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Abstract
ALGORITHMS FOR CUBIC GRAPHS

bv

Maria Belianina

Adyviser: Professor Michael Anshel

Recently, L.H.Kauffman has introduced a planar cubic graph representa-
tion for the so called essociation equation. In addition, he has proven the
equivalence between the Four Color Theorem (FCT) applied to a planar cu-
bic graph and the existence of the solution for the corresponding association
equation in a Vector Cross Product Algebra.

This thesis introduces an algorithm (AET) for transforming a planar cubic
graph with described properties into a graph form corresponding to a single
association equation. The theorems presented show the existence of such
forms for planar cubic graphs whose dual graphs possess a Hamiltonian Cycle.

The method presented transforms a given Hamiltonian Cycle in the dual
of the given graph into a closed curve in the original graph. This curve passes
through each face of the original graph exactly once and does not touch any of
its vertices. Next, it is demonstrated how to use the obtained closed curve to

construct several “association equation - friendly” graph forms of the original
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graph. All of these forms are shown to correspond to a unique association
equation which may take several equivalent forms of its own.

The thesis starts with discussion of an important algorithm (HCT) which
transforms a given Hamiltonian Cycle into one or more Hamiltonian Cycles
of the same graph. This algorithm generalizes the basic transformation tech-
nique of Papadimitriou’s Hamiltonian Cycle transformation algorithm for
cubic graphs. The paper presents a detailed proof of the algorithm’s con-
vergence. Applied to Kauffman’s K — maps, each newly found Hamiltonian
cycle (using the previously described AET method) produces another view o
f the same graph corresponding to a possibly new association equation. This
algorithm is a non-deterministic one and can be randomized as shown.

Next. an auxiliary notion of an almost cubic graph is introduced and an
algorithm (RA) is presented for reducing any graph to an almost cubic one.
It is also shown that the HCT method applied to an almost cubic graph
becomes more efficient and possibly even deterministic.

This work has also opened an interesting and challenging problem for
future research: an algebraic analysis of the suggested HCT algorithm. It
appears that using the operations on finite symmetry groups described in the
thesis may be the direction to pursue.

Finally, new unconventional approaches to the Hamiltonian cycle prob-
lems are described in the section on DNA Computing, a new field on the
edge of mathematics. computer science and molecular biology. The section
presents a computer simulation of the biolab computing test on finding a

v
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Hamiltonian cycle in a graph.
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1 Introduction.

The problem of finding a Hamiltonian cycle in graphs is known to have at-
tracted mathematicians since the mid-19th century, when Sir William Rowan
Hamilton first tried to popularize the exercise of finding a closed path in the
graph of a dodecahedron, i.e. of finding a way to walk through the dodec-
ahedron along its edges, passing each vertex exactly once, and returning to
the starting vertex in the end. There is still no efficient algorithm that will
allow solving the problem for a sufficiently large graph.

However, the use of Hamiltonian cycles in different important applications
gave rise to a new set of techniques that simplify the search for a Hamiltonian
cycle, or at least provide some evidence that a Hamiltonian cycle may or may
not exist in certain graphs. For example, it was proved that any graph with
all the vertices having the same odd number of edges adjacent to them (i.e.,
having the same odd degree) have an even number of Hamiltonian cycles
through the given edge. The latter, in turn, implied the Smith Computational
Problem: given a Hamiltonian cycle in a graph , find another one (see [5]).
It is clear that theoretically this problem may be solved provided there exists
another Hamiltonian cycle.

There is only one algorithm known so far that actually takes a given cycle
passing through the given edge and transforms it into another Hamiltonian
cycle through the same edge in a completely defined way. The algorithm

was suggested by Christos H. Papadimitriou (see [6] and [5]). However, the
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algorithm was shown to apply only to cubic graphs in which each vertex has
degree three. Section 2 describes the algorithm in detail.

This paper addresses two problems. One of them is an extension to
Papadimitriou’s algorithm. First of all, an extended proof of the Papadim-
itriou’s algorithm is given in Section 3. Section 5 shows that the algorithm
still works in a completely defined (or deterministic) way if the graph has all
but one of its vertices of degree three.

Secondly, Section 5 discusses reducing a given graph to a so called almost
cubic graph by deleting certain edges. Almost cubic graphs are defined to
have vertices of degree greater than three, and there are no vertices of degree
two. However, all the vertices of degree greater than three have only vertices
of degree three as neighbors. This means that the almost cubic graph is
extremal in the sense that deleting any edge creates a vertex of degree two
and the graph is no longer almost cubic.

It is shown in Section 5 that a slightly modified version of the Hamiltonian
cycle transformation algorithm applied to an almost cubic graph may be
efficient and possibly even deterministic.

Section 11 suggests a random version of the transformation algorithm.
If there is more than one choice for the next step, the algorithm makes a
random choice. The random algorithm was tested and the detailed output
is given in Appendices B and C.

Sections 3 and 4 show some analysis of the transformation algorithm.

The topic is planned for future study by the author.
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Section 7 through Section 11 discuss an example of a possible application
of the transformation algorithm. The application arises from one of the
many versions of the Four Color Theorem (see [8] and [9]). One of the latest
statements is suggested by Louis H. Kauffman (see [4]). Kauffman shows
that the Four Color Theorem is equivalent to a combinatorial problem about
the vector cross product algebra in three-dimensional space (see Section 8).
Kauffman considers insiders a cubic planar graph drawn on a plane in a
special way (called a K — map in this paper), which represents an equation
in the vector cross product algebra. Then he proves equivalence between the
existence of the graph edge three-coloring and the existence of a solution to
the equation.

This paper extends the results of Kauffman's proof in the following way.
First of all, it is shown in Sections 9 and 10 that, given a cubic graph on n
vertices, the corresponding K — map forms depend on (1) the closed curve
passing through each face of the graph exactly once (some times in the lit-
erature such a curve is called a “face circuit”) and leaving exactly 5 vertices
on each side , and (2) given the curve described in (1), the n + 1 different
ways to draw the corresponding K — map. This implies that given a planar
cubic graph on n vertices, which is already edge-colored in three colors, one
immediately obtains solutions to all distinct equations in the vector cross
product algebra, each one of which corresponds to one particular K — map.

Section 9 actually suggests a method of putting planar cubic graphs into

Kauffman's cubic graph form. The closed curve passing through each face
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of the graph exactly once and leaving 3 vertices on each side corresponds to
the Hamiltonian cycle in the dual of a given graph leaving exactly 3 faces
on each side. Once the cycle is found, it is “translated” back into the closed
curve in the original graph. Then there are n + 1 ways to draw a K — map.

The dual to a cubic graph is always a triangulation, i.e., a planar graph
each face of which has exactly three sides. It is proved in Lemma 10.2 that
a Hamiltonian cycle in any triangulation leaves exactly half of the faces on
each side. The lemma implies that it is sufficient to find any Hamiltonian
cycle in the dual of a given cubic planar graph in order to construct the
corresponding K — map (actually, n + 1 of them.)

Further, if the Hamiltonian cycle transformation algorithm is applied to
the cycle in a given graph, it may produce another Hamiltonian cycle that
gives rise to another n + 1 K — maps of a given planar cubic graph. Thus
one may reduce a graph to almost cubic keeping a given Hamiltonian cycle
(see Section 5 ) and then transform this Hamiltonian cycle into another one.

This implies that finding as many Hamiltonian cycles as possible (say, z)
in the dual of a given graph on n vertices through transformations of a given
Hamiltonian cycle produces z(n + 1) K — maps (not necessarily distinct),
each one producing an equation in the vector cross product algebra. Given
an edge three-coloring of a given graph, one immediately obtains solutions
to all these equations.

Section 11 contains an example of a cubic planar graph G on 14 ver-

tices and a given Hamiltonian cycle in the graph. First, the dual of the
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graph is reduced to almost cubic with the given Hamiltonian cycle. Then
the Hamiltonian cycle is transformed into another one using the transforma-
tion algorithm. Then the Hamiltonian cycles are “translated” into the face
circuits in G and two different K — maps are constructed with corresponding
equations, one for each face circuit. Further, it is shown how the edge three
-coloring of G implies solutions to the equations.

Section 12 shows some unconventional approaches to the Hamiltonian cy-
cle problems. DNA Computations, or Molecular Computing, a new field of
research that brings together mathematicians, computer scientists and biol-
ogists, literally uses the DNA molecules and their interaction in the biolab
tubes in order to simulate an exhaustive search for hard problems. One of
the goals is to create efficient “DNA algorithms” for solving difficult combi-
natorial problems such as finding Hamiltonian cycles and Hamiltonian paths,
and many more. The section discusses the benefits that these algorithms can
gain from the theorems on the number of Hamiltonian cycles in a graph.
The section includes a description of the computer simulation of the DNA
algorithm for finding a Hamiltonian cycle. Appendix D contains the program
code. Appendix E contains a description of the original laboratory exper-
iment performed by Leonard Adleman (see [1]), who solved a case of the
Traveling Salesman problem, i.e. a problem of finding a Hamiltonian path in
a directed graph with given starting and ending vertices in a graph on 7 ver-
tices. Besides, Appendix E presents an extension of Adleman’s experiment

for a case of a Hamiltonian cycle.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2 Terminology: graphs, colorings, and algo-
rithms.

2.1 Graphs.

A graph G(V, E) consists of a set of vertices V', or V(G), a set of edges E,
or E(G), and a mapping associating to each edge e in E an unordered pair
(v1, vp) of vertices called the endpoints of e. Two vertices are called adjacent
if they are distinct and joined by an edge. An edge is said to be incident
with its endpoints. An edge (v, v) is called a loop. The degree, or valency of
a vertex v (usually denoted deg(v)) is equal to the number of edges in the
graph incident with v. In a d-regular graph all the vertices have the same
degree d.
A graph is called finite if it has a finite number of vertices.

The “first theorem of graph theory”:

S =2|E(G)I.

zeV(G)

Corollary: A finite graph has an even number of vertices with odd degree.
A cubic graph is a graph G(V, E) in which each vertex has degree three,
i.e. it is a 3-regular graph. Note that |E| = 21211’ hence, a number of vertices

V| must be even.
Two distinct nonloop edges with the same endpoints are called parallel.

A graph is simple if it has no loops and no parallel edges. All the graphs

6
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considered are assumed to be simple.

A graph is called directed or a digraph if an ordered pair of vertices is
associated to each edge.

A graph can be represented by a drawing such that each vertex is repre-
sented by a point in the plain, and each edge by a line segment or arc joining
the corresponding endpoints.

A planar graph is a graph that can be drawn in the plane so that no two
edges cross. A mazimal planar graph is a planar graph such that addition of
any new edge makes it non-planar.

A map, or a planar map M consists of a connected planar graph G to-
gether with a particular drawing or embedding of G in the plane. G is called
the underlying graph of M(G) or M. The map M divides the plane into
connected components called regions, or faces, or countries of the map. Two
regions are adjacent if their boundaries have at least one common edge.

A map is a triangulation if all its faces are triangles.

Note: One graph may be embedded in the plane to produce several
different maps.

Two graphs are isomorphic if there is a one-to-one correspondence be-
tween the vertex sets such that if two vertices are joined by an edge in one
graph. then the corresponding vertices are joined by an edge in the other
graph.

Two maps are isomorphic if there is a continuous deformation of the

plane onto itself carrying the vertices, edges, and regions of one map onto
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the vertices, edges, and regions of the other.

The Dual Graph D(G) of a given graph G:
e Place a point, or vertex, in the middle of each region of a graph G.
e Join two vertices with a line, or edge, whenever the two regions have a
common border.

The graph constructed in such a way is called they dual graph D(G).

A subgraph of a graph G is a graph H such that V(H) C F(G), E(H) C
E(G), and the ends of an edge e € E(H) are the same as its ends in G. H
is a spanning subgraph when V(H) = V(G).

2.2 Walks, paths, cycles.

A walkin a simple graph is a sequence of vertices, any two successive elements
of which are adjacent. It can be denoted by (zo, 1, Z2,...,Zc) where z; €
V(G) for i from 0 to k. If all the edges used in a walk (zq, z1, Z2, . . ., Z¢) are
distinct, then the walk is called a path from z¢ to zx. The number of edges
passed in a walk equal to the length of a walk.

A walk (or path) is called closed if zg = zx. A simple path is a path in
which the vertices are distinct except possibly for £o = z¢. If o = zx when
k > 1 in a simple path, then it is called a simple closed path.

A Hamiltonian path (HP) is a path along the edges of a graph visiting
each vertex of a graph exactly once.

A Hamultonian cycle (HC) is a Hamiltonian path that starts and termi-

nates at the same vertex.
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The length of the shortest walk from the vertex z to the vertex y is called
the distance d(z,y) between these vertices. Such a shortest walk is necessarily
a simple path.

A graph is connected if a path from z to y exists for every pair of vertices
z, y of G. Otherwise G consists of a number of connected components, or
mazimal connected subgraphs.

A polygon is a finite connected 2-regular graph, i.e. the graph of a simple
closed path.

A connected graph that contains no simple closed paths, i.e. that has no

polygons as subgraphs, is called a tree.

2.3 Colorings.

For an integer k, a k-coloring of a graph G (also called a verter k-coloring)
is a mapping f : V(G) = {1,...,k} such that f(u) # f(v) for every edge of
G with endpoints u and v.

For an integer k, an edge k-coloring of a graph G is a mapping f : E(G) —
{1,...,k} such that all the edges incident with the same vertex receive differ-
ent colors, i.e. for any pair of edges e, and e; incident with the same vertex,
fler) # Flea).

A Tait-coloring of a cubic graph or a cubic map is a 3-coloring of its edges.

For an integer k,a k-coloring of a map (some times called a proper k-
coloring) is an assignment of k colors to the countries of the map in such a

way that no two adjacent countries receive the same color.

9
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The Four Color Conjecture (4CC), (Francis Guthrie):
Every planar map can be four-colored.

Note: The {CC is considered by most mathematicians to have been
proved by Kenneth Appel and Wolfgang Haken in 1986, using computer-
assisted mathematics, and later by Neil Robertson, Daniel P. Sanders, Paul
Seymour, and Robin Thomas. Hence, in case one believes the proofs, the

“conjecture” becomes a “theorem”, {CT.

2.4 Algorithms and problems.

An algorithm is called deterministic if at each step during execution the next
step is defined in a unique way.

An algorithm is called nondeterministic if at some step during execution
there are at least two choices for the next algorithm step.

A randomized algorithm is an algorithm that makes random choices dur-
ing execution. (See Randomized Algorithms by R.Motwani and P. Raghavan,
Cambridge University Press 1995.)

An algorithm is called finite if it can be proved that it will terminate in
a finite number of steps on all possible inputs.

An algorithm is called infinite, or possibly infinite if there is an input on
which it will not terminate.

A decision problem is a problem requiring only a “yes” or “no” answer.

A function problem is a problem, requiring an answer more elaborate

than “ves” or “no” (e.g., the Travelling Salesman problem searching for the

10
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optimal tour.)

3 Analysis of the Hamiltonian cycle transfor-

mation algorithm.

3.1 General facts.

Given a graph on n+1 vertices, consider an initial Hamiltonian cycle HC, =
[s,1,2,...,n] where s is the starting vertex. Since the algorithm fixes the
starting vertex of a cycle, one may consider only permutations of the remain-
ing n vertices. Permutations of HC) produced in a sequence of transforma-
tions will form a subset of the set of all |S,| = n! permutations of n elements.
Note that there are |S,_;| = (n — 1)! permutations of n elements fixing the
last element and, therefore, f forming a set containing all answers. Hence, a

set of all intermediate permutations is of size at most

nl-(n-1)!=Mn-1)(n-1)!

Each transformation step rewrites backwards the end of a path of certain
length k, unique for each step and depending on the vertex adjacency. For
example, in case vertex 5 is adjacent to vertices s, 4, and 2,

[s 1234 5] can be rewritten as [s54321]or[s12543].

[t corresponds to permutations: (1 5)(2 4) or (3 5).

Given a path [s,1,2,..., (n —2), (n — 1), n], transformation permutations

11
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rewriting backwards k last vertices can be described by the following table:

k : Permutation

2:(n-1,n)

3:(n—2,n) Fixesn-—-1
4:(n-3,n)(n-2,n-1)
5:(n—4,n)(n-3,n—-1) Fixesn -2
6:(n-5n)(n-4n-1)(n-3,n-2)
7:(n-6,n)(n-5n-1)(n—4,n—-2) Fixesn-3

2t:(n=-2t+Ln)n-2t+2,n—-1)(n—-t,n—-t+1)

20+1:(n=-2t,n)(n-2t+1,n—1)(n—-t—-1,n—t+1) Fixesn-—t

n(even) : (1,n)(2,n - 1)(5,5 + 1)
n(odd) : (1,n)(2,n —1)... (2 — 1, 2+l +1) Fixes nl

3.2 Cubic planar graphs.

In a Cubic Planar graph a set of all intermediate permutations is much
smaller than (n — 1)(n — 1)! since, as is shown below, a lot of permutations
of the original cycle are forbidden. Consider a cubic planar graph G(V, E)
on n + 1 vertices and a given Hamiltonian cycle HC, = (s, 1,2,...,n] where

s is the starting vertex.

12

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



General Smith problem ([5]): A graph with odd degrees has an even num-
ber of Hamiltonian cycles through any given edge.

Computational Smith problem ([5]): Given a graph G with odd degrees
and a Hamiltonian cycle in it, find another one. Special case: G is a cubic
graph.

Note that this is an example of a Total Function Problem (TFNP), i.e., a
Function Problem having positive answer for each input string. The solution
to these problems relies on the Parity Argument:

Any finite graph has an even number of odd-degree nodes.

(Since |E| = M%M, the sum of deg(v;) is an even number. Hence,
the number of odd degrees is even.)

Theorem 3.1 ([6], p.232): If a cubic graph G has a Hamiltonian cycle,
then it must have a second one as well.

Proof (extended version):

Given: G - a cubic graph on n vertices ( deg(v) = 3 for all v ).
[1.n.n —1,...,2,1] a Hamiltonian cycle in G with n edges.
Find: Another Hamiltonian cycle through the edge (1,2).

Algorithm
e Delete the edge (1,2) to obtain a Hamiltonian path P, = [1,n,n—1,...,2]
(n — 1 edges)

e Consider the paths P; starting with node 1 and not using the edge (1,2)
(call such paths candidates).

e Call two candidate paths neighbors if they have n — 2 edges in common.

13
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e Create a sequence of candidate neighbors P, P, ..., P;, Py, - - -

Question: How many neighbors does a candidate path P; have ?

If the endpoint z is not node 2, then one can obtain two distinct candidate
neighbors P,_; and P, by “rotating” the path:

e add to the path an edge out of z that is not currently in the path (recall
deg(z) = 3) and
e break the new cycle through z, deleting another edge out of z.

Note. The described steps can be visualised as a “rotation” of the path’s
«“tail” at the node z. The new “tail” will pass through the same vertices but
in the opposite order.

If the endpoint z is 2, then the edge (1,2) cannot be used. Hence, a path
with endpoints 1 and 2 has only one neighbor.

= Two consecutive paths P;,P,,, in the sequence of “rotations” produce
a unique next path, another candidate neighbor of the middle path. Le., for
any two consecutive paths P; , Piy, the sequences P,...,Pi_y and Py, ...
are unique.

The process will terminate according to the Parity Argument, or because
there is a finite number of Hamiltonian paths.

Question: Why can the process not cycle ?

Suppose there is a path 4 that appears in a sequence of transformations

twice before the solution (another HC) is found:
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Each path has exactly two transformation neighbors. Set B and C be two
neighbor paths of A. Then there are two possibilities:
Case 1. P,...,B,A,C,...,C,A,B,...or
Case 2. P,,...,B,A,C,...,B,A,C,...
Case 1. According to (*), if one continues the transformations filling a gap
B,A.C,...,C, A, B, it will result in one of two palindromes below:
i....,B,A,C,....Y,X,Y,...,C,A,B,... - impossible.
ii....,B,AC,...,Y, X, X,Y,...,C, A, B,... - impossible.
Case 2. P,...,B,A,C,...,B,A,C,...
Case 2a:

A = Py, i.e. there is a sequence P,,C,...,B,P,,C,....
However, the original path P; has only one neighbor (see...). Hence, both
C and B cannot be used. Hence, the original path P, cannot repeat in the
transformation sequence.
Case 2b:

P,...,B,AC,...,B,A,C,... where A # P,.

Set B =P = P14, A =P, = P14, C = Piy1 = Pi_14, and

consider a sequence
Pl) ceey Pi—ly Ijiv 13i+lv LR Pi—l+k1 Pi+k) Pi+l+k1 .o

According to (*), the pairs of neighbor paths {B,A} = {P_;, B} =

{P._\+k, Pi+x} produce identical sequences of i — 1 paths towards P;.

15
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Hence, P, = Piyk—(i-1) = Pi+1. Since k+1 < i+k, a path P, will appear
in the sequence before P,_,. (= the second occurrence of B) resulting in the
Case 2a that is impossible.

Hence, the transformation process can neither cycle, nor run into the

same original path.
Q.E.D.
Therefore, the process will terminate in a Hamiltonian path with an end-

point 2 since the number of distinct paths is finite and the process cannot

cycle.

4 On a generalization of the transformation

algorithm for any graph.

4.1 Description.

Consider a complete graph G on n + 1 vertices with given Hamiltonian cycle
HC, =[s,1,2,...,n]. Fix a vertex s and an adjacent edge (s,n). Suppose
d; = deg(v;). Start transforming a cycle according to the transformation
algorithm for a cubic graph. If d, > 3, then at the very first step the
algorithm becomes non-deterministic: it does not know which edge out of
d — 2 available edges adjacent to n to add to the path next (note that edges
(n — 1,n) and (s,n) are not available.)

To overcome that one has the following choices:

16
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1. Trace all arising sequences of transformation paths in parallel;
2. Pick the next transformation according to a certain rule;
3. Pick the next transformation randomly.

Before picking any particular strategy, let's analyze the action of trans-

formations on a given path.

4.2 An example and some experimental results.

Consider Ss, the symmetric group of all permutations of 5 elements {1,2,3,4,5}.
Starting with a sequence (or path) [s, hihohshahs] = [s,1,2,3, 4, 5], consider
all its 3! = 120 permutations fixing the first element s (see the first 6 columns

of the table below) and enumerate them (see the column 'Path #’). Set
Ty (hihahshahs) = hihohshshyg

T3(hyhohshshs) = hihahshahs

Ti(h1hahshshs) = hihshshzho

Ts(hihohshshs) = hshahshoh,

Then the following table represents the right multiplication table for Ss
and a set of transformations 15, T3, Ty, T5:

Notes on Fig.4.1 below:
e There are (5 — 1)! = 24 paths having 5 on the last position (i.e., hs = 3).

e Each path with 5 not on the last position (i.e., ks # 5 ) can be transferred

17
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to such a path by one and only one of the transformations T;.
e The last (5-1)!'=4!=24 paths (#97-#120) have hg = s and hy = 5. Such
paths would represent forbidden transformation paths in a graph where edge
(s, 5) is fixed and cannot be used. In the remaining part of the table (#1-#96)
such forbidden paths appear only in the last column Ts as Ts(hihzh3hed)
where [h hoh3hs5] is a path with hs = 3.
e Each one of the remaining (5 —2)(5 —1)! = 3 x4! = 3 x 24 = 72 paths can
be either transformed into:

- a path with hs =5

or

- one of other 5-2=3 transformable paths.

18
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hy l hs “ Path# "
3 41

{ ho | hi | ha | B3 L |T:|Ty| Ts
s | 214}51}1 42139132 54
s|2|4}513]1 42 41 (37126 | 12
s 21351113 ] 4 43 44 | 48 1 39| 86
s|2|5|1}(4] 3 44 43146 | 33| 62
s {21513 |1] 4 45 46 | 47| 37| 76
s | 2153|411 46 45144 | 27| 16
s | 2]5|4|1]3 47 48 1 45| 31 | 52
s{21514(3]1 438 47143125 10
s|3]1}124]5 49 50|54 |72 117
s|3|]1]2|5] 4 50 49 [ 52166 | 93
s | 31141215 51 5215370 | 107
s | 31|45 2 52 5150160 | 47
s| 31512} 4 53 54 51|64 83
s{311|5]|4] 2 54 53149 |58 | 41
s| 312|145 55 56160171115
s| 312|151 4 56 55158 65| 91
s| 3124|135 57 58 159 |68 101
s | 3214|1511 58 57156 54| 23
s|3|2{5|1] 4 59 60 | 57 | 62| 77

Fig4.lcont.| s | 3 |2 |5 |4 |1 60 59 155|952 17
s{314|1]21|5 61 62|66 |69 104
s{3]4|1}]|5] 2 62 61 | 64159 | 44
s|314[2}(1]35 63 64 | 65|67 98
s | 3[4]2}|5](1 64 6316253 20
s | 34|51 2 65 66 63|56 ]| 30
s{314!512}1 66 65|611{50| 6
s| 35|12 4 67 68 172|631 80
s{3|5(1]4] 2 68 67| 70157 38
s{3|5]2]|1] 4 69 70| 71161 74
s | 315121} 4 1 70 69168 51| 14
s13|]35}14]1 2 71 72169 |55 | 28
s|3(5]|41| 2 1 72 7167|149 4
s|4]1[2]13]35 73 74 178 196 | 111
st41 112151} 3 74 73176190 | 69
s| 4113|235 [6) 76 | 77 194 | 105
sl 41351 2 76 75174184 | 45
s|411t5]|2]3 7 781 75|88 59
st4]1]15]3] 2 78 77173182 35
s| 41211131} 5 79 80|84 95| 109
sl 4[2({1}5]3 80 7918283 67

[~
o
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Fig.4.1 cont.

M h1 hz h3 l h4 | h5 " Path# " Tg | T3 T:t T5 |
s | 41213 ]|1}5 81 82 | 83 ] 92| 99
s |412]1315]1 82 81 | 80 | 78 | 21
s |4]2]5]|1]3 83 84 | 81 | 86 | 53
s|4]2]5]3]|1 84 83 | 79| 7 | 11
s | 4131|215 85 8 | 90 | 93 | 103
s |43 ]|1]56]2 86 8 | 88 | 83 | 43
s | 41312115 87 88 | 8 | 91 | 97
s |41312}|5]|1 88 87 | 8 | 77 | 19
s |4]3]5|1]2 89 90 | 87 [ 80 | 29
s|413]512]1 90 8 | 8 | 74| 5
s {45 |1]|2]3 91 92 | 96 | 87 | 56
s{4]5|1]|3/}2 92 91 | 94 | 81 | 32
s | 4]15]2|1j3 93 94 | 95 | 8 | 30
s |4)15]2]13]1 94 93 192 | 75 | 8
s |45 ]3]1]2 95 96 | 93 | 79 | 26
s |45 ]3|2]1 96 95 | 91 | 73 | 2
s|S5|112]|3]4 97 98 [ 102 | 120 | 87
s |5]112}14]3 98 97 | 100 | 114 | 63
s |91 ]13/[2]4 99 100 | 101 | 118 | 81
s |51 ]3|4}2 100 99 | 98 | 108 | 39
st5|1]4]|2]3 101 102 | 99 | 112 | 57
s|S5|1j4|3]2 102 101 | 97 | 106 | 33
s | 512 |1]13]4 103 104 | 108 | 119 | 85
s|5|2(|1|4]3 104 103 | 106 | 113 | 61
s|5]2)13([1]4 105 106 | 107 | 116 | 75
s {51213 ]|4]|1 106 105 | 104 | 102 | 15
s{s5]2]4|1]3 107 108 | 105 | 110 | 51
s|{5]2)14|3]|1 108 107 1103|100 | 9
s| 5|3 |1}|2]4 109 110 | 114 | 117 | 79
s {53 |1]4]?2 110 109 | 112 | 107 | 37
st513|2}|1]4 111 112|113 | 115} 73
s|513]]2]14]|1 112 111 /110101 | 13
s |53 |4]1]2 113 114 | 111 | 104 | 27
s|513]4}12]1 114 113109 98 | 3
s |5|4]1}12]3 115 116 { 120 | 111 | 55
s|5|4]1]3]2 116 115|118 [ 105 | 31
s|{5(412|1}3 117 118 | 119 | 109 | 49
s |54 ]213]1 118 117{116 | 99 | 7
s|5]4]|3f|1]2 119 120 | 117 | 103 | 25
s|5|4}13]2]|1 120 119115 97 | 1

21
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Hence, the sequence of transformations of the original cycle (s, 1,...,n)
(here n = 5) resulting in a solution (h, = n) would correspond to a compo-
sition of T;'s.

Consider the corresponding muitiplication graph G(V, E) with V = S, =
{me}and E={T;|i=2,...,n}, such that (m, ;) € E if and only if for
some T

7l'iTk =7;.

A path in such a graph written in edge names starting from a vertex with
identical permutation 7, = 1 would correspond to a sequence of transfor-
mations T} of any given path on n + 1 vertices [s,1,...,n]. All such paths
terminating in a vertex with a permutation fixing n would correspond to a
solution. All cycles passing only through vertices not fixing n would corre-
spond to infinite cycles in the algorithm. Suppose the longest such cycle of
length L without a solution is found for a given n with the given restrictions
on permutations. Then the algorithm does not cycle in L steps.

A search showed that the following sequences of transformations produce
cycles:

o If applied to paths such that h; # n and hz # n then

(TrT3)° =1

corresponds to an elementary region in a graph on 6 sides.
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e If applied to paths such that A3 # n then

(LT T:) =1

corresponds to an elementary region in a graph on 12 sides.

Studies showed also that the above mentioned cycles are the only no-
solution cycles for a graph based on S;. Each permutation in each cycle has
three neighbors: two from a cycle and one a solution permutation. It means
that in any graph on 5 vertices the transformation will terminate in at most
12 steps (12 for K5s).

The situation changes with S5 where a lot of different cycles have been
found so far (however, all except the ones mentioned above are longer than
12 edges).

Remark:

To find all possible solutions:

Start with the first path HP,.
Step 1: Extend all transformation sequences by 1.
Repeat Step 1 till all (n — 1)! solution paths are found.

Note. All upper boundaries come from considering a complete graph on

(n + 1) vertices in which all the transformations are allowed at each step.

Among n! — (n — 1)! no-solution paths there are (n — 1)! forbidden paths

23
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using the fixed edge. Hence, there are at most

nn-n-1)!-(n-1)!'=n'-2(n-1)! = (n—2)(n—1)! no — solution paths.

Remark:

Each solution can be produced by at most (n—2) different transformations
from at most (n — 2) distinct paths.

Conversely, all these paths can produce only one solution, each by a
different transformation.

There are at most (n — 1)! solutions. Hence, there are at most (n — 1)!
such sets.

Hence, to generate all solutions the algorithm has to be run until at least
one representative of each such at most (n — 2)-set is produced.

Hence, the longest no-solution transformation sequence is at most of length
(n—1)! that means that almost all solutions are guaranteed to appear in some

acyclic sequence (if any) after (n — 1)! steps.

4.3 The advantages of the algorithm for a general graph.

Given a graph G on n + 1 vertices and a Hamiltonian cycle HC, in it, pick
a vertex of the highest degree D = mazx(deg(v;)) to be a starting vertex s in
the transformations. Fix an edge (s, n) and start transforming the resulting
path [s,1,2,...,n]. Such a strategy will increase the probability of getting

extra Hamiltonian cycles not passing through the originally fixed edge at all.

24
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Since each step produces new Hamiltonian paths with the same start-

ing vertex and new final vertices, the probability of each new path being a

D
-

Hamiltonian cycle is

Besides, if an algorithm keeps track of all formed paths and eliminates
transformation sequences that cycle without producing an answer, then all
produced paths with a final vertex adjacent to the fixed starting vertex will
form a set of distinct Hamiltonian cycles.

Changing the strategy a little bit and using the same starting vertex s of
the highest degree D with vertices (a,, ..., ap) adjacent to s and an algorithm
transformation principle, one may start with inspecting the original cycle
HC, in the following way:

Step 1: Pick a vertex a; adjacent to s such that a; # 1 and a; # n.

Step 2: If a vertex (a; — 1) is adjacent to n then transform [s,1,2,...,n]
into [s,1,...,a; — 1,n,n - 1,..., a;] which is a Hamiltonian cycle.

Repeat steps 1 and 2 for all vertices adjacent to s.

The algorithm applied in a deterministic way is shown on Fig. 4.2. The

algorithm involving some randomization is studied in Section 6 below.

5 Reducing a graph to almost cubic.

In an attempt to make a transformation algorithm for a general graph as
close to deterministic as possible one may consider deleting some edges from

the original graph in the way described below (see Reduction Algorithm 2)

25
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and transforming a graph into cubic or almost cubic (see definition below).
Clearly, it is possible to reduce a graph to cubic by deleting edges if and only
if a graph G(V, E) has a cubic subgraph on all |V]| vertices.

5.1 General Reduction Algorithm.

Definition: A graph is called almost cubic if

e all its vertex degrees are greater than 2 and

o deleting any edge will create a vertex of degree 2.

Consider a graph G(V,E) on |V| vertices V = {v,...,vvj} where each
vertex v; has degree deg(v;). Assign a weight w(v;, v;) to each edge (v;,v;)

equal to the minimal number among deg(v;) and deg(v;):
w(v;, v;) = min(deg(v;), deg(v;))-

Hence, all edge weights are always greater or equal to the smallest vertex
degree in a graph.

Reduction Algorithm 1:
Step 1: Pick any edge of the highest weight greater than 3 and delete it.
Step 2: Adjust the corresponding vertex degrees and edge weights in the
following way:
e decrease each deg(v;) and deg(v;) by one;
e for each edge (v;, z) adjacent to v; if w(v;, z) > deg(v;) then reduce w(v;, z)

by one;

26
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e for each edge (v;,z) adjacent to vj, if w(v;,z) > deg(v;) then reduce
w(vj, z) by one;

Step 3: Repeat steps 1 and 2 until all the edge weights are equal to 3.
Note 1. Step 1 is defined in order to make the algorithm more deterministic.
It is an open question whether picking the smallest or any other edge weight
greater than 3 will produce better results.

Note 2. The algorithm may produce a graph with more than one connected
component. In case it does, all further arguments in this paragraph apply to
each connected component separately.

Note 3. Step 1 of the algorithm can be changed to Step 1* below so that
the graph connectivity is preserved:

Step 1*: Pick any edge of the highest weight greater than 3 that does
not disconnect the graph and delete it.

In this case the algorithm may produce a minimal connected graph closest
to almost cubic. Step 3 also has to be transformed to Step 3* below:
Step 3*: Repeat Step 1* and Step 2 until all the edges that do not
disconnect a graph have weights equal to 3.

In a formed graph each vertex z of degree deg(z) > 3 is surrounded
only by vertices of degree 3. A vertex y of degree 3 can have both trivalent

and other vertices adjacent to it. Hence, the number of trivalent vertices is

27
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greater or equal to the highest degree in a graph. See examples on Fig.5.1.

Note that since a triangulation is a maximal planar graph, the addition
of onc edge turns it into a non-planar graph. Hence, no planar non-reduced
graph can be reduced by the algorithm to triangulation.

Consider a triangulation Gr embedded on the surface of a sphere. Pick
a vertex r of any degree. Consider edges (z,a) and (z,b) so that a path
a — r — b is on the boundary of some elementary region. Since all elementary
regions are triangles. vertices {a.r, b} do form a triangle and there is an edge
(a, b). Since it is true for all such consecutive pairs a, b of vertices adjacent to
. all vertices adjacent to r with edges connecting them form a closed simple
path. Hence. the degree e of any vertex adjacent to z is at least 3.

Suppose deg(z) = 3. Then the vertices {a,b,c} adjacent to z form a
triangle. Suppose there is another vertex d adjacent to a such that d —a —b
is part of some clementary boundary. Then. by the same argument as for
vertex £ above. vertices {d, a. b} form a triangle. That means that the degrees
of both a and b arc at least four. Hence, the weight w(a,d) > 4 and an edge

(a. b) will be deleted by Step 1 of the algorithm creating an elementary region

28
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with at least four sides.

Suppose deg(z) = d > 3. Then the vertices {a,,...,aq} adjacent to
form a polygon with d sides. Such a construction itself is not a triangulation
due to the elementary region [a;,...,a4] that is not a triangle. However,
if it is a part of the connected graph which is a result of reduction by the
algorithm , for each i, deg(a;) = 3, and no other vertices can be added.

Hence, the algorithm cannot produce a triangulation, or the algorithm
reduces any triangulation to a graph that is not a triangulation.

Remark: In other words, the arguments above imply that in any trian-
gulation with more than four vertices there is at least one pair of adjacent

vertices both of degree greater than three.

5.2 Reduction algorithm preserving a given Hamilto-
nian cycle.

The algorithm of transforming a given Hamiltonian cycle into another one
passing through the same edge is deterministic in the case of cubic graphs
and most probably non-deterministic in the case of general graphs, since
most certainly a path produced at a certain step admits more than one
further transformation. Slightly changing the algorithm above and applying
it to a general graph with a given Hamiltonian cycle so that no cycle edge is
deleted can make the transformation algorithm work more efficiently.

Given: A graph G(V, E) on |V] vertices and a Hamiltonian cycle HC.
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Goal: Find a subgraph of G on V that has the same Hamiltonian cycle.
Reduction Algorithm 2:

Step 1: Pick an edge that:

e has the highest weight greater than 3;

e does not belong to HC.

Delete it.

Step 2: Adjust the corresponding vertex degrees and edge weights in the

following way:

e decrease each deg(v;) and deg(v;) by one;

o for each edge (v;, z) adjacent to v;, if w(v;, £) > deg(v;) then reduce w(v;, z)

by one;

e for each edge (v;,r) adjacent to vj;, if w(vj,z) > deg(v;) then reduce

w(vj, ) by one; |

Step 3: Repeat Step 1 and Step 2 till all the edges that do not belong to

HC have weights equal to 3.

End of Algorithm 2.

Note 1: Since a Hamiltonian graph is always connected, Reduction Algo-

rithm 2 will always produce a connected graph.

For an example of the reduction algorithm see Section 9 below.

30
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5.3 Applying the transformation algorithm to almost
cubic graphs.

For an almost cubic graph with only one vertex of degree greater than three
the transformation algorithm works exactly as in a cubic graph. Given a
Hamiltonian cycle, set a vertex with degree greater than 3 as a starting ver-
tex (Start) for further transformations. Fix any of two edges in the Hamil-
tonian cycle adjacent to the Start vertex. Transform a path. Since all the
vertices that can become final in paths have degree 3, at each step the next
transformation is unique. Besides, all the arguments used in the proof of the
algorithm convergence in the case of cubic graphs apply. For an example of
reducing a general graph to the almost cubic case see Example 1.

For all other almost cubic graphs the algorithm depends on the number
of vertices of degrees greater than 3, and on the degrees themselves. If at
a certain transformation step a Hamiltonian path final vertex has degree
d, then the next transformation can be done in d — 2 ways (one edge is
currently used, another edge was used at the previous step). The next step
in the analysis of the algorithm for this case would be to study different kinds

of almost cubic graphs arising in the reduction algorithm.
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6 Randomized transformation algorithm for

general graphs.

6.1 Description.

Since the transformation algorithm is most certainly non-deterministic in
a general non-reduced graph, and the probability of producing a cycle dis-
tinct from the original cycle is relatively high, it seems natural to make the
algorithm random.
Given:
e A planar graph G(V, E) on |V| = n + 1 vertices with all vertex degrees >
3;
e Vertex s in V" of the highest degree deg(s) = d;
e A Hamiltonian cycle HC =[s,1....,n].
Problem: Find another Hamiltonian cycle.

Consider a random form of the general transformation algorithm with the
following changes:
e Instead of producing all possible transformations for a certain number
of steps. the random transformation algorithm will randomly choose next
transformation from the list of allowed transformations. This way it will
work only with one sequence.
e Instead of looking for a Hamiltonian cycle passing through a fixed edge it

will look for any Hamiltonian cycle.
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6.2 Algorithm

Step 1

Randomly pick a vertex HPy(t) = adj(HPy(n)) = adj(n) = t from the list of
vertices (if any):

e adjacent to HPy(n) = n;

e other thansor HPy(n —1) =n — 1.

Step 2: Rewrite a path:

H Py(z) where: as HP,(i) where:
HPy(0) =s HP(0)=s
HPy(1) =1 HP,(1) =1
HPy(t) =t HP(t) =t

HPy(adj(n) + 1) =i+ 1| BB G+ 1) =n
HPo(ad](n)+2) =t+2 HP[(t+2) =n-1

HP(n-1)=n-1 HP(n-1)=t+2
HPo(n)=n HP[(n)=t+1

Step 3: While there is no edge (s, H Pi(n)) repeat Step 4 and Step 5:

Step 4: Randomly pick a vertex H Pi(t) = adj(HPi(n)) from the list of
vertices

® adjacent to HPF(n) (i.e., the last vertex in a path H P (3);

e other than HP;(n — 1)

or

e adj(H Pi_,(n)) (to avoid the transformation reversing a previous step).

Step 5: Rewrite a path: -
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HP (i) as HP, (i) where
HP,,,(0) = HP(0)
HP;, (1) = HP(1)

HPyoi(t) = HP:(2)
HPy1(t +1) = HPi(n)
HPe (t +2) = HP,(n - 1)

HPyoy(n—1) = HP(t +2)
HP,\(n) = HP(t +1)

See Appendix A for a code.

6.3 Program Output Example 1.

Given: A graph on 9 vertices with maximum vertex degree equal to 6.
Graph adjacency matrix:

Notes: The vertices are numbered 0 through 8. The first column cantains
vertex numbers, the next six columns contain the numbers of the vertices
adjacent to the vertex in the first column. The last column contains the

vertex degree.

Off1{3{4{5]718]6
112[3(6(8]0]-15
21173 4]53(6]-1]3
3f1j2]14j0}|-1-1+4
1f213(5]0)-}-1+4
2012(4(6(0]-]-13
6f|1j2{3|8|-1-{5
56|80} -]-{4
81i6{7j0]-1-4+4

34
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(Note for the program: In Input file all empty cells should be filled with
zeros.)

Sorted list of cycles produced after 49 program runs from the original
cycle

012345678

012345687 (10 times)

018762345 (7 times)

018765234 (7 times)

0187635423 (25 times)

(49 copies)
For detailed output showing all transformations in each run see Ap-

pendix B.

6.4 Program Output Example 2.

Given: A graph on 25 vertices with maximum vertex degree equal to 10. It
is a dual graph to the Tutte cubic graph on 46 vertices

Notes: The vertices are numbered 0 through 24. The first column can-
tains vertex numbers. the next ten columns contain the numbers for the
vertices adjacent to the vertex in the first column. The last column contains
the vertex degree.

Graph adjacency matrix:

35
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Sorted list of Hamiltonian cycles produced after 49 program
runs from the original cycle:
0123456789101112131415161718 1920 21 2223 24
01234567891011 1213141516 17 18 19 20 23 24 22 21 ( 2 copies)
012345678910111213141516 17 1823 19 20 21 22 24 ( 6 copies)
012345678910 111213141516 17 1824 2319 20 21 22 (11 copies)
012345678910111213141516 1724 18 2319 20 21 22 (16 copies)
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01234567891011 121314151618 1920212223 24 17 ( 4 copies)

012345678910111213 141516192021 2223 18 24 17 ( 3 copies)

01234567891011121314 1516192021 2223241817 (5 copies)

012345678910111213 141516192021 222423 18 17 ( 2 copies)

49 copies

For the detailed output showing all transformations in each run see Ap-
pendix C.

Remark: The output and transformation analysis suggest that a prob-
ability of getting new cycles with the same starting path of some length is
higher than producing totally different paths. Hence, to produce other cy-
cles one may try to choose another fixed edge adjacent to the starting vertex.
Making such changes one should keep in mind that the same cycle can be

written in two ways starting with the same starting vertex.

7 4-Color Conjecture equivalent form by Whit-
ney.

Hassler Whitney proposed one of the first equivalent statements of the 4CT
in 1930. In a paper A Theorem On Graphs Whitney proved (Whitney Theo-
rem 1) that given a planar graph composed of elementary triangles, in which
there are no circuits of 1. 2. or 3 edges other than these elementary triangles,
there exists a circuit which passes through every vertex of the graph exactly

once. i.e. a Hamiltonian cycle.
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Hence, given any graph G on n vertices as described in the theorem
above, one can construct a graph isomorphic with it (and called the Whitney
Normal [Polygonal] Form) as follows (see Fig.7.1):

e Draw a regular polygon of n sides formed by the Hamiltonian cycle (that
exists by Theorem 1);

e Draw diagonals, no two of which cross, dividing the inside of the polygon
into triangles;

e Draw circular arcs, no two of which cross, dividing the outside of the

polygon into circular triangles.

Fig.7.1. Whitney Polygonal Form.

Suppose one can color the n vertices of such a polygonal form by four
colors so that no adjacent vertices have the same color. Consider the dual
graph D(G) and a corresponding map M(D(G)). Color each region of the
map by the same color as the corresponding vertex of G. Any two regions
with a common boundary correspond to two vertices of G joined by an edge.
and are therefore of different colors. Hence. the existence of a vertex 4

coloring of the polygonal form implies a 4-coloring of the corresponding dual
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map.

Conversely, since every polygonal form is a dual of a map. 4-coloring of
the map implies a vertex 4-coloring of a dual polygonal form.

It is easy to see that a 4-coloring of any map dual to a Whitney polygonal
form implies a 4-coloring of any map on the surface of a sphere.

Hence, one obtains the following statement equivalent to 4CC:

If the vertices of any Whitney polygonal form can be colored in four colors,
then every map on the surface of a sphere can be colored in four colors, and

conversely.

Note. A graph G on n vertices described in Whitney’s Theorem 1 is a
maximal planar graph. ( Suppose G has n vertices, m edges and r regions.
Then n — m + r = 2 (by Euler’s Theorem) and 3r = 2m (by construction).
This implies an equality m = 3n — 6 that corresponds to a maximal planar

graph.) It is also true that any maximal planar graph is a triangulation.

8 Notes on algebra and association equations.

8.1 Vector Cross Product Algebra.

Definition 8.1: If 7, j, k denote a standard unit orthogonal basis for Euclid-
ian 3-dimensional space as a vector space over the real numbers, then the

Vector Cross Product Algebra is defined in the following way:

1.00=0
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[A]

.0i=0j=0k=0=10=;0=k0=0
.uu=jj=kk=0
4.ij =k, ji=—k,jk=ikj=—t.ki=j1k=—]
5. Distributive Law:
For any vectors u,v, and w
u(v + w) = (uv) + (uw) and (u + v)w = vw + vw
6. Scalar Linearity:
For any vectors u,v, and w and any scalar &

k(uv) = (ku)v = u(kv)

Note: As a matter of convenience, vw is used here instead of the customary
notation v X w. Written with the customary notation, the scalar linearity
property has to be written as k(u x v) = (ku) x v =u X (kv).

The Vector Cross Product Algebra is non-associative. E.g., consider an

equation z(yz) = (zy)z. For example, z =y =7 and z = j:

(1) =05 =0

and

i(if) = ik = —j.

However, the associated products may be equal for certain values of the

variables. Set z =i, y=k. z =1

(ik)i=—ji=k
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and

i(ki) = ij = k.

Definition 8.2 ([4]): Given any collection of variables z,z,z3. ..z, , let
L (for left) and R (for right) denote two specific associations of the product
IT1T2Z3...ZIn. A solution to the equation L = R in the Cross Product Algebra
is said to be sharp if both sides are non-zero, and the values for the variables

are chosen from the elements ¢, j, and k.

8.2 Geometric representation of an association.

Any association can be represented by a tree similar to an expression parsing
tree in a modern compiler. Set the variables z, y, = as tree leaf edges:

Fig.8.1.

T (L); L = (zy)z
Le., all (n — 2) parenthesis structures of an n-variable cross product cor-
respond to (n — 2) tree representations T¥(...).

It follows from the construction above that a root edge of such a tree is
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assigned the value of the whole association.

For a given L, one may find a solution of an equation

L =a wherea=1i,j, ork

using a tree T(L):

e 3-color the edges of T(L) in the following way: Starting from the root
edge and moving up according to Fig.8.1, for each edge colored in one of
3 colors, representing a product vertex, color the two edges representing
product factors by two different colors.

e Replace the three colors by the variables 7, j, k. This produces a solution
to one of the equations L =aor L = ~a.

e The sign of the solution is the same for both equations (see [4] for detailed

proofs.)

8.3 Geometric representation of an association equa-
tion.

To represent an equation L = R on n variables by a graph (Fig.8.2):

e Draw two trees T(L) and T(R") where R" is an association R with the
letters in reverse order;

e Collapse each pair of leaves adjacent to the edges representing the same
variables into one leaf and then delete the leaves completely, leaving an edge

for each variable;
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e Collapse the root-edges of the two trees into one edge.

One obtains a cubic planar graph denoted by K = T(L)#T(R").
It will follow that the existence of a sharp solution for an equation L = R
produces a 3-coloring of K's edges that, in its turn, will produce a 4-coloring
of its regions. Conversely, a 4-coloring of the regions corresponds to a unique
3-coloring of the edges that, in turn, produces a solution for the equation

above (as was shown).

Fig.8.2
L: (x1x2)(x3x4)
R: o (x2x3)xq)
Equation: (x1x2) (X3¢ ) =x1((x223) x4 )
()
L)
® ()
Result—» L

XI “ x4

nR)
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9 Different forms of a given K-map.

On the one hand, a graphical method can be used to enumerate all possi-
ble sharp solutions of an association equation. since these are in one-to-one
correspondence with the edge-colorings of the map K(L. R).

On the other hand. given an equation L = R in n variables and a cor-
responding map K(L.R) = T(L)#T(R"), one may use an edge 3-coloring
of K(L,R) to produce solutions to certain other association equations in n

" variables. This will be done by considering different graphs isomorphic to

K(L.R).

n isomorphic transformations of a A'-tree K(L. R)

producing n + 1 equivalent equations.

Consider a map K(L.R).

e Enumerate K's (n + 1) regions by ry,....Tp4.

e Enumerate K(L,R) N T(L) by ky,... kn—y.

Enumerate K(L.R) N T(R")’s vertices by kn,....kan-2.

e Enumerate edges tieing two trees T(L) and T(R*) through z,,... .z, for
variable edges and r,., for the root edge (representing the result of the
equations L and R) so that a boundary of each region r; includes a pair of

edges I;, T,4; (fori <n+1) and zp4y .z, (fori =n+1).

For cach z; there is a pair of adjacent vertices. one in T(L) and one in T(R").

There are n + 1 such pairs.
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Consider an embedding of a map K(L.R) on a sphere. Transforming the
map on a sphere so that each time another variable edge z, becomes a root
edge (or a result edge) and. correspondingly, ,’s adjacent vertices become
root vertices of two trees. one will obtain n more equations in the same n
variables. Each such transformation makes regions having z, in a boundary
into outside regions for T(L) and T(R").

Sce the example below (Fig.9.1) for a case with n = 4 variables.
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xa(R(x1x2))=(xaR)(x1 x2)=x3

#5

(R(x1x2))x3=R(( X1 Xx2) x3) = xa

[—— > Backto#1

46
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10 Creating a K-map from a planar cubic
graph.

Given a planar cubic graph. one may attempt to put it into A" — map form.
It may be used, for example, when a graph is already 3-colored. According
to the previous sections, if a graph is 3-colored and admits K — map form
K(L.R) for some L and R. substituting colors for the orthogonal basis units
i, j, k immediately gives a solution to an equation L = R.

First of all, one needs to analvze a K — map form K(L.R) for some
equations L and R in n variables. Each tree. T(L) and T(R"), has (n — 1)

vertices each. the total of
V] = 2(n — 1) = 2n — 2 vertices.

Since the graph is cubic. there are

3V 3(2n—2)

5 5 = 3(n — 1) edges.

|E] =
According to the Euler formula. there are
|IR| = |E| - [V]|+2=3(n—1)—(2n —2) +2=n+1 regions.

Ie.. if there is a A-form for a graph on [V7] vertices. it corresponds to

B+ varjables.

some equation on n =

47
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Further, a K — map is made of two trees tied together through leaves
and roots only. It means that there is always a circuit passing through all
n + 1 regions exactly once, crossing n + 1 edges. not touching any vertex.
and leaving exactly n — 1 vertices on each side. If one puts vertices on the
intersections of the circuit and the edges it crosses. two original trees would
be restored. It follows from Section 3 and Lemma 10.1 below that. from an
algebraic point of view, given a graph and such a circui t it does not matter
what vertices are picked up as a root vertices since all eligible (according to
Section 3) n + 1 pairs of vertices would produce n + 1 equivalent equations.

Hence, one may ask the following two questions:
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Question 1:

What planar cubic graphs on |V7| vertices do have u circuit that:

P1:passes through all its reqions ezactly once:

P2:leaves ezactly 1%1 vertices on each side?

Question 2:

Are conditions P1 and P2 necessary and sufficient for a cubic planar graph

to admit a K-form?

Lemma 10.1: Given a planar cubic graph G(1", E) on |V'| vertices with a
circuit C satisfying conditions P1 and P2 as described, there is a correspond-
ing K-form K(L,R) isomorphic to G for some equation L = R on (—Iﬂ;ﬁ
variables.

Proof (constructive): Given a planar cubic graph G(V. E) on [V] ver-
tices and a circuit C satisfving conditions P1 and P2, consider a map M(G)
- a planar embedding of G on a sphere.

C divides a sphere into 2 simple regions. Let G, be a part of G inside
one of two regions, including the edges crossing C. and G - its complement
in G plus the same edges crossing C.

According to P2 there are %‘- vertices in each G, and G. Besides. there
are no vertex cvcles inside G, and G, since all the regions are crossed by C.
Hence, C divides the graph G into two overlapping trees G, and Gg.

Since G is cubic and |17} is even. one can set |1'] = 2n —2 for some integer
n. Hence, there are [E| = 3’-.}—1 = 3(n — 1) edges and |R| = ‘L21 +2=n+1

regions. Since each region is cut by C exactly once. there are n + 1 edges
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crossed by C.

Pick any edge (v,.vx) crossing C. Set vertices t, and v, to be root vertices
of trees G and Gp respectively and (v,,v;) to be a root edge. (Then two
regions having (v;,vx) on their boundaries become outside regions for the
remaining tied trees.) If necessary, starting from the roots. rearrange vertices
so that at each vertex one of three edges closer to a root (in terms of the
shortest path between an edge and a root) lies geometrically closer to a root.

It is clear that on a sphere this corresponds to a geometrical rearrange-
ment that creates a planar map isomorphic to A/(G) without any edge cross-
ings.

Q.E.D.

Hence, the answer to Question 2 is Yes.

As for Question 1, one needs to go back to the Whitney's theorems on
graf)hs and maps. A theorem on maps deducible from Whitney's Theorem I

for triangulations (see Section ...) states:

Theorem 10.2 (H.Whitney):

Given a map on the surface of a sphere containing at least three regions in
which:

(A1) The boundary of each region is a single closed curve without multiple
point,

(B) Ezactly three boundary lines meet at each vertez,

(A2) No pair of regions taken together with any boundary lines separating

them forms a multiply connected region,
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(A3) No three regions taken together with any boundary lines separating
them form a multiply connected region,
we may draw a closed curve which passes through each region of the map

once and only once, and touches no verter.

Note. For a graph G as described in Whitney's Theorem II. a dual graph
D(G) satisfies Whitney’s Theorem I, i.e. is a triangulation with no circuits
of one, two, or three edges other than the elementary triangles.

By Theorem II such a G has a closed curve (or a cycle) which passes
through each region of the map once and only once, and touches no ver-
tex. If the curve divides a set of vertices in halves, it allows one to build a
corresponding K — map. Consider a dual D(G) of a given graph G that is
a triangulation. Since a set of vertices of D(G) is in one-to-one correspon-
dence with a set of regions of G. a curve in G described in Theorem 10.2
corresponds to a Hamiltonian cycle in D(G).

Hence, if there is a Hamiltonian cycle in D(G) that divides the vertices
of D(G) in halves. then there is a K — map dual to D(G).

Given a planar triangulation D(G) on the surface of a sphere together
with a Hamiltonian cycle in it, put it in a Whitney polygonal form and con-
sider only the inside of a polvgon.

Lemma 10.2: Given a triungulated surface bounded by a polygon with p
sides and p vertices (p > 3). there are (p — 2) triangles and (p — 3) edges not
counting p boundary edges.

Proof: Consider a triangulated surface hounded by an n-polygon (vy, va, ..., v,),
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p > 3. In any such triangulation:

e any pair of adjacent triangles share exactly one edge:
e there are at least two triangles each having two edges on the boundary
and only one adjacent triangle:

e all other triangles have two or three adjacent triangles.

Step 1: Delete a triangle (v;, v2,v3) with two edges (v, v2) and (v2, v3)
on the boundary. Hence, a vertex v, is deleted.

There remains a triangulated surface bounded by an (n — 1)-polygon
(vy,v3,...,vs) on (n—1) vertices that has all the properties described above.

Repeat Step 1 & times till (p — k) = 3, i.e., (p—3) times. The remaining
polvgon is also a triangle. Hence. there were originally (p — 2) triangles.

Let the inside edges denote all the edges of a triangulation except for the
boundary edges. Each pair of triangles shares an inside edge.

Hence,
(a number of boundary edges) + 2(a number of inside edges) =

3(a number of triangles)

and

-9 —
(a number of inside edges) = E(L—;)——p =p-3.

Q.E.D.

The Whitney theorems and both lemmas above imply the following two
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statements:

Theorem 10.3: Given a map on |V'| vertices on the surface of a sphere
containing at least three regions in which conditions (4,), (42), and (A3) of
Theorem 10.2 are satisfied, there is a K-form isomorphic to the given map
corresponding to some association equation on %-l + 1 variables.

Theorem 10.4: If the edges of any map as described in Theorem 10.2
can be colored in three colors, then any association equation in n variables
such that a corresponding K — map satisfies conditions (A2) and (A3) of
Theorem 10.2 has a solution.

Due to Lemma 10.2 condition (P2) can now be deleted from Question I
and the question be restated as following:

Question 1-A: What planar cubic graphs have a circuit that passes through
all their regions ezactly once?
or equivalently:

Question [-B: What planar triangulations have a Hamiltonian cycle?

Note that the Whitney's theorems only partially answer both questions
1-A and 1-B. A famous example of a graph that does not satisfy all the
conditions of Theorem 10.2 is a Tutte graph (let’s call it T) on 46 vertices
(see Fig.10.1). In Tutte’s graph there are three triples of regions such that
each triple taken together with any boundary lines separating them forms a
multiply connected region. Correspondingly, a dual graph D(T) to Tutte’s

graph has three circuits of three edges othe r than elementary triangles.
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Fig.10.1 Tutte graph on 46 vertices.

However, D(T') has a Hamiltonian cycle and T has a corresponding closed
curve which passes through each region of the map once and only once, and
touches no vertex.

Hence,

e condition (A3) is not a necessary condition for Whitney’s Theorem II

(10.2) ;
e forbidding triangles other than elementary ones is not a necessary

condition for the Whitney’s Theorem I.

Consider another, smaller example on 8 vertices (which is a K — map):

Fig.10.2
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There is a closed curve passing through all regions exactly once. However,
in the hypothesis of Theorem II, neither (A4;) nor (Aj;) are satisfied.

Hence,

e neither (4,) nor (Aj3) is a necessary condition for Theorem II.

However, there is obviously no way to draw a closed curve passing through
all regions exactly once and touching no vertices in a graph with a bridge,
or an edge connecting two otherwise disconnected graph components (See
Fig.10.3 below).

Fig.10.3

11 Example.

11.1 Reducing a graph to an almost cubic graph.

Consider a planar triangulation on 9 vertices (see Fig.11.1) which is the dual
of the cubic planar graph on 14 vertices (see Fig.11.3). Figure 11.1 shows an
example of reducing the graph to an almost cubic graph deleting the edges
of weight 4 and higher (the red edges on the figures). The edge weight labels
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are shown right on the graph edges. The vertex degrees are shown next to

vertices. The vertices are numbered 1 through 9.
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Fig.11.1
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Fig.11.1 (cont)
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Fig.11.1 (cont)

In this example, after the last edge of weight 4 is deleted, the only vertex of
degree greater than three is vertex 7. All other vertices have degree 3. Hence,
the graph is almost cubic with the given Hamiltonian cycle [1,2,3,4,5,6,7,8,9]-
Fixing vertex 7 as a starting vertex and considering a Hamiltonian path
[7,6,5,4,3,2,1.9,8] with a fixed edge (7.8) one may transform it into another
unique cycle through the fixed edge using the transformation algorithm for

cubic graphs or into any other cycle using the algorithm for general graphs.

59

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The algorithm for general graphs in this case is equivalent to the algorithm
for cubic graphs since cach transformation is completely determined (each
degree except that of the starting vertex is equal to 3) except that it may be

shorter.

11.2 Transformation of a given Hamiltonian cycle in
the reduced graph.

Figure 11.2 shows the transformation of a given Hamiltonian cycle [7,6.5,4,3.2.1,9,8]
in the graph reduced to an almost cubic one in Fig.11.1. The edge (7.8) is
fixed. Vertex T is used as the starting vertex for the transformations. The
sequence of the Hamiltonian paths produced by the transformations is shown
at each step.

Since none of the intermediate transformation paths happened to have a
final vertex adjacent to a starting vertex 7, the only Hamiltonian cycle found

is the final one [7.6.5.3.4.2.1.9.8).
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Pathl: [7,6,5.4.3.2,1.9.8]
Path2: 7,6,8,9,1,2,3,4,5]

Pathl: (7,6,5.4.3.2,1.9.8]
Path2: [7,6,8,9,1,2,3,4,5]
Path3: [7,6,.8,9,1,2,3.5.4]
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Fig.11.2 (cont.)

Pathl: [7,6,5.4.3.2,1.9.8]
Path2: [7,6,8,9.1,.2,3.4,5]
Path3: [7,6,.8.9,1,2,3.5.4]
Pathd: [7,6,8,9,1,2,4,5,3]

Pathl: [7,6,5.4,3,2,1,9,8]
Path2: [7,6,8,9,1.2.3.4.5]
Path3: [7,6,8,9,1,2,3.5.4]
Pathd: [7,6,8,9,1,2,4,5.3]
Paths: [7,6,8,9,1,2,4,3,5]

Pathl: [7,6,5.4,3,2,1,9,8]
Path2: [7,6,8,9,1,2,3.4,5]
Path3: [7,6,8,9,1,2,3,5.4]
Pathd: [7,6,8.9,1,2,4,5.3]
Paths: [7,6,8.9,1.2.4.3,5]
Path6: [7,6.5,3,4,2,1,9,8]
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11.3 Creating K-maps and solving the corresponding
association equations.

Consider the original graph on 14 vertices with no edges deleted. Both the old

and the new Hamiltonian cycles generate closed curves in the graph passing

through all regions exactly once and crossing no vertex (see Figure 11.3).
Using both closed curves we create two different K-maps for the graph.

K-Map 1 is shown in Figure 11.4 and K-Map 2 is shown in Figure 11.5.
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K — map 1 is equivalent to the association equation:

(1 (z2(r3L4)(L526)]L7) L8 = T1[(2223) (24T5)][T6(T728)]

K — map 2 is equivalent to the association equation:

[ (o) {2 (o5 re) Lt Dy = (2 {25 [(3£0)25]}) [25(2725)]

where

. =1, fori=1.3.5.6.7.8 and T, = £I2T3; Iy = £I3I,

Rewritten with the first variables. the second equation becomes:

(21 (((€2£3)x3) {[(£3z4)(x5L6) )27 })]zs = (z1{(z223)[(z3(T3Z4))Z5]})[z6(z775)]

Given the 3-edge coloring of the graph (hence, the 3-edge coloring of both
its A'-forms). one immediately obtains solutions to both equations. Different
3-cdge colorings correspond to different solutions. See Figures 11.6 - 11.8 for

an example.
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Fig.11.6. z, = (3,9) = j
z3=(8,9) =1
T, =(7,8) =]
zs=(6,7) =k

zg = (6,14) =1
z7=(4,13)=j
zg =(1,13) =1
z,=(9,10) =k
7, =(58) =k

Fig.11.7 Fig.11.8
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12 Unconventional approach to the Hamilto-
nian cycle problem: molecular comput-
ing.

12.1 Introduction.

There was not much said so far about the situation when a Hamiltonian cycle
is required for further manipulations (such as transformations into another
Hamiltonian cycle or construction of the corresponding K-map) but it is
not found vet. Many algorithms exist that can find Hamiltonian cycles. In
practice, however, given a graph with a few dozens of vertices, the number
of steps required to complete these algorithms becomes too large for any
conventional computer.

A possible solution may come from the biolabs where all the necessary
information about a given graph is translated into certain DNA sequences in
such a way that one may take advantage of the famous Watson-Crick com-
plementarity. The complementary sites of single-stranded DNA molecules
bind together forming longer double-stranded molecules. The original DNA
molecules are prepared in such a way that two graph edge-molecules bind
together only if they are incident with the same vertex in the graph. As a
resul t. the Hamiltonian path molecule is formed among other “DNA junk™.
The result is filtered and “read” using lab eugipment. See Appendix D for

the details on the first experiment performed by Leonard Adleman with a
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graph on 7 vertices. See (1] for details and other references.

The real experiment became possible in practice due to. first of all. the
microscopic size of DNA molecules that can be combined together in huge
amounts. Secondly, modern biolab techniques finally allow the creation of
predefined DNA sequences, control their proper binding (or ligation) and
separate and read the resulting sequences. A lot of theoretical models of
DNA computation for different problems were suggested since 1994. The
real lab experiments are a little behind due to the technical problems. Howe
ver, the field is developing very rapidly and finding new areas of application.

A lot of material was also published describing basic lab techniques as
formal operations. Using a formal language theory, DNA computation mod-
els were presented as theoretical computation models and were proved to
be universal, in other words, capable of solving any problem algorithmically.

(See (3], [7], and [2].)

12.2 Possible conventional computer simulation of the

biolab experiments.

The real process taking place in a test tube and afterwards during all steps
of filtering can be partialy simulated on the conventional computer in a few
ways. Simulation, of course. does not replace the ideal DNA lab experiment
due to existence of a huge number of parallel processes in a tube. Besides,

computer simulation most probably will not take into consideration all the

69

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



chemical and physical factors affecting interaction of DNA molecules. How-
ever, it may significantly help to analyze the process showing its advantages
or disadvantages. Depending on the purposes of computer simulation. one
can consider different approaches restricted to certain tasks.

One of the approaches would be to simulate the whole process as close to
the real experiment as possible. It would require the creation of a pseudo-
random analogue of a ligation reaction (see step 1 of the algorithm) when
complementary molecules link to each other forming all possible paths. Such
a simulation may appear helpful in the analysis of the complexity of ligation
reaction, in studying the increase in complexity arising from increase of the
problem input size, in estimating a probability of getting a correct answer in
different conditions, etc.

Besides giving a combinatorial picture of the ligation reaction, such a
simulation may in its turn show ways of widening the range of problems that
may be solved in a tube.

It may be argued that such an experiment is unnecessary for the follow-
ing reason. The key argument of the DNA computing advocates is that all
the paths are likely to be formed in a test tube before filtering. implement-
ing the idea of “exhaustive search” in practice. However, the probability
of forming all the paths depends mostly on the amount of available DNA
material that, in its turn, significantly increases the amount of undesirable
“junk” and “false witnesses” in a test tube. i.e. illegal graph paths formed

due to the availability of oligos close to complementary, or due to not well
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chosen encodings for a graph vertices and edges. As a result. the probability
of filtering out molecules representing the correct answers decreases with the
growth of possibly unnecessary input.

Hence. taking also into consideration the difficulties with running real
DNA computing experiments, it seems reasonable to attempt to simulate
them on the conventional computer estimating the amounts of necessary and
unnecessary input and selecting the best strategies and problems for later
applications in a lab.

The main purposes of the current algorithm are to analyze:

e the number of desired Hamiltonian Paths in the output vs. other paths
of length N that are likely to pass all algorithm steps except for the last one
(see “Magnetic Beads” step in Appendix D);

e complexity and reliability of simulation.

Future goals:

e the dependence between the number of available edge oligos in the bio
experiment and likely formation of the desired paths;
Different simulation approaches.

Consider a graph G on N vertices. The most straightforward method
would be to actually create .V distinct strings of length L. one for each
edge. and “put” them together simulating all possible random interactions
between molecules and linking them together in paths according to their
complementarity. However. at this point it seems to be too complicated

and unnecessary. Using the very idea of randomness one may consider an
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algorithm more suitable for a sequential computer. i.e. creating all such
random linked paths sequentially. The simulation algorithms Simula I and
Simula II considered below represent the latter approach.

The basic algorithm. Analysis.

Since all ligations (concatenations) of molecules in a test tube happen
almost randomly (“almost” refers to possible negligible bio-chemical bounds
other than Watson-Crick complementarity) in favorable bio-chemical condi-
tions, each ligation depends mostly on the number of available complemen-
tary oligos that gradually decreases. Since the key idea of the lab experi-
ment is a DNA exhaustive search, one has to provide sufficient amount of
raw DNA material so different molecules corresponding to all graph paths
of length N are likely to form. Taking this into consideration, it seems rea-
sonable to attempt to simulate, first of all, the ideal process (Simulation I)
with an unlimited amount of available complementary oligos. In terms of
a conventional computer it would mean considering sequential random path
generation where the only restrictions are the adjacency of vertices and a
fixed Start vertex. To make this simulation more meaningful the program
may count the number of times each edge oligo is used before a Hamiltonian
Path is found. In further simulations certain restrictions will be added, such
as a fixed Finish vertex and a finite number of available edge oligos. Such
experiments are believed to help in estimating the expected number of “bad”
paths formed along the Hamiltonian Path.

Description.
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The program is based on a randomized algorithm producing random paths
of length .V in a Cubic graph G on V vertices (i.e.. Hamiltonian Paths)
starting from the fixed vertex Start. In Simulation II the final vertex Finish
will also be fixed. At each step the next vertex is picked randomly from at
most three available adjacent vertices using a random number generator. I[n
Simulation I. for an undirected graph the number of available outgoing edges
is two only for the vertices adjacent to the Start vertex. since a random walk
is not allowed to return to the Start vertex. The only input is an adjacency
matrix for a graph of at most (Maximum Vertex Degree) x .V ( 3.V in the case
of undirected Cubic graphs) numbers that is entered from a text file. The
algorithm is split into a user set number of Runs that depends on particular
statistical goals. Inside each Run the random paths of length .V are being
generated until a Hamiltonian Path is found. The output for a Run is the
number of found paths and the number of times each edge (“oligo™) was used.
Separate output is formed collecting all formed paths for future analysis.

The programs have to be slightly changed to be applied to any graph.
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Results of simulating L.Adleman’s experiment:

Per 100 Runs
Length | Paths | % of Total
2 1.567 32.33%
3 - 0.00%
4 - 0.00%
51 385 2.73%
6 178 1.26%
T 8,995 63.68%
All: | 14.125 | 100.00% |

Hamiltonian Paths: 0.71%

Per 400 Runs
Length | Paths | % of Total

2 20.334 32.98%
3 - 0.00%
4 - 0.00%
3 1,755 2.85%
6 833 1.35%
7 38.734 62.82%

All: 61.656 | 100.00'%

Hamiltonian Paths: 0.65%
Per 1000 Runs

Length | Paths | % of Total
2 488 31.38%
3 0 0.00%
4 0 0.00%
5) 48 3.09%
6 28 1.80%
T 991 63.73%
All: 1535 100.00%

Harniltonian Paths: 0.10%
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Other results.

The programs were tested also on various cubic graphs. The largest graph
considered had 24 vertices. The statistical results received will be used in
the future analysis of DNA computing algorithms. The author also plans to
use the known results on the number of Hamiltonian cycles in various graphs

to make the searching algorithms more efficient.
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A Program Code for the Randomized Trans-
formation Algorithm.

Language: C++
Compiler: MicrosoftVisual C++ 5.0 under WindowsNT
Processor: Intel Pentium

Note:

The program uses pseudo-random number generator rand() supplied
with MicrosoftVisual C++ 5.0 compiler function library. Generator is
seeded once before multiple program runs start with current time.

# include <string.>

# include <stdio.h>

# include <stdlib.h>

# include <iomanip.h>

# include <fstream.h>

# include <math.h>

# include <time.h> // Provides Pseudo-Random function seeding.

// Change manually “Graph_Size" and “Max_Degree” for current graph:
const int Graph_Size = [Type in number of vertices in a graph] ,
const int Max_Degree = [Type in Max Vertex Degree in a graph] ,

// To hold graph'’s adjacency matnix:
int Adjacent_Vertex[Graph_Size][Max_Degree],
int Vertex_Degree[Graph_Size];

// To hold current and transformed paths:
int Path_Vertex{Graph_Size],
int Tr_Path_Vertex{Graph_Size];

int i j,t.step=1,Run:;

char in_file_name[50];
char out_file_name([50];
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ifstream in_file;

ofstream out_file1;

void main() {

void Random_Transform();

// Change a path and a name of the INPUT FILE manually:
in_file.open("Type a path and a file name here"),
// Reading graph adjacency info from the file:
for (i=0; i<Graph_Size; i++ )
{
for ( j=0; j<Max_Degree; j++ ) in_file >> Adjacent_Vertex{i](];
in_file >> Vertex_Degreeli];

}

in_file.close (),

// Change a path and a name of the QUTPUT FILES manually:
// (out_file1 to trace all transformations;
// out_file2 to keep only the new cycles)

out_file1.open("[Type a path and a output file 1 name hereJ’),
out_file2.open("[Type a path and a output file 2 name hereJ'),

// Seeding pseudo-random function with current time:

srand( (unsigned)time( NULL ) )

// Running Random_Transform procedure certain number of times
// (for statistical purposes):

for (Run=1; Run<50; Run++)
{ out_file1 << end! << endl <<"Run # " << Run << endl
Random_Transform();

}

out_file1.close();
}

Y/ il
// Checking whether a new path is a Hamiltonian Cycle by
// checking whether the last vertex is adjacent to Start:

AR TRV ANTAREAR RS RRTA TR ATV ANATAETE AT OTAN AT

int Is_it_A_Cycle()
{

int m=0, Last_v;
Last_v = Tr_Path_Vertex{Graph_Size-1],
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while ( (Last_v != Adjacent_Vertex[0][m]) && (m<Max_Degree) ) M++;
if (m<Max_Degree) retumn 1;
else return O;

[T ———— aiainieininisininisiaininiaininisis
// Checking whether a new cycle is distinct from the original cycle:

int Is_It_Different_Cycle()
{
int m=0;
while ( (Tr_Path_Vertex[m] == m) && (m<Graph_Size) ) m++;
if (m<Graph_Size) return 1;
else return O;

}

/I""Q'""""f."mm"'t"t""'"".‘t..'."m."“'"’"'i”ﬁ'

// Pseudo-Random transformations of a given Hamiltonian Cycle:

void Random_Transform(){

step=1;

int Guess, a, Previous_a, Last_Vertex;
out_file1 <<"HC1= %

for (i=0; i<Graph_Size; i++)

{

Tr_Path_Vertex[i]=i;

out_file1 << setw(3) << Tr_Path_Vertex([i];
}

out_file1 << endi;

Previous_a = 0;

do {

//'"Qt'""'t't‘"t"'m."*' NERWRERNE

for (i=0; i<Graph_Size; i++)

Path_Vertex[i] = Tr_Path_Vertex{i];

}
Last_Vertex = Path_Vertex[Graph_Size-1];

/ Step 4 ™"
/7

// Guess = (pseudo-random number) mod (Vertex Degree)
// "randomly” chooses the next adjacent vertex ‘a’

// used in the next transformation.
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Guess = (rand())%(Vertex_Degree[Last_Vertex]);
a = Adjacent_Vertex[Last_Vertex][Guess];

// Checking whether ‘a’:

// - is a vertex adjacent to the Last_Vertex in the current path,

// - is a starting vertex

//or

// - was already used in the previous step.

// * If any answer is "Yes"” then the next adjacent vertex is picked:

while (( @ == Path_Ventex{Graph_Size-2] ) || (a == 0) || (a == Previous_a)
{ Guess = (Guess+1)%(Vertex_Degree[Last_Vertex]),
a = Adjacent_Vertex[Last_Vertex][Guess],

}

Previous_a = a;

/l Step 5 ERERIYRET AR RCRRAAA AR NTTOION

t=0;

while ( Path_Vertex|t] I= a ) t++;

for (i=1; (t+i)<(Graph_Size-i); i++)

{
Tr_Path_Vertex[Graph_Size-i] = Path_Vertex[t+i];
Tr_Path_Vertex(t+i] = Path_Vertex[Graph_Size-iJ;

}

out_file1 << "Step " << setw(3) << step << "-";

for (i=0; i<Graph_Size; i++)

out_file1 << setw(3) << Tr_Path_Vertex[i];
}

out_file1 << endl;

//"."'i.".'.'."‘."."'.“’.'."""

step++; }
while ((Is_It_A_Cycle() == 0) || (Is_It_Different_Cycle() == Q)),

// Prints out a new cycle into out_file2:

for (i=0; i<Graph_Size; i++)
{ out_file2 << setw(3) << Tr_Path_Vertex(i]; } out_file2 << endl; }

//.'m'm“m THE END AREAANAARAAAAAANAORTR AR ST
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B Detailed program output 1.

Note. Each run starts with the same Hamiltonian cycle and terminates
when the new cycle is found.
Run # 1
HC,=012345678
Step1-018765432
Step2-018762345
Run # 2
HC,=012345678
Step1-01876543.
Step2-0187635234
Run # 3
HC, =012 3 45678

[§V]

Step’ 0187 63423
Run # 4

HC, =0123435678
Stepl1-0187635432
Step2-018765423
Run # 5

HC, =012343678
Step1-012345687

Run # 6
HC, =012345678
Step1-018763 1432
Step2-018765423
Run#:

HC, =012345678
Step1-018765432
Step2-018765423
Run # 8

HC,=012345678
Step1-012345687

Run # 9

HC, =012345678
Stepl1-018765432
Step2-018765423
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Run # 10

Step2-018762345
Run # 11

HC,=0123435678
Step1-018765432
Step2-0187635423
Run # 12

HC,=012345678
Step1-018765432
Step2-018763423
Run # 13

HC,=012345678
Step1-012345687
Run # 14

AC,=012345678
Stepl1-0187635432
Step2-018762345

Stepl 01
Step2-01
Run # 16
HCy,=012345

o 0o
-1

Step2-01
Run # 17
HC,=012343678
Step1-018765432
Step2-0187635423
Run # 18

HC,=012345678
Stepl-018765432
Step2-0187635423
Run # 19

HC, =012345678
Stepl-0187635432
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Step2-0187652314
Run # 20

HC, =012345678
Stepl1-018765432
Step2-0187623435
Run # 21

HC,=012345678
Stepl-018765432
Step2-018765234
Run # 22

HC, =012345678
Step1-012345687
Run # 23

HC,=012345678
Step1-018765432
Step2-018765234
Run # 24

HC,=0123435678
Step1-0123435687

Run # 25
HC,=012345678
Step1-018765432
Step2-018765423
Run # 26

HC, =012345678
Step1-0187635432
Step2-018762345
Run # 27

HC, =012345678
Stepl1-018765432
Step2-0187635423
Run # 28
HC;,=0123435678
Step1-012345687
Run # 29

HC, =0123456738
Step1-018763
Step2-018765
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Run # 30

HC, =012345678
Stepl-0187635432
Step2-018765423
Run # 31

HC, =012345678
Stepl-012345687
Run # 32

HC, =012345678
Stepl-018765432
Step2-0187635423
Run # 33

HC, =012345678
Step1-018763543
Step2-018763542
Run # 34

HC, =012345678
Stepl1-018765432
Step2-018762345
Run # 35
HC,=012345678
Stepl1-018765432
Step2-0187635423
Run # 36

HC, =012345678
Step1-012345687
Run # 37
HC,=012345678
Stepl1-0187 4
Step2-018T7 2
Run # 38

HC, =0123436738
Stepl1-0123435687
Run # 39

HC, =012345678
Step1-012345687
Run # 40

HC, =012345678

2
3

65432
65234

33
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Step1-018763432
Step2-0187635423
Run # {1

HC, =012345678
Step1-0187635432
Step2-018762345
Run # 42

HC, =0123456738
Stepl1-01876343.
Step2-018763523
Run # 43

HC,=0123456738
Step1-012345687
Run # 44

HC,=0123456T738
Step1-018765432
Step2-0187635423
Run # 45

HC,=012345678
Step1-012345687
Run # 16

HC, =0123456738
Step1-0187635432
Step2-01876523+4
Run # 47

HC, =01234353678
Step1-0123435687
Run # 48

HC, =012345678
Stepl-018763432
Step2-018765423

Run # 49

HC, =012345678
Stepl-018765432
Step2-018762345
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C Detailed program output 2.

Run # 1
HCl=
01234567891011 121314151617 181920212223 24
Step 1 -
0123456789101112131415161718242322212019
Step 2 -
012345678910111213 141516 17 1824231920 21 22
Run # 2
HCl=
012345678910111213 141516 17 1819 20 21 22 23 24
Step 1 -
012345678910111213141516 17 18192021 2224 23
Step 2 -
012345678910111213141516 17 18 19 20 23 24 22 2}
Run # 3
HC1=01234567891011121314151617 1819 20 21 22 23 24
Stepl1-012345678910111213 141516 17 18 24 23 22 21 20 19
Step2-012345678910111213 141516 1920212223 241817

Run # 4

HC1=0123435678910111213 14151617 18 19 20 21 22 23 24
Step1-0123456789101112131415161724232221201918
Step2-012345678910111213 141516 17 24 23 18 19 20 21 22
Run # 35

HC1=012343678910111213 14151617 1819 20 21 22 23 24
Step1-012345678910111213 1415161718 19 20 21 22 24 23
Step2-012345678910111213 1415161718 2324 22212019
Step3-0123456789 10111213 141516 17 18 23 19 20 21 22 24
Run # 6

HC1=012345678910111213141516 17 1819 20 21 22 23 24
Step1-01234567891011 1213141516 1724232221 201918
Step2-01234567891011 1213 141516172423 18 19 20 21 22

Run # 7

HC1=012345678910 111213 14151617 18 19 20 21 22 23 24
Stepl1-0123456789 10111213 14151617 2423222]1201918
Step2-01234567891011 1213 14151618 19 20 21 22 23 24 17

Run # 8
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HCl1=01234567891011 121314151617 18 19 20 21 22 23 24
Step1-0123456789101112131415161724232221201918
Step2-012345678910111213 141516172418 1920 21 22 23
Step3-012345678910111213 1415161724 1819 20 23 22 21
Run # 9

HC1=01234567891011121314151617 18 19 20 21 22 23 24
Step1-01234567891011121314151617242322212019 18
Step2-012345678910111213 14 1516 18 1920212223 24 17
Run # 10

HCi1=01234567891011121314151617 18 19 20 21 22 23 24
Step1-01234567891011121314151617242322212019 18
Step2-012345678910111213 14151618 192021222324 17
Run # 11

HC1=01234567891011 121314151617 18 19 20 21 22 23 24
Step1-0123456789101112131415161718192021222423
Step2-01234567891011121314151617182324‘22212019
Step3-01‘23456789101112131415161718231920212224
Run # 12

HC1=01234567891011 121314151617 18 19 20 21 22 23 24
Step1-0123456789101112131415161724232221201918
Step2-0123456789101112131415161724231819202122
Run # 13

HC1=0123456789101112 131415161718 19 20 21 22 23 24
Step1-0123-156789‘.01112131415161724232221201918
Step2-0123436789101112131415161724231819202122
Run # 14

HC1=01234567891011 1213 1415161718 19 20 21 22 23 24
Step1-0123456789101112131415161724232221‘201918
Step2-0123456789101112131415161724231819202122
Run # 15

HC1=01234567891011 1213 14 1516 17 18 19 20 21 22 23 24
Step1-01234356789101112 13 14 15 16 17 24 23 22 21 20 19 18
Step2-0123456789101112 13 14 1516 17 24 18 19 20 21 22 23
Step3-0123456789101112 13141516 1724182322212019
Step4-01234567891011 12 1314 1516 17 24 18 23 19 20 21 22

Run # 16
HCl1=0123456789101112131415161718192021222324
Step1-012345678910111213 14 1516 17 18 24 23 22 21 20 19
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Step2-012345678910111213 141516 17 18 24 23 19 20 21 22
Run # 17
HC1=01234567891011121314151617 18 1920 21 22 23 24
Stepl1-0123456789101112131415161724232221201918
Step2-01234567891011 121314151617 2423 18 19 20 21 22
Run # 18
HC1=01234567891011121314151617 18 19 20 21 22 23 24
Stepl1-012345678910111213141516 1718 24232221 2019
Step2-012345678910 111213141516 19 2021 2223 24 18 17
Run # 19
HC1=01234567891011121314151617 1819 20 21 2223 24
Step1-012345678910111213141516 1718 242322212019
Step2-012345678910111213 141516 17 18 24 23 19 20 21 22
Run # 20
HC1=012345678910111213 14151617 18 19 20 21 22 23 24
Step1-012345678910111213 14151617 242322212019 18
Step2-012345678910111213 14151617 24 23 18 19 20 21 22
Run # 21
HC1=01234567
Stepl-0123456
Step2-01234356
Run # 22
HC1=01234567891011 121314151617 18 19 2021 2223 24
Step1-012345678910111213 14151617 242322212019 18
Step2-012345678910111213 14151617 24 18 19 20 21 22 23
Step3-012345678910111213 141516 17 24 18 2322212019
Step4-012345678910111213 14151617 24 18 23 19 20 21 22
Run # 23
HC1=012345678910111213 14151617 18 1920 21 2223 24
Step1-0123456789101112131415161724232221201918
Step2-01234567891011 1213141516 1724 23 18 19 20 21 22
Run # 24
HCi=01234567891011121314151617 18192021 222324
Stepl-0123456789101112131415161724232221201918
Step2-012345678910111‘2131415161724181920‘212223
Step3-0123456789101112131415161724181920232221
Run # 25
HC1=012345678910111213 14151617 18 19 20 21 2223 24

(o2 3 o))

91011121314151617 181920212223 24
891011121314151617242322212019 18
8

8
7
78910111213 141516 18 192021222324 17
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Step1-01234567 8910111213 141516 1724232221201918
Step2-012345678910111213 141516172423 1819 20 21 22
Run # 26

HCl1=0123456789101112131415161718 19 20 21 22 23 24
Step1-01‘23436789101112131415161724232221201918
Step2-01‘23456789101112131415161724181920212223
Step3-01‘23456789101112131415161724182322212019
Step4-0123456789101112131415161724182319202122
Run # 27

HC1=01234567891011 1213141516 1718 1920 21 22 23 24
Step1-0123456789101112131415161718242322212019
Step2-0123456789101112131415161718242319202122
Run # 28

HC1=012345678910111213141516 1718 1920 21 22 23 24
Stepl1-0123456 89101112131415161724232221201918
Step2-0123456789101112131415161724181920212223
Step3-0123456789101112131415161724182322212019
Step4-0123456789101112131415161724182319202122
Run # 29

HC1=012345678910111213141516 17 18 1920 21 22 23 24
Step1-01‘23456789101112131415161724232221201918
Step2-012345678910111213141516181920‘2122232417
Run # 30

HCl1=01234567891011121314151617 18 19 20 21 22 23 24
Step1-012345678910111213141516171819‘2021222423
Stcp2-0123456789101112131415161718232422212019
Step3-0123456789101112131415161718231920212224
Run # 31

HC1=012345678910111213 141516 17 18 19 20 21 22 23 24
Step1-0123456789101112131415161718192021222423
Stcp‘2-0123436789101112131415161718232422212019
Step.‘3-01‘234567891011121314151619202122‘24231817

{

Run # 32
H 1=0123456789101112131415161718 1920 21 22 23 24
Step1-01234567 0101112131415 16 1718 192021 2224 23

Step2-012345
Step3-012345
Run # 33

678
678910111213 141516171819 23 24 22 21 20
6T8910111213141516 17 181923 20 21 22 24
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HC1=012345

67891011 1213 1415 16 17 18 19 20 21 22 23 24
Step1-012345
5
5

9

8910111213 141516 17181920 21 2224 23
8910111213 141516 17182324 2221 20 19
8910111213 141516 171823 19 20 21 22 24

Step2-01234
Step3-01234
Run # 34
HCl1=01234367891011 1213 1415161718 1920 21 22 23 24
Step1-012345678910111213 141516172423 22212019 18
Step2-0123456789 10111213 141516172423 18 19 20 21 22
Run # 35
HC1=01234567891011 1213 1415161718 1920 21 22 23 24
Step1-012345678910111213 141516171819 20 21 22 24 23
Step2-012345678910111213 14 1516 1718 19 23 24 22 21 20
Step3-012345678910111213 14151617 18 1923 24 22 20 21
Run # 36
HC1=012345678
7
T

8
T
T
T

6
6
6

910111213 141516 1718 1920 21 22 23 24
8910111213 14151617242322212019 18
8610111213 141516172423 18 19 20 21 22

Step1-0123456
Step2-0123456
Run # 37
HC1=01234567891011 1213 141516 17 18 19 20 21 22 23 24
Step1-0123456789101112131415161724232221201918
Step2-01‘23456789101112131415161724231819202122
Run # 38
HC1=012345678910111213 141516 17 18 19 20 21 22 23 24
Step1-01‘23456789101112131415161724232221201918
Step2-01234567891011121314151617‘24231819202122
Run # 39
HC1=012345678910111213 141516 1718 192021 22 23 24
Step1-01‘234567891011121314151617181920‘2122‘2423
Step2-01234567891011121314151617182324‘22‘212019
Step3-0123456789101112131415161920‘21‘2224‘231817
Run # 40

HC1=01234567891011 1213 141516 1718 19 20 21 22 23 24
Step1-012340678910111213141516171824‘2322212019
Stop‘2-01‘23406789101112131415161718‘2423192021‘22
Run # 41
HC1=012345678910111213 1415161718 1920 21 22 23 24
Step1-01234567891011121314151617‘24232221201918
Stop2-012345678010111213141516181920‘2122‘232417
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Run # 42
HC1=012345678910111213141516 1718192021
Step1-012341567891011121314151617 1819202
Step2-012345678910111213 14151617 1823242
Step3-012345678910111213141516171823192
Run # 43
HCi1=012345367891011 1213141516 1718 1920 21 2223 24
Stepl1-012345678910111213 141516 17 18192021 222423
Step2-012345678910111213 141516 1718232423221 2019
Step3-0123456789101112131415161920212224231817
Run # 44
HC1=012345678910111213 141516 17 1819 20 21 22
Step1-012345678910111213 141516 1724232221201918
Step2-01234567891011121314151617242318192
Run # 45
HC1=01234567891011 121314151617 18 1920212223 24
Step1-012345678910111213141516171819‘20‘21‘222423
Step2-0123456789101112131415161718232422‘212019
Step3-012345678910111213 141516 1718231920 212224
Run # 46
HC1=01234567891011121314151617 18 19 20 21 22 23 24
Stepl-O123456789101112131415161724232221201918
Step2-01234o6a891011121314151617241819202122‘23
Step3-01234567891011121314151617241823‘22‘212019
Stcp-l-O1‘23456789101112131415161724182319‘202122
Run # 47
HC1=012345678910111
Stepl1-01234567891011
1
1

223
222
212
212

w.—-aw-f—

2 2
1 423
2 019
0 224

8 1920 21 22 23 24

242322212019 18
2418 19 20 21 22 23
2418 1920 23 22 21

21314 151617
1213 :415161
12131415161
12131415161

Step2-0123456789101
Step3-0123456789101
Run # 48

HCi1=012345678910111
Step1-01234567891011
Step2-01234567891011
Step3-01234567891011
Run # 49

HCi=012345678910111213
Stepl-01234567891011121

1
T
T
T

13141516 17 18 1920 21 22 23 24

213141516 17 181920 21 222123
213141516 17 18232422212019
2

2
1
1
1213141516 192021222423 1817

{

14 1516 17 18 19 20 21 22 23 24
3141516 17 18 1920 21 2224 23

20
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Step 2 -

012345678910111213141516171823242
Step3-01234567891011 12

2
1314 1516 17 1823 19 20 :
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D Mr. L. Adleman’s Algorithm (“Mr. Adle-
man’s Seven Days”).

Material.
1. For each vertex : choose a random 2[-base (20-base in experiment) strand
of DNA. O, (oligonucleotide or oligo). e.g.:
=4 O, =TATCCCGA (3)
U, |2
2. For each edge (i. j) in the graph create a 2[-base DN A strand that consists

of the last [ bases of O;(13), followed by the first [ bases of O,(L,), e.g.:

O.: (3" TATCCCGA 0, (53)GAGCATTC
g v v, v,
Oiey: (5"YCCGAGAGC(3')
Vv, L,

3. For each vertex i in the graph. OF is the Watson-Crick complement of O;,

e.g.:
0, =TATCCCGA (3')

L. ¥

Of = ATAGGGCT(3)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



O' serves as a splint to bind Oy, and O,,,:
OC

3

ATAGGGCT
TTAATATCCCGAGAGC

Ok—n Oi—v]

R
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Algorithm.
Step 1. Generate a large number of paths through the graph.
~Ligation reaction” (or concatenation): Approximately 3 x 1013 copies of
each oligo for cdges O,_., and vertex complements OFf are combined in a test
tube. In certain conditions complimentary oligos link to each other. creating
DN A double-helix.

Result: DNA molecules encoding random paths through the graph 1.
Step 2. Kcep only those paths that start at Vertexstart and finish at
Verter finish.

~PCR” (Polymerase Chain Reaction): Only DNA strands (— paths) with
certain starting and finishing [-oligos (— vertices) are reproduced repeatedly.

Result: The liquid in the tube is dominated by double-stranded oligos
encoding paths through the graph that start and finish at the given vertices.
Step 3. Kcep only those paths entering exactly N vertices. i.e. paths of
length V.
~Gel Electrophoresis™ DNA molccules (all charged negatively) of different
length exposed to electric field in an agarose gel migrate from the negative
end to the positive and cover different distances in certain period of time.
leaving a spectrum of different molecular weighs (— lengths). The band of
molecules of length V was later excised and soaked to extract DNA.

Result: Molecules of length .\ are separated.

Step 4.Kcep only those paths that pass through each vertex at least once.

“AMagnetic beads™ Check if a single-stranded DN A molecule possess a certain
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oligo (which correspond to a certain vertex).

First. single-stranded DN A was generated from Step 3 double-stranded
product.

Sccond. the single-stranded DNA was incubated with O conjugated to
magnetic bead.

Result: Mostly only those single-stranded DN A molecules that contained
the sequence O, annealed to the bound OF and were retained.

The second part was repeated successively with all other V—1 Of beads.

Result: Mostly only Hamiltonian path strands will pass through all .V
different magnetic beads.

Step 5.Read the output. Check it using conventional techniques.

In the experiment the product was amplified by PCR and run on a gel.

Mr. Adleman’s Algorithm adopted for a Hamiltonian cycle in-
stead of a Hamiltonian path.

Hamiltonian cycle is a special case of a Hamiltonian path when there is
an cedge connecting Finish vertex to a Start vertex. Since the algorithm
starts with fixing certain Start and Finish vertices for a path to be found.
it can be as well applied for finding a Hamiltonian cycle.

Hence:

e to find all eveles in a graph on .V vertices. one would need either to run
one experiment without step 2. “PCR” (since the Start and Finish vertices
for a path would not be important) or to separate a solution at certain step

(possibly from the very beginning) to separate Hamiltonian paths according
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to their Start and Finish vertices.

e to find a Hamiltonian cycle through given fixed edge the algorithm may
stay the same as for finding Hamiltonian Path with given Start and Finish
vertices.

Note: Since each Hamiltonian cycle of length .V can be actually trans-
formed into .V distinct Hamiltonian Paths of length .V removing one of .V
edges at a time, the problem of finding any Hamiltonian Cycle can be for-
mally replaced by a problem of finding at least one Hamiltonian Path such
that a Start vertex is adjacent to a Finish vertex.

A problem of finding a Hamiltonian cycle through a given fixed edge
(Start. Finish) can be transformed in the following way. Let {Finish.a.b}
be the vertices adjacent to the Start vertex. Then original problem can be
transformed into a problem of finding at least one of possibly three paths
described below:

i. one with a fixed Start and Finish vertices:

ii. one with a fixed Start vertex and a fixed ending vertex a that has
Finish as a second vertex:

iii. one with a fixed Start vertex and a fixed ending vertex b that has
Finish as a second vertex.

Adding then an edge (Start.a) to a path (ii) and an edge (Start.b) to a
path (iii) one obtains the desired cycle.

OFf course. paths (ii) and (iii) may not exist at all but looking for them

along with the main objective (i) may significantly increase a probability of
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having correct answer in the final filter. Using the properties of particular
graphs considered for input. one may find other possibilities of extending the

tvpe of useful output.

E Example of a simulation program code.

/* Simulation Il
* Randomly finds HP's starting at the specified vertex Start.
* FEATURES:
*i. A walk is not allowed to return to Start vertex.
*ji. The program keegs track of the maximum number of times
* any edge was used in any random walk.
* For more details see Simula_|l.doc.
*Created: July 4, 1998
* [ ast Modified: July 7, 1998
Y/
# include <string.h>
# include <stdio.h>
# include <stdlib.h>
# include <time.h>
# include <iomanip.h> / Include setw(x) output formatting function.
# include <fstream.h> / Header file necessary for file manipulation.
# include <math.h>

const int Graph_Size = 24,

int Path_Vertex(Graph_Size];, // To hold generated paths.

int Adjacent_Vertex{Graph_Size][3]; / To hold graph’s adjacency matrix.
inti,);

// To store a number of times each edge was used in a walk.
long Used_Copies{Graph_Size][3];
long Max_Used_Copies = 0;

char in_file_name(50]; // Vanable to hold the external

char out_file_name(50]; // (WIN 95) names of the In/Qutput files.

ifstream in_file; // In/Output file stream vanables — intemal (C++) names
97
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ofstream out_file1, out_file2;
"

void main()

{

void Random_Paths();
in_ﬁle.open("C:\\MSDev\\Projects\\Simula__1\\S4.txt");

// Reads graphs adjacency info from the file:
for (i=0; i<Graph_Size; i++)

in_file >> Adjacent_Vertex(i][0] >> Adjacent_Vertex(i][1] >> Adjacent_Vertex[i][2];

in_file.close ().
out_file1.open("C:\MSDev\\Projects\Sim_lI_b\S4_out.txt");
out_ﬁlez.open("C:\\MSDev\\Projects\\Sim_lI_b\\S4_HPs-txt");
Random_Paths();
out_file1.close();
out_file2.close();
}
// Function checking whether a path of length N is Hamiltonian:
int Is_It_Hamiltonian()
{
i=1;
j=0;
while ((Path_Vertex(i] |= Path_Vertex[j]) && ((i+1)<Graph_Size))
{ .
i++;
i=
do {j—;} while ((Path_Vertex{i] = Path_Vertex[j]) && (7>0));
}
if (Path_Vertex(i] != Path_Vertex(j]) retum 1;
else return O;
Y
/* Random_Paths() creates '‘Graph_Size'-long random paths through
* the graph starting with vertex Start specified by the user
* until a paths happens to be Hamiitonian, i.e.
* it passes through each vertex exactly once:
*/
void Random_Paths()
{
int Step, Start, Finish, Next, Run;
long Path_Number;
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/* Seed the random-number generator with current time so that
* the numbers will be different every time it runs.

*/
srand( (unsigned)time( NULL ) );
Start = 0;

out_file1 << "HP #in a Run| Run # | Max Used Copies Per Runs" << endl << end|;
// Loop runs till the program is terminated:
for (Run = 1;; Run++)
{
cout << "a " << Run << endi,
Path_Number = 0;
// Sets the number of used edge copies for each edge equal to 0:
for (i=0; i<Graph_Size; i++)
{
for (j=0; j<3; j++)
Used_Copies{i]fj] = 0;
}
// Creating paths:
do
{
Path_Vertex{0] = Start;
for (Step=1; Step < Graph_Size; Step++ )
{
do { Next = (rand())%3; }
while (Adjacent_Vertex{Path_Vertex{Step-1]][Next]==0),
Used_Copies[Path_Vertex[Step-1]][Next]++;
Max_Used_Copies = __max ( Max_Used_Copies,
Used_Copies[Path_Vertex[Step-1]][Next]);
Path_Vertex[Step] = Adjacent_Vertex[Path_Vertex(Step-1]}[Next];
}
Path_Number++;
} while (Is_It_Hamiltonian() == 0);
out_file1 << setw(10) << Path_Number << setw(10) << Run << setw(10) <<
Max_Used_Copies << end|;
out_file2 << "Run # "<< setw(5) << Run <<" | "
for (i=0; i<Graph_Size; i++)
out_file2 << setw(3) << Path_Vertex(i],
out_file2 << endl;

}

}
l[ll'ﬁ...ﬁﬁt T H E E N D ---------------------------- TRARR "R
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