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ABSTRACT

The flute mode in a plasma with non-uniform electric fields is
studied experimentally and theoretically. Experiments were performed
with low-beta alkali metal plasmas produced in a Q-machine, The flutes
propagate azimuthally and have maximum amplitude near the plasma
column edge where a large radial electric field, E,, vexists. The E, X B
drift velocity produces an instability similar to the Kelvin-Helmholtz
instability. A solution to a differential equation including finite Larmoxr
radius effects, formulated by Rosenbluth and Simon, is presented. Con-
sideration of adjacent regions undergoing rigid body rotations and having
constant density leads to an expressioh for the oscillation frequencies
and a stability criterion,

Theoretical results show that velocity shear is the mechanism
which drives the vinstability, but centrifugal effects are also destabiliz-
ing, Finite Larmor-terms stabilize short wavelengths as for the
gravitational flute instability.

If the experiment is interpreted in light of the present theory,
the oscillation frequencies, stability conditions and radial amplitude

distributions compare favorably.



CHAPTER 1

INTRODUCTION

In the field of controlled fusion research, one of the major
problems is understanding the flute mode in a non-uniform electric
field. The flute mode is characterized by low frequency propagation
around the plasma column with no propagation along the magnetic
field; Until now, the lack of a theoretical solution to this problem
has made it difficult to interprete experiments and as a result, this
instability has not been well understood.

Recently, a theory has been formulated by Rosenbluth and
Simon, 1 but the differential equation found was not so}ved. In the
present work, a model based on measurements in a Q-machine is
used to find a solution to the differential equation. This solution is
then used as a guide to perform a complete experiment which leads to
an understanding of flute mode in a non-uniform electric field.

—In previous worksz-9 low frequency oscillations in Q-machines

’

have been described. In some of these experiments the maximum
relative amplitude of the wave occurred where large radial electric
fields have been measured. In a Q-machine the change of sheath

conditions between the hot plate and the relatively cool aperture

limiter produces radial electric fields and the instabilities which



form in this region have been called edge oscillations. 10 In other
experimentsz_7 the oscillations have been identified as drift waves
and will not be considered here. Both the theoretical and experimental
work pertinent to the problem of the flute mode in a non-uniform

electric field is reviewed below.

1.1 Review of Experimental Work

Two experiments in which the electric field could be varied
have been reported. Hartman and Munger8 varied the electric field by
introducing a temperature gradient on the ionizer plate. With the
temperature highest at the center of the plate, coherent oscillations
were observed with azimuthal mode m=2 being the lowest mode ob-
served. As the magnetic field was increased, higher modes became
dominant. The wave amplitude peaked at the edge of the column. A
standing wave was observed in the longitudinal direction. The authors
found that the shear in the E. XB velocity is essential for the excitation
of the observed wave.

The second experiment (without theory) where electric fields
could be varied has been carried out recently by Enriques, Levine and
Righe‘cti.9 The ionizer plate was formed from a disk and a separated
annulus: A potential difference could be applied between both sections
producing a non-uniform electric field. With this configuration an

edge oscillation was observed, which destabilized for radial electric



fields above a threshold value. From the experiment, the authors con-
clude that the non-uniformity in the electric field is important in
exciting the wave which is the same conclusion reached by Hartman
and Munger. 8

It will be shown in Chapter 4 that shear in the drift velocity is
predicted to lead to low frequency oscillations of the type observed in
Q-machines near the edge of the plasma column. Since the experi-
mental work done here has shown that the observed oscillation is a

flute mode, the pertinent theory will be reviewed below,

1.2 Review of Theoretical Work

The theory of the flute instability has been derived from the
two-~fluid magnetohydrodynamic equations by Kadomtsev11 for the case
when the instability is driven by an effective gravitational force field.
The analysis showed the differential drifts between ions and electrons
responsible for exciting the instability. The difference in drifts is
caused by the mass difference of the two species. Results showed
that for the gravitational force in the direction of decreasing densify
the plasma is unstable. It becomes apparent that any affect which
influenced the particle drifts would affect stability of the plasma. The
inclusion of finite Larmor radius (FLR) phenomena was shown to affect

stability. 12



Rosenbluth et al ,12 starting with the equations of kinetic theory
and takihg FLR effects into account, showed that the flute instability
could be stabilized for sufficiently short wavelengths. In this analysis
it was assumed that the Larmor radius was small compared with the
characteristic radial length of the system. Mikhailovskii13 included
all values of Larmor radius, the results differing only slightly from the
previous work. The case for mode one is different than that for the
higher modes. Mode one corresponds to a displacement of the plasma
as a whole producing a perturbed electric field which is uniform in
space. This means that FLR effects are not important here. It has
been shown14 that the flute azimuthal mode m=1 is always unstable.

The above results can also be derived from the so called guiding
center approximation. 15 In this method the zero and first order particle
drifts are written down from physical considerations and then these are
used in the equations of continuity to find the perturbed densities. The
perturbed densities can then be substituted into Poisson's equation to
yield the instability frequencies and the stability criterion. Here the
FLR effects are taken into account explicitly by using the averaged
electric field which a particle experiences in a gyration and by relating
the guiding center density to the particle density .'

Until recently, the work on flute modes assumed that no zero
order electric fields existed. However, inclusion of non~uniform electric

fields is important since these fields usually exist in experimental



systems. The analysis for a flute mode in a non-uniform electric field
has been carried out by Rosenbluth and Simon. 1 Their work used the
Vlasov equatidn as a starting point to develop a set of hydrodynamic
equations which includes both FLR and non-uniform electric field
effects. From the resulting set of equations an eigenvalue problem
for stabi.lity is formulated, but no solution has been reported. The
same problem has been formulated from the guiding center approxi-
mation by Stringer and Schmidt, 16 resulting in the differential

equation given in Ref. 14.

1.3 Summary
The purpose of this thesis is to understand the flute mode which
appears as edge oscillations observed in Q-machines. This is ac-
complished by carrying out a complete set of experiments in a Q-
machine which have been guided by the solution of the Rosenbluth and
Simon equation describing a flute mode in a non-uniform electric field.
In this chapter the experimental work on edge oscillations in a
Q-machine has been reviewed along with the theory relevant to flute
modes.
B Chapter 2 contains a description of the experimental apparatus.
In Chapter 4 the eigenvalue problem formulated in Ref.1 will be solved
for conditions found in Q-machines. A comparison of the experiment

with the theory appears in Chapter 5. The conclusions of this

dissertation are summarized at the end of Chapter 5.



CHAPTER 2

EXPERIMENTAL APPARATUS

Since the introduction of Q-machines17 in 1960 a number of
these devices have been built and operated both in this country and
abroad.z-9 The Q-machine has the advantage of producing a steady,
relatively quiescent, fully ionized plasma as opposed to older methods
such as steady or pulsed discharges producing partially ionized gases.
A great part of the Q-machine and its auxiliary equipment at the MHD
Laboratory at The City College has been designed and constructed by
the author over the past few years. The Q-machine is the main
apparatus in the Laboratory and may be used for a number of different
types of experiments in plasma physics including studies of oscillations,
confinement, ionization and plasma turbulence. Since a good deal of
effort was devoted to the actual construction of thc'a apparatus, a

detailed description is given.

2.1 General Description of the Q-machine

In a Q-machine an electron gun is used to heat a plate onto
which an alkali metal vapor is sprayed. The metal vapor is ionized by
surface ionization on the hot plate (T = 2300°K), which also supplies
electrons by thermionic emission. The resulting plasma is confined by

a uniform magnetic field perpendicular to the surface of the ionizer



plate. Making the field perpendicular to the hot plate as done here has
the advantage of reducing temperature gradients on the plate and making
the column into a right circular cylinder. The electron gun and the
plasma column are contained in a vacuum chamber whose walls are wa‘ter-
colled to keep the background of neutrals at a low level (107® torr.). The
machine may be operated double-ended (hot plate at each end) in which
case a stationary plasma is produced or single-ended (one plate replaced
by a cold collector) thus producing a plasma which drifts from the hot
plate with the ion thermal speed. In Fig.2-1, the external structure of
the Q-machine is shown. The vacuum chamber can be seen at both ends
of the ten water-colled solenoids which provide the magnetic field. In
the background, the power supplies for the electron gun are shown.

Figure 2-2 is a schematic of the Q-machine showing single-ended

operation.

2.2 Elements of the Q-machine

1, Electron Gun

(a) Construction: The purpose of the electron gun is to heat

the ionizer plate to sufficiently high temperatures to ionize the po-
tassium vapor and at the same time produce neutralizing electrons by
thermionic emission. The gun is constructed similar to a vacuum tube
diode in that its elements are a filament type emitter biased negative

with respect to the plate. The circuit is shown in Fig.2-3. The major



Fig. 2-1 Photograph of Q-machine
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difference between Q-machine and diode is that the Q-machine plate is
operated at high temperatures (2300°K). The electron gun structure is
shown in Fig.2-4. The upper figure shows a partial top view so that
the tungsten plate is visible through the aperture limiter. In the lower
figure a side view shows the supporting rings (stainless steel) and the
outer shield (tantalum). A schematic drawing (Fig.2-5) shows the
positions of the cathode (hot plate), filament, shields and the input
power leads for the filament.

The tungsten filament is wound around alumina ceramic pins
(Fig.2~6). The pins are held in a boron nitride support. The inner
tantalum shield is mounted on the support as shown. The purpose of
the shields is to limit radiation losses from both the filament and the
hot plate and at the same time to keep stray partiéles away from the gun
to allow more stable operation.

(b) Operation: Theoretically, the gun may be operated in the -
space charge limited regime or in the temperature limited regime. In
space charge limited operation the current voltage characteristic follows
the Langmuir-Childs "three halves power" formula. In temperature
limited operation electrons emitted by the filament are accelerated to
the plate. Operation of the gun, however, is neither strictly space
charge nor temperature limited: the observed mode of operation does
not exactly agree with the Langmuir-Childs model. In their model, one

type of particle with zero initial velocity is accelerated through the
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space charge region. In the present case there exists the probability
of ions being generated. This means strict adherence to the above
formula should not be expected. Some typical operating characteristics
of the electron gun are shown in Fig.2-7, along with the applicable
portion of the Langmuir-Childs law. It is obvious that the observed
current collected: by the plate is higher than that predicted by the
Langmuir-Childs law when the pressure is high, but for low pressure
the Langmuir-Childs law is followed quite well.

When operating in the space charge limited regime the temper-
ature of the hot plate varies linearly with the input power (Fig.2-8).
This is convenient for adjusting the plate temperature especially when
the plate is obscured from view by diagnostic equipment and the optical
pyrometer cannot be used.

(c) Design Considerations: The materials used in construction

of the gun will be subjected to temperatures of the order of 2500°K near
the filament and plate, but considerably less else\./vhere. Tungsten has
been used for both the filament and the plate because of its high melt-
ing point (3600°K) and high emission properties. The work function of
the ioni»zer plate must be larger than the ionization potential of the
alkali metal to be ionized: the work function of tungsten is -4.5 volts
while the ionization potential of potassium is -4.31 volts.

The ionizer plate is supported by three tungsten pins (Fig.2-5)

held in a stainless steel ring. The temperature of the ring is about
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750°K during operation, so that evaporation is negligible.

For the filament, atomic film emitters were rejected because
of the possibility of interaction with the potassium. Tantalum was
tested because its emission is slightly higher than that of tungsten at
the same temperature and in the annealed form tantalum is much easier
to work than tungsten. Unfortunately the tantalum filament test showed
excessive evaporation and also permanent deformation due to the
magnetic field.

When designing and operating high voltage (1 -2 kv), high
current (0.4 - 0.5 amp) electron beams in a residual gas, it becomes
necessary to consider the effect of ion production by the beam, which
can affect the operation and life of the filament.

The current-voltage characteristic for the 0.012 inch diameter
tungsten filament used in the electron gun is shown in Pig°2;9. The
slope of the characteristic, which represents the resistance of the
filament, is seen to increase with age in the operating region. This is
a result of ion bombardment which makes the filament diameter smaller
thus making the resistance higher. Examination of the filament after
failure shows a rough surface which is further evidence of ion
bombardment.

The production of ions increases with beam current and back-

14

ground pres sure1 so to minimize the effects of ion bombardment

one should operate at as low a pressure possible and with as small a
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beam current as possible. Due to the steepness of the emission curve
any small increase in filament power greatly increases the emission,
By operating at low filament temperature the effect of instability is
minimized.

Finally, the filament is powered by direct current (1% ripple)
in order to eliminate mechanical vibrations. The bombardment current

is also direct current.

2. Atomic Beam Source

Potassium neutrals are supplied to the hot plate from an oven
which feeds a manifold fitted with three "nozzles" (Fig.2-10). The
nozzles spray the potassium vapor evenly over the hot plate. This
structure is fabricated from stainless steel with silver-soldered joints.
The oven is thick walled to prevent temperature variations outside from
changing the conditions within the oven.

The flux of neutral particles is controlled by a heater filament
placed at the base of the oven. This filament is tungsten and is
insulated from the oven by an 'alumina ceramic sleeve. A copper water
jacket is provided at the base of the oven to prevent evaporation of the
potassium in the oven during the pump-down and outgassing stages.
The oven cooling provides more flexibility for controlling the neutral
flux.

Sufficient heat is radiated to the manifold and nozzles to

prevent potassium from condensing before reaching the ionizer plate.
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For some experiments the manifold was removed and potassium
neutrals were sprayed from a single nozzle, influencing the results

negligibly.

3. Auxiliary Equipment

(a) Vacuum Chamber: The electron gun, oven and manifold

are mounted on a flange. This electron gun assembly seals the end of
the vacuum experimental chamber which is stainless steel tube

4 3/4 "I.D. X% 41/2 ft. long. Vacuum seals use viton "O" rings. The
outside of the chamber is water-cooled by a system of copper tubes
soldered parallel to the axis and the water flows in alternate directions
to keep the temperature of the chamber uniform.:

(b) Vacuum System: The vacuum pumping system consists of a

two stage roughing pump (10 cu.ft./min. at 0.1 microns) in series with
a 4" diameter diffusion pump (750 liters/sec.); a water-cooled chevron-
ring baffle mounted above the diffusion pump serves to prevent oil vapor
from the pumps entering the experimental chamber. Background pressures
to 1078 torr. are obtained in the system as monitored by a nude inverted
Bayard-Alpert type Ionization gauge.

(c) Magnetic Field: The magnetic field is supplied by ten

water-~cooled solenoids with a seven inch diameter air core into which
the vacuum chamber is placed. The spaces between the solenoids allow
access to the probe ports and chamber windows. Power for the solenoids

is supplied by a rectifier whose maximum output is 200 kilowatts at
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1,000 amperes of current. With this system fields of up to 10,000
gauss and of varying configuration may be produced. In .normal oper-
ation of the Q-machine, a field which is uniform over 50 cm. of length
is used.

The spacing of the solenoids for the uniform field configu-
ration has been calculated by superimposing the field due to one
solenoid which is moved along the axis. This is allowable since the
equations governing magneto-statics are linear. The resulting field
which has been measured with Hall probes is seen to be uniform over a
longitudinal distance of 50 cm. within 2% (Fig.2-11). The radial
variation of the magnetic field is seen to be almost uniform over the
43/4 inch diameter of the experimental chamber. These results are

similar to those reported elsewhere on the same type of apparatus.21

2.3 Plasma Probes

The probes used are Langmuir probes which consist of a wire
inserted in the plasma (Fig.2-12). The wire is insulated exposing only
a small portion at the tip (1 mm) to the plasma. The tip of the wire then
can be used to collect the plasma particles. Such a probe has the ad-
vantage of relatively good spétial resolution, something which even
more sophisticated techniques such as microwave measurements lack.
At the same time, however, the Langmuir probe has the disadvantage

of having to be physically Inserted into the plasma. In a magnetic
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field the perturbation is limited if the probe diameter is smaller than
the ion Larmor radius. 20 Probe theory20 comprises an entire branch
of plasma physics and poses some formidable problems: no complete
theory for a Langmuir probe in magnetic field exists. It is fortunate
though, that the elementary theory suffices in most cases. Now a
qualitative description of the theory is given.

With reference to Fig.2-13 (actual data), which depicts a so-
called probe characteristic, it is seen that when the probe is biased
sufficiently negative with respect to the plasma, almost all the
electrons are repelled and the current collected is due mainly to ions;
this is called the ion saturation current (region A). In this region all
ions which move towards the probe as a result of their thermal motions
are collected by the probe and some are accepted by the sheath. As
.the potential becomes more positive, fewer electrons are repelled and
a point is reached at which the electron current exactly equals the ion
current to the probe hence the net probe current vanishes; this point is
called the floating potential. In region B some of the ions are repelled
and the electron current to the probe becomes more positive until the
potential is sufficiently positive to repel all the ions and attract all
electrons which move to the (effective) probe because of their random
velocities (Region C'); this is electron saturation current.

The slope of the curve in Region C is due to sheath which

builds up around the probe. Usually the sheath thickness can be
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neglected, but as the potential is increased the sheath size increases
" and therefore creates a larger effective probe area which accoﬁnts for
the increase of electron current with voltage.

In actual use the probe current is measured by an electro-
meter and the probe voltage by a vacuum tube voltmeter. The outputs
of these meters are used to drive the X and Y axes of a chart recorder
all shown in Fig.2-14. The characteristic of Fig.2-13 was recorded
in this manner.

Because the ion current saturates rather fast for moderate
negative voltages, it is used to calculate the plasma density. In the
elementary theory it is assumed that all the ions which strike the probe
because of their thermal motions are collected. For a Maxwellian

distribution the ion saturation current is given by

2kT>

™

_ 1
Isat. - 2ne(

where n is the number density, e is the electric charge, k is
Boltzmann's constant, T is the temperature and M is the ion mass.
Densities calculated in this way are generally accurate within a factor
of two, but this is sufficient for the present purposes, since the
phenomena studied is independent of the absolute magnitude of the
density.

In order to study instabilities, the probes have been shielded

(Fig.2~12) to reduce the spurious noise. Ion density oscillations are
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Fig.2-14.



30

obseryed by biasing the probe to collect ion current and letting this
current pass through a 1000 ohm resistor, measured with Tektronix 555
Dual-beam oscilloscope using a type 1 A7 vertical pre-amplifier. The
output of the 1A 7 is then connected to a spectrum analyzer which

provides a continuous display in the frequency domain.

2.4 Summary

In this chapter the experimental apparatus and Langmuir probe
diagnostic techniques have been described. The Q-machine produces
a relatively quiescent fully ionized plasma well suited for the s.tudy of
plasma instabilities due to the low level of background noise. In the
Q-machine the change in sheath conditions between the hot plate and
the relatively cool aperture limiter creates a jump in potential at the

edge of the plasma column.
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CHAPTER 3

EXPERIMENT

The aim of the experiment was to determine the parametric
dépendences of an observed, self-excited oscillation. The parameters.
are magnetic field, density, temperature and column length. In order
to determine the wave it is necessary to measure its phase velocities
by measuring the longitudinal and azimuthal components of the pro-
pagation vector, k, and the frequency, w. In the next paragraph a
general qualitative description of the observed wave is given including
radial amplitude dependence and in the remainder of this chapter the

specific measurements made are described.

3.1 General Description of the Wave

The wave appeared with varying degrees of coherence for
magnetic field strengths ranging between 500 and 5200 gauss, for
ionizer plate temperatures from 2000 to 2400°K, and for densities of
5 x10% to 5 x 10 ions per cubic centimeter. Probe measurements
were corroborated by densities computed from the ion current drawn by
the cold collecting plate which terminates the plasma column. A
typical frequency spectrum is shown in Fig.3-1. The spectrum shows
a dominant mode with a frequency of 9 kHz. and harmonics whose fre-

quencies are integral multiples of that of the dominant mode. The first
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peak at the left of the spectrum is the zero marker. Depending on
operating conditions either spectra with one dominant mode, multi-
mode spectra, or noisy spectra could be produced; noisy spectra being
produced more easily at higher magnetic fields. The wave was ob-
served for plasma columns with a high degree of azimuthal symmetry
and for columns which were strongly asymmetric.

Two typical density and floating potential profiles are shown
in Fig.3-2. The step-like falloff in the density profile in Fig.3-2b is
the striking difference between the two profiles. This is caused by
the annular manifold (Fig.2-10) used to supply neutrals to the ionizer
plate. In Fig.3-2a the manifold was removed and only one tube was
used to carry the neutrals from the oven to the hot plate. The wave

was observed for both configurations.

3.2 Determination of Flute Character of the Wave

In order to determine whether the observed oscillation is a
flute mode it is necessary to measure the propagation vector component

parallel to the magnetic field, k” (k Here, a flute mode is

parallel) .
defined as a wave with k" =0, The drift modes, which are instabilities
driven by the pressure gradient, can have k " ~ 0, It has been shown
theoretically22 and verified experimentally7 that drift modes occur

with a small, but finite, k " . This leads to difficulties in interpreting

the results of the measurement of k,_”, but as will be shown below the
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longitudinal wavelength of drift modes is much smaller than that for
the present instability.

The longitudinal wave number, k“ , was measured by means
of a probe which could be moved along the magnetic field and rotated
_across the field along a predetermined arc. In order to find k” it is
necessary to find the phase shift between the probe wave form at differ-
ent known longitudinal positions with respect to a fixed "trigger" probe.
If t is the measured phase shift and z is the distance the probe has
been moved then equating the phase v:eéigcity w/k " , to the velocity
computed from the phase shift, z/t, gives k" = wt/z. Sincé here one
is looking for small k" it is necessary to align the probe accurately
along the same magnetic field line. The method used to do this is
described below.

With a point chosen at the edge of the column the ion
saturation current drawn by the probe could be usgd to indicate if the
probe, once moved longitudinally, was still on the same field line.
Since at the edge of the column the density gradient is very steep,v
there is almosi; no error due to reading the current. The only source of
error is a possible misalignment of the chamber with respect to the
magnetic field. Both the coils and the chamber, however, have been
aligned by methods of optical tooling which limits any misalignment to
less than 0.1 mm off axis over 100 cm. of length along the axis. Using

these figures one estimates the maximum experimental error in k"; to be
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1 X 1072 cm™. The error comes from a shift of the plasma column with
respect to the axis of the probe. This means that when the probe is
positioned by the method described above it may not be at the same
azimuth as before, hence the observed phase shift .would have a con-
tribution due to the azimuthal propagation of the wave which creates an
error in the measurement of the longitudinal propagation. The measure-
ment of the longitudinal propagation is shown in Fig.3-3. The trigger
prpbe is fixed in position and acts only as a reference signal. Using
the average phase shifts between the trigger signal and the movable

-1

probe one calculates k" = 6,12 X 10~® cm™! over a distance of 20.55 cm.

From this value of k" one finds the corresponding longitudinal wave-
length -]221'1' , to be 1,02 x 10° cm. which is more than 20 times the
length of the apparatus. When the uncertainty is added to the measured
k“; the corresponding A " is still 8 times the length of the apparatus.
Drift modes usually occur with longitudinal wavelengths of tﬁe order of
2 times the length of the apparatus. 7

The constancy of the amplitude of the waveforms in Fig.3-3
‘ allows only a standing wave whose length is much greater than that of
the apparatus.

The wave dependence on k";_ can also be measured by changing
the length of the plasma column; if the longitudinal propagation depends

on the column length then a frequency shift will be observed when the

length is changed. In the single-ended operation of the Q-machine
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this is easily done by moving the cold collecting plate along the axis
of the chamber. In the present experiments, when the collecting plate
was used to change the column length by 50% neither the amplitude nor

the frequency of the wave changed a measureable amount.

3.3 Determination of Edge Oscillation

An édge oscillation in a Q-machine is defined here as a wave
whose maximum amplitude occurs at the edge of the plasma column.
In the present experiment the relative amplitude peaked sharply at the
edge of the column (Fig, 3-4) indicative of an edge oscillation. The
curve in Fig.3-4 has been obtained by connecting the oscilloscope
output of the probe signal to an a-c voltmeter whose d-c output was
used to drive the Y axis of an X-Y recorder. The X axis of the recorder
is connected to a linear potent_iométer which provides a voltage pro-
portional to the position of the radial probe. The resulting plot is then
normalized by dividing by the density at each point. The relative

amplitude curve in Fig.3-4 has been plotted from 50 calculated points.

3-4 Radial Propagation

A similar measurement was performed to see if the wave pro-
pagated in the radial direction. For this measurement there was no
problem in placing the probe since the radial probes can be set with a

maximum error of 0.25 mm. radially and are constructed to go through
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the center of the column within a millimeter. The results showed no

propagation in the radial direction (Fig. 3-5).

3.5 Azimuthal Propagation

The measurement of azimuthal mode numbers is similar to
that for k"1 excepf now the two probes must be placed at some known
angle 0 instead of some distance z. In this casevthe phase velocity
is 27r/mT where T is the period of the wave and m is the azimuthal
mode number and now the velocity measured by the phase shift is
r6/t where 6 is the angle between the probes so that m=27t/6T. In
general, the two probes must be in the same plane perpendicular to the
magnetic field for this measurement, It has already been shown that
k”-_ & 0 which means that the wave propagates in the same way at each
cross section of the column hence it is not necessary to have the two
probes in the same piane. One of the radial probes was used with the
probe shown in Fig.3-6 to measure mode numbers. Several mode
numbers were measured, but in many cases multi-mode or noisy
spectra made these measurements difficult. In some cases one was
able to observe the shift in modes by watching the frequency spectrum
while the magnetic field was changed very slowly, but in other cases
it was difficult to know which mode one observed. Figure 3-7 shows
measurements of modes three and four. Notice that the waveforms in

the measurement of mode three were taken on single sweep mode of
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the oscilloscbpe while those for mode four show multiple swéeps. The
use of the multiple sweep measurement was necessitated by the
presence of higher and lower modes than mode four which distort the
waveform and make phase shift measurements meaningless. Using

multiple sweeps -averages ,these—:mdesirable effects.

3.6 'Wave Properties Depending on the Gollecting Voltage

The wave appeared unchanged when the cold collecting plate
was allowed to float electrically as opposed to being biased negatively
to collect ions. When the collecting plate was grounded the wave still
destabilized, but with high background noise and modified spectrum.
Finally when the collector was biased to collect electrons the

oscillations disappeared into the background noise.

3.7 Mode Amplitude Dependence on Magnetic Field

Measurements of mode amplitude were made from the spectra
and normalized to the background density. These relative amplitudes
are plotted against B/(a; ~a;) Fig.3-8 where @) and a, depend on the
density inside and outside the column. In the theory section the
normalization (a; - @z) will be discussed, This dependence on B is
similaf to that of Ref. 7, but it will be shown that the two phenomena

are different from the physical point of view,
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3.8 Frequency Dependence and High Magnetic Field Behavior

In Fig.3-9 the wave frequency normalized by its respective
mode number is plotted versus B/(a; - a;). This figure shows that the
frequency of a particular mode decreases for increasing B. As the
magnetic field is increased, higher modes appear (Fig.3-8) and then
the frequency of the i’ﬁghest dominant mode becomes constant. When
the field is increased further, the narrow line character of the spectrum
disappears as the last mode observed is stabilized (Fig.3-10). The
resulting spectrum shows low level noise having a maximum amplitude
near the frequency of the stabilized mode (16 kHz. in the case shown).
Accompanying the spectral change is a change in the density profile
(Fig.3-11). It has been found that when the frequency spectra are
comprised of discrete modes the data is reproducible from one run to

the next, but when the spectra are noisy reproducibility is poor.

3.9 Study of Electrode Assembly Configuration Effects

The affect of the boundary conditions at the electrode aésembly
end of the plasma column has been studied. The aim of this study was
to find whether the "scraping off" of plasma by the aperture limiter
affected the observed oscillation. Three different configurations were
examined (Fig.3-12). Case A corresponds to a thin plate which was
fitted around the hot plate and mounted flush to it; cases B and C afe

similar except in case B a collar made of thin tantalum sheet was



AN MODE 3
® MODE 4
@ MODE 5
o MODE 6
o g o )
(O °
| | |
3 4 5

B / ( oC, — (Iz) — kgauss

Fia. 3=9 Freauencv dependence on magnetic field

LY



B__.

kgauss

4.42

PR e T

f— 10 kHz. / div.

Fig. 3-10 High magnetic field spectra



NUMBER DENSITY - n- 10°cm®>
o

H

AV

Fig. 3-11 Density profile with feedback

6%



50

CASE A

SiliE

FLUSH PLATE

_ iﬂ © CASE B
COLLAR
) _% CASE C

APERTURE
1Ll LIMITER

Fig. 3-12 Electrode assembly configuration

g

e




51

welded inside an ordinary aperture limiter. Case C is the ordinary
aperture limiter usually used in Q-machines to create the plasma
column. It should be noted that these tests were performed with the
annular manifold in place; the manifold has an inside diameter of

38 mm. and an outside diameter of 63.5 mm. In Figs. 3-13 and 3-14
the density profiles are shown for cases A and B respectively. Com-
parison of these profiles with that of Fig.3-2 (case C) shows that the
changes in boundary conditions made here do not affect the density
distribution significantly. The only difference is due to the change in
column diameter. In case A the column was limited by the size of the
hot plate which has a 25.4 mm. diameter, in case B the inside diameter
of the collar configuration was 22.2 mm and the aperture limiter in
case C had a diameter of 19,05 mm.

The oscillation spectra which correspond to cases A and B
are also shown in Figs. 3-13 and 3-14. Comparing these spectra to
that shown in Fig.3-1 shows that the oscillations have not been
affected by the change in boundary conditions. From this data it can
be concluded that the mechanical "scraping off" of particles is not

responsible for exciting the observed oscillations.

3-10 Summary
In this chapter an oscillation observed in a Q-machine has

been described. The wave was observed for magnetic fields between
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500 and 5200 gauss, for cathode temperatures from 2000 to 2400°K and

for densities ranging from 5 X108 to 5 X 10'© particles per cu.cm.

The following important properties have been measured:

1.

2'

k“ /A zero.

The maximum amplitude of the wave peaks sharply
at the edge of the plasma column.

The wave propagates azimuthally.

There is no radial propagation.

The dominant mode observed depends on B/(a; - @)
with higher modes being present for larger values
of this parameter.

The frequency of an observed mode decreases for
increasing B/(a) - a3) .

The wave is not excited by the mechanical "scrap-

ing off" of particles by the aperture limiter.

Edge oscillations observed in Q-machines have not yet been

explained theoretically. In the next chapter the equation for the flute-

type instability in a non-uniform electric field is solved. The solution

presented is the first known solution of this equation and it will be

shown in Chapter 5 that this theory describes the experimental

observations.
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CHAPTER 4

THEORY

In an ordinary fluid there are two well known types of

instabilities:

1. The Rayleigh-Taylor instability which may occur when-
ever a heavy fluid is supported by a light fluid against
gravity.

2. The Kelvin-Helmholtz instability which may occur when-
ever two adjacenth layers of fluid move with different
velocities thereby producing shear in the velocity.

The analog of these two instabilities in the MHD regime has been
known for some time.23 ‘In an MHD fluid the ratio of particle
pressure to magnetic pressure, B, is of order unity, hence pertur-
bations in the densijcy create perturbations in the magnetic field; in
low B plasmas, the zero order magnetic field remains unperturbed.
In the case of Rayleigh-Taylor instability the magnetic field places
the lighter fluid, while in the case of Kelvin-Helmholtz instability
there exists shear in the velocity. For low-f plasmas the flute mode
corresponding to Rayleigh~Taylor instability is called a gravitational
flute, while the mode corresponding to Kelvin-Helmholtz instability is
called a flute mode in a non-uniform electric field, The non-uniform

radial electric field produces velocity shear through the resulting
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E, X B drift.

In both types of flutes a destabilizing drift is produced by a
force field (either an effective gravity or an electric field). In the
case of the gravitational flute the problem has been solved, but for
the flute instability in a non-uniform electric field no solution is
available. In this chapter a solution for the flute mode in a non-
uniform radial electric field is presented and the driving mechanism

of flute modes is described.

4,1 Description of Plasma Flute Modes

For the flute mode including FLR effects, the resulting
dispersion relation is given by:15

2

V. ) 1
thn:l+ n
2Q ng

2 + .g. +
w wk [ O
where w is the frequency, k is the wave number, g is the effective
gravitational force, Vip 18 the thermal speed of the ions, ng is the
zero order density and where primes denote derivatives with respect

to the position coordinate. If the Larmor radius, Vth/ Q, is zero

the dispersion relation takes the simpler form:

2 g n' _
we+ wk o + g ng 0
This expression may be derived from the two-fluid MHD equations

without FLR effects. 11 A further simplification results if one

assumes the phase velocity of the wave (-i—) to be much greater than
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the gravitational drift (%):

showing that the plasma is unstable whenever gravity acts in the
direction of decreasing density. Now the driving mechanism will be
described.

Consider a plane geometry configuration, Fig.4~1. The effect-
ive gravitational force acts in the negative x-direction, the density
gradient in the y~direction and the magnetic field in the z~-direction.
Since the gravitational force depends on particle mass, its affect on
the electron motion is neglected: it produces only a zefo order ion
drift. FLR effects will be considered later. Due to the charge
separation produced by the differential drifts of ions and electrons in |
the gravitational field a perturbed electric field forms which, in turn,
gives rise to electric and inertial drifts. These drifts move plasma in
region 1 (Fig.4-1) toward the y-z plane from below and move plasma
in region 2 toward the y-z plane from above. In region 1 the drifts
tend to cancel the charge separation causing the drifts but in region 2
the effect is to increase the charge build-up. Since charge brought in
from region 2 comes from a source of higher density (due to the density
gradient) than fhat of region 1, the space charge is increased. When
the drift due to the gravitational field is of the same order as the

phase velocity of the wave shortwave perturbations will be damped,
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as can be understood from the following argument. The gravitational
drift carries sﬁéice charge in the direction of increasing y, so that in
time the direction of the electric fields in the two regions will be
reversed. This tends to cancel the space charge in both regions.

For short wave lengths there is not enough time for the charge to build
up between changes in the direction of the electric field and these
wavelengths are damped. In the case of 1Qng wavelengths there is
sufficient time for the charge to build up: residual space charge from
one period is enhanced during the next period. This causes instability
through a growing wave (overstability) and is shown quantitatively

from the stability condition for this case: 14

Q® n'
k? > 42 =—
g ng

‘When FLR effects are considered the stability condition

becomes15

k2 Vih Y n'
@lorg B) 249%;
in which an additional term depénding on the Larmor radius has entered,.
Physically, the effect of this term is to speed up the wave in the
y-direction thereby enhancing the damping due to gravitational drift.

The flute instability just described is well understood, but

when non-uniform electric fields are included in the analysis the

problem is not easily solved. This problem is discussed in the next
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section.

4.2 Flute Instability in a Non-uniform Electric Field

When the effects of the non-uniform electric field are con-
sidered the flute instability is analogous to the Kelvin-Helmholtz
instability of a fluid: the velocity shear is the driving force. As for
the gravitational flute instability FLR effects play an important part in
determining both the real part of the frequéncy and the stability of a
given mode. The eigenvalue problem formulated by Rosenbluth and
Simonl for cylindrical g.eometry takes the form of a differential

equation:

@y +[L=m i ewe ]y - 0

e — m
¢b=g, w=w+'r—Vo (1)
Vzh
= v 73 =Y = t
T _rw(_pw’rrp),‘)’ 5 Q

where Ee is the perturbed electric field in the 6 direction, Vo is the
zero order drift velocity in the 6 direction, w is the frequency, m is
the mode number, p is the density and where vy}, is the thermal
velocity of the ions. The equation is linear, of second order, has

variable coefficients which may be complex, and is singular.
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4.3 Solution of the Eigenvalue Problem

The geometry corresponding to the equilibrium configuration
for which Eq. (1) will be solved is shown in Fig.4-2, The constant
and uniform magnetic field acts in the z-direction. A zero order
electric field acts in the negative r-direction producing a zero order
drift velocity in the 6 direction. It is assumed that the density, p,
and the zero order rotation, Yrﬂ , are constant in two adjacent regions,
but suffer a jump discontinuity at r = ry, as shown in the lower part
of Fig.4-2,

\'

In each of the two regions where p and To are constant

Eq. (1) becomes

2
pr+ 2y BSBLy = o (2)

which is of Euler-Bernoulli form and has as its solution
p= Cr™ !+ pyom-! (3)

For m > 1 the boundary conditions require that ¢ vanish at r equal to
zero and infinity. The case m =1 must be treated separately. If the
region 0 sr <rg, is called region "1" and the regionrg <r is called
"2" then application of the boundary conditions in each region yields

from Eq. (3)

]
Q
~

3

L
o
A
-

A
H-

‘bl 1 S
(4)

_ -m=1
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The constants C; and D, will be eliminated by the establishment of a
jump condition at r = g which will lead to the characteristic equation
for the frequencies. Before finding the jump condition it is necessary

to show that ¥ is continuous across r The jump condition will be

S .
found by integrating Eq. (1) from rg -€ to rg t€ and the limit taken
as € goes to zero.

The displacement of the surface of discontinuity is represented

F(r, 6, t)

The condition that the plasma at the surface moves with the surface
leads to
d Eg

=T (5)

where the right hand side is the perturbed velocity in the r direction
to lowest order in Larmor radius. Since the surface may be assumed
to oscillate in the same way as the other variables, i.e.,

exp. i (wt+mO) one obtains from (5) using —g—; = (w+ -rrBVo)

iP(w+’-;—‘vo)=F§ (6)

or using the definition of ¥

$ = iBF (7)

which shows that ¥ is continuous to lowest order at r =rg.
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Now Eq. (1) can be integrated to find the jump condition at rg.
Rewriting the equation one has

rgte
£ | (T’ + [(1-mH) YT+ r?w?]p'y
e-.o rs-€ )

+(1-m)wprdl =0 (8)
Terms which are bounded (in this case the last term) will
vanish upon taking the limit € =0, The first and second terms will
contribute to the jump condition since derivatives of functions which
are discontinuous appear in these terms which makes them unbounded.
After performing the integrations and going to t‘he limit the jump

condition is found to be
' -— 2 —
A (TY') + [(1-m))yDg+rgw'ldgbgp = 0 (9)

where

= + - =
As(f) = f(rs ) - f(rS y=f; - §)
and where
— m
Gg =0+ 5 (Vo, + Vo,)

The values for ¥j and Y5 are found by differentiating Eq. (4)

¥ = Ci(m-1)r ™% =Y (m-1)rg™
(10)

¥2)g = -Da(m+ Lrg"M=2=y (m+ Lyrg™
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where the continuity of ¥ at r_. has been used. Now Eq. (10), the

S

definition of T and the new quantities

P P2
prtpz ' TP pitpr

g

@ y = (11)

may be used in Eq.(9) to yield the equation for the characteristic

frequencies

2 1-m?) =
w? + {;; [(m+1)Vy, a2+4(m—1)V01 alj-(az-al)'(—r?—)‘y}w

® (12)
m(m+1) . 2 m=-1 m(1-m?) ¥y
+ _ir_z_")'voz az'*"m(?_)'vola’l =~ (az-a) "(5'3—") 7.(V01+Voz) =0
s s Ts
which may be solved to give
__L Qe s
0=-i [(m+1)vo?_ @+ (m-1)Vo, aq] + 2 (a2 - )y
£ {2 [ (1) Vo,0+ (m-1)Vo 00 e - a7 | (13)
1 2 m l-mz - %
- 17.‘:"—l:m(m+1)Vi,‘2 ap+ m(m=1)Vg e - s az-a’1)(V01+Voz)7’]}

Stability requires that w be real which yields the condition for
stability
(1-m% —
[ (m+1)Vo 00+ (m=1)Vg 00 -5 (@2 - a) 7 | >
S
(14)

m(1-m? vi
m(m+1) Vg, @ + m(m-1)Vo, a1 ~ =g — (a2 - 1) (Vo + Vo) ¥
S

The physical meaning of the stability condition is seen more clearly
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if Eq. (14) is rewritten
-m’eyaz (Vo, - Vo) - m(1 - 202)(\’%2 oyt Vf)lal) + (Vo2 - Vo, 1)
— m m+1 m-1
+Y (az - a1)(1 - mz)[?;'s'(vol'*'voz) "'('E)'Voza’z = (—r';')volal (15)

+ g(afz—al)(l -m*) ] >0

Expression (15) will be discussed below.

4.4 Discussion of Results

The first term in Eq. (15) is due to the shear in the velocity.
This is the main mechanism which drives the instability. The second
and third terms are due to the cylindrical geometry and do not appear
in the analysis for a plane geometry. The net effect of these two
terms is destabilizing and is caused by the centrifugal force which
acts to push more dense plasma to a region of less dense plasma.
The last term contains the FLR effects. The net effect of the FLR term
is stabilizing and since it is multiplied by a factor (1 - m?%) it is more
stabilizing for the higher mode numbers (short wavelengths). This is

the result obtained for the gravitational flute instability. 10

4,5 Solution for Mode One

For m =1, Eq. (1) degenerates to

(TY")' + r* w?p'dp = 0 (16)
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In the two regions where p and —1;9— are constant, § must now
satisfy

p+ 2y =0 (17)

which has the solution

a,b=-5-D;z-+C (18)

In region 2 the boundary condition that ¥ vanish as r becomes infinite

requires that C =0, hence
D
= o e 9
‘bz 2r2 (1 )

The boundary condition (as r goes to infinity) is the same as form>1,
however in region 1, ¥ is no longer required to vanish at r = 0. The
reason for this is implicit in the physical meaning of m=1 which
represents an off axis displacement of the plasma column as a whole.
Now it is only required that ¥ be bounded at the origin. This leads

to the solution in region 1:

Y = C - (20)
The jump condition for this case is found from Eq. (17) as
B (TP +r2 Wb bgp=0 (21)

On substituting Egs. (19) and (20) one finds the dispersion relation
2 .
5 Voz VOz _ '
W'+ da, T, v t 20z 0 (22)
S
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This leads to the expression for the frequencies

v Vv 1
W= =20 2 & —2 [, (day - 2)]? (23)
I'S I'S

4.6 Discussion of Results for Mode One

Notice that for this case no FLR effects appear. This is a
result of the degeneracy of Eq. (1) for the case of m=1. The physical
meaning of this lies in the fact that for the case of an off axis shift
of the column as a whole the perturbed electric field is a constant in
space and therefore the averaging effect of the finite particle orbits
gives no contribution. Since @, can never be greater than 3 for
density profiles which are peaked at the center, mode one is seen to
be unstable. The same result has been found by Kadomtsev14 for the

gravitational flute instability.

4,7 Numerical Calculations

To interprete FLR damping affects on the growth rate of the
modes, numerical calculations were done for several hypothetical
sets of parameters on the IBM 7040 computer at The City College
Compt{tation Center. A typical case is presented in Fig.4-3. The
linear growth rate, Im(w), is plotted against mode number for various
values of the parameter ¥ . The parameter Y is proportional to

Iy, Vih which means ¥ is directly proportional to temperature and



107 Hz.

Im. (W)

Voo = 2 X IO4 cm./sec.

X, — &, =-0.75

2 3 4 5 6 T 8 9 10

MODE NUMBER ——(m)

Fig. 4-3 Mode growth rates (Im. w)

12

69



70

inversely proportional to magnetic field. Several effects are im-
mediately apparent from Fig.4~3. First, the growth rate for m=1 is
independent of ¥ which has already been noted. Second, for lower
values of 7 the growth rates of séveral modes are comparable indi-
cating that more than one mode may be observed at one time. Last,
it is seen that for small ¥ (large B or low T) the growth rates of higher
modes become large. This is expected since for large B the Larmor
radius becomes small and‘ therefore FLR damping becomes small.
also, it has been shown16 that in the limit ¥ - 0 ‘Eq. (1) in the case
of plane.geometry reduces to the equation describing the Kelvin-
Helmholtz instability in an ordinary fluid. In fact when Eq.(1) is
solved for the case of plane geometry and the limit taken as ¥ = 0 the
solution is identical with that for the ordinary Kelvin-Helmholtz
instability.24 In this case the higher modes are known to have the
. largest growth rates. When examining Fig.4-3 one should take into
account that the quantity a; - @y always multiplies ¥ in Eq. (13) so
that if ¥ is replaced by a constant multiple of a, - @; the resulting
curves will be identical to those shown.

The real part of the frequency for the same input as in
Fig. 4-3 is shown in Fig. 4-4. For modes greater than mode one
the non-linear variation of frequency with mode number deduced in
Eq. (13) is illustrated in Fig.4-4. Here, as is the case for the

imaginary part of the frequency, there is no FLR effect for mode one.
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For a given mode the frequencies are seen to increase for increasing
¥ . This means that the frequency increases for decreasing magnetic
field when all the other variables are held constant. Such variation
is difficult to observe in a Q-machine since a change of magnetic
field automatically produces a change of the other parameters so in

Chapter 5 the frequencies are compared on a point by point basis.

4.8 The Eigenfunctions

More information about the flute modes can be obtained by
examining the eigenfunctions, ¥ . These functions are proportional
to the wave amplitude by definition. In the experiment the amplitudes
are actually limited by nonlinear processes. This will be discussed
further in Chapter 5. The dependence of Y on r is shown in Fig,4-5.
Since ¥ must vanish at the origin, the eigenfunction in region 1 must
increase with a power of r while the vanishing of ¥ at infinity means
must decrease with an inverse power of r. The contiﬁuity of ¥ at rg
means that ¥, = ¥, there, Notice that for the higher modes § peaks
sharply at Ig. If rg occurs at the edge of the column as it does in a
Q-machine, then this amplitude variation is indicative of an edge
oscillation. For the case when m = 1 the eigenfunction is constant
in region 1 and does not peak at g but falls off as r~? for r greater
than rg. This is consistent with the physical picture of mode one

given earlier.
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4,9 Three Region Solution

Now that the two region has been discussed and the main
physical features of the theory have been made apparent, the ex-
perimentally interesting case of three regions is considered. Look-
ing at the potential profiles in Fig.3-2 it will be seen that there are
three distinct slopes corresponding to three different regions where
Vo is constant. In the interior of the plasma V= 0, at the edge of
the column Vg is very large and then breaks into a region where Vo
is relatively small. In this case there are three regions with two
discontinuities leadking to three solutions of Eq. (1) and two jump
conditions. The following assumptions which have been guided by
the experiments have been made:

m
1. =V, »>w
r 2

2. Trjp2~Tr23

where r;; is the radius of the discontinuity between regions 1 and 2
and r,; is the radius of the discontinuity between regions 2 and 3.

The characteristic equation for the frequencies for this case is
6(m* - 1)p, B% + (m=1)py Wy* + (m+1)p; By°
v (24)
-= Yo
- [w2+ m? (1 - m%)y "r'ﬁ‘](Ps -p1) =0

where the symbol, 6, is defined by

5 = f23 =112
Iz
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This dispersion relation is derived in Appendix B. It is shown
that the aésumption % Vo?_ s> w, makes the FLR correction to the real
part of the frequency small. The factor 6, which multiplies the con-
tribution from the second region, represents a weighting factor
depending on the thickness of region two. If one formally sets &
equal to zero one expects to recover the two region solution. This,
however, must be done before the above restriction on Vo, is made,

as shown in Appendix B.

4.10 Summary

In this chapter the mechanism of excitation of flute
instabilities has been described. In the presence of non-uniform
electric fields the instability resembles the Kelvin-Helmholtz
instability of an ordinary fluid. The eigenvalue problem formulated
_ by Rosenbluth and Simon1 has been solved for the special case when
the density and zero order drift velocity divided by r are constant in
two adjacent regions and suffer a jump discontinuity on the surface
of the cylinder r=rg. The choice of this special case leads to a
differential equation in each of the two regions for which the solution
is known. These solutions are used in a jump condition at r=rg in
order to solve for the frequencies. The important results are:

1. The shear in the velocity drives the instability similar to

the Kelvin-Helmholtz instability of an ordinary fluid.
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2., FLR effects stabilize for short wavelengths similar to
the case of the gravitational flute instability.

3. Mode one has no FLR effects.

4. The eigenfunctions which are proportional to the wave
amplitude peak sharply at r =TIy which is characteristic
of edge oscillations in Q-machines.

5. The equation for the frequencies is presented when three
regions exist in the plasma. The results show that the
thickness of the center region where the velocity is high,

is important in determining the frequency and stability

of the different modes.

In the next chapter, the theoretical results are compared with

the experimental data.
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CHAPTER 5

COMPARISON OF THEORY WITH EXPERIMENT

AND CONCLUSIONS

In the last chapter the differential equation for a flute mode in
a non-uniform electric field was solvved for the case of two distinct
regions in a cylindrical plasma column and the dispersion relatior} for
the three region case was given. The solution to the two region
problem made clear the physical mechanism of the instability and the
FLR effects. This solution is not applicable to experiments in a
Q-machine because the plasma shows three well defined regions
rather than two. Thereforé in this chapter the three region solution
will be compared with the experiment.

" It should be noted that the assumption that k" is zero has

been used in the derivation of Eq. (1). The measurement showing that
k " is approximately zero has alréady been presented in Chapter 3 so

that this requirement is satisfied.

5.1 Interpretation of the Data

In order to make a detailed comparison of the theory with the
experiment the following parameters in Eq. (25) must first be obtained:

P1s Pz: P3, Vo;l Vo,» Vo,» 8, and ¥. The calculation of ¥ presents
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no problem since it depends on the temperature which has been
measured with a pyrometer and the magnetic field which has been
measured with a calibrated gaussmeter. The choice of the other para-
meters listed above is not so straightforward and the method of choos-
ing them will be explained with the help of Fig., 5-1. In Fig.b5-1 is
shown a a typical set of floating potential and density profiles for the
case when the potassium was sprayed on the hot plate from one nozzle.
First consider the potential profile. From this plot one calculates E_,
the zero order electric field, by taking the slope and hence the zero
order E X B drift velocity, V,, can be computed from V, = B - It will
be noticed that there are three well defined slopes in the potential
profile in Fig.5-1. From the origin to the edge of the hot plate, the
slope is zero. This was the case for most of the runs and indicates
that the central core of the column undergoes no drift due to radial
electric fields. At the edge of the hot plate there exists a small region
in which the potential changes rapidly. This is caused by the change
in sheath conditions from the hot plate to the relai;iv’e_l_y cool aperature
limiter. In this region the electric drift is very large creating shear
in the velocity at the edge of the plasma column. The third region has
a milder slope than the second so there will be additional shear
between these two regions.

The densities used are chosen at the center of the region over

which VO is constant. The quantity 6 is calculated from the definition
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given below Eq. (24). The respective radii are shown in Fig.5-1. The
V
lower sketch in Fig.5-1 shows the measured variation of -r—g and p

along with their assumed variations.

5.2 Comparison of the Frequencies

Using the parameters chosen as described above, the real part
of the frequency can be calculated from the dispersion relation,
Eq. (24), and compared with the measured values. The plot of

f vs f

meas calc (Fig. 5-2) shows-good agreement, The error bars

indicate the error in measuring the slopes from the potential profiles.
In plotting this curve only the dominant mode on a given spectrum was
used since the other modes may be subjected to non-linear phenomena
such as mode locking4 which would cause an error in the frequency.
It should be noted that the factor 6§ which multiplies the dominant term
for the real part of the frequency (Eq.(24)) represents the relative

thickness of the central region.

5.3 Comparison of Mode Amplitude with Linear Growth Rates

The imaginary part of the frequency represents the linear

~ growth rate of an unstable mode. In all cases where a mode has been
observed, the calculations have shown the mode to be unstable. The
growth rates of modes 3, 4, and 5 are shown in Fig. 5-3 where the cal-

culated points have been joined by straight lines. The broken lines
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are experimental values, Fig. 3-8, ;;hown for comparison. Consider-
ing that the mode amplitudes are limited by nonlinear phenomena the
results are good. The predicted mode transitions correspond well to
the observed transitions.

The curves shown in Fig.5-3 are similar to those obtained by
Hendel and Politzer', 7 but the two phenomena are different. In Ref.7
a collisional drift wave was observed where the selective mode damp-
ing is caused by ion-ion collisions. In the present experiments the
density has been such that collisions may be neglected, hence FLR

damping becomes important.

5.4 Mode One

It will be remembered that mode one was not observed in the
experiments. According to the theory mode one has a smaller growth
rate than the higher modes, and even if destabilized it would be
difficult to detect. The only possibility of observing mode one is at
the origin where the amplitudes of the higher modes -is— required to
vanish, but the amplitude of mode one may be finite. Some evidence
for the presence of mode one is presented below where the radial de-

pendence of the eigenfunctions is considered.
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9.5 Radial Dependence of the Wave

One further comparison which can be made between theory
and experiment is that of the radial dependence of the wave. To do

this one compares the eigenfunction

which is calculated from the experimental data, to the theoretical
solution for . Since Eg is essentially a measure of the wave amp-
litude, the relative amplitude (Fig. 3-4) calculated from the density
fluctuations may be used in its place. A typical case is éhown in Fig.
5-4 where the dominant mode observed was mode three. In Fig. 5-4
the points are calculated values and the curves have the proportionality
shown. It is obvious from the plotted poiritsw'that Y (measured) does
not vanish at the origin which is required by the boundary conditions.
Neither the error due to placing the probe nor the error due to the finite
length of the probe tip are large enough to explain the observed mag;
nitude of ¥ at the origin. This discrepancy occurred over the entire
range of magnetic field.

The only mode which is not required to have a vanishing amp-
litude at the origin is mode one. The eigenfunction for mode oné
should be a constant in region one and should decrease like 1/r? in

region three. The eigenfunction predicted for mode three is

Py ~r%, YPs~r~*
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If the é:alculated points are considered to be a sum of contributions
of modes one and three (since Eq. (1) is linear the principle of super-
. position holds) then subtracting out the theoretical contribution of
mode one (making ¥ for mode three vanish at the origin) shows that
the radial dependence of the amplitude is predicted by the theory.

In this chapter the experimental work which has been per-
formed has been compared to the theory of a flute mode in a non-
uniform electric field formulated as a differential equation in the
literature1 and solved for a special case in Chapter 4. The as-
sumptions made in solving the differential equation have been shown
to approximate the conditionsl which ‘obtain in a Q-machine where
edge oscillations have been observed. The following comparison
show agreement with the theory:

1. Frequency of the wave

2. Mode amplitude patterns

3. Radial dependence of the wave amplitude

5.6 Conclusions

The _equation of Rosenbluth and Simon1 describing a flute

instability in a non-uniform electric field has been solved for the con-~

'
ditions p = constant and '?Q = constant in adjacent regions. The

solutions satisfy easily obtainable boundary conditions at the surfaces

where p and V, are discontinuous. The eigenfunctions and their



87

corresponding eigenvalues, w, have been found yielding the fre-
quencies and a stability criterion which are readily compared to ex-
periment. The assumptions made to obtain the solution approximately
satisfy the experimental conditions found in a Q-machine.

The theory shows the velocity shear and centrifugal force to
be destabilizing. FLR effects have been found to stabilize the higher
modes which is the same resglt obtained for the gravitational flute
instability. 12 The mode m= 1 has no FLR effects due to the
degeneracy of Eq. (1) for this case. The radial dependence of the
eigenfunctions shows the wave amplitude has a sharp peak at r =rg,
the surface of maximum velocity shear.

An instability characterized by a maximum relative amplitude
near the maximum velocity shear ha!s been studied in a Q-machine.
The experimental data is compared with a three region solution to
Eq. (1). Frequencies calculated from the theory are in agreement
with those measured experimentally, linear growth rate patterns agree
with the measured mode amplitude patterns and the radial dependence
of the eigenfunctions compares favorably with measured values.

It should be noted that the theory has been derived from a
linearized equation and should not be expected to be valid outside
the linear domain. The amplitudes observed in the present work must

be limited by non-linear processes since they arise from an over-

stability and therefore should grow without bound. The linear theory
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is strictly valid only in the small time inter\}al when the perturbation
amplitude is small. While no rigorous justification e}fis_gs for the
interprétation of non-linear modes with a linear theory it has been
recently pointed out25 that both in experiments with plasmals'7 and

ordinary ﬂuids24 large amplitude observations have been explained

by linear theories. The present experiments fall into this category.
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APPENDIX A

TWO REGION SOLUTION FOR PLANE GEOMETRY

The solution for plane geometry is found using the method
given in Chapter 4 for cylindrical geometry, except now the differ-

’

ential equation is

(TY') - kK¥(T-gp)d = 0

EV
y== . T=utkV, (A1)
K v
eS0T . ~_th

Here the zero order electric field acts in the x direction producing a
zero order E XB drift in the y direction. The configuration is shown
in Fig. A-1. The upper figure shows the geometry and the lower

figure shows the assumed density and velocity profiles. In the two

regions where the density and velocity are constant Eq. (Al) becomes

" - kP =0 (A2)
with the solutions
!bl = Aekx xs0
(A3)
P, = Ae kKX x=0

where the subscripts indicate the region of validity of the respective
solutions. The jump condition is found by integrating Eq. (Al) from

-€ to +€ and going to the limit as € approaches zero. The jump
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condition for this case is
A (TY') + (g-TgY)k*Yg Bgp = 0 (A4)

Using the solutions (Eq. A3) in the jump condition gives the charac-

teristic equation for the frequencies as

w? + 2kw|:(an02+a'1 Vo,) + a; -a’z)]

(A5)
+ kz[(a’z Véz + Vgl) + (az - aq)(% (V01+ VOZ) - 'E'):I =0
which can be solved for the frequencies
0= -k[ @ Vo, + a2 Vo, * 2 (2= B1) |
+ k{(ee - ) [ Vo, (a1 = 1) + 7 Vo, (o= 1)+ | (A6)

1

- e, (Vo, - voa)z}i

The reality of the frequencies yields the stability condition
(@2 - @) [¥ Vo, (@ - 3) +7 Vo (@ - )+5k1] -z (Vo, ~Vo,)% > 0 (A7)

Except for the explicit inclusion of an effective gravitational acceler-
ation, the major difference between Eq. (A7) and Eq. (15) is that no
centrifugal effects are found, as expected. The shear in the velocity
is again destabilizing and FLR effects are stabilizing. The gravity
term will be either stabilizing or destabilizing depending on its
direction.

It has been shown16 that Eq. (Al) reduces to the equation

for the Kelvin~-Helmholtz instability of an ordinary fluid in the zero
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Larmor radius limit. This is tantamount to setting ¥ = 0. When ¥ is
- formally set equal to zero in the equation for the frequencies,
Eq. (AB), the result is

1
w=-k[aVo, +aVo,] k{(ez- ) - a1 (vc,]l-vc,z)z}z (A8)

This is identical with the equatioﬁ given by Chandrasekhar%% for the

Kelvin-Helmholtz instability of an ordinary fluid.
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APPENDIX B

THREE REGION SOLUTION

Inlthe Q-machine there are three well defined regions over which
the drift velocity is constant. The two region theory which has been
presented in the text of this the;is shows all the essential features of
the physical mechanisms which affect the instability, but is inadequate
for comparison with the experimental results. The extension of the
solution to three regions presents no formal difficulties, but the
algebra is more involved.

It is desired to solve Eq. (1) for the case when there are three
regions over which the density and zero order drift velocity divided by‘
r are coﬂstant. In these regions Eq. (1) again reduces to Eq. (2), but

now the solutions in the three regions are gi{/en by

$ = Ar™
Y, = BrM1 + Ccr-m-? (B1)
Y3 = Dr~m-!

Instead of the jump condition, Eg. (9), one now has two jump con-
ditions to satisfy at the interfaces between the three regions,
Substitution of the above solutions into the two jump conditions for

this case and using the continuity of § across each of the jump regions

yields three equations for the three integration constants
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C — — 2m(1-m?)——
2m T P2 B2 = (m=-1)p, W," + (m+1)ps Bs° - [wz"’_n;és—'ln—)?’ wza] (P2 -p2) (B2)

2m c I3

m . _ 2m(1-m?) ——
A P20’ =(m-1)p, B> = (m-1)p, wlz+[wz+ ‘Ln;(lr?‘m—l'}’ wxz](Pz'Pl) (B3)

S
Ar2 4 0(1 - —2%1—)
T12

The first two equations come from the jump conditions and the
third from the continuity of
WO = 2mp,; —h—)zz

W; = r.h.s. of Eq. (B2) (B5)-

2
|

= r.h.s. of Eq. (B3)

one obtains

W W, = RWo W, + (1-R) W, W, (B6)
where
2m
= (a3 ~
R (rlz ) 1 (B7)

If R=1 the usual two region solution is recovered. The assumption
that R is approximately equal to unity has been guided by the experi-
mental results. Using this assumption one may write R = 1 + € where
€ is considered small compared with 1. Equation (B6) then becomes
WoW, = (1L+€)WoW, —e W, W, (B8)

Since in the experiments Vo, is much larger than % the following

approximations are made:
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= = kv kv -
© o o

2. Hw~ 2 : B9
iz 23 2r{; 2133 (B9)

Using approximations 1 and 2 the difference W, -W; is found from

(B2) and (B3) as

- — 1-m?
W, =W, = ~(m=1)p, B,%~(m+1)ps w32+[w2+91;?z—’-“—)ykv02](p3-p,) (B10)

and using the third approximation one finds

-2
W _(m-lpptp” , = mcl (B11)
Wo 2mp, W,

Substituting the last two results into Eq. (B8) the dispersion relation

in terms of € is

2
€ /m“=1\— — -
5( - )wzzpz+(m-1)p1w12+(m+1)p3l.~.>32 .
(B12)
2 2y~ kvoz
-[w +m(l -m®%)y Z ](ps-m) =0
Since € is small one can write
13\ 2m
-s=1-(;f;~) = 1=(1+6)"+...~-2mb (B13)
where 6 is the relative thickness of region two and is given by
I3 ~T
§ =~ t2 (B14)

Iz
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so that the dispersion relation becomes .

8(m® - 1)p, Wy + (m ~ 1)p; By + (m+ 1)p; W 7

- [wz + Iﬁr‘lls;:'l'nﬁ-;voz](m-m) =0

(B15)

This is the relationship from which the frequencies and growth rates

used in the comparison with the experiment have been calculated,
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