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Abstract
Numerical Investigations of Bose-Einstein Condensation in Trapped

Dilute Gases and Other Topics

by 

Meng Lu

Adviser: Joseph L. Birman, Distinguished Professor of Physics

In the first part of the thesis, the phenomenon of Bose-Einstein condensation 

of trapped dilu te gases is investigated mainly using various numerical approaches. 

Mean field theory provides a framework to understand many features of the conden­

sation. At zero tem perature, the equation for the condensate ground state is derived 

and solved to obtain m any properties of the system, such as density profile and  var­

ious energies. The lowest excitation is obtained using Bogoliubov theory' and shows 

excellent agreem ent with the experiments. At non-zero tem perature, the ground 

s ta te  and the excited states have to be solved self-consistently by using the Popov 

approxim ation. The serni-classical approxim ation is used to simplify the calculation 

and the condensation fraction is obtained. We further extend the  mean field theory’ 

to double condensates. The ground sta te  is obtained and the separation of com­

ponents is sim ulated based on the derived coupled equations. The research results 

presented in this part require a  wide set of numerical techniques, such as solution of 

linear algebraic equations, integration of functions, muti-dimensional root finding, 

solutions to eigenvalue problems, and propagation of partial differential equation 

with initial values. Some comparisons are given with the experiments.

In the second part of the thesis, I present the research results for two subjects, 

(a) The scattering probabilities of hot excitons in narrow quantum  wells (QW s)
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are obtained. The exciton-phonon m atrix element is considered by using an enve­

lope function Hamiltonian approach in the strong quantization limit where the QW  

width is smaller than  the exciton bulk Bohr radius. The Frohlich-like interaction 

is taken into account and the contribution of the confined and interface modes to  

the scattering probability are calculated as a  function of quantum  well width, elec­

tron and hole effective masses, and in-plane center-of-mass kinetic energy. Inter- 

and intra-subband excitonic transitions are discussed in term of the phonon scalar 

potential selection rules. Comparison with the experim ent is given, (b) The ground 

sta te  of a few electron quantum dot is obtained using an exact numerical calculation 

based on the second quantized Hamiltonian.
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P art I 

N u m erica l In v estig a tio n s o f  

B o se-E in ste in  C o n d en sa tio n  

in  T rapped D ilu te  G ases

1
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C h ap ter 1 

In trod u ction

An im portant consequence of quantum  statistics for a  system  of ideal bosons is 

th a t, when the de Broglie wavelength of therm al motion. XdB =  (2tth2/ m 0k BT ) l/2, 

becomes com parable to the mean inter-particle separation, r  =  p ~ l / 3  as the tem ­

perature decreases, (Here, m 0  is the  particle mass, k s  is the Boltzm ann's constant, 

T  is the absolute tem perature, and p is the atom  num ber density.) the system 

is predicted to develop suddenly a macroscopic population in the lowest energy 

s tate . This macroscopic quantum  phenomenon is termed Bose-Einstein condensa­

tion (BEC). which was originally pointed out by Einstein in 1925. For many years, 

nobody took this BEC idea seriously, until London and Landau used it to explain 

the superfluidity of liquid helium in 1938. Superconductivity in metals also displays 

some properties of macroscopic quantum  states. For an interdisciplinary review of 

BEC, see Ref. [1 ]. However, in these systems, the bosons are so closely packed tha t 

the pure quantum -statistical nature of the BEC transition is complicated by strong 

interactions. Hence there has been growing interest in finding BEC of a weakly 

interacting system, for which the comparison between experiment and theory' would 

be possible.

2
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C H A P T E R  1. IN T R O D U C T IO N 3

In a landm ark experiment [2], BEC in a d ilu te and weakly interacting atom ic 

vapor in an anisotropic magnetic trap  was first observed at JILA 1 in 1995. A lm ost 

at the same tim e, groups at M IT and Rice University observed evidence of BEC in 

dilute atomic 23X a [3] and 'L i [4] vapor produced by essentially the same technique. 

Three prim ary signatures of BEC were seen in these experiments: (a) On to p  of a 

therm al velocity distribution of the atom s, a narrow peak appeared th a t was centered 

at zero velocity, (b) The fraction of the atoms th a t  were in this low-velocity peak 

increased abruptly  as the sample tem perature was lowered, (c) The peak exhibited 

a non-therm al. anisotropic velocity distribution expected of the m inimum-energy 

quantum  sta te  o f the magnetic trap  in contrast to  the isotropic, therm al velocity 

distribution observed in the broad uncondensed fraction.

In a typical BEC experim ent at JILA. a gas of spin-polarized, ultracold 8‘ Rb

atom s is optically precooled and trapped. The atom s are then loaded into a  purely

magnetic trap. The time-averaged orbiting potential (TOP) tra p  consisting of a

static quadrupole field plus a sm all ro ta ting  transverse bias field is used to produce

an effective harm onic trapping potential with cylindrical symmetry. The atom s are

further cooled down by forced evaporation using a radio frequency (rf) m agnetic

field to selectively induce the Zeeman transition to  untrapped spin states. The

atom  cloud can be observed by absorption imaging. The imaging procedure used

by the JILA group in most of its BEC experiments is destructive, but by repeating

the cycle of loading, cooling, and  imaging, the tim e evolution of the system can be

studied. Using th e  technique described above, m any experiments have been done to

p rob e the properties of the ground sta te  and the excitated states of the BEC system s 
‘Joint Institute for Laboratory Astrophysics, University o f Colorado at Boulder.
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C H A P T E R  1. IN TRO D U C TIO N 4

at bo th  close to zero and finite tem perature. For a review of BEC experim ents, see 

Ref. [5].

Those experim ental achievements of BEC in dilu te alkali vapors have renewed 

great interest in the theoretical studies of the Bose gases. For comprehensive re­

views. see Refs. [6 . 7, 8 ]. One of the most im portan t features of these trapped Bose 

gases is th a t they are inhomogeneous and finite sized systems, the  number of atoms 

ranging typically from a few thousands to several millions. In most cases, th e  con­

fining traps are well approximated by harmonic potentials. T his makes the general 

approach to the problem somewhat different from  those trad itionally  used to treat 

the homogeneous systems. A nother im portant feature of the systems is th a t  the 

vapor of the atom s used in these experim ents are so dilute th a t the average distance 

between the atom s is much larger than  the range of the interaction (typically the 

average distance between atoms is more than  ten  times the range of interatom ic 

forces). So the interactions are prim arily binary' and can be treated  theoretically 

w ithin an s-wave scattering approxim ation, which is characterized by a single pa­

ram eter a, the s-wave scattering length. Given th e  above features of the new BEC 

systems, the natural starting point is the generalized theory for an inhomogeneous 

weakly interacting Bose system [9]. This is a m ean field approach, which provides 

closed and relatively simple equations for describing many phenom ena associated 

with BEC. An extensive numerical investigation based on such a  mean field theory 

is the m ain focus of this part of the thesis.

T he plan for this part of the thesis is the following: In C hap ter 2, we review the 

eigenvalue problem of the simple harmonic oscillators. We also present some ana­

lytical results for the therm odynam ic properties of the ideal Bose gases trap p ed  in
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C H A P T E R  1. IN T R O D U C TIO N 5

harm onic potentials. The derivation of those results is parallel to th a t of the uniform 

ideal Bose gases. In Chapter 3. we give the  mean field theory for the ground state 

of the condensate. The ground state wave function is obtained using both  approx­

im ation m ethod, and numerical calculation. In C hapter 4, we give the Bogoliubov 

theory for the low excited s ta tes  of the condensate a t zero tem perature. Numerical 

solutions are presented and compared with the recent experim ent. In C hapter 5. we 

extend the Bogoliubov theory to  non-zero tem perature using the Popov approxima­

tion. The solutions are obtained using the semi-classical approximation m ethod and 

self-consistent numerical calculation. In C hap ter 6 . we extend the mean field theory 

to the m ixtures of condensates and obtain the coupled equations for double con­

densate wave functions. We also give a sim ple way to construct the Thomas-Fermi 

approxim ation solutions and present the numerical results corresponding the JILA 

experim ent. We show that in the case considered, the Thomas-Fermi approximation 

is not in agreement with either experiment or the numerical calculation. In Chapter 

7. we give the sum m ary and discuss some open questions for this part of the thesis.
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C hapter 2 

Ideal B ose Gas in  H arm onic Traps

2.1 Introduction

In this chapter, we will neglect the interaction between the atoms and consider the 

condensation of an ideal Bose gas in harm onic traps. The theory for such systems 

is not as trivial as it appears to be. The systems of interest are inhomogeneous and  

finite in size in contrast to the traditional BEC systems, which are homogeneous and  

infinite. A good description of those traditional BEC systems can be found in alm ost 

any good statistical mechanics book, for example, see [1 0 ]. YYe will present many 

properties for the trapped ideal BEC systems, such as the critical tem perature, the 

fraction of particles in the condensate and the total energy.

As previously mentioned, the external tra p  used in the recent experiments on BEC 

can be modeled approximately as producing a harmonic potential

2.2 Sim ple Harm onic O scillators

(2 . 1)

6
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C H A P T E R ' 2. ID EAL BO SE G A S  IN  H A R M O N IC  T R A P S

where ljx . ujv and uiz are the trap  frequencies of three spatia l directions. The eigen­

states of the system are

^ n ^ n ^ n A x .y . z )  = N xe~^a*x~ H nz (a xx )

x N ye - ^ y H ny(a y y) 

x N ze ~ 2a'zZ~Hn. (a zz) . (2 .2 )

where H n(x ) is the Hermite polynomial and the eigenvalues are

£nr ,n„,n- =  4- — ̂  TlU)x +  |'Tly +  — ̂  f\CJy +  ^ hoJz, (2-3)

where a x =  (m Qcjx/ h ) l/2. a y = (m au:y/ h ) l/ - . a .  =  (m Qujz/ h ) 1̂ 2 and { n x , n y, n z } are 

non-negative integers. The normalization constants are

N x =

N-  =

7T2 2 n-rn x!
a,

— 2  2n«ny\
cv.

7T2 2 n-ri;!

It is often useful to introduce the geometric average of the oscillator frequencies

(2.4)

(2.5)

(2.6)

U    {UjXUJyUJA) 3 , (2.7)

and harm onic oscillator length

d =
T J I q U.

(2 .8 )

For example, in term  of u: and d. we may w rite the ground sta te  wave function as

L'o,o,o(x. y , z) = 3 —3 - exp
7T * < 1 2

1 / UJX X 2

2 \ uj cP +  U dp u  d2)
(2.9)
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Many experim ents use the harmonic traps w ith cylindrical symm etry. In these cases, 

we have the following external potential

Vextip- ~) =  \ m 0 (u:2pp2 + u i z 2) , (2 .10)

where u.'p =  ujx =  ujy and p = (x2 + y 2) 1̂ 2- The ratio between the axial and  radial 

frequencies, A =  uj- / ljp, fixes the asym m etry of the trap. For A <  1 the tra p  is cigar 

shaped, while for A > 1  the trap  is disk shaped. For the external po ten tia l with 

cylindrical symmetry, the eigenstates of the system  are

( a y )

f^Tl: ?

l o o

x iV.e- 2 Q' " ( 2 . 11)

where L ^ { x )  is the associated Laguerre polynom ial and the eigenvalues are

=  ( 2 np +  |m | +  1 )  FlUJp +  ^77; +  huiz. ( 2 . 1 2 )

where a p =  (m 0ujp/ h ) lP , a z =  (m 0ujz/ h ) l y / 2  and {np, \m \ ,n : } are non-negative in­

tegers. The normalization constant N z has the same expression as Eq. (2.G), while

N p is given by

* Q*np!  (2.13)
N ~(np + |m|)!

For cylindrical traps, sometimes it is more convenient to use

dp — \ (2.14)
niQUip

as the unit for length. For example, in term s of A and dp, th e  ground s ta te  wave 

function can be expressed as

t\o,o(Pr~) —
AT

—r ^ exP
7 T T r f |

- 2
+  A (2.15)
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2.3 P roperties at F in ite T em perature

At tem perature T  the total number of particles is given, in the grand-canonical 

ensemble, by the sum

N  =  T  -r.--------  5------ . (2.16)
^  p p ( f n x . n y . n : “ / i |    1 '

n r . n tf, n : c  L

while the total energy is given by

E  =  T  g«*.n„w, ------ (2.17)
^ > P \ £ n  j- ,n». .n - —/i)  1.n p  . n -  “  /*) __ 1

T l x . r i y M z  ^  ^

where is the eigenenergy of the ideal Bose gas in the harmonic trap  given in

Eq. (2.3), fi is the chemical potential and =  1 / ( k g T ) .  As in the case of uniform 

ideal Bose gas, it is convenient to separate out the lowest eigenvalue £0 .o.o from the 

sum (2.16) and call N 0 the number of particles in this s ta te . When the chemical 

potential fi —> fic = h(u:x +  cj x + ujx)/2. N 0 can be macroscopic. The sum (2.16) 

becomes

T l x i T l y M z

In order to  evaluate this sum, one usually assumes th a t as N  —> oc, the relevant 

excitation energies, contributing to the sum (2.18), are much larger than  the level 

spacing fixed by the trap  frequencies. So the sum can be replaced by the following 

integral

.v -  .v„ = r  dn?.tn>dn‘  19)

The accuracy of the approxim ation (2.19) is expected to be good if the num ber of 

trapped atom s is large and k g T  fi-ui, where lu is the geometric average of trap 

frequencies defined in Eq. (2.7). The integral (2.19) can be calculated as

:V -  :V0  =  <(3) , (2 .2 0 )
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where £(n) is the Riemanu C function. From this result one can obtain the transition 

tem perature for the BEC by imposing that Ar0  —» 0 a t the transition tem perature 

T®. so one gets

k BT°c =  hu: 3  =  Q M N h u : .  (2.21)

The proper therm odynam ic limit for these systems is obtained by letting N  -» oc 

and uj —>• 0. while keeping the product N uj3 constant. W ith  this definition, the 

transition tem perature (2.21) is well defined in the therm odynam ic limit. Inserting 

the above expression for into Eq. (2.20) one gets the tem perature dependence of 

the condensate fraction for T  < T®:

The same result can be also obtained by rewriting Eq. (2.19) as an integral over 

energy as follows

N  -  Na = £ d c p { e ) - ± - (2.23) 

where f){e) is the density of states given by

“  2 , 4  ( 2 ' 2 4 )

The total energy can be found from the integral

( 2 - 2 5 )

which gives the result
E  3 C ( 4 ) / r V '

, . (2.26) 
N h BT* C(3) V7 0̂)

These results can be compared with the well known results for the uniform Bose 

gases [10]. In the la tter case, the eigenstates are plane waves w ith energy s  =  pz/ 2 m 0
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and the density of states is

<2->
where 1' is the volume. The condensate fraction is given by

,v 2 1  ( t ? )  ' (2 '28)

aiul tlie critical tem perature is given by

=  (2.29)
w 0 VC(3/2) )

where n = N / V  is the density. T he energy is given by

£  3 f ( o / 2 ) / r y ^  ( 2 3̂0)
V tBr »  2C(3/2) \ T «  J 

We can also calculate the density o f particles outside the condensate nr(r )  using the 

semiclassical approximation, which is valid for k BT  huj. At T  < T® and in the 

thermodynamic limit, the therm al density is given by the integral over m om entum

space

nT {r) =  j  ^ ^ 3  , (2-31)

where s{p. f)  is the semiclassical energy in phase space given by

e ( p , n  = ^ -  + Vexl(f) .  (2-32)277*0

The result is

nr ( r )  =  ( e ~ ^ rzt(n) , (2.33)
*dB 2

where XiB is the de Broglie wavelength. The function <7 :i/2 (^) is defined as

CC
g M )  =  H -’7 ”". (2-34)

n = l
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By integrating nr{f )  over space one can get again the condensate fraction relation 

Eq. (2.22). I t  is now clear th a t there are two relevant energy scales for the ideal gas: 

the energy corresponding to  the transition tem perature k BT°  and the average level 

spacing hut. From expression (2.21), we can see th a t for the current experim ents on 

BEC with :V ranging from a few thousands to  several millions, k Bl ^  can be 10 to 

100 larger than  hut. This implies th a t the semiclassical approxim ation can be used 

for a wide range of tem peratures.
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C hapter 3

G round S ta te  a t Zero 
Te m p erat ur e

3.1 In troduction

In this chapter, we will use mean field theory to describe the ground s ta te  of the 

BEC at zero tem perature. The equation for the condensate wave function is derived. 

When the number of the atom s is larger, the so called Thomas-Fermi approximation 

can be used to obtain the ground state. The focus of th is chapter is to use two 

different numerical m ethods to obtain the ground state of BEC. The steepest descent 

method is fast and accurate, it provides us with the ground state wave function in 

the numerical form which is suitable for further studies of the dynamics of the 

condensate and non-zero tem perature properties. The expansion m ethod gives the 

solution in the form such th a t obtaining the low excited states is possible. We 

compare the results obtained from all the approximation and numerical methods.

13
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CHAPTER 3. GROUND STATE AT ZERO TEMPERATURE  14

3.2 M ean F ield  T h eory  for th e  G round S ta te

The sta rting  point is the many-body Ham iltonian describing N  in teracting bosons 

with mass m Q confined by an external potential VeXt(-r). In second quantization, it 

is given by

H =  Jdj NfHr)H0V(r)  +  \  J  d r d f ' & { ? ) & {r')U{r -  f ' ) * ( r ' ) t f ( r ) ,  (3.1)

where

Ho =  - ^ - V 2  +  V;i f (r). (3.2)
2ttiq

and 'l '(r)  and ^ ( r )  are the boson field operators th a t annihilate and create a  par­

ticle a t position r, respectively. U ( f — r')  is the  two-body interaction potential. 

In a d ilute and cold gas, the de Broglie wavelengths of the atom s are very large

compared to the range of the inter-atom ic potential so that only binary collisions a t

low energy are relevant and three-bodv processes can be neglected. These collisions 

are characterized by a  single param eter a . the s-wave scattering length. Thus the 

interaction potential can be approxim ated by

U(r  — r ')  =  U0S ( f -  f' ) ,  (3.3)

where Uq =  Antra /m^.  The Heisenberg equation of motion for ^ ( r ,  t) can be found

ds

i h d ^ y t ) _  =  - ^ £ 1  =  H Qqf(fA) + U0^ ( T t ) ^ ( f . t ) 4 f ( f A ) .  (3.4)
C/ t

In the mean field approxim ation, the  field operator is decomposed as

^ ( r ,  t) =  ^ ( r ,  t) -I- 4»(r, t), (3-5)

where 4>(f. t ) is a complex function defined as the expectation of the  field operator: 

4 '(r, t) =  ( ^ ( r ,  t)), while 4>(r, t) is the residual operator describing the quantum  and
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thermal fluctuations around this mean value. The function ^ ( r ,  t) is a  classical field 

having the  meaning of an order param eter and is often called the "wave function of 

the condensate". The normalization of this wave function fixes the num ber of atom s 

in the condensate at each time as follows

f  dr\<b(fA)\2 = N 0 . (3.6)

Substitu ting  Eq. (3.5) into Eq. (3.4). and m aking use of the property th a t the 

expectation value of ^*(r. t ) is zero, we obtain the following nonlinear Schrodinger 

equation, or “Gross-Pitaevskii" (GP) equation,

= (Xo + Uom ? . t ) l 2) # ( r , t ) ,  (3.7)

The above equation can be used to study the dynam ics of the condensate in various 

problems, such as, the expansion of cloud and the sim ulation of large am plitude 

oscillations. To get the stationary s ta te  'l'(r) of Eq. (3.7). we look for the solution 

of the following form

V (r , t )  = V ( r ) e - i/tt/A, (3.8)

where // is the chemical potential of the condensate. Substitu te  Eq. (3.8) into Eq.

(3.7). and we now have the following tim e-independent G P equation

( h 0 + u 0m ^ \ 2) (3 .9 )

It is worth noting that the above equation can also be obtained from the variational 

principle based on the following energy functional

E  = J • (3-10)
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with the normalization condition

j  dr\'$f(r)\2 = No (3.11)

as a constraint. According to the m ethod of Lagrangian m ultipliers, the problem 

is equivalent to an unconstrained variational problem  with the following energy 

functional

J d r F  =  J d r C ^ |V * ( 0 | 2  +  , (3.12)

where /i is again the chemical potential. It is easy to  show th a t the  time-independent 

GP equation (3.9) can be obtained from the energy functional Eq. (3.12) using the 

following Euler equation:

OF d f d F \  d  ( d F \  d ( d F \
5 ^ *  dx\d<b-x )  dy\d<i/'y )  d z \ d * z )  ~  ’ (  }

where 'P* is the complex conjugate of the condensate wave function, and

0
y a = a  = x . y , z .  (3.14)

3.3 Thom as-Ferm i A pproxim ation

In the case of atoms with repulsive interaction (a > 0), one can obtain  a very simple 

analytical form for the ground state wave function in the lim it N a / d  1, where 

the kinetic energy term  in the time-independent G P  equation becomes insignificant 

except near the condensate boundary [11]. Thus we may neglect the quantum  

pressure totally and obtain  the the following algebraic equation for the wave function 

4'(r)

( v « /( 0  +  £ /o |* (0 |2) *(r> =  (3-15)
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It has either the trivial solution 'l'(r) = 0  or the following solution for the density  

profile

=  ( 3 . 1 6 )

in the region where fi > Vext(f),  and | ^ ( f ) | 2  =  0 outside the region. This is often 

referred to as Thomas-Fermi approxim ation. The chemical potential n  can be de­

termined by the normalization condition Eq. (3.11), which now has the following 

form

j f  f  dr(fx -  Vext(r)) =  N 0. (3.17)
Uq Jll>\ext(r)

In the case of 1 ’ext(r) taking the general harmonic form as in Eq. (2.1), the chemical 

potential can be found as

„  =  rf  ( l o . V „  j )  1 . ( 3 . 1 8 )

For the external potential w ith cylindrical sj-mmetry, we have the following expres­

sion

^  ^ L o N o X ^ y  . (3.19)

3.4 S teep est D escent M eth od

One way of obtaining the ground state  of the BEC systems numerically is through 

the steepest descent approach, which is a  method of direct minimization of the 

energy functional (3.12). In general, a  tim e-dependent wave function ^ ( r ,  t), where 

t is a fictitious time variable, is evaluated a t different time steps, starting  from an 

arbitrary trial wave function and converging to the exact solution ^ ( f ,  oc) =  'J '(r). 

The time evolution can be formulated in terms of the equation

=  - - SJ -  ( 3  1 0 )
9 t t ) ' 1 1
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where E  is the functional defined in Eq. (3.10) and 6 denotes the constrained 

functional derivative which preserves the  norm alization Eq. (3.11). In our case. Eq. 

(3.20) becomes the following equation

= ( - | ^ v 2  +  * ( * f>, <3-21> 

where 'F(r, t) can be chosen to be real to  simplify the calculation. Usually, we use 

the corresponding Thomas-Fermi approxim ation solution as the initial condition for 

systems with large number of particles and the ground s ta te  of the sim ple harmonic 

oscillator as the initial condition for system s with sm all number of particles. The 

normalization of ^ ( r ,  t) is kept constant a t all time. We have to point out th a t if 

the numerical implementation of the m ethod is correct, the  choice of the initial tria l 

s ta te  should not really m atter, i.e.. different initial conditions should all give the 

same result, which minimizes the energy functional (3.10). The only difference is 

the speed of convergence. This can be used as a test of th e  com puter codes. We will 

only consider the traps with cylindrical sym m etry having the form of Eq. (2.10). It 

can be shown that the ground sta te  of the system  also has the cylindrical symmetry, 

which means that the ground sta te  wave function only depends on p and z. To get 

a convenient dimensionless form of Eq. (3.21) suitable for numerical study, we scale 

the variables and wave function as follows

3

ujpt —y ti p j  dp —y pi z j  dp —y zi o. j  dp —̂ g: dp ty(p. z, t ) —̂ 'F (p. z. t),

(3.22)

where dp is the harmonic oscillator length defined in Eq. (2.14). W ith  the under­

standing th a t all physical quantities will take suitable dimensionless forms from now
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on until the end of this section, we transfer Eq. (3.21) into the following form

d* '(p ,z ,« ) 1 f  d2 I d  d2 \ T/
dt ~  2 \ d f ? + p d p  + d z2)

+  (Vext(p,z) + U0\* ( p . z A ) \2) * ( p . z . t ) r (3.23)

where \'ext{p, z) and Uq take the following dimensionless form

z) = \ { p 2 +  A'2- 2) , (3.24)

U0 — 4 7>a. (3.25)

It is useful to note that the chemical potential now takes the following dimensionless 

form

p  = -(15A roAa)s. (3.26)

It is usually convenient to introduce a new wave-function

u{p ,z , t )  = p ^ { p , z A ) .  (3.27)

which is zero a t p =  0 . The equation for u(p, z, t.) is as follows

_ 3 u ( p g , t )  =  ^  +  ^  +  u(/) .  i( (3.28)

where

=  - 5  ( £  ■- ? £ )  ■ < 3 2 9 >

T-. =  ~ ~  ( 3 . 3 0 )

I" _  I ’ -A 1  , TT \U{P,ZA)\2 01,
• —  * e x t \ P i  *■) rj *> ® 2 ‘ ( 3 . 3 1 )

2  p- fp

Meanwhile the normalization condition Eq. (3.11) becomes

2 “  r  r  =  .Vo. (3.32)
Jo J-OC p~

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



C H A P T E R  3. GROUND ST A T E  A T  ZERO T E M P E R A T U R E 20

We solve such an initial value problem using the  alternating-direction implicit 

(ADI) scheme on a square grid and equally spaced points along the f-axis [12]. We 

thus denote

pj = j A r .  

zk = kAr,

tn = riAt. (3.33)

where j  =  1 . . . . ,  N r, k = — (Arr — l ) / 2 , . . . .  (Arr — l ) /2  and n =  1 , . . . .  -Vt. Here we 

have chosen N r to  be an odd number for a  sym m etric sampling along 2 >axis. We 

define

u”k = u (pj . zk, t n). (3.34)

A formal integration from tn to tn +  A t  gives

=  e “ (Tp +T-'+1) u’j k. (3.35)

The idea of ADI is to divide each time step into two steps of size A t / 2 .  In each sub­

step, a  different geometrical dimension is treated implicitly. Therefore, we operate

on both sides of Eq. (3.35) with exp j (Tp + TZ + V ')A</2j, and after neglecting terms

~  0 (A f2), we get

M f )  (i + rsf y - / M r

= 0  " ^ t )  " f l T )  (3-36)

We then introduce an interm ediate function v j k and obtain the following equations

(l + T , y  ) «,•"* = ( l  -  f sy )  (3 .37)

( l  + A y )  e'"AV2u"t' = ( l  -  y T , )  e -f (3 .38)
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Using the fully implicit scheme, we ob tain  the following equation from Eq. (3.37) 

for the p direction

[ » -  -  2*5* +  <?-.,*) +  «(*?+•.* -  ^ - , > ) / ( 2 i) ]

=  [l +  «(“"■*+■ -  +  u"*.,)] , (3.39)

where

e =  j i , -  (3-40)

This tri-diagonal system  can be easily solved by the LU decomposition m ethod [12]. 

We now introduce

(3.41)

Hence, we have a sim ilar tri-diagonal system for the z direction

» [ l  +  *(^<.14 -  2<5* +  -  e } . u ) / { 2 j ) ] . (3.42)

where

f i £ l =  i. (3.43)

At each tim e step we need to calculate the kinetic energy the potential energy

E pot. the interaction energy E inl and  the to tal energy E lot to make sure of the 

convergence of the solution. The search for the ground sta te  is completed only when 

all these energies converge within a  predefined numerical error. In dimensionless 

forms

roc roc , . U* ( d 2U 1 d u  U 0 2u \

Ekm = - ' h  J - x pdpdz7 W ~ ~ p d t  + ?  + d ^ ) ’

Epot = ~ (  f  pdpdz (p2 +  A2; 2)
J 0  J —oc ' p~

roc roc I7/H
E tnt =  4 -  a /  pdpdz——, (3-44)

JO J -  oc P
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and

Etot =  E^in f  Epot -F E inl. (3.4o)

Using the numerical method presented above, we calculated th e  ground s ta te  of 

the 8' Rb condensate typically used by the JILA group. The s-wave scattering length 

of 8'R b  atom s is about llOao, where ao is the Bohr radius. The experim ental tra p  

has cylindrical symmetry, with lcp =  2 tt x 1 3 2 H z  and the asym m etry param eter of 

the trap  A =  uj:/ ujp =  \ / 8 . The results are listed in Table 3.1. We also plot the wave

Ao E kin /No Epot/ A'o E , n t / N 0 Etot/Nq V
1 0 0 1.016634 1.439999 0.285072 2.741705 3.026777

2 0 0 0.930804 1.609129 0.455948 2.995881 3.451829
500 0.803405 1.967900 0.781570 3.552875 4.334445

1 0 0 0 0.705009 2.378480 1.122441 4.205929 5.328370
2 0 0 0 0.609817 2.950160 1.569422 5.129399 6.698821
5000 0.493853 4.038428 2.378091 6.910373 9.288464

1 0 0 0 0 0.415938 5.199341 3.212228 8.827507 12.039735
2 0 0 0 0 0.347335 6.750410 4.306383 11.404127 15.710510
50000 0.270778 9.608669 6.299399 16.178846 22.478245

1 0 0 0 0 0 0.222806 12.594159 8.373950 21.190916 29.564866
2 0 0 0 0 0 0.182465 16.532921 11.117594 27.832979 38.950573
500000 0.139279 23.711472 16.163639 40.014389 56.178028

1 0 0 0 0 0 0 0.113112 31.143393 21.466280 52.722786 74.189066
2 0 0 0 0 0 0 0.091622 40.875393 28.545198 69.512215 98.057413
5000000 0.069127 58.439503 41.736393 100.245026 141.981419

Table 3.1: Results for the ground s ta te  o f 8' Rb atom s in a  trap  w ith u p =  2<r x 132Hz 
and A =  \ / 8 - The energies and chemical potential are given in the  unit of huip and 
the lengths are given in the unit of dp.

functions for different N 0 in Fig. 3.1. W hen N0 increases, the repulsive force am ong 

atom s tends to  lower the  central density  and expand the cloud of atoms towards 

regions where the trapp ing  potential is higher. This produces an increase of bo th
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Figure 3.1: Ground state wave function for 8‘Rb along p axis. The wave functions 
are normalized to 1. Lengths are given in the unit of dp. The lines corresponds 
to .V0  =  1 0 0 0 , 2 0 0 0 , 5000, 1 0 0 0 0 , 2 0 0 0 0 , and 50000, in descending order of central 
density.
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the internal and the harmonic oscillator potential energy per particle. However, the 

kinetic energy per particle decreases because the density distribution is flattened. 

This also shows that the Thomas-Fermi approximation should be more accurate for 

larger number of atom s. In Fig. 3.2, we compare the ground state wave function 

obtained from the steepest descent calculation and Thomas-Fermi approxim ation 

for 5000 8‘Rb atoms. The agreement is quite good except at the boundary of

0.16

0.14

0.12

0.1

^  0.08

0.06

0.04

0.02

9 3 60 1 4 o
P

Figure 3.2: Ground s ta te  wave function for 5000 8'R b  atoms. Solid line corresponds 
to the the numerical result, while the dashed line corresponds to the Thomas-Fermi 
approximation. The length is given in the unit of dp.

the condensate. Simple relationship among the different contributions to the to tal 

energy can be obtained using the virial theorem [13] as

2Ekin -  2Epot + 3E int = 0 (3.46)

One can easily see tha t the numerical results in Table 3.1 satisfy this relation very 

well. «
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3.5 E xpansion  M ethod

In this section, we will describe how to obtain  the ground s ta te  of a condensate from 

solving the tim e-independent GP equation (3.9) by using the method of expanding 

the solution in a fixed basis. In order to  simplify the calculation and to  compare 

with the experim ents, we will once again focus on the cylindrical harmonic trap . We 

expand the normalized condensate wave function Ug(f) =  ^ (rJ /v /M ) *n t ^e basis of 

trap-potential eigenstates, i.e.,

tM r)  =  (3-47)
V

where v  represents a set of quantum  numbers (np, m , n z) and the sum expands over 

the Nbasis basis-set functions. Inserting Eq. (3.47) into Eq. (3.9) and taking the 

scalar product w ith each basis-set function converts the problem to one of finding 

the sim ultaneous root of N basis nonlinear algebraic functions having the following 

form

/i'd*2}) =  (<T -  A*)*2:' + N qUq C{v. v2, =  0. (3.48)
i s  I , i s n  *IS2

The coefficients C(ui.  uA) are the integrals of the product of four trap  wave

functions. M ethod for evaluating these integrals are described later in this section. 

These nonlinear equations can be solved by a  standard Xewton-Raphson technique 

provided a good guess of the solution is known [12]. Equations (3.48) are not 

sufficient to determ ine the set {a} since fi is also unknown. If we choose a value of fi, 

and a corresponding value of N 0, a solution may be found th a t will, in general, not 

be normalized. This solution may be normalized by the simultaneous rescaling of 

the basis-set coefficient {a}, and the num ber of condensate atoms. N0. For example,
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we can find an arb itrary  solution UxA{r) of the tim e-independent G P equation

(Ho +  N a U0\u'x a I2) <PxA (r) = f iV \A (r), (3.49)

then find the norm of the solution

A2 =  J  df]il\wA{f)\2. (3.50)

where .4 is some constant. The set {a.4 }. the basis-set coefficients for the solution 

u.\-A(r). and the condensate population JVA may be rescaled as follows

{afl} =  { ^ - } ,  Nb =  A2 Na. (3.51)

to give a normalized solution Ukb (r) for the new GP equation

( i / 0  +  N uUq {T) |") UNB{r) = nipNB{r)- (3-52)

So we (a) find an arbitrary solution ip^A{r), then (b) find a normalized solution 

t ' . v f l ( r )  from iPsA{f) b\* rescaling both the wave function and the number of atoms 

in the condensate. To ensure th a t the final normalized solution is actually  the

lowest energy s ta te  of the condensate, we sim ulate the ad iabatic growth of the

nonlinear term in Eqs. (3.48) by first finding a solution for a value of /z close to 

the non-interacting ground s ta te  energy, which corresponds to a very small number 

of particles in the condensate, and so the condensate wave function is very close to 

th a t of the trap  ground state. The initial values of the basis-set coefficients are those 

of the trap  ground state, i.e., {a} =  { 1 ,0 ,0 ,...} . The Newton-Raphson algorithm  

is then used to solve Eqs. (3.48). The chemical potential fi is then incremented, 

corresponding to  an increase in condensate size, and the basis-set coefficients found 

previously, for smaller condensate, are used as the initial values for this new solution.
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Now we describe the method used for evaluating the coefficients C ( u x, i/2, u4).

which are given by the following integral

C{uu u2,u3,u4) =  f  do f  dpp f  (3.53)
J 0  Jo J —oc

Using the dimensionless variables £ =  (a pp ) 2  and £ =  o zz. we change the integral 

(3.53) into the following form

C(lSi, Vo. L/3, U4) =  —^ ---$ { v x,l'2,l>3.l '4)U{vX,V2,l '3,V4)'E{l/i.V2.l'3,lS4), (3.54)
2  a j a :

where X  is the to tal normalization constant and

<f>(vx.V2.V3.lS4) =  (3 5 5 )
Jo

U(ux.Vo. i/3 . V.\ ) =  r °  dCe_2C ̂ (m3+'«4-rni-m2)/2
Jo

x i £ ; t o L £ ; ' ( 0 i £ ' ( 0 4 ™ ,[(<). (3.56)

= (1 / , .^ ,^ .^ )  =  r  (3.57)
«/ — OC

Eq. (3.55) may be evaluated easily to  give

^(^1 1 V'l- i/.|) — 2/iJmi4.m2,m3+m4. (3.58)

f/'l^ir ^2 - ^3 - ^4 ) and E(i/i, i/2. u3, u4) may be evaluated using the G aussian quadrature 

methods [12]. W ith transform ation u =  2Q, U(ux. u2. u3, u4) becomes

T . 1 1  /  L \ ( rn i-hm>-! -m3+m4)/2
l { v x,v 2. v 3 , 1/4 ) =  9 ( m i + w > 2 + m 3 + T n 4 + 2 ) / 2  2 -  wi {9t )

1 = 0

x c-ilrn ( y )  iSJr11 ( y )  iiJr,3l) ( y )  d 'r "  ( y )  . (3 -59)

where gj- is the zth Gauss-Laguerre quadrature  point and wf‘ is the corresponding 

weight. This sum is exact provided ATQuaad > 2m a x (n p) + m ax(m ) .  Applying the

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .



C H A P T E R  3. GROUND S T A T E  A T  ZER O  T E M P E R A T U R E 28

same technique to ^(/q, v>. v*. 1/4) with the transformation v  =  \ / 2£? we have

where gf* is the zth Gauss-Hermite quadrature point and wj* is the corresponding 

weight. This sum is exact provided NQuaad > 2m a x (n z). This means th a t the choice 

of basis-set functions fixes the number of quadrature points needed, e.g.. for the

calculation of the cylindricallv symmetric ground state, we may use n p =  { 0 ......... 6 }.

m =  0. and nz =  { 0 , . . . .  6 }, fixing N ^ uad =  13 and N%tad =  13.

Using the expansion and integration m ethod described above, we solved the 

tim e-independent G P equation (3.9) for the BEC systems consisting of 8,Rb atom s 

in the same harmonic trap considered in the previous section. The radial trapping 

frequency ujp =  2tt x  132Hz, and the asym m etry param eter A =  \ /8. Since we are 

interested in the ground s ta te  at this time, we only need to  expand the ground sta te  

wave function in those eigenstates of a  harm onic oscillator with m =  0  and n z being 

an even number. In Fig. 3.3, we plot the energy levels of those relevant states. This 

diagram  can tell us how many eigenstates should be included in the expansion given 

the energy cut-off E max. For example, for E max = 1 ohojp, the num ber of basis is 

Nbaais -  12. We have done the  calculation for E max — lbhuip, 20ficjp and  2ohup, the 

results are plotted in Fig. 3.4. The figure shows that for N  < 10000, it is already 

very accurate to  take E max =  2bhujp. This is also clear from Table 3.1, which shows 

th a t for N  =  10000, the to ta l energy E lot =  8.83hup. Thus we basically use the 

basis up to three times the to ta l energy of the ground sta te  wave function. In Table

3.2, we list the chemical potential obtained from the Thomas-Fermi approxim ation,
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Figure 3.3: Energy levels of harmonic trap  with u:p — 2 tt x 132Hz and A =  \ / 8 . The 
energy is given in the unit of Tiujp.

the steepest descent m ethod and the  basis expansion m ethod. It is clear from the 

table th a t the Thomas-Fermi approxim ation gives more accurate results for larger 

number of atom s. The results obtained from the steepest descent and expansion 

methods agree with each other very well for all cases considered here.
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Figure 3.4: Chemical potential of condensates with different sizes. The energy 
is given in the unit of huip. The upper line is the result for E max =  15Tilcp and 
the lower lines are the results for E Jnax =  20hu;p and 2bhuip. which are practically 
indistinguishable.

N f_lTF USD Ub e
1 0 0 0 4.645335 5.328370 5.326346
2 0 0 0 6.129557 6.698821 6.694606
3000 7.208843 7.719611 7.713895
4000 8.087999 8.560796 8.553922
5000 8.843111 9.288464 9.280624
6000 9.512126 9.936340 9.927610
7000 10.117106 10.524371 10.514711
8000 10.672178 11.065387 11.054826
9000 11.187011 11.568431 11.556835

1 0 0 0 0 11.668555 12.039735 12.027165

Table 3.2: Results for the ground sta te  of 8'R b  atoms in the trap  with usp =  2tt x  

132Hz and A =  \ / 8 - The chemical potentials are given in the unit of Tiujp. Here, 
the subscripts TF. SD and BE denote Thomas-Fermi. steepest descent and basis 
expansion method, respectively.
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C hapter 4

E lem entary E xcita tion s at Zero  
T em perature

4.1 Introduction

In this chapter, we will present the Bogoliubov theory for the collective excitations of 

the condensate. The Bogoliubov equations for determ ining the excitation frequencies 

are derived using both the Bogoliubov transform ation and linear-response analysis. 

Using the expansion method of the previous chapter, we are able to obtain the lowest 

excitation frequencies of condensates with different total num ber of atom s No. The 

agreement with the JILA experiment is excellent. We also present a general approach 

to the numerical study of the dynamics of BEC. We describe and compare different 

numerical propagation schemes. The large am plitude oscillation of the excitation is 

simulated using a very stable and accurate numerical scheme.

4.2 B ogoliubov T heory

The derivation of the elementary excitation spectrum  of a weakly interacting, ho­

mogeneous Bose gas was done by Bogoliubov (1947). In order to correspond more

31
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directly to the recent BEC experim ents in trapp ing  potentials, we present here a 

revised theory. We s ta r t with the  following grand canonical Hamiltonian

I< =  H  -  f iX

= j  d r i* ( r ) H 0' i ( r )  +  ^  J  dPi* ( f ) i *  {r)4> (r)4f (r)

—  ft J  dpi*( f ) 'i '( r )  (4-1)

As in Eq. (3.5), we decompose the  field operator i f(r)  as follows

£ ( f )  =  * (f)  +  <&(r). (4.2)

Inserting Eq. (4.2) into H am iltonian (4.1) and neglecting term s in $ (r)  higher than 

quadratic  yields the following expression for K

K  =  f  dP*'(r)  ( h 0 - ( i  + * ( f )

+  f  diN>'{r) ( H 0 - f i  + C/0 |^ ( f ) |2) $ ( r )

+  j  d r& (r )  ( f f 0 ~ M  +  U a l * ( r ) l 2 )  * ( * * )

+  f  d f & ( r )  ( H o  -  i i  A  2tf0|tf ( f ) |2) *(r1

+  \u Q (J  d r& (r )< t ( f )2& (r )  + J  d r* ( f )9 * ( f ) 2 $ ( f ) )  . (4.3)

The first term in the above equation is a c-num ber and the  second and  third 

term s will vanish identically if 'lt(r) satisfies the G P equation. The Bogoliubov- 

approxim ate grand canonical H am iltonian I \ b then takes the form (to w ithin a 

c-number)

k B = J  d f& { r )  ( H q - H  + 2U0\ ^ ( f ) \ 2) 4>(f)

+  1U0 J  d f i * ( r ) ^ ( r ) 2i*{r)  + \u Q f  dri(f) ' i>m ( f ) 2i ( r ) .  (4.4)
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The Bogoliubov Hamiltonian can be cast into the form for th a t of a  collection of 

non-interacting quasi-particles by the following Bogoliubov transform ation

< £ ( 0  =  H  ( uj >
j

^ f(r) =  5 1  +  • (4-5)
j

Here u j { r )  and Vj ( r )  are some com plete set of functions to be determ ined and d j and 

d j  are quasi-particle creation and destruction operators and the im plicit assum ption 

is made th a t the condensate wave function is not included in the sum. The quasi­

particle operators satisfy the usual com m utation relations for boson creation and 

destruction operators

[dj. dj,] =  6jj', [d j.dy ] =  0. [dj-d],] =  0. (4.6)

The reduction of I \ B to a collection of non-interacting quasi-particles occurs if the 

Uj (r )  and v j { r )  satisfy the following Bogoliubov equations

C u j ( r )  +  U 09 ( f ) 2v j { f )  =  E j U j ( f ) .

£ v j ( r )  +  U 0 ' b ’ ( r ) 2uj { f )  =  - E j V j ( r ) r (4.7)

where

C = Ho - ^  +  2 T o |^ ( r ) |2. (4.8)

The final form of I \ B is

I<B = Y ,  ( 4 -9 )
j

The same Bogoliubov equations can also be obtained  by linear-response analysis of 

the time-dependent GP equation (3.7). Namely, one can look for solution of the 

form

¥ (r , t) =  e ~ iflllh ( tf  (f) +  u ( r ) e ~ UjJpt +  v m( r ) e ^ 1)  , (4.10)
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which corresponds to small oscillations of the order param eter around the ground 

sta te  value. Here u p is the probe frequency. By substituting Eq. (4.10) into Eq.

(3.7) and keeping terms linear in the complex functions u(r) and v (r). we get again 

the Bogoliubov equations (4.7).

4.3 Expansion M eth od

In this section, we will describe how to solve Eqs. (4.7) using the expansion m ethod. 

We first expand Uj ( f )  and v j ( r )  in the eigenstates of Ho as follows

=  Y  ^ W ( 0 -
V

Vjif) =  (4-11)
V

where the summations run up to Arjasjs. We substitu te  the above equations and the 

expansion for the ground sta te  of condensate Eq. (3.47) into Eqs. (4.7) and take 

the scalar product with the complex conjugate of the basis functions. Then one can 

have the following equations

Li/'i/bt/ +  — Ejbi,*
i/ tS

Y  Lum'C,/ +  Y .  My.i/b,/ =  — E j C u .  (4.12)
i/ t/

where L UM' is defined as

L„.s =  J  drb’* ( r )A 'v ( r ) ,  (4-13)

and Mu.t/ is given by

Mv,s =  N qU0 Y ,  j d f U l { f ) x p Ul{f)Uin{r)^u‘{r). (4-14)
V 1

Here subscripts v\ and v2 are for the expansion of the ground s ta te  wave function in

Eq. (4.7) and thus have the forms iq =  (npi,0 , n 2 i) and v2 =  ( ^ 2 , 0 , nz2) because
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the ground s ta te  wave function can be taken as real and angle independent. Here a 

and a ^  are those expansion coefficients obtained in section 3.5. Now it is clear th a t 

the problem of solving Eqs. (4.7) has been converted to the following generalized 

m atrix eigenvalue equation having the form

where L and M  are square matrices of order N ^ ^ .  B  and C  are N ^ , -component 

column vector containing the coefficients in the basis set expansion of uj{r) and 

t'j(r). More detail of the expansion m ethod can be found in Ref. [14, 15. 16]. As 

mentioned above, the basis functions used for the expansion of the ground s ta te  

wave function are those with m = 0 , thus to get non-zero elements for v  and

u' must have the same rn. This implies that the generalized eigenvalue problem  of 

Eq. (4.15) can be solved in sub-spaces according to  the quantum  number m.  In 

the JILA experiment [17], collective modes of condensate are excited by applying 

a small time-dependent perturbation to the trapp ing  potential. The response of 

the condensate depends on the sym m etry of the driving force as well as the driving 

frequency ujp. Perturbations with two different sym m etries can be generated, which 

are labeled as m  = 0  and  m  =  2 , where m is the angular momentum projection 

onto c axis. The rn =  1 mode corresponds to rigid-body center-of-mass m otion, 

which coincides exactly with the first excited s ta te  of the bare trap . In Fig. 4.1, we 

plot the collective excitation frequencies for m  =  0 , 1 , 2  obtained numerically as a 

function of number of particles in the condensate. T he param eters used correspond 

to the experiment performed at JILA. We also listed in Table 4.1 the comparison 

between the theoretical predictions and the experim ental values of the lowest three 

excitation frequencies for N0 =  4500. As one can see, the agreement is excellent.

(4.15)
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Figure 4.1: The lowest three calculated excitation frequencies in the unit of uip for 
Ao 8‘ Rb atom s in the JILA trap  with u p =  2?r x 132Hz and A =  \ / 8 -

No m Lde '^t % diff.
4500 0 1.84±0.01 1 . 8 6 1 . 1

4500 2 1.43±0.01 1.45 1.4

Table 4.1: A com parison between the theoretical prediction and  the JILA experim ent 
results. u;e and u;t are the experim ental and theoretical values, respectively.
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4.4  Sim ulation o f Large A m p litu d e O scillations

The experimental observations of collective excitations of the BEC also stim ulate 

our interest in the dynamical properties of a Bose condensate. It has been suggested 

by Smerzi and Fontoni [18] that even a t T  =  0. when the am plitude of the oscillation 

is large, a  damping of monopole m om ent oscillation can occur and will be observed. 

In the experiment, the collective monopole vibrations have been induced using a 

time-dependent m agnetic field acting on the x  — y  plane during the first 0.05s. In 

order to simulate exactly the experim ents, we solve the time-dependent GP equation

(3.7) by adding a tim e-dependent potential Vd =  |m 0 co’2 (f)p2  th a t oscillates with a 

frequency equal to th a t of the excitation under stu d y  and with an am plitude equal 

to 1.5% and 4.5% of the radial spring constant. The oscillations induced by the 

driving potential increase rapidly in am plitude during t =  0.05s. Then the system  

oscillates freely in the anisotropic external trap.

We need an extremely stable numerical scheme to simulate the time evolution 

of the time-dependent G P equation. One approach is the classical Crank-Nicholson 

scheme combined with ADI m ethod, which has been used in C hapter. 3 in im aginary 

time to obtain the ground state o f the condensate. It turns out th a t Crank-Nicholson 

is also very stable for the real tim e sim ulation problem, but it is not accurate enough 

for very long time of propagation, because it is only accurate to  the 2 nd order in 

evaluating the spatial derivatives *. Fast Fourier transform ation turns out to be a 

much more accurate method to calculate the spatia l derivatives as we will describe

below. To search for a better numerical scheme, we will formulate the problem into a
'Improved ADI method is reported in Ref. [19]. The authors claim that the method is stable 

and highly accurate.
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more general form to get a better understanding of the numerical task involved. For 

a comprehensive review about the numerical solution of tim e-dependent Schrodinger 

equation, see Ref. [20, 21]. The task is to numerically propagate the following initial 

value problem •

(4.16)

where H ( t ) is the Hamiltonian operator including the nonlinear term . Given the 

initial wave function, the time evolution involves the calculation of the H( t ) ^ ( f , t )  

as well as the time derivative of the wave function. The evaluation of H {t ) ^ { r , t )  

consists of two parts: T ^ ( r ,  t ) and l /'4r(r, t ), where T  is the kinetic operator and V' is 

the potential energy operator. The operation \ r̂ ( f , t )  is a local one. which is just a 

simple m ultiplication a t each grid point. The operation of T ^ ( r .  t) is the most time 

consuming part of any numerical calculation of this type. The operator T  is non-local 

in the coordinate representation. The most commonly used schemes for computing 

this operation of the wave function are 3-point finite difference scheme and the fast 

Fourier transform  (FFT ) method. Combined with different im plem entations of the 

time derivative of the wave function, we will have different numerical schemes for 

solving this type of initial value problems. In the 3-point finite difference scheme, 

the second order spatial derivative of the wave function ^ (x )  a t i  =  Xj in one 

dimension, for example, is represented as follows

^ ( x , )  * J+i -  24% +
---------- A ? -----------• (4 1 ‘ >

The F F T  m ethod of computing the second order derivative of the wave function 

involves Fourier transform ing the coordinate space wave function to momentum 

space, m ultiplying it by (i k ) 2  (where k  is the wave number), and transform ing it
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back to the coordinate space by inverse Fourier transform  as indicated below

V(k)  =  - y L  P  dx<H{x)e~ikl. (4.18)
v  2 tT j-oc

V(x) =  ~ ^ =  n  d k * { k ) e ikx. (4.19)
v  2 tt j - oc

=  - 2 =  f °° d k * ( k ) ( i k ) e ikx, (4.20)
dx  v  2 tt J—oc

=  - 2 =  f ^ d k * { k ) ( i k ) 2eikx. (4.21)

Since the kinetic energy operator is local in the m om entum  space, its action on

the wave function is evaluated very accurately, ju s t as the case of the potential

energy operator in the  coordinate space. T he m ethod requires the wave function to 

satisfy periodic boundary conditions and it is exact for band-lim ited functions. If 

the function is no t band-lim ited or periodic boundary' conditions are not satisfied, 

the wave function would wrap around a t an opposite side introducing errors in 

the calculation. An attractive feature of the m ethod is its com putational scaling 

property with respect to the num ber of grid points N .  Com putational firne increases 

slowly as N  log Ar. Once the appropriate spatial discretisation scheme is chosen, and 

the initial wave function on the grid is set up, the next step is the time propagation 

of the wave function. The tim e-dependent Schrodinger equation has the following 

formal solution

*(*) =  f/(Z)tf(0 ) =  Tt exp ( ' )  tf( 0 ). (4.22)

where Tt is the tim e ordering operator. A sim ple solution to the time problem is to 

break up the to ta l evolution operator into sm all increments of duration A t  in which 

the variation of the Hamiltonian operator is small
A '-L

U(t) =  J J  U (n A t  + A t .  nA t) ,  (4.23)
n = 0
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where A t  =  t / N  and

U (n A t  + A t , n A t )  =  e ^ f ' n ^ A t / n  (4_24j

The difference between various approxim ations to  the propagation schemes can be 

traced to the way the exponentiation is approxim ated. If we difference the operato r 

exp( — i H A t / h )  as follows

e-iH±t/h = 1 - i H A tj 2 h  2 .
\  + i H A t / 2 h

we will have

( l  +  i H A t / 2 h )  =  ( l  -  i H A t / 2 h )  tf". (4.26)

On replacing H  by its 3-point finite difference approxim ation, we have a  complex 

tridiagonal system to solve. This is ju s t the Crank-Nicholson scheme. A nother 

scheme for time propagation is to expand the evolution operator U  =  exp(—i H A t / f i )  

in a Taylor series as follows

e - i H M f h  =  1 _  +  . . . .  ( 4 . 2 7 )

It has been found th a t a  numerical algorithm  based on this expansion is not s ta ­

ble. The instability comes about because the scheme does not conserve the tim e 

reversal symmetry of the Schrodinger equation. W ith  a sym m etric modification of 

the expansion, stability is obtained. One way to  formulate the scheme is to  use 

second-order differencing (SOD) to approxim ate th e  time derivative as below

\ I> n+ l  _  \ T /n - l
ih  — --------=  H<Hn. (4.28)

2 A t  v '

and the explicit second-order propagation is obtained

* ( t  +  At)  «  *(*) _  2 i H * ( t ) / h .  (4.29)

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



C H APTE R 4. E L E M E N T A R Y  EX C ITATIO N S A T  ZERO T E M P E R A T U R E  41

Because the Ham iltonian is herm itian, the SOD propagation scheme preserves norm  

and energy. This m ethods, unfortunately, requires a small time increment for num er­

ical stability as otherwise contributions from higher-order terms in A t  increase and 

errors accumulate. It is possible to work out the stability  criteria for the step-size 

by taking into account the maximum energy on the grid introduced by the spatia l 

discretisation. If the Fourier m ethod is used for the spatial discretisation, the m axi­

mum energy on the grid is E max = Tmax + Vmax- where Tmax — h2~ 2/ 2 m 0(Ax}2 and 

l mai is the maximum potential energy on the grid. It follows from the uncertainty 

principle relating tim e and energy th a t  the time increment should be smaller than  

a critical value A t c =  h / E max. Any tim e-step bigger than this would make the 

propagation numerically unstable. For practical calculation, it is recommended th a t 

At  =  A t c/o  be used. T he method has its advantage in th a t it is easy to implement 

and can be used even when the Ham iltonian is time-dependent.

It is worth m entioning th a t there are a class o f so called global propagation 

schemes, which are extrem ely accurate and stable for the Hamiltonian w ithout ex­

plicit tim e dependence. The main idea behind global propagators is to use a poly­

nomial expansion of the exponential in the evolution operator

Here P„(z) are an orthonorm al complete set of polynomials. Global propagators can 

use very long time steps, sometimes a  single time step  to complete the calculation. 

One commonly used global propagator is the Chebyshev scheme, which uses the 

Chebyshev polynomial expansion in Eq. (4.30). We will not go into details o f the 

Chebyshev scheme, since it is not suitable for our problem, which depends on the 

time explicitly.

(4.30)
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We have used the SOD scheme combined w ith FFT m ethod for com puting the 

spatial derivatives to simulate the large am plitude oscillation of a driven condensate. 

The results are presented in Fig. 4.2 and Fig. 4.3. In Fig. 4.2. we plot the monopole

4.5 

4

3.5

2.5 

2

1.5
0 50 100 150 200 250

time

Figure 4.2: Monopole moment (in arbitrary  unit) versus tim e for a system of A' 0  =  
4500 8‘ Rb atoms in JILA trap with ujp =  2 tt x 132Hz and A =  y/8. The tim e is in 
the unit of 1  / lj. The solid line and the dashed line correspond to  driving am plitude 
of 1.59c and 4.5% of the spring constant, respectively.

moment as a function of time. As shown clearly, the oscillation am plitude increases 

steadily during the driving. W hen the driving am plitude is 1.59c of the spring 

constant, there is no damping of the excited mode after driving is switched off. This 

is not in agreement with the results reported in Ref. [18]. To make sure our result 

is correct, we plot the total energy per particle during the tim e evolution in Fig.

4.3. The energy increases during the drive and remains constant when driving is 

turned off as expected. However, there is no result about the energy versus time
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6.2
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250150 2000 10050
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Figure 4.3: The to tal energy per particle during the time-evolution. The energy 
is in the unit of hcj and the tim e is in the  unit of 1/u;. The solid line and the 
dashed line correspond to driving am plitude of 1.5% and 4.5% of the spring constant, 
respectively.

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



C H A P T E R  4. E L E M E N T A R Y  EX C ITATIO N S A T  ZERO T E M P E R A T U R E  44

reported in Ref. [18j. so we can not verify if the energy per particle is conserved in 

their calculation. W hen the driving am plitude is 4.5% of the spring constant, there 

is small dam ping for the monopole moment.
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C hapter 5 

P rop erties o f  B E C  at F in ite  
T em perature

5.1 In troduction

In this chapter, we extend the Bogoliubov theory to non-zero tem perature using the 

Popov approximation. W hen A:bT  /iu;, the semiclassical approximation can be 

used. We describe the self-consistent procedure to solve the semiclassical equations 

for the ground state wave function and the excitation states.

5.2 P op ov  A pproxim ation

To obtain the  excitations a t non-zero tem perature, we use the Bogoliubov theory 

described in Chapter 4 for zero tem perature extended to finite tem perature [2 2 ]. 

For a review of the theory of excitations of the condensate at finite tem perature, see 

Ref. [23]. The starting point is still the grand canonical Hamiltonian (4.1). Using 

again the decomposition (4.2), the operators in the interaction term  becomes

4't(7 '̂ift(r)'F(F)4'(r)

=  ^ ( f ) ! 4 +  2 |^ (r ) |2^f’ (r )$(r) +  2|'F(r)|2'f'(r)<i>t(f)

45
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+  4|'&(r)|2<lf( r )^ ( r )  +  *  *(f)2<F(r)$(r) +

+  2 tf* (f)$ t (r)<l>(r)$(f) +  2 * ( f ) $ t ( f ) $ t ( r)$ (f)  +  ^ ( ^ ( ^ ( ^ ( r ) -  (5.1)

In tlie following, the cubic and quartic term s in 4>(r). <fd(f) in the last line of the 

above equation will be treated in the mean-field approxim ation. For the cubic terms 

one gets

$ f ( r )4 ( f )$ ( r )  ^  2 (<l»t (r)<£(f)><&(f) =  2 n T {r)${r),

4>*(r)<i>t(f)<I>(f) «  2 ($ t (f)<i»(r))$^(r) = 2nj-(r )&(r) ,  (5-2)

where nT (r) is the non-condensate density of particles a t  tem perature T .  Whereas 

the quartic term becomes

% 4(<F*(f)<i>(f))<f>*(r),i>(r)

=  4n7'(f)4>t(r)4>(f^. (5.3)

To obtain the mean-field factorization we have neglected the terms proportional 

to the anomalous non-condensate density m r (r )  = (<4>(r)$(r)) and its complex 

conjugate. This approximation corresponds to  the so called Popov approximation. 

The grand-canonical Hamiltonian can be w ritten  as the sum  of four term s

A =  K q +  A i -+- A j +  A2. (5-4)

The first term  A' 0  contains only the condensate wave function 'l '(r)

A' 0  =  J d f N f m(r) ( t f 0  -  n  + ^ n0( f )) 4>(f); (5.5)

where we have introduced the condensate density n0(r) =  |^ ( r ) |2. The A'i and li'l 

terms are linear in the operators ^ ( r ) ,  ^ ( r )

I\i  = J  d r& (r )  [ATq — H + U0(nQ{f) +  2 nr (f))] 'J '(f), (5.6)
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and finally Ko is quadratic in 4>(r), ^ ( f )

K -2 = J  d r & ( r )C * ( r )

4- ^  ^  j  d r * * ( f ) 2* ( r ) * ( f ) ,  (5.7)

whore we have introduced the herm itian operator

C. =  H q — (j. +  2L/on(-r), (5.S)

with

n(r) = n0(r) +  n T (f). (5.9)

The A'j. A'! term s vanish if * (r )  is the solution of the equation for the condensate 

wave function

[H0 - p  + U0(n0(r) +  2nT {f))\ tf(r)  =  0. (5.10)

The quadratic term  K 2 can be diagonalized as in C hapter 4 by means of the Bo­

goliubov transform ation (4.5) if U j ( r )  and vj(r)  satisfy the following Bogoliubov 

equations

C u j ( r )  +  U0n 0 ( r ) Vj ( r )  =  E j U j ( f ) ,

Cvj(r) +  U0no(f)uj{ f)  = - E j V j ( r ) .  (5-11)

5.3 Sem iclassical A pproxim ation

The coupled equations can be solved very easily using the semi-classical approxim a­

tion with

uj(r)  =  u(p ,r )e l0^ .

Vj(r) =  (5.12)
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where the momentum of the elementary excitation is fixed by the gradient of the 

phase p =  h V o { f )  and satisfies the condition p h / d  [24]. u(p. r) and v(p,r)  

are real functions. We also assume th a t u(p.r).  v{p , f)  are smooth functions of r  

on length scales of the order of the harmonic oscillator length d. Since the typical 

size of the thermally excited cloud is of the order of the classical therm al radius

sJ'IkfjT/ itiquj-. the semi-classical approxim ation makes sense only if k g T  huj. 

Using Eq. (2.21). we can easilj- estim ate that for condensate with num ber of particles 

ranging from 5 x 103  to  5 x 106. keT^/hu:  ranges from 16 to 160, which implies 

that semi-classical approxim ation can be used for large range of tem peratures. The 

sum over the quantum  s ta te  j  labeling the solutions of the Bogoliubov equations is 

replaced by the integral f  dp/(2nh)3. By neglecting derivatives of u (f) and v(r) and 

second derivatives of <Z>(r) it is possible to rewrite the Bogoliubov-tvpe equations in 

the semi-classical form

+ Vext(r) -  fi + 2U0n ( r ) )J u ( p r)  + U0n0{f)v(p , r) =  e(p, r)u(p.  r),

+  Vcxt{r) -  p  + 2U0n(f)^j v(p.r )  + U0n0(r)u(p.r) = - s (p .  r)v(p,  r)(5.13)

The solution of these equations is easily obtained and one finds the following result 

for the spectrum  of the elementary- excitations

~(P- r) = ( j ~  +  Vext{r) -  P +  2U0n (f)^  -  U02n^(f) (5.14)

with the u(p.r)  and v(p. r) given by

p2/2 m  + Vext(r) -  p  + 2U0n(r)  +  e{p, f)u~(p,r) = 

v2(p, r) =

2£(p. r)
p2/2 m  + Vext(r) -  p + 2U0n(r) -  e(p. f) 

2 s(p. r)

u(p. r)v(p. r) =  (5.15)
2c (p, T)
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The knowledge of the excitation spectrum fixes the distribution function of the 

elementary excitations

/(P' r) =  r _.1// "n T! 5̂'16̂exp [£(p.r)/kBT\ -  1

in terms of which one can calculate the distribution function of thermally excited 

particles

F ip . r )  =  (u 2 (p, f) +  v'2{p. r ) )  f (p .  r) 

de(p. r) \

^ / no,n-r

with

dp

ds(p, r) \  p2/ 2 m  + V'ext(r) ~  P T 2U0n{r)

(5-17)

d P  J  „ 0 e (P- f)*»0 , 7 1 'p

(5.18)

The thermal density at r is given by

n T ( f )  = (5-19)

in terms of which we can calculate the to tal number of atoms out of the condensate 

Nr = I  drnT(r).

5.4 Self-consistent N um erical C alculation

To obtain the therm odynam ic properties at T  < T®. we need to follow the self- 

consistent numerical procedure outlined here, (a) Given T  < r °  (k Br  3 > hui) and 

the total number of particles in and out of the condensate N .  The equation for 

the condensate wave function Eq. (5.10) is first solved using the steepest descent 

method, for the condensate wave function '^(r} an<i the chemical potential p.  while 

keeping the total number of atom s fixed, (b) The condensate wave function and the
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chemical potential found in the last step are used to calculate the excitation energy 

based on Eq. (5.14). which yield a non-condensate density nT (r) through Eq. (5.19). 

(c) From the new thermal density, the total num ber of partic le out of the condensate 

N r  and the number of atom s in the condensate Ar0  =  N  — N r  can be calculated. 

The condensate N 0/ N  fraction can also be obtained. Steps (a)-(c) are repeated until 

convergence is reached. We stop the iterative procedure when successive iterations 

give values for the chemical potential and the condensate fraction differing by less 

than  a few parts in 103. In Fig. 5.1. we show the condensate fraction as a function of 

the tem perature. From Fig. 5.1, we can see clearly that the  effect of the interaction

0.8

0.6

0.4

0.2

0.8 10.60 0.2 0.4
T /j-o

Figure 5.1: Condensate fraction as a function of T /T ° .  Solid line correspond to 
.V =  4500 8'R b  atom s in the trap  with u p =  2~ x 132Hz and A =  \ / 8 . Dashed line 
corresponds to result for ideal Bose gases trapped in the  same harmonic potential
( «  =  0 ).

is to  lower the transition tem perature compared to the ideal Bose gases.
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P ro p erties  o f  D o u b le  C on d en sates

6.1 In troduction

In this chapter, we will describe some im portant properties of double condensates, 

which could be m ixture of different kinds of atom s or the sam e type of atom s in 

different quantum  sta tes. For a review on experim ents with double condensates, see 

Ref. [25]. A typical experim ent involving mixed condensates done at JILA  begins 

with a sam ple of approxim ately 5 x  105  spin-aligned, Bose-condensed 8'R b  atom s at 

a tem perature of less than  50 nK, confined in a 3D harmonic m agnetic potential at 

density 1  x 101 4  cm-3 . The number density of noncondensed atom s is a factor o f 30 or 

more smaller. The ground sta te  of a  8‘ Rb atom is split in a m agnetic field into eight 

levels by hyperfine and  Zeeman interactions. It is w ith states |1) ( |F  =  1, m  =  — 1)) 

and |2) ( |F  =  2. m =  1 )) that m ost of the mixed-fluids experim ents were performed. 

Using a two-photon pulse, any fraction of the atom s that are in state | 1 ) can be 

transferred into s ta te  |2). In principal, a m ixture may also be obtained using two 

different types of atom s, for example, Na-Rb m ixture. The | 1 ) and |2) components 

of the condensate are distinguishable, namely, the components do not spontaneously 

interconvert at experim ental energy scales, and the  components can be selectively

51
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detected and imaged. We will first present the coupled G P equations obtained 

from the mean field theory extended to the double components BEC systems. The 

Thomas-Fermi approximation is then considered for the double condensates. We 

have found th a t the wave functions obtained from the Thomas-Fermi approximation 

arc not in agreement with the experiments and numerical calculations in contrast 

with the single component BEC system, for which the Thomas-Fermi approximation 

provides excellent results for the  ground state. The numerical solutions for the 

double condensate ground s ta te  are found for the trapping potentials with both 

zero and small displacement. In the following work, th e  dynamics of component 

separation of the double condensates is simulated using coupled tim e-dependent GP 

equations, the results are in fairly good agreement with the JILA experiment.

component condensate to double condensate systems. For atom s with masses nq 

and mo confined in the traps I i(r)  and 1 ^ (0  respectively, the equations derived are 

now a pair of coupled G P equations for the order param eters ^ i ( r .  t) and ^ o (E t) ,

where the intra- and inter- species interactions Ull; U22 and U12 are determined

6.2 G round S ta te  o f  D ouble C ondensates

We can easily extend the mean field theory presented in C hapter 3 for the single

dt

dt

by s-wave scattering lengths a n ,  <122 and ayz through Uu  =  4?rh2an / m i  1 L 22 — 

AnTra-zz/rn-i and U 1 2  =  2 ~h2a i z / m i2 -, where is defined as m 1 2  =  m ym z/ i jn i  +
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m2). The normalization conditions are

(6.3)

(6.4)

where A't and Art are the numbers of atom s in states [1) and  |2). respectively. The

where /q and fi-> are the chemical potentials. The spatial positions of the two fluids 

are determ ined by the their respective confining m agnetic potentials. The loca­

tions of the two minima of the confining potentials Vi(r) and l 2 (r) can be adjusted 

externally to  be either exactly coincident or slightly offset. The inter- and in tra­

species interactions are dom inant factors in determ ining the the density d istribu­

tions. W hen the numbers of particles of bo th  species are large, we would intuitively 

expect th a t the Thomas-Fermi approxim ation used in the single com ponent BEC 

system could be useful [26, 27]. However, we have found ou t th a t this is not the case 

here. The Thomas-Fermi approximation gives the wrong picture for the  recent JILA 

experiments [28, 29]. As in C hapter 3, when Thomas-Fermi approxim ation can be 

used, we neglect the kinetic energies and obtain the following algebraic equations

time-independent equations for the ground state of the double condensates can be

obtained as follows

(Vi(r) +  i ( f ) |2 +  Ul2\<b2(f}\2)

(U (r)  +  C/12|tf , ( f ) |2 -t- U22\<H2{f)\2) tf2( 0  =  ^ 2 ^ 2(r). (6 .8 )

(6.7)
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To simplify the problem and to  prove our observation, we will only consider the 

experiments done a t JILA with the two internal s ta tes  of 8'R b . which implies 

mi =  m> =  7 7 * 1 2  =  tti0. For the Thomas-Fermi approxim ation to  work easily, 

we consider the trapping potentials with no displacement, which in our case are the 

same external harmonic potential. We will denote the potential as Vext{r). The 

non-trivial solutions are the following

or

or

{

I

i 'M^I2 = (t*i ~ Ccxt{r))/Uiu 
|^ 2 ( r ) |2 =  0;

|* i ( r ) |2 =  0,
| * 2(r) | 2 =  (//2 ~ V e x i ( f ) ) / U 22:

1^ 1  ( ^ ) | 2 — ( ^ 1 ^ 2 2  - ^ 2 ^ 1 2  — \ ' e x t ( F) (U 22  ~  U i 2 ))  / N ,
l* 2(r}|2 =  ~ ln U l2 -  Vext(r)(Un  ~  Ul2)) /A ,

(6.9)

(6 . 10)

(6 . 1 1 )

where A is defined as

A =  U\\Uo2 — Uf2. (6.12)

For the case of JILA experiments, it is known that a n  : a 12 : a 2 2  =  1-03 : 1 : 0.97 

with the average of the three (an  + a i2 +  a22)/3 being 55(3)A. It follows that A < 0 

and all the nonzero densities in Eqs. (6.9). (6.10). and  (6.11) have the inverted 

paraboloid forms except for |'F2( r ) |2 in Eq. (6.11), which has a paraboloid form. It 

is our observation th a t the only possible solutions must have one of th e  shapes shown 

in Fig. 6.1. The key point is th a t the solutions in Eqs. (6.9). (6.10), and (6.11) 

must appear as a  pair piecewisely in the final expression for the densities and there 

are only finite num ber of possible combinations. The requirement th a t  density must 

be positive everywhere and zero when r  —>■ 0 puts further restriction on the choice 

of combinations. It is clear th a t in this case, the Thom as-Ferm i approximation
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Figure 6.1: Schematic diagram of possible Thom as-Ferm i ground states.

always puts |1) in the center and |2) at the periphery of the  cloud, which is in direct 

contradiction with what is observed in the experiment and numerical calculation. 

O ur numerical studies use the steepest descent m ethod modified for the  double 

condensates case. The modification is straightforward. O ne only needs to  propagate 

the coupled tim e-dependent GP equations (6.1) and (6.2) in im aginary tim e as 

in section 3.4 while keeping the normalization conditions Eqs. (6.3) and  (6.4) to 

hold for all the tim e. For an early numerical work on the ground s ta te  of double 

condensates, see Ref. [30]. The results are in agreement w ith the JILA experiment, 

which shows th a t |1) forms a shell around |2). In Fig. 6.2 and Fig. 6.3, we show 

the density of condensate in the x-z  plane, due to sym m etry, only the p arts  with 

x  >  0 are shown here. As we can see clearly from Fig. 6.2 and Fig. 6.3, the 

atom s in s ta te  |1) with slightly stronger interaction occupy the outer shell, while

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .



CH APTER 6. PRO PERTIES OF DOUBLE CO ND ENSATES  5G

Density

Figure 6.2: Density of 2.5 x 10° 8'R b  atoms in s ta te  |1). The lengths are in unit dp. 
There is no displacement for the trapping potentials. The trap  has lcp —  2 t t  x  2 0 .7 H z  

and A =  \/8.
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8  9 T o r ^ 6

Figure C.3: Density of 2.5 x 10° 8'R b  atom s in state |2). The lengths are in unit dp. 
There is no displacement for the trapping potentials. T he trap  has uip =  2~ x 20.7Hz 
and A =  \/8 .
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the atom s in state |2) with slightly weaker in teraction stay in the center. The 

reason for this discrepancy is not clear a t the m om ent and will be the subject of 

further investigation. In Fig. 6.4 and  Fig. 6.5. we show the density of the double 

condensates when the external potentials are displaced by 400 nm  in the z direction. 

As expected, since there is a minor vertical offset in the spatial centers of and

\ -2 (r)- th e components are separated in the 2 -direction, rather th an  in-and-out. The 

results we presented here are in agreem ent with th e  experim ent performed a t JILA. 

In Fig. 6.6, we show th e  typical double condensate images taken by JILA [28].

6.3 D ynam ics o f  C om p on en t Separation

As previously mentioned, the double condensates system  obtained at JILA is pre­

pared from an initial pure single |1) by driving a tw o-photon transition . The process 

is shown schematicaly in Fig. 6.7 [28]. In the presence of such a coupling drive a t fre­

quency ujrf,  the dynam ics of double condensates system  is governed by the following 

equations [28]

where uq and are the  corresponding frequencies of the states |1) and |2) respec­

tively and Q is the am plitude of coupling. The driv ing frequency is detuned slightly 

from the transition frequency by 6, namely.

V 2 +  V2(f) +  hu;.2 +  tf12| t f , (f ,  t ) |2 +  U22|t f2(r, / ) I2 # 2(r, t)

V 2 +  I i(r) +  huJi -t- L>u I'Ll (r, f ) |“ +  L/i2[^r2(t:’,<)|“ ) t)

(6.14)

(6.13)

•o — kq 4“ d, (6.15)
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Figure 6.4: Density of 2.5 x 10° 8'R b  atoms in s ta te  |1). The lengths are in unit 
dp. The center of the trap  is a t c =  200 nrn. The tra p  has u!p =  2tt x 20.7Hz and 
A =  y/8.
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Figure 6.5: Density of 2.5 x 105 87Rb atom s in s ta te  |2). The lengths are in unit 
dp. The center of the trap is a t z  =  —200 nm. The trap  has u p =  2tt x  2 0 .7 H z  and
\  = V&.
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Figure 6.6: Figure taken from JILA experim ent, see tex t, (a) The image of the |1) 
condensate exhibits a “crater” , corresponding to a  shell in which the  |2) atom s (b) 
reside. For this trap , vz — 47 Hz with zero relative sag. By changing the strength  
of the m agnetic quadrupole field, a  nonzero relative sag can be introduced, which 
shifts the location of the “crater” (c). (Each square in th is post-expansion image is 
136fj.m on a side.)
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Figure 6.7: Figure taken from JIL A  experiment, see text. A schematic diagram  of 
the  ground s ta te  hyperfine levels (F  =  1,2) of 87Rb, shown w ith a splitting due to 
an  applied magnetic field. The two-photon transition  is driven between the |1, — 1) 
(|1)) and |2 ,1) (|2)) states.
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and |5| <C ujrf .  We will treat Eq. (6.13) and Eq. (6.14) in the rotating frame by 

introducing

$ j( r , f )  = e i(“ | -  = ), ' t 1( r , t ) ! (6.16)

<fr2(f; t) = e,'("2+ = )t tf2(r, t). (6.17)

And we have

=  ( ~ ‘>m7V2 +  Vl^  +  ^ +  ^ n | ^ i ( r ?t)i2 +  6ri2|^2(r; t) |2j

+ (6.18)

ih- = 0m .  ̂ ~  ^ 1 2 |^ l( r ; Ol2 +  E/2 2 1^2(̂ *; 01“^ $>2(r, t)

+ ™ * i ( r , t ) ,  (6.19)

In the JILA experiment, the trapping potentials are displaced such that the mini­

mum of loir)  is 0.4/iin lower than th a t of l \ ( r ) ,  or approximately 3% of the to tal

extent of the combined density distribution in the vertical direction. At first, ap­

proximately 5 x 10° 8,Rb atoms are formed condensate in sta te  |1). it is possible 

to transfer quickly any desired fraction of the atom s to sta te  |2) by selecting the 

am plitude and length of the two-photon pulse. A pulse with am plitude and duration 

such that Qt  =  tt/2 , which is known as the “tt/2  pulse"’, is then applied to transfer 

half the population from state |1) to |2). The system is then left to evolve freely 

and eventually come to equilibrium after about 65 ms. We numerically propagate

the coupled GP equations (6.18) and (6.19). The numerical results are shown in

Fig. 6.8. Our numerical simulation of the experim ent is in fair agreement with the 

experimental data. We show the experimental result from Ref. [28] in Fig. 6.9. The 

experiment shows somewhat larger damping th an  the numerical calculation. This
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Figure 6.8: T he center of masses in z  direction for atom s in sta te  |1) and |2). Solid 
line is for |1). while dashed line is for |2). The center of the external potentials are 
a t ;  =  ±200 nm for |1) and |2). respectively. The unit of length is dp.
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Figure 6.9: Figure taken from JILA experim ent, see text. The relative motion of 
the center-of-mass of the two condensates. The relative sag is 400 nm  and the tra p  
frequency is uz =  59 Hz.
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may be due to the existence of the therm al component in the system.
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C onclusions and Further W ork

7.1 C onclusions

In this part, we have provided an introductory description of the properties of Bose- 

Einstein condensation in trapped dilute gases. The main conclusion is that, despite 

of the dilute nature of the Bose gases, two-body interactions still have an im por­

tan t impact on most of the physical quantities of interest, such as those properties 

of the ground sta te  and the low excited states considered in C hapter 3 and Chapi­

ter 4. Interaction can be included into the theory of BEC w ithin the mean field 

approxim ation framework depending on a single param eter, the s-wave scattering 

length a. which can be measured with rather high accuracy. As a result, there is 

no adjustable param eter in the theory and the fact tha t the theoretical predictions 

are in very good agreement with the experiments shows the validity of the theory. 

We have found out that at zero-tem perature, the Gross-Pitaevskii equation derived 

from the mean field theory gives an accurate description of the ground s ta te  of the 

condensate. For large number of particles, the Thomas-Fermi approxim ation can be 

used to give good results for the condensate density profile and chemical potential. 

For the low excited states, the Bogoliubov theory provides excellent agreement with

67
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the experim ent for the excitation frequencies. The numerical solutions to the ground 

state based on the mean field theory can be obtained system atically using either the 

steepest descent m ethod or the basis expansion m ethod described in C hapter 3. At 

nonzero tem perature, the extension of Bogoliubov theory with Popov approxim ation 

gives a set of equations, which m ust be solved self-consistently to  get the ground 

state and  the excited states. The semiclassical approximation can be used for higher 

tem perature to obtain the excitation energy and the condensate fraction. We further 

extent the mean field theory to trea t the double condensate systems. The ground 

state wave functions are obtained using steepest descent method. YVe also observe 

that for the current JILA experim ent, the Thomas-Fermi approxim ation does not 

give correct picture for large num ber of atom s as expected intuitively. The dynam ics 

of com ponent separation is sim ulated using the coupled driven G P  equations. The 

result is in fair agreement with the experim ent.

7.2 Further W ork

We have developed system atically a set of numerical methods to study various prop­

erties o f the BEC systems based on the mean field theory. Using these numerical 

m ethods, we can study many o ther topics related to the condensate. YVe will con­

clude th is part of the thesis by listing several interesting subjects for further work:

•  For ' Li atoms, the s-wave scattering  length is negative, which corresponds to 

an  attractive interaction between particles. It is well known th a t homogeneous 

BEC system with such a ttrac tive  interaction is unstable [31]. However, if the 

condensate is confined by a potential and the number of particles is not too 

large, then it is possible for the zero-point energy to exceed the a ttrac tiv e
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interaction energy and to stabilize the condensate against collapse. It is re­

ported th a t the m axim um  num ber of particle this system can reach is about 

1500 under the current experim ental conditions [4, 32]. It will be interesting 

to see if the steepest descent m ethod used in C hapter 3 can be used in the  

systems with a ttractive forces.

•  At non-zero tem perature, the excitations can be determined by the  Bogoliubov 

theory with Popov approxim ation. In C hapter 5, semiclassical approxim ation 

is used to solve self-consistently the  equations for the ground s ta te  wave func­

tion and the excited states at given tem perature T.  However, the expansion 

m ethod similar to  w hat is used in C hapter 4 can also be used to  obtain the 

excitations at finite tem perature [33]. It is worth studying if the semiclassical 

approximation agrees with the m ore accurate expansion m ethod.

•  For the large am plitude oscillation sim ulated in C hapter 4. it is not directly 

com parable to the experim ent performed at JILA [34] because the  experiment 

was performed a t finite tem perature, while the simulation is done at zero 

tem perature. Thus it makes sense to extend the numerical study  there to  

include the tem perature effect. Some work has already been reported on the 

subject using some kind of phenomenological treatm ent [35]. For theory' of 

dam ping of low-energy excitations a t finite tem perature, see Ref. [36, 37, 38].

•  As mentioned in C hap ter 6. the reason why the Thomas-Fermi approxim ation 

for the double condensates does not agree with either the numerical solution 

or the experiment is not clear. I t is worthwhile to continue the investigation 

of this question. Also there has been some work reported about the symm etry
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breaking in the ground s ta te  of the binary mixtures of BEC [39. 40, 41]. The 

steepest descent m ethod used in C hapter 6 will be a useful tool for this subject.

•  Vortices in a Bose-Einstein condensate is another very interesting topic. JILA 

group has reported the creation of vortices in two-component BEC system 

[42] through a coherent process involving the spatial and temporal control of 

interconversion between the two components. Using an interference technique, 

the vortex state  is confirmed to possess angular momentum. It will be very 

interesting to investigate the properties of the vortex s ta te  using the numerical 

m ethod given in section 4.4. Some numerical work has already appeared in 

the literature [43, 44].
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S catter in g  o f  H ot E x c ito n s in  
Q uantum  W ells

8.1 In trod u ction

In this chapter we investigate the hot exciton scatte ring  rates in semiconductor 

narrow quantum  wells (QW s). An exciton with kinetic energy higher than  the ther­

mal tem perature of the m edium  is called a hot exciton. This concept has been 

introduced in the past when m ultiphonon LO-lines have been observed in resonant 

Raman scattering  in bulk semiconductor materials (see [45] and references therein). 

For polar semiconductors, when the exciton energy is greater than  a longitudinal 

optical phonon, the scattering  rate is governed by the exciton-LO phonon inter­

action and the Frohlich like mechanism is the stronger one playing the main role 

in the exciton relaxation tim e. In the past and for the bulk semiconductor case, 

transition probabilities of hot excitons interacting w ith  longitudinal and acoustic 

phonons have been carried out in Refs. [46, 47, 48]. T he dependence on exciton ki­

netic energy, effective electron and hole masses, and th e  excitonic quantum  numbers 

were obtained, showing the conditions th a t favor th e  hot excitons contribution to 

the m ultiphonon Raman process in semiconductors. T he im portance of hot exciton
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relaxation via optical phonon emission in QYVs has been stressed by photolumines­

cence experiments [49] and by time-resolved Raman scattering  measurements [50]. 

Also, the relative role of confined phonons and interface modes in time resolved res­

onant Raman spectroscopy experiments is pointed out in Ref. [51]. Today, there are 

several theoretical studies of carrier relaxation times in QYVs considering the main 

mechanism due to electron-LO-phonon interaction (e.g. Ref. [52] and references 

therein). Nevertheless, a direct calculation of the hot exciton scattering rate due to 

the confined optical phonons in a  QY\r is lacking in the literature. In this chapter 

we will focus on the excitonic scattering ra te  calculation and on its contribution 

to the multiphonon resonant Raman process (MPR) in narrow QYVs. Recently. 

Mowbray et al [53] reported a m ultiphonon process in G aA s/A lA s superlattices. 

Ram an spectra for the second and third order processes from GaAs phonons show 

structures involving the combination of confined and interface LO phonons. The 

relative intensities of the second and third order processes due to the com bination 

of Li  confined phonon are weaker than th a t obtained w ith L > and interface phonons 

for samples of 6 -GaAs monolayer. The enum eration of phonon symmetries in the 

QYY' follows Ref. [54]. For the case of 10-GaAs monolayer samples, the combined 

intensities of L> and L\  phonons are comparable to the intensities due to 2L 2  or 3L-2 

ones. These results show th a t the relative intensities of a M PR  scattering process 

are very sensitive to the quantum  well w idth. The connection of the M PR process 

with excitonic transitions followed when the  excitonic cascade model is invoked to  

explain the main features of the scattered light [45]. According to this model, the 

scattering cross section with an emission of one em itted phonon is proportional to  

the exciton scattering rate \V (E)  with kinetic energy E .  Thus, an explicit calcula­
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tion of ir(£T) as a function of the QW  width and phonon mode contribution will 

bring further understanding of M PR process in QW s as we will discuss bellow.

8.2 M odel and Fundam ental E xpressions

To describe the scattering rate process we assume a W annier-M ott exciton model in 

a quantum  well with non-degenerate electron and hole isotropic bands. In the frame­

work of the envelope function approximation the eigenvalues and eigenfunctions of 

the quantum  confined excitons are described by the Ham iltonian

h  = ^ L  + ^  F - 2  ^  (s .i)
2 m e 2 m/, e0\rc - r&|

where m ^m /,), r e =  (pe. z e)  (r), =  (p/,.2 /,)), and Ve(ze) (!/,(-/,)) are the effective 

mass, the coordinates, and band off-set for the electron (hole), respectively. e0  is 

the static dielectric constant. For narrow quantum  wells where the QW  width d 

is smaller than the bulk exciton Bohr radius a#  (strong quantization lim it), the 

Hamiltonian (8.1) can be rewritten as

H  =  Ho +  Hp, (8.2)

with

H q =   — +  Ve(ze) + Vh(zh). (8.3)2me 2mh ep

and
e 2  e 2

Hp =  —  —  -  — ---- — , (8.4)
£ \ P e - p h \  e \ r e - r h \ 

where Hp can be considered as a  perturbation term  to the Ham iltonian (8.4). In the 

strong quantization limit where a s  d the exciton motion is reduced to solving the 

two-dimensional W annier-M ott equation. The exciton wave function 4'exc(re,f / ,) of
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the Hamiltonian H0 can be taken in separable form given by products of th e  two- 

dimensional exciton wave function ^ ( R . p )  and the electron and  hole subband wave 

functions d,(zi)(i =  e, h)

exc{re, r fc) =  'S>{R,p)oe{ze)<t)h{zh). (8.5)

In Eq.(8.5), R  =  {rnepe -f- m hpb) / M  ( M  = m e + m h,) is the electron-hole pair center- 

of-rnass coordinate on th e  x-y  plane, p  =  pe — ph is the  in-plane relative coord inate  

of the electron and the  hole and the motion along the 2 -axis is described by the 

wave functions

o„(c) =  B n
ekaZ, z  <  —d/2.
e - k Bd/ i  cos(kAz +  m r / 2 ) / c o s ( k j d / 2  -I- mr/2).  1 2 :| <  d/2, (8 .6 )
( - l ) ne~kB:, z > d/2.

with

B r, = ekBd/2
1  1  m .4  k A d /  rn.\ kA \  2  d

Lb k A n i B k s  2  2

(8.7)

where kA =  \ j 2 m AE n/ t i 2, k B = yj2mB(Uo — E n) / h 2, Vq is the  band offset, and  

m A{mB) is the carrier effective mass in the well (barrier). T he eigenenergies E n 

for even and odd sta tes in the QW along 2 -direction are given by the bound s ta te  

conditions
kB_ _  k^_ j  tan{kAd/2).  n =  1 ,3 , . . . ,  , .

771B  m A \  — cot(kAd/2),  n =  2 , 4 , . . . .

The two-dimensional exciton wave function in polar coordinates can be separated

into a center of mass m otion with wave vector A', a  radial part and  an angular part

given by

<H{R,p) =  l e ^  «AjV,m( p ) ^ = e im^  m  =  0, ± 1 , ± 2 , . . . .  (8.9)
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For bound exciton sta tes (bound exciton energy s x  <  0). the corresponding nor­

malized eigenfunction is obtained as follows

P

X F -N  +  |m |. 21m|

a B( N  +  1/2) 

P
1 .

Qb {N +  1 / 2 )
|m( < X ,  N  =  0 . 1 . . .  (8.10)

where

Nx.m  = \
( 8 . 11 )

[(2m ) ! ] 2  a%(N +  l /2 ) 3(iV -  |7 n | ) - : 

and F(ct ,3 :z )  is the  confluent hypergeometric function. The bound exciton energy

S \  are

-x =
Ry

( N  + l /2 ) 2 ‘

The to tal energy of Ham iltonian (8 . 1 ) is found to be

E  = Eg + E nc +  E nh +
t T K  
2 M  '

(8 . 12)

(8.13)

with Eg being the gap energy. Ry = fie1 /2 h 2e2 the effective Rydberg constant and 

H the reduced mass in the x-y  plane.

To describe the exciton-phonon interaction we follow a unified treatm ent [54] 

that takes into account the full m atching boundary conditions: mechanical and 

electrodynamic. T his phenomenological treatm ent involves the coupling between 

the longitudinal (L), and transversal (T) polarization modes as a consequence of the 

coupled differential equations for the phonon displacement field u and electrostatic 

potential o. The model yields confined quasi-L and confined quasi-T  modes, while 

some of these modes exhibit interface character.[55] The interaction H am iltonian is

H e - p =  Y .  7 =  [onp4( ^ V ^  -  0 np4(zh) e ^ }  bnp4+ H.C. ,  (8.14)
np.q V *
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where bTlpq is the phonon creation operator with wave vector q and frequency zjnpQ. 

I ' is a normalization volume, and C’f is the Frohlich coupling constant given by

C r  = ey/2irfujL(e^) -  l )> (8.15)

where u.'i is the  LO phonon frequency, is the high frequency dielectric constant 

and e0  is the s ta tic  dielectric constant. The Frohlich-type exciton-phonon interaction 

(8.14) has been expressed as a product of factors for motion perpendicular and 

parallel to the QW  axis. The function <f>np,q is proportional to the electrostatic scalar 

potential obtained as solution of the eigenvalue problem and shows a definite parity. 

We. need to  rem ark th a t the potential given in Refs. [55] has several misprints. The 

correct expressions are w ritten below.

(A) O dd potential sta tes

_  I d ( sin{2qLz/d) -  S £ e  ^  sinh{2rjqz /  d) /  qq, \z\ < d/2.
-  y  | |u j | 2  |  S 0e - 2̂ dz /\ z \ ,  \z\ > d/2,  (8-10j

with the following dispersion relation
21

(I) (rjL cos T)L -f T)q sin qi.){qq cos ryr  sinh r)q 4- ryr  sin ryr  cosh qq)

Hr
dq'

(r]q cos ifr -  ryr  sin ifr)(nL cos qL sinh qq — T]q sin r]L cosh qq), (8.17)

where 3l and 3t  are two parameters describing the quadratic dispersion of the LO 

and TO phonon in the bulk, respectively.

(B) Even potential s ta te

I d f  cos(2qLz/d) - C £ e  *  cosh(2qqz /d ) /q q, \z\ < d/2,
°nP.A-)  V l H I 2  I C o e - 2̂ ^ ,  \ z \ > d / 2 . ( '

with the following dispersion relation

>h
3 t

(qq cos qL -  tjl sin qDiVr  cos tjt sinh rjq — 7jq sin rfr cosh rjq)
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(r/r cos Tyr  +  qq sin r/r) ( t j l  sin t j l  cosh rjq 4- rjq cos qL sinh r]q). (8.19)

In Eq.(8.16) and Eq.(8.18), | | « | | 2  represents the norm of the vibrational am plitude. 

The definition of the term s , C~[. | |u | | 2  and  other param eters can be found a t the 

end of this chapter.

The sinusoidal and cosinusoidal functions appearing in Eq. (8.16) and Eq. (8.18). 

respectively are the contributions of the confinement phonons to the electrostatic 

potential, while the hyperbolic and exponential functions come from the interface 

phonons and  are due to  the dielectric m ism atch between the interfaces. It is im­

portant to  realize th a t we do not have purely interface modes, and also for both 

cases, the coupled modes satisfy V • u ^  0 and V  x u ^  0. The modes may be 

predominantly L, or predom inantly T. or present certain  character of “interface” 

modes, depending on wave-vector q which is contained in Eq.(8.17) and Eq.(8.19). 

The phonon dispersion for a QW  structure of G aA s/A lA s with 2.0 nm and 1.7 

urn well w idth are shown in Fig. 8.1. T he branches are labeled as L,\- and T\- 

(.Y=1.2,...) according to their longitudinal and transverse character a t  q =  0. The 

modes which show a strong dispersion as a function of the in-plane wave vector q 

are those w ith the strongest electric field com ponent and also the strongest interface 

character. For the 2.0 nm QW the two interface branches are L\ and L\  modes, 

while in the  case of 1.7 nm  QW, these correspond to L\  and T\ modes. The upper 

mode is purely antisym m etric (Li) while the  lower interface mode (L\  and T\ in 

Figs. 8 . 1 (a) and 8.1(b), respectively) is symm etric. T he antisym m etric part of the 

potential {L\. L 3  modes) couples to the exciton via inter-subband transitions with 

exciton wave functions having different sym m etry with respect to the center of the 

well. The sym m etric part of the function 4>np.q {Lo- L \  modes) couples to  excitons
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Figure 8.1: Dispersion of the GaAs optical phonons of the (a) 2.0 nm and (b) 1.7 
nm G aA s/A lA s quantum  wells. The phonons are labeled as longitudinal (L) and 
transverse (T) according to its character a t q =  0. Symmetric phonon potentials 
correspond to  L 2  and L4, and antisym m etric phonon potentials correspond to  L  i 
and L3. The interface modes are those showing strong dispersion as a function of 
q. The anticrossing of L± and T\ modes near q =  0.5 x 106  ( 1 /cm ) is clearly seen in
(a). L4 and T\ modes present the same parity  respect to  center of the QW.
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via intra-subband transitions since the exciton wave function have the sam e symme­

try  respect to c-axis. The exciton inter-subband transition is also possible through 

the symmetric phonon potential part, if the initial and final excitonic sta tes have 

the same parity with respect to the center of the QW.

8.3 Scattering P robab ility

The probability per unit tim e of the excitonic transition from sta te  |/v . N ,  m: ne. rif,) 

to s ta te  11\' , N ' . m':n'e, n'h) s ta te  due to the interaction with optic phonon is given 

bv

- -7 - y  l(A'. A\ m: n , . .  n h \ H c ^ r \ !h , - 'V  m ' . N ’, A"')[!
2 tt
~h .</

c ( h 2I<r2 h 2K 2 .  ^  \  , N
I ~~T\i T \ T  +  +  < ~  n' +  £'n'/. — n* +  £N’ — =,v ) .(8 .2 0 )

We consider the case of low tem perature where k s T  <C h u np,q (kn is the Boltzmann 

constant) and the phonon emission Stokes process is the m ain process. The form 

of wave function Eq. (8.5) and the exciton-phonon Ham iltonian (8.14) perm it us to 

write the m atrix element in Eq. (8.20) as

( K . N . m : n e, n h\HE-p\n'h,n'c. m ' , N ' . K ' )  — 0=6%.

x • <8-21)

where Qh(e) = m-h(e)O.BQ/M• The first (second) term  in the r.h.s. of Eq. (8.21) is 

related to the electron (hole) contribution to the scattering rate after the phonon 

emission. The corresponding transitions in the plane perpendicular to or along the 

QW  growth direction are given by the integrals 1%™ and (n|<j!>|n'). Substitu ting Eq.
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(8 .2 1 ) into Eq. (8.20) and ea rn in g  out the sum over K  one can find the scattering 

rate as a function of the absolute value of the exciton wave vector K '

x | / ^ m'(Q/,)<ne|d „ ^ < )J nh,n; -  I ^ \ Q e Y { n h\6np4\n'h)6n̂ .  \ \  (8.22)

where

^2 2  ft2 A-
fUl- Q\ ) =  - ^ j j r  ^  COS dl +  hujn^ q +  E n>r -  E„r + E n'h -  E nh +  c .v '  -  ex . (8.23)

and 0\ is the angle between K  and q. The energy and momentum conservation laws 

restrict the absolute value of the phonon wave vector q within the range of qmin and 

qmax- which are solutions of

f ± ( E f < )  =  (Jo ±2  d - (hix!np.q +  Fn'c ~  E nt +  E n'h — E n h +  t .V ' — =  0.

(8.24)

with the condition qmin > 0 and E x  = h2K 2/ 2 M  is the exciton kinetic energy. A fter 

the integration with respect to 0X and sum m ation over m  and m '  in Eq.(8.22). we 

obtain

M  (  e0  , \  f qm*x dq0q0H
(<7o)/-(<7o)

m,m'

-  c-'(m'-""','/,Cn”''(Qe)-<r!„|o„p.,-K)«5„„„;|2, (8.25)

where 0X is given by
_ . , _ v  /+(9o)/-(<7o)

« « .* ( „ )  - 2  J+(qo)+f _ M - (8.26)

From the energy and quasi-momentum conservation laws it follows th a t the scatter­

ing probability is different from zero if the exciton kinetic energy E K > {hu;np^  +
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— E„r -T- E n'h — E nh -F c ;v' — £,v). In Fig. 8.2, we illustrate th e  content of Eq.

(8.25). showing the types of one phonon Stokes scattering processes included in 

the scattering rate. Each exciton band is characterized by single electron and hole 

quantum  numbers (ne, n h ) and the to ta l quantum  num ber N: two excitonic bands 

are shown including dispersion due to  center-of-mass motion as in Eq. (8.13). For 

an exciton excited to the initial s ta te  labeled A in Fig. 8.2, and in the approxim a­

tion used in this paper, only two processes will occur: (a) intra-subband scattering, 

with phonon potential s ta te  of even parity  (np =  2 ,4) and ne =  = n'h: (b)

inter-intra-subband scattering  with ne =  n ' but n* ^  n'h and vice versa. Here, 

if |n/, — n'h | is even the phonon potential is an even function, while for |n* — ri*| 

equal to an  odd number, the phonon potential states need to be odd giving a  zero 

electron contribution to  the scattering probability. This is illustrated in Fig. 8.2, 

where single phonon inter- intra-subband scattering are shown by arrows .4 — > B,  

.4 — > C  defining the corresponding <7 mi„ and qmax for theses processes. The exciton 

intra-subband transitions (.4 — > B ' , .4 — > C') in Fig. 8.2 are coupled to  the 

symmetric part of the phonon potential, while the exciton inter-subbbond exciton 

energy and scattering (w ith mixed character or not) couples to the sym m etric or 

antisym m etric part of the Frohlich H am iltonian interaction. Hence, the total inverse 

exciton lifetime characterized by the quantum  number's N: ne, n*; E k  and due to  the 

interaction with an optical phonon np can be w ritten as

( E k )

£ (8.27)
n„ # n '  ,o r ,n h # n 'fc ,.V '
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Figure 8.2: Schematic representation of allowed scattering processes. See tex t for 
discussion.
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The first term  in the r.h.s of Eq. (8.27) represents the intra-band scattering prob­

ability w ithout changes in the internal s ta te  of the exciton branches. The second 

term  is the probability of the intra-band scattering accompanied by transitions from 

.V to  other internal quantum states N',  while the last term  gives the inter-subband 

contribution to the exciton lifetime in the branch n e, n/, w ith internal quantum  num­

ber Ar and in-plane kinetic energy E ^ .  In the next section we study the dependence 

of the scattering rate on the in-plane exciton kinetic energy, on the phonon sta te  np. 

and on the electron and hole effective masses.

8 .4  R esu lts and D iscu ssion

For the numerical calculation of the scattering rate given by Eq. (8.25) and for 

an interpretation of the M PR reported in Ref. [53]. we selected the GaAs/AIAs 

param eters given in [55]. In Table 8.1. we list the relevant values used in this 

calculation. The GaAs/AIAs QW  is a type-II where the lowest electron conduction

Eg (ev) m e/mo 7i 7i e 0

GaAs
AlAs

1.5192
3.1132

0.0665
0.15

6.85
3.45

2 . 1 0

0 . 6 8

12.53
10.06

Table 8.1: Param eters used for GaAs/AIAs quantum  well.

band belong to AlAs X-point of the Brillouin zone. Nevertheless, the reported 

d a ta  of Ref. [53] correspond to a resonant Ram an process for the direct Pgr — Tec 

transition  {Pius >  E r ^  — E\-Sr. where ui is the incoming frequency). Hence, for 

a backscattering configuration the electronic interm ediate s ta te  taking place in the 

M PR  of [53] correspond to the r 8l, — r 6c excitonic branch and the present calculation
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is valid under the above experim ental conditions. We used for the masses the in­

plane mass rrihi. = m 0 / ( 7 1  ± 7 2 ) and along z-direction m/,- =  m 0 / ( 7 i ^ 2 7 -2 ), where 

7 1  and 7 0  are the Luttinger param eters [56]. The sign (+ ) or (-) corresponds to 

the light or heavy character of the mass, respectively. In Fig. 8.3 we show the 

dependence of the scattering ra te  on E k  in the n e = I. n h =  I excitonic branch and 

for the excitonic ground s ta te  A7 =  0 —» N  =  0. II'o^o- Fig. 8.3(a) corresponds 

to a QW with a well width d =  2  nm w-hile Fig. 8.3(b) is for d =  1.7 nm. The 

calculation represents the heavy hole contribution along the quantum  well growth 

direction (light hole character in the x-y  plane) due to the GaAs-like phonon modes 

£•> and £ 4  (np =  2 and np =  4). Since we are dealing w ith intra-band transitions 

(ne = rih =  I for the final and initial states) the exciton-phonon interaction with 

odd modes is forbidden. It can be seen in Fig. 8.3(a) (d =  2 nm) th a t the main 

contribution corresponds to the £ 4  mode and it is almost 3 times stronger than the 

£ 2  mode. Fig. 8.3(b) shows opposite effect where the £ 4  phonon m ode is one order 

of m agnitude weaker than  the £ 2  one.

To explain the above result we must to go back to the phonon dispersion relation 

of Fig. 8 . 1 . For the d =  2 nm QW  the L2 confined mode is almost flat while the £ 4  

phonon has a stronger dispersion as a function of the phonon wave num ber q and 

it is in addition the symmetric QW  phonon which has a predom inantly interface 

character. The electrostatic potential associated with the £ 4  mode in Fig. 8.3(a) 

gives strong coupling with excitons by the Frohlich interaction in intra-subband 

transitions. The modes with largest d>np,q com ponent in Eq. (8.25) are those which 

have the largest interface contribution, explaining why the scattering rate assisted 

by the £ 4  phonon in Fig. 8.3(a) is stronger than  that due to  the £ 2  confined mode.
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Figure 8.3: Exciton intra-subband scattering rate  probability in units of Hq =  
(^oAoc — l)dM/(l00aBfF)  in a narrow QW  as a function of the in-plane center- 

of-mass exciton kinetic energy, (a) and (b) correspond to the heavy-hole mass along 
the QW growth direction with d  =  2.0 nm and d = 1.7 nm. respectively, (c) 
represents the light-hole mass along ^-direction for d =  2.0 nm. The L 2 and LA 
phonon modes according to the notation followed in Fig. 8.1 have been considered 
for the one-phonon assisted exciton scattering rate.
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In the case of d = 1.7 nm the L4  GaAs-type phonon is more confined and it moves 

to lower frequency with an almost flat dispersion relation (see Fig. 8.3(b)). For the 

range of q values where the phonons are flat the Frohlich interaction is proportional 

to 1 / \Jq2 + qz with qz = npTi/d (np =  1 . 2 ....) [57]. Hence, the contribution to the 

intra-band scattering rate of the np =  2  mode is alm ost four tim es stronger than  

for the np =  4. Let us comment on the effect of the carrier effective masses on 

the scattering rate. F irst, the confinement is a function of the hole masses along 

the 2 -axis; Second, the hole-phonon m atrix element depends on the hole masses 

through the Q/, =  m h/ M q a s  factor and the range of values gmm <  q < qmax is a 

function of the electron-hole mass (in plane along the 2 -axis); Third, the scattering 

probability value strongly depends on the in-plane density of states. Fig. 8.3(c) 

shows the intraband exciton scattering rate for the case of the light-hole mass along 

the 2 -direction (heavy-hole character in x-y  plane) and d = 2 nm. As in Fig. 8.3(a) 

the L .| mode contribution is stronger than  the L2 , showing that the relative intensity 

between several phonon branches is only a function of the phonon dispersion which 

itself depends on the QYY width. The scattering rate values, in units of the constant 

H'o. for the light hole exciton contribution is smaller than  the heavy-hole exciton one 

(see Figs. 8.3(a) and 8.3(c)). It is im portant to note th a t for the case we consider of 

isotropic effective masses and m e =  m/, the intra-band transition H is identically 

zero [46].

8.5 C onclusion

In conclusion we have performed an analysis of the exciton scattering rate in nar­

row QWs. The relaxation of hot excitons accounts for the emission of confined and
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interface optical longitudinal phonons due to the Frohlich-like exciton-phonon in­

teraction. The results obtained above show a different behavior of the scattering 

probability as a function of the well w idth and in-plane exciton kinetic energy. The 

value of Il'o^d is not equal to zero for E k  > /iu;„pto (for the case of intra-subband 

transition), increases w ith increasing E k  reaching a  maximum and  beginning to fall
« /o

according to the law EJ^ [46]. T h e  relative strength  of the different phonon modes 

is proportional to the ra tio  of the square of their overlap integral o f the  function o„p,q 

with initial and final electron and hole subband sta tes  in the G aA s/A lA s QW. For a 

given phonon state, inter-subband transitions are less efficient processes on the exci­

ton relaxation time in comparison w ith the in traband probability. T he intra-subband 

scattering rate is accompanied only by symm etric phonon sta tes (np =  2 ,4 ...) in 

correspondence with the  observed m ultiphonon Ram an spectra in a  series of short- 

period GaAs/AlAs superlattices [53]. The reported m ultiphonon peaks involving 

pure overtones of GaAs phonons are  com binations of the even confined modes (see 

Fig. 6  in Ref. [53]). For samples w ith 10 GaAs monolayer w idth (rf «  2 nm) 

combination of L2 and L 4  (such as 2L2, 2L4, 3L 2, L 2 +  2L4, etc) are observed in 

the GaAs phonon spectra. In the case of samples w ith the 6  G aA s monolayer well 

width (d % 1.7 nm) only the com bination of L2 and interface GaAs modes (2L 2, 3 L 2, 

L2 + I) are reported. Following th e  idea of the cascade model, where the itera ted  

exciton-one-phonon interaction is the dom inant mechanism, the M PR  cross-section 

will be proportional to  the Wq*̂ q( E k ) factor [58] (the inter-band exciton transitions 

give very small contribution and have been neglected). The obtained results shown 

on Fig. 8.3(b) predict th a t in a 6  monolayers sample, the M PR  spectra needs to 

be composed mostly by com binations of L 2 confined modes while the com binations
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with L4  m ust be alm ost forbidden. The opposite conclusion is obtained from Fig. 

S.3(a) (d =  2 nm) when com binations of L? and L 4  GaAs phonon modes in the 

multiphonon Raman spectra  should present sim ilar relative intensities. Thus, the 

experimental observation in G aA s/A lA s superlattices on the relative intensities of 

multiphonon scattering can be explained in the framework of a  M P R  cascade model 

taking into account the relative role of the confined and interface phonons on the 

hot exciton scattering rate.

8.6 Som e R elevant Formulas

The norm of the vibrational am plitude is equal to

/•d/ 2  r i

Ml2 = /  [J’2W + d : - <8-28>
rd/2 

-d/2

where for odd potential s ta tes

i v  a - ( 2t1l-z \  S L exp{j]q) + S £ e x p ( - r j q) . ( 2rjrz\
5 (-') -  * « »  ( — )  -  ^ C f e x p ( , ), ) - C 7t e x p ( - ^ ) Sm ( — )

+ s i  ̂ . 2  exp (_ %) sinl> ( % - )  • (8 -29)Cu ̂  <j J  \  CL J

s f 2 Vl z \  , S i  e x p ( 7 7, )  +  S t  e x p ( - 7 7J  { '2 iT rz \
Z(z) = ”L cos y - r  ) + n'C f ' M v , ) - c f e x f,(-n, ) cos (“ 3-)

+ S Z ^ e x p ( —r/ )̂ cosh , (8-30)
Cu r (jJ \  CL /

/ 9

“ I
and for even states

m  *  ; g s a  -  m
+ c l exP( -nq)  cosh . (8-31)

«-) -  « .i. p r )  -  . .g -  P R

- C t  ^ 7  exp(-Vq)  sinh , (8.32)iJ'p — Cu \ u /
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where

S L(T) =  \A ?? +  T l IT) S m (rlUT) ± O l <T))i ( 8 ‘3 3 )

C L{T) =  y / t f  +  Tl (T) c o s (VL(T) ± 9 L(T)), (8.34)

and

. a V L(T)tan  0L(T) — ------

VHT)
2 \

, i2 — - <2U L{T) ^___

L(T)

Vq =  y ,  (8.35)

and Lu'r is tlie TO  bulk phonon frequency. The functions So and Co are defined in 

Refs. [55]

The m atrix elements / £  r’™ represent the 2D excitonic transitions. From Eq.(8.9) 

and Eq.(8.14) it follows th a t

1^ '  = ( iV |2 ( - l ) |m' - m| [ '  cos{m! -  m)9eimp<1cos6fMd9\N').  (8.36)
Jo

and 9 being the angle between p and q vectors. The integration over 9 gives

=  ( - i ) |m' - m|27r(JV |./|m,_m| ( ^ p , )  |A">, (8.37)

where Ju{z) is the Bessel function of order v. Substitu ting Eq.(8.10) into Eq.(8.37),

we have

rAr',m' _  2 2 ,y ..  ,V \r / . • 1°°  |m |+ |m '|  +  i - r (l-M /.v/''jV ')/2A,m B A,m*’AT,m’ I
JO

F ( - N  + |m |, 2 |m | +  l , r ) F ( - A r' +  |m '|,2 |m '| +  1. —  r)J\m' - m\{Qui^:^8)
VN‘
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with V'X = (A' +  l /2 ) /2 .  The hypergeometric function F ( —N  +  jm |.2 |m | -F 1 , r )  is a 

polynomial in r  and the integral (8.38) can be obtained making use of the  identity

[59]

dp+l
[ X x ^ ' e - ^ J A W d x  =  ( -1  

J o daP+l
W * 2 + 3 2 -  a ) 1

v / a 2 +  B 2

with 3 > 0 and v  >  0. VVe thus find

O  Q) 1 1

io ;0°(Q) 

to t \ Q )  

i°d(Q) 

r'otl(Q) 

r'o:r(Q)

27T(1+Q2)V

i Q2
2 - y / V ( l + Q * ) V  

- i y / 2  Q
6 t r v ^ ( | + Q 2)§ ; 

1 2 Q2 +  | .
27TV/5-5 (Q2 + ± )  5 ■

- i  y /5Q(2Q2 +  &) 
2ttv/5* 10 (Q 2  +  ^ ) i  

=  - 1 y/9 Q'2
2ttv/53 50v/6 (Q 2 4. A ) |

(8.39)

(8.40)

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .



C h ap ter 9

G round S ta te  P ro p erties  o f  
Q uantu m  D o ts

9.1 In troduction

Q uantum  dots (quasi-zero-dimensional electron systems) are one of the m ost inter­

esting systems in semiconductor nanostructures and  have received increasing a tten ­

tion in recent years because of many novel physical properties observed in these 

systems as well as the potential for future technological applications [60]. Essen­

tially. quantum  dots are little islands of two-dimensional electrons which are laterally  

confined by an artificial potential and hence can be thought of as artificial atom s 

with a well controlled number of electrons. The purpose of th is chapter is to obtain  

the eigenstates and eigenenergies of a quantum  do t with several electrons inside. For 

such a few body problem, the exact numerical calculation based on the second quan­

tization formalism is possible and gives very accurate results. We will first describe 

a theoretical model for quantum  dot in strong m agnetic field. We then present the 

numerical m ethod used to diagonalize the second quantized Ham iltonian. T he result 

is obtained for four-electron quantum  dot. We also give the analytical expression 

for the Coulomb interaction m atrix  elements.

93
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9.2 T h eoretica l M odel and E xact N um erical C al­
cu lation

Because most current experiments have focused atten tion  on quantum  dots in a 

magnetic field, we consider the following Ham iltonian for N  electrons in a quantum  

dot with confining potential l'c(f) and an external m agnetic field B  along the c-axis

i
2m *

+  Y i  Vi(fi  -  f j )  +  gmh b B  Y  suzr (9-1)
i<j i

where m* is the effective mass of electron and g'  is the effective g-factor. Due 

to the recent far-infrared optical measurements and generalized Kohn’s theorem, 

the one-body confinement potential Vc(f)  is near parabolic, i.e. Vc =  u q [61]. 

The Coulomb interaction can be used for Vj(fj — f j)  if we ignore the presence of 

image charges in the surrounding dielectric m aterials. In this work, we assume a 

sufficiently large m agnetic field so th a t the spins are polarized. T he single-electron 

wave functions are [61]

Qnt =  C „/r |/|exp(-z7<9)Lj[i(r 2 /2 a 2 ) e x p ( - r 2 /4 a 2), 

where the norm alization constant C„/ is given by

V2 ' /̂ 1'1

(9.2)

C ni —

n!
2cnr (n + |/|)! 

and the single-electron energies are

2 a )
(9.3)

E„i = (2n +  |/j -f l)fi<2 -  -lhijjc. (9.4)

where n = 0 ,1 ,2 .... and  I =  0, ± 1 ,± 2 , .... Here cjc =  e B / m ' c  is the cyclotron 

frequency, Q = (jo ; 2  + cJq) 1/2, a =  (h/2m *Q ) 1 / 2  is the magnetic length, and L ^ ( x )

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



C H A P T E R  9. GROUND S T A T E  PRO PERTIES O F Q U A N TU M  DOTS 9 5

arc associated Laguerre polynomials. In the limit of a; 0  —> 0 or B  —> oc, we have 

E  =  (Ar +  1/2 )hu:c w ith N  = n  + ^(|/| — I) as Landau level index. The second 

quantized Hamiltonian is given by

R  ^  - E n l^ - n lC j t l  f  ^  ^  ( 9 - ^ )
n l  n i — n -l l i „ M

where .4 is the Coulomb m atrix element defined as 

I f  e2
A== 0 j  ^  _  ^ On^A^On^iAu)-  (9 -6 )

We will give the exact analytical expression for these m atrix elements in the next

section. Noticing th a t the total angular momentum J  is a  good quantum number,

we divide the Hilbert space into many sub-spaces corresponding to different J .  On 

the other hand, in order to choose a finite basis set in each sub-space, we fixed the 

sum of Landau level indices: N iot =  Y  N .  For example. N lol =  0 means all electrons 

must stay in the lowest Landau level.

For param eters appropriate to  GaAs. we have calculated the energy levels of 

the four-electron system by numerically diagonalizing the H  m atrix. The result is 

shown in Fig. 9.1. which agrees w ith Maksvni and Chakraborty 's calculation [61].

9.3 C oulom b M atrix E lem ent

In this section, we give the analytical expression for the Coulomb interaction m atrix 

elements defined in Eq. (9.6) as follows

I f  e2
A =  o J  d f l dr2<?'n,/, ( n ) )  | | <^3 / 3  ( ^ 2 ) 4 > n ,i4( n )

I
Tii! M2 I 7 7.3 ! n 4! 2

(n i +  M)! ( n 2 +  K2I)! (n3 +  K3I)! (” 4 +  K4I)!.
e v 2  

2e 2a +h,h+U
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Figure 9.1: Energy levels as a function of J  for four electrons in a  GaAs quantum  
dot with B  =  8 T.
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x 5 Z 5 Z 5 Z 5 Z  a + 8 + ^(Kil +  U3 I — Ki — lz\) ! 7 +  $ +  ^(1^1 +  \U\ ~ Ki — 
q = o  ^ = 0  7 = 0  <5=0  ~  J L -

(_ !)«+*  («1 +  Ki|)!(n3 +  |/3|)!x a\3l (|/, | +  a)!(m  -  a)\(\l3\ + 3)\(nz -  3)\
( - 1) ^  (n2 +  |/2l)!(n4 +  K4|)!

7 161 (|/2| +  7 )!(n2 -  7)!(|/4| +  <*)!(n4 -  <*)!
o + a + i d l . H i , 1-11, -131)  Ja  +  / g  +  l ( | / | | +  | f 3 | + | f i - . / 3 | ) ] !

pTh [a +  3 +  i ( |M  +  |/3| -  I/i — /3|) — 7'jKUi -  fel +  pY
[7  +  S +  I ( | / 2 | +  |/4 | +  \R -  /3 | ) ] t  __

h> [l + 6+±( \ l 2\ + \ U \ - \ l v - l 3\ ) - s ] ' . ( \ l i - U \ + s Y '
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