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SOME GENERALIZATIONS OF ONE-RELATOR GROUPS

by

K a t a l i n  A. B e n c sa th  

A d v i s e r :  P r o f e s s o r  G i l b e r t  Baum slag

I n  t h i s  w o r t ,  a  p a r a l l e l  i s  drawn b e tw een  c e r t a i n  o n e - r e l a -  

t o r  q u o t i e n t s  o f  f r e e  p r o d u c t s  a r i s i n g  a s  hom omorphic im a g es  

o f  s u r f a c e  g r o u p s  and t h e  s u r f a c e  g ro u p s  t h e m s e lv e s .  A f t e r  

e x te n d in g  G. B a u m s la g 's  th e o re m  t h a t  JF-groups a r e  f r e e - b y -  

c y c l i c  t o  f u r t h e r  c l a s s e s  o f  o n e - r e l a t o r  g r o u p s ,  t h e  F r e i -  

h e i t s s a t z ,  r e s i d u a l  f i n i t e n e s s  and h a v in g  l o c a l l y  f r e e  

d e r i v e d  g ro u p  a r e  e s t a b l i s h e d  f o r  t h e  m e n t io n e d  q u o t i e n t s • 

A c o n s t r u c t i v e  p r o o f  i s  g iv e n  f o r  t h e  s o l u t i o n  o f  t h e  w o rd -  

p ro b lem  i n  t h e s e  g r o u p s .
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INTRODUCTION.

1

The m o t i v a t i o n  f o r  t h e  p r e s e n t  i n v e s t i g a t i o n  t h a t  t u r n e d  o u t  

t o  b e  more s p e c i a l  t h a n  one would w ish  fo r #  came from  t h e

d e s i r e  t o  a t  l e a s t  b e g in  an a t t e m p t  t o  c a r r y  o v e r  some o f  

t h e  o n e - r e l a t o r  t h e o r y  t o  g r o u p s  w i th  s e v e r a l  d e f i n i n g  r e l a ­

t i o n s #

The t h e o r y  o f  o n e - r e l a t o r  g ro u p s  r e l i e s  g r e a t l y  on t h e  p r e s ­

e n c e  o f  many f r e e  s u b g r o u p s  i n  them a s  c o n j e c t u r e d  by M. 

Dehn and p ro v e d  by W. Magnus i n  t h e  F r e i h e i t s s a t z  [ 1 8 ] #  The 

c y c l i c a l l y  p in c h e d  o n e - r e l a t o r  g ro u p s#  fo rm in g  an  i m p o r t a n t  

s u b c l a s s  o f  o n e - r e l a t o r  g ro u p s  t h a t  c o n t a i n s  t h e  f u n d a m e n ta l  

g ro u p s  o f  2- d i m e n s i o n a l  o r i e n t a b l e  com pac t m a n i f o ld s #  a r e  

r e s i d u a l l y  f i n i t e #  ■ Lead by t h i s #  we a r e  c o n c e rn e d  h e r e  w i th  

m a n i f e s t a t i o n s  o f  f r e e n e s s #  s u c h  a s  b e in g  r e s i d u a l l y  f i n i t e ;  

h a v in g  f r e e  s u b g r o u p s ;  o b e y in g  an  a n a lo g u e  o f  t h e  F r e i ­

h e i t s s a t z #

I n  [1 1 ]#  6 # B aum slag  c o n s i d e r s  X -g ro u p s#  a  c l a s s  o f  o n e - r e l -  

a t o r  g r o u p s  c o n t a i n i n g  t h e  s u r f a c e  g ro u p s#  and p r o v e s  t h a t  

t h e y  a l l  a r e  f r e e - b y - c y c l i c  a s  s u b g ro u p s  o f  c y c l i c  e x t e n ­

s i o n s  o f  f i n i t e l y  g e n e r a t e d  f r e e  g ro u p s#  The e x t e n s i o n s  o f  

t h i s  r e s u l t #  d e s c r i b e d  i n  S e c t i o n  1 o f  C h a p te r  I I •# w ere  

o b t a i n e d  by em p lo y in g  h i s  m eth o d s  t o  f u r t h e r  c l a s s e s  o f  

o n e - r e l a t o r  g ro u p s  c o n t a i n i n g  t h e  s u r f a c e  g ro u p s#

I n  t h e  r e s t  o f  C h a p te r  I I # #  m o t iv a te d  by E# R a p a p o r t ' s  

work [ 2 6 j  on c e r t a i n  o n e - r e l a t o r  q u o t i e n t s  o f  s u r f a c e



g r o u p s ,  we i n v e s t i g a t e  a c l a s s  o f  o n e - r e l a t o r  q u o t i e n t s  o f  

f r e e  p r o d u c t s  o f  f r e e  a b e l i a n  g r o u p s ,  e s t a b l i s h  f o r  them a 

s h a r p e r  v e r s i o n  o f  t h e  a n a lo g u e  o f  t h e  F r e i h e i t s s a t z  g iv e n  

by Lyndon [ 1 6 J  and  P r i d e  [ 2 ]  f o r  c e r t a i n  f r e e  p r o d u c t s ,  

s o l v e  t h e  word p ro b le m  c o n s t r u c t i v e l y  and f i n d  t h a t  t h e i r  

d e r i v e d  g ro u p s  a r e  l o c a l l y  f r e e .  T h is  seem s t o  i n d i c a t e  

t h a t  t h e  q u o t i e n t s  o f  s u r f a c e  g r o u p s  o b t a i n e d  by i n t r o d u c i n g  

commuting r e l a t i o n s  be tw een  c e r t a i n  g e n e r a t o r s  i n h e r i t  many 

o f  t h e  p r o p e r t i e s  o f  s u r f a c e  g r o u p s .



s e c t i o n  a: Hgtailanal fifinzaotlBns-

L e t  G be  an y  g r o u p , g and h e l e m e n t s  o f  G . U n le s s  e x p r e s s l y  

o t h e r w i s e  I n d i c a t e d ,  g * h *gh , t h e  c o e m u ta to r  o f  g and h i s  

a b b r e v i a t e d  by [ g , h ] «

I f  X and X a r e  s e t s ,  YcX m eans t h a t  Y i s  a  (n o t  n e c e s s a r i l y  

p r o p e r )  s u b s e t  o f  X* I f  X i s  a  s u b s e t  o f  G,

S£(X) s t a n d s  f o r  t h e  i n t e r s e c t i o n  o f  a l l  t h e  s u b g ro u p s  o f  G 

c o n t a i n i n g  X* I t  i s  te rm ed  t h e  su b g ro u p  o f  G g e n e r a t e d  by 

X;

ctdq fXfr s t a n d s  f o r  t h e  i n t e r s e c t i o n  o f  a l l  t h e  no rm al s u b ­

g ro u p s  o f  G c o n t a i n i n g  X. I t  i s  t e rm e d  t h e  n o rm a l su b g ro u p  

o f  G g e n e r a t e d  by X (a s  a n o rm a l su b g ro u p )  and i s  a l s o  

r e f e r r e d  t o  a s  t h e  n o rm a l c l o s u r e  o f  X i n  G*

The sy m b o ls  H£G, H<JG mean t h a t  H i s  a  s u b g ro u p  o r  a  n o rm al

s u b g ro u p ,  r e s p e c t i v e l y ,  o f  G»

I f  H£G, K£G t h e n  [H,K ]=gp ([ h ,k ] |h e H ,k e K )  .  I f  m i s  a  p o s i ­

t i v e  i n t e g e r ,  Gsty* -iG' G3* by a g re e m e n t  »

G ^ g p t e ^ l g e G ) .
I f  p i s  a  f i x e d  p r im e ,  m,n p o s i t i v e  i n t e g e r s ,  G any  g ro u p  

th e n  G(m,n) i s  u se d  t o  d e n o te  t h e  su b g ro u p  -f^GG*^•

I f  6 i s  a  homomorphism from  G i n t o  some g ro u p  H th e n  t h e



im age o f  geG i n  H i s  d e n o te d  by g0*

Aut f G1 s t a n d s  f o r  t h e  g ro u p  o f  a u to m o rp h ism s  o f  G*

I f  H&G t h e n  t h e  s u b s e t  % o f  G i s  a  r i g h t - t r a n s v e r s a l  f o r  H 

i n  3 i f  i e ?  and  J c o n t a i n s  e x a c t l y  o n e  e le m e n t  from  e a c h  

r i g h t - c o s e t  Hg (geG ),  c a l l e d  t h e  c o s e t  r e p r e s e n t a t i v e  o f  

xeHg and d e n o te d  by x (when H i s  c l e a r  from  t h e  c o n t e x t ) •

I f  X i s  any  s e t *  Hd(2D i s  t h e  s e t  o f  a l l  f i n i t e  s t r i n g s  

fo rm ed from  t h e  e le m e n t s  o f  X and t h e i r  f o r m a l  i n v e r s e s *  I f  

X i s  any  s e t ,  x*—>y (xeX) a f i x e d  m ap p in g , v (£ )e i?d (X ) t h e n  

w(£) i s  t h e  e le m e n t  o f  tfd(Y) o b t a i n e d  by r e p l a c i n g  e v e r y  

X-symbol o f  w(x) by i t s  im age i n  X* I f  xeX, weWd(X) t h e n  

ex p (x ,w )  i s  t h e  sum o f  t h e  e x p o n e n t s  o f  a l l  o c c u r r e n c e s  o f  x 

i n  v ( i n t e r p r e t i n g  x t o  have  e x p o n e n t  l ) .

L e t  P be  any  p r o p e r t y  o f  g r o u p s  p r e s e r v e d  u n d e r  iso m o rp h is m s  

(e*g* f r e e n e s s ,  f i n i t e n e s s  e t c . ) • The g ro u p  G i s  s a i d  t o  

be l o c a l l y  P i f  e v e r y  f i n i t e l y  g e n e r a t e d  su b g ro u p  o f  G h a s  

P; G i s  r e s i d u a l l y  P i f  f o r  e v e r y  n o n - t r l v i a l  e le m e n t  geG, 

t h e  im age o f  g i s  n o n - t r i v i a l  i n  some hom om orphic im age  o f  G 

w i th  p r o p e r t y  P*

The r e m a in d e r  o f  t h i s  c h a p t e r  r a t h e r  i n f o r m a l l y  r e v i e w s  some 

o f  t h e  d e f i n i t i o n s  and  most i m p o r t a n t  th e o re m s  u s e d  i n  t h e  

s e q u e l*



SssMgn V - Etsfi amaa-

L e t  F be  a g roup*  X a s e t *  tyt X>— >F an i n j e c t i o n ;

D e f i n i t i o n :

F i s  a  f r e e  g ro u p  w i th  f r e e  b a s i s  X o r  s h o r t l y  F i s  f r e e  on 

X i f

i )  F»gp (Xtj)

i i )  f o r  e v e r y  g ro u p  H and s e t  m apping

6z X— >H t h e r e  e x i s t s  a (u n iq u e )  homomorphism 9s F— »H

su c h  t h a t  (x t^B sxff i . e .  t h e  d iag ra m

H i s  com m uta tiv e*

I t  i s  c u s to m a ry  t o  i d e n t i f y  X and Xt  ̂ and c o n s i d e r  X a s  a 

s u b s e t  o f  F* The c a r d i n a l i t y  o f  t h e  b a s i s  X i s  an i n v a r i a n t  

o f  F c a l l e d  t h e  f r e e  r a n k  o f  F .  F o r  any  s e t  X* t h e r e  e x i s t s  

a  f r e e  g ro u p  w i th  b a s i s  X* u n i q u e l y  d e te r m in e d  up t o  i s o *  

morphism* By c o n v e n t io n *  t h e  f r e e  g rou p  on t h e  em pty  s e t  i s  

t h e  t r i v i a l  group*

L e t  k£L be an i n t e g e r *  X a g e n e r a t i n g  s e t  o f  t h e  g roup  F* 

i . e .  F - g p ( X ) .  A p r o d u c t  o f  t h e  fo rm

x ( i 1)',<1) x < i z ) * * ) . . . x ( i k )*<k) w i th  x ( i f ) e x *  ^ ( j ) e z  ( j = l * . . ^ )  

i s  ( £ i a g l i )  r e d u c e d  i f  N ( j ) t O  ( j = l * .* V O  a n d  x ( i i n ) f x ( i j )  

( j = l *  ** ^k“ l )  •

L e t  feF be g iv e n  by t h e  p r o d u c t



ul(1) *x (2) |Ji(nO
x ( i  t f  * U i )  . » x ( W r  -

I f  we d ro p  p a i r s  o f  a d j a c e n t  e le m e n t s  t h a t  a r e  i n v e r s e s  t o  

e a c h  o t h e r  and j o i n  t o g e t h e r  t h e  a d j a c e n t  o c c u r r e n c e s  o f  t h e  

same e le m e n t  i n t o  a  s i n g l e  power t h e n  r e p e a t  t h e s e  s t e p s

u n t i l  n e i t h e r  can  be  p e r fo rm e d  any m o re ,  we a r r i v e  a t  t h e

em pty  p r o d u c t  o r  e l s e  a r e d u c e d  X - p ro d u c t -  T h i s  p r o d u c t  

w i l l  s t i l l  be e q u a l  t o  f  so  i f  t h e  p r o c e d u r e  ended  up w i th  

t h e  em pty p r o d u c t  t h e n  f = l -

A re d u c e d  X -p ro d u c t  i s  a  p p g ^ t i v e  word i f  e v e r y  e x p o n e n t  i n

i t  i s  p o s i t i v e -  By a g r e e m e n t ,  1 i s  c o n s i d e r e d  a  p o s i t i v e  

w ord-

A c h a r a c t e r i z a t i o n  o f  g r e a t  im p o r ta n c e  i s  g iv e n  f o r  f r e e

g ro u p s  by

Theorem 1, (Normal Form Theorem f o r  F r e e  G r o u p s ) :

S uppose  X<=£V F=gp(X)> Then F i s  f r e e  on X i f  and o n ly  i f  

e v e r y  r e d u c e d  X -p ro d u c t  i s  d i f f e r e n t  from  1 i n  F- E q u iv a ­

l e n t l y ,  X i s  a f r e e  b a s i s  f o r  t h e  f r e e  g roup  F i f  and o n l y  

i f  e v e r y  n o n - t r i v i a l  e le m e n t  f  i s  u n i q u e l y  r e p r e s e n t e d  by a  

r e d u c e d  X - p r o d u c t  c a l l e d  t h e  r e d u c e d  o r  f r e e  g ro u p  u s u a l

form  o f  f  (w i th  r e s p e c t  t o  X ) •

I f  f a x d i J ^ x d i ) ^  - - * x ( i k) ^ W i n  r e d u c e d  form  t h e n  t h e

IfiQalfa 81 t  (w ith  r e s p e c t  t o  X) i s

* ( f )  = N ( l )  l * N ( 2 )  l + . - .  + m k )  | . By d e f i n i t i o n ,  1 (1 ) = 0 .



itU) u ( l )  iu*>The product x(i*K . . . x ( i Py i s  an i n i t i a l  s e g ­

ment of the product x ( i 1) (̂ iy x ( i 1)v l2 ) . . . x ( i k)vtW i f  r£k .  

Ji(2)=l»(2), . . .  , l / i ( r )  |^lV(r) I and Ji<r). <r)*0.

I f  F i s  f r e e  on X, H&F, t h e n  t h e r e  e x i s t s  a  r i g h t  S«~hreier 

t r a n s v e r s a l  f o r  H i n  F ,  i . e .  a r i g h t  t r a n s v e r s a l  ft f o r  H i n  

F t h a t  i s  c l o s e d  u n d e r  t a k i n g  i n i t i a l  s e g m e n ts :  f o r  e a c h

I f s e ? ,  e v e r y  i n i t i a l  segm en t o f  ( t h e  r e d u c e d  form  o f )  s  a l s o  

b e lo n g s  t o  $•

S ubgroups o f  f r e e  g ro u p s  a r e  a g a in  f r e e ,  i n  f a c t  t h e  Sub­

g ro u p  Theorem f o r  F r e e  G roups i s :

Theorem £ (N ie ls e n -S c h r e le r ) :

I f  F i s  f r e e  on X, H£F and I  i s  a  r i g h t  S c h r e i e r - t r a n s v e r s a l  

o f  H i n  F th e n  H i s  a l s o  a f r e e  g ro u p  f o r  w hich  t h e  s e t

Y = {sx sx-*  | 501, xeX, s x s x -* f l}

i s  a f r e e  b a s i s



S e c t io n  E tSS  BISflllElS*

D e f i n i t i o n .

Suppose  t h a t  { G ^ |ie i}  and G a r e  d i s j o i n t  g r o u p s  and

GjT^ OGjfij ={1} w henever i f j ,  i . j e i #  G i s  s a i d  t o  b e  t h e  

f r e e  p r o d u c t  o f  t h e  { G ^ |i6 I} -  i n  n o t a t i o n

9 j s  Gj — ( i SI )  t h e r e  e x i s t s  a  homomorphism 0sG— >H 

su ch  t h a t  (Gi «̂ i )e s G 10 i ( i e i ) .

and  t h u s  c o n s i d e r  G\ a s  s u b g ro u p s  o f  G.

N ote  t h a t  f o r  an y  c o l l e c t i o n  { G ^ |ie i}  o f  d i s j o i n t  g r o u p s

5} e x i s t s  and i s  u n i q u e l y  d e te r m in e d  up t o  i s o m o rp h is m . 

The G j»s a r e  te rm ed  t h e  f r e e  ( p r o d u c t )  f a c t o r s  o f  G.

L e t  k £ l  be  an  i n t e g e r .  (G ^ ( iS I )  s u b g ro u p s  o f  G w ith  t h e  

p r o p e r t y  G^OG^Cl} ( i f  j ) . A p r o d u c t  g ( i i ) g ( i 2) • • • 9  (ifc) I s  

re d u c e d  i n  t h e  f r e e  p r o d u c t  s e n s e  i f  g ( i ) ) f l  ( 1=1 . . . f k )  and  

( j = l # . . » k - l ) .  F o r  c l a r i t y ,  we r e f e r  t o  su c h  a  p r o d ­

u c t  a s  gESflgggfl BgQflUSt*

Gi >— >G (161) a r e  monomorphisms w i th  t h e  p r o p e r t y  t h a t

i f

i )  G *gpU ^J G* ) .

i i )  G h a s  t h e  u n i v e r s a l  m apping p r o p e r t y :

F o r  e v e r y  g ro u p  H and c o l l e c t i o n  o f  homomorphisms

I t  i s  c u s to m a ry  t o  i d e n t i f y  t h e  s u b g r o u p s  G j*n o f  G w i th  Gj



S uppose  t h a t  geG i s  g iv e n  by t h e  p r o d u c t  g ( i ^ )  g ( i i )  • • • g ( i m) •

g ro u p  by t h e  e le m e n t  o f  t h a t  su b g ro u p  t h a t  i s  t h e i r  p r o d u c t  

and d ro p  a l l  t h e  i d e n t i t y  e l e m e n t s  o c c u r r i n g  t h e n  r e p e a t  

t h e s e  s t e p s  u n t i l  n e i t h e r  c a n  be  p e r fo rm e d  any  m o re , we 

a r r i v e  a t  t h e  em pty p r o d u c t  o r  e l s e  a  ^ r e d u c e d  p r o d u c t .  

T h is  p r o d u c t ,  o f  c o u r s e ,  i s  e q u a l  t o  g so  i f  t h e  p r o c e d u r e  

ended  w i th  t h e  em pty p r o d u c t  t h e n  g « l .

F r e e  P r o d u c t s  a r e  a l s o  c h a r a c t e r i z e d  i n  t e r m s  o f  " n o rm a l  

f o rm s " :

Theorem 2. (Normal F o ra  Theorem f o r  F r e e  P r o d u c t s ) :

S upp ose  {G1 | i e i }  a r e  s u b g ro u p s  o f  G su c h  t h a t  G ^ n G ^ s f ! )  f o r

e v e r y  ^ re d u c e d  p r o d u c t  i s  d i f f e r e n t  from  1 i n  G. E q u iv a

i s  u n i q u e l y  r e p r e s e n t e d  by a  ^ r e d u c e d  p r o d u c t  c a l l e d  t h e  

oatrcal o r  »£gflaged £2£U o f  g .

I f  g = g ( i i )  g C i j)  i n  ^ re d u c e d  form  t h e n  1* (g) t h e

ff r e e - o r o d u c t )  l e n g t h  o f  g i s  k and  g ( i ^ )  ( l£ J £ k )  a r e  t h e

s y l l a b l e s  p f  g .  The ^ re d u c e d  form above i s  c y c l i c a l l y  

re d u c e d  i f  e i t h e r  k = l  o r  e l s e  i ^ i ^ .

A g ro u p  G i s  te rm ed  f r e e l y  d e c o m p o sa b le  i f  i t  i s  t h e  f r e e  

p r o d u c t  o f  some o f  i t s  s u b g r o u p s ,  none o f  w hich  a r e  t r i v i a l .

I f  we r e p l a c e  a d j a c e n t  e l e m e n t s  t h a t  come from  t h e  same s u b -

Then

l e n t l y ,  G i f  e v e r y  n o n - t r i v i a l  e le m e n t  g

A f r e e  g ro u p  F o f  r a n k  a t  l e a s t  2 i s  f r e e l y  d e c o m p o s a b le :
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i f  F i s  f r e e  on X * ( x ( i ) | i e i )  w i th  | I |£ 2  and < x ( i ) >  d e n o te s  

t h e  f r e e  g ro u p  on  ( x ( i ) )  ( i n f i n i t e  c y c l i c  g ro u p  g e n e r a t e d  by  

x ( l ) )  th e n  F = ' n < x ( i ) > .
i€l

A l s o ,  t a k i n g  t h e  f r e e  g ro u p s  Fj on (x |x e x ^ }  ( j = l , . . . , m )
m

w here X j f * .  VJX^=X and t h e  X ^ 's  a r e  p a i r w i s e  d i s j o i n t ,  we 

h av e

D

• I T Fj
3=1

More g e n e r a l l y ,  we h a v e  

Theorem £  (G rushko-N eum ann):

I f  F i s  a f r e e  g r o u p .  9 :F — »  I I G* an  e p io o r p h i s m .  t h e n
161 l ' i'»

t h e r e  e x i s t  F*£F (161) so  t h a t  F= | j F< and G ^F *©  (iei)
i € I

( i . e .  f r e e  d e c o m p o s i t io n s  o f  ep im orph  im ages  o f  f r e e  g ro u p s  

c an  be  ”p u l l e d  b a c k ” ) •

The su b g ro u p  th eo re m  f o r  f r e e  g r o u p s  c a n  be o b t a i n e d  a l s o  

from

Theorem £  (Kurosh Subgroup  T h e o re m ) :
T “T*

L e t  G= I I Gj, and  s u p p o s e  t h a t  H£G. Then H i t s e l f  i s  a f r e e  
i€ I  

p r o d u c t :

H = F # ( |  [hj-) w h e re  F i s  a f r e e  g ro u p  and e a c h  Hj i s  t h e  

i n t e r s e c t i o n  o f  H w i th  a c o n j u g a t e  o f  some f a c t o r  G*i

When G i s  t h e  f r e e  p r o d u c t  o f  two o f  i t s  s u b g ro u p s  Gĵ  and  

G£ . we a l s o  w r i t e  G=G1#G2i.
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s e c t i o n  i :  Ssnacaiizafl Uss BEBdag&a*

D e f i n i t i o n :

L e t  6 #6 l a  Gt  b e  g ro u p s*  U£Gi* V£G*, ♦:U>— >>V an is o m o rp h ­

ism* T̂ 1:Gi > —>G (1*1*2) monomorphisms w i th  t h e  p r o p e r t y

Q = G jH j PI =  Ui^ =  VHj*

G i s  t h e  f r e e  p r o d u c t  o f  G^ and G £ a m a lg a m a tin g  U and V

u n d e r  t  i f

i )  G ^ g p ^ iy j G j T ^ ) ,

i i )  f o r  e v e r y  g ro u p  H and p a i r  o f  homomorphisms

e i sGL— ©iSGj— >H w i th  t h e  p r o p e r t y  U6 ^*V0 2 » t h e r e  

e x i s t s  a (u n iq u e )  homomorphism 0 :G— >H s u c h  t h a t  

( i * l* 2 )  •

I t  i s  c u s to m a ry  t o  i d e n t i f y  t h e  su b g ro u p  G j t^  o f  G w i th  G^ 

and c o n s i d e r  G^ ( i * l* 2 )  a s  s u b g ro u p s  o f  t h i s  g ro u p  G d e n o te d  

by G={G1*Gi ;0^=V} * o r  G*{Gl *Gl ;Q) .

N ote  t h a t  g iv e n  Gj* Gi#  U* V and + t h e  f r e e  p r o d u c t  w i th

a m a lg a m a tio n  e x i s t s  and  G= {G^Gj^U^sV} i s  u n iq u e  up t o  i s o ­

m orphism . The k e r n e l  o f  t h e  " o b v io u s "  homomorphism 

9 :Gt #G2— * {Gt #G2 ;U$*V) in d u c e d  by t h e  i d e n t i t y  maps on G1 

and Gt  i s  t h e  n o rm al su b g ro u p  i n  G1 *G2 g e n e r a t e d  by t h e  s e t  

(uv* |u0 U * veV * u t*v } .  L e t  k £ l  be an  i n t e g e r *  G |*G£ s u b g ro u p s  

o f  G w i th  t h e  p r o p e r t y  G^DG2 s Q* A ^ re d u c e d  p r o d u c t  

g ( i l ) g ( i z ) . - - g ( i k ) i s  S t r i c t l y  a l t e r n a t i n g  i f  g ( l j ) $ Q  

( i j  S (1 *2) * 3*1 * .  • • *K) •
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Suppose  now t h a t  i n  b o th  G4 and  Gj,- r i g h t  t r a n s v e r s a l s  f o r  Q 

have  been  c h o s e n -

no rm al form  i s  a  p r o d u c t  o f  a s i n g l e  f a c t o r  g (qGQ) o r  o f  

t h e  f o r a  t  (1 ) t  (2) - - - t  ( k )q  (q e Q -k ^ l)  w here  t  (1 ) t ( 2) - - - t ( k )  i s  

a s t r i c t l y  a l t e r n a t i n g  p r o d u c t  o f  c o s e t - r e p r e s e n t a t i v e s -

L e t  geG b e  g iv e n  by t h e  ^ re d u c e d  p r o d u c t  qs p ( l ) p ( 2 ) - - - p f m ) . 

S in c e  t h e  r e p r e s e n t a t i v e  o f  Q i n  b o th  Gt  and  Gt  i s  1 ,  no  

c o n f u s i o n  a r i s e s  from  s im p ly  d e n o t i n g  t h e  r e p r e s e n t a t i v e  o f  

any  peG^UG], b y 'p .  Then we h a v e  p ( j )  = p ( j ) q ( j )  ( q ( j ) 6 Q) u -

n i q u e l y -  I f  we r e p l a c e  e a c h  o f  t h e  s y l l a b l e s  p ( j )  o f  g by

P ( j ) q ( j )  t h e n  r e p l a c e  e v e ry  q ( 3) p ( j + 1 ) q ( j+ 1) s u b p r o d u c t  by  

t h e  e le m e n t  e q u a l  t o  i t  i n  t h e  f a c t o r  c o n t a i n i n g  p ( j + l )  a n d

^ re d u c e  t h e  r e s u l t  t h e n  r e p e a t  t h e s e  s t e p s  u n t i l  n e i t h e r  o f

th e n  can  b e  p e r fo rm e d  any m ore- we a r r i v e  a t  a  n o rm a l fo rm  

o r  e l s e  an em pty p r o d u c t -  I n  t h e  l a t t e r  c a s e -  g - 1  h o l d s -  

The s i g n i f i c a n c e  o f  t h i s  p r o c e d u r e  i s  i n d i c a t e d  i n

Theorem & (Normal Form Theorem f o r  G e n e r a l i z e d  F r e e  P r o ­

d u c t s )  :

Suppose  Q- G^- G% a r e  s u b g ro u p s  o f  G such  t h a t  G ^O g^O - 

G*gp(G1UGz ) .  G={G1*GZ;Q) i f  and  o n l y  i f  e v e r y  s t r i c t l y  

a l t e r n a t i n g  p r o d u c t  i s  d i f f e r e n t  from  1 i n  G- E q u i v a l e n t l y ,  

G M G ^G ^tQ ) i f  and o n ly  i f  e v e ry  n o n - t r i v l a l  e le m e n t  g i s  

u n i q u e l y  r e p r e s e n t e d  by a n o rm a l  form  o nce  r i g h t - t r a n s v e r -  

s a l s  f o r  Q i n  b o th  64  and  Gj, h a v e  been  c h o s e n -
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I f  g s t  (1) t ( 2 )  • • • t { K ) g  i n  no rm al form  th e n  It i s  i t s  

y e o r e s e n t a t i g e  l e n g t h  r l ( g ) .  F o r q€Q, r l ( q ) = 0 .  I f  geG-Q 

th e n  th e  number o f  s y l l a b l e s  o f  any s t r i c t l y  a l t e r n a t i n g  

p r o d u c t  r e p r e s e n t i n g  g e q u a l s  r l ( g ) .



SssUgo i* Eisggptailga g£ atsaas-
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L e t  G be  a  g ro u p ,-X  a b a s i s  o f  t h e  f r e e  g roup  F ,  <j: F— >G a 

homomorphism, RczF such  t h a t  h e r  <̂s g p p (R ) .  I f  gp(X ^)=G , 

<X;R> i s  te rm e d  a p r e s e n t a t i o n  f o r  £  (u n d e r  t h e  p r e s e n t a t i o n  

map ^ ) •

I f  9 :  G— >G» i s  an  isom orph ism  th e n  i s  a  homomorphism

F—■>G* w i th  gp(X()!)sG* and h e r  (>l s g p p (R ) .  Thus <X;R> i s  

a l s o  a p r e s e n t a t i o n  f o r  G* (u n d e r  t h e  p r e s e n t a t i o n - m a p  <j4) • 

With a b u se  o f  n o t a t i o n  we w r i t e  G=<X;R>.

I f  F i s  f r e e  on X, G=F/N w here  N=gpr (R) f o r  some Rc=F and  

V :F— *»G i s  t h e  n a t u r a l  homomorphism t h e n  G=gp (XV), 

g P p (R )* k e rV  s o  <X;R> i s  a p r e s e n t a t i o n  f o r  G (u n d e r  V ) • 

T h e r e f o r e  e v e ry  g roup  h a s  a p r e s e n t a t i o n  and e v e r y  p a i r  o f  

s e t s  (X,R) w ith  Rcwd(X) can  be  v iew ed  a s  a  p r e s e n t a t i o n  

<X;R> f o r  ( th e  g ro u p s  in  t h e  iso m orph ism  c l a s s  o f )  t h e  q u o ­

t i e n t  o f  t h e  f r e e  g roup  F on X by t h e  norm al c l o s u r e  N o f  

( th e  image o f )  R . Most o f  t h e  t im e ,  t h e  p r e s e n t a t i o n  map y 

i s  s u p p r e s s e d .

I f  Gs<x;R>, X i s  te rm ed  a s e t  o f  g e n e r a t o r s  f o r  G and R a 

s e t  o f  ( d e f i n i n g )  r e l a t o r s  f o r  G. S in c e  r ^ = l  (reR ) i n  G, 

t h e  a l t e r n a t i v e  n o t a t i o n  G - < X ; { r * l | r 8R}> i s  u se d  a s  w e ll and 

r = l  i s  te rm ed  a  r e l a t i o n  i n  G; r e l a t i o n s  o f  t h e  t y p e  r s * = l  

a r e  a l s o  w r i t t e n  a s  r = s  ( r , s e R ) • C lem en ts  w9gpp(R)-R a r e  

c a l l e d  c o n se q u e n c e s  o f  R.
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A p r e s e n t a t i o n  <X;R> i s  f i n i t e  i f  b o th  X and R a r e  f i n i t e  

s e t s ,  f i n i t e l y  g e n e r a t e d  i f  X i s  f i n i t e ,  f i n i t e l y  r e l a t e d  i f  

R i s  f i n i t e .

A g roup  G i s  f j . n l t e l v  p r e s e n t e d  i f  some p r e s e n t a t i o n  f o r  G

i s  f i n i t e ;  g i s  g n i & B l x  a s t ig c a tg a  o r  f t p t £ g l x  E a la t s f l  i f  

some p r e s e n t a t i o n  f o r  G h a s  t h e  r e s p e c t i v e  p r o p e r t y .

I f  ®:G— >T i s  a homomorphism, k e r  0=gpQ.(S) and G»<X;R> t h e n  

T=<X ; R U S>. The v e ry  u s e f u l  c o n v e r s e  i s

Theorem 7 (von Dyck)s

Suppose G»<X;R>, T=<X;R> w here X and X a r e  e q u a l l y  in d e x e d  

s e t s  and w(x)@R w henever w (x )eR . Then xi—>x (xeX) i s  a 

homomorphism o f  G o n to  T.

T h is  theo rem  and t h e  n e x t  one  a r e  im p o r t a n t  t o o l s  i n  t h e  

p r o c e s s  o f  g a t h e r i n g  i n f o r m a t i o n  a b o u t  g ro u p s  g iv e n  by p r e s -  

e n t a t i o n s .

Theorem 8 ( T i e t z e ) :

Suppose  t h a t  t h e  p r e s e n t a t i o n  <X;R> t u r n s  i n t o  t h e  p r e s e n t a ­

t i o n  <X;R> by a f i n i t e  number o f  s t e p s  T1 —Th ( c a l l e d  T i e t z e  

t r a n s f o r m a t i o n s )  l i s t e d  b e lo w . Then t h e  g ro u p s  G=<X;R> and 

6=<X;R> a r e  i s o m o r p h ic .  'F u r th e r m o r e ,  two f i n i t e  p r e s e n t a ­

t i o n s  <X;R> and <Jc;R> d e f i n e  i s o m o rp h ic  g ro u p s  i f  and o n ly  

i f  a f i n i t e  number o f  T i e t z e  t r a n s f o r m a t i o n s  l e a d  from one  

p r e s e n t a t i o n  t o  t h e  o t h e r .
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The s t e p s  m en tion ed  a r e :

T i t R e p la c e  <X;R> by <X;RUS> where S i s  a s e t  o f  c o n s e ­

q u e n ce s  o f  R.

T2: R e p la ce

<X ;R U s>  by <X;R> i f  S I s  a s e t  o f  c o n se q u e n c e s  o f  R>

1 2 :  R e p la c e  <X;R> by <X U YjRUJy ( j )  w(j)-i | j e j }  w here

( j )  I j e j )  i s  any in d e x e d  s e t  d i s j o i n t  from  X and

tfs (w (j)  I j e j )  i s  any s u b s e t  o f  Wd(X) in d e x e d  by t h e  same s e t  

J .

I £ :  R e p la c e  G=<X U Y;RU{y ( j )  w ( j)- t  | j 6 J}> by <X;R> p ro v id e d  - 

t h a t  none o f  t h e  e le m e n ts  o f  R I n v o lv e  any o f  t h e  X -sym bols 

and (w (j)  | jeJ)<=M d(X) .

S in c e  Vd(X) i s  c o u n ta b l e  when X i s  a f i n i t e  s e t ,  R must be  

c o u n ta b l e  i n  e v e r y  f i n i t e l y  g e n e r a t e d  p r e s e n t a t i o n  <X;R>»

More i s  t r u e  f o r  f i n i t e  p r e s e n t a t i o n s :

Theorem 9 (B«H« Neumann):

I f  G i s  a  f i n i t e l y  p r e s e n t e d  g roup  and X i s  f i n i t e ,  R i s  

c o u n ta b le  i n  G=<X;fi> th e n  a l s o  G»<X;R> f o r  some f i n i t e  s u b ­

s e t  R o f  R .

Thus e v e ry  f i n i t e  g e n e r a t i n g  s e t  o f  a f i n i t e l y  p r e s e n t e d  

g rou p  G i s  t h e  s e t  o f  g e n e r a t o r s  i n  some f i n i t e  p r e s e n t a t i o n  

f o r  G.

I t  i s  o f t e n  n e c e s s a r y  t o  f i n d  a p r e s e n t a t i o n  f o r  a subg ro up  

H o f  a  g roup  G from a g iv e n  p r e s e n t a t i o n  G=<X;R>« F o l lo w in g  

t h e  R e i d e m e i s t e r - S c h r e i e r  r e w r i t i n g  p r o c e d u r e ,  t h i s  can  be
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a c c o m p lish e d  by f i r s t  f i n d i n g  a  S c h r e l e r  t r a n s v e r s a l  % a n d ,  

a s  i n d i c a t e d  by Theorem 2 . ,  a  g e n e r a t i n g  s e t  f o r  H°, t h e  

p re - im a g e '  o f  H i n  t h e  f r e e  g ro u p  F on X* Then i t  i s  p o s s i ­

b l e  t o  m e th o d ic a l ly  r e - e x p r e s s  e v e r y  c o n j u g a t e  s r s *  

( s e 8 , reR ) a s  a p r o d u c t  o f  t h e s e  g e n e r a t o r s  o ( s r s * )  and a 

p r e s e n t a t i o n  f o r  H i s  g iv e n  by H=<Y ; e ( s i s + ) | s e S , r e R > .

D e t a i l s  o f  t h e  method can  be fo u nd  in  e i t h e r  o f  [ 1 7 ,  p .  1 0 3 ]  

o r  [ 2 0 ,  p .  6 7 ] .
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s e c t i o n  5.1 S a g g l a l  B i s s s n t a t l a o g >  p g n stE H g tlop g*

S p l i t  e x t e n s i o n s  (o r  s e m i d i r e c t  p r o d u c t s ) >

L e t  G ,B ,I  be g ro u p s*  i ^ s l — >G, HjSB— >G eo n on orp h lsm s*  G i s  

t e r s e d  t h e  s p i l t  e x t e n s i o n  o f  B by T i f  

1) G * g p C rt^ U B t^ ) .

i i )  G'

i i i )  (1 ) .

As u s u a l ,  we i d e n t i f y  I  and B w i th  t h e i r  i n j e c t e d  im ages  i n  

G and w r i t e  G=B^<T. Then T a c t s  on B v i a  c o n j u g a t i o n .  

G iven any homomorphism *>Aut(B), t h e  s p l i t  e x t e n s i o n  o f

B by T i n  which t h e  a c t i o n  o f  T on B c o i n c i d e s  w ith  t h e  

a c t i o n  o f  T$ on B e x i s t s ,  i s  u n iq u e ly  d e te rm in e d  up t o  i s o ­

morphism and i s  d e n o te d  by BPj^T. I t  i s  e a s y  t o  s e e  t h a t  

e v e r y  n o n - t r i v i a l  e le m e n t  l fg e G  o f  t h e  s p l i t  e x t e n s i o n  o f  B 

by T has a u n iq u e  e x p r e s s i o n  o f  t h e  form g = tb  ( t 6I ,b B B ) , 

t e r s e d  i t s  s p l i t  e x t e n s i o n  o r  SBIDiflUest Q SISSl

I f  B=<X;R>, r=<Y ;S>, G=BI£T and  $=y* eA ut(B ) th e n  

G = < X U Y ; R U S U  {y*»xy=xy |xeX) > .
yex

•*
BiSSSt liait S i ai2HR£>
L e t  G, Gj (1=1 , 2 , . . . )  be g r o u p s ,  ^ s G j — »G, ♦n:G1— >G

(1=1 , 2 , . . . )  m onom orphisns w i th  t h e  p r o p e r t y  t h a t  G ^ i ^ G ^ h ^  

and t h e  d ia g ra m s
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4*

Gt > > Gi*i

commute f o r  a l l  1=1 , 2 , . . .  •

Then G i s  t h e  a s c e n d in g  u n io n  o f  i t s  s u b g ro u p s  

G |i \ l  (1=1 , 2 , . . . )  • G i s  te rm e d  t h e  d i r e c t  l i m i t  o f  t h e  

g ro u p s  (6111=1 , 2 , •  ••}  w i th  c o n n e c t in g  iso m o rp h ism s  

(♦ l 11 = 1 ,2 ,  . . . ) .  G iven (Gj ( 1 = 1 ,2 ,  • • •}  and (<>i | i = l , 2 , . . . }  t h e  

d i r e c t  l i m i t  e x i s t s  a n d ,  up t o  i so m o rp h ism , i s  u n iq u e ly  

d e te r m in e d .  We w r i t e  G= t ® i # once  ( t i  | i = l , 2 , .  ••} i s  s p e c *  

i f l e d .

I f  G* = <Xi ;R i>  ( 1 = 1 , 2 , . . . ) ,  G= U  fGi w i th  c o n n e c t in g  i s o -
ie l

morph ism s {$£ 11=1 , 2 , • •  •} th e n

G = < O xi  * 0 Ri  0  ( x ( i ) = x ( i + l )  | x ( i ) 6X1}> ,  
i = l  1*1  i = l

w here  x ( i )  *x (1+1 ) ex l4>t.

I f  G ^( 1 * 1 , 2 , • • • )  a r e  f r e e  g ro u p s  th e n  t h e  d i r e c t  l i m i t

a t e d  su bg rou p  o f  L i s  f r e e .

He now l i s t  some o t h e r  " s t a n d a r d "  p r e s e n t a t i o n s .

I f  F i s  t h e  f r e e  g roup  on X t h e n  F=<X?0>.

I f  A i s  t h e  f r e e  a b e l i a n  g ro u p  on X th e n  A=F/F* w here  F* i s  

t h e  com m utator su b g ro u p  o f  t h e  f r e e  g roup F on X and 

A=<X; {(x ,y  ] |x ,y e X } > .  We a l s o  u s e  t h e  n o t a t i o n  A * < X ;ab e l.> .

I f  G=<X;R> i s  any  g ro u p ,  Y a s e t  d i s j o i n t  from  G and

l o c a l l y  f r e e  g r o u p ,  i . e .  e v e ry  f i n i t e l y  g e n e r -

th e n
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S<=Vd(XUX) - t h e n  t h e  a b b r e v i a t i o n  <G,Y;S> s t a n d s  f o r  

< X t)Y ;R U s> . I f  H=<X;R> and wSWd (X) th e n  t h e  g ro u p  G=<H;w> 

i s  t e r a e d  a  o n e - r e l a t o r  q u o t i e n t  o f  H; when R=0, G i s  c a l l e d  

a o n e - r e l a t o r  group*

HNN e x t e n s i o n s  ( o r  B r i t t o n  e x t e n s i o n s ) •

Suppose t h a t  G=<X?R>, H,K<J.G and  $ :H > » K i s  an  i s o m o rp h is o *  

L e t  ( t )  be  d i s j o i n t  from  G. I h e  g ro u p  w i th  p r e s e n t a t i o n  

G>*s<G,t ; tr»ht=h(>|heH> i s  c a l l e d  t h e  HNN ( s h o r t  f o r  Higman- 

Neumann-Neumann) o r  B r i t t o n  e x t e n s i o n  o f  G w i th  s t a b l e  l e t ­

t e r  t  and a s s o c i a t e d  s u b g ro u p s  H and K u n d e r  +• W ith o u t  

g o in g  i n t o  d e t a i l s ,  we r e c o r d

Theorem 10 (Higman, Neumann, Neumann):

The " o b v io u s*  mapping g*—i>g from  G i n t o  G* i s  an embedding*

A ls o ,  upon c h o o s in g  r i g h t - t r a n s v e r s a l s  f o r  H i n  G and K i n  

G, norm al fo rm s can  be i n t r o d u c e d  f o r  t h e  e le m e n t s  o f  • 

One c o n se q u e n c e  o f  B r i t t o n ' s  lemma i s  t h a t  e v e r y  e le m e n t  i n  

C?*has a  u n iq u e  norm al form* D e t a i l e d  d e s c r i p t i o n  o f  HNN-ex- 

t e n s i o n s  can  be  found  i n  [ 1 7 ,  p* 176]*
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Cfcaaisi II* R e s u l t s .

Ssstiaa 1 * &£ aacEass anauaa*

I n  [ 1 1 ] ,  6 .  B a o n s lag  p o i n t s  o u t  t h a t  i t  i s  p o s s i b l e  t o  embed 

any c o u n ta b l e  f r e e  g roup  i n t o  a f r e e  g ro u p  o f  r a n k  two su c h  

a way t h a t  p o s i t i v e  words g e t  mapped i n t o  p o s i t i v e  w o rd s .  

U sing  t h i s  i n f o r m a t i o n .  h e  shows t h a t  X -g r o u p s ,  i . e .  

1 - r e l a t o r  g ro u p s  w i th  t h e  ty p e  of p r e s e n t a t i o n  

< a , b , . . » , c ; [ u , v ] s l >  where u and v a r e  p o s i t i v e  w o rd s ,  a r e  

a l l  c y c l i c  e x t e n s i o n s  o f  f r e e  g r o u p s .  As a c o n s e q u e n c e ,  

X -g roups t u r n  o u t  t o  be  r e s i d u a l l y  f i n i t e  and th e y  have  f r e e  

d e r iv e d  g ro u p s  -  p r o p e r t i e s  t h e y  s h a r e  w i th  t h e  fu n d a m e n ta l  

g ro u p s  o f  com pact tw o -d im e n s io n a l  o r i e n t a b l e  m a n i f o l d s ,  

s h o r t l y  r e f e r r e d  t o  a s  s u r f a c e  g r o u p s .  A lthough  t h e r e  a r e  

o n e - r e l a t o r  g ro u p s  < a , b , . . . , c ; [ u , y ]> t h a t  a r e  n o t  f r e e - b y -  

c y c l i c  ( s e e [ l l ] ) ,  we can  g e n e r a l i z e  t h e  q u o ted  r e s u l t  f o r  

two c l a s s e s  o f  g ro u p s  b o th  o f  w hich a l s o  c o n t a i n s  t h e  s u r ­

f a c e  g r o u p s .  (fe p u t  9 f o r  t h e  c l a s s  o f  g ro u p s  w i th  p r e s e n ­

t a t i o n s  o f  t h e  ty p e

(1) b)vu/ { c , . . . , d } v ^ r S  ; [u ,v ]w = l>

where t h e  s e t s  ( a , . . . , b ) ,  ( c , . . . , d )  a r e  d i s j o i n t  from  S and

each  o t h e r ,  u = u ( a , . . . , b ) ,  v = v ( c , . . . , d )  a r e  n o n - t r i v i a l  p o s i ­

t i v e  words and w etfd(S)•

S i m i l a r l y ,  we p u t  f °  f o r  t h e  c l a s s  o f  g ro u p s  w ith  p r e s e n t a ­

t i o n  o f  t h e  ty p e

(2) < { a , . . . , b } ^ J { c , . ••  , d ) ^ / S  s [ u , v ] [ g , w ] * l >
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w here t h e  s e t s  o f  g e n e r a t o r s ,  u ,  v and w s a t i s f y  t h e  

c o n d i t i o n s  above  and qs q ( a , . . . , b )  i s  a p o s i t i v e  w o rd .

I h e  em beddings o f  t h e  f r e e  g ro u p s  F° on ( a , . . . , b )  and F* on 

{ c , . . . , d }  i n t o  t h e  t w o - g e n e r a t o r  f r e e  g ro u p s  o n ,  s a y ,  

{av,b*} and ( c * ,d '}  which s a p  p o s i t i v e  words i n t o  p o s i t i v e  

w ords g iv e  r i s e  t o  an e s b e d d in g  o f  t h e  9 -g ro u p  

< f a , . . . , b ) U { c , . . . , d ) L J S  ; [u ,v ]w = l>  

i n t o  t h e  f - g r o u p

<{a*,b»  , c * , a » } U S  . [u » ,v * ] w s l>  •

S i m i l a r l y ,  t h e  m en tio n ed  em bedd ings  o f  F° and  F* g iv e  r i s e  

t o  an em bedding o f  t h e  9 ° -g ro u p

< { a , . . . , b | U { c , . . . , d } U S  ; [ u ,v ; | [ q ,w ] * l >  

i n t o  t h e  9 °~9 ro u p

< { a * , b * , c » , d « } ^ S  ; .

F i r s t  we aim  a t  p ro v in g

I&egrem

L et G be a 9 -g ro u p  a s  g iv e n  by (1 ) •  Then G i s  f r e e - b y -  

c y c l i c  i . e .  an e x t e n s i o n  o f  a f r e e  g roup  by a c y c l i c  g ro u p .

S in c e  th e  p r o p e r t y  o f  b e in g  f r e e - b y - c y c l i c  i s  i n h e r i t e d  by 

s u b g r o u p s ,  we may, w i th o d t  l o s s  o f  g e n e r a l i t y ,  assum e t h a t  

t h e  9~9roup  G i s

G = < { a ,b ,c ,d } U S  j [u ,v ] w = l>  .

P u t b - x a ,  c « y a ,  d = ta  and o b t a i n  t h e  a l t e r n a t i v e  p r e s e n t a t i o n



23
G = < a , x , y , t , S  ; [ u ( a , x a )  , v ( y a , t a )  ]w=l>.

As t h e  r e l a t o r  h a s  0 e x p o n en t  sun  on a ,  G i s  an  e x t e n s i o n  o f  

Ns9P Q (x #y« t,S )  by t h e  i n f i n i t e  c y c l i c  g ro u p  g e n e r a t e d  by a .

With th e  n o t a t i o n

x ( i )  sa^xa* , y ( i )  aaf1yai  ,  t  ( i )  =a**ta* , . . .  f h ( i )  sa^ha* #

S ( i )  = { h ( i )  | h e s j  f o r  a l l  i e z ,

N*gp (x ( i )  ,y  ( i )  # t  ( i )  ,S  ( i )  | iBZ) .

L e t  r  d e n o te  t h e  r e l a t o r  e x p r e s s e d  i n  t e r n s  o f  t h e s e  g e n e r ­

a t o r s  f o r  N. To p ro v e  t h a t  N i s  f r e e  i t  s u f f i c e s  t o  show 

(see  e . g .  [ 1 9 ] )  t h a t  i n  r  t h e  s m a l l e s t  and l a r g e s t  l a b e l s  

o f  a t  l e a s t  one  o f  x , y * t  a r e  d i f f e r e n t  and o c c u r  e x a c t l y  

o n c e .  S t r a i g h t f o r w a r d  c o a p u t a t i o n  l e a d s  t o  t h e  f o l lo w in g  

u s e f u l  r e s u l t s :

L s m a  H i

I f  u (a ,b )  a b ^  a“ (1> . . . bpW a0*6*0 w i th

/3(1) ,0{n )  >0 ,o (( l)  ,o t ( n - l )  >0 , 0((m)2 0  t h e n  u ( a , b )  c a n

be p u t  i n  t h e  f o r n

a /5 (1 ) +0C(1 ) . .+/3(m)+oc(n),

x ( /3 ( l)+ « (l)+ .. .+ /i(m )+ < X (m ))  . . .  x ( l+ o ((l)+ /& (2)+ . .  »+/&(m)+o<(m)) 

x ( £ ( 2 ) +ot(2) + . . .* /3 (n ) + o t (n ) ) . . .  x ( l * 0((2)* /S(3) + . .  .+/3(m)+o<(n))

•  •  •

x(/3(m)+o<(m)) *x(/3 (n ) - l+ o t(n ) )  . . .  x (l+ot(m )) .
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Leaaa II:
I f  u (a ,b )  a0**25. .  . b ^ ^ a 01̂  w i th

cx(l)>0 , . . . , c x ( m - l )  > 0 , a ( m ) £ 0 ,< 3 ( l ) > 0 , . . . #/3(m -l)>0 and we i n t e r ­

p r e t  m=l a s  a ( a ^ b j^ a * ®  t h e n  u ( a , b )  can  be  p u t  in  t h e  form

a 0C(l) (1 ) ♦ * ( 2) ♦ . .  .♦/S(m-l) ♦ oC(m) #

x( |& (l)+ot(2)+ ...+ /3(m -l)te((m )) • • •  x(l+<x(2) +. . .+ /3(m -l)+ot(m )) 

x ((3 (2 )+ « (3 )+ .. .* (3 (m -l) t t t(m ))  . . .  x (1+M(3)+. . .+ /3 (m -l)+ K (m ))

•  •  •

x ((3 (m-1) ♦« (■ ))»  x ( (3 (m -l) - l* « (m ))  • • •  x ( 1 + m ( j b ) )  •

I f  u ( a , b ) s aMb^ w i th  o t> 0 # /3 > 0 , i t s  form i s

aw*P- x (fi) x ( p - l ) . .  .x  (1 ) .

LSffioa I&:
I f  v ^ . d j a c ^ d ^ . - . c ^ d ^ ®  w i th

-J '( l)>0 , • • . , ‘f ( n ) > 0 , ( f ( l ) > 0 , . . . ( f ( n - l ) > 0 ,cT(n)20  t h e n  v ( c ,d )  can  

be p u t  i n  t h e  form

a t < U  • *+ t f n_1> +cf <n>.
y ( f (1) ( 1 ) ♦ .  • . ♦ f ( n ) ♦ t f ( n ) ) . . . .y  (1+tf(1) *f (2)  ♦ . .  . ♦ f r ( n )*<f( n ) ) 

t ( c f ( 1 ) ♦ * f ( 2 ) • • ♦ ' J ' ( n )  ♦d’( n ) ) . . .  t ( l + f ( 2 ) ♦ . . . ♦  j ' (n)+cf(n))  

y ( f ( 2 )  ♦cf (2) ♦ . .  .♦  •J'fn) ♦d’( n ) ) mmm'f (1+cf (2) *f{3)  ♦ . .  .♦  f ( n )  +cf(n))

• m e

y ( ’J '(n )♦ J (n ) )  . y ( f ( n - l ) - l * t f < n ) >  . . .  y ( l+ r f (n ) )  

t  ( d ( n ) ) • t  (rf(n )- 1) . . .  t ( l )  .



25
Lemma 15 :

I f  v « c . a , = a<«0 c t < » . . . c ^ V W  W ith

<f(l) >0 , . . . , c T ( n - l ) > 0 . d ,(n);>0 »1' ( l ) >0 , . • . #j ' ( n - l ) >0 an d  we
x m

i n t e r p r e t  n * l  a s  » ( c , d ) » d w  th e n  v ( c . d )  c a n  be  p u t  i n  t h e  

f o r n

a r f ( l ) + f ( l ) * . . . * - | ' ( n - l ) + i f ( n )  #

t ( c f (1 ) + + (1 )♦  • •  .♦ ■ f (n - l )♦ r f (n ) ) . . .  t ( l + t ( D +rf(2 ) + . . -* < f (n ) )  

y ( t ( i ) * t f ( 2 ) + . . .+ f ( n - i ) - » - c f ( n ) )  • • •  y ( i * t f ( 2 ) + f ( 3 ) + . . . + t f ( n ) )  

t ( t f ( 2 ) + f  ( 2 ) + . . .  + f ( n - l ) + t f ( n ) )  . . .  t  (H -f (2 )  * r f ( 3 ) * . .  .♦<f(n))

• • •

y (“f  ( n - l ) *<5“( n ) ) • y (■J(n-l) -1+ cf(n )) . . .  y(H-<f(n)) 

t ( r f ( n ) ) ♦ t ( t f ( n ) - l )  . . .  t { l )  .

To su m m arize : I n  e v e ry  c a s e  .  once  a l l  t h e  a - o c c u r r e n c e s

have been moved t o  t h e  l e f t ,  t h e  e x p o n e n t  o f  a i s  e x a c t l y  

t h e  sum o f  a l l  t h e  e x p o n e n ts  o f  t h e  word in  q u e s t i o n ,  t h e r e ­

f o r e  i t  i s  p o s i t i v e .  I f  more t h a n  one  l a b e l  i s  p r e s e n t ,  

t h e  l a b e l s  form a s t r i c t l y  d e c r e a s i n g  s e q u e n c e  o f  p o s i t i v e  

i n t e g e r s .  M oreover ,  t h e  e x p r e s s i o n  v ( c . d )  c o n t a i n s  a lw a y s  

a t  l e a s t  one  l a b e l .

So i f  X.Y d e n o te  th e  r e s p e c t i v e  Na - f r e e w se g m en ts  o f  t h e  

r e - e x p r e s s e d  u ( a . b )  and  v ( c . d )  and i f .  f o r  e v e ry  i n t e g e r  i  

X ( i ) .  X ( i)  a r e  t h e  w ords o b t a i n e d  from  X.Y by a d d in g  i  t o  

each  l a b e l  and f i n a l l y  i f

k = e x p ( a .u )  * e x p ( b .u )  .  j  = e x p ( c .u )  + e x p ( d .u )
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th e n  k fO , j$ o  and we have

[ u ( a , b ) , v ( c , d )  ] = X *a* Y-*a-* a^Xsrf Y * X*Y(k)-»X(j) Y .

S in c e  none o£ t h e  l e t t e r s  o f  Y a r e  p r e s e n t  i n  w, t h e  s m a l l -  

e s t  l a b e l  o f  any l e t t e r  o f  Y o c c u r s  e x a c t l y  once  i n  r  (on 

a c c o u n t  o f  Y) and t h e  l a r g e s t  l a b e l  o f  su c h  l e t t e r  a l s o  

o c c u r s  e x a c t l y  once  (on a c c o u n t  o f  Y(k)->) . Hence N i s  f r e e ,  

i n d e e d ,  and t h e  th eo re m  i s  t r u e .

With some f u r t h e r  i n s p e c t i o n ,  we can  r e a d  more o u t  o f  t h i s  

a n a l y s i s  and v e r i f y

IhSBEgffl I&

L e t G be  a f o - g r o u p  a s  g iv e n  by (2 ) •  Then G i s  f r e e - b y -  

c y c l i c .

E ro o f

He may a g a in  r e s t r i c t  o u r  a t t e n t i o n  t o  

G s< { a ,b ,c ,d } V ^ S  ; [ u , v ] [ q , w ] - l > .  K eep ing  t h e  fo rm e r  n o t a ­

t i o n s  we e x p r e s s  g ( a , b )  a s  s u g g e s t e d  by Lemmas 12 and  1 3 ,  s o  

t h a t  q ( a ,b )  becomes a^Q w here  e=exp ( a ,q )  +exp (b ,q )  and Q i s  

a ( p o s s i b l y  empty) x -w o rd .  Then we o b t a i n

[u  ( a ,b )  , v  ( c ,d )  ] [ q ( a , b )  ,w ) «

= X*Y(k)-«X(j)Y Q-*a-« v*a« Q w =

* X-*Y (k)-*X ( j )  Y Q«w(e)-» Q w .

The l e t t e r s  o f  Y s t i l l  do n o t  o c c u r  beyond Y so  a t  l e a s t  one
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l e t t e r  o f  Y h a s  i t s  s m a l l e s t  l a b e l  once  o n ly  i n  Y, i t s  m ax i­

mum s u b s c r i p t  o n ce  o n ly  i n  Y (it) • Thus t h i s  g ro up  i s  a l s o  

f r e e - b y - c y c l i c ,  p ro v in g  t h e  th e o re m .

R e s id u a l  f i n i t e n e s s ,  t o o ,  i s  a  p r o p e r t y  i n h e r i t e d  by 

s u b g ro u p s .  S in c e  f i n i t e l y  g e n e r a t e d  c y c l i c  e x t e n s i o n s  o f  

f r e e  g ro u p s  a r e  r e s i d u a l l y  f i n i t e  by a  th eo rem  o f  G. Baum- 

s l a g  [ 8 ] ,  ve have  t h e

C o r o l l a r y  17:

I f  S i s  a  f - g r o u p  o r  a 9° - g r o u p  th e n  G h a s  f r e e  d e r iv e d  

g roup  and G i s  r e s i d u a l l y  f i n i t e .

Ih u s  ? and 90 - g ro u p s  s h a r e  t h e s e  p r o p e r t i e s  o f  X g r o u p s .  

The s u r f a c e  g roup  < x , y , z , t  ; [ x , z ] [ y , t ] = l >  i s  c l e a r l y  b o th  a 

9 and a f ° - g r o u p .  So C o r o l l a r y  17 i s  an  e x t e n s i o n  o f  t h e

c o r r e s p o n d in g  th e o re m s  on X -g ro u p s  i n  [ 1 1 ]  t o  t h e  c l a s s e s  9 

and 9°*
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I h e  fu n d a m e n ta l  r o l e  t h a t  Magnus* F r e i h e i t s s a t z  p l a y s  In  t h e  

q u i t e  e x p a n s iv e  t h e o r y  o f  o n e - r e l a t o r  g ro u p s  h a s  been  an  

i n s p i r a t i o n  t o  e s t a b l i s h  a number o f  e x t e n s i o n s  and s h a r p e r  

v e r s i o n s ;  f o r  an a s se s s m e n t*  s e e  e . g .  [ 1 7 ] .  I n  [ 1 6 ] ,  R .C . 

Lyndon e x te n d s  t h e  F r e i h e i t s s a t z  f o r  f r e e  p r o d u c t s  o f  s u b ­

g ro u p s  o f  t h e  a d d i t i v e  g roup  o f  r e a l  num bers by s h o v in g  t h a t  

a l l  o f  t h e  f r e e  f a c t o r s  t h a t  c o n t r i b u t e  a s y l l a b l e  t o  a 

g iv e n  c y c l i c a l l y  re d u c e d  e le m e n t  r ,  m ust a l s o  c o n t r i b u t e  a 

s y l l a b l e  t o  e v e ry  n o n - t r i v i a l  e le m e n t  i n  th e  no rm al c l o s u r e  

o f  r .  T hese  g ro u p s  i n c l u d e  t h e  f r e e  p r o d u c t s  o f  f r e e  a b e ­

l i a n  g ro u p s  f o r  which t h e  p r o p e r t y  a l s o  f o l lo w s  from t h e  

e x t e n s i o n  o f  t h e  F r e i h e i t s s a t z .  p ro v en  by B. B a u n s la g  and S .  

P r i d e  [ 2 ]  f o r  t h e  o n e - r e l a t o r  q u o t i e n t s  o f  f r e e  p r o d u c t s  o f  

l o c a l l y  r e s i d u a l l y  f r e e  g r o u p s .

Prom pted by a c o n j e c t u r e  o f  P a p a k y r ia k o p o u lo s  [2 U ] ;  E. R a p a -  

p o r t  [ 2 6 ]  i n v e s t i g a t e d  c e r t a i n  o n e - r e l a t o r  q u o t i e n t s  o f  t h e  

fu n d a m e n ta l  g ro u p s  o f  com pact o r i e n t a b l e  m a n i fo ld s  o f  f i n i t e  

genus and found  them t o r s i o n - f r e e .  T h is  gave  m o t i v a t i o n  t o  

c o n s i d e r  t h e  c l a s s  o f  [ r -g ro u p s ,  i . e .  g ro u p s  w ith  p r e s e n t a ­

t i o n  o f  t h e  ty p e

C ( a , b , . . . , c , d ; a b e l ■ ) , ( a , b , . « . , c , d ; a b e l . ) ;

[ a , a ] [ b , b ] . . . [ c , c ] [ d , d  ]*1> , 

a b e g in n in g  o f  an a t t e m p t  t o  c a r r y  o v e r  some o f  t h e  a s p e c t s  

o f  t h e  o n e - r e l a t o r  t h e o r y .  Of c o u r s e ,  p -g r o u p s  a r e  o n e - r e l -  

a t o r  q u o t i e n t s  o f  f r e e  p r o d u c t s  o f  f r e e  a b e l i a n  g r o u p s .  We
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s t a t e  an a p p r o p r i a t e l y  s h a rp e n e d  v e r s i o n  o f  t h e  e x t e n s i o n s  

o f  t h e  F r e i h e i t s s a t z  m en tio n ed  b e f o r e  a s

Theorem 1 £ :

L e t  k (1) , n ( l )  ,m(2) , n ( 2 ) , . . . , m ( k )  ,n ( k )  be  p o s i t i v e  i n t e g e r s  

s a t i s f y i n g  m ( j ) £ n ( j )  ( j = l , . . . , k ) .  L e t  X= b e  a  d i s ­

j o i n t  u n io n  where

Xt  = ( a (1 ) , . . . , a ( m (1 ) ) ) ,  Xz = { a ( l )  , . . . , a  ( n ( l ) ) >  ,

X3 * {b (1 ) ,  • •  • ,b  (m (2))} t XH * {b (1 ) . . . .  ,b  (n (2 ))}  ,

•  •  •

%.t = {d ( 1 ) ...........   (m ( i ) ) ) ,  Xtfc* { d ( l ) , . . . , d ( n ( i ) ) > ,

and l e t  B, d i s j o i n t  from X, be a l s o  a d i s j o i n t  u n io n

Suppose t h a t  X i s  a s u b s e t  o f  X and t h a t  t h e  g ro u p  G i s
f

g iv e n  by t h e  p r e s e n t a t i o n

2k
G = <XU2 ; U ( 2,  a b e l . )  U  (X, a b e l .)  U { r}>

ASA * j = l  3

w here

m fl) m f2> m(IO

r  = l |  [ a (h) ,1  (h) ] I I [ b ( h ) , 5 ( h ) ]  . . . I  I t d ( h ) f d ( h ) ]  . 
h = l  h = l  h= l

I f  X o m its  a t  l e a s t  one g e n e r a t i n g  sym bol o f  X t h a t  i s  p r e s ­

e n t  i n  r ,  t h e n  t h e  su b g ro u p  o f  G g e n e r a te d  by XU8 i s  a  f r e e  

p r o d u c t  o f  f r e e  a b e l i a n  g r o u p s .  I n d e e d ,  when Y=X-{t} ( t  

p r e s e n t  i n  r )  and tex^ft) ( 1£ j  ( t )  £ 2k) t h e n
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2k
gp(Y) * < X ^, - { t } ; a b e l . > *  T T  <Xj ; a b e l . >  .

• j « ( t )

B ig  O f t

C l e a r l y ,  G=gp(X)*| ] < 2 « ;a b e l» > ,  The f a c t ,  t h a t  I n  a  f r e eA€ A
p r o d u c t ,  su b g ro u p s  o f  t h e  f r e e  f a c t o r s  g e n e r a t e  t h e i r  own 

f r e e  p r o d u c t  a l lo w s  u s  t o  assum e , / W  i , e ,

2k 2k
(1) G = < 0  x1? U  (X< a b e l . )  ; r >  ,

3*1 1 3*1

and Y=X-{t} ( t  p r e s e n t  i n  r ) • F u r th e r m o r e ,  w i th o u t  l o s s  o f  

g e n e r a l i t y ,  we may assum e t h a t  t ,  t h e  o m i t t e d  sym bol i s  i n  

Xt U Xj> , F o r  o t h e r w i s e  T i e t z e  t r a n s f o r m a t i o n s  can  r e p l a c e  r  

by i t s  c y c l i c  p e rm u ta t io n  which b e g in s  w i th  t h e  f u l l  

[x (h )  , x  (h) ] s u b p r o d u c t  o f  r  c o r r e s p o n d in g  t o  t h e  s e t
h » t

X j(t) whose e le m e n t  t  o r i g i n a l l y  w as. Once so  a r r a n g e d ,  t h e  

a p p r o p r i a t e  r e l a b e l i n g  o f  t h e  s e t s  Xj p ro d u c e s  t h e  d e s i r e d  

ty p e  o f  p r e s e n t a t i o n  o f  G, The p ro o f  now c o n s i s t s  o f  show­

in g  t h a t  G i s  an  HNN e x te n s i o n  o f  t h e  " r i g h t  k in d  o f  a 

g r o u p " .

Case 1 :  t 6Xi  ,  s a y  t* a  (s) l<s£m (1)

I n t r o d u c e  t h e  n o t a t i o n
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u = [ a ( l ) , a ( l > ]  . . .  [ a  ( s -1 )  ,3  ( s - 1) ] , 

v = [ a ( s + 1 )  . a  (s+1) ] . . .  [ a (m (1))  ,3  (m (1 ) )  ] 

m(2) m (It)

I I [ b  (h) ,B (h )  ] . . .  I I [ d ( h ) , 3 ( h ) ]  .
h = l  h = l

Then r = l  I s  o f  t h e  form u [ t , a ( s ) ] v = l  o r ,  e q u i v a l e n t l y ,

(•)  t * a ( s ) t  = 3 ( s ) v u

and h e r e  t h e  r i g h t  hand s i d e  d o e s  n o t  i n v o l v e  a ( s )  ( = t ) .

A f t e r  t h e  T i e t z e  t r a n s f o r m a t i o n  t h a t  r e p l a c e s  r = l  by ( • ) ,  

t h e  o n ly  o t h e r  r e l a t i o n s  i n v o l v i n g  t s ( a ( s ) )  a r e  [ a ( h ) , t ] = l  

o r ,  e q u i v a l e n t l y ,  fr*a(h) t = a ( h )  ( h f s )  •

T h i s  y i e l d s  t h e  p r e s e n t a t i o n

2k
(2) G * <(Xt  -  {a ( s )} )  U U  U Ct}?

2k
U  (Xi a b e l . )  ,  (X4 -  {a (s )}  a b e l . ) ,

3=2 1

t - * a ( h ) t  = a (h )  ( h f s , a  (h )eX i)  ,  t * 5 ( s ) t  = 3 ( s ) v u >  • 

Nov p u t  w = a(s )vu  and o b s e r v e  t h a t  i n

2k

P = < a ( 1 ) , . •  • , a ( s - 1 )  . a ( s + 1 )  , . . . , a ( m ( l ) )  s a b e l . > * T T  <X* ; a b e l . >
3=2 J

w*fl  ( i tO )  b e c a u s e  one  o f  t h e  f o l l o w i n g  h o l d s :
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w* = 3(1)* (when k = l , n  (1) = l , s = l )

o r

w* » ( a ( s ) [ a ( s + 1 )  , a ( s + l )  ] . . .  [ a  (m ( l ) )  , a ( m ( l ) )  ] 

[ a  (1) , a  ( 1 ) ]  . . .  [ a  ( s - 1 )  ,S  ( s - 1 )  J)1 

(when k = l , m ( l )  f l . s f l )
o r  iw1 = (a ( l ) [ a  (2) , 8 ( 2 )  ] . . .  [ a  (m (1))  #a (m (1)) ]

f 2 ) m(k)

F [b(h) .b(h) ] . . .  TT [d(h) ,d(h) ])1
h=l h=l

(when k t l , m ( l ) f l #s = l )
o r

w1 = ( a ( s ) [ a ( s + l )  , a ( s + l )  ] . . .  [ a ( m ( l ) )  , a ( m ( l ) ) ]

T T , f f[ b(h) , 5 (h) ] . . .  I I  td(h).a(h) ]
h=l h=l

[ a  (1 ) , a  (1 ) ] . . .  [ a ( s - 1 ) , 5 ( s - 1) ])*

(when k ? l .m ( l )  f l » s f l )  .

B e s id e s  l a c k  o f  c a n c e l l a t i o n s ,  w* b e g in s  and ends w i th  f r e e  

a b e l i a n  b a s i s  e le m e n t s  i n  P .  none o f  which i s  am ongst 

( a ( l )  , . . . , a ( s - l )  #a ( s + l )  . . . . . a  (m ( l) )}  . Hence G i s  t h e  HNN

e x te n s io n  o f  P w ith  i t s  su b g ro u p s

-  { a ( s ) } ; a b e l .>*<3 (s) > and <X1- { a  (s)}  ;ab e l.> # < w >

a s s o c i a t e d  a s  i n  (2 ) .

Now g p ( P ) s gp(Y) i n  G and t h i s  t a k e s  c a r e  o f  Case 1 .

The p ro c e d u re  i s  a n a lo g o u s  f o r  

Case gz teXj, s a y  t - a ( s ) .
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Then l< s £ m ( l)  s i n c e  3 ( s )  i s  su p p o sed  t o  be p r e s e n t  i n  r .  

With u .v  a s  b e f o r e .  u se  t h a t  r = l  i s  e q u i v a l e n t  t o

u ( a ( s ) , t ] v » l  i . e .  t * » a ( s ) t= a ( s )  (v u ) -» -a ( s )u * v * .

We p u t  now w '=a (s) u4 v* and by a d u p l i c a t e  o f  t h e  p r e v io u s  

a rgu m en t (w i th  t h e  t r i v i a l  c h a n g e s  in v o lv e d )  G p ro v e s  t o  b e  

t h e  HNN e x t e n s i o n  o f

w i th  t h e  su b g ro u p s

<XJL- { S ( s ) )  } a b e l .> # < a ( s ) >  and <X1> ( a ( s ) }  ;abe l.> «< w *>  

a s s o c i a t e d  a s  i n  t h e  p r e s e n t a t i o n

2k

U  (Xj a b e l . )  , ( X , - { a ( s ) }  a b e l . )  ,
3=1 3
3*2

t-*a (h) t  * 3 (h )  ( h * s . a ( h ) e x l ) .  t * a ( s ) t  * a ( s ) ( v u ) - * > .  

I h i s  c o m p le te s  t h e  p r o o f .

With t h e  n o t a t i o n

G*<H;r> i s  a o n e - r e l a t o r  q u o t i e n t  o f  a f r e e  p r o d u c t  o f  f r e e

3=1
3*2

<B, : a b e l . ><Xi ; a b e l . >  *
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a b e l i a n  g ro u p s*  r  i s  c y c l i c a l l y  re d u c e d  when r e a d  a s  an e l e -

ik
n e n t  o f  H. P u t  Y*= KJ Xj when t  i s  t h e  o n ly  o m i t te d  sym -

i«awb o l .  A c c o rd in g  t o  C o r o l l a r y  1 i n  [ 2 5 ] ,

2k

gp (Y*U8) * f T  <*1 8a b e t . > * FT < 3 . ;  a b e l .  > .
j * l  * A e A  A

I f 1 ( t )

Note t h a t  Ya i s  a  p r o p e r  s u b s e t  o f  Y. I n  p a r t i c u l a r *  Theo­

rem 18 i m p l i e s  f o r  t h e  gr-groups G g e n e r a t e d  by 

X * { a , b , . . . , c , d , a , B , . . . ,5 ,3 }  t h a t  t h e  n a t u r a l  homomorphism 

from t h e  f r e e  p r o d u c t  o f  t h e  f r e e  a b e l i a n  g ro u p s  A on 

{ a , b , . . . , c , d }  and 5 on { 5 , 6 , . . .  , c ,3 }  i n t o  G*<A*K;r> i s  an  

i n j e c t i o n  on a l l  su b g ro u p s  o f  A*A g e n e r a t e d  by a p r o p e r  s u b ­

s e t  o f  X. C o n s e q u e n t ly ,  ̂ - g r o u p s  h av e  "many* f r e e  s u b ­

g r o u p s .
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In  t h i s  s e c t i o n *  we u n fo ld  a g e n e r a l i z e d  f r e e  p r o d u c t  s t r u c ­

t u r e  o f  g i-groups t h a t  p a r a l l e l s  a s i m i l a r  p r o p e r t y  o f  s u r ­

f a c e  g r o u p s .  T h is  w i l l  a l s o  pave  t h e  ro a d  t o  d e m o n s t r a t i n g  

f u r t h e r  p r o p e r t i e s  i n  t h e  l a t e r  s e c t i o n s .  The n o t a t i o n s  

i n t r o d u c e d  and used  i n  t h i s  s e c t i o n  w i l l  be c a r r i e d  o v e r  and  

employed i n  s e c t i o n s  4 and 5 a s  w e l l .

Theorem 1 9 :

The g roup  G g iv e n  by t h e  p r e s e n t a t i o n

G “ < ( a * b , . . . , d ; a b e l • )  * (a*6 * . . . * d * a b e l . ) i 

[ a , a  ] [ b * b ] . . . [ c * c ] [ d * d ] Bl >

i s  t h e  g e n e r a l i z e d  f r e e  p r o d u c t  o f  two g ro ups*  e a c h  a f r e e  

p r o d u c t  o f  f i n i t e l y  g e n e r a t e d  f r e e  a b e l i a n  g r o u p s .

E i a a i

Put

A = < a * b * . . . * c * d ; a b e l * R=C a * b * . . . * d l a b e l *

so  A and A a r e  f i n i t e l y  g e n e r a t e d  f r e e  a b e l i a n  g ro u p s  o f  

e q u a l  ra n k  r .  L e t  2 and § be  a l s o  f i n i t e l y  g e n e r a t e d  f r e e  

a b e l i a n  g ro u p s  o f  e q u a l  ran k  r - 1 , s a y

2= < x ,y * . • « * z ;a b e l* >  * 2* < x , y , . . • * z ; a b e l .>  •

Now l e t
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U * A * 3 ,  V = A # Z,

N * gpu ( b , . . . , c , d , x , y , * . . , z ) , M = g p y ( a , E , . . . , c , x , y , . . . , z )  .

Then { a * | i e Z } ,  {3* |ieZ }  a r e  r e s p e c t i v e  t r a n s v e r s a l s  f o r  N i n  

U and M i n  V and t h e  R e i d e m e i s t e r - S c h r e i e r  r e w r i t i n g  g i v e s  

t h a t

N * gp ( {b, .

M = g p ({ a ,B

where

x ( i ) = a i xa"i  ,  y  (i)=a^ya**- , z t D - a ^ z a ’1 ( ieZ ) ,

x ( i ) * a * s a 4  , y ( i ) = a * y a 4  z ( i ) = a * z a 4  ( i e z )  .

I n  f a c t ,  T i e t z e  t r a n s f o r m a t i o n s  y i e l d

N - < b , . . . , c , d ; a b e l « >  * T T  < x ( i )  , . . . , y  ( 1) ,z  ( i )  ; a b e l . >  ,
i e z

M =<f,5# a . * #c ta b e l« >  * 1 [ < x ( i )  ( i )  , z ( i )  ; a b e l* >  •
i e z

O bserve  t h a t  i n  N

H * g p ( b , . . . , c , d , x ( 0 ) , . . . , y  ( 0) , z ( 0 ) , x ( 0 )x ( l ) -» )  ■

* g p ( b , . . . , c , d , x ( 0 ) , . . . , y  <0 ) , z ( 0 ) , x ( l ) )  *

= < b , . . . , c , d ; a b e l . > « < x (0) , . . . , y  (0). , z  (0 ) ; a b e l .> # < x  (1 ) > =

a < b , . .  . , c , d ; a b e l . > * < x (0) , , y (0) , z  (0 ) ; a b e l .> * < x  (0) x ( l) -»>

and i n  M

c,d} U U  {x(I) ,y (i) , . . .  , z ( i ) } )  , iez
• #cj U U  (x ( i ) .y  (i) * . - - z ( i ) } )  

iez
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K = gp(a ,6# . . . , c , x ( 0 ) , y  (0) , z ( 0 ) ,

[5,y(0) ] . « [ R t *(0) ] I (0 )*(1H ) =
= gp(b#f>* • • • i f i#x(0) t • •  • , y  (0) «z (0) , z  (1 ) )  =

* <a,B, •• .,c;abel»>*<x(0) , • •• #y (0) ,z (0) ;abel«>*<z (1) > =

= <av6‘».**fc;abel«>#<x{0) » * . . ,y  (0) ,z(0);abel«>

*<[x(0)#b ] . . . [ y ( 0 ) #c]z(0)z(l)-*> .

Therefore,

0 : b>—>x(0), . ,  ct—>?{0) , d1—>z(0) , 
x (0)*—>a y (0>i—>B# z (0)i—>c ,

x ( 0)x(l)-t  >[x(0) ,5 ] . . . [y < 0 )  ,c]z(0)z(l)-»

defines an isomorphism between H and K, so G={U*V ;HB=K} 

exis ts*

I f  we perform Tletze transformations on the ready-made p res­

enta t ion  (from the  generalized free-product  s t ruc tu re )  fo r  

G# we obtain:

G ~ <a,b#. . . ,cf 'd ,x,y# ***,z ,a ,b ,  • • • 3 iX,y# • • • , Z|

( a , b , . . . , c , d ; a b e l . ) , ( x , y , . . . f z ; a b e l . ) ,

( d f 5 |»• «|Cf3f sbel*) , (x ,y , • • * ,z ;ab e l • ) ,  

x=b, y = c . . ,  z=d# 

x - a f y=b,. . . ,  z=c, 

xax^a-*=[ x ,5  ] . . . [ y,cIzSz^cH > =
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“ f Cf3} (3 f b | . a a fC |3  fdbf i la )  |

( a ,6 , . . .  , c , i 3 ; a b e l . ) f 

a a a * a r » = [b ,b ] . . . [ c ,c ] td #d]> =

"  ^ { & f b | a a t  f C f d | d b o X  a) f ( 3 f b f a a a f C | 3  fdbfila) |

[ a #a ] [ b , b ] . . . [ c , c ] [  d , 3 ] * l >  = G.

C onsequ en ces  o f  t h i s  d e c o m p o s i t i o n  w i l l  be d i s c u s s e d  i n  t h e  

s e c t i o n s  t o  f o l l o w .
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The g e n e r a l i z e d  f r e e  p r o d u c t  d e c o m p o s i t i o n  o f  § i-groups a r ­

r i v e d  a t  i n  S e c t i o n  3 ,  a l l o w s  us  t o  t a k e  u s e  o f  G .B a u m s la g ' s  

r e s u l t  [ h ;  P r o p o s i t i o n  2 ]  t h a t  p r o v i d e s  c r i t e r i a  f o r  t h e  r e ­

s i d u a l  f i n i t e n e s s  o f  g e n e r a l i z e d  f r e e  p r o d u c t s .  Thus r e s i d ­

u a l  f i n i t e n e s s  i s  a n o t h e r  p r o p e r t y  f i -g ro u ps  s h a r e  w i th  t h e  

s u r f a c e  g r o u p s .  We w i l l  f i r s t  p r e p a r e  g ro u n d s  by e s t a b l i s h ­

i n g  two p r e l i m i n a r y  r e s u l t s .

LSffiia 2&:

L e t  p be a pr ime# H=S#D where  S and 0 a r e  r e s i d u a l l y  f i n i t e  

p - g r o u p s .  Then i f  h ( l ) # . . . # h ( r ) f S #  t h e r e  e x i s t s  a  f i n i t e  

p - g r o u p  ep im orph  o f  H i n  which t h e  im ages  o f  h ( 1 ) # . . . # h ( r )  

a r e  n o t  i n  t h e  image o f  S .

i£2Q£

F i r s t  o b s e r v e  t h a t  w i t h o u t  l o s s  o f  g e n e r a l i t y #  we may assume 

t h a t  S#D a r e  f i n i t e  p - g r o u p s .  Fo r  l e t  s ( l ) # • . . , s ( m ) # 

d ( l ) # . . . # d  (n) be  t h e  n o n - t r i v i a l  s y l l a b l e s  p r e s e n t  i n  t h e  

♦ re d u c e d  fo rm s  o f  h ( 1 ) # . . . # h ( r ) • S in c e  S and D a r e  r e s i d u ­

a l l y  f i n i t e  p -g ro u p s#  t h e r e  e x i s t  norm al  s u b ro u p s  M o f  i n d e x  

a power o f  p i n  S and N o f  i n d e x  a power o f  p i n  D w i t h  

s ( l ) f M  ( i s l # . . . # m )  and d ( j ) f N  ( j * l # . . . , n ) .  But t h e n  t h e  

p a i r  o f  n a t u r a l  homomorphisms S— » S / M * S ,  D— »D/N*D e x t e n d s  

t o  an ep im orph ism  o f  H o n t o  H=S#D u n d e r  which none o f  t h e  

s y l l a b l e s  i n  t h e  7 ( 1 )  vs  w i l l  be t r i v i a l  hence  *h(l) # • • •  #11 ( r )  

w i l l  s t i l l  n o t  be  i n  S .
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Now i f  S( D a r e  f i n i t e  p - g r o u p s  t h e n  f o l l o w i n g  from t h e  f a c t  

t h a t  t h e  f r e e  p r o d u c t s  o f  f i n i t e  p - g r o u p s  a r e  r e s i d u a l l y  

f i n i t e - p  [ 1 3 we can f i n d  a  norm al  su b g ro up  K o f  i n d e x  a 

power o f  p i n  H=S*D t h a t  a v o i d s  each  e le m e n t  i n  t h e  f i n i t e  

s e t  ( h ( i )  s* | l t s e S , i = l « .  . . , r j  * Hence ,  u n d e r  t h e  n a t u r a l  

homomorphism, t h e  image o f  h ( i )  i n  H/K w i l l  n o t  b e lo n g  t o  

t h e  image o f  S ( i = l , * . . , r ) *

ProPQSltlQQ 21:
L et  p be a prime* Suppose  t h a t  G=S*(DxE) where S,D*E a r e  

r e s i d u a l l y  f i n i t e  p - g r o u p s *  Then f o r  any e le m e n t  

9 f  gp(S ,D) t h e r e  e x i s t s  a f i n i t e  p - g r o u p  ep im orph  o f  G i n

which  t h e  image o f  g  i s  n o t  i n  t h e  image o f  gp(S,D).

EE22£

L e t  g fg p (S ,D )  be g iven*  F i r s t  n o t i c e  t h a t  w i t h o u t  l o s s  o f  

g e n e r a l i t y ,  we may a g a i n  assume t h a t  S ,D,E a r e  f i n i t e  

p - g ro u p s *  F o r ,  l e t  s ( l )  , s ( 2 )  , * * * , s ( m )  ,  d (1) , d (2) ,  ** .d (n )  , 

e ( l )  ,e{2)  , * * * , e ( k )  be t h e  n o n - t r i v i a l  S - ,  D - ,  E - s y l l a b l e s

p r e s e n t  i n  t h e  ^ re d u c e d  form o f  g a f t e r  r e p l a c i n g  th e -  

( D x S ) - s y l l a b l e s  by t h e i r  d i r e c t  p r o d u c t  no rm al  form* To 

have g f g p ( S , D ) , k £ l  must ho ld *  As S ,D ,E  a r e  r e s i d u a l l y  

f i n i t e  p - g r o u p s ,  we c an  f i n d  su b g ro u p s  M o f  i n d e x  a power o f  

p i n  S e x c l u d i n g  each  o f  s ( l ) , s ( 2 ) , * * . , s  (m),  N o f  in d e x  a 

power o f  p i n  D e x c l u d i n g  e ac h  o f  d ( 1 ) , d  ( 2 ) , • • • , d ( n )  and K

o f  in d ex  a power o f  p i n  E e x c l u d i n g  each  o f

e { l )  , e ( 2 ) ,  . . . , e  (k) • Then t h e  n a t u r a l  homomorphisms
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S— » S / M = S , D— » D /N = D ,  E— »E /K =t?  e x t e n d  t o  a  homomorphism 

$:G—- ^ S " * (DxE) =G under  which g=g$fgp(?*D) f o r  g h a s  n o n ­

t r i v i a l  s y l l a b l e s  s ( l )  * • • •  *5(m )* 5(1)  *• ••  , 5 ( n )  *

e  (1)* • • • *e (R) •

So assume now t h a t  S*D*E a r e  f i n i t e  p -g ro u p s*  F o l l o w i n g  

from t h e  p r o p e r t i e s  o f  f r e e  p r o d u c t s *  i n  G=S*(DxE), 

gp(S*D)=S*D* gp(D*E)*DxE. P u t  P*S*D* T-DxE* G={P#T;D) w i t h  

D amalgamated  u n d e r  t h e  i d e n t i t y *  Then i n  G* gp (S ,D) =S*D* 

gp(D,E)=DxE. L e t  «  be t h e  homomorphism from G o n to  G d e t e r ­

mined by t h e  i d e n t i t i e s  on S and on DxE* S in c e  t h e  homo- 

morphisms 0*sP— >G and 0*!T—-■>G d e f i n e d  by  t h e  i d e n t i t y  maps 

on S*D,E c o i n c i d e  on D* t h e y  e x t e n d  t o  a homomorphism 9 o f  

G o n t o  G. But *9=1$ and 9  =1$ so  « , 9  a r e  i n v e r t i b l e  p r o v i n g  

G-G i . e .  Gs(P*T;D}={(S#D)*(DxE) jD) .

/

S i n c e  S and D a r e  f i n i t e *  t h e r e  e x i s t s *  by Lemma 20* some 

n o rm al  su bg ro u p  M o f  i n d e x  a power o f  p i n  P w i th  sMffDM 

( l f s e S ) . p/m i s  a  f i n i t e  p - g r o u p  t h e r e f o r e  n l l p o t e n t ,  s a y  

o f  e x p o n e n t  p" and o f  n i l p o t e n c y  c l a s s  m* Then P(m*n)CM 

[23* Thm* lh*23*  p .  12]  t h e r e f o r e  sP (m*n) fDP (m*n) ( l f s e S )  

a l s o  h o ld s*  i n  p a r t i c u l a r  s f l  mod P(m*n) ( l f s e S ) .  S in c e  S 

and D a r e  b o th  r e t r a c t s  o f  P*

SO P(m*n) = S (m*n) * 0 fl P(m*n) = D(m*n) *

so  i n  P=P/P(m*n) *

S=SP (m*n) /P  (m,n) = S/S(m*n)* D=DP (m,n) /P  (m,n) S D/D(m,n)«D.
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L e t  t  be t h e  n a t u r a l  homomorphism D— » D .  S in c e  t  i s  i n

f a c t  an i som orphism * (»*{P# (DxE) ;D*D} e x i s t s  and  i s  c l e a r l y  a 

homomorphic image o f  6 .  S i n c e  s  f l  ( l f s e s )  and  a t  l e a s t  one  

T - s y l l a b l e  o f  t h e  ^ re d u c e d  form o f  g6G-gp(S*D) had t o  have  a 

n o n - t r i v i a l  E-component  i n  i t s  d i r e c t  p r o d u c t  n o rm a l  form* 

g f P .  Now D i s  a r e t r a c t  i n  DxE and t h e  f i n i t e  p - g r o u p  P i s  

a r e t r a c t  o f  G. Thus t h e  image o f  g i s  s e p a r a t e  from t h e  

image  o f  P i n  some f i n i t e  p - g r o u p  ep im orph  o f  G; t h i s  y i e l d s  

t h e  d e s i r e d  epimorph o f  G.

He a r e  now r e a d y  t o  p ro v e

Theorem 2 2 :

p - g r o u p s  a r e  r e s i d u a l l y  f i n i t e .

El22£
He c o n t i n u e  w i th  t h e  n o t a t i o n s  i n t r o d u c e d  i n  S e c t i o n  3 .  L e t  

p be any f i x e d  p r i m e .  S i n c e  U and V a r e  f r e e  p r o d u c t s  o f  

f r e e  a b e l i a n  g roups*  a l l  t h e i r  su b g r o u p s  a r e  r e s i d u a l l y  

f i n i t e  p - g r o u p s .

For  r £ l  i n t e g e r *  p u t
*

K D M - P * 4 ♦ l * . . . * - l * 0 , i * . . . * p r -pM j*

N ( r ) = < b , c * . • • * d ; a b e l . > *  r f  <X(1) * y ( i )  * . . . , z ( i )  ; a b e l . >iei(r)

M ( r ) = < a , B * . . . , e ? a b e l . > *  1 f  <*(1) # 7 ( i )  * . .  . * 2 ( i )  ? a b e l . >iei(r)
Then N ( r ) ,  M (r )  a r e  f i n i t e l y  g e n e r a t e d *
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N=N(r) * 1 T* < x ( i )  #y ( i )  s a b e l . > ,
i f l ( r )

M=M (r )  * | | + < x ( i )  #y ( i )  . . . . . z ( i )  ; a b e l . > .
i fX  ( r )

R e c a l l  t h a t

H= < b , c , . . . . d ; a b e l . > # < x ( 0 )  . y  ( 0 ) . . . .  , z  (0) ; a b e l « > * < x ( l ) >

K= < a , 5 . . . .  , c ; a b e l . > IK x (0) . y (0) , . . . , 2 ( 0 )  ; a b e l . > « < 2 (1)> 

and p u t

H * = < b . c . . . . . d ; a b e l . > * < x ( 0 )  , y ( 0 )  . . . . . z ( 0 )  ; a b e l . >

* < x ( l )  , y ( l )  , . . . . z ( l )  ? a b e l . > .  

K+ = < a , 6 , . . . . c ? a b e l . > * < x ( 0 )  ,y(<J) .  . . . . z ( 0 )  ; a b e l . >

*<x (1) , y ( l )  . • . .  , z  (1) ; a b e l . > .

Then f o r  a l l  r .  H+ , K+ a r e  f r e e  f a c t o r s  o f  N (r )  and M(r) and 

H i  N ( t ) ,  K £  K4̂  M ( r ) .  Comparison  w i th  t h e  s p l i t t i n g  

e x t e n s i o n  o f  N ( r )  by t h e  au tom orph ism  o f  o r d e r  pr  o f  N (r)  

t h a t  i s  t h e  i d e n t i t y  on g p ( b . c . . . . . d )  and i s  o t h e r w i s e  t h e  

" c i r c u l a r  a c t i o n "  in d u c e d  by t h e  p e r m u t a t i o n  i  i-—* i + l  

( -p f"^+ l^ i<pr - p r ’1) # pr - p r '* »— >-pr “*+l  shows t h a t  t h e  n a t u r a l  

homomorphism from U o n t o  (J(r)s<U;aPr  «1> i s  o n e - t o - o n e  on 

N ( r ) .  S i m i l a r l y ,  t h e  n a t u r a l  homomorphism from V o n t o  

V (r)  =<V;3^=1> i s  o n e - t o - o n e  on M ( r ) .

I n  t h e  c a s e  o f  N ( r ) ,  we s i m p l i f y  t h e  n o t a t i o n  by w r i t i n g  

N ( r . j . t )  i n s t e a d  o f  N ( r ) ( j « t )  ( s e e  p .  3 ) .  The same w i l l  be  

done f o r  M ( r ) , U ( r ) .  V ( r ) .  Note, t h a t  N ( r . j . t ) .  b e i n g  f u l l y  

i n v a r i a n t  i n  N ( r ) ,  i s  a no rm al  su b g ro u p  i n  U ( r ) .  S i m i l a r l y .  

M ( r . j . t )  i s  a normal  sub g ro u p  i n  V ( r ) .
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W ri te  now H+=S* (DxE) and K+=§*(BxB) where

S * < b , c , , « , , d ; a b e l * > * < x ( 0 ) , y  ( 0 ) , . . . z ( 0 ) ; a b e l « > ,

D = < x ( l )> ,  E=<y(l)  » . . . , z  (1> ; a b e l . > ,

S = < a , 5 , « , , , c ; a b e l , > * < x ( 0 )  , y ( 0 )  , . . . z  (0) ; a b e l * > ,

G = < z ( l )> ,  e = C x ( l ) , . . . , y ( l )  ; a b e l . > .

Then H=gp(S,D) and K=gp(S,S) .

P r o p o s i t i o n  21 a p p l i e d  t o  H+ , K+ y i e l d s  t h a t  H*/H+ ( j , t ) , 

K*/K+' ( j , t )  a r e  f i n i t e  p - g r o u p s ,

f l  H + < j , t ) = l ,  n  K+ ( j , t ) « l ,
j * t  j . t

Pi HH+ d , t ) = H ,  n KK+ ( j , t ) = K .
j . t  j , t

F u r t h e r m o r e ,  s i n c e  H ( j » t )  0=K ( j , t ) ,  H fl H+ ( j , t )  s H ( j , t )  , 

K n(C**-(3,t) «K (3»t> # t h e  f a m i l i e s  { H + < j , t ) } ,  {K + (J , t )>  a r e

( H ,K ,B ) - c o m p a t i b l e ,  i . e .  hH+ ( j , t )  •— > ( h B J K ^ ^ t )  i s  an i s o ­

morphism be tw een  t h e  images  o f  H and K i n  ( j  , t )  and

K + /K + ( j , t )  .

However,  H+ ,  K+  a r e  f r e e  p r o d u c t  f a c t o r s  i n  N ( r ) ,  M ( r ) ,  so  

N ( r , j , t ) f l  H + = H + ( j , t ) ,  M < r , j , t )  fl K + *K +(j , t )  .

Hence N ( r ) / N ( r ,  j , t )  ,  M ( r ) / M ( r , j , t )  a r e  f i n i t e  p - g r o u p s ,  and  

N ( r , j , t ) ,  M ( r , j , t )  a r e  (H ,K ,9 ) - c o m p a t i b l e .

P u t  now U O ^ j . t J s g p t a ^ N t ^ t ) ) ,  V ( r ,  j , t ) * g p ( 3 p r , M ( j , t ) ) .  

Then U / U ( r , j , t )  = U ( r ) / N ( r ,  j , t )  ,  V / V ( r ^ t ) *  V(r ) /M  ( r ,  j , t )  , 

t h e r e f o r e  ( U ( r , j , t ) } ,  { V ( r , j , t ) J  a r e  (H ,K ,0 ) - c o m p a t i b l e  fam­

i l i e s  o f  t h e  d e s i r e d  k in d  i n  U and V, I n v o k i n g  P r o p o s i t i o n



2 o f  [ 4 ]  now c o m p le t e s  t h e  p r o o f *
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Dyson and Mostowskl p ro ved  ( s e e  e . g .  [ 2 1 ] )  t h a t  f i n i t e l y  

p r e s e n t e d  r e s i d u a l l y  f i n i t e  g r o u p s  have  s o l v a b l e  w o r d - p r o b ­

lem* T h i s  y i e l d s  i m m e d ia te ly

Theorem 21s

p - g r o u p s  have  s o l v a b l e  w o rd -p ro b lem .

A more c o n s t r u c t i v e  p r o o f  c a n  be o b t a i n e d  f o r  t h i s  f a c t  i f  

we p ro c e e d  a lo n g  t h e  l i n e s  o f  s e c .  4 . 2  o f  [ 2 0 ]  and f u r t h e r  

u t i l i z e  t h e  s p e c i f i c  g e n e r a l i z e d  f r e e  p r o d u c t  s t r u c t u r e  o f  

6 .

Suppose  an o r d e r i n g  i s  p u t  on e ac h  o f  t h e  s e t s  { b . c . . * . . d } « 

{ x > y . . . . . z }  and we a d o p t  t h e  o r d e r i n g  i n h e r i t e d  u n d e r  l a b e l ­

i n g  by i  on [x ( i )  . y  ( i ) . .  • » . z  ( i ) ) ( l e Z ) . Then e v e r y  e l e m e n t  

i n  t h e  f r e e  a b e l i a n  g r o u p s  on e a c h  o f  t h e s e  s e t s  has a u -  

n i g u e  norm al  fo rm .

For  g iv e n  f r e e l y  r e d u c e d  u = u ( a , b , • . . . c . d . x . y , . . . , z )  p e r fo rm  

t h e  f o l l o w i n g  p r o c e d u r e :

i )  A t t a c h  l a b e l  G t o  each  o c c u r r e n c e  o f  t h e  l e t t e r s  

x #y . . . . . z .

i i )  Check i f  t h e r e  a r e  any a - p o w e r s  i n  o t h e r  th a n  t h e  l e f t ­

most p o s i t i o n .  I f  s o .  p i c k  one  s u c h  o c c u r r e n c e  and s h i f t  i t  

t o  t h e  l e f t - m o s t  p o s i t i o n  w h i l e  a d d in g  t h e  e x p o n e n t  o f  t h e  

a -p o w er  on t h e  move t o  each  l a b e l e d  l e t t e r  t r a v e r s e d .  

R e p ea t  u n t i l  a l l  o c c u r r e n c e s  o f  a a r e  c o l l e c t e d  i n  t h e



t*7
f r o n t .  T h i s  y i e l d s  t h e  (u n iq u e )  s p l i t - e x t e n s i o n  norm al  form 

o f  t h e  e l e m e n t  o f  G d e t e r m i n e d  by a ,  a ? u ( where  0 » e x p ( a ,u )  * 

u ' e N .

i i i )  C a l l  a subword o f  u '  homogeneous i f  i t  c o n t a i n s  e x a c t l y  

one  l a b e l  v a l u e  o r  e l s e  no l a b e l s  a t  a l l .  Then t h e  s y l l a ­

b l e s  o f  u ( a r e  r e c o g n i z e d  a s  t h e  maximal homogeneous s u b ­

words o f  u * .  P u t  now each  s y l l a b l e  o f  u* i n t o  i t s  u n i q u e  

f r e e  a b e l i a n  no rm al  form and ^ r e d u c e  t o  o b t a i n  u " .  The 

e x p r e s s i o n  a ^ u " ,  te rm ed  t h e  p r o p e r  form o f  u ,  i s  u n i q u e l y  

d e te r m in e d  by u ,  a s  a c o n se q u e n c e  o f  t h e  s p l i t t i n g  o f  U o v e r  

t h e  f r e e  p r o d u c t  N o f  f r e e  a b e l i a n  g r o u p s .

S i m i l a r l y ,  a f t e r  o r d e r i n g  t h e  s e t s  ( a , 5 , . . . , c ) ,  ( x , y , . . . , £ }

and a d o p t i n g  t h e  i n h e r i t e d  o r d e r  on ( x ( i )  ,y  (1) , . . . , z  ( i ) } , we

can  f o l l o w  an a n a l o g o u s  p r o c e d u r e  w i t h
/

v = v ( a , 6 , . . . , c , 3 , x , y , . . . , z ) 9 V .  Then, i f  e x p ( 3 , v ) s ? ,  we end 

up w i th  3r v " ,  t h e  u n i q u e  p r o p e r  form o f  v e v .  Remembering 

t h a t  H- ( b , c , . . « , d ; a b e l . ) * ( x ( 0 )  , y  ( 0 ) , . . .  , z  (0) ; a b e l . ) * ( x ( l ) ) 

and K = ( a , B , . . . , c ; a b e l . ) * ( x ( 0 ) ,  ,y  (0) , . . . , £ ( 0 )  ; a b e l . )  4 ( 5 ( 1 ) )  we 

can s t a t e  now

Lsntaa 2 1 '

Given u - u ( a , b , • • . , c , d , x , y , • • • , z )  we can  d e c i d e  i n  a  f i n i t e  

number o f  s t e p s  w h e th e r  ueH o r  ufH h o l d s .  I n  t h e  f o r m e r  

c a s e ,  we can  a l s o  d e t e r m i n e  w h e th e r  o r  n o t  u « l  i n  H. 

S i m i l a r l y ,  g iv e n  v= ( a , E , . . * , c , 3 , x , y , . . . , z )  we can  d e c i d e  i n  

a f i n i t e  number o f  s t e p s  w h e th e r  o r  n o t  veK. I f  veK, we can
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a l s o  d e t e r m i n e  i f  v = l  o r  no t*

££Sfi£

I t  i s  c l e a r l y  s u f f i c i e n t  t o  h a n d l e  one  o f  t h e  s t a t e m e n t s *  

s a y  f o r  H* Now we o n l y  need  t o  p o i n t  o u t  t h a t  s i n c e  H£N,

i f  u»atfu" i n  i t s  p r o p e r  form w i th  5$0* we c o n c l u d e  ufN h e n c e

ufH.  When (5*0* i . e .  u * u " ,  t h e  f r e e  p r o d u c t  s t r u c t u r e  o f  N 

i m p l i e s  t h a t  uSH i f  and o n l y  i f  t h e  s e t  o f  i n t e g e r s  o c c u r ” 

r i n g  a s  l a b e l s  i n  u* i s  a  s u b s e t  o f  {0*1} b u t  no l e t t e r  

d i f f e r e n t  from x has  l a b e l  1* The f a c t  now* t h a t  u"  i s  a l s o  

t h e  f r e e  p r o d u c t  no rm al  form o f  u f o r  ueH* t a k e s  c a r e  o f  t h e

d e c i s i o n  w h e th e r  u = i  o r  n o t  i n  H*

R ep ea te d  u s e  o f  Lemma 24 a c c o m p l i s h e s  t h e  s o l u t i o n  o f  t h e  

word” problem  i n  G a s  f o l l o w s :

I f  w*w(l) w(2) ***w(n) i s  an  a l t e r n a t i n g  p r o d u c t  i n  A*fi* 

i n t e r p r e t  i t  a s  an a l t e r n a t i n g  p r o d u c t  i n  U*V* Apply t h e  

method o f  Lemma 24 t o  e ac h  o f  t h e  s y l l a b l e s  

w ( i )  ( i * l * 2 * . . . , n ) . r l ( w ) £ L  h e n c e  w f l  i n  G i f  f o r  some i  

w(i)fHUK. O th e rw ise*  i f  w(i)eHUK f o r  a l l  i = l * 2 * . . . * n ,  end 

up w i th  e a c h  s y l l a b l e  e x p r e s s e d  by i t s  r e s p e c t i v e  H- o r

K-normal form* Apply 0* t o  each  K - s y l l a b l e ,  i . e .  r e p l a c e

e v e r y  o c c u r r e n c e  o f  a by x ( 0 ) *  E by y ( 0 ) ,  • • • *  c by z ( 0 ) ,

x (0 )  by b* y (0 )  by c ,  • • • *  2 (0 )  by d*

z ( l )  by x ( 1 ) x ( 0 ) - * [ b , y (0) ] . • • [ c , z (0) ]d .  T h i s  t u r n s  w i n t o  a n  

H -p ro d u c t  hen ce  we can  d e t e r m i n e  w h e th e r  w=l o r  n o t .
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S t i l l  l o o k i n g  f o r  t i e s  be tw een  s u r f a c e  g ro u p s  and p - g r o u p s ,  

i n  t h i s  s e c t i o n  we p o i n t  o u t  some s i m i l a r i t i e s  be tw een  t h e i r  

d e r i v e d  g ro u p s*  We p r e s e n t  t h e  p r o o f  o f  t h e  s t a t e m e n t s  i n  

t h i s  s e c t i o n  f o r  t h e  f o u r - g e n e r a t o r  c a s e  o n l y ;  t h e  n o t a t i o n  

f o r  t h e  c o r r e s p o n d i n g  p r o o f s  f o r  t h e  p - g r o u p s  w i th  more g e n ­

e r a t o r s  becomes v e r y  cumbersome.

The f o l l p w i n g  two lemmas w i l l  be h e l p f u l  i n  t h e  s e q u e l*

LSBBta

L e t  F be a f r e e  g roup  on t h e  s e t  {x ( j )  #y ( j )  | jBZ} • For ] 6 Z ,  

l e t  u ( j ) = y  ( j ) y { 3 * l j - » x ( 3 ) . v ( j )  =x(j)-*y < j )x  CJ+l) .  Then t h e  

s e t  ( u ( j )  , v ( 3 )  IjeZ} f r e e l y  g e n e r a t e s  a  f r e e  s u b g ro u p  o f  F.

£C£2£

By an i n d u c t i o n  on Z« t h e  number o f  ( u , v ) - s e g m e n t s  i n  a 

( u , v ) - p r o d u c t ,  we want t o  show t h a t  t h e  s p e l l i n g  o f  e v e r y  

red u c e d  ( u #v ) - p r o d u c t  i s  a r e d u c e d  ( x , y ) - p r o d u c t  and  t h e r e ­

f o r e  t h e  s e t  {u ( j )  #v (  j )  | j6ZJ i s  a f r e e  b a s i s  f o r  t h e  f r e e  

subgroup  i t  g e n e r a t e s *

i )  F i r s t  we n o t e  t h a t  u ( j ) , v (j )  a r e  c y c l i c a l l y  r e d u c e d

( x # y ) - p r o d u c t s  t h e r e f o r e  no x o r  y sym bols  c a n c e l  upon fo rm ­

i n g  u ( j ) * ,  v ( j ) 11 ( j e Z ) , (mfO, n f O ) ,  h e n c e  u t f P f l ,  v ( j ) n f l  

(m,nfO) so  w f l  i f  Z(w) =1.

i i )  Suppose  now t h a t  Z (w) -2  and
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Then t h e  s p e l l i n g  o f  w i s  one o f  t h e  e x p r e s s i o n s

y(3) y(3*i)-*x(3) 

y(3) y ( j * i ) - « x ( 3 )  

x(3H y(3* i>  y t j ) -1 

x(3)-*y(:J*i) y(3J-» 

x(h)-» y (h) x ( h + l )  

x(h+l)*»y(h)-*x(h) 

x ( h H  y (h) x (h+1) 

x(h+l)**y (h)-*x (h)

x(h)*» y (h )  x (h+1) 

x(h+l)-»y(h)-«x(h)  

x(h)-i  y  (h) x (h+1) 

x(h+l)-*y (h)-*x(h) 

y<3) y ( 3 + i ) - * x ( j )  

y(3> y (3 + D '» x (3 )  

x (3 )_,y (3*1) y(3)-> 

x(3)“1y(3+D yW)-*

When 3=h t h e n  3 + l f h ,  t h e r e f o r e  i f  t h e r e  i s  c a n c e l l a t i o n  a t  

a l l  i n  t h e  f i r s t  e x p r e s s i o n  on t h e  l e f t - h a n d - s i d e  o r  i n  t h e  

l a s t  e x p r e s s i o n  o f  t h e  r i g h t - h a n d - s i d e ,  i t  i s  l i m i t e d  t o  t h e  

m id d le  ( x ( j ) x ( h ) * » ,  x ( h ) x ( 3 ) - » ,  r e s p e c t i v e l y ) .  S i m i l a r l y ,

when 3= h+ l ,  t h e n  3 + l f h ,  t h e r e f o r e  i f  t h e r e  i s  c a n c e l l a t i o n  

a t  a l l  i n  t h e  s e co n d  e x p r e s s i o n  on t h e  l e f t - h a n d - s i d e  o r  i n  

t h e  t h i r d  e x p r e s s i o n  on t h e  r i g h t - h a n d - s i d e ,  i t  i s  l i m i t e d  

t o  t h e  m id d le  (x<3)x(h '* 'l ) '1 , x (h+1) x (3)-*, r e s p e c t i v e l y ) .

I f  w=u(3)*I u(h)-» o r  w=v(h)“*v(3)-» t h e n  t h e  s p e l l i n g  o f  w i s  

one o f

yCJ) y ( j * i ) - ‘ x (3 )  y (h )  y (h+ i) -*x(h )  

y ( j )  y (3 * l )" l x (3 )  x (h )-*y(h+l)  y(h)-»

x ( 3 ) - * y ( j* i )  y (3)”1 yOU y(h+i)-»x(h)  

x ( 3 H y C f * l )  y (3)"1 x(h)-*y (h+1) y(h)->
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x(h)-» y (h )  x (h+1) x( j ) -*y  ( j )  x ( j + l )  ,

x (h)-» y (h )  x (h+1) x ( j+ l ) -* y  ( j ) - t x ( j )

x (h-H)- iy(h)-«x(h)  x ( j ) - t y ( j )  x ( j + l )  ,

x (h*l)-»y (h) t x  (h) x ( j* l ) -»y  ( j*-*x (j )

He nay assume h f j  s i n c e  o t h e r w i s e  i )  a p p l i e s *  Now i f  h f j  

t h e n  h + l f j + 1  e i t h e r *  t h e r e f o r e  c a n c e l l a t i o n  i s  p o s s i b l e  o n l y  

i n  t h e  v e r y  f i r s t  e x p r e s s i o n  o f  t h e  r i g h t - h a n d - s i d e  ( in  t h e  

c a s e  h * l » j )  and i s  l i m i t e d  t o  t h e  m id d le  x ( h + l ) x ( j ) - »  • Thus 

w f l  when Z(w)=2 f o l l o w s .

i i i )  The d e t a i l e d  a n a l y s i s  abo v e  a l s o  y i e l d s  t h a t  t h e  l a s t  

two and f i r s t  two l e t t e r s  o f  t h e  c o n s i d e r e d  p r o d u c t s  n e v e r  

c a n c e l*  T h e r e f o r e *  upon j o i n i n g  a  new u -  o r  v - s e g m e n t  t o  a 

r e d u c e d  ( u * v ) - p r o d u c t  w* t o  o b t a i n  t h e  r e d u c e d  p r o d u c t  w* 

l ( w ) > l ( w »)+2 ( i  s t a n d s  f o r  t h e  l e n g t h  w i th  r e s p e c t  t o  t h e  

b a s i s  ( x ( j )  *y ( j )  | jeZ})  • Thus t h e  i n d u c t i o n  works and com­

p l e t e s  t h e  p ro o f*

Lemma 26: L e t  h be a f i x e d  n o n - p o s i t i v e  i n t e g e r *

s (h) *< u  {x( i*  j )  »y ( i»  j )  I j e Z ) ;
I*h

u  ( x ( i + l * j )  = u ( i * j )  , y ( i + l ,  j )  * v ( i *  j)  | j6Z) >* where 
i ^ h

« ( i f  j ) = y ( i » j ) y  ( i#  j+ l ) - * x ( i*  j )  * V ( i , j ) = x ( i ,  j ) - » y ( i ,  j )  x ( i * j + 1 )

< j e z * i * h ) .

Then S(h)  i s  a  f r e e  g ro up  f r e e l y  g e n e r a t e d  by 

tx (h*  j )  *j  (h* j )  | j e Z } .
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E t t a *

He w i l l  p r o c e e d  by i n d u c t i o n -  For  i = h ,  t h e  r e l a t i o n s  a r e

x (h + 1 ,J )  ay ( h , 3 ) y  (h ,  3+ l) -»x(h ,  j )  and

y ( h + l ,  j )  =x (h,3)**y (h ,  j ) x ( h , 3 + l )  ( jeZ )  .

With t h e i r  u s e ,  we can  r e p l a c e  e v e r y  ( x , y ) - p r o d u c t  whose 

l a r g e s t  f i r s t  l a b e l  i s  i n  t h e  s e t  {h,h+l} by an e x p r e s s i o n  

on ( x ( h , j )  ,y  ( h , j )  | j6Z) • L e t  k>h be  an i n t e g e r  and  assume 

i n d u c t i v e l y  t h a t , ,  w i th  t h e  h e l p  o f  a l l  r e l a t i o n s  c o r r e s p o n d  -  

i n g  t o  h £ i < k ,  jeZ, we h a v e  s u c c e s s i v e l y  r e p l a c e d  e v e r y  

( x * y ) - p r o d u c t  whose l a r g e s t  f i r s t  l a b e l  d o e s  n o t  e x ceed  k by 

some e x p r e s s i o n  i n v o l v i n g  o n l y  { x (h ,  3) , y  (h ,  j )  | j e z j  • Now t h e  

r e l a t i o n s

{x (k+1,  j )  =y ( k , j )  y ( k , 3+1)-* x ( k ,  3) and

y(k+1 , j )  *x (k,3)-*y ( k ,3 ) x  (k ,3+ l>  ( 3 e z »

a l l o w  us  t o  e x p r e s s  e v e r y  word w whose l a r g e s t  f i r s t  l a b e l  

i s  k + 1 ,  a s  a p r o d u c t  o f  sym bols  w i th  f i r s t  l a b e l s  n o t  

e x c e e d in g  k ,  and t h u s ,  by t h e  i n d u c t i v e  a s s u m p t i o n ,  a l s o  a s  

an {x ( h ,3)  y ( h , 3) 13eZ) - p r o d u c t .

Doing t h i s  r e p l a c e m e n t  p r o c e d u r e  f o r  k s h + l ,h + 2 ,» « *  we u s e

a l l  t h e  r e l a t i o n s  g iv e n  f o r  S ( h ) • S u b s e q u e n t l y ,  we c a n

a p p ly  a l i e t z e  t r a n s f o r m a t i o n  t h a t  e l i m i n a t e s  a l l  t h e  

" u n n e c e s s a r y *  g e n e r a t i n g  sym bols  { x ( h , 3 ) # y ( h , 3 ) | i > h , j e Z }  and 

a l l  t h e  r e l a t i o n s  e x p r e s s i n g  them i n  t e r m s  o f  t h e  r e s t  o f

t h e  g e n e r a t o r s .  Hence S(h) = < x ( h , 3 ) , y ( h , 3 ) 1 3 G Z > ,  i n d e e d .
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He c an  now p ro v e  ( t h e  l i m i t e d  v e r s i o n  o f )

Theorem 21•

Suppose  t h a t  G i s  a 2 k - g e n e r a t o r  p - g r o u p .  Then G i s  t h e  

s p l i t t i n g  e x t e n s i o n  o f  a l o c a l l y  f r e e  g roup  by a f r e e  a b e -  

l i a n  g roup  o f  r a n k  k .  I n  p a r t i c u l a r ,  t h e  g rou p  

G = < a , b , a , 6  ; [ a , b 3 = l , [ a , B j = l , [ a , a ) [ b , B ] = l >  

i s  t h e  ( s p l i t t i n g )  e x t e n s i o n  o f  a  l o c a l l y  f r e e  g roup  by a 

f r e e  a b e l i a n  g ro u p  o f  r an k  tw o .

Ecaaf
He a d o p t  t h e  c o n v e n t i o n  [ u ,v ] * u v u * v *  f o r  c a l c u l a t i o n a l - n o t a -  

t i o n a l  e a s e .  P u t  x = aa* ,  y=bb*,  B=gp&( x , y ) .  To p r o v e  t h e  

t h e o r e m ,  we show t h a t

i )  G/B i s  f r e e  a b e l i a n  o f  r a n k  two;

i i )  B i s  t h e  d i r e c t  l i m i t  oif f r e e  g ro u p s  o f  c o u n t a b l y  i n f i ­

n i t e  r a n k s .

To s e e  i )  o b s e r v e  t h a t  t h e  mapping a*—> a ,  a*—■> a ,  b*—> b ,

B*—>b o f  G i n t o  i t s e l f  t a k e s  each  o f  t h e  r e l a t o r s  o f  G t o  

t h e  i d e n t i t y  t h e r e f o r e  i t  d e f i n e s  a  homomorphism $ o f  G i n t o  

i t s e l f .  A l s o ,

G<) = < a , b , a , b  ; [ a , b ] = 1 , [ a , b  ]= 1 , [  a ,  a ] [ b ,b ] = 1  , a = i  ,b=b> =

= < a , b  ; [ a , b ] = l >  = G/B,

p r o v i n g  p a r t  i ) •

To s e e  now i i ) , we a p p ly  f i r s t  t h e  R e i d e m e i s t e r - S c h r e i e r  

r e w r i t i n g  p r o c e s s  w i th  t r a n s v e r s a l  {a* b* | l , j e Z )  and  o b t a i n  

g e n e r a t o r s  f o r  B:
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x(i#j) = a* tP aar* biari
1 4  e A i  C1.36X)y ( i ,3>  = a* bP 6b-» b^a"*

and o b s e r v e  t h a t  t h e  a c t i o n s  o f  a and b amount t o  s h i f t s  i n  

t h e  l a b e l s :

a x ( i , j )  a*  -  x ( i + l , 3 )  , b x ( i , 3 )  b» = x ( i , 3 * l )  , 

a  y (1 ,3 )  ar* = y (1+1,3)  * b y ( i * 3 )  b+ = y ( i , 3 + l >  ,  < i ,3eZ) .

U s ing  t h i s # we have

[a ,6]=aBa-*6*=a(a-*a)6(b*b)  (a-«a) a** (b+b) 6+ =

= (aar*) a  (5b+) bar* (aa*) b* (bb+) *

= x ( 0 ,0 )  {ay (0 ,0 )  a * )  (bx (0 ,0J-*b*)y(0,0)-»  s  

= x ( 0 , 0 ) y ( l , 0 ) x ( 0 , l ) - * y ( 0 , 0 ) - i  and

[ a , a  ][ b ,5]=aaa*a-*b6b+ fr«=a <ia*»)a-» (a a * )b  (Bb«)b-» (b&»)- 

=x (1 ,0 )  x (0,0)-* y (0 ,1 )  y (0,0)-*

l e a d i n g  t o  t h e  p r e s e n t a t i o n

B = < U  {x(i,j),y(i,3) IjeZ) ; iez 
U  {x(i+l,3)=u(i,3>. y (i+l,J)*v(i,3) I jeZ}> . iSZ

H e r e ,  a s  b e f o r e ,  f o r  i , j e z ,

u ( i , 3 ) = y ( i , 3 ) y  ( i * 3+1H  x ( 1 * 3 ) .  v ( i , 3 ) = x ( i , 3 ) - t y  ( i , 3 > x  ( i , 3 * l )  .

F o r  h<0 i n t e g e r ,  p u t

S(h)  = < U  { x ( i , 3 ) y ( i * 3 ) l j e Z )  ? 
i * h

U  (x (1+1,5) ~u(i,3), y(i*i.3)=v(i,3) |3ez>>  . 
l £ h

and p u t  S f o r  t h e  su b g ro u p  o f  S ( - l )  g e n e r a t e d  by i t s  s u b s e t
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{u ( - 1 , 3 )  #v (-1# j )  I jeZ) • By Lemma 2 6 ,  S(0)  and S(-X) a r e  b o t h

f r e e  g r o u p s  w i th  f r e e  b a s e s  ( x ( 0 ,  j )  , y ( 0 , j )  | jBZ} and

(x ( - 1 , 3 )  , y  ( - 1 , 3 )  I3BZ} , r e s p e c t i v e l y .  T h e r e f o r e  t h e  s e t  s a p ­

p i n g  x ( 0 , 3 ) h- » o ( - 1 ,3 )  ,  y (0 ,3 )  i—» v ( —1*3) (3GZ) e x t e n d s  t o  a

u n i q u e  h o s o s o r p h i s n  :S ( 0 ) —i>S(-1) and S (0 )$ q £ S .  Lemma 2 5 ,  

a p p l i e d  t o  S ( -1 )  ,  y i e l d s  t h a t  ( x ( 0 , 3 ) 4 0 ,y  ( 0 ,3 ) * „  I3ez> i s  a 

f r e e  b a s i s  f o r  i t s  s u b g ro u p  S so  t h e  mapping

x ( O . 3 ) t o* -S > x (0 ,3 ) .  y ( 0 , 3 ) t 0»—->y(0,3) (3ez) f rom S i n t o  S(0)  

a l s o  e x t e n d s  t o  a u n i q u e  homomorphism o f  S .  But  i s

3 u s t  t h e  r e s t r i c t i o n  o f  t h e  i d e n t i t y  o f  S ( - l )  t o  i t s  s u b ­

gro up  S and i s  t h e  i d e n t i t y  on S ( 0 ) .  Thus S(0) can be  

i d e n t i f i e d  w i th  i t s  i n 3 e c t e d  image S i n  S ( - l )  v i a  t h e  c o n ­

n e c t i n g  map • We can  now r e p e a t  t h e  same a rgu m e n t  f o r  a l l  

h<0 and c o n c l u d e  t h a t  S(h) can  be i d e n t i f i e d  w i th  i t s  

i n 3 e c t e d  image i n  5 ( h - l )  u n d e r  t h e  c o n n e c t i n g  map (from S(h)  

i n t o  S ( h - l ) )

x ( h ,3 ) * —> u ( h - 1 , 3 ) , y (h ,3 )» —5»v(h- l ,3 )  .

T h i s  shows t h a t  t h e  d i r e c t  l i m i t  L = O i S ( h )  o f  t h e  f r e e
4i«0

g r o u p s  S(h)  u n d e r  t h e  f a m i l y  o f  c o n n e c t i n g  maps 

4^ (hs 0 , l , . . . )  e x i s t s .  The p r e s e n t a t i o n  coming from t h e  

d i r e c t  l i m i t  s t r u c t u r e  o f  L i s  e x a c t l y  t h e  p r e s e n t a t i o n  o f  

B:
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L = < S ( 0 ) , U  ( x ( h ,  j) , y  (h ,  j) | jezj ; 

h<0
U  Cx ( h . j )  =u ( h - 1 ,  3) ,y  <h,  j )  *v <h-1 , . j )  | j e z )  > 
h<0

* < U  (x(i» j) *y (i,3) ? jezj U  {x{h,3),y(h,j) |jez) ; i*o h<o
u  { x ( i + l , d ) * u ( i , j ) #y ( i + l , j ) = v ( i , j )  Ijezj 
i* 0

U  {x (h,3) ®u (h-1,3) ,y (h,3) =v (h-1,3) |jeZ)> h£0 
= < U  fx(i, j) #y (i,3) I jezj iez 

u  {x(i*l,3)su(l,3) ,y (i+1,3)-v(i#3) fjSZ) i>0
u { x ( i + i f j) = u ( i f j) , y ( i + i , 3) s v ( i , 3) | jezj>
i£0

= < U  {x(i,3),y(i,3)l:jezj iez
U  {x(in,j)*u(i,j),y(in,j)=v(i,j) I3ezj> .
iez

Thus B i s  l o c a l l y  f r e e .  As a c o n s e q u e n c e  o f  Theorem 27 ,  t h e  

d e r i v e d  g ro u p  o f  6  i s  l o c a l l y  f r e e ,  i n d e e d .
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