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Abstract

A TIME DOMAIN APPROACH TO ROBUST CONTROL FOR 
CONTINUOUS TIME AND DELTA OPERATOR SYSTEMS

By

Jean Eugene Piou

Adviser: Professor Kenneth M. Sobel

Eigenstructure assignment is a method which allows the 

incorporation of classical specifications on damping, 

settling time, and mode decoupling into a modern 

multivariable control framework. However, this design 

approach does not guarantee stability when the plant is 

subject to structured state space uncertainty. In systems 

such as missiles and aircraft, this uncertainty may arise 

from errors in the identification method which is used to 

obtain the linearized models of the plant.

A new robust stability condition based on bounds of the 

integral norm of the state and output is derived. This new 

sufficient condition is valid for linear time invariant 

continuous time systems which are subject to linear time 

varying structured state space uncertainty and unmodelled 

dynamics.



In collaboration with a colleague, a new sufficient 

condition for robust stability of a linear time invariant 

continuous time system which is subject to time varying 

structured state space uncertainty is obtained. This new 

result uses the so-called modal decomposition method. A new 

robust eigenstructure assignment design method is developed 

in which the desired closed loop eigenvalues are constrained 

to lie within chosen regions.

Eigenstructure assignment is extended to linear time 

invariant sampled data systems which are represented by the 

so-called unified delta model. The unified delta model is 

valid for both continuous time and sampled data operation of 

the plant. Sufficient conditions for robust stability based 

on modal decomposition and Lyapunov methods are extended to 

the delta model. Robust sampled data controllers are 

designed for the Extended Medium Range Air to Air Technology 

missile and the Flight Propulsion Control Coupling aircraft.

The robust stability conditions are extended to obtain 

performance robustness conditions. The closed loop 

eigenvalues of the unified delta system are guaranteed to 

lie within chosen damping-settling time regions for all 

specified time invariant structured state space uncertainty. 

Finally, the robust stability conditions are extended to 

multiple input rate fixed output rate sampled data systems.
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1. INTRODUCTION 

1.1. BACKGROUND

Eigenstructure assignment is a method which allows the 

incorporation of classical specifications on damping, 

settling time, and mode decoupling into a modern 

multivariable control framework. However, this design 

approach does not guarantee stability when the plant is 

subject to structured state space uncertainty. In systems 

such as missiles and aircraft, this uncertainty may arise 

from errors in the identification method which is used to 

obtain the linearized models of the plant.

The first result of this research is an extension of the 

sufficient condition for robust stability proposed by Sobel 

et. al.[l] to include simultaneous time varying structured 

state uncertainty and unmodelled dynamics. A new robustness 

result based on bounds of the integral norm of the state 

and output is presented.

In collaboration with Yu [2], we developed a new robust 

stability condition for a linear time invariant (LTI) 

continuous time system which is subject to linear time 

varying structured state space uncertainty. This sufficient
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condition is a sum of terms each of which involves the i-th 

right closed loop eigenvector, the i-th left closed loop 

eigenvector, and the real part of the i-th closed loop 

eigenvalue. This robustness result is less conservative than 

the earlier result proposed by Sobel et. al. [1] which is 

based upon the Gronwall lemma.

We have extended eigenstructure assignment to linear time 

invariant plants which are represented by Middleton and 

Goodwin’s [3] unified delta model which is valid for both 

continuous time and sampled data operation of the plant. An 

important property of the delta model is that the discrete 

time eigenvalues approach the continuous time eigenvalues as 

the sampling period approaches zero. We show that the 

eigenvectors of the delta model are identical to the 

eigenvectors of the continuous time plant and an expression 

for the eigenstructure assignment feedback gain matrix is 

derived. A sufficient condition for the robust stability of 

a linear time invariant unified delta plant subject to 

linear time invariant structured state space uncertainty is 

obtained. This yields a new unified robustness condition 

which is applicable to both continuous time and sampled data 

operation. A robust sampled data controller is designed for 

the Extended Medium Range Air to Air Technology (EMRAAT) 

missile.
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We have extended the robust stability sufficient 

condition of Yedavalli [4], which uses a Lyapunov approach, 

to a unified delta model which is valid for both continuous 

time and sampled data operation of the plant. A robust 

sampled data eigenstructure assignment flight control law is 

designed for the yaw pointing/lateral translation maneuver 

of the Flight Propulsion Control Coupling (FPCC) aircraft.

We present three sufficient conditions for robust 

performance of a linear time invariant unified delta plant. 

The closed loop eigenvalues are required to lie within 

chosen performance regions when the plant is subject to time 

invariant structured state space uncertainty. The first 

condition uses a modal decomposition approach, the second is 

derived from the Lyapunov stability method and the third 

uses the concept of matrix measure.

We have extended eigenstructure assignment to the class of 

multi-rate sampled data systems with multiple input rate and 

fixed output rate (MIFO) proposed by Araki and Hagiwara [5]. 

We have obtained new robustness conditions using both modal 

decomposition and Lyapunov approaches.
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1.2 HISTORICAL REVIEW

1.2.1 EIGENSTRUCTURE ASSIGNMENT FOR LINEAR SYSTEMS

The important results and techniques of eigenstructure 

assignment were presented by Andry et. al.[6]. The problem 

described in Ref.6 can be summarized as follows:

Consider an LTI system described by the following 

equations:

x(t) = Ax(t) + Bu(t) (1)

y(t) = Cx(t) (2)

where
(1) x e IRn, u e IRm, y e IRr;

(2) A,B, C are real constant matrices;

(3) rank(B) = m s 0, rank(C) = r s 0;

The following theorem has been proposed by Srinathkumar [7]:
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Theorem [7] :

Given the controllable and observable system described by 

Eqs.(l) and (2), max(m,r) closed loop eigenvalues can be 

assigned and max(m,r) eigenvectors (or reciprocal vectors by 

duality) can be partially assigned with min(m,r) entries in 

each vector arbitrarily chosen using constant gain 

output feedback.

Andry et. al. [6] concluded that the eigenvector v^ must 

be in the subspace spanned by the columns of (A^I-A) B and 

this subspace is of dimension m which is equal to the 

number of independent control variables. Therefore, if we 

choose an eigenvector v^ which lies precisely in the 

subspace spanned by the columns of (A^I-A) B, it will be 

achieved exactly.

In general, however a desired eigenvector v^ will not 

reside in the prescribed subspace and hence cannot be 

achieved. Ref.6 gives a way to find the "best possible" 

choice for an achievable eigenvector. This best possible 

eigenvector is the projection of v. onto the subspace 

spanned by the columns of (A^I-A) B (in a least square 

sense).

In many practical situation, complete specification of v^
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is neither required nor known but rather the designer is 

interested only in certain elements of the eigenvectors. 

Ref.6 discusses how to choose desired eigenvectors with an 

emphasis on mode decoupling. However, this approach does not 

guarantee stability when the plant is subject to structured 

state space uncertainty. This area has been studied in our 

research work and is discussed in chapter 2.

Recently, Sobel and Cloutier [8] applied eigenstructure 

assignment to the design of an autopilot for the EMRAAT 

missile. An important difference between this application 

and other eigenstructure assignment applications which have 

appeared in the literature is that the lateral dynamics of 

the EMRAAT missile does not have a well defined dutch roll 

mode. Therefore, eigenstructure assignment is utilized not 

only for mode decoupling, but also to create distinctly 

separate dutch roll and roll modes. Sobel and Cloutier [8] 

use the approach suggested by Andry et. al.[6] in which the 

i-th desired eigenvector v^ is chosen for mode decoupling. 

Then, the i-th achievable eigenvector v., is chosen as the 

projection of v^ onto the so-called achievability subspace. 

Sobel and Cloutier [8] show that their design achieves 

improved decoupling between an initial sideslip angle and 

the integrated roll rate (which is approximately equal to 

the bank angle) when compared to a linear quadratic 

regulator design proposed by Bossi and Langehough [9].
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However, the design of Sobel and Cloutier [8] does not 

consider that the missile’s aerodynamic parameters are 

uncertain.

1.2.2 FEEDFORWARD CONTROL

O’Brien and Broussard [10] developed a feedforward control 

technique which enables a plant to perfectly track a model. 

Sobel and Shapiro [11] developed a methodology for pitch 

pointing flight control systems which uses eigenstructure 

assignment and command generator tracking by applying the 

results of Ref.10 to the special case in which the command 

is restricted to be a step. In Ref. 11, the feedback gains 

are computed by using eigenstructure assignment. The desired 

eigenvalues are chosen to obtain the desired settling time 

and the desired eigenvectors are chosen to decouple the 

pitch attitude and flight path angle of an aircraft. 

Feedforward gains are computed which ensure steady-state 

tracking of a pilot’s command.

1.2.3 PSEUDO CONTROL

Sobel and Lallman [12] proposed a pseudo control strategy 

for reducing the dimension of the control space by using the
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singular value decomposition. After the design is complete, 

the controller is mapped back into the original control 

space. Later, Sobel and Shapiro [13] extended the pseudo 

control strategy to allow the designer more freedom by 

adjusting a two dimensional parameter denoted by a. Sobel 

and Shapiro [13] applied the extended pseudo control 

strategy to design a yaw pointing/lateral translation 

control law for the FPCC aircraft.

1.2.4 MULTI-RATE SYSTEMS

Multi-rate sampled-data control systems have been studied 

by Kranc [14] in 1957. The design freedom offered by the 

periodic operation of multi-rate systems led Araki and 

Hagiwara [5] to a class of multi-rate sampled data systems. 

This class consists of systems with multiple input rate and 

fixed output rate (MIFO) sampling. Later, Patel et. al.[15] 

used the result of Ref.5 to design an insensitive multi-rate 

aircraft controller. In our research we extend the result of 

Araki and Hagiwara [5] to the delta model with time 

invariant uncertainty.
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1.2.5 ROBUST CONTROL FOR LINEAR SYSTEMS WITH STATE SPACE 
UNCERTAINTY

Chen and Wong [16] introduced robust stability sufficient 

conditions in the time domain for linear time invariant 

systems with linear or nonlinear time-varying uncertainties. 

In Ref.16, the Gronwall lemma is used to derive robust 

stability conditions which are based on the upper norm

bounds of the uncertainties. The parameters of a dynamic 

controller are selected to satisfy the requirements of

robust stability under plant uncertainties.

Consider the system described by

x = Ax + Bu + AA(x) + AB(u) (3a)

y = Cx + Du + AC(x) + AD(u) (3b)

where x e lRn is the state vector, u e lRm is the input
rvector, y e R is the output vector,and A, B, C and D are 

constant matrices. AA(x), AB(u), AC(x), and AD(u) are 

nonlinear time-varying parametric uncertainties with the 

following known upper norm-bounds.

||AA(x) 11 £ Pjxlj, j|AB(u) | x * P g H j  (3c,3d)
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|j AC (x) | x s (33 \\x \ \v  IIADCu)^ s 34||u|1 (3e,3f)

where the 1-norm of a real vector x e [Rn is

l l x l l l  =  I  l x i
i=l

and the 1-norm of a matrix A is

n
I A I I .  = max V  | A. . |I 111 j | ijI

i=l

and the dynamic controller has the following structure:

x = A x + B y r r r r (4a)

u = K x + K x 1 r 2 (4b)

nlwhere x^ e IR . Notice that this design method requires both 

state feedback and dynamic feedback. From Eqs. (3a), (3b), 

(4a) and (4b):

X B A+BK2 BKj ' X
+

AA(x)+AB(u)
•XL rJ B C+B DK0 A + B DK, L r r 2  r r l J XL rJ B [AC(x)+AD(u)] l r J

(5a)

and
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y = [C+DK2 DKj]
x

+ [AC(x)+AD(u)] (5b)

In Ref.16, the following definitions are used:

x =
X r A+BK0 BK. 1

, A = 2 1
X B C+B DK„ A +B DKr r r 2 r

, C = [C+DK2 DKj],

AA(x) =
AA(x)+AB(u)

B [AC(x)+AD(u)] r
, AC(x) = [AC(x)+AD(u)]

Then, the closed loop system with parametric uncertainties 

can be represented as

x = Ax + AA(x)

x(0) =

ro

(6a)

(6b)

y = Cx + AC(x) 

and the closed loop feedback system is given by

(6c)

x = Ax

x(0) =
x

(7a)

(7b)

ro

y = Cx (7c)
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Define the state transition matrix $(t) of Eq.(7a) as

$(t) = exp(At) (8a)

and suppose

||<Ht)||1 =s m exp(-at) (8b)

for some constants m  > 0, a > 0.

Theorem[16]

For the system with nonlinear parametric uncertainty

described by Eqs.(3c)-(3f). If the control parameters of 

Eqs. (4a) and (4b) are chosen such that the nominal closed 

loop system described by Eqs.(7a)-(7c) is asymptotically

stable and the following inequality is satisfied:

»2+ HBrl 1 )( I IK2 K11 ll )+ B3 HBrlll } (9)

where a = - max Re[A.(A)]il

Then, the nonlinear parametric perturbed closed loop system 

defined by Eqs.(6a)-(6c) is also asymptotically stable.

Next, consider the system described by
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x = Ax + Bu (10a)

y = Cx + Du +Ah * u (10b)

where the operator * denotes convolution. The structural

model uncertainty Ah is linear time-varying but bounded by

the following inequality.

| Ah (t) ^ J  exp(-/3t),

A theorem in Ref.16 states that if the nominal closed 

system (which is not shown here) is asymptotically stable 

and if

1 - i T  I'r'l I IK2 K1)II1 > 0  (11)

then, the system described by Eqs. (10a) and (10b) is also 

asymptotically stable.

The sufficient condition of Eq.(9) for the stability 

robustness of linear systems with time varying norm bounded 

state space uncertainty was extended by Sobel et.al.il] to 

include the structure of the uncertainty. The result of 

Ref.l requires that the nominal eigenvalues lie to the 

left of a vertical line in the complex plane which is 

determined by a norm involving the structure of the
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uncertainty and the nominal closed loop eigenvector matrix. 

Therefore, this robustness result is especially well suited 

to the design of control systems using eigenstructure 

assignment. Ref.l also considers the use of Perron 

weightings to reduce conservatism. The main result of Ref.l 

can be summarized as follows:

Consider a nominal linear time invariant multi-input 

multi-output system described by Eqs.(l) and (2). Suppose 

that the nominal system is subject to linear time-varying 

uncertainty in the entries of A and B described by AA(t) and 

AB(t) respectively. Then, the system with uncertainty is 

given by

Further, suppose that bounds are available on the absolute 

values of the maximum variations in the elements of AA(t) 

and AB(t). That is

x = Ax + Bu +AA(t)x + AB(t)u (12a)

y = Cx (12b)

IAa±J(t)| s (a.j). .) ; 1=1 ,.i j max • .,n; j=l n (13a)

I Ab. . (t) I =£ (b. .) ; i=l.... n; j=l.... m1 ij 1 ij max (13b)
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Define AA+(t) and AB+(t) as the matrices obtained by

replacing the entries of AA(t) and AB(t) by their absolute

values. Also, define A and B as the matrices withmax max
entries (a. .) and (b. .) , respectively. Thenij max ij max

{ AA(13: AA+ i A } (14a)max

{ ABU): AB+ i B > (14b)max

where "s" is applied element by element to matrices and

A 6 IRnxn and B e IRnxm where !R is the set of max + max +
non-negative numbers.

Consider the constant gain output feedback control law

described by

u(t) = Fy(t) (15)

Then, the nominal closed loop system is given by

x (t) = (A + BFC)x(t) (16)

and the uncertain closed loop system is given by

x (t) = (A + BFC)x(t) + [AA(t) + AB(t)FC]x(t) (17)
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Problem [1]:

Given a feedback gain matrix F e  IR,mxr such that the

nominal closed loop system exhibits desirable dynamic 

performance, determine if the uncertain closed loop system 

is asymptotically stable for all AA(t) and AB(t) 

described by Eqs.(14a) and (14b).

Theorem [1]:

Suppose that F is such that the nominal closed loop system 

described by Eq.(16) is asymptotically stable with distinct 

eigenvalues. Then, the closed loop system with uncertainty 

given by Eq.(17) is asymptotically stable for all AA(t) and 

AB(t) described by Eqs.(14a) and (14b) if

and M is a modal matrix of (A + BFC).

This theorem presents a sufficient condition for the

robust stability in terms of the eigenstructure of the

nominal closed loop system. Robust stability is ensured

provided that the nominal closed loop eigenvalues lie to the

B (FC) + ]M+ ||max 11max (18)

where

a  = -max Re[A^(A + BFC)]
i
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left of a vertical line in the complex plane which is 

determined by the nominal closed loop modal matrix and the 

structure of the uncertainty.

The conservatism inherent in the sufficient condition has 

been reduced by the use of a diagonal weighting. Let D be a 

diagonal matrix with real non-negative entries. Then, given 

a nominal closed loop modal matrix M, another valid modal 

matrix is MD. This is because the matrix D just serves to 

scale the nominal closed loop eigenvectors. Therefore, 

Eq.(18) may be replaced by the sufficient condition given by

a > II D-1 (M 1) + [A + B (FC) + ]M+D | L  (19)11 max max 112

or equivalently by the D-weighted 2-norm described by

a > | (M-1)+ [A + B (FC)+]M+|L (20)11 max max 112D

Ref.l uses the following lemma which gives the infimum of 

the right hand side of Eq.(20). This lemma is attributed to 

Stoer and Witzgall [17].

Lemma [17]:

Define the Perron eigenvalue of the non-negative matrix
-f* *f*A , denoted by m(A ), to be the real non-negative eigenvalue
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A ^ 0 such that A £ lA.Ifor all eigenvalues (i=l n)max max 1 1 1
of A+. Then,

inf | A+1 = 7r(A+) (21)
D

Since the matrix inside the norm on the right hand side of 

Eq.(20) is a non-negative matrix, the sufficient condition 

becomes

a > inf | (M-1) + [A + B (FC) + ]M+||_n (22)P 11 max max 112D

or by using the lemma

a > 7r[ (M-1 ) + [A + B (FC) + ]M+] (23)max max

By taking the infimum on the right hand side of Eq.(20), the 

vertical line in the complex plane has been placed as close 

to the imaginary axis as possible with a real positive 

diagonal weighting. Recall that the sufficient condition for 

robust stability requires that the nominal eigenvalues lie 

to the left of this vertical line. In this sense, 

Ref.l has reduced the conservatism of the sufficient 

condition.
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1.2.4 PERFORMANCE ROBUSTNESS

An important criterion for the design of a controller for 

an LTI system with uncertainty is performance robustness. 

Assigning eigenvalues of systems under perturbations in a 

specified region will not only ensure stability robustness 

but also achieve performance robustness when the uncertainty 

is time invariant. Juang, Hong and Wang [18] presented a 

method to calculate allowable element bounds for highly 

structured perturbations to achieve performance robustness. 

Based on a Lyapunov approach, the upper bounds on 

perturbations are obtained to retain system eigenvalues 

within an arbitrarily chosen region in the complex plane. 

However, this result requires the solution of a Lyapunov 

equation which contains complex matrices. In our research, 

we extend the robustness conditions of Yu [2], and Wang and 

Lin [19], to delta operator systems. Our results consist of 

three new theorems where modal decomposition, Lyapunov and 

matrix measure approaches are considered.

1.3 CONTRIBUTIONS OF THE THESIS

1. Proposed a sufficient condition based on bounds of the 

integral norm of the state and output which is valid for 

linear time invariant continuous time systems subject to
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time varying structured state space uncertainty and 

unmodelled dynamics.

2. In collaboration with Yu [2], we derived a new robustness 

result based on a modal decomposition approach. This 

result is applicable to LTI continuous time systems 

with linear time varying uncertainty. We developed a new 

design method which minimizes an objective function with 

constraints on the robustness result and on selected 

damping ratios and time constants. The design method is 

applied to the design of a robust controller for the 

lateral dynamics of the EMRAAT missile.

3. Extended the sufficient condition for robust stability 

developed in collaboration with Yu [2] to sampled data 

systems using the delta operator representation presented 

by Middleton and Goodwin [3] . Applied the robustness 

result to design a robust sampled data controller for the 

EMRAAT missile.

4. Derived a new robustness result for delta operator 

systems subject to time invariant uncertainty using a 

Lyapunov approach. Designed a feedback controller for the 

FPCC aircraft by minimizing the integrated roll rate with 

the robustness condition as one of the constraints.
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5. Developed a robust performance condition for unified 

delta systems with time invariant structured state space 

uncertainty. In our research, we obtained results based 

on a modal decomposition approach, a Lyapunov approach, 

and a matrix measure approach.

6. Derived new robustness results for multi-rate sampled 

data systems using modal decomposition and Lyapunov 

approaches. We show that when the sampling periods go to 

zero, the multi-rate robustness conditions approach the 

continuous time results.

1.4 OUTLINE

Chapter 2 extends the sufficient condition for robust 

stability of Ref.l to include simultaneous time varying 

structured state space uncertainty and unmodelled dynamics.

Chapter 3 presents a robust eigenstructure assignment 

design method, which we developed in collaboration with Yu 

[2], for LTI systems with linear time varying uncertainty by 

using a new robustness sufficient condition. The method is 

applied to the design of a robust controller for the lateral 

dynamics of the EMRAAT missile.
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Chapter 4 extends eigenstructure assignment for a linear 

time invariant system to the unified delta model proposed by 

Middleton and Goodwin [3]. A robust sampled data controller 

is computed for the EMRAAT Missile. We achieve a significant 

improvement in the sideslip gust response as compared to an 

orthogonal projection eigenstructure assignment design.

Chapter 5 presents a new sufficient condition for robust 

stability using a Lyapunov approach. A robust sampled data 

design involving a pseudo control strategy is presented.

Chapter 6 considers performance robustness for an LTI 

system with structured state space uncertainty. We present 

three new robustness results for a delta model which include 

a modal decomposition approach, a Lyapunov approach and a 

matrix measure approach.

Chapter 7 presents new robustness results for multi-input 

fixed output rate delta operator systems based on modal 

decomposition and Lyapunov methods. When the sampling period 

goes to zero, the multi-rate conditions approach the 

continuous time conditions.
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2.PERFORMANCE ROBUSTNESS FOR LTI SYSTEMS WITH STRUCTURED 
STATE SPACE UNCERTAINTY AND UNMODELLED DYNAMICS

2.1 OVERVIEW

In this chapter, we obtain a sufficient condition for the 

stability robustness of a linear time invariant plant which 

is subject to simultaneous time varying structured state

space uncertainty and unmodelled dynamics by using bounds on 

the integral of the state and output norms.

2.2 PROBLEM FORMULATION

Consider a nominal linear time-invariant multi-input 

multi-output plant described by

x = Ax + Bu (29a)

y = Cx + Du (29b)

where x e IRn is the state vector, u e Rm is the input
rvector, y e IR is the output vector, and A, B, C, and D are 

constant matrices. We shall refer to Eqs.(29a) and (29b) as 

either the nominal plant or the design model.
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Suppose that the nominal system is subject to simultaneous 

linear time-varying structured state space uncertainty and 

unmodelled dynamics. The linear time-varying state space 

uncertainty is described by uncertainty in the entries of A, 

B, C, and D and is denoted by AA(t), AB(t), AC(t), and 

AD(t), respectively. The unmodelled dynamics AH(t) satisfy 

the model described by Maciejowski [20].

which affects the output via a convolution with the input. 

Then, the plant with uncertainty is given by

We shall refer to Eqs.(31a) and (31b) as the plant with

uncertainty or the true model. Further, suppose that bounds

are available on the absolute values of the maximum

variations in the elements of AA(t), AB(t), AC(t), and

AD(t). That is,

A t
AH( t) = CAe Ba + DAS(t) + EA«5(t) (30)

x = Ax + Bu + AA(t)x + AB(t)u Ola)

y = Cx + Du + AC(t)x + AD(t)u + AH(t)*u(t) (31b)

(32a)ij max

I Ab. . (t) I ^ (b. .) ; i=l,...,n; j=l.... m (32b)1 ij 1 ij max ^
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l4clj(t)l s ĉij'max' 1=1 r; J=1 n (32C)

| Ad1 (t) | ^ Ccli j Dmax; i=l r; j=l,...,m (32d)

Define AA+(t), AB+(t), AC+(t), and AD+(t) as the matrices

obtained by replacing the entries of AA(t), AB(t), AC(t),

and AD(t) by their absolute values. Also, define A , B , 
3 max max

C , and D as the matrices with entries (a. .) ,max max ij max
(b. .) , (c. .) , and (d. .) , respectively. Then,ij max ij max ij max

(AA(t): AA (t) £ A }max (33a)

-(ABCt): AB (t) ^ B > max (33b)

{AC(t): AC (t) s C > max (33c)

(AD(t): AD (t) * D }max (33d)

where " s "  is applied element by element to matrices and
,nxn ,nxm rxn ,rxm

max !R , B  elR , C e R , D  elR where+ max + max + max +
[R+ is the set of non-negative real numbers.

Further, suppose that bounds are available on the individual 

terms in AH(t). That is,

A.t _.
*<CAe V  S r26 (34a)
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(34b)

Consider the output feedback dynamic compensator described

by

2.3 STABILITY ROBUSTNESS MAIN RESULT

Given a dynamic compensator (Ac> Bc> Cc> Dc) such that the 

nominal closed loop system exhibits desirable dynamic 

performance, determine if the uncertain closed loop plant is 

asymptotically stable for all AA(t), AB(t), AC(t), and AD(t) 

described by Eqs.(33a)-(33d) and unmodelled dynamics 

described by Eq.(30) which satisfy the assumptions shown in 

Eqs.(34a) and (34b).

2.3.1 SUFFICIENT CONDITIONS FOR ROBUST STABILITY 

Theorem 1:

x = A x + B y (35a)c c c c

(35b)

Consider the linear time-invariant plant with time-varying
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structured uncertainty and unmodelled dynamics described by

x(t) = (A+AA(t))x(t) + (B+AB(t))u(t) (36a)

yCt) = (C+AC(t))x(t) + (D+AD(t))u(t) + AH(t)*u(t) (36b)

with dynamic compensator described by

x (t) = A x  (t) + B y(t) (37a)c c c c

u(t) = C x (t) + D y(t) (37b)c c c

Consider the unmodelled dynamics AH(t) given by

A.t
AH(t) = CAe Ba + DAS(t) + EAS(t) (38)

and let the time-varying structured state space uncertainty 

AA(t), AB(t), AC(t), and AD(t) satisfy

{AA(t): AA+(t) ^ A } (39a)max

{AB(t): AB+(t) s B > (39b)max

{AC(t): AC+(t) ^ C > (39c)max

{AD(t): AD+(t) £ D } (39d)max
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where AA(t), AB(t), AC(t), and AD(t) are continuous 

functions.

The plant and unmodelled dynamics satisfy the following 

assumptions:

A t
(i): cKC^e A B^) s r2e (40a)

(ii): C'(D̂ ) ^ rQ (40b)

(iii): <r(Ê ) £ Tj (40c)

(iv): x(t) and y(t) are continuous

(v): cr(u(t)) £ y<r(u(t))

Suppose (A , B , C , D ) is such that the nominal closed c c c c
loop system is asymptotically stable with a non-defective 

closed loop matrix. Then, the uncertain closed loop system 

described by Eqs.(36a) and (36b) is asymptotically stable 

for all AA(t), AB(t), AC(t) and AD(t) which satisfy 

Eqs.(39a)-(39d) and AH(t) which satisfies assumptions 

(i)-(v) if
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a*<r(Q) (D11M 1)

fA + B (D C)++(B+ + B )D+ C B C+' max max c max c max max c
B+ C 0c max

(MD

O' ( D j W
(B++B )D+(D++D )max c max

B+(D++D )c max
[D+(C++C ),C+c max c

- cr[D+(D++D )] - 0"(D 
c max

—  1 — 1 + (d / m V
f(B +B )D+) max c

4*
•O'

1 Bk c J

[D+(C++C ),C+](MD.Qc max c 1

and if

where

1 - o'[D+(D++D )] - o-(D )•#c max c

< 1

0'[D+ (D++D )] + cr(D ) •# < 1c max c

a = -max Re[A.(A ,)] l cll
& = r2//3 + rQ+ yrj

](MD1Q)+

+

(41a)

(41b)

and
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'A+BD C
A = C

B C c

and M is the modal matrix of A ,.cl

Proof: see Appendix I 

Remark 1:

We shall comment on the continuity assumption on x(t) and

y(t) which is stated as assumption (iv). The fact that the

closed loop system is linear together with the continuity of

AA(t), AB(t), AC(t), and AD(t) and the continuity of AH(t)

is sufficient for satisfying the assumption that x(t) and

y(t) are continuous. This continuity result together with
00

||x(t)|| dt <oo is then sufficient to guarantee that
0
lim |x(t)| = 0.
t-*»

Remark 2:

The question of whether there exists a compensator which

satisfies Eqs.(41a) and (41b) for a specified A and Bmax max
is a difficult one. However, suppose that we let

A = eA° and B = eB° with e sufficiently small. Themax max max max

BCc
Ar. *



31

continuity of y(t) implies the continuity of xc(t) an<3 u(t).

This continuity result together with the linearity of the

plant and compensator and assumption (v) should be

sufficient to guarantee that there exists e sufficiently

small such that the uncertain closed system is

asymptotically stable. Therefore, if the sufficient

condition for robust stability is not satisfied for a

particular A and B , then the designer can reduce the max max
uncertainty bounds until the compensator satisfies Eqs.(41a) 

and (41b). This will then yield the maximum uncertainty for 

which the plant and compensator can satisfy the sufficient 

condition for robust stability.

Corollary 1: (Bounded Unmodelled Dynamics)

If = 0, then assumption (iii) is not required.

Corollary 2: (Constant Gain Output Feedback)

For constant gain output feedback u = Dcy, the uncertain 

closed loop system is asymptotically stable if
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a*cr(Q) [A +B (D C) max max c

+ (B++B ) D+ C ](MDmax c max

crf"(D XM 1 )+ (B++B )D+ (D++D )11 max c max r ,— - ( r j r  ' ~ +
1- <r[D+(D++D )] - 0-(D )•#c max c

D (C + C )(MD c max 1

cr["(D 1M_1 ) + (B++B )D+1 •o'[d+(C++C ) (MD Q)+l
\_ 1 max cj [ c max 1 J

1- <r[D+ (D++D )] - <r(D )•«c max c

and if

where

o,[D+ (D++D )] + «r(D )•# < 1c max c

-9 = r 2 / f i  + rQ + jfTj

a = -max Re[A.(A+BD C)] l cl

and M is the modal matrix of (A+BD C).c

Remark 3:

1

(42a)

(42b)

(43)

For constant gain output feedback, Eq.(42b) is an explicit 

constraint on the norm of the feedback gain matrix Dc> The
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reason for this constraint is that AD(t) and AH(t) represent 

high frequency paths which can destabilize the plant unless 

the feedback gain is sufficiently small. This observation is 

consistent with the results of O’Reilly [22] who indicates 

the robustness problem which may result when closing high 

frequency plant loops with constant gains. Thus, a robust 

constant gain controller must be a low authority controller 

such that the gain is small enough at high frequencies so 

that closing the uncertain high frequency paths does not 

destabilize the plant. An alternative is to use a proper, 

but not strictly proper, compensator described by the 

quadruple (Ac> Bc> Cc> DCK  In this case, Eq.(41b) is an 

explicit constraint on Dc which represents a high frequency 

path. Thus, although the proper compensator need not be a 

low authority controller, we require that the gain Dc be 

small. Another alternative is to use a strictly proper 

compensator described by the triple (Ac>Bc,Cc).

Corollary 3: (Strictly Proper Plant with a Strictly Proper

Compensator)

Let D = AD = Dc= 0. The uncertain plant in Eqs. (36a) and 

(36b) is asymptotically stable if

max max c
B C c max
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<r|'{ D ^ M  V [  ° +  J  j  c p ^ O . C ^ K M D j Q ) * ! * # < 1 (44)

where

and

a = -max Re[A.(A ,)] l cli

cl
r  a
B C c

BC

and M is the modal matrix of A ,.cl

Remark 4:

For the strictly proper compensator described by the

triple (A , B , C ), there are no explicit constraints on c c c
the norms of the gains. However, Bc and Cc are implicitly 

constrained via the singular values in Eq.(44) and Ac is 

implicitly constrained via the eigenvalues of A  ̂which must 

be sufficiently far into the left half of the complex plane. 

Note that the compensator (Ac>Bc>Cc) has no high frequency 

paths due to its low pass characteristic. Our results are 

consistent with O’Reilly [22] who suggests that the 

designer should avoid closing high frequency plant loops. 

However, we observe that we can close the high frequency
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loops and still guarantee robustness if the high frequency 

gain Dc is sufficiently small as shown by either Eq.(41b) or 

Eq.(42b).

Remark 5:

When using the compensator represented by the quadruple

(Ac> Bc> Cc> Dc), we can use eigenstructure assignment to

assign (r + nc) eigenvalues. Here r is the number of plant

outputs and nc is the number of compensator states. However,

when D is constrained to be zero we lose some of the c
degrees of freedom in eigenstructure assignment. Thus, there 

may be some advantages with regard to eigenvalue and 

eigenvector assignment in using a non-strictly proper 

compensator. There appears to be a tradeoff between 

robustness to high frequency uncertainty and the ability to 

exactly assign certain eigenvalues and eigenvectors.

Corollary 4: (Norm Bounded Uncertainty; Constant Gain Output 

Feedback).

Let (r(AA(t) , <r(AB(t) )£r2> <r(AC(t) ) s v 3 <r(AD(t) and

let u(t)=Dcy(t). Then,the uncertain closed loop plant is 

asymptotically stable if
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r  k 2 ( M )  i

a
(y1+y~o'(D )o,(C) + [o'(B)+y0]<r(D )y_) 1 2 C 2 c 3

[<r(D )]2 [<r(B)+y ] |>(C)+y ] |>(D)+y ] c 2 3 4

1 - <r(D ){[o'(D)+y ] + & }  c 4

[cr(D̂ ) ] [ct(B)+3'2] [<r(C)+y3]

1 - cr(D M[o'(D)+y ] + #} c 4

< 1

and if

where

o-(D ) • [cr(D) + y. + #] < 1  c 4

a = -max Re[A.(A+BD C)] l cl

and M is a modal matrix of (A+BD C) and k_(M) isc 2
2-norm condition number of the matrix M.

(45)

(46)

the
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3. ROBUST EIGENSTRUCTURE ASSIGNMENT DESIGN METHOD

3.1 INTRODUCTION

In collaboration with Wangling Yu [2], we developed a new 

sufficient condition for the robust stability of a linear 

time invariant system which is subject to linear time 

varying structured state space uncertainty. This new 

sufficient condition is a sum of terms each of which 

involves the i-th right eigenvector, the i-th left 

eigenvector, and the real part of the i-th eigenvalue. This 

new robustness result is less conservative than an earlier 

result which involves the modal matrix and the real part of 

the eigenvalue which is closest to the imaginary axis in the 

complex plane.

A robust design is computed for the Extended Medium Range 

Air to Air Technology Missile and the new design is compared 

with an earlier orthogonal projection eigenstructure 

assignment design. The new design method uses the MATLAB™ 

Optimization Toolbox [23] to minimize the integral of the 

roll rate with constraints on the real part of the dutch 

roll and roll mode eigenvalues, the damping ratios of the 

dutch roll and roll modes, the aileron and rudder deflection 

rates, and the sufficient condition for robust stability.
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The new design satisfies the robustness condition while also 

yielding an improved transient response.

3.2 PROBLEM FORMULATION

Consider a nominal linear time-invariant multi-input 

multi-output system described by

Suppose that the nominal system is subject to linear 

time-varying uncertainty in the entries of A, B described by 

AA(t) and AB(t), respectively. We shall assume that the 

entries of AA(t) and AB(t) are continuous. Then, the system 

with uncertainty is given by

x(t) = Ax(t) + Bu(t) (47a)

y(t) = Cx(t) (47b)

x(t) = Ax(t) + Bu(t) + AA(t)x(t) + AB(t)u(t) (48a)

y(t) = Cx(t) (48b)

Further, suppose that bounds are available on the absolute 

values of the maximum variations in the elements of AA(t) 

and AB(t). That is,
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|AaiJ(t)| £.......... 1=1.... n; J=1.... n (49a)

|AbiJ(t)| £ (bi j ̂max; 1=1 n! (49b)

+ +Define AA (t) and AB (t) as the matrices obtained by

replacing the entries of AA(t) and AB(t) by their absolute

values. Also, define A and B as the matrices withmax max
entries (a. .) and (b. .) , respectively. Then,ij max ij max

{AA(t): AA+(t) ^ A > (50a)max

and

{AB(t): AB+(t) ^ B } (50b)max

where "s" is applied element by element to matrices and

A e (Rnxn g e [Rnxm where IR is the set of non-negative max + max + + °
numbers.

Consider the constant gain output feedback control law 

described by

u(t) = Fy(t) (51)

Then, the nominal closed loop system is given by
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x (t) = (A + BFC)x(t) (52)

and the uncertain closed loop system is given by

x (t) = (A + BFC)x(t) + [AA(t) + AB(t)FC]x(t) (53)

Finally, the stability robustness problem can be stated as

nominal closed loop system exhibits desirable dynamic 

performance, determine if the uncertain closed loop system 

is asymptotically stable for all AA(t) and AB(t) described 

by Eqs.(50a) and (50b).

3.3 ROBUSTNESS RESULT

The solution proposed by Sobel et.al.[l] for the 

stability robustness problem is described by the following 

theorem.

Theorem 2:

Suppose that F is such that the nominal closed loop system 

described by Eq.(52) is asymptotically stable with (A+BFC) 

non-defective. Then, the uncertain closed loop system given 

by Eq.(53) is asymptotically stable for all AA(t) and

follows: Given a feedback gain matrix F e IR,mxr such that the
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AB(t) described by Eqs.(50a) and (50b) if

a  > A [ (M 1) + [A. max (54)max max

where

a = -max Re[A.(A+BFC)]li

and where M is a modal matrix of (A+BFC) and A (•) of amax
non-negative matrix denotes the real non-negative eigenvalue

A ^ 0 such that A i |A. I for all eigenvalues A.. The max max 1 l1 & i

above theorem describes a sufficient condition for the

robust stability in terms of the eigenstructure of the

nominal closed loop system. Robust stability is ensured 

provided that the nominal closed loop eigenvalues lie to the 

left of a vertical line in the complex plane which is 

determined by a norm involving the structure of the

uncertainty and the nominal closed loop modal matrix. We 

remark that the sufficient condition given by Eq.(54) can be 

rewritten as shown below.

This alternate form of the stability robustness condition 

will be useful later when we compare it with the new 

robustness condition which is derived in this section. We 

now present a new sufficient condition for robust stability

max [ (M V[Amax max (55)
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of a linear time invariant system subject to linear time 

varying structured state space uncertainty which is 

described by the following theorem.

Theorem 3:

Suppose that F is such that the nominal closed loop system 

described by Eq.(52) is asymptotically stable with (A+BFC) 

non-defective. Then, the uncertain closed loop system given 

by Eq.(53) is asymptotically stable for all AA(t) and AB(t) 

described by Eqs.(50a) and (50b) if

# +
t n (v.w.) n

x \  V  L1—  [A + B (FC) ] I < 1 (56)maxi L  a. max max (
i=l 1 J

where

a. = -Re[A.(A+BFC)]l l

and where A^ is the i-th eigenvalue of (A+BFC) with v^ and

w. the corresponding right and left eigenvectors,
*

respectively; and where (♦) denotes the complex conjugate 

transpose.

Proof: see Appendix II

*We remark that the quantity l^v^l is defined by Golub and 

Van Loan [24] to be the condition number of the i-th
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eigenvalue. This condition number is a measure of the

sensitivity of the i-th eigenvalue to incremental
*

perturbations in the matrix A+BFC. The quantity v ŵ .̂ which 

appears in Eq.(56), is weakly related to this eigenvalue 

condition number. Thus, the new stability robustness 

condition of Eq.(56) seems to have the heuristic 

interpretation that robustness can be achieved by having the 

sensitive eigenvalues far into the left half complex plane 

and by having the eigenvalues which are near the imaginary 

axis to be insensitive. Such an interpretation was not 

possible for the result of Sobel et.al.[l] because their 

stability robustness condition, which is given by Eq.(55) is 

in terms of the spectrum as a whole rather than the 

individual eigenvalues.

The new stability robustness condition of Eq.(56) is less 

conservative than the earlier condition of Sobel et.al.[l]. 

This property is described by the following theorem.

Theorem 4:

The left hand side of Eq.(56) is less than or equal to the 

the left hand side of Eq.(55). Mathematically,
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* +
( n (v.w.) ,

A 1 V ---— — [A +B (FC) ]1max^ L  a .  max max J
i=l

-  f— U  l ( M  1 )  +  fA +B (FC) + ]M+1 (57)[ a J max^ max max I

Proof: see Appendix III

3.4 ROBUST DESIGN FOR THE EMRAAT MISSILE

Consider the Extended Medium Range Air to Air

Technology (EMRAAT) bank-to-turn missile which is described

by Bossi and Langehough [9]. A sixth order model of the

yaw/roll dynamics at a 10 degree angle of attack is

considered with state vector, control vector, and
Tmeasurement vector given by x = [/3,r,p,p ,5 ,5 ] ,l r 21

T Tu = [6 ,5 ] , and y = [/3,r,p,p ] , respectively. Here /3 isr c 2io l
the sideslip angle (deg), r is yaw rate (deg/s), p is roll 

rate (deg/s), p^ is integrated roll rate (deg), <5r is rudder 

deflection (deg), and 5 is aileron deflection (deg). The
' cL

state space matrices A, B, and C are shown below:
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EMRAAT STATE SPACE MATRICES

-.5007 -.9945 . 1736 0 . 109 .00691
16.83 -.5748 .01233 0 -132.8 27.19

-3227 .3208 -2.099 0 -1620.0 -1240.0
0 0 1 0 0 0
0 0 0 0 -179 0
0 0 0 0 0 -179

‘ 0 0 0 0 179 0 'T
B =

_ 0 0 0 0 0 179 _

1 0 0 0 0 0 ■
p — 0 1 0 0 0 0u — 0 0 1 0 0 0

0 0 0 1 0 0

Sobel and Cloutier [8] use eigenstructure assignment with

an orthogonal projection. The desired dutch roll and roll

mode eigenvalues are achieved exactly because four

measurements are available for feedback. The desired dutch

roll eigenvectors are chosen to yield a complex mode which

is composed of sideslip angle and yaw rate with no coupling

to roll rate and integrated roll rate. The desired roll mode

eigenvectors are chosen to yield a complex mode which is

composed of roll rate and integrated roll rate with no

coupling to sideslip angle and yaw rate. Then, the

achievable eigenvectors are computed by using the orthogonal

projection of the i-th desired eigenvector v. onto the
-1columns of (A^I-A) B. The closed loop eigenvalues and the
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feedback gain matrix are shown in Table 1.

TABLE 1. COMPARISON OF EMRAAT DESIGNS

Closed Loop Eigenvalues Feedback Gain Matrix

Eigen- \,r~23.98±J17.99
structure _io.oilJ9.98
Assignment roll
Design 
of Sobel 
and Cloutier A

A , = -132.1 act

act = -161.1

Robust
Design

Adr=-14.94±jl6.68

Aroir_40-55±j92-90
A = -150.3 act
A = -99.3 act

0 r p Pj 

-4.19 .233 .00374 .731 

2.89 -.290 .00631 -.812
rc

ac

0 r P PI
2.82 . 162 .0127 1. 18

770 -.180 .062 3.14
rc

ac

Eigenvalues are computed by using feedback gains which are 
rounded to three significant digits.

In collaboration with Yu [2], we propose a new robust 

design which minimizes the integrated roll rate (which is 

approximately the bank angle) subject to constraints on the 

real part of the dutch roll and roll modes, the damping 

ratios of the dutch roll and roll modes, the aileron and 

rudder deflection rates, and the new sufficient condition 

for robust stability. Mathematically, the objective function
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to be minimized is given by

30 ?J = £ [ p ^ k T ^ r  (58)
k=l

where T^O.Ols

The values of and k are chosen to include the time 

interval [0,0.3] during which most of the transient response 

occurs. Of course, computation of Eq.(58) requires that a 

linear simulation be performed during each function 

evaluation of the optimization. The constraints are shown 

below where <; is the damping ratio.

Re A , e [-50,-6] (59)dr

Re A .. e [-50,-6] (60)roll

Re A , , < -100 (61)rudder

Re A < -100 (62)aileron

C, e [0.4,0.8] (63)dr

‘’roll 6 (64)
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|S | < 275 deg/s (65)

S | < 275 deg/s (66)

Xmax{6 (v.w.) \
V ---— —  [A + B (FC) ] I < 0.999 (67)

L  a .  max max f
1=1 1 }

where for illustrative purposes we have chosen A = 0.1*A+max
and B =0. max

The actuator deflection rates are computed from the slopes 

of the time responses of the deflections during the time 

interval [0,0.03], This interval is chosen because the 

slopes of the deflections are largest during this time 

interval. Mathematically,

max|5 (mT )I|«J-----  -2. - (68)
ml2

maxi 5 (mT„)I
IS I =----  a 2 (69)1 a 1 „

2
where T^O.OOls and m=0,1, . . . ,30. The maximum deflection

rates chosen for the constraints are well within the

expected 400 deg/s limit for the advanced state of the art 

electromechanical actuator described by Langehough and
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Simons [25].

The parameter vector contains the quantities which may be

varied by the optimization. This twelve dimensional vector

includes Re L  , Im A , , Re A Im A Re z,(l),dr’ dr roll’ roll’ 1
Re z ^ ( 2 ) ,  Im z ^ { l ) , Im z ^ ( 2 ) ,  Re z ^ ( l ) , Re z3(2), Im z ^ l ) , 

Im z3(2). Here, the two dimensional complex vectors z^ 

contain the free eigenvector parameters. That is, the i-th 

eigenvector v^ may be written as

v. = L.z. (70)l 1 1

-1where the columns of L.=(A.I-A) B are a basis for thel i

subspace in which the i-th eigenvector must reside. Thus, 

the free parameters are the vectors z^ rather than the 

eigenvectors v^.

The optimization is performed by using subroutine c o n s t r  

from the MATLAB™ Optimization Toolbox [23] on a 486™ 25MHz 

personal computer. The optimization is initialized with the 

design proposed by Sobel and Cloutier [8] which yields an 

initial value of 5.0214 for the objective function of 

Eq.(58), a value of 4.0472 for the left hand side (LHS) of 

the earlier robustness condition of Eq.(55), and a value of 

2.0686 for the LHS of the new robustness condition of 

Eq.(56). The optimization is complete after 2698 function
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evaluations which requires approximately one hour of 

computation and yields an optimal objective function of

0.0284, a value of 2.4432 for the LHS of the earlier

robustness condition of Eq.(55), and a value of 0.999 for 

the LHS of the new robustness condition of Eq. (56). We

observe that the dutch roll mode is dominant in the robust 

design whereas the roll mode was chosen to be dominant in 

the design of Sobel and Cloutier [8], Furthermore, the 

optimization has assigned the roll mode damping to be the 

smallest value which is allowed by the constraint of 

Eq.(64).

The time histories for initial, robust, initial 1.1A, 

robust 1.1A of sideslip angle, yaw rate, roll rate, 

integrated roll rate, rudder deflection, and aileron

deflection to a one degree initial sideslip are shown in

Figures 1, 2, 3, 4, 5, and 6, respectively. We observe a

significant improvement in the integrated roll rate response 

(which is desired to be zero) when compared to the earlier 

design of Sobel and Cloutier [8]. The earlier design of 

Sobel and Cloutier [8] has a minimum Pj(t) of -.646 deg but 

the new design of this thesis has a minimum p^(t) of -.112 

deg which is an improvement of approximately 80%. We note

that this improved response is obtained with both smaller

aileron and rudder deflections. Furthermore, it is 

interesting that the aileron in the design of Sobel and
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Cloutier [8] exhibits an initial positive deflection of 

approximately two degrees before becoming negative, whereas 

this large positive initial aileron deflection does not 

appear in the new robust design. Next, the response to a 

roll rate step of 5 deg/s is considered. The roll rate, 

rudder deflection, and aileron deflection are shown in 

Figures 7, 8, and 9, respectively. The new robust design 

exhibits a roll rate response with a significantly smaller 

settling time which is achieved by using larger aileron 

deflection rates. Nevertheless, these deflection rates of 

approximately 25 deg/s are well within the allowable limits.
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Figure 1. EMRAAT Missile Sideslip Angle.
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Figure 2. EMRAAT Missile Yaw Rate.
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Figure 3. EMRAAT Missile Roll Rate.
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Fig.4 EMRAAT Missile Integrated Roll Rate.
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Figure 5. EMRAAT Missile Rudder Deflection.
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Figure 6. EMRAAT Missile Aileron Deflection
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Figure 7. EMRAAT Missile Roll Rate for Step Response
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Figure 8. EMRAAT Missile Rudder Deflection for Step Response
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Figure 9. EMRAAT Missile Aileron Deflection for Step 

Response
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4. ROBUST SAMPLED DATA EIGENSTRUCTURE ASSIGNMENT USING THE 

DELTA OPERATOR

4.1 OVERVIEW

In this section, we extend eigenstructure assignment to 

linear time invariant plants which are represented by 

Middleton and Goodwin’s [3] unified delta model which is 

valid both for continuous time and sampled data operation of 

the plant. An important property of the delta model is that 

the discrete time eigenvalues approach the continuous time 

eigenvalues as the sampling period approaches zero. We show 

that the eigenvectors of the delta model are identical to 

the eigenvectors of the continuous time plant and an 

expression is derived for the eigenstructure assignment 

feedback gain matrix for the delta model. We show that in 

the limit as the sampling period delta goes to zero, the 

delta feedback gain approaches the continuous time feedback 

gain. We propose a sufficient condition for the robust 

stability of a linear time invariant unified delta plant 

subject to linear time invariant structured state space 

uncertainty. This yields a new unified robustness condition 

which is applicable to both continuous time and sampled data 

operation.
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We design a robust sampled data controller for the lateral 

dynamics of the EMRAAT missile and this new design is 

compared to an orthogonal projection eigenstructure 

assignment design. The new design method proposed in this 

chapter uses the MATLAB™ Optimization Toolbox [23] and the 

MATLAB™ Delta Toolbox [26] to minimize the integrated roll 

rate with constraints on the time constants of the dutch 

roll and roll modes, the damping ratios of the dutch roll 

and roll modes, the aileron and rudder deflection rates, and 

the new sufficient condition for robust stability. This 

design satisfies the new robustness condition while also 

yielding an improved transient response as compared to the 

orthogonal projection design.

4.2 PROBLEM FORMULATION

Consider a nominal linear time-invariant multi-input 

multi-output system described by Eqs. (47a) and (47b). The 

corresponding sampled data system, which is obtained by 

using Middleton and Goodwin’s [3] delta operator, is 

shown below.

Sx = A x + B u (71)o o

y = Cx (72)
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where

A„ = QA o (73)

Bg = QA (74)

(75)

(76)

and where the shift operator q is defined by

and where A is the sampling period.

The unified state space model proposed by Middleton and 

Goodwin [3] is valid for both the continuous and discrete 

time cases simultaneously. This unified model is described 

by

px(t) = A x(t) + B u(t)P P (78)

where
y(t) = Cx(t) (79)
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A = - P
A in continuous time
A*. in discrete time

(80)

B = P
B in continuous time

B in discrete time o
(81)

and where

P =

d_
dt in continuous time 

in discrete time
(82)

Suppose that the nominal delta system is subject to linear

time-invariant uncertainty in the entries of A , BP P
described by dA and dB , respectively, where P P

dA = P
dA in continuous time

dA*. in discrete time
(83)

dB = P
dB in continuous time

dB*. in discrete time
(84)

and where

dA6 ='+[•
(A+dA)A AA| (85)

_ 1 T fA (A+dA)x , . fA At , _ 1dBg = — J e dx (B + dB) - J e dx B J (86)
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Then, the delta system with uncertainty is given by

px(t) = A x(t) + B u(t) + dA x(t) +dBu(t) (87)
P  P  P  P

y(t) = Cx(t) (88)

Further, suppose that bounds are available on the maximum 

absolute values of the elements of dA and dB. That is,

Ida. .1 £ (a..) ; i=l.... n; j=l,...,n (89)1 i j 1 ij max > . j >

Idb. .1 s (b. .) ; i=l.... n; j=l.... m (90)1 ij1 ij max °

Then, the corresponding bounds on the 6 system, through Eqs. 

(85) and (86), are

|dag(i,j)| s [dag(i,j)]max; 1=1 n : J=1 n

|dbs (i, j) | £ [dbg(i, j)]max; i=l n; j=l m (92)

4* *♦*Define dA^ and dB^ as the matrices obtained by replacing the

entries of dA and dB by their absolute values. Also, 
P P

define A and B as the matrices with entries (a. .)pmax pmax ij max
and (b. .) , respectively in continuous time or withij max ^ y
entries [da_.(i,j)] and [dbdi.j)] , respectively in <5 ° max 5 J max ^  J

discrete time. Then,



62

and where

{dA : dA+ s A > (93)p p pmax

{dB : dB+ £ B } (94)p p pmax

Apmax

Bpmax

A in continuous timemax
A„ in discrete timev Smax

B in continuous timemax
B_ in discrete time5max

(95)

(96)

and where

1 r U  +
^ 5max

1 r (A++A )A . + .
- n r  [e -e ] (97)

1 r l/ +
^5max

1 r _A (A +A )t _A + -i
J- [ J %  «“  dx (B * Bmax) - £  e ' *  B* ]

(98)

and where "s" is applied element by element to matrices and

A 6 R^Xn, B e [R̂ xm where (R, is the set of non-negative max + max + + °
numbers.

Consider the constant gain output feedback control law 

described by

u(t) = F y(t) (99)

where
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F = P
in continuous time

F„ in discrete time o
(100)

Then, the nominal closed loop unified delta system is given 

by

px(t) = A x (t) (101)pc
where

A + BFC in continuous time
pc (102)

A„ + B^F-C in discrete time o o o

and the uncertain closed loop unified delta system is given 

by

px(t) = A x(t)+dA x(t) (103)pc pc
where

dA + dB(FC) in continuous time
dApc (104)

dA„ + dB„(F5.C) in discrete time o o o

Finally, the stability robustness problem can be stated as
mxrfollows: Given a feedback gain matrix F e DR such thatP

the nominal closed loop unified delta system exhibits 

desirable dynamic performance, determine if the uncertain 

closed loop unified delta system is asymptotically stable 

for all time-invariant dA and dB described by Eqs.(93) andp p
(94), respectively.
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4.3 DELTA EIGENSTRUCTURE ASSIGNMENT AND ROBUSTNESS RESULTS

This section presents four theorems describing 

eigenstructure assignment and robust control for the unified 

delta model. Theorem 5 shows that a matrix M is a modal 

matrix for the delta plant if and only if it is a modal 

matrix for the continuous time plant. Theorem 6 describes 

the settling time and damping ratio regions for the delta 

plant in the y-plane. Theorem 7 describes the eigenstructure 

assignment output feedback gain matrix for the delta plant 

and shows that the delta feedback gain matrix approaches the 

continuous time feedback gain matrix as the sampling period 

A approaches zero. Theorem 8 presents a sufficient condition 

for robust stability of the delta plant under time invariant 

structured state space uncertainty. This new robustness 

condition is valid simultaneously for both continuous time 

and discrete time operation of the plant.

Theorem 5: (Delta Eigenvectors)

Consider the continuous time plant given by x=Ax+Bu and 

the sampled data plant given by Sx=A„x+B„u. The i-tho o
exp(A.A)-l

eigenvalues of A and A„ are A. and y.=---- ; ,o i i A
respectively. Let M be a modal matrix and let A be a

diagonal matrix with the A (i=l,...,n) as entries. Then,

M ■''A-.M = y .  I = — (e^-I) if and only if 5 l A J
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M 1AM= A d  = A (105)

Proof: see Appendix IV.

Theorem 6: (Delta Settling Time and Damping Regions)

Consider the plant described in Theorem 5 with eigenvalues 

A^ in continuous time and eigenvalues for sampled data 

operation. The s-plane settling time region described by

Re A < <r (106)

maps into the y-plane region described by

|1+Ay | < e0* (107)

and the s-plane damping region described by

cos(tan ^Im AVt-Re Ad)) > £ (108)

maps into the y-plane region described by

Il+Ayj < exp(-<0/(l-<2)1/2) (109)

where

<p = argd+Ay) (1 1 0)
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Proof:see Appendix V.

Theorem 7: (Delta Eigenstructure Assignment Feedback Gain

Matrix)

mxrSuppose u=F„y with F_ 6 [R such that the nominal closed o o
loop system A„+BJF_.C is asymptotically stable and o o o
non-defective. Let be the rxr diagonal matrix whoseor
entries are the assignable closed loop eigenvalues and let 

Mr be the nxr matrix whose columns are the corresponding 

achievable eigenvectors. If a solution exists for

(A. + B.F_C) M = M A (111)5 5 6 r r Sr
then

F = V-Z^uLfM A -A M )V Z 1UT. (112)5 6 5 50 r 5r 5 r r r rO

B 5 [US0 U 6 1 '

T
S6V5 (113)

and

CM [Ur0 Url]

TZ V r r
0

(114)

are the singular value decompositions of B^ and CM^,

respectively. Furthermore, when A->0, F„-̂ F whereo



67

F = vdz d 1uL,(m A -AM )V Z V  B B B O r r  r r r r O (115)

is the feedback gain for the continuous time plant which 

satisf ies

(A + BFC)M = M A r r r
and where

B 1 UB0 UB1 ]

T
ZBVB
0

(116)

(117)

is a singular value decomposition of B and A^ is a diagonal 

rxr matrix containing the assignable eigenvalues

Ai(i=l,2 r).

Proof: see Appendix VI.

Theorem 8: (Unified Robustness Sufficient Condition)

Suppose that F^ is such that the nominal closed loop

system described by Eq.(lOl) is asymptotically stable with

(A +B F C) non-defective. Then, the uncertain closed loop 
p  p  p  y

system given by Eq.(103) is asymptotically stable for dA_o
and dB^ described by Eqs.(93) and (94), respectively if

* +/ n (v.w.) \
A \  Y   * ^ — A L < 1 (118)max[ L  f ( y . J  pcmax J 

i=l 1
where
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n*.) =
-Re (3̂ ) continuous time
1 +[l-d+Ay^) ] discrete time

(119)

pcmax

A + B (FC) max max continuous time

A_ + B-. (F_C) discrete timeSmax Smax 5
(120)

1 r (A +A )A .+ , max A
Smax A [e 6 ‘ ]

(1 2 1)

BSmax
1 r _A (A +A )x  ̂ -A .+ ^

- - r [  £  "a>< dT (B + Bmax> - e T dT B ]

(1 2 2)

and where y .  is the i-th eigenvalue of (A +B F C) with v.l & p p p l
*

and w^ the corresponding right and left eigenvectors,
*

respectively; and where (•) denotes the complex conjugate 

transpose.

Proof: see Appendix VII

4.4 ROBUST CONTROL DESIGN FOR THE EMRAAT MISSILE

We consider the Extended Medium Range Air to Air 

Technology (EMRAAT) bank-to-turn missile which was discussed
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in section 3.4. A seventh state x^ representing a yaw rate

washout filter with pole at -5 is added. The washed out yaw

rate r is fed back instead of yaw rate, wo

First, we design an eigenstructure assignment control law

by using an orthogonal projection. The delta state space

matrices A_ and B«, are computed by using the MATLAB™ Delta o o
Toolbox [26]. The sampling period A is chosen to be 0.0025

seconds for illustrative purposes. The desired dutch roll

and roll mode eigenvalues are achieved exactly because four

measurements are available for feedback. The desired dutch

roll eigenvectors are chosen to yield a complex mode which

is composed of sideslip angle and yaw rate with no coupling

to roll rate and integrated roll rate. The desired roll mode

eigenvectors are chosen to yield a complex mode which is

composed of roll rate and integrated roll rate (which is

approximately equal to the bank angle) with no coupling to

sideslip angle and yaw rate. Then, the achievable

eigenvectors are computed by using the orthogonal projection

of the i-th desired eigenvector v^ onto the subspace which
-1is spanned by the columns of (y.I-A„) B„. The closed loopl o  o

delta eigenvalues y ; i=l n and the feedback gain matrix

F„ are shown in Table 2. The desired and achievable closed o
loop eigenvectors are shown in Table 3.
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TABLE 2. COMPARISON OF EMRAAT DESIGNS (A=0.0025 s)

Closed Loop Eigenvalues Feedbackgain Matrix

Ortho- *dr =-23.65±jl6.97
gonal 
Proje­
ction

*roll =-9■98±jl0.16

act =-130.3
Design

y . = -103.8 act

'filter = -6.97

Robust *dr=-18.26±jl4.15 
Design y . =-61.39±j99.70 roll J

*act = - 11 2 -8 

*act = -4 8 '61 

filter = -7 ’42

r p pTwo I
-5.43 .231 .0043 .959

4.42 -.285 .0050 -1.09
re

ac

13 r p pwo I
-4.16 .196 .0154 1.27

2.36 -.215 .0757 2.16
re

ac

Eigenvalues are computed by using feedback gains which are 

rounded to three significant digits
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TABLE 3 EIGENVECTORS FOR THE EMRAAT DESIGN

Desired Closed Loop Eigenvectors:

1 X ' 0 ' ' 0 ' 0
X 1 0 0 r
0 0 1 X P
0 ±j 0 X ±j 1 PI
X X X X 6r
X X X X 5a
X X _ 0 _ 0 _ X7

Dutch Roll Mode Roll Mode

Orthogonal Projection Design:
0.0258 0.0203 -.0083 -.0092 -.0012 0.0074 0.0327
1.0000 0.0000 0.0000 -.0003 -.0197 1.0000 0.3931
-.0006 0.0001 1.0000 0.0000 1.0000 0.1780 1.0000
0.0000 0.0000 -.0480 -.0501 -.0063 -.0015 -.1423
0.1309 -.1140 0.0037 0.0016 0.0024 0.7135 0.0053
-.2382 0.0960 0.0231 0.0134 0.1258 -.9342 -.0880
-.1385 -.1316 -.0001 0.0000 0.0006 -.0434 -.9699

3
r
P

x_

Re vdr Im vdr Re vroll Im vroll actuator actuator filter

Robust Design:
0.0312 0.0280 -.0006 -.0013 -.0034 -.0070 -.0693 0
1.0000 0.0000 -.0003 -.0002 -.0005 -.9184 -.4987 r
0.0038 -.1691 1.0000 0.0000 1.0000 0.4932 -.0468 P
-.0046 0.0055 -.0032 -.0073 -.0193 -.0037 0.0062 P

0.0958 -.0977 0.0063 -.0145 0.0075 -.7119 0.0016 6

-.2083 0.0524 0.0319 -.0711 0.0393 1.0000 0.1779 6

-.1678 -.1854 0.0000 0.0000 0.0001 0.0360 1.0000 X

Re v , dr Im v , Re v , dr roll Im vroll actuator actuator filter

Eigenvectors are computed by using feedback gains which are 

rounded to three significant digits.
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Next, we propose a new robust design which minimizes the

integrated roll rate due to a one degree initial sideslip

angle subject to constraints on the time constants of the 

dutch roll and roll modes, the damping ratios of the dutch 

roll and roll modes, the aileron and rudder deflection 

rates, and the new sufficient condition for robust 

stability. Mathematically, the objective function to be

minimized is given by
120

J = £ [pj(kA)] (123)
k=l

The upper limit on the index k is chosen to include the 

time interval kA € [0,0.3] during which most of the

transient response occurs. Of course, computation of 

Eq.(123) requires that a linear simulation be performed 

during each function evaluation of the optimization. The 

constraints for continuous time and the corresponding 

constraints for discrete time are shown in Table 4 where £ 

is the damping ratio.
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Table 4. Constraints for the EMRAAT Designs3

Continuous Time Discrete Time

Re A , e [-50,-6] dr
i, , . I r -50A -6A-, 
1 dr 1 e [e ’ 6 ]

Re A ,, e [-50,-6] roll | l ^ r o n l « te-5“ , e-“ ]

A ., < -50 rudder 1 ̂ r u d d e r  1 < e'5“

A . < -50 aileron
id a i . -50A 
l1+A*aileroJ < 6

<dr € [0.4,0.8] 11+Aydr 1 6 [?drl’̂ dr2

Cron 6 t0-4’°-8] l1+Ayrolll G [̂ rolll’̂ roll2

|8 | < 275 deg/s |S [(k+1)A]-5 (kA)|
— -------g--------- < 275 deg/s

|5 | < 275 deg/s Id [(k+1 )A]-5 (kA)I 
r A <275 deg/s

T) < 0.999c 7}, < 0.999 d

q

Definitions of £, . , £, „, £ no> V and i), are, ^drl ^dr2 ’ ^rolll’ ^roll2 c 'dshown on page 74.
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_ f °-80dr ) f ~°-4^dr )
drl " ' [1-(0.8)2 ]1/2 J dr2 ‘ [1-(0.4)2 11/2 I

<t>dr = arg(l+Aydr)

f -0.80 ni ■> f  -0.40 %^ ( ^roll I ,» ( roll i
rolll - exP( n-to.8)2 ]1^2 ! '  r° 112 “ eXPl [1-(0 .4 ) 2 ]1/2 J

♦roll = ar«(1+ij,roll)

* + 7 (v. w. )
7) = Xc max

/■ I IV. w. j , -v
j f  [A + B (FC) ]1
:y  L  a. max max J
i=l

* + 7 (v.w.)/■ i iv. w. ; n
^d = \iax{ E f (y.) [A5max + BSmax(FSC) ]J

1=1 1 }

For illustrative purposes we have chosen A = 0.04*A+ andmax
B = 0  with the exception that the elements of A which max max
correspond to actuator or washout filter time constants have

been set to zero. The matrices A„ and B„ are computedomax Smax
from Eqs.(121) and (122), respectively.

The actuator deflection rates are computed from the slopes 

of the time responses of the deflections during the time 

interval kA e  [0,0.03]. This interval is chosen because the 

slopes of the deflections are largest during this time 

interval. Mathematically,
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la [(k+1 )A]-6 (kA)I maxi 5 (mA)I (124)i a a 1 1 a 1
A mA

|8 [(k+1)A3 —S (kA)| max15 (mA)I (125)r r 1 1 r 1
A mA

where m=0,l...12. The maximum deflection rates chosen for

the constraints are well within the expected 400 deg/s limit

for the advanced state of the art electromechanical actuator 

described by Langehough and Simons [25].

The parameter vector contains the quantities which may be 

varied by the optimization. This twelve dimensional vector 

includes Re Im *dr> Re * 1;i» Im * i;L, Re Zjd).

Re z1 (2), Im z ^ ( l ), Im z.^2), Re , Re , Im ,

Im z^(2). Here, the two dimensional complex vectors z^ 

contain the free eigenvector parameters. That is, the i-th 

eigenvector v^ may be written as

v. = L.z. (126)l 1 1

-1where the columns of L. = (y. I-A-) B.. are a basis for thel l o o
subspace in which the i-th eigenvector must reside. Thus, 

the free parameters are the vectors z^ rather than the 

eigenvectors v^.
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The optimization is performed by using subroutine c o n s t r  

from the MATLAB™ Optimization Toolbox [23] and subroutine 

d e l s i m  from the MATLAB™ Delta Toolbox [26] on a 486™ 25MHz 

personal computer. The optimization is initialized with the 

orthogonal projection design which yields an initial value 

of 9.1360 for the objective function of Eq.(123) and a value 

of 2.2014 for the left hand side (LHS) of the robustness 

condition of Eq.(118). The optimization is complete after 

3640 function evaluations and yields an optimal objective 

function of 0.0895 and a value of 0.999 for the LHS of the 

robustness condition. We observe from Table 2 that the dutch 

roll mode is dominant in the robust design whereas the roll 

mode was chosen to be dominant in the orthogonal projection 

design. Furthermore, the optimization moves the roll mode 

eigenvalues to the boundary of the feasible set which 

corresponds to the smallest time constant and the smallest 

damping ratio allowed by the constraints. We observe from 

Table 3 that the yaw rate washout filter eigenvector for the 

robust design is characterized by a significant reduction in 

the roll rate and integrated roll rate entries as compared 

with the orthogonal projection design. However, the 

optimized dutch roll eigenvectors exhibit an increase in the 

roll rate and integrated roll rate entries which were 

desired to be zero in the orthogonal projection design. We 

conjecture that the optimization alters the filter 

eigenvector in order to improve mode decoupling whereas the
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dutch roll mode eigenvector is altered in order to satisfy 

the robustness constraint.

The time histories of integrated roll rate, rudder 

deflection, and aileron deflection to a one degree initial 

sideslip are shown in Figures 10, 11 and 12, respectively. 

We observe a significant improvement in the integrated roll 

rate response (which is desired to be zero) when compared to 

the initial orthogonal projection eigenstructure assignment 

design. The initial design has a minimum Pj(t) of -.464 deg 

but the new design of this chapter has a minimum Pj(t) of 

-.103 deg which is an improvement of approximately 78%. We 

note that this improved response is obtained with both 

smaller aileron and rudder deflections. Furthermore, it is 

interesting that the aileron in the initial design exhibits 

an initial positive deflection of approximately three 

degrees before becoming negative, whereas this positive 

initial aileron deflection is only approximately one degree 

in the robust design.
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Figure. 10. Integrated Roll Rate /3(0)=1 degree.
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Figure 11. Rudder Deflection /3(0)=1 degree.
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Figure. 12. Aileron Deflection |3(0)=1 degree.

Next, we compute the time responses due to a "1-cosine" 

sideslip gust as described in MIL-F-8785-C [27]. The state 

equations for the lateral dynamics are shown by McRuer et. 

al.[28] to be given by

0 = Y 13 + ( g / U  )<p -r + (Y_ /UJS + (Y. /U_)<5 - Y |3 (127)v u 5 0 a  o 0 r v ea r' ®a r
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where

V  V V  Y5 /u0> Y6 /U0> V  V  V  L5 ’ L5 ’ V  V  Va r a r ^
/ /

Ng , and can be obtained from the state space matrix A
a r

/ /

and where (N ) and (L ) are defined in Ref.28 to be r g r g

r j2 t 1(N ) = N 1 ----- - 2 2 —  (130)
r g rL V z  j

■ (-T 5 ) " r t 1 - - n - ] “v x - / L X Z J

1 ^X7 1N = N - — 2 =—  L (132)r r I rz

For the flight condition of the EMRAAT missile considered in
/ /

this chapter, the parameters and are -0.5748 and

0.3208, respectively. The inertias corresponding to a full

fuel condition are I = 11451, I = 456282, and I = -1189.x z xz
Using these values, the gust derivative coefficients are

/ /

computed to be (N ) = -0.5742 and (L ) = 0.05962. The gustr g r g 6

is defined as shown in MIL-F-8785-C [27] and is described by

0 t<0
0. 5 (l-cos24irt) 0 s t ^ 1/24
1 t > 1/24

where the natural frequency of the open loop complex 

eigenvalue pair is 24.04 rad/s.
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The time histories of integrated roll rate, rudder 

deflection, and aileron deflection to the "1-cosine" 

sideslip gust are shown in Figures 13, 14 and 15,

respectively. We observe a significant improvement in the 

integrated roll rate response (which is desired to be zero) 

when compared to the initial orthogonal projection 

eigenstructure assignment design. The initial design has a 

maximum p^(t) of 18.87 deg but our new design has a maximum 

Pj(t) of 0.6990 deg which is an improvement of approximately 

96%. We note that this improved response is obtained with 

both smaller aileron and rudder deflections.

20

0

_ eigen 
robust

0 0.5
time(s)

Figure 13. Integrated Roll Rate /3 = 1-cosine.
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Figure 14. Rudder Deflection = 1-cosine.
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Figure 15. Aileron Deflection | 3 - 1-cosine.
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5. ROBUSTNESS OF DELTA OPERATOR SYSTEMS USING A LYAPUNOV 

APPROACH

5.1 INTRODUCTION

We extend a robust stability result which uses a Lyapunov 

approach to delta operator systems. A robust sampled data 

eigenstructure assignment flight control law is designed for 

the yaw pointing/lateral translation maneuver of the Flight 

Propulsion Control Coupling aircraft. The flight control 

design uses the so-called unified delta model which is valid 

for both continuous time and sampled data operation of the 

aircraft. We choose an objective function which weights both 

the heading angle due to a lateral flight path command and

the lateral flight path angle due to a heading command. The

new design method minimizes the objective function with

constraints on the time constants of the dutch roll, roll 

and lateral flight path modes, the damping ratios of the 

dutch roll and roll modes, the new Lyapunov sufficient

condition for robust stability, and the minimum of the 

smallest singular value of the return difference matrix at 

the aircraft inputs. This design satisfies the new 

robustness condition, yields a minimum of the smallest 

singular value of the return difference matrix at the 

aircraft inputs of 0.55 and yields an improved transient



84

response as compared to the earlier design of Ref.13.

5.2 EXTENSION TO THE PSEUDO CONTROL STRATEGY

To explain the extension to the pseudo control strategy, 

consider the singular value decomposition of the matrix 

which is given by

B = UZVT = [U_ U_] p 3 0
z„ 1 vi 13 3

T0 . v i .
(133)

where U is the matrix of left singular vectors, V is the 

matrix of right singular vectors, and Z is a diagonal matrix 

containing the singular values in the order of descending 

magnitude. Suppose we partition Z^ as follows:

S3 = (134)

where = diag [o^ o^j and Z2 = diag [o' + 1  cr̂ ] and

where cr, £ tr, „ - ...b b-1 cr ,, ^ e with e not necessarily a+1 3

it ion and

Z^, then we rewrite Eq.(133) as follows:

close to zero. If we partition and conformally with



Lemma 1:

Let the system with the pseudo control S(t) be described

by

px(t) = A x(t) + B S(t) (136)
P  P

y(t) = Cx(t) (137)

B = U. + U [a , a 0 ] (138)p 1 2 1 2

We design a feedback pseudo control for the system described 

Eqs.(136)-(138). Then, the true control u(t) for the system 

described by Eq.(78) is given by

u (t) = [VjZ" 1 + V ^ a l S U )  (139)

Proof: see Appendix VIII

Remark 6 :

When a=[0, 0], the control law u(t) given by Eqs. (139)

reduces to the control law given by Eq.(20) in Ref.12.
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5.3 STABILITY ROBUSTNESS FOR DELTA SYSTEMS USING A LYAPUNOV 

APPROACH

In this section, a new stability robustness sufficient 

condition is derived which extends the work of Yedavalli [4] 

to delta operator systems.

Theorem 9:

The system matrix (A + dA ) of Eq.(103) is stable ifpc pc

<r (ET P+ A ) < 1 (140)max pmax p pcmax s

where

A = A + B (FC)+ (141)pcmax pmax pmax

E ={I + A[A + B ( F  C)]}+ + (A/2)A (142)pmax n p p p pcmax

and where P^ satisfies the Lyapunov equation given by

AT P + P A + AA P AT = -21 pc p p pc p c  p  p c n

and where P+ is the matrix formed by the modulus of P
the entries of the matrix PP-

Proof: see Appendix IX
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5.4 YAW POINTING/LATERAL TRANSLATION CONTROL LAW DESIGN

We consider the FPCC aircraft linearized lateral dynamics 

described by

13 ' -0.340 0.0517 0.001 -0 .997 0 ' ' /3
<P 0 0 1 0 0 <t>

P = -2.69 0 -1.15 0 .738 0 P
r 5.91 0 0.138 -0 .506 0 r
* . -0.340 0.0517 0.001 0 .0031 0 *

0.0755 0 0.0246 '
50 0 0 r

+ 4.48 5.22 -0.742 8 a
-5.03 0.0998 0.984 x

0.0755 0 0.0246
UL c J

The state variables are sideslip angle 13, bank angle <j>,

roll rate p, and lateral directional flight path angle

(y=i/>+/3), where i(j is the heading angle. The control variables

are rudder 8  , ailerons 5 , and vertical canard 8  . The r a c
angles and surface deflections are in degrees, and the

angular rates are in degrees per second. The five

measurements are (3, <j>, p, r, y . First, we design an

eigenstructure assignment control law by using an orthogonal

projection. The delta state space matrices A„ and B„ areo o
THcomputed by using the MATLAB Delta Toolbox [26]. The 

sampling period A is chosen to be 0.02 seconds for
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illustrative purposes. The desired dutch roll, roll mode,

and flight path mode eigenvalues are achieved exactly

because five measurements are available for feedback. The

achievable eigenvectors are computed by using the orthogonal

projection of the i-th desired eigenvector v? onto the
-1subspace which is spanned by the columns of (y.I-A„) B_.1 o o

The closed loop delta eigenvalues y ; i=l n and the

feedback gain matrix F_ are shown in Table 5. The desiredo
and achievable closed loop eigenvectors are shown in Table 

6 .
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TABLE 5. COMPARISON OF FPCC DESIGNS (A=0.02 s)

Closed Loop Eigenvalues Feedback Gain Matrix

Orthogonal Projec­
tion Design

*dr=-1.999±j1.921 

yroll=-2.95±j1.883

'fp =-0.4975

13 <j>

1.4688 -.2866 
.5652 -2.299
9.2964 -1.2143

p r y  
-.0022 .3799 -1.5332'
-.9044 -.6691 -.8890
-.0514 -1.4219 -15.57

Orthogonal Projec­
tion Design with 
Pseudo Control

ydr=-1.999±jl.921

yr o H = '2 -9 5 ± J 1 '883 
y =-0.4975

13 <p p 
-.4929 -.0332 .0076
.9517 -2.353 -.9093
,1203 -.0530 -.0245

r y
.6883 2.7584
-.7565 -2.5147 
1535 -.6023

Robust Pseudo 
Control Design
2T1 2=-3.37±jl. 56

K 3  4=-3.1 6±j1.473
y_ =-0.4 310 fp

Robust Pseudo 
Control Design 
with Singular 
value Constraint

13 <p p r y
-0.2833 -.0340 -.0062 .2377 .5336 '
1.5501 -2.476 -1.037 -.9812 -1.7788
5.6151 -.0012 -.1486 -4.6301 -10.285

y1 2 =-2.55±jl.l9 

y 3  4=-2.60±jl.22

’fp =-0.3248

13 (p p r y
'-0.1658 -.1967 -.0808 .4895 .8616 '
0.8390 -1.5479 -.7663 -.8565 -1.2679
1.1525 -.8794 4764 -1.9712 -3.2578

g

Eigenvalues are computed by using feedback gains with 
significant digits to machine precision.
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TABLE 6 EIGENVECTORS FOR THE FPCC DESIGNS3

Desired Closed Loop Eigenvectors For Orthogonal Projection 
Design:

X ' 1 ' 0 ' ' 0 ■ X 13
0 0 X 1 0 <P
0 0 1 X 0 P
1 ±j X 0 ±j 0 0 r
0 0 0 0 1 7

Dutch Roll Mode Roll Mode Flight Path Mode

Orthogonal Projection Design:
0.2501 0.2500 0.0000 0.0000 1.0000 13
0.0000 0.0000 -.2308 -.1538 0.0000 0
0.0000 0.0000 1.0000 0.0000 0.0000 P
1.0000 0.0000 0.0000 0.0000 0.0000 r
0.0000 0.0000 0.0000 0.0000 0.9998 K
Re v , dr Im v , dr Re v n roll Im v . i roll Vfp

Orthogonal Projection Design with Pseudo Control:
0.2347 0.2849 0.0010 0.0032 1.0000 13
0.0000 0.0001 -.2308 -.1538 -.0184 <P
-.0002 -.0001 1.0000 0.0000 0.0092 P
1.0000 0.0000 -.0008 -.0005 0.2385 r
-.0155 0.0349 0.0011 0.0034 0.5228 V

Re v , dr Im v , dr Re v , n roll Im v .. roll fP
Robust Pseudo Control Design:
-.0360 0.2094 0.0944 -.2017 0.9995 13
-.2342 -.1133 -.2501 -.1211 0.0683 4>
1.0000 0.0000 1.0000 0.0000 -.0295 P
0.2008 0.6631 -.0465 -.6912 -.0003 r
-.0079 0.0313 0.0223 -.0231 1.0000 7

Re v. 1 Im v1 Re v3 !m v3 Vfp
Robust Pseudo Control Design with Singular Value Constraint:

-.2194 0.2878 0.0876 0.0016 0.9567 £
-.3117 0.1509 -.3050 -.1477 -.0363
1.0000 0.0000 1.0000 0.0000 0.0118 P
-.1569 0.9201 0.1828 -.1099 -.0142 r
-.0316 0.0246 0.0155 0.0082 1.0000 r
Re v1 Im Vj Re v3 Im v3 Vfp

Eigenvectors are computed by using feedback gains with 
significant digits to machine precision.
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The yaw pointing and lateral translation time responses 

for the orthogonal projection design are shown in Figures 16 

and 17. The orthogonal projection solution is characterized 

by excellent decoupling with the minimum of the smallest 

singular value of (I-FG) equal to 0.18. Here the transfer 

function matrix of the delta plant is given by G([e^u^-l]/A) 

where 0<w <ti/T. Furthermore, the Lyapunov robust stability 

condition of Eq.(140) is not satisfied.

In order to improve the minimum singular value of (I-FG) 

we design a controller by using an orthogonal projection 

with the pseudo control of Ref.12. This pseudo control 

mapping is given by Eq.(138) with a=[0,0]. The time 

responses for yaw pointing and lateral translation are shown 

in Figures 18 and 19. This design is characterized by a 

lateral translation response with significant coupling 

between % and \p with the minimum of the smallest singular 

value of (I-FG) equal to 0.9835. The Lyapunov sufficient 

robust stability condition of Eq.(140) is not satisfied. We 

note that the yaw pointing responses exhibit excellent 

decoupling for both of the orthogonal projection designs.

Next, in an attempt to obtain a robust design with 

excellent decoupling, we propose a new robust pseudo control 

design. This new design method minimizes an objective 

function which weights the heading angle due to a lateral
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Figure.16. Yaw Pointing-Orthogonal Projection
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Figure 17. Lateral Translation-Orthogonal Projection.
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Pseudo Control.
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flight path angle command and the lateral flight path angle 

due to a heading command. Constraints are placed on the time 

constants of the dutch roll, roll, and flight path modes, 

the damping ratios of the dutch roll and roll modes, and the 

new sufficient condition for robust stability. 

Mathematically, the objective function to be minimized is 

given by

The upper limit on the index k is chosen to include the time 

interval kA e [0,2] during which most of the transient 

response occurs. Of course, computation of Eq.(143) requires 

that two linear simulations be performed during each 

function evaluation of the optimization. The constraints for 

continuous time and the corresponding constraints for 

discrete time are shown in Table 7 where ^ is the damping 

ratio.
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TABLE 7 Constraints for the FPCC Designs

Continuous Time Discrete Time

For complex eigenvalues:
Re A e [-4,-1.5] |1+Ay| e [e~4A , e1,5A ]

c e [0.4,0.91 |l+Ay| e

For the real eigenvalue:

A € [-1,-0.05] |l+Ay| € [e“A, e"0,05A ]

For Lyapunov robustness:

o- (ET P+ A ) < 0.999 max pmax p pcmax

For multivariable stability margins (final design only):

min o' . (I-FG) ^ 0.55; 0<w<7r/T minw

where

-0.90 *

[ 1 —  ( 0 .  9 ) 2  ] 1 / 2  J ’
0 = argd+Ay)

K 2  = exp
f -0.40 ^

I [ 1- (0 . 4)2]1 / 2  J
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For illustrative purposes we have chosen A = 0.085*A+ andmax
B =0. After many trials, we found that a good value formax J &
the weight a in Eq.(143) is a=0.0075.

The parameter vector contains the quantities which may be 

varied by the optimization. This seventeen dimensional 

vector includes Re *dr> Im 3^ ,  Re Troll> Im ^roll* Tfp, 

Re ZjCl), Re z ^ ( 2 ) , Im z^l), Im z.^2), Re z3 (l), Re z3 (2),

Im z3 (l), Im z3 (2), z^d), z,_(2), and the two dimensional

pseudo control vector a  of Eq.(138). Here, the two 

dimensional complex vectors z^ contain the free eigenvector 

parameters. That is, the i-th eigenvector v^ may be written 

as

v.= L.z. (144)1 1 1

—where the columns of L. = (ar.I-A_) B„ are a basis for the1 1 0  o
subspace in which the i-th eigenvector must reside. Thus, 

the free parameters are the vectors z^ rather than the 

eigenvectors v^. The vectors z^ are two dimensional because 

the optimization is performed in the two dimensional pseudo 

control space.

The optimization uses subroutine c o n s t r  from the MATLAB™ 

Optimization Toolbox [23] and subroutine d e l s i m  from the 

MATLAB™ Delta Toolbox [26] on a 486™ 25MHz personal
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computer. The optimization is initialized with the 

orthogonal projection pseudo control design which yields an 

initial value of 20.6 for the objective function of Eq.(143) 

and a value of 1.66 for the right hand side (RHS) of the 

robustness condition of Eq.(140). The optimization yields an 

optimal objective function of 0.0107 and a value of 0.999 

for the RHS of the robustness condition. We observe from

Table 6 that both orthogonal projection designs have clearly 

distinct and decoupled dutch roll and roll modes whereas the 

robust design has two complex modes which are both coupled 

to roll rate. The time responses for yaw pointing and

lateral translation are shown in Figures 20 and 21 from

which we observe the excellent decoupling which has been 

achieved. Unfortunately, the minimum of the smallest 

singular value of (I-FG) is only 0.2607 which is less than 

desired.

In an attempt to achieve a design with excellent time

responses, Lyapunov robustness, and an acceptable minimum of 

the smallest singular value of (I-FG), we repeat the 

optimization with the additional constraint that 

o'min^I“FG)-0.55. Once again we initialize the optimization 

at the orthogonal projection pseudo control design. The 

optimization yields an optimal objective function of 0.0556 

and a value of 0.999 for the RHS of the robustness 

condition. The time responses for yaw pointing and lateral
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translation are shown in Figures 22 and 23. The lateral 

translation response is deemed to be excellent even though 

it has some small increase in coupling as compared to the 

design without the additional singular value constraint. 

Thus, we have obtained a controller which simultaneously 

achieves excellent time responses, Lyapunov robustness, and 

an acceptable minimum of the smallest singular value of the 

return difference matrix at the aircraft inputs.

co

St
1)T3

0 5 10
time(s)

Figure 20. Yaw Pointing-Robust Pseudo Control.
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igure 21. Lateral Translation-Robust Pseudo Control.
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Figure 22. Yaw Pointing-Robust Pseudo Control; 

Singular Value Constraint.
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Figure 23. Lateral Translation-Robust Pseudo Control; 

Singular Value Constraint.
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6. PERFORMANCE ROBUSTNESS OF SAMPLED DATA SYSTEMS USING 
THE DELTA OPERATOR.

6.1 INTRODUCTION

In this chapter, we consider the performance robustness of 

a unified delta system which is subject to linear time 

invariant structured state space uncertainty. We extend the 

stability robustness results of chapters 4 and 5 to obtain 

new sufficient conditions for performance robustness. We 

derive new results based upon the modal decomposition 

discussed in chapter 4, the Lyapunov approach obtained in 

chapter 5 and another result based upon a matrix measure.

A feedback gain matrix F is chosen such that all ofP
eigenvalues of the nominal closed loop system are inside the

damping ratio/settling time region R of Figure 24 for

continuous time or inside the corresponding region R^ of

Figure 25 for discrete time. The performance robustness

problem is to obtain sufficient conditions for the

eigenvalues of the uncertain closed loop system to be inside

the region R in continuous time or the region R in discrete

time for all time invariant dA and dB described byP P
Eqs.(93) and (94).
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s-plane

-jw_/2

Figure 24 Robustness Region in Continuous time :R

^-plane

Figure 25 Corresponding Robustness Region in delta: R1̂
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6.2 PROBLEM FORMULATION

Consider a nominal linear time-invariant multi-input 

multi-output system described by Eqs.(47a) and (47b).

The corresponding sampled data system, which is obtained 

by using Middleton and Goodwin’s [3] delta operator, is 

given by Eqs.(71) and (72).

The unified state space model proposed by Middleton and 

Goodwin [3] is valid for both the discrete time and 

continuous time cases simultaneously. This unified model is 

described by Eqs.(78) and (79).

Suppose that the nominal delta system given by Eq.(78) is

subject to linear time-invariant uncertainty in the entries

of A , B described by dA and dB , respectively. Then, the P P P P
delta system with uncertainty is given by Eqs.(87) and (8 8 ).

Define A and B as the maximum bounds on dA and pmax pmax p
dBp, respectively and described through Eqs.(95)-(98).

Consider the constant gain output feedback control law 

described by Eq.(99). Then, the nominal closed loop unified 

delta system is given by Eq.(101) and the uncertain closed 

loop unified delta system is described by Eq.(103).
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6.3 PRELIMINARY RESULTS

First we review two results in continuous time attributed 

to Juang, Hong and Wang [18], and Wang and Lin [19]. Then, 

we extend the results to the unified delta model which is 

valid for both continuous time and discrete time.

Consider a line L , limited by jw/A and -jw/A, which

separates the s-plane into two regions H and H as shown in

Figure 26. The L line intersects the real axis at point "a"

and makes an angle "0 " with respect to the positive

imaginary axis, where "0 " is assumed positive in a

counterclockwise sense and - n  < 0 s  n .  The corresponding
d "“dregions in the jr-plane are represented by H and H as shown

in Figure 27. Denote a specific region H by H(a,0 ) in
d dcontinuous time and H by H (a,0) in discrete time.
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s-plane

Figure 26. Description of H Region

T'-plane

Figure 27. Description of Hd region.
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Lemma 2:

All the eigenvalues of the constant matrix of Eq.(80)

lie in the H region of Figure 26 in continuous time or in

the H region of Figure 27 in discrete time if and only if

the eigenvalues of the matrix A lie in in the respectiveP
region H or H*"*.

where

A = P

— i 0e J (A-al) in continuous time
~  - 1 0  ( 1 4 5 )  Sle (A-al) in discrete time

and where

C2 = exp{e ^0 (A-aI)x> dx (146)

Proof: see Appendix X

Next, we extend the definitions which relate the so-called 

transformed system with uncertainty presented by Yu [2] to 

the unified delta model.

Definition 1:

The nominal unified closed loop system matrix A , the 

uncertainty matrix dA^, the unified transformed closed loop 

system matrix A^c and the transformed uncertainty matrix



dA are defined by pc
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A = A + B F C pc p p p (147)

dA = dA + dB F C pc p p p (148)

A = A + B F C pc p p p (149)

dA = dA + dB F C pc p p p (150)

Then, the unified closed system with uncertainty is given by

px(t) = A x(t) + dA x(t) pc pc (151)

and the unified transformed closed loop system with 

uncertainty is defined by

px(t) = A x(t) + d A  x(t) pc pc (152)

where

A = - P

e J0 (A-al) in continuous tme

Qe J (A-al) in discrete time
(153)

B = - P

e J0 B

fie B

in continuous time

in discrete time
(154)
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dA = P

e j0 dA continuous

fe ^0 (A+dA-aI) - Qe ^0 (A-aI) discrete
(155)

dB = 
P

e J0 dB continuous

fe ^0 (B + dB) - f2e ^0 B discrete
(156)

and where

= — rA Jn
[e ^0 (A + dA - al))x , e dx (157)

The following lemma shows that the eigenvectors of the 

transformed continuous time plant are identical to the 

eigenvectors of the transformed sampled data plant.

Lemma 3:

Suppose that the continuous time plant is given by x=Ax+Bu

and the sampled data plant is 6x = A_x + B-.u. Suppose thato o
the transformed continuous time plant is described by
/V/ (V /V
x = A x + Bu and the sampled data transformed plant is given

Ay Ay y\y /v/by 5x = A_x + B_u. The i-th eigenvalues of A, A„, A and A_ o o o o

are X . , y .  =l l
exp(A.^A)-l

A ’ V  and *. A
respectively. Let M be a modal matrix and let A be a 

diagonal matrix with the ^ ’s (i=l,...,n) on the main

exp(A^A)-l
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d i agona1. Then,

M_1AM = A = Sul = e“j0(A - I) (158)

M_1A M = A = y.I = 4-(eXA - I) (159)o S  i A
where

A = e ^0 (A - al) and A = —r— [eAA - I]o A

Proof: see Appendix XI

6.4 PERFORMANCE ROBUSTNESS SUFFICIENT CONDITIONS

We present theorems to show that the unified closed loop

system with uncertainty is asymptotically stable if the

eigenvalues of the unified transformed plant under time 

invariant uncertainty are in the H region or H region in 

continuous time and discrete time, respectively.
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6.4.1 MODAL DECOMPOSITION APPROACH

Theorem 10: (Preliminary Result)

Suppose that the nominal closed loop system described by 

Eq.(101) has its eigenvalues in the H region of Figure 26 in 

continuous time or in the H region of Figure 27 in discrete 

time. Further, suppose that the matrix A in Eq. (147) is 

non-defective. The eigenvalues of the closed loop system 

with uncertainty described by Eq.(151) will be in the 

respective H or H region for all uncertainty described by 

Eqs.(93) and (94) if

max
n
I

1=1

' V i 1

f (Sl ) pcmax < 1 (160)

where

pcmax

A + B (FC) max max

A + Bs (F C) Smax Smax S

continuous time

discrete time
(161)

1 r [(A-al) + A ]A r ra tiA = __  L  max _ J(A-al)
Smax A [ " I (162)
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B5max ■ t [  £[(A-al) +A ]tmax , n .e dr (B + B )max

-J:
'A [ (A-al) ] e T dr B+ j (163)

-Re(3\ ) continuous time

1 ~  +[1-(1+Ay,.) ] discrete time
(164)

ri

e ^0 (A^ - a)

[e-J0(A. a) ] A
- 1

continuous

discrete
(165)

and where

Re(y.) = [Re(A.) - a]cos6 + ImA.sinB l i  i

Re(y.)A 
(1 + Atf̂ ) = e 1

and where y. is the i-th eigenvalue of (A +B F C) with v.l 6 P P P i
* * 

and w^ the corresponding right and left eigenvectors; (•)

denotes the complex conjugate transpose.

Proof: see Appendix XII
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The desired performance region given by the s-plane region 

R in Figure 24 is the intersection of Hj(a^,0), 11^(0,0^) and 

HgCO,-©^). Furthermore, the region R maps into the y-plane 

region R^ which is shown in Figure 25. We now present a 

corollary to Theorem 10 which describes a unified sufficient 

condition for the eigenvalues of the system with uncertainty 

to be in the region R in continuous time or in the region R 

in discrete time.

Corollary 5: (Main Result)

Suppose that the nominal closed loop system described by

Eq.(lOl) has its eigenvalues in the R region of Figure 24 in

continuous time or in the R^ region of Figure 25 in discrete

time. Further, suppose that the matrix A in Eq. (147) ispc
non-defective. The eigenvalues of the uncertain closed loop 

system described by Eq.(151) will be in the respective R or 

R region for all uncertainty described by Eqs.(93) and (94) 

if

max[ A , A ] < 1 max, max„1 2
(166)

where

= A
maxk max

n (v.w.)
7 — — —  * v
i=i p



pcmaxk

A . + B . (FC) continuous time maxk maxk

A„ , + B„ , (F„C) discrete time Smaxk Smaxk 5

where A , = A ; B =Bmaxk max maxk max

and where

1 r [(A-a. I)+ + A ] A [(A-a. I) + ]A r k max k
Smaxk A 6 8

BSmaxk A
[(A-a I) +A ] tk max , .e dr (B + B Jmax

- 0

[(A-a, I) ]t 
e dx B1

[f (*i)]k =

-[Re(y. ) ] l k cont . time

-7— tl-[(1+Ay.) + ], } disc, time A i k

' e x p ( - j 0 k ) • ( ^ i - a jc ) cont.

- H
_j0kexp{e •(Ai~ak )A> - il didisc.

[Re(y.)], = [ReA. - a. ]cos0. + ImA.sin0. l k l k k l k

~ + [Re(y )] A
[(1 + Ay.) ]. = e 1 K i k

113

(167)

(168)

(169)

(170)

(171)

(172)

(173)



and where y. is the i-th eigenvalue of (A +B F C) with v.1 s P P P i» * 
and w^ the corresponding right and left eigenvectors; (•)

denotes the complex conjugate.

Proof: see Appendix XIII

6.4.2 LYAPUNOV APPROACH

Theorem 11: (Preliminary Result)

Suppose that the unified closed loop system described by 

Eq.(101) has its eigenvalues in the H region of Figure 26 in

continuous time or in the H region of Figure 27 in discrete

time. The eigenvalues of the closed loop system with

uncertainty described by Eq.(151) will be respectively in H 

or H region for all uncertainty described by Eqs.(93) and

(94) if

cr P A  'pmax p pcmax (174)

where
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Epmax (I + A-A )+ + (A/2)-A pc |pcmax (175)

where A are given by Eqs. (149) and (161) and PP
satisfies the Lyapunov equation

21

P in continuous time
PP (176)

P_ in discrete time o

Proof: see Appendix XIV

We now present a corollary to Theorem 11 which describes a 

unified sufficient condition for the eigenvalues of the 

system with uncertainty to be in the region R in continuous 

time or in the region R in discrete time.

Corollary 6 : (Main Result)

Suppose that the nominal closed loop system described by 

Eq.(101) has its eigenvalues in the R region of Figure 24 in 

continuous time or in the R region of Figure 25 in discrete 

time. The eigenvalues of the closed loop system with 

uncertainty described by Eq.(151) will be in the respective 

R or R region for all uncertainty described by Eqs.(93)
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max[o'1> <r ] < 1 (177)

where

<r, = cr[ (ET , P+, A , ) ] k pmaxk pk pcmaxk s (178)

E = (I + A*A ) + (A/2)*Apmaxk pck pcmaxk (179)

where

A , = A , + B , F C pck pk pk p (180)

pk

“J®L
(A-a^I) in continuous tme

~ -J0kfî e (A-a^I) in discrete time
(181)

Bpk

_J0k e B

-JSl

in continuous tme

Q, e B in discrete time k

(182)

-j0kexp{e (A-al)x} dx (183)

where A is given by Eq. (167) and P ^ satisfies the

Lyapunov equation
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AT , P , + P , A  . +  A*A . P , AT , = - 21 pck pk pk pck pck pk pck

pk

P. in continuos time k

P„. in discrete time 5k
and where

k= 1 : 0 = 0 , a = a

k= 2 : e2 = e2, a2 = 0

Proof: see Appendix XV

6.4.3 MATRIX MEASURE APPROACH

Definition 2:

A vector norm on Cn is the function II • II : Cn -» D

by

x iP ■ ( E ixi i p )
i/p

nwhere 1 s p < o o ,  x e C  .

(184)

(185)

defined

(186)

Let W e Cnxn. The induced norm of W corresponding to the

vector norm || • || , is defined by P
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II WX II
w "ip ' ^  II X II (187)^  x*0 11 11 p

where X e C n, 1 < p < oo.

The induced matrix measure is defined by

I i + €w ||. - l
U. (W) = lim -------------  (188)
1P € -> 0+ €

where W e Cnxn, I is the identity matrix, 1 i p i m.

The following result will establish an upper bound on the 

matrix measure U^p(W) which will be required in the proof of 

the performance robustness condition which is based upon the 

matrix measure.

Lemma 4:

For each matrix W e Cnxn, the induced matrix measure 

ILp(W) has the following property

U. (W) s  U. (W+) (189)ip ip

where (W) is defined by Eq.(188), 1 < p £ oo and W+

denotes the matrix obtained by taking the absolute value of
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each element of W.

Proof: see Appendix XVI

The following lemma presents a sufficient condition for a 

constant matrix to have eigenvalues located in the H region 

in continuous time or in the H region in discrete time.

Lemma 5:

All the eigenvalues of a constant matrix A g i v e n  by 

Eq.(80) are located in the H region in continuous time or 

in the H region in discrete time if

U. (e ^0A) < a cos0 IP

(A/2) I I  Qe_J0 (A-aI) I I ?  + U. (Qe_J0A)11 11 ip ip

< U. (-£2ae“j0)ip

Proof: see Appendix XVII

The following corollary will be used to prove the 

robustness condition for the matrix measure approach. It is 

an expanded form of Lemma 5 where the property of the matrix 

measure defined by

cont. time

(190)

disc, time
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U. (A + B) s U. (A) + U. (B)ip ip ip
is used.

Corollary 7:

All the eigenvalues of a constant matrix A g i v e n  by 

Eq.(80) are located in the H region in continuous time or 

in the H region in discrete time if

U. (AcosB) + U. (-Ajsin0) < a cos0 cont. timeip ip

A ||Qe-J0 (A-aI)||? + U. (C2Acos0) (191)
2 " "^  ip < -U. (-Qae“J0)

+ U. (-QAjsin0 ) ip
ip disc, time

and where Q is given by Eq.(146),

Proof: see Appendix XVIII

The theorem below presents a preliminary unified robustness 

result for the H region for continuous time and the H 

region for sampled data operation of the plant.

Theorem 12: (Preliminary Result)

Suppose that the nominal closed loop system described by 

Eq.(101) has its eigenvalues in the H region of Figure 26 in
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continuous time or in the Hd region of Figure 27 in discrete
time. Further, suppose that the matrix A in Eq. (147) ispc
non-defective. The eigenvalues of the closed loop system 

with uncertainty described by Eq.(151) will be in the 

respective H or Hd region for all uncertainty described by 

Eqs.(93) and (94) if

u < 1 (192)

where

U. (A ) ip cmax
acosG - U. (A cos0) - U. (-A isinG) ip c ip c

continuous

U. (A_ ) + (A/2) II A* + A„ I?_____ ip <3cmax_________ 11 5c dcmax^ip
-U. (~£2ae ^6) - U. (HcosG) - U. (-EjsinG)ip ip ip J

(193)

discrete

A = A + B(FC); A. = A. + B_(FC) c oc o o

A = A + B (FC) ; A = A ; B = B cmax max max max max max max

A. = A_ + B_ (F C)+ Scmax 6max Smax S

H = eJ6[ A6 + B6F5C] + Q a

Proof: see Appendix XIX
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We now present a corollary to Theorem 12 which describes a 

unified sufficient condition for the eigenvalues of the 

system with uncertainty to be in the region R in continuous 

time or in the region in discrete time.

Corollary 8 : (Main Result)

Suppose that the nominal closed loop system described by 

Eq.(101) has its eigenvalues in the R region of Figure 24 in 

continuous time or in the R region of Figure 25 in discrete 

time. Further, suppose that the matrix A^c in Eq. (147) is 

non-defective. The eigenvalues of the closed loop system 

with uncertainty described by Eq.(151) will be in the 

respective R or R region for all uncertainty described by 

Eqs.(93) and (94) if

max [fXpl’ Mp2 ] < 1 (194)

where

pk

^ip cmaxk^
a. cosG. - U. (A cose, ) - U. (-A jsine, ) k k ip c k ip cJ k

cont.

(195)
U. (A , ) + (A/2) II A* + A_ , ||? ip Scmaxk 11 5ck 5cmaxkllip

~ _J0k-U. (-S2 a. e )-U. (E cos0. )-U. (-E jsine ) ip k k ip k k ip kJ k

disc.

where
k = 1 : 0 , = 0 , a, = a.I ’ l l
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k = 2 : e2 = e2> a2 = 0

and where

A = A + B(FC); A_ = A_. + B s , (F_C) c 5ck 6k 6k 6

~ ~ -f.

Acmaxk Amax + Bmax^F^  ’ A6cmaxk 5maxk + ®5maxk^6^^

Hk " e k[ A5k + B6kF6C] + ^ ak (196)

and is given by Eq. (183).

Proof: see Appendix XX
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7. ROBUST MULTI-RATE DELTA OPERATOR SYSTEMS

7.1 OVERVIEW

In chapter 4 we extended the modal decomposition 

robustness result obtained in chapter 3 to systems 

represented by Middleton and Goodwin’s [3] unified delta 

model. An alternative approach to stability robustness of a 

linear time invariant system was proposed by Yedavalli [4] 

who uses a Lyapunov approach. In chapter 5 we extended 

Yedavalli’s [4] result to the unified delta model.

Araki and Hagiwara [5] have proposed a model for a class 

of multi-rate sampled data system. This class consists of 

systems with multiple input rate sampling and fixed output 

rate sampling (MIFO). Patel et. al.[15] extend the work in 

Ref.5 to eigenstructure assignment. However, Ref.15 does not 

consider the plant to be subject to uncertainty. In this 

chapter, we extend the results of Araki and Hagiwara [5] to 

obtain a delta operator representation with time invariant 

uncertainty. Then, we extend our robustness results of 

chapters 4 and 5 to MIFO delta operator systems.
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7.2 PROBLEM FORMULATION

Consider a nominal linear time-invariant multi-input

multi-output systems described by

x (t) = Ax(t) + Bu(t) (197)

yCt) = Cx(t) (198)

where x e IRn is the state vector, u e Rm is the input
rvector, y 6 IR is the output vector, and A, B, C, are

constant matrices.

Consider the constant .gain output feedback control law is 

described by

u (t) = Fy(t) (199)

The nominal closed loop system is given by

x (t) = (A + BFC)x(t) (200)

The continuous time plant is subject to m inputs that 

change from one constant value to another at n^ successive 

uniformly spaced time instants t=kA^ where the sampling

periods A^’s have rational ratio
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A^ = (AQ/ru) ; i = 1, 2 m (201)

where the n^’s are positive integers

n = LCM (n.,n„ n ) (202)1 2  m

where LCM is defined as the least common multiple.

n = n. + n„ + ... + n (203)1 2  m

t = (A /n) (204)0 o

1. = n/n.; i = 1, 2,...,m (205)l l

Insert Eq.(204) into Eq.(201) to obtain

A. = t  n/n. (206)1 o 1

A. = l.T (207)1 1 o

where Aq is the least common multiple (LCM) of the sampling 

periods referred to as the main sampling interval, and t q 

defines the base sample period.

The corresponding closed loop multi-rate sampled data 

system, which is obtained by using Middleton and Goodwin’s 

[3] delta operator, is shown below:
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Sx = (Ag + Bg Fg C)x (208)

y = Cx (209)

where

A. = S1A o (210)

a  = —  1*°Ao J0
At e dx (2 1 1 )

Ba = [ Bi B2 B» 1 (212)

Each B. is an nxn. matrix defined byl i  J

B. = [ b exp(AA.)*b„. ... exp(A(n.-1)A.)*b . ] (213)1 oi 1 oi 1 1 oi

where

• + .  C
1 e dx b.l (214)

with b. the i-th column of the matrix B.l

The feedback gain matrix is given by

F3 ' [ F1 F2 ... p ]r (215)

where each F. is an n dimensional column vector.l

The operator 5 is defined by



5 = JL4-i

which has the following property

=

and the shift operator q is defined by

qx. = x, , M k k+1

The nominal unified closed loop multi-rate state 

model can be described by

where

px(t) = (A + B F C)x(t) P P P

A = P
A in continuous time

A_ in discrete time

B = ■ P
B in continuous time

B„ in discrete time

F = P
F in continuous time

F_. in discrete time

and where

P =

r d_
dt in continuous time

in discrete time

(216)

(217) 

space

(218)

(219)

(220) 

(221)

(222)
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which has the following property

(•)- = (•)P P

Suppose that the nominal delta system is subject to linear 

time-invariant uncertainty in the entries of A^,

described by dA^ and dB^, respectively, where

dA = P
dA in continuous time

(223)
dA„ in discrete timeo

dB in continuous time
dB_ = -{ _ (224)

dB*. in discrete time

and where

dA<5 = |exp{(A+dA)AQ> - exp(AAQ )J (225)

dB = [ (dB -B.) (dB„-B ) ... (dB -B ) ] (226)o 1 1  2 2 m m

Each dB. is an nxn. matrix defined by x i  J

dB. = [db~. exp{(A+dA)A.>*db ... exp{(A+dA)(n.-1)>‘db^. ]1 Ol 1 Ol 1 ol
(227)

where

db = -i- e(A+dA T̂ dT (b + db ) (2 2 8 )
61 o J0 1 1
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with db. the i-th column of the dB matrix.1

Then, the unified closed loop system with uncertainty is 

given by

px(t) = (A + B F C)x(t) + (dA + dB F C)x(t) (229)p p p p p p

Further, suppose that bounds are available on the maximum 

absolute values of the elements of dA and dB. That is

ldaijl “ (aij)max: i=1 n; j=1 n (230)

|dbij | * (biJ)max; i=l n; j=l m (231)

Then, the corresponding bounds on the 8  system, through 

Eqs.(225) and (226), are

|dag(i,j)| £ [dag(i, J^max’ i=1>--->n : J=1 n (232)

|dbg (i,j)| £ [dbg (i,j)]max; i=1 n; (233)

Define dA+ and dB+ as the matrices obtained by replacing the P P
entries of dA and dB by their absolute values. Also,P P
define A and B as the matrices with entries (a. .)pmax pmax ij max
and (b. .) , respectively in continuous time or withij max r J

entries [da_(i,j)] and [db^d.j)] , respectively in5 ° max 5 ° max ^ J

discrete time. Then,
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and

where

Apmax

Bp max

{dA : dA+ ^ A > p p pmax

{dB : dB+ £ B > p p pmax

A in continuous timemax
A_ in discrete timeomax

B in continuous timemax
B* in discrete timeomax

and where

- 1 r + 1= ~ T ~  exp{(A+ + A )A > - exp(A+A ) omax o L m a x  °  ° J

BSmax [(Blmax B15 (B2max B2 5 (Bmmax‘

- +Each B. is an nxn. matrix defined by 1 1  y

Bt = [ b* exp{A+A, >*b* ... exp{A+(n.-1)A.}*b* ]1 01 1 01 1 1  Ol

where

= 4 -  f 1 ®A+T1t b!
51 o Jo

and where b* is the i-th column of the matrix B4

B. is an nxn. matrix defined by imax i J

(234)

(235)

(236)

(237)

(238)

(239)

(240)

(241)

. Each
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B. = [b„. exp{(A++A )A.}*b imax Simax max 1 Simax

... exp{(A++A )(n.-l)A.}*b ] (242)max 1 l 5 imax

. _A. (A++A )t
b . = -J- | X e maX dx(b. + b. ) (243)Simax A Jr, i imaxo 0

where b. is the i-th column of the matrix Bimax max

Finally, the stability robustness problem can be stated 

as follows: Given a block feedback gain matrix e [Rmxr

such that the nominal closed loop multi-rate delta system 

exhibits desirable performance determine if the uncertain 

closed loop multi-rate delta system is asymptotically stable 

for all time-invariant dA^ and dB^ described by Eqs.(234)

and (235), respectively.

7.3 ROBUSTNESS RESULTS

Theorem 13: (Modal Decomposition Approach)

Suppose that F^ is such that the nominal closed loop

multi-rate system described by Eq.(218) is asymptotically

stable with (A + B F C) non-defective. Then, the closed P P P
loop multi-rate system with uncertainty given by Eq.(229) is 

asymptotically stable for dA^ and dB^ described by Eqs.(234)
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and (235), respectively if

* + (v.w.), n lv.w, J >>
V I Y — — --A \  < 1maxi L  , pcmax I

i=i f(ariJ J
(244)

where

f(yj =
-Re(a\)

- r  " - " ‘V i 1*1

continuous time

discrete time
(245)

A =
p c m a x

A + B (FC) max max

A_ + B (F_C) omax omax o

continuous time

discrete time
(246)

and where F-, A„ and B„ are given by Eqs.(215), (238) 5 Smax 5max ^
and (239), respectively; y. is the i-th eigenvalue of 
_ _ _ *
(A + B F C) with v. and w. the corresponding right and left P P P  i i

*
eigenvectors, respectively; (•) denotes the complex 

conjugate transpose.

Proof: see Appendix XXI

Theorem 14: (Lyapunov Approach)

Suppose that F^ is such that the nominal closed loop 

multi-rate system described by Eq.(218) is asymptotically 

stable. Then, the closed loop system with uncertainty given

by Eq. (229) is asymptotically stable for all dA^ and dB^
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described by Eqs. (234) and (235) if

<r {(ET P+ A ) } < 1 (247)max pmax p pcmax s

where

A = A + B (F C)+ (248)pcmax pmax pmax p

E = (I + A A )+ + (A /2)A (249)pmax n o pc o pcmax

and where satisfies the Lyapunov equation given by

AT P + P A + A A P AT = -21 (250)pc p p pc o pc p pc

A + BFC in continuous time
Apc = 1 - - - (251)' As + B.F.C in discrete timeo o o

and where P+ is the matrix formed by the modulus of the P
entries of the matrix P^ and (*)s denotes the symmetric part 

of a matrix.

Proof: see Appendix XXII
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8. CONCLUDING REMARKS

8.1 CONCLUSIONS

This research has proposed new results and algorithms for 

robust eigenstructure assignment design of controllers for 

multi-input multi-output linear systems with structured 

state space uncertainty.

Robust stability theorems were obtained for linear time 

invariant systems with uncertainty. Theorem 1 presents a 

robustness sufficient condition for continuous time plants 

subject to time varying uncertainty and unmodelled dynamics. 

Theorem 3, which was obtained in collaboration with Yu [2], 

presents a new robust stability condition for linear time 

invariant systems which are subject to linear time varying 

uncertainty. Theorem 8 provides a unified performance 

robustness sufficient condition which is valid for both 

continuous time and sampled data operation of the plant. 

Theorem 9 extends Yedavalli’s [4] Lyapunov approach for

stability robustness of a linear time invariant system to 

the unified delta system. Corollaries 5, 6 and 8 present 

unified performance robustness sufficient conditions for a 

linear delta operator system with structured state space 

uncertainty. Theorems 13 and 14 extend the robustness
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results to MIFO delta operator systems.

Three algorithms were developed and applied to a missile 

and an aircraft:

In Chapter 3, we presented a new robust design method 

which was obtained in collaboration with Yu [2]. This method 

is applied to the design of a robust controller for the 

lateral dynamics of the Extended Medium Range Air to Air 

Technology missile. The design is compared to an earlier 

orthogonal projection eigenstructure assignment design which 

was proposed by Sobel and Cloutier [8]. In the new method, 

we minimize the integrated roll rate with constraints on the 

real part of the dutch roll and roll modes, the damping 

ratios of the dutch roll and roll modes, the aileron and 

rudder deflection rates, and the new sufficient condition 

for robust stability. This design satisfies the new 

robustness condition while also yielding an improved 

transient response as compared to the design of Sobel and 

Cloutier [8].

In chapter 4, we extended robust eigenstructure design 

method to the delta model. This algorithm utilizes a new 

robustness condition which is based on a modal 

decomposition. The new algorithm is applied to the design of 

a robust sampled data controller for the lateral dynamics
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of the EMRAAT missile. This approach is different from the

more conventional approach of Andry et. al.[6] who suggest

that the i-th eigenvector v^ should be chosen as the

orthogonal projection of a desired eigenvector v^ onto the
-1subspace spanned by the column of of (A^I-A) B. We have 

obtained a robust design which satisfies the robustness 

condition of Theorem 8 while also yielding an improved 

transient response as compared to an orthogonal projection 

design.

In chapter 5, we designed a robust sampled data extended 

pseudo control eigenstructure assignment flight control law

for the yaw pointing/lateral translation maneuver of the

FPCC aircraft. We chose an objective function which weights 

both the heading angle due to a lateral flight path command 

and the lateral flight path angle due to a heading command. 

The new design algorithm minimizes the objective function 

given by Eq.(143) with constraints on the time constants of 

the dutch roll, roll, and flight path modes, the damping 

ratios of the dutch roll and roll modes, the robustness 

condition of Theorem 9 and the minimum of the smallest 

singular of the return difference matrix at the aircraft 

inputs. This design yields an improved transient response as 

compared to earlier pseudo control designs.
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8.2 PROBLEMS AND RECOMMENDATION

Sufficient robustness conditions for continuous time 

systems with time varying structured state uncertainties 

have been considered. Unmodelled dynamics with output 

nonlinearities have been analyzed. Robustness sufficient 

conditions for unified delta operator systems with time 

invariant structured state space uncertainty have been 

studied. However, nonlinear state space uncertainty has not 

been mentioned. A possible extension to the robustness 

sufficient conditions will be to consider linear time 

varying delta operator systems with linear and nonlinear 

state space uncertainties.

We have obtained a unified performance robustness 

sufficient condition for linear time invariant delta 

operator systems with time invariant structured state space
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uncertainties. We have obtained new robustness results for 

multi-input fixed output multi-rate systems with time 

invariant uncertainty.

Recently Zhu and Johnson [29] presented new results using 

a spectral canonical realization for linear time varying 

systems. They showed that their new spectral canonical 

realization is the natural time varying counterpart of 

spectral canonical realizations for time invariant linear 

systems. Further research should extend the unified 

performance robustness sufficient conditions to include time 

varying uncertainties. Our results should be extended to 

multi input and multi output rate sampled systems with time 

varying uncertainty.

In this research eigenstructure assignment has been used 

to design controllers for linearized plants. However, the 

linearization of a plant is valid only at a specific 

operating point. A general approach to the design of robust 

controllers should include a wide range of operating points 

and the transitions between these operating points.
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APPENDIX I

Proof of Theorem 1. :

Combine the uncertain plant described by Eqs.(36a) and (36b) 

with the dynamic compensator described by Eqs.(37a) and 

(37b) to obtain

x(t)=(A+AA)x(t)+(B+AB)[C x (t)+D ((C+AC)x(t)+(D+AD)u(t)c c c
+ H(t)*u(t)}] (Al)

x (t) = A x (t)+B [(C+AC)x(t)+(D+AD)u(t)+AH(t)*u(t)] (A2)c c c c

Define

A+BD CBC
A c c
cl B C Ac ic

and

AA+BD AC+ABD (C+AC) ABC
AA c c c

cl B AC 0c

Let

Then,
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(V /vx(t)= A ,.x(t)+AA ,x(t) + cl cl
(B+AB)D (D+AD) c

B (D+AD) c
u(t)

(B+AB)Dc
B

AH(t)*u(t)

Let x(t) = MD„Qz(t) where M is a modal matrix for A ,.1 cl
Eq.(A3) becomes

z(t) = Q 1 D *  M 1 A , MD.Qz(t) + Q 1D11 M 1 AA , MD 1 cl 1 1 cl 1

-1 -1 -1 + Q D j M
(B+AB)D (D+AD) c

B (D+AD) c
u(t)

-1 -1 -1 + Q Dj M
(B+AB)D

B
•AH(t)*u(t)

which has a solution given by

z(t) = exp(Q ^QtJztO) + exp(Q 1AQt)*- Q 1D11M 1AAc 1MD]

-1 -1 -1 + Q D j M

-1 -1 -1 + Q DXXM

(B+AB)Dc (D+AD)' u(t)
B (D+AD)L c J

"(B+AB)D 'c •[AH(t)*u(t)]
BL c J

(A3)

Then,

Q z(t)

(A4)

Qz(t)

(A5)



Take 2-norms and integrate both sides of Eq.(A5) and use

exp(Q 1AQt)=Q 1exp(At)Q

r00 r00J  ||z(t)|2 dt ^ k2(Q) • ||z(0) ||2 * J  ||exp(At)|2 dt

A00

+ J  |Q"1exp(At)*|D11M ^ A ^  (tjMD^zft)

A [(B+AB(t))D (D+AD(t))l .+ D, M ’| c ult)
I B (D+AD(t))c

[AH(t)*u(t) ] j-|+ D ^ M  1p B+AB(t)lDc| [AH(t)»u(t)])«|| dt 
Bc

We now require a new lemma.

Lemma A.:

If a(t) and b(t) are continuous then, 

r°° r00 r“J  |a(t)*b(t) 12 dt J  ||a(t)||2 dt J  ||b(t)||2 dt
t=0 t=0 t=0

Proof of Lemma A.:

-oo -t
[ i f *

t=0 t=0 x=0

-oo oo t
||a(t)*b(t)||2 dt = | I a(x) b(t-x) dx||2 dt

144

(A6)

(A7)

(A8)

(A9)
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r00 r00 rI ||a(t)*b(t)||2 dt s |a(t ) b(t-x) ||2 dxdtf  f
t=0 t=0 x=0

r  f
t=0 x=0

(A10)

r°o rt
J I ||a(x) 12 |b(t—x) 12 dx dt (All)

The right-hand side of Eq.(All) may be written as

lim
R-Xo r  f*

t=0 x=0
|a(x) ||2 ||b(t-x) 12 dx dt (A12)

Since a(t) and b(t) are continuous i.e. all of the functions 

inside the integrals of Eq.(A12) are continuous functions of 

t and x. Then, the order of integration may be interchanged 

(Churchill [31]). Then, Eq.(A12) can be written as

lim [ f  j ”  ||a(x ) ||2 ||b(t—x) 12 dt dx j (A13)
x=0 t=x

Now use a change of variables a,=t-x, dy=dt, y>0.

lim
R-xo

f t  | a (x) 12 || b (t—x ) 12 dx dt j
x=0 t=x

= lim J  |a(x) ||2 ||b(y)||2 d y  dx j
R-*» n n x=0 y = 0

£ lim i f  r  |a(x) ||2 ||b(y)|2 dy dx j
R-xo x=0 y=0



= lim [f T ||a(x) |2 |b(r)|2 dy dx j
R-*» T — 0 v=0

Thus,

J  | a (t) *b (t) 12 dt £ J  || a (t) 12 dt J  || b (t) || 2 dt
t=0 t=0 t=0

The proof of Theorem 1 continues. Then, Eq.(A7) becomes

r00 rw
J | z (t) || 2 dt ^ k2 (Q) • ||z(0) ||2 *J || exp (At) 12 dt

1 00 00 r

+ IIQ" II2 Jo II exp (At) 12 dt.J |||D^1M"1AAclMD1Q||2. ||S(t) ||2

+ i i D - i n - i R B + A B t t J ^ c t D + A D C t ) )

1 L B (D+AD(t)) J#2c
]||

Use Eqs.(33a)-(33d) together with

|| A B C|| £ | A+ B+ C+ 1  ^ | A B C | L11 112 11 112 11 max max max112

and

( b + ) I I2 S  I  B+ ,2
to obtain

146

(A14)
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r“ ~ rroj | z (t) 12 dt £ k2(Q) • | |z (0) | |2 *J | exp (At) 12 dt

00
IIQ" 12*J ||exp(At)||2 dt- (D^M 1) +

|A + B (D C)++(B+ + B )D+ C max max c max c max
+

B C+ I max c (MD1Q)+
B CL c max 0

.00 II 1 1• J  ||z (t) ||2dt+| (D1 M ) +
(B++B )D+(D++D )max c max
B+(D+ + D ) c max '2 J0

dt

+ (D~lM_1)*
r ( B + + B  )D+"| max c

1 BL c J :|2 J0
00

J  || AH (t) *u (t) || 2 dt (A15)

00

Next, we obtain a bound for L  ||AH(t)*u(t) ||2 dt

00 00 A t
j ||AH(t)*u(t) ||2 dt = J |j [CAe u BA+DAS(t)+EAS(t)]*u(t)||2 dt

„oo A„ t
J  [C4e A ba|2 dt }o | u ( t ) | 2 dt + H“AH2

00J  ||S(t)*u(t) ||2 dt

r00 •
|Ea12 J ||S(t)*u(t) ||2 dt (A16)

Use assumptions (i)-(iv) and 5(t)*u(t)=u(t) (Kailath [30])



CO .00 oo
[ ||AH(t)*u(t) I dt ^ r e dt | ||u(t)
J 0 J 0 J 0

.CO 00
+ rQ J ||u(t) |g dt + r-j J ||u(t)||2 dt

Use assumption (v)

J  ||AH(t)*u(t) ||2 dt £ r̂2/(3 +  r o  + yrl) J  II1

00

Now we obtain a bound on ||u(t)|L dt
J0

From Eq.(37b), u(t) = C x (t) + D y(t)c c c

Substitute Eq.(31b) to obtain

u (t) = C x (t) + D (C+AC)x(t) +D (D+AD)u + D c c c c (

u (t) = (D (C+AC),C ]x (t) + D (D+AD)u(t) + D c c c c

u (t) = [D (C+AC), C ]MD.Qz(t) + D (D+AD)u(t) c c l  c

Integrate both sides of Eq.(A14) to obtain

-00 -00 
J ||u(t) ||2 dts| [Dc(C+AC),Cc]MD1Q||2 J  ||z(t)
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(A17)

(t) ||2 dt (A18)

•AH(t)*u(t)

AH(t)*u(t)

+ D *AH(t)*u(t) c
(A19)
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+ llDcCD+ADD ||2*J ||uCt)||2 dt+ ||Dc||2-J ||AH(t)*u(t)||2 dt

(A20a)

J l“(»l2 dt * |[D*(C++Cmax),C* ] (MD1Q) + ||2 j" (S(t)|2 dt

.00 „00
+ lDc(D++Dmax)l2*J Hu(t)«2 d t  +  Kh'j llAH(t)*u(t) ||2 dt

00

||Dc ||2 * J  |]AHCt)*u(t) ||2 dt (A20b)

Substitute Eq.(A18) into Eq.(A20b) and rearrange to obtain

I I  [ D+(C++ C ), C+](MD1Q) + ||_11 c max c 1 112dt < ----------------------------------
'0 *

1 - lDc ( D % D max)l2 * lDcl2 ' ( V P + r0 * rrl)

r00•I |z(t)|2 dt (A21)

where

iDc (D++Dmax)l2 * lDcl2*(r2/p + r0 + »rl) < 1 (A22)

Substitute Eq.(A21) into Eq.(A20b) to obtain

r00J ||AH(t)*u(t) 12 dt
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K ^ a x ’' CcIlMDl«) + l 2 - M  + r° * rrl)

1 -  K (D++ Dmax>l2 + IIDc12* [ r 27^ * r 0 + »r l)

r•J ||z(t) 12 dt (A23)

Substitute Eqs.(A21) and (A23) into Eq.(A15) and use 

|exp(At)|2 - exp(-at); a = -max Re[A^(Ac )̂] to obtain

f  | z ( b | . dt <

r°° r°° 
k(Q2 ) * | z (0) ||2 *J |exp(-at) 12 dt + ||Q ||2 *J exp(-at)dt

r — 1 —1 + (d / m V
A +B (D C)++(B++B )D+C max max c max c max

-i-
B C+ max c

k
i B CL c max 0

(MDjQ)

—  1 —1 + (Dj M V (B++B )D+(D++D )1max c max
B+(D++D )c max J

lDc(D%Dmax)l2 + lDcl2-(r2/'J + r 0'f ’-rl)
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• K (C++Cmax KC+ llMDlO> + l2

— 1 —1 + 
(DjM V

(B++B JD^ max c
B+

1 - IID+ (D++D J||_ +11 c max 112 lDcl2-(r z / ( 3 + rQ + yr0

f v co
l[DX *  W ' Cc )<MDlQ)*||2.(r2/p ♦ r0 ♦ r ^ U - ) | 2dt

(A24)

Let

D+(C++ C ), C+](MD1Q)+|L c max c 1 112

1 " lDc (D++IW l 2  + lDc l2 - ( r 2 ^  + ^  * "'‘I)

rwand note that exp(-at) = 1/a; substitute into Eq.(A24) and 
J n

rearrange

dt- 1- ' iQ_1«9
a
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— 1 — 1 +
CD1 M V - A +B (D C)++(B++B )D+C B CH max max c max c max max c

B+C 0c max

•(MD1Q)+ + 9 IIcd/ m V f" (B++B )D+(D++ D )1 max c max
x  J,1 h II B (D + D )L c c max J

(D’W
(B++B )D+max c

B+ r2/l3 +r0 +

^ K g (Q) • ||z(0) | g/CL

Solve Eq.(A25) to obtain

r Iz(t) I dt s
Jo ^

k2(Q) * Iz(o) ||2

where

?=«-||Q-1,

'A +B (D C)++(B++B )D+C B C+-1 max max c max c max max c
B+C 0c max

■(MDjQ)

(A25)

2
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+ II CD XM V r(B++B )D+(D++D )1 max c max
4* 4*II 1 B (D + D )L c max J

( D ' W
(B++B )D+'max c

B
h-2/0 +r0 + yr0

Thus,

„00
dt < oo

'o'

if

' 1 ' '

— 1 1 j.
a  cr(Q)
t >

*■ (T (Dj M V

A +B (D C)++(B++B )D+C B C +n max max c max c max max c
B+C 0c max

(MDjQ)

- r ( B + + B  )D+(D++D )1 ■
(T (d71m"1)+ max c max

4- 4*1 B (D +D )L c max J-

+ — — --------------------------------------------------------------------------------------------------------

1 -  [ ; (D * (D * +Dmax) ]  * ;<D c ) . ( r 2 /H + r 0  ♦ r r j )

■ ff [DX * Cmax’^  I(MDX

(A26)
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O'
—1 —1 + (DjM V

(B++B )D+ ■■max c
B+

[D+(C++C ),C+ ](MD Q)+c max c 1

1 - cr[D*(D+ + D )] - o-(D )•( r / p  + rn + yr ) c nicix c 2 0 1

r2/P ro + *ri < 1 (A27)

and if

o,[D+(D++D )] + <r(D )•( r„//3 + rn + yr. ) < 1 (A28)c max c 2 0 1

Then, since x(t) and x (t) are continuous =» z(t) isc
00

continuous which together with ||z(t)|L dt < oo
J0

=> ||z(t) | -» 0 at t -> oo

Since ||x(t)||2 £ ||MD1Q|2-|| z (t) || 2 and UMDjQ^ < oo 

=j> || x (t) 12 -> 0 at t -» oo 

=> | x C t) 12 ■* 0 as t -» oo 

Now consider ||y (t) ||2

y(t) = (C+AC)x(t) + (D+AD)u(t) + AH(t)*u(t)
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= [C+AC, 0]x(t) + (D+AD)u(t) + AH(t)*u(t)

= [C+AC, 0]MD1Qz(t) + (D+AD)u(t) + AH(t)*u(t)

5 l(C+*Cmax)(MDlQ) + l 2 i ^ ) | 2 * ID++Dmaxl2-I“ <‘>ll2

■f ||4H(t)*u(t)||2

J |y(t)l2 dtS l(C++CnaXHMDlQ)+l2'I0lS(t,l2 dt

+ 1D+* Dmax^2* J lu(t)U  dt + j” II4H (t) *u (t) 12 dt 

J ||y(t)||2 dt a | (C++Cmax) j" ||S(t)||2 dt

+ lD V p .axl2-11 p X + W ’ Co]

1 -  l Dc (Dc+Dmax>l2 + ^ 2 ^  + r0 + »r l)  

l [D^ C++Cmax) - Cc 1(MDlO) + l 2 - ( r2/ '3 + r0 + »Tl)
+ -------------------------------------------------

1 -  l Dc (D%Dma*) h * l Dc l2‘ (r2/|3 + r0 + »r l)

(A29)

(A30)

(A31)

(A32)
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Hence, if Eqs.(41a) and (41b) are satisfied it follows that

Since y(t) is continuous and ||yCt) ||_ dt < oo, it follows
J0

that |y(t) 12 -> 0 as t -> oo. Hence ||x(t)||2 and ||y(t)||2 both 

approach zero as t-*oo which implies that the uncertain plant 

is asymptotically stable. ^

.00

0

*00
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APPENDIX II

Proof of Theorem 3.:

The uncertain closed loop plant may be written as

x(t) = A x(t) + AA (t)x(t) c c

where

A = A + BFC c

and

AA (t) = AA(t) + AB(t)FC c

which has a solution given by

x(t) = exp(A t)x(O) + f exp[A (t-x)]AA (x)x(x)dx
c  J n  c  c

Next, use the real, positive, diagonal transformation

x(t) = D *z(t)

and the property that

exp(DAcD *t) = Dexp(Act)D *

and

(Bl)

(B2)

(B3)

(B4)
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- n  ̂ A. t 
exp(Act) = Mexp(At)M = £ Viwi e 1

i=l

to obtain

n * A.t -t n # A.(t-x)
z(t)=Dy v.w. e 1 D z(0)+ D V v.w. e 1 AA (t)D z(x)dx

L  i i  J L i i  c
i=l i=l

(B6)

where M is a modal matrix of Ac; A^ is the i-th eigenvalue
$of Ac with and w^ the corresponding right and left

eigenvectors, respectively; A is a diagonal matrix with the
*

A^ on the diagonal; and (•) denotes complex conjugate

transpose.

Note that

||zCt) || -> 0 implies that ||x(t) ||̂ -> 0 (B7)

Next, apply the absolute value operator, denoted by (*)+,

to both sides of Eq. (B6) where "+" and " are applied 

element by element to vectors and matrices.
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>:+(t) 2= [D E ViWi 8  ̂ D 1 z(0) j
i=l

r t n * A.(t-x ) ,+
[ J  ̂E ViWi 0 AAc(t) D z(t) dx J (B8)+
L Jn 1=1

n * + "“it _i +
D ) (v.w.) e 1 D 1 z (0)

Lu 1 1
i=i

_t r n # A. (t-x) _ 1 +
+ J [ ^ E ViWi 8 1 AAc(x) D z(x) J dx (B9)

i=l

n * -a.t
p  ▼ 4- \ — 1 4.^ D ) (v.w. ) e D z (0)
La 1 1

i=l

„t n % , -a.(t-x)
f D V (v.w.)+ e * A D * z+(x)dx (BIO)J n L  l i  cmax
’° 1=1

where a. = -Re(A.), A = A + B (FC)+ and where we l l cmax max max
have used the property that [exp(A^t)]+ = exp(-a^t). Next, 

integrate both sides of Eq.(BIO) to obtain

„co n * _oo -a. t» w  A A ^  p W  IA> • w  .

z+(t)dt s D y (v.w.)+ e 1 dt D z+ 
0 i=l 1 1

(0)

r°° ft S * + -«i(t-x) _ +
D ) (v.w.) e A D z (x)dxdt (Bll)

t=o x=o 1 1 cmax

Consider the double integral in Eq.(Bll) which may be 

written as
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r r 11 r fc £  *  +  iim D) (v.w.) e A D z (x)dxdt ;02=x̂ t
U t = 0  JT =0 L „ 1 1  CmaX J

1
R->00 i=l

(B12)

The order of integration in Eq.(B12) may be interchanged 

because all of the functions inside the integrals are 

continuous functions of t and x (Churchill [31]). Thus, 

Eq.(B12) is equal to

lim
R-*o

rr* P  ft * + -ai(t_T) -i + iD) (v.w.) e A D z (x)dtdx ;0£x<t
LJx=0 Jt=x 1 1  cmax J

(B13)

Now use the change of variables given by y=t-x, dy=dt, 

y£0. Then, Eq.(B13) is equal to

lim
R-*»

pR pR T ft * + aiy -i +D ) (v.w.) e A D z (x)dydx
J  t  n  J  n,— n  L  1 1  c m a xL x=0 Jy=0 i=l O^x^t, y^O, (B14)

rpR pR n * + -ay
^ lim D V (v.w.) e
R-x» U x=0 Jy=o . . 1 1

0 1=1

—1 +A D z (x)dydx cmax a. >0l
(B15)

r  p R  ft *  +  - i  p R  +  i= lim D) (v.w.) e A D dy z (x)dx ; a.>0
R-x» L Jy=0 . 1 1 cmaX Jx=0 -I 1

1 (B16)
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* +n (v.w. ) -a.R[ 11 l V . W .  j -u-.n. -00
DV    (e 1 -1) A D z (t )dx ; a.>0
L -a. c m a x  J Q  J i
1 (B17)

Evaluating the limit of the term outside the integral in 

Eq.(B17), note that x is now a dummy variable of 

integration, recall that the a / s  are positive, and 

substitute the result into Eq.(Bll) to obtain

r°° n (v.w. )
z (t)dt i D y ---— ---D z+(0)

0 “ii=l

n (v.w. ) _ro
+ D y  — — --- A D • z+(t)dt (B18)

L  a. cmax Jn
i=l 1 J°

Take norms in Eq.(B18) and rearrange to obtain

0̂0

■ J / (t)dt|| s Up

n (v.w?)+ _
DV ---— --- D z (0)

L  a .
i=i

i -
n (v.w.) . „-ldV v ' i"i ' A D 
L  ------- cmax
i=l ai

(B19)

Thus, ||| z (t) dt|| < oo if 
0 P

t * t +n (v.w.)
D V ---— --- [A + B (FC) + ] D 1 II < 1

L  a. max maxl Upi=l
(B20)



162

We now require an additional lemma.

Lemma B:

If [ z+(t) dt < oo, then J* z+(t) dt < oo.
I U q  ' i p  J 0  I' ' ' I

Proof of Lemma B. :

Lemma B is a special case of Lemma G2 (see Appendix VII).

Returning to the proof of Theorem 3, we have from
-00

Lemma B and Eq. (B20) that T ||z+(t)|| dt < oo if
J n

n (v.w. )
D Y  — — --- [A + B (FC) ] D

L  a. max max
i=l 1

< 1; p i  1 (B21)
P

Note that x(t) and z(t) are continuous because of the

linearity of the uncertain closed loop plant which together

with Eq.(B21) implies that ||z+(t)||̂  -> 0 as t-*». This implies

that ||x(t)||j -> 0 as t oo which proves that the linear

uncertain closed loop plant is asymptotically stable. We

remark that although not needed for the proof of Theorem 3,

it follows from Eq.(B21) that ||z+(t)|| and |jx(t)|| areP P
bounded and asymptotically vanishing for all p ^ 1.

Finally, Perron weightings may be used for the matrix D in
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Eq. (B24) in the same manner as shown by Sobel et. al. [1] 

for an earlier robustness result. Thus, to reduce 

conservatism, Eq.(B21) may be replaced by

max

* +
( n (v.w.)

[A + B (FC) max max +)}< 1 (B22)

where X (•) of a non-negative matrix denotes the real max
non-negative eigenvalue X ^ 0 such that X > |A.I for all & & max max 1 i 1
eigenvalues X
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APPENDIX III

Proof of Theorem 4.:

We "element by element bound" the matrix on the left hand

side of Eq.(57) and recall the definition

A = A + B (FC)+ to obtain cmax max max

n * + n + * +(v.w.) v. (w.)
y  — — —  a  ^  y  — -— -—  a  ( C D
L  a. cmax L  a  cmax
i=l 1 i=l

n + , *,+ 
vi (wi}— --- -—  A (C2)

a  cmax
i=l

a H r ) - [  v  v2  vn]

*  + •  (w1)
. *. + 
2

* + (w ) n ■

cmax (C3)

— — )*M+(M 1)+ A (C4)a J cmax

Now, use the result that if B+ ^ A+, then
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A (B+) = ||B+|Ln A £ ||B+|Ln A ^ ||A+|Ln = A (A+) (C5)max 11 112D^+ 11 H2D.+ 11 "2D.+ maxB A A

where || • || and || • |L are D-weighted two norms with
V  V

Perron weights for B+ and A+, respectively. Then, applying

Eq.(C5) to Eq.(C4) yields

Amax

n * +(v.w.)
Y   i— —̂  A i A - (— — 1*M+(M 1)+ A
L  a .  cmax max [ a J
1=1 1

cmax

(C6)
Finally, use the result (Ogata [32] ) that if A and B are 

matrices, then

A.(AB) = A.(BA) (C7)l l

to obtain

*.+ (v.w.)
max Y _ L_ L

L  a . cmax
i=l

max ~ V  A M+cmax

(C8)
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APPENDIX IV

Proof of Theorem 5.:

Sufficiency:

Use the definition of A„ to obtaino

M aA_M = -4- M 1(eAA-I)M (D1)o A

Substitute the infinite series for exp(AA) into Eq.(Dl) to 

obtain

2 2
M_1A_M = -J- M_1 [I + AA + + ... - I]M (D2)O  £1 £!

-i- [I + M *AMA + M A,MA + ... - I] (D3)

2 3
1 - 1  - 1  2  A - 1  3  A= -j- [I + M AMA + (M AM) =, + (M AM) =, + ... - I]

(D4)

-1Substitute M AM = A into Eq.(D4) to obtain
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2 3
M_1A_M = -J- [I + AA + A2 + A3 + . . . - I] (D5)o Za Z! o!

^ (eAA-I) (D6)

Necessity:

M ' A M  = -i- M 1(eAA-I)M = -J- (eAA-I) (D7)5 A A

.. 1 AA.. AA / p.© i=> M e M = e (D8)

M XAMA AA fncn=> e = e (D9)

=» M XAMA = AA (DIO)

=> M XAM = A (Dll)
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APPENDIX V

Proof of Theorem 6.:

Settling time Region:

Use

to obtain

Then,

l+A^ = exp(A^A)

1+Aa\| = exp(A*ReA^)

Re A. < a ^ 11+Ay.J < exp(aA)

Damping Ratio Region:

A. = - C . u )  . + l m  J di

1+Ay. = exp(A.A) = exp(-C,w„,A + j“di^)l ni

2 1/2Use w A = Z n  and w ,. = w .(1~C-) to obtain s di ni l

l+Ay^ = exp
- C . Z n  w,. 0) , .i di t di+ j 2 n

U)

which has a magnitude given by

l+Ay^| = exp
-£.271 di = exp

J2. *. 1/2 0) ,(1-^)1/2 .(1-C,) u 1 s

(El)

(E2)

(E3)

(E4)
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and a phase angle given by

2 n w
argd+Ay. ) = -1 u)

di (E5)

=> | l+Ay^ J < exp
-c 4>

d - c2)1/2
(E7)

where <f> = arg(l+Ay),
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APPENDIX VI

Proof of Theorem 7.:

The r assignable eigenvalues and their corresponding 

eigenvectors for the sampled data system satisfy the

equations described by

(A^+B^F^C) v^ = i = 1,2.... r (FI)

Combining the r equations from Eq.(Fl) yields

(A-+B.F-OM = M A 6 6 5 r r 5r (F2)

Rearrange to obtain

B F CM = M A, -A M  5 5 r r 5r 5 r (F3)

Substitute the singular value decompositions of B„o and CMr
to obtain

T-, r T-,S V 1
tU50 U61]

6 o 
0 FS [Ur0 Url]

r r 
0

= M A, - A M  r 5r 5 r (F4)

U Z V ^ F U  VT = M A - A M  60 5 6 5 rO r r r 5r 6 r (F5)
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Taking the required inverses and recalling that U^q . 

V^, and Vr are unitary, we obtain

F = V_S.1U_I(M A. -A_M )V Z 1UT_ (F6)5 5 5 50 r Sr 5 r r r rO

Next, we consider the limiting behavior of F_ aso
A-»0. Middleton and Goodwin [3] show that as A-»0, A_-»A,O
B^B.and A ^ . T h u s . V j Z ' 1̂ ,, » and Fa - F. |
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APPENDIX VII

Proof of Theorem 8.

The proof starts from showing the following bounds.

Lemma G1: (Delta Uncertainty Bounds)

l r (A+A )A . +. -i 
(dA ) < A = ___ le maX - eA A 1IdAgJ - Agmax A |e J (Gl)

1 r .A (A++A )x _A , +
r [  £  "ax X a x >  - J /  w  ]
- , _  (A++A  )x

(dB ) * B S  
8 5max

(G2)

Proof of Lemma Gl.:

(dAg)+= -i- |e(A+dA)A-eM j = 1 + (A+<*A)A + (A+dA)2 A2 2!

+ (A+dA)3-A- + . . . ] - £l + AA + A2 ~  + A3— + • • • ] }

= |dA*A + ^A*dA + dA*A + (dA)2 + |^A«dA*A + dA• A• dA

3 +
+ dA*A2 + A2,dA + (dA)2*A + A*(dA)2 + (dA)3 + ■’’j'

^ 4— |a • A + [a+*A + A *A+ + A2 ]-^t  + |A+*A *A+A  ̂max L max max max J 2! [_ max
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+ A *A+*A + A *(A+)2 + (A+)2*A + (A )2*A+max max max max max

3+ 2 3+ A • (A ) + (A )max max ] £ ♦ - }

= -J- (  [ I+(A++A )A + (A++A )2-|r +(A++A J3- ^  + ... 1A  ̂ max max 2! max 2 ■ J

- [ 1+ A+A +(A+)2 + (A+)3 +---] }

r (A +A )A .+A T1 max A A 1
■ t - l *  - e  j

(dB5)+ = j-i- JA e (A+dA)T dx (B + dB) - JA eAx dx B j j

2 3 4:
= -J- j[ IA + (A+dA)-|j- + (A+dA)2-|j- + (A+dA)3-|j- + . . . J 

• (B + dB) - J IA + A -A- + A2-A- + A3-A- + . . . j B |

“ 4 -  { [ 14 + a4 t + a24 -  + a3t t  + ] dB * [ dA- § r

+ | A*dA + dA*A + (dA)2J-|j- + | A*dA*A + dA*A*dA + dA*A2 

+ A2*dA + (dA)2*A + A*(dA)2 + (dA)3J-^- + ... j (B + dB) |

max
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[ A *-4r + f A+*A + A *A+ + (A )2]- |_ max 2!  ̂ max max max J

( + + +A *A *A + A *A *A
max max n

(A )3]-|r + ••• 1 (B++B ) 1max J 4! J max J

+ 2 + 2 + A •(A ) + (A ) *Amax max max

+ (A )2*A+ + A+*(A )2 + max max

2 3
= -4— -f I" IA+ (A++A )-4r + (A++A )2 -4r + (A++AA  ̂ [ max 2! max 3!

3̂ A4
max 4!

4
' [  I A  + A + 4 r  + ( a + ) 2 - 3 T  t ( A + ) 3 T T  + "  ] B +  }

1 I" PA ^  +^max^T , , + D . PA A+x +]= “ a— e dx (B + B ) - e dx BA  L J 0  m a x  J Q  J

The proof of theorem 8 now continues by observing that the 

uncertain closed loop system may be written as

px(t) = A x(t) + dA x(t) (G3)pc pc

where

Apc
A + BFC continuous time

A„ + B„F_C discrete timeo d o

and

(dA + dB(FC) continuous time

dA„ + dB^tFX) discrete time
o o o
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which has a solution given by Middleton and Goodwin [3]

x(t) = E(A ,t)x(0) + S E(A ,t—r-A)dA x(r)drpc pc pc (G4)

where

A t 
, P ° continuous time

E(Apc’t} (I+A A ) ^ A discrete time pc
(G5)

and

S f(x) dx = 
t„

T = t.
J  f(x)dx
T = t „

continuous time

k=(t0/A)-l
a I f(kA) discete time
k=tj/A

(G6)

Next, use the real, positive, diagonal transformation

x(t) = D 1z(t) (G7)

and the properties shown in Ref.3 that

E(DA D_1t) = DE(A ,t)D-1 pc pc (G8)

and
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E(A ,t) = ME(A ,t)M 1 = V v.w* E(y.,t) (G9)pc p L  1 l l
i=l

to obtain

* — 1 z(t) = D ) v.w. E(y.,t) D z(0)
La X 1  1

i=l

+ S D y v.w. E(y t-x-A) dA (t ) D z(x)dr (G10)
0 L  1 1 1 Pc

i=l

where M is a modal matrix of A^c; is the i-th eigenvalue 

of A ^  given by

^i continuous time
y. =  ̂ .. A.A (Gil)

- 7 - < e  _ 1 ) 4- 4-'A discrete time

*
with v^ and w^ the corresponding right and left 

eigenvectors, respectively; A is a diagonal matrix with the 

3̂  on the diagonal; and (•) denotes complex conjugate 

transpose.

Note that ||z(t)|| -> 0 implies that ||x(t)|| -» 0. Next, weP P
apply the absolute value operator, denoted by (*)+, to both 

sides of Eq. (G10) where "+" and "s" are applied element by 

element to vectors and matrices.
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r n * - 1 i +
5 (t) £ D jT viwi E(3\,t) D z(0)

i=l 

t nr  #  _ i  “i *
S D y v-w - E(y.,t-x-A)dA (t )D z(r)dTL o 1 1  1 p c Ji=l

n
- D V (v.w.)+ E+(y.,t) D z+(0)

Li 1 1 1
i=l

t n+ S  D  IT (v.w. )+ E + {' i f . , t-x-A) A D z+(t ) dr
L  i i i pcmax

0 i=l
pcmax

where

pcmax

A + B (FC) max max continuous time

A„ + B_ (F„C) discrete time omax Smax 5

with and given by Lemma Gl; and where

A. t
( le

E (*.,t) =
in continuous time

(1 +Ay^) t/A (ĵ scre^e time

e (ri,t) =
eRe(a\) *t -a. t

e continuous time

+ t/A "“jkA 
[(l+A^) ] = e discrete time

(G12)

(G13)

(G14)

(G15)

(G16)
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and a . = -Re(A.). 1 1

Next, apply the S operator to both sides of Eq. (G13) to 

obtain

4, W -

S z (t) dt £ D y  (v.w.)+ S E (y.,t) dt D z+(0 ) 
i-i 1 1  0 1

oo t n
+ I  (Vl"i) E Apcmax D z+ (t) dx dt

t=0 r=0 . „ 1=1 (G17)

where

S E (y ,t)dt = 
0

_oo Re(y.)t -co -a.t
e 1 dt = e 1 

J n Jn
dt cont.time

oo -a.kA
A [ [(1+Ay. ) ] = A £ e 1
k=0 k=0

disc.time

_oo -a.t
J e 1J n

1dt = --- continuous timea.l (G18)
discrete time

l-exp(-a^A)

Consider the double S term in Eq.(G17) which may be written 

as
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[R t n ¥S  S  D  7  (v.w.)+ E+(y.,t-x-A) A D z+(x)dxdt 
t=0 ?=0 1 1 1 Pcmaxi=l (G19)

In continuous time, Eq.(G19) becomes

p_R _t n -a. (t-x) 1
lim D V (v.w?) e 1 [A +B (FC)+]D z+(x)dxdtr - x o U  J L 1 1 m a x  m a x  Jt=0 x=0 i=l

* + n (v.w.)

(G20)

i D y — [A + B (FC) + ]D 1 f z+(t)dt (G21)
L  a .  max max

. 4 i 0i=l

where Eq.(G21) is obtained by the same derivation which was 

used to obtain Eq.(B17).

In discrete time, let t=kA and x=jA. Then, Eq.(G19) becomes

[ VJrt/ Li j  ± iv ± n * . . .A  I  A  [ D £ (viwi)+[(l+A*i)+]k~J-1
k=0 j=0 i=l

D 1 z+(j) jA5cmax D 2 ' (G22)

where

A = A + B_ (F C)+dcmax 5max Smax S

Upon changing the order of the summations Eq.(G22) becomes
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j=0 k=j+l i=l

[„  i . r \ / ia — ij 11 *  . , - 1

A £ E D E V̂iW î  (d+AaO I J
k=j+:

1z+(j) j• A„ D 5cmax

Then, let q=k-j-l to obtain 

(R/A-2) (R/A-j-2) nf 2 r v r * + + 4 - 1 + 1“ T  I  I  Dl ( v i " i ) i < l + i V  i A S o m a x D  z  < j ) J
R->oo j=0 q=0 i=l

(G23)

r _ R/A R/A n * ,
[A  I  I  D I  <vi V  [(1+4jrl> AScmax D" z (J> ]

K °̂° j=0 q=0 i=l
(G24)

[„ n # R/A _. R/A •,
A D [  (v .w .) [ [(l+A3r.) + ]q A6cmax d" [ z+ (j)J

i=l q=0 j=0
(G25)

. r r, a i + i (R/A + Dr 2 S * + (  [ ( i +Ay^) ] a
slim A D V (v.w.) ------------
R->oo t 1 1  v i-(l+Ay.)+ '(1+Ay

R/A
I
J=0

Use Eq.(Gll) to obtain

^Scmax
R/A

D y z (j) (G26)

(1+Aa\) + = exp(-a^A)

and
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limT 1 - [ (1+Ay. ) + ] 1 = lim ["l - exp[-a.A(R+1)]1 = 1
R->co L 1 -I R-»oo L 1 J

(G27)

because a^>0. Substitute this result into Eq.(G26) to obtain

(R/A-l) k-1 nr 2 “ * + + k-j-1 ^  +
I I ° E  ^ i 1 ' “ ^ i 1 ] A5cmaxD Z ( J)J

k=0 j=0 i=l

o n
S .2 D I

i=l

(v.w.) i i

1-(1+Ay.)l
+ Scmax (G28)

j=0

Combine Eqs.(G21) and (G28) and use Eq.(G6) to obtain

oo t n
, -1 +,S S D y (v.w.) E (y.,t-T-A) A D z '(t ) dx dt

^ L  l i  "i pcmaxt=0 x=0 . ,i=l

* + n (v.w.)
- D V — A D 1 S z '(t ) dx

L  f(3\) pcmax °
i=l

(G29)

where

f(yi) =
-Re(%.) = -Re(A.) = a .l l i cont.time
1 . -a.A (G30)

[1-(1+Aa\) ] = [1-e ] disc.time

Substitute Eq.(G29) into Eq.(G17) and use Eq.(G18) to obtain
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oo n
S z (t) dt £ D £

(v.w*)+
1 1  D 1 z+(0)

i=l

* +n (v.w. ) oo
* \  A D S z+(t) dt f(y. ) pcmax “

i=l 1
° L

Take norms in Eq.(G31) and rearrange to obtain

S z (t)dt 
0

°E
i=l

(v.w*)+ _
1 1  D 1 z (0)f* Cyi)

l -
n

i=l

* +(v.w.) -l l A D
f(y.) pCmaX

Thus, S z (t) dt 
0

<oo if

DI
i=l

* + n (v.w.)— l i -1
f(^\) pcmax < 1; p * l

We now require an additional lemma.

Lemma G2:

00 .I. 00
S z (t) dt < 00 > then S z+(t)
0 P 0

(G31)

(G32a)

P

(G32b)
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Proof of Lemma G2.

Use the equivalence of p-norms on IR . That is,

V l l z l l p  *  llZ l l l  *  C 2 * l l Z l l p (G33)

where p a 1; c^, are constants

to obtain

00 00
S z+(t) dt < 00 => s z+(t) dt < 00
0 P 0 1

(G34)

It is easily shown that since dim[z(t)] < oo, it follows that

(G35)S z (t) dt 
0

= s IIz (t) || dt 
1 0

which implies that

s IIZ (t) I dt < 
0

Returning now to the proof of Theorem 8, we have from

Lemma G2 and Eq. (G32b) that S ||z (t)|| dt < oo if
0

* 4.
n (v.w.)— 1 1

i=l
f(y^) pcmax D-1 < l; p * l (G36)
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Note that in continuous time, x(t) and z(t) are continuous 

because of the linearity of the uncertain closed loop plant 

which together with Eq.(G36) and a theorem in Ref.21 implies

t -* oo which proves that the linear uncertain closed loop 

plant is asymptotically stable. We remark that although not 

needed for the proof of Theorem 8, it follows from Eq.(G33)

vanishing for all p 2: 1.

Finally, Perron weightings may be used for the matrix D in 

Eq.(G36) in the same manner as shown by Sobel et.al.fl] for 

an earlier robustness result. Thus, to reduce conservatism, 

Eq.(G36) may be replaced by

where A (•) of a non-negative matrix denotes the real max
non-negative eigenvalue A £ 0 such that A s |A.I for all ° max max 1 l1
eigenvalues Â .

that ||z+(t)|jj -> 0 as t -» oo. This implies that ||x(t)||̂  •* 0 as

that ||z (t)| and ||x(t)|| are bounded and asymptotically

max
A

f(^\) pcmax (G37)
i=l
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APPENDIX VIII

Proof of Lemma 1.:

Upon comparing Eqs.(78) and (136) we require

B u (t) = B S(t) P P (HI)

Solving for the true control u(t), we obtain

u (t) = B B S(t) P P (H2)

where the pseudo inverse B^ may be written as

t - I t
Bp " V 3 U3 (H3)

Upon combining Eqs.(138), (H2), and (H3) we obtain

U(t) = V3 I3 lus(Ul * U2 [V  “z1) 3111 (H4)

Using Eqs.(133)-(135) yields

u (t) = [V1 V  [:
-1

£ _12

r T- 
U1 
T 

LU2-
U 1 + U2 [“r  “2 1)6(t) (H5)

Expand Eq.(H5) to obtain
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uCt) = (VjS^Uj + V2S21U2 )(U1 + U2tar  <x2n8(t) CH6)

= (V.Z^uTu,. + V.E. 1uTuo [a. a_] + V0Z01U^U11 1  1 1  1 1  1 2 1 , 2 2 2 2 1

+ V2S2 lu2U2 [ai’ a2 ])S(t) (H7)

But from the property of the singular value decomposition, 

we have that U and V are unitary. Hence,

U1U1 = U2U2 = 1 (H8)

and

U1U2 = U2U1 = ° (H9)

Thus, we obtain the desired result that

u (t) = (VjS’1 + V2Z21[a1,a2])6(t) (H10)

Remark:

When a=[0, 0],the control law u(t) given by Eq.(H10) 

reduces to the control law given by Eq.(20) in Ref.12.
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APPENDIX IX

Proof of Theorem 9.:

Consider

px(t) = (A + dA )x(t) (IDpc pc

Let

V(x) = xTP x > 0 (12)P

where P^ is the positive definite symmetric solution of

AT P + P A + AA P AT = -21 (13)pc p p pc pc p pc

Let

E = (I + A A ) + (A/2)dA (14)p pc pc

Then,

T T TpV(x) = px P x + x P px + Apx P px (15)P P P

Substitute for px from Eq.(Il), rearrange, and use Eq.(13)
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pV(x) = -xT2Ix + xT(dAT P E + ETP dA )x (16)
p c  p  p  p  p  p c

Then, the proof follows by using the same arguments as shown 

by Yedavalli (4].

Let

O' (ET P+ A ) < 1max max p  pcmax s

where (•) is the symmetric part of a matrix.

o- [{(ET )+P+dA+ } ] < 1 max p p pc s

=» o' [{(ETP dA ) + > ] < 1 max p  p  p c  s

=» o' [(ETP dA ) ] < 1 max p p pc s

=* |A(ETP dA ) I < 1 1 p p pc s 1 max

=> A. [(ETP dA ) - I] < 0l p p pc s

T
=¥ -I + (E P dA ) is negative definite n p  p  p c  s

T T=» -21 + dA P E  + E P d A  is negative definite 
p c  p  p  p  p  p c

=» pV(x) of Eq. (16) is < 0 for all x

=» (ApC + ^A ) Eq. (II) is asymptotically stable. ^
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APPENDIX X 

Proof of Lemma 2:

Continuous time:

See Ref.18

Discrete time:

Since after rotation and translation the eigenvalues of 
_

e (A-al) are inside the region of Figure 26, then, the 
1 — 10eigenvalues of -^-[exp{e (A-aI)A}-I] are inside the region

of Fig.27.

I
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APPENDIX XI

Proof of Lemma 3.:

Continuous time :

See Ref.2.

Discrete time :

/V •» 1 0  /V
Let A = e (A-al). Use the definition of A_ to obtaino

Substitute the infinite series for exp(AA) into Eq.(Jl) to 

obtain

M 1A„M = - 4 -  M 1(eAA-I)Mo A (j i )

M 'lA„M = -4- M 1 [ I + AA + 5 A (J2)

[I + M 1AMA +
- 1 ~ 2 ?M A MA +
2 ! (J3)

A
1 [I + M XAMA + (M XAM)2 | + (M 1AM)3 + ... - I]

(J4)

1
Substitute M AM = A from Ref.2 into Eq.(J4) to obtain
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2 3-1~ 1 ~ ~2 A ~ A , ,M VgM = [I + AA + A g + A §1 + • • • " 11 (J5)

= i (eAA-I) (J6)

Remark:

1 AAFrom the above lemma, A =—r—  (e - I). That is, the i-thP A
IV ^  IV

eigenvalue is given by {exp(A^A) - I}.

~ 10From a result attributed to Ref.2 A. = e (A.-a). Then,i i

Re(A.) = {Re(A.) - a>cos0 + Im(A.)sin0.l i  l
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Proof of Theorem 10. :

The proof starts with the following Lemma:

Lemma K: (Delta Uncertainty Bounds)

1 r [(A-al) +A A f. ti
(dA ) < A = ___ le maX - el d V  ~ omax A e 6

* i r* I(A-al)++ A ]t
(dBJ s B* = _  T e maX dx(B + B5 <5max A I J q max

(** (A-al ) + t  , D +  -i-joe ]

Proof of Lemma K.:

Let A = e_j0(A-aI); dA = e"J0dA ; B = e"j0B and dB = 

The following relations hold

A+£ (A-al) +

dA+ £ dA+ =» A £ Amax max

B+ £ B+

dB+ ^ dB+ => B i Bmax max



dV += ^ [ '
(A+dA)A AA' e -e

■ r - H I
I + (A+dA)A + (A+dA) 2 A

2 !

+ (A+dA)'4* ••• ] - [l ♦ A4 + A2 §! + A3-|f * ... ] }+

dA*A + £A*dA + dA*A + (dA)‘ A*dA*A + dA*A*dA

~ ~ 2 ~2 /v 2 ~ ~ 9 /v 3̂dA-A + A *dA + (dA) *A + A*(dA) + (dA)

2
/a *a + [a *a + a *a+ + a2 1-4- + [a+-a *a +A  ̂max [ max max max J 2! [ max

/x/4* ~  -f- 9  /vf 9  9  /̂4-+ A -A *A + A •(A ) + (A ) ‘A + (A ) *Amax max max max max

+ A ‘(A r  + (A )J max max ]£*-}

-J- {  [ 1 + (A++A )A + (A++A ) 2 - ^ r  + (A++A + ... 1A  ̂ [ max max 2! max 3! J

-[ 1+ A+A +(A+)2 +(A+)3 + . . . J  |

H (A +A )A r+max Ae - e 1

i r [(A-al) +A ]A T +̂max (A-al)
*]



; x b u i  ; c( V+ V)+ — - v el +~J „v z
XTBUI N jg XBUI „ 1 1 V( V+ V)+ V+ V)+VI \ y -7- =

+ ~  V +~ J J X

f  XBUI r  i t r  (  XBUI
{ (  a v o [  ■*■ + 4 i Ec v)

XHUI XBUI+ _( v). V + V* ( V) +Z +~  + ~  2

XBUI ,  XBUI XBUI XBUI XBUI )V* ( V) + -LV)* V + V- V* V + V* V* V + 
Z +~  Z ■!— +~ H— +~  J

i r  f  ,  XBU1 , XBUI XBU1 1 j Z  XBU1 "1+  7 W  v )  +  + X -  V  *  v - t v  J ♦  V  j  ♦
E Z

xbui T i ft i r  i 7, 1 1 Va • • • + i y — ( v) + ( v) + v + vi \ r >L *v ev+~ 0v zv+~ _v +~ J / x
V £  Z *

| (sp + a) [ ••• + -^(^VP) + z (v p )-v + v*z(vp) + yp*zy +

V V P  + VP*V*VP + V*VP*V + -^-L(VP) + V*VP + VP*V +iV a/ (V /V /v ^  J V A< a/ /v (V J

^f-vp ] ♦ gp [ •• - ^ - Ev ♦ i£-zv ♦ if-v ♦ VI ] } - f

J  S [ "• * ^ - cv * ^ - zi * f -V ♦ VI ] - (HP ♦ 8).

[ ■ ■ ■ + -^-(VP+V) + -*£- (VP+V) + -^(VP+V) + VI 1} -7- =I 3-V C ~ ~ c ~ ~ _V ~ ~ IJ I
v C c J

j  [  s  l p  1 X a  v J  -  ( S p  *  s >  l p  n v p + v ) 3  v l  ] - r }  =  + ( V )

V 6 1
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+  • • '[ 10 + r -2 T “ r , 2-5T ]B* }

-h i : (A +A )t r . 7+ nmax , ,0+ , _ . fA A t , _+e dr (B + B ) - e dx Bmax J Q J

- w :
j r,  ̂ fA (A-aI)+r, n+ "Idr (B +B )- e dr Bmax J Q J

[(A-al) +A ]t ,max , ,„+ ^ , PA (A-ale dr (B +B )- e

The proof of theorem 10 now continues by observing that the 

transformed unified closed loop system with uncertainty may 

be written as

px(t) = A x(t)+dA x(t) pc pc (K3)

where

pc
A + BFC

A 6 + B5F6C

continuous time 

discrete time
(K4)

and

dApc

- /VI (VdA + dB(FC) continuous time

dA„ + dB„(F„C) discrete time o o o
(K5)

The proof follows by in a similar manner to the proof of 

Theorem 8 . =5
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APPENDIX XIII

Proof of Corollary 5.

Using Theorem 10 it follows that the eigenvalues of the

uncertain closed loop system described by Eq.(151) are in

in continuous time or H, in discrete time ifk

* +
f n (v.w.) ^

A , = A \  V ---— --A A  < 1 (LI)maxk maxi L  r_,~ ., pcmaxkf
\ - i  If(rin k 1

The eigenvalues of the uncertain closed loop system

described by Eq.(151) are in the R region in continuous time

or R in discrete time if they are simultaneously in each

in continuous time or H. in discrete time. This will be truek
if

A . < 1 maxk

From the above comment, we have

max[A A „] < 1 (L2)maxi max2

where
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* + n (v.w.)/ n iv.w.j \
A . = A | V ---— ---A Amaxi maxi L  rr . , ~  pcmaxl

l l=l [ f (V i » l  J

* + n (v.w.)✓ n iv.w. v \

<{ ^ fff? 11 APcmaxz}\iax2 \iaxl L  r_,~ “pcmax2 j i_l Li l3r'i j j ̂

pcmaxl

A + B (FC) max max continuous time

A_ , + EL .(F„C) discrete time Smaxl Smaxl 5

Smaxl
[(A-a, I)++A ]A [A-a„I]+Amax - e

BSmaxl
i r r4 tlA"ai

[(A-a„I) + A ]tmax , .dr(B + B ) max

-A (A-a I)+x

-Jo- d T B  ]

pcmax2

A + B (FC) max max continuous time

As o + Bs discrete time5max2 5max2 5

5max2 ■ ± [

[A++A ] A A+Amaxe - e

(L3)

(L4)

(L5)

(L6 )

(L7)

(L8 )

(L9)



B 1
Smax2 A J*J n

[A + A ]tmax , .e dx(B + B )max

r *  A + r  +

V  dTB ]
(L10)

[f(^±)]2=
-Re(y.) = -Re(A.) = a. 1 1 1 cont. time

1 1[l-d+AyD ] =-^— [1-e 1 ] disc, time

and where

Aj = (A^aj) ; = -[ReUD-a^

-Re(y.) = -Re(A.) = a .l l i cont. time

1 1 A[1-d+Ay ) J =—^ ~ [1-e 1 ] disc, time

and where

-je.
A. = e A. ; a. = -(Re(A.))cos0 + Im(A.)sin0  ̂1 1 1 z z ^

Remark:

k = 3: 0 3 = -02; a3 = a2 = 0

pcmax3 ^pcmax2

198

(Lll)

(L12)

(L13)
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-ReCaO = -Re(A^) =

[f(*i)]3=

cont. time
1 -a. A

-r—  [l-Cl+Ay.) ] =— —  [1-e 1 ] disc, time A l A
(L14)

and where

+J0.
/L = e ^i ’ ai = ))cos02 “ Im(A^)sin02

Since A^ are the eigenvalues of the real matrix (A+BFC) 

then, the A^ are either real or they occur in complex 

conjugate pairs. If the A^ are real, then Im(A^) = 0 and

f[*i]3 = f[*i]2 •

Consider the complex pair

A. = a. + jb. and A. . - A. = a. -jb.l l J l l+l l l J l

In this case

-Re(y.) = -Re(A.) = a.l l i
[f(*.)]2=

cont. time
-a-A

—r—  [1-(1+Ay.)+ ] =— — [1-e 1 ] disc, timeA l A
(L15)

and where

"j02A. =e A. ; a.= -a.cos0„+b.sin0„ or a. =-a.cos0 -b.sin0„l i l l 2 l 2 i i 2 i 2
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-Re(v .) = -Re(A.) = a. 1 1 1 cont. time
1 + 1 -a.A

[1-(1+Aa\) ] =-^-[l-e 1 ] disc, time
(L16)

and where

+j09
A. =e A. ; a . =  -a.cos0 -b.sin0„ or a. =-a.cos0„+b.sin0„ l l i l 2 l 2 i i 2 l 2

Therefore, it follows that

[f(,i)]3 = [f(ri)l2
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APPENDIX XIV

Proof of Theorem 11. :

Consider

px(t) = (A + dA )x(t) (Ml)pc pc

Let

V(x) = xT P x > 0 (M2)P

where P^ is the positive definite symmetric solution of

~ T  r ' J  /v /st  r*j M  a / TA P + P A + AA P A = -21 (M3)pc p p pc pc p pc n

Let

E = (I + AA ) + (A/2)dA p n pc pc

Then,

pV(x) = px^ P x + x^ Pp px + Apx^ P^ px (M4)

Substitute for px from Eq.(Ml), rearrange, and use Eq.(M3)

pV(x) = -xT 21 x + xT(dAT P E + ET P dA )x (M5)n p c  p  p  p  p  p c



202

Then, the proof follows by using the same arguments as shown 

by Yedavalli [4].

Let
A / T  (V -I- <v

0- [ (E P A  ) ] < 1max pmax p pcmax s

where (•) is the symmetric part of a matrix.

A / T  X  A / ^  A/ J-

=> O' [{(E ) P dA } ] < 1 (M6 )max p p pc s

=* o' [{(ET P dA ) + > ] < 1 (M7)max p p pc s

=» o- [(ET P dA ) ] < 1 (M8 )max p p pc s

=* |A(ET P dA ) I < 1 (M9)1 p p pc s 1 max

=> A. [ (ET P dA ) - I ] < 0 (M10)l P p pc s n

fT

=> -I + (E P dA ) is negative definite (Mil)n p p pc s

/n/*T <%/ fsj ~ T  ^ ^=> -21 + dA P E + E P dA is negative definite (M12)n p c  p  p  p  p  p c

p(x) of Eq.(M5) < 0 for all x
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(A^ + dApC) of Eq.(152) is asymptotically stable. (M13)
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APPENDIX XV

Proof of Corollary 6 . :

Using Theorem 11, it follows that the eigenvalues of the

uncertain closed loop system described by Eq.(151) are in

in continuous time or H. in discrete time ifk

o\ = <r[(ET . P+, A , ) ] < 1 (Nl)k pmaxk pk pcmaxk s

The eigenvalues of the uncertain closed loop system

described by Eq.(151) are in the R region in continuous time

or R in discrete time if they are simultaneously in each

in continuous time or H, in discrete time. This will be truek
if

<r, < 1 k

From the above comment, we have

max[o'1> cr2 ] < 1

where

o-. = o- [ ( E T . P+. A , ) ] (N2)1 pmaxl pi pcmaxl s
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°2 ^pmax2 ^p2 ^pcmax2^s^

ET = (I + AA .,) + (A/2)A pmaxl pci pcmaxl

ET = (I + AA 0) + (A/2)A pmax2 pc2 pcmax2

Pp^ and satisfy the following Lyapunov equations

/V' | * /V (V /VI /V /VA .P + P A + AA ,P .A . = -21 pci pi pi pci pci pi pci n

AT 0P _ + P „A „ + AA J >  _AT _ = -21 pc2 p2 p2 pc2 pc2 p2 pc2 n

where A^^ and A g are given by

pci

/v»
A^ + B^FC continuous time

As-.,+ EL.F.X discrete timeOl Ol o

p c 2

A2 ♦ B2FC

V  g32F5C

continuous time 

discrete time

where

A1 = (A-a1I), B1 = B, A § 1  = S^CA-a^), Bgl = ^ B

(N3)

(N4)

(N5)

(N6 ) 

(N7)

(N8 )

(N9)

(N10)



Remark:

k = 3: 03 = "02; a3 = a2 = °

*** iv r̂ t ̂  /vA = A a  = A p _ ppcmax3 pcmax2 ’ pc3 pc2 ’ pc3 pc2

Therefore, it follows that
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APPENDIX XVI

Proof of Lemma 4.:

Recall the following property from matrix norm.

For any matrix W e Cnxn, |W||.̂  ^ H^+iip

=>||I+€W|| * | I+£W+|| ̂ where ? > 0

|i+€w| -l «i+€w+| -i
=» lim ------_±P--- < lim--------J ± —

£->o

Therefore,

U. (W) £ U. (W+)ip ip

(Ml)

(M2)

(M3)

(M4)



208

APPENDIX XVII 

Proof of Lemma 5.:

It is seen that all the eigenvalues of a constant matrix 

are located in the H region in continuous time or in the H 

region in discrete time if and only if the eigenvalues of 

the corresponding state space system

px(t) = A^x(t) (Ql)

lie in the region of Figure 26 in continuous time or in the 

region of Figure 27 in discrete time

_
e (A-al) in continuous time

(Q2)
~  “ 10Qe J (A-al) in discrete time

Continuous time:

See Ref.19.

Discrete time:

If Eq.(190) holds, then it follows that

4 - ||5e J0 (A-aI)||? + U. (Qe J0A) + U. (-fiae J0) < 0 (Q3)2 " 11 ip ip ip



Use The property of the matrix measure that 

U. (A+B) £ U. (A) + U. (B)ip ip ip

to obtain

-4-||6e-J0 (A-aI)||? + U. [Qe_J0(A - al)] < 0  (Q4)2 11 11 ip ip

We now require a new lemma 

Lemma Q.:

Let A be an eigenvalue of A, and let v be an associated 

eigenvector such that ||v||j_p=l- Then,

l»<A>l a II * lllp

Proof of Lemma Q.:

The eigenvalue A of the matrix A and its corresponding 

eigenvector v satisfy the following equation

A(A)v = Av

|A(A)v||lp = | Av ||lp (Q5)

| A (A) | = | Av || (because v is a specific vector) (Q6 )
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Thus,

Use the result of Lemma Q to obtain

=> -A-|A[5e j0(A-aI)]|2+ U. [He J0(A - al) ] < 0 (Q8)2 1 1 ip

From Ref.19 we have

Re A(A) < U. (A) (Q9)IP

Use Eq.(Q9) to obtain

=* — |A[£2e j0(A-aI)]|2+ Re A[f2e J0(A - al) ] < 0 (Q10)

which from Ref. 3 is the stability condition in the y-plane

for Qe ^0 (A-aI).
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APPENDIX XVIII

Proof of Corollary 7.

Continuous time:

Use the property of the matrix measure that

U. (A+B) ^ U. (A) + U. (B) (Rl)ip ip ip

to obtain

U. (e A) = U. [A(cos0 - jsin0)] (R2)ip ip

^ U. (Acos0) + U. (-Ajsin0) < acos0 (R3)ip ip

where Eq.(B3) from the hypothesis of Corollary 7.

Thus,

U. (e A) < acos0 ip

and from Lemma 5 the eigenvalues of A are in the H region in 

continuous time.

Discrete time:

Use the property of the matrix measure that
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U. (A+B) ^ U. (A) + U. (B)ip ip ip

to obtain

U. (fiAe ^0) = U. [£2A(cos0 - jsin0)] (R4)ip ip

£ U. (£2Acos0) + U. (-£2Ajsin0) (R5)ip ip

£ -U. (fiae_j0) - -4-||ne_J0(A-aI)||? (R6)ip 2 11 11 ip

where Eq.(R6) follows from the hypothesis of Corollary 7. 

Thus,

U. (QAe J0) £ -U. (fiae J0) - — IIQe J0(A-aI) II? (R7)ip ip 2 11 11 ip

and from Lemma 5 the eigenvalues of A^ are in the H region 

in discrete time. %
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APPENDIX XIX

Proof of Theorem 12.:

Continuous time:

Suppose Eq. (192) is satisfied for p=l,2,oo. Then, Eq. (192) 

can be written as

(S3)

Use the definition of the matrix measure [19] to obtain

U. (-ale ^0) = -acosB IP

Then, Eqs.(S2) and (S3) yield

U. (A ip cmax ) + U. (A cos0) + U. (-A jsin0)- acos0 < 0 ip c ip cu (SI)

where

A = A + BFC; Ac I = A + B (FC) +cmax max maxmax

=» U. (Aip cmax ) + U. (A e ^0) - acos0 < 0 ip c (S2)

U. (A ip cmax [dA+dB(FC)]}+)£U. ({e J0[dA+dB(FC)]})ip
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U. (e J0[dA+dB(FC)]) + U. (e J0[A+BFC])+U. (-ale J0) < 0ip ip ip
(S4)

=> U. (e“J0[A+BFC-aI] + e_J0[dA+dB(FC)]) < 0 (S5)IP

From Ref.19 we have

Re A(A) < U. (A) (S6)IP

Thus,

Re M A  + dA } < 0 c c

where

A = e J0(A+BFC-aI) and dA = e j0 [dA+dB(FC)l %n  n ss

Discrete time:

First we note that H can be written as

S = eJ0( A s  + B_F_C) + fia = 5[ A+ BF_C ]o o o o

Suppose Eq. (192) is satisfied for p=l,2,co. Then, Eq. (192) 

becomes

U. (A ) + -|~|A* +A- II? + U. (Q[A+BF C]cos0) ip Scmax 2 11 5c 5cmax"ip ip 5

+ U. (-n [A +B F-C ]jsine) + U. (-fiae J0) < 0 (S7)ip o xp
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where

= K  + B-F_C; A_ = A_ + B (F_C) + 5c 5 5 5 5cmax 5max 6max 5

) + -4-||A* +A_ II? + U. (C2e J0[A+BF„C-aI] ) < 0 ip 5cmax 2 11 5c Scmax^ip ip 5
(SS)

U. (A ) ^ U ([dA.+ dB„(F C)]) (S9)ip 5cmax ip 5 5 5

I A* + A_ ||. s I (A_ +dA„ ) + ||. i || (A. +dA_ ) || . (S10)1 5c 5cmaxHip 11 5c 5c 11 ip 11 5c 5c 11 ip

Use the result of Lemma Q. : || (•) II. > | A(•) | to obtainii ii ip i i

!Aa c  * V m J I i p  > lA(A8c + dAS<=, l <S11)

Then, Eq.(S8) becomes

Ulp(dX«o) + + Ulp( ^ ‘Je[A-aI+BF3CI) < 0

* § l x<X8c + “ s c 1 12 + V Aa c *  “ a o '  < 0 lS12)

Thus

=» § |MAg+ dA5)|2 + ReA(Ag+ dAg) < 0 (S13)

where

Aac  ”  <Aa  + Ba Fa c )  and dAa c  = [dAa + dBa Fa c )
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From Ref.3, Eq.(S13) is the stability condition in the 

y-plane for A^+ dA^. ^
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APPENDIX XX

Proof of Corollary 8.:

Using Theorem 12 , it follows that the eigenvalues of the 

uncertain closed loop system described by Eq.(151) are in

The eigenvalues of the uncertain closed loop system 

described by Eq. (151) are in the R region if they are 

simultaneously in each H^. This will be true if Eq.(Ul) 

holds.

From the above comment, it follows that

in continuous time or in discrete time if the following 

conditions hold.

Continuous time :

U. (A . ip cmaxk )+U. (A cos0. )+U. (-A jsin0. )-a. cos0. < 0 ip c k ip k k k (Ul)

U. (A . ip cmaxl (U3)

and

U. (A „ ip cmax2 ) + U. (A cos0„) + U. (-A jsin0o) < 0 ip c 2 ip c 2 (U4)

where
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A = A + BFC c

A . = A 0 = A  + B (FC)+cmaxl cmax2 max max

and where

and are given by Eqs.(N9) and (N12), respectively.

Discrete time:

First of all we note that H. can be written ask

Ek ' e ' V  * §akFac) * Skak ' “k1 A+ BFac 1
Suppose Eq.(195) is satisfied for p=l,2,ro. Then, Eq.(195) 

becomes

U. (A ,) + -4-11 A* . +A„ . II? + U. (Q [A+BFSC]cos0. )ip Scmaxk 2 11 Sck dcmaxk^ip ip k <5 k

"" j®
+ U. (-5. [A+BF„C]jsin0, ) + U. (-S, a, e k) < 0 (U5)ip K o k ip k k

The eigenvalues of the uncertain closed loop system 

described by Eq. (151) are in the R region if they are 

simultaneously in each H^. This will be true if Eq. (U5) 

holds.

From the above comment, it follows that



V ' W l ’ * 4 - lX 6 c l +Xa c m a x l l ? p  + % (51 [A+BFS C1 >

+ (-£2^) < 0 (U6)

and

u; (A. ^ uJ  + -4-11 A* „+A A 2 + U. (£2 (A+BF C] cos0„) ip 5cmax2 2 11 5c2 5cmax2llip ip 2 S 2

+ U. (-£20 [A+BF_C]jsin0„) < 0 (U7)ip 2 o 2

where

A5cl A51 + B51F5C: A6c2 A52 + BS2F<5C

Scmaxl Smaxl + 5maxlF5^’ A5cmax2 A5max2 + B5max2F5<“'

and where A , B_. , A„ B„ are given bycSmaxl Smaxl <5max2 6max2 6 3

Eqs.(L6), (L7), (L9) and (L10), respectively.

(A^; § ̂ ) and (A^2; §52) are given by Eqs.(N10) and (Nil), 

respectively.

Remark:

k=3: 83=-02;

Apcmax3 Apcmax2’

It is easy to show that for a matrix A e Cnxn
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where
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t follows that

MS3 M<52

=2,3 is the discrete part of p given by Eq.(195),pK



APPENDIX XXI

Proof of Theorem 13.:

The control vector for the MIFO multi-rate system equation 

is defined for intersample points. An expanded vector

u.(kA )1 O u. [kA ] 1 o
u (kA ) 2 o

•
; u.(kAo) =

u.[kA +A.]1 O 1 
•

•

(VI)

•

u (kA ) m o u.[kA +(n.—IDA.]1 O 1 1

is defined to accommodate this. The unified multivariable, 

multi-rate state equations for the MIFO model are

px(t)=A x(t) + B u(t) P P (V2)

where

A = - P
A continuous time

QA discrete time
(V3)

where
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and where

( B continuous time
_

discrete time 

A result from Ref.5 gives

V

AA, A(n,-1)A AA, 1, 1 1 ,  , m ,
61 61 ‘ ' 61 ' ' ' ’ 6m e 1

A(n -1)6m m , e b„dm

where

b„. = —t—  e dr b. ; i=l mSi A J lo o

with b. the i-th column of the matrix B.l

The unified multivariable multi-rate system 

uncertainty for the MIFO model is

px(t) = A x(t) + dA x(t) + B u(t) + dB u(t) 
P  P  P  P

(V3)

5m

(V4)

(VS)

with

(V6)

From the results of Ref.5 and the unified model described in 

chapter 4 the uncertainty in the B matrix in delta can be 

written by
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dB. = [ (dB -B.) (dB -B ) ... (dB -BJ ] (V7)o 1 1  2 2 m m

Each dB. is an nxn. matrix defined byi i  J

dB. = [db„. exp((A+dA)A.)‘db_. ... exp{ (A+dA) (n.-1) }'db... ] l 5i l 5i r  i 5i
(V8)

where

db = - i -  f ^ 1  e (A+dA)r d x  ( +  d  } ( y g )
61 Ao J0 1 1

with db. the i-th column of the dB matrix.l

The multivariable multi-rate control law can be described 

by described by

u = F y (V10)P

F = P
F continuous time

(Vll)
F„ discrete time

F„ = tFi F o • ■ • FJ  V̂12)p 1 2  r

where F is the nxr block matrix and each block F„. is an np 5i
column vector.

We now require a new lemma to establish a bound on dB̂ ..O



Lemma V.: (Multi-rate delta uncertainty bound)

dB* £ B =[(B. -B*) (B0 -B* ) ... (B - B+)]5 Smax lmax 1 2max 2 mmax m

Each is an nxn. matrix defined by 1 1  3

B? = [ b* exp{A+A.}*b*. ... exp{A+(n.-1)A.}*b* ]l Si r i Si r  l l Si

where

bL  = - L  S'A Tdx b+
31 o Jo

+and where b. is the i-th column of the matrix Bl
B. is an nxn. matrix is defined by imax i J

B. =[bs. exp{(A++A )A.}*b_.imax Simax max l Simax

1 f*i (A+hb = —r—  e max dx(b. + b. )Simax A J_ i imaxo 0

where b. is the i-th column of the matrix Bimax max

Proof of Lemma V

dB* £ [ (dB -B )+ (dB -B )+ ... (dB -B )+ ] o 1 1  2 2 m m

224

(V13)

(V14)

(V15)

+. Each

(V16)

(V17)
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where

[db -b_.]+ [{exp(A+dA)A.}*db„.-exp{AA.>*b ]+Ol 01 1 01 1 01

. . . [exp(A+dA) (n^-1 )A^}*db^-exp{A(n^-l )A^ }*b̂ ., ]+

Consider a particular element of (dB.-B.)+ and replace db_.,l l Si
b ^  by their equivalents to obtain

[{exp(A+dA)n.A. }‘db... -exp(An. A. ) *b„. ] + i i  Si l l Si

A {exp(A+dA)n.A.} | x e (A+dA)T dx (b^ + db^)“ i*i> £ ‘

■ . V  C:exp(An.A.) | 1 e dt b.̂

1
A - A '  r *

{exp(A+dA)n.A. > | 'L e^ +dA)x dx db.
0 1

+ |{exp(A+dA)n.A.}
L 1 1 J 0

e(A+dA)T dx b.l

- exp(An^A^) e AT dx b.J

expand the first coefficient of b^

’"iV C1{exp(A+dA)n.A.> I 'L 0(A+dA)x ^  ^ 
'0 1
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f A - r 2  ^= -jexp(An^A^) + dAru—^  + A*dA + dA*A + (dA) ni ~

i At , ,.e dx + dA
A2Li. r

[
A3

A*dA + dA*A + (dA)‘1 iJ 3! +“ ' b.l

= exp(An .A.) I*1 
1 1 Jn

i Axe dx b. + exp(An.A.)X ^ 1 1
i2

* [-A*dA + dA*A

A3
+ (dA)‘] ^ +...bi+-dAni4 4 A*dA + dA*A

+ (dA)‘]n2 _i_ + . . . ... £  e* V  + dAj_ i  + [A.dA+ dA*A

A3
+ (dA)‘ b.l

Then, the particular element becomes

1
A {exp(A+dA)n . A. }

1 1 0
i (A+dA)x_, ^  Ji + i1dx db^ + -|exp(An^A^) dA

A2l
i ~Z l

A3
+ A*dA+ dA* A + (dA)‘1 1 J 3!

A. f
ff + A*dA + dA*A

+ (dA) l ] 2
J "i

A21
~ 2 A

A t dx + dA.-l
A2l

~ z i
+ A*dA+ dA*A
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A2
+ (dA) b.1

Apply (*)+ on each element , use dA+ s Amax and rearrange to 

obtain

[{exp(A+dA)n.A. > *db„. -exp{An. A. }*b-.. ] 1 1  Si i i  Si

£ [{exp(A + A )n A.}*b,.. - exp{A n.A.}*b „.]max l Simax l l oi

Then, it follows that

Bs =[(B. -B?) (B0 -B* ) ..Smax Imax 1 2max 2 . (B - B+)] mmax m

Each bT is an nxn. matrix defined by i i  *

b T = [ b* exp{A+A.}*b* ... exp{A+(n.-1)A.}*b* ]l Si l Si l l Si

where

,+ 1 f̂ i A+t , , +b_. = — t— e dr b.A  J n  1o J0
and where b. is the i-th column of the matrix B . Each l
B. is an nxn. matrix defined by imax i

B. =[bs. exp{(A +A )A.}*b„. imax Simax r m':"' 1 ■Sl'max i Simax
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... exp{(A +A ) (n.-1)A.}*b„. ]max 1 l Simax

b„. = —t—  e max dx(b. + b. )Simax A l imaxo 0

where b. is the i-th column of the matrix Bimax max

The proof of Theorem 13 now continues by observing that the 

transformed unified closed loop system given by

px(t) = A  x(t) + d A  x(t) pc pc (V18)

has a solution given by

x(t) = E(A ,t)x(0) + S E(A ,t-r-A )dA x(x)dx pc o PC o pc
(V19)

The result follows by applying Theorem 8.

* +
r n (v.w.) \

A \ Y ----— ---A I < 1maxi L  , pcmax I
i=l f(»i) ’

(V20)

where

fC^) =
-Re(a\) = -Re(A^) = cont. time
1 1 -a.A
-j— [1-(1+A V .) ] = —t— [1-e 1 °] disc, timeA o l Ao o

I

Next, we consider the limiting behavior of A*, B_., dA_,o o o
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dB„ and F„ as A -> 0. Using Middleton and Goodwin’s [3] o o o
result, it follows that

as A -» 0 , A_ -* A, B_ -» B , F -* F o o o o

=» (A + BgFgC) -» (A + BFC)

The uncertainty bounds A„ ■* A , B_ -» B5max max 5max max

=* (A. + B. F-C) -* (A + B FC)dmax 5max 8 max max

Thus,

* + * +
( n (v.w.) n / n (v.w.) \

A \ J  ---— --- A I -» A { J  ----— ---A i
L  f(y ) pcmax J max[ L  ^ cmax Jmaxi ,
i=i f(V  1=1



APPENDIX XXII

Proof of Theorem 14.

Let

E = (I + A A )+ + (A /2)dA p n o pc o pc

Then,

- _ j- x- - - T— -pV(x) = px P x + x P px + A px P px P P cT pK

A1 P + P A + AA P AT = -21 pc p p pc pc p pc n

Then

pV(x) = -xT2I x + xT(dAT P E  + ETP dA )x n p c  p  p  p  p  p c

Then, the proof follows by using the result of Theorem

(Wl)

(W2)

(W3)

• I



231

REFERENCES

1. Sobel, IC. M. , Banda, S. S., and Yeh, H. H. , "Robust 

Control for Linear Systems with Structured State Space 

Uncertainty", International Journal of Control, 50, 5, 1989, 

pp. 1991-2004.

2. Yu, W. , "Robust Eigenstructure Assignment with Flight 

Control Application", Ph.D. Dissertation, The City 

University of New York, May 1992.

3. Middleton, R.C. and Goodwin, G.C., Digital Control and 

Estimation: A Unified Approach. Prentice-Hall Inc.,

Englewood Cliffs, NJ, 1990.

4. Yedavalli, R.K., "Perturbations Bounds for Robust 

Stability in Linear State Space Models", International 

Journal of Control, 42, 6, 1985, pp. 1507-1517.

5. Araki, M. and Hagiwara, T., "Pole Assignment by Multirate 

Sampled Data Output Feedback", International Journal of 

Control, 44, 6, 1986, pp. 1661-1673.

6. Andry, A. N. Jr. , Shapiro, E. Y. , and Chung, J. C. , 

"Eigenstructure Assignment for Linear Systems", IEEE

Transactions on Aerospace and Electronics Systems, 19, 5,

1983, pp. 711-729.



232

7. Srinathkumar, S. , "Eigenvalue/Eigenvector Assignment 

Using Output Feedback", IEEE Transactions on Automatic 

Control, 23, 1, 1978, pp. 79-81.

8. Sobel, K.M. and Cloutier, J.R., "Eigenstructure 

Assignment for the Extended Medium Range Air to Air 

Missile", Journal of Guidance, Control, and Dynamics, 15, 

2, 1992, pp. 529-531.

9. Bossi, J.A. and Langehough, M.A., "Multivariable 

Autopilot Design for a Bank to Turn Missile", Proceedings of 

the 1988 American Control Conference, Atlanta, GA, June 

1988, pp. 567-572.

10. O’Brien, M.J. and Broussard, J.R., "Feedforward Control 

to Track the Output of a Forced Model", Proceedings of the 

17th IEEE Conference on Decision and Control, 1978, pp. 

1149-1155.

11. Sobel, K.M. and Shapiro, E.Y., "Application of 

Eigensystem Assignment to Lateral Translation and Yaw 

Pointing Flight Control", Proceedings of the 24th IEEE 

Conference on Decision and Control, Las Vegas, Nevada, 

December 1984, pp. 1423-1428.



233

12. Sobel, K.M. and Lallman, F.J., "Eigenstructure 

Assignment for the Control of Highly Augmented Aircraft", 

Journal of Guidance, Control, and Dynamics, 12, 3, 1989, pp. 

318-324.

13. Sobel, K.M. and Shapiro, E.Y., "An Extension to the 

Pseudo Control Strategy with Application to an 

Eigenstructure Assignment Yaw Pointing/Lateral Translation 

Control Law", Proceedings of the 30th IEEE Conference on 

Decision and Control, Brighton, England, December 1991, pp. 

515-516.

14. Kranc, G.M., I.R.E. Transactions on Automatic Control, 

3, 21, 1957.

15. Patel Y. , Patton R.J. and Burrows S. P., "Design of 

Insensitive Multirate Aircraft Control Using Optimized 

eigenstructure Assignment", Journal of Guidance, Control and 

Dynamics, 16, 1, January-February 1993, pp 118-123.

16. Chen B. S. , and Wong, C. C. , "Robust Linear Controller 

Design: Time Domain Approach", IEEE Transactions on 

Automatic Control, 32, 2, pp 161-164, 1987.

17. Stoer and Witzgall, Numerical Mathematics, 4, 458, 1964.



234

18. Juang, Y. , Hong, Z. and Wang, Y. , "Robustness of Pole

Assignment in a Specified Region", IEEE Transactions on

Automatic Control, 34, 7, July 1989, 758-760.

19. Wang, S and Lin, W. "On the Analysis of Eigenvalue

Assignment Robustness" IEEE Transactions on Automatic

Control, 37, 1992, pp 1561-1564.

20. Maciejowski, J.M., Multivariable Feedback Design

Addison-Wesley Publishing Co., Wokingham, England,1990.

21 Hsu, J.C. and Meyer, A.U., Modern Control Principles and 

Applications. McGraw-Hill Inc., New York, 1968.

22. O’Reilly, J. , International Journal of Control, 44,

1986, pp. 1077.

23 Grace, A. , Optimization Toolbox for use with MATLAB™,

The Mathworks, Inc., Natick, MA, 1990.

24. Golub, G.H. and Van Loan, C.F., Matrix Computations, The 

Johns Hopkins University Press, Baltimore, MD, 1983.



235

25. Langehough, M.A. and Simons, F.E., "6D0F Simulation 

Analysis for a Digital Bank to Turn Autopilot", Proceedings 

of the 1988 American Control Conference, Atlanta, GA, June 

1988, 573-578.

26. Middleton, R.H., Delta Toolbox for use with MATLAB™. The 

Mathworks, Inc., Natick, MA, 1990.

27. Military Specifications-Flying Qualities of Piloted 

Airplanes, MIL-F-8785C, ASD/ENESS, Wright-Patterson AFB, 

Ohio.

28. McRuer, D. , Ashkenas, I., and Graham, D. , Aircraft 

Dynamics and Control. Princeton University Press, Princeton, 

NJ, 1973.

29. Zhu, J.J. and Johnson, C.D., "New Spectral Canonical 

Realization for Time Varying Linear Systems Using a Unified 

Eigenvalue Concept," Proceedings of the 1991 American 

Control Conference, Boston, MA, 1991, pp 1174-1178.

30. Kailath, T. , Linear Systems. Prentice-Hall Inc. , 

Englewood Cliffs, NJ, 1987.

31. Churchill, R.V., Operational Mathematics. Third Edition, 

McGraw-Hill Inc., New York, 1972.



236

32. Ogata, K., Discrete Control Systems. Prentice-Hall Inc., 

Englewood Cliffs, NJ, 1987.


