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Section 1 Introduction

Let G be a connected Lie group,l. a discrete subgroup,
¢:R-?>G a one-parameter subgroup, and ¢*: (R x G/T)=—3 G/,
where ¢*:(t,xM—>(P(t)x)I7, the G-induced flow. G/I is a ho-
mogenous space.

Since the book "Flows on Homogenous Spaces" by Auslander,
Green, and Hahn [2]}, the ergodic theory and topological dy-
namics of these flows have been much studied because they
provide interesting examples which can be understood in this
algebraic setting. (See for example, Auslander {1}, Brezin
and Moore {4} .) The equivalences studied have usually been
parameter preserving, measure theoretic or topological maps.
(See Parry [lé], Walters [26), Ratner (21,22}, and Witte (27).)
In this paper we study topological equivalences which do not
preserve the parameter. We use results concerning the diver-
gence of one-parameter subgroups. These results may have

their own geometric interest.

Definition Two flows are topologically equivalent if and
only if there is a homeomorphism taking.trajectories to
trajectories, preserving the sense but not necessarily the
parameterization.

Definition A topological conjugacy of flows is a parameter

preserving topological eguivalence.

Definition Let G and G' be Lie groups and [ and ™ discrete
subgroups. An affine map from G/I' to G/I'' is & map of the
form 3@ A:xN—(a(Ax))["' where a € G' and A is an isomorphism

of G onto G' which extends an isomorphism of [T onto ['.



Definition A discrete subgroup [ is a lattice of G if and
only if there exists a finite Borel measure on G/~ invariant
under affine maps of the form a:xlM+—3(ax)f", for all a in G.
Definition H is a uniform subgroup of G if and only if G/H
is compact.

A uniform discrete subgroup is a lattice.(20].
Notation For any Lie group G, L(G) is its Lie algebra.
Theorem A Let G and G' be connected Lie groups, [ and ' be
lattices of G and G', and ¢* and ¢'* flows on G/ and G'/I'
induced by one-parameter subgroups ¢ and ¢' of G and G'. If
any of Conditions (a), (b), or (c) hold, then $* and &'* are
topologically equivalent if and only if they are topologi-. .
cally equivalent by an affine map.

Condition (a) G and G' are simply connected and nilpotent.

Condition (b) G and G' are simply connected and solvable,

and, for any X in L(G) and X' in L(G'), ad(X) and ad(X')
have only real eigenvalues.

Condition (c) G and G' are semi-simple with trivial cen-

ter and no compact direct factor. There is no direct
factor Gi of G, such that Gi is isomorphic to PSL(2,R).
and rGi is a closed subgroup of G. There is no compact

connected subgroup in the centralizer of §.

Theorem A generalizes a classical result in the case
where G 1is Rn, I is Zn, and G/I" is the n-torus [8). When
G and G' are nilpotent, Theorem A sharpens a result of L.
Auslander, F. Hahn, and L. Markus. They showed that if ¢*

and ¢'* are topologically equivalent, then the induced toral



flows are topologically equivalent [2, p. Sﬂ . B. Marcus
showed that when G = G' = PSL(2,R) and ¢ and ¢' are unipo-
tent, then topologically equivalent flows are topologically
equivalent by an affine map [14)}. Theorem A does not imply
Marcus' result, but it does imply a similar result when G =
G' = SL(3,R).

The restriction on eigenvalues in Condition (b) insures
that isomorphisms of the lattices extend to isomorphisms of
the Lie groups, and that exp:L(G)—>G is a diffeomorphism.
The restrictions on G, G', f, and I*' in condition(c) insure
that the Mostow rigidity theorem can be applied to show that
isomorphisms of the lattices extend to isomorphisms of the
Lie groups.

In order to prove Theorem A, in Theorem 1 we abstract
and generalize a proof of the toral case. This proof depends
on the fact that one-parameter subgroups of r? diverge from
each other. Therefore to apply Theorem 1, we need Theorem B
on the divergence properties of one-parameter subgroups.

¢ is recurrently approached by ' if, for positive and

negative time, ¢' keeps returning to within a bounded dis-
tance of §, where distance is induced from a left or right
invariant Riemannian metric. ¢ is isolated, if $ being re-
currently approached by ¢' implies that § = ¢' up to sense-
preserving reparameterization. (See Section 2 and Section

10(i) for precise definitions and more details.)

Theorem B Let G be a connected Lie group and ¢ a one-

parameter subgroup.



(a) If G is simply connected and nilpotent, or if G is
simply connected and solvable with exp:L(G)—>» G a diffeo-
morphism, then every ¢ of G is isolated.

(b) Let G be semi-simple. & (t) = exp(tX) is” isolated if
[X,Y] = 0 implies that when ad(Y¥) is semisimple then ad(Y)
has some eigenvalue which is not pure imaginary and not 0.
Let the center of G be finite. Then ¢»is isolated if

there is no compact subgroup in the centralizer of ¢;

In Section 2 isolation concepts are defined and some el-
mentary properties of them are demonstrated in Proposition 1.
In Section 3, Theorem 1 is proved. Theorem 2, which demon-
strates the isolation of subgroups in the nilpotent and solv-
able case, is proved in Section 4. Theorem 3, which concerns
the isolation of subgroups of SL(n,R), is proved in Section
5. Theorem 3 requires Proposition 2, which reduces the prob-
lem to Proposition 3, which deals with unipotent subgroups.
Proposition 2 is in Section 6 and Proposition 3 is in Section
7. Theorem 4, which demonstrates isolation of subgroups in
the semi-simple case, is proved in Section 8. Section 9
proves our main results, Theorems A and B. Section 10 con-
tains examples, counterexamples, comments, and gquestions.
Section 11 develops the rudiments of a theory of asymptotic
homotopy classes, and applies it to give an alternative proof

of the classification of nilflows (Theorem A(a)).



Section 2 Isolation of One-Parameter Subgroups

In this section different divergence properties of
one-parameter subgroups are defined and discussed.
Let G be a connected Lie group, ¢ and $' one-parameter

subgroups, and d4:(G x G)—>»[l0,%) a continuous function.

Definition 1 (a) Let S, be the set of continuous functions

d: (G x G)—>1{0,0) sucl;.that for all g, h, and k in G,
d(gk,hk) = d(g,h), and for all closed sets X in G, if the
set f{d(x,e)lx € X and e is the identity} is bounded then
X is compact.
(b) Assume G is a Lie subgroup of GL(n,R)
in some fixed representation. Let?\G be the set of
d: (G x G}—=>{0,w) such that d(g,h);gh—lu for some norm
) # on M(n,R), the-vector space of (n,n) matrices.
We write ® and N if G is understood.
Example Every metric induced by a right invariant Riemannian

metric is in H, since for such a metric, closed bounded sets

are compact [11, p. 56).

Definition 2 (a) q; is recurrently approached in d by q>'

if and only if there exist sequences indexed by the integers

{tkl ke 1z, t, € R, sign(k) = sign(tk)‘, tk—>i'°5 as k—?i‘"’}

and {sk| k & Z, Sy € R, sign(k) sign(sk), sk-;i* as k—-—:l:oo},

such that sup {d(!b(tk) P (sk) )l k€ z2 €=,

(b) 4) is recurrently approached by 4)' if and

only if § is recurrently approached in d by §' for some

de H. (sée Proposition 1(a), below)



(c) CP is recurrently approached in norm by

¢' if and only if ¢ is recurrently approached in 4 by 4)'

for some d € T|. (see Proposition 1l(a), below)

Definition 3 (a), (b), and (¢) ¢is (a) isolated in 4

{ (b) isolated, (c) isolated in norm ) if and only if 4}

being (a) recurrently approached in 4 ( (b) recurrently
approached, (c) recurrently approached in norm ) by Q)'

implies that 4) = ¢' up to sense-preserving reparameteriza-

tion.

Proposition 1 (a) If d and d' are both in 8 or both in T,

then the properties of being recurrently approached in 4 by
¢>' and of being isolated in d are equivalent respectively
to the properties of being recurrently approached in 4' by
&' and of being isolated in @&'.

(b) d) is recurrently approached by d)' if and
only if (b' is recurrently approached by C‘D

(c) Let d':(G x G)—3[0,% be a continuous
function such that 4'(g,h) = d'(gk,hk) for all g, h, and k
in G. If 4) is recurrently approached by ¢, then¢is recur-
rently approached in d' by §'. If ¢ is isolated in d', then
b is isolated.

(d)y 1If dJ‘is recurrently approached by q:',
then Q) is recurrently approached in norm by 4;' . If ¢) is
isolated in norm, then 4) is isolated.

(e) 1If G is a closed subgroup of SL(n,R),

then M CaO, and the properties of being recurrently



approached by ¢' and of being isolated are equivalent re-
spectively to the properties of being recurrently approached
in norm by ¢' and of being isolated in norm. If G is not
closed in SL(n,R), 'the properties may not be equivalent.

(£) Let de€ & and let d':(g,h)F—§d(g-l,h-l)r
for all g and h in G. (For example, d' could be a metric
induced by a left invariant Riemannian metric.) Then the
properties of being recurrently approached by ¢' and of be-
ing isolated are equivalent respectively to the properties
of being recurrently approached in 4' by ¢' and of being
isolated in 4°'.

() Let « and B be non-zero real numbers hav-
ing the same sign. ¢ is recurrently approached or recur-
rently approached in norm by ¢' if and only if the subgroup
t—p(xt) is respectively recurrently approached or recur-
rently approached in norm by the subgroup t+—¢' (At). 4) is
isolated or isolated in norm if and only if the subgroup-

t!——)(ﬁ(o(t) is respectively isolated or isolated in norm.

Proof (a) Let X be the closure in G of ﬁ?(tk)¢'(—sk)\ ke 7.

For d ¢ S and e the identity of G,
sup d(d(ty) /' (5;)) < 0 &= sup a (Pt )¢ (-5, ,0) o0

&) sup d(x,e) € = £<—H X is compact.
XeX ‘
This demonstrates the result for 4 and 4' in J§.

Letff |Jj and }jj J}' be norms on M(n,R), and for all

g and h in G, let d(g,h)‘“’th_ln and d'(g,h);;;“gh_1“'.

o———
dhtrnes

Since there exist positive constants c and C such that for



all y in M(n,R) clly}' ¢ Wil & CJly))', Proposition 1l(a) fol-
lows for 4 and d' in%|. (See Definitions 1(a), 1(b), 2(a),
and 3(a).)
| (b) - For d induced by a right invariant Riemanniaﬁ
metric, d(g,h) = d(h,g), for all g and h in G. Since d &€ B,
the result follows by Definition 2(b) and Proposition 1l(a).
(c) Let X be the closure in G of {(t,) ' (-s, )| kez}.

Then for some d € and e the identity of G,

ls{le.llg d(qa(tk) ' (5,)) <o0 =) }s{gg d(x,e) ee———3X is compact
;—,5}5{1& a'(x,e) <=0 ﬁiteuza q’ (¢(tk) P (sk)) <00

(See Definitions 2(a), 2(b), 3(a), and 3(b).)
(d) Since G—»GL(n,R) is continuous, it follows
that, for any norm )}l j, d:(g,h)l——)"gh—lll is continuous on
G x G . The result follows by Proposition 1l(c).
(e) Let d €M be induced by a norm JId. Let X be a
closed set in G- Since G is closed in SL(n,R) which is closed

in M(n,R), X is closed in M(n,R). Therefore

sup d(x,e)¢ o implies sup }xi] {0,
X€X X€X

which implies X is compact in M(n,R). Since it is-a closed
subgroup, G has the induced topology, and so X is compact in
G [25, p. 59]. Therefore, by Definition 1l(a), 4 € 8.

As a counterexample, R2 is not a closed subgroup of
SL(n,R) in the representation R2—-)T4-—-)SL(8,R) . Every sub-

group of R2 is isolated but not isolated in norm.



(f) The result follows by Definitions 2(a), 2(b), 3(a),

and 3(b) from the following biconditionals.
sup d' (b(t,),$' (s, )) <0 &= sup d((~-t, ),P' (-s,)) < o
sep 4 (Ble) 85y Kez o) 9 o
<::>ﬁ‘§§ a( CP(tk),(b'(sk)) <00,

(g) The result follows immediately from Definitions

2 and 3. "  QED Proposition 1
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Section 3 Theorem 1

Theorem 1 generalizes the following proof of the follow-

ing classical theorem {8].

Classical Theorem For v and v' in R®, let ¢:t—» tv and

d':t—>tv' be one-parameter subgroups of Rn, and

¢*:(t, X +zn)p—)tv + x + 20 and ¢'*:(t, X + Zn)p—atv“+x+zn
the induced flows on the torus R"/z". Then ¢* and ¢'* are
topologically equivalent if and only if there exists A in

GL(n,Z2) and s 5 0 such that A(v) = sv'.

Proof Let ¢* and QV* be toplogically equivalent by a homeo-
morphism f. After translating if necessary, we can assume
that £(0 + 2") = (0 + z). Let f be the lift of £ to R".

-~ r~ . . .
Let A== flzn € GL(n,2) C GL(n,R). £ takes <b to ¢' bijectively
as ordered sets. Hence, A"1F takes ¢ to A—%b' bijectively
as ordered sets. A_lf'moves points by a bounded amount since

-~

A_lf restricted to 2" is the identity. Since one-parameter
subgroups of R" (i.e. straight lines) diverge,(b = A-l¢' and
A4)= ¢' as ordered sets. That is there exists s » 0 such that
A(v) = sv'.,

The converse implication is clear. (See Lemma, below.)

QED Classical Theorem

The definitions of isolation in Section 2 and the defi-
nitions made below abstract relevant properties from the

above proof.

Let G be a connected Lie group and " a discrete

subgroup.
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Definition 1 Let ¢ be a one-parameter subgroup of G. ¢ has

compact recurrence in G/I" if and only if there is a sequence

indexed by the integers
{rkl ke 2, ry € R, sign(rk) = sign(k), rk——):tw as k—)ioo}

such that there is a compact set in G/ containing
{o M x e 2.
Examples (a) If G/ is compact, then every d;has compact
recurrence in G/I.

(b) 1If ¢ = sL(n,R), N = SL(n,2), and ¢>is uni-
potent, then by the Margulis lemma ¢ has compact recurrence

in 6/ [7].

Definition 2 (G,I’) has the automorphism extension property

if and only if every automorphism of T extends to a Lie group
automorphism of G.
Example G = R, [ = 2", and Aut(") = GL(n,2Z) €GL(n,R) =

Aut (G).

Definition 3 Let e be the identity of G. Let p:G—>»G/[”

be considered as a covering map, where p is the canonical

projection. Then (G,G/) has the homeomorphism lifting

property if and only if every homeomorphism from (G/I ,el)
to (G/f,el") lifts to a homeomorphism from (G,e) to (G,e).
Example If G is simply connected, (G,G/f7) has the homeo-

morphism lifting property.

Theorem 1 Let G be a connected Lie group, [ a discrete sub-

group, p:G——»G/[~ the canonical projection, ¢ and ¢’
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one-parameter subgroups, and f:G/ —)G/I" a topological equi-
valence of the flows ¢* and ¢'*.

(a) If.ct) is isolated, and 4; has compact recurrence
in GA, and £:(G/F,ef)—MG/A ,el") has a lift f£:(G,e)—3(G,e)
where e is the identity of G, and ﬁr is the identity on [,
then ¢* and ¢'* are topologically equivalent by the identity.

(b)) In (a) above, if -ﬁr.is not assumed to be the iden-
tity but (G,I") has the automorphism extension property, then
¢* and qr* are topologically equivalent by an affine map pre-
serving el .

(c) Letf["be a lattice in G, and (G,G/I") have the homeo~
morphism 1ifting property, and (G,[’) have the automorphism
extension prdperty. Let ¢ be isolated. Then for any
other ¢' in G, the flows ¢* and.(y* are topologically equi-
valent if and only if they are topologically equivalent
by an affine map. |
Proof We state without proof the following simple lemma.
Lemma (a) Let 3A be an affine map from G/ to G'/I'. Let
\V be a one-parameter subgroup of G. Then 32 is a topologi~-
cal conjugacy and hence a topological equivalence of the
flows W* and (a(AY)a-l)*. (For notation, see below.)

(b) \y* on G/~ and Y'* on G'/["' are topologically
equivalent by an affine map if and only if there exist
>0 and an affine map bB:G/[*—)G'/[' such that

b (BY)D ™ L: t —sWie< 1

Notation: For any d) of G and a € G, a@a_l:tf—)ai(t)a_l.



We return to the proof of Theorem 1. e is the identity.
{(a) Since (b has compact recurrence in G/, we can pick

a sequence indexed by the integers

i,V kez, t e R, sign(ty) = sign(k), t—>I% as k—std}
such that there is a compact set D in G/rcdntaining
24’(tk)rl ke 2z}. Since <b and Cb' are the 1lifts through e of
the trajectories through el of the flows ¢* and ¢'* ,

?47 = 45' as an ordered set. The sequence itk\ k € Z} deter-

mines a sequence indexed by the integers
{skl kée?z, ske R, signfsk) = sign(k), s]-q——-éi'ao as k—)teo}

such that fb(tk) = ¢' (sk).
We show that d) is recurrently approached in d byg',

where 4 is any function in L. (see Section 2, Definition 1.)

sup d(d)(tk) ,§¢(tk)) .

d t). '
sup (diey) ' (sy)) = sup

a(eee, ) Tt
sup d(¢(ty) b(e,))

sup d (xk‘sk,f(xkﬁk) ),

kez
where for some compact set D € G such that p('f)') = D, we have
-~ . L
chosen x, € D and b’k €[ such that d)(tk) = X, % . Such D, X,
and Kk exist since p is a covering map with the deck trans-

formations being right multiplication by elements of r.

sup d(x. ¥ f(x %)) = sup A(x,%,,£(x,)%,)
kep  kOk’T YKk e S 1 T 16 1
since ‘fir is the identity map on [.

igg d(xkxk,f(xk)Kk) = sup a(x, £(x,)),

since d is right invariant.

sup d(xk,f(xk)) < sup d(x,f(x)) <ea, since D is compact.
kGZ xGB

13



Therefore, § is recurrently approached in d by q)'.
Since ¢ is isolated, d) = ¢ up to sense-preserving re-
parameterization. Therefore, the identity map is a topolog-

ical equivalence of ¢* and ¢'* .

(b) ’EII" is an automorphism of [. By the automorphism
extension property of (G,["), there is an automorphism A of
G  extending (f“-)-l. By the lemma, ¢$* and (Ad')* are
topologically equivalent by the map Af: (G/f, eN—>(G/I,el) ,
which has the lift AF: (G,e)—>(G,e), where (Af)“_ is the
identity on r Applying Theorem 1l(a) shows that 4:* and
(A4)')* are topologically equivalent by the identity. There-
fore, ¢* and ¢'* are topologically equivalent by the affine
map A *: (G/, el —> G/ el .

(c¢) Let £:G6/ —»G/" be a topological eguivalence of
4)* and 4)'* . Thatl is a lattice implies that G/I"' has finite
volume and that (‘P* is a measure-preserving flow. Therefore,
by the Poincaré€ recurrence theorem [6, p. 8], we can find
a point alin some compact set D in G/r; such that the trajec-
tory of af, to—-)(¢(t)a)r, keeps returning to D in both pos-
itive and negative time.

Let bl = £(al). Then, by the lemma, B-lf'a'l: (¢/r,elH—
(G/I",efl) is a topological equivalence of (a-lc};a)* and
(b—1¢'b)* . a_l¢a is isolated since 4>is isolated. a_l¢a
has compact recurrence in G/ since 'p(a'_ld>a) is the image
under the homeomorphism E_l' of the recurrent trajectory
t¢vral. B
to (G,e) by the homeomorphism lifting property of (G,G/M).

£3a lifts to a homeomorphism from (G,e)

14



By hypothesis, (G,f°) has the automorphism extension proper-
ty. Therefore, by applying Theorem 1(b), we obtain that
(a—l¢a)* and (b_l¢'b)* are topologically equivalent by an
affine map. Therefore, ¢* and ¢'* are topologically equi-

valent by an affine map. QED Theorem 1

15



Section 4 Theorem 2

In the nilpotent case, Theorem 2(a), below, is a cor-
olary of Proposition 3. However, the proof of Theorem 2

has greater conceptual and geometric clarity.

Theorem 2 Let G be a connected, simply connected, solvable
Lie group, and let the exponential map from the Lie algebra

L(G) to G be a diffeomorphism. Let

ft | kez, t, €R, sign(k) = sign(t,), tz—p £?as k—> £°F

and {§k| ke 2, s,_€ R, sign(k) = sign(sk), sk——)i“’as k —> $oc}

k
be sequences indexed by the integers. Letiband ¢' be one-
parameter subgroups of G. Let d be a metric induced by a
right invariant Riemannian metric on G.
(a) If sup {d(¢(tk),¢'(sk)) | k € Z§ <%, then d) = d>' up to
sense-preserving reparameterization. That is, every one-
parameter subgroup of G is isolated. (See Section 2.)
(b) Let G be nilpotent. If

sup d(b(ty) P (s,))<e0 or sup a(die) ¢ (s))¢0a
then ¢= ¢' up to sense-preserving reparameterization. There
are counterexamples when G is not nilpotent.
Note: Theorem 2(a) applies whenever G is connected, simply
connected, and nilpotent, since then the exponential map is
a diffeomorphism [11, pP. 269]. Theorem 2 (b) is a sharper re-
sult which applies only to the nilpotent case.
Proof Since exp:L(G)—)G is a diffeomorphism, every con-

nected Lie subgroup is closed.

16



Lemma 1 (a) Theorem 2 holds in case the dimension of G is
less than or equal to 3.

(b) There is a 2-dimensional non-nilpotent
counterexample to the conclusion of Theorem 2(b).
Proof We postpone the proof of Lemma 1 to the end of this

section.

We proceed by induction on the dimension of G.

Assume the result if the dimension of G is £ n,
where n 2 3.

Let the dimension of G equal n + 1. We choose a con-
nected, normal, Lie subgroup H of G, having dimension 2 1
and codimension & 2 [5, p. 46]. If G is nilpotent, let H
be any one-parameter subgroup contained in the non-trivial
center of G.

H\G is a connected, simply connected, solvable Lie

group, with exp:L(H\C)—>H\G a diffeomorphism and with its

dimension 4 n. If G is nilpotent, then H\G is nilpotent.
(25, p. 238, 5, p. 400, and 23, p. 7]

Let p:G—>H\G be the canonical projection,and e and €
the identities of G and H\G respectively. We show that p

is contracting.

Lemma 2 Let d be induced by any right invariant Riemannian

metric ¢ ,>» on G. < , > and 4 induce a certain right in-

variant Riemannian metric ¢ , > and metric d on H\G such
that for all ¢ € G and k € G, d(g,k) > d(p(g),p(k)).

Proof Let W be the orthogonal complement to the tangent

17
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space T_H with respect to &, >. Let ¢, >z be the inner
product o6n Té(H\G) induced from W by T P restricted to W.
Any v € TeG‘can be written v = h + w where h € TeH and

w & W. For any v ¢ TeG’ Tep is contracting since

v, v 2 Lw,wd> = ((Tep)w,(Tep)w>.é. = ((Tep)v,(Tep)v>é. .

By right translation by elements of H\G, { , >§ induces

{ , ¥y a right invariant Riemannian metric on H\G, which in-

duces a right invariant metric d@ on H\G. Then for all g ¢ G

and v € TgG, Lv,v2 3 (0Tgp)v,(Tgp)v). It follows that p
shrinks path lengths and thus that, for all ge¢G and k & G,

d(g,k) 2 d(p(g),p(k)). QED Lemma 2

Let X and Y be in L(G), and ®(t) = exp(tX) and
4)' (t)=exp(tY), for all t in R. Since
sup d(¢(tk),¢'(sk))<ho , it follows by Lemma 2 that
igg 5‘p¢(tk), p¢'(sk))<°° . Since by the inductive hypothe-
sis p¢ is isolated, it follows that p$ = pp' up to sense-
preserving reparameterization. Therefore, there exists
€ L(H) such thatx+ X = rY for some r > 0. Since L(H)
is an ideal, L(H) and X generate a subalgebra L{(K) which has
a dimension one greater than the dimension of L(H). L(K)
is the Lie algebra of K, a connected, simply connected,
solvable Lie group of dimension £ n, with exp:L(K)—3K
a diffeomorphism. If G is nilpotent, K is nilpotent and
isomorphic to R2. Since X and Y are in L(X), ¢ and ¢’ are
in K.

Let dK be the restriction of 4 to K. Since K is closed
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in G, every closed set in K which is bounded in dK is also

closed in G and bounded in 4, and hencé is compact in G and

compact in K [11, p. 56] . Therefore d, € E%. (See Section 2.)
Let d' be any metric on K induced by a right invariant

Riemannian metric on K. Since by hypothesis

gup dK(¢(tk)’¢'(sk))< @, (dK = d on K), it follows

that ﬁgg d'(¢(tk),¢'(sk))< ed ., (See Proposition 1l(a).)

By our inductive hypothesis, since ¢>is isolated as a sub-

group of K, ¢>= ¢' up to sense-preserving reparameterization.
The same steps prove Theorem 2(b), since when G is nil-

potent all the groups involved are nilpotent.

It only remains to give the proof of Lemma 1.

Lemma 1 Proof

Proposition 1l(a,d,f) shows that it is sufficient to
prove the result for some d induced by either a left or
right invariant Riemannian metric, or by some norm if
G C GL(n,R).

Let n be the dimension of G.

If n =1, the result is trivial.

We examine 3 cases: (i) n = 2, (ii) n = 3 and G con-
tains a normal Lie subgroup of dimension one, (iii) n = 3
and G does not contain a normal Lie subgroup of dimension

one.

Case (i) If n = 2, G is isomorphic to either the abelian

group R%, or to the non-nilpotent matrix group



a) 0, bé¢ R}

(g

which we denote by SO. L(So), the Lie algebra of SO' is the

Lie algebra of matrices
{G o)
0 0

Theorem 2 is trivial for Rz,where we use the Euclidean

ce R, de R) [5, p. 44].

metric.

Let us write the elements of S0 as ordered pairs
(a,b) € R' x R, where (a,b)(a',b') = (aa', ab' + b).
After sense~preserving reparameterization, the three types
of one-parameter subgroups of S, are: (1) tk—a(et,d(et—l)),
(2) t—3(e F,a(e”t - 1)), and (3) t+=>(1l,td). d is any
real number.

Let ¢ and ¢' be one-parameter subgroups. We show
that if ¢>is recurrently approached in norm by ¢f, then
¢== ¢' up to sense-preserving reparameterizarion. The re-
sult is clear if'¢>is type (1) and ¢' is type (2) or
type (3), or if ¢ is type (3) and ¢' is type (1) or type (2).
By Proposition 1l(g), it only remains to check the case when
¢ and ¢' are both type (1).

So, let ¢(t)E (et,d(et - 1)) and

4r(s)5§5(es,d'(es - 1)), for all t and s in R.
by (-s) = (575, e%ar (e - 1) + ae® - 1) =
(e85, et a-a') + a' (et 9)).

Then ﬁgg "¢th)¢'(-sk)”<°° implies that e (tk75K) i5 bounded.

20
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Therefore d = d', and thus ¢ = @'.

We could also verify that the subgroups are isolated
using the mgtric d induced by the left invariant Riemannian
metric (1/a2) (da@da + db®db), which is the Poincaré metric
on the upper half-plane. If (a,b) & R+ x R is considered

as the complex number z = b + al, it can be computed that

d(z,,z,) = log 12, - zl’ tojzy - Z]l
E, - 2,0 ~ |z, - z;] L3, p. 130].

Since the one-parameter subgroups are, after reparameteriza-

tion, the Euclidean straight lines through (1,0), the result

is intuitively clear. K A A
\ - ’
N ,?b
N ;
\\ ,’/
P N
Vi N\
. \
. N
B

To get a counterexample to the conclusion of Theorem
2(b) when G is non-nilpotent, consider the subgroups
¢:tl——)(et,et —'l) and ¢':st~—-—;(es,-es + 1) of SO' (See the
diagram.) Reparameterizing the positive directions of the

subgroups as Euclidean half-lines in the upper half-plane,

we have for t % 0, ¢:tl——)(t + (t+1)i) and ¢':tl——)(—t + (t+1)D.
2(-t + (t+1)i)] + |-2t]
lim d(pee) ¢ () = PIGI09 l2(-t + (41 i) - d-2t] T

%glmlog((\/ztz + 2t + 1 + t)/(\/z-t2 + 2t + 1 - t)) {0,

Therefore taking tk = 8 = k, we obtain that
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sup afe(t,), ¢'(sk))<tw , but ¢ is not a sense-preserving

reparameterization of ¢'.

Case (ii) Let n = 3, H be a normal Lie subgroup of G of
dimension one, and p:G—»G/H. Using the same argument we use
in proving the inductive step in Theorem 2, we show, first,
that if ﬁgg d(¢(tk),¢'(sk))<.°°, then p¢== pd' up to sense-
preserving reparameterization. This implies that 4)and ¢'
lie in the same 2-dimensional subgroup of G and thus, by
Case (i), that ¢ = ¢' up to sense-preserving reparameteriza-
tion. If G is nilpotent, G/H is nilpotent and isomorphic
to R2. Therefore, by a similar argument, Theorem 2(b) fol-
lows in this case.
Case (iii) Let n = 3 and G not have a one-dimensional normal
Lie subgroup. Since a nilpotent Lie group has a non-trivial
connected center, G is not nilpotent. The commutator sub-
group CG,qJ must be 2-dimensional, and thus isomorphic to
either R2 or SO' Let X, ¥, and 2 be a basis for L(G), with
X and Y in L({G,G]). since [6,G] is 2-dimensional, ad(z)
must be invertible on L([é.G]), but L(SO) has no invertible
derivation. Therefore [G,G] must be isomorphic to R%. So
[X,Y] = 0. Byaresult of Saito, since exp:L(G)—3G is a
diffeomorphism, ad(Z) has no pure imaginary eigenvalue
[23, and 5, p. 400].

It follows that L{(G) is isomorphic to the Lie algebra

of matrices of the form
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c -c6 0 a
co c 0 b
0 0 ¢
0 0 0/, for some fixed 8 # 0.

Exponentiating, we see that G is isomorphic to the group of

matrices of the form

e?cos(28) -e%sin (20) 0 X
eZsin (z6) e®cos (z8) 0 Yy
0 0 0 z
0 0 0 17 .

That is, G is the semidirect product of R2 by R, where z ¢ R

acts on R? by a rotation by z€ followed by a dilation by e?.

Writing G as ordered triples, we obtain

(x,v,2) (x',y',2') = ((X,y) + esze(x',y'),z +z'),

where RZ is counterclockwise rotation of R2 by z©.

e
After sense-preserving reparameterization, the three types
of one-parameter subgroup of G are:

(1) t—3((e Ry - 1) (u,v), 1),

0

(2) tF—(( e "R_ g - I) (u,v),~t), and

~t
(3) t—¥(ta,tb,0).
u, v, a, and b are any real numbers.

We show thaf if ¢ is recurrently approached in norm by
¢', then ¢ = ¢' up toO sense-preserving reparameterization.
The result is clear if Pis of type (1) and d)‘ is of type (2)
or type (3), or if ¢)is of type (3) and ¢' is of type (3)

or type (2). By Proposition 1l(g), it only remains to check

the case where ¢ and ¢' are both of type (1).
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So let for all t in R,
¢(t)__=_((ethe - I) (u,v)i,t) and
¢'(t)—'.§((ethe - I)(u',v'),t).

Giorp' (-s) =

t t -9

((e Rte - I)(u,v) + e Rte(e - I})(u',v'), t - 8) =

R_se

(ethe(u-u',v—v') + et-sR(t_s)e (u',v') - (u,v), t - s ).

Since su (£, )P'(-s )] ¢ ® , it follows that
sup (I P s <o,
gup |ty - s ) <%0. Therefore
sup |[(etk) Ree e)(u-u' ,v=v")]|{ ®© , which implies that u = u’'
k€z kX .
and v = v'. Therefore 4) = ‘b'.
We could also give a geometric argument, using the met-
ric d induced by the left invariant Riemannian metric

e_zz(dx®dx + dy@®dy) + dzQ®dz. QED Lemma 1
QED Theorem 2
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Section 5 Theorem 3

In this section we state and prove Theorem 3, which'
deals with the isolation of one~parameter subgroups of
SL(n,R). Proposition 2 and Proposition 3, on which
Theorem 3 depends, are proved in Section 6 and Section 7
respectively.

The proof goes roughly as follows. If ¢ and ‘P are one-

parameter subgroups on SL(n,R), they can be factored as

¢ = EqH,0; and 4‘= E2H2U2 where, for i = 1, 2, Ei has com-
pact closure, Hi is positive semisimple and Ui is uniéo-
tent. In this section we show that if ¢ is recurrently
approached by VJ , then HlUl is recurrently approached by
H2U2. By Proposition 2, Hl = H2 up tO sense-preserving re-

parameterization. By Proposition 3, Ul = U, up to the same

2
reparameterization. This proves Theorem 3.
Theorem 3 Let ¢ and Y be one-parameter subgroups of

S (n,R). Suppose that ¢ is recurrently approached in norm
by Y. Then there is a sense-preserving reparameterization
\r' of ¥ and a one-parameter subgroup X of SL(n,R) with only
positive eigenvalues, such that ¢Nt) = El(t)jut) and
V”(t) = Ez(t)yjt), where El and E2 are one-parameter sub-
groups of SL(n,R). E; C E-]__-':—_—,Kl and E,C E-!;EKZ, where K;
and K, are tori contained in the centralizer of X. Further-
more, there are one-parameter subgroups H and U of SL(n,R)
such that X(t) = H(t)U(t). H(t) is semisimple with only

positive eigenvalues, and U(t) is unipotent. E H,

ll
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and U are in each other's centralizer. Ez, H, and U are in

each other's centralizer.
Proof See Section 2 for definitions and properties concern-

ing being recurrently apprbached in norm.

Lemma 1 (a) Let )] ll be any norm on M(n,R). Let K be a
compact set in GL(n,R). Then there exist positive constants

c and C such that, for all g ¢ M(n,R) and h € K,
clgll € lohlt £ cligll and cligh ¢ Jhall & Clgll.

(b) Let(P, ¥, Eyr Egs El¢, and Ez'-}’ be one-parame-
ter subgroups of GL(n,R), and Kl and K2 compact sets such

that E.C ch GL(n,R) and EZC ch GL(n,R). Then Q)is re-

1
currently approached in norm by W if and only if El¢ is re-
currently approached in norm by Ezw.

Proof (a) It is enough to prove the result for some partic-

ular norm )l Hon M(n,R). So let gl E'\s,;t% lgvl where | | is
the Euclidean norm on R'. Then for g and h in M(n,R),
llghtt € Mgl Whll. Let C = sup Mhll and c = (sup Ih™H)™t. Then
hekK h€xK
cligll = cllghh_l" < clin~ M llghll £ Hgnt! £ lighh bnll € cligi. Aalso
cltgll = clih™thgll € clh™ il lingll € ingll & Wnllhdll £ cligll.

(b) Lemma 1l(b) follows directly from Lemma 1(a).

(See Section 2, Definition 2) , QED Lemma 1

We generalize the following decompositions to one-para-

meter subgroups.

Complete Multiplicative Jordan Decomposition For any ele-

ment g &€ GL(n,R), there exist unique elements e, h, and u
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in GL(n,R) such that (i) g = ehu, (ii) g, h, and u commute

with each other, and (iii) u is unipotent, h is semisimple

with all its eigenvalues positive, and e is semisimple with
all its eigenvalues of modulus 1. It follows that e is con-
tained in a compact connected subgroup. (The letters e, h,

and u are suggested by the terms elliptic, hyperbolic, and

unipotent [11, p. 436])

Real Canonical Form The complete multiplicative Jordan de-

composition of an element g € GL{(n,R}) can be read off from
the real canonical form of g. For an (n,n) real matrix, the
real canonical form is the same as Jordan form for the real
eigenvalues. For a complex eigenvalue of the form a + bi,
the blocks consist of (g _g) on the diagonal and(é g)just
below the diagonal [12, p. 126].

Lemma 2 Let(b be a one-parameter subgroup of SL(n,R). Then
there exist one-parameter subgroups E, H, U, and X of SL(n,R),
which are in each other's centralizer, and such that

P(t) = E(£)H(£)U(t) and X(t) = H(t)U(t). Furthermore, E is
contained in E = K, a tora1~subgroup of the centralizer of X,
H is semisimple and has all its eigenvalues positive, and U’
is unipotent. E, H, and U are the unique subgroups having
these properties.

Proof Let ¢1t)§5§etx, for all t in R. Pick a basis for R
such that X is in real canonical form. Consider the S + N

decomposition of X. Then U(t)EEEetN, for all t in R.

E(t)H(t) = ets, for all t in R, is the O-P polar decomposi-

tion with respect to the basis. Looking at the matrix



representation with respect to the chosen basis, we see that
the subgroups are in each other's centralizer and have the

other requi:;ed properties. The uniqueness follows from the
uniqueness of the complete multiplicative Jordan decomposi-

tion for any element in GL(n,R). QED Lemma 2

Now let 4) and ¥ be the one-parameter subgroups of

SL(n,R) referred to in the statement of Theorem 3. Choos-
ing, as in Lemma 2, E,, E = Kl’ Hl’ Ul’ XlaHlUl, Ey»
E, =K, H2, U2, and XZE__' H2U2, we obtain the following:
(1) El’ Hl’ and Ul are in each other's centralizer. E2,

H2, and U2 are in each other's centralizer.

(ii) E; < K which is contained in the centralizer ole

and E2C'.K2 which is contained in the centralizer of 9(2.

Kl and K2 are tori.
tX

(iii) There exist Xl and X2 such that yl(t) — e 71 and

—_—  tX
X, (t) = e™"2 where X, and X,
(i) Pe) = E{(0)] (t) and Y(t) = B, (£))K, (£).

By using Lemma 1 (b), Xl is recurrently approached in

norm by ){2. Using Proposition 2 (Section 6) and

Proposition 3 (Section 7), we can show that )(2 is a sense-

preserving reparameterization ole. Thus after a sense-

preserving reparameterization of Y, we can assume that

H, = H,= H, U} = U,=0U, and X; =X, =X- QED Theorem 3
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have all their eigenvalues real.



Section 6 Proposition 2

The following proposition roughly shows that if ¢ is
recurrently approached by W where d)and Y have only positive
eigenvalues, then up t0O sense-preserving reparameterization
they have the same semisimple parts. This is done by show-
ing that they have the same eigenvalues (Lemma 1) and the
same generalized eigenspaces (Lemma 2). Therefore the uni-
potent part of ¢>is approached by the unipotent part of V.
This result is the hypotheses used in Proposition 3.

tX tyY

Proposition 2 Let ¢(t) =e " and W (t)=e" ", for all t in R,

be one-parameter subgroups of SL(n,R) such that all the
eigenvalues of X and Y are real. Let.¢»be recurrently ap-
proached in norm by Y.

(a) d)is unipotent if and only if Y is unipotent.

(b) If ¢ and ¥ are not unipotent, there is a sense-
preserving reparameterization Y' of Y, where for all t in R
Vﬁ(t)EEEetY', such that the largest eigenvalue of X and, the’
largest eigenvalue of Y' are positive and equal.

(c) Let (b and Y be non-unipotent such that )\l =M1>0
where Al is the largest eigenvalue of X and M1 is the larg-
est eigenvalue of Y. Then there are one-parameter subgroups
17 and U2 with the following properties.

(i) H is semisimple with only real eigenvalues.

H, U

U. and U2 are unipotent. For all t and s in R,

1
C‘)(t) = H()U (1), Y(t) = H(£)U,(t), H()U (s) = U, (s)H(E),

and H(t)Uz(s) = U2(s)H(t).

29
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(ii) Uy is recurrently approached in norm by u,-
(iid) gup It, - s, 1<% wheéreft¥ and {s3 are the
3 - L w .
sequences for which ﬁgg |lUl(tk)U2( sk)H . (Section 2,

Definition 2)

Proof We first make some definitions and observations which

will also be used in the proof of Proposition 3.

Definitions (1) Let spec(X) and spec(Y) be the distinct

eigenvalues of X and Y respectively. Let'l__fandnge bases
of R® in which X and Y are, respectively, in Jordan form.

Let, for all t in R, Hy (0)== et51, Ul(t)—:'_:etNl,

—

H2 (t) Eetsz, and U2 (t)EetN2 be one-parameter subgroups,

where X = Sl + Ny and Y = 82 + N2 are the S + N decomposi-

tions. It follows that, for all t and s in R,
Hl(t)Ul(s) = Ul(s)Hl(t) and Hz(t)Uz(s) = Uz(s)Hz(t). For
>\ € spec (X) and},{ & spec(Y), let
v = € R 1s;x = Ax} and Wy =fx € ") 5% = pt.
That is V and W are generalized eigenspaces of X and Y.
n
R = @{v,\( A€ spec(xﬂ- = e{w,,”x € spec(Y)}.

(2) For v e'U and x & Rn, v*x equals the v co-
ordinate of x with respect to the basis V.

(3) Since(b is recurrently approached in norm
by \'P, ;let -{E}; and is_k} be the sequences with the requisite
properties (Section 2, Definition 2), such that

sup Hq)(tk) ‘P(—sk) H¢ oo,

(4) Chains in'UandWare sequences of the
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2 2

form (v, N.v, N,“v,...) and (w, Nzw, N2 W,...) respectively.

1 1
" and Ware partitioned into maximal chains. The first and

last elements in a maximal chain are called initial and
terminal elements respectively. For v'eﬂf, é(v), the degree
(r+l)v = 0. 'S(w), for

of v, equals r if N.Tv # 0 but N,

1
weY, is similarly defined. If vg 2N\ and $iv) = =,

then
At

= r —
¢(t)v = e (vO + tv1 + ... + %Tyr), where zi._.Nl v.

Similarly, if we WV% and cS(w) = r, then

.
——

= Mt r — g 1
\V(t)w = e T(wy + twy + ...t %Twr), where Yi_“'NZ W.

The following observations are used repeatedly.

Observations (1) Since sup "dth)vﬂ—sk)” £ oo, it follows

that for v €U and w e, igg IV*(p(tk)LP(-Sk)WI {0o .

(2) Let'vE%ﬂWVk and weQLDWW@. Then there

are chains (v .,vp) and (wo,...,wq), where v = vp, W= Wor

0"

Vo is an initial element, and wq is a terminal element.

(3) vY(o)w = v (t)w, =

*eMt(w0 + tw, + ... +

1

e“t((v*wo) + t(v*wl) + ... *+ gg(v*wq)).

() ved(tw = vF(t)w =

v;¢(t)((v5w)v0'+ (Vi) vy + ... ¥ (vgw)vp) =

At P p-1
e (%T(VSW) +(§_ !(viw) + ... + (v;w)).
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(5) 1In particular, if vgw =0 for 1 ¢ p
(equivalently, if v is of maximal degree in the set

fv e WNV | vtw # 0} ), then v*¢(t)w = M (vrw).

(6) Symmetrically, it is also the case that ¥
is recurrently approached in norm by 4), where
su (s, )O(-t )”(00. ( The reason is that the closure of
Re& it k ‘P k
{\}/(Sk)(F(-tkH k € Z} is compact because the closure of
{¢(tk)Y(-sk) | k € 2} is compact. (See Proposition 1(b,e))

Proof of Proposition 2(a) We show first that if4: is unipo-

tent, then Y is unipotent,

Assume that(13 is unipotent and lVis not unipotent.
Letp_ be a non-zero eigenvalue of ¥, with eigenvector we”Uf.
Let v be of maximal degree in the set
v e Voﬂ‘U = U | viw # O}. Then

v*t‘)(t)“]’(-s)w = v*d)(t)e—ﬂsw = e_"‘sv*q)(t)w = e-“‘s(v*w) .
(See Observation 5.) Since sup v*4)(t Wi(-s, )wl L co
KeZ ! AN ’
v*w = 0,which is a contradiction.
By symmetry (Observation 6), if LP is unipotent then 4)

is unipotent.

Proof of Proposition 2(b) Since X and Y are in the Lie al-

gebra of SL(n,R), it follows that trace(X) = trace(Y) = 0.
Since spec(X) # io} and spec(Y) # {O}, it follows that A,,
the largest eigenvalue of X, and My the largest eigenvalue

of Y, are positive. Let Y' = ()\1/}41)Y.

Proof of Proposition 2(¢) We need the following 2 lemmas.




Lemma 1 1If q: and Y are non-unipotent and )‘l = M > 0, then
spec (X) = spec(Y) and Egg ‘Itk - skl< 00 .

Proof The proof is postponed. (See below.)

Lemma 2 If ¢ and Y are non-unipotent, then, for all

)\ € spec(X) = spec(Y), W D W)‘.

Proof The proof is postponed. (See end of Section 6)

Lemma 2 and the fact that R" = @V, = &W, imply, by di-

mensional considerations, that for all )\, V)\ = W). There-

fore, for all >\, S1 and 52 agree on V/\. Therefore Sl = 52, _
and hence Hy = H2. By letting H ’_——_Hl = H2,
Proposition 1(c(i)) is proved.

80> sup WO Wi-spll = sup Bt vy (£ U, (s u(-s M =

sup ||y (£,)T, (=5 ) H (t =sll -

Since, by Lemma 1, ]sctél_g |tk - sk\<oo, it follows that
sup [lug (£,)U, (=5, )]]< o0 . (See Theorem 3, Lemma 1) So U; is
recurrently approached in norm by U2.

To complete the proof of Proposition 2, it only remains
to prove Lemm;'a 1l and Lemma 2.

Proof of Lemma 1 (See above) Lemma 1 requires the follow-

ing sublemma.

Sublemma (a) For all},( € spec(Y) there exists

)\ ¢ spec(X), such that sup (7\tk - }ASk)(oo .
spec(Y) such that if }.L = ID(M . then ]?:lég l;\tk ‘}Ask\<oo .

spec(Y) such that if A = ID()) , then ]S{lég l’\tk ‘}Ask‘<o° .

Proof of Sublemma (a) Let w be an eigenvector

33



associated toy, and pick v of maximal degree from

{ve VI vry # 0}. For some A, we have vg V). Then
v*¢(t)‘y(-s)w = v*¢(t)e—ﬂsw = e-ﬂ'sv*tb(t)w = e—})‘se)‘t(v*w) .

ilelg \V*4>(tk)\”(-sk)wl {o® implies that

]S(lég ()\tk - M8y ) £ =o.

(b) By symmetry (Observation 6),
for all )\' & spec(X) there exists ),A' ¢ spec(Y) such that
}s{g[za (}L‘sk - )\'tk) { o0. Start withp, pick)s, set )\' = )\, and

. . s _ 00
then pick aA'. By addition, ]i‘éEZ) (>\tk Msk) '3 and
}S{lelg (' Sy —)\'tk)<ao imply that M =JA. Start with X', pick
N' » set pu = u', and then pick \. By adding the same formu-
las, we see that A = \'. This establishes the existence of
a bijection p. If M= PN, ﬁlélg ()\tk "MSk) e and
sup (ms, - At, )<e0 together imply that su t, - IS, \<eo
Sup sy k ply Sup |ty - dsy)
QED Sublemma

We return to the proof of Lemma 1.

Let k= P(A). sup Aty = Ms, ] & «0 implies that pA) = 0
if and only if A = 0. While if A # 0, (Mu) = lim (s,/t,) =

k- o0

1im (sk/tk) , where the limits, in fact, exist. By the
k=p -0
conditions on {tk’j and isk7g {(Section 2, Definition 2),
lim (s /tk) > 0, and so { must be an order preserving bijec-
k=30 K
tion. So P()\l) equals pl, which by assumption equals )\l.
so, for allu such that M= p()x) , since

M = ]l(_l_;nw(sk/tk) = )xl/),(l = 1, it follows that )\ =M.
Therefore P is the identity and thus spec(X) = spec(Y).

Picking M = Al and M = p()\l) =My
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suplA\t, - us,| <% implies that sup t,- s, 1¢% .
keZ k M k ke7 k k
QED Lemma 1

Proof of Lemma 2 (See above) The proof is by contradic-

tion.

Suppose there exists A\ such that it is not the case
that Vy 3 Wy.
(1) Pick w of minimal degree in the set fwe wylwg V>3.
There is a maximal chain (w=w0, Wyr cee s wq) in W.
(ii) Pick v of maximal degree in the set

,{Ve W - V) | viw £ O}. v € Vy, for some )\' #\.

V*¢(t)‘P(-s)w= v*?(t)e_)‘s(w - swy +swW, ...) =

e_xsv*cb(t)w, by our choice of w. e "“v*p(t)w =

-As At . . .

e e (v*w) , by our choice of v (Observation 5). Since
* - -

pap v ¢t )P(-s,)w] L 0, it follows that

ﬁgg(}\'tk - As,) <o

if >\= 0, then ).' = 0, which is acontradiction since
A # A
£ A >0,

lliim_g(osk/tk) < AN/ & iﬂufsk/tk)_'

Since, by Lemma 1, both limits are equal to 1, it follows
that A\' = A\, which is a contradiction.
Similarly, if A< 0, we get the contradiction )\' = /\.

Therefore, VX D W}\. QED Lemma 2

QED Proposition 2
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Section 7 Proposition 3

Proposition 3 Let4>and.? be unipotent one-parameter sub-~

groups of SL(n,R). Let.¢ be recurrently approached in norm
by Y, where {t, | k € z} and {5l ke z} are the sequences

t - ©o .
chosen such that }S(IEIIZD ”¢( k)‘}’_( s < for any norm || ||
Then Hjis a sense-preserving reparameterization of ¢.

Furthermore, if ]s{\elg [tk - skléw, then ‘-|)= 43

Proof For all t in R, leté®)s e™® ana¥wz e, where x and
Y are nilpotent. We use again the definitions and observa-
tions made in proving Proposition 2 (Section 6), with the
difference that here X and Y have no semisimple part and
spec (X) = spec(Y) = {0}. For convenience, we restate

Observations 1-5 in this context.

Observations (1') For allwr&?j and W’Eqiﬁ

sap 1vpiep)Pims vl <.
(2') Let'veﬂjand weQLL There exist chains

(vo,...,vp) and (wo,...,wq) where v = Vp’ W= Wor Vg is an

initial element, and wq is a terminal element.

(3') v*Yt)w = vEY()w,
* * 9diy*
(vao) + t(va + ...+ g_(vaq).

1) &1

(4') v*(’)(t)w = v;(I)(t)wo

P p-1 * * *
LT(VOWO) +(;_l)'(vlwo) + ... + t(vp_lwol + (vao).

el

' i * = * i =
(5') In particular, v ¢(t)w vao if vz‘i‘_w0 0

for i < p, and v*p(t)w = (VEwg) + t(vE_gw,) if



v;wO =0 for i £ p-1.

Clearly ¢ is the identity if and only if ¥ is the iden-
tity, and in that case Proposition 3 trivially follows. So
assume 4) is not the identity and Wis not the identity. The

following two lemmas directly prove Proposition 3.

Lemma 1 (a) There is a real number < > 0 such that

sup It

- 5, | <=2,
keZ k

k
(b) Let Y (t)=VY(xt), for all t in R. Then¢ is

recurrently approached in norm by \{J.' The sequences itf{}

and is}'{} chosen so that }s{n;;; ”4)(t'k)\}" (-s;()”<oo, have the pro-

ert that sup |t! - s'[L00.
P Y RED l k k‘

Lemma 2 If ]ilellza Itk - sk]<°O, then 4>= Y.

It remains to prove Lemma 1 and Lemma 2.

Proof of Lemma 1 We need the following sublemma.

Sublemma (a) Let v eV and wewsuch that J(W) = 0.
If §(v) > d(w), then v*w = O.
(b) Let velV and wew such that J(w) = 1.
1£ d(v) > d(w), then v*w = 0.
(c) There are chains (vo, vl) in‘U and
(wO, Wl) in W where vy and w, are eigenvectors (i.e. J(v) =

J(w) = 0), such that v, is of maximal degree in the set

1
{_ve”[/ [v*wl # 0} and either viw, = 0 or v, is of maximal

degree in the set {ve'U' VAW, # ot.

Proof of Sublemma (a) Let S(wo) = 0. Let v0 be of
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maximal degree in {ve"lf , vEW, # 0}. If S(VO) # 0, then
there is a chain (v,, v;) in V. vi(b(t)\l/(—s)wo = vitb(t)wo =
(viwg) + t(vawo) (Observation 5'), Since

sup |v1*)(tk)q/( s, )Wol < 20, it follows that viw, = 0, which

is a contradiction. So J(vo) = 0.

(b) Let J(WO) = 1. Then there is
a chain (wo, wl) inw Let Vo be of maximal degree in the
set iv€U| vEw, # 0}. If J(VO) Y 1, there is a chain

(Vgr Vq) in .
vilp(t)q)(—s)w = v*¢J(t) (w - swl) = vﬁ?(t)w - sv*ti)(t)w

v{¢(t)w0, since J(wl) =0, S(vl) > 0, and thus (a) applies

(Observation 5').

Vi(?(t)wo = lw(J + t(v0 0) (Observation 5').

; * - * = : : -
Since sup |vlq>(tk)‘}’( s, )wgl <%0, vgw, = 0, which is a con
tradiction. Therefore,f(vo) £ 1. (We note in passing, that

continuing inductively we could show that for all ve? and

welll, if J.(v) D> J(w), then vrw = 0.)

(c) Since we are assuming L,”is not

the identity, there is a chain (wo, wl) in wwhere vy is

an eigenvector (i.e. J(wl) = 0). Pick vle“U such that

v*w # 0. By part (a) above, J(Vl) = 0 and v, is of maximal

1
degree in the set -{veU | vEWy # 0}.

If there is no chain of the form (vo,v then

Y
1
vipIW(=shwy = viP(t) (wy - swy) = viwg - s(viw,)

(See Observation 5')
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7 * - od * = 1 3 -
Since igg Ivlt#(tk)\y( sk)w0l< ) Viwg 0, ‘whlch is a contra
diction.

So let. (VO’ vl) be a chain inol[ By part (b) above,

either vawo = 0 or vy is of maximal degree in the set
{v eV | vwg # of. QED Sublemma

We return to the proof of Lemma 1.
(a) Let (vo,vl) and (wo,wl) be the chains referred to in

Sublemma (c).
vﬁ(t)w—s)wo = vﬂ?(t) (wy = swy) =
vig’P(t)wo - sv;ﬂ)(t)wl = (viw0 + t(v’éwo)) - s(viwl) .

(By the choice of v, and vy and by Observation 5'.)

0
Let X = (viw,)/(v}w;). Since gup 1vid(t W (-5 )w [ Loo
it follows that ]s{nezg la(tk - sk|<oo and &4 > 0.

(b) Let Y'(t)= Y&t) for all t in R, and let t}= t,,

1
and sy = sk/oc.

sup [lte Y sl = sup [Pt P-syff <02 -
5e 4) is recurrently approached in norm by ¥', with the se-

quences being {t]'{§ and {s]'(.ﬁ Furthermore

sup |ty - sp| = }E:EIZ) Jte - s/l oo
QED Lemma 1

Proof of Lemma 2 We are done if we can show that for all

maximal chains ”U]'_ [ ﬂand@(ficw all ve Ul and w EQUi, and

all t € R, it follows that v*¢(t)w = v*‘}’(t)w. Since then,
for all t & R, $(t) = Yiv).
So let 'U'lCUand ‘llflebe maximal chains. We proceed



by induction on J(w) - J(V).
Let g(w) - §(v) be minimal. That is let w be the ter-

minal element of ‘lUl and v be the initial element of Ul.

Then, by Observations 3' and 5°', v*¢(t)w = v¢w = v*¥(t)w.
So suppose that for v e "ljl and w e Qlfl,

v*47(t)w = v*"’(t)w if J(W) - J(v) £ r-1l. Now let

S(W) - 5(v) = r. There are chains of the form (vo,...,v )

p

and (w .+W_) where, v. = Vv, W is the initial

0o""" q P 0 0
element of ‘Ul, and wq is the terminal element ofﬂ{

= Ww, Vv

(Observation 2'). By Observation 1°',

sup |v§4)(tk)?’(-sk)w0[ € 0 . By hypothesis,
sup ltk- s, | <eo, which implies that
sup ’VE‘Htk)%'sk)wo‘ = sup IV;‘-[’(tk—sk)wol 00 .
Therefore,
0 > sup lvpdte¥i-s)wy) - Wi Y=gl .

It follows that

0 > su l(v*(’)(t Yw. + v*¢(t ) (=SyWa + ov. + (-s)%w)) -
P k70 k k"1 k q
22 : S
(VAW I Wy + vEP(E) (mspwy + oee 4 (= s] q) N =
sup Ivedcewy = vEYe Wl
because for i =1, ..., g, we have g(wi) —‘5(Vp) £r-1, and

the induction hypothesis holds, and thus V;‘l)(tk)wi =

v;‘)‘{’(tk)wi.
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J 1 ' * - *
By Observations 3' and 4', vpc"xt)wo vpl‘Y(t)w0
is a polynomial in t with constant term equal to 0. Since

a non-constant polynomial in t converges to ® as t goes to %o,
%* — *
@0 >'ﬁ2§ |vp¢(tk)w0 va(tk)wo‘
1 1 * = *
implies that Vp#’(t)wO vaKt)wo.

QED Lemma 2

QED Proposition 3



Section 8 Theorem 4
Theorem 4 is a consequence of Theorem 3.

Theorem 4 Let ¢(t) = exp(tX), for all t in R, be a one-
parameter subgroup of a connected, semisimple Lie group G.
If Condition (i) or Condition (ii) holds, then ¢ is isolated.
If G has finite center, Condition (i) and Condition (ii) are
equivalent.

Condition (i) G has finite center, and there is no com-

pact connected Lie subgroup in the centralizer of ¢.

Condition (ii) For each Y in the centralizer of X

(i.e. [X,Y] = 0), when ad(Y) is semisimple then ad(Y) has

some eigenvalue which is not pure imaginary and not 0.

Proof First we prove Theorem 4 in the case where G is cen-
terless.

Since G is centerless, the édjoint representation of G
is faithful [ll, p. 12i]. Therefore we can consider G to
be a Lie subgroup of GL(n,R), where n is the dimension of G,
Since G is semisimple, the commutator subgroup [?,GJ equals
G, which implies that G is a Lie subgroup of SL(n,R)

[25, p. 243]. Also, since G is semisimple, G is a closed
Lie subgroup of SL(n,R) [11, P. 152].

Let ¢)be recurrently approached in norm by-?ﬁ a one-
parameter subgroup of G. Applying Theorem 3, we see that
there exists a sense-preserving reparameterization Y' of ¥
such that, for all t in R, §(t) = E; (£)H(£)U(t) and

Y (t) = Ez(t)H(t)U(t), where E,, E H, and U are subgroups

2’



of SL(n,R) with the properties indicated in Theorem 3. How-
ever, since G is a subgroup of SL(n,R) as the adjoint repre-
sentation of a centerless semi-simple Lie group, it follows
that if, for g€ G, g = ehu is the complete multiplicative
Jordan decompositon of g as an element in SL(n,R), then e,
h, and u are also in G. (See Section 5 and [11, Problem 6,
p. 435].) Therefore the subgroups El' E,, H, and U are in G.

If.Condition (i) holds, since there is no compact, con-
nected subgroup in the centralizer of ¢, it follows that El
and thus also E, are trivial. Therefore ¢ = Y'. This shows
that 4)is isolated in norm and hence isolated
(Proposition 1(d4)).

We next show that when G is centerless, Condition (ii)
is equivalent to Condition (i), and thus that Condition (ii)
also implies that ¢ is isolated. There is a compact con-
nected Lie subgroup in the centralizer of ¢ in G if and only
if there is an element Y in the centralizer of X such that
the subgroup tp—)exp(t¥Y) has compact closure. Since Ad(G)
is closed in SL(n,R), tr— exp(tY) has compact closure in G
if and only if tFexp(t(ad(Y))) has compact closure in
SL(n,R). But for any element W in the Lie algebra of
SL(n,R), by putting W in real canonical form (Section 4,
ﬁz, P. l2é)), we see that tb—aetw has compact closure in
SL(n,R) if and only if every eigenvalue of W is pure imag-
inary or 0 and W is semisimple.

Now let G have non-trivial center.

Let Z(G) be the center of G, which in this case is
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discrete. Let p:G——)G/Z(G) be the canonical projection,

which is thus a covering map. There exist metrics d on G n
and d on G/%(G) induced by right invariant Riemannian met-
rics on G and G/Z(G) respectively, such that

d(g,h) » d(p(g),pth)) for all g and h in G. Therefore,

¢ is isolated if p¢)is isolated.

If Condition (ii) holds forqn-it holds for the subgroup
p¢ of the centerless group G/2(G) (L(G) = L(G/Z(G))).
Since Theorem 4 holds in the centerless case, p¢uand hence ¢
are isolated.

Let Z(G) be finite. Let Condition (i) hold for ¢.
There is no compact, connected, Lie subgroup in the central-

zer of ¢ if and only if there is no compact, connected, Lie

subgroup in the centralizer of p&, which is a one-parameter
subgroup of the centerless group G/Z(G). Since Theorem 4
holds in the centerless case, Condition (i) holding for

p¢ is equivalent to Condition (ii) holding for pd)and thus to
Condition (ii) holding for ¢L Therefore, if Z(G) is finite,
Condition (i) is equivalent (ii), and thus Condition (i)

implies thatd)is isolated. QED Theorem 4



Section 9 Proof of Theorem A and Theorem B

In this section, using the previous results, we prove

Theorem A and Theorem B (Introduction).

Proof of Theorem A for Condition (a) on Nilpotent Groups

We can assume that G = G' and [ = [', since if G/ and
G)I’' are homeomorphic, they are homeomorphic by an affine
map K:G/F-—JGVFI Furthermore, (G, ) has the automorphism
extension property (Section 3 (Lemma), and [13, Theorem 5,
p. 292]) .

We verify that the other conditions of Theorem 1 (c)
hold. (G,G/[)) has the homeomorphism lifting property, since

G is simply connected. By Theorem 2,<b is isolated. QED

Proof of Theorem A for Condition (b) on Solvable Groups

By the condition that the eigenvalues are real, we can
assume that G = G' and [ = [[*. Because, if G/IT and G'/T™
are homeomorphic, they are homeomorphic by an affine map.
Furthermore, (G,{7) has the automorphism extension property
(Section 3 (Lemma), Gorbacevic [10], Mosak and Moskowitz
[17], saito [23, p. 166]) .

We verify that the other conditions of Theorem 1 (c)
hold. (G,G/I") has the homeomorphism 1lifting property, since
G is simply connected. Since for all X in L(G), no eigen-
value of ad(X) is pure imaginary, it follows that the expo-
nential map is a diffeomorphism (Saito [23], and

[5, p. 400]) . Therefore, by Theorem 2, ¢ is isolated. QED
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Proof of Theorem A for Condition (c) on Semisimple Groups

Lemma Let G and G' be connected, centerless, semisimple Lie
groups, with lattices [T and [ and identity elements e and e’
respectively. Then any homeomorphism f: (G/, el ) —>
(G'/r',e'f') lifts to a homeomorphism f: (G,e)—3(G',e"').
Note To see that the conclusion of the lemma does not hold
for any Lie group and lattice,consider the following example.

1 1

G=G6'=RJX Sl,r rﬂ =272 x e, G/I"=8 xS, and

1

]

f:57 x Sl——}sl X sl such that f£(g,h) = (h,g) for all g and
h in Sl.

Proof of Lemma Let p:G—G/[F and p':G'—>G'/["' be the ca-

nonical projections. By covering space theory, it is enough
to show that f*p;ﬂi(G,e)c: p:ﬂi(g',el) [15 r P. 156 ].

Therefore, it is enough to show that p;ni(G,e) and

piﬂi(G',e') are the centers of'ﬂl(G/r;er) andTEﬂG'/r',e'F')
respectively.

Consider the following commutative diagram of sequences
where the horizontal rows are exact. q:ﬁl—aG is the univer-

sal covering homomorphism, 7 (G) is the center of G, and

ASaYr) [25 . e 62, 15, p. 158],

1T}, (6,e) 3T, (64,80 =TT, (¢/T, el
l = lﬁ

1—2 (@) —>N —-}):91

I

1—2(8) —— T—o 61



Since G is centerless, the Borel density theorem implies
that [ is centerless [20 + PP. 84—87]. Therefore Z(G) is
the center of A, which implies that p;ﬂl(G,e) is the‘center
of T (/e .

The same argument shows that p;ﬂi(G',e') is the center
of 1T1(G'/r' e ). QED Lemma

Since ¢* and ¢“* are topologically equivalent, G/ and
G'/I'' are homeomorphic by a map f, which we can take, after
translation, to be basepoint preserving. By the lemma, f

lifts to f@(G,e) (G,e). F restricted to r'is an isomorph-

ism from [ to [™'. sSince Condition (c) of Theorem A is pre-
cisely the condition to which the rigidity theorem of Mostow
(which uses work of Prasad and Margulis in the non-uniform
lattice case) applies, Eir extends to an isomorphism
a:G—G' [18, p. 4].

Therefore we can consider G =G' and | = I
(Section 3 (Lemma))

We verify that the conditions of Theorem 1l(c) hold.
By the lemma, (G,G/[T) has the homeomorphism lifting proper-
ty. By the Mostow rigidity theorem, (G/r) has the auto~
morphism extension property. By Theorem 4, 4)is isolated.

QED Theorem A

Proof of Theorem B Theorem B(a), which concerns nilpotent

and solvable groups, is Theorem 2. Theorem B(b), which
concerns semisimplevgroups, is Theorem 4.

QED Theorem B
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Section 10 Examples, Comments, and Questions

In this section we comment on, ask further questions

raised by, illustrate, and show the limits of our theorems.

(a) Example 1 A nilpotent example of Theorem A is the well

known Heisenberg group, the group of (3,3) matrices with 0
below the diagonal, 1 on_ the diagonal, and any real numbers
above the diagonal. Take the subgroup with integral entries

as the lattice [.

(b) Example 2 Non-~nilpotent solvable examples of Theorem A

¥

can be obtained by starting with a matrix in SL(n,2) which

is semisimple with all its eigenvalues real. Then there ex-
ists an action V:R—3SL(n,R) of R on R" such that or(l) is
the matrix we started with. Using the éction‘T, let

¢ =R'M R, and using the action Q‘lz, let r= Zn><l Z.

(c) Example 3 The condition for solvable groups (Theorem A

Condition (b)) is not necessary. The following is an exam-
pPle of a connected, simply connected, solvable Lie group
for which an eigenvalue of ad(X) is pure imaginary. But
still topologically equivalent flows<#I and.¢3 are topologi-
cally equivalent by an affine map.

Let U(t) be the counterclockwise rotation of R? by 2Mt.
Let 52 be the semidirect product R2><1 R, where < is the ac-
tion of R on R®. Let r2 be the subgroup 22>4 %, which is
isomorphic to Z3 since O(1l) is the identity. Then 82 is a

connected, simply connected, solvable Lie group. sz/ré is

compact. R2 is the commutator of Sz. There is an X in L(Sz)
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such that ad(X) has eigenvalue ZfTi. (X = 1 € L(2) = 2 )
The exponential map is not a diffeomorphism since in fact
all one-parameter subgroups not contained in R2 intersect
[2 , pp. 18-21, 31—38]. (Sz,r;) does not have the auto-
morphism extension property, since, for example, the map
(x,¥,2)F—>(A(xX,Y),2) is an automorphism of ré for any A
in SL(Z,Z), but it is an automorphism of 52 if and only if,
for all t, A commutes with (t). But AV(1/4) # T(1/4)a,
where A =(l i).

0
Any one-parameter subgroup contained in the subgroup R

2
is conjugate to a subgroup of the form tf—(tx,0,0), x > 0.
Any one-parameter subgroup not contained in R2 is conjugate
to a subgroup of the form t+-3(0,0,tz). The map
(x,¥,2)}p—>(y,%X,-2), which is an automorphism of 82 and of
]}, takes a subgroup of the form t—3(0,0,tz) where z is
negative to a subgroup of the form t+—3(0,0,tz) where z is
positive. Therefore it follows that the flows ¢I and ¢3

are topologically equivalent by an affine map if both the

2 or if neither of

subgroupsc;;l and(b2 are contained in R
the subgroups ¢l and ¢b are contained in RZ (Section 3
(Lemma)) . However, if ¢l is contained in R2 and ¢b is
not contained in R2, then the flows ¢i and ba are not
topologically equivalent. To see this consider
¢1:tk—%(t,ty,0) where y ig irrational, and ¢b:tk—9(0,0,t).
All orbits in the flow #3 are periodic, but in the flow

¢i the orbit of (0,0,0)Fé is not periodic.



(d) Example 4 1In the solvable case, sometimes when Condi-

tion (b) of Theorem A fails, the conclusion fails. That is
there are tppologically equivalent flows which are not topo-
logically equivalent by an affine map. The followiﬁg exam-~
ple is in [2, P. 33].

Let G = S, and [ = ré from Example 3 above. Let G' = R

2
and [ = 73, Let ¢l:tk—e(0,0,—t) be a subgroup of S,, and
¢2:tk—9(0,0,t) a subgroup of R3. f: (x,v,2)}——>
(-(-2) (X,y),-2) is a diffeomorphism from S, to R3 which in-
duces a diffeomorphism f from Sz/ré to R3/Z3. f is a topo-
logical equivalence, and in fact a topological conjugacy,

of ?I and ¢3, but &i and ¢3 are not topologically equi-

valent by an affine map, since 82 and R3 are not isomorphic.

(e) Example 5 In the solvable case, sometimes when Condi-

tion (b) of Theorem A fails, the conclusion fails even when
G = G' and r= l—".

Let G = G' = S, X R ana =T =, x R>. The sub-
groups())l of 82 and ¢2 of R3 referred to in Example 4 can
be considered as subgroups of G. The map f of Example 2
can be considered as a diffeomorphism of R3 with 82 as well.
£ = f_l. Then F(g,h)——(£f(h),f(g)) is a diffeomorphism of
G with G which induces a diffeomorphism F of G/~ with GA".

—

F is a topological equivalence, and in fact a topological
conjugacy, of 4)3‘_ and 4)5

Suppose &i and ¢§ are topologically equivalent by an
affine map. Then there exists a&G, s > 0, and an automorph-

ism A of G which extends an automorphism of [, such that
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- -1 . . ;
(A¢l) (t) = (a¢2a ) (st) (Section 3 (Lemma)) . Since ¢, is
a subgroup of R3, a¢>2a_l = ¢2. Since a(IM =T, s must equal
1. so ad, = &,. |
Let A':Rz———aR2 be the isomorphism gotten by restricting
A to the commutator [C,G], which is the normal subgroup R2

of 52 It must be the case that

A: ((x,y,-t),(0,0,0))—>((A"(x,y),0),(0,0,%)).

But then there exists g, = ((xl’yl'—tl)’(o'o’o)) and
This contradiction shows that the flows ¢i and<¢§ are not

topologically equivalent by an affine map.

(f) Automorphism Extension for Solvable Groups

In Condition (b) of Theorem A, we require that ad(X)
have only real eigenvalues in order to insure that (G,l)
has the automorphism extension property, which is required
in Theorem l{(c). The following example shows that not every
(G,I") has the automorphism extension property, where [~ is
a lattice in G and G is a connected, simply connected, solv-
able Lie group such that exp:L(G)—3G is a diffeomorphism
(Milovanov [16]) .
Example 6 Let Rg be clockwise rotation of R2 by B. Let T(t)
be in SL(4,R) where

kt

O7(E) £ (xp o2y %5, —H TRy (3 v3)) e 7R, (x5.%,)),

and ek + e"k = m for some integer m > 2. Let G= R4>Q R,

where R acts on R4 by V. Let Xl' Xz, X3, and X, be the
standard basis of RY. Let c = e~ - ™%,

4
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— "k k -1, —__."k k -1
Let Yl-— e xl + e ¢ x3, YZ_‘-—— e X2 + e ¢ X4,
_— -1 —_— -1 . .
Y3-- Xl + cC X3, and Y4__ X2 + C x4. The {Yi} is a basis

and it generates ru' a uniform discrete subgroup of R4.

Since (1) (Yl) = Y3, (1) (Yz) = Y4, 1) (Y3) = —Yl + mY3,

and @(1) (Y4) = -Y_ + mY it follows that¥{l) is an automorph-

2 4’
ism of ru Therefore | = r; M Z is a uniform discrete sub-

group of G. For any A &€ SL(2,2),
0‘ : (xl'XZIXB 'x4)H(A(Xl’x2) IA(X3IX4))

is an automorphism of r\'l which commutes with F(1). There-
fore Yi(v,r)—y¢v,r), for all (v,r) in [:1 M 2, is an auto-
morphism of . Any extension of \{’to G must be of the form

(v,r)p—@®v,r), for all (v,r) in G. But if A has been cho-

1 1
0 1

morphism of G since U(1/4)X #x9(1/4).

sen to be ( ), then the map (v,r)}—3{xv,r) is not an auto-

Question Which (G,[7) have the automorphism extension proper-
ty, where G is a connected, simply connected, solvable Lie
group with exp:L(G)——)G a diffeomorphism, and [ is a lattice

in G?

(g) Semisimple Case We first give examples of isolated and

not isolated subgroups. _

Example 7 Let G be a semisimple subgroup of SL(n,R). Let
¢(t)E etx, for all t in R. If X has n distinct real
eigenvalues, then q) is isolated.

Proof Consider q) as a subgroup of SL(n,R). q) does not have

compact closure. If [X,YJ = 0, then Y is a diagonal matrix.
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Therefore, there is no compact, connected, subgroup in the
centralizer of #. By Theorem 3, ¢>is isolated as a subgroup

of SL(n,R). Therefore, ¢ is isolated as a subgroup of G.

Example B Every non-trivial unipotent subgroup of SL(3,R)
is isolated.
Proof The proof is by contradiction.

Let ¢:t#—9etx, for all t in R, be a non-trivial uni-
potent one-parameter subgroup of SL(3,R) which is not iso-
lated. Then,if ¢ is recurrently approached by ¥, it follows
by Theorem 3 that Y= E¢, where, for all t in R, E(t) = et>,
E(t)§(t) = (t)E(t), E has compact closure, and XY = ¥X.

X is nilpotent, and ¥ must be conjugate to a matrix of the

form

0 0 o/ .

Thus X and Y are respectively the nilpotent and semisimple
parts of the linear operator X + Y. Putting X + ¥ in real
canonical form (Section 5, [12, p. 126] ), we see that X must

be 0, which is a contradiction.

Example 9 ¢ and ¢' are subgroups of SL(3,R), where for te&R,

et 0 0 etcost —etsint 0
4J(t) = {0 et 0 and ¢'(t) = etsint etcost 0
0 0 e_2t 0 0 e_2t.

Since ¢ is recurrently approached byidf, neither ¢ nor ¢'

is isolated. Observe that 4}and ¢' have a compact subgroup
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isomorphic to the unit circle in their centralizer.

Example 10 Let ¢ and ¢' be subgroups of SL(4,R), where

1 0 0 0 1 0 0 0
£t 1 0 © t 1 0 0

die) =1g o 1 oW PM® =, §  cost -sint
o 0 o0 1 ) 0 0 sint cost/,

for all t in R. 4) is a unipotent subgroup which is recur-
rently approached in norm byc#'. Neither ¢ nor ¢' are iso-

lated.

The following are examples to which Condition (c) of
Theorem A applies.
Example 11 Let G, G', [, and I satisfy Condition (c) of
Theorem A. In addition, let G be a subgroup of SL(n,R) and
let ¢ be chosen as in Example 7. To be more specific,
we could let G = PSL(m,R) and = PSL(m,Z), for any m > 2
[20, chapter 10] . Let4)' be a subgroup of G'. Then 45*
and ¢'* are topologically equivalent if and only if they

are topologically equivalent by an affine map.

Example 12 Let G = SL(3,R),and let F, G', énd " satisfy
Condition (c) of Theorem A. Let(?and#f be one-parameter sub-
groups of G and G' respectively, with é unipotent. Then

¢* and qf* are topologically equivalent if and only if they
are topologically equivalent by an affine map (Example 8) .
Questions (a) In Example 9, are the flows ¢* and ¢'* on
SL(3,R)/SL(3,2) topologically equivalent?

(b) In geneial, can the analysis be extended to
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non-isolated subgroups?

(h) Question Is there an example of Lie groups and lattices

G, G', ", and ' such that &* and 4# : are topologically
equivalent, but there is no sense-preserving reparameteriza-
tion qﬂ of 9’ such that#* and y'* are topologically conju-

gate?

(i) Isolation The following remarks are meant to help

clarify the geometric meaning of "isolation" .

(1) Theorem 2(b) shows that for connected, simply
connected, nilpotent Lie groups, if 4>is recurrently
approached by&' for either positive or negative time, then-
@ = ¢' up to sensepreserving reparameterization. This
result is not in general true for the non-nilpotent
solvable groups. (See Section 4 for details.)

(2) Let 4 be a metric induced by a right or left in-
variant Riemannian metric on a connected Lie group G. ¢ is

asymptotically Hausdorff bounded front#' if and only if

sup %r;g d(p(t),$'(s))<s0 , and 238 %rzg d(tf(t),@'(s))d"" .

(a) 4) being asymptotically Hausdorff bounded from
4y does not imply that ¢' is asymptotically Hausdorff bounded
from ¢. (Let ¢' have compact closure and ¢ not have compact
closure.)

(b) 1If 4)' does not have compact closure, then ¢) be-
ing asymptotically Hausdorff bounded £rom ¢' implies that
qjdoes not have compact closure and that 4) is recurrently

approached by ¢'.



(c) Let G be a closed Lie subgroup of SL(n,R).
Then ¢ being recurrently approached by ¢ implies that ¢ is
asymptotically Hausdorff bounded from ¢'.
( sup d(¢(tk),¢'(sk))<°o implies that #>is recurréntly
apgigached in norm by ¢' (Propositioh 1(d)) . By
Theorem 3, for all t in R, ¢(t) = El(t)X(t) and

1 5 have compact closure,

and X are in each other's centralizer, and E, and Kare

dP'(t) = Ez(t)')L(t), where E. and E

E)

in each other®s centralizer. Statement (c) above follows.)
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Section 11 Asymptotic Homotopy Classes for Flows

In this section we develop the rudiments of a theory
of asymptotic homotopy classes, which generalizes
Schwartzman's theoxry of asymptotic homology cycles [24].

We use this theory to give an alternate proof of Theorem A(a),
the classification of nilflows.

Roughly speaking, for x a recurrent or non-wandering
point of any flow on a differentiable manifold M, the se-
quences of classes in ﬂi(M,x) gotten by closing up trajecto-
ries as they return near x are algebraic topological invar-
iants of the flow. To make computations easier by simplify-
ing this set of invariants, we map'n;(M,x) into a tower of
nilpotent Lie groups, and take the limits of the projective

classes of the induced sequences.

(a) Some Functors on Finitely Generated Groups

Let [ be a finitely generated group with lower central
sequence r; . where ri =,—, and |Z+l = [F,F;]. Up to iso-
morphism, there exists a unique, connected, simply connected,

nilpotent Lie group Ni’ such that

E _-_—__'—_(r/ri)/(Torsion subgroup of (r‘/ri))

is a uniform discrete subgroup of Ni (Malcev [}3, Theorem d) .

cee DN, N3 L DN,

is the Lie nilpotent tower of [

Any sequence of elements ?Kk} in r-determines sequences
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¥
.{(i,ka in the Ni' A ray in a nilpotent Lie group is a

one-parameter subgroup restricted to [0,*). ¢+ denotes the
ray determined by ¢. The space of rays is topologically the

disjoint union of a sphere and a point. Since exp:L(Ni)—-—aNi
is a diffeomorphism, each point in Ni which is not the iden-
tity determines a unique ray. The identity determines the
identity ray. The sequencesigﬁ'k) determine two sets of
rays, Pi and Ri' Let Pi be the set of limit points in ray
space - ;; the sequence of rays containing tﬁi,¥§ .

By the compactness of ray space, f& is non-empty. Let Ri

be the collection of rays for which there is a sequence

tj-—;&z and subsequences i%i,kj} of gﬂi,k) such that
+
4 ) ) ) £ 00,

d is a metric induced by a right invariant Riemannian metric
on N..
i
These constructions are functorial from the category
of finitely generated groups and their isomorphisms. For
f an isomorphism of groups, let fi be the induced isomorph-

ism of Ni' f. is the extension of an isomorphism of r;.

i
Let fi also denote the induced map on the ray space of Ni'

(b) Flows

Let ¢* be any flow on a differentiable manifold M which
has finitely generated fundamental group. For example,
M is compact. Make the above constructions for the group

TE(M,X). If x is a recurrent point for ¢*, there exist
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sequences tk—-,vo, <b* (tk,x)——) x, and [Xk € Trl(M,x)}, where %k
is the class of the loop gotten by closing the trajectory
$* (t,x) from 0 to t,r by a path fromé*(tk,x) to x which
stays near X. More precisely, there is a segquence rk-—90
such that the path froméﬂ(tk,x) to x stays within the ball
of radius r, around x. Let @, (x,$*) and Ri(x,¢*) be the

union over all such sequences{}k& of the sets of rays Pi

and R..
i

Proposition 4 Let f be a topological equivalence of the

flowsé$* on M and ¢f* on M'. It follows that if x is a re-

current point of M, then

(M £); (P, (x,6%)) = p; (£x,¢"™*) and

(T £); (R, (x,4%)) = R, (£x,¢")

for i =1, 2, 3,...
Proof The proposition follows by the functoriality of the

constructions. QED |

We can get a similar proposition for x a non-wandering
point of ¢*, if we consider sequences m —> X, tE—4“0:
¢*(tk,mk)-—-)x, and 5_‘6}15 gotten by closing the trajectory

* *x
¢ (t, m/) from 0 to t,, by paths from x to m, and Q (t) my)

to x which stay near x (Fried [9, p. 357]) .

(c) Classification of Nilflows

Theorem A(a) Let N and N' be connected, simply connected,

nilpotent Lie groups, | and [* lattices in N and N', and P*

and 4Y* flows on N/IF and N7r' induced by one-parameter
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subgroups¢ and 47'. If ¢* and 4:'* are topologically equi-

valent, then they are topologically equivalent by an affine
map.

Proof By applying an affine map to N', we can assume that

N=nN', T=[", and f(el) = el. (See Ssection 3 (Lemma) and

Section 9(a).)

We can identify'HZ(N/r,er) with the torsion free, fi-
nitely generated, nilpotent group I '; is uniform in N
‘20, p. 29] . We can take N = Nn’ the top group in the Lie
nilpotent tower of [. (Since [ is nilpotent, for large i
all the Ni are equal.) el” is a recurrent point for4>* and
o> [2, p. 5¢] .

For any one-parameter subgroups‘*’andgv'and sequernce
{Kk} in [T, if there are sequences tk-—->°° and 8 —> such that
ﬁgg d(qﬂtk),xk)<°° and ﬁgg d(W'(sk),Xk)Loo , then, by
Theorem 2 (b), %’= Y' up to sense-preserving reparameteriza-
tion. Therefore, Rn(er3¢¢) is just the ray ¢+,and
Rn(er,¢‘*) is the ray ¢'+. By Proposition 4,

e _¢H =¢7 .

Since (nif)n is an automorphism of N extending an auto-
morphism of ", it follows that there is an automorphism
I\EE(ﬂif)n of N extending an automorphism of | such that,
for all t in R, A(P(t) = (fp' (xt) for some x> 0. This implies
that(}* and ¢“* are topologically equivalent by the affine -

map A (Section 3 (Lemma)) . QED Theorem A(a)
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