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ABSTRACT

THERMOCAPILLARY MIGRATION OF FLUID PARTICLES IN TUBES

by

Jinnan Chen

Adviser: Professor Charles maldareili (Mentor)

Professor Zeev Dagan (Co-Mentor)

This thesis studies the axial, thermocapillary-driven migration of fluid 

particles (drops and bubbles) through a continuous and otherwise quiescent 

liquid phase which fills a cylindrical tube. The hydrodynamic flows 

accompanying the thermocapillary migrations studied in this thesis are 

axisymmetric and creeping; the heat transfer is conductive with the tube 

wall insulated and the surface tension is expanded linearly in the 

temperature. Compact particles are examined, i.e. ones for which the 

equivalent spherical radius a' is smaller than the tube radius, b'. Numerical 

solutions of the hydrodynamic and conduction equations are obtained in 

order to determine the ratio of the quasisteady velocity in the tube (U'),
i

relative to that in an infinite medium (U0). The relative velocity is obtained 

as a function of a'/b', the conductivity (k) and viscosity (k) ratio of the 

particle to the suspending phase, and the capillary number Ca 

(= 1x '^ U 0 /  o ', where a' is the surface tension and is the suspending 

phase viscosity).



In the case of dominant interfacial tension forces (Ca=0) for which the 

drop translates as a sphere, solutions using a collocation technique indicate 

that for a fixed ratio of a'/b', as k decreases, a greater proportion of energy 

is conducted through the gap between the insulated tube wall and the 

particle. This conduction pattern creates a larger surface temperature 

gradient, and causes the relative migration velocity to increase. The 

enhancement in migration for decreasing k becomes more pronounced as 

a'/b' increases and the surface gradient intensifies. However, as the gap 

distance between the sphere and the tube decreases, hydrodynamic 

retarding forces develop, and these forces are overriding in the sense that 

the migration velocity in the tube never exceeds the value in an infinite 

medium.

In the case of deformable compact particles, capillary numbers must be 

restricted to values smaller(Ca?iO) than one to be consistent with the 

assumption that the tension is expanded linearly in the temperature. 

Calculations, by a boundary integral technique, for Ca=0.05 and k=1, k=0 

and k=1 demonstrate that for a'/b'< 0.8. the particle is squeezed into the 

tube center by the hydrodynamic force due to the flow. This deformation 

reduces the hydrodynamic interaction of the particle with the wall causing 

an increase in the velocity.
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Chapter I 

INTRODUCTION

In this thesis, we study the hydrodynamic movement of gas bubbles 

and fluid droplets through a continuous liquid phase which are driven by a 

surface tension difference created on the fluid particle surface by subjecting 

the continuous phase to a temperature gradient. This type of motion is 

referred to as thermocapillary migration, and Fig.1 illustrates the fluid 

mechanics which underlies thermocapillary translation. As the fluid particle 

contacts the imposed thermal gradient the continuous phase, one end of its 

surface becomes warmer than the opposite end. The surface tension is a 

decreasing function of temperature. Therefore, the surface tension at the 

warmer end is reduced relative to that at the cooler end, and an interfacial 

tension gradient or Marangoni force is created which tugs the interface in 

the direction of the cooler pole. This action creates in the exterior phase an 

opposing tangential viscous shear traction as it forces a streaming of the 

continuous phase liquid immediately adjacent to the interface in the 

direction of the cooler end of the particle. The fluid streaming causes a 

higher pressure to develop just beyond the cooler end (relative to the 

pressure at the warmer end) to oppose the flow and preserve an 

undisturbed state at extended regions away from the particle. The action of 

the opposing tangential shear and the higher pressure at the cooler end 

provide a lift force which drives the particle through the continuous liquid in 

the direction of the higher temperature. At steady state, the lift forces
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balanced by the pressure and viscous shear forces acting on the particle 

which retard the forward motion.

The solution for the thermocapillary migration of a (Newtonian) fluid 

particle in an infinite (Newtonian) medium to which a linear temperature 

gradient is applied can be solved exactly in the limit of negligible fluid 

inertia and heat convection and under the assumption that along the 

surface the surface tension is a linear function of temperature. With these 

assumptions, the exact shape of the fluid particle is a sphere, and the 

terminal velocity is given by Young et al. (1959) as:

a ' i d a ' / d T ' K V D ^
° p.1 ̂2) (1 + 3k /  2)(2 + k)

where p,(2) is the viscosity of the suspending phase, k and k are, 

respectively, the ratio of the particle viscosity and conductivity to that of the 

suspending phase, a' is the particle radius, ( V T ) „  is the imposed linear 

temperature gradient and 3a73T is the constant derivative of the surface 

tension with respect to temperature.

In terrestrial environments, fluid movement due to thermocapillary 

migration is usually not important when compared to motions driven by 

buoyancy. However, thermocapillary forces can become dominant in micro 

gravity environments where buoyancy effects would not be expected to be 

important. This past decade has witnessed the emergence of the possibility 

of processing materials (particularly fluid materials) in the reduced gravity 

environment of an orbiting spacecraft. By processing in space, novel
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processing strategies can be developed which can result in materials 

whose properties are superior to those fabricated on earth. From an 

economic point of view, it is anticipated that the high value of these 

superior space processed materials can offset the cost of their production 

in space. In some of the suggested micro gravity fluids processing 

strategies involving bubbles or drops, thermocapillary migration either plays 

an important role in the process or has been suggested as a means for the 

management of bubbles and drops. These envisioned applications have 

provided the major impetus for the growing research activity in 

thermocapillary migration.

Our research has been motivated by two particular micro gravity 

processing strategies, the manufacture of high technology glass (Weinberg 

1978) and miscibility gap alloy solidification (Bergman, et al. 1982). As 

described by Weinberg (1978), high technology glass is most favorably 

manufactured from its melt in a containerless cooling process where 

impurities cannot leach from the bounding container, and the container 

cannot serve as a site for heterogeneous nucleation. However, although a 

micro gravity environment easily allows for such processing, bubbles 

created in the glass melt in the absence of buoyancy remain suspended 

and are incorporated in the final product. Thermocapillary migration has 

been suggested as a means for removal of these bubbles. In miscibility 

gap solidification, equilibrium liquid alloy mixtures consisting of droplets of 

one composition dispersed in a continuous phase of another can be formed 

because of the miscibility gap in the phase diagram. In the absence of 

buoyancy effects, cooling of this mixture can ultimately result in the
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formation of a composite solid material consisting of grains of one 

composition uniformly interspersed in a solid of another composition. 

However the quality of the product will be affected by thermocapiillary 

induced migrations which may reduce the uniformity of the grain structure.

To understand the behavior of thermocapillary migrations in the more 

complex space processing applications where particle swarms move in the 

vicinity of fluid or solid boundaries, it is necessary to begin to study and 

calculate in a fundamental way migration velocities of particles in the 

presence of the boundaries of other particles or walls. This is an involved 

subject because the migration velocity of a particle in the presence of a 

boundary is determined not only by the hydrodynamic resistance the 

boundary offers to the forward motion of the particle, but also the 

corresponding thermal interactions between these bodies since these 

determine the temperature distribution on the fluid particle surface which 

drives the migration.

Fluid particle-fluid particle, and fluid particle-wall boundary interactions 

in the context of thermocapillary migration have been studied for several 

geometries, and we will review this research in the literature review section 

of this thesis (Chapter II). The review of the literature indicates that while 

boundary interactions in which the boundary is placed normal to the 

direction of motion of the bubble (as for example a drop approaching a wall, 

or two drops approaching each other) have been studied fairly extensively. 

However, lateral interactions in which bubbles move parallel to boundaries 

have not been as well investigated. In the thesis research, we study a 

model problem for lateral interactions. The problem consists of a bubble or
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drop which is placed in a tube, and which moves axisymmetrically along the 

tube centerline by virtue of an imposed temperature gradient. The motion is 

assumed to be slow enough that the fluid inertia can be neglected 

(creeping or low Reynolds number slow). We study compact fluid particles 

in which the spherical radius of the particle (i.e. the particle radius when it 

assumes a spherical configuration) is smaller than the tube radius. Strong 

hydrodynamic interactions occur for ratios of the (characteristic) particle 

radius to that of the tube which approach and exceed one. For this range, 

the particle interface approaches the tube wall, and a small gap develops 

between the particle and the wall. In order to study strong thermal 

interactions, the tube wall is taken to be insulated. When the drop 

conductivity becomes much less than that of the continuous face, energy 

must be conducted through the gap and this gives rise to large temperature 

gradients on the particle surface which enhance the thermocapillary 

migration. The objective of the research is to resolve, in this model problem, 

the competition between retarding hydrodynamic and enhancing thermal 

interactions as the characteristic particle radius approaches that of the wall.

The research is divided into two parts. In the first part we study 

compact fluid particles for which surface tension forces are assumed to be 

dominant, and the drop remains spherical. A boundary collocation method 

(applicable to spherical drop geometry) is used to solve for the temperature 

distribution and the hydrodynamics. In the second part of the study, the 

large surface tension restriction is relaxed, and drop motion, including 

deformation is studied by using a boundary integral method for compact 

particles.
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An outline of this research thesis is as follows. The thesis is divided 

into four chapters. In the first (Chapter II), a literature review which outlines 

previous studies in thermocapillary migration is given. In the second 

(Chapter III), the research on the movement of compact spherical fluid 

particles is detailed. These results have already been published in the 

Journal of Fluid Mechanics (233, 405-437 (1991)). The research on 

deformation is described in Chapter IV. There we outline the 

implementation of the boundary integral technique for the thermocapillary 

problem, and provide some results on how compact particles deform, and 

the influence of deformation on their velocity.
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Chapter II 

LITERATURE REVIEW

This literature review is divided into two major sections. In the first, we 

review the theoretical research on the thermocapillary movement of fluid 

particles, including the effects of interaction between particles and the 

influence of bounding geometry. In the second section, we review those 

numerical techniques which have been used to study, in general, the motion 

of fluid particles in tubes.

n .l. Thermocapillary Studies

The first theoretical study of the thermocapillary migration of a fluid 

particle was undertaken by Young, Goldstein & Block (1959) who studied 

the motion of a single gas bubble in an unbounded continuous phase, 

neglecting fluid inertia (low Reynolds number, Re) and the convective 

transport of energy (low Peclet number, Pe). In these limits the spherical 

shape is an exact solution of the governing equations, and thus no 

restriction on the capillary number (Ca), the ratio of the magnitudes of 

viscous distending traction to the surface tension force, need be imposed. 

This fundamental solution has been corrected to examine the influences of 

finite inertia and the convective transport of heat. Inclusion of these effects 

leads to deformation, and this subject has been studied generally for 

bubbles and drops asymptotically in small Ca, Re and Pe by Bratukhin
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(1976), Thompson, DeWitt & Labus (1980), Balasubramanian and Chai 

(1987) and Haj-Hariri, Nadim & Borhan (1990). The effect of the convective 

transport of energy for the single fluid particle problem was studied for a 

spherical geometry (zero capillary number) and negligible inertia 

asymptotically for small Pe by Subramanian (1981, 1983) and numerically 

for order one Pe by Shankar and Subramanian (1988) and for order one Pe 

and Re by Balasubramanian and lavery (1989). These latter results 

established that the convective transport of energy reduces the surface 

temperature gradient on the particle surface and thereby reduces the 

migration velocity. Recent advances on the single fluid particle problem 

have examined the retardation in thermocapillary migration owing to the 

adsorption of an insoluble surfactant monolayer on the drop surface (Kim 

and Subramanian 1989a, b, and Nadim and Borhan 1989).

Fluid particle-particle, and fluid particle-wall boundary interactions in 

the context of thermocapillary migration have been studied for several 

geometry. Meyyappan, Wilcox and Subramanian (1981) examined the quasi 

static movement of a spherical gas bubble perpendicular to an isothermal 

fluid or solid plane for zero Pe and Re. Solutions for the temperature 

isotherms demonstrated that the temperature gradient along the bubble 

surface decreases as the fluid particle approaches the wall. This behavior, 

taken together with the increasing hydrodynamic retardation as the fluid 

particle approaches the wall, causes the migration velocity to decrease from 

the value in an infinite medium. Ascoli and Leal (1990) reexamined this 

problem for the case of order one capillary numbers and a solid surface, 

and found that bubble flattening as the fluid particle comes within a
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diameter or so of the wall causes the terminal velocity to be greater than the 

spherical value, but still less than one. The corresponding problem of a 

liquid drop of finite conductivity moving normal to a plane surface was 

studied by Barton and Subramanian (1990) and Chen and Keh (1990) for 

spherical drops and negligible inertia and thermal convection, and Ascoli 

and Leal (1990) under the same assumptions except allowing deformation. 

The results for the migration velocities can be significantly different from 

those for the migration of a bubble, and these differences illustrate the 

important role played by the thermal interaction. Both Barton and 

Subramanian and Chen and Keh determined that when the conductivity of 

the surrounding medium is less than the drop phase, the temperature 

gradient on the drop surface increases as the fluid particle approaches the 

wall. Both studies found that for the case of a fluid wall, as the droplet 

approaches the wall, the increase in the temperature gradient offsets the 

increasing hydrodynamic retardation, and the particle velocity increases 

from its value in an unbounded region.

Other studies have examined problems similar to those above in which 

the hydrodynamic and thermal interactions occur normal to the direction of 

motion. Meyyappan, Wilcox and Subramanian (1983) investigated 

numerically the rectilinear, quasi-static movement of two unequal sized 

spherical bubbles along their line of centers, again for negligible inertia and 

thermal convection. From the results, Meyyappan et al. developed a useful 

rule for approximately predicting the migration velocities for separation 

distances that are not very small compared to the fluid particle diameters, 

and this rule allows for a qualitative understanding of the thermal and
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hydrodynamic interaction for the two fluid particle case. For each sphere, 

the migration velocity may be approximately obtained by summing two 

terms. Consider the calculation for sphere "a" separated by a center-to- 

center distance "d"' from sphere "b", with both spheres subject to a far-field 

temperature gradient (V T ')M The first term in the approximation is the 

velocity of "a" due to the streaming motion induced by the isolated 

migration velocity of "b" . The second is the thermocapiilary migration 

velocity of "a" in an infinite medium subject to a far field temperature 

gradient equal to the local gradient which exists a distance "d" from "b", 

when "b" is isolated and subject to ( V T ) „  Since, for a bubble, this local 

gradient is smaller than (V' T' ) „  owing to the distortion in the isotherm field 

caused by "b", this elementary approximation for the thermal interaction 

reduces the motion of "a" relative to its value in an infinite medium. 

Meyyappan et al. found that for the smaller particle, the streaming of the 

larger particle acting on the smaller one overcompensates for the reduction 

in the terminal velocity owing to the thermal interaction, and the fluid 

particle moves faster then when isolated. For the larger fluid particle, since 

the streaming motion due to the smaller fluid particle is not as large, the 

thermal interaction dominates and slows the particle down from the infinite 

medium value. For equal sized spheres, these effects cancel in this 

approximation, and the particles move with isolated velocities, a result 

confirmed for all separation distances numerically by Meyyappan et al. and 

analytically by Feuillebois (1989). This heuristic approximation has also 

been used in studying the normal interaction problem of the eccentric 

thermocapiilary migration of a bubble moving in a spherical drop along
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whose surface a temperature gradient is imposed (Shankar, Cole and 

Subramanian 1981, Annamalai, etal. 1982, and Shankar and Subramanian 

1983). This eccentric motion was reconsidered by Morton, Subramanian & 

BalaSubramaniam (1990) for the more general case in which the inside fluid 

particle is a drop, and the outside drop is placed in a temperature gradient 

and its surface temperature is determined by solving the conduction 

problem of one drop embedded inside another. The problem of two gas 

bubbles moving rectilinearly along their line of centers has been 

generalized to include the influence of droplet viscosity by Keh and Chen 

(1990). Meyyappan & Subramanian (1984), using a far-field technique, and 

satraps using a multiple expansion technique constructed approximate 

solutions for the thermocapiilary motion of two bubbles moving with an 

arbitrary orientation with respect to each other. Anderson (1985) studied the 

thermocapiilary motion of two droplets moving with an arbitrary orientation 

with respect to each other by the method of reflections. Finally, Wei and 

Subramanian (1993) and Keh and Chen (1992) used a boundary 

collocation technique to solve for the thermocapiilary movement of a small 

chain of two or three spherical bubbles.

For lateral motion, this question of competition between thermal and 

hydrodynamic interaction has not been fully examined. Meyyappan and 

Subramanian (1987) studied the motion of a spherical bubble parallel to a 

plane solid wall for negligible inertia and thermal convection, and found that 

the velocity decreased relative to the isolated value for parallel motions 

close to the wall. In this case resistance to heat transfer through the 

particle-surface gap should enhance the migration velocity. Nevertheless,
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the result indicates that the hydrodynamic resistance is overriding. It should 

be noted, however, that the wall was assumed isothermal in the study of 

Meyyappan and Subramanian, not insulated, and therefore heat can be 

conducted through the wall. In addition much of the energy can be 

conducted around the side of the particle away from the wall rather than 

through the gap. Both of these factors act to reduce the surface temperature 

gradient and explain the dominance of hydrodynamic resistance. The tube 

geometry adopted in this study, because it does not have these mitigating 

factors, is a more appropriate model for assessing strong thermal 

interaction. The only study undertaken for thermocapiilary migration in a 

cylindrical geometry was that of Hasan and Balasubramaniam (1989), who 

studied the motion of a long gas slug in an isothermal tube owing to an axial 

temperature gradient. An approximate solution for the migration velocity 

was obtained based on a lubrication solution of the hydrodynamic equations 

in the thin film region surrounding the cylindrical portion of the bubble, and 

an overall force balance to calculate the pressure gradient in the film. The 

approximate result for the migration velocity decreases as the gap thickness 

between the slug and the tube wall decreases, again indicating the 

dominance of hydrodynamic interaction for the isothermal wall case.

II.2 Numerical Solutions for the Hydrodynamic Motion of Bubbles 

and Drops in Tubes

In this section, we review the various techniques which have been used 

to develop numerical solutions for the hydrodynamic movement of fluid
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particles in cylindrical tubes. We focus our review on studies in which both 

the bounding and droplet phases are Newtonian, and the flow is described 

by the Navier Stokes equations. Most studies have used one of four 

techniques. These are (i) finite difference methods, (ii) finite element 

techniques, (iii) boundary collocation techniques and (iv) boundary integral 

methods. These are reviewed separately below.

The finite difference method requires the construction of a mesh in the 

domain bounded by the tube surface and the fluid particle interface (and 

also the inside of the particle if the particle interior is not a passive gas 

phase), and the discretization of the hydrodynamic equations and interfacial 

and tube wall boundary conditions into a set of difference equations for the 

values of the components of the velocity vector at the vertices of the mesh. 

These equations are then solved subject to the interfacial and wall 

boundary conditions to obtain a numerical representation of the velocity 

field. The finite difference method was used to study the steady, creeping, 

axisymmetric motion of an infinite gas finger in a tube (and channel) by 

Reinelt and Saffman (1985) and Reinelt (1987) and of finite sized gas slugs 

in a tube by Westborg and Hassager (1989). Reinelt and Saffman (1985) 

and Westborg and Hassager (1987) were able to obtain converged 

solutions for values of the capillary number (the quotient of the product of 

the slug or finger velocity multiplied by the suspending phase viscosity and 

divided by the surface tension) in the range of 0.01 - 1. As the capillary 

number became smaller than 0.01, the film thickness around the finger or 

slug becomes small, and it becomes difficult to construct a mesh size fine 

enough in the thin film region to obtain converged solutions. However,



15

Reinelt (1987) was able to obtain converged solutions for Ca as low as 10'4 

by using a very fine mesh.

The finite element method also requires a discretization of the domain 

bounding the interior and exterior of the particle. The hydrodynamic 

variables are approximated by expansion in a set of basis functions in each 

element, and a weighted residual technique is used to compute the 

constants in the expansion. This method was used by Shen and Udell 

(1985) to solve the problem treated by Reinelt and Saffman of the 

axisymmetric, creeping movement of an infinite gas finger in a tube. Skalak 

and coworkers (T^’zeren and Skalak (1977)) also used the finite element 

method to solve for the movement in a circular tube of a periodic array of 

liquid drops encapsulated by an elastic membrane, as a model for the 

motion of red blood cells in blood vessels.

Although they have only been used to describe creeping motions, the 

finite difference and finite element techniques are not restricted to these 

slow flows. The last two techniques, the boundary collocation and boundary 

integral (or element) techniques develop general solutions for the linear 

Stokes equations, and these allow the implementation of numerical 

schemes in which the only unknown quantities are at the system 

boundaries. As these solutions are only valid for the Stokes equations, the 

numerical schemes which follow can only describe creeping motions.

In the collocation method, general solutions to the axisymmetric Stokes 

equations are developed which are a sum of Fourier transform (for a single 

particle) or series (for an infinite train of particles) solutions which are 

bounded at the tube center, and a Legendre expansion singular at the
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center of the sphere. Wall conditions are satisfied identically using an 

inverse transform or orthogonal series calculation, and interfacial boundary 

conditions are satisfied at discrete points on the sphere surface. The 

collocation method has been used primarily to study the motion of spheres 

in tubes, where it has been found to give very accurate results for ratios of 

the particle to the tube radius as large as 0.9. With this method, Wang and 

Skalak (1969) and Hyman and Skalak (1972a) examined the motion of a 

periodic train of solid and fluid spheres, Leichtberg, Pfeffer and Weinbaum 

(1976) studied the motion of clusters of a few solid spheres in a tube, and 

He, Dagan & Maldarelli (1991) treated the motion of single bubbles and 

drops with adsorbed monolayers of surfactant. The method was also 

applied to the motion of a train of deformable spheres in tubes by Hyman 

and Skalak (1972).

The starting point of the boundary integral method is an integral 

solution (a Green's formulae for the Stokes equations) for the velocity at a 

point on the fluid particle surface in terms of the velocity and stress along 

the particle surface, and the stress along the wall surface. This technique 

was first applied to tube flows by Tozeren (1984) who studied the motion of 

single solid spheres in tubes. The method was utilized to study the 

deformation of single compact fluid particle by Martinez and Udell (1990), 

for gas slugs by Martinez and Udell (1989) and for compact and elongated 

particles with insoluble surfactant monolayer by Borhan and Mao (1992). 

Like the finite difference method, the boundary integral technique also has 

problems with convergence when the interface of the fluid particle comes 

close to the wall.
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Chapter III

AXISYMMETRIC THERMOCAPILLARY MOTION OF 

FLUID SPHERES IN A TUBE*

m .l.  Introduction

in this chapter we study the thermocapiilary motion of a fluid sphere 

moving axially in a tube. The chapter is divided into three major sections, in 

the first (Section 2), the fluid mechanical and thermal field and boundary 

equations are detailed Section 2.1, and the numerical solution technique is 

described (Sections 2.2 and 2.3). Numerical solutions are obtained by a 

boundary collocation procedure (Leichtberg, Pfeffer and Weinbaum (1976)) 

in which general analytical solutions to the Stokes and Laplace equations 

which satisfy the tube wall conditions exactly are developed, and made to 

satisfy the particle surface conditions at discrete points on the surface. The 

results are detailed in Section 3 in three parts. The first section 3.1 

presents the solutions for the conduction problem in terms of temperature 

isotherms, and graphs of the surface temperature distribution and pole 

temperature difference. The second section describes hydrodynamic 

results. This linear Stokes flow problem is separable into two fixed-fluid 

particle flow idealizations, one in which a uniform flow from infinity streams 

over the fluid particle in the absence of a thermocapiilary force, and a 

second in which the thermocapiilary stress causes fluid streaming ini closed

* Reprinted by Journal Fluid Mechanics, Chen et al. 1991, vol.233, pp 405-437
✓
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convection cells with no flow far away from the particle. Each idealization 

contributes a force on the particle, and in Section 3.2, these forces are 

described as a function of force coefficients which are presented 

graphically in terms of the conductivity and viscosity particle-continuous 

phase ratios, and the sphere to tube diameter quotient. The terminal 

velocity relative to that of an isolated particle is determined by the ratio of 

the force coefficients, and in Section 3.3 the relative velocity is detailed as 

a function of the particle to tube diameter ratio and conductivity and 

viscosity ratios. From these results, conclusions are drawn as to whether 

thermal or hydrodynamic effects become overriding as the gap thickness 

decreases. A summary concludes this chapter Section 4.

UI.2. Formulation and Solution Procedure

III.2.1 Thermal and Hydrodynamic Field Equations and Boundary Conditions

The problem is formulated in a reference frame which is fixed to the 

particle, and which is therefore moving with a uniform velocity U' relative to 

the stationary laboratory frame. In this paper, dimensional quantities are 

marked by a prime, and dimensionless quantities are unprimed. In the 

moving frame, cylindrical (p’,a),z’) and spherical coordinates (r',8,<j)) are 

located with the origins of both systems taken to be at the fluid particle 

center, and the z'-axis of the cylindrical system coincident with the tube 

centerline (see Fig.1). Note that in this fluid particle fixed frame the wall is 

moving in the z'-direction with velocity -U\ The radius of the fluid particle
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and of the tube are denoted, respectively, by a' and b'. Droplet and 

continuous phase variables are denoted by superscripts (1) and (2) 

respectively. Finally, viscosities and thermal conductivities are denoted by 

and k and the ratios of the droplet to the continuous phase 

viscosity and conductivities are denoted by k  and k respectively. The 

temperature gradient is imposed in the laboratory frame. Far from the drop, 

in the lab frame, the temperature field is of the form T' (£') = (V' T  )00Q +T'0 

where T’ denotes the temperature, (V’T’ ),*, denotes the imposed gradient, 

and is the lab frame cylindrical axial coordinate. This coordinate is related 

to the fluid particle fixed axis coordinate z' by z'^'-U't'. Thus in the moving 

frame the temperature field far from the drop is given by 

T' (z')  = (V' T' )x  z' +(V' T' )U't' +T0. The dependence of the surface tension 

o' on the temperature is assumed to be linear, and the constant gradient is 

denoted by 5a73T'. Non-dimensionalizations are formulated using the 

following scaling: spatial coordinate variables r\ i  and p’ are scaled by the 

particle radius a'. Velocities are scaled by U'0, the terminal velocity for the 

case in which the walls are infinitely far away and the fluid particle therefore 

translates in an infinite medium. This velocity is given by Young et al. 

(1959) as

U a 'Q a '/d T 'K V T U  
° P'<2 ) (1 + 3k /2 ) (2  + * )  (1)

A non-dimensional temperature field 0 ^ (z ,p )  measured in the moving 

system is defined as:
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0 (i) (z,p) = ( r (i) (z,p) -  (V- r  )x  U't' -T0) / (a- (V  7” ̂ )

Note that this field must tend to ± z as z -> ±°°. When the thermal equations 

are cast in non-dimensional form using 0(i)(z,p), it can easily be shown that 

0(i)(z,p) is antisymmetric with respect to z for ail p. Therefore ©(0^=0, p)=0 

and the dimensional temperature along the equatorial plane is equal to
i

(V 'T ')00U't'+T0, Since the non-dimensional temperature field is 

antisymmetric with respect to z, the Marangoni force, which is proportional 

to (3 0 ^  /30)(r = 1) = cos0(30^ /3p)(r = 1 ) -sin 0 (3 0 ^  /dz)(r = 1) is an 

even function of z. Hence the velocity field is symmetric with respect to the 

sphere equator: vp,^P»z) = -1(/p,^P»~z\a n d  Vzlhp,z) = V^lHp,-z)^

In formulating the energy conservation equations, thermal convection is 

neglected under the assumption of small Peclet number, and Laplace's 

equation describes the temperature field at steady state:

V20 (i) = 0

The boundary conditions on the temperature fields are as follows:

(1) The tube wall, p= b'/a', is insulated:

80(2>
9p

(2)

(3)

(2) At the bubble surface, r=1, the heat flux and temperature are 

continuous across the interface:
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, 30d) dO(2)k— - —  =  — - —

dr dr

0(D = 0(2)
(4)
(5)

(3) Far from the bubble, the temperature field in the continuous phase

(4) At the center of the sphere (r=0), the temperature is finite.

Since the hydrodynamic flow is axisymmetric and the fluids 

incompressible, non-dimensional velocities may be expressed in terms of a 

non-dimensional stream function ^ ( ^ ^ '© / ( a ^ u y ) .  Two 

representations of x)/® are used, one in terms of cylindrical coordinates (p,z) 

and one in terms of spherical coordinates (r,6). These representations are 

related to the velocity fields as expressed in the respective systems by the 

following relations:

is linear in z:

lim 0 (2) = z
(6)

0 a.

p p dz

rsinG dr

(8)

(7)

For steady, creeping flows the Navier-Stokes equations in terms of the 

stream function is of the form
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E2(E2'?(')) = 0 (9)

where E2 is the axisymmetric stream function operator. The definitions of 

this operator in cylindrical and spherical coordinates is given by Happell & 

Brenner (1973) as:

2 sin 8 9 1
dr2 r2 30 sin0 90 

f 2 „ ._ 3 2V  d2V  19V
E  T — T + ^ r ----------9z 9p P 3p (11)

For the velocity field the boundary conditions are:
lim = V(1) lim

(1) At the bubble center r ->o r and r ->o H exist.

(2) Far from the bubble, the velocity field is uniform

lim V<2> = -U
|z|->°o (12)

where U is the nondimensional velocity of the particle (U=U7U'0).

(3) At the tube wall, p=b7a', the velocity is equal to the wall velocity:

v W — U'  vp(2) o (13ab )

(4) At the surface of the bubble (r=1) velocities are continuous, the 

normal velocity is equal to zero and the difference in tangential shear 

stresses is balanced by the Marangoni force:
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y(l) _ y (2) _ q 
r  r

(14)

(15)
B0<2>av0(2) v0(2> av0(1) v™

^ -------- 2— ) -  K ( - r f -------- 2 _ )  = (1 + 3K /  2)(2 + k)
dr r dr r BQ (16)

It is important to note that since the tangential stress balance equation 

(16) has been non-dimensionalized using the infinite medium migration 

velocity (equation (1)), which itself is proportional to the constant surface 

tension gradient da'/BT, the non-dimensional tangential stress balance 

becomes independent of this gradient.

Owing to the neglect of convection, the energy equations (2)-(6) are 

independent of the velocity field, and may therefore be solved 

independently. In the fluid particle interior, the general solution to Laplace’s 

equation which is bounded at the origin (cf. consideration Eq.(4) after 

Eq.(6)) may be formulated as an infinite series in Legendre polynomials. 

Since the temperature field is antisymmetric with respect to z, only odd 

Legendre polynomial are included in the series summation. Therefore:

III.2.2 Solution for the Temperature Field

(n=odd) (17)

where Pn(cos0) denote the Legendre functions.
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For the continuous phase, a general solution to Laplace's equation for 

9(2) - z can be constructed by the addition of the general integral solution in 

cylindrical coordinates which is bounded as p-»0, tends to zero as z-»±°o 

and is odd in z, and the spherical coordinate solution which also disappears 

as r->°o and is antisymmetric in 6 with respect to jt/2:

oo

0 ^ (p ,z ,r ,0 )  = J C(r)/o(rp)sinrzdr+ ^ B nPn (cos0)r~^n+1  ̂+z
° W=1

(n=odd) (18)

where Iq is the modified Bessel functions of the first kind, and the restriction 

to odd indices in the Legendre expansion is due to the antisymmetry of the 

temperature field. Note that this construction satisfies the boundary 

condition at infinity (Eq.(6)).

The technique used to obtain, from the boundary conditions (3)-(5), the 

constants An and Bn in the Legendre expansions and the function C(t) in 

the integral solution is described as follows. First, the zero flux boundary 

condition on the tube wall is satisfied exactly by using a Fourier sine 

inversion to solve for the unknown function G(t) in terms of a Legendre 

expansion of the Bn constants. Secondly, a multipole collocation technique 

is used to satisfy the boundary conditions on the surface of the drop.

The spherical coordinates in the exterior phase solution may be 

rewritten in terms of cylindrical coordinates by using the transformations 

0(p,z)=Arctan(p/z) (O<0<Ji), cos0=z/(p2 +z2 and r=(p2 +z2 )l&. By using this
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transformation in Eq.(18), the zero-flux boundary condition may be written 

in the form:

30(2>
0 = ~ — (p = R) = | tC(t)I\  (tR)sin tzdt 

Jo3p

«=o 8P
pn( J \  2 )(P2 + z2r (n+1)/2

VP + z lp_/? (n=odd) (19)

In the above, the ratio b’/a’ is denoted by R. The function C(t) may be 

obtained from Eq.(19) by inverting and then integrating the inverse integral. 

The result is:

c m , (R t)= -  X  b„ g - [Q„ (p, ()]|P=R
n=0 (20)

where
£>„ .  i J ° > „  ( - t= 5 = = ) ( p 2 +  z 2 )-< ■ + ■ )«  sin a *

71,10 Vp + z

Integrating the above (Leichtberg et al. 1976) yields:

(2n = ( - l ) (n"1)/2~  '" M P O
7tn!

and *o  is a modified Bessel function of the second kind. By differentiating 

Qn with respect to p a final expression for C(t) may be obtained:
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C ( t ) = ^ B nTn(Rt) 
«=1

where Tn = ( - l ) (-n~1̂ 2 (2 /n n \) tnKl (R t ) / i i (R t ) ,  For a fixed t, the above 

series for C(t) rapidly converges because of the n! in the denominator.

Substituting this solution for C(t) into equation Eq.(18) allows for the 

representation of the exterior phase solution to be written in the form:

0 ^ ( r ,0 )  = Tn(Rt)Io(trsinQ)sm(trcosQ)dt
n=1 0

oo

+ ^ B nPn(cosQ)r~^n+^  +rcos0  
«=i (n=odd) (21)

The thermal boundary conditions at the sphere surface r=1 (Eqs. (4) 

and (5) can be applied directly to the solution forms given by Eqs.(17) and 

(21 ):

k ^  AmmPm{cos0) = c o s0 -  Bm(m + l)Pm(cosQ)
m =\ m =\

+ ^ B mj oTm(Rt)tIi (rsin 0)sin(rcos0)sin Qdt
m=1

+ X ^ w J  Tm(/?r)r/o(rsin0)cos(rcos0)cos0rfr 
m=1 0 (22)

OO oo

X A rnpm (cos0) = cos0+ ^ B mPm(cos0) 
m-l m=1

sin e)sin(rcos0)dr (23)
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The above two equations are in terms of the remaining unknown infinite 

sets of constants, Am and Bm. It is important to note that when the 

expression for Tm(Rt) is inserted into the improper integrals appearing in 

the above two equations, the resulting integrands can easily be shown to 

be of order tm+I/2el(sin0'2R) (for Eq.(22)) or tn,-1'2el<sin0-2R> (for Eq.(23)) as t-»«> 

and are bounded as t-»0. Because of these properties, the improper 

integrals are readily seen to be convergent. Numerical integration was 

undertaken by using the integration package DQDAG from the IMSL Math 

Library. This routine only accepts numerica! values for the upper and lower 

limits. The lower limit was set equal to a value of 108. A sufficiently large 

value of the upper limit was found so that for values larger than this one, 

the change in the value of the integral was negligible. The contribution from 

0 to the lower limit was then estimated using asymptotic formulae for the 

integrand as t—>0, and this estimate was then checked against the value of 

the integral to confirm that it was a small contribution.

The constants Am and Bm are determined from Eqs.(22) and (23) by a 

multipole collocation technique in which these equations are satisfied at M 

discrete points on the sphere surface, and the summations in the equations 

are truncated so as to include terms up to B2m-i and A2m-i - The result is a 

set of 2M linear equations in terms of 2M constants which can be cast in 

the following way:

2 A f-l
k £  {AmmPm (cos0,-) + Bm [(m + 1 )Pm (cos0,-) 

m=1
~Jo^m (fsin 0/ )sin (rcosG,-) sin 0,-dr
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m OO

- I  Tm(Rt)tIo(tsmQ})cos(tcosQi)cos&idt]} 
Jo

=COS0j
2M -1

(24)

£  [AmPm (cos 0,-) -  Bm [Pm (cos0,-)
m=1

+Jorm (Rt)I0 (t sin 0,) sin (t cos 0, )dt\)

=COS0j (25)

where i denotes the collocation point (i=1,2,...M).). Note that because of the 

antisymmetry, collocation points need only be taken along the first quadrant 

of the sphere. The above set can be solved by matrix inversion to yield 

values for the constants Am and Bm up to index 2M-1. As M is increased 

sufficiently, the values obtained for Am and Bm by inversion of matrices of 

higher rank begin to converge, and the truncated expressions for the 

temperature field approach the exact solution.

In this implementation of the collocation technique, the convergence 

criteria is based on incrementing M until a prescribed resolution is achieved 

for the temperature gradient on the surface of the drop. At the level M, this 

gradient is given by the truncated expression:

(26)

Convergence is formulated in this way because the gradient in the surface 

temperature is what determines directly the hydrodynamic flow field and 

terminal velocity. At each level in M, the surface temperature gradient is
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evaluated from the truncated expression at three degree intervals along the 

first quadrant of the drop from 0=0. These values are then compared with 

the surface temperature gradient at the same points on the sphere surface 

for the level M-1, and the gradient field is deemed converged when the 

difference at each angular location is less that 10_5%. Example values of M 

necessary to satisfy this criteria are given on the first row in table 1 as a 

function of a'/b' for k=10‘5. Note that as the ratio of the sphere to the tube 

diameter increases, M increases. As will be discussed in the Results 

section (Section 3), for this case of a non-conducting sphere, the surface 

temperature gradient strongly increases with 0 in the first quadrant as heat 

is conducted through the narrow gap between the sphere and tube wall, 

and more terms in the series expansion are necessary to describe this 

behavior.

Some final notes with regard to the implementation of the collocation 

procedure: an examination of the linear algebraic equations (24) and (25) 

shows that when the collocation points 0j=O and ji/2 are used the equations 

become linearly dependent. In order to overcome this difficulty, these points 

can be replaced by closely adjacent points, i.e. 0j=O-e and 0p  rc/2-e. The 

optimum value of e is 0.8° as established by Leichtberg et al.(1967).

III. 2.3 Solution of the Velocity Field

A general solution for the stream function of the droplet phase in 

spherical coordinates in which velocities are bounded at the drop center
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(consideration (1) preceding Eq.(12)) may be expressed in terms of an
—1 /2

infinite series of Gegenbauer polynomials c n (cos0):

oo

*J#(1)(r ,0 )=  + F ^ )r n+2)C~l /2 ( cos0)
n=2  (n=even) (27)

where the restriction to even terms is a consequence of the flow field 

symmetry about the equatorial plane. For the continuous fluid, note first that 

the stream function must from Eq.(13) tend to Up2/2 as |z|->°o in order to 

match to the uniform flow. Denoting this uniform flow field by ^ ( p ) ,  

solutions for 'P ^ - M /eo(p) must tend to zero as |z|->oo. General solutions 

which obey this far-field restriction may be constructed by the addition of 

the general cylindrical solution which is bounded as p->0 and tends to zero 

as |z|->°o and the spherical solution which disappears as r->°o:

=xFoo(p) + Jo [A(t)pIi(tp) + B(t)p2I0(tp)]costzdt
oo

+ X ( £ f  V -" +1 + F f  V -”+3 )Cn- 1/2 (c°s e ) 
n=2 (n=even) (28)

As was the case with the solution for the temperature field, the 

determination of the hydrodynamic constants and functions is undertaken 

by a two-step procedure in which the wall conditions are satisfied exactly by 

a Fourier inversion, and the conditions on the fluid particle surface are 

satisfied numerically at collocation points.
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The boundary conditions on the surface of the tube are given by 

Eq.(13); in order to satisfy these conditions, explicit expressions for the 

velocity fields in the cylindrical system for the solution form given by 

Eq.(28) are given first with the aid of the spherical - cylindrical coordinate 

transformation:

Vz (z,p) = -  I"1  A(t)tf0 (rp) + B(r)[pr/i Up) + 2 /0 (fp)llcos(tz)dt
p dp

oo
- X i £f ,Gi(p .z>+£,,<2)G»(p.z>]

n=2 (29a)
f00

Vp (z,p) = J^[A(r)/i (rp) + B(r)p/0 (rp)]rsin (tz)dt

+ S [ £f )G»(p.z)+£f )c»(p.z)]
»=2 (29b)

where the functions G„(P>2) appearing in the above are detailed in the 

Appendix. From Eqs.(13a) and (29a) the following equation is obtained:

JJU(r)r/0 (Rt) +  B(t)[RtIi (Rt) + 21 q (/?r)]} cos (tz)dt
oo

= -  S [ ^ 2)gJ (R, Z )  +  F ^ G i  (R,Z)]
n=2 (30)

From Eq.(13b) it is clear that the stream function at the wall is a constant: 

from the solution form of Eq.(28) this constant is clearly equal to ^  (p = R) 

and the integral and series summations must equal zero:

J J l A(t)RIi (Rt) +  B(t)R2I 0 (Rt)]cos(tz)dt



32

= -  ' Z l E ^ G l  (R,z) + Fw(2)G^ (z)]
«=2 (31)

By applying Fourier cosine integral inversions to Eqs.(30) and (31), A(t) and
(2) (2)

B(t) can be expressed in terms of the constants En and Fn as follows:

oo

A(t)tl0 (Rt) + B(t)[Rth (EO + 2 /0 (Et)] = -  X <* >+ ^  (01
n=2

OO

A(t)Eh (Rt) + B(t)R2I 0 (Rt) = -  X [ 4 2)//n + Fn(2)//« (01
n=2 (32)

where the functions i=l ,2,3,4, are obtained by analytical integration 

(Leichtberg et al. 1976) and are detailed in the Appendix. The integrals 

which define the ^ ( 0  functions are, like the corresponding conduction 

integrals, improper and divergent at the lower (zero) limit. However, by 

using asymptotic formulae, the divergence can be shown to be integrable, 

and the improper integral is convergent. In the numerical solution to follow, 

these integrals were once again evaluated using the IMSL's DQDAG

routine, and the integral limits were specified in a manner which was similar

to that used for the conduction integrals.

From Eq.(32), A(t) and B(t) can be solved in terms of the unknown 

constants ancj F jf)  Substituting this solution into Eq.(28), the stream 

function can be expressed in spherical coordinates r, 0 in terms only of 

and F f :
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¥ (2) (r,0) = (r,Q) + Z ^ S n  M )  + F™S2n (r,0)]
«=2 (33)

where the functions s% are given in the Appendix.

Four unknown constants remain to be determined, E^ \  E ^  and 

Fn2\  Of the two pertaining to the solution for the drop stream function, one 

constant can be expressed in terms of the other by the condition that 

V ^ \ r  = 1,0) = 0, Eliminating F^  in this manner, the inner solution can be 

expressed as:

¥ (1) (r,6) = £  E™ (r ‘" -  r n+2 )C~m  (cos0)
n=2 (34)

By using the remaining hydrodynamic boundary conditions on the 

sphere surface, three simultaneous equations are obtained:

oo

-U  cos0 = Z [ E (n2)S *( l,0 )  + F<2)s U W
n=2

- [ /sin0 = £  [ £ f  ̂ ( 1 ,0 )  + F|[2)SJ(1,0)+— fi^ C ^ C c o s© )]
„ c. sin 0n = l

- t /s t a e + ( 2 + « ( i+ |K ) | | ( i , 8 ) =  £ [ £ ' 2).s„1(i.e )+ f„ ‘2)s *(i,e )  

- 2(2'*-l)KE<1)c-l/2(cose)]
sin 0 n (35)

The above equation set contains the remaining three infinite series of 

unknown constants, E^ \  F^  and Solutions for these constants from
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the above three equations is obtained by the same collocation procedure 

used for the temperature field, but there are a few important differences. 

Since the inhomogeneity in the above three equations consists of two 

separate terms, one a multiple of U and one a multiple of the fluid particle 

surface temperature gradient, the solutions for the constants may be 

decomposed into separate terms, one in which (3©/90)(l,0)=O and U is 

non-zero, and one in which U=Q and the temperature gradient is non-zero. 

This decomposition reflects the linearity of the Stokes equations and 

boundary conditions. It also allows for the interpretation of the fluid particle 

movement due to the temperature gradient as the sum of two flow 

idealizations in the fluid particle fixed frame, one in which the temperature 

gradient is equal to zero and a uniform flow from infinity moves over the 

fluid particle (U not equal to zero), and second idealization in which the flow 

at infinity is zero, and a temperature gradient produces fluid streaming.

The values for the constants for the first case of uniform flow are linear 

in U, and may therefore be solved generally by setting U=1. These 

constants are denoted with a "U" subscript. As before, a collocation solution 

procedure is developed in which the above three equations are satisfied at 

P points on the first quadrant, the infinite series are truncated at n=2P, and 

the 3P constants are obtained from the algebraic solution of the satisfaction 

of the three boundary conditions at P collocation points. The convergence 

criteria is formulated in the following way. It will be shown in the next 

section that (i) the terminal velocity is determined by the sum of the 

hydrodynamic forces exerted by the continuous phase on the fluid particle 

in the two flow idealizations, and (ii) this force is only dependent on F2 L\
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Since the aim of the study is the accurate computation of the terminal 

velocity, the convergence criteria is based on the accurate resolution of 

. Thus the constant Fw  is computed for P-1 and P collocation points, 

and the relative change in the constant is then obtained. The collocation 

number is incremented until the relative change is less than 10 5. Listed on 

the second line of table 1 are the values of P necessary for convergence for 

k=0 as a function of a'/b'. The table indicates that the number of collocation 

points increases as the sphere to tube diameter increases. Although the 

hydrodynamic flow patterns will be examined carefully in the results section

to follow, this trend is clearly a consequence of the fact that large 0-
( 2 )

gradients in develop in the gap as a'/b' increases in order to keep the

overall flow rate in the z-direction constant, and more terms in the series

expansion are necessary to describe accurately these gradients.

In the second flow idealization, the fluid at infinity is at rest, and flow is

only caused by the temperature gradient. Again using a collocation

procedure for numerical solution, the constants are determined by

truncating the infinite series at L terms and satisfying the three boundary

conditions at L discrete points. (These constants are identified by an "M"
(2)

subscript.) Convergence is based on the accurate determination of fi m , 

and the number of collocation points L necessary to achieve a 105 

resolution in this constant are given in the third line of table 1 for k=0 and 

k=1.0x10‘5. The table shows that more collocation points are necessary as 

the sphere to tube diameter increases. As will become clearer below, this 

trend results from the fact that the fluid streaming due to the Marangoni 

force creates recirculating eddies between the sphere and the tube wall,
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and as a'/b' increases these eddies are squeezed and large 6 gradients 

develop which necessitate more terms in the series expansion.

111.3. Results and Discussion

ffl.3.1 Temperature Field

Three separate presentations are given to illustrate the results for the 

nondimensional temperature field 0(')(p,z), and the dependence of this field 

on the thermal conductivity and fluid particle to tube diameter ratios k and 

a'/b'. In the first presentation the temperature field isotherms are detailed. 

These are shown for the infinite system (aVb'=0) in Figs.2(a) (k=1.0xl0-5) 

and 2(b) (k=5), for aVb'=0.5 in Figs. 3(a) (k=1.0x10‘5) and 3(b) (k=5) and for 

a'/b'=0.9 in Figs.4(a) (k=1.0x10-5) and 4(b) (k=5). The thermocapillary 

velocity is determined by the magnitude of the surface temperature 

gradient, (80/30)(r=l,0). The final two presentations quantify this gradient 

by providing two different measures of (30/30)(r=l,0). In Figs.5 (for 

a’/b'=0.5) and 6 (a7b'=0.9), (80/80)(r=l,0) is plotted, as a function of 0, for 

different values of k. To facilitate comparison with the surface temperature 

gradient for an infinite continuous phase, plotted alongside the tube results 

in Figs.5 and 6 are the infinite system gradients for the same value of k. In 

the second measure, the overall change in the surface temperature of a 

bounded droplet relative to the unbounded one is computed. This ratio is 

defined by O, and is given by:
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<*> = (0(r = l,e = 0) -  0 (r = 1,0 = Jt))(2 + k ) / 6  (36)

where, for the case of an infinite continuous phase, the difference between 

the temperatures at the two poles is given by 6/(2+k), and is obtained from 

the surface temperature distribution

30, 1 Q  a ' 3—— (r = 1,0,— = 0) = -------- sin 0
30 b' 2 + k (37)

In Fig.7,0  is plotted as a function of a'/b' for different vaiues of k.

Physical interpretation and discussion of the temperature results as 

given in Figs.2-7 begins with the examination of the influence of the thermal 

conductivity ratio k. For the infinite system, if the conductivity ratio becomes 

just less than one, there is less resistance to conduction in the continuous 

phase, and a greater proportion of the energy is conducted through the 

suspending phase. As a consequence of this heat flow pattern, the 

temperature isotherms beginning at p-*» and perpendicular to the z-axis 

bend towards the sphere (Fig.2a). Therefore, relative to the case of k=1 

which represents a linear temperature field, the temperature difference 

between the poles and the temperature gradient along the sphere surface 

is increased (cf. the dotted lines in Figs.5 and 6). As k decreases further 

from one, the temperature gradient and difference in pole temperatures 

continues to increase, as more heat is transported around the sphere. In 

the limit in which the conductivity of the sphere becomes equal to zero, all 

energy is conducted around the sphere and the isotherms intersect the fluid
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particle surface at right angles. The behavior is reversed when k becomes 

just larger than one. A greater proportion of the energy is now transported 

through the sphere. The temperature isotherms starting at infinity bend 

away from the sphere (Fig.2b) and the pole temperature difference and 

surface temperature gradient are decreased relative to k=1 (Figs.5 and 6). 

As k increases further from one, the temperature difference between the 

poles decreases, and the gradient along the surface is uniformly reduced. 

In the limit in which the sphere becomes infinitely conducting, the sphere 

surface becomes an isotherm and only the equatorial plane isotherm 

intersects the sphere surface. In this case, as is evident from Eq.(37), the 

temperature gradient becomes equal to zero.

In the confined geometry, (Figs.3 and 4) the effect of the conductivity 

ratio is similar to the behavior explained above for an infinite expanse of a 

continuous phase. As is evident from Figs.3(a) and 4(a) for a non­

conducting sphere (k=1.0x10‘5), isotherms (now originating at the tube wall 

and perpendicular to it) bend towards the sphere to allow the heat to be 

transported through the more conductive continuous phase. Again as k 

decreases from one, the temperature gradient along the surface increases 

relative to the k=1 distribution, and this is clearly shown in Figs.5 and 6 for 

a'/b'=0.5 and 0.9, respectively. The more important point is how this 

increase in surface gradient compares with that realized for the infinite 

case. Figs.5 and 6 indicate that as k decreases, the temperature gradient 

for the confined geometry increases more rapidly than the gradient for the 

infinite case. Thus for any particular value of k<1, the surface temperature 

gradient is larger for the fluid particle in the tube than in an infinite amount
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of fluid. This central conclusion can be shown more clearly in terms of the 

O, the quotient in pole temperature differences. As detailed in Fig.7, <l> 

increases as k decreases from one.

The reason why, for k less than one, the surface temperature gradients 

larger in the tube than in an infinite medium can be understood very simply. 

Consider the isotherms for the infinite system Fig.2(a), and superimpose 

onto this isotherm plot, a conceptual volume consisting of a tube of radius 

b' (>a') closed at both ends and placed with its centerline coincident with 

the z-axis of the infinite system coordinates. The ends of the tube are 

located at a sufficiently large distance from the sphere so that at these ends 

the temperature gradient is unperturbed by the sphere and is therefore in 

the z-direction with magnitude (V T ')M. F o rz»0 , the surface which closes 

the tube is denoted by A-( The amount of energy entering through A-j is 

equal to k ^ iV 'T ^ n b '2. As Fig.2(a) indicates for k<1, since the energy is 

transported around the sphere, there is a net flux of energy out of the 

inscribed boundary for the region above the equatorial plane. For the case 

of conduction in a tube, since the cylindrical portion of the tube boundary is 

insulated, no such heat loss occurs, yet the heat entering the tube is again 

£(2)(V'7")00nb'2. Consequently, for any cross sectional area A2 above the 

equatorial plane, the energy conducted through A2 must be larger in the 

tube than in the infinite geometry, and therefore the area averaged 

temperature gradient in the z-direction must be larger in the case of the 

tube. This increase in the z-component of the temperature gradient in the 

tube relative to that in an infinite medium accounts for the relative increase 

in the temperature gradient on the fluid particle surface.
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For the opposite case of k>1, the isotherms of the finite system 

originating from and perpendicular to the tube wall bend away from the 

sphere (Figs.3(b) and 4(b)) so that a greater proportion of energy is 

conducted through the less resistive sphere. As k increases from one, the 

temperature gradient along the surface decreases and this is shown in 

Figs.5 and 6. This behavior of course is qualitatively the same as that of the 

infinite system as described above. However, Figs.5 and 6 show that for 

k>1, the temperature gradient in the tube is reduced more than it is in the 

infinite system as k increases. This marked reduction, as k increases from 

one, in the Marangoni driving force compared to that realized in the infinite 

system is clearly evident in the graph of <I>, Fig.7.

The reason why, for k>1, the temperature gradients along the surface 

of the sphere are less in the tube than in the infinite system can again be 

understood using control volume arguments. Specifically, consider the tube 

of radius b' superimposed on the isotherm contour diagram for the infinite 

system for k>1 (Fig.2(b)). The enclosing top surface of the tube is again 

denoted by A-| and a representative cross sectional area above the equator 

is identified by A2 Energy is now conducted into the superimposed tube 

region for the infinite system case since the isotherms bend away from the 

sphere enabling more energy to pass through the sphere. Therefore the 

energy flux through A2 must be larger in the infinite case than in the tube 

case because no energy can pass through the tube wall in the tube case. 

The temperature gradient in the z-direction is correspondingly greater, and 

this explains why the temperature gradient along the surface is larger in the 

infinite case.
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The last result to comment upon is the dependence of the isotherm 

contours and the surface temperature gradients on the sphere to tube 

diameter ratio. For k fixed and less than one, as b’/a' decreases, the 

isotherm contours of Figs.2(a), 3(a), and 4(a) establish that the temperature 

gradient along the surface increases. When k>1, the opposite behavior is 

obtained. These results follow for the same reasons that for k<1 the surface 

temperature gradient is larger in the tube than in an infinite system, while 

for k>1 the gradient is smaller.

To summarize the results for the temperature gradient along the 

surface: When k<1, energy is conducted around the sphere. The surface 

gradient for a fluid particle in a tube is larger than the gradient on the 

surface of a fluid particle in an infinite medium, and this difference 

increases as b'/a' decreases. For k>1, a greater proportion of the energy is 

transported through the particle. The surface gradient on the fluid particle 

surface is less than the gradient developed when the fluid particle is in an 

infinite medium, and the absolute value of this difference increases as b'/a' 

decreases.

HI.3.2 Hydrodynamic Forces

The hydrodynamic force in the z-direction (F'z) exerted by the exterior 

fluid on the drop or bubble is obtained by integrating the viscous traction 

and pressure forces over the fluid particle surface. The force may be 

expressed in the following form (Happel and Brenner, 1973):
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F ; = 4m ,'u '(2) t / > 2(2) (38)

( 2 )
where the constant Fi  is obtained as part of the solution of the system of 

equations as given in Eq.(35). As outlined in the previous section, the flow 

and therefore the hydrodynamic forces exerted on the fluid particle may be 

considered to be composed of the sum from two flow idealizations, one in 

which the temperature gradient is equal to zero, and the wall is moving 

creating a flow which drags against the particle, and a second idealization 

in which the wall is stationary and a Marangoni stress gives rise to fluid 

motion and a resulting lift force. The forces from each of these flow 

idealizations are discussed separately below.

Consider first the drag exerted on the particle by the exterior flow 

caused by the movement of the wall only. This idealization is described by 

Eq.(35) with the temperature gradient set equal to zero, and the 

dimensional drag is given by

( 2 )
The constant F2u is obtained by the collocation procedure and is tabulated 

in terms of a drag coefficient ^  which is defined as the ratio of the drag on 

the fluid particle in this idealization to the drag exerted by the particle in an 

infinite medium with uniform flow of the same magnitude, U’. This latter drag 

is equal to -47ia’U,|i,(2)(i+3K/2)/(i+K) (cf. for example, Happel & Brenner 

1973) and therefore the drag coefficient is defined by:
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XM = ~ F r ^ j (1 + k ) /  (1 +  3ic /  2) (40)

In the second problem, the wall is stationary and the Marangoni force 

causes fluid streaming and an associated lift force. This idealization is 

described by Eq.(35) with U=0, and the drag is given by:

The lift coefficient X.m is defined as the ratio of this force F'zm exerted on 

the sphere in the tube divided by the lift force exerted on the sphere in an 

infinite, stationary, medium due to the fluid streaming arising from a 

Marangoni force derived from an equal temperature gradient. The force in 

the infinite medium is equal to 4rca’2 (-do'/dT' )(V' T' )M / ( (1  +  k ) ( 2 +k)). 

(Note that this lift force is balanced by the drag, 

-A%a'U0\ i ! ^  ( 1 + 3 k / 2 ) / ( 1  + k ) i which is due to the forward motion of the 

particle, and (1) in fact follows easily by summing these forces to zero.) the 

lift coefficient defined as the quotient of the actual Marangoni lift exerted 

in the tube divided by the lift in an infinite medium, is therefore given by:

F  = 4 ita ' u' ̂  U  F ^  t zm H- u or 2M

= 4*tf 2 4% r )»  /  « 1 + f  >0(2 + *»
(41)

rjgg+K)
m ~ (1 +  3 K /2 ) (42)

The calculations were checked by comparing values obtained for the 

drag coefficients to known values for certain limiting situations. Three
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verifications were done: First, the values for ^  as a function of a'/b' for a 

solid sphere (implemented here by setting k =108) were compared with the 

results of Haberman and Sayre (1958) and Wang and Skalak (1969) 

assuming a priori solid spheres (i.e. using the no-slip condition). This 

comparison is given in table 2, and it can clearly be seen that the 

coefficients obtained in this study are within one percent of those from the 

past studies. Additional verification of the \ u calculations is obtained by 

comparing the results for a fluid sphere to those of Hyman and Skalak 

(1972a) (table 3). This comparison is shown in table 3 for values of k  =0 

and 1 (the only two values studied by Hyman and Skalak): again the 

agreement is excellent. No previous studies have computed 7^, and 

therefore the only way of checking these results is to verify that they 

properly converge towards one for all k  and k as a'/b'->0. This behavior will 

be evident in the graphs to be presented below.

Converged values for ^  are plotted in Fig.8, for respectively k =0 , 0.5, 

1.0, 2.0, and 108(solid sphere) and for a range of a'/b’ between 0 and 0.9. 

Figure 8 shows several interesting features. The figure indicates that ^  

increases as a'/b' increases for fixed k . The dimensional drag (F'zu ) in 

terms of this drag coefficient is equal to 

-4 %a' ((1 + 3k /  2) / (1 + k ))XUU' and it represents the force exerted on a

fixed sphere with the wall moving with a velocity U'. It can be concluded 

from Fig.8 and the expression for F'zu that for fixed viscosity and sphere 

diameter, the drag increases as the tube radius decreases. This increase in 

drag is due to the hydrodynamic interaction of the sphere with the wall: as 

the gap between the sphere perimeter and the tube wall decreases, the
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shear rate in the gap in the vicinity of the sphere increases. The sphere 

suffers a higher shear stress applied by the fluid, therefore the drag 

consequently increases. Also evident from Fig.8 is the fact that the drag 

coefficient increases with k  at fixed a'/b'. As a physical example, increasing 

k  can be realized by varying the droplet viscosity with the continuous phase 

viscosity and the tube and fluid particle diameters held constant. For that 

case, the dimensional drag also increases since the factor (1+3K/2)/(1+k) 

monotonically increases with k  along with Xu. The reason for the increase in 

dimensional drag is also clear; as the droplet viscosity increases, the 

sphere surface velocity decreases and this causes the shear rate in the 

vicinity of the sphere to increase, thereby increasing the drag coefficient.

The converged results for ^  as a function of a'/b' are detailed 

graphically in Fig.9 for different values of the conductivity ratio k and k=0, 

and in Fig. 10 for different values of the viscosity ratio k  and k=1.0x10'5. 

Consider first the dependence on k, Fig.9, and note the behavior for k=1. 

For equal thermal conductivity, Fig.9 indicates that ^  is larger than one, 

and increases with a’/b'. Recall that when k=1, the surface temperature 

gradient is identical to that for the infinite case, and is therefore 

independent of a’/b'. Thus the fact that the lift forces in the tube case 

become increasingly larger than those in the infinite case cannot be due to 

an increase in the surface Marangoni force. The reason for this behavior 

may be attributed to the pressure differential which develops across the 

sphere. In the flow idealization which defines the surface force drives, 

in the continuous phase, a streaming flow in the vicinity of the fluid particle 

interface in the negative z-direction. Since the wall is stationary, and the
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fluid at infinity is at rest, the net flow rate for this streaming flow in the z- 

direction must be equal to zero. Therefore downstream from the particle, 

pressure forces develop to turn the fluid around. As this pressure force acts 

in the positive z-direction it provides, along with the reaction to the surface 

Marangoni force, the lift which propels the droplet in the positive z- 

direction. As the tube diameter decreases, for a constant Marangoni force, 

the surface velocity and therefore the magnitude of the streaming flow 

decreases. However, the pressure force which drives the recirculation does 

not decrease because it must drive fluid through an increasingly smaller 

gap between the fluid particle and the tube surface. This fact is over-riding, 

and causes the pressure to increase as the tube diameter decreases. This 

increase in pressure manifests itself as an increase in the lift force, and 

explains why Am is larger than one for k=1, and increases with a'/b'.

Consider next the dependence of Am on the conductivity ratio k. Figure 

9 shows that as k decreases from one, Am increases and as k increases 

from one, Am decreases. This effect can be understood completely in terms 

of the influence of k (at fixed a'/b') on the surface temperature gradient as 

discussed in Sec.3.1 (cf. Figs.5-7): as k decreases from one, the surface 

temperature gradient in the tube geometry becomes increasingly larger 

than that which develops on a fluid particle in an infinite medium, and 

therefore Am, which is the ratio of the lift forces in the tube and infinite 

geometry, increases. Similarly, as k increases from one, the surface 

temperature gradient for the particle in a tube decreases relative to the 

infinite medium value, and Am decreases. Note finally that since the 

dimensional lift force, F'zm is equal to
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-4na'2 (da' /dT'  ) (V T ')M ,̂m / ( ( l  + k )(2 + &)), for fixed fluid viscosity and 

sphere and tube diameters, the dimensional drag increases as k 

decreases.

Consider next the dependence of A,,, on a'/b' for k not equal to one. 

Figure 9 shows that for all k, ^  increases with a'/b'. Significantly, this 

increase is enhanced as k decreases. Reasons for this behavior may be 

attributed to two effects, the back pressure which develops to recirculate 

the fluid and which increases with a'/b', and the influence of a'/b' on the 

surface temperature gradient (Fig.7). When k<1, the surface temperature 

gradient increases as a'/b’ increases. This causes larger Marangoni 

stresses which act to increase the lift force. In addition, the back pressure 

increases because the gap thickness decreases. Thus ^  should increase 

rapidly. For k<1, these two influences have opposite effects. Although the 

back pressure increases with a'/b', the surface Marangoni force decreases 

(Fig.7). However as was the case with k=1, the effect of the decreasing gap 

size on the back pressure is dominant, and slowly increases with a'/b'.

The dependence of ^  on the fluid viscosity ratio k  is given in Fig. 10, 

and this figure indicates that for a fixed a'/b', 7^ increases with k . To 

understand this dependence, consider first how the dimensional lift force 

behaves with k  for a fixed continuous phase viscosity and fluid particle 

radius a'. The dimensional lift (F'zm) is plotted in Fig.11, for k=1.0x1 O'5 as a 

function of k , divided by the lift for the same a'/b’ and k=0. This quotient, 

which is equal to ^ ( k ,  k=1.0x1 O'5, a’/b ') /^  (k=0, k=1.0x10'5, a'/b') is 

defined as *F. Figure 11 indicates that as k  increases, and consequently 

the dimensional drag decreases. As k  increases, the velocity on the surface
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owing to the Marangoni force (which is independent of k ) decreases, and 

this causes the lift force to decrease. Reconsider Fig.10: Mathematically, 

the reason why ^  increases with k  at fixed a'/b' is that, as is evident in 

Fig. 11 (for k=1.0x10"5 ), the dimensional lift in the tube does not decrease 

as fast with k  as that for an infinite medium (the latter varies as (1 +k )_1, and 

corresponds to the curve labeled a'/b'=10'3 in Fig.11). Physically, this 

behavior reflects the fact that in the infinite medium at finite k , the droplet 

stress which retards the surface force is a larger percentage of the total 

retarding force (outside and inside) than it is in the confined geometry. The 

reason for this is that the length scale for the relaxation in the velocity in the 

unbounded geometry is much larger than in the confined one. When the 

interior viscosity is increased, the droplet stress is increased, and to 

maintain a constant surface force, a reduction in the surface velocity 

(relative to its previous value) is necessary. This reduction is larger in the 

unbounded than in the bounded case since the droplet stress is a larger 

component of the total retarding shear stress. Thus the proportional change 

in the drag is more for the unbounded case, and Xn, increases with k .

III.3.3 Terminal Velocities

The total drag on the fluid particle (F’zu + F’7m) is equal to zero. This 

requirement allows the fluid particle velocity U' to be computed; using 

Eqs.(39)-(42), U' may be expressed relative to the speed in an infinite 

medium (U1) through the drag and lift coefficients Xu and X ^
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relative speed: The enhancement of the Marangoni lift force relative to the 

infinite value, A^ (Figs.9 and 10), acts to increase the relative speed, while 

the enlargement (relative to the infinite system) of the drag force owing to 

the forward motion, Ay (Fig.8), retards the relative speed. The result of 

these competing effects is shown in Figs.12(a) and 12(b) which graph 

U'/U'o as a function of a'/b' for different values of k (Fig.12(a)) and k  (Fig. 

12(b)). The principal observation from these graphs is that U7U’0 is always 

less than one, and is a monotonicaily decreasing function of a'/b' for all 

values of the conductivity and viscosity ratios. Hence, with increasing a’/b', 

the increased drag due to the hydrodynamic interaction of the fluid particle 

with the tube wall dominates the increase in the Marangoni lift force, and 

the fluid particle in the tube always moves slower than it does in an infinite 

medium. At a fixed ratio of the diameter of the fluid particle to that of the 

tube, the dependence of U7U'0 on k and k  follows directly from the 

dependencies of A™ and Â  on these variables. Consider first the behavior 

with k: The drag coefficient Au is independent of k. The Marangoni lift 

coefficient, A^, increases with decreasing k as a greater proportion of the 

energy from infinity circumvents the fluid article and creates a high surface 

temperature gradient allowing the energy to pass through the narrow gap. 

Therefore, as indicated in Fig.10, the relative speed increases with 

decreasing k. The dependence of U7U'0 on k  at fixed a7b' and k is more
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complicated. In this case, although both and increase with k , 

comparison of Figs.8 and 10 indicate that the effect of the viscosity ratio on 

A.m is greater than that on 7 .̂ Hence, as demonstrated in Fig. 12(b), the 

relative velocity increases as the viscosity of the fluid particle becomes 

larger than that of the continuous phase.

III.4. Conclusions

This paper has examined the steady, creeping, thermocapillary 

migration of a spherical fluid particle in a tube owing to an imposed axial 

temperature gradient under conditions of axisymmetry, negligible thermal 

convection and an insulated tube wall. As outlined in the introduction, the 

intention of this study is to use this flow geometry as a model for 

understanding the influence of lateral wall-fluid particle hydrodynamic and 

thermal interactions in determining the thermocapillary migration velocity.

In this Stokes problem, the force of the continuous phase on the fluid 

particle can be divided into the forces from two fixed- fluid particle flow 

idealizations, one in which the tube wall is moving dragging fluid over the 

stationary fluid particle with no Marangoni force, and a second idealization 

in which the wall is fixed and the surface temperature gradient drives a 

streaming, recirculating motion that propels the fluid particle towards the 

warmer fluid. The dragging force is described by a drag coefficient and 

the thermocapillary lift or propulsion force is described by a lift coefficient 

Xn,. Each of these coefficients represents the ratio of the force in the 

idealization in the confined tube geometry divided by that in an infinite
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medium. The first idealization and the coefficient ^  describe the 

hydrodynamic resistance of the wall on the forward motion of the fluid 

particle. This coefficient increases sharply as the sphere to tube diameter 

ratio increases. The second idealization and the lift coefficient Xn, describe 

the thermal interaction between the wall and the fluid particle. The lift 

coefficient increases as the ratio of the fluid particle to the continuous 

phase liquid conductivity decreases since in that limit more energy is 

conducted through the gap between the fluid particle and the wall, and this 

heat flow intensifies the fluid particle surface temperature gradient. This 

increase is enhanced as the gap thickness decreases. The lift coefficient 

also describes a secondary wall-fluid particle hydrodynamic interaction 

apart from the resistance to forward motion as described by Specifically, 

for the case in which the conductivity of the fluid particle and the continuous 

phase are equal, and therefore the thermal interaction is equal to zero, the 

lift coefficient ^  increases as the gap distance between the fluid particle 

and the wall decreases. This increase is ascribed to the increase in the 

back pressure which drives the recirculating motion of the Marangoni flow 

idealization, and which propels the fluid particle towards the warmer 

temperature. This back pressure increases with decreasing gap thickness 

because a higher back pressure is necessary to drive fluid through a 

narrowing gap.

The ratio of to ^  determines the migration velocity in the tube 

relative to that in an infinite medium. Calculations of this ratio indicate that, 

for a fixed gap thickness, the relative velocity increases as the fluid particle 

conductivity decreases, and that this increase in migration becomes more



52

pronounced as the gap thickness decreases. Both these results are 

attributable to the influence of the thermal interaction on 3^. However for a 

fixed, small conductivity ratio, the relative velocity decreases as the gap 

thickness decreases, and this reflects the predominance of the 

hydrodynamic retardation of the wall on the forward motion (as described 

by >tu) over the migration enhancing thermal interaction and secondary 

back pressure hydrodynamic interaction (as given by ).
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Appendix

Expressions for the Gn functions are given below.
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+2c ; 2‘ n 1

_(p2 + z 2 )2_ ( p2 + z 2 ) 2

Ĝ (p.z) = (p2 +z2) 2(n l)Cn2

Gn (P>z) = (p2 +z2) 2(W V

(pz + z z ) 2

(pz + z z ) 2

G5(p>z)=(«±i)(p2+22) - inci 1
(p2 + z2 ) 2 

1
Gn6(p,z) =

_(p2 + z 2 ) 2 _

2 z

P
(P2+z2r2("'1,c;2

_(p2 + z2 )2

(A. 1)
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Expressions for the terms Hh are given below.

1

H ln (t) =  ( - \ ) ^  — tnK Q(Rt) 
uni

l
H i  (t) =  - ( - I ) 2" — tn~2 [n(n -  l )K 0 (Rt) -  (2n - 3 )RtK1 (Rt)] 

itnl
I

H i  (t) = - ( - I ) 2” — Rtn- lK x (Rt)
*»! (A.2)

l
H i  (t) =  - ( - I ) 2” ■ ^ Rtn~31(2n -  3)RtK0 ( R t ) - ( n -  2)(n -  3)KX (Rt)}

The functions si  are defined as:

Sl(r,&) = r  n+1Cn 2 (cos0) + J dfcos(/rcos0)[Y,,1(r)rsin071(*rsin0)

+T% (t)(r  sin 0)2 I q (tr sin 0)]

S%(r,Q) =  r  n+3Cn 2 (cos0) + J dfcos(/rcos0)[T,2 (r)rsin071(rrsin0)

+Tw4 (r)(rsin0)2 / o (rrsin0)]

n
s4i^n j

t o o

= /*n_i(cos0) + J dt rsin0sin(rcos0)
T VL 1n

7i (rsin0)

Tin

n
r4

sin 07q (t sin 0) J + cos 0 cos (t cos 0)
Tin

?7o(rsin0)

(27q (/sin 0) + rsin 07j (rsin 0))
/ (A.3)
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sn̂ ‘(I-/* )'
a 

O'
i _(3 —n)_

C 2 (cos0)

n
T 4 L n J

sin 0

sin 0/ q (rsin 0)

poo

\dt  J 0 rcos0sin(rcos0)
(

it . 
. j

V i

(
+ sin0cos(rcos0)

TL n

7l(rsin0) 

r7o(rsin0)

n
T 4L ■*« J

(2/q (/sin 0) + r sin QI\ (rsin 0))

k 7 l S5n

. n.
~ n

S. n.

(«2 - l )
( 3 - n ) ( l - « )

Cn 2 (cos0)

poo

- \ d tJo cos(rcosO) r 1'n
r * 2

sin0

r2 (sin2 0 -  cos2 0 )/i(fsin0)

n
r4n j

sin 0(r2 (sin 2 0 -  cos2 6)Iq (rsin 0) + 2rsin 0/j (rsin 0))

+

rcos0sin(rcos0)

T3 n
T 4 . n J

n
r * 2

(2rsin 0/ q (r sin 0) - /j (rsin 0))

sin 0(3/o(rsin 0) + 2rsin 0/j (rsin 0)) 

where the functions Th (0 (i=1,2,3,4) are defined as

$  (r) = [(2 + RtQ)H3n (r) -  R2h \  (r)] /  A 

T 2 (r) = [(2 + Rt£l)H4 (r) -  R2H 2 (r)] / A 

(r) = [RQ77* (r) -  r//3 (r)] /  A 

T4 (0  = [RQH2 ( t ) - t H 4 (r)] /  A (A.4)

The variable £2 is given by li(Rt)/l0(Rt) and 

A =R2 tl0 (Rt)-2RIj (Rt)-R2 tl^R tp



Table 1

The number of collocation points necessary to achieve the 

accuracy requirement for the gas bubble (k =0 & k=1.0x10-5)

a'/b' 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

M 4 6 6 6 8 10 12 14 16

K P 4 4 5 7 7 9 10 11 13

L 3 3 4 4 4 5 5 6 7



Table 2

Comparison of converged values of drag coefficients 
with the results of Haberman and Sayre (1958) and 
Wang and Skalak (1969) for a solid particle (k=108).

a'/b'

Haberman & Sayre 

A.u A,u

Wang & Skalak 

A,n
0.0 1.000 1.000 1.000
0.1 1.2632 1.263 1.263
0.2 1.6795 1.680 1.680
0.3 2.370 2.371 2.370
0.4 3.591 3.596 3.592
0.5 5.940 5.970 5.949
0.6 11.09 11.135 11.10
0.7 24.665 24.955 24.70
0.8 74.567 73.555 74.97
0.9 464.97



Table 3

Comparison of converged values of drag coefficients 
Xu with the results of Hyman and Skalak's solution 

(1972a) for a fluid droplet.

a’/b' k A,u

Hyman &  Skalak

■̂n
0.1 0.0 1.1632 1.16

0.5 1.1947
1.0 1.2111 1.211
2.0 1.228

0.2 0.0 1.3899 1.390
0.5 1.4745
1.0 1.5209 1.520
2.0 1.5703

0.3 0.0 1.7251 1.725
0.5 1.8957
1.0 1.9951 1.995
2.0 2.1059

0.4 0.0 2.2626 2.263
0.5 2.5714
1.0 2.7646 2.765
2.0 2.992

0.5 0.0 3.2223 3.222
0.5 3.7559
1.0 4.1195 4.123
2.0 4.5767

0.6 0.0 5.2040 5.205
0.5 6.1157
1.0 6.8064 6.808
2.0 7.7475

0.7 0.0 10.256 10.26
0.5 11.832
1.0 13.216 13.22
2.0 15.305

0.8 0.0 28.553 28.59
0.5 31.252
1.0 34.398 34.47
2.0 39.864

0.9 0.0 172.81
0.5 173.05
1.0 182.19
2.0 203.92
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Chapter IV

THERMOCAPILLARY MOTION OF DEFORMABLE 

FLUID PARTICLES IN TUBES

EV.1. Introduction

In this chapter, we relax the assumption of large interfacial tension and 

examine the influence of interfacial deformation on the thermocapillary 

movement of a bubble or a drop through a tube. We restrict our attentions 

to compact particles, i.e. those whose spherical radius (a'= (3V747t)1/3) is 

smaller than that of the tube radius (b*) (a'/b'<1). What we would like to 

learn from this analysis is how the deformation affects the competition 

between the hydrodynamic resistance forces which tend to slow the fluid 

particle down as a'/b' approaches one, and the Marangoni stresses which, 

for k<1, accelerate the fluid particle as a'/b' approaches one because of the 

higher surface temperature gradients which obtain as the fluid particle-tube 

gap thickness decreases. Clearly, hydrodynamic forces acting on the fluid 

particle will elongate the particle in the axial direction and thereby reduce 

the hydrodynamic interaction with the wall by increasing the gap thickness 

between the tube and the fluid particle. However, the opening up of the gap 

will reduce the temperature gradient on the fluid particle surface (for k<1), 

and this will decrease the Marangoni driving force. Our numerical solution 

of the flow should be able to resolve this competition. In addition, by 

calculating particle profiles, we hope to understand how deformation owing
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to thermocapillary driven motion differs from the deformation due to other 

driving forces such as buoyancy.

To solve for the hydrodynamic flow and account for the deformation, we 

will use the boundary integral technique. We formulate the deformation 

problem in Section 2, and outline the boundary integral solution technique 

in Section 3. Finally, in Section 4, results for the test case of buoyancy 

driven motion are detailed, and results for thermocapillary motion for values 

of a'/b' (aVb'^0.8, at k =1 , k=0 or 1)  are given and compared to the buoyancy 

results.

IV.2 Thermal and Hydrodynamic Field Equations

and Boundary Conditions

In order to facilitate the implementation of the boundary integral solution 

technique, the problem is formulated in a reference frame in which the tube 

wall is at rest. Dimensional quantities are marked by a prime, and 

dimensionless quantities are unprimed. With respect to the tube fixed 

frame, we locate a cylindrical coordinate system (p'.co.z') with the z' axis of 

the cylindrical system coincident with the tube centerline. The bubble is 

assumed to be moving axisymmetrically along this centerline (see Fig.1). 

The spherical radius of the fluid particle and of the tube are denoted, 

respectively, by a' and b'. Droplet and continuous phase variables are 

denoted by superscripts (1) and (2) respectively. Finally, viscosity and 

thermal conductivity are denoted by kW and k'C), and the ratios of the droplet
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to the continuous phase viscosity and conductivity are denoted by k  and k 

respectively.

The temperature gradient is imposed in the laboratory frame. Far from 

the drop, in the lab frame, the temperature field is of the form 

T' (z*) = (V* T' )M z' +Tmj where T* denotes the temperature, (V' T' )x  denotes 

the imposed gradient, and T’0 is the temperature at z'=0 when the fluid 

particle is not present. Since the temperature increases in the positive z- 

direction, the fluid particle moves in that direction. A non-dimensional 

temperature field 0W(z.p) measured in the tube fixed system is defined as:

©(i) (z, p) = { T &  (z, p) -  Tm) / (b' (V* r  )

Note that this field must tend to ± za sz ->  ±°°.

In formulating the energy conservation equations, we assume that the 

thermal convection is negligible, and therefore the non-dimensional 

temperature field is quasisteady and is described by Laplace's equation

V20 ( I)=O (1)

where V2 is the (non-dimensional) axisymmetric Laplacian operator. We 

note that to scale the spatial coordinates p' and z', the tube diameter b' is 

used.

To formulate the hydrodynamic equation we need an appropriate scale 

for velocities. To scale velocities, we note that if the drop moves in an 

infinite medium in creeping motion and the variation of the surface tension
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is assumed linear over the surface of the fluid particle, then the fluid particle 

moves quasi-steadily with a spherical shape and a velocity given by Young 

et al. (1959)

where 3o73T' is the derivative of the tension with respect to the 

temperature, and is evaluated at the temperature (T’m) of the position on 

the surface with the same z-coordinate as the center of mass. The motion is 

quasi-steady because the temperature T'm increases with time.

In formulating the hydrodynamic equations, we assume that the 

Reynolds number is small and therefore the flow is quasisteady and 

creeping and therefore governed by the Stokes equations:

where p® is the pressure made dimensionless with i i^ u y b ',  and the flow 

field is required to be solenoidal

U0(Tm) = -
a ' ( V  T' )TO(3 a 7 a r

|i,(2 )( l  +  3 K /2 )(2  + it)

0 = -V p ( i)+ v V ' ) (2)

(3)

to satisfy the condition of incompressibility.
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Boundary conditions are formulated along the inside surface of the tube 

wall, and on the surface of the fluid particle. Along the tube wall (p=p0 ), we 

assume energy cannot be conducted out of the tube,

3 0 ( ^ 0
9P (4)

and the fluid velocity is zero.

“ 52 )= ° , 4 2 )= °  (5,

To formulate boundary conditions on the fluid particle surface, we 

introduce the following surface formalisms. The locus of points which 

comprise the axisymmetric surface of the drop are prescribed parametrically 

as (p(s),z(s)), where s is the arc length from the leading pole of the drop 

(see Fig.1). We define the total arc length as st. Using these 

parametrizations, we can express the normal (q = np£p+ nzSz) and tangent 

vectors (1 = tp£p+ t2§z) to the surface by the following relations

nP ~ ~ z nz = p

rp = P tx =z

where the superscript dots indicate differentiation with respect to the 

variable s, n  is the normal pointing out of the drop, and 1 points in the
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direction of increasing s. Finally the mean curvature of the surface,^ •«, is 

given by the equation:

V5 -n = - z /p  + pz-pz (6)

The thermal conditions on the fluid particle surface are that the 

temperature and conduction flux are continuous across the surface:

£(n-V0(1)) -« -V 0 (2) =0 (7)

eo> = 0 (2> = e<'> (8)

At the surface of the bubble (p=a) velocities are continuous,

i l (i)=i l (2)= i l(i) (9)

In addition, normal and tangential stresses balance surface tension

forces. The tension on the surface of the moving drop varies with position

on the surface because of the temperature gradient. To formulate the 

dependence of the tension on temperature, we first note that all points on 

the surface become warmer as the drop moves up the imposed temperature 

gradient. We have denoted by T’m the temperature at the position on the 

surface with the same z coordinate as the center of mass. Relative to this 

temperature, we can expand the dependence of the surface tension in a 

Taylor series about the tension a'm for T'sT’m thus
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where 0 S denotes the surface temperature. We restrict our attention to the 

case in which the maximum change in temperature from T'm on the surface 

is small enough that the linear term is sufficient to describe the surface 

tension variation. With this assumption the dependence of the 

nondimensional surface tension on the nondimensional temperature may be 

expressed as

where Ca denotes the capillary number p^U'^T'myo'm.

The normal and tangential stress balances at the bubble surface 

becomes:

and vs is the surface gradient operator. Substituting the assumed form for o 

into equation (11) gives

a = 1 -  Ca(1+3K/2)(2+k)(0s-0m)/a (10)

K(n ■ ) -  (n • ) = —- [ —onVj • n] + V sa
Ca (11)

t (')where = is the stress tensor of phase (i) non-dimensionalized by p.,(2)U,0/b'

= -^-[-(1  -  Cdk(®s - Q m) l  a ) rNs • n] -  A,Vs0  / a =  F
(12)
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where X = (1+3K/2)(2+k), V © = (30/3s)r. Condition (12) provides thes

driving force for both the deformation and motion of the drop. The 

dimensionless parameters Ca, k  and k control the system. The capillary 

number provides a measure of the relative importance of viscous effects to 

surface tension effects.

In principle, steady motion is not possible because the capillary number 

appearing in the normal stress balance depends on time through the 

velocity scale U'0(T'm(t)). This complication does not arise in the case of the 

movement of spherical drops in tubes because the assumption of sphericity 

precludes use of the normal balance, and the problem becomes 

independent of Ca. Here we undertake the calculations and compute the 

steady velocity for a constant capillary number. This provides a quasi-static 

velocity.

The kinematic condition on the particle surface is of the form:

dH 1 dU0s
-— (l + — — 2-) + n-u = 0 
31 u n dt'

where H(p,z,t)=0 locates the fluid particle interface in space, and t is 

nondimensionalized by (bVU’0). The factor (1+(*/£/’0 /d r)/£ /'0 ) accounts for 

the fact that the nondimensionalizing velocity is a function of time. At steady 

state, in a frame fixed to the fluid particle center of mass, the kinematic 

condition on the particle surface is n-¥=0 where y  is the fluid velocity 

measured in the particle frame (u=Y+U5z); in the tube fixed frame this 

condition becomes:
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n-u = n-U 5Z (13)

This completes the formulation of the equations.

IV.3. Implementation of the Boundary Integral Technique

IV.3.1 Formulation of Greens Functions

We use the boundary integral technique to develop numerical solutions 

for the hydrodynamic and temperature field equations and boundary 

conditions. To use this technique, fundamental solutions of the Stokes and 

Laplace equations must be developed which describe hydrodynamic flow 

and conduction heat transfer due to point sources of momentum or energy 

flux. Since the fluid particle shape is axisymmetric, the fundamental 

solutions actually required are those for rings of momentum or heat placed 

axisymmetrically along the tube centerline. In addition in order to simplify 

the implementation of the boundary integral technique, we require these 

fundamental solutions to satisfy the boundary conditions of no-slip or zero 

radial conductive flux at the tube wall.

We begin with the development of the fundamental solutions for the 

flow caused by a ring of point forces of momentum placed along the tube 

centerline. To construct this solution, we divide this solution into two parts. 

The first is the Green's function due to a ring of point forces in an infinite 

medium. These are obtained by integrating the functions due to a point 

force over a ring (see Appendix A). The results are:
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U l = -

U ’9 ~  8 M p , ) 3 /2"(Pv)1 / 2 l F ( t ) + ( P '

1

471 CPxPy) 
z k

1/2 ■[F(k) + - 7 r E m

2 „2 _2 \ E{k)

g 3t(P ^ )  7 (P v )
IT?;: -Tsar <p? - p2>+z2 )^ r  i

i
Uo = ~

p 8 j t (P x P y )
*  37j {(P? + P?+2z2)f W

_ n , 4  , , / n 2  , f t 2 s  2  , , _ 2  „ 2 n 2 Ê(k), [2Z +3(p^. +p-y)z +(pj; Py ) J ^2 *
(14)

where z=zx-zy, k=[4pxpy/(z2+(px+py)2)]1/2, d2=(zx-zy)2+(px-py)2 and F(k) and 

E(k) are complete elliptic integrals (Abramowitz & Stegun 1972) of first and 

second kinds.

The Eq.(14) are not valid on the symmetry axis. Equations below give 

the expressions for the velocity valid for px-»0.

_ 2 z * + p 2 _
t / z " ' 4 ( z 2 + p2)3/2

f/P = ------- Ẑ 2 -------
z 4(z2 + p2 )3' 2

t/2p =C/pp = 0

j j i
The velocities u j  have singular behaviour, but violate the no-slip 

boundary condition on the tube wall. To obtain a Green's function which 

satisfies no slip at the wall, we follow Tozeren (1984) and construct a
tri

second function yj  which satisfies Stokes equations without the point force, 

and which have surface velocities at the tube wall which are opposite to
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those given by the functions in Eq.(14) when they are evaluated at px=p0 

The sum of u j + v j  is then the desired Green's function.

The general axisymmetric solution of Stokes equations in cylindrical 

coordinates is

Vzz ( Z ,p )  = 0  Al(r)r/0 (rp) + J51(r)[pr/1 Op) + 2 / 0 (*p)]}cos(ft)df 

Vp (z,p) = Jo [A l(0 / i( ^ )  + £l(Op/o(*P)]'sin(fz)‘fr 

Vz (Z’P) = J > 2W o  (*p) + B2(t)[pdi  (rp) + 2Iq (rp)]}sin(tz)dt 

Vp (z, P) = - \ ” [A2(t)h  (rp) + 52(r)p/0 (rp)]rcos(rz)dr

where l-| and l0 are modified Bessel functions of zero and first orders. The
\ /ifunctions A(t) and B(t) are chosen that the complementary solution vj

i / i   j j i
satisfies the boundary condition yj  ~ u j  at the tube surface px=p0. To

j j i
satisfy this condition, we first compute Fourier transforms of u j  evaluated at 

px=p0- For those functions which are even in zx this reduces to a cosine 

transform

Ulj  (p0, z; py, 0) = J“  g'j (r) cos ztdt

and for those which are odd in zx this reduces to a sine transform:

u ‘j  (Po,z;pj,0) = £ g ‘j  (Osin ad, (16b)

where
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8l = ~ ^ [ 2K0 (PoMo (Pyt) -  PotKl (PoO/o (PyO + PytK0 (Pot)h (Py*)] 

Sp = ~ [P ) - ^ i  (Po0 / i ( p / ) - p 0^ o  (Po0 /0 (PyO]

8P = ~ ^ P o tK 1 (PoO/i (PyO “  P y^0 (P0')/o (PyO]

£p = — 2 n [^^1 (Po^)A (PyO Po^O (PoOh (PyO — Py^-1 (PoOA) (Py )̂J

(17)

By equating the above expressions to the general solutions (evaluated at 

Px=p0). the functions A1(t), A2(t), B1(t) and B2(t) can be obtained. 

Expressions for these constants are given in the Appendix B. With these 

expressions, the complementary component may be written in the symbolic 

form:

vhZ
//cos(zr) fP sin(zt) 
/pZsin(zr) - / f  cos(zr)

dt
(18)

where i  is a function of po,Px>Py & t. It may be note that at t tends to zero, all 

components of 1 tend to zero except for the zz-component, 

fz ~ - tn((2po- p x -py )0 / rc  which, because it is a logarithmic singularity 

allows Eq.(18) to be integrable. As t tends to infinity, i  decays at the 

exponential rate exp[(px +py-2p0)t]/jc as long as px<Po> Py<Po-

Although the above Green's functions are well formulated, they are 

computationally inefficient because of the large computer time necessary 

evaluate the Fourier integrals in the complementary solution. To make the 

computation time more manageable, we consider the solution for a periodic
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array of rings separated by a distance L. This solution can be obtained by 

first displacing zy in the above formula by nL to obtain the velocity field for a 

ring located at position zy=nL, and then summing the terms over n. For 

example:

N

t f - P ?  E sin£(z + «L)r]<*
°  n = -N  (19)

The sum within the integral on the right-hand side of Eq.(19) can be 

computed in close form using the identity

N
H ( N ) =  ]Texp [i(z + nL)t]

= expl 2l)^<.NLt)-oosHN + l )U ]
1 -cos Lt (20)

To obtain an infinite array of rings we use the asymptotic expression 

Lighthill 1958) at the limit as N tends to infinity

//(oo) =  — exp(/zr) £ 8 ( r - 2 r o n / L )
L m=-°° (21)

where 8 is the one-dimensional delta function. Substituting Eq.(21) into 

Eq.(20), considering that f f  (* = °) = and adding the contribution form the 

rings the periodic Green's function are obtained
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OO

GAp = ^ - ^ f P ( t m)sm(tmz)+ £ uP(z + nL)
m=\ n=-o° (22)

where tm=27tm/L, the superscript A stands for array. The two sums on the 

right-hand of Eq.(22) converge at rates that are respectively exponential 

and algebraic. Similarly, considering /p (? = °) = /pP(r = ° ) I we derive
/~iAP /~iAP

expressions similar to Eq.(18) for z and u  p.

The last Green's function V/ +U \ presents a problem because / /  in 

the definition of V/ is logrithmically singular as t->0. We therefore follow 

Pozrikidis (1992) and regularize the behavior of / /  by using the function 

Ko[(2po -px 'Py KI/7t- This function is asymptotically equal to / /  as r-» o , 

exponentially decays to zero as t-*®®, and its cosine transform is integrable 

(Happel & Brenner 1973)

f°° 7C
l  *r0 [ (2 p »  -  P , -  P , )< ]COS( « ) *  =  2 [ Z 2 +  (2p<> _  P j  _ P j  ,2  ]1 /2

We therefore define a function f ' \  by f ' l - f z  -K o [(2p0 -p *  ~ P y)t]/n  

and we write V/ as:

V/ = [ ° ° f 'zz cos (zt)dt + — 2-----------------   TT/2
Jo 2[z +(2p0 —px —Py) ] (23)

The integrand is bounded as t->0, and we can now construct the periodic 

Green's function in the following form:
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A z _  2jc
°  ‘ ~ T

OO

+ I
n=—oo

^ / ’*(r = 0) + X / 'z (^ )c o s ( fmz)
M  1

C/?(z + nL) + - 1
2 [(z + /lL)2 + ( 2 p0 - p x - p } l ) 2 ] 1 /2 (24)

The first sum on the right-hand side of Eq.(24) decays at an exponential 

rate. To demonstrate that the second sum is convergent, U\ is expanded in 

an asympototic series for large nL,

U 22 (z + nL) = -
1

4[(z + nL)2 + (px + py ) 2  ] 1 /2
2 -

(Pjt-Py)"
(z +  n L ) 2 + ( p x - p y ) 2 _

Comparing Eq.(24) with the above equation we note that the terms in 

second series on the right-hand side of Eq.(24) decay as (nL)-3 and thus the
jp

corresponding sum is convergent. In this paper, in order to compute G j  , 

the first infinite sum in Eq.(24) is truncated at a value of m such that (2p0- 

px-py)t=25, and second value n=40.

The above considerations are for the calculation of the velocity Green's 

function for a ring of point forces. For the computation of the temperature 

distribution by a boundary integral equation, the temperature distribution 

arising from a ring of point sources of energy placed axisymmetrically in the 

tube, and subject to zero flux at the tube wall is necessary. Again we divide 

this Green's function into two terms. The first is the temperature field due to 

the ring of point sources in an infinite medium. This function follows by 

integrating the point source solution around a ring; the result is:
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(25)

where <S>i(x.y) is the temperature at position % due to the ring of point 

sources of radius py and is located along the plane zy. The second is the 

temperature field (without any sources) due to the heat flux 80'/3px 

evaluated at the wall. The general solution for axisymmetric conduction in 

the tube which is an even function of zx-zy is given by:

At the tube wall px=p0,8 $ ,/3px=-9<E>t/9Px- Expressing 3<t'/8px in terms of a 

Fourier series,

/ 1 f°°® (2»y) = —I C(t)Io(pxt)tcos(zt)dt
-  jI  Jo (26)

(27)

where g(t) =t K-)(pot)l0(py t)/7t, we easily find C(t) to be equal to 

-Ki(p0t)lo(pyt)/li(r0 t).

IV.3.2. Construction of the Boundary Integral Equations.

To formulate boundary integral equations for the velocity and 

temperature on the drop interface, we consider two domains. The first is the 

interior domain (Vp) of the closed fluid particle with bounding surface S^.
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Considering first the hydrodynamic equations, Ladyzhensakaya (1963) 

derives the following equation for the velocity at a particular position & 

within the volume (xeVp) in terms of the velocities Uj<1> and stresses fj<1) 

(evaluated from the inside) along the surface. Simplifying this equation for 

axisymmetric motion, and noting the periodicity of the flow, the following 

equation results:

C/j-mP (x) = Js (y )TA)k (x,y)nk (y)ds(y)

- ~ L  ^ A‘j ( x ,y ) f / i:>(Ui(y))ds(y)
KJSt "  “  (28)

In the above all indices take on the value p or z and the summations 

indicated by repeated indices are over p and z. The matrix Cjj is diagonal, 

and the diagonal elements are equal to -1 when *eVp and equal to -1/2 

when xeSb Further, in Eq.(28), n^ is the outward normal to the surface, fj<1> 

is the fluid stress due to the inside flow field uj<1> exerted on the surface 

(fi(Uj(y)) =tkink)-

We next write a similar equation to Eq.(28) for the closed domain 

bounded by the particle, the tube wall, and two identical surfaces which 

span the continuous phase and are located one period L apart.

Cfiu\2) (x) = - J  u\2) (y)TA)k (x,y)nk (y)ds(y)
T

+J5  GA) (x ,y ) fP hu i (y ) )ds (y )
(29)
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where the surface integrals are over the total surface (Sj) area bounding 

the closed region, and the normal points into the domain from the bounding 

surfaces. Since the velocity along the tube surface is equal to zero, and the 

Green's functions satisfy no slip along the tube surface, the integrals along 

the tube surface in Eq.(29) are equal to zero. Due to the periodicity of the 

flow and the Green's functions, the integrals along the cross sections are 

equal and opposite and cancel. This leaves only the integral along the fluid 

particle surface in Eq.(29).

Multiplying equation (28) by k , adding the result to Eq.(29) and using 

the boundary conditions of continuity of velocity and the balance of stress 

results in the following equation:

Uj (y)TA‘jk (x,y)nk (y)ds(y)

-JsgA‘j (*>y)Fi (^  (y))ds(y)
2

(1 +  k )  j s  (3 0 )

Note importantly that when k=1 , only the Fj integral remains, and the result 

becomes:

UJ =  ~ / i  \  ( U i (y ) ) d s ( y )
(1 +  k ) j S -  -  (3 1 )

A boundary integral equation for the temperature can be formulated 

using the same procedure. However, we choose not to use a periodic 

formulation for the temperature field but instead consider only a single
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particle placed in a linear temperature gradient. The analogue of Eq.(28) is 

straightforward and is given by:

where x  lies on the surface. In this case the analogue of equation (29) for 

the domain bounded by the particle surface, the tube wall and the surfaces 

spanning the cross section is of the form:

where again S j includes the tube wall, the cross sectional areas and the 

particle surface. Since the wall is insulated and the Green's function 

satisfies zero radial flux at the tube wall, the contribution to 0(2>(*) from the 

tube wall integral is zero. Next, the above equation is written for the 

temperature field at infinity (®M = zx). Subtracting this equation from 

Eq.(33) results in:

® ( y ) n ( y )  ■ V©(1) (2c,y)]&(y) (32)

- 0 (2) ( x )  = J5[0 (2) 00*00 • V<D ( x , y )  

-<J>(y)n(y)  • V 0 (2) Qc.y^dsCy)
(33)

[0 (2)(i)-0oo(A:)] = Js +s +s [(0 (2)(x,y)-0oo(^))n(>:)-VO(^>:) 

(y M y ) ■ V (0 (2) (x,y) -  0 M (^ ))]^ (y )
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If the cross sectional areas are taken far enough away from the particle 

where the temperature field is close to the far field, the integrals along S0 

and Sj disappear, and the following integral equation involving only a 

contribution along the bubble surface results:

-i[©(2) (x) -  ©oo (x)] = J5 [(0(2) (x,y) -  ©«, (x))n(y) • VO>(̂ ,y)

- * ( y ) n ( y )  ■ V (0(2) (x,y) -  0oo (* ) ) ] *  00 (35)

By writing equation (33) for 0 „  and subtracting from the above, we arrive at 

a final equation for 0(2>:

^■0W  (x) = 0 ^  (x) +  [©(2) (x,y)n(y) ■ V<I>(x,y)

Finally subtracting Eq.(36) from Eq.(32) and using the thermal boundary 

conditions results in a final equation for the surface temperature:

Q ( x )  =  ~ ~ + 2 [k *■ [ ® ( y ) n ( y ) - V ® ( x , y ) d s ( y )  1 + k 1 + k Jsb -  -  - (37)

Where kernel n(y)-VOfx.y) are given in the Appendix C.

As we have already remarked, the bubble surface is specified by using 

the arc length s (measured from the leading edge) and the paramertization 

p(s) and z(s). Therefore Eqs.(31) and (37) may be expressed in the 

following form:
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V 2 Ff G *

“ z. ( l  +  K )*^
/P G ^ +f, g a z P

'yUZy

and

© ( * )  =  7 ^ 7 + 2  7 ' , 1} T ' n ( y ) -  V O ( x , y ) e ( y ) p y d S y1 + k l  + k Jo -  -  -  s s

(38)

(39)

IV.3.3 Numerical Solution Procedure

Equations (38) & (39) can be used to determine the surface 

temperature and velocity once the shape of the surface is specified. 

However, the shape is unknown, and we therefore construct an initial value 

problem starting from a known shape in order to proceed to the steady 

solution shape. We start with one of two initial shapes. For compact fluid 

particles (a'cb’), computations are begun using a spherical shape. Once 

these analytical initial shapes are prescribed, N node points are selected on 

the interface contour, and are parameterized by their arc lengths as 

measured from the leading pole (ps(s),Zs(s)), s°=[0,St]). The N-1 arcs 

between the node points have arc lengths identified as Sj (i=1,2,... N-1). For 

this initial shape, the N-1 arcs are all equal. The positions of these N points 

are used to construct a cubic spline fit of the shape with the arc length as 

the spline parameter. From this fit, numerical values for the normal and 

tangent vectors and the curvature can be obtained by differentiation. We 

then compute the initial surface temperature at the node points by using 

Eq.(39). This computation is undertaken as follows. The integral in Eq.(39)
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is broken up into contributions from each arc. Over each arc, we define a 

new local % as:

si+l si

where 0<£^1 and i=1 to N-1. The temperature is assumed to vary linearly 

within each arc, and we write this variation in terms of the temperature at 

the node ends (0i, j=1 ,N-1)

0(£) = 0 ^ !  ($) + Qj+1^ 2 (S) (40)

where the linear shape functions are defined as:

Equation (39) may then be recast as:

© (* )  =
2zx i 2(k — l) 
1 + k 1 + k

N -1

7=1

(y) • VO(x,y)^2 (Z)Py*y ej+l(y)
(41)

Each of the integrals along the arc segments is numerically evaluated using 

Gaussian quadrature with the Green's functions evaluated at each of these 

subdivisions of the quadrature by using the cubic spline representation to



locate py and zy. When x is not equal to y, five quadrature points are used. 

When x = y. the integrand is singular (though integrable) and the following 

and the following procedure is used. The limits of integration are taken a 

small distance away from the node point, and eight quadrature points are 

used. The integral around the node point is approximated by using an 

analytical form for the Green's function as x->y. Evaluating Eq.(41) at the N 

node points leads to an NxN matrix for the unknown node point 

temperatures. This matrix can then be inverted to obtain the surface 

tempratures.

A cubic spline fit of the node point temperatures, with s as the spline 

parameter, is then computed and differentiated to obtain d&/ds at the node 

points. From the latter calculation, and the cubic spline calculated 

curvature, the force Fj as given in Eq.(12) can be computed at the node 

points. We now compute the surface velocity using Eq.(38). Again the 

boundary integral is divided into the contributions of N-1 arcs, and Fj is 

assumed to vary linearly along each segment:

Fpa )  = F ^ 1( ^  + F j+1̂ )  

Fz(Z,) = Fzj 'i'l (Z)) + FJ+1'P2(S) (42)
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As before, each of the integrals along the arc segments is numerically 

evaluated using Gaussian quadrature.

To efficiently compute elliptic integrals in the Green's functions, we use 

the recursive formulae (Davis 1962)

F(k) = [u(1+K1)(1 + K2)(1 +K3)...]i/2 

E(k) = F(k)(1-k2 p/2) (44)

where K0=k, Kp = (1-C)/(1+C), C = (1-K2p~|)1/2

and
, K\ o = l+ —

H 2
1 + k 2

With the surface velocity calculated, we use the kinematic condition to 

construct the surface locus at the next time step, At.

3ps 1 dU0x
~dT( u ^~ d T ) ~ Up(Ps,Zs)

i
dzs „  1 dU0 .
777" 77  ̂~ s>zs)3» U„ dt (45)

We use a second order Runga-Kutta method to compute ps and zs at t+At. 

Since we are only interested in the steady state for which H\U=Unz, we do 

not include the factor (l+ (dU 'Q /d t)/U '0 ) in the computations. As the 

particle deforms and the node points become repositioned at time t+At to 

ps(t+At) and zs(t+At), the arc lengths of the node points for the deformed
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figure are obtained by approximating the arc lengths of individual segments 

by (Pj+i-Pi)2+(zj+i-Zj)2. The arc lengths are now no longer equal, as the 

node points convect to one end of the particle. After several steps, when the 

distance between node points at the back end becomes too small, the arc is 

redivided into equal segments.

Once the node points of new shape are obtained, the node positions 

are fit with a cubic spline with the newly computed arc length as the 

parameter. The algorithim is repeated with Eq.(39) used to compute the 

surface temperature on the t+At shape, and then Eq.(38) is used to compute 

the surface velocity from which by Eq.(45) the shape at a new time step can 

be computed.

To determine when the fluid particle has ceased deform and has 

reached steady state, we compute at each step (Us-n)/nz. Recall that at 

steady state this quantity is constant along the interface and is equal to he 

nondimensional velocity U. We terminate the computations when the values 

of (Us-n)/nz at each of the node points are within five percent of each other. 

The step size At and the number of steps required to obtain numerically 

accurate, converged steady solutions depends on the size of the particle 

relative to the tube radius (i.e. a'/b'). Some general trends we have 

observed are as follows: The larger the capillary number, the more 

deformable is the surface, and larger time steps can be used although more 

steps are necessary to reach steady state. Similarly, the larger a'/b' is, the 

greater is the hydrodynamic force arising from the interaction of the particle 

surface with the wall. This force tends to deform the drop, and consequently 

as a'/b' increases larger steps can be used. Again more steps will be
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required to reach steady state. Time steps are dependent on the value of 

a'/b' and the capillary number. In all cases, the change in the volume of a 

drop was less than 0.5% through the computation, and this is an index of 

the accuracy of the calculations. All calculations were performed on 2100, 

3100 and 5000 DEC. stations and a SUN-2 Sparc Station.

IV.4. Results for Buoyancy Driven Motion as Verification 

of Boundary Integral Calculation

In order to verify our solution method, we first solve for the case of 

buoyancy driven motion in a vertical tube. The equations presented in 

Section 2. can easily be recast for buoyancy driven motion: For this case, 

velocities are nondimensionalized by the Hadamard-Rybicynski terminal 

velocity (U'^Ap'ga'2 (1+k)/(3p'<2)(1+3k/2)), were Ap' is the density difference 

and g is the acceleration of gravity). In addition, tangential stresses match 

at the interface, and the force Fj is equal to:

F i  = «/ [(’V 5  •«») / C a  ~  3z, (* ’ /a' )2 (1+1- 5k) /  (1 + k)] (46)

were Ca is, as before, p^U'o/a', where a' denotes the constant surface 

tension.

We first examine isolated drops. We found that, in agreement with 

Pozrikidis (1992), interactions between drops ceased for L'/a' equal to or 

greater than 6, and therefore the isolated drop simulations use L'/a'=6. The 

node number was 48, and the time step was 0.005-0.01. Simulations were



101

undertaken for two values of Ca (0.5 and 1.5) and four values of a'/b', all 

corresponding to compact fluid particles (a7b'=0.4,0.5,0.6, and 0.8). In 

Fig.1, the non-dimensional steady velocity (U7U'0) is plotted as a function of 

a'/b' for the two different values of the capillary number. Also plotted, as the 

continuous line, are the results for U7U'0 assuming the particle has a 

spherical shape. This curve was obtained using the collocation method as 

described in the previous chapter. Note that for Ca=0.5 and a'/b'=0.4,0.5 

and 0.6, the terminal velocity of the deformable particle is equal to that of 

the undeformable spherical particle. The reason for this is a combination of 

two effects: First, the capillary number is small, and surface tension forces 

tend to dominate and keep the particle spherical. Second, the value of a'/b 

is small enough that the hydrodynamic interaction of the particle with the 

wall - an interaction which causes the particle to elongate - is not strong 

enough to deform the particle. This is confirmed by the examination of the 

particle shapes which are essentially spheres. For Ca=0.5, only as a'/b' 

reaches a value of 0.8 do we see the particle-wall interaction becoming 

large enough to distend the particle. In Fig.4, the sequence of shapes 

starting from a sphere and leading to the steady, deformed shape is shown 

for Ca=0.5 and a'/b'=0.8, and the elongation is evident. Note that the 

velocity for this case is larger than the sphere velocity as the elongation of 

the drop moves the interface away from the wall and reduces the 

hydrodynamic interaction. For Ca=1.5, surface tension forces are not as 

strong, and for all four values of a'/b', the velocity is higher than the 

corresponding spherical ones, with elongation increasing with a'/b'. The 

significant deformation for Ca=1.5 and a'/b'=0.6 and 0.8 is given in Figs.5(a)
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and 5(b), shown again as a sequence of deformations from a spherical 

initial state. All these results are in agreement with the those of Pozrikidis 

(1992) for isolated drops.

We next examine the effect of hydrodynamic interaction between the 

drops by reducing L'/a' from 6 to 3.0 and finally to 2.5. Steady shapes of 

interacting drops are presented for aVb'=0.8, and Ca=0.5 and Ca=1.5 for 

L'/a'=3 in Figs.6(a) and (b) and L7a'=2.5 in Figs.7(a) and (b). As expected 

the deformation is greater for the higher capillary number since surface 

tension forces are reduced relative to viscous forces for increasing Ca. 

More interesting are the velocity results: We find that for this large value of 

a'/b', the velocity only increases slightly with L'/a' for fixed Ca. For Ca=0.5, 

the relative velocity is 0.033 for L'/a'=3 (Fig.6(a)) and 0.034 for L7a'=2.5 

(Fig.7(a)), as compared to the noninteracting velocity of 0.032 for L7a'=6. 

Similarly, for Ca=1.5, the velocity for L7a’=3 is equal to 0.066 (Fig.6(b)) and 

for L7a'=2.5 is 0.068 (Fig.7(b)), and for the noninteracting case it is 0.061. 

From these results it appears that the increase in velocity with L7a' is 

greater the greater the capillary number. Similar conclusions have also 

been obtained in other studies: Hyman and Skalak (1972 (a) and 1972 (b)) 

studied the movement of a train of compact fluid spheres (i.e. zero capillary 

number) in tubes; they find that as L7a' decreases, the velocity increases. 

They also find that this increase with interaction is most pronounced for 

small drops, and gradually diminishes as a7b' increases. For a7b’>0.5, the 

increase is only a few percent. (These results were also obtained by Wang 

and Skalak (1969) for solid spheres.) Hyman and Skalak (1972 (b)) and 

Pozrikidis (1992) studied the movement of deformable fluid particles in
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tubes. Pozrikidis (1992) obtained results for a wide range of a'/b', and found 

that the train velocities of deformable particles, at fixed Ca, has the same 

behavior on L'/a’ and a'/b' as was found for spherical particles. Hyman and 

Skalak (1972 (b)) only studied compact drops for a'/b' equal to 0.5 and 0.7, 

and found only a slight increase in velocity as L'/a' decreases. Pozrikidis 

(1992) also found that the difference between the velocity of a deformable 

drop and a sphere (with the same value of a’/b') increases as L'/a' 

decreases, and this increase becomes more pronounced as a'/b' 

decreases.

Now we discuss the shape of the deformed fluid particle. The difference 

between the values of the normal component of the total stress (a„.) at the 

surface of the sphere as approached from the outer and inner sides is of the 

form

-°S ’) U =  r f ’ - r f ’ -sa'cosBfp® -p">)

+[-p ‘2>+€> + P*» -< > ]|p„ ,

where the term in the bracket is the hydrodynamic force due to a particle 

moving with velocity l)'0. When the sphere is moving steadily in an infinite 

medium, with the velocity of translation then being given by U'0=(p(1>- 

p(2))ga'2 (i+k)/(3|T(2)(1+3k/2), it is easy to show that the hydrodynamic part 

of the normal stress

[—p(2)+ ]|p=a. = 3jx(2)cos0t/o(1+ 3k /  2) / a1 (1+ k) is balances by

the gravity term, and the normal components of the total stress differ only by
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a constant quantity pln -  p£2). Thus there is no tendency for the stresses at 

the interface to deform the sphere and it is not in fact necessary to suppose 

that the effect of surface tension is so strong as to keep the fluid particles 

spherical; surface tension enters only through the relation p™-p™  =2a /a  

determining p^\ But, when a fluid particle is in a tube, the normal 

components of stress difference is not constant any more. Because the 

particle velocity decreases, the magnitude of [ - p ^  + x ^ + p ^ - ^ J p ^

decreases and the total normal stress difference [o ® -a (̂ ] |p=a. becomes

smaller at the leading edge, and larger at the back. This force tends to 

distend and elongate the particle. The hydrodynamic force decreases from 

the interaction of the particle surface with the wall. The normal components 

of stress difference at the front of the particle is less than one at the back of 

the particle, therefore the front end of the particle is squeezed into the tube 

center most and the radius of curvature at the front of the of the particle has 

become smaller.

IV. 5 Thermocapillary Results

We begin our investigation of the effect of interfacial deformability on 

thermocapillary migration in tubes by examining compact drops and two 

values of the conductivity ratio, k=0 and k=1. Recall from our discussion in 

Sec.lV.2 that in thermocapillarity, the capillary number represents the 

characteristic change in surface tension on the drop surface relative to the 

mean tension ~ a v  T^ida'jdT  ) |^  /  om) cjjvjcjecj by factor
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(1+3K/2)(2+k). To be consistent with the assumption that the temperature 

dependence of the surface tension can be described by only a linear term, 

Aor'/a,m must be less than one. Since Ca=(Aa'/o,m)/((1+3K/2)(2+k))I 

Aa’/a'm=Ca(1+3K/2)(2+k) and therefore values of Ca selected must be small 

enough that when multiplied by (1 +3x/2)(2+k) the product is less than one. 

We choose a value for Ca of 0.05 which results in a 0.375 relative change 

in tension for k=1, and a 0.25 relative change for k=0.

Consider first the case of k=1. Listed in table 1 are values for the 

relative velocity for a7b'=0.1 to 0.8 in increments of 0.1; also given are the 

relative velocities for this range of a'/b' for undeformable particles (Ca=0 

obtained by collocation in Chapter III). We note from the table that only for 

the largest particle (a'/b'=0.8) is the deformable velocity different from the 

undeformable one. This result is clearly a consequence of the fact that the 

capillary number is very small, and surface tension forces causes the 

particle to remain a sphere. Only for the largest value of a'/b' are the 

hydrodynamic stresses caused by the close proximity of the particle to the 

wall large enough to deform the particle and change the velocity. The 

interface contour for aVb'=0.8 and k=1 is given in Fig 8(a) and the results 

indicate that the drop is squeezed in the front end. We shall discuss the 

reasons for this deformation in the following paragraph. We note here that 

because of the increase in the gap thickness, the hydrodynamic resistance 

is decreased and this is the reason why the velocity has increased from the 

spherical value (see table 1). The velocities for the deformed particles 

(Ca=0.05) are plotted alongside the Ca=0 (undeformable) particles in 

Fig.9(a) and compared to the buoyancy results of the previous section. We
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note that the increase in velocity with capillary number is larger for 

thermocapillary motion than it is for buoyancy.

We now discuss the shape of the deformed fluid particle. The normal 

stress difference is given by

(° i? -  < ) |  P. , = p S ' - p?  +[-/>“ + + pm -  *2>]U

From our discussion in Chapter 3, we note that conceptually the term in 

square bracket consists two parts, one is the thermocapillary surface 

tension stress x^ido/dT) without hydrodynamic flow at infinity, and other is 

the hydrodynamic stress t„.(£/0) due to a particle moving with velocity U’0 

without thermocapillary migration. In an infinite medium, the hydrodynamic 

force just balances the variation in the surface tension force. When a fluid 

particle is in the tube, the hydrodynamic interaction of the particle with the 

wall reduces the velocity and therefore the magnitude hydrodynamic part of 

the normal stress decreases. The magnitude surface tension part of the 

normal stress increases, since the pressure required to drive the 

recirculation flow increases. Thus the total normal stress difference 

[o® - a ^ ] |p=a. at the front of the particle is smaller and at the back is larger,

and the front end of the particle is squeezed and the back end is rounded, 

and the radius of curvature at the front of the particle has become smaller.

Consider next the case for k=0. Here we have an additional effect in 

that the surface tension force xn(da/dT) is larger because the temperature 

gradent is larger, and this causes a larger pressure gradient and a greater
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value for the magnitude component x^da/dT) of the normal stress. 

Therefore we expect the particle to be more deformed. Fig.8(b) gives the 

deformation for k=0, and a'/b'=0.8 and we note that it is larger than the k=1 

case, in the sense that the radius of curvature at the front (leading end) of 

the particle has become smaller and at the back has become larger. 

Because of the change in shape the particle velocity is again larger than the 

sphere case (Table 2), we expect the temperature gradient along the 

surface to be reduced in the front region and increased in the back region 

relative to the sphere values. Fig. 10 plots the temperature gradient along 

the particle surface (for Ca=0.05 and Ca=0) as a function of the arc length, 

and the changes in gradient at the front and back ends are evident. We 

note that since the particle is squeezed the most for the k=0 case, the 

particle velocity relative to the sphere value should be larger for the k=0 

case, since the hydrodynamic interaction is also reduced. In Fig.9(b) we 

plot the velocity for k=0 for both thermocapillary and buoyancy driven 

motion, and we see that the deformable particle moves faster. Thus the 

reduction in the wall hydrodynamic interaction predominates.

IV.6 Conclusions

In this chapter we have studied the effect of deformation on the 

thermocapillary migration of particles. Because of the use of a linear 

relationship between the temperature and the surface tension, the range of 

capillary numbers allowed must be small, and we undertook calculations for 

Ca=0.05. For this value, only for large particles (a'/b'>0.8) is deformation
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significant. For these values of a'/b', hydrodynamic stresses squeeze the 

particle, reduce the interaction of the particle with the wall and thereby 

increases the terminal velocity. For small particles a'/b'<0.8 and Ca=0.05 

the fluid particles translate as spheres, due to the fact that the fluid particle 

is too far away from the wall to be subject to distending hydrodynamic 

stresses.

Future research on deformation should consider fluid slugs (aVb*>1). 

Although we have undertaken some boundary integral calculations for this 

case, the results are not encouraging. In these slug calculations an initial 

shape consisting of a cylinder with two hemispherical ends with radii 0.7( of 

the tube radius) were used. However after a few thousand steps, the 

solution had not yet converged, although the results were converging and 

the numerical scheme was stable. The problem is that the initial shape is 

too far from the solution shape, thereby necessitating a large number of 

steps. One solution is to develop asymptotic solutions for the shape of a 

slug in a tube moving under thermocapillary force at low Ca, and then use 

this solution as the initial guess.

Another future direction of research in the inclusion of nonlinear 

equations for the dependence of surface tension on temperature. Such a 

formulation would allow large capillary numbers, and thereby enhance the 

deformation.
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Appendix A

Derivation of the Green's Function Fora Fling in an Infinite Medium

Ladyzhenskaya (1969) gives the following Cartesian solution for the 

velocity component in the j direction at the point with vector position x due 

to a point force applied in the i direction at a particular position y in an 

infinite medium:

&ij (X i - y i ) ( X j - y j )
I f+ j [3
\£ -y \ \x -y \

(A.1)

where |x-y| is the distance between the points £ and y. From this 

expressions we can obtain the relation for the velocity at the field point & 

due to a ring of point forces by integrating about the ring the velocities 

generated at *  by each point force on the ring. Using cylindrical coordinates 

(zx,px>(0x) to locate the field point and cylindrical coordinates (zy,pyicoy) to 

locate a point force on the ring, the velocity at *  due to the ring assembly 

are (Fig.11):

2n -i
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-[2z4 +3(p* + py )z2 + (p * -p ? )2] f > }
(A.2)

where z=zx-zy, k=[4pxpy/(z2+(px+py)2)]1/2, d2=(zx-zy)2+(px-py)2 and F(k) and 

E(k) are complete elliptic integrals (Abramowitz & Stegun 1972) of first and 

second kinds, respectively. In the above, the superscript denotes the 

direction of the force at the ring (source) point and the subscript denotes the 

direction of the velocity component at the field point, We note that these 

Green's functions are axisymmetric as they do not depend on o^.
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Appendix B

Derivation of Complementary Green's Function 

to Satisfy No-Slip Tube Wall Condition

The complementary component of the tube Green's function satisfies 

zero force everywhere in the tube. The general axisymmetric solution, as a 

Fourier integral, is given by Eq.(15) in the text in terms of unknown 

functions A1(t), B1(t), A2(t) and B2(t). These solutions in Eq.(15), evaluated 

at the tube wall, must match the values for the velocities at the wall as given 

by the solutions for the velocities due to a ring in an infinite medium 

(Eq.(14)). By expressing these velocities as Fourier integrals (Eqs.(16a, b) 

and (17) of the text), and equating these Fourier representations to the 

Fourier solutions, the undetermined functions in Eq.(15) can be obtained.

A l(t)tl0 (tp0) + 51(r)[p0r/1 (tp0) + 2I0 (tp0)] = -g \

A l(t)tli (tp0) + Bl(t)potI0 (tp0) =

A2(t)tl0 (tp0) + B2(t)[p0tli (tp0) + 21 q (tp0)] =
-A 2 (t)tll {tp0) -  B2(t)potI0 (tp0) = -gP

The function A1(t), A2(t), B1(t) and B2(t) are given below by solving 

from these equations,
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AW ) = ̂ j [ - P o rfO <P,0(/o^l + W  

+ P y h  (Py?)[Por(^0^0 + h K  1) +  2 /o ^ l l]

51(0 = 2 t“Py 1 (IV)(/o *1  +7i * 0 )+ 7o (P/)[p0* (/o*o + ' 1* 1) -  2/ 1̂ 01] 

A 2 ( 0 =  2 ^ 2 [/ l ( p / )[- (4 +  P ^ 2 ) / ° ^  ~ 2 Pot ( I 0 K 0 +  h K l ) - P o t 2 h K 0^

+P)>* A) (P),0[p0f(/otfo + A^l) + 2 /0^1 ]]

5 2 (0  = - ^ l \ h  (Pyt)[p0t ( I0Ko + I \ K \ ) +  2 I qK x ] -  pytl0 (p ^ /o J T i + 7j JSTq)]

(B-2)

where Cl = P0<A) - p ^ 2 - 2 / 0/ i,  C2=-tC1 and C3=-C1; l0=lo(p0t), h=h(Pot)» 

Ko=K0(p0t). and K ^ K ^ t )

With the constants known, we can express the complementary solution 

in the form given by Eq.(18) of the text, where f j  appearing in Eq.(18) are 

defined below.

/ /  = Al(r)r/0 (rp) + BKOipt^ (rp) + 210 (rp)] 

/ pz =A l(r)r/1(rp)+5l(r)pr/0(rp)

/ zp = A2(t)tl0 (rp) + B2(r)[pr/1 (rp)+ 2 I Q (rp)] 
/ pp = A 2 (t ) t Ix (rp) + fl2(r)pr/0(rp)
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Appendix C

Expressions for the Green's Function gradient Appearing 

in the Temperature Boundary Integral Equation

The kernel appearing in the integral of Eq.(37) is divided into 

complementary (Ol) and infinite fluid (O') parts:

n(y) • VO(x,.y) = n(y)- VO' (x,y ) + n(y) ■ VO* (x,y )

The infinite fluid part is given by Eq.(25); upon differentiating, the following 

expression obtains for the kernel:

«(>0-V O' U ,y) =
_47c(px )1/<6(py )

zE(k) 

_2it(pxpy)1/2d2 _

1 /2 / rt j /2 ink) - (pl -<>2y+ z2) ^

(C.1)

where z=zx-zy, L2=(zx-zy)2+(px+py)2> d2=(zx-zy)2+(px-py)2 and k2=4pxpy /L2.

For computational purposes, we need an expression for the kernel as 

px—>0; taking this limit of Eq.(C.1) we obtain:

n(;y)-VO' (x,y) = Py ■nn +-
(C.2)
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The second component of the kernel is obtained by differentiating Eq.(26):

n(y) • VO' (x,y) = -  Jo°°[r/i (pyt) I0 (pxt)KY (p 0t) /  h  (p0r)]cos(nr)dr}nr

(PyO/o (PxO^i (Pot) / h  (Pot)] sin(rz)rfr|n2

(C.3)

We note that as t tends to infinity, and as long as px<p0. Py<Po> the 

integrands in Eq.(C.3) decay at the exponential rate exp((px+py-2p0 )t). Also 

as t-»0 the integrands are bounded. Therefore the Fourier integrals in 

Eq.(C.3) exist.
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Table 1

Comparisons, for compact particles, between velocities for deformable 

particles for Ca=0.05 (obtained by the boundary integral technique) and 

spherical particles (obtained by the collocation technique) (K=k=1).

a'/b'

Boundary

integral

method

U'/U'n

Collocation

method(Ca=0)

U'/U’n

0.1 1.00 0.99795

0.2 0.98 0.98365

0.3 0.95 0.94635

0.4 0.88 0.87773

0.5 0.77 0.77291

0.6 0.63 0.63158

0.7 0.46 0.45945

0.8 0.32 0.2708
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Table 2

Comparisons, for compact, nonconductiong (k=0) particles, between 

velocities for deformable particles for Ca=0.05 (obtained by the boundary 

integral technique) and spherical particles (obtained by the collocation 

technique) (k=1 ).

a’/b'

Boundary

integral

method

U'/lJ'n

Collocation

method(Ca=0)

U'/U'n

0.1 1.00 0.9988

0.2 0.99 0.9900

0.3 0.96 0.9672

0.4 0.93 0.9250

0.5 0.86 0.8580

0.6 0.76 0.7601

0.7 0.63 0.6307

0.8 0.52 0.4724
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