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SECTION 1

INTRODUCTION

The object of this paper is to establish extensions of given par­

tially ordered families of fibrations to fibrations having the colimit- 

weak colimit property with respect to these given families.

The definitions and results contained herein are formulated within 

the category of quasi-topological spaces and maps Q . The basic prop­

erties of Q are described by E. Spanier in [7]. In the forthcoming 

book by E. Dyer and S. Eilenberg [4], it is demonstrated that this 

category contains all necessary objects, maps, and properties, needed 

in the exposition of this paper. For notational convenience we drop 

the prefix "quasi" with the understanding that we confine our construc­

tions to the category Q and all categories derived from it.

We begin by constructing an extension of a partially ordered family 

over the same base space. We call this construction, which has the co­

limit property with respect to the given family, a vertical extension 

of this family. We note that some of these results in Section 2 were 

obtained independently by Mr. Lewis Berkhout [unpublished].

In Section 3 we show that, given a family of fibrations 

over a numerable open cover of a space B which are fiber homotopically 

equivalent over the non-empty intersections, we are able to construct 

a fibration over B . This horizontal extension is fiber homotopically 

equivalent to each fibration in the family when restricted to the 

respective covering space, and it has the colimit property with respect



We define $ as the category whose objects are fibrations over 

locally contractible in the large base spaces and whose morphisms are 

fiber homotopic classes of maps between the total spaces and cofibra- 

tions between the base spaces. We finally prove that this category 

contains distinguished weak colimits provided that the colimit of the 

base spaces is locally contractible in the large and that the inclusion 

maps of these bases into this colimit are cofibrations. Such are the 
main results in Section 4.



SECTION 2 3

A VERTICAL EXTENSION

A vertical extension of a given set of fibrations over a common 

base space:

We begin this section with a formulation of basic results and de­

finitions to be used throughout this paper.

Lemma 2.1: Let &:

nlX ----------- > Xj

[2.1.1]

be a pullback diagram such that (j u j ); X u x -* Y is a projection,1 « 1 2
and if two points in either X or X_ have the same image in Y , then1 2
a point in X also has that image. Then £ is a pushout diagram.

Proof: Let:

[2.1.2]

qk ,
be the pushout diagram associated with {x----- >Xk ’ k = * * We wil*
show that Y and P are homeomorphic by a map F: P -* Y . Since &
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commutes, there exists a unique map F: P -* Y such that F J* = ,

(k = 1,2) .
Define a function F 1; Y -♦ P as follows:

F"1(Jk(xk)) = Jk(xk} ’ (k = 1,2) •

To show that F 1 is well-defined, we first show that it is defined for 

every y € Y . Let y € Y . Since (j u j ); X u xo -• Y is a pro-1 A 1 «
jection, there exists an element x^ € X^ , (t = 1 or 2) such that

W  = y • Thus, F *(y) = •

If j ^ x  ) = J2(X2 »̂ then there exists an element x 6 X such that

qk <x> = xk » (k = 1,2) . Thus F“1j1(x1) = jj(x2) = J ^ O O  = J2q2(x) =

J2(*2> = F"lj2(x2) *
If x., x* € X. such that x. £ xi and j,(x.) = j.(xf) , then

there exists an element x € X such that j^q^(x) = • Let us

assume, without loss of generality, that <£, = 1 . Then J^Q^(x) =

J1(X1) = Ji*xi> ‘ since J2q2(x) = Jiqi(x) 311(1 q2(x) € X2 ' We Ca“
conclude from the above that F ^ ^ ( x ^  - F \j2q2(x) and F 1J1(XJ) =

F 1J2q2^x  ̂ * Thus F = F • Therefore F 1 is well-
defined.

To show that F 1 is continuous, we need only show that 

F 1(J1 u J2) is continuous since (J1 u J2) is a projection.

F 1(J1 u J2) = (j* u j') . (j* u j') is continuous by the top­

ology given the pushout space P . Thus F 1 is continuous.

F *F j* = F 1jfe = j* : X^ -* P . Thus, by the uniqueness of the

pushout map, F *F = 1 .



FF-1Jk = p = Jk : *k ~ Y • Thus FP”1(y) = PP~A W  =
-i

-ij^(x^) = y , implying that FF = 1^ . Therefore F is a homeo- 

morphism implying that & is a pushout diagram.

Let tft be the mapping category associated with Q , i.e., p € Obto 

provided that p is a morphism in Q , and f € to(p,p*) if and only 

if f = , a pair of Q-morphisms such that:

[2.2.1]

is a commuting diagram.

We let D and R: to -* Q be the covariant domain and range functors 

respectively. Finally, we denote by ItVB the subcategory of to whose 

objects are maps in Q over B and whose morphisms have as the second 

coordinate the identity map over B .

Theorem 2.2; to and to/B have pushouts, pullbacks, limits, and co­

limits.

For proof of this theorem, the reader is referred to [4].

Lemma 2.3: Let &:

“ i ' Vp --------------- > p.

(t2' V
(g2* S2^
[2.3.1]

(gj.-l)

-> q



be a commuting diagram in tft . Then A is a pushout in Ift if and 

only if D(fi) and R(2) are pushouts in Q .

Proof: First we assume that £ is a pushout diagram in ft and show

that D(£) and R(£) are pushout diagrams in Q . This is done by 

taking the following pushout diagrams in Q:

f.
D(p)- 

f „

d (p 2)-

R(p )-

R<P2h

[2.3.2]

[2.3.3]

-> D(Pj)

g;

-> X

-> R ^ )

-I

-> B

and showing that X and B are homeomorphic to D(q) and R(q) re­

spectively.
Since £ is a commuting diagram in ITV , D(JB) and ROB) are com­

muting diagrams in Q . Thus there exist unique maps f: X -* D(q) and 

r: B - R(q) such that fg' = gfc : D(Pk> “* D(<l) and rs' = sfe: R(PR) -* 

R(q) , (k = 1,2) .
We will now prove that there exists a unique map q*: X -» B such 

that S :



is a commuting diagram in to . Since s' = s2r2 : ”* ® *

SlrlP = S2r2P 5 " B * ThuS SlPlfl = 8irlP = S2r2P = S2P2f2:
Therefore there exists a unique map q': X -* B such that “ 8 P̂jc »

(k = 1,2) . We can thus conclude that q' € Obto, (s^»sk) ̂  ̂Mp^q') >

(k - 1,2) , and £ is a commuting diagram in to .

Since £ is a pushout in to , there exists a unique map (f X,r X)

q q/ such that (f”1, ^ 1) (gk,sk) = pk “ lj2  ̂ *
This implies that f Xgk = g£ : ^(P^) “* * and r Xsk = s£: ^(P^) "* ® » 

(k = 1,2) .

f-1fg£ = f‘Xgk = g'fc : D(pk) - X , and r_1rs' = r_1sk = s': R(pk) - B ,
(k = 1,2) . Thus by the uniqueness of the pushout map, f Xf = 1^ and
-1 ,r r = 1B .

(f,r)(f"1,r"1)(gk,sk) = (f,r)(g£,s') = (gk,sk): Pk - q , (k = 1,2) . 
Thus, by the uniqueness of the pushout map, (f,r)(f ,r ) = 1 , im­

plying that ff X = lj)(q) an<* rr = ^R(q) * Therefore f: X -♦ D(q)
and r: B -* R(q) are homeomorphisms.

Now we assume that D(£) and R(£) are pushouts in Q . To show

that £ is a pushout diagram in to , we let £':
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(*o» 0

(h,,t )

[2.3.5]

be a commuting diagram in til , and prove that there exists a unique map

<f0»r0* 6 such that (f0*r0)(8k,8k* = (hk,t:k): pk “* q0 *
(k = 1,2) . Since comnutes in ftl , D(j&7) and R(j6/) commute in

Q . Therefore there exist unique maps f^: D(q) -♦ D(qg) and r^:

R(q) - R(q0) such that fQgk = hĵ : D(pk) - D(qQ) and rQsk « tfc:

R(Pk) - R(q0) , (k = 1,2) .
Now we show that (fg,^) 6 lft(q,qQ) • Since R(jS/) commutes,

tj^ * t2r2 : R(p ) - R(qQ) . Thus t ^ p  = t ^ p :  D(p) -* R(qQ) .

Since rfcp * Pkfk : d (p) “* R (P^ » 0* * 1,2) , it follows that t j P ^  =

t2P2^2: R (q0> * Therefore there exists a unique map
g: D(q) - R(qQ) such that ggfc = t ^ :  D(Pk) “* R (q0) •

roqgk " roskpk = fckpk * Thus roq = g *

q0f08k = q0hk = tkPk * ThuS q0f0 = 8 *
Therefore rQq - qQf0 , implying that (f0»r0) 6 to(q»q0):
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D(p) ■>D(q)

R(p) ->R(q)

[2.3.6]

If (fo*ro): q ~ qo 8uch that (£0»r0)(8k»8k) = (hk»tk): Pk " q0 ’
(k = 1,2), then f'gĵ  = hk : D(pfc) - D(qQ) and r'sk = tfc: R(pfc) - R(qQ). 

It follows then that f* = and r* = r^ . Therefore (f^r^): 

q -* q^ is unique.

Thus $ is a pushout in 1ft .

For X € ObQ , we define the path space of X as follows:

PX = [(co,r) 6 (R+ ,X) X R+ |u) is continuous and u)(t) = ou(r) for all 

t ^ r} , with the topology making the inclusion map i: PX -* (R+ ,X) X R+ 

an injection, r is called the length of the path (u>,r) .

Definition 2.4: The map i: A -* X is a cofibration provided that:

A -------- ----------> X

®0 ®0
* i X I VAX I ------->XXI

[2.4.1]

is a weak pushout diagram.



Theorem 2.5: Let A c  X be a closed subset and i: A -* X be the in­

jection map. Then the following conditions are equivalent:

(1) 1 is a cofibration.

(2) There exist maps cp: X -* I and H: X x I -♦ X such that

cp”1 (0) = A ,h|x X {o} = lx , h|a X I = TTlf and H|cp"1[0,l) X Cl}: cp-1[0,l)-

(3) There exist maps cp: X -* I and H: cp *[0,1) X I cp ^[0,1)

such that

cp”1 (0) - A , H|cp”1[0,l) X {0} = 1 , H|A X I - tt and
cp [0,1)

H|cp_1 [0,1) X {l}: cp”1 [0,1) -* A .

(4) There exist maps cp: X -* I and h: cp 1 [0,1) PX such that

cp”1 (0) = A , TlghCv) = v, TlTh(v) € A, and -th(v) = cp(v) for every 

v € cp 1[0,1) .

The proof of this theorem can be found in [ 4 ].

For a map in Q, p: X -♦ B, we denote as the pullback space of:
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Definition 2.6: T : IT\ —• 1TV Is a covariant functor where T(p) ■

Pqp: np “* B f°r (f,g) € Itl(p,p/) , T(f,g) = (f ,g) where 
*f : n -• fl / is the unique map in Q induced by the pullback opera­

tion.

X

/■> X

PB

/»  BPB

[2.6.2 ]

We are now in a position to prove the following proposition. 

Proposition 2.7: Let JB:

(f^B)
_> Pi

(g2,B)

(g^B)

[2.7.1]

be a pushout diagram in Ill/B such that f^ is a cofibration. Then 

DCTOB)):



is a pushout diagram in Q .

Proof; In showing that D(T(&)) commutes we note that qSj^qp = ÎqP 
(k *= 1,2) . Thus, by the uniqueness of the induced map, F; Q  —  Cl ,

★ ★ 1e icin the pullback operation, F = g^ f^ = f

■> D(p)

 > D(q)

PB PB

PB

[2.7.3]

To prove that D(T(JB)) is a pushout diagram, we will show that 

the hypothesis of Lemma 2.1 are satisfied. To do this we first show 

that (g, u g„): Q u fi -* fj is a projection.V61 2 Pi p2 q



D(jD) is a pushout diagram by Lemma 2.3. Thus (g^ u g^) :

D(p^) u D(p^) -* D(q) is a projection. We can thus conclude that for

(x,((i),r)) 6 Q  , there exists an element x. 6 D(p.) , (t = 1 or 2) q ^
such that g * x • Since € tU(P̂ q) » (x^»(»*r)) € 0

K*
*Thus g^(x^, («),r)) = (ĝ  (x^), (ou,r)) = (x,(<u,r)), implying that 

^ *
(gl u g^) is a surjection.

Now we show that 0^ has the unique topology making this map a 

projection. 0^ has the topology making the inclusion map 

i : Q —• D(q) x PB an injection. Thus Qf: C -* ft is an admissible
q q q

map if and only if 1^* C D(q) X PB is an admissible map. Since 

(§! u g2  ̂ and 1pb are Projections, (gx u g2> X lpB is a projection. 
Thus i^o: C -* D(q) X PB is an admissible map if and only if there 

exists a compact Hausdorff space C/, an onto map p*: C* -* C , and 

an admissible map a* : C/ -♦ (D(p^) u D(p2)) X PB such that :

>(D(Pl)UD(p2)) X PB

(glUg2) x 1pB 

> D(q) X PB

[2.7.4]

is a commuting diagram.
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To show that c*7: C7 -* (D(p^) u D(p^)) X PB factors through

Q u 0 , we let ck/(c /) € D(p ) x PB , (t ■ 1 or 2) .Pj P2 ^
[(g! u g2) x lpfi] “"(c7) = (g^ X lpB) a" (c7) » iqQfp7(c7) . Since

i is an Injection, orp7(c7) € C2 . Thus (g, X 1_ ) a7 (c7) € Q q q rfl q

Implying that ar7(c7) € fl . Therefore Qf7 factors through
/̂

u Q  , i.e., c/ = (i u i )a" where c/' 1 C7 -* ft u ftPi P2 Pi P2 PX P2

Since (i u i ) is an injection, ol‘ is admissible if and only if
Pl P2 , a is admissible. Since commutes, we can conclude that

V p/ =((81 U g2) X W * '  = ((gl U g2} x 1PB) (iPl u ip2)Qf// =

1 (gi u go)a/: C7 -* D(q) X PB . i is an injection. Thus orp7 =q 1 1 q
*  *  // /(g-l U go)" : C -* ft . Therefore ft has the unique topology making1 * P q
* *

(gl u g2) a projection.

Now we show that if two points in either ft or ft have thePl P2

same image in ft̂  , then a point in ft̂  also has that image, f^ is

a cofibration and D(&) is a pushout. Thus is a cofibration.
“ft ^If g2(x2 , (ou,r)) = g2(x7, ((u7,r7)), then q^ g2(x2, (u),r)) =

qq ^(x^Ctu'.r7)) and pq g*(x2> (u>,r)) = g2(x7, (u>7,r7)) . Thus
£

x2 * x7 and ((«,r) * (u)7,r7) implying that g2 is 1-1 .

If g^Cx^Ou.r)) = g*(x7(u)7,r7)), then q^ g*(xL, (o),r)) =

qq gl X̂1 »̂ u)/,r/^  and Pq 81 X̂1» (u)»r^  = Pq 8].(xl» • 1111X8

gl<Xi) = gj^Cxp and (00,r) = (u>7,r7) . g ^ 3̂ ) = 8]/xi) implies that
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there exists an element x^ € D(p) such that ^ ( x q) = “

g. (x*) . We note that since (f, ,B) € fo(P»P ), (x., (uo,r)) € ft and 
1 JL 1  1 U p

8i fi^x o » ^ )»r ^  = 8i^x i» “ gi/x i» ̂ <u#»r/)) •

We have left to show that DT (jB) is a pullback diagram in Q .

Let:

[2.7.5]

be a pullback diagram in Q . Since IT GO) commutes, there exists a
*unique map H: Q -* P such that q^ H = f^: fi -* ft , (k = 1,2) .P P Pfc

H(x q, (cu,r)) = ( f ^ x ^ ^ r ) ,  f2(xQ), (<u,r>) = (^(xq, (<u,r)),f2<x0, (u>,r))),

We note that since D(j6) is a pushout and is a cofibration,

gl(xl) = g2(x2) if and only if xi € and f2^xl̂  = x2 ’ i,e,»

gl(xl> = g2(x2) if and only if there exists an element x^ € D(p)

such that f, = \  » (k = 1>2)
,-1To show that H is a homeomorphism, we define H : P -* as

follows:
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H_1(x1, (<u,r), x2,((«,r)) * (x0,(u>,r)) where fk (xQ) - xfc, (k - 1,2),

We note that since is an injection, Xq is uniquely determined

implying that H * is well defined.

f* H'1(x1, (u>,r), x2,(u),r)> = f*(xQ, (u),r)) - (xQ), (iu,r)) -

(x^,(u),r)) . Thus f^ H * . Since q^ is continuous and is

an injection, H  ̂ is continuous.

H-1H(x0,(a>,r)) = (x0,(u>,r)) . Thus H_1H = 1Q  .
P

HH 1(x1,(a),r),x2,(cu,r)) = H(xQ t (w,r)) = (f^Xg), (ou,r),f2(x0), (<u,r)) =

(x^, (u),r) ,x2, (ou,r)) . Thus HH * = lp . Therefore H is a homeo-

morphism implying that D(T(£)) is a pullback.

Thus, by Lemma 2.1, D(T(&)) is a pushout.

Definition 2.8: The Q morphism p: X -* B is a fibration provided 

that there exists a map X : 0 X R+ -* X such that X [(x, («),r)) ,0] =p p p
x and pXp((x, (u>,r)),sj = ou(s) . X^ is called the lifting function 

of p .
This is equivalent to saying that p has the homotopy lifting 

property, i.e., given maps g: Z -* X and H: Z X I —  B such that 

h|z X {1} = pg: Z -* B , there exists a map H: Z X I -♦ X such that 

pH = H and h|z X £l} = g .

[2.8.1]
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A proof of this equivalence statement can be found in [A ].

Definition 2.9: (f,g) € lTl(p,p̂ ) is a relative fibration of fibrations

p and p^ provided that there exist lifting functions X^ and X^ 

such that the following is a commuting diagram:

n xrp

V
D(p)

f X 'R------> Q XR+
pl

"> D(Pl)

[2.9.1]

We have reached the point where we can now construct the first 

extension of a set of fibrations over a common base space.

Theorem 2.10: Let jB:

(f,,B)

(fo.B)

(g„B)

[2.10.1]

be a pushout diagram in Ift/B where p, p^, and ,are fibrations, 

(f^,B) is a relative fibration, and f^ is a cofibration. Then q



Is a fibration, (g2»B) is a relative fibration, and g2 is a co­
fibration.

Proof: Since (f^,B) is a relative fibration, there exist lifting

functions X and X of p and p, respectively such thatP Pĵ 1

Xp = (f^ X R+): flp X R+ -* D(p^) . Since f^ is a cofibration,

there exist maps cp: DCp^) -* I and h': cp_1[0,l) -* PD(p ) such that

cp 1(0) = D(p) , T)0h/(v) = v , TlTh/(v) 6 D(p) , and th'(v) ■ cp(v) for

every v 6 cp 1[0,1) .
We will now construct a map h: cp ^[0,1) -* PD(p^) with the above

properties of h/ such that p^h(v)(s) = p^(v) for every v € cp”^[0,l)

and for all s 6 [0,cp(v) ] .

Let h(v) (s) = Xp [(h/(v)(s),(a)^v gj,s)),s] where

«U(v s)^) = Pjh'CvXs - t) , 0 £ t * s •

'“(v S)(0) = Pih/(v)(s) • Thus (h7(v) (s), (<i)̂v s),s» € Cip implying

that h is well defined and continuous.

We now show that h has all of the required properties.

Tl0h(v) = h(v) (0) = X^[(h'(vX0),(u>(v>0),0)),0] = h' (v) (0) - v .

Thus TlghCv) = v for every v € cp *[0,1) .

TlTh(v) = h(v) (cp(v)) » [(h'(vX<P(v)),(<i>(v>(p(v))>q>(v))),cp(v)] .

h* (y) 6 D(p) . Thus h/(v)(cp(v)) = • Therefore, since

(f^,B) is a relative fibration,



V (v) " Xp1t(fl(xv)»(u)(v,cp(v))»cp(v)))»cp(v)]

“ flXp[(V (®(v,<p(v))»<p(v>))»<|,(v)1 •

Thus T)Th(v) 6 D(p) for every v € cp ^[0,1) .

-Ch(v) = <th/(v) * cp(v) for every v € cp X [0,1) .

Pjh^Xs) = pxX [(h'CvXs), (<u(v>s).8)),s] = <u(v^ ( s )

= p^hy (v) (s - s) = Pjh'CvXO) = PjXv) .

Thus p^h(v)(s) = p^(v) for every v € 9 *[0,1) and for all

s € [0,cp(v)J .
To prove that q is a fibration, we will exhibit a lifting 

function X : fi X R+ -* D(q) . We will be able to construct such aq q
function by defining a map X^ : X R -* D(q) such that

X (£* x R+ ) = g„ X (f* x R+) and noting that D(T(J&)) X R+ is a1 z p2 Z

pushout diagram.
X is defined on each of three closed sections of Q Pl PX

For (x^,(<u,r)) € such that x1 € cp *[§,1]:

X [(x., (u),r)> ,s] = g.. X [(x. ,(cu,r)),sj 0 ^ s ^ r .
\ 1

For (x1,(cu,r)) 6 Q such that x. 6 cp *&,§]:1 ^

We let (ou,r) be the composite of two maps ((^(x^^r - 3r cpfc^)

and (c0p(x1),3rcp(x1) - r) where (^(x^Xs) = co(s) and (UpCxjXs)

<u(s + 2r - 3r<p(x^)) .
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Let S(Xl)(rt) - X [(h(X]L) (t/3), (^(xj) ,2r - 3 ^ ^ ) ) )  ,rt] ,

0 s t S 2  - 3cp(xx) .

r
AgjCKx^Ort) = Qf(x̂ ) (rt), 0 £ t £ 2 - 39^ )

^ [(x^fo.rH.rt] = < |(x1)(rt) - gjX [(TlT5(x1),(a)p(x1),3r9(x1)-r)),

rt - (2r - 3r9(x1))] ,

\ 2  - 39(xx) * t * 1

We note that since p ^ S C x ^  = U ^ O ^ )  = O l ^ G ^ ) » (^(x^,

3r9 (x.) - r)) € Q . Thus X is well defined on this closed T 1 Px P1

section of Q
P1

For (x.,(u),r)) € fi such that x- € 9 ^[0,^]: 

We let (o),r) be the composite of two maps (oj^(x^),3r9 (x^)) and 

((^(x^.r - 3r9 (x^)) where u> (x^ (s) = co(s) and tUgCx^Cs) = 

<u(s + 3r9 (x1>) . Let 

Y(Xl)(rt) = X^[(h(x1)(t/3),(‘«Y (x1),3r9(x1)»,rt], 0 ^ t * 39^ )  .

AY(Xl)(rt) = glY(Xl)(rt) , 0 ^ t ^ 39^ )

Xp [(Xl,(«J,r)),rt] = ^  ^(Xl)(rt) = g2Xp [(^(I^Y^)), (^(x^.rOnpGcj))),

rt - 3r9(x1)] ,
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As with the previous section, we note that since P-J)T Y(x^) «

\  U)v^Xl̂  “ ^0 “>6<*1>’<\ Y(x1)>(<u6(x1),r - 3r<p(.x1))) € . We

further note that T1t Y( x ^) € D(p) . Thus ( T ^ Y ^ ) , ( ^ ( x ^  jr-Srcp^))) 

€ fip implying that (f2 CH^Y(xj^)>, (<u6 (x^ ,r - arcpCx^)) € .

Therefore X. is well defined on this closed section of Q

O)or,Y

D(q)

r

>?

ID
Muu

[2.10.2]
To show that X is well defined, we need only prove that the function,

as defined, agrees at cp(x̂ ) = ^ and cp(x̂ )
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When cpCxĵ ) « £ :

- (u),r) - (u>a (x1),2r - 3rcp(x1>) and 

(a)p(xi),3rcp(xi)- r) - (T)tu>,0) - (ou6(x1),r - Srcpfr^) . 

Thus X [(x , (o),r)),rtj = g X £(h(x,) (t/3), (<u,r)),rt] , 0 s: t * 1

When cpCxĵ ) = § :

(<“a Ocl)»2r - SrcpCxĵ )) = (p^x^.O) and

(u)p(x1),3rcp(x1) - r) » (u>,r) .

Thus X [(x. ,(iu,r)),rt] = g- X [(x-, (u>,r)),rt] , 0 £ t s; irĵ 1 A Pĵ *

We will now show that

D(q)

[2.10.3]

is a commuting diagram. Let (x,(u),r)) € Qp . Then

Xp (f* X R+)[(x,(<D,r)),s] = ^p [(f1(x),(a>,r)).,s] . Since cp(x) = 0 ,

(ooY (x1),3rcp(x1)) = (p(x),0) and (^Cx^.r - Srcp^)) = (u>,r) .
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Thus Xp [(^(x), (<u,r)),s] - g2Xp [(f2 <x), (u>,r)),s]

* g2Xp (f* X R+) [(x, (u>,r)),s] .

Therefore £ commutes, and since D(T($)) X R+ is a pushout diagram, 

there exists a unique map X^: X R -* D(q) such that X R ) >

\  and \ (g2 X R+) = 82Xp2 *

We now prove that X^ is a lifting function.

X ^ U g ^ x ^ ,  (<D,r)),0] = Xp [ ( x ^ K r H . O ]  - S^Xj) •

Xq ^ 82^x 2 ^ ’ = §2Xp f(x 2» = 82 (x 2 ) •

Thus X [(z, (ou,r)) ,0] = z for every (z,(u>,r)) € Qn q

q^-qt(§i(x^)>(<w>r))»8] = q^p [(Xl, (u),r)),s] = u>(s) by the construction

of X and the fact that g, is a fiber map , (k = 1,2) .
P1 R

qXq[(82(x2), (u>,r)),s] = qg2^p C(x2» ftu.r)),s] = p2Xp [ (x2, (<u,r)) ,s] = u>(s),

Thus qX^[(z, (cu,r)),s] = cu(s) for every [(z, (iu,r)),s] € X R+ . 

Therefore X is a lifting function implying that q is a fibration.q
X (g* X R+) = g_X : Q x R+ - D(q) . Thus (g,,B) is a rela-
q I p2 p2

tive fibration. Finally, since $ is a pushout in iTl/B, D(JB) is a 

pushout in Q . Thus, since f^ is a cofibration, g2 is a co­

fib rat ion.
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For an immediate application of this theorem, let us consider the 

following: Let p and p7 be two fibrations over B, and let 

(f,B) 6 Tn/B (p,p7) . We define M(f) , the mapping cylinder of f , 

as the pushout space of the following pushout diagram:

D(p)

D(p')-

-> D(p)XI

-> M(f)

[2.11.1]

We note that since p7f = p = p tt̂  : D(p) -* B, there exists a unique

map M(f,B) : M(f) -* B such that p tt̂  = M(f,B)j^ and p7 = M(f,B)j2 .

Corollary 2.11: M(f,B) is a fibration.

Proof: Let X : fi X R+ -* D(p) be a lifting function of p . Define  P P
X : n „ x R+ -» D(p) X I as follows:pT^ PTT1

Xptr [((x,e), ((U,r)),s] = (Xp [(x, (cu,r)),s],e) .

The reader can verify the fact that X is a lifting function imply-P11!

ing that pTT : D(p) x I -* B is a fibration. We note that (ê .̂B) is 

a relative fibration. We note also that is a cofibration and:

"> PTT.

(f,B)
(j2,B)

[2.11.2]
->M(f,B)

(j^B)
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is a pushout diagram in iTl/B . Thus the hypothesis of Theorem 2.10 are 

satisfied implying that M(f,B) is a fibration.

We end this section by proving that q and p^ of Theorem 2.10

are fiber homotopically equivalent should such a relationship exist 

between p^ and p .

Theorem 2.12: Let f: X -* Y be a cofibration and a homotopy equivalence.

Then X is a strong deformation retract of Y, i.e., there exist maps

f_1: Y - X and H: Y X I -* Y such that f_1f = lx , h|y X {o} = ly ,

H|x X I = tt , and h|y X {l} = ff_1 .

For a proof of this theorem, the reader is referred to [ 5 ].

Proposition 2.13: Let

[2.13.1]

be a pushout diagram where f^ is a cofibration and a homotopy equi­

valence. Then g2 is a homotopy equivalence.

Proof: By Theorem 2.12, there exist maps fj1: X̂  ̂-* X and 

H: Xx X I - XL such that f^1^  = lx and H: lx “  rel X

XX2 f2 = f2 = f2XX = f2fl fl : X *
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Therefore:

■> X.

[2.13.2]

Is a commuting diagram. Since £ is a pushout diagram, there exists 

a unique map : Y -» such that = ^2^1^: ^1 ^2 an(*

g2 ®2 = 1X2 : X2 “* X2 *

X I)(x,t) = g]_H(f̂  (x), t) = gĵ fĵ Cx) = g2f2(x) 

= g2Tri (f2 x I)(x»t) •

Therefore:
f,Xl

■> XjXiXXI

f„Xl
V

■> YXIX2XI

[2.13.3]

is a commuting diagram.
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Thus, since £ X I is a pushout diagram, there exists a unique map 

G: Y X I -* Y such that G(g^ X I) = g^H: x I -* Y and

G(g2 x I)= g ^ ;  X2 x I -* Y .

By the uniqueness of the pushout map:
G(gl X 1 ) ^  X {0} = gjHlXj X {0} = gx and G(g2 X I) |X2 X {o} =

82TT1 X̂2 X ^  = 82 lmPl i e s  tha t  GIY X t ° )  = •

Also G(gl X I)|X1 X {1} = g1H|xi X {1} = g1f1£j1 - S z h h 1 = * 2 * 2 * 1  

G(g2 X I) |X2 X {l} = S2TT1 lX2 X = 82 = 8282lg2 implies that 

g|y X {1} = g ^ " 1 .

Therefore G: ly - g ^ " 1 .

Proposition 2.14: Let p and p/ be fibrations over B , and let 

(f,B) € rn/B(p,p') be a relative fibration where f: D(p) -» D(p7) is 

a cofibration and a homotopy equivalence. Then f is a fiber homotopy 

equivalence.

Proof: Since f is both a cofibration and a homotopy equivalence,

there exist maps f D(p7) -♦ D(p) and H: D(p7) XI-* D(p7) such 

that f-1f = lD(p) and H: lD(p') ~ ff"1 rel D(p) . Let cp: D(p7) - I 

be a haloing function of f . Let

D(p7) = {(x7,t) € D(p7) X 111 £ cp(x') } ,

and give D(p ) the topology making the inclusion map i: D(p7) -•

D(p7) X I an injection.

We will now show that there exists a map H: D(p7) -• D(p7) such 

that H(x 7,0) = x 7 and H(x7,cp(x7)) = ff_1(x7) for every x 7 6 D(p7).

and
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Let h: D(p*) -* PD(p/) be the adjoint of H , h(x#)(t) *■ H(x#,t) . 

Define ii: D(p/) -• PD(p/) as: h(x/) (t»cp(x/)) - h(x/)(t) .

To prove that h is continuous, we make use of the following 

lemma found in [4]: j: PY -* (I,Y) X R+ defined by: j(u>,r) *

[(25,l),r] where S(t) = (u(rt) , t € I , is an injection.

Let Y ■ D(p/) . TT1j[ii(x/)(s),cp(x/)] = h(x')(s) = h(x') (s*cp(x')) *

h(x/)(s) . Thus TT̂ jh * h . tt̂  jh = cp . Therefore, since the pro­

jections are continuous jh is continuous, and since j is an in­

jection, h is continuous.

Let H be the adjoint of h : H(x/,t) = h(x#)(t) . We note that

H: D(p') - Dip')

H(x/,0) = h(x*)(0) = h(x#)(0) = H(x/,0) = x' for every 

x' 6 D(p') .

H(x/,cp(x/)) = h(x#) (cp(x#)) = h(x/)(l) = H(x',l) = ff”1(x/) for 

every x* € D(p') .
We will now show that there exist maps ? D(p*) -» D(p) and

H: D(p*) - D(p/) such that (? *,B) € tI\/B(p/,p) , 1 1f = »

fl(x',0) = x' , Tt(x',cp(x')) = f?"1(x') and p'H(x',s) = p'(x') for

every x* € D(p*) . Since (f,B) is a relative fibration, there

exist lifting functions X and X / of p and p' respectivelyP P
such that

Q XR P,

P

D(p)

— — — --- > Cl /XR+P

-> D(p')

[2.14.1]
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is a commuting diagram. Let

and

HCx'.s) « ^p/[(H(x#,s),(«)^x/ j,s)),s]

where s) (t) = p/H(x/,s - t) , 0 ^ s ^ cp(x7) , 0 =£ t ^ s .

Since U)^/jCp(x')) (0) = p/H(x/,cp(x/)) = p/ff“1(x/)

= pf”1(x/),(f'1(x/),(u)̂ x / ^ (x/^,cp(x#))) € np.

Also since t u sj(0) = p/H(x/,s), (H(x7 ,s), (ou^/ ^ ^p' • Thus

T  ̂ and Hi are well defined.
We will now show that these functions have the required properties.

pl"1(x/) = P*p[(f 1(x/),(‘u(x'>Cp(x'))>cP(x#))),9(x/)]

■ UJ(x/,cp(x/))(cP(x/)) = = p'(x') •

Thus (?_1,B) € tn/BCp'.p) .

?_1f(x) = = f_1f(x) = X .

Thus r 1 f = iD(p) .

B(xy,0) = A /[(HCx'.O.Cd)^/ 0),0)),0] * H(x',0) = x7 

for every x / 6 D(px) .

I K x ' . c p f r ' ) )  *  Ap /  [ ( H C x ' . c p C x ' ) )  ,  (u)( x / >cp( x / ) ) » cP ( x / ) ) )  . cpC x ' )  ]

= Ap,[ff’1 (x/)>(u>̂ x/^cp̂ xi^,cp(x/))),q)(x/)]

=  f A p [ f " 1 ( x / ) , ( i o ( x / ^ ( x / ) ) , c p ( x , ) ) ) , c p ( x / ) ]

= f5“X (x')
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for every x* 6 D(p#) .

P / ^ ( x / , s )  «  p # *  / [ ( H f r ^ s ) ,  (U)( x / > s ) » s ) ) . 8 ] 

=  ■ > ( * ' , . )  ( a )  =  p ' S C x ' . s  -  s )

= p'Sfr'.O) = p'(x')

for every x* € D(p#) and for all s ^ cp(xr) .

Define F: D(p7) x I -* D(p/) as follows:

F(x',t) = B(x/,min[t,cp(x/) ])

F(x/,0) = H(x/,0) = x* for every x* € D(p*) ,

FCx7,!) = Bfr^cpCx*)) = fl ‘̂(x/) for every x/ € D(p') ,

p/F(x#,s) = p/B(x/,min[s,cp(x/) ]) = p/(x/) for every x/ € DCp*)

~ -0.-1and for all s € I . Thus F: “  under a vertical homotopy,
-1and since f f = » we can conclude that f is a fiber homotopy

equivalence.
We are now in position to prove the final theorem of this section. 

Theorem 2.15: Let JS>:

(f,>B)

(fo.B)

(go.B)

[2.15.1]

be a pushout diagram in tft/B such that p , , and p^ , are



fibrations, (f^,B) is a relative fibration, and is a cofibration

and a fiber homotopy equivalence. Then is a fiber homotopy equi­

valence.

Proof: By Theorem 2.10, q is a fibration, (g2»B) is a relative

fibration, and g^ is a cofibration.
Since f^ is a cofibration and a fiber homotopy equivalence and

D(£) is a pushout diagram, we can conclude by Proposition 2.13 that 

g2 is a homotopy equivalence.
The above two statements satisfying the hypothesis of Proposition 

2.14, allows us to conclude that g2 is a fiber homotopy equivalence.
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A HORIZONTAL EXTENSION

A horizontal extension of a given set of fibrations over a numerable 
open cover:

Where in the preceeding section we extended a set of fibrations 

over a common base space, we are by no means restricted to such ex­

tensions .

For example: Given a fibration p over B and a map h: B7 -» B,

the pullback operation induces a fibration p7 over B7, i.e., given 

the following pullback diagram:

-> X

-> B

[3.1.1]

where p is a fibration, we can conlude that p7 is a fibration.

The following theorem is a consequence of this result.

Theorem 3.1: Let p be a fibration over B c  B7 and let r: B7 -* B 

be a retract. Then there exists a fibration p7 over B7 such that 

P/|P/"1(B) -  P .

We will now use several of the results of Section 2 to construct 

the following horizontal extension.

Theorem 3.2: Let [g]: B -♦ I and let U = [g] *(0,l] . Let p and 

p^ be fibrations over U , and let p£ be a fibration over B .
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Let (f^,U) € Hl/U(p,p^) be a relative fibration where is a co­

fibration and a fiber homotopy equivalence, and let (f2»l) € ^(P»P2)
Finally, let

(fo,D

(g2,B)

"> Pi

-> q

[3.2.1]

be a pushout diagram in ft . Then q is a fibration, and (g^jB) is 

a relative fibration.

Proof: Since (f^,U) is a relative fibration, there exist lifting 

functions X and X of p and p- respectively such that:

Q XR P

D(p)

* + fjXR
-> « XR

-> D(px)

[3.2.2]

is a commuting diagram. Since f^ is a cofibration and a fiber homo­

topy equivalence as well, there exist maps f^ : D(p^) -• D(p) and

’l]

1,

H: D(p^) X I -• D(p1) such that

*> f;lfi D(P) ’
b) h |d (Pj) X to} - iD(Pi>
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c) X I) - f 1TT1: D(p) X I - D(Pl) ,

d) H(x^,cp(x^)) - f1f11(x1) for every ^  € D ^ ) ,  where

V  D(p^) -* I is a haloing function of f^ ,

e) PjH = DCpj) X I -» B .

To prove that q is a fibration, we will exhibit a lifting 

function, X . First we note that &*:q

fi, XR ip

* + f^XR

* + f2XR

n x r Po
g2xR

-> Q. XR 
lpi

★ + gjXR

-> Q X R
q

[3.2.3]

is a pushout diagram in Q , since £ is a pushout diagram in to .

For (x^Ou.r)) € £1 , let (x^) ([g]u>(0)) , and consider

(uo,r) as a composition of two paths (curtl ,rt^) and (u>rt ,r - rt^)

rtlwhere u> (s) = u>(s) and (u (s) = co(s + rt.) . Let
1

rtlar(x̂ ) (rt) = Xp [(H(x1,2t/[g]cu(0)>, (<u .rt^.rt], 0 * t £ ^  .

rtlWe note that since (x̂ ,(<u ,rt^)) € 0 , Qf(x̂ ) is well defined.

Define X : Q. x R -* D(q) as follows: 
P1 ipl
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a(Xl)(rt) = g1a(x1)(rt) , 0 * t £ tx

^(Xl)(rt) - g2Xp [(f2 CnTar(Xl)),(u>rt ,r-rt1>),rt-rt1],

Since TlTQf(x )̂ € D(p) ((f^,U) is a relative fibration) and 

pl V * (xP  = *rtl* = (*)rt1 (0)’ O l r a ^ y . t o  r - r t j ) 6 0lp .

Therefore (f_ OLaCx. )), (u> ,r-rtn)) 6 n . Thus X is well
1 2 1

defined .

D(q)

81D (P1)

W w

g2D (P2)

I’

toT W
to

y-eti Z .

[3.2.4]
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(fl x f(x» (0l)>r))*8J “ t(fi (x),(u>,r)),s]
P1 P1

*  82*p t ( f 2 ^ » ^ )o»r “° ^ » s J

= g2*p (f2 x r) t(x, (u>,r)),s] .

Therefore Xp (f^ x I) = g2^p (^2 X * ®^nce *-s a pushout diagram,

we can now conclude that there exists a unique map X R+ -* D(q)
J. ^such that X (g, X I) = X. : fl X R D(q) and X (g X I) = 

q i  px ipx M q 2

g X : Q X R+ - D(q) .
2 2

X [(gjCxi), (tu,r)),0] =  X  [(x., (<u,r)),0] =  a(x.,)(0)4 * * ^

rtl= gxxp f(H(x^,0), (uj jrt^J.O]

= gj^x^O) = g j ^ )  .

Xqt(82 (x2^> Cw,r>>,°J = g2^p [(x2,(a>,r)),0j = g2 (x2> .

Therefore \^[(z, (<u,r)) ,0] = z for every (z,(u),r)) € .

q^qUgj^Xi), (cu,r)),s] = qXp [(X;L, (cu,r)),sJ = u)(s) by the construction

of X and the fact that g. is a fiber map (k = 1,2) .Pi *k

q^q[(g2 (x2)» («>»r))»s] = qg2*p [(x2,(<D,r)),s] = P2Xp^ [(x2, (<u,r)),s] = U)(s).

Thus qX^[(z, (<u,r)),s] = u>(s) for all [(z, (u>,r)),sj 6 X R+ .

Therefore X is a lifting function of q implying that q is a



fibration. Since \,(g* X I) * g.X : C x R+ -♦ D(q) , (g,,B) is a* Po P*1q 2

relative fibration.

The fact that f^: D(p) -* D(p^) is a fiber homotopy equivalence 

is crucial to the proof of this theorem, for if we assume that all of 

the hypothesis of Theorem 3.2 hold except this condition, we would be 

faced with the following counterexample:

Let B = [-1,1] and define [gJ:B -• I as: [g](s) = max[0,s] .
Thus [g] *(0,1] = U = (0,1] . D(p) = U X S^; p = tt̂  ; and 

Xpj x R+ -• D(p) is defined as: X^[((x,e^), (<u,r)),s] = (ou(s),e^) .

D(p,) = D x I; p, = tt ; and X : Q x R+ -* D(p ) is defined as:1 1 1  pl P1

Xp [((x,t),(<u,r)),s] = (u) (s), t) . D(p2) = B; p2 = lfi .

' Let f^: D(p) -* D(p^) be the inclusion map. We note that f^

is a cofibration, and (f^,U) is a relative fibration. Let i: U -» B

be the inclusion map and let f2 = iTT̂ : D(p) -* D(p2) . Let £>:

[3.2.5]

be the associated pushout diagram. We note that q ^(1) = I/O ~  1 = Ŝ -

and q (0) = pt. If q is a fibration then it has the homotopy 

lifting property which would imply that S* pt. But this is
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impossible. Thus q is not a fibration.

D(p)

[3.2.6]

The following theorem lists sufficient conditions for a map over 

a space with a numerable open cover to be a fibration.

Theorem 3.3: Let be a numerable open cover of a space B ,

and let p be a map over B such that p|p ^(UG) is a fibration for 

every a € £ . Then p is a fibration.

The proof of this theorem can be found in [4].

The following result is a direct consequence of Theorems 3.2 and

3.3.

Corollary 3.4: Let B be a space with a numerable open cover
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and a partition of unity ([g^],[g,,]} . Let p, p^, and p2 , be fibra­

tions over 0 U2 , Uj , and , respectively. Let (f^i^) € 

lMp>Pk) be a relative fibration where the appropriate restriction of 

fk ' £k^: pk^^l ^ ^2^ * £s a c°f*-hration arw* a fiber homotopy
equivalence and i^ is the inclusion map (k = 1,2) . Finally, let £:

(fi.ij

(f o . O

(h0,Jo)

(h1,j1)

[3.4.1]

be a pushout diagram in til . Then q is a fibration.

Proof: Since & is a pushout,

(£1>V
(f2 l - W

(h2 lp21(UinU2)>tl)
P2 ,P2 (Uin V

-> Pi

(hJ.Up 

->q|q’1(u1)

[3.4.2]

is a pushout diagram, (fgl,^ 0 U2) is a relative fibration, and 

f2 | is a cofibration and a fiber homotopy equivalence, [g^] £(0,1] Cl = 

U1 fl u2 . Thus, by Theorem 3.2, q|q"1(U1) is a fibration. By an 

identical argument, we can conclude that q|q £(U2) is a fibration.
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Therefore, by Theorem 3.3, q is a fibration.

We have seen that in order for our extensions constructed in 

Theorem 3.2 and Corollary 3.4 to be fibrations, it is necessary that 

the appropriate restrictions of our maps, f | and f^ | , be fiber 

homotopy equivalences. We will now show that this condition is the 

only limitation we need place on our maps in order to produce a 

horizontal extension with the universal property.

Theorem 3.5: Let B be a space with a numerable open cover 

and a partition of unity i Cg-̂  J»Cg^] 3 . Let p, p ^  and p2, be 

fibrations over D U^, and U2, respectively. Let 

(f^,i^) € Mpjp^) where the appropriate restriction of f^ , 

fjJ: D(p) -• p”^(U^ fl U^) is a fiber homotopy equivalence. Let 

be the pushout space of :

(y y

<ek-l’Uin V

<8lk,1k>
l k

"> P.,

<vV

[3.5.1]

I fk_i ir la pushout diagram in iTl , where (p^)^ = JjD(p) X —j-, —J  >U^HU^

and sk-1(x) = (x,k-l) . Finally, let 5:
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P

P(f2> ■> q
V

[3.5.2]

be a pushout diagram In to . Then

(1) q Is a fibration,

(2) Given maps ^ ^(Pjl»P)» (k = 1*2), such that

= ^2^25 ^1 ^ ^2 ”* an(* ^1^1 homotopic to

then there exists a map (h,<l): q -* p , such that

M X i k . J ^ . V  = O v V  , (k * 1,2)

(3) Should (f^ji^) be a relative fibration and

fjJ: D(p) -* p^(U^ fl l^) be a cofibration, (k = 1,2), then the

fibration q, the pushout space of &:

P

V (g2 * J2^
■> q

V

[3.5.3]

a pushout diagram in to, is fiber homotopically equivalent to q
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Proof: (1) We note that ^ : P "* p̂TTP k  is a re*ative
fibration, is a cofibration and a fiber homotopy equivalence,

and jS>k is a pushout diagram in til . Thus, by Theorem 3.2, PCf^) 

is a fibration, and f® a relative fibration (k ■ 1,2) .

We will now show that q|q is a fibration. Without loss

of generality, we assume that k = 1 . Let us define

xp(f2)|: °p<f2) |P(f2)“1<u1 n u2) x R+ "* p(f2} 1(ui n V

as follows:

\>(f2)| [<^2 <*2).<«>»r)),sj * g2Xp2[(x2i(«i)fr)),s]

/ 81 2 ^ p ^ X* (U)»r^ » rtJ»e  ̂ 0 ^ 1 .  For

1 e € [£,§ ]

\ ®12  ̂̂X * ̂U)»r^  >rt ̂ 6)
0 ^ 6  (e - f)

N»(f ) |[(812(x >e)»((U.r))»rt:j = \ g12(Xp f(x, (<»,r)),rt],2e-§)
j 6(e-§)£t*l . For e € [f,|]

/ ®12 (x* ((Utr )) »rt J» ®+t/6)
0 ^ 6 ( 1  - e)

®2Xp f (f2 ^ *  (U)6,re^ » rt"6 r̂"re^
6(l-e)^tsi . For e 6 [|,1]

\\ where U)g(s) = <u(s + 6r(l - e)) .

We note that, as in the construction of ^  in Theorem 2.10, Xp(f2)l 

is a well defined lifting function of p(f2) Ip(f2) ^ u2  ̂ » an(*

we can conclude that (s^2 I e-J-»^ P ^ 2^ P ^2^ ^^ 1  ^ ^2^
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a relative fibration.

We will now prove that 812 I *-s a cofibration and a fiber 
homotopy equivalence. Define a haloing function cPo:p(f9) "1(Uin U 2 ) - I
as follows:

cp2 (g2 |(x2>) = 1 for every x2 € D(p2) and

^2^ 2 1 (x*11)) “ 2(t - &) for every (x,t) € D(p) X &,1] .

<P2 (gi2 I ei (x)) = cP2<8i2^x »1^  “ 1 = •

Therefore cp2 is well defined. Let V2 = cp2^[0,l) and define

H2: V2 X I -* V2 as follows:

H2(g12I(x>t),s) = Si2 ^ x »t + *

<P21<0) = S121 %  D(P> * H2 IV2 X = *V ' H2*V2 X V2 “* D(P) *

H2 <8i2 le! X I) = g12lê  V  D<p) X I -  p C f p ' V j  fl U2) . Thus,

S12 ̂  iS 3 c°ffbratf°n ‘

In order to prove that g^l®^ is a fiber h o m o t ° P y  equivalence,

we need only show that this condition holds for g^2 | , since

e^: D(p) -* D(p) X &,lj is a fiber homotopy equivalence. We note 

that &21:

(f | , u n u  ) ,
— 2— 1— 2---------- > p2 |p21(u1nu2)

( V W

(g12l»uinV

(g2 lp21(uinU2)»UinU2)

(P17! )1 2

[3.5.4]
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is a pushout diagram in lTl/Û  D such that is a cofibration and

a fiber homotopy equivalence and ( 0  U2) is a relative fibration.

Thus, by Theorem 2.15, we can conclude that ^ ^2  ̂ *8 a

fiber homotopy equivalence. Therefore U^)) (f2 Î  “

g12^®l: ^^ 1  ^2^ a homotopy equivalence, i.e.,

there exist maps (§12^ 1  ̂ ^  p f̂2^ ^ U1 ̂  U2^ "* D^ »  **21: 1D(p) ***

(Sioiei) ^8iole-i) » an(̂  ^22*  ̂ -1 ĝ12 ̂ ® l ^ g12 ̂ ®1̂12 1 12 1 22 p(f2) l (Ui n U2) 11 1 XZ 1

where an(* 2̂2 are vert*cal homotopies. Let

g12 I”1 = «i<8i2I«i)”1: P(f2>_1<Ul 0 V  "* D(P) * [*»1] = D(pTTl)2 *

gl2l8i2l 1 = (812l)ei(8i2lei) 1 = (812lei)(g12l®l) 1p(f2)"1(UinU2)

gl2 l §12  ̂ = ei^g12^eî  g12 ̂ ^  ®l^g12^ei^ g12^®iei ei1D(p)®l

“ *1*1 “  1D(Ptti)2 *

Thus g121: D(p) X ft,l] - pC^)"1 ^  fl U2) is a fiber homotopy 

equivalence. We now have &|:

-> pC^)

p(f2)

<8i2lei ,uin V ( i J . V

P(f,
, ( g j I p c y ' ^ W ’V  { .1

,) V j n i y — 2----- ---- — — ->q|q < V

[3.5.5]
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I

a pushout diagram in to satisfying the hypothesis of Theorem 3.2.

Thus, q|q ^(U^) is a fibration.

By a similar argument, we can prove that q|q ^(U^) is a fibra­

tion. Therefore, by Theorem 3.3, q is a fibration.

gD(p(f.))

q

U1 J' U2  < * 1
<----------  0j_ n u2 --------)

[3.5.6]

(2) Let € to(pk,p), (k = 1,2), be maps such that

l l ll = l 2 i2 : Ui n U2 R(p) and B: hlfl “  h2f2*‘ D(p) "* D(P) Under 
a vertical homotopy.
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B|D(p) X p|I, |j: D(p) X [^i, |] - D(p) .

(H|D(p) X f j . V kX ek_1»U1 n U2) " ^ D(P) X fk“l}^ k 1k)

= V k ^ k V  = P - P *

Thus, since $k is a pushout diagram, there exists a unique map

(Hk^k^ : p (V  p such tha t  ^ V ^ k ^ k ’ V  = and

( H k , V (8lk*ik) = X fi ’̂ k V ’ (k = 1>2)*

(H1,^1)(g11e^,i1) “- ( V l l V V ^  = <tt|»<P> X

= ^ 2 g12ei*'t'212^ = ^ 2 ,'t'2^812ê ,i2^ *

Thus, since 5 is a pushout diagram, there exists a unique map

(h,£): q - P such that (h,-t) (g^ jfc) = ( y ^ )  » (k = 1»2) •

(h,o(ik,jk)(gk, y  = c y y c v y  - < w  •

(3) If f |: D(p) -* p,^(U- H U ) is a cofibration as well as aK K i Z
fiber homotopy equivalence and (f^i^) is a relative fibration, then 

we can conclude, by Corollary 3.4, that q , the pushout space of

(§2 > J 2
( g ^ y

[3.5.7]

a pushout diagram in til , is a fibration.
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We will now prove that q Is fiber homotoplcally equivalent to q . 

Define a map rfc : D(p(fk)) -* D(pk) as follows: ^ ^ a n d

rk^8lk^x,e^  “ fk ^  * We note that r̂k ,Uk^ € Ih(p(fk),pk) and that 
rk is a fiber homotopy equivalence. We note further that

rk*lke£ = fk : P - Pk ’ <k = 1 >2) ‘ Thus’ glrl8l l ^  " 8lfl = g2f2 " 
82r281 2 %  * Therefore, since £ is a pushout diagram, there exists a
unique map (f,B): ^ - q such that ( f .BHg^j^ = (gk> jfc) (rk»Ufc) *

(k = 1,2).

Since gj: D(p(fk>) - q and g]k |: D(pfc) - q_1(Uk)

are fiber homotopy equivalences, (k = 1,2), we can conclude that 

f|q ^(^k): q ”* q ^(^k) *-s a fiber homotopy equivalence. Thus,

by utilizing the following theorem found in [ 5], we can conclude that

f is a fiber homotopy equivalence.

Theorem 3.6: Let {U he a numerable open cover of a space B .

Let p and p be maps over B, and let (f,B) € H\/B(p,p) such that 

f |p ^(U ): p ^(UCT) “* P is a fiber homotopy equivalence for

every a 6 2 .  Then f: D(p) -* D(p) is a fiber homotopy equivalence.

We will end this section by generalizing Theorem 3.5 and construc­

ting a horizontal extension of a family of fibrations {p^ W  over

a numerable open cover of B, Cu } gj, .

In order to construct this extension, we make use of the follow­

ing result which stabilizes a lifting function upon extension.

Theorem 3.7: Let „\ and be two distinct lifting functions of-----------  I p  2 p
a fibration p . Then there exists a map H: X R+ X I -* D(p) such

that
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(a) H|np X R+ X {0} - ,

(b) H|Clp X R+ X {1} - 2Xp , and

(c) N|np X R+ X (t] is a lifting functions of p for all t € I.

For a proof of this theorem, the reader is referred to [4].

Proposition 3.8: Let B be a space with a numerable open cover

and a partition of unity {[g^Jjfgj]} • Let q be a fibra­

tion over B, and let X^ be a lifting function of q|q ^(U^) .

Finally, let e € (0,1) . Then X. restricted to fi 1 , X R+
1 q | q ” fg1 i” C ® , i i

can be extended to a lifting function of q .

Proof; Since q £s a fibration, there exists a lifting function

X^; X R+ -* D(q) . We note that qlq"1 ^ )  is a fibration with a

lifting function X |fi 7 X R+ - q"’1 (U ) . Thus, there exists
q qlq'1^ )  1

a map H; Q - X R+ XI-* q-1(U.) such that
qlq < V

(a) H|n . x r+ x {0} = x |n x r+ ,
qlq" (U-l) q q|q"X ( V

(b) H|n . X R+ X {1 } = x and
q|q (Ux)

(c) h |q  1 X R+ X {t} is a lifting function for all t € I.
q l q  <u x )

Define X; Q X R+ -» D(q) as follows;q



49

(<«,r)),s] for <u(s) € [g1]”1[0,e/2]
] / 2 [g-] (u)(s))-e,

X[(x, (<D,r)),s] - ^ H^[(x, (<w,r)),s],-----   j for «(s) € [g^ [e/2,e]

^[(x, (u>,r)),s] for u>(s) 6 tg1]’1 [e,l]

, 2 [g. ] (u>(s))-e 2* e/2-e
We note that for u)(s) € [g^] (e/2),     ■ — ----- =

e_e .1 2[g ](o)(s))-e 2e-e
= 0 , and for ou(s) € [g^ (e), ----- --------- — —  - -  = 1 .

Thus X is well defined and continuous. By its construction, we con­

clude that X is a lifting function of q and that

x|n . x r+ = x .
qlq tsx] [e»i]

Theorem 3.9: Let fvk 3kgz+ be a sequentially numerable open cover of 

a space B with a partition of unity {[g^J 3kgz+ • Let ^pk k̂gz+ be 

a family of fibrations over £vk }kgz+ which are fiber homotopically

equivalent over the non-empty intersections. Then there exists a
A

fibration q over B and a family of maps {(g^» V * k € Z + from

^pk^k€Z+ to q such that
A ,

(a) g|D(p ) -* q (V.) is a fiber homotopy equivalence for allK K

k € Z+ , and

(b) if { lk6z+ is a family of maps from tPk }kgz+ to

p which are fiber homotopic over the non-empty intersections, then
A

there exists a map (h,£) € !ft(q,p) such that (h,{.) (ĝ , j^) = (ĥ ,<L̂ ) 

for every k € Z+ .



Proof: Let W. * V,, and let W = W , U V for n ^ 2 . We note  1 1 *  n n-1 n

that {W ,,V } constitutes a numerable open cover of W with a n-1* n n

partition of unity

{ V  [g.] / E [gj, tgJ / 2 fg.]} - { i L . t U g j }  , (n * 2) .>»j=1 j j*i J n j*i J L n 1 n

Let q. = q, = p,, and let X = X = X . W e  note that q, n) TL 1* - - p, ’1
"0 ’l 1

is a fibration over W^ and 1^ € lTl(p̂ ,q̂ ) such that (a) and (b)

are satisfied for .

We now assume that there exist a fibration q , over W -n-1 n-L
A

and a family of maps { ( 5 , ^ )  >%(„_!)> )k.1>2.... „.i

fp, ), , „ to q , such that (a) and (b) are satisfied fork k«=l,2,... ,n-l ti-1
{p } . We also assume that there exists a lifting func-k k * * n - 1
tion X. of q , which is an extension of q . ^n-lnn-l

X |0 X R+ .
V 2 V 2 | V 2 [*n-2] tl/2 -1]

We will now show that there exist a fibration q^ over W^ and a
A

family of maps t <8^^) - Jk<n>> >k=1,  n from {pk }k=l,2,... ,n t0

q such that (a) and (b) are satisfied for {p.}. , 0 . and weXI K K I yfc) • • • )U

will exhibit a lifting function of qn which is an extension of
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<1 ilq V  i H V ). q ,, and p , are flbrations over W . fl V , ni-l,Hn-l n-1 n'* ni-1* rn * n-1 n*

W and V , respectively. Let (or ,r -) € lTl(q . |q ?"(W , fl V ),n-1* n * r J n-1* n-1 nn-l,nn-l n-1 n *

q n) and (0 ,s ) € lTl(p Ip *(W , H V ),p ) be the inclusion maps.nn-l n* n rn ,rn n-1 n *rn r

Let ^k(n): ^ Pn^^k  ̂  hypothesized fiber homo­

topy equivalence when fl Vn J4 0 and the trivial map when D = 0,
A

(k " 1>2.... 11"1) • Sin(:a ’n-1 and ^*k(n-l)’jk(n-l))'k-l,2,...,n-l

satisfy (a) and (b) for {pk }k.1>2>... _11.1.51.1 1 Vl< " n - 1  0 V  an<1 

‘^ ( n - n l ^ ^ n - l 0 V -  Jk(„-olVk n V W  n-1 <a>

and (b) for lpk Ip^ C V j 0 V' k - 1 , 2 , ...,n-l - tPfclPfc1^  n V  >k.l,2,... .n-l'

Thus there exists a map (f ,W . fl V ) € tU(q i|tL"”i(W„ n A V ),r n* n-1 n ^n-1 ti-1 n-i n

Pn lpn1(Wn-l ° ‘ We n°te that U V l (Vk n V s V l ^ k 0 V  “*

Pn^(V^ D V ) is a fiber homotopy equivalence for k = 1,2,...,n-1 .

Thus, by Theorem 3.6, we can conclude that f : q }(W . D V ) -** J ’ n n-i n-i n

Pn*(Wn  ̂fl V ) is a fiber homotopy equivalence.

bat (^.s,,) - ( ' W i  n vn): v 1 l v l < * n n V  - P„ ,

and note that if we consider the flbrations <ln_i lqn_i ^ ^n^* **n-l *

and pn , and the maps ant* ^®n*Sn^ * t^en Theorem 3.5

allows us to conclude that there exist a fibration q over W andn n

maps (gn gn»sn): qn_1 - qR and (g gp ,i-n): Pn "* qn such that (a)
n n

and (b) are satisfied for {q ,,p } . Given our assumptions regardingnn-l n



q . and n-1
A

l(5k(n-l)>;)k(n-l))}k.l,2.....n-1' ”e C*“ m  =°nclud' that
A

there exists a family of maps ( , Jk(n)) )k.1>2.....„ from

£ p. }, .. 0 to q such that (a) and (b) are satisfied fork K ® n
A • a  ^

^pk^k=l,2,...,n * ^®k(n) ’^k(n)^ = 8̂n8n»8n^ (gk(n-l) * ̂ (n-l)*»

(k = 1,2.....n-1) .

Theorem 3.2 allows us to construct a lifting function ^  of

q |q "*(W which is an extension of k . Thus, by Proposition
V i

3.8, there exists a lifting function X_ of qn which is an extension
^n

of ^ IQ . - - X R+ and is thus an extension of
“ Sn-il

k |Q X R+  .
v i  v i l v i s ^ r H i / z - 1,!]

Let q and { (Y.jU, ) } . be the colimit of {q.} . and the
k k k€z .k€Z

inclusion maps {(g,g, ,s, )} . Since B = colimit W , q is a°k H k k€z+ n

map over B . We note that since is an extension of
^n ^n-1

modulo tgn_1]”1(0,l/2n”1) , there exists a map k_: fl_ x R+ -* D(q)
q q

with the properties of a lifting function. Thus q is a fibration.
A A

Let <ik,Jk) - < W (8k(k)-Jk(k)): Pk -  i . »  € 2 ) . He note that

since 5n end t , Jk(n)) )k,x>2 „ satisfy (a) and <1>) for
A

{pk^k=l,2,... ,n* * and ^(V jk ^  + satisfy and for
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The following lemma attributed to Milnor allows us to reduce the 

case of a family of flbrations {pa 3CTg£ over a numerable open cover

(UjLcy to one of a family of flbrations {p, } . over a sequentially
k k€Z

numerable open cover {V, } .
k k€Z

Lemma 3.10: Given a numerable open cover £^CT}CTg£ a space B ,

there exists a sequentially numerable open cover {V. } , of B such
k k€Z

that each is a disjoint union of open sets, each of which lies in

some U . o

For a proof of this lemma, the reader is referred to [ 5]•

We note that if we are given a family of flbrations £pct\j££ over 

, fiber homotopically equivalent over the non-emply inter­

sections, the suitable restrictions of these flbrations to each

constructed in Lemma 3.10 yield a family of flbrations £ p. } , over
k k€Z

{V.} , which are themselves fiber homotopically equivalent over the
k k€Z

non-empty intersections of this cover.

By Theorem 3.9, there exists a fibration q over B and a family
A

of maps {(gv.jjv.)} , from {p, } , to q such that (a) and (b)
k k k€Z k k€Z

are satisfied for {p, } , and by the way in which each p, was con-
k k€Z k

A
structed, we can construct a family of maps { (g^, ja) from {pa}a^

to q such that (a) and (b) hold for ^PCT̂ CTg£ • We thus have the
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following theorem:

Theorem 3.11: Let £ be an indexing set, and let A(£) be the cate­

gory whose objects are subsets of 2 with cardinality ̂ 2 and whose

morphisms are the identities and ordered pairs <ct,t>: {ct,t } -» {ct} .

Let p: A (2) -* 7  be a covariant functor from A (2) to the category

of flbrations 7 such that

(a) {Rp({o})}CTg2 *-s a numerable open cover of a space B ,

(b) Rp (<ct,t>): Rp({o,T}) - Rp({a}) is an injection, and

(c) Dp(<a,T>)|: Dp({a,T}) -* p *({a}) (Rp({a,T })) is a fiber homo­

topy equivalence.

Then there exist a fibration q over B and a family of maps
A

{(iCT»ja)}CT€£ from {p ({ct})}ct€2 to q such that

-  -  -1(a) gph DP({ct}) -* q (Rp (£cr})) is a fiber homotopy equivalence

for all a € 2 ,
A ,

(b) gjj I ’ P (£ct}) (Rp({a,T})) is fiber homotopic to
A
St- I: p" (£t }) (Rpd>,T})) , and

(c) if {(hg.j'Cg.) is a faa^y of “aps from to

p which are fiber homotopic over the non-empty intersections,

then there exists a map (h,£) € to(q,p) such that
A

(hj-O (gCT»jCT) = for every a € 2 •

By Theorem 3.6, we can conclude that if q and q/ are two maps
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over B satisfying (a), (b), and (c), then they are fiber homotopically 

equivalent. Thus q is unique up to a fiber homotopy equivalence.



SECTION 4 56

THE CATEGORY 2

An extension of a family of fiber homotopically equivalent classes 

of flbrations over locally contractible in the large base spaces:

Throughout this section we assume that all base spaces considered 

are pathwise connected. We begin with a summary of the results found

in Section 5 of a paper by E. Dyer and D. Kahn [6].

Definition 4.1: Let p be a fibration. Then X : fl x R+ -* D(p) is
P P

a transitive lifting function of p provided that for (x,(u>,r)) € Q
P

and (u/jr7) € PR(p) such that u)(r) = u/(0) ,

X. ^[(x^ou.r^.rJ.Cu/.r'))^'] = XJ~(x, (unu^r+r')) ,1̂-r'j 
P P P

, t , \  j iu(s) 0 s s ^ rwhere u>*<u (s) = i „// \ ^ »L a) (s-r) r ^ s ^ r + r

Theorem 4.2: For every fibration p over B, there exists a fibration

p over B, fiber homotopically equivalent to p, which has a transitive

lifting function X_ : Q_ x R+ -* D(p) .
P P

We will now construct a fibration p over B which we call the
associated fibration of p . Given a fibration p over B and a fiber

homotopically equivalent fibration p with a transitive lifting

function X_ : X R+ -* D(p), let b^ € B and F = p *(1>q) •
P P
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We define (B) as the space of loops in B emanating from .

0

^  (B) = {(<u,r) € PB| u>(0) “ <w(r) = b^} with the topology making the

inclusion map JU: fl (B) -* PB an Injection, w dq

aDefine a left action of Cl (B) on F, F X 0. (B) -• F as follows:
“o °o

xF*((UL>rL) = X- [ ^ F ’^ L ’̂ ’̂ J  * xf '(V ’0) = ^  and P 0

^ f ’^ L I ^ L I ^ ’^LZ*1̂  = XF* ̂ L1 ,(UL2*rLl + rL2^ *

Let P(bn,B,B) = P. be the space of paths in B emanating fromU b0

b. with the topology making the inclusion map i : P. -* PB an injec- 
u p 0

tion. We note that there exists a right action of Cl (B) on P.
0 0

formed by juxtaposing the loop with the path.

We now define an equivalence relation on F X P^ generated in

the following way: (xp,(u),r)) ~  (x̂ ,,(uo/,r/)) provided that there exists

a loop (i«L ,r^) € (B) such that “ xp an<*

(cuL *u),rL + r) = (u/jr*), i.e., for (xp,(u>,r))€ F x P^ and

(u>L ,rL) € (B) » (xp* («)L ,rL), (o),r)) ~  (x^ (u)L«»,r + rL>) . Let

D(p) = F X P = F X P, /~ with the topology making P: F X P. -* 
fl (B) b0 0 0

0
D(p) a projection, where P takes each point into its equivalence

class.
Define p: D(p) -* B as follows: p(<xp, (u),r)>) = u)(r) .
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Theorem 4.3: p is a fibration with a transitive lifting function and

fiber F X fi (B) homeomorphic to F . Furthermore, should &.
Cl (B) b0 

0

be locally contractible in the large, p would be fiber homotopically 

equivalent to p .

We now let B c: B7, and let D(p /) * F X P(b_,B/,B/) .
B Cl (B) 0

0

Define pg/ : D(pg/) - B/ as follows: Pfi/(<xF, (u>,r)>) = <u(r) . As

with the map p, we can conclude that pg/ is a fibration with a 

transitive lifting function
pb 7

We will now demonstrate that if the inclusion map i: B -* B7 is

a cofibration, then pn/ is an extension of p having the property

that any map from p to a fibration q can be extended to a map from

p_/ to q , up to a fiber homotopy. Thus, if B is locally contract-

ible in the large, p„/ would be an extension of p, up to a fiberB

homotopy. First we must prove the following lemma and its corollary.

Lemma 4.4: Let i: B -* B/ be a cofibration, let p and p7 be

fibrations over B and B7 respectively, and let (g,i) € IMp,p71 . 

Then there exists a fibration p over B7 and maps (g,i) € fo(p,p) 

and (g^jB7) € tTl/B7(p,p7) such that g^: D(p) -* D(p7) is a fiber 

homotopy equivalence, (g,i) is a relative fibration, and g ^  g =

g: D(p) - D(p7) .
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Proof: Since i: B -♦ B7 is a cofibration, there exist maps cp: B/ -♦ I

and h: cp ^[0,1) -* PB7 such that TJ^hCv) ■ v, TlTh(v) 6 B, and 

-th(v) ■ <p(v) for every v 6 cp ^[0,1) . Let p^ be the fibration in­

duced by the following pullback diagram £ :

D<PV)

V
V

\ h

-> D(p) 

P

-> B

[4.4.1]

where V = cp~^[0,l) . We will now show that there exists a relative 

fibration (gy,i|) 6 Ift(P>Pv) where i|: B -* V .

D(pv) = { (x,v) 6 D(p) X v|p(x) * 1)Th(v)} with the topology making 

the inclusion map a^: D(py) -• D(p) X V an injection. pv (x,v) « v .

X : 0 x R+ -* D(p„) is defined as:
PV  P V  V

((x,v),(u>,r)),sj = ^X [(x,PTlTh(u),r)),sj,o)(s)y .

The reader can verify that X is a lifting function of p., . We
PV

note that T)Thip(x) = p(x) = p lD p̂j(x) . Thus:

■> D(p)

[4.4.2]
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Is a commiting diagram. Since fly Is a pullback diagram, we can con­

clude that there exists a unique map gy! D(p) -* D(p^) such that

qjgy * 1D(p) and PV®V “ V * note that this last
condition implies that (gy,i|) € fo(p>Py) . We will now show that

(gy»i|) Is a relative fibration.

gyX [(x,(u>,r)),s] - (X [(x, (u>,r)),s],cu(s)) = X [((x,p(x)),Pi|(u),r)),s]P P Py

= X (g* x R+)[(x,PTL. h Pi| (u),r)),sj Py v 1
*  .. _+*

‘'V ̂
= x (gv X R ) [(x, (u>,r)),s] .

Ptt V

Thus 8yXp = Xp (gp x R+) : X R+ -* D(p^) . Let i: V -» B* be the, * _ + * _  . _ A• g
V

inclusion map and define a map (g,^) € th(py,p') such that 

ĝ,i)(gy,i|) = (g,i): p - p' . Define g: D(py) - D(p') as follows:

g(x,v) = Xp/[(g(x),(h"1 (v),cp(v))),cp(v)] where

h“1(v)(s) = h(v) (cp(v) - s) .

For (x,v) € D ( p y ) ,  p  (x) = T]Th(v) = ^ h  *(v) . Thus (g(x),(h 1(v),cp(v))) 
6 Qp/ implying that g is well defined.

/A, . /, r/ , v „-l.p'g(x,v) = p'X^/Kgfr), (h" (v),cp(v))),cp(v) ]

?V= h 1(v)(cp(v)) = h(v) (0) = v = pw (x,v) .

Thus p'g = 'i pv , implying that (gj'i) € MPyjP*) . ggy(x) = g(x,p(x)) =

Xp/[(g(x),(h"1 (p(x)),0)),0j = g(x) . Thus ggy = g , implying that

(g,^)(gy,i|) = (g,i) . We note that {VjB*} constitutes a numerable 

open cover of B7 with a partition of unity {l-cp/2, l+cp/2} .
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We can now conclude that p: M(g) -* B* is a fibration, where p 

is the pushout space of &:

& &  „

(gn

[4.4.3]

a pushout diagram in to . We note that p * M(g,^) . Thus there

exists a unique map (g^.B7) € to(p ,p7) such that ( g ^ . B ' X g ^ B 7) = lp/ ,

(g^.B'Xgjj,^) = (g^X^.V), and g"1: D(p) - D(p') is a fiber

homotopy equivalence. Let g = g ^  g^: D(p) -» D(p) . 

(g11,i)(e0,V),(gv,i|) = (g,i) . Thus (g,i) € to(p,p) . g j ^ u ^ g y  ■

gTTl eo gy = ® ®5 = 8 ' Thus ®1X g = g: D(p  ̂”* D p̂  ̂ *

We have left to prove that (g,i) is a relative fibration. We 

will do this by exhibiting an appropriate lifting function of p .

For e 6 I and (u>,r) € PB7 such that <i)(0) € V, let cp u>(rt) =

max{cp u>(s) , 0 ^ s ^ rt} and define ar^ I -* R+ as follows:

A

r 2t»cp m(rt)
"(u),c)(t) “ «<1 + O  + L l - cp cu(rt)J

We note that a, N is well defined for all t such that u>(s) 6 V (u),e)
for every s € [0,rt] . Note also that (0) = e .

Define ^v : X R+ -* D(p) as follows:
ip tt,FV 1
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811 < < X p Ĉx»pTlTh <a,»r))»*■«:]»«>(rt>)»Qr̂tt>>e)(t)) » 

0 £ t ^ min{l,t^} where Is such

^[(((x.v),®), (<D,r)),rt] that aCtj) - 1

g1^p/[(g{^pt(x,PnTh(«),r)),rt1],<i> (r^)},

(u)rt^,r-rt1)),rt-rt1] , tj_ * t * 1 if

t l £ 1  ‘

To prove that ^  is well defined, we need only show that it is 

well defined at t = t^ when t^ ^ 1:

8ll((Xp t(x*PT'Th((U»r)),rtl-',U}(rtl)),a(a),e) (tl ^

= g11((^p[(x,FnTh(u),r)),rt1],a)(rt1)),l)

= gliei (^p t(x,PrriTh(«),r)),rt1],u)(rt1))

= gxg{ *p f (x,PTlTh(cu,r)) ,rtx ],ou(rt]L) }

■ g1Xp/[(g{^pt(x,P\h((u,r)),rt1],a)(rt1)}, (« .r-rtj)),0]

= g^p' [ (g{xp t (x,PTlTh(«),r)) ,rtt ] ,u> (rtj) }, <«>rt ^ V ^ l  1

Since e = 1 implies that = 0, we can conclude that

v̂ (e* x R+)[((x,v),(u>,r)),rt] = ^[(((x.v),!), («>,r)),rt]

= /[(g{(x,v)},(u>,r)),rt] .
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Thus:

A*

A*

[4.4.4]

is a commuting diagram, and since the inner square is a pushout diagram, 

we can conclude that there exists a unique map : CL. x R+ - D(p)
•/f i ^

such that x R ) = \  an<* x R ) = •

^[(g1(x/),(«),r)),0] = g^p/Ux'.Cu^r))^] = gj^x'), and 

^[(gj^Cxjv),®),^^))^] = V̂ [((x,v),e),(u),r)),0] = gn ((x,v),6) .

Thus ?^[(x, (oo,r)) ,0] = x for all x € D(p) .

P^tCg^x'), (u>,r)),s] = Pgj^p/Ux^Cuj.r))^]

= p/^p/[(x/,((B,r)),s] = «)(s) , and

P^[(gn ((x,v),e), (ou,r)),s] = p^v [(((x,v),6),(uj,r)),s] = <u(s)

by construction. Thus p^[(x, (o),r)) ,s ] = u>(s) for every x 6 D(p)

and for all s € R+ . Therefore ^ is a lifting function of p .
P
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For (x,(u>,r)) 6 C y  A~(g* x R+) [(x, (<u,r)),rt] ■= ^Ug(x) ,Pi(u),r)) ,rt]

" V (8lie08V (x),Pi(u)»r))»rtJ

“  Ap ^ 8 l l ^ x»P(x^»°)»Pi(<,,»r))»rtJ 

= C((x»p(x)) ,0) ,Pi(<D,r)) ,rt]

= 8il(Xp ^ x>PT'ThPi(U)»r» » rt^ Piu)(rt)»Qf(U)>o)(t:))

= gll(^p [(x. («>,r)),rt],Picu(rt),0(l+t) + )

= 8l l ^ p ^ x» (u,*r))»rt],pi«>(rt),0)

“ 8 l l W p f(x»(u,»r))*rtJ 

= g^p f(x, (u),r)),rt] .

Therefore ^(g X R+) = g^: 0 X R+ -* D(p) implying that (g,i) is 
a relative fibration.

D(p)  ----- -

t ~ B — i
V ------- ,

[4.4.5]
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Corollary 4.5: If we further assume that Xp and X^/ are transitive

lifting functions, then X~ is transitive when restricted to Cl ,P P
i*e., for (x,(cu,r)) 6 fip and (u),r) 6 PB7 such that Piau(r) ■ u>(0), 

then X~[(X~[(g(x),Pi(<«,r)),r], («>,r)),rj = X~[(g(x), (Piu)*uj,r+r)),r+r J .

Proof: If 1 £ t :

X^[<X~[(g(x),Pi(u),r)),r], (ai,r)),r] = X~[(gXp[(x, <a),r)),r], (<w,r)),r]

- gii^pC^pCC*. («>,r)),r],PIlTh((o,r)),r],aj(f),Q'((B̂ 0)(l))

■ 8u (Xp [ (x ,0B.« l r h 5 , r r t ) ) , r r f ] f5 ( 5 ) i«fi# j d ) )

= g11(Xp[(x,PT)Th(Piu)*ul,r+r)) ,r+r] ,Pitu»<I)(r+r) ,ar^ 0j(l))

= X~[(g(x),(Pi(0*<ju,r+r)),iM-r] .

If tx s i :

X^t(X^[(g(x),Pi(cu,r)),r],(uj,r)),r] = X~[(gXp[(x, (<u,r)),r], (£,r)),r] 

= ^C(g1l((Xp [(x, (u>,r)),r],<»)(r)),0),(uj,r)),r]

■ g1^p /[(g{xp [(,tp t(x,(a),r)),r],PTlTh(aj,r)irt1 ],uj(rt1)},

(“rt »* " **!>)»* "

= g1Xp/[(g{Xp [(x, (u)*PT|ThuJ,r+r)) ,r+rt^],Piu)*u>(r+rt^) },

(Pia)*u)rt ,r+r-r-rt1)),r-rt1]

* 8i^p' f ̂  Xp [ (x,P71Th(Pi<i>.(̂ r+r)) ,1+ r ^  ] .PiiwJCrfrtp },

(Piu>*(Brt ,r+r-r-rt1)),r-rt1]

* X~[(g(x) , (Piu).ii>,r+r)) ,r+r ] .
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We will now prove that pQ / Is an extension of p, up to a fiber 

homotopy.

Theorem A.6: Let B be a locally contractible In the large pathwlse
connected space, B* a pathwlse connected space, and 1: B -* B/ a 

cofibration. b^ £ B . Let p be a fibration over B, and define 

p, p, and Pg/ , as In the beginning of this section. (We note that 

since B Is locally contractible In the large, there exists a map 

(K,B) 6 to(p,p) such that K: D(p) - D(p) is a fiber homotopy equi­

valence). Then for p , a fibration over B, and (h,jl) € to(p»P )
B B

where j: B* -* B, there exists a map (h ,j) € Ifl(p_/,p ), unique up to
B

a fiber homotopy, such that j6:

(i

(h ,j)

P

[4.6.1J

is a commuting diagram, up to a fiber homotopy, where 1 (<Xp, (<i>,r)>) = 

<xp,,Pi(u),r)> .

Proof; This theorem reduces in the following way:
Let p_/ be the fibration induced by the following pullback B

diagram £:
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D(P )  ±------> D(p )
B B

V
v
P.
B

B* -------- 1--------> B

[4.6.2]

We note that since jip = p h: D(p) -* B , there exists a unique map
B

g: D(p) -♦ D(pB/> such that = h: D(p) - D(p_) and pfi/g =
B

ip: D(p) -* B* . This second condition is equivalent to saying that

(5,i) 6 fo(p,pB/) . Should we find a map (K ,B7) € to/B7 (PB'»PB*) such 

that (R ,B/) (i ,i) = (g,i), then (q^ j) (K^B7) (i*,i) = (q^jXgji) =
«* ‘/c(h,ji) . Thus (q^E ,j) = (h ,j) would satisfy the result of this 

theorem. Therefore we need only consider extensions to fibrations over 
B7 .

Without loss of generality, we can assume that p_,/ has a trans-D
itive lifting function. (If not, by Theorem 4.2, we can conclude that 

there exist a fibration Pg/ over B 7 and a map (f,B7) € to(Pg/,Pg/) 

such that f is a fiber homotopy equivalence and Pg/ has a transitive 

lifting function. We would then consider (fg,i) £ to(p,Pg/) as our 

new initial map).

We now begin the proof of this theorem modulo these considerations. 

Since i: B -• B7 is a cofibration, Lemma 4.4 allows us to conclude 

that there exist a fibration Pg/ and maps (g,i) € fo(p,Pg/) and 

(g”^,B/) € tn/B7(pg/,pg/) such that g*1 is a fiber homotopy equivalence, 

g ^ g  = g , and (g,i) is a relative fibration. Since (g,i) is a
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relative fibration and <xF> (u>,r)> * XA [(<xF, (u>b ,0)>, («u,r)),r],
P 0

g^Xy, (cu,r)>) - gXA r(<Xp, («>b^,0)>, (w,r)),r] = [(g(<Xp, (a>b ,0)>),

Pi(u),r)),r] . Define h*: D(pb*) "* D (Pg') as follows:

h (<Xp, (u>,r)>) = Xp  ̂[(g(<xF , (aub ,0)>), (cu,r)) ,r]

To show that h is well defined, let (Xp,(uo,r)) ~  (x̂ ,, (o)/,r/)) . 

Then there exists a loop (u)̂ ,r̂ ) 6 0^ (B) such that (a)̂ ,rL) = x̂ ,

and (Pia)L *d),rL + r) = (u/,r') .

&*(<xF> («),r)>) = Xp  ̂[ (g(xp, (u>b^,0)>), (u),r)) ,r ]

= (u>L ,rL), (a)b^,0)>), (aj,r)),r]

= Xp («»£,.rL)>),0i),r)),r]
B

- xp / [(^p / [<g(<«Jf ( ^ . O ^ . P K a ^ . r ^ J . r h J . C m . O J . r ]

= xp #[(g(<x', (oub ,0)>),(Pic»)L »u),rL+r)),rL+r]
B 0

= X [(g(<x^,,(0) ,0)>), (u)/,r/)),r/]
Pb ' T  0

= h (<x'F, ((u'jr')^ .
-*Thus h is well defined.

For <xp, (u),r)> € D(p), h*i*(<xF> («),r)>) = h*(<xF,Pi(u>,r)>) 

1 (g(<xp» ,0)>),Pi(co,r)),r] * g(<xF, (<u,r)>) . Thus:



is a commuting diagram. Therefore E* = g-^E*: D(p /) -* D(p /) such
1 O  D

that (E*^') (i*,i) = ^ 1,B/)(g,i) - (g,i), up to a fiber homotopy.

Letting (h ,j) = (q.»j)(fi »B ): p / p , we can conclude that1 a  g

(h*,j)(i*,i) = (q^»j)(E*,B/)(i*,i) = (q^,j)(g,i) = (h,ji), up to a 

fiber homotopy.
•jf

Having now proven existence, we have left to show that (h ,J) is

unique up to a fiber homotopy.

Let (h*,j) £ fo(pB/,P_) such that (h^jHi ,i) = (h,ji), up to
B

a fiber homotopy. Then p h, = ip-/ : D(p /) -* B . Thus, Since 5 is
B 1 B B

a pullback diagram, there exists a unique map E^: D(Pg/) - D(Pb/)
•fg "ft /\such that q ^  = h^ and Pg/h^ = Pg/ • This second condition is

equivalent to saying that (E^,B/) € (pB#,pB/) . Let h^ =

g^E* : D(Pg/) D(pB/), and let gĵ = i^i : D(p) - D(Pg/) . Since
•fa —

we assumed that (h^jXi ,i) = (h,ji), up to a fiber homotopy, we can 

conclude that (h^B'Xi ,i) - (g^i) - (g,i), up to a fiber homotopy, 

i.e., there exists a map G: D(p) X I -» D(pfii) such that
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g|d(p) x {0} - g , g|d(p) x { 1} * , and (G|D(p) x € lTl(p,p /) .
_* _*We will now define a vertical homotopy between and h which

will imply the existence of such a homotopy between h^ and h .

Define H: D(p /) X I - *  D(p /) as follows:D D

B

/ [ (&1(< V  (U,P (t> »P <t» >>» <*p (t) .r-P(t)) ),r-P (t) ],

H(<xp, (u),r)>,t) = <
B

i ^ t s i

P(t)where P(t) = r»(2t-l),U) (s) = u>(s), and

yJluP(t)(s) = <"(s + P(t)} •

To show that H is well defined, we need only show that it is well 

defined at t = ^ .

X [(G(<x_, (ou, ,0)>,2* &)), (<u,r)),r] = X [(h (<x_,,(u>, ,0)>), (<u,r)),r]
Pb ' T  0 V  1 F b0

= Xp /t(h*(<xF ,(u)U,0)>),(u)0,r-0)),r-0] = Xp / [(h^Xj,, (u>p^ ;,P(fc))>), 
B B

(we(fc)’r’P(* ))),r"P(* )]

H(<Xp, (u),r)>,0) = Xp  ̂[ (G(<xf> (u>b^,0)>,0), (u>,r)) ,r ]

= X t(g(<x , (u) ,0)>),(u>,r)),r]
pb ' F 0

= h*(<Xjj,, (co,r)>) .

Thus h |d (p  /) X toj
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HC^Xp, (u>,r)>,l) - X ^[(ii*(<Xp, (<ur,r)>), (cor,r-r)) ,r-r]

•B

hj^^Xp, (ou,r)>) .

Thus H|D(pB/) X {l } = h* .

PB/H(<Xp, (<u,r)>,t)
co(r) if 0 £ t s £

Thus H is vertical.

We note that since B is^locally contractible in the large, there 

exists a fiber homotopy equivalence between p and p . Thus Pg/ 

can be viewed as an extension of p , modulo a fiber homotopy. We are 

now ready to construct an extension of a family of fibrations over 

locally contractible in the large base spaces included, by cofibrations, 

in a given space.

Definition 4.7; >9:

[4.7.1]

is a distinguished weak pushout diagram provided that it is a weak



pushout diagram, and for any other weak pushout diagram

[4.7.2]

there exist pushout maps r: P -» P* and s: P* -* P such that sr = lp .

Definition 4.8: ^ is the category whose objects are fibrations over

pathwise connected locally contractible in the large base spaces and

whose morphisms are fiber homotopic classes of fiber maps between the

total spaces and cofibrations between the bases.

We will now prove that distinguished weak pushouts exist in $ .

Let jS>:

B.1

B

B,

[4.9.1]

B
i,

be a commuting diagram in . b^ € B . Let p, p^, and p^, be objects 

of ^ over B> Bi» and B2> respectively, and let ^ ^ ^ p,pk^’

(k = 1,2) . We define p, p^, and p^, as the associated fibrations of
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p, p^, and respectively, and we let (of,B) € to/B(p,p) and

(ak»®k) ^ ^ Bk^*k*^k^ Be tke resPect -̂ve fiber homotopy equivalences ,

(k * 1,2) .
✓ \ A A . A . . . „ ALet (a) p_ , Pd , a^d p„/ , be the extensions of p to B.,

1 2 1 

B^, and B*, respectively, and

(b) P^g7 be the extension of ^  to B*, as defined in

Theorem 4.6. We note the existence of the following morphisms in

6 ^ ( p ,pb ),(t(jk V  € andk

([jk ]>jk) € ^ ^ k ’PkB7^’ (k = 1,2) *

Since ^ J kak^k ^>Jk *k^ ^ ^ ^ ' ^ k B / *̂ we can conclu(*e» by Theorem 

4.6, that there exists a unique morphism in

([h£],B') € ^(Pg'.Pkg') such that ([h£],B') <fCJk  ik)*i»jk ^  =

([jkVk]’jk V ’ (k = 1,2) *
Let &. : k

A
V

(h^.B7)

< V i ’B'>

<*lk’B'>

A
> PkB'

<V B')

P ( V

[4.9.2]

be a pushout diagram in to . Since (ek_^,B/) is a relative fibration

and e, is a cofibration, Theorem 2.10 allows us to conclude that k-1



p(h^) is a fibration, (k * 1,2) .

Let :
q

V — ^ --------> p(h*>

P(h2)

[4.9.3]

(L. b ') v» £ >
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be a pushout diagram in ft . Since *s a re^at^ve fibration

and f® a cofibration, we can conclude that q is a fibration.

We will now prove that :

2B

[4.9.4]

is a commuting diagram in $ by exhibiting a vertical homotopy 

H: D(pfi/) X I ~ *  D(q) such that H: gjgj^ g2g2h2 : D ^b'^ "*



75

I ®lgll^<XF’ (U)»r >̂ »t  ̂ 0 51 t s 4
H(<Xj., (i»,r)>,t) - “S

^ ®2g12^<:xF* ((U»r)> »t) 4 s t s i

il8u(<xF» (U)»r)> »i) = = ®28126̂ ^<XF* (<w»r)>)

= g2g12(<xF» ((U»r)>»i) •

Thus H is well defined.

H(<x f, (<u,r)>,0) = g ^ ^ X p ,  (u>,r)>,0) = gjgj^e^Xp, (<B,r)>)

• A■ g1g1h1(<xFf ((B,r)>) .

Thus H|D(pB/) X £0 } = g ^ ^  •

H(<Xp, (ou,r)>,l) = g2g12(<xF , (u),r)>,l) = ^ g ^ e ^ X p ,  («o,r)>)

= g2g2h2(<Xp, (o),r)>) .

Thus h|d(pb/) X {1} = g2g2h2 .

Thus ([g181J,B/)(th*],B/) = ([g2g2],b ')([h2],b '): Pg/ -• q , 

implying that commutes.

Theorem 4.9: If is a pushout diagram in Q , then :

P
*

[4.9.5]
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is a distinguished weak pushout diagram in 2 •

Proof: We note that is a commuting diagram, since it is an

augmentation of 5^ . We will now prove that is a weak pushout
diagram.

Let ([\],-t,k) e ^ ( pk»p^  such that ([?1],<t)([f1],i1) *

([?2J* ^ 2 ^ 5 P P* • ®y Theorem 4.6, there exist unique maps 

in ([?£], € ^ ( P ^ i P * )  and ([?*], 6 ̂ (pg/.p')

such that <nEJ]»(<'i/’2 ^ ^ J k ak^»Jk^ = ^ k ^ k *  and

([?*], «l>V)([(jkik)*a]’jkik) = <rVkukV » (k= 1»2) *
Since commutes, ([? ], (t^-C^)) ( U j ^ )  =

< [ $ > < M 2 ))ajk‘’k ]*Jk) a f k )' V  = ( B ^ j . a 1^ 2))<[iiJ].B')([(jki1[)*o],jkik).

We note that by Theorem 4.6, the extension map is unique up to a fiber 

homotopy. Thus ([?£], ([h^],B') = (t? J, » k̂ “ 1>2  ̂ *

Therefore there exists a vertical homotopy F: ^ h ^  ®“ ̂ k2: FB ^  ^(P*)*

We will now define a map T_ : D(q) -* D(p/) such that
q

([?.],Ct1,'t2))([ikgkj*ak],jk) = <[*kU k>» (k = l»2) ‘ 
q

(®k®k<<XF »<“ .*>>» = ?k (<xF »(‘u»r)>> » <k " X’2> * q k k

?_(gkgik (<xF» = F(<xp, (u),r)>,t) .
q

?_(gkgik(<xF ’(u)»r)>»ek-l)) = F(<xF»((U»r)>,ek-l) “
q

= ?-(8k®khk (<XF,(“),r)>)) *q
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Thus is well defined, and by construction (3r_, € Hl(q,p/)
q q

< r a j . » i > V ><[* A v ' k 1' V  - - ( « k ],tk>-q

(k = 1,2) . Thus jS^ is a weak pushout diagram in ^ .

We will now prove that is distinguished. Let :

CCgJ

2 J»^2^

[4.9.6]

be another weak pushout diagram in $ . Then there exist morphisms in 

f, (DlJjB7) 6 Hl/B^q'jq) and ([p,],Br) €lH/B/(q,q/) such that

(Hl],B#)([gJ],jk) = and V  =

([g/k j>Jk)’ (k = 1,2) * ThUS

(m],B#)([n],B,)([ikgkj*<»k],jk) - ( t A A A ’V *  and 

(&*J,B#)([Tl],B')([g^],Jk) = ([g^].Jk). <k = !»2> *

Since all maps on the base are identities, we can conclude that 

(['H]»B/) ([p.],B/) = ([DCq)]^7) proving our theorem. Furthermore, we 

can conclude that ([(J^b') ([!]],B7) = ([D(q*) ],b') , implying that q 

and q / are fiber homotopically equivalent.
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We now list conditions under which distinguished weak colimits 

exist in ^ .

Theorem 4.10: Let B be a pathwise connected locally contractible in

the large space, and let &  be a subcategory of # indexed by A such 

that for each A, € A, there exists a cofibration i^: R(P^) "* ® • Then 
there exist an object q over B in ^ and a family of morphisms 

{([g^],i^) € ^ ( P X ’̂ ^XSA wh*-ch is a distinguished weak colimit of C*

X7 X7 r * X7 RProof; If ([f^ ],i^ ) 6 11̂  (p^.p^/), then ([i^/ ],i^) e

^PX'Px'b) ' Thus» hy Theorem 4.6, there exists a unique map in ?
* \ t

([f^ ],B) € ^(Pj^.P^g) such that (ti-x7 “x7 fX =

(tf/'j.BXtif .
T

For a family of fibrations over B, {p„}_cr » define 11 p„:CT atx a€i; a

Ji D(pa ) -* B as follows:
062

T
JI PCT(xa ) = pa (xa > *a€E 0 0 0

We now define : Cl T X R+ -* II D ( p ) as follows:
T  11 p0o€2

»<«»r))i8] = JCT X [<xa , <a>,r)>,SJ
0 0 ° q  0

where j_ : D(p ) "* JJ. is the inclusion map. We note that
CT0 a0 a€E G

T^  is a lifting function, making JI pc
o€E
.T a fibration.o



For notational convenience, let
llT A-Li P\B

A
PXB

II A -Li/ pXBAr*X

([fjf ],ijf) € tne)

A
>  p \'b

i IT i |T t T
Define ([glk] , B ) : ^  ( PjJ - ^  P ^  as follows:

(Cgll]»B) " I X6A { and <Lgi2]»B) = ( X6A ]

Let J6 :q
i I

II (li , A )X6A W

II AJi P\BX6A

([gn 3,B)

(tg2].B)

T
->ii £> X6A P\B

(tSil.B)

-> q

[4.10.1]

be a distinguished weak pushout diagram in ^ .
pA 3* 3We will now show that q and is a dis­

tinguished weak colimit of C, .
Let p/ € Ob^ and let {([P^],Y^) be a family of maps from

Lp \}\6A to p/ such that for every (Lfx J,ik ) 6 *^(pk»p^) »
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PX

tp

■> ?h , 

(tPx#],Y^)

[4.10.2]

is a commuting diagram.
We note that, by Theorem 4.6, there exist maps ^

*
t o ^ X B ’P^* such that (tP\B (U^ = ^ X ^ ,YX^ 6 tn(P\»P#)

for each X 6 A . Thus

<w x].y x)

> ([eXB].YB>(Ei;*«xi.i& .

Since, by Theorem 4.6, the extension map Is unique In P, we can

conclude that ([Px#B^,YB ^ ^ X  3»B) = (fPxB^*YB^: PXB ”* P# * ThuS

T T

(x6A X̂B/',YB̂ i*-8ll-',B) = (x€A^XB^YB)i*-g12^,B): ̂ €A (jix' pXh)

We can therefore conclude that, since is a distinguished weak

pushout diagram, there exists a morphism (tPq^Yjj)* q "* P* in ^ 

such that 2

<tf> J.YjXt^J.B) = [Sj bI.y J i -Ha  PXB - »' • (k - ^  •

Thus
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« e q ] , V < t W ' V l A > -

*
which implies that q and {([g^j^i^ ajJ» is a weak collmit

of <3 . Since any other weak colimit would satisfy the condition of 

being a weak pushout of

ill (Ji PxB') ---------- > 11 P̂ b » <k " 1»2)} »l\€A \\-*\* J X6A J

and since £ is a distinguished weak pushout diagram, the colimit isq
distinguished.

It should be noted that B need not be locally contractible in 

the large in order for the distinguished weak colimit of <3 to exist, 

but this colimit would no longer be in $ .
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