INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

University Microfilms international
A Bell & Howell Information Company

300 North Zeeb Road. Ann Arbor, M| 48106-1346 USA
313:761-4700 800.521-0600






Order Number 9325135

A time domain approach to robust control of continuous time
and delta operator systems

Piou, Jean Eugéne, Ph.D.

City University of New York, 1993

U-M-1

300 N. Zeeb Rd.
Ann Arbor, MI 48106






A TIME DOMAIN APPROACH TO
ROBUST CONTROL OF CONTINUOUS TIME
AND DELTA OPERATOR SYSTEMS

BY

JEAN EUGENE PIouU

A dissertation submitted to the Graduate
Faculty in  Engineering in partial
fulfillment of the requirements for the
degree of Doctor of Philosophy, The City
University of New York

1993



ii

This manuscript has been read and accepted for the Graduate
Faculty in Engineering in satisfaction of the dissertation

requirement for the degree of Doctor of Philosophy.

4121193 Uovnetly, Sebrol

Date Chair of Examining Committee

41, \0\5 il L
Date ! \ Exié}tive Officegj

Professor K.M. Sobel, Mentor

Professor P. Combettes

Professor G. Kranc

Professor F.E. Thau

Dr. C. Huang, Grumman Corp.

Supervisory Committee

The City University of New York



iii

Abstract

A TIME DOMAIN APPROACH TO ROBUST CONTROL FOR
CONTINUOUS TIME AND DELTA OPERATOR SYSTEMS
By

Jean Eugéne Piou

Adviser: Professor Kenneth M. Sobel

Eigenstructure assignment is a method which allows the
incorporation of classical specifications on damping,
settling time, and mode decoupling into a modern
multivariable control framework. However, this design
approach does not guarantee stability when the plant is
subject to structured state space uncertainty. In systems
such as missiles and aircraft, this uncertainty may arise
from errors in the identification method which is used to

obtain the linearized models of the plant.

A new robust stability condition based on bounds of the
integral norm of the state and output is derived. This new
sufficient condition is valid for 1linear time invariant
continuous time systems which are subject to linear time
varying structured state space uncertainty and unmodelled

dynamics.
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In collaboration with a colleague, a new sufficient
condition for robust stability of a linear time invariant
continuous time system which is subject to time varying
structured state space uncertainty is obtained. This new
result uses the so-called modal decomposition method. A new
robust eigenstructure assignment design method is developed
in which the desired closed loop eigenvalues are constrained

to lie within chosen regions.

Eigenstructure assignment is extended to 1linear time
invariant sampled data systems which are represented by the
so-called unified delta model. The unified delta model is
valid for both continuous time and sampled data operation of
the plant. Sufficient conditions for robust stability based
on modal decomposition and Lyapunov methods are extended to
the delta model. Robust sampled data controllers are
designed for the Extended Medium Range Air to Air Technology

missile and the Flight Propulsion Control Coupling aircraft.

The robust stability conditions are extended to obtain
performance- robustness conditions. The closed loop
eigenvalues of the unified delta system are guaranteed to
lie within chosen damping-settling time regions for all
specified time invariant structured state space uncertainty.
Finally, the robust stability conditions are extended to

multiple input rate fixed output rate sampled data systems.
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1. INTRODUCTION

1.1. BACKGROUND

Eigenstructure assignment is a method which allows the
incorporation of classical specifications on damping,
settling time, and mode decoupling into a modern
multivariable control framework. However, this design
approach does not guarantee stability when the plant is
subject to structured state space uncertainty. In systems
such as missiles and aircraft, this uncertainty may arise
from errors in the identification method which is used to

obtain the linearized models of the plant.

The first result of this research is an extension of the
sufficient condition for robust stability proposed by Sobel
et. al.[1] to include simultaneous time varying structured
state uncertainty and unmodelled dynamics. A new robustness
result based on bounds of the integral norm of the state

and output is presented.

In collaboration with Yu [2], we developed a new robust
stability condition for a linear time invariant (LTI)
continuous time system which is subject to linear time

varying structured state space uncertainty. This sufficient



condition is a sum of terms each of which involves the i-th
right closed loop eigenvector, the i-th left closed loop
eigenvector, and the real part of the i-th closed loop
eigenvalue. This robustness result is less conservative than
the earlier result proposed by Sobel et. al. [1] which is

based upon the Gronwall lemma.

We have extended eigenstructure assignment to linear time
invariant plants which are represented by Middleton and
Goodwin’s [3] unified delta model which is valid for both
continuous time and sampled data operation of the plant. An
important property of the delta model is that the discrete
time eigenvalues approach the continuous time eigenvalues as
the sampling period approaches zero. We show that the
eigenvectors of the delta model are identical to the
eigenvectors of the continuous time plant and an expression
for the eigenstructure assignment feedback gain matrix is
derived. A sufficient condition for the robust stability of
a linear time invariant unified delta plant subject to
linear time invariant structured state space uncertainty is
obtained. This yields a new unified robustness condition
which is applicable to both continuous time and sampled data
operation. A robust sampled data controller is designed for
the Extended Medium Range Air to Air Technology (EMRAAT)

missile.



We have extended the robust stability sufficient
condition of Yedavalli [4], which uses a Lyapunov approach,
to a unified delta model which is valid for both continuous
time and sampled data operation of the plant. A robust
sampled data eigenstructure assignment flight control law is
designed for the yaw pointing/lateral translation maneuver

of the Flight Propulsion Control Coupling (FPCC) aircraft.

We present three sufficient conditions for robust
performance of a linear time invariant unified delta plant.
The closed loop eigenvalues are required to 1lie within
chosen performance regions when the plant is subject to time
invariant structured state space uncertainty. The first
condition uses a modal decomposition approach, the second is
derived from the Lyapunov stability method and the third

uses the concept of matrix measure.

We have extended eigenstructure assignment to the class of
multi-rate sampled data systems with multiple input rate and
fixed output rate (MIFO) proposed by Araki and Hagiwara [5].
We have obtained new robustness conditions using both modal

decomposition and Lyapunov approaches.



1.2 HISTORICAL REVIEW

1.2.1 EIGENSTRUCTURE ASSIGNMENT FOR LINEAR SYSTEMS
The important results and techniques of eigenstructure
assignment were presented by Andry et. al.[6]. The problem

described in Ref.6 can be summarized as follows:

Consider an LTI system described by the following

equations:
x(t) = Ax(t) + Bu(t) (1)
y(t) = Cx(t) (2)
where
(1) x € Rn, u e Rm, y € Rr;

(2) A,B, C are real constant matrices;

(3) rank(B) = m = 0, rank(C) = r # 0O;

The following theorem has been proposed by Srinathkumar [7]:



Theorem [7]:

Given the controllable and observable system described by
Egs. (1) and (2), max(m,r) closed loop eigenvalues can be
assigned and max(m,r) eigenvectors (or reciprocal vectors by
duality) can be partially assigned with min(m,r) entries in
each vector arbitrarily chosen using constant gain

output feedback.

Andry et. al. [6] concluded that the eigenvector vy must
be in the subspace spanned by the columns of (AiI—A)—lB and
this subspace 1is of dimension m which is equal to the
number of independent control variables. Therefore, 1f we
choose an eigenvector vy which lies precisely in the
subspace spanned by the columns of (AiI—A)_lB, it will be

achieved exactly.

In general, however a desired eigenvector v? will not
reside in the prescribed subspace and hence cannot be
achieved. Ref.6 gives a way to find the "best possible"
choice for an achievable eigenvector. This best possible
eigenvector is the projection of v? onto the subspace
spanned by the columns of (AiI—A)_lB (in a least square

sense).

In many practical situation, complete specification of v?



is neither required nor known but rather the designer is
interested only in certain elements of the eigenvectors.
Ref .6 discusses how to choose desired eigenvectors with an
emphasis on mode decoupling. However, this approach does not
guarantee stability when the plant is subject to structured
state space uncertainty. This area has been studied in our

research work and is discussed in chapter 2.

Recently, Sobel and Cloutier [8] applied eigenstructure
assignment to the design of an autopilot for the EMRAAT
missile. An important difference between this application
and other eigenstructure assignment applications which have
appeared in the literature is that the lateral dynamics of
the EMRAAT missile does not have a well defined dutch roll
mode. Therefore, eigenstructure assignment is utilized not
only for mode decoupling, but also to create distinctly
separate dutch roll and roll modes. Sobel and Cloutier [8]
use the approach suggested by Andry et. al.[6] in which the
i-th desired eigenvector v? is chosen for mode decoupling.
Then, the i-th achievable eigenvector v? is chosen as the
projection of v(ii onto the so-called achievability subspace.
Sobel and Cloutier [8] show that their design achieves
improved decoupling between an initial sideslip angle and
the integrated roll rate (which is approximately equal to
the bank angle) when compared to a linear quadratic

regulator design proposed by Bossi and Langehough [9].



However, the design of Sobel and Cloutier [8] does not
consider that the missile’s aerodynamic parameters are

uncertain.

1.2.2 FEEDFORWARD CONTROL

O’Brien and Broussard [10] developed a feedforward control
technique which enables a plant to perfectly track a model.
Sobel and Shapiro [11] developed a methodology for pitch
pointing flight control systems which uses eigenstructure
assignment and command generator tracking by applying the
results of Ref.10 to the special case in which the command
is restricted to be a step. In Ref.11l, the feedback gains
are computed by using eigenstructure assignment. The desired
eigenvalues are chosen to obtain the desired settling time
and the desired eigenvectors are chosen to decouple the
pitch attitude and flight path angle of an aircraft.
Feedforward gains are computed which ensure steady-state

tracking of a pilot’s command.

1.2.3 PSEUDO CONTROL

Sobel and Lallman [12] proposed a pseudo control strategy

for reducing the dimension of the control space by using the



singular value decomposition. After the design is complete,
the controller 1is mapped back into the original control
space. Later, Sobel and Shapiro [13] extended the pseudo
control strategy to allow the designer more freedom by
adjusting a two dimensional parameter denoted by «. Sobel
and Shapiro [13] applied the extended pseudo control
strategy to design a yaw pointing/lateral translation

control law for the FPCC aircraft.

1.2.4 MULTI-RATE SYSTEMS

Multi-rate sampled-data control systems have been studied
by Kranc [14] in 1957. The design freedom offered by the
periodic operation of multi-rate systems 1led Araki and
Hagiwara [5] to a class of multi-rate sampled data systems.
This class consists of systems with multiple input rate and
fixed output rate (MIFO) sampling. Later, Patel et. al.[15]
used the result of Ref.5 to design an insensitive multi-rate
aircraft controller. In our research we extend the result of
Araki and Hagiwara [5] to the delta model with time

invariant uncertainty.



1.2.5 ROBUST CONTROL FOR LINEAR SYSTEMS WITH STATE SPACE

UNCERTAINTY

Chen and Wong [16] introduced robust stability sufficient
conditions in the time domain for linear time invariant
systems with linear or nonlinear time-varying uncertainties.
In Ref.16, the Gronwall lemma is used to derive robust
stability conditions which are based on the upper norm
bounds of the uncertainties. The parameters of a dynamic
controller are selected to satisfy the requirements of

robust stability under plant uncertainties.

Consider the system described by

X = AX + Bu + AA(x) + AB(u) (3a)

Cx + Du + AC(x) + AD(u) (3b)

<
]

where x € R" is the state vector, u € R" is the input

vector, y € R" is the output vector,and A, B, C and D are
constant matrices. AA(x), AB(u), AC(x), and AD(u) are
nonlinear time-varying parametric uncertainties with the

following known upper norm-bounds.

[8AGY [, = B, x|, |aBC)[, = B, |ul, (3c, 3d)
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lacta |, = Bglx|,, [aD(W|, = B,]uf, (3e, 3f)

n .
where the l1-norm of a real vector x € R is

n
"X"1 =7z |X1|
i=1

and the 1-norm of a matrix A is

n
IAl, = max T |A,

and the dynamic controller has the following structure:

X
1]

= AX_ +Bly (4a)

c
I

K,x_ + K. x (4b)
o
where X € R 7. Notice that this design method requires both

state feedback and dynamic feedback. From Eqs. (3a), (3b),

(4a) and (4b):

e

A+BK2 BK1 X AA(x)+AB(u)

> Ar+ BrDK1 X Br[AC(x)+AD(u)]

Ke
I
+

B C+B DK
r r-r
(5a)

and
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y = [C+DK2 DK, ] + [AC(x)+AD(u)l (5b)

1

In Ref.16, the following definitions are used:

X A+BK BK

Z = A= 2 1 , € = [C+DK, DK, 1,
X B C+B DK A +B DK
r r r 2 r
o CAA(X)+AB(u) o
AA(x) = , AC(x) = [AC(x)+AD(u)]
Br[AC(X)+AD(u)]

Then, the closed loop system with parametric uncertainties

can be represented as

X = AX + AA(X) (6a)
x(0) = (6b)
X
ro
y = Cx + AC(x) (6c)

and the closed loop feedback system is given by

(7a)

Xle
]
>1
X1

x(0) = (7b)

ro

y = Cx (7¢)
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Define the state transition matrix ®(t) of Eq.(7a) as

d(t) = exp(At) (8a)

and suppose

A

||<I>(t)||1 m exp(-at) (8b)

for some constants m > 0, o > O.
Theorem[16]

For the system with nonlinear parametric uncertainty
described by Eqgs.(3c¢c)-(3f). If the control parameters of
Egs. (4a) and (4b) are chosen such that the nominal closed
loop system described by Egs.(7a)-(7c) is asymptotically

stable and the following inequality is satisfied:

o> m{ B+ (By*+ By [B I V| Ky K1 [, )+ By B, } (9)

where o = - max Re[hi(ﬁ)]
i

Then, the nonlinear parametric perturbed closed loop system

defined by Egs. (6a)-(6c) is also asymptotically stable.

Next, consider the system described by
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Ax + Bu (10a)

X e
1

y = Cx + Du +Ah * u (10b)

where the operator * denotes convolution. The structural
model uncertainty Ah is linear time-varying but bounded by

the following inequality.

[an(t) |, = ¥ exp(-Bt).

A theorem in Ref.16 states that if the nominal closed
system (which is not shown here) is asymptotically stable

and if

1

1 - xB

IB I, I K, XK,I]; >0 (11)
then, the system described by Eqgs.(10a) and (10b) is also

asymptotically stable.

The sufficient condition of Eq.(9) for the stability
robustness of linear systems with time varying norm bounded
state space uncertainty was extended by Sobel et.al.[1] to
include the structure of the uncertainty. The result of
Ref.1 requires that the nominal eigenvalues lie to the
left of a vertical line in the complex plane which is

determined by a norm involving the structure of the
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uncertainty and the nominal closed loop eigenvector matrix.
Therefore, this robustness result is especially well suited
to the design of control systems using eigenstructure
assignment. Ref.l1 also considers the wuse of Perron
weightings to reduce conservatism. The main result of Ref.1

can be summarized as follows:

Consider a nominal 1linear time invariant multi-input
multi-output system described by Eqgs.(1) and (2). Suppose
that the nominal system is subject to linear time-varying
uncertainty in the entries of A and B described by AA(t) and
AB(t) respectively. Then, the system with uncertainty is

given by

x = AX + Bu +AA(t)x + AB(t)u (12a)

y = Cx (12b)

Further, suppose that bounds are available on the absolute

values of the maximum variations in the elements of AA(t)

and AB(t). That is

IA

|Aaij(t)| (a i=1,...,n; j=1,...,n (13a)

ij)max;

1A

|8b, . (t)| i=1,...,n; j=1,...,m (13b)
ij

ij)max'
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Define AA*(t) and AB'(t) as the matrices obtained by
replacing the entries of AA(t) and AB(t) by their absolute

values. Also, define A and B as the matrices with
max max

entries (aij)max and (bij)max’ respectively. Then
+
{ AA(t): AA = Amax } (14a)
+
{ AB(t): AB = Bmax } (14b)

where "=" is applied element by element to matrices and

A e R™ and B e R"™™ where R is the set of
max + max +

non-negative numbers.

Consider the constant gain output feedback control law

described by

u(t) = Fy(t) (15)

Then, the nominal closed loop system is given by

x(t) = (A + BFC)x(t) (16)

and the uncertain closed loop system is given by

x(t) = (A + BFC)x(t) + [AA(t) + AB(t)FCIx(t) (17)
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Problem [1]:

Given a feedback gain matrix F e R™T such that the
nominal closed loop system exhibits desirable dynamic
performance, determine if the uncertain closed loop system
is asymptotically stable for all AA(t) and AB(t)

described by Egs. (14a) and (14b).
Theorem [1]:

Suppose that F is such that the nominal closed loop system
described by Eq.(16) is asymptotically stable with distinct
eigenvalues. Then, the closed loop system with uncertainty
given by Eq.(17) is asymptotically stable for all AA(t) and
AB(t) described by Eqs. (14a) and (14b) if

-1,+ +,. +
o> | (M)A + B (FC) 1M (18)

I,
where

o = -max Re[hi(A + BFC)1
i

and M is a modal matrix of (A + BFC).

This theorem presents a sufficient condition for the
robust stability in terms of the eigenstructure of the
nominal closed loop system. Robust stability is ensured

provided that the nominal closed loop eigenvalues lie to the
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left of a vertical 1line in the complex plane which is
determined by the nominal closed loop modal matrix and the

structure of the uncertainty.

The conservatism inherent in the sufficient condition has
been reduced by the use of a diagonal weighting. Let D be a
diagonal matrix with real non-negative entries. Then, given
a nominal closed loop modal matrix M, another valid modal
matrix is MD. This is because the matrix D just serves to
scale the nominal closed loop eigenvectors. Therefore,
Eq. (18) may be replaced by the sufficient condition given by
)+

-1,,-1 +ot
«> | DTT(M (A o * By (FC) IMD |, (19)

max

or equivalently by the D-weighted 2-norm described by

-1.+ +. 4+
a> | M)A+ B (FCIM |, (20)

max

Ref.1 uses the following lemma which gives the infimum of
the right hand side of Eq.(20). This lemma is attributed to

Stoer and Witzgall [17].
Lemma [17]:

Define the Perron eigenvalue of the non-negative matrix

A+, denoted by n(A+), to be the real non-negative eigenvalue
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A= 0 such that A __ = |A |for all eigenvalues (i=1,...,n)
max max i

of A+. Then,

inf | A", = m(a") (21)
D

Since the matrix inside the norm on the right hand side of
Eq.(20) is a non-negative matrix, the sufficient condition

becomes

. -1.+ 4o+
o > 1gf [ A+ B (FCY M| (22)
or by using the lemma
-1+ +. .+
> nl[(M7) [Amax + BmaX(FC) M1 (23)

By taking the infimum on the right hand side of Eq. (20), the
vertical line in the complex plane has been placed as close
to the imaginary axis as possible with a real positive
diagonal weighting. Recall that the sufficient condition for
robust stability requires that the nominal eigenvalues lie
to the left of this vertical 1ine. In this sense,
Ref.1 has reduced the conservatism of the sufficient

condition.
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1.2.4 PERFORMANCE ROBUSTNESS

An important criterion for the design of a controller for
an LTI system with uncertainty is performance robustness.
Assigning eigenvalues of systems under perturbations in a
specified region will not only ensure stability robustness
but also achieve performance robustness when the uncertainty
is time invariant. Juang, Hong and Wang [18] presented a
method to calculate allowable element bounds for highly
structured perturbations to achieve performance robustness.
Based on a Lyapunov approach, the wupper bounds on
perturbations are obtained to retain system eigenvalues
within an arbitrarily chosen region in the complex plane.
However, this result requires the solution of a Lyapunov
equation which contains complex matrices. In our research,
we extend the robustness conditions of Yu [2], and Wang and
Lin [19], to delta operator systems. Our results consist of
three new theorems where modal decomposition, Lyapunov and

matrix measure approaches are considered.

1.3 CONTRIBUTIONS OF THE THESIS

1. Proposed a sufficient condition based on bounds of the
integral norm of the state and output which is valid for

linear time invariant continuous time systems subject to
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time varying structured state space uncertainty and

unmodelled dynamics.

In collaboration with Yu [2], we derived a new robustness
result based on a modal decomposition approach. This
result 1is applicable to LTI continuous time systems
with linear time varying uncertainty. We developed a new
design method which minimizes an objective function with
constraints on the robustness result and on selected
damping ratios and time constants. The design method is
applied to the design of a robust controller for the

lateral dynamics of the EMRAAT missile.

Extended the sufficient condition for robust stability
developed in collaboration with Yu [2] to sampled data
systems using the delta operator representation presented
by Middleton and Goodwin [3]. Applied the robustness
result to design a robust sampled data controller for the

EMRAAT missile.

Derived a new robustness result for delta operator
systems subject to time invariant uncertainty using a
Lyapunov approach. Designed a feedback controller for the
FPCC aircraft by minimizing the integrated roll rate with

the robustness condition as one of the constraints.
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5. Developed a robust performance condition for wunified
delta systems with time invariant structured state space
uncertainty. In our research, we obtained results based
on a modal decomposition approach, a Lyapunov approach,

and a matrix measure approach.

6. Derived new robustness results for multi-rate sampled
data systems using modal decomposition and Lyapunov
approaches. We show that when the sampling periods go to
zero, the multi-rate robustness conditions approach the

continuous time results.

1.4 OUTLINE

Chapter 2 extends the sufficient condition for robust
stability of Ref.1 to include simultaneous time varying

structured state space uncertainty and unmodelled dynamics.

Chapter 3 presents a robust eigenstructure assignment
design method, which we developed in collaboration with Yu
[2], for LTI systems with linear time varying uncertainty by
using a new robustness sufficient condition. The method is
applied to the design of a robust controller for the lateral

dynamics of the EMRAAT missile.
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Chapter 4 extends eigenstructure assignment for a linear
time invariant system to the unified delta model proposed by
Middleton and Goodwin [3]. A robust sampled data controller
is computed for the EMRAAT Missile. We achieve a significant
improvement in the sideslip gust response as compared to an

orthogonal projection eigenstructure assignment design.

Chapter 5 presents a new sufficient condition for robust
stability using a Lyapunov approach. A robust sampled data

design involving a pseudo control strategy is presented.

Chapter 6 considers performance robustness for an LTI
system with structured state space uncertainty. We present
three new robustness results for a delta model which include
a modal decomposition approach, a Lyapunov approach and a

matrix measure approach.

Chapter 7 presents new robustness results for multi-input
fixed output rate delta operator systems based on modal
decomposition and Lyapunov methods. When the sampling period
goes to zero, the multi-rate conditions approach the

continuous time conditions.
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2. PERFORMANCE ROBUSTNESS FOR LTI SYSTEMS WITH STRUCTURED

STATE SPACE UNCERTAINTY AND UNMODELLED DYNAMICS

2.1 OVERVIEW

In this chapter, we obtain a sufficient condition for the
stability robustness of a linear time invariant plant which
is subject to simultaneous time varying structured state
space uncertainty and unmodelled dynamics by using bounds on

the integral of the state and output norms.

2.2 PROBLEM FORMULATION

Consider a nominal linear time-invariant multi-input

multi-output plant described by

Ax + Bu (29a)

x
1l

Cx + Du (29b)

<
I

where x € R® is the state vector, u € R" is the input
vector, y € Rr is the output vector, and A, B, C, and D are
constant matrices. We shall refer to Egs.(2%9a) and (29b) as

either the nominal plant or the design model.
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Suppose that the nominal system is subject to simultaneous
linear time-varying structured state space uncertainty and
unmodelled dynamics. The linear time-varying state space
uncertainty is described by uncertainty in the entries of A,
B, C, and D and is denoted by AA(t), AB(t), AC(t), and
AD(t), respectively. The unmodelled dynamics AH(t) satisfy
the model described by Maciejowski [20].

At .

AH(t) = C,e 2 B, + D,8(t) + E,3(t) (30)

A
which affects the output via a convolution with the input.

Then, the plant with uncertainty is given by
x = Ax + Bu + DA(t)x + AB(t)u © (31a)
y = Cx + Du + AC(t)x + AD(t)u + AH(t)=u(t) (31b)

We shall refer to Egs.(31a) and (31b) as the plant with
uncertainty or the true model. Further, suppose that bounds
are available on the absolute values of the maximum
variations in the elements of AA(t), AB(t), AC(t), and

AD(t). That is,

IA

IAaij(t)I ; i=1,...,n; j=1,...,n (32a)

a. .)
ij max

A
=2

|Abij(t)| s i=1,...,n; j=1,...,m (32b)

. L) ;
ij max
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1A

|ac, . (t) ] i=1,...,r; j=1,...,n (32c)
1]

A
o

|Adij(t)| i=1,...,r; j=1,...,m (32d)

pefine AAT(t), aBY(t), Ac(t), and AD'(t) as the matrices
obtained by replacing the entries of AA(t), AB(t), AC(t),

and AD(t) by their absolute values. Also, define A , B ,
max’ —max

C , and D as the matrices with entries (a,.) ,
max max ij max

. ) , (c..) , and (d, .) , respectively. Then,
ij max ij max ij max

{BACE): AAT(E) = A (33a)
{8B(t): #B"(t) =B _ ) (33b)
{ac(t): ac’(¢) s c__ ) (33c)
{aD(t): AD'(t) = D__ } (33d)

where "=" is applied element by element to matrices and

nxn nxm rxn rxm
A € R , B € R , C € R ,» D e R where
max + max + max + max +

R+ is the set of non-negative real numbers.

Further, suppose that bounds are available on the individual

terms in AH(t). That is,

E(CAe B,) =r,e (34a)
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E(DA) =T, (34b)

Consider the output feedback dynamic compensator described

by

x = Acx + By (352a)

u = ch + Dy (35Db)

2.3 STABILITY ROBUSTNESS MAIN RESULT

Given a dynamic compensator (AC, Bc’ C_, Dc) such that the

c
nominal closed 1loop system exhibits desirable dynamic
performance, determine if the uncertain closed loop plant is
asymptotically stable for all AA(t), AB(t), AC(t), and AD(t)
described by Eqgs.(33a)-(33d) and wunmodelled dynamics
described by Eq.(30) which satisfy the assumptions shown in

Egs. (34a) and (34b).

2.3.1 SUFFICIENT CONDITIONS FOR ROBUST STABILITY
Theorem 1:

Consider the linear time-invariant plant with time-varying
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structured uncertainty and unmodelled dynamics described by

x(t) = (A+DA(t))x(t) + (B+AB(t))u(t) (36a)

y(t) = (C+AC(t))x(t) + (D+AD(t))u(t) + AH(t)=u(t)  (36b)
with dynamic compensator described by

x (1) = A_x_(t) + B y(t) (37a)

u(t) = Cx_(t) + D y(t) (37b)

Consider the unmodelled dynamics AH(t) given by

AAt .
AH(t) = CAe BA + DA6(t) + EAS(t) (38)

and let the time-varying structured state space uncertainty

AA(t), AB(t), AC(t), and AD(t) satisfy

{DA(L): AAY (1) = A (39a)
{AB(t): ABT(t) = B .} (39b)
{AC(t): ACT(t) = Coo (39¢)
{AD(t): AD*(t) =D (39d)

max
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where AA(t), AB(t), AC(t), and AD(t) are continuous

functions.

The plant and unmodelled dynamics satisfy the following

assumptions:

(1): E(CAeAAtBA) = rzenBt (40a)
(ii): o(D,) = r, (40b)
(iii): o(E\) =1, (40c)

(iv): x(t) and y(t) are continuous
(v): o(u(t)) = yeo(ult))

Suppose (AC, B , CC, DC) is such that the nominal closed

c
loop system is asymptotically stable with a non-defective
closed loop matrix. Then, the uncertain closed loop system
described by Eqgs.(36a) and (36b) is asymptotically stable
for all AA(t), AB(t), AC(t) and AD(t) which satisfy
Egs. (392)-(39d) and AH(t) which satisfies assumptions

(i)-(v) if
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1 +
- -1,-1
{a-g(Q)] 0[(D1 M)
+

Anax* Bmax(DcC)hr(B+ * Bmax)D:: Cnax  BmaxCec +
(MD,Q) | +

L]
+
0
c max

+ +
(B +B )JD (D +D )
5[(D;1M—1)+[ max - ¢ max ]]E[[D+(C++C ),CT1(MD Q)+]
c max c 1

B (*+p )
C max

- + + -
1 - G[DC(D +Dmax)] - 0(Dc)‘0

+
{B +B D
=| =11+ max” c|| . =|int~t + +
0[(D1 M) [ ]]-o[[DC(C +Cmax),CC](MD1Q) ]'0

B+
c
+
1 - o[DC(D +Dmax)] - o(DC)'ﬂ
<1 (41a)
and if
o[D (D +D )1 + (D)9 <1 (41b)
c max c
where

o« = -max RelA, (A )1
i i el

9 = rz/B + r + yer

0 1

and
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and M is the modal matrix of Kcl.

Proof: see Appendix I

Remark 1:

We shall comment on the continuity assumption on x(t) and
y(t) which is stated as assumption (iv). The fact that the
closed loop system is linear together with the continuity of
AA(t), AB(t), AC(t), and AD(t) and the continuity of AH(t)
is sufficient for satisfying the assumption that x(t) and
y(t) are continuous. This continuity result together with

00

I “x(t)“2 dt < ® is then sufficient to guarantee that
0

lim |x(t)], = o©.
Tt

Remark 2:

The question of whether there exists a compensator which

satisfies Eqgs.(41ia) and (41b) for a specified A and B
max max

is a difficult one. However, suppose that we let

A = gA° and B = ¢B° with € sufficiently small. The
max max max max
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continuity of y(t) implies the continuity of xc(t) and u(t).
This continuity result together with the linearity of the
plant and compensator and assumption (v) should be
sufficient to guarantee that there exists € sufficiently
small such thét the uncertain closed system is
asymptotically stable. Therefore, if the sufficient
condition for robust stability is not satisfied for a
particular Amax and Bmax’ then the designer can reduce the
uncertainty bounds until the compensator satisfies Eqs. (4la)
and (41b). This will then yield the maximum uncertainty for
which the plant and compensator can satisfy the sufficient

condition for robust stability.
Corollary 1: (Bounded Unmodelled Dynamics)
If EA = 0, then assumption (iii) is not required.

Corollary 2: (Constant Gain Output Feedback)

For constant gain output feedback u = Dcy, the uncertain

closed loop system is asymptotically stable if
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1
-f. -1 -1.+ +
o {8

+ + +
+ (B +Bma ) Dc Cmax](MDlQ) ]

X

- -1, -1.+, + o+
0[(D1 M) (B +BmaLx)‘Dc(D +Dmax)] T + 4+ +
* -+ _+ - .G[Dc(c M Cmax)(MDlQ) ]
1- o[D (D +D J] - (D )-v
c max c

- -1 -1.+,_+ +| ~|F, + +
o*[(D1 M ") (B +BmaX)DC]'0[DC(C +Cmax)(MD1Q) ]-@
+ — — <1
1- w[DC(D +Dmax)] - o(DC)-ﬂ

(42a)
and if
- 4 -
c[D (D +D }J1 + (D )9 < 1 (42b)
c max c
where
9 = r2/B + Tyt Ty (43)

o = —-max Re[Ai(A+BDcC)]
i

and M is the modal matrix of (A+BDCC).

Remark 3:

For constant gain output feedback, Eq.(42b) is an explicit

constraint on the norm of the feedback gain matrix Dc' The
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reason for this constraint is that AD(t) and AH(t) represent
high frequency paths which can destabilize the plant unless
the feedback gain is sufficiently small. This observation is
consistent with the results of O’Reilly [22] who indicates
the robustness problem which may result when closing high
frequency plant loops with constant gains. Thus, a robust
constant gain controller must be a low authority controller
such that the gain is small enough at high frequencies so
that closing the uncertain high frequency paths does not
destabilize the plant. An alternative is to use a proper,
but not strictly proper, compensator described by the
quadruple (AC, Bc’ Cc’ DC). In this case, Eq.(41b) is an
explicit constraint on DC which represents a high frequency
path. Thus, although the proper compensator need not be a
low authority controller, we require that the gain DC be
small. Another alternative is to use a strictly proper

compensator described by the triple (AC,BC,CC).

Corollary 3: (Strictly Proper Plant with a Strictly Proper

Compensator)

Let D = AD = DC= 0. The uncertain plant in Eqgs. (36a) and

(36b) is asymptotically stable if
+
A B C
0[(D11M 1)+[ max max ¢ ](MDlQ)+]

B' C 0
C max

1

a-c(Q)
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. E[( DilM-l)J'[ g+] ] E[[o,CZ](Mnlq)*] .«s} <1 (44)

c
where

a = -m?x Re[hi(ACl)]

and

and M is the modal matrix of Acl'

Remark 4:

For the strictly proper compensator described by the
triple (AC, BC, CC), there are no explicit constraints on
the norms of the gains. However, BC and Cc are implicitly
constrained via the singular values in Eq.(44) and Ac is
implicitly constrained via the eigenvalues of Acl which must
be sufficiently far into the left half of the complex plane.
Note that the compensator (AC,BC,CC) has no high frequency
paths due to its low pass characteristic. Our results are
consistent with O’Reilly [22] who suggests that the

designer should avoid closing high frequency plant loops.

However, we observe that we can close the high frequency
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loops and still guarantee robustness if the high frequency
gain Dc is sufficiently small as shown by either Eq. (41b) or

Eq. (42b).
Remark 5:

When using the compensator represented by the quadruple
(AC, BC, CC, DC), we can use eigenstructure assignment to
assign (r + nc) eigenvalues. Here r is the number of plant
outputs and nC is the number of compensator states. However,
when DC is constrained to be =zero we lose some of the
degrees of freedom in eigenstructure assignment. Thus, there
may be some advantages with regard to eigenvalue and
eigenvector assignment in wusing a non-strictly proper
compensator. There appears to be a tradeoff between

robustness to high frequency uncertainty and the ability to

exactly assign certain eigenvalues and eigenvectors.

Corollary 4: (Norm Bounded Uncertainty; Constant Gain Output

Feedback).

Let E(AA(t))S'Jl, c(8B(t))=y,, o(AC(t))=y, c'r(AD(t))s?/4 and
let u(t)=DCy(t). Then, the uncertain closed loop plant is

asymptotically stable if
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K, (M) _ _ _ _
'—(x—- (71+3’20‘(DC)0‘(C)+[O‘(B)*"ZZ]O‘(DC)’ya)

[E(DC)]Z[E(B)+72][E(C)+73][E(D)+74]

+

1 - E(DC){[E(D)+74] + 9}

- 2_ _—
[e(D )17 [c(B)+y, 1lc(C)+y, 10
+ c 2 3 <1 (45)

1 - E(DC){[E(D)+W4] + 9}

and if

E(DC)-[E(D) +y, +0] <1 (46)

where

o = -max Re[Ai(A+BDCC)]
i

and M is a modal matrix of (A+BDCC) and KZ(M) is the

2-norm condition number of the matrix M.
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3. ROBUST EIGENSTRUCTURE ASSIGNMENT DESIGN METHOD

3.1 INTRODUCTION

In collaboration with Wangling Yu [2], we developed a new
sufficient condition for the robust stability of a linear
time invariant system which is subject to linear time
varying structured state space uncertainty. This new
sufficient condition is a sum of terms each of which
involves the i-th right eigenvector, the i-th left
eigenvector, and the real part of the i-th eigenvalue. This
new robustness result is less conservative than an earlier

‘result which involves the modal matrix and.the real part of
the eigenvalue which is closest to the imaginary axis in the

complex plane.

A robust design is computed for the Extended Medium Range
Air to Air Technology Missile and the new design is compared
with an earlier orthogonal projection eigenstructure
assignment design. The new design method uses the MATLAB™
Optimization Toolbox [23] to minimize the integral of the
roll rate with constraints on the real part of the dutch
roll and roll mode eigenvalues, the damping ratios of the
dutch roll and roll modes, the aileron and rudder deflection

rates, and the sufficient condition for robust stability.
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The new design satisfies the robustness condition while also

yielding an improved transient response.

3.2 PROBLEM FORMULATION

Consider a nominal 1linear time~invariant multi-input

multi-output system described by

x(t) = Ax(t) + Bu(t) (47a)

y(t) = Cx(t) (47b)

Suppose that the nominal system is subject to linear
time-varying uncertainty in the entries of A, B described by
AA(t) and AB(t), respectively. We shall assume that the
entries of AA(t) and AB(t) are continuous. Then, the system

with uncertainty is given by

x(t) = Ax(t) + Bu(t) + AA(t)x(t) + AB(t)u(t) (48a)

y(t) = Cx(t) (48b)

Further, suppose that bounds are available on the absolute

values of the maximum variations in the elements of AA(t)

and AB(t). That is,
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A

|Aa, ()| s ( i=1,...,n; j=1,...,n (49a)
ij

a,,) ;
ij max

IA

|Abij(t)| (b i=1,...,n; j=1,...,m (49b)

ij)max;

Define AA+(t) and AB+(t) as the matrices obtained by

replacing the entries of AA(t) and AB(t) by their absolute

values. Also, define A and B as the matrices with
max max

entries (a, .) and (b, .) , respectively. Then,

ij max ij max

(50a)

1A
>
—~

+
{AA(t): AA (%) nax

and

(50b)

1A
o
-~

+
{AB(t): AB (t) nax

where "=" jis applied element by element to matrices and

A € Rnxn, B € Rixm where R+ is the set of non-negative

numbers.

Consider the constant gain output feedback control law

described by
u(t) = Fy(t) (51)

Then, the nominal closed loop system is given by
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x(t) = (A + BFC)x(t) (52)

and the uncertain closed loop system is given by

x(t) = (A + BFC)x(t) + [AA(t) + AB(t)FCIx(t) (53)

Finally, the stability robustness problem can be stated as
follows: Given a feedback gain matrix F e R™" such that the
nominal closed 1loop system exhibits desirable dynamic
performance, determine if the uncertain closed loop system
is asymptotically stable for all AA(t) and AB(t) described

by Egs. (50a) and (50b).

3.3 ROBUSTNESS RESULT

The solution proposed by Sobel et.al.[1] for the
stability robustness problem is described by the following

theoremn.

Theorem 2:

Suppose that F is such that the nominal closed loop system
described by Eq.(52) is asymptotically stable with (A+BFC)
non-defective. Then, the uncertain closed loop system given

by Eq.(53) is asymptotically stable for all AA(t) and
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AB(t) described by Egs.(50a) and (50b) if

-1.+ o+
@ > A . (M ™) [Amax + Bmax(FC) IM'1] (54)

where

o = —-max Re[Ai(A+BFC)]
i

and where M is a modal matrix of (A+BFC) and Amax(') of a
non-negative matrix denotes the real non-negative eigenvalue
Apax= O such that A = |Ai| for all eigenvalues A,. The
above theorem describes a sufficient condition for the
robust stability in terms of the eigenstructure of the
nominal closed loop system. Robust stability is ensured
provided that the nominal closed loop eigenvalues lie to the
left of a vertical line in the complex plane which is
determined by a norm involving the structure of the
uncertainty and the nominal closed loop modal matrix. We

remark that the sufficient condition given by Eq. (54) can be

rewritten as shown below.

+. .+
+ Bmax(FC) M]l<1 (55)

This alternate form of the stability robustness condition
will be useful later when we compare it with the new
robustness condition which is derived in this section. We

now present a new sufficient condition for robust stability
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of a linear time invariant system subject to linear time
varying structured state space uncertainty which is

described by the following theorem.
Theorem 3:

Suppose that F is such that the nominal closed loop system
described by Eq.(52) is asymptotically stable with (A+BFC)
non-defective. Then, the uncertain closed loop system given
by Eq.(53) is asymptotically stable for all AA(t) and AB(t)

described by Egs. (50a) and (50b) if

(v wo )

& +
max{ Z (A +B _ (FO)] } <1 (56)

where

a«. = -Rel[A, (A+BFC)]
i i

and where Ai is the i-th eigenvalue of (A+BFC) with vy and

w: the corresponding right and left eigenvectors,
*
respectively; and where (¢) denotes the complex conjugate

transpose.
Proof: see Appendix II

L
We remark that the quantity |wivi| is defined by Golub and

Van Loan [24] to be the condition number of the 1i-th
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eigenvalue. This condition number is a measure of the
sensitivity of the i-th eigenvalue to incremental
perturbations in the matrix A+BFC. The quantity viw:, which
appears in Eq.(56), is weakly related to this eigenvalue
condition number. Thus, the new stability robustness
condition of Eq.(56) seems to have the heuristic
interpretation that robustness can be achieved by having the
sensitive eigenvalues far into the left half complex plane
and by having the eigenvalues which are near the imaginary
axis to be insensitive. Such an interpretation was not
possible for the result of Sobel et.al.[1] because their
stability robustness condition, which is given by Eq. (55) is
in terms of the spectrum as a whole rather than the

individual eigenvalues.

The new stability robustness condition of Eq.(56) is less
conservative than the earlier condition of Sobel et.al.[1].
This property is described by the following theorem.

Theorem 4:

The left hand side of Eq.(56) is less than or equal to the

the left hand side of Eq.(55). Mathematically,
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* 4+
n (v.wi) +
{ z —[A___+B___ (FC) ]}
max (X.i max max
i=1
- 1 -1.+ +. o+
< [T]"max{m )Ia__+B___(FC) m} (57)

Proof: see Appendix II1

3.4 ROBUST DESIGN FOR THE EMRAAT MISSILE

Consider the Extended Medium Range Air to Air
Technology (EMRAAT) bank-to-turn missile which is described
by Bossi and Langehough [9]. A sixth order model of the
yaw/roll dynamics at a 10 degree angle of attack is
considered with state vector, control vector, and
measurement vector given by X = [B,r,p,pl,ér,aa]T,
u=[8 ,8 ]T and y = [B,r,p,p ]T respectively. Here B is

rc’ ac b ? b ’ I » .
the sideslip angle (deg), r is yaw rate (deg/s), p is roll
rate (deg/s), Py is integrated roll rate (deg), ér is rudder

deflection (deg), and 6a is aileron deflection (deg). The

state space matrices A, B, and C are shown below:
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EMRAAT STATE SPACE MATRICES

[ -.5007 -.9945 .1736 O .109  .00691
16.83  -.5748 .01233 0  -132.8 27.19
A= | -3227 .3208 -2.099 0 -1620.0  -1240.0
0 0 1 0 0 0
0 0 0o o -179 0
i 0 0 o o 0 ~179 |
o 0 0 0 179 01"
B =
o 0 0 O 0 179
1 0 0 0 0 O
c=|0 t o 0 0 o
0o 0 1 0 0 O
0o 0 0 1 0 O

Sobel and Cloutier [8] use eigenstructure assignment with
an orthogonal projection. The desired dutch roll and roll
mode eigenvalues are achieved exactly because four
measurements are available for feedback. The desired dutch
roll eigenvectors are chosen to yield a complex mode which
is composed of sideslip angle and yaw rate with no coupling
to roll rate and integrated roll rate. The desired roll mode
eigenvectors are chosen to yield a complex mode which is
composed of roll rate and integrated roll rate with no
coupling to sideslip angle and vyaw rate. Then, the
achievable eigenvectors are computed by using the orthogonal
projection of the i-th desired eigenvector v? onto the

columns of (AiI—A)—lB. The closed loop eigenvalues and the
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feedback gain matrix are shown in Table 1.

TABLE 1. COMPARISON OF EMRAAT DESIGNS

*

Closed Loop Eigenvalues Feedback Gain Matrix
B r p P;
o A =-23.98+417.99 -4.19 .233 .00374 .731 arc
Eigen- dr
strgcture =-10.01%j9.98 2.89 =-.290 .00631 -.812 6ac
Assignment roll
Design Aact = ~132.1
of Sobel '
and Cloutier A = -161.1
act
B r p P;
. -2.82 .162 .0127 1.18 |8
= +
Robust Adr 14.94%+j16.68 rc
Design 2 =-40.55+j92. 90 770 -.180 .062 3.14 aac
roll
act = -150.3
Aact = -99.3

¥
Eigenvalues are computed by using feedback gains which are
rounded to three significant digits.

In collaboration with Yu [2], we propose a new robust
design which minimizes the integrated roll rate (which is
approximately the bank angle) subject to constraints on the
real part of the dutch roll and roll modes, the damping
ratios of the dutch roll and roll modes, the aileron and
rudder deflection rates, and the new sufficient condition

for robust stability. Mathematically, the objective function
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to be minimized is given by

30 2
J = z [p (KT,)] (58)

=1
where T1=O.Ols

The values of T1 and k are chosen to include the time
interval [0,0.3] during which most of the transient response
occurs. Of course, computation of Eq.(58) requires that a
linear simulation be performed during each function

evaluation of the optimization. The constraints are shown

below where { is the damping ratio.

Re A e [-50,-6] (59)
dr
Re Aroll e [-50,-6] (60)
Re Arudder < -100 (61)
Re A_. < -100 (62)
aileron
gdr € [0.4,0.8] (63)

Croyp € [0-4,0.8] (64)
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|5,| < 275 deg/s (65)
|5.| < 275 deg/s (66)
*
6 (viwi)+ +
A {Z [A__+B___(FC)'] } < 0.999 (67)
max (X.i max max
i=1
+

where for illustrative purposes we have chosen Amax= 0.1-A

and B = 0.
max

The actuator deflection rates are computed from the slopes
of the time responses of the deflections during the time
interval [0,0.03]. This interval is chosen because the
slopes of the deflections are largest during this time

interval. Mathematically,

maxlar(mTz)I

|8.| = (68)
r mT
2
. max|8_(mT,) |
16| = a2 (69)
a mT
2
where T,=0.001s and m=0,1,...,30. The maximum deflection

2

rates chosen for the constraints are well within the
expected 400 deg/s limit for the advanced state of the art

electromechanical actuator described by Langehough and
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Simons [25].

The parameter vector contains the quantities which may be
varied by the optimization. This twelve dimensional vector
includes Re hdr’ Im Adr' Re Aroll’ Im Aroll’ Re 21(1),
Re 21(2), Im 21(1), Im 21(2), Re 23(1), Re 23(2), Im 23(1),
Im 23(2). Here, the +two dimensional complex vectors zi

contain the free eigenvector parameters. That is, the i-th

eigenvector v, may be written as
v, =L,z (70)

where the columns of Li=(AiI—A)—1B are a basis for the
subspace in which the i-th eigenvector must reside. Thus,
the free parameters are the vectors zi rather than the

eigenvectors vy

The optimization is performed by using subroutine constr
from the MATLAB™ Optimization Toolbox [23] on a 486™ 25MHz
personal computer. The optimization is initialized with the
design proposed by Sobel and Cloutier [8] which yields an
initial wvalue of 5.0214 for the objective function of
Eq.(58), a value of 4.0472 for the left hand side (LHS) of
the earlier robustness condition of Eq.(55), and a value of
2.0686 for the LHS of the new robustness condition of

Eq. (56). The optimization is complete after 2698 function
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evaluations which requires approximately one hour of
computation and yields an optimal objective function of
0.0284, a value of 2.4432 for the LHS of the earlier
robustness condition of Eq.(55), and a value of 0.999 for
the LHS of the new robustness condition of Eq.(56). We
observe that the dutch roll mode is dominant in the robust
design whereas the roll mode was chosen to be dominant in
the design of Sobel and Cloutier [8]. Furthermore, the
optimization has assigned the roll mode damping to be the
smallest wvalue which is allowed by the constraint of

Eq. (64).

The time histories for initial, robust, initial 1.1A,
robust 1.1A of sideslip angle, vyaw rate, roll rate,
integrated roll rate, rudder deflection, and aileron
deflection to a one degree initial sideslip are shown in
Figures 1, 2, 3, 4, 5, and 6, respectively. We observe a
significant improvement in the integrated roll rate response
(which is desired to be zero) when compared to the earlier
design of Sobel and Cloutier [8]. The earlier design of
Sobel and Cloutier [8] has a minimum pI(t) of -.646 deg but
the new design of this thesis has a minimum pI(t) of ~.112
deg which is an improvement of approximately 80%. We note
that this improved response is obtained with both smaller
aileron and rudder deflections. Furthermore, it is

interesting that the aileron in the design of Sobel and
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Cloutier [8] exhibits an initial positive deflection of
approximately two degrees before becoming negative, whereas
this large positive initial aileron deflection does not
appear in the new robust design. Next, the response to a
roll rate step of 5 deg/s is considered. The roll rate,
rudder deflection, and aileron deflection are shown in
Figures 7, 8, and 9, respectively. The new robust design
exhibits a roll rate response with a significantly smaller
settling time which is achieved by using larger aileron
deflection rates. Nevertheless, these deflection rates of

approximately 25 deg/s are well within the allowable limits.
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4. ROBUST SAMPLED DATA EIGENSTRUCTURE ASSIGNMENT USING THE

DELTA OPERATOR

4.1 OVERVIEW

In this section, we extend eigenstructure assignment to
linear time invariant plants which are represented by
Middleton and Goodwin’s [3] unified delta model which is
valid both for continuous time and sampled data operation of
the plant. An important property of the delta model is that
the discrete time eigenvalues approach the continuous time
eigenvalues as the sampling period approaches zero. We show
that the eigenvectors of the delta model are identical to
the eigenvectors of the continuous time plant and an
expression 1is derived for the eigenstructure assignment
feedback gain matrix for the delta model. We show that in
the 1limit as the sampling period delta goes to zero, the
delta feedback gain approaches the continuous time feedback
gain. We propose a sufficient condition for the robust
stability of a linear time invariant unified delta plant
subject to linear time invariant structured state space
uncertainty. This yields a new unified robustness condition
which is applicable to both continuous time and sampled data

operation.
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We design a robust sampled data controller for the lateral
dynamics of the EMRAAT missile and this new design is
compared to an orthogonal projection eigenstructure
assignment design. The new design method proposed in this
chapter uses the MATLAB™ Optimization Toolbox [23] and the
MATLAB™ Delta Toolbox [26] to minimize the integrated roll
rate with constraints on the time constants of the dutch
roll and roll modes, the damping ratios of the dutch roll
and roll modes, the aileron and rudder deflection rates, and
the new sufficient condition for robust stability. This
design satisfies the new robustness condition while also
yielding an improved transient response as compared to the

orthogonal projection design.

4.2 PROBLEM FORMULATION

Consider a nominal linear time-invariant multi-input
multi-output system described by Eqs. (47a) and (47b). The
corresponding sampled data system, which is obtained by
using Middleton and Goodwin'’s [3] delta operator, is

shown below.

8x = A_ x + Ba u (71)

y = Cx (72)
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where

AB = QA (73)
B6 = QA (74)
Q= 1 eATdT (75)
A
Q0
- 91
3 A (76)

and where the shift operator q is defined by

SU (77)

and where A is the sampling period.

The unified state space model proposed by Middleton and
Goodwin [3] 1is valid for both the continuous and discrete
time cases simultaneously. This unified model is described

by

px(t) = A x(t) + B u(t) (78)
P P

y(t) = Cx(t) (79)

where



A in continuous time
A =
P A6 in discrete time
B in continuous time
B =
P B6 in discrete time
and where
d . . .
—-— in continuous time
dt
p=
é in discrete time
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(80)

(81)

(82)

Suppose that the nominal delta system is subject to linear

time-invariant wuncertainty in the entries of A
described by dAp and dBp, respectively, where
dA in continuous time
dA =
P dA6 in discrete time
dB in continuous time
dB =
P dB6 in discrete time
and where
_ 1 {(A+dA)A _ AA
dA6 =5 [e e ]
dB,. = 1 A e(A+dA)T drt (B + dB) - A eAT dt B
I} A 0 0

o)

’

B
P

(83)

(84)

(85)

(86)
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Then, the delta system with uncertainty is given by
px(t) = A x(t) + B u(t) + dA x(t) + dB u(t) (87)
p P P P
y(t) = Cx(t) (88)

Further, suppose that bounds are available on the maximum

absolute values of the elements of dA and dB. That is,

|da, .| =
1)

A
—~
oV

i=1,...,n; j=1,...,n (89)
|dbij| = (b

i=1,...,n; j=1,...,m (90)

Then, the corresponding bounds on the 8 system, through Egs.

(85) and (86), are

IA

|[dag(i,3)| = [dag(i,3)1 5 i=1,...,n; j=1,...,n (91)

1A

|dbg(1,3)| = [dbg(1,3)] 5 i=1,...,n; j=1,...,m (92)

Define dA; and dB; as the matrices obtained by replacing the

entries of dAp and dBp by their absolute values. Also,

define A and B as the matrices with entries (a, )
pmax pmax ij ' max

and (b, ) , Trespectively in continuous time or with
ij 'max

entries [daa(l,J)]max and [dbé(l’J)]max’ respectively in

discrete time. Then,
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+
{dAp. dAp = Apmax } (93)
and where
{dB : dB' = B } (94)
P P pmax
Amax in continuous time
A nax = (95)
P Aamax in discrete time
Bmax in continuous time
B max (96)
P By in discrete time
and where
1 (A++Ama B,
Aamax = —A—- [e - e ] (97)

1 (AT +A
B _ [ o max
dmax A 0
and where "=" is applied
A c Rnxn’ B c Rnxm
max + max +
numbers.

Consider the constant

described by

u(t) = pr(t)

where

)t +
at B +B ) - JA AT oar B ]
max
0
(98)

element by element to matrices and

where R+ is the set of non-negative

gain output feedback control law

(99)
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F in continuous time

P FS in discrete time

Then, the nominal closed loop unified delta system is given

by
px(t) = Apcx(t) (101)
where
A + BFC in continuous time
Apc = (102)
A6 + BGFSC in discrete time

and the uncertain closed loop unified delta system is given

by
px(t) = A x(t) + dA_ x(t) (103)
pc pc
where
dA + dB(FC) in continuous time
dA c = (104)
P dAg + dBg(FC)  in discrete time

Finally, the stability robustness problem can be stated as
follows: Given a feedback gain matrix F_ e R™T such that
the nominal closed 1loop wunified delta system exhibits
desirable dynamic performance, determine if the uncertain
closed loop unified delta system is asymptotically stable
for all time-invariant dAp and dBp described by Eqgs. (93) and

(94), respectively.
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4.3 DELTA EIGENSTRUCTURE ASSIGNMENT AND ROBUSTNESS RESULTS

This section presents four theorems describing
eigenstructure assignment and robust control for the unified
delta model. Theorem 5 shows that a matrix M is a modal
matrix for the delta plant if and only if it is a modal
matrix for the continuous time plant. Theorem 6 describes
the settling time and damping ratio regions for the delta
plant in the ¥-plane. Theorem 7 describes the eigenstructure
assignment output feedback gain matrix for the delta plant
and shows that the delta feedback gain matrix approaches the
continuous time feedback gain matrix as the sampling period
A approaches zero. Theorem 8 presents a sufficient condition
for robust stability of the delta plant under time invariant
structured state space uncertainty. This new robustness
condition is valid simultaneously for both continuous time

and discrete time operation of the plant.
Theorem 5: (Delta Eigenvectors)

Consider the continuous time plant given by x=Ax+Bu and

the sampled data plant given by d&x=A x+B6u. The 1i-th

exp(AiA)—l
eigenvalues of A and Aa are Ai and ¥i= A ,

respectively. Let M be a modal matrix and let A be a

3

diagonal matrix with the Ai(i=1,...,n) as entries. Then,

-1, 1A
M ASM = WiI = (e

- A—I) if and only if



M A= A=A

Proof: see Appendix IV.

Theorem 6: (Delta Settling Time and Damping Regions)
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(105)

Consider the plant described in Theorem 5 with eigenvalues

Ai in continuous time and eigenvalues ¥ for sampled data

operation. The s-plane settling time region described by

Re A < ¢

maps into the y-plane region described by

|1+A71| < eo‘A

and the s-plane damping region described by
cos(tan_l(Im Ai/(—Re Ai))) > g

maps into the y-plane region described by

| 1487, | < exp(-gp/(1-¢%)")

where

¢ = arg(1+Ay)

(106)

(107)

(108)

(109)

(110)
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Proof:see Appendix V.

Theorem 7: (Delta Eigenstructure Assignment Feedback Gain

Matrix)
Suppose u=F6y with Fa € Rmxr such that the nominal closed
loop system A8+B6F6C is asymptotically stable and
non-defective. Let Aar be the rxr diagonal matrix whose

entries are the assignable closed loop eigenvalues and let
Mr be the nxr matrix whose columns are the corresponding

achievable eigenvectors. If a solution exists for

(A6 + BSFSC) Mr = MrASr (111)
then
_ -1 T _ -1,.T
F6 = vaza USO(MrAar ASMr)Vrzr Uro (112)
ZsVs
86 = [USO U61] (113)
0
and
=V,
CMr = [UrO Ur1] . (114)

are the singular value decompositions of B6 and CMr’

respectively. Furthermore, when A-0, FaeF where
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F=vs ul MaA-am)vs ol
rr r rr r

58 Ypo (115)

0
is the feedback gain for the continuous time plant which

satisfies

(A + BFC)M_=MA (116)
r rr

and where

B = UBO UB1 I (117)

is a singular value decomposition of B and Ar is a diagonal
rxr matrix containing the assignable eigenvalues

A, (i=1,2,...,r).
i
Proof: see Appendix VI.
Theorem 8: (Unified Robustness Sufficient Condition)

Suppose that Fp is such that the nominal closed loop
system described by Eq.(101) is asymptotically stable with
(Ap+BprC) non-defective. Then, the uncertain closed loop
system given by Eq.(103) is asymptotically stable for dAa
and dB6 described by Egs.(93) and (94), respectively if

* 4+
n (viwi)
Amax{ z f(yi) Apcmax } <1 (118)
i=1

where
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—Re(yi) continuous time
f(vi) = 1 + (119)
= [1—(1+Ayi) 1 discrete time
A + B (FC)+ continuous time
max max _
Apcmax = . (120)
Smax + Bamax(FSC) discrete time
+
1 (A +A JA +
_ max _ AA
Aamax = T [e e ] (121)

+
1 (A +A )t +
B =_J'Ae maxX' 4r (B + B )—IAeAToer+
dmax A 0 max 0

(122)

and where . is the i-th eigenvalue of (A +B F C) with v,
. 1 P PP 1
and Wy the corresponding right and left eigenvectors,

*
respectively; and where () denotes the complex conjugate

transpose.

Proof: see Appendix VII

4.4 ROBUST CONTROL DESIGN FOR THE EMRAAT MISSILE

We consider the Extended Medium Range Air to Air

Technology (EMRAAT) bank-to-turn missile which was discussed
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in section 3.4. A seventh state X representing a yaw rate
washout filter with pole at -5 is added. The washed out yaw

rate o is fed back instead of yaw rate.

First, we design an eigenstructure assignment control law
by using an orthogonal projection. The delta state space

matrices Aa and B, are computed by using the MATLAB™ Delta

3
Toolbox [26]. The sampling period A is chosen to be 0.0025
seconds for illustrative purposes. The desired dutch roll
and roll mode eigenvalues are achieved exactly because four
measurements are available for feedback. The desired dutch
roll eigenvectors are chosen to yield a complex mode which
is composed of sideslip angle and yaw rate with no coupling
to roll rate and integrated roll rate. The desired roll mode
eigenvectors are chosen to yield a complex mode which is
composed of roll rate and integrated roll rate (which is
approximately equal to the bank angle) with no coupling to
sideslip angle and yaw rate. Then, the achievable
eigenvectors are computed by using the orthogonal projection
of the i-th desired eigenvector v? onto the subspace which
is spanned by the columns of (7iI—A6)~1B6. The closed loop
delta eigenvalues LA i=1,...,n and the feedback gain matrix
F6 are shown in Table 2. The desired and achievable closed

loop eigenvectors are shown in Table 3.
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TABLE 2. COMPARISON OF EMRAAT DESIGNS (A=0.0025 s)

Closed Loop Eigenvaluesa

Feedbackgain Matrix

= + 3
Ortho- Ydr 23.65%j16.97
gonal __ .
Pro je- Yroll = 9.98+j10. 16
ction 7act =-130.3
Design
Yoot = -103.8
Yeilter - 077
Robust xdr=—18.26i314.15
Design o 3
Yroll™ 61.39%j99.70
Vact = -112.8
Yoot = -48.61
Yeilter = 42

B T PP

-5.43 .231 .0043 .959 )

rc

4.42 -.285 .0050 -1.09 |&
ac

B Tio p o

-4.16 .196 .0154 1.27 |8
rc

2.36 -.215 .0757 2.16 |&
ac

aEigenvalues are computed by using feedback gains which are

rounded to three significant digits
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Desired Closed Loop Eigenvectors:

1 X 0 0 B
X 1 0 0 r
0 0 1 X P
0] ol | 0 X + 1 pI
X X X X 3
r
X X X X
| X | | x| | O ] | 0] Xo
Dutch Roll Mode Roll Mode
Orthogonal Projection Design:
0.0258 0.0203 -.0083 -~-.0092 -~-.0012
1.0000 0.0000 0.0000 -.0003 -.0197
-.0006 0.0001( 1.0000 0.0000 1.0000
0.0000 0.0000| -.0480 -.0501 -.0063
0.1309 -.1140 0.0037 0.0016 0.0024
-.2382 0.0960 0.0231 0.0134 0.1258
-.1385 -.1316 -.0001 0.0000 0.0006
Re vdr Im vdr Re vroll Im vroll
Robust Design:
0.0312 0.0280 -.0006 -.0013 -.0034
1.0000 0.0000 -.0003 -.0002 -.0005
0.0038 -.1691| 1.0000 0.0000 1.0000
-.0046 0.0055| -.0032 -.0073 -.0193
0.0958 -.0977 0.0063 -.0145 0.0075
-.2083 0.0524 0.0319 -.0711 0.0393
-.1678 -.1854 0.0000 0.0000 0.0001
Re vdr Im vdr Re vroll Im vroll actuator

.0074
.0000
. 1780
.0015

. 7135
-.9342
~.0434

I O~ 0O

o

. 0327
.3931

. 0000
. 1423

I =0 O

. 0053
-.0880
~. 9699

o

X O O TTHITW
N e —

actuator actuator filter

-.0070
-.9184
0.4932

-.0037

-.7119

1.0000

0.0360

actuator

-.0693
-. 4987

-.0468
0.0062

0.0016
0.1779
1.0000

X O o TV HW™
<N -

filter

aEigenvectors are computed by using feedback gains which are

rounded to three significant digits.
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Next, we propose a new robust design which minimizes the
integrated roll rate due to a one degree initial sideslip
angle subject to constraints on the time constants of the
dutch roll and roll modes, the damping ratios of the dutch
roll and roll modes, the aileron and rudder deflection
rates, and the new sufficient condition for robust
stability. Mathematically, the objective function to be

minimized is given by

120 .
Z [p, (k)] (123)

k=1

J

The upper limit on the index k is chosen to include the
time interval kA € [0,0.3] during which most of the
transient response occurs. Of course, computation of
Eq. (123) requires that a 1linear simulation be performed
during each function evaluation of the optimization. The
constraints for continuous time and the corresponding
constraints for discrete time are shown in Table 4 where (

is the damping ratio.
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Table 4. Constraints for the EMRAAT Designsa

Continuous Time

Discrete Time

Re Adr e [-50,-6]

Re Aroll e [~50,-6]

Arudder < 790

A . < =50
aileron

cdr e [0.4,0.8]

€ oyy € [0.4,0.8]

8 | < 275 deg/s
a

l1+A7r011| e [e_SOA’ e-6A]

-50A
l1+Aa(rudderl

-50A
e

|1+A"Yaileronl

|1+87 g | € 1€4 0 Egpp]

l1+Aarrolll € [Erolll’grollzl

|8, [(k+1)A1-6_(kA)|

A < 275 deg/s
|5.| < 275 degrs |6 [(k+1)A]-8 (k)|

A < 275 deg/s
T'C < 0.999 -nd < 0‘999
a s
Definitions

shown on page 74.

of €ir10 &ar2’ &ro111’ Srol1z’ M and my are
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-0.8¢ ~0.4¢

Sar1 = eXp[ = 2172 );gdrz - eXP[ = 2172 ]
[1-(0.8)7] [1-(0.4)7]
¢dr = arg(1+A7dr)
£ _ exp[ _0'8¢roll ] £ _ exp[ —O'4¢roll ]
rolll [1-(0. 8)2]1/2 roll2 [1-(0. 4)2]1/2
$ro11 = 2rell+dy ,q)
7 (v W, ) +
= max{ Z Amax + B ax(FC) ]}

7 (Viwi)
Mq = Amax{ z f(vi) [Aémax * amax(FSC) ]}
i=1

For illustrative purposes we have chosen Amax= O.O4-A+ and

B = 0 with the exception that the elements of AmaX which

max

correspond to actuator or washout filter time constants have

and B

The matrices A
dmax dmax

been set to zero. are computed

from Egs. (121) and (122), respectively.

The actuator deflection rates are computed from the slopes
of the time responses of the deflections during the time
interval kA € [0,0.03]. This interval is chosen because the

slopes of the deflections are largest during this time

interval. Mathematically,



75

|8, [(k+1)A]-8_(kA) | . max |8_ (md) | (124)
A mA
|8, [(k+1)A]-8 _(kA)| ) max |3 (mA) | (125)
A mA
where m=0,1,...,12. The maximum deflection rates chosen for

the constraints are well within the expected 400 deg/s limit
for the advanced state of the art electromechanical actuator

described by Langehough and Simons [25].

The parameter vector contains the quantities which may be
varied by the optimization. This twelve dimensional vector
includes Re Wdr’ Im 7dr' Re ¥

Im 7 Re 21(1),

roll’ roll’
Re 21(2), Im 21(1), Im 21(2), Re 23(1), Re 23(2), Im 23(1),
Im 23(2). Here, the two dimensional complex vectors zs

cohtain the free eigenvector parameters. That is, the i-th

eigenvector v, may be written as
v, = L.z, (126)

where the columns of Li=(in-A6)_1B are a basis for the

3
subspace in which the i-th eigenvector must reside. Thus,

the free parameters are the vectors z, rather than the

eigenvectors v,
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The optimization is performed by using subroutine constr
from the MATLAB™ Optimization Toolbox [23] and subroutine
delsim from the MATLAB"™ Delta Toolbox [26] on a 486" 25MHz
personal computer. The optimization is initialized with the
orthogonal projection design which yields an initial wvalue
of 9.1360 for the objective function of Eq. (123) and a value
of 2.2014 for the left hand side (LHS) of the robustness
condition of Eq.(118). The optimization is complete after
3640 function evaluations and yields an optimal objective
function of 0.0895 and a value of 0.999 for the LHS of the
robustness condition. We observe from Table 2 that the dutch
roll mode is dominant in the robust design whereas the roll
mode was chosen to be dominant in the orthogonal projection
design. Furthermore, the optimization moves the roll mode
eigenvalues to the boundary of the feasible set which
corresponds to the smallest time constant and the smallest
damping ratio allowed by the constraints. We observe from
Table 3 that the yaw rate washout filter eigenvector for the
robust design is characterized by a significant reduction in
the roll rate and integrated roll rate entries as compared
with the orthogonal projection design. However, the
optimized dutch roll eigenvectors exhibit an increase in the
roll rate and integrated roll rate entries which were
desired to be zero in the orthogonal projection design. We
conjecture that the optimization alters the filter

eigenvector in order to improve mode decoupling whereas the
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dutch roll mode eigenvector is altered in order to satisfy

the robustness constraint.

The time histories of integrated roll rate, rudder
deflection, and aileron deflection to a one degree initial
sideslip are shown in Figures 10, 11 and 12, respectively.
We observe a significant improvement in the integrated roll
rate response (which is desired to be zero) when compared to
the initial orthogonal projection eigenstructure assignment
design. The initial design has a minimum pI(t) of -.464 deg
but the new design of this chapter has a minimum pI(t) of
-.103 deg which is an improvement of approximately 78%. We
note that this improved response is obtained with both
smaller aileron and rudder deflections. Furthermore, it is
interesting that the aileron in the initial design exhibits
an initial ©positive deflection of approximately three
degrees before becoming negative, whereas this positive
initial aileron deflection is only approximately one degree

in the robust design.
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Figure. 10. Integrated Roll Rate B(0)=1 degree.
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Figure 11. Rudder Deflection B(0)=1 degree.
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Figure. 12. Aileron Deflection R(0)=1 degree.

Next, we compute the time responses due to a "l1-cosine"
sideslip gust as described in MIL-F-8785-C [27]. The state
equations for the lateral dynamics are shown by McRuer et.

al.[28] to be given by

B = YVB + (g/UO)¢ -r + (YSa/UO)aa + (YSF/UO)Sr - Yng (127)

4

B

l s 7 7 / ’ .
P=LgB+Lp+Lor+ Laa‘sa + Larar - LB, —(L ) B (128)

NBB + Npp + Nrr + Naaaa + NarSr - NB

e
]

(N ; 1
Bg (Nr)g Bg (129)
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where

Yv, Yv/UO’ Ya /UO, Y6 /UO, LB, Lp, Lr’ L6 , L6 , NB’ Np, Nr’
a r a r

’ 4

N. , and N6 can be obtained from the state space matrix A

¢]
a r

’ ’
and where (Nr)g and (Lr)g are defined in Ref.28 to be

, Iiz -1
X'z
! Ixz Iiz -1
(L), = [ i ] Nr[l - _—1‘1—‘] (131)
X X"z
S S
Nr = Nr - Iz Lr (132)

For the flight condition of the EMRAAT missile considered in
this chapter, the parameters N; and L; are -0.5748 and
0.3208, respectively. The inertias corresponding to a full
fuel condition are Ix = 11451, Iz = 456282, and Ixz = -1189.
Using these values, the gust derivative coefficients are

computed to be (Nr)g = ~0.5742 and (Lr)g = 0.05962. The gust

is defined as shown in MIL-F-8785-C [27] and is described by

0 t<0
Bg = 0.5(1~-cos24nt) 0=t =1/24
1 t > 1724

where the natural frequency of the open loop complex

eigenvalue pair is 24.04 rad/s.
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The time histories of integrated roll rate, rudder
deflection, and aileron deflection to the "1-cosine"
sideslip gust are shown in Figures 13, 14 and 15,
respectively. We observe a significant improvement in the
integrated roll rate response (which is desired to be zero)
when compared to the initial orthogonal projection
eigenstructure assignment design. The initial design has a
maximum pI(t) of 18.87 deg but our new design has a maximum
pI(t) of 0.6990 deg which is an improvement of approximately
96%. We note that this improved response is obtained with

both smaller aileron and rudder deflections.

20

deg/s
S
|

eigen

___robust

time(s)

Figure 13. Integrated Roll Rate Bg = 1-cosine.
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Figure 14. Rudder Deflection B = 1-cosine.

- ____eigen .

___robust

0.5
time(s)

Figure 15. Aileron Deflection Bg = 1-cosine.
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5. ROBUSTNESS OF DELTA OPERATOR SYSTEMS USING A LYAPUNOV

APPROACH

5.1 INTRODUCTION

We extend a robust stability result which uses a Lyapunov
approach to delta operator systems. A robust sampled data
eigenstructure assignment flight control law is designed for
the yaw pointing/lateral translation maneuver of the Flight
Propulsion Control Coupling aircraft. The flight control
design uses the so-called unified delta model which is valid
for both continuous time and sampled data operation of the
aircraft. We choose an objective function which weights both
the heading angle due to a lateral flight path command and
the lateral flight path angle due to a heading command. The
new design method minimizes the objective function with
constraints on the time constants of the dutch roll, roll
and lateral flight path modes, the damping ratios of the
dutch roll and roll modes, the new Lyapunov sufficient
condition for robust stability, and the minimum of the
smallest singular value of the return difference matrix at
the aircraft inputs. This design satisfies the new
robustness condition, yields a minimum of the smallest
singular value of the return difference matrix at the

aircraft inputs of 0.55 and yields an improved transient
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response as compared to the earlier design of Ref.13.

5.2 EXTENSION TO THE PSEUDO CONTROL STRATEGY

To explain the extension to the pseudo control strategy,
consider the singular value decomposition of the matrix B

which is given by

(133)

where U is the matrix of left singular vectors, V is the
matrix of right singular vectors, and £ is a diagonal matrix
containing the singular values in the order of descending

magnitude. Suppose we partition Z_, as follows:

3
Z1
23 = > (134)
2
where Zl = diag [01,...,0a] and 22 = diag [0a+1,...,0b] and
where 2N = Thq = ... = T+ = £ with € not necessarily

close to zero. If we partition U3 and V3 conformally with

Z,, then we rewrite Eq. (133) as follows:
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Bp = [U1 U UO] z (135)

Lemma 1:

Let the system with the pseudo control 8(t) be described

by
pr(t) = A x(t) + §p6(t) (136)
y(t) = Cx(t) (137)
B = U + Uylay, a)l (138)

We design a feedback pseudo control for the system described
Egs. (136)-(138). Then, the true control u(t) for the system

described by Eq.(78) is given by

_ -1 -1
ult) = [V,5 + V5 "«ls(t) (139)

Proof: see Appendix VIII

Remark 6:

When a=[0, 0], the control law u(t) given by Egs.(139)

reduces to the control law given by Eq. (20) in Ref.12.
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5.3 STABILITY ROBUSTNESS FOR DELTA SYSTEMS USING A LYAPUNOV

APPROACH

In this section, a new stability robustness sufficient
condition is derived which extends the work of Yedavalli {41}
to delta operator systems.

Theorem 9:

The system matrix (Apc+ dApC) of Eq.(103) is stable if

o T p* ) (140)
max pmax p pcmax’s
where
+
A = A +B___(FC) (141)
pcmax pmax pmax
E =4I +4AA +B (O + (a2)a (142)
pmax n P p P pcmax

and where Pp satisfies the Lyapunov equation given by

AT P +P A +aa PAl = 21
pc p T ppc pc p pc n

and where P; is the matrix formed by the modulus of

the entries of the matrix Pp

Proof: see Appendix IX
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5.4 YAW POINTING/LATERAL TRANSLATION CONTROL LAW DESIGN

We consider the FPCC aircraft linearized lateral dynamics

described by

B [ -0.340 0.0517 0.001 -0.997 O B
¢ 0 0 1 0 0 ¢
—gf p| =1 -2.69 0 -1.15 0.738 0 p
r 5.91 0 0.138 -0.506 O r
| 7 | | -0.340 0.0517 0.001 0.0031 O | | ¥ |
0.0755 0 0.0246 ]
0 0 0 6r
+ 4.48 5.22 -0.742 8,
-5.03 0.0998 0.984 5
0.0755 0 0.0246 | °©

The state variables are sideslip angle B, Bank angle ¢,
roll rate p, and lateral directional flight path angle
(y=y+B), where Y is the heading angle. The control variables
are rudder 6r, ailerons Sa, and vertical canard SC. The
angles and surface deflections are in degrees, and the
angular rates are 1in degrees per second. The five
measurements are 3, ¢, p, r, ¥. First, we design an
eigenstructure assignment control law by using an orthogonal
projection. The delta state space matrices A6 and BS are

computed by using the MATLAB" Delta Toolbox [26]. The

sampling period A 1is <chosen to be 0.02 seconds for
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illustrative purposes. The desired dutch roll, roll mode,
and flight path mode eigenvalues are achieved exactly
because five measurements are available for feedback. The
achievable eigenvectors are computed by using the orthogonal
projection of the i-th desired eigenvector v? onto the
subspace which is spanned by the columns of (wiI—Aa)_1B6.
The closed loop delta eigenvalues yi; i=1,...,n and the
feedback gain matrix F6 are shown in Table 5. The desired

and achievable closed loop eigenvectors are shown in Table

6.
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ON OF FPCC DESIGNS (A=0.02 s)

Closed Loop E

igenvaluesa Feedback Gain Matrix

Orthogonal Projec-

tion Design

= +3
74, =-1-999]1.921
= + 3
¥ g =2 95%)1.883

Wfp =~0.4975

Orthogonal Projec-
tion Design with
Pseudo Control

=— + 3
Yar 1.999+31.921
= + 3
Y roll 2.95%31.883
7fp =-0.4975

Robust Pseudo
Control Design

- + 3
7, ,="3.37+j1.56

=-3.1 6%j1.473
=-0.4 310

73,4
Yp
Robust Pseudo
Control Design

with Singular
value Constraint

= +3
7, ,=-2.558j1.19

b

=-2.60%j1.22
=-0.3248

3.4
ep

B ¢ p r ¥
1.4688 -.2866 -.0022 .3799 -1.5332]8_
.5652 -2.299 -.9044 -.6691 -.8890 |8
9.2964 -1.2143 -.0514 -1.4219 -15.57 |§_

B ¢ p r r 4
-.4929 -.0332 .0076 .6883 2.7584 |8
.9517 -2.353 -.9093 -.7565 -2.5147 |§_
.1203  -.0530 -.0245 -.1535 -.6023 |§_

[«7}

B ¢ p r 4
-0.2833 -.0340 -.0062 .2377  .5336 |8 _
1.5501 -2.476 -1.037 -.9812 -1.7788|5_
5.6151 -.0012 -.1486 -4.6301 -10.285|5_

B ¢ p r ¥
-0.1658 -.1967 -.0808 .4895 .8616 |5_
0.8390 -1.5479 -.7663 -.8565 -1.2679|5_
1.1525 -.8794 -.4764 -1.9712 -3.2578]§

aEigenvalues are computed by using feedback gains with

significant digits

to machine precision.
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TABLE 6 EIGENVECTORS FOR THE FPCC DESIGNS?

Desired Closed Loop Eigenvectors For Orthogonal Projection

Design:
X 1 0 0 X B
0 0 X 1 0 ]
0 0 1 X 0 9]
1 1] X 0 tj 0 0 r
0 0 0 0 1 Y
Dutch Roll Mode Roll Mode Flight Path Mode
Orthogonal Projection Design:
0.2501 0.2500 0.0000 0.0000 1.0000 B
0.0000 0.0000 -.2308 -.1538 0.0000 ¢
0.0000 0.0000 1.0000 0.0000 0.0000 p
1.0000 0.0000 0.0000 0.0000 0.0000 r
0.0000 0.0000 0.0000 0.0000 0.9998 ¥y
Re vdr Im vdr Re vroll Im vroll pr

Orthogonal Projection DBesign with Pseudo Control:

0.2347 0.2849 0.0010 0.0032 1.0000 B
0.0000 0.0001 -.2308 -.1538 -.0184 ¢
-.0002 -.0001 1.0000 0.0000 0.0092 p
1.0000 0.0000 -.0008 -.0005 0.2385 r
-.0155 0.0349 0.0011 0.0034 0.5228 vy
Re var  ImVgr R Vvignn ™ Vo Viep
Robust Pseudo Control Design:
-.0360 0.2094 0.0944 -.2017 0.9995 R
-.2342 -.1133 -.2501 -.1211 0.0683 ¢
1.0000 0.0000 1.0000 0.0000 -.0295 p
0.2008 0.6631 -.0465 -.6912 -.0003 r
-.0079 0.0313 0.0223 -.0231 1.0000 ¥y
Re v1 Im v1 Re v3 Im v3 vfp

Robust Pseudo Control Design with Singular Value Constraint:

-.2194 0.2878 0.0876 0.0016 0.9567 B
-.3117 0.1509 -.3050 -.1477 -.0363 ¢
1.0000 0.0000 1.0000 0.0000 0.0118 p
-.1569 0.9201 0.1828 -.1099 -.0142 r
-.0316 0.0246 0.0155 0.0082 1.0000 gy
Re v1 Im v1 Re v3 Im v3 vfp

aEigenvectors are computed by using feedback gains with
significant digits to machine precision.
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The yaw pointing and lateral translation time responses
for the orthogonal projection design are shown in Figures 16
and 17. The orthogonal projection solution is characterized
by excellent decoupling with the minimum of the smallest
singular value of (I-FG) equal to 0.18. Here the transfer
function matrix of the delta plant is given by G([eij—ll/A)

where O0O<w<mn/T. Furthermore, the Lyapunov robust stability

condition of Eq.(140) is not satisfied.

In order to improve the minimum singular value of (I-FG)
we design a controller by using an orthogonal projection
with the pseudo control of Ref.12. This pseudo control
mapping is given by Eq.(138) with «=[0,0]. The time
responses for yaw pointing and lateral translation are shown
in Figures 18 and 19. This design is characterized by a
lateral translation response with significant coupling
between 7 and Y with the minimum of the smallest singular
value of (I-FG) equal to 0.9835. The Lyapunov sufficient
robust stability condition of Eq. (140) is not satisfied. We
note that the yaw pointing responses exhibit excellent

decoupling for both of the orthogonal projection designs.

Next, in an attempt to obtain a robust design with
excellent decoupling, we propose a new robust pseudo control
design. This new design method minimizes an objective

function which weights the heading angle due to a lateral
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Figure 17. Lateral Translation-Orthogonal Projection.
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Figure 18. Yaw Pointing-Orthogonal Projection with Pseudo
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Figure 19. Lateral Translation-Orthogonal Projection with

Pseudo Control.
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flight path angle command and the lateral flight path angle
due to a heading command. Constraints are placed on the time
constants of the dutch roll, roll, and flight path modes,
the damping ratios of the dutch roll and roll modes, and the
new sufficient condition for robust stability.
Mathematically, the objective function to be minimized is
given by

100 2 2
J = Z [(1-a) )+ a(?’k’w ] (143)
’JC C

=1

The upper limit on the index k is chosen to include the time
interval kA € [0,2] during which most of the transient
response occurs. Of course, computation of Eq. (143) requires
that two linear simulations be performed during each
function evaluation of the optimization. The constraints for
continuous time and the corresponding constraints for
discrete time are shown in Table 7 where { is the damping

ratio.
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TABLE 7 Constraints for the FPCC Designs

Continuous Time Discrete Time

For complex eigenvalues:

A =1.5A
e

Re A € [-4,-1.5] |1+A7| € [e—4 , 1

Z € [0.4,0.9] |1+a7| e [€,,€,]

For the real eigenvalue:

-0.05A
e

A e [-1,-0.05] |1+87| € (78, ]

For Lyapunov robustness:

(L p*

o } < 0.999
max pmax p pcmax

For multivariable stability margins (final design only):

min ¢ . (I-FG) = 0.55; O<w<n/T
, Win

where

~0.9¢ ]

24,172

-0.4¢
[1-(0.9)°] ]

2,172

(, - o)
2 [1-(0.4)3]

¢ = arg(1+Ay)
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For illustrative purposes we have chosen Amax= 0.085~A+ and
Bmax= 0. After many trials, we found that a good value for

the weight a in Eq. (143) is a=0.0075.

The parameter vector contains the quantities which may be
varied by the optimization. This seventeen dimensional

vector includes Re Yar Im Yar Re 7 Im ¥

roll’ roll’ Zgp’
Re 21(1), Re 21(2), Im 21(1), Im 21(2), Re 23(1), Re 23(2),
Im 23(1), Im 23(2), 25(1), 25(2), and the two dimensional
pseudo control vector « of Eq.(138). Here, the two
dimensional complex vectors z; contain the free eigenvector

parameters. That is, the i-th eigenvector v, may be written

as
v.= L.z, (144)

where the columns of Li=(viI—A6)_1§6 are a basis for the
subspace in which the i-th eigenvector must reside. Thus,
the free parameters are the vectors 24 rather than the
eigenvectors vy The vectors z, are two dimensional because

the optimization is performed in the two dimensional pseudo

control space.

The optimization uses subroutine constr from the MATLAB™
Optimization Toolbox [23] and subroutine delsim from the

MATLAB" Delta Toolbox [26] on a 486" 25MHz personal
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computer. The optimization is initialized with the
orthogonal projection pseudo control design which yields an
initial value of 20.6 for the objective function of Eq. (143)
and a value of 1.66 for the right hand side (RHS) of the
robustness condition of Eq.(140). The optimization yields an
optimal objective function of 0.0107 and a value of 0.999
for the RHS of the robustness condition. We observe from
Table 6 that both orthogonal projection designs have clearly
distinct and decoupled dutch roll and roll modes whereas the
robust design has two complex modes which are both coupled
to roll rate. The time responses for yaw pointing and
lateral translation are shown in Figures 20 and 21 from
which we observe the excellent decoupling which has been
achieved. Unfortunately, the minimum of the smallest
singular value of (I-FG) is only 0.2607 which is less than

desired.

In an attempt to achieve a design with excellent time
responses, Lyapunov robustness, and an acceptable minimum of
the smallest singular value of (I-FG), we repeat the
optimization with the additional constraint that
0min(I—FG)zO.55. Once again we initialize the optimization
at the orthogonal projection pseudo control design. The
optimization yields an optimal objective function of 0.0556

and a value of 0.999 for the RHS of the robustness

condition. The time responses for yaw pointing and lateral
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translation are shown in Figures 22 and 23. The lateral
translation response is deemed to be excellent even though
it has some small increase in coupling as compared to the
design without the additional singular value constraint.
Thus, we have obtained a controller which simultaneously
achieves excellent time responses, Lyapunov robustness, and
an acceptable minimum of the smallest singular value of the

return difference matrix at the aircraft inputs.

degrees

) ,
0 5 10

time(s)

Figure 20. Yaw Pointing-Robust Pseudo Control.
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Figure 22. Yaw Pointing-Robust Pseudo Control;

Singular Value Constraint.
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time(s)
Figure 23. Lateral Translation-Robust Pseudo Control;

Singular Value Constraint.
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6. PERFORMANCE ROBUSTNESS OF SAMPLED DATA SYSTEMS USING

THE DELTA OPERATOR.

6.1 INTRODUCTION

In this chapter, we consider the performance robustness of
a unified delta system which is subject to linear time
invariant structured state space uncertainty. We extend the
stability robustness results of chapters 4 and 5 to obtain
new sufficient conditions for performance robustness. We
derive new results based upon the modal decomposition
discussed in chapter 4, the Lyapunov approach obtained in

chapter 5 and another result based upon a matrix measure.

A feedback gain matrix Fp is chosen such that all of
eigenvalues of the nominal closed loop system are inside the
damping ratio/settling time region R of Figure 24 for
continuous time or inside the corresponding region Rd of
Figure 25 for discrete time. The performance robustness
problem 1is to obtain sufficient conditions for the
eigenvalues of the uncertain closed loop system to be inside
the region R in continuous time or the region Rd in discrete
time for all time Iinvariant dAp and dBp described by

Egs. (93) and (94).
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/

Figure 24 Robustness Region in Continuous time :R

. : d
Figure 25 Corresponding Robustness Region in delta: R
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6.2 PROBLEM FORMULATION

Consider a nominal 1linear time-invariant multi-input

multi-output system described by Egs. (47a) and (47b).

The corresponding sampled data system, which is obtained
by using Middleton and Goodwin’s [3] delta operator, is

given by Egs. (71) and (72).

The unified state space model proposed by Middleton and
Goodwin [3] 1is valid for both the discrete time and
continuous time cases simultaneously. This unified model is

described by Egs. (78) and (79).

Suppose that the nominal delta system given by Eq.(78) is
subject to linear time-invariant uncertainty in the entries
of Ap, Bp described by dAp and dBp, respectively. Then, the

delta system with uncertainty is given by Eqs. (87) and (88).

Define A and B as the maximum bounds on dA_ and
pmax pmax P

dBp, respectively and described through Egs. (95)-(98).

Consider the constant gain output feedback control law
described by Eq.(99). Then, the nominal closed loop unified
delta systém is given by Eq.(101) and the uncertain closed

loop unified delta system is described by Eq. (103).
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6.3 PRELIMINARY RESULTS

First we review two results in continuous time attributed
to Juang, Hong and Wang [18], and Wang and Lin [19]. Then,
we extend the results to the unified delta model which is

valid for both continuous time and discrete time.

Consider a line L , limited by jw/A and -jw/A, which
separates the s-plane into two regions H and H as shown in
Figure 26. The L line intersects the real axis at point "a"
and makes an angle "6" with respect to the positive
imaginary axis, where "0" 1is assumed positive in a
counterclockwise sense and -m < 8 = mw. The corresponding
regions in the ¥-plane are represented by Hd and ﬁd as shown
in Figure 27. Denote a specific region H by H(a,8) in

continuous time and Hd by Hd(a,e) in discrete time.



s-plane
1 Jush
T
fi" //%% H

7 N

e 27. Description of Hd region
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Lemma 2:

All the eigenvalues of the constant matrix Ap of Eq. (80)
lie in the H region of Figure 26 in continuous time or in
the Hd region of Figure 27 in discrete time if and only if
the eigenvalues of the matrix Kp lie in in the respective

region H or Hd.

where
-je . . .
. e (A-al) in continuous time
A =1 _ _. (145)
P Ge JY(A-al) in discrete time
and where
Q= _%_ JA exp{e_Je(A—aI)t} dt (146)

0

Proof: see Appendix X

Next, we extend the definitions which relate the so-called
transformed system with uncertainty presented by Yu [2] to

the unified delta model.
Definition 1:

The nominal unified closed loop system matrix Apc’ the

uncertainty matrix dApc’ the unified transformed closed loop

system matrix ch and the transformed uncertainty matrix
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dA are defined by
pc

A=A +BFC (147)
pc p p P

dA  =dA + dBF C (148)
pc P PP
A =A +BFC (149)

dA =dA +dBFC (150)
pc p PP

Then, the unified closed system with uncertainty is given by
px(t) = Apcx(t) + dApr(t) (151)

and the unified transformed closed loop system with

uncertainty is defined by

px(t) = Apcx(t) + dApr(t) (152)
where
-je . .
e (A-al) in continuous tme
A = (153)
P ~ - 30
Qe (A-al) in discrete time
e_Je B in continuous time
B = (154)
P ~ -30
Qe B in discrete time
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e-Je dA continuous
pr = (155)
Fe—Je(A+dA-aI) - ﬁe_Je(A—aI) discrete
e_Je dB continuous
d§p = (156)
Fe-Je (B + dB) - ﬁe_Je B discrete
and where
~ 1 (e 994 + daA - aD ]
' = — e dt (157)
A 0

The following lemma shows that the eigenvectors of the
transformed continuous time plant are identical to the

eigenvectors of the transformed sampled data plant.
Lemma 3:

Suppose that the continuous time plant is given by x=Ax+Bu
and the sampled data plant is éx = Aax + Bau. Suppose that
the transformed continuous time plant 1is described by
i = A X + Bu and the sampled data transformed plant is given

by 8x = K6§ + ﬁau. The i-th eigenvalues of A, Aa, A and A
' exp(A,A)-1 exp(A,A)-1
are A Y, = — X and 7y, = — —
i’ i A i i’ i A ?

respectively. Let M be a modal matrix and let A be a

(<]

diagonal matrix with the Ai’s (i=1,...,n) on the main



diagonal. Then,

MIAM = X = XiI =e -1
“ly o % _ o~ _ 1 AN
M AGM = A6 = in = —Z—(e 1)
where
A= e—Je(A - al) and Xa = —%——[eAA - I]

Proof: see Appendix XI

6.4 PERFORMANCE ROBUSTNESS SUFFICIENT CONDITIONS
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(158)

(159)

We present theorems to show that the unified closed loop

system with uncertainty 1is asymptotically stable

if the

eigenvalues of the unified transformed plant under time

invariant uncertainty are in the H region or Hd

continuous time and discrete time, respectively.

region in
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6.4.1 MODAL DECOMPOSITION APPROACH
Theorem 10: (Preliminary Result)

Suppose that the nominal closed loop system described by
Eq. (101) has its eigenvalues in the H region of Figure 26 in
continuous time or in the Hd region of Figure 27 in discrete
time. Further, suppose that the matrix Apc in Eq.(147) is
non—-defective. The eigenvalues of the closed 1loop system
with uncertainty described by Eq.(151) will be in the
respective H or Hd region for all uncertainty described by

Egs. (93) and (94} if

* +
n (viwi) N
A z <1 (160)
max f(; ) pcmax
i=1 i
where
A + B (FC)+ continuous time
. max max
Roemax = 1 = . . (161)
smax T Bsmax(FSC) discrete time
1 [a-aD¥ + A 1A *
~ _ a max [(A-al) 1A
Aa =—Je - e (162)
max A



111

+
1 [(A-al) +A__ Iz
5 - [ JAe maX" gr B + B )
dmax A 0 max
A [(A-al)'] +
- I et AT T 4 B ] (163)
0
—Re(;i) continuous time
£(7,) = . - (164)
5 [1-(1+Ayi) ] discrete time
-jo .
e (Ai - a) continuous
¥. = -jo,. (165)
1 1 [ [e ©7(a; - a)la ] discrete
—_ e -1
A
and where

Re(gi) = [Re(Ai) - alcose + ImAisine

Re(y.)A
(1 + Awi)+ —e

and where 7, is the i-th eigenvalue of (A +B F C) with v,
1 P PP 1

A *

and W, the corresponding right and left eigenvectors; (-)

denotes the complex conjugate transpose.

Proof: see Appendix XII
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The desired performance region given by the s-plane region
R in Figure 24 is the intersection of Hi(al,O), HZ(O,BZ) and
H3(O,—92). Furthermore, the region R maps into the y~plane
region Rd which is shown in Figure 25. We now present a
corollary to Theorem 10 which describes a unified sufficient
condition for the eigenvalues of the system with uncertainty
to be in the region R in continuous time or in the region Rd

in discrete tinme.

Corollary 5: (Main Result)

Suppose that the nominal closed loop system described by
Eq. (101) has its eigenvalues in the R region of Figure 24 in
continuous time or in the Rd region of Figure 25 in discrete
time. Further, suppose that the matrix ApC in Eq.(147) is
non-defective. The eigenvalues of the uncertain closed loop
system described by Eq.(151) will be in the respective R or
Rd region for all uncertainty described by Egs.(93) and (94)

if

max[ A A ] <1 (166)
max, ' “max

where

(v W, )

pcmaxk

n
A - Amax Z
maxk i=

1 [f(ar )]
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5 > + . :
N Amaxk + Bmaxk(FC) continuous time
A = (167)
pcmaxk ~ ~ + . .
smaxk * Bamaxk(F6C) discrete time
where A = A ; B =B
maxk max maxk “max
and where
1 . [A-a, DD+ A 1A [(A-a, D712
A =— |e k max® _ o k (168)
dmaxk A
[(A-a, )T+A_ 17
~ 1 k max +
BSmaxk T A [ Ize dr (B + Bmax)
[(A—akI)+]T R
-]e dt B ] (169)
0
3 —[Re(yi)]k cont . time
[f(¥.)], = (170)
ik 1 ~ . .
5 {1—[(1+Avi) ]k} disc. time
_ eXp(-JGk)'(Ai-ak) cont.
[(Wi)]k= 56 (171)
1 k disc.
T [exp{e (Ai-ak)A} - 1]
[Re(ar.l)]k = [Re)\i - ak]cosek + Im?\imnek (172)

[Re(%i)lkA

~ L+
[(1 + Awi) ]k = e (173)
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and where ;i is the i-th eigenvalue of (Kp+§prC) with A
* *
and LA the corresponding right and left eigenvectors; (+)

denotes the complex conjugate.

Proof: see Appendix XIII

6.4.2 LYAPUNOV APPROACH
Theorem 11: (Preliminary Result)

Suppose that the unified closed loop system described by
Eq. (101) has its eigenvalues in the H region of Figure 26 in
continuous time or in the Hd region of Figure 27 in discrete
time. The -eigenvalues of the closed loop system with
uncertainty described by Eq.(151) will be respectively in H
or Hd region for all uncertainty described by Eqgs. (93) and
(94) if

7| e B Foopans] <1 (174)

where
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= (I + AA )"+ (ar2)-R (175)
pmax pc pcmax

>

pcmax are given by Eqgs.(149) and (161) and Pp

satisfies the Lyapunov equation

AL B +B K +ak B AL = - 21
pc p P pC pc p pc
P in continuous time
P = (176)
P

P in discrete time

Proof: see Appendix XIV

We now present a corollary to Theorem 11 which describes a
unified sufficient condition for the eigenvalues of the
system with uncertainty to be in the region R in continuous

time or in the region Rd in discrete time.

Corollary 6: {Main Result)

Suppose that the nominal closed loop system described by
Eq. (101) has its eigenvalues in the R region of Figure 24 in
continuous time or in the Rd region of Figure 25 in discrete
time. The eigenvalues of the closed loop system with
uncertainty described by Eq.(151) will be in the respective

R or Rd region for all uncertainty described by Egs.(93)
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and (94) if
max[ol, 02] <1 (177)
where
- = ~T ~b
o = o‘[(EPmaxk Ppk Apcmaxk)s] (178)
~ ~ + ~
Epmaxk = (I + A.Apck) + (A/Z)'Apcmaxk (179)
where
Aka = Apk + Bka C (180)
_jek
e (A—akI) in continuous tme
A =1 "y (181)
le (A-akI) in discrete time
_jek
e B in continuous tme
Bpk = N _jek (182)
le B in discrete time
~ 1 I8y
Q = — expie (A-al)T} dz (183)
k A 0
where Apcmaxk is given by Eq.(167) and Ppk satisfies the

Lyapunov equation
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~T ~ ~ ~ ~ ~ ~T -
Apck Ppk + Ppk Apck + A Apck Ppk Aka = 21 (184)
ﬁk in continuos time
Ppk = N (185)
Pak in discrete time

and where

Proof: see Appendix XV

6.4.3 MATRIX MEASURE APPROACH

Definition 2:

A vector norm on Cn is the function Cn > R defined

by
1/p

(Y 1%17) (186)

]

I,

where 1 = p = o, X € c”.

Let W e Cc™, The induced norm of W corresponding to the

I.

vector norm

lp, is defined by
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| v Bl (187)

. = sup

p X#0 X P

n
where X e C, 1 = p = o.
The induced matrix measure is defined by
| T +&W |, -1
1P (188)

U. (W) = 1lim
P £-0" £

where W € ann’ I is the identity matrix, 1 = p = .

The following result will establish an upper bound on the
matrix measure Uip(W) which will be required in the proof of
the performance robustness condition which is based upon the

matrix measure.
Lemma 4:

. nxn . .
For each matrix W € C , the induced matrix measure

Uip(W) has the following property

+
Uip(w) = Uip(w ) (189)

where U, (W) is defined by Eq.(188), 1 < p = o and W

denotes the matrix obtained by taking the absolute value of
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each element of W.
Proof: see Appendix XVI

The following lemma presents a sufficient condition for a
constant matrix to have eigenvalues located in the H region

. . . . d . . X .
in continuous time or in the H region in discrete time.
Lemma 5:

All the eigenvalues of a constant matrix Ap given by
Eq.(80) are located in the H region in continuous time or

in the Hd region in discrete time if

r -3
Uip(e JeA) < a cos@ cont. time

) ~ ~j6 5 . i (190)
(A72) | Qe -7 (A-al) “ip + U (e )

disc. time

< U, (—ﬁae_Je)
1p
Proof: see Appendix XVII

The following corollary will be used to prove the
robustness condition for the matrix measure approach. It is
an expanded form of Lemma S where the property of the matrix

measure defined by
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U, (A +B) =U, (A) + U, (B)
ip ip ip

is used.
Corollary 7:
All the eigenvalues of a constant matrix Ap given by

Eq. (80) are located in the H region in continuous time or

in the Hd region in discrete time if

,
U, (Acose) + U, (-AjsinB) < a cos@ cont. time
ip 1p
1 5l -an) |2 + v, _(EAcose) . e (191)
E P < —Uip(—Qae I
‘ + Uip(—QAJs1n9)

disc. time

and where Q is given by Eq. (146).

Proof: see Appendix XVIII

The theorem below presents a preliminary unified robustness
result for the H region for continuous time and the Hd

region for sampled data operation of the plant.

Theorem 12: (Preliminary Result)

Suppose that the nominal closed loop system described by

Eq. (101) has its eigenvalues in the H region of Figure 26 in
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continuous time or in the Hd region of Figure 27 in discrete

time. Further, suppose that the matrix ApC in Eq.(147) is

non-defective. The eigenvalues of the closed loop system

with uncertainty described by Eq.{(151) will be in the

respective H or Hd region for all uncertainty described by

Egs. (93} and (94) if

<1 (192)
Ho
where
.
Ui (Acmax)
P continuous
acos® - U, (A cos@) - U, (-A jsine)
ip ¢ ip c
= (193)
Mo
u, (& ) + (A72)| AL+ A 12
ip " '8cmax " 8c acmaxlip discrete
~U, (~8ae %) - U, (Ecos6) - U. (~Zjsing)
L ip 1p ip
AC = A + B(FC); Aac = AS + BS(FC)
~ + ~ ~
A = A + B (FC) ; A = A ; B = B
cmax max max max max’ “max max

~ ~

~ +
AGcmax - A6max * B6max(F8C)

== 9 % B O
E=ev| A6 + BSFSC] + Qa

Proof: see Appendix XIX
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We now present a corollary to Theorem 12 which describes a
unified sufficient condition for the eigenvalues of the
system with uncertainty to be in the region R in continuous

time or in the region Rd in discrete time.

Corollary 8: (Main Result)

Suppose that the nominal closed loop system described by
Eq. (101) has its eigenvalues in the R region of Figure 24 in
continuous time or in the Rd region of Figure 25 in discrete
time. Further, suppose that the matrix Apc in Eq.(147) is
non-defective. The eigenvalues of the closed loop system
with uncertainty described by Eq.(151) will be in the
respective R or Rd region for all uncertainty described by

Egs. (93) and (94) if

max[upl, ”p2] <1 (194)
where
r ~
Uip(Acmaxk) cont
a, cose, - Uip(ACcosek) - Uip(-A0351n6k)
Hok = 3 " ) , (195)
Uip(Aacmaxk) * (A/Z)" A60k * AScmaxk"ip disc
~ _jek
\ —Uip(-Qkake )—Uip(:kcosek)—Uip(—zk351nek)
where
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and where

AC = A + B(FC); ABck = A6k + Bak(FSC)

~ ~

F.o)F

+ o~ ~
+ Bmax(FC) ; AScmaxk - ASmaxk * B6maxk S

Acmaxk = Amax

[1]
1]
4}
>
4
oR
R
o))

F.C] +

Sk 8k 8 k 'k (196)

and ﬁk is given by Eq. (183).

Proof: see Appendix XX
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7. ROBUST MULTI-RATE DELTA OPERATOR SYSTEMS

7.1 OVERVIEW

In chapter 4 we extended the modal decomposition
robustness result obtained in chapter 3 to systems
represented by Middleton and Goodwin’s [3] unified delta
model. An alternative approach to stability robustness of a
linear time invariant system was proposed by Yedavalli [4]
who uses a Lyapunov approach. In chapter 5 we extended

Yedavalli’s [4] result to the unified delta model.

Araki and Hagiwara [5] have proposed a model for a class
of multi-rate sampled data system. This class consists of
systems with multiple input rate sampling and fixed output
rate sampling (MIFO). Patel et. al.[15] extend the work in
Ref.5 to eigenstructure assignment. However, Ref.15 does not
consider the plant to be subject to uncertainty. In this
chapter, we extend the results of Araki and Hagiwara [5] to
obtain a delta operator representation with time invariant
uncertainty. Then, we extend our robustness results of

chapters 4 and S to MIFO delta operator systems.
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7.2 PROBLEM FORMULATION

Consider a nominal linear time-invariant multi-input

multi-output systems described by

x(t) = Ax(t) + Bu(t) (197)
y(t) = Cx(t) (198)

where x € R is the state vector, u € R" is the input
vector, y € R" is the output vector, and A, B, C, are

constant matrices.

Consider the constant gain output feedback control law is

described by

u(t) = Fy(t) (199)

The nominal closed loop system is given by

x(t) = (A + BFC)x(t) (200)

The continuous time plant is subject to m inputs that
change from one constant value to another at n, successive
uniformly spaced time instants t=kAi where the sampling

periods Ai’s have rational ratio



where the ni’s are positive integers

n = LCM (nl,n ..,nm)

27"

where LCM is defined as the least common multiple.

l. = n/n.; i=1, 2,...,m
i i

Insert Eq. (204) into Eq.(201) to obtain
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(201)

(202)

(203)

(204)

(205)

(206)

(207)

where Ao is the least common multiple (LCM) of the sampling

periods referred to as the main sampling interval,

defines the base sample period.

and T
o

The corresponding closed loop multi-rate sampled data

system, which is obtained by using Middleton and Goodwin’s

[3] delta operator, is shown below:



y = Cx
where
A6 = QA
5L [
ov0
Ba = [ B1 B2 . Bm ]

Each ﬁi is an nxn, matrix defined by

By = [ by

where

b, = — [ 1 &A%ar b,
8i A i
ov0

with b.1 the i-th column of the matrix B.

The feedback gain matrix is given by

where each Fi is an n dimensional column vector.

The operator 8 is defined by

exp(AA.l)-bai e exp(A(ni—l)Ai)-bai ]
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(208)

(209)

(210)

(211)

(212)

(213)

(214)

(215)



53=.9-1
(o]

which has the following property

and the shift operator q is defined by

Py = Xpe

The nominal unified closed loop multi-rate state

model can be described by

px(t) = (A + B F C)x(t)
P pp

where
_ A in continuous time
A =
P A, in discrete time
_ B in continuous time
B =
P §6 in discrete time
_ F in continuous time
F =
P F6 in discrete time
and where
d . . .
— in continuous time
_ dt
p = _
3é in discrete time
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(216)

(217)

space

(218)

(219)

(220)

(221)

(222)
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which has the following property

()5 = ()

Suppose that the nominal delta system is subject to linear

time-invariant uncertainty 1in the entries of Ap’ Bp

described by dﬁp and dﬁp, respectively, where

_ dA in continuous time
dA = ~ (223)
p dA in discrete time
_ dB in continuous time
dB = a (224)
P dBS in discrete time
and where
—_ _ 1 _
dAg = _K; [exp{(A+dA)Ao} exp(AAo)] (225)
dBa = [ (dBl—Bl) (dBZ—BZ) Ce (dBm-Bm) 1 (226)
Each dﬁi is an nxn, matrix defined by
dBi = [db61 exp{(A+dA)A.l}-db8i ce exp{(A+dA)(ni~1)}°dbai 1
(227)

where

., =+ [ 1 AHAT 0 (p 4 db.) (228)
a1 Ao 0 i i
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with db.1 the i-th column of the dB matrix.

Then, the unified closed loop system with uncertainty is

Further, suppose that bounds are available on the maximum

absolute values of the elements of dA and dB. That is

< (a i=1,...,n; j=1,...,n (230)

i max’

db, .| = (b i=1,...,n; j=1,...,m (231)
1

J ij)max;

Then, the corresponding bounds on the 3 system, through

Egs. (225) and (226), are

[daa(l,J)]max; i=1,...,n; j=1,...,n (232)

1A

|dag(1,3)]

ax’ i=1,...,n; J=1,...,m (233)

1A

|dbg(1,4)] = [dbg(i, )]

Define dK; and d§; as the matrices obtained by replacing the

entries of de and d§p by their absolute values. Also,

define A and B as the matrices with entries (a. .)
pmax pmax ij max

and (b, .) , respectively in continuous time or with
ij max
entries [daa(l’J)]max and [dba(l’J)]max’ respectively in

discrete time. Then,
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- —_ -
{dAp: dAp = pnax } (234)
and
— —+ —
{dB : dB =B (235)
p P pmax
where
_ AmaX in continuous time
A nax - _ (236)
P A in discrete time
dmax
a Bmax in continuous time
B nax - _ (237)
P in discrete time
Smax
and where
A . (A" + A A} - exp(ATh ) (238)
dmax A exXp max’ o exp o
= = =4 —+ = +
Bamax - [(Blmax - Bl) (BZmax N B2 ) (Bmmax— m)]
(239)
Each ﬁ; is an nxni matrix defined by
—+ + + + + +
Bi = { bai exp{A Ai}'bai ... exp{A (ni—l)Ai}'bai 1 (240)
where
. +
bto= L [ 1A Tarpt (241)
8i Ao 0 i

and where b; is the i-th column of the matrix B'. Each

B. is an nxn, matrix defined by
imax i
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= +
Bimax_[baimax expi{ (A +Amax)Ai}.bSimaX s
+
exp{ (A +Amax)(ni—1)Ai}°baimax] (242)
+
. (A +A )T
b, =—4[1e maxX’ Gr(b: + b, ) (243)
dimax Ao 0 i imax

where b, is the i~th column of the matrix B .
imax max

Finally, the stability robustness problem can be stated
as follows: Given a block feedback gain matrix ?p e R™T
such that the nominal closed loop multi-rate delta system
exhibits desirable performance determine if the wuncertain
closed loop multi-rate delta system is asymptotically stable

for all time-invariant dxp and dﬁp described by Egs.(234)

and (235), respectively.

7.3 ROBUSTNESS RESULTS
Theorem 13: (Modal Decomposition Approach)

Suppose that ﬁp is such that the nominal closed 1loop
multi~rate system described by Eq.(218) is asymptotically
stable with (Kp + Epfpc) non-defective. Then, the closed
loop multi-rate system with uncertainty given by Eq. (229) is

asymptotically stable for de and dﬁp described by Eqgs. (234)
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and (235), respectively if

* o+
n (v.wi) _
A z 1 A <1 (244)
max £(5.) pcmax
i=1 i
where
—Re(%i) continuous time
£(y;) = 1 _ (245)
-+ [1—(1+Aoyi) ] discrete time
o
A + B (FC)+ continuous time
_ max max
pcmax i = - .+ (246)
smax Bamax(FSC) discrete time
and where F&’ ASmax and Bamax are given by Egs. (215), (238)

and (239), respectively; ;i is the i-th eigenvalue of
- [ — *
(Ap+ BprC) with 2 and wo the corresponding right and left
*
eigenvectors, respectively; (<) denotes the complex

conjugate transpose.
Proof: see Appendix XXI

Theorem 14: (Lyapunov Approach)

Suppose that ?p is such that the nominal closed loop
multi-rate system described by Eq.(218) is asymptotically
stable. Then, the closed loop system with uncertainty given

by Eq.(229) is asymptotically stable for all de and d]§p
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described by Eqgs.(234) and (235) if

o {(EY B ) ) <1 (247)
max = pmax p pcmax’'s

where

A = A +B___(FoO)F (248)
pcmax pmax pmax  p

= (I +AA )+ (A /2)A (249)
pmax n o pc o pcmax

and where ﬁp satisfies the Lyapunov equation given by

A'P +PA +AAR PAL =-21 (250)
pc p P pcC o pc p pcC
_ A + BFC in continuous time
Apc = _ o (251)
A6 + BSFSC in discrete time

and where ﬁ; is the matrix formed by the modulus of the
entries of the matrix ﬁp and (-)S denotes the symmetric part

of a matrix.

Proof: see Appendix XXII
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8. CONCLUDING REMARKS

8.1 CONCLUSIONS

This research has proposed new results and algorithms for
robust eigenstructure assignment design of controllers for
multi~input multi-output Ilinear systems with structured

state space uncertainty.

Robust stability theorems were obtained for 1linear time
invariant systems with uncertainty. Theorem 1 presents a
robustness sufficient condition for continuous time plants
subject to time varying uncertainty and unmodelled dynamics.
Theorem 3, which was obtained in collaboration with Yu [2],
presents a new robust stability condition for linear time
invariant systems which are subject to linear time varying
uncertainty. Theorem 8 provides a wunified performance
robustness sufficient condition which is valid for both
continuous time and sampled data operation of the plant.
Theorem 9 extends  Yedavalli's [4] Lyapunov approach for
stability robustness of a linear time invariant system to
the unified delta system. Corollaries 5, 6 and 8 present
unified performance robustness sufficient conditions for a
linear delta operator system with structured state space

uncertainty. Theorems 13 and 14 extend the robustness
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results to MIFO delta operator systems.

Three algorithms were developed and applied to a missile

and an aircraft:

. In Chapter 3, we presented a new robust design method
which was obtained in collaboration with Yu [2]. This method
is applied to the design of a robust controller for the
lateral dynamics of the Extended Medium Range Air to Air
Technology missile. The design is compared to an earlier
orthogonal projection eigenstructure assignment design which
was proposed by Sobel and Cloutier [8]. In the new method,
we minimize the integrated roll rate with constraints on the
real part of the dutch roll and roll modes, the damping
ratios of the dutch roll and roll modes, the aileron and
rudder deflection rates, and the new sufficient condition
for robust stability. This design satisfies the new
robustness condition while also yielding an improved
transient response as compared to the design of Sobel and

Cloutier [8].

. In chapter 4, we extended robust eigenstructure design
method to the delta model. This algorithm utilizes a new
robustness condition which is based on a modal
decomposition. The new algorithm is applied to the design of

a robust sampled data controller for the lateral dynamics
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of the EMRAAT nmissile. This approach is different from the
more conventional approach of Andry et. al.{6] who suggest
that the i-th eigenvector 4 should be chosen as the
orthogonal projection of a desired eigenvector v? onto the
subspace spanned by the column of of (AiI—A)—lB. We have
obtained a robust design which satisfies the robustness
condition of Theorem 8 while also yielding an improved

transient response as compared to an orthogonal projection

design.

*+ In chapter 5, we designed a robust sampled data extended
pseudo control eigenstructure assignment flight control law
for the yaw pointing/lateral translation maneuver of the
FPCC aircraft. We chose an objective function which weights
both the heading angle due to a lateral flight path command
and the lateral flight path angle due to a heading command.
The new design algorithm minimizes the objective function
given by Eq. (143) with constraints on the time constants of
thevdutch roll, roll, and flight path modes, the damping
ratios of the dutch roll and roll modes, the robustness
condition of Theorem 9 and the minimum of the smallest
singular of the return difference matrix at the aircraft
inputs. This design yields an improved transient response as

compared to earlier pseudo control designs.
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8.2 PROBLEMS AND RECOMMENDATION

Sufficient robustness conditions for continuous time
systems with time varying structured state uncertainties
have been considered. Unmodelled dynamics with output
nonlinearities have been analyzed. Robustness sufficient
conditions for unified delta operator systems with time
invariant structured state space uncertainty have been
studied. However, nonlinear state space uncertainty has not
been mentioned. A possible extension to the robustness
sufficient conditions will be to consider linear time
varying delta operator systems with linear and nonlinear

state space uncertainties.

We have obtained a wunified performance robustness
sufficient condition for 1linear time invariant delta

operator systems with time invariant structured state space
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uncertainties. We have obtained new robustness results for

nmulti-input fixed output multi-rate systems with time

invariant uncertainty.

Recently Zhu and Johnson [29] presented new results using
a spectral canonical realization for linear time varying
systems. They showed that their new spectral canonical
realization is the natural time varying counterpart of
spectral canonical realizations for time invariant linear
systems. Further research should extend the unified

performance robustness sufficient conditions to include time

varying uncertainties. Our results should be extended to
multi input and multi output rate sampled systems with time

varying uncertainty.

In this research eigenstructure assignment has been used
to design controllers for linearized plants. However, the
linearization of a plant is wvalid only at a specific
operating point. A general approach to the design of robust
controllers should include a wide range of operating points

and the transitions between these operating points.
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APPENDIX I

Proof of Theorem 1.:

Combine the uncertain plant described by Eqs.(36a) and (36b)
with the dynamic compensator described by Egs.(37a) and

(37b) to obtain

X (t)=(A+AA)x(t)+(B+AB) [C_x (t)+D_{(C+AC)x (t)+(D+AD)u(t)

+ H(t)*u(t)}] (A1)
>'<c(t) = A_x_(£)+B_[(C+AC)x(t)+(D+AD)u(t)+AH(t)*u(t)] (A2)

Define

A+BD CBC
~ C C
A =
cl

B C A
c o]
and
AA+BD AC+ABD (C+AC) ABC
~ c c (o}
AACl=
B AC 0
c
Let

Then,
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R(t)= K F(e)wak_ (1) (B+AB)D_(D+AD) |, 4
c B, (D+AD)

+ [(B+AB)D

B

c]AH(t)*u(t) (A3)
C

Let %x(t) = MDIQE(t) where M is a modal matrix for Xcl. Then,
Eq. (A3) becomes
Moy =1 -1 1w ~ -1.-1 -1 .~ ~
z(t) =Q " D" M~ A, MDQz(t) +Q D, M AA_, MD Q z(t)
_+ _a _.[(B+AB)D (D+AD)
+Q 1D11M 1 c ult)
B (D+AD)
C
1 -1 1| (B+ABID_
+ Q D1 M AH(t)*u(t) (A4)
B

C

which has a solution given by

Z(t) = exp(Q IAQL)Z(0) + exp(Q_lAQt)*{Q-lDle_leclMDlQE(t)
_+ _+ _.[(B+AB)D (D+AD)
+Q 1D11M 1 ¢ u(t)
BC(D+AD)

[(B+AB)D
+Q D, M Cl.raH(t)*u(t)] (A5)

B
- c
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Take 2-norms and integrate both sides of Eq. (A5) and use

exp(Q_lAQt)=Q_1exp(At)Q (A6)

0

5(0)12-j Jexp(At)],, at
0

(+4]
fo |Z(t)], at = k,(Q)-

-1 -1,-1, % ~
* f o Yexpat)+{D M MaR_ ()M 03 (1)
0

N DIlM—1.[(B+AB(t))DC(D+AD(t))]u(t)
B (D+AD(t))
c
* Dle—l[(B+AB(t))Dc][AH(t)*u(t)]}n dt (A7)
B 2
c
We now require a new lemma.
Lemma A.:
If a(t) and b(t) are continuous then,
00 00 00
[ lamor), at = [ Jaw, at [ ey, at (A8)
t=0 t=0 t=0
Proof of Lemma A.:
) 00 t
I Jatt)*b ()], dt = J I I a(t) b(t-T) drf, dt (A9)

t=0 t=0 =0



00

o t
I Jatt)=b(t)], dt = J f latz) bt-7) |, dvdt
t=0 t=0 =0

o .t
<[ ] @ |, fpct-o, av at
t=0 =0

The right-hand side of Eq.(All) may be written as

t
lim [ JR I Jatx) |, Jett-T), dr dt ]

Roe 50 =0
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(A10)

(A11)

(A12)

Since a(t) and b(t) are continuous i.e. all of the functions

inside the integrals of Eq. (A12) are continuous functions of

t and t. Then, the order of integration may be interchanged

(Churchill [31}). Then, Eq.(A12) can be written as

lim [ JR JR latx) [, [oCt-T)|, dt dT ]

=0 t=T

Now use a change of variables y=t-t, dy=dt, »>0.

R -
1in [ J’R Jate) |, [o(t-o)], ar at
T;O t=t i

]
ot
v
E ]

R=t -
J’R j Jace) [, [o()], ar av |

=0 =0

= lim [ JR JR latz) |, o)), dr dz ]

=0 ¥=0

(A13)
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I'T
= 1lim [ la®) |, [b(z)]., dr at ]
Roso 2 2

=0 ¥=0
Thus,
00 00 (23]
I Jatt)sb(t)], at = I Jace)], at I [oct)], at Z
£=0 £=0 £=0

The proof of Theorem 1 continues. Then, Eq. (A7) becomes

00 00

Io ”E(t)"2 dt = KZ(Q)'"E(O)lz'IO lexp(At) ], dt

o

)

1

-1
e,

00
_1_ ~ ~
expat)], dt-JO {nnl MLaE Mo o]+ [3 (D),

Y0

-1,,-1 (B+AB(t))DC(D+AD(t))]“ Juct],,
B_(D+AD(t)) 2

+

D;lM—l[(B+AB(t))DC

B
c

][AH(t)*u(t)]u } at (A14)
2

Use Egs. (33a)-(33d) together with
+ _+ 4+
|aBC|, =]a" B C, =|A

max Bmax Cmax”Z

and

1), = 16

to obtain
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00

00
Io [z(t) ], dt =k, (Q): Z(O)HZ'IO |exp(At)], dt

+ Q7Y (oM H"

00
Z-JOHexp(At)"z dt-.

+

[A +B omoo+B"+3 0 cC B C
max max C
C maXx

max Cc max max ¢ ](MDlQ)+

0 2

00 ~ 00
[ 1zt et [ o], at
J‘O 2 270 2

+ + +
(B +B___)D (D +D )

-1, -1+ max ~C max
(D1 M) [ ]

B  +D )
C max

(8*+B )D+]
max C
+ +

C

~1,~1,+
(D, "M ) [

00
-J JaH(E)*u(t) |, dt (A15)
270

00

Next, we obtain a bound for I "AH(t)*u(t)"2 dt
0

© 0 At

A .
Io |aH(t)*u(t) ], dt = Jo |ICye = B,#+D,8(t)+E 8(t)Ixult) ], dt

00 AAt 00 00
< IO Ic,e © By, at JO [utt)], dt + [D,], J’O JsCt)»uct)], dt

00

+ gl JO |sct)wu(t)], at (A16)

Use assumptions (i)-(iv) and d(t)*ult)=ul(t) (Kailath [30])
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00 00
J JaH(t)*uct)], dt = r, J e Pt at I Juct)], at
0 0 0

0o 00 .
+rg JO [utt)], dt + r, jo [uct)],, dt (A17)

Use assumption (v)

00

00

I |aH(E)*xu(t) |, dt = [rZ/B trg ¥ 7r1] I Jutt)], dt (A18)
0 0

00

Now we obtain a bound on J "u(t)"2 dt
0

From Eq. (37b), u(t) = chc(t) + Dcy(t)

Substitute Eq. (31b) to obtain

u(t)

u(t)

u(t)

C x (t) + D (C+AC)x(t) +D (D+AD)u + D AH(t)*u(t)
c’c c c c

[DC(C+AC),CC]§(t) + D_(D+AD)u(t) + D_-AH(t)u(t)

[DC(C+AC), CC]MDle(t) + DC(D+AD)u(t) + DcoAH(t)*u(t)

(A19)

Integrate both sides of Eq.(Al4) to obtain

00

00
Jo futt)|, dt=|D_(C+aC),C_IMD,Q], fo Jz(t)|, at
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00 00

+ "DC(D+AD)|2°JO utt)], at+ "Dc|z'JO |aH(t)*u(t) |, dt

(A20a)

00 00

+,  + + + ~
fo Jutv)], dat = |}c*+c )¢t 1,07, IO |Z(t)], dt

00 00
+ "D;(D++Dmax)|2°J Juct)], at + ”Dc"2°j |aH(E)*u(t)], at
0 0
00
. "DC|2-I JaH(E)*u(t) ], dt (A20b)
0

Substitute Eq. (A18) into Eq. (A20b) and rearrange to obtain

+  _+ + +
It b (c'+c ), CHMD.Q) [,

00
Iouu(t)”2 dt = .
1= Lt 01, + Il (B + xg + omy)

00

-J lz(t)], at (A21)
where
+,_+
[0} "D,y + I lye (/B + rg + omy] < 1 (n22)

Substitute Eq. (A21) into Eq. (A20b) to obtain

00

JO JaH(t)wuct) |, dt
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+ o+
b (c™+C ),

2'[r2/3 *rgt 7r1]

IA

+ 4
1 - Jpfot ), + "DCHZ-[rz/B +rg + Vrl]

00
’J Jz(t)], at (A23)
0
Substitute Egs.(A21) and (A23) into Eq. (A15) and use
"exp(At)"2 = exp(-at); a = -max Re[A,(A_;)] to obtain

i

00

|z, dt =
Jo 101,

00

-I exp(-at)dt
2 0

® -1
2.IO"exp(—at)uz dt + |Q 7|

B'C 0

A_+__mot+@*'+s__n'c B_C
-1, -1,+ max max c max’ ¢ max max c
{ Joriy
c max

2

+
“(D'l _1)+l(B +B . )D o’ +D ]"
B+(D +D__
C

+ .+
1~ ol ), + "DCHZ-[rz/B ‘g + qu]
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+ .+ + +
o (c+C ).C 1MDQ) |,

|07 y
C

+ +
-1,,-1 +[(B +Bmax)Dc]

2

+ .+
1 - "DC(D +Dmax)"2 * "Dc“2’[r2/3 * rO * er]

+, + + +
[D_(C"+ C__ ).,C_ 1(MD,Q)" |

wN
2-[r2/B +ryt er] -IO"z(t)"zdt

(A24)

Let

+ ., o+ + +
|t b (C+cC ), CIMD,Q),

+
1 - |p.@+p I, + "DCHZ-[rZ/B Tyt er]

00
and note that J exp(-at) = 1/0a; substitute into Eq. (A24) and
0

rearrange

-1
® Q|
I IZ(t)],, dt{l—[—ﬂ————g—]
0

o
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axXx C max max c
+

C max

+ o+ + +
o1+ [Arax Brax @0+ B B p'C B C
(D, M 7)) -
1 0

1

B"+B___ '+ b )
+ -1.-1.+ max’ ¢ max
Rt S| Ll R |
2 B(D + D ) 2

c ¢ max

+ (D1 M) B+
C

+ +
-1,..-1 +[(B +Bmax)Dc]

’2.[r2/3 sy yrl]] }}

= k,(Q)+|z(0)] /e (A25)
Solve Eq. (A25) to obtain

KZ(Q)-

z(0)],

m ~
|2()], dt =
Jo E®I

where

g:a_"Q‘lnz.{“(Dle"1)+

+

[A +B_ (0 o)+ +B  )p'C +
. max max C
C max

max’Dclnax  BrnaxCc +
*(MD,Q)

0 2
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+ + .+
-1,.-1.+ (B +Bmax)Dc(D +Dmax)
+\I/(D1M) + 4
B(D +0D ) 2
c max

+

o+

1 (B +B___)D

+ | 1M 1)+[ max c]
1 B+

C

2-[r2/3 try + 7r1]]} (A26)

Thus,

m ~
[1E®], ot < w
0 2

+
C max

A __+B___ (D o)t+@*+B_ p'C *
max max C
0

max’2cPnax  BnaxCe +
(MD, Q)

+ + +
E[(D_IM—1)+[(B +Bmax)Dc(D +Dmax)]]
1

B (*+D )
C max

1 - [ ("D )] + E(DC)-[rZ/B trg + 7/r1]

- +,  + + +
°0[[DC(C +Cmax),CC ](MDlQ) }
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+

+
(B +B___)D
= ~1,-1.+ max’ ¢ =| rnt ot + +
o[(D1 M) [ + ] ]'ol[Dc(C +Cmax),CC ](MDlQ)

B
c

1 - E[D;(D+ +D )] -G (1B + 1y +yr, )

«( r2/B +rg t Ty )} <1 (A27)
and if
G[DC(D +Dmax)] + 0(D0)°( r,/B + ry * ry ) <1 (A28)

Then, since x(t) and xc(t) are continuous = z(t) is
m ~

continuous which together with J Hz(t)"2 dt < »
0

> Jztt)], » 0at t 5w

Since [x(t)|, = |MD,Q|,-|Z(t)], and |MD,Q[, < =
> [x(t)|, > Oatt >

s |x(t)|, > 0ast > w

Now consider ||y(t)||2

y(t) = (C+AC)x(t) + (D+AD)u(t) + AH(t)*u(t)
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[C+AC, 0]%(t) + (D+AD)u(t) + AH(t)*u(t)

[C+AC, O]MDlQE(t) + (D+AD)u(t) + AH(t)wu(t) (A29)

1A

+ + ~ +
e+ IMD Q) |, flz(t) |, + [D7+D [, [ult)],

<+

|aH(t) *ult) ], (A30)
® + + -
Ioﬂy(t)u2 dt= [(C'+C__ )(MD,Q) uz-fouz(t)"2 dt

00 00

+[p%+ D 2-[ Jutt)], at + J JAH(t)*u(t)],, dt (A31)
0 0

max I

00 00

+ + ~
IO Iy, at = |t ) 0) "2°Jo |Z(t) ], at

[D*+D, |
max

+ ., + + +
[ D (Cc+cC ) CIMDQ),

2.

+ _+
1 - IIDC(DC+Dmax)”2 * ”DCHZ.[rZ/B * r0 * er]

+, .+ + +
Jio} e ), cl1om,0) "2-[r2/3 + g+ 7r1]

+ _+
1 - "DC(D D) "2 + "Dc|

2'[r2/’3 *ro* 7r1]

00
-IO |20, at (A32)
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Hence, if Eqgs. (41a) and (41b) are satisfied it follows that

00

|]y(t)|| dt < os.
J, ol

00
Since y(t) is continuous and J ”y(t)”2 dt < w, it follows
0

that [y(t)|, > 0 as t » ». Hence [x(t)|, and [y(t)], both
approach zero as t-»o which implies that the uncertain plant

is asymptotically stable.

A



APPENDIX II

Proof g£ Theorem 3.:

The uncertain closed loop plant may be written as
x(t) = A x(t) + AA_(£)x(t)
c c

where

A = A + BFC

and

AAc(t) = AA(t) + AB(t)FC

which has a solution given by

t
x(t) = exp(A_t)x(0) + Jo explA_(t-7)1aA_(7)x(z)dr

Next, use the real, positive, diagonal transformation

x(t) = D lz(t)

and the property that
-1 -1
exp(DACD t) = Dexp(ACt)D

and

157

(B1)

(B2)

(B3)

(B4)
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1 B * Ait
exp(Act) = Mexp(At)M = = z viW, e (B5)
i=1

to obtain

n x At t n x Ay (t-1) 1
z(t)=Dz v.Ww., e ~ D z(O)+I D Z V.W, € AA (T)D “z(t)drT

i'i 0 iti c
i=1 i=1

(B6)

where M is a modal matrix of AC; Ai is the i-th eigenvalue
of AC with vy and w; the corresponding right and left
eigenvectors, respectively; A is a diagonal matrix with the
Ai on the diagonal; and (')* denotes complex conjugate

transpose.

Note that

||z(t)||p > 0 implies that ”x(t)”p >0 (B7)
Next, apply the absolute value operator, denoted by (°)+,

to both sides of Eq.(B6) where "+" and "= " are applied

element by element to vectors and matrices.
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+ 2 » Mt o4 ¥
z (t) = [Dz viw, et D z(0) ]
i=1
t n * Ai(t—t ) -1 +
+ [ D z ViWs € AAC(r) D ~ z(t) dt ] (B8)
i=1
n * -« t
i -1
=D Z (viwi) e D~ z (0)
i=1
t n AL (t-T) +
* i -1
+ J [ D z V.W. e AA () D © z(1) ] dt (B9)
0 ivi o
i=1
n —ait -1
=D z (Viw ) D~ z (0)
i=1
n ¥ 4 "o (t-T) 1+
+ I D Z (Viwi) e ACmax D~ z (T)dT (B10)
where a«, = -Re(A.), A = A + B (FC)+ and where we
i i cmax max max

have used the property that [exp(Ait)]+ = exp(—ait). Next,

integrate both sides of Eq.(B10) to obtain

w n * 4+ (° —ait -1+

_[z (t)dtSDz (v,w.) J e dt D~ z (0)
1 1

0 o1 0

ai(t—r)

00
_1+
+ D (v Wy ) A D "z (tr)dtdt (B11)
It 0 jr—o Z cmax

Consider the double integral in Eq.(B11) which may be

written as
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-, (t-T1)
i

t n * 4 1 4
lim [ I Dz (v.w.) e A D'z (r)drdt];OSISt
1 1 cmax
Row t=0 Yt=0 i=1

(B12)

The order of integration in Eq.(B12) may be interchanged
because all of the functions 1inside the integrals are
continuous functions of t and T (Churchill [31]). Thus,

Eq. (B12} is equal to

e [

Row =

-o, (t-T)
i

n " _
JR Dz (v.w.)+ e A D 1z+(r)dtdr];05'c<t
0 dt=r . ivi cmax

i=1
(B13)

Now use the change of variables given by gy=t-t, dy=dt,

¥=0. Then, Eq.(B13) is equal to

-T n * -0,y _
lim [IR JR D z (v.w.)+ e 1 A D 1z+(t)d7dr ];
i'i cmax
=0 Y y=0 1

R~ T i=
O=t=st, =0, (B14)

n * -0,y _
< lim [ IR D Z (viwi)+ e A, D L (o)dyde ]; @, >0
=0 Jy=0

(B15)

e * 4 T -1 +
lim [ DZ (v.w,) e A D “dy z (t)dzT ]; o.>0
ivi cmax i
R =0
(B16)
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= lim

n (v.w, ) -o.R
[D i
R

00
(e 1 -1)aA D_1 J z+(r)dr ]; o, >0
cmax 0 i

(B17)

Evaluating the limit of the term outside the integral in

Eq. (B17), note that T is now a dummy variable of

integration, recall that the ai s are positive, and

substitute the result into Eq. (B11) to obtain

* o+

0 n (v.w. )
f 2 (t)dt = D y ———> Loy
0 ) i
i=1
E 3
n (viwi ) G
+D z =t A D -J z (t)dt (B18)
ai cmax 0

Take norms in Eq. (B18) and rearrange to obtain

n (v w*)+
i'i -1 +
Dz ———— D z (0) “p

o i=1 i
Il 2" (t)at| = = . (B19)
0 P 2 (v.w)t -1
1 - ” DZ A R “
—_——— cmax
i=1 % P
® 4
Thus, "I z (t) dt||_ < o if
0 p
n (v.lw:)+ 1
“ D Z —=> [A__+B (FC)'1 D " <1 (B20)
44 max max
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We now require an additional lemma.

Lemma B:

00

00
If “I z (t) dt u < ©, then I
0 p 0

2t () ” dt < w.
1

Proof 9£ Lemma B.:

Lemma B is a special case of Lemma G2 (see Appendix VII). Z

Returning to the proof of Theorem 3, we have from
00

Lemma B and Eq. (B20) that J "z+(t)||1 dt < o if
0

o, max
1 p

”D f X A« BmaX(FC)+] D_lu <1; p=z=1 (B21)

Note that x(t) and z(t) are continuous because of the
linearity of the uncertain closed loop plant which together
with Eq.(B21) implies that "z+(t)”1 > 0 as tow. This implies
that ”x(t)”1 > 0 as t > o which proves that the linear
uncertain closed loop plant is asymptotically stable. We
remark that although not needed for the proof of Theorem 3,
it follows from Eq.(B21) that “z+(t)“p and “x(t)“p are

bounded and asymptotically vanishing for all p = 1.

Finally, Perron weightings may be used for the matrix D in
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Eq. (B24) in the same manner as shown by Sobel et. al. [1]

for an earlier robustness result. Thus, to reduce
conservatism, Eq.(B21) may be replaced by

n (v wo ) +
max{ Z [Amax * Bmax(FC) ] } <1 (B22)

where hmax(-) of a non-negative matrix denotes the real

non-negative eigenvalue A__ = 0 such that A__ =z |A. | for all
max a i

eigenvalues Ai.

A\



APPENDIX III

Proof 9£ Theorem 4.:

164

We "element by element bound" the matrix on the left hand

side of Eq. (57) and recall the

= A + B (FC)+ to obtain
cmax max max
*
S CATON RN
TR S
o, cmax o cmax
- i :
i=1 i=1
noy (w.)+
= Z o Acmax
i=1
'(»:’{)*‘
* .+
(wz)

1A
—
[
| SE——
| p— ]
<
e
<
N+
<
s
L]

cmax

Now, use the result that if BY = A", then

definition

(c1)

(c2)

(C3)

(c4)
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+ + + + +
Amax(B ) = |B "ZDB+ = |B "ZDA+ = ||2D + Amax(A ) (C5)

where

and |- are D-weighted two norms with
2 2
DB+ DA+

Perron weights for B+ and A+, respectively. Then, applying

Eq. (C5) to Eq.(C4) yields

R w*)+
A {Z———l—l——A }sx {[1]-M+(M'1)+A }
max (Xi cmax max o cmax
i=1

(Cs)
Finally, use the result (Ogata [32]) that if A and B are

matrices, then

A, (AB) = A, (BA) (C7)
i i

to obtain

(v w*)+
A {z—l—l——A }sa {[1]'(M-1)+A M+}
max (x.i cmax max o cmax
i=1
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APPENDIX IV

Proof 9£ Theorem 5.:

Sufficiency:
Use the definition of A6 to obtain

1

1 -1, A
M TAM = —— M (e

A M (D1)

Substitute the infinite series for exp(AA) into Eq.(D1) to

obtain
2 2
P T | A%A _
MTUAM = —— M T[T+ AR+ SR 4 - TIM (D2)
1.2 2
=L o eMtamn s MAMA (D3)
A 20
2 3
1 -1 1.2 4 1.3
= [T+ M A+ i An® 2 oS 2 - 1]
(D4)

Substitute M_lAM = A into Eq. (D4) to obtain



167

- I] (DS)

(D6)

(D7)

(D8)

(D9)

(D10)

(D11)

A\
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APPENDIX V

Proof 9£ Theorem 6. :

Settling time Region:

Use

1+A3fi exp(AiA)

to obtain

|1+Ayi| exp(A-ReAi)
Then,

Re Ai < o> |1+Azi[ < explad)

Damping Ratio Region:

Ay = TCieng Y 0y (E1)
1+A71 = exp(AiA) = exp(—qiwniA + deiA) (E2)
Use w A = 2r and w,, = W .(1—8)1/2 to obtain
s di ni i
-C.2n w,. w,.
1+Ay, = exp = di | jop 4L (E3)
i 2,172 W W
(1-Ci) s s

which has a magnitude given by

-C.2m W, . -C. 9.
I1+A71| = exp 12 1/2 wdl = exp 1211/2 (E4)
(1-ci) s (1—€i)
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and a phase angle given by

21w .

arg(1+Awi) = —-7££L— (E5)

So ¢ > ci

2,1/2 (E7)

€ ¢
- |1+A71| < exp|——
(1-¢%)

where ¢ = arg(1+Ay).

A\
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APPENDIX VI

Proof 9£ Theorem 7.:

The r assignable eigenvalues and their corresponding
eigenvectors for the sampled data system satisfy the

equations described by

(A6+B6F6C)vi = ¥Vys i=1,2,...,r (F1)

Combining the r equations from Eq. (F1) yields

(A6+B6F6C)Mr = MrASr (F2)

Rearrange to obtain

BSF6CMF = MrA6r—A6Mr (F3)

Substitute the singular value decompositions of B_ and CMr

3
to obtain
zavg erz
[U60 U61] 0 F6 [UrO Ur1] o = MrAar—ABMr (F4)
g .. zV F Uy = V =MA_ -AM (F5)

8078 8 8 ro rér 8r
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Taking the required inverses and recalling that U U

VS’ and Vr are unitary, we obtain

I |
Fg= V=3 Ugo(M A

-1, T
3r ASMr)err UrO

Next, we consider the 1limiting behavior of

80 ro’

(Fe)

A-0. Middleton and Goodwin [3] show that as A-0, A6->A,

Bg»B,and Ag @A _.Thus,V,Z 1T L v s i I , and F

848 a0 B™B "BO S

> F. %
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APPENDIX VII

Proof 9£ Theorem 8. :

The proof starts from showing the following bounds.

Lemma Gl: (Delta Uncertainty Bounds)

. 1 (A++Amax)A
(ar)" = A= [e (G1)

- A'A
dmax A

+
1 (A +A )t +
(dB6)+SBa = -——[ fAe max dr(B++B ) —JAeA TdTB+
max A max
0 0
(G2)

Proof 9£ Lemma G1.:

+ 2
(dAg) "= L [e(A+dA)A—eAA] =2 {[ I + (A+dA)A + (A+dA)2—%T

- -
3 2 3 +
3 A 2 A 3A
+(A+dA)—§T+...]—[I+AA+A ZT"LAT“L"']}
1 2 Az
= - {dA~A + [A-dA + dA-A + (dA) ]—ET + [AodA'A + dA*A<dA

+

3 +
dA-AZ + A%edA + (dA)2eA + A-(dA)Z + (da)d ]—%T + ...}

= 4 [A+-A <A
max

A
l>l -
>
=]
D
X
[
+
>
+
o
=)
Y]
3
+
>
8
)
x
+
3
)
X
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+ A ATeA e A D% %A+ a2
max max max max max
3
+ 2 3 1A
+ A (Amax) + (Amax) ]’3—'— + .. }
2 3
1 + N 2 A + 34
- TA { [ I+(A +Amax)A +(A +Amax) 21 +(A +Amax) A ]

2 3
- [ 1+ ATA +(a")2 % «(ah)3 & +] }

+
(aBg)* = {-%— [ JA ATAAT (B 4 aB) - IA AT 4 B ] }
0 0

2 3 4
1 A 2 A 3 A
= 5 {[ IA + (A+dA)—7 + (A+dA)" =7 + (A+dA)"—5 + ... ]

2 3 4 +
A 2 A 3 A
°(B+dB)—[IA+A2!+A3!+A4!+...]B}

2 4

3 2
1 A 2 A 3 A A
T{[IA*AW"AT*AT*-“]dB*[dA' 21

2 A:3 2
[ A<dA + dAA + (dA) ]— + [ A*dA*A + dA-A-dA + dA-A

+

3!

4 +
A%+dA + (dA)Z-A + A-(dA)Z + (dA)3] A .. ] (B + dB) }

+

ar *

IA
|-
—A—
| |
—
[ >3
+
>
+
|
. N
+
=
+
[\Y]
Sl
+
>
+
W
2|
+

]
max



+ [ A —— + [ INEYY + A
max m

max
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+ [ T Y Y T U W T U LT T
max max max ax max
2 .+ + 2 3 A4 +
A )2at At )% s )]—T+...](B+B )}
m max max H max
2 3 a
_ 1 + A + 2 A + 3 A
- TA { [ IA+(A +Amax) 21 +(A +Amax) ! +(A +Amax) a1
2

+

"'](B++B ) —[ 1n +A*
max

(AT+A )z

AW

The proof of theorem 8 now continues by observing that the

uncertain closed loop system may be written as

px(t)

where

and

= A x(t) + dA_ x(t)
pc pc

A + BFC
A =

pc
A_ + B6F3C

{ dA + dB(FC)

(G3)

continuous time

discrete time

continuous time

dAS + dBa(FSC) discrete time
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which has a solution given by Middleton and Goodwin [3]

t
x(t) = E(A ,t)x(0) + E(A ,t-t-A)dA x(t)dt (G4)
pc g pc ) pc
where
A Ct
e p continuous time
E(A_ ,t) = (G5)
pe (I+ApCA)t/A discrete time
and
( -
r—tz
J f(T)dt continuous time
t2 r=t1
S f(T) dtr = { (G6)
t1 k=(t2/A)—1
A f(kA) discete time
k=t /A
L 1
Next, use the real, positive, diagonal transformation
-1
x(t) =D "z(t) (G7)
and the properties shown in Ref.3 that
-1 -1
E(DA D "t) = DE(A_ ,t)D (G8)
pc . pc

and
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E(A ,t) = ME(A ,t)M ! =
pc o

i

*
v,w, Ely,,t) (G9)
1

n ~1s

to obtain

n " , 1

z(t) =D Z VW E(yi,t) D ° z(0)
i=1

+

* —_
DY v.w E(y.,t-t-A) dA_ (t) D ! z(v)dt (G10)
ivi i pc

1

QW)

It ~1s

i

where M is a modal matrix of Apc; 71 is the i-th eigenvalue

of Apc given by

A, . .
i continuous time
¥y = 1 (eAiA—1) (G11)
A discrete time

with Ve and wo the corresponding right and left
eigenvectors, respectively; Ap is a diagonal matrix with the

*
¥, on the diagonal; and (¢) denotes complex conjugate

transpose.

Note that "z(t)"p > 0 implies that "x(t)"p > 0. Next, we
apply the absolute value operator, denoted by (-)+, to both
sides of Eq.{(G10) where "+" and "=" are applied element by

element to vectors and matrices.



+ & * -1 *
z (t) = [ D Z v.w, Ey;,t) D 2(0) ]

i=1
|

oy

n * -1 +
D Z viWg E(yi,t—r-A)dApc(r)D z(r)dr]

i=1

<D ) wow ) E ..t b7t 2N o)

i=1
t n *
+ _+ -1 +
+ g D z (Viwi) E (yi,t—r A) Apcmax D~ z (t) dt
i=1
where
+
A + B (FC) . .
max max continuous time
Apcmax = +
Aamax + Bamax (FSC) discrete time
with A6max and B6max given by Lemma G1; and where
ALt
i . . .
e in continuous time
E (y.,t) =
. t/a
(1+A71) in discrete time
-a.t
eRe(yi) t = e . continuous time
+
E .,t) =
7yt P e e
= e discrete time

[(1+Avi) ]

177

(G12)

(G13)

(G14)

(G15)

(G16)
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and @, = -Re(A.).
i i

Next, apply the § operator to both sides of Eq.(G13) to

obtain
t n * 00 _
Sz'(t)at =p} (vw)"  SE(r, 1) at D L 2% o)
ivi i
0 . 0
i=1
o0 t n *
+ _+ -1 +
+S S Dz (viw) ET(y;,t-t-0) A D 2 (2) dr dt
t=0 t=0 i=1
(G17)
where
.
o0 Re(yi)t 0 —ait
t J e dt = f e dt cont.time
+ _ 0 0
g E (7i,t)dt = o . o —aikA
A Z [(1+A71) 1" =A z e disc. tinme
L k=0 k=0
.
00 —ocit 1
I e dt = o continuous time
=1 70 t (G18)
A discrete time
1-exp(-a,A)
{ i

Consider the double § term in Eq.(G17) which may be written

as



179

R t n * 4+ 4 -1+
lim [ S S DY (vw,) E (y,,t-t-8) A D - z (t)drdt ]
t=0 =0 i'i i pcmax

(G19)

In continuous time, Eq.(G19) becomes

t n -o. (t-T) _
lim[ j D z (v.wf)+e t [A__ +B (FC)+]D 1z+('r)d"cdt]
R I i'i max —max

t=0 =0 i=1
(G20)
»*
a (viwi)+ +, -1 ®
=py —21 (A +B _ (FO)'ID J 2  (t)at (G21)
(X.i max max 0
i=1

where Eq.(G21) is obtained by the same derivation which was

used to obtain Eq. (B17).

In discrete time, let t=kA and t=jA. Then, Eq.(G19) becomes

(R/A)-1 k=1 n . L
lim [ A z A Z D Z (v.w ) [(1+ay )92
Row i'i i
k=0 J=0 i=1
. A p ! 2t (G22)
dcmax 24
where
A = A +B. _(F.O)'
dcmax | omax Smax &

Upon changing the order of the summations Eq. (G22) becomes
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lim
R-w

(R/A -2) (R/A -1) n .
2 * +.k-j-1
[A D z (viwi) [(1+A71) 1

j=0 k=j+1 i=1

-1 +,.
AScmax D "z (J) ]

Then, let g=k-j-1 to obtain

(R7A-2) (R/A-j-2) n * q
imfa2 + + -1+,
éiz[A Dz (viwi) [(1+Avi) ] AacmaxD z (J)]
j=0 q=0 i=1 , )
G23
R/AR/A n .
- +
<lim [Az DY (vu)" (g 1T A, D L) ]
Roo j=0 q=0 i=1 o)
G24
n R/A R/A
5 2 * + +.q -1 + .
=lim [A D z (Viwi) z [(1+Ayi) ] Aacmax D Z z (j) ]
R~ . .
i=1 q=0 J=
(G25)
o B e, 1oLy )t (RA D)
=lim [A D z (vyu,) ( R ]
Rom i1 1-(1+47, )
R/A
-1 + .
Ascmax D z z" (j) ] (G26)
Jj=0
Use Eq. (G11) to obtain
+
(1+Ayi) = exp(—aiA)

and
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lim[ 1 - (e

+. (R/A)+1 ]
R-o

= lim [1 - exp[—a.A(R+1)]] =1
R-w 1

(G27)

because ai>0. Substitute this result into Eq.(G26) to obtain

(R/A-1) k-1 n * k-j-1 _
1im[A2 D) (vow. ) [(1+ay)"] A D 1z+(j)]
Row i'i i dcmax
k=0 j=0 i=1
* o+
> I (Viwi) _1 +
=A°D z — 11 A D Z z (j) (G28)
+ " dcmax
. 1-(1+Ay, ) .
i=1 1 J=

Combine Egs.(G21) and (G28) and use Eq. (G6) to obtain

@ t * o+ 4+ -1 _+
D z (viw.)" E (g, t-t-A) A D~ z (z) dr dt
t 0 r-o P
n (v W, ) 1%,
=D Z f(v 7 Apemax D g z (t) dt (G29)
where
~Re(71) = -Re(hi) = ai cont. time
f(wi) = 1 e 1 -o, A (G30)

5 [1—(1+A7i) ] = [1-e ' ] disc.time

A

Substitute Eq.(G29) into Eq.(G17) and use Eq. (G18) to obtain
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* +
o n (Viwi) 1 o+
g z (t) dt =D z AN D * z (0)

i=1

H*
n (viwi)+ 1% .
+ D z _?7527_ ApcmaxD g z (t) dt (G31)

i=1

Take norms in Eq.(G31) and rearrange to obtain

(v, w?t
bl 11 pl v
fr.)
© _ i p
” S z*(t)at ” < — (G32a)
0 P _ “ Z (viw,) Scnax -1 ”
121 £(y;) p
®
Thus, H Sz (t) dt| < o if
0 p
*
g lvpwy) -1
”D z __f'ﬁi)—Apcmax D ”p < 1; o] =1 (G32b)

We now require an additional lemma.

Lemma G2:

0 + s o]
If w S z (t) dt “ < w, then §
0

2 (t) ” dt < o.
p 0 1
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Proof of Lemma G2.:

Use the equivalence of p-norms on R". That is,

1A

Cl'

z|, = lzly = <51zl (G33)

¢, are constants

where p = 1; Cir Cy

to obtain

< 0 3
p

g
S z (t) dt
0

0]
‘ S z' (t) dt” < (G34)
0 1

It is easily shown that since dim[z(t)] < o, it follows that

[o4] [o2]
HS 2" (t) dt" =S [z W), at (G35)
0 1 0

which implies that

0
S Jz" ()], dt < w
0

Returning now to the proof of Theorem 8, we have from
® +

Lemma G2 and Eq. (G32b) that S |z (t)”1 dt < o if
0

* 4
(v.w.)
ivi

n
-1
i=1 t P
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Note that in continuous time, x(t) and z(t) are continuous
because of the linearity of the uncertain closed loop plant
which together with Eq. (G36) and a theorem in Ref.21 implies
that |]z+(t)||1 > 0 as t » o. This implies that |x(t)|, ~» O as
t » o which proves that the linear uncertain closed 1loop
plant is asymptotically stable. We remark that although not
needed for the proof of Theorem 8, it follows from Eq. (G33)
that "z+(t)up and "x(t)"p are bounded and asymptotically

vanishing for all p = 1.

Finally, Perron weightings may be used for the matrix D in
Eq. (G36) in the same manner as shown by Sobel et.al.[1] for
an earlier robustness result. Thus, to reduce conservatism,

Eq. (G36) may be replaced by

* 4
n (viwi)
Amax{ Z f(yi) Apcmax } <1 (G37)
i=1

where Amax(') of a non-negative matrix denotes the real
non-negative eigenvalue A = 0 such that A = |A.| for all
max max i

eigenvalues Ai.



APPENDIX VIII

Proof of Lemma 1.:

Upon comparing Egs. (78) and (136) we require
B u(t) = B &(t)
P P

Solving for the true control u(t), we obtain

.'a

u(t) = Bpoa(t)

where the pseudo inverse BZ may be written as

Upon combining Egs.(138), (H2), and (H3) we obtain

1T
u(t) = Y323 U3[U1 + Uz[al, a2]]6(t)

Using Egs. (133)-(135) yields

T
571 Yy

ut) = v, v21[ 11 ] ! [u1 U la, oczl]a(t)
2 U2

Expand Eq. (H5) to obtain

185

(H1)

(H2)

(H3)

(H4)

(H5)
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~ 1T 1T

u(t) = (v,57'0] + v U)W, ¢ U leg, @)1)8(t) (H6)

_ 1T T 1T

= (V20U # V2 U Ul wyd + V,ETULU

+ v.5 ol ey, @l 1)8(t) (H7)
2%y UpUpley, @,

But from the property of the singular value decomposition,

we have that U and V are unitary. Hence,

T _ T _

U1U1 = U2U2 =1 (H8)
and

T _ T _
U1U2 = U2U1 =0 (H9)

Thus, we obtain the desired result that

_ -1 -1
u(t) = (vlz + V.T [al,aZ])S(t) (H10)

1 272

A\

Remark:

When o=[0, O0],the control 1law u(t) given by Eq.(H10)

reduces to the control law given by Eq. (20) in Ref.12.



APPENDIX IX

Proof of Theorem 9.:

Consider
px(t) = (Apc + dApC)x(t)
Let

Vix) = xTpr >0

where Pp is the positive definite symmetric solution of

AT P +PA + AA P AT = =21
pc p P PC pPCc p pc
Let

E =(I +AA ) + (A/2)dA
2 pc pc

Then,

T T T
Vix) = px P x + x P px + Apx P px
P PP P px P p

187

(I1)

(12)

(1I3)

(14)

(15)

Substitute for px from Eq.(I1), rearrange, and use Eq. (I13)
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pV(x) = -x2Ix + X (dAL P E + E'P dA_)x (16)
pc pp “p ™ pc

Then, the proof follows by using the same arguments as shown

by Yedavalli [4].

Let

T +
o P )
max max p pcmax s

where (-)S is the symmetric part of a matrix.

o HEHPaA 31 <1
max p’ p pc's

T +
= Omax[{(EpdeApc) }S] <1

¢

o [(ETP
x P

dA_ ) 1 <1
ma. pc’s

p

IAELP aA ) |
p p pc s'max

3

Y

ALEPAA ) -11<0
it p%pc’s

> -1+ (ETP dA ) is negative definite
n PP pC'S

2> =21 + dAT P E + ETP dA is negative definite
pc pp PP pcC

4

pV(x) of Eq.(I6) is < 0 for all x

N . //
= (ApC + dApC) of Eq.(I1) is asymptotically stable. Vi



189

APPENDIX X

Proof g£ Lemma 2:

Continuous time:
See Ref.18
Discrete time:

Since after rotation and translation the eigenvalues of

e_Je(A—aI) are inside the region of Figure 26, then, the

1

A [exp{e_Je(A—aI)A}-I] are inside the region

eigenvalues of

of Fig.27.

A\
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APPENDIX XI

Proof 9£ Lemma 3.:

Continuous time :

See Ref.2.
Discrete time :

Let & = e J9(A-al). Use the definition of Ka to obtain

~

Mlam = L mleh

A

Substitute the infinite series for exp(AA) into Eq. (J1) to

obtain
~2. .2
-1y 1 -1 ~ A°a _
M ASM = 5 M "[I + AA + 51 + ... 1M (J2)
-1~2...2
= 1o+ M YAMa s MAMA (J3)
A 2!
1 -1~ -1~ .2 Az -1~...3 A3
= 5 [I +M "AMA + (M ~AM) 5 * (M ~AM) 3t T I]
(Ja)

Substitute M 'AM = A from Ref.2 into Eq.(J4) to obtain
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MAM = 1 11+ Ko+ B2 ‘; + K %? PO 3 (J5)
= % (eXA-I) (J6)
Remark: -

From the above lemma, Kp =—-K-—(e7\A - I). That is, the i-th

eigenvalue is given by ;i =—%—{exp(iiA) - I}.

From a result attributed to Ref.2 Xi = e—Je(Ai—a). Then,

Re(xi) = {Re(Ai) - a}coso + Im(Ai)sine.
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APPENDIX XII

Proof of Theorem 10.:

The proof starts with the following Lemma:

Lemma K: (Delta Uncertainty Bounds)

N
(dK6)+ - Kamax ) _;— [e[(A—aI) A A i e(A-aI)+A ] )
1 [(A-aD)™+ A 17T

(d§6)+ = §5max = 3 [ jze max dr(B++ Bmax)
-fAe(A_aI)+rdr B ] (K2)
0

Proof g£ Lemma K.:

. o o L i
Let & = e 99(A-al); dA = e %A ; B = %8 and dB = ¢ J%4B.

The following relations hold

At (a-an)”’
dA” =dAT s X = A
max max
5t < p*
aB" =ag* 5B =B
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A2

1 [ (A+dA)A XA]+_
e e = =7

~ L+
(dAS) = —F

5 —%— {[ I + (A+dA)A + (A+dR)Z

3

+
+ (X+dX)3—%T + ... ] - [I + AA + KZ A, 23—9— + ... ] }

2
{dA-A + [K-dA + dA-X + (dR)2 ] A, [K-dAeA + dA-A-dA

>|H

2r

3 +
v @B Bk s @R R K@D e @D ] e

2
R N NP o N N S C I I S | LSO o
A max max max max 2! max
v A EYAx A cGBH%2 4 GH%A o+ a2
max ma. ax max ax
3
+ 2 37a
1 SR L O ]37 + }
2 3
1 ~t ot 2 A ot 34
T TA { [ I+(A +Amax)A +(A +Amax) 27 +(A +Amax) 3r T ]
2 3
ot ~t 2 A ~+. 3 A
—[I+AA+(A) A @ _3_,+]}
~d
1 e(A +Ama A i e~+A
A
[(A-al) +A__ 14 *
1 [ a ma (A-al)" A ]
R ©



i e i€ Xeu ic  Xeuw vV
v gl YR+ om0 VE N (Y V)4V ] }——I =
14 € 4
xeu L. iv xXeu Xeu xXeu
( g+ 4 + v V) + 0 V) ¥+ Ve (V) +
Xeu (v Xeu Xew Xeu Xeu
Ve (LY) + (L Y)e v+ Ve VeV + ¥o VeV |+

H Xeu xXeu Xeu H Xeu
+ ig—[z( V) + Ve oW 4 iy y ] + 1 KBy ] +

eV - - o
Xeu it i€ ic v
g [ + (V) + ——_ (V) + ==V + VI ] } =
T7V €+ 8V C + zV + T
iV
4 — . . .
+{ (gp + §) [ vv (g(gp) + Z(ZP) vV+V Z(YP) + VP ZZ +
VeVP + VPeVeVP + VeVPV ] + ig—[ (VP) + V+VP + VPV ] +
ZNN ~ o~ o~ ~ o~ SV ZN ~ o~ ~ o~
ic i i i v
VP ] + gp [ + =V + —_V + —/—V + VI ] } —_ =
zV VV € EV Z ZV 1
i i i
8["‘+—""V+—V+—V+VI:|—(8P+8)'
+{ T7V € CV Z ZV

iv
v

(VP+Y) + S (yp+y) + S (yp+y) + VI ] -
PP * Sy (XPTE) ¥ Ty YRy 1

| a— ]
+
<

0 0 v 0
+{ [ g 1p 123 VJ - (gp + g) p J.(gp-ry)a VJ ] _f—} = +( gp)

761
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2 3 4
+ ot AT~k 2 A s+ 3 A +
+ ](B+Bmax) —[IA+A——2—!-+(A)-—§—!—+(A)T+...]B }

ot
(A +A )T . ~

=L [ IA e max - gr 8" +B_) - JA e T oar B+]

A max

0 0
[(A-aD)"+A__ 1t +

_1 [ JA o max" . (g*.p )_IA e(A—aI) T4r BT ] Z

A 0 max 0 =

The proof of theorem 10 now continues by observing that the
transformed unified closed loop system with uncertainty may

be written as

px(t) = Apcx(t) + dApcx(t) (K3)

where

. A + BFC continuous time

ApC = . y (x4)

A6 + BSFSC discrete time

and
. dA + dB(FC) continuous time

dh__={ _ . (X5)
P dAg + dBS(F,C) discrete time

The proof follows by in a similar manner to the proof of

Theorem 8.

A\
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APPENDIX XIII

Proof of Corollary S5.:

Using Theorem 10 it follows that the eigenvalues of the
uncertain closed loop system described by Eq. (151) are in Hk

. . . d . . . .
in continuous time or Hk in discrete time if

(vou)*

Apcmaxk} <1 (L1)
[f(v )]

n
Amaxk max{ Z

1

The eigenvalues of the uncertain closed 1loop system
described by Eq.(151) are in the R region in continuous time
or Rd in discrete time if they are simultaneously in each Hk

in continuous time or Hi in discrete time. This will be true

if

Amaxk

From the above comment, we have

max[A A ] <1 (L2)

maxl’ "max2

where



»*
(v. Y3 )

|
ECAN pemaxl

n
Amaxl = max{ Z

1

A+ B (FOF

N max max continuous time
A =

pcmaxl . N

Aamaxl + Bamaxl(F C) discrete time
+ +
% _ 1 -e[(A-all) *A LA i e[A—aII] A
dmax1 A |
[(A-a, 1)+ A___]
B L [fe 1 max g gte B )
dmax1 A | 0 max
(A—a11)+r .
-i e dTt B
0
+ B__(FO)* . .

N max max continuous time
A =

pcmaxe

A6max2 + SmaXZ(FGC) discrete time
[AT+A___1a  A"a

Y - _l_ o max _ e

omax2 A
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(L3)

(L4)

(L5)

(Lé)

(L7)

(L8)

(L9)
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+
[A+ A 1T
~ 21 max +
Bamaxz T A [ Jze dt(B + Bmax)
A+T +
-]e dt B (L10)
0
-Re(y,) = -Re(A,) = a, cont. time
. i i i 5
[f(y.)1,= e A (L11)
i’'1 1 ~ 0+ 1 7] s :
x [1—(1+A71) ] __K_[l e ] disc. time
and where
Ai = (Ai—al) ;e = —[Re(hi)—all
-Re(y.) = -Re(}.) = a, cont. time
N i i i N
f(y.)],= -, A (L12)
i"72 1 ~t s 1 T : :
- [1—(1+Awi) 1 ——Z—[l e ] disc. time
and where
~ —j92 ~
hi = e Ai ;oo = -(Re(hi))cose2 + Im(hi)31n92
Remark:
k = 3: 63 = —92; a3 = a2 = 0

~

Apcmax3 = pcmax2

>

(L13)



199

—Re(;i) = —Re(xi) = &i cont. time
[f(y.)].= -a. A (L14)
i"°3 1 MR AR T T T U . .
= {1 (1+Ayi) ] __K—[l e ] disc. time
and where
o +36, N
Ai = e Ai ooy = —(Re(Ai))cosez - Im(}\i)51n92

Since Ai are the eigenvalues of the real matrix (A+BFC)
then, the Ai are either real or they occur in complex

conjugate pairs. If the Ai are real, then Im(Ai) = 0 and
f[?/.l]3 = fly,l, -
Consider the complex pair

Ai = a, + Jbi and Ai+1 = Ai =a; - Jbi

In this case

—Re(;i) = —Re(ii) = &i cont. time
[f(y.)].= Y (L15)
1772 —i— [1—(1+Aari)+ ] =—i—[1—e 11 disc. time

and where

~= .~=_ + s ~=_ _ .
A e AL ai aicose2 bi31n62 or ai aicose2 b151n92
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—Re(;i) = —Re(xi) = &i cont. time
[f(¥.)].= -a. A (L16)
i°°3 1 vyt 1 T . :
- (1 (1+A71) ] -—E—[l e ] disc. time
and where
~ +J6, ~ ~
Ai =e Ai ;o= -aicosez—bisme2 or “i =—aicosez+b151ne2

Therefore, it follows that

AN

[f(%i)]3 = [f(%i)]z
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APPENDIX XIV

Proof of Theorem 11.:

Consider
px(t) = (Apc + dApC)x(t) (M1)
Let
~ AT o~
Vix) =x P x>0 (M2)

where ﬁp is the positive definite symmetric solution of

AlB +BPA +AK BAl =21 (M3)
pc p P pc pc p pc n
Let
E = (1_+2& ) + (A/2)dA
P n pC pc
Then,
pV(xX) = p§T B X+ %L ﬁp pxX + ApgT ﬁp pX (M4)

Substitute for px from Eq. (M1), rearrange, and use Eq. (M3)

PV(X) = XL 21 % + TRl B F + BB dR )X (M5)
n pc 'p P P P PC
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Then, the proof follows by using the same arguments as shown

by Yedavalli [4].

Let

o [EY  BTR )1 <1
max pmax P pcmax s

where (‘)S is the symmetric part of a matrix.

~T . + ~t ot
= Umax[{(Ep) Pp dApc}S] <1 (M6)
HELE di )Yy 1< (M7)

=>o‘max P P pcC S

so [ETP a8 )1 <1 (M8)

max p p pc’s

~T o~

s |A(E. P_dA ) <1 (M9)

P dA ) - 1.1<0 (M10)
P dA ) is negative definite (M11)
AT ~ ~ ~T o~ ~

> —21n + dA P E+E P dApC is negative definite (M12)

s p(x) of Eq;(MS) < 0 for all X
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= (Apc + dApc) of Eq.(152) is asymptotically stable. (M13) %
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APPENDIX XV

Proof of Corollary 6.:

Using Theorem 11, it follows that the eigenvalues of the

uncertain closed loop system described by Eq.(151) are in H

k
in continuous time or HE in discrete time if
- _ = ~T e ~
o = 0[(Epmaxk Ppk Apcmaxk)s] <1 (N1)

The eigenvalues of the wuncertain closed 1loop system
described by Eq.(151) are in the R region in continuous time
or Rd in discrete time if they are simultaneously in each Hk

in continuous time or Hi in discrete time. This will be true

if
From the above comment, we have
max[ol, 02] <1

where

)] ' (N2)



- _ = ~T ~ep ~

Ty T o‘[(Epmaxz Pp2 Apcmaxz)s]

o = (I +8A_,) + (A/2)K
pmaxl pcl pcmaxl
Bl -+ 8k )+ w2k
pmax?2 pc2 pcmax2

P and P satisfy the following Lyapunov equations

pl p2

~T =~ ~ o~ ~ ~  ~T _
Apcle1 + PplApcl + AApclpplApcl = ZIn
AL B+ B A _+ak B A= a1
pc2 p2 p2 pc2 pc2 p2 pcl n
where Apcl and Apcz are given by
. { Xl + §1FC continuous time
pcl RS ~ . .
61+ B61F6C discrete time
A+ B.FC continuous time
~ 2 2
Ach - ~ e
A62+ BazFaC discrete time
where

A, = (A~a, 1), B, =B, A.. = Q. (A-a 1), B.. =Q.B

205

(N3)

(N4)

(N5)

(N6)

(N7)

(N8)

(N9)

(N10)
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~ 2 x 2 o~ 2 & 2
A2 = Ae , B2—Be , Aaz—Qer , BSZ_QZBe (N11)
.1 (A-alI)r .1 —jez
Q, =—v e dr, Q,=—— exp{ (Ae )T}dT (N12)
1 A 2 A
0 0
Remark:
k=3 93=-92; a3=a2=0
~ ~ ~ ~% ~ ~ %
Apcmax3 - ApcmaxZ * “pc3 T “pc2 ' " pc3 pc2
Therefore, it follows that
o = g /
oy =0, Z
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APPENDIX XVI

Proof 9£ Lemma 4.:

Recall the following property from matrix norm.

. nxn +
For any matrix W e C, "w"ip = |W "ip (M1)
L PR ||I+£;'w+||ipwhere £>0 (M2)
+
"I+§W”. -1 "I+EW ”. -1
s lim Elp = lim glp (M3)
£->0 £€-0
Therefore,

U, W) su, WH
ip ip

(M4)

A\
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APPENDIX XVII

Proof 9£ Lemma 5.:

It is seen that all the eigenvalues of a constant matrix Ap
are located in the H region in continuous time or in the Hd
region in discrete time if and only if the eigenvalues of

the corresponding state space system

px(t) = pr(t) (Q1)

lie in the region of Figure 26 in continuous time or in the

region of Figure 27 in discrete time

e_Je(A—aI) in continuous time

>
1l

(Q2)

ﬁe_Je(A—aI) in discrete time

Continuous time:

See Ref.19.

Discrete time:

If Eq.(190) holds, then it follows that

A & =38, 2 ~ -6 & -j8
5—[|Qe (A aI)||ip + U Qe A Uip( Qae ¥7) < 0 (Q3)
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Use The property of the matrix measure that

U, (A+B) = U, (A) + U, (B)
ip 1p ip
to obtain

A x -jO., 2 Sa"d0 ) _
—z—"Qe (A aI)||ip + Uip[Qe (A -al)]l <0 (Q4)
We now require a new lemma

Lemma Q.:

Let A be an eigenvalue of A, and let v be an associated

eigenvector such that "V”ip=1' Then,

RO RS

Proof of Lemma Q.:

The eigenvalue A of the matrix A and its corresponding

eigenvector v satisfy the following equation

A(A)v = Av

vy, = | A Iy, (@5)
[A(A)| = | Av "ip (because v is a specific vector) (Q6)
A= Al @

R
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Thus,

A=Al

A\

Use the result of Lemma Q to obtain
> 5-[tie™ P a-an 1% vy 1G04 - an) <0 (Q8)

From Ref.19 we have

Re A(A) < U, (A) (Q9)
ip

Use Eq.(Q9) to obtain

> 2 |Alde ™ (A-aD)1|%+ Re Al ™A - a1 < 0 (Q10)
which from Ref. 3 is the stability condition in the y-plane

for ﬁe_Je(A—aI).

A\
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APPENDIX XVIII

Proof of Corollary 7.:

Continuous time:

Use the property of the matrix measure that

U. (A+B) = U, (A) + U, (B) (R1)
ip 1ip 1p

to obtain

-je s

U. (e A) = U, [A(cos® - jsine)] (R2)
ip 1p

= U, (AcosB) + U, (-AjsinB) < acosé (R3)

1p 1p

where Eq. (B3) from the hypothesis of Corollary 7.

Thus,

U, (e_Je A) < acos@
1p

and from Lemma 5 the eigenvalues of A are in the H region in

continuous time.

Discrete time:

Use the property of the matrix measure that
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U. (A+B) = U, (A) + U, (B)
ip 1ip 1ip

to obtain

~ =30, _ ~ s
Uip(QAe ) = Uip[QA(cose jsine)] (R4)
= U, (QAcos@) + U, (-QAjsin®) (R5)
ip ip
- ~  -38 Ay~ -j8 2
= -U; (Qae ) - ——| Qe (A—a1)||ip (R6)

where Eq. (R6) follows from the hypothesis of Corollary 7.

Thus,
U, (Bae %) = -u._(Bae™I®) - L Be™IOa-al))? (R7)
ip ip 2 ip

and from Lemma 5 the eigenvalues of A5 are in the Hd region

in discrete time.

A\
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APPENDIX XIX

Proof of Theorem 12.:

Continuous time:

Suppose Eq.(192) is satisfied for p=1,2,o. Then, Eq.(192)

can be written as

U, (A ) + U, (A cosB) + U, (-A jsinB)}- acos® < O (s1)
ip  cmax ip ‘¢ ip® "¢
where
A = A + BFC; A =A__+B__(FO)"
c cmax max max
~ _je
= U, (A ) + U, (Ae ) - acos® < 0 (S2)
ip"“cmax ip ‘e
2> U, (A
ip “cmax

" o -Jje o -Jjé
Uip(Acmax)_Uip({e [dA+dB(FC)1} )-Uip({e [dA+dB(FC)1})

(s3)

Use the definition of the matrix measure [19] to obtain

U, (—aIe_Je) = -acos@
ip

Then, Eqgs.(S2) and (S3) yield
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U, (e 9%[aa+dB(FC)]) + U, (e 3%[A+BFC])+U. (-ale 9%) < 0
ip 1p ip

(s4)
> Uip(e_Je[A+BFC—aI] + e 99 [dA+dB(FC)]) < O (S5)
From Ref.19 we have
Re A(A) < U.lp(A) (S6)
Thus,

Re AM{A_+ dA } <0
c c
where

A = e J% (A+BFC-al) and ak_ = e ™9 [qa+dB(FC)]

W

Discrete time:

can be written as

(1]

First we note that

( Aa + B6F6C) + Qa = Q[ A+ BFSC ]

Suppose Eq.(192) is satisfied for p=1,2,w. Then, Eq.(192)

becomes

2

~ A o~t o~
Ujp(A )+ _E—"A60+A60max"ip

ip écmax + Uip(Q[A+BF6C]cos9)

= s & 3O
+ Uip( Q[A+BF3C]J51n9) + Uip( Qae ) <0 (s7)
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where
~ ~ ~ ~ ~ ~ +
Asc = As * BsFsGs Ascmax = Asmax * Bémax(FSC)
~ A v+~ 2 ~ —jo _
#Uip(Aécmax) * _E_"A80+Aacmax"ip * ip(Qe [A+BF8C all) <0
(S8)
Uip(Aacmax) z Uip([dA6+ dBa(FSC)]) (s9)
IRL + & | = J(Ao +dk ¥, = (R, +dA )| (S10)
8c ocmax!ip 8¢ ac ip dc éc’ip

Use the result of Lemma Q.: "(-)"ip > |A(+)]| to obtain

~ ~ ~
"ASC + Aacmax"ip > IA(ASC + dASc)l (S11)

Then, Eq.(S8) becomes

~ A 5% eax 112 & =j0;,
Ujp(dAg.) + ——|A(Ag +dA ) |7 + U; (e “"lA-aI+BFC]) < O
S SAE, +dak D)% U, (R +dk ) <0 (S12)
2 8c éc ip  éc ac
Thus
s SAE + a0 |2 + Rea(K o+ dK ) < O (S13)
218" s 3" s
where
Asc = (Aa + BSFSC) and dA; = (dAa + dBg FBC)
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From Ref.3, Eq.(S13) is the stability condition in the

¥-plane for Xa+ dA

AN

5



217

APPENDIX XX

Proof of Corollary 8.:

Using Theorem 12 , it follows that the eigenvalues of the
uncertain closed loop system described by Eq. (151) are in Hk
in continuous time or Hz in discrete time if the following

conditions hold.

Continuous time :

Uip(Acmaxk)+Uip(Accosek)+Uip(—AcJ51n9k)_akcosek <0 (U1)

The eigenvalues of the uncertain closed 1loop system
described by Eq.(151) are in the R region if they are
simultaneously in each Hk' This will be true if Eq. (U1)
holds.

From the above comment, it follows that

Uip(Acmaxl) + Uip(_Acl) - a, <0 (U3)

and

U, (% Y+ U, (A cosB,) + U, (-A jsine,) < O (U4)
lFUip(Acmaxz c 2 ip- ¢ 2

where
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A = A + BFC
C

+
Acmaxl - Acmax2 - Amax * Bmax(FC)

and where

51 and 52 are given by Egs. (N9) and (N12), respectively.

Discrete time:

First of all we note that Ek can be written as

= =e (A, + B6

sk FSC) +Qa = Qk[ A+ BFSC ]

k k'k

Suppose Eq.(195) is satisfied for p=1,2,w. Then, Eq.(195)
becomes

(A )

UsipBscmaxk’ * 2 185k Ascmaxkip * Vipf [A+BF 5Clcos6, )

-je
~ . 5 k
+ Uip(—gk[A+BFSC]J81nek) + Uip( Qkake ) <O (Us)

The eigenvalues of the wuncertain closed loop system
described by Eq.(151) are in the Rd region if they are
simultaneously in each HE. This will be true if Eq. (U5)

holds.

From the above comment, it follows that
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)

~ A VRS ~ 2 ~
UsipBscmax1’ * 5 1Asc1 Ascmaxt l1p * Ugp (@ [A+BFC1)

+ Uip(-Qlal) <0 (U6)
and

)

~ A e ~ 2 ~
Uip(AacmaXZ * 2 "A602+A60max2"ip * Uip(QZ[A+BF6C]C°SQZ)

+ Uip(—Qz[A+BF6cle1n92) <0 (u7)

where

Asc1 = As1 * Bs1Fsls Ascp = Asy * BsoFsC

A A B F.C; A A B

Aacmaxl = Aamaxl * Bémaxl 3 FsC

acmax2 = A6max2 * B6max2 3

~ ~ ~

and where Aamaxl’ B6max1’ Aamaxz’ BBmaxZ’ are given by

Egs.(L6), (L7), (L9) and (L10), respectively.

(Aal; B61) and (ABZ; B62) are given by Eqgs.(N10) and (N11),

respectively.

Remark:

k=3: 8.=-0_; a.=a, =0

~ ~ ~ ¥

It is easy to show that for a matrix A € cn

*
Uip([A]) = Uip([A 1
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Therefore, it follows that

Ms3 = Hs2

where M k=2,3 is the discrete part of “pk given by Eq. (195).
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Proof of Theorem 13.:
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The control vector for the MIFO multi-rate system equation

is defined for intersample points. An expanded vector

ul(kAo)
uz(kAO]

um(kAo)

is defined to accommodate this.

u, [kA ]
i o

u, [kA +A.]
it" o Ti

u, [kA +(n,-1)A,]
i 7o i i

(V1)

The wunified multivariable,

multi-rate state equations for the MIFO model are

Ex(t)=xpx(t) + ﬁpﬁ(t)

where

where

continuous time

discrete time

(v2)

(V3)
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and where

_ B continuous time

B = _ (V3)

P B6 discrete time

A result from Ref.5 gives

_ AA1 A(n1~1)A1 AA

Bs=|Ps1 ©  Ps1 e Ps1 ©rr0 Psy & bgp
A(nm—l)Am
e b6m (va)

where

1 i AT Lo
bBi = 5 IA e dt bi’ i=1,...,m (V5)

with b.l the i-th column of the matrix B.

The unified multivariable multi-rate system with

uncertainty for the MIFO model is

px(t) = pr(t) + dxpx(t) + Epﬁ(t) + dépﬁ(t) (vé6)

From the results of Ref.5 and the unified model described in
chapter 4 the uncertainty in the B matrix in delta can be

written by
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dBS = [ (dBl—Bl) (dBZ—BZ) . (dBm-Bm) 1 (v7)

Each dﬁi is an nxn, matrix defined by

dBi = [db61 exp((A+dA)Ai)~db . exp{(A+dA)(ni—1)}-db ]

S8i di
(vg8)
where
db. = L [ 1 JAYMIT (0 p L b)) (V9)
3i AO 0 i i

with dbi the i-th column of the dB matrix.

The multivariable multi-rate control law can be described

by described by

us=F (V10)
py

_ F continuous time

F = _ (vi1)

P Fa discrete time

Fp = [F1 F2 .. Fr] (vi2)

where ?p is the nxr block matrix and each block ?61 is an n

column vector.

We now require a new lemma to establish a bound on dﬁa.



Lemma V.: (Multi-rate delta uncertainty bound)

-+ -+ - =+

— - _+ -—
dBS = BSmax_[(Blmax—Bl) (BZmax—BZ ). (Bmmax— Bm)]
Each ﬁ; is an nxn, matrix defined by
—+ + + + + +
i = [ bai exp{A Ai}'b61 ... exp{A (ni_l)Ai}.bai 1
where
. +
b+ = —l— 1 eA Tdt b
8i A i
o Vv0

and where b; is the i-th column of the matrix B+.

B. is an nxn, matrix is defined by
imax i

+
Bimax_[bSimax exp{ (A +Amax)Ai}.baimax

)

. +
=1 le(A +Amax)rdr(bf + b,
l i imax

b._. -
dimax Ao 0
where b, is the i-th column of the matrix B
imax m

ax’

Proof g£ Lemma V

=+ - =+ , = = _+ = = 4+
dB6 = [ (dBl—Bl) (de—BZ) - (dBm—Bm) 1

224

(Vi3)

(Vi4)

(V1s)

Each

(Vie)

(vi7)
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where

(dB.-B.) =|ldb_..-b_. 17 [{exp(A+dA)A,}+db_. -exp{AA, }+b_ 1"
i75) 51781 17 P51 i’ P81

+

1

[exp{A-!~dA)(n.l—l)A.l}°dbai-exp{A(ni-1)Ai}°b6.l

Consider a particular element of (d]§i—l§.l)+ and replace dbai’

bai by their equivalents to obtain

+
[{exp(A+dA)niAi}-dbai—exp(AniAi)°bai]

=—%— {exp(A+dA)n, A, } IAI (AT (b 4 b))
o 1l 1 0 1 1

+
- exp(An.A,) e At dt b.}
iti | i
0
1

= {{exp(A+dA)niAi} IAI e(A+dA)T dt dbi
o 0

+ [{exp(A+dA)n.A.} JAl e(A+dA)T dt b,
it )y i

+
- exp(An A, ) e AT dt b.]}
iTi IO i

expand the first coefficient of b.l

{exp(A+dA)n. A, } IAi e(A+dA)T dt b,
it g , i
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= exp(AniAi) + dAni——— + [A-dA + dA+*A + (dA) ] i + ...

1!
..}b.
i

+ [A°dA + dA-A

2
i At Ai 2
. e ‘drt + dA.—— + [A-dA + dA-A + (dA) ]
0

B
Wi W
+

i 2t

22
i

i Az
exp(AniAi) Jﬁ e dt bi + exp(AniAi){ dA—ET

2
2 i Ai
+ (dA) ] —_— +...}b.l + { dAni_TT + [AodA + dA-A

2

21 2 71 i Az Ai
+ (dA)7|n, —— + ...} e dt + dA,—— + |A<dA+ dA-A
i 2 0 i 2!

Then, the particular element becomes

2
: %

1 {{exp(A+dAln, A, } JAI e MM Tyr qb + Jexp(an,a ) |aa, -+
o i1 0 i i7i i2!

3
2 Ai A,
+ [A-dA+ dA<A + (dA) ] 37 ... + dAni——— + [A-dA + dA-A

2 2 i AT A?
+ (dA) ] n, e dt + dAi——— + [AodA+ dA-A
0

>
WA

i 21
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N

[
+

v e e

Apply (*)+ on each element , use dA+ = Amax and rearrange to

obtain
[{exp(A+dA)n.lAi}-dbai—exp{AniAi}'bai]+
= [{exp(A+ + Amax)n Ai}-ba.lmaX - exp{A+niAi}-b+ai]
Then, it follows that
ESmax=[(§1max—§;) (§2max_§; ) e (ﬁmmax_ —;)]
Each ﬁ; is an nxn, matrix defined by
ﬁ; = [ b;i exp{A+Ai}'bgi - exp{A+(ni—1)Ai}'b;i ]
where
by, = - JAi A T by
o Y0

and where b; is the i~th column of the matrix B+. Each

B. is an nxn, matrix defined by
imax i

+
[b expi{ (A +Ama)A }b

-— L] .
imax Simax X i dimax
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+
. exp{(A +Amax)(ni—1)Ai}°baimax]

. +
= 1 IAle(A +Amax)rd'r(b; + b )
0

b.. —_ .
dimax Ao imax

where b, is the i-th column of the matrix B .
imax max

The proof of Theorem 13 now continues by observing that the

transformed unified closed 1loop system given by
px(t) = A_x(t) + dA_ x(t) (V18)
pc pc

has a solution given by

t
x(t) = E(Apc,t)x(O) + § E(Apc,t—r—Ao)dApcx(T)dr (vV19)

The result follows by applying Theorem 8.

* 4+
n (Viwi) _
A Z R S <1 (V20)
max £(5.) pcmax

i=1 i

where

—Re(gi) = -Re(ii) = &i cont. time
fly,) = -, A %
i 1 - o+ 1 i“o, .. . Z
_Z; [1 (1+A071) ] = _K; [1-e ] disc. time

Next, we consider the limiting behavior of Ka, EB’ dKa,
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dB, and F_ as A, » O. Using Middleton and Goodwin's [3]

) 3
result, it follows that

asAo->O,1_i > A, B.>B,F_~-F

> (AS + BGFSC) » (A + BFC)

The uncertainty bounds A > A , B » B
dmax max Smax max

> (A

ASmax * BémaxFSC) > (A *B FC)

max max

Thus,
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APPENDIX XXII

Proof of Theorem 14.:

Let
E =(1_+aA )+ (a/2)dA
[o] op o) c
Then,
pV(x) = px P x + x ﬁpﬁx + Aoﬁx P px (W1)
AP +PA + AL PAL = -21 (W2)
pc p P PC pc p pc n
Then
PV(x) = -x'21 x + x'(dAL P E + E'P dA_)x (W3)
n pc p p P p pC

Then, the proof follows by using the result of Theorem 9.

N\
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