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Section 1 Introduction

Let G be a connected Lie group, P a discrete subgroup,
4>:R— >G a orie-parameter subgroup, and <fc*:(R x G/D— >G/f, 
where <$>*:(t,xf*)i— >(<J>(t) x)P, the G-induced flow. G/r is a ho­
mogenous space.

Since the book "Flows on Homogenous Spaces" by Auslander, 
Green, and Hahn [ 2 J ,  the ergodic theory and topological dy­
namics of these flows have been much studied because they 
provide interesting examples which can be understood in this 
algebraic setting. (See for example, Auslander Cl)t Brezin 
and Moore £4) .) The equivalences studied have usually been 
parameter preserving, measure theoretic or topological maps. 
(See Parry T19) , Walters [263 , Ratner (21,22) , and Witte (27).) 
In this paper we study topological equivalences which do not 
preserve the parameter. We use results concerning the diver­
gence of one-parameter subgroups. These results may have 
their own geometric interest.
Definition Two flows are topologically equivalent if and 
only if there is a homeomorphism taking .trajectories to 
trajectories, preserving the sense but not necessarily the 
parameterization.
Definition A topological conjugacy of flows is a parameter 
preserving topological equivalence.
Definition Let G and G' be Lie groups and T and r1 discrete 
subgroups. An affine map from G/r to G/r' is a map of the
form a A:xn >(a(Ax))p' where a € G 1 and A is an isomorphism
of G onto G' which extends an isomorphism of T onto J“ ' .
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Definition A discrete subgroup f is a lattice of G if and 
only if there exists a finite Borel measure on G/r invariant 
under affine maps of the form a:xn— >(ax>r» for all a in G. 
Definition H is a uniform subgroup of G if and only if G/H 
is compact.

A uniform discrete subgroup is a lattice - (20*| .
Notation For any Lie group G, L(G) is its Lie algebra.
Theorem A Let G and G 1 be connected Lie groups, J" and r' be 
lattices of G and G', and <J>* and <J>'* flows on G/r and G'/f 
induced by one-parameter subgroups <f> and 4>' of G and G'. If 
any of Conditions (a), (b) , or (c) hold, then $* and <$>' * are 
topologically equivalent if and only if they are topologi-_... 
cally equivalent by an affine map.

Condition (a) G and G' are simply connected and nilpotent.
Condition (b) G and G' are simply connected and solvable,
and, for any X in L(G) and X' in L(G'), ad(X) and ad(X') 
have only real eigenvalues.
Condition (c) G and G' are semi-simple with trivial cen­
ter and no compact direct factor. There is no direct 
factor G^ of G, such that G^ is isomorphic to PSL(2,R). 
and rG± is a closed subgroup of G. There is no compact 
connected subgroup in the centralizer of $.

Theorem A generalizes a classical result in the case 
where G is Rn, T is Zn, and G/r is the n-torus £8}. When
G and G' are nilpotent, Theorem A sharpens a result of L.
Auslander, F. Hahn, and L. Markus. They showed that if 4>* 
and 4>'* are topologically equivalent, then the induced toral
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flows are topologically equivalent (2, p. 5l] . B. Marcus 
showed that when G = G' = PSL(2,R) and and are unipo- 
tent, then topologically equivalent flows are topologically 
equivalent by an affine map [141 . Theorem A does not imply 
Marcus' result, but it does imply a similar result when G =
G 1 = SL(3,R).

The restriction on eigenvalues in Condition (b) insures 
that isomorphisms of the lattices extend to isomorphisms of 
the Lie groups, and that exp:L(G)— »G is a diffeomorphism.
The restrictions on G, G', f”/ and T' in Condition(c) insure 
that the Mostow rigidity theorem can be applied to show that 
isomorphisms of the lattices extend to isomorphisms of the 
Lie groups.

In order to prove Theorem A, in Theorem 1 we abstract 
and generalize a proof of the toral case. This proof depends 
on the fact that one-parameter subgroups of Rn diverge from 
each other. Therefore to apply Theorem 1, we need Theorem B 
on the divergence properties of one-parameter subgroups.

(j) is recurrently approached by <J>' if, for positive and 
negative time, keeps returning to within a bounded dis­
tance of $, where distance is induced from a left or right 
invariant Riemannian metric. <J) is isolated, if $ being re­
currently approached by implies that up to sense-
preserving reparameterization. (See Section 2 and Section 
10(i) for precise definitions and more details.)

Theorem B Let G be a connected Lie group and a one- 
parameter subgroup.
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(a) If G is simply connected and nilpotent, or if G is 
simply connected and solvable with exp:L(G)— *G a diffeo- 
morphism, then every $ of G is isolated.
(b) Let G be semi-simple. <|>(t) == exp(tX) is isolated if 
[X,Y] = 0 implies that when ad(Y) is semisimple then ad(Y) 
has some eigenvalue which is not pure imaginary and not 0. 
Let the center of G be finite. Then <£ is isolated if 
there is no compact subgroup in the centralizer of

In Section 2 isolation concepts are defined and some el- 
mentary properties of them are demonstrated in Proposition 1. 
In Section 3, Theorem 1 is proved. Theorem 2, which demon­
strates the isolation of subgroups in the nilpotent and solv­
able case, is proved in Section 4. Theorem 3, which concerns 
the isolation of subgroups of SL(n,R), is proved in Section
5. Theorem 3 requires Proposition 2, which reduces the prob­
lem to Proposition 3, which deals with unipotent subgroups. 
Proposition 2 is in Section .6 and Proposition 3 is in Section 
7. Theorem 4, which demonstrates isolation of subgroups in 
the semi-simple case, is proved in Section 8. Section 9 
proves our main results, Theorems A and B. Section 10 con­
tains examples, counterexamples, comments, and questions. 
Section 11 develops the rudiments of a theory of asymptotic 
homotopy classes, and applies it to give an alternative proof 
of the classification of nilflows (Theorem A(a)).



Section 2 Isolation of One-Parameter Subgroups

In this section different divergence properties of 
one-parameter subgroups are defined and discussed.

Let G be a connected Lie group, $ and <J>' one-parameter
subgroups, and d:(G x G) a continuous function.
Definition 1 (a) Let J3G be the set of continuous functions
d: (G x G)>— >t0,o*) such that for all g, h, and k in G, 
d(gk,hk) = d(g,h), and for all closed sets X in G, if the 
set fd(x,e)|x 6 X and e is the identity^ is bounded then 
X is compact.

(b) Assume G is a Lie subgroup of GL(n,R) 
in some fixed representation. Let7)G be the set of 
d: (G x G> - >C0,«>) such that d (g,h) = = »gh for some norm 

It on M(n,R) , the vector space of (n,n) matrices.
We write £> and 71 if G is understood.
Example Every metric induced by a right invariant Riemannian
metric is in JO, since for such a metric, closed bounded sets
are compact til, p. 56}.

Definition 2 (a) <j> is recurrently approached in d by (J)1
if and only if there exist sequences indexed by the integers

{tK | k 6 Z, tfc £ R, sign(k) = sign(tk) , tk— as k-*^}
and },sk | k ( Z, sfc £ R, sign(k) = sign(sk> , sk~ a s  k—

such that sup {d(4>(tk> , (J)' (sk) ) I k € z} < ”* .
(b) is recurrently approached by if and 

only if $ is recurrently approached in d by <j)' for some
d € J5 . (see Proposition 1(a) , below)
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(c) (J) is recurrently approached in norm by
P' if and only if <|) is recurrently approached in d by (j)' 
for some d 71 • (see Proposition 1(a), below)

Definition 3 (a) , (b) , and (c) (J) is (a) isolated in d 
( (b) isolated, (c) isolated in norm ) if and only if (}> 
being (a) recurrently approached in d ( (b) recurrently 
approached, (c) recurrently approached in norm ) by 
implies that )̂ = up to sense-preserving reparameteriza­
tion.

Proposition 1 (a) If d and d' are both in ,0 or both in *Tlr
then the properties of being recurrently approached in d by 
<{>1 and of being isolated in d are equivalent respectively 
to the properties of being recurrently approached in d' by 
>̂' and of being isolated in d'.

(b) (j) is recurrently approached by (J)' if and 
only if <[>' is recurrently approached by (j).

(c) Let d':(G x G) >[0,*o) be a continuous
function such that d'(g,h) = d'(gk,hk) for all g, h, and k 
in G. If <j> is recurrently approached by $>' , then is recur­
rently approached in d' by >̂'. If (j) is isolated in d',then 
<J> is isolated.

(d) If $ is recurrently approached by<f>'# 
then is recurrently approached in norm by <J>'. If (j) is 
isolated in norm, then is isolated.

(e) If G is a closed subgroup of SL(n,R), 
then and the properties of being recurrently



7

approached by 1 and of being isolated are equivalent re­
spectively to the properties of being recurrently approached 
in norm by <J>' and of being isolated in norm. If G is not 
closed in SL(n,R), the properties may not be equivalent.

(f) Let d a n d  let d' : (g,h)*— ^dtg"1^ " 1) , 
for all g and h in G. (For example, d' could be a metric 
induced by a left invariant Riemannian metric.) Then the 
properties of being recurrently approached by and of be­
ing isolated are equivalent respectively to the properties
of being recurrently approached in d 1 by <J>' and of being
isolated in d '.

(g) Let <x and 0 be non-zero real numbers hav­
ing the same sign. ^ is recurrently approached or recur­
rently approached in norm by if and only if the subgroup 
tf— is respectively recurrently approached or recur­
rently approached in norm by the subgroup ti— >cj)' (fit) . is 
isolated or isolated in norm if and only if the subgroup-
t»— *#*t) is respectively isolated or isolated in norm.

Proof (a) Let X be the closure in G of {(̂ (t̂ ) <J)' (-ŝ ) ] zfc.
For d € <0 and e the identity of G,

sup d(<|>(tk) ,<$>' (sk) ) <  «o ̂  ._) sup d(4>(tk)̂>' (-sk) ,e) ^  ©o k€Z kfc Z
^  - y sup d(x,e) <  oo < = $  X is compact. xgX

This demonstrates the result for d and d' in
Let |} || and II II' be norms on M(n,R), and for all

g and h in G, let d (g,h) Ugh |̂1 and d1 (g,h)=  ||gh .
Since there exist positive constants c and C such that for
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all y in M(n,R) c lb'll' 4 Ill’ll 4 C ||y  ||', Proposition 1(a) fol­
lows for d and d 1 in^\. (See Definitions 1(a), 1(b), 2(a), 
and 3(a).) .

(b) For d induced by a right invariant Riemannian 
metric, d(g,h) = d(h,g), for all g and h in G. Since d £ J3, 
the result follows by Definition 2(b) and Proposition 1(a).

(c) Let X be the closure in G of 
Then for some d €J& and e the identity of G,

sup d (6(t. ) ,<b 1 (s, )) <90 sup d(x,e)<««rt3x is compactk£Z K K x*X
==> SUP d' (x, e) <*o -- -> sup d' (<)>(t. ) ,<j>' (s, )) <*» .xfiX kez K K

(See Definitions 2(a), 2(b), 3(a), and 3(b).)
(d) Since G >GL(n,R) is continuous, it follows

that, for any norm II If, dj (g,h)i— >||gh is continuous on
G x G . The result follows by Proposition 1(c).

(e) Let d « “ft be induced by a norm IIJl. Let X be a 
closed set in G- Since G is closed in SL(n,R) which is closed 
in M(n,R), X is closed in M(n,R). Therefore

sup d(x,e)<®^ implies sup ||x|| ,
x€X x£X

which implies X is compact in M(n,R). Since it is a closed
subgroup, G has the induced topology, and so X is compact in
G [25, p. 59j. Therefore, by Definition 1(a), d 6 J&.

2As a counterexample, R is not a closed subgroup of
SL(n,R) in the representation R^— ^T^— ^SL(8,R). Every sub- 

2group of R is isolated but not isolated in norm.



(f) The result follows by Definitions 2(a), 2(b), 3( 
and 3(b) from the following biconditionals.

sup d' (<J>(t.) ,<f>' (s.)) <<x> <- ■> sup d(£(-t.) , <J>' (-s, ) ) <  «o
k e z  k  jc k € Z  K

< = > s u g  d ( tf>(tk) ,$>' (sk) ) < 00 .

(g) The result follows immediately from Definitions 
2 and 3. QED Proposition 1
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Section 3 Theorem 1

Theorem 1 generalizes the following proof of the follow­
ing classical theorem C8J.

Classical Theorem For v and v' in Rn, let 4>: t#— > tv and 
4>':t»— »tv' be one-parameter subgroups of Rn, and 
i*:(t, x +zn)f— >tv + x + Zn and x + Zn)|— >tv'+x+Zn
the induced flows on the torus Rn/Zn. Then (J)* and (J)'* are 
topologically equivalent if and only if there exists A in 
GL(n,Z) and s > 0 such that A(v) = sv'.

Proof Let (j)* and (j)'* be toplogically equivalent by a homeo- 
morphism f. After translating if necessary, we can assume 
that f(0 + Zn) = (0 + Zn). Let f be the lift of f to Rn.
Let A^fj^n £ GL(n,Z) C GL(n,R). f takes <j> to bijectively 
as ordered sets. Hence, A ^f takes (j) to A 1 bijectively 
as ordered sets. A f moves points by a bounded amount since 
A ^f restricted to Zn is the identity. Since one-parameter 
subgroups of Rn (i.e. straight lines) diverge, (j> = A- 4̂>' and 
A<p= <J>' as ordered sets. That is there exists s > 0 such that 
A(v) = sv1.

The converse implication is clear. (See Lemma, below.)
QED Classical Theorem

The definitions of isolation in Section 2 and the defi­
nitions made below abstract relevant properties from the 
above proof.

Let G be a connected Lie group and T a discrete 
subgroup.
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Definition 1 Let (J? be a one-parameter subgroup of G. <J> has 
compact recurrence in G/r if and only if there is a sequence 
indexed by the integers

{rk | k 6 Z, rk e R, sign(rk) = sign(k), r^ as k->±oo}'

such that there is a compact set in G/r containing 
$<|>(rk)r I k £ Z\.
Examples (a) If G/r is compact, then every (J> has compact 
recurrence in G/r.

(b) If G = SL(n,R), T = SL(n,Z), and (}? is uni- 
potent, then by the Margulis lemma (J) has compact recurrence 
in G/r [7] .

Definition 2 (G,D has the automorphism extension property

if and only if every automorphism of T extends to a Lie group 
automorphism of G.
Example G = Rn, T = Zn, and Aut(D = GL(n,Z)CGL(n,R) =
Aut(G).

Definition 3 Let e be the identity of G. Let p:G— >G/r 
be considered as a covering map, where p is the canonical 
projection. Then (G,G/p) has the homeomorphism lifting 
property if and only if every homeomorphism from (G/r,eD 
to (G/r,eD lifts to a homeomorphism from (G,e) to (G,e). 
Example If G is simply connected, (G,G/r) has the homeo­
morphism lifting property.

Theorem 1 Let G be a connected Lie group, p a discrete sub­
group, p:G— >G/r the canonical projection, (J> and



one-parameter subgroups, and f:G/r— >G/r a topological equi­
valence of the flows <̂>* and (}>'* .

(a) If <f) is isolated, and has compact recurrence
in G/t~ , and f:(G/r,eD >(G/r,eD has a lift f: (G,e)-->(G,e)
where e is the identity of G, and flr is the identity on T, 
then <̂ * and <j)'* are topologically equivalent by the identity

(b) In (a) above, if is not assumed to be the iden­
tity but (G,D has the automorphism extension property, then 
<J>* and (f)1* are topologically equivalent by an affine map pre 
serving er.

(c) LetTbe a lattice in G, and (G,G/D have the homeo­
morphism lifting property, and (G,D have the automorphism 
extension property. Let <j) be isolated. Then for any 
other <j>' in G, the flows <j>* and (J>'* are topologically equi­
valent if and only if they are topologically equivalent
by an affine map.
Proof We state without proof the following simple lemma. 
Lemma (a) Let aA be an affine map from G/r to G'/r'- Let

mmf*Vp be a one-parameter subgroup of G. Then aA is a topologi­
cal conjugacy and hence a topological equivalence of the 
flows and (a(A*p)a 1)*. (For notation, see below.)

(b) vp* on G/r and f *  on G'/r' are topologically 
equivalent by an affine map if and only if there exist 
»*>0 and an affine map bB:G//“— >G'/r' such that 
b(Bf)b_1:t)— .

Notation: For any |) of G and a£ G, a$a~^:tf— >a^(t) a-"*-.
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We return to the proof of Theorem 1. e is the identity,
(a) Since has compact recurrence in G/p, we can pick 

a sequence indexed by the integers

{tk I k€ Z, t^g R, sign(t^) = sign(k), t^— >1°* as k—
such that there is a compact set D in G/Tcontaining

Since ^ an3 4*' are t îe lifts through e of 
the trajectories through eT of the flows and (J)'* , 

fj> = <f>' as an ordered set. The sequence £tk | k 6 z} deter­
mines a sequence indexed by the integers

•{sk | k 6 Z , ske R, sign = sign(k), sg— ^±»as k— >±“>}

such that f ̂>(tk) = (sk* *
We show that <J) is recurrently approached in d by<J>' ,

where d is any function in -0. (See Section 2, Definition 1.)

sup d(cj>(tk) ,<(>'(sk)) = sup d«f>(tk) ,f<j>(tk)) .

sup d ( <f)(tk ) ) = sup d(xk*k,f (xk'gk) ) ,k 6Z k€Z
where for some compact set D C  G such that p(D) = D, we have 
chosen xk £ D and \ * r  such that <£(tk) = xk\* Such D, xfc, 
and 1Sk exist since p is a covering map with the deck trans­
formations being right multiplication by elements of T.

sup d (x, ,f (x, "S, ) ) = sup d ( x , , f  (x, )*, ) , 
keZ K K K K kez K K k k

since fjp is the identity map on p.

gjl d(xA ' ?(xk)8k> = £SI d(xk'?(xk))'
since d is right invariant.

sup d(x, , f (x. )) < suo d(x,f(x)) < oq , since D is compact. 
k€Z k k x€£



Therefore, <j> is recurrently approached in d by (J)1.
Since (f> is isolated, <f> = 4' “P to sense-preserving re­

parameterization. Therefore, the identity map is a topolog­
ical equivalence of and (j)'* .

(b) f|p is an automorphism of I . By the automorphism
extension property of (G,D, there is an automorphism A of

G extending |̂j“) ^ ' By the lemma» 4* and (A 4') * are
topologically equivalent by the map Af:(G/p,eP) >(G/r,eD,
which has the lift Af:(G,e) >(G,e) , where (Â Jjp is the
identity on J~. Applying Theorem 1(a) shows that and 
(A<J>' )* are topologically equivalent by the identity. There­
fore, 4* and 4'* are topologically equivalent by the affine 
map A : (G/f“, eD— —^(G/p ,ef") .

(c) Let f:G/r— >G/r be a topological equivalence of 
4* and 4 ' *  • T h a t r is a lattice implies that G/r has finite 
volume and that < f ) * is a measure-preserving flow. Therefore, 
by the Poincare recurrence theorem [6, p. 8}, we can find
a point afin some compact set D in G/fJ such that the trajec­
tory of ar, t|— >(4(t)a)r, keeps returning to D in both pos­
itive and negative time.

Let bp = f(af). Then, by the lemma, b ^fa: (G/r ,ef)— )• 
(G/r,eD is a topological equivalence of (a and
(b_^4'b)* • a- Ĵ>a is isolated since <f> is isolated, a tya 
has compact recurrence in G/f since p(a 1<4a) is the image
under the homeomorphism a  ̂of the recurrent trajectory 
tf— >(<!>(t)a)T. b-1fa lifts to a homeomorphism from (G,e) 
to (G,e) by the homeomorphism lifting property of (G,G/f") .



By hypothesis, (G,f) has the automorphism extension proper­
ty. Therefore, by applying Theorem 1(b), we obtain that 
(a-1<j>a) * and (b-1<J>'b)* are topologically equivalent by an 
affine map. Therefore, 4>* and <j>'* are topologically equi­
valent by an affine map. QED Theorem 1
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Section 4 Theorem 2

In the nilpotent case, Theorem 2(a), below,, is a cor-
olary of Proposition 3. However, the proof of Theorem 2 
has greater conceptual and geometric clarity.

Theorem 2 Let G be a connected, simply connected, solvable 
Lie group, and let the exponential map from the Lie algebra 
L(G) to G be a diffeomorphism. Let

£tk l kffZ, tk6 R, sign (k) = sign(tk>, tg— > i^as k—

and {sk | k£ Z, sk€ R, sign(k) = sign(sk), sk— ^t^as k—

be sequences indexed by the integers. Let $ and <J>' be one- 
parameter subgroups of G. Let d be a metric induced by a 
right invariant Riemannian metric on G.
(a) If sup {d ($(tk) ,<f>' (sk)) | k £ z} < , then (j) = <j>' up to
sense-preserving reparameterization. That is, every one- 
parameter subgroup of G is isolated. (See Section 2.)
(b) Let G be nilpotent. If

sup. d((b(t, ) (s, ))<ao or sup d(A(t, ) ,A' (s, ))<oa ,
k>0 K K k<0 K K

then up to sense-preserving reparameterization. There
are counterexamples when G is not nilpotent.
Note: Theorem 2(a) applies whenever G is connected, simply 
connected, and nilpotent, since then the exponential map is 
a diffeomorphism [ll, p. 2693 - Theorem 2(b) is a sharper re­
sult which applies only to the nilpotent case.
Proof Since exp:L(G)— >G is a diffeomorphism, every con­
nected Lie subgroup is closed.
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Lemma 1 (a) Theorem 2 holds in case the dimension of G is
less than or equal to 3.

(b) There is a 2-dimensional non-nilpotent 
counterexample to the conclusion of Theorem 2 (b).
Proof We postpone the proof of Lemma 1 to the end of this 
section.

We proceed by induction on the dimension of G.
Assume the result if the dimension of G is ̂  n, 

where n 3.
Let the dimension of G equal n + 1. We choose a con­

nected, normal, Lie subgroup H of G, having dimension ^ 1 
and codimension ^ 2 IS, p. 46j. If G is nilpotent, let H 
be any one-parameter subgroup contained in the non-trivial 
center of G.

H\G is a connected, simply connected, solvable Lie
group, with exp:L(H\G) > h\G a diffeomorphism and with its
dimension £ n. If G is nilpotent, then H\G is nilpotent . 
[25, p. 238, 5, p. 400, and 23, p. 7j.

Let p:G— >H\G be the canonical projection, and e and e 
the identities of G and H\G respectively. We show that p 
is contracting.

Lemma 2 Let d be induced by any right invariant Riemannian 
metric < ,> on G. < , > and d induce a certain right in­
variant Riemannian metric < , > and metric d on H\G such 
that for all g € G and k € G, d(g,k) >, d (p(g) ,p(k)) .
Proof Let W be the orthogonal complement to the tangent
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space TeH with respect to < , ) . Let < , be the inner 
product On T-(H\G) induced from W by Tgp restricted to W. 
Any v ^ TgG can be written v = h + w where h € TgH and 
w £ W. For any v £ TeG' TeP contracting since

<v,v> 5. <w,w> = <(Tep) w, (Tep)w>- = <(Tgp) v, (Tep) v>_ .

By right translation by elements of H\G, < , induces
< , y a right invariant Riemannian metric on H\G, which in­
duces a right invariant metric d on H\G. Then for all g 6 G
and v T G, <vfv> ^ (̂T p)v,(T p)v^. It follows that p9 9 9
shrinks path lengths and thus that, for all g & G  and k 6 G, 
d(g,k) ^ d(p(g) ,p(k)) . QED Lemma 2

Let X and Y be in L(G), and <J>(t) EES exp (tX) and 
tfi' (t) =  exp(tY), for all t in R. Since 
sug d (<J)(tk) (s^)) < , it follows by Lemma 2 that
sup d(p<f>(t, ) , p<fc' (s,))<oo . Since by the inductive hypothe-
k e z  • k

sis p̂ > is isolated, it follows that p<J> = P^' up to sense- 
preserving reparameterization. Therefore, there exists 

L (H) such that + X = rY for some r> 0. Since L(H)
is an ideal, L(H) and X generate a subalgebra L(K) which has 
a dimension one greater than the dimension of L(H). L(K) 
is the Lie algebra of K, a connected, simply connected, 
solvable Lie group of dimension ^ n, with exp:L(K)— »K 
a diffeomorphism. If G is nilpotent, K is nilpotent and
isomorphic to R . Since X and Y are in L(K) , (j) and $>' are
in K.

Let d be the restriction of d to K. Since K is closedi\
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in G, every closed set in K which is bounded in d„ is also 
closed in G and bounded in d, and hence is compact in G and 
compact in K [11, p. 563- Therefore dR 6 (See Section 2.)

Let d' be any metric on K induced by a right invariant 
Riemannian metric on K- Since by hypothesis 
s u j d  dK (0(tk) (sk)) < «»/ (dR = d on K) , it follows

The same steps prove Theorem 2 (b), since when G is nil- 
potent all the groups involved are nilpotent.

It only remains to give the proof of Lemma 1.

Proposition l(a,d,f) shows that it is sufficient to 
prove the result for some d induced by either a left or 
right invariant Riemannian metric, or by some norm if 
G C  GL (n, R) .

Let n be the dimension of G.
If n = 1, the result is trivial.
We examine 3 cases: (i) n = 2, (ii) n = 3 and G con­

tains a normal Lie subgroup of dimension one, (iii) n = 3 
and G does not contain a normal Lie subgroup of dimension 
one.

Case (i) If n = 2, G is isomorphic to either the abelian 
2group R , or to the non-nilpotent matrix group

By our inductive hypothesis, since is isolated as a sub­
group of K, up to sense-preserving reparameterization

Lemma 1 Proof
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{(o i)| a > 0, b « Rj

which we denote by S q .  L ( S q ) ,  the Lie algebra of Sq , is the 
Lie algebra of matrices

2Theorem 2 is trivial for R , where we use the Euclxdean 
metric.

Let us write the elements of Sq as ordered pairs
(a,b) £ R+ x R, where (a,b)(a',b') = (aa', ab' + b).
After sense-preserving reparameterization, the three types

t tof one-parameter subgroups of Sq are: (1) t|— >(e ,d(e -1)),
(2) t|— >(e-t,d(e-t - 1)), and (3) t|— >(l,td). d is any 
real number.

Let <J> and <f>' be one-parameter subgroups. We show 
that if <j> is recurrently approached in norm by (f}' , then
<J) = up to sense-preserving reparameterizarion. The re­
sult is clear if (|> is type (1) and (j)1 is type (2) or 
type (3) , or if < p  is type (3) and is type (1) or type (2) .
By Proposition 1(g), it only remains to check the case when 
and are both type (1) .

So, let <̂ >(t)=r (ê ',d(et - 1)) and
<P’ (s) == (es,d' (eS -1)), for all t and s in R.

(̂ (t)̂ ' (-s) = (e^_s,e^d' (e-S - 1) + d(et - 1)) =

(et-s,et (d-d') +d'(et-s)).

Then suja ||<j)(t̂ )({?' (-sk)fK°° implies that e^t]c is bounded.
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Therefore d = d 1, and thus 4> = <l>'.
We could also verify that the subgroups are isolated 

using the metric d induced by the left invariant Riemannian
2 ymetric (1/a ) (da®)da + db&db) , which is the Poincare metric 

on the upper half-plane. If (a,b) £ R+ x R is considered
as the complex number z = b + ai, it can be computed that

d(z,,z ) = log lz2 ~ zl> * lz2 ~ zl\Jz2 “ ZjJ - jz2 " ZJ  L3' P* 130J •
Since the one-parameter subgroups are, after reparameteriza­
tion, the Euclidean straight lines through (1,0), the result 
is intuitively clear.

To get a counterexample to the conclusion of Theorem
2(b) when G is non-nilpotent, consider the subgroups

— >(et,et - 1) and : si— Mes,-es + 1) of Sq . (See the
diagram.) Reparameterizing the positive directions of the
subgroups as Euclidean half-lines in the upper half-plane,
we have for t } 0, <j>:tl >(t + (t+1) i) and <J>' :tl— (̂—t + (t+1) i).

[2(-t + (t+1) i)| + j-2tl
|2 (-t + (t+1) ill - l-2tl =

lim log( + 2t + 1 + t) / cJlt2 + 2t + 1 - t) ) < oO .t-+ Co

Therefore taking t^ = s^ = k, we obtain that
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sup d(d>(t. ), <i' (s. )) < o« , but d) is not a sense-preserving 
k>0 K k
reparameterization of <)>' .

Case (ii) Let n = 3, H be a normal Lie subgroup of G of 
dimension one, and p:G— *G/H. Using the same argument we use 
in proving the inductive step in Theorem 2, we show,first, 
that if s u j d  d (^(t^) , <}>'(ŝ ) )< , then p<{> = pjf)1 up to sense-
preserving reparameterization. This implies that <j) and 
lie in the same 2-dimensional subgroup of G and thus, by- 
Case (i) , that <f) = <£' up to sense-preserving reparameteriza­
tion. If G is nilpotent, G/H is nilpotent and isomorphic 

2to R . Therefore, by a similar argument, Theorem 2(b) fol­
lows in this case.
Case (iii) Let n = 3 and G not have a one-dimensional normal 
Lie subgroup. Since a nilpotent Lie group has a non-trivial 
connected center, G is not nilpotent. The commutator sub­
group tG,q] must be 2-dimensional, and thus isomorphic to 

2either R or Sq. Let X, Y, and Z be a basis for L(G), with 
X and Y in L([g,gJ). Since [g ,gJ is 2-dimensional, ad(z) 
must be invertible on L([g,g1), but L(Sq) has no invertible 
derivation. Therefore [g,g] must be isomorphic to R . So
[x ,y] = 0. Bya result of Saito, since exp:L(G) >G is a
diffeomorphism, ad(Z) has no pure imaginary eigenvalue 
[23, and 5, p. 40C)] .

It follows that L(G) is isomorphic to the Lie algebra 
of matrices of the form
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fc — C0 0 a\
C » c 0 b
0 0 0 c
0̂ 0 0 01 , for some fixed 0 ^ 0 .

Exponentiating, we see that G is isomorphic to the group of 
matrices of the form

e cos(z0) 
ezsin(z©) 
0 
10

-e2sin(z0) 0 x\
ezcos(z0) 0 y
0 0 z
0 0 1/ .

That is, G is the semidirect product of R by R, where z 6 R
2 zacts on R by a rotation by z© followed by a dilation by e .

Writing G as ordered triples, we obtain

(x,y,z)(x',y',z ') = ((x,y) + ezRz^(x1,y'),z + z'),
2where R is counterclockwise rotation of R by z©.Z9

After sense-preserving reparameterization, the three types 
of one-parameter subgroup of G are:
(1) t»— J((efcRte - I)(u,v),t),
(2) th-4(( e~tR_te “ D(u,v),-t), and
(3) tj— »(ta,tb,0).
u, v, a, and b are any real numbers.

We show that if (j> is recurrently approached in norm by
<j>' , then <p = f  up to sense-preserving reparameterization. 
The result is clear if (f) is of type (1) and <j)' is of type (2) 
or type (3) , or if (p> is of type (3) and <p' is of type (3)
or type (2). By Proposition 1(g), it only remains to check
the case where (|) and <j)' are both of type (1) .
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So let for all t in R,

<ja(t) =  ((<3*^0 - I) (u,v) ,t) and 

4>' - I) (u' , v ') ,t).

cJXt)^'(-s) =

((efcRte - I) (u,v) + e ^ g t e ^ R ^  - I) (u', v f) , t - s) =

(e^^Cu-u1,v-v'} + SR(t_s)0 fu ' v̂ ’) " (u,v), t - s ).

Since sup [|(f)(t, ) ̂ (-s,)/! < o° , it follows that k€Z T K K
sug 11^ - sk |<oo. Therefore

sup||(etk)R. A»(u-u1 ,v-v' )||K °o , which implies that u = u' 
- k € Z  i t k e j

and v = v 1. Therefore <)>=<)>■.
We could also give a geometric argument, using the met­

ric d induced by the left invariant Riemannian metric
e ^z(dx&dx + dy<S>dy) + dz(8dz. QED Lemma 1

QED Theorem 2
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Section 5 Theorem 3

In this section we state and prove Theorem 3, which 
deals with the isolation of one-parameter subgroups of 
SL(n,R). Proposition 2 and Proposition 3, on which 
Theorem 3 depends, are proved in Section 6 and Section 7 
respectively.

The proof goes roughly as follows. If (f> and ^  are one- 
parameter subgroups on SL(n,R), they can be factored as

$ = E^H^U^ and vf' = E2H2U2 where' for i = If 2, has com­
pact closure, is positive semisimple and IK is unipo- 
tent. In this section we show that if is recurrently 
approached by ^  , then H-̂ Û  is recurrently approached by 
^2^2’ Proposition 2, = H2 up to sense-preserving re­
parameterization. By Proposition 3, = U2 up to the same
reparameterization. This proves Theorem 3.

Theorem 3 Let <|> and 'f' be one-parameter subgroups of 
SL(n,R). Suppose that <J> is recurrently approached in norm 
by V  Then there is a sense-preserving reparameterization 
vj'1 of Y  and a one-parameter subgroup ?£.of SL(n,R) with only 
positive eigenvalues, such that (|>(t) = Ê ftJ'XCt) and

(t) = E2 (t)^(t) , where E-ĵ and E2 are one-parameter sub­
groups of SL(n,R). E^ C L  Ei= = Ki and E2 C  E2===K2, where 
and K2 are tori contained in the centralizer of X. Further­
more, there are one-parameter subgroups H and U of SL(n,R) 
such that X(t) = H(t)U(t). H(t) is semisimple with only 
positive eigenvalues, and U(t) is unipotent. E^, H,
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and U are in each other's centralizer. Eg, H, and U are in 
each other's centralizer.

Proof See Section 2 for definitions and properties concern­
ing being recurrently approached in norm.

Lemma 1 (a) Let If || be any norm on M(n,R) . Let K be a
compact set in GL(n,R). Then there exist positive constants 
c and C such that, for all g £ M(n,R) and h £ K,

cflgll £ llghll £ Cllgll and c|lg|| £ Jfhglf £ C \Vg\l -

(b) Let <f), y>, , Eg i E^, an(̂  E2^ be one-Parame_
ter subgroups of GL(n,R) , and K-̂ and Kg compact sets such
that E1C K 1 £  GL (n,R) and Eg C K2 C GL (n,R) . Then <̂> is re­
currently approached in norm by 'f' if and only if E ^  is re­
currently approached in norm by Eg^.
Proof (a) It is enough to prove the result for some partic­
ular norm II lion M(n,R) . So let |Ig|| =  sup |gv| where | | is|v|=l
the Euclidean norm on Rn. Then for g and h in M(n,R),
llghll ^ llgll l|h||. Let C =  sup llhll and c == (sup llh 1̂1) Then

h6K h€K
cllgll = cllghh 1|| < c llh 1|| llghll £ llghll £ llgll llhll £ Cllgll. Also

cllgll = cllh 1hg|J < c|lh 1̂ llhgll £ \lhgll ^ llhll l\g\l ̂  C llgll.

(b) Lemma 1(b) follows directly from Lemma 1(a).
(See Section 2, Definition 2) QED Lemma 1

We generalize the following decompositions to one-para­
meter subgroups.
Complete Multiplicative Jordan Decomposition For any ele­
ment g 6 GL(n,R), there exist unique elements e, h, and u



in GL(n,R) such that (i) g = ehu, (ii) g, h, and u commute 
with each other, and (iii) u is unipotent, h is semisimple 
with all its eigenvalues positive, and e is semisimple with 
all its eigenvalues of modulus 1. It follows that e is con­
tained in a compact connected subgroup. (The letters e, h, 
and u are suggested by the terms elliptic, hyperbolic, and 
unipotent [11, p. 436] .)
Real Canonical Form The complete multiplicative Jordan de­
composition of an element g £ GL(n,R) can be read off from 
the real canonical form of g. For an (n,n) real matrix, the 
real canonical form is the same as Jordan form for the real 
eigenvalues. For a complex eigenvalue of the form a + bi, 
the blocks consist of ^  on the diagonal and^ just
below the diagonal [l2, p. 126}.
Lemma 2 Let (j) be a one-parameter subgroup of SL(n,R) . Then 
there exist one-parameter subgroups E,H, U, and X. of SL(n,R) 
which are in each other's centralizer, and such that 
(f)(t) = E(t)H(t)U(t) and X(t) = H(t)U(t). Furthermore, E is 
contained in E = K, a toral subgroup of the centralizer of X  
H is semisimple and has all its eigenvalues positive, and U 
is unipotent. E, H, and U are the unique subgroups having 
these properties.
Proof Let (̂>(t) EEE etX, for all t in R. Pick a basis for Rn
such that X is in real canonical form. Consider the S + N

  tNdecomposition of X. Then U ( t ) = e  , for all t in R.
+.CE (t)H(t) = e , for all t in R, is the 0-P polar decomposi­

tion with respect to the basis. Looking at the matrix
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representation with respect to the chosen basis, we see that 
the subgroups are in each other's centralizer and have the 
other required properties. The uniqueness follows from the 
uniqueness of the complete multiplicative Jordan decomposi­
tion for any element in GL(n,R). QED Lemma 2

Now let 4> and 'f' be the one-parameter subgroups of 
SL(n,R) referred to in the statement of Theorem 3. Choos­
ing, as in Lemma 2, E^, H^, U^, X^==H^U^, E2»
eTJ = K 2, H2, U2, andX2= H 2U2, we obtain the following:
(i) E^, H^, and are in each other's centralizer. E2»
H2, and U2 are in each other's centralizer.
(ii) Ex CZ K1 which is contained in the centralizer of ̂  
and E2C K 2 which is contained in the centralizer of X 2 •

and K2 are tori.
(iii) There exist X^ and. X2 such that Xj(t) —  e 1 and

txP̂2(t)“  e 2 where X^ and X2 have all their eigenvalues real.
(iv) ( f ) ( t) = E1(t)^1(t) and ^(t) = E2 (t)X2 (t) •

By using Lemma 1(b), recurrently approached in
norm by X 2 • Using Proposition 2 (Section 6) and 
Proposition 3 (Section 7) , we can show that X 2 a sense~ 
preserving reparameterization Thus after a sense-
preserving reparameterization of we can assume that 
H = H2=  H, U1 = U2 =  U, and X 1 = X2= X *  QED Theorem 3
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Section 6 Proposition 2

The following proposition roughly shows that if $ is 
recurrently approached by T  where <j> and 'f'have only positive 
eigenvalues, then up to sense-preserving reparameterization 
they have the same semisimple parts. This is done by show­
ing that they have the same eigenvalues (Lemma 1) and the 
same generalized eigenspaces (Lemma 2). Therefore the uni­
potent part of <J? is approached by the unipotent part of V. 
This result is the hypotheses used in Proposition 3.

Proposition 2 Let <f>(t) =  etX and Mt) =  etY, for all t in R,
be one-parameter subgroups of SL(n,R) such that all the 
eigenvalues of X and Y are real. Let <j> be recurrently ap­
proached in norm by 'p.

(a) (p is unipotent if and only if 'P is unipotent.
(b) If (j? and 'f are not unipotent, there is a sense-

preserving reparameterization 'P' of *P, where for all t in R
tY 1y'(t)EEIe , such that the largest eigenvalue of X and. the 

largest eigenvalue of Y' are positive and equal.
(c) Let (f> and *p be non-unipotent such that 0,

where A^ is the largest eigenvalue of X and is the larg­
est eigenvalue of Y. Then there are one-parameter subgroups 
H, U^, and U2 with the following properties.

(i) H is semisimple with only real eigenvalues, 
and U2 are unipotent. For all t and s in R,

<j)(t) = H(t)U1(t), ^(t) = H(t)U2(t), H(t)U1(s) = U^sjHtt), 
and H(t)U2(s) = U2(s)H(t).
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(ii) is recurrently approached in norm by U2•
(iii) s u j d  |tk - skl < »  where {tj)r and {s^ are the 

sequences for which sup llu, (t, )U~(-s. )1\ ̂  oO . (Section 2,k€ Z X K Z K
Definition 2)

Proof We first make some definitions and observations which 
will also be used in the proof of Proposition 3.

Definitions (1) Let spec(X) and spec(Y) be the distinct 
eigenvalues of X and Y respectively. Let *U" and be bases 
of Rn in which X and Y are, respectively, in Jordan form. 
Let, for all t in R, H1( t ) = e tSl, Ux (t) == etNl,
H2 (t) EE etS2, and U2 (t) =  etN2 be one-parameter subgroups, 
where X = S.̂ + and Y = S2 + N2 are the S + N decomposi­
tions. It follows that, for all t and s in R,
H1(t)U1(s) = U1(s)H1(t) and H2(t)U2(s) = U2(s)H2(t). For 
Xespec(X) and JA, £ spec(Y), let

~ { x  £  Rn \ = Ax} and W^ =  {x £ Rn | S2x = jAx}.

That is V and W are generalized eigenspaces of X and Y.

Rn = ̂{vaI a € spec(X)} = ©{t^f JA £ spec(Y)}.

(2) For -v £ "If and x € Rn , v*x equals the v co­
ordinate of x with respect to the basis

(3) Since is recurrently approached in norm
by let jtjTj and £sk| be the sequences with the requisite
properties (Section 2, Definition 2), such that

6SI
(4) Chains in "if and TXf are sequences of the
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2 2 form (v, NjV, N1 v,...) and (w, N2w, N2 w,.. .} respectively.
\ f a n d V J a r e partitioned into maximal chains. The first and
last elements in a maximal chain are called initial and
terminal elements respectively. For v E r, <£(v), the degree
of v, equals r if N^rv ^ 0 but N.^r+^ v  = 0. £(w), for
w eVf, is similarly defined. If v £ and (f(v) = r,
then

(f)(t)v = e^t (vQ + tv1 + ... + trvr) , where v^ =  N-^v.

Similarly, if w 6 W )  VJa and £[vr) = r, then
y(t)w = e^CwQ + tw.̂  + ... + , where wiE=N2iw.

The following observations are used repeatedly. 
Observations (1) Since sug ^ ° ° ' f°li°ws
that for v £**11 and w sup fv*<|)( C—ŝ.) w| <oo .

(2) Let v « V n v x and w£ V S a  W^. Then there 
are chains (vQ,...,v ) and (wQ,...,w ), where v = vp, w = wQ, 
Vq is an initial element, and w^ is a terminal element.

w„ =(3) v*Y(t)w = v*V|J(t)

v*e'̂ t (wn + tw. + . . . + t V )  =0 1 qf <3

eM t ((v*w ) + t(v*w, ) + ... + t5(v*w )).0 J- ql ^

(4) v*<|>(t)w = vp*<j>(t)w =

v* ({3(t) ((v*w) vQ + (vJwJVj^ + ... + (vpw )vp)

e^t (tp(v*w) + tp-1 (v*w) + ... + (v*w)).
pT 0 (p=TT! 1 P
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(5) In particular, if vtw = 0 for i < p
(equivalently, if v is of maximal degree in the set
{v € I,v*w ^ ) / then v*<|)(t)w = e^t (v*w) .

(6) Symmetrically, it is also the case that'P
is recurrently approached in norm by (J), where
sug l|Wsk)<|>(-tk)|koo. ( The reason is that the closure of

|\|/(sk)^(-tk) | k £ z} is compact because the closure of

^ ( t k)Y(-sk) 1 k  6 zj is compact. (See Proposition l(b,e).)
Proof of Proposition 2(a) We show first that if <f) is unipo­
tent, then ip is unipotent.

Assume that (J) is unipotent and ^is not unipotent.
Let jj, be a non-zero eigenvalue of Y, with eigenvector w .

Let v be of maximal degree in the set
{v 6 v0n v  = v i  v*w ̂  0̂ . Then

v*̂ )(t)'{,(“S)w = v*(j)(t) e ̂ Sw = e ̂ sv*(j>(t)w = e -̂ s(v*w) .

(See Observation 5.) Since sup I v*<b(t, )vf,(-s. ) wl < OO ,
k f e Z  T  k  k

v*w = 0, which is a contradiction.
By symmetry (Observation 6) , if ̂  is unipotent then (j) 

is unipotent.

Proof of Proposition 2(b) Since X and Y are in the Lie al­
gebra of SL(n,R), it follows that trace(X) = trace(Y) = 0.
Since spec (X) f £o} and spec(Y) * M ’ it follows that A^, 
the largest eigenvalue of X, and the largest eigenvalue
of Y, are positive. Let Y' S5 (A^/jH^Y.

Proof of Proposition 2(c) We need the following 2 lemmas.
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Lemma 1 If (|) and ^ ar® non-unipotent and > 0, then
spec(X) = spec(Y) and s u j d  |t̂  -  S j J  <  oo .

Proof The proof is postponed. (See below.)
Lemma 2 If <j> and 'f' are non-unipotent, then, for all 
X £ spec (X) = spec (Y) , Vk □ .
Proof The proof is postponed. (See end of Section 6.)

Lemma 2 and the fact that Rn = ® i m p l y ,  by di­
mensional considerations, that for all X, . There­
fore, for all S^ and S2 agree on . Therefore = S2, 
and hence = H2. By letting H =  = H2,
Proposition l(c(i)) is proved.

0 0 >  k e ?  " 4 , < t f c ) 4 , ( _ s i c>l l  =  l l H l t k ) u i ( t k ) u 2 ( - s k ) H ( ' s k )' l  =

sug IIU^^JDjt-S^BCVS^II.

Since/ by Lemma lf sup jt, - s,|<oo, it follows that
k £ Z

^  nui(tk)u2 (-sk)ii<od . (See Theorem 3, Lemma 1) So is 
recurrently approached in norm by U2.

To complete the proof of Proposition 2, it only remains 
to prove Lemma 1 and Lemma 2.
Proof of Lemma 1 (See above) Lemma 1 requires the follow­
ing sublemma.

Sub lemma (a) For all jjt. £ spec (Y) there exists 
ŷ  £ spec(X), such that sup (Xtk ~>Wsk)4.ô  •

(b) There is a bijection p from spec(X) to
spec(Y) such that if p< = p ( X )  , then sug lAt^ - jas^] 4̂ 

Proof of Sublemma (a) Let w be an eigenvector
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associated tojji, and pick v of maximal degree from 
(v f I v*w ^ 0^. For some X , we have v £ V*. Then

v*^>(t)lf'(-s)w = v*<J>(t)e ^ sw = e ^ sv*cJ>(t)w = e ^,se^t (v*w).

sup -sk)w|<<*3 implies thatk£ Z

m  (Atk - ̂ sk> *

(b) By symmetry (Observation 6),
for all X ’ £ spec (X) there exists y . ' fc spec (Y) such that
sup (>*sk - A'tk) ̂  co . Start withju, pick \  set A' = a, and k£Z
then pick jjl' . By addition, sup (At, - /As, ) Ce>o andk€Z K K
suja (M'sk - A ' t k)<«K3 imply that jlk' = jlA . Start with X1 t pick 

jjC , set jx = j x ', and then pick X • By adding the same formu­
las, we see that X = x-. This establishes the existence of 
a bijection p . If = /> (X) , sug (Atk -/Ask ) and
sup (jwsk - Atk)<c«o together imply that sug ] A^k •

QED Sublemma
We return to the proof of Lemma 1.
Let JUL= p(X) • sug |Atk - /lskj ̂  oo implies that p(A) = 0

if and only if A = 0. While if A ̂  0, (A/u) = lim (s,/t, ) =k—> oa K k
lim (s,/t, ) , where the limits, in fact, exist. By the

K K
sk^ (Section 2, Definition 2),

lim (s./t, ) X 0, and so P must be an order preserving bijec-k—>oo k k ^ \
tion. So p(Ax ) equals M i’ which by assumption equals A^-
So, for all^such that JJ. = p(A) , since

X/jx = lim = ^ 1 ^ 1  = *•' ^  follows that X = M '

Therefore p is the identity and thus spec(X) = spec(Y).
Picking A = X1 and JX = p(X^) = JU^,

conditions on {tjj and [



k €Z JV '  k « z  *  *

QED Lemma 1

Proof of Lemma 2 (See above) The proof is by contradic­
tion.

Suppose there exists X such that it is not the case 
that VA D  WA .
(i) Pick w of minimal degree in the set {w £, | w 4  v>3-
There is a maximal chain ( w = W q ,  w^, ... , w^) in W.
(ii) Pick v of maximal degree in the set

jv £ (1/- VX) | v*w f  o]|. v £ Vx , for some X' ^ A- 

v*<j)(t)^(-s)w= v*<|)(t)e X s (w - sw^ + s^w^ ...) =

e X sv*(|)(t) w, by our choice of w. e Xsv*^(t)w =
e“AseA ^ (v*w) , by our choice of v (Observation 5). Since
sup |v*<j)(t, )lf,(-s. )w| < oo, it follows that k£Z * K K
^ l ( V t k -

If \ =  0, then X' =0, which is a contradiction since

A' ^ X.
If A > 0,

Since, by Lemma 1, both limits are equal to 1, it follows 
that V  =A» which is a contradiction.

Similarly, if A < 0, we get the contradiction A' = A» 
Therefore, 3  W^. QED Lemma 2

QED Proposition 2
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Section 7 Proposition 3

Proposition 3 Let^and'f’ be unipotent one-parameter sub­
groups of SL(n,R). Let (J> be recurrently approached in norm
by f, where {t^ | k £ z} and {sk | k e z} are the sequences
chosen such that sup [foD (t^)^- ^ 00 for any norm || || .k6Z *
Then is a sense-preserving reparameterization of <j). 
Furthermore, if sujo (t^ - s^l then t-4>-

Proof For all t in R, let<f>ft)=etX andV(t) = etY, where X and 
Y are nilpotent. We use again the definitions and observa­
tions made in proving Proposition 2 (Section 6), with the 
difference that here X and Y have no semisimple part and 
spec(X) = spec(Y) = . For convenience, we restate
Observations 1-5 in this context.

Observations (1') For all v e V  and w i V f ,

SUjD (V*^)(tk)^(-Sk)w| .
(2') Let vci/and w M .  There exist chains 

(Vg,...,Vp) and (wQ,...,w ) where v = v , w = w Q, vQ is an 
initial element, and w is a terminal element.q

(3') v*Y(t)w = v*f(t)w0 =

(v*wn) + t(v*w,) + ... + t^(v*w ).P u F x qi P 4

(4') v*<J)(t)w = v*^)(t)w0 =
t£(v*w ) + tP-1. (v*w ) + ... + t(v* wn) + (v*w ).
p! 0 0 (p-l)T 1 0  P ’ P

(5') In particular, v*^>(t)w = v*Wg if v*Wg = 0 
for i < p, and v*<J>(t)w = (v*wQ) + if
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ViW0 = ® ^°r  ̂^ P~l*

Clearly (f> is the identity if and only if is the iden­
tity, and in that case Proposition 3 trivially follows. So 
assume <j> is not the identity and y'is not the identity. The 
following two lemmas directly prove Proposition 3.

Lemma 1 (a) There is a real number °< > 0 such that
sup !<*t - sj
kgZ K K

(b) Let r  (t) =  ̂ (cft) , for all t in R. Then is
recurrently approached in norm by vp./ The sequences Jt/1

perty that sup ItJ - s,' I < c>o . 
k e z  K K

Lemma 2 If sup It, - s, I < °0 , then 4> = V*.  k£ Z k K 1
It remains to prove Lemma 1 and Lemma 2.

Proof of Lemma 1 We need the following sublemma.

Sublemma (a) Let v e V  and w £ vf, such that <f(w) = 0.
If $ (v) > <$(w) , then v*w = 0.

(b) Let v £*1/ and such that J*(w) = 1.
If <f(v) > cf(w) , then v*w = 0.

(c) There are chains (vQ, v^) in and
(Wg, wx) in V J where v^ and w.̂  are eigenvectors (i.e. J"(v) =
<̂ (w) = 0) , such that v^ is of maximal degree in the set

£ *\J ( v*w1 f  oj and either v*Wg = 0 or Vg is of maximal 
degree in the set jve$/ I v*Wg £ o}.

Proof of Sublemma (a) Let ^(Wg) = 0. Let Vg be of
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maximal degree in £v j v*Wq 4  0̂ . If £(vg) 4  0, then 
there is a chain (vQ, in °lf. v*^>(t)Vp(-s)wQ = v*cfj(t)w0 =
(v*wQ) + t(v*w0) (Observation 5'). Since
sup IvJ^Ctj^^-Sk) wQ1 < , it follows that v*wQ = 0, which
kf 2
is a contradiction. So o (Vq) = 0.

(b) Let <£(w0) = 1. Then there is 
a chain (ŵ , w^) in U [  Let vQ be of maximal degree in the 
set | v*wQ f o}. If ^(vQ) > 1, there is a chain
(vQ, vx) in IT.

v*(J)(t)tf'(-s)w0 = v*£(t) (wQ - sw1) = v*^(t)wQ - sv*^)(t)w1=

v|(|)(t)w0, since ^(w^) = Of ^(v^) >  0, and thus (a) applies 
(Observation 5’)-

vJ^(t)wQ = v^Wq + t(v*wQ) (Observation 5').

Since sup | v£(b(tk)^(-s^ wQ| < oo , v*wQ = 0, which is a con- k6 Z *
tradiction. Therefore,/(Vq) ^ 1. (We note in passing, that 
continuing inductively we could show that for all v and
w 6<UJ, if <̂ (v) y  J(w) , then v*w = 0.)

(c) Since we are assuming 4̂  is not 
the identity, there is a chain (ŵ , w^) in ̂ //where w^ is 
an eigenvector (i.e. <f(ŵ ) = 0). Pick v^ € such that 
v*wi f  0. By part (a) above, /(v^) = 0 and v1 is of maximal
degree in the set | v t  I f  | v*W;L 4 o j .

If there is no chain of the form (v^v^, then

vJ^(t)^(-s)wQ = v£<j)(t) (wQ - sw.^ = v*wQ - sfvjw^

(See Observation 5'.)
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Since sup |v*<j)(t, ̂ (-s. )w.| < vJwi = w^ich is a contra- Z
diction.

So let. (vQ, v1) be a chain in %[. By part (b) above, 
either v*wQ = 0 or vQ is of maximal degree in the set
[v e^lf I v*Wq ^ 0J. QED Sublemma

We return to the proof of Lemma 1.
(a) Let (Vq ,v )̂ and (Wq ,*̂ ) be the chains referred to in 
Sublemma (c).

v*<t>(t)lp(-s)w0 = v*̂ >(t) (wQ - sw^) =

V ^ ( t ) W g  - SV|j)(t)W1 = (V^Wg + t ( V * W Q )) ~ S ^ W - ^ .

(By the choice of Vq and v^, and by Observation 5'.)
Let °< (VgWg) / (v^w^) . Since sug !v;$(tk)«p(-sk)w0|<c*> ' 
it follows that sug “ skl^°^ and e* > o.

(b) Let vp l (t)~^(<Kt) for all t in R, and let t£= t^,

and ŝ. == s]C/0< •

So cj> is recurrently approached in norm by Ĵ', with the se­
quences being and Furthermore

H  - ski= K  - v^K00-
QED Lemma 1

Proof of Lemma 2 We are done if we can show that for all 
maximal chains CZ Ifandfy^cfyf, all v & and w k , and 
all t 6 R, it follows that t)w = v*^(t)w. Since then,
for all t & R, <j)(t) = ^(t) .

So let and <U/^£.<Hfbe maximal chains. We proceed
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by induction on <f(w) - S{w) .
Let J(w) - £(v) be minimal. That is let w be the ter­

minal element of and v be the initial element of 
Then, by Observations 3' and 5', v*^>(t)w = v*w = v*4/(t)w.

So suppose that for v £ °\Ŝ  and we <U/̂ , 
v*^>(t)w = v*^(t)w if (̂w) - S (v) ^ r-1. Now let 
$(w) - S(v) = r. There are chains of the form (V g f ...,v )' 
and (wQr....,Wq) where, Vp = v, wQ = w, is the initial
element of , and w is the terminal element of1 q 1
(Observation 2'). By Observation 1', 
sup |v*<J>(tk) ̂ (-sk)wQ| < oO . By hypothesis,

sug which implies that

Therefore,

°° >  k6? ,(vp + (tk )'*/(-8k)w0) " (vJf(tk)‘l/(“Sk)w0)I*

It follows that

“  > Ss! 1 <vp‘t>(tk)wo + vj f tk) l_skwi + ••• + <-sk>qy > -g-j

(v*^(tk)wo + v*^(tk) ( s kWl + ... + (-sk)qwq) )| =
qi

gig ,vpt(tklwo - v;'f’(tk)wol'

because for i = 1, . . . , q, we have i (w.) -$V)^r-l, and
x  p

the induction hypothesis holds, and thus v*<J>( tk,wi “ 

vp'i,(tk)wi-
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By Observations 3' and 4', Vp<̂ t)wo ” 
is a polynomial in t with constant term equal to 0. Since 
a non-constant polynomial in t converges to «  as t goes to

«  > m  |v;<t><tk)w0 - v^(tk)wol

implies that v*^(t)w0 = vj^tJWg.

QED Lemma 2
QED Proposition 3
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Section 8 Theorem 4

Theorem 4 is a consequence of Theorem 3.

Theorem 4 Let (j)(t) = exp(tX) , for all t in R, be a one-
parameter subgroup of a connected, semisimple Lie group G.
If Condition (i) or Condition (ii) holds, then $ is isolated. 
If G has finite center, Condition (i) and Condition (ii) are 
equivalent.

Condition (i) G has finite center, and there is no com­
pact connected Lie subgroup in the centralizer of

Condition (ii) For each Y in the centralizer of X 
(i.e. [x ,y] = 0), when ad(Y) is semisimple then ad(Y) has
some eigenvalue which is not pure imaginary and not 0.

Proof First we prove Theorem 4 in the case where G is cen-
terless.

Since G is centerless, the adjoint representation of G 
is faithful [11, P. 12sO . Therefore we can consider G to 
be a Lie subgroup of GL(n,R), where n is the dimension of G. 
Since G is semisimple, the commutator subgroup [g ,g] equals 
G, which implies that G is a Lie subgroup of SL(n,R)
[25, p. 243]. Also, since G is semisimple, G is a closed 
Lie subgroup of SL(n,R) [ll, p. 152].

Let (j) be recurrently approached in norm by 'p, a one- 
parameter subgroup of G. Applying Theorem 3, we see that 
there exists a sense-preserving reparameterization S7' of Y  

such that, for all t in R, ( f ) (t) = (t) H (t) U (t) and
(t) = E2 (t) H (t) U (t) , where , E2 , H, and U are subgroups
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of SL(n,R) with the properties indicated in Theorem 3. How­
ever, since G is a subgroup of SL(n,R) as the adjoint repre­
sentation of a centerless semi-simple Lie group, it follows 
that if, for g£G, g = ehu is the complete multiplicative 
Jordan decompositon of g as an element in SL(n,R), then e, 
h, and u are also in G. (See Section 5 and [ll, Problem 6, 
p. 4 3 5 ] . )  Therefore the subgroups E^, E2/ H, and U are in G.

If Condition (i) holds, since there is no compact, con­
nected subgroup in the centralizer of 4>, it follows that 
and thus also E2 are trivial. Therefore <j> = f  '. This shows 
that cjl is isolated in norm and hence isolated 
(Proposition 1 (d)).

We next show that when G is centerless, Condition (ii) 
is equivalent to Condition (i), and thus that Condition (ii) 
also implies that (j> is isolated. There is a compact con­
nected Lie subgroup in the centralizer of <j> in G if and only 
if there is an element Y in the centralizer of X such that 
the subgroup t|— >exp(tY) has compact closure. Since Ad(G) 
is closed in SL(n,R), ti— ^exp(tY) has compact closure in G 
if and only if tl— >exp(t(ad(Y))) has compact closure in 
SL(n,R). But for any element W in the Lie algebra of 
SL(n,R), by putting W in real canonical form (Section 4,
r  *1 fcW(12, p. 12 6J ) , we see that tl— Je has compact closure m
SL(n,R) if and only if every eigenvalue of W is pure imag­
inary or 0 and W is semisimple.

Now let G have non-trivial center.
Let Z(G) be the center of G, which in this case is
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discrete. Let p:G— >G/Z(G) be the canonical projection, 
which is thus a covering map. There exist metrics d on G 
and d on G/Z(G) induced by right invariant Riemannian met­
rics on G and G/Z(G) respectively, such that 
d(g,h) I d(p(g),p(h)) for all g and h in G. Therefore, 

is isolated if p^iis isolated.
If Condition (ii) holds for ̂>, it holds for the subgroup 

p̂ > of the centerless group G/Z (G) (L(G) = L(G/Z(G))).
Since Theorem 4 holds in the centerless case, p^ and hence 
are isolated.

Let Z (G) be finite. Let Condition (i) hold for 4>.
There is no compact, connected, Lie subgroup in the central- 
zer of ♦ if and only if there is no compact, connected, Lie 

subgroup in the centralizer of p^, which is a one-parameter 
subgroup of the centerless group G/Z(G). Since Theorem 4 
holds in the centerless case, Condition (i) holding for 
pfi is equivalent to Condition (ii) holding for p*j) and thus to 
Condition (ii) holding for Therefore, if Z(G) is finite, 
Condition (i) is equivalent (ii), and thus Condition (i) 
implies that <}> is isolated. QED Theorem 4
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Section 9 Proof of Theorem A and Theorem B

In this section, using the previous results, we prove 
Theorem A and Theorem B (Introduction).

Proof of Theorem A for Condition (a) on Nilpotent Groups

We can assume that G = G 1 and r= r ,  since if G/r and 
G/f*' are homeomorphic, they are homeomorphic by an affine 
map A:G/P— Furthermore, (G,D has the automorphism 
extension property (Section 3 (Lemma), and [l3, Theorem 5, 
p. 292]) .

We verify that the other conditions of Theorem 1(c) 
hold. (G,G/f") has the homeomorphism lifting property, since 
G is simply connected. By Theorem 2, <j> is isolated. QED

Proof of Theorem A for Condition (b) on Solvable Groups

By the condition that the eigenvalues are real, we can 
assume that G = G' and r = p. Because, if G/{~ and G'/l*"' 
are homeomorphic, they are homeomorphic by an affine map. 
Furthermore, (G,f”) has the automorphism extension property 
(Section 3 (Lemma), Gorbacevic [lo], Mosak and Moskowitz 
[17] , Saito C23, p. 166]) .

We verify that the other conditions of Theorem 1(c) 
hold. (G, G/T) has the homeomorphism lifting property, since 
G is simply connected. Since for all X in L(G), no eigen­
value of ad(X) is pure imaginary, it follows that the expo­
nential map is a diffeomorphism (Saito [23] , and 
[5, p. 40o]) . Therefore, by Theorem 2, (̂ is isolated. QED
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Proof of Theorem A for Condition (c) on Semisimple Groups

Lemma Let G and G' be connected, centerless, semisimple Lie 
groups, with lattices f~ and |~' and identity elements e and e'
respectively. Then any homeomorphism f: (G/f",eD ^
(G'/r'/e'p') lifts to a homeomorphism f:(G,e)--»(G',e').
Note To see that the conclusion of the lemma does not hold 
for any Lie group and lattice, consider the following example. 
G = G ' = R x S1,P= P  = Z x e ,  G/r = S'*" x S^, and 
fiS1 x S1— x S1 such that f(g,h) = (h,g) for all g and 
h in S1.
Proof of Lemma Let p:G— »G/f and p':G'— ^G'/P' be the ca­
nonical projections. By covering space theory, it is enough 

to show that f (G, e) CL PiTfi (G ''e' ) [15 , p. 156 ].
Therefore, it is enough to show that p^^CG^) and

PiUilG'. e1) are the centers of (G/p,eP) and T^(G r e T 1) 
respectively.

Consider the following commutative diagram of sequences 
where the horizontal rows are exact. q:G— >G is the univer­
sal covering homomorphism, Z (g ) is the center of G, and
A  = q-1(rj [25 , P. 62, 15 , p. 158],

1-»T£ (G,e) ^ ( G / ^ e A  ^TT[(G/r,er)

i—>z(G) — >a  —IL I I
1-——̂  Z (G) - ■ y G — — j G - » >1
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Since G is centerless, the Borel density theorem implies 
that I*” is centerless [20 , pp. 84-87^. Therefore Z (G) is 
the center of which implies that p^TT^Gje) is the center 
of n^(G/f,ep .

The same argument shows that piTf̂  (G ' ,e') is center 
of Tj^G'/f-' ,e'r') . QED Lemma

Since <£* and <f)'* are topologically equivalent, G/f and 
G'/r' are homeomorphic by a map f, which we can take, after 
translation, to be basepoint preserving. By the lemma, f 
lifts to f:(G,e)— ■ (G,e). f restricted to | is an isomorph­
ism from P to P' . Since Condition (c) of Theorem A is pre­
cisely the condition to which the rigidity theorem of Mostow 
(which uses work of Prasad and Margulis in the non-uniform 
lattice case) applies, fjp extends to an isomorphism 
A:G— >G' [18, p. 4].

Therefore we can consider G =G' and P=  T 1 
(Section 3 (Lemma)) .

We verify that the conditions of Theorem 1(c) hold.
By the lemma, (G,G/T) has the homeomorphism lifting proper­
ty. By the Mostow rigidity theorem, (G/f“) has the auto­
morphism extension property. By Theorem 4, (j) is isolated.

QED Theorem A
Proof of Theorem B Theorem B(a), which concerns nilpotent 
and solvable groups, is Theorem 2. Theorem B(b), which 
concerns semisimple groups, is Theorem 4.

QED Theorem B
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Section 10 Examples, Comments, and Questions

In this section we comment on, ask further questions 
raised by, illustrate, and show the limits of our theorems.

(a) Example 1 A nilpotent example of Theorem A is the well 
known Heisenberg group, the group of (3,3) matrices with 0 
below the diagonal, 1 on.the diagonal, and any real numbers 
above the diagonal. Take the subgroup with integral entries 
as the lattice f.

(b) Example 2 Non-nilpotent solvable examples of Theorem A 
can be obtained by starting with a matrix in SL(n,Z) which 
is semisimple with all its eigenvalues real. Then there ex­
ists an action T:R— >SL(n,R) of R on Rn such that cr(l) is 
the matrix we started with. Using the action ̂ T, let
G = Rn X  R, and using the action CT|Z, let [~ = Zn XI Z.

(c) Example 3 The condition for solvable groups (Theorem A 
Condition (b)) is not necessary. The following is an exam­
ple of a connected, simply connected, solvable Lie group 
for which an eigenvalue of ad(X) is pure imaginary. But 
still topologically equivalent flows and are topologi­
cally equivalent by an affine map.

2Let (7(t) be the counterclockwise rotation of R by 27Tt.
2Let S2 be the semidirect product R)(R, where <T is the ac-

2 2tion of R on R . Let T2 be the subgroup Z Z, which is
3isomorphic to Z since CH[1) is the identity. Then S2 is a

connected, simply connected, solvable Lie group. S2 ^ 2  -*-s 
2compact. R is the commutator of S2« There is an X in L(S2)
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such that ad(X) has eigenvalue 2TTi. (X = 1 £ L(Z) = Z )
The exponential map is not a diffeomorphism since in fact

2all one-parameter subgroups not contained in R intersect 
£2 , pp. 18-21, 31-38j. (B ,r2 ) does not have the auto­
morphism extension property, since, for example, the map
(x,y,z)J >(A(x,y),z) is an automorphism of f‘̂ for any A
in SL(2,Z), but it is an automorphism of S2 if and only if, 
for all t, A commutes with CT{t) . But A^(l/4) ^ ^’(1/4)A, 
where A = ĵ .

2Any one-parameter subgroup contained in the subgroup R
is conjugate to a subgroup of the form t|— >(tx,0,0), x > 0.

2Any one-parameter subgroup not contained m  R is conjugate 
to a subgroup of the form tl— >(0,0,tz). The map 
(x,y,z)j— >(y,x,-z), which is an automorphism of S2 and of 
J~2f takes a subgroup of the form t|— >(0,0,tz) where z is 
negative to a subgroup of the form tl— >(0,0,tz) where z is 
positive. Therefore it follows that the flows <)>£ and <j 
are topologically equivalent by an affine map if both the 
subgroups cj>̂ and are contained in R2 or if neither of 
the subgroups and (f>2 are contained in R2 (Section 3 
(Lemma)) . However, if ^  is contained in R2 and (f>2 is 
not contained in R2, then the flows <|)£ and ty* are not 
topologically equivalent. To see this consider 
^itl— >(t, ty, 0) where y is irrational, and<J>2:t|— >(0,0, t) .
All orbits in the flow (j>* are periodic, but in the flow 

the orbit of (0,0,0)^ *-s not periodic.
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(d) Example 4 In the solvable case, sometimes when Condi­
tion (b) of Theorem A fails, the conclusion fails. That is 
there are topologically equivalent flows which are not topo­
logically equivalent by an affine map. The following exam­
ple is in £2, p. 33J.

Let G = S2 and r=r2 from Example 3 above. Let G' = R3
and P' = Z . Let ^:t|— >(0,0,-t) be a subgroup of S2, and

,0,t) a subgroup of R . f: (x,y,z)|---:--->
3(_V(-z)(x,y),-z) is a diffeomorphism from S2 to R which in-

—  3 3 “duces a diffeomorphism f from >̂2^2 to R /Z . f is a topo­
logical equivalence, and in fact a topological conjugacy,
of cĵ  and (Jj*, but <{>£ and are not topologically equi-

3valent by an affine map, since S2 and R are not isomorphic.

(e) Example 5 In the solvable case, sometimes when Condi­
tion (b) of Theorem A fails, the conclusion fails even when 
G = G 1 and T= T' -

Let G = G 1 = Sj x R3 and T = T' = P 2 x • The sub­
groups ̂  of S2 and of r3 referred to in Example 4 can
be considered as subgroups of G. The map f of Example 2

3can be considered as a diffeomorphism of R with S2 as well, 
f = f-1. Then F (g,h)==(f (h) ,f (g)) is a diffeomorphism of 
G with G which induces a diffeomorphism F of G/p with G/p.
F is a topological equivalence, and in fact a topological 
conjugacy, of <ĵ  and (j>*.

Suppose (f)£ and (f>* are topologically equivalent by an 
affine map. Then there exists afcG, s > 0, and an automorph­
ism A of G which extends an automorphism of r, such that
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(A<̂ ) (t) = '*’) (st) (Section 3 (Lemma)) . Since ̂  2 is
3 “1 JLa subgroup of R , a^a = y 2> Since A(D = Vt s must equal

1. So A ^  = (f>2.
2 2Let A':R be the isomorphism gotten by restricting

A to the commutator [g ,gJ, which is the normal subgroup R^ 
of S2 It must be the case that

A: ((x,y,-t),(0,0,0)) M  (A'(x,y),0),(0,0,t)).

But then there exists g^ = ((x^,y^,-t^),(0,0,0)) and
g2 = ((x2,y2,-t2),(0,0,0)) such that A(g1g2) ^ A(g1)A(g2).
This contradiction shows that the flows and (j) * are not 
topologically equivalent by an affine map.

(f) Automorphism Extension for Solvable Groups

In Condition (b) of Theorem A, we require that ad(X) 
have only real eigenvalues in order to insure that (G,D 
has the automorphism extension property, which is required 
in Theorem 1(c). The following example shows that not every 
(G,P) has the automorphism extension property, where f" is 
a lattice in G and G is a connected, simply connected, solv­
able Lie group such that exp:L(G)— >G is a diffeomorphism 
(Milovanov [16]) .
Example 6 Let Rq be clockwise rotation of R by 0. Let (̂t) 
be in SL(4,R) where

kt ™ktCT(t) : (x1,x2,x3,x4)/--->-(e R2frt (xx ,x2) , e R2jrt (x3 ,x4)) ,
k -k 4and e + e = m for some integer m > 2. Let G =  R >4 R,

4 rrwhere R acts on R by v. Let , X2, X^, and X^ be the
4 k -kstandard basis of R . Let c s e - e
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Let Y1= - e _kX1 + ekc_1X3, Y2~ - e _kX2 + ekc_1X4,

Y - =  -X. + c-1X_, and Y.r=-X_ + c-1X„. The Ty .\ is a basis3—  1 3 4-- 2 4 (. i>
r A, a uniform discrete subgroup of R .

Since <7(1) (Y^ = Y3, 7-(l) (Y2) = Y4, 0̂ 1) (Yj) = + mY3,
andC(l) (Y4) = -Y2 + mY4, it follows thatCT(l) is an automorph­
ism of r . Therefore T EE \ >d Z is a uniform discrete sub- 1 u u
group of G. For any A £ SL(2,Z),

(X : ( x1 , x 2 , x 3 , x 4 )|— ^ ( A ( x l f x 2 ) , A ( x 3 , x 4 ) )

is an automorphism of f"̂ which commutes with £7“( 1) . There­
fore 'f:(v,r)|-- (̂<*v,r) , for all (v,r) in ru * Z, is an auto­
morphism of P. Any extension of fto G must be of the form 
(v,r)|— (̂°tv,r), for all (v,r) in G. But if A has been cho­
sen to be , then the map (v,r)| )(otv,r) is not an auto­
morphism of G since CT(i/4)t* / <* «*■( 1/4) .
Question Which (G,D have the automorphism extension proper­
ty, where G is a connected, simply connected, solvable Lie 
group with exp:L(G)— >G a diffeomorphism, and P  is a lattice 
in G?

(g) Semisimple Case We first give examples of isolated and 
not isolated subgroups.
Example 7 Let G be a semisimple subgroup of SL(n,R). Let 
<j)(t) == etX, for all t in R. If X has n distinct real 
eigenvalues, then cj> is isolated.
Proof Consider (j> as a subgroup of SL(n,R). does not have 
compact closure. If [x ,yJ = 0, then Y is a diagonal matrix.
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Therefore, there is no compact, connected, subgroup in the 
centralizer of <f>. By Theorem 3, 4s is isolated as a subgroup 
of SL(n,R) . _ Therefore, <j> is isolated as a subgroup of G.

Example 8 Every non-trivial unipotent subgroup of SL(3,R) 
is isolated.
Proof The proof is by contradiction.

Let <}>:11— ^e , for all t in R, be a non-trivial uni­
potent one-parameter subgroup of SL(3,R) which is not iso­
lated. Then, if <j> is recurrently approached by */>, it follows 
by Theorem 3 that 'f' = E4h where, for all t in R, E(t) = etY, 
E(t)<J?(t) = E (t) ' E has compact closure, and XY = YX.
X is nilpotent, and Y must be conjugate to a matrix of the 
form

Thus X and Y are respectively the nilpotent and semisimple . 
parts of the linear operator X + Y. Putting X + Y in real 
canonical form (Section 5, [l2, p. 126]), we see that X must
be 0, which is a contradiction.

Example 9 <f> and <j>’ are subgroups of SL(3,R), where for t £ R,

t

Since (j> is recurrently approached by <j)', neither <j) nor <j>' 
is isolated. Observe that <j) and have a compact subgroup
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isomorphic to the unit circle in their centralizer. 

Example 10 Let (j) and (j)' be subgroups of SL(4,R) , where

0 0 0 \ A  0
1 0
0 1 
0 0

t 1
0 0
\0 0 sint cost

for all t in R. (j) is a unipotent subgroup which is recur­
rently approached in norm by(j)'. Neither (j) nor (j)' are iso­
lated.

The following are examples to which Condition (c) of 
Theorem A applies.
Example 11 Let G, G', T, and P' satisfy Condition (c) of 
Theorem A. In addition, let G be a subgroup of SL(n,R) and 
let be chosen as in Example 7. To be more specific, 
we could let G = PSL(m,R) and T = PSL(m,Z), for any m > 2 
[20, chapter loj . Let j) ' be a subgroup of G'. Then 
and (j)'* are topologically equivalent if and only if they 
are topologically equivalent by an affine map.

Example 12 Let G = SL(3,R),and let P, G 1, and p  satisfy 
Condition (c) of Theorem A. Let^and^' be one-parameter sub­
groups of G and G' respectively, with <{) unipotent. Then 

and <j>'* are topologically equivalent if and only if they 
are topologically equivalent by an affine map (Example 8) .
Questions (a) In Example 9, are the flows <p* and (jj'* on 
SL(3,R)/SL(3,Z) topologically equivalent?

(b) In general, can the analysis be extended to
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non-isolated subgroups?

(h) Question Is there an example of Lie groups and lattices
G, G', r, and I”' such that <J>* and V|/* are topologically
equivalent, but there is no sense-preserving reparameteriza­
tion V|/' of y* such that^* and \jr'* are topologically conju­
gate?

(i) Isolation The following remarks are meant to help 
clarify the geometric meaning of "isolation" .

(1) Theorem 2(b) shows that for connected, simply 
connected, nilpotent Lie groups, if ft is recurrently 
approached by<j>' for either positive or negative time, then • 
ft = ft ' up to sense-preserving reparameterization. This 
result is not in general true for the non-nilpotent
solvable groups. (See Section 4 for details.)

(2) Let d be a metric induced by a right or left in­
variant Riemannian metric on a connected Lie group G. (j) is 
asymptotically Hausdorff bounded from ft' if and only if

sup inf d(i(t) (s) )< oO , and sup inf d (<£ (t) , A' (s)) <■ 00 . s>0 t>0 s<0 t<0 r

(a) (j) being asymptotically Hausdorff bounded from
(j)' does not imply that ft1 is asymptotically Hausdorff bounded 
from ft. (Let ft' have compact closure and ft not have compact 
closure.)

(b) If ft' does not have compact closure, then ft be­
ing asymptotically Hausdorff bounded from ft’ implies that
(|) does not have compact closure and that <|> is recurrently 
approached by ft’.
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(c) Let G be a closed Lie subgroup of SL(n,R).
Then (j) being recurrently approached by ̂  implies that is
asymptotically Hausdorff bounded from <£>’ .
( sup d (d>(t, ),<{>'(s.)) implies that is recurrently
k€Z K K

approached in norm by (j)' (Proposition 1(d)) . By
Theorem 3, for all t in R, (J)(t) = E^(t)%(t) and
<̂ >'(t) = E2 , where E^ and E2 have compact closure,
E^ and are in each other's centralizer, and E2 and X are
in each other4s centralizer. Statement (c) above follows.)



Section 11 Asymptotic Homotopy Classes for Flows

In this section we develop the rudiments of a theory 
of asymptotic homotopy classes, which generalizes

We use this theory to give an alternate proof of Theorem A(a)
the classification of nilflows.

Roughly speaking, for x a recurrent or non-wandering 
point of any flow on a differentiable manifold M, the se­
quences of classes in 7]̂  (M,x) gotten by closing up trajecto­
ries as they return near x are algebraic topological invar­
iants of the flow. To make computations easier by simplify­
ing this set of invariants, we map77^(M,x) into a tower of 
nilpotent Lie groups, and take the limits of the projective 
classes of the induced sequences.

(a) Some Functors on Finitely Generated Groups

Let r  be a finitely generated group with lower central 
sequence , where 1 - r. ana - [r,g  Up to iso­
morphism, there exists a unique, connected, simply connected, 
nilpotent Lie group NL, such that

H  = ( r / n )  /(Torsion subgroup of (P / ' )

is a uniform discrete subgroup of KL (Malcev [l3, Theorem 6])

Schwartzman1s theory of asymptotic homology cycles

is the Lie nilpotent tower of f~l

Any sequence of elements
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in the N^. A ray in a nilpotent Lie group is a
one-parameter subgroup restricted to ft),**) . 4>+ denotes the
ray determined by (|>. The space of rays is topologically the
disjoint union of a sphere and a point. Since exp:L(N^)—  
is a diffeomorphism, each point in which is not the iden­
tity determines a unique ray. The identity determines the 
identity ray. The sequences fra. kj\ determine two sets of 
rays, and . Let be the set of limit points in ray 
space of the sequence of rays containing .
By the compactness of ray space, is non-empty. Let 
be the collection of rays for which there is a sequence 
tj— >00, and subsequences k of such that

7  a(++ (tj>, *(ljk , X
y

CxO

y

d is a metric induced by a right invariant Riemannian metric
on N . . i

These constructions are functorial from the category 
of finitely generated groups and their isomorphisms. For 
f an isomorphism of groups, let f^ be the induced isomorph­
ism of N.. f. is the extension of an isomorphism of H • i i  i
Let fi also denote the induced map on the ray space of N..

(b) Flows

Let (|>* be any flow on a differentiable manifold M which 
has finitely generated fundamental group. For example,
M is compact. Make the above constructions for the group 
T1̂ (M,x ) . If x is a recurrent point for cj>*, there exist



sequences (j>*(tk,x)— * x, and K « % .  (M,x)j, where ̂ k
is the class of the loop gotten by closing the trajectory
4>*(t,x) from 0 to tk, by a path from$*(tk,x) to x which
stays near x. More precisely, there is a sequence r^— >0
such that the path from^*(tk,x) to x stays within the ball
of radius r^ around x. Let f̂ (x,̂ >*) and be the
union over all such sequences \ j S o f  the sets of rays
and R.. x
Proposition 4 Let f be a topological equivalence of the 
flows $>* on M and <j>'* on M 1. It follows that if x is a re­
current point of M, then

(Trif)i (Pi (x,j,*)) = p± (fx,4'*) and

(f^f)i (Ri(x,<)j*)) = Ri (fx,(|>'* ) 

for x — 1, 2, 3 ,... •
Proof The proposition follows by the functoriality of the 
constructions. QED

We can get a similar proposition for x a non-wandering
mk— > x, tk—

(j>*(tk,mk)-->x, and gotten by closing the trajectory
<j)*(t, mk) from 0 to tk, by paths from x to mk and (tk,mk) 
to x which stay near x (Fried [9, p. 357]) .

(c) Classification of Nilflows

Theorem A(a) Let N and N' be connected, simply connected, 
nilpotent Lie groups, Tand ("*' lattices in N and N', and cj>* 
and <J)'* flows on N/f and N^p' induced by one-parameter

point of a)*, if we consider sequences



subgroups <j) and <f>'. If (j>* and are topologically equi­
valent, then they are topologically equivalent by an affine 
map.
Proof By applying an affine map to N', we can assume that 
N = N ' , r = p  , and f(eH = ef”. (See Section 3 (Lemma) and 
Section 9(a).)

We can identify Tî  (N/P,el~) with the torsion free, fi­
nitely generated, nilpotent group r. r is uniform in N 
\2 0, p. 29 3 • We can take N = N , the top group in the Lie 
nilpotent tower of !~. (Since T is nilpotent, for large i 
all the are equal.) eT is a recurrent point for <f>* and
P'* [2, p. 56] .

For any one-parameter subgroups and ty* and sequence 
in f”, if there are sequences t̂ _— and s^— such that 

sug d (^(t^) , ̂ k)<°° and sujD d W  (ŝ ) ,tfk)<.oo , then, by 
Theorem 2 (b) , ^  = Lf/I up to sense-preserving reparameteriza­
tion. Therefore, Rn (er»<}>*) is just the ray c|>+, and
Rn (er, 4'*) is the ray (|), + . By Proposition 4,
(T̂ f) n <f) = f  + .

Since (I^f)n is an automorphism of N extending an auto­
morphism of r , it follows that there is an automorphism 
A =  (Tĥ f) of N extending an automorphism of Tsuch that, 
for all t in R, A<f>(t) = <f>’ («t) for some «*> 0. This implies 
that ̂  * and <j>'* are topologically equivalent by the affine 
map A (Section 3 (Lemma)) . qed Theorem A(a)



Bibliography

(1) L. Auslander, "An exposition of the structure of solv- 
manifolds," Part I: Algebraic theory, Bull. Amer. Math. 
Soc. 79(1973), 227-261; Part II: G induced flows, ibid, 
262-285.

(2) L. Auslander, L. Green, and P. Hahn, "Flows on Homo- . 
genous Spaces," Princeton Univ. Press, Princeton, N. J. 
1963.

(3) A. Beardon, "The Geometry of Discrete Groups," Springer 
Verlag, New York, 1983.

(4) J. Brezin and C. C. Moore, "Flows on homogenous spaces: 
a new look," Amer. J. Math. 103(1981), 571-613.

(5) N. Bourbaki, "Elements of Mathematics, Lie Groups and 
Lie Algebras Part I," Hermann, Paris, and Addison- 
Wesley, Reading, Mass., 1975.

(6) I. P. Cornfeld, S. V. Fomin, and Ya. G. Sinai, "Ergodic 
Theory," Springer-Verlag, 1982.

(7) S. G. Dani, "On invariant measures, minimal sets, and 
a lemma of Margulis," Invent. Math. 51(1979), 239-260.

(8) S. Fomin, "On dynamical systems with pure point 
spectrum," Doklady Akad. Nauk SSSR 77(1951), 29-32.

(9) D. Fried, "The geometry of cross sections to flows," 
Topology 21(1982), 353-371.

(10) V. V. Gorbacevic, "Lattices in Lie groups of type (E) 
and (R)," Vestnik Moskov. Univ. Ser. I Mat. Mekh. 
30(1975), 56-63; English transl., Moscow Univ. Math. 
Bull. 30(1975), 98-104.

(11) S. Helgason, "Differential Geometry, Lie Groups, and 
Symmetric Spaces," Academic Press, New York, 1978.

(12) M. Hirsch and S. Smale, "Differential Equations, 
Dynamical Systems, and Linear Algebra," Academic 
Press, New York, 1974.

(13) A. -I. Malcev, "On a class of homogenous spaces,"
Izv. Akad. Nauk SSSR Ser. Mat. 13(1949), 9-32;
English transl., Amer. Math. Soc. Transl. (1)
9(1962), 276-307.

(14) B. Marcus, "Topological conjugacy of horocycle flows," 
Amer. J. Math. 105(1983), 623-632.



62

(15)

(16)

(17)

(18)

(19)

(20) 

(21) 

(22)

(23)

(24)

(25)

(26)

(27)

W. Massey, "Algebraic Topology: An Introduction," 
Harcourt, Brace, & World, New York, 1967.
M. V. Milovanov, "On the extension of automorphisms 
of uniform discrete subgroups of solvable Lie groups," 
Dokl. Akad. Nauk BSSR 17(1973), 892-895.
R. Mosak and M. Moskowitz, "Analytic density of 
subgroups of cofinite volume," preprint.
G. D. Mostow, "Strong Rigidity of Locally Symmetric 
Spaces," Ann. of Math. Studies, no. 78, Princeton Univ. 
Press, Princeton, N. J., 1973.
W. Parry, "Metric classification of ergodic nilflows," 
Amer. J. Math. 93(1971), 819-829.
M. S. Raghunathan, "Discrete Subgroups of Lie Groups," 
Springer-Verlag, New York, 1972.
M. Rat.ner, "Rigidity of horocycle flows," Ann. of Math.
(2) 115(1982) , 597-614.
M. Ratner, "Ergodic theory in hyperbolic space," 
preprint.
M. Saito, "Sur certains groupes de Lie resolubles,"
Sci. Papers of the College of General Education,
Univ. of Tokyo, 7(1957), 1-11 and 157-168.
S. Schwartzman, "Asymptotic cycles," Ann. of Math. 
66(1957), 270-284.
V. S. Varadarajan, "Lie Groups, Lie Algebras, and 
Their Representations," Springer-Verlag, New York, 1984.
P. Walters, "Conjugacy properties of affine transforma­
tions of nilmanifolds, Math. Systems Theory 4(1970), 
322-326.
D. Witte, "Rigidity of some translations on homogenous 
spaces," Bull. Amer. Math. Soc. (N.S.) 12 (1985), 
117-119.


