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Section 1: Summary of Results

By a  g ra p h  G we mean an  o rd e r e d  p a i r  (V (G ),E (G )) w here  V(G) 

i s  t h e  s e t  o f  p o i n t s  and E(G) i s  th e  s e t  o f  e d g e s  (a n  ed g e  i s  an  

u n o rd e re d  p a i r  o f  d i s t i n c t  e le m e n ts  o f  V(G) . ) .  We d e n o te  t h e  c a r d i ­

n a l i t y  o f  th e  s e t  V(G) by |v(G) | . We s a y  t h a t  p o i n t  i  i s  a d ja c e n t  

t o  p o i n t  j  i f  t h e r e  e x i s t s  an  ed g e  i n  G j o i n i n g  i  w i th  j  . The 

( 0 ,1 )  a d ja c e n c y  m a t r ix  A(G) = A o f  a  g ra p h  i s  a |v(G ) | X |v(G) |

sy m m etric  m a t r ix  w i th  z e r o e s  on  t h e  d ia g o n a l  and su c h  t h a t  a  i s  1
i j

i f  p o i n t  i  i s  a d j a c e n t  t o  p o i n t  j  and a  i s  0 o th e r w is e .  The

( - 1 , 1 , 0 )  a d ja c e n c y  m a t r ix  B(G) = B o f  a  g ra p h  i s  a  fv(G) | X |v(G) |

sy m m etric  m a t r ix  w i th  z e r o e s  on  th e  d ia g o n a l  and su c h  t h a t  b i s  -1

i f  p o in t  i  i s  a d j a c e n t  t o  p o i n t  j  and b ^  i s  1 o t h e r w i s e .  The

(0 , 1 ) e ig e n v a lu e s  o f  a  g ra p h  a r e  th e  e ig e n v a lu e s  o f  t h e  a s s o c i a t e d  

( 0 ,1 )  a d ja c e n c y  m a t r i x .  The ( - 1 , 1 , 0 )  e ig e n v a lu e s  o f  a  g ra p h  a r e  t h e  

e ig e n v a lu e s  o f  t h e  a s s o c i a t e d  ( - 1 ,1 , 0 )  a d ja c e n c y  m a t r i x .  We n o te  t h a t  

e v e ry  e ig e n v a lu e  o f  a  g ra p h  i s  a  r e a l  num ber ( s in c e  t h e  a d ja c e n c y  m a t r ix  

i s  sy m m etric  w i th  r e a l  e n t r i e s ) . We d e n o te  t h e  e ig e n v a lu e s  o f  a  m a t r ix

i n  d e s c e n d in g  o r d e r  a s  \  ^  ^  ^  ^3 * * * s  and i n  a s c e n d in g  o r d e r  a s

■>1 ,2 ,3 ,n „„ , ,n + l - i  „ , _ J  ̂ _X <; X «  X . . .  <: X . O f c o u r s e ,  X j = X f o r  1 £ i  £  n . The

d e g re e  o f  a p o in t  i s  d e f in e d  t o  b e  t h e  num ber o f  p o i n t s  t o  w h ich  i t  i s

a d j a c e n t .  A s u b g ra p h  H = (V (H ),E (H )) o f  a  g ra p h  G h a s  t h e  p r o p e r ty

t h a t  V(H) i s  a  s u b s e t  o f  V(G) , and E(H) i s  a s u b s e t  o f  E(G) . An

in d u c e d  su b g ra p h  H o f  a  g ra p h  G i s  s u c h  t h a t  H i s  a  su b g ra p h  o f  G

and i f  i , j  € V(H) a r e  a d j a c e n t  ( n o t  a d j a c e n t )  i n  G th e n  i , j  a r e

a d j a c e n t  ( n o t  a d j a c e n t )  i n  H . The com plem ent o f  a  g ra p h  G = (V (G ),E (G ))

i s  a  g ra p h  G = (V (Cft,E(fift) w i th  V(ff) = V(G) and  i , j  a r e  a d j a c e n t  i n

G i f  and  o n ly  i f  i , j  a r e  n o t  a d j a c e n t  i n  G . The c l i q u e  g ra p h  Kr



h a s  n  p o i n t s ,  an y  tw o d i s t i n c t  p o i n t s  o f  w h ich  a r e  a d j a c e n t .  T he i n ­

d e p e n d e n t g ra p h  K h a s  n p o i n t s ,  no tw o a d j a c e n t .  Some g ra p h s  o f  
n

s p e c i a l  i n t e r e s t  a r e :

n -1 n
(n  :> 0 )

. = PQ i s  c a l l e d  t h e  t r i v i a l  g r a p h .

n n - l
(n  £ 0 )

n n - l
(n  £  0 )

K
l , n

n

(n  s  1 )

n
2.
3

(n  £  3)

We sa y  t h a t  a  g ra p h  G i s  c o n n e c te d  i f  f o r  any  tw o p o i n t s  i  and  j  

we can  f i n d  some n  s u c h  t h a t  H = i s  a  su b g ra p h  o f  G w i th  i= 0

and  j= n  . We d e f in e  a  c o n n e c te d  com ponent o f  G a s  a m axim al c o n n e c te d

s u b g ra p h  o f  G .

L e t  a . , a  , a „ , . . .  b e  a  s e q u e n c e  o f  r e a l  n u m b ers . Then b  i s  a1 A U

l i m i t  i f  an d  o n ly  i f  f o r  any  e >  0 t h e r e  e x i s t s  an  i n t e g e r  N su ch  

t h a t  lb _ a n  I < e  w i-th n > N .  T he l i m i t  i s  n o n - t r i v i a l  i f  t h e r e  e x i s t s  

a n  i n t e g e r  m >  N su ch  t h a t  0  <  jb -a ^  | . L e t  M b e  a  s e t  o f  r e a l

n u m b ers , t h e n  b  i s  a  l i m i t  p o i n t  o f  II i f  and  o n ly  i f  t h e r e  i s  a



s e q u e n c e  m ,m , . . .  o f  p o i n t s  i n  M t h a t  h av e  b a s  a  n o n - t r i v i a lX A

l i m i t .  L e t C b e  t h e  s e t  o f  a l l  ( 0 ,1 )  a d ja c e n c y  m a t r i c e s  A(G) 

w h ere  G i s  any  g r a p h .  L e t  D b e  t h e  s e t  o f  a l l  ( - 1 ,1 , 0 )  a d ja c e n c y  

m a t r i c e s  B(G) w here  G i s  any g r a p h .  L e t R b e  t h e  s e t  o f  l a r g e s t  

e ig e n v a lu e s  X^(A) w here A i s  any  m a t r ix  i n  C . L e t  S b e  t h e  s e t  

o f  l a r g e s t  e ig e n v a lu e s  X^(B) w h ere  B i s  any  m a t r ix  i n  D . In  [3 ]  

H offm an h a s  p ro v e d :

T heorem : L e t  t  = ( / 5 + l ) / 2  ( " t h e  g o ld e n  r a t i o " ) .  F o r  n  = 1 , 2 , 3 , . . .

l e t  8 b e  t h e  p o s i t i v e  r o o t  o f  P (x ) = xn+^ -  (1  + x  + x 2 + . . .  + x11 ^ ) . n  n

L e t  a  = v/"P + —jr—  th e n  f a  } i s  th e  s e t  o f  a l l  l i m i t  p o i n t s  o f  R n  n  /  r  n
n

s m a l l e r  th a n  A  + A
The m ain  r e s u l t s  o f  t h i s  i n v e s t i g a t i o n  p a r a l l e l  t h e  ab o v e  th e o re m  

f o r  ( - 1 ,1 , 0 )  m a t r i c e s .

T heorem : (4 c o s (2 V 2 n + 4 )  + 1 |n  s  l }  U {l + 2 /2  c o s ( 2 r / n )  + 2 |n  = 1 2 , 1 8 , 30}

i s  t h e  s e t  o f  a l l  l i m i t  p o i n t s  o f  S s m a l l e r  th a n  5 .

T heorem : A l l  t h e  l i m i t  p o i n t s  o f  S b i g g e r  t h a n  o r  e q u a l  t o  5 and

s m a l l e r  th a n  1 + 2 a r e  { l + 2 ^ }  w h ere  i s  th e  l a r g e s t  e i g e n ­

v a lu e  o f  t h e  ( 0 ,1 )  a d ja c e n c y  m a t r ix  a s s o c i a t e d  w i th  any o f  t h e  f o l lo w ­

in g  g r a p h s :

<*> Kl , 4

(b ) = L o r

(c )  Z w i th  n  S 6 . 
n

A n o th e r  i n t e r p r e t a t i o n  o f  t h e s e  r e s u l t s  i s  t h e  f o l lo w in g .  A s e t  

o f  nH-k (k  > 0 )  l i n e s  • • • »^m+k^ t h r o u 8 h t h e  o r i g i n  i n  Rm



i s  s a i d  t o  b e  e q u ia n g u la r  i f  x^ € K>̂ and  (x ^ ,x ^ )  = 1  ( i  = l , 2 , . . . , m + k )

im p l ie s  t h a t  ( x . , x  ) = -  a  and 0 <  a  < 1 . We sa y  t h a t  t h e  a n g le  o f
^ 3

t h i s  e q u ia n g u la r  s e t  i s  a r c c o s  a  . (S ee  [ 4 ] ) .

We c a n  a s k  t h e  q u e s t i o n :  What num bers a r e  l i m i t  p o i n t s  o f  a n g le s

o f  e q u ia n g u la r  s e t s ?  We c a n  th e n  i n t e r p r e t  t h e  th e o re m s  ab o v e  t o  y i e l d

th e  fo l lo w in g  in f o r m a t io n :

L e t A b e  a  ( - 1 , 1 , 0 )  m a t r ix  th e n  (1 ) A -  X1 (A )I i s  s e e n  t o  b e

p o s i t i v e  s e m i d e f i n i t e  ( n o t  p o s i t i v e  d e f i n i t e )  s i n c e  e a c h  e ig e n v a lu e  i s

^  0 . N ex t c o n s id e r  G = (  - i —  ) A + I  . G i s  a l s o  p o s i t i v e  s e m i d e f i n i t e
V X (A)

s in c e  we h a v e  d iv id e d  (1 ) by  -X*' (A) >  0 . T h e r e f o r e  G = CC* w h ere

ra n k  G = ra n k  C and  t a k i n g  th e  row s o f  C t o  b e  x  ( n o te :  m = ra n k  G
i

= ra n k  C = #  o f  n o n -z e ro  e ig e n v a lu e s  <  o r d e r  G )  we s e e  t h a t  G i s  t h e

G ram ian  G = ( ( x . , x . ) )  f o r  some s e t  o f  e q u ia n g u la r  l i n e s  w i th  a n g le  
3

a  =  and  so  a  = (k ) w h ere  -A = B a n o th e r  ( - 1 , 1 , 0 )

m a t r i x .  T h e r e f o r e ,  i f  X i s  a  l i m i t  p o i n t  o f  t h e  l a r g e s t  e ig e n v a lu e s  o f  

( - 1 , 1 , 0 ) m a t r i c e s  th e n  a r c c o s  (  ^  )  i s  a  l i m i t  p o i n t  o f  t h e  s e t  o f  

p o s s i b l e  a n g le s  f o r  e q u ia n g u la r  s e t s  o f  l i n e s .



Section 2: Preliminary Prerequisite Knowledge

P r e s e n te d  h e r e  i s  a  c o l l e c t i o n  o f  known o r  e a s i l y  p ro v e n  f a c t s  n eed ed  

i n  th e  s e q u e l .  R e fe re n c e s  a r e  s u p p l i e d .

T heorem  2 . 1 : (C auchy I n t e r l a c i n g  T heorem ) [5 ]

L e t  A be any  r e a l  sy m m etric  m a t r ix  o f  o r d e r  n w i th  e ig e n v a lu e s  

X £  . . .  ^  ^  • ke*  B b e  a  p r i n c i p a l  s u b m a tr ix  o f  o r d e r  k w ith  e ig e n ­

v a lu e s  jj,. ^  ^  m  , th e nK X

Xn -k + s  5  ^ s  * Xs  ( s  = .

Theorem  2 . 2 : (C o u ra n t-W ey l I n e q u a l i t i e s )  [5 ]

L e t  A and  B be any  r e a l  sy m m etric  m a t r i c e s  o f  o r d e r  n  . L e t

C = A + B , t h e n  i f  0 i  i , j , i + j + l  s n  , we h av e  ^  Xi + 1 ^

+ Xj+1 (B) V ( I n  p a r t i c u l a r ,  5 ^ ( 0  ^ X^(A) + ^ ( B ) )  .

T heorem  2 . 3 : (R am sey’s  Theorem ) [7 ]

L e t  m ,n  s  0 b e  g iv e n .  Then t h e r e  e x i s t s  a  num ber N (m ,n) su c h

t h a t  f o r  a l l  g ra p h s  G w ith  N (m ,n) p o i n t s  o r  m ore we h a v e  t h a t  G

c o n t a i n s  K o r  K a s  an  in d u c e d  s u b g ra p h ,m n

T heorem  2 . 4 : ( P e r r o n - F r o b e n iu s  Theorem ) [5 ]

L e t  A be a n  n x n  n o n n e g a tiv e  in d e c o m p o sa b le  m a t r i x ,  th e n :

( a )  A h a s  a  r e a l  p o s i t i v e  c h a r a c t e r i s t i c  r o o t  r  ( a  s im p le  r o o t )

and |X± | ^  r  f o r  any  o t h e r  r o o t  o f  A ,

(b )  C o rre s p o n d in g  t o  r  i s  a  p o s i t i v e  e i g e n v e c t o r  x  ,

( c )  I f  Ay = s y  (y  > 0 ) ,  th e n  r  = s  i s  t h e  l a r g e s t  c h a r a c t e r i s t i c



6

r o o t  o f  A ,

(d )  I f  Ax s  s x  and x  >  0 and  Ax ^  s x  , t h e n  s  >  r  .

( e )  I f  a  s  b f o r  a l l  i , j  t h e n  X^(B) s  X^(A) .

Theorem  2 . 5 : [5 ]

I f  A i s  a  r e a l  sy m m etric  nX n  m a t r ix  th e n :

t
✓ \ i x  Ax(a )  K. = max .....

xj^O x  x

(b )  X*- = m in ■
X3^0 X X

v  A v  1 1
( c )  I f  x  ^  0 t h e n  " ■ = X i f  and  o n ly  i f  Ax = X x  .

x  x

Theorem  2 . 6 : [5 ]

^ ( A )  £ X ^ A + J)

P r o o f : x* (A+ J )  x  =

t  t _x  Ax + x  J x  =

x^Ax + (x  + x  + . . .  + x ) ^ 2 :  x^Ax 
x a n

and s o  by  T heorem  2 .5  , X^(A+J) s  X^(Ay V

Theorem  2 . 7 : [5 ]

L e t  A b e  any  r e a l  sy m m etric  m a t r ix  o f  o r d e r  n  th e n :

( a )  d i s t i n c t  e ig e n v a lu e s  o f  A h av e  c o r r e s p o n d in g  e ig e n v e c to r s  

w h ich  a r e  o r th o g o n a l .

(b ) l e t  C be a  p r i n c i p a l  s u b m a tr ix  o f  A and  su p p o se

^ ( C )  = X^CA) . I f  (y i ) i s  an  e ig e n v e c to r  o f  C c o r r e s p o n d in g  t o  

X^(C) th e n  (x ^ )  i s  a n  e i g e n v e c t o r  o f  A c o r r e s p o n d in g  t o  X^(A)



w h ere

f  y ,  i f  colum n j  i s  i n  C
Xj  = I  JJ 0 o th e r w is e .

T heorem  2 . 8 : [3 ]

L e t G b e  any  g ra p h  and  l e t  A b e  t h e  ( 0 ,1 )  a d ja c e n c y  m a t r ix  o f

G . T hen:

(a )  I f  H i s  a  s u b g ra p h  o f  G th e n  X^(H) £  X^(G) (H n ee d  n o t

be  in d u c e d ^ )

(b ) I f  H i s  a  c o n n e c te d  su b g ra p h  o f  G and H ^  G , th e n

^ ( H )  < ^ ( G )  ,

(c )  I f  G i s  c o n n e c te d  and x  > 0 and  i f  Ax <: mx and Ax /  mx

th e n  m > X^(A) .

(d ) I f  G i s  c o n n e c te d  and ( a u t )  i s  an  au to m o rp h ism  o f  G and

Ax = X^x , t h e n  i f  ( a u t )  ( i )  = j  , t h e n  we h av e  t h a t  x i  = x^ .

P r o o f : ( a ) , ( b )  and ( c )  f o l lo w  im m e d ia te ly  from  Theorem  2 .4 .

(d )  L e t S b e  t h e  p e r m u ta t io n  m a t r ix  c o r r e s p o n d in g  t o  ( a u t )  and  l e t

A b e  t h e  a d ja c e n c y  m a t r ix  o f  G . T hen  X^x = Ax = S^ASx . So we g e t

A^(Sx) = A (Sx) if. T h e r e f o r e ,  by Theorem  2 .4 ,  Sx = k x  f o r  some p o s i t i v e
■jj

s c a l a r  k . B u t s i n c e  (Sx) (Sx) = (k x ) (k x )  we s e e  k  = 1 and so  

Sx -  x  . And t h e  p r o o f  i s  c o m p le te .

T heorem  2 .9  (H u rw itz )  [9 ] :

L e t f  ( z )  b e  a  s e q u e n c e  o f  f u n c t i o n s ,  e a c h  a n a l y t i c  i n  a  r e g io n
n

D bounded  by  a  s im p le  c lo s e d  c u rv e  and l e t  f R(z )  -» f ( z )  u n i fo rm ly  i n  

D . A lso  f ( z )  i s  n o t  t h e  z e r o  f u n c t i o n .  L e t  z Q b e  an  i n t e r i o r  

p o i n t  o f  D; th e n  z Q i s  a  z e r o  o f  f ( z )  i f  and o n ly  i f  z Q i s  a  l i m i t



p o i n t  o f  t h e  s e t  o f  z e r o e s  o f  t h e  f n (z ) • (H e re , i f  z Q a p p e a r s  

i n f i n i t e l y  o f t e n ,  i t  i s  a l s o  c o n s id e r e d  a  l i m i t  p o i n t . )



Section 3: Some Important Theorems

In  t h i s  s e c t i o n  we d e v e lo p  t h r e e  im p o r ta n t  th e o re m s  w h ich  s e r v e  a s  

m a jo r  t o o l s  f o r  p ro v in g  th e  m ain  th e o re m s  i n  S e c t io n  5 . T he f i r s t  tw o 

th e o re m s  d e a l  r e s p e c t i v e l y  w i th  t h e  ( - 1 ,1 , 0 )  c a s e  and th e  ( 0 ,1 )  c a s e .  

In  t h e  f i r s t  c a s e  we c o n s id e r  w hat h ap p e n s  t o  X̂  when a l a r g e  c l i q u e  i s  

a d jo in e d  t o  e a c h  p o i n t  o f  a g iv e n  g r a p h .  I n  th e  sec o n d  c a s e  we c o n s id e r

w hat h ap p e n s  t o  X̂  when a  lo n g  p a th  i s  a d jo in e d  t o  a  s i n g l e  p o i n t  o f

a g iv e n  g r a p h .  F i n a l l y ,  we c h a r a c t e r i z e  t h o s e  g ra p h s  whose ( 0 ,1 )  a d ­

ja c e n c y  m a t r i c e s  h av e  X̂  <  2 . We b e g in  w i th  some lem m as:

Lemma 3 .1  L e t B b e  th e  ( - 1 ,1 , 0 )  a d ja c e n c y  m a t r ix  o f  t h e  c l i q u e  

g ra p h  , th e n  X̂  = 1 .

P r o o f : We s e e  t h a t  B = I  -  J  w h ere  I  i s  t h e  i d e n t i t y  m a t r ix  and  J

i s  t h e  m a t r ix  o f  a l l  o n e s .  We s e e  t h a t  t h e r e  a r e  ( n - l )  e i g e n v e c to r s  

a s s o c ia te d  w ith  t h e  e ig e n v a lu e  1 , n am ely ,

(1 , - 1 ,0 ,0 , . . . , 0 ,0)

(0 , 1, - 1 ,0 , . . . , 0 ,0)

(0 ,0 , 1 , - 1 , . . . , 0 ,0)
•

(0 ,0 , 0 ,0 , . . . , 1 , - 1) 

and we a l s o  n o te  t h a t

(1,1,1,1.........1,D

i s  t h e  e ig e n v e c to r  a s s o c i a t e d  w ith  t h e  e ig e n v a lu e  (1 -n )  . I t  t h e n  

im m e d ia te ly  fo l lo w s  t h a t  X̂  = 1 .

Lemma 3 .2  I f  G i s  su ch  t h a t  G h a s  a t  l e a s t  tw o p o i n t s ,  t h e n  th e  

l a r g e s t  e ig e n v a lu e  X̂  o f  t h e  ( - 1 ,1 , 0 )  a d ja c e n c y  m a t r ix  B o f  G i s  

b i g g e r  th a n  o r  e q u a l  t o  1 .

9



P r o o f : I f  G = , t h e n  ^  = 1 by Lemma 3 .1 .  I f  G i s  n o t  e q u a l  t o

a  c l i q u e  g r a p h ,  th e n  t h e r e  e x i s t s  a  p r i n c i p a l  s u b m a tr ix  J - I  o f  o r d e r

2 o f  B and s in c e  t h i s  s u b m a tr ix  h a s  l a r g e s t  e ig e n v a lu e  1 , t h e  Cauchy

I n t e r l a c i n g  Theorem  im p l ie s  t h a t  X^(B) ^ 1 .

Lemma 3 .3  L e t  B b e  t h e  ( - 1 , 1 , 0 )  a d ja c e n c y  m a t r ix  o f  th e  in d e p e n d e n t

g ra p h  Kq , t h e n  ^  = n - l  .

P r o o f : We n o te  t h a t  B = J - I  . We s e e  t h a t  t h e r e  a r e  ( n - l )  e ig e n v e c to r s

a s s o c i a t e d  w i th  th e  e ig e n v a lu e  -1  , n am ely ,

(1 , - 1 ,0 ,0 , . . . , 0 ,0)

(0 , 1 , -1 ,0 , . . . , 0 ,0)

(0 , 0 , 1 , - 1 , . . . , 0 ,0)
•

( 0 , 0 , 0 , 0 , . . . ,  1 ,  — 1) 

and  we n o te  a l s o  t h a t  t h e  v e c to r

( 1 , 1 , 1 , 1 , . . . , 1 , 1 )

i s  t h e  e ig e n v e c to r  a s s o c i a t e d  w i th  th e  e ig e n v a lu e  ( n - l )  . T h e r e f o r e ,

= n - l  .

We n e x t  in t r o d u c e  th e  S e i d e l - s w i t c h  [ 4 ] .

D e f i n i t i o n  3 . 4 . L e t A be t h e  ( - 1 ,1 , 0 )  a d ja c e n c y  m a t r ix  o f  some 

g ra p h  G , th e n  we s a y  A sw B ( r e a d  A i s  s w i tc h  e q u iv a l e n t  t o  B ) 

i f  and o n ly  i f  t h e r e  e x i s t s  a  s u b s e t  o f  p o i n t s  i n  G s u c h  t h a t

DAD = B w here  V2 = V -  and D i s  d e f in e d  by
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I n  o t h e r  w o rd s , i f  G = (V (G ),E (G )) i s  a  g r a p h ,  th e n  B i s  o f  t h e  form  

H = (V(H) ,E (H )) w i th  V(H) = V(G) and

E(H) = E(G) -  { e  |e  i s  an  ed g e  i n  E(G) and  j o i n s  a  p o i n t  i n  V t o  a

p o i n t  i n  Vg}

U { ( i , j ) | i  € V1 , j  € V 2 and  ( i , j )  $ E (G )} .

Lemma 3 .5  sw i s  a n  e q u iv a le n c e  r e l a t i o n .

P r o o f ; (1 )  IA I = A ( r e f l e x i v e )

(2 ) i f  DAD = B th e n

s in c e  D = D ^ , we a l s o  h av e  A = DBD .  (sy m m e tric )

(3 ) i f  HAD = B and 

i f  EBE = C th e n

(ED) A (DE) = C and (ED)

i s  o b v io u s ly  o f  t h e  r e q u i r e d  fo rm . ( t r a n s i t i v e ) .

Lemma 3 .6  I f  A sw B th e n  )^(A ) = X^(B) .

P r o o f : I f  A sw B th e n  i n  p a r t i c u l a r  A i s  s i m i l a r  t o  B and  from

e le m e n ta ry  m a t r ix  t h e o r y ,  we h av e  ^ ( A )  = X^(B) .

Theorem  3 .7  L e t  A b e  a  f i x e d  sy m m etric  mXm m a t r ix  and  l e t

^ ( A )  > 1  . A ls o  l e t

B = n

m

n

m

A

n

- J

I - J

th e n  l im  )l (B^) = X^(A+J) . 
n-#»

P r o o f ; We f i r s t  n o t i c e  t h a t  \ ( Bn) s  ^ ( B ^ )  by t h e  Cauchy I n t e r l a c i n g  

Theorem  and t h e r e f o r e  t h e  s e q u e n c e  i s  n o n - d e c r e a s in g .  Now c o n s id e r
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/A + J  -  I  0 \  
n  = ( -------0------------ 0 )

t h e r e f o r e

w  * *  \  r , - 1 |  s )

= 1 + ^ ( A + J - I )  .

So we s e e  t h a t  {X ^(B ^)} i s  n o n -d e c re a s in g  and  bounded  ab o v e  by 

1 + ^ ( A + J - I )  . I t  m u st t h e r e f o r e  h av e  some l i m i t ,  s a y  h  . (We n o te  

h e r e  t h a t  a l th o u g h  h  i s  t h e  l i m i t  o f  th e  s e q u e n c e  may

n o t  b e  t h e  l i m i t  p o in t  o f  t h e  s e t

C o n s id e r  t h e  ( n - l )  e ig e n v e c to r s  o f  Bn

f  =  ( 0 , 0 , . . . , 0 ; 1 , - 1 , 0 , 0 , . . . , 0 , 0 )

fg = (0,0, *«• ,0;0,1, —1,0, * * * ,0,0)

f  _ = ( 0 , 0 , * • • , 0 ; 0 , 0 , 0 , 0 , • • • , 1 , —1) 
n —1

a s s o c i a t e d  w i th  t h e  e ig e n v a le  +1 . Now l e t  u s  c o n s i d e r  t h e  e ig e n v e c to r

v = ( x ^ ,x  , . . . , x  ; y ^ , . . . , y n ) a s s o c i a t e d  w i th  X̂  . S in c e  X̂  >  1 we

n o te  t h a t  v m ust b e  o r th o g o n a l  t o  t h e  ( n - l )  e ig e n v e c to r s  f^

( i = l , 2 , . . . , n - l )  . I t  f o l lo w s  t h a t  v =  (x  , x  , . . . , x  ; y , y , . . . , y )  . So1 2 10

Bn * v* = Xv* i s  e q u i v a l e n t  t o  t h e  sy s te m :

( i )  Ax* -  J ( y , y  y )*  = X x*

t  t  t  t
( i i )  - J x  + ( y , y , . . . , y )  -  J ( y , y , . . . » y )  = X ( y , . . . , y )
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B ut th e  n  e q u a t io n s  o f  (11 ) e a c h  a r e :

* x  -  (n - l+ X )y  = 0  .

We t h e r e f o r e  now c o n s id e r  th e

( i ) '  (A-X I )  • x L -  J  * ( y , . . . , y )  = 0

( 1 1 ) '  - ( 1 , 1 , . . . , 1 )  • x* -  (n - l+ W y  = 0  .

We a r e  t h e r e f o r e  i n t e r e s t e d  i n  t h e  l a r g e s t  r o o t  o f :

d e t

-1

-1

-1

= 0  (* )

S in c e  X i s  bounded ab o v e , a s  n -»co we g e t :

-1

-1

d e t

-1

-1 -1-1  -1

=  0  (**)

T h e r e f o r e  X̂  i s  t h e  l a r g e s t  r o o t  o f  (* ) im p l ie s  X̂  i s  a  r o o t  o f

(* * ) b u t  maybe n o t  t h e  l a r g e s t .  B ut by  s e t t i n g  = 8111(1

n o t in g  t h a t  ( a s  n -» c o )  f  (X) -» (* * )  = f (X )  ( t h i s  i s  t r u e ,  s i n c e
n

f  (X) -  f ( X ) =  { • d e t(A -X  I ) . )  and  a l s o  c h o o s in g  D su ch  t h a t
n  \  n  /

a l l  t h e  r o o t s  o f  f ( X )  a r e  i n s i d e  D , we s e e  t h a t  X̂  m ust be  t h e



l a r g e s t  r o o t  o f  (* * ) by H u rw itz ' T heorem .

We may t h e r e f o r e  c o n s id e r  t h e  sy s te m :

( i ) "  (A-X D w * -  ( l , ! , . . . , ! ) *  z  = 0

( i i ) "  - ( 1 , 1 , . . . , l)w *  -  z = 0  .

H ow ever, ( i i ) /; im p l i e s  t h a t  z  = - ( 1 , 1 , , , . , ^  and  s o  by  s u b s t i t u ­

t i o n  i n t o  ( i ) " we h av e  t h a t

(A -X  D w * -  ( 1 , 1 , . . .  ,1 )*  • ( - ( 1 , 1 , . . . ,  D w 4 ) = 0

w h ich  i s  e q u i v a l e n t  t o

(A +J-X  Dw* = 0

and  so  l im  X^(B ) = X^CA-f-J) .  And th e  p r o o f  i s  c o m p le te . 
n-K»

Theorem  3 .8  L e t A b e  t h e  ( - 1 ,1 , 0 )  a d ja c e n c y  m a t r ix  o f  a  g ra p h  G

and l e t  Bn  b e  a s  i n  T heorem  3 . 7 .  T hen  l im  ^ ( B q ) =  X ^A +J) =* X ^(I+2A(G))
n-*»

w h ere  A(G) i s  t h e  ( 0 ,1 )  a d ja c e n c y  m a t r ix  o f  G .

P r o o f : T h is  i s  s im p ly  a  r e s ta te m e n t  o f  Theorem  3 .7  i n  a  form  f o r  w h ich

we h av e  a l a t e r  u s e .

D e f i n i t i o n  3 . 9 . L e t A^ be any  m a t r ix  and l e t  AQ be o b ta in e d  from

A^ by d e l e t i n g  th e  l a s t  row  and l a s t  co lu m n . L e t  Ai  ( i = 2 , 3 , . . . )  b e

d e f in e d  r e c u r s i v e l y  b y :



L e t P ± (x ) b e  t h e  a s s o c i a t e d  c h a r a c t e r i s t i c  p o ly n o m ia l  o f  t h e  m a t r ix

A . (We s h a l l  w r i t e  P , f o r  s h o r t . )  A lso  Q = P and P = P , . 
i  i  0 1

We a l s o  d e f in e

8 -  ^x + V x 2 -  4  ^  / 2

One may e a s i l y  s e e  now t h a t

w h ich  fo l lo w  im m e d ia te ly  from  th e  d e f i n i t i o n  o f  0 . F o r  t h e  n e x t  th e o re m  

a l s o  s e e  [ 6 ] .

Theorem  3 .1 0  L e t A^ b e  t h e  ( o , l )  a d ja c e n c y  m a t r i x  o f  a  g ra p h  G 

and  l e t  A_,A ,A , . . .  b e  d e f in e d  a s  i n  D e f i n i t i o n  3 . 9 .  T hen f o r  n  s  2
v X «

we h av e

Pn

/ +-w h ere  0 f  -1

P ro o f :  We n o t i c e  t h a t

Q = PQ = d e t(A Q -  x  I )

P  = P^ = d e t  (A^ -  x  I )

A lso  i f  n  ^  2 th e n



16

and

( i l )  P -  i-  P = (x  -  i - V  p  -  i .  p \
n+1  0 n  \  0 / \  n  0 n - l /

a r e  e a s i l y  s e e n  t o  b e  t r u e .  S in c e  0 + — = x  we f in d  e q u i v a l e n t l y  t h a t :

( 1 ) '  P  . - 8 P  = |  (P  -  0 P  n )n+1 n  8 n  n - l

and

( 1 1 ) '  P J  P = 0 (P -  |  P , )  . n+1  8 n  n  0 n - l .

Now u s in g  ( i )  t h e  f a c t o r  ^ ^  ca n  b e  p u l l e d  o u t  ( n - l )  t im e s  i n  ( i ) ' .

S im i l a r l y  u s in g  ( i i )  t h e  f a c t o r  (0 )  can  be p u l l e d  o u t  ( n - l )  t im e s  i n

( i i ) '  . We t h e r e f o r e  g e t :

( 1 ) '  Pn+1 -  9 p „  = (  r)n (p-9 «
and

( l t ) " P»+l -  \  Pn  *  « > n  (  P -  I 9  )  •

Now by s u b t r a c t i n g  ( i i ) *  from  ( i ) " we s e e  t h a t

_ o ’- 9 « » ( g ) °  -  ( p -  ?  * 0  (9>1>
P = 

n  1 
i - e

w here  6 -1  . And we a r e  f i n i s h e d .

Theorem 3 .1 1  L e t  Aa ( i= O f 1 , 2 , . . . )  b e  t h e  ( 0 ,1 )  a d ja c e n c y  m a t r i c e s

o f  a  g ra p h  se q u e n c e  {G^} . A lso  assum e f o r  e a c h  g ra p h  4  2 , th e n  

^ ( A ^ )  i s  t h e  l a r g e s t  r o o t  o f  0 P-Q = 0 .l im
i-*oo

P ro o f :  C o n s id e r

<p -«  < o ( \ f  -  (p - 1 « )  < « 1 - 0

£ - 9



which implies

(P-6Q) ( | ) 1 -  ( p - i « )  (9)* = 0

and so

( i f  ( P- e® - ( p - i « )  „ 0

and a s  i  we h av e  t h a t  t h e  l i m i t  o f  th e  l a r g e s t  e ig e n v a lu e s  i s  th e

l a r g e s t  r o o t  o f  th e  p o ly n o m in ia l  e q u a t io n

0 P - Q = 0 .

Lemma 3 .1 2 . C o n s id e r  t h e  g ra p h

Kl,m  “  0 ^ -  •  2

\ J m

w ith  (0 , 1 )

a d ja c e n c y  m a t r ix  A th e n  X̂  = /in .

P r o o f ;  We n o te  t h a t  A i s  (m+1) x (m+1) and

A =

/  0  1 1 1 . . .  1 1  l \

1 0  0 0  . . .  0  0 0
•  •  •  •  ••  \ • • • .•
•  •

1 0 0 0  ... 0 0 0  , 
\ 1 0  0 0  ... 0 0  0J

The c h a r a c t e r i s t i c  e q u a t io n  i s  e a s i l y  c a l c u l a t e d  t o  b e :

m -l , 2  .x  (x  -  m) = 0 .

T h e r e f o r e ,  x  = /m  = X̂
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L«mmg 3 .1 3 , I f  {G^} I s  a  s e q u e n c e  o f  c o n n e c te d  g ra p h s  (w ith  (v^ | -»<-o)

th e n  e i t h e r  (1 )  t h e  s i z e  o f  t h e  l a r g e s t  d e g re e  I n c r e a s e s ,  o r

( 2) t h e  s i z e  o f  t h e  d ia m e te r  i n c r e a s e s

o r  b o th .

P r o o f :  L e t  D = m a x (d e g (v ))  and l e t  d b e  th e  d i a m e te r .  We c a n  assum e

t h a t  D s  3 e l s e  d -»<X> . Now s in c e

|v |  £ 1  + D + D (D -l)  + D (D - l)2 + . . .  + D (D - l)d " 1

d -1 .
= 1 + Z  D (D -l)  s  D + 1 .

1=0

T h e r e f o r e ,  we may c o n c lu d e  t h a t  l o g ( | v | - l )  £ d ( l o g  D) s  dD . B ut 

d*D £ (max (d ,D ))2 , t h e r e f o r e  V lo g (  |v  | - 1 ) £  max ( d ,0 ) . S in c e  

|V± | we c a n  e a s i l y  s e e  t h a t  D o r  d -»co o r  b o th  w h ich  was t o

b e  show n.

Lemma 3 .1 4 . l im  ^ ( P  )  = 2 w here i s  t h e  l a r g e s t  e ig e n v a lu e  o f
n-»“  n

th e  ( 0 ,1 )  a d ja c e n c y  m a t r ix  A o f  th e  g ra p h  P ^  .

x^A t tP r o o f : S in c e  ^ ( P  ) = max — we s e e  u s in g  x  = ( 1 , 1 , . . . , 1 )  t h a t
x +0 x  x

l  (p  ) a  ,2.fo*!li } = 2 -  — . We s e e  t h a t  l im  X, (P  )  ^ 2  .  Now b y  Theorem
T- n  n  n  n -»® 1  n

3 .1 1 ,  i f  l im  X (P )  > 2  th e n  i t  i s  t h e  l a r g e s t  r o o t  o f  (x3 -2 x )  ^
n-»“  1 n

-  (x 2 - l )  = 0 . B u t t h i s  e q u a t io n  h a s  no l a r g e s t  r o o t .  T h e r e f o r e ,  we m ust

h av e  t h a t  l im  ^ ( p n ) = 2 and we a r e  d o n e .
n-»“

Lemma 3 .1 5 . 1 i s  n o t  a  l i m i t  p o i n t  o f  S ( t h e  s e t  o f  l a r g e s t  e ig e n v a lu e s  

f o r  t h e  ( - 1 , 1 , 0 )  m a t r i c e s ) .
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P r o o f : L e t  {G^} b e  a s e q u e n c e  w i th  l i m i t  1 . We c a n  assum e e a c h

i s  c o n n e c te d  w i th  t h e  l a r g e s t  p o s s i b l e  s w i tc h  e q u i v a l e n t  c l i q u e .  W ith o u t 

l o s s  o f  g e n e r a l i t y  no G^ i s  a  c l i q u e .  P ic k  any p o i n t  p  i n  G^ . We 

c a n  t a k e  p t o  b e  a d ja c e n t  t o  e a c h  o t h e r  v e r t e x  i n  G^ by  u s in g  a  s w i tc h .  

I n  G ^ - p we c a n  f i n d  tw o n o n - a d ja c e n t  v e r t i c e s  ( e l s e  G^ i s  a c l i q u e ) .

T h e r e f o r e ,  = Ki  2 i s  811 in d u c e d  s u b g ra p h  o f  G^ . B u t ^) = 2

and  so  X, (G .) s  2 . N o te  we h av e  a l s o  show n:

Lemma

w
3 .1 6  ^ ( G )  = 1  i f  and o n ly  i f  G sw Kn  f o r  some n  . And i f

G th e n  X^(G) ^  2 . F o r  t h e  fo l lo w in g  a l s o  s e e  [ 8 , 4 ] ,

T heorem  3 .1 7 . L e t  C b e  a  g ra p h  o f  t h e  ( 0 ,1 )  t y p e .  X^(C) < 2  i f  and

o n ly  i f  C i s  o n e  o f  t h e  fo l lo w in g  g r a p h s :

(1 )  C = Pn  ( n = 0 , l , 2 , . . . )

(2 )  C = Yn  ( n = 0 , l , 2 , . . . )

(3 )  C i s  any  o f  Z2 ,Z 3 ,Z 4

P r o o f : I f  C i s  a  c i r c u i t  o r  c o n t a i n s  a  c i r c u i t ,  t h e n  X̂  w ould  b e  a t

l e a s t  2 . T h e r e f o r e  C m ust b e  a  t r e e .

( a )  S in c e  l im  X^(Pn ) = 2 (b y  lemma 3 .1 4 ) ,  we s e e  C may b e  any
n-»°°

o f  Pq jP j^ , . . .  g r a p h s .

(b )  C c a n n o t h av e  a  v e r t e x  o f  d e g re e  4 o r  m o re . I f  C d id  h av e  

a  v e r t e x  o f  d e g re e  4 o r  m ore t h e n  2 = / 4  = 4  ̂ s  ,

( c )  C c a n n o t c o n ta in  tw o v e r t i c e s  o f  d e g re e  3 . I f  C d id  c o n ta in  

tw o v e r t i c e s  o f  d e g re e  3 th e n  ^  = G

( n ^ 0 , l , 2 , . . . )  i s  a  su b g ra p h  o f  C . B u t X^(G) = 2 s i n c e  th e
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a s s o c i a t e d  e i g e n v e c t o r  i s  ( 1 , 1 , 2 , 2 , 2 , . . . , 2 , 1 , 1 )  .

(d )  I f  C i s  a t r e e  w i th  a  v e r t e x  o f  d e g r e e  3 th e n

G = |  t  ♦ > » c a n n o t  b e  a  s u b g ra p h . One ca n  e a s i l y  c a l c u l a t e

2 2 3th e  c h a r a c t e r i s t i c  p o ly n o m in ia l  e q u a t io n  t o  b e  (x  -1 )  • (x  -4 x )  = 0

and so  \^ (G ) = 2 ^ ^ ( C )  .

( e )  S i m i l a r l y ,  G = I  ,  +..» »  0  h a s  ^ ( G )  = 2 and  so  G c a n n o t

b e  c o n ta in e d  i n  C .

( f )  I f  G = ,  > t  I » > i  th e n  t h e  c h a r a c t e r i s t i c  e q u a t io n  i s  :

x 2 ( x 2- l ) (x2- 2 ) ( x2-4) = 0 and  so  ^ ( G )  = 2 and a g a in  G c a n n o t

b e  a  su b g ra p h  o f  C .

(g )  F i n a l l y ,  we s e e  t h a t  l im  A^(Y ) *= 2  . F o r  e a c h  n  , Pn  i s  a
n-»°°

s u b g ra p h  o f  Y and  t h e r e f o r e  by Theorem  2 .1  l im  X. ( Y )  2 2 .  
n  n-+®

C o n s id e r  x* = ( 1 , 1 , 2 , 2 , . . .  , 2 ,2 )  . We h av e  th e n  t h a t  Ax <; 2x and  so  by

Theorem  2 .8  we h av e  A, (Y ) < 2  f o r  e a c h  n  . And s o  l im  A. (Y ) = 2 .
^  n  n - * - 1  n



S e c t io n  4 :  The R e q u ire d  G ra p h s .

I n  t h i s  s e c t i o n  we f i n d  th e  ty p e  o f  g ra p h  se q u e n c e  w h ich  h a s  a s  a 

l i m i t  p o i n t  o f  { ( G^ ) } a  num ber l e s s  th a n  5 .

L e t {G^} b e  a  s e q u e n c e  o f  d i s t i n c t  g r a p h s .  S in c e  e a c h  g r a p h ,  G^ ,

i s  d i s t i n c t ,  we s e e  t h a t  |v(G ^) | -»oo .

T heorem  4 . 1 . I f  (G) i s  a  ( 0 ,1 )  e ig e n v a lu e  f o r  some c o n n e c te d  g ra p h

G th e n  1 + 2X^(G) i s  a  l i m i t  p o in g  o f  S . I n  p a r t i c u l a r ,  t o  f i n d  a l l

t h e  l i m i t  p o i n t s  {x} o f  S su c h  t h a t  3 5  x  <  5 , i t  s u f f i c e s  t o  f i n d

a l l  th o s e  n o n - t r i v i a l  g ra p h s  C su c h  t h a t  X^(C) < 2 ( h e r e  C i s  c o n ­

s i d e r e d  i n  t h e  (0 , 1 ) s e n s e ) .

B e fo re  p ro v in g  Theorem  4 .1 ,  i t  i s  o f  i n t e r e s t  t o  s e e  w hat t h e  s m a l l e s t  

p o s s i b l e  l i m i t  p o i n t  o f  S ca n  b e .

Theorem  4 . 2 . 3 i s  t h e  s m a l l e s t  p o s s i b l e  l i m i t  p o i n t  o f  S . ( L a te r  we 

s h a l l  s e e  t h a t  3 i s  i n  f a c t  a  l i m i t  p o i n t  and  so  3 i s  t h e  s m a l l e s t  l i m i t  

p o i n t  o f  S . )

P r o o f : L e t  {G^} b e  a  s e q u e n c e  o f  d i s t i n c t  g r a p h s .  We know t h a t

l im  X (G ) = h  >  1 . We u s e  R am sey ' s  Theorem  t o  s e e  t h a t  a s  i  -»co , th e
i -*00

s i z e  o f  t h e  l a r g e s t  c l i q u e  ( c o n s id e r e d  a s  an  in d u c e d  su b g ra p h )  o r  t h e  

s i z e  o f  t h e  l a r g e s t  in d e p e n d e n t  su b g ra p h  m ust i n c r e a s e .

C o n s id e r  t h e  fo l lo w in g  tw o c a s e s :

C ase 1 . I f  t h e r e  e x i s t s  a  su b se q u e n c e  o f  {G^} su c h  t h a t  t h e  s i z e  o f  th e  

l a r g e s t  in d e p e n d e n t  s u b g ra p h  i n c r e a s e s ,  th e n  by C a u c h y 's  I n t e r l a c i n g  Theorem  

t o g e t h e r  w i th  Lemma 3 .3  we s e e  t h a t  ^ ( G j )  4 CO a s  i  -»QO .
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C ase 2 . I f  C a s e l d o e s  n o t  o c c u r  th e n  we a r e  a s s u r e d  by R am sey 's  Theorem  

t h a t  t h e r e  e x i s t s  a  su b se q u e n c e  o f  {P^} su c h  t h a t  th e  s i z e  o f  th e  

l a r g e s t  c l i q u e  su b g ra p h  i n c r e a s e s .  W ith o u t l o s s  o f  g e n e r a l i t y  we can  

assum e no g ra p h  i n  t h e  se q u e n c e  i s  sw t o  a  c l i q u e .  C o n s id e r  o n e  o f  t h e  

g ra p h s  i n  th e  s e q u e n c e  and l e t  B b e  i t s  ( - 1 , 1 , 0 )  a d ja c e n c y  m a t r i x .  

S in c e  B i s  n o t  a  c l i q u e ,  t h e r e  e x i s t s  a  p o i n t  p  i n  t h e  g ra p h  w h ich  i s  

n o t  a d j a c e n t  t o  a  p o i n t  i n  t h e  l a r g e s t  c l i q u e  s u b g ra p h . So B i s  o f  t h e  

fo rm :

w here  C c o r r e s p o n d s  t o  t h e  l a r g e s t  c l i q u e  su b g ra p h  and th e  l a s t  row 

and  co lum n o f  B c o r re s p o n d  t o  t h e  p o i n t  p  . By u s in g  th e  S e i d e l  S w itc h  

(sw ) we may a l s o  assum e w i th o u t  l o s s  o f  g e n e r a l i t y  t h a t  t h e  num ber o f  

p o i n t s  i n  C t o  w h ich  p i s  a d j a c e n t  i s  n o t  l e s s  th a n  t h e  num ber o f

p o i n t s  i n  C t o  w h ich  p  i s  n o t  a d j a c e n t .

L e t  {H^} b e  th e  g ra p h  se q u e n c e  a s s o c i a t e d  w i th  t h e  ( - 1 ,1 , 0 )  

a d ja c e n c y  m a t r i c e s

0 T
1B = C

+•1

Di

We n o te  t h a t  H i s  a  su b g ra p h  o f  f o r  e a c h  i
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L e t  o r d e r ( H )  = n  +1 , t h e n  d e g r e e ( p )  s  n / 2  ( h e r e  we c o n s id e r  p
1 h a

a s  a  p o i n t  o f  H ) .  D e f in e  mi  = ^  -  d e g (p )  . (We n o te

s  W  > ^ ( J ^ - p )  = ^  (K j) = 1 . (T h ese  i n e q u a l i t i e s  a r e  a  r e s u l t  o f

C a u c h y 's  I n t e r l a c i n g  T h e o r e m .) ) .  So {X^(H^)} i s  b o u n d ed . We now show

t h a t  {m^} i s  b o u n d ed . S uppose  i t  i s  n o t ,  th e n  we have  t h a t  c

and  s u c h  t h a t  t h e  c o r r e s p o id in g  s u b m a tr ix  f o r  i s  t h e  ( 2m ^+l) by

(2m^+1 ) m a t r ix  g iv e n  b y :

-1

-1

-1

- J

We now c o n s id e r  th e  v e c t o r  v  =

whose e ig e n v a lu e  i s  X =  ( ( 1  + / l + 8 % ) / 2 )  . B u t a s  -*co  , we have 

t h a t  \  -»00 and  so  (G^) -* oo  w h ich  i s  a  c o n t r a d i c t i o n .  T h e r e fo r e  

{m^} i s  b o u n d ed .

S in c e  {m^} i s  bounded we p ic k  a  v a lu e ,  s a y  m , t h a t  o c c u r s  

i n f i n i t e l y  o f t e n  and  c o n s id e r  t h e  c o r re s p o n d in g  s u b se q u e n c e  {H^} w ith  

a s s o c i a t e d  m a t r ix :

w h ere  A i s  (m+1) by  (m-t-1) and  A i s  f ix e d  and  th e  l a s t  row  and 

l a s t  colum n c o r re s p o n d  to  p . We c a n  now a p p ly  Theorem  3 .7  t o  th e  m a t r i c e s
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a s s o c i a t e d  w i th  { l^}  . We f in d  t h a t  ^ ( H ^ )  -» ^  (A+J) and by Theorem  

3 .8 ,  \ ^ I+2Ki  * By Lerama 3 *1 2 » we f i n a l l y  s e e  t h a t

-+1 + 2/m .

We s e e  m 4  0 , o th e r w is e  {H^} w ould b e  a  s e q u e n c e  o f  c l i q u e s  and 

h en c e  im p o s s ib le .  T h e r e f o r e  t h e  s m a l l e s t  p o s s i b l e  l i m i t  p o i n t  i s  

3 = 1 + 2 /1  .

We s h a l l  l a t e r  s e e  t h a t ,  i n  f a c t ,  t h e  s e q u e n c e  {K^- x} ( w = 3 ,4 , . . .

w i th  K a  w -c l iq u e  and  x  any ed g e  o f  K ) h a s  3 a s  a  l i m i t  p o i n t ,  w w

T h is  c o n c lu d e s  th e  p r o o f .

We now p ro v e  Theorem  4 .1  : I f  A^(G) i s  a  ( 0 ,1 )  e ig e n v a lu e  f o r

some c o n n e c te d  g ra p h  G th e n  1 + 2 \^ (G ) i s  a  l i m i t  p o i n t  o f  S .

P ro o f  o f  4 . 1 . C o n s id e r  a g a in  a  s e q u e n c e  {G^} o f  g ra p h s  none o f  w h ich  

i s  a  c l i q u e .  L e t  {B^} b e  t h e  a s s o c i a t e d  ( - 1 ,1 , 0 )  a d ja c e n c y  m a t r i c e s  

and l e t  -» h  ^  3 .

C o n s id e r  a  new s e q u e n c e  o f  g ra p h s  o b ta in e d  by  c o n s id e r in g

J  -  i j 1 = {A^} a s  t h e  (0 , 1 )  a d ja c e n c y  m a t r i c e s  f o r  t h e  { l^ }

( i = l , 2 , . . .  ) .  We c o n s id e r  tw o c a s e s :

C ase  1 . The s i z e  o f  t h e  l a r g e s t  com ponent i s  bounded  f o r  e a c h  .

S in c e  f o r  e a c h  H , i s  p o s s i b ly  d e c o m p o s ib le , we h av e

^ ( A ^ )  = m ax \^ (C ) (we t a k e  t h e  maximum o v e r  a l l  t h e  c o n n e c te d  co m p o n en ts 

C o f  ) v  A lso  by  u s in g  Theorem  2 . 6  we h av e  t h a t

\ l(B±) £  + J )

= 1 + 2XL(A±)

= 1 + 2 (m axX ^(C)) .
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S in c e  t h e  s i z e  o f  th e  l a r g e s t  com ponent i s  bounded  t h e r e  e x i s t s  some

g ra p h  C w h ich  o c c u r s  i n f i n i t e l y  o f t e n  a s  a  su b g ra p h  o f  t h e  ( f o r

e a c h  i  ) and  su c h  t h a t  i f  t h e r e  i s  any  o t h e r  g ra p h  w i th  t h i s

p r o p e r ty  we h av e  \ ( c k ) <: X^(C) .

We now c o n s id e r  t h e  s u b se q u e n c e  {H } s u c h  t h a t  C i s  a  com ponent
i J

o f  e a c h  g ra p h  i n  t h e  s u b s e q u e n c e . We s e e  im m e d ia te ly  t h a t  

h  = l im  \ ( B ±) £ l im  (B±+ J )  = 1 + 2 ^ ( 0  .
i-K*> i-»oo

C o n s id e r  now t h e  su b se q u e n c e  {B } o f  m a t r i c e s  a s s o c i a t e d  w i th

{H ) . (R e c a l l  t h e s e  m a t r i c e s  a r e  ( - 1 , 1 , 0 )  . )  E ach  {B } c o n ta in s  
i 4 J

B(C,m ) = m^

m
a  s u b m a tr ix

I - J

- J  + I  +  2A(C)

w h ere  m -► oo  a s  i . o o  and  A(C) i s  t h e  ( 0 ,1 )  a d ja c e n c y  m a t r ix
0

o f  C , S in c e  B (C ,H ) i s  a  p r i n c i p a l  s u b m a tr ix  o f  B we s e e  t h a t

\ (Bi  * *  \ ( B ( C , a ) )  and s o  h = l im  =* l im  ^ ( B ^ m ) )  = 1 + 2 ) ^ ( 0
i i-K° m-**>

(by  Theorem  3 .7 ) k. H ow ever, ev e n  th o u g h  h  i s  a  l i m i t  -  i s  t h i s  l i m i t

n o n - t r i v i a l  o r  n o t?

We now show t h a t  t h i s  l i m i t  i s  n o n - t r i v i a l  and  so  h  = 1 + 2 \^ (C )

i s  a  l i m i t  p o i n t  f o r  {G^} . T h is  i s  a c c o m p lis h e d  by f i r s t  d e f in i n g

B (C ,0 )  = - J  + I  + 2A(C) and  so

mm

{ -  J
B(C,m ) =

B (C ,0 )

By t h e  Cauchy I n t e r l a c i n g  Theorem  i t  f o l lo w s  t h a t  X ^(B (C ,0 )) £  X ^(B (C ,1) ^
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Assume B(C,m ) i s  th e  f i r s t  o f  t h e  B ( C ,i )  su c h  t h a t  X^(B(C,m))

= \^ (B (C ,m + l))  . L e t ( y , y , . . . , y ; x) = a  be t h e  a s s o c i a t e d  e ig e n v e c to r  

f o r  B(C,m ) th e n  by Theorem  2 .7  ( 0 , y , y , . . . ;x )  i s  an  e ig e n v e c to r  f o r

B (C ,m + l) .

T h e r e f o r e ,

B (C ,0 )*  x  -  m y u  = X x

-u ^ x  + ( 2 -m )y = X y

t- u  x  - m y  = 0 .

S in c e  X̂  ^  2 we s e e  t h a t  y = 0  and so  E x^ = 0 . So x  >  0 and

B (C ,0 )x -  X x  and  x  i s  n o t  a s s o c i a t e d  w i th  X ^(B (C ,0 )+ J) s in c e

B (C ,0 )+ J  i s  a  n o n n e g a tiv e  m a t r i x .  X^(B(C,m )) = X ^(B (C ,0)) ( s in c e  

y  = 0 ) and t h i s  v a lu e  i s  some e ig e n v a lu e  o f  (B (C ,0 )* J )  , t h a t  i s  t o  

s t a y ,  XjCBCC.O)) £ ^ ( B ( C ,0 ) + J )  .  B u t s i n c e  X ^B C C ,0 )+ J) £  ^ ( J )  + ) ^ (B (C ,0 ) )

= 0 + ^ (B C C jO ))

= Xj^CBCC.O))

we h av e  t h e r e f o r e ,  X ^(B (C ,0 )) = X^CBCCj O J+J) so  t h a t  i f  X^(B(C,m)>

= X ^(B (C ,m +l)) we s e e  t h a t  th e y  m ust b o th  b e  e q u a l  t o  X1 (B (C ,0 ) )  and 

t h i s  c a n n o t  h ap p en  f o r e v e r  s in c e  t h e  l i m i t  h = X ^(B (C ,0 )+ J) and 

Xl (B (C ,0 )+ J )  >  ^ ( B ( C ,0 ) + J )  (b y  t h e  P e r r o n  F ro b e n iu s  T h eo rem )^  A lso  

n o te  t h a t  t h i s  a rg u m en t im p l i e s  t h a t  i f  ^ (B (C ,m ) )  <  X ^(B (C ,m +l)) th e n  

f o r  a l l  k  > m  we h av e  ^ (B C C .k ) )  <  X^CBCC^k+l)) . And s o  h  i s  a 

l i m i t  p o i n t .  So t h a t  g iv e n  an y  ( 0 ,1 )  a d ja c e n c y  m a t r ix  o f  a  n o n t r i v i a l

g ra p h  C we c a n  f in d  a  l i m i t  p o i n t  o f  S, 1 +  2X ^(C ), u s in g  X^(C) .

T h e re  m ay, h o w ev er, b e  o t h e r  l i m i t  p o i n t s  n o t  o b t a i n a b l e  i n  t h i s  m an n er. 

H ow ever, a l l  t h o s e  l i m i t  p o i n t s  {x} s u c h  t h a t  3 £ x  < 5  a r e  o b ta in e d  

i n  t h i s  m an n er . We now s tu d y  t h i s :
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C ase 2 . S iz e  o f  t h e  l a r g e s t  com ponent o f  e a c h  i s  n o t  b o u n d ed . By

Lemma 3 .1 3  we m ust c o n s id e r  tw o s u b c a s e s :  

s u b c a s e  1 (D -♦ ^ 9

H ere  we ca n  f i n d  a su b se q u e n c e  {H^} o f  {H^} s u c h  t h a t  f o r  e a c h

n = 1 , 2 , . . .  ; H c o n ta in s  a  p r i n c i p a l  (n+1) by (n+1) s u b m a tr ix  o f  th e  
n

form

D = 
n

i

i  i i  i

\i  /
By Theorem  2 .8  and C a u c h y 's  i n t e r l a c i n g  Theorem  we s e e :

h<-Kl,n>  * W  ‘  W  ■

We a g a in  c o n s id e r  t h e  o r i g i n a l  s e q u e n c e  {G^} w i th  ( - 1 , 1 , 0 )  m a t r i c e s  

{B } . We c a n  t h e r e f o r e  f i n d  a  s u b se q u e n c e  {G } su c h  t h a t  e a c h  B1 i j

h a s  a  p r i n c i p a l  s u b m a tr ix  o f  t h e  fo rm

I  -  J

V
\

- J  + I  + 2D

and L i s  (k + j+ 1 ) by (k + j+ 1 ) .  By C a u c h y 's  I n t e r l a c i n g  Theorem  
J

X (L ) <; X (B . )  so  t h a t  l im  U L . )  s  l im  X (B  )  = h  . F i r s t  f i x
1 J 1 i  1 J  i 4-»«» 1

j  and  we h av e  t h a t  l im  X^(L ) = 1 + 2X_ (K^ n> £  h  u s in g  Theorem  3 . 7 .
k-4 ® *

H ow ever, now l e t t i n g  J  -♦ CC , we s e e  t h a t  l im  h = by  Lemma 3 .1 3 .
j-* 00

H ence, h i s  n o t  l e s s  th a n  5 .
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s u b c a s e  2 (d  -» 0 0 )

H ere we can  f i n d  a  s u b se q u e n c e  {h^}  o f  {H^} s u c h  t h a t  f o r  e a c h

n = 1 , 2 , . . .  ', H c o n ta in s  a  p r i n c i p a l  (n+ 1) by (n+ 1) s u b m a tr ix  o f  n

th e  form

E = n

0 1 
1 0  1 

1 0  1 
1 0

0 1
1 0 /

By Theorem  2 .8  and C a u c h y 's  I n t e r l a c i n g  Theorem  we s e e  t h a t  

X^(Pn > s  (En > 5  ^ i • We a g a in  c o n s id e r  t h e  o r i g i n a l  s e q u e n c e  {G^} 

w i th  ( - 1 ,1 , 0 )  a d ja c e n c y  m a t r i c e s  {B^} . We c a n  t h e r e f o r e  f i n d  a  s u b ­

se q u e n c e  {G } s u c h  t h a t  e a c h  {B. } h a s  a  p r i n c i p a l  s u b m a tr ix  o f  t h e

fo rm

V
I  -  J

- J  + I  + E ,

and  M i s  (k + j+ 1 ) by  (k + j+ 1 ) . By th e  C auchy I n t e r l a c i n g  Theorem

^ ( M j )  <; \ 1 (B1 ) so  t h a t  l im  ^ ( M j)  £  l im  )  = h  . F i r s t  f i x
J 3

j  and  we s e e  t h a t  l im  X.(M ) = 1 + 2 A -(P .)  £  h  u s in g  Theorem  3 .7 .
k+®  J  J

H ow ever, l e t t i n g  j  -» OO we s e e  l im  h  S 1 + 2 (2 )  = 5 , h e n c e  h  a g a in
j-» 00

i s  n o t  l e s s  th a n  5 . T h is  c o m p le te s  t h e  p r o o f .

We m u st now c o n s id e r  th o s e  g ra p h s  C ( n o n t r i v i a l )  su c h  t h a t  i f  

^ ( C )  i s  t h e  l a r g e s t  e ig e n v a lu e  o f  t h e  ( 0 ,1 )  m a t r ix  o f  C th e n



T h is  i s  s t u d i e d  m ore c l o s e l y  i n  t h e  n e x t  s e c t i o n .



Section 5: The Main Theorems

We a r e  now i n  a  p o s i t i o n  t o  p ro v e  th e  m ain  th e o re m s .

Theorem  5 .1

{4 c o s (2 r /2 n + 4 )  + 1 |n ^  l }  U { l  + 2/2 c o s ( 2 V n )  + 2 |  it= 12 ,18  o r  30} 

a re  a l l  th e  l i m i t  p o in t s  o f  S s m a lle r  th a n  5 .

P r o o f : By t h e  re m a rk s  made i n  S e c t io n  4 , i t  i s  s u f f i c i e n t  t o  f i n d  a l l

t h e  g ra p h s  G whose ( 0 ,1 )  a d ja c e n c y  m a t r ix  h a s  <  2 . I n  Theorem

3 .1 7  we fo u n d  t h a t  t h e  r e q u i r e d  g ra p h s  a r e  P ^ C n ^ l) ,  Yn (n ^ 0 )  and

Z , Z o r  Z_ . We c o n s i d e r  t h r e e  c a s e s .
2 ’ 3 4

C ase 1 . \ ( p n ) “ 2 c o s (2 T /2 n + 4 ) w i th  n  s  1 .

2
P ro o f  o f  C ase 1 . We u s e  Theorem  3 .1 0 .  H ere  Q = x  and P = x  -  1 .

T h e r e f o r e ,  (P -0  Q) -  (p -  J- q )  0211 = 0  , o r

p ( l -  0211) + Q (e2n _ 1 -  0) = 0 (w ith  8 ^ -1 )  ,

becom es upon  s u b s t i t u t i o n  f o r  Q and  P : (x 2 - l ) ( l - 0 2n) + x ( 0 2n ^ - 0 )  = 0

So t h a t  (0 2+ 2 f | 2 - l )  ( l - 0 2n) + ( 0+ I )  (0 2" " 1 -©) = 0 . T h is  i s  e q u iv a l e n t  

t o

- i  - °
o r  .  A02n+4 _ 1 = 0

T h e r e f o r e  8 i s  a  (2n+ 4) r o o t  o f  u n i t y .  S in c e  x  = 0 + •g- ,  we a r e

lo o k in g  f o r  max 0 + ^  = max x  . S in c e  (2n+ 4) i s  e v e n  we h av e  t h a t  
0*±1 0

4* t h0 ( t h e  c o n ju g a te  o f  0 , some (2n+4) r o o t  o f  u n i t y )  i s  a l s o  a

(2 n + 4 )t h  r o o t  o f  u n i t y  so  t h a t

l 0̂ * %
0 + r r = 0  + * -*  = 0 + 0 = 2 c o s (2 rk /2 n + 4 )

0 00

30
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w here  k  »£ 0 o r  n+2 ( s i n c e  0 4  +1 o r  -1  ) and  1 <: k  £  2n+3 . We

n o t i c e  a l s o  t h a t  t h e  maximum i s  a c h ie v e d  when k  = 1 .

So = 2 c o s (2 T /2 n + 4 ) .

C ase 2 . = 2 c o s ( 2 r /4 n + 8 )  n  s  0

3 3 '  3 \P ro o f  o f  C ase 2 . H ere  we h av e  t h a t  Q = x  -  2x  and  P = x  \ x ~  — ) .

T h e r e f o r e  (x 4 - 3 x 2) ( 1 - 0 211) + (x 3 -2 x )  (G2*1-1-©) = 0 . R e c a l l in g  t h a t  

x  = 0 + ^  , we h av e

( ,« +A  * , )  ( x - B - )  + ( 93+9+ 1 ♦ | s ) ( e - 1-B ) .  0 .

So e q u i v a l e n t l y  one  f i n d s  t h a t :

e -4  _ Q2n+4 + 02n + 1  _ „

b^ W - i ) + <84- d  = 0 .

+S in c e  0 *  -1  , we s e e  t h a t

Q2n+4 + x _ o n  >  o

( i f  n  = 0 th e n  x  = / 2  by C ase  1 . )  T h e r e f o r e  max x  = max 0 + 0  a s
0 * * 1

b e f o r e .  U s in g  De M o iv re ' s  Theorem  we s e e  t h a t  G2™"4 = -1  = Q.) (c o s  tt + i s i n  tt)

and t h e  (2 n + 4 )t h  r o o t s  o f  ( - 1 )  a r e  cos(kTV,2n+4) + i  s in ( k r y r2n+4) and

so  max x  = max 2 c o s ( k r /2 n + 4 )  w here  k  /  0 o r  n+2 . We n o te  t h a t  th e

maximum i s  a c h ie v e d  when k  = 1 . So X^(Yn ) = 2 c o s ( 2 t/ 4 u+8) . And so

we s e e  t h a t  i s  a  su b s e t  o f  •

C ase 3 . T h e re  a r e  t h r e e  d i f f e r e n t  s u b c a s e s  c o r r e s p o n d in g  t o  t h e  t h r e e

p r o p e r  su b g ra p h s  o f  Z w h ich  a r e  o f  i n t e r e s t  t o  u s .5
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P ro o f  o f  C ase 3 .

S u b case  1 . = / 2  c o s ( 2 t/1 2 ) + 2  .

One c a n  e a s i l y  c a l c u l a t e  t h e  c h a r a c t e r i s t i c  e q u a t io n  t o  b e :

o r

(x 2 - l ) 3 -  2x2 ( x 2 - l )  = 0

(x 2- l ) 2 -  2x2 = 0

4 2 2w h ich  i n  t u r n  becom es x  -  4x  + 1 = 0  w h ich  i s  a  q u a d r a t i c  i n  x

T h e r e f o r e ,  t h e  l a r g e s t  r o o t  i s  x  = V 2+/3 = / 2  c o s ( 2 t/ 1 2 ) +  2 .

S u b case  2 . = / 2  c o s ( 2 tv̂ 18) + 2 .

One c a n  e a s i l y  c a l c u l a t e  t h e  c h a r a c t e r i s t i c  e q u a t io n  a s :

x ( x 6 -  6x4 + 9 x 2 + ( - 3 ) )  = 0

o r

6 4 2
x  -  6x + 9 x  -  3 =  0

2
w hich  i s  a  c u b ic  i n  x  . T h is  i s  t h e  i r r e d u c i b l e  c a s e  o f  C a rd a n 's

F o rm u la . D e s p i t e  a l g e b r a i c  d i f f i c u l t i e s  o n e  may u s e  a  t r i g o n o m e t r i c

2 3 2 2 2a p p ro a c h  t o  f i n d  th e  s o l u t i o n  t o :  (x  ) -  6 ( x  ) + 9 (x  ) - 3 = 0  .

2 °The l a r g e s t  r o o t  i s  x  = 2 c o s  20 + 2  [1 0 ,  p ag e  9 2 ] .  T h e r e f o r e ,

x  = / 2  c o s ( 2 V l 8 )  + 2  .

S u b case  3 . (Z ^) = / 2  cos(2 t/3 0 )  + 2 .

One c a n  e a s i l y  c a l c u l a t e  t h e  c h a r a c t e r i s t i c  e q u a t io n  a s :

8 6 4 2x  -  7 x  + 14x  -  8x  + 1 = 0

2
w h ich  i s  a  q u a r t i c  i n  x  . I t  i s  known t h a t  [1 0 ]

- f tc o s ( 2 t / 3 0 )  = J  9 f  / 3 0^ 6 /S
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and by s u b s t i t u t i o n  one may e a s i l y  s e e  t h a t  / 2  c o s ( 2 t / 3 0 ) + 2 = x  i s  i n  

f a c t  t h e  l a r g e s t  r o o t  o f  t h e  o r i g i n a l  e q u a t io n .

T h ese  re m a rk s  c o m p le te  t h e  p r o o f  o f  t h e  th e o re m .

Theorem  5 . 2 . A l l  t h e  l i m i t  p o i n t s  {x} o f  S su c h  t h a t  5 ^  x  <  2a^  + 1

a r e  o f  t h e  form  x  = 1 + 2X^ w i th  X̂  b e in g  th e  l a r g e s t  e ig e n v a lu e  o f

th e  ( 0 ,1 )  m a t r ix  a s s o c i a t e d  w i th  t h e  g r a p h s :

(1 ) " 1,4

(2 ) »— «— *— 1 #— • — •— •  = L , and

(3 ) Z w i th  n  ^  6 .n

P r o o f :  L e t  k® a  6 r a Ph  s e q u e n c e  and  l e t  b e  t h e  a s s o c i a t e d

( - 1 ,1 , 0 )  a d ja c e n c y  m a t r i c e s .  A ls o  su p p o se  t h a t  ^ ( B j )  "♦ *  aa  i  *♦ 00

and  5 s  x  <  2 a2 + 1 . L e t  b e  d e f in e d  by J  + = I  + 2Hi  and  ^

f o r  e a c h  i s  a  ( 0 ,1 )  m a t r ix  f o r  some g r a p h ic  s e q u e n c e  { l^ }  .

C ase  1 . I f  t h e  s i z e  o f  t h e  b i g g e s t  com ponent i n c r e a s e s  i n  t h e  {H^} ,

t h e n  w i th o u t  l o s s  o f  g e n e r a l i t y  we can  c o n s i d e r  t h e  s e q u e n c e  t o  be

s t r i c t l y  i n c r e a s i n g  in  s i z e  and e a c h  t o  b e  a c o n n e c te d  g r a p h .  I f

t h e r e  i s  a  s u b se q u e n c e  o f  c i r c u i t s  th e n  X̂  -» 2  . I f  t h e r e  e x i s t s  a 

su b se q u e n c e  o f  c y c l i c  g ra p h s  (w h ich  a r e  n o t  c y c le s )  th e n  X̂  -» h  > t  > .

T h e r e f o r e ,  t h e r e  i s  a  su b se q u e n c e  o f  t r e e s .  Now i f  t h e r e  i s  a  {P^}

o r  {>- • • -< }  o r  {Yn } ty p e  s u b s e q u e n c e ,  we h a v e  X̂  -> 2 ; o th e r w is e

X, -* h s  a  . [S e e  [ 3 ] ] .•i-

C ase  2 . The s i z e  o f  t h e  com ponen ts i s  b o u n d ed .

As b e f o r e  t h e r e  m u st b e  some c o n n e c te d  g ra p h  C s u c h  t h a t  

x  = 1 + 2X. (C) .  We a r e  t h e r e f o r e  s e a r c h in g  f o r  th o s e  ( 0 ,1 )  a d ja c e n c y
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m a t r i c e s  w i th  2 ^  •

S u b c a se  1 « I f  t h e r e  e x i s t s  a  v e r t e x  o f  C w i th  d e g r e e  5 o r  m ore th e n

C m ust c o n t a i n  ^  a s  a  su b g ra p h  and so  X^(C) s  X^(K^ ,_) = / 5  >  .

S u b case  2 . I f  t h e r e  e x i s t s  a  v e r t e x  o f  C w i th  d e g r e e  4 th e n

(a )  i f  C = K th e n

= 2 and  x  = 5 .\ < C )  =

(b ) i f  C j* K th e n  
i > 4

-9---- • i s  a  s u b g ra p h  o f  C . So we

B u t s in c e

may c o n s id e r  / o  1 0 o \

3 0 1 0

0 1 0  1 

\ 0  0 1 0 /

/  0 3 0 o \

1 0  1 0  

0 1 0  1 

\0 0 1 0 J
h a s  t h e  sam e e ig e n v a lu e s  we c a n  e q u i v a l e n t l y  c o n s id e r  t h e  g ra p h  

1 - 1  = C1 . B u t th e n  X^(C' L) >  a2 s i n c e  C* i s  a  s u p e r ­

g ra p h  o f  t h e  g ra p h  c o n s id e r e d  i n  S u b case  4 .

S u b case  3 . I f  C h a s  2 v e r t i c e s  o f  d e g r e e  3 and  A^(C) >  2 th e n

m ust b e  a  su b g ra p h  o f  C .

Now a s  n  -+ -» h  ^  ot^ . [ S e e  [ 3 ] ] ,
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S u b case  4 .

I f  C =

th e n  we s e e

^ ( C )  = ^

= y c A) = \

0 1 0  0  0  O'

1 0  1 0  0 0

0  2 0 1 0  0

0 0 1 0  1 0

0 0 0 1 0 1

\o 0 0 0 1 0/

/o 1 0 0 0 o'
11 0 2 0 0 0
! 0 1 0 1 0 0

0 0 1 0  1 0  

0 0 0 1 0 1

\o 0 0 0 1 0j
w h ere c1 = •  •

I t  may b e  e a s i l y  c a l c u l a t e d  t h a t  t h e  c h a r a c t e r i s t i c  e q u a t io n  f o r  

( - 1 )  = 0 and 2 .0 2 8 4  <  ^  «

»  • ♦  - J—•—• • • • • •

i s

x 6 -  6x4 + 8x2 + ( - 1 )  = 0 and 2 .0 2 8 4  <  ^  <  2 .0 2 8 5  o r  \  >  <*2 *

S u b c a se  5 .  C = - . n 0 1 2 n -1  n

( a )  ^ ( C 3 ) = 2

(b ) Xj,(C4 ) l i e s  b e tw e en  2 .0 1 5 3  an d  2 .0 1 5 4  an d  so

w <  a,2 *

(c )  \ < C 5) l i e s  b e tw een  2 .0 2 3 5  and  2 .0 2 3 6  and  so  

7 ^ ( 0 ^  >  a2 f o r  a l l  n  ^  5 .



S u b case  6 . I f  C = Z (w ith  n £  6 ) th e n1 n

T h is  c o m p le te s  t h e  p r o o f .
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