
INFORMATION TO USERS

This material was produced from a microfilm copy of the original document. While 
the most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the original 
submitted.

The following explanation of techniques is provided to help you understand 
markings or patterns which may appear on this reproduction.

1.The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to insure you complete continuity.

2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected that the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., was part of the material being 
photographed the photographer followed a definite method in 
"sectioning" the material. It is customary to begin photoing at the upper 
left hand corner of a large sheet and to continue photoing from left to 
right in equal sections with a small overlap. If necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete.

4. The majority of users indicate that the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced.

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received.

Xerox University Microfilms
300 North Zeeb  Road
Ann Arbor, M ichigan 48106



I

75-21,344
STERN, Sidney Simon, 1942- 
THE EFFECTS OF EXPERIMENTAL ERROR AND FILTERS ON 
THE MEASURABILITY OF RELATIVE VOLUMES AND 
PERMEABILITY.
The City University of New York, Ph.D., 1975 
Engineering, chemical

Xerox University Microfilms, A n n  A rb o r, M ic h ig a n  4 8 1 0 6



THE EFFECTS OF EXPERIMENTAL ERROR AND FILTERS ON THE 
MEASURABILITY OF RELATIVE VOLUMES AND PERMEABILITY

by
SIDNEY S. STERN

A dissertation submitted to the Graduate Faculty 
in Engineering in partial fulfillment of the degree of 
Doctor of Philosophy
The City University of New York

1974



This manuscript has been read and accepted for the Graduate 

Faculty in Engineering in satisfaction of the dissertation 

requirement for the degree of Doctor of Philosophy.

v (\/is ______
date Chairman of Examining Committee

■ f c . .

I date Executive Officer

Reuel Shinnar (Chairman)
Robert A. G r a f f ___________
Michael Anshel______________

Supervisory Committee

The City University of New York



^CKgQlLEDGMENTS^

I would like to thank Professor R. Shinnar who after the 
untimely death of Professor S. Katz, directed the research 
and made many contributions to this work. I also wish to 
thank the Chemical Engineering Department for offering 
me positions of adjunct and part time lecturer to lighten 
my financial burden during my period of study.

Financial assistance was given through NIH and CUNY grants 
I am indebted to my family for their encouragement during 
my course of study and during the preparation of this work 
A special thanks to my wife, Leona, for her understanding, 
patience and help in typing this paper.



table=of_contents_

PAGE
LIST OF ILLUSTRATIONS.................................. iii
LIST OF TABLES......................................... —. v
ABSTRACT ..............................................  1
CHAPTER 1. INTRODUCTION ..............................  6
CHAPTER 2. THESIS OBJECTIVE ........................  15
CHAPTER 3. BACKGROUND ............................... 22
CHAPTER 4. VOLUME ESTIMATES ........................... 41
CHAPTER 5. PERMEABILITY ESTIMATES ....................  64
CHAPTER 6. THE EFFECTS OF FILTERS ON VOLUME AND

PERMEABILITY ESTIMATES .....................  84
CHAPTER 7. EXPERIMENTAL D A T A .......................... 122
APPENDIX A NUMERICAL METHODS ........................  152
APPENDIX B REFLECTED DIFFUSOR, WELL MIXED COMPARTMENTS

AND STRETCHES .............................  177
REFERENCES ....      179
VITA ..................................................  187



iii

LIST_OF

FIGURE

1.1

1.2

4.1

4.2

4.4

4.5

ILLUSTRATIONS

PAGE

Schematic Representation of Biological 8
Multiple Tracer Experiment 
Typical Normalized Concentration Response 
Of A Two Tracer Experiment 10
Simulated Tracer Response Of Capillary 
Space: Two Well Mixed Compartments In
Series
Extravascular Space:Reflected Diffusor 44

Minimum Value Of Measurable R As A 
Function of Experimental Error 47
Percent Of Volume Contained In The Tail 
And Total Volume And Incremental Volume 
Errors Using Monoexponential Extrap­
olation 53
l/p(s) For A Reflected Diffusor EVS 
Versus 1/s For Various Values of O’ 61
Measurable A As A Function Of Appear­

ance Time 73



iv

FIGURE

5.6 Maximum Error In Relative /\ ' s As
A Function Of Experimental Error 

A.l Normalized Concentration Versus Time
Broken Down Into N Discrete Points

PAGE

83

154



V

LIST OF TABLES

TABLE PAGE

2.1 Analytical Transfer Functions 19
3.1 Approximate Methods ^ 39
3.2 Methods We Have Proposed 40
6.1 Estimates Of Relative^ 's 116
7.1A Truncated Moments of hN (t) 124

7.1B Truncated Moments of hD (t) 12 5
7.2 Stirred Tank Parameters Calculated

From Truncated Moments 127
7.3A \ And R Calculated By The Methods

We have Developed 132
7.3B \ 's For Approximate Methods 133
7.4A Reconstruction Of hD (t) Using )s

Calculated By Min Method
Diffusible Tracer: Glucose 134

7.4B Reconstruction Of hp(t) Using A
Calculated By The SLRp Method 
Diffusible Tracer: Glucose 137



vi

TABLE
7.5A Reconstruction Of hD (t) Using X Calculated

By Min Method, Diffusible Tracer: Sucrose
7.5B Reconstruction of hD (t) Using A Calculated

By SLRp Method, Diffusible Tracer: Sucrose
7. 6A______Reconstruction Of hD (t) Using A Calculated

By The Minj}, Method, Diffusible Tracer: 
Sodium Chloride 

7 . 6B Reconstruction Of hD (t) Using /\ Calculated
By the SLRp Method, Diffusible Tracer: 
Sodium Chloride

A. 1 The Laplace Transform Of X
A.2 The Laplace Transform of X2/2
A. 3 The Laplace Transform of X3/6
A.4 The Laplace Transform of -Xe
A.5 The Laplace Transform of Xe"”x
A . 6 The Laplace Transform of x V X
A.7 The Laplace Transform 

(Fewer Points)
Of X2e"X

PAGE

140

143

146

149
157
159
161
164
166
168
170



ABSTRACT

Multiple tracer experiments in intact organs are used in 
physiology in the study of transport processes through 
membranes and capillary walls. Several tracers, including 
one which can not pass through the capillary wall, are injected 
simultaneously and their concentration in the outlet is observed. 
From these experiments one can deduce the distribution volume 
or holdup for each of the tracers as well as the role of trans­
port through the membrane. However, intact organ measurements 
suffer from the disadvantage that some strong assumptions are 
involved in extracting the required quantities from the experi­
ments. Furthermore, their accuracy is limited.

The object of this thesis is to investigate the accuracy of such 
measurements, and their sensitivity to the assumptions involved. 
This was done by studying a variety of hypothetical models, both 
by analytical techniques and by simulation and comparing the 
results to simulate tracer experiments with the assumed model.

The two major parameters that this thesis deals with are 
R and \ . R is the ratio of the extravascular volume to the



capillary volume.' A is a rate parameter related to the 
membrane permeability by equation 2.1. The conclusions of 
this thesis can be summarized as follows:

A. VOLUME MEASUREMENTS

There are several conditions required for a reasonably accurate 
measurement of accessible extravascular volumes or tracer holdup.
1. The extravascular volume must be at least 20% of the total 

capillary blood volume between the injection and measuring 
point.

2. The extravascular volume must be well purged. If there are 
any regions in which slow diffusion processes occur their 
volume will not be included in the measurement.

Theoretically, the volume measurement is always correct, but 
here the contribution of the slowly purged regions is in the 
tail of the concentration curve, which is inaccessible. The 
thesis develops quantitative criteria for these values and 
gives ways of estimating the errors involved.



B. MEMBRANE PERMEABILITY

Measurement of permeability is much less accurate and 
estimates are derived for the accuracies of such measurements. 
Again, small values of/] (small as compared to the resistance 
in the capillaries) cannot be measured and the same is true 
for large values. The range of X for which reasonable 
estimates can be obtained is established, which could be 
of considerable value to investigators in the field.
Figure 5.2 gives us the range of accessible X •

Several methods of evaluating X from tracer curves have been 
compared and their applicability discussed. It is shown that 
comparison of the results of different methods may give some 
information about the system.

C. FILTERS

In most experiments of this type, there is a significant 
volume of large arteries or veins, between the injection 
point and the measuring point which contribute to the 
results of the tracer experiment, but are not permeable
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to the tracer. Sometimes the main part of the measured sojourn 

time distributions may be due to these elements. It is shown 
that they can be considered as a linear filter and the 
evaluation of A and R, in the presence of a linear filter is 
investigated. It is also shown that in the range in which A 
and R can be estimated, the filter changes the absolute values 
of R and A . However, the ratio between the relative volumes 
and permeability of different tracers, remains unaffected.

These ratios of R and \ contain the most important information. 
In filtered experiments, a large number of tracers are normally 
used with different properties and the ratio of permeabilities 
and relative volumes are used to produce the nature of the 

transport phenomenon.

The effect of the filter on reconstruction of the sojourn 
time distribution in the outer phase is also investigated.
It was shown that theoretically, at least, there are 
situations in which this leads to fundamental indetermina- 
cies^as there are multiple solutions. This indeterminacy is 
introduced solely by the presence of a filter.



The methods developed in the theoretical part were applied to 
practical tracer experiments. The results obtained from our 
approximations were very good.



CHAPTER 1. INTRODUCTION

Tracer experiments have long been used to estimate internal 
volumes. More recently, multiple-tracers have been used by 
physicians and chemical engineers to estimate internal 
volumes (capillary volumes), external volumes (extra-

ing substances. The physicians' interest stems from the - 
knowledge that living beings depend on the transfer of mass 
between the circulatory system and the various organs of the 
body. Indicator-dilution techniques have provided the means 
of studying the nature of mass transfer in organ systems, or 
tissues, without necessitating direct physical invasion of 
the system, or the removal of parts of it for destructive 
analysis.

The chemical engineers' interest lies in the area of 
catalytic reactors, where the sojourn time of the reactant 
from the bulk phase to the catalyst surface, and the return 
of the reacted material to bulk phase, determines the design 

of the reactor. Tracer techniques have been used to establish 
the reactor's design parameters which would otherwise not 
be accessible. Polymer separation is another area of interest

vascular volumes), and the permeability of the diffus-
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for the chemical engineer. A solution of polymer molecules 
of various sizes, is passed through a gelatinous bed, where 
the smaller polymers permeate the gel and have a larger

sojourn time through the bed than the larger polymer 
molecules. Separation of the various sizes is accomplished 
by collecting the bed's outlet in multiple vessels. Tracer 
experiments are used to determine the sojourn time distri­
bution of the various sized polymers, in order that the bed's size 
and the collection scheme may be determined.

Figure 1.1 shows a schematic representation of a biological 
multiple tracer experiment0 A non-diffusible tracer along 
with one or more diffusible tracers are injected into the 
organ's major artery and samples are collected and analyzed 
from the organ's major vein. The blood flowrate (F) and 
the quantity of each tracer (Q) injected, is separately measured.

Figure 1.2 shows a typical two tracer experiment. hN (t) 

represents the sojourn time distribution,(or normalized 
concentration profile) for the non-dif fusible, and hp(t), 
the sojourn time distribution for the diffusible tracer.
It is immediately apparent that hD (t) has a longer tail.
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FIGURE 1.1 SCHEMATIC REPRESENTATION OF A BIOLOGICAL MULTIPLE

TRACER EXPERIMENT
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The tail corresponds to tracer particles which have left the 
first phase, and have jumped to the second phase, the extra­
vascular space, (EVS). After spending some time in the 
second phase, they return to the first phase and are washed 
outo The washout, it should be noted, may occur after several 
excursions to the EVS.

Figure 1,2 also shows an area of immeasurability, whose 
fundamental cause is the lack of sensivity of our measuring 
instrument. There are a small number of experiments where the 
diffusible tracer has such a long tail that the experimenter 
does not have the time to measure it. Because of this area of 
immeasurabilityj errors in volume and permeability estimates, 
are inherent and one usually resorts to modelling to evaluate 
hN (t) and hD (t) in this range.

Zierler(36,37), Chinard(8,9,10), Crone (11), Bassingthwaighte 

(2,3,4,5,6), Shinnar (30) , DeJulian. and Yudilevieh (34, 35) area 
few of the investigators who have proposed methods for 
estimating volumes, permeability, and extravascular behavioral 
information from the normalized concentration profiles.
Volume estimates are obtained from the difference in the 
mean residence time of the diffusible and non-diffusible 
tracers. Permeability estimates can be obtained from the
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FIGURE 1.2 TYPICAL NORMALIZED CONCENTRATION RESPONSE OF 
A TWO TRACER EXPERIMENT
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sojourn time distributions of the diffusible and non- 
dif fusible tracers, at or near the appearance time. Extra­
vascular behavioral and permeability information can be 
extracted from the Laplace transforms of the normalized 
concentration profiles.

Volume estimation, some techniques for permeability evalu­
ation and the determination of the diffusion processes in the 
EVS, call for estimating higher moments of ^(t) and hD (t).
We are faced by an .immediate difficulty,, No one can wait 
indefinitely to take all the measurements. Secondly, the 
measuring instrument has only a finite range of concentrations, 
usually two or three decades, which can be sensed. Both of 
these factors lead to estimates of integrals that are smaller 
than the integrals actually are. The moments of hN (t) and 

hD (t) are not truncated to the same degree further compli­
cating the situation.

In addition to the truncation error described above, we 
encounter in all real experiments, what we will call 
"Experimental error". The "Experimental errors" involve 
errors in measurement, for example,the indistinguishability 
of two concentrations like 0.100 and 0.101. Other errors 
of measurement may include errors in fluid flowrate or 
errors in weighing the amount of tracer material. These



experimental errors, however, are equally applicable to the 
diffusible and non diffusible tracers. Furthermore, experimental 
errors are random in nature, and may as easily lead to over 
estimates of volumes as to underestimates, assuming the 
untruncated hN (t) and hD (t) were available.

Finally, it may not be possible to inject the tracer directly 
at the entrance of the diffusing bed, and sample directly at 
the exit of the diffusing bed. This is particularly true in 
biological systems where the diffusible portion of the 
organ is the capillary bed; this bed is preceded by arteries, 

arterioles and followed by venules and veins. The arteries, 
arterioles, veins and venules have a transfer function which 
distorts the concentration profiles used to estimate volumes 
and permeabilities. Furthermore, the measuring instrument has 
a transfer function which may or may not be separable from the 
required concentration profile. These errors will be referred 
to as errors caused by filters

In—vivo experiments cause one additional diffulty; that the 

concentration profile is distorted by recirculation. If the 
recirculation time is long in comparison to the mean sojourn'.



time of the organ, for example, three or four times, the 
experiment may be treated as if it were an open loop or in—vitro 
experiment. On the other hand for short recirculation times, 
as with those involving experiments with hearts, measured 
compositions must be modified to compensate for the effect of 
recirculation. Shinnar, Naor and many others have proposed 
methods dealing with recirculation.

In this thesis we will limit ourselves to open loop experiments 
where the blood flowrate is directly measurable. Our objective 
is to estimate volumes or relative volumes ( EVS volume/Capillary 
volume), R, and permeabilities. Our discussions will center 
around three types of transfer functions:

1. Transfer functions where the entire 
concentration history is known, but may 
contain some measurement or experimental 
errors.

2. Transfer functions which are truncated because 
of lack of sensitivity of the measuring device.

3. Transfer functions which have been distorted by 
pre or post filters
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For the last type of transfer function, it will be shown that for 
experiments with numerous diffusible tracers and one non diffusi­
ble tracer, only the ratios of R's and A 's are accessible, 
and not the absolute volumes and permeabilities.
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CHAPTER 2- THESIS OBJECTIVE

This thesis can be divided into two parts as follows:

1. A study, of Volume estimates
2. A study of Permeability estimates

In discussing volume estimates by diffusible tracers, we 
will in many instances, not deal with an absolute volume, 
but rather with the ratio of the extravascular volume to 
the capillary volume. This ratio will be designated by 
the letter R<, Similarly, we will in most instances, not 
center our discussions on the conventional permeability (P), 
but rather, on a rate parameter X which is related to P

where mean sojourn time 

F = Flowrate 
S = Area

The objective of this thesis is to establish bounds on the

^(t) and hD (t) curves o However, real curves have errors

by:

(2.1)

measurability of R and X ° From a theoretical viewpoint 
all R's andX's should be measurable when one has perfect--'
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which we classify in three ways:

1. Experimental erros
2. Truncation errors
3. Filter errors

Experimental errors are considered errors resulting from 
imprecise measurement. The imprecision may result from human 
error, an example being improperly weighing the tracer sample 
or improperly reading the measuring device. They also result 
from the indistinguishability of two concentrations e.g.
0.100 LBS/Ft.3 and 0.101 LBS/Ft.3.

Truncation errors result mainly from the finite concentration 
range detectable by the measuring instruments. In many cases 
this is two or three decades. Truncation also occurs when 
the time span of the measurement is limited by practical 
considerations.

The third class error which we are considering is filter errors. 
In this class of error, we will consider elements that alter 
hĵ (t) and hD (t). In biological systems, these elements are 
arteries, arterioles, veins and venules, which are non—diffusible 
elements, but contribute to the overall measured transfer 
functions, hjyjĵ (t) and h^(t). The standard estimating techniques 
give underestimates of R and X using hMN(t) and hMD(t) as
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substitutes for h^(t) and hD (t). However, in many cases where 
multiple diffusible tracers are used, ratios of R and X are 
maintained.

The bounds we will try to establish are in terms of values of 
R and \ , measurable directly from the imperfect h(t) and
hD (t). The bounds for the experimental errors, will be 
expressed in terms of the measurement error, Er. Filters
cause two types of errors:

1. Their mere presence results
in underestimates of R and \ , because
the filter’s transfer function 
is normally inseparable from the capillary 
space transfer function, hN (t); similarly
the moments of the two transfer functions
are inseparable

2 o The second and more serious error results 
from distortion of the capillary space 
transfer function, by the filter. This 
results in multiple solution and indeter- 
minacies.
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In order to approximate the measurable ranges of R and A , 
we will use simple transfer functions for both the capillary 
and extravascular space. The transfer function for the 
capillary space considered is a series of well mixed compart­
ments with delays. For the extravascular space, we will use 
a reflected diffusor and its two degenerate cases, a well 
mixed compartment and a stretch. A summary of various hj^t) 

an<3 hD (t) is shown in Table 2.1. A derivation of the three 
extravascular space transfer functions is given in Appendix B.

We realize that complicated blood flow patterns cannot be 
simulated by simple transfer functions. However simple 
transfer functions are valid indicators of limits on measur­
ability of R and X - In the last chapter of this thesis we 
will apply our techniques to experimental data supplied to us 
by Doctors Bassingthwaighte and Yipintsoi.
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Table 2 d SUMMARY OF ANALYTICAL TRANSFER FUNCTIONS

Capillary Space

1o General
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Table 2.1- Continued 
Capillary Space

lb. Two equal 
well mixed 
compartments 

in series

Extravascular
Space

well mixed

lc0 Pure Delay well mixed
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Table 2.1 - Continued
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Space
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CHAPTER 3 - BACKGROUND

Tracer experiments can be grouped into two categories: open 
loop and closed loop0 In this thesis we will limit our 
discussions to the open loop system, or in vitro experiments. 
The open-loop concentration histories, when suitably normalized, 
represent the residence time distribution of the tracer.

The closed loop experiments (in-vivo experiments) have 
their concentration histories complicated by recirculation.
Naor et al, ( 41 ) has shown that indeterminacy exists in 
the estimation of flowrate and transport functions when 
recirculation occurs.
As early as the turn of the century, people were actively 
engaged in trying to find the permeability of substances 
from the blood to various organs. Christian Bohr in 1909, 
and later his pupil, August Krogh, performed experiments 
which attempted to establish the permeability of oxygen from 

the lung's capillaries. In the 1920's Stewart and Hamilton 
initiated quantitative indicator dilution studies which were 
used in calculating needle to needle blood volumes. These



calculations were later validated on a theoretical basis by- 
Stephenson (1948), and by Meier and Zierler (1954) (22).

In an in vitro, or open loop experiment, one can usually 
measure the blood flowrate independent of the concentra­
tion response. The mass of tracer injected, which is also 
usually available, divided by the flowrate, is the factor 
which is used to normalize the concentration response, and 
to make it a proper probability distribution. This is all 
well and good, if the system we are dealing with is a

linear system. By a linear system/ we mean a system to which 
the principle of superposition can be applied and is homogeneous 
of degree one.

Linearity precludes non reversible adsorption of tracer particles 
by the capillary walls. In addition, the tracer particles must 
simulate the substance whose behavior one is trying to monitor; 
e.g. tritiated water must have the same properties of water, or 
radioactive Na2^ must have the same properties as regular Na2* •

Substances used as tracers, real tracers, which are not



present in certain parts of the body and are not in 
equilibrium, and may interact with capillary walls, 
do not represent linear tracers. However, these tracers 
have linear ranges, even if side processes occur. For 
example, at very low concentrations, a reversible absorp­
tion which might occur does not, because of the low driving 
force. On the other hand, in a nonreversible prbees's-, the quantity 
tracer required to saturate the capillary wall may be small, 
say 1 gram? therefore, if one injects 100 grams, the system 
will appear linear because if one would inject say 200 grams 
of tracers, one will measure essentially double the 100 
gram response. In these regions of linearity, the tracers 
are usuable for volume and permeability estimates.

In this context we should mention one other facet of this 
problem which has been discussed by Perl, that is, the 
distinction between hold up and volume. Katz and Krambeck (44) 
have shown that a holdup can always be obtained from the mean 
of h(t). The best way to distinguish hold up from volume is 
by example: Let us travel along with a diffusible tracer

particle making a trip into a variety of extravascular spaces



and see what one measures.

In the first example, the diffusible tracer particle jumps 
from the capillary space into the extravascular space, and 
diffuses to the ends of the extravascular space, perpendicular 
to the flow pattern. The tracer particle returns to the 
capillary wall, jumps back to the same point in capillary 
space from which it left, encountering the same type of 
resistance as it had when it left. The tracer particle may 
be washed out of the system after zero, one, two or more 
trips to the extravascular space. In this case, one measures 
an accessible volume. It should be noted in places ;such as 
stagnancies, where tracer particles do not reach, they are 
obviously not measured and are therefore not included in the 
term volume.

Let us go back to the beginning and follow our diffusible 
tracer particle on a second trip through the system with 
a different kind of extravascular space. The tracer particle 
travels in the capillary space and jumps into the extravascular 
space0 In the extravascular space, it moves perpendicular 
to the flow direction and is captured by a cell and released
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after a time *Zf jumps back to the same point in the capillary 
space from which it left and is washed out. The tracer 
washout occurs after zero, one, two or more trips to the 
extravascular space. In this case one can no longer measure 
a volume, rather one measures a hold up, because a portion 
of the residence time that the tracer particle spent in the 
extravascular space was due to adsorption by the cell and this 
portion cannot be counted as part of the extravascular volume.

In addition to containing volume information, multiple 
tracer experiments contain information about permeability 
coefficients. Many experimentors have developed a multitude 
of methods for estimating permeability.Four major classes of 
measurements which have been used to estimate permeability 
are:

1. Osmotic pressure

2. Unit Step Concentration Profile
3. Tissue Clearance
4. Unit Impulse Concentration Profile.

A brief summary of the first three methods and some of the 
shortcomings presented by Crone (48) at the Alfred Benzon 
Symposium are presented.



A model which uses osmotic pressure measurements and is

based on diffusion through cylindrical pores for the

transfer of mass from the capillaries into the extravascular 
space, was developed by Pappenheimer, in the early 1950's.
The basic equations used by Pappenheimer (24,. 2 5) are:

h e = b .T r / / ? r  ( 3 ^

P= F(c« -Cy) IT c g a;
A A T

where F = Blood Flow Rate, C = Concentration, A7T= A  Osmotic 
Pressure, A = Area, a = Artery, v = vein, p — permeability

Van11 Hoff's Law, equation 3.1, is used to find the effective 
concentration difference. There has been some criticism (48) 
of the use of Van't Hoff's law in a system where the membrane 
is not ideally semiperme'able.

A second method for finding the permeability of diffusible 
substances was proposed by Renkin and his co-workers, Crone (45) 
and Garlick and others. Instead of using a single injection,
(a unit impulse), one would continuously infuse a traced 
material (a unit step). The basic equation is PS = -F ln(l-E), 
but E has a slightly different meaning, because it refers to 
the steady state extraction, as obtained in the usual way, 

where concentrations in arterial and venous blood are related.



Many experimenters have shown the transfer function for a unit 
step experiment, H(t), is related to the transfer function of a 
unit impulse experiment, h(t), by:

A third class of methods, developed independently by Lassen, (1967) 
(38), Strandell and Shepherd, (1968) (39) and Gosselin, (1967) (43), 
is known as tissue clearance and tissue uptake methods. In a 
small extravascular tissue depot, e.g. a muscle, they inject 
Y  — emitting small hydrophilic ions and a dissolved inert gas. 
Under ideal circumstances, both substances will disappear with a 
single rate constant, which for the lipophilic gas, gives the flow

in the capillaries and for the hydrophilic ions, give the 
extraction from the tissue. The basic equation is: K*V = F*E.
The disadvantage of these methods is that inhomogeneity of 
the tissue perfusion relative to the volume of the perfused 
compartments, and the occurrence of tissue gradients, could 

give similar results. (48)

(3.3)

The fourth and major class of experiments. Single Injection 
(Unit Impulse), is used for finding both volumes and permeability.



This type of experiment is the subject of this thesis.

As early as 1954, Chinard and his associates (8,9),proposed 
using a single injection which contained multiple tracers in 
order to determine the size of extravascular volumes, and the 
permeability of diffusible compounds through organ membranes, 
in various parts of the body. Numerous investigators have 
performed multiple tracer experiments, each 'using hi’s own. varia 

tion of the basic method for calculating permeability.

Methods suggested by Crone (11), Martin de Julian, and 
Yudelevich(40) and Bassingthwaighte(4), estimate the permea­
bility by a relation of the type:

hN
The difference in the various methods lies in the procedure 
used in evaluating E.

Where the fractional extraction, E = 1-
(3.4)

Definitions of E and A are such that equation 3.4 can be 
written simply in terms of a ratio hN (t) and hD (t). We will 
call this ratio ~TL (t).



t) = hD (t)/hN (t) (3.5)

Equation 3.4, expressed in terms of X becomes:

,A — —0* ĵ  ̂ (3.6)

where J\ is the suitable value of_/L(t), as defined by the 
various investigators.

Martin de Julian and Yudilevich suggest that the proper 
value of J7.(t) to use in equation 3.4 is at the
appearance time. The MJY method assumes that in the 

capillaries,there is immediate axial equilibration. Further* 
more, any tracer particle, which leaves the capillaries, takes 
a long time to return to the capillary space, from the extra­
vascular space (no-back diffusion). Crone in 1963 and Levitt 
in 1970, derive equation 3.4 in their papers. Levitt shows 
that this method gives an exact solution, if the capillary 
space acts as a plug flow system. Levitt further shows that 

for high values of \ , the method fails to be accurate, since 
back mixing is quite extensive.

A second method for calculating the extraction factor, is the
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Bassingthwaighte method. This method takes the maximum value of 
E(t), or the minimum of value J\, (t) , whether it occurs at the 
appearance time or later during the cycle. Intuitively, one would 
say* -Ĵ l. (t) should be constant until back diffusion occurs. This 
is untrue except under very special circumstances. Bassing­
thwaighte, Knopp, and Hazelrig X46) believe, that- this maximum 
value would be a good indication of the maximum value of the 
coefficient permeability of the system.

Crone and Lassen X'47');i suggested a method which utilizes the 
hN (t) and hD (t) curves to a greater extent. This method, 
which we will call the Crone Relative Area (CRA) Method, defines 
the extraction:

E  = (3.7)

where tp can assume any one of three values. These are:
1. tp=the time at which is a minimum.
2. tp=time of the peak for the non-diffusible

tracer

3. tp=the time where _/^(t)=l(the crossover point).

Due to the difficulty of determining at which time back 

diffusion has an influence on hj-)(t), it is consequently
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difficult to say which method is the proper way to choose tp.

In 1969, Shinnar, Naor and Katz (30), developed a method 
for relating the sojourn time distribution for diffusible 
and non diffusible tracers. They presented three different 
approaches for calculating the permeability in their paper.
These are:

1. A probabilistic model, which used Laplace 
Transforms

2. A modified Extraction Factor Method
3. A method of calculating the various system 

parameters by model fitting the moments of the 
diffusible and non-diffusible tracers.

The moment fitting method can be used to give a lower bound 
on the permeability, even though the .the value calculated by 
assuming an EVS behavior of a well mixed compartment is not valid.

It is assumed, in a multi-tracer experiment, that behavior 
of the diffusible and non-diffusible tracers in the capillary 
space is the same, with the exception that, from time to 
time, diffusible tracer particles jump into the extra­

vascular space with a Poissons rate parameter X jump/time.



The diffusible tracer particle then returns to the capillary 
at the same point from which it has left.

Shinnar, Naor, and Katz have shown that hD (t) can be

L(o= r=)D *Jr\

related to hN (t) by the following relationship:
\t
'° (3.8)

where X(-t-‘C j x  ) is the conditional probability density of 
a tracer particle, spending time t-% in the extravascular 
space, having spent time ~C in the capillaries. if we 
now consider the physically useful situation, where the times 
tj and t2, spent in the extravascular space for two non­
overlapping time periods c*, and ^  spent in the capillaries are 
independent of each other. We then find that X(s/t), the 
Laplace transform of the conditional probability can be given

bY: X(S\ r ) =  e'cP<s> (3.9)

where X(s/tr) is the Laplace transform of X(-£/T) and p(s) is 
a suitable function with the following properties:

a. p (o) =0

bo p(S}>0 5 ^ 0



If we further consider a function,(t), the probability 
density that a tracer particle which enters the extravascular 
space spends time t there^ p(s) can be related to <P (s) 
in the following manner:

p ( S J -  A  (/— (firs) (3 .io)
Further,

Ij/V/f pcs) -

Substituting the result of equation 3.9 into equation 3.8, 
and taking the Laplace transform, we get that

hD( S)- hN (s + pis)) (3.ii)

or lip(S)- hfj (S ~h A(/—$(£)') (3.11A)

Equation 3.1flA defines a method of finding \ simply from
the transforms of hD (t) and hN (t). This limiting method will 
be called the SNK limit method. A graphical procedure is 
described in the paper of Shinnar et al; in addition, a 
numerical procedure suitable for computer calculations is 
outlined in the appendix of this thesis.

A (3.10A)
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Equation 3.11 requires that the outlet concentration pro­
files be converted into the Laplace Transform domain. However,

where ta=appearance time.

All of the standard methods which use the extraction as the

m q m e m t==m e t h q d

If the transfer function of the extravascular space is known, 
the unfiltered moments of hN (t) and hD (t) can be used to calculate

various parameters of the system.

Let us consider the case where the extravascular space is a 
well mixed compartment without any longitudinal dispersion. 
Shinnar, et al, have shown that in general, the moments o'f h^

one can calculate directly in the time domain. It can be 
shown that:

(3.12)

basis for calculating^ , do not use limiting technique.
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and are related in the following manner:

Md =Mn (1 + ) (3.13)

vD=Vn (1+ )2+ >MnM2<P (3.14)

where M=mean or 1st moment 
M2=second moment 
V=variance 

Subscripts D=diffusible tracer
N=non-diffusible tracer
4^=sojourn time distribution of the extravascular 

space.
If the extravascular space is a well mixed compartment, the 
Laplace transform of the sojourn time distribution is given 
by:

(P(S)=L    —  (3.15)
A? v- /
A

where R = the ratio of the extravascular volume to the 
capillary volume 

and A is the permeability coefficient.
The moments of cfi are

M<p=- £/A ) rficp x (3.16)



Substituting these values into equations 3.13 and 3.14, 
we get

Md= J%(l+R) (3.17)
VD= Vn (1+r )2 + 2Mn R2/̂  (3.18)

If we now solve equations 3.17 and 3.18 for ^ and R, we 
find:

/ / V V  (3‘19)

X -  (3.20)

Substituting the results of equations 3.17 into 3.18, \ can
be expressed solely as a function of the moments.

^ -z 2.̂*1 (̂ 0 - W/y)______(3.2i)

Equation 3.20 defines an exact way of determining X when the

EVS has the transfer function of a well-mixed compartment. 
However, equation 3.20 is not exact for any other models 
which might be ascribed to the EVS. From a physiological 
viewpoint, all processes that occur in the extravascular
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space are diffusional, and a well mixed compartment is just 
a degenerate case of a reflected diffusor. The coefficient 
of variation for diffusional processes is equal to or greater 
than one; the equality holding for a well mixed compartment. 
Consequently, equation 3.21 can be used as a lower bound on /\ , 
even if the exact model for the EVS is not known.

A summary of the conventional methods and the methods we 
proposed is given in Tables 3.1 and 3.2.



Table3.1 APPROXIMATE METHODS

Method
1. Convention 

Extraction 
Factor

Introduced 
 b y____

Martin de Julian 
and Yudilevich 
C. Crone

Abbreviated 
Name____
MJY

n =

Governing
Equation
h_(t )D a
N a

2. Minimum Bassingthwaighte MINfi h (t)
Extraction et al fi = MIN r-~— -
Factor N

3. Relative 
Area 
Method

Crone CRA
n =

’ ph (t)dtJ JJo_________
t
’ Ph T(t)dt No

Remarks
t = appearance 

time

where t can be 
defineS in any 
one of the 
following three 
ways:
(A) Peak Time
(B) MINfi Time
(C) Crossover

Time



Table 3.2 METHODS WE HAVE PROPOSED

Method
Modified
Extraction
Factor

Abbreviated 
 Name

MEF
Governing Equations
X = lim — lnfi(t) 

t -» t

2. Maximum 
P (s)

MAXP hD (s) = hN (s + P (s) ) 
X = limp(s)

s -» o°

3. Moment 
Method

Moment
Method

R = (M - M )/M D N n
X = (2Mn R2)/(Vd - Vn (1+R)2)

4. Straight Line 
1/p(s)

SLRp  1  = _1 1
p(s) RS + X

Remarks
t = appearance 

time

M = Mean 
V = Variance
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CH4E$Ig=4===¥QLUMS=E§$£MA$ESr=

In this chapter, we will establish which volumes and relative 
volumes are measurable and which volumes are inaccessible. In 
this context when we use the term volumes, we recognize, as 
discussed earlier, that we may be dealing with holdup. We are 
limiting our discussions to the effects of having an imprecise 
hN (t) and hD (t), due either because of measurement error or 
because of truncation error, on volume estimates. Filter 
distorted hM (t) and hn (t) are considered in Chapter 6.

In a linear system, where the residence time distribution of 
tracer particles in the extravascular space is independent 
of time spent in the capillary space, ,one can apply the 
principle of superposition, and R, the volume of the extra 

vascular space, relative to the volume of the capillary space 
can be found by the following relationship:

R = Md/Mn -1 (4.1.1)

Md and are the mean sojourn times of the diffusible and 
non-diffusible tracers respectively. In in-vitro experiments,
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where one has independent knowledge of the amount of tracer 
injected, and the blood flowrate, the outflow concentration

an hN (t) and hD (t), representing the probability distribution 

that a tracer particle spends t in system. The mean of hD 

and hjg are given by:

where ta = appearance time.

Equations 4.1.2 and 4.1*3 involve an integration from the 
appearance time ta , to infinity. Unfortunately, the sensi­
tivity of the measuring instrument does not allow us to measure 
hjq- and hj-j over the entire range of values that the concen­
tration may assume, between the appearance time and infinity. 
Normally the instrument's sensitivity, limits us to two or 
three decades of concentration values. Furthermore, even 
if an infinitely sensitive measuring device were available, 
infinite time could not be expended to measure the tail. One

of the various tracers can be suitably normalized, as to yield

■a.
(4.1.2)

(4.1.3)



is therefore forced into a position where the concentration 
curve is only available to the investigator for a finite

cer. There are two approaches that we can explore:
1. Estimates of R available from the truncated 

functions
2. Use of extrapolating functions which would 

simulate the tail behavior.

When using extrapolating functions, we must be certain that 
we are dealing with a portion of the curve, sufficiently 
removed from the peak, so that the slope of hD (t) or hN (t) 
is near the terminal slope. If, however, the experimental 
data does not extend for sufficiently long times, extrapolations 
should not be used. A complete discussion of extrapolation 
methods will follow in section 4.

Figure 4.1 shows representative curves of a multiple tracer 

experiment for various values of R, A , & (where 9  = L2/D;
L = diffusion length, D = Diffusity). The curves were 
derived for two well mixed compartments in series, with a

time range which we shall call'̂ -a ft ^  for the non-
diffusible tracer for the diffusible tra-
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reflected diffusor extravascular space.

4.2 Minimum Accessible Values of R

Shinnar (30) has shown that all values of R should he attainable 
from ideal multiple tracer experiments, in the absence of 
of experimental and truncation errors. However, because of 
experimental error, small volumes or values of R are not 
measureable, because the transfer function of the diffusible 
tracer hD (t) is indistinguishable from the transfer function 
of the non-diffusible tracer, hN (t),

The concentration behavior of a diffusible tracer with a 
small R approaches the concentration behavior of a diffusible 
tracer with an infinite . For discussion purposes, we 
will use a. capillary space behavior of two well mixed 
compartments in series and an extravascular space behavior 
of a well mixed compartment with an infinite X " the corres­
ponding transfer functions have the form:

(4.2.1)

I
(4.2.2)



If the maximum experimental error in measuring hN (t) and 

^D (t) is Er, then, in order to be certain that R can be 

measured, R must be greater than 2Er. That' R must be 

greater than 2Er, assumes that the experimental 
error is random in nature, and overestimates of hN (t) and 
hD (t) result with the same frequency as underestimates of 
h£)(t) and hN (t) . However, if the error is unidirectional, R 
must only be greater than Er. A graphical representation of 
this result is shown in Figure 4.2.

In order to distinguish between a random error and uni­
directional error, let us look at two examples. In the first 
case, the measurement instrument reads 0.100 for concentrations 
between 0.099 and 0.101. The experimenter records 0.100 as 
the appropriate concentration. It is equally likely that the 
time concentration lies below 0.100 as above 0.100. Therefore 
a random error of mean zero has been introduced into the 
h(t) curve. In the second case let us assume that the 
concentrations 0.099, 0.100 and 0.101 are all measurable.
The experimenter records 0.100 for all concentrations greater 
than 0.099 but less than or equal to 0.100 and similarly 
records 0.101 as the appropriate concentration for all 
concentrations greater than 0.100 but less than or equal to 
0.101. This is an example of a unidirectional which leads to 
overestimates in the mean of h(t).



FIGURE 4.2 - MINIMUM VALUE OF MEASURABLE R AS A FUNCTION
OF EXPERIMENTAL ERROR
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As proof of this result ( R ^  2Er) , we offer the following:
R is evaluated from the first moments of hD (t) and hN (t) by an 
equation of the form:

/?■= / % — (4.2.3)

The worst situation arises when hN (t) has a unidirectional 
error which overestimates hN (t) and hD (t) has a unidirectional 
error which underestimates hD (t).

Multiplying equations 4.2.1 and 4.2.2 by t and integrating 
from zero to infinity, the mean sojourn time of the diffusible 
and non-diffusible tracer is given by:

In order to guarantee that an R exists, MD must exceed MN . 

Therefore:

The fact that R is greater than 2Er merely can be used 
as an indication of the existence of R, but error in the 
magnitude of R can be quite large. At R = 4Er, one can

1 + R >  1 +_EX 
1 - Er

(4.2.6)

which for small E reduces to:

R >  2Er (4.2.7)



underestimate R by 50%. At R = 8Er, the underestimate can 
be as large as 25%. The minimum error in any estimate of 
R is 2Er/l-Er.

Another error which results in the inaccurate estimate of 

R is that hD (t) and hN (t) are measurable only over a finite 
range, say two or three decades* In our example, the trun­
cation time of hN (t), given by equation 4.2.1, will almost

be identical with the truncation time of hD (t), given by 
equation 4.2.2 for small values of R. Therefore, the recoveries 
will be identical, and will not be a source of error. In 
addition, the mean will have the same error as the

mean M^, thereby giving a good estimate of R.

4.3 Maximum Values of R

The large values of R are susceptible to different types of 
errors. Their value could be accurately measured to within 
2Er, if the entire hD (t) curve, from ta to infinity were 
available. In contrast to the small values of R, the measur­
ability of the tail of hD (t) is a more serious problem. Let 
us again use the situation where A is infinite and the outer 
phase is well-mixed, so that ^(t) and hD (t) are given by 
equation 4.2.1 and 4.2.2

In many instances, the same instrument is used to measure



hN (t) and hD (t) and the range of the instrument is limited 
to two or three decades. hN (t) and hD (t) have maximum 
values of and<^/^)£. respectively. Therefore, in order 
to measure any response for hD (t):

r  > Y / o - *
r ; -5—  (4.3.1)(///? )£ £

where N is the number of decades the instrument can measure. 
Therefore:

R C  10“N - 1 (4.3.2)

Even though hD (t) becomes visible for R ^ 99, the volume 
calculated from equation 4.1.1 may fall far below the actual 
volume. 75% of the actual volume can be measured for an R 
of 20, 80% when R = 15, 85% when R = 10 and 90% for R =6.

4.4 Measurable R and Extrapolation Techniques

We have shown earlier that two types of error arise in the 
measurement of hj-j(t) which bear heavily



in the estimation of R. In the range where R is measurable,, 
■-rrors that arise from inaccuracies in the measurement of 
h (t), can not be separated from the means of h^ and h^ and 
are found in all experiments. We will therefore, not concern 
ourselves further with this type of experimental error.

The second type of error is the truncation error, which can 
be remedied if one could properly extrapolate hN (t) and hD (t) 
to infinity, so that the moments of h can be evaluated 
accurately. The problem arises as to what is the proper way 
to extrapolate hN (t) and hp(t). Truncated h(t) curves 
cannot calculate tracer recoveries equal to 100%^ from the 
knowledge of the flowrate and quantity tracer injected the 
unrecovered fraction can be calculated. Many experimenters 
believe that the concentration profile declines exponentially 
for large times. These two properties can be used in form­
ulating methods for extrapolation.

Yerushalmi et al have proposed a rectangular extrapolation, as 
a means to putting a lower bound on the' volume. They propose 
using the terminal measured value, hD (tg) and extending hD (t)

ji,at the constant value to a new value of time tg, so that:

(4.4.1)



where is one minus the recovery. The mean of hD (t) is then 

given by:

Yerushalmi et al have shown that if tg is greater than three 
times the mean residence time, the volume calculated from 
equation 4.4.2 is a minimum.

A commonly used extrapolation method which employs the second 

technique, that of matching the slope at the terminal time, is 
monoexponential extrapolation; that is, h (t) is assumed to have 
the form

For many systems this extrapolation gives excellent results, 
provided that is chosen sufficiently large. Figure

4.4 shows the percentage that one overestimates the incre­
mental and total capillary volumes, if hN (t) is given by 
equation 4.2.1, and the extrapolation technique of equation
4.4.3 is employed. Also shown on figure 4.4 is the

(4.4.2)

fitted
^  ^ ^ * 7  (4.4.3)

(4.4.4)



b!3.
FIGURE 4.4 PERCENT OF VOLUME CONTAINED IN THE TAIL

AND TOTAL VOLUME AND INCREMENTAL VOLUME ERRORS USING . 
MONOEXPONENTIAL EXTRAPOLATION

Eh13WU
Phwcu

so
TIME / PEAK TIME

CURVE 1: PERCENT VOLUME CONTAINED IN TAIL
2I PERCENT ERROR IN TOTAL VOLUME 
3: PERCENT ERROR IN INCREMENT VOLUME



percentage of the volume measured, when integrating t*hN (t) 
from various tM to infinity. It is apparent that at three
times the peak, extrapolation error is less than 10% and at
five times the peak time, the error is less than 1%. For
systems given by equation 4.2.1, it can be shown that 1% of
the peak value occurs at 7.64 times the peak time, and 0.1% 
of peak value occurs at 10.23 times the peak time. Therefore, 
monoexponential extrapolation with two or three decades 
measurability, should provide good estimates of the capillary 
volume.

The problem with monoexponential extrapolation arises with 
diffusible tracers where a serious underestimate of the total 
volume may occur. Figure 4.1 .shows typical tracer curves 
for diffusible tracers that one might expect to obtain if 
the capillary space were two well mixed compartments in series 
and if the extravascular space had the behavior of a reflected 
diffusor. The compartments have slightly different -residence 
times. Unequal times were chosen because they were easier to 
-handle numerically. hD (t) has -the analytic form of:



55.

halt) -  A A & Y i^/(X_-Y,') *
erf

( ifl, °£i(\+r)e-<Z?) Hr^(^^z)Li-A&Cm̂,L) ~~

"2 P \-^--^------------ —  —  J (4.4.5)
A — ssj~l rtp̂ Lxe-crff+kb

where tan <Th = J L  f *• * ~  )
° 7, X &  tr, &  -  a ?

t a n  ^  -  r f —  r f - ®  ~   —  . )

aZj \ r2&-rf
Curve 1 of figure 4..’l." represents a non-diffusible tracer 
profile because A =0, and curve 2 represents a well-mixed 
outer phase profile Q = 0. It becomes clear that for 
©  =10 and & =50, one can severely underestimate the volume 
by truncation of (t) , for example at t=8, where hN (t) 
disappears.

From Figure 4.1, one can deduce that for &  values of less 
than ten, monoexponential extrapolation can be used to 
estimate the volume if two decade measurability is attainable. 
This limit (& = 10) gives excellent volume estimates for 
values of A between 0.1 and 10. For values of O' =50 the 
monoexponential extrapolation seriously underestimates the 
volume. It can be
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seen from figure 4.1 that for ^=50 and t=12, hD (t) =.0036, 
which is two decades below the maximum value of hu(t), the 
slope of the hD (t)is becoming flat, and the extrapolating 
slope is higher than the terminal slope . The higher value 
of £> , solved for by equation 4.4.4, results in a lower 
incremental volume. The incremental volume is given by:

hli)it » h(l„) (4.4.6)

Experimental data which we had obtained from Dr. Bassinthwaighte, 
(see Chapter 7) showed that monoexponential extrapolation under­
estimated the extravascular volume. In certain cases it was 
impossible to measure an extravascular volume, as the mean 

hp(t) was less than the mean of hN (t). Probably the cause is 
early truncation. Symptomatic of early truncation is that the 
recovery of the diffusible tracer is considerably less than 1.

One should mention at this point that an extrapolation method 
using both the slope and the recovery criteria can be form­
ulated. As an example, one could use a double exponential of 
the form:
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A f O -  f a  (4-(4.4.7)

The constants ̂  and j*> , can be solved from the following
equations:

d-t k-t^  ^ --- h + ) (4.4.8)

S htt)tk* £ =  /,0 J c J_-4. 4. a. N (4-4 -9)
'■ X

The system is constrained such that >̂yo and £K j . The 
system is also symmetric so that one needs only to consider

or <5 (2 <c 1  . Solving equations 4.4.8 and 4.4.9 for■I,- - ~ "
(1 and ^2 , one gets:

fi = ±f-w,±( W? + 4H)'/z]* I £ L- £.

/>

2̂-and l [ - ^

+ 0 - 2<0  ^ ̂ vuT) A  (4.4.11)
\ lo ̂ £_* j



There are however, circumstances where  ̂1 and \ 2 are 
not real, no matter which value of a is chosen. Thus, this 
method has only limited applicability. The incremental 
volume calculated from J th(t)dt is only loosely dependent 
on a. Therefore, it may not be a useful method.

4^5___Erobablistic_Agproach_

Shinnar (3 0) have developed a probabilistic approach whose 
primary purpose is to calculate X , the permeability 
coefficient. In the process of obtaining X , one calculates 
a function p(s), which is related to a probability distribution 
of sojourn time spent in the extravascular space. The 
reciprocal of p(s), as s^O or^-'T'^ has a slope which approaches 
1/R. A detailed derivation of this method has been given in 
Chapter 3.

From the experimental curves hN (t) and hD (t), one can numerically 
compute the transforms and then calculate p(s) from hN (s) 
and hD (s). One can either calculate p(s) numerically or 
graphically.
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Having p(s) in hand, it can be easily shown that

(4.5.1)

(4.5.2)

It is more convenient to use equation 4.5.2 as the scale of 
s near zero is enlarged. Furthermore, Shinnar et al have 
shown p(s) is just a function of sojourn time distribution, 
<P(S) . the sojourn time distribution of a tracer particle in 
the extravascular space. Thus the relationship developed 
is:

The reciprocal of p(s) has the advantage that diffusional 
outer phases approach linearity rapidly. For a p(s) 
calculated for hN (t) given by equation 4.2.1 and hD (t), given 
by equation 4.4.5. , it. can be shown that

(4.5.3)

fcs) - §R_ jJ§$ 'fasnL \f&S (4.5.4)

A9



60.

and I
1 -  J—p(S) A |/ST (4.5.5)

In the special case where the outer phase is well-mixed, 
that is, 0 =0, equation 4.5.5 becomes a straight line with 
an intercept of _J__ and slope of 1_ . Thus,

A R

—  I  ̂ +-J-
f(?) 'S'O A  K s  (4.5.6)

Diffusional outer phase also approaches linearity rapidly.
If one takes the derivative of equation 4.5.5 and expands the 
derivative near s = 0 or 1/s t' cx£) , one finds:

i n ^ ' U t c o *  <4 -5-7)c is 5 i '°° /? ‘ 3 U  J

The slope is only weakly dependent on & . Therefore for
$=50 and s=.l, the error in the volume estimate is less
than 10%. Figure 4.5 shows 1_ versus 1/s as a function

P (s)
of various values of .

This method like other methods suffers from the malady of



1/p (s)



truncation, however if & is small, say under ten, relatively 
large values of s, such as the slope at s=0.5 will give good 
estimates of R. These medium range values of s are less 
dependent on the tail and start of h(t) than are the smaller 
yalues of s. ’

4.6 Summary

We have shown that even under the best circumstances where A 
is infinite, that is, all of the diffusible tracer has access 
to the extravascular space, not all values of R can be measured 
On the lower end of the scale,£>r one can not even be
sure of the existence of an extravascular space or even 
calculate its value. On the upper end of the scale the 
measurement errors are less of a problem■than the tail of hD (t) 
and for R greater than six, less than 90% of the extravascular 
volume is measurable, even for a well-mixed outer phase with 
an infinite A  . The transform method and monoexponential
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extrapolation gave excellent results for R=10. However for 
large values of R, an R value of ten will be indistinguishable 
from R of twelve due to experimental error and scatter.

We have also shown that for the range where R is measurable, 
the nature of the properties of the outer phase, has an 
effect on the measurability. For example, in a situation where 
one encounters a small diffusion coefficient, so that ^=50 or 
higher, onê  finds R immeasurable^as all of the information 
about R is contained in the tail of hp(t), which is immeasur­
able. Early truncation of hD (t) has the same effect as 
large & . In these cases monoexponential extrapolation is 
not a useful method.

The reciprocal of p(s) method which we have developed gives 
the most accurate results. The linear behavior of l/p(s) for 
moderate values of s, are not very dependent on the beginning 
or the tail of h (t). In chapter 7 we will verify this result 
with experimental data.
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5.1 General

The methods described above in Table 3.1 & 3.2 have several 
common assumptions. All methods assume that the system for 
both the diffusible and non diffusible tracer is linear. By 
this we mean the principles of Superposition and Homogeneity 
apply to the system.

Another fundamental assumption of multiple tracer experiments 
is that the diffusible tracer's behavior in the capillary 
space is given by the transfer function of the non diffusible 
tracer. Crone and Lassen (47) have suggested that diffusible 
properties of the diffusible and non diffusible tracer are not 
the same. (Taylor diffusion). If this is true, none of the 
methods discribed in Table 3.1 and 3.2 are valid for estimating 
permeability ( \ ).

Another assumption common to all is that tracer response 
is unfiltered. That is, the concentration profile one uses 
to calculate^ is not a convolution of transfer functions of 
the capillary space with any other transfer functions, such as 
that of the measuring instrument. In many cases of in-vivo 
and in-vitro experiments, however, there are blood vessels in 
series with the permeable capillary bed, whose transfer functions 
are not separable from the overall transfer function, and in
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these cases, one cannot measure ̂  outright. In cases where fil­
ters are present, relative A 's however are still measurable.
The effect of filters on the measurement of R and X is 
discussed in Chapter 6.

The discussions in this chapter will be limited to unit 
impulses. In mathematical terms, the injection is approxi­
mated by a Dirac delta function, injected into an organ's 
artery. It is also possible to modify the proposed estimating 
methods for \ to be suitable for step input experiments such 
as performed by Crone and Garlick(45) . in these experiments 
the intravascular and extravascular spaces are saturated with 
diffusible and non-diffusible tracers and the washout of 
tracers is observed. .Many experimenters have shown that the 
washout-experiment concentration profile is related to the 
concentration profile, obtained from an impulse experiment by 
the following relationship:

h (t) = -dH(t) (5.1.3)
dt



5.2 Conventional Methods

A. Extraction Factor Methods

In addition to the assumptions mentioned above, the conventional 
methods, MJY, MIN-ZLCt) and CRA, assume that there is no back 
"diffusion". Back diffusion means that once a tracer particle 
leaves the capillary space, it does not return. In reality, 
all systems have back diffusion. However, this assumption is 
valid for the early part of the concentration profile, where 
back diffusion may be near zero. In the case of the min
and one of the CRA variations, the no back mixing assumption,
is extended to the time where min (t) occurs. Back

diffusion leads to an underestimate of A because the value of
is artificially higher due to the return of tracer particles.

In addition to assuming no "back diffusing", the conventional 
methods do not allow for any back mixing. Back mixing is the 
diffusion of tracer particles, either forward or backward in 
the direction of the flow. The limiting case of back mixing



is a well mixed compartment; that is, a compartment where the 
concentration is independent of position^as in the back diffu­
sion cases, the back mixing leads to underestimates of \

The conventional extraction factor method (MJY) assumes that 
the injection of a non-diffusible tracer is not distorted in 
its passage through the capillaries and the tracer particle 
leaves the capillaries at some later time 1/tf . Thus, when

good estimates of ^ can be calculated by the’ MJY method because 
the mean sojourn time and the appearance time of the non- 
diffusible tracer are simply the time delay, l/y' . In many 
experiments, one finds that the tracer particles of the non- 
diffusible tracer are dispersed by back, mixing and one can 
appropriately model the capillary space by a number of well 
mixed compartments in series with a delay.

In order to demonstrate the effect of back mixing on the 
evaluation of A .we will for the sake of convenience,



discuss a case where the transfer function of the capillary 
space is two well mixed compartments in series with a pure 
delay section.

(AoCfU-X.-) (5.2.2)

The mean sojourn time of tracer particles in this kind of 
system is

%  = 1 + 1 (5.2.3)r
where (X is the blood flowrate divided by the total stirred tank 
volume and ^ is the blood flowrate divided by the volume of the 
delay. The MJY method, underestimates the true value of 

by a factor of
1

A  ACi‘ - ~1— f (5.2.4)
X cAic Y

—  '/Y
It then becomes quite clear that as 1/ y approaches zero,
the calculated value of \ also approaches zero. For the

case, 1 ^ 0, one can show by L'Hospital's rule that as
(X (ta) approaches one, and InJl. approaches zero.

In order to avoid some of the shortcomings of the MJY method,



Bassingthwaighte et al have proposed to take min (t) regard­
less of the time in which it occurs. Unfortunately, the 
minimum^, does not always occur at the same time; that is 
St min sometimes occurs before MN , the mean sojourn time, and 
sometimes after MN . This leads to values of X which either 
overestimate, underestimate or are equal to the actual values 
of X . Consequently, in many instances, one is not sure 
of the accuracy of the calculated value of X

For example in Case 1A, shown in Table 2.1, one finds that 
the time the minimum J2. (t) occurs is given by:

t -  A ( I z i )
Are K a - r  >

It is evident from equation 5.2.5 that for small values of

\ (X̂ O )» the time at which the minimum occurs grows large, 
/

(t t °°) t and one overestimatesX* Similarly as the,value of X 
grows large, ( X oo ), the minimum time, grows small
(t 0), and one underestimatesX «Under certain fortuitous 
circumstances, where t is somethat above M^, the estimate of 

A is quite accurate. 4
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The unreliability of predicting A  by the above two methods led 
us to modify the MJY method. Instead of dividing the 
ln._/2- (ta) by the mean residence time, one divides In Jl(t) 
by the actual time, and takes the limit as t 'I' ta. Thus

A  = Limit 1_ In —ft. (t) (5.2.6)
b-* ta t

From a theoretical standpoint if hN (t) and hD (t) could be 
measured accurately, then A  could be estimated accurately 
by equation 5.2.6.

All extraction factor methods use a quotient to evaluate A  / 
which can lead to serious errors. Let us analyze the situation. 
hN (t) and hD (t) are measured to within some experimental error, 
Er, so that in the worse instance:

^MN(t) = hjj (t) (1-Er) (5.2.7)
hDM(t) = h D (t)(l+Er) (5.2.8)
Si M (t) = hp (t) (1+Er) (5.2.9)

(1—Er)

Then the MJY method would predict A to be

~  —  f SHLC) -hjL(lrfii) \ (5.2.10a)
Mri L ^  J

for small errors, Er

Art = - V y  t  (5.2.10b)
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In those cases where hN (t) is the transfer function of a well 

mixed compartment,X equals zero, thus the permeability
coefficient, one measures is X  M=2Er//MN' a function only of 
the experimental error.

In the minimum^/2.(t) method, the effect of experimental error 
is not readily determined. In addition to the error intro­
duced in the evaluation of \ , the experimental error could 
also alter the time at which the minimum occurred; thus 
destroying any true relationship between the theoretical and 
actual A • The effect of experimental error on the MEF method 
would yield the following:

- \a.cT t  'i"V,r 2M no-cr z ^ a ~g- (5.2.11)

As long as the appearance time is far enough removed from 
zero^ A is measurable and contains only a small error.
However as ttflr 0, the measurement error produces an enormous 
overestimate, and A becomes inestimable. Figure 5.2
shows the range in which A is measurable as a function of 
appearance time. The solid lines showing the maximum
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anticipated experimental error were calculated at the point 
where \ = 2Er-

The extraction factor methods have another difficulty. Just 

as low values of A  are inestimable due to measurement errors, 
large values of A are not measurable as the experiments are 
not sensitive enough. The instruments used to measure the 
outflow concentrations have a limited range of two or three 
decades. Thus the maximum value of Si. that one can attain 
is 100 or 1,000. In general terms, for an N decade range 
instrument, the maximum possible Si is 10N . Thus the max­
imum value of A would be given by 

\ 2.303NS' MAX ta (5.2.12)

Generally, at the time hD (t) becomes measurable, hN (t) is 
not at its maximum value and more likely, at least one decade 
removed from it. Practically then, the maximum value of 
would more properly be given by

A MAX = 2.303(N-l) (5.2.13)
ta

Figure 5.2 shows the maximum values of A * measurable as a 

function of appearance time, and sensitivity of the measuring 
instrument. The maximum measurable A shown on the plots is 
given by equation 5.2.13
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It should be noted that we use the word immeasurable in a very 
loose manner. It would be more proper, for lower values of \ 
to use indistinguishable from zero \ , and for the higher 
values of A , it would be more proper to use indistinguishable 
from an infinite A

The bounds on the measurability of A that we have derived 
here through the use of the extraction factor methods, 
are equally applicable to the values of \ derived from 
transform methods, discussed later.

5.3 Crone Relative Area (CRA)

The CRA method like the conventional extraction factor method, 
is correct for a capillary space which has the transfer 
function of a pure delay, where hN (t) is given by a Dirac 
delta function. At the appearance time, which also corres­
ponds to the peak time, minimumSL time and crossover time, 
hjjj(t) has an integral of one. Analogously, hj-j(t) has an 
integral of e” Ata^ Therefore ^ calculated by equation 2.1 

gives the appropriate value of the A • On the other extreme 
where hN (t) is a well mixed compartment (large amount of 

back diffusion), the recovery of the non-diffusible tracer at
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the peak time is only 26%. The diffusible tracer's
, _ —

recovery is i-r- ** where results from inte­
gration of a second term involving a convolution of hN (t) an<3 
a first order Bessel function, ft in general is small, there­
fore, as a first approximation, one may consider the recovery
of diffusible tracer /— -J-6 it would be fortuitous if

A

l - ± e -4 - . a i  e' Nf/X i5-3-1)A

in which case one would calculate the true value of ^  . 
However, in general, equation 5.3.1 is not true, and under­
estimates of -A result.

5.4 Moment Method

Shinnar et al have developed a probabilistic model which 
relates hN (t) and hD (t) to the sojourn time distribution of 
the extravascular space<$(t) . They also developed moment 
relationships, where the various transfer functions for the 
extravascular space are:



Well Mixed Outer Phase

R=MD/MN - 1 (5.4.1)

A  = 2R2M
VD-VN (1+R)2 (5.4.2)

Reflected Diffusor 
R is given by equation 5.4.1

0  ~'(M (5-4.3)
As

1 -        (5.4.4)

where /7j = Vp-VN (1+R)2
MN

= Sd -(1+r)3Sn _ 3(1+R) VN
3 m n

S = Skewness, V = Variance, and M = Mean.

Ideally one could use equations 5.4.1 through 5.4.4 
to evaluate R, However, the mean, variance and skewness
are not calculable to the accuracy required 'f'o allow one to 
use moments to compute the various parameter^. We have shown 

Chapter 4 that for a simple task such as evaluating the extra-



vascular volume, many problems arise. Aside from the problem 
of experimental error, which is inherent in every experiment, 
truncation of both hD (t) and hN (t) concentrations, causes 
even more serious difficulties.

Truncation is a more serious problem in the evaluation of \ ,
and makes the evaluation of Q  impossible from the moments. 
Table 7.1. and 7.2 show an example of a truncated transfer 
function for a capillary space, behaving like two well mixed 
compartments in series, with each having an extravascular space, 

which has the behavior of a well mixed compartment. For a non- 
diffusible tracer concentration profile, which was truncated 
at the time the recovery was 95%, the second moment was 69% 
of the actual value, and the third moment was 51% 0f the actual 
value. Even at 99%, the third moment was only 79% of its 
actual value. For the diffusible tracer, the situation is 
analagous. Although the percentage difference may be rela­
tively small, like 21%, the numerical difference is important. 
For alternate A, Case B of Table 2.1, the difference between 
the truncated second moment of hD (t), and the true moment of 
hjj(t), is 20, which is almost five times the value of the \ one
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is trying to compute.

In general, the recovery of the diffusible tracer is less 
than the recovery of the non-diffusible tracer, as more of 
the tracer particles are found in the immeasurable tail. As 
an example, Table 7.2b shows the errors that result in estimat­
ing R and /\ , if the recovery of the diffusible tracer is 
95%, and the recovery of the non-diffusible tracer is 99%.
It is evident that in these cases, the moments do not produce 
valid results.

Bearing in mind the problem experienced in evaluation of the 
first two moments and the parameters of a two parameter 
model, it becomes impossible to evaluate the three parameters, 
Q , \ , R, for a reflected diffusor. The tails of hN (t) and 
hD (t), even without experimental error, are not measured 
accurately enough to evaluate the three parameters.

5.5 Probabilistic Approach

Shinnar et al have developed the theory that relates hD (t) 
and hN (t) by a conditional probability, X(t/-C ). The



relationships developed are not in the time domain but use 

Laplace transforms. They are:

(5.5.1)
hD(s) = hN (s+p(s)) (5.5.2)
p(s) = h N-l(hD (s)} -S (5.5.2b)
Limit p(s) = X (5.5.3)
S-yoO

In addition to containing information about X j  (Eq5.5.3) 
p(s) contains information about R, and in the diffusional 
case, the value of 0 may also be extracted. In the 
diffusional case p(s) is given

9    (5.5.4)
/ -f- &/& 0 S

and its reciprocal is given by

i _ j _  +  ' ____________________

f>($) A  (5.5.5)
If one were able to accurately calculate the Laplace transforms 
of hN (t) and hD (t) and numerically or graphically evaluate 
p(s)(the numerical procedure is described in Appendix A), the 
three parameters R, X • & , could be evaluated. As shown 
earlier



can be evaluated by equation 5.5.3 and © can be evaluated 
from the knowledge of R and  ̂ and asymptotic form of p(s).

Unfortunately, truncation and experimental error, which make 
obtaining measurements near the appearance time difficult, 
do not allow one to calculate p(s) accurately enough over 
the entire range to calculate the three parameters. The best 
that one can do is to assume the outer phase is well mixed, 
that is ©  =0, therefore equation 5.5.6 becomes

P (s) R

whose linearity is independent of the value of s. Thus the 
medium values of 1/s can be used to evaluate p(s) for all 
values of s, since at these points the transform is not 
strongly dependent on the tail, or the beginning of the 
hD (t) and hN (t) curves, which are not accurately known.

1 (5.5.7)



81*.

The SLR^omethod uses the above assumption as its basis, the 
slope and intercept of the best straight line drawn through 
l/p(s) versus 1/s is used to evaluate A and R.

The sensitivity of max p(s) method (Eq. 5.5.3) is taken to 
be the same as the MEF method as the theoretical basis is the 
same for both. From a numerical viewpoint infinite A may be 
more distinguishable in terms of the transform method as p(a)=Rs, 
then by the MEF method where ta must approach zero and

5.6 Relative A  's

Under many circumstances one is not interested in obtaining 
the absolute value of \ , but is only interested in obtaining
Relative \ 's, for example, the \ of sucrose, divided by the 
X of glucose. In cases where h^(t) and hjj(t) are distorted 

by filters, that is all one can hope to obtain. (A complete 
discussion of the filter problem is given in Chapter '6.) The 
errors in relative )^s can be more severe than the errors in 
the absolute value of ^ , since one can overestimate A| , and 
in the other case one can underestimate X x . Figure 5.6



shows the maximum error in relative X ' s as a function of Er

*  A, (
b J W  = J Z l i - e j  ( 5 - 6 - 1 )

If one were certain that the errors were unidirectional then 
equation 5.6.1 would reduce to

I

- / J'fie) (5.6.2)

5.7 Summary

In this chapter we have shown the effects of back mixing and 
back diffusion are not accounted for by the conventional 
methods. The methods we proposed, however, are equally applic­
able for systems with or without back diffusion. In addition, 
figure 5.2.1 establishes values of ̂  which are measurable. The 
lower values of X are very susceptible to measurement errors.

However, large values of X are indistinguishable from in­
finite^ because of our inability to measure more than a 
few decades.
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FIGURE 5.6 - MAXIMUM ERROR IN RELATIVE X 1S AS A 
FUNCTION OF EXPERIMENTAL ERROR
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CHAPTER 6 - THE EFFECT OF FILTERS ON VOLUME AND PERMEABILITY

ESTIMATES

6.1 INTRODUCTION

We have previously discussed ( Chapter 4 and 5) the effect 
that truncation and experimental error have on the estimates 
of R(relative volume) and /{ (permeability coefficient). In 
this chapter we will deal with the effect that filters have 
on estimates of R and/\ . The methods we will use in our
discussions are the SLRp^s), MEF, Maximum p(s) and the 
Moment Methods. The governing equations for these methods 
are given in Tables 3.1 and 3.2. We have chosen these 
methods because they predict the correct values of R and X 
without a filter.

In biological systems, tracer particles, diffusible and non- 

diffusible, ■ are injected into the main artery of an organ 
and the concentration is monitored at the main vein of the 
organ. On its path through the organ, the tracer passes 

through arteries, arterioles, veinules and veins which do not 

permit significant permeation in the extra-vascular space.
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In between the arterioles and veinules, we
find a capillary bed where diffusion occurs. A typical flow 
path is shown in Figure 1.1. Each blood vessel segment has 
its own transfer function and therefore distorts the transfer 

functions that one is seeking, namely those of the capillary 
bed, hN (t) and hD (t). It is impossible to separate the 
transfer functions' non-diffusing portions from the overall 
transfer function of the flow path. For the sake of con­
venience, we will call the transfer function for the non­
diffusing segment of the blood vessel h^(t), recognizing that 
it is made up of a convolution of functions

L /̂ )- L it) H k CO * U It) * /) it)
" b  w E V C y  V t ' / H U c C  \ / £ i a j

(6.1 .1)

or in Laplace transforms, a simple product

! ,c\- L * h(S) • h (6.1 .2)

There is a second kind of filter which is also present in series 

with the flow path, ĥ (t') which is the transfer function of 
the measuring instrument. Its transfer function, h^ (t), 
can be ’convoluted with the blood vessel transfer function, 
giving the overall transfer- function for all the filters of



86.

hf(t) = hb (t) * hi(t) (6.1.3)

We will deal with a single flow path and evaluate the
effect the filter has on the estimates of R and A • We will 
also show that relative R's and A 's are maintained for two 
or more diffusible tracers.

It should be pointed out that the actual volume of the extra­
vascular space is given by

VE = F(Md m-mnm) (6.1.4)

and is independent of the mean sojourn time of the filter. 
The accuracy of this volume estimate has been discussed 
earlier in Chapter 4.

We will discuss effects of filters on R and A in terms of 
three simple transfer functions for the extravascular 
space. These are:

1. A stretch

p ( s ) = R s  (6.1.5)
2. A well mixed outer phase

1>(S)= .   (6.1.6)s-f
3. A diffusional outer phase

(6.1.7)
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Although these three transfer functions may not exactly 
simulate the behavior of the extravascular space, the effect 
of a filter on estimating R and A for these transfer functions 
is extrapolatable to more complicated behavior.

i - 2 . _ _ I N D E I E B ^ N C Y _ E Q E _ E U B E _ D E L A Y S

Some experimenters feel that the transfer function of the 
capillary space is close to a pure delay, that is

and the dispersion that one measures is largely a result of 
filters. Thus the transfer function that one measures is 
given by

^ (6 .2.2)

The diffusible tracer transfer function hM D (s) is given by

lifts) £-^(SfP(Ŝ  (6.2.3)

based on the Shinnar model. Shinnar et al have also shown



that

plS) r ^ (/- 4>(S)) (6.2.4)

where <p (s) is the Laplace transform of the sojourn time 
distribution of the extravascular space.

Having only the measured transfer functions for the diffusible
and non-diffusible tracers, hMD(s) and h^fs) in hand, it is
impossible for one to calculate the value /A . As a result,
one can assume the residence time distribution in the cap-

£illary space has a different value for the delay,M , and still 
produces the same measured transfer function for both diffusible 
and non-diffusible tracers, making the system indeterminate.

As a proof, we offer the following: Let

In order to obtain the same measured transfer function for 
the non diffusible tracer, the filter's transfer function 
is given by:

(6.2.5)



Similarly, the transfer function for the diffusible tracer 
must be independent of assumed transfer function for the 
capillary space. Thus

that it satisfies equation 6.2.8. The transfer function for 
the diffusible tracer is also reproduced by use of a 
different function, therefore, the system is indeterminate.

6.3 DOUBLE SOLUTIONS I-OR STRETCHES

We have just shown that an indeterminacy exists in the 

estimation of R and X , if the transfer function of the 
capillary space is a pure delay, a more limited indetermin­
acy, namely multiple roots are found, if the capillary space

(/a-/a *)S U * ( s + A *  (!+<$(&)

(6.2.7)

Solving equation 6.2.7, one finds

(6.2 .8)

and sinceX * is an arbitrary constant, we can.choose it so



transfer function is not a pure delay. These multiple 

solutions however, are limited to cases where the extravascular 
space behaves like a stretch (p(s)=Rs).

In order that multiple roots exist, both transfer functions 
(diffusible and non-diffusible) must be reproduced from two 
or more different transfer functions. We will use a: ■*" to
denote a contrived or false transfer function. Thus:

^MN ̂s^ f (s)hftf (s)=h*(s) h^ (s) (6.3.1)
and

hMD(s)=hf (s) hD (s)=h*(s) hj(s) (6.3.2)
or

hM D (s)=hf (s) hN (s+p(s)) = h*(g) h*(s+p*(s)) (6.3.2a)

If we assume equations 6.3.2a to be true, then

JlfXgl = hN(s+p* (s)) (6.3.3)hf(s) hN(s+p(s))
For the moment, since hf(s) is unknown, we can take the
liberty to choose h^(s) as the convolution of two filters, one



of which has the transfer functional form of hN (s), but has 
free constants which we can choose in any manner we wish. To 
illustrate this point we will choose the Capillary space 
transfer function to be a well, mixed compartment with a delay, 

that is

huts)* J L   (6 .3.4)/ f -CS
The transfer function for the diffusible tracer of an extra- 

vascular space, being a stretch, is then given by

/if) (S') = e (6 .3 .5)
/ / ts

and the measured transfer functions will be given by:

-  hfls)C'MS /  J f~CS (6.3.6)

h m ls) -  i t r s C / rZ )  (6-3 -7>

We now assume, since we have no knowledge of the nature of 

hf(s), that h^(s) has the form:

hf (s)=h(s) e“as/l+bs (6.3.8)
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Furthermore, contrived transfer functions, given by equations

Since the measured transfer functions, h ^  (s) and h ^  (s) , must 
be the same for both sets of transfer functions, one can solve 
for the constants a, b, and R* in terms of R,yU , and X 
easily shown, by equating coefficients, that the solutions 
of the constants is given by

*6.3.9 and 6.3.10, can be constructed for hN ’(s) and

(6.3.9)
(if'CS ) ( / t&S)

(6.3.10)
( l + ZSCR*+li)(l + t>s(R*-H'h

K *  ( R+0'6-. i 
a •= / A ( R t i ) ,/r

I, - r ( R n V * (6.3.14)

(6.3.13)

(6.3.12)

One should note that even though the transfer function of 

the capillary space had a delay portion, the system was not 

indeterminate. The well mixed phase portion of the transfer
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function, y ijxzS constrained the value of R*, to be that given 
by equation 6.3.12, and the same R* must be used for both 

transfer function segments, thus no general indeterminacy.

Equations 6.3.12, 6.3.13 and 6.3.14 are valid for any 
number of stirred tanks with delays in series. The value of.A. 
is simply the sum of all the delays and the values of b 
correspond to each value of 7Z . in general one would write

A general rule which can be developed, that multiple roots 
can be found, if one chooses, a portion of the filter to 
have the same transfer function as the capillary space transfer 
function. This rule must be slightly modified if the capillary 
space transfer function is one or more well mixed compartments 
in series. A series of multiple roots can be found if the 
filter's transfer function, hf (s), can be given by a greater 
number of well mixed compartments in series than are present 
in the capillary space. In the case of one well mixed compart-

(6.3.14a)
and

(6.3.15)



ment, one can take hf(s) to have the form
11

L ( s ) *  his) 7 T~~l—  (6.3.16)

Then the corressponding R*, and aM are given by

R*=(R+l)1//n+1 - 1 (6.3.17)

= ~C(R + I)n+I (6.3.18)

A second special case arises when the capillary space is 
two well mixed compartments in series. Under the special 
circumstance where X!t, the sojourn time of the smaller 
compartment is related to

T ,  - (6.3.19)

one has the freedom to choose h^(s) to be

hf (s)=h(s) 1__ (6.3.20)
1+as

a single well mixed compartment. In this instance

R*= (R+l)2//3-l (6.3.21)
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and
( t, + Cl) C R  + f)'3 
(Ri-lY/3 / (6.3.22)

If we now substitute the relationship of to XI, given 
by equation 6.3.19, into equation 6.3.22, we find

We have now discussed the necessary conditions under which 
multiple roots are found. Let us look at an experimental 
situation and see under what conditions one would encounter 
these circumstances. It is highly unlikely to find stirred 
tanks with coefficients related by equation 6.3.14. On the 
other hand it is quite possible to have delays which are 
greater than the value of b, given in equation 6.3.14. It 
is impossible for any experimental data to distinguish 
between a delay and a large number of well mixed
compartments in series which makes it more likely
to produce the multiple solution.

(6.3.23)



6.4 NO MULTIPLE SOLUTIONS FOR REFLECTED DIFFUSORS

In the last section, we have shown that multiple solutions 
exist for stretches, which are a degenerate case of extra - 
vascular space with infinite^ . If we take the analogous 
transfer function for the reflected diffusor, with an infinite 

, the multiple roots do not exist. For this case p(s) is 

given by:

p(5 ) - R_ \[05  ̂\Jl£s (6.4 .1)
0

In order to demonstrate this fact we will use a capillary
space transfer function of a single well mixed compartment
and a filter transfer function of h(s)/l+as. The measured
transfer function for a non-diffusible tracer gives us no

&information about values of a, R*, or The false

hN (s) is given by

/$ Is- \ I ^ T “ --   (6.4.2)N / M 5 /S s

Then the false hD (s) will be expressed as:

fo s ) -  '

<6-4 -3)



The information about the parameters is contained in the equality

of the diffusible tracer’s transfer function. If we set ^M D (s)
calculated both from the false hD (s) and that calculated from
hj-j(s), equal to each other, the constraints on the parameters 
are determined. Thus:

0  * < * 5 ) 0 ^ 5 )  + ( !+ *S)TR_ {Qs =
&  ____

C i M 5)C//rs) +(atc)R*

&  (6.4.4,
& *

Since equation 6.4.4 must be true for all values of s, we 
can equate coefficients. From coefficients of - W k  J~QS '
it is apparent that

(9* =  9" (6.4.5)

and £*= r/?/a+t (6-4-6)
Equating the higher order coefficients we get:

«  c a s h e s
 —  &
Q

Q-'C \J&S (6 .4 .7)e r
Rearranging terms, and substituting 6.4.6, we get,

(_(?-- (6.4.8)

r  i & r ~



Since a,V , R, the left side of equation 6.4.8, is independent 
of s, the right side must also be independent of s . Therefore 
^  =0. Then this case reduces to a stretch:

p(s) = Rs (6.4.9)

6.5 MEASURABILITY OF R AND RELATIVE R 1s

We have in the previous two sections (6.3 and 6.4), shown 
that for an extravascular space transfer function of a 
stretch with an unknown filter, there are cases when the 
system has multiple roots. However^if the system is a 
reflected diffusor, it does not have multiple roots. We 
have now completed an experiment with a filter, before and 
after the diffusing bed. For the moment, let us assume a 
perfect experiment having hj^ (t) and hM D (t) without any 
truncation or any experimental errors, and of course, the 

corresponding hM N (s) and hM D (s) are i-n hand. We will now 
try to determine what estimates of R are available.

1. For A Stretch

In the case of a stretch p(s)=Rs, estimates of R are
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available from the cumulants of h,„__(t) and h„„_(t). TheseMN MD
estimates are inherently underestimates of R because the 
cumulants of the filter are not separable from the cumulants 
of hN (t) and hD (t).

The estimates one gets from the first two cumulants are given
by:

MMN m n +MF (6.5.1)
and

mMD ~ ^(l+R) + Mp (6.5.2)
Thus:

MMN ^  MMD MMN (6.5.3)
mm n

Similarly in terms of Variances:

VMN ~ Vp + VN (6.5.4)

VMD = Vp + vN (l+R)2 (6.5.5)
Thus:

(6.5.6)

The only variance available to us in v^, thus:
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Mhj
(6.5.7)

Or

(6.5.8)

In equation 6.5.3, the equality is only true if there is 
no filter or a good estimate of R is achieved if Mp is 
small. However, 6.5.8 can give the exact estimate of R 
even though Mp is large. This is the case where the filter is 
a pure delay, Mp takes the value of the delay and Vp is zero.

It would be wrong to assume that for all cases, equation 
6.5.8 gives a better estimate of R than does equation 
6.5.3. When the delay is in the transfer function of the 
capillary space, the estimate by equation 6.5.3 may be better.

To illustrate what estimates of R we get from equations 6.5.3 
and 6.5.8 for various transfer functions, let us consider two 
cases:

Example 1

hF (s)=e_s, hN (s)=l  , hfm (s) =e~s
1+s 1+s
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hD^s) = 1 ' hM P (s)=e~S and R=11+2 s l+2s

This case does not have multiple roots, as the transfer 
function of the filter does not have the same form as hN (s) 
The cumulants of the measured transfer functions are:

^MN=2, Mp = 1, = 1, =3, Mjq = 2 , Vĵ j = 1

VF = o, VN = 1, VMD = 4, VD =1

Estimate of R from equation 6.5.3

R >  Mmq-Mmn = 3-2 = 0.5 
Mjynsi 2

From equation 6.5.8

R>( - 1 = f±\h - 1  = 1
V VMN/ '

Example 2

hp (s) — 1 , hjj(s) — 1 . h]yng — 1 > hj-j — 1 ,
l+2s 1+s (l+2sy (1+s) l+4s

i_______  ' and'R =3(l+2s) (l+4s)
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This case has multiple roots. An R* = 1 would produce the

same h^D (s) if one had assumed that hjj(s) = 1____
(l+2s) (1+s)

without any filter.

The cumulants of hjŷ  (t) and hMD (t) are:

Mp = 2, Mjjj = 1, Mjyjjj =3, Mq = 4, Mjyjj-j =6, Vp = 4, Vjq- =1,

VMN = 5' VD =16' VMD = 20

Estimate of R from 6.5.3

R 7 6-3 = 1r IJ" ■ r 13
Estimate of R from 6.5.8

R ^ _ 20j^ - 1  = 1

In this case both equations gave the same estimate of R, 
namely that of R*. We do not mean to imply that for all 
cases where there are multiple roots that one can use the 
moments to find their values. If the filter had the transfer 
function, hf = 1/ (l+3s) (l+2s) instead of l/l+2s, the system 
would still have multiple roots, yet the estimates of R from

equations 6.5.3 and 6.5.8 would be 0.5 and 0.44 respectively.
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This third example is a case where the means give the better 
estimates of R rather than the variances.

We could generalize by saying that the best estimate of R is 
obtained by the largest value of computed from equations
6.5.3 and/or 6.5.8.

It is impossible for one to establish an upper bound in R 
without having firm knowledge about the transfer function of 
the capillary space. In many cases, it may also be 

necessary to have information about the filter's 
transfer function. If we consider the transfer function of 
well mixed compartments, the variance of the capillary space 
is related to its mean by:

'JJ (6.5.9)
Vn

where n is the number of the well mixed compartments in 

series. Equation 6.5.9 is only usable if n=l, where the

inequality turns into an equality and the locus of R values 
can be established by choosing various values of Vn between
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zero and V For other values of n, the equality is only"MN
true if the compartments are of equal size.

It should be noted that even if n has an integer value, M, 
we are not justified in saying that this value M is the 
number of well mixed compartments in series/if M exceeds 
unity.

To illustrate how one could establish the unfiltered value 
of R, knowing that the capillary space transfer function is 
one well mixed compartment, we will use example 2. The 
calculated values of R for various values of VN are tabu­

lated in example 3.

In example 3, knowing that MN2/VN = 1 and that estimates of 
R given by both equations 6.5.3 and 6.5.8 must be equal, we can 
proceed to find the second root, namely R=3. With multiple 
unequal tanks in series this would not have been possible 
unless the value of MN2/VN is known.
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Example 3

Given: VMN " 5 m m n “ 3 VMD = 20 MMD =6

Assume !— 6.5.3 6.5.8
VN Mn = s'vN VF m f R R

5 & 0 3-[5 .6 {5 1
4 2 1 1 1.5 .5 \jl9 - 1
3 & 2 3-jT 3 ft- 1
2 & 3 3- J2 1.5 vTi 0 • Ln 1 H1

1 1 4 2 3 3
3/4 {3/2 4% 3- ̂ 3/2 2(3 vjii - 1

"2 {2/2 4*5 3- {2/2 3̂2 J31 - 1

% h 43/4 2h 6 v E I - 1

If one would have used the pseudo p(s) method on Example 
3, the false R*=l would have been found since the pseudo 
p(s) would be equal to s. Similarly, for example 1, the 

slope of the pseudo^ (s) vs. 1/s would be 0.5 for large 
values of 1/s. With the knowledge that p(s) has the form of 

a stretch (Rs), one could immediately see from the shape of 
the pseudo p(s) curve, that the system is filtered.



2. R Estimates For Reflected Diffusor And Well Mixed Compartments

In the cases where the extravascular space has a transfer 
function, other than a stretch, such as a reflected diffusor 
or a well mixed compartment, one has to settle for equation
6.5.3 as the best lower bound of R. Equation 6.5.8 cannot be 
used to estimate R because the variances are functions not 
only of R but also of \ and 0  . Without a filter, one has
an upper bound on R,but with a filter one can no longer be 
certain that the value of R obtained from equation 6.5.8 is 
an upper bound, particularly if the filter has a large 
residence time.

3. The Effect Of Filters On The Accuracy of R Estimates

In addition to the inherent bias of filters in giving under­
estimates of R, the filter can also diminish the accuracy of 
the estimate of R. The term accuracy is jused in the context 

of chapter 4, where truncation error and experimental errors 
are discussed. Eilters~have no effect on experimental errors 
(mismeasureme.nts) , ,n^m.ely inacc.urat^.;:iw^ig^i-ngs :a^din^is t ingui sb*» 
ability between two concentrations. However, certain
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types of filters will affect the truncation point.

A well mixed compartment which adds to the dispersion of 
the system^lowers the measurable range of the transfer 
functions hj^ft) and h ^  (t) , leading to an extra error in 
the moments. Therefore, lower estimates of R result than 
in an unfiltered experiment. On the other hand, pure delays 
do not have any effect on truncation error, and merely cause 
underestimates due to their presence.

6.6 THE EFFECT' OF FILTERS ON THE ESTIMATES OF PERMEABILITY

As was the case with the estimates of R, we treat the measured 
transfer function as if it were the transfer function for the 
capillary space. Thus, for the MEF method \ is estimated by 
an equation of the form:

(6.6.1)
where U2 tf) ~ k/HAJ / b/vjofc)

(6.6.2)
and

(6.6.3)
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However unlike the case of R, the estimate of \ is affected

by the nature of the transfer function of the filter and 
the transfer function of the capillary space. In order to treat 
results in a systematic manner, we must treat the system by 
various cases. We will first consider a capillary space which

filter having the transfer function of a delay, and the second 
case where the filter's transfer function is a well mixed 
compartment. We will then proceed to consider the effect of 
the same two filters on a capillary space- whose transfer 
function is that of a well mixed compartment.

A. Capillary Space Of A Pure Delay - Filter Pure Delay

The capillary space transfer is given by

has a transfer function of a pure delay^hN (s) = e t and the

hN (s) = e ^  s (6.6.4)
and the filter transfer function

h^ (s) = e /* s (6.6.5)
Therefore, the measured transfer function is

hMN(S) = ,-<r +/.>■ (6.6.6)
and for the diffusible tracer

(6.6.7)
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If we consider the estimate of \ by the MEF method, we find that 
instead of an appearance time of T ,  we measure an appear­
ance time of ~C However, J2 Lfcr/* )~ (Z)jthe JL for
the unfiltered case. Therefore

~ /(‘C fM) (6.6.8)

The same result is obtained by using transforms. This can 
be shown using equations > 6.6.2, 6.6.3 and 6.6.7. Thus,

£>- C ZtM) (S f (6.6.9)

Solving for p (s) we obtain
rt

l%/S)= (6.6.10)
and

l,/ytT '=■ -zr\ (6.6.11)
sf 00 -C+/4

Two significant results are obtained from equations 6.6.8, 
6.6.11 and 6.6.10. First relative ^  ’s are sustained. That 
is, in a three tracer experiment, where capillary space 
transfer function is the same for both diffusible tracers, 
namely e  ̂s, the relative A<5 (\>A^are maintained because 
the scale factor cancels out. Second, the shape of



p(s) is not distorted. That is, if for example, the extra- 
vascular space transfer function is that of a well mixed 
compartment^ l/PM (s) remains linear with respect to 1/s.

The same will hold true for a reflected diffusor. Thus, the 
nature of the behavior of the extravascular space in principle, 
if not in practice, can be obtained.

B. Capillary Space - Pure Delay, Filter-Well Mixed Compartment

In this case, the capillary space transfer function is given 
by equation 6.6.4 and the filter transfer function is given 
by

hf = 1 (6.6.12)
1+^ s

The MEF method gives the correct estimate of X because 
—/L(ta) is unaffected by a well mixed compartment.

hjyjN (ta) = 1//A (6.6.13)
- A  thMD(ta) = Ifa & ** (6.6.14)

at the appearance time, ta, J t  (ta) = e_tc^ . Thus, the

MEF method predicts the correct value of A .
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If we try to estimate A from the Laplace transform, we find
_  g _ c / s y w ) (6.6.15) 

i + ( s * i  +

If we rearrange equation 6.6.15 and take the limit as 
approaches infinity, we find

l + (6616)

If we assume Pjy[(s) approaches a finite limit as s 00 , then 
the left hand side of equation 6.6.16 approaches unity.
Therefore, the right hand side also approaches unity and pM (sX 
approaches p(s) , namely A  .

It should be noted here that although the value of A is 

conserved and of course relative A 's, PM (S) no longer has 
the same general shape as does p(s) and the information contained 
in p(s) about the extravascular space is lost.

C. General Information About Delays

When one takes the Laplace transform of the measured
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transfer function for the diffusible and non-diffusible tra­

cers, a convolution which is present in the time domain is 
transformed into a simple product. Therefore, the quotient of 
the non-diffusible tracer's transfer function divided by the 
diffusible trader's transfer function!

^MN^8) = hN (s) (6.6.17)
hMo(s) hD (s)

and is independent of the filter's transfer function. For the 

case, where the capillary space is pure delay

l n (  I ■cf'Cs) (6.6 .18)
and

L/AiiT 
SfoO

Two things are again evident, relative^ and the shape of p(s) 
are maintained. However, unlike our previous approach of 
finding a pseudo p(s), pM (s), where in certain instances, the 

PM (s)'s did not have the same shape as p(s), equation 6.6.18 

is independent of the filter's transfer function and so the 
shape of p(s) is maintained. On the other hand, the estimate 
of R and  ̂, obtained from the use of equations 6.6.18 and

(6.6.19)
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6.6.19 may be poorer than those obtained from the pseudo p(s), 

except for the case where C is near unity.

D. Capillary Space Behavior Of A Well Mixed Compartment^Filter 
 _______________ A Pure Delay________________________________

The Capillary space transfer function is given by

appearance time. The delay of the filter changes the appear-

Analagously, the pseudo p(s) method also predicts zero. The
\

governing equation is given by

hN (s) = 1/1+C s (6.6.20)

and the filter's transfer function is given by

Both MEF and pseudo p(s) methods predict \ = 0. The
MEF method predicts A = 0 because Jl(t) is equal to unity at the

ance time from zero to U and is given by

-/ ~~jbSL(t).= - Q (6.6.22)■tTj* t /a

(6.6.23)
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,LP IS)If we assume that p„.(s) has a finite limit, £  “ IAi 

must approach unity as s'I'oo and since Pm (s) must

approach zero. Although we have derived the result that 

PM (s) approaches zero as s^oo , using the transfer function 
for a single well mixed compartment, the same result would 
have been obtained if the capillary space transfer function 
were N well mixed compartments in series. It is immediately 
evident that one has better estimates of A than zero. We 
will discuss later what quantitative estimates of A  are 
available.

Relative /\ 's as before are still maintained

A,M _ AnttT ^  (6.6.24)

which is indeterminate as J2.(t) approaches unity as t t/^ . 
Applying L'Hospitals rule one gets

A/* ASi,Mj d i
' 7 r ~ l s r ~  h fA < 6 - 6 - 2 5 )

which in reality is Vv Similarly, since PM (s) approaches
zero

o/S / ̂  S'
(6.6.26)
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Some typical values are tabulated in Table 6.1 for a case 
where ̂  Relative.^*5 calculated are within 10% of the

actual value. it should be noted that the information contained 
in the shape of p(s) curve has been lost.

E. Capillary Space - - Well Mixed Compartment Filter— Well 
 Mixed Compartment_____________________________________

The corresponding transfer functions for this case are:

hN (s) = 1/1 +n s 
hf (s) = 1/1 s

(6.6.27)
(6.6.28)

The MEF method predicts X , while the pseudo p(s) method 
predicts A /2. We will now proceed to demonstrate these
results.

In the time domain
X tI t

(6.6.29)
and

/lA/0^ '

'te~4c ~b D<L~6t
(6.6.30)



TABLE 6.1 ESTIMATES OF RELATIVE A ■S

Value 1/PM (S) Slope 1/p (s) Estimate of .
Relative X ' s

23.549 1.264 0.501
12.445 .634 1.0
6.894 .313 2.03
2.455 .0572 11.08
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The constants A»B,C,D are defined in Table 2.1. Both h^ft) 

and hM D (t) are equal to zero at the appearance time, t = 0, 
therefore, their first derivative is required to evaluateJL{0), 
which is equal to unity. The second derivatives are then 
required to evaluate k . Thus

i zb
A n '  I

du/t) u,a ( 6 - 6 - 3 1 )

d't.
Taking the second derivative of equations 6.6.2 9 and 6.6.30 
and substituting the results into equation 6.6.31, one gets 

_ J_ _J_ + / + Cft 1- OB
\ -= a'1'* > r > Jf'z \_ _  _  - - ^  (6.6.32)

If we now look at the results using pseudo j5(s), we find that 

Q iA < S ) ( l+ z (S i f l(S)') (6.6.33)

or

ftitV + is  * i t2Sfy*(S* ( j ; +SY (S) (6.6. 33&)

Solving for PM (S) one finds:

(6-6-34>
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If we take the bionomial expansion of the square root of the 

discriminant and consider only large values of s, we find

It is apparent from equation 6.6.34, that the shape of p(s)

The limit that pM (s) approaches ^p(s) is particular to this 
case. In general, however

where i is the number of well-mixed compartments which simulate 
the capillary space behavior and j is the number of well 
mixed compartments contained in the filter. To demonstrate 
this result, we will choose a case where the filter and 
capillary space have the same residence time. The governing 
equation becomes

(6.6.34A)

curves is not maintained; however, relative \ 's are maintained.

(6.6.35)
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or

(,tz(s+^ / s » r r'= O + c s f t f n  (6 6 36R)

If we take /.+j, the root of equation 6.6.36A and expand it 
for large values of s, we find:

5) % ■= _i A (6.6.37)

F. General Properties Of Well-Mixed Compartments

As we noted earlier, hM N (s)/hM D (s) is independent of the 
filter's transfer function. If we take a general case

_ ~rj~ t + z/S + fCs)} _
W s )  r-< >^is (6.6.38)

H ( / + )
3*/ irc4s
h

Zn ^ ( 0  =  /t 3 / f s ) )  (6.6.39)

and if p(s) approaches a finite limit, then
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Li«'T j l  f J_i£sj-
Sfoo \ hflAO (S) ' s

(6.6.40)
71 f>(sj _  7; A

Therefore,

1,01/ T  s  77 A
5'7'a? (amo(S')J (6.6.41)

Unlike, the case of a pure delay, where the shape of the p(s) 
curve is maintained, the case of a well mixed compartment does 
not maintain the shape of the p(s) curve; however, relative 

' s are maintained.

6.7 SUMMARY

In this chapter we have shown the effect of filters on the 
estimates of R and /\ , and have also shown that when the 

transfer function of the capillary space is a pure delay, the 

system is indeterminate. However, the nature of the behavior 
in the extravascular space can be extracted from the quotient 
of hN (t)/hD (t). On the other hand if the transfer function



of the capillary space is a well mixed compartment with or 
without a delay, this indetermancy no longer exists. In this 

case, multiple solutions exist for the special case of a 
stretch ) but not for the cases where the extravascular
space has a transfer function of a well mixed compartment or 
a reflected diffusor. In the case of a capillary space, whose 
transfer function is a well mixed compartment, the nature of 
the diffusion process in the extravascular space cannot be 
extracted from the quotient of hjj (t) /h^ (t) . Finally for all 
systems where the filter is the same, relative R's and A 's 
are maintained. This is true for electrolytes such as Na ion 
and K ion. However in the case of radioactive gases where 
diffusion occurs in the arteries and veins, the filters transfer 
function is no longer the same, and the comparison becomes 
invalid.



CHAPTER 7. EXPERIMENTAL DATA

7.1 Introduction
In this chapter, we will apply the theories discussed in 
the previous chapters to multiple diffusible tracers injected 
into a heart. These experiments, performed by Doctors 
Bassingthwaighte and Yipinstoi, were made with and without 
drugs. The values of R and X , shown in Tables 7.3A and
7.3 B, correspond to the estimation techniques described in 

Tables 3*1 an<̂  3.2. The numerical procedures used to calcu­
late each value of R and X is described in Appendix A.

J.*A Methodology

The heart data supplied to us was in the tabular form. The 
range of measurability of this data was about three decades. 
Monoexponential extrapolation was used to calculate the normal­
ized concentrations to values of the order of 10-6, before trun­
cating the data. The data was then entered into our computer 
program, where various values of R and X were calculated.
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In order to check the validity of our results, we attempted 
to reconstruct hD (t) from h^ (t), assuming that extravascular 
space had the transfer function of a well mixed compartment.

by the various methods. In addition to flow conditions and 
the weight of each heart, the recoveries of the diffusible 
and non-diffusible tracer is also given. With the exception 
of experiment 29059 curve 3, the recovery of the non- 
diffusible tracer exceeded 90%, while the recovery of the 
diffusible tracer averaged about 80%, with a high of 99.6% 
and a low of 58.5%.

R s  +■ /
(7.2.1)

and therefore:

hn ( D * +
f u r >
6 v

X-.3. Dî CTaŝ sion

Tables 7.3A and 7.3B summarize the values R and \ calculated

The Modified Extraction Factor Method, (MEF) and the Straight 
Line Reciprocal P(S) (SLRP) give the highest values of A .
Of the conventional methods, the minjfc(t) method, gave the



TABLE 7.1A

The Capillary Space Behaves As Two Well Mixed Compartments 
In Series (hN (t)“ te-t)

Mofnents of Non-Piffusible Tracer

Tracer Case A Case B Case C

Recovery 95% 99% 100%
Mean 1.7041 1.9223 2.0
2nd Moment 4.1830 5.3840 6.0
3rd Moment 12.3236 18.9935 24.0
4th Moment 40.7044 78.0904 120.0
Truncation 4.7439 6.6384

Time



TABLE 7.IB

The Capillary Space Behaves As Two Well Mixed Compartments 

In Series, The Extravascular Space Behaves As A Single Well
Mixed Compartment

Moments Of The Diffusible Tracer
L (+)- 1L u f^T 72/35 )

MCase A Case B Case C

Tracer Recovery 95% 
Mean 8.648
2nd Moment
3rd Moment
4th Moment
Truncation

Time

117.699 
2132.09 
36409.16 

26.6569

99%
9.885

156.327
3350.64

75247.82
38.0144

/ ,,n_ t e ' v,,( e +  £ ^ ° Jhpl’Cj- /231I /y' ' A23-J/ ///

100%
10.333

176.832

4315.08
122094.36
*>o

<3<&oo)
/232I

Case A 
Tracer Recovery 95% 
Mean 2.431
2nd Moment 13.178
3rd Moment 117.64
4th Moment 1335.36

Truncation
Time 16.2462

Case B 
99% 

3.356 
35.570 

684.78 
16314.47

34.7498

///
Case C
100%
3.818

58.231
1882.69

85714.94

oO



highest estimates of A which were 50% to 100% lower than the 
values of X calculated by SLI£>'. The Crone Relative Area 
Methods (CRA) gave estimates which were somewhat lower than 
the Min_/2. (t) method. In many cases,the estimates of X , 
were independent of tp. As expected, the conventional 
Extraction Factor Method, (AV̂ T*/) gave the lowest values of X .

The use of the first two moments hN (t) and hD (t) to calculate 
R and A by equations 3.19 and 3.21, was impossible. The 
major contributing factor to the uselessness of moments, was 
that the recoveries of the diffusible and non-diffusible tracer 
were different. Table 7.1& shows the first four moments of a 

theoretical non-diffusible, at 95%, 99% and 100% tracer 
recovery. Similarly Table 7.IB shows these moments for the 
two theoretical diffusible tracer cases. It is quite evident 
that for small values of R and A , the truncation of the 
diffusible tracer curves, gives serious underestimates of the 
moments. Table 7.2 shows the effect of using two different 
tracer recoveries to calculate parameters. For small values 
of £ and A / the underestimates of these parameters is by a 
factor of two to three; while for the larger values of R apd \  , 
the underestimates were of the order of 20% to 50%.



TABLE 7.2 Stirred Tank Parameters Calculated From Truncated Moments

Capillary Space 
No. of Well Mixed 
Compartments In Series

Actual R .909 4.167

Actual .0909 4.167
Non-Diffusible Tracer 99% 99%
Recovery
Diffusible Tracer Recovery 95% 95%
Calculate R. 0.265 3.498
%Error 243. 20.0

Calculated 0.0307 2.805

% Error 196 48.5
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Reconstructions of hD (t), assuming a two parameter model, for 
the extravascular space (Equations 7.2.1 and 7.2.2) is shown 
in Tables 7.4 through 7.6. The reconstructions of hD (t), were 
made, using the Min (highest conventional estimate of /I ) 
and the SLRP method. The reconstruction of hD (t), using the 

higher values of .predicted by the SLR^ method, were signifi­
cantly. better. The value of R predicted by the SLRP method 
was used in both reconstructions as the Min^/L method does 
not predict any values of R.

Reconstruction of the water data was feasible. From the raw 
data, it is obvious that shunting had occurred, since some 
values of hD (t) exceeded the values of hN (t). In these 
cases, none of the models discussed is valid, and the pre­
dicted values of R and A have no real significance. Therefore, 
the reconstruction is also meaningless.

The drug used in the experiments was not supposed to affect 
the permeability of the various substances. The values of A 
calculated confirmed this result.



.7.4 _  Coriclusion_

In this chapter, the various estimation techniques were 
applied to experimental data. The methods that we have 
developed give significantly higher values for ^  than 
do the conventional methods. (See Tables 3.1 and 3.2- 
Chapter 3.) As discussed previously, this result is not un­
expected. A summary of the calculated values for radioactive 
sodium chloride, water, glucose and potassium chloride are given 
in Tables 7.3A and 7.3B. Tables 7.4 - 7.6 show reconstruc­
tions of hD (t), assuming that the extravascular space transfer 
function, was a well mixed compartment. (Equations 7.2.1 and 
7.2.2) .

The highest estimates of X were obtained using the Max 
and the SLRP methods. The SLRP method also gives an estimate 
of R. These values of R and A were used in the reconstruc­
tion of hD (t). In spite of the fact that all real data
is filtered, the reconstruction of the measured h (t) wasD
excellent. The best method was found to be the SLRP method, 
where the error was less than 20% for the unextroplated data.



Another significant conclusion of this analysis is that moment 
methods may be virtually useless. The data supplied had been 
truncated and large errors and inconsistancies resulted.

The data for radioactive water was not reproducible. Signifi­
cant shunting was measured, as many of the values of hD (t) 
exceeded those measured for hN (t). For all cases where 
shunting is significant, none of the models presented in this 
thesis are valid.

It is evident from the excellent results obtained in the 
reconstruction of hp(t), using the \ 's and R's calculated 
by the SLRp method, we developed, that some extra effort is 
justified in calculating these better values.



ABLE 7.3A-XAND R CALCULATED BY THE METHODS WE HAVE DEVELOPED - NON DIFFUSIBLE TRACER IS I - ALBUMIN
e T r a c e r EXP # C u rv e  # D ru g s F lo w

ML/MIN
H e a r t  
Wt.GM -f v t)dt f h n ( t ) d t

MAX P 
X

SLR P
X R

MEF
X

MOMENTS
X R

M*r

i 30037 6 No 3 1 0 .1 102 0 .9 7 8 0 .8 6 2 0 .0 7 3 3 0 .0 5 9 3 0 .6 5 1 0 .0 6 0 3 0 .0 0 4 9 0 .1 0 1 1 0 .6 9

7047 3 No 1 4 4 .8 71 1 .0 0 5 0 .9 9 6 0 .1 0 8 0 0 .0 7 2 9 0 .5 9 7 0 .0 9 7 0 0 .0 5 9 5 1 .0 2 7 1 1 .0 0

i 7059 1 No 38 5 6 .9 0 .9 0 9 0 .8 7 9 0 .0 6 3 7 0 .0 5 8 9 0 .4 9 2 0 .0 5 6 2 0 .0 3 3 0 0 .3 2 9 2 4 .8 9

7059 3 Yes 9 7 .5 5 9 .4 0 .9 5 2 0 .7 8 4 0 .0 6 0 6 0 .0 5 4 7 0 .3 7 4 0 .0 5 4 7 — — 17.-82

29059 1 No 105 4 7 .2 0 .9 2 3 0 .7 7 9 0 .3 6 6 0 0 .3 5 2 0 1 .1 7 9 0 .4 6 1 0 0 .6 0 3 0 .7 7 4 1 1 .4 9

29059 3 No 79 5 5 .4 0 .5 3 0 0 .5 0 6 0 .2 2 9 0 0 .2 4 9 0 1 .0 2 4 0 .2 8 5 0 0 .1 2 3 1 .0 1 9 1 0 .2 4

29059 9 Yes 142 6 0 .4 0 .9 3 6 0 .9 1 5 0 .4 2 7 0 0 .4 6 5 0 1 .7 8 1 0 .6 2 1 0 0 .2 6 5 1 .9 5 8 8 .2 2

se 29059 1 No 105 4 7 .2 0 .9 2 3 0 .8 3 4 0 .0 7 7 0 0 .0 5 2 2 0 .3 9 1 0 .0 6 7 7 0 .0 0 3 5 0 .0 7 8 1 1 .4 9

se 29059 3 No 79 5 5 .4 0 .5 3 0 0 .5 3 3 0 .0 4 0 7 0 .0 3 6 6 0 .3 1 6 0 .0 4 5 7 0 .0 5 2 3 0 .3 3 6 1 0 .2 4

se 29059 9 Yes 142 6 0 .4 0 .9 3 6 0 .8 4 6 0 .0 6 7 0 0 .0 4 8 7 0 .8 1 9 0 .0 4 9 4 0 .0 1 4 8 0 .3 0 6 8 .2 2

se 7059 1 No 38 5 6 .9 0 .9 0 9 0 .8 7 6 0 .0 4 7 6 0 .0 3 9 5 0 .4 2 6 0 .0 3 5 3 0 .0 2 2 3 0 .3 4 0 2 4 .8 9

se 7059 3 Yes 9 7 .5 5 9 .4 0 .9 5 2 0 .7 6 7 0 .0 4 8 6 0 .0 4 0 9 . 0 . 3 6 5 0 .0 4 9 1 — — 1 7 .8 2

se 7059 1 No 38 5 6 .9 0 .9 0 9 0 .8 9 5 0 .0 3 1 8 0 .0 2 6 6 0 .2 5 7 0 .0 2 5 5 0 .0 1 9 6 0 .2 2 1 2 4 .8 9

se 7059 3 Yes 9 7 .5 5 9 .4 0 .9 5 2 0 .8 0 6 0 .0 3 2 5 0 .0 2 5 7 0 .2 6 8 0 .0 2 8 6 — — 1 7 .8 2

r i d e 29059 1 NO 105 4 7 .2 0 .9 2 3 0 .6 4 7 0 .1 7 9 0 0 .1 2 0 0 0 .7 6 1 0 .2 2 2 — — 1 1 .4 9

r i d e 29059 3 No 79 5 5 .4 0 .5 3 0 0 .3 0 0 0 .0 9 6 0 0 .0 9 2 3 1 .1 9 9 0 .1 8 0 — — 1 0 .2 4

r i d e 29059 9 Yes 142 6 0 .4 0 .9 3 6 0 .5 8 5 0 .1 0 7 0 0 .0 9 8 0 3 .3 6 9 0 .1 2 2 — — 8 .2 2

r i d e 7059 1 No 38 5 6 .9 0 .9 0 9 0 .7 8 1 0 .0 6 8 3 0 .0 6 1 4 0 .6 3 0 0 .0 6 1 9 0 .0 0 7 9 0 .2 5 1 2 4 .8 9

r i d e 7059 3 Yes 9 7 .5 5 9 .4 0 .9 5 2 0 .7 8 9 0 .0 6 5 3 0 .0 5 9 1 0 .4 1 3 0 .0 6 9 2 _ 1 7 .8 2



le 7.3B-X1s FOR APPROXIMATE METHODS— NON-DIFFUSIBLE TRACER IS I-ALBUMIN

CRONE RELATIVE AREA
fusible
^er

Exp
No.

Curve
No. Druqs MJY Minfl(t)

t =peakP • time
t =Mm0 (t) Pc time

t =crossover P time
Sodium 30037 6 No 0.0314 0.0451 0.0371 0.0371 0.0312
Sodium 7047 3 No 0.0265 0.0341 0.0304 0.0304 0.0265
Sodium 7059 1 No 0.0195 0.0345 0.0295 0.0310 0.0214
Sodium 7059 3 Yes 0.0206 0.0256 0.0233 0.0245 0.0158
tfater 29059 1 No 0.244 0.244 0.143 0.0577 0.083
tfater 29059 3 No 0.234 0.234 0.176 0.076 0.097
tfater 29059 9 Yes 0.459 0.459 0.288 0.094 0.199
4 Glucose 29059 1 No 0.0236 0.0323 0.0277 0.0277 0.0245
4 Glucose 29059 3 No 0.0268 0.0352 0.0287 0.0306 0.0284
4 Glucose 29059 9 Yes 0.0346 0.0422 0.0319 0.0313 0.0341
Glucose 7059 1 No 0.0148 0.0219 0.0209 0.0197 0.0165
Glucose 7059 3 Yes 0.0183 0.0200 0.0182 0.0182 0.0137
4 Sucrose 7059 1 No 0.0083 0.0162 0.0136 0.0140 0.0111
4 Sucrose 7059 3 Yes 0.0107 0.0161 0.0125 0.0123 0.0096
2 Chloride 29059 1 No 0.0773 0.0820 0.0571 0.0675 0.0385
2 Chloride 29059 3 No 0.105 0.122 0.0817 0.0882 0.0556
2 Chloride 29059 9 Yes 0.0310 0.0871 0.0805 0.0805 0.0751
2 Chloride 7059 1 No 0.0237 0.0359 0.0318 0.0299 0.0238
2 Chloride 7059 3 Yes 0.1056 0.122 0.0817 0.0881 0.0555



C A S E  7 0 5 9 - C U R V E  1 - N G  D R U G S
N O N  D I F F U S I B L E  T R A C E R  IS I— L 3 1 A L B U M I N
D I F F U S I B L E  T R A C E R  IS H Y D R O G E N - 3  G L U C O S E
THE VALUE OF LAMBDA IS 0.02I90C

THE VALUE OF R IS 0.426000
TIME G CALC G ACT PCT ERROR
11.4000 0.0 0.0 0.0
12.0000 0.001713 0.001620 5.725
13.0000 0.007299 0.006080 20.052
14.0000 0.0 107 77 0.008990 19.875
15.0000 0.017 2 80 0.014080 22.729
16.0000 0.021091 0.017620 19.700
17.0000 0.025039 0.020190 24.019
18.0000 0.026767 0.021970 21.835
19.0000 0.029906 0.024750 20.832
20.0000 0.031866 0.0 2648 0 20.341
21.0000 0.032364 C.027220 18.900
22.0000 . 0.032653 0.02 8070 16.326
23.0000 0.032576 0.02 8 100 15.928
24.0000 0.0 31299 0.027630 13.280
25.0000 0 .030629 0.027550 11.177
26.0000 0.030231 0.027300 10.737
27.0000 0.028284 0.025740 9.885
28.0000 0.026367 0.024840 6. 146
2.9.0000 0.024313 C.0 23700 2.596
30.0000 0.020706 0.022550 8 .907
31.0000 0.020728 0.021700 4.689
32.0000 0.019105 0.020280 6.151
33.0000 0.017782 0.019530 9.828
34.0000 0.016760 0.018 750 11.876
35.0000 0.015831 0.017780 12.308
36.0000 0.0 14930 0.017700 18.552
37.0000 0.013888 0.01643 0 18.301
38.0000 0.013312 0.015540 16.733
39.0000 0.012380 C.014850 19.953
40.0000 0.011741 0.014200 20.948
41.0000 0.011154 0.013550 21.481
42.0000 0.010613 0.012930 21.827
43.0000 0 .0 10 110 0.012340 22.058
44.0000 0.009648 0.011780 22.101
45.0000 0.009212 0.011240 22.016
46.0000 0.008808 0.010730 21.819
47.0000 0.008433 0.010240 21.424
48.0000 0.008081 0.009770 20.907
49.0000 0.007744 0.009320 20.356
50.0000 0.007433 0.008900 19.743
51.0000 0.007140 0.008490 18.910
52.0000 0.006858 C.008 110 18.250
53.0000 0.006592 0.007740 17.420
54.0000 0.006342 0.007380 16.372
55.0000 0.006103 0.007050 15.526
56.0000 0.005876 0.006720 14.369
57.0000 0.005658 0.006420 13.458
58.0000 0.005451 0.006130 12.447
59.0000 0.005253 0.005850 11.362
60.0000 0.005063 0.005580 10.2.03
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124.0000 9.000515 0.000280 83.796
125.0000 0.000497 0.000270 83.995
126.0000 0•000479 0.000260 84.370
127.0000 0.000463 0.000240 92.715
128.0000 0.000445 0.000230 93.603
129.0000 0.000429 0.000220 94.837
130.0000 0.000413 0.000210 96.566
131.0000 0.000398 0.000202 96.985
132.0000 0.000383 0.000193 98.599
133.0000 0.000370 0.000184 100.938
134.0000 9.000357 0.000176 102.608
135.0000 0.000344 0.00016 8 104.763
136.0000 0.000332 0.C00160 107.188
137.0000 0.000320 0.000153 108.913
138.0000 0.000308 0.000146 111.078
139.0000 0.000297 0.000139 113.983
140.0000 0.000287 0.000133 115.571
141.0000 0.000277 0.000127 117.721
142.0000 0.000266 0.000121 120.139
143.0000 0.000257 0.000115 123.315
144.0000 0.000248 0.000110 125.001
145.0000 0.000238 0.000105 126.880
146.0000 0.000230 0.000100 129.563
147.0000 0.000221 0.000096 130.356
148.0000 0.000213 0.0 100.000
149.0000 0.000205 0.0 100.000
150.0000 0.000198 0.0 100.000
151.0000 0.000190 0.0 100.oco



C A S E  7 0 5 9 - C U R V E  1 - N C  D R U G S
N O N  D I F F U S I B L E  T R A C E R  IS I- 1 31 A L B U M I N
D I F F U S I B L E  T R A C E R  IS H Y D R O G E N - 3  G L U C O S E
THE VALUE OF LAMBDA IS 0.039500

THE VALUE OF R IS 0.426000
TIME G CALC C ACT PCT ERROR
11.4000 0.0 0.0 0.0
12.0000 0.001397 0.001620 15.946
13.0000 0.005918 0.006080 2.738
14.0000 0 .006749 0.008990 2.757
15.0000 0.013937 0.014080 1.028
16.0000 0.017064 0.017620 3.257
17.0000 0.020295 0.020190 0.521
18.0000 0.021879 0.021970 0.418
19.0000 0 .024486 0.0 2475 0 1.078
20.0000 0 .026261 0.026480 0.832
21.0000 0 .02.7001 0.027220 0.811
22.0000 0.027576 0.028070 1.793
23.0000 0.027883 0.028100 0.780
24.0000 0 .0273.61 0.027630 0.984
2 5.0000 0.027200 0.027550 1.287
26.0000 0 .0 27194 0.027300 0.391
2 7.0000 0 .026180 0.025740 1.710
28.0000 0.025131 0.024840 1.172
29.0000 0 .023953 0.023700 1.066
30.0000 0.021774 0.022550 3.565
31 .0000 0.021674 0.021700 0.121
32.0000 0.020627 0.020280 1.710
33.0000 0.019722 0.019530 0.985
34.0000 0.018 964 0.018750 1.144
3 5.0000 0.018241 0.017780 2.594
36.0000 0.017525 0.3 17*00 1.C01
37.0000 0.016719 0.016430 1.757
38.0000 0.016148 0.015540 3.915
3 9.0000 0 .015390 0.014850 3.637
40.0000 0 .014770 0.014200 4.017
41.0000 0.014176 0.013550 4.623
42 .0000 0.01360 5 0.012930 5.220
43.0000 0.013053 0.012340 5.776
44.0000 0.012525 0.011780 6.325
45.0000 0.012012 0.0112.40 6.872
46.0000 0.011521 0.010730 7.371
47.0000 0.011050 0.010240 7.914
4R.0000 0 .010596 0.009770 8.460
49.0000 0.010153 0.009320 8.941
50.0000 0.009733 0.008900 9.362
51.0000 0.009329 0.008490 9.883
52.0000 0.00R935 0.008110 10.176
53.0000 0.008556 0.007740 10.548
54.0000 0.008196 0.007380 11.052
55.0000 0.007845 0.007050 11.276
56.0000 0.007510 0.006720 11.752
57.0000 0 .007186 0.006420 11.939
5 8.0000 0.006876 0.006130 12.163
59.0000 0.006578 0.005850 12.447
60.0000 0.006 291 0.005580 12.741



63.0000 0.005496 0.004850 13.318
64.0000 0.005258 0.C 046 30 13.556
65.0000 0.005019 0.00442C 13.557
66.0000 0.004797 0.004220 13.664
67.0000 0.004583 0.004020 14.016
68.0000 0.004375 0.003 840 13.944
60.0000 0.004178 0.003660 14.141
70.0000 0 .003990 0.003500 14.012
71.0000 0.003809 0.003340 14.049
72.0000 0.003636 0.003180 14.325
73.0000 0.003468 0.003040 14.079
74.0000 0 .003312 0.002900 14.206
75.0000 0.00 3157 0.002770 13.982
76.0000 0.003014 0.002640 14.153
77.0000 0.002873 0.002520 14.000
78.0000 0.002741 0.002410 13.714
79.0000 0.002614 0.002 300 13.632
80.0000 0.002491 0.002190 13.734
81.0000 0.002376 0.002990 13.702
82.0000 0.002264 0.002000 13.178
83.0000 0 .002159 0.001910 13.030
84.0000 0.002057 0.001820 13.024
8 5.0000 0.001959 0 . C 017 4 0 12.589
86.0000 0.001864 0.001660 12.319
87.0000 0.001776 0.091580 12.433
88.0000 0.001691 0.001510 11.983
89.0000 0.001611 0.001440 11.858
90.0000 0.001533 0.001370 11.867
91.0000 0.001459 0.001310 11.348
92.0000 0.001388 0.001250 11.053
93.0000 0.001321 0.001190 10.999
94.0000 0.001257 0.001140 10.269
95.0000 0.001197 0.001090 9.794
96.0000 0.001138 0.001040 9.459
97.0000 0.001082 0.000990 9.338
98.0000 0.001029 0.000950 8.311
99.0000 0.000979 0.000900 8.725
100.0000 0.000930 0.000860 8.167
101.0000 0.00088 5 0.000820 7.901
102.0000 0.000841 0.000780 7.845
103.0000 0.000800 0.00075C 6.715
104.0000 0.000761 0.000710 7. 170
105.0000 0 .000722 0.000680 6.195
106.0000 0.000686 0.000650 5.599
107.0000 0 .000652 0.000620 5.157
108.0000 0.000620 0.000590 5.003
109.0000 0.000589 0.00957C 3.251
110.0000 0.000559 0.000540 3.510
111.0000 0.000531 0.000520 2. 163
112.0000 0.000504 0.000490 2.893
113.0000 0.0004 79 0.000470 1 .893
114.0000 0.000456 0.000450 1.292
115.0000 0.000432 0.000430 0.458
116.0000 0.000410 0.000410 0.016
117.0000 0.000390 0.000390 0. 106
118.0000 0.000 369 0.000 370 0.223
119.0000 0.000351 0.000350 0.144
120.0000 0.000333 0.000340 2.118
121.0000 0.000315 0.000320 1 .507



124.0000
125.0000
126.0000127.0000
128.0000
129.0000
130.0000
131.0000
132.0000133.0000
134.0000
135.0000
136.0000
137.0000
138.0000
139.0000
140.0000
141.0000
142.0000
143.0000
144.0000
145.0000
146.0000
147.0000
148.0000
149.0000
150.0000
151.0000

0.000270 
0.000256 
0.000243 
0.000231 
0.000218 
0.000207 
0 .000196 
0.000186 
0.000176 
0.000167 
0.000158 
0.000150 0.000142 
0.000135 
0.000128 
0.000121 
0.000115 
0.000109 
0.000103 
0.000098 
0.000093 
0.000087 
0.000083 
0.000078 
0.0000 74 
0.000070 
0.000066 
0.000063

0.000280 
0.000270 
0.000260 
0.000240 
0.000230 
0.000220 
0 . 0 0 0 2 1 0  
0 . 0 0 0 2 0 2  
0.000193 
0.000184 
0.000176 
0.000168 
0.000160 
0.000153 
0.000146 0.000139 
0.000133 
0.000127 
0.000121 
0.000115 
0 . 0 0 0 1 1 0  
0.000105 
0.000100 
0.000096 
0.0 
0.0 
0.0 
0.0

3.805 
5.497 
7.072 3.957 
5.336 
6.385 
7.106 
8.563 
9.632 
10.230 
11.115 
11.751 12.519 
13.477 
14.271 
14.578 
15.949 
16.855 
17.547 
17.727 
18.813 20.219 
20.880 
22.527

100.000
100.000
100.000
1 0 0 . 0 0 0



C A S E  7 0 5 9 - C U R V E  1 - N C  D R U G S
N O N  D I F F U S I B L E  T R A C E R  IS 1 - 1 3 1  A L B U M I N
D I F F U S I B L E  T R A C E R  IS C A R B O N - 14 S U C R O S E
THE VALUE OF LAMBDA IS 0.016200

THE VALUE OF R IS 0.257000
T IME G CALC G ACT PCT ERROR
11.4000 0.0 0.0 0.0
12.0000 0.001833 0.001790 2.424
13.0000 0.007854 0.007820 0.432
14.0000 0.011651 0.010400 12.025
15.0000 0.018776 0.016000 17.350
16.0000 0.0 2 3019 0.020790 10.720
17.0000 0.027448 0.024630 11.443
18.0000 0.029456 0.025680 14.703
19.0000 0.033045 0.028270 16.892
2 0.0000 0 .035341 0.031080 13.709
21.0000 0.036002 0.033390 7.824
2 2.0000 0.036424 0.035640 2.199
23.0000 0.036425 0.035930 1.379
24.0000 0.035045 0.034920 0.358
2 5.0000 0.034344 0.033900 1.311
26.0000 0.033946 0.032000 6.082
27.0000 0 .0 317 34 0.0 29810 6.456
28.0000 0.029534 0.027910 5.818
29.0000 0.027151 0.026340 3.080
30.0000 0.022907 0.024760 8.090
31.0000 0.022954 0.023500 2.381
32.0000 0.021028 0.022010 4.672
33.0000 0.019449 0.020840 7. 150
34.0000 0.018 224 0.019830 8.815
35.0000 0.017106 0.018910 10.548
36.0000 0.016014 0.017650 10.215
37.0000 0.014743 0.016510 11.982
38.0000 0.014044 0.01.5800 12.507
39.0000 0.012897 0.014870 15.301
40.0000 0.012113 0.014000 15.579
41.0000 0.011393 0.013210 15.9 50
42.0000 0.010729 0.012450 16.037
43.0000 0.010112 0.011750 16.199
44.0000 0.009546 0.011080 16.069
45.0000 0.009014 C. 010450 15.927
46.0000 0.008523 0.009860 15.685
47.0000 0.008068 0.009300 15.267
48.0000 0.007643 0.008770 14.751
49.0000 0.007 2 39 0.008270 14.241
50.0000 0.006868 0.007800 13.578
51.0000 0.006520 0.007360 12.879
52.0000 0.006190 0.006940 12.116
5 3.0000 0.005879 0.006550 11.407
54.0000 0.005590 0.006170 10.383
55.0000 0.005316 0.005820 9 .474
56.0000 0.005059 0.005490 8.526
57.0000 0.004815 0.005180 7.586
58.0000 0.004585 0.004890 6.663
59.0000 0.004365 0.004610 5.607
60.0000 0.004158 0.004350 4.608
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C A S E  7 0 5 9 - C U R V E  1 - N C  D R U G S
N O N  D I F F U S I B L E  T R A C E R  IS 1 - 1 3 1  A L B U M I N
D I F F U S I B L E  T R A C E R  IS C A R B O N - 1 4  S U C R O S E
THE VALUE OF LAMBDA IS 9.026600

THE VALUE OF R IS 0.257000
TIME G CALC G ACT PCT ERROR
11.4000 0.0 O.C 0.0
12.0000 0.001627 0.001790 10.043
13.0000 0.006949 0.00782C 12.532
14.0000 0.010330 C.C10400 0.673
15.0000 0.016594 0.016000 3.711
16.0000 0.020407 0.020790 1.878
17.0000 0 .02438? 0.024630 1.017
18.0000 0.026327 0.025680 2.520
19.0000 0.029581 0.028270 4.636
2 0.0000 0.0 3178 1 0.031080 2.257
21.0000 0.032645 0.033390 2.283
2 2.0000 0.033291 0.035640 7.055
23.0000 0.033581 0.035930 6.994
24.0000 0 .032751 0.034920 6.623
25.0000 0.032411 0.033900 4.593
26.0000 3.032283 0.032000 0.885
27.0000 0.030742 0.029R1C 3.127
2 8.0000 0.029155 0.027910 4.460
29.0000 0.027384 0.026340 3.965
3 0.0000 0.024168 C.024760 2.448
31.0000 0.024036 0.023500 2.279
32.0000 0.022486 0 . 0 2 2 01C 2.163
33.0000 0.0 21161 0.020840 1.542
34.0000 0.020070 0 . 019 R 3 0 1.212
35.0000 0.019044 0.018910 0.707
36.0000 0.018032 0.017650 2. 166
37.0000 0.016889 0.016510 2.296
3 8.0000 0.016131 C.015800 2.098
39.0000 0.015074 0.014870 1.373
40.0000 0.014254 0.01400C 1.813
41 .0000 0.013481 0.013210 2.048
4 2.0000 0.012750 0.012450 2.406
43.0000 0.012056 0.011750 2.605
44.0000 0.011404 0.011080 2.927
45.0000 0.010782 0.010450 3. 182
46.0000 0 .0 10196 0.009860 3.412
47.0000 0.009644 0.009300 3.703
48.0000 0.009121 0.008770 4.001
49.0000 0.008619 0.008270 4.225
50.0000 0.008151 0.007800 4.496
51.0000 0.007707 0.007360 4.713
52.0000 0.007283 0.006940 4.943
53.0000 0.006881 Q.006550 5.060
54.0000 0.006504 0.006170 5.411
5 5.0000 0.006145 0.005820 5.582
56.0000 0.005806 0.C05490 5.750
5 7.0000 0.005484 0.005180 5.873
58.0000 0.005180 0.004890 5.928
59.0000 0.004892 0.004610 6. 108
60.0000 0.004619 0.004350 6.175
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52.0000 0.010298 0 . 0 C 9 C 0 0 14.417
53.0000 0 .0098 6 8 0.90 8 530 15. C Q 9
54.0000 0 .009456 0 .0 9 R 10 0 16.741
5 5.0000 9.0090 5 3 9.90 7800 16.062
56.0000 9.008666 0.00 7440 16.476
5 7.0000 0 . J O 829 1 3.0 07090 16.938
58.0000 0.0079 29 C . C 06760 17.292
59.0000 0.0 0 7 5 8 2 0.0064 5 0 17.55?
60.0000 0.007 246 0.006150 17.817
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APPENDIX A 
Numerical Methods

The analytical forms of hN (t) and hD (t) have been developed 
for five simple models of capillary and extravascular spaces 
behavior^ and the analytical machinery for calculating ̂  by the 
various methods. However, in a multiple tracer experiment, 
neither the analytic form of the capillary space nor the 
analytic form of the extravascular space is known, the concen­
tration profile at the organ's vein is only monitored. It is 
therefore, necessary to find suitable numerical procedures to 
evaluate the Laplace transform, the moments of hN (t) and 
hD (t), the extraction factor at the appearance time, and the 
integrals employed in the CRA method calculations, directly 
from the experimental data.

SNK Limit Method

The SNK limit method for finding \ requires the Laplace
transform of hN (t) and hD (t). Instead of attempting to curve

+■ v»fit hN (t) or hD (t) to an n^11 order polynomial, or to an exponen­
tial function and then taking the Laplace transform, the function
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is divided into small increments and fitted to a second

order polynomial. The Laplace transform can then be taken
as a finite sum. In order to illustrate this procedure, we
will use the typical hN (t) or hD (t) curve versus time found
in Figure A.I. The curve is broken up in n points such that

t^^ t_^ti • • • <t • Tbe points are grouped in sets of  ̂ *3 n
three and the three quadratic coefficients are found. Thus

h^ (t) = a^ t2 + b^t+C^ ta = t^4.t^Ct3

h2 (t) = a2 t2 + b2t4ic2 t3<dt^t5
(A.l)

hj (t) = a..t2 + bjt + Cj t2j - U t C  t2j+1

Therefore, the entire hN (t) or hD (t) curves can be represented 
as

n-1
2 ' (A.2)

k (t) - a )

j=i

Equation A.2 gives an accurate representation hN (t) or 

hD (t) and can easily handle an hN (t) or hD (t), represented 
by discrete points. The Laplace transform of the normalized
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concentration versus time curve can now be computed as finite 
sum for all real value of s. The Laplace transform of h(t) 
is defined as

P*0h (s) = I h(t)e"st dt (A. 3)
J0

If h(t) is now represented by equation A.2, the Laplace trans­
form becomes:

If we substitute the quadratic representation of hj(t) 
shown in equation A.l into equation A.4 and choose t2n_j 
sufficiently large so that hn (t) is approximately zero, one
CfGtS • /
h(S) - C ....

^ (s') ~ * S  ^ < u e - 5ij e  +
*■1 J. 3. _

SS^ + .. (a . si

j1 (a„ tL * <>« t <• co e%td<-
Each term of equation A . 5 can be explicitly evaluated and 
h(s) can be expressed as a finite sum for all real values 
of s.
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j„ * a T ~

5^ (2 <q + ̂ s  + C;|s\)] -  6 '  f V ^ /  -f

( 2 <3.̂  + bjS) ifgj r! + ± . ( z a 3 S +Ci S2'i 
5 v 53

In order to determine the accuracy of the procedure described
above, the Laplace transform of various functions has been
constructed in accordance with equation A.6. The functions

2 ^which were chosen for this test were: f(t) = t, t /2, t /6,
e te-t/ t2 e-t/2. The calculated Laplace transform along 
with the actual transform are shown in tables A .l through A . 6. 
In order to numerically simulate the real data, the functions 
were evaluated at 68 discrete points for 0<!t<.70.

The Laplace transform for the polynomials is shown in 
Tables A .1 through A.3. The maximum error computed was 22.4% 
for the function f(t) = t2/6 at a value of s=0.077. For values 
of 0.2 ^48, the maximum error found was less than 0.5%. For
the lower order polynomial f(t)=t and t2/2 the maximum error is 
several orders of magnitude lower.

The Laplace transform computed for the exponential functions 
(Tables A.4 through A.6) give considerably better results. The
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THE LAPLACE TRANSFORM OF F ( X 1 I S i . / S * * 3
CALCULATED ACTUAL

S TRANSFORM TRANSFORM PCT ERROR

0 . 0 7 7 0 0 0 1 9 8 1 .4 1 9 9 2 1 9 0 . 4 2 5 8 9 . 5 4 1 7 8 5
0 . 0 8 3 3 3 0 1 6 0 7 .5 0 5 6 1 7 2 8 .2 1 0 2 6 . 9 8 4 3 6 5
0 . 0 9 0 9 0 0 1 2 6 8 .0 2 8 8 1 3 3 1 .4 0 2 3 4 . 7 5 9 9 0 8
0 . 1 0 0 0 0 0 9 7 0 . 3 6 4 3 1 0 0 0 .0 0 1 5 2 . 9 6 3 7 1 6
0 . 1 1 1 1 1 0 7 1 7 .1 0 3 8 7 2 9 . 0 2 2 2 1 . 6 3 4 8 5 4
0 .  125000 5 0 8 .1 0 3 3 5 1 2 . 0 0 0 0 0 . 7 6 1 0 8 0
0 .  143000 3 4 1 . 0 3 3 0 3 4 1 . 9 7 3 4 0 . 2 7 5 0 0 1
0 . 1 6 6 6 7 0 2 1 5 .8 3 8 1 2 1 5 . 9 8 7 3 0 . 0 6 9 0 4 3
0 . 2 0 0 0 0 0 1 2 4 .9 8 8 3 1 2 5 .0 0 0 0 0 . 0 0 9 3 7 5
0 . 2 5 0 0 0 0 6 3 . 9 9 9 7 6 4 . 0 0 0 0 0 . 0 0 0 4 7 7
0 . 3 0 0 0 0 0 3 7 . 0 3 7 0 3 7 . 0 3 7 1 0 . 0 0 0 1 2 4
0 . 3 3 3 3 0 0 2 7 . 0 0 8 1 2 7 . 0 0 8 1 0 . 0 0 0 0 5 6
0 . 3 7 5 0 0 0 1 8 . 9 6 2 9 1 8 . 9 6 3 0 0 . 0 0 0 1 6 1
0 . 4 0 0 0 0 0 1 5 . 6 2 5 0 1 5 . 6 2 5 0 0 . 0 0 0 0 4 9
0 . 4 5 0 0 0 0 1 0 . 9 7 3 9 1 0 . 9 7 3 9 0 . 0 0 0 0 6 1
0 . 5 0 0 0 0 0 8 . 0 0 0 0 8 . 0 0 0 0 0 . 0 0 0 1 6 7
0 . 5 5 0 0 0 0 6 . 0 1 0 5 6 . 0 1 0 5 0 . 0 0 0 0 4 8
0 . 6 0 0 0 0 0 4 . 6 2 9 6 4 . 6 2 9 6 0 . 0 0 0 0 2 1
0 . 6 5 0 0 0 0 3 . 6 4 1 3 3 . 6 4 1 3 0 . 0 0 0 0 7 9
0 . 7 C 0 0 0 0 2 . 9 1 5 4 2 . 9 1 5 5 0 . 0 0 0 2 6 2
0 . 7 5 0 0 0 0 2 . 3 7 0 4 2 . 3 7 0 4 0 . 0 0 0 2 0 1
0 . 8 0 0 0 0 0 1 .9 5 3 1 1 .9 5 3 1 0 . 0 0 0 3 9 1
0 . 8 5 0 0 0 0 1 . 6 2 8 3 1 .6 2 8 3 0 . 0 0 0 2 3 4
0 .9 C 0 0 0 0 1 . 3 7 1 7 1 .3 7 1 7 0 . 0 0 0 2 0 9
0 . 9 5 0 0 0 0 1 .1 6 6 3 1 . 1 6 6 4 0 . 0 0 0 2 4 5
1 . 0 0 0 0 0 0 1 . 0 0 0 0 1 . 0 0 0 0 0 . 0 0 0 0 3 6
1 . 0 9 9 9 9 9 0 . 7 5 1 3 0 . 7 5 1 3 0 . 0 0 0 1 3 5
1 .2 C 0 0 0 0 0 . 5 7 8 7 0 . 5 7 8 7 0 . 0 0 0 1 6 5
1 . 2 9 9 9 9 9 0 . 4 5 5 2 0 . 4 5 5 2 0 . 0 0 0 1 1 8
1 . 4 0 0 0 0 0 0 . 3 6 4 4 0 . 3 6 4 4 0 . 0 0 0 0 1 6
1 .5 C 0 0 0 0 0 . 2 9 6 3 0 . 2 9 6 3 0 . 0 0 0 0 8 0
1 . 5 9 9 9 9 9 0 . 2 4 4 1 0 . 2 4 4 1 0 . 0 0 0 1 4 6
1 . 7 0 0 0 0 0 0 . 2 0 3 5 0 . 2 0 3 5 0 . 0 0 0 1 1 7
1 . 7 9 9 9 9 9 0 . 1 7 1 5 0 . 1 7 1 5 0 . 0 0 0 0 7 0
1 .9 C 0 0 0 0 0 . 1 4 5 8 0 . 1 4 5 8 0 . 0 0 0 2 4 5
2 . 0 0 0 0 0 0 0 . 1 2 5 0 0 . 1 2 5 0 0 . 0 0 0 2 8 6
2 .2 C 0 0 0 0 0 . 0 9 3 9 0 . 0 9 3 9 0 . 0 0 0 4 4 4
2 . 4 0 0 0 0 0 0 . 0 7 2 3 0 . 0 7 2 3 0 . 0 0 0 4 1 2
2 . 5 9 9 9 9 9 0 . 0 5 6 9 0 . 0 5 6 9 0 . 0



TABLE "A.2 
S

2 - 7 9 9 9 9 9
3 . 0 0 0 0 0 0
3 . 2 9 9 9 9 9
3 . 5 9 9 9 9 9  
A . 000000
4 . 4 0 0 0 0 0
4 . 7 9 9 9 9 9
5 . 0 0 0 0 0 0  
5.5COOOO
6.000000
7 . 0 0 0 0 0 0
8.000000
9 . 0 0 0 0 0 0
10.000000 
11.000000 
12.000000
1 3 . 0 0 0 0 0 0
1 4 . 0 0 0 0 0 0
1 5 . 0 0 0 0 0 0
1 6 . 0 0 0 0 0 0  
17.0C0000
1 8 . 0 0 0 0 0 0
1 9 . 0 0 0 0 0 0  
20.0C0000
22.000000
2 4 . 0 0 0 0 0 0
2 6 . 0 0 0 0 0 0
2 8 . 0 0 0 0 0 0
3 0 . 0 0 0 0 0 0
3 2 . 0 0 0 0 0 0
3 4 . 0 0 0 0 0 0
3 6 . 0 0 0 0 0 0
3 8 . 0 0 0 0 0 0
4 0 . 0 0 0 0 0 0
4 2 . 0 0 0 0 0 0
4 4 . 0 0 0 0 0 0
4 6 . 0 0 0 0 0 0
4 8 . 0 0 0 0 0 0

C ; : ; : T  I h U i - i . 0  

CALCULATED 
TRANSFORM

0 . 0 4 5 6
0 . 0 3 7 0 3 7 0 1
0 . 0 2 7 8 2 6 4 8
0 . 0 2 1 4 3 3 4 7
0 . 0 1 5 6 2 4 9 8
0 . 0 1 1 7 3 9 2 7
0 . 0 0 9 0 4 2 2 1
0 . 0 0 7 9 9 9 9 5
0 . 0 0 6 0 1 0 5 0
0 . 0 0 4 6 2 9 6 0
0 . 0 0 2 9 1 5 4 5
0 . 0 0 1 9 5 3 1 2
0 . 0 0 1 3 7 1 7 4
0.00100000
0 .0 0 0 7 5 1 3 1
0 . 0 0 0 5 7 8 7 0
0 . 0 0 0 4 5 5 1 6
0 . 0 0 0 3 6 4 4 3
0 . 0 0 0 2 9 6 3 0
0 . 0 0 0 2 4 4 1 4
0 . 0 0 0 2 0 3 5 4
0 . 0 0 0 1 7 1 4 7
0 . 0 0 0 1 4 5 7 9
0 . 0 0 0 1 2 5 0 0
0 . 0 0 0 0 9 3 9 1
0 . 0 0 0 0 7 2 3 4
0 . 0 0 0 0 5 6 9 0
0 . 0 0 0 0 4 5 5 5
0 . 0 0 0 0 3 7 0 4
0 . 0 0 0 0 3 0 5 2
0 . 0 0 0 0 2 5 4 4
0 . 0 0 0 0 2 1 4 3
0 . 0 0 0 0 1 8 2 2
0 . 0 0 0 0 1 5 6 2
0 . 0 0 0 0 1 3 5 0
0 . 0 0 0 0 1 1 7 4
0 . 0 0 0 0 1 0 2 7
0 . 0 0 0 0 0 9 0 4

ACTUAL
TRANSFORM

0 . 0 4 5 6  
0 . 0 3 7 0 3 7 0 3  
0 . 0 2 7 8 2 6 5 0  
0 . 0 2 1 4 3 3 4 8  
0 . 0 1 5 6 2 5 0 0  
0 . 0 1 1 7 3 9 3 0  
0 . 0 0 9 0 4 2 2 6  
0 . 0 0 8 0 0 0 0 0  
0 . 0 0 6 0 1 0 5 2  
0 . 0 0 4 6 2 9 6 3  
0 . 0 0 2 9 1 5 4 5  
0 . 0 0 1 9 5 3 1 3  
0 . 0 0 1 3 7 1 7 4  
0 . 0 0 1 0 0 0 0 0  
0 . 0 0 0 7 5 1 3 1  
0 . 0 0 0 5 7 8 7 0  
0 . 0 0 0 4 5 5 1 7  
0 . 0 0 0 3 6 4 4 3  
0 . 0 0 0 2 9 6 3 0  
0 . 0 0 0 2 4 4 1 4  
0 . 0 0 0 2 0 3 5 4  
0 . 0 0 0 1 7 1 4 7  
0 . 0 0 0 1 4 5 7 9  
0 . 0 0 0 1 2 5 0 0  
0 .0 0 0 0 9 3 9 1  
0 . 0 0 0 0 7 2 3 4  
0 . 0 0 0 0 5 6 9 0  
0 . 0 0 0 0 4 5 5 5  
0 . 0 0 0 0 3 7 0 4  
0 . 0 0 0 0 3 0 5 2  
0 . 0 0 0 0 2 5 4 4  
0 . 0 0 0 0 2 1 4 3  
0 . 0 0 0 0 1 8 2 2  
0 . 0 0 0 0 1 5 6 2  
0 . 0 0 0 0 1 3 5 0  
0 . 0 0 0 0 1 1 7 4  
0 . 0 0 0 0 1 0 2 7  
p . 0 0 0 0 0 9 0 4

PCT ERROR
0 . 0 0 0 1 1 4  
0 . 0 0 0 0 6 0  
0 . 0 0 0 0 5 4  
0 . 0 0 0 0 7 0  
0 . 0 0 0 1 4 3  
0 . 0 0 0 3 1 7  
0 . 0 0 0 5 3 6  
0 . 0 0 0 5 5 9  
0 . 0 0 0 3 7 2  
0 . 0 0 0 5 6 3  
0 . 0 0 0 1 6 0  
0 . 0 0 0 0 7 2  
0 .0 0 0 0 5 1  
0 . 0 0 0 2 3 3  
0 . 0 0 0 3 4 1  
0.000201 
0 . 0 0 0 4 0 9  
0 . 0 0 0 4 4 7  
0 . 0 0 0 1 5 7  
0 . 0 0 0 0 3 0  
0 . 0 0 0 0 7 9  
0 . 0 0 0 1 4 4  
0 . 0 0 0 0 6 0  
0 . 0 0 0 1 6 3  
0 . 0 0 0 0 6 2  
0 . 0 0 0 0 8 0  
0 . 0 0 0 1 7 9  
0 . 0 0 0 1 6 0  
0 . 0 0 0 1 5 7  
0 . 0 0 0 2 8 6  
0 . 0 0 0 2 8 6  
0 . 0 0 0 2 7 2  
0 . 0 0 0 3 1 9  
0 . 0 0 0 0 9 3  
0 . 0 0 0 0 5 4  
0 . 0 0 0 0 7 0  
0 . 0 0 0 0 3 5  
0 . 0 0 0 0 6 0



THE LAPLACE TRANSFORM OF F I X )  I S  l . / S * * 4
CALCULATED ACTUAL

S TRANSFORM TRANSFORM PCT ERROR
0 . 0 7 7 0 0 0 2 2 0 6 9 . 0 8 5 9 2 8 4 4 7 . 1 0 5 5 2 2 . 4 2 0 6 2 4
0 . 0 8 3 3 3 0 1 7 0 5 6 .9 2 9 7 2 0 7 3 9 . 3 6 3 3 1 7 . 7 5 5 7 5 3
0 . 0 9 0 9 0 0 1 2 6 9 1 .2 8 1 3 1 4 6 4 6 . 8 9 8 4 1 3 . 3 5 1 7 4 4
0 . 1 0 0 0 0 0 9 0 5 4 .8 2 0 3 1 0 0 0 0 . 0 1 9 5 9 . 4 5 1 9 7 3
0 . 1 1 1 1 1 0 6 1 5 1 . 6 7 1 9 6 5 6 1 . 2 6 9 5 6 . 2 4 2 6 5 8
0 . 1 2 5 0 0 0 3 9 3 9 .0 4 8 3 4 0 9 6 . 0 0 0 0 3 . 8 3 1 8 2 7
0 . 1 4 3 0 0 0 2 3 3 8 . 6 5 1 6 2 3 9 1 . 4 2 4 3 2 . 2 0 6 7 4 7
0 .  166670 1 2 7 9 .8 3 4 7 1 2 9 5 .8 9 7 7 1 . 2 3 9 5 2 6
0 . 2 0 0 0 0 0 6 2 0 . 9 1 0 4 6 2 5 . 0 0 0 2 0 . 6 5 4 3 7 4
0 . 2 5 0 0 0 0 2 5 5 .3 1 4 5 2 5 6 . 0 0 0 0 0 . 2 6 7 7 6 2
0 .3 C 0 0 0 0 1 2 3 .3 2 8 6 1 2 3 . 4 5 7 0 0 . 1 0 4 0 1 8
0 . 3 3 3 3 0 0 8 0 . 9 8 9 4 8 1 . 0 3 2 4 0 . 0 5 3 1 5 8
0 . 3 7 5 0 0 0 5 0 . 5 5 7 0 5 0 . 5 6 7 9 0 . 0 2 1 4 5 4
0 . 4 0 0 0 0 0 3 9 . 0 5 8 0 3 9 . 0 6 2 5 0 . 0 1 1 5 2 3
0 . 4 5 0 0 0 0 2 4 . 3 8 6 1 2 4 . 3 8 6 5 0 . 0 0 1 6 2 7
0 . 5 0 0 0 0 0 1 6 . 0 0 0 4 1 6 . 0 0 0 0 0 . 0 0 2 5 7 5
0 . 5 5 0 0 0 0 1 0 . 9 2 8 7 1 0 .9 2 8 2 0 . 0 0 4 1 6 3
0 . 6 0 0 0 0 0 7 .7 1 6 4 7 . 7 1 6 1 0 . 0 0 4 5 6 1
0 . 6 5 0 0 0 0 5 . 6 0 2 3 5 . 6 0 2 0 0 . 0 0 4 4 7 7
0 . 7 0 0 0 0 0 4 . 1 6 5 1 4 . 1 6 4 9 0 . 0 0 4 3 0 5
0 . 7 5 0 0 0 0 3 . 1 6 0 6 3 . 1 6 0 5 0 . 0 0 4 0 4 3
0 .8 C 0 0 0 0 2 . 4 4 1 5 2 . 4 4 1 4 0 . 0 0 3 5 1 6
0 . 8 5 0 0 0 0 1 . 9 1 5 7 1 . 9 1 5 7 0 . 0 0 3 0 8 7
0 . 9 0 0 0 0 0 1 .5 2 4 2 1 .5 2 4 2 0 . 0 0 2 7 5 3
0 . 9 5 0 0 0 0 1 .2 2 7 8 1 . 2 2 7 7 0 . 0 0 2 3 3 0
I . 000000 1 . 0 0 0 0 I . 0000 0 . 0 0 2 0 9 8
1 . 0 9 9 9 9 9 0 . 6 8 3 0 0 . 6 8 3 0 0 . 0 0 1 6 3 2
1 .2 0 0 0 0 0 0 . 4 8 2 3 0 . 4 8 2 3 0 . 0 0 0 9 2 7
1 . 2 9 9 9 9 9 0 . 3 5 0 1 0 . 3 5 0 1 0 . 0 0 0 5 9 6
1 . 4 0 0 0 0 0 0 . 2 6 0 3 0 . 2 6 0 3 0 . 0 0 0 0 6 9
1 .5 0  0000 0 . 1 9 7 5 0 . 1 9 7 5 0 . 0 0 0 0 9 1
1 . 5 9 9 9 9 9 0 . 1 5 2 6 0 .  1526 0 . 0 0 0 5 8 6
1 .7C 0 0 0 0 0 . 1 1 9 7 0 . 1 1 9 7 0 . 0 0 0 8 4 6
L . 799999 0 . 0 9 5 3 0 . 0 9 5 3 0 . 0 0 1 1 8 9
1 . 9 0 0 0 0 0 0 . 0 7 6 7 0 . 0 7 6 7 0 . 0 0 1 3 2 1
2 . 0 0 0 0 0 0 0 . 0 6 2 5 0 . 0 6 2 5 0 . 0 0 1 1 2 1
2 . 2 0 0 0 0 0 0 . 0 4 2 7 0 . 0 4 2 7 0 . 0 0 1 4 4 0
2 . 4 0 0 0 0 0 0 . 0 3 0 1 0 . 0 3 0 1 0 . 0 0 1 7 4 3
2 . 5 9 9 9 9 9 0 . 0 2 1 9 0 . 0 2 1 9 0 . 0 0 1 8 9 0



s

2 . 7 9 9 9 9 9
3 . 0 0 0 0 0 0
3 . 2 9 9 9 9 9
3 . 5 9 9 9 9 9
4 . 0 0 0 0 0 0
4 . 4 0 0 0 0 0
4 . 7 9 9 9 9 9
5 . 0 0 0 0 0 0
5 . 5 0 0 0 0 0
6.000000 
7 .0 C 0 0 0 0
8.000000 
9 . 0C 0000

1 0 . 0 0 0 0 0 0  
11.000000 
12.000000
1 3 . 0 0 0 0 0 0
1 4 . 0 0 0 0 0 0
1 5 . 0 0 0 0 0 0
1 6 . 0 0 0 0 0 0
1 7 . 0 0 0 0 0 0
1 8 . 0 0 0 0 0 0
1 9 . 0 0 0 0 0 0
2 0 . 0 0 0 0 0 0  
2 2 . 0 0 0 0 0 0
2 4 . 0 0 0 0 0 0
2 6 . 0 0 0 0 0 0
2 8 . 0 0 0 0 0 0
3 0 . 0 0 0 0 0 0
3 2 . 0 0 0 0 0 0
3 4 . 0 0 0 0 0 0
3 6 . 0 0 0 0 0 0
3 8 . 0 0 0 0 0 0
4 0 . 0 0 0 0 0 0
4 2 . 0 0 0 0 0 0
4 4 . 0 0 0 0 0 0
4 6 . 0 0 0 0 0 0
4 8 . 0 0 0 0 0 0

C A LC U L A TE D
TRANSFORM

0 . 0 1 6 3
0 . 0 1 2 3 4 5 3 8
0 . 0 0 8 4 3 2 0 4
0 . 0 0 5 9 5 3 5 5
0 . 0 0 3 9 0 6 1 1
0 . 0 0 2 6 6 7 9 0
0 .0 0 1 8 8 3 7 0
0 . 0 0 1 5 9 9 9 0
0 . 0 0 1 0 9 2 7 3
0 . 0 0 0 7 7 1 5 2
0 . 0 0 0 4 1 6 4 2
0 . 0 0 0 2 4 4 0 8
0 . 0 0 0 1 5 2 3 6
0 . 0 0 0 0 9 9 9 5
0 . 0 0 0 0 6 8 2 6
0 . 0 0 0 0 4 8 1 8
0 . 0 0 0 0 3 4 9 8
0 . 0 0 0 0 2 6 0 0
0 . 0 0 0 0 1 9 7 2
0 . 0 0 0 0 1 5 2 3
0 . 0 0 0 0 1 1 9 5
0 . 0 0 0 0 0 9 5 0
0 . 0 0 0 0 0 7 6 5
0 . 0 0 0 0 0 6 2 3
0 . 0 0 0 0 0 4 2 6
0 . 0 0 0 0 0 3 0 0
0 . 0 0 0 0 0 2 1 8
0 . 0 0 0 0 0 1 6 2
0 . 0 0 0 0 0 1 2 3
0 . 0 0 0 0 0 0 9 5
0 . 0 0 0 0 0 0 7 5
0 . 0 0 0 0 0 0 5 9
0 . 0 0 0 0 0 0 4 8
0 . 0 0 0 0 0 0 3 9
0 . 0 0 0 0 0 0 3 2
0 . 0 0 0 0 0 0 2 7
0.00000022
0 . 0 0 0 0 0 0 1 9

ACTUAL
TRANSFORM

0 . 0 1 6 3  
0 . 0 1 2 3 4 5 6 8  
0 . 0 0 8 4 3 2 2 7  
0 . 0 0 5 9 5 3 7 4  
0 . 0 0 3 9 0 6 2 5  
0 . 0 0 2 6 6 8 0 3  
0 . 0 0 1 8 8 3 8 0  
0 . 0 0 1 6 0 0 0 0  
0 . 0 0 1 0 9 2 8 2  
0 . 0 0 0 7 7 1 6 0  
0 . 0 0 0 4 1 6 4 9  
0 . 0 0 0 2 4 4 1 4  
0 . 0 0 0 1 5 2 4 2  
0.00010000 
0 . 0 0 0 0 6 8 3 0  
0 . 0 0 0 0 4 8 2 3  
0 . 0 0 0 0 3 5 0 1  
0 . 0 0 0 0 2 6 0 3  
0 . 0 0 0 0 1 9 7 5  
0 . 0 0 0 0 1 5 2 6  
0 . 0 0 0 0 1 1 9 7  
0 . 0 0 0 0 0 9 5 3  
0 . 0 0 0 0 0 7 6 7  
0 . 0 0 0 0 0 6 2 5  
0 . 0 0 0 0 0 4 2 7  
0 . 0 0 0 0 0 3 0 1  
0 . 0 0 0 0 0 2 1 9  
0 . 0 0 0 0 0 1 6 3  
0 . 0 0 0 0 0 1 2 3  
0 . 0 0 0 0 0 0 9 5  
0 . 0 0 0 0 0 0 7 5  
0 . 0 0 0 0 0 0 6 0  
0 . 0 0 0 0 0 0 4 8  
0 . 0 0 0 0 0 0 3 9  
0 . 0 0 0 0 0 0 3 2  
0 . 0 0 0 0 0 0 2 7  
0.00000022 
0 . 0 0 0 0 0 0 1 9

PCT ERROR

0 . 0 0 2 1 7 5  
0 . 0 0 2 3 5 4  
0 . 0 0 2 7 8 3  
0 . 0 0 3 1 9 1  
0 . 0 0 3 6 4 8  
0 . 0 0 4 6 8 6  
0 . 0 0 5 7 2 2  
0 . 0 0 6 1 4 1  
0 . 0 0 8 1 1 7  
0 . 0 1 0 5 9 1  
0 . 0 1 7 0 5 0  
0 . 0 2 5 3 9 8  
0 . 0 3 6 5 3 8  
0 . 0 4 9 9 4 2  
0 . 0 6 5 8 5 5  
0 . 0 8 3 7 9 6  
0 . 1 0 3 9 8 7  
0 . 1 2 5 6 6 9  
0 . 1 4 8 5 9 1  
0 . 1 7 2 1 6 8  
0 . 1 9 6 6 7 3  
0 . 2 2 1 6 6 5  
0 . 2 4 6 3 3 3  
0 . 2 7 0 8 2 6  
0 . 3 1 7 0 0 4  
0 . 3 5 7 8 7 4  
0 . 3 9 1 8 0 2  
0 . 4 1 7 1 4 5  
0 . 4 3 3 3 2 2  
0 . 4 3 9 3 4 0  
0 . 4 3 5 8 0 1  
0 . 4 2 2 7 9 2  
0 . 4 0 0 5 7 1  
0 . 3 6 9 8 8 1  
0 . 3 3 1 3 1 3  
0 . 2 8 5 3 4 4  
0 . 2 3 2 7 2 7  
0 . 1 7 4 1 3 9
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maximum error calculated was 0.42% for the lowest values, 
namely 0.077. The maximum error in the range 0.2f:si£:48 was 
was 0.04% and in many instances was less by several order of 
magnitude. The exponential functions are representative of 
the non-diffusible tracer response for one, two and three 
equal stirred tanks in series respectively.

The calculated Laplace Transform showed such good agreement 
with the actual transform, that is, it was advantageous to see 
what results could be obtained when fewer points are used to 
calculate the Laplace Transform. Table A.7 shows the results 
obtained if one uses 35 points to approximate h^(t) instead 
of the original 68, for 0 — t^70. The error in the transform

2 —xof x e /2 goes up by a factor of two. The maximum error 
calculated was 0.4% and for 0.2^s^48, the maximum error was 
0.1%. The results shown in Tables A.l through A.7 demonstrate 
that the Laplace Transform calculated by equation A.6 gives 
very accurate results even for a small number of points.

Equation A.6 gives a suitable Laplace Transform for hN (t) and



F ( X ) = E X P ( - X )
THE LAPLACE TRANSFORM OF F t X )

CALCULATED 
S TRANSFORM

0 . 0 7 7 0 0 0  
0 . 0 8 3 3 3 0  
0 . 0 9 0 9 0 0  
0.100000 
0.111110 
0 . 1 2 5 0 0 0  
0 . 1 4 3 0 0 0  
0 . 1 6 6 6 7 0  
0 . 2 C 0 0 0 0  
0 . 2 5 0 0 0 0  
0 . 3 0 0 0 0 0  
0 . 3 3 3 3 0 0  
0 . 3 7 5 0 0 0  
0 . 4 0 0 0 0 0  
0 . 4 5 0 0 0 0  
0 . 5 0 0 0 0 0  
0 . 5 5 0 0 0 0  
0 . 6 0 0 0 0 0  
0 . 6 5 0 0 0 0  
0 . 7 0 0 0 0 0  
0 . 7 5 0 0 0 0  
0 . 8 0 0 0 0 0  
0 . 8 5 0 0 0 0  
0 . 9 0 0 0 0 0  
0 . 9 5 0 0 0 0
1.000000
1 . 0 9 9 9 9 9
1 . 2 0 0 0 0 0
1 . 2 9 9 9 9 9
1 . 4 0 0 0 0 0
1 . 5 0 0 0 0 0
1 . 5 9 9 9 9 9
1 . 7 0 0 0 0 0
1 . 7 9 9 9 9 9
1 . 9 0 0 0 0 0
2 . 0 0 0 0 0 0  
2 . 2 0 0 0 0 0
2 . 4 0 0 0 0 0
2 . 5 9 9 9 9 9

0 . 9 2 8 4 9 5  
0 . 9 2 2 7 4 9  
0 . 9 1 7 6 8 0  
0 . 9 0 9 5 5 7  
0 . 9 0 0 1 8 6  
0 . 8 8 9 1 2 9  
0 . 8 7 5 2 4 6  
0 . 8 5 7 1 2 5  
0 . 8 3 3 3 1 7  
0 . 7 9 9 9 9 0  
0 . 7 6 9 2 1 6  
0 . 7 5 0 0 3 5  
0 . 7 2 7 2 6 3  
0 . 7 1 4 2 8 1  
0 . 6 8 9 6 5 0  
0 . 6 6 6 6 6 4  
0 . 6 4 5 1 5 8  
0 . 6 2 5 0 0 0  
0 . 6 0 6 0 5 9  
0 . 5 8 8 2 3 7  
0 . 5 7 1 4 2 9  
0 . 5 5 5 5 5 5  
0 . 5 4 0 5 3 9  
0 . 5 2 6 3 1 6  
0 . 5 1 2 8 2 1  
0 . 5 0 0 0 0 0  
0 . 4 7 6 1 9 0  
0 . 4 5 4 5 4 5  
0 . 4 3 4 7 8 2  
0 . 4 1 6 6 6 7  
0 . 3 9 9 9 9 9  
0 . 3 8 4 6 1 5  
0 . 3 7 0 3 7 0  
0 . 3 5 7 1 4 3  
0 . 3 4 4 8 2 7  
0 . 3 3 3 3 3 3  
0 . 3 1 2 5 0 0  
0 . 2 9 4 1 1 7  
0 . 2 7 7 7 7 8

IS  l . / ( S + l )
ACTUAL
TRANSFORM

0 . 9 2 8 5 0 5
0 . 9 2 3 0 8 0
0 . 9 1 6 6 7 5
0 . 9 0 9 0 9 1
0 . 9 0 0 0 0 1
0 . 8 8 8 8 8 9
0 . 8 7 4 8 9 1
0 . 8 5 7 1 4 0
0 . 8 3 3 3 3 3
0 . 8 0 0 0 0 0
0 . 7 6 9 2 3 1
0 . 7 5 0 0 1 9
0 . 7 2 7 2 7 3
0 . 7 1 4 2 8 6
0 . 6 8 9 6 5 5
0 . 6 6 6 6 6 7
0 . 6 4 5 1 6 2
0 . 6 2 5 0 0 0
0 . 6 0 6 0 6 1
0 . 5 8 8 2 3 5
0 . 5 7 1 4 2 9
0 . 5 5 5 5 5 6
0 . 5 4 0 5 4 1
0 . 5 2 6 3 1 6
0 . 5 1 2 8 2 1
0 . 5 0 0 0 0 0
0 . 4 7 6 1 9 1
0 . 4 5 4 5 4 5
0 . 4 3 4 7 8 3
0 . 4 1 6 6 6 7
0 . 4 0 0 0 0 0
0 . 3 8 4 6 1 5
0 . 3 7 0 3 7 0
0 . 3 5 7 1 4 3
0 . 3 4 4 8 2 8
0 . 3 3 3 3 3 3
0 . 3 1 2 5 0 0
0 . 2 9 4 1 1 8
0 . 2 7 7 7 7 8

PCT ERROR

0 . 0 0 1 1 4 3  
0 . 0 3 5 9 2 8  
0 . 1 0 9 6 2 2  
0 . 0 5 1 2 4 6  
0 . 0 2 0 5 5 7  
0 . 0 2 7 0 1 7  
0 . 0 4 0 6 1 1  
0 . 0 0 1 8 2 9  
0 . 0 0 1 9 4 5  
0 . 0 0 1 2 3 7  
0 . 0 0 1 9 6 0  
0 . 0 0 2 1 2 2  
0 . 0 0 1 3 0 3  
0 . 0 0 0 6 8 4  
0 . 0 0 0 7 2 6  
0 . 0 0 0 3 5 8  
0 . 0 0 0 6 1 0  
0 . 0 0 0 0 4 8  
0 . 0 0 0 2 5 6  
0 . 0 0 0 2 8 4  
0 . 0 0 0 0 9 4  
0 . 0 0 0 1 0 7  
0 . 0 0 0 3 2 0  
0 . 0 0 0 0 6 8  
0 . 0 0 0 0 8 1  
0 . 0 0 0 0 1 2  
0 . 0 0 0 0 2 5  
0 . 0 0 0 1 0 5  
0 . 0 0 0 0 8 2  
0 . 0 0 0 0 2 9  
0 . 0 0 0 1 1 9  
0 . 0 0 0 1 0 8  
0 . 0 0 0 1 1 3  
0 . 0 0 0 0 6 7  
0 . 0 0 0 0 8 6  
0 . 0 0 0 1 0 7  
0 . 0 0 0 1 1 4  
0 . 0 0 0 0 6 1  
0 . 0 0 0 0 4 3



s

2 - 7 9 9 9 9 9
3-OCOOOO
3 . 2 9 9 9 9 9
3 . 5 9 9 9 9 9
4 . 0 0 0 0 0 0
4 . 4 0 0 0 0 0
4 . 7 9 9 9 9 9
5 . 0 0 0 0 0 0
5 . 5 0 0 0 0 0
6.000000 
7 . 0C 0000
8.000000
9 . 0 0 0 0 0 0
10.000000 
11.000000 
12.000000
1 3 . 0 0 0 0 0 0
1 4 . 0 0 0 0 0 0
1 5 . 0 0 0 0 0 0
1 6 . 0 0 0 0 0 0  
1 7 .0 C 0 0 0 0
1 8 . 0 0 0 0 0 0
1 9 . 0 0 0 0 0 0
2 0 . 0 0 0 0 0 0  
2 2 . 0 0 0 0 0 0
2 4 . 0 0 0 0 0 0
2 6 . 0 0 0 0 0 0
2 8 . 0 0 0 0 0 0
3 0 . 0 0 0 0 0 0
3 2 . 0 0 0 0 0 0  
3 4 . OC 0000
3 6 . 0 0 0 0 0 0
3 8 . 0 0 0 0 0 0  
4 0 . OCOOOO
4 2 . 0 0 0 0 0 0
4 4 . 0 0 0 0 0 0
4 6 . 0 0 0 0 0 0  
4 8 . OCOOOO

TRANSFORM

0 . 2 6 3 1 5 8  
0 . 2 5 0 0 0 0  
0 . 2 3 2 5 5 8  
0 . 2 1 7 3 9 1  
0 . 2 0 0 0 0 0  
0 . 1 8 5 1 8 5  
0 . 1 7 2 4 1 3  
0 . 1 6 6 6 6 6  
0 . 1 5 3 8 4 6  
0 . 1 4 2 8 5 7  
0 . 1 2 5 0 0 0  
0.111111 
0 . 0 9 9 9 9 9  
0 . 0 9 0 9 0 9  
0 . 0 8 3 3 3 3  
0 . 0 7 6 9 2 3  
0 . 0 7 1 4 2 8  
0 . 0 6 6 6 6 6  
0 . 0 6 2 5 0 0  
0 . 0 5 8 8 2 4  
0 . 0 5 5 5 5 6  
0 . 0 5 2 6 3 2  
0 . 0 5 0 0 0 0  
0 . 0 4 7 6 1 9  
0 . 0 4 3 4 7 8  
0 . 0 4 0 0 0 0  
0 . 0 3 7 0 3 7  
0 . 0 3 4 4 8 3  
0 . 0 3 2 2 5 8  
0 . 0 3 0 3 0 3  
0 . 0 2 8 5 7 1  
0 . 0 2 7 0 2 7  
0 . 0 2 5 6 4 1  
0 . 0 2 4 3 9 0  
0 . 0 2 3 2 5 6  
0 . 0 2 2 2 2 2  
0 . 0 2 1 2 7 7  
0 . 0 2 0 4 0 8

TRANSFORM

0 . 2 6 3 1 5 8  
0 . 2 5 0 0 0 0  
0 . 2 3 2 5 5 8  
0 . 2 1 7 3 9 1  
0 . 2 0 0 0 0 0  
0 . 1 8 5 1 8 5  
0 . 1 7 2 4 1 4  
0 . 1 6 6 6 6 7  
0 . 1 5 3 8 4 6  
0 . 1 4 2 8 5 7  
0 . 1 2 5 0 0 0  
0.111111 
0.100000 
0 . 0 9 0 9 0 9  
0 . 0 8 3 3 3 3  
0 . 0 7 6 9 2 3  
0 . 0 7 1 4 2 9  
0 . 0 6 6 6 6 7  
0 . 0 6 2 5 0 0  
0 . 0 5 8 8 2 4  
0 . 0 5 5 5 5 6  
0 . 0 5 2 6 3 2  
0 . 0 5 0 0 0 0  
0 . 0 4 7 6 1 9  
0 . 0 4 3 4 7 8  
0 . 0 4 0 0 0 0  
0 . 0 3 7 0 3 7  
0 . 0 3 4 4 8 3  
0 . 0 3 2 2 5 8  
0 . 0 3 0 3 0 3  
0 . 0 2 8 5 7 1  
0 . 0 2 7 0 2 7  
0 . 0 2 5 6 4 1  
0 . 0 2 4 3 9 0  
0 . 0 2 3 2 5 6  
0 . 0 2 2 2 2 2  
0 . 0 2 1 2 7 7  
0 . 0 2 0 4 0 8

PCT ERROR

0 . 0 0 0 1 3 6
0 . 0 0 0 0 9 5
0 . 0 0 0 1 2 8
0 . 0 0 0 2 1 9
0 . 0 0 0 2 3 8
0 . 0 0 0 2 5 7
0 . 0 0 0 2 4 2
0 . 0 0 0 2 8 6
0 . 0 0 0 3 4 9
0 . 0 0 0 3 3 4
0 . 0 0 0 3 8 1
0 . 0 0 0 2 1 5
0 . 0 0 0 4 7 7
0 . 0 0 0 3 9 3
0 . 0 0 0 5 0 1
0 . 0 0 0 5 4 2
0 . 0 0 0 4 1 7
0 . 0 0 0 5 3 6
0 . 0 0 0 0 6 0
0 . 0 0 0 0 1 3
0 . 0 0 0 0 7 4
0 . 0 0 0 0 5 7
0 . 0 0 0 0 7 5
0 . 0 0 0 0 7 0
0 . 0 0 0 0 4 3
0 . 0 0 0 0 7 5
0 . 0 0 0 0 4 0
0 . 0 0 0 0 4 3
0 . 0 0 0 0 5 8
0 . 0 0 0 0 4 9
0 . 0 0 0 0 5 2
0 . 0 0 0 0 5 5
0 . 0 0 0 0 4 4
0 . 0 0 0 0 4 6
0 . 0 0 0 0 8 0
0 . 0 0 0 0 3 4
0 . 0 0 0 0 5 3
0 . 0 0 0 0 9 1



( X ) = X * E X P ( - X )
HE LAPLACE TRANSFORM OF F{ X)  

CALCULATED 
TRANSFORM

) **2
PCT ERRORS

0 . 0 7 7 0 0 0  
0 . 0 8 3 3 3 0  
0 . 0 9 0 9 0 0  
0.1C0000 
0. 111110 
0 . 1 2 5 0 0 0  
0 . 1 4 3 0 0 0  
0 . 1 6 6 6 7 0  
0 . 2 C 0 0 0 0  
0 . 2 5 0 0 0 0  
0 . 3 0 0 0 0 0  
0 . 3 3 3 3 0 0  
0 . 3 7 5 0 0 0  
0 . 4C 0000  
0 . 4 5 0 0 0 0  
0 .5 C 0 0 0 0  
0 . 5 5 0 0 0 0  
0 . 6 0 0 0 0 0  
0 . 6 5 0 0 0 0  
0 . 7 0 0 0 0 0  
0 . 7 5 0 0 0 0  
0 . 8 0 0 0 0 0  
0 . 8 5 0 0 0 0  
0 . 9 0 0 0 0 0  
0 . 9 5 0 0 0 0
1.000000
1 . 0 9 9 9 9 9
1 . 2 0 0 0 0 0
1 . 2 9 9 9 9 9
1 . 4 0 0 0 0 0
1 . 5 0 0 0 0 0
1 . 5 9 9 9 9 9
1 . 7 0 0 0 0 0
1 . 7 9 9 9 9 9
1 . 9 0 0 0 0 0
2 . 0 0 0 0 0 0  
2 . 2 0 0 0 0 0
2 . 4 0 0 0 0 0
2 . 5 9 9 9 9 9

0 . 8 5 8 4 8 8  
0 . 8 5 1 5 7 5  
0 . 8 3 9 7 5 2  
0 . 8 2 6 7 6 7  
0 . 8 0 9 3 7 7  
0 . 7 8 9 2 4 8  
0 . 7 6 4 5 6 6  
0 . 7 3 4 2 8 3  
0 . 6 9 4 3 8 0  
0 . 6 3 9 9 1 1  
0 . 5 9 1 6 1 7  
0 . 5 6 2 4 9 2  
0 . 5 2 8 8 8 3  
0 . 5 1 0 1 7 3  
0 . 4 7 5 6 0 2  
0 . 4 4 4 4 3 6  
0 . 4 1 6 2 2 6  
0 . 3 9 0 6 2 0  
0 . 3 6 7 3 0 4  
0 . 3 4 6 0 1 9  
0 . 3 2 6 5 2 8  
0 . 3 0 8 6 3 9  
0 . 2 9 2 1 8 1  
0 . 2 7 7 0 0 7  
0 . 2 6 2 9 8 2  
0 . 2 4 9 9 9 8  
0 . 2 2 6 7 5 6  
0 . 2 0 6 6 1 0  
0 . 1 8 9 0 3 5  
0 . 1 7 3 6 1 0  
0 . 1 5 9 9 9 9  
0 . 1 4 7 9 2 8  
0 . 1 3 7 1 7 3  
0 . 1 2 7 5 5 0  
0 . 1 1 8 9 0 5  
0.111110 
0 . 0 9 7 6 5 5  
0 . 0 8 6 5 0 4  
0 . 0 7 7 1 6 0

IS  l . / I S + i
ACTUAL
TRANSFORM

0 . 8 6 2 1 2 3  
0 . 8 5 2 0 7 8  
0 . 8 4 0 2 9 3  
0 . 8 2 6 4 4 8  
0 . 8 1 0 0 0 2  
0 . 7 9 0 1 2 3  
0 . 7 6 5 4 3 4  
0 . 7 3 4 6 9 0  
0 . 6 9 4 4 4 5  
0 . 6 4 0 0 0 0  
0 . 5 9 1 7 1 7  
0 . 5 6 2 5 2 9  
0 . 5 2 8 9 2 6  
0 . 5 1 0 2 0 5  
0 . 4 7 5 6 2 4  
0 . 4 4 4 4 4 4  
0 . 4 1 6 2 3 4  
0 . 3 9 0 6 2 5  
0 . 3 6 7 3 1 0  
0 . 3 4 6 0 2 1  
0 . 3 2 6 5 3 1  
0 . 3 0 8 6 4 2  
0 . 2 9 2 1 8 4  
0 . 2 7 7 0 0 8  
0 . 2 6 2 9 8 5  
0 . 2 5 0 0 0 0  
0 . 2 2 6 7 5 7  
0 . 2 0 6 6 1 2  
0 . 1 8 9 0 3 6  
0 . 1 7 3 6 1 1  
0 . 1 6 0 0 0 0  
0 . 1 4 7 9 2 9  
0 . 1 3 7 1 7 4  
0 . 1 2 7 5 5 1  
0 . 1 1 8 9 0 6  
0.111111 
0 . 0 9 7 6 5 6  
0 . 0 8 6 5 0 5  
0 . 0 7 7 1 6 0

0 . 4 2 1 6 2 5  
0 . 0 5 8 9 4 9  
0 . 0 6 4 3 0 1  
0 . 0 3 8 5 9 9  
0 . 0 7 7 1 1 1  
0 . 1 1 0 7 7 9  
0 . 1 1 3 4 8 0  
0 . 0 5 5 3 5 4  
0 . 0 0 9 3 8 1  
0 . 0 1 3 9 6 1  
0 . 0 1 6 9 2 3  
0 . 0 0 6 6 0 1  
0 . 0 0 8 0 2 4  
0 . 0 0 6 2 2 7  
0 . 0 0 4 6 3 7  
0 . 0 0 1 9 1 8  
0 . 0 0 1 7 0 4  
0 . 0 0 1 2 5 1  
0 . 0 0 1 4 9 3  
0 . 0 0 0 6 8 9  
0 . 0 0 0 7 3 0  
0 . 0 0 1 0 4 3  
0 . 0 0 0 9 7 9  
0 . 0 0 0 5 3 8  
0 . 0 0 1 1 3 3  
0 . 0 0 0 6 6 8  
0 . 0 0 0 6 5 7  
0 . 0 0 0 6 9 2  
0 . 0 0 0 7 2 5  
0 . 0 0 0 7 2 1  
0 . 0 0 0 7 4 5  
0 . 0 0 0 8 4 6  
0 . 0 0 0 8 2 6  
0 . 0 0 0 9 3 5  
0 . 0 0 0 9 5 2  
0 . 0 0 0 8 5 8  
0 . 0 0 0 9 1 6  
0 . 0 0 0 9 6 5  
0 . 0 0 0 8 5 0



s

2 . 7 9 9 9 9 9
3 . 0 0 0 0 0 0
3 . 2 9 9 9 9 9
3 . 5 9 9 9 9 9
4 . 0 0 0 0 0 0
4 . 4 0 0 0 0 0
4 . 7 9 9 9 9 9
5 . 0 0 0 0 0 0
5 . 5 0 0 0 0 0
6.000000
7 . 0 0 0 0 0 0
8.000000
9 . 0 0 0 0 0 0

1 0 . 0 0 0 0 0 0  
11.000000 
12.000000
1 3 . 0 0 0 0 0 0  
1 4 . OCOOOO
1 5 . 0 0 0 0 0 0
1 6 . 0 0 0 0 0 0
1 7 . 0 0 0 0 0 0
1 8 . 0 0 0 0 0 0
1 9 . 0 0 0 0 0 0
2 0 . 0 0 0 0 0 0  
2 2 . 0 0 0 0 0 0  
2 4 . OCOOOO
2 6 . 0 0 0 0 0 0
2 8 . 0 0 0 0 0 0
3 0 . 0 0 0 0 0 0  
3 2 . OCOOOO
3 4 . 0 0 0 0 0 0
3 6 . 0 0 0 0 0 0
3 8 . 0 0 0 0 0 0
4 0 . 0 0 0 0 0 0  
4 2 . OCOOOO
4 4 . 0 0 0 0 0 0
4 6 . 0 0 0 0 0 0
4 8 . 0 0 0 0 0 0

TRANSFORM

0 . 0 6 9 2 5 1
0 . 0 6 2 5 0 0
0 . 0 5 4 0 8 3
0 . 0 4 7 2 5 9
0 . 0 4 0 0 0 0
0 . 0 3 4 2 9 3
0 . 0 2 9 7 2 6
0 . 0 2 7 7 7 8
0 . 0 2 3 6 6 8
0 . 0 2 0 4 0 8
0 . 0 1 5 6 2 5
0 . 0 1 2 3 4 6
0.010000
0 . 0 0 8 2 6 4
0 . 0 0 6 9 4 4
0 . 0 0 5 9 1 7
0 . 0 0 5 1 0 2
0 . 0 0 4 4 4 4
0 . 0 0 3 9 0 6
0 . 0 0 3 4 6 0
0 . 0 0 3 0 8 6
0 . 0 0 2 7 7 0
0 . 0 0 2 5 0 0
0 . 0 0 2 2 6 8
0 . 0 0 1 8 9 0
0 . 0 0 1 6 0 0
0 . 0 0 1 3 7 2
0 . 0 0 1 1 8 9
0 .0 0 1 0 4 1
0 . 0 0 0 9 1 8
0 . 0 0 0 8 1 6
0 . 0 0 0 7 3 0
0 . 0 0 0 6 5 7
0 . 0 0 0 5 9 5
0 . 0 0 0 5 4 1
0 . 0 0 0 4 9 4
0 . 0 0 0 4 5 3
0 . 0 0 0 4 1 6

TRANSFORM

0 . 0 6 9 2 5 2
0 . 0 6 2 5 0 0
0 . 0 5 4 0 8 3
0 . 0 4 7 2 5 9
0 . 0 4 0 0 0 0
0 . 0 3 4 2 9 4
0 . 0 2 9 7 2 7
0 . 0 2 7 7 7 8
0 . 0 2 3 6 6 9
0 . 0 2 0 4 0 8
0 . 0 1 5 6 2 5
0 . 0 1 2 3 4 6
0.010000
0 . 0 0 8 2 6 4
0 . 0 0 6 9 4 4
0 . 0 0 5 9 1 7
0 . 0 0 5 1 0 2
0 . 0 0 4 4 4 4
0 . 0 0 3 9 0 6
0 . 0 0 3 4 6 0
0 . 0 0 3 0 8 6
0 . 0 0 2 7 7 0
0 . 0 0 2 5 0 0
0 . 0 0 2 2 6 8
0 . 0 0 1 8 9 0
0 . 0 0 1 6 0 0
0 . 0 0 1 3 7 2
0 . 0 0 1 1 8 9
0 . 0 0 1 0 4 1
0 . 0 0 0 9 1 8
0 . 0 0 0 8 1 6
0 . 0 0 0 7 3 0
0 . 0 0 0 6 5 7
0 . 0 0 0 5 9 5
0 . 0 0 0 5 4 1
0 . 0 0 0 4 9 4
0 . 0 0 0 4 5 3
0 . 0 0 0 4 1 6

PCT ERROR

0 . 0 0 0 9 4 7  
0 . 0 0 0 5 7 8  
0 . 0 0 0 6 1 3  
0 . 0 0 0 7 3 3  
0 . 0 0 0 6 3 3  
0 . 0 0 0 7 1 7  
0 . 0 0 0 7 7 7  
0 . 0 0 0 8 1 8  
0 . 0 0 0 9 6 0  
0 . 0 0 1 0 7 7  
0 . 0 0 1 2 8 7  
0 . 0 0 1 3 8 8  
0 . 0 0 1 6 0 2  
0 . 0 0 1 8 9 3  
0 . 0 0 1 9 8 5  
0 . 0 0 2 0 1 5  
0 . 0 0 2 1 9 0  
0 . 0 0 2 3 4 7  
0 . 0 0 1 9 7 3  
0 . 0 0 1 8 1 7  
0 . 0 0 1 9 6 1  
0 . 0 0 2 0 0 9  
0.002002 
0 . 0 0 1 9 9 2  
0 . 0 0 1 9 8 3  
0 . 0 0 1 8 3 4  
0 . 0 0 1 6 9 7  
0 . 0 0 1 5 6 6  
0 . 0 0 1 4 3 2  
0 . 0 0 1 2 6 8  
0 . 0 0 1 1 9 8  
0 . 0 0 0 9 2 4  
0 . 0 0 0 8 1 5  
0 . 0 0 0 7 4 4  
0 . 0 0 0 6 0 3  
0 . 0 0 0 5 1 9  
0 . 0 0 0 4 1 1  
0 . 0 0 0 2 8 0
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F ( X ) = X * * 2 * E X P ( - X )
T H E  L A P L A C E  T R A N S F O R M  O F  F { X )

C A L C U L A T E D
2 . / ( S + i } * * 3

PCT E R R O RS

0 . 0 7 7 0 0 0  
0 . 0 8 3 3 3 0  
0 . 0 9 0 9 0 0  
0.LOOOOO 
0 . 1 1 1 1 1 0  
0 . 1 2 5 0 0 0  
0 . 1 4 3 0 0 0  
0 . 1 6 6 6 7 0
0.200000 
0 . 2 5 0 0 0 0  
0 . 3 0 0 0 0 0  
C . 3 3 3 3 0 0  
0 . 3 7 5 0 0 0  
0 . 4 0 0 0 0 0  
0 . 4 5 C 0 0 0  
0 . 5 0 0 0 0 0  
0 . 5 5 0 0 0 0  
0 . 6 0 0 0 0 0  
0 . 6 5 0 0 0 0  
0 . 7 0 0 0 0 0  
0 . 7 5  0 0 0 0  
0 . 8 0 0 0 0 0  
0 . 3 5 0 0 0 0  
0 . 9 0 0 0 0 0  
0 . 9 5 0 0 0 0  
1.000000
1 . 0 9 9 9 9 9
1 . 2 0 0 0 0 0
1 . 2 9 9 9 9 9
1 . 4 0 0 0 0 0
1 . 5 0 0 0 0 0
1 . 5 9 9 9 9 9
1 . 7 0 0 0 0 0
1 . 7 9 9 9 9 9
1 . 9 0 0 0 0 0
2.000000 
2.200000
2 . 4 0 0 0 0 0
2 . 5 9 9 9 9 9

T R A N S F O R M

1 . 6 0 7 2 3 4  
1 . 5 7 5 4 7 9  
1 . 5 4 3 0 5 5  
1 . 5 0 4 7 7 5  
1 . 4 5 9 8 5  1 
1 . 4 0 6 6 2 9  
1 . 3 4 1 2 4 6  
1 . 2 6 1 4 3  3 
1 . 1 5 3 7 4 3  
1 . 0 2 5 0 8 7  
0 . 9 1 1 1 8  7 
0 . 3 4 4 6 0 3  
0 . 7 7 0 0 2 1  
0 . 7 2 9 4 5  6 
0 . 6 5 6 5 1 3  
0 . 5 9 2 9 6 4  
0 . 5  3 73 74 
0 . 4 8 8 5 2 6  
0 . 4 4 5 4 2 2  
0 . 4 0  7 2 4 3  
0 . 3 7 3 3 0 5  
0 . 3 4 3 0 3 7  
0 . 3 1 5 9 5  8 
0 . 2 9 1 6 5 4  
0 . 2 6 9 7 7 9  
0 . 2 5 0 0 4 0  
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0 . 0 4 2 8 6  3
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1 . 5 0 2 6 3 3  
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1 . 0 2 3 9 9 9  
0 . 9 1 0 3 3 4  
0 . 8 4  3 8 1 5  
0 . 7 6 9 3 4 6  
0 . 7 2 3 8 6 4  
0 . 6 5 6 0 3 4  
0 . 5 9 2  59 3 
0 . 5 3 7 0 7 6  
0 . 4 3 8 2 3 2  
0 . 4 4 5 2 2 4  
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0 . 3 4 2  93 6 
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0 . 2 9 1 5 3 3  
0 . 2  6 9  72 8 
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0 . 2 1 5 9 6 0  
0 . 1 3 7  82 9 
0 . 1 6 4 3  79 
0 . 1 4 4 6 7 6  
0 . 1 2 8 0 0 0  
0 . 1 1 3 7 9 2
0.101611 
0 . 0 9 1 1 0 8  
0 . 0 3 2 0 0 4  
C . 0 7 4 0 7 4  
0 . 0 6 1 0 3 5  
0 . 0 5 0 8 8 5  
0 . 0 4 2 8 6 7

0 . 3 9 1 1 2 6  
0 . 1 5 2 9 5 7  
0 . 1 6 2 5 6 2  
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0. 1 5 6 2 1  I 
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0 . 0 0 1 3 5 0  
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0 . 0 0 9 4 7 2
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hj)(t). A procedure to find p(s) must now be developed. In 
order to find p(s), one starts with a value of s and hD (s), 
then one searches the set of hN (s) until reaching a value of 
hN (s) which is less than hD (s). This value of hN (s), along 
with preceding and following values of hN (s) are chosen, and 
these three values are fitted to a second order polynomial.

hN (s*) = as*2+bs*+c si_1 C s* < si+1 (A.7)

Where si is the first value of s, where hN (s) >hD (s).
Equation A.7 can be solved directly for s* by setting hN (s)=hD (s). 
However,

s*=s+p(s) Therefore,
/

p (s) =s*-s=-2as -b + (b2-4a (c-hD (s))) ^ (A>8)
2a

This method can only be employed if there are no sharp dis­
continuities in the value of s at which h^s) is evaluated.
If a large discontinuity is found, p(s) is evaluated by 
linear extrapolation with the nearer value of s to the actual 
s*.



The Moment Method

The second method is the moment method. This method is 
based on assuming a model for the extravascular space and 
calculating the various model parameters from the moments. 
Equations 3.19 and 3..20 can be used to calculate parameters R 
and y\ if we assume that the extravascular space is well 
mixed. Equations have also been developed to solve the 
moment relationships for an extravascular space which behaves 
like a reflected diffusor.

The moments are computed by constructing a pseudo function, 
g(t), which consists of multiplying h (t) by t̂ ""̂ , point for 
point, for the k*"*1 moment. Then one must recompute the 
quadratic coefficients for g (t) and then calculate Mi_h by
equation A.9

2



The Modified Extraction

The basis of the modified extraction factor method is a 
limiting process. However, numerically the computer cannot 
calculate a limit, therefore, if the equation is evaluated 
near the appearance time, an accurate representation of X 
can be obtained. Furthermore, all values of \ , calculated, 
are lower than the true A , consequently the highest calcu­
lated X can be used as a measure of the lower bound on A

The Martin deJulian, and Yudilevich Method

With the exception of the case where the capillary space
acts as a single well mixed compartment, hN (ta) and hD (ta)
are zero. Therefore, one cannot directly compute h^taj/h^ (ta) ,

•and the following extrapolation procedure is to calculate 
hD (ta)/hN (ta). Take points two through six from the h^ (t) and 
hD (t) curves and compute^/t. (t) . For the five values of SL (t) 
computed, a straight line is fitted using least squares. Then 
using the least squares straight line, extrapolate Si (t) back 
to the appearance time. Then E0=l-j^(ta) and permeability 
and A can be calculated.



The Bassingthwaighte Method For Minimum hD (t)/hN (t)

The computation of the minimum hD (t)/hN (t) was accomplished 
by first computing J\(t) and then checking for the minimum 
value of Jl (t). No attempt was made to compute SL (t) for 
values other than those available from the data points. it 
is felt that this minimum value shall n°t differ from the true 

minimum by a maximum of a few percent.

The CRA Methods

1. tp equals peak time

In order to determine the point at which the integration shall 
be stopped^hN (t) was scanned for the first maximum value.
This time was taken to be the peak time. The integration 
technique used was similar to the one described before for 

calculation of the mean, hjj(t) and hD (t) are broken up 
into small segments and fitted to a second order polynomial. 
Each polynomial can then be integrated explicitly and the



integral can be expressed as a sum

where k*=n-l and n = number of the data point at which 
2

hN (t) has its peak.

2. tp equals minimum hD (t)/h^(t) time

The minimum value o f  J X  (t) has been established f o r  the
Bassingthwaighte method. Simultaneously, the time t, at
which the minimum .JX (t) has also been determined. The
integration is done in accordance to equation A.10 where
k*=n-l and n is the number of the data points until 

2
is a minimum.

3. tn equals the crossover time

The crossover time is established by scanning the vector
for the first value jl (t) that is greater than one. The
integration is accomplished by use of equation 4.10 where
k*=n-l and n = the number of the data point until JL(t) >  1. 

2
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Throughout our discussions we have dealt with three basic 
types of EVS transfer functions: (1) Reflected Diffusors
(2) Well Mixed compartments, (3) Stretches. The well 
mixed compartment is a special case of a Reflected Diffusor 
namely that of ©  = 0. Similarly the stretch is a special 
case of a well mixed compartment, namely X = °® .

The basic differential equation for the reflected diffusor 
is:

K & J ) - $  (B.D

The differential equation for a one dimensional diffusor.

At the far end of the diffusor, 2. =L, we impose a reflect 
boundary condition.

(B.2)

I t

Shinnar (30) has shown for a linear two phase system, p(s) 

is independent of the capillary space transfer function



and for a reflected diffusor p(s) is given by:

f S_________   (B -3>~7~+ -iL 0s 0s
' A<P

where

0  - Z 2 / < &

R = EVS volume/capillary volume 
A is defined by E0 2.1

In the special case where 0 ̂  0, which gives us the transfer 
function of a well mixed compartment we get

R s
7 7 / T  (B-4)

A
If we now go one step further and allow oq , we get the 
transfer function for a stretch:

p(s) = Rs (B.5)
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