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SECTION 1

INTRODUCTION

The object of this paper is to establish extensions of given par-
tially ordered families of fibrations to fibrations having the colimit~
weak colimit property with respect to these given families.

The definitions and results contained herein are formulated within
the category of quasi-topological spaces and maps Q . The basic prop~
erties of Q are described by E. Spanier in [7]. In the forthcoming
book by E. Dyer and S. Eilenberg [4], it is demonstrated that this
category contains all necessary objects, maps, and properties, needed
in the exposition of this paper. For notational convenience we drop
the prefix "quasi" with the understanding that we confine our construc-
tions to the category Q and all categories derived from it.

We begin by constructing an extemnsion of a partially ordered family
over the same base space. We call this construction, which has the co-
limit property with respect to the given family, a vertical extension
of this family. We note that some of these results in Section 2 were
obtained independently by Mr. Lewis Berkhout [unpublished].

In Section 3 we show that, given a family of fibrations {po}oéz
over a numerable open cover of a space B which are fiber homotopically
equivalent over the non-empty intersections, we are able to construct
a fibration over B . This horizontal extension is fiber homotopically
equivalent to each fibration in the family when restricted to the

respective covering space, and it has the colimit property with respect

to {pc}cé):! '



We define 7 as the category whose objects are fibrations over
locally contractible in the large base spaces and whose morphisms are
fiber homotopic classes of maps between the total spaces and cofibra-
tions between the base spaces. We finally prove that this category
contains distinguished weak colimits provided that the colimit of the
base spaces is locally contractible in the large and that the inclusion
maps of these bases into this colimit are cofibrations. Such are the

main results in Section 4.



SECTION 2

A VERTICAL EXTENSION

A vertical extension of a given set of fibrations over a common
base space:
We begin this section with a formulation of basic results and de-

finitions to be used throughout this paper.

lemma 2.1: Let 8:

1
X > X
L) 3
J2 S
p)
[2.1.1]

be a pullback diagram such that (Jl o ;]2): Xl u X2 - Y is a projection,

and if two points in either X1 or X2 have the same image in Y , then

a point in X also has that image. Then #® is a pushout diagram.

Proof: Let:

9
—_

X X,

?

L) 3
I 4

Xy 2 __Sp
[2.1.2]

q
be the pushout diagram assoclated with {X—E—->xk, k = 1,2} . We will

show that Y and P are homeomorphic by a map F: P~ Y . Since 8



commutes, there exists a unique map F: P =Y such that F J; = Jk ’
(k = 1’2) .
Define a function F ': Y =P as follows:
_1 - ? _
F @, (x)) =31x), &=1,2).
To show that F-l is well-defined, we first show that it is defined for
every Yy E€EY . Let y €Y . Since (jl u 32): X1 UX, =Y is a pro-
jection, there exists an element xL € XL , 4 =1 or 2) such that
- -1 )
JL(XL) =y . Thus, F (y) = JL(xL) .
If Jl(xl) = Jz(xz), then there exists an element x € X such that
_ _ -1 _ sl Y ) Y _
q (x)=x , (k=1,2) . Thus F Jl(xl) = Jl(xl) = qul(X) = J,0,(x) =
. -1
? I _ 2
If Xy, X € XL such that xL £ Xy and JL(XL) = JL(XL) , then
there exists an element x € X such that ngL(x) = JL(XL) . Let us

assume, without loss of generality, that {4 =1 . Then jlql(x) =

- 14 -
jl(xl) = Jl(xl) . Since quz(x) = qul(x) and qz(x) € x2 , We can

conclude from the above that F-ljl(xl) = F-lquz(x) and F-ljl(xi)
-1 -1 _ 1 ? -1
F quz(x) . Thus F jl(xl) = F jl(xl) . Therefore F is well
defined.

To show that F-1 is continuous, we need only show that

F.l(j1 u jz) is continuous since (Jl u jz) is a projection.

F-I(J1 Ui, = (J; u J;) . (J; v j;) is continuous by the top-

ology given the pushout space P . Thus F-1 is continuous.

-] PR | Y
F F jk =F jk = Jk : Xk - P . Thus, by the uniqueness of the

pushout map, F-lF =1

P



-1 -1 -
FF *J, = F J; =J : X ~Y. Thus FF (y) = FF IJL(xL) =

1

J»L(x{,) =y , implying that FF =1 Therefore F 1is a homeo-

Y .
morphism implying that #® 1is a pushout diagram.

Let M be the mapping category associated with Q , i.e., p € oblh
provided that p is a morphism in Q , and f € m(p,p') if and only

if £ = (f',f") , 8 pair of Q-morphisms such that:

X > x*

P p’

B £ > B’
[2.2.1]

is a commuting diagram.

We let D and R: M = Q@ be the covariant domain and range functors
respectively, Finally, we denote by N/B the subcategory of M whose
objects are maps in Q over B and whose morphisms have as the second

coordinate the identity map over B .

Theorem 2.2: M and NVB have pushouts, pullbacks, limits, and co-
limits.

For proof of this theorem, the reader is referred to [4].

Lemma 2.3: Let 8

£,,r.)
1’71
p > Py
(fz.rz) l(sl,sl)
(8, S )
b 2’72 > Y

[2.3.1]



be a commuting diagram in M . Then #§ is a pushout in M if and

only if D(#) and R(S) are pushouts in Q.

Proof: First we assume that 8 1is a pushout diagram in M and show
that D(P) and R(S) are pushout diagrams in Q . This is done by
taking the following pushout diagrams in Q:

f

1
D(p) > D(pl)
¥ 4
f, &
»
g
D(p > X
[2.3.2]
\. rl
R(P) > R(pl)
F 4
rz Sl
[ ]
s
R(p2>f 2 > B
(2.3.3]

and showing that X and B are homeomorphic to D(q) and R(q) re~
spectively.
Since # 1s a commuting diagram in M, D(H) and R(H) are com

muting diagrams in Q . Thus there exist unique maps f: X - D(q) and

r: B - R(q) such that fgl" = g, : D(p,) ~ D(q) and rs! =

k : R(Pk) -

k - Ok
R(q) , (k = 1,2) .,
We will now prove that there exists a unique map q': X - B such

that § .



(fl’rl)
P > Pl
(£,,1,) (g1587)
(glas‘)
P, 22 ¢
[2.3.4]

4 - [ R -
8 Ty = 8,0, ¢ R(p) " B,

‘e v =g'rp - ' f e alro=clro =l f oo -
8, P 8,T,P ¢ D(p) ® B . Thus slplf1 8,T)P = 8,T,P szpzfz. D(p) — B.

is a commuting diagram in M . Since

Therefore there exists a unique map q': X~ B such that q'g; = s{(pk ,

(k = 1,2) . We can thus conclude that q’ € ObMm, (gé,sé) € m(pk,q') .

(k =1,2) , and B 1is a commuting diagram in M .

-]_):

Since 8 1is a pushout in M , there exists a unique map (f-l,r

-1 -1
q- q’ such that (f . )(gk,sk) = (gi,sé): P~ ql , ((k=1,2) .

-1 = ‘ - -1 = ‘, ad
This implies that f£ & = 8 * D(pk) X and r 8, = 8} R(pk) B,
(k = 1,2) .
-1, ., _ -1 _ ¢ - -1 4, _ -1 _ e, -
f fgk = f B = 8 ¢ D(pk) X, and r T8 =T 8 =8¢ R(Pk) B,

(k = 1,2) . Thus by the uniqueness of the pushout map, f-lf =1, and

r'r= 1B .

-1 -1
(£,0) (£77,57 ) (gye8y) = (£,1)(g8,) = (gos )t B = a, (k=1,2) .
Thus, by the uniqueness of the pushout map, (f,r)(f-l,r-l) = lq , im-
- -1
plying that f£f @ = lpqy @8 Tr = lpey . Therefore f£: X - D(g)
and r: B = R(q) are homeomorphisms.

Now we assume that D(@®) and R(8) are pushouts in Q . To show

that ® 1is a pushout diagram in I , we let 8’



(fl’rl)

| 4 > pl.
(£5,1,) (hy,t,)
(h t,)
Py 9
[2.3.5]

be a commuting diagram in M , and prove that there exists a unique map
(fo,ro) € m(q,qo) such that (fo,ro)(gk,sk) = (hk,tk): P "9 >
(k = 1,2) . Since ®’ commutes in M , DB’) and R@B‘) commute in
Q . Therefore there exist unique maps fo: D(q) - D(qo) and r,t
R(q) ~ R(qo) such that fogk = hk: D(pk) - D(qo) and To8 = bt
R(p) = R(gg) , (k =1,2) .

Now we show that (fo,ro) € m(q,qo) . Since R(®') commutes,
tyr = t2r2: R(p ) -~ R(qo) . Thus tlrlp = tzrzp: D(p) ~ R(qo) .
Since r,P =P, k. D(p) — R(pk) , (k =1,2) , it follows that tlplfl =
2p2 9t D(p) - R(qO) . Therefore there exists a unique map
g: D(q) - R(qo) such that 88y = tkpk: D(pk) - R(qo) .

roqgk = roskpk = tkpk . Thus roq =g .

99fo8, = dohy = . Thus q,f, =g .

Therefore r,q = qof0 , implying that (fo,ro) € m(q,qo):



£
D(p) L >D(p, ) = >D(q)
N f
P P D(q,) q
r 8
R(p)——E——>R (p )—— |%0 >R(q)
\\\\\\:Eﬁi r
Rlg,)
[2.3.6]

¢ ¢ - ¢ 2 - . -
If (fo,ro). q = q such that (fo,ro) (8,284) (hk’tk)' P~ 9p s
= ! = H - ', = H nd
(k = 1,2), then fogk hk' D(pk) D(qo) and To8y = b R(pk) R(qo).
v _ ‘ _ .
It follows then that fo = fo and Ty =T Therefore (fo,ro).
9~ 4, is unique.

Thus # is a pushout in I .

For X € 0bQ , we define the path space of X as follows:
PX = {(w,r) € (R+,X) X R+ |w is continuous and w(t) = w(r) for all
t 2 r} , with the topology making the inclusion map i: PX - (R+,X) X R

an injection. r is called the length of the path (w,r) .

Definition 2.4: The map i: A - X is a cofibration provided that:

| Land

——P
)
o
®
o

z
:

[2.4.1]

is a weak pushout diagram.
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Theorem 2,5: Let A C X be a closed subset and 1i: A =+ X be the in-
jection map. Then the following conditions are equivalent:
(1) 1 1is a cofibration.

(2) There exist maps ¢: X~ I and H: XX I ~ X such that
9 10) = A ,Hlxx {0} =1, , HlAXx T="m, and le~r0,1) x {13: 9”1 (0,1)~ A.

(3) There exist maps ¢: X~ I and H: ¢'1[0,1) X I= ¢'1[0,1)

such that

o 10 = A, Hlo~t0,1) x {0} =1 , HAx I =m , and

v 1[0,1)

1o l[0,1) x {1}: ¢ 1[0,1) — A .

(4) There exist maps ¢: X = I and h: ¢-1[0,1) - PX such that

¢-1(0) = A, ﬂoh(v) = v, ﬂTh(v) € A, and {4h(v) = @(v) for every

v € 9 t0,1) .

The proof of this theorem can be found in [4].

For a map in Q, p: X — B, we denote as Qp the pullback space of:

Q P > X

P

pp p
i

PB 0 > B

[2.6.1]



Definition 2.6: F:M—M 1is a covariant functor where ['(p) =
*
pqp: Qp - B and for (f,g) € M(p,p’) , I'(f,8) = (f ,g) where

*
£ Qp - Qp/ is the unique map in Q induced by the pullback opera-

tion.

q
Qp P > X
) q ¢
pp Qp' > X’
l Jp
I
p_¢ L P
PB P 0 > B
K\l ) \
PB’ 0 > B’
[2.6.2]

We are now in a position to prove the following proposition.

Proposition 2.7: Let &8:

(£, ,B)
p ——L > p,
(fsz) (gl’B)
(8 ’B)
P, 2 > q
[2.7.1]

be a pushout diagram in /B such that f. 1s a cofibration. Then

1
DT ®)):
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f*
Q 1 >0
P P,
f* *
2 8
*
g
Q 2__ > 2
Py q
[2.7.2]

is a pushout diagram in Q .

Proof: 1In showing that DT (8)) commutes we note that qgkfkqp = Tlop

|

(k = 1,2) . Thus, by the uniqueness of the induced map, F: Qp - Qq .

* % * %
in the pullback operation, F = 8; fl =8, f2

e
QP P > D(P) > D(Pk)
~ o - F gk
Q > D
Py q > D(q)
Pq q
: P\
1
PB 0 > B
[2.7.3]

To prove that D@ (8)) is a pushout diagram, we will show that
the hypothesis of Lemma 2.1 are satisfied. To do this we first show

* *
that (gl u gz): Qpl u sz - Qq is a projection.
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D(8) 1is a pushout diagram by Lemma 2.3. Thus (g1 U gz) :
D(pl) o D(p2) - D(q) 1is a projection. We can thus conclude that for
(x,(w,r)) € Qq , there exists an element X, € D(RL) sy @ =1o0r 2)

such that gL(gL) =x . Since (QL,B) € m(pbq) , (gt,«n,r)) € QRL .

Thus $:(%L’G”’r)) = (gt(gc),ﬁn,r)) = (x,(w,r)), implying that
(g: u g;) is a surjection.

Now we show that Qq has the unique topology making this map a
projection. Qq has the topology making the inclusion map

q
map if and only if iqa: C —~ D(q) X PB is an admissible map. Since

i: Qq - D(q) X PB an injection. Thus a: C - Qq is an admissible

(g1 u gz) and lPB are projections, (g1 o 32) X lPB is a projection.
Thus iqa: C » D(q) X PB 1is an admissible map if and only if there
exists a compact Hausdorff space C', an onto map p': ¢! -c , and

an admissible map af: ¢! - (D(pl) u D(pz)) X PB such that 87:

C - o
\\\
\..
i o1~
‘ Py Py
P Q un — >(D(p, )uD(p,) X PB
p1 p2 1 2
C * *
o g, Y e, (31"'32) X lpp
i
Q 9 = D(q) X PB
q
[2.7.4]

is a commuting diagram.



To show that o’: C/ - (D(pl) u D(pz)) X PB factors through

Q uQ
P Py

[(g) U gy) X 1pp] @ (e’) = (g, x 1) @'(e’) = 1qdp'(c') . Since

, we let a’(c’) € D(p,) x PB , & =1 or2) .

s I '4 '
iq is an injection, ap' (c’) € Qq . Thus (gL X IPB) a (c’) € Qq

implying that o’(c’) € Qp . Therefore a’ factors through
1

Q uQ , i.e., o = (ip Ui ) where @':C'-Q wuwuQ .

P P 1 Py Pp P
Since (ip u ip ) 1is an injection, o 1is admissible if and only if

1 2
o’ 1is admissible. Since 8’ commutes, we can conclude that

top’ =((g, ug)xl o' = ((g,ug)x1l,){E uLi ) =
q 1 & PB 1~ 8 1200 T

* L ’ ¢
iq(g1 u g2)a ¢t C" 2 D(q) x PB ., iq is an injection, Thus ap =

* *
(g1 u gz)a”: ¢/ - Qp « Therefore (2 has the unique topology making
q

* *
(gl u 32) a projection.

Now we show that if two points in either Qp or Qp have the
1 2
same image in Qq , then a point in Qp also has that image. f1 is

a cofibration and D({8) 1is a pushout. Thus g, is a cofibration.
* * *
If gz(xz,Gn,r)) = gz(xé,on',r')), then qq gz(xz,Gn,r)) =
*x!,@',r’)) and k., @,0)) = p_ g (x!,@,r")) . Thus
qq gz 2’ ’ pq gz x2’ ] pq 82 2’ H .
*
x, = x; and (W,r) = (’,r’) implying that gy is 1-1 .,
* * *
If gl(xl,G»,r)) = gl(xicn',r')), then qq gl(xl,Gn,r)) =
* * * ¢ ¢
qq gl(x{,G»',r')) and pq gl(xl,ﬁn,r)) = pq gl(x{,ﬁn ,£')) . Thus

_ ’ _ gt 2 - ’
gl(xl) = gl(xl) and (w,r) = W ,r") . gl(xl) gl(xl) implies that
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there exists an element X, € D(p) such that g8 fl(xo) = gl(xl) =
gl(xi) . We note that since (fl’B) € m(p,pl), (xo,Qn,r)) € Qp and

* % * *
g, £, (xp, @,r)) = g (x;, (0,r)) = g (x1,@",r")) .

We have left to show that DI'(®) 1is a pullback diagram in Q .

Let:
q
P i >0
Py
*
q, 8
*
&
Q “Q
P, q
[2.7.5]

be a pullback diagram in Q . Since DI'(8) commutes, there exists a

*
unique map H: Q- P such that q  H=£:Q - Q , (k=1,2) .
P k k" PP

H(xg, @,1)) = (£ (), @,2), £, (xg), @,0)) = (£) (g @,00), £, Gy (@,0)).

We note that since D(®) is a pushout and f is a cofibration,

1
gl(xl) = gz(xz) if and only if X € D(p) and fz(xl) =Xy , i.e.,

gl(xl) = gz(xz) if and only if there exists an element X5 € D(p)

such that fk(xo) =% k = 1,2) .

1: P-Q as

To show that H 1is a homeomorphism, we define H .

follows:
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n‘l(xl,(w,r), %y, @,1)) = (x5, @,r)) where £ (x)) = x, (k= 1,2).

We note that since f1 is an injection, x

implying that H"1 is well defined.

0 is uniquely determined

£ B (xy, @,1), %y, @,0)) = £ (xy @,0)) = (£ (xg), @,0)) =

- %*
(xlg(w,r)) . Thus f: H 1

an injection, H-1 is continuous.

H-IH(xo,Gn,r)) = (xo,an,r)) . Thus H-IH = 1Qp .
HHE (), @,0) 4%, @,1)) = Hlxg, @,0)) = (£ (xg), @,1), £, (x0), (@,1)) =

(xl,G»,r),xz,Gn,r)) « Thus HH-l = 1P . Therefore H 1is a homeo-

morphism implying that D (8)) 1is a pullback.

Thus, by Lemma 2.1, D(Q"(®)) 1is a pushout,

Definition 2.8: The Q morphism p: X - B 1is a fibration provided

that there exists a map kp: Qp Xx KT =X such that hp[(x,on,r)),o]

w(s) . hp is called the lifting function

x and pip[(x,(w,r)),s]
of p.

This is equivalent to saying that p has the homotopy lifting
property, i.e., given maps g: Z—=X and H: ZX I - B such that
HIZ x {1} = pg: Z = B , there exists a map H: 2 x I - X such that

pﬁ = H and ﬁlz x {1} = B .

N
v

Q

-
\

v,

=q . Since q is continuous and f1 is
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A proof of this equivalence statement can be found in [ 4],

Definition 2,9: (f,g) € m(p,pl) is a relative fibration of fibrations

P and p1 provided that there exist lifting functions Ap and hp

1
such that the following is a commuting diagram:

+ * &
Q XR £ X >0 xR
P P
A A
P )
£
D(p) > D(pl)
[2.9.1]

We have reached the point where we can now construct the first

extension of a set of fibrations over a common base space.

Theorem 2.10: Let #:

(£, ,B)
1
P > Py
(£,,B) (g,,B)
(g :B)
P, 2 > q
[2.10.1]

be a pushout diagram in M/B where p, Pys and p, ,are fibrations,

(fl’B) is a relative fibration, and f1 is a cofibration. Then ¢
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is a fibration, (gz,B) is a relative fibration, and g, is a co-

fibration.

Proof: Since (fl’B) is a relative fibration, there exist 1lifting

functions Xp and Ap of p and 12 respectively such that
1

is a cofibration,

£, A = kp 1

* + +
1% (f1 X R): Qp X R D(pl) . Since f

1
there exist maps : D(pl) -1 and h‘: ¢-1[0,1) - PD(pl) such that

@ 10) = D) , N’ = v, L h () €D(p) , and Lh'(v) = o(v) for

every v € ¢-1[0,1) .

We will now construct a map h: m-l[o,l) - PD(pl) with the above
properties of h’ such that plh(v)(s) = pl(v) for every v € ¢-1[0,1)
and for all s € [0,p(Vv)] .

Let h(v)(s) = xp [(h'(v)(s),Gn(v,s),s)),s] where

1
w(v’s)(t) = plh'(v)(s -t), 0<stss .

w(v’s)(O) = Plh’ (V) (S) « Thus (hI(V) (S)’(w(V,S)’S)) € Qpl implyj_ng

that h 1is well defined and continuous.

We now show that h has all of the required properties.

Moh(¥) = h()(0) = A [(a' () (), @ ),00),0] = W' (0) = v .

1

Thus ﬂoh(v) = v for every v € ¢-1[0,1) .
M h(v) = h(v) (p(v)) = Xpl[(h'(v) @(V))’(“’(v,cp(v))'cP(")))"P(")] .

h’ (v) (p(v)) € D(p) . Thus h‘(V)(pv)) = fl(xv) . Therefore, since

(fl,B) is a relative fibration,



N hev) = )\Pll(fl(xv),(w(v’w(v)),tp(v))).cp(V)]
= fl)\p[(xv,(m(v’q)(v))9‘P(V)))3(P(V)] .

Thus T]Th(v) € D(p) for every v € <p-1[0,1) .

Lh(v) = Lh' (v) = 9(v) for every v € ¢ 1[0,1) .

plh(v) (s) = plkpl[(h'(v) (S),(w ),S)),S] = w(V,S) (s)

(v,s

pyh! (W) (s - 8) = p ' (v)(0) = p (V) .

Thus plh(v) (s) = P (v) for every v € cp-l [0,1) and for all
s € [0,9(V)] .

To prove that q 1is a fibration, we will exhibit a lifting
function )\q: Qq x R - D(q) « We will be able to construct such a

function by defining a map % :Q X R" - D(q) such that
1 P

- * +
)\p (:El)<R)-g2

1

pushout diagram.

*
)\p (f2 X R+) and noting that DT (®)) x R is a
2

Xp is defined on each of three closed sections of Qp .
1 1

For (xl,(w,r)) €EQ such that x, € ¢-1[§,1]:
Py 1

Xplf(xl,(w,r)),SJ =8 ?\pl[(xl,(w,r)),s] 0<ss<r.,

For (x;,(w,r)) €Q  such that x, € cp_l(%,%]:
12 1

We let (w,r) be the composite of two maps (wa(xl),Zr - 3r cp(xl))
and (wB(xl),3rtp(x1) - r) where woz(xl) (s) = w(s) and wB(xl) (8) =

w(s + 2r - 3r<p(x1)) .

19
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Let 5(x1)(rt) = lpl[(h(xl)(t/3),¢q1(x1),2r - 3r¢(x1))),rt] ’

0<st=<2- 3¢(x1) .

8,8 (x,) (xt) = é‘z(xl)(rt), 0sts2- 3pk)

XP [(xl,(w,r)),rt] = g(xl) (rt) = gl)\pl[m'l’a(xl)’(wa(xl)’3r¢(x1)-r))’

1
rt - (2r - 3r(p(x1))] s

2 - 3p(&x)) Sts1.

We note that since pl'l']T&(xl) = T]Twa(xl) = TIOwB(xl)’(nTa(xl)’(wB(xl)’

3rcp(x1) - r)) € Qp . Thus Xp is well defined on this closed
1 1

section of Q0
Py

For (xl,(w,r)) €Q such that x, € cp'l[o,%]:
Py 1

We let (w,r) be the composite of two maps (wY (xl),3rcp(x1)) and
(ws(xl),r - 3rcp(x1)) where wY(xl) (s) = w(s) and wa(xl)(s) =
w(s + 3rcp(x1)) . Let

V) (t) = A [(h(x;) (£/3), @y ()5 300(x;))),Tt], 0 5 & = 30(x)

1

Vex) () = g T E) , 05 £ < 390x))
Ty, (s @) re] = Boq) @) = yh, (€5 0T Gp), (g ey, =300,

rt - BrC'P(xl)] 4

3¢(x1) st=<1,
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As with the previous section, we note that since plnT V(xl)

Mo 0y ) = Tlg g GxyD, (. ), g ), = 3r0(x))) €0, o e

further note that 1 V(xl) € D(p) . Thus (ﬂTV(xl),Gns(xl),r-3r¢(x1)))

€ Op implying that (fz(ﬂTV(xl)),Gna(xl),r - 3r¢(x1))) € sz .

Therefore Xp is well defined on this closed section of Qp .
1 1

D(Q) | -1
: — ¢ [%,1]
t LR £
AT T T T T e ay
ST o [4,3]
. a A
g,D(p,) ;"x-_ﬁ-__-__-_r.__
Ve |
< ¢ 10,3]
gkka(p)
szD(pz)

[2.10.2]

To show that Xp is well defined, we need only prove that the function,
1

as defined, agrees at w(xl) =% and w(xl) =% .



When (x,) = % :
(wY(xl),Srcp(xl)) = (w,r) = (wa(xl),Zr - 3rcp(x1)) and
(wa(xl),3rcp(x1)- r) = ('l],rw,O) = (wb(xl),r - 3rcp(x1)) .

Thus Xplt(xl,an,r)),rt] = glxpl[(h(xl)(c/s),(w,r)),u] ,0sts1

When cp(xl) =% :

Wy (x1)52r = 3re(x))) = (p; (x,),0) and

Thus Xpl[(xl’(w’r))’rt] = glxpl[(xl’(w’r))’rt] ’ 0<ts1,.

Thus Xpl[(xl’(w’r))’rt] = glxpl[(xl’(w’r))’rt] ’ 0<ts1,.

We will now show that &:

*
. £ X R
Q XR
P
+
DT (®)) X R
£ %t
X
Q, xR £
2 A
g%
D(q)
[2.10. 3]

is a commuting diagram. Let {x,(w,r)) € Qp . Then

by (f* X R+)[(x,(w,r)),s] =X [(f (x),w,r)),s] . Since @(x) =0 ,
pl 1 pl 1

G»Y(xl),3r¢(x1)) = (p(x),0) and (wg(x,),r - 3re(x,)) = (v,r) .

22
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Thus xpl[(fl(x)’(w’r))'s] = 82)\p2[(f2(x)’(w’r))’s]

- gzxpz(f; x ®Y) [(x, @,)),5] .

Therefore 8 commutes, and since D( (§)) X R" is a pushout diagram,
*
there exists a unique map Xq: Qq X Rf - D(q) such that )\q(g1 X Rf) =
% d N (g xR =g .
P, an q(g2 ) =8, p,

We now prove that Xq is a lifting function.

A LG8y (x), @,)),0] = ipli(xl,@.r)),m =g () .

kq[(gz(xz),(w:r)):o] = g2)\p2[(x2’ (w,r)),O] = gz(xz) o

Thus Xq[(z,@n,r)),o] z for every (z,(w,r)) € Qq

qlq[(gl(xl),cn,r)),s] = qipl[(xl,cn,r)),s] = w(s) by the construction

of XP and the fact that 8y is a fiber map, (k = 1,2) .
1

qkq[(gz(xz),ﬁn,r)),SJ = qulpz[(xz,cn,r)),s] = pzkpz[(xz,ﬁn,r)),s] = w(s).
Thus qhq[(z,@»,r)),s] = w(s) for every [(z,(Ww,r)),s] € Qq x RT .
Therefore hq is a lifting function implying that q 1s a fibration.

* + +
A XR) = )y :Q XR —-D . Thus B is a rela-
q(gz ) =g, ?, p, (q) us  (g,,B)

tive fibration. Finally, since 8 1is a pushout in M/B, D(8) 1is a

pushout in Q . Thus, since f1 is a cofibration, 3} is a co-

fibration.
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For an immediate application of this theorem, let us consider the
following: Let p and p' be two fibrations over B, and let
(£,B) € /B (p,p') . We define M(f) , the mapping cylinder of £ ,

as the pushout space of the following pushout diagram:

D(p) 1 > D(p)XI
f 3y
’ j2
D(p") = > M(f)
[2.11.1]

We note that since p'f =p=9p nl el : D(p) — B, there exists a unique

map M(f,B) : M(f) ~ B such that p 7, = M(£,B)j, and p! = M(£,B) ], .

1

Corollary 2,11: M(£f,B) 1is a fibration.

Proof: Let Ap: Qp x RV - D(p) be a lifting function of p . Define
+
hpﬂl : Qpnl X R D(p) X I as follows:

Xpnl[((x,e),(w,r)),s»] = (?\p[(x,(w,r)),SJ,G) .

The reader can verify the fact that hpn is a lifting function imply-

1

ing that Py D(p) X I - B is a fibration. We note that (el,B) is
a relative fibration. We note also that el is a cofibration and:

(¢5B)

P e > pﬂl
(£,8) (3158
(354B)
- >M( :B)

(2.11.2]
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is a pushout diagram in M/B ., Thus the hypothesis of Theorem 2.10 are

satisfied implying that M(f,B) 18 a fibration.

We end this section by proving that q and P, of Theorem 2.10
are fiber homotopically equivalent should such a relationship exist

between Py and p .

Theorem 2.,12: Let f: X =Y be a cofibration and a homotopy equivalence.

Then X 1is a strong deformation retract of Y, i.e., there exist maps

-1 1

£5: Y X and H: YX I =Y such that f f=1,, Hly x {0} =1

X Y?

HX X I = m , and uly x {1} = ££71 .

For a proof of this theorem, the reader is referred to [ 5].

Proposition 2,13: Let 8:

X 1 > X1
X2 82 > Y
(2.13.1]

be a pushout diagram where f1 is a cofibration and a homotopy equi-

valence. Then g, is a homotopy equivalence.

Proof: By Theorem 2,12, there exist maps fil: X1 - X and

-1 _ . ~ -1
H: X1 XI- X1 such that f1 f1 = 1X and H: 1x1 flf1 rel X

= -1 . -
1X f2 = f2 = f21x = f2f1 f1 : X X2 .



Therefore:

»
|
\V)
e
[ ]
-

f2 gl X
g
2 £
X, > Y 2
\
X,
[2.13.2]

is a commuting diagram. Since 8 is a pushout diagram, there exists

such that g;1g1 = f f-l: X =X and

-1
a unique map gy ¢ Y- X of1 1 2

2

-1 - . -

g H(E, X D (x,t) = g H(E, ),0) = g f) () = g,£,(x) = g, (£,(x),t)

= gznl(f2 X I)(x,t) .

Therefore:
fIXI
XXI > XlxI
\
f2XI gIXI Xl
gZXI
X2XI > YXI g1
g “1
Y
[2.13.3]

is a commuting diagram.

26
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Thus, since 8 X I is a pushout diagram, there exists a unique map
G: YX I =Y such that G(g1 x I) = ng: X1 X I—-Y and

G(g2 x I)= g8,m X2 xXI-Y,

By the uniqueness of the pushout map:

G(g, X 1)|x1 x {0} = g1H|X1 x {0} = g, and G(g, X 1)|x2 x {0} =

g,m |, x {0} = g, implies that cly x {0} =1, .

- = -1 -1_ . -1
Also G(g1 X I)|X1 x {1} = g1H|X1 x {1} glflfl = ngZfl = 8,8, 8 and
- - -1
G(g2 X I)lX2 x {1} = gzﬂllxz x {1} = 8) = 8,8, 8 implies that

-1
GIY X {1} = g2g2 .

~ -1
Therefore G: 1Y = 8,8y

Proposition 2.14: Let p and p' be fibrations over B , and let
(£,B) € M/B(p,p’) be a relative fibration where f: D(p) -~ D(p’) 1is
a cofibration and a homotopy equivalence, Then £ 1is a fiber homotopy

equivalence.

Proof: Since f 1is both a cofibration and a homotopy equivalence,
there exist maps f-1: D(p’) » D(p) and H: DG’y x I~ D(p’) such

that f-lf = and H: 1 -1 rel D(p) . Let : D(p') -1

1 < ff
D(p) D(p")
be a haloing function of £ . Let

D(p’) = {(x',t) € D) x I|t = ox")},

and give D(pl) the topology making the inclusion map 1i: D(p') -
D(p') X I an injectiom.
- =T
We will now show that there exists a map H: D(p') - D(p’) such

that H(x',0) = x' and ﬁ(x',¢(x')) = ff-l(x') for every x' € D(p’).
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Let h: D(p’) = PD(p’) be the adjoint of H , h(x')(t) = H(x',t) .
Define h: D(p’) - PD(p’) as: h(x’)(t-9(x’)) = h(x')(t) .

To prove that h is continuous, we make use of the following
lemma found in [ 4): §: PY - (I,Y) X R' defined by: j(w,r) =
[@,1),r] where ®(t) = w(rt) , t € I , is an injection.

Let Y =D(p") . milh(x")(s),0(x")] = Bx’)(s) = BGx’) (s 9(x)) =
h(x’)(s) . Thus ﬂljﬁ = h ., ﬂzjﬂ = ¢ , Therefore, since the pro-
jections are continuous jﬁ is continuous, and since j 1s an in-

jection, h 1is continuous.

Let H be the adjoint of h ﬁ(x',t) ﬁ(x')(t) . We note that

#: D(p‘) - D(p")

Hx’,0) = h(x’) (0) = h(x’)(0) = H(x’,0) = x’ for every
x! € D(p’) .

B/ ,0(x") = &) (') = h&) ) = H(x',1) = ££77(x’) for
every x’ € D(p’) .

We will now show that there exist maps T-I: D(p’) ~ D(p) and
W: D(p’) ~ D(p’) such that (¥"1,B) € M/B(p’,p) , T 1f = Lpepy *
nx’,0) = x' , Bx’,9x")) = £71(x’) and p'H(x’,s) = p‘(x*) for
every x’ € D(p’) . Since (£f,B) 1is a relative fibration, there

exist lifting functions KP and kp: of p and p' respectively

such that

£* x &Y +

a xgt X > 0 oXR

P

A A
P p’

£ ’

D(p) — > D(p")

[2.14.1]




29
is a commuting diagram. Let

Fl) = A TET O, @ oty 96,06 ]

x",

and
H(x',s) = kp:[(ﬁ(x',s),G»(x:,s),s)),s]

where w(x' S)(t:) = p'ﬁ(x',s -t), 0=<sg< p(xf) ,0st=<s .,
t

Since we )(0) = p'ﬁ(x',¢(x')) = P'ff-l(x')

xl’¢(xl)

-1, ¢ -1, ¢ v
pf T(xT),(f (x )’G”(x',w(x'))’w(x ))) € Qp.

Also since m(xl,s)(O) = p'ﬁ(x',s),(ﬁ(x',s),(w(x/,s),s)) € sz . Thus

!l and T are well defined.

We will now show that these functions have the required properties,
PEhx!) = P LT (), @ 1 tyy @), 0(x)]
P P, (x7))? ?
Y T ) = ol (!
w(x',(p(xl))(cp(x )) =P H(x ,0) P (X ) .

Thus (¥ 1,B) € W/B(p’,p) .

-1 -1 -1 -
T fx) = lp[f f(x),@n(f(x)’o),O)),O] = f f(x) = x
-1
B(x',0) = A [(AG,0), @ v 500),0] = Fx",0) = x°

for every x’ € D(p%) .

L}

Blx',0G)) = A LG ,9&D), @ o0 ryy:@@)))0")]

[

-1
}\pl[ff (xl)s(w(x”cp(x'))’(P(xl))),ﬁP(xt)]

f)\p[f-l (x') 9 (w (X’,(P(xl)) ,CP(XI))) ’(P(x')]

71 ()
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for every x’ € D(p’) .
PR’ 8) = p'A /[EG',8), @0 y,8)),8]
= w(xl’s)(s) = p'ﬁ(x',s - 8)
= p’'H@’,0) = p’x’)
for every x’ € D(p’) and for all s < @(x’) .

Define F: D(p’) x I - D(p’) as follows:

F(x',t) = H(x’,min(t,p&’)])
F(x’,0) = H(x',0) = x’ for every x! € pep") ,
F(x',1) = B&x',0x’)) = £ 1(x’) for every x’ € DY) ,
p'F(x’,8) = p'H(x’,minls,p(x’)]) = p’&’) for every x’ € D(p")
and for all s € I , Thus F: lD(p') = fT-l under a vertical homotopy,

and since T-lf = lD(p) , we can conclude that f is a fiber homotopy

equivalence.

We are now in position to prove the final theorem of this section.

Theorem 2.15: Let ®8:

(f,,B)
p 1 > Py
(fZ’B) (8133)
(8 :B)
P, = > q
[2.15.1]

be a pushout diagram in M/B such that p , Py » and P, , are
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fibrations, (fl’B) is a relative fibration, and f1 is a cofibration
and a fiber homotopy equivalence. Then g, is a fiber homotopy equi-

valence.

Proof: By Theorem 2.10, q 1is a fibrationm, (gZ,B) is a relative
fibration, and ) is a cofibration.

Since £, 1is a cofibration and a fiber homotopy equivalence and

1
D(®) is a pushout diagram, we can conclude by Proposition 2.13 that
g, is a homotopy equivalence.

The above two statements satisfying the hypothesis of Proposition

2.14, allows us to conclude that g, is a fiber homotopy equivalence.
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SECTION 3

A HORIZONTAL EXTENSION

A horizontal extension of a given set of fibrations over a numerable

open cover:

Where in the preceeding section we extended a set of fibrations
over a common base space, we are by no means restricted to such ex-
tensions.

For example: Given a fibration p over B and a map h: B/ - B,
the pullback operation induces a fibration p’ over B', i.e., given

the following pullback diagram:

q
x! 1 > X
‘ l
p P
B! h > B
[3.1.1]

where p 1is a fibration, we can conlude that p' is a fibration.
The following theorem is a consequence of this result,

Theorem 3.1: Let p be a fibration over B c B’ and let r: B~ B

be a retract. Then there exists a fibration p' over B’ such that
=1
P lp" "(B)=p.
We will now use several of the results of Section 2 to construct

the following horizontal extension.

Theorem 3.2: Let [g]: B— I and let U= [g]-1(0,1] . Let p and

Py be fibrations over U , and let P, be a fibration over B .,
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Let (fl’U) € m/U(p,pl) be a relative fibration where fl is a co-
fibration and a fiber homotopy equivalence, and let (fz,i) € m(p,pz) .

Finally, let ®&:

|

(£,,1)
P > Py
(fz,i) (8131)
(g,,B)
P, —2 > q
[3.2.1]

be a pushout diagram in M ., Then q 1is a fibration, and (gz,B) is

a relative fibration.

Proof: Since (fl’U) is a relative fibration, there exist lifting

functions Xp and Xp of p and P, respectively such that:

1
* 4+
£7XR
o xrT 1 >0 xR
P P,
A A
p P
£
D(p) > D(pl)
[3.2.2]

is a commuting diagram. Since f1 is a cofibration and a fiber homo-

-1
topy equivalence as well, there exist maps £, °: D(pl) - D(p) and
H: D(pl) x I- D(pl) such that

-1
a) f1 fl = 1D(p) s

b) H|D(P1) x {0} = lD(pl) ’



c) H(f1 XI)= flﬂlz D(p) X I~ D(pl) ,
-1
d) H(xl,w(xl)) = flf1 (xl) for every X, € D(Pl)’ where
P D(pl) = I 1is a haloing function of fl ,
e) pIH = plnlz D(pl) XI~-B.
To prove that q 1is a fibration, we will exhibit a lifting

function, hq . TFirst we note that 8°:

£5%r*
Q. xg' 1 >0 xR
ip ipl
* 4 * 4+
fsz gIXR
* 4
g. xR
a xgt 2 >0 X R
P, q
[3.2.3]

is a pushout diagram in Q , since 8 1is a pushout diagram in I ,

For (XI,GD.I)) € Qiﬁ_’ let t, = §(¢i(x1))([g]w(0)) , and consider

rty -
(w ,rtl) and «”rt »T rtl)

(w,r) as a composition of two paths
1

rt
where w (s)

w(s) and wrtl(s) = w(s + rtl) . Let

rt
a(xl) (rt) = API[(H(XlsZt/[SJW(O)).@ l,rtl)):rt]’ O0sts= tl .

rt

We note that since (xl,Gn l,rtl)) € Qp s a(xl) is well defined.
1

Define A_: Q X RN - D(q) as follows:
Py i

34
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Qt(xl) (rt) = gla(xl) (rt) , 0<t< tl

X [(xl,(w,r)),rt] =
pl Q(xl) (rt) = 82)‘-p2 [ (fz (T]Ta(xl)) ’ (wrtl’r-rtl)) ’rt'rtl ] ’

Sts<
tltl

Since T]Tor(xl) € D(p) ((fl’U) is a relative fibration) and

PN Cx;) = 0™ (xt)) = Ope @5 (e, @ rorey) €0,

Therefore (fz('ﬂ,roz(xl)),(u)rtl,r-rtl)) GQP . Thus )\P is well

2 1
defined .
D(q) P s 7]
T |
A ' |
g, D(p) | o ! |
A 7
£, 8, D(p) — e
|
8,0 (py)
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Xp1<ff X D0 @), = Ky (560, @) 8]

= gzxpz[(fz(x)’«”O’r-o))’s]

- gzxpz(f; x I)[(x, @,r)),s] .

* *
Therefore Xp (f1 x I) = gzhp (f2 x I) . Since 8’ is a pushout diagram,
2

1

we can now conclude that there exists a unique map hq: Qq X R+ - D(q)

* + *
such that A XI=X% :0Q XR =D d A X I) =
q(gl ) p,* %ip, (@) ean q(g2 )

+
2Py Py

- A
gl e Gy, @,03,00 = Ky (G, 0,10),0] = 90x)) )

re,
glkpl[(H(xl.O),Gn

’rtl))sOJ

& (%10 = g; (x)) .
Xq[(sz(xz),ﬁv:r)),ol = gzxpz[(xzy(w:r))soJ = g2(x2) .

Therefore hq[(z,G»,r)),O] = z for every (z,(w,r)) € Qq .

q)\q[(gl(xl),(w,r)),s] = qipl[(xl,(w,r)),sl = w(s) by the comstruction

of Xp and the fact that & is a fiber map (k = 1,2) .
1

qlq[(gz(xz),ﬁn,r)),SJ = quhpzi(xz,ﬁn,r)),sl = pzkpzf(xz,ﬂv,r)),s] = w(s).

Thus qlq[(z,G»,r)),s] = w(s) for all [(z,(w,r)),s] € Qq xR .

Therefore Xq is a lifting function of q implying that q 1is a
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* +
fibration., S A =g A : -
ration ince q(g2 x I) 8y >, sz X R D(q) , (gz,B) is a

relative fibration.

The fact that f1: D(p) - D(pl) is a fiber homotopy equivalence
is crucial to the proof of this theorem, for if we assume that all of
the hypothesis of Theorem 3.2 hold except this condition, we would be

faced with the following counterexample:

Let B = [=1,1] and define [g]:B ~ I as: [g](s) = max[0,s] .

Thus [g]"1(0,1] = U= (0,1] . D(p) = Ux 5% p=1; and

1;
Ap: Qp x RT - D(p) is defined as: Xp[((x,ei),ﬁb,r)),s] = Gn(s),ei) .

D(pl) = U x I; P = m,; and A : Q X Rf - D(p,) 1is defined as:
1 Py 121 1

(060, @0),8) = @G0+ D)) = B by = 1y
- Let f1: D(p) ~ D(pl) be the inclusion map. We note that f1

is a cofibration, and (fl,U) is a relative fibration. Let 1i: U-— B

be the inclusion map and let £, = iﬂl: D(p) ~- D(pz) . Let ®:

2
(£,,0
(g,5B)
P, 2 > q
[3.2.5]

be the associated pushout diagram. We note that q-l(l) =I/0~1-= S1

and q-l(O) = pt. If q 1is a fibration then it has the homotopy

lifting property which would imply that S1 > pt, But this is
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impossible. Thus q 1s not a fibration,

D(p) D(p;)i
£
2
P P &
Ug i > U \
i D) . g, IRV )
P2
B ) B
(3.2.6]

The following theorem lists sufficient conditions for a map over

a space with a numerable open cover to be a fibration.

Theorem 3.3: Let {U 1962 be a numerable open cover of a space B ,
and let p be a map over B such that plp-l(Uo) is a fibration for
every 0 € X, Then p 1is a fibration.

The proof of this theorem can be found in [ 4].

The following result is a direct consequence of Theorems 3.2 and

3.3.

Corollary 3.4: Let B be a space with a numerable open cover {Ul,Uz}
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and a partition of unity ([31],[32]} . Let p, Py» and P, , be fibra-
tions over U nu,, U and Ué , respectively. Let (fk,ik) €
m(p,pk) be a relative fibration where the appropriate restriction of
fk , fkl: D(p) - pil(Ui n U2) , 18 a cofibration and a fiber homotopy

equivalence and 1, 1is the inclusion map (k = 1,2) . Finally, let &:

(f.,1.)

> 1’71 > p,

(£,51,) (hy53,)
(h,,3,)

?, 2°J2 > q
[3.4.1]

be a pushout diagram in M . Then q 1is a fibration,
Proof: Since 8 1is a pushout, 91:

P > Py

(£, l,unvy) th, |,0)

-1
WPLACULAEY

- . -1
P2 |P2 (Uln Uzl >q lq (Ul)

[3.4.2]

is a pushout diagram. (fZI’U n Ué) is a relative fibration, and

£ is a cofibration and a fiber homotopy equivalence. [321'1(0,1] n Ui =

, |

U1 n U2
-1

identical argument, we can conclude that qlq (Ué) is a fibration.

. Thus, by Theorem 3.2, qlq-l(Ul) is a fibration. By an



Therefore, by Theorem 3,3, q 1s a fibration,

We have seen that in order for our extensions constructed in
Theorem 3,2 and Corollary 3.4 to be fibrations, it is necessary that

the appropriate restrictions of our maps, fll and £ be fiber

s
homotopy equivalences. We will now show that this condition is the
only limitation we need place on our maps in order to produce a

horizontal extension with the universal property.

Theorem 3.5: Let B be a space with a numerable open cover {Ul,UZ}
and a partition of unity {[31],[82]} . Let p, Py» and Pys be
fibrations over U1(7 U2’ Ul’ and U2, respectively, Let

(fk,ik) € m(p,pk) where the appropriate restriction of fk ,

fk|: D(p) - p;l(U1 n Uz) is a fiber homotopy equivalence. Let p(fk)

be the pushout space of ﬂk:

P Gt > Py
CTRTLALYY Qk’uk)
(P}, B >p(£,)
[3.5.1]
a pushout diagram in M , where (pnl)k = {P(p) X Fk; s ;] >UfTU£}

and ek_l(x) = (x,k-1) . Finally, let B:
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(8y1€51,)
—Guwt .,

P
J(slzc,k,iz) (8;,1;)
o(5,) (83,) .
[3.5.2]

be a pushout diagram in M . Then

(1) q 1is a fibration,

(2)  Given maps (b ,4,) € m(pk,f)), (k = 1,2), such that

4111 = 4212: Ui n U2 - R(p) and hlf1 is fiber homotopic to hzf

2’
then there exists a map (h,{): q = p , such that

() B dy) o) = () 5 Ge= 1,2) .

(3) Should (fk,ik) be a relative fibration and

ka: D(p) - pl-(l(U1 n U2) be a cofibration, (k = 1,2), then the

fibration q, the pushout space of ¥:

(f,,1,)

o 100 -
(2,,3,)

Py 2.2 > q
[3.5.3]

a pushout diagram in M, is fiber homotopically equivalent to q .
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Proof: (1) We note that (ek-l’ui n Uz): p (pﬂl)k is a relative
fibration, €1 is a cofibration and a fiber homotopy equivalence,
and ﬂk is a pushout diagram in M , Thus, by Theorem 3.2, p(fk)
is a fibration, and (@k,Uk) is a relative fibration (k = 1,2) .

We will now show that §|q “'(U) 1s a fibration. Without loss

of generality, we assume that k = 1 ., Let us define

+ -1
Ap(fz)l. Qp(fz)lp(fz)-l(ul n v, X R = p(£,)7 (U N 1)

as follows:
T A -
oz, [ &) (x),@,)),8 ) = gz)\pz[(xz,(w,r)),s_]
g120\p[(x’ (u),r)),rt],e) 0<t<l, For

€ € [%,5]
glz(?\p[(x, (w,r)),rt],e+t/6)

0<t<6(e -~ %)

}\p(fZ) |[ (glz (X, €) ’ (w,r)) ’rt_i glz(lp[(x’ (w,r)) ,rtlaze%)

6(e-2)<tst , For € € [%.'2‘]
ng(AP[(X,((U,r)),rt],e"'t/6)

0st<6(1 - €)
szpz[(fz(x),cné,re)),rc-e(r-re)]
6(1-€)<t<l , For ¢ € [2,1]

where wé(s) =w(s + 6r(l - €)) .

We note that, as in the construction of Xp in Theorem 2,10, kp(f

1 2)

We note that, as in the construction of A in Theorem 2,10, A £ l
Py p(£f,)

-1
is a well defined lifting function of p(fz)lp(fz) (u N Uy , and

-1
we can conclude that (glz|e Uy n Ué):p - p(fz)lp(fz) (U1 n UZ) is
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a relative fibration,

We will now prove that 312|9§ is a cofibration and a fiber
homotopy equivalence. Define a haloing function ¢2:p(f2)-1(Uf1U2) -1
as follows: ‘

wz(g2|(x2)) =1 for every X, € D(pz) and
9, (8,1 (x,8)) = 2(t = %) for every (x,t) € D(p) X [#,1] .
@, (gy, 16,00 = 0, (ap, [, 1)) =1 = 9, G, £, () .
Therefore 9, is well defined. Let V2 = ¢;1[0,1) and define
H2: V2 XI- V2 as follows:

Hz(g12|(x,t),8) = glzl(x,t + 8@ - t) .

¢?m>=aJ%D@{.HJ5x{M=1%. H|v, x {1}: v, = D(p) .

- -1
Hz(glzle% X ;) = glzle_% m s D(p) X I = p(£,) (U N U,) . Thus,
glzle% is a cofibration.
In order to prove that glzlq% is a fiber homotopy equivalence,
we need only show that this condition holds for glzl , since

q%: D(p) - D(p) X [#,1] 1is a fiber homotopy equivalence. We note

that ﬁzlz
(£, |,u,n0,) )
P 212 > p, |p; (WU
-1
(e,,U,00,) (Q2|p2 (u,NU,),U,N0,)
(811, 9410,) -1
M), >p(£,) [p(£,)™ (UNT,)

[3.5.4]
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is a pushout diagram in m/U1 n U, such that € 1isa cofibration and

a fiber homotopy equivalence and (el,Ul n U2) is a relative fibration.
A -
Thus, by Theorem 2.15, we can conclude that gz|p21(U1 n U2) is a
(\ -1

fiber homotopy equivalence. Therefore 82|P2 (U1 n UZ))(f2l) =
glzlelz D(p) — p(fz)"1 (Ul n UZ) is a fiber homotopy equivalence, i.e.,

-1 -1 - = . ~
there exist maps (312|el) : p(fz) (U1 n UZ) D{p), H21. 1D(p)

-1 - . - -1
(8,160 (gy,le)) , and Hyp: 1 (8, l¢)) (8, 1e))

-1
p(fz) (U, n Uz)

where ﬁ21 and 1'122 are vertical homotopies. Let
-1 -1 1y . _
8,17 = (g, le) T RENT(U N V) = D) x [E,1] = D), -
-1 -1 -1 _
81,181,177 = (g, e Gy, led™ = (g, le) gy lep) L)) -
- -1 - -1 -1 _ -1
glzl 815l = el(glzlel) g, e1(‘512|€1) g12161 ¢ lpep) €1
-1
= €, € =1 .
1“1 DG,
Thus g12|: D(p) x [%,1] - p(fz)”1 (U1 n U2) is a fiber homotopy

equivalence. We now have ﬂl:

(£,,1,)
p 11 >p(f1)

(glzle 9U]_nU2) (él ’Ul)

- -1
i (&, lp(£) " (UNU) )Y
p(£,) lp(£)) "t (o) 22— Dl HCH)

[3.5.5]



a pushout diagram in M satisfying the hypothesis of Theorem 3.2,

Thus, qlq -l(Ul) is a fibration.
By a similar argument, we can prove that ala -1(U2) is a fibra-

tion, Therefore, by Theorem 3.3, a is a fibration,

i 7
s /
< | / l
hd | A |
| —_— g
DEED) | R //*
R IR
- I | | ~ |
8181 3P (P) = | | L |
-l
| P N
g,D(p(£,)) | e b
- | //
Lz %
q
Y Y

—_—
unu, —
[3.5.6]
(2) Let (h,t,) € m(pk,;'a), (k = 1,2), be maps such that
Llil = inzz Ui n Ué - R(p) and H: hlfl °‘h2f2: D(p) — D(p) under

a vertical homotopy.



Rloe) x (XL, X}: pep) x [, X - pgp) .
(Rloe) x K2, £1a, 1 )(e 10 N 5) = @G x -1}e, 1)
= (h'kfk’Lkik) = (h-k"f/k) (fk’ik): P _'i; .

Thus, since Sk is a pushout diagram, there exists a unique map
(it )t p(E) =7 such that (B L) (E,U) = (h,t,) and
@ty (g0 = @IDE) x (KL, X0 0y, (- L2,
(B ) ()3 801 = (g 01 = @DE) x (Bl2,1)

= (g 640t,1p) = (Byuty) (8159, 1)) -
Thus, since B is a pushout diagram, there exists a unique map

(h,t): g = p such that (hd) (g, 4,) = () , (k=1,2) .
(08D o 3,0 B U = (st BpaU) =(hyty)

(3) If ka: D(p) - pil(Ui n Ué) is a cofibration as well as a
fiber homotopy equivalence and (fk,ik) is a relative fibration, then

we can conclude, by Corollary 3.4, that q , the pushout space of &:

(£,,1,)
o 1°71 > p)
(8 s J )
Py 22 > q
(3.5.7]

a pushout diagram in M , is a fibration.
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We will now prove that q 1is fiber homotopically equivalent to a .
D : - : =
efine a map T, D(p(fk)) D(pk) as follows rk(gk(xk)) Xy and
rk(glk(x,e)) = fk(x) . We note that (rk,Uk) € m(p(fk),pk) and that
Ty is a fiber homotopy equivalence. We note further that
rkglkq% = fk: PP » (k = 1,2) , Thus, glrlglleﬁ = glfl = ngz =
ngZgIZeﬁ . Therefore, since 3 is a pushout diagram, there exists a
| unique map (£,B): q — q such that (f,B)(ék,jk) = (gk’jk)(rk’uk) s
(k = 1,2).
- - -1 -1
Since g l: D(p(£)) =@ T (U),r,, and g |: D(p)) ~ q (U
are fiber homotopy equivalences, (k = 1,2), we can conclude that
f|a -I(Uk): q 'l(Uk) - q-l(Uk) is a fiber homotopy equivalence. Thus,
by utilizing the following theorem found in [ 5], we can conclude that

f 1is a fiber homotopy equivalence.

Theorem 3.6: Let {QJLUEZ be a numerable open cover of a space B .
Let p and p be maps over B, and let (£,B) € Mm/B(p,p) such that
f|p-1(Uc): p-l(Ub) -p '1(06) is a fiber homotopy equivalence for

every 0 € £, Then f£: D(p) = D(p) 1is a fiber homotopy equivalence.

We will end this section by generalizing Theorem 3.5 and construc-
ting = a horizontal extension of a family of fibrations {pc}GEZ over

a numerable open cover of B, {QJLJGZ .

In order to construct this extension, we make use of the follow-

ing result which stabilizes a lifting function upon extension.

Theorem 3.7: Let lhp and 2xp be two distinct lifting functions of

a fibration p . Then there exists a map H: Qp X R+ X I~ D(p) such

that



48

+
(a) Hlﬂp x R x {0} = 1)‘p ,

, and

+
b HIQ X R x {1} = _A
® ula (1} = A

(c) Hlﬂp X R x {t} 1is a 1ifting functions of p for all t € I.
For a proof of this theorem, the reader is referred to [ 4].

Proposition 3,8: Let B be a space with a numerable open cover
{Ul,Uz} and a partition of unity {[gll,[gz]} . Let q be a fibra-

tion over B, and let Kl be a 1lifting function of qlq-l(Ul) .

Finally, let ¢ € (0,1) . Then Xl restricted to Q -1 -1 X Rf
qla™ (g1 [e,1]
can be extended to a lifting function of q .
Proof: Since q {s a fibration, there exists a lifting function
hq: Qq x RN - D(q) . We note that q|q-1(U1) is a fibration with a
lifting function A |Q -1 x R - q-l(Ul) . Thus, there exists
1 qlq ()
+ -1
amap H: O XR X I=-=gq (U)) such that
| -1 1 =
qlq “(U))
@ Ho _,  x&x{o}=ale x&
qla™ ) 1 qld" W
® Hlo x R"x {1} =X\, and
-1 1
ala™ @)
) H|a -1 x RT x {t} is a 1ifting function for all t € I,
alq ;)

Define A: Qq X R+ - D(q) as follows:
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2 [, @,20),8] for w(s) € [g,17 [0, e/2]
2[81]69(8))-3\ -1
)‘[(x’(wsr))as] = H([(xa(war)):sls —(e / for w(s) € [81] [G/Z,G]
Xl[(x,Gn,r)),s] for w(s) € [gl]'l[e,l]

2[g, 1@(s))-¢ 2°¢/2-¢
€ = =

€

We note that for w(s) € [31]-1(6/2),

€-€ Z[gllﬁn(s))-e ) 2¢-¢

£2- 0, and for w(s)E[gl]'l(e), —1 gl

Thus A 1is well defined and continuous. By its construction, we con-

clude that A 1is a lifting function of q and that

A x RF = A
-1, . .=1 .
ala™ gy 17 [e,1) '

Theorem 3.9: Let {Vk} + be a sequentially numerable open cover of

KkEZ
a space B with a partition of unity {[gk]}kez . Let {pk}k€Z+ be
a family of fibrations over {Vk}k€Z+ which are fiber homotopically
equivalent over the non-empty intersections. Then there exists a
A
fibration q over B and a family of maps {(gk’jk)}k€2+ from
{pk}k€Z+ to q such that
A

(a) Q'D(pk) - q -I(Vk) is a fiber homotopy equivalence for all

k € Z+, and

®) 1f {(yt))er is a family of maps from {p lie,+ to

p which are fiber homotopic over the non-empty intersections, then
there exists a map (h,2) € M(q,p) such that (h,L)(ék,jk) = (hk,Lk)

for every k € z .



50

Proof: Let W, = Vl, and let Wn =W

1 U Vn for n22 ., We note

n-1

that {Wn_l,Vn} constitutes a numerable open cover of W with a

partition of unity
~n=1 n n )

z z z = g z
{2 lay] 7 2 ls) La] / jgl[gj]} {G_ LG, @22,

Let qy=q, =P, and let A=A =1 . Ve note that g,

% 9 1

is a fibration over W1 and 1p € m(pl,al) such that (a) and (b)
1

are satisfied for {pll .

We now assume that there exist a fibration in-l over Wn_1
A
and a family of maps from
y pe LGB (qo1) 2 dk(ne1)) Koo, 2, 0y ne

{pk}k=1,2,...,n-1 to q _; such that (a) and (b) are satisfied for

{pk}k-l 2 a-l * We also assume that there exists a lifting func-
=lglgeeeyll™

tion Al of an-l which is an extension of
n=-1

A e x Rt .

= P oel= el one2
92 9p-2|9n-2(8p-21 [1/277,1)

We will now show that there exist a fibration in over W_ and a
A
family of maps {(Z(ysdiny ee1,2,..0n O (Prhiar o, .0

q, such that (a) and (b) are satisfied for {pk}k=1,2,...,n’ and we

will exhibit a 1ifting function of an which is an extension of

-+
e x R
q a = =1,- -1 n-l .
Q7 9p-119.108,.9] (1727 7,1]
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- = -1

9. qn-l(wn-l n Vn), 91> and P, » are fibrations over Wn-l n Vn,

-
W _q,» and V_, respectively. Let (an-l’rn-l) € m(qn_llqn_l(wn_l n Vn)’

- -1
qn-l) and (Bn,sn) € m(pnlpn (wn_l n Vn)’pn) be the inclusion maps.

-1

Let Tk (0) PPy

) |
(Vk n Vn) P, (Vk N Vn) be the hypothesized fiber homo

topy equivalence when V, n v # ® and the trivial map when Vi n v, = 9,
A
(k = 1,2,...,0-1) . Since q _;, and {(gk(n-l)’jk(u-l))}k=1,2,...,n-1

satisfy (a) and (b) for (pk} 1 N Vn) and

- - -1
k=1,2,...,n-12%n-1 |4 ¥,

{(ék(n-l)lpil(wn-l n Vn), jk(n_DIVkﬂ Vn)} =1,2,...,0-1 satisfy (a)

-1 . -1
and () for {plp, W, NVIL, , o= ooy N VDY 5 pere

2 - = -1
Thus there exists a map (fn’wn-l n Vn) € m(qn_1|qn_1 (W.n_.1 N Vn)’

-1 — - -1 .
Pnlpn W _1N V) . Wenote that fnlqn-l(vk Nv)y:q ;0 nv)

p;l(vk n Vn) is a fiber homotopy equivalence for k = 1,2,...,n-1 .
- = =1 .
Thus, by Theorem 3.6, we can conclude that fn. qn-l(wn-l n Vn)

-1
Py (wn-l n Vn) is a fiber homotopy equivalence.

- - - =1 o
Let (én’sn) = (Bn’sn) (fn’wn-l n Vn)' -1 qn-l(wn n Vn) Ppo

- - -1 -
and note that if we consider the fibratioms qn-llqn-l (wn n Vn), 9.1 >
and P, > and the maps (an-l’rn-l) and (én’sn) , then Theorem 3.5
allows us to conclude that there exist a fibration &n over W and

- A - - - A -
maps (gn gn,sn): 9.1 " 9, and (gP g ,in): P, " q, such that (a)

nn

and (b) are satisfied for {an-l’pn} . Given our assumptions regarding
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A

9.1 and {(gk(n-l)’jk(n-l))}k=1,2,...,n-1’ we can now conclude that
A
there exists a family of maps {(gk(n)’jk(n))}k=1,2,...,n from

to an such that (a) and (b) are satisfied for
A

Ay - A -
{pk}k=1,2,...,n : (gk(n)’jk(n)) = (gngn’sn)(gk(n-l)’jk(n'l))’

{pk}k-1,2,...,n

(k = 1,2,...,0-1) .

Theorem 3.2 allows us to construct a lifting function An of

an an-lcwn-l) which is an extension of A_ . Thus, by Proposition

p-1

3.8, there exists a lifting function X_ of an which is an extension
q

n
of Kn|Q_ - 1.- -1 a-1 X R' and is thus an extension of
q lq, (g ;] "[1/27 7,1]
I (T 4 ope1 X RT .
-1 qn-llqn-l[gn-I] (1/2 »1]

Let q and {(Yk,uk)}kéz+ be the colimit of {ak}k€z+ and the

- A -
inclusion maps {(gkgk,sk)} 4+ ° Since B = colimit Wn, q is a

k€Z

map over B . We note that since A 1is an extension of A_
9 9h-1

modulo [én_1]-1(0,1/2n-1) , there exists a map A : Q_ X RN - D(q)
q q

with the properties of a 1ifting function. Thus a is a fibration.

AN A
Let (ék’jk) = (Yk,uk) @k(k)’jk(k)): Py "".i , (k € Z+) . We note that

A
since an and {(ék(n)’jk(n))}k=1,2,...,n satisfy (a) and (b) for

A
{pk}k=1 2 a’ q and {(ék,jk)} - satisfy (a) and (b) for
Lt RS k€Z

{p,}

kezt
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The following lemma attributed to Milnor allows us to reduce the

case of a family of fibrations {Po}cez over a numerable open cover

{qj} €x to one of a family of fibrations {p } over a sequentially
(o] k K

ez

numerable open cover {Vk} o
k€Z

Lemma 3.10: Given a numerable open cover {UB}GGZ of a space B ,

there exists a sequentially numerable open cover {Vk} + of B such
k€Z

that each V. 1s a disjoint union of open sets, each of which lies in

k

some I% .

For a proof of this lemma, the reader is referred to [5].

We note that if we are given a family of fibrations {po}céz over
{I%}GEZ , fiber homotopically equivalent over the non-emply inter-
sections, the suitable restrictions of these fibrations to each Vk

constructed in Lemma 3.10 yield a family of fibrations {pk} 4 over
kE€Z

{Vk} + which are themselves fiber homotopically equivalent over the
kE€Z

non-empty intersections of this cover.

By Theorem 3.9, there exists a fibration a over B and a family

A

of maps {(ék’jk)}kéz+ from {pk}kEZ+ to q such that (a) and (b)

are satisfied for {pk] , and by the way in which each p, Wwas con-

kezt

A
structed, we can construct a family of maps {(éc,jo)}oez from {pc}cEZ

to q such that (a) and (b) hold for {po}CEZ . We thus have the
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following theorem:

Theorem 3.11: Let Z be an indexing set, and let A(Z) be the cate-
gory whose objects are subsets of X with cardinality < 2 and whose
morphisms are the identities and ordered pairs <o,T>: {U,T} - {o}.
Let p: A(X) - J be a covariant functor from A(Z) to the category

of fibrétions 4 such that

(@ {Rp({loh)} 5 1s a numerable open cover of a space B,

(b) Rp(<o,™): Rp({c,7}) = Rp({c}) is an injection, and

(¢) Dp(<o,™)|: Dp(fo,m}) ~ p ({o}) Rp({o,7H)) 1s a fiber homo-
topy equivalence.

Then there exist a fibration q over B and a family of maps

A
{ (80: jO') }

sex from {P({°})}oez to a such that

A
(a) éclt Dp({c}) ~ q -l(Rp({G})) is a fiber homotopy equivalence

for all o € X ,

A
(b) éclz p-l({c})(Rp({G,T})) is fiber homotopic to

A
g l: p AT ®Rp(o,7]) , and
(c) if {(ho,{,o,)}cez is a family of maps from {p({o})lseZ to
P which are fiber homotopic over the non-empty intersectionms,
then there exists a map (h,L) € M(q,p) such that
A

(h,4) (g553,) = (b ,L) for every 0 €.

By Theorem 3.6, we can conclude that if a and a' are two maps
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over B satisfying (a), (b), and (c), then they are fiber homotopically

equivalent. Thus a is unique up to a fiber homotopy equivalence.



SECTION 4 36

THE CATEGORY &

An extension of a family of fiber homotopically equivalent classes

of fibrations over locally contractible in the large base spaces:

Throughout this section we assume that all base spaces considered
are pathwise connected, We begin with a summary of the results found

in Section 5 of a paper by E. Dyer and D, Kahn (6].
Definition 4.1: Let p be a fibration. Then Ao QX RY - D(p) 1is
P p

a transitive lifting function of p provided that for (x,(w,r)) € Q_
P

and Gn',r') € PR(p) such that w(r) = w’(0) ,

MO L, @,00),2), @ e ') x|
P P

A [ G, @, ee”)) ,r+r']
P

o]

‘ _jw s) 0ss <
where wew’(8) = i.ws(s-r) r<ss<r+r .

Theorem 4.2: For every fibration p over B, there exists a fibration

5 over B, fiber homotopically equivalent to p, which has a transitive

lifting function A_ : Q_ X R - D(p) .
P P

A
We will now construct a fibration p over B which we call the
associated fibration of p . Given a fibration p over B and a fiber
homotopically equivalent fibration p with a transitive lifting

function A_ : € X R~ D), let by, € B and F =5 ‘(b .

P P
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We define Qb (B) as the space of loops in B emanating from bo .
0

Q () = {@,r) € PB| w(0) = w(r) = bo} with the topology making the
0

inclusion map 10: Qb (B) - PB an injection.
0

a
Define a left action of Qb (B) on F, FX Qb (B) — F as follows:
0 0

xp* (g 1) = )\B l:(xF,(wL,rL)),rLJ i xF'(wbo,O) - x, and

(rp" @y 570 @017 0) = Xpo @ o0y 05y + 1y 5) o

Let P(bO,B,B) =P be the space of paths in B emanating from

by

0 b

b, with the topology making the inclusion map iP: P, - PB an injec-
0

tion. We note that there exists a right action of Qb (B) on Pb
0

0
formed by juxtaposing the loop with the path.

We now define an equivalence relation on F X Pb generated in
0

the following way: (xF,Q»,r))'v (x;,ﬁn',r')) provided that there exists

a loop G»L,rL) € Qbo(B) such that x§~0»L,rL) = xg and

+r) = @,r’), i.e., for (xF,G»,r))G FxP and

(w, *w,r
L bo

L
(w,r;) € Qbo(B) s (xpe (o ,ry), (0,r)) ~ (xp, (00T + r;)) . lLet

D(%) =F X P, =F X P_ /~ with the topology making B: F X Pb -
Qb (B 0 0 0

D(%) a projection, where P takes each point into its equivalence

class,

A
Define %: D(%) - B as follows: p(<xF,Q»,r)>) = w(r) .
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A
Theorem 4.3: p 1is a fibration with a transitive lifting function and

fiber F X Qb (B) homeomorphic to F , Furthermore, should B ..
Qb (B) 0
0

A
be locally contractible in the large, p would be fiber homotopically

equivalent to p .

We now let B C B', and let D(P\Bl) =F X P(b

Q, (8
0
A (\ ¢ A
Define Py’ ¢ D pBl) - BY as follows: pB:(<xF,GD,r)>) = w() . As
A A
with the map p, we can conclude that Py’ is a fibration with a

transitive lifting function A\, .
Pg¢

We will now demonstrate that if the inclusion map 1i: B - B 1is
A A

a cofibration, then Pg¢ is an extension of p having the property
A

that any map from p to a fibration q can be extended to a map from

Pg¢ to q , up to a fiber homotopy. Thus, if B is locally contract-
A

ible in the large, Pg¢ would be an extension of p, up to a fiber

homotopy. First we must prove the following lemma and its corollary.

Lemma 4.4: Let i: B— B’ be a cofibration, let p and p' be
fibrations over B and B’ respectively, and let (g,i) € mp,p’) .
Then there exists a fibration p over B’ and maps (g,i) € M(p,P)
- A= ~
and (gll,B') € m/B'(E,p') such that g11: D(P) — D(p’) 1is a fiber
A=l ~
homotopy equivalence, (g,i) 1is a relative fibration, and g 8=

g: D(p) =~ D(’) .
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Proof: Since i: B— B’ 1is a cofibration, there exist maps ¢: B/ -1
and h: ¢'1[0,1) - PB such that ﬂoh(v) = v, ﬂTh(v) € B, and
Lh(v) = @p(v) for every v € ¢'1[0,1) . Let Py be the fibration in-

duced by the following pullback diagram 3V:

q
D(p,) L (p)
Py P
TN h
v u > B
(4.4.1]

where V = ¢'1[0,1) . We will now show that there exists a relative

fibration (gv,il) € m(p,pv) where il: B-V,

D(Pv) = {(x,v) € D(p) X V|p(x) = ﬂTh(v)} with the topology making
the inclusion map oyt D(pv) - D(p) X V an injection. pV(x,v) =v,

A QX Rf - D(p,,) 1is defined as:
Py Py v

| _ -
b, L (G @8] = (4 [(g,vn,rh(w,r»,sj.w(s)/ :

The reader can verify that Xp is a lifting function of Py - We
\')

note that ﬂThip(x) = p(x) =p ID(p)(x) . Thus:

D(p) D(p)

jp D(py) L > D(p)

ni\lé Py P
M. h
v d > B

[4.4.2]
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is a commuting diagram. Since .OV is a pullback diagram, we can con-
clude that there exists a unique map gy* D(p) ~ D(pv) such that
9,8y = 1D(p) and Py8y = 1|p: D(p) - V. (We note that this last
condition implies that (gv,il) € m(p,pv) . We will now show that

(gv,il) is a relative fibration.

Byhp [0, @,10),8] = (4 [(x, @,)),8],0(s)) = xpv[<<x,p<x>>.Pila»,r>>,s]

* 4
xpv(gv X R")[(x,P1_h Pi|(@,r)),s]

* 4
)\pv(gv X R)[(x, w,x)),s] .

* A
Thus A=A (gv X R+): Q x RN - D(p,) « Let 1i:V~ B’ be the
Py P v

gyhy

inclusion map and define a map (é,/i\.) € m(pv,p') such that

(éﬁ) (gv,ib = (g,i): p~ p' . Define ’é: D(pv) - D(p') as follows:
806,v) = A (800, (07 0),0()),0() ] where
bl v) (8) = h(v) () - 8) .

For (x,v) € D(pv), p(x) = 'ﬂ,rh(v) = T]Oh-l(v) . Thus (g(x),(h-l(v),cp(v)))

A
€ Qp: implying that g 1is well defined.

p B (x,v) p'lﬁc[(g(x),(h’l(v),w(v))),¢(v)l

Bl ) (@) = h(w)(0) = v = py(x,v) .

Thus p'/g = /i\. Py » implying that (é,?) € m(pv,p') . /ggv(x) = /S\(X,P(x)) =
A (@6, (7 (2 G0),00),0] = g(x) . Thus Bgy = g , iaplying that

(g,/i\.) (gv,i|) = (g,i) . We note that {v,B’} constitutes a numerable

open cover of B’ with a partition of unity {1-:p/2, 1+<p/2} .



61

4

We can now conclude that p: M(é) - B° 1is a fibration, where P

is the pushout space of #:

Py 1) > p’
']
(e1,V) J(él.n )
(811:/1\-) M
(4.4.3]

a pushout diagram in M . We note that p = Mé,Q) . Thus there

exists a unique map Q;I,B') €M(,p’) such that (é;l,B') (él’Bl) = lp: ’
-1 A A A= ~
(Ql B (g, D) = GDH V), and gllz D() —~ D(p') is a fiber

homotopy equivalence. Let g = 811 o &* D(p) = D(p) .
(812D (e V) (et = GoD) « Thus B,0) EMGB) . % ey, o8y
/éﬂl eogv=/égv=g . Thus g11§=g: D(p) ~ D(p’) .

We have left to prove that (g,1) 1is a relative fibration., We
will do this by exhibiting an appropriate lifting function of P .

For ¢ €1 and (w,r) € PB’ such that w(0) € V, let cpmw(rt) =
max{p w(s) , 0<s s rt} and define 01( t I- R+ as follows:

w, €)

2t:-cpm w(rt) -

¥, o) () = e +e)+ [ T- ¢ w(rt)

We note that a(u) is well defined for all t such that w(s) € V

»€)

for every s € [0,rt] . Note also that « ©) =¢.
(w,€)

Define A,: Q x R~ D(p) as follows:
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81 (O, LG, P b, r)) re o (re)) oy (B))

0Osts min{l,tl} where t, 1s such

1
A [((x,v), €), @,r)),rt] = that o(t)) =1
8,0 [GIM [, P 8@, 1) re; LoGee ],

«”rt ,r-rtl)),rt-rtll » & <ts]1 if
1

<
t, 1.

To prove that KV is well defined, we need only show that it is
well defined at t = tl when tl =1:
81 (O, LGP R @,2)) e, Lo ), () o (1))
= gu(()\p[(x,m.rh(w’r)),rt]_],w(rtl)),l)
= gllel(hp[(x,PnThGn,r)),rtl],w(rtl))

- 3800 (6PN B @,0)) ey Lotee)))

= By (G PR @) vty Lo et )], Gy orere;),0)

- glxp,[(g{xp[(x,PnThg»,r)),rtl],w(rcl)},c»rtl,r-rcl),rtl-rtll .

Since € =1 implies that t, = 0, we can conclude that

1
kv(e: x R [(x,v), @,r)),rt] = hv[(((x,V),l).Gv,r)),rt]

= lé].}\pl[(g{ (x,V) }, (w,r))’rt] .
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Thus:
+ * x &'
Q, xR 5 X >0 4 xR
ip 4
\'}
* + A%k -+
61 X R g, X R
* + A
g X R A s
QxR 11 > 0 X R &
ipy™ N
v
D(p)
[4.4.4]

is a commuting diagram, and since the inner square is a pushout diagram,
we can conclude that there exists a unique map AB : 03 X R* - D(p)

such that hi(g;l X R+) = AV and hs(éf X R+) = @ikp, .
kﬁ[(él(x'),@,r)),o] = ’élhp:ux',(w,r)),m - 3, (x"), and
}‘3[(811((1‘,\7)’3),(war))sol = )»v[((x,v),e),(w,r)),O] = 811((xav)se) .

Thus Ka[(i,on,r)),ol = x for all x € D(p) .

Bl ), @,00),8] = Fgh s (G, @,10),]

p"\p:[(X',(w,r)),s] = w(s) , and

'ﬁkﬁ[(gll((x,v),e),(W,r)).S] = BXV[(((X,V),G),(U),I‘)),S] = w(s)

by construction. Thus iha[(i,ﬁn,r)),s] = ©(s) for every X € D(p)

-+

and for all s € R' ., Therefore A 1is a lifting function of P .

P
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For (x,(w,r)) € Qp: Ll;('é* X R+)[(x,(w,r)),rt] = A-ﬁ[('é(x),Pi(w,r)),rt]

= 2508y 88y (x),PL(®,1)),rt]

= kﬁ[(gu((x,p(x)),0),Pi(w.r)),rt]

= N [((&x,p(x)),0),PL(w,r)),rt]

= gll(hp[(x,PnThPiﬁn,r)),rt],PﬂD(rt),dG”’o)(t))

2t.0

= gll(Ap[(x’ (w,r)),rt],Piw(rt),O(1+t) + 1-0

= &) A, (x, @,1)),rt],Piw(rt),0)
= glleogv)\p[(x’ ((D,r)) ,rt]

= E}\p[(X,(w,r)),rt] .

Therefore ?\-ﬁ('é X R+) §)\p: Qp x RT = D(p) implying that (g,i) is

a relative fibration.

D(p) ——

g g
ip
/él ) ' : D(p)
D(p’) ; ' — F
'
P
v
Bl ¢
— B
v 1Y
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Corollary 4,5: If we further assume that KP and lp: are transitive
lifting functions, then ki is transitive when restricted to Qp ,

i,e., for (x,(,r)) € Qp and (@,r) € PB’ such that Piw(r) = w(0),

then %BI(AT,[(E(x),Pi(w,r)),r],@,E)),EJ = AT,[(E(x).(m-&,HE)),ﬁEJ .

Proof: If 1 = t1 :

K;[(lﬁ[(E(X),PiGD,r)),r],05,5)),51 = Rﬁ[(ihp[(x.ﬁn,r)),r],05,;)),5]

%[(gll((kp[(x’ (w,r)),r],w(r)),0), (&):;));;]

811 oL, (&, @,00),x PG, D), ELE@) 2, o0 (1))

= 811 (}‘p[(xs (‘D'PT]THB,H;)),H;]:‘B (;) ’a((D,O) (1))

81 O (x, PN h(Piwed,r+T)) ,+T ], Piwed (r+T) ¥, 0y 1))

MIGEE) , (Plo-d,o+)) ,r+E]

< .
If tl 1:

7\5[(}\5[@(1{),1’1(&.1‘)),17],(‘5,;)),;] = A‘ﬁ[(é}‘p[(x’ (w,r)),r],(u-),l-:')),E]
= MLy (L6, @,00),5),0()),00, @,1), 7]
= B0 LGOI L6, @,20),71, P08, D)Ee, Lo Gep T,

QBrtl,E - Etl)),E - ;tll'

= @1xp,[(@{Ap[(x,a»-PnThB,r+§)),r+§t1],P1w-6(r+Et1)},

(Pﬂ»-wrtl,r+r-r-rt1)),r-rtll

- glhp,[@{ AL, P b (PLoGrH)) , THEE, ], Pio-B (ntEE, ) 3

(Piw-&rtl,r+5-r-it1)),E-Etll

= }\.i;[(é(x) ’ (Piu.)a:o, NE)) ’r'l';] .
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A A
We will now prove that Pg? is an extension of p, up to a fiber

homotopy.

Theorem 4,6: Let B be a locally contractible in the large pathwise
connected space, B’ a pathwise connected space, and i: B - B’ a
cofibration. b, €B. Let p be a fibration over B, and define
E, Q, and %BI » as in the beginning of this section. (We note that
since B 18 locally contractible in the large, there exists a map

(k,B) exn(S,p) such that h: D(G) - D(p) is a fiber homotopy equi-

valence). Then for p_, a fibration over ﬁ, and (ﬁ,ji) € n(p,p_)
B B

- *
where j: B’ — B, there exists a map (h ,j) € M(QB:,p_), unique up to
B

a fiber homotopy, such that &:

A @0 > By
(h,31) ", n
§
(4.6.1]

*
is a commuting diagram, up to a fiber homotopy, where 1 C<xF,0»,r)>) =

<xF,P10»,r)> .

Proof: This theorem reduces in the following way:

Let 531 be the fibration induced by the following pullback

diagram 8
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D(pg) = > D(p_)
B
Pp’ P_
B B
B’ 1 > B
[4.6.2]

A - -
We note that since jip = p_h: D(Q) - B , there exists a unique map
B

g D@) - DG;BI) such that ql'é = h D(;\>) - D(p_) and 'ﬁBIE =
B

1/6: D(S) - B/ . This second condition is equivalent to saying that
(g,1) € m@,ﬁBl) . Should we find a map (ﬁ*,B') € m/B'GB:,'ﬁB:) such
that (& ,B)(1%,1) = G,1), then (g, NE BN = (. PG D) =
(h,ji) . Thus (qlﬁ*,j) = (h*,j) would satisfy the result of this
theorem. Therefore we need only consider extensions to fibrations over
B/ .

Without loss of generality, we can assume that ﬁB: has a trans-
itive lifting function. (If not, by Theorem 4.2, we can conclude that
there exist a fibration ﬁB, over B’ and a map (f,B) € M(ﬁBl,fDB:)
such that f 1is a fiber homotopy equivalence and ';:>B: has a transitive
lifting function. We would then consider (fg,i) € m(ﬁ,ﬁB,) as our
new initial map).

We now begin the proof of this theorem modulo these considerations.

Since i: B = B’ is a cofibration, Lemma 4.4 allows us to conclude
that there exist a fibration p,;s and maps (g,1) € m(ﬁ,sz) and

A
- ~ A-1
(gll,B') € m/B’ (pBl,pB;) such that g,

A- -~
gllg =g, and (g,i) 1is a relative fibration. Since (g,i) is a

is a fiber homotopy equivalence,
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relative fibration and <xF, w,r)> = )\A[(<sz(wbo’°)>, (w,r)),r],
P

g(<xp, (w,r)>) = sl$[(<x1,,(wb »0)>, (w,r)),r] = ’\pB,[(g(<xF, (wb0.0)>).

0

-k
Pi(w,r)),r] . Define h : DGB:) - D(pB:) as follows:

t-x*(<xF,(w,r)>) = }‘p l[(8(<sz (wb090)>)a(wsr)),r] .
B

-k
To show that h 1is well defined, let (xp,(®,r)) ~ (xl’,,(w',r’)) .

Then there exists a loop (wL,rL) € QbO(B) such that xé- (wL,rL) = Xp

and (PiwL-w,r +r)= @,r") .

L

B (Sxps @,02) = A [, @, ,00), @,0),x]
B

I'4
APB' [(g(<xF' (strL) ’ (wb0’0)>) ’ (w’r)) sr]

]

ApB,[<g<<x{,, (@ ,7,)>), (@,1)),r]

APB,mpB,[(g«x{,, (0 s0>), PLG, 1)), 5 1, @,10), 5]

APB , [(g (<xF';, (wbo ,0)>), (Piu)L w, rL+r)) . rL+r]

' 1] I'4 4
APBI[(8(<sz (wb030)>)s(w 19 ))sr ]

= l-'.1.“‘(<X’Fs (w',r')>) .

-tk
Thus h is well defined.

For <y, (®,r)> € D@, B (<xg, @,1)%) = B (<, Pi(,0)>) =

}\pBl [(8(<XF; (wb0’0)>) ,Pi(“.),r)) ’r] = g(<xF, (U),r)>) « Thus:



69

A @ 1) A
P E— > Pg’
-
(8,1) (h,B’)
PBl
[4.6.3]

% lp* .
is a commuting diagram. Therefore h = ’éllﬁ : D(;}Bl) - D(pBl) such
* * -
that (h ,BY)( ,1) = (};11,3’)(3,1) = (g,1), up to a fiber homotopy.
* * .0 A
Letting (h ,j) = (ql,j)(ﬂ ,B7): Py’ - p_ , we can conclude that
B
* * * * . -
M, D U, = (@, DELB)AT,1L) = (47,1 @1 = (,31), wp to a
fiber homotopy.
*
Having now proven existence, we have left to show that (h ,j) 1is

unique up to a fiber homotopy.

Let (h:,j) € m@B:,p_) such that (h:,j) (i*,i) = (h, ji), up to
B

*

1 j’SB, : D(QB,) - B . Thus, Since B is

a fiber homotopy. Then p_h
B
*
a pullback diagram, there exists a unique map '51: D(p\oB:) i D(SB:)
h th £ = h' and P.sh =D Thi d condition 1
such that ql 1° 0 an pB: 1= pB: . 8 second COTIM on 1is
* - -%
equivalent to saying that (ﬁl,B') € m/B'@B:,pB:) . Let h =
* -k *
@lﬁl : D sz) - D(pB:), and let g = hli : D(s) - D(pBI) . Since
* * -
we assumed that (hl’j) (1 ,i) = (h,ji), up to a fiber homotopy, we can

% *
conclude that (hl,B')(i ,1) = (gl,i) = (g,1), up to a fiber homotopy,

i.e., there exists a map G: D(I;) X I- D(ch) such that
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clo@) x {0} = g, GID@) x {1} = g , and (clD® x {t},1) €nB,py0) .
-k -k
We will now define a vertical homotopy between h1 and h which

* %
will imply the existence of such a homotopy between h1 and h .,

Define H: D(QB:) XI- D(pB:) as follows:

}‘pB‘[(G(<xF, (wboso)>32t):(w’r))sr] ’ 0st= ﬁ
-k B(t)

by ] (i 07280320, g =B (M) 2B (0],

H(<xF’ ,r)>,t) = % <t<1

where B(t) = re(2t-1),6°®) (s) = w(s), and

wB(t)(s) =w(s + B(L)) .

To show that H is well defined, we need only show that it is well

defined at t = ﬁ .

%k
}‘pB’[(G(<xF9 (wb0:0)>’2’(i))’(wsr))’r] = }"pBl[(hl(<sz (wbo’0)>)’(w’r))’r]

Br 0 - =% B @)
= APB'[(h1(<xF,(w ,0)>),Gno,r-0)),r-0] = kpB’[(h1(<xF,q” LB@E))>),

(wa (i.) 9r'B(‘k))) :r'B(#)] .

H(<XF, (u),r)>, 0) }\p ‘ [ (G(<XF’ (wb0:0)>’0) ’ (w’r)) ,r]

B

XpBl((g(<xF,G»b0,0)>),00,r)),r]

R (Sxgs (@,72)

-k
h

Thus HID(QB,) x {0}
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A LRy Cxgy @F,002), (0, 2-10) -]

H(<xg, (@,r)>,1)
B

-k
}‘pB'[(hl (<sz (w,r)>) ’ (wboso)) 30]

ﬁ:(<sz (u),r)>) .

Thus HlD(GBt) x {1} = ﬁ: .

w(r) if 0st<¢g
PgrH(<x,, (w,r)>,t) =
ws(t)(r-B(t)) = w(r) if gst<1

Thus H 1is vertical.
'i
We note that since B isilocally contractible in the large, there
' A A
exists a fiber homotopy equivalence between p and p . Thus Py’
can be viewed as an extension of p , modulo a fiber homotopy. We are
now ready to comstruct an extension of a family of fibrations over

locally contractible in the large base spaces included, by cofibrationms,

in a given space.

Definition 4.7: &8: £
1

A > x1

£ 8
g
2

>
X2 P
[4.7.1]

is a distinguished weak pushout diagram provided that it is a weak
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pushout diagram, and for any other weak pushout diagram 8’

£
1
A > x1
£ ?
2 &
gl
2 ;
Xz > P
[4. 7.2]
there exist pushout maps r: P — P’ and s: P/ =P such that sr = 1P .

Definition 4.8: Z 1s the category whose objects are fibrations over
pathwise connected locally contractible in the large base spaces and
whose morphisms are fiber homotopic classes of fiber maps between the

total spaces and cofibrations between the bases.

We will now prove that distinguished weak pushouts exist in J .

B
1
/ \
B _ B
\
B,

Let &8:

(4.9.1]

be a conmuting diagram in RY . b0 €B. Let p, Py» and Pys be objects
of J over B, B.» and B,, respectively, and let ([fk],ik) € my(P.Pk),

A A
(k = 1,2) . We define S, pl, and pz, as the associated fibrations of
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A
P> Pps and Pys respectively, and we let (a,B) € M/B(p,p) and
A
(ak,Bk) € m/Bk(pk,pk) be the respective fiber homotopy equivalences,

(k = 1,2) ,

A A A A
Let (a) Pg » P » and Pg’ > be the extensions of p to B

]
1 By 1

B2, and B', respectively, and
A A ¢
(b) Prp’ be the extension of P, to B°, as defined in
Theorem 4.6. We note the existence of the following morphisms in J:

(11,1 € m,(S,Qkaqok 10713, 1) €My(B,Byn), and

([j:]’jk) € m?(gk’/f\’kB’)’ k =1,2) .
Since ([j:ozkfk],jk 1k) € mg(p,%kB:), we can conclude, by Theorem
4.6, that there exists a unique morphism in Z:
* A * *
([0 1,8') € Mg (s, Bige) such thar  ([hy],B') (I, 1) 1,4y 1) =

(Lo £ 1oy 1)» G = 1,2) .

Let &8 :
) A (hyB") A
Py ” Pyp!
CUN- ) &, ")
(8,,58")
Gpgemy )y —— > p(hy)
(4.9.2]

be a pushout diagram in M . Since (sk_l,B') is a relative fibration

and €1 is a cofibration, Theorem 2.10 allows us to conclude that
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*
p(hk) is a fibration, (k = 1,2) .

Let 8_:
! (8 €,B")
g ’
(8126‘#’3') (EIQBI)
v (g, ,B") \
* 2° -
p(h,) > 3
(4.9.3]

be a pushout diagram in M , Since (glket’Bl) is a relative fibration
and glkS% is a cofibration, we can conclude that i is a fibration,

We will now prove that ﬁ? :

*
1,39 A
P (13314 y Bypt
(g, 1,1y ) ([3,8,1,8")
. ([h 1,87)
0 ([( 1) a],jkik)g’ QB; ;
* ]
((b,1,B) -
((£,1,1,) ([&,8,1,8")
Py > Pap’
(4.9.4]

is a commuting diagram in J by exhibiting a vertical homotopy

- - A *a‘-/\* - -
H: D(QB:) X I - D(q) such that H: glglh1 gzgzh2 ¢ D pBl) D(q) .
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8,8, (<xp, (0,)>,t) osts<%
H(<sz w,r)>,t) =
8,8, 5 (<xp, @,1)>,t) Fsts1

2181 Sxpe 0,10>,) = B8y & (S, ,1)>) = 87,6 (S, (0,7))
= §2312(<XF’ ((D,r)>,%) .
Thus H is well defined.

H(<xFa (w,r)>,0) = §1811(<XF3 ((D,l‘.')>,0) = -glglleo(<xF’ (w,r)>)

= é]./glh:(<x1"’ (w,r)>) .

Thus HlD(I\)Bl) x {0} = élglh: .
H(<xF’ (w,r)>,1) = .3'2812 (<xF’ (w,r)>,1) = §231261(<XF’ (w,r)>)
= ézgzh;(<x}u (w,r)>) .

- A %
Thus HID(SB:) x {1} = gzgzh2 .

- A * - A * A
Thus ([g,;1,8)([b;1,8") = ([g,8,1,8")([h,],B"): Ppr ~ q ,
implying that ﬁy commutes.

Theorem 4.9: If ® 1is a pushout diagram in Q , then 8‘? s

Py

- A %
([£;1,1;) (g8, 5,4 1,3y)
p q

2

[4.9.5]
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is a distinguished weak pushout diagram in J .

Proof: We note that 8,9 is a commuting diagram, since it is an

augmentation of B, . We will now prove that &9 is a weak pushout

7

diagram,

Let ([£1,4,) € m?(Pk,P') such that ([?1],4)([f1],il) =
([TZ],LZ)([fZ],iZ): p~p’ . By Theorem 4.6, there exist unique maps
in 73 (1, @ 4,)) EMgGupnp) and (121, @0.8,)) €M Gprnp’)
such that (['f:]’(L].’Lz))([j:ak]’jk) = (['fk]’{‘k) and
('], @y ) (LG @l 5 8) = (B EI4 L) , (=12 .

Since ﬁ? commutes, (['f*],(Ll,l,z))([(jkik)*a],jkik) =
(F], @y, (Lo, 130 (L5 1) = (B ], @ 44,00 (I 1,8 (L 4 e, 3, 8.
We note that by Theorem 4.6, the extension map is unique up to a fiber

* * *
homotopy. Thus (['fk],(Ll,Lz))([hk],B’) = ([ ],(41,42)), (k = 1,2) .
* %
Therefore there exists a vertical homotopy F: 'f:h: >~ 'fzhzz D(I;B') - ).

We will now define a map I_ : D(q) - D(p’) such that
q

(2.1, @ 00 (B dx 2 13 = C([E 140, G = 1,2) .
q
T (52, (g » 0,0)>)) = B (<xp , @,0)>) , (k= 1,2) .
q k k
E_ (8,814 (SXp» 0,1)>,1)) = F(<xp, (0,1)>,t)
q

T (5 8y (K @)%, 6 1)) = F(Sxp, 0,0>,6, 1) = Ty (Sxp, (@,1)%)
q

=% (gk’g\kh:(<xF,(w,r)>)) .
q
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Thus ¥_ 1s well defined, and by construction (T_,GLI,LZ)) € M(a,p') .
q q

(21, @, 58,0 (8,8, 3,0, 1,30 = (), @) (e 1,30 = ((E 1),
q

(k = 1,2) . Thus B, is a weak pushout diagram in 7 .

7
We will now prove that 02 is distinguished. Let 3q: :

P
([£,1,1)) ([g71,3;)
P q’
P2'

[4.9.6]

be another weak pushout diagram in 7 . Then there exist morphisms in

3, (IN1,8°) €m/B'(q’,q) and ([u],B') € M/B'(q,q") such that
(1,3 (a1, 3) = (B8 0 1o3)s and (1,8 (8 0o 1,3, =
(lg', 1,505 (k =1,2) . Thus

(IN1,B%) (061,B°) ([3, 8, 33 1o 3y) = (8,80, 13,0, and
(1,8 (N1,B") (lg1,3,) = ([ ]s3), (k=1,2) .

Since all maps on the base are identities, we can conclude that
(M1,8°)(p1,8Y) = ([D(q)1,B’) proving our theorem. Furthermore, we

can conclude that ([u],B’)([1],B’) = ([D¢q*)1,B’), implying that q

and q' are fiber homotopically equivalent.
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We now list conditions under which distinguished weak colimits

exist in 7 .

Theorem 4,10: Let B be a pathwise connected locally contractible in
the large space, and let C be a subcategory of Z 1indexed by A such
that for each A € A, there exists a cofibration 12: R(p)‘) - B ., Then
there exist an object q over B in 7 and a family of morphisms

{([’é ],1B) €Emh,(p ,q)] which is a distinguished weak colimit of C .,
AT2TA PN AEA

A A B” A B

A
nb(p)\,p)\lB) . Thus, by Theorem 4.6, there exists a unique map in J ,
*

- A A A
((F," 1,8) €G,gPprg) such that ([13r oy £) 1,43 =

= A\ B* B
(EN LB AL o, .

T
For a family of fibrations over B, {p_} ... , define || p_:
0 “c€Z cex ©
_Ll_ D(p,) = B as follows:
o€Z
-LlT
Po(x. ) =p, (x. ) .
o€L 9% % %o
W deft : Q x " = ]| pep) follows:
e now define )3: T L p,) as :
P,
o€z ©

“z£<xco:<‘”ar>)’s IEE" xpoo[(xco,@,r)),s |

where j; @ D(pc ) -’J%z D(po) is the inclusion map. We note that
0 0 o

T
}T is a lifting function, making Jé p, a fibration.
o€X
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For notational convenience, let
T N T A
.J.l. P)g = .U. Pg °

)\l

') '}
(£} 1,10) ene

T T N i T
" A
Define ([glk],B): ):Gl% K;l\:l;}‘o Pyg/ ~ -)\I-éA Q)\B as follows:

ey 1,3 = iy (Lyet,0)8), ana <oy, 1m = (L (et o2’ 1)0m)

Let 8 :
q

T T

\ ([g,,1,B)
AN 11-? A
')l\JéA (‘}l\:lox‘ Pap/ > '7%1\ PAB
([g,,1,B) (8,1,
£ >
en B 1
{4.10.1]

be a distinguished weak pushout diagram in 7 .

*
We will now show that ¢q and {([/élj)\i]i a)\],iﬁ) })\GA is a dis-

tinguished weak colimit of C .

Let p’ € Obg and let {([B}\],Y)\) }AEA be a family of maps from

: )
{ph})\él\ to p’ such that for every ([f;’\' ],i;:‘) € m?(p)‘,p}‘:) ,
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(et 1,1
P) > py/
((By1,Y,) ([Bye1,Y50)
ot
[4.10.,2)

is a commuting diagram.
We note that, by Theorem 4.6, there exist maps ({BXB}’YB) €
*
B B
mg P)\Bspl), such that ([B)\B]’YB)([i)\ 0’)\],1}\) = ([B)\]sY}\) € m(ph,p')
for each A € A, Thus

(8 21,8 (142 oy 1,48

*

_ B B

= ([B}\B]’YB)U::L}\ a)\.]’ik) .
Since, by Theorem 4.6, the extension map is unique in g, we can

)
conclude that ([BA,B],YB)([EQ 1,B) = ([BXB]’YB): QAB - p* . Thus

. T T
: N ' ‘ o) A ’
(‘}\'GI'A CS)\B‘],YB/\[SI]']:B) = K&A[B)\B]’YB)\[gIZ]’sz ')l:el'A (')l\:l.)\l Py - P

We can therefore conclude that, since &q is a distinguished weak

pushout diagram, there exists a morphism ([Bq],YB): q—-p' in g

such that

T
([B_1,¥p) (g, 1.B) = @, 5,0vg) s Wy bhg o =12

Thus
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* . * .
([ﬁq],YB)([/élJ;‘il; a)\]’il)s\)" ({‘e"]\ [3)\3]:YB>([.'])‘1§ a)\]si?‘)
= ([B)\],Y)\) ’

*

B B
which implies that q and {([@1jhik ah]’ik)}lﬁA is a weak colimit
of C . Since any other weak colimit would satisfy the condition of

being a weak pushout of

T T ([g,,1,B) T -
A 1k°? A
' > .u. » (k=1,2 ’
txeA (e TAB en B ¢ )}

and since ﬂq is a distinguished weak pushout diagram, the colimit is

distinguished.

It should be noted that B need not be locally contractible in
the large in order for the distinguished weak colimit of C to exist,

but this colimit would no longer be in Z .
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