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ABSTRACT

The f lu te  mode in a plasm a w ith  non-uniform  e le c tr ic  fie lds is  

studied experim entally  and th eo re tica lly . E xperim ents were perform ed 

with low -beta a lkali m e ta l p lasm as produced in a Q-machine. The f lu te s  

propagate azim uthally  and have maximum am plitude near the  plasma 

column edge where a la rg e  rad ia l e le c tr ic  f ie ld , Er , ex is ts . The Er  X B 

d r i f t  velocity  produces an in s tab ility  s im ila r to  the  Kelvin-Helmholtz 

in s tab ility . A so lu tion  to  a d if fe re n tia l equation including f in ite  Larm or 

radius e f f e c ts ,  fo rm u la ted  by Rosenbluth and Simon, is  p resen ted . Con­

sideration  of ad jacen t regions undergoing rig id  body ro ta tio n s  and having 

constan t density  leads to  an expression fo r  th e  oscillation  frequencies 

and a s ta b ili ty  c rite r io n .

T h eo re tica l r e s u l ts  show th a t  velocity  shear is  th e  mechanism 

which drives th e  in s tab ility , bu t cen trifu g a l e f f e c ts  a re  also destab iliz­

ing. F in ite  L arm or te rm s  stab ilize  sh o rt wavelengths as fo r  the  

g rav ita tio n a l f lu te  in s tab ility .

If  th e  experim ent is  in te rp re te d  in lig h t of th e  p re sen t theory, 

th e  osc illa tion  frequencies, s ta b ility  conditions and rad ia l amplitude 

d istribu tions com pare favorably.



CHAPTER 1

INTRODUCTION

In the fie ld  of con tro lled  fu sio n  re s e a rc h ,  one of the  m ajor 

problem s is  understand ing  the flu te  mode in  a non-uniform  e le c tr ic  

f ie ld . The flute mode is  ch a rac te rize d  by low  frequency  p ropagation  

around the  plasm a column w ith no p ropagation  a long  the  m agnetic  

f ie ld . Until now , the la c k  of a th e o re tic a l so lu tio n  to  th is  problem  

h as  made it  d ifficu lt to in te rp re te  experim en ts and  as a  r e s u l t ,  th is  

in s ta b il i ty  has not been w ell u n d ers to o d .

R ecently , a  theory has been  form ulated  by R osenbluth  and 

Sim on, * but the d iffe ren tia l equation  found w as not so lv e d . In the  

p re se n t w ork, a model b a sed  on m easurem ents in  a Q -m achine is  

u sed  to  find a so lu tion  to  the d iffe re n tia l e q u a tio n . This so lu tio n  is  

th en  u se d  as a guide to perform a com plete  experim ent w hich  le a d s  to

an  understand ing  o f flu te  mode in  a non-uniform  e le c tr ic  f ie ld .

2-9' _ In previous works low  frequency  o sc illa t io n s  in  Q -m ach ines

8 9have been  d e sc rib e d . In some of th e se  experim en ts ' the  maximum 

re la tiv e  am plitude of the wave occurred  w here la rg e  rad ia l e le c tr ic  

fie ld s  have been  m easured . In a Q -m achine the  change of sh e a th  

cond itions betw een  the hot p la te  and the  r e la tiv e ly  cool aperture  

lim ite r produces rad ia l e le c tr ic  f ie ld s  and  the  in s ta b i l i t ie s  w hich
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form in  th is  reg ion  have been  c a lle d  edge o s c i l la t io n s . In other 

2 -7experim en ts the  o sc illa tio n s  have been id en tifie d  a s  drift w aves 

and w ill no t be considered  h e re . Both the th e o re tic a l and experim ental 

work p e rtin en t to  the problem  of th e  flu te  mode in  a non-uniform  

e le c tr ic  fie ld  i s  rev iew ed below .

1 .1  Review  of Experim ental Work

Two experim ents in  w hich  the e le c tr ic  fie ld  could be varied
g

have been  rep o rte d . Hartman and M unger varied  the e le c tr ic  fie ld  by-

in troduc ing  a tem perature  g rad ien t on the  io n ize r p la te . W ith the

tem peratu re  h ig h e s t a t  the  cen te r of the  p la te , coheren t o sc illa tio n s

w ere ob se rv ed  w ith  azim uthal mode m = 2 being  th e  lo w est mode o b - ■

se rv e d . As th e  m agnetic  fie ld  w as in c re a s e d , h igher m odes becam e

dom inant. The w ave am plitude peaked  a t the  edge of the  colum n. A

stan d in g  w ave w as o bserved  in  th e  lo ng itud ina l d ire c tio n . The au thors

found th a t  the  sh ea r in  the Er XB v e lo c ity  i s  e s s e n t ia l  for the e x c ita tio n

of the  o b se rv ed  w ave.

The seco n d  experim ent (w ithout theory) w here e le c tr ic  fie ld s

could  be v a ried  has been  carried  out rec en tly  by E nriques, Levine and 
g

R ig h etti. The io n ize r p la te  w as formed from a d isk  and a sep a ra ted  

annulus: A p o ten tia l d ifference  could  be app lied  betw een  both se c tio n s  

producing  a non-uniform  e le c tr ic  f ie ld . W ith  th is  configuration  an 

edge o s c i l la t io n  w as o b se rv ed , w hich  d e s ta b iliz e d  for ra d ia l e le c tr ic
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fie ld s above a th resh o ld  v a lu e . From the  experim ent# the  au thors con­

clude th a t the  non-un ifo rm ity  in  th e  e le c tr ic  fie ld  is  im portan t in 

exc iting  the w ave w hich  is  the sam e co n c lu sio n  re a c h e d  by Hartman 

and M unger. 8

It w ill be show n in  C hap ter 4 th a t sh ea r in  th e  d rift v e lo c ity  is  

p red ic ted  to  le a d  to  low  frequency  o sc illa t io n s  of the  type  observed  in  

Q -m ach ines n ear the  edge of the  p lasm a colum n. S ince the  ex p eri­

m ental work done here has show n th a t th e  observed  o s c illa tio n  i s  a 

flu te  m ode, the  p e rtin en t theo ry  w ill be rev iew ed  b e lo w .

1 .2  Review of T h eo re tica l W ork

The theory  of the  flu te  in s ta b il i ty  has been  derived  from the

tw o-flu id  m agnetohydrodynam ic eq u a tio n s by Kadomtsev* * for the  c a se

w hen the in s ta b il i ty  i s  d riven  by an  e ffec tiv e  g rav ita tio n a l force fie ld .

The a n a ly s is  show ed the  d iffe ren tia l d rifts  be tw een  io n s  and e lec tro n s

resp o n sib le  for e x c itin g  the  in s ta b i l i ty .  The d ifference  in  d rifts  is

cau sed  by the  m ass d iffe ren ce  of the  two s p e c ie s .  R esu lts  show ed

th a t for the g ra v ita tio n a l force in  the  d irec tio n  of d e c rea s in g  d en sity

the plasm a i s  u n s ta b le . It becom es apparen t th a t any a ffe c t w hich

in fluenced  th e  p a rtic le  d rif ts  w ould a ffec t s ta b il i ty  of the  p lasm a. The

in c lu s io n  of f in ite  Larmor ra d iu s  (FLR) phenom ena w as show n to  a ffec t 

12
s ta b ili ty .
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12R osenbluth  ^ t  a l ,  s ta r tin g  w ith  th e  eq u atio n s of k in e tic  theory

and tak ing  FLR e ffe c ts  in to  a c c o u n t, show ed th a t the  flu te  in s ta b il ity

could be s ta b iliz e d  for su ff ic ie n tly  sh o rt w a v e le n g th s . In th is  a n a ly s is

i t  w as assum ed  th a t the  Larmor rad iu s  w as sm all com pared w ith  the

13c h a ra c te r is tic  ra d ia l len g th  of the  sy s te m . M ikha ilovsk ii inc luded

a ll v a lu es  of Larmor ra d iu s , th e  r e s u l ts  d iffering  only s lig h tly  from the

previous w ork. The c a se  for mode one i s  d iffe ren t th an  th a t for the

higher m odes. Mode one co rresponds to  a  d isp lacem en t of th e  p lasm a

as a w hole producing a perturbed  e le c tr ic  fie ld  w hich  is  uniform  in

sp a c e . This m eans th a t FLR e ffe c ts  a re  no t im portan t h e re . It has 

14been  show n th a t the  flu te  az im u tha l mode m = l  is  a lw ays u n s ta b le .

The above re s u lts  can  a ls o  be deriv ed  from the so  c a lle d  guiding 

15cen ter approxim ation . In th is  m ethod th e  zero  and f ir s t  order p a rtic le  

d rifts  a re  w ritten  down from p h y s ic a l c o n s id e ra tio n s  and th en  th e se  are 

u sed  in  the  equations of con tinu ity  to  find  the  perturbed  d e n s i t ie s .  The 

perturbed  d e n s itie s  can  then  be s u b s titu te d  in to  P o is so n 's  eq u a tio n  to  

y ie ld  th e  in s ta b il ity  freq u en cies  and the s ta b il i ty  c rite r io n . Here the  

FLR e ffe c ts  are  tak en  in to  acco u n t e x p lic i t ly  by u s in g  the  averaged  

e le c tr ic  fie ld  w hich a p a rtic le  e x p e rie n c e s  in  a gy ra tion  and  by re la tin g  

the guiding cen te r d e n s ity  to  th e  p a rtic le  d e n s ity .

Until r e c e n tly , the  work on flu te  m odes a ssum ed  th a t no zero  

order e le c tr ic  f ie ld s  e x is te d . H ow ever, in c lu s io n  of non-uniform  e le c tr ic  

fie ld s is  im portant s in ce  th ese  f ie ld s  u su a lly  e x is t  in  experim en ta l
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sy s te m s . The a n a ly s is  for a flu te  mode in  a non-uniform  e le c tr ic  fie ld

has been  carried  out by R osenblu th  and Sim on. * Their work u se d  the

V lasov eq u a tio n  as a sta rtin g  p o in t to  deve lop  a s e t  of hydrodynam ic

eq u a tio n s w hich  in c lu d es both FLR and non-uniform  e le c tr ic  fie ld

e f f e c t s . From the re su ltin g  s e t  of eq u a tio n s  an  e ig en v a lu e  problem

for s ta b il i ty  is  fo rm ulated , but no so lu tio n  has b een  rep o rte d . The

sam e problem  has been  form ulated from the  guid ing  cen te r ap p ro x i-

16m ation by Stringer and Schm idt, r e s u ltin g  in  the  d iffe ren tia l 

eq u a tio n  g iven  in  Ref. 14.

1 .3  Summary

The purpose of th is  th e s is  is  to  u n d e rs tan d  the  flu te  mode w hich  

ap p ea rs  a s  edge o sc illa tio n s  o bserved  in  Q -m ac h in es . This is  a c ­

com plished  by carrying out a com plete  s e t  of experim en ts in  a Q - 

m achine w hich  have been  gu ided  by the  so lu tio n  of the  R osenblu th  and 

Simon equ atio n  d escrib in g  a flu te  mode in  a non-uniform  e le c tr ic  f ie ld .

In th is  chap ter th e  experim en ta l work on edge o sc illa t io n s  in  a 

Q -m ach ine  has been  rev iew ed  along w ith  the  theo ry  re le v a n t to  flu te  

m o d es .

C hap ter 2 co n ta in s  a d e sc rip tio n  of the experim en ta l a p p a ra tu s . 

In C hap te r 4 the e igenvalue  problem  form ulated  in  R ef. 1 w ill be so lved  

for cond itions found in  Q -m ach in es . A com parison  of the  experim ent 

w ith  the  theory  appears in  C hap ter 5 . The c o n c lu s io n s  of th is  

d is s e r ta t io n  are sum m arized a t  th e  end of C hap te r 5 .
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CHAPTER 2 

EXPERIMENTAL APPARATUS

17Since the  in tro d u c tio n  of Q -m ach ines in  1960 a num ber of

th e se  d e v ic e s  have been  b u ilt and opera ted  both  in  th is  country  and 

2-9abroad . The Q -m ach ine  h as  the  advan tage  of p roducing  a s te a d y , 

re la tiv e ly  q u ie s c e n t, fu lly  io n iz ed  p lasm a as opposed  to  o lder m ethods 

such  a s  s te ad y  or p u lsed  d isc h a rg e s  producing p a rtia lly  io n iz e d  g a s e s .

A g rea t pa rt of the  Q -m achine and i ts  au x ilia ry  equipm ent a t  the  MHD 

Laboratory a t  The C ity  C o llege  has been  designed  and c o n stru c ted  by 

the author over the  p a s t few y e a r s . The Q -m achine i s  th e  m ain 

appara tu s in  the L aboratory  and may be u sed  for a num ber of d iffe ren t 

types of experim en ts in  p lasm a p h y sic s  includ ing  s tu d ie s  of o s c i l la t io n s ,  

confinem ent, io n iz a tio n  and p lasm a tu rb u len ce . S ince a good d ea l of 

effort w as devoted  to  the a c tu a l co n stru c tio n  of the a p p a ra tu s , a 

d e ta ile d  d e sc rip tio n  is  g iv en .

2 .1  G enera l D esc rip tio n  o f th e  Q -m achine

In a Q -m achine an  e le c tro n  gun i s  u sed  to  h e a t a p la te  onto 

w hich an  a lk a li m etal vapor is  sp ray ed . The m etal vapor i s  io n ized  by 

su rface  io n iz a tio n  on the hot p la te  (T 21 2300°K), w hich  a ls o  su p p lie s  

e lec tro n s  by therm ion ic  e m iss io n . The re su ltin g  p lasm a i s  confined  by 

a uniform m agnetic  fie ld  p erp en d icu lar to  the su rface  of th e  io n iz e r
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p la te . M aking the  fie ld  p e rp en d icu lar to  the  hot p la te  as done here  has 

the  ad v an tag e  of reducing  tem pera tu re  g rad ien ts  on the  p la te  and m aking 

the  colum n in to  a  r ig h t c irc u la r  c y lin d e r. The e le c tro n  gun and the 

p lasm a colum n are co n ta in ed  in  a vacuum  cham ber w hose w a lls  are  w a te r-  

co lled  to  keep  the  background of n e u tra ls  a t a low le v e l (10-s  to r r . ) .  The 

m achine may be opera ted  d o u b le -en d ed  (hot p la te  a t e ac h  end) in  w hich  

c a se  a  s ta tio n a ry  p lasm a is  produced or s in g le -e n d e d  (one p la te  rep la c e d  

by a co ld  co llec to r) th u s producing  a p lasm a w hich  d rif ts  from the  hot 

p la te  w ith  the  io n  therm al sp e e d . In F ig .2 -1 ,  the  ex te rn a l s tru c tu re  of 

the  Q -m achine is  show n. The vacuum  cham ber can  be se e n  a t  bo th  ends 

of th e  ten  w a te r-c o lle d  so le n o id s  w hich  provide th e  m agnetic  f ie ld . In 

the  background , th e  pow er su p p lie s  for the e le c tro n  gun a re  show n.

Figure 2 -2  is  a sch em a tic  of th e  Q -m achine show ing s in g le -e n d e d  

o p e ra tio n .

2 .2  E lem ents of th e  Q -m achine 

1. E lectron  Gun

(a) C o n stru c tio n : The purpose of the  e le c tro n  gun is  to  h e a t 

the  io n iz e r  p la te  to  su ff ic ie n tly  high tem pera tu res to  io n iz e  the  po­

ta s s iu m  vapor and a t the  sam e tim e produce n eu tra liz in g  e le c tro n s  by 

therm ion ic  e m iss io n . The gun is  co n stru c ted  s im ila r to  a  vacuum  tube 

diode in  th a t i ts  e lem en ts are  a filam ent type  em itte r b ia se d  n e g a tiv e  

w ith  r e s p e c t  to  the p la te .  The c irc u it is  show n in  F ig .2 -3 .  The major



F ig . 2 -1  P h o to g ra p h  o f Q -m a c h in e
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d ifference  b e tw een  Q -m achine and diode is  th a t th e  Q -m ach ine  p la te  is  

opera ted  a t h igh  tem pera tu res (2300°K )o The e le c tro n  gun s tru c tu re  is  

show n in  F ig .2 -4 . The upper figure shows a p a rtia l top view  so  th a t 

th e  tu n g sten  p la te  is  v is ib le  through the aperture lim ite r . In th e  low er 

figure a s id e  view  show s th e  supporting  rings ( s ta in le s s  s te e l)  and  the  

ou ter sh ie ld  (tan ta lu m ). A sch em atic  drawing (F ig .2-5) show s the  

p o s itio n s  of th e  cathode  (hot p la te ) , filam ent, sh ie ld s  and th e  inpu t 

power le a d s  for the  filam en t.

The tu n g s ten  filam ent is  wound around alum ina ceram ic  pins 

(F ig .2 -6 ) . The p ins a re  he ld  in  a boron n itride su p p o rt. The in n er 

tan talum  sh ie ld  is  m ounted on the  support a s  show n. The purpose  of 

th e  sh ie ld s  i s  to  lim it ra d ia tio n  lo s s e s  from both the filam en t and  the  

hot p la te  and a t the  sam e tim e to  keep stray  p a rtic le s  aw ay from the  gun 

to  a llow  more s ta b le  o p era tio n .

(b) O peration: T h eo re tica lly , the gun may be o p e ra ted  in  the 

sp a ce  charge lim ited  regim e or in  the tem perature lim ited  re g im e . In 

sp ace  charge lim ited  opera tion  the  current vo ltage  c h a ra c te r is t ic  fo llow s 

th e  L angm uir-C hilds " th ree  ha lves power" form ula. In tem pera tu re  

lim ited  opera tion  e le c tro n s  em itted  by the filam ent are  a c c e le ra te d  to  

the  p la te . O peration  of the  gun , how ever, is  n e ith e r s tr ic t ly  sp a ce  

charge nor tem pera tu re  lim ited : the  observed mode of o p era tio n  does 

no t e x a c tly  ag ree  w ith  the  L angm uir-C hilds m odel. In th e ir  m odel, one 

type  of p a rtic le  w ith  zero  in it ia l  v e loc ity  is  a c c e le ra te d  through  the



F ig . 2 -4  E lectron  gun a sse m b ly
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sp ace  charge re g io n . In the p re se n t c a se  th e re  e x is ts  the  p robab ility  

of ions being  g e n e ra te d . This m eans s tr ic t  ad h eren ce  to  the  above 

formula shou ld  not be  e x p e c te d . Some ty p ic a l opera ting  c h a ra c te r is tic s  

of the  e lec tro n  gun a re  show n in  F ig .2 -7 ,  a long  w ith  the  ap p licab le  

portion of th e  L angm uir-C h ild s la w . It is  obv ious th a t  the  observed  

current c o llec ted -b y  th e  p la te  i s  h igher th an  th a t  p red ic ted  by the 

L angm uir-C hilds law  w hen th e  p re ssu re  is  h ig h , bu t for low  p ressu re  

the L angm uir-C hilds law  is  fo llow ed qu ite  w e ll .

W hen o p era tin g  in  the sp a ce  charge  lim ited  regim e the  tem per­

a ture of th e  hot p la te  v a rie s  l in e a r ly  w ith  th e  inpu t pow er (F ig .2 -8 ) .

This is  co nven ien t for a d ju s tin g  th e  p la te  tem pera tu re  e sp e c ia lly  w hen 

the  p la te  is  o bscu red  from view  by d ia g n o s tic  equipm ent and the o p tica l 

pyrom eter canno t be u se d .

(c) D esig n  C o n s id e ra tio n s : The m ate ria ls  u sed  in  co n stru c tio n  

of th e  gun w ill be su b je c te d  to  tem pera tu res o f the  order of 2500°K near 

the filam ent and p la te ,  but co n sid erab ly  l e s s  e ls e w h e re . Tungsten has 

been  u sed  for bo th  th e  filam ent and the  p la te  b e c a u se  of i ts  high m elt­

ing poin t (3600°K) and high e m iss io n  p ro p e r tie s . The work function  of 

the  io n ize r p la te  m ust be la rg e r  th an  the  io n iz a tio n  p o ten tia l of the 

a lk a li m etal to  be io n ized : the  work function  of tu n g s te n  is  - 4 .5  vo lts  

w hile  the io n iz a tio n  p o te n tia l of p o tass iu m  is  -4 .3 1  v o lts .

The io n iz e r  p la te  is  supported  by th ree  tu n g s te n  pins (F ig .2-5) 

he ld  in  a s ta in le s s  s te e l  r in g . The tem pera tu re  of th e  ring  is  about
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750°K during o p e ra tio n , so  th a t ev ap o ra tio n  is  n e g lig ib le .

For the  filam en t, a tom ic film  e m itte rs  w ere  re je c te d  b e ca u se  

of the p o ss ib ili ty  of in te rac tio n  w ith  the p o ta s s iu m . Tantalum  w as 

te s te d  b e ca u se  i ts  em iss io n  is  s lig h tly  h igher th an  th a t of tu n g s te n  a t 

the  sam e tem perature and in  the  a n n e a le d  form tan talum  is  much e a s ie r  

to  work th an  tu n g s te n . U nfortunate ly  th e  tan ta lum  filam ent t e s t  show ed 

e x c e s s iv e  evapora tion  and a lso  perm anen t deform ation due to  the 

m agnetic  f ie ld .

W hen design ing  and op era tin g  h igh  v o ltag e  ( 1 - 2  kv ), high 

curren t (0 .4  -  0. 5 amp) e le c tro n  beam s in  a re s id u a l g a s , i t  becom es 

n e c e ssa ry  to  consider th e  e ffe c t of ion  p roduction  by th e  b eam , w hich  

can  a ffe c t the  opera tion  and life  of th e  filam en t.

The cu rre n t-v o ltag e  c h a ra c te r is t ic  for the  0 .012  in ch  d iam eter 

tu n g sten  filam ent u sed  in  the  e le c tro n  gun is  show n in  F ig .2 -9 .  The 

slope  of the  c h a ra c te r is t ic , w hich  re p re se n ts  the  r e s is ta n c e  of the  

filam en t, is  seen  to  in c re a se  w ith  age  in  th e  opera ting  re g io n . This is  

a r e s u l t  of ion  bom bardm ent w hich  m akes th e  filam en t d iam eter sm alle r 

thus m aking the re s is ta n c e  h ig h er. Exam ination of the  filam ent a fte r  

fa ilu re  show s a rough su rface  w hich  is  fu rther ev id en ce  of ion 

bom bardm ent.

The production  of ions in c re a s e s  w ith  beam  curren t and b a c k ­

ground pres sure  ̂  ^  so  to  m inim ize th e  e ffe c ts  of ion bom bardm ent

one shou ld  opera te  a t a s  low a p re s su re  p o ss ib le  and w ith  as sm all a
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beam curren t a s  p o s s ib le .  Due to  the  s te e p n e s s  of the  e m iss io n  curve 

any sm all in c re a se  in  filam en t power g rea tly  in c re a s e s  the  e m iss io n .

By operating  a t low filam en t tem perature  the  e ffe c t o f in s ta b i l i ty  is  

m inim ized.

F in a lly , th e  filam en t is  pow ered by d ire c t cu rren t (1% ripple) 

in  order to  e lim ina te  m ech an ica l v ib ra t io n s . The bom bardm ent cu rren t 

is  a lso  d ire c t cu rren t.

2 . Atomic Beam Source

Po tassium  n e u tra ls  a re  su p p lied  to  the  hot p la te  from an oven 

w hich feeds a m anifold f i t te d  w ith  th ree  "n o z z le s"  (F ig .2 -1 0 ) . The 

n o zz les  sp ray  th e  p o tass iu m  vapor even ly  over the  hot p la te . This 

struc tu re  is  fab ric a ted  from s ta in le s s  s te e l  w ith  s ilv e r -s o ld e re d  jo in ts .  

The oven is  th ick  w a lled  to  p reven t tem pera tu re  v a ria tio n s  o u ts id e  from 

changing the co n d itio n s w ith in  the oven .

The flux  of n eu tra l p a r tic le s  is  co n tro lled  by a h e a te r  filam en t 

p laced  a t  the b a se  of the o v en . This filam ent i s  tu n g s ten  and is  

in su la te d  from the  oven by an  a lum ina ceram ic  s le e v e . A copper w ater
4

ja c k e t i s  provided a t the b a se  of the  oven to  p reven t ev ap o ra tio n  of the  

po tassium  in  th e  oven during th e  pum p-dow n and o u tg ass in g  s ta g e s .  

The oven cooling  p rov ides more fle x ib ility  for con tro lling  the  neu tra l 

flux .

Suffic ien t h e a t i s  ra d ia te d  to  the  m anifold and n o z z le s  to  

p reven t p o tassiu m  from co n d en sin g  before rea ch in g  the  io n iz e r  p la te .
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For som e experim ents the  m anifold w as rem oved and po tassium  

n e u tra ls  w ere  sp rayed  from a s in g le  n o z z le , in flu en c in g  the  re s u lts  

n e g lig ib ly .

3 . A uxiliary Equipm ent

(a) Vacuum C ham ber: The e le c tro n  gun , oven and manifold 

are m ounted on a f lan g e . This e le c tro n  gun a ssem b ly  s e a ls  the end of 

the vacuum  experim en ta l cham ber w hich  is  s ta in le s s  s te e l  tube

4 %  " I .D .  x 4 %  f t .  lo n g . Vacuum s e a ls  u se  v iton  "O" r in g s . The 

o u ts id e  of th e  cham ber i s  w a te r-c o o le d  by a sy stem  of copper tubes 

so ld e red  p a ra lle l  to  the  a x is  and the  w ater flow s in  a lte rn a te  d irec tio n s  

to  keep  th e  tem pera tu re  o f th e  cham ber uniform .

(b) Vacuum System : The vacuum  pum ping sy stem  c o n s is ts  of a 

two s ta g e  roughing  pump (10 c u . f t . /m in .  a t  0 .1  m icrons) in  se r ie s  w ith  

a 4" d iam eter d iffu sio n  pump (750 l i t e r s / s e c . ) ;  a  w a te r-co o le d  chev ron - 

ring baffle  m ounted above th e  d iffu sio n  pump se rv e s  to  p revent o il vapor 

from the  pum ps en te ring  the experim en ta l cham ber. Background p ressu re s  

to  10“s to rr . a re  o b ta in ed  in  th e  sy stem  as m onitored by a  nude in v erted  

B ayard-A lpert type  Io n iza tio n  g au g e .

(c) M agnetic  Field: The m agnetic  f ie ld  is  su p p lied  by te n  

w a te r-c o o le d  so le n o id s  w ith  a sev en  inch  d iam ete r a ir  core in to  w hich 

the vacuum  cham ber is  p la c e d . The sp a ce s  betw een  the  so len o id s allow  

a c c e s s  to  th e  probe ports and  cham ber w indow s. Power for the so len o id s 

is  su p p lied  by a  r e c tif ie r  w hose  maximum ou tput i s  2 00 k ilo w atts  a t
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1 ,000  am peres of cu rren t. W ith  th is  sy stem  f ie ld s  of up to  10 ,000  

g a u ss  and of vary ing  configura tion  may be p roduced . In normal oper­

a tion  of the  Q -m ach in e , a f ie ld  w hich  is  uniform  over 50 cm. of len g th  

is  u se d .

The sp ac in g  of the  so le n o id s  for th e  uniform  fie ld  configu­

ra tio n  has been  c a lc u la te d  by superim posing  th e  fie ld  due to  one 

so leno id  w hich is  moved along the a x i s . This is  a llow ab le  s in c e  the  

equa tions governing  m a g n e to -s ta tic s  are  l in e a r . The re su ltin g  fie ld  

w hich has been  m easured w ith  H all probes i s  se e n  to  be uniform over a 

long itu d in a l d is ta n c e  of 50 cm . w ith in  2% (F ig .2 -1 1 ) . The ra d ia l 

v a ria tio n  of the  m agnetic  fie ld  is  se e n  to  be  a lm ost uniform over the  

4%  in ch  d iam eter of the  experim en tal cham ber. T hese re s u l ts  are

21sim ila r to  th o se  repo rted  e lsew h ere  on th e  sam e type  of a p p a ra tu s .

2 .3  P lasm a Probes

The probes u sed  a re  Langmuir probes w hich  c o n s is t  of a w ire 

in se rte d  in  the  p lasm a (F ig .2 -1 2 ). The w ire i s  in su la te d  exposing  only 

a sm all portion  a t the tip  (1 mm) to  the p la sm a . The tip  of the  w ire th en  

can be u sed  to  c o lle c t the p lasm a p a r t ic le s . Such a probe h as  the  a d ­

v an tage  of re la tiv e ly  good sp a tia l  re s o lu tio n , som ething w hich  even  

more so p h is tic a te d  tech n iq u es  su ch  a s  m icrow ave m easurem ents la c k .

At the  sam e tim e , how ever, the  Langm uir probe has the d isa d v an tag e  

of having  to  be p h y s ic a lly  in se r te d  in to  the p la sm a . In a m agnetic
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fie ld  th e  pe rtu rba tion  is  lim ited  i f  the  probe d iam eter is  sm aller th an

20  20 th e  ion  Larmor ra d iu s . Probe theory  com prises an en tire  b ranch

of p lasm a p h y s ic s  and p o se s  some form idable problem s: no com plete

theory  for a Langm uir probe in  m agnetic  fie ld  e x i s t s . It is  fo rtunate

though , th a t the e lem en tary  theory  su ff ic e s  in  m ost c a s e s .  Now a

q u a lita tiv e  d e sc r ip tio n  of th e  theory  is  g iv en .

W ith  re fe ren c e  to  F ig . 2 -13  (a c tu a l d a ta ) , w hich  d e p ic ts  a s o -  

c a lle d  probe c h a ra c te r is t ic , i t  is  se en  th a t w hen the  probe i s  b ia se d  

su ff ic ie n tly  n eg a tiv e  w ith  r e s p e c t  to  the  p la sm a , a lm ost a ll the  

e le c tro n s  are  re p e lle d  and th e  cu rren t c o lle c te d  i s  due m ainly to  io n s; 

th is  is  c a lle d  the  ion  sa tu ra tio n  curren t (reg ion  A). In th is  reg io n  a ll  

io n s w h ich  move tow ards the  probe a s  a re s u l t  of th e ir  therm al m otions 

are c o lle c te d  by th e  probe and some are  a ccep ted  by the  sh e a th . As 

the  p o ten tia l becom es more p o s it iv e , few er e le c tro n s  are  re p e lle d  and 

a po in t is  rea ch e d  a t  w hich  the e le c tro n  curren t ex ac tly  eq u a ls  the  ion 

cu rren t to  th e  probe hence  the  n e t probe curren t v a n ish e s ; th is  po in t is  

c a lle d  the  flo a tin g  p o te n tia l . In reg ion  B some of the  io n s are  re p e lle d  

and th e  e lec tro n  cu rren t to  the  probe becom es more p o s itiv e  un til the  

p o ten tia l is  su ff ic ie n tly  p o s itiv e  to  re p e l a ll  the  io n s  and a ttra c t a ll  

e le c tro n s  w hich move to  the  (effec tive) probe b e ca u se  of th e ir  random  

v e lo c itie s  (Region C); th is  is  e le c tro n  sa tu ra tio n  cu rren t.

The slope  of the  curve in  Region C is  due to  sh e a th  w hich  

bu ild s up around the  p robe . U sually  the  sh e a th  th ic k n e ss  can  be
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n e g le c te d , bu t a s  the  p o ten tia l i s  in c re a se d  the  sh e a th  s iz e  in c re a s e s  

and therefo re  c re a te s  a la rg e r  e ffe c tiv e  probe a rea  w hich  acc o u n ts  for 

the  in c re a s e  of e le c tro n  curren t w ith  v o lta g e .

m eter and the  probe v o ltag e  by a vacuum  tube  v o ltm e te r. The ou tpu ts 

of th e s e  m eters are u se d  to  d rive  the  X and Y ax es  of a ch art reco rd er 

a ll  show n in  F ig .2 -1 4 . The c h a ra c te r is t ic  of F ig .2 -13  w as reco rded  

in  th is  m anner.

n e g a tiv e  v o lta g e s , i t  is  u sed  to  c a lc u la te  the  p lasm a d e n s ity . In the  

e lem en tary  theo ry  i t  i s  a ssu m ed  th a t a ll  the  ions w hich  s trik e  th e  probe 

b e c a u se  of th e ir  therm al m otions are c o lle c te d . For a M axw ellian  

d is tr ib u tio n  the  ion  sa tu ra tio n  cu rren t i s  g iven  by

w here n is  the  num ber d e n s i ty , e is  the  e le c tr ic  c h a rg e , k is  

B oltzm ann 's c o n s ta n t, T is  the  tem pera tu re  and M is  the  ion  m a ss . 

D e n s itie s  c a lc u la te d  in  th is  w ay are g en era lly  acc u ra te  w ith in  a fac to r 

of tw o , bu t th is  is  su ff ic ie n t for the  p re se n t p u rp o se s , s in c e  the 

phenom ena s tu d ied  is  in d ep en d en t of the  ab so lu te  m agnitude of the  

d e n s ity .

In order to  stu d y  in s ta b i l i t i e s ,  the  p robes have been  sh ie ld e d  

(F ig .2-12) to  reduce  the  spu rious n o is e . Ion d e n s ity  o s c il la t io n s  are

In a c tu a l u se  the  probe cu rren t is  m easured  by an e le c tro -

B ecause th e  ion  cu rren t sa tu ra te s  ra th e r fa s t  for m oderate
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observed  by b ia s in g  the probe to  c o lle c t ion  cu rren t and le tt in g  th is  

cu rren t p a s s  through a 1000 ohm r e s i s to r ,  m easured  w ith  T ektronix  555 

D ual-beam  o sc illo sc o p e  using  a type 1A 7 v e rtic a l p re -a m p lif ie r . The 

output of the  1A7 is  th en  connec ted  to  a spectrum  a n a ly ze r  w hich  

prov ides a continuous d isp la y  in  the  frequency  dom ain.

2 .4  Summary

In th is  chap ter the  experim en tal a p p a ra tu s  and Langm uir probe 

d ia g n o s tic  tech n iq u es  have been  d e sc r ib e d . The Q -m achine produces 

a re la tiv e ly  q u ie sce n t fu lly  io n ized  p lasm a w e ll su ited  for the  study  of 

p lasm a in s ta b i l i t ie s  due to  the low le v e l of background n o is e . In the  

Q -m achine th e  change in  sh e a th  cond itions be tw een  the  hot p la te  and 

the  re la tiv e ly  cool aperture  lim ite r c re a te s  a jump in  p o ten tia l a t  the 

edge of th e  p lasm a colum n.
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CHAPTER 3 

EXPERIMENT

The aim  of the  experim en t w as to  determ ine th e  param etric  

dependences of an o b se rv ed , s e lf -e x c i te d  o s c i l la t io n . The param eters 

are m agnetic  f ie ld , d e n s ity , tem pera tu re  and colum n le n g th . In order 

to  determ ine th e  w ave i t  is  n e c e ssa ry  to  m easure i ts  p h ase  v e lo c itie s  

by m easuring th e  lo n g itu d in a l and azim uthal com ponents of the  pro­

pagation  v e c to r , k ,  and the  freq u en cy , u . In the  nex t paragraph  a 

genera l q u a lita tiv e  d e sc rip tio n  of the  observed  w ave is  g iven  inc lud ing  

rad ia l am plitude dependence  and in  the  rem ainder of th is  chap ter the 

sp e c if ic  m easurem ents m ade are  d e sc r ib e d .

3 .1  G en era l D esc rip tio n  of the  W ave

The w ave appeared  w ith  vary ing  d eg rees  of coherence  for 

m agnetic  f ie ld  s tre n g th s  rang ing  betw een  500 and 5200 g a u s s ,  for 

io n iz e r p la te  tem p era tu res  from 2000 to  2400°K, and for d e n s itie s  of 

5 x 10s to  5 x 1010 ions per cub ic  cen tim e te r. Probe m easurem ents 

were co rrobora ted  by d e n s itie s  com puted from the  ion  cu rren t drawn by 

the co ld  c o lle c tin g  p la te  w hich  te rm in a tes  the p lasm a colum n. A 

ty p ica l frequency  spectrum  is  show n in  F ig .3 -1 . The spectrum  show s 

a dom inant mode w ith  a frequency  of 9 kH z. and harm onics w hose fre ­

q u en cies  are in te g ra l m u ltip les of th a t of th e  dom inant m ode. The f ir s t
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peak  a t  the  le f t  of th e  spectrum  is  th e  zero  m arker. D epending on 

opera ting  cond itions e ith e r  sp e c tra  w ith  one dom inant m ode, m ulti- 

mode s p e c tra ,  or n o isy  sp e c tra  could  be produced; n o isy  sp e c tra  being 

produced more e a s i ly  a t higher m agnetic  f ie ld s .  The w ave w as ob­

se rv ed  for p lasm a colum ns w ith  a h igh deg ree  of azim uthal symmetry 

and for colum ns w hich  w ere s trong ly  asym m etric .

Two ty p ic a l d e n s ity  and floa ting  p o ten tia l p ro files  are shown 

in  F ig . 3 -2 . The s te p - l ik e  fa ll off in  the  d e n s ity  p ro file  in  F ig .3 -2 b  is  

the  strik in g  d iffe ren ce  betw een  the  tw o p ro f ile s . This is  c au se d  by 

the  annu lar m anifold (F ig .2-10) u sed  to  supply  n e u tra ls  to  the  io n izer 

p la te . In F ig .3 -2 a  the  m anifold w as rem oved and only one tube  w as 

u sed  to  carry  the  n e u tra ls  from the oven to  the  ho t p la te .  The wave 

w as o bserved  for bo th  c o n fig u ra tio n s .

3 .2  D eterm ina tion  of F lu te  C h a rac te r of th e  W ave

In order to  determ ine w hether the  observed  o s c illa tio n  is  a 

flu te  mode i t  is  n e c e s sa ry  to  m easure the  p ropagation  v ec to r com ponent 

p a ra lle l to  the  m agnetic  f ie ld , kj| (kp ara i i e i ) . H ere , a flu te  mode i s  

defined  a s  a w ave w ith  k || = 0 .  The d rift m odes , w hich  are  in s ta b i l i t ie s

driven  by the  p re ssu re  g ra d ie n t, can  have k || 0 . I t  h as  been  shown

22 7th e o re tic a lly  and  ve rified  experim en ta lly  th a t  d rift modes occur

w ith  a sm a ll, bu t f in i te ,  k || _ This le a d s  to  d iff ic u ltie s  in  in te rp re ting

the  r e s u l ts  of the  m easurem ent of k.|i, but a s  w ill  be shown below the
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lo n g itu d in a l w av e len g th  of d rift m odes i s  much sm aller th an  th a t for 

the p re se n t in s ta b i l i ty .

The lo n g itu d in a l w ave num ber, k || w as m easured  by m eans 

of a probe w h ich  could  be moved along  th e  m agnetic  fie ld  and ro ta ted  

a c ro ss  the f ie ld  a long  a p redeterm ined  a rc . In order to  find k j | i t  is  

n e c e ssa ry  to  find th e  p h ase  sh if t b e tw een  the  probe w ave form a t  d iffe r­

en t known lo n g itu d in a l p o s itio n s  w ith  r e s p e c t  to  a fixed  "trigger"  probe. 

If t  i s  the  m easu red  p h ase  sh if t and  z is  the  d is ta n c e  the  probe has 

been  m oved th en  eq u atin g  th e  p h a se  v e lo c ity  w /k || , to  the  v e lo c ity  

com puted from th e  p h ase  s h if t ,  z / t ,  g iv es  k || = w t/z . Since here  one 

is  looking  for sm all k||. i t  is  n e c e s sa ry  to  a lig n  the  probe a cc u ra te ly  

along th e  sam e m agnetic  f ie ld  l in e .  The m ethod u sed  to  do th is  is  

d e sc rib ed  be low .

W ith  a po in t ch o sen  a t  th e  edge of the  colum n the ion 

sa tu ra tio n  cu rren t drawn by the probe could  be u sed  to  in d ic a te  i f  the  

p ro b e , once moved lo n g itu d in a lly , w as s t i l l  on the  sam e fie ld  l in e . 

Since a t th e  edge of the  colum n th e  d e n s ity  g rad ien t is  very  s te e p , 

there  i s  a lm o st no error due to  read in g  th e  cu rren t. The only source of 

error i s  a p o ss ib le  m isalignm ent o f the  cham ber w ith  r e s p e c t  to  the  

m agnetic  f ie ld . Both the  c o ils  and the  cham ber, how ever, have been  

a lig n ed  by m ethods of o p tic a l to o lin g  w hich  lim its  any  m isalignm ent to 

le s s  th an  0 .1  mm off a x is  over 100 cm . of len g th  along the  a x is .  U sing 

th e se  figu res one e s tim a te s  the  maximum experim en ta l error in  kn- to  be
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1 X 10"2 cm -1 . The error com es from a sh if t of the  p lasm a colum n w ith  

re s p e c t  to  th e  a x is  of the  p robe. This m eans th a t w hen the  probe is  

p o sitio n ed  by the  m ethod d escrib ed  above i t  may not be a t  the  sam e 

azim uth  a s  b e fo re , hence  the  o bserved  p h ase  sh if t  w ould have a  con ­

trib u tio n  due to  the  azim uthal p ropagation  of the  w ave w h ich  c re a te s  an 

error in  the  m easurem ent of the lo ng itud ina l p ro paga tion . The m easu re ­

m ent of th e  lo n g itu d in a l p ropagation  is  show n in  F ig . 3 -3 . The trig g e r 

probe i s  fixed  in  p o s itio n  and a c ts  only as a re fe ren ce  s ig n a l . U sing 

the  av erag e  p h a se  sh if ts  be tw een  the trigger sig n a l and th e  m ovable 

probe one c a lc u la te s  k || = 6 .1 2  X 10“3 cm” 1 over a d is ta n c e  of 2 0 .5 5  cm. 

From th is  va lue  of k jj. one finds the  corresponding lo n g itu d in a l w a v e -  

len g th  “  , to  be 1 .02 X 103 cm . w hich  is  more th an  20 tim es th e  

len g th  of the a p p a ra tu s . W hen th e  u n certa in ty  i s  added  to  th e  m easured  

k||: the  co rrespond ing  X || is  s t i l l  8 tim es the  len g th  of th e  a p p a ra tu s .

D rift m odes u su a lly  occur w ith  long itu d in a l w av e len g th s  of th e  order of

7
2 tim es th e  le n g th  of th e  a p p a ra tu s .

The co n stan cy  of the am plitude of the  w aveform s in  F ig . 3 -3  

a llow s only  a s tan d in g  w ave w hose len g th  i s  much g re a te r  th an  th a t of 

the  a p p a ra tu s .

The w ave dependence on k ||L can  a ls o  be m easured  by  changing  

the  len g th  of the  p lasm a column; i f  the  lo n g itu d in a l p ropaga tion  depends 

on the  colum n len g th  th en  a frequency  sh if t w ill be o bserved  w hen the  

len g th  is  ch an g ed . In th e  s in g le -e n d e d  opera tion  of the  Q -m ach ine
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th is  is  e a s i ly  done by m oving th e  co ld  c o lle c tin g  p la te  a long  the  a x is  

of the  cham ber. In the  p re s e n t e x p e rim e n ts , w hen  the  c o llec tin g  p la te  

w as u sed  to  change the  colum n le n g th  by 50% n e ith e r  th e  am plitude nor 

the  frequency of the  w ave changed  a m easu reab le  am ount.

3 .3  D eterm ination  of Edge O sc illa tio n

An edge o s c il la t io n  in  a Q -m ach ine  i s  d e fined  here  a s  a w ave 

w hose maximum am plitude o ccu rs  a t the  edge of th e  p lasm a colum n.

In the p re sen t experim ent the  re la tiv e  am plitude peaked  sh a rp ly  a t  the  

edge of the  colum n (F ig . 3-4) in d ic a tiv e  o f an  edge o s c i l la t io n . The 

curve in  Fig. 3 -4  h as b een  o b ta in ed  by co nnec ting  th e  o sc illo sc o p e  

output of the  probe s ig n a l to  an  a - c  vo ltm eter w hose  d - c  ou tpu t w as 

u sed  to  drive the  Y ax is  of an  X-Y re c o rd e r . The X a x is  of the  reco rder 

i s  connected  to  a lin e a r  p o ten tio m ete r w h ich  p rov ides a v o ltag e  pro­

portional to  the  p o sitio n  of th e  ra d ia l  p robe . The re su ltin g  p lo t is  th en  

norm alized by d iv id ing  by th e  d e n s ity  a t  e a c h  p o in t. The re la tiv e  

am plitude curve in  F ig .3 -4  h as b een  p lo tted  from 50 c a lc u la te d  p o in ts .

3 -4  Radial Propagation

A sim ilar m easurem ent w as perform ed to  s e e  if  th e  w ave pro­

pagated  in  the  ra d ia l d ire c tio n . For th is  m easurem ent th e re  w as no 

problem in  p lac ing  the probe s in c e  th e  ra d ia l  p robes can  be s e t  w ith  a 

maximum error of 0 .2 5  mm. ra d ia lly  and are  co n s tru c ted  to  go through
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the cen te r of fhe colum n w ith in  a m illim ete r. The re s u l ts  show ed no 

propagation  in  the  ra d ia l d ire c tio n  (F ig . 3 -5 ) .

3 .5  Azimuthal P ropagation

The m easurem ent of az im u tha l mode num bers i s  s im ila r to  

th a t for k|j> e x ce p t now th e  tw o p robes m ust be p laced  a t  som e known 

angle  0 in s te a d  of some d is ta n c e  z .  In th is  c a s e  the  p h a s e  v e lo c ity  

is  2 ffr /m T  w here T is  th e  period  of the  w ave and  m is  the  azim uthal 

mode number and now the v e lo c ity  m easured  by th e  p h ase  sh if t is  

r 0 / t  w here 0 i s  th e  an g le  b e tw een  the  probes so  th a t m = 2 fft/0 T . In 

g e n e ra l, the  two probes m ust be in  th e  sam e p lan e  perpend icu lar to  the 

m agnetic  fie ld  for th is  m easu rem en t, I t has a lre a d y  been  show n th a t 

k ||: w 0 w hich  m eans th a t th e  w ave p ro p ag a tes  in  the  sam e w ay a t  e ac h  

c ro ss  se c tio n  of the  colum n hence  i t  is  no t n e c e s sa ry  to  have the  two 

probes in  the  sam e p la n e . One of th e  ra d ia l p robes w as u sed  w ith  the 

probe show n in  F ig .3 -6  to  m easure  mode num bers. S evera l mode 

num bers w ere m easu red , bu t in  many c a s e s  m ulti-m ode or n o isy  

sp ec tra  made th e se  m easurem ents d if f ic u lt . In  some c a s e s  one w as 

ab le  to  observe  the  sh if t  in  m odes by w atch ing  th e  frequency  spectrum  

w hile  the  m agnetic  fie ld  w as changed  very  s lo w ly , bu t in  o ther c a s e s  

i t  w as d iffic u lt to  know w hich  mode one o b se rv ed . Figure 3-7  show s 

m easurem ents of m odes th ree  and  four. N otice  th a t the  w aveform s in  

the  m easurem ent o f mode th ree  w ere tak en  on s in g le  sw eep  mode of
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the o sc illo sc o p e  w h ile  th o se  for mode four show m ultip le sw e e p s . The 

u se  of the  m ultip le  sw eep  m easurem ent w as n e c e s s i ta te d  by the  

p re sen c e  of higher and  low er m odes th ap  mode four w hich  d is to r t the 

w aveform  and  make p h a se  sh if t  m easurem ents m ea n in g le ss . U sing 

m ultip le  sw eeps av e rag e s  th e s e  u n d esirab le  e f fe c ts .

3 .6  W ave P roperties D epending  on the C o llec tin g  Voltage

The w ave ap p ea red  unchanged  w hen the  cold  c o lle c tin g  p la te  

w as a llo w ed  to  f lo a t e le c tr ic a lly  a s  opposed  to  being  b ia se d  n e g a tiv e ly  

to  c o lle c t  io n s . W hen the  c o lle c tin g  p la te  w as grounded the w ave s t i l l  

d e s ta b i l iz e d , bu t w ith  h igh  background n o ise  and m odified spectrum . 

F ina lly  w hen th e  c o lle c to r  w as  b ia se d  to  c o lle c t e le c tro n s  the 

o s c i l la t io n s  d isap p ea red  in to  the  background n o is e .

3 .7  M ode Amplitude D ependence  on M agnetic  Field

M easurem ents o f mode am plitude w ere made from the sp e c tra  

and norm alized  to  the  background d e n s ity . These re la tiv e  am p litu d es 

are  p lo tte d  a g a in s t B./(ai - a z) F ig . 3 -8  w here a i and az depend on th e  

d e n s ity  in s id e  and o u ts id e  th e  colum n. In the  theory  se c tio n  the  

n o rm aliza tio n  ( a i - a z )  w ill be d is c u s s e d . This dependence  on B is  

s im ila r to  th a t  of R ef. 7 , but i t  w ill be show n th a t the tw o phenom ena 

a re  d iffe ren t from th e  p h y s ic a l poin t of v ie w .
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3 .8  Frequency D ependence  and High M ag n etic  F ie ld  B ehavior

In F ig .3 -9  the  w ave frequency  norm alized  by i t s  re s p e c tiv e  

mode num ber is  p lo tted  v e rsu s  B /(a r i-a 2)- This figure show s th a t the  

frequency  of a p a rtic u la r  mode d e c re a se s  for in c re a s in g  B. As the  

m agnetic  fie ld  is  in c re a s e d , h igher m odes ap p ea r (F ig .3 -8 ) and  then  

the  frequency  of the  h ig h e s t dom inant mode becom es c o n s ta n t . W hen 

the  fie ld  i s  in c re a se d  fu rth er, the  narrow  lin e  c h a rac te r  of the  spectrum  

d isa p p e a rs  a s  the  l a s t  mode observed  is  s ta b il iz e d  ( F ig .3 -1 0 ). The 

re su ltin g  spectrum  show s low le v e l n o ise  having  a maximum am plitude 

n ear the  frequency  of the  s ta b iliz e d  mode (16 kH z. in  th e  c a se  show n). 

Accom panying the  sp e c tra l change is  a change in  the  d e n s ity  profile  

( F ig .3 -1 1 ). It has been  found th a t w hen the  frequency  sp e c tra  are  

com prised  of d isc re te  modes the  d a ta  is  rep roduc ib le  from one run  to  

the  n e x t, bu t w hen the  sp e c tra  are  n o isy  rep ro d u c ib ility  is  poor.

3 .9  Study of E lectrode A ssem bly C onfigu ra tion  E ffects

The a ffe c t of the  boundary cond itions a t  the e le c tro d e  a ssem b ly  

end  of the  p lasm a colum n has been  s tu d ie d . The aim  of th is  study  w as 

to  find w hether the "sc rap in g  off" of p lasm a by the  apertu re  lim ite r 

a ffe c te d  th e  observed  o s c i l la t io n . Three d iffe ren t co n figu ra tions w ere 

exam ined (F ig . 3 -1 2 ). C ase  A co rresponds to  a  th in  p la te  w hich  w as 

fitted  around the  hot p la te  and m ounted f lu sh  to  it; c a s e s  B and C are 

s im ila r e x ce p t in  c a se  B a c o lla r  made of th in  tan ta lum  s h e e t  w as
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w elded  in s id e  an  o rd inary  ap ertu re  lim ite r . C ase  C is  the ordinary  

apertu re  lim ite r u su a lly  u se d  in  Q -m ach in es to  c rea te  the  p lasm a 

colum n. It shou ld  be no ted  th a t th e s e  t e s t s  w ere perform ed w ith  the  

annu lar m anifold in  p lace ; th e  m anifold has an  in s id e  d iam eter of 

38 mm. and an o u ts id e  d iam eter of 6 3 .5  mm. In F ig s . 3-13 and 3-14  

th e  d en s ity  p ro file s  a re  show n for c a s e s  A and B re s p e c tiv e ly . Com­

p ariso n  of th e se  p ro file s  w ith  th a t of F ig .3-2 (c a se  C) show s th a t the 

changes in  boundary co n d itio n s m ade here  do not a ffe c t the  d e n s ity  

d is tr ib u tio n  s ig n if ic a n tly . The only  d iffe ren ce  is  due to  th e  change in  

colum n d iam ete r. In c a se  A the  colum n w as lim ited  by the s iz e  of the  

hot p la te  w hich  h as a 2 5 .4  mm. d ia m e te r , in  c a se  B the  in s id e  d iam eter 

of the co lla r con figu ra tion  w as 2 2 .2  mm and the  apertu re  lim ite r  in  

c a se  C had a d iam eter of 19 .05  mm.

The o s c illa t io n  sp e c tra  w h ich  co rrespond  to  c a s e s  A and B 

are a lso  show n in  F ig s . 3 -13  and  3 -1 4 . Com paring th e se  sp e c tra  to  

th a t shown in  F ig. 3-1 show s th a t  the  o s c illa t io n s  have not been  

a ffec ted  by the  change in  boundary  c o n d it io n s . From th is  d a ta  i t  can  

be concluded th a t the  m ech an ica l " sc ra p in g  off" of p a r tic le s  is  not 

re sp o n s ib le  for e x c itin g  the  ob se rv ed  o s c i l la t io n s .

3 -10  Summary

In th is  ch ap ter an o s c il la t io n  o bserved  in  a Q -m achine has 

been  d e sc rib e d . The w ave w as o b se rv ed  for m agnetic  f ie ld s  be tw een
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500 and 5200 g a u s s ,  for cathode  tem p era tu res  from 2000 to  2400°K and 

for d e n s i tie s  rang ing  from 5 X I0s to  5 X 1010 p a r tic le s  per c u .c m .

The fo llow ing im portan t p ro p ertie s  have been  m easured:

1. k || «=* z e ro .

2 . The maximum am plitude of the  w ave p eak s  sharp ly  

a t the  edge of the  p lasm a colum n.

3. The w ave p ro p ag a tes  a z im u th a lly .

4 . There i s  no ra d ia l p ro p ag a tio n .

5 . The dom inant mode o bserved  depends on B[{c t\ - a t z) 

w ith  h igher m odes be ing  p re se n t for la rg e r  v a lu es  

of th is  p a ram eter.

6 . The frequency  of an  observed  mode d e c re a se s  for 

in c re a s in g  B/ («i -  az) .

7. The w ave is  no t e x c ite d  by the  m ech an ica l " s c ra p ­

ing  off" of p a r tic le s  by the  apertu re  l im ite r .

Edge o s c il la t io n s  o b se rv ed  in  Q -m ach ines have not y e t been  

ex p la in ed  th e o re tic a lly . In  the nex t ch ap te r th e  eq u a tio n  for the f lu te -  

type in s ta b i l i ty  in  a non-uniform  e le c tr ic  fie ld  is  so lv e d . The so lu tio n  

p re se n te d  i s  the f ir s t  known so lu tio n  of th is  e q u a tio n  and  i t  w ill  be 

show n in  C hap te r 5 th a t th is  theory  d e sc r ib e s  the experim en ta l 

o b s e rv a t io n s .
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CHAPTER 4 

THEORY

In an  ord inary  flu id  th e re  are  two w ell known ty p es of 

in s ta b i l i t ie s :

1. The R ay le igh-T ay lo r in s ta b il i ty  w hich  may occur w hen­

ev er a heavy  flu id  is  supported  by a lig h t flu id  a g a in s t 

g rav ity .

2 . The K elvin-H elm holtz  in s ta b i l i ty  w hich  may occur w hen­

ever two a d ja c e n t la y e rs  of flu id  move w ith  d iffe ren t 

v e lo c it ie s  thereby  producing sh ear in  the  v e lo c ity .

The analog  of th e s e  two in s ta b i l i t ie s  in  the  MHD regim e has been

23known for som e tim e . In an MHD flu id  the  ra tio  of p a rtic le  

p re ssu re  to  m agnetic  p re s su re , /3, is  of order u n ity , hence pertu r­

b a tio n s  in  the  d e n s ity  c re a te  p e rtu rb a tio n s in  the  m agnetic  fie ld ; in  

low  )3 p la sm a s , the  zero  order m agnetic  fie ld  rem ains unpertu rbed .

In th e  c a se  of R ay le igh-T ay lor in s ta b il ity  the  m agnetic  fie ld  p la c e s  

th e  l ig h te r  f lu id , w hile  in  the c a se  of K elvin-H elm holtz in s ta b il i ty  

there  e x is ts  sh e a r in  th e  v e lo c ity . For low-/3 p lasm as the  flu te  mode 

co rrespond ing  to  R ay le igh-T ay lo r in s ta b il i ty  is  c a lled  a g rav ita tio n a l 

f lu te , w h ile  th e  mode correspond ing  to  K elvin-H elm holtz in s ta b il i ty  is  

c a lle d  a flu te  mode in  a non-uniform  e le c tr ic  f ie ld . The non-uniform  

ra d ia l e le c tr ic  f ie ld  produces v e lo c ity  sh ear through the  re su ltin g
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Er X B d rif t.

In both ty p es  of f lu te s  a d e s ta b iliz in g  d rift i s  produced by a 

force fie ld  (e ith e r  an  e ffe c tiv e  g rav ity  or an e le c tr ic  f ie ld ) . In the 

c a se  of the  g ra v ita tio n a l flu te  the  problem  has been  so lv e d , bu t for 

th e  flu te  in s ta b i l i ty  in  a non-uniform  e le c tr ic  fie ld  no so lu tio n  is  

a v a ila b le . In th is  ch ap te r a so lu tio n  for the  flu te  mode in  a no n - 

uniform  ra d ia l e le c tr ic  f ie ld  i s  p re sen te d  and the  driv ing m echanism  

of flu te  modes is  d e sc r ib e d .

4 .1  D esc rip tio n  of Plasm a F lu te  M odes

For the  flu te  mode inc lud ing  FLR e f f e c t s , the  re su ltin g

15d isp e rs io n  re la tio n  is  g iven  by:

w here u i s  th e  freq u en cy , k is  the  w ave num ber, g i s  th e  e ffec tiv e  

g rav ita tio n a l fo rc e , v ^  i s  the  therm al sp eed  of the  io n s ,  nQ is  the  

zero  order d e n s ity  and  w here prim es deno te  d e riv a tiv e s  w ith  re s p e c t  

to  the  p o sitio n  co o rd in a te . If  the Larmor ra d iu s , i s  zero

the  d isp e rs io n  re la tio n  ta k e s  the  sim pler form:

This e x p re ss io n  may be derived  from th e  tw o -flu id  MHD eq u atio n s

w ithout FLR e f f e c ts .  ^  A fu rther s im p lifica tio n  re s u l ts  i f  one 

a ssu m es the  p h ase  v e lo c ity  of the  w ave ( |r )  to  be much g rea te r than
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the  g rav ita tio n a l d rift ( ^ ) ‘*

2 n'w = -g /

show ing th a t  the p lasm a is  u n stab le  w henever g rav ity  a c ts  in  th e  

d irec tio n  of d e c rea s in g  d e n s ity . Now the  driv ing m echanism  w ill be 

d e sc rib e d .

C o n sid e r a p lane  geom etry con figu ra tion , F ig .4 - 1 .  The e f fe c t­

ive  g rav ita tio n a l force a c ts  in  the  neg a tiv e  x -d ire c tio n , the  d e n s ity  

g rad ien t in  the  y -d ire c tio n  and the  m agnetic fie ld  in  the  z -d ire c tio n . 

Since th e  g ra v ita tio n a l force depends on p a rtic le  m a s s , i t s  a ffe c t on 

th e  e le c tro n  m otion is  n eg lec ted : i t  p roduces only a zero  order ion 

d rift. FLR e ffe c ts  w ill be considered  la te r .  Due to  the  charge 

se p a ra tio n  produced by the  d iffe ren tia l d rifts  of io n s  and e le c tro n s  in  

the  g rav ita tio n a l fie ld  a perturbed e le c tr ic  fie ld  forms w h ic h , in  tu rn , 

g ives r is e  to  e le c tr ic  and in e rtia l d r if ts . These d rif ts  move p lasm a in  

reg ion  1 (F ig .4 -1 ) tow ard the y -z  p lane  from below  and move p lasm a 

in  reg ion  2 tow ard the  y -z  p lane from a b o v e . In reg ion  1 the  d rifts  

tend  to  c an c e l th e  charge sep a ra tio n  cau sin g  the  d rifts  bu t in  reg ion  2 

the  e ffe c t is  to  in c re a s e  the  charge b u ild -u p . S ince charge  brought in  

from reg io n  2 com es from a source of higher d e n s ity  (due to  th e  d e n s ity  

g rad ien t) th an  th a t of reg ion  1 , th e  sp a ce  charge i s  in c re a s e d . W hen 

the  d rift due to  th e  g rav ita tio n a l fie ld  is  of the sam e order a s  the  

p hase  v e lo c ity  of th e  w ave shortw ave pertu rba tions w ill be dam ped,
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a s  can  be understood  from the follow ing a rg u m en t. The g rav ita tio n a l

d rift c a rr ie s  sp a ce  charge  in  the d irec tio n  o f in c re a s in g  y , so  th a t in

tim e the d irec tio n  of th e  e le c tr ic  f ie ld s  in  th e  tw o reg io n s  w ill be

re v e rse d . This ten d s  to  can ce l th e  sp ace  charge  in  bo th  re g io n s .

For sho rt w ave len g th s  there  is  no t enough tim e for th e  charge  to  bu ild

up be tw een  changes in  the  d irec tio n  of the  e le c tr ic  f ie ld  and th e se

w av elen g th s are  dam ped. In the c a s e  of lo n g  w av e len g th s  there  is

su ff ic ie n t tim e for th e  charge to  bu ild  up: r e s id u a l  sp a c e  charge  from

one period  is  enhanced  during th e  n ex t p e rio d . This c a u s e s  in s ta b il i ty

through a growing w ave (o v ers tab ility ) and i s  show n q u a n tita tiv e ly

14from the s ta b il i ty  cond ition  for th is  case :

<3 no

W hen FLR e ffe c ts  are  co n sid ered  th e  s ta b il i ty  cond ition  

b e c o m e s ^

in  w hich  an  ad d itio n a l term depending  on th e  Larmor ra d iu s  has e n te re d . 

P h y s ic a lly , th e  e ffe c t of th is  term  i s  to  sp e e d  up  the  w ave in  th e  

y -d ire c tio n  thereby  enhancing  th e  dam ping due to  g ra v ita tio n a l d rift.

The flu te  in s ta b il i ty  ju s t  d e sc rib e d  is  w e ll u n d e rs to o d , but 

w hen non-uniform  e le c tr ic  fie ld s  are  in c lu d ed  in  the  a n a ly s is  the  

problem  is  not e a s i ly  so lv ed . This problem  is  d is c u s s e d  in  the  nex t

2
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se c tio n .

4 .2  Flute In s ta b ili ty  in  a N on-uniform  E lec tric  F ie ld

W hen the  e ffe c ts  of th e  non-uniform  e le c tr ic  fie ld  a re  con ­

s id e red  the  flu te  in s ta b i l i ty  i s  ana logous to  the  K elvin-H elm holtz 

in s ta b il i ty  of a flu id : th e  v e lo c ity  sh e a r i s  th e  driv ing fo rce . As for 

th e  g rav ita tio n a l flu te  in s ta b i l i ty  FLR e ffe c ts  p lay  an im portan t p a rt in  

determ ining  both  th e  re a l p a rt of the  frequency  and the  s ta b ili ty  of a 

g iven  m ode. The e ig en v a lu e  problem  form ulated by R osenblu th  and 

Simon'1 for cy lin d rica l geom etry  ta k e s  the  form of a d iffe ren tia l 

equation:

W ) '  + [  ^1 ~2m^  T + $ = 0

* = SJ = u> + 7 -V 0 (1)

T . ^ ( p S + Z p . ) .

w here Eq is  the  pertu rbed  e le c tr ic  fie ld  in  th e  6 d ire c tio n , VQ is  the 

zero  order d rift v e lo c ity  in  th e  0 d ire c tio n , u is  th e  freq u en cy , m is  

th e  mode num ber, p is  th e  d e n s ity  and w here vt ^  i s  th e  therm al 

v e lo c ity  of the  io n s .  The e q u a tio n  is  l in e a r ,  of seco n d  o rder, has 

va riab le  c o e ff ic ie n ts  w h ich  may be com plex , and i s  s in g u la r.
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4 .3  S olu tion  of the  E igenvalue Problem

The geom etry  corresponding  to  the  equilib rium  con figu ra tion

for w h ich  Eq. (1) w ill be so lved  is  shown in  F ig .4 -2 .  The c o n s ta n t

and uniform  m agnetic  f ie ld  a c ts  in  the z -d ire c tio n . A zero  order

e le c tr ic  fie ld  a c ts  in  th e  neg a tiv e  r -d ire c tio n  producing a  ze ro  order

d rift v e lo c ity  in  th e  0 d irec tio n . It is  assum ed  th a t th e  d e n s i ty ,  p,
V0

and th e  zero  order ro ta t io n , “ , are  c o n s ta n t in  tw o a d ja c e n t re g io n s , 

bu t su ffe r a jump d isc o n tin u ity  a t  r = r e , as  show n in  the  low er parto

of F ig .4 -2 .
V0

In e a c h  of the  tw o reg ions w here p and —  are c o n s ta n t 

Eq. (1) becom es

r  (1~2m2> <i = o (2)

w hich  i s  of E u ler-B ernoulli form and h as  a s  i t s  so lu tio n

0 =  C r m_1 + D r" m_1 (3)

For m > 1 th e  boundary cond itions requ ire  th a t 0 v a n ish  a t  r  eq u a l to  

zero  and in f in ity . The c a se  m = 1 m ust be tre a te d  s e p a ra te ly . If the  

reg io n  0 £ r  £ r s , is  c a lle d  reg ion  "1" and the  reg ion  r s £ r  i s  c a lle d  

‘'2 "  th en  a p p lic a tio n  of the  boundary cond itions in  e a c h  reg io n  y ie ld s  

from Eq. (3)

0! = C2 r m_1 O s r  £ r's

(4)
02 = Dzr"™"1 r s £ r
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Vo(r)
E ( r )

8 0

Fig . 4 -2  C onfigu ra tion  for non-uniform  e le c tr ic  f ie ld
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The c o n s ta n ts  Ci  and Dz w ill be e lim in a ted  by the  e s ta b lish m e n t of a 

jump cond ition  a t  r = r s w h ich  w ill le a d  to  th e  c h a ra c te r is t ic  equation  

for the  fre q u e n c ie s . Before find ing  the jump cond ition  i t  is  n e c e s sa ry  

to  show  th a t ip i s  con tinuous a c ro ss  r g . The jump cond ition  w ill be 

found by in te g ra tin g  Eq. (1) from r s -  € to  r s + (  and the  lim it taken  

a s  e go es to  z e ro .

The d isp lac em e n t o f th e  su rface  of d isc o n tin u ity  is  rep re se n te d

The co nd ition  th a t th e  p lasm a a t the  su rface  moves w ith  the  su rface  

le a d s  to

w here  th e  rig h t hand s id e  is  the  pertu rbed  v e lo c ity  in  the r  d irec tio n , 

to  lo w e s t order in  Larmor ra d iu s . S ince th e  su rface  may be assum ed  

to  o s c i lla te  in  th e  sam e w ay a s  the  o ther v a r ia b le s , i . e .  , 

ex p . i (w t+  m0) one o b ta in s  from (5) u sing  “  -♦ (u  + y-V Q)

by

F ( r ,  6 , t)

( 6 )

or u sin g  th e  d e fin itio n  of ip

ip = iB F ( 7 )

w hich  show s th a t ip i s  con tinuous to  lo w e s t order a t  r = r g .



64

Now Eq. (1) can  be in te g ra te d  to  find th e  jump cond ition  a t  r s . 

R ew riting th e  eq u a tio n  one has 

r s +e
£ J’ [ (Tj/)’)' + [ ( l -m 2)y w + r2u2]p'0 

€~*° r s -€
+ (1 -  m2)TD2p r  0 } = 0 (8)

Terms w h ich  are  bounded (in  th is  c a se  th e  l a s t  term) w ill 

v a n ish  upon tak in g  the  lim it e -*0. The f ir s t  and seco n d  term s w ill 

co n trib u te  to  th e  jump con d itio n  s in c e  d e riv a tiv e s  of fu n c tio n s w hich  

a re  d isc o n tin u o u s  ap p ea r in  th e se  term s w h ich  m akes them  unbounded. 

After perform ing th e  in te g ra tio n s  and going to  the  lim it the  jump 

co n d itio n  is  found to  be

A s ( T0' )  + [ ( l - m 2) y w s + r | w 2] 0 s As p = 0  (9)

w here

As (f) 3 f(rs +) -  f(rs -)  = u  -  f,

and  w here

c s fr(v0 l +v02)

The v a lu e s  for ij)\ and 02 a re  found by d iffe ren tia tin g  Eq. (4)

0l)s = C1( m - l ) r s m- 2 = 0 s ( m - l ) r s “ 1
(10)

0z)s = -D 2( m + l) r s - m- 2 = 0 s (m + l)rs - 1
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w here th e  con tinu ity  of d) a t  r a has been  u se d . Now Eq. (10), theO

d e fin itio n  of T and the  new q u a n titie s

_ Pi _ Pz -  _ y
1 P l+ Pi ' 2 Pl + Pz ■ y  ( “ )

may be u sed  in  E q.(9) to  y ie ld  the  eq u a tio n  for the  c h a ra c te r is tic  

freq u en cies

u2 + { ^ -  [(m+l)Vo2 at2 + (m -l)V 0l

S (12)

. m(m+l) „ 2  m (m -l) .. . m (l-m 2) y m  „  . n
+ 7 3 LV0z a2 + ~-L-2 l Vq an -  (o2-ai) ' 3 (V0i+vo2) = 0

s s s

w h ich  may be so lv ed  to  g ive

“  = "  r j  [<m+1>Vo2 «2 + (m -l)V 0l a , ]  + (a2 -  «>) V

± { ^ [ ( m + l) V o 2a 2+ (m -l)V 0ia 1- i i ^ 1(a 2 - a , )y  ] 2 (13)

2 1
-  ^ [m (m + l)V ^ 2a 2+m (m -l)V o1a i - in^ ~ SL^ f f2-ai)(V 0i+V02) y J | 2 

s s

S tab ility  req u ire s  th a t u be re a l w hich y ie ld s  the  cond ition  for 

s ta b il i ty

[(m +l)V 02«2 + (m -l)V 0 la , -«j)y ] >
(14)

m(m+l) V|2 az + m(m-1) vj,, Ql -  -  a,) (VQj + V0j) y
s

The p h y sic a l m eaning of the  s ta b ili ty  cond ition  is  se en  more c le a rly
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if  Eq. (14) is  rew ritten

-m 2a,<*2 (V0j -  V0j)2 -  m( 1 -  2tt2)(Vj,2 a 2 + V ^ o ,)  + (V02« 2 -  V0 la i)2

+ 7  (<*z -  « i)( l -  m2) [ ^ - ( V Ol+V02) - i2 ^ - V 02a 2 -  t2^ JV0 la 1 (15)
s

E xpression  (15) w ill be d is c u s se d  b e lo w .

4 .4  D isc u ss io n  of R esu lts

The f irs t  term in  Eq. (15) i s  due to  th e  sh e a r  in  th e  v e lo c ity . 

This is  the  main m echanism  w hich  d riv e s  the  in s ta b i l i ty .  The second  

and th ird  term s are due to  the  c y lin d r ic a l geom etry and do not appear 

in  th e  a n a ly s is  for a p lane  geom etry . The n e t e ffe c t of th e se  two 

term s is  d e s ta b iliz in g  and is  c a u se d  by th e  c en trifu g a l force w hich  

a c ts  to  push  more d en se  plasm a to  a reg io n  of l e s s  d en se  p lasm a .

The l a s t  term  co n ta in s  the  FLR e f f e c t s . The n e t e ffe c t of the  FLR term 

i s  s ta b iliz in g  and s in ce  i t  is  m u ltip lied  by a fac to r (1 -  m2) i t  i s  more 

s ta b iliz in g  for th e  higher mode num bers (sh o rt w a v e le n g th s ) . This is  

th e  re s u l t  ob ta ined  for the  g ra v ita tio n a l flu te  in s ta b i l i ty .

4 .5  Solution for Mode One

For m = 1 , Eq. (1) d e g en e ra te s  to

(T 0 ')‘ + r 2 u 2 p'if) = 0 (16)



are  c o n s ta n t, ip m ust nowIn th e  tw o reg io n s w here  p and

r
(17)

w h ich  has the so lu tio n

(18)

In reg io n  2 the  boundary  cond ition  th a t  ip v a n ish  as r becom es in fin ite  

req u ire s  th a t C = 0 , hence

The boundary  con d itio n  (as r  go es to  in fin ity ) i s  the  sam e a s  for m > 1, 

how ever in  reg ion  1 # ip is  no longer requ ired  to  v an ish  a t  r  = 0. The 

re a so n  for th is  is  im p lic it in  the  p h y s ic a l m eaning of m = 1 w hich  

re p re se n ts  an off a x is  d isp lacem en t of the  plasm a colum n a s  a w ho le . 

Now i t  i s  only req u ired  th a t ip be bounded a t the  o rig in . This le a d s  

to  th e  so lu tio n  in  reg io n  1:

On su b s titu tin g  E qs. (19) and (20) one finds the  d isp e rs io n  re la tio n

(19)

= C ( 2 0 )

The jump cond ition  for th is  c a se  is  found from Eq. (17) as

A s (T ip') + r 2s io2ips A S P = 0 ( 2 1 )
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This le a d s  to  the  e x p re ss io n  for the freq u en c ie s

w = -  2az ± T 2- C«2 (4 a 2 -  2)]*  (23)
r S s

4 .6  D isc u ss io n  of R esu lts for M ode One

N otice th a t for th is  c a se  no FLR e ffe c ts  a p p ea r. This i s  a

re s u l t  of th e  degeneracy  of Eq. (1) for the  c a se  of m = 1. The p h y sic a l

m eaning of th is  l ie s  in the  fac t th a t for th e  c a se  of an  off ax is  sh ift

of th e  colum n as a w hole the pertu rbed  e le c tr ic  f ie ld  i s  a c o n s ta n t in

sp a ce  and therefo re  the  averag ing  e ffe c t o f th e  fin ite  p a rtic le  o rb its

g iv es  no co n trib u tio n . Since a z can  never be g rea te r th an  j  for

d e n s ity  p ro files w hich  are peaked  a t  the  c e n te r , mode one is  se e n  to

14be u n s ta b le . The sam e re s u l t  has b een  found by Kadom tsev for the 

g ra v ita tio n a l flu te  in s ta b i l i ty .

4 .7  N um erical C a lcu la tio n s

To in te rp re te  FLR dam ping a ffe c ts  on the  grow th ra te  of the 

m odes, num erical c a lc u la tio n s  w ere done for se v e ra l h y p o th e tica l 

s e ts  of param eters on th e  IBM 7040 com puter a t  The C ity  C o llege  

C om putation C en te r. A ty p ic a l c a se  is  p re se n te d  in  F ig .4 -3 . The 

lin e a r  grow th r a te ,  Im(id), is  p lo tted  a g a in s t  mode num ber for va rious 

v a lu e s  of the  param eter y  . The param eter y  is  p roportional to  

rL vth  w*1*0*1 m eans y  is  d irec tly  p roportional to  tem pera tu re  and
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in v e rse ly  p roportional to  m agnetic  f ie ld . Several e ffe c ts  a re  im­

m ediate ly  apparen t from F ig .4 -3 . F irs t , the  growth ra te  for m = l  is  

independen t of y  w hich  has a lre ad y  been  n o ted . Second , for low er 

v a lu e s  of y  the  grow th ra te s  of se v e ra l modes are com parable in d i­

ca tin g  th a t more than  one mode may be o bserved  a t one tim e . L a s t, 

i t  is  seen  th a t for sm all y  (la rge  B or low  T) the  grow th ra te s  of h igher 

m odes becom e la rg e . This is  e x p e c te d  s in c e  for la rg e  B the Larmor

rad iu s  becom es sm all and th ere fo re  FLR dam ping becom es sm a ll.

16a ls o ,  i t  has been  show n th a t in  th e  lim it y  -  0 Eq. (1) in  the  c a se

of p lane geom etry red u c es  to  the  eq u atio n  d escrib in g  the  K elvin-

H elm holtz in s ta b il i ty  in  an o rd inary  flu id . In fa c t w hen E q .( l)  i s

so lved  for the c a se  of p lane  geom etry  and the  lim it tak en  a s  y  -* 0 the

so lu tio n  is  id e n tic a l w ith  th a t  for the  ordinary  K elv in-H elm holtz  

24in s ta b il i ty . In th is  c a se  the  h igher m odes a re  known to have the  

la rg e s t  growth r a te s .  W hen exam in ing  F ig .4 -3  one shou ld  tak e  in to  

acco u n t th a t the  q u an tity  a 2 - a i  a lw ays m u ltip lies  y  in  Eq. (13) so  

th a t i f  y  is  rep la ce d  by a c o n s ta n t m ultip le  of a z -  a i the  re su ltin g  

curves w ill be id e n tic a l to  th o se  show n.

The rea l part of the  frequency  for the  sam e in p u t as in  

F ig. 4 -3  is  show n in  F ig. 4 -4 . For m odes g rea te r th an  mode one 

the  n o n -lin e a r  v a ria tio n  of frequency  w ith  mode num ber deduced  in  

Eq. (13) is  i l lu s tra te d  in  F ig .4 -4 .  H ere, as is  the  c a se  for the 

im aginary  part of the  freq u en cy , th e re  is  no FLR e ffe c t for mode one .
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For a g iven  mode the  freq u en c ie s  a re  se e n  to  in c re a s e  for in c re a s in g  

y  . This m eans th a t th e  frequency  in c re a s e s  for d e c rea s in g  m agnetic  

f ie ld  w hen a ll the  o ther v a ria b le s  are  he ld  c o n s ta n t. Such v a ria tio n  

is  d iff ic u lt to  o bserve  in  a Q -m ach ine  s in c e  a change of m agnetic  

fie ld  a u to m atica lly  p roduces a change  of th e  o ther param eters so  in  

C hap ter 5 th e  freq u en c ie s  are  com pared on a po in t by po in t b a s is .

4 .8  The E igenfunctions

M ore in form ation  abou t th e  flu te  m odes can  be ob ta in ed  by 

exam ining the  e ig e n fu n c tio n s , «/) . T hese func tions are  p roportional 

to  the  w ave am plitude by d e f in itio n . In th e  experim ent th e  am plitudes 

are a c tu a lly  lim ited  by n o n lin ear p ro c e s s e s .  This w ill be  d is c u s s e d  

further in  C h ap te r 5 . The dep en d en ce  of 0 on r is  show n in  Fig ,4 - 5 .  

Since 0 m ust v a n ish  a t  th e  o rig in , the  e ig en fu n c tio n  in  reg io n  1 m ust 

in c re a se  w ith  a pow er of r  w h ile  the  v an ish in g  of 0 a t  in fin ity  m eans 

m ust d e c re a se  w ith  an in v e rse  power of r .  The con tinu ity  of 0 a t  r g 

m eans th a t 0X = 02 th e re . N o tice  th a t for the  h igher m odes 0 p eaks 

sharp ly  a t r„ .  If r c o ccu rs  a t  the  edge of th e  colum n a s  i t  do es in  ab b

Q -m ach in e , th en  th is  am plitude v a ria tio n  i s  in d ic a tiv e  o f an edge 

o s c illa t io n . For the  c a se  w hen m = 1 th e  e ig en fu n c tio n  is  c o n s ta n t 

in  reg io n  1 and does no t peak  a t r g , bu t fa lls  off a s  r “2 for r g rea te r 

than  r s . This is  c o n s is te n t  w ith  th e  p h y s ic a l p ic tu re  of mode one 

g iven  e a r lie r .
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4 .9  Three Region Solu tion

Now th a t the  tw o reg io n  has been  d is c u s s e d  and the  main 

p h y s ic a l fea tu res  of th e  theo ry  have been  m ade a p p a ren t, th e  e x ­

p erim en ta lly  in te re s tin g  c a se  of th ree  reg io n s  is  c o n s id e re d . Look­

ing  a t  the  p o ten tia l p ro file s  in  F ig .3-2 i t  w ill be se e n  th a t  th e re  are  

th ree  d is t in c t  s lo p es  co rrespond ing  to  th ree  d iffe ren t reg io n s  w here 

VQ is  c o n s ta n t. In the  in te rio r  o f th e  p lasm a VQ = 0 , a t  the  edge of 

the  colum n V0 is  very  la rg e  and th en  b reak s  in to  a reg ion  w here VQ 

is  re la tiv e ly  sm a ll. In  th is  c a s e  th e re  are  th ree  reg io n s  w ith  tw o 

d isc o n tin u itie s  lead k in g  to  th ree  so lu tio n s  of Eq. (1) and tw o jump 

c o n d itio n s . The follow ing a ssu m p tio n s  w h ich  have b een  gu ided  by 

the  experim en ts have b een  made:

1 m i r1. — V0, »  ur °2

2 . Ti2 ~  T23

w here r i2 i s  the  rad iu s  of the  d isc o n tin u ity  b e tw een  reg io n s  1 and 2 

and r 23 is  the  rad iu s  of th e  d isc o n tin u ity  be tw een  reg io n s 2 and 3. 

The c h a ra c te r is t ic  e q u a tio n  for th e  freq u en c ie s  for th is  c a s e  is

6 (m 2 - l ) p 2 u22 + ( m -  l )P iW i2 + ( m +  l ) p 3 U32
(24)

w here th e  sym bol, 6 , i s  d e fin ed  by
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This d isp e rs io n  re la tio n  i s  derived  in  Appendix B. I t i s  shown 

th a t the  a ssum ption  — V02»  u , m akes the  FLR co rrec tio n  to  th e  re a l 

p a rt of the  frequency  sm a ll. The fac to r 6 , w hich  m ultip lie s th e  con­

trib u tio n  from the seco n d  re g io n , re p re se n ts  a w eigh ting  fac to r 

depend ing  on the th ic k n e s s  of reg io n  tw o . If one form ally s e ts  5 

eq u al to  zero  one e x p e c ts  to  reco v er th e  two reg ion  so lu tio n . T h is , 

how ever, m ust be done before th e  above re s tr ic tio n  on VQz i s  m ade, 

a s  show n in  Appendix B.

4 .1 0  Summary

In th is  ch ap ter the  m echanism  of e x c ita tio n  of flu te  

in s ta b i l i t ie s  has been  d e sc r ib e d . In th e  p resen ce  of non-uniform  

e le c tr ic  f ie ld s  the  in s ta b i l i ty  re sem b le s  the K elvin-H elm holtz 

in s ta b i l i ty  of an ord inary  f lu id . The e igenvalue  problem  form ulated 

by R osenb lu th  and Sim on1 has been  so lv ed  for the  sp e c ia l c a s e  w hen 

th e  d e n s ity  and zero  order d rift v e lo c ity  d iv ided  by r  a re  c o n s ta n t in  

two a d ja c e n t reg io n s  and su ffer a jump d isco n tin u ity  on the su rface  

of th e  cy lin d er r = r s . The ch o ice  of th is  sp e c ia l c a se  le a d s  to  a 

d iffe ren tia l eq u a tio n  in  e ac h  of th e  two reg ions for w hich  the so lu tio n  

is  know n. T hese so lu tio n s  are  u se d  in  a jump cond ition  at r = r s in  

order to  so lv e  for th e  fre q u e n c ie s . The im portant r e s u l ts  are:

1. The sh e a r  in  th e  v e lo c ity  d riv es  the in s ta b ility  s im ila r to  

th e  K elv in-H elm holtz  in s ta b il ity  of an ordinary flu id .
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2 . FLR e ffe c ts  s ta b il iz e  for sh o rt w av e len g th s sim ila r to 

th e  c a s e  of th e  g ra v ita tio n a l flu te  in s ta b i l i ty .

3. M ode one has no FLR e f fe c ts .

4 . The e ig en fu n c tio n s  w hich  a re  proportional to  the  w ave 

am plitude p eak  sh a rp ly  a t r  = r s w hich  is  c h a ra c te r is tic  

of edge o s c il la t io n s  in  Q -m a c h in e s .

5 . The eq u a tio n  for the  freq u en c ie s  is  p resen ted  w hen th ree  

reg io n s  e x is t  in  the  p la sm a . The re s u l ts  show th a t the  

th ic k n e s s  of th e  c en te r reg io n  ,w here the  v e lo c ity  i s  h igh  , 

is  im portan t in  determ ining  th e  frequency  and s ta b ili ty

of th e  d iffe ren t m odes.

In th e  n ex t c h a p te r , th e  th e o re tic a l r e s u l ts  are  com pared w ith  

th e  experim en ta l d a ta .
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CHAPTER 5

COMPARISON OF THEORY WITH EXPERIMENT 

AND CONCLUSIONS

In the  l a s t  chap ter th e  d iffe ren tia l eq u a tio n  for a flu te  mode in  

a non-uniform  e le c tr ic  fie ld  w as so lv ed  for th e  c a se  of two d is t in c t  

reg io n s in  a cy lin d rica l p lasm a colum n and th e  d isp e rs io n  re la tio n  for 

th e  th ree  reg ion  c a se  w as g iv en . The so lu tio n  to  the  two reg ion  

problem  made c le a r  the  p h y s ic a l m echanism  of th e  in s ta b il i ty  and the  

FLR e f fe c ts . This so lu tio n  is  no t a p p lica b le  to  experim en ts in  a 

Q -m ach ine  b e c a u se  the  p lasm a show s th ree  w e ll defined  reg io n s  

ra th e r  th an  tw o . Therefore in  th is  ch ap ter th e  th ree  reg ion  so lu tion  

w ill be com pared w ith  the  experim en t.

It shou ld  be no ted  th a t the  a ssu m p tio n  th a t ky i s  zero  h as 

been  u sed  in  th e  d e riv a tio n  of Eq. (1 ). The m easurem ent show ing th a t 

k j| is  approx im ately  zero  has a lread y  been  p re sen te d  in  C hap ter 3 so  

th a t  th is  requ irem ent is  s a t is f ie d .

5 .1  In te rp re ta tio n  of the  D ata

In order to  make a d e ta ile d  com parison  of the  theory  w ith  the  

experim ent th e  follow ing param eters in  Eq. (25) m ust f ir s t  be obtained: 

Pi i Pzi P$ i VQ , V02, V03, 6 ,  and y .  The c a lc u la tio n  of y  p re sen ts
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no problem  s in c e  i t  depends on the  tem pera tu re  w h ich  h as been  

m easured  w ith  a pyrom eter and th e  m agnetic  f ie ld  w hich  has been  

m easured  w ith  a c a lib ra te d  g a u ssm e te r . The ch o ice  of the  o ther p a ra ­

m eters l is te d  above is  not so  stra igh tfo rw ard  and  the  m ethod of c h o o s­

ing them  w ill be e x p la in ed  w ith  th e  h e lp  of F ig . 5 -1 . In F ig .5-1  is  

shown a a ty p ic a l s e t  of floa ting  p o te n tia l and d e n s ity  p ro file s  for the  

c a se  w hen the  p o tassiu m  w as sp ray ed  on th e  ho t p la te  from one n o z z le . 

F irs t co n sid e r the  p o ten tia l p ro file . From th is  p lo t one c a lc u la te s  EQ, 

the  zero  order e le c tr ic  f ie ld , by tak in g  th e  s lo p e  and hence  the  zero
Er

order E X B d rift v e lo c ity , VQ, can  be com puted from V0 = — . It w ill 

be n o ticed  th a t th e re  are  th ree  w e ll defined  s lo p e s  in  th e  p o ten tia l 

profile  in  F ig .5 -1 . From th e  orig in  to  th e  edge of th e  hot p la te ,  the 

slope  is  z e ro . This w as the  c a se  for m ost of the runs and in d ic a te s  

th a t the  cen tra l core of th e  colum n undergoes no d rift due to  ra d ia l  

e le c tr ic  f ie ld s . At th e  edge of the hot p la te  th ere  e x is ts  a sm all reg ion  

in w hich  the p o ten tia l changes ra p id ly . This is  c au se d  by the  change 

in  sh e a th  cond itions from th e  hot p la te  to  the  re la tiv e ly  cool apera tu re  

lim ite r . In th is  reg io n  the  e le c tr ic  d rif t is  very  la rge  c rea tin g  sh e a r 

in  the v e lo c ity  a t th e  edge of the  p lasm a colum n. The th ird  reg ion  has 

a m ilder s lope  th an  the  second  so  th e re  w ill be a d d itio n a l sh ea r 

be tw een  th e se  two re g io n s .

The d e n s itie s  u sed  are  ch o sen  a t  the  c en te r of the  reg ion  over 

w hich V0 is  c o n s ta n t. The quan tity  6 i s  c a lc u la te d  from the d e fin itio n
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g iven  below  Eq. (24). The re sp e c tiv e  rad ii are  show n in  F ig . 5 -1 . The

V0
low er sk e tc h  in  F ig .5-1 show s the  m easured v a ria tio n  of —  and p 

a long  w ith  th e ir a ssum ed  v a ria tio n s .

5 .2  C om parison of the  F requencies

U sing  the  param eters chosen  a s  d e sc rib ed  ab o v e , the  re a l part 

of the  frequency  can  be c a lc u la te d  from the d isp e rs io n  re la tio n ,

Eq. (24 ), and com pared w ith  the m easured v a lu e s . The p lo t of 

^meas vs *calc (*"ig. 5-2) show s good ag reem en t. The error bars 

in d ic a te  th e  error in  m easuring  the s lo p es from th e  p o te n tia l p ro f ile s .

In p lo ttin g  th is  curve only the dom inant mode on a  g iven  spectrum  w as 

u se d  s in c e  the o ther modes may be su b jec ted  to  n o n - lin e a r  phenom ena
4

su ch  a s  mode lock ing  w hich  w ould cau se  an erro r in  th e  frequency .

It shou ld  be noted  th a t the  fac to r 6 w hich m u ltip lies  th e  dom inant term  

for the  re a l  pa rt of the  frequency  (E q .(24)) re p re se n ts  th e  re la tiv e  

th ic k n e s s  of the  cen tra l reg io n .

5 .3  C om parison of Mode Amplitude w ith  L inear G row th R ates

The im aginary  part of the frequency re p re se n ts  th e  lin e a r  

grow th ra te  of an  u n stab le  m ode. In a ll c a se s  w here a mode h as been  

o b se rv ed , the c a lc u la tio n s  have shown the mode to  be u n s ta b le . The 

grow th ra te s  of m odes 3 , 4 ,  and 5 are  show n in  F ig . 5 -3  w here the c a l ­

cu la te d  po in ts  have been  jo ined  by s tra ig h t l in e s .  The broken lin e s
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are experim en ta l v a lu e s ,  F ig . 3 -8 , show n for com parison . C o n sid e r­

ing th a t the  mode am plitudes a re  lim ited  by non linear phenom ena the  

re s u l ts  a re  good . The p red ic ted  mode tra n s itio n s  co rrespond  w ell to  

the  o bserved  tra n s it io n s .

The curves show n in  F ig .5-3  are sim ila r to  th o se  ob ta in ed  by 

7H endel and P o litz e r, bu t th e  tw o phenom ena are d iffe re n t. In  Ref. 7 

a c o llis io n a l d rift w ave w as o bserved  w here the  s e le c tiv e  mode dam p­

ing is  c a u se d  by io n - io n  c o ll is io n s . In the  p re sen t experim en ts the  

d e n s ity  has been  such  th a t c o llis io n s  may be n e g le c te d , hence  FLR 

dam ping becom es im portan t.

5 .4  M ode One

It w ill be rem em bered th a t mode one w as not observed  in  the 

e x p erim en ts . According to  the  theory  mode one has a sm alle r growth 

ra te  th an  the  h igher m odes, and even  if  d e s ta b iliz e d  i t  w ould be 

d iff ic u lt to  d e te c t .  The only p o ss ib il i ty  of observ ing  mode one i s  a t  

the orig in  w here the  am plitudes of the  higher modes is  req u ired  to  

v a n is h , but the am plitude of mode one may be f in i te . Some ev id en ce  

for the p resen ce  of mode one is  p resen ted  below  w here the  ra d ia l d e ­

pendence  of the e ig en fu n c tio n s is  c o n sid e red .
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5 .5  R adial D ependence  of the W ave

One further com parison  w hich  can  be made be tw een  theory  

and experim en t is  th a t  of th e  ra d ia l d ependence  of the  w a v e . To do 

th is  one com pares the  e ig en fu n c tio n

; -  Ee
—  \ T  W +  r

w hich  is  c a lc u la te d  from the  experim en ta l d a ta ,  to  the  th e o re tic a l 

so lu tio n  for 0 . S ince E0 i s  e s s e n t ia l ly  a m easure  of the  w ave amp­

litu d e , the  re la tiv e  am plitude  (F ig . 3-4) c a lc u la te d  from the  d e n s ity  

f lu c tu a tio n s  may be u sed  in  i ts  p la c e . A ty p ic a l c a se  i s  show n in  F ig . 

5 -4  w here the  dom inant mode o bserved  w as mode th re e . In F ig . 5 -4  

the po in ts  are  c a lc u la te d  v a lu e s  and the cu rves have the  p ropo rtiona lity  

show n. I t  is  obv ious from the  p lo tted  po in ts  th a t 0 (m easured) does 

not v a n ish  a t  the  o rig in  w h ich  is  req u ired  by the  boundary co n d itio n s . 

N either th e  error due to  p lac in g  the  probe nor the  error due to  the fin ite  

len g th  of the  probe tip  a re  la rge  enough to  ex p la in  the  o b se rv ed  mag­

nitude of 0 a t the  o rig in . This d isc rep a n cy  occurred  over the  en tire  

range of m agnetic  f ie ld .

The only mode w h ich  is  no t req u ired  to  have a v a n ish in g  am p­

litu d e  a t the  orig in  is  mode one . The e ig en fu n c tio n  for mode one 

should  be a c o n s ta n t in  reg ion  one and shou ld  d e c re a se  lik e  1 / r2 in  

reg ion  th re e . The e ig en fu n c tio n  p red ic ted  for mode th ree  is

0i ~  r2 , 03 ~  r "4
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Fig . 5 -4  E igenfunction com parison
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If the  c a lc u la te d  p o in ts  are  co n sid e red  to  be a sum of con tribu tions 

of m odes one and th ree  (s in c e  Eq. (1) is  l in e a r  th e  p rin c ip le  of su p e r­

p o s itio n  holds) th e n  su b trac tin g  out th e  th e o re tic a l con tribu tion  of 

mode one (m aking 0 for mode th ree  v a n ish  a t  the origin) show s th a t 

th e  ra d ia l  d ep en d en ce  of the  am plitude is  p red ic ted  by th e  theo ry .

In th is  c h a p te r  th e  experim en ta l work w hich  has been  per­

formed h as been  com pared to  the  theory  of a flu te  mode in  a non- 

uniform  e le c tr ic  f ie ld  form ulated a s  a d iffe re n tia l eq u a tio n  in  the 

lite ra tu re *  and so lv ed  for a sp e c ia l  c a se  in  C hap te r 4 . The a s ­

sum ptions made in  so lv in g  th e  d iffe ren tia l eq u a tio n  have been  shown
1

to  approxim ate th e  co n d itio n s w hich  o b ta in  in  a Q -m achine w here 

edge o sc il la t io n s  have been  o b se rv ed . The follow ing com parison 

show agreem en t w ith  th e  theory:

1. F requency  of th e  w ave

2 . M ode am plitude p a tte rn s

3. R adial dep en d en ce  of the  w ave am plitude

5 .6  C o n c lu s io n s

The eq u a tio n  of R osenblu th  and Simon* d esc rib in g  a flu te

in s ta b i l i ty  in  a non-uniform  e le c tr ic  fie ld  h as  been  so lved  for the  co n -
VQ

d itio n s  p = c o n s ta n t and = c o n s ta n t in  a d ja c e n t re g io n s . The 

so lu tio n s  s a t is fy  e a s i ly  o b ta in ab le  boundary cond itions a t  the su rfaces 

w here p and VQ are  d isc o n tin u o u s . The e ig en fu n c tio n s  and  th e ir
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correspond ing  e ig e n v a lu e s , u , have been  found y ie ld ing  the f re ­

q u e n c ie s  and a s ta b il i ty  c rite rio n  w hich  are  rea d ily  com pared to  e x ­

perim en t. The assu m p tio n s made to  ob ta in  the so lu tio n  approx im ate ly  

sa t is fy  the  experim ental cond itions found in  a Q -m ach ine .

The theory  show s the  v e lo c ity  sh ear and cen trifuga l force to

be d e s ta b iliz in g . FLR e ffe c ts  have b een  found to  s ta b iliz e  the  h igher

m odes w h ich  is  the  sam e re s u l t  ob tained  for the g rav ita tio n a l flu te  

12in s ta b i l i ty .  The mode m= 1 has no FLR e ffe c ts  due to  the  

d eg en eracy  of Eq. (1) for th is  c a s e .  The rad ia l dependence  of the 

e ig en fu n c tio n s  show s the  w ave am plitude h as a sharp  peak  a t  r  = r s , 

the  su rface  of maximum v e lo c ity  sh e a r .

An in s ta b il i ty  ch a rac te rize d  by a maximum re la tiv e  am plitude 

near th e  maximum v e lo c ity  sh ea r has been  s tu d ied  in  a Q -m ac h in e . 

The experim en ta l d a ta  is  com pared w ith  a th ree  reg ion  so lu tio n  to  

Eq. (1 ). F requencies c a lc u la te d  from the theory  a re  in  ag reem ent 

w ith  th o se  m easured ex p erim en ta lly , l in e a r  grow th ra te  p a tte rn s  ag ree  

w ith  th e  m easured  mode am plitude p a tte rn s  and the rad ia l dependence  

of the  e ig en fu n c tio n s  com pares favorably  w ith  m easured  v a lu e s .

It should  be noted  th a t the  theory  h as been  derived  from a 

l in e a r iz e d  equation  and shou ld  no t be ex p ec ted  to  be v a lid  o u tsid e  

th e  l in e a r  dom ain. The am plitudes observed  in the p resen t work m ust 

be lim ited  by n o n -lin e a r  p ro c e sse s  s in c e  th ey  a r is e  from an over­

s ta b il i ty  and therefo re  should  grow w ithou t bound. The lin e a r  theory
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is  s t r ic t ly  v a lid  only in  th e  sm all tim e in te rv a l w hen the  pertu rbation  

am plitude is  sm a ll. W hile no rigorous ju s t if ic a tio n  e x is ts  for the

in te rp re ta tio n  of n o n -lin e a r  m odes w ith  a lin e a r  theory  i t  has been

25 7re c e n tly  po in ted  out th a t  bo th  in  experim ents w ith  p lasm as and

24ordinary  flu id s  la rg e  am plitude o b se rv a tio n s  have been  exp la ined  

by l in e a r  th e o r ie s .  The p re se n t experim en ts fa ll in to  th is  ca teg o ry .
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APPENDIX A

TWO REGION SOLUTION FOR PLANE GEOMETRY

The so lu tio n  for p lane  geom etry is  found u sin g  the  m ethod

g iven  in  C hap te r 4 for c y lin d rica l geom etry , ex cep t now the  d iffe r-

. . .  1 ,16  e n tia l eq u a tio n  is

(Ti/)')’ -  k2 (T - g p ') 0  = 0

Ev
ip = — ■ , w = w + k V n (Al)u u

i 2
k  vthT = u (p w  + y p ') ,  y  =

Here the  zero  order e le c tr ic  fie ld  a c ts  in th e  x d irec tio n  producing  a 

zero  order E XB d rift in  the  y d ire c tio n . The con figu ra tion  is  show n 

in  F ig . A - l .  The upper figure show s the geom etry and  the  low er 

figure show s the assu m ed  d e n s ity  and v e lo c ity  p ro f i le s . In  the  two 

reg io n s w here the d e n s ity  and v e lo c ity  are  c o n s ta n t Eq. (Al) becom es

0" -  k20 = 0 (A2)

w ith  the  so lu tio n s

< . kx ^ _ipi = Ae x s O

-k x  <A3)02 = A e  X 2: 0

w here the  su b sc r ip ts  in d ic a te  the  reg ion  of v a lid ity  of th e  re s p e c tiv e  

so lu tio n s . The jump cond ition  is  found by in te g ra tin g  Eq. (Al) from 

-€  to  +€ and going to  the  lim it a s  € app roaches z e ro . The jump
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cond ition  for th is  c a se  is

A s (T 0 ') + ( g - U s y ) k 20 s A s p = 0 (A4)

U sing the so lu tio n s  (Eq. A3) in  the  jump cond ition  g iv es the  c h a ra c ­

te r i s t ic  eq u a tio n  for the  freq u e n c ie s  a s

(a2 -  <*i) [7 V0l(on -  i)  + 7 V02(a2 - i ) + ̂  ] -  aia2 (V0l-V0z)2 > 0 (A7)

Except for the  e x p lic it  in c lu s io n  of an e ffe c tiv e  g ra v ita tio n a l a c c e le r ­

a tio n , the m ajor d iffe rence  b e tw een  Eq. (A7) and Eq. (15) is  th a t no 

cen trifuga l e ffe c ts  are found , a s  e x p e c te d . The sh ear in  the  v e lo c ity  

is  again  d e s ta b iliz in g  and FLR e ffe c ts  a re  s ta b il iz in g . The g rav ity  

term  w ill be e ith e r s ta b iliz in g  or d e s ta b iliz in g  depending  on i ts  

d irec tio n .

16It h a s  been  show n th a t Eq. (Al) red u c es  to  the  eq u atio n  

for the  K elvin-H elm holtz in s ta b i l i ty  of an  ord inary  flu id  in  the  zero

u)z + 2 k w|̂ (Qf2Vo2 + Q'1 VQl) + ^ ( a 2 - « 2) ]

+ k2[ ( * 2V<52 + 0 1 ^ )  + (a * -a i) (£ (V 0l +V0a) -  * ) ]  *  0

(A5)

w hich  can be so lv ed  for the  freq u e n c ie s

± k {(<*2 -  «i) [y V0i(ax -  i)  + y V0z («2 -  i) + ^ ] (A6)

The re a lity  of the  freq u en c ie s  y ie ld s  th e  s ta b il i ty  cond ition
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Larmor rad iu s  l im it. This i s  tan tam ount to  se ttin g  y  = 0 . W hen y  i s  

form ally s e t  equal to  zero  in  th e  eq u a tio n  for the  fre q u e n c ie s ,

Eq. (A6), th e  r e s u l t  i s

u = -  k [ax V0l + az V0z] ± k { (a2 " f  "  aiaz  (Vo r Vo2)2} 2

24T his i s  id e n tic a l w ith  th e  eq u a tio n  g iven  by C hand rasekhar for th e  

K elv in-H elm holtz  in s ta b i l i ty  of an  ordinary  flu id .
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APPENDIX B 

THREE REGION SOLUTION

In th e  Q -m ach ine  th ere  are  th ree  w e ll defined  reg io n s  over w hich  

the  d rift v e lo c ity  i s  c o n s ta n t . The two reg ion  theory  w hich  h as been  

p resen te d  in  the  te x t  of th is  th e s is  show s a ll  the  e s s e n t ia l  fea tu re s  of 

the  p h y s ic a l m echan ism s w hich  a ffe c t th e  in s ta b i l i ty ,  bu t i s  in ad eq u a te  

for com parison  w ith  th e  experim en ta l r e s u l ts .  The e x te n s io n  of the 

so lu tio n  to  th ree  reg io n s  p re se n ts  no form al d i f f ic u lt ie s ,  bu t the  

a lgeb ra  i s  more in v o lv ed .

It is  d e s ire d  to  so lv e  Eq. (1) for the  c a se  w hen th e re  are  th ree  

reg io n s  over w hich  th e  d e n s ity  and zero  order d rift v e lo c ity  d iv ided  by 

r a re  c o n s ta n t. In th e s e  reg io n s  Eq. (1) ag a in  red u c es  to  Eq. (2 ), but 

now the so lu tio n s  in  th e  th ree  reg io n s  a re  g iv en  by

0! = A rm_1

02 = B r01” 1 + C r -111" 1 (Bl)

03 = D r“ m-1

In s te a d  of th e  jump c o n d itio n , Eq. (9 ), one now has two jump con­

d itio n s  to  s a t is fy  a t  th e  in te rfa c e s  be tw een  th e  th ree  re g io n s . 

S u b stitu tio n  of the  above so lu tio n s  in to  the  two jump co n d itio n s for
t

th is  c a se  and u sin g  th e  co n tin u ity  of 0 a c ro ss  e a c h  of the  jump reg io n s  

y ie ld s  th ree  e q u a tio n s  for the  th ree  in te g ra tio n  c o n s ta n ts
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2m ^  p2 coz2 = (m -l)p 2to22+ (m +l)p3 (o33 -  [uZ + ~ ^ " m V  ^ 3 ]  (Ps -  Pz) (B2) 

2m ^ r 122mp2tJ22 = (m -l)p 27722  ̂(m -l)p l lo12+[jj2+ " ^ a   ̂7  t0i2](p2-pi) (B3)

c  c  -ZTTTT (B4)
D A rl3m + c ( l  -  % ■ )

'  r 12 /

The f i r s t  two eq u atio n s come from th e  jump cond itions and the  

th ird  from th e  con tinu ity  of

W Q = 2m p2 w22

W x = r . h . s .  of Eq. (B2) (B5)

W 2 = r . h . s .  of Eq. (B3)

W 0 W2 = RW0 W 1 + (1 -R )W 1W 2 (B6)

one o b ta in s

w here
/ r  \ zm

R = «  1 (B7)

If R =1 th e  u su a l two reg ion  so lu tio n  is  rec o v e re d . The a ssum ption  

th a t  R is  approxim ately  eq u al to  un ity  h as  been  gu ided  by the  e x p e ri­

m ental r e s u l t s .  U sing th is  assum p tion  one may w rite  R = 1 + e w here 

e i s  co n sid e red  sm all com pared w ith  1. E quation  (B6) th en  becom es

W0 W 2 = ( l  + cjW oW j -c W jW z  (B8)

Since in  th e  experim ents V0z is  much larger th an  ^  th e  follow ing 

approxim ations are made:



U sing approxim ations 1 and 2 th e  d iffe rence  W z - W i  is  found from 

(B2) and (B3) as

W 2-W i = - (m -l)p 1IJ12-(m + l)p3^ 24-[co2+ ^ (rV — )ykV 02](p 3- p 1) (BIO)

and using  the  th ird  approxim ation  one finds

^ 2  _  Pz 2____nv^l / d i  u

W G 2m p2tJ22 ■”  2m

S ubstitu ting  the l a s t  tw o re s u l ts  in to  Eq. (B8) the d isp e rs io n  re la tio n  

in  term s of c is

2 ( 51^ ) W22P2 + (m - lJp iW i2 + (m+ l)p 3w32

_  k V r
(B12)

- |V + m ( l -m 2)y -pr^JtPa-Pi) = 0

Since e is  sm all one can  w rite

2m

“ C = 1 " CS) = 1 " ( 1 + 6)2m+ • •* ~  " 2 m 6  (B13>

w here 6 i s  the  re la tiv e  th ic k n e s s  of reg ion  tw o and i s  g iven  by

r 23 “ Tl2
6 = — -------  (B14)

Tl2
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so  th a t th e  d isp e rs io n  re la tio n  becom es

6(m 2 -  l )p 2w22 + (m -  l ) p x w12 + (m + l)p 3 w32

(B15)

-  j y  + — V02] ( p3 - PO = o
tl2

This is  th e  re la tio n sh ip  from w hich  the  freq u en c ie s  and grow th ra te s  

u se d  in  th e  com parison  w ith  th e  experim ent have been  c a lc u la te d .
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