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Section 1: Summary of Results

By a graph G we mean an ordered pair (V(G),E(G)) where V(G)
is the set of pyints and E(G) 1is the set of edges (an edge is an
unordered pair of distinct elements of V(G) .). We denote the cardi-
nality of the set V(G) by IV(G)l « We say that point i is adjacent
to point j if there exists an edge in G joining 1 with j . The
(0,1) adjacency matrix A(G) = A of a graph is a IV(G)| X |V(G)|
symmetric matrix with zeroes on the diagonal and such that aij is 1
if point 1 1is adjacent to point j and aij is 0 otherwise. The
(-1,1,0) adjacency matrix B(G) = B of a graph is a |V(G)| X |V(G)|
symmetric matrix with zeroes on the diagonal and such that bi is -1

J
if point i is adjacent to point j and b is 1 otherwise. The

i
(0,1) eigenvalues of a graph are the eigenvalues of the associated
(0,1) adjacency matrix., The (-1,1,0) eigenvalues of a graph are the
eigenvalues of the associated (-1,1,0) adjacency matrix., We note that
every eigenvalue of a graph is a real number (since the adjacency matrix
is symmetric with real entries). We denote the eigenvalues of a matrix
in descending order as Al 2 AZ 2 A3 cee 2 Ah and in ascending order as
)\1 S)\z S)\s vee SNV, Of course, Ay = )\n+1-i for 1 €<i <n ., The
degree of a point is defined to be the number of points to which it is
adjacent. A subgraph H = (V(H),E(H)) of a graph G has the property
that V(H) 1is a subset of V(G) , and E(H) 1is a subset of E(G) . An
induced subgraph H of a graph G 1is such that H is a subgraph of G
and if i,j € V(H) are adjacent (not adjacent) in G then 1, are
adjacent (not adjacent) in H . The complement of a graph G = (V(G),E(G))

is a graph € = (V(®),E(®) with v(@) = V(G) and i,j are adjacent in

G if and only if i,j are not adjacent in G . The clique graph Kn



has n points, any two distinct points of which are adjacent. The in-
dependent graph f; has n points, no two adjacent. Some graphs of

special interest are:

P ~ e - . (n 20)
n 0 1 2 3 n-1 n
. = P0 is called the trivial graph.
Y . _ e _ . (n 20)
n -1 2 3 el n
A R (n =0)
n e - 0 1 n!T ’n
Kion ////////Zv (n 21)
4
'4
{ 2 3
\
n
C 2 (n = 3)
n
n-~\ . 3

We say that a graph G is connected if for any two points i and j

we can find some n such that H = Pn is a subgraph of G with i=0
and J=n . We define a connected component of G as a maximal connected
subgraph of G .

Let a;,3,,a be a sequence of real numbers. Then b is a

3’0‘.
linmit if and only if for any € > 0 there exists an integer N such
that Ib-anl < ¢ with n>N, The limit is non-trivial if there exists
an integer m >N such that 0 < |b-am| . Let M be a set of real

numbers, then b is a limit point of M if and only if there is a



sequence ml,m of points in M that have b as a non-trivial

2’..‘
limit, Let C be the set of all (0,1) adjacency matrices A(G)

where G is any graph. Let D be the set of all (-1,1,0) adjacency
matrices B(G) where G 1is any graph. Let R be the set of largest
eigenvalues XI(A) where A 1is any matrix in C . Let S be the set
of largest eigenvalues Xl(B) where B is any matrix in D . 1In [3]

Hoffman has proved:

Theorem: Let T = {(/5+1)/2 {("the golden ratio"), For n = 1,2,3,...

n+l n-l)

- (1 +x+ x2 + eee + X

let qn be the positive root of Pn(x) = X

1
/B

n
1

Jro

The main results of this investigation parallel the above theorem

Let « = /Bn + then [ah} is the set of all limit points of R

smaller than /7T +

for (-1,1,0) matrices,

Theorem: {4 cos(2T/2n+4) + 1|n 21} U {1 +2/2cos(2¥n) + 2|n = 12, 18, 30}

is the set of all limit points of S smaller than 5 .,

Theorem: All the limit points of S bigger than or equal to 5 and
smaller than 1 + 2 Qé are {1 + 2)1} where Al is the largest eigen-
value of the (0,1) adjacency matrix associated with any of the follow-~

ing graphs:

(a) K

(c) Z with n 26 .
Another interpretation of these results is the following. A set

. m
of m¢k (k > 0) 1lines {Ll’&z""’4m+k} through the origin in R
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is said to be equiangular if Xy € Li and (xi,xi) =1 (i=1,2,...,mtk)
implies that (xi,xj) =Yy and 0 <a<1. We say that the angle of
this equiangular set is arccos o . (See [4]).
We can ask the question: What numbers are limit points of angles
of equiangular sets? We can then interpret the theorems above to yield
the following information:

Let A bea (-1,1,0) matrix then (1) A - k;(A)I is seen to be

positive semidefinite (not positive definite) since each eigenvalue is

-1

X (a)

=20 , Next consider G = ( ) A+1I. G is also positive semidefinite

since we have divided (1) by -A;(A) >0 . Therefore G = CCt where
rank G = rank C and taking the rows of C to be xi (note: m = rank G
= rank C = # of non-zero eigenvalues <order G ) we see that G 1is the
Gramian G = ((xi,xj)) for some set of equiangular lines with angle

1 1
= = -, £33 - 0o
o W and so o —)\-1-(5— where A B another (-1,1,0)

matrix, Therefore, if A\ 1is a limit point of the largest eigenvalues of

(-1,1,0) matrices then arccos ( % ) is a 1limit point of the set of

possible angles for equiangular sets of lines,



Section 2: Preliminary Prerequisite Knowledge

Presented here is a collection of known or easily proven facts needed

in the sequel. References are supplied,

Theorem 2.1l: (Cauchy Interlacing Theorem) [5]
Let A be any real symmetric matrix of order n with eigenvalues
}‘n S ies = Al . Let B be a principal submatrix of order k with eigen-

values S see = Wy then

Py

< =
e Shy SA (=100 .

Theorem 2.2: (Courant-Weyl Inequalities) [5]

Let A and B be any real symmetric matrices of order n . Let

C=A+ B, then if 0 <i,j,i+j+l <n , we have (A)

)‘i+;j+1 © = ki+1

+ )\J+1(B) ' (In particular, )\l(C) < )i(A) + )\l(B)) .

Theorem 2.3: (Ramsey's Theorem) [7]

Let m,n 20 be given. Then there exists a number N(m,n) such
that for all graphs G with N(m,n) points or more we have that G

contains Km or K~n as an induced subgraph.

Theorem 2.4: (Perron-Frobenius Theorem) [5]

Let A be an nxn nonnegative indecomposable matrix, then:
(a) A has a real positive characteristic root r (a simple root)
and |7\i| <r for any other root }‘i of A,

(b) Corresponding to r "is a positive eigenvector x ,

(c) 1If Ay =sy (y >0), then r = s is the largest characteristic



root of A,
(d) If Ax <sx and x >0 and Ax # sx, then s >r .,

(e) 1If aij Sbij for all i,j then )\1(B) = )\l(A) .

Theorem 2.5: [5]

If A is a real symmetric nXn matrix then:

xtAx
(a) )\.I. = max ————
x£0 X X
t
(b) )\1 = min _:_c__:_x_
x£0 X x
t
(¢) If x#0 then X i\x = )\l if and only if Ax = klx .
X X

Theorem 2.6: [5]

)\1(A) < )\1(A+J)

Proof: xt(A+J)x=
t
X Ax + xth =

xtAx+ (x:L + X, + ee. + xn)zaxtAx

2

and so by Theorem 2.5 , )\l(A+J') = kl(A'; o

Theorem 2.7: [5]

Let A be any real symmetric matrix of order n then:

(a) distinct eigenvalues of A have corresponding eigenvectors
which are orthogonal.

(b) let C be a principal submatrix of A and suppose
)\l(c) = )\l(A) . If (yi) is an eigenvector of C corresponding to

)~1(C) then (x J) is an eigenvector of A corresponding to )\l(A)



where

xj={yj if column j is in C

0 otherwise.

Theorem 2.8: [3]

Let G be any graph and let A be the (0,1) adjacency matrix of

G . Then:

(a) If H is a subgraph of G then )\I(H) < )\l(G) (H need not
be induced)

(b) If H is a connected subgraph of G and H # G , then

NI <M @

-

(c) If G is connected and x >0 and if Ax <mx and Ax # mx
then m > )i(A) .
(d) If G is connected and (aut) is an automorphism of G and

Ax = )\lx , then if (aut)(i) = j , then we have that X, = x.j .

Proof: (a),(b) and (c) follow immediately from Theorem 2.4.

(d) Let S be the permutation matrix corresponding to (aut) and let
A be the adjacency matrix of G . Then )\1x = Ax = StASx . So we get
)\l(Sx) = A(Sx) ¥* Therefore, by Theorem 2.4, Sx = kx for some positive
scalar k . But since (Sx)t(Sx) = (kx)(kx) we see k =1 and so

Sx = x , And the proof is complete,
Theorem 2.9 (Hurwitz) [9]:

Let fn(z) be a sequence of functions, each analytic in a region
D bounded by a simple closed curve and let fn(z) -+ £(z) wuniformly in

D . Also f(z) is not the zero function. Let z, be an interior

is a zero of £(z) if and only if z_ is a limit

point of D; then =z 0

0
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point of the set of zeroes of the fn(z) « (Hoere, if =z

infinitely often, it is also considered a limit point.)

0

appears



Section 3: Some Important Theorems

In this section we develop three important theowems which serve as
major tools for proving the main theorems in Section 5, The first two
theorems deal respectively with the (-1,1,0) case and the (0,1) case.
In the first case we consider what happens to Al when a large clique is
adjoined to each point of a given graph. In the second case we consider
what happens to Al when a long path is adjoined to a single point of
a given graph. Finally, we characterize those graphs whose (0,1) ad-

Jjacency matrices have Xl <2 ., We begin with some lemmas:

Lemma 3.1 Iet B be the (-1,1,0) adjacency matrix of the clique

graph Kn , then Al =1,

Proof: We see that B =1I ~J where 1 is the identity matrix and J
is the matrix of all ones. We see that there are (n-1) eigenvectors

associated with the eigenvalue 1 , namely,

(1:'1:0’0900"0’0)
(,1,-1,0,...,0,0)

(0,0,1’-1, ...,0,0)

-(0,0,0’0’ 000,1,-1)
and we also note that

a,1,1,1,...,1,1)

is the eigenvector associated with the eigenvalue (1-n) ., It then

immediately follows that Al =1,

Lemma 3.2 If G is such that G has at least two points, then the
largest eigenvalue Al of the (-1,1,0) adjacency matrix B of G 1is

bigger than or equal to 1 ,
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Proof: If G = Kn , then Al =1 by Lemma 3.1. If G 1is not equal to
a clique graph, then there exists a principal submatrix J-I of order
2 0f B and since this submatrix has largest eigenvalue 1 , the Cauchy

Interlacing Theorem implies that AI(B) 21,

Lemma 3,3 Let B be the (-1,1,0) adjacency matrix of the independent

graph Kn , then Al = n-1 ,

Proof: We note that B = J-I ., We see that there are (n-l) eigenvectors

associated with the eigenvalue -1 , namely,
(1,"1,0,0,--0,0,0)
(,1,-1,0,...,0,0)

(0,0,1,-1,...,0,0)

(0,0,0,0, ceeyl,-1)
and we note also that the vector
(,1,1,1,...,1,1)

is the eigenvector associsted with the eigenvalue (n-1) . Therefore,

Al = n~-1l .,

We next introduce the Seidel=-switch [4].

Definition 3.4. Let A be the (-1,1,0) adjacency matrix of some

graph G , then we say A swB (read A 1is switch equivalent to B )
if and only if there exists a subset V1 of points in G such that

DAD = B where V

V-V, and D 1is defined by

2 1
vl v2
0
V1 +I
D=
Vv 0 =1
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In other words, if G = (V(G),E(G)) 1is a graph, then B is of the form
H= (V(H),E()) with V() = V(G) and

E(H) = E@G) - { e |e is an edge in E(G) and joins a point in V1 to a
point in vz}

u{,) |1 € V,,J €V, and (1,3 $E@] .
Lemma 3.5 sw is an equivalence rekation.

Proof: (1) IAI = A (reflexive)

(2) if DAD = B then

since D = D-l , we also have A = DBD , (symmetric)
(3) if DAD = B and
if EBE = C then

(ED) A (DE) = C and (ED)
is obviously of the required form. (transitive).
Lemma 3,6 If A swB then Xl(A) = )1(3) .

Proof: If A sw B then in particular A 1is similar to B and from

elementary matrix theory, we have )'I(A) = )\I(B) .

Theorem 3.7 Let A be a fixed symmetric mXm matrix and let

?\I(A) >1 . Also let

m n
m A | -J
Bn =
n -J | 1-J

then 1lim )'I(Bn) = )\l(A+J) .

n-ye

Proof: We first notice that )‘I(Bn) < H(Bvﬂ) by the Cauchy Interliacing

Theorem and therefore the sequence is non-decreasing. Now consider



therefore

A+J-1 0)

NGB <A D + A ( 119

=1+ A1(A+J-I) .

So we see that {Al(Bn)} is non-decreasing and bounded above by

1+ )1(A+J-I) . It must therefore have some limit, say h . (We note
here that although h is the limit of the sequence {Al(Bn)} , it may
not be the limit point of the set {)l(Bn)} e)

Consider the (n-1) eigenvectors of Bn :

(]
[

(0’0’.no’o;l,-l,o,o,.oo’ego)

1

fz = (0,0’.o.’o;o,l,-l,o’.oo’oyo)
f3 = (0,0’.-0’0;0,0,1’-1’-.‘,0,0)
fn-l = (0,0,...,0;0,0,0,0,...,1,‘1)

associated with the eigenvale +1 . Now let us consider the eigenvector
v = (xl,xz,...,xm;yl,...,yn) associated with A . Since N >1 we

note that v must be orthogonal to the (n-l) eigenvectors fi

(i=1’2,..o,n-1) . It fOllOWS that v = (xl,xz,...,xm;y,y,...,}') . SO

B ° vt = avt s equivalent to the system:
t t t
(i) Ax - J(y,y,-..,Y) = )\ X

(ii) -th + (y,y,...,y)t - J(y,y,...,y)t = k(yo...,y)t
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But the n equations of (ii) each are:
-(1,...,1) * xt - (n-1+Ny =0 .
We therefore now consider the s :¢.m?
(D' A-AD *x ~T° oo, =0
(i)’ -Q@,1,...,1) ° x* - (n-1+Ny =0 .

We are therefore interested in the largest root of:

-1
-1
. =0 (*)
det A~-AI .
=1
1 A
< -1 -1 ... -1 ;-l-;

Since A 1is bounded above, as n 40 we get:

-1
-1

det A-2\I =0 (%*)
1
-1 -1 ... =1 | =1

Therefore )\1 is the largest root of (*) implies )\1 is a root of
(**) but maybe not the largest. But by setting fn(D = (¥) and
noting that (as n <o) fn(M < (**) = £()) (this is true, since

fn()‘) - £()\) = (2—;)-‘) +« det(A-A I).) and also choosing D such that

all the roots of f£(\) are inside D , we see that 7\1 must be the
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largest root of (**) by Hurwitz' Theorem.

We may therefore consider the system:
W’ @-rDw - @,1,...,0D z=0
(11)"  =@,1,...,)% -~z =0,
However, (ii)” implies that z = -(1,1,...,1)wt and so by substitu-
tion into (i)” we have that
(A-2 D’ - @,1,...,1D° « (=@,1,...,0)%) =0
which is equivalent to
(A+J-) I)wt =0

and so lim Al(Bn) = K1(A+J) . And the proof is complete.
n-o

Theorem 3.8 Let A be the (-1,1,0) adjacency matrix of a graph G

A =
and let B be as in Theorem 3.7. Then iﬂz l(Bn) %1(A+J) = k1(1+2A(G))

where A(G) 1is the (0,1) adjacency matrix of G .

Proof: This is simply a restatement of Theorem 3.7 in a form for which

we have a later use.
Definition 3.9. Let Al be any matrix and let Ao be obtained from

A1 by deleting the last row and last column. Let Ai (1=2,3,...) Dbe

defined recursively by:

OP—'O"OOO

00..,01
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Let Pi(x) be the associated characteristic polynomial of the matrix

Ai . (We shall write Pi for short,) Also Q = PO and P = P1 .

We also define

9=(x+*/x2-4>/2.

One may easily see now that

%—=(x-'\/x2-4)/2
1
and also 6 + = x
and 6 - % = J x2 -4

which follow immediately from the definition of 6 . For the next theorem

also see [6].

Theorem 3,10 Let A1 be the (o0,1) adjacency matrix of a graph G

be defined as in Definition 3.9. Then for n =2 2

and let Ao,Al,Az,...
we have n
es o) - (-39) ¢
P =
n
1
- <]

where 6 #£ h.

Proof: We notice that

Q= Po = det(Ao -x I)
P = Pl = det(A1 -x I)
and Pn+1 = xPn - Pn--l *

Also if n =2 2 then

() P, -0P = (xB)(P 6P )

1l 1
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and
1 1 1
11 Pn+1_ E'Pn - (x - 5)( pn- E'Pn—l)

are easily seen to be true. Since 6 + % = x we find equivalently that:

) 1
(1) Pn+1- 8 Pn = 3 (Pn- 2] Pn-l)
and
’ 1 _ _1
(1D Pn+1- [} Pn =8 (pn e pn—l.) *

Now using (i) the factor ( %) can be pulled out (n-1) times in (i)’ .

Similarly using (ii) the factor (8) can be pulled out (n-1l) times in

(i1)’ . We therefore get:

"
S pn+1- ® Pn (

-;—)n (-8 @

and

" 1 n 1
an’ e -Fp = @™ (r-2a ).

n+l

Now by subtracting (ii)” from (i)” we see that

eso(3 - (39 o

i
6

P
n

-8
where 0 # tl . And we are finished.

Theorem 3.11 Let A, (i=0,1,2,...) be the (0,1) adjacency matrices
of a graph sequence {Gi} . Also assume for each graph )1 # 2 , then

1lim Al(Ai) is the largest root of 6 PQ =0 .
i

Proof: Consider

- (P c»(%i -(e-2q) @' -0

S’

-8

|-
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which implies

eso (3) - (1) @ -0

and so

hY

21 ;1
) @8 -(P-59) _,

(

and as i 920 we have that the limit of the largest eigenvalues 1is the

D)=

largest root of the polynominial equation

QP-Q=0.

Lemma 3.12, Consider the graph

1
Ein® o 2 with (0,1)
m
adjacency matrix A then X\ = J/m

Proof: We note that A is (m+l) X (m+l) and

0111...111

00 ...000

.
‘o
e o'

00 ...000

o8 fud
[«

[
o

1000 ...000
The characteristic equation is easily calculated to be:
m

x -1 (x2-m) =0 .

Therefore, x = /m = N -
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Lemma 3,13, If {Gi} is a sequence of connected graphs (with |vi| 20)
then either (1) the size of the largest degree increases, or
(2) the size of the diameter increases

or both,

Proof: Let D = max(deg(v)) and let d be the diameter. We can assume
that D 23 else d GG, Now since

V] <1 + D+ p-1) + d@-1? + ... + D@1

d=1
=1+ Z D(D-l)i st + 1.
i=0

Therefore, we may conclude that 1log(|V|-1) <d(log D) <dD . But

d*D < (max (d,D))2 , therefore '\llog(|V l-l) <max (d,D) . Since
IVil +CO we can easily see that D +O or d -0 or both which was to

be shown.

Lemma 3.14. 1lim )\L(Pn) = 2 where )“.l(pn) is the largest eigenvalue of
nae®

the (0,1) adjacency matrix A of the graph Pn .

Proof: Since Al(Pn) = max we see using X = 1,1,...,1) that
x¥0 xx
2(nwl) _ _2
Al(Pn) P — = 2 < We see that 1lim )\l(Pn) 22 , Now by Theorem

n+®

X+/x3=4" )

3.11, if 1lim A (pn) > 2 then it is the largest root of (x3-2x)( >
n-®

- (x2-1) =0 , But this equation has no largest root. Therefore, we must

have that 1lim )“J.(Pn) = 2 and we are done.
n-®

Lemma 3.15. 1 is not a limit point of S (the set of largest eigenvalues

for the (-1,1,0) matrices),
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Proof: Let {Gi} be a sequence with limit 1 . We can assume each Gi

is connected with the largest possible switch equivalent clique., Without

loss of generality no Gi is a clique. Pick any point p in G We

i .

can take p to be adjacent to each other vertex in G, by using a switch.

i

In G,-p we can find two non-adjacent vertices (else G

. is a clique),

i

Therefore, = K is an induced subgraph of G

1,2

i ° But Al(Kl’z) = 2

and so kl(Gi) 22, Note we have also shown:

Lemma 3.16 AI(G) =1 4if and only if G sw Kn for some n , And if

G # Kn then Al(G) 22 , For the following also see [8,4].

Theorem 3,17. Let C be a graph of the (0,1) type. Al(C) <2 4if and
only if C 1is one of the following graphs:

1) c

P (n=0,1,2,...)

(2 ¢C Yn (n=0,1,2,...)

(3) C 1is any of ZZ’ZS’Z4

Proof: 1If C is a circuit or contains a circuit, then Al would be at

least 2 . Therefore C mnust be a tree.

(a) Since lim Al(Pn) = 2 (by lemma 3.14), we see C may be any
n-e

of PO’Pl"'° graphs.
(b) C cannot have a vertex of degree 4 or more. If C did have

a vertex of degree 4 or more then 2 = /4 = xl(K1’4) < xl(c) .
(c) C cannot contain two vertices of degree 3 . If C did contain

two vertices of degree 3 then >‘o T2 “_‘<“_\ ny =G

(n=0,1,2,...) 1is a subgraph of C . But AI(G) = 2 since the
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associated eigenvector is (1,1,2,2,2,...,2,1,1) .

(d) If C is a tree with a vertex of degree 3 then

G = ,_._I_,_. cannot be a subgraph. One can easily calculate

the characteristic polynominial equation to be (x2--1)2 . (x3-4x) =0

and so )\I(G) =2 < )\l(C) .

(e) Similarly, G = ._._I_._._._._. has )l(G) = 2 and so G cannot

be contained in C .

(&) I1f G = ._._._I_._,_. then the characteristic equation is :

xz(xz-l) (x2-2) (x2-4) = 0 and so Al(G) = 2 and again G cannot
be a subgraph of C ,

(g) Finally, we see that 1lim M(Yn) = 2. Foreach n, P isa
n+®

subgraph of Yn and therefore by Theorem 2,1 1lim )‘1(Yn) 22,
n-+

Consider xt = (1,1,2,2,...,2,2) , We have then that Ax < 2x and so by

Theorem 2.8 we have )\I(Yn) <2 for each n . And so 1lim Al(Yn) =2,
n+®




Section 4: The Required Graphs.

In this section we find the type of graph sequence which has as a
limit point of {kl(Gi)} a number less than 5 .
Let {Gi} be a sequence of distinct graphs. Since each graph, G i

is distinct, we see that |V(Gi) | 4c0.

Theorem 4.1. 1If )\1(G) is a (0,1) eigenvalue for some connected graph
G then 1 + 2)\1(6) is a limit poing of S . In particular, to find all
the limit points {x} of S such that 3 <x <5, it suffices to find
all those non-trivial graphs C such that Al(C) <2 (here C 1is con-
sidered in the (0,1) sense),

Before proving Theorem 4.1, it is of interest to see what the smallest

possible limit point of S can be.

Theorem 4.2. 3 is the smallest possible limit point of S . (Later we
shall see that 3 is in fact a limit point and so 3 is the smallest limit

point of S .)

Proof: Let {Gi} be a sequence of distinct graphs. We know that

1lim )'I(Gi) =h >1 . We use Ramsey's Theorem to see that as i -0, the
i+

size of the largest clique (considered as an induced subgraph) or the
size of the largest independent subgraph must increase.
Consider the following two cases:
Case 1. If there exists a subsequence of {Gi} such that the size of the
largest independent subgraph increases, then by Cauchy's Interlacing Theorem

together with Lemma 3.3 we see that )\I(Gi) 400 as 1 40,

21
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Case 2. If Casel does not occur then we are assured by Ramsey's Theorem
that there exists a subsequence of ﬁGi} such that the size of the
largest clique subgraph increases. Without loss of generality we can
assume no graph in the sequence is sw to a clique. Consider one of the
graphs in the sequence and let B be its (-1,1,0) adjacency matrix.
Since B 1is not a clique, there exists a point p in the graph which is

not adjacent to a point in the largest clique subgraph. So B is of the

form:
. N\
" I

0 1

B = C }

t -1

-1

11...-1~1{ 0O

where C corresponds to the largest clique subgraph and the last row
and column of B correspond to the point p . By using the Seidel Switch
(sw) we may also assume without loss of generality that the number of
points in C to which p is adjacent is not less than the number of
points in C to which p is not adjacent.

Let {Hi} be the graph sequence associated with the (-1,1,0)

adjacency matrices

1
1

D, = ¢ :
-1

-1

11...-1-1 0

We note that Hi is a subgraph of G for each 1 .,
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Let order(Hi) = n1+1 , then degree(p) = ni/2 (here we consider p
H
i

as a point of Hi ). Define m o=mn - deg(p) . (We note Al(Gi)

2 > - = = .
Al(Hi) Al(Hi p) Al(KJ) 1 (These inequalities are a result of
Cauchy's Interlacing Theorem.)). So {)l(Hi)} is bounded. We now show

that ﬁni} is bounded. Suppose it is not, then we have that Li CZHi

and such that the correspoiding submatrix for Li is the (2mi+1) by

(2mi+1) matrix given by:

0 -l ve e -1 1 see 1
-1

. I -4 -J
-1

1l

. -J I1-J

1 .

We now consider the vector v = (-1 + V1+8 ’ -1,-1,...,-1,1,1,...,1)
2

whose eigenvalue is A= ((1 + /I+8m;)/2) . But as my -005, we have
that A 94 and so Al(Gi) + OO which is a contradiction. Therefore
ﬁmi} is bounded,

Since ﬂmi} is bounded we pick a value, say m , that occurs

infinitely often and consider the corresponding subsequence {Hk} with

associated matrix:

1-J|-J

-J [ A

where A is (m+l) by (m+l) and A 1is fixed and the last row and

last column correspond to p . We can now apply Theorem 3.7 to the matrices
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associated with {Hk} . We find that )\I(Hk) + ) (A+J) and by Theorem

3.8, Al(l{k) -+ )‘1(I+2K1,m) . By Lemma 3.12, we finally see that

MAE) 41+ 2/m .

We see m # 0 , otherwise {H.k} would be a sequence of cliques and
hence impossible, Therefore the smallest possible 1imit point is
3=1+ 21,

We shall later see that, in fact, the sequence {Kw- x} (w=3,4,...
with Kw a w-clique and x any edge of K_ ) has 3 as a limit point.
This concludes the proof.

We now prove Theorem 4.1 : If )\1(G) is a (0,1) eigenvalue for

some connected graph G then 1 + 2)\1((}) is a limit point of S .,

Proof of 4.1. Consider again a sequence {Gi} of graphs none of which
is a clique. Let {Bi} be the associated (-1,1,0) adjacency matrices
and let )»I(Bi) +h 23,

Consider a new sequence of graphs {H:l} obtained by considering
{B—L;—'-I - %} = {Ai} as the (0,1) adjacency matrices for the {Hi}
(i=1,2,... )« We consider two cases:

Case 1. The size of the largest component is bounded for each H:l .

Since for each H:i. s A, 1s possibly decomposible, we have

i
Al(A 1) = max)\l(C) (we take the maximum over all the connected components

C of Hi )& Also by using Theorem 2.6 we have that

xl(Bi) < )\I(Bi + J)

1+ 2)1(Ai)

1+ 2(max)\1(c)) .
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Since the size of the largest component is bounded there exists some
graph C which occurs infinitely often as a subgraph of the Hi (for
each i ) and such that if there is any other graph (3k with this

rt
property we have )“.I.(Ck) < )‘I(C) .

We now consider the subsequence {H1 } such that C is a component

J

of each graph in the subsequence. We see immediately that

h = 1lim )“.I.(Bi) < lim )'I(Bi"' 3N =1+ 2)\1(0) .
h ) 140

Consider now the subsequence {Bi } of matrices associated with
4

{Hi } . (Recall these matrices are (-~1,1,0) .) Each {Bi } contains
3 3
a submatrix n

B(C,m) = m{ 1-J | -J

-J | -J + I + 2A(C)

where m + <O as i;j + @ and A(C) is the (0,1) adjacency matrix

of C, Since B(C,M) is a principal submatrix of Bi we see that
3

B, ) = A (B(C,n)) d h = 1lim (B,) =1i (8(C,m)) =1 + 2) (C)
W@ ) 2 R EED) wmdso h=lin K@) =lm K GE, y

(by Theorem 3,7)%, However, even though h is a limit - is this limit

non~trivial or not?

We now show that this limit is non-~trivial and so h =1 + 2)\1(0)
is a limit point for {Gi} . This is accomplished by first defining
B(C,0) = ~J + I + 2A(C) and so

m
m, ~—

{ (1 -3J | -J

(-J | BCc,0

B(C,m) =

By the Cauchy Interlacing Theorem it follows that )\1(B(C,0)) < Al(B(C,l) S vee
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Assume B(C,m) 1s the first of the B(C,i) such that )\l(B(C,m))
= )\I(B(C,m+1)) o Let (¥,¥5+.+,¥;X) = ¢ be the associated eigenvector
for B(C,m) then by Theorem 2.7 (0,y,¥,...;X) 1is an eigenvector for
B(C,m+1) ,
Therefore,
B(C,0)* x ~myu= AX
-utx + (2-m)y = Ay

-utx -my=0,

Since )\122 we see that y = 0 and so ZxJ=0. So x 0 and
B(C,0)x= A x and x is not associated with )\I(B(C,O)+J) since
B(C,0)+J is a nonnegative matrix. ?\l(B(C,m)) = Al(B(C,O)) (since
y = 0) and this value is some eigenvalue of (B(C,0)+J) , that is to

stay, )\I(B(C,O)) < )\Z(B(C,O)+J) . But since ).2(B(C,O)+J) < )2(.]) + kl(B(C,O))

0+ )\l(B(C,O))
N (B(C,00)

we have therefore, ll(B(C,O)) = }\Z(B(C,O)+J) so that if ).l(B(C,m))

= ).I(B(C,m+1)) we see that they must both be equal to )\l(B(C,O)) and
this cannot happen forever since the limit h = )\I(B(C,O)+J) and
)\l(B(C,O)+J') > 7§(B(C,O)+J) (by the Perron Frobenius Theorem)y Also
note that this argument implies that if )\l(B(C,m)) < )\I(B(C,m+1)) then
for all k >m we have kl(B(C,k)) < M(B(C,k+1)) . And s0 h 1is a
1limit point, So that given any (0,1) adjacency matrix of a nontrivial
graph C we can find a limit point of S, 1 + 2)\1(0), using )\l(C) .
There may, however, be other limit points not obtainable in this manner.

However, all those limit points [x} such that 3 <x <5 are obtained

in this manner. We now study this:
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Case 2. Size of the largest component of each Hi is not bounded. By
Lemma 3.13 we must consider two subcases:

subcase 1 (D » K

Here we can find a subsequence {Hn} of {H i} such that for each

n=1,2,,.. Hn contains a principal (n+l) by (n+l) submatrix of the

form

st = O

By Theorem 2.8 and Cauchy's Interlacing Theorem we see:
)‘I(Kl,n) sNM) < NEH) .

Ve again consider the original sequence {Gi} with (-1,1,0) matrices

{Bi} . We can therefore find a subsequence {Gi } such that each B,
3 J
has a principal submatrix of the form

I—J' ~J

-J |-J+I+2DJ

and L 3 is (k+j+l) by (k+j+l) . By Cauchy's Interlacing Theorem

L < B that 1lim L lim B =h , First fi
NP SR, e that in 4 ( P f ke, rst fix

and we have that 1lim L =1+ 2 <h usi Theorem 3.7.
J Lim )\1( J) )‘l(xl,n) sing

However, now letting Jj + &, we see that 1lim h = < by Lemma 3,13.
34

Hence, h 1is not less than S5 .



subcase 2 (d -» &)
Here we can find a subsequence {Hn} of {Hi} such that for each
n=1,2,... % Hn contains a principal (n+l) by (n+l) submatrix of

the form

= o
HO M
—=oKr
oH

X 0 1
1 0
By Theorem 2.8 and Cauchy's Interlacing Theorem we see that
. G
)‘J.(pn) < )“.I.(En) < )‘I(Hn) We again consider the original sequence { i}
with (-1,1,0) adjacency matrices {Bi} . We can therefore find a sub-

sequence {G such that each {Bi } has a principal submatrix of the
J

}
i,
form

I-J| -J

J -J I-J+1+EJ

and MJ is (k+j+1) by (k+j+1) . By the Cauchy Interlacing Theorem

)\l(Mj) < )\1(Bi‘) so that 1lim )‘I(Mj) < 1lim )\1(311) =h . First fix
i, i,9®
J b

j and we see that 1lim )“.l(M ) =1+ 2)\1(P.) <h wusing Theorem 3.7,
Ko J J

However, letting j » @ we see 1limh 21 + 2(2) = 5, hence h again
Jr®

is not less than 5 . This completes the proof,
We must now consider those graphs C (nontrivial) such that if

)\1(0) is the largest eigenvalue of the (0,1) matrix of C then
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)\1(0) <2 ., This is studied more closely in the next section.
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Section 5: The Main Theorems

We are now in a position to prove the main theorems,

Theorem 5.1

{4 cos(2W2n+4) + 1|n 21} U {1 + 2/2 cos(2w/n) + 2| n=12,18 or 30}
are all the 1limit points of S smaller than 65 .

Proof: By the remarks made in Section 4, it is sufficient to find all
the graphs G whose (0,1) adjacency matrix has xl <2, In Theorem
3.17 we found that the required graphs are Pn(nzl), Yn(nzo) and

Z Z or Z, . We consider three cases,

2 °3 4
Case 1. Xl(Pn) =2 cos{(27/2n+4) with n =21 ,

Proof of Case 1. We use Theorem 3.10, Here Q= x and P = x2 -1.

Therefore, (P-6 Q) - (P— %-Q) an =0, or
pei- 6% + ™ - 0) =0 (with 6 £ i),

becomes upon substitution for Q@ and P : (xz-l)(l—ezn) + x(ezn'l-e) =0 .

So that (92+2+ %b_1> (1-92n) + <9+ %) (92n'1-6) = 0 , This is equivalent
to

e2n+2 _1 0

62

or

e®4 1.0 (04t .

th 1
Therefore € 1s a (2n+4) root of unity. Since x = 0 + g+ ve are
looking for max 0+ L max x . Since (2n+4) 1s even we have that
0%-1

*
6 (the conjugate of © , some (2n+4)th root of unity) is also a

(2n+4)th root of unity so that

*
0+%-=9+9-*=9+9*=2cos(21'k/2n+4)
08

30
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where kX £ 0 or n+t2 (since 6 # 41 or -1) and 1 <k <2n+t3 . We
notice also that the maximum is achieved when k =1 .,

So Al(Pn) = 2 cos(217/2n+4) .

Case 2. Al(Yn) = 2 cos(2/4n+8) n =20

X

;
Proof of Case 2. Here we have that Q = x3 -2x and P = xskx- 3) .

Therefore (x4-3x2)(1—62n) + (x3-2x)(92n_1-9) = 0 . Recalling that

x=06+ % , we have

4 2 1 1 2n /.3 1 1 2n-1
(6 +07+ Fat 5‘) (1-6 ) + (S +6+ 7t 33)<6 -9) =0 .

So equivalently one finds that:

or
62n+4(94_1) + (94_1) =0.

Since 9 # i1 , we see that

2n+4
+

e 1=0 n>0

*
/2 by Case 1.) Therefore max x = max 6 + 6 as

(if n=0 then x v
p+21

before. Using De Moivre's Theorem we see that 62n+4 = =1 = () (cos T+ isin )

and the (2n+4)th roots of (~1) are cos(k1/2n+4) + i sin(k7/2n+4) and
so max x = max 2 cos(kW2n+4) where k # 0 or n+2 . We note that the
maximum is achieved when k=1 . So hl(Yn) = 2 cos(27/4n+8) . And so

we see that {A (Y )} is a subset of {xl(pn)} .

Case 3, There are three different subcases corresponding to the three

proper subgraphs of 2 which are of interest to us.

5
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Proof of Case 3.

Subcase 1, xl(zz) = /2 cos(2/12)+2 .
One can easily calculate the characteristic equation to be:
x2-1)3 - 2x%(x%4) = 0

or

2-1)2% - 2% < 0

which in turn becomes x4 - 4x2 + 1 = 0 which is a quadratic in x

Therefore, the largest root is x = V2+/3 = /2 cos(ZW12)+ 2 .

Subcase 2. AI(ZS) = /2 cos(2/18) + 2 .

One can easily calculate the characteristic equation as:

x(x6 - 6x4 + 9x2 + (=3)) =0

or

x6 - 6x4 + 9x2 -3=0

which is a cubic in x2 . This is the irreducible case of Cardan's

Formula. Despite algebraic difficulties one may use a trigonometric

3

approach to find the solution to: (xz) - 6(x2)2 + 9(x2) -3=0.

The largest root is x2 = 2 cos 20° + 2 [10, page 92]. Therefore,

x = /2 cos(21/18) +2 .

Subcase 3. %1(24) = /2 cos(27W/30) +2 .

One can easily calculate the characteristic equation as:
x8 - 7x6 + 14x4 - 8x2 +1=0
which is a quartic in x2 . It is known that [10]

cos(21/30) = /9 + /5 + /30-6/5

16
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and by substitution one may easily see that /2 cos(21/30)+2 = x is in
fact the largest root of the original equation.

These remarks complete the proof of the theorem.

Theorem 5.2. All the limit points {x} of 8 such that 5 <x < 202 + 1
are of the form x=1 + 2)\1 with )\1 being the largest eigenvalue of

the (0,1) matrix associated with the graphs:

1) K1’4

2 H—O—I—H—‘—Q=Lv and

(3 zn with n 26 ,

Proof: Let {Gi} be a graph sequence and let {Bi} be the associated
(-1,1,0) adjacuncy matrices. Also suppose that )\1(Bi) +x as i 4 ©

and 5 sx <2a2+1. Let Hi be defined by J~r-Bi=I+2H1 and H1

for each is a (0,1) matrix for some graphic sequence {Hi} .

Case 1. If the size of the biggest component increases in the {Hi} ’
then without loss of generality we can consider the sequence to be
strictly increasing in size and each Hi to be a connectdd graph. If
there is a subsequence of circuits then )\1 <+ 2, If there exists a
subsequence of cyclic graphs (which are not cycles) then )“.l +hz2T> o, .
Therefore, there is a subsequence of trees., Now if there is a {Pn}

or {>- ++=<} or {Yn} type subsequence, we have )\ -+ 2 ; otherwise

A, +h 2 a, [see [3]].

Case 2. The size of the components is bounded.
As before there must be some comnected graph C such that

Xx=1+ 2)\1(0) . We are therefore searching for those (0,1) adjacency
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matrices with 2 < )\1 < oy -

Subcase 1. If there exists a vertex of C with degree 5 or more then

C must contain K as a subgraph and so )\ (C) 2 )‘I(Kl 5) =/5 > ¢
2

1,5

2 .

Subcase 2. If there exists a vertex of C with degree 4 then

(a) if C=K1,4 then

H(C)=2 and x =

(b) if C;lKl,4 then

>._*_.. is a subgraph of C ., So we

may consider 0 1

3 0

But since 0 3

0

1

0

0

has the same eigenvalues we can equivalently consider the graph

1

= C . But then M(Cl) > o, since Cl is a super-

2

graph of the graph considered in Subcase 4.

Subcase 3. If C has 2 vertices of degree 3 and Al(C) > 2 then

‘_—>._.._._‘_< must be a subgraph of C ,

Now as n + &, A +h 2a, . [see [3]].
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Subcase 4.

If C=

then we see

hl(c)=>‘1 010000

101000

020100

001010

000101

000010

=>‘1(Cl)=)\1 /6010000
/

/1102000

{010100

001010

000101

000010

whore C* HC .

It may be easily calculated that the characteristic equation for C]' is

6
X -6x4+8x2+(—1)=0 and 2.0284<)\:l < 2.0285 or )\1>a2.

Subcase 5. Cn = H—-‘—I—.—‘ DX e

0 1 2 n-l n
(a) )\1(03) =2
(b) )\1(04) lies between 2.0153 and 2.0154 and so
)\1(04) < a, -

(c) ?\1(05) lies between 2.0235 and 2,0236 and so

=
)i(cn) > cxz for all n 5 .
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Subcase 6. If C = Zn (with n 26 ) then Al(c) < o,

This completes the proof.

(see [3]).
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