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Preface

P atte rn  recognition is a m ajor topic of image processing. Thinning, as a preprocessing operation of 

pattern  recognition, is a process th a t erodes an object layer by layer until only a  unit width skeleton 

is left. Since the skeleton is of unit w idth, it is easier to trace and hence is easier to recognize. A 

thinning algorithm m ust “preserve connectivity.” This implies, for example, th a t it must never split 

or completely delete a  connected object in an image, and m ust never create or eliminate a hole in an 

object. Normally, thinning algorithms only delete simple object points, i.e., points whose deletion 

does not change the connectivity structure of the original image. Many thinning algorithms for 2D 

images have been proposed. But this is not the case for 3D images.

O ur first objective is to  design two 3D fully parallel thinning algorithms -  one for generating 

skeletons as “medial faces” and the other one for “medial lines.” A m ultimedia team  a t M.I.T. is 

interested in the medial-face algorithm for analyzing actions of baseball players in 3D images (length 

x w idth x tim e). Such a  3D image can be obtained by stacking a sequence of 2D images of a  moving 

object. The objective of th a t project is to  save memory space and to analyze inappropriate actions 

of baseball players. The medial-line algorithm is applied to  3D medical images a t the University of 

Iowa. The images (length x w idth x depth) show bronchial trees in human lungs. It is possible 

th a t our algorithms can be used eventually to  save lives.

W hen a  new thinning algorithm is designed, the designer should provide a  proof showing th a t 

the algorithm is connectivity preserving. To provide such a  proof, one needs to  show th a t the 

thinning algorithm preserves the connectivity of every possible image. This is a  difficult problem 

since there are infinitely many images. A number of papers by Rosenfeld, Ronse, Hall and others 

have proposed solutions for solving the problem for 2D images. Among these 2D results, Ronse’s
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results have the following contribution: for verifying the connectivity preservation of a 2D thinning 

algorithm, one only needs to check a finite number of configurations. Since we need to prove th a t our 

3D algorithms preserve connectivity, we need some methods to  solve such a  problem for 3D images. 

Based on Ronse’s 2D results, our second objective is to  establish efficient connectivity preservation 

tests for 3D thinning algorithms such th a t whether a  3D thinning algorithm does or does not preserve 

connectivity can be determ ined by checking a finite number of configurations.

W ith Ronse’s 2D tests and our 3D tests, one still needs to make an effort in writing and reading 

such proofs for 2D and 3D thinning algorithms to preserve connectivity. T hat process is time- 

consuming and error-prone. Since both Ronse’s 2D results and our 3D results only need to check 

a finite num ber of configurations, we can use computers to give such proofs automatically. Hall 

proposed the first such 2D program. Kong established another 2D program. Hall’s program takes 

about one hour to  determ ine whether a  2D thinning algorithm preserves connectivity, and Kong’s 

program takes about one minute for the same work. Kong’s program needs a small memory space 

for storing a  look-up table th a t was used for testing the simplicity of any object point. On the basis 

of Kong’s program, our third objective is to  establish computerized tests to verify the connectivity 

preservation of 3D thinning algorithms.

An im portan t sub-test of the computerized tests is a test for testing the simplicity of any object 

point. Similar to  Kong’s 2D program, we use a  look-up table to speed up the 3D computerized tests. 

The problem of this 3D look-up table is th a t the memory space of the complete look-up table is



about 318 GBytes which is not feasible. Thus, our last objective is to  establish a  memory efficient 

algorithm  for establishing such a  3D look-up table of a feasible size. T h a t table should be portable, 

th a t is, it should be small enough to  store in an ordinary floppy disk. The four objectives of this 

research can be summarized as shown in the above figure.
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C hapter 1

Prelim inary

This thesis studies the theory and applications related to connectivity preservation in 3D images. 

In this thesis, we establish necessary and sufficient conditions for 3D parallel thinning algorithms to 

preserve connectivity. We also implement these conditions. Such an implementation uses memory 

efficient lookup tables to speed-up the verification. Using above results, we design two fast 3D 

parallel thinning algorithms.

1.1 D om ain

A digital image (or briefly, an  image) can be obtained by digitizing a  continuous image. In this 

thesis, we only consider 2D and 3D images. We assume any 2D image is embedded in Zz and any 

3D image is embedded in ZJ (i.e., each image is embedded in a  regular-grid space). We do not 

consider images in irregular grids (see [73, 116]).

A gray-level image is an image in which each point is assigned a real number from 0 to  1 

representing its gray level. Many authors have discussed operations in gray-level images (see [87, 

93, 102, 104, 105, 106, 108, 130]). People are also interested in color images. The color of a  point p 

of a  color image could be obtained by mixture of the three basic colors: red, blue, and green. Thus, 

the color of p can be specified by finding the weight of each of the three basic colors (see [109]). 

For gray-level and color images, i t ’s ra ther “fuzzy” to determine w hether a  point does or does not

1



CHAPTER 1. PRELIMINARY 2

belong to  an object (see [87, 102, 105, 106, 108]).

This thesis is based on binary images th a t can be obtained, for example, by applying a thresh- 

holding function (see [15, 17, 21, 8 6 , 110, 128]) to gray-level images. Unless otherwise specified, we 

assume th a t all images discussed in this research are the resulting images after the application of 

noise-removing functions. Refer to [17, 24, 110] for noise-removing functions.

P attern  recognition is a  m ajor topic in image processing. For simplifying the process of pattern  

recognition, a  simpler image while maintaining the same connectivity (or connectedness) charac­

terization of the original image is necessary. Digital topology is a  topic studying the connectivity 

properties (i.e., the topology) of digital images. Many papers have been published in this area (see 

[1, 13, 28, 29, 35, 42, 43, 44, 47, 49, 50, 51, 52, 53, 54, 55, 56, 60, 61, 75, 78, 79, 81, 82, 90, 92, 94, 95, 

96, 97, 98, 100, 101, 103, 107, 111, 112, 119, 120, 122, 123]). Many operations are widely discussed 

for m aintaining connectivity structures of binary images. We introduce some of them  as follows.

T h in n in g  This is a  process similar to  peeling an onion (see Figure 1.1). Its purpose is to transform 

every object in an input image to a unit-width skeleton in the ou tput image. For example, a 

big, thick circle will be thinned into a big, thin circle where the thin circle is contained in the 

thick circle. See [27, 31, 33, 37, 77, 99, 118].

S h rin k in g  This process is similar to thinning except th a t it generates thin and small skeletons. For 

example, a  big, thick circle will be shrunk into a small, thin circle where the thin circle may 

not be contained in the thick circle. See [10, 62].

S u rface  tra c k in g  This process traces the boundary (or border) of each object of an image. For 

the 2D case, see [2, 72], for the 3D case, see [11, 12, 36, 127].

S h rin k in g  to  re s id u e  This is a  process similar to shrinking except th a t each object is shrunk into 

a single point so th a t the number of object points in the output image is the number of objects 

in the input image. See [3, 121, 127].

O perations for higher dimensional images have also been discussed (see [45, 89, 126]). This thesis 

particularly emphasizes thinning which is a preprocessing operation of p a tte rn  recognition. A unit- 

w idth skeleton is easier to  trace and hence, is easier to  recognize. Generally, such a skeleton can be
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Figure 1.1: Every point marked O is a  black point deleted in the first iteration of thinning. Every 

point marked G is a  black point deleted in the second iteration of thinning. Every point marked •  

is a  black point in the skeleton.
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obtained by reducing the original object layer by layer until the final result is generated. Many 2D 

thinning algorithms (see [5, 7, 14, 16, 18, 19, 20, 22, 23, 25, 26, 30, 33, 34, 37, 39, 40, 71, 72, 80, 85, 

8 8 , 91, 99, 113, 117, 118, 131]) and several 3D thinning algorithms (see [27, 31, 77, 124, 125]) have 

been proposed. W hen designing a thinning algorithm, one must show th a t for any input image to the 

algorithm, the ou tpu t image has the same connectivity structure. If so, such a thinning algorithm 

is said to preserve connectivity.

1.2 O b jectives o f  th e  thesis

A thinning algorithm  is an iterative process. In each iteration, the algorithm is applied to  delete 

object points (i.e., change object points to non-object points). An object point is called simple if 

the original image and the image after the point is deleted have the same connectivity structure.

A sequential thinning algorithm (see [7, 16, 113, 129]) deletes one object point in each iteration. 

A nother kind of thinning algorithms is called the fully  parallel thinning algorithms where the dele­

tions are applied to  check all object points in input images (see [37, 64, 67]). Thinning algorithm 

designers sometimes divide each iteration into severed subiterations or divide the image space into 

several subfields. Thus there are n-subiteration or n-subfield parallel thinning algorithms where n 

is the num ber of subiterations or the number of subfields respectively. See [80, 99, 131] for 2D 4- 

subiteration thinning algorithms, see [30] for 2D 2-subfield thinning algorithm, and see [27, 77, 124] 

for 3D 6 -subiteration thinning algorithms.

P
•  • • • • • • • •
•  • • • • • • • •

q

To prove a  sequential thinning algorithm preserves connectivity, it is enough to  show th a t any 

point deleted by the algorithm is simple. However, it is not so straightforward to  show th a t a parallel 

thinning algorithm preserves connectivity since the parallel deletion of even two simple points may 

not preserve the connectivity of the original image. Consider the above figure where all unmarked 

points are non-object points, and points marked •  are object points. Both p  and q are simple, but
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the deletion of both  p  and q changes the connectivity of the image.

A parallel thinning algorithm should be proved to preserve connectivity. To give such a proof, 

one must check all possible images. The difficulty is th a t since there are infinitely many images, we 

have to check infinitely many cases.

For 2D images, it is obvious th a t the skeleton of an elongated object is a  thin line. Clearly, we do 

not want an object like “6 ” be thinned into a  thin circle like “o” . To guarantee th a t an “appropriate” 

skeleton can be obtained, each endpoint of a  unit-width arc is preserved, th a t is, the endpoint of the 

bar of “6 ” should be preserved. For 3D images, it is not necessary th a t the skeleton of a 3D object 

must consist of thin lines. For an object like a square board, its skeleton could be a  thin face rather 

than a thin line. Thus, for 3D thinning algorithms, we need to consider w hat kind of skeleton, thin 

lines or thin faces, is appropriate.

While a  number of 2D connectivity preserving fully parallel thinning algorithms have been pro­

posed, no such 3D algorithms have ever been proposed -  all proposed 3D connectivity preserving 

parallel thinning algorithms are 6 -subiteration algorithms. For any input image, one way to measure 

the speed of a  parallel thinning algorithm  is to  count the num ber of iterations required to  generate the 

ou tput image. W ith an appropriate mesh computer, the speed of a  fully parallel thinning algorithm 

is faster than  any subiteration or any subfield parallel thinning algorithm. For example, for removing 

the outm ost layer of an object in a  3D image, a  fully parallel thinning algorithm needs only one 

application (one iteration), bu t a 6 -subiteration parallel thinning algorithm needs six applications 

(six subiterations). I t is of interest to  establish 3D fully parallel thinning algorithms for generating 

thin faces and thin lines respectively.

How to  prove th a t a  3D fully parallel thinning algorithm indeed preserve connectivity? Different 

m ethods for simplifying the proofs of 2D parallel thinning algorithms to preserve connectivity have 

been proposed by Rosenfeld in [99], Hall in [34], and Ronse in [94, 95]. Ronse’s results showed th a t for 

proving a 2D parallel thinning algorithm preserves connectivity, only finitely many configurations 

need to  be checked. Since the theory of 3D images is much more complicated them th a t of 2D 

images, not many 3D parallel thinning algorithms have been proposed. Compared with the 2D 

case, it is still difficult to  provide a proof showing th a t a  3D parallel thinning algorithm preserves 

connectivity. Since there are no general solutions, it is of interest to  establish efficient m ethods to
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solve this challenging problem.

The m ajor contribution of Ronse’s results is th a t for determining the connectivity preservation 

of 2D thinning algorithms only a  finite number of configurations need to  be checked. Since the 

num ber of such 2D configurations is finite, it is possible to use computers to establish connectivity 

preservation. Such computerized tests are helpful for algorithm designers to develop new and faster 

2D thinning algorithms. Hall in [32] proposed the first such 2D computerized tests. Kong in [46] 

established another 2D computerized test which used a  different approach. Both Hall’s and Kong’s 

programs are based on Ronse’s 2D results. Our 3D connectivity preservation tests also depend on 

the following property: for determ ining the connectivity preservation of 3D thinning algorithms, 

only a finite number of configurations need to be checked. I t  would be of interest to  construct 3D 

computerized tests to  implement our 3D connectivity preservation tests for autom atically verifying 

th a t a 3D parallel thinning algorithm preserves connectivity.

A m ajor sub-test of Ronse’s results checks whether a  2D thinning algorithm deletes only simple 

object points (in the 2D sense). 2D computerized tests by Hall and Kong both have such a sub-test. 

In our 3D connectivity preservation tests, such a  sub-test (in the 3D sense) is still very im portant. 

A thinning algorithm  can be sta ted  as a  set of deleting tem plates. For determining whether a 

thinning algorithm  may delete non-simple object points, we need to verify all deleting tem plates of 

the algorithm . Normally, a  point in any deleting tem plate may be an object point, a  non-object 

point or a  don’t-care point. An object point in the testing image with a neighborhood th a t matches 

any deleting tem plate is deleted. In [115], a 3D two-value (object and non-object point) look-up 

table has been established. T h a t table can be used to  determine the simplicity of any object point 

in a  3D (binary) image. However, it is not enough to  determine w hether a deleting tem plate of a 

3D thinning algorithm  can only delete simple points. Since a  thinning algorithm may have deleting 

tem plates with three values, we need a  3D three-value simplicity test and such a test should be very 

efficient in bo th  speed and memory aspects.

To achieve all these objectives, we:

1. develop two 3D fully parallel thinning algorithms for generating skeletons like thin lines and 

thin faces respectively;

2. apply the theory of digital topology to  find 3D connectivity preservation tests such th a t whether
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a  3D thinning algorithm preserves connectivity can be determined by checking a finite number 

of configurations;

3. provide 3D computerized tests which implement our 3D connectivity preservation tests for 

autom atically investigating whether a  3D thinning algorithm preserves connectivity;

4. establish an efficient simplicity test for verifying whether a deleting tem plate of a 3D thinning 

algorithm can only delete simple object points.

1.3 S ignificance o f  th is thesis

The significance of the four objectives of this thesis can be summarized as follows.

C h a p te r  3 Our first objective was to design two 3D fully parallel thinning algorithms -  one for 

generating skeletons as “medial faces” and the other one for “medial lines” . Both of them  are 

fully parallel and as a result they are faster than  all existing 3D medial-face and medial-line 

thinning algorithms respectively. Possible applications include:

1. A multimedia team  a t  M.I.T. is interested in the medial-face algorithm for analyzing 

actions of baseball players in 3D images (plane x time). Such a  3D image is a  stack of a 

sequence of 2D images of a moving object. Their objective is to  save memory space (by 

converting the resulting bitm ap images to  vector images) and to  analyze inappropriate 

actions of baseball players.

2. The medial-line algorithm is applied to  3D medical images a t the University of Iowa. The 

images (length x width x depth) show bronchial trees in human lungs. The resulting 

images after the application of our algorithm can be used eventually to save lives.

3. Both of them  can be applied to  pattern  recognition. A simpler image with the same 

connectivity structure as the original image is easier to  recognize. Several papers discussed 

the applications of thinning on Arabic, Chinese, and Japanese characters and English 

letters (see [63, 6 8 , 84, 114]).

C h a p te r  4 a n d  5 Our second objective was to  establish 3D connectivity preservation tests. Such 

3D tests can be used in the following ways:
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1. To verify the soundness of our 3D fully parallel thinning algorithms and other 3D thinning 

algorithms.

2. To provide a  system atical m ethod to  prove the connectivity preservation of 3D thinning 

algorithms -  such a  m ethod can replace current ad-hoc proving methods.

3. To help the designing of a new generation of 3D fully parallel thinning algorithms.

C h a p te r  6  The third objective was to implement our 3D connectivity preservation tests. The 

following tasks can be fulfilled:

1. Using heuristic m ethods, the 3D computerized tests can be used to verify the connectivity 

preservation of some 3D parallel thinning algorithms in about one minute on my 33 MHz 

386 PC /A T .

2. The 3D computerized tests can be used to  verify the connectivity preservation of either 

of our fully parallel thinning algorithms in about one hour.

3. The 3D computerized tests can be used to verify the connectivity preservation of any thin­

ning algorithm with time complexity 0 ( n 4) where n  is the number of deleting tem plates 

of the algorithm.

C h a p te r  7 The last objective was to  construct small look-up tables which can be used to  determine 

the simplicity of each deleting tem plate of the algorithm. We use some techniques to  reduce 

the size of the lookup table from 318 GBytes to 1.4 MBytes. Our small look-up tables can be 

stored in an ordinary floppy disk. The resulting look-up table is the first three-value table and 

can be applied to  o ther connectivity preserving operations, for example, shrinking.

1.4 R esu lts  to  d a te

In [53], digital images are classified into conventional images and non-conventional images where 

conventional images are used more frequently than non-conventional images. See next chapter for 

more details. Different m ethods have been proposed for determining whether a  2D parallel thinning 

algorithm  preserves connectivity:
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1. Rosenfeld in [99] provided clear examples of how to prove th a t a  2D 4-iteration parallel thinning 

algorithm preserves connectivity.

2. Hall in [34] extended Rosenfeld’s proof m ethods to  efficient tests for testing the connectivity 

preservation of 2D parallel thinning algorithms.

3. Ronse in [94, 95] proposed general solutions for determining the connectivity preservation of 

any 2D thinning algorithm.

4. Hall in [34] extended Ronse’s results to  the 2D hexagonal images (which are non-conventional 

images).

Ronse’s results tu rn  an infinite problem into a  finite problem, th a t is, to  show the connectivity 

preservation of a  thinning algorithm, we check a  finite number of patterns instead of checking an 

infinitely many images. For the 3D case, Hall in [32] proposed sufficient conditions for 3D parallel 

thinning algorithms to  preserve connectivity. I t can be shown th a t Hall’s 3D results are subsets of our 

3D connectivity preservation tests. Hall’s results can be used to  verify the connectivity preservation 

of 3D 2- and 4-subfield parallel thinning algorithms. However, Hall’s results are not enough for the 

case of 3D fully parallel thinning algorithms.

O ther approaches for achieving the same objective of thinning have also been proposed. For 

example, the  erosion of m athem atical morphology, contour tracing, etc. (see [6 , 4, 8 , 9, 38, 57, 41, 

70, 83])

In [25, 71], thinning algorithms for a 2D hexagonal images have been proposed; in [31], a thinning 

algorithm  for 3D non-conventional images was proposed. A number of 3D 6 -subiteration thinning 

algorithms have been proposed (see [27, 77, 124, 125]). However, no connectivity preserving 3D fully 

parallel algorithm  has ever been proposed. The reason for this poor situation is th a t the degree of 

complexity of 3D thinning is much higher than th a t of 2D thinning. M orgenthaler in [74] claimed 

a  3D fully parallel thinning algorithm. Unfortunately, his algorithm cannot guarantee to  preserve 

connectivity for all input images.

The simplicity of a  2D object point can be verified by finding either the Hildtich num ber or the 

Rutovitz num ber (see [53, 114]). Another definition for a 2D object point to  be simple is given 

by Rosenfeld in [99]. Definitions of the simplicity of a  3D object point have been proposed in
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[69, 74, 115, 124]. These definitions need to use the concept of Euler characteristic and can be used 

for general cases; the other definition given in [69, 115] can be proved to be equivalent to a  special 

case of the above general definition but does not need the concept of Euler characteristic.

For the computerized tests, Hall in [32] proposed the first such 2D tests which can determine 

the connectivity preservation of a 2D thinning algorithm in about one hour. Kong studies the same 

problem and proposed 2D computerized tests by another approach. Kong’s program can determine 

w hether a  2D thinning algorithm does or does not preserve connectivity in about one minute on 33 

MHz 386 PC /A T . Kong’s program used a look-up table for testing the simplicity of each deleting 

tem plate of the testing algorithm. Since no general 3D connectivity preservation tests have been 

proposed, no such 3D computerized tests have been implemented.

1.5 T h e ou tlin e  o f  th is  th esis

In Chapter 2, we give all basic definitions. We first introduce the concept of adjacency, and the 

adjacency relations between object points and non-object points. A very im portant and very funda­

mental concept, the simplicity of an object point, is introduced in this chapter. For parallel thinning 

algorithms, we need to  define w hat it means for such algorithms to  preserve connectivity. For this 

purpose, we use a  concept of simple sets (of object points) suggested by Kong in [48]. If a par­

allel thinning algorithm only deletes simple sets, then it is said to  preserve connectivity. We also 

briefly introduce the concept of the continuous analog of a  digital image th a t is a  continuous image 

converted from the digital image according to the adjacency relations.

In C hapter 3, two 3D fully parallel thinning algorithms were proposed, one for generating skele­

tons like medial lines and the other one for medial faces. A number of computer-generated images 

were given as examples. The medial-line algorithm is used a t the University of Iowa. They also pro­

vided several 3D medical images showing the applications of the algorithm. For preserving geometry, 

this algorithm needs to preserve tail points which are, for example, endpoints of unit width arcs. 

The medial-face algorithm can be used to analyze the actions of baseball players. For preserving 

the geometry of the original image, we need a  definition for preserving medial faces. A definition 

of edge points is given for this purpose. The medial-line algorithm has 37 deleting templates and
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the medial-face algorithm has 26 deleting tem plates. The proofs th a t these two algorithms preserve 

connectivity are given in C hapter 5 (after the 3D connectivity preservation tests are introduced in 

C hapter 4).

In C hapter 4, we establish 3D connectivity preservation tests. In this chapter, we use a  very 

im portant concept, minimal non-simple sets. Such a  set is non-simple but all its proper subsets 

are simple. This concept was first introduced by Ronse in [95] where he showed th a t a 2D minimal 

non-simple set is a  subset of a 1 x 1 square (i.e., a  unit square with four image corner points). We 

use the same concept to  show th a t a  minimal non-simple set for the 3D case is a subset of a 1 x 1 x 1 

cube (i.e., a  unit cube with eight image corner points). Then we check all possible configurations 

of a  1 x 1 x 1 cube. Since this chapter considers all possible adjacency relations of 3D conventional 

images, when considering simple points, we use the general definition in [53] which uses the concept 

of Euler characteristic.

In C hapter 5, the connectivity preservation tests were used to  verify the connectivity preservation 

of existing 3D parallel thinning algorithms and to prove the connectivity preservation of our fully 

parallel thinning algorithms. We found out th a t the 6 -subiteration parallel thinning algorithms by 

Gong and Bertrand [27], by Mukherjee, Das and C hatterji [77], and by Tsao and Fu [124] preserve 

connectivity. However, the 6 -subiteration parallel thinning algorithms by Tsao and Fu [125], and by 

M orgenthaler [74] do not preserve connectivity. Hall in [32] proposed two sufficient conditions for 2- 

and 4-subfield parallel thinning algorithms to preserve connectivity. In this chapter, we proved tha t 

his results are special cases of our general 3D connectivity preservation tests. Hall in [32] claimed 

sufficient conditions th a t may be used to prove the connectivity preservation of 3D fully parallel 

thinning algorithms. We construct a  thinning algorithm which passes his tests bu t cannot guarantee 

to  preserve connectivity for all possible images.

In C hapter 6 , the computerized tests are introduced. The.com puterized tests are used to au­

tom atically verify whether a given thinning algorithm, fffeservep connectivity. An im portant fact 

of our 3D connectivity preservation tests is th a t w hether a  parallel thinning algorithm  preserves 

connectivity can be determ ined by checking the configurations of a 1 x 1 x 1 cube. Since we are 

dealing with parallel algorithms, we need to  discuss the case when two or more corner object points 

of a  1 X 1 x 1 cube are deleted, i.e., a  thinning algorithm (with finitely many deleting tem plates)



CHAPTER 1. PRELIMINARY 12

simultaneously delete these corner object points. A concept of merging deleting templates is intro­

duced. Let n  be the number of deleting tem plates of a thinning algorithm. The time complexity of 

Kong’s 2D computerized tests is 0 ( n 2); the time complexity of our 3D computerized tests is 0 ( n 4). 

W hen n is big, 0 ( n 4) is not feasible. Some heuristic m ethods are used in our 3D computerized tests 

to speed up the test.

In C hapter 7, the simplicity test is introduced. This test is to test w hether any deleting tem plate 

of a  thinning algorithm can delete non-simple object points, i.e., to  determ ine the simplicity of a 

deleting tem plate. A deleting tem plate is a  set of neighborhood configurations of an object point. 

If the neighborhood configuration of a  certain object point is in this set, then the object point is 

deleted. Normally, a deleting tem plate contains three kinds of points, object points, non-object 

points and don’t-care points. A don’t-care point can match with either an object point or a non­

object point. Checking look up tables is a fast way to  determ ine the simplicity of a  deleting tem plate. 

A complete look-up table needs 2,540 x 1012 entries each of which corresponds to  a distinct three-color 

neighborhood configuration and contains a  logic value indicating the simplicity of th a t neighborhood 

configuration. If we use one b it for each entry, then we need about 318 GBytes for this table. Using 

the results of Kong and Saha et al. (see [115]), we establish a  set of much smaller look-up tables 

(to tal 1.4 M Bytes). These look-up tables are used in the 3D computerized tests for testing the 

simplicity of any deleting tem plate of a given thinning algorithm.



C hapter 2

Background

In this chapter, we are going to  introduce the basic definitions th a t will be used in this thesis. These 

definitions can also be found in [52, 53].

2.1 A djacencies and  con n ectiv ities

Adjacency is a  fundamental relation between points of images. In this thesis, we are dealing with 

images embedded in Z2 or Z3. We first consider the adjacency relations of Z2.

Definition 2.1.1 Let p and q be two distinct points of Z2 with coordinates (xp,y p) and (x q,y q) 

respectively. Then p and q are

1. 4-adjacent i f  \xp -  x q\ + \yp -  yq\ =  1; and

2. 8 -adjacent i f  m ax(|xp -  x , |,  |yp -  y ,|)  =  1 and |xp -  x ,| +  |yp -  yq\ < 2 .

See Figure 2.1 for the points which are 4- or 8 -adjacent to  a  point p of a  2D image. Now we 

consider the adjacency relations between points of Z3.

Definition 2.1.2 Let p and q be two distinct points of I?  with coordinates (xp,y p, zp) and (x q,y q, zq) 

respectively. Then p and q are

1. 6 -adjacent i f  |xp -  x 9| +  \yp -  y?| +  |zp -  z ,| =  1 ;

13
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□ O □
O * p  o

□ o □

Figure 2.1: Every point marked O is 4-adjacent to  p. Every point marked □  is diagonally adjacent 

to p. Every point th a t is 4- or diagonally adjacent to p is 8 -adjacent to  p.

2. 18-adjacent i/m a x ( |x p -  x , | , |y p -  j j , | , \zp -  zq\) = 1 and \xp -  x , | +  |pp -  p ,| +  \zp -  zq\ < 2;

and

3. 26-adjacent i f  m ax(|xp -  x g|, |yp -  j/,|, \zp -  zq\) =  1 and |xp -  x9| +  \yp -  p ,| +  \zp -  zq\ <  3.

See Figure 2.2 for the points which are 6 -, 18-, and 26-adjacent to  a point p  of a  3D image.

D e fin itio n  2 .1 .3  Two sets, X  and Y , of points of Z 2 or Z 3 are fc-adjacent i f  some point of X  is 

k-adjacent to some point of Y .

The definitions of neighbors and neighborhoods are as follows.

D e fin itio n  2 .1 .4  Let p  and q be two distinct points of Z 2 or Z 3. Then p is a fc-neighbor o f q i f  

they are k-adjacent where k  =  4 or 8  o f Z2 and 6 , 18 or 26 of Z3.

D e fin itio n  2 .1 .5  Let p  be a point of a Z 2 or Z 3 space. Then the ^-neighborhood of p, denoted by 

Nk(p), is the set o f p and all p ’s k-neighbors. Let N (p) be Ng(p) in  Z 2 and Ar2e(p) in  Z 3.

The definitions of paths and closed curves are as follows.

D e fin itio n  2 .1 .6  Let X  be a set of points o f Z 2 or Z3. A  k-path of X  is a sequence (x i,X 2 , .. - ,x„ )

such that each x,- is a point of X  and x j  is k-adjacent to xJ+i fo r  1 < j  < n.

D e fin itio n  2 .1 .7  Let X  be a set of points of Z 2 or Z 3. A  closed k-curve o f X  is a k-path 

(x i,X 2 , . . .  ,x „ )  of X  where x \ = x„.
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Figure 2.2: Every point marked •  (except p  itself) is 6 -adjacent to p, every point marked □  is 

diagonally adjacent to  p, and every point marked O is diametrically adjacent to p. Every point th a t 

is 6 - or diagonally adjacent to  p  is 18-adjacent to  p, every point th a t is 18- or diametrically adjacent 

to p  is 26-adjacent to p.

Definition 2.1.8 Let X  be a set of points of Z 2 or Z 3, and let p and q be two distinct points of X .  

Then p and q are said to fc-connected i f  there exists a k-path (p =  x i , x ? ,. . . , x„ =  q) of X .

Before moving to the next section, we introduce the following basic definitions.

Definition 2.1.9 In  Z 2 and Z3, we define the following terms.

1. A  unit lattice edge is a un it edge with both endpoints embedded in  Z 2 or Z 3;

2. A  unit lattice square is a un it square with all four comer points embedded in Z2 or Z 3; and

3. A  unit lattice cube is a unit cube with all eight com er points embedded in  Z3.

Definition 2.1.10 Let p and q be two distinct points o f Z" where n  = 2 or 3. Then p and q are

1. diagonally adjacent i f  n  =  2 and they are 8 - but not 4-adjacent, or n =  3 and they are 18- but 

not 6-adjacent; and

2. diam etrically adjacent i f  n  = 3 and they are 26- but not 18-adjacent.
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2.2 B inary  d ig ita l im ages

In this section we define digital images and the adjacency relations used in digital images. The 

following definition is given by Kong et al. in [53].

Definition 2.2.1 A  binary digital image (or a digital image, or briefly an image,) P  is a quadruple 

( Z w ,  B) where

1. n  =  2 or 3;

2. each point of P  is o f either value 1 (a black point)  or value 0 (a white point,);

3. (3 is an adjacency used between two black points;

4. u> is an adjacency used between two white points and between one white point and one black

point; and

5. B  C Zn is a finite set of all black points of P .

Definition 2.2.2 Let P  =  (Zn,/3,u),B) be an image where n  =  2 or 3. I f  n  =  2, P  is also called 

a 2D (/?, u>) image; */ n =  3, P  is called a 3D {/3,ui) image. The pair (/?, u) is called the adjacency 

pair of P .

Note th a t in this thesis we only consider images containing finitely many black points. 

Definition 2.2.3 Let P  be a 2D or 3D image.

1. Two black points are fc-adjacent i f  they are k-adjacent in the embedded space. I f  k = j3, then 

they are simply called adjacent.

2. Two white points, or one black point and one white point are fc-adjacent if  they are k-adjacent 

o f the embedded space. I f  k  =  w, then they are simply called adjacent.

Let P  be a  2D or 3D image w ithout indicating the adjacency pair. We can still say th a t two 

black points or two white points of P  are adjacent. This is because P  m ust be equipped with a 

pair of adjacency relations (/?, u>) and the statem ents “two black points of P  axe adjacent” and “two
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Figure 2.3: A “paradox” image which uses the (8 ,8 ) or (4,4) adjacency pair. How many white 

components are there? How many black closed curves are there?

white points of P  are adjacent” ju st means th a t the two black points are /3-adjacent and the two 

white points are ^-adjacent, respectively.

By “p =  1” we mean “p is a black point” , and by “p =  0” we mean “p is a white point” . 

The Jordan curve theorem  is a  very im portant property in digital topology. For the 2D case, the 

Jordan curve theorem  shows th a t a  closed curve (like the le tter “o” ) separates the 2D space into two 

parts — one in the closed curve and the other one outside the closed curve. For 2D (8 ,8 ) images, 

consider Figure 2.3, since the black points are equipped with the 8 -adjacency, the object is indeed a 

closed curve which by the Jordan curve theorem  should separate the 2D space into two disconnected 

subsets. However, since the white points are also equipped with the 8 -adjacency, the set of white 

points “in” the closed curve is 8 -adjacent to  the set of white points “ou t” of the closed curve. Thus, 

we cannot use the 8 -adjacency for bo th  black and white points of 2D images. If we apply the (4,4) 

adjacency pair to the same configuration in Figure 2.3, then the set of white points “in” the black 

object is not 4-adjacent to  the set of white points “ou t” of the black object. However, the black 

object itself is not a  closed curve so it cannot separate the 2D space into two parts. Thus, using 

the 4-adjacency for both  black and white points is not appropriate either. The two generally used 

adjacency pairs of 2D orthogonal lattice grids are:

1. the (8,4) pair: use the 8 -adjacency between black points, and the 4-adjacency between white 

points and between black points and white points; and

2. the (4,8) pair: use the 4-adjacency between black points, and the 8 -adjacency between white 

points and between black points and white points.
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As in the 2D case, while some pairs of adjacency relations are appropriate to be applied to 3D 

images, some other pairs of adjacency relations are not appropriate for 3D images. Following a 

similar argum ent as in the 2D case, we know th a t (26,26), (26,18), (18,26), (18,18), and (6 ,6 ) are 

not appropriate adjacency pairs for 3D images. The four generally used adjacency pairs of the 3D 

case are:

1 . the (26,6) pair: use the 26-adjacency between black points, and the 6 -adjacency between white 

points and between black points and white points;

2 . the (18,6) pair: use the 18-adjacency between black points, and the 6 -adjacency between white

points and between black points and white points;

3. the (6,26) pair: use the 6 -adjacency between black points, and the 26-adjacency between white 

points and between black points and white points; and

4. the (6,18) pair: use the 6 -adjacency between black points, and the 18-adjacency between white 

points and between black points and white points.

The 2D (8,4) images are the most generally considered 2D images, and the 3D (26,6) images

are the  most generally considered 3D images. Images embedded in non-orthogonal grids were also 

considered. In [34], 2D (6 ,6 ) images were discussed, and in [31], 3D (12,12) images were discussed. 

See Figure 2.4 for the 6 -neighborhood of 2D (6 ,6 ) images and the 1 2 -neighborhood of 3D (12,12) 

images. We need the following notations in the following chapters.

D e fin itio n  2 .2 .4  Let P  =  (Z",/3,w , B ) be a 2D or 3D image and let X  be a set o f points of P . We 

define the following terms.

1. Let P  — X  be the image obtained from P  by deleting all black points o f X ,  that is, P  — X  

=  (Z  n,0 ,u > ,B - X ) .

2. Let P  fl X  be the image obtained from P  by deleting all black points out of X ,  that is, P C X

=  (zn,p,u,Bnx).

D e fin itio n  2 .2 .5  Let P  =  (Z",/?,w , B ) be a 2D or 3D image. Then the complement image o f P , 

denoted by P , is the image (Z n, w ,/3,Z" — B).
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(a) (b)

Figure 2.4: In (a), the 12-neighborhood of p of a 3D (12,12) image, in (b), the 6-neighborhood of p 

of a  2D (6,6) image.

In (/?, u )  images, we define the concepts of connection and components as follows.

Definition 2.2.6 Let X  be a set of points of a 2D or 3D ( f3 ,u>) image P . Then a black &-path of 

X  is a k-path consisting o f black points o f X .  I f  k = j3, then such a path is called a black path  of 

X . A  white 1-path of X  is an l-path consisting of white points o f X .  I f  I = ui, then such a path is 

called a white path of X .

Definition 2 .2 .7  Let X  be a set o f points of a 2D or 3D (/?,w) image P . Then a black closed 

k-curve of X  is a closed k-curve consisting of black points of X .  I f  k  =  j3,  then such a curve is 

called a black closed curve o f X .  A  white closed /-curve o f X  is a closed I-curve consisting of white 

points of X .  I f  I = u , then such a curve is called a white closed curve o f X .

Definition 2.2.8 Let X  be a set of points of a 2D or 3D ( P ,u > )  image P . Then two distinct black 

points, p and q, of X  are called fc-connected i f  there exists a black k-path (p =  Xi, X i , . . .  , x m =  q) 

of X .  I f  k =  P, then p and q are called connected in X .  Two distinct white points, u and v, of X  

are called /-connected i f  there exists a white l-path (u = y \ ,y z , . . .  ,y n = v) of X .  I f l  — u , then u 

and v called connected in X .

Definition 2.2.9 Let X  be a set of points of a 2D or 3D (P ,oj) image P . A  black ft-component 

of X  is a maximal k-connected subset of the set of black points o f X .  I f  k = p , then such a black
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k-component is called a black component of X . Note that we also call a black component an object.

A  white /-component of X  is a maximal l-connected subset of the set of white points of X .  I f  I = ui,

then such a white k-component is called a white component o f X .  There is a unique white component 

called background of any image that is an infinite white component.

D e fin itio n  2 .2 .10  A  hole of a 2D (/3, uj) image is a finite white (ui-)component. A  cavity of a 3D 

(0, w) image is a finite white (u>-)component.

For the 2D case, a  typical hole is the inner white component surrounded by a black component 

like “o” . For the 3D case, a  typical cavity is the inner white component contained in a hollow ball. 

“Tunnels” are special 3D configurations. Although we know th a t the central hole of a  donut is a 

“tunnel” , it is surprisingly difficult to define a “tunnel” . “Tunnels” will be discussed later.

D e fin itio n  2 .2 .11  Let p be a black point o f a 2D or 3D (/?, w) image P . Then p is called

1. a border point i f  p is (u>-)adjacent to a white point;

2. an isolated point i f  p has no black (0-)neighbors;

3. an end point i f  p has exactly one black (0-)neighbor and P  is a 2D image; and

4- a tail point i f  p has exactly one black (0-)neighbor and P  is a 3D image.

D e fin itio n  2 .2 .12  In a 2D or 3D (0,ui) image, a set o f black points is called pairwise fc-adjacent 

i f  every pair of points in the set are k-adjacent. I f  k — 0, then such a set of black points is called 

pairwise adjacent. A set o f white points is called pairwise /-adjacent i f  every pair of points in the 

set are l-adjacent. I f  I =  then such a set of white points is called pairwise adjacent.

D e fin itio n  2 .2 .13  The deletion of a black point p from  a 2D or 3D image P  is a process which 

converts p to a white point. The deletion of a set o f black points from P  is a process which converts 

every point o f the set to a white point.

2.3 C on n ectiv ity  p reserving  d eletion  o f  p o in ts

Thinning is a  connectivity preserving operation. A thinning algorithm is a  skeletonizing operation 

where only the deletion is allowed to apply to the points of a  given image. A skeleton must preserve
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Figure 2.5: On 2D images, p  in (a-b) are simple points; p in (c-d) are non-simple points.

the connectivity structure (the topology) of the original black component. A connectivity preserving 

thinning algorithm of 2D or 3D images must satisfy all the following conditions: (1) Never delete 

a black component completely. (2) Never merge two black components. (3) Never split one black 

component into two or more black components. (4) Never create a black component. (5) Never 

vanish a  white component completely. (6 ) Never merge two white components. (7) Never split one 

white component into two or more white components. (8 ) Never create a  white component.

Since thinning algorithms only allow black points to  be deleted, we do not need to  consider the 

case when black points are added to the image. Let P  be a  2D image where D  is a  set of black 

points of P . Then the image P  — D  preserves the connectivity of P  if ail of the following conditions 

hold:

•  No black component of P  is split into two black components of P  — D.

•  No black component of P  is deleted completely.

•  No two white components of P  are merged into one white component of P  — D.

•  No white component of P  — D  is created.

These conditions are not enough to show the deletion of a  set of black points from a 3D image 

is connectivity preserving. Consider a donut-like object “o” of a  3D image. If it is turned into an 

object like “c” after the deletion of a portion of the object, then all above conditions are satisfied but 

the connectivity is not preserved. (In this case, a “tunnel” is deleted.) Although it is mathematically 

difficult to define the special configuration, “tunnels” , of 3D images, the number of “tunnels” can 

be obtained w ithout a definition of “tunnels” (see [52, 53]). More details will be introduced in 

C hapter 4.
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Let’s suppose the number of “tunnels” of a 3D image P  is obtained and denoted by # T(P ). 

Define # B(P) and # C(P ) to be the number of black components and cavities of P  respectively. 

Then we have the following definition of the Euler characteristic of P , denoted by x{P ).

D efin itio n  2 .3 .1  [52] Let P  be a 3D image. Then x (P )  = # b (P ) ~  # t (P )  +

An im portant concept, simple points, of 2D and 3D images can be defined as follows.

D efin itio n  2 .3 .2  [53] Let p be a black point of a 2D or 3D image P . Then p is a simple point of 

P  if  and only i f  all of the following conditions hold:

1. p is adjacent to only one black component in N (p) — {p};

2. p is adjacent to only one white component in N (p); and

3. for the 3D case; x {P  H N (p))  =  x (P  D (N (p) — {p}))-

It can be shown th a t the P  — {p} has the same connectivity as P  if and only if p is a  simple point 

of P  (see [53]). In [69, 115], an alternative characterization of simple points of 3D (26,6) images 

was proposed. It can be shown th a t the alternative characterization is equivalent to the (26,6) case 

of the above general definition. The alternative characterization is useful since it does not need to 

consider the concept of Euler characteristic. We sta te  the alternative characterization of 3D (26,6) 

simple points as follows.

P ro p o s it io n  2 .3 .3  Let p be a black point o f a 3D (26,6) image P . Then p is a simple point of P  

i f  and only i f  all o f the following conditions hold:

1. p is adjacent to only one black component in N (p) — {p}; and

2. p is adjacent to only one white component in N \s{p).

Some examples of simple and non-simple points of 2D (8,4) or (4,8) images, and of 3D (26,6),

(18,6), (6,26), or (6,18) images are given in Figure 2.5 and Figure 2.6, respectively.

Sequential thinning algorithms can be found in [2, 7, 113]. If a sequential thinning algorithm 

can only delete simple points, then the algorithm is connectivity preserving. A parallel thinning 

algorithm can delete two or more points a t the same time where each deleted point satisfies a t least
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(c)(a)

Figure 2.6: In 3D images, p  is a  simple point in (a) and p  is non-simple points in (b-c).

one deleting tem plate of the algorithm. A specific problem in parallel thinning is th a t the deletion 

of a set of simple points simultaneously might not guarantee preservation of connectivity.

Since a  parallel thinning algorithm may delete more than one black point a t the same time, we 

need a  definition for the deletion of a set of black points to be connectivity preserving. The following 

definition was suggested by Kong.

D e fin itio n  2 .3 .4  Let D be a set of black points of a 2D or 3D image P . Then

1. D is called a simple sequence of P  i f  D can be ordered as a sequence in which every point is

simple after all its predecessors in the sequence are deleted from P;

2. D  is called a simple set of P  i f  D  can be ordered as a simple sequence o f P ; and

3. the deletion o f D  from  P  is said to preserve connectivity if  D is a simple set o f P .

N ote th a t the 2D version of this definition was proposed by Ronse in [94]. We still need a precise

definition of what it means for a parallel thinning algorithm to preserve connectivity. This definition 

was suggested by Kong in [48].

D e fin itio n  2 .3 .5  A 2D or 3D parallel thinning algorithm is said to preserve connectivity i f  it is 

only allowed to delete simple sets from  a 2D or 3D image respectively.
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Figure 2.7: Possible results of thinning: (a) shows an “appropriate” skeleton of an object where a 

point marked O was originally a  black point but was deleted by a thinning algorithm, (b) shows 

an object in which no black point can be deleted w ithout changing the connectivity of the original 

image.

2.4 T h in n ing

Thinning is a  process for generating a  skeleton of each object of an image. The parallel thinning is an 

operation like “pealing an onion” . Each time the outm ost layer of an object is removed. A parallel 

thinning algorithm term inates when no points can be deleted (see Figure 1.1). Intuitively, for each 

object of a 2D or 3D image, an “ideal” thinning algorithm should generate a  skeleton satisfying all 

the following properties. The th ird  property is discussed in the previous section. We discuss the 

other three properties in this section.

•  The skeleton m ust be as thin as possible.

•  The skeleton m ust be as medial as possible.

•  The skeleton m ust preserve connectivity.

•  The skeleton m ust preserve geometry.

For example, see Figure 2.7. (a) for a  5 x 10 black component of a  2D (8,4) image, the resulting 

black object is appropriate to be taken as a skeleton of the original object. (Since such a  skele­

ton satisfies all above four properties). However, for the object in Figure 2.7.(b), no black points
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can be deleted w ithout changing the connectivity of the original image. Intuitively, the object in 

Figure 2.7.(b) is not “of unit w idth” , but it is indeed as thin as possible (since no points can be 

deleted).

Another requirement of thinning is tha t the skeleton should be as medial as possible in the object 

containing it. For example, in Figure 2.7.(a), the skeleton is “as medial as possible” in the original 

object. However, for an elongated object whose w idth is an even number, what is an appropriate 

skeleton? Consider the two objects shown in Figure 2.8. Although both  skeletons are “as thin as 

possible” , we prefer the skeleton shown in Figure 2.8.(b).

Thinning algorithms should preserve “geometry” as well. This implies th a t the skeleton generated 

by a  thinning algorithm must “look like” the original object. For example, an object like “d” cannot 

be thinned into a object like “o” (although the connectivity is preserved). To preserve the geometrical 

properties of a 2D image, an endpoint of a unit w idth arc cannot be deleted.

It is ra ther vague when we say a  skeleton is “as medial as possible” or “as thin as possible” . 

This is also true when we say th a t a skeleton “preserves geometry” of the original object. The two 

skeletons shown in Figure 2.8 can be taken as examples since both of them satisfy all the three 

properties. Consider the skeleton shown in Figure 2.9.(a). I t  can be obtained by the medial-line 

transform ation. However, it is hard to tell w hether such a  skeleton is b e tter than the skeleton 

shown in Figure 2.7.(a). Normally, the decision is made by practioners for different applications. A 

small branch of an object might also change the final skeleton significantly (compare the skeletons 

in Figure 2.7.(a) and in Figure 2.9.(a)). Normally, a  very small branch can be taken as a noise of 

the image. However, it is difficult to  tell whether a branch of a certain length is or is not a noise of 

the image.

2.5 C ontinuous analogs

In the previous sections, we considered the 2D images embedded in Z2. For this combinatorial 

approach, a  pair of adjacency relations are employed. Using such relations of 2D images, some 

well-defined properties, such as the adjacency tree, the Jordan curve theory, the minimal 4- and 

8 -circles, etc., are discussed (see [96, 97]). Many 2D thinning algorithms [30, 37, 118] are based on
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Figure 2.8: Which skeleton is “appropriate” for an n x  4 object? A point marked O is originally a 

black point bu t deleted by a thinning algorithm.
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(b)

Figure 2.9: Is the  skeleton in (a) “appropriate” for an n  x 5 object? Is the skeleton in (b) “appro­

priate” for an object with a small branch? A point marked G is originally a black point but deleted 

by a  thinning algorithm.
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Figure 2.10: Examples of continuous analogs. In (a), we use the (4,8) adjacency pair, and in (b), 

we use the (8,4) adjacency pair.

this approach. Generally, this approach is enough for 2D thinning.

Some concepts of 3D digital topology are also based on this approach (see [103]) where 6 -, 18- and 

26-adjacencies are the m ost widely used adjacency relations. Well-defined properties, for example 

the Jordan surface theory, were discussed. For the 3D case, the combinatorial approach is not very 

efficient.

Consider a point p of a  2D or a  3D image. Some very im portant properties of thinning are based 

on the local neighborhood of p  where such a neighborhood contains 8  points surrounding p for the 

2D case and 26 points surrounding p  for the 3D case. Thus, there are only 28 =  256 different black 

and white configurations of such a  local neighborhood on 2D images, but there are 22fl =  67,108,864 

different black and white configurations of such a  neighborhood in 3D images.

A nother approach was proposed for the continuous analog of a  digital image (see [52, 53]). The 

concept of this approach is to  apply the properties of the continuous topology to  digital images (see 

[47, 54, 75]). Let P  be a  2D or 3D image. We briefly introduce the concept of the continuous analog 

of P , denoted by C (P ), and the process for constructing C (P )  as follows. (Refer to  [52, Section 5] 

for the details of point-adding and line-connecting rules.)
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1. Connect every pair of 6 -adjacent points of P  by a unit-length line segment.

2. Add one diagonal line in every unit lattice square of P  based on the black/white configuration 

of the square and the (/?, w) adjacency pair of P . Each unit lattice square is uniquely subdivided 

into two equilateral triangles.

3. Add a centroid point in each unit lattice cube of P , and connect it to  all corners of the cube. 

The color of each centroid point is either black or white based on the black/white configuration 

of the cube and the (/3, w) adjacency pair of P. Each unit lattice cube is subdivided into twelve 

equilateral tetrahedra.

4. If the two endpoints of a line segment added by the rules shown above are both black points 

(one of which could be a centroid point), then call the line segment a  black edge; otherwise call 

it a  white edge.

5. If all three corners of a triangle are black points (one of which could be a  centroid point) where 

edges of the triangle are added by the rules shown above, then call the triangle a  black triangle; 

otherwise call it a  white triangle.

6 . If all four corners of a  tetrahedron are black points (one of which is a centroid point) where 

edges of the tetrahedron are added by the rules shown above, then call the tetrahedron a black 

tetrahedron; otherwise call it a  white tetrahedron.

Let C (P )  be the union of all black points, black edges, black triangles and black te trahedra  tha t 

are obtained by above procedures on P . Then C (P )  is called the continuous analog of P  where 

C (P )  is a  continuous image. Figure 2.10 showed two continuous analogs of the same set of points 

of a 2D image where we use the (4,8) adjacency pair in (a), and the (8,4) adjacency pair in (b). In 

(a), there are only one black com ponent and only one white component in the image; in (b), there 

are only one black component, bu t two white components in the image.
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3D fully parallel th inning  

algorithm s

A thinning algorithm  should preserve connectivity, i.e., any object and its skeleton should maintain 

the same connectivity structure. Since 3D (26,6) images are the most widely discussed 3D images, 

in this chapter, we propose two fully parallel thinning algorithms for 3D (26,6) images -  one for 

generating skeletons like “medial faces” , and the other one for generating skeletons like “medial 

lines” . The medial-line algorithm is also introduced in a  joint paper with Dr. Milan Sonka (see [67]).

Since in this chapter we only consider (26,6) images, we use Proposition 2.3.3 to  characterize 

simple points in such 3D images. The two thinning algorithms also dem onstrate possible ways for 

designing a  new generation of 3D parallel thinning algorithms. Note th a t in all figures of this thesis, 

a  point marked •  is a  black point and a  point marked O is a  white point. Furthermore, from 

now on, unless otherwise specified, when we say “thinning algorithm” we mean “parallel thinning 

algorithm ” .

T he orientations of the x-, y- and z-axis are shown in Figure 3.1. Suppose p  is a point in 

a  3D image. Let e(p), w(p), n(p), s(p), u(p) and d(p) be the east, west, north, south, up, and 

down neighbors of p, respectively (see Figure 3.1). Furthermore, let nu(p), nd(p), ne(p), nw(p), 

su(p), 8d(p), 8e(p), 8w(p), wu(p), wd(p), eu(p), and ed(p) be the north-up, north-down, north-east, 

north-west, south-up, south-down, south-east, south-west, west-up, west-down, east-up, east-down

29
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z-axis

northup

west east

south down

Figure 3.1: The x-, y- and z-axis, and the arrangem ent of each orientation.

neighbors of p, respectively.

3.1 E x istin g  a lgorithm s

Generally, thinning algorithms are applied iteratively to  remove the outm ost layer of every black

component of an image. Generally, there are three classes of parallel thinning algorithms:

n - s u b i te r a t io n  p a ra lle l th in n in g  a lg o rith m s  There are n  subiterations in each iteration. This 

term  specifically refers to  the algorithms where only a certain kind of border points are con­

sidered for deletion in each subiteration. For 3D images, since there are six kinds of border 

points, normally we consider the case of six subiterations. A number of 6 -subiteration parallel 

thinning algorithms have been proposed. We will discuss some of them  later.

n -su b fle ld  p a ra lle l th in n in g  a lg o r ith m s  Each image is subdivided into n subfields and the thin­

ning algorithm is alternatively applied to all black points in each subfield. Hence, there are 

actually n subiterations in each iteration. Two possible such 3D algorithms are:

•  2-subfield parallel thinning algorithms where two points of a  3D image are in the same 

subfield if and only if they are connected by a  26-path in which every two consecutive 

points are diametrically adjacent; and
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•  4-subfield parallel thinning algorithms where two points of a 3D image are in the same 

subfield if and only if they are connected by an 18-path in which every two consecutive 

points are diagonally adjacent.

F u lly  p a ra lle l th in n in g  a lg o r ith m s  Algorithms from this group are applied parallelly to all black 

points of the given image. Hence, there is only one application of the thinning algorithm in 

each iteration. Intuitively, a fully parallel thinning algorithm is “faster” than any algorithm 

described above. (Practically, “faster” means th a t the number of applications of the algorithm 

for generating an output image is smaller).

For the 2D case, since there are only four kinds of border points, Rosenfeld in [99] proposed a 

famous 4-subiteration thinning algorithm th a t is to alternatively delete all north, east, south and 

west border simple non-end points. M orgenthaler in [74] proposed a  definition of “end-points” for 

the 3D case and studied the problem for constructing 3D 6 -subiteration and fully parallel thinning 

algorithms. Tsao and Fu in [125] studied the same problem of 3D 6 -subiteration thinning algorithms 

by using their own definition of 3D “end points” .

Tsao and Fu in [124] proposed a  two-step 6 -subiteration parallel thinning algorithm for 3D (26,6)

images. After the first step, each black component of the original image is converted into a medial

face. After the second step, each medial face is converted into a medial line. Suppose p  is the origin 

of Z 3. Then N x(p) is the set of all points in N (p)  with x-coordinates being 0. Define N v(p) and 

N z{p) similarly. The first step of their algorithm can be proved to preserve connectivity by showing 

the correctness of the following proposition. We omit the second step of their algorithm. The proof 

of the following proposition is in Chapter 5.

P ro p o s it io n  3 .1 .1  The deletion o f all north border black points p in 3D (26,6) images preserves 

connectivity i f  all the following conditions hold:

1. p is simple;

2. p is adjacent to only one black component in N x (p) and N z(p);

3. p is adjacent to at least two black points in N x (p) and N z(p); and

4- p is adjacent to at least two black points in N (p).
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Gong and Bertrand in [27] proposed another 6 -subiteration parallel thinning algorithm for 3D

(26,6) images. The output of this algorithm is an image containing a set of medial faces. Let a two- 

cube be the union of two unit lattice cubes sharing a common unit lattice square. Theie algorithm 

can be proved to preserve connectivity by showing the correctness of the following proposition. The 

proof of the following proposition is in C hapter 5.

P ro p o s it io n  3 .1 .2  The deletion of all north border points p in 3D (26,6) images preserves connec­

tivity i f  all the following conditions hold:

1. s(p) =  1;

2. p is adjacent to only one black component in N x (p) and N z(p); and

3. p is adjacent to only one black component in every two-cube containing {p, s(p), n(p)}.

In [77], a  6 -subiteration parallel thinning algorithm called M ESPTA  for 3D (26,6) images was 

proposed th a t is extended from a  2D thinning algorithm called SPTA (see [80]). This algorithm 

also generates an image containing a set of medial faces. In their algorithm, two “slant” 2D 3 x 3 

neighborhoods of p  were used. Generally, these “slant” 2D neighborhoods can be obtained by 45

degree rotations of N x (p) and N z(p) respectively according to  the p-axis. Let N \(p )  be such a

“slant” 2D neighborhood of p  where N \(p)  contains p, n(p), s(p) and their east-up and west-down 

neighbors. Let N?(p) be another “slant” 2D neighborhood of p where JVjj(p) contains p, n(p), s(p) 

and their east-down and west-up neighbors. The algorithm M ESPTA  can be sta ted  as follows. The 

proof of the following proposition is in C hapter 5.

P ro p o s it io n  3 .1 .3  The deletion o f all north border points p on 3D images preserves connectivity 

i f  all following conditions hold:

1. s(p) =  1;

2. p is adjacent to only one black component in N x (p) and N z(p); and

3. p is adjacent to only one black component in N \ (p) and iV^p).
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(b)(a) (c)

Figure 3.2: Three basic configurations of our medial-face parallel thinning algorithm. In (a), a t least 

one point marked O is a white point, in (b) a t least one point in { a i ,6 i} and a t least one point 

in {0 2 , 6 2 } are white points, and in (a-c), every unmarked point is either a black point or a white 

point.

3.2 T h e m ed ia l-face th in n in g  a lgorithm

O ur first algorithm  is for generating images containing skeletons as medial faces. To generate such 

skeletons, we need to  preserve edge points which are defined as follows.

D e fin itio n  3 .2 .1  Let p be a black point of a 3D (26,6) image. Then p is called an edge point i f  p 

has exactly one black neighbor in  N (p ), N x(p), N v(p) or N z{p); p is called a non-edge point i f  it is 

not an edge point.

For establishing the proof of the connectivity preservation of our medial-face algorithm, we need 

the following preserving condition.

R u le  3 .2 .2  Suppose all four comers o f a unit lattice square are to be deleted. Then the comer 

with the smallest sum  o f coordinates is preserved i f  and only i f  it is non-simple after the other three 

comers are deleted.

Consider the configurations shown in Figure 3.2. Let Of  be the set of all rotations and reflections 

of all three configurations. For each element T  of Of ,  a  black point p is said to satisfy T  if all of the 

following conditions are satisfied:
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1. N (p)  matches T  (where a  don’t-care point in T  matches either a  black point or a white point 

ofJV(p));

2 . p is a  non-edge point;

3. if p is a north border point in T , then s(s(p)) = 1;

4. if p is an east border point in T, then w(w(p)) =  1; and

5. if p is an up border point in T , then d(d(p)) =  1.

A black point p  is said to satisfy Of  if p satisfies any element in Of .  We now introduce our 

medial-face algorithm.

Algorithm  3.2.3  

repeat

parallel delete every black point that satisfies Of  and is not preserved by Rule 3.2.2; 

until no points are deleted;

Algorithm 3.2.3 term inates when no black points can be deleted. Since we assume all input 

images contain finitely many black points, this algorithm will eventually term inate. Different shapes 

of objects have been tested by this parallel algorithm. Here we present only four examples (see 

Figure 3.3 to  3.6).

3.3 T h e m ed ia l-lin e th in n in g  a lgorithm

The deletion conditions

Clearly, this algorithm  is for generating skeletons like medial-lines. Let Oi be the  set of all 

rotations and reflections of the four configurations shown in Figure 3.7.(a-d), i.e., Oi is a  set of 

3 x 3 x 3  configurations. Then for each element T  of Oi, a  black point p  is said to  satisfy T  if all 

of the following conditions are satisfied, and a  black point p  is said to satisfy Oi if p  satisfies any 

element in O;.
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Figure 3.3: A le tter “d” and its skeleton where each small cube is a  black point in the image.

Figure 3.4: A letter “A” and its skeleton where each small cube is a black point in the image.
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K
Figure 3.5: An orthogonal tube and its skeleton where each small cube is a  black point in the image.

Figure 3.6: An orthogonal corner and its skeleton where each small cube is a black point in the

image.
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a

c

(b)

(d)

Figure 3.7: Four basic configurations of our parallel thinning algorithm where an unmarked point is 

a “don’t-care” point which can be either black or white. For (d), p must be simple.
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R u le  3 .3 .1  Let p be a black point and T  be an element of O i. The following are three conditions:

1. N (p) matches T;

2. i f  T  is isomorphic to a template core shown in Figure 3.7(a-c), all following conditions must 

be satisfied:

(a) i f  p is a north border point in T , then s '  “  =  1;

(b) i f  p is an east border point in T , then w(w(p)) =  1;

(c) i f  p is an up border point in T , then d(d(p)) =  1;

3. i f  T  is isomorphic to the template core shown in Figure 3.7. (d), all the following conditions 

m ust be satisfied:

(a) p is a simple point in N (p);

(b) i f  q = su(p) is a 1 in  T , then at least one of the points, s(s(p)), s(q), su(q), u(q) and

u(u(p)) is a 1;

(c) i f  q =  sd(p) is a 1 in  T , then at least one of the points, s(s(p)), s(q), sd(q), d(q) and 

d(d(p)) is a 1;

(d) i f  q =  se(p) is a 1 in  T , then at least one of the points, s(s(p)), s(q), se(q), e(q) and 

e(e(p)) is a 1;

(e) i f  q =  sw(p) is a 1 in T , then at least one of the points, s(s(p)), s(q), sw(q), w(q) and 

w(w(p)) is a 1;

( f)  */ 9 =  wu{p) is a 1 in  T , then at least one of the points, w (w(p)), w(q), w(u(q)), u(q) 

and u(u(p)) is a 1; and

(9)  i f  9 = wd(p) is a 1 in  T , then at least one o f the points, w(w(p)), w(q), wd(q), d(q) and

d(d(p)) is a 1.

Rule 3.3.1.(2) was suggested by Holt et al.’s 2D parallel thinning algorithm in [37]. Based on 

Rule 3.3.1, each element in Oi is extended to  a deleting tem plate. Let Class A  be the union of 

all deleting tem plates of our algorithm th a t are generated from the configuration shown in Fig­

ure 3.7.(a). Define Classes B, C, and D similarly. In Figures 3.14 to 3.17, some deleting templates

92
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of our algorithm are presented. W ith all rotations and reflections of the four configurations in Fig­

ure 3 .7.(a-d), there are six tem plates in Class A, twelve tem plates in Class B, eight tem plates in 

Class C and twelve tem plates in Class D.

T h e  p re se rv in g  c o n d itio n s

As mentioned in previous chapters, geometry preservation is a m ajor concern of thinning algo­

rithm s. To preserve geometry, a  black point with only one black 26-neighbor should not be deleted. 

For our medial-line algorithm, we need to preserve some black points which are 26-adjacent to  two 

distinct black points. The following definition is about the preserving conditions of our algorithm. 

Recall th a t a black point with only one black neighbor is called a  tail point.

D e fin itio n  3 .3 .2  Let p be a black point. Then p is called a near-tail point if  any of the following 

conditions hold:

1. p is 26-adjacent to exactly two black points which are either s(p) and e(p), or s(p) and u(p) 

but not both;

2. p is 26-adjacent to exactly two black points which are either n(p) and w(p), or u(p) and w(p) 

but not both;

3. p is 26-adjacent to exactly two black points which are either n(p) and d(p), or e(p) and d(p) 

but not both.

A black point is called a line-end point i f  it is either a tail point or a near-tail point; otherwise it is 

called a non-line-end point.

T h e  m ed ia l-lin e  a lg o r ith m

A black point is deleted by a thinning algorithm if it satisfies a t least one deleting tem plate 

bu t is not preserved by any preserving condition of the algorithm. Our thinning algorithm 3.3.3 

has the traditional structure  of parallel thinning algorithms. In each iteration of this algorithm,
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all non-line-end black points satisfying at least one of the deletion tem plates are deleted. For each 

elongated black component, the ou tpu t of this algorithm is a medial line. This algorithm term inates 

when no black points can be deleted. Since we assume all input images contain finitely many black 

points, this algorithm will eventually term inate.

A lg o r ith m  3 .3 .3  

repeat

delete (in parallel) every non-line-end black point which satisfies O f, 

until no point can be deleted;

The proof of the connectivity preservation of this algorithm will be given later in Chapter 5. 

For “sm ooth” 3D objects, the skeletons generated by this algorithm are reasonably good. Different 

shapes of objects have been tested  by this parallel algorithm. Here, only four cases are presented 

(see Figures 3.8 to  3.11).

3.4  T h e ap p lications

The section emphasizes the  medial-line algorithm which has been recentely applied by Dr. Sonka 

a t the University of Iowa for analyzing 3D medical images. These 3D image d a ta  obtained from 

com puter tomography (CT), magnetic resonance (MR), or positron emission tomography (PET) 

frequently visualize 3D objects consisting of elongated mutually interconnected pieces like vascular 

trees in brain, heart, lungs, or pulmonary airway trees.

In these applications, skeletons may be used to identify 3D midline of vessels or airways, determine 

branch points, and identify the tree structure. The resulting tree structure may identify the tree 

topology across time and can be used in progression/regression studies for quantitative comparisons. 

More specifically, our thinning algorithm was developed with pulmonary airway tree thinning in lungs 

and the following steps were developed:

1. Convert an input image P  into a well composed image Pi where the definition of such a  concept 

is introduced later.

2. Apply dilation of m athem atical morphology in P\ and generate a “sm oother” image P^.
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Figure 3.8: A le tter “d” and its skeleton where each small cube is a  black point in the image,

Figure 3.9: A letter “A” and its skeleton where each small cube is a black point in the image.
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Figure 3.10: A frame and its skeleton where each small cube is a  black point in the image.

Figure 3.11: A three-way cross and its skeleton where each small cube is a black point in the image.
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3. Apply a  revised version of fully parallel thinning algorithm in Pi to obtain the final image P3 . 

We now introduce these steps.

W ell-co m p o sed  im ages

The purpose of thinning is to  generate an image in which every black component is of unit 

width. However, this cannot be guaranteed in real images. For example, consider the 2D object in 

Figure 2.7.(b). I t can be shown th a t there are no simple points (in the 2D (8,4) sense, see [53]) in 

this object. Hence, no points can be deleted. However the object does not seem to be a skeleton 

of unit width. Generally, we don’t want this problem to occur in real applications. The concept of 

2D well-composed images is introduced in [58] to  overcome this problem. Its definition for the 3D 

(26,6) case is as follows.

D e fin itio n  3 .4 .1  A 3D (26,6) image P  is called well composed i f  both of the following conditions 

hold:

1. each unit lattice square of P  contains at most one black 6 -component; and

2. each unit lattice cube of P  contains at most one black 6 -component.

A black component (or an object) in a well-composed image is called a well-composed black 

component (or a  well-composed object). A 3D well-composed (26,6) image does not contain any black 

26-component which is not a  black 6 -component. Since every black 26-component and every white 

6 -component are both  6 -connected, the number of special white/black configurations is reduced. In 

[58], efficient rules were introduced for adding black points in unit lattice squares of 2D (8,4) images 

of some special configurations. (Analogous rules for 3D (26,6) images can be obtained similarly.) 

For example, the left object in the  following diagram is not well-composed, but the right one is.
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1
1 1 

1

Note th a t all com puter generated 3D objects shown in Figure 3.3-3.6, and in Figure 3.8-3.11 are 

well-composed. The two real 3D medical objects shown in Figure 3.12.(a) and Figure 3.13.(a) are 

also well-composed. However, their skeletons shown in Figure 3.12.(b) and Figure 3.13.(b) are not 

well-composed.

D ilation

Consider the 2D black component on the left of the following diagram. There is a  two-point white 

component in the  bottom  and a  small branch a t the up-left corner; the middle concavity is a  “valley” .

2
2 2 2 2

1 2 2 1 2 2 2
1 1 2 2 1 1 2 2

1 1 1 1 2 2 1 1 1 1 2 2
1 1 1 1 2 2 1 1 1 1 2 2

1 2 2 2 1 2 2
1 1 1 1 2 2 1 1 1 1 2 2
1 1 1 1 2 2 1 1 1 1 2 2
1 1 1 2 2 1 1 2 1 2 2
1 1 1 2 2 1 1 2 1 2 2
1 1 1 1 2 2 1 1 1 1 2 2
1 1 1 1 2 2 1 1 1 1 2 2

2 2 2 2 2 2
2 2 2 2
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For the 3D case, the middle part of a  donut is a  “tunnel” ; the concept of a “valley” is analogous 

to the 2D case. We can use dilation of m athem atical morphology to fill small valleys and small holes 

and, hence, to  obtain a  “sm oother” image. In our application, the input images are dilated in two 

or three iterations using a 3 x 3 x 3 structure element. The origin of the structure element is its 

central point, all 6 -neighbors of the central point are black. For example, suppose we are using a 

2D structure  element with the origin being its central point and all 4-neighbors of the central point 

being black points. After two parallel applications of this structure  element, the above original 2D 

object is changed to  the component on the right of the above diagram  where each point marked 2  

is a black point dilated in the two applications.

The revised parallel thinning algorithm

For the purpose of generating “b e tte r” skeletons in 3D images, we revise the structure of Algo­

rithm  3.3.3 and generate the following Algorithm 3.4.2. In each iteration of the following algorithm, 

we first m ark every black point which is 26-adjacent to a white point, then apply Algorithm 3.3.3 to 

the set of all marked points. This algorithm term inates when no black point can be deleted. Since 

we assume th a t all input images contain finitely many black points, this algorithm will eventually 

term inate. In our experiments, the revised algorithm better preserves geometry properties than 

Algorithm 3.3.3, i.e., a  skeleton generated by the revised algorithm has a  structure th a t looks closer 

to the original black component.

Algorithm  3.4.2 

repeat

mark every black point which is 26-adjacent to a white point; 

repeat

delete (in  parallel) every non-line-end marked black point which satisfies O f  

until no point can be deleted; 

until no marked point can be deleted;

Two examples are presented which show th a t the revised algorithm works reasonably well (see
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Figures 3.8 to 3.11). Each object in Figure 3.8 to  3.11 is connected. They may not seem to be so 

because the resolution of the print-out is not high enough.

3.5 D iscu ssion

The proofs th a t our algorithms preserve connectivity are given in C hapter 5. The revised medial-line 

algorithm is somewhat similar to  the erosion of m athem atical morphology. T h at is, we “erode” the 

image A by a deleting tem plate B  with the origin being the testing point of the tem plate. However, 

unlike the ordinary erosion, a black point is deleted when it should be eroded in the sense of the 

ordinary erosion and is a  non-line-end point satisfying a t least one of the deleting templates.

3D 6 -subiteration parallel thinning algorithms have been proposed in [27, 77, 124, 125]. All of 

them  need six applications in each iteration (where the deletion is applied first to all north border 

points, then on all east border points, and so on). Our medial-line algorithm is the  first connectivity 

preserving fully parallel thinning algorithm for generating skeletons like medial lines. O ur medial- 

face algorithm  is also the first fully parallel thinning algorithm for generating skeletons like medial 

faces. A fully parallel thinning algorithm on an appropriate mesh com puter system needs only one 

application in each iteration.

Intuitively, it is not difficult to see th a t for a set of randomly picked 3D input images, a fully 

parallel thinning algorithm will generate the ou tput images “faster” than  any 6 -subiteration, or 

any 2- or 4-subfield parallel thinning algorithm. Since both of our algorithms, Algorithm 3.2.3 and 

3.3.3 are fully parallel, we feel confident to  claim th a t our algorithms are “faster” than  all existing 

medial-face and medial-line connectivity preserving thinning algorithms, respectively.
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Figure 3.12: A 3D image containing a  stick with four branches in (a) and its skeleton in (b).
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(b)

Figure 3.13: A 3D image containing a  tree-structure object in (a) and its skeleton in (b).
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(a) (b)

Figure 3.14: There is a  Class A tem plate in (a) for deleting west border points, and there is another 

Class A tem plate in (b) for deleting east border points.

Figure 3.15: There is a  Class B tem plate in (a) for deleting north-west border points, and there is 

another Class B tem plate in (b) for deleting north-east border points.
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(a)

Figure 3.16: There is a  Class C tem plate in (a) for deleting south-east-down border points, and 

there is another Class C tem plate in (b) for deleting north-east-down border points.

(a)

Figure 3.17: There is a  Class D tem plate in (a) for deleting south-west border points, and there 

is another Class D tem plate in (b) for deleting north-east border points where a t least one point 

marked □ is a black point.



C hapter 4

3D con n ectiv ity  preservation tests

Many parallel thinning algorithms (eg., [30, 37, 118] for the 2D case, and [124, 125] for the 3D case) 

have been proposed and proved to  preserve connectivity. Generally, it is not very easy to prove th a t 

a parallel thinning algorithm is connectivity preserving. To give such a proof, one needs to test 

whether the algorithm  is connectivity preserving for all possible images. Since there are infinitely 

many possible input images, it could be difficult to perform such a  test. The purpose of the chapter is 

to  solve this problem by finding sufficient conditions such th a t to show a  parallel thinning algorithm 

preserves connectivity in 3D images, we only need to check a finitely many configurations.

4.1 M ain  T heorem s

Ronse in [95] proposed sufficient conditions for parallel thinning algorithms of 2D (8,4) and (4,8) 

images to  be connectivity preserving. Ronse’s results can be described as follows.

T h e o re m  4 .1 .1  Let A  be a parallel thinning algorithm fo r  2D (/?, u) images where (/?, w) =  (8,4) 

or (4,8). Then A  is connectivity preserving if, fo r  all (/3, w) images P , all of the following conditions 

hold when A  is applied to P :

1. A  only deletes simple points o f P;

2. for any two ui-adjacent black points, p and q, of P  that are deleted by A , {p, q} is simple; and
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3. for the (8,4) case, A  never deletes any black component of P  contained in a unit lattice square.

a

By Ronse’s results, for determ ining whether a  parallel thinning algorithm preserves connectivity 

on 2D images we only need to check a  finite number of configurations (since only the configurations 

of a unit lattice square need to be checked, see [94]). Rosenfeld in [99] showed sufficient conditions 

for parallel thinning algorithms to  preserve connectivity on 2D (8,4) images. Hall in [34] extended 

Rosenfeld’s results to more general results on 2D (8,4) images. Hall’s results are equivalent to 

Ronse’s results for the 2D (8,4) case. For 3D images, the same topic was studied by Hall in [32] for 

the (26,6) case, and completely solved by M a in [65, 6 6 ] for all 3D (26,6), (18,6), (6,26) and (6,18) 

cases. The results in [65, 6 6 ] can be sta ted  as follows.

T h e o re m  4 .1 .2  Let A  be a parallel thinning algorithm fo r  3D (26,6) images. Then A  is connectivity

preserving if, for all (26,6) images P , both of the following conditions hold when A  is applied to P:

1. Every set of black points o f P  that is contained in  a unit lattice square and is deleted by A  is 

a simple set o f P .

2. A  does not delete any black component of P  that is contained in a unit lattice cube.

T h e o re m  4 .1 .3  Let A b e  a parallel thinning algorithm fo r  3D (18,6) images. Then A  is connectivity 

preserving if, for all (18,6) images P , all of the following conditions hold when A  is applied to P:

1. Every set of black points o f P  that is contained in a unit lattice square and is deleted by A  is 

a simple set of P .

2. Every set of black points o f P  which lies in a unit lattice cube and meets at most three of the 

four pairs diametrically opposite comers o f the cube, and which is deleted by A , is a simple 

set o f P .

3. A  never deletes any black component consisting o f four points of P  where every pair of them 

are adjacent.

T h e o re m  4 .1 .4  Let A b e  a parallel thinning algorithm for 3D (6,26) images. Then A  is connectivity

preserving if, for all (6,26) images P , both of the following conditions hold when A  is applied to P:
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Figure 4.1: Eight interlinked donuts in a  3D image. There are only eight “tunnels” in this image.

1. Every set o f black points o f P  that contains at most two points and is deleted by A  is a simple 

set of P .

2. Every set o f black points o f P  that is a subset o f comers of a (\/2 , v/2, \/2 ) triangle and is 

deleted by A  is a simple set of P .

T h e o re m  4 .1 .5  Let A b e  a parallel thinning algorithm for 3D (6,18) images. Then A  is connectivity 

preserving if, fo r  all (6,18) images P , both o f the following conditions hold when A  is applied to P :

1. Every set of black points o f P  that contains at most three points and is deleted by A  is a simple 

set of P .

2. Every set of black points o f P  that is a subset of comers of a 1 x  \/2  parallelogram and is 

deleted by A  is a simple set o f P .

4.2 Tunnels and E uler C haracteristics

The theory of 3D thinning is much more complicated than that of 2D thinning. This is partly

because “tunnels” occur in 3D images (see Figure 4.1). As mentioned above, we will not define
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“tunnels” in 3D images. Alternatively, we show how to compute x (P ) of a  3D (/?, uj) image P  that 

is equal to  the num ber of black components of P  plus the number of cavities of P  minus the number 

of “tunnels” of P . The concept of the continuous analog of P , denoted C (P ), was introduced in 

C hapter 2. I t is shown in [52] th a t \ ( P )  =  x (C (P )) where x (C (P ))  =  (no. of black points in C {P)) 

— (no. of black edges in C (P ))  +  (no. of black triangles in C (P )) — (no. of black tetrahedra in

C (P )).

Let AT be a unit lattice cube of a  3D image P . We now introduce another approach for computing 

X(P )  which assigns a value to K  according to its black/white configuration and the adjacency pair 

of P . Such a value is denoted by x (P ; AT) an(i  can be obtained as follows (see [52, Section 7]). Let 

A'o be the set of all corners of A', let K \ be the set of all edges of K  and let K 2 be the set of all six 

faces of K .  Define

x (P ; K ) = X(P  O K ) -  X(C (P )  n k 2) / 2  -  x (C (P )  n k x )/4  -  x (C (P )  n A' 0 ) / 8

If all eight corners of K  are white points, then \ ( P ;  AT) =  0. Note th a t x (P ; K )  can be computed 

independently from the black and white configuration out of K .  The values of y (P ; K )  for different 

kinds of 3D images are given in Table 4.1. Then y (P )  is just the sum of y (P ; K )  for all K  of P  

containing a t least one black point. We write this precisely as follows. Let /C(P) be the set of all 

unit lattice cubes of a  3D image P  each of th a t contains a t least one black point of P . Then the 

following equation holds:

x (P )  — SfceKfP) * (P ; K )

It is not difficult to find # B(P ) and # C(P)- Thus, after x (P )  is obtained, # T(P ) cam be computed 

accordingly.

P ro p o s it io n  4 .2 .1  Let P i, P{, P2 and P2 be (/3,uj) images where p is the key point in each of 

them. Suppose all o f the following hold:

1. P i and P{ differ at, and only at p (i.e., p is black in one image, and white in the other);

2. P2 and P2 differ at, and only at p; and

3. the configuration o f N (p) is the same in P\ and P2.

Then x (P i)  =  x(P {) »/ and only i f  x (P 2) =  x (P 2)-
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Figure 4.2: The twenty-two different configurations (up to their rotations and reflections) of a  unit 

lattice cube.
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Proof. Let IC(P) be the set of all unit lattice cubes each of which contains some black points of a 

(/?, w) image P. Let ICp(P ) C IC(P) be the set of all unit lattice cubes in IC(P) each of th a t contains 

p (p could be either black or white). Let K  be a unit lattice cube in P . If K  contains some black 

points, then K  belongs to either K.p(P ) or fC (P)—fCp(P )  but not both. Since the Euler characteristic 

of an image can be computed by checking all its unit lattice cubes, we have

x ( P i )  =  ]C/fe/cp(Pi) x { P i ' i K )  +  1 2 k € ic(Pi ) - icp(p 1) x ( A ; A )

x { P { )  — Y h i e K p(P{) x ( P { ' , K )  +  1 2 k €K(P{)->ct(p {) x ( P v & )

X{Pl) =  E k6K ,(P j) X(^*2;A) +  ^2 k ^K(P,)-ICp(P1) x (P 2\K )

x{Pi) — S a '6 a c p(Pj') x(Pii K )  +  S if 6 K ( P i) - /c p(p ')  x{Pi'< K )

By (1-2), for Pi and P /, and for P 2 and P 2, the only difference is p, th a t is, the black and white 

configurations of all unit lattice cubes which does not contain p  are the same in P\ and P{, and in 

Pi and P 2 . Thus,

HtfeKfPO-ic^p,) x { P i ’i K )  — Y ^ k &c( p i ) - icp( p ; ) X ( P u K )

l£iKelC(P,)-K.p(P2)X(P2',K)  =  Yl<K£K.(P$-K.r(Pl)X{P7.\K)

Since every unit lattice cube containing p is in N (p), by (3), the black and white configuration of 

N (p) is the same in Pj and P 2 . By (1-3), the black and white configuration of N (p)  is the same in 

P{ and P2'.  Thus,

S/reJC ^Pi) x (P i'iK )  =  S/re/CpfPj) X(P2',K)

^ K e / c p(p') X ( P { ; K )  = E K&Kp(P^) X iP k K )

Hence, \{ P i)  = \(P { )  if and only if x(Pz) =  x(PD- D

Let p, q be two points of a  3D image. Let K (p ,q ) = N (p)  Cl N (q). If p is diametrically adjacent 

to q, then K (p , q) is a  single unit lattice cube containing {p, q}; if p  is diagonally adjacent to q, then 

K (p ,q ) is the union of two unit lattice cubes sharing a common unit lattice square which contains 

{p, g}; if p is 6 -adjacent to  q, then K (p ,q )  is the union of four unit lattice cubes sharing a  common 

unit edge with endpoints p and q. If p is not 26-adjacent to g, then K (p ,q )  =  0; if p =  q, then 

K(p,q)  = N(p) .  By Proposition 4.2.1, we have the following corollary.
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Type # B(Pn/0 #T(Pn AT) x (P f lA ') x ( P ; K )

in F ig u re  4.2 A B C D A B c D A B c D A B c D

a 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

b 1 1 1 1 0 0 0 0 1 1 1 1 l
8

i
8

1
8

i
8

c 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0

d 1 1 2 2 0 0 0 0 1 1 2 2 1
4

1
4

1
4

1
4

e 1 2 2 2 0 0 0 0 1 2 2 3
4

1
4

1
4

1
4

f 1 1 1 1 0 0 0 0 1 1 1 1 1
8 _ 1

8
X
8

_ 1
8

g 1 1 2 2 0 0 0 0 1 1 2 2 3
8

3
8

1
8

1
8

h 1 1 3 3 0 0 0 0 1 1 3 3 1
8

1
8

3
8

3
8

i 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0

j 1 1 1 1 0 0 0 0 1 1 1 1 1
4

1
4

1
4

1
4

k 1 1 1 1 0 0 0 0 1 1 1 1 1
4

_ 1
4

1
4

1
4

1 1 1 2 2 0 0 0 0 1 1 2 2 0 0 0 0

m 1 1 4 4 0 0 0 0 1 1 4 4 1
2

1
2

1
2

1
2

n 1 1 2 2 0 0 0 0 1 1 2 2 0 0 0 0

0 1 1 2 2 0 0 0 0 1 1 2 2 3
8

3
8

1
8

1
8

P 1 1 1 1 0 0 0 0 1 1 1 1 1
8

1
8

3
8

3
8

q 1 1 1 1 0 0 0 0 1 1 1 1 1
8

1
8

1
8

1
8

r 1 1 1 1 0 0 1 0 1 1 0 1 1
4

1
4

3
4

1
4

s 1  1 1 1 0 0 0 0 1 1 1 1 1
4

1
4

1
4

1
4

t 1  1 1 1 0 0 0 0 1 1 1 1 0 0 0 0

u 1 1 1 1 0 0 0 0 1 1 1 1 1
8

1
8

1
8

1
8

V 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0

Table 4.1: The Euler characteristics computing table of a unit lattice cube K  on an image P  where 

A  =  (26,6), B  =  (18,6), C  =  (6,26) and D  =  (6,18). # c ( P f l  K )  =  0 for all possible types of K.
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Corollary 4.2.2 Let p, q be two 26-adjacent black points of a 3D image P  = (Z3, /3, u>, B ). Then 

1- X(P)  -  X(P ~  M )  */ <™d only i f  X{P  n N(p))  = x ( P  D (N(p)  -  {p}));

2. x { P n N { p ) )  = x (P O (N (p )  -  {g})) if and only i f  x {P  O K(p,q) )  = x ( P O ( K ( p , q )  -  {g})); 

and

3. x ( P O { N { p )  ~  {p})) =  X { P O ( N ( p )  -  {p,g})) i f  and only i f  x ( P  O (K(p,q)  -  {p})) =  * ( P n  

(K( p , q ) -  {p, q})).

Proof. Apply Proposition 4.2.1 on (1) where p is the key point, and on (2-3) where q is the key 

point. □

Let AT be a  unit lattice cube of P . Then P D A ' contains a t most eight black points which are 

embedded in a  unit lattice cube. Thus, it is not difficult to com pute x (P  H AT) as described above. 

Since AT contains only eight points, # B(P f l  AT) can be obtained easily. Clearly, AT does not contain 

any cavity, th a t is, # c ( P f l  K )  =  0. It then implies th a t # T(P f l  AT) can be computed according to 

Definition 2.3.1, th a t is,

# T(P  n K )  =  # B(P  n AQ -  X(P  n K )

Since there are only twenty-two different configurations of a unit lattice cube K  (see Figure 4.2), we 

can get x (P O  AT), # b (P H K )  and # T(P H  AT) for each of these configurations (see Table 4.1). Now 

we introduce the following lemma.

L em m a 4 .2 .3  Let P  be a 3D (26,6) or (18,6) image. Then all of the following hold.

1 . x {P  O S ) = # B( P  H 5 ) where S  is a unit lattice square;

2. x {P  O K ) = # B(P H AT) where K  is a unit lattice cube; and

3. x ( P O K t )  =  # B(Pn A 'r) where K t  the union o f two unit lattice cubes sharing a common 

unit lattice square.

Sketched Proof. Since every possible black point is adjacent to  the background, there are no cavities 

in each of the following images, P O S ,  P H  AT and P f l K t - I t is not difficult to see th a t there is no 

“room” for creating tunnels in each of the three images. Thus, (1-3) holds. □
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4.3 T h e m in im ality  o f  3D  M N S sets

Clearly every non-simple set of black points contains a  subset which is a minimal non-simple set. We 

refer to  such a set simply as an M N S set which is non-simple but any of its proper subset is simple. 

(Ronse in [95] call such a set an “MND set” which stands for a “minimal non-deletable set” .)

If no MNS set is deleted by a parallel thinning algorithm, then the algorithm is connectivity 

preserving. It would be helpful if the number of configurations of MNS sets was finite (since we can 

check all possible configurations of MNS sets). Ronse in [95] showed tha t for the 2D case, every MNS 

set is a subset of a  unit lattice square. An im portant 3D analogous result is th a t every MNS set in 

3D (26,6), (18,6), (6,26), and (6,18) images is contained in a  unit lattice cube (see [48, 65, 6 6 ]). For 

proving such a  result, we need the following proposition which was proved by Kong in [48] for 3D

(26,6) and (6,26) cases. The same results can be established for 3D (18,6) and (6,18) cases similarly 

(see [48]).

P ro p o s it io n  4 .3 .1  [48] Suppose D  and D  U {p} are simple sets of black points of a 3D image P  

where p  £  D . Then p is a simple point o f P  — D . □

By Proposition 4.3.1, it is not difficult to see th a t an MNS set X  has an im portant property tha t 

is a nonempty proper subset Y  of X  is also an MNS set in the image after X  — Y  is deleted. We 

prove this property as follows.

P ro p o s it io n  4 .3 .2  Let X  be an M NS set of an image P  where X  is the union of two disjoint sets, 

X i and X 2 , and X 2 /  0. Then X 2 is an M N S set of P  — X \ .

Proof. Let I? be a  proper subset of X 2 and be ordered in any sequence (d i,d 2 , . . . ,  d*) where D  

consists of k  distinct elements and d, /  dj if i /  j .  Then since both X i U {dj, ^2 , . . .  ,d i- i}  and 

X i U {d i , d 2 , . . . ,  d i - i ,  dj} are proper subsets of X ,  for 1 < » < k,  by Proposition 4.3.1, d; is a  simple 

point after X \  U {d],d 2 , . . . ,d ,_ i}  is deleted. Thus, (d\ , d2 , . . . , d*,) is a  simple sequence after X \  is 

deleted which implies th a t D  is simple after X i  is deleted. Since D  is arbitrarily chosen, all proper 

subsets of X 2 are simple after X \  is deleted. To show X 2 is an MNS set after X \  is deleted, we need 

to  show th a t X 2 is non-simple after X i  is deleted. Pick any point p  6  X 2 . Then X 2 — {p} is a proper 

subset of X 2 and hence is simple after X i is deleted. By Proposition 4.3.1, if Xz is simple after Xi
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is deleted, then p is simple after X —{p} is deleted which contradicts the fact th a t X  is an MNS set. □

Then we have the following corollary.

C o ro lla ry  4 .3 .3  Let X  be a set of black points an image P  where X  is the union of two disjoint 

sets, X \  and X 2 , and X 2 ^  0. I f  X 2 is not an M NS set in P  — X i ,  then X  is not an M NS set in 

P . □

By Proposition 4.3.1, we show the following proposition which is a 3D analog of Ronse’s 2D 

results in [95, Theorem 3.5]. The proof of the following proposition is based on the definition of 

MNS set.

P ro p o s it io n  4 .3 .4  Every 3D M NS set is contained in a unit lattice cube.

Proof. Let X  be a  3D MNS set. I t is enough to show th a t any two points p, q o f X  are 26-adjacent. 

Since X  is an MNS set, X  -  {p, q} and X  — {9 } are simple. Consider the image in which X  — {p,g} 

is deleted. Plainly, p is simple in th a t image with q = 1 but non-simple with q = 0. Then, by 

Definition 2.3.2, q is in N(p)  which implies th a t p, q are 26-adjacent. □

By Proposition 4.3.4, to  find all possible configurations of MNS sets in 3D images, we only need 

to check all black and white configurations of a  unit lattice cube. By checking Figure 4.2, there are 

only 2 2  different configurations of a unit lattice cube (up to their rotations and reflections).

4.4 Som e 3D  p rop erties

This section will show some useful properties which will be used to  verify whether a given set of 

black points is an MNS set in 3D images.

L e m m a  4 .4 .1  Let X  be an M N S set o f a 3D image P  where p, q € X  are two adjacent black points. 

Suppose all points in K(p, q)  — X  are white points. Then X  is a component.

Proof. By Proposition 4.3.4, X  is contained in a  unit lattice cube in K(p,q) .  Suppose X  is not a 

component. Then X  is adjacent to a  black point s where 8  £  X .  Since X  is an MNS set, every
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proper subset of X  is simple. Thus, the deletion of X  — {p, g} cannot disconnect s and {p , g} in P  

(otherwise, X  — {p, q} is non-simple). WLOG let s be adjacent to p.  Since all points in K ( p , q) — X  

are white points, s £  K(p,  q). Then after X  — {p, g} is deleted, p is adjacent to  two black components, 

{g} and the one containing s, in N(p) .  Hence, by Definition 2.3.2.(1), p is non-simple after X  — {p, g} 

is deleted. B ut since {p , g} is an MNS set after X  — {p, g} is deleted, p is simple after X  — {p, g} is 

deleted, a  contradiction. Thus, X  is a  component. □

Corollary 4.4.2 Let X  be an M N S set of  a 3D image P . Suppose D C X  is a component of 

P  — ( X  — D ). Then X  is a component of P .

Proof. Suppose X  is not a  component of P . Then X  is adjacent to  a black point s where s £  X . 

But since D  is a component after X  — D  is deleted, s is not connected to  D  in P  — (X  — D ). Thus, 

the deletion of X  — D  disconnects s and D  and hence X  — D  is non-simple which contradicts the 

fact th a t X  is an MNS set. □

L e m m a  4 .4 .3  Let p and q be two /?- but not 6 -adjacent black points o f a (f3,6 ) image P  where p is 

simple and (3 =  26 or 18. Suppose # B ( P n K ( p , q ) )  =  # b (P D  (K{p,  q) -  {g})) =  # B(PD  (A'(p, g) -  

{?})) =  # b ( P G  (K ( p , q ) — {p, g})). Then p is simple in P  after q is deleted.

Proof. Since P  is a  (26,6) or (18,6) image, referring to [53, Section 9], we only need to show th a t p 

satisfies Definition 2 .3.2.(1) and (3) after q is deleted for the  following three cases:

Case I. (3 = 18, and p is diagonally adjacent to q.

Case 2. (i = 26, and p is diagonally adjacent to q.

Case 3. /? =  26, and p is diametrically adjacent to q.

Note th a t for Case 1 and Case 2, K(p, q)  consists of two unit lattice cubes sharing a unit lattice

square; for Case 3, K(p, q)  is a  single unit lattice cube. For all three cases, since every possible black 

point in K(p, q)  — {p,g} is adjacent to  b o th p  and g: # B(P f l  AT(p,g)) =  # B (PC\ (K(p,q)  — {g})) =  

# B( P  n  (K(p,  q) -  {p})) =  # B(P  n  (K ( p , g) -  {p, g})) =  1.

Since p is simple with g =  1 and p is adjacent to  g, all black neighbors of p are connected to g 

in N(p)  — K(p,q) .  Thus, all black neighbors of p in N(p)  — K(p, q)  are connected to  the only black
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component in K(p, q)  — {p, q}. Hence, p is adjacent to only one black component in N(p)  — {p,q} 

and p satisfies Definition 2.3.2.(1) after q is deleted.

By Lemma 4.2.3, # B ( P n K ( p , q ) )  =  # fl( P n ( % g ) - { , } ) )  =  # B(P  n (K(p,q)  -  {p})) =  

# B(P f l(A '(p ,g ) -{ p ,g } ) )  implies x(PDAT(p,g)) -  x ( P O( K { p , q )  -  {q}))  =  x (P n (A '(p ,g ) -{ p } ) )  

=  x ( P f l  (K( p , q ) -  {p, g})). Then by Corollary 4.2.2.(2-3), we have x (P f l  N(p))  =  x (P f l  (N(p)  — 

{q})),  and x ( P  H (N(p)  -  {p})) =  * (P  H (N(p)  -  {p,g})). But since p is simple, x ( P  n  N(p))  = 

x ( P  n (JV(p) -  {p})). Thus x ( P  n  N(p))  = x ( P  n (N(p)  -  {g})) =  * (P  n {N(p)  -  {p, g})) which 

implies th a t p satisfies Definition 2.3.2.(3) after q is deleted. □

It was shown in [53, page 381, Section 9] th a t a  black point p is a simple point of an image 

(Z 3 , P , u > ,  B)  if and only if it is a  simple point of (Z 3 ,w,/J, (Z 3 —P)U{p}). The proofs of Corollary 4.4.4 

and 4.4.6 apply this fact to  images with infinitely many black points w ithout giving new definitions. 

T h a t is because we are interested in the number of cavities in every associated image (th a t is the 

number of black components in its complement image).

C o ro lla ry  4 .4 .4  Let p and q be two u>- but not 6 -adjacent black points of a 3D (6 , w) image P  where 

p is simple and ui = 26 or 18. Let P\ be the image obtained from P  by changing all points out of 

K(p, q)  to black points. Suppose # c (P i) =  # c (Pi -  {q}) = # c (Pi -  M )  =  # c ( P 1 “  Ob?})- Then 

p is simple in P  after q is deleted.

Proof. Apply Lemma 4.4.3 and follow a similar argument in complement images of P \, Pi — {q},  

Pi ~  M  and Pi -  {p, g}. O

L e m m a  4 .4 .5  Let p and q be two /3- but not 6 -adjacent black points of an image on a 3D (p ,6 ) 

images where p is simple and /? =  26 or 18. Suppose # B( P  fl K(p,q) )  = # B ( P  D (K( p , q ) — 

{?})), and # B ( P  fl (K(p,  q) — {p})) /  # B( P O ( K ( p , q )  -  {p,q})).  Then p is non-simple in P  after 

q is deleted.

Proof. Following a  similar argum ent as the last paragraph of the proof of Lemma 4.4.3, we have 

x {P  n N(p))  = x { P  n (N{p)  -  {g})) =  x { P  n (N(p)  -  {p})) /  x ( P  n (JV(p) -  {p, g})). Thus, p does 

not satisfy Definition 2.3.2.(3) after g is deleted and hence p is non-simple after g is deleted. □
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C o ro lla ry  4 .4 .6  Let p and q be two ui- but not 6 -adjacent black points of a 3D (6 , ui) image P  where 

p is simple and u> =  26 or 18. Let Pi be the image obtained from  P  by changing all points out of 

K ( p , q ) to black points. Suppose # c (Pi)  ^  # c i P l ~  {?})- <™d # c (Pi -  {p}) =  # c (^ i “  {?-?})• 

Then p is non-simple in P  after q is deleted.

Proof. Apply Lemma 4.4.5 and follow a  similar argum ent on complement images of Pi, Pi — {q},  

Pi -  {p} and Pi -  {p, 5 }. □

Since we are deeding with (26,6), (18,6), (6,26) and (6,18) images, we will discuss the configura­

tions of a  unit lattice cube for all of the four cases. We call an MNS set for the case of n-dimensional 

(/?,w) images an n-dimens iona l  (/J,w) M NS set.  Let D  be a nonempty proper subset of a  set X  of 

black points of a  image. It is proved in Proposition 4.3.2 and Corollary 4.3.3 th a t if X  is an MNS 

set, then D  is also an MNS set after X  — D  is deleted, and if D  is not an MNS set after X  — D  is 

deleted, then X  itself is not an MNS set. Even though by Proposition 4.3.4, every 3D MNS set is 

contained in a  unit lattice cube, it is still necessary to find all possible configurations of 3D MNS 

sets. In the following sections, we first investigate all 3D (26,6) and (18,6) MNS sets tha t must 

be components, then investigate all configurations in a  unit lattice cube th a t cannot be 3D (18,6),

(6,26) and (6,18) MNS sets, and finally give formal proofs to Theorem 4.1.2-Theorem 4.1.5.

Let X  be a  set of some black corners of a unit lattice cube K.  To simplify the investigation, we 

call X  an x - t ype  set  if and only if X  is isometric to the black point set shown in Figure 4.2.(x)  where 

a point in K  — X  could be either a  black point or a white point; we call X  an { x i , . . .  ,Xk }- type  set  

if and only if X  is an x-type set for some x € { x i , . . . ,  x*}. An x- t ype  (/?, w) M N S se t  is an x-type 

set which is an (/?, w) MNS set.

4.5 T h e 3D  M N S sets  w hich are com ponents

In 3D (26,6) and (18,6) images, MNS sets of some special configurations must be a component. This 

section explores all these configurations.

P ro p o s it io n  4 .5 .1  I f  a 3D (26,6) M NS set contains an {e, h }-type subset, then it is a component 

o f any (26,6) image.
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q Q

(a) (b)

Figure 4.3: Special configurations in (26,6) images — {p , q } in (a), and {p, q, r} in (b) (up to  their 

rotations and reflections). An unmarked corner point can be either a black point or a white point.

Proof. Let D  be an {e, h}-type subset of a  (26,6) MNS X .  The proof is on the image P  where X  — D  

is deleted. By Corollary 4.4.2, to show th a t X  is a  component in the original image, it is enough to 

show th a t D  is a  component in P  for the following two cases:

Case 1. D  =  {p, q} is an e-type set (see Figure 4.3.(a)).

Case 2. D  = {p, q, r}  is an  h-type set (see Figure 4.3.(b)).

By Proposition 4.3.2, D  is an MNS set of P.  For Case 1, if there exists a black point in 

K( p , q )  -  {p , q },  then # B(P  Cl K(p,  q)) =  # B ( P n ( K ( p , q )  -  {?})) =  # B(P  0  (K(p,q)  -  {p})) =  

# B( P n  (K(p,  q) — {p, g})) =  1. B ut since p is simple when q =  1, by Lemma 4.4.3, p is simple after 

q is deleted. Thus, D  is not an MNS set, a  contradiction. Hence, all points in K(p,  q) — D  are white 

points which by Lemma 4.4.1 implies th a t D is a component in P .

For Case 2, clearly, while q =  1, p is simple with r  =  0 or 1. If wr =  1 or Wt = 1, then 

#fl(Pn (•&"(?,?) — {r})) =  # B ( P n ( K ( p , q ) - { q , r } ) )  = # B( P  O (A '(p,q) -  {p, r}) )  =  # B( P n  

(K( p , q ) — {p, q,r}))  =  1. By Lemma 4.4.3, p is simple after {g, r}  is deleted. Since q is simple after 

only r  is deleted, D  can be arranged as a  simple sequence (r,g ,p ) and hence is not an MNS set, a 

contradiction. Hence, wr =  Wt =  0.

If any point in { w i , 102, 103, w4} is a  black point, then # B(PDK(p, q) )  = # B{PO(K(p,q)  — {q})) = 

# fl( P n ( i f ( p ,g )  -  {p})) =  1 /  2 =  # B(Pr \ ( K( p ,  q) -  {p, g})) which by Lemma 4.4.5 implies th a t p 

is non-simple after only g is deleted (while r  =  1 ). But by Proposition 4.3.2, {p, r} is a  (26,6) MNS
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Figure 4.4: Special configurations in (18,6) images — {p, q, r, s} for s =  1, and {p, q, r, t} for t =  1 

(up to  their rotations and reflections).

set after q is deleted. Thus, p  is simple after only q is deleted, a  contradiction. Hence, w\ = w2 =  

W 3  =  W 4  =  0 .

If any point in {wp, w q, w a} is a black point, then # B(Pf~l (K(p,  q) -  {r})) =  # B(P f l( i f (p ,g )  -  

{?.»•})) =  # B( P n  (K(p,q)  -  {p, r })) =  # B( P n ( K ( p , q ) ~  {p,q, r}) )  =  1. Thus, as above, (r ,q,p) 

is a simple sequence and D  is not a  (26,6) MNS set, a  contradiction. Thus, wp = wq = w,  = 0, and 

all points in K(p, q)  — D  are white points which by Lemma 4.4.1 implies th a t D  is a  component in 

P . □

In 3D (18,6) images, some MNS sets of special configurations must be components. All such 

MNS sets contain three points where every two of them are diagonally adjacent points.

L e m m a  4 .5 .2  Let D  =  {p, g ,r}  be a h-type M NS set of an (18,6) image P  (refer to Figure J.J).  

Then

1 . wp — wq = w r =  0 ; and

2 . i f  a =  t  =  0 , then w \ =  W2 = W3 =  W4 =  0 .

Proof. Clearly, while q = 1, p is simple with r  =  0 or 1. For (1), suppose w r =  1. Then # B ( P  fl 

(K( p , q ) — D))  > 1. Since every point, except w2 , in K(p,q)  — D  is 18-adjacent to  wr, # B( P f l  

(K(p,q)  — D))  < 2. Thus, there are only two cases:

Case 1. # b ( P  D (AT(p, q) — D))  =  1.
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Case 2. # B(P  n  (K(p,  q) -  D))  = 2.

Case 1 implies th a t # B( P n  (K(p,q)  -  {r})) =  # B( P n ( i i : ( p , ? ) - { ?,r} ) )  =  # B( P f l ( % g ) -  

{Pi r })) — # b (-P  C (K ( p , q) — {p, q, r})) =  1. Thus by Lemma 4.4.3, p is simple in P  after {9 , r} is 

deleted. Since q is simple after only r  is deleted, D  can be arranged as a  simple sequence (r ,q,p) 

and hence is not an MNS set, a  contradiction.

For Case 2, since w r =  1 , the  only condition is w2 =  1 and uq =  w 3 =  uq =  t — 0. Then # B(P fI 

K(p,  q)) =  # b(P n (K(p,  q) -  {9 })) =  # B(P  n (K(p,  q) -  {p})) =  1 <  # B(P  fl (K(p,  q) -  {p,«?})). 

Hence by Lemma 4.4.5, p is non-simple in P  after only q is deleted which implies th a t D  is not an 

MNS set, a contradiction. Thus, for both Case 1 and Case 2, wr =  0. Now since (r ,w r), (p,wp) and 

(q ,w q) are congruent pairs, wp =  wq =  wr =  0  and (1 ) holds.

Now consider (2), suppose s =  t =  0. If w2 =  1, or uq =  1, or w\ — W3 =  1 , then # B(PnA"(p, q)) =  

# B( P n ( % g )  -  {9 })) =  # B ( P n ( K ( p , q )  -  {p})) = 1 ^ 2  =  # B( P n  {K(p,q)  -  {p,g})) which, 

by Lemma 4.4.5, implies th a t p is non-simple in P  after only q is deleted (while r  =  1), and hence 

D  is not an MNS set, a contradiction. Thus, 1112 = W4 =  0 and either uq =  0 or uq =  0.

Suppose w 3 =  1 . Then uq =  0. But all points in K(p,q) )  — {p , q , r , w3 } are white points, p is 

18-adjacent to  two black components, {9 } and the one containing W3 , in N(p)  — {p, r} . Thus p is 

non-simple in P  after only r is deleted (while 9  =  1) and hence D  is not an MNS set, a contradiction. 

Thus, W3 = 0. Similarly uq =  0 for otherwise 9  is adjacent to  two black components in N(q)  — {9 ,r} . 

□

P ro p o s it io n  4 .5 .3  I f  a 3D (18,6) M NS set is a {k ,m}-type set, then it is a component of any

(18,6) image.

Proof. Let D  =  {p ,9 , r, t} be a k-type set, or D = {p,q,  r, s) be an m-type set of an (18,6) image P  

(see Figure 4.4). For both cases, since {p, 9 , r } is a proper subset of D,  by Proposition 4.3.2, {p, 9 , r } 

is still an (18,6) MNS set after the other point in D  is deleted. Thus, by Lemma 4.5.2.(1), wp — wq 

= wr = 0 .

Suppose D  — {p, 9 , r, t} is a  k-type set. Clearly, p is simple after only r is deleted. If s = 1, 

then after r is deleted, the deletion of {p, 9 } disconnects s and t, th a t is, # B ( P n ( K ( p , q )  — {r})) =  

# B( P n ( J i r ( p , 9 ) -  {9 ,r} ))  =  # B( P n ( i i : ( p ,9 ) -  {p,r})) =  1 <  # B(P n(A T (p ,9 ) -  {p, 9 , r})). Thus,
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by Lemma 4.4.5, p is non-simple in P  after only {g, r} is deleted (while t =  1). This contradicts the 

fact th a t D  is an MNS set.

Thus, s — 0. Then {p,q, r}  is a (18,6) MNS set in P  after t is deleted (i.e., s =  t == 0). By 

Lemma 4.5.2.(2), w i = u>2 = W3 = w4 = 0. Thus all points in K(p, q)  — D  are white points which 

by Lemma 4.4.1 implies th a t the k-type MNS set D  is a  component in P.

Now suppose D  =  {p, g, r, s} is an m-type set. By Lemma 4.5.2.(1), since (s, t )  is congruent to

(r, w r), t =  0. Since {p, g ,r}  is an (18,6) MNS set in P  after s is deleted (i.e., s = t =  0), similar 

as above, w\  =  W2 =  W3 =  w4 =  0. Hence, all points in K(p, q)  — D  are white points which then 

implies th a t the m-type MNS set D  is a component in P.  □

4.6 T h e configurations w hich  are not 3D  M N S sets

L e m m a  4 .6 .1  j4n {o,q, s , . . . ,  v}-type set is not a 3D (18,6) M NS set.

Proof. Let X  be an {o, q, s , . . . ,  v}-type MNS set of a  3D (18,6) image P . By checking Figure 4.2, X  

contains a k-type proper subset D . Then by Proposition 4.3.2, D  is an (18,6) MNS set after X  — D  is 

deleted, and by Proposition 4.5.3, D  is a component in P  after X  — D  is deleted. By Corollary 4.4.2, 

X  is a component in P . By checking Figure 4.2, X  contains two diametrically opposite points {p, q). 

Since A- is a component in P ,  both  {p} and {g} are one-point components in P  after X  — {p, g} is 

deleted, th a t is, p is non-simple in P  after X  — {p, g} is deleted (while g =  1) which contradicts the 

fact th a t A  is an (18,6) MNS set in P . □

Now we investigate all possible configurations in 3D (6,26) and (6,18) image th a t are not MNS 

sets.

L e m m a  4 .6 .2  A n  {f, g}-type set is not a 3D (6,26) M NS set.

Proof. Suppose A  =  {p, g, r} is an {f, g}-type MNS set of a  3D (6,26) image P  (see Figure 4.5.(a) and

4.5.(b) respectively). Let Pi be the image obtained from P  by changing all points out of K(p, q)  to 

black points. Then after r  is deleted, we have, # c (Pi -  {r}) =  # c (Pi -  {g,r}) =  # c (Pi -  {p,r}) =  

# c (Pi - { p ,  g, r}). Since both  p and g are simple in P - r ,  by Corollary 4.4.4, p is simple in P - { g ,  r}. 

Thus, (r, g,p) is a  simple sequence and A  is not an MNS set, a contradiction. □
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Figure 4.5: Special configurations in (6,26) images — in (a), {p, q, r} for r =  1 or {p,q,  s, t} for a =  

t =  1, and in (b), {p, q, r )  (up to  their rotations and reflections). An unmarked corner point can be 

either a black point or a white point.

L e m m a  4 .6 .3  A n m-type set is not a 3D (6,26) M N S set.

Proof. Suppose X  =  {p , q , s , t } is an m-type MNS set of a 3D (6,26) image P  (see Figure 4.5.(a)). 

Let Pi  be the image obtained from P  by changing all points out of K (p, q) to black points. Then 

since {s,t}  is a  white component in P\  — {s,t} , # c (Pi — {«,*}) ^  ®ut since two white points are 

adjacent if they are 26-adjacent, # c (Pi — (a, t}) <  2. Thus, we consider the following two cases:

Case 1 . # c (P i -  {s,t} ) =  1.

Case 2. # c (Pi -  {»,*}) =  2.

For Case 1, since X  is a (6,26) MNS set, p is simple in P  -  {s , t }  (while q =  1) and p is non­

simple in P  — {g, s, t}. But since both p and q are 26-adjacent to {s, t},  the deletion of p or q 

cannot increase the number of cavities in Pi  — {«, t}. Thus, # C(Pi -  {M }) =  # c ( ^ i  — {(M iO ) =  

# c (Pi — {p, s , t } )  =  # c (Pi — {p, q, a, t}) =  1 which by Corollary 4.4.4 implies th a t p is simple in P  

after {g, s, t} is deleted, a  contradiction.

For Case 2, similar as above, p is simple in P  — {«} and P  — {g ,«}. Since # c (Pi — {«,<}) =  2, 

a t least one point in {d j,d 2 i^ 3 >^4 } is a white point and r =  u =  1. Then there are two cavities in 

Pi -  {s}. Thus # c (Pi -  {s}) =  2 ^ 1  =  # c (Pi -  {g,s}) =  # C(-Pi ~  {?>«}) =  # c ( p * ~  {?-<?>*}) 

which by Corollary 4.4.6 implies th a t p is non-simple in P  after {q, s} is deleted, a  contradiction.
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Figure 4.6: Special configurations in (6,18) images — in (a), {p, q, r, s} for r  =  s = 1, or {p , q, s, t} for 

s = t  =  1 , or {p , q , t , u}  for t = u  =  1 ; and in (b-c), {p, q,r,  s} (up to their rotations and reflections). 

An unmarked corner point can be either a  black point or a white point.

Hence, an m-type set is not a 3D (6,26) MNS set. □

Since an {f, g, m}-type set is not a  (6,26) MNS set, by Corollary 4.3.3, a  set of corners of a  unit 

lattice cube th a t contains an {f, g, m}-type subset is not a (6,26) MNS set. So we have the following 

corollary.

C o ro lla ry  4 .6 .4  An  { f ,g ,i , . . .  ,v}-type set is not a 3D (6,26) M N S set.

Proof. By Lemma 4.6.2 and 4.6.3, an {f,g, m}-type set is not a  (6,26) MNS set. By Corollary 4.3.3, 

an n-type set is not a  (6,26) MNS set since it contadns a g-type subset, and an { i,. . . ,  1, o , . . . ,  v}-type 

set is not a  (6,26) MNS set since each of them  contains an f-type subset. □

L e m m a  4 .6 .5  A n  {i,j,l}-<ype set is not a 3D (6,18) M N S set.

Proof. Suppose X  =  {p, q, r ,a} is an {i, j, l}-type MNS set of a  3D (6,18) image P  (see Figure 4.6.(a- 

c), respectively). Let P j be the image obtained from P  by changing all points out of K( p , q ) to 

black points. Then since X  is a  (6,18) MNS set, p is simple in P  — {r, a} bu t is non-simple in

P  ~  {<h r ,s}- But for ^  three cases> # c ( p i “  {r>*}) =  # c (p i “  {0»r >*}) =  # c (p i ~  0>> r >s }) =  

# c (P i — {p, q,r, s}) =  1. Then by Corollary 4.4.4, p  is simple in P  after {9 , r, s} is deleted, a 

contradiction. Thus, an {i,j,l}-type set is not a  3D (6,18) MNS set. □

L e m m a  4 .6 .6  A  k-type set is not a 3D (6,18) M NS set.
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Proof. Suppose X  =  {p, q, s, £} is a  k-type MNS set of a 3D (6,18) image P  (see Figure 4.6.(a)). 

Let Pi be the image obtained from P  by changing all points out of K(p, q)  to  black points. Then 

since {s, t} is a  white component in P j — {s,t} , # c ( P i — {*>*}) ^  since all points, except d2 , in

K(p> Q ) ~ X  are 18-adjacent to {s, t} # c ( P i  — {s, t}) <  2. Thus, we consider the following two cases:

Case 1. # c (P i -  {s , t }) =  1.

Case 2. # c (P i -  {M }) =  2-

For Case 1, since X  is a  (6,18) MNS set, p is simple in P  — {s , t }  (while q =  1 ) and is non­

simple in P  — {<7, s, t}. But since both p and q are 18-adjacent to {s, t}, the deletion of p or q 

cannot increase the num ber of cavities of Pi — {s, t}. Thus, # c (Pi — {s, t}) = # C{P\ — {q,8, t})  =  

# c (Pi — {p, r, s}) =  # c (P i — {p, q, s, t}) =  1. Then by Corollary 4.4.4, p is simple in P  after {q, r, s} 

is deleted, a  contradiction.

For Case 2, since 8 = t = 0 in Pi — {s, t}, the only condition is d.2 = 0 and di = d3 =  — r =

1. Hence, # c (Pi -  {s, t}) =  2 ^  1 =  # c (Pi -  {g, s, t}) =  # c (Pi -  {p, s, t}) =  # C(-Pi -  9- 0 )-

By Corollary 4.4.6, p is non-simple in P  — {«, t} (while q = 1). But since X  is a (6,18) MNS set, p 

is simple in P  — {s, t } ,  a contradiction. Hence, a  k-type set is not a 3D (6,18) MNS set. □

L e m m a  4 .6 .7  .An m-type set is not a 3D (6,18) M NS set.

Proof. Suppose X  =  {p , q , t , u}  is an m-type MNS set of a  3D (6,18) image P  (see Figure 4.6 .(a)). 

Let Pi be the image obtained from P  by changing all points out of K(p, q)  to black points. Since 

{t, u} is a  white component in P i — {t, u}, # c (Pi — {t, u}) > 1. ; since two white points are adjacent 

if they are 18-adjacent, # c (Pi — {t, u}) < 2. Thus, we consider the following two cases:

C a s e l .  # c ( P i - { t , n } )  =  l .

Case 2 . # c (P i -  {*,«}) =  2 .

For Case 1, we have # c (P i -  {<,«}) =  # C(A  ~  =  # 0 ( ^ 1  ~  O b M } ) =  # c ( A  “

{p, q, t, u}) =  1. By a similar argum ent as in Lemma 4.6.6, X  is not an MNS set in P , a contradiction.

For Case 2, if s =  0, then to  have two white components in Pi — {f, w}, it must be ^ 2  =  0 and d\ 

=  d3 = dA = r = 1. But then # c (Pi -  {t,u}) =  2 /  1 =  # c (P i -  {?,«,«}) =  # C(-Pi ~  {?,<>«}) =
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# c (Pi -  {p, q, t, u}) which by a similar argum ent as in Lemma 4.6.6 implies th a t X  is not an MNS 

set in P , a contradiction.

Thus, s =  1. Since (u , s), (p , dp), (q, dq) and (t , r) are congruent pairs, r = dp = dq = 1. Then since 

# c ( P l  — {t, u}) =  2, a t least one point in {d i , d2,d3, di }  is a white point. If d2 =  0 or d\  =  0 or d\ =  

d3 = 0 ,  then # c (Pj-"{<>“ }) =  2 ^ 1  =  # c (P i~{ q , t , u } )  =  # c (P i-{ p ,< ,« } ) =  # c (P i-{ p ,g ,t ,u } ) . 

Again, by an argum ent similar to  the one in Lemma 4.6.6, X  is not an MNS set in P .

Thus, <i2 — ^ 4  =  1 and either d\ = 1 or d3 =  1. WLOG let d% =  0. Then d\ =  1 . Since r =  s 

=  dp =  dq =  1, p  is 18-adjacent to two white components in N(p)  after only q is deleted (while t =  

u = 1), i.e., {g} and the one containing d3 in N(p).  Thus, p is non-simple in P  — {<?}. But since X  

is a (6,18) MNS set, p  is simple in P  -  {<7}, a contradiction. Similarly, if di =  0, then (£3 =  1 which 

implies th a t q is both simple and non-simple in P  — {p}, a  contradiction. Thus, d\ = d3 — 1 which 

contradicts the fact th a t # c (Pi — {f, u}) =  2. Hence, an m-type set is not a 3D (6,18) MNS set. □

C o ro lla ry  4 .6 .8  An  { i,. . . ,  m ,o ,. . . ,  v}-type set is not a 3D (6,18) M NS set.

Proof. By Lemma 4.6.5, Lemma 4.6.6 and Lemma 4.6.7, an {i, j, k, 1, m}-type set is not an MNS set 

in P . Then by Corollary 4.3.3, an o-type set is not a (6,18) MNS set, since it contains a k-type 

subset; a  { p ,. . . ,  v}-type set is not a (6,18) MNS, since each of them contains a j-type subset. □

4 .7  T h e proofs o f  m ain  theorem s

If a  parallel thinning algorithm never deletes any MNS set of points, then the algorithm is connectiv­

ity preserving (clearly, “deletes an MNS set” means “completely deletes all points in an MNS set” ). 

We claim th a t if a  parallel thinning algorithm satisfies Theorem 4.1.2-Theorem 4.1.5 according to 

its adjacency relations, then no MNS set can be deleted completely, and hence the algorithm is 

connectivity preserving. By Proposition 4.3.4, since a 3D MNS set is contained in a unit lattice 

cube, we only need to  consider the configurations in a unit lattice cube. Since an MNS set cannot 

be an em pty set of black points, we will not discuss the a-type set in the following four proofs.

Proof o f Theorem 4.1.2. Let X  be an MNS set of a 3D (26,6) image P . Suppose X  is a  {b,c,d,f,i}- 

type set (i.e., X  is contained in a unit lattice square). By Theorem 4.1.2.(1), such a non-simple set 

X  cannot be deleted completely. Now suppose X  is an {e,g,h j , . . .,v}-type set (i.e., X  contains an e-



CHAPTER 4. 3D CONNECTIVITY PRESERVATION TESTS 74

or h-type subset). By Proposition 4.5.1, X  is a component of P . But by Theorem 4.1.2.(2), no black 

component of P  th a t is contained in a unit lattice cube can be deleted. Hence, X  cannot be deleted 

completely. Since all possible configurations of a unit lattice cube are investigated, Theorem 4.1.2 

holds. □

Proof of Theorem 4-1-3. By Corollary 4.6.1, an {o,q,s,.. .,v}-type set is not a 3D (18,6) MNS set. 

We consider all other configurations of a unit lattice cube as follows. Let X  be an MNS set of a 3D

(18,6) image P. Suppose X  is an {b,c,d,f,i}-type set (i.e., X  is contained in a unit lattice square). 

By Theorem 4.1.3.(1), X  cannot be deleted completely. Suppose X  is an {e,g,hj,l,n,p,r}-type set. 

Let K  be the unit lattice cube containing X .  Then there exist two 26- but not 18-adjacent points 

in K  — X .  By Theorem 4.1.3.(2), such an X  cannot be deleted completely. Now suppose X  is a 

{k,m}-type set. By Proposition 4.5.3, X  is a component of P . B ut by Theorem 4.1.3.(3), no such 

black component of P  can be deleted. Hence, X  cannot be deleted completely. Since all possible 

configurations of a unit lattice cube are investigated, Theorem 4.1.3 holds. □

Proof o f Theorem 4-1-4- By Corollary 4.6.4, an {f,g,i,.. .,v}-type set is not a  3D (6,26) MNS set. 

We consider all other configurations of a  unit lattice cube as follows. Let A” be an MNS set of a  3D

(6,26) image P . Suppose A  is a  {b,c,d,e}-type set (i.e., A  contains a t most two black points of P ). 

By Theorem 4.1.4.(1), A  cannot be deleted completely. Now suppose A  is an h-type set. Then A  is 

the set of corners of a (\/2 , y/2, \/2 ) triangle. By Theorem 4.1.4.(2), A  cannot be deleted completely. 

Since all possible configurations of a unit lattice cube are investigated, Theorem 4.1.4 holds. □

Proof of Theorem 4-1-5. By Corollary 4.6.8, an { i,.. .,m ,o ,.. ,,v}-type set is not a  3D (6,18) MNS 

set. We consider all other configurations of a unit lattice cube as follows. Let A  be an MNS set of 

a 3D (6,18) image P . Suppose A  is a  {b ,.. .,h}-type set (i.e., A  contains a t most three black points 

of P ) . By Theorem 4.1.5.(1), A  cannot be deleted completely. Now suppose A  is an n-type set. 

Then A  is the set of corners of a  1 x \/2  parallelogram. By Theorem 4.1.5.(2), A  cannot be deleted 

completely. Since all possible configurations of a  unit lattice cube are investigated, Theorem 4.1.5 

holds. □
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4.8 D iscussion

A set of black points th a t is a (/?, u)  MNS set may not be an ( u , 0)  MNS set. For example, let an 

f-type set be a  component of a 3D (26,6) image. Then such an f-type set is a (26,6) MNS set. But 

by Lemma 4.6.2, an f-type set is not a (6,26) MNS set. Suppose a  set X  of black point is a (/?, u)  

MNS set and must be a component in a  (/J,w) image. Then if X  is an (w,/?) MNS set, X  may not 

be a cavity in an (ui,0) image. For example, if an e-type set is a (26,6) MNS set, then it must be 

a component in a (26,6) image. B ut if an e-type set is a  (6,26) MNS set, it may not be a  cavity of 

a  (6,26) image. We can simply let {p , g} be an e-type set of a  (6,26) image P  where ail points in 

A'(p, g) are black points and all points out of K(p,q)  be white points. Then it is not difficult to see 

th a t both p  and q are simple but {p, g} is not simple (since the deletion of {p, g} creates a “tunnel” ). 

Thus, (p, g} is a  (6,26) MNS set. However, for this case, {p,g} is not a cavity of P

Theorem 4.1.2-4.1.5 are 3D analogs of Ronse’s 2D results. Some results have been proposed 

on other kinds of 2D and 3D images. For example, Hall in [34] proposed sufficient conditions for 

verifying a  parallel thinning algorithm  on 2D (6 ,6 ) images; Hafford and Preston in [31] proposed 

a parallel thinning algorithm on 3D (12,12) images. Refer to  [52, 53] for the structures of other 

images.

A parallel thinning algorithm can be proved to  be connectivity preserving if no MNS set can be 

deleted completely by the algorithm. Since a  3D MNS set is contained in a  unit lattice cube, we only 

need to check 28 different configurations of a unit lattice cube. In (18,6), (6,26) and (6,18) images, 

such a number could be further reduced if all configurations which cannot be MNS sets are ruled 

out. Thus, to  prove a  parallel thinning algorithm is connectivity preserving, only a rather small 

number of configurations of a un it lattice cube need to be checked.



C hapter 5

U sing 3D connectiv ity  

preservation tests

In this chapter, we are going to introduce some properties based on the results in Chapter 4. Using 

the results in C hapter 4 and these extended properties, we prove th a t both of our fully parallel 

thinning algorithms are connectivity preserving. We also compare our 3D connectivity preservation 

tests with o ther similar results. Finally, we verify the connectivity preservation of existing 3D 

thinning algorithms.

5.1 M ore ab out T heorem  4.1.2

The following lem m a is useful in establishing proofs of connectivity preservation of thinning algo­

rithms.

L e m m a  5 .1 .1  Let p and q be two diagonally or diametrically adjacent black points o f a 3D (26,6) 

image P  where p is simple. Then # B( P  D (K( p , q ) — {p, <7})) =  1 */ and only i f  p is simple after q 

is deleted.

Proof. Since we are dealing w ith (26,6) images, by Lemma 4.4.3, if # B(.P n  (K( p , q ) -  {p,g})) =  1, 

then p  is simple after q is deleted, and, by Lemma 4.4.5, if # B ( P  D (K ( p , q) -  {p, g})) /  1 , then p 

is non-simple after q is deleted. □

76
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L e m m a  5 .1 .2  Let p and q be two 6-adjacent black points of a 3D (26,6) image P  where p is simple. 

Then x (P H  (K ( p , q ) — {p, g})) =  1 i f  and only if  p is simple after q is deleted.

Sketched Proof. Since p, q are 26-adjacent to every points in K(p,q)  — {p, g}, it can be easily 

seen th a t there is no cavity and no “tunnel” in K(p,q) .  Hence, x (P  Cl K(p,  q)) =  1. Similarly, 

x ( P  n (K(p,  q) -  M)) =  x ( P  n (K ( P, q) -  {g})) =  1 .

Since p  is simple with q =  1 and p is 6 -adjacent to g, all black neighbors of p  are connected to q 

in N(p)  — K(p,q) .  Thus, all black neighbors of p in N(p)  — K(p,q)  are connected to the only black 

component in K(p, q)  — {p, q}. Hence, p is adjacent to only one black component in N(p)  — {p,q} 

and p satisfies Definition 2.3.2.(1) after q is deleted.

By Corollary 4.2.2.(2-3), since x ( P O K ( p , q ) )  = x ( P n  {K(p,  q) -  {g})) =  x ( P O ( K ( p , q )  -  {p})) 

=  * ( P n  (K ( p , q) -  {p, g})), we have x ( P O N ( p ) )  =  x (P O (N (p ) -  {q})), and * ( P n  (N(p)  -  {p})) =  

x(PH (iV (p) -  {p, q})).  But since p is simple, x ( P ON ( p ) )  = x(PH (iV (p) -  {p})). Thus x ( PON( p ) )  

=  x(Pf"l (N(p)  — {g})) =  (iV(p) — {p, g})) which implies th a t p satisfies Definition 2.3.2.(3)

after g is deleted. Thus, p is simple after g is deleted. □

For two 6 -adjacent points p and g, there are two ways to  divide K(p, q)  into two two-cubes (a 

two-cube is a  union of two unit lattice cubes sharing a  common unit lattice square). When K(p,q)  

is divided into two two-cubes, these two two-cubes sharing a common face, we call such a face a 

two-square. There are two two-squares in K(p, q)  th a t can divide K(p, q)  into two two-cubes.

L e m m a  5 .1 .3  Let p and q be two 6-adjacent black points of a 3D (26,6) image. Let 5(p, g) be 

either of the two-squares such that S(p,q)  divides K(p,q)  into two two-cubes, K \ and K i. Then 

x ( P n K ( p , q ) )  z r x i P O K t )  + x ( P O K 2) -  x ( P n s ( P,q)).

Proof. Using the continuous analog on P f l  K(p, q)  and by the inclusion-exclusion principle. □

L e m m a  5 .1 .4  Let p and q be two 6-adjacent black points of a 3D (26,6) image. Let S(p,q)  be 

either of the two-squares such that S(p,q)  divides K(p,q)  into two two-cubes, K \ and K 2. Then 

x ( P f l  K(p, q) )  =  # b ( P D K \ )  + # b { P O K 2) -  # a ( P n S ( p ,g ) ) .

Proof. By the above lemma and Lemma 4.2.3. □
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L e m m a  5 .1 .5  Let p and q be two 6-adjacent black points of a 3D (26,6) image. Let p \, p2 , ps, 

and p i be four distinct 6-neighbors of p in K(p,q)  — {p,g}, and let q\, q^, qz and qi be four distinct 

6-neighbors o f q in K ( p , q ) — {p,q} where pi is 6-adjacent to qi. Then there exists exactly one black 

component in K(p, q)  — {p, g} and at least one pair of pi and qi are white points i f  and only i f  p is 

simple after q is deleted.

Sketched Proof. WLOG let p\ =  gi =  0. Let S(p, g) be the two-square in A'(p,g) containing 

Pi and qi. Let K \ and A'2  be the two two-cubes of K(p, q)  divided by S(p,g). Suppose # B(P  0  

(S(p, q) -  {p, 5})) =  1. Then # B(P  fl (K(p,  q) -  {p, q})) = 1 implies th a t # B(P  D (K\  -  {p, g})) 

=  # B(P  D ( K 2 — {p, q})) =  1. Thus, x ( P  n  (K{Pi  9 ) -  {Pi 9 })) =  1 which by Lemma 5.1.2 implies 

th a t p is simple after q is deleted. Now suppose # B(P  H (S(p, q ) — {p,9 })) =  0. WLOG let 

# B( P f l  ( K\  -  {p, 9 })) =  0. Then # B(P f l  (A'2  -  {p,9})) =  1 which, again by Lemma 5.1.2 implies 

th a t p is simple after q is deleted.

Now suppose p is simple after q is deleted. Then by Lemma 5.1.2 x(-f* 0  (K(p,  9 ) — {p,9 })) =  1. 

If a t least one point in each of the following sets, { p i,9 i}, {P2 , 9 2 }, {P3 , 9 3 } and {P4 , 9 4 }, is a black 

point, then # B( P n  (ATi -  {p,g})) =  # B( P f l  (A'2  -  {p,9 » )  =  1 and # b (P D  (S(p,q)  -  {p,g}) =  

2. Then x ( P  O (K ( p , q ) — {p, 9 })) =  0, a contradiction. Hence, a t least one {p i,9 ;} is a  set of two 

white points. But then if there are two black components in K(p, q)  — {p, g}, then the deletion of 

{p, g} changes the Euler characteristic of A '(p,g), a  contradiction. □

For easier establishing the connectivity soundness of our thinning algorithms, we restate Theo­

rem 4.1.2 as follows. It is not difficult to see th a t the following proposition is equivalent to Theo­

rem 4.1.2.

P ro p o s it io n  5 .1 .6  A thinning algorithm for 3D (26,6) images preserves connectivity i f  all the 

following conditions hold:

1. only simple points can be deleted;

2. i f  two black comers, p and q, of a unit lattice square are deleted, then {p, g} is simple;

3. if  three black comers, p, g, and r, of a unit lattice square are deleted, then {p, g ,r}  is simple;
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4- i f  four black comers, p, q, r, and s, of a unit lattice square are deleted, then {p,q, r , s}  is 

simple; and

5. no black component that is contained in a unit lattice cube can be deleted completely. □

It was pointed out by Kong th a t Theorem 4.1.2 is equivalent to  the following proposition. We

give a proof to show the correctness of the following proposition.

P ro p o s it io n  5 .1 .7  A thinning algorithm A  for 3D (26,6) images preserves connectivity i f  all the 

following conditions hold:

1. whenever A  deletes any subset X  of black comers of a unit lattice square, every point p in X

is simple after X  — {p} is deleted.

2. no black component contained in a unit lattice cube can be deleted by A  completely in one 

iteration.

Proof. I t is enough to show th a t Theorem 4.1.2.(1) is equivalent to Proposition 5.1.7.(1). Suppose 

a thinning algorithm A  satisfies Theorem 4.1.2.(1) in 3D (26,6) images. Let X  be a set of black 

points in any 3D (26,6) image such th a t X  is contained in a unit lattice square and is deleted by A. 

Then X  is simple. Let p be a  point in X . Then by Theorem 4.1.2.(1), X  — {p} is also simple. Now 

by Proposition 4.3.1, since X  and X  — {p} are both  simple, p is simple after X  — {p} is deleted. 

Since p is arbitrarily chosen, any point in X  is simple after all o ther point in X  are deleted. Hence, 

Proposition 5.1.7.(1) holds.

Now suppose A  satisfies Proposition 5.1.7.(1). Let X  be a set of black points of any 3D (26,6) 

image where X  is contained in a  unit lattice square and is deleted by A . Suppose X  contains only 

one point p. Then by Proposition 5.1.7.(1), p is simple (since X  — {p} is an em pty set and is simple). 

Thus, any black point deleted by A  is simple. Now suppose X  contains two points {p, q}. Then 

both p and q are simple points. Again by Proposition 5.1.7.(1), q is simple after p  is deleted. Thus, 

(p, q) is a  simple sequence and hence {p, <7} is a simple set. Suppose X  contains three points {p, q, r}. 

Then similarly, p, q and r  are simple points and {p, g}, {p, r} and {q, r} are simple sets. Then by 

Proposition 5.1.7.(1), r  is simple after {p, q} is deleted which implies th a t (p, q, r) is a  simple sequence 

and {p, q, r} is a simple set. Suppose X  contains four points {p, <7, r, s}. By a similar argum ent, X
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is a simple set. Thus, every set of black points contained in a  unit lattice square and deleted by A  

is a simple set. Hence, Theorem 4.1.2.(1) holds. □

5.2 V erifications o f our 3D  th in n ing  a lgorithm s

5.2.1 The connectivity preservation of the medial-face algorithm

Let p  and q be black points where p is deleted by Algorithm 3.2.3, th a t is, p satisfies Of.  By “q 

€ Of{p)r‘ we mean th a t q m ust be a  black point for p to satisfy Of,  th a t is, p does not satisfy Of  

after q is deleted. Then “q £  Of{p)r’ means th a t p still satisfies Of  after q is deleted. The following 

lemmas are useful in proving the connectivity preservation of Algorithm 3.2:3.

L e m m a  5 .2 .1  Let p, q be two diagonally or diametrically adjacent black points in a (26,6) 3D

image where both o f p and q satisfy Of .  Then q & Of(p) and p & Of(q).

Proof. By investigating both  configurations in Figure 3.2, w hether p satisfies Of  or not does not 

depend on any diagonal or diam etrical black neighbor of p. Thus, q g Of(p).  Similarly, p & Of(q).  

□

L em m a 5 .2 .2  Let p, q be two 6-adjacent black points in a (26,6) 3D image where both of p and q 

satisfy Of.  Then either q & Of  (p) or p & Of(q).

Proof. Let a-q-p-b  be four distinct points on a straight line such th a t a is 6 -adjacent to q and b is

6 -adjacent to  p. Suppose p € Of(q)  and q € Of(p).  By checking Figure 3.2, p 6  Of(q)  implies th a t 

a =  0 and q € Of(p)  implies th a t 6  =  0. Then either p or q must be a north, east or up border 

point. WLOG let p be an east border point. Since q =  w(p)  and a =  w(w(p)),  a must be a black 

point for p to  satisfy Of,  a. contradiction. □

Now we establish the following result by using the above lemmas.

P ro p o s it io n  5 .2 .3  The set of black points deleted by Of  satisfies all five conditions of Proposi­

tion 5.1.6.
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Proof. In Figure 3.2.(a), p is 6 -adjacent to exactly one white component in the 18-neighborhood of p 

and is 26-adjacent to exactly one black component in N(p).  Hence, the configuration in Figure 3.2.(a) 

can only delete simple points. Similarly, the configurations in Figure 3.2.(b-c) can only delete simple 

points. Thus, Of  can only delete simple points and Proposition 5.1.6.(1) holds.

Let p and q be two distinct black corners of a unit lattice square. Suppose both of them satisfy 

Oj.  Since p is 18-adjacent to q, by Lemma 5.2.1 and 5.2.9, WLOG let q # Of{p).  Then p still 

satisfies Of  after q is deleted, th a t is, p is simple after q is deleted. Then, by Definition 2.3.5, {/>, q} 

is simple. Thus, Proposition 5.1.6.(2) holds.

Let p, q and r  be three distinct black corners of a unit lattice square where q is diagonally 

adjacent to  r. Suppose all three of them  satisfy Of.  By Lemma 5.2.1, q 0 Of(r)  and r  0  Of(q).  

Suppose p Of(r).  Then r  satisfies Of  after {p, q} is deleted which implies th a t r is simple after 

{p,q} is deleted. Since Of  satisfies Proposition 5.1.6.(2), {p, 9 } is simple (with r =  1 ) which, by 

Definition 2.3.5, implies th a t {p, q, r} is simple. Now suppose p € Of(r).  Then, by Lemma 5.2.2, 

r  £  Of(p).  Hence, both  of p and q satisfy Of  after r  is deleted. By Proposition 5.1.6.(2), {p, g} is 

simple after r  is deleted. Thus, {p, q, r} is simple and Proposition 5.1.6.(3) holds.

Let p, q, r and s be four distinct black corners of a unit lattice square where p is the one with the 

smallest sum of coordinates. By the above paragraph, {7 , r, s} is simple (with p =  1). By Rule 3.2.2, 

p is deleted if p is simple after {g, r, s} is deleted. Hence, if all four points are deleted, the set of the 

four points is simple and Proposition 5.1.6.(4) holds.

We prove Proposition 5.1.6.(5) by showing th a t one cannot construct a black component con­

tained in a  unit lattice cube such th a t every point of this component satisfies Of.  Consider the 

cube shown in Figure 5.1. Assume all points not in the cube are white points. Suppose p^ =  1. 

Then p^ satisfies Of  (otherwise any set of other black points in the cube is not a  component). If 

ps is in Of(pr),  then p^ satisfies Of  as an east border point and hence w(ps) =  1 , a  contradiction. 

Hence, p 5 is not in Of(pr).  Similarly, both of pz and p8 are not in Of(pr).  However, the fact tha t 

P7 satisfies Of  does not depend on the rest of the points in the cube. Thus, p^ does not satisfy Of  

which implies P7 =  0. Similarly, p5 =  p8 =  0 and therefore, p 8 =  0. Then the remaining points are 

contained in a  unit square. By the above paragraph , such a component can be deleted completely. 

Hence, Proposition 5.1.6.(5) holds. □
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Figure 5.1: A unit lattice cube where p 3 , p$ and pg are the south, west and down neighbors of pr, 

respectively. O ther adjacency relations in this cube can be obtained accordingly.

T h e o re m  5 .2 .4  Algorithm 3.2.3  is a connectivity preserving parallel thinning algorithm.

Proof. For any 3D image, let X  be the set of black points satisfying Of.  Let X '  be the set of 

black points satisfying Algorithm 3.2.3. I t is trivial th a t X '  C X .  We need to  show th a t X '  also 

satisfies all five conditions in Proposition 5.1.6. But, again, this is trivial since X  satisfies all these 

conditions. □

5.2.2 The connectivity preservation of the medial-line algorithm

To simplify the proof of our medial-line algorithm to preserve connectivity, we use Oi to  denote the 

set of all deleting tem plates of Algorithm 3.3.3. A black point in a  3D image is said to  satisfy Oi if 

it satisfies any deleting tem plate in Oj.

Clearly, every point deleted by our algorithm satisfies Oi. I t is not difficult to  see th a t it is enough 

to prove the connectivity preservation of our algorithm by showing th a t the set of black points deleted 

by Oi satisfies all five conditions of Proposition 5.1.6. For verifying Proposition 5.1.6.(1), we must 

show th a t Oi can only delete simple points from any 3D image.

L e m m a  5 .2 .5  Oi can only delete simple points o f 3D images.

Proof. W LOG we claim th a t every configuration in Figure 3.7 deletes only simple points which 

implies th a t every deleting tem plate of Oi can only delete simple points. Let p  be a  black point. It 

is trivial to  see th a t if N(p)  m atches the configuration shown in Figure 3.7(d), then p  is a  simple 

point. Suppose N(p)  m atches any of the other three configurations in (a), (b) or (c). Clearly, for all
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three cases, p is 26-adjacent to only one black component in N( p)  — {p}, and 6 -adjacent to only one 

6 -connected set W  of white points in N\s(p)  where every unm arked 6 -neighbor of p is 6 -adjacent 

to W.  Hence, p is adjacent to only one white component in the 18-neighborhood of p. Thus, by 

Definition 2.3.2, p is a simple point. □

Let p and q be black points where p satisfies Oi. By investigating all configurations in Figure 3.7, 

it can be seen th a t if q € Oi(p),  then q must be 18-adjacent to  p. Hence, we have the following 

lemma.

Lemma 5.2.6 Let p, q be two diametrically adjacent black points in a 3D (26,6) image where both 

p and q satisfy 0{. Then q ^  Ot(p) and p & Oi(q).  □

Lemma 5.2.7 Let p, q, r, and s be comers of a unit lattice square o f a 3D (26,6) image where p 

is diagonally adjacent to q. Suppose both p and q satisfy Oi. Then either q £  Oi(p) or p £  Oi(q).

Proof. Suppose q € Oi(p) and p €  Oi(q) (see the following diagram ). Since q € 0 ;(p ), p must satisfy 

a Class D tem plate in Oi  and p i =  P2 =  P3 =  0. Since p €  Oi(q),  q also m ust satisfy a Class D 

tem plate in 0 \  and qi =  g2 =  93  =  0.

P i  P 2 

r p  P3
qi q s 

92 93

B ut then either q is one of the following neighbors of p: sd(p),  su(p),  se(p), sw(p),  wu(p)  and 

wd(p),  or vice versa. W LOG let q =  sw(p).  Then by Rule 3.3.1.(3e) a t least one point in { 91 , 9 2 , 9 3 } 

m ust be a  black point, a  contradiction. □

Corollary 5.2.8 Let p, q, r and s be comers o f a unit lattice square o f a 3D (26,6) image where 

p is diagonally adjacent to q. Suppose both p and q satisfy Oi and either r =  1 or s =  1. Then 

9 $  O t(p) and p £  Oi{q).
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Proof. If p € Oi(q),  then p must satisfy a  Class D tem plate and r  =  a = 0; if q € Oi(p),  then q must 

satisfy a Class D tem plate and r =  8 =  0. □

Suppose q € Oi(p) and q is 6 -adjacent to p. WLOG let q = d(p).  By investigating the basic 

configurations in Figure 3.7, p m ust be an up border point (since if p is not an up border point, then 

q £  Oi(p)).  Then we have the following lemma.

Lemma 5.2.9 Let p, q be two 6-adjacent black points in a 3D (26,6) image where both p and q 

satisfy Oi. Then either q £  Oi(p) or p & Oi(q).

Proof. Follow an argum ent similar to  the one in Lemma 5.2.2. □

Now we claim the following result by using the above lemmas.

Proposition 5.2.10 The set o f black points deleted by Oi satisfies all five conditions o f Proposi­

tion 5.1.6. - ......... .

Proof. To prove this proposition, we claim th a t the parallel deletion by Oi satisfies Proposition 5.1.6. 

By Lemma 5.2.5, every point satisfying Oi is a simple point. Hence Proposition 5.1.6.(1) holds.

Let p and q be two distinct black corner points of a  unit lattice square. Suppose both of them 

satisfy Oi. Since p is 18-adjacent to  q, by Lemma 5.2.7 and 5.2.9, WLOG let q £  Oi(p).  Then p still 

satisfies Oi  after q is deleted, th a t is, p is simple after q is deleted. Then, by Definition 2.3.5, {p, 9 } 

is simple. Thus, Proposition 5.1.6.(2) holds.

Let p, q and r  be three distinct black corner points of a  unit lattice square where q is diagonally 

adjacent to  r. Suppose all three of them  satisfy Oi.  Since p =  1, by Corollary 5.2.8, q g  Oi(r)  and 

r & Oi(q).  If p £  Oi(r),  then r  satisfies Oi  after {p, q)  is deleted which implies th a t r  is simple after 

{p, g} is deleted. B ut since Oi  satisfies Proposition 5.1.6.(2), {p, 5 } is simple (with r  =  1 ) which 

by Definition 2.3.5 implies th a t {p ,g ,r}  is simple. Suppose p € Oi(r).  Then, by Lemma 5.2.9, r  £  

Oi(p).  Hence, both p and q satisfy Oi  after r  is deleted. Again, by Proposition 5.1.6.(2), since {p, 9 } 

is simple after r  is deleted, {p, q, r}  is simple and Proposition 5.1.6.(3) holds.

Let p, q, r  and s be four distinct black corner points of a  unit lattice square shown below such 

th a t every point in {p, q, r, s} satisfies Oi.
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— x 2 w 4 —
W\ P 9 * 1

bi r 8 W3

— U»2 62 —

Suppose there exists a  point in {p, q, r, a}, say r , such th a t p € O i(r) and a € Oi(r). Then by 

Lemma 5.2.9, r  gf Oi(p) and r  £  Oi(a). Since, by Corollary 5.2.8, r  £  Oi(q), after r  is deleted each 

point in {p, q, s} still satisfies Oi. B ut since Oi satisfies Proposition 5.1.6.(3), {p, q, s} is simple after 

r is deleted. Thus, by Definition 2.3.5, {p, q,r, s} is simple.

Now suppose there exists a  point in {p, g ,r, s ) , say r ,  such th a t p £  O i(r) and s £  C i(r). Since, 

by Corollary 5.2.8, q & Oi(a), after {p, q ,«} is deleted, r  still satisfies Oi and hence is simple. But 

Oi satisfies Proposition 5.1.6.(3) which implies th a t {p, q ,»} is simple. Thus, by Definition 2.3.5, 

{p, g ,r, s} is simple.

Now suppose for every point x  in {p, q, r, s} exactly one of its 6 -neighbors in {p, q, r, a} is in 

O i{x). W LOG we consider the following case: q € Oi(p), p  € O i(r), r € 8  e  Oi(q). I t is

easily seen th a t q € O i(p) implies W\ =  0, p € 0 / ( r )  implies tu2 =  0, r  €  0 ;(s )  implies W3 = 0, and 

8 € Oi(q) implies w 4 =  0. Since w\ — W3 =  0, either p or 8  is a  north, east or up border point. 

W LOG let 8 be an east border point. Then 61 =  1 . Since w2 = w4 = 0, WLOG let q be a  north 

border point. Then 62  — 1 which implies th a t r  cannot satisfy any tem plate in Class A as a  south 

border point. Since 61 =  =  1, r  cannot satisfy any tem plate in Class B or Class ,C. Since p  =

8 = bi =  6 2  =  1, f  cannot satisfy any tem plate in Class D. Thus, r  must satisfy some tem plate in 

Class A as an up border point or a  down border point. Then p £  O i(r), a contradiction. Hence, 

Proposition 5.1.6.(4) holds.

We prove Proposition 5.1.6.(5) by showing th a t one cannot construct an object contained in a 

unit cube (see Figure 5.1) such th a t every point of this com ponentsatisfiee Ojw Assume all points not 

in the cube are 0’s. Suppose py =  1. Then p satisfies Oi. By Rule 3.3.1.(2c) and (3e), if either p\ or 

Ps is in 0 /(p t) ,  then there exists a  black point connected to  p7 bu t not in the cube, a  contradiction. 

Hence, both p\ and ps are not in Gi(py). Similarly, all of P3 , p4, p®, pg are not in Oi(py). B ut the 

fact th a t P7 satisfies Oi does not depend on P2 . Thus, py does not satisfy Oi which implies th a t py
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=  0 .

Suppose pg =  1. Since all points out of the cube are 0’s, similar as above, the only way for ps to 

satisfy Oi is p y  =  1. But since p y  =  0, p s  =  0. Now suppose ps =  1. Since all points out of the cube 

are 0 ’s, similar as above, the only way for ps to satisfy Oi is either p y  =  1 or p s  =  1, a  contradiction. 

Hence, ps =  0. Finally, suppose ps =  1. Since all points out of the cube are 0’s, similarly the only 

way for p e  to satisfy Oi is either ps =  1 or p y  =  1 or p s  =  1. This leads a  contradiction. Hence, p a  

=  0.

Since ps, pe, p y  and pg are all 0’s, the remaining four points fire contained in a  unit square. 

Now since Proposition 5.1.6.(4) holds, if every black point in the square with corners {pi,P 2 ,P3 ,P4 } 

satisfies Oi, then the set is simple. Hence, Proposition 5.1.6.(5) holds. □

Now, we can introduce the final theorem -  our parallel thinning algorithm, Algorithm 3.3.3, for 

generating skeletons like medial lines is connectivity preserving.

Theorem  5.2.11 Algorithm 3.3.3 is a connectivity preserving parallel thinning algorithm.

Proof. Similar to  Theorem 5.2.4. □

5.3 O ther 3D  resu lts vs. our 3D  resu lts

Hall in [34] proposed sufficient find necessary conditions for 2D (8,4) thinning algorithms to preserve 

connectivity. In [32], he proposed some results in 3D (26,6) images based on his 2D (8,4) results. 

His 3D results contain the following conditions.

R ule 5.3.1

Class B A thinning algorithm A  belongs to Class B  i f  it only deletes simple points.

RC1-26 Whenever a black point p is deletable by a thinning algorithm A  and x , y are two black 

points in N(p)  — {p}, then there is a black 26-path from x  to y in N(p)  — {p} containing no 

black points deletable by A  other than (perhaps) x  or y.

RC2-26 No pairwise 26-adjacent black component is completely deleted by A .
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R C 3 -2 6  Whenever a black point p is deleted by a thinning algorithm A  and p has two 6-neighbors 

x and y where x  is a white point and y is either a white point or is a deletable black point, 

then there is a 6-path from x  to y in N(p)  containing no black points other than (perhaps) y.

We claim th a t if a (26,6) thinning algorithm satisfies our 3D connectivity preservation tests then 

it satisfies Hall’s 3D results as well.

P ro p o s it io n  5 .3 .2  Let A  be a 3D (26,6) thinning algorithm satisfying Theorem 4-1-2. Then all 

the following conditions hold:

1. A  is a Class-B algorithm;

2. A  satisfies RC2-26; and

3. A  satisfies RC3-26.

Proof. By Theorem 4.1.2.(1), A  deletes only simple points. Thus, (1) holds. I t  can be shown tha t 

Theorem 4.1.2.(2) implies RC2-26. Thus (2) holds.

Let x  be a  white 6 -neighbor of p  where p is deleted by A . If y is a  white 6 -neighbor of p, then 

since p is simple, x  is 6 -connected to y by a white 6 -path  in N(p).  If y is a  black 6 -neighbor of p 

where y is deleted by A,  then p is simple after y is deleted (since, by Theorem 4.1.2.(1), {p, y} is a 

simple set). Thus, x is connected to y  by a white path  in N(p)  after y is deleted which shows tha t 

(3) holds. □

Before introducing the next proposition, we define a  minimal k-path between two points, p and 

q, to  be a  k-path between them containing the minimal number of points. A black m inimal k-path 

from a black point p to  a  black point q is a  black k-path from p to  q containing the minimal number 

of black points. Note th a t there could be more than  one black minimal k-path between p and q. In 

3D (26,6) images, a  black minimal path is a  black minimal 26-path.

P ro p o s it io n  5 .3 .3  Let A  be a 3D (26,6) thinning algorithm satisfying Theorem 4-1-2. Then A  

satisfies RC1-26.
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Proof. Suppose x , y are two black points in N(p)  — {p} where p is deleted by A.  We claim th a t 

A  satisfies RC1-26 by showing th a t after the parallel deletion by A,  there is still a black 26-path 

joining x  and y in N(p).

It is trivial if x  and y are 26-adjacent. Suppose they axe not 26-adjacent. Since p  is simple, 

x  is connected to y by a  black minimal path  tti in N(p)  — {p}. Let q be a  point in ttj such th a t 

q ^  x  and q ^  y. Then q is 18-adjacent to  p. Thus, {p, g} is contained in a  unit lattice square. By 

Proposition 5.1.7.(1), p is simple after q is deleted. Hence, x  is still connected to  y  by a  minimal 

pa th  7t2 in N(p)  — {p, q}.

Suppose there exists a  black point r  in 7t2 such th a t r  is also deleted by A  a t the same time. Then, 

similarly, {p, r}  is also contained in a unit lattice square. Since r  is deleted by A,  r is simple. If r 

is not 26-adjacent to  q, then since q is not in N(r) ,  the deletion of q does not change the simplicity 

of r. Thus, r  is still simple after q is deleted. Now suppose r  is 26-adjacent to q. Since p =  1 is 

in K (q , r ) ,  \ ( K ( q , r )  — {g, r}) =  1. This, by Lemma 5.1.1, implies th a t r  is simple after only q is 

deleted.

Thus, after q is deleted, every point in N(p)  — {p} th a t is deleted by A  is still simple. By in­

duction, p is simple after every point in N(p)  -  {p} th a t satisfies A  is deleted. Hence, there exists 

a  black path  joining x  and y  in N(p)  after the application of A . □

By the above proposition, our Theorem 4.1.2 is a  “subset” of Hall’s 3D results. The reason for 

this situation is th a t some 3D thinning algorithms may satisfy Hall’s conditions in some 3D images, 

bu t the ou tpu t image does not preserve connectivity.

P ro p o s it io n  5 .3 .4  A 3D thinning algorithm which satisfies Hall’s 3D conditions may not preserve 

connectivity.

Proof. I t is enough to  give a  special thinning algorithm in some special 3D image and show th a t 

the application of the algorithm  satisfies Hall’s conditions in th a t image bu t does not preserve 

connectivity. Suppose a  thinning algorithm contains only two 5 x 5 x 5  deleting tem plates which 

delete points in 5 x 5 x 5 neighborhoods like p and q does (see Figure 5.2). Then both  p and q 

are simple and the algorithm  is in Class B. Since every pair of black points in N(p)  — {p} and in 

N(q)  — {q} are 26-connected respectively, RC1-26 is satisfied. Clearly, no black component contained
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Figure 5.2: All unmarked points and all double-circled points are white points. The deletion of p  or 

q alone satisfies Hall’s 3D results. But the deletion of {p, q} does not preserve connectivity.

in a unit lattice cube can be deleted completely. Hence, RC2-26 is satisfied. It is easily observed 

th a t every pair of white points in  N(p)  are joined by a  white 6 -path in N(p) ,  and every white point 

in N(p)  and q are also joined by a  white 6 -path in N(p) .  This is also true for q. Hence, RC3-26 is 

satisfied.

Since, in the image shown in Figure 5.2, there is only one black component bu t no cavities and 

no tunnels, x ( P O K ( p , q ) )  =  1. However, we know x ( P O ( K ( p , q )  — {p,q})) =  4 (points) — 4 (edges) 

=  0 which by Lemma 5.1.2 implies th a t p  is non-simple after q is deleted and q is non-simple after p 

is deleted. Hence, {p, 9 } is not a  simple set. Thus, the thinning algorithm passes Hall’s results but 

does not preserve connectivity. □

Hall in [34] argued th a t if {p, 9 } are both deleted, then there is a  white 6 -path  in the union of 

the 18-neighborhoods of p  and 9  such th a t the path  is transformable to  the 6 -path formed by p  and 

9 . W LOG consider the 6 -path from p, passing through all double-circled points, then to  9 . This 

6 -path is not transformable to  the  6 -path formed by p, 9  since there are two diametrically adjacent
...................................... i  l ! 1

black points penetrating the circle formed by the two 6 -paths. All other possible white 6 -paths may 

have the same problem.

In [32], Hall proposed the following sufficient conditions for 2-subfield and 4-subfield thinning 

algorithms to  preserve connectivity in 3D (26,6) images. We introduce these two conditions and 

their proofs as follows.
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P ro p o s i t io n  5 .3 .5  A 4-subfield parallel thinning algorithm A  in a 3D (26,6) image P  preserves 

connectivity i f  all the following conditions hold.

1. Only simple points can be deleted.

2. Let p and q be two diagonally adjacent black points. Then p, q cannot be deleted at the same 

time i f # B(K{p,q) -  {p,q})  /  1;

3. No black components of two, three or four pairwise diagonally adjacent points can be deleted 

completely.

Proof. We show th a t if A  satisfies the above proposition, then A  also satisfies Proposition 5.1.6. 

I t is trivial th a t (1) above is equivalent to  Proposition 5.1.6.(1), and (3) above is equivalent to 

Proposition 5.1.6.(5).

Since the four corners of a  unit lattice square belong to  two different subfields, any three, or four 

corners of such a  square cannot be deleted a t the  same time. Hence, Proposition 5.1.6.(3) and (4) 

are satisfied.

We only need to  consider the case when two black points p  and q are diagonally adjacent and are 

deleted b y A  It is clear th a t # B(PC\K(p, q)) =  1 (since every possible black point in K(p,q)  — {p, g} 

is 26-adjacent to  {p, q}). By Lem m a 4.4.5, if # g ( P  H (K(p,  q) — {/>, q})) ^  1, then p is non-simple 

after q is deleted. Similarly, q is non-simple after p  is deleted. By (2) above, since a t least one of 

{p, q] cannot be deleted, Proposition 5.1.6.(2) is satisfied. □

P ro p o s it io n  5 .3 .6  A 2-subfield parallel thinning algorithm A  in a 3D (26,6) image P  preserves 

connectivity i f

1. Only simple points can be deleted.

2. No black components o f two diametrically adjacent points can be deleted completely.

Proof. We show th a t if A  satisfies the above proposition, then A  also satisfies Proposition 5.1.6.

It is trivial th a t (1) above is equivalent to  Proposition 5.1.6.(1), and (2) above is equivalent 

to  Proposition 5.1.6.(5). Since the four corners of a  unit lattice square belong to  four different 

subfields, any two, three, or four corners of such a square cannot be deleted a t the same time. 

Hence, Proposition 5.1.6.(2), (3) and (4) are satisfied. □



CHAPTER 5. USING 3D CONNECTIVITY PRESERVATION TESTS 91

5.4 V erifications o f  ex istin g  3D  th in n in g  a lgorithm s

5.4.1 Proofs of existing 3D thinning algorithms

On the basis of Theorem 4.1.2, we propose the following sufficient conditions for 6 -subiteration thin­

ning algorithm s to  preserve connectivity. The idea was motivated by three 6 -subiteration thinning 

algorithm s by Gong and B ertrand in [27], Mukherjee, Das, and C hatterji in [77], and Tsao and Fu 

in [124].

P ro p o s i t io n  5 .4 .1  A ny 6-subiteration parallel thinning algorithm A  in a 3D (26,6) image P  is 

connectivity preserving i f  all of the following conditions hold:

1. any black point p deleted by A  is simple;

2. p is simple (in the 2D sense) in N x(p) and N z(p); and

3. (a) s(p) =  1 ; or

(b) p has two or more black neighbors in N x (p), N x(p), and N(p) .

Proof. We show th a t A  satisfies all five conditions of Proposition 5.1.6. By ( 1 ) above, it is trivial 

th a t Proposition 5.1.6.(1) is satisfied. For Proposition 5.1.6.(2), we consider the following cases for 

two black points p  and q th a t are deleted by A  a t the same time.

Case 1. p  is 6 -adjacent to  q.

Case 2 . p  is diagonally adjacent to q anti they have the same y-coordinate.

Case 3. p  is diagonally adjacent to q and they have different y-coordinates.

For Case 1, suppose (3.a) holds, i.e., both s(p) and s(q) are black points and by (2), both of them  

are simple in N x (p), N x(p), N x (q) and N x(q) respectively. WLOG let q = e(p). We know th a t s(p) 

=  s(q) =  1  and n(p)  =  n(q) =  0. By (2) above, every black point in K(p,q)  — {p,q,  «(?),#(?)} is 

26-connected to { s(p ),«(?)} by a  black path  in K (p ,q )  — {p,q,s(p) ,s(q)}.  Consider the two-square 

S(p,q)  containing {n(p) ,n(q) ,p,q,s(p) ,8(q)}.  I t is not difficult to  see th a t # B (Pr \ (S(p ,q)  — {p,q}))  

=  1. Let K u be the two-cube in K(p,q)  containing S(p,q)  and u(p)  and u(q). Let Kd  be the 

other two-cube in K(p,q) .  T hen (K u — {p,?})) =  (Kd -  {p,?})) =  1. Hence by



CHAPTER 5. USING 3D CONNECTIVITY PRESERVATION TESTS 92

Lemma 5.1.4, \ { P  (K(p,q) -  {p, q})) =  1 which by Lemma 5.1.2 implies th a t p is simple after q

is deleted. Thus, {p, q} is simple.

Now suppose (3.b) holds where p  has two or more black neighbors in N x (p) and N z(p) and q also 

has two or more black neighbors in N x(q) and N z(q). WLOG let q =  e(p). Then either s(p) =  1 or 

s(q) =  1. By a  similar argum ent as in the previous paragraph, we know th a t {p,g} is simple.

For Case 2, suppose (3.a) hoi ’s. We know th a t s(p) =  1. WLOG let q = ed(p). Since p is 

simple in N x(p) and N z(p), every possible black point in K(p,q)  — {p,q}  is connected to s(p) by a 

black path  in A '(p,g) -  {p,g}. Thus, there is only one black component in K(p,q)  -  {p,g} which by 

Lemma 4.4.3 implies th a t p is simple after q is deleted and {p, g} is a simple set.

Now suppose (3.b) holds. Suppose both s(p) and s(q) are white points (since if either one of 

them  is a  black point, then by the above argum ent, it is done). Since p is simple and has two or 

more black neighbors in N(p) ,  there exists a  black point in K(p,q)  — {p, g}. If there is only one 

black component in AT(p, q) — {p, g}, then by Lemma 4.4.3, p is simple after g is deleted and {p, g} is 

a simple set. Suppose there are two black components in K{p,q)  — {p, g}. Then there must be two 

black points, x  and y, in A'(p, g) — {p, g} -  one in the unit lattice square containing n(p) and n(g) 

and the other one in the unit lattice square containing a(p) and s(g). If x  and y are both in N x(p) 

or N z(p), then by (2) above, they cannot be in two distinct black components in AT(p, g) — {p,g}. 

Suppose x  is in N x(p) but is not in N z(p). WLOG let x  =  sd(p). Again by (2), since p has two 

or more black neighbors in N x (p), d(p) =  1. Then x  and y again cannot be in two distinct black 

components in K(p,q)  — {p, g}. Thus, {p, g} is simple.

For Case 3, suppose (3.a) holds. We know s(p) =  1 . Then by Lemma 4.4.3, p is simple after g 

is deleted and {p, g} is simple. Now suppose (3.b) holds. WLOG let g =  ed(p). Since p has two 

or more black neighbors in N z(p), s(p) =  1. Thus, {p,g} is simple. Thus, Proposition 5.1.6 .(2) is 

satisfied for all three cases.

For Proposition 5.1.6.(3), we consider the case where all three black corners p, g and r  in a  unit 

lattice square have the same p-coordinates (if not, then a t least one is not a  north border point and 

hence cannot be deleted a t the same time). Suppose p and g are both 6 -adjacent to  r. Let s be the 

other corner of the square. Then a is 6 -adjacent to  p. Suppose n(s) =  1. For (3.a), since s(p) =  1 

and p is simple in N x (p) and N z (p), a =  1. For (3.b), since p has two or more black neighbors in
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N x (p) and N z(p), s — 1 . Thus, K(p,q)  -  {p ,g ,r}  =  1 which by Lemma 4.4.3 implies th a t {p,q, r}  

is simple. Now suppose n(s) =  0. Then for (3.a), a(p) — 1 and for (3.b), p has two or more black 

neighbors in N x (p) and N z(p), s =  1. Thus, K(p,q)  — {p,q, r}  =  1 which again by Lemma 4.4.3 

implies th a t {p, q, r} is simple. Thus, Proposition 5.1.6.(3) is satisfied.

For Proposition 5.1.6.(4), we consider the case where all four black corners p, q, r and s in a unit 

lattice square have the same y-coordinate (if not, then two of them  are not north border points and 

hence p, q, r and s cannot be deleted a t the same time). Then for (3.a), s(p) =  1 and for (3.b), p 

has two or more black neighbors in N x (p) and N z(p), there is a black point in the south layer of 

{p, q, r, s}. Thus, K(p,q)  — {p , q , r , s } =  1 which again by Lemma 4.4.3 implies tha t {p, q, r, s} is 

simple. Thus, Proposition 5.1.6.(4) is satisfied.

For Proposition 5.1.6.(5), consider (3.a), since a(p) =  1 and is not a north border point, s(p) 

cannot be deleted. For (3.b), consider a set X  of black points contained in a  unit lattice cube where 

all these points are deleted a t the same time. If there is a black neighbor of the set where th a t point 

is not a  north border point, then it is not deleted. Suppose all black points in X  are north border 

points. Then the following cases must occur if X  is not contained in a unit lattice square (since if 

X  is contained in a  unit lattice square, then it is proved in the above four paragraphs).

Case 4. X  contains three pairwise diagonally adjacent point.

Case 5. X  contains two diametrically adjacent points.

For Case 4, it is not difficult to show th a t since there are three pairwise diagonally adjacent 

points in X , a t least one point p of X  has a  black south neighbor s(p). Since p =  1, s(p) is not a 

north border point and cannot be deleted a t the same time. For Case 5, we know th a t X  contains 

two diametrically adjacent simple points, p and q, where both p and q have two or more black 

neighbors in N(p)  and N(q)  respectively. Thus, there is a  black point r  in K(p,  q) — {p, q}. Again it 

is not difficult to show th a t there is a t least one point in {p, q, r} has a  black south neighbor which 

cannot be deleted by A.  Hence, no black component contained in a unit lattice cube can be deleted 

completely by A  a t the same tim e and Proposition 5.1.6.(5) is satisfied. □

Now we introduce some existing 3D thinning algorithms and establish proofs of them.
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Tsao and Fu in [124] also proposed a two-step connectivity preserving 6 -subiteration thinning 

algorithm. In Proposition 3.1.1, we present the first step of their algorithm. We now establish the 

proof.

Proof of Proposition 3.1.1. Since p  is a  north border point, Proposition 3.1.1.(2) implies th a t p is 

simple (in the 2D sense) in N z (p) and N z(p). Since p is simple, by Proposition 5.4.1, this proposition 

is proved. □

Gong and B ertrand in [27] proposed another connectivity preserving 6 -subiteration thinning 

algorithm shown in Proposition 3.1.2. Its proof is as follows.

Proof o f Proposition 3.1.2. Since p is a  north border point, Proposition 3.1.2.(2) implies th a t p 

in simple (in the 2D sense) in N x (p) and N t (p). By Proposition 5.4.1, we only need to show th a t p 

is a simple point. By Proposition 3.1.2.(2-3), every possible black 26-neighbor of p is 26-connected 

to  s(p) by a black 26-path in N(p)  — {p}, and every possible white 6 -neighbor of p is 6 -connected to 

n(p) by a white 6 -path  in the 18-neighborhood of p. Thus, by Proposition 2.3.3, p is a simple point. □

Mukherjee, Das, and C hatterji in [77] proposed a 6 -subiteration thinning algorithm called M ESPTA. 

Their algorithm can be proved to preserve connectivity by showing the correctness of Proposi­

tion 3.1.3 as follows.

Proof of Proposition 3.1.3. By Proposition 5.4.1, we only need to  show th a t p is a  simple point. 

By Proposition 3.1.3.(2-3) above, every possible black 26-neighbor of p is 26-connected to s(p) by 

a black 26-path in N(p)  — {p}, and every possible white 6 -neighbor of p is 6 -connected to  n(p) by a 

white 6 -path  in the 18-neighborhood of p. Thus, by Proposition 2.3.3, p is a simple point. □

5.4.2 Counterexamples to existing 3D thinning algorithms

Now we introduce some existing algorithms and give counterexamples to  show th a t these al­

gorithm s are not connectivity preserving. Mukherjee, Das, and C hatterji in [76] proposed a 6 - 

subiteration thinning algorithm called ESPTA. Their algorithm can be stated  as follows.

A thinning algorithm in 3D (18,6) images is connectivity preserving if both of the fol­

lowing conditions are satisfied:
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Figure 5.3: In a 3D (18,6) image, p in this N(p)  is non-simple. However, p can be deleted by the 

algorithm ESPTA.

1. n(p)  =  0  and s(p) =  1 ; and

2. p  is a simple non-end point (in the 2D sense) in N z (p) and in N z(p).

It was pointed out by Gong and Bertrand in [26] th a t this algorithm does not preserve connec­

tivity (see the counterexample given by Gong and B ertrand in Figure 5.3). In Figure 5.3, p is a 

north border point, and is a simple non-end point (in the 2D sense) in N x(p) and in N z(p). But p 

is not a simple point in such a  neighborhood configuration. Thus, The ESPTA algorithm does not 

preserve connectivity.

M orgenthaler in [74] proposed a  definition of end points in 3D (26,6) images as follows. Let p be 

a black point in a  3D (26,6) image. Then a  unit lattice cube K  of N(p)  is called thin if p and every 

black 6 -neighbor of p  in K  is adjacent to a white point in K . K  is called thick if it is not thin. If p 

or one of its black 6 -neighbors is not in a  thick cube, then p  is called an end po in t A black point 

which is not an end point is called a  non-end point.

According to  this definition, a  black point which has only one black neighbor is an end point. In 

th a t paper, M orgenthaler proposed the following 6 -subiteration thinning algorithm.

A thinning algorithm in 3D (26,6) images is connectivity preserving if all north border 

simple non-end points are deleted.

One counterexample of this algorithm  is shown in Figure 5.4. I t is not difficult to generate a
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Figure 5.4: Each of p  and q can be deleted by M orgenthaler’s 3D thinning algorithm. But the 

deletion of {p, q} does not preserve connectivity.

configuration such th a t each black point in Figure 5.4 (except p and q) is non-simple and the eight 

points belong to two distinct black components in the image after {p, 9 } is deleted. Then in such a 

configuration, since p  and q are both north border simple non-end points, {p, q} is deleted. B ut then 

the deletion of {p ,q } splits the original black component into two disconnected black components. 

Thus, this algorithm does not preserve connectivity.

Tsao and Fu in [125] took a  different approach where they proposed another definition of non-end 

points as follows. Let C  C B  be the set of all simple north border points in a 3D (26,6) image P  

where B  is the set of all black points of P . Then p € C  is called a non-end point if all the following 

hold:

1 . p  is adjacent to a point in B  — C\

2. every black 6 -neighbor of p  is adjacent to a  point in (B  — C) fl N(p)-,

3. there is only one black component in (B  — C)  fl (N(p) — {p}); and

4. p has a t least two black neighbors.

Note th a t by Tsao and Fu’s definition, if p  has only one black neighbor, then p  is not a  non-end 

point. Based on this definition, Tsao and Fu proposed a  6 -subiteration parallel thinning algorithm 

as follows.

A thinning algorithm in 3D (26,6) images is connectivity preserving if all north  border 

simple non-end points are deleted.
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Figure 5.5: Each of p, q, r and s can be deleted by Tsao and Fu’s thinning algorithm. However, the 

deletion of {p, q, r, s} does not preserve connectivity.

One counterexample to their algorithm is shown in Figure 5.5. I t is not difficult to generate a 

configuration such th a t a and b are non-simple points and belong to  two distinct black components 

after {p, q, r, a} is deleted. Since, in this example, p, q, r and s are both north border simple non­

end points, {p, q, r, s} is deleted. But then a and 6  are disconnected. Thus, this algorithm does not 

preserve connectivity.

5.5 D iscussion

In Section 5.1, we established more properties in 3D (26,6) images. These properties are useful in the 

remaining sections of this chapter and in the later chapters. We also proved th a t a  thinning algorithm 

satisfies Hall’s 3D (26,6) results in [32] does not guarantee to  preserve connectivity. However, Hall’s 

2- and 4-subfield (26,6) connectivity preservation tests in [32] can be proved to be special cases of 

our 3D general connectivity preservation tests.

Existing 3D (26,6) thinning algorithms in [27, 77, 124] were proved to preserve connectivity by 

using our 3D results. The proofs were quite short. For the 3D (18,6) thinning algorithm in [76], 

we introduce the counterexample given by Gong and B ertrand in [26]. For other existing 3D (26,6) 

thinning algorithms in [74, 125], we provided counterexamples to show th a t these algorithms does 

not guarantee to  preserve connectivity.
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3D com puterized tests

In this chapter, we are going to introduce the concept of the implementation of our 3D connectivity 

preservation tests for 3D (26,6) images. We first introduce the implementation of Ronse’s 2D con­

nectivity preservation tests. A thinning algorithm can be represented by a set of deleting templates. 

For a parallel thinning algorithm, its deleting tem plates can delete adjacent black points a t the same 

time. In the implementation of connectivity preservation tests, the concept of “tem plate merging” 

is very im portant. For example, two deleting tem plates T\ and I 2 may delete two 6 -adjacent black 

points x i  and 2 2  respectively a t the same time. We say th a t T\ and T-> are mergable.

6.1 T h e con cept o f  tem p la tes m erging

This concept was introduced by Kong (see [46]). We consider the 2D case first. For a  2D parallel 

thinning algorithm, these tem plates may delete more than one black point and may delete adjacent 

black points a t the same time. The core of a  tem plate is the part of the tem plate consisting of the 

3 x 3  points a t the center. (Note th a t for the 3D case, the core of a  tem plate is the part of the 

tem plate consisting of the 3 x 3 x 3  points a t the center.) A tem plate is called simple if all points 

satisfying the tem plate are simple points. Since the simplicity of a  point p  is determined by N(p),  

the simplicity of a  tem plate is determined by its core. For example, in the following diagram, the 

tem plate with the central point p is simple and the tem plate with the central point q is non-simple

98
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(where a  “2 ” matches either a black point or a white point).

2 1 1 0 0 0 0 0 0 0

2 1 1 0 0 0 0 0 0 0

2 1 P 0 0 1 1 9 1 1

2 1 1 0 0 2 2 2 2 2

2 1 1 0 0 2 2 2 2 2

Let p  contain a value in {0,1,2} where 0 stands for a white point, 1 for a  black point and 2 for 

a don’t-care point. Define an operation ® as follows:

1 . p ® p  = p

2 . 2  ® p =  p ® 2  =  p

3. 0 ® 1 = 1 ® 0 =  undefined

Let T  be a tem plate of a 2D thinning algorithm. Then we write T[i, j]  for the value of the point, 

with coordinate (*, j ) ,  in T  where the central point of the core of T  has the coordinate (0,0).

Let T\ and T2 be tem plates of a 2D thinning algorithm. We define T\ + n  T2 and T\ + v  T2 to 

be the tem plates such tha t

. 0  if i =  1 , j  =  0
cTi+HT2)[ i j ] = ;

Ti[i, j]  ® T2[i -  1, j] otherwise

(r1+vT2)[»,i] =
0  if t =  0 , i  =  — 1

T\ [», j \  ® T2 [i, j  +  1] otherwise

We define the following relations between T\ and T2:

1. T\ and T2 is WE-mergable if, for every », j ,  (7\ + h T2 )[*’, j] is defined where the central point

of T\ is the west neighbor of the central point of T2.

2. T\ and T2 is NS-mergable if, for every i, j ,  (T\ + v  ^ 2 )[*, j]  is defined where the central point

of Ti is the north neighbor of the central point of T2.
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Note th a t the central point of T2 is turned to a white point in the merged tem plate for both 

cases. For example, in the first case shown below, p  and q are both black points in the corresponding 

tem plates and the point related to  q in the merged tem plate (the east neighbor of p  in T\ + h T2) is 

a  white point.

0 0 1 1 0 0 1 1 0 0 0 0 1 1 0

0 0 1 2 0 0 1 1 0 0 0 0 1 1 0

0 0 p 2 0 0 1 9 0 0 0 0 P 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Ti t 2 Ti +H Ti

0 0 1 1 0 0 1 1 0 0 0 0 1 1 0

0 0 1 2 0 0 1 1 0 0 0 0 1 1 0

0 0 p 1 0 0 1 9 0 0 0 0 p 0 0

0 0 1 2 0 0 0 1 0 0 0 0 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Ti t 2 Ti +H Ti

0 0 1 1 0 0 1 1 0 0

0 0 1 2 0 0 1 1 0 0

0 0 p 1 0 0 1 9 0 0

0 0 1 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

Ti r 2

For the first case, T\  and T2 are WE-mergable and the merged tem plate is simple; for the second 

case, Ti and T2 are still W E-mergable, but the merged tem plate is non-simple; for the third case, 

T\ and T2 are not W E-mergable.

For the 3D case, let 7 \ and T2 be tem plates of a 3D thinning algorithm. Similar to  the analogous 

relations in the 2D case, we define the following relations between T\  and T2:

1. T\ and T2 is WE-mergable if the central point of T\ is the west neighbor of the central point 

of T2 and every point in the merged tem plate is defined.
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2. T\ and Ti is NS-mergable if the central point of T\ is the north neighbor of the central point

of Ti and every point in the merged tem plate is defined.

3. T\ and Ti is UD-mergable if the central point of T\ is the up neighbor of the central point of

Ti and every point in the merged tem plate is defined.

4. T\ and Ti is NU-mergable if the central point of T\ is the up-north neighbor of the central

point of Ti and every point in the merged tem plate is defined.

5. Tx and Ti is WU-mergable if the central point of T\ is the up-west neighbor of the central

point of Ti and every point in the merged tem plate is defined.

6 . Ti and Ti is NW-mergable if the central point of T\ is the north-west neighbor of the central 

point of Ti and every point in the merged tem plate is defined.

6.2 2D  com p u terized  tests

The m ethod used in this section was introduced by Kong (see [46]). W hen we say “the 2D com put­

erized (Ronse) tests” we mean the implementation of Ronse’s 2D (8,4) results. Since the Ronse tests 

can determine whether a  thinning algorithm preserves connectivity by verifying a finite number of 

configurations, it can be computerized. Hall in [34] proposed the first such 2D computerized tests. 

Kong in [46] gave another im plementation of the 2D Ronse tests. The difference between the above 

two im plementations will be introduced later in this section.

By Ronse’s results in Theorem 4.1.1, a thinning algorithm A  in a  2D (8,4) image P  preserves 

connectivity if all the following three conditions axe satisfied: (1) Every deleting tem plate of A  is 

simple; (2) Let x i and Xi be two black points of P  and let Ti and Ti be two tem plates of A  where 

x \  is deleted by Ti and Xi is deleted by T i. If xi is the north or the west neighbor of Xi, then 

{x!,X 2 } is a  simple set. (T hat is, T\ and Tz together can only delete simple sets of two points); and 

(3) Let X  be any black component contained in a  unit lattice square. Then a t least one point in X  

does not satisfy any deleting tem plate in A .

Since whether a black point p  of a 2D (8,4) image P  is simple or not is determ ined by N(p),  we 

only need to  check the tem plate core of each deleting tem plate for assuring only simple points can
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be deleted. The eight points in a tem plate core (other than  the central point p) can be ordered in 

some arb itrary  order, p%, P2 , ■■■, Ps- Then the simplicity of the tem plate core can be determined by 

a function f ( p i , P 2 , ■ ■ • ,Ps)- Since each point in a tem plate core may have three different values, 0, 

1 or 2 (don’t-care). There are a  to tal of 38 different configurations of a  tem plate core. We construct 

a table with the following structure

Table [pi][p2 ][p3 ][p4 ][ps][pa][p7 ][p8 ]

We use this table to verify the simplicity of every tem plate of a thinning algorithm. Such a table 

is called a ZD simple table.

Let p  and q be two black points of a  2D (8,4) image th a t are deleted by a thinning algorithm A. 

Ronse in [95] showed th a t if A  preserves connectivity, then {p,q}  is a  simple set which implies tha t 

p  is simple after q is deleted, and q is simple after p  is deleted. Suppose p  is the west neighbor of q. 

Then we call (p, q) a west-east pair. If {p, q} is simple, then such a  pair is called a simple west-east 

pair. A north-south pair and a simple north-south pair are defined similarly.

W hen we try  to  verify whether two W E-mergable tem plates, T\ and I 2 , together can only delete 

simple west-east pairs (see condition 2  above), we only need to check whether T\ + n  T2 is simple. 

Similarly, when we try  to  verify whether two NS-mergable tem plates, T\ and T2 , together can only 

delete simple north-south pairs, we only need to check whether T) + v T2 is simple. Note th a t the 

black central point of T2 is turned to white in both T\ + h  T2 and T\ + v  T2 . Hence, we only need 

to check the following conditions for verifying the connectivity preservation of a 2D (8,4) thinning 

algorithm.

1 . every tem plate in A  is a simple tem plate;

2. for any two W E-mergable tem plates T\ and T2 in A , the central point of T\ is simple in 

T\ + h  T2;

3. for any two NS-mergable tem pla tes7) and T2 in A , the central point of T) is simple in T\ + y T 2 \

4. no black component contained in a  unit lattice square can be deleted completely by A.
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O---- ( >— i 5---- O

Figure 6.1: To preserve topology, no components can be deleted completely.

The 2D Ronse tests m ust also guarantee th a t no component containing two diagonally opposite 

corners in a unit lattice square can be deleted completely. Thus, any configuration in Figure 6.1 

cannot be deleted completely in one iteration.

For all configurations in Figure 6.1, we create seven arrays each of which contains four Boolean 

variables where each Boolean variable corresponds to  one corner of the unit lattice square in the 

middle of each configuration. If the corresponding corner is a  black point, then the Boolean variable 

is assigned a  Boolean value black, otherwise assigned a Boolean value white. We then match the 

neighborhood of each black point in every configuration with every tem plate of the thinning algo­

rithm  A . If there is a match, then change the value of the corresponding Boolean variable of the 

corresponding array to white. After the entire procedure is finished, if there is an array in which all 

four variables are white, then we know the thinning algorithm A  can delete such a  corresponding 

black component and thus fails to  preserve connectivity.

Hall’s computerized tests takes about one hour for verifying whether a thinning algorithm pre­

serves connectivity. Kong’s computerized tests takes about one minute for the same job. The main 

difference is th a t for verifying the simplicity of T\ + h Ti (and similarly of T\ + v  T i), Hall’s program 

trace the black and white configuration of every merged tem plate to see whether it is simple. Our 

program uses the simple table and hence we only need the time for retrieving the value in the table.
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The trade-off is th a t our approach needs 3® =  6,561 bytes memory space to store the table. Such a 

memory space can be found in the RAM of almost every computer system.

6.3 3D  com p uterized  tests

W hen we say “the 3D computerized tests” we mean the implementation of Theorem 4.1.2. Since, 

by Theorem 4.1.2, we can determ ine whether a 3D (26,6) thinning algorithm preserves connectivity 

by verifying a finite number of configurations, we can implement th a t theorem (although it is not 

very easy to do so). One possible input of the 3D computerized tests is as follows. All n points in 

a tem plate (other than  the central point p) can be arranged in some arbitrary  order, p i, P2 , p n. 

Since each point in a tem plate may have three different values, 0, 1 or 2 (don’t-care), each tem plate 

can be expressed as a  product of a Boolean function by the following rules:

1 . if pi is a  0 , then put p\ in the product;

2 . if pi is a  1 , then put p,- in the product; and

3. if pi is a  2, then do not pu t p,- or p\ in the product.

Then the set of deleting tem plates of a  thinning algorithm is converted to a  Boolean function 

f ( P i tP2 i - - - i P2e) of the  sum-of-products form where each product represents a deleting tem plate. 

Let T  be a deleting tem plate. Then T(p)  means th a t p is a  black point in an image such th a t the 

neighborhood of p m atches T , i.e., p is deleted by T.  Following a  similar argum ent as in the 2D case 

and by the result in Proposition 5.1.7, we need to check the following conditions for verifying the 

connectivity preservation of a  3D (26,6) thinning algorithm A.

1 . every tem plate of A  is a  simple template;

2. for any two tem plates T\ (p) and Ti(q)  of A  where p and q are corners of a unit lattice square, 

p is still simple after q is deleted;

3. for any three tem plates T i(p), T ^g) and Ta(r) of A  where p, q and r  are corners of a unit 

lattice square, p is still simple after q and r  are deleted;
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4. for any four tem plates T\(p),  2 2 (g), 2 3 (r), and Tn(r) of A  where p, q, r and s are corners of a 

unit lattice square, p is still simple after q, r and s are deleted;

5. no black component contained in a  unit lattice cube can be deleted completely by A.

We use a 3D simple table to  speed up the verification of the simplicity of every tem plate of a 

thinning algorithm where the construction of such a 3D table is introduced in Chapter 7. Let O  

be the set of all deleting tem plates of a testing thinning algorithm. Suppose T\,  Ti,  . . . ,  T„ are 

tem plates in O  such th a t Ti, Ti, . . . ,  Tn can be merged into a merged tem plate X .  Then X  is called 

simple if the central point of any T; where 1 < i <  n  is simple in X  after the central points of all 

other tem plates are deleted in X .  We use the following subroutines to test the above five conditions:

SimpleTemplate For testing condition (1) above. This is a function for testing w hether every deleting 

tem plate of the algorithm is simple. It returns TRUE  if all tem plates are simple, and returns 

FALSE  if any tem plate is non-simple.

SimpleSquare For testing conditions (2-4) above. This is a function for testing whether a merged 

tem plate of any two, three or four mergable deleting tem plates for deleting two, three or four 

corners of a unit lattice square respectively can only delete simple sets (of black points). It 

returns TRU E  if all possible merged tem plates are simple, and returns FALSE  if any merged 

tem plate is non-simple.

SimpleCube For testing condition (5) above. This is a function for testing whether any black com­

ponent contained in a unit lattice cube can be deleted completely. I t returns TRUE  if no 

such black components can be deleted completely, and returns FALSE  if there is such a  black 

component th a t can be deleted completely.

Let ConnectivityPreservation be a  Boolean variable indicating w hether the thinning algorithm 

preserves connectivity. The structure  of our computerized tests is as follows:

ConnectivityPreservation :=

SimpleTemplate(0) and SimpleSquare(<D) and SimpleCube(0)\
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The following is the code of the function SimpleTemplate; the time complexity of this function 

is 0 ( n )  where n  is the number of deleting tem plates of O.

function SimpleTemplate(0: all tem plates) return(Boolean); 

begin

for each tem plate T) in O  do

if T) is non-simple, then tn\iTT\(FALSI2);

return( TRUE);

end;

Consider the function SimpleSquare, we first try  to merge two tem plates. If they are mergable 

and the merged tem plate is simple, then we try  to merge the resulting tem plate with the third 

tem plate. If this can be done and the new merged tem plate is still simple, then we try  to  add the

fourth tem plate into the merged tem plate. If two tem plates are not mergable or are mergable but

the merged tem plate is non-simple, then we don’t  have to worry about merging the third and the 

fourth tem plates. There are two cases for merging two tem plates T\ and T 2 :

Case 1. Ti and T2 are merged in such a way th a t their central points are 6 -adjacent in the merged 

tem plate, i.e., T\ and T2 are WE-, NS-, or TJD-merged.

Case 2. T\ and T2 are merged in such a  way th a t their central points are diagonally adjacent in the 

merged tem plate, i.e., Ti and T2 are NU-, WU- or NW-merged.

Let pi be the central point of a  tem plate T). For Case 2, let T\ + n u  T2 be the tem plate resulting 

from NU-merge of T\ and T2 . Then p\ and P2 are two diagonally opposite corners of a unit lattice 

square. There are two ways to merge T3 with T\ + n u  T2 :

1. Add T3 into T\ + n u  T2 in such a way th a t ps = s(pi)  =  u(p2 ).

2. Add T3 into T) + \ u  T2 in such a  way tha t P3 = d(p 1 ) =  n(pz).

Then T3 is said to SU-mergable with T\ +NI1 T2 if condition (1) applied, and said to  DN-mergable 

w ith T n u  if condition (2 ) applied.
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Let T\ + w u  T-i and T\ + n w  I 2 be the tem plates resulting from WU- and NW-merge of T\ and 

I 2 , respectively. Following a similar argum ent, we define the EU-merging and DW-mergtng of T3 

with T\ + w u  T2 , and the SW-merging and the EN-merging of T3 with T\ +,viv I 2 . The following is 

the code of the function SimpleSquare; the time complexity of this test is 0 ( n 4).

function SimpleSquare (O: all tem plates) return(Boolean);

var S i,  S2 , Tn u , Tw u , T n w ■ templates;

begin

for each tem plate Ti in O  do 

for each tem plate Tj in O  do

if T{ and Tj  are W E-, NS- or UD-mergable to a non-simple tem plate, then return(Fi4 LS2?);

for each tem plate Ti in O  do 

for each tem plate Tj  in O  do begin

if Ti and Tj  are NU-mergable to  a merged tem plate T nu  then begin 

if T s v  is non-simple, then return(FALSE); 

for each tem plate T* in O  do begin

if T k  and T n u  are SU-mergable to a merged tem plate Si then begin 

if Si is non-simple, then return(F4LS.E); 

for each tem plate 7} in O  do

if Ti and Si are DN-mergable to a non-simple tem plate, then return(FALSE);

end;

if Ti; and Tnu  are DN-mergable to a  non-simple tem plate S2 , then re tu rn (F 4 iS F );

end;

end;

(* We om it the cases for 7) and Tj being WU- and NW-mergable *)

end;
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return( TRUE)\

end;

The following variables are employed to introduce the concept of the function SimpleCube. We 

first define the following user-defined types and variables.

type

Cube Type : record

corner : array[8 ] of {0 , 1 }; 

color : array[8 ] of {0 , 1 };

end;

var Cube : array[255] of CubeType\

Assign an integral index to each corner of a  unit lattice cube in an arbitrary  order. Since there 

are eight corners of a  unit lattice cube, there are totally 256 black and white configurations of a unit 

lattice cube. Clearly, we don’t  need to consider the configuration where all eight corners of the unit 

lattice cube are white points. Thus there are 255 different configurations need to  be verified Cube is 

a table containing all 255 different unit lattice cubes where each unit lattice cube Cube\i\ contains 

eight numbered corners. Cube[i\.comei\j] is the j th corner point of the unit lattice cube Cube\i\. 

Each such corner is associated with a Boolean value Cube[i\.color\j]-, if Cube[i].comer\j] is a black 

point, then Cube[i].color[j] contains 1, otherwise, Cu6e[i].co/or[j] contains 0. Now we can introduce 

the function SimpleCube; its tim e complexity is 0(n) .

function SimpleCube (O: all tem plates) return(boolean); 

begin

for each tem plate T; in O  do

for each Cube[j] do

for each com er[fc] of Cube\j\ do

if Cube\j\.color[fc] =  1 and Cube\j].comer[k\ can be deleted by T,-, then Cube\j].color[k] =  0;

for each Cubefj] do
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if all co/or [A:] of Cubea\j] are 0’s, then Teturn(FALSE);

Teturn(TRUE);

end;

6.4 T echniques to  sp eed -u p  3D  com puterized  tests

For the function SimpleTemplate, we can establish a simple table to check the simplicity of each 

tem plate. Refer to C hapter 7 for the details of such a  simple table. Since the function SimpleSquare 

has time complexity 0 ( n 4), we emphasize the development of techniques to  speed-up this particular 

test.

Based on 6 -subiteration thinning algorithms by Gong and B ertrand in [27], Mukherjee, Das, 

and C hatterji in [77], and Tsao and Fu in [124], we introduced Proposition 5.4.1 in C hapter 5. To 

implement Proposition 5.4.1, we need the function SimpleTemplate to guarantee th a t every tem plate 

of a thinning algorithm is simple.

Before introducing the implementation of other conditions in Proposition 5.4.1, recall th a t for 

6 -subiteration thinning algorithms, we only consider the case when only north border points can 

be deleted. Let T(p)  be a deleting tem plate of a  thinning algorithm where p  is the central point. 

Consider the 3 x 3 x 3  tem plate core of T(p).  Let Tx(p) and Tz(p) be the 2D 3 x 3  neighborhoods of p 

in T(p)  where Tx (p) and Tx(p) are defined similar to N x(p) and N z(p) in the 3 x 3 x 3  neighborhood 

N(p) .  Tx (p) and T z(p) are called simple if they can only delete simple points in the 2D (8,4) sense; 

they are non-simple if they are not simple.

We introduce a  revised version of the function SimpleSquare and call it SimpleSquareZ. The new 

function is much faster then the old one since the time complexity of the function SimpleSquareS is 

0 ( n ) (ra ther than  0 ( n 4)) where n  is the number of tem plates in the testing thinning algorithm.

function SimpleSquareZ (O: all tem plates) return(Boolean); 

var NorthBorder, Simple2D , SouthBlack, EndPoint: Boolean; 

begin

NorthBorder = SimpleSD = SouthBlack = EndPoint =  TRUE;
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for each tem plate T  in O  with a central point p do 

begin

if n(p) ^  0, then NorthBorder = FALSE;

if Tx(p) or Tz(p) is non-simple, then Simple2D = FALSE;

if s(p) 7^ 1, then SouthBlack = FALSE;

if p has only one black neighbor in Tx (p), Tz {p) or T(p),  then EndPoint =  FALSE;

end;

if NorthBorder and SimpleSD  and (SouthBlack or EndPoint), then return  (TRUE)  

else retum(.R4ZrSfJ);

end;

W ith this revised function, the structure of our main program is turned to the following one: 

ConnectivityPreservation :=

SimpleTemplate(Q) and (SimpleSquare2(0) or SimpleSquare(O)) and SimpleCube(0);

The 6 -subiteration thinning algorithms by Gong and B ertrand, by Mukherjee, Das, and C hatterji, 

and by Tsao and Fu were taken as testing cases for a program of this new structure. The program 

took about one minute to verify the connectivity soundness for each of these algorithms on a 33 

MHz IBM -PC 386 AT.

Compared with the 2D case, few fully parallel thinning algorithms for the 3D case have been 

proposed. Hence, we cannot get a  good intuition about the fundam ental restrictions of such thinning 

algorithms. We believe th a t w ith more 3D fully parallel thinning algorithms, we can have a  better 

understanding of 3D fully parallel thinning algorithms and can establish more efficient computerized 

tests.

6.5 D iscussion

The 3D connectivity preservation tests are efficient for checking whether a given 3D parallel thinning 

algorithm preserves connectivity. They are also very useful in designing new 3D thinning algorithms.
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It is not very difficult to implement the 2D Ronse tests. But, this is not true for the 3D case. Two 

m ajor difficulties are as follows.

1. The size of the simple point lookup table is very big. Since for each point in N (p), there are 

three different possible colors -  black, white or don’t care, totally there are 326 combinations. 

If we use one byte for one entry, then the size of the table is 2,540 MBytes which is not feasible 

for current com puter systems.

2. Function SimpleSquare of the 3D computerized tests needs to merge up to four templates. 

For an algorithm contains n  deleting tem plates, the time complexity is 0 ( n 4). If n  is a large 

number, the merging process will take a long time.

In the next chapter, we will introduce a  very efficient m ethod for establishing a much smaller 

simple table. The second difficulty can be partially reduced by using heuristic techniques to skip 

the difficulties related to  the merging of four templates. Further improvements are dependent on 

the speed and the size of the main memory of com puter systems.



C hapter 7

3D sim plicity Tests

The m aterial in this chapter is from a  joint paper with Dr. Longin Latecki (see [59]). In this chapter, 

we consider only the case of 3D (26,6) images. Every thinning algorithm can be stated  as a list of 

deleting tem plates. If a  neighborhood of a  given black point matches one of these tem plates, the 

point will be deleted. In order to make the design of a  thinning algorithm easy to handle and 

therefore the list of tem plates as short as possible, every tem plate is described in three colors: 0, 1 

and 2 (don’t-care).

As shown in C hapter 6, we need a function SimpleTemplate to verify the simplicity of every 

tem plate of a  thinning algorithm. In this chapter, we present a  3D algorithm for determining the 

simplicity of any three-color deleting tem plate. This algorithm is memory efficient and fast. Hence 

it can be a very useful tool for 3D computerized tests.

7.1 3D  lookup tab les

The task is not trivial due to  the number of such configurations in 3D case. There are 26 neighbors 

which have to  be considered and each of them  can have one of the three colors, therefore, we obtain 

326 different 3D configurations. Since each configuration is either simple or non-simple, we can 

construct a  lookup table to  store all this information. Note tha t this lookup table is an array 

in which each entry is a  Boolean value (simple or non-simple). Each three-color configuration is

112
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arbitrarily assigned a  unique number identifying the corresponding entry in the lookup table. Given 

a neighborhood configuration of some point p, the number of the entry can be computed and the 

Boolean value in th a t entry can be obtained. Such a Boolean value signifies the simplicity of p in 

this neighborhood configuration.

This procedure is very fast, since it computes the number of the entry in constant time with 

respect to the size of the input configuration, and then retrieves the Boolean value of the entry in 

one unit time. However, the lookup table has to  contain 326 «  2.54 x 1012 entries. Since each entry 

contains a Boolean value, we can use one bit for each entry. Thus the table uses about 2,540/8 «  318 

GBytes, which certainly is not feasible.

7.2 A  space-saving  a lgorithm  for th e  sim p licity  te st

Different approaches for finding efficient ways to  determine the simplicity of a  black point p  in a 3D 

image have been proposed. For the 2D case, two m ajor approaches are as follows.

•  C om putation of the number of black components in N (p) — {p}, which can be accomplished 

using Rutovits or Hildtich crossing numbers (see [53]).

« Retrieval from a lookup table. Since in the 2D case the simplicity of a point depends only on 

its eight neighbors, each having one of the three possible colors, a lookup table with 38 =  6561 

entries is sufficient to  hold all possible configurations. Each entry of the lookup table contains 

a Boolean value indicating the simplicity of the testing configuration.

Hall’s 2D computerized tests follows the first approach. Another 2D computerized tests by Kong 

follows the second approach. The second approach is faster than the first one, since it only requires 

calculation of the number of the  entry in the lookup table assigned to a given configuration, and 

then retrieving the Boolean value of the entry with this number. The lookup table occupies only 

6561/8 »  820 Bytes (if each entry occupies one bit).

Our 3D tests (shown in C hapter 6) follow the second approach. However, since the memory 

space is a serious difficulty in extending this approach to  the 3D case, here we present an algorithm 

for the simplicity test which uses a lookup table of size 1.4 MBytes. Let p be a black point of a  3D
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(26,6) image. We first restate the two conditions of Proposition 2.3.3 where p is simple if both C l 

and C2 are true.

C l p is adjacent to only one black component in N (p) — {p}; and

C2 p is adjacent to  only one white component in Nis(p).

Let X  be a set of three-color points. An assignment for X  is a function which assigns white 

(value 0) or black (value 1) to each don’t-care point in X .  The strategy of the test is the following:

Given a neighborhood N (p)  of a black point p, we try  to find an assignment for N (p)

which makes C l or C2 fail. If such an assignment exists, p is non-simple. If this is not

possible, then C l and C2 are satisfied, and therefore p is simple.

A space-saving algorithm for the sim plicity test

function simple(Ar(p)): Boolean; 

begin

if not Cl(iV(p)) or not C 2(N is(p)), then ret\irn(FALSE) else retm n(TRU E);

end;

(* Cl(iV(p)) is true if and only if p is adjacent to only one black component in N (p)  -  {p} *)

function Cl(iV(p)): Boolean;

begin

(* Test 1.1. p has a black 6-neighbor *) 

if p has a  black 6-neighbor q then 

begin

Let N q(p) be N (p) — ({p, g} U {x : x  is contained in the layer containing q which spans a 

plane perpendicular to  line segment pq (the 8 unmarked points in Figure 7.1.(a))});

Let N'q(p) be N q(p) with all don’t-care corner points in N (p) th a t are not 26-adjacent to 

q (marked 5) in Figure 7.1.(a)) assigned black and all don’t-care points in N q(p) th a t are 

26-adjacent to  q (marked 0 ) assigned white;
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return(Check-Table l.l(iV '(p ))); (* Function Check-Table 1.1 is defined below. *)

end;

(* Test 1.2. All 6-neighbors o fp  are not black, but p  has a black diagonal neighbor *)

if p has a black diagonal neighbor q then

begin

Let N q(p) be N (p)  as illustrated in Figure 7.1.(b) w ithout p, q and w ithout 4 points marked 

O and two corner (unmarked) points of N (p)  which are both 6-adjacent to q;

Let N q(p) be N q(p) with all don’t-care corner points in N (p) th a t are not 26-adjacent to 

q (marked S3 in Figure 7.1.(b)) assigned black and all don’t-care points in N q(p) that are 

26-adjacent to q (marked 0 ) assigned white;

return(Check-Table l.2 (N q(p))); (* Function Check-Table 1.2 is defined below. *)

end;

(* Test 1.3. All 18-neighbors of p  are not black, but p  has a black diametrical neighbor *)

if p  has a black diametrical neighbor q then

begin

(* If any point marked S3 in Figure 7.1.(c) is black or don't-care, p is non-simple *)

if ( £  values of all points in N (p) th a t are not 26-adjacent to q) >  0

then return  (FALSE) else return (TRUE);

end;

(* Test 1.4. All 26-neighbors of p  are not black *) 

return  (FALSE)-,

end;

(* C2(iVi8(p)) is true if and only if p  is adjacent to  only one white com ponent in N \8(p) -  {p} *)

function C2(iVis(p)): Boolean;

begin

(* Test 2.1. p has a white 6-neighbor *) 

if p has a  white 6-neighbor q then
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begin

Let iV ^ p )  be N is(p)  with all diagonal don’t-care neighbors of p  (marked 51 in Fig­

ure 7.1.(d)) assigned black;

return(Check-Table 2(jVj'g(p))); (* Function Check-Table 2 is defined below. *)

end;

(* Test 2.2. All 6-neighbors of p  are not white *) 

return(.Fj4.£rS12);

end;

Declarations o f Check-Table functions and lookup table descriptions

Check-Table 1.1 is a Boolean function. The input N'q(p) illustrated in Figure 7.1.(a) is as described 

in the algorithm. Check-Table 1.1 (N'q(p)) returns TRU E  if there is only one black component in 

N'q(p) adjacent to q for every assignment and FALSE  otherwise. The function gives the output based 

on a lookup table Table 1.1. This table contains only 24 x 28 x 35 =  995,328 entries, since 4 points 

marked ID as well as 8 points m arked 0  are either black or white, and only the remaining 5 points 

marked □ can have one of the three different colors (see Figure 7.1.(a)).

Check-Table 1.2 is a  Boolean function similar to  Check-Table 1.1. Note th a t Check-Table 1.2 will 

only be applied if none of 6-neighbors of p is black. The input N q(p) illustrated in Figure 7.1.(b) 

is as described in the algorithm. Check-Table 1.2 (iV'(p)) returns TRU E  if there is only one black 

component in iV'(p) adjacent to  q for every assignment and FALSE  otherwise. The function gives 

the ou tpu t based on a  lookup table Table 1.2. This table contains only 2® x 24 x 22 x 37 =  

8,957,952 entries, since (1) 6 corner points marked SI are black or white, (2) 4 points marked B a re  

black or white, (3) 2 points marked A  are either white or don’t-care, and (4) only the remaining 7 

points marked □ can have one of the three different colors (see Figure 7.1.(b)).

Check-Table 2 is a  Boolean function. The input N [a(p) illustrated in Figure 7.1.(d) is as described 

in the algorithm. Check-Table 2 (N[s (p)) returns TRU E  if there is only one white 6-component in 

N[s (p) 6-adjacent to  q for every assignment and FALSE  otherwise. The function gives the output
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based on a lookup table Table 2. This table contains only 212 x 3s =  995,328 entries, since 12 

points marked IS are black or white, and only the remaining 5 points marked □ can have one of the 

three different colors (see Figure 7.1.(d)).

M e m o ry  re q u ire m e n ts

Note th a t by this approach the size of the lookup table which is necessary for the simplicity test 

has been greatly reduced. We need only three sub-tables which together have 10,948,608 entries. 

Thus the size of the three sub-tables together is about 10,948,608/8 «  1.4 MBytes if one bit for 

each entry is used.

7.3 V erification

For C l, we try  to  find out w hether there can be two black components in N (p) — {p}. There are two 

black components in N (p)  — {p} if and only if there are two black points in N (p) — {p} th a t cannot 

be joined by a  black 26-path in N (p) — {p}. We illustrate the idea of the proof for Test 1.1. In 

Test 1.1, p has a black 6-neighbor q. p fails Test 1.1 if and only if there is a  black point in N (p) — {p} 

which cannot be joined to q by a black 26-path in N (p) — {p}. If p fails Test 1.1 in iV'(p), then p 

fails Test 1.1 in N (p), because an assignment for N (p) is found which makes C l(A r(p)) false. If p 

passes Test 1.1 in N'q(p), then by Lemmas 7.3.3, 7.3.4, and 7.3.5 p passes Test 1.1 for every possible 

assignment of N (p).

T h e o re m  7 .3 .1  The algorithm for the simplicity test is correct, i.e. the function simple(N(p)) 

returns TRU E i f  and only i f  p is simple in N{p).

Proof. I t follows from Propositions 7.3.2 and 7.3.6. □

P ro p o s i t io n  7 .3 .2  The test C l is correct, i.e. the function C l(N (p )) returns TRUE i f  and only if  

p satisfies condition C l in N (p ).

Proof. First we show th a t Test 1.1 is correct. By Lemma 7.3.3, the color of 8 unmarked points in 

Figure 7.1.(a) does not influence the existence of only one black component in N (p) — {p}. Therefore, 

we do not need to consider these points in the input to function Check-Table 1.1.
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By Lemma 7.3.4, making all corner points which are not 26-adjacent to q (marked 51 in Figure 

7.1.(a)) and are don’t-care to  be black does not influence the fact whether there is only one black 

component in N (p) — {p} or not. Therefore, we do not need to consider these points to  be don’t-care 

in the input to  function Check-Table 1.1.

By Lemma 7.3.5, making all points marked E3 in Figure 7.1.(a) which are don’t-care to be white 

does not influence the existence of only one black component in N (p)  — {/>}. Therefore, we do not 

need to consider these points to be don’t-care in the input to function Check-Table 1.1.

Hence, Check-Table l.l(iV '(p )) returns TRUE  if and only if there is only one black component 

in N (p)  — {p} for every assignment to don’t-care points.

Note th a t Test 1.2 applies only if all 6-neighbors of p are either white or don’t-care. Therefore, 

by Lem m a 7.3.5, if a  point marked O in Figure 7.1.(b) is don’t-care, it can be colored white. Hence 

we do not need to  consider the points marked O in the input to function Check-Table 1.2. Taking 

this into consideration, the correctness of Test 1.2 can be obtained in the same way as for Test 1.1.

Note th a t Test 1.3 applies only if all 18-neighbors of p are either white or don’t-care. Since q is 

a black corner of N (p), if there exists a black point or a  don’t-care point x  in N (p) — N (q), we can 

assign x  to  be black and all don’t-care points in N (p) n  N(q) to be white. W ith this assignment, q 

and x  are two black points which cannot be joined by a  26-black path  in N (p) — {p}, and therefore 

N (p) fails C l. If all points in N (p) — N (q) are white, then p is adjacent to only one black component 

for any possible assignment of W(p), and therefore N (p) passes C l.

Test 1.4 is trivially correct, since we can color all 26-neighbors of p white. □

The following fact was observed in [115].

L e m m a  7 .3 .3  Suppose p is a black point in N (p). Then both o f the following hold:

1. Let q be a black 6-neighbor o f p. Then, refer to Figure 7.1.(a), the colors of the eight unmarked

points do not influence the fact that N (p) satisfies C l or not.

2. Let r be a black diagonal neighbor of p. Then, refer to Figure 7.1.(b), the colors of the two

unmarked points do not influence the fact that p satisfies C l or not.
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Proof. (1) holds since the black point q is adjacent to p and every unmarked point is adjacent to q. 

Therefore, none of the unmarked points, if it were black, can belong to a  different component than 

the component containing q. Similarly, (2) holds. □

L e m m a  7 .3 .4  Suppose p is a black point having a black neighbor q. Then changing the color of all 

don't-care comer points of N (p) to black does not influence the fact that p satisfies C l or not.

Proof. If any corner of N (p) is adjacent to some black points in N (p) — {p}, then by above 

Lemma 7.3.3 its color does not influence the simplicity of p. Suppose these is a  don’t-care cor­

ner x  such th a t every point in K (p ,x )  — {p, x} is either white or don’t-care. We can let all points in 

K (p ,x )  — {p ,x }  be white. If we also let x  be black, then we obtain an assignment making p adjacent 

to two black components ({x} and the one containing q). Thus p is non-simple. □

L e m m a  7 .3 .5  Suppose p is a black point having a black neighbor q. Then changing the color of all 

don’t-care points in N (p) ft N (q) to white does not influence the fact that p satisfies C l or not.

Proof. If N (p) with all don’t-care points in N (p) fl N (q) assigned white fails C l, then there exists 

such an assignment th a t N (p)  fails C l. If jV(p) with all don’t-care points in K (p ,q )  assigned white 

passes C l, then every black or don’t-care point which is not 26-adjacent to q is connected to q by a 

black 26-path in N (p) — {p}. Since every point in K (p ,q )  is 26-adjacent to q, there can be only one 

26-black component in N (p) — {p} for every assignment to don’t-care points. □

P ro p o s it io n  7 .3 .6  The test C2 is correct, i.e., function C2(Nis(p)) returns TRUE i f  and only i f  

p satisfies condition C2 in N \s(p ).

Proof. First we show th a t Test 2.1 is correct. By Lemma 7.3.7, coloring all don’t-care diagonal 

neighbors of p black does not influence the existence of only one white 6-component in iVig(p) which 

is 6-adjacent to  p. Therefore, we do not need to  consider these points to be don’t-care in the input 

to function Check-Table 2. Hence, Check-Table 2(Ar1g(p)) returns TRU E  if and only if there is only 

one white 6-component 6-adjacent to p in N \s(p)  for every assignment to don’t-care points.

Test 2.2 is trivially true, since we can color all 6-neighbors of p black. □

L e m m a  7 .3 .7  Suppose p is a black point having a white 6-neighbor q. Then changing the color of 

all don’t-care diagonal neighbors of p to black does not influence the fact that p satisfies C2 or not.
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Proof. If N is(p) with all don’t-care diagonal neighbors of p  assigned black fails C2, then there 

exists such an assignment th a t N (p) fails C2. If N\g(p) with all don’t-care diagonal neighbors of p 

assigned black passes C2, then every white or don’t-care 6-neighbor of p is connected to  q by a  white 

6-path  in N\$(p). Since any assignment to  the don’t-care diagonal neighbors of p cannot influence 

the existence of only one white 6-component 6-adjacent to  p, there is only one such component in 

N ia{p). □
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Figure 7.1: If any point marked ffi is a don’t-care point, it will be converted into a black point. If 

any point marked Q is a  don’t-care point, it will be converted into a  white point. A point marked □  

is either black, white or don’t-care. Test 1.1 uses the figure in (a) where the eight unmarked points 

are ignored. Test 1.2 uses the figure in (b) where the four points marked O are white points, two 

points marked A  are either white or don’t-care, and the two unmarked points are ignored. Test 1.3 

uses the figure in (c). Test 2.1 uses the figure in (d) where the six points marked O are either white 

or can be assigned white.



C hapter 8

C onclusion

8.1 T h e four ob jectives in th is  thesis

In this thesis, we have introduced two fully parallel thinning algorithms for generating skeletons 

like medial-faces and medial-lines respectively. These algorithms can be applied to different appli­

cations. If the original image contains only bars, trees, lines, etc., then the medial-line algorithm 

is appropriate. If the original image contains planes, walls, etc., then the medial-face algorithm is 

appropriate. For preserving the geometry of a thin line, we only need to preserve any black point 

with only one black neighbor. However, it is not clear how to preserve the geometry of a  thin face. 

In this thesis, we proposed a possible definition for this problem. Further study is necessary.

The main results of this thesis are the 3D connectivity preservation tests in C hapter 4. Using 

such 3D tests, we only need to  check the configurations in a  unit lattice cube for determining the 

connectivity preservation of a  3D thinning algorithm. Thus, when we try  to design advanced 3D 

thinning algorithm s, we only need to worry about the situations which occur in such a  small area. 

The results in this chapter cover all 3D (26,6), (18,6), (6,26), and (6,18) images. All of them are 

conventional images, i.e., images embedded in regular grids.

On the basis of 3D connectivity preservation tests, we are able to  prove th a t both  of our 3D 

thinning algorithms in Chapter 3 preserve connectivity in C hapter 5. In fact, the designs of our 

thinning algorithms were motivated by the results in Chapter 4. In C hapter 5, other existing thinning

122
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algorithms were verified by using the properties of the 3D connectivity preservation tests -  some of 

them preserve connectivity and some do not. O ther possible 3D results for connectivity preservation 

were also discussed in C hapter 5.

For verifying the connectivity preservation of a 3D thinning algorithm, we only need to consider 

a finite number of configurations. Thus, we are able to use computers to generate the proofs. The 

straightforward design of such a program is: (1) list all possible such configurations, and (2) let 

computers check every configuration in the list. This approach has been adopted for establishing 2D 

computerized tests in Chapter 6. In the same chapter, 3D computerized tests based on this approach 

are also established. For our fully parallel thinning algorithms (both of them contain less than 50 

deleting tem plates), the 3D computerized tests take about one hour on a 33 MHz 386 PC /A T  to 

show tha t both of them  preserve connectivity. Such a  program needs to merge up to four deleting 

tem plates of a  testing thinning algorithm, i.e., this program has the time complexity 0 ( n 4). We 

established a fast test to overcome the problem of merging four tem plates for 6-subiteration thinning 

algorithms. The time complexity of the fast test is 0 (n ) .

The simplicity of a  deleting tem plate of a  3D thinning algorithm can be determined based on its 

core. Since each point in a tem plate core can be either a black point, a white point or a don’t-care 

point, there are totally 32a different cores. A complete simple table needs 318 GBytes to maintain 

every core (one bit for each entry). In Chapter 7, we used severed smaller tables for checking the 

simplicity of any tem plate core in 3D (26,6) images. The to tal size of all these smaller tables is 1.4 

MBytes (one bit for each entry).

8.2 F uture research

For the 2D case, it is known th a t thinning algorithms on images using the (4,8) adjacency pair may 

generate skeletons look “closer” to  original objects than  on images using the (8,4) adjacency pair. 

There are several thinning algorithms for 3D (26,6) images. I t may be interesting to design thinning 

algorithms for 3D (6,26) images and see whether the skeletons look closer to the original objects. 

Thinning algorithms for 3D (18,6) and (6,18) may also be topics for future research.

O ur 3D connectivity preservation tests are for images embedded in regular grids. There are some
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images th a t are embedded in irregular grids, for example, 3D (14,14) images and 3D (12,12) images. 

The advantage of these two 3D adjacency pairs is tha t the black adjacency and the white adjacency 

are the same. Thus, we only need to consider one adjacency relation. Since the connectivity 

preservation tests for 2D (6,6) images (which is embedded in irregular grids) have been proposed by 

Hall, it might be interesting to establish 3D connectivity preservation tests for these 3D images.

For an object of an image, its skeleton after the application of thinning is contained in the original 

object. We only need to  consider the deletion operation in thinning, i.e., only black points can be 

changed to white points. However, the result after the application of shrinking is not necessarily 

contained in the original object. For example, consider a 2D image containing a big thick black 

circle. Intuitively, the result of thinning is a  2D image containing a big thin black circle, but the 

result of shrinking is a  2D image containing a small thin black circle. Clearly, it should be easier 

to recognize the result by shrinking. However, we need consider not only the deletion but also the 

augmentation (i.e., change white points to black points) in shrinking. One possible topic for future 

research is to find 2D and 3D connectivity preservation tests for shrinking algorithms.
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