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ABSTRACT

POLYTOPAL GRAPHS AND ARRANGEMENTS OF CURVES
by

Dalyoung Jeong

Advisor: Professor Joseph lMalkevitch
Let P be a 4-valent 3-polytope, and let G be a plane 4-
valent 3-connected graph whose vertices and edges correspond
to the vertices and edges of P, respectively. Then,
P; = 8 + Yo, (k - 4)'p,, (*)
where p, is the number of faces of G (or P) with k sides.
The following “"Eberhard-type®* theorem, which extends a theorem

of B. Granbaum, is proven:

Theorem Given a collection of non-negative integers p,;’, ps ,
Pe’, ... D, which satisfies (*), there exists a non-negative
integer p,” and a 4-valent 3-polytopal graph G, having an
Eulerian circuit which is generated by choosing the *middle
edge" to be the next edge as one approaches a vertex along an

edge, and such that p,(G) = p” (3 £ k S n). (p(G) denotes the

number of faces with k sides in G.)

Similar results for 4-valent 3-polytopal graphs having
either a Hamiltonian circuit or a spanning tree without 2-
valent vertices are also proven.

Additional structure theorems about plane 4-valent graphs



which can be written as the union of simple plane circuit are
also proved. For example, the following theorem is proven in

detail:

Theorem If p,” =1, p,” = 8 + (s-4), and p;” = 0 for all i # 3,
4, and k, then there is no plane 4-valent 3-connected graph G
which is the graph of an arrangement of simple curves for
which p,(G) = p,” for all k = 3, 4, 5, ..., s, and any choice

of p,".
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CHAPTER 1 INTRODUCTION

1.1 Preliminaries

Most of the graphs discussed in this study are plane 3-
connected graphs, which are interesting because they are
isomorphic to the graphs of the convex 3-dimensional
polytopes. There are two topics which form the main body of
this thesis. These topics are discussed in detail 1in
Chapters 2 and 3.

Chapter 2 deals with three variations on an Eberhard-type
problem for 4-valent graphs. This problem concerns the
existence, for a given p-vector, of a 3-polytope which has: 1)
a "cut-through®" Eulerian circuit, ii) a Hamiltonian circuit,
or iii) a proper spanning tree.

Chapter 3 talks about arrangements of simple curves, a
notion developed by B. Grinbaum [8]. Some properties of
arrangements of simple curves, as well as the question of the
realizability of a certain kind of arrangement of simple
curves, are discussed. Regarding the realizability question,
an Eberhard-type problem involving the arrangement of simple
curves 1is considered and solved.

For what follows, we define terms and notation briefly in
this chapter. Basically, we follow the terminology of J. A.
Bondy’'s Graph Theory with Applications (2], B. Grunbaum’s
Convex Polytopes [(S], and J. Malkevitch’s *Polytopal Graphs*

(17].



1.2 Graphs and Subgraphs

A graph G is an ordered triple (V,E,y;) consisting of a
finite nonempty set V of vertices, a set E, disjoint from V,
of edges, and an incidence function y, that associates with
each edge of G an unordered pair of vertices of G. If e is
an edge of G and u,v are vertices such that y,(e) = (u,v),
then e is said to join u and v, and the two vertices u and v
are called the endpoints of e. The endpoints of an edge are
said to be incident with the edge. Two vertices, like u and
v, which are incident with the same edge, are adjacent. An
edge with identical endpoints is called a loop. A graph is
simple if it has no loops and no two of its edges join the
same pair of vertices. Most of the graphs considered in this
thesis are simple graphs because they are the graphs of 3-
polytopes.

Two graphs G and G’ are isomorphic if there exists a one-
to-one correspondence between their vertex sets, as well as
their edge sets, which preserves adjacency. Let V(G) denote
the set of vertices of G and E(G) denote the set of edges of
G. A graph H is a subgraph of G if V(H) ¢ V(G), E(H) ¢ E(G),
and VW, is the restriction of y; to E(H). A subgraph H is
called a spanning subgraph of G if V(H) = V(G). The degree
(or the valence) of a vertex u, which is denoted by d(u), is
the number of edges in G incident with u. The vertex u is
called d(u)-valent. A graph G is k-regular (or k-valent) if

d(u) = k for each vertex u in G.



1.3 Paths and connectedness
A u-v walk of G is a finite, alternating sequence of
vertices and edges
u=u,, e,,4,,€;, ... ,Uy,,€,,U,=V
starting with vertex u and terminating with vertex v. A walk
is closed if its starting and terminating vertices are the
same. All the vertices except the starting and terminating
vertices are called internal vertices. A u-v path is a u-v
walk in which no vertex is repeated, while a u-v trail is a u-
v walk in which no edge is repeated. A pair of u-v paths is
called internally disjoint if the sets of internal vertices of
the two u-v paths are disjoint. A closed trail is called a
circuit. A cycle is a circuit whose starting and internal
vertices are all distinct. A Hamiltonian cycle in G is a
cycle whose vertex set is equal to that of G. A graph G is
called Hamiltonian if there exists a Hamiltonian cycle in G.
A graph G is Bulerian if there exists a circuit which
traverses all the edges of G exactly once. A graph is
connected if there exists a u-v path for each pair of vertices
u and v. A tree is a connected graph which contains no
cycles. A graph G is trivial if it consists of only one
vertex and no edges. There is only one trivial graph up to
isomorphism. A graph G is n-connected if and only if the
removal of fewer than n vertices results in neither a
disconnected graph nor the trivial graph. For example, a
tree is l-connected and a cycle is 2-connected. However, in

the study of polytopes, 3-connectivity allows for the



possibility of 4-connectivity or higher connectivity. H.
Whitney provides another characterization of an n-connected

graph.

Theorem 1.1 (H. Whitney) A non-trivial graph G is n-
connected if and only if for each pair u,v of distinct
vertices there are at least n internally disjoint u-v paths in

G.

For the proof, see G. Chartrand [3].

1.4 Plane graphs

A graph is said to be embeddable in the plane, or planar,
if it can be drawn in the plane so that its edges intersect
only at their endpoints. Such a drawing of a planar graph G
is called a planar embedding of G. We will refer to a planar
embedding of a planar graph as a plane graph in this thesis.

Figure 1.1 (a) shows an example of a planar graph and Figure

1.1 (b) shows its planar embedding. (All figures are grouped
in the Appendix A). Every planar graph can be embedded on
the sphere.

Theorem 1.2 (see J. A. Bondy [2]) A graph G is embeddable in

the plane if and only if it is embeddable on the sphere.

A plane graph G partitions the plane into a number of

connected regions. The closures of these regions are called



the faces of G. Figure 1.1 (b) shows a plane graph with 4
faces. Each plane graph has exactly one unbounded region,
called the infinite face (or exterior face). The number of

edges encountered as one traverses around a face is called the
number of sides of the face. Figure 1.1 (b) has two faces

with 3 sides and two faces with 4 sides.

Theorem 1.3 Let G be a plane graph and let f, be a face of
G. Then there is a plane graph G’, isomorphic to G, such
thact the face of G’ corresponding to £, is the infinite face.
Proof Since G is plane, it can be embedded on the sphere.
Rotate the sphere in order to place the north pole inside the
region corresponding to f,. Now, re-embed the graph into the

plane by using stereographic projection.

For a given plane graph G, one can define another planar
graph G" as follows: Corresponding to each vertex v (each face
f, respectively) of G, there is a face v' (a vertex f’,
respectively) of G'. Two vertices f' and g° of G’ are joined

by the edge e" if their corresponding faces f and g of G share

the edge e. The graph G’ is called the dual of G (Figure
1.2). Generally speaking, G’ may not be a simple graph
unless G is 3-connected. For example, in Figure 1.2, there

is a pair of vertices p’ and q' joined by distinct edges in the
dual G’ since G has a 2-valent vertex u.
Now, let us look at the relationship between the number of

edges, and the number of vertices of degree i, of a graph G.



Since a face with 1 sides in G corresponds to a vertex of
degree i in the dual graph G, we get a similar relationship
between the number of edges, and the number of faces with i

sides, of G.

Theorem 1.4 Let G be a graph. Let e, v,, and p, be the
number of edges, the number of vertices of degree k, and the
number of faces with k sides, respectively, of G. Then,

2'e = XYk'v, = Xk p.

For the proof, see J. A. Bondy (2] or G. Chartrand [3].

1.5 d-polytopes and Ruler’s formula

A set S of d-dimensional points is convex if, for any two
points p and q in S, the line segment pq is in the set S.
The convex hull of a set S is the intersection of all convex
sets containing S. A d-polytope is the convex hull of some
finite set of d-dimensional points. For example, 2-polytopes
are the convex polygons and 3-polytopes are the convex 3-
dimensional polyhedra. Actually, the main objects of our
study in this thesis are the 3-polytopes. We call the 0-
dimensional skeletons, 1l-dimensional skeletons, and (d-1)-
dimensional skeletons, respectively, of a d-polytope, the
vertices, edges, and facets (in the case of 3-polytopes, we
use the term faces instead of facets), respectively, of the 4d-
polytope. The graph of a d-polytope P is the graph

consisting of the vertices and edges of P. A d-polytopal



graph G is a graph which is isomorphic to that of some d-
polytope P. In this case, we say that P realizes G.
There is a simple but remarkable result discovered by

Leonard Euler for any convex polyhedron.

Theorem 1.5 (Euler’'s Polyhedral Formula) Let v,e, and f be
the numbers of vertices, edges, and faces, respectively, of a
3-polytope. Then,

v - e + £ = 2.

For the proof of this theorem and for the generalization of

this theorem to d-polytopes (d 2 3), see B. Grunbaum (5].

As we mentioned at the beginning of this chapter, there is
a nice relationship between the 3-polytopes and the planar 3-
connected graphs, which is described in the *Fundamental

Theorem of Polytopal Graph Theory".

Theorem 1.6 (Fundamental Theorem of Polytopal Graph Theory;
also known as Steinitz’ Theorem) A graph is 3-polytopal if

and only if it is planar and 3-connected.

For a proof, see B. Gruinbaum [5]. This theorem simplifies
the combinatorial study of a 3-polytope by allowing us to look
at a 3-polytopal graph in the plane which is isomorphic to the
given 3-polytope, instead of the original 3-dimensional

object itself. Moreover, this also allows us to apply graph



theoretical techniques to the study of 3-polytopes.

Remark Let G be a plane 3-connected graph. Then, the
following Steinitz operations (i.e., face splits) preserve the
planarity and 3-connectivity of the graph G.

i) Add two new vertices u and u’ and place them on the
edges e and e’, respectively, where e and e’ are sides of the
same face F. Then, join the two vertices u and u’ with a new
edge e, (Figure 1.3 a).

11) Choose a vertex v and add a new vertex v’ by placing
u’ on an edge e which is not incident with v. Then, join the
two vertices v and v’ with a new edge e, (Figure 1.3 b).

iii) Choose two vertices w and w’ which are not adjacent,

and join these two vertices with a new edge e, (Figure 1.3 c¢).

The following is the graph-theoretical version of Euler’s

formula.

Theorem 1.7 (Euler’s formula) Let G be a planar connected
graph and let v,e, and f be the number of vertices, edges and
faces, respectively, of G. Then,

v - e + £ = 2

The proof of this theorem can be found easily in many books on

graph theory (see [2} and [3]).



1.6 3-polytopes and ERberhard’s problem.

Let G be a 3-polytopal graph and let v, and p, be the number
of k-valent vertices and the nunber of faces with k sides,
respectively. For example, for the graph in Figure 1.4, v,
=3, vi =4, v =1 and p, = 6, p, = 3. Usually, we simply

call a face with k sides a k-~gon.

Theorem 1.8 Let G be a 3-polytopal graph and let v, and p,
be the number of vertices of degree k and the number of faces

with k sides. Then,

Y, .4-KkKp, + ¥ (4-kv, = 8
For the proof of this theorem, see J. Malkevitch [15].
If G is a connected plane r-valent graph with r = 3, 4 or

5, then we have more specific and important results which form

the starting point of this study.

Theorem 1.9 Let G be an r-valent 3-polytopal graph. Then,
(1) for r = 3, 3p, + 2D + Ps = Xaelk - 6)D
(ii) for r = 4, Dy = 8 + Yok - 4)p,
(iii) for r = 5, p; = 20 + X, (3k - 10)p,.

Proof Let v be the number of vertices of G. Since G is r-

valent, v, = v and v; = 0 for all 1 # r. And, by Theorem 1.4,

we know that Lk p, = 2'e = Lk'v,, where e is the number of

edges of G. Use these facts in the equation of Theorem 1.8.
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This yields the desired results (i), (ii), and (iii).

These are necessary conditions for r-valent 3-polytopal
graphs, where r = 3,4 or 5. Note that the coefficient of pq
in equation (i) and that of p, in equation (ii) are 0.
Therefore, the number of 6-gons, ps, plays no role in equation
(i) . Similarly, the number of 4-gons, p,, plays no role in
the equations (ii). From the first of these two facts, a
question was formulated and subsequently answered by V.
Eberhard (4]. This question was:

For a given number of non-hexagonal polygons whose
numbers satisfy equation (i), can we construct a 3-valent 3-
polytope by adding a suitable number of hexagons?

We can ask an analogous question for the 4-valent case.

To simplify further discussion, let us first define some
notation and terminology. For a given 3-polytope P, let
p«(P) be the number of faces with k sides (or simply p, as
before), and let s(P) be the following sequence of p,’'s;

S{(P) = (P, P4s/Ps/Pés -« +Pn)
where n is the greatest integer such that p, > 0.

A finite sequence s’ = (py ,P« Ps /Ds.---,Pn) oOf non-

negative integers 1is said to be realizable if there is a 3-

polytope P such that s(P} = s'. In this case, P is a
realization of s° (or P realizes s’). Let t° =
(py" P D5 +P7° . ....,p,) denote a finite sequence of non-negative
integers (notice that p, is missing in this sequence). We

say that t° is augmentable by p,” if there exists a 3-valent 3-
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polytope P which realizes the sequence (p;",pPs /DPs /DPs s -+-+Dn)-
Similarly, we can define the term augmentable by p,’. A
sequence (p,,P4Ps.P7,-.-.P.) Of non-negative integers is called

a p-vector if it satisfies equation (i) of Theorem 1.9.

Similarly, a sequence (p,,Ps,Pe/P7:..-,.Pn) ©Of non-negative
integers which satisfies equation (ii) of Theorem 1.9 is also
called a p-vector. Now, let us state Eberhard’s Theorem and

Grinbaum’s Theorem.

Theorem 1.10 (Eberhard’s Theorem) Every sequence
(py".P¢ /Ps P2+ +-..,P,) Of non-negative integers which satisfy
equation (i) in Theorem 1.9 is augmentable by some non-

negative integer pg .

Theorem 1.11 (Granbaum’s Theorem) Every sequence
(py"Ps ' Ps ' P7+....Ps) Of non-negative integers which satisfy
equation (ii) in Theorem 1.9 is augmentable by some non-

negative integer p,’.

For detailed proofs of Theorem 1.10 and Theorem 1.11, see
B. Grunbaum [5] and [6]. Since Grunbaum'’s proof of Theorem
1.11 is quiet clever, we shall illustrate it with an example.
The procedure of Griunbaum’s proof is:
(1) Construct blocks.
(ii) Place these blocks anti-diagonally.
(iii) Connect the 2- or 3-valent vertices to make

them 4-valent.
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For example, let p," = p¢° = 1, thenp,” = 8 + (5-4)°1 + (6 -

4)-1 = 11. Figure 1.5 (a) shows the blocks for a 5-gon and

6~gon. Each block for each k-gon contains k-4 triangles (k
= 5 o0or k = 6). Hence, it suffices to construct 8 triangles
outside of these two blocks. Figure 1.5 (b) shows the anti-

diagonal arrangement of these blocks and Figure 1.5 (c) shows
how to connect the non-4-valent vertices to complete the
construction. By connecting the non-4-valent vertices, we
obtain another 8 triangles (each labeled by the number *3*)
outside of these two blocks.

Other proofs of Grunbaum’s Theorem have been given by J.
Malkevitch [16]. Also, in addition to Eberhard'’s Theorenm,
which is an existence theorem, there are discussions in the
literature concerning the number of hexagons possible for a

given p-vector (see B. Grunbaum [7] and D. Barnette [1]).

Finally, let us state a nice necessary condition for a
plane graph to be Hamiltonian, due to E. Grinberg (see J. A.

Bondy (2] or G. Chartrand (3]).

Theorem 1.12 (Grinberg'’'s Theorem) Let G be a simple plane
graph with a Hamiltonian cycle C and let p be the number of
vertices of G. If r; denotes the number of faces with i
sides (of G) in the interior of C, and r,’ denotes the nrumber
of faces with i sides (of G) exterior to C, then,

Lo, (1 -2) (r; - ;') = 0.
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CHAPTER 2 REALIZATIONS WITH A CUT-THROUGH EULERIAN CIRCUIT

2.1 Introduction

After Grunbaum extended Eberhard‘s ideas to construct 4-
valent 3-polytopes for a given p-vector, some additional
analogues of Eberhard’s problem and other types of realization
problems have been studied (see J. Zaks (22], (23] and [24]).
In this spirit, we will discuss another type of extension of
Eberhard’s problem. For convenience, we will assume that all
graphs in this chapter are planar, simple, and connected
unless stated otherwise.

Let us define some terms. First, consider the concept of

a "directed trail* (or “directed path*") with certain specific

properties, Note that a directed path is a trail, not a
path, as defined in Chapter 1. Therefore, some vertices may
be traversed several times by the same directed path. Let G

be a plane 4-valent graph. Let u be a vertex in G and let e,
e,, e,, and e, be edges which are incident with u. Suppose
that the vertex u is visited by a directed path via the edge
e, (Figure 2.1 a, All figures are grouped in Appendix A).

Then, there are three possible ways to choose the next edge,
that is, either e,, e,, or e,. We call these three edges, e,
e,, and e, a left edge, a middle edge, and a right edge,
respectively. If the edge e; is chosen to be the next edge
of the path, then the edges e;e, "cut through* the edges e,e,

(Figure 2.1 b). If a path in a plane 4-valent graph always
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takes the middle edge as the next edge, then we call this type
of path a cut-through path. The vertex u is called a cut-
through vertex with respect to such a path. On the other
hand, a left-right path is an alternating sequence of left and
right edge (Figure 2.1 c}. However, if either e, or e, is
chosen to be the next edge of the path, then we call such a
path a non-cut-through path, and we call the vertex u a non-
cut-through vertex (Figure 2.1 d). A circuit C is called a
cut-through circuit (a non-cut-through circuit, respectively)
if all the vertices in this circuit are cut-through vertices
(non-cut-through vertices, respectively) with respect to the
circuit C. For a more generalized definition and some
properties of “"coded" paths which include a cut-through path
and a left-right path, see J. Malkevitch [15]. And, for a
generalization of the left-right path, called a "left-most and
right-most path®, see H. Shank {19].

In the literature, other names are used to describe a cut-
through path, such as *"direct extension"* (see B. Grunbaum [5])
and "straight ahead* (see S. Lins [13]). Sometimes, we will
call a cut-through circuit a cut-through component because it
can be transformed into a simple curve by using one or more of
the three basic deformations (the so-called Reidemeister moves
(10]) from knot theory (see Figure 2.31). A planar 4-valent
graph G is cut-through Rulerian if there exists an Eulerian
circuit C (in G) such that all the vertices of G are cut-
through vertices with respect to the Eulerian circuit C (in

other words, there is only one cut-through component in G).
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The graph in Figure 2.2 (a) has two cut-through components,
while the graph in Figure 2.2 (b) has only one cut-through
component (i.e., the graph in Figure 2.2 (b) is cut-through
Eulerian).

A p-vector (p;,P¢,P¢s---.P,) 1S said to be realizable with
the cut-through Bulerian property if it is augmentable by some
p,. and the 4-valent 3-polytopal graph G of its realization is
cut-through Eulerian. We call such a 3-polytopal graph G a
cut-through Bulerian realization of the p-vector
(P;/Ps,Pgs - - -.P,) (Or simply, we say that such a 3-polytopal
graph G is cut-through Rulerian) . By contrast, an Eulerian
circuit of a plane 4-valent graph G is called a non-cut-
through Bulerian circuit if all of its vertices are non-cut-

through vertices with respect to the given Eulerian circuit.

For a'given p-vector (p;,Ps.D¢s---.Py) for which X,,s p, 2 0,
B. Grinbaum’'s realization is not cut-through Eulerian, and J.

Malkevitch’s realizations are not cut-through Eulerian either,

in general. For example, look at realizations of a p-vector
(P3/Ps,Pes - - -, D) sSuch that p, = 9, p; = 1 and p; = 0 for all i
2 6 1n Figure 2.3. Each of these realizations has more than

one cut-through component.

In this regard, J. Malkevitch has raised the question, “Is
there a cut-through Eulerian realization for any given p-
vector?* In what follows, an affirmative answer will be

given.
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2.2 Realizations with the cut-through Bulerian property

Let us state the main theorem in this chapter, first.

Theorem 2.1 For a given p-vector (p;,P¢.Pe¢s.-.,P,), there
exists a plane 3-connected 4-valent graph G which realizes the
given p-vector and which is cut-through Eulerian (simply
stated, every p-vector (p,,Ps,DPs:.--,P,) 15 realizable with the

cut-through Eulerian property).

The strategy of the proof will be to show that, starting
with an appropriate plane 3-polytopal cut-through Eulerian
graph, we can locate configurations within the graph that can
be modified in such a way that we obtain the desired p-vector
while preserving the cut-through Eulerian property.

To prove this theorem, we need to discuss some operations

and lemmas. Let us call the special types of face structures
in Figure 2.4 (a), (b), and (c¢) by the names A,-configuration,
A,-configuration, and B-configuration, respectively. The

number within each region represents the number of sides of
that face (or region). Now, let us define the operations a
and B. The operation a adds 5 new vertices and places them
one on each edge of the A,~-configuration (or A,-configuration).
Then, it joins these new vertices to make a simple circuit
(see Figure 2.5 (a) and (b)). The purpose of the operation
f is to place a configuration of triangles and 4-gons (Figure

2.5 (c)) into the inside region of the B-configuration, while
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creating 3 new vertices on the top edge and one new vertex on
each of the other edges. Clearly, these operations preserve
the cut-through property. Let us denote the shapes on the
right-hand side of Figure 2.5 by Aa, A,a, and Bf,
respectively. Let G be a plane 4-valent graph. Then Ga is a
new graph obtained from G by applying the operation a to the
A,-configuration or A,-configuration in G. Thus, whenever we
write Ga, we assume that G has an A,-configuration or an A;-
configuration. GR is defined in a similar manner. A string
of a’‘’s and R‘s denotes the consecutive application of these
operations, reading from left to right, to an appropriate
configuration. For example, R’¢ means that one applies the
R operation twice to a B-configuration and then applies the «

operation to an A-configuration.

Lemma 2.2 Let G be a plane 4-valent 3-connected graph. Then
Ga and GR are also plane 4-valent 3-connected graphs.

Proof Clearly, these operations preserve simplicity,
planarity, and 4-regularity. Hence, it suffices to show that
Ga and GR are also 3-connected. Since the operations o and
£ are both finite combinations of series of Steinitz’
operations, and since Steinitz’ operations preserve 3-

connectedness, Go and GR are also 3-connected.

Remark The operations u and £ change the face structure of
a graph G in the following way. Let p, be the number of k-

gons in G.
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1) applying operation o to an A,-configuration:

Px -_— pe - 1
Pt E—— P + 1
Ps —> p; +1

2) applying operation & to an A,-configuration:
Ps —> ps +1
o —> p;+1

3) applying operation ff to a B-configuration:

Px —> D -1
Px.3 _— Px.; + 1
Ps _ py, + 3

4) Note that A, contains another A,-configuration, so we can
apply the operation a over and over again (Figure 2.5 (b}).

5) A, and Bff contain both an A;-configuration and a B-
configuration. Hence, we can apply either operation a or

operation & to A0 and Bf (Figure 2.5 (a) and (c)).

Lemma 2.3 i) Let the k-gon on the left side in Figure 2.5
{({c) be a triangle. Then, we can change it to a (4n+2)-gon or
a (4n+3)-gon for n 2 1.

ii) Let the k-gon on the left side of Figure 2.5 (a) be a 4-

gon. Then, we can change it to a 4n-gon or a (4n+l)-gon for
nz22.

Proof i) Apply operations a and £ in an alternating way,
starting by applying 8 to a B-configuration. Then,

Kk — k+3 —— kK +4 —&@8 k +7 ——> k + 8.

8 a B o
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Since k = 3, we can change 3 to 6, then 7, then 10, then 11,
and so on. Thus, we can create a (4n+2)-gon or a (4n+3)-gon
for n 2 1 (Figure 2.6 (a)).
ii) Apply operations o and f in an alternating way, starting
by applying a to an A,-configuration. Then,

k — k¥x+1 —> k +4 —> k +5 — k + 8.

a B o B
Since k = 4, we can change 4 to S, then 8, then 9, then 12,
and so on. Thus, we can create a 4n-gon or a (4n+l)-gon for

n 2 2 (Figure 2.6 (b)).

Lemma 2.3 shows that we can obtain a k-gon (k 2 5) by
applying appropriate numbers of o and £ operations to a
triangle or 4-gon. In fact, a triangle in a B-configuration
is transformed into a (4n+3)-gon by applying (o))" operations,
or to a (4n+2)-gon by applying (Ra)"!8 operations.
Similarly, a 4-gon in an A,-configuration is changed to a 4n-
gon by applying {(of)" operations or to a (4n+l)-gon by
applying (of)"o operations.

We will use the plane 4-valent 3-connected graph G, in
Figure 2.7 (a) as the base of our construction. Observe that
G, is cut-through Eulerian and has 8 triangles and three 4-
gons. Moreover, G, is symmetric with respect to the vertex u.
For convenience, let us denote the left-half and right-half of

Gy, by G, and G,", respectively (Figure 2.7 (b}, (c}).

Lemma 2.4 Let (p;,Ps,Ps/DP7,--..P,) be a p-vector such that pg

>0 and p;, = 0 for all 1 2 6. Then, there exists a cut-
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through Eulerian realization G of the given p-vector.

Proof By applying the operation a to G,’ once, we get an A,-
configuration (Figure 2.8 (a)). Now, by applying operation
o to this A,-configuration, we produce one 5-gon and a new A,-
configuration (Figure 2.8 (b)). By repeatedly applying the
operation @, we can construct p; 5-gons (Figure 2.8 (c)).

This completes the proof.

Note that our construction of p; 5-gons above does not alter
the right-half G, at all. Now, we are ready to prove

Theorem 2.1.

Proof of Theorem 2.1 Let us prove this theorem by
constructing a 4-valent 3-polytopal graph which realizes the
given p-vector. We will introduce k-gons, one at a time, by
applying a series of the operations a and  to the base graph
Gy, which is cut-through Eulerian. Let (s,;,S;,S¢,S7,...,5,) be
a sequence which is a copy of the given p-vector, i.e., s, =
p« for all k = 3 and k 2 5 (s, is the number of k-gons that we
should construct).

Step 1 First, construct p; 5-gons by following the
procedure found in the proof of Lemma 2.4 in the left-half G,’
of the base graph G, (if p; = 0, then skip this process).
After this construction, replace s by 0. We can locate an
A,-configuration and a B-configuration in the right-half G," of
G-

Step 2 Let k be the largest integer such that s, # 0. If
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k = 3, then go to Step S. Otherwise, go to Step 3 to
construct a k-gon.
Step 3 Case (i) k =0 or k=1 (mod 4):

Apply the operation ® to the A,-configuration located in Step
1 (or at the end of Step 3, see below) to modify a 4-gon to a
k-gon. For example, Figure 2.9 (a) shows the first
application of the operation a to a 4-gon in the right-half
Go" . Apply the operations o and £ in the way described in
Lemma 2.3 (cf. Figure 2.6 (b)) until the original 4-gon

becomes a k-gon.

Case (ii) k = 2 or k 3 (mod 4):

Similarly, apply the operation £ to the B-configuration
located in Step 1 (or at the end of Step 3, see below) to
modify a triangle to a k-gon. For example, Figure 2.9 (b)
shows the first application of the operation f to a triangle
in the right-half Gy*. Apply the operations a and f in the
way described in Lemma 2.3 (cf. Figure 2.6 (a)) until the
original triangle becomes a k-gon.

After constructing a k-gon, we can locate an A -
configuration and a B-configuration once again, to which we
can apply the operations a and #, respectively, to construct
another k-gon in the final stage of both cases (Figure 2.9 (c)
- (£). Note the use of Remark 5) in page 19).

Step 4 Since we now have a k-gon, reduce the value of s,
by 1. If the new value of s, is 0, then we have constructed

px-gons already. So, go to Step 2. Otherwise, return to

Step 3 to construct another k-gon.
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Step 5 The final graph 1is a cut-through Eulerian

realization of the given p-vector P.

For example, Figure 2.10 illustrates the above method for a p-
vector P = (p;,Ps,Ps/,P7s-...P,) such that ps = 3, p;, = 2, pg = 1,
Py = 8 + 3-(5-4) + 2:-(7-4) + 1-(8-4) = 21, and p; = 0 for all

i which are not equal to 3,5,7 or 8.

Now we know that there exists a cut-through Eulerian
realization for any p-vector of the form (p;,Ps,Pe¢/Prr -+« +Pn) -
But we do not have any information about the number of 4-gons,
P., Yet. For the classical 3-valent Eberhard Theorem, B.
Grunbaum and D. Barnette obtained some results about those
values of p¢ that could occur for a fixed p-vector (see [1]
and [6)). Similarly, we can establish some results about the
number of 4-gons that can occur in the cut-through Eulerian
realization. For this purpose, let us define another

operation called *parallel drawing".

The operation of *Parallel Drawing*.

Let G be a plane 4-valent graph with a cut-through Eulerian
Circuit. For any vertex v, we can find a cut-through circuit
which returns to the vertex v for the first time. Let v be
a vertex of G and ® be such a cut-through circuit which starts
from v and returns to v for the first time. Let n be the
length of w (Figure 2.11 (a)). Label all the edges of w from

e, to e,. Of course, all the edge of ® are distinct. So,
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® can be written as a sequence of edges, that is,
W = e e, e ..... e,.
Let v, and v, = v be the endpoints of the edge e, and let v,
and v;,, be the endpoints of the edge e, for all i, where 1 <

i € n-1 (we can also write this circuit as a sequence of

vertices, i.e., W = V, V, V3 ..... Ve, Vi) . Let F be the face
surrounded by the edges e, and e, in Figure 2.11 (a). Now,
create a vertex v,’ on the edge e,. This vertex v,’ splits

the edge e, into two edges e,’ and e,* (Figure 2.11 (b)).
There are three edges other than e,* that are incident with v,
but not e;". Let us choose an edge which is a side of the
face F among these three edges and denote it by e. Now,
create another vertex v,’ on the edge e and join the two
vertices v,’ and v,’. Starting from the vertex v,;’, draw a
curve which is parallel to the circuit ® such that all the
faces between the new curve and ® are 4-gons, until the new
curve reaches the edge e’ which is incident with v, and is a
side of the face F. Let {v,’,vy’,...,V,’} be the vertex set
which is created by this process (m is equal to n if the
circuit ® is a simple circuit). Finally, join the two
vertices v,’ and v,’ (Figure 2.11 (b)). Then, we have a new
circuit ®’ such that
W = v, vy vy vy Ll vy vy Y, Yy L V., V.

Note that this process preserves the cut-through property.
Suppose that all the vertices v,, Vv,, ..., Vv, are distinct
(i.e., the circuit w is simple) and the k-gon in Figure 2.11

(a) is a triangle. Then, this operation produces the
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triangle Av,’v,v;’ and (n-1) 4-gons between @ and the new
curve, and changes the triangle Av,uv, into a 4-gon (Figure
2.11 {(c}, (d)). Hence, this operation simply increases the
number p, to p, + n, while fixing the other p;’s. Moreover,

this operation is repeatable (Figure 2.11 (d)).

Lemma 2.5 Let G be a plane 4-valent graph with a cut-through
Eulerian circuit and p = (pP;,P¢Ds.P¢r.--.P,) be 1its face
vector. From G, one can construct a sequence of plane 4-
valent graphs which have the same face vector p, except for
the value of p,.

Proof Choose a triangle in G and an edge of that triangle.
Apply the operation of parallel drawing. We now have another
plane 4-valent graph G’ with a cut-through Eulerian circuit,
and all the p,'s are the same as before, except p,. By
repeating this process, we generate infinitely many different
plane 4-valent graphs, each with a cut-through Eulerian
circuit, and each having the same face vector, except for the
value of p,. Figure 2.12 shows the result of the application
of the parallel drawing technique three times. (Thick edges

are those of the original graph.)
For convenience in what follows, 1let wus name the
configurations of the simple circuits in Figure 2.13 as

follows: T,-, T,-, T,-, T,-, and T.-configuration.

Remark Now, we list the following facts.
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1) A,a, A,x, and BB contain the T,-configuration (Figure
2.14 (a), (b) and (c)).

2) Ao contains the T,-configuration (Figure 2.14 (d4)).

3) Bfa contains the T,-configuration (Figure 2.14 (e)).

4) A, contains the T,-configuration (Figure 2.14 (f)).

5) BBR contains the T.-configuration (Figure 2.14 (g)).

Theorem 2.6 (Frobenius problem, see A. Schrijver [20]) Let
p and g be two relatively prime positive integers. Then,
there is a positive integer m such that every integer n which

is greater than m can be written as a linear combination of p

and g with non-negative coefficients. In fact,
m = pq - p - (q.
Theorem 2.7 For a given p-vector P = (pPy,Ps,DP¢/P7s---.Pg) such

that p, > 0 for some i 2 5, there exists an integer n such
that, for any p, > n, P = (Dy,P¢,Ps/Ps/D7:s+-.,P,) is realizable
with the cut-through Eulerian property (Note that the number
of 4-gons is specified in the sequence p’).

Proof By Theorem 2.1, we can construct a 3-polytopal graph
which realizes the given sequence for some choice of p,. Let
p,. be the number of 4-gons in such a 3-polytopal graph. It
suffices to show that there are two disjoint cut-through
simple circuits whose lengths are relatively prime and whose
starting edges are one of the edges of a triangle. Suppose
that we can find two simple cut-through circuits ® and ©’

described as above, where p and q are the lengths of w and ©’,
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respectively. Since p and g are relatively prime, we can
find an integer m such that every integer greater than m can
be written as a linear combination with non-negative
coefficients, by Theorem 2.6. Then, let n = p, + m. For
any p, > n, p, - p, > m. Thus, there are non-negative
integers a and b such that p, - p,” = ap + bq. Now, apply the
operation of parallel drawing a times (b times, respectively)
to W (W', respectively). Then, the final graph has p, 4-
gons.

Now, let us find two simple cut-through circuits described
as above, case by case.

Case 1 ps 2 2;

If po = 2 and p, = 0 for all 1 2 6, then we have a cut-
through Eulerian realization G as in Figure 2.15 (a). In G,
there are both a T,-configuration and a T,-configuration.

If p > 2 and p, = 0 for all i 2 6, then apply a method,
similar to that used in the proof of Lemma 2.4, to G to
construct p; 5-gons (Figure 2.15 (b)}. This graph also has
both a T,-configuration and a T,-configuration.

In case p, > 0 for some i 2 6, we can use the operations «
and 8 to construct the given number of i-gons for i 2 6
(Figure 2.15 (c¢) and (d)). As described in the previous
remark, there 1is a T,-configuration present after the
application of the operations a and 8. Thus,

n=p  +57-5-7= p, + 23
in this case.

Case 2 ., p, 21
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Construct p; S-gons in the left-half of the base graph G,.
Then, there is a T,-configuration in the left-half (Figure
2.16 (a)). Suppose that p;, > 0 for some i > 6 and that we
have constructed all the faces, except for one i-gon, to
realize the given p-vector. Now, let us apply an alternating
sequence of the operations o and 8 to generate the required i-
gon. After this construction, we can find a T,-configuration
or a T,-configuration in the result of the last af or Ra
operation, respectively (Figure 2.14 (e) and (f)). Thus,

n=p +59-~-5-9= p’ + 31
or
n=p +57-5-7= p  + 23.

If p, = 0 for all i > 6 but p, > 1, then we have to apply
the operation £ over and over to get the desired p, 6-gons.
Then, there is a T.-configuration in the result of the last 8
operation (Figure 2.14 (g)). In this case,

n=p, +59-5-9 = p, + 31.

If p, = 0 for all 1 > 6 but p, = 1, then the graph in Figure
2.16 (b) is a cut-through Eulerian realization. Moreover, it
contains a cut-through simple circuit of length 7. Thus,

n=p  +57-5-7= p + 23.
Case 3 p; =1 and p; = 0 for all i > 5.
The graph in Figure 2.17 is a cut-through realization of the
given p-vector. It contains two disjoint cut-through simple
circuits whose lengths are 5 and 7, respectively. Thus,
n=p, +57-5-7-= p, + 23.

This completes the proof.
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Unfortunately, there is no known sufficient condition for
a 3-polytopal graph to be cut-through Eulerian. However, we
do have a sufficient condition which assures that a specific
plane 4-valent graph is not cut-through Eulerian. Let G be
a plane graph. If the number of side of every face of G 1is

multiple of 3, then we call G a multi 3-gon graph.

Theorem 2.8 (Malkevitch [15]) A plane 4-valent multi 3-gon

graph G is not cut-through Eulerian.

Actually, Malkevitch showed that the edges of a plane multi
3-gon graphs can be written as the union of cut-through
cycles, which we will call simple curves. We will discuss

this topic further in Chapter 3.

2.3 Realizations having other properties
In Section 2.2, we considered the realization of a given
p-vector such that this realization is cut-through Eulerian.
In this section, we shall consider the following realization
problems:
i} For a given p-vector, 1is there a 4-valent 3-polytopal
realization which has a Hamiltonian circuit?
ii) For a given p-vector, is there a 4-valent 3-polytopal
realization which has a HIST (Homeomorphically Irreducible

Spanning Tree)? (we will see the definition of HIST later.)

To solve these problems we will use the same operations



29

that we defined in Section 2.2. Let’s prepare ourselves to

handle these problems by introducing the following lemmas.

Lemma 2.9 Let G be a plane 4-valent graph having a
Hamiltonian circuit, and let Go and GP be the new graphs
obtained from G by applying the operations a and B,
respectively. Then

i) Go is also Hamiltonian.

ii) GP is also Hamiltonian if at least one edge of the face
F of the B-configuration of G (Figure 2.18) is contained in
the Hamiltonian circuit of G. (In what follows, F will be
called the inside face of the B-configuration).
Proof We can prove this lemma by checking all possible
cases. Figure 2.19 (a) and (b) shows how to transform the
given Hamiltonian circuit to a new graph via application of
the operation a. The small graph of each case shows a part
of the given Hamiltonian circuit, and the graph following each
arrow 1is an extension of the HC upon application of the
operation «. Similarly, Figure 2.20 shows how to transform
the given Hamiltonian circuit to a new graph via application
of the operation R. The small graph in each diagram shows a
part of the Hamiltonian circuit, and the larger graph
following each arrow shows an extension of the HC in the
transformed graph, via the operation £&. (Note that it 1is
sufficient to check only 8 cases because it is not important
whether the 4th edge of the face F in Figure 2.18, which is

shown as a dotted line in the diagram, is contained in the
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Hamiltonian circuit or not.) Both of the operations a and B

preserve Hamiltonicity.

Lemma 2.10 For a p-vector (p;,P¢/P¢/P7s--.-.P,) such that p, =
0 for all i 2 6 but p > 0, there exists a 4-valent 3-
polytopal realization G which has a Hamiltonian circuit.

Proof It is easily checked that the base graph G, used in
the proof of Theorem 2.1 is Hamiltonian. And, there exists
a 3-polytopal graph which realizes the given p-vector by Lemma
2.4. Since we apply only the operation & to construct such
a graph, it is Hamiltonian, by Lemma 2.9. In fact, we have
two different types of Hamiltonian circuits, depending on the

number of S5-gons (Figure 2.21).

Theorem 2.11 For any given p-vector, there is a 4-valent 3-
polytopal realization G which has a Hamiltonian circuit.
Proof By Lemma 2.10, we can construct a 3-polytopal
Hamiltonian graph G’ which has p; S-gons (Figure 2.21). Now,
from G’ we can construct a 3-polytopal graph G, by applying
the same method as that used in Theorem 2.1, which realizes
the given p-vector. Since at least one edge of each face of
A, and Bf, in Figure 2.19 and Figure 2.20, is contained in
the Hamiltonian c¢ircuit, the operation £ preserves the
Hamiltonicity. Thus, G is also Hamiltonian, by Lemma 2.9.
As a result, we see that the realization having a cut-
through Eulerian circuit, constructed in Section 2.2, also has

a Hamiltonian circuit.
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Conjecture Every cut-through Eulerian 4-valent 3-polytopal

graph is Hamiltonian.

In order to address problem ii), posed at the beginning of
this section (2.3), let us first define some terminology. A
tree T is called a proper tree if it has no 2-valent vertex.
A graph G is called a proper graph if it is spanned by a
proper tree T. A proper spanning tree T of G is called a
HIST (Homeomorphically Irreducible Spanning Tree). Now, we

are ready for the following facts.

Lemma 2.12 Let G be a 4-valent 3-polytopal graph with a
HIST. Then, so is GP if the operation 8 is applied to a B-
configuration in G and no more than two edges of the inside
face of a B-configuration are included in the given HIST.

Proof As in the proof of Lemma 2.8, we can check every
possible case involving the operation f. Let T be a proper
spanning tree of G and let F be the inside face of a B-
configuration (Figure 2.18). Then, we must consider the

following cases: i) no edge of F is contained in T (Figure

2.22 (h)), 1ii) only one edge of F is contained in T (Figure
2.22 (a), (b), (c) and (d)), iii) exactly two edges of F are
contained in T (Figure 2.22 (e), (f) and (g)), and iv) more

than two edges of F are contained in T. Every transformation

of a B-configuration in G, resulting from an application of
the operation 8, preserves the HIST property (Figure 2.22),

except in case iv). This proves the lemma.
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While the checking of all the cases involving the operation
 is somewhat simple, the same cannot be said for the
operation ® because many more cases must be checked involving
the operation «. Hence, it is better to consider a few fixed
configurations which preserve the HIST property, for the sake

of the simplicity.

Remark 1) Suppose that a proper tree is given in an A,-
configuration, as in Figure 2.24 (a). Then, the operation «,
applied to this A,-configuration, extends that proper tree, to
another proper tree as in Figure 2.24 (b).

2) Suppose that a proper tree is given in a B-configuration
as in Figure 2.24 (c). Then, the operation R, applied to
this B-configuration, extends that proper tree to another
proper tree as in Figure 2.24 (d).

3) When we apply the operation a to the A,- configuration,
we obtain the same type of proper tree as that found in the B-
configuration (compare the shaded part in Figure 2.24 (b) and
that in Figure 2.24 (c)).

4) When we apply the operation 8 to the B-configuration, we
obtain the same type of proper tree as that found in A;-
configuration (compare the shaded part in Figure 2.24 (d) and
that in Figure 2.24 (a)).

S) By remarks 3) and 4) above, we can apply the operations
a and # in an alternating manner to extend a given proper tree

to another proper tree.
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Theorem 2.13 Given any p-vector (p,,Ps,P¢/P7s---.P,), there is
a 4-valent 3-polytopal realization which has a HIST.

Proof By Theorem 2.1, we can construct a 4-valent 3-
polytopal graph which realizes the given p-vector. Hence, it

suffices to show that such a construction preserves the HIST

property. Let us start our construction from the graph G in
Figure 2.23. Clearly, G has a HIST (thick line indicates a
HIST. In fact, this tree has only 1- and 3-valent
vertices.). First, construct p; 5-gons first. Then, we can

find a proper spanning tree, as in Figure 2.25 {(a) and (b),
according as the number of 5-gons is odd or even. However,
proper trees in the right-half of two different HIST's will
have the same form. If there is an integer k 2 6 such that
p« > 0, construct a k-gon by applying the same method used in
the proof of Theorem 2.1.

If k=0 or k =1 (mod 4), then apply the operation o, as
in Figure 2.26 (a), and we obtain an extension of the proper

tree. If k 2 or k = 3 (mod 4), then apply the operation f,

as 1in Figure 2.26 (b), and we obtain an extension of the
proper tree. In both cases, the proper trees in the A;- and
B-configurations are the same as those in Figure 2.24 (a) and
(c). According to remark 5) on the previous page, we can

apply the operations a and 8 to extend our proper tree to
another proper tree. Thus, we can construct a k-gon while
preserving the HIST property. Now, to construct another k-
gon or a face with a different number of sides, we apply the

operations & and f to the last configuration. Suppose that
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our construction of a k~gon ends with the operation R. Then,
there is a proper tree, as in Figure 2.27 (a). And Figure
2.27 (b) and (c) show how to apply the operation o or £ to
start the construction of a new k-gon, while preserving the
HIST property. Similarly, if our construction of a k-gon
ends with the operation a, then there is again a proper tree,
as in Figure 2.28 (a). And Figure 2.28 (b) and (c) show how
to apply the operation o or f to start the construction of a
new k-gon, while preserving the HIST property. Clearly,
these applications preserve the HIST property. Therefore, we
can construct a 4-valent 3-polytopal graph which has a HIST

and which realizes the given p-vector.

Now, we have solutions to the major problems in this
chapter. For the remainder of this chapter, we will consider
some topics related to the concept of a *"cut-through path*".
First, let us recall the definition of a non-cut-through path.

A non-cut-through path is a path, all of whose vertices are
not cut-through vertices. A plane 4-valent graph is called
non-cut-through Bulerian if it has a non-cut-through Eulerian
circuit. W. T. Tutte proved the following theorem (see W. T.
Tutte and C. A. B. Smith [21]), but we will prove it in a
different way. Aside from these proofs, there is also a knot
theoritical version of the proof of this theorem (see L. H.

Kauffman {10]).

Theorem 2.14 (W. T. Tutte) Every plane 4-valent graph G is
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non-cut-through Eulerian.

Proof Let V be the set of all the vertices of the graph G.
Since G is 4-valent, we can find an Eulerian circuit C in G.
If all the vertices of G are non-cut-through vertices with
respect to the Eulerian circuit C, then G is a non-cut-through
Eulerian graph. Otherwise, we can change every cut-through
vertex 1in G to a non-cut-through vertex by changing the

Eulerian circuit locally (by using Kotzig’s X transformation,

see A. Kotzig[ll}). Let us assign a label to each vertex in
G. Starting from any vertex u in G, traverse the Eulerian
circuit C (in one direction). Now, starting with u, list the

vertices consecutively as you walk along C, until you return
to the vertex u at the end of the Eulerian circuit. Every
vertex of G appears exactly twice in such a list. Suppose v

is a cut-through vertex and

V,U;, Uy, c.. U,V
is a portion of our list (Figure 2.29). By changing this
above partial list to v,y,, ... u;,u,,v, the vertex v becomes

a non-cut-through vertex and we have a new Eulerian circuit
c’. Clearly, this transformation does not affect the cut-

through (or non-cut-through) status of any vertex other than

V. Hence, the number of cut-through vertices in C’ is
exactly one less than the number in C. Now, apply this
transformation to each remaining cut-through vertex. The

resulting Eulerian circuit will have no cut-through vertices.

This proves the theorem.



36

Theorem 2.15 For any given p-vector, there is a non-cut-
through Eulerian 4-valent 3-polytopal realization.

Proof For a given p-vector, there is a 4-valent 3-polytopal
realization (for example, by Theorem 1.11). Since this graph
is 4-valent, it is Eulerian. Then, it 1is non-cut-through

Eulerian, by Theorem 2.14.

Let G be a plane 4-valent graph with a cut-through Eulerian
circuit (G may not be a 3-polytopal graph) and let V be the
set of vertices of G. Suppose that |V] = n and we assign the
numbers from 1 to n to the vertices of G. Then, we can
construct a sequence of length 2n, consisting of the integers
1,2,...,n, which 1is <constructed by listing the number
corresponding to each vertex as it is traversed by the cut-
through Eulerian circuit (in one direction). This sequence
is called a Gauss code. For example,

129641236789 345875
is the Gauss code of the graph in Figure 2.30. Gauss

discovered the following simple fact.

Remark (i) Every symbol appears exactly twice in a Gauss
code.

(ii) The number of symbols occurring between the first and
the second appearances of the same symbol in a Gauss code 1is

even.

There is a well-known problem, posed by Gauss, concerning
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the characterization of the Gauss code. And, there are some
solutions for this problem. These results include forbidden
structures for a Gauss code (see L. Lovasz [12]), an algorithm

which checks whether a given code is a Gauss code or not (see
P. Rosenstiel (18]), and a generalization of the Gauss code
problem for some surfaces other than a sphere (see S. Lin

(13]).

By using the simple facts from the previous remark, we

obtain another result about cut-through Eulerian graphs.

Theorem 2.16 Let G be a cut-through Eulerian 4-valent graph.
Then, there is a finite family of simple circuits (C,} in G
such that:

i) ¢, and C; are vertex-disjoint if i # jJ.

ii) each circuit in the family is a non-cut-through
circuit.

iii) every vertex of G is contained in a circuit.

Proof Let k be the number of vertices of G. To each vertex
of G, assign an integer from the set {1,2,...,k} such that no
two vertices are assigned the same number. And, let the

finite sequence

No N, ... Ny Noxa
be the Gauss code formed by following a cut-through Eulerian
circuit in G. We can locate simple circuits in G in the
following way. Choose the edge nyn, as the first edge and

delete n, and n; from the above sequence. Since each symbol
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appears exactly twice in a Gauss code, we can find the same

symbol in two different places. So, there exists an i # 1
such that n; = n,. Then, choose the edge n, and n,,;, as the
next edge and delete n; and n,,;, from the Gauss code. We

repeat this process until we finally select an edge with an
endpoint n; such that n; = n,. This procedure locates a
simple circuit which is non-cut-through because of the special
selection process employed in choosing each edge. Now, start
again with the "reduced" sequence (that is, the sequence that
remains after all the aforementioned deletions are made), and
repeat the same process to find another non-cut-through simple
circuit in G. - After a finite number of repetitions of this
procedure, the length of the original sequence will be reduced
to 0. When this occurs, the set of simple circuits found
along the way constitutes the finite family of simple circuits

{C,} required in the theorem.

For example. in Figure 2.30, we have two disjoint simple

non-cut-through circuits, namely, (1 2 3 4) and (%3 6 7 5 8).

Remark If G is a graph of order of n, then a family of
pairwise disjoint non-cut-through circuits can be found in G

in O(n) time of operation.

A plane 4-valent cut-through Eulerian graph can be
understood as the result of a sequence of applications of some

basic deformations of knot theory, which are called the
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Reidemeister moves (see L. H. Kauffman [10], Figure 2.31), to
one simple curve. In other words, a cut-through Eulerian
graph is, in some sense, just a projection of a circular piece
of string. However, there are many plane 4-valent graphs
which are the union of several cut-through components. We are

going to study graphs of this type in the next chapter.
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CHAPTER 3 ARRANGEMENT OF SIMPLE CURVES

3.1 Introduction

In Chapter 2, we studied plane 4-valent graphs whose edges
lie on one cut-through curve which intersects itself. In
this chapter, we will consider some graphs (polytopal or not
polytopal) whose edges lie in the union of a family of cut-
through simple curves.

B. Grunbaum generalized the notion of *an arrangement of
lines* to *an arrangement of curves" in his book [8], and got
many results. According to his definition, an arrangement of
gimple curves is a family of simple curves such that every two
simple curves meet at precisely two points (this definition
allows that three or more curves may intersect at the same
point) . We can generalize this notion by allowing that two
simple curves meet at n points, where n 2 2 and n can be odd
or even. So, in this thesis, an arrangement of simple curves
C = {C, ..., C,}) in the Euclidean plane E? is a finite
family of simple closed curves with the properties:

{i) Every pair of curves has n (n 2 2) points in common, at
which they meet each other.

(ii) Exactly two curves meet at each point (or vertex).
As we know, there are exactly three different paths that can
be traversed at a 4-valent vertex (see Chapter 2.1). In
fact, there is one cut-through path and two non-cut-through
paths. Therefore, a vertex in a plane 4-valent graph is

either a cut-through vertex or a non-cut-through vertex. We
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call a cut-through vertex in a plane 4-valent graph an
intersection point. A non-cut-through vertex in such a graph
is called a kissing point (or an osculation point). For
example, the arrangement in Figure 3.1 has two intersection
points u and v, and one kissing point w. (All figures are
grouped in Appendix A.)

The graph of an arrangement of simple curves is a plane
graph, each of whose vertices is either an intersection point
or a kissing point, and whose edges are the segments of curves
between each pair of adjacent points. Such a graph is a

plane 4-valent graph (perhaps, with loops and multiple edges).

In this chapter, we will see some relationships among the
number of curves, the number of vertices, and the number of
partitions in a curve of an arrangement of simple curves.
Moreover, we will consider a special type of arrangement of
simple curves and a kind of Eberhard-type problem.

For convenience, we shall assume that all curves in this
chapter are simple curves, and that all arrangements in this
chapter are those of simple curves. Additionally, we will
use the terms points and vertices interchangeably throughout

this chapter.

3.2 A realization of an a-vector
Let n be the number of simple curves in an arrangement.
Let n, be the number of pairs of curves that have 1

intersection points and m; be the number of curves that have
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i edges (in other words, the number of curves that have i
points) . For example, the arrangement in Figure 3.2 of four
simple curves has

ng=2,n,=4, m=1,m =2, and m; = 1.
By using a simple counting argument, we have the following.

Theorem 3.1 (B. Granbaum ([11]) Let G be a graph of an
arrangement of n simple curves. Let v(G) and e(G) be the

number of vertices and the number of edges of G, respectively.

1) Eno Ny = (g)
ii) Y, in,
i44) Yy o omy = n

iv) Y, . im, e(G)
v) 2v(G) = e(G)

Then,

2v(G)

There are many different kinds of arrangements of simple
curves. Among these, a special type of arrangement will now
be examined in detail. This arrangement of n simple curves
is such that every pair of curves in the arrangement has t
intersection points (note that t must be even) and k kissing
points. Then, every curve in such an arrangement has the
same number of points. Let r be the number of points in a
curve (note that every curve also has r edges because it is a
simple curve),.

The following theorem, due to J. Malkevitch, shows that a
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relationship exists amongst the numbers n, t, k, and r.

Theorem 3.2 (J. Malkevitch) Suppose that G is a graph of an
arrangement of n simple curves such that every pair of curves
has exactly t intersection points and k kissing points. If

each curve has exactly r vertices, then:

- r
n t + k + 1 (+)

Proof From the given condition, we know the following:

m,_ = n,

my = 0 forallli=+r,
= nln-1)

Beek = T

n, = 0 for all i+ t+k.

Combining the equalities ii), iv) and v) in Theorem 3.1, we

have the equation (*).

Now, let us define some terminology. An a-vector is a 4-
tuple (n,r,t,k) of non-negative integers that satisfies the
equation (*). An (n,r,t,k)-arrangement is a arrangement such
that every curve in the arrangement has exactly r edges (or r
points) and every pair of curves has exactly t intersection
points (t is even), and k kissing points. We call such an
arrangement an equally distributed arrangement. For example,
the arrangement in Figure 3.3 is a (3,6,2,1)-arrangement. 1In
some sense, an (n,r,t,k)-arrangement is a realization of an a-

vector (n,r,t,k). Let G be the graph of an (n,r,t,k)-
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arrangement. Then G is a plane 4-valent graph. If G does
not have any faces which are digons, then such an arrangement
is called a digon-free (n,r,t,k)-arrangement.

Since all the curves in an arrangement are simple, there is
no (1,r,t,k)-arrangement such that t + k > 0. Similarly,
there is no digon-free (2,r,t,k)-arrangement where t+k > 0.
Thus, whenever we mention a digon-free (n,r,t,k)-arrangement,

we assume that n 2 3, unless stated otherwise.

Lemma 3.3 We have the following simple facts:
i) There exists a (2,r,t,k)-arrangement.
ii) There exists an (n,r,2,0)-arrangement for all n 2 2.
iii) There exists a digon-free (n,r,2,0)-arrangement.

Proof For an a-vector (2,r,t,k), arrange two curves in the

manner shown in Figure 3.4 (a). Then, we have a (2,r,t, k)-
arrangement . If we arrange n curves as shown in Figure 3.4
{b), then we have an (n,r,2,0)-arrangement. For a digon-free

(n,r,2,0)-arrangement, arrange (n-1) curves as before and draw
one curve that cuts through the 3 digons. Then, we obtain a
digon-free arrangement (Figure 3.4 (c)). This completes the

proof.

For the sake of convenience, let us define the operations
0,, 0,, 0,, and O, (Figure 3.5 (a), (b), (c), and (d)). The
operations O; and O; add two more intersection points, while
operation O, adds four more intersection points. Operation

0, adds one more kissing point.
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Theorem 3.4 If there is an (n,r,t,k)-arrangement with t + k
> 0, then there exists an (n,r’,t+2m,k+k’)-arrangement where
m and k' are positive integers and r’ = r + (n - 1) (2m + k’).
Proof Let G be the graph of an (n,r,t,k)-arrangement such
that t + k > 0. Since t + k > 0, each pair of curves in G
has at least one intersection point or kissing point. Let C;
and C; be two different curves in G and let v be an
intersection point or a kissing point (Figure 3.6 (a), (b}).
By applying the operation O, m times to the neighbor of the
point v, we can increase the number of intersection points of
the two curves to t + 2m. Similarly, by applying the
operation O, k’ times to the neighbor of the point v, we can
increase the number of kissing points of the two curves to k
+ k’ that we would like (Figure 3.6). Now, apply this method
to every pair of curves, one by one. Then, every curve has
r’ vertices. In fact, the new graph is an (n,r’,t+2m,k+k’)-

arrangement .

Lemma 3.5 There is no (n,r,0,k)-arrangement for n 2 5.

Proof We will proceed by induction on k. Suppose that k =
1. Then, Figure 3.7 shows the existence of an (n,r,0,1)-
arrangement, where n = 2,3, and 4. Now, suppose that there
is an (n,r,0,1)-arrangement for some n 2 5. Since t = 0 and
k = 1, each curve has only (n - 1) kissing points. Let C be
a curve in this arrangement. If a curve resides inside the
curve C (or outside the curve C, respectively), then all the

other curves must reside inside C (or outside C,
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respectively). Otherwise, the curves inside C can not kiss
the curves that are outside of C without creating an
intersection point, and this violates the condition t = 0.

Now, let us construct a new graph G’ from G. Since every
curve 1in an (n,r,0,1)-arrangement is simple, each curve
separates the plane into two regions. Assign a vertex to
each curve by adding and placing a vertex in the region that
does not contain any other curves. And, join two vertices if
the corresponding curves meet at a kissing point (Figure 3.8).
Then, the new graph G’ is isomorphic to K,, and we know that
K, is not planar if n 2 5. Therefore, there is no (n,r,0,1)-
arrangement for all n 2 5.

Suppose that our assertion is true for all k < m and that
there is an (n,r,0,m)-arrangement. Then, we can construct an
(n,r,0,m-1)-arrangement by changing two adjacent kissing
points of each pair of curves to one kissing point. This
contradicts our assumption. Therefore, there 1is no

(n,r,0,k)-arrangement if n 2 5.

Theorem 3.6 For any a-vector (n,r,t,k), there 1is an
{n,r,t,k)-arrangement, except for the case n 2 5 and t = 0.
Proof If t = 0, the result is clear by Lemma 3.5.

Otherwise, there is an (n,r’,2,0)-arrangement by Lemma 3.3.

Apply the operation O, (t - 2)/2 times and the operation O, k
times to every pair of curves in the manner described in
Theorem 3.4. The final arrangement is an (n,r,t,k)-

arrangement.
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The arrangements described in Theorem 3.6 may not be digon-
free arrangements. However, a digon-free arrangement is more
desirable because it can be a 3-polytopal graph. Hence, let
us consider the construction of digon-free arrangements.

Figure 3.9 (a) shows a (2,r’,t,0)-arrangement. If a pair
of curves is arranged in this way, then we say that this pair

of curves forms a cycle of lenses.

Theorem 3.7 There exists a digon-free (3,r,t,0)-arrangement.
Proof A pair of curves that forms a cycle of lenses is a
(2,r’,t,0)-arrangement, Now, draw the third curve by
alternately cutting the digons in the (2,r’,t,0)-arrangement
to change them to triangles (Figure 3.9 (b)). The final

arrangement is a digon-free (3,r,t,0)-arrangement.

Lemma 3.8 Suppose that there exists a digon-free (n,r,t,0)-

arrangement . Then, there is a digon-free (n+l,r’,t,0)-
arrangement, where r’ =r + t,.

Proof Let G be the graph of a digon-free (n,r,t,0)-
arrangement. Choose a simple curve C, in G. Then, we can

draw a new simple curve C,,, such that C,,, is parallel to the
curve C, and close enough not to have any points between C, and
C,., (Figure 3.10 (a)). Since C, intersects every curve C; (i
€n-1) t times, C,, also intersects all of these curves t
times (except for the curve C,). Now, apply the operation O,
along the other edges that cut through the curve C, t/2

times. The final graph is an (n+l,r’,t,0)-arrangement.
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Figure 3.10 {(b) shows an example with t = 2.

Lemma 3.9 Let G be the graph of an (n,r,t,k)-arrangement.

If G contains the shape shown in Figure 3.11 (a), then we can
transform G into the graph of an (n,r’,t+2m, k) -arrangement.

Proof By transforming the shape in Figure 3.11 (a) to the
configuration in Figure 3.11 (b) by using O, operation, we can
change an (n,r,t,k)-arrangement to an (n,r’,t+2,k)-
arrangement . Since the new shape in Figure 3.11 (b) contains
the shape in Figure 3.11 (a) again, we can apply the same
transformation over and over. Therefore, we obtain an

(n,r’',t+2m, k) -arrangement by repeating this process m times.

Remark Lemma 3.8 provides a method for increasing the number
of curves, n, while keeping the value of t fixed. On the
other hand, Lemma 3.9 shows how to increase the value of t

while keeping the number of curves, n, fixed.

Since the (n,r,2,0)-arrangement shown in Figure 3.4 (c¢)
contains the special structure of Figure 3.11 (a), we have the

following.

Theorem 3.10 There exists a digon-free (n,r,t,0)-arrangement
for n 2 3.

Proof Since the digon-free (n,r,2,0)-arrangement in Figure
3.4 (c) contains the configuration of Figure 3.11 (a), we can

construct a digon-free (n,r,t,0)-arrangement, by Lemma 3.8.
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To generalize this theorem for an arbitrary number of
kissing points k, we need to develop some methods for altering
the number of kissing points in an arrangement. In Figure
3.12 indicates some methods for increasing the value of k.
Recall that k is the number of kissing points of every pair of
curves. Thus, when we change k, we have to change the number
of kissing points for all pairs of curves. Combining Lemma

3.5 and Theorem 3.10, we have the following result.

Theorem 3.11 There exists a digon-free (n,r,t,k)-arrangement
except for the casen 2 5 and t = 0.

Proof We can exclude the casen 2 5 and t = 0, by Lemma 3.5.
Furthermore, Theorem 3.10 provides for the existence of an
(n,r,t,0)-arrangement. By applying the methods illustrated
in Figure 3.12 properly, we can increase the value of k as
much as we’'d like. Thus, we obtain a digon-free (n,r,t,k)-

arrangement.

For example, the graph in Figure 3.13 is a digon-free

(5,20,4,1)-arrangement.

Now, let us consider a kind of converse of the above fact:
for a given number of points (vertices), how many different
(n,r,t,k)-arrangements (equally distributed arrangements) are
possible?

Let G be the graph of an (n,r,t,k)-arrangement. Then, the

nuiber of edges of G, denoted by e(G), is rn, since each curve
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has r edges. Moreover, we know by Theorem 1.4 that 2-e(G) =
4:-v(G), where v(G) is the number of vertices of G. Therefore,
v(G) = rn/2.

Let us consider the following relationship between r and n:

From Theorem 3.2,

r = (n - 1)(t + k).
Hence,
r-n=(n-1)(t + k) - n
= n(t + k) - (t + k) - n
= (n- 1)t + k - 1) - 1.

Sincenz22andt + k22, r-n=z22o.

Theorem 3.12 Let v be a given number of points, where v is
greater than two. Then, we have the following:

i) If v is a prime number, then a (2,v,t,k)-arrangement is
the only arrangement possible having v points.

ii) Aan (n,2v/n,t,k)-arrangement having v points is possible

if n is divisor of 2v such that
n < y2v and (n-1) Iz?v

1iii) Otherwise, there is no equally distributed arrangement
with v points.
Proof We know that rn = 2v. If v is a prime number, then
the only possible values for r and n are r = v, n = 2 because
r -nz20. This proves fact 1i).

Suppose that v is not a prime and d is a divisor of 2v such

that (d - 1) divides 2v/d. Let n =d, r = 2v/nand t + k =
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2v/(n(n-1)). Then (n,r,t,k) is an a-vector and there exists
an (n,r,t,k)-arrangement, by Theorem 3.10. This proves fact
ii).

Fact 1i11) is obvious.

For example, if v = 24, then 2v = 48 = 2(24) = 3(16) =
4(12) = 6(8). In case n = 2,3, or 4, (n - 1) divides 48/n,
but, if n = 6, then (n ~ 1) = 5 does not divide 48/n. Hence,
there exist (2,24,t,,k;)~-,(3,16,t,,k;)-, and (4,12,t,,k;)-
arrangements, where t, + k; = 24, t, + k, = 8, and t, + k, = 4.

On the otherhand, there is no (6,r,t,k)-arrangement with 24
points.

The three arrangements shown in Figure 3.13 are examples of
a (2,24,12,12) -arrangement, a digon-free (3,16,6,2) -

arrangement, and a digon-free (4,12,4,0)-arrangement.

3.3 A p-vector and a digon-free (n,r,t,k)-arrangement

Since the graph of a digon-free (n,r,t,k)-arrangement is a
plane 4-valent simple graph, we may think about the following
questions:

i) For a given p-vector (p;,Ps,P¢/Pes-.-..), 1S there a
digon-free (n,r,t,k)-arrangement that realizes the given p-
vector?

ii) What are the possible face structures of a digon-free
(n,r,t,k)-arrangement?

To answer these questions, let’s begin by considering a

relationship between a p-vector (p,,ps.DPs,...) and an a-vector
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(n,r,t,.k).
Theorem 3.13 Let (p;,P(/Py,D¢s...) be a face vector of a
digon-free (n,r,t,k)-arrangement. Then,

, -1
Y. ti-np, = 2Ealiel

Proof Let v(G) and f(G) denote the number of vertices in G

and the number of faces in G, respectively. We know that
£(G) = v(G) + 2 where v(G) = nr/2, and £(G) = X p;.
Combining these equalities with 1ii) from Theorem 1.9, we

obtain the required equality.

A plane 4-valent graph G is called a k-antiprisem if it has
only 2 k-gons and 2k triangles. In fact, there is only one
k-antiprism for each integer k up to isomorphism. The graph

in Figure 3.14 is the 6-antiprism.

Remark If we allow for a certain number of 4-gons, then
there exists an (n,r,2,0)-arrangement which has a face vector
such that p, = 2n, p, = 2, p, > 0 and p; = 0 for all 1 # 3,4,
and n. Moreover, p, is always even, by Theorem 3.13. For
example, Figure 3.15 shows a digon-free (5,8,2,0)-arrangement
such that p; = 10, p; = 2, p, = 10 > 0 and p;, = 0 for all i #
3,4, and 5. But, if there are no 4-gons (i.e., p, = 0), then

we have the following interesting fact.

Theorem 3.14 Let (pP3,Ps,P¢/P7:-..-) be a p-vector and let m

be a positive integer such that m 2 4, p, = 2, p, = 2m, and p,
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= 0 for all i # m. Then, there exists a digon-free
{3,r,t,0)-arrangement that realizes the given p-vector only
when m = 0 (mod 3). In this case, r = 4m/3 and t = 2m/3.
Proof The given p-vector is the p-vector of the m-antiprism.
Suppose that there is a digon-free {n,r,t,k)-arrangement whose
graph is isomorphic to the m-antiprism. Then n 2 3 because
there is no digon-free (2,r,t,k)-arrangement.

Claim: There is at least one simple curve that contains one
m-gon 1inside and another one outside of that curve.
Otherwise, every curve must be of the form shown in Figure
3.16 by the thick line. Thus, the edges inside this curve
cannot be covered by any other curve. This implies our
claim, From relation v) of Theorem 3.1 and Euler’'s formula,
we know that £ = (nr/2) + 2. On the other hand, f =p, +
Pn = 2m + 2. Therefore, we have the equality nr = 4m.
Since there is a simple curve that separates the two m-gons,
the number of edges r in this curve is greater than m. This
means that n < 4 because this arrangement 1is equally
distributed. Therefore, n = 3. From this fact, we know

that only a (3,r,t,k)-arrangement can be the same as the m-

antiprism. Moreover, we have the equality 3r = 4m. Since
3 and 4 are relatively prime, 3 must divide m. Thus, m = 0
{mod 3). In fact, such an m-antiprism is a (3,r,t,0)-
arrangement . From this fact, we see that r = 4m/3 and t =

2m/3, r = 0 (mod 4).

Remark For an m-antiprism such that m =1 or m = 2 (mod 3),
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there is no (n,r,t,k)-arrangement that is the same as m-
antiprism, by Theorem 3.14. However, these m-antiprisms can
be a union of 3 curves that have almost the same number of
edges. Ifm=1 (mod 3), then an m-antiprism can be covered
by 3 simple curves such that two of them are of length (4m/3]
and one of them is of length (4m/3]+1. If m= 2 (mod 3),
then an m-antiprism can be covered by 3 simple curves such
that two of them are of length [4m/3]+1 and one of them is of
length [4m/3], but the curves involved have different t values
and k values. For example, the 7-antiprism is covered by two
simple circuits with 8 intersection points and 1 kissing
point, and by one simple circuit with 8 intersection points
and two kissing points (Figure 3.17 (a)). The graph in

Figure 3.17 (b) shows the 8-antiprism.

Theorem 2.7 states that every multi-3~gon graph can be

covered by a number of simple curves and Theorem 3.14 says

that all the m-antiprisms such that m = 0 (mod 3) can be
thought of as (3,2t,t,0)-arrangements. However, all
(3,r,t,0)-arrangements are not multi-3-gon graphs. Figure

3.18 shows a (3,2t,t,0)-arrangement that is not a multi-3-gon
graph.

Now, let us think about a kind of converse of Theorem 2.7,
that is, is there any (n,r,t,k)-arrangement which produces a
multi-3-gon graph? For (3,2t,t,0)-arrangements, we have the

following sufficient conditions.
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Theorem 3.15 Let G be the graph of a digon-free (3,2t,t,0)-
arrangement. Then, the following are true:

i) If every curve in the graph G cuts through the others in
an alternating manner, then G is a multi-3-gon graph.

ii) If G contains a cycle of lenses, then G is a multi-3-
gon graph.

Proof 1) Let F be a face (in the graph G) with k sides and
let e,,e,,...,e, be the sides of the face F (Figure 3.19).
Let us call the three curves in the figure C,, C,, and C,,
respectively. Suppose that e, is a portion of the curve C,.
Since every curve cuts through the other curves alternately,
the two adjacent sides, e, and e,, are not contained in the
same curve. Without loss of generality, let the side e, be
a portion of the curve C,. Then, e, is a portion of the curve
C,. Similarly, we know that the side e, is a portion of the
curve C,;, and the side e, is a portion of the curve C,,‘etc.
This implies that two sides e; and e; are on the same curve if
i =3 (mod 3). Thus, k = 3 (mod 3); that is, F is a multi-3-
gon. Hence, G is a multi-3-gon graph.

ii) A cycle of lenses in G is a (2,t,t,0)~arrangement, and
the number of digons is t. To make the cycle of lenses a
digon-free (3,2t,t,0)-arrangement, we have to draw the third
curves to cut-through each digon just once because every pair
of curves has t intersection points and we have only t digons
(1f we cut through a digon more than once, some digons remain
digons). Moreover, there are no more vertices other than

those on the cycle of lenses. This means that we have to
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connect a cut-through edge of one digon to that of another
digon that is separated from the first digon by an even number
of digons (Figure 3.20). Then every curve cuts through the
other curves in an alternating manner. Therefore, G is a

multi-3-gon graph by part i).

Remark In Theorem 3.15, we saw that if a (3,2t,t,0)-
arrangement contains a cycle of lenses, then every curve cuts
through the other curves in an alternating way. However, we

do not know whether the converse is true.

It can be easily checked that a (3,2t,t,0)-arrangement that
has a cycle of digons is Hamiltonian. The thick 1line in
Figure 3.21 shows a Hamiltonian circuit in a (3,24,12,0)-
arrangement. We will use this fact in the proof of the

following theorem.

Theorem 3.16 Let G be the graph of a digon-free (3,2t,t,0)-
arrangement, where t is a positive even integer. Suppose
that two curves form a cycle of lenses and that G has only k-
gons and triangles. Then, the number of k-gons 1is even.

Moreover, the k-gons are divided equally into two parts, those

inside and those outside the cycle of lenses.

Proof Since two curves form a cycle of lenses, G has a
subgraph as displayed in Figure 3.21. Since G 1is
Hamiltonian, there is a Hamiltonian circuit. Let the thick

line circuit in Figure 3.21 be the Hamiltonian circuit. Let
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Fi and F° denote the inside region and outside region of the
given Hamiltonian circuit, respectively. Let A' and A° be the
number of triangles in the regions F' and F°, respectively.
Similarly, let us denote the number of k-gons in the regions
F!' and F° by p.' and p,°, respectively. By the previous
theorem, we know that k 2 0 (mod 3). By Grinberg'’s Theorem
(Theorem 1.11), we have
(3 - 2)(AY - A°) + (k - 2)(p' - p°) =0 (1)
Let G! be the subgraph whose edges are inside the cycle of
lenses 'including the inside edges of the cycle of lenses,
{denoted by thick line in Figure 3.22). Similarly, we can
define the subgraph G° (denoted by the dotted line in Figure
3.22). For the subgraph G', the following are true where d;
is the number of vertices of degree i of G' (cf. Theorem 1.4):
2-e(G') = X i*d; = 2t + 3t = 5t (2)
2e(G) = X i'p; = 3-(A' - t) + k'p + 2t (3)
Thus, we have the following equality from (2) and (3),
3-A' + kep! = 6t, (4)
Since k is a multiple of 3, there is an integer m such that k
=3m (m2 2). So, equation (4) can be changed as following:
Al + mp,,’ = 2t (S)
By applying same argument to the subgraph G°, we can get
A° + m'py,° = 2t (6)
Subtract (6) from (5), then we have the following:
(AP - A°) + m (pPy' - Pwd) = 0 (7)
Comparing (1) and (7), we obtain

(3m - 2) (py,' - P3°) - m (P’ = DPan’) = 0.
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2(m - 1) (plmi - p]mo) = 0.
Since m - 1 > 0, we now have
p}mi = p)mo'

This proves the theorem.

We have seen some relationships between a p-vector and an
(n,r,t,k)-arrangement, especially an arrangement of 3 curves.
Now, let wus consider an Fberhard-type question for an
arrangement of simple curves. That is, for a given p-vector
{(P1,Ps,Pes D7, .-.), 1s there a digon-free (n,r,t,k)-arrangement
that realizes the given p-vector? And, if not, under what
conditions is the given p-vector realizable or not realizable?

There are many theorems that assure the non-existence of
certain plane graphs that have a uniform face and vertex
structure (see J. Malkevitch(15}). Since the graphs of
digon-free arrangements are plane graphs with a uniform vertex
structure, these theorems are also valid for the graphs of
suitable arrangements of curves. In addition to these

results, we will see more facts about arrangements of curves.

Theorem 3.17 (W. Meyer [14])) Let G be the graph of a digon-

free (n,r,2,0)-arrangement. Let P(F) be the number of sides

of a face F of G. Then, P(F) <€ 2n - 4.

As a corollary, we have the following fact.

Corollary 3.18 A face of the graph of a digon-free
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(4,6,2,0)-arrangement is either a triangle or a 4-gon.
Proof By Theorem 3.17, the largest face of the graph of any
digon-free (4,6,2,0)-arrangement is a 4-gon. In fact, there

are 8 triangles and six 4-gons in such an arrangement.

Lemma 3.19 For a given p-vector (p,,DP¢,Pe/P7s-..) such that
P, = 8 and p;, = 0 for all i # 3, there is only one digon-free
(3,4,2,0)-arrangement (up to isomorphism) that realizes the
given p-vector if we do not allow the addition of 4-gons.
Proof Let G be the graph of a digon-free (n,r,t,k)-
arrangement. Clearly, G is a plane 4-valent graph. Thus,
2'e = 4-v, so, e = 2'v,

where e and v are the number of edges and the number of
vertices of G, respectively. Moreover, e = n'r because every
curve has n edges. Combining these equations with Euler’s
formula, we have that the number of faces £(G) in the graph G
is 2 + nr/2. Since we have only 8 triangles, nr = 12.
Hence, n = 3, r = 4, and t + k = 2 by Theorem 3.12, So, only
two a-vectors, (3,4,2,0) and (3,4,0,2), are possible. But,
any (3,4,0,2)-arrangement is not digon-free because the third
curve must be drawn in the region A or B, as illustrated in
Figure 3.23. Thus, one of the regions remains a digon.
Therefore, the (3,4,2,0)-arrangement is the only digon-free

arrangement that has only 8 triangles.

Now, we are ready to state a theorem which shows that an

Eberhard-type theorem is not valid in the arrangements of
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simple curves.

Theorem 3.20 For a given p-vector (p;,P:,Ps.P7,.-.) such that

px = 1 for an integer k 2 4, p; = 0 for all 1 # 3,Kk,

and p, = 8 + (k - 4) = k + 4, there is no digon-free
(n,r,2,0)-arrangement that realizes the given p-vector.
Proof Use induction on n. Let G be the graph of a digon-
free (n,r,2,0)-arrangement. If n = 3, then all the faces of
G are triangles, by Lemma 3.19. If n = 4, then G has eight
triangles and six 4-gons, by Corollary 3.18. Thus, our
assertion 1is true in case n = 3 or n = 4.

Assume that our theorem 1is true for all digon-free
{(n,r,2,0)-arrangements where n < m. That is, no digon-free
(n,r,2,0)-arrangement has only one k-gon (k > 4), with some
triangles and possibly some 4-gons for all n < m.

Now, suppose that there exists a graph of a digon-free
(m,r,2,0)-arrangement that has exactly one k-gon (k 2 5), some
triangles, and some 4-gons as its faces. By Theorem 1.3,
there exists a graph G’, isomorphic to G, whose infinite face
is the k-gon and all of whose other faces are triangles and 4-
gons {(Figure 3.24 (a)).

Claim 1) No two sides of the infinite face are on the same
curve.

Otherwise, there is a curve that contains at least two edges
of the infinite face. Suppose that C; is such a curve that

contains at least two sides of the infinite face. Let e, be
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one of the edges of the infinite face contained on the curve
C,. Assign the labels e,,e,,...,e, to all the other edges of
the infinite face (Figure 3.24 (b)). Let e, (1 # 2) and e,
(j # k) be two edges of the curve C, such that no edges
between e, and e;, and no edges between e, and e; can be an
edge of the curve C, (note that i and j may be equal). Since
t = 2, two edges e, and e, where 2 S p < i, j < q £ k, cannot
lie on the same curve (otherwise, such a curve would intersect
C, at least 4 times). Let C, (C,, respectively) be a curve
that contains the edge e, (e,, respectively). Then, the two
curves C, and C; must meet each other inside the curve C,
(Figure 3.24 (b)) because t = 2. Since the two curves C,
and C, create a digon, there must be a curve that cuts through
such a digon to make this arrangement digon-free, and this
curve must cut through the edges v,v, and v,v, to avoid making
p-gons, where p > 4 (dotted line in Figure 3.24 (b)). Then,
the curve C, and this curve have at least 4 1intersection
points since it enters the regions to the left and right of
v,v, and w,v,, respectively. However, this violates the
condition that t = 2. In other words, every edge of the
infinite face must be contained on a different curve; that is,
mza2kz25.

Claim 2) There is no configuration of three triangles like
that in Figure 3.24 (c).
Assume the contrary, 1.e., assume that there 1is such a
configuraticn of three triangles as in Figure 3.24 (c). When

m 2 4, r cannot be less than 6 because r = (m-1)t. Thus, the
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face F that is adjacent to two triangles cannot be a triangle.

In fact, if the face F were a triangle, then r = 4 < 8 (Figure

3.24 (d)). Moreover, the face F cannot be a 4-gon because
every curve 1s a simple curve (Figure 3.24 (e)). Hence, the
face F must be the infinite face of G. This implies that the

infinite face contains two edges e and e’ that are on the same
curve (Figure 3.24 (c)), and this contradicts Claim 1). Thus,
Claim 2) is true.

Claim 3) There is at least one curve C such that a digon-
free arrangement can be preserved as a digon-free arrangement
after removing such a curve C from the given arrangement.

Suppose that removing any curve C in this arrangement creates

a digon. This means that every curve cuts through at least
one digon {(Figure 3.24 (e)). Let us call the configuration
in Figure 3.24 (d) a simple lens of the curve C. By Claim

2), we can find at least k simple lenses, one for each curve,
such that they are edge-disjoint from each other. Therefore,
we can assign two triangles to each curve, so the number of
triangles in this digon-free (m,r,2,0)-arrangement is not less
than 2k. On the other hand, according to equation ii) from
Theorem 1.8, the number of triangles in this arrangement is 8
+ (k - 4) = k + 4. Therefore, k + 4 2 2k. But, this 1is
absurd because k 2 5. Thus, Claim 3 is true.

Now, we are ready to prove the theorem. By Claim 3), we
can find a curve C such that the (m-1,r’,2,0)-arrangement,
obtained from the (m,r,2,0)-arrangement by removing the curve

C, is still a digon-free arrangement. And, the infinite face
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becomes a k-gon or a (k-1)-gon, depending on whether the face
F’' in Figure 3.24 (f) and (g) is a 3-gon or a 4-gon. Hence,
we have a digon-free (m-1,r’,2,0)-arrangement with only one k-
gon or one (k-1)-gon, as well as some triangles and some 4-
gons as its faces. This violates our induction hypothesis.
Therefore, there is no digon-free (n,r,2,0)-arrangement that

realizes the given p-vector.

It seems likely that the above theorem can be extended to

(n,r,t,k)-arrangements. This leads us to the following
conjecture,

Conjecture For a given p-vector (p,;,Ps/DP¢.DP7,...) such that
pr. = 1 for an integer k 2 4, p; = 0 for all 1 # k and 3, and
p;, = 8 + (k - 4) = k + 4, there is no digon-free (n,r,t,k)-

arrangement with t 2 2, which realizes the given p-vector.

We have already seen one type of p-vector which is not be
realizable by a digon-free (n,r,2,0)-arrangement.

Now, let us study some p-vectors which are realizable as
face structures of digon-free (n,r,t,k)-arrangements. For
this discussion, let us recall the operation O, in 3.2, which
allows us to create one kissing point for each pair of curves
{C,,C;} and ({(C,,C,} (Figure 3.12 (a)). Let us call such an
operation a 2, operation. In general, let 2, be the
repetition of such an operation i times to create 1 kissing

points for each pair of curves (C,,C,} and (C,,C,}. Among
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these, the Z, operation is the most interesting since it can
be interpreted in different ways. That is, the Z, operation
can be thought of as a procedure for increasing the number of
intersection points of each pair of curves by 2, i.e., from t
to t + 2. Figure 3.25 (a) shows the 2, operation. The
numbers of sides of the faces f, and f; are increased by 3,
while the numbers of sides of the other faces f,, f,, £,, and
f, are unchanged. Similarly, a Z,, operation increases the
number of intersection points of each pair of curves by 2m and
the number of sides of the faces f, and f; by 3m. Thus, we

have the following result,

Theorem 3.22 Let (p;,Ps,P¢, .-..) be a p-vector such that

p; =2 0 (mod 2) if i = 0 (mod 3),

p; = 0 otherwise.
Then, there exists a digon-free (3,r,t,0)-arrangement such
that

t = 2 + Z,, (1 - 1)p,y,

Proof By Lemma 3.19, there is only one digon-free (3,4,2,0)-
arrangement whose faces are all triangles. Let m bhe the
greatest integer such that p,, # O. Then, apply a Z,,..,
operation to change two triangles to two 3m-gons. Clearly,
t is increased to t + 2(m-1). Since this operation creates
a band of triangles, we can apply the same operation to
another two triangles to produce two 3m-gons. Figure 3.25 (b)
shows how to construct four 6-gons. Repeat the same

operation until we have p,, 3m-gons. This repetition
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increases the t value to t + (m - 1)Ds,. Find another integer
m’ such that m’ < m and p,,. # 0, and follow the same procedure

to produce p,, 3m’-gons. This proves the theorem.

Theorem 3.22 says that if the number of each type of multi
3-gon is even within a graph G, then G is the union of 3
simple curves. But, applying a Z, operation in a different
manner, we can create a multi-3-gon graph that has an odd
number of 3m-gons, for some m (cf. Figure 3.25 (c)).
However, no characterization of the associated p-vector has
been obtainable.

An {n,r,t,k)-arrangement of n curves is, 1n some sense, a
restricted arrangement because every pair of curves has
exactly t intersection points and k kissing points. Similar
to B. Grunbaum’s definition of a "weak arrangement of curves"*,
we may generalize the notion of an *equally distributed
arrangement of curves® as follows: every pair of curves has
at most t intersection points and at most k kissing points.
Then, each curve may have a different number of edges (or
vertices), i.e., each curve may have associated with it a
different r value. From this generalization, we obtain a new
type of arrangement.

An (n,-,t,k)-arrangement is an arrangement of n simple
curves such that every pair of curves has at most ¢t
intersection points and at most k kissing points. This
definition allows that some pair or pairs of curves do not

meet each other. A digon-free (n,-,t,k)-arrangement is an
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{n,-,t,k)-arrangement that has no digon in its face
structure. By using these new definitions, we can obtain
further results. The tools we will make use of will again be

the Z, operations mentioned previously.

Remark Figure 3.26 shows the outcomes of applications of Z,,
(i = 2, 3, and 4) operations. Clearly, we can apply another
Z, operation to the resulting structure (for example, to the

shaded area).

Lemma 3.23 Let (p;.P4/Ds.Ps.P7,...) be a p-vector such that
all the p, are even integers (note that the value of p, 1is
specified). Then, there exists a digon-free (3,-,t,k)-
arrangement that realizes the given p-vector.

Proof Start from the digon-free (3,4,2,0)-arrangement (i.e.,
the octahedron). Let m be the greatest integer such that p,
2 0. By applying a Z,, operation to any edge, we obtain two
m-gons and a new arrangement of three curves that has another
band of triangles. We can apply a Z,., operation to one of
the triangles. Repeat the same operation until we have p, m-
gons. Now, find another integer m’ such that p, 1is not zero,
and follow the same procedure. By repeating this process, we
can construct a (3,-,t,k)-arrangement that realizes the given

p-vector.

For example, if p = 4 and p, = 2, then we can produce four

S5-gons by applying a Z, operation twice, and two 7-gons by
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applying a Z, operation twice (Figure 3.27 (a)). Figure 3.27
(b) shows a transformation of the octahedron that has four 5-
gons and two 7-gons.

Before stating another lemma, let us 1look at some
variations of a 2Z,, operation for m 2 2. Suppose that we
apply a Z,, operation to an edge which connects two triangles.
Then, we obtain two (3m+3)-gons as a result. Since a 2.,
operation does not create any kissing points, we can draw a
curve C that is parallel to the curve C, almost everywhere,
except where C, has been modified by the application of a Z,,
operation (see Figure 3.28 (a)). A small displacement of the
curve C changes two (3m+3)-gons to: 1) one (3m+3)-gon and one
(3m+4) -gon, 1ii) two (3m+4)-gons, iii) one (3m+4)-gon and one
{(3m+5)-gon, iv) two (3m+S)-gons, or v) one (3m+5)-gon and one
(3m+6) -gon. All of these changes are displayed in Figure
3.28. Moreover, each of these changes contains a portion
which is suitable another good place for further applications
of a Z, operation for all k 2 2 (see the shaded area in Figure

3.28). From this observation, we have the following lemma.

Lemma 3.24 Let (py,Ps/Pe¢/P7s...) be a p-vector such that p; >
0, p, 2 0 and p,,; 2 0 for an integer k 2 9, p; = 0 for all j =
3, k, and k+1, and (p, + DPi.1) 1s even. Then there is a
digon-free (n,-,t,0)-arrangement that realizes the given p-
vector.

Proof We know that there exists a digon-free (3,4,2,0)-

arrangement whose faces are all triangles (i.e., the
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octahedron) . Let k = 3m + i, where i1 = 0, 1, and 2.

Case 1) Both p, and p,., are even.
Apply a Z;,.,, operation to one edge in the graph of the digon-
free (3,4,2,0)~-arrangement. Then we obtain two 3m-gons. We
can change these two 3m-gons to two (3m+i)-gons by using the
method described in Figure 3.28. That is, we can construct
two k-gons or two (k+1l)-gons. By repeating this process, we
produce p, k-gons and p.,; (k+l)-gons.

Case 2) Both p, and p,,, are odd.
It suffices to show that we can construct one k-gon and one
(k+1) -gon. Apply a Z,,.;, operation to one edge in the graph
of the digon-free (3,4,2,0)-arrangement. Then, we obtain two
3m~gons. By using the variation i), 1ii), or v) described
above, we can construct one k-gon and one (k+1l)-gon. This

completes the proof.

Let S = (s,,S;,5;,8,55,...,S,) be a finite sequence. A

positive section of the sequence S is a portion

(Si/Sis1s--.,8;3) of S such that s,;, = s,,5,;, = 0 and s, > 0 for
all k = i,1i+1,...,1+3. If i = 1 or i+j = n, then we need
only one of the conditions s;,;,, = 0 or s;,; = 0. A positive

section is even if the sum of the elements in that section is

even. For example, the sequence
(2,4,3,0,0,1,5,6,4,8,4,0,0,0,0,1,2,3)

has the three positive sections [2,4,3], [1,5.6,4.8,4), and

[1,2,3]). Among these, the two positive sections,

[1,5,6,4,8,4]) and [1,2,3] are even.
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Theorem 3.25 Let (p;,Ps/Ps:P7,...) be a p-vector such that
i) p, is even for i = 5,6,7, and 8;
ii) every positive section of the subsequence
(PysDPio¢Pr1ysr--.) 1s even.
Then, there 1is a digon-free (n,-,t,k)-arrangement that
realizes the given p-vector.
Proof First, let us look at the subsequence
(Pys P10/ P11+ Di2s e+ ) - Suppose that we have a digon-free (n, -
,t,k)-arrangement which realizes this subsequence with a
proper number of triangles. Then, we can realize the given
p-vector, by Lemma 3.23. Thus, it suffices to show that
there exists a digon-free (n,-,t,k)-arrangement that realizes
the above-mentioned subsequence. Since, by hypothesis, every

positive section of this subsequence is even, Lemma 3.24

indicates the required method of construction. Let us
demonstrate this by way of an example. Let p, = 2, Py = 1,
Py = 4, P12 = 2, pP;; = 1 and p;, = 0. Then, [Py,Pio/P11/P12
.P13.P14] 1S an even positive section. Now, we can construct

the corresponding faces, step by step. i) Construct two 9-
gons, 1i) construct one 10-gon and one ll-gon, 1iii) construct
two 1ll-gons, 1iv) construct one ll-gon and one 1l2-gon, V)
construct one 1l2-gon and one 13-gon. Apply the same method
to all the even positive sections to construct a digon-free
(n,-,t,0)-arrangement that realizes (D¢,P1o/P11/Pas+--).

Finally, construct the required 5-,6-,7- and 8-gons.

Therefore, there exists a digon-free (n,-,t,k)-arrangement

which realizes the given p-vector.
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The graph in Figure 3.29 1is a weak arrangement which
realizes the positive section [pj, P ,P2) With py,, =1, py, = 2,

and p,, = 1.

Although there are many realizable p-vectors that are not
contained in the category described in Theorem 3.25, it is not
easy to classify them. So, the classification of realizable
p-vectors remains as an open problem. Let us consider some
questions related to the above theorems.

1) Can we extend Theorem 3.20 to a digon-free (n,-,t,k)-
arrangement?

2) Can any p-gon, p 2 3, be a face of a digon-free
(3,r,t,0)-arrangement? If the answer is no, then which p-
gons are not achieved by a digon-free (3,2t,t,0)-arrangement?

3) List all forms of a realizable p-vector as a digon-free
(n,r,t,k)-arrangement or a digon-free (n,-,t,k)-arrangement
(preferably, with k = 0).

4) Find the precise relationships between cut-through paths
and left-right paths.

S) 1Is every digon-free cut-through Eulerian circuit
Hamiltonian?

6) Are digon-free (n,r,t,k)-arrangements Hamiltonian?

7) Does a digon-free (n,r,t,k)-arrangement have a HIST?

In addition to these questions, there are many conjectures
and questions about arrangements of simple curves which remain

unanswered (see B. Grunbaum[10]).
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Figure 3.21
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k-gon

a (2,2,0,2)-arrangement

Figure 3.23 Figure 3.24 (a)

(c)

(d) (e) (f)

Figure 3.24
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c, k-gon (k-1) -gon
F'
TN
(9)
k-gon -
¢ k-gon
s
(h)
Figure 3.24
f2
£, £, £, f,
C,
) £y o £,
C2
f5 C3 fG fs fG
(@) 74
£ 6 £
6
£3 6 £,
£ 6 \ fe
(b)

Figure 3.25
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Figure 3.26 Figure 3.27 (a)
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an

a digon-free (3,-,t,k)-arrangement
p3 = 16, pg = 4 and p7 = 2

Figure 3.27 (b)
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3m + 4

~- almost parallel to =

(They intersect only in
this area.)

(a) (b)

3m + 4 3m + S

3m + 4

(c)
3m + 5§ Im + 6
3m + 5 3m + 5

(e) Figure 3.28 (£)
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Appendix B.

Suppose that p and g are relatively prime positive
integers, then every integer can be written as a linear
combination of p and q. But, if we restrict the coefficients
to non-negative integers, then all negative integers and some
positive integers can not be written as a linear combination

“"of p and q.

In this appendix, we will prove that the largest positive
integer that cannot be written as a linear combination of p
and q with non-negative coefficients 1s pq - p - g. For
convenience, let us assume that p and g are two relatively
prime positive integers such that p = k'q + r for some
positive inters k and r (0 < r < q).

Now, let us define some terms for the proof. Let N,
denote the set of all non-negative integers. Let L(p,q)
denote the set of all positive integers which can be written
as a linear combination of p and g with non-negative
coefficients, that is,

L(p,q) = { ap + bqg | ae€ Npand be N, }.
And, let L°(p,q) be the set of all positive integers which are

not contained in the set L{(p,q).

Proof of Theorem 2.6 First, let us claim several facts.

Claim 1 Let n and b’ be two non-negative integers. If ne€
L(p,q), then so is n + b’'q. If n e L°(p,q), then so is n -

b’'qg.
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proof If n e L(p,q), then there exist non-negative integers
a and b such that n = a'p + b'q. Hence,

n + b’'*q= (ap + brq) + b’*q = a-p + (b + b')'q.
The latter part is the contraposition of the first assertion.

Claim 2 Let r’ € 2, then there exists an integer i € Z, such

that r’* = i‘r (mod q).
proof We know that p = kg + r. Since p and g are

relatively prime, there exist two integers o and  such that

ap + Bqg =1, Hence,
alk-g + r) + Brgq=1
= (a*k + B)g + 'xr = 1
Therefore r’ = r’*1 = r'"o'r (mod q). If we let 1 be the

residue of o'r’ modulo q, then we have done it.
Claim 3 Every integer can be written as a form of
ip + bg, where i € Z;, and b € Z.
proof Let m be an integer. Then, there are integers k'’ and

r’ such that

m = k‘q + r’, r' € 2,
By Claim 2, there is an integer i € Z, such that r’ = i*r (mod
q). That is, for some integer j, i*r = j*q + r'. Thus,

m = k’'*q + r'
= k’*qg+ 1i'r - j°q
= k'*q+ i'r - jrq + (i*k'q - 1"k q)

*krq) + (k'*q - j'q -ik°Q)

-

= (i'r+

= 1i*(r + keq) + (k’ - j - i‘k)'q

irp+ (k' -3 - i'k)'q

This completes the proof.
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Claim 4 Let us define two sets L' and L° as following;

Lt

{ i‘p + b'q | 1€ 2, and b e N, },

L= {i'p+b'gq| ie€e Z,and be z2 - N, }.
Then, L' "L =0, L' = L(p,q) and L' = L°(p,q) .
proof Clearly, L' "L = O. If me L, then m € L{p,q).
Suppose that m € L(p,q), then there exist two non-negative
integers a and b such that m = a*p + b'q. By the division
algorithm, there are two non-negative integers k’ and r’ (r’'e
Z,) such that a = k'*q + r’. Thus,
m = a'p + b'q

(kl.q + rl)p+b.q

kf.q.p + r"p+b‘q

r''p + (k’*p + b)'q.

From this, we know that L* = L(p,q). Therefore, L~ = L°(p.,q).
Now, let us prove the main theorem. Let A =pg - p - Q.
Then, A € L. To show that A is the greatest element in L°,

it suffices to show that all the integers between A and A + g
are the elements of L(p,q). If it is true, then every

integer larger than A + q is an element of L(p,q) by Claim 1.

Let B = A + nwherel £ n < q.
Case 1 n = q. Then,

B=p'q-p-q+4g-=(g-1)p + 0-q.
Thus, B € L(p,q).
Case 2 1 £n < q. Since q - n € Z,, there is an integer m in
Z, such that mr = q - n (mod q) by Claim 2 (recall p = k*q +
r). Let mr = 1'g + (g - n) for some non-negative integer 1.

Thus,



Of course,

Therefore,

q
B

prq - p
(g - 1)
(g - 1)
(q - 1 -
(g -1 -
(@ -1 -
(g -1 -

1 - m and

L(p.q).

- q +
‘P - Qq
‘p - m
m)-p
m)*'p
m)-p
m)°p

+

+

<+

mp-g+n
m (k-q + r) -
mkqg+mr -
mkqg+ 1lq

(mk + 1)-q.

(g - n)

{m-r -

l-qQ)
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m-k + 1 are non-negative integers.
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