t) N K*=K+(1,t) .

Hence N(r)/N(r,3,t), M(r)/M(r,j,t) are finite p-groups, and

N(r.a,t), M(r,3},t) are (H,K,9)-compatible.

Put now U(r,3.t)=gp(al ,N(1,t)), V(r.j.t)=gp(EPr.M(j.t))-
Then U/U(r,3,t)% U(D)/N(T,3,t), - V/V(r,3,t)F V(r)/M(r,3,t),
therefore {U(r,j.t)}, {V(r.j,t)} are (H,K,0)-compatible fam-
ilies of the desired kind in U and V. Invoking Proposition
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Section 3: Ibe word problem for B-groups.

Dyson and Mostowski proved (see e.ges {21)) that finitely
presenfed residually finite groups have solvable word-prob-

lem. This ylelds immediately

Zheoren 23:

fi-groups have solvable word-problem.

A more constructive proof can be obtained for this fact if
we proceed along the lines of sec. #4.2 of [20] ahd further
utilize the specific generalized free product structure of

Ge.

Suppose an ordering is put sn each of the sets {(b,C,+..,d},
{X,¥s00¢,2} and we adopt the ordering inherited under label-
ing by 1 on {x(1),Y (i) s+se,2(1)} (i€2Z). Then every element
in the free abelian groups on éach of these sété has a u-
nigque normal form.

For given freely reduced uzu(a,b,ses,c,8,X,¥s¢+4,2) perform

the following procedure:

i) Attach 1label ¢ to each occurrence of the letters

XoYsooe,Ze

1i) Check if there are any a-powers 1in other than the left-
most position. If so, pick one such occurrence and shift it
to the left-most position whilé adding the exponent of the
a-power on the move to each 1labeled 1letter traversed.

Repeat until all occurrences of a are collected in the
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front. This yields the (unique) split-extension normal form
of the element of G determined by u, a%u' where 6=exp(a,u) .,

1ii) Call a subword of u' homogeneous if it contains exactly
one label value or else no 1labels at all. Then the sylla-
bles of u' are recognized as tﬁe maximal homogeneous sub-
words of u'. Put now each syllable of u' into its unique
free abelian normal form and *reduce to obtain u%. The
expression afuv, termed the proper form of u, 1is uniquely
determined by u, as a conseguence of the splitting of U over

the free product N of free abelian groups.

51m11ar1§. after otdering the sets {8,Db,000,C), (Xo¥secerZ}
and adopting the inherited order on {f(i).?(i).....i(i)}, ve
can follow , an analogous procedu;e with
v=v(3,b,000,5,8,%,7s00+,2)3. Then, if exp(d,v)=T, we end
up uith‘atv". the unique proper form of vev. Remembering
that H=(b,Crees.d3abele) *(x(0),¥Y(0) see0s,Z(0) ;abel.)*(x(1))
and K=(a,b,e0s,C35abels)*(X(0).,7(0) ,000,Z(0);abel.)*(Z(1)) we

can state now

Lempa 28:

Given u=u(a,p,...,c,d,x.y.....z) we can decide in a finite
number of steps whether u€H or ufH holds. In the former
case, we can also determine whether or not u=1 in H.

Similarly, given v=(a,D,ecs,C,d,%,7,00¢,2) we can decide in

a finite number of steps whether or not veK. If vE€K, we can
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also determine if v=1 or not.

Broof

It is clearly sufficient to handle one of the statements,
say for H. Now we only need to point out that since HEN,
1f u=aSu¥ in its proper form with 640, we conclude u@N hence
ufH. When 6=0, i.e. usu%, the free product structure of N
inplies that ve€H if and only if the set of integers occur-
ring as labels in u" is a subset of {0,1} but no letter
different from x has label 1. The fact now, that u¥ is also
the free product.normal form of u for u€H, takes care of the

decision whether u=l1l or not in H.

Repeated use of Lemma 24 accomplishes the solution of the

word-problem in G as follows:

If w=w(l)w(2)...w(n) 1is an alternating product in A»E&,
interpret it as an alternating product in U*V. Apply the
method of Lemma 24 to each of the syllables
w(l)(1=l,2.....n). rl(w)21 hence w$#l in G if for some 1
w (1) $HUK. Otherwise, if w(i)EGHUK for all i=1,2,...,n, end
up with each syllable expressed' by its respective H- or
K-normal form. Apply 84 to each K-syllable, i.e. replace
every occurrence of a by x(0), b by y(0), ..., & by z(0),
X(0) by b, ¥(0) by c, cee, Z(0) by 4,
Z(1) by x(1)x(0)2[b,yY(0) Jeee[c,z(0) Jd. This turns w into an

H-product hence we can determine whether w=1 or not.
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Section 6: Ihe derived group of a E-agroup is locally free.

Still looking for ties between surface groups and p-groups,
in this section we point out some similarities between their
derived groups. We present the proof of the statements in
this section for the four—-generator case only; thg notation
for the corresponding proofs for fhe BE~-groups with more gen-

erators becomes very cumbersome.

The following two lemmas iill be helpful in the sequel.

Lempa 25:

Let F be a free group on the set {x(j),y(j)1j€2}. For jez,
let u (=Y (DY J+1)0x(H., vI=x(Iy(J)x(Jj+1). . Then the
set {u(j),v(J)|jeZ} freely generates a free subgroup of F.

Broef

By an induction on X, the number of (u,v)-segments in a
(u,v)-product, we want to show that the spellinqg of every
reduced (u.v)-préduct is a reduced (x,y)-product and there-
fore the set {u(j),v(j)1je2Z) is a free basis for the free

subgroup it generates.

i) First we note that u(j)., v(j) are cyclically reduced
{(x,y) -products therefore no x or y symbols cancel upon form-
ing u(PH®, v(IP (J€2), (m#0, n40), hence u(IM#1, v(I#1
(m,n$0) so wl if I (w)=1.

ii) Suppose now that I (w)=2 and
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w = u () v(n)fi or w = v(h) aptt.

Then the spelling of w is one of the expressions

Y(I y(J*1)ytx(J) x(h)? y(h) x(h+1) ,
Y y(3+1r1x(3)  x(he1)iy (h)tx (h)
X (Jrty (3+1) y(IF1 x(hrt y(h) x(h+1) ,
X (1Y (341) ¥ (I x(he2)By (aix(n)
x(hyt  y(h) x(h+1) y(d) y(I+Lx()
x (helyy (hyix(h) (P y(IH)x()
x(hFt  y(h) x(hel) x(3)ty(3+1) (I
x(he1)1y (h)¥1x (h)  x(I)3y(3+1) y (It

-

When J=h then j+1}h, therefore if there is cancellation at
ali in the first expression on the left~hand-side or in the
last expression of the right-hand-side,'it is limited to the
middle (x(J)x(h)?2, x(h)x(J)1, respectively). Similarly,
when j=h+1, then j+1#h, therefore if there is cancellation
at all in the second expression on the left-hand-side or in
the third expression on the right-hand-side, it is limited
to the amiddle (x(Jj)x(h+1)2, x(h+1)x(])3, tespectively).

If w=u(j)tu(h)t or w=v(h)dv(f)t then the spelling of w is

one of

y(3) y(3+1)y1x(3)  y(h) y(h+l)tx(h) ’
Y(3) y(3+1)yx(J)  x(h)yly(h+l) y(h)? ,
x(D1y(3+1) y(3)* y(h) y(h+l)ix(h) ,
x(3)-1y (3+1) y(I* x(h)2y(h+l) y(h)? ,
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x(hy?  y(h) x(h+1) x(Ity(d) x(I+1)
k() y(h) x(h+1) x(I+Dty(Dx(D
X (he1)1y (WX (h)  x(Dy (D x(I+1°
X (helyty () 1x () x(I*LRY (IR (D) .

We may assume h#j since otherwise i) applies. Now if h#j
then h+l#j+1 either, therefore cancellation is possible only
in the very first expression of the right-hand-side (in the
case h+l=j) and is limited to the middle x(h+1)x(J)t. Thus
w1l when X (w)=2 follows. . |

1ii) The detailed analysis ébove also ylelds that the last
two and first two letters of the considered products never
cancel. Therefore, upon joining a new u- or v-segment to a
reduced (u,v)~-product w' to obtain the reduced product w,
2(w)DA(W')+2 (2 stands for the 1length with respect to the
basis (x(3).y(J)1Jez}). Thus the 1induction works and com-

pletes the proof.

Lenma 26 Let h be a fixed non-positive integer,
S (h)=<\J x(1,9) ¥ (1,3) 1962} 5
i2h

iLZ{I {x(1+1,3)=u(i,]) ,y(i+1,3)=v(i,3) 1J€Z}>, where

u(i,d)=yd.HNyE,J*+211x{1,0, vd,D=x1,DHryl,3) x@{1,3+1)
(jez,12h) .

Then S(h) is. a free group freely generated by
{x(h,J),3(h,3) 1]€Z}.
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Broof

We will proceed by induction. For i=h, the relations are

x(h+1,9) =y (h,9) ¥ (h, J+1)2x(h,§) and
y(hel,3) =x (h, 3y (h, P x(h,3+1)  (J€2) .

With their use, we can replace every (x,y)-product whose
largest first label 1is in the set (h,h+1} by an expression
on {x(.,3).y(h,3)ijezy. Let Kk>h be an integer and assume
indoctively that, with the help of all relations correspond-
ing to h<{i<k,  jezZ, we have successively replaced »every
(x,y) -product whose largest first label does not exceed k by
some expression involving only {x(h,3),y(h,J)13€Z}. Now the

relations

x(k+1, D =y (k, Iy (k,J+1)*x(k,J) and
y(k+1,3)=x (k,Jrty (k. ) x (k,J+1) (3€2Z)}

allow us to express every word w whose 1largest first label
is k+1, as a product of symbols with £first labels not
exceeding k, and thus, by the inductive assumption, also as

an {x(h,J)y(h,J) |3J€Z} -product.

Doing this replacement procedure for kzh+l,h+2,... we use
all the relations given for S{h). Subsequently, we can
apply a Tietze transformation that eliminates all the
*unnecessary” generating symbols {x(h,3),y(h,J)11i>h,3€2} and
all the relations expressing them in terms of the rest of

the generators. Hence S(h) = <x(h,3).y(h,J) 13€2Z>, indeed.
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We can now prove (the limited version of)

iheorem 27: .
'Suppose that G is a 2k-generator p-group. Then G is the
splitting extension of a locally free group by a free abe-
lian group of fank ke In particular, the group

S = <a,b,a,b ; [a,b)=1,[8,6]=1,[a,3)(b,B]-1>
is the (splitting) extension of a locally free group by a

free abelian group of rank two.

Breef

We adopt the convention.tu.v]=uvuiv4 for calculational-nota-
tional ease. Put x=aal, y=bbi, B=gpg (X.¥) » ' To prove the
theorem, we show that

i) G/B is free abelian of rank two;

ii) B is the direct 1limit of free groups of countably infi-
nite ranks. |

‘To see 1) observe that the mapping a~—>a, a—>a, b—>b,
b~—>b of G into itself takes each of the relators of G to
the identity therefore it defines a homomorphism ¢ of G into
itself. Also,

G$ = <a,b,a,b 3 [a,b)=1,[2,b}=1,[a.2])[b,D]=1,a=a,b=b> =

<a,b ; [a,b])=1> = G/B,

proving part 1).
To see now il), we apply first the Reidemeister-Schreier
rewriting process with transversal {aibili,jEZ} and obtain

generators for B:
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x(1,3) = ait] Sat piai
y(i,9 alpd pp2 pia-d

and observe that the actions of a and b amount to shifts in

(1,3e2)

the labels:

x(1,3+1) ,
y(i,3+1) , (1,3€z).

ax{i,3j) at

x(1+1,3) ,» b x(i,3) bt
Y(i‘lvj) [ b Y(ilj) b+t

a y(i,Jj at

Using this, we have

{a,b)=abatbt=3a (ata)b (bib) (ata)at (b*b)F =
= (aa1) a (bbt) bat (aat) bt (bbd) =
=x (0,0) (ay (0,0) at) (bx (0,0)2b3)y(0,0)2 =
=x(0,0)y(1,0)x(0,1)ty (0,0)2 and

{a,a][b,b J=adatatbbbibt=a (aa1)al (adt)b (bbi) bt (bbi)=
=x(1,0)x(0,0)1y(0,1)y(0,0)2

leading to the presentation

B=<U {x(i,P,y,1I13ez ;
iez
1ke)z{x(1+1.j)=u(inj)o y(i+1,3)=v(1,3) 13€2}> .

Here, as before, for 1i,j€Z,
u(i,P=y@,Dyd,J+1r1x{1,3, vi,HN=x1,Nty1,I)x((1,]+1).
For h<0 integer, put

5(h) = <}2Jh{x(1.j)l'(1-:l)ljezl 3

:l\ilh[x(i.*lcj) =u({i,P ., y(i+1,P=v(1,I) | J€2}> .

and put S for the subgroup of S(-1) generated by its subset
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{u(-1.j).v(-1,j)|jél}. By Lemma 26, S(0) and S(-1) are both
free groups with free bases (x(0,73).y(0,3)|j€Z) and
{x(-l,j),y(-l,j)lj&Z}, respectively. Therefore the set map-
ping x(0,3)=—>u(-1,3), y(0,3)>v(-1,]) (J€Z) extends to a
unigue homomorphism ¢, :S (0)=—>S (-1) and S (0) "o ¢S. Lemma 25,
_applied to S(;l). yields " that {x(0,3)9,.,y(0,3) #,13€2} is a
free basis for its subgroup S so the mapping
X(0,3)9,—>x (0,3) » ¥(0,3)$y~—>y(0,3) (J€Z) £rom S into 5(0)
also extends to a unique homomorphism m of S. But q’o is
just the restriction of the 1dent;ty of S(-1) to its sub-
group S and §,1 is the identity on 5(0). Thus S(0) can be
identified with its injected image S in S(~-1) via the con¥
necting map Qo. We can nbw repeat the same,grgument for all
h<0 and conclude that S(h) can be identified with 1its
injected image in S(h-1) under the connecting map (fxrom S (h)
into S(h-1))

0b= x(h,3)=—>u(h-1,3), yth,j)yr—>v(h-1,3) .

This shows that the direct 1imit L=J;g15(n) of the free
groups S(h) under - the family of connecting  nmaps
'l(h=°'1""’ . exists. The presentation coming from the
direct limit structure of L is exactly the presentation of
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]

<s(0)0§go{x(hoj,oY(hoj).3921 H
;z%{x(hoj)=u(h‘1-jl.Y(hoj)=V(h'1»1)ljezl>

U x(d,P.yE,.913e2 U xh, ),y th,3) 1362} ;3
120 h<0
}éA(X(1+1.j)éu(1-1).Y(i+1.J)=V(i.J)Ijezl
kéotxch.j)=u(hs1.1).ytn.j)=v(h-1;1)|jez1>

< tx(1,9) .y (1,3 13€Z)
iez

ist{x(1*1.1)=u(1-j)oY(i*laj)=V(1-J)Ijezl

}Zth(1+1.j)=u(1.j).y(i+1.j)=v(1.j)lje21>_

<\ {x(1,9 .,v(1,3)1]jez}
iez
téa{x(i*laj)=u(i-j)oY(1*1c3)=V(1aj)ljezl> .

Thus B is locally free. As a consequence of Theorem 27, the

derived group of G is locally free, indeed.
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