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v
Abstract

QUANTUM MECHANICS OF EFFECTIVE POTENTIAL AT A METAL
SURFACE

by

Alexander Solomatin

Adviser: Professor Viraht Sahni

In this thesis we study the nonuniform electron density system at a metal-vacuum
interface via the corresponding local effective potential confining the electrons, the metal
being represented by the jellium and structureless pseudopotential models. The study is
performed within conventional Kohn-Sham (KS) density-functional theory and its recently
derived quantum-mechanical interpretation. In the latter, properties are determined in
terms of the separate electron correlations due to the Pauli exclusion principle, Coulomb
repulsion and the correlation contribution to the kinetic energy. We have derived the
exact analytical structure, valid for self-consistent orbitals, of the KS theory exchange

potential in the classically forbidden region. This structure is image-potential-like of the

form —o . (B)/x- where the parameter g2 is the ratio of the surface barrier height to the

metal Fermi energy. For a Wigner-Seitz radius of r =4.1, which is approximately that

for which jellium metal is stable, the decay coefficient is precisely 1/4. Over the

metallic range of densities r =2-6., the coefficient ranges from 0.195 to 0.274. Thus,

if the asymptotic structure of the KS exchange-correlation potential is the image potential,

then this structure is due principally to KS exchange effects, the KS correlation
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contribution being an order of magnitude smaller. These results, then lead to the concept
of an ‘image’ charge localized to the surface region for asymptotic positions of the
electron. We have further derived the exact analytical structure in the vacuum of the
Slater exchange potential, and of the Pauli-correlation and correlation-kinetic components

of the KS exchange potential. These structures are all image-potential-like, decaying

respectively as -a(B)/x, -a, (B)/x and af‘"(ﬁ)/x- The Pauli-correlation component

constitutes the major fraction of the KS exchange potential asymptotically, but there is
a finite correlation-kinetic contribution. It is only for metals of high density that the KS
exchange potential is the same as its Pauli component. We have also determined the
structure of the Pauli-correlation and correlation-kinetic components about the surface
extending into the metal bulk. Once again, the KS exchange potential is comprised
primarily of its Pauli component, the correlation-kinetic part being an order of magnitude
smaller. Similar calculations for atoms then show the intershell bumps in the KS
exchange potential to be due to correlation-kinetic effects. We have also constructed an
approximate KS exchange potential for the metal surface via the concept of restricted
functional differentiation developed by us. This potential is then shown to satisfy
essentially all integral and differential sum rules for this property, as well as possess the
correct asymptotic structure in the metal bulk and vacuum regions. Finally, we have
constructed separate approximate KS exchange and correlation energy functionals such
that the potentials improve upon the local density approximation by possessing the correct

asymptotic structure in the vacuum.
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CHAPTER |
INTRODUCTION

This thesis is concerned with the electronic structure of the nonuniform electron
gas at a metal surface (Kiejna and Wojciechowski, 1996; Lang, 1983) in its ground state.
We work within the context of Hohenberg-Kohn-Sham (Hohenberg and Kohn, 1964:
Kohn and Sham, 1965) density-functional theory (Dreizler and Gross, 1990; Parr and
Yang, 1989; March, 1992) in which the interacting electrons are represented by a system
of noninteracting fermions confined to within the metal by a local (multiplicative)
effective potential along the lines of the Sommerfeld (Sommerfeld, 1928; Frohlich, 1936)
model. In Kohn-Sham theory this local potential is rigorously defined, and represents
electron correlations due to the Pauli exclusion principle, Coulomb repulsion, and the
correlation contribution to the kinetic energy. The definitions employed in the thesis,
however, are those of both conventional Kohn-Sham theory as well as of its recently
derived physical interpretation (Sahni, 1996; ibid., 1997). In the former, the potential
is described strictly in mathematical terms as a functional derivative of a yet unknown
exchange-correlation energy functional of the density p(r) in which these correlations are
incorporated. In the latter, the description of both the energy functional and potential is
in terms c;f fields and source distributions that separately represent the different
correlations which contribute to them. It is thus possible via the physical interpretation

to study properties in terms of these correlations.
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According to modern density-functionai theory due to Hohenberg and Kohn, the

ground state wavefunction ¥ of a system of interacting electrons in a local external
potential v(r) is a functional the ground-state density o(r). Therefore, the expectation

value of any observable, and hence the energy E[p], is a unique functional of the
density. In the Kohn-Sham (KS) version of the theory, the Hamiltonian of the
Schrédinger equation is replaced by that of a system of noninteracting fermions whose
ground state density and energy are that of the interacting system. The corresponding
‘wavefunction’ is a single Slater determinant of the KS orbitals. The noninteracting

fermions are confined within and about the metal surface by a local or multiplicative

effective potential v_(r). The effective potential is comprised of a sum of the

electrostatic potential due to the electronic density and positively charged ions of the

metal, and an ‘exchange-correlation’ potential v_(r). As a consequence of the variational
principle for the energy, the potential v _(r) is defined mathematically as the functional
derivative with respect to arbitrary norm conserving density variations of the universal

‘exchange-correlation’ energy functional EXlp} of the density: v (r) = SEXp01/60(n) .

Since the fermions are noninteracting, the functional EX"[p] incorporates correlations due

to the Pauli exclusion principle, Coulomb repulsion, and the correlation contribution to

the kinetic energy of the electrons. The functional derivative v_(r) is also therefore

representative of these correlations. The energy functional E~[p], and hence its
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derivative v_(r), are at present unknown.

In recent work (Sahni, 1996; ibid., 1997a) a rigorous quantal interpretation of the

KS theory exchange-correlation energy functional E_[p] and its derivative v, (r) has been

developed. This physical interpretation, based on the ideas of Harbola and Sahni
(Harbola and Sahni, 1989; Sahni and Harbola, 1990; Harbola and Sahni, 1993) and their
formal extension by Holas and March (Holas and March, 1995), is in terms of a sum of
two fields whose source distributions are quantal expectations of Hermitian operators.
The first of these is derived via Coulomb’s law from the quantal Fermi-Coulomb hole
charge distribution, and is strictly representative of Pauli and Coulomb correlations. The
second field arises from the difference of the kinetic-energy-density tensors of the

interacting and noninteracting systems, and is therefore representative of the correlation-

kinetic contribution. The functional derivative v_(r) is the work done to move an

electron in the sum of these fields. This work done is path-independent, since the sum

of the fields is conservative. The quantal exchange-correlation and correlation-kinetic

components of the energy functional EX[p] can also be expressed separately in virial
form in terms of these fields. The exchange-correlation component can be further split
into its purely Pauli and Coulomb parts. The determination of the Pauli, Coulomb, and

correlation-kinetic fields then leads to an understanding of the correlations which

contribute to the KS exchange-correlation energy and potential.
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A major component of the thesis is the exact analytical (Solomatin and Sahni,
1996; ibid., 1997a,b,c; Sahni, 1997b) determination of the effective potential in the
classically forbidden region at a metal-vacuum interface, and of its constituents
representing the different correlations which contribute to its structure. These analytical
results are valid for the fully-self-consistent Kohn-Sham orbitals of the jellium (Bardeen,
1936) and structureless-pseudopotential (Perdew, 1995; Perdew et.al.,1990; Shore and
Rose, 1991) models of a semi-infinite metal surface. The asymptotic structure in the
vacuum is of significance from the perspective of various surface probes such as the
scanning tunneling microscope (Persson and Baratoff, 1988), inverse (Yang et.al.,1991;
Smith, 1988) and two-photon photoemission (Fischer et.al.,1990), the data on the binding
energy and lifetime of image-potential-bound surface states (Davison and Steslicka, 1992)
thereby produced, as well as for the interaction of ions and positrons with the metal
surface. The analytical results derived in the thesis lead to a description of the physics
which differs from that presently accepted in the literature, the latter conclusions having

been arrived at via calculations that employ various approximations and which are

numerical.

To put our work in context, we describe here the principle results and conclusions
of the work of others. Since the electrostatic potential at a metal surface, as determined
by Poisson’s equation, decays exponentially in the classically forbidden region just as

does the density, the asymptotic structure of the effective potential is that of the Kohn-

Sham theory exchange-correlation potential v_(r). In their paper, Almbladh and von
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Barth (Almbladh and von Barth, 1985) state without proof that for macroscopic systems,

the exchange potential v (r) = SEX [p)/dp(r), where E,“[p] is the Kohn-Sham exchange

energy functional, tends exponentially to zero. They, thus conclude that the asymptotic

structure of v_(r) is a Coulomb correlation or polarization effect. Then determining this
polarization classically, they obtain the asymptotic structure of v_(r) via the resulting

single-particle density matrix to be the image potential (-1/4x). The view that the
asymptotic structure of v (r) is the image potential and that it is due to Coulomb

correlations is supported by Sham (Sham, 1985) and the jellium-slab-metal calculations

of Eguiluz et.al. (Eguiluz et.al., 1992a). In the work of these authors the exchange

potential v (r) decays asymptotically as -1/x%. The calculations of Eguiluz et.al., for

the exchange-correlation potential v _(r), which are within the GW and random phase

approximations, and in which the one-electron Green function is replaced by the density-
functional theory noninteracting Green function, are performed numerically for specific

metals. With these approximations, and to the distance of about two Fermi wavelengths

from the surface considered, they obtain the asymptotic structure of v _(r) to be the

image potential. The calculations of Sham (Sham, 1985), are based on Rudnick’s
(Rudnick, 1970) thesis in whose work various approximations are made for the
determination of the self-energy. These approximations include using the one-electron
Green function for an electron in free space to represent the electron in the classically

forbidden region, as well as the use of the infinite barrier model (Bardeen, 1936) of a
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metal surface. As a consequence, the —Ll/x behavior of v _(r) is again attributed to

Coulomb correlation effects. We refer the reader to the original literature for details of

the various approximations made in these calculations.

On the other hand, Harbola and Sahni (Harbola and Sahni, 1989b) determined

numerically and for a specific high density metal the work done W/°(r) in the field

Z(r) of the dynamic and delocalized (Sahni and Bohnen, 1984; ibid., 1985; Harbola

and Sahni, 1988) Fermi hole charge at a metal surface, and observed it to be essentially

the image potential at about eight Fermi wavelengths from the surface. (W () is the

Pauli-correlation component of the KS exchange-correlation potential v_(r)) Since the

total charge of the Coulomb hole is zero, the field due to it vanishes for asymptotic

positions of the electron in the vacuum region far from the metal. Harbola and Sahni

thus concluded that the asymptotic image potential structure of v_(r) was due entirely to

Pauli correlations, and that the decay coefficient was 1/4 for all metals. To further
support their viewpoint, Harbola and Sahni (Harbola and Sahni, 1993) also showed
numerically, again for a specific high density metal, that the asymptotic structure of the

exchange potential v (r) is also image-potential-like about three Fermi wavelengths from

the surface.

In light of these different conclusions with regard to the physical origin of the
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asymptotic structure of the exchange-correlation potential v_(r), Dobson (Dobson, 1995)

in a recent review has stated: "There is much remaining to be said on this issue, and
since both sides of the argument have so far only presented numerical evidence, this
question still remains to be settled once and for all by a rigorous analytical analysis".

We provide here much of the requisite rigorous analytical analysis. We note that at

present there is no rigorous analytical derivation of the asymptotic structure of v_(r).
In this thesis we derive the exact analytical structure of the exchange potential v (r) and
show it to be image-potential-like of the form -a, (8)/x, where the coefficienta, (8)

depends upon the parameter 8 where 82 is the ratio of the metal surface barrier height

to its Fermi energy. In fact it turns out that for 8 = ;/2- , which corresponds to a

Wigner-Seitz radius r, = 4.1 for which approximate value jellium-metal is stable, the
coefficient o, (B) is precisely 1/4. Over the metallic range of densities, the coefficienta,
ranges from 0.195 for r, = 2.0 to 0.274 for r, = 6.0. Thus, if the asymptotic

structure of v_(r) is the image potential, then for stable jellium this structure is entirely

due to the Kohn-Sham exchange effects. For other metals, the structure is due to both
KS exchange and correlation, being principally due to the former, the latter contributing

only weakly. It can also be shown (Solomatin and Sahni, 1996; ibid.,1997a,b.c)

analytically that for jellium-siab-metal the exchange potential v (r) must decay as -x 2.

This confirms the result of the exchange-only calculation of Eguiluz et.al.
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We have also derived the exact analytical structure of the work W' °(r) and

shown it to be image-potential-like of the form -a, (8)/x, but with a coefficienta (8)
which differs from that of the Kohn-Sham coefficient a,; (). The value of
approximately 1/4 for «, obtained by Harbola and Sahni (Harbola and Sahni, 1989b)
for the specific high density metal considered is essentially correct. However, for other
metals, the coefficient o, (8) is not 1/4. It turns out (Levy and March, 1997) that the

work W/(r) also represents the Pauli-correlation component of the KS exchange

potential v (r). The remaining component represents part of the correlation-kinetic piece
of the KS exchange-correlation potential v_(r). Thus, we learn that both the Pauli and

correlation-kinetic components of the exchange potential v (r) are long-ranged and decay

asymptotically as -x~' and x ', respectively.

The knowledge of the delocalized nature of the Fermi hole at a metal surface for
asymptotic positions of the electron in the vacuum together with the results derived for
the asymptotic structure of the KS exchange potential then lead to an understanding
(Solomatin and Sahni, 1996; ibid., 1997a,b,c) of the physical origin of an ‘image’ charge
localized to the surface region. Note that the asymptotic electron is here part of the
nonuniform electron gas, and that this ‘image’ charge is an intrinsic property of the
system and not a distribution induced due to the presence of an external test charge. We

have also investigated (Solomatin and Sahni, 1997a) the structure of the KS exchange

8
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potential and its Pauli and correlation-kinetic components at and about the surface. This
part of the structure of the effective potential is of significance for properties such as the

surface energy, curvature energy, and work function.

A second component of the thesis is the construction of an approximate though
accurate Kohn-Sham theory exchange potential by a new prescription developed by us
(Solomatin et.al., 1994; Solomatin and Sahni, 1995). [n the conventional approach to
Kohn-Sham theory, the unknown exchange and exchange-correlation energy functionals
of the density are approximated, and the corresponding approximate potentials obtained
therefrom by functional differentiation. However, in approximating these energy
functionals, the rigor of the Hohenberg-Kohn theorems is lost, and consequently the
bounds for the energy thus obtained are no longer rigorous. [t turns out that although
the Kohn-Sham theory exchange energy functional of the density is unknown, the
exchange energy can be expressed explicitly in terms of the Kohn-Sham orbitals. In this
thesis we have developed a new method whereby an approximate exchange potential is
derived from the exact exchange energy expression via restricted functional
differentiation. The rigor of the Hohenberg-Kohn theorems is thereby preserved, and
the energy bounds are thus rigorous. The approximate exchange potential obtained in
this manner is then shown to satisfy essentially all sum rules required of this potential
as well as to possess the correct asymptotic structure both in the metal bulk and vacuum
regions. An approximate exchange and correlation energy functional have also been

constructed (Sahni and Solomatin, 1997) such that their functional derivative possesses

[ — ———

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the correct asymptotic structure in the bulk and vacuum regions.

We begin in Chapter [I by defining properties within the context of Schrodinger
and Kohn-Sham theories. We then describe the quantum-mechanical interpretation of
Kohn-Sham theory. As the various derivations and calculations are performed for the
semi-infinite jellium and structureless-pseudopotential models of a metal surface, these

models too are described in this chapter.

As the leading term of the KS exchange potential v (r) is (1/2)V.(r), where V. (r)

is the Slater exchange potential, we initially study the Slater potential in Chapter III. We
first derive an expression for the Slater potential, different from that existing in the
literature (Harbola and Sahni, 1987), which allows for its easy and accurate numerical
determination throughout space. Employing this expression we then determine
(Solomatin and Sahni, 1996; ibid., 1997b) the exact analytical asymptotic structure of

the Slater potential in the classically forbidden region and show it to decay in an image-

potential-like manner as - (8)/x. To make the derivation accessible, we initially derive

the result for orbitals of a model effective potential. We then prove that the result is
equally valid for the self-consistently determined orbitals. We also confirm the

correctness of the analytical expression numerically.

From the integral equation (Sham, 1985) relating the KS exchange-correlation

10
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potential v_(r) to the self-energy E(r.r’;e) of many-body theory. we derive in Chapter

[V the exact analytical asymptotic structure of the KS exchange potential v (r) in the

classically forbidden region. As was the case for the Slater potential, we first derive this
result for model potential orbitals, and then prove it valid for the self-consistent KS

orbitals. As noted above, the structure is also image-potential-like of the form

~a,, (B)/x. We then compare the Slater ay(8) and KS «,, (8) decay coefficients over
the metallic range of densities. We next prove analytically, that for jellium-slab metal,

the KS exchange potential v (r) must decay as -1/x?, and explain why this is the case.

Finally, we prove that two approximate exchange potentials in the literature, one due to
Sham (Sham, 1985) and the other by Solomatin et.al. (Solomatin et.al., 1994), possess

the correct asymptotic structure in the vacuum.

[n Chapter V we study the Pauli component W/°(r) of the KS exchange potential v (r)

at a metal surface. We begin by deriving an expression for the field Z5(r) due to the

Fermi hole charge which is different from that in the literature (Harbola and Sahni,

1989). This expression allows for the exact analytical determination of the asymptotic

structure in the vacuum of the work W’°(r) done in this field. This asymptotic structure

of the work W°(r) is also image-potential-like of the form -, (8)/x. This analytical

result is then confirmed numerically. For metallic densities the coefficient a (B) differs

1
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from the KS exchange potential decay coefficient o, (8). However, in this asymptotic
region the Pauli component constitutes a substantial fraction of the exchange potential

v (r), the two becoming essentially equivalent for very high density systems (r, <2.0).

The expression derived for the field fo (r) also allows for its easy and accurate

numerical determination as well as that of the work W/°(r) throughout space. For

accurate model effective potential orbitals, we then determine and study the structure

about the surface of the field &°(r) and the work done W(r) in it for both a high and

low density metal. As a consequence, the asymptotic value of the work W/°(r) in the

metal-bulk is also determined. Once again, it is only for very high density metals that

this asymptotic value approaches the -k /x value of the KS exchange potential.

In Chapter VI we derive an approximate KS exchange potential from the exact
exchange energy functional via restricted functional differentiation. We then show that
this potential satisfies various integral and differential sum rules as well as possess the
correct asymptotic structure in the vacuum and metal-bulk. We next determine this
potential analytically for the orbitals of the infinite barrier model. We also demonstrate
how it can be determined for the orbitals of an arbitrary effective potential, and provide
a physical interpretation of it in terms of an effective Fermi hole charge. In this chapter
we also construct approximate exchange and correlation energy functionals which

improve upon the local density approximation by ensuring that the asymptotic structure

12
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of the functional derivative in the vacuum region is correct.

In Chapter VII we study the correlation-kinetic component W,"(r) of the KS
exchange potential v (r) at a metal surface and in atoms. Since the asymptotic structure
in the vacuum of the potential v (r) ard its Pauli component Wfs (r) are exactly known,

so is the exact analytical structure of the correlation-kinetic component W,f"(r) known.

In this chapter we determine the long-range structure of W; (r) in the vacuum and metal

bulk regions. Then by assuming the KS exchange potential to be approximated by that

derived by restricted functional differentiation in Chapter VI, we determine the structure

of the correlation-kinetic field Z"(r) and potential W, (r) atand about the metal surface.

Lastly, by assuming the KS exchange potential in atoms to be that of the optimized

potential method (Sharp and Horton, 1953), we determine the corresponding ﬁelef:’(r)

and potential W."(r) for the representative atoms of Ne and Ar. These calculations then

show that the intershell bumps of the KS exchange potential, whose origin has been of

considerable interest in the literature, arise due to correlation-kinetic effects.

As noted above, there is at present no rigorous analytical proof that the

asymptotic structure of the KS exchange-correlation potential v, (r) in the vacuum is the

13
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image potential. [f the asymptotic structure of v (r) is assumed to be the image

potential, it is then possible to determine (as in Chapter VIII) an analytical expression

for the KS correlation potential v _(r) in this region. The structure of v (r) asymptotically
is also image-potential-like of the form -« (8)/x, but the decay coefficient a, (B) is
an order of magnitude smaller than its exchange counterpart a,. (8). Thus, KS
Coulomb correlation effects contribute weakly to the image potential structure of v _(r).

The fact that the image potential structure of v_(r) is independent of metal parameters,

whereas its exchange and correlation components separately are dependent on them, is
then explained by the concept of an ‘image’ charge localized to the surface region, and

the correlations which contribute to this charge.

Finally, in Chapter [X we summarize our results and the conclusions arrived at,
and discuss current and possible directions for future work. In particular, we think the
next important step is the determination of the Coulomb hole structure at a metal surface
as a function of electron position. This hole charge distribution would then enable the
determination of the Coulomb correlation contribution to the surface and curvature

energy and potential, as well as provide the asymptotic structure of the latter in the

vacuum.

14
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CHAPTER I
KOHN-SHAM DENSITY-FUNCTIONAL THEORY AND ITS QUANTUM-

MECHANICAL INTERPRETATION

To contrast the definitions of various properties within Schréginger and Kohn-
Sham theories, and in light of the fact that the quantum-mechanical interpretation of the

latter is in terms of the system wavefunction, we begin with definitions within

Schrédinger theory.

2.1 Definitions Within Schridinger Theory

Within the adiabatic approximation, the Hamiltonian of a metal (in atomic units)

. l o2 1 1 1 VA
= -_V: )+~ —_— v - -1
H .E 2V'+iZV(l'l)+2iEi' |l‘i-l‘j| +2§ an_le , ({I-1)

where {r,R} are the electronic and nuclear co-ordinates, Z the nuclear charge, and

where the local external potential v(r) is

v(r) = -; Ir-—ZRI . (11-2)

The corresponding time-independent Schrédinger equation for the N-electron system is

then

15
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A¥(x,,...x,) = E¥(x,,...x) . (I1-3)
where ¥ and E are the normalized electronic wavefunction and energy, respectively.

(Here x =ro. where o is the electron spin coordinate. The integral [dx = E I dr).

The electronic density p(r), which is N times the probability of an electron being

at r, is the expectation value of the Hermitian density operator g = E o(r-r):
i

p(r) = NY I\If‘ (ro,x,,...x)¥(ro, x,,...x)dx,, ... dxy

(I1-4)
=(¥lsl¥) .
such that I p(r)dr =N.
The energy E is the expectation of the Hamiltonian:
E=(¥|H|¥)
1 72 (I1-5)
= T*I V(I')P(l‘)dl‘*‘Eee'PinZ'; W »

where

16
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|
T = (\p|§i:-5v,.|\v> . (11-6)

is the kinetic energy, and

1 1
E, = ¥[3Y ——I® . -
3% Trr] a7
the electron-interaction energy.

The energy E_ may also be expressed in terms of the pair-correlation density

g(r.r’) which is defined in terms of the Hermitian pair-correlation operator

P(r,) =Y 8(r;-n)é(r;-r') as

gr,r) = <¥|P(r,r)[¥>/p(r) (I1-8)

The pair-correlation density is the density at r’ for an electron at r. For nonuniform

electronic density systems, it is a dynamic charge distribution whose structure changes

as a function of electron position. Its total charge for arbitrary electron position is

Ig(r. r)dr’ =N - 1. It is a property that arises as a result of correlations between

electrons due to the Pauli exclusion principle and Coulomb repulsion. Thus, it may also

be written as the density o (r’) at r’ plus the reduction in the density at r’ due to these

17
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correlations. The reduction in density about an electron which occurs as a result of Pauli

and Coulomb correlations is the quantal Fermi-Coulomb hole charge distribution

p.(r.r'). Thus, we may write

gr.r’) = p(t') +p, (r.¥) , (11-9)
and consequently the charge of the Fermi-Coulomb hole is
I p(rr)dr’ = -1 . (I-10)

The electron-interaction energy is then the energy of interaction between the

electronic and pair-correlation densities:

- 5[ [ 228 D arar (I1-11)
lr-o|

Employing the form of g(r, r’) as given by Eq.(II-9), the energy E_ may be written as

the sum

E.=E,+E, (LI-12)

*

where E, is the Coulomb self-energy

] _ 1 p(r)p(r') [1-13
E, 2”“ rlldrdr’, (I1-13)

and E__ is the quantal exchange-correlation energy

18
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]’]‘ (l‘)p (l' lJ) dl” . (”’l4)
B ) [r-¢/|

which is the energy of interaction between the density and Fermi-Coulomb hole charge

distribution.

The kinetic energy T may also be expressed in terms of the kinetic-energy-density

tensor t_,(r) which is a real, symmetric tensor defined as

82 32

ta®: [y = l[ + 'y(r’,r”)lrl“, . (11-15)

arlar;  drgarl
where v (r, r’) is the spinless single-particle density matrix whose definition is
y(r. H)=N§a: [ ¥ (r0,X,,... X ) ¥(0, X,,...X,)dx, . ..dx,. (II-16)
The density matrix y(r,r’) is the expectation value of the Hermitian operator (Sahni and

A
Krieger, 1975; Sahni et. al., 1975) X:

1w’ = F[R1® at-17)
where
R4 b i
A = ¥ 156,07 0) + 80,77 (-a) (II-19)
19
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A
B = %; (5(r,-NT(a) - 8(r;-r)T(-a)| . (11-20)
T(a) is a translation operator such that

T(@)¥(...r...) = ¥(...r*a...) , (1-21)

J
and a = r’ -r. The single-particle density matrix constructed from the wavefunction ¥

is not idempotent. Its diagonal matrix element is the density: y(r,r) =p(r). The trace

of the kinetic-energy-density tensor is the scalar kinetic-energy-density:

t(r) =Y t_(r) =0, so that the kinetic energy
T = [ tdr . (11-22)

The quantal properties of the pair-correlation density g(r, r’) and the correlation-
kinetic-energy density tensor t_,(r) are fundamental to the physical interpretation of KS

theory. However, prior to describing the interpretation we define properties within the

context of conventional Kohn-Sham density-functional theory.

2.2  Kohn-Sham Density-Functional Theory

In KS density-functional theory of the ground state, one constructs a model system
of noninteracting fermions whose density and energy are the same as that of the

interacting system described by Schrodinger theory. As such the ground-state energy

functional E[p] is partitioned as
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Elol = Tlol + [ Ve de +ESlpl+ 3 pZp . (129
= am n~ Som|

where T [p] is the corresponding kinetic energy of the noninteracting system. The KS

theory electron-interaction energy functional EX’[p] can be further partitioned as
ES[o] = Eylpl +E<’ (o] . (11-24)

because the Coulomb self-energy functional E, [p] of Eq. (II-13) is known, and this then

defines the ‘exchange-correlation’ energy functional E;C[p]. A comparison of Eq.(Il-
24) with Eq.(II-12) in conjunction with the energy expression Eq.(I[-5) shows that

EX[pl is comprised of the sum of the quantal exchange-correlation E_[p] and

correlation-kinetic T [p] energy components:
EF = E_[p]+T o] |, (I1-25)

where

T.[o] = Tlp] - T[] . (11-26)

On application of the variational principle to the ground-state energy functional of Eq.(II-

23) for arbitrary norm conserving variations of the density, one obtains the KS equation

l:-_;.Vz +v(l‘)+v°e(l')] V. (x) = ¢, (x); i=1,...N . (11-27)

so that the electrons all move in a local effective potential v =v(r) +v_(r). Here
v_(r) is the local (multiplicative) potential in which all the electron correlations are

incorporated. As a consequence of the variational principle, this potential is the

21
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functional derivative of ES¥[p]:

KS
@ = Sb=lol (11-28)
op(r)

With EX*[p| partitioned as in Eq.(II-24), the potential v_(r) can be written as

v () = v, (r) +v _(r) , (11-29)

which defines the density-functional theory Hartree potential v (r) as the functional

derivative

SEalol [ _p€) 4o (11-30)

U 7y u Iy ey

and the KS theory ‘exchange-correlation’ potential v_(r) as the functional derivative

v () = SE< ol . (11-31)
dp(r)

The ground-state ‘wavefunction’ corresponding to this noninteracting system is then a

single Slater determinant ${y.(x)} of the lowest occupied orbitals. The idempotent
Dirac (Dirac, 1930) single-particle density matrix v, (r, r’), ground-state density o(r),

and noninteracting system kinetic energy T _[p] that result from this Slater determinant

are
Y. o) = @EEXIEN@Y =Y YW eawee . (132
p(r) = 1, 0) =3 3 [%@a)|* . (11-33)
and
22
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T.lel = 2 I\h’(x) I:-%V’] v, (x)dr = [(,(r)dr X (11-34)

respectively, and where £(r) is defined in a manner analogous to #(r) but in terms of
y.(r.r’) instead. The ground-state energy is then determined from the functional of

Eq.(1I-23) by adjusting the nuclear positions R, till 2 minimum is determined.

Furthermore, the highest occupied eigenvalue (Perdew et.al., 1982; Levy et.al., 1984:
Almbladh and von Barth, 1985) of the KS differential equation has the physical
interpretation of being the removal energy, so that in principle properties such as the

ionization potential, electron affinity and the work function can be determined directly

via its solution. The KS exchange correlation energy functional EX[p] is at present

unknown, and thus so is its functional derivative v _(r).

Firally, the energy EX’[p] can be split into its exchange E.[p] and correlation E.°[ |
energy components:

EXlpl = EFlp]l + EFlp] (11-35)

so that the resulting local exchange and correlation potentials are the functional

derivatives

vir) = SE; [p] (11-36)
* op(r)

and
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KS,
v = o ol (A1-37)
op(r)

respectively.

2.2.1 Kohn-Sham Theory Exchange Energy and Potential

As with the exchange-correlation energy functional E.[p], the explicit

dependence of the KS exchange energy functional EX[p] on the density p(r) is at
present unknown. However, its dependence on the KS orbitals y,(x) or equivalently on
the corresponding Fermi hole charge pS(r, ) is known explicitly. The pair-correlation

density g (r, r’) derived from the Slater determinant of the KS orbitals ®{y,} which is

g,(r.r) = <&y} P(r.0)[8{¥}>/p() = p(@) +o7(c,r) , (138)

defines the Fermi hole charge. The Fermi hole in turn is defined in terms of the

idempotent Dirac density matrix vy (r, r’) as

P, ) = ~|y(r.¢)|22p() (11-39)

and satisfies the constraints of charge neutrality

[ orrydr = -1 (I1-40)
negativity
p=r.r’)y <0 (I1-41)
and value at electron position
24
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oSy = PO (11-42)

The exchange energy EX°[p] is the energy of interaction between the density and the

Fermi hole charge:

¢ p®p (@, r)

ESlol = = drdr’ . (11-43)
Lol 2 [ I r-¢/|

The corresponding exchange potential v, (r) is then the functional derivative of E;"[p].

However, for the analysis of the asymptotic properties at a metal surface, it is best to

express this functional derivative in terms of the Slater (Slater, 1951) potential Vi)

defined as
Ks
Vi) = [ ) (11-44)
- |
The exchange energy is then
EX[p] = 3 [p@Vimdr (11-45)
and the KS-exchange potential
SESCol 1 ys, . 1 5V ()
x 1y 1 WA I (11-46)
) s = 5 ® 3 [ )
25
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Note that the leading term of the exchange potential is (1/2) V. (r).

The exchange potential V(r) can also be defined (Shaginyan, 1993) in terms of

variations of the effective potential v _(r) of the KS equation via the chain rule as

Ks

v = dv () Sp(r) ’

where v_(r) =v(r) +v_(r). This expression for v(r) is equivalent to the exchange

potential obtained via the optimized potential method (Sharp and Horton, 1953; Talman
and Shadwick. 1976). The differential equation of this method is

[— %vz +v,f,(r)] 60 =€, i=1,...N (11-48)

and is of the same form as the KS equation Eq.(I[-27). However, in this method an

optimized local effective potential is determined by minimizing the Hartree-Fock theory

expression for the energy (H)m_. with respect to arbitrary variations of the effective

potential. ({H), is the expectation of the Hamiltonian H taken with respect to the
Slater determinant ¢ {¢.}). The exchange potential v (r) is then obtained by subtracting
from this effective potential the external v(r) and Hartree v, (r) potentials. The

variation

H Y
d<H> §<H> 5¢.(r’)dr,

HE =0 , (11-49)
avcff(r) Z ‘[ 6¢|(r,) 6veﬂ'(r)

26

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



leads to the following integral equation for the exchange potential:
M| dr'[v, (@) -v, (|G . D816 (® =0 | (11-50)
where G.(r,r’) is the Green function

Gr.p) = 3 504 ) (11-s1)

i €€

and where v_(r) is the Hartree-Fock theory orbital-dependent potential (Slater, 1951)

v = [P (11-52)
' [r-r|
with
p (. ) = =Y & ()9, () /$,(X) , (11-53)
j

being the orbital-dependent Fermi hole charge at r’ for an electron at r. The orbitals ¢,(r)

are determined by self-consistent solution of the differential and integral equations. The
optimized potential method falls within the rubric of ‘exchange-only’ (Sahni and Levy,
1986) density-functional theory since it is the Hartree-Fock theory energy expression that
is minimized. As such the corresponding orbitals ¢.(r) differ from the KS orbitals ¢ (r).
Furthermore, since there is the added constraint that the effective potential be local, these
orbitals also differ from those of Hartree-Fock theory. Thus, the total ground-state
energy of the optimized potential method is a rigorous upper bound to the Hartree-Fock

theory value.

27
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Finally, we note that within the Kohn-Sham theory representation (Levy, 1979;
Payne, 1979; Dreizler and Gross Sect 6.2, 1990; Holas et. al., 1993) of Hartree-Fock
theory, it is aiso possible to define (Holas and March, 1996) an exchange energy

KSHF,
[

functional E; SHE) = SEF™[p)/8p(r), whereby the HF density

o] and potential v,

and energy are obtained.

2.2.2 Kohn-Sham Theory Correlation Energy and Potential
The KS theory Coulomb hole pfs (r, r’) is defined (Sahni, 1996; ibid., 1997) as

the difference
P, ) = p (r, ) -5, ) (11-54)
so that it satisfies the constraint

[ oSr.r'ydr’ =0 . (11-55)

The correlation energy EX [o] is then the sum

EXlpl = U.lp] +T.[0] . (11-56)
where
U.lol = = j j """’fs("‘J)drdrf (11-57)
) 2 le-r/| ’

is the energy of interaction between the densities p(r) and p(r,r). The

corresponding KS correlation potential v (r) is the functional derivative

28
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KS
V() = SE"[nl _ Lvsam) I (l_,)5V () de’ + oT.[ol s

o 2 °° 3p(r) o)

where

”;Ks(fﬁdrf (11-59)

Vo) = .
0= [ T

is the Slater correlation potential.

2.3  Quantum-Mechanical Interpretation of Kohn-Sham Theory

As noted, the KS theory electron-interaction energy EX[p] and potential

v_.(r) account for electron correlations due to the Pauli exclusion principle and Coulomb

repulsion as well as the correlation-kinetic contribution. The physical interpretation of
this energy functional and its derivative is in terms of fields whose source distributions
are quantal expectations of Hermitian operators. The interpretation, furthermore,

distinguishes between the purely quantal (Pauli and Coulomb) electron-interaction and

correlation-kinetic components.

The electron-interaction potential v_(r) is the work done to bring an electron

from infinity to its position at r against a field #(r):

55 [P] ‘ Cav (11-60)
vle) = T ly(ﬂ) ar .

The field F(r) is conservative so that VX #(r) = 0. Thus, the work done in this field

is path-independent.
The field #{r) can be split into its electron-interaction & (r) and correlation-
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kinetic components Z (r):

) = g“(,-) + Z“(r) . (II-61)

The field & (r) is strictly representative of Pauli and Coulomb correlations, and
is determined via Coulomb’s law from the pair-correlation density g(r, r’) which is its

source charge distribution. Thus, the field &_(r) is given as

z@ - [8OEC-) 4 (11-62)

and the work done W_(r) in this field is

4

W () = -1 gw) - dl . (11-63)

With g (r, r’) written in terms of the density p(r’) and the Fermi-Coulomb hole charge o, .(r , r')
of Eq.(II-9), the field &_(r) is the sum of the Hartree &(r) and exchange-correlation

& (r) fields:
Er =&,m+Z () , (11-64)
where

pxc(r,r') (r-rl) ar . ([[-65)
lr-r|?

&, @) = [p—(r%%];ldﬂ and Z_(r) = [

The work W_(r) is then the sum of the work W, (r) and W (r) done to move an

electron in the Hartree and exchange-correlation fields:
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W (r) = W, (r) +W (r) . (11-66)

where

r

W, (r) = - 1 @) -dl' and W) = - 1 Zw) - dr . (1167

Now since the density p(r) is a static charge distribution whose structure does not

change as a function of electron position, the Hartree field may be written as

& = -VW,(r), where

w,m = | ..i_:_(_r:_),_ldr’ : (11-68)

Note that the scalar potential W, (r) is the same as the density-functional theory Hartree

potential v, (r) of Eq.(I-30).

The field Z (r). representative of the correlation-kinetic contribution, is defined

in terms of a field z(r; [y]) whose component z_(r) is derived from the kinetic-energy-

density tensor as

- 3
2.(e:[vD =23 L, @lyD - (11-69)
g=1 3:‘3

The field z(r:[v]) is for the interacting system since the tensor involves the density

matrix y(r, r’) of Eq.(Il-16). With the field z(r;[v,]) derived similarly from the
tensor t_,(r; [v,]) written in terms of the idempotent Dirac density matrix v (r, r’) of

KS theory, the field Z (r) is then defined as
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!
= — [z(r: -2(r: [1-70
Z(r) p(r)[z(l‘.lv,l) 2(r;[vD] - (I-70)

The source of the field Z (r) is therefore the difference between the kinetic-energy-
density tensors for the non-interacting and interacting systems. The corresponding work W, (r)

done in this field is

W, () = - 1 zZ@) -dr . (I-71)
The KS theory electron-interaction potential v_(r) is then the sum
v (r) = W_ () +W, (@ , (I1-72)
and the ‘exchange-correlation’ potential v_(r) the sum
v (r) = W _(r) +W,(r) . (I1-73)

The sum of the work [W_(r) +W,‘(r)| is path-independent since Vv_(r) = - #(r).
Equivalently, it is the sum [W_(r) + W (r)] that is path-independent since

V x &,(r) =0. For systems of a certain symmetry such as closed shell atoms, open-shell
atoms in the central-field approximation, jellium metal clusters, jellium and stabilized-
jellium metal surfaces, etc., the work W_(r) and W, (r) are separately path-independent
since VX & (r) =V XZ(r) =0.

The KS theory electron-interaction energy functional E:s [p] can also be
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expressed in terms of the fields corresponding to the quantal electron-interaction and

correlation-kinetic energy components. The quantal electron-interaction energy

component Eq.(If-7) is

E.lel = ] dro(r - Z.(r) (11-74)

which can be reduced further to its Coulomb self-energy Eq.(II-13) and exchange-

correlation energy (Eq.(II-14)) components as

E.lo] = [ drp(®)r - &, (I1-75)
and

E.lo] = j dip(@)r - & (1) , (11-76)
respectively. The correlation-kinetic-energy component of Eq.(II-26) is

I

T.lel = 5 [dror - 2@ . (11-77)

Thus, we see that KS theory can be described entirely in terms of two fields (and
their source distributions), these fields accounting separately for the quantal electron-

correlation and correlation-kinetic contributions.

2.3.1 Quantum-Mechanical Interpretation of Kohn-Sham Theory Exchange Energy

and Potential

A rigorous physical interpretation in terms of fields and source distributions can
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be provided for the exchange energy functional and its derivative for the three cases
considered in section 2.2.1 viz. that of (a) the Kohn-Sham theory for the fully interacting
system, (b) the Kohn-Sham theory representation of Hartree-Fock theory, and (c) the
Kohn-Sham exchange-only theory. In each case there is a field representative of Pauli

correlations and one that represents kinetic effects. We describe the interpretation of

each case below.

(a) Kohn-Sham theory

In KS theory the exchange potential v (r) , which is the derivative of the functional

E®[p], is (Levy and March, 1997) the sum of the Pauli W/°(r) and correlation-kinetic W;"(r)

components:

SE.S[p] _

vir) = = —— =Wom-W"@r) . (I1-78)
. dp(r) -

Here W 5(r) is the work done to move an electron in the field Z(r) determined via

Coulomb’s law from the Fermi hole charge oy (r, r’). Thus,

W) = - iz;“(ﬂ) Sdr (11-79)

with
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KS
gop = (PLEDE-) (11-80)
[r-¢[?

The Pauli component W, (r) of the exchange potential v (r) may also be expressed as

‘ (v -v)o* (¢, )

ke = LvSey + [dr - v 1-81
W) = 5V Idl [dr’ oy (I1-81)

so that the leading term of this work done is (1/2) V. (r) . The work W."(r) is that done

to move an electron in the field Z(r):

4

wor) = - 1 Zw) - dr (11-82)
with
Z0) = z(r; [v1) ’ (11-83)
i p(r)

where vi(r,r’) is the first-order correction to the KS density matrix y (r,r’) as

obtained via perturbation theory by an expansion of the system wavefunction in terms of

the electron-interaction coupling constant. Once again the sum of the work

[(WE(r) - Whr)] is path-independent since V X [&°@) -Z(r)] =0. For systems

with the symmetry discussed in the previous section, the work W, (r) and W{(r) are
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separately path-independent. The expression for the exchange potential v (r) of Eq.(ll-

78) is exact (Levy and March, 1997), because it incorporates all terms linear in the

coupling constant. Higher-order perturbation theory leads to the correlation component

of the KS energy and potential.

There is no explicit correlation-kinetic contribution to the KS exchange energy

EX[o]. The contribution, however, is manifested via the KS orbitals, so thatE,"[p]
which is related to its functional derivative v (r) by the virial (Levy and Perdew, 1985)

theorem is expressed entirely in terms of the field & (r) as

Elol = -Ip(r)r - Vv (r)dr = [p(l‘)l' - &%r)dr (I1-84)
with

[ po@r - Zr)dr = 0 . (I1-85)

(b) Kohn-Sham representation of Hartree-Fock theory

The KS ‘exchange’ energy functional ES"F[p] which leads to the HF theory

ground-state energy and density is defined as (Sahni, 1997; Holas and March, 1996)
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ES ol = EX[p:v" 1 + T (0] (11-86)
where E![p:¥"¥] is the HF theory exchange energy determined from the idempotent

Dirac density matrix 4"F(r,r’) constructed from the HF orbitals é:"(x). (The
definitions of these properties are the same as Eqs. [1-32,39 and 43 with ¢.(x) replaced

by /"(x)). The correlation-kinetic energy T. [p] is defined as

TFlo] = T [p] - T,[o] . (11-87)

where TH"[p] is the HF theory kinetic energy, and T [p] the kinetic energy of

noninteracting fermions obtained from orbitals of the KS equation which lead to the HF

theory density and energy.

The exchange energy E;" [p;¥*] component is defined in terms of an electric

field & (r) derived via Coulomb’s law from the HF theory Fermi hole o' (r, r’) in the

same manner as Eq. (II-84).

The correlation-kinetic energy T [0 ] component is expressed in terms of a field Z," (r)
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T ol = % [ dro(r - Z,"(r) (11-88)
where

AOR 7:?[3 2(; [¥°1) - 2(e: (D) (11-89)

the field z(r) is as defined by Egs. (II-70) and (II-15), and where ~:"(r, ') is the

idempotent density matrix constructed from the orbitals of the KS equation which leads

to the HF density and energy.

The KS exchange potential v, (r) which generates the HF theory density and

energy is

8E." o]

= HF, + HF (I[-%)
) W, (m+W () ,

Ve () =
where W (r) and W,"(r) are respectively, the work done in the fields & (r) and
Z"(r). The sum of the work [W;"(r)+W. (r)] is path-independent since

v x[&"(0) +Z. ()] =0.
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(c) Kohn-Sham exchange-only theory

The exchange-only version of Kohn-Sham theory corresponds to the optimized
potential method (OPM). The resulting exchange energy E’™[p; 7" ] and potential v."™(r)
are determined by self-consistent solution of the OPM integral and differential equations.
The exchange energy is obtained through Eq. (I1-43) via the Fermi hole o) (r, ') or
density matrix v>™(r, ') constructed from the OPM orbitals ¢, '(r) . The potential v, (r)

may be expressed as (Slamet and Sahni, 1997)

vei(r) = W@ + W@ (11-91)
where W (r) is the work done in the field &(r) determined via Coulomb’s law from the
Fermi hole p (r, r’) constructed from the orbitals #.(r) of the Work Formalism (Sahni,
1995) (WF) differential equation. (This equation is the same as the KS differential
equation with v_(r) replaced by W (r)). With 7V (r, ) the corresponding idempotent
density matrix, the work Wt‘(r) is that done in the field Zl‘(r) where

zZ(r) = ;:T)[Z(rzlvfm])ﬂ(r;[vfml)] , (11-92)

and where the field z(r) is as defined previously in terms of the appropriate kinetic-
energy density tensor. In this exchange-only case, the virial theorem (Levy and Perdew,

1985) leads to the energy relation
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EX™o: ™1 -E"(o:n™ = [ oo - Z(dr . (11-93)

We note that in the derivation of Eq.(II-91) it is assumed that the OPM and WF densities

are equivalent, which is essentially the case for both finite and extended systems.

However, the off-diagonal elements of y2"™(r, r’) and v} (r, r’) are not assumed to be
equivaleat so that the field Z (r) is finite. Furthermore, the work W (r) and W, (r) are

separately path-independent.

To summarize, the exchange potential of Kohn-Sham theory (Eq.(II-78), that of
its representation of HF theory (Eq.(II-90)), and of the OPM (Eq.(II-91)), are all
comprised of two components. The first, representative of Pauli correlations, is the work
done in a field determined by Coulomb’s law from the Fermi hole charge constructed
with the corresponding orbitals. The second, representative of correlation-kinetic effects,
is the work done in a field determined from a corresponding kinetic-energy-density
tensor. We note, however, that though in principle these potentials are different, in

practice they are essentially equivalent for both finite atomic and extended metal surface

systems.

2.3.2 Quantum-Mechanical Interpretation of Kohn-Sham Theory Correlation
Energy and Potential.

With the KS theory Fermi and Coulomb holes as defined by Eq.(Ii-54), the
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exchange-correlation potential v_(r) can also be expressed in terms of its separate Pauli,

Coulomb and correlation-kinetic contributions as

= WS + WS + W, (11-94)

where W'(r) is the work done in the field &(r) due to the Coulomb hole charge

KS
pe (r,r'):

r KS Ner_pr!
Wfs= —if(r’)-dl’ . gcm(r)= I p: (r,r’)(r-r )dr' . (11-95)

lr=r'|?

Since v_(r)=v(r)+v(r), where v (r) is given by Eq. (II-78), the exact expression for the

derivative v(r) is then

8E (p]

—— = W) « W) + WD), (ir-96)
dp(r) ‘ -

v(r) =

where W, (r) and W."(r) are as defined previously. The Coulomb correlation energy

U.lp] of Eq. (II-57) is also expressed in terms of the field Z50) as

Ulpl = [drp(r)r»Zi’“(r) . (11-97)
Perturbation theory expressions for w5, W,‘(r) , Ulpl and T [p] can be derived but
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we do not give these here. We note, however, that the KS correlation potentialv (r)

commences (Levy and March, 1997) in second order in coupling constant. The term

quadratic in the coupling constant v_,(r) is then
v = WD) - WP (I1-98)

where the work W"(r) depends on the first-order correction to the pair-correlation
p

density, and W (r) on the second-order correction v3(r,r’) of the density-matrix

y(r.r’). Similarly, it can shown that for EX[p] the term quadratic in the coupling

constant is due to correlation-kinetic effects arising from the field of v;(r,r’).

2.4  Jellium and Structureless-Pseudopotential Models of a Metal Surface
In the jellium model (Kiejna and Wojciechowski, 1996; Bardeen, 1936), the

charge of ions is assumed smeared out into a uniform positive background of charge

p.(r) =p0(-x +a) ending abruptly at the surface at x=a, and where p =k;/3x* is the

bulk density, k. = l/ar, is the Fermi momentum, «™' = (9%/4)'*, and r, is the Wigner-

Seitz radius. The jellium edge position is determined by the constraint of charge
neutrality or equivalently by the Sugiyama sum rule (Sugiyama, 1960). The external

potential v(r) and the Coulomb interaction between ions (see Eq.(II-1) and Eq.(II-2)) are

then expressed as
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p.(t)
= - == dr . (11-99)
vu(0) [!r 1

and

| p.(0)p ()
drdr’ | (11-100)
Z, TR-R_[ R 1 2” r-o |

respectively. The KS theory total ground-state energy functional for this model is

[p(@®) -p.)][p ) -p. ()]

1
E, = T,[p] +Exclol + = drdr’
lel = Tlol+ESbl+5 [ | o] r
(1I-101)
and the corresponding local effective potential is
- o(E -T
vE () = (Elo]l -T,[o]) _ Vg ) + V() +v, (D) . (11-102)

dp(r)

[f the Coulomb potential of the ionic cores is replaced by a local pseudopotential

w,(r), the energy functional is (Kiejna and Wojciechowski, 1996)

l A p,(l')p,(l")
E._.[p] = E,lo]+ = T Tdrdr +
pseud Jelt Z IR, -R,| 21 [r-r/| (I1-103)

I p(r)év(r)dr ,

where the 'difference potential’ dv(r) between the pseudopotential of a lattice of ions

and the potential of the positive jellium background is
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v = L, ~R) + | l:’-(rr,’)l dr (11-104)

In the structureless-pseudopotential (stabilized-jellium) model (Perdew, 1995;

Perdew et.al., 1990; Shore and Rose, 1991), the Wigner-Seitz unit cell is replaced by

a sphere of radius r, =Z'?r_. The stabilized-jellium energy functional is then obtained

from the jellium model as

Elp] Elpl---—-[p(r)dn [Gvhbt@pdr . @1-105)

-jell

where the second term is the spurious self-repulsion energy of the positive background
in each cell, and the last term is the contribution of the ‘difference potential’ (see Eq.(I-
103)). In this model, the difference potential is averaged over the Wigner-Seitz spherical
cell. For the Ashcroft pseudopotential (Ashcroft, 1966), this average can be shown to

be given as

(I1-106)

(8V) s

ul,
"‘

where ¢, is the average energy per electron in the jellium model which is

e, =3kg/10 -3k /47 + € (p) with € (p) the average correlation energy per electron.
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The potential (6 v)ws0(r) vanishes outside the positive background and is a constant

inside. The KS theory effective potential for the stabilized-jellium model is

S(E  [p]l-T,[e]D

stab ~j stab—jeil

Ver(F) = 30 @ (L-107)

= Vg () +vy(®) + V(D) + (V) 0(0)

For the flat surface stabilized-jellium model, the potential
(av)wso(r) = (6v)ws0( -x +a). Crystal face-dependent properties can be obtained by

averaging the difference potential §v (r) first over the direction parallel to the surface and

then over the remaining direction inside the crystal. With this averaging

2
_ 3Z _5|d (II-108)
(0¥)oe = (30022 |1 s[r:] ,

where d is the distance between neighboring lattice planes parallel to the surface. For
further details of the structureless-pseudopotential model and of its results, we refer the

reader to the original literature (Perdew, 1995; Perdew et.al., 1990; Shore and Rose,

1991).

Within both the jellium and stabilized-jellium models, there is translational

symmetry in the plane parallel to the surface, and since the effective potential in which
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the electrons move is local, the KS orbitals are of the form

V() = l% e""'l¢k(x) \ (11-109)

where (kl . Xp) are the momentum and position vectors parallel to the surface, and (k, x)
the components perpendicular to it. The Dirac density matrix y, (r,r’) of Eq. (I1I-32)

and the density o(r) for these models are then

v o) =2 (2:_'2‘)‘¢k°(x)¢k(x')e“‘f “&F)g (e,,-_‘;f) C(I-110)

and

kK

- L 2 _ 2 dr-111)
p(x) 5 [ ke ~k?) | (x) [*dk ,

where e.=kZ/2 is the Fermi energy. The structure of the component ¢, (x) of the
F k

orbitals for the jellium and stabilized-jellium models in the asymptotic vacuum and metal-

bulk regions is the same. The orbitals ¢, (x) of the two models differ only in the surface

region.
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CHAPTER Il

THE SLATER EXCHANGE POTENTIAL AT A METAL SURFACE

The leading term of the KS exchange potential v (r) is one-half of the Slater
potential VS(r). (See Egs. (lI-44,46). We therefore initially focus on the Slater
potential. [n section 3.1 we derive (Solomatin and Sahni, 1996; ibid., 1997b) an
expression for V.5 (r) valid for the jellium and structureless-pseudopotential models in
terms of momentum space integrals. This allows for its easy and accurate numerical
determination throughout space, because in dimensionless coordinates normalized to the
Fermi momentum, these integrals are over the finite region from O to 1. Furthermore,
as a consequence, knowledge of the precise structure of the delocalized Fermi hole
charge deep in the metal bulk for asymptotic positions of the electron in the vacuum
region is not necessary as it is in the work of others (Harbola and Sahni, 1987; Sahni,
1989). The expression for the Slater potential V>3 (r) derived also allows for the
determination (Solomatin and Sahni, 1996; ibid., 1997b) of its exact analytical structure
in the asymptotic vacuum region. To make this calculation accessible to the reader, we
perform it initially for the accurate semi-analytical orbitals of a2 model effective potential
(Sahni et.al., 1978) as described in section 3.2.1. The analytical result derived for the
asymptotic structure of V>3 (r) is, however, equally valid for the fully self-consistently

determined Kohn-Sham orbitals as proved (Solomatin and Sahni, 1996) in section 3.2.2.
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3.1 Expression for the Slater Potential at a Jellium or Structureless-

Pseudopotential Metal Surface
In this section we derive a general expression for the Slater potential V.(r) valid

for the jellium or structureless-pseudopotential model of a metal surface.

With the Fermi hole o°(r, ) defined as in Eq.(I1-39), the Slater potential of

Eq.(11-44) is

Sy = 1 [v(r,r)|? -
Ve = -t [ar 1XCO0 (1t-1)
0 = o |

Substituting the single-particle density matrix +(r,r’) given by Eq.(II-110) and the
density p(r) from Eq.(II-111) into Eq.(III-1) we arrive at the following expression for

the Slater potential

itky -ky) * (qy -xD)

1 dk dk’ e
Vi) = - — [dc’af 229 ¢ (x,x! (H1-2)
RS el G ) —
where
b, X) = & WS (xND (") $,.0) . (I11-3)

Now with ¢ =k, -kj and X =x, - x}, it can be shown that (Bardeen, 1936; Ma and
Sahni, 1979),

[ dx _Iﬂ_x_ PV i (111-4)

Thus, we have
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(I11-5)
Now the product of the 6 functions
[ —_] [e,, 2] -owz-kr-kp o -k k()
(I11-6)

=0\ -kpO (N -kp)

=0 -kDON -kp)

where A2 =k2~k2, N2 =kg - k’*. The momentum space integrals of Eq.(III-5) may then

be written as

kf k’ _ x-x'
Idkldk'[dkl[dkgoo—kl)oo'- /l)%,(x,xf)e"'q b (LIL-7)

[n this equation we have two possibilities: A > N (k <k’) or A< N (k> k').
However, equation Eq.(I[[-7) is symmetric with respect to an interchange of k and k',
so that we may assume A > N (k < k’) and multiply the resulting equation by 2. Thus,

we rewrite Eq. (III-7) as

k, I'Y

2 [ dk’ 1 dk I dicy [ Ay 8 O\ - ky) OOV - k) 5, &) e“";"" , (I11-8)

where it is understood that X\ > \’. Substituting Eq.(III-8) into Eq.(IIL-5), the Slater

potential may be written in dimensionless co-ordinates normalized to the Fermi

momentum as
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| l dk’ : dk . ’ NG (o] ;
(7) = — , dz’ (2" ). @), (z,2") .
Vi@ =5 [ 55 1 an ™ @9, (z)[ (20 @),

({11-9)
where

e g kO -k . (II-10)

[,(z.2) = Idkljdk’l

In Eqgs. (IlI-9) and (I1I-10), we have used the same notation for the dimensionless
variables as before so that now A =(L-k?)"2, N =(1 -k’®)"? etc., and z=kx. To

determine the integral /,,.(z,z’) we change the variables to

g = ky -k and K= %—(kl K (I-11)
so that
1 1
ky = K +-iq and lc’l = K- 3 q . (I11-12)

Since the Jacobian of the transformation J(¢, K) =d (k, k’l)l d(g, K) =1, we can rewrite

Eq. (I1I-10) as

~qlz-2'} 1 1
Le.2) = [da = IdKo[x—|K+.iq|]0[)\-|K—§q|] 111-13)

or equivalently as

[, 7)) =27 [ dge1:-7\F(q) , (I11-14)
where
F@ = [daK o [K—|K+._21_q|] 0 [x- |K—%q|] _ (II-15)
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The integral over K has a simple geometrical interpretation. It is the area of the hatched
region of Fig. 1(a) corresponding to all points in the K-plane which belong
simultaneously to circles of radii A and N’ whose centers are a distance q apart. Since
in Eq.(I[[-8) we assumed A> N, there are three distinct cases for the K-integral as
shown in Figs. 1a, b, and c corresponding to the values of g being A N <g<A+N,
g<A-N,and g <A+N . For these cases we have from geometrical considerations
F@ =0 for q=N+N
=aN?  for g<A-N

= *N20[A2 - N2 - g] + S (g) + S, (@) for A-N <g<A+N

(11-16)
where
(RZ -—X):‘!)U2 2 12 (1[1_17)
S\(g) = Nan"X— -X).(AZ —XA) ’
X,
Sy(@ = S,(q) [M, , (11-18)
1 )\2 - Nl L
- X, v@ = 5 [q + 7 ] . (I11-19)
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(a)

k " Fermi circle

k lll Fermi circle

(0)

q> A+ A

Fig. 1 The physical interpretation of the area of integration in Eq.(Il[-15). The hatched

region corresponds to this area.

w
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Thus, we may write [,,.(z, z") of Eq.(lll-14) as

[t N b AeN
[k.lz'(z' Zl) =2x [‘l’Nz ldq e =Yl 4 l’ dq e*qlz-:’[{sk(q) +Sk,(q)}]
AN-N

(111-20)
Substituting Eq.(I11-20) into Eq.(I[[-9) we obtain finally
Vi) 4 (s b oo
o _ ai’ [ dk DGk.K:2) . (11-21)
Tpr fp,(z)[ [ b @6, @Gk, k'; 2)

1

where pn(z)=3‘[ (1-k) | #,(2) |%dk is the density normalized to the bulk value,

0: _xll)uz AeN

Gk,k';2) = =N [dq Jg.2)+ I dg J@q, D{S\@ + Su@}  (-22)
N-N

and

Jq,2) =2 [ dz’ el ¢, (2. - (I11-23)

For orbitals generated by model effective potential, the integral J(g,z) can be
obtained analytically. The expression for the Slater potential V() of Eq. (III-21) is then
reduced to finite region momentum space integrals. This then allows for the accurate

numerical determination of V. (r) throughout space.
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3.2 Asymptotic Structure of the Slater Potential

We next determine the asymptotic structure of the Slater potential in the
classically forbidden region. We perform our calculations for the orbitals of the jellium
model of a metal surface since they allow for a more accessible derivation. In the
stabilized-jellium model, the structure of the orbitals in the classically forbidden region
and deep in the metal bulk are the same as those of the jellium model. They differ
slightly only in the surface region. As such the analytical results for the asymptotic
structure in the vacuum region which, as will be shown, depend only on the structure of

the orbitals deep in the metal bulk are equally valid for both models.

3.2.1 Derivation for Model Effective Potential.
The effective potential v, (z) we assume is that of the finite-linear-potential model

(Sahni et.al., 1978) for which

0 for z<0
v, = 12 for 0<z<g (111-24)
for z=>gz,

The solution of the Schrodinger equation for this potential is

¢.(2) = sin[kz +6(k)]0( -2) +[BkAi(;‘,‘) +C,Bi ({,‘)] [0(z) -0(z -zb)] +Dexp(-«2)0(z-z,) .

(I1-25)
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where k = 2E. & =V2W-E) , §=2z"~&. & =Kz . F=ke/D!z,.
z, = (kz/2)z,/ W, E is the energy, W the barrier height, and A4i(¢,) and Bi({,) the Airy
functions. The phase factor 8(k) and the coefficients B,, C, and D, are determined by

the requirement of continuity of the wavefunction and its logarithmic derivative at z =

Oand z = z,.

We first determine J(q, z) of Eq.(I1I-23) for z > O for these orbitals to obtain (see

Appendix Al)

qcosd_ + k_siné_  qcosd, +k siné,

J(q.2) = e F
@q.2) [ pERE PEL

«2 f dz' e {B,Ai(s%) + C,BiGtD} {B, Ai(EL) + Cu B}

2D,D,. 4qD,D,,

& —(x, *xy ’.Q)Z. e ~(x, *x1)2
2 _ 2
K, * K. — 4 ("k + "t') q

R

(I11-26)
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where k, = k' ¥ k. and &; = d(k’) ¥ 8(k). In the asymptotic large z region, the
effective value of ¢ ~ 1/z due to the e ¥ factor in J(q,2z). Furthermore, sincek ~ k’
for large z, the effective value of k_~ 1/z due to the e ™" factor. Expanding J(q, z) of

Eq.(I11-26) in ¢ we obtain for the asymptotic region

k ind 5
Jq.2) ~ e“’:[ q _cosd_+ - 2sim5{| +e % [_ sind, qcoso,

i~ q* +k q* +k: k k:

.

+ 2Dka’ e

K + Ky

-(x, * 5,0)2,

(111-27)

+2[ dz' {B.AiE,) + C,BIGD} (B, 4is) + C. Bi(fil)}]

S &

-l * )2

_ 449D, D, ¢

(k, + k)

Next consider the contribution of J(g,z) of Eq.(IlI-23) to the first integral in
Gk, k' ;7) of Eq.(IlI-22). The last term of Eq.(I[-27) is exponentially small in the

vacuum region and does not contribute. The contribution of the second set of terms is

wowm e[ def { ) }}

k

-

R (}\2 _ )\/l)m e "N NIz +0 —1- COS&.
z z? k?

Now (AP=N)"Pz ~k"z=(k2)"z» | for large z since k.~ 1/z. Thus, the

_ NN sind 2D.D,,
l-e |:_ c L e,

(I11-28)

contribution of Eq.(I11-28) is of 0(1/z). The contribution of the first term of Eq.(II-20)

to the first integral in G(k .k’ ;z), with gz=u and a=k_z, is
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coss. [ dute"_ +asins. [dut_——+0|1] . (L11-29)
u*+a’ u®+a?t z

Next we note that the second term of G(k.k’;z) of Eq.(I[I-22) does not
contribute to the leading order. This is because the integral is concentrated about its
lower limit A -\ ~k_~(1/z), because as noted previously g — 1/z. In the limit
g->A-N, X,~\, X, —»-N,sothat §, ,—»0. Thus, G(k,k’;2) is given by Eq.(Ill-
29). We next consider the integral over k in Eq.(II-21) and rewrite it as (1/2) fda.
Again, since for large z, k~k’, we have xz=«,z+ca where c=k'Ix,, so0 that
¢,(2) ~ ¢, (2)exp(-ca). Substituting this ¢,(z) into Eq.(I[I-21) and using the fact
that cosd ~ 1 and sins_ ~ O for k,k’ ~ 1, the Slater potential is then

1 @ [ cca-u
Vi) ~ - 2 3jdk'(1-k'2)¢:,(z) l[da[da we ™ .olL)| .
0,2 | } z) ), u+a’ z:

(I11-30)

The term in the first square parenthesis is the normalized density p,(z) and

cancels the corresponding term in the denominator. Finally, on solving the double
1

integral in the second square parenthesis and noting that the integral Idk’ is
(4]

concentrated near k’-»1 for z—>oo so that c-»1/(8%-1)'?, we obtain the asymptotic

structure of the Slater potential to be

Vo . _2® . g -l -mE-D] (11-31)
X—> o X ’ ‘n/éz_—_r

where 8 = Wie,.
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We note that in the above derivation employing the orbitals of the finite-linear-
potential model. no approximations with regard to the structure of the Fermi hole have
been made. Further, since the step-potential model (Bardeen, 1936; Sahni et.al., 1975;
Sahni and Gruenebaum, 1977) is a special case of this effective potential, the analytical
expression is equally valid for that model. In the following section we prove that the

same expression is obtained for Sully-self-consistently determined orbitals and effective

potential.

The asymptotic decay of the Slater potential has also been investigated analytically
by Juretschke (Juretschke, 1987) for the orbitals of the step-barrier model of a metal
surface. but with an approximate form for the structure of the Fermi hole in the plane

parallel to the surface. The resulting expression, however, is equivalent to that of

Eq.(I1I-31).

3.2.2 Derivation for Self-Consistent Effective Potential.

To prove that the asymptotic structure of the Slater potential Eq.(II[-31) is valid
for the self-consistently determined effective potential, we divide the z axis into three
parts: z<-d, -d< z<d, z=d, whered is an effective width of the surface region.
[n the first region, which corresponds to the metal bulk, the potential v_(z) is constant.
Consequently, the orbitals are of the form ¢,(z) =sin[kx +3(k)], where the &(k) are the

self-consistent phase shifts. The contribution to J(q, 2) of Eq.(I1I-23) from this region

is then
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d
J(q.2) =2 [ dz’ e sinfkz’ + (k)] sinlk’z’ + 5(k)]

g [q COS(k_d"a_),",:len(k-d‘5-) (111-32)
q- *+k-

_ qcos(k.d-8,) -k, sintk.d+4,)
q* +k:

Note that this contribution is the same as the corresponding terms of Eq.(I[[-26)
except that they are modified by the factor d. Now, due to screening, the surface region
is small in comparison to the asymptotic electron position: d<z for z=>o.
Furthermore, again the effective value of g~ 1/z, so that on expansion in g this

contribution of J(q, 2) s,

Jq.9 = e"—Lcosb. (I11-33)

which is the same result as derived previously (see Eq.(IlI-27)). Recall, that it is this

term which leads to the coefficient a (8).

In the region -d <z <d, the self-consistent orbitals will, of course, differ from
those of the model effective potential considered. However, the contribution from this

region to J(q, z), which is
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d
Jg2) =2 [ dz' e 171§, (2" )b (2)) (I111-34)
~d

will be similar to the second set of terms of Eq.(I[[-27). Consequently, its contribution

to G(k .k’ ; 7) (see Eq.(I1I-28)) is of O(1/z), and therefore to V. (z) of 0(1/z%).

[n the region z = d, the orbitals of the model potential assumed previously were
exponential (see Eq.(I[-25)). If, however, we assume that the asymptotic structure of
the effective potential which is that of v~ - 1/4x, then the orbitals in this region are
of the form ¢,(z) —z"e™ (Almbladh and von Barth, 1985). (For an electron at the

Fermi level », = 1/(4k.yB*-1 )). The expression for J(q, ) in this region is
J(q, Z) = [ dZ' e-ql:-z’| ¢k(zl)¢k, (Z/) ([I[“35)
d

< ’ - ~(x. * %2 ' ’ . _ ey .
~ e"’zldz'e": @) et R +e“[dz’e""(z’)" e e
d 2

_ e“F{I‘(Vk +Vk, + l) —P[Vk +Vk, + l'(Kk +Kk' _q)z]}

(ky + K -g) !
_ e“l:‘y[vki-vk, +1, (x, +,. -q)d] . e‘lzl‘[yk+yk, +1, (k, +K,, +q)z]

v, +ps el PRIAES

(K, +x, +q) "

24

(x, + K. - q)

(I11-36)

where

X

y(a,x) = [e"t°“dt : (I11-37)

and
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[ 4

Mo, x) = Ie“t“"dt . (111-38)

are the incomplete gamma functions. Now (Spanier and Oldham, 1987)
Mo, x) ~x*'e* as x>

so that

[ A4

Jq.2) _ e T +vp+1)  2qz

N T V) L U (kg +x.)-qt

-, *x0)2

(1-39)

eFy[y + v, +1, (5 + & -q)d]

ey el

(x, +«, -

(See Eq.(I1[-26) for a comparison with the corresponding terms of the finite-linear-
potential model). The first and third terms of Eq.(I[-39) give a 1/z contribution to
Gk k' 7)., and consequently a 1/z2 contribution to V;(z). The second term has the
functional dependence on z as z* ™ e "% instead of e *%% of the model potential.
This term contributes exponentially to G(,k’;z), and thus its contribution

asymptotically to V;(z) vanishes.

Therefore, the asymptotic structure of the Slater potential for the self-consistently
determined effective potential is the same as Eq.(III-31) derived previously. We
emphasize hgain that this asymptotic structure of the potential in the vacuum region is

governed and arises from the orbitals deep in the metal interior.
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3.3 Numerical Confirmation of Analytical Asymptotic Expression

The correctness of the derivation can be shown by comparison of the asymptotic
structure of the Slater potential Vf(r) in the vacuum as determined by its general
definition of Eq.(IlI-21) with the function ~a (B)/x of Eq. (III-31). The expression for Vf(r)
in terms of momentum space integrals enables the easy numerical determination ofo(r)
since the integrals are over the finite region from 0 to 1 in units normalized to the Fermi
momentum. In Fig.2 we plot for Li metal (r,=3.24) the Slater potential Vf(r) in the
vacuum as determined by this EXACT expression as well as the function ~a (B)/z. The
calculations for the EXACT results are performed for the orbitals of the finite-linear-
potential model for which the relationship between r, and B is determined via energy
minimization in the local density approximation for exchange and correlation (See
Appendix of (Sahni, 1989). This value of 8 = 1.246. The same value of B is
employed in the analytical expression for ¢ (B). It is evident that the two curves merge
by about ten Fermi wavelengths from the surface, thereby confirming the analytical

results derived.
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Fig. 2 Comparison of the EXACT Slater potential V2(z) (as determined by the general
expression Eq.(I[[-21)) with the analytical expression -ay(8)/z for asymptotic positions

of electron in the vacuum.
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et .

3.4 Discussion of Results

[n this chapter we have derived an expression for the Slater potential Vir) ata
metal surface which allows for its easy and accurate numerical determination throughout

space. This semi-analytical expression differs from all previously derived expressions

for the potential.

The other principal result of this chapter is the analytical confirmation that the
asymptotic structure of the Slater exchange potential V(@) in the classically forbidden
region is long-ranged and image-potential-like of the form -ay(B)/x. The coefficientay(B)
is, however, not 1/4 but approximately twice as large. For Wigner-Seitz radii of

r, =24 and 6, the values of the coefficient ay(8) are 0.390, 0.496 and 0.548,

respectively.

For completeness we note that Harbola and Sahni (Harbola and Sahni, 1987) also
investigated the asymptotic structure of the Slater potential at a metal surface. Their
calculations (Sahni, 1989) of the Slater potential employing the orbitals of the finite-
linear-potential model were performed for r, =4.0 with 8=1.382 for electron positions
up to eight Fermi wavelengths (A, =6.93A) from the surface. The value of o, of
3/(27) = 0.477 was obtained by them whereas the exact result from Eq.(I1I-31) is 0.496.
(In their original work employing the orbitals of the step-potential model for two values
of 8 in which electron positions up to eight Fermi wavelengths were also considered,

they had concluded that the Slater potential was not the image potential asymptotically
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but rather decayed with a coefficient «(8) = 3/(2x)). These calculations were
numerically complex because the Slater potential was written in a form involving a
spatial integral over the semi-infinite crystal. Thus, accurate knowledge of the Fermi
hole deep in the metal bulk was required, particularly for asymptotic positions of the
electron in the vacuum region. The thrust of their work, however, was to show that the

Slater potential did not decay as the image potential —1/4x.
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CHAPTER IV
ANALYTICAL ASYMPTOTIC STRUCTURE OF KOHN-SHAM EXCHANGE

POTENTIAL AT A METAL SURFACE

[n this chapter, we present the exact analytical asymptotic structure of the
‘exchange’ potential v (r) component of the Kohn-Sham theory ‘exchange-correlation’
potential v_(r) in the classically forbidden region of a metal-vacuum interface. The
asymptotic structure of v,(r) derived is valid for the self-consistent orbitals of both the
semi-infinite jellium and structureless-pseudopotential models. We begin in section 4.1
by deriving a general expression for the asymptotic structure of the Kohn-Sham exchange
potential in the classically forbidden region in terms of momentum-space integrals. As
was the case for the Slater potential discussed in the previous chapter, this allows for the
easy and accurate numerical determination of v(r) in this region. This expression also
allows for the determination of the exact asymptotic structure of v (r) analytically.
Again, to make our derivation more accessible, we first derive this result for the orbitals
of the finite-linear-potential model, and then prove the expression to be valid for the fully
self-consistent KS orbitals. We also prove in this chapter that two approximate exchange
potentials, one due to us (Solomatin et.al., 1994) and the other to Sham (Sham, 1985),
also possess the correct asymptotic structure in the vacuum. Finally, we prove

analytically, that for jellium-slab-metal, the exchange potential v,(r) decays as -1/x 2,
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4.1 Expression for Asymptotic Structure of Kohn-Sham exchange potential at a
metal surface.
The relationship between density functional theory and many-body perturbation
theory as established by Sham (Dreizler and Gross, 1990; Sham, 1985) is via the integral
equation relating v, (r) to the nonlocal exchange-correlation component Exc(r,r’;w) of

the self-energy Z(r,r;@). This equation is
I dr'v (r') I deG (r.r';€)G(r’ ,r;e)=l Idr’dr" IdeG,(r,r’ 0L (r'.r” ;0G(r” ,rie),
(Iv-1)
where G(r,r;w) is the one-particle Green function and G,(r,r’;co) the KS Green
function. From this equation Sham (Sham, 1985) derived the asymptotic structure of

v (r) to be

_ 1 i . L . i
Vi) = s [ AP LT e ) T [arei@El rie)

<Yk

(IV-2)

where the electron is at the Fermi level €.. The asymptotic structure of the exchange
component v (r) is obtained by substituting the self-energyEZ (r,r’) = -y, (r.,r’)/2|r-r'|
into the above equation. Here v,(r,r’) = 2§¢[ (Y, (r’) is the idempotent density matrix
constructed with the KS orbitals ¥,(r). The resulting expression is recognized to be the

orbital-dependent potential (Slater, 1951) v, y(r) defined as

7/
ee® = | "_l;*_f'?‘fl.)df , Iv-3)

due to the orbital-dependent Fermi hole p,_,(r,r’) of Hartree-Fock theory which in turn
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is defined as

p.r.P) = Y Ve () Y - (IV-4)
[ 4

Employing the KS orbitals of Eq.(II-109), Harbola and Sahni (Harbola and Sahni,
1993) derived the expression for the orbital-dependent-potential v,_,(z) corresponding to

the Fermi level electron with momentum perpendicular to the surface (in dimensionless

variables) to be

1

Ve, ) . ( dz’ / T 1 - e-MNz-zly  (IV-5)
Gk 27) 3¢>1(z)_[, | Z_Z,[Mz)ldk«ﬁk(z )6, () (1 -e ),

where N = (1 -k*"2. Noting that

L-e — (IV-6)
e il AR

the expression for v_ (2) can be written in the following form

v (Z) 2 1 A
2= - dk dalq. 2 ., (IV-7)
B xo) Rl G
where
.’(q. Z) =2 I dzle-ql:-:'|¢; (zl)¢l(zl) . (IV"S)

The integral J(q,2) can be performed analytically for orbitals generated by model
effective potentials. The expression for v_,(z) then reduces to finite-range momentum-

space integrals.
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4.2 Analytical Asymptotic Structure of the Kohn-Sham Exchange Potential

As for the case of the Slater potential, we first derive the asymptotic structure of
the KS exchange potential v (r) for the orbitals of the finite-linear-potential model. Once
again, as will be shown, the result depends upon the structure of the orbitals deep in the
metal bulk. As such the result is equally valid for the structureless-pseudopotential

model. We then prove the expression to be valid for the fully self-consistently

determined orbitals.

4.2.1 Derivation for Model Effective Potential

We first determine J(g,2) of Eq.(IV-8) for z> 0 for the orbitals of the finite-
linear-potential model (Eq.(III-25)) to obtain

qcosd_ + k_sind_ _ gcosd, +k, sind,

J(q.2) = e F
@2 [ q* +k’ g +k?

>
+2[ dz’ = (BAE) + CBicD}HB,4ic) + C,Bis)}

+ ZDle PR 4quDl e-(c.'x.)z
K. *k —4 (Kg“"l)z‘qz

(IV-9)
where k. = | Tk, and &, = (1) ¥ 5(k). In the asymptotic large z region, the
effective value of ¢ ~ 1/z due to the e * factor in J(q,2). Furthermore, sincek ~ 1
for large z, the effective value of k_~ 1/z due to the e ™ factor. Expanding J(q,2) of

Eq.(IV-9) in ¢ we obtain for the asymptotic region
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I~

‘q 2 ~ € < ; cos 6 ¢ - hd 5[‘15 q COS&
j ’ ) Y 2 - Sl'la + e 9 - - v
q "‘- q t k_ k kz

+ ZDle e-(x. * %)z,

L

(Iv-10)

0

+2 f dz’ {B,‘Af(ﬁ) + CkBi(;lk)} {BlAi(“) +C B’(ﬁ)}jl

_ 4qD,D, e

2
(x, +x,)

-, * =)z

Next consider the contribution of J(g, z) of Eq.(IV-10) to the integral over q in
Eq.(IV-7). The last term of Eq.(IV-10) is exponentially small in the vacuum region and

does not contribute. The contribution of the second set of terms is

| - [_ sind, 2D,D, .o, +2[ dz’ { } { }]
0

Z k K, + K,

>

+ xe_,\:-(—() _l.. 0086‘
z z? k?

(Iv-11)

Now Az ~ kM?z = (k.2)'2z\2 » 1 for large z since k_~ 1/z. Thus, the contribution of
Eq.(IV-11) is of 0(1/z). The contribution of the first term of Eq.(IV-10) to the integral

over q in Eq.(IV-7), with gz=u and a =k_z, is

2 u*+a’ Z

cosﬁ_Ldu ue +asin6_l;du e’ .o [.1.] ) (Iv-12)
u*+a’ 24 g2
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We next consider the integral over k in Eq.(IV-7) and rewrite it as (1/2) f da.

0
Since for large z, k-1, we have xz = xzz+ca where c=1/x;, so that
$,(2) ~¢,(z)exp(-ca) . Substituting this ¢,2) into Eq.(IV-7) and using the fact that

cosd -1 and sind_~0 for k-1 we derive the expression for v, ,(z) to be

]
-ba -u

3k, 2 1 - . ue
-~ -_fr _ - - = (v-13)
Ve @) 27 34,2 ) F4 [ da[ du u*+a*

or equivalently

s (B) 2_ 2_1 -
x 28 x(3*-1)
Thus, the asymptotic structure of the KS exchange potential is image-potential-like and

long-ranged. (Note that the coefficient o (8)=c(8)/2).

The above derivation also shows that for the extended metal surface system for
which the energy spectrum is continuous, to leading order, the orbital-dependent-
potentials v_,(r) for electrons within a shell of thickness (1/z) about the Fermi level are
the same. Thus, their average taken over this shell, which is the exchange potential, is
equivalent in leading order to the orbital-dependent-potential for electrons at the Fermi
level. In the case of discrete systems such as atoms, it is of course more readily

apparent that the asymptotic structure is due to the highest occupied orbital electrons.

4.2.2 Derivation for Self-Consistent Effective Potential

To prove that the asymptotic structure of the Kohn-Sham exchange potential
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Eq.(IV-14) is valid for the self-consistently determined effective potential, we divide the
z axis into three parts: z< -d, -d < z<d, z>d, where d is an effective width of the
surface region. [n the first region, which corresponds to the metal bulk, the potential
v_(z) is constant. Consequently, the orbitals are of the form ¢,(2) =sin[kx + 8 (k)] , where

the 8(k) are the self-consistent phase shifts. The contribution to J(q, z) of Eq.(IV-9)

from this region is then

d
Jq.2) =2 I dz’ e® sinfkz’ + 8()] sinfz’ + &(1)]

g [qcos(k_d—&_)z -I,c‘_zsm(k_d-a_) (AV-15)
gt +k?

_qeostk.d-3,) -k, sink.d+ a,)]
q* +k:

Note that this contribution is the same as the corresponding terms of Eq.(III-26)
except that they are modified by the factor 4. Now, due to screening, the surface region
is small in comparison to the asymptotic electron position: d<z for z—>o.
Furthermore, again the effective value of g ~ 1/z, so that on expansion in g this

contribution of J(q, 2) is,

Jq.? = e-q:qz‘i kzcosé_ , (IV-16)

which is the same result as derived previously (see Eq.(IV-10)). Recall, that it is this

term which leads to the coefficient a, (8).
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In the region -d <z <d, the self-consistent orbitals will, of course, differ from

those of the model effective potential considered. However, the contribution from this

region to J(q,2), which is

d
.I(q 2 = 2 I dz’ e~qlz-z’[ ¢k(z,)¢1(zl) , (IV-l7)
d

will be similar to the second set of terms of Eq.(IV-10). Consequently, its contribution

to v (z) is of 0(1/z%).

In the region z =d, the orbitals of the model potential assumed previously were
exponential (see Eq.(I[[-25)). If, however, we assume that the asymptotic structure of
the effective potential which is that of v, ~ - 1/4x, then the orbitals in this region are

of the form ¢,(z) ~z" e ™*. (For an electron at the Fermi level », = 1/(4koyB2 -1 )).

The expression for J(q, z) in this region is

Jq.2) = Idz'e"'l=‘z'l¢k(z')¢l(z') (IV-18)

d

- -]

~ e"“[dz'e«z'(z')""-e-('»'w' ves | dz’ e ' (z')* " e
d 4

e Do v D Tt r Ly vy -9)z]}

(x, + x, -q)""" °!

e-4=’y[vk+vl +1, (Kk +K, -—q)d] . ee:l‘[vk,,vl + 1’(",‘ K, "’Q)Z]

(x, +x; “‘I)"”"l (:ck+:c1-o»q)""-‘l

r

(IV-19)
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where

X an

v, x) = [ et='dr | T(ax) = I e t=dr | (IV-20)

x

are the incomplete gamma functions. '(a,X) ~x*"'e™ as x—>o , so that

Hg.2) _ € TP v+ ) 2gg%" RO
2% (v, - Gt ) -q (vV-21)
eFy[p+y +1,(+x -q)d]
k, +x, —q) """

(See Eq.(IV-9) for a comparison with the corresponding terms of the finite-linear-
potential model). The first and third terms of Eq.(IV-21) give a 1/z* contribution to
v(2) . The second term has the functional dependence on zas 2" e ™" instead of e """

of the model potential. The contribution of this term asymptotically to v,(z) vanishes.

Therefore, the asymptotic structure of the KS exchange potential for the self-
consistently determined effective potential is the same as Eq.(IV-14) derived previously.
We emphasize again that this asymptotic structure of the potential in the vacuum region
is governed and arises from the orbitals deep in the metal interior whose structure is
é,(x) = sin[kx+5(k)] irrespective of whether the effective potential at the surface is

modelled or determined self-consistently.
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4.3 Kohn-Sham and Slater Asymptotic Exchange Potential Decay Coefficients
In Fig. 3 we plot the Kohn-Sham asymptotic exchange potential coefficient
ot (B) as a function of the barrier height parameter 8. We also give the corresponding
Wigner-Seitz radius r, for both the jellium and stabilized-jellium models. As in the
previous chapter, the relationship between the parameters 8 and r, is through fully-self-
consistent calculations (Sahni, 1989; Lang and Kohn, 1970; Fiolhais and Perdew, 1992)
within the local density approximation for exchange-correlation. For completeness we

also plot the Slater asymptotic structure coefficient cey(f).

For metallic densities the Kohn-Sham coefficient ranges from 0.195 to 0.274.
For 8 = f2_ , this coefficient is precisely 1/4. (The corresponding value of ay(B) = 1/2).
This value of 8 corresponds to a Wigner-Seitz radius of r, — 4.0 which is that of Na.
We note that the jellium model is stable for approximately this value of r,. It is thus
clear that for the metallic range of densities, the asymptotic structure of the Kohn-Sham

exchange potential v (r) is essentially the image potential.

The numerical studies of the asymptotic structure of the Slater and Kohn-Sham
exchange potentials at a metal surface due to Harbola and Sahni also confirm the
analytical results derived in the present work. The calculations of Harbola and Sahni
(Harbola and Sahni, 1993) for the asymptotic structure of the Kohn-Sham exchange

potential were performed for the finite-linear-potential model orbitals for a Wigner-Seitz

radius r, =2.0 with 8=1.130. They observed an image-potential-like -4/x dependence.
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Fig. 3 The Slater and Kohn-Sham asymptotic exchange potential coefficients ay(8) and ¢, (8)
respectively, as a function of the barrier height parameter B=(W/en)'?, where W is the
barrier height and e, the Fermi energy. The corresponding values of the Wigner-Seitz
radius r, for the jellium and stabilized-jellium models over the metallic range of densities
are also given. The relationship between r, and 8 is via self-consistent calculations n

the local density approximation for exchange-correlation.
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However, having performed their calculations to only about three Fermi wavelengths
(N, =3.46A) from the surface, they concluded that § = 1/4. The correct value of the

coefficient 8 = 0.195 for this value of 8.

The near exactness of the coefficient obtained by Harbola and Sahni for specific
values of the Wigner-Seitz radius is indicative of the accuracy of their numerical work,
particularly in light of the highly delocalized nature of both the Fermi and orbital-
dependent Fermi holes. The present work, however, provides the precise dependence
of the coefficients on the metal parameters. Further, since this dependence is analytical,
the coefficients can be determined for arbitrary bulk-metal density in addition to being

valid for fully-self-consistent orbitals.

4.4 Asymptotic Structure of Exchange Potential for Jellium Slab Geometry

As noted previously, the asymptotic structure of the exchange potential v(r) has
also been examined by Sham (Sham, 1985) and Eguiluz et al (Eguiluz et.al., 1992) via
the integral equation relating v (r) to the self-energy Z(r, ), and they have concluded
that the structure ~ -x~2. The details of Sham’s derivation are unavailable in the
literature. However, the results of Eguiluz et al can be explained. In their numerical
calculations these authors consider a slab configuration which they assume to be thick
enough to represent a semi-infinite crystal. Thus. consider a slab of thickness L
sufficiently large to make the energy spectrum continuous. The integral J(q,2) of

Eq.(IV-8) then extends from -L to 0, so that for z > 0 (assuming the model effective
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potential),

(1]
J(q.2) = e""[ dz’ e sin[kz’ +§()|sin[k’z’ + k') | (IV-22)
=1
- e vooss_-ebcos(s <k L) , (IV-23)
¢ ® g +k’

where the second term is the contribution from the surface at -L. Since in the asymptotic
region (z > ), both gand k. ~ z™*, then gL and kL < L. Then expanding about
gL and k_L one obtains to leading order

Jq.2) ~ q*¢=Lcosé_/(g*+k2) (IV-24)

which then leads to a 1/z* dependence for the exchange potential v.(r) as obtained by
Eguiluz et al. Thus, to obtain the correct asymptotic structure of the exchange potential
for the semi-infinite crystal via numerical solution of the Sham integral equation, the slab
thickness assumed must be much greater than the distance of the asymptotic electron
from the surface. However. due to screening, whose manifestation is the partial
cancellation of the exchange and correlation holes in the metal bulk, the structure of the
exchange-correlation potential v (r) in finite thickness slab calculations should be
equivalent to that obtained for the semi-infinite case.
4.5  Asymptotic Structure of Approximate Exchange Potentials

In this section we prove that two approximate exchange potentials in the literature

also possess the correct asymptotic structure of ;V,’ (r) at a metal surface. The first due
to Sham (Sham, 1985) is
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) a(er'ek)[[ dr' ¥ (F)E (r . r)¥,(r) +c.c.]

T (1v-25)
2Y 5(e.-€) [ X, (O [?
k

Jhmry =

where ¥ (r,r’) is the self-energy. The numerator of this expression can be written as

F(x) = [v(r.”)]* . (IV-26)

"”ak I Ir- H[

where it is to be understood that the derivative acts only on the 0(e.~¢,) in y(r.r).

Following the same steps as in section 2.2.1, we obtain (in dimensionless co-ordinates)

1 13

ke
FQ) = -5 = 1dk' [ dké, (26, Hk k' ;2) (v-27)

'Ll N

where

(X‘ l)u: A+ AI

Hie k') = [ dalg.2)+ [ dglq. 2 {C@ + Ce@} . V2D

2 23172
> X" (IV-29)

C.(q) = tan™ X

C.(q = J\(q)l,\_,,‘,, and where J(g,2), X, , and N\, N’ are as defined in Chapter [II.
(In deriving Eq.(IV-28), the integral corresponding to Eq.(III-15) involves instead the
product of a @ function and a § function. As such it is the arc of the ky Fermi circle
(see Fig. 1) that lies within the kl Fermi circle that must be determined). Again, as in
Section 2.2.1, the structure of F(z) for asymptotic positions of the electron can be

obtained to be
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ff[dk'e»i.(z) [l[da[da'“’ +o[ ]] _(IV-30)
T z +a? 22

On the other hand, the denominator of Eq.(IV-25) is the local density of states:

Fz) _ _

rand o

"LI ~

-22 (e~ ) [, (N |* = {dklrbk(z)lz (IV-31)

On dividing Eq.(IV-30) by Eq.(IV-31), it is evident that the asymptotic structure of
v (x) = V ’(x). The potential v, Swmr) also possesses the correct asymptotic behavior
of (-1/r) in atoms, but as noted by Sham, self-consistent calculations for such systems

may not be feasible due to the vanishing of the denominator at the nodes of the

wavefunctions.

The second approximate exchange potential v "(r) is derived (Solomatin, et.al.,
1994) from the exact exchange energy functional E,_[p], but determined by obtaining the

functional derivative for a restricted class of density variations. The resulting general

expression is

vOr) = Rdp(N/dk 1" dlp@) VIO /dk, | (IV-32)

whose leading term can readily be seen to be VS (r). This approximate exchange

potential will be discussed in detail in Chapter VI.
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CHAPTER V
STRUCTURE OF THE PAULI COMPONENT OF THE KOHN-SHAM

EXCHANGE POTENTIAL AT A METAL SURFACE

[n this chapter we study the Pauli component W) of the KS exchange-
correlation potential v_(r) (see Eq. (I[-94)) or equivalently of the exchange potential
v(r) (see Eq. (I-78)). The component Wfs(r) is the work done to move an electron in
the field () due to the Fermi hole p°(r,r’). We begin by deriving for the semi-
infinite jellium metal surface an expression for the field Z°(r) in terms of momentum-
space integrals. As in the case of the Slater and Kohn-Sham potentials this allows for
the easy and accurate numerical determination of the field, and therefore of the work
W(r) throughout space. Again, in this manner, knowledge of the precise structure of
the delocalized Fermi hole charge in the metal bulk, particularly for asymptotic positions
of the electron in the vacuum region, is not necessary. The expression for the field
&5(r) derived also allows for the determination of the exact analytical structure of the
work W(r) in the asymptotic vacuum region. We perform the calculation of the
asymptotic structure of W) for the accurate semi-analytical orbitals of the finite-
linear-potential model. Again, as was the case for the Slater and KS potentials, the
analytical result is equally valid for the fully self-consistently determined Kohn-Sham
orbitals. This expression is also valid for the structureless-pseudopotential model of a
metal surface. Finally, we study the structure of the field Z°(r) and the work W 3(r)

at and about the metal surface.
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S.1  Expression for the Work W5(r) at a Jellium or Structureless-Pseudopotential
Metal Surface

In this section we derive a general expression for the work W(r) in the jellium
or structureless-pseudopotential (stabilized-jellium) models of a metal surface. The

electric field Z(r) of Eq.(11-80) due to the Fermi hole p(r, ) defined by Eq.(II-39)

is then
—x/ ) l") Iz
ZI(S = dl_[ X-X l‘Ys(r (V_l)
“S(r) [ UT 3
= - l dkdk / (x X ) lq x — _ k12
2p(x) I dx 4[[ Qo' % ¢kg( x')—~———< r-¢ |3 0(ee - )0(6 5 )
(V-2)
where
b (X, X7) = ¢ X (x) b (x") D(X) (V-3)

and q =k; -k}, X=x) -x';. Now the integral

a-x _ _ O ea X I —alxe
Idx’I(X-x’)ew X - -.a_xldx'rlT:_l_J_l- = 2xsgn(x - x)e -7l (V-4)

so that
Z5r) = - ;4[ ﬂd_lﬁ; Id"ld’w("» x’)2xsgn(x -x’)
- 20(x) @2x)r (V-5)

k2 12
e-ux-xlg [ep—_z_]() [eF— 5 ] .

Apart from the sgn(x-x’) factor in Eq.(V-5), this representation of the electric field is

similar to Eq.(III-5) for the Slater potential. Following the same steps as in section 3.1
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we can write the electric field &(r) at a jellium metal surface as

g‘fs(z) -- 2 [dk’ l dkéy (2) 6, (2 H(Kk . k';2) (V-6)
3kg/27) %p,(2)
where
(Az_)\n)m AeN
Hk.k';z) = o\ [dq-qM(q,ZH [ dq - qM(q, 2){S,(@) + S, (@} . V-7
N-N
M(q.2) =2 I dz’sgn(z -z’) e W%l ¢, (z")¢.(z") , (V-8)

and where p_(z) is the density normalized to the bulk value p = ks /2> . The work done W,(z)

is then

W@ _i &) 4 (V-9)
GK.129) Gk2/27)

For orbitals generated by model effective potentials, the spatial integralM(q, z)
of Eq.(V-8) can be determined analytically. Thus, for such orbitals, the field &5@) is
entirely in terms of finite-region momentum-space integrals, and therefore easily
determined for all electron positions throughout space. Since the structure of the self-
consistent orbitals in the asymptotic metal bulk (to within a phase factor) and vacuum
regions is known, the integral M(q,z) can also be determined analytically in these
regions for such a calculation. Therefore, the integral has to be performed numerically
only over a finite region of space. It is for this reason that a self-consistent calculation

with WX5(z) as the exchange potential can be performed.
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5.2  Analytic Asymptotic Structure of the Work W,“(r)

In this section we derive the asymptotic structure of W () in the vacuum region
in terms of the semi-analytical orbitals of finite-linear-potential model of a metal surface.
The analytical result, however, is equally valid for fully self-consistently determined

orbitals of both the jellium and structureless-pseudopotential models.

To determine the asymptotic structure of W) we employ the expression
Eq.(V-9)) derived for it in the previous section. For the orbitals of Eq.(III-25) the
integral for M(q, z) of Eq.(V-8) can be solved analytically and its solution is given in
Appendix 2. In the asymptotic large z region, the effective value of q ~ 1/z due to thee "#
factor in M(q,z). Furthermore, since k ~ k’ for large z, the effective value of
k ~ 1/z due to the e ™ factor. Expanding the expression for M(q,z) forz = z,

given in Appendix 2 in q we obtain for the asymptotic region

M(q,2) _ e ® [ q cosd_ + k. sinb_]

e q*+k? q?+k

g [_ sing, _ qcosd, . 2D"D"'e"‘““-""

k k2 K+ K

-

.
+2 ‘[ dz’{B,‘Ai({’k) +CBi )} {B.: Ai(F,) +C Bi(?k,)}]

4D, D,

- o
e(x.x.)z

/
K, + Kg

(V-10)
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Next consider the contribution of M(q, z) to the first integral of H(k, k’;z) of
Eq.(V-7). The last term of Eq.(V-10) is exponentially small in the asymptotic vacuum

region and does not contribute. The contribution of the second set of terms is

/
k' Kk + K

l —[l +(K2 ﬂklz)lf.’.z]e-(n-y;)“, [— sinﬁ’ . ZDka, e_(‘.,‘;n‘
Zl

(V-11)

z,
+2[dz’{} {}] +0[i] .
z3
Now (N2-N)z ~ k'?z=(k2)?z"? > for large Z since k_~ 1/z. Thus, the
contribution of Eq.(V-11) to the first integral of H(k,k’;z) is of 0(l/z?). The
contribution of the first term of Eq.(V-10) to the first integral of H(k,k’; z) withqz =u

and a=k_z is

S,
=
+
%)
~

(- -]
1 ue™ .
~ | cosé_| du +asind_
z ul+a?

du—a " ] +o[i2] . v

We next note that the second term of H(k, k’; z) of Eq.(V-7) does not contribute to the
leading order. This is because the integral is concentrated about its lower limit
(A-N)~k_~(1/z), because as noted previously q~ l/z. In the limit
q=>A-N, X,~\, Xy > -\ sothat S, ,, »0. Thus, H(, k’; 2) is given by Eq.(V-
12). We next consider the integral over k in Eq.(V-6) and rewrite it as (l/z)[ da.
Again, since for large z, k ~k’, we have x,z=x_.z+ca where c=k’/x,,, so that
¢,(z) ~ &,.(z)exp( - ca). Substituting this ¢,(z) into Eq.(V-6) and using the fact thatcosd_ ~ 1

and siné_~ 0 for k, k/ ~ 1, the potential WX(2) of Eq.(V-9) is then
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(k./2x) z'%p,(2')

[IdaId .'iu%‘f;__’] +0[z*]

KS < ‘
W, (@) __;_1 dz’ [3[dk’(l -k’2)¢f'(z’)]
k127 (V-13)

The term in the first square parenthesis is the density normalized to the bulk value and

cancels the corresponding term in the denominator. Finally, on solving the double
I

integral in the second square parenthesis, and noting that the integral [dk’ is

concentrated near k’ — 1 for z-> o so that c— 1/y8% -1 , we obtain the asymptotic

structure of Wfs(x) to be

W, (X) _ @ (ﬁ) (V-14)

X—> 0o X

where the coefficient

a @ = 1 [ _E- ”'“‘52“)] B2l v
B x Bz -1

with 82 = W/e,. Thus, the structure of the component W, X(x) is image-potentiai-like and

long-ranged.

The proof of the fact that the above expression is valid for self-consistently
determined orbitals is essentially the same as that given for the Slater potential in Chapter
[II. Once again, one can divide up the z axis into three parts: a metal bulk region, a

surface region with a finite effective width, and the vacuum region. The critical point
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to note is that the asymptotic structure of the Slater, Kohn-Sham and W 5(r) potentials
arises from the orbitals deep in the metal bulk. In a self-consistent calculation the
orbitals in this region are again of the form ¢, (z) =sin[kx + 8(k) |, so that the asymptotic
structure of these potentials is governed by the term e ¥qcosd_/(q* + k%) (see Eq.(V-
10)), and leads to the corresponding coefficient and a (1/x) decay. The contributions

from the surface and vacuum regions is of 0(1/x?) as in the model calculation discussed

above.

5.3 Numerical Confirmation of Analytical Asymptotic Expression

[n order to demonstrate the correctness of the derivation for the asymptotic
structure of W:“ (r) as given by Eq. (V-15), we plot in Fig.4 for Li metal (r, = 3.24)
the electric field &(z) and potential WX(2) outside the metal as determined by the
general ‘EXACT” expression (Eqgs.(V-6)-(V-9)) for these properties derived in Section
5.2, as well as the quantities e, (8)/z? and -a,/z. The calculations for the EXACT
results are performed for the orbitals of the finite-linear-potential model for which the
relationship between r, and B is determined via energy minimization in the local density
approximat.ion (see Appendix of (Sahni, 1989)). This value of 8 = 1.246. The same
value of 8 is then employed in the analytical expressions. It is evident for both the field
and potential that the analytical and EXACT results merge by about four Fermi

wavelengths from surface.
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Fig. 4 Comparison of the EXACT field 2’:'“(2) and potential Wfs (2) (as determined by
the general expression Eq.(V-6)) with the analytical expressions a,B8)/z* and -a,(B)/z,

respectively, for asymptotic positions of the electron in the vacuum.

88

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.4 Pauli Component Asymptotic Decay Coefficient

In Fig.5 we plot the Pauli component coefficient «,(8) as a function of the
barrier height parameter 8. The corresponding values of the Wigner-Seitz radius r, for
both the jellium and structureless-pseudopotential models are also plotted. The
relationship between 8 and r, is determined as described in the previous chapters. For

purposes of comparison we have also included the Slater a(8) and Kohn-Sham o (8)

decay coefficients.

For r, < 2.0, the coefficient a (8) = a,(8), so that for very high density
metals the asymptotic structure of v (r) is essentially due to its Pauli component wW5@r).
For r, = 2, 4 and 6, the values of o, (8) are 0.217, 0.315 and 0.368, respectively,
and differ from the corresponding KS exchange coefficients. The difference increases

with decreasing metal bulk density.

The previous work of Harbola and Sahni (Harbola and Sahni, 1989b) on the
asymptotic structure of Wfs(z) was performed using the orbitals of the finite-linear-
potential model for a value of 8 corresponding to r,=2.0. This calculation was
numerical, and required accurate knowledge of the three-dimensional structure of the
delocalized Fermi hole deep in the metal bulk. Their results showed that
W) ~ ~a,/x, with a,~0.24, and that this structure was achieved at about eight
Fermi wavelengths from the surface. (The correct value of «,, as noted above is 0.217,

with the structure -e,/x being achieved at a distance of about four Fermi wavelengths).
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Fig. 5 The asymptotic structure coefficients o, (8), o (B) and ay(B) as a function of
the parameter 8=(W/e.)'?, where W is the barrier height and ¢, the Fermi energy. The
corresponding values of the Wigner-Seitz radius r, for the jellium and stabilized-jellium
models over the metallic range of densities are also given. The relationship betweenr,

and @ is via self-consistent calculations in the local density approximation for exchange-

correlation.
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Based on their results, these authors concluded that the asymptotic structure of the Kohn-
Sham exchange potential for all metals was due entirely to Pauli correlations. As noted
above, this is essentially the case only for r, <2.0.
5.5 Structure of Field £°°(z) and Potential W,°(z) at a Metal Surface

The expression for the field 8:6 (2) derived in Section 5.1 in terms of momentum
space integrals (Egs.(V-6)-(V-9)) allows for its easy and accurate numerical
determination. This is particularly the case for model potential orbitals that are analytical
or semi-analytical. In Fig. 6 we plot the field Z5(@z) for r,=2.0 and 6.0 for the
orbitals of the finite-linear-potential model from -2 Fermi wavelengths inside to 4 Fermi
wavelengths outside the surface. (The solution of the integral M(q, z) of Eq.(V-8) for
these orbitals is given in Appendix 2). Note that the Fermi wavelength for a metal ofr, =2.0
is 3.46A whereas that for r,=6.0 is 10.39A. The barrier height parameter § is
determined as previously by energy minimization within the local density approximation

for the exchange-correlation energy functional.

Observe that the field &(z) is greater at the surface for r, =6 than for r, = 2.
The reason for this is that for electron position near the jellium edge, the Fermi hole for
low density metals is more localized in that region than it is for high density metals. For
a comparison of the Fermi holes as a function of the rapidity of decay of the electron
density at a metal surface, we refer the reader to the work of Sahni and Bohnen. The
amplitude of the Bardeen-Friedel oscillations of the field Z:(S (z) within the metal are also

greater, as expected (Lang and Kohn, 1970) for the lower density metal.
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Fig. 6 Variation of the electric field &"(z) ata meral surface for metals of Wigner-Seitz
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In Fig. 7 we plot the work WS(2) for r, =2.0 and 6.0 over the same spatial
range in Fermi wavelengths. Once again, the Bardeen-Friedel oscillations are more
pronounced for the lower density metal. Asymptotically in the bulk, the potential
W(z) does not approach -2/3 which is the limit for the Kohn-Sham potentialv, (- o)
in units of (3k./2x). For r,=2.0 the limiting value of Wfs(— o) =-0.716, and for
r.=6.0, W(-o0)=-0.823 (see Table I). The fact that the limiting value W (- o)
is more negative for lower density metals is a reflection of the greater electric field at
the surface. Further, the asymptotic coefficient «, () is also greater than for high
density metals. Thus, in integrating from +oo to inside the metal one obtains a greater

limiting value.

TABLE |
The metal-bulk limiting value of the Pauli W, (-o0) component of the Kohn-

Sham exchange potential v (-o) as a function of the Wigner-Seitz radius r.

Wigner-Seitz WES(~00)/(3ke /2%
radius r, (a.u.)

2.0 -0.716

4.0 -0.788

6.0 - 0.823
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Fig. 7 Variation of the potential W.S(z) at a metal surface for metals of Wigner-Seitz

radius r,=2.0 and 6.0.
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The calculations of Harbola and Sahni (Harbola and Sahni, 1989c) for the
determination of the asymptotic limit of W}>(z) in the metal bulk were performed for
r, = 1.0. They obtained W S(-)/(3k27) = -0.669. However, in their calculation
they assumed that in the region beyond six Fermi wavelengths outside the surface the
potential W S(z) was the image potential. Thus, their limiting value is not exact because
the coefficient « (B8) is not 1/4 for r =1.0. These authors also noted that for lower
density metals the limiting value of Wfs (z) in the bulk was not (-2/3). However, they
attributed this to a lack of self-consistency of the orbitals. Of course, we now understand
that the work W.°(r) is not the Kohn-Sham exchange potential v (r), and that over the
metallic range of densities there is a finite correlation-kinetic contribution to the potential.
It is only for very high density systems, with the inhomogeneity of the kind at a surface,
that the potentials W,;°(r) and v (r) are essentially equivalent. This is consistent with
the fact (Wang et. al., 1990) that for very slowly varying densities for which the local
density approximation is valid, the corresponding Kohn-Sham exchange potential v (r)

and the work W 5(r) are equivalent.

5.6 Summary of Results

In this chapter we have studied the structure of the Pauli W(r) component of
the Kohn-Sham exchange potential v(r) at a metal surface employing accurate
representations of the KS orbitals. By deriving an expression for the field Z%(r) due
to the Fermi hole in terms of momentum-space integrals, valid for both the jellium and

structureless-pseudopotential models, it has been possible to study the work done W 5(r)
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in this field over a substantial region of space about the surface and for arbitrary simple
metal. The expression derived also allows for the determination of the exact analytical
asymptotic structure of the work W (r) in the vacuum region that is valid for both
models and self-consistently determined orbitals. [t turns out that in the asymptotic
vacuum region, the potential W,(r) is long-ranged and decays as -« (8)/x, where the
parameter 3 depends upon the barrier height and Fermi energy. For metallic densities,
the coefficient a(B) differs from the coefficient o ,(8) of the KS potential v (r). The

coefficients «,(8) and a, (8), however, approach each other for very high density

metals.

As a consequence of the difference in the vacuum asymptotic structures ofv,(z)
and of its Pauli component W/°(z), the latter does not approach the Kohn-Sham value
of (-2/3) (in units of 3k./2x) in the asymptotic metal bulk region. The higher the
density, the more closely this value is approached. Thus,it is only for slowing varying
densities, i.e. for very high ‘metallic’ bulk densities, that the potentials v (r) and

WX(r) are equivalent throughout space.
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CHAPTER VI

CONSTRUCTION OF APPROXIMATE KOHN-SHAM THEORY POTENTIALS

In KS density-functional theory, the many-body effects are incorporated in the
exchange-correlation functional EX[p] of the density p(r). The corresponding local
potential representing electron correlations is then determined by functional differentiation
of this functional for arbitrary norm conserving variations of the density. However,
when this as yet unknown functional is approximated, the rigor of the Hohenberg-Kohn
theorems is lost. As a consequence, the corresponding approximate potential and density
then lead to a total energy which is no longer a rigorous upper bound to the ground state

energy of the system.

This chapter is comprised of two components. In the first we propose an
approach whereby the rigor of the upper bound is maintained. It consists of determining
an approximate exchange potential from the exact exchange energy functional through
functional differentiation by considering only a restricted class of norm conserving
density variations. In the second we construct approximate exchange and correlation
energy functionals which improve upon the local density approximation by ensuring that
the resulting functional derivatives have the correct KS asymptotic structure in the

vacuum.
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6.1 Exchange Potential from Restricted Functional Differentiation

We begin by constructing an approximate exchange potential from restricted

functional differentiation of the exact exchange energy functional.

To explain this class of density variations, we take the example of free electrons
confined to move in a one-dimensional box of length L. The electrons could equally
well be considered as confined by a finite potential barrier, in which case the density
p,(r) would extend from +oo in the vacuum to -L in the metal bulk. The variations
we consider are akin, in the jellium surface problem, to changes in p,(r) induced by the
change of L to L+3L. The corresponding change in the exchange energy E ([p,]:L) is
then

d 2

|y (r.r)|
d Iy = _ 1 , dL (VI-1)
ZEledil) = KO - 5 I drdr T

where K(L) is a constant. Since the exchange energy is a functional of p,(r), we can

also write

d gy = . OE ([0 J;L) . d VI-2
TE(e i) = K@) « [dr —o— T (VI-2)

A comparison of Egs.(VI-1) and (VI-2) then leads to the expression for the functional

dertvative as
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_4_ [—yL(r,r’) | 2

OE (Ip, ):L) 1 dr’ dL
¢ __ 1 i . ‘ (VI-3)
op,(r) 4I r-r'| 4,0 0
dL™*

where the function f{r) satisfies the condition

[ dr fi>- ""L‘” -0 . (VI-4)

The total number of electrons is held constant. This relates L to k., the Fermi

dk
momentum, so that :L dLF di Thus, we can take the limit L-»co in Eq.(VI-3), and

write the functional derivative as

v = v + D, (VI-5)
where
)
00 = 5 e e 2 Vi) VL6
‘kF

and V. (r) is the Slater potential defined by Eq.(II-44). Thus, the intrinsic nonlocality

of the problem is explicitly incorporated into the expression for v,(r).

The right hand side of Eq. (VI-5) is an exact representation of the functional
derivative v(r). The exactly known component v 9r) of Eq. (VI-6) defines an

approximate KS exchange potential at a jellium metal surface. In Section 6.1.1 we study
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the exchange potential vr) for systems for which the density o(r) and the Slater
potential V.’(r) can be written in the form a(kJh(z), where z=k,x. We show thatv "(r)
satisfies a number of important sum rules, and possesses the correct asymptotic structure
both in the vacuum and metal-bulk regions. In section 6.1.2 we apply the general
Eq.(VI-6) to determine vr) for the orbitals of the finite-linear potential model.

Finally, in section 6.1.3 we provide a physical interpretation for the potential v .

6.1.1 Satisfaction of Sum Rules and Correct Asymptotic Structure

In the simple case of a system for which the density p(r) and the Slater potential Vi
can be written in the form a(k)h(z) where z = kx, we can evaluate the k.-derivatives
in Eq.(VI-6) explicitly. We, thus, obtain the following form of the approximate

exchange potential

r-pyVie)] (VI-7)

r

o _ L 12ys .
ve (r) = Z(—l’)- §Vx(r) 0)

where A(r)=1+r-Vp(r)/3p(r). This makes explicit the fact that vO(r) is determined in
closed form by V. (r) and p(r) plus their first derivatives. For purposes of establishing

asymptotic properties, an entirely equivalent form of Eq.(V [-7) is

vy = Vi) + %p(r)ﬁ OV | (VI-8)

where the operator 3(r) is defined as
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b =1:rv (VI-9)

V-(ro()
We employ Eq.(VI-7) to establish the asymptotic form of vO(r) in the metal bulk. In

this limit we can disregard the spatial derivatives of p(r) and V(). so that

VO = 2.V = i) = -oF (VI-10)
T

200 3

As to the asymptotic form of vO(r) in the classically forbidden region, Eq.(VI-8) is the
appropriate tool and yields

k
-M ) (VI-11)

vOr = L
. z

S—e+00 2

Vi = v =

Thus, we have demonstrated that v."(r) exhibits the correct asymptotic structure of the
KS exchange potential both in the vacuum region and in the metal bulk. This also means

that the second term in Eq.(VI-S) is short-ranged and localized at the surface.

Having determined the asymptotic structure of v, (r) at a metal surface we
procede to discuss the other properties of this potential. It is worth noting that Ou-Yang
and Levy (Ou-Yang and Levy, 1990; ibid., 1991) have established three specific
conditions satisfied by the exact KS exchange potential v(r). These are (i) the virial
theorem (Levy and Perdew, 1985) relating the exchange energy to its functional
derivative (see Eq.(I[-84)), (ii) the scaling condition

v(rilo)) = Av.(W5le)) (VI-12)

where p,(r) = No(Ar). and (iii) the second derivative condition
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dv(r) _ dv(r') (VI-13)
dp(r’) op(r)

which is one of symmetry in an interchange of r and r’ . This last condition guarantees
that v(r) is the functional derivative of some functional of the density p(r).
Furthermore, a hierarchy of equations (Nagy, 1993; Ou-Yang and Levy, 1991) can be

obtained by functional differentiation of the virial theorem of Eq. (II-84), the first of

which being

/

v(r)+r-Vv )+ [ dr'p(r'yr’ -V’ v Lo (VI-14)
op(r)

[t can be shown (Ou-Yang and Levy, 1990) that an exchange potential that satisfies the

above three conditions is the exact KS exchange potential.

The conditions (i)-(iii) can also be employed to test approximate exchange
potentials. We can readily see that the exchange potential v;"(r), which is completely
determined by the density o(r) and the Slater potential V2(r), satisfies the scaling
condition of Eq.(VI-12). We now prove (Solomatin and Sahni, 1995) that v,"(r) satisfies
the virial theorem of Eq.(II-84). On substituting v{"(r) for v,(r) into Eq.(II-84) and

using the vector identity

V-84 = A-(V®) + $V-A (VI-15)

the right-hand side of Eq.(l[-84) becomes
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[ droterr- vy = [ dr¥ Jroon2)]- [ arly o) (VI-16)

The first term on the right-hand side is then reduced to a surface integral by Gauss’s

theorem. which then vanishes. Substituting for v"(r) from Eq.(VI-8), we then have

[ drp(r)r- vV_:°’(r)=--;- ] arlv -[ro@)vEe) —-;- [dro@r-DVE (VI-17)

Once again, using the vector identity of Eq.(VI-15), the right-hand side becomes

- _; [arv {ro) Vi) + % [dro Vi@
(VI-18)
- Afdremasr- Ve

where the first term again vanishes after conversion to a surface integral. The remaining

terms reduce
- 3 [are® Vi) = - Elol (VI-19)
which proves the satisfaction of the theorem by the exchange potential v .
We next demonstrate that with a local approximation for the functional derivative
of the Slater potential, the exchange potential v."(r) satisfies the second derivative

condition as well as the sum rule of Eq.(VI-14).

The functional derivative of v(r) can be written as
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& 1|Vw A s
- + o(r-r’'YD() V,
S 2| aen CTPOY0 (VI-20)

1

RO LIGAAG)
Lot 22000

Sp(r’)

In turn, the functional derivative of V.3(r) can be represented by the sum of its local and

nonlocal parts

&V §
x(r) - 6(r—r’)DA(r) sz(r) + g(r’r/) (V[ 21)
sp(r’)
A
The functional derivative of the operator D(r) is
A
5D@) _ _V-[rée-r))] b (VI-22)

dp(r’) V-[ro®]

Approximating the functional derivative of the Slater potential V() by its local part and

employing Eq.(VI-22), we have

svO(r)

= sr-rDOVIE + LoD @sr—r)D@) V)
So(r’) * 2 x (VI-23)

- Lo Tl iy v
v-{ro()

Eliminating the term involving

V-[rsr-r")] ~ r-vér-r’) (Vi-24)

by employing the equation
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B(r) &r-r')ftr) = _r__W_(r_-—_r;’l fir) + 8r-r") 6(,.) o ., (VI-25)
V-lron)]
where f(r) is an arbitrary function of r, we have the result
©
ove (r) _ S(r-r") 6 OvOw . (VI-26)
do(r’)

which shows the satisfaction of the second derivative condition.

Finally, by substituting Eq.(VI-25) into the sum rule of Eq.(VI-14), we have for

the integral term

v’

= 7 TAYYAR v/ _/A N, O¢p/
-W] Idr p(r')r V[b(rr)D(r e (r )]

I dr’ p(r'yr' -V’ [
= J dr’' v’ -[6(r—r' )B vOrHe@rHr! ]- I dr' §(r-r’ )B WOV - [r o(r')]
- DOV -l = - V00 - r @
(VI-27)
where once again, Gauss’s theorem is employed. This proves the satisfaction of the sum

rule of Eq.(VI-14) for the derivative of the potential v."(r).

To summarize, the potential v(r) satisfies exactly conditions (i) and (ii), and
that of condition (iii) provided a local approximation is made for the functional derivative
of the Slater potential. Furthermore, v."(r) has the correct asymptotic structure in the

vacuum and metal bulk regions. We thus expect v."(r) to be an accurate approximation
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to the KS exchange potential v (r) at a jellium metal surface.

6.1.2 Application to Infinite Barrier Model

We first illustrate the structure of the potential v."(r) for the infinite barrier
model of a metal surface due to Bardeen (Bardeen, 1936). Although in this first
approximation to a metal surface the electrons are confined to the region within the
barrier, and asymptotic properties in the vacuum region cannot therefore be determined,
the model has the principal attribute that the resulting density, Dirac density matrix, and
essentially all surface properties can be determined in closed analytical form (Bardeen,
1936:Juretschke, 1953; Sahni et.al., 1975; Sahni and Gruenebaum, 1977; Miglio et.al.,
1981). In the infinite barrier model of a metal surface, the density p(z) and the Slater
potential Vf(r) can be written in the form a(k)#(z). Closed form analytical expressions
for the density p(r), Dirac density matrix y(r,r’) and Slater potential V;(r) are given
in Appendix 3. Thus, we can employ Eq.(VI-8) to derive the analytical expression forv,"(r)
for this model (see Appendix 3). For purposes of completeness, we also determine the

Pauli component of the KS exchange potential W5(r). (See also Appendix 3).

Fig.8 plots the exchange potentials v."(r), V() and W(r) in units of (3k./27)
versus the electron position z = 2k.x in Fermi wavelengths. Observe that all three
potentials are similar in that they exhibit the Bardeen-Friedel oscillations inside the metal
and that they are finite and have finite slopes at the barrier. However, it is onlyv?(2)

which has the correct asymptotic limit of -2/3 in the metal bulk.
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Fig. 8 Variation of the exchange potentials v, W.(2) and V. @) in units of (3k./2x)

versus the electron position z in Fermi wavelengths for the infinite barrier model.
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The fact that the potentials have a finite slope at the barrier may be understood by
examining the force field &%(). This field is finite at the barrier. Thus, the structure
of the potentials is similar to that of the local density approximation (Hohenberg and
Kohn, 1964; Kohn and Sham, 1965) exchange-correlation potential at the nucleus of
atoms and molecules. Within this approximation (Slamet and Sahni, 1992; Sahni and
Slamet, 1993: Sahni, 1995), the force field due to the Fermi-Coulomb hole charge is

finite at the nucleus, so that the corresponding potential there has finite slope.

As we have noted, the expression for the exchange potential v,"(r) of Eq.(V-8)
is applicable to densities of the form a(k)h(z). What this means is that the self-
consistent change in the effective potential resulting from the (restricted) density
variations is not accounted for in this expression. (It is, however, implicit in the general
expression for v."(r) of Eq.(VI-6).) Thus, as in the case of the infinite barrier model,
the effective potential of the electrons remains unchanged despite the variations in the
density being performed to determine the functional derivative of the exchange energy.
Because the density variations are achieved by a change in the Fermi momentum, which
is equivalent to a change of scale, this expression for vO(r) could also be derived by
scaling arguments. It is furthermore clear that what is required is a generalization of this
expression to account for the change in effective potential due to the restricted variations
in the density. [n principle, one could evaluate the exchange potential v from
Eq.(VI-6) for the orbitals of a model effective potential v_(r). However, this approach

requires the parameters of the effective potential to be known functions of the Fermi
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momentum. In the next section we present a general procedure that yields v(r) foran

arbitrary effective potential which can be implemented in a self-consistent calculation of

jellium surface properties.

6.1.3 Determination of the Exchange Potential v,(° )(r) for the Orbitals of Arbitrary

Effective Potential

To use the general expression of Eq.(VI-6) for the exchange potential v”(r) one
has to know the explicit dependence of the orbitals on the Fermi momentum k., or
equivalently on the Wigner-Seitz radius r;. An alternate route would be to evaluate
v9%r) in terms of response functions of the system. The former approach would work
well for sufficiently simple models (e.g. IBM and step barrier models), but it would not
be useful for orbitals resulting from a self-consistent (e.g. LDA) calculation which are
entirely numerical. The latter approach makes the numerical determination ofv."(r)

prohibitively difficult.

In this section we employ the finite-difference version of Eq.(VI-6) to evaluate
v9r) at a jellium metal surface. This method is sufficiently simple to be implemented
numerically, and it does not require the explicit dependence of the orbitals on the
Wigner-Seitz radius to be known. The finite-difference form of Eq.(VI-6) for the system

corresponding to the Wigner-Seitz radius r; can be written as
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VO = - 2 d!-F(2) - d:-F(2) , (VI-28)
' T dip(2) -dlp (2

where d, = 1¥Ar/rg, p (2) isthe normalized density of the system whose Wigner-Seitz

radius is d, - rg, and

1 k!

F@ = [dk' [dk¢; @ e @G k"2 . (VI-29)

In Eq.(VI-28) ¢, (2) are the orbitals of the system whose Wigner-Seitz radius isd, - r;

and G,(2) is given by Eq.(I11-22) with orbitals ¢, (2).

We now apply the above procedure to the orbitals of the finite-linear potential
model (see Eq.(I[I-25)). The parameters of the model potential are found by
interpolation of the values given in the appendix of reference (Sahni, 1989), which in
turn were determined by minimization of the energy for the fully-correlated system

within the local density approximation for exchange-correlation.

In Fig.9 we plot the exchange potential v.”(z) at the jellium surface of Li metal
(rs=3.24). For comparison we also provide the graph of the LDA exchange potential
determined for the same set of orbitals. Notice that these potentials are close to each
other at the surface and in the metal bulk. The amplitude of the Bardeen-Friedel
oscillations exhibited by v°(z) is slightly greater than that of the LDA exchange
potential. However, in the vacuum region the exchange potential vO() displays the

correct
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Fig.9 The approximate exchange potential v*(z) at the surface of Li metal of Wigner-
Seitz radius r; = 3.24. The exchange potential in the local density approximation
(LDA) is also plotted, as is the exact asymptotic structure -, (B)/z of the KS

exchange potential v (r).

111

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



asymptotic behavior of the KS exchange potential. Observe that the graph of v9(2)
merges with the graph of the asymptotic function - o ,(8) /x at about one Fermi
wavelength from the jellium edge. Our studies show this to be true throughout the
metallic range of densities. This property of the exchange potential v®(z) is in sharp
contrast with the asymptotic behavior of the Slater potential studied in Chapter III. The
latter was shown to merge with the exact Slater asymptotic function - a(8)/x only at

about ten Fermi wavelengths from the jeilium edge.

6.1.4 Physical Interpretation of Approximate Exchange Potential v
[n this section we provide a physical interpretation for the approximate exchange
potential v®(r) . [na manner similar to the Slater exchange potential V() , we definev(r)

as the potential due to some dynamic effective charge distribution p ,ﬁ(r,r’ ):

W00 = [dr : P (V1-30)

Tr-r1 "’

where the effective charge density (Fermi hole) is

n - PR 4+ Vo(2) W X/ ’
ogrr) o [( 6@y 'y sr- OV o)

(VI-31)
_ 7,(r,r’) &9

- dp(z) "ok
2%k F
" dk,

v(r,r’) ,

and p (r,r’) and v,(r,r’) are the Fermi hole and the noninteracting single particle density

matrix defined by Egs.(II-39) and (II-32), respectively.
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We can determine the total effective charge O _.(z) by integrating the effective
Fermi hole of Eq.(VI-31) over r/_ It is easy to see that the second term in parenthesis

in Eq.(VI-31) does not contribute to the integral, so that

00 = [dr' o lr.r') = - st —— | - (VI-32)
2 k,,_d%—lnp(z)
F

It is interesting to note that unlike the total charge of the exact Fermi hole p (r.,r’) which
is independent of the position of an electron, Qq,(z) depends on z. We can evaluate
Q_;(2) in two limiting cases: (i) in the bulk metal, and (ii) in the vacuum region. Far

in the bulk metal we have

dp@) _ -
ke =30 (VI-33)
F
andQ,;(z) = - 2/3. This value of Q_(2) guaranties that v®(2) approaches the correct

KS bulk limit of -k./x. In the vacuum region far from the metal surface

k,,.____d‘;’f) * 200 . (VI-34)

F
2o

and, hence, qu(z) = -1/2. This limiting value of the effective Fermi hole gives rise

to the correct asymptotic structure of v_"(z) in the vacuum region.
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Fig. 10 Cross-sections of the exact and effective Fermi hole charge distributions in the
plane perpendicular to the surface encompassing the electron for different electron

positions. The electron position is indicated by an arrow.
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In Figs.10 and 11 we plot cross-sections of the exact and effective Fermi holes
in the plane perpendicular to the surface encompassing the electron for different electron

positions employing the orbitals of the step-barrier potential (Bardeen, 1936; Sahni et.al..

1975).

It is evident from these figures that the structure of the effective Fermi hole is
similar to that of the exact hole but smaller in magnitude. In the metal bulk it is
spherically symmetric about the electron. As the electron moves across the surface into
the vacuum region, the effective Fermi hole lags behind within the crystal as does the
exact hole. There is, however, one important difference: whereas the exact Fermi hole

is always negative, the effective hole does become positive at the local maxima of the

charge.

Another unusual feature of Fig.11 is the cusp in the curve representing p .(z).
However, this cusp is a result of the discontinuity of the effective potential, and as such

is an artifact of the step barrier model.
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6.2  Construction of Approximate Kohn-Sham Exchange Energy Functional and

Derivative with Exact Asymptatic Structure

[n this section we derive a local density approximation-like expression for the KS
exchange energy functional and its derivative such that the latter possesses the correct

asymptotic structure both in the classically forbidden and metal-bulk regions.

We begin by constructing an approximate expression V>(r) for the Slater

potential VJ(r) as

3k 1 .
R 2 (VE35)
Inp'?(r) - 6
p+1
where
&8 = L E-1"a®) (VI-36)

«(B) is the Slater asymptotic decay coefficient of Eq. (II1-31), p(r) is the electron
density normalized to the bulk value 5 = k/37%, 82 = W/e,, and p is a free parameter.
Note that for p = -1, the potential V>*(r) is equivalent to the local density

approximation of the Slater potential which is -3k{p (r)] = -GB120)[3x™]"”.

It is easy to see that since li.l_tlpn(z) = 1, where z=k,x, then for any value of the

parameter p, the potential V. *"(r) reproduces the correct asymptotic structure of the
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exact Slater potential V;(r) in the metal bulk:

3k,
: (VI-37)

3k
S.app, = F _ _ - —
V@ 2x [p p-1 ] 2x

-0

in the classically forbidden region we can write the normalized density as

0,2 = exp[-282-1)"%] . (VI-38)

where we have omitted the pre-exponential factor, which in general depends upon z.
This factor leads to the higher order terms in the asymptotic expansion of V3(r) in the

vacuum region. Thus, in the asymptotic vacuum region we have the result

sy e & _a®)
L.a,(Z) " o X

(V1-39)

for any value of p.

We next construct the approximate KS exchange energy E.”[p] via the

approximate Slater potential V;(r) as

E*[p] = % [[drorr Vi)
3k X,
= 55 [dro@) | Lot + B
_ p (20" - a,(B)
p p+l

(VI-40)
The functional derivative of E-*[p] which is the approximate KS exchange potential

v.?(r) is then
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3
V() = 4_"5 4P, 154y +

(VI-41)

It is readily seen that the potential v.”(r) has the correct asymptotic structure

"

~[ee(B)2)/x = -ays (B)x of Eq. (IV-14) in the vacuum for any value of the parameterp

-1. The parameter p is determined by the requirement that v.(r) have

except for p

the correct asymptotic structure of —k./x of the KS exchange potential v (r) in the bulk.

Thus

3 3a,(8)

Te-

V() = %": [il.’. _p-1-@ ] .k (VI-42)
T T

so that the parameter s must satisfy the following equation

1 - 2L
(8

@+1) - =0 (VI-43)

The first root of this equation p = -1 gives rise to the local density approximation

exchange energy and corresponding derivative. The second root is

p=-1+a@) (Vi-44)

*

which then leads to the following expressions for the exchange energy and derivative
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ETbl=———pIW (1-a,BN0) + .JﬂﬂﬁfL (Vi)
- Inp,”()

366 . &®)
4(1-Inp}(M)  4(1-Inp"))’

.(VI-46)

v (r) = ~—— [(l-a (B)e(r) +

A plot of v”(z) for Li metal (r,=3.24) employing the orbitals of the finite-linear
potential model is given in Fig.12. The corresponding local density approximation (LDA)
potential is also plotted. In the interior and about the surface of the metal the two
potentials are equivalent. But outside the surface v;”’(z) improves upon the LDA
significantly and approaches the exact structure asymptotically. We thus expect that
properties such as the surface energy and work function obtained with E;*[p] and v;”(r)

to be superior to those of the LDA. Such self-consistent calculations are in progress.

In a manner similar to that described above, it is possible to correct other
exchange energy functionals more accurate than the LDA, such as the generalized
gradient approximation (Perdew, 1985). It is also possible to obtain the correction to the
LDA or other correlation energy functionals such that the correct asymptotic structure
is ensured. In the following subsection we construct an approximate correlation energy
functional and derivative with the correct asymptotic structure in the vacuum and metal-

bulk regions.
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Fig. 12 Structure of the approximate local KS exchange potential v;(r) of Eq. (VI-46)
for Li metal. The exchange potential in the local density approximation as well as the

exact KS asymptotic structure of -, (8)/z are also plotted.
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6.3  Construction of Approximate Kohn-Sham Correlation Energy Functional and

Derivative with Exact Asymptotic Structure.
In this section we construct an approximate correlation energy functional and
derivative such that the latter possesses the correct asymptotic structure of -a, (8)/x

in the vacuum region as well as the correct limit in the metal bulk.

We define the approximate correlation energy functional as

EX[p] = [ dro(Nefo, 0} (VI-47)
where

3k %,

o0} = Tz‘i ge{p (N} + =) - . (VI-48)
r 173 ac(B)
lnpn (l’ ) -
p
xB) = 5;(32-1)"2%‘(3) , (VI-49)

g and p are parameters to be determined, and e {p,(nN} is any commonly employed
parametrization of the correlation energy of the uniform electron gas. For a discussion

of the KS correlation potential decay coefficient o, (8), see Chapter VIIL.

Since lim p (z) = 1 (z=kpx), we have from Eq. (VI-48) that

e
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liméfo, N} = & 2 e, =qe,p . (VI-50)

]
n

so that
p =(@-Ve,,

and therefore

3k a(B)
—2-_;? qe{p(r )} + . (VI-S1)

x(B)
o %(r) ~ ac
np, (1) @

é{p, (N} =

With the € {p ()} of Eq. (VI-51) substituted into Eq. (VI-47) we then obtain for the

functional derivative v"(r) to be

vy SEM[p]
% 2% oo, (D

de {p (N} . aB)
l 173

=q [ec{p,.(r)} + p,(N _
d
P n0l%) - a (8) (VI-52)

a (B)

2
d@.(8) ]

3| Inpr) - ————
[np n @De,

In the vacuum region the density decays as Eq. (VI-38), so that

i 3k  (B) otys (B)

limv(@) = 5= - = -,

imv” (@) = S B x (VI-53)
! (@-1e,

which is the correct asymptotic limit.
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Finally, we determine the constant ¢ by the requirement that v(z) have the

correct asymptotic limit in the metal bulk. Thus, from Eq. (VI-52)

. v de {p, (N}
lim ———— =¢, + | ————
e (3k‘_12‘l‘) dpn ool
(VI-54)
de {p,} @-1) (a-1)€,
= € + | - -1e —-————
7| B, | T ™ 356
so that
3a (B) | de{p, 3
g-1+ [d}] , (VI-55)
€ch P,, o1
The resulting expression for € {p, } is then
- 3k . de
cto) = 2 [paam| LS e
21’ ec{p,,(r )} dp" ol
) (VI-56)
3k, a(B)
-+
2r

I ‘l!f3 rn - ec{pu}

np, (r) l:we‘{pn}/dpn ot

which when substituted into Eq. (VI-47) leads to the expression for the correlation
energy. The corresponding expression for the functional derivative is given by Eq. (VI-

52) with the value of g obtained from Eq. (VI-55). Note that there are no parameters

in the expression for the approximate correlation energy and its derivative.
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In a similar manner, an expression for the exchange-correlation energy E;¥(p]
and its derivative can be constructed. The expression for €_{p,} would be the same as
Eq. (VI-56) with ¢ {p,} replaced by €_{o,}. and the a,  (B) of «(B) of Eq. (VI-49)

replaced by o, = 1/4.

125

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER VIl
STRUCTURE OF THE CORRELATION-KINETIC COMPONENT OF THE
KOHN-SHAM EXCHANGE POTENTIAL AT A METAL SURFACE AND IN

ATOMS

In this chapter we study the correlation-kinetic component W (r) of the KS
exchange potential v (r) at a metal surface and in atoms. (See Section 2.3.1) We begin
with a discussion of the asymptotic structure of W, ’(r) both in the vacuum and bulk
regions of a metal surface. Then by assuming the approximate exchange potential of Eq.
(VI-6) derived by restricted functional differentiation to be KS exchange potential, we
determine the structure of the correlation-kinetic field Z{(r) and potential W,"(r) at and
about the surface. Finally, by assuming the KS exchange potential in atoms to be that
of the optimized potential method, we determine the corresponding field Z,‘"’(r) and

potential W,(r) for this nonuniform density system.

7.1  Asymptotic Structure of the Correlation-Kinetic Component Potential W,"(2)
at a Metal Surface
The KS exchange potential v (r) is the sum of a Pauli component W) and a
correlation-kinetic component as expressed by Eq. (II-78). For the jellium and
structureless pseudopotential models of a metal surface, we have derived in chapters IV
and V the exact asymptotic structure of v (r) and WX(r) in the classically forbidden

region. The analytical expressions for these structures, which are valid for self-
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consistently determined orbitals, show both potentials to decay ina -x ! image-potential-
like manner but with different decay coefficients which depend upon the metal Fermi
energy and surface barrier height. Thus. the asymptotic structure of the correlation-

kinetic component W,’(r) is also known exactly to decay as

(1)
wi(x) = . ® , (VII-1)
X

X—> G0

where the decay coefficient is

(1 =Bz"l 1_232-2_ 4 [+4—3ﬁzln(ﬂz'[) ,
w0 = [ B Wil B

(VIL-2)
and where §° = Wi/e,. Thus, the correlation-kinetic potential W (x) is also long-

ranged.

The coefficient o (8) as a function of @ is plotted in Fig. 13. For completeness,
the Slater a (), KS exchange a, (8) and its Pauli component a,{B) decay coefficients
are also plotted. The value of the Wigner-Seitz radius 7, for the jellium and structureless
pseudopotential models is also given, the relationship between r, and B being determined
as in the previous chapters. It is evident that correlation-kinetic effects are small for high
and very high density metals, their contribution becoming larger for medium and low
density metals. For jellium metal corresponding to r,=2.0, 4.0 and 6.0, the values of
the coefficient of’(8) are 0.022, 0.066 and 0.094 respectively. For r=2.0 this

contribution compared to the KS coefficient a,,(8) is 11 percent whereas for r,=6.0 it
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Fig. 13 Asymptotic structure coefficients a(g), s (B), ay(B) and af"’(ﬂ) as function
of barrier height parameter 8=(W/e,)'?, where W is the barrier height and e, the Fermi
energy. Corresponding values of the Wigner-Seitz radius r, for jellium and structureless-
pseudopotential models over the meuwllic range of densities are also given. The
relationship between r and B is via self-consistent calculations in the local density

approximation for exchange-correlation.
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is 34 percent. Thus, it is only for very high density metals (r,<2.0) that the asymptotic

structure of the KS exchange potential is governed primarily by Pauli correlations.

Recall that in chapter V we had determined the asymptotic structure of the Pauli
component potential Wfs (2) in the metal bulk, and that in this limit it differed from the
exact KS exchange potential v (z) value of -2/3. We thus see that in addition to Pauli
correlations, there is a finite correlation-kinetic contribution to the KS exchange potential v (2)
in the bulk. This limiting value of the correlation-kinetic potential W,’(-c0) is given

in Table II. It is evident from the Table that for very slowly varying densities

TABLE Il

The metal-bulk limiting value of the correlation-kinetic component W,f”(-oo) of

the KS exchange potential v (~o) as a function of the Wigner-Seitz radius r,.

Wigner-Seitz
- radius r, (@.u.) | W, "(-o0)/(3k/27)
u 2.0 0.049
4.0 0.121
6.0 0.156
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(r,<2 , B—1) the correlation-kinetic contribution vanishes and the KS exchange potential
v(2) and its Pauli component Wfs(z) become equivalent as must be the case. (Wang
et.al., 1990). However, over the metallic range of densities (r, = 2-6), there is a

distinct correlation-kinetic contribution which increases with decreasing bulk density.

We next study the correlation-kinetic field Z"(r) and potential W,"(r) at and

about metal surfaces.

7.2 Structure of the Correlation-Kinetic Component Field Z’(z) and Potential

W(z) at a Metal Surface

In order to determine an accurate representation of the correlation-kinetic field
Z(r) and potential W,°(r) at a metal surface, we assume the KS exchange potential
v(r) to be v'(r) of Eq. (VI-6) determined by restricted functional differentiation. The
orbitals employed in the calculation of this potential are those of the finite-linear-potential
model of Eq. (I[I-25) corresponding to Wigner-Seitz radii of r, = 3.24 and 6.0. For
the same set of orbitals we then determine the Pauli component field &°(r) and potential
WS(r). The differences [Vv(r) - (] and [v() - W (D] are then the
corresponding correlation-kinetic field Z{"(-) and potential W,(r), respectively.

In Fig. 14 we plot the approximate KS exchange potential v¥(2) and the Pauli
component W@. As noted in the previous chapter, v@(z) achieves the exact

asymptotic structure of v (z) in the vacuum by about one Fermi wavelength from the
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Fig. 14 The Kohn-Sham exchange potential v\*(z), and the Pauli component potential W(z)

at the surface of metals of Wigner-Seitz radii r,=3.24 and 6.00.
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surface. In the metal bulk, it has the correct limiting value of -2/3 (in units of 3k./2x).
As discussed in chapter V, for these metal densities, the Pauli component W) is
distinct from the exchange potential v(z). Its asymptotic structure in the vacuum is

different as is its structure at the metal surface and metal bulk.

In Fig. 15 we plot the correlation-kinetic field Z ’(z). As was the case for the
Pauli field &(2) (see Fig. 6), the field Z"(z) is also concentrated about the surface.
It is long-ranged in the vacuum decaying asymptotically as o (8)/z* as demonstrated
in Fig. 16. [n the metal it exhibits the requisite Bardeen-Friedel oscillations. The field

Z"(@), however, is an order of magnitude smaller than the Pauli component field

Z°0.

In Fig. 17 the correlation-kinetic potential component W,f"(z) is plotted. For
these densities, the potential is entirely positive, possesses the correct asymptotic
structure of Eq. (VII-1) in the vacuum, and exhibits the Bardeen-Friedel oscillations.
Once again, the potential W"(2) is an order of magnitude smaller than the Pauli
component W*(z). For higher density metals, the component W, (z) will become less
and less significantas v.(z) ~ W/%(z). However, for metallic densities, the potential W, (z)

is finite thr(-)ughout space, and will therefore contribute to all surface properties.
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Fig. 15 The correlation-kinetic field Z,f”(z) at the surtace of metals of Wigner-Seitz radiir, =3.24

and 6.00.
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Fig. 16 Comparison of the asymptotic structure of the correlation-kinetic fieldZ"(z)

at the surface of Li metal with its exact analytical asymptotic structure o (8)/z>.
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Wigner-Seitz radii r,=3.24 and 6.00.
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7.3 Structure of Correlation-Kinetic Component Field Z ’(z) and Potential

W "(r) in Atoms

To determine an accurate representation of the correlation-kinetic field Z;"(r) and
potential W{’(r) in atoms, we assume the KS exchange potential v (r) to be that of the
optimized potential method vo™(r). We then determine the work W (r) by self-
consistent solution of the Work Formalism differential equation. In other words, we
assume the ‘exchange’ problem to be defined by the case described by Eq. (II-90). We
reiterate that the difference between the KS, OPM, and Work Formalism orbitals is
minimal. The differences [Vvo™(r) - £5)] and [vO™(r) ~ W, S(r)] are then the
corresponding correlation-kinetic field Z{(r) and potential W (r), respectively.

In Figs. 18 and 19 we plot the Pauli component field & (r) due to the Fermi
hole charge for Ne and Ar atoms. Note the shell structure as exhibited by the field, and
that it exists primarily within the K-shell becoming less significant in the outer shells,
decaying asymptotically as -1/r>. In Figs. 20 and 21 we plot the corresponding
correlation-kinetic component field Z;"(r) for these atoms. In these graphs we have also
indicated the radial probability density, so that it is evident that the field Z{’(r) exists
principally in the intershell regions and is oscillatory there. Furthermore, the magnitude
of this field is greatest in the region between the K and L shells, becoming much smaller
in the outer intershell regions. The field Z;"(r) is also short-ranged in comparison to
the Pauli field &>(r), vanishing at about the commencement of the outermost occupied
shell. It is also interesting to note that there is a small component of this field present

in the interior of the atom. Finally, observe that the field Z;"(r) is much smaller, about
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Fig.18 The Pauli component field &(r) for Ne atom.
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Fig.19 The Pauli component field &°(r) for Ar atom.
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139

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



vrvreeg L3 T r yvTeir g T v vvoeeyey A T v iTtreveY

P 7\ -
20 — Vs N r
V4 \\ / [y
A
,I <L \‘
’ v
4 \ A
- P \
Vg \
/ v .
A -~ -
. P4 ~
- --7 S
. 0 === v\]
N’
P amm R 1
ot
A
— Q
N

Z
o
S

1

-40 | -
------ rp(r)
g s ssazl i soa s asssl e d s s saaal P W R
0.01 0.1 1 10
r (in a.u.)

Fig.2l The correlation-kinetic component field Z{’(r) for the Ar atom. The radial

probability density is plotted as the dashed line.

140

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



a fifth of the magnitude of the Pauli field & (r).

In Figs.22 and 23 we plot the Pauli W°(r) and correlation-kineticWf‘”(r)
components of the KS ‘exchange’ potential v (r) for Ne and Ar, respectively. As is
known (Harbola and Sahni, 1989a), the Pauli component Wfs (r) exhibits shell structure,
and is monotonic with positive slope since the field &.°(r) is negative throughout space.
It decays asymptotically as -1/r in the classically forbidden region as does v (r). Since
the correlation-kinetic field Z;’(r) is oscillatory and exists in the intershell regions, the
corresponding potential W (r) exhibits a dip in these regions, vanishing well within the
outermost occupied shell. It is this correlation-kinetic component which then gives rise
to the well-known bumps of the KS potential v (r) in the intershell regions. Again, we
note that there is a small component of this potential in the interior of atoms. Finally,
observe that W{(r) is an order of magnitude smaller than the Pauli potential W 5(r).
Thus, the correlation-kinetic effects contributing to the KS potential v (r) are small. As
such it is justified to represent the potential v (r) in finite systems by its Pauli component
W (r). The high accuracy of this approximation with regard to total ground and excited
state energies, ionization potentials and electron affinities has been demonstrated in the
literature (Sahni, 1996; Sahni et. al., 1992; Li et. al., 1989).
7.4 Discussion of Results

The KS ‘exchange’ potential v (r) is comprised of a term W) representative

of Pauli correlations, and another W."(r) which constitutes part of the correlation-kinetic
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Fig.22 The Pauli W°(s) and correlation-kinetic W."(r) potentials for the Ne atom.
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effects. These components of the potential v (r) arise respectively from fields & (r)
and Z;(r) representative of these correlations. In this chapter we have studied the
structure of the correlation-kinetic field Z;"(r) and potential W;"(r) as applied to finite
atomic and extended metal surface systems. For these systems, this field and potential
are about an order of magnitude smaller than the corresponding Pauli components. In
atoms, the field Z;"(r) exists principally in the intershell regions and is oscillatory there.
This then gives rise to a trough in the resulting potential W (r) in these regions. Since
the Pauli component WX(r) is monotonic with positive slope everywhere, the intershell
bumps of the KS potential v (r) can now be understood to be entirely a consequence
of correlation-kinetic effects. Although there is a small component of the fieldZ;"(r)
in the deep interior of atoms, this field is short-ranged, vanishing within the last
occupied shell. The asymptotic structure -1/r of v (r) in the classically forbidden region
is therefore due entirely to its Pauli component W} (r). Since the field Z;"(r) in atoms
is small and short-ranged, the KS potential v (r) can be approximated accurately by its
Pauli component W, (r). This is borne out in the literature (Sahni et. al., 1992; Li et.
al., 1989). For example, total ground-state energies of atoms with this approximation
lie within 25ppm of those of the OPM, being within Sppm for atoms heavier than Kr.

1

At a metal surface, the correlation-kinetic field Z{"(r) is concentrated mainly in

the surface region. The field, however, is long-ranged. It decays asymptotically in the

vacuum as o '/x?, with the coefficient o’ dependent upon the metal Fermi energy and
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surface barrier height. [t also extends deep into the metal, exhibiting the requisite
Bardeen-Friedel oscillations there. The resulting correlation-kinetic potential W (r) is
therefore also long-ranged in the vacuum with a structure of (o /x). Further, it too
exhibits the Bardeen-Friedel oscillations in the metal, and has a finite positive limiting
value in the metal bulk. The Pauli component w5 is also long-ranged, with a -x™
image-potential-like structure in the vacuum similar to that of the KS potential v (r), but
with a decay coefficient that is different. [n the metal bulk, W,Ks(r) also has a finite
(negative) limiting value which is close to but less than that of v (r) which is ~k./x.
Thus, although the contribution of v (r) to properties such as the surface energy and
work function will be due principally to its Pauli component, we expect the correlation-

kinetic contribution in this instant to be not insignificant.
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CHAPTER VIII
ASYMPTOTIC STRUCTURE OF THE KOHN-SHAM CORRELATION
POTENTIAL AND ‘IMAGE’ CHARGE AT A METAL SURFACE

8.1 Asymptotic Structure of the Kohn-Sham Correlation Potential at a Metal
Surface
As derived in the previous chapters, the Slater potential V. (r), and the KS
exchange potential v.(r) and its Pauli W,"(r) and correlation-kinetic W,"’(r) components,
all vanish asymptotically as -x~' (or x') but with different decay coefficients. If it is
now assumed that the asymptotic structure of the KS exchange-correlation potential is

the image potential, then the KS correlation potential v (r) is also image-potential-like

decaying as
vr) = - el (VIII-1)
v x
where the decay coefficient
oy (B) = [l - 4"15.:(5)]/4 , (VIII-2)

with c, () as defined by Eq. (IV-14). Note that the potential v (r) then depends upon

the metal properties through the parameter 8.

In Fig. 24 we plot the coefficient a, (8) as a function of the parameter 8. For

completeness the Slater a(8), KS exchange o, .(B), the Pauli «,(8) and
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Fig. 24 Asymptotic structure coefficients ay(8), o, (B), ay(B), af‘“(ﬁ), and o, (B)
as function of barrier height parameter 8 = (W/e,)'?, where W is the barrier height ande,
the Fermi°energy. Corresponding values of the Wigner-Seitz radius r, for jellium and
structureless-pseudopotential models over the metallic range of densities are also given.
The relationship between r_ and B is via self-consistent calculations in the local density

approximation for exchange-correlation.
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correlation-kinetic a’(8) component coefficients are also plotted. The Wigner-Seitz
radii r, for the jellium and structureless pseudopotential models are also quoted, where
the relationship between r, and 8 is as described previously. The corresponding values

of the coefficients for 7, = 2 , 4 and 6 in the jellium model are all given in Table IIL.

TABLE III
The asymptotic structure coefficients of the Slater potential V,;’(r): ay(8),the KS
exchange potential v (r): a (8), the potential W5 : a,(B), the potential W{"(r):
«(8). and the KS correlation potential v.(): ey (8),as2 function of the Wigner-Seitz
radius r, for the jellium metal surface. The parameter 8 = (W/e)'?, where W is the
barrier height and ¢, the Fermi energy. The relationship between the parameters B and

r,, is determined via a self-consistent calculation within the local density approximation.

Coefficients ngner-Seltz radius 7, (a.u.)

2 4 6
a (B8) 0.390  0.496 0.548
0.195  0.248 0.274
0217 0315 0.368
0.022  0.066 0.094
0,055 ___0.002
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For these values of r,, the correlation potential coefficient o, (8) is 0.055, 0.002, and -
0.024, respectively. Thus, when KS exchange and correlation are considered separately,
the contribution of v (r) to the asymptotic image potential structure is weak, being an
order of magnitude smaller. For stable jellium (r, ~4.1) the image structure is entirely

due to the KS exchange potential.

As noted in the introduction, there is at present no rigorous analytical derivation
of the asymptotic structure of the KS exchange-correlation potential v, (r) or that of its
correlation component v,(r) at a semi-infinite metal surface. Equivalently, in terms of
the quantal interpretation, the structures of the work W (), W5@), and W,c(r) are
unknown. What we do understand at this juncture is that the KS exchange potential v (r)
decays asymptotically as -x ', that this structure is due primarily to Pauli correlations
via the work W,’“(r) , but that there is a finite correlation-kinetic contribution through the
work W (r). [f, however, it is assumed that the asymptotic structure of v_(r) is the
image potential, then that of its component v (r) is known and seen to contribute weakly
to this structure. The separate contributions of Coulomb correlations via Wc""(r) and the

correlation-kinetic component W,(r) are even then still unknown.

8.2 ‘Image’ Charge at a Metal Surface

One of the issues addressed in this thesis is the structure of the KS exchange-

correlation potential v_(r) for asymptotic positions of the electron in the classically
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forbidden region outside a metal surface, and the correlations which contribute to it. The
asymptotic electron is here considered part of the N-electron nonuniform density system
at the surface. The problem thus differs from that of the response of the N-electron
metal to an external test charge in which the test charge is treated classically. In the
latter case, there is a screening or image charge that is induced and localized at the
surface. The structure of this charge is known exactly in classical physics and has also
been determined (Lang and Kohn, 1973) within the local density approximation for
exchange and correlation in KS theory. The work done to move the test charge in the
field of the dynamic image charge is the image potential -1/4x. (In the density-
functional theory calculation, the center of mass of the image charge defines the effective
location of the metal surface, which then is the reference position for the image
potential). The image potential structure thus calculated is, of course, a consequence of

Coulomb correlations.

For the case when the asymptotic electron is considered part of the N-electron
nonuniform system, it is also possible to think in terms of an ‘image’ charge localized
to the surface giving rise to the asymptotic effective potential. Let us assume that the
asymptotic structure of v_(r) is the image potential, and therefore independent of any
metal parameters. (Recall that the asymptotic structure of the KS exchange potential
v(r), and its Pauli W/*(r) and correlation-kinetic W,"’() components, all depend upon
the metal Fermi energy and surface barrier height). Now the potential v_(r) is the sum

of the Pauli W,(r), Coulomb W/ (r) and correlation-kinetic W, (r) work done (see Eq.
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(I-73)). In turn, the total charge of the quantal Fermi-Coulomb p_(r,r’) and KS Fermip, (r.r")
holes is -e, where e is the electronic charge, whereas that of the KS Coulomb hole
o(r.r") is zero. For asymptotic positions of the electron, the Fermi hole is delocalized
and spread throughout the crystal. As such the field Z°(@ due to the Coulomb hole can
be thought of as being comprised of two components. The first due to the delocalized
part of the Coulomb hole (of charge +e) in the metal bulk, and the second due to that
part of the Coulomb hole (of charge -e) localized about the surface region. The
component due to the delocalized part of the Coulomb hole then screens out the
contribution of the delocalized Fermi hole field Z'°(r) to the image tail. With the added
assumption that the correlation-kinetic field Z,‘(r) decays faster than -x 2, it is then the
component due to the surface localized part of the Coulomb hole that gives rise to the
image potential structure of v_(r), and which therefore constitutes the ‘image’ charge at
the surface. With this interpretation, the image potential structure can be auributed to
Coulomb correlations, but only to those which contribute to that part of the Coulomb
hole localized to the surface. In this manner, the asymptotic structure is also independent

of metal parameters, and therefore the same for all metals.
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CHAPTER IX
SUMMARY, CONCLUSIONS AND FUTURE WORK

In this thesis we have studied the nonuniform electron density system at metal
surfaces, with the metal being represented by the jellium and structureless
pseudopotential models. The study is within the context of both conventional Hohenberg-
Kohn-Sham density functional theory as well as its recently explained (Sahni, 1997; ibid.
1996) rigorous physical interpretation. In conventional Kohn-Sham theory, the yet
unknown exchange-correlation energy functional EX[p] of the density p(r) and its
functional derivative (potential) v (r) = SEX[p])/8p(r) incorporate correlations due to
the Pauli exclusion principle, Coulomb repulsion, and the correlation contribution to the
kinetic energy. The physical interpretation explains how these correlations are explicitly
represented in the energy functional and its derivative. This description is in terms of
fields and their sources which in turn are quantum-mechanical expectations of Hermitian
operators. In this manner it is then possible to understand surface properties in terms of

the correlations which contribute to them.

The leading term of the KS exchange potential v,(r) = 3E; [o}/p(r), where
EX[p] is the KS exchange energy functional, is .;.V,s(r) with V. (r) being the Slater
potential. We have first derived the exact analytical asymptotic structure of V3(r) in the
classically forbidden region. This result is valid for the fully self-consistently determined

Slater orbitals. The structure of the potential is image-potential-like of the form
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~a(B)/x, where the parameter §° is the ratio of the metal surface barrier height to the
Fermi energy. From an integral equation relating the KS exchange potential v (r) to the
exchange component of the many-body theory self-energy, we have also derived the
exact analytical asymptotic structure of v(r) in the vacuum. This structure is also
image-potential-like of the form -a,; (8)/x and valid for the fully self-consistently
determined KS orbitals. It turns out that the coefficient a,; (8) = %as(ﬁ)- Thus, ata
metal surface, the KS exchange potential v (r) decays as %Vf(r). (This contrasts with
the case of atoms, molecules, and metallic clusters where v(r) decays as V,(r), the

asymptotic structure of these potentials then being -1/r).

For metallic densities (r, =2.0-6.0), the value of the coefficient a5 (B) ranges
from 0.195 to 0.274. It is precisely 0.250 for 8 =ﬁ corresponding to an r, ~4.1
which is the approximate value for which jellium metal is stable. If it is assumed that
the asymptotic structure of the KS exchange-correlation potential v, (r) is the image
potential, then the correlation potential too decays as -a,; (B)/x, where
s, =[1-4as (B)1/4, and is dependent on the metal parameters. The coefficient
a,, (B), however is an order of magnitude smaller than the exchange coefficient

s (B). The KS theory correlation contribution to the image potential is thus very

small, the principal contribution to this structure being KS exchange.

The physical interpretation of the KS exchange potential v,(r) shows that it is

comprised of a term W*5(r) representative of Pauli correlations, and a term W,’(r) that
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constitutes part of the total correlation-kinetic contribution W,'(r) We have derived the
exact analytical asymptotic structure in the vacuum of both W,°() and W,"(r), and
shown them to be of the form -a,(8)/x and «f’(8)/x, respectively. These results too
are valid for the self-consistently determined KS orbitals. We have also determined these
components of v(r) at and about the metal surface employing accurate KS orbitals. It
turns out that aithough the structure of v (r) about the surface and asymptotically in the
vacuum and metal bulk regions is comprised primarily of its Pauli component, the
correlation-kinetic contribution is not insignificant for medium and low density metals.
It is only for high density systems (r, <2.0) that v,(r) is represented essentially by its
Pauli component W (r). Thus, the uniform electron gas result of -k./x for the KS
exchange potential v (r), which is the asymptotic metal bulk value, is not a consequence
of Pauli correlations alone as is presently thought to be the case. There is also a small
correlation-kinetic contribution. The Pauli and correlation-kinetic components ofv, (r)

in the metal-bulk have now been quantified.

We have also determined the Pauli W' () and correlation-kinetic W,"(r)
components of v(r) in atoms. We show that in contrast to the metal surface case where
the correlation-kinetic part is long-ranged in the classically forbidden region, in atoms
it is short-ranged decaying well within &e last occupied shell. The correlation-kinetic
contribution to the KS exchange potential is negligible in atoms. At a metal surface this
component is far more significant as it is finite throughout space. Our calculations also

explain that the intershell bumps in the structure of KS exchange potential v, (r) in atoms
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are a consequence of correlation-kinetic effects.

Based on the exact analytical result derived for the KS exchange potentialv (r)
in the vacuum, it is possible to provide an alternative ‘classical’ interpretation of the
asymptotic image potential structure of the exchange-correlation potential v, (r) in terms
of an ‘image’ charge localized to the surface region. The (assumed) image-potential
structure of v (r) is independent of metal parameters and the same for all metals.
Recall that v_(r) is the sum of the work done W_() in the field of the Fermi-Coulomb
charge p_(r,r’) obtained by the Coulomb’s law, and the work W,‘(r) due to correlation-
kinetic effects. For asymptotic positions of the electron in the vacuum, the Fermi-
Coulomb hole is localized about the surface, an idea originally enunciated by Bardeen
(Bardeen, 1964). However, a slightly deeper analysis can now be made. Since the
Fermi hole o (r.r’) is delocalized in the metal for these asymptotic positions of the
electron, we can surmise the structure of the Coulomb hole pX(r,r’) as having a
component delocalized in the metal and one that is localized to the surface. The field
due to the delocalized part of the Coulomb hole screens out that of the delocalized Fermi
hole. As such the asymptotic structure of W_(z) arises from that part of the Coulomb
hole or ‘image’ charge (of total charge -e) that is localized about the surface. For the
determination of the asymptotic structure of v_(z), we must also know how the
correlation-kinetic work W,(2) decays. If the asymptotic structure of v, (2) is the image
potential due to the localized component of the Coulomb hole, then the asymptotic

structure of W, (z) must decay more rapidly than x~'. Thus, via this interpretation, the
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asymptotic structure of v_(2) is due to the field determined by Coulomb’s law from the
localized component of the Coulomb hole charge. This field is notan induced field, but

one that is an intrinsic property of the nonuniform electron density system at a metal-

vacuum interface.

Finally, we have derived an approximate KS exchange potential vO(r) from the
exact exchange energy functional EX[p] via a restricted class of density variations. In
this manner, the rigor of the Hohenberg-Kohn theorems is preserved, and the bounds to
the total energy thus obtained will be rigorous. This expression is also shown to satisfy
various integral and differential sum rules, and to possess the correct asymptotic structure
in the vacuum and metal bulk regions. The expression has been employed with accurate
KS orbitals to determine the structure of the correlation-kinetic component of the KS
exchange potential. An approximate exchange and correlation energy functional are also
constructed such that their functional derivative too possesses the correct asymptotic
structure in both the classically forbidden and metal-bulk regions. The use of these
energy functionals and potentials for the determination of the surface energy, curvature

energy, work function of metals is in progress.

As discussed above, the asymptotic structure of v, (r) in the vacuum can be
thought of as arising from that part of the Coulomb hole localized to the surface,
provided there is no correlation-kinetic contribution asymptotically. A further

understanding of the overall structure of v(r) and properties such as the surface
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correlation energy can therefore be achieved by determinig the structure of the Coulomb
hole charge o/°(r,r’) as a function of electron position. (See (Slamet and Sahni, 1995)
for such a study in atoms). This would also show how, for electron positions in the
vacuum, the field due to the Coulomb hole component delocalized in the metal bulk
screens out that of the delocalized Fermi hole. The work done in the field of the
Coulomb hole component localized to the surface region is then the asymptotic structure
of the Coulomb correlation part of v_(r) in the vacuum. One approach to determining
an accurate approximation to the Coulomb hole is to combine the random phase
(Wikborg and Inglesfield, 1975) and generalized gradient (Perdew, 1993) expansion
approximations. The former represents long-range and the latter short-range correlations
accurately. Another approach would be to determine the quantal Fermi-Coulomb hole
via a Monte Carlo calculation, and then subtract from it the KS Fermi hole. The KS
orbitals and Fermi hole could be obtained from a model effective potential by adjusting

the parameters so that the density is the same as that of the interacting system.
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APPENDIX 1
INTEGRAL J(q, z) OF EQ.(III-23) FOR ORBITALS OF THE FINITE LINEAR
POTENTIAL MODEL

The solution of the integral

1(q,2) =2 [ dz’e"v="%1 ¢ (z") ¢ (z)

for the orbitals ¢ (2) of Eq. (I1I-25) of the finite-linear-potential model is the following.

Forz <0

qcos(k_z +46)) _ qcos(k,z +9,)
qz +k3 q2 +k.2

J(q,2) = 2[

et k_siné_-qcosé._ _ k. sinéd, - qcosé,
q* +k? q? +k!

/
2D, D, e @V

/
q+K *+Kg

+

. 2I dz’e~ {B,AI(F',) + C.Bi( )} {B! Ai(¥,) + CuBiG )}
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For0<z<gz

qcosé_ +k_siné_ _ qcosd, +k, siné,
qQ+ k? qQ*+ k?

J(q,2) = e""[

. ZI dz’e* {B,Ai(t",) +C,Bi(' )} {B! Ai(,) + C.. Bi(;'k,)}]

re® 2D,D,, e @rarwn
q+K+K

. zI dz’ e+ (B AI(,) + C,Bi(' )} (B A", + C,Bi (rk,)}]

For z>z,

qcosd_ +k_sind_ _ qcosé, +k, siné,
qQ*+ k2 q* + k?

1q.2) = e““[
- zI dz'e* {B,AI,) + C,BiCt’ 0} (B! A, + CBi(F' )}

_ ZDka' e(‘l"&“.')’\]

4qD, D,

q2 - (Kk + Kkl)z

+ e o

In the above expressions, k; =k’ ¥ k and 6; =6(k’) ¥ 8(k).
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APPENDIX 2
INTEGRAL M(q, z) OF EQ.(V-8) FOR ORBITALS OF THE FINITE LINEAR
POTENTIAL MODEL

The solution of the integral

M(@q,2) =2 ] dz’ sgn(z -z')e 4= ¢ (2") .. (2')

for the orbitals ¢,(z) of Eq. (III-25) of the finite-linear-potential model is the following.

Forz < O

ksinkz+8) _ k,sink,z+5 )]

M(q,z) =2
(q,2) [ qz+k_2 qz.,.kf

k_sind_-qcosé. k. sind, -qcosd,
~-e¥ +
q* -kl q* +k?

/
2D.D .
ok e'(""" Sy

/
q+xk+xk

+2Idz'e«v'{akAi((k) +C,Bi(t" )} {B! Ai(r',) + C,‘,Bi(f’k,)}]
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For0 <z < gz

qcosd_ +k_sind._ _ qcosd, +k, sind,
qz +k? qz + kf

M(@q,2) = e“"[

+2I dz'e* {B,AI,) + C,BiG" )} {B Ai(t',) + o Bi(fw}]

-e® 2Dle:' e @rnrvin
q+K Ky

. 2I dz’e *{B,Ai(t",) + C,Bi(¢’ )} {B, Ai(¥",) + C,.Bi ((k,)}]

For z=z,

qcosS_+k_sind_ _ qcos 8, +k, sind,
q2+k? Q2 +k?

M(q,2) = e““[

+2I dz' o= {BAIE,) + C,BiE )} {BL Ait",) + C BiCt')}

ZDka‘ e(q-s".:)z.
q - Kk - Kkl
_ 4(x +«.)D. D, e

q2 - (Kk + Kk')z

- g',)z

In the above expressions, k; =k’ F k and 83 =6(k’) ¥ 5(k).
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APPENDIX 3
EXCHANGE POTENTIALS IN INFINITE BARRIER MODEL

For the infinite barrier model (Bardeen, 1936), the effective potential v,”(r) in
which electrons move is v,ﬂ(r) =0 for x<0, and e for x>0, so that

¢y (x) = 6(-x)sinkx. Thus, the density and Dirac density matrix are, respectively,

p() = pn@) (A3-1)
e = 1-29 (A3-2)
Z
and
v(r.r’) = 3[p(s)-p(®], (A3-3)
where
Zz = 2kx
s = kg|r-r'| (A3-4)

t = k{(r-r'Y+4xx’]"
and j(x) = (sinx-xcosx)/x? is the first-order spherical Bessel function. (Note that
although in this model, the density matrix and thus the exchange energy is in terms of
functions which are the same as the density function, the functional dependence of the
density matrix on the density is unknown. Therefore, it is not possible to determine the
functional derivative directly from the exchange-energy expression for this model

potential.)  From charge neutrality the jellium edge is determined to be at
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z, = 2k.a = -3x/4. The expressions for the Slater potential Vi(r), the approximate
functional derivative v(), and the Pauli component W;°() of the Kohn-Sham
exchange potential v(r), and the limiting properties of this potentials are derived to be

as follows.

Slater Exchange Potential (Juretschke, 1953; Miglio et.al., 1981)

sz(Z) - _J@ (A3-5)
Gk2r) n@

where

Jo = .1 IZZSz(-z)+—S1(-22)-

30z 3025 3z 372 15
16_64 ,2 4 90 4409)]cosz- (A3-6)
[Sz 1522 15 23 z'ﬂ ]

LI s o[ L+ 2 ] cos2zs Lsin2e
[ e s [ gy

i3 = | dtSi_ti' , (A3-T)

fae 4

Ci(-2) = - I dz.°2t“; , (A3-8)
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fiz) = Ci(-22)-In(-22)-C , (A3-9)

and C = 0.5772 is the Euler constant. The limiting value of the potential at the barrier
is

S,
@ _ 5 (A3-10)

Eg‘(3k,/2' D 9

and in the metal bulk,

V.@
| p - -1 (A3-11)
= GkT27) ’
so that the difference
Vo(-=) - VO _ 4 (A3-12)
3k 27) 9

Approximate Functional Derivative v."(r)

WO 2 P (A3-13)
Gk2n) 3 145,

where

PR = 14'31_2 —%Si(-z)*-.zl.Si(-Zz)*»_z_;EcosZz-
(A3-14)

2 1.1 7 1. .
[Ez—z *—6; +2—2ﬂ2)] Cosz - [—6-2 +?Sl( "22)] smz ,
and j(x) = sinx/x is the zeroth-order spherical Bessel function. The limits at the barrier

and metal bulk, respectively, are
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Vx(o )(Z) _ 1 ( A3- 15)

lim —— ——

= GL20 3 '

and
v @) 2
M x — e, (A3'16)
lzl:-no (3k,/21') 3
so that
vO(-2)-v 0 _ 1 (A3-17)
Gk.12%) 3

Pauli Component W,°(r) of the Kohn-Sham Exchange Potential v, ()
To obtain the potential W’(r), the force field &(r) due to the Fermi hole

p (r,r’) must first be determined. The field &(2) in the infinite barrier model is derived

as
£°@ _RQ (A3-18)
Gkirx) nR
where
2
® sz 2_¢27 | j®) j.© (A3-19)
R@) = 1_;‘;‘2_"!&4:: [1-‘Zj ‘ ["s — ] ;

and h(s.z)=-s-z for s <-z/2,and s for s >-z/2. Evaluating this integral, we obtin

165

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



506 _ 2 2 .z
T —— -_s =97} +

192 _ 484 17 _z _4
- Sl =22)+— ,ﬂz COSZ+
[352’ 1052.3 105z 70 z* (-2 )]

(A3-20)
472 187 1 .
— Sx -22)+—f(2) | sinz-
[35z 10522 0 7 (-22) ‘ﬂ ]
2 2 cos2z- _-sm22 .
3z’ 3 3z¢
The limiting value of the field at the barrier is
im 2@ __x i (A3-21)
=0 (3ki27) 2
and its structure in the metal bulk is
5@ _ %@ (A3-21)
(3ki2x) z
The potential W (2) is then obtained as
WS = - l g5z’ . (A3-22)

It has not been possible to solve this integral analytically, and as such, it is solved

numerically. The solution leads to the result

W (-o)-W, (0)
(3k/27)

-0.3860 . (A3-23)
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