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ABSTRACT

OPERATOR THEORETIC IMAGE CODING

by 

Hong Puh  

Advisor: Professor Patrick L. Combettes

Versatile coding techniques are required to face the increasing demand of modern digital 

communication technology for efficient digital image transmission and storage schemes. 

In this dissertation, a unified framework for iterative image coding is introduced. In this 

framework, each basic feature of an image is individually encoded into a nonexpansive 

operator defined on the image space. This operator admits as fixed point set the class 

of images possessing the feature in question. Consequently, an image is associated with 

a family of operators which are specified during the encoding process, while the decoding 

process consists of finding a common fixed point of these operators. Decoding is achieved 

via a powerful parallel algorithm which proceeds by extrapolated relaxations of weighted 

averages of variable blocks of operators. This approach generalizes several coding tech­

niques, in particular fractal coding -  which employs a single contractive operator -  and set 

theoretic coding -  which employs convex projection operators. The effectiveness and the 

flexibility of the proposed operator theoretic framework is illustrated through numerical 

simulations on grayscale images.
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Chapter 1

INTRODUCTION

1.1 Overview

The goad of this dissertation is to develop, study, and implement a novel approach to image 

coding -  operator theoretic image coding (OTIC).

The basic idea underlying this approach is to employ operators defined on the image 

space to characterize the basic features of the image to be encoded. This is achieved 

by associating a nonexpansive operator with each feature of the input image, any image 

possessing the feature under consideration being left invariant by this operator. Thus, 

the complex features of an image are individuadly encoded into a family of operators. To 

recover the input at the decoder’s end, the operators are employed repeatedly to construct 

a sequence of images converging to one of their common fixed points, i.e., to an image 

possessing all the features selected by the encoder. Any such image is an acceptable 

solution to the decoding problem.
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1.2 Motivation

As mentioned in the editorial of the February 1995 issue of the Proceedings of the IEEE, 

an historical transition is taking place in the development of digital image and video tech­

nology. Almost on a daily basis, new products and services based on video technology 

sure advertized. W ith the continuing growth of multimedia communications technology, 

demand for efficient digital image transmission and storage is increasing rapidly, eispecially 

in areas such as teleconferencing, digital broadcast codec, video telephony, facsimile trans­

mission of printed material, graphics, or transmission of remote-sensing images obtained by 

satellites and reconnaissance aircrafts. Another area of demand is data storage, where large 

image databases must be efficiently stored, e.g., archiving of medical images, multispectral 

images, finger prints, and drawings.

A major obstacle in many applications is the vast amount of data involved in the direct 

representation of a digital image. For example, a digitized version of a single color picture 

a t TV resolution contains on the order of one million bytes; 35mm resolution requires ten 

times that amount. The use of digital images is often not viable due to high storage and 

transmission costs, even when image acquisition and display devices are quite affordable.

Technically, a key that opens the door of digital imagery to a wider range of applications is 

data compression technology. Image compression or coding is the process of representing 

an image in a way that realizes a desired objective such as analog-to-digital conversion, 

low bit-rate transmission, or message encryption. Coding techniques rely on mathematical 

theories to realize reliable and efficient algorithms. To answer the needs of modern image 

coding, more advanced theories and more synthesized methods must be developed. It is
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the goal of this research to build a novel framework for iterative image coding tha t extend 

existing image coding techniques, based on theoretical results from nonlinear functional 

analysis.

1.3 Research Methodology

1.3.1 Basic Principles

In image analysis, the complex perceptual feature of an image can be decomposed into 

a family of basic features. The philosophy underlying our approach to coding is that it 

is more effective to faithfully represent an image by coding its basic features individually 

rather than by coding it as a whole directly. This point of view raises several questions:

• How to extract and represent the basic image features,

• How to encode those features, and then,

• How to effectively recover the input image from its feature codes.

A suitable mathematical formalism must be set up to answer these questions.

1.3.2 Operator Theoretic Formalization

Mathematically, a digital image h can be viewed as a point (or a vector) in a  euclidean 

image space Z. An image feature or property can be described by a constraint 'I',- on the 

vectors of 5. Inspired by nonlinear operator theory, we choose to represent the constraint 

by a nonexpansive operator 7* which will admit as fixed points all the points that satisfy
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Vu i.e.,

(Vx £ E )  i  satisfies 'P,- Ti(x) =  x. (1.1)

Consequently, all those possible feature operators constitute an image code. This operator 

theoretic formalism is close to that of convex set theoretic estimation [11], where each 

constraint is associated with a closed and convex feature set in the image space

S{ =  {x € S | x  satisfies \&,}. (1.2)

More precisely, (1.1) can be put in the set theoretic format (1.2) by letting Si be the set 

of fixed points of Tt , namely1

Si =  FixT, =  {x € S | Ti(x) =  a:}. (1.3)

Thus, if the input image h is satisfactorily described by a family of features or constraints 

('E'i)ie/, it will be equally well represented by the family of operators (Tj),-6/  obtained in

(1.1) or, equivalently, by the fixed point sets (feature sets) (5i)ig/ obtained in (1.2)-(1.3). 

Since the original image remains invariant under the operators (r,),e/, the decoding process 

amounts to finding one of their common fixed points, i.e.

Find x €  E such that (Vi 6 I) T, (x) =  x. (1.4)

Alternatively, the problem can be posed as that of finding a point in the intersection of 

the fixed point sets, i.e.

Find x € 5  =  P | S,-. (1-5)

1 As will be seen in Chapter 3, the nonexpansivity of Tj guarantees that S» is closed and convex.
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The fixed point formulation (1.4) will be preferred to the conceptually equivalent set the­

oretic formulation (1.5) for most algorithms for solving the latter require the operators 

of projections onto the sets, which are often difficult to determine and computationally 

expensive to implement. On the other hand, algorithms for solving the former require only 

the knowledge of the nonexpansive operators (Tj),c/, which are much more general and 

readily available.

1.3.3 Plan of Work

Three main points will be studied to develop the proposed operator theoretic image coding 

(OTIC) framework.

• Construction of a pool of nonexpansive operators to constitute a rich codebook and 

parametrization of this codebook.

• Selection of a code to represent the image, i.e., selection of a family of nonexpansive 

operators from the codebook.

• Numerical solution of (1.4), i.e., construction of a common fixed point of a family of 

nonexpansive operators.

1.4 Features

The advantages of the proposed operator theoretic approach are the following.

• It provides a general, abstract, and flexible problem formulation.
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•  Each feature of the image (or a subblock thereof) can be treated individually and 

easily encoded into a nonexpansive operator.

•  Common fixed points of the operators can be constructed iteratively through efficient 

parallel algorithms.

• High compression rates can be achieved since complex image features are simply 

encoded into indices of operators.

1.5 Outline of the Dissertation

In Chapter 2, we review several important image coding techniques, namely transform 

coding, predictive coding, and vector quantization. Recent iterative techniques closely 

related to our work are also discussed, namely fractal coding and set theoretic coding. 

In Chapter 3, the mathematical foundation supporting our operator theoretic approach 

is laid. Important theorems on the convergence of iterative fixed point algorithms are 

given and proved. We proceed to Chapter 4 with a presentation of useful nonexpansive 

operators and a discussion of the computations related to the enforcement of the constraints 

they represent. Chapter 5 systematically describes the design of an operator theoretic 

codec (coder/decoder). Specific issues such as encoding, parametrization, and decoding 

are addressed. Chapter 6 covers a detailed numerical implementation of a general OTIC 

image codec whose performance is compared to that of a fractal codec. Chapter 7 concludes 

the dissertation and outlines potential extensions and directions for further research.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7

Chapter 2

REVIEW OF IMAGE CODING 
TECHNIQUES

2.1 General Overview

A digital image is specified by a two dimensional real array whose entries sure called pixels 

and digital video is a sequence of digital images. Image and video coding requires a 

reduction of the average number of bits used per pixel while maintaining a good subjective 

visual quality rather than an accurate match between the original and encoded images. 

Numerous compression techniques have been developed in response to the rapid growth 

of the fields of applications of digital imagery, e.g., transform coding, predictive coding, 

hybrid coding, and their adaptive versions [5], [10], [20], [59]. These techniques usually 

exploit psychovisual as well as statistical redundancies in the image data to reduce the 

bit rate. Thanks to the development of recent mathematical theories and the availability 

of efficient computing facilities, there has been a tendency to combine different classical 

coding techniques with modern digital signal processing techniques in order to obtain 

greater coding efficiency.
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There are a  number of ways to classify image coding techniques. Among them are:

1. Classification according to the domains where the processing takes place [10]:

(a) Transform coding

(b) Predictive coding

(c) Hybrid coding

2. Classification according to compression rates [2], [33]:

(a) Low rate coding

(b) Very low rate coding

3. Classification according to the methods of quantization [20], [39]:

(a) Scalar quantization

(b) Vector quantization

(c) Combined scalar and vector quantization

4. Classification according to the coding models [2], [48]:

(a) Non-model compression

(b) Predictor model compression

(c) Transformation model compression

We review here briefly the major techniques related to our research work.
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2.2 Transform Coding

Signal transformation is a major tool in a number of coding methods. Coding in the 

transform -  as opposed to the pixel -  domain has several advantages. A first advantage of 

transforms is their whitening property: in the transform domain, the transform coefficients 

are decorrelated so that redundancies are eliminated. This is equivalent to diagonalizing 

the covariance matrix of the signal. However, the only transform that achieves exact diag- 

onalization, the Karhunen-Loeve transform (KLT) [20], [26], is usually impractical. Many 

other transforms come close to diagonalization and are therefore popular, e.g., the dis­

crete cosine transform (DCT) [44]. The DCT was proposed in [l] as an approximation for 

the KLT of a first-order Gauss-Markov process with large positive correlation coefficients. 

Overall, the DCT has proven to be a robust approximation to the KLT, and it is used in 

several digital image standards [55], [60], and video compression standards [32], [55]. The 

second advantage is that the new domain is often more appropriate for quantization using 

a perceptual criterion. The third advantage of transform coding is that the previous prop­

erties come at a low computational price. The transform decomposition itself is computed 

using fast algorithms, and quantization in the transform domain is often a simple scalar 

quantization process.

The Fourier transform has often been used for image coding but it has now been largely 

superseded by other transforms which have the advantage of higher coding efficiency and 

which require only real number manipulations, e.g., the DCT. For an image with high inter- 

pixel correlation, many of the high-order spectral coefficients will be small and may either 

be encoded with very few bits or deleted completely. In other words, a lot of redundancy
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in the input signal can be removed [10]. Compared with predictive coding, which will be 

introduced next, this method is relatively complex, and its implementation has benefited 

greatly from recent advances in high-speed digital hardware. It is also somewhat less 

sensitive to errors than predictive coding.

2.3 Predictive Coding

Among standard methods, predictive coding is the main alternative to transform coding 

for image data compression [10]. Its principle is very simple. Since the image data source 

is assumed to be highly correlated on the average, pixels in a same neighborhood will tend 

to have similar amplitudes. We may therefore use the values of one or more previously 

coded elements in the same line, or in a previous lines, or frames to form a prediction of 

the present pixel [25]. Given the statistical nature of the image, we expect, again on the 

average, that the prediction -  usually based on linear models -  will be satisfactory and 

that the magnitude of the difference signal formed by subtracting the prediction from the 

actual value of the present pixel will be small. This signal is then encoded and transmitted 

or stored. In order to reconstruct the pixel values, the same prediction process is carried 

out by the decoder, and the difference signal is added to it.

2.4 Vector Quantization

Vector quantization is a very popular data compression technique for reducing transmission 

and storage bit rates. Over the past ten years, it has proved a valuable coding technique
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in a variety of applications, especially in voice and image coding [3], [20], [39]. In practical 

applications, images are partitioned into sub-blocks prior to being quantized for the sake 

of reducing complexity. Therefore, vector quantization is usually a block-wise processing 

technique.

Vector quantization is so-named as opposed to scalar quantization. Its coding structure 

was developed by Shannon in his theoretical development of source coding with a fidelity 

criterion [51]. The basic idea is that coding systems can perform better if they operate 

on vectors or groups of symbols (such as speech samples or image pixels) rather than on 

individual symbols or samples. Shannon called vector quantizers “block source codes with 

fidelity criterion” and they have also been called “block quantizers”. On the contrary, 

scalar quantization coding techniques perform on individual samples of waveforms, e.g., on 

either pixels of images for spatial domain coding and on transform coefficients for transform 

coding. These techniques are not optimal to the extent that the processed samples are still 

somehow correlated. According to Shannon’s rate-distortion theory, a better performance 

is always achievable in theory by coding vectors instead of scalars, even though the data 

source is memoryless [39].

Vector quantization rounds off groups of numbers together rather than one at a time. To 

specify a basic vector quantizer, one needs a codebook, the set of aril possible reproduction 

vectors. Thus, vector quantization entails the mapping of .vectors into binary vectors, 

which index a limited number of possible reproduction. The decoding process is just a 

simple procedure of table look-up.

A feature of vector quantization is that high compression ratios are possible with rela­
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tively small block sizes. The use of smaller block sizes in block coding has been known 

to lead to better subjective quality. A second feature is that the decoder is methodologi­

cally very simple to implement, making vector quantization attractive for single-encoder, 

multi-decoder applications such as videotext and archiving. However, vector quantizers 

are seriously hampered by complexity. In general, design complexity and encoding com­

plexity are exponentially proportional to the codebook size and the dimension of the input 

vectors. By far, efforts have focused mostly on optimal vector quantizers [5], [20], efficient 

search techniques [29], and the development of a variety of applications of vector quanti­

zation to images in the spatial domain, the predictive domain, the transform domain, and 

combinations of these, known as hybrid domains [10], [25].

2.5 Fractal Coding

Image fractal coding recently received much attention [18]. The notion of Fractal Image 

Compression, according to which real-life objects or images can be modeled by attractors of 

two-dimensional affine transformations, was first proposed in [4]. However, fractal theory 

alone does not provide any constructive procedure for the “encoding” of a grayscale image 

in an automated way. An automated coding scheme was proposed in [23] where piecewise 

affine contractive transformations making use of the partial self-transformability of images 

were defined.

The basic idea of fractal image coding is that the input image h is viewed as the unique 

fixed point of a contractive operator T  defined on the image space S. It can therefore 

be represented by the operator T. Thanks to the Banach Contraction Theorem, an en­
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coded image can be recovered as the limit of the sequence of successive approximations 

{ T n ( x o ) ) n > Q ' ,  where x q  is an arbitrary image [23], [24]. This scheme actually relies on the 

following assumptions:

1. A contractive transformation T  can be found, which admits h as its fixed point.

2. Image redundancies can be efficiently captured and exploited through the process of 

self-transformation.

3. The encoded image can be closely approximated by the image obtained after a finite 

number of iterations of an image operator.

As can be seen, the central issue of fractal coding is to construct an appropriate contractive 

operator, i.e., an operator T  : E -+ E such that

(3fcG]0,lD(V(a:,y) € S 2) \\T(x) — T(y)\\ < fc||x — y||, (2.1)

where || • || is the norm of S. The ideal goal is to find a contractive operator which leaves 

the original image h fixed, that is

h =  T(h). (2.2)

The original image h is then recovered through the Picard iterations [63]

(Vn6N) xn+1= T (x n), (2.3)

where xo is any image. However, in practice, it is hard to find an operator T  that satisfies

(2.2) exactly. A more practical approach is to select a contraction T, from a finite pool of 

contractions (Tj)j^j  so that h is the best approximate fixed point, i.e.

I l f r - T i W l ^ m i n l l / i - T ^ ) ! ! .  (2.4)
J C  J  •
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It is easy to show that the reconstruction error is bounded as follows [4]

(VneN) \\h -  *„|| <  Y ~ k ^ h ~  T (ft)H +  ~  *ol|. (2-5)

The second term on the right hand side can be ignored when n becomes sufficiently large.

Recently, it was shown in [34] that fractal image coding can be viewed as a generalized 

predictive coding scheme. It can yield higher prediction gains than conventional predictive 

coding by using noncausal predictors and long-term predictors.

Some comments are in order:

1. To ensure the existence and the uniqueness of a fixed point, a contractive operator 

has to be employed. On the other hand, one can usually get a T  whose fixed point 

only approximates h as in (2.4). Thus, the restriction to a single contractive operator 

cannot be expected to give accurate results. Instead, it limits the possible choices 

from other -  possibly more effective -  operators.

2. In terms of convergence rate, the expression

(Vn € N) \\h -  xn|| <  -  *oll. (2-6)

shows that k  should be small. This further restricts the choice of operators within

the class of contractive mappings.

3. The input image is encoded into a single operator T. It is therefore often difficult to 

adequately model a broad spectrum of image features or properties.

4. The speed of convergence of the rudimentary Picard iteration scheme (2.3) is known 

to be poor.
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2.6 Set Theoretic Coding

Following the principles of set theoretic estimation [11], a signal h can be viewed as a point 

in an abstract space E. Each constraint available about h confines it to the set

Si =  {x  6  E | x  satisfies ^j}. (2.7)

In estimation problems, the constraints usually arise from a priori information and from 

the observed data. One thus obtains a family of property sets (Sj),g/ whose intersection 

S  represents the class of feasible solutions for the problem.

By applying the above formalism to the image coding problem, the encoding consists of 

specifying the property sets whereas the decoding consists of finding a point in their inter­

section. The set theoretic approach was first introduced to image coding in [50] to effec­

tively combine pixel domain and frequency domain coding. More recently, [56] elaborated 

the concept of set theoretic DCT coding baaed on scalar quantization. A set theoretic ap­

proach has also been aidopted to remove blocking effects due to block-wise coding in JPEG 

decoding [49], [61], in the post-processing of VQ decoding [38], and to conceal damaged 

block transform coded images [54]. These works are therefore not set theoretic coders per 

se (where the code would actually consist of sets) but the cascade of a standard coding 

technique and a set theoretic image enhancement scheme. In these studies, the successive 

projections POCS algorithm -  proposed in [7] and popularized in [62] -  was used to find a 

feasible image. For m sets, POCS is described by the algorithm

^  N) =  Pn (modulo m)+l (^n)i (2.8)

where P, is the operator of projection onto St. All in all, the set theoretic approach in coding
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is still in its infancy and the concept of a set theoretic coder has yet to be systematically 

developed.

Set theoretic image coding has at least two advantages. First, it is a coding scheme which 

encodes sets instead of points in the image space. Encoding a set is easier since a set 

can be specified by a constraint that gives explicit information about the original image. 

Moreover, by construction, the input image does belong to the feasibility set and it is 

therefore carried over to the decoder. By contrast, the commitment to a single point will 

inevitably incur information loss. As a result, more freedom and possibilities are given to 

devise a robust decoding scheme. Secondly, when dealing with input images containing 

several features of various perceptual or geometrical features, one can encode those features 

individually. This opens the possibility of effectively coding images with complex features. 

Sophisticated solution algorithms are described in [8], [11], [13], and [30].
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Chapter 3

MATHEMATICAL 
FOUNDATIONS

3.1 Scope

In this chapter, we introduce the basic mathematical tools relevant to operator theoretic 

coding. Our notations are as follows: N is the set of nonnegative integers, N* the set of 

positive integers, R the set of real numbers, and C the set of complex number. S denotes 

a euclidean (finite-dimensional real Hilbert) space, d its distance, (• | •) its scalar product, 

and || • || its norm. We use T  or F  to represent an operator defined from E into itself. Id is 

the identity operator. Is  denotes the indicator function of the set 5, which is defined as

(Vx 6  E) ls(x) =  <
1 if x € S

(3-1)
0 if x  £  S.

The closed ball of center x and radius 7  in E is denoted by B(x, 7 ). (xn)n>o is a sequence 

of points in E indexed on N. For detailed accounts of nonlinear functional analysis, convex 

analysis, and fixed point theory, consult [17], [21], [28], [47], [63].
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3.2 Basic Operators

We start this section with some important definitions.

3.2.1 Definitions

D efinition 3.1 The sequence (xn)n>o ** said to be convergent to x  if

||®n — a:i| —̂ 0 as n  —► +oo, (3.2)

which is represented by xn ~¥ x.

D efinition 3.2 Fix T  denotes the fixed point set o f an operator T  : E - 4  E, which is 

defined as

F \ x T = { x  e  E | x  =  T(x)}.  (3.3)

D efinition 3.3 A nonempty subset C of 3  is said to be an affine subspace if  there exists 

a point y in 3  such that

S  =  {x +  y  | x  € S'}, (3.4)

where S ' is a vector subspace of 3 . Equivalently, S  is an affine subspace if

(V(x,y) € S2)(Va £ R) (1 — a)x + ay € S. (3.5)

When a  is restricted to [0,1] in (3.5), S  is called a convex set. Thus, affine subspaces are 

special cases of convex sets.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



19

D efinition 3.4 Let f  : C R be a function, where C is a convex subset of E. Then f  is 

convex if

(V(x,y) 6  C 2)(Va £ [0,1]) / ( ( l  -  a)x  +  ocy) < (I — a)/(x ) +  a /(y ). (3.6)

We now define some general classes of linear and nonlinear operators and show relationships 

existing among them. Those are contractive operators, nonexpansive operators, firmly 

nonexpansive operators, projectors onto closed and convex sets, and affine operators. For 

details see [21] and [63].

D efinition 3.5 An operator T: 5  -*• E is said to have Lipschitz constant k if

(V (x ,y )€ E 2) | | r ( x ) - r ( y ) | |< f c | |x - y | | .  (3.7)

If k £ ]0,1[, T  is said to be contractive; i f k  — l , T  is said to be nonexpansive. Obviously, 

nonexpansivity includes contractivity as a special case.

D efinition 3.6 An operator T: E -» E is said to be firmly nonexpansive if

(V(s,y) 6  E2) ||T(x) -T (y )ll2 < ( T (x )~T{y )  \ x ~ y ) .  (3.8)

To see the relationship between firm nonexpansivity and nonexpansivity, we invoke the 

Cauchy-Schwarz inequality, which gives

(V(s, y) £ E2) (T(x) -  T(y) | x -  y) < ||T(x) -  T(y)|| • ||s -  y||. (3.9)
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Then we can derive inequality (3.7) for k  =  1 from (3.8). Therefore, firm nonexpansivity 

implies nonexpansivity. Another commonly used operator is the projector onto a convex 

set in S, which is defined as follows.

D efin ition  3.7 Let A be a nonempty closed and convex set. A point P a {x ) i n  A is said 

to be the projection of a point x  onto A if

The next two propositions explicit the relationship between projection operators and firmly 

nonexpansive operators.

P ro p o sitio n  3.1 The projector onto a nonempty closed and convex set A  is firmly non­

expansive.

Proof. Using inequality (3.11), we get

| | x - P A(a;)|| =  inf \\x -  z\\.z£A (3.10)

The projection operator Pa is characterized by

(Vx G 5 )(Vz 6  A) ( x -  P a {x )  | z -  P a {x ) )  < 0. (3.11)

(V(x,y) 6  E2) (x -  PA(x) | PA(y) -  PA(z)) < 0 . (3.12)

Likewise

(V(a:, y) e  x 2) {y -  PA{y) \ PA{x) -  P/l(y)) < 0 . (3.13)

Adding the above two inequalities gives

(V(x,y) 6  E2) ||P/i(a;) -  PA( y ) f  < (PA(x) -  PA{y) \ x - y ) , (3.14)
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and the proof is complete. □

A related result is the following.

Proposition 3.2 [13] A firmly nonexpansive operator T  with a fixed point is a projector 

onto a closed and convex set if  and only i f  (Vx G E) T(x) G FixT.

D efinition 3.8 An operator T  : S  -» E is called an affine operator if

(V(x,y) G E2)(Va G R) T ((l -  a)*  +  ay) =  (1 -  a)T(x) + aT{y).  (3.15)

ft is called a linear operator if

(V(ar, y) 6  E2)(Va € R) T{ax + y) =  a T{x) +  T(y). (3.16)

It can be seen tha t a linear operator is a special kind of affine operator from the following 

expression. T  is an affine operator if and only if

(Vx 6  E) T(x) = L{x) + y, (3.17)

where y  € S and L  is a linear operator [47].

D efinition 3.9 An affine operator T  : E —► S is called an isometry if

(V(x,y) G E2) ||T(x) -  r(y ) || =  ||x -  y||. (3.18)

Thus, an isometry is nonexpansive.
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We summarize the above relationships as follows:

projector

i

linear isometry contractive firmly nonexpansive

I S  \  i  /

affine nonexpansive

3.2.2 Firmly Nonexpansive Operators

Now we examine and prove some important properties of firmly nonexpansive operators. 

An interesting relationship between firm-nonexpansivity and nonexpansivity is exploited.

Proposition 3.3 Consider a firmly nonexpansive operator F  : 5 -> S  with a fixed point. 

Then,

(Vz € FixF)(Vx E H) (x — F(x) | z -  F(x)) <  0. (3.19)

(Vz € FixF)(Va; G 5) (* -  F{x) \ x  -  z) > \\x -  F(ar)||2. (3.20)

(Vz 6  FixF)(Va: G S) ||F(x) -  z ||2 < ||x -  z ||2 -  \\x -  F ( x ) f .  (3.21)

Proof. By virtue of (3.8) in Definition 3.6, if z is a fixed point of F, then

(Vx G E) (F (x ) -  z | x -  z) > ||F(x) -  z||2. (3.22)
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Hence,

(Vx € E) (F(x) -  « | x -  F(x)) =  (F(x) -  z | x -  z) -  ||F(x) -  z f  > 0. (3.23)

This proves (3.19). (3.20) follows from (3.19) since

(x — F(x) | z — x) =  (x — F(x) | z — F(x)) +  (x — F(x) | F(x) -  x)

<  —||x — F(x)||2. (3.24)

Finally, (3.21) follows also from (3.19) since

||x -  z f  =  ||x -  F(x) +  F(x) -  z f

= ||x -  F (x ) | |2 +  ||F(x) -  z f  +  2 (x -  F(x) | F(x) -  z)

> ||x — F (x ) | |2 -F ||F(x) -  z f .  (3.25)

□

In the process of applying an operator, one can employ a useful variation called relax­

ation. It will be shown that relaxations can often help improve the convergence of certain 

algorithms. Mathematically, for a point x € E, a relaxation of T(x) can be represented as

T \ x )  =  (1 -  A)x +  AT(x)

=  x +  A(T(x) — x), (3.26)

where A >  0 is called a relaxation coefficient. The range of relaxation varies and is deter­

mined so as to guarantee the convergence of the algorithm. If A < 1, T'{x) will be a point 

on the segment [x,T(x)] and we obtain an underrelaxation. If A =  1, no relaxation takes 

place. If A > 1, we obtain an overrelaxation. In particular, for A =  2, T'(x) will be the 

mirror image of x with respect to T(x).
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P ro p o sitio n  3.4 Let T  : E -> E be a nonexpansive operator. Then for every 0  in [0,1], 

T ' =  (1 — /3)Id + 0 T  is nonexpansive. Moreover, F ixT  =  FixT '.

Proof. By the nonexpansivity of T, for every (x, y) in E2, we have 

||T '(x ) -T '(y ) || =  | | ( l - / 3 ) ( * - » )  +  /? (T (* )-r(y )) ||

< \ \ { l~0){x-y) \ \  +  m n x ) - T [ y ) ) \ \

=  (1 — 0)\\x ~  y|| -h/3||T(x) — T(y)||

<  ( l - ^ ) l | a - y | | + ^ l l « - » l l

=  I l* -y ||. (3.27)

Hence, T ' is nonexpansive. FixT =  FixT ' follows at once from

(Vx <= E) x  =  T(x) «=* (1 -  0)x + (3T(x) =  x. (3.28)

□

The following result provides a very important relationship between nonexpansive operators 

and firmly nonexpansive operators. Our proof is similar to that given in [21].

P ro p o sitio n  3.5 An operator F  : E —> E is firmly nonexpansive if and only if the operator 

T  =  2F  — Id is nonexpansive. Moreover, F ix F  =  FixT. Alternatively, an operator 

T  : S —► S is nonexpansive if and only i f  the operator F = (T+Id)/2 is firmly nonexpansive.

Proof. For every operator T  : E ->■ 5, and for every (x,y) in E2, we can derive the very 

useful equality:

l|x -  y ||2 -  ||T(x) -  T(y ) ||2 =  4(F(x) -  F(y) | (x -  F(x)) -  (y -  F(y))), (3.29)
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where F  = (T +  Id)/2. (3.29) holds since

| | x - y ||2 -  ||T (x ) -T (y ) ||2

=  Ha: -  y ||2 +  (T{x) -  T{y)  | x -  y> -  <x -  y \ T{x) -  T{y)) 

- \ \ T ( x ) - T ( y ) f  

=  {T{x) + x - T { y ) - y  | x - y )

- ( T(x )  + x - T ( y ) - y \ T ( x ) - T ( y ) )

=  ((a: +  T ( x ) ) - ( y  +  r ( y ) ) ! ( * - r ( x ) ) - ( y - r ( y ) ) ) .  (3.30)

First, let us show that F  =  (T -f Id) / 2  satisfies (3.8) and, thus, is firmly nonexpansive. 

Since T  is nonexpansive, we have

( F ( z ) - F ( y ) | * - y >  =  ( | x - ^

=  i ( T ( x ) - T ( y ) | x - y )  +  ^ | | x - y ||2 

> i  ||T(*) -  T(y ) | |2 +  \ (T{x)  -  T{y) | x -  y)

+^ll*-y|l2

= i | | r ( x ) + x - T ( y ) - y ||2

=  ||F(x) — F (y)||2. (3.31)

Now, observe (3.29): T  is nonexpansive if and only if the left-hand side is nonnegative 

while F  is firmly nonexpansive if and only if the right-hand side is nonnegative. Therefore, 

the nonexpansivity of T  is equivalent to the firm-nonexpansivity of F . Finally, by virtue 

of Proposition 3.4, FixT  =  Fix F. □

By combining Proposition 3.4 and Proposition 3.5, we obtain the following.
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Proposition 3.6 Let C be a nonempty closed and convex subset o f E. For any nonexpan­

sive operator T  : C -> C, and every a in ]0,1/2], the operator F  =  (1 — a)Id +  a T  is 

firmly nonexpansive. Moreover, F ixT  =  Fix F.

Proof. Fix /3 e]0 ,1] and let a  = (3/2. We have

M +  t1 =  (i _  a )id +  a T. (3.32)
z z

By virtue of Proposition 3.4 and Proposition 3.5,

T  nonexpansive =>  (1 — /?)Id +  (3T nonexpansive

z
(1 — a)Id +  a T  firmly nonexpansive.

Finally, FixT  =  F ixF  follows directly from Proposition 3.4. □

Therefore, we summarize:

sufficiently underrelaxed nonexpansivity

I

firm nonexpansivity

I

nonexpansivity.

Proposition 3.6 reveals an important relationship between nonexpansivity and firm non­

expansivity. It also provides a simple procedure for constructing a firmly nonexpansive 

operator based on any nonexpansive one, while preserving the fixed point set. This is of
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special interest since algorithms based on firmly nonexpansive operators will be seen to 

enjoy richer convergence properties.

3.2.3 Nonexpansive Operators and Their Fixed Points

In this section, we discuss basic properties of nonexpansive operators and their fixed points. 

We start with the problem of the existence of fixed points for nonexpansive operators.

3.2.3.1 E xistence o f F ixed  Points

First, let us examine the existence of fixed points of a single nonexpansive operator. A 

nonexpansive operator does not necessarily have a fixed point. An example is the trans­

lation operator T  : I 4 i  +  j ,  where g €E S is a nonzero vector, for which F ixT  =  0 . 

A general method for constructing fixed point free nonexpansive operators is given in [21, 

Example 12.4]. On the other hand, a fixed point of a nonexpansive operator may not be 

unique. An extreme case is T  =  Id, for which FixT  =  E.

P ro p o sitio n  3.7 Let T  : C  -*■ C be a nonexpansive operator, where C is a nonempty, 

closed, bounded, and convex subset of E. Then,

i) FixT ^  0 ;

ii) FixT is a closed and convex set.

Proof. The proof of i) can be found in [41] or [63]. ii): From Proposition 3.5, it is 

equivalent to examine the fixed point set of the firmly nonexpansive operator F  =  (Id +
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T)/2.  According to (3.19), we have

Fix F  =  {z G 5  | (V G E) (x -  F(x) | 0 -  F(x)) <  0}. (3.33)

Indeed, any z  €  F ixT  satisfies (3.19) thanks to Proposition 3.3. Conversely, if the inequal­

ity in (3.19) holds for some z and every x £  H, then it must hold when x =  z, which 

yields \\z — F{z) ||2 <  0, i.e., z G F ixF . Now, observe that for every (y 1, 1/2) 6  (F ixF ) 2 

and a  G [0,1], the point z =  (1 — a)yi  +  ay j satisfies (3.19) too. Thus, it is a fixed 

point of F . Hence, F ixF  is convex. To show the closedness of FixT, let us take an arbi­

trary sequence («n)n>0 C FixT such that Zn —> z. We must show that z G FixT. Since 

(Vn G N) Zn G F ixT  C C  we have z G C  due to the closedness of C.  Therefore, T(z)  is 

well defined. Next, invoking the nonexpansivity of T, we get

\ \T( z ) - z \ \  =  \ \T{z)-T{Zn) + Zn- z \ \

<  | | T ( z ) - T ( Z n ) | | +  ||Zn - * | |

< 2||z — Zn|| —► 0 as n -+ + 0 0 . (3.34)

Hence, T(z)  =  z. We conclude that FixT  is closed. □

3.2.3 .2  E xistence  of Com m on Fixed P o in ts

Even if two nonexpansive operators possess fixed points individually, they may not share 

any of these fixed points. The following theorem gives a simple sufficient condition for the 

existence of common fixed points.

P ro p o sitio n  3.8 [28] Let C be a closed bounded and convex subset of 3  and let (T,)ie/ be 

a family a commuting nonexpansive operators from C into itself. Then the family (T,),e/
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has a common fixed point.

Recall that two operators 7 \ and T2 defined from C  into itself commute if

(Vs € C) T\ o T2( i)  = T2 o Ti ( s ) .  (3.35)

Therefore, it is usually a strong condition. Less restrictive existence conditions can be 

found in [43].

3.2.3.3 The Set of Common Fixed Points

The following result appears to be known (see [35] for the case of composition and [12] for 

the case of convex combination). We provide here detailed proofs.

Theorem 3.1 Let (2i)ie/ be a finite family of m  firmly nonexpansive operators from E 

into E, with fixed point sets (Si)i^r- Let Tcom denote their composition and T^  their convex 

combination, i.e., Tcc =  wiTi, where (Vi €. I) W{ > 0 and =  1. Then,

i) is firmly nonexpansive.

ii) I f  S  =  n i6/ Si ±  0 , then Fix Tcom = FixTcc =  5.

Proof, i): The T{s are firmly nonexpansive. Hence, for every (x,y) in E2, we have 

( T c c W - T M l x - y )  = ^u»i(2i(*)-!Z;(y) |s-y)

> £u*f!H*)-Tt(v)ll2
ie/

> II 5Z wi('L'i{x) ~ rL'i[y))\(i
i€l

=  ||Tcc( s ) - T cc(y)||2. (3.36)
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The first inequality follows from (3.8) and the second holds due to the convexity of the 

function || • ||2. Thus, Tcc is firmly nonexpansive. ii): We first show 5  C FixTcom and 

S  C Fix Tcc. Let z  G S. Then,

(Vi 6  I) Ti{x) =  x. (3.37)

Hence, we obtain

Tcom(-£) == Tm °  Tm —1 0 ' * ‘ °  7 \  (z) =  X
(3.38)

Tcc{x) =  53,- £[ WiTi(x) =  $3,-g/u>,-z == z.

Therefore, 5  C FixTCOm and 5  C FixTcc. Conversely, let us first show FixTcc C 5. Fix

2  G S and z  € FixTcc. Then z  — Tcc(z) =  0. Hence, using (3.20), we get

0 =  (z — Tcc(z) | 2 - z )

=  ( x - J ^ W i T i f r )  I 2 - z )  
ter

=  ^  tuj(z -  T,(z) | 2 -  z)
t€/

<  -  5 3 ^ - II® - T i ( z )  ||2
iei

< 0. (3.39)

Therefore, to,||z -  Tj(z) | |2 =  0, i.e., (Vi G /)  z  =  Ti(z). We conclude that z  G flier Si 

and thus FixTcc C S. Finally, we show FixTcom C 5. Fix 2  G S  and z  G FixTcom- For the 

sake of simplicity, we only show the case when T^m is the composition of three operators, 

i.e., Tcom =  T3 o T2 o T\. The proof is similar for the general case. Applying (3.21), we 

obtain

||7i(z) -  2 112 <  Hz -  2 ||2 -  ||z -  Txtz)!!2, (3.40)
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and

||T2 o  7\(x) -  z ||2 < HTtlx) -  z ||2 -  ||x -  T2 o  T\(x)||2, (3.41)

and

IIT3 o  r 2 o TUx)  -  z ||2 <  Iir2 o t \ (x )  -  z ||2 -  \\x -  r 3 o r 2 o t ^ m i 2. (3.42)

Inserting (3.40) into (3.41), and (3.41) into (3.42), and noting that x  =  T3 o T2 o Ti(x), we 

get

||x -  z ||2 <  ||x -  z ||2 -  ||x -  Tt (x) | |2 -  ||I\(x ) -  T2 o  T ^ x )!!2

-  ||T2 o  7\(x) - T 3 o T 2 o  r!(x ) ||2. (3.43)

Thus,

||x -  T i(x ) | |2 +  \\Tx(x) -  T2 o  Ti(x ) ||2 +  ||r 2 o 7\(x) -  T3 o T2 o 7 \(x ) | |2 < 0.

(3.44)

It must be true that x =  7\(x), which implies x £ FixT\. We must also have T\(x) =  T2 o 

Ti(x), which implies x =  7i(x) £ Fix!T2. Finally we must have T2oT\[x)  =  T3oT2 oT i {x ), 

which implies x =  T2(x) —T2 o T\(x) £ FixT3. Therefore, x £ S. □

Note that the composition Tcom of several firmly nonexpansive operators is not necessarily 

firmly nonexpansive. An example in two dimensional space is T  =  Pi o P2, where Pi is 

the projection onto line x =  y and P2 is the projection onto line x =  0. Assume two 

points a =  (4,0) and b =  (3,1). Then T{a) =  (2,2) and T{b) =  (1.5,1.5). Hence, we have 

(T(a) — T(b) | a — b) =  0, but ||T(a) — T(6)|| =  l/\/2 . However, for nonexpansive operators, 

we have a weaker result.
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T heo rem  3.2 Let (Ti):-6/ be a finite family of m nonexpansive operators from E into 

E with fixed, point sets Let Tcom denote their composition and Ta  their convex

combination, i.e., Tcc = Y.iei wiT{, where (Vi G I) Wi > 0 and J2ier w' =  1- Then,

i) Tam and Tcc are also nonexpansive.

ii) I f  flig/ Si = S  7̂ 0 , then FixTcc =  S.

Proof, i): Since the T s are nonexpansive, we have

(ViG J)(V(x,y) GE2) ||T,(a:) — Ti(y)|| <  ||rr — y||. (3.45)

Applying the above inequalities, for every (x, y) in 5 2, we get

||Tcom(x) — Tcom{y) ||

=  IITm o Tm —i o • • • o T\[x) Tm o Tm_ i o • • • O Ti(y)||

<  ||Tm_i o • • • o T\{x) -  r m_! o • • • o Ti(y)||

< . . .

< ||Ti(x) — Ti(y)||

<  II® — S/ll- (3.46)

To prove the nonexpansivity of Tcc, note that for every (x, y) in E2, we have

l|T cc (x )-rcc(y)|| =  I I ^ ^ T W - ^ ^ T - ^ I I
i€T ier

< 5Ztt>i||Ti(x) — T,(y)|| 
ter

< 5 > i | | * - y | |  
ter

= l l* -y ||.  (3.47)
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ii): By Proposition 3.5, for every Tj, we have T, =  2F, — Id, where the F*s are firmly 

nonexpansive operators. Moreover, (Vi G I) FixT, =  FixF,. Then,

By Theorem 3.1, we have F ix (52ie Iwi^i) — flierFixF,- =  S  and £ t-€/WiFi is firmly 

nonexpansive. Observe (3.48): by Proposition 3.5 again, we have FixTcc =  Fix ( £ t-6 /iutFi).

3.3 Iterative Construction of a Fixed Point

The basic numerical problem we will be concerned with is to find a fixed point of a non­

expansive operator and, more generally, a common fixed point of a family of nonexpansive 

operators. To obtain a fixed point of a single operator T, we start with Banach’s 1922 

classical theorem.

T h eo rem  3.3 [52] Let T  : E —► E be contractive and let x be its fixed point. Then for  

any x q  G E, the sequence constructed by

converges to x.

The operator in the above theorem is required to be contractive. However, nonexpansive 

operators are more common in practice. Therefore, iterative schemes based on nonex­

pansive operators will be more useful. It is important to note that if T  is a nonexpansive 

operator, Theorem 3.3 fails as the iterations (3.49) will not converge to a fixed point in gen­

(3.48)

Therefore, Fix Tcc =  S. □

(Vn G N) a;n+i =  T(xn) (3.49)
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eral (consider a rotation T  in the euclidean plane). However, convergence can be obtained 

via suitable underrelaxations, as shown next.

P ro p o sitio n  3.9 [22] Suppose that the operator T  : E -*■ S is nonexpansive with a fixed 

point and that (An)n>o is a real sequence in ]0,1[ such that

converges to a fixed point of T .

Prom this result, it is straightforward to derive an iterative scheme for finding a fixed point 

of a firmly nonexpansive operator.

T h eo rem  3.4 Suppose that the operator F  : S  -> 5  is firmly nonexpansive with a fixed 

point and that (AJ,)n>o is a real sequence in ]0 , 2 [ such that

(3.50)
n>0

Then every sequence (rrn)n>o generated by the iterative scheme

(VnGN) x„+i = x n +  \ n { T { x n ) - x n) (3.51)

(3.52)
n> 0

Then every sequence (xn)n>o generated by the iterative scheme

(Vn G N) arn+1 =  xn + X'n{F{xn) -  xn). (3.53)

converges to a fixed point of F.
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Proof. By Proposition 3.5, T  =  2F — Id is nonexpansive and FixT =  Fix F. By inserting 

this into (3.51), we get

(Vn € N) xn+i =  xn + A„(2F{xn) - x n ~  x n)

=  xn + 2An(F(xrl) - 2 n)

=  Xn + \ n{F(xn) — xn)i (3.54)

where A(, =  2A„. Therefore, A  ̂ €E]0,2[ and £ n > o ^ ( 2 -A ;)  =  +oo. □

3.4 Iterative Construction of a Common Fixed Point

Theorem 3.3 and Theorem 3.4 provide simple ways to build a sequence converging to a fixed 

point of an operator. If T  is the convex combination of a family of nonexpansive operators 

(^t')te/, this iterative scheme, then, suggests a way to build a sequence converging to a 

point in f^g/FixT,. A common fixed point of a family of firmly nonexpansive operators 

can be obtained in this fashion through the construction of T, which can be either the 

composition or the convex combination of (2 i),-6/.

The above iterations allow sequential or fully parallel applications of the operators. More 

flexible schemes are also possible for firmly nonexpansive operators. The following theorems 

describe schemes with more general iterations.

T heorem  3.5 Let (Tt-),-g/ be a finite family of firmly nonexpansive operators from  S to S 

such that

■S’ =  P | FixTJ 7̂  0 . (3.55)
i6 /
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Fix (5,e) 6  ]0, l ]2 and M  C  N*. Then every sequence (x „)n > o  generated by

(Vn £  N) arn4-i =  x n -F An( Wi,nT\{xn) ~~ £n)> (3.56)

converges to a point in S  if, for every integer n,

a) 0  ?  J„ C  I  and (Vz 6  I) i € _1  h i

b) E ie/n wi,n ~  1 and (Vi 6  h )  W,n > (1  -  lSi(®n))^,'

C) £ < A„ <  2 -  £.

The control sequence ( In )n>o dictates the sets to be activated at each iteration and con­

dition a) ensures that every set is activated at least once every M  consecutive iterations. 

The relaxation range is restricted to ]0,2[ and it allows flexible use of the algorithm. In 

[15], we gave a projection operator version of this theorem. Following [12], we will state a 

more general convergence result. First, we need an intermediate result.

P ro p o sitio n  3.10 Let (T,)ig/ be a finite family of firmly nonexpansive operators from E 

to E such that (3.55) holds. Fix (5,e) €  ]0, If2. Take any sequence (xn)n>o generated by

(3.56) where, for every integer n,

a) 0  In C  I  and I  C  Ut>o h +fc?

b) £ ter„  Wi.n =  1 and (Vi € /„) tu,-,n > (1 -  l s ^ n ) ) ^  

a) £ <  An <  (2 — e)Ln with

Ln — <

1 i f  xn £  Di6/n ■S’, -
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Then vie have

(Vn 6  N ) ( V *  e  f l  S i W j  e  In) ||®n+l -  z f  <  ||*n  ~  z f  -  f c ^ X n )  -  Zn ||2.
i £ / n

(3.57)

Proof: Fix n e N , j ' 6  In, and z  € flig/n Sf. Using (3.56) We have

ll®n+l— z f  — |\x n —z  ■+■ An (^ ^  w i,nTj{xn )~~%n) f
» € f n

=  ll^n z\\ "I" 2An ^  V}itn{xn Z | T{{xn ) Xn ) 
iern

+  % \ \ ' £ w i,n (Ti (xn ) - x n ) f  
*€ A*

=  ll^-n -̂ 1!̂  +  2An V}i,n{x n~~z  \ T i(x n ) ~ x n)

+  r -  I> .\n l l( f l(* « )-* » ) l l2
Ln  : e / n

^  Ik n -2 ||2 -A „ (2 -A n/Irn)i0j,„||(rj(a:n)-X n)||2- (3.58)

But, by virtue of b) and c), An(2 — An/Ln) > e2, which proves the inequality. □

This result gives much more flexibility to the control sequence (/n)n>o- It is only required

that every set be activated repeatedly, but in any order. The relaxation range is also

extended to ]0,2Ln [. By the convexity of the function || • ||2, it is easy to see that Ln > 

1 . Thus, the relaxation range is greatly extended, which in turn gives very large steps 

(||xn+i — xn||)n>0 and accelerated convergence.

We are now ready to state the main convergence result.

Theorem 3.6 Every sequence (xn)n>o generated according to the iterative scheme de­

scribed in Proposition 3.10 converges to a point in S.
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Proof. By Proposition 3.10, (||xn+i -  z||)n>o is nonincreasing. Consequently, for a fixed 

z in S, (xn)n>o lies in the compact set B(z,  ||x<j — z\\) and it therefore possesses a cluster 

point x. Hence, there exists a subsequence (x„k)fc>o of (arn)n>0 such that (||xnfc — x||)n>o 

converges to zero. If we can prove that x  £ S, then we can conclude xn —> x  because 

(||xn — x||)n>o is nonincreasing by (3.57). First note that

(Vn GN) ||x — z|| <  ||xn -  z\\. (3.59)

Now suppose that x  £  S  and define / + =  {i £ I  \ x  £ 5,}, I~  =  /  v  7+ , a  = 

min,g/- ||T,(x) — x|| ^  0  and 0  =  6e2. We can choose a real number 7  such that

° <  7  <  (1 + 4 0)a  + 2 \ \x- z \ \ '  (3'60)

Since 7  <  a  and ||Ti(x) — x|| < d(x,St) by (3.21), £ (x ,7 ) does not intersect with Ui€/- 

that is

B(x,  7 ) f l  U  S'* =  0 - (3-61)
i € I ~

Since x  is a cluster point of (zn)n>0i there exists an integer p such that xp £ B(x,  7 ). Now 

fix an arbitrary j  £  I~.  Let us show by contradiction that j  & Ip. Suppose j  £ Tp. Then 

Proposition 3.10 yields

llxp+1 -  z f  < \\xp -  z ||2 -  0\\Tj(xp) -  xp||2. (3.62)

But we also have

||®p ~  *11 <  l|*p ~  s || +  ||ar -  z\\ <  7  +  ||x -  z\\. (3.63)

On the other hand, since xp £ B(x,  7 ) and j  £ (3.61) yields

||r j(z p) - Zpll >  ||x - Ty(x)|| -  ||x - xp|| -  ||Ty(x) - 3 ^ ) 1 1  > a - 2 j .  ■ (3.64)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



39

Prom (3.60), it is easy to verify that a > 2y. Therefore, it follows from (3.60) and (3.62) 

that

Hasp+i -  z ||2 -  ||® -  z |l2 <  (7 +  ||*  ~  2 | |) 2 “  &(<* ~  2 t ) 2 -  II* ~  * l|2

= (7 4- 2||z — z|| + 4q/3)7 — 4/?72 — a2 0

< ( 7  +  2||® -  z|| +  4a /? )7  -  a 2/3

< (a +  2||z — z|| +  4aj0)7 — a2/?

< 0. (3.65)

But the last inequality is incompatible with (3.59). Therefore, j  & Ip. Since j  is arbitrary, 

it follows that Ip ClI~ =  ® and C / +. Proposition 3.10 and (3.61) then yield z  £ 

n»€/+ S i = * x e  Dig/p Si => ||®p+i -  *|| <  ||*p - * | |  =*• *p+i 6  B(z, 7 ) =*> zp+i g  Sj. Then, 

by repeating the same process for index p +  1 as for p, we obtain j  Ip+i, Zp+ 2  £  B(x,  7 ), 

and Zp+ 2  ^  Bj. Thus, by induction, we obtain (Vfc £ N) Zp+t £  Sj  and j  g  Ip+k, which 

violates condition a). It follows that z  £ S. □

Relaxations not only provide flexibility for the iterative scheme, but also give potential for 

achieving accelerated iteration. Theorem 3.5 generalizes certain finite dimensional results 

of [14], [15], [16], [19], [42]. Finally, let us note that Theorem 3.6 is a particular case of a 

result given in [12].

3.5 Approximate Fixed Points

A fixed point of an operator T  is defined by the identity x  =  T(z). It is often hard to find, 

for a given z, a T  that satisfies this identity (this is the basic problem of fractal coding). It
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is then of interest to investigate the points achieving approximate fixed properties relative 

to an operator. In this section, we will address the problem of approximate fixed points.

D efin ition  3.10 [52] Let T  be an operator from E into S, with nonempty convex and 

closed fixed point set S . Then, for every e G [0, +oo], the set

5 e =  { * e S |  | | r ( * ) - a r | | < e }  (3.66)

is called the e—fixed point set o f T .

D efin ition  3.11 I f Se is closed and convex for every e, we call T  a regular operator.

When e =  0, So =  FixT. Thus, we call So = S  the base set and Se its £—extension.

T  is not necessarily regular, even if it is nonexpansive. An example in the euclidean plane 

is T  =  Pi o P2, where Pi is the projection onto the set

A i =  {x =  (x(1),x (2)) G R2 | ar(2) <  0}, (3.67)

and P2 the projection onto the set

A2 = {x = (x(1),x {2)) G M2 I |x(l)| > x(2)}. (3.68)

Then, for a =  (1 ,1) and b =  ( - 1 , 1), we have ||T(a) -  a|| =  ||T(6) -  6 || =  \/2/2 while 

||T((a +  b)f2) -  (a +  6)/2|| =  1 . Thus, set

C  =  {x G I 2 | ||T(x) -  ar|| <  V2/2} (3.69)

is not convex.

P ro p o sitio n  3.11 [47] Consider a function f  : E -> R. I f f  is convex, then the set 

{x G E | f ( x )  <  a} is closed and convex, for every a G R.
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T h eo rem  3.7 Consider an operator T  : E —> E. I f T i s  either an affine operator with 

F ixT  ^  0, or a projector onto a nonempty closed and convex set, then T  is a regular 

operator.

Proof. By Proposition 3.11, to show convexity and closedness of Se, it suffices to show that 

function /  defined by

(Vz 6 E) /(z )  =  ||T(z) — z|| (3.70)

is convex. We first show the convexity of / .  Invoking Definition 3.4, it is equivalent to 

show that for every (z, y) in E2 and every a  in [0,1], we have

||T((1 -  a )z  +  ay) -  ((1 -  a)x +  ay)|| < (1 -  a)||T (z) -  z|| +  a||T(y) -  y\\.

(3.71)

Now, assume that T  is an affine operator. Then,

||T((1 -  a)x + ay) -  ((1 -  a )z  + ay)||

=  ||( 1 - a ) T (z )+ a T (y )  -  (1 -  a ) z - a y | |

<  | | ( l - o ) ( T ( z ) - z ) | |  +  ||o (T (y )-y ) ||

=  (1 -  a)||T(z) -  z || +  a||T(y) -  y||. (3.72)

Next, assume that T  is the projection operator onto a nonempty closed and convex set A. 

Due to the convexity of A , we have

(1 -  a)T(x) + aT(y) € A. (3.73)
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Note that in this case T ((l — a)x+ ay)  is the closest point in A  to (1 —a)x+ ay .  Therefore

||T((1 — a)x + ay) -  ((1 -  a)x  +  ay)||

< ||(1 — a)T[x) +ccT[y) -  ((1 - a ) a :  +  at/)||

=  ||(1 — oi)(T(x) — x) +  a(T(y) — y)||

<  (1 -  a)||T(x) -  x|| +  a\\T{y) -  y||. (3.74)

□
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Chapter 4

NONEXPANSIVE OPERATORS 
FOR IMAGE CODING

4.1 Introduction

The basic property of the (possibly nonlinear) operators used in operator theoretic coding 

is nonexpansivity, which is essential for the convergence results established in Chapter 3. 

In other terms, these are mappings which do not increase the distance between any two 

points of the space, that is

In fact, our main convergence result -  Theorem 3.6 -  was stated for the special case of 

firmly nonexpansive operators, i.e., operators which satisfy the stronger inequality

However, it was seen in Proposition 3.5 that a firmly nonexpansive operator F  can be 

constructed from a nonexpansive one T  via the formula

(V (z ,y )eE 2) ||T(x) — T(y)|| < ||ar — y||. (4.1)

(V(z,y) 6 E2) ||F(*) - F(y)||2 < (F(x) -  F(y) \ x - y ) . (4.2)

2
(4.3)
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without affecting the fixed point set (F ixF  =  FixT). We can therefore, without loss 

of generality, consider only nonexpansive operators; those operators which are not firmly 

nonexpansive will simply be transformed via (4.3).

We will use x  to denote an N  x N  grayscale image to be processed. Therefore E is 

an iV2-dimensional euclidean space. An image x  will be regarded as a mapping from 

D =  {0,1, • • • , N  — 1} x {0,1, • • • , N  -  1} into R +. In general, an operator 7* will act 

either on the whole image when associated with a  global property or feature,-or on a 

portion (mostly a block) of the image when associated with a local feature. All operators 

will be defined as mappings from E into S. Also, we will denote by xA the subimage whose 

support is A C  D.

4.2 Projectors onto Convex Sets

In this section, T* is the projector onto a closed and convex feature set

Si =  Fixl\- =  {x E S | x  satisfies 'P*}. (4.4)

The projector onto Si was defined in Definition 3.7 and seen to be firmly nonexpansive 

in Proposition 3.1. A great deal of image properties or features can be expressed directly 

in the form of such sets and this framework has been used extensively in image recovery 

[13], [53], [58], [62]. The implicit assumption here is that projections onto Si are easily 

computable.

We will call x  =  T[x) the discrete Fourier transform of x. In some situations, it will also be 

possible to replace T  by some other linear transforms commonly used in image processing,
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e.g., DCT, Hartley, Hadamard, Haar, slant [26], [44] or wavelet transform [59].

4.2.1 Spatial Properties

First of all, we define the set of images with prescribed support CA (the complement of 

A C D  relative to D), which is

51 =  {x e  S | xA =  0}.

The projector onto Si is given by
*

0 if (m,n) € A
(Vx e  S)(V(m, n) e  D ) (I\(x))(m ,n) =  <

x(m, n) else.

A property set defined by a more general form of constraint is

52 =  {x G E | (V(m, n) G A) a < x(m, n) < 6},

(4.5)

(4.6)

(4.7)

where (a, b) 6 B?. Note that in blockwise image coding xA is a block of the image x. Thus, 

set S2 specifies the dynamic range of x  within the given block. Usually, a constraint such 

as a = b can be used to encode a shade area xA of the image. The projection of x  onto S\ 

is given by (V(m, n) € D )

( r2(ar))(m,n) =

a if (m, n) € A and x(m, n) <  a

b if (m, n) G A and x(m, n) > b

x(m, n) else.

Another way to generalize (4.5) is

(4.8)

S3 =  {* € s  | (V(m, n) G A) x(m, n) =  <7(771, 77)}, (4-9)
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where g is a known function. The projector onto £3  is obtained as 

(Vi €  E)(V(m,n) € D) (T3(x))(m,n)
f g[m,n) i f (m ,n )e A

(4.10)
1  (m, n) else.

The operator T3 is useful to encode a certain image area which does not display obvious 

edge features and where there are only small variations in pixel values. This is typically 

the case for textured areas. On the other hand, T3 is used to preserve exactly an image 

feature (especially edge features) specified by g, which will often be a quantized version of 

the image to be coded in area A.

4.2.2 Spectral Properties

The constraints defining the above sets can also be applied in the discrete Fourier transform 

(DFT) domain .1 The set corresponding to £2 in the DFT domain is defined by

S4 =  { X  G 5  I (V(fc,J) 6  A) o' <  3?(XA(M )) <  &'}, (4.11)

where xA is a subimage and A the frequency range of its DFT. The projector onto £4  is

T ~ l (X)  on A 

x else,
(Vx e  E) T4 (i) =  < (4.12)

where

(V(fc,/)e A) si(X(Ki)) =

a' if 3?(i^(fc,Z)) <a!

1/  if 9?(j^(M )) >b'

3?(a^(M)) else.

(4.13)

1 Actually, most of those properties can also be applied to other unitary transform, such as the discrete 

cosine/sine transform, etc.
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Imposing the constraint on the imaginary part of the transform gives rise to 

S '4 =  {x € S  I (V(M) £ A ) a '<  3(®*0M)) < &'}- 

A set corresponding to S3 in the transform domain is defined by

5s =  {x e  E I (V(M) 6  A) a ^ (M ) =  G(fc,/)},

where G : A —> C is a known function. The corresponding projector is given by

T _ l(X) on A

(4.14)

(4.15)

(V x e S )T 5 (x) = (4.16)
else,

where

(V(fc,/) 6  A) X{k,l) = G(k,l). (4.17)

In transform coding, G = 0 over the high frequency range. A set can also be defined 

through the knowledge of the spectral density of the image over A, namely

S6 =  { X  e  5 1 (V(M) 6  A) k A( M I  =  G(M)}, (4.18)

where G : A R+ is known. This set has been used in the image phase retrieval problem 

[53]. Unfortunately, S6 is not convex and it must be replaced by its convex hull

S7 = {x e  5  | (V(fc,Z) e  A) |xA(*,QI < G(k,l)}.

The associated projector reads

T ~ l {X) on A

(4.19)

(Vx 6  E) Tr(x) = (4.20)
else.
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where

(V (U )G A ) X (k ,l)  =  - (4-21)
G ( f c , i f  |xA(ifc, 01 > G(fc, 0  

xA(fc, 1) else.

It is also possible to impose constraints on the phase of the DFT coefficients. The set of 

images whose block xA has a prescribed phase <p is defined by

Ss =  {x 6  S | (V(fc,Z) 6  A) ZxA(fc,/) =  <p(k,l)}.

The associated projector is defined by

T ~ l {X) on A
(VxGE) T8 (x) =  

where V(fc, I) G A, we define2

else,

X(jfe,0 =«W,/)|*A(fc,0|cos+(ZxA(Jfc,0 - v(fc,0)-

(4.22)

(4.23)

(4.24)

4.2.3 Pattern Properties

To make use of pattern images in coding, it is useful to define a set of images, each of which 

has a certain block xA whose distance to a given reference block r A is within a certain 

value. By doing so, we obtain a closed ball

Sg =  {x e  5  | ||xA — r A|| < p } . (4.25)

We use the notation

cos+ ($) =  «
cos(<f>) if cas{<j>) > 0

0 else.
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In particular, the set containing images with block xA of bounded energy is defined by

where L is a linear transformation. In [61], such an operator was applied in the post­

processing of transform coded images to remove blocky effects due to block-wise partition­

ing and it can therefore be called a smoothness operator. Finally, we consider the set of 

images whose projection onto a nonempty closed and convex set Sj is g £ Sj. We obtain 

the closed and convex cone

where Pj is the projector onto Sj.

4.2.4 Statistical Properties

Some projectors can be associated with statistical properties of the image to be encoded.

(4.26)

The projector onto Sg is defined by

(Vx £  E) T9 (x)(m ,n)

||xA - r A|| > p

(m, n) £ A

x(m, n )

A generalization of (4.25) used in [58] and [61] is

else. (4.27)

(4.28)

S\o = {x £  E | Pj(x) = 5}, (4.29)

Thus, the set of all images whose pixel average over a region A is within given bounds is

the hyperslab

(4.30)
(m,n)€ A
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Let p =  52(m,n)eA x(m ,n). Then the projector reads

(Vx G E) 7u (x ) =  <

6 — p
x-i-------- ua if p >  b

V
a — p 

X +  U A if p < a
V

X else,

(4.31)

where « a  is the image whose pixel values are 1 if (m, n) 6  A and 0 elsewhere, and r/ the 

number of pixels within region A. The corresponding set defined in the transform domain 

is given by

Sn  =  { * G S  | a ' <  £  3?(^(fe,f))<6'}.
( m , n ) €  A

(4.32)

The set of images x whose block xA has pixel average p and variance bounded by B  is

S 13 =  { z  e  5 1 $ 3  l*(m >n ) - ^ l 2 <  # } •
( m , n ) 6 A

(4.33)

This set is actually a particular case of (4.25) where r  is the constant image with pixel 

value p.

4.3 Isometries

We discuss here operators related to perceptual features of a block xA, such as symme­

try, periodicity, and so on. These operators are isometries, which are affine operators 

characterized by (3.18). Some of them have proven very useful in fractal coding [4], [18], 

[23].

We assume that A =  {im, ■ • -,im + M  -  1} x  {£n, •••,£„ +  M  — 1}, where tm and £n are 

the coordinates of the upper left corner of A. First, we consider the property of symmetry
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of s A about its mid-horizontal axis. The operator which leaves fixed the images with this 

property is the reflection operator

(Vs G 5) Tu(x)  =  x, (4.34)

where
r

s(m , M  ~  I — n  + 2in) if (m, n) G A 

s(m , n) else.

The corresponding fixed point set is

(V(m, n) € D) x(m, n) = (4.35)

5 14 =  {s G S | (V(m, n) 6  A) s(m , n) =  x(m, M  — l — n + 2€n)}. (4.36)

Likewise, symmetry of xA about its mid-vertical axis is associated with the operator

(Vs G E) Ti5(x) =  s , (4-37)

where

(V(m, n) G D) s(m , n ) =

whose fixed point set is

x (M  — 1 — m +  2im,n) if (m ,n) G A
(4.38)

s(m , n) else,

5 i5 =  {x G E | (V(m,n) G A) s(m ,n) =  x{M  — 1 -  m +  2£,„, n)}.

Symmetry of s A about its first diagonal is associated with the operator

(Vs G E) Ti6 (x) =  s,

(4.39)

(4.40)

where

(V(m,n) G Z?) s(m ,n) =
x(n -  £„ +  m -  +  n̂) if (m, n) G A

s(m , n) else.
• (4-41)
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The fixed point set is

5i6 =  {x G E I (V(m, n) G A) x(m, n ) = x { j n - i n Jr l m, m - l rn+ l n)}. (4.42)

Likewise, symmetry of xA about its second diagonal yields

(Vx G 5) Tir(x) =  x, (4-43)

where

(V(m, n) G Z?) x(m, n) =

x(M  — 1 —n + £ n +£m, Af — 1 —m +  fm +  ^n) if (m,n) G A
(4.44)

x(m, n) else,

with fixed point set

Sl7 =

(x G E | (V(m,n) G A) x(m, n) =  x(M  — 1 — n +  £« 4- lm, M  — 1 -  m 4- l m +  Zn)}.

(4.45)

Invariance under a +90° rotation about the center of the block is described by the rotation 

operator

(V x G S )  T 18(x ) =  x , (4.46)

where

(V(m, n) G D) x(m, n) =
x(n -  ln +  £n, M  -  1 -  m +  £m +  Zn) if (m, n) G A

x(m, n)

The corresponding fixed point set is

else.
(4-47)

S is  =  {x G E I (V(m, n) G A) x(m, n) =  x(n ~ In + lm ,M  ~  I -  m +lm +In)}.

(4.48)
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For invariance under a +180° rotation about the center of the block, the operator becomes 

(Vx G S) T19(x) =  X, (4.49)

where

(V(m,n) G D) x(m,n) =

x{M  — 1 — m  + — 1 — n + 2t„,) if (m, n) G A
(4.50)

x(m, n) else.

The fixed point set is

Si9 =  {x G H | (V(m,n) G A) x(m ,n) =  x(M  — 1 — m  +  itm, M  — 1 — n +  2^)} .

(4.51)

If an image is periodic with period k  in the vertical direction, it is invariant under the 

corresponding translation and we obtain

(Vx G £) T2o(x) =  x, (4.52)

where

(V(m,n) G D) x(m ,n)  =
x(m, ((n 4- k — £„) modulo Af) +  in)) if (m, n) G A 

x(m, n) else.
(4.53)

The resulting fixed points are

$20 =  {x G S I (V(m, n) G A) x(m, n) =  x(m, ((n +  A: -  £„) modulo M ) 4- £n}.

(4.54)

This operator can be generalized to model periodicities in other directions.
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4.4 Approximate Fixed Points

In practice, it is unusual to encounters images (or blocks) possessing exactly any of the 

exact geometrical features described in Section 4.3. Therefore, the degree of approximation 

to such features should be quantified and the corresponding feature sets should be defined.

The sets of Section 4.3 are of the form

Si = {* £ E | Ti(x) = *} =  FixTi, (4.55)

where 2} is an isometry. If a processed image h does not display a feature 'Er,- exactly, its 

degree of approximation to this feature is evaluated by e,- =  ||T*(/i) — h\\. Consequently, 

the set of images which possess at least this degree of approximation to 4/, is

S i«  =  {* S 5  | ||2}(x) -  *11 <  Si} =  {* € S I 11(2} -  Id)(*)|| < £,•}. (4.56)

By Theorem 3.7, we know that Si*i is closed and convex. The projections onto this set can 

be computed iteratively as in [58] or linearized at every step of the algorithm as in [13].

4.5 Other Operators

A critical property of the operators used in operator theoretic coding is firm nonexpansivity. 

As shown in Chapter 3, projectors and their underrelaxed versions are firmly nonexpansive. 

Others operators of interest are approximate projections, such as subgradient projections 

and surrogate projections [8 ], [9], [13], [30]. They basically amount to replacing the com­

putation of an exact (and potentially involved) projection by a projection onto a simpler 

superset such as a half-space. Although such operators are not nonexpansive on the whole
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space they do not affect the convergence of common fixed point algorithms under mild 

conditions [13], [30].

In summary, useful operators can be constructed as:

1. Projectors onto closed and convex sets.

2. Relaxed projectors.

3. Approximate projectors.

4. Nonexpansive affine mappings (in particular, isometries).

5. Underrelaxed nonexpansive mappings.

6 . Any composition of nonexpansive mappings, in particular of the operators in 1 ~  4.

7. Any convex combination of nonexpansive mappings, in particular of the operators in 

1 ~  4.

If, in the last two cases, the operators are all firmly nonexpansive, then the fixed point 

set of the composition operators and that of the convex combination operator are the 

intersection of those of the individual operators by Theorem 3.1.
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Chapter 5

OPERATOR THEORETIC 
CODING

5.1 Introduction

Conventional coding techniques are vector quantization, transform coding, predictive cod­

ing, and their combinations. These are noniterative techniques. W ith the requirement to 

produce high quality coding techniques achieving high compression ratios, the mathemati­

cal theories and algorithms involved are getting more and more sophisticated. Noniterative 

techniques often lead to tedious computational procedures or rigid designs, which hampers 

the efficient implementation of coding algorithms. On the other hand, iterative techniques 

give computationally efficient, schematically simple, and flexible coding.

The initial applications of iterative mapping techniques in image coding have been convex 

set theoretic coding [38], [50], [54], [56], [61] and fractal image coding [18], [23], [24]. 

Generally speaking, iterative techniques -  even when only partially used and combined with 

classical techniques -  have been shown to improve the coding quality and/or to simplify 

the computations involved. For example, [61] applied the classical successive projection
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algorithm POCS [7], [62] in JPEG-related techniques to replace the inversion of the DCT 

and the subsequent filtering operation in order to more effectively remove artifacts. [38] 

used POCS in the post-processing of a small codebook VQ in order to get rid of the 

“staircase” effect in edge blocks. Likewise, [54] used POCS during the decoding process to 

conceal partially deimaged codes.

Overall, the great amount of interest iterative methods have aroused suggests that it is 

worthwhile to pursue more general schemes. This is precisely the objective of this chapter, 

in which we systematically develop the notion of operator theoretic coding (OTIC). As 

discussed in Section 1.3.2, an OTIC procedure involves three basic steps

• Codebook design.

• Encoding.

• Decoding.

We will now discuss these three steps in detail.

5.2 Codebook Design

The codebook is actually the collection of all relevant nonexpansive operators defined on

the image space E, such as those described in Chapter 4. They can be roughly classified

into:

• Operators related to spatial features.

• Operators related to spectral features.
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• Operators related to statistical features.

• Operators related to perceptual features.

Most operators are associated with one or more parameters to be determined during the 

encoding process. Therefore, an operator is parametrized by its index along with a  few 

parameters. It is then used to represent a basic image property. The images possessing 

this property form the fixed point set of the operator.

5.3 Encoding

The encoding consists of two basic steps:

1. Determination of the parameters of a family of operator types (projector onto a given 

type of set, rotation operator, reflection operator, etc.) in the codebook based on the 

input.

2. Selection of a family of operators (T, ),e/  from the parametrized operator types based 

on certain criteria.

5.3.1 Parametrization

An operator in an operator theoretic code must be specified by indexing and parametriza­

tion in order to be recognized by the decoder. For instance, the index will identify a 

projector onto a  ball (operator type) while the parameters will specify the center and the 

radius of the ball. For most operators, the companion parameters must be determined in
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terms of a specific input image or block. Let us now detail this process for the types of 

operators discussed in Chapter 4.

1 . Projector onto S\: Region of Support 

Only the domain A needs to be specified.

2. Projector onto S2: Dynamic Range of Pixels

We need to specify the dynamic range over a given area A. The parameters a and 

b represent the lower bound and the upper bound respectively. In block-wise image 

coding, A may stand for the processing block. For a shade (or plain) area, we take 

a and b both equal to the average of the pixel values; for a midrange and edge area, 

however, a and 6 must be determined individually.

3. Projector onto Sy. Feature Match

The parametrization of T3 may require a function and a domain. The parametrization 

of this operator requires a lot of bits. To reduce the number of bits, a quantized 

representation is required. We refer to [48] for the problem of modeling image features 

through parametrized functions.

4. Projector onto 5 4 : Dynamic Range of Transform Coefficients; Band Limitation 

This operator is used to extract features in the transform domain. It is especially 

useful for transformations which produce real transform coefficients, e.g., discrete 

cosine transform, discrete sine transform, and Hartley transform. As for 7 2 , the 

parametrization of T4 is done by specifying a, 6 , and A. This provides a dynamic 

range for the transform coefficients over a certain frequency band.
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5. Projector onto S5: Spectral Match 

Same as for T3 .

6 . Projector onto S7: Spectrum Constraint

The parametrization here pertains to the function G. G could be approximated by 

simple functions or constants within several different frequency ranges in order to 

save bits.

7. Projector onto Sg: Phase Constraint

The phase property could be specified by functions in either numerical or analytical 

form. This is in general expensive in terms of bits. In some cases, e.g., linear phase, 

it can be efficiently parametrized and quantized.

8 . Projector onto S9: Similarity to Reference Patterns

Here, an input image -  or block thereof -  is similar to a pre-stored reference pattern. 

The measure of similarity can parametrized to describe a property set in which all 

image have at least the same degree of similarity to the pattern p. The similarity is 

parametrized as p =  ||/i — r||. These operators can be utilized to generalize vector 

quantization techniques, where image patterns are codeword vectors in the codebook. 

We thus obtain a set theoretic codebook made up of balls. This approach is discussed 

in Section 5.5.1.

9. Projector onto Sg>: Energy Boundedness

The parameter to be determined is the energy of the input h. Sg is a more general set 

which can represent many other features. For instance, in block-wise image coding, 

L  can be constructed to constrain the energy of blocks representing borders so as to
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remove block-artifacts.

10. Projectors onto 5 n , S12, and £ 13: Statistical Properties

They are used to control the statistical properties of decoded images. Especially, Si3 

can also be used to control the smoothness of the decoded image.

11. Isometries: Perceptual Feature Match

Since in image coding the indices of isometries are used to specify each of them, the 

isometries do not need to be parametrized except periodicity. If there is no exact 

match between a feature of the input image h and the operator, one has to employ 

the projector onto (4.56) and, therefore, to specify the parameter £,-. For any given 

isometry T,, e* =  ||T)(h) — h\\ is viewed as a measure of similarity between the feature 

described by the isometry and that borne by h.

5.3.2 Selecting Operators

After parametrization, one needs to select the useful operators and drop those contributing 

only marginally to the description of the features. For example, in the case of 256 gray 

level images, for T2 , a = 0 and b =  255 in (4.7). As another example, if for an isometry 

Tj only approximate features are extracted and the distortion measure e* is too large in 

(4.56), then T, is not a good pattern to describe the input image. In such cases, those 

operators will not be included to the OTIC code.
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5.3.3 Code Representation

The OTIC code consists of two components: the operator types and the scalar parameters 

associated with them. The operators are referred to according to their indexes in the 

codebook along with the specified parameters in a quantized form.

5.3.4 Entropy Coding

Image coding is usually completed by a  last compression step -  entropy coding. Entropy 

coding is a reversible process whose purpose is to effectively use bits for communications or 

storage. The idea is to find a reversible mapping to a new set of parameters such that the 

average number of bits per symbol is minimized. Commonly used techniques are Huffman 

coding, adaptive entropy coding, and run-length coding [6], [20]. While entropy coding is 

a very important step that further improves compression rates, it is well understood and 

will not be discussed further.

5.4 Decoding

5.4.1 Generalities

The objective of OTIC decoding is to find a common fixed point of the operators 

representing the image, that is

Find x  € 5  such that (Vi e f )  r  =  Ti(x) (5.1)
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or, equivalently,

Find x  G pi FixT*. (5.2)

The mathematical foundations of OTIC decoding are the iterative mapping techniques 

described in Chapter 3. Starting from an arbitrary image xo, one builds a sequence (xn)n>o 

converging to a solution of (5.1), i.e., to a common fixed point of (T,)je/. There are a 

variety of ways to realize the iterations: sequential applications of (Ti),-6/, fully parallel 

applications, or block-parallel applications [7], [8 ], [11], [12], [14], [13], [19], [30]. Here, 

we discuss three iterative decoding schemes derived directly from the theoretical results of 

Chapter 3.

5.4.2 Sequential Decoding

Let /  =  {!,••• ,m}. In  the case of composition, i.e.

T  is also nonexpansive by Theorem 3.2. However, in general, we merely have F ixT  D 

P|,6r FixT) and the limit of algorithm (3.50)-(3.51) in this case may not solve (5.1). For 

(5.6) to be satisfied, we need to replace the nonexpansive operators (^i)ig/ by the averaged 

firmly nonexpansive operators (FiJie/ of (4.3). Hence, we obtain the sequential algorithm

where (5.8) is satisfied. In this scheme, only one operator can be used at each step and 

therefore it is not well suited for parallel implementation. On the other hand, it has low 

memory requirements as only one vector needs to be stored at any step.

T  =  T1 oT2 o . . . o T m, (5.3)

(Vn € N) xn+1 =  x„ +  An

(5-4)
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5.4.3 Fully Parallel Decoding

Let (2i),g/ be a finite family of nonexpansive operators selected by the encoder, say I  =  

{1, —, m}. By Theorem 3.2, we can construct an aggregated nonexpansive operator through 

convex combination, i.e.

T  =  ^ 2  w\Ti where =  1 and (Vi € I) to, > 0. (5.5)
i S /  *6 /

We then have

FixT =  p i FixT*. (5.6)
is /

It follows from Proposition 3.9 that the iterative scheme

(Vn €  N) xrt+i =  x„ +  A „ (^  v>iTi(xn) -  x„), (5.7)
is/

where

(VneM) A„e]0 , l [  and Y  An (l -  A„) =  +c» (5.8)
n> 0

will converge to a point in FixT, i.e., to a solution of (5.1). Note that An is the relaxation 

parameter of the operator T  at iteration n. It provides the flexibility of applying variable 

underrelaxations over the iterations. The weights (ro,-)is/ may have am influence on the 

speed of convergence of the algorithm. In general they will be taken equal, i.e.,

(Vt e  T) Wi =  1/m. (5.9)

Of course, this algorithm cam easily be implemented on a parallel processor architecture 

provided that the total number of processors is at least equal to the number m  of operators.
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5.4.4 Block-Iterative Decoding

We now present the general iterative method that will be used in OTIC, which is based on 

Theorem 3 .6 . We assume that the operators (7)),g/ are firmly nonexpansive (if not, then 

the averaging operation (4.3) should be performed first) and call (5,),e/ their fixed point 

sets.

Recall from Proposition 3.10 that the basic iteration from step n  to step n  +  1 is

2 - n + l  =  x n  " h  Aw( W i t n T i { x n )  —  X n ) ,  ( 5 . 1 0 )

l ' 6 / n

where

a) 0  ^  4  C /  and I C Ut>o In+kj

b) £ t 6/n Wi,n =  1 and (Vi 6  In) wi<n > (1 -  ls,(*n))£;

c) 0 < e < Xn < (2 — e)Ln with

f ^ x  a r u e ,  S-i n= II -  *.lll (511)
1 if x n 6  r \ e lnSi.

This scheme allows partially parallel applications of the operators. At iteration n, one 

selects a block of operators (Tj),e/n. If In is a singleton, one obtains a sequential scheme, 

if In =  / ,  one obtains a fully parallel scheme. This gives much flexibility to take advantage 

of a parallel architecture when the number of processors is less than that of the operators. 

The only restriction is quite mild: each operator must be repeatedly used (see a)). The 

extended relaxation range c) goes well beyond ]0,2[ and allows very fast convergence. This 

point had already been observed in the case of projection methods [13], [14], [42]. In
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practice, Ln cam be very large, reaching up to hundreds or even thousands, which results 

in huge iteration steps.

5.5 Relation to Existing Theories and Techniques

OTIC generalizes several coding schemes. Here are some examples.

5.5.1 Vector Quantization

Vector quantization, can be regarded as a particular case of set theoretic coding in the 

sense that the codebook cam be made up of sets as opposed to points as in standard vector 

quantization.

Assuming that a small codebook is used, codevectors are then sparsely scattered in a high 

dimensional image space. Consequently, it will be difficult for only one of those codevectors 

to faithfully represent a somewhat arbitrary input. Our solution here, is to generalize the 

conventional framework to a set theoretic vector quamtization scheme as follows [45]. One 

chooses appropriate codevectors to define hyperballs which include the input h of

the decoder to represent h. The input is thus encoded into the intersection S  of those 

simple sets. The decoding operation consists of finding an imaige in S.

It is also possible to incorporate some other a priori knowledge about the input such as 

information about the pixels’ range, region of support, smoothness, or spectral information. 

One simply has to add more convex sets, each of which contains all the signals bearing the 

property in question. Those sets aire then combined with (<?,),g/ in the iterative decoding
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scheme, which will yield a smaller intersection S  and, thereby, an even higher coding 

quality.

5.5.2 Fractal Coding

Here the family of nonexpansive operators (T,-)tg/- reduces to a single contraction and the 

iterative scheme (5.10) reduces to the successive approximations scheme (2.3).

5.5.3 Set Theoretic Coding

Here the family of nonexpansive operators (T,)t€/  reduces to projectors onto convex sets 

and, at least in the majority of applications presented so far in the literature, the iterative 

scheme (5.10) has been used in the form of the POCS algorithm (2.8).
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Chapter 6

OTIC CODING: SIMULATION 
RESULTS

6.1 Scope

We proceed in this chapter with a numerical implementation of the proposed OTIC coding 

scheme in which a mixture of nonexpansive operators is used. The design of an automated 

encoder is elaborated. The OTIC coder is very flexible in many respects and the imple­

mentation shown here represents just one of many possible options. These simulations are 

representative of the performance of OTIC to the extent that no attempt has been made 

to adapt the various parameters available to optimize performance relative to the type of 

images processed. Our main purpose is merely to demonstrate the generality and flexibility 

of OTIC.

Since OTIC is quite different from conventional coding techniques, it is not easy to compare 

it with them in terms of coding quality and complexity. Therefore, we will compare it only 

with fractal coding, which shares similar features.
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6.2 Construction of an OTIC Code

6.2.1 Codebook Design

The codebook is a collection of nonexpansive operators available for representing local 

and global image features or properties. The more operators there are, the more bits are 

required for indexing purposes. In some cases, different classes of image blocks are coded 

based on different subsets of the codebook. In general, blocks with more complex features 

require more operators in order to effectively capture details, while blocks with simple 

perceptual features are less demanding in that respect.

6.2.2 Encoding

Bncoding is the process of choosing a family of operator types from the codebook and 

of specifying their parameters to obtain a selective family of operators (T,-),-6/. A basic 

consideration here is the quantization of the parameters. The coarser the quantization, 

the lower the bit rates and the higher the coding distortion. Another consideration is to 

achieve a small feasibility set n ^ F ix T i  to minimize the reconstruction error.

6.2.3 Decoding

As seen in Section 5.4.4, the block-iterative decoding scheme offers great flexibility in terms 

of choosing a t each iteration:

• The block of operators.

• The relaxation parameters.
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•  The weights on the operators.

We will therefore build our decoder around it.

6.3 Implementation

6.3.1 Preliminaries

We use the N x N  {N = 512), 8  bits/pixel images “lena” and “peppers” shown in Figs. 6 .1  

and 6.2 on pages 77 and 78. The operator theoretic image codes are obtained through the 

encoding procedure described in Section 5.3. The decoding scheme consists of iterating the 

resulting operator code (2 i)ie/ 011 any initial image iq, according to the powerful block- 

iterative parallel algorithm of Section 5.4.4. We will address in the specific context of this 

implementation the basic procedures an OTIC scheme involves, namely the preprocessing, 

the codebook design, the encoding, and finally the decoding. Here, the preprocessing and 

encoding processes are implemented in an automatic manner. In a specific implementation 

of OTIC, the preprocessing involves the selection of a distortion measure, the partitioning 

of the image, and the image block classification. We elaborate them as follows.

6.3.2 Quality Measure

The distortion between an original image h and another image x  is measured via the peak 

signal-to-noise ratio (PSNR)

where Dr(x) denotes the dynamic range of x, and || • || is the euclidean distance.

N*Dr{h)
PSNR =  10 log10 (6 .1)
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6.3.3 Image Partition

We use a square, block-wise coding approach (other shapes are also possible). The square 

support of the original image is partitioned into nonoverlapping square blocks. The selec­

tion of sizes for these blocks depends on several factors. Small image blocks are easy to 

analyze and encode accurately. On the other hand, large blocks allow a better exploitation 

of the redundancies in smooth image areas and lead to high compression ratios.

Although each operator is theoretically defined on the whole image space 5, some of them 

will act only on subblocks. Indeed, block-wise processing tends to more effectively exploit 

the local features without imposing heavy duty computations.

6.3.4 Block Classification

As in many image coding techniques, the specific coding procedure varies according to the 

class the processed block belongs to. Usually, blocks are classified based on the degree 

of complexity of their features. For instance, fractal coding classifies image blocks into 

three groups: edge, midrange, and shade. A shade block is “smooth” with no significant 

gradient. An edge block presents a strong change of intensity across a curve -  often a 

portion of object boundary which runs through the block.

The encoding method applied to an image block depends on its features. Using the thor­

ough study of image block classification done in [46], we consider two types of blocks: shade 

blocks and edge blocks.

We use standard edge detection tools to classify the image blocks. Specifically, we apply
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the so-called Sobel operators, namely

1 0 -1  

2 0 - 2  

1 0 -1

to check the possible row gradients on processed blocks and

(6.2)

- 1  - 2  - 1  

0 0 0 

1 2 1

to check the possible column gradients [44].

(6.3)

6.3.5 Codebook Design

The global image codebook consists of the union of the block codebooks applied to each of 

the image blocks in the coding. Again, for the sake of convenience, we need only to focus on 

blockwise coding and assume that the operators are defined on a block only. Theoretically, 

they can then trivially be extended to nonexpansive operators on the whole space E.

The following codebook will be used for edge block coding. Coding for shade blocks is 

very simple and will be described in Section 6.3.6. In our codebook, we include the seven 

operators defined in Section 4.2, which can be indexed with 3 bits. For each edge block 

input, all of the seven codewords will be selected and then the corresponding parameters 

will be determined.

The projection operator P\ is defined as T2 in (4.8) to model the dynamic range of 

the image blocks in the pixel domain. Two parameters need to be determined, the
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upper bound b and the lower bound a.

•  There are five operators used to define the dynamic range of the DCT in this specific 

implementation. P2 is the projection operation defined as T4 in (4.12) to define the 

dynamic range of the DCT of the processed block. The parameters o' and V will be 

determined and quantized to 128 levels. Moreover, we impose a specific constraint on 

the dc coefficient for each block in order to control the average pixel value, which is the 

visual brightness of the block. The corresponding parameter dc will be quantized to 

64 levels. The other four operators P3  ~  P6 will be used to capture local details. We 

further subdivide an edge block into 4 equal size subblocks. Each of the operators P3 , 

P4 , P5 , P5  reflects the same kind of constraint as P2 does, but on one the subblocks.

• The last projection operator P^ defined as Tg in (4.27) which imposes energy bound­

edness. The energy p2 will be determined and then quantized to 128 levels.

6.3.6 Encoding

We partition the whole image into 8 x 8  processing blocks. For shade blocks, the coding is 

simple. The whole block is encoded into the average pixel intensity q. The corresponding 

decoding block is recovered by assigning each pixel the value q. In our simulations, q is 

quantized to 64 levels, i.e., it requires 5 bits for storage. For edge blocks, we apply the 

codebook described in Section 6.3.5. One then has to determine the parameters associated 

with each operator.
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6.3.7 Decoding

We apply the block-iterative parallel scheme described in Section 5.4.4. The weights are 

set equal, In is chosen so that only active constraints are selected, i.e., w,-,n =  1 /card /n, 

where / n =  {t €  /  | On £  <Si}. The relaxation scheme is (Vn G N) An =  1.8Ln.

6.3.8 Calculation of B it Rates

The calculation of bit rates for the OTIC scheme implemented here is as follows. As before, 

let N  x N  be the image size. An image is partitioned into processing blocks. Assume Ns of 

them are classified as shade and Ne as edge. Shade blocks are quantized to Ls scalar levels. 

For edge block I, there are ni operators selected from the codebook. Operator it takes rml 

bits. For operator TV,, rml bits are used to store the associated parameters. Accordingly, 

the bit rate is

B r =  iV .(l°g 2 ^  +  l ) +  £ £ ( £ & !  m i , )  (6 4)

6.3.9 Complements on Fractal Image Coding

A overview of fractal image coding was given in Section 2.5. Basically, fractal image coding 

is a single contractive operator based technique whose implementation will differ according 

to the selected encoding method. Here we follow Jacquin’s implementation presented 

in [23] and [24]. The decoding is actually very simple and involves only the repeated 

applications of the single operator code according to (2.3). Fractal encoding proceeds in 

a blockwise manner and for each block it consists of the determination of a contractive 

operator and the specification of a domain block. The contractive operator is an affine
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transformation which is the composition of spatial contraction, luminance shift, scaling, 

and an isometry, while the domain block is a block in the original image with a size bigger 

than the processing block. Suppose that, for input image block h , (T,),e/ are all the possible 

contractive operators constructed based on the above basic operations, and {bj)j^j are all 

the available domain blocks. The encoder has to compare among all the operators and 

domain blocks to get the best T; and 6j such that

lift -  r,(4j)l =  rain {||ft -  T ift) ||} . (6.5)
t 6 / j € J

Then 6j is considered to have the best similarity to h and (T;, b-}) will constitute the fractal 

code for block h.

6.4 Results and Analysis

As can be seen from the images in Figs. 6.4, 6 .6 , and 6 .8 , the images recovered from 

OTIC provide a good representation of the original ones. In particular, textures are well 

preserved. Some “blockiness” artifacts are visible, as should be expected from the type of 

memoryless block coding method used here. This is due to the use of square image blocks. 

However, the reconstruction is almost free of edge degradations in the form of “staircase 

effects” . Comparing Fig. 6.7 with Fig. 6 .8 , it can be seen that the OTIC coder gives a

smoother image than the fractal coder. The PSNR measure (6.1) confirms that the OTIC

coder gives decoded images numerically closer to the input image than the fractal coder.

By comparing Figs. 6.3 and 6.5, one can see that the coding quality varies as the decoding 

proceeds from different points although, theoretically, the fixed point is unique. This is due 

to the fact that the iterations are truncated after a finite number of steps, and therefore
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the fixed point is not attained. Thus, the quality of a fractal coder is dependent on the 

initial point in practice. Notice that the large block artifacts in Fig. 6.5 are due to the 

fact that the image is initially broken down into four pieces and then encoded.

In terms of complexity, OTIC encoding is simpler than fractal encoding since the latter 

requires the determination of the parameters of the selected operators. On the other 

hand, fractal encoding requires an exhaustive search and comparisons of various so-called 

domain blocks and contractive affine operators [23]. On the average OTIC decoding usually 

involves more iterations but an exact comparison of the numerical load of a single iteration 

is complicated as the OTIC decoder is trivially parallelizable while the fractal decoder is 

not.

As in fractal image coding, the quality of an OTIC scheme relies heavily on block classi­

fication. Many of the artifacts visible in the decoded images are partially due to wrong 

block classification. More detailed classifications and coding methods may be necessary to 

improve the overall coding quality. Quality could also be further improved by including 

global operators operating on the whole image as an enhancement device.
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Figure 6 .1: Original “lena” image.
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Figure 6.2: Original “peppers” image.
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Figure 6.3: Fractal coding of “lena”. Image decoded after 60 iterations, initialized at the 
“black” image. Block size 8 x 8 . PSNR= 29.4dB, 0.6 bpp.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



80

Figure 6.4: OTIC coding of “lena”. Image decoded after 60 iterations, initialized at the 
“black” image. Bock size 8 x 8 . PSNR= 30.6dB, 0.85 bpp.
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Figure 6.5: Fractal coding of “lena”. Image decoded after 60 iterations, initialized at the 
“peppers” image. Block size 8 x 8 . PSNR= 26.2dB, 0.6 bpp.
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Figure 6 .6 : OTIC coding of “lena”. Image decoded after 60 iterations, initialized at the 
“peppers” image. Bock size 8 x 8 . PSNR= 28.3dB, 0.85 bpp.
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Figure 6.7: Fractal coding of “peppers” . Image decoded after 60 iterations, initialized at 
the “black” image. Block size 8 x 8 . PSNR= 31.5dB, 0.43 bpp.
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Figure 6 .8 : OTIC coding of “peppers”. Image decoded after 60 iterations, initialized at 
the “black” image. Block size 8 x 8 . PSNR= 33.7dB, 0.66 bpp.
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Chapter 7

CONCLUSIONS

7.1 Summary of Contributions

In this dissertation, we have developed -  under the name operator theoretic image coding 

(OTIC) -  a new, generalized framework for iterative image coding. Its mathematical 

foundations has been built on fixed point theory and nonlinear functional analysis. The 

novelty of the proposed approach resides in that the features of an image are individually 

encoded into nonexpansive operators. OTIC contains sis particular cases most iterative 

coding schemes, in particular fractal coding and set theoretic coding. In fractal coding the 

image is encoded into a single contraction and decoded as its fixed point. In set theoretic 

coding, the image is encoded into a family of projectors onto convex sets and decoded as 

a  common point of these sets. In OTIC, the image is encoded into a family of arbitrary 

nonexpansive operators and decoded as one of their common fixed points. As a by-product 

of this work, we thus obtain a general and consistent definition of a set theoretic codec.

The great versatility of OTIC lies in the fact that there is no theoretical limitation on the 

number of operators that can be involved in the description of an image. Hence, a wide
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variety of features can be easily encoded and transmitted to the decoder. The decoder 

processes the operators so as to find one of their common fixed points. The numerical 

viability of OTIC lies in the availability of powerful parallel methods for carrying out the 

decoding process. Such methods have been developed in the context of this work. The 

flexibility and quality of OTIC has been illustrated in numerical simulations.

Although the implementations of OTIC shown here have been demonstrated only for still 

images, its extension to coding of digital image sequence is also possible. Study related to 

operator theoretic video coding will be an important part of our future work.

It is also necessary to mention that although OTIC provides a very general and flexible 

platform for iterative signal coding, substantial improvements in coding quality and com­

pression ratios heavily rely, as in any coding technique, on the implementation. In the 

simulations presented in this dissertation, the implementation is quite rudimentary and 

the results relatively modest. It can be expected that more sophisticated implementations 

will bring much better coding results.

7.2 Directions for Future Research

There are several points which may be investigated in order to extend and improve the 

general OTIC framework presented in this dissertation.

• One asset of the proposed OTIC scheme is to rely on fairly general operators, namely 

nonexpansive operators. The flexibility of the method could be further extended 

by considering more general operators, for instance quasi-nonexpansive mappings
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or asymptotically nonexpansive mappings. The convergence of algorithms based on 

such operators has been the focus of little investigations in the literature and is worth 

pursuing.

•  The OTIC method is very flexible and the convergence of the decoder could po­

tentially greatly be accelerated by studying the influence of the weights and of the 

control schemes.

•  The automatic selection of optimal codes should be investigated. Ultimately, the 

goal is to select a small number of operators that will yield a small feasibility set S  

in (1.5). This, in turn, will minimize the reconstruction error and the bit rate.

•  Meaningful quality measures should be developed to compare the performance of 

OTIC to existing coding schemes based on criteria such as encoding speed, bit-rate, 

decoding speed, reconstruction quality and memory requirements.

New York, February 1996.
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